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ARTICLE INFO ABSTRACT

Keywords: Many applications where ultrasound is used for diagnostics exist where limited data is preventing a particular

Interpolation approach from being fully exploited; for example, sufficient data availability would allow the qualification of

In-silico d"{“‘ generation non-destructive evaluation (NDE) methods in-silico, and would potentially also enable the training of machine

:?E q:j’allllflcatlon learning algorithms related to ultrasound and its applications. Real, experimental ultrasonic data is often scarce,
modelling

and while it is already known that finite element (FE) modelling produces data which is sufficiently realistic
to augment real data, the computational cost associated with its generation at the scales required for the
aforementioned purposes is often prohibitive. In this work, we propose the use of interpolation techniques in
combination with results from FE modelling to rapidly generate more data without the need to solve additional
FE models. We present the relevant methods to achieve this, and validate them through four exemplary cases
of increasing complexity. Validation is achieved through the comparison of interpolation-generated results
to those generated by full FE modelling, demonstrating that our method is capable of producing results for
different physical setups and signals of various degrees of complexity. The results were typically within less
than 1% away from the expected, but generated at a fraction of the typical computational cost, and, while the
validation cases examined are of interest to the NDE community, the method extends to other fields where
ultrasonic data is of interest.

1. Introduction time and cost to apply a new method in industry as well as limit
conservatism, by allowing a much wider range of cases to be assessed.
Safety cases are built on non-destructive evaluation (NDE) methods, Although this represents a significant improvement, given the range of
and it is therefore critical that these are reliable: they must perform as
they should in all scenarios to avoid unexpected failures. More specif-
ically, this means that NDE methods need to be capable of detecting
all critical defects in all anticipated cases [1], which includes various
factors such as defects being in different positions and orientations as

well as variations including environmental conditions. Inspection qual-

possible parameters in a problem, there is still a challenge to quickly
generate sufficient data as these parameters vary.

Besides NDE-related applications, many research and industrial ap-
plications exist where simulated data is useful; this includes medical di-
agnostics [7-10], seismology [11-13], structural acoustics [14-16] and

ification is a formalised process, often matching an industrial standard,
in order to establish that a particular technique meets its needs. Tra-
ditionally this involves testing physical test-pieces containing artificial
defects, but because of the relative expense of their production these
are limited and care must be dedicated to select the most challenging
cases to conservatively demonstrate the technique. There are also issues
with artificial defects not fully capturing the physics of their naturally
occurring counterparts [2-4], and the quality and quantity of results
being functions of the operators, whose performance has been shown
to affect the results’ reliability [3,5,6]. These factors make the quali-
fication process conservative, and slow the qualification of new NDE
methods.

Digital qualification aims to bypass these issues by utilising sim-
ulated data to qualify methods instead. This can reduce both the
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metamaterials [17,18], amongst others. Additionally, data availability
for machine learning has become an issue, especially for ultrasonic
applications, where real-world data is often either limited compared
with the amount sufficing for training, or even if attainable, difficult to
obtain in the required quantities [19].

While there do exist methods able to produce accurate results
equivalent to those from experiments, such as statistical modelling [20—
22], spectral collocation [23,24], surrogate models [25-27], and more
recently, data augmentation [28], machine-learning related techniques
[29-31] and combinations of the above [32], they are usually tailored
to specific applications. A popular, general method for generating data
in-silico for a plethora of applications is finite element (FE) modelling.
FE modelling does not make any assumptions relating to the physics of
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the model to be solved, besides the discretisation of the displacement
field; any errors associated with this are well understood and can
be addressed via suitable spatial and temporal mesh refinement [33].
This makes it suitable for generating results that fully capture the
wave physics present in real, experimental measurements and that
match existing theoretical models [34-38]. The main challenge with
generating FE data, especially for applications in realistic qualification
scenarios where many parameters need to be considered [20,39], is the
associated computational cost.

In this work, we propose the use of mathematical techniques in com-
bination with FE-generated data corresponding to strategically selected
points within a parameter space, to interpolate the results between
those and populate the parameter space fully. This provides a uniform
approach by removing any prerequisites from the available data, as it
is tailored to work with any FE generated ultrasonic signal as an input.
The work presented here focuses on NDE-related applications, with a
particular emphasis on phased arrays, which are inherently particularly
computationally expensive to simulate, due to their multiple transmis-
sion and reception pairs. The underlying theory, however, is universal
to any area where ultrasound is used, and hence we invite readers to
recognise the application of our method to other fields where numerical
modelling of ultrasound is commonly used.

This paper is organised as follows: Section 2 presents the relevant
theory, both in terms of the interpolation itself and the methods used
to apply this method to more complicated signals. Next, Section 3
discusses the FE models generated to evaluate the performance of our
method, with the results and relevant comparisons being presented in
Section 4. Finally, Section 5 summarises and concludes this work.

2. Theory

This section presents the theory and relevant equations used to
implement our interpolation routine. First, the theory directly related
to the interpolation itself is discussed, initially for interpolating across
measurement locations and then for interpolating across any other
variable in a parameter space. The challenges associated when work-
ing with signals containing multiple pulses are also discussed, and a
suitable method to mitigate those are presented.

2.1. Interpolation

Parameter spaces in NDE-related problems comprise many dimen-
sions; examples from the perspective of transmission/reception include
transducer location and orientation or excitation frequency, while from
a physical standpoint examples include defect location, orientation and
size, number of scatterers or defects, or even environmental inputs
like temperature. Analogous combinations of parameters are found in
other ultrasonic applications outside NDE too. Here, we reduce the
number of full FE models required to explore any of the aforementioned
parameters; in this subsection we will focus on presenting the theory re-
lating to interpolating across transducer location and will subsequently
generalise this theory in the next subsection.

Let us suppose that having solved an FE model, the displacement
at two nodes, at locations A and C, has been obtained and we wish to
predict the displacement of a node located at B, at an arbitrary location
between A and C, as shown in Fig. 1. For most of the results presented in
this work, the measurement of interest will be the displacement of the
nodes. However, the method should be valid for any physical measure
from waves, such as velocity or pressure.

We denote the distance between A and B, and between B and C by
xap and xpc respectively, and the total distance between A and C by
x1, where xp = xpp + xp¢, as shown in the same figure. Denoting the
displacements of the nodes at A and C by u, and u respectively, we
can predict the displacement at B, 4, using the standard definition of
linear interpolation as follows:

. Uc —up
= XAB +MA. (1)
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Fig. 1. Schematic of two nodes, at locations A and C, whose displacements
over time are known, and a node located at B where the displacement is to be
determined via interpolation of the displacements at A and C. The distances
between the nodes are also shown.

Eq. (1) can be rearranged, having iy expressed as a weighted sum of
the displacements at locations A and C:

fig = waup + Welic. 2)

In Eq. (2), the weights are a function of the distance of locations A and
C with respect to B, and are given by

XAB
=1-—=, 3
wa r 3
and
we=1- 2B, )
Xt

While Egs. (1) and (2) are equivalent, it is easier to understand the
physical implications of Eq. (2); say that location B was located at
the same location as location A. In that case w¢ would be equal to 0,
and the displacement at location B would be the same as the known
displacement at location A, as expected, since locations B and A are the
same for this example, and vice versa if location B was selected at the
same spot as location C. The weights for predicting the displacement
at any location between A and C are defined such that the influence of
the known displacements is a function of how close B is to them.

Interpolation of a physical field requires some form of inherent
assumption about the underlying form of that field, whether explicitly
stated or not. As a first approximation, we will consider a one dimen-
sional variation of the form De** where D is a complex amplitude, k
is the wavenumber, x the propagation distance and i is the complex
unit. This form can be considered to be fairly general for many para-
metric variations. For example, measuring across a wave incident at
an oblique angle could be captured with that form, with a suitable
wavenumber. Or, considering a change in temperature through the
component would change the product kx, which could be approximated
as a linear variation with temperature in the first instance. To account
for this properly, we must manage this phase component appropriately
in the interpolation. To better appreciate this, let us examine a simple,
analogous case of interpolating two complex numbers, z, and z¢, which
inherently also possess both an amplitude and a phase, similarly to
the time traces we are attempting to interpolate. Applying Eq. (2) to
zp and z¢ in an attempt to find a complex number between them
is equivalent to placing the complex number (zz) onto the straight
line connecting z, and zg, as shown on the Argand diagram in Fig.
2(a). However this Cartesian approach does not preserve neither the
amplitude nor the phase. Instead, to obtain a meaningful answer zy
should be placed on the arc connecting z, and z¢, as shown in Fig.
2(b). As shown schematically in the same subfigure, the arc is defined
by the simultaneous interpolation of the amplitude and phase angle of
zp and zc.

The same issue would arise when interpolating ultrasonic signals as
the phase shift becomes significant, which is the case for almost all
cases of interest. An example is shown in Fig. 3. In this figure, the
known signals at locations A and C are plotted, as well as the signal
resulting from applying Eq. (2). A comparison with the correct signal,
assuming linear variation in amplitude and phase, and equal weights,
is also shown. Since the phase difference between the signal at location
A and the signal at location C is significant Eq. (2) gives results which
are not physical.
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Fig. 2. Argand diagrams of complex numbers z, and z, and predicted complex number z; between them. To estimate zg, a Cartesian interpolation approach
has been implemented in (a), while a polar interpolation approach has been deployed in (b). In (b), the amplitudes (|z,| and |z¢|) and phases (¢, and ¢) of z,
and z; were interpolated to define the arc connecting z, and z.. The circle defined by z,, zz and z; is also shown in grey.
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Fig. 3. Interpolation result, i, from Eq. (2), when applied to signals u, and
uc for a case with a large phase difference between u, and u;. A comparison
with the true signal, ug is also shown.

As discussed above, the physically meaningful results in Fig. 3
would be achievable if the amplitude and phase were interpolated
independently, before reassembling them to obtain the full solution.
This becomes possible by working in the frequency rather than in the
time domain; let .#{-} and .#~!{.} denote the Fourier and inverse
Fourier transforms respectively, and |- | and «- denote the amplitude
and unwrapped phase respectively. Then, iy is obtained from

ig = Z 7 { (wplU,| + we|Ug) eitwasUatwccUery | 5)

where Uy, = F{up}, Uo = F{uc) and 2- € (—=x,x]. It is worth
noting that the term “unwrap” means that at every instance where two
consecutive angles in the phase of either U, or U; are found, as the
frequency increases, multiples of +2x are added until the difference is
less than z. In our work, this was achieved by using the unwrap(-)
function which is built into MATLAB (Natick, MA).

By utilising the fact that w, + w¢c = 1, Eq. (5) is written as:

iy = F 1 {(walUpl + we|Ug|) eV elwc@Uc=2Un 6)

By having a phase difference in the exponent, there will exist fewer
instances of having phase differences larger than 7, assuming that there
have been no rapid changes between the signals recorded at A and at
C. A challenge with phase unwrapping is when the signals change suffi-
ciently rapidly that large phase jumps occur between samples, meaning
that identifying where phase wrapping has occurred is difficult. One
approach is to try to reduce the phase variation using the technique

in Eq. (6). Another approach is to zero-pad the signal such that the
frequency domain signals are finely sampled. It should be noted that
since we are dealing with simulated data, which will be relatively clean,
we avoid the challenges associated with noise being present in the data.

Another advantage of using Eq. (6) is that we are no longer re-
stricted by traditional, wavelength related, maximum allowable step
sizes. If the underlying variation of kx with respect to the interpolation
variable is indeed linear, then x| can be arbitrarily large, since the
phase term in Eq. (6) will perfectly capture the variation across any
distance. In cases where this variation is not linear across the entire
span of the dimension explored in the parameter space, good results
are achievable by selecting a maximum step where the variation can
be sufficiently approximated as linear. What is considered acceptable is
application dependent. Additionally, since we are presenting a general
signal interpolation method, it is likely that the maximum allowable
step size is highly dependent on the application. Some cases may only
require a rough estimate of the amplitude of the signal, while others
may need nearly perfect estimation of the value of the signal at each
time step. Therefore, it is infeasible to derive a maximum interpolation
step which would be applicable to any general case. In practice, a user
can establish an effective step size by performing a simple convergence
test on a representative portion of the parameter space. By comparing
the estimated signal against its true counterpart at when a large step
is used, the user can confirm whether the assumption of local linearity
holds for their required level of accuracy, and if not either the step can
be reduced or interpolation avoided.

Implementing Eq. (6) instead of Eq. (2) results in the amplitudes
and phases being treated independently and thus correctly matching
the Del*™* form during the interpolation. It is worth noting that since
the Fourier transform is a linear process, linear interpolation in the
time and frequency domain are equivalent. This means that Cartesian
interpolation is still possible in the frequency domain, by interpolating
the Fourier transforms directly, i.e. replacing u, and uc with U, and
U respectively in Eq. (2), and will yield the same results as the time
domain approach. However, it is exactly this ability to separate the
amplitude and phase of the signals, and treat them separately, which
makes the Fourier approach more desirable.

2.2. Interpolating across other variables

Egs. (5) and (6), and specifically the weight terms, w, and wc,
assume that the interpolation is implemented across a spatial dimen-
sion. However, the same equations are applicable regardless of the
dimension of the parameter space over which the interpolation takes
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place; for example, we can vary the size of a crack and interpolate
the signals obtained at different crack sizes, inferring the corresponding
signals at intermediate crack sizes, or, we can vary the tilt of a crack
with respect to the propagation direction and by using the signals from
a few tilt angles, infer the results at any intermediate angle.

Modifying Egs. (3) and (4) is sufficient to achieve interpolation
across any variable. The generalised form of these equations is

X,
=1-2A
wa Ax’ @
and
Xc
=1-2¢
we X’ ®)

where X, and X are the smallest and largest values of the parameter
over which the interpolation is to take place, and AX = X — X,. For
example, if we would like to obtain signals from a crack while varying
its length, X, and X would be the smallest and largest cracks for
which we have true FE results respectively, while if obtaining signals
from cracks at different tilt angles, X, and X would be the smallest
and largest tilt angles from which a full FE model has been solved
respectively.

2.3. Signals containing multiple pulses

As discussed above, it was assumed that the signals to be interpo-
lated follow the standard, e’** behaviour. There will be cases where
the variation in the total phase, kx, with respect to the interpolation
variable may not be common between the pulses comprising a signal.
For example, since k is a function of the propagation speed, signals
containing pulses which travelling at different speeds, such as multiple
longitudinal and shear waves, and therefore different k values with
respect to each other, will not be interpolated correctly if Eq. (6)
is applied to the entire signal. In this example, the signals must be
decomposed into their constituent pulses prior to interpolation.

To achieve this, each signal to be used in the interpolation is
multiplied by a custom-made window, w()

0 0<i<r,—-%
wt) =3T@) tp—"—z"srt5tp+% 9)
0 1>1,+ 2

The location of the peak of the pulse to be extracted, 7,, is first
identified. A suitable window size in the time domain, 7,, is selected
such that the entirety of the pulse fits within T'(r), where T(¢) is the
standard Tukey window, with a Tukey parameter equal to 0.5. The
width of the window should be sufficient to contain the entire pulse,
and depending on the signal being processed, different r,, values can be
used on different pulses, if the pulses vary in length with respect to each
other. In terms of the Tukey parameter, a value of O corresponds to a
rectangular window (sharpest tapering), while a value of 1 corresponds
to a Hann window (smoothest tapering). If the pulses being extracted
are well separated, and 7,, is chosen generously, then the tapering value
makes little difference, as the entire signal will fall beneath the flat
region of the window. For cases were pulses are closer together and
hence smaller 7, values are required, then it is preferable to choose
Tukey parameters closer to 0, to ensure that the tapered edges of
the window do not alter the shape of the extracted pulse during the
multiplication of the window with the signal. It is worth noting that
while this process was completed manually in our work, future methods
could automate this.

Multiplying a signal with w(¢) extracts the pulse of that signal whose
peak is at t+ = 1,. The process is repeated, each time centring w(t)
around the pulse to be extracted, until the signal is decomposed into
its constituent pulses. An example of this process is shown in Fig. 4; if
the window shown in orange in Fig. 4(a) was to be multiplied by the
signal, the first pulse would be extracted, while the same process with
the window shown in Fig. 4(b) would extract the second pulse.
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A limitation of the method presented in this work is interpolating
signals containing multiple, overlapping pulses, which may not be sep-
arable using the method in this section. There are two cases to consider
here, based on whether the derivative of the phase with respect to
the interpolation variable is the same across the pulses comprising the
signal. If the signals being interpolated contain multiple overlapping
pulses where this derivative is common between the pulses, and this is
a known fact, then interpolation can take place as usual. An example
of such a case would be a signal containing multiple pulses travelling
at the same speed, and interpolation is taking place in the spatial
dimension. If the signals contain multiple overlapping pulses whose
phase derivative with respect to the interpolation variable is not the
same, or this is an unknown fact, then interpolating those would
not yield meaningful results, for the reasons discussed earlier in this
section.

3. FE modelling & test cases

Having developed the required theory, a number of test cases to
assesses the performance of the interpolation routine was generated.
This section discusses the relevant FE theory and the model design &
details for each test case.

3.1. FE modelling theory

The FE models here were solved using the Graphics Processing Unit
(GPU) based, FE package Pogo [40]. Pogo uses standard explicit time
domain elastodynamic theory and methods to solve FE models [41].

In all models, we defined some nodes to both act as source and
monitor nodes; source nodes possess pre-determined forcing which
subsequently excite the ultrasonic waves in the models while the dis-
placement of the monitor nodes is stored during the solution and used
in post-processing. The mesh refinement was set to be at least 25 ele-
ments per operating wavelength, calculated at the central frequency of
the simulation. This level of refinement is necessary to ensure sufficient
convergence of the solution [33], for NDE applications. The timestep
was set to be at most 30% of the critical time step, calculated based on
the aforementioned level of refinement and the speed of the wave that
was to be excited in the model, to satisfy the Courant-Friedrichs-Lewy
condition [42].

3.2. Test case details

To assess the performance of the interpolation routine, we generated
and solved FE models for each test case, and subsequently attempted
to use a small subset of measurements to generate the full set of
results. Having access to the true, FE-generated set of results allows
for the direct comparison of the interpolation results against the true,
FE modelling generated results. Fig. 5 shows schematics of the four test
cases used to assess the performance of the interpolation technique. The
details of each test case are discussed below.

3.2.1. Test case I — Raster scan of a component with linearly reducing
thickness

The interpolation routine presented here was validated using ex-
amples of increasing complexity. Therefore, as an initial example, we
chose to simulate a component with a linearly reducing thickness, as
shown in Fig. 5(a). This initial case was selected due to the phase
being expected to vary linearly between measurements, in line with
the assumptions made earlier.

The thinnest part of the domain was set to 75 mm, and the angle
with which the thickness was set to reduce was defined to be 5°. As
discussed above, the model was set up in a pulse-echo configuration,
where the source nodes acted also as monitoring nodes. Each of these
nodes (shown in Fig. 5(a) in red), was activated successively, from
left to right, in a separate simulation, while all other source/monitor
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Fig. 4. Example of a signal and the w(r) required to extract the first (a) and second (b) pulse. To execute the extraction, the signal is multiplied by the respective

window and the result is stored for further use.
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Fig. 5. Schematics of the FE models used to evaluate the performance of our interpolation approach. Subfigure (a) shows a component with a gradually reducing
thickness, (b) shows a component with an EDM notch of height 4, (c) shows a component with a notch rotated by 6 with respect to the vertical, and (d) shows
a setup for performing a raster scan across a rectangular crack. In all schematics, the nodes acting both as source and monitor nodes are shown in red. In (a)
and (c), embedded sources were used, while in (b) and (d) the sources were placed on the surface of the model; both excitation configurations were considered

as they are common in FE modelling.

nodes remained inactive. We defined 31 such nodes, with a spacing
of one operating wavelength, calculated at the central frequency of the
simulation which was set to 2.25 MHz. A longitudinal wave was excited
in each of the 31 simulations, by applying a 3-cycle Hann-windowed
toneburst to the active source node, in the vertical direction. While
sources comprising a single point, and hence single force, are inherently
not able to excite a pure longitudinal or shear wave, the point source
was displaced vertically to preferentially encourage the excitation of a
longitudinal wave, while any shear waves will propagate orthogonally
to it.

The material parameters were set to those of aluminium (E= 70
GPa, v= 0.33, p = 2700 kg/m3,where E is the Young’s modulus, v
is the Poisson’s ratio and p is the density). Finally, stiffness-reducing
absorbing layers (ALs) with a thickness of at least three operating
wavelengths were defined at the top, left and right regions of the
domain [43,44], to absorb any unwanted reflections.

3.2.2. Test case II — Reflection from Electrical Discharge Machining (EDM)
notch

So far, an example where the interpolation variable is the location of
the transducer have been presented; however, as discussed in Section 2,
we are free to interpolate across other dimensions of a parameter space,

adjusting the weights according to the method discussed in Section 2.2.
For this example, a domain containing an EDM notch was simulated, as
shown in Fig. 5(b). The height of the notch, A, was varied from 10 mm
to 20 mm, in 0.5 mm intervals while the width of the notch was also
kept constant at 0.25 mm. To more closely resemble the geometry of
EDM notches, a semicircular tip with a radius of 0.125 mm was defined,
instead of a flat one. A separate mesh was generated for every notch
height to be investigated.

The position of the transducer was kept constant, directly above the
notch. In the previous example single nodes were used for the excitation
— here, a more realistic excitation and reception configuration was
defined. To simulate a realistic transducer, a source line with a length
of 25.4 mm (equivalent to a 1l-inch transducer) was defined on the
top edge of the domain. All nodes in the source line were excited si-
multaneously, using a 3-cycle Hann-windowed toneburst with a central
frequency of 5 MHz. The same nodes were also set to act as monitor
nodes, similarly to a transducer in a pulse-echo configuration. Gaussian
amplitude apodisation was applied across the source, to suppress the
generation of Rayleigh and tip-diffracted waves. The far-field radiation
pattern from a source is related to the Fourier transform of its apodi-
sation function [45]; the Fourier transform of a uniform window is
the sinc function, which possesses strong side lobes, while the Fourier
transform of a Gaussian window is also a Gaussian. Therefore, when
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the former is used, energy radiates in unwanted direction, while the
latter ensures better energy concentration in the desired direction. Also,
when uniform windows are used, the discontinuity in displacement
between the two edges of the source line and the rest of the domain acts
like a sharp tip, generating tip diffracted waves. This effect diminishes
with Gaussian apodisation, as the amplitude of the source gradually
diminishes to zero at its edges. The gradual reduction in amplitude
towards the edges also suppresses the generation of Rayleigh waves,
which can be excited via abrupt localised disturbances on the surface
of a material. The material parameters were set to those of steel (E=
216.9 GPa, v= 0.287, p = 7930 kg/m3), and ALs with a thickness of
at least three operating wavelengths were defined at the left and right
regions of the domain.

3.2.3. Test case III — Reflections from a notch at an angle

Varying the tilt of a defect with respect to the propagation direction
of the wave and recording the response for post-processing, is common
practice during the qualification of an NDE method, especially in the
nuclear and aerospace industries [20,39,46]. To recreate this scenario,
an FE domain containing a flat notch, tilted by # with respect to the
horizontal, was generated, as shown in Fig. 5(c). The angle of the notch
was varied from 0° to 10°, in 1° increments, and a model was solved
per notch angle.

A sole node, acting both as a source and a monitor node was defined
near the top right edge of the model. It was excited using a 3-cycle
Hann windowed toneburst with a central frequency of 2.25 MHz. The
material properties of the domain were set to those of aluminium (E=
70 GPa, v= 0.33, p = 2700 kg/m3) and ALs were defined at the left,
right and top boundaries of the domain.

3.2.4. Test case IV — Raster scan of a horizontal crack

We considered a final common case explored during the qualifica-
tion of NDE methods — that of a raster scan over a crack. In this case,
the amplitude of the reflection is recorded and stored, to generate plots
showing the variation of the amplitude of the reflection from the defect
as a function of the lateral position of the transducer [47-49]; those
plots are then used to both assess the performance of a transducer in
an inspection scenario, and also, the limits of the crack detection from
the perspective of the ability to observe the reflection.

To investigate this case, a rectangular domain with a horizontal
crack at the centre of the domain was generated. The length and width
of the crack were set to 3 mm and 0.5 mm respectively. A schematic of
this setup is shown in Fig. 5(d). A source line with a length of 30 mm
was defined on the top boundary of the domain. However, to simulate
a raster scan, not all nodes were activated simultaneously. We chose
to simulate a 3 mm transducer, and take measurements at 0.5 mm
intervals, scanning from left to right. For the first measurement, only
the first m nodes of the 30 mm source line were activated, where m is
the number of nodes corresponding to a 3 mm source. Then, for the
second scan, nodes m/2 to 3m/2 were active, and so forth, up until
the end of the source line was reached. This process of grouping the
nodes is shown schematically by the black ellipses in Fig. 5(d) - in
each simulation, only the nodes in one ellipse were active, and Gaussian
apodisation was applied to them to more closely replicate the physics
of a real transducer. The material parameters and AL setup were kept
the same as the previous example, with the sole difference being the
absence of an AL on the top region of the material; to simulate a more
realistic scan, as the excitation was taking place at that region.

4. Results & discussion

The solution of the four test cases discussed above yielded a full
set of FE-generated results for each test case. We then attempted to
use a subset of those to obtain the full set of results via interpolation
— details of the exact choice of nodes with known and unknown
measurements will be given when discussing each test case. In terms of
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assessing the quality of the interpolation-assisted results with respect to
the true FE generated solution, the error in the peak amplitude (AE,;)
of the signal, and the error in the location (LE,) of this peak, between
the ith measurement and the ith prediction,were calculated as follows:

. max(ju™(0)]) — max(lu;*()])

AE, : 10)
' max(|u= (1))
and
fint _ /FE
LE, = thz’ 11)
i

where max(lugm(z‘)l) and max(lufE(t)l) denote the absolute signal max-
ima of the ith measurement predicted by interpolation and obtained by
the FE model respectively, and t?“‘ and 1 are the times of arrival of
those maxima.

We also recognise that it is not sufficient to assess whether the
interpolated pulses arrive at the correct time and with the correct
amplitude; for most applications, an overall match in the shape of
the signal between the FE and interpolation generated signals will
be required. Additionally, it may not be sufficient to compare the
estimated signal with its corresponding, FE generated counterpart;
erroneous interpolation may result into the estimated signal resembling
another signal in the parameter space more closely. To assess both
concerns, a cross-correlation based metric, r;; was defined, taking into
account the full time traces of both the estimated signal at the ith
measurement in the parameter space uf“t(t), and comparing it with the
true, FE generated signal of the jth measurement ufE(t):
L2 ulnt() - ufE(z)dr

u
—00

VIS o dr [, W) dr

This metric is based on the cross correlation of the FE and inter-
polated signals, at zero lag. This means that r;; would have a value
of 0 for a perfect match (i.e. ui"(t) = ufE(t)), and a value of 1 for no
correlation between ui“t(t) and uJF.E(t). Values between 1 and 2 are also
possible, with a value of 2 indicating that u}:m(t) and ufE(t) have the
same shape but are out of phase by . For the correct interpolation
results, r; ; should be minimum (ideally 0) when i = ;.

In Egs. (10)-(12) the meaning of the term “ith” measurement
changes slightly based on the example case, but always denotes the
signal obtained when the variable of the dimension of the parameter
space being investigated is set to its “ith” value, whether that be
measurement location, characteristic defect size, crack angle etc.

When presenting the results in this section, we will quote AE, LE and
r values respectively, where AE =< AE,; >, LE =<LE, > and r =<r;; >
with < - > denoting the ensemble average across i.

Sections 4.1-4.4 present and discuss the results for each of the test
cases presented in the previous Section, and Section 4.5 presents the
efficiency gains attainable when interpolation is deployed.

roi=1 12)

4.1. Raster scan of a component with linearly reducing thickness

As mentioned in Section 3.2.1, we had defined 31 nodes in the
model acting both as source and monitor nodes. Having solved a sepa-
rate model per such node, we were able to plot a B-scan comprising all
the results obtained from the 31 models. A B-scan is an image generated
by collating the signals produced at many measurement locations and
plotting them against their respective measurement location. This is
shown in Fig. 6(a). As expected the time of arrival of the reflection
from the bottom surface decreases linearly from the first (leftmost —
node 1) to the last (rightmost — node 31) node.

Given the simplicity of this model, for the interpolation it was
sufficient to only use the signals from the leftmost and rightmost nodes
to predict the displacement at all other nodes. The B-scan resulting from
this process is shown in Fig. 6(b). Visually, there is a very good match
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Fig. 6. True FE generated (a) and interpolation-assisted (b) B-scans from solving the FE model shown schematically in Fig. 5(a). A comparison of a true, FE
generated and interpolation generated signal in the time (c) and frequency (d) domain, at an arbitrary node is also shown. The signals used in the interpolation
process are plotted in (e), while the r, y plot for all i, j combinations is shown in (f).

between the FE generated and interpolation-assisted B-scans. The mean
absolute AE and LE were found to be 0.123% and 0.002% respectively,
and the r value was 1.5658 x 107>.

There may exist cases where there is interest in quantities besides
the amplitude of a signal and its time of arrival. Therefore, it is
important to establish that the shape of the interpolated signals is
preserved at all points in time. A comparison between a time trace at
an arbitrary node and the corresponding interpolation result, as well
as their frequency domain depictions are shown in Fig. 6(c) and (d)
respectively. In both cases there is a very good match between the true
FE generated and interpolation results. This is also evident by the small
r value quoted above.

Fig. 6(e) shows the true FE signals which when interpolated, gen-
erated all the signals plotted in Fig. 6(b) in the form of a B-scan. The
signals are clearly separated by more than half a wavelength, which is
a traditional limit for simple signal interpolation, showing the ability
of our method to interpolate across larger gaps in a parameter space.
For clarity and conciseness, we have not included the signals used as
inputs for interpolation on the other plots in this paper.

Finally, Fig. 6(f) shows how well each interpolated signals matches
with any of the signals in the dataset. It is clear that r;; is minimised
when i = j, demonstrating that every signal generated via interpolation
matches the corresponding FE generated signal most closely. This also
means that quoting the r value, defined previously as < r; >, is
meaningful.

4.2. Reflection from an EDM notch

Unlike the previous example, here the variable was set to be the
height of the EDM notch, and not the transducer position. Ten models
were solved, each containing an EDM notch whose height varied from
10 mm to 20 mm. For each case, the time of arrival of the reflection,
as well as the peak amplitude of the reflection were recorded and
stored. The results from this example also relate well with part of the
motivation of this study, which was the rapid generation of data for
NDE qualification, as the reflection amplitude from defects is a typical
quantity of interest during the qualification process [21,47].

Then, using the signals solely from the models containing the small-
est and largest notches, we interpolated to obtain the signals corre-
sponding to all intermediate heights. Those signals were processed to
extract their arrival time and peak amplitude — the results are shown
in Fig. 7. In the same figure, an example of an interpolation-generated
A-scan versus the true FE signal is also plotted.

Fig. 7(b) and (c) clearly show a good agreement between the true
FE and interpolation-assisted results. The mean absolute AE and LE
were found to be 0.241% and 0.000% (NB given to standard precision
used throughout the paper) respectively, while the r value was 3.5617 x
1073, The r;; map in Fig. 7(d) clearly demonstrates that there are no
mismatches between the signals generated via interpolation, and their
true FE counterparts.
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Fig. 7. Comparison between an FE and an interpolation-generated signal (a), obtained by solving the model shown schematically in Fig. 5(b). The time of arrival
of the signals generated via interpolation, as well as their amplitude were extracted for each simulation solved, and Figures (b) and (c) show the reflection
amplitude and time of arrival as a function on the height of the notch respectively. The r;; plot for all i, j combinations is shown in (d).

At this point it is important to highlight that we are not directly
interpolating the datapoints in Fig. 7(b) and (c) - the interpolation-
assisted results are extracted directly from A-scans, similar to the one
shown in Fig. 7(a). Therefore, the plots here are solely an example of
potentially useful diagrams; the signals themselves remain available for
any other post-processing deemed suitable.

4.3. Reflections from a notch at an angle

Similarly to the example above, here we have again not interpolated
across transducer locations — in this example, the response from a
surface breaking notch at an angle was recorded, as this angle varies.
Eleven model were solved, varying the angle of the notch from 0° to
10°, in 1° increments.

The signals obtained from these models possess a greater degree of
complexity. To demonstrate this, Fig. 8(a) shows the signals obtained
from the solution of models with a notch angle between 0° and 5°.
Three pulses exist in all signals; the leftmost pulse is a reflection from
the bottom surface of the domain, the middle pulse arises from corner
trapping, and the rightmost pulse is a reflection directly from the right
face of the notch. The pulses also exhibit different properties amongst
themselves, with the first pulse varying neither in amplitude nor in time
of arrival, the second one varying subtly in amplitude but significantly
in time of arrival, and the third one having small variation in the time of
arrival but noticeable variation in amplitude. Therefore, the windowing
routine described in Section 2.3 was deployed, to decompose the signals
to be interpolated into their constituent pulses. Each pair of pulses was
interpolated separately, and the three resulting signals were summed
to give the final result for each interpolation point. The decomposed
pulses were interpolated using the same method deployed throughout
this work, i.e. by assuming linear variation in amplitude and phase.

We are not restricted to selecting the results at two extremes of the
dimension of the parameter which is to be populated via interpolation;
we are free to select any suitable subset. To demonstrate this, we chose
to use the simulation results at 0° and 5° to generate the corresponding
results at 1°, 2°, 3° and 4°, and then to use the results from 6° and 10°,
to generate the results at 7°, 8° and 9°. An example of the interpolation

result, and the corresponding true FE signal, from one case from each
of these subdomains is shown in Fig. 8.

A good match between the interpolation-assisted and true FE results
was found in all cases examined. However, using the interpolation
generated results has reduced the required number of simulations by
60%. This is assuming that solely those 11 results were needed; given
that the results for those are satisfactory, results for very finely spaced
intermediate angles can be generated, with minimal additional com-
putational time and resources required in comparison with obtaining
those results from full FE modelling.

While the overall shape of the signal is predicted well, the most
noticeable discrepancies between the signals generated via interpola-
tion and the true FE signals are observed in the third pulse, as shown
in Fig. 8(c) and (d). The underlying assumption of linear interpolation
throughout this work is the linear variation of the amplitude and the
phase of the signals in the particular section of the parameter space
being investigated. Discrepancies between the interpolation-assisted
and true FE solutions arise when these assumptions are not satisfied,
which may be what we are observing in the bottom panels of Fig. 8(b)
and (c). In terms of quantifying how well the signals match, the r value
for this example was 3.6911x10~*. Again, the r; ; map in Fig. 8(f) clearly
shows that there are no mismatches between the signals generated via
interpolation, and their true FE counterparts.

4.4. Raster scan of a horizontal crack

In this last case, a raster scan of a transducer over a vertical
crack was simulated. For the post processing we chose to extract the
amplitude of the reflection from the crack and plot this as a function
of the location of the measurement; as mentioned before, this type of
plot is commonly used in qualification of NDE methods [47-49]. A total
of 60 models were solved, which is equivalent to a 3 mm transducer
scanning over a distance of 30 mm, with a 0.5 mm overlap between
measurements.

The measurement locations are numbered from 1 to 60, from left
to right. The results from the odd numbered measurement locations
were used to predict the analogous measurement at the even numbered
locations. The resulting reflection amplitude versus transducer lateral
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Fig. 8. Example of signals obtained from solving the domain shown schematically in Fig. 5(c) for different 6 values (a), and comparison between the signal
obtained via interpolation at 3° (b), and 7° (c). To aid visualisation, subfigures (d) and (e) show the portion of the signals in subfigures (b) and (c) corresponding
to the smaller pulses respectively. The r;; plot for all i, j combinations is shown in (f).

position plot is shown in Fig. 9(a), alongside with two examples of the
signals used to construct this plot in Fig. 9(b) and (c). A comparison
with the corresponding true FE results is plotted in the same figures.

Both the reflection amplitude curve and the signal from the
interpolation-assisted results match well with the results from the true
FE model, but with 48% fewer simulation results. The mean absolute
AE in Fig. 9(a) is 0.472%, while the r value was 8.5107 x 107,

There is an interesting feature in Fig. 9(d). The locus of the points
where r;; is minimum for every i is no longer a straight line occurring
when i = j — there is mirror symmetry around the centroid of the plot.
This however, is expected, given the symmetry of the model, in which
the measurement locations are symmetric around the crack, resulting in
the signal at each location matching that of its corresponding location
equidistant from the opposite end (e.g., the signal from measurement 1
matches the signal from measurement 60, the signal from measurement
2 matches the signal from measurement 59, etc.).

The method discussed here also copes well with asymmetrical sig-
nals/signals with more complicated shapes, as shown in Fig. 9(b),
where the signal does not possess the classical shape of a Hann-
windowed toneburst. Since this signal has been received away from the
crack, it is likely that this disturbance in shape is due to the interaction
between the incident wave and the tip of the crack closest to it, while
the signal in Fig. 9(c) is a direct reflection from the face of the crack.

We can further reduce the number of results required to obtain
the reflection amplitude versus transducer location curve. Suppose

the node numbering is maintained, and the results from locations
1 and 4 are used to predict the results at locations 2 and 3, then
the results from locations 4 and 7 are used to predict the results at
location 5 and 6 and so forth. This reduces the required number of
simulations by approximately 63%. The resulting reflection amplitude
versus transducer lateral position plot is shown in Fig. 10(a), alongside
two examples of the signals used to construct this plot in Fig. 10(b) and
(c). A comparison with the corresponding true FE results is plotted in
the same figures.

The results in this case are still satisfactory — the signals match
well, while the mean absolute AE for the reflection amplitude versus
transducer position curve is 0.981% while the r value was 7.970 x
1072, As expected, the reconstruction quality and associated errors
have increased, however fewer simulations were required to obtain the
results. This phenomenon is expected to hold true in any interpolation
example and the acceptable level depends on the specific problem being
solved. There are no signal mismatches between the signals generated
by interpolation and the true FE signals, as shown in Fig. 10(d).

4.5. Efficiency gains

We would like to highlight the significant increase in efficiency
which is achieved when interpolation is used to populate a parameter
space. In the second column of Table 1 we are reporting the FE
modelling solution time to obtain the full set of results for each of
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the cases examined in this work. The third column shows the time
that linear interpolation required to generate the interpolation-assisted
results.

As shown in Table 1, interpolation results in a significant increase
in efficiency. The full FE solution time here is not prohibitive for any of
the four cases, however, FE solution time can increase significantly, for
example, when taking finer steps in the parameter space or working
with larger or three-dimensional spaces. Increasing the number of
generated signals has little effect in the interpolation time, as seen
when comparing the times reported in the second column for the two
variations of Case IV. For the latter, since the interpolation time is

10

largely a function of the length of the signal, we anticipate no addi-
tional interpolation time if the signals originate from three-dimensional
FE modelling.

It is worth noting that hardware influences the times reported in
Table 1. For the FE modelling, the times reported are a result of
solving the models using one Nvidia RTX 2080Ti graphics card with
11 GB of memory. A standard desktop computer with an Intel Core
i7-7700K CPU processor and 32 GB of RAM was used to generate the
interpolation data. Hardware differences are expected to affect these
times, however it is clear the interpolation reduces the data generation
times by many orders of magnitude.
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Table 1

Comparison between the time taken to populate the parameter space in each
of Cases I-IV using FE modelling and interpolation. The interpolation time
is the time required to interpolate the signals, and populate the equivalent
parameter space.

Case number Full FE solution time (s) Interpolation time (s)

Case I 93 0.089
Case II 10 0.021
Case III 275 0.088
Case IV (Fig. 9) 30 0.034
Case IV (Fig. 10) 30 0.027

5. Conclusion

In-silico methods for the qualification of NDE techniques are cer-
tainly desirable, however, data availability is an issue, as the time
required to generate sufficient data to qualify a method in-silico with
the required level of confidence might be prohibitive. Here we have
presented a method which uses a few FE generated results in combi-
nation with an interpolation approach to rapidly generate more data
without the need to solve the full FE model for every parameter step
required. This method takes into account the inherent property of a
signal to possess both an amplitude and a phase, both of which must
be carefully preserved during interpolation.

We have derived the necessary equations to interpolate across dif-
ferent dimensions in a parameter space. The focus of this paper has
been interpolating across measurement locations; this is applicable
to NDE scenarios where raster scans, or multiple measurements on
different locations are required. We have also demonstrated the appli-
cability of our method to other scenarios, where the variable of the
interpolation was the height or the tilt of the defect.

In all cases interpolation results match full FE results very well,
however, they have been generated in a fraction of the time it would
have taken to solve full FE models. It is worth re-iterating that this
method does not interpolate the post-processed results but the signals
directly, meaning that the interpolation results can be treated and used
in the same fashion as true FE modelling generated results.

We have also demonstrated the ability of the method discussed in
this paper to yield good results from complicated signals, containing
multiple pulses not necessarily travelling at the same speed, and for
signals containing pulses with elaborate shapes other than the typi-
cal, Hann-windowed pulses. The limitations of the method were also
demonstrated, by examining a case where discrepancies between the
signals generated via interpolation and FE modelling arose, potentially
due to the assumption of linear variation in the amplitude and the phase
of the signals not being satisfied.

It should be recognised that no interpolation method will be able
to interpolate arbitrary patterns to infinite accuracy; here we aim
to capture typical patterns that appear in wavefields. It is unlikely
that abrupt changes will exist as the underlying parameters vary; the
presence of diffraction will inevitably smooth the data.

This accurate and rapid generation of data allows for the exploration
of broader or higher order parameter spaces in a more feasible fashion
with applications in the NDE qualification field, as well as machine
learning or any other area where ultrasonic data availability is an issue.
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