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ABSTRACT. For all integers k > 0, we prove that the hypergeometric function

S oo ((8k + 4)5)!5!
Iy (a) = ]2:;) (Qj)!((Qk: + 1)j)!2((4k+ 1)j)!

is a period of a pencil of curves of genus 3k+1. We prove that the function fk is
a generating function of Gromov—Witten invariants of the family of anticanon-
ical del Pezzo hypersurfaces X = Xgp44 C P(2,2k+ 1,2k + 1,4k + 1). Thus,
the pencil is a Landau—Ginzburg mirror of the family. The surfaces X were first
constructed by Johnson and Kolldr. The feature of these surfaces that makes
our mirror construction especially interesting is that | — Kx| = |Ox(1)| = @.
This means that there is no way to form a Calabi—Yau pair (X, D) out of X
and hence there is no known mirror construction for X other than the one
given here. We also discuss the connection between our construction and work
of Beukers, Cohen and Mellit on hypergeometric functions.
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1. INTRODUCTION

1.1. Main result. We begin by stating our main result. More detail will be given
in Sec. 2l and [

For all k£ > 0 integer, consider the hypergeometric function defined by the power
series:

R o 00 ((8k+4)])']' o
(L.1) Te(0) =2 Gk + 107) 2 (4 5 1))

J

The function I, & satisfies a differential equation of order 6k + 2 written out explicitly
in Remark 2.9 below.

For all k£ > 0 integer, consider the family of anticanonical del Pezzo hypersurfaces
(1.2) Xsk+a CP(2,2k+ 1,2k + 1,4k + 1)

These surfaces form the main series of the classification of anticanonical quasi-
smooth and wellformed two-dimensional weighted hypersurfaces [28].

In this paper, we give positive answers to the following two questions which —
as we explain below — are for us equivalent:

Question 1.1. Is :fk a period of a pencil of curves?

Question 1.2. Does the family of anticanonical del Pezzo hypersurfaces of Equa-
tion (1.2]) have a Landau—Ginzburg (LG) mirror?

The connection between the two questions is that the hypergeometric function
Ij, is a generating series for Gromov—Witten invariants of Xgx14. More precisely:

Proposition 1.3. The hypergeometric function fk is, up to a shift in «, a special-
isation of the regularised quantum period of the family of Equation (1.2).
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The exact meaning of the proposition, including the definition of the regularised
quantum period and the connection with mirror symmetry, is elaborated on in
Sec. [2) and App. [B} its proof is an exercise in Gromov—Witten theory that we carry
out in App.

For all £ > 0 integer, our answer to both questions is given by the one-parameter
family of hyperelliptic curves:

(1.3) Yy, = (ay? = hy,a(to, t1) = 0) C P(1,1,3k +2) x C*

where tg, t1,y are coordinates on P(1, 1,3k + 2), « is a coordinate on C* and
14 Bi.a(to,t1) = t1 (431 atdk+hy x

x (—64t17 2 ot — 3203t TR — 4a2t3FH?)
together with the projection wy: Yy — C* to the second factor.

Remark 1.4. For o # oy, 0, where

Ak + 1)+
(1.5) apo= —kF )
T 48R3 (2k 4 1) (2k+1)

the fibre Y} o = wlzl(a) is a nonsingular hyperelliptic curve of genus 3k + 1.
Our main result is:

Theorem 1.5 (Main Theorem). For all k > 0 integer, Ij,(a) = mp(at), where
(A) IAk(a) is the hypergeometric function of Equation (1.1) above, and
(B) () is the period of the family Yy from (1.3) given by:

1 2k dt
1.6 = —
(1.6 O

Yk,

where Yi.o C Yi, o @5 the explicit cycle described in Sec. @ and t =ty /tg.

The solutions of the differential equation satisfied by fk are sections of an irre-
ducible complex local system on Uy = P!\ {0, 0,00} that we denote by Hy, see
Remark Write

Yy, = wlzl(Uk)
and denote by wy, : Yy, — Uy the restriction. By Theorem and Remark
below, Hj, is a subquotient of the local system R'wy, ,C. Since the two local
systems have the same rank, we obtain:

Corollary 1.6. For all k > 0 integer, Hy, is isomorphic to R'wy, «C.

Remark 1.7. Theorem [I.5] answers both Question 1 and 2 in the affirmative. In
particular, it states that the pencil of hyperelliptic curves of Equations [I.3 and
is a LG mirror of the corresponding family of del Pezzo hypersurfaces. We explain
our terminology on LG mirrors in Sec. [2.1]below. Thus, our LG mirror of the family
of del Pezzo surfaces Xgi44 above is a pencil of curves of genus 3k + 1. It could not
be otherwise, since 17 r satisfies an irreducible differential equation of order 6k + 2.
The fact that the mirror is a pencil of curves of genus > 1 is a reflection of the fact
that the del Pezzo surfaces are singular, and it is consistent with the picture put
forward in [3]. As discussed in detail in Sec. (Step 2) the quantum period of the
family Xgg14 is a function of o that depends on 6k parameters. It interesting to
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ask whether the whole quantum period, and not just the specialisation considered
here, is motivic, see [3, Conjecture B].

Corollary states that the natural formulation of the two questions in terms
of local systems also holds.

1.2. Connections to the work of Beukers, Cohen and Mellit. For all £ > 0
integer, consider the manifold Wy:

(1.7) (a~ (up +ug +ug +ug—1) — Uy 2ug 2ot Ly 2ot Ly AT = 0) C T* x CX

where T* 22 (C*)* is a 4-dimensional torus with coordinates ui,...,us and «
is a coordinate on C*. Denote by vx: Wi — C* the second projection. The
3-dimensional hypersurface Wy, = U;l(a) C T* is nonsingular if and only if
o # o 0.

A very special case of the work of Beukers, Cohen and Mellit [4] relates point
counting in characteristic p on W, to finite analogs of the function 1, i of Equa-
tion . Morally, this says that the hypergeometric function I, & 18 a period of the
family of 3-folds Wy o (a € Uy) or, equivalently, that the variation H3(Wy o, Q) is
related to the local system Hy. In Sec. ] we prove:

Theorem 1.8. For all k > 0 integer, write Wy, = v,;l(Uk) and denote by
vy, : Wy, — Uy the restriction. Then:

(1.8) grgVR?’UUk Q1) = leUk LQ

Remark 1.9. Since an irreducible local system supports at most one rational vari-
ation of Hodge structure [I5, Proposition 2.1], our main theorem and its corollary
imply that Hy = gri¥ R3vy, 1Q (1) = Rlwy, +Q as variations of Hodge structure.

1.3. Perspectives from mirror symmetry. Our mirrors of the surfaces X =
Xsk+a C P(2,2k+1,2k+1,4k+1) are not covered by any known mirror construction.
They fall outside the range of the Givental/Hori—Vafa construction for mirrors of
toric complete intersections. Furthermore, since H*(X, —Kx) = H°(X,0x (1)) =
(0), there is no Calabi—Yau pair (X, D), and hence the intrinsic mirror symmetry
program [20] does not apply.

The Fano/LG correspondence (Sec. [2.1)) suggests that the mirror of the family
Xgkr4 should be a function wy : Y — C* with one-dimensional fibres together with
an identification of Rlwy, 1C with Hy. This motivates our Question 2.

1.4. Perspectives from Hodge theory. Katz has shown that the local systems
Hted support a canonical rational variation of Hodge structures (VHS) [29, Theo-
rem 5.4.4]. By the criterion of [I4] 18], the variation has Hodge weight one. It is
natural to wonder if there is a morphism wy : Y, — C* with one-dimensional fibres
such that H*d = grlV R3vy, 1Q (1) = R'wy, 1Q. Our Theorem answers this in
the affirmative: the required morphism wjy, is our family of hyperelliptic curves.

On the other hand, there was no reason to ezpect that gry R3vy, 1Q (1) is the
variation of the H' of a pencil of curves. Looking for an explanation, one is led to
wonder whether the 3-folds W}, o are rational. This is probably not the case. In
Sec. @ we construct a conic bundle in the Mori category, birational to Wy, . It
will be interesting to study the geometry of this conic bundle and conclude that
W} o is not rational.
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1.5. Notes on the proof. Our proof of the main theorem is elementary: we
expand the period in power series with the help of the residue theorem. The ‘real
work’ was to come up with the equation of Y and the integration cycles .

For Theorem m we begin with the pencil of 3-folds v : W — C* of Equa-
tion (L.7). Morally, the work of Beukers—Cohen-Mellit [4] identifies the local system
H;, with grgVRngk C.

At the beginning of Sec. We produce a partial compactification Wj, o C Wk’a
and a del Pezzo fibration ¢: Wk,a — C*. This del Pezzo fibration becomes visible
after a monomial substitition of coordinates, see Equation . In App. we
explain how we discovered the monomial substitution and the del Pezzo fibration
by running a minimal model program for a partial resolution of a compactification
of Wk,a-

Once we have the del Pezzo fibration, the proof of Theorem is an exercise in
mixed Hodge theory. The constructions in Sec. [f] make it clear how tlle\curve Y =
Y} arises naturally from the geometry of the del Pezzo fibration ¢: Wy o — C*.

The key point in the proof is Lemma [5.5] which constructs an algebraic cycle
Z C CHa(Y xcx Wk,a) inducing an isomorphism p,Qy — RQ(;S*QWk . (1).

It is natural to ask if our computation of the middle cohomology of W , in
terms of the del Pezzo fibration ¢: Wk,a — C* really is the easiest way to prove
Theorem We think that it is. The conic bundle birational to W, , that we
construct in Sec. [A-4] gives another, richer but more complicated, way to understand
the geometry of Wy, ..

Finally, Proposition [1.3|is an exercise in orbifold Gromov—Witten theory made
possible by the “quantum Lefschetz theorem without convexity” recently proved by
Wang [34].

1.6. Further questions. It may be possible to determine all hypergeometric func-
tions that are periods of a pencil of curves, and describe the pencils explicitly.

There are several contexts where a construction of mirror symmetry is available
that produces a mirror of the wrong dimension: one of these is general toric com-
plete intersections [4]; another is the abelian/nonabelian correspondence [7]. Our
ideas here can form the basis of a systematic method to extract from these con-
structions mirrors of the correct dimension. In particular it would be extremely
attractive to eliminate the assumptions of Hori—Vafa [22] and obtain mirrors for all
toric complete intersections.

It will be interesting to see that our mirrors satisfy Homological Mirror Symme-
try.

1.7. Structure of the paper. All sections in this paper logically depend on the
introduction; other than that, they are logically mutually independent and can be
read in any order. In Sec. [2] we expand on the notion of mirror symmetry for Fano
varieties with quotient singularities. The families of surfaces are an example
of such varieties, and our main theorem provides mirrors of these families. In Sec.
we prove the main theorem. In Sec. we discuss how our Equation arises from
the work [4] as a mirror of the wrong dimension. In Sec. |5 we prove Theorem 1.8
In App. we explain how we discovered the del Pezzo fibration ¢: W — C*. The
appendix ends with the construction of a compactification W C W’ with a conic
bundle structure ¢: W’ — F;. In App. [B| we prove Proposition [1.3
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2. FANO VARIETIES AND MIRROR SYMMETRY

In this section we spell the notion of mirror symmetry for Fano varieties with
quotient singularities that we use. The families of surfaces X = Xgr+4 of the
introduction are examples of such varieties; our Theorem provides mirrors of
these families.

In this section we denote a variety with quotient singularities by a roman capital,
and by the corresponding fraktur capital the unique smooth wellformed orbifol(ﬂ
that has it as its coarse moduli space.

Let X be a Fano variety with quotient singularities, that is, a variety with
quotient singularities such that — Kx is ample. We call a Fano surface with quotient
singularities a log del Pezzo surface.

We denote by P(ag,a1,...,a,) the weighted projective m-space with weights
agp < ap < -+ < ay,. We simply write P when m and the weights are clear from the
context. For X = Xy, 4. a quasismooth [23] Definition 6.3] and wellformed [23]
Definition 6.9] weighted complete intersection of degrees di,...,d., the adjuction
formula for the canonical sheaf Kx [23] Section 6.14] states that

Kx :OX(Zdz_Zaz)
i=1 =0

By definition X is Fano if and only if —Kx is ample, i.e., if and only if Y, d; <
Yot oa;. We say that X is anticanonical if —Kx = Ox(1), that is, Y ;_,d; =
—14+ 300 ai

2.1. Our notion of mirror symmetry. We introduce the key ingredients to
state what we mean by mirror of a Fano variety X of dimension n with quotient
singularities.

2.1.1. The quantum period. Let X be a Fano orbifold with coarse moduli space X
and let IX its inertia stack. Let Box(X) be the set indexing the components of IX
and for b in Box(X) denote by age(b) the age of the component ¥; [0, Section 3.2].
Let H?,(X) be the ‘even part’ of the Chen-Ruan cohomology of X, that is, the
Q-vector space with grading:

(2.1) H, ()= @ HEO(%,Q) e
beBox(X)
p—2age(b)€2Z

1By definition, a wellformed orbifold is a Deligne-Mumford stack where the set of points with
nontrivial stabiliser has codimension > 2.
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Given d € Hy(X,Z), n > 0, au,...,a, € H3(X), and kq,...,k, non-negative
integers, one can define the Gromov—Witten invariant [I, 2 [5]:

(22) <041wk17 ceey anwkn>0,n,d

Write Eff (X) C Hy(X,Z) for the submonoid generated by the homology classes in
X that are images of representable maps from complete stacky curves to X.

Definition 2.1. [32, Definition 3.2] Let X be a Fano orbifold and let HSP (X) =
Q1,, @ --®Q1,, be the subspace of H?, (¥X) generated by the identity classes of the
components X, of the inertia stack IX such that 0 < age(b;) < 1. Fori=1,...,r
let 1, be the identity cohomology class of the component X;. For d € Eff(%),

neN,and 1 <1q,...,4, <r write:

Odyir,in = —Kx -d+ Z (1 —age(b;,)) €Q

j=1
The quantum period of X is:
Gx(zyo) =1+

2.3 - Pyol Tiy T s
( ) + Z Z Z <1b7¢1,...,1bma71_Ow>o,n+1,d ez Sl A ol n o diirin

AEEF(X) n=01<iq,...,in <1

where ¢yo € H*3MX (X, Q) is the cohomology class of a point, and o, # = (21, ..., ;)
are formal variables.

Remark 2.2. [32], Proposition 3.4] shows that Gx(z; @) € Q[z1,...,z,][[¢]]. Thus
one can regard Gx(z;a) as a formal power series:
(2.4) Gx(wia) = Y es(a) o

5=0
Definition 2.3. The regularised quantum period of X is the Fourier—Laplace trans-
form:

(2.5) Gx(z;a) = Z Sles(z)ad
0=0

2.1.2. The period of a LG model.

Definition 2.4. A Landau—Ginzburg (LG) model is a tuple (Y™, w,w,y) where:
(i) Y is a smooth algebraic manifold of dimension n;
(ii) w:Y — C* is a projective morphism. For a € C* we denote by Y,, = w™1(«)
the fibre.
Denote by U C C* the set of regular values of w, and by wy: Yy = w=(U) = U
the restriction.
(iil) w € (U, wU*Q’;,;/lU). For a« € U, we write wy € HO(YQ,Q’{,(Zl) the corre-
sponding form;
(iv) v € (DX, R" 'wy Qy,, ) where 0 € D C C is a small disk and D* = D\ {0}.
For oo € D* we denote by v, € H,,—1(Ya, Q) the corresponding cycle.

The period of the LG model is the function

(2.6) () :/ wa (€ DX)

fa"
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Remark 2.5. Let Dy be the sheaf of polynomial differential operators on U. It
follows directly from Definition that the period 7 of Equation is annihi-
lated by differential operators in Dy and that the local system of solutions to the
annihilator ideal of 7 is a subquotient of R* 'wgC.
Indeed, write

£ = (Rn_le*Q) R Oyp.
The sheaf £ carries an algebraic connection V: & — Q, ® £ (the Gauss-Manin
connection) by means of which we can regard it as a Dy-module, and

R lwy,C = Homp (Op,€), and R" 1wy C = Homyp, (€,0v)

are the local systems of flat sections and of solutions of £. Now wU*Qﬁg}U c€&is
the last piece of the Hodge filtration and we regard w as a section of £ by means
of this inclusion. On the other hand we regard v as a solution of £ and recover the
period as m = y(w). We have an inclusion and a surjection of Dy-modules:

Dy-wCé&, and v:Dy -w—Dy- -7

So Homyp, (D - m,Op) € Homp, (Dy - w, Op) and R" 'wy C = Homyp, (€,00) —
Homp, (Dy - w, Ov).

2.1.3. Mirror symmetry. We state what we mean by mirror of a Fano variety with
quotient singularities.

Definition 2.6. Let X be a Fano variety of dimension n with quotient singularities.
A LG model (Y™ w,w,7) is mirror of X if there is an affine-linear isomorphism

¢: C — C such that a specialisation Gx (T;-) of Gy and 7 satisfy for all a:
(2.7) Gx(@; p(a)) = m(a)

Remark 2.7. If X = Xg, 4, C P = P(ag,...,an) is a quasismooth wellformed
anticanonical weighted complete intersection and ag > 2, then H°(X,-Kx) =
H (X,0x(1)) = (0).

It follows from this that X does not admit a qG-degeneration to a toric variety.

We briefly sketch the argument here. If f: X — T is a locally stable family [30,
Definition 2.2] over a 1-dimensional regular base T', then for alln € Z wEZL/]T has the
base change property [30, Proposition 2.76]. If the fibres are Fano varieties, then by
Kawamata—Viehweg vanishing for all ¢ € T and for all i > 0 H'(X;, —Kx,) = (0). It
follows from these two facts and the theorems on cohomology and base change that
hO(X;, —Kx,) is locally constant in T. Now we just observed that h%(X, —Kx) = 0,
whereas it is always > 0 for a toric variety — at the very least, the toric boundary
is an element of | — K.

Remark 2.8. The surfaces we study in this paper, see Equation (1.2), have one
777 (1, 1) point, and four 5L (1,k) points. These singularities are locally qG-
rigid in the sense of [3], hence for these surfaces our Definition fits inside the

context of [3, Conjecture B].

2.2. Anticanonical del Pezzo weighted hypersurfaces. Johnson and Kollar
classify all anticanonical quasismooth wellformed del Pezzo surfaces in weighted
projective 3-spaces [28]. Their classification consists of 22 sporadic cases and the
sequence , where kK € N, k > 0. The 22 sporadic cases are all listed in [28|
Theorem 8].
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Our Proposition [I.3]states that for all & > 0 integer the hypergeometric function
fk of Equation is up to a shift in « a specialisation of the regularised quantum
period of all quasismooth surfaces of the family . We prove Proposition in
Appendix [B]

Remark 2.9. The hypergeometric function EC of Equation (1.1]) is annihilated by
an irreducible regular hypergeometric differential operator on P! which we denote
by Hy. Explicitly,

2%k j 4k j 8k+3 j
Hy = apg - D— D— —a- D
kTR0 H< 2k+1>H( 4k+1> o 1 ( +8k+4>
7=0 7=0 Jj=1
445, jA4k+2
where a4, o is as in Equation (1.5)) and D = ad/da. The operator Hy, is singular on
Yr = {0, ak,0,00} and has order 6k + 2. It follows from [29, Corollary 3.2.1] that
the local system Hj of solutions to Hj is an irreducible complex local system of

rank 6k + 2 on Uj, = P\ 2.

Remark 2.10. In light of the definitions in Sec. [2.1] and Proposition the data
(Yi, wg, wk, k) at the beginning of Sec. [3| define a LG model and our Theorem
asserts that this LG model is a mirror to the corresponding family of Johnson and

Kollar. Also, by Remarks and H, ~ leUk +C, as stated in Corollary

3. PROOF OF THE MAIN THEOREM

In this section, we prove the main theorem stated in the Introduction. We begin
by giving data to construct the period integral.

3.1. The period integral. Fix an integer k£ > 0. We define data (Yj, wk,wk, V&)
as follows:
(i) Y € P(1,1,3k 4+ 2) x C* is the 2-dimensional manifold given by and
(L.4):
(ii) wg: Yy — C* is the projection on the second factor.
Let ay o be as in Equation and consider o # ay .

cen 2k
(i) wro = 5oyt ydt, where t = 1 /to;

(iv) Yg,o is the cycle that we describe next.

From this data we construct the period integral:

wk(a) = % Wk,
Vha
This is the period of Y} of Equation (|1.6)).

Remark 3.1. This data defines a LG model, according to Definition [2:4] and the pe-
riod (|1.6)) is the period of the LG model (2.6). Our main theorem can be interpreted
as stating that this LG model is a mirror of the family of surfaces Xj.

3.2. The cycle of integration. Let us denote by pg o: Yi.o — P! the 2: 1 cover;
Dk,o is branched at the 6k + 4 roots of the polynomial

B (t) =t (48751 o) (—64¢"F+2 4 ¢+ — 3201271 — 40?)

Lemma 3.2. For |a| < 1 the polynomial hy o has:
e A root att =0;
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e 4k + 1 roots of norm ~ |a|ﬁ;
e 2k + 1 roots of norm ~ |04|T1+1;
e A root of norm ~ 6—14.

Proof. Clearly hy o has a root at ¢ = 0 and 2k + 1 roots of norm |a\#+1. Consider
the polynomial gi o (t) = —64t4*+2 4 ¢4k+1 _ 32042+ _ 402 then as @ — 0 gp.o (1)
has a root t, ~ 37 and 4k + 1 roots t, of norm ~ |a|ﬁ. Indeed

lim gg o () = 71 (=64t + 1)
a—0
hence for |a| < 1 g o has a root that tends to 6—14 and 4k + 1 roots that tend to 0.
Now t, is a root if and only if
AR — 444281 4 )2
and if ¢, — 0, then [t,|*+1 ~ |2 O
Choose a continuous function pg: (0,1) — R such that for r <« 1:
2 1
rIFT L pp(r) K T

For |a] < 1let 7, , be the circle of radius p(|a|) around the origin in C starting at
to = px(|a]). By Lemma [3.2] this circle divides P! into two regions each containing
an even number of branch points of py o, see Figure Hence p,:}l(ﬁk’a) C Yia
consists of two disjoint circles: we take v o to be the lift along which the power
series expansion in Equation is valid, see Figure

FIGURE 1. The circle 7y , C C. The marked points represent the
roots of hy o for k = 1.

2Alternatively we choose the base point for our lift such that y > 0.
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FIGURE 2. The circle 74, on Yy o. The gray sheet of the cover
represents the one where (3.1)) is valid. The line segments on each
sheet indicate a choice of branch cuts for k = 1.

3.3. Proof of the main theorem. An immediate consequence of the next two
lemmas. ]

Lemma 3.3. Let mi(«) be the period integral described above. Then, setting m =
(2k+1)j5:

oo
(3.1) m(a):jzo(m> 4 az< )(p)w
Proof. By a small manipulation we write the period as:

dt

7{k \/1+4t2’““ \/(1—t (84 7227) ) B

By the defining inequalities of the function p;, and our choice of 7y, both the
following power series expansions hold:

442k+1 -3 0 _1/2 4r¢(2k+1)n
]. =
() 20

n=0

2\ ~ 2 [e'e]
2a 1/2 ymgdmgm Q 2m
(1 -t (8 + t2k+1> ) Z < > 47 (1 + 4t2k+1>

m=0

(3.2)

-
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Plugging the two power series in (3.2)), switching the series and the integral signs
and using the binomial theorem we obtain:

g £ E ()

n=0 m=0 p=0

b j{ A ym—(2k41) (p—n)
L
k,o

Finally, applying the residue theorem around ¢ = 0 and setting j = p —n, we obtain
the result. O

Lemma 3.4. For allk >0 andj > 0 integers, setting m = (2k 4+ 1)j:

(3.3) (_;/2> DI Z ( 1/2) ( p ) - (2‘7‘)!((215(?1;r )4.> ()(ZI'H 1)j)!

Proof. Clearly (3.3) holds when j = 0, thus we assume j > 1. In what follows we
repeatedly use the identity:

D!

(3.4) 20— = ST (I > 0 integer)
We have:

—1/2 (=D)™2m -1 (=)™ [2m
(8:5) ( m ) - 2mm)| T (m)

We set i = p — j and we write the finite sum on the left hand side of as:
R -1/2\ (2m  e=) (—1/2
2620 -2 ()0 -
_2§j (—1/2)( 2m ) B (2m—1/2>
2\ i J\am—j—i 9m — j

where the last equality in (3.6 follows from the Chu—Vandermonde formula for
generalised binomial coefficients:

i@(ﬁ»:(ﬁ:a) wpee nem

Plugging (3.5) and (3.6) in and using that m = (2k + 1)j we can rewrite (3.3))
as:

(3.7) AR ((4F 1 2)5)! ((4k+2)j—1/2) _ (((8k+4)j)! i

(4k+1)j 29 ((4k 4+ 1)j)!
Now we note that

(4k +2)j —1/2\ _ ((8k +4)j — !
( (4k +1)j ) C (27 — DI 20REDT (4K 4 1)5)!

Using this equality combined with (3.4]) for [ = j, we simplify (3.7)) as:
(3.8) 2URFRT (4k + 2)5)! (8K +4)5 — DI = ((8k + 4)5)!
Since (3.8]) manifestly holds (it is (3.4]) for [ = (4k + 2)j), the result is proved. O
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4. RELATIONS TO THE WORK OF BEUKERS, COHEN, MELLIT

In this section we show how our Equation (1.7)) arises from [4] as a mirror of the
wrong dimension.

4.1. Finite hypergeometric functions and point counting. We summarise
the main result in [4].

Let v,w € Q% be such that for all 4,5 € {1,...,d} v; # w; mod Z and the
polynomials H?Zl(x — e?™) and H;l:1(33 — e?™i) are products of cyclotomic
polynomials. Then there exist natural numbers pi,...,p, and q,...,qs, with
p1+- +ps=q + - +gs, such that

ﬁ T — e2miv; H;:l xPi — 1
_ 2miw; S .
z—e*m [ 2% —1

Jj=1

and the analytic hypergeometric function

o0

dFd—l(U,w|)\) = Z M A"

n=0 (w1>n T (wd)n

where

(2)n = zx+1)---(z+n—-1) ifn>1
=1 ifn=0

can be rewritten in the form:

= (@)t (g57)! @' g

= (p1)! o -
(41) dFdfl('U,’w|)\) = M JM’*])\]7 M = u

Similarly, the finite hypergeometric function H,(v,w|A) — where ¢ is a prime
power coprime with hef(v, w) — can be written in terms of p;, ¢; only [4, Definition
1.1, Theorem 1.3].

For all o € F¥, Beukers, Cohen and Mellit consider the quasiprojective (in fact
affine) variety W, C G,," ™ given by the homogeneous equations:

y1+y2+"'+y7‘_m1_"'_xs:0
a- -yt ybr =gt gl

and prove the following, see [4, Theorem 1.5] for the precise statement and [4]
Section 5] for its proof:

Theorem 4.1. If gcd(pli,. Py Q15 Gs) =1 and M -« # 1, there ezists a
nonsingular completion W, of Wy such that |Wo(F,)| = Hy(v,w, M - @) up to
factors depending only on p;,q;.

4.2. The family of 3-folds of Theorem|[I.8] We provide some additional context
for our statement of Theorem [I.8] Specifically, we build a precise connection with
Theorem [.11
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Fix k > 0 integer. We specialise the above discussion to the pair of vectors v, wy,
in Q%, dj, =6k +2:

j
()
Bk +4/ et seran\ (ikicu.....om U{aR+2))

B l m
e <2k+1’ ‘M)leu,m,zkﬂ}, me{l,...,4k+1}
This leads to
pr=8k+4,1), q=(2,2k+1,2k+ 1,4k + 1)
For A = My - «, by
a1 (0 w0 \) = Z . ((8k +'4)2j)!j! .
7 (20)N(EE + 1)7) ((4k + 1)35)!

M N = I ()

that is, the function I, of Equation (|1.1)).
Still following the above discussion, for all a in C* consider the quasiprojective
(in fact, affine) 3-fold Wy, o C C* 6 given by the homogeneous equations:

yi+ye— (@1 +z2+a3+x4) =0

8k+4 _ .2
QY Y2 =27

(4.2)

2k+1, 2k+1,_ dk+1
Lo T3z Ty

Next, we manipulate the Equations (4.2) to rewrite them as in the introduction.
By solving the first equation for ys and writing x¢ = 1, for all a in C* the system
of Equations (4.2) leads to the equation of a 3-fold in P*:

8k+4 2, 2k+1,. 2k+1,, 4k+1
4 G2l 2k, ket

o X 1+ To+ T3+ x4 — To) = 17T

The 3-fold Wy, is the intersection of the projective 3-fold defined by the equation
above with the torus T* C P* and, in the affine chart {z¢ # 0} with coordinates
u; = x;/xo, it is described by the equation:

a-(up +ug+us+ug—1)— g 2ug 2R Ly 2Ry 4R — (Vi w; #0)

This is the same as Equation (1.7)); hence the meaning of the symbol Wy, is the
same as in the introduction.

Theorem |4.1{ computes [Wy, o (F,)| in terms of the finite analog of Ii.. The state-
ment can be interpreted as asserting that the manifold W} of Equation is a
LG mirror of the family of del Pezzo surfaces Xgrr4 C P(2,2k + 1,2k + 1,4k + 1)
of the wrong dimension. Indeed, by [16] the only interesting cohomology group of
Wi.a occurs in degree 3, hence by the Weil conjectures the main contribution to
[Wh.a(Fqy)| comes from H3(Wy, o, Q). Presumably for this completion we also have
H3(Wg o, Q) = gtV H3 (Wi o, Q) — as we do in Lemma

5. PROOF OF THEOREM [L.8]

In this section we prove Theorem of the introduction.

Fix k > 0 integer and let Uy, = C* \ {ax,0}, as in the introduction. We prove
that for all o € Uy, there is an isomorphism of pure Hodge structures:

(5.1) gty H (Wia, Q1) = H' (Yi,a, Q)
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5.1. Notation. For convenience in what follows we set a = 1/a. We write Equa-

tion (|1.7) as

(52) u1 + U2 + us + Uyg — 1 — au12u22k+1u32k+1u44k+1 — O
and Equation (1.3)) as
(5.3) a2y® — 1 (4atF T 4 250 (@21t 4(4a? T 4 26)) = 0

We denote by Wy, and Y} , the fibres of and over a, so Wy o = Wi o
and Yy o = Yj o where o = 1/a.

For the rest of this section we fix k > 0 and a # ay, where a; o = 1/ag,0, and
we we omit all reference to k and a. Also, we write pex : Yox = p~1(C*) — C* for
the restriction of the 2 : 1 cover p: Y — P,

5.2. Proof of Theorem . Let W C W be the partial compactification of
Equatlon and ¢: W — C* the projective degree 2 del Pezzo fibration of
Lemma [5 Applylng in sequence Lemmas [5.2] [5.4] [5.5] we see:

gry’ HX(W,Q) = gri HX(W,Q) =
=gry H)(C*,R*$,.Q) = (gr}" H}(C*,pcx,Q)) (—1)
and the latter group is H(Y,Q)(—1). O

5.3. The partial compactification. We construct a partial compactification W
P(1,1,2,2)/,, x C* of W (where up acts on P(1,1,2 2) as described below).
Lemma states that grgVH3(W Q) = grgVH3(W Q) hence for our purpose we
might as Well work with W in place of W. The advantage of working with W is
that, as stated in Lemma the second projection ¢: W — (CX is a fibration
with fibres del Pezzo burfaceb, and the point of the substitution is precisely to
make this structure manifest. (In Appendix [A| we explain how we discovered the
del Pezzo fibration structure, and the substitution, by the methods of the minimal
model program.)

Consider the weighted projective space P(1,1,2,2) with weighted homogeneous
coordinates x1,Z2,y1, Y2, and the quotient P(1,1,2,2)/us where the group po acts

on the affine coordinates x = xo/21,y = y1 /22,2 = y2 /2% by
(54) (IL‘,y,Z) = (7xﬂ7y77 )

Here and in what follows we write

(5.5) G =P(1,1,2,2) /s x C

and we denote by t the coordinate on C*. Note that G is a (noncompact) toric
variety and the 4-dimensional torus T¢ C G is the locus (x,y, z,t # 0) in the affine
piece x1 # 0. The substitution

(5.6) wm=zly uww=z2"t ug=z"tz7! w=a"1z2
identifies W with
(5.7) (—at®™y? +yz + 22 + 1 —zz+ta* =0) Ju2 C Tg

We denote by W the closure of W in G, given by the weighted homogeneous equa-
tion:

(5.8) (—at®'yf + y1ys + 3 + @] — wizays + a3 = 0) /s C G
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The 3-fold W is a partial compactification of W.

Remark 5.1. The 3-fold W is quasismooth and we think at it as a smooth orbifold.
More precisely W has nonisolated quotient singularities: although it is singular, it
is a rational homology manifold. Because of this, for the purpose of cohomological
computations, we can pretend that W is smooth. Below we take the convention
that the set of regular values of the map ¢: W — C* is the set of values t € C*
such that the corresponding fibre /Wt is quasismooth.

Lemma 5.2. There is an identity of pure Hodge structures:
(5.9) gry HZ (W, Q) = gri HX(W,Q)
Proof. Note first that the 3-fold W is nonsingular but noncompact, thus H2(W, Q)
is a mixed Hodge structure with weights < 3, and so is H3(W,Q). Consider the
divisor D = W\ W, and denote by i: D — W and j: W < W the inclusions. We
have a long exact sequence of mixed Hodge structures

= H2(D,Q) — H}(W,Q) » H(W,Q) - H}(D,Q) = ---
To prove (5.9)), we check that gr} H2(D,Q) = gry¥ H3(D,Q) = (0). To this end,
we study the geometry of the surface D; D is the union D = U?:l D;, where:
D1:/W\ﬁ($1=0) DQZ/WO(QSQZO) DgZ/W\ﬂ(y1:0) D4=W\ﬂ(y2:0)

One can check that D C W is (locally the quotient of) a simple normal crossing
divisor with no 0-dimensional stata. By setting
pW=| |D; and DPl=| |Dy, with D;j =D;nD;
i i<j
we get a strict simplicial resolution D2l = D[ — D and the long exact sequence:
= P HHDLQ) - @ HH(D;, Q) =
i i<j

(5.10)
— H*(D,Q) - P H(D;, Q) — -+

It follows that H2(D,Q) has weights < 2. Now choose m = 3 in and examine
H3(D,Q). On the left hand side, D, H?(D;j,Q) has weights < 2. On the right
hand side, @, H3(D;, Q) a priori has weights < 3. To conclude, we next show that,
in fact, for i = 1,2, 3,4, H3(D;,Q) has weights < 3. Consider first the surface Dy,
given by

(—at* 'yf + 3 + y1ys + a5 = 0) /ua C P(1,2,2) /s x C
This is the same as the surface
(5.11) (—at%“y% + Y5 4 Y1y +t2s = O) Juo C P? /g x C*

where z5,%1,y2> are homogeneous coordinates of P? and po acts as (y1,92) —
(—y1, —y2) on the affine piece (2o = 1). Note that the quotient of P? by the uo-
action is the weighted projective space P(1,1,2) with homogeneous coordinates

oo yosws = % In B(1,1,2) (BTT) becomes
(at2k+1y% _ yg —Y1Y2 = t’wg) C P(l, 1, 2)
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thus, since t # 0, we conclude that D; ~ P! x C* and then H2(D1,Q) is a pure
Hodge structure of weight 2. An almost identical argument holds for Ds. The
surface Dy is given by

(—at** Tyf + 2t + ta3 = 0) /u2 C P(1,1,2)/ps x C*
which is the same as the surface
(—at2k+1w1 + 21 +tzg = O) c P? x CX

where 21, 2o, w1 are homogeoneous coordinates on P2, thus also D, ~ P! x C* and
H32(D4,Q) is a pure Hodge structure of weight 2. To conclude, consider the surface
D3, given by

(yg + lel — T1T2Y2 +tx3 = O) /IU’Q C ]P)(]-v 1a2)/u2 X (CX

By means of the substitution ys — yo — x122/2 write this as

2 it 4
Ya + 2] — 4 +txs =0) /pue CP(1,1,2)/pe x C*

and note that this is the same as the surface

(5.12) (wg = za(—22 4 % - tzg)) c P(1,1,2) x C*

where 21 = 22,25 = 2%, wy = y3 are homogeneous coordinates on P(1,1,2). A
natural compatification of ((5.12) is the surface D3 given by
212
(wg = 2129(— 1227 + t%% - totlz§)> c P(1,1,2) x P!

Note that D3 is a 2 : 1 cover of P* x P! branched along a divisor in |Op1 yp1(4,2)],
thus D3 is a rational surface and hence H3(D3,Q) = (0). Then H3(Ds3,Q) has
weights < 2, since, by setting I' = D3 \ D3, we have the long exact sequence of
mixed Hodge structures

and gry¥ H%(T, Q) = (0). O

Lemma 5.3. Let ¢: W — C* be the projection onto the second factor. Denote by
A the set of critical values of ¢ and write @ = C*\ A for the set of reqular values.

Let j: Q < C* be the natural inclusion and denote by ¢q : Wao = d7L(Q) — Q the
induced morphism. Let 01,062, € C[t] be the polynomials:

(5.13) 61(t) = 4at®™ T +1  6o(t) = a®t* 2 — 4t (dat® T + 1)2 6 =010

Write Q; = C* \ {61 = 0}, ng = ¢~1(Q). Denote by K the function field

kE(C*) =C(t). Then:

(1) A = {5 =0}. Ift is a root of 1, Wt has a unique non quasismooth point
pe=1(0:0:—=2:1);4ft is a root of 62, Wy has a unique non quasismooth point

20, (1 1 2qt2k+1
(5.14) q = (1 : \/atzTJl: 51(t) : 1(t) )

In both cases the non quasismooth point is an ordinary double point.
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(2) After the change of coordinates:

Y1 122 Y1 L1122

5.15 s T2 nd g gy —

(5.15) Y T Sy ) M Tyt
the equation of the fibre Wt CP(1,1,2,2) /g overt € Qy is:

at2k+1

(8) For allt € Q the fibre Wt is a quasismooth del Pezzo surface of degree 2 with
two 1/4-(1,—1) points p;,p; , on (1 = x5 = 0), and intersecting (y; = yo = 0)
in two points g and q; . In the coordinates of Equation (5.16)),

2k+1
(5.17) ptiz(O:O:l::i: 61(15)) and g = | [OEEEV2D g
2. 8.(1)

(4) For allt € Q the fibre /Wt has Picard rank r = h? (ﬁ/\t, Q) = 2. More specifically,
Wt contains a configuration of lines as pictured in Figure and a basis of
Pic(wt)(@ is given the classes of the curves Cy1 and Cy .

(5) In the variables of Equation , the map ¢1: Y1 = Wﬂ(xl =129 =0) > C*
is a 2 : 1 branched cover with branch locus {01 = 0}, and the map ¢o: Yo =

ng N(y1 =y2 =0) = Q1 is a 2 : 1 branched cover with branch locus {62 = 0}.
In particular,

+ . + .
1/ _ ) P if 61(t) #0 1/ _ ) 4 if 52(t) # 0
(5.18) o (1) = { moifa=o M e (= { G ifoa(t) =0
(6) The Picard rank of Wk isp=1.
(7) R°¢,.Q = R'¢,Q = (0).
(8) The natural homomorphism R2¢,Q — j,j*R?¢,Q = j, R%2¢0,Q is an isomor-
phism.

FIGURE 3. A quasismooth fibre /Wt and the four points pft, qti in

/Wt. Numerically equivalent curves on W, are marked with the
same symbol.
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Proof. To prove (1), fix t € C* and compute the Jacobian of the polynomial in
Equation . To prove that for all ¢ € A the non quasismooth point of /Wt is
an ordinary double point, one can check that the Hessian of at that point is
invertible.

Assertion (2) is a simple substitution.

To prove (3), fix a point ¢t € Q and consider the quotient map o: P(1,1,2,2) —
P(1,1,2,2)/ug. Let V, = 0_1(Wt) be the preimage. Note that:

~Ky, =0 (—Kwt) and K2 =2.KZ2,

since o is 2 : 1 and étale in codimension 1. We have —Ky = O(2) and —K‘% =4,

t t
thus V; C P(1,1,2,2) is a del Pezzo surface of degree 4. The orbifold points of V4,
of type 1/2-(1,1), are the two points Pti of V; on the line (x1 = x5 = 0); in the
coordinates of Equation ([5.16]),

Pi:<0-0-1-i51(t)>
; 1001 £

Note that, by (5.4), on the affine piece (y; = 1) the group ps acts by
(z1,22,y2) = (w1, —iw2,Y2)

Hence W, C P(1,1,2,2)/us2 is a del Pezzo surface of degree 2 with two 1/4- (1, —1)
points pti = a(Pti), as in ; these are the only orbifold points of /Wt since
(1:0:0:0)and (0:1:0:0) do not satisfy (5.16). Setting y1 = y» = 0 in
Equation , one finds that /Wt N (y1 = y2 = 0) is given by the two points qti in
BI7)- o

To prove (4), note that the crepant resolution W; of Wy is a smooth weak del
Pezzo surface of degree 2. By Demazure’s Theorem this is the blow-up of P2 in 7
nongeneral points, thus it has Picard rank r = 8. Then the surface Wt, obtained
by blowing down 6 exceptional curves on Wt, has Picard rank r = 2. We explain
how the geometry of Wt singles out a distinguished basis of generators of Pic(Wt)Q.
Setting

\/ at? 1 + /5500
vi(t) = | 2 vl

2-01(t)
on P(1,1,2,2) Equation (5.16]) factors as:

(2 = Vo1(t)y1)(y2 + Vo1 (H)yr) +
+ (21 — v (t)xe) (1 + v (t)z2) (1 — v—(t)22) (1 + v (t)22) =0

This exhibits eight lines on YA/t, four of which passing through P;", the other four
passing thorugh P, , as pictured on the left of Figure The four lines on \//\'t
through P;" correspond to two orbits under the ys action, and the same holds for
the four lines through P,”. Namely, in P(1,1,2,2)/us Equation (5.16) can only be
factored as:

(y2 — VoL (Y1) (Y2 + Vo1 () + (a7 — Vi ()a3) (27 — 2 (1)23) =0
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This exhibits four lines on the surface W\t, as pictured in the middle of Figure
two of which passing through p; :
0)

)

Crat (v = V0B = o = v (1)}

(5.19)
Crz: (v = VaiOy = o} =2 (t)a3

the other two passing through p; :

Cis: (3/2 + V61 (tyr = 27 — Vi (t)z] = 0)

(5.20)
Cia: (yg + Vo1 (t)yy = 23 — V2 (t)x3 = 0)

To see that Cy; ~ Ct4 note that, on Wt, the union of the strict transform @ 1
and the three exceptional curves above p;, as pictured on the right of Figure
supports a fibre of a conic bundle where another fibre is supported on the union of
the strict transform 6,5,4 and the three exceptional curves above p, . Taking direct
image this implies indeed that Cy; ~ Cy4. Similarly, Cy 2 ~ Ct3. Then the two
curves Ct 1 and Cy o form a basis of Pic(Wt)@.

P

P

FIGURE 4. The surfaces ‘7}, Wt and Wt. The eight lines on@
descend to four lines on W;. The two sets of bold lines on W;
correspond to two distinct fibers of a conic bundle over P'.

Statement (5) follows immediately from Equation (5.16)), and by (1) and (3). In
particular, to prove (5.18)) one can check by that, in the variables of Equation
(5-8), if t is a root of &; then ¢;'(t) = (0:0:2: —1) = p;, and if t is a root of &,
then ¢ *(t) is given by

at2k+1 at2k+1 2(at2k+1)3
01 :
261 (t) 263 (t) 53(t)

which is the point ¢; in (5.14).
We prove (6) as follows. Note that the function fields of Y; and Y3 are k(Y1) =
K(v/41) and k(Yz) = K(1/32). Set L = K(1/d1,v/92) and consider the lattice of
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-

K (V&)

IS

The Galois group Gal(L/K) ~ Cy x Cs is generated by the two authomorphisms
o1 and oo, where:

O1K (Vo) = id 01(\/572) = —\/£ and T2k (VEr) = id 02(\/5) = *\/E

Galois field extensions:

L

/

=
)

K (V)

\

K

By (4), Pic(Wy) is generated by the classes of the curves C; and Cs, of Equation
(5.19). Then by Galois descent Pic(WK) has only one generator, given by the class
of the curve C; + Cy + Cs + Cy C WK, since C7 4+ Cy + C3 + Cy is the only curve
in W, which is invariant with respect to the induced action of Gal(L/K).

Assertion (7) follows from the fact that, by (1) and (4), V t € C* Hl(Wt,Q) =
Hg(Wt,Q) = (0). Y

To prove (8), consider a singular value s € A and the fibre Ws. To check that
R?¢,Q — j,R?pq,Q is an isomorphism in a neighbourhood of s, it is enough to
show that the natural homomorphism

H*(W,,Q) — H*(W,,Q)"

is an isomorphism, where t € C* is near s, Ty: HQ(/I/IZ,@) — H2(Wt7(@) is the
local monodromy operator at s, and H 2(Wt7 Q)*s denotes the group of monodromy
invariants. Indeed on the one hand, by the proper base change theorem, H? (Ws, Q)
is the fibre at s of R?¢,Q, and on the other hand Hz(Wt, Q)T* is the fibre at s of
j* R2¢Q *Q‘

We have an exact triangle of constructible complexes on WS:

Q-9vQ— QI

where 1 and ¢ are the nearby and vanishing cycle functors [21, Exposé I]. Since
W, has isolated hyperquotient singularities — in fact by (4) it only has one non
quasismooth point — ¢ Q is supported at the non quasismooth point of /WS and is
concentrated in degree 2 [3I]. Thus from the exact sequence:

(0) = H' (W, Q) — H?(W,,Q) — H*(W,,¢Q) = H*(W;,Q) —

we conclude that the natural homomorphism H 2( ., Q) — H? (Wt, Q) is injective.
By the local invariant cycle Theorem [I7, Theorem 1.4.1] then H2( s, Q) is the
group of monodromy invariant cycles in H 2(Wt, Q). (I

Lemma 5.4. There is an identity of mized Hodge structures:

(5.21) H3(W,Q) = H}(C*, R*¢,Q)
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Proof. Note that the two functors ¢, and ¢ concide, since the map ¢ is proper.
Consider the Leray spectral sequence of the morphism ¢ with second page E5'? =

H?(R$,Q) = Hg’ﬂ(W,@), which is known to degenerate at the second page.
The groups contributing to H3 (W, Q) are:

HY(C*, R*¢,Q), H;(C*,R%¢,Q), H7(C*,R'$,Q)
Identity (5.21)) holds if and only if H?(C*, R3¢,Q) = H?(C*, R'¢,Q) = (0), and
indeed this is so, by Lemma [5.3(7). d
Lemma 5.5. There is an isomorphism of mized sheaves on C*:
(5.22) pe<Qy,, = R0, Qqp(1)

Proof. The sketch of the proof is as follow: let Q@ € C* and j: Q < C* be as
in Lemma and let po: Yo = p~1(2) — Q be the induced morphism; we first
construct a homomorphism

(5.23) 2: pa+Qyvy = R200. Qg (1)

and then we show that it is an isomorphism. This concludes the proof since on
the one hand it is obvious that j«pa«Qy, = pcx+Qy,,, on the other hand by

Lemma |5.3(8) j.R*¢0+Qp, = R*0.Qpp.
Below we construct a cycle

7 € CH2 (YQ XQ WQ)

inducing the homomorphism z via the natural maps:
CHQ (YQ X0 WQ) — HfM (YQ X WQ) =

— Hompy, (Rpo«Qyys RéaQ, [21(1)) = Hom (pa.Qy,, R200.Qg, (1))

Consider the diagram

Yo xo Wo

/ &/‘
Yo Wa
Q

Let Z C /W\Q be the union over all ¢ € €2 of the four curves Cy 1, ...,y 4 in the fibre
W, described in Lemma that is:
at2k+1

7= (_(46%2'““ + 1yt +y5 =i

) -
1 m(xll?) +try = 0) /12 C Wo

We have that:
Yo XQZ:Z1+ZQ C Yo XQWQ
is the sum of two irreducible components and we take Z to be one of these compo-

nents. In order to see this, let K = C(t) and L = K(v/91,1/92), as in the proof of
Lemma and consider the field extensions K C K(v/§) C L. The key point is



HYPERELLIPTIC INTERGRALS AND MIRRORS OF THE JOHNSON-KOLLAR SURFACES23

to notice that Yo is a 2 : 1 cover of Q with function field k(Yo) = K (V/4). Indeed,
by (5.3) Y is a 2: 1 cover of P! branched at the 6k + 4 roots of the polynomial

E (a4 1) (0~ a(dar 4 1)7)

By this is the polynomial §(¢) = §1(¢) - d2(¢). Then, since the generator
of the Galois group Gal(L/K(V/$)) exchanges C; with Cy and C, with C3 on
WL, by Galois descent the cycle Cy + Cy + C3 + Cy on Wk(yn) splits into two
components C; + Cy and Cs + Cs, each defined over k(Yq) and corresponding to
the two irreducible components Z; and Z,. Note also that pf,,Z = Z.

It remains to show that the induced homomorphism z is an isomorphism. This
can be checked at the generic point 7, or indeed at any point ¢ € €. This is
precisely the statement in Lemma 4) that the set {Cy 4+ C4, Cy 4+ C3} is a basis
of Pic(Wy)g = H2(W,, Q). O

APPENDIX A. Toric MMP

This appendix is not logically necessary for making sense of the statements of
our main results — Theorem [I.5] and [I.§ — or their proofs.

Let W be the fibre of over a. The goal of the appendix is to explain how
we came up with the substitution , which led us to the partial compactification
Wca= P(1,1,2,2)/,, x C* and the del Pezzo fibration ¢: W — C* (Sec. .

The study of the geometry of the del Pezzo fibration led us to the statement
of Theorem [1.8| and the discovery of the ‘true’ mirror of Xgt4, namely the one-
parameter family of hyperelliptic curves of Equation Thus, the constructions
described in this appendix opened the way for us to state and prove the main results
of this paper.

We explicitly construct a partial desingularisation of W and run a minimal model
program. The minimal model program terminates with the del Pezzo fibration. The
method is of independent interest and, we expect, will be useful in constructing
mirrors in situations similar to the one that is our main concern here.

The space W has canonical but not terminal singularities. In Sec. we
construct a birational model W’ with terminal singularities and a Mori fibration
1: W' — Fi. Because it has terminal singularities, this ¥: W’ — F; is ‘officially’
an object of interest to classification theory. It would be nice, for example, to prove
that W is not rational by studying the geometry of ¢: W’ — F;. However, even
though the space W is slightly more singular than W', it makes it easier to prove
Theorem [L.8

As in Sec. |§|, we fix once and for all an integer £ > 0 and a value a # ay o, and
we omit all reference to k and a in what follows.

A.1. Notation. We set up our notation for toric varieties. For a lattice L, we
denote by Lr = L ®z R the associated real vector space. For a torus T, we denote
by M = Hom(T,C*) the character lattice and let N = Hom(M,Z).

For a fan ¥ C Npg, we denote by Fy the associated toric variety. We denote by
p; the primitive generators of the 1-dimensional cones of ¥, and by D; C Fx the
corresponding divisors.
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If F is a proper toric variety and D = Y a;D; is a Weil divisor on F', then we
denote by

Pp = ﬂ{m <pl,m> > 7(11'} C Mg

the polytope of D; it is well known that Pp N M is a basis of H(F, D).

Given a rational polytope P C Mg, we denote by X p the normal fan of P. If P
is not full dimensional ¥ p is a generalised fan, that is, all the cones of X p contain
a fixed vector subspace oy with associated lattice No = N Ngg. We denote by Fp
the toric variety for the fan Xp/og C (N/Np)g-

We recall two well-known facts about toric varieties which we use repeatedly:
Fact 1. There is a 1-to-1 correspondence between:

(I) the set of polarised toric varieties (F, D), that is, pairs of a proper toric
variety F' and (torus invariant) ample Q-divisor D, and
(IT) the set of full-dimensional rational polytopes P C Mg.

Given a pair (F, D), the corresponding polytope is P = Pp. Conversely, given P,
we let F' = Fp and D = )" b;D; where P = (,{m: (p;,m) > —b;} is the unique
facet presentation of P.

Fact 2. Suppose that D is a nef divisor on a proper toric variety F'. Let P = Pp be
the polytope of D and (Fp, Dp) the corresponding polarised pair. Then (Fp, Dp)
is an ample model of (F, D), in other words:

(i) There is a proper toric morphism f: F' — Fp, and
(i) D= f*Dp.

A.2. The toric variety associated to W. Let M = Hom(T*,C*) be the group
of characters of the torus T* in Equation and let N be its dual lattice. Denote
by {e1, 2, e3,e4} the basis of N dual to the basis of M consisting of the coordinate
functions wug, ug, us, us on T2

In this section we study the Newton polytope P C Mg of the polynomial in
Equation , defining the variety W C T*, and the compactification of W in the
toric variety F' = Fp.

The polytope P is a 4-dimensional lattice polytope with six vertices ug = 0, u;
for i€ {1,2,3,4} and us = (2,2k + 1,2k + 1,4k + 1), and facet presentation:

8
P = ﬂ{m € Mg: (p;,m) > —a;} C Mg
i=1

where (p;,a;) € N x Z are:

(piya;) = (e;,0) for 1=1,2,3,4

(ps.as) = ((4k+1,—1,-1,-1),1)
(—1,3,-1,-1),1)
(pria7) = ((-1,-1,3,-1),1)
(
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Hence the fan ¥ = ¥p is a complete fan with six 4-dimensional cones and eight
rays generated by the vectors p;, and F' is a compact 4-dimensional toric variety.
Note that P does not depend on a and so neither do ¥ and F.

The compactification of W in F' corresponds to an element of the linear system
|Op(D)|, where D = Z?:l a;D; is the ample divisor of F' associated to P (as in
Fact 1 above).

us

U1 us

U2

FIGURE 5. On the left, a picture of the polytope P C Mpg; on the
right, a picture of the normal fan ¥ C Nr with rays p; in Ng.

Remark A.1. The variety F' is not Q-Gorenstein. Let F/ — F be any small bira-
tional morphism such that Kz is Q-Cartier. Then F’ has noncanonical singulari-
ties. Indeed, consider for instance the affine open subsets I/, and F, corresponding
to the cones
7L =(p5,ps)+ and T2 = (ps, ps)+
of the fan of F’. Then
1

4k + 2

1

F =c*®
m x ak+1

(1,1) and F/, =C**x

(1,2k)

The key point here is that the surface quotient smgularltles

(1,1) and
2%
TE+1

4k+2(1 1) and 4k+1 (1,2k) are the minimal canonical partial resolutions of these
singularities.

Our aim is to construct a birational model for F' with canonical singularities, as
final product of a variant of the minimal model program.

4k+2(1 1) and 4k+1 (1,2k)

are not canonical: the vectors (1,2k) correspond to valua-

4k+2
tions with discrepancies _ﬁ and —

4k+1
The weighted blow ups with weights

A.3. A Mori fibre space structure. In this section our plan is to:

(i) choose and construct a Q-Gorenstein partial resolution f: F—sFofF ;
(ii) run the minimal model program with scaling for (¥, D), where D = f*(D);
(iii) study the singularities of the final product (F, D) and the equation of W in
F.
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A.3.1. The Q-Gorenstein partial resolution. Set pg = ﬁ(ﬂ:ﬁ +ps) = (0,—-1,-1,1)
and ag = 1. (For i € {1,...,8} let a; be as in (A.I).) For ¢ > 0 consider the
polytope:
9
(A.2) P(e) = n{m € Mg : {(pi,m;) > —a; +e} C Mg
i=1
For 0 < ¢ < 1, P(e) is 4-dimensional and the presentation in Equation is the
facet presentation of P(g), and the normal fan of P(e) is independent of ¢; denote
it by Y and let F = Fp(c) be the corresponding toric variety. Let D= ZZ 1 @i Dyg;
by Fact 1 above the divisor
9
(A.3) D(e) =) (~e+a;)D; =eKz+D
i=1

is ample on F.

Lemma A.2. (a) F s Q-Gorenstein and the obvious map f: F --» F is a mor-
phism;

(b) D= f*(D).
Sketch of proof. Note that D is nef and D = 5(0) For £ = 0 we have that
9 8
P(0) = m{m € Mg : {(p;ym;) > —a;} = ﬂ{m € Mg : {piymi) > —a;} =P
i=1 i=1

where the second equality above follows from the choice ag = 1; thus by Fact 2
above (F, D) is the ample model of (F,D): in other words there is a morphism
f:F — Fand D= f*(Dp). Since for 0 < ¢ < 1 the divisor D(g) = eKg + D is
ample on F), Kz ~y 1/55(5) is f-ample. Finally, one can check explicitly that F'
is Q-Gorenstein. O

A.3.2. The minimal model program. For 0 < ¢ < 1 the divisors D( ) are ample on
F since K is f-ample and D C F' is ample. We recover F as the toric variety
whose spanning fan is the normal fan of the polytopes P(¢) for small values of 0 < e.

The minimal model program with scaling consists of an inductively defined finite
sequence of toric varieties Fj, divisors D;, and a strictly increasing sequence of
rational numbers €5, and blratlonal maps:

t. —
FO——>...——>Fj——J> j+1——>...——>FT:F

where:
(1) We start with Fy = F,Dy=D,and gy = max{e > 0 | EKﬁ—i—lN) is nef on ﬁ},
(2) For j >0, t;: F; --» F;4; is the divisorial contraction or flip of the face
R; C NE(F,) with (¢;K; + D;)n, = 0 and (K; + D;)jp, < 0:
(3) For j >0 Dj is the proper transform of D;_; on Fj, K; = Kp;, and:

e;j =max{e >¢;_1 | eK; + Dj is nef on F}}

(4) The program ends at F,. = F where either: o
The pair (F, D) is a minimal model: that is € = 1 and K7 + D is
nef; or
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The pair (F, D) is a Mori fibre space (Mfs): that is z < 1, the con-
traction 1: F — S of R, has relative dimension > 0 and K&+ D is
1-ample. In this case Z is the quasi-effective threshold of the pair
(F,D):

g = sup{t | tKﬁ—i—ﬁ € Ef(F)}

By Fact 1, we recover Fj as the toric variety whose spanning fan is the normal
fan of the polytopes P(e) for ¢ € (g;_1,¢;), since the divisors eK; + D; are ample
on Fj; the threshold values --- < &; < gj41 < --- are those where the polytope
P(e) changes shape.

A.3.3. The final product. Returning to the polytopes of Equation (A.2)), P(1) = 0,
thus the minimal model program just described will end with a Mfs. The sequence
of threshold values i}

Thus & = 2/3,

Pz_ 2221 2 2k+1 2k+1 4k+1
3/ 1\3337)’\3 3 ' 3 7 3

and S = P!. More precisely, the normal fan of P (2/3) has two maximal cones:

Ci={n€Nr: no+nz+2ny >0} and Cy={n € Ng: ng+ns+2ny <0}

intersecting along the hyperplane Cy = {n € Ng : n2 + ng + 2ng = 0} C Ng.

For all e € ((2k +1)/(3k + 2),2/3), P(¢) is a 4-dimensional polytope with 9 ver-
tices and 7 facets, whose normals are generated by the vectors p1, p2, p3, s, P6, P7, P9;
thus its normal fan 3 has 7 rays and 9 maximal cones, which are listed in Figure
@ One can check that the 4-dimensional toric variety F is Q-Gorenstein but not
Q-factorial, and has canonical singularities.

The toric morphism : F — P! is induced by the quotient map N — N/Np,
where Ny = N N Cy, sending

(n1,n2,n3,14) = Ng + N3 + 2ny

The preimage via ¢: F — P! of the torus C* C P! is the non-compact toric
variety G associated to the subfan A C X given by the cones of ¥ contained in Cj.
The fan A has four 3-dimensional cones (see Figure [6)):

(p6, p1:p9)+  (p7:p1,P9)+ (P6,p7:p1)+  (P6sP7,P9)+
Since the quotient N/Nj is torsion-free, we may choose a splitting N = Ny & N;
and regard A as a fan Ag in Ny; we have A = Ag @ {0}, thus G = Gy x C*, where
Gy is the 3-dimensional toric variety with spanning fan Ag C Ny. To determine
Gy, note that the vectors p1, pg, p7, p9 spanning the hyperplane Cy satisfy the linear

3We computed the threshold values as follows. Consider the 5-dimensional lattice N' = N $Z
and the dual lattice M’, whose elements are pairs (m,r) with m € M and r € Z; also denote by
q: M’ — Z the projection to the second factor. Let p} = (p;, —1) € N’, i =1,...,9 and let P’ be
the 5-dimensional polyhedron:

9
P = m{m' € (Mg + (m/, pf) > —a;} C (M')g
i=1

Then Ve P(e) = qﬂgl(s) N P’ and the threshold values occur at the vertices of P’.
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(p1; P2, P3, P65 PT)+
(P2, P3, P6, PT, P9) +
(P1, P35 P7, P9) +
(p1, P25 P65 P9) +
(p1,p2,P3,P0)+
(p1, P55 P65 P9)+
(p1, P55 07, P9) +
(P55 P65 P75 PO) +
(1, P55 P65 PT)+

FIGURE 6. A picture of the fan ¥ C Nr and of the cones C; 3
p2, p3 and Cy 3 ps. The vectors p1, pg, p7, po span the hyperplane
Cy C Ng, represented by the area coloured in gray. The cone C4
is the union of the 5 maximal cones of ¥ containing p, or/and ps,
listed on the right of the picture. The cone Cs is the union of the
4 maximal cones of ¥ containing ps, listed on the left.

relation: pg + p7 + 2p1 + 2p9 = 0. However Gy is not the weighted projective space
P(1,1,2,2), as, for instance, 1/2 - (pg + p1 + p9) € Ny. Then write:

Noo = Zpe + Zp1 + Zpg and Ny = Noo +1/2-(1,1,1)Z

We have Moo D My = {m € My : m1 + me +mg = 0 mod 2} and C[M]
is the ring of invariants C[Mqo]"?, where the group where us acts on C[Moo] by
£ x™ = gmatmetmsym - Fauivalently Gg is the quotient variety:

GO = P(:l? 1a 2a 2)//’(‘2

Denoting by x1, x2,y1, y2 the weighted homogeneous coordinates of P(1, 1, 2, 2), the
o action has weights 1/2(1,1,1) on the two smooth charts {z; = 1} and {xy = 1},
and 1/4(1,—1,0) on the two singular charts {y1 = 1} and {yo = 1}. Thus G is the
toric variety of Equation .

To determine the equation of W C T in G = P(1,1,2,2)/us x C*, we choose
the basis of Ny given by the four vectors pg, p1, po, €2 and denote the dual basis by
x, vy, z, t. In terms of uy, us, usz, uy4:

1 1 1 1 11
— - - =(1.0 -2 —Z= = -, = =(0,1,1,2
x (0707 2? 2) y ( ?07 27 2) z <O70’ 272) t (O? ) Y )

hence

3 1, -1 -1

ulzxfly uQ:xzflt U3 =T 2 Uy =T 2

This is the substitution (5.6)), thus W identifies with the 3-fold of Equation (5.7)

in Tg. The del Pezzo fibration ¢: W — C* of Sec. is the restriction of the toric
morphism ¢: F — P!,
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A.4. A conic bundle structure. The del Pezzo fibration ¢: W — C* is not
a Mori fibre space in the Mori category W has strictly canonical singularitie
along two sections of ¢ corresponding to the orbifold points p,fc € Wy (all t) of

Lemma [5.3](3).

In this section we construct a birational model W’ with terminal singularities
and a Mori fibration ¢: W' — F in the Mori category.

A.4.1. Construction. Consider the toric variety G’ with weight matrixﬂ

ty ta v va 2 29 z
1 1 0 -1 0 —-k-1 -k
0 0 1 1 0 0 —2
0o 0 O 0 1 1 1
and irrelevant ideal (t1,t2)(v1,v2)(2, 21, 22). Note the morphism G’ — Fy. Set

01 (ty, tg) = dat2* ! 4 g2k +1
and consider the hypersurface W’ C G’ given by
(A4) — Z% + tgglz% + ’010222 (51’0% — at%k+1t2v1v2 + tltggl’ug) =0

Theorem A.3. (A) W’ has terminal singularities and the morphism ¢: W' — Fy
is a Mori fibre space in the Mori category;
(B) There is a commutative diagram:

W——>w
1
(CX¢**F1

Proof. (A) It is possible, and not too hard, to verify explicitly that W’ has isolated
cA singularities.

(B) We start by exibiting an explicit birational map from a chart of G to a chart
of G'.

Consider the chart (t = vo = 2z = 1) C G’; this is isomorphic to C* with
coordinate functions t1,v1, 21, z2. In this chart, W’ is given by the equation:

—22 46122+ 0 (5111% — at?kﬂvl + t161) =0

Next consider the chart (z2 = 1) C G; this is isomorphic to G,, x 1(1,1,1) with
coordinate ring

C[t] ® Clzy,y1, y2]*?

4A Mori fibre space in the Mori category is a morphism f: X — S where X is a projective
variety with Q-factorial terminal singularities and
(i) f+Ox =Os;
(i) —Kx is f-ample and generates Pic(X/S) ® Q;
(iii) dim S < dim X.
Mori fibre spaces in the Mori category are ‘official’ objects of interest to classification theory.
5That is, W has slightly worse than terminal singularities.
6This matrix defines an action of G3, on A7 and G’ is a GIT quotient.
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generated by the functions t, 2%, x1y1, &c. In this chart, W is given by the equation:
t2k+1

01
We define a rational map from the chart in G to the chart in G’ by:

—o1yt + 5+ — i +t=0

2
v1, 21, 22 F> X7, 012191, T1Y2
This map is in fact birational with inverse given by:

2 2
2 2 2 1A F1%2 %23

T1,T1Y1,Y1,T1Y2,Y1Y2, Yo U1, ) 27Z2a 5
51 ’0151 ’1_)151 U1

It is easy to see that the equation for W is transformed into the equation for W’/. O

Remark A.4. The variety W’ has many singular points (more precisely, above 51 =
v; =0,t =v; =0, t =v; =0, j = 1,2); thus the conic bundle ¢: W' — Fq,
although it is a Mori fibre space in the Mori category, it is not ‘standard’ (in the
birational geometry literature, a 3-fold Mori fibre space f: X — S is a standard
conic bundle if dimS = 2 and X is nonsingular, which implies that S is also
nonsingular, all fibres are conics, and the discriminant is normal crossing). Hence
the conjectural rationality criteria [27) 26l 24, 25] do not directly apply, though
they suggest that W’ is nonrational (and possibly even birationally rigid). It would
be interesting to study the geometry of ¢: W’ — F; further and prove that W' is
not rational.

Remark A.5. The conic bundle 1: W’ — F; is an analog of a construction that in
the singularity theory and mirror symmetry literature is called a double suspension.

The model W, although slightly more singular than W’  makes it easier to prove
Theorem [L.8

APPENDIX B. PROOF OF PROPOSITION [I.3]

In this appendix we prove Proposition by computing part of the quantum
orbifold cohomology of Xgr1+4 C P(2,2k + 1,2k + 1,4k + 1).

The stack Xgr14 is a hypersurface in the stack P(2,2k + 1,2k + 1,4k + 1). Our
computation is an exercise in the quantum orbifold cohomology of toric stacks [13, 8]
9, T0] and quantum Lefschetz [12] [T} [33] — made possible by the recent work [34]
removing the convexity assumption from quantum Lefschetz for stacks — that
follows closely calculations in [13] [32].

In fact, the main result of [34] implies that [I3] Lemma 6.1] holds (in the proof,
invoke [34] at the right place), meaning that the hypergeometric function I is a
specialisation of Givental’s J-function of X. Here we show that Iy is a specialisation
of the quantum period G, itself a specialisation of J.

Below a fraktur capital denotes a projective smooth Deligne-Mumford stack,
and the corresponding roman capital denotes its coarse moduli space.
As in Sec. |2.1| we denote by H3, (X) the ‘even part’ of the Chen-Ruan cohomol-

ogy of X (with rational coefficients):

(B.1) m.x)= P H‘HPO®R,,Q WeQ
beBox(X)
p—2age(b)€2Z
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For b € Box(X) we denote by X, C IX the corresponding component of the
inertia stack, by age(b) its age, and by 1, € Ho(X) the corresponding unit class.
Note that deg 1, = 2age(b). The Poincaré pairing on H?, is denoted by (-, )orb.
We also write Eff(X) C Ha(X,Z) for the submonoid generated by the classes of
representable maps from stack curves.

B.1. Summary of the theory. We summarise the theory required to carry out
our computation.
Givental’s J-function. Let X be a proper smooth Deligne-Mumford stack. Let z
be a formal variable, and let C((271)) be the fraction field of the power series ring
C[z71]. The Novikov ring of X, which we denote by A(C((z71))), is the completion
of the algebra C((z71))[Eff(X)] with respect to the valuation v defined by a fixed
polarisation on X [33] Definition 2.5.4].

Following [19, B3], consider the symplectic vector space (Hx,2x) given by the
infinite-dimensional C-vector space:

Hx = Hoy(X) @ AC(=71)
together with the symplectic form Qx(f,g9) = —Res.—oo (f(—2),9(2))

f7 g€ H%
The genus-zero Gromov-Witten invariants of X are encoded by a Lagrangian

submanifold Lz of (Hx,x), called the Givental cone of X [33], Section 3.1], [9, Ap-
pendix B]. The cone Lx determines and is determined by the Givental J-function:

(B.2) Jx(v;2) =2+ + Z ZZ ! <7"" ¢€ >O,n+1,d o

deEff(X) n=0 e=1 v

orb, @2 for

where v € H?2, (X), Q¢ denotes the element of A(C((27!))) corresponding to d €
Eff(X), and {¢',...,¢"} and {¢1, ..., ¢n} are dual homogeneous bases of H? | (X).
The cone Lx determines Jx since Jx(y; —2) is the unique point on Lx of the

form:
1
(B.3) Jx(v;—2) = —Z+7+O<;)

The quantum period Gx — introduced in Sec. Equation — is the

specialisation of the component of Jx along 1y € HO(X Q) C (%) obtained
setting Q¢ = o Kx4 » =1, and y = Y|, al72eelig,;1,,.
The I-function of weighted projective hypersurfaces. Let Y = P(ay, . . ., a,,) and let
X € |0y (d)| be a quasismooth and wellformed hypersurface of degree d [23]. We
denote by X and g the natural projective smooth Deligne-Mumford stacks with
moduli spaces X, Y.

Denoting for all z € R, (z), [z] and |x] the fractional part, the round up and
the round down of x, we have, following [32, Section 5] and [13]:

O

(1) There is a canonical identification Box(%)) = B where
B={beQ|0<b<landTi:ba; €Z} CQ

For b € B, age(b) = Z;nzo(—ai@ﬂ We denote by 9, = P(a; | a;b € Z) and
1, € H?,, () the corresponding component of inertia and class.

TWe use the sign convention of [I3]
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(2) Writing
AE={l€eQ|l>0and () € B}, and P =¢; (0y(1)) € H*(Y)
define the I-function by:

(B.4) Iy (r52) = 2e77/2 3~ Q" Oi1yy € Hy, (Vi AC(271))
IEAE

where
Ha: (ay={(dl) (dP +CI,Z)
Dl _ 0<a<dl

[Ti%o [a: (a)=(a;1y (a; P +az)

0<a<a;l
The following special case of [34] Theorem 1.1] is the key result allowing one to
compute bona fide Gromov—Witten invariants of X from the I-function:

Theorem B.1. Denote by v: X — Q) the natural inclusion. For allT, *Ix o (7;2) €
Lx. O

Remark B.2. Theorem[B.I]can be used to compute at least part of the J-function of
X. For example, if :*Ix o) (73 2) = 21+ F(7)+O(z '), then by Equation Ix o
determines a specialisation of the J-function of X. If, in addition, the cohomology
classes 1, € H, (())rb (%) that appear in this specialisation have age < 1, then Ix 9 also
determines a specialisation of the quantum period Gx.

Proposition B.3. Let X = X; C Y = P(ao,...,a3) be a 2-dimensional quasi-
smooth wellformed anticanonical hypersurface. The function Ix g is of the form:

d! i 1
(B5) Ix@j (7‘; Z) =z1p+7P +(7a0!a1!a2!a3!Q6 )10 + bEZBCb]_b + O(;)

where for all b ¢, € Q and if ¢y, # 0 then age* 1, < 1.

Proof. For [ € AE we are interested in studying the possibility that
deg, U = [dl] — [aol] — -+ - — [asl]
is > —1.
Case 1. The class 1 is supported on a closed point P € ). There is no loss
of generality assuming that P = P; = (0:0: 0 : 1) € 9, that is, agl € Z but
agl,a1l, asl ¢ Z. Because X is quasismooth at P then either P ¢ X, or P € X.
Now P ¢ X if and only if dl € Z and then

ngz Dl =dl — |—a0” — ’70,1“ — [CLQH — (lgl =
= (d—ag — a1 — az — az)l — (—agl) — (—a1l) — (—azl) = — —age(1y)) < -1

and if = —1 then I = (I) € B and ¢*1;y = 0 so the statement holds in this case.

If, on the other hand, P € X, then, because X is quasismooth at P, for some
i =0,1,2 a monomial z;z} appears in the equation of X, and there is no loss of
generality in assuming that ¢ = 0. This means that d = a9 + Mag so dl = apl mod

Z, and then we have
deg, O; = dl — agl — [a1l] — [al] — a3l =
=(d—ag— a1 —az —az)l — (—ayl) — (—azl) = =1 —age(t* 1) < —1

and if = —1 then I = (I) € B and age(¢:*1(;) < 1. This concludes the proof in
Case 1.
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Case 2. The class 1(; is supported on a curve. No generality is lost in assuming
that the curve in question is I = {xg = z1 = 0}, that is, azl, a3l € Z but agl, a1l &
Z. Because X is wellformed, dl € Z [23| 6.10], and then we have

deg, O; = dl — [apl| — [a1l] — agl — agl =
= (d—ag— a1 —ag —az)l — (—agl) — (—a1l) = =1 —age(1y) < —1

and if = —1 then [ = (I) € B and age(¢*1(;) = age(1(;y) < 1. This concludes the
proof in Case 2.
Case 3. (I) = 0. This case is easy and the proof omitted. O

B.2. Proof of Proposition The statement really is an immediate conse-
quence of Proposition [B:3] We go through the steps rather explicitly:

B.2.1. Step 1: Box(9). In our case X = Xgpyy CY =P(2,2k+ 1,2k + 1,4k + 1).
Clearly

Box(®) = {0.5, o ="

, 1<n<2k 1< <4@
SR T R sms

and:
(i) Y is supported on {P1} where Py = (1:0:0:0) is a quotient singularity of
type 3(1,1,1);
(ii) for all 1 < n < 2k, Y_» is supported on PPy = {(0 : y1 : y2 : 0)},

a line all of whose points have a neighbourhood analytically isomorphic to

Al x X sz (=2,1);
(ili) for all 1 <m <4k, Y_m_ is supported on {Py} where P, = (0:0:0:1) is a
singularity of type (=2, 2k, 2k).

_1
4k+1

B.2.2. Step 2: Box(X). Denoting by x,y1,ys2, z the coordinates on Y, the equation
of X is a polynomial of the form:

(B.6) f(@,y1,92,2) = pth 2 4 yil + yg +z2?

It follows that P; ¢ X and P4 € X is a singularity of type 4k+1 (2k, 2k). Moreover,

since f(0,91,92,0) = yi +y3, X intersects P»P3 in four points Q; (i = 1,2,3,4),
and each @; € X is a singularity of type ﬁ(fl 1).

Thus, Box(X) has 12k + 1 elements that we denote as follows:

(1) the element 0 corresponding to the generic component;
(2) 4 x 2k elements (i, ﬁ) (1 =1,2,3,4 and n = 1,...,2k) supported on {Q;}

and of age g7 + <27€3—T7i >?

(3) 4k elements ;%5 (m =1,...,4k) supported on {Ps} and of age 2 <flffl>

It is easy to see from the above discussion that the elements of Box(X) of age
< 1 are: the 4k elements (i, ﬁ) with 1 < n < k, and the 2k elements ﬁ with
m odd. Thus the quantum period is a function of o and 6k parameters that we
write as G(z1, ..., Tek, Q).
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B.2.3. Step 3: conclusion. Since by Equation (B.3|) the J-function of X is the unique
point on Lx with asymptotic z +~ + O(z71), it follows from Theorem Propo-
sition [B.3] and the above considerations that:

_ | (8k + 4)!
B.7 Jx(C: ) = (—f ) * I (0;
(B-7) x(7G2) = e\ = o e 1 @) v (02)
where
_ k 2k—1 )
e 2 e
Clearly
E o4 2k—1 "
_ 2j+1
B8 =3 e RDDETTTRAEES
n=1i=1 §=0

where every cohomology class has age < 1, and then
(B.9)

Gx(T;a) = exp(

(8k +4)! )i ((8Kk +4)1)! .

212k + Pk + 1)1 £ @Dk + DDP((k + i)

where

72(4><C 1 4dXce_2 ... 4XCc_k ,c_1_,C_3 ,...,C4k—1)
2k+1 Pz SkF1’ 4k+1  Ak+1 IkT1

and the statement easily follows from this.
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