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Abstract

High-efficiency solar photovoltaic cells require suitable high-quality semiconductor ma-
terials and careful optical design. This thesis offers a comprehensive overview of the
spectroscopic characterization of a novel alloy for use in multi-junction solar cells, silicon-
germanium-tin (SiGeSn), and of simulation and theoretical methods suitable for designing
efficient solar cells and modelling realistic devices.

The SiGeSn material study uses spectroscopic ellipsometry, temperature and power-
dependent photoluminescence, photoreflectance, and reflection and transmission mea-
surements to investigate the band structure of Ge-rich SiGeSn alloys with up to 10% Si
and 3% Sn. These epitaxially-grown alloys are shown to be lattice-matched to Ge and
GaAs substrates through X-ray diffraction (XRD) measurements, allowing them to be
incorporated into commonly-used multi-junction solar cell architectures. A 1 eV direct
transition, useful for two, three or four-junction solar cells, is observed for SiGeSn com-
positions around 8% Si and 2% Sn, although the alloy retains a fundamentally indirect
bandgap at these compositions. A novel technique for analyzing photoreflectance data,
incorporating both interference effects and critical point features in a self-consistent way,
was also developed to fit the SiGeSn photoreflectance data.

Optical modelling of solar cell structures is essential for efficient device design, to
maximize absorption in the photovoltaic layers, and for understanding the behaviour
of real devices. This thesis demonstrates the use of multiple modelling techniques, in-
cluding rigorous coupled-wave analysis (RCWA), used to design and model diffraction
grating structures for ultra-thin (< 100 nm) GaAs cells, and the transfer matrix method
(TMM), used to model multi-junction cells containing SiGeSn and spectrum-splitting
multi-junction devices targeting efficiencies over 40%. An integrated modelling method
based on angular redistribution matrices calculated through a combination of ray-tracing
and the transfer matrix method was used to investigate the infra-red emissivity of silicon
heterojunction cells and a perovskite/Si tandem cell. In each case, much original work
was done on the code base for these methods, including contributions to open-source solar
cell modelling codes.
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Chapter 1

Introduction & background

The world’s total primary energy consumption in 2017 was 9,700,000 ktoe (kilotonne of oil equivalent), or
113,000 TWh, having more than doubled since the 1970s [1]. Around 20% of this energy is in the form of
electricity, with the majority of energy consumed in the form of chemical fuels for heating and transport. As
the mitigation of climate change becomes increasingly urgent, renewable energy technologies play a key role
in reducing carbon dioxide and other greenhouse gas emissions, especially when combined with increased
electrification of heating and transport. Currently, over 2500 GW of generation capacity from renewable
energy sources (hydropower, wind energy, marine energy, solar energy, bioenergy, geothermal energy) is
installed worldwide, accounting for 25% of electricity production, with the largest contributing energy source
being hydropower [2]. Solar photovoltaic power generation accounts for 600 GW of the installed capacity,
and is the fastest-growing renewable generation technology, with around 100 GW, or 20% of total globally-
installed solar capacity, coming online in 2019. Solar energy is an incredibly abundant natural resource;
assuming a reasonable average daytime solar irradiation inside the Earth’s atmosphere of 1000 W/m2, an
amount of energy equal to that consumed annually (of all types) falls on the Earth in around an hour. Of
course, the technological challenge is harnessing the Sun’s energy efficiently. This chapter will introduce the
solar spectrum as a resource, and provide an overview of current state-of-the-art photovoltaic technologies
and how these relate to the current work. The final section outlines the structure of the rest of the thesis.

1.1 Solar spectrum
Radiation from the Sun closely approximates that of a black body at 5800K, the approximate temperatures
of the Sun’s surface, as shown in Fig. 1.1. The solar spectrum covers a wavelength range from the ultraviolet
(≈ 250 nm) to the mid-infrared (≈ 3 µm). As shown in Fig. 1.1, sunlight above the atmosphere (AM0) has
different properties to sunlight at the Earth’s surface; the terrestrial spectrum shows significant gaps due to
absorption of mainly infrared light by molecules in the atmosphere (most of the loss is due to water vapour,
H2O, O2 (oxygen), O3 (ozone) and CO2 (carbon dioxide) also cause absorption). The ‘AM’ in the names
of these spectra refers to the Air Mass, calculated as AM = 1/ cos(β), where β is the zenith angle of the
Sun (for sunlight coming from directly overhead, the zenith angle is 0◦ and the Air Mass is 1); the larger
the Air Mass, the longer the path of the light through the Earth’s atmosphere. The AM1.5G spectrum
gives typical global irradiance, including diffuse sunlight due to e.g. scattering by the atmosphere. The
solar spectrum at the Earth’s surface depends on location, cloud cover, time of day and other factors, which
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Figure 1.1: Three commonly-used standard spectra: the terrestrial AM1.5G (global irradiance) spectrum,
the AM0 spectrum for space applications, and a black body at 5800 K (the temperature of the surface of
the Sun).

may significantly affect the performance of a solar cell [3]. For benchmarking of solar cell technologies, solar
simulators which can closely simulate reference spectra are used; these are generally AM1.5G for terrestrial,
flat-plate photovoltaic (PV) applications and AM0 for space applications. The AM1.5G spectrum has a total
power density of 1000 W/m2, also called ‘1 Sun’ of intensity, while the AM0 spectrum has a power density
of 1366 W/m2.

1.2 Photovoltaic technologies
Photovoltaic cells convert photons (light), usually from the Sun, into electricity. Silicon-based solar cells,
both mono- and multi-crystalline silicon, currently make up over 90% of the market, with the remaining
share divided between thin-film technologies, mostly copper indium gallium sulfide (CIGS) and cadmium
telluride (CdTe). Mono- and multi-Si, CdTe, and CIGS solar cells are commercially mass-produced and
available from multiple manufacturers. Many other PV technologies have been developed but have not
been scaled up and commercialized to the same extent. Perovskite solar cells, containing both organic and
inorganic materials, have made remarkable efficiency gains in only just over a decade of active research,
but continue to suffer from stability issues. GaAs solar cells are a mature technology and have reached
record efficiencies for single-junction solar cells, but are not mass-produced on the scale of other thin-film
technologies or Si. Closely related to GaAs cells, and generally made using similar production methods, group
III-V semiconductor based multi-junction cells are used primarily for space (e.g. satellite) applications and
concentrator photovoltaics (CPV), and are available from various manufacturers but at extremely high cost
compared to mass-produced technologies. The US National Renewable Energy Laboratory (NREL) tracks
research cells with the highest certified efficiency of each type, as shown in Fig. 1.2. The efficiency of a solar
cell is the percentage of energy in the solar spectrum converted into electrical energy. The highest efficiencies
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Figure 1.2: Best research cell efficiency, grouped by cell technology. This plot is courtesy of the National
Renewable Energy Laboratory, Golden, CO.

are reached by multi-junction cells and single-junction GaAs cells (purple symbols), both with and without
concentration of sunlight. The rapid increase in efficiency of perovskite solar cells since the mid-2010 is
also clearly visible; perovskite solar cells are now reaching efficiencies similar to crystalline silicon cells, and
perovskite-silicon tandem cells have recently been able to exceed the efficiency of crystalline silicon alone
(the concept of ‘tandem’ or ‘multi-junction’ solar cells is discussed further in the next section).

Prices for solar cells are generally given in terms of US$/Wp (“watt-peak”), or kWp (“kilowatt-peak”),
meaning the price per unit of installed PV which produces 1 W (or 1 kW) of power when illuminated at
standard 1-Sun conditions. Si solar cells have seen dramatic cost reductions since 2010, with average module
prices falling from around $2/Wp by about a factor of 5 to current prices, with current wholesale prices for
typical Si cells (multi- and mono-Si) and modules around $0.30/Wp [4]. Multi-Si cells are somewhat cheaper
than mono-Si cells, reflecting their generally slightly lower efficiencies. The low price of Si cells makes it
difficult for other technologies, lacking the large cost reductions seen in Si driven by extensive R&D and
economies of scale, to compete for standard large-area, flat-plate applications such as solar farms and rooftop
PV, but other technologies are still promising in filling more niche applications where high efficiencies or high
power density per unit volume/mass are important. Record efficiency Si cells have reached 26% efficiency
without concentration of sunlight, approaching their fundamental physical limit of 31%, meaning that cell
and module efficiencies of c-Si cells of this type will not undergo drastic efficiency improvements, although
continued steady improvement in high-quality commercial products is likely. Silicon solar cells are also
thicker and thus heavier than other PV technologies due to the intrinsic material properties of silicon (see
Section 2.1). This means that for high-efficiency applications, for instance for use on satellites where space
is very limited, and for applications where high power per unit area and/or unit mass are critical, other PV
technologies remain of interest.

GaAs is ideally suited as a material for PV due to its fundamental properties, including a direct bandgap
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a) b)

Figure 1.3: a) Fundamental losses in a single-junction solar cell as a function of bandgap energy. b) Funda-
mental losses in solar cells as a function of the number of junctions, assuming ideal bandgap combinations.
From [6].

(as discussed in Section 2.1) at 1.42 eV, which is close to the optimum for a single-junction solar cell absorbing
sunlight (see Fig. 1.3a), high electron mobilities, and high radiation tolerance. The record highest-efficiency
thin-film cells made of a single junction (like the Si, CIGS and CdTe cells discussed above) are currently held
by a GaAs cell at 29.1% [5]. However, the epitaxy-based production methods required to achieve high-quality
GaAs (and related GaAs-based multi-junction cells), where atomic layers are deposited one at a time, lead
to extremely high costs. GaAs-based cells are mostly used for space applications (e.g. satellites) and for use
in concentrator photovoltaics (CPV); these are highly specialized applications, and thus these cells are not
currently widely commercially available.

1.3 High-efficiency photovoltaics

1.3.1 Multi-junction photovoltaics

While single-junction solar cells have reached efficiencies of 29% (achieved by a thin-film crystal GaAs device
[7, 5]), they are fundamentally limited by the Shockley-Queisser (S-Q) limit [8]. This assumes a solar cell
consisting of a single material with an abrupt bandgap which absorbs all photons with energy above the
bandgap, and none below, and has radiative recombination of electrons and holes as its only loss mechanism.
Such loss due to radiative recombination is unavoidable; if photons can be absorbed and converted into
energetic electrons in the conduction band, the reverse process must also be possible through the principle
of detailed balance. Assuming a realistic solar spectrum (AM1.5G), the Shockley-Queisser limiting efficiency
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Incident solar spectrum

Cell 1

Cell 2

Cell 3

Cell 4

Figure 1.4: The AM1.5G solar spectrum [15] in terms of photon flux, and where different parts of the
spectrum would be absorbed in a 4J device made of materials with perfect, abrupt bandgaps of 1.9 eV, 1.4
eV, 1.05 eV, and 0.66 eV (no absorption below the bandgap, 100% absorption above the bandgap), as shown
in the inset.

is 33% for a semiconductor with an ideal bandgap. Although five contributing factors to intrinsic losses
can be identified [6], the two dominant loss mechanisms are non-absorption of below-bandgap photons and
thermalisation to the band edge1, as shown in Fig. 1.3a. To mitigate one or both of these losses, alternatives
to a single-bandgap p-n junction photovoltaic device must be used: possibilities for exceeding the S-Q limit
include intermediate band solar cells [9], photon ratchet structures [10], up- or down-conversion [11], hot
carrier capture [12, 13], multiple exciton generation [14] and multi-junction (MJ) cells.

Of the possible mechanisms for overcoming the S-Q limit, the only method which has exceeded this
limit in practice are MJ cells. In MJ cells, junctions made of materials with different bandgaps are stacked
so that each junction absorbs a part of the solar spectrum. An example of the absorption per cell for a
four-junction (4J) device is shown in Fig. 1.4. Absorbing across multiple bandgaps, with light hitting the
highest-gap material first (see the inset in Fig. 1.4), can reduce both non-absorption and thermalisation
losses if a favourable combination of bandgaps is chosen, as shown in Fig. 1.3b. In the ideal case, sub-cells
will transmit all photons which are too low in energy to be absorbed across their bandgap, allowing these
photons to reach the lower sub-cells in the structure. While the different material layers must be optically
connected, the sub-cells do not necessarily have to be electrically connected in series; some or all of the
cells can have their own set of electrical contacts (a mechanically stacked cell) [16]. However, the need
for multiple pairs of contacts introduces additional material requirements and manufacturing complexity,
leading to higher costs and increasing the mass and footprint of the cell. A MJ cell with the sub-cells grown
connected in series electrically, with one set of contacts, is called a monolithic two-terminal cell. Although

1Real solar cells also suffer further losses due to e.g. resistance, non-radiative recombination and contact shadowing; these
losses, however, are theoretically avoidable (‘extrinsic’), and thus not included in calculations of theoretical limiting efficiency
[6].
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Figure 1.5: Energy gap versus lattice parameter of group III-V and IV materials and their alloys. The black
dashed line shows the lattice constant of Ge.

the monolithic approach requires less material for contacting and reduces bulk, other issues arise: since the
sub-cells are connected in series, their voltages will add, but the overall current which can flow through the
device will be limited by the lowest sub-cell current. Thus, in constructing a monolithic MJ device, careful
attention must be paid to the balance of photons absorbed in each layer in order to current-match the
sub-cells. Monolithic devices also pose challenges on the material growth side; growing materials with very
different lattice constants in a single stack is challenging and likely to introduce defects. Growing connected
layers of different materials requires either matching of the lattice constant (‘lattice-matching’) between each
different layer or the use of other strategies such as wafer-bonding or grading layers to gradually change the
lattice constant, since lattice-matched materials with the desired bandgap may not be available (Fig. 1.5).

Most multi-junction cells, especially those for commercial applications, use a two-terminal architecture.
The individual sub-cells are connected electrically in series by way of tunnel junctions, generally a high-
bandgap (compared to the adjacent sub-cells), highly-doped semiconductor (see Section 2.1) which ideally
has low electrical resistance and low optical loss at wavelengths relevant for the subsequent cells in the stack.
This is illustrated for an In0.5Ga0.5P/GaAs two-junction cell connected by an Al0.8Ga0.2As tunnel junction
in Fig. 1.7. The tunnel junction is essentially a thin diode which allows electrons to tunnel through it. Since
each sub-cell is a p-n junction (see Section 2.4), connecting the cells directly without the use of a tunnel
junction would result in an oppositely-directed p-n junction being formed, with the p-doped region of one
sub-cell in contact with the n-doped region of another sub-cell; this reduces the overall voltage. Because
current flow is limited to that of the sub-cell with the lowest photogenerated current, care must be taken to
design a structure with a combination of material bandgaps, layer thicknesses, and light-trapping strategies
such that the currents in the sub-cells are as closely matched as possible. One key focus of research into
developing new architectures for MJ cells is the growth and characterization of new materials. This work
will focus on materials and device architectures for two-terminal applications.
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Figure 1.6: Variation of cell efficiency for a 4J cell with a top cell bandgap of 1.9 eV (In0.5Ga0.5P) and a
bottom cell bandgap of 0.67 eV (Ge), as the bandgaps of the middle two cells are varied. The detailed-balance
limit with perfect absorption above the bandgap is assumed.

n-type In0.5Ga0.5P

p-type In0.5Ga0.5P

p-type Al0.8Ga0.2As

n-type GaAs

n-type Al0.8Ga0.2As

p-type GaAs

a) b)

Figure 1.7: Illustration of how sub-cells in a multi-junction cell are connected by a tunnel junction; a)
shows the layers of a two-junction InGaP/GaAs solar cell, connected by an AlGaAs tunnel junction. The
conduction band minimum and valence band maximum are shown in b), along with an equivalent circuit for
the sub-cells and tunnel junction.
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Figure 1.8: a) External quantum efficiency and b) light I-V curve of a typical InGaP/InGaAs/Ge triple-
junction solar cell, also showing key device performance metrics. These values are calculated through Solcore
simulations (see Section 4.1) using a realistic cell architecture and material parameters. The overproduction
of current in the bottom Ge sub-cell relative to the two other sub-cells is clearly visible in b), with the shaded
area showing the current lost.

Increasing the number of junctions in a solar cell increases the potential voltage which can be achieved,
but reduces the current in each sub-cell. Theoretically, increasing the number of junctions in a cell increases
the achievable efficiency [17, 6] – however, in practice, the engineering challenges associated with adding
additional junctions mean it is difficult to produce a very efficient cell with a large number of junctions, due
to resistive losses, optical losses due to non-ideal refractive index combinations, and non-radiative losses at
interfaces and due to material quality (e.g. defects and dislocations). The current overall efficiency record
for a solar cell, both under concentration and under 1-Sun, is held by a six-junction inverted metamorphic
(IMM) device [18]; however, prior to this device (demonstrated in 2019), the overall efficiency record had
been held by 3 or 4-junctions devices for twenty years (see Fig. 1.2).

A commonly-used architecture for high-efficiency multi-junction cells is the GaInP/(In)GaAs/Ge triple-
junction cell, with bandgaps of 1.9/1.44/0.67 eV [19]. As shown in Fig. 1.5, these materials can be
grown at the same lattice constant, with alloy compositions for the III-V materials around Ga0.5In0.5P
and In0.01Ga0.99As2 (the addition of a very small atomic fraction of InAs to GaAs is to improve the lat-
tice match between Ge and (In)GaAs, but has a minimal effect on the bandgap). While this architecture
has previously set record efficiencies, it has the disadvantage that the Ge significantly overproduces current
compared to the other two sub-cells, as shown in Fig. 1.8. As discussed above, in a two-terminal device
architecture the current is limited by the lowest sub-cell current, so the additional current is wasted and
cannot be used to draw power from the device. This suggests two possible improvements:

1. Inserting an additional sub-cell (with a bandgap lower than that of GaAs and higher than that of Ge)
between the Ge and GaAs junctions, to utilize the current which would otherwise be wasted in the Ge
cell. If current-matching can be achieved, this will increase the VOC of the cell without reducing the
JSC .

2. Replacing the Ge sub-cell with a higher-bandgap material; this will reduce the current generated in
2Notation such as Ga0.5In0.5P and In0.01Ga0.99As denotes alloying between two III-V compounds (GaP and InP in the first

case, and InAs and GaAs in the second.)
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the bottom sub-cell, which will not degrade cell performance unless the bottom cell becomes current-
limiting, and increase the voltage and thus the efficiency of the device.

Both of these improvements require a sub-cell with a bandgap between that of the bottom cell (0.67 eV for
Ge) and the middle cell (1.44 eV for GaAs), and simulations indicate that the optimum bandgap in each case
is around 1–1.1 eV (see Fig. 1.6) [19, 20]. This poses a challenge; as can be seen in Fig. 1.5, there is a lack
of available III-V alloys with a suitable bandgap with the same lattice parameter as Ge/(In)GaAs/InGaP,
and thus novel materials are required, or the condition for lattice-matching must be relaxed.

There are multiple ways to deal with lattice mismatch to include materials with different lattice constants
in one device (e.g. In0.3Ga0.7As with a 1 eV bandgap). This can be done in a so-called metamorphic structure
[21], with grading layers separating sections with different lattice parameters to prevent the formation of
defects inside the sub-cells; such structures can be grown upright (upright metamorphic, UMM) or inverted
(inverted metamorphic, IMM) depending on the materials used. However, the necessary inclusion of grading
layers to avoid threading dislocations in epitaxial layers which are not lattice-matched to the substrate
results in thicker (and thus heavier) cells, and higher material costs. Lattice mismatch can also be dealt with
through wafer-bonding; the current efficiency record for a four-junction (4J) cell is held by a wafer-bonded
device, with InGaP (1.88 eV) / GaAs (1.42 eV) grown on a GaAs substrate and InGaAs (0.74 eV) / GaInPAs
(1.09 eV) grown on an InP substrate, with the GaAs and GaInPAs subsequently bonded together and the
GaAs substrate removed from the top of the resulting structure [22]. Such a wafer-bonding process requires
multiple substrates for production of a single device, and introduces additional manufacturing steps, and
thus costs, for the wafer-bonding and substrate removal.

Thus, a fully lattice-matched 4J device which can be grown monolithically remains a desirable solution
from a device fabrication and processing cost point of view, especially in order to eventually manufacture
more cost-competitive cells. Novel materials to provide the 1 eV bandgap have therefore been a topic of
considerable research interest. These materials include dilute nitrides and bismides such as GaInNAsSb [23]
and GaAsBi(N) [24, 25], with the former having been used in a previously world-record holding cell with an
efficiency of 43.5% at 500 Suns (a solar spectrum at 500× concentration) [23]. However, the incorporation
of N poses growth challenges [23] and can introduce defect states, including mid-bandgap defect states [26]
which will significantly degrade the solar cell performance. An alternative candidate material for 1 eV sub-
cells is silicon-germanium-tin (SiGeSn), a ternary group IV alloy. By adding relatively small amounts of Si
and α-Sn to Ge, a material with a direct transition around 1 eV can be produced, although the material
remains an indirect semiconductor with a fundamental bandgap around 0.8 eV, which will limit the voltage
of the SiGeSn sub-cell. However, absorption across the direct gap will dominate the absorption coefficient
of the material, due to absorption across an indirect gap being relatively much weaker as it requires phonon
interactions (Section 2.1). The next section will discuss the expected behaviour of SiGeSn at different
compositions, and previously-reported measurements of its optoelectronic properties.

1.4 SiGeSn in multi-junction solar cells
This section will outline the growth, band structure, and measurements of silicon-germanium-tin alloys, fo-
cusing on those with relatively high Ge fractions as these are most relevant for the photovoltaic applications
discussed above. However, the previous literature discussed here spans a wide range of proposed or imple-
mented applications for SiGeSn, including use in group IV lasers (e.g. with GeSn [27, 28]), photovoltaics
[29, 30, 31], photodiodes [32] and light-emitting diodes (LEDs) [31, 33].
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1.4.1 Growth of SiGeSn

High-quality SiGeSn alloys have been grown mainly, and most successfully, through chemical vapour depo-
sition (CVD) and molecular beam epitaxy (MBE) [34]. Ultra-high vacuum CVD (UHV-CVD) growth of
SiGeSn was pioneered by the group of Kouvetakis and Menéndez at Arizona State University, who produced
the first SiGeSn epitaxial layers on an Si(100) substrate with a GeSn buffer layer [35], and were also the
first group to report photoluminescence signal from SiGeSn [36]. The samples grown by ASU make use of
deuterated tin (SnD4); this precursor was also used in the fabrication of the most successful (published)
demonstration of a multi-junction cell with a SiGeSn sub-cell [37]. Despite producing precursor material
stacks for 4J devices [29] of the type discussed in this work (InGaP/InGaAs/SiGeSn/Ge) and 1 eV-bandgap
photodiodes [32, 31], only prototype photovoltaic devices with very low voltage (0.14 V) and fill factor have
thus far been published by the ASU group [31]. SiGeSn samples have also been grown successfully through
both reduced-pressure CVD, using the commercially available precursor SnCl4 [38, 39, 40] and MBE [41, 42]
at the Forschungszentrum Jülich. SiGeSn grown through MBE has also been produced at Stanford University
[43]. This development of SiGeSn epitaxy has happened in conjunction with the epitaxy of direct-bandgap
GeSn alloys for laser applications, mostly in heterostructures containing (Si)GeSn. For research applications,
custom-built epitaxy reactors or highly-customized commercial reactors are often used, in combination with
different precursors for Si and Ge depending on the composition being grown [44]. In addition to SnD4,
silicon and germanium hydrides (GenH2n+2 and SinH2n+2) with n > 1 are commonly used, which are more
expensive than the common commercial precursors silane and germane (GeH4 and SiH4).

The solid solubility of α-Sn in both Ge and Si (and the binary SiGe system) is low: < 1.1% in pure Ge
and < 0.1% in pure Si [45] (the SiGe alloy, conversely, is completely miscible). Sn also has a low melting
point, around 500K, and thus above this temperature it will not be incorporated in significant amounts into
the epitaxial material [46], and a low free surface energy which increases the risk of surface segregation.
For technologically relevant applications, much higher concentrations than the solid solubility limit must be
reached, and thus non-equilibrium growth is required. The key difficulty is to avoid the phase separation
of Sn through either bulk precipitation or surface segregation [46, 34]. Atomic-scale studies through atom
probe tomography also indicate a repulsion between Si and Sn atoms in SiGeSn alloys, shown by a deviation
away from a perfectly random distribution of Si atoms with respect to Sn atoms; however, this deviation
is not observed for samples with < 4% Sn [47], the region being targeted for photovoltaic applications (see
below). Segregation increases with increased temperature [46], which (in addition to the low melting point
of Sn) mean relatively low growth temperatures are typically used (< 400◦C). The similar challenges in
overcoming the difficulties of incorporating Sn into SiGe and into Ge explain why much of the research effort
in developing SiGeSn for optoelectronic applications has been pioneered by groups, such as the ASU and
Jülich groups, with extensive experience in GeSn epitaxy. The advantage of SiGeSn over binary GeSn alloys
is the additional flexibility in engineering the direct and indirect bandgaps and lattice constant (see Fig.
1.10); in addition, density functional calculations and comparison of the growth of GeSn and SiGeSn alloys
with similar Sn content indicate that the ternary alloy has a lower Gibbs free energy than the binary alloy
with the same atomic percentage of Sn, meaning an increased mixing entropy and a more stable material
[48]. For photovoltaic applications at the Ge/GaAs lattice-constant, while the desired optical properties
could be achieved with binary SiGe alloys, the addition of Sn is needed to maintain a close lattice-match.
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a) b) c)

Figure 1.9: Electronic band structures of a) Si, b) Ge and c) α-Sn, calculated through a non-local pseudopo-
tential method. From [49].

1.4.2 Band structure of Si, Ge and Sn and SiGeSn

While the very different physical and thus optoelectronic properties of SiGeSn lead to challenges with material
growth, they also provide for a very interesting and flexible design space. Si, Ge and α-Sn are all group
IV elements with a diamond-cubic structure. Si and Ge are semiconductors, while α-Sn is a semi-metal;
its valence and conduction bands overlap slightly at their extrema, thus resulting in a zero (or negative)
bandgap. Tin has a second allotrope, metallic β-Sn, with the transition occurring at 13.2 ◦C; this phase has
a body-centered tetragonal structure. The electronic band structures (explained further in Section 2.1) along
the Γ → L and Γ → X symmetry directions for the three elements are shown in Fig. 1.9. Table 1.1 lists their
indirect gap and several direct transition energies (where known), as well as lattice constants, and the points
in the band structures these transition energies correspond to. The key to producing SiGeSn close to the
lattice constants of Ge and GaAs, with a 1 eV direct gap, is that adding Si to Ge pushes up the E0 transition
energy significantly, since the E0 energies of Ge and Si are 0.8 and 4.1 eV respectively. However, this also
takes the resulting material away from the Ge lattice constant, since Si has a smaller lattice parameter than
Ge. In order to maintain the lattice match, a small amount of Sn, which has a larger lattice constant than
Ge, can be added. The addition of Sn will also reduce the E0 energy, since Sn has a negative value of E0.
Thus, the ratio of Si:Sn must be balanced to obtain both lattice-matching and the desired E0.

The predicted direct and indirect bandgap of SiGeSn at various compositions, and its utility for optoelec-
tronic applications, have been of interest since at least 1991 [50]. These early, simple theory results indicated
that depending on the composition a direct or indirect bandgap at a range of lattice constants can be achieved,
which has been shown to be the case over subsequent years in both theoretical and experimental work. Since
SiGeSn is a true ternary alloy (unlike e.g. InGaAs or other III-V compound alloys), the design space is
extremely large, with the alloy compositions most commonly investigated experimentally, including in this
work, generally being Ge-rich and growing out of research into the related binary alloy GeSn [34], which as
discussed above poses many of the same growth challenges. Theoretical calculations using density functional
theory [51], the self-consistency pseudo-potential plane-wave method [52], and tight-binding/virtual crystal
approximation [30] all indicate that over the full range of compositions for SiGeSn, the alloy may show a
“Sn-like” (direct bandgap at the Γ point), a “Ge-like” (indirect bandgap Γ → L) or a “Si-like” (indirect
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bandgap Γ → X) fundamental bandgap. Some energy transitions will be very close in energy at certain
compositions, and thus it may be hard to distinguish a single point as the direct-to-indirect crossover. A set
of compositions of special interest, especially for photovoltaics, are those alloys which are lattice-matched to
Ge or GaAs (which have very similar room-temperature lattice constants), which enable strain-free epitaxial
growth on Ge and GaAs substrates (or virtual substrates/buffer layers on e.g. Si). Using Vegard’s law [53]
to calculate the lattice constant of the alloys, such lattice-matched alloys should have a Si:Sn ratio around
3.7:1 to have the same lattice constant as Ge (see below). These lattice-matched alloys are predicted to have
a fundamental indirect bandgap between ≈ 0.8 and 1.4 eV, with the fundamental bandgap being a ‘Ge-like’
indirect Γ → L transition at high Ge compositions, and an ‘Si-like’ indirect Γ → X transition at high Si
compositions (⪆ 40%), keeping the Si:Sn ratio around 4:1. At this lattice constant, the unstrained alloy is
expected to be fundamentally indirect over the whole range, as at least one of the indirect transitions always
lies lower in energy than the minimum-energy direct transition at the Γ point (E0), as can be seen in the
theoretical results summarized in Fig. 1.10 [52], meaning that the ≈ 1 eV E0 transition will not be the
fundamental bandgap. This means that for photovoltaic applications, the absorption in a SiGeSn sub-cell
will be dominated by the lowest direct transition energy, due to the relatively much weaker absorption across
the indirect gap (see Section 2.1), but the voltage will be affected by the ability of photogenerated carriers
to thermalize to a lower conduction band edge at the X or L point.

For useful application in lattice-matched solar cell architectures, the lattice parameter of the SiGeSn
alloys considered should be equal to, or close to, dGe = 5.6575 Å. To achieve a 1 eV direct transition,
only relatively low (< 10%) Si and Sn concentrations are necessary, as discussed below. Assuming that at
these concentrations, Vegard’s law [53] (a simple linear interpolation between the lattice constants of the
constituent materials according to atomic composition) is valid, the lattice constant is given by:

dSiGeSn(x, y) = (1− x− y)dGe + xdSi + ydSn (1.1)

where x is the atomic Si fraction of the alloy and y the atomic Sn fraction. More complex expressions
for the lattice constants involving bowing parameters have been proposed [54], but measurements indicate
a closer match to Vegard’s law [41]. Solving the Vegard’s law equation so that dSiGeSn = dGe gives x

y =
dGe−dSn

dSi−dGe
= 3.67, i.e. the ratio Si:Sn necessary for an exact lattice-match is around 3.7:1. Some of the samples

in this work were grown on GaAs substrates; for GaAs substrates, the ratio required for lattice-matching
is 5.35:1. Fig. 1.10 shows predicted lattice constants, indirect bandgaps, and E0 values for the full range
of SiGeSn compositions [52]. The compositions of interest lie at relatively low Si (≈ 10%) and Sn (≈ 3%)
fractions; this has also been demonstrated experimentally [44]. At these compositions, the alloy remains
fundamentally indirect with an expected Ge-like bandgap around 0.75-0.8 eV (Fig. 1.10b) and an Si-like
bandgap around 0.95 eV (Fig. 1.10c). Due to the adverse effect of a lower-lying indirect transition on the
voltage, a fundamentally direct bandgap at 1 eV would be preferable, but while SiGeSn can achieve a direct
fundamental bandgap, this will be at a much lower energy than is useful for the application targeted here.
Direct SiGeSn with a high Sn fraction is predicted to have bandgaps between 0.2 and 0.6 eV [52], in addition
to a range of “slightly indirect” alloys where the direct gap lies around 0.8 eV (identical to Ge) and the
indirect gap lies within ≈ 0.1 eV below the direct gap. Such slightly indirect alloys have been demonstrated
experimentally [55, 56]. Strain engineering can be used to lower the direct bandgap relative to the indirect
bandgap in Ge [57] to produce a direct material, but a similar effect in SiGeSn would also produce a bandgap
which is too low for a circa-1 eV sub-cell application.
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Figure 1.10: Ternary plots showing theoretical predictions of the transition energies for (a) the direct ΓV B →
ΓCB transition (E0), b) the indirect ΓV B → LCB (Eg,Ge) gap, c) the indirect ΓV B → XCB (Eg,Si) gap and
d) the lattice constant (in Å) of SiGeSn alloys over the full possible range of compositions. The lattice
constant was calculated using Vegard’s law with bowing parameters, while the bandgap is calculated from
empirical pseudopotential theory. The red line in each plots shows where dSiGeSn = dGe. Adapted from [52].
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Table 1.1: Literature values for transition energies in Si, Ge and α-Sn at room temperature, and their lattice
constants, and the band structure transitions these energies correspond to. The labelling is consistent with
Fig. 1.9b, the band structure of Ge; the superscript v and c labels refer to the valence and conduction band,
respectively.

Label Transition Energy (eV)
Ge [58, 59] Si [58, 59] α-Sn [59]

EID
g Γv

8 → Lc
6 0.67 1.11

E0 Γv
8 → Γc

7 0.79 4.06 -0.41 [52]
E0 +∆0 Γv

7 → Γc
7 1.09 4.13

E1 Lv
4,5 → Lc

6 2.12 3.38 1.36
E1 +∆1 Lv

6 → Lc
6 2.34 1.84

E′
0 Γv

8 → Γc
6 3.13 3.32 2.28

E′
0 +∆′

0 Γv
8 → Γc

8 2.63
E2 Xv

5 → Xc
5 4.35 4.31 3.72

Lattice constant (Å)
d 5.658 5.431 6.489

1.4.3 Optical and structural measurements of SiGeSn

Determining all relevant transition energies in SiGeSn around the compositions of interest for photovoltaics
is experimentally challenging; due to the weak contribution of indirect transitions to the dielectric function
and absorption, these can generally not be observed in ellipsometry, (photo)reflectance, or electroreflectance
measurements, which are well-suited to investigate the direct transitions (as in e.g. [44, 43, 42]). Conversely,
the lowest direct gap E0, and any higher-energy transitions, are generally not visible in photoluminescence
measurements for alloy compositions which remain fundamentally indirect, unless the direct and indirect gaps
are close in energy (∆E < 0.1 eV) since carriers generally thermalize to the lowest-energy conduction and
valence band states before recombining and emitting a photon. Thus, a combination of multiple experimental
techniques is usually necessary to get a full picture of the critical points in the alloy band structure.

There has been interest in SiGeSn for photovoltaics and other electronic applications for at least three
decades [34, 50]; in that time, there have been a large number of papers focusing on theoretical band
structure calculations [51, 50, 30]. Of the papers focusing on material growth, many report XRD [43,
37, 60, 61, 62] or ellipsometry [37, 62, 63, 54, 29, 42, 64, 65] results. The lowest direct gap has also
been measured through photoreflectance [43], external quantum efficiency measurements of photodiodes
[32, 61] and photoluminescence [66, 56]. The measurement of the direct gap through photoluminescence was
demonstrated for alloys with a high Sn fraction (at. % Sn > at. % Si), making the alloy either fundamentally
direct with a lower value of E0 than Ge [66], or almost direct with only a small energy difference between
Eg and E0 (⪅ 60 meV) [56, 55]. Much of the previous work focused on Ge-rich SiGeSn has considered only
the higher-energy direct transitions, likely due to the fact that these transitions are much more visible in
reflectance-based measurements such as spectroscopic ellipsometry and photo/electro-reflectance, the lack of
good-quality PL measurements from epitaxial SiGeSn samples, and the need for specialized infrared detectors
to make measurements. Reports of PL from SiGeSn are relatively scarce, with no known previous reports
of photoluminescence from SiGeSn grown directly on a Ge or GaAs substrate, although there have been
several reports of photoluminescence from SiGeSn epitaxial layers [67, 61, 55, 41, 64, 33, 56] or quantum-
well structures containing GeSn and SiGeSn [68, 33, 69, 28] grown on Si substrates with a Ge buffer, often
called a Ge virtual substrate (Ge-VS). The lack of PL data for SiGeSn grown directly on Ge substrates,
rather than Ge-buffered Si, is likely because Ge has a lower fundamental bandgap than an SiGeSn alloy
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Figure 1.11: Illustration of the energetic barrier (or lack thereof) for electrons and holes for a) SiGeSn grown
directly on Ge, b) SiGeSn grown on a Si0.2Ge0.8 layer on Ge and c) SiGeSn grown on an In0.01Ga0.99As layer
on Ge.

lattice-matched to it; this means that any carriers generated in the epitaxial SiGeSn layer can diffuse to the
Ge substrate without any energetic barrier. Our initial PL measurements of SiGeSn found that only Ge-like
PL could be observed from SiGeSn grown directly on Ge, despite evidence of a high-quality SiGeSn layer
from ellipsometry measurements [70], and this issue has also been reported by the ASU group [55]. For
SiGeSn compositions targeting a higher bandgap than Ge, it is necessary to include a higher-bandgap layer
between the SiGeSn and Ge, or grow directly onto a higher-bandgap substrate such as GaAs, as illustrated
in Fig. 1.11. No previous reports of PL measured from samples grown on GaAs substrates (such as the Set
A samples in this work, see Section 3.1) or on Ge substrates with a higher-bandgap barrier (such as the Set
B samples in this work) to prevent carrier diffusion were found.

Predicting the indirect bandgap Eg and the lowest-energy direct transition E0, which are of particular
interest for photovoltaic applications, over the full composition range is difficult, and the bowing parameters
reported vary significantly across the literature. Often, bowing parameters are obtained by extrapolating
data over a wide composition range (for example in [43]) even though only a small region of the alloy
compositions is explored. Fischer et al. [42] compare their experimentally observed transition energies
to the bowing parameter expressions from [63] and find that there is neither quantitative nor qualitative
agreement, indicating that there is little predictive value in extrapolating bowing parameters for the full
compositional range for samples which cover only a small experimental range. The bowing parameter bSiSn

in particular appears to be composition-dependent [71, 41], and SiSn is also by far the least-studied of the
three related binary alloys GeSn, SiGe and SiSn, leading to a lack of data on e.g. bowing parameters which
may be transferable to the ternary alloy.

Previous reports of PL from SiGeSn show issues with low intensity and unexpected temperature-dependent
behaviour, including a reduction of integrated and peak PL intensity at low temperatures in some samples
(the opposite of the behaviour observed in most semiconductors, including Ge [72]), PL from defects [64, 33],
and a large variation in signal intensity between samples measured under similar conditions. PL appears to
be especially difficult to observe in samples with a relatively large separation between the direct and indirect
gaps [55]. Photoluminescence from GeSn is generally easier to measure due to the increased ‘directness’ of
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Figure 1.12: Optical sheets with a) planar surface and b) a randomizing surface texture with acceptance
angle θ.

the alloy as the Sn fraction increases, especially close to the direct-indirect crossover which happens at rela-
tively low Sn fractions (≈ 7% [73]), as is expected due to the increased radiative efficiency of direct materials
compared to indirect materials. Most of the literature reports of PL from SiGeSn are from materials with
a higher atomic composition of Sn than Si, which behave in a more ‘direct’ way. Where photoluminescence
from the indirect gap is clearly observed, it has not previously been analyzed in detail in terms of different
phonon transitions; either only a single peak could be observed due to a lack of resolution/noise [67], or a
constant peak offset from the indirect gap was assumed [73].

The lowest-energy direct transition, E0, is often characterized using spectroscopic ellipsometry. The
theory and fitting of SE data is discussed in further detail in Section 2.2.2. By computing the second
derivative of the dielectric function, the energies of critical points in the band structure can be clearly
observed and used to extract centre energies for these transitions. This technique was used by Vina et al.
[74] in 1984 to investigate the dielectric function of Ge, and more recently by D’Costa et al [65, 75] in 2006 to
investigate SiGeSn and related binary alloys, and has become a widely-used method for studying the direct
transitions of SiGeSn.

1.5 Advanced light management strategies
In order to produce electricity, a solar cell must first absorb photons, and thus maximizing how much sunlight
is absorbed by a solar cell is unsurprisingly an important research area for improving solar cell efficiency.
Light-trapping strategies range from relatively simple, for example the use of reflective materials such as
metals at the rear surface of a cell, to highly-engineered nanophotonic structures to maximize broadband
absorption of sunlight in very thin layers. Strategies to maximize absorption fall broadly into two categories:
minimizing front-surface reflection, and making sure light which is able to enter the cell remains trapped
until it is absorbed in the photovoltaic layers (some structures, such a pyramids on an Si cell, may perform
both of these functions). Modelling the effectiveness of different light-management structures to aid device
design and predict performance is also a rich area of research in photovoltaics and optics, and this thesis
will discuss modelling-based strategies for maximizing the efficiency of ultra-thin GaAs cells, silicon cells for
hybrid thermal-photovoltaic applications, and spectrum-splitting multi-junction cells, discussed in Chapter
6. Extensive work to build new software for optical simulations, improve existing code, and address common
issues which arise in optical modelling of solar cells was also undertaken as discussed in Chapter 4.
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1.5.1 Light trapping design and modelling

The optical design of solar cells is extremely important for all types of device, whether they are III-V-
based, (multi)-crystalline or amorphous Si, thin-film devices, organic materials or otherwise. There are
many strategies for increasing the path length inside the cell to increase absorption, e.g. causing light to
travel at a more oblique angle and/or have multiple passes due to internal reflection. Assuming light enters
perpendicularly to the cell interface with no front surface reflection and makes a single pass through the
cell, and is not reflected at the back surface, the total absorption in the layer will be given simply by the
Beer-Lambert law:

ABL = 1− e−αd (1.2)

A theoretically simple enhancement which significantly boosts absorption in a cell is to assume perfect
rear reflection, so that the light makes a double pass through the cell (again, assuming normal incidence):

ADP = 1− e−2αd (1.3)

However, absorption can be improved further by scattering the light into more oblique angles inside the
cell, increasing the path length. A theoretical upper limit to absorption enhancement can be derived using
a thermodynamic approach; according to Minano [76], in this limit the average path length of rays entering
into a cell is given by:

l̄th ≤ 4n2

sin2(θ)
(1.4)

With the upper limit occurring when all ray paths in the cell are illuminated at maximum brightness [77].
The angle θ is the “angular acceptance” of the cell: only incident light within a cone of θ from the surface
normal can enter the cell (see Fig. 1.12). In general, for a planar surface being illuminated isotropically,
light may enter from any θ between 0 and 90◦, and the expression for the limit reduces to:

l̄Lam = 4n2 (1.5)

Yablonovitch and Cody [78] showed that the mean path length for ideal Lambertian scattering is identical
to equation 1.5; a Lambertian scatterer is an ideal diffuse reflector, having the same radiance (radiant flux
per unit projected unit solid angle) regardless of the viewing angle. This increase in path length leads to an
absorption given by:

AYC =
4n2αd

1 + 4n2αd
(1.6)

In fact, although this value can be computed at any wavelength with corresponding values of n and α, it
is only physically meaningful in the limit of low absorption (α→ 0). Green [79] generalized the Lambertian
limit over all wavelengths, giving:

AGreen =
1− e−4αd

1−
[
1− 1

n2

]
e−4αd

(1.7)

As expected, AGreen reduces to AYC in the limit αd≪ 1, so that e−4αd ≈ 1− 4αd.
Practically, increased path lengths inside cells can be achieved in various ways, including through diffrac-
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tion gratings [77, 80], random or periodic scattering structures [81], reflectors [78], and plasmonic structures
involving metals [82, 83]. Such structures can be placed on the front and/or rear of the cell, or even between
junctions of a multi-junction cell [80] depending on the device design. Highly efficient Si cells generally have
random or regular pyramidal textures to reduce front-surface reflectivity, and increase path length inside
the cell by redirecting light into more oblique angles and increasing internal reflection [84, 85, 86]. The
Green/Lambertian limit applies to the maximum possible amount of broadband path enhancement with-
out wavelength restriction. However, in a solar cell, we generally only require light-trapping over a limited
wavelength range, generally at energies just above the bandgap where absorption is weakest, and thus it
is possible to exceed the Green limit over a limited wavelength range [87, 77, 88, 89, 90] by using periodic
scattering structures.

Optical simulations are key in developing, analysing and optimizing novel concepts for light-trapping
architectures. A number of different optical modelling methods appropriate for different types of structures
are discussed in Chapter 4. Depending on the device structure and light-trapping strategies used, very
different modelling methods may be appropriate. The methods used in this work are:

1. The Beer-Lambert law (eq. 1.2), describing absorption in a bulk material without scattering or ad-
ditional front surface or interface reflections; it is often used in conjunction with other methods or to
provide initial estimates of the absorption.

2. Ray-tracing. A geometrical optics method in which light is treated as a collection of rays which can
reflect or refract at material interfaces. These methods are appropriate when describing the interaction
of light with material layers and features with characteristic sizes much larger than the wavelength, a
regime in which wave-optical effects such as diffraction and interference can be neglected. The concepts,
mathematics and computational implementation of ray-tracing are discussed in Section 4.2.1.

3. Transfer-matrix method (TMM) [91]. A wave-optical method which deals correctly with the reflection
of light at multiple interfaces, and resulting interference. This method can only describe planar layers;
any structure such as a grating or nanoparticles can only be described using an effective medium
approximation (EMA) which treats the structure as a one-dimensional layer with an effective refractive
index. The theory behind this method is discussed in Section 2.3.1 and its implementation for various
applications is discussed further in Chapter 4.

4. Rigorous coupled-wave analysis [92, 93]. A wave-optical Maxwell solver also referred to as the Fourier
modal method (FMM). RCWA is a method for solving Maxwell’s equations in layer stacks which may
contain structures such as gratings. The theory behind this method is discussed in Section 2.3.3.

5. Guided mode analysis [94, 95]. By treating the solar cell as a waveguide, in which certain guided
modes can be excited through diffraction by a periodic structure (depending on the geometry and
period of the grating). However, the effectiveness of diffraction into each possible mode will depend on
the precise specifications of the grating, and thus this method can only predict where resonant features
may occur; thus it can be used to inform the development of structures alongside e.g. RCWA. The
theory behind this method is discussed in Section 2.3.2.

Separate implementations for each of these methods exist, but for certain light-trapping architectures
which combine optical features over multiple length scales, it may not be physically appropriate or com-
putationally efficient to use a single method for the full structure. For example, for a silicon cell with a
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thickness on the order of 100 µm with a rear-side grating with a period of 1 µm [96] it is possible to use
a Maxwell solver such as RCWA, or alternative Finite Element (FEM) or Finite Difference Time Domain
(FDTD) methods, to describe the behaviour of the full structure, but this will be extremely inefficient
computationally due to the very large difference in feature sizes between the bulk thickness and the grat-
ing. Another technologically relevant example is the implementation of perovskite on Si tandem cells; the
thin perovskite layers will need to be treated with e.g. TMM, while the silicon cell will generally be more
suited to geometric optics (ray-tracing) methods if it has a pyramidal texture [97]. These problems have
led several groups to independently develop matrix methods which can combine different optical methods
across interfaces; implementations include GenPro4, developed by Santbergen et al. at TU Delft [98], the
OPTOS formalism developed by Tucher, Eisenlohr et al. at Fraunhofer ISE [86, 99] and by Li et al. at
UNSW Sydney [100]. For e.g. thin-film on Si tandem cells, methods combining ray-tracing for the pyramidal
textures with reflection, transmission and absorption probabilities calculated through TMM have also been
developed both in conjunction with general matrix methods, as for GenPro4 [98] or separately, including
the CROWM simulator by Lipovšek et al. B [101] (University of Ljubljana). The research undertaken for
this thesis combined several optical simulation methods to establish a new Python package, RayFlare [102];
the coupled optical model approach and its implementation in RayFlare is described in Section 4.2.

1.5.2 Ultra-thin GaAs cells

Ultra-thin III-V devices are currently being developed for a variety of applications due to their lower mass per
unit area and thus higher specific power per unit mass compared to ‘standard’ cells (assuming good efficiencies
can be maintained). There is no universally accepted thickness which qualifies a solar cell as ultra-thin, and
the reasonable range of thicknesses will also vary significantly with the technology and semiconductor material
being considered; a GaAs cell 3 µm thick is certainly not ‘ultra-thin’, while a crystalline Si cell with the
same thickness could be considered as such. Here, we will use this label to refer to GaAs cells with an active
layer thickness of around 200 nm or less.

The lower mass and higher specific power of ultra-thin cells can be of use in e.g. portable power generation
applications and for use on unmanned aerial vehicles (UAVs) intended to fly for long periods without landing
while generating power from solar cells during sunlight hours, which is stored in batteries for night-time
power. Another already well-established industry where low mass is highly desirable is for space applications;
there is a cost incentive to reducing the mass of e.g. a satellite to be launched into orbit as much as
possible, giving an advantage to direct semiconductor materials such as GaAs over indirect silicon. While for
most terrestrial applications the main constraint on PV installation is cost, which makes silicon extremely
competitive, GaAs has an advantage for space applications where the available area and allowed mass
are extremely limited, since much thicker and thus heavier layers of silicon are required to reach similar
efficiencies.

Efficient, thin GaAs cells using epitaxial lift-off were pioneered by researchers at Radboud University
(Nijmegen, the Netherlands) [103], using their novel weight-induced epitaxial lift-off procedure [104]. These
solar cells were grown through metal-organic vapour-phase epitaxy (MOVPE) on GaAs substrates, and show
that a thin-film cell can outperform a similarly-fabricated on-substrate device with the same active layer
thickness due to increased reflection at the rear interface, showing optimal performance around a total cell
thickness of 1.7 µm. The same group demonstrated a 26.1% efficient (under a 1–Sun AM1.5G spectrum)
thin-film GaAs cell in 2009 [105] with a VOC of 1.05 V, a JSC of 29.5 mA/cm2 and a FF of 84.6%, a world
record at the time [106]. The current world-record for a single-junction cell has been held by Alta Devices
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since 2011 [7], with several consecutive cell improvements breaking their own record, up to an efficiency of
29.1% in 2018 [5], with a VOC of 1.13 V, a JSC of 29.8 mA/cm2 and a FF of 86.7%, demonstrating small
increases in JSC and the FF relative to the Radboud lifted-off cell but a significant 8% increase in the VOC .
This is attributed by Kayes et al. (Alta Devices) [7] to efficient photon recycling in the cell, meaning that
photons which are radiatively emitted by the GaAs are re-absorbed by the cell itself, increasing the carrier
density in the cell. This increases the quasi-Fermi level splitting (see Section 2.4), increasing the VOC . This
is equivalent to considering photon recycling similar to an increase in light concentration which reduces the
Boltzmann loss [6]; photon recycling leads to an increase in the external luminescent efficiency of the cell,
meaning a larger fraction of the internally radiated photons are able to escape out of the front surface of the
cell. Perhaps counter-intuitively, a high luminescence efficiency corresponds to a high VOC [107] by reducing
the mismatch between absorption and emission angles [6]. In the ideal case, all the absorbed photons either
generate carriers or are radiatively emitted (radiative emission is unavoidable due to the principle of detailed
balance), in which case they may be re-absorbed to generate carriers or be emitted again, etc. While the
exact thickness of the Alta Devices is proprietary and not reported in the literature, the cells are fabricated
using epitaxial lift-off with a metal back structure [7] giving high rear reflectivity.

GaAs cells with a thickness around 100 nm or less have a further advantage for space applications
beyond those inherent to direct semiconductors as described above; they are much more radiation-tolerant
than standard GaAs devices with a typical GaAs thickness of several microns [108]. PV arrays on spacecraft
are bombarded with highly energetic protons and electrons originating from solar particle events (SPEs) and
the Van Allen radiation belts. These particles can displace atoms from the crystal lattice of the solar cell
absorber material and thus degrade the material quality by introducing defects states, which in terms of
energy may be located in the otherwise energetically forbidden region between the valence and conduction
bands of the material (see Section 2.1). Such mid-bandgap defect states provide alternative recombination
pathways and lead to a reduction in the voltage and the carrier diffusion length, the latter leading in turn
to reduced photocurrent [108]. The reduction in photocurrent can be minimized by using an ultra-thin
absorber layer; if the total thickness of the active photovoltaic layer is similar to or less than the diffusion
length after the material has degraded, most carriers will still be collected even after the defect states
are introduced. However, ultra-thin GaAs cells need extremely effective anti-reflection and light-trapping
strategies to counteract high transmission losses, especially at longer wavelengths (≈ 500−930 nm for GaAs).

A large amount of research in the past 15 years has been focused on the application of plasmonics to
light management in thin solar cells [82, 83]. Plasmons are a collective oscillation of free electrons in a
conductor, which can be treated as a quasi-particle; if a plasmon resonance due to a metallic nanoparticle
can be coupled to a waveguide mode in the absorbing semiconductor, this can increase the absorption. For
the design of plasmonic structures containing metallic conductors in photovoltaics, both localized surface
plasmons (LSPs) excited in individual nanoparticles and surface plasmon polaritons (SPPs) propagating at
the metal/semiconductor or metal/dielectric interface are of interest [109]. Arrays of metal nanoparticles
[110], other diffracting structures using metal grids [111] or perforated films [112], and randomly arranged
scattering nanoparticles [113, 114] have all been investigated as methods for improving absorption in solar
cells using plasmonic and diffraction effects [109, 83, 82]. In such structures, absorption in metal layers is
generally parasitic (excluding e.g. hot carrier effects) as it does not contribute to the JSC , and thus in order
to accurately predict solar cell performance (e.g. quantum efficiency and short-circuit current) it is critical
to accurately quantify absorption in the target layer and in any parasitically absorbing layers.

Although the application of plasmonic light-trapping structures to solar cells has been a topic of active

40



research for over a decade, demonstrations of clear enhancement from these structures compared to similar
cell designs without plasmonic structures are quite rare. For instance, significant current enhancement
compared to a planar cell can be achieved using silver nanoparticles at the rear of a microcrystalline Si solar
cell [115]; however, such cells have not exceeded the performance of cells fabricated on textured substrates
not designed for plasmonic effects [116]. Although the plasmonic effects can enhance absorption, they also
necessarily introduce parasitic absorption [115, 83, 117] due to the presence of metal in close proximity to
the active absorber layer, and may affect the effectiveness of a rear structure as a reflector [118]. In addition,
the absorption enhancement induced in the semiconductor by plasmons often occurs close to the high-
recombination semiconductor-metal interface [83]; thus, even if the theoretically photogenerated current
in the cell is high, this current may not be effectively collected. In addition, the additional processing
required increases the device complexity and can also reduce the electrical performance by degrading the fill
factor [115]. Historically, simulations have often overestimated the potential short-circuit current, especially
for structures involving silver, by using optical constant data set giving high reflectivity and low parasitic
absorption [119, 117]; this issue is discussed further in Section 4.3. As a result of high parasitic absorption in
structures with front side metallic structures [111], recent development of ultra-thin GaAs cells has focused
on the use of rear-side structures: Chen et al. [95] recently reported a 19.9% efficiency GaAs cell with a 205
nm GaAs p-n junction and a total III-V layer thickness (including the window layer and back surface field) of
330 nm. The JSC enhancement was almost 100% relative to an on-substrate device with the same structure,
and 21% relative to a structure with a planar back mirror without periodic structure, demonstrating the
capability of these textures to outperform simpler light-trapping features for thin GaAs cells.

1.5.3 Emissivity of solar cells

The thermal emissivity of solar cells plays an important part in controlling the operating temperature of a
device, especially those without active cooling mechanisms, such as the majority of commercial c-Si modules
currently in operation. The performance of solar cells generally degrades at increasing temperature; for Si
cells, the output power of most cells decreases linearly with increasing temperature, falling around 0.45%
per 1◦ C temperature increase [120]; thus, a modest operating temperature increase of 10 ◦C leads to a 4.5%
drop in the output power which for a reasonably efficient crystalline Si cell is around 1 percentage point
efficiency decrease. In general, to maintain a low operating temperature which improves device performance,
it is desirable to maximise emissivity in the infrared. Thus, past work in this area has focused primarily
on ways to reduce cell temperature through engineering either passive [121, 122] or active [123, 93] cooling
mechanisms in order to maintain high operating efficiency. Through Kirchhoff’s law of thermal radiation,
emissivity is equal to absorptivity; this is also true for scattering surfaces such as those with nanostructures,
although in this case the emissivity and absorptivity become dependent on the direction. In general, for an
object with a well-defined, uniform temperature T [124]:

ε(λ, θ, ϕ, T ) = A(λ, θ, ϕ, T ) (1.8)

Although for PV systems high emissivity in the infrared is often desirable, for certain applications,
low emissivity is useful. For instance, in a hybrid solar PV/thermal system [125], the aim is to capture
and use as much of the heat generated as possible, and prevent it from being radiatively emitted; thus,
rather than encouraging infrared emission by engineering high emissivity in the infrared, the aim is to
minimize the infrared emissivity/absorptivity while maintaining the absorption at short wavelengths relevant
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for photovoltaic performance as close to unity as possible. This in effect resembles an active cooling system
where the heat extracted is captured in order to e.g. provide residential heating or hot water.

Previous work at Imperial College focused on determining the magnitude of the emissivity of aluminium
back surface field (Al-BSF) c-Si solar cells and its origins [126]. This work used the two-dimensional
OPTOS matrix formalism [99] to couple optical models for the front and back surface, using a 2D integrated
TMM/ray-tracer formalism to calculate the matrix entries. This work showed that the absorptivity/emis-
sivity of these Al-BSF cells was high (> 80%) over the wavelength range 1-20 µm due to the highly-doped
emitter and back-surface field layers and the aluminium rear contact. The naive expectation is that the
silicon heterojunction (SHJ) cells studied in this work (Section 6.2) will have a much lower emissivity due
to the lack of highly-doped layers of any significant thickness, and the use of indium tin oxide (ITO), which
performs well as a low-emissivity coating [127], on the front surface.

1.6 Structure of the thesis
The next chapter of this thesis will outline key theory on semiconductor physics, optical constant models
and their relationship to experimentally-measured quantities. It provides some mathematical detail for the
optical modelling tools which were used for the work presented. Finally, a basic overview of solar cell
operation and relevant figures of merit for quantifying cell performance are given.

In Chapter 3, the experimental and computational methods used in this work are detailed. The sam-
ple growth of the SiGeSn structures, and the structural measurements used to measure the composition,
lattice constant, and other structural features of the SiGeSn alloys are explained. Sections 3.2 through 3.5
detail the spectroscopic measurements used to study SiGeSn: spectroscopic ellipsometry, photoreflectance,
photoluminescence measurements, and Fourier-transform infrared reflection and transmission measurements.
Electrical measurements (external quantum efficiency and current-voltage characteristics) of solar cells are
discussed. The final section explains differential evolution, a black-box optimization method used for multiple
applications throughout this thesis.

In Chapter 4, the extensive work undertaken in further developing the optical modelling capabilities
of the Quantum Photovoltaics Group’s open-source Python package Solcore [128] is discussed, in addition
to the development of a novel Python package, RayFlare [102], a matrix framework for multi-scale optical
calculations, which aims to provide a flexible and powerful way of combining optical models across layer stacks
and length scales. The effect of using optical constants reported in different sources for the same material is
explored, showing that seemingly small variations in measured or modelled optical constants can drastically
effect the design of light-trapping structures for solar cells, and their predicted efficiency. It was found that
this effect can be quantified, at least in the case of a thin GaAs cell, without computationally-intensive
simulations in terms of a newly-proposed Spectral Absorption Enhancement Factor (SAEF).

Chapter 5 presents the results of extensive characterization studies of SiGeSn alloys. The transition
energies of direct and indirect critical points in the band structure, obtained through the spectroscopic mea-
surements as described in Chapter 3, are discussed. As expected, the lowest direct and indirect transition
energies of the SiGeSn alloys show a blueshift with respect to Ge, and a number of the samples are shown
through multiple measurements to have the targeted direct transition around 1 eV. Informed by these mea-
surements, the final part of this chapter presents device modelling of two, three and four-junction devices
incorporating SiGeSn along III-V materials commonly used in PV. These results show that the potential
efficiency of the 3J and 4J devices is over 35% under 1–Sun illumination with a terrestrial solar spectrum
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(AM1.5G), and over 45% under 400–Sun concentrated sunlight.
Finally, Chapter 6 presents the results of several different investigations into device designs with ad-

vanced light-management needs: an ultra-thin GaAs solar cell targeted for space applications, which uses
a metal/dielectric grating to trap light; a silicon hetero-junction cell with textured pyramidal surfaces with
the aim of having low infrared emissivity; and a spectrum-splitting multi-junction cell design, which reflects
part of the infrared solar spectrum onto a silicon cell to increase the overall efficiency.
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Chapter 2

Theory

2.1 Direct and indirect semiconductors
Fundamentally, the formation of allowed bands of energy for electrons in a crystalline solid arises from the
Pauli Exclusion Principle (since electrons are fermions), which causes the energies of allowed states to split
compared to the energy levels in a single atom. When a very large number of atoms (on the order of 1023

for a macroscopic solid) are brought together and allowed to interact, a large number of simplifications must
be made to obtain usable solutions to the Schrödinger equations describing the motion of each electron and
atomic nucleus. The derivation of the Hamiltonian for a crystal is covered in detail in many textbooks,
e.g [87]. The key to the mathematical treatment of the behaviour of electrons in a crystal is the Bloch
wavefunction, which takes into account the periodicity of the lattice of almost immobile nuclei and thus the
equivalence of the potential experienced by an electron when it is subjected to certain translations:

Φ(k, r) = e(ik·r)uk(r) (2.1)

where r is the real space location in the crystal and uk is a function with the same periodicity as the
potential V (r) due to the atomic nuclei, with translational period R such that V (r) = V (r + R). The
wave vectors k describe the crystal in reciprocal space. Simplifying to one spatial dimension, both k and
k+ (2nπ/R) where n is any integer will satisfy eq. 2.1, leading to different bands of solutions corresponding
to different values of n. Each band will form a continuous set of solutions along k. The energy corresponding
to this solution is the eigenvalue for that solution of the Schrödinger equation (methods for the solution of the
Schrödinger equation are discussed in more detail in [87]). The eigenfunctions of the electronic part of the
Hamiltonian must be expressed as some linear superposition of Bloch functions in order to have the correct
translational symmetry. Generalizing to three spatial dimensions, band structures are generally complicated
and are usually shown in terms of specific high-symmetry points inside a single Brillouin zone (the primitive
cell of the crystal in reciprocal space). The calculated electronic band structures of two semiconductors
important for this work, GaAs and Ge, are shown in Fig. 2.1.

The electrons in a solid will fill these allowed energy bands; without thermal excitation, the lowest-
lying bands in terms of energy will be filled first. Bands which are completely filled with electrons at
absolute zero are referred to as valence bands, while bands which are empty are conduction bands. For the
optoelectronic properties discussed in this work, the important bands are the highest-energy valence bands
and the lowest-energy conduction bands. The classification of a material as an insulator, semiconductor or
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a) b)

Figure 2.1: Electronic band structure calculated through non-local pseudopotential theory of a) direct semi-
conductor GaAs (the transition corresponding to the fundamental bandgap occurs at Γ8 → Γ6) and b)
indirect semiconductor Ge (the transition corresponding to the fundamental bandgap occurs at Γ8 → L6).
From [49].

metal depends on the relative position of the maximum valence band energy and the minimum conduction
band energy. If the lowest-energy conduction band and highest-energy valence band overlap (zero bandgap),
the material is a metal or semi-metal. Materials with an energy gap up to 3–4 eV [87] are usually designated
as semiconductors, while larger gap materials are insulators.

If the conduction band (CB) minimum and valence band (VB) maximum of a material occur at the
same value of the electron wavevector k, with an energy gap in the range discussed above, this is described
as a direct-bandgap semiconductor, while a difference in the k values gives an indirect semiconductor; Fig.
2.1 shows the band structures for a direct semiconductor (GaAs) and an indirect semiconductor (Ge). The
label of ‘direct’ or ‘indirect’ refers to the VB → CB transition with the lowest possible energy, called the
fundamental bandgap; in general, many direct and indirect transitions are possible in semiconductors of both
types. In a direct semiconductor, the energy of an incident photon can be used to directly excite an electron
from the valence band maximum to the conduction band minimum, while in an indirect semiconductor an
additional process is necessary for photon absorption at the bandgap energy to overcome the difference in
the crystal momentum k. The absorption and emission of photons across indirect bandgaps is mediated
by phonons, which are the quanta of lattice vibrations in the quantum-mechanical description of the lattice
dynamics of a solid in terms of independent normal modes. As in the case of electron dispersion, band
structures can be calculated for phonons in different materials; quantum mechanically, phonons are bosons
(an infinite number can occupy the same quantum state), and the splitting of the dispersion relation into
different bands arises from the normal modes of lattice vibration in the periodic structure. Fig. 2.2 shows
the phonon dispersion for Ge. Through emission or absorption of a suitable phonon, the necessary change in
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Figure 2.2: Phonon dispersion for Ge. From [49].
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Figure 2.3: Schematic representation of a) photon absorption in a direct semiconductor and b) photon ab-
sorption and emission in an indirect semiconductor, assisted by either phonon emission or phonon absorption.
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Figure 2.4: Absorption coefficients of undoped Si [129], Ge [130] and GaAs [131].

k to allow photon absorption or emission can take place. The process of absorption and emission of photons
in direct and indirect semiconductors is shown schematically in Fig. 2.3, showing how the energy of the
photon which is absorbed or emitted is affected by the involvement of a phonon. Absorption and emission
across indirect bandgaps occurs at a much lower rate than absorption and emission across direct bandgaps,
due to the additional need for a phonon; this is why a semiconductor such as Si is a much weaker absorber
per unit length than e.g GaAs. The lowest direct energy transition in Si occurs at > 3 eV (see Table 1.1),
and thus the majority of light in the solar spectrum can only be absorbed across an indirect transition.
This means that much thicker layers of Si (generally hundreds of microns) are needed to obtain near-unity
absorption of incident sunlight, compared to < 10 µm for a typical GaAs cell. The absorption coefficients
of Si, Ge and GaAs are shown for comparison in Fig. 2.4; this clearly shows that the absorption onset for
GaAs is much sharper than that of Si, and absorption coefficients just above the bandgap are 1-2 orders of
magnitude higher. Ge is a fundamentally indirect semiconductor with a room-temperature bandgap of 0.67
eV, but the lowest direct transition is relatively close in energy at 0.8 eV, and thus Ge shows sharper, more
GaAs-like absorption around 0.8 eV.

2.2 Optical constant models
The formation of bands of allowed energies in solids as discussed in the previous section clearly has implica-
tions for the optical behaviour of these materials, dictating how photons of different energies will be involved
in interband (CB to VB and vice versa) transitions. This section will outline the contribution of critical
points (stationary points in the band structure) to the dielectric function of materials, and how the dielectric
function can be modelled for real materials.

2.2.1 Critical point parabolic band models

To obtain contributions to the dielectric function ε̃ due to interband transitions, we can use Fermi’s Golden
Rule (FGR) for transitions between quantum eigenstates (derivations for the concepts in this section are based
on [132] and [133, Chapter 2]). For FGR to be a valid approximation, we must assume that the Hamiltonian
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H ′ for the electromagnetic interaction is a weak perturbation. Applying FGR to find the probability per unit
time of a photon of energy ℏω being absorbed and causing a (direct) valence to conduction band transition
gives:

Wk =
2π

ℏ
|⟨v|H ′|c⟩|2δ(Ec(k)− Ev(k)− ℏω)

Where k is the wavevector at the point in the band structure where the transition takes place (assumed
here to be constant) and ⟨v|H ′|c⟩ is the matrix element for the electromagnetic perturbation taken between
the valence and conduction band Bloch states. The Dirac delta function expresses the conservation of energy
for photon absorption and the resulting transfer of an electron from the valence to the conduction band. To
obtain the total probability per unit time at any point in the band structure, we must integrate over k:

W =
2π

ℏ

∫
|⟨v|H ′|c⟩|2δ(Ec(k)− Ev(k)− ℏω)

2

8π3
d3k

Assuming that |⟨v|H ′|c⟩|2 is independent of k, this term becomes a constant of proportionality and the
remaining integral is the so-called density of states, ρcv:

ρcv(ℏω) =
2

8π3

∫
δ(Ec(k)− Ev(k)− ℏω)d3k

By transforming this expression to an integral over a surface of constant energy, and integrating once,
this can be rewritten as:

ρcv(ℏω) =
2

8π3

∫ ∫
dS

|∇k(Ec − Ev)|Ec−Ev=ℏω
(2.2)

Clearly, the largest contribution to the integral is made when the denominator becomes very small,
i.e. when Ec − Ev is stationary so that its gradient vanishes. This happens around critical points in the
band structure, for instance where a minimum in the conduction band and a maximum in the valence band
coincide at the same k. However, the result of integrating equation 2.2 depends on the nature of the critical
points. These critical points are called van Hove singularities, and can be categorized according to the type
of critical point occurring in (Ec−Ev). The types of critical points possible depend on the dimensionality of
the system; in 1D, only minima and maxima are possible, while in 2D and 3D saddle points are possible (one
and two different types, respectively). One assumption which simplifies the expressions for (Ec −Ev) is the
parabolic band approximation, which assumes that in the vicinity of critical points in the band structure,
the curvature of the band can be described as having a quadratic dependence on the components ki of the
three-dimensional k vector (i.e. only the first term in the Taylor expansion of (Ec − Ev) is used):

Ec(k)− Ev(k) = Eg (k0) +
3∑

i=1

ai (ki − k0i)
2 (2.3)

where the sum runs over the three spatial directions, k0 is the wavevector at the critical point, and the ai
coefficients are the second derivative of the energy difference for each component of k, ai = ∂2

∂k2
i
[Ec(k)− Ev(k)].

The type of critical point (labelled as M0, M1 etc.) depends on how many of the coefficients ai are negative.
The curvature of the bands is often described in terms of the effective mass m∗ of the charge carriers (elec-
trons in the CB and holes in the VB), treating the energy dispersion of the particle in the band structure
analogous to a free particle with some mass:
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Figure 2.5: Functional form of the contribution to the imaginary part of the dielectric constant from different
types of critical points in the band structure, in two and three dimensions. From [87].

Ec(k) =
Eg

2
+

ℏ2|k|2

2m∗ (2.4)

The probability per unit time of a photon being absorbed, as given by the expression for W above, is
clearly related to the absorption coefficient and thus the imaginary part of the dielectric function (ε2 ∝W );
it is given in [134] as:

ε2(ω) =
4ℏ2e2

πµ0ω2
|⟨v|p|c⟩|2ρcv(ω) (2.5)

In fact, a factor of f(Ev)− f(Ec), where f is the Fermi distribution (see Section 2.4), has been neglected
here. This describes the occupancy of the states from and to which the transition happens; if we assume the
conduction band is mostly empty (f(Ec) ≈ 0) while the valence band is mostly full (f(Ev) ≈ 1), this factor
is ≈ 1. The functional forms of the contribution to ε2 arising from different types of critical points in two
and three dimensions are shown in Fig. 2.5.

Adachi [58, 135, 134] used a critical point parabolic band (CPPB) model to calculate the functional
form of contributions to ε2. A (proportional) expression for ε2 can thus be obtained by determining the
dimensionality and type of critical point, and finding the corresponding functional form for ρcv. The full
dielectric function ε̃ = ε1 + iε2 can be found by applying a Kramers-Kronig transformation1 to ε2 to find ε1
[135]. Adachi’s description of his model (e.g. [58, 135, 134]) relies on the following identity:

lim
ν→0

ε1(ω + iν) = ε1(ω) + iε2(ω) (2.6)

However, no proof of this statement, or reference to one, is provided; therefore, a novel (as far as I am
aware) proof is provided in Appendix A. This also elucidates how the ν parameter relates to broadening of the

1The Kramers-Kronig relations are used to find the real part of a physical response function from the analytic form of the
imaginary part, or vice versa. They can be derived from the causality required of a response function such as the dielectric
function (the system cannot react to an external change before that change is applied).
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Table 2.1: The functional forms as given by the Adachi model [135, 134] for the lowest-energy transitions
contributing to the dielectric function of Ge. These give the real and imaginary parts of the dielectric function
through eq. 2.6. The E′

0 triplet refers to three transitions at the Γ point: E′
0, E′

0 +∆′
0 and E0 +∆′

0 +∆0

(see Fig. 1.9); the E′
0 triplet and E2 transitions are modelled by Adachi as damped harmonic oscillators

(DHOs) as they are attributed to a mixture of several types of critical point [58].

Energy transition Type Functional form

Egap Indirect
ε(ω) = 2D

π

{
− E2

gap

(ℏω+iΓ)2 ln
(

Ec

Egap

)
+ 1

2

(
1 +

Egap

ℏω+iΓ

)2
ln
(

ℏω+iΓ+Ec

ℏω+iΓ+Egap

)
+ 1

2

(
1− Egap

ℏω+iΓ

)2
ln
(

ℏω+iΓ−Ec

ℏω+iΓ−Egap

)}
E0/E0 +∆0 3D M0

ε(ω) = A
E−1.5

0

(ℏω+iΓ)2

{
E2

0 [2− (1 + ℏω+iΓ
E0

)0.5 − (1− ℏω+iΓ
E0

)0.5]

+ 1
2

(
E0

E0+∆+0

)1.5
(E0 +∆0)

2[2− (1 + ℏω+iΓ
E0+∆0

)0.5 − (1− ℏω+iΓ
E0+∆0

)0.5]
}

E1/E1 +∆1 3D M1 ε(ω) = −B1
E2

1

(ℏω+iΓ)2 ln
(
1− (ℏω+iΓ

E1
)2
)
−B2

(E1+∆1)
2

(ℏω+iΓ)2 ln
(
1− ( ℏω+iΓ

E1+∆1
)2
)

E2 DHO ε(ω) = C 1(
1−( ℏω

E2
)
)2

−i Γ
E2

E′
0 triplet DHOs ε(ω) =

∑
i Ci

1(
1−( ℏω

E′
i
)
)2

−i
Γi
E′

i

ε peaks as discussed in [134]. An expression for the contribution of indirect transitions, relevant here because
SiGeSn is an indirect-bandgap semiconductor, can also be derived similarly by considering conservation of
energy of the electron and photon and the density of states [132, 134]. The resulting functional forms in the
Adachi model of the most important direct and indirect transitions for the materials in this work are given
in Table 2.1.

Fig. 2.6 shows the fit reported by Adachi to the model described in [135]. Clearly, while this can be used
to illustrate the usefulness of a rigorous physical model in representing real optical behaviour with reasonable
accuracy, it is difficult to use it to predict parameters such as transition energies and strengths for a material
with unknown optical properties (such as SiGeSn), since a close fit to the data cannot be achieved. While
fitting a physical model to the ellipsometric data provides the most information regarding critical points
in the band structure, several complicating factors may prevent a good fit from being obtained using an
Adachi-type model; real materials may exhibit non-uniform peak broadening [136], and the behaviour in
an alloy such as SiGeSn may deviate even further from the ideal behaviour. This means that in practice,
more flexible parametric models are often used to fit measurements of the dielectric constants through e.g.
ellipsometry.

A model type which has been previously used to fit the optical constants of novel materials is the Psemi
(Parametric Semiconductor) oscillator model [137], which allows various peak types to be defined, with a
large amount of freedom in determining the peak shape while maintaining Kramers-Kronig consistency. A
Psemi model fitted to experimental Ge data is included in the Woollam WVASE software which is used to
measure and analyse ellipsometric data, and this was used as a starting point for fitting the SiGeSn data.
The fitting procedure used for the SiGeSn samples is further explained in Section 3.2.

2.2.2 Critical point analysis

A common technique for identifying direct transition energies is the use of third-derivative modulation
spectroscopy such as photoreflectance [138], as discussed in Section 3.3, or explicit computation of the second
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Figure 2.6: The fit given by Adachi of his CPPB-type model to experimental Ge dielectric function data
using the critical point types in Table 2.1. No contribution due to the indirect bandgap was included. From
[135].

or third derivative of the dielectric function (Section 3.2.3). Such data is commonly fitted with expressions
of the form:

S = Ceiθ(E − E0 + iΓ)−n (2.7)

where S is either the photoreflectance signal, ∆R/R, or the second or third derivative of the dielectric
function. C is the strength of the transition, θ is a phase factor, E0 is the transition energy and Γ describes
the peak broadening. The value of the exponent n depends on the dimensionality and critical point type of
the van Hove singularity, as discussed above.

However, an examination of the expected forms of ε1 and ε2 (the real and imaginary parts of the dielectric
function, respectively) shows that this form is somewhat inconsistent with the parabolic band approximation
both in the case of fitting photoreflectance data and for fitting the second derivative of the dielectric function
explicitly. Photoreflectance is a contactless modulation spectroscopy technique useful for investigating the
energies of interband transitions through modulation of the internal electric field. Carriers are photogenerated
with a laser pump beam, modulating the internal electric field of the sample, and the reflectivity of the
sample is measured with a probe beam with and without the effect of the pump beam, allowing the change
in reflectivity (∆R) due to the pump beam to be measured. Referring to the original work by Aspnes [138],
in the low-field limit the reflectance difference spectrum is given by:

∆R

R
= Re

{[
CsCexCine

iej∆εij
]}

(2.8)

The full form and meaning of the prefactors Cs, Cex, Cin, ei and ej is given in Appendix F.1. The key

51



Figure 2.7: The relationship between derivatives of the dielectric function and photomodulation spectroscopy
for Ge, showing a) the real and imaginary parts of ε, b) its first derivative E−2(d(E2ε))/dE, c) its second
derivative E−2(d2(E2ε))/dE2, and d) its third derivative E−2(d3(E2ε))/dE3. e) ∆ε as obtained through
electroreflectance measurement. From [87].
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non-constant factor in eq. 2.8 is ∆εij , which is given by:

∆εij =
e2ℏ2EkE l

24E2

(
µ−1

)kl ∂3

∂E3

(
E2εij(Γ, E)

)
(2.9)

where E is the electric field strength, µ is the effective mass tensor, and the indices k and l denote
summation. The index notation in ∆εij is used because in the most general case, the dielectric behaviour
of a material is described by a tensor (the dispersion may be spatially anisotropic). There is one clearly
dispersive term, the factor of E−2. A heuristic derivation of the same quantity in [87, Chapter 6] similarly
gives:

∆ε =
1

6E2

e2E2ℏ2

2µ

∂3(E2ε)

∂E3
(2.10)

also giving the quadratic dependence on the electric field strength E and the E−2 dependence. This
shows that:

∆R

R
∝ 1

E2

∂3E2ε

∂E3
(2.11)

where constants which are expected to be weakly dispersive have been neglected. This form of the
reflection difference is further illustrated by the experimental data for Ge shown in Fig. 2.7, which shows the
dielectric function of Ge and its explicitly computed derivatives, compared to electroreflectance data. The
quantity E−2(∂3E2ε)/(∂E3) shows a remarkable similarity to the electroreflectance measurement.

The factor of E2, clearly apparent in eq. 2.11, is generally neglected in critical point fits, even in the
original work by Aspnes, where he gives the form in eq. 2.7 as suitable for fitting data and notes that “C
and θ are amplitude and phase factors that vary slowly with E”, implying the E2 factor is subsumed into C.
However, there appears to be no reason, with the use of modern fitting algorithms, not to explicitly include
the E2 factor in order to remove an obvious part of the energy-dependence of the constants and obtain a
(slightly) more accurate fit. Since the fits are generally carried out over a relatively small energy range,
the factor of E2 will not dramatically affect the E0 or Γ values fitted. For fitting explicit derivatives of the
dielectric constants, the functional form of the ∂2E2ε

∂E2 factor is expected to be equal to eq. 2.7, as discussed
below.

Considering the appropriate expressions to fit the explicit second or third derivative of dielectric functions,
it is reasonable to start with expressions for ε derived from the parabolic band approximation, as discussed
in Section 2.2. From [87, Chapter 6]:

ε2(ω) =

{
AE−2 (E − Eg)

1/2 for E > Eg

0 for E < Eg

(2.12)

for a 3D M0-type critical point, such as the E0 transition in Ge or GaAs. This can be obtained from eq.
2.5. Applying a K-K transformation to this equation gives:

ε1(ω) =

 C +AE−2
[
2E

1/2
g − (Eg + E)

1/2
]

for E > Eg

C +AE−2
[
2E

1/2
g − (Eg + E)

1/2 − (Eg − E)
1/2
]

for E < Eg

(2.13)
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where C is a constant2. Lifetime broadening in real materials can be taken into account by substituting
E → E + iΓ [134]. Examining these equations, it is clear that computing ∂2ε1/∂E2 and ∂2ε2/∂E2 directly
can never give an equation of the form in eq. 2.7, which is assumed in e.g. [74, 75]; due to the E−2 pre-factor,
multiple terms are generated when differentiating the expression due to the product rule, leading to a very
complicated expression for ∂2ε2/∂E2. However, if ε2 is first multiplied by E2, differentiating eq. 2.12 will
give an expression of the form (E − Eg)

−n. The work on SiGe by Vina et al. [74], cited by both [75] and
[42], fits similar expressions to the E1 and E1 +∆1 critical points, and states explicity that:

ε ∼ C − ln(E − ω − iΓ)eiϕ (2.14)

where it appears the E−2 factor in ε which arises due to eq. 2.5 has been explicitly neglected.
Summarizing, this means that photoreflectance data in this work has been fitted with expressions of the

form:

∆R

R
= Re

{
CE−2eiθ(E − E0 + iΓ)−n

}
(2.15)

where n = 3 for 2D CPs, n = 5/2 for 3D CPs, and n = 2 for exciton features (the fitting method
is discussed further in Section 3.3). Critical point analysis using the dielectric functions obtained through
ellipsometry is done by computing ∂2(E2ε)

∂E2 as described in Section 3.2.3 and fitting equations of the form:

∂2(E2ε)

∂E2
= Aeiθ(E − E0 + iΓ)−m (2.16)

where m = 2 for 2D CPs, m = 3/2 for 3D CPs, and n = 1 for exciton features (one lower than the
exponents for the PR fits, since these are second rather than third derivatives of E2ε).

2.3 Light-trapping

2.3.1 Transfer matrix model

The transfer matrix model is a wave-optical model which describes the reflection, transmission, refraction
and absorption of light in structures with one or more material layers, taking into account wave interference
due to reflection at different interfaces. This behaviour can be derived fully from the Fresnel equations.
Light incident on and travelling inside the structure is assumed to be a plane wave with a forward and
backward-travelling component, and reflection and transmission at each interface are described by a matrix
which describes the complex reflection and transmission amplitudes. The change of phase of the wave as it
travels through a material (including absorption) can similarly be represented by a matrix.

The Fresnel equations, and thus these matrices, will depend on both the wavelength (for a dispersive
material) and the incidence angle and polarization of the light [91]:

rs =
n1 cos θ1−n2 cos θ2
n1 cos θ1+n2 cos θ2

rp = n2 cos θ1−n1 cos θ2
n2 cos θ1+n1 cos θ2

ts =
2n1 cos θ1

n1 cos θ1+n2 cos θ2
tp = 2n1 cos θ1

n2 cos θ1+n1 cos θ2

(2.17)

For an electromagnetic plane wave interacting with a layered structure, the electric field can be written
as the sum of forward (Ef ) and backward-travelling (Eb) amplitudes:

2Note that the form of ε1 is very similar to that given in Table 2.1; these forms differ slightly because Adachi constrains
the strength parameters A of the E0 and E0 + ∆0 transitions in relation to one another, as they both occur along the same
symmetry point.
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E(r) = E0
fe

i(kf ·r−ωt) +E0
be

i(kb·r−ωt) (2.18)

Here, kf and kb are the wavevectors for the forward and backward-travelling components of the wave,
respectively. The wavevectors describe the direction in which the wavefronts of the plane wave are travelling;
in addition, the z-component may describe absorption in a material with κ > 0. r is a position within the
medium (with z = 0 being the front surface). E0

f and E0
b are the vector amplitudes of the forward and

backward-travelling plane wave components, respectively. Their form depends on whether the incident
light is s-polarized (also frequently described as TE or transverse electric polarization) or p-polarized (TM
or transverse magnetic). For a plane wave, the H field can be found directly from the E field through
H = 1

µ0ω
k×E [139]; thus, we will only discuss the E field, as it contains all the information about the plane

wave. Assuming, without loss of generality, that the incident waves are in the x-z plane, s polarization has
E0

f = Ef ĵ, giving Hf ∝ nEf (− cos θî + sin θk̂), while for p polarization H0
f lies in the ĵ direction so that

Ef = Ef (+ cos θî− sin θk̂), where Ef is a scalar amplitude. kf and kb, the forward and backward-travelling
parts of the wavevector, can be written explicitly as:

kf =
2πñ

λ
(k̂ cos θ + î sin θ) , kb =

2πñ

λ
(−k̂ cos θ + î sin θ) (2.19)

Where ñ is the complex refractive index of the medium (ñ = n+ iκ), λ is the vacuum wavelength, and θ
is the angle the wavevector makes relative to the surface normal. At this point, it can be noted that if κ > 0,
as for any absorbing material, the components of the k vectors may become complex. Only the z-component
of the wavevector for a plane wave may be complex while the x-component must remain real; an imaginary
x-component would describe power dissipation in the directions parallel to the interfaces, which would mean
the light is not a plane wave. This indicates that sin θ and cos θ must be complex and thus θ is complex. The
meaning and treatment of the complex angle of the wavevector in absorbing materials is discussed further
in Appendix B. For now, it can be noted that if the z-component of the k vector has a positive imaginary
part (κ > 0), the result in eq. 2.18 is a decaying amplitude as the electric field propagates through the layer,
corresponding to absorption in the layer.

Considering a multi-layer stack with reflection and transmission at all interfaces, we can construct an
equation for the electric field amplitudes travelling forwards and backwards near the interfaces, e.g. Eb1 =

Ef1r12+Eb2t21; the backward-travelling amplitude of the E-field in material 1 at the interface with material
2 is the reflected amplitude of the forward-travelling amplitude in material 1 and the amplitude of the
backward-travelling component transmitted from medium 2 into medium 1. Similarly Ef2 = Ef1t12 +

Eb2r21. These intuitive expressions can be validated by deriving them from the plane-wave definitions using
the electromagnetic boundary conditions (the tangential component of the electric field E and the normal
component of the magnetic flux density B are continuous across an interface), as is done in e.g. Born and
Wolf [139, Chapter 1].

Now, general equations which relate the forward and backward-travelling amplitudes in adjacent layers
at their interface can be constructed. For example, the amplitude travelling forwards at the start of layer 3
and the amplitude travelling backwards at the start of layer 2 can be related to the amplitudes in adjacent
layers as:

f3 = f2e
iδ2t2/3 + b3r3/2

b2 = f2e
iδ2r2/3e

iδ2 + b3t3/2e
iδ2

(2.20)
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The δ2 factor accounts for the phase change of the amplitude across the layer, and is equal to kzd where
d is the layer thickness and kz is the z-component of the k vector (= 2πn cos θ

λvac
). The values r and t are

amplitude reflection and transmission probabilities, where r2/3 denotes the probability of light travelling
from medium 2 into medium 3 being reflected back into medium 2 at the interface. Similarly, t2/3 denotes
light which is transmitted from medium 2 to medium 3 at the same interface. These expressions can be
generalized to any layer in the structure:

fn+1 = fne
iδntn/n+1 + bn+1rn+1/n

bn = fne
2iδnrn/n+1 + bn+1tn+1/n

(2.21)

Rearranging these equations and substituting the first equation into the second, bn and fn can be ex-
pressed in terms of bn+1 and fn+1:

fn =
e−iδn

tn/n+1
(fn+1 − bn+1rn+1/n)

bn = fnrn/n+1e
2iδn + bn+1tn+1/ne

iδn

=
(
fn+1 − bn+1rn+1/n

) eiδn

tn/n+1
rn/n+1 + bn+1tn+1/ne

iδn

= eiδn
[
fn+1

(
rn/n+1

tn/n+1

)
+ bn+1

(−rn+1/nrn/n+1 + tn+1/ntn/n+1

tn/n+1

)]
=

eiδn

tn/n+1

(
fn+1

(
rn/n+1

)
+ bn+1

)
(2.22)

In the final simplifying step for the bn expression, the identity ta/btb/a − ra/brb/a = 1, which can be
derived from the Fresnel equations, was used. Taking the expression for fn and the final expression for bn,
these equations can be written in matrix form as:(

fn

bn

)
=

1

tn/n+1

(
e−iδn −e−iδnrn+1/n

eiδnrn/n+1 eiδn

)(
fn+1

bn+1

)
(
fn

bn

)
=

1

tn/n+1

(
e−iδn 0

0 eiδn

)(
1 rn/n+1

rn/n+1 1

)(
fn+1

bn+1

)
(
fn

bn

)
=Mn

(
fn+1

bn+1

) (2.23)

where in the first step, the identity ra/b = −rb/a was used, which can be seen from the Fresnel equations.
This matrix equation relates the amplitudes in one layer to the amplitudes of the layer below. Generalizing
for the full stack, given that f1 = 1, b1 = r, fN = t and bN = 0 (the Nth layer is the semi-infinite transmission
medium), we can write: (

1

r

)
=M1M2 · · ·MN

(
t

0

)
(

1

r

)
=

(
M̃11 M̃12

M̃21 M̃22

)(
t

0

) (2.24)

The matrix elements of M̃ can be calculated with knowledge of the optical constants, layer thicknesses,

56



Figure 2.8: Two types of resonant mode in an ultra-thin solar cell: Fabry-Perot (thin-film) and guided modes
due to diffraction. From [95].

and incidence angle for all layers. Inspecting eq. 2.24, it is possible to calculate r and t as:

t =
1

M̃11

r =M̃21t =
M̃21

M̃11

(2.25)

Once the values of r and t are known, it is then possible to work out the amplitudes at the start of every
layer, and thus calculate quantities such as absorption per layer and overall reflection and transmission.
Calculation of power flow and depth-dependent absorption profiles using the TMM is discussed in Section
4.2.4.

2.3.2 Fabry-Perot and guided mode analysis

For the ultra-thin cells with metal/dielectric gratings considered in Section 6.1, the peaks in the absorption
or quantum efficiency spectrum can generally be attributed to either Fabry-Perot (thin-film) interference,
or resonant guided modes due to diffraction from the grating; both of these effects are illustrated in Fig.
2.8. To analytically investigate the origin of resonance lines in the absorption spectrum due to different
diffracted orders, a solar cell can be considered as a waveguide, using a model for an asymmetric waveguide
(this method of analysis was applied to the high-efficiency ultra-thin GaAs cell with a metallic grating in
[95]). The allowed diffracted directions in which light can travel after interacting with the grating depend on
the optical constants (and thus also the wavelength) of the material in which the light is travelling and the
reciprocal lattice vectors (determined by the period and symmetry) of the grating. The allowed diffraction
directions can be calculated analytically from the Fraunhofer equation [77]:

k∥(m1,m2)
= m1b1 +m2b2 + k∥0

nu∥(m1,m2) =
m1b1λ0

2π
+
m2b2λ0

2π
+ u∥0

(2.26)
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with the first expression in terms of the wavevectors k and the second in terms of the real space unit
direction vectors. λ0 is the wavelength in vacuum, b1 and b2 are the reciprocal lattice vectors of the grating,
and n is the refractive index in the layer in which the diffracted order is travelling. u∥ = uxex + uyey is
the unit vector which describes the in-plane direction of the plane wave, and k∥ is the in-plane wavevector.
u∥0 is the in-plane unit direction, and k∥,0 the in-plane wavevector, of the incident light (both are equal to
(0, 0) for normal incidence). m1 and m2 are the integer diffraction order indices along the reciprocal lattice
vectors b1 and b2 respectively. The relationship between the real space lattice vectors d1 and d2 and the
reciprocal lattice vectors for a grating with hexagonal symmetry, such as those used for the ultra-thin cells
discussed in Section 6.1, as well as the in-plane propagation directions for orders up to −2 ⩽ m1,2 ⩽ 2 are
illustrated in Fig. 6.2.

To calculate the allowed guided modes, a model of an asymmetrical waveguide made of three layers is
used as described in [94, Chapter 11.2]. This simplifies the solar cell structure, which generally has more than
three layers (while it is possible to treat the layer stack in full using a more complex TMM-based model, this
was not done here). To give a guided mode, a specific diffraction angle must be trapped inside the guiding
layers (e.g. the GaAs in an ultra-thin GaAs cell) and give rise to constructively interfering waves in the
“waveguide”; for each grating period, this will only be true at specific wavelengths, which can be solved for
semi-analytically. This method of analysis gives the wavelengths at which guided modes can exist, but does
not calculate how well light will be diffracted into any particular order; to calculate this, a Maxwell solver
such as RCWA (discussed in the next section) is required.

In addition to guided modes which can occur due to diffraction from the grating, thin-film interference
due to specular reflection at the interfaces within the solar cell also occurs. The origin of peaks in the
absorption spectrum due to such Fabry-Perot (F-P) interference can be analysed by considering the phase
change in every layer of the structure, in addition to that due to reflection at the front and rear surfaces,
and finding wavelengths at which the phase change is a multiple of 2π for constructive interference [95]:

2
∑
i

kz,idi + φ = 2πm (2.27)

where m is any integer, kz,i = 2πni/λ is the z-component of the wavevector (for normal incidence) in
layer i with refractive index ni, di is the thickness of layer i and φ is the additional phase change due to
reflection at the front and back surface, which can be worked out from the Fresnel equations:

φ = φfront + φback

= ∠ rfront + ∠ rback
(2.28)

where rfront and rback are the Fresnel reflection coefficients (eq. 2.17), evaluated with the appropriate
complex refractive indices n1 and n2; for rfront, n1 describes the incidence medium and n2 describes the first
layer of the stack, and for rback the n1 value is for the final layer in the stack and n2 describes the substrate
(assuming the F-P mode occurs inside the full stack). The symbol ∠ denotes the phase of the complex
number.3

Defining the cavity in which the Fabry-Perot oscillation happens can be somewhat arbitrary; reflection
generally takes place at every interface, as discussed in Section 2.3.1. In a solar cell, many of the layers may

3For normally incident light, evaluating rs and rp give the same answer to within a factor of -1, or e±iπ , meaning the
contribution to φ will differ by ±π depending on whether rs or rp is evaluated. However, when the contributions for front and
back are added up, these factors will cancel out, so the same result for the phase difference is reached as long as the equation
for either rs or rp is used for both contributions.
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have a similar refractive index, leading to low reflection at the interfaces, and there may only be one or two
possible cavities. Generally, comparison with e.g. TMM calculations is necessary to identify which layers are
involved in a specific thin-film feature. In simulations of structures containing a grating, Fabry-Perot modes
will be distinct from guided modes when a large number of grating periods and geometries are simulated, as
their location will not be dependent on the grating features (Fig. 6.6 is an illustration of this).

2.3.3 Rigorous coupled-wave analysis

Rigorous coupled-wave analysis (RCWA), also called the Fourier modal method (FMM) is a semi-analytical
method for solving Maxwell’s equations, originally developed by Gaylord and Moharam [140]. RCWA is
a suitable method for calculating scattering effects due to periodic structures. This is done by defining a
structure which is periodic in two linearly independent lateral directions, parallel to the layer interfaces. The
electromagnetic field and permittivity at a particular height perpendicular to the lateral directions can then
be represented in terms of Fourier series, and differential equations following from Maxwell’s equations can
be developed to solve for the field’s Fourier coefficients as it propagates through the structure [92]. There are
multiple implementations of RCWA available, using different programming languages; GD-Calc (Grating
Diffraction Calculator) [92], a proprietary MATLAB-based simulation tool, and S4 [141], an open-source
C-based program with a Python interface, were used in this work.

Defining a coordinate system with ê2 and ê3 as the grating-tangential coordinate vectors and ê1 as the
grating-perpendicular direction, we can write the E-field of an incident (i) electromagnetic plane wave as:

E⃗i(x⃗) = A⃗ie
ik⃗i·x⃗

Where the wave vector k can be written as:

ki = ki,1ê1 + ki,2ê2 + ki,3ê3

The reflected (r) and transmitted (t) fields will consist of a superposition of different diffraction orders
m1 and m2 (in two dimensions):

E⃗r/t(x⃗) =

∞∑
m1,m2=0

A⃗r/t(m1,m2)e
ikr/t(m1,m2)·x⃗

Where A⃗r/t(m1,m2) is the diffraction efficiency into the reflected and transmitted order (m1,m2), as
discussed in the previous section. Any grating g considered using RCWA must be periodic, so two linearly
independent vectors d⃗g1 and d⃗

g
2 can be defined under which the grating permittivity is translationally invariant.

Thus, if the incident field is translated by e.g. d⃗g1, this should have no effect on the reflected or transmitted
field other than a translation by the same amount (analogous to the discussion of Bloch functions in Section
2.1):

E⃗(x⃗+ d⃗g1) = E⃗(x⃗)eik⃗i·d⃗g
1 (2.29)

The total field is the incident + reflected fields for the space above the grating and the transmitted field
for the space below the grating. The translational invariance vectors do not depend on ê1, and so only the
grating-tangential component of k⃗i is important in equation 2.29:
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E⃗(x⃗+ d⃗g1) = E⃗(x⃗)eik⃗ip·d⃗g
1 (2.30)

where the p in k⃗ip indicates the grating-parallel component.
Dividing both sides of this equation by eik⃗ip(x⃗+d⃗g

1) gives:

E⃗(x⃗+ d⃗g1)

eik⃗ip(x⃗+d⃗g
1)

=
E⃗(x⃗)

eik⃗ip·x⃗
= f(x⃗) = f(x⃗+ d⃗g1) (2.31)

i.e. a function periodic with d⃗g1. Clearly, a similar expression can be derived for periodicity in d⃗g2. This
means we can write the function f(x⃗) as a two-dimensional Fourier series:

f(x⃗) =
∑

m1,m2

A⃗(m1,m2)(x1)e
i(m1k⃗

g
1+m2k⃗

g
2 )·x⃗

Multiplying by eik⃗ip to get E⃗(x⃗):

E⃗(x⃗) =
∑

m1,m2

A⃗(m1,m2)(x1)e
i(m1k⃗

g
1+m2k⃗

g
2+k⃗ip)·x⃗ (2.32)

In general, for the exact expression of the E and H fields, the sums over m1 and m2 run from −∞ to
+∞, but for computational purposes only a finite number of orders can be retained.4

A similar expression to equation 2.32 can be derived for the H-field. Having established the functional
form of the electric and magnetic fields, these forms can be inserted into Maxwell’s equations to determine
a set of differential equations for the Fourier coefficients. In order for these equations to be solved, only
a finite number of Fourier orders can be retained; keeping a larger number of orders increases accuracy
but decreases computation speed (as shown in Fig. 2.9f, the computation time scales with the cube of the
number of Fourier orders). Although the plane wave approach introduced here is only valid in a region of
space which is homogeneous in the ê1 direction, with a periodic structure in the ê2 and ê3 directions, the
effect of a multi-layered grating can be modelled by dividing it into infinitesimal layers and calculating a
“scattering matrix” for each layer, which describes how an electromagnetic field is affected by it. A version
of the derivation above and the construction of the differential equations and scattering matrices is given in
[142].

Knowledge of the electric and magnetic field amplitudes in each diffraction order at different depths in the
structures allows the absorbed and transmitted power to be calculated using the Poynting vector S = E×H∗.
Specifically, calculating the z-component S · z at different heights in the structure allows changes in power
flow across layers of interest to be calculated, and the amount of power in different diffracted modes can also
be calculated.

It is well-documented that the inclusion of some materials, especially metals, can lead to instabilities
in RCWA simulations. This can lead to slow convergence of the calculations and unphysical oscillations
at material boundaries, leading to inaccurate near-field results [143]. When metals are used in simulations
with dielectrics or semiconductors, as is often the case in simulations of solar cell structures, the dielectric
contrast at interfaces is very large at certain wavelengths where the real part of the dielectric function ε is
negative in the metal (generally, this occurs at the optical and infrared frequencies relevant for solar cell
operation). Such discontinuities in the dielectric function at interfaces leads to slow convergence of the

4The most obvious truncation is to keep orders which satisfy |m1| = |m2| ≤ mmax where mmax is a positive integer, but
other truncation rules (e.g. |m1|+ |m2| ≤ mmax) can also be used.
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Figure 2.9: Convergence of S4 for two structures containing metal. Structure 1 and Structure 2 are as
defined in the main text. a) The absorption in the GaAs layer of Structure 1 with different number of Fourier
orders, as given in the legend. b) The absorption in the GaAs layer in Structure 2. c) The absorption in
the grating (Ag/SiN) layer of Structure 1. d) The absorption in the grating layer of Structure 2. e) The
calculated photogenerated current for both structures using different number of Fourier orders for circular
and parallelogramic choice of basis vectors – a) to d) show the results with the parallelogramic basis vector
choice. f) The computation time, which scales as N3 where N is the number of Fourier orders retained.
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Fourier series representation [141], and some structures suffer from instability in the calculated near-field
results even with a large number of Fourier orders due to the Gibbs phenomenon. When a Fourier series
is used to represent a piecewise function with a discontinuity, this representation has oscillations near the
discontinuity. The height of the overshoot caused by these oscillations cannot be reduced by increasing the
number of Fourier orders, but is an inherent feature of the representation of jump discontinuities through
Fourier series. These oscillations near the interfaces cause a phenomenon called ‘ringing’ in the real-space
reconstruction, introducing additional interfaces where the dielectric function crosses zero which do not exist
in reality [141]. Various improvements to RCWA formulations have been suggested and implemented to
alleviate these issues, such as Lanczos smoothing [144] or a modified representation of the electric field to
reduce the ringing issues proposed by Weismann et al. [143].

As discussed above, two different RCWA implementations were used over the course of the PhD: the
MATLAB-based proprietary code GD-Calc was used for the investigation of the effect of inconsistently
reported metallic optical constants presented in Section 4.3. This implementation of RCWA seems to be
relatively stable even when metallic structures are included, and shows good convergence (Fig. 4.30a).
S4 was used for all other RCWA results presented, and shows more instability when metals are used; the
effect of this instability is shown in Fig. 2.9 for two different structures of the type also considered in Section
6.1. Structure 1 has a silver/silicon nitride (SiN) rear grating with a hexagonal arrangements of discs with a
period of 600 nm and a disk diameter of 300 nm. Structure 2 has a similar grating with a period of 500 nm and
a disk diameter of 160 nm. Both structures have a thin (86 nm) GaAs solar cell (further details of the layers
in this structure are given in Section 6.1). Figures 2.9a-d show the calculated absorption vs. wavelength in
the GaAs layer (leading to photocurrent in the solar cell) and in the grating itself, for different numbers of
retained Fourier orders. Fig. 2.9e shows the resulting photogenerated current from absorption in the GaAs
depending on the number of Fourier orders used. There is initial rapid convergence of the photogenerated
current Jph, but the result then oscillates around some mean value for both Structure 1 and Structure 2 due
to the instabilities discussed previously. Structure 1 consistently performs better than Structure 2 in terms
of photogenerated current, and it was found that although the exact location and strength of the diffraction
peaks in the absorption spectrum oscillate depending on the number of Fourier orders and lattice truncation
method used [141], the trends for optimal designs in terms of grating thickness, disk radius etc. were very
consistent for different numbers of Fourier orders. The RCWA simulations are primarily used to compare
different grating and device structures to find optimal designs and are thus a suitable method, despite the
convergence issues due to the Gibbs phenomenon.

2.4 Solar cell operation
As this work is mostly concerned with the development of novel materials for solar cells and cell architectures
to improve light management, as opposed to the specifics of device fabrication and electrical performance,
the physics of p-n junctions and solar cell devices will not be covered in great detail. However, a basic
overview is included here to clarify commonly used terms and metrics for solar cell performance [145].

The semiconductors discussed in Sections 2.1 and 2.2 were assumed to be so-called intrinsic semiconduc-
tors: perfect crystals with no impurities. At absolute zero, all valence band states in the semiconductor are
filled, and all conduction band states are empty, and the Fermi level (the energy level with a 50% probability
o being occupied at thermal equilibrium) lies mid-gap. At finite temperatures, some electrons will gain
enough kinetic energy to be promoted to the conduction band, above the Fermi level. For a semiconductor
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in thermal equilibrium at temperature T, the probability that an energy level at energy E in the conduction
band is occupied is given by the Fermi-Dirac distribution:

f0(E,Ef , T ) =
1

e(E−EF )/kBT + 1
≈ e(Ef−E)/kBT (2.33)

where kB is the Boltzmann constant. In the second step, the Boltzmann approximation is made: if
E −Ef ≫ kBT (i.e. the energy difference between the conduction band and the Fermi level is much greater
than the thermal energy), as is the case generally for solar cells under normal operating circumstances, the
exponential term in the denominator dominates, and the Fermi-Dirac distribution simplifies to a Boltzmann
distribution. It follows that the probability that there is not an electron at an energy E is 1 − f0 ≈
e(E−Ef )/kBT (in the Boltzmann approximation). Such a missing electron in the valence band is called a hole.

Solar cells are typically made up of layers of doped semiconductors, possibly in combination with intrinsic
regions. The process of doping involves the purposeful introduction of impurity atoms during material growth
to change the electronic nature of the resulting material. For n-type (negative) doping, impurity atoms are
introduced which introduce free electrons. For instance, a Group IV semiconductor such as Ge or Si could
be doped with a Group V element such as phosphorus, referred to as a donor atom. Phosphorus has one
additional valence electron which is not needed for bonding when it replaces a silicon or germanium atom
in the lattice. These additional electrons must go in the conduction band at zero temperature (since all the
states in the valence band are already occupied), and thus the Fermi level must now lie between the mid-gap
point and the conduction band (raised relative to the intrinsic semiconductor). Conversely, for a p-doped
material, impurities with one fewer valence electron are introduced, for example Group III element boron
in a group IV intrinsic semiconductor. Such an impurity is an acceptor atom; it needs one more electron
for bonding than it can contribute, and thus will remove an electron from the valence band, or equivalently,
add a hole to the valence band. This means there are missing electrons in the valence band in a p-doped
semiconductor at 0 K, and the Fermi level is thus lowered compared to the intrinsic case.

Fig. 2.10 illustrates a typical p-n junction, where p and n-doped regions are brought into contact, at
equilibrium. The top diagram shows the doping profile of the p-type and n-type layers, which have widths
xp and xn respectively. The lower part of the diagram shows the band profiles. In the p-type semiconductor,
there are extra holes in the valence band (VB) and the Fermi level lies closer to the VB, while in the n-type
region the Fermi level lies closer to the conduction band (CB) due to additional electrons in the CB. In
equilibrium, the overall Fermi level in the junction must be constant since charge carriers can redistribute
themselves in the material (while the nuclei of the doping atoms remain fixed in place), which leads to
band bending. In general, the behaviour of such a junction can be described by solving the semiconductor
transport equations and Poisson’s equation simultaneously; however, this is a complicated problem which
is generally solved numerically (e.g. using Solcore [128]). To understand the operation of a solar cell,
some assumptions can be made, including the so-called depletion approximation: the junction region will
be completely depleted of both electrons and holes, as excess holes in the p-type region allow the excess
electrons in the n-type region to recombine, and is called the depletion or space charge region (in Fig. 2.10
it occupies the width between −wp and wn). An electric field across the junction is formed by the presence
of (immobile) impurity nuclei: there are more protons on the n-type side. Thus the electric field points from
the n-type to the p-type region (or equivalently, the n-type side is at a higher potential).

When a photovoltaic cell is exposed to light at or above the bandgap energy, interband (CB to VB)
absorption may occur, where an electron from the valence band gains enough energy from the photon to
reach the conduction band, leaving a hole in the valence band. Exposure to light means the cell is no longer
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Figure 2.10: Schematic of the depth profile of doping and the corresponding valence and conduction band
offsets for a p-n junction solar cell. From [146].

at equilibrium. Generally, carrier relaxation to the band edge within the valence or conduction band is
several orders of magnitude faster than carrier relaxation between the bands, and it can be assumed that the
electrons in the VB and the holes in the CB each achieve a state of quasi-thermal equilibrium, each following
their own Fermi-Dirac distribution relative to a so-called quasi Fermi level.

The movement of carriers through the p and n-doped materials happens through two mechanisms: dif-
fusion of carriers, driven by a gradient in electron and hole populations, and carrier drift, due to the electric
field at the p-n junction. With reference to Fig. 2.10, the built-in electric field of the junction causes elec-
trons to move to the right, into the n-type region, and holes to move to the left, into the p-type region,
often referred to as minority carriers being driven across the barrier (electrons are driven out of the p-type
region, where they are the minority carrier, into the n-type region, and vice versa). At zero external bias,
this generates a photocurrent JSC of electrons flowing to the n-type contact. When a forward bias is applied
to a p-n junction (without illumination), electrons are injected into the n-type side and removed from the
p-type side (or equivalently, holes are injected into the p-type side). The electron and hole quasi Fermi levels
split and since the applied voltage opposes the built-in voltage, the potential barrier is reduced (the bands
flatten), and there will be a net current of electrons from the n-type side to the p-type side. This current
will be voltage dependent and is called the dark current, Jdark(V ); it flows in the opposite direction to the
current which results from carrier drift across the junction (the photocurrent is a reverse bias current), as
illustrated in Fig. 2.11a. For a photovoltaic cell in operation, exposed to both optical and electrical bias,
the current is given by:

J(V ) = JSC − Jdark(V ) (2.34)

The efficiency of a solar cell, η, is defined as the useful electrical power which can be extracted from the
cell as a fraction of the total solar power incident on the cell area, when the cell is operated at the voltage
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Figure 2.11: a) J-V (current density-voltage) relationship of a thin GaAs cell under illumination and in the
dark, showing key points and values for solar cell performance. b) A comparison between measured EQE
and calculated total absorption in the thin GaAs cell.

where it produces maximum power (P = IV ). Expressed in terms of power density (power per unit area):

η =
Pcell
PSun

=
JMPPVMPP

PSun
=
JSCVOCFF

PSun
(2.35)

where PSun is the incident power density (intensity) of sunlight. JMPP and VMPP are the current density
(current per unit area) and voltage at the maximum power point, respectively. The efficiency is often
expressed in terms of the open-circuit voltage VOC and short-circuit current JSC instead, related to the
values at the maximum power point by the fill factor FF :

FF =
JMPPVMPP
JSCVOC

(2.36)

An example of these quantities for a J-V curve for a real cell under illumination is shown in Fig. 2.11a.
In an idealized model of a solar cell, all above-bandgap photons are absorbed and generate carriers, and

the number of carriers which can be extracted is limited only by the necessity of some carriers to recombine
across the bandgap and be re-radiated (the principle of detailed balance) [8]. However, in a real material
100% absorption above the bandgap can never be achieved; some light will be reflected at the front surface,
and the absorption edge is not infinitely sharp (see Fig. 2.4). The external quantum efficiency (EQE) of a
cell is defined as the number of charge carriers which can be collected from the cell divided by the number
of incident photons. The internal quantum efficiency is the number of collected charge carriers divided by
the number of photons which are absorbed by the cell. This means that the EQE takes into account both
optical losses due to non-unity absorption and incomplete charge collection, while the IQE measures how
efficiently photogenerated carriers are collected. The EQE measured at zero voltage and integrated over the
solar spectrum gives the short-circuit current:

JSC = q

∫ ∞

0
Φ(λ)EQE(λ)dλ (2.37)
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where Φ(λ) is the photon flux of the relevant solar spectrum (e.g. AM1.5G for terrestrial applications,
or AM0 for space applications). In purely optical simulations, a useful figure of merit is the photogenerated
current Jph:

Jph = q

∫ ∞

0
Φ(λ)Aactive(λ)dλ (2.38)

where Aactive is the fraction of incident light absorbed in the photovoltaically active layers (e.g. the p-n
junction). In practice, the integration runs over wavelengths above 250 nm, as there are very few photons
below this wavelength in the solar spectrum, up to λg, i.e. the bandgap wavelength of the semiconductor
above which no photons will be absorbed (in practice, the numerical integration will be run over slightly
longer wavelengths to account for any sub-bandgap absorption due to e.g. excitonic effects). The Jph reflects
the short-circuit current which would be achieved with 100% internal quantum efficiency, rather than an
actual short-circuit current which can be achieved in a real device. Fig. 2.11b shows the measured EQE and
simulated absorption in the GaAs for an ultra-thin GaAs device (see Section 6.1).
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Chapter 3

Experimental and computational
methods

3.1 SiGeSn sample growth
SiGeSn samples were grown through low-pressure CVD (chemical vapour deposition) by IQE plc. using an
ASM Epsilon 2000 CVD epitaxy reactor, with germane (GeH4), disilane (Si2H6) and tin chloride (SnCl4)
precursors with H2 as the carrier gas. Two sets of samples across the composition range are considered here:
one set grown on GaAs substrates with a thin (≈ 60 nm) Ge seed layer (Set A), and one set grown on
Ge substrates which were overgrown with approximately 500 nm of lattice-matched In0.012Ga0.988As grown
through MOVPE (Set B). The layer structure of the samples is shown in Fig. 3.1. Samples were grown at
different compositions, all aiming for an approximately 4:1 ratio of Si:Sn to achieve the same lattice constant
as Ge (Section 1.4.2).

Both sets of samples include three different compositions of SiGeSn, with the aim of keeping the Si:Sn ratio
constant in order to maintain lattice-matching to Ge while varying the optical and electronic properties of the
samples. In addition to the three different compositions, samples in Set B were also grown with two different
SiGeSn thicknesses. The resulting sample structures, compositions and layer thicknesses are summarized in
Table 5.1.

Figure 3.1: Schematic of the layer structure of the epitaxial SiGeSn samples. Note that the surface oxide
layers are shown as they are included in the spectroscopic ellipsometry fits, but are not part of the epitaxial
layer stack (these layers form spontaneously as the samples are exposed to air).
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3.1.1 Composition and structural measurements

Optical microscope images of the SiGeSn samples were obtained using an Olympus BX51 Microscope
equipped with a polarizer and Nomarski prism and taken at 10×, 20×, 50× and 100× magnification. Further
surface scans were performed using a JEOL scanning electron microscope (SEM) JSM6700F equipped with
backscattered electron mode and an Oxford instruments X-Max 150mm2 silicon drift detector for energy
dispersive X-ray (EDX) measurements, used to determine the sample composition. The sample composition
was measured at 10 points on the surface of each sample (averages and standard deviations are reported in
Table 5.1); measurements of the same samples during different measurement sessions showed these results
to be repeatable.

The samples were investigated for their crystalline quality and lattice constant using a Malvern-Panalytical
Empyrean X-ray diffractometer, used to measure both rocking curves and reciprocal space maps (RSMs)
around the symmetrical (004) and asymmetrical (224) reflections.

These imaging and structural measurements were carried out by collaborators at the National University
of Singapore, primarily by Dr. Sheau Wei Ong working in Prof. Eng Soon Tok’s research group.

3.2 Spectroscopic ellipsometry

3.2.1 Measurement

Spectroscopic ellipsometry (SE) measurements were performed using a J. A. Woollam Co. VASE ellipsome-
ter with a spectral range of incident light of 250-1700 nm. The V-VASE ellipsometer is a variable-angle,
rotating analyzer spectroscopic ellipsometer; the basic configuration is a light source (passed through a
monochromator to provide only a narrow band of wavelengths), which passes through a polarizer which
linearly polarizes the incident beam. As shown in Fig. 3.2, this beam is incident on the sample at the
chosen angle of incidence, and the reflected signal, which will be elliptically polarized, is passed through a
continuously rotating analyzer before entering the detector (“analyzer” is used to refer to a polarizer placed
just before the detector in order to pick out the desired polarization state). Lock-in techniques, using a
chopped beam and synchronous detection techniques, are used to minimize the effect of ambient light. The
measured quantity in SE measurements is ρ, the ratio of the complex Fresnel reflection coefficients R̃p and
R̃s for p and s-polarized incident light, respectively:

ρ =
R̃p

R̃s

= tan(ψ)ei∆ (3.1)

ρ is expressed through the ellipsometric angles ψ and ∆, with tan(ψ) being the magnitude and ∆ the phase
of the complex number.

The measured SE signal will be the result of light reflected from the front surface of the sample interacting
with any light which is reflected internally at any intermediate layer interfaces or the back surface, as discussed
in the explanation of the transfer matrix model (Section 2.3.1). The electromagnetic waves reflecting from
different surfaces will interfere, giving the overall SE signal, which is very sensitive to the front surface
reflection and the layer structure of the sample. If a bulk sample (a thick sample without any overlayers
such as a surface oxide) is being measured, the dielectric function can be calculated directly from ρ:
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Figure 3.2: Diagram of ellipsometry measurement, also showing the meaning of s and p-polarization. From
[147].

⟨ε̃⟩ = ⟨ε1⟩ − i⟨ε2⟩ = sin2 ϕ

[
1 + tan2 ϕ

(
1− ρ

1 + ρ

)2
]

(3.2)

where ϕ is the incidence angle of the light [147]. When applied to a multi-layer structure, this equation
gives the so-called pseudo-dielectric constant, as it ignores layers in the structure and calculates the dielectric
constants directly from ρ assuming the sample is a bulk structure. Since the ellipsometry measurement is
most sensitive to the top layers of a structure, calculating the pseudo-dielectric constant can often give
a useful indication of the dielectric function behaviour (e.g. redshifting or blueshifting relative to some
reference material), but it will not give accurate values for the dielectric constants of any individual layer
(see Fig. 5.4 for an example of the pseudo-dielectric constants of SiGeSn).

All samples were measured at incidence angles of 75◦, 77◦ and 79◦ from the normal. These angles are
chosen because the most sensitive measurements of the complex reflectance ratio ρ are obtained around the
pseudo-Brewster angle of the sample, where Rp reaches a minimum [148, 147]. The pseudo-Brewster angle
is given by θ̃B = arctan n1

n0
[147]; taking n0 = 1 for air, θ̃B is 77◦ for Ge at 500 nm. The samples measured

are not pure Ge, and θ̃B depends on wavelength since n1 is dispersive; thus the samples are measured at
three incident angles around the initial estimate of pseudo-Brewster angle. In addition to obtaining accurate
data around the pseudo-Brewster angle, measuring at several incidence angles and calculating the pseudo-
dielectric constants also provides a simple way of checking for non-ideal behaviour such as depolarization of
the measured signal. The pseudo-dielectric constants calculated from data taken at different angles should
be the same; if this is not the case, it indicates other behaviours (such as depolarization or scattering from
the sample surface due to e.g. surface defects) are affecting the measurement. Depolarization occurs when a
thick (compared to the wavelength of the incident light) sample becomes transparent, causing light to travel
through the sample and reflect at the back side. This light can then travel back through the sample and be
collected with the light reflected at or close to the sample surface, but due to having travelled (in the case
of the SiGeSn samples discussed here) hundreds of microns as opposed to (at most) hundreds of nanometres
for light reflecting from the front of the sample or at intermediate interfaces, this light will no longer be fully
coherent with the rest of the signal due to the finite coherence length of the incident light. This causes the
measured signal to become depolarized, affecting the value of ρ that is measured. For instance, this occurs
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in germanium at energies lower than its lowest direct bandgap (0.8 eV); as absorption across the indirect
gap is weak, light is able to travel through the sample without being absorbed.

3.2.2 Optical constant fits

Unless a bulk sample is being measured, extracting the optical constants of individual layers from measured
SE data requires constructing a model which takes into account the layer structure of the sample, since
reflection and transmission at layer interfaces and absorption within layers will all affect the value of ρ
measured; this is evident in the pseudo-dielectric constants shown in Fig. 5.4 which show clear Fabry-Perot
fringes. If the layer structure and all the optical constants (ε1 and ε2, or n and κ) of the materials are known,
it is generally straightforward to fit the layer thicknesses, at least for a small number of layers, and assuming
light at some of the measurement wavelengths is able to reach all the layers. If the optical constants of one or
more of the layers are not known, as is the case for the SiGeSn samples studied here, it is possible to fit the
optical constants for the layer of interest in various ways. Three possible approaches to fitting ellipsometric
data are to fit the data point by point (at each angle and wavelength), to fit a physical model such as the
Adachi model, or to fit a more flexible parametric model. In the first case, the number of fit parameters is
twice the number of wavelengths at which ρ is measured, since ε1 and ε2 (or equivalently, n and κ) can be
chosen freely for each point. This makes it difficult to ascertain that a unique fit has been found, Kramers-
Kronig consistency between ε1 and ε2 is not enforced, and there can be strong, discontinuous fluctuations in
the ε1 and ε2 values fitted as each point is fitted independently; therefore, the values fitted are not necessarily
physically meaningful, especially if a good starting point for the layer thicknesses is not chosen. A physical
model such as the Adachi model, discussed in Section 2.2, has far fewer parameters (three for each critical
point in the band structure: the strength of the transition, the centre energy, and the damping, or four if
the damping is allowed to vary with energy [136]), and enforces Kramers-Kronig consistency, but is quite
inflexible and generally difficult to fit to real data (see Fig. 2.6), even for well-known materials. In the
case of the SiGeSn data, it was found that no good fits to the data could be obtained with an Adachi-type
model. A more flexible parametric model, such as the Herzinger-Johs Parametrized Semiconductor Oscillator
(“Psemi”) model [137], has the advantages of reducing the number of fitting parameters compared to point-
by-point fitting and enforcing Kramers-Kronig consistency [147, 137], while increasing the flexibility of the
peak shapes compared to a more physically-constrained critical point model. This model, and efficient fitting
algorithms, are implemented in the Woollam WVASE software used to measure and fit the SE data. Thus,
a Psemi model was used to fit the SiGeSn optical constants, taking as a starting point the parametric model
for Ge built into the WVASE software used to fit the data. The drawback of such a parametric model is that
the fitting parameters drawn from it are not necessarily physically meaningful; e.g. the centre energy of a
peak does not necessarily correspond directly to a specific transition energy in the material’s band structure.

Layer thicknesses and optical constants of the SiGeSn layer in each sample were extracted from the SE
data by fitting a model based on the layer structures shown in Fig. 3.1 for the different sample types, which
includes the Ge or GaAs substrate, the InGaAs layer (in the case of the Set B samples), the SiGeSn layer
and a GeO2 surface layer [149]. The inclusion of a thin surface layer is necessary to achieve a good fit to the
data, including for a reference measurement of a Ge substrate; GeO2 was used since the samples are mostly
Ge, so it was assumed the surface oxide is mostly Ge-based. For a Ge substrate sample, the GeO2 thickness
fitted was 5 nm, while for the SiGeSn samples it was between 1 and 2 nm for all samples; this difference may
be due to the difference in age between the samples, as the oxide on Ge is known to increase in thickness
over time, or because the formation of the oxide differs depending on the sample composition and deposition
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method. A similar method to the fitting procedure for the SiGeSn optical constants outlined in [75] was
used. The starting point for the layer thicknesses were the nominal thicknesses targeted during MOVPE
growth. To initially fit the thicknesses, the SiGeSn layer was assumed to be pure Ge; since we are considering
Ge-heavy (> 80%) samples of SiGeSn, using the well-known optical constants of Ge initially gives a very
good starting point for the fit of the layer thicknesses. For the Set B samples, the GaAs thickness was also
allowed to vary at this stage; in each case the deviation from the nominal thickness of 500 nm was ≤ 10 nm.
The starting point for the Psemi model fits for SiGeSn was the built-in model for Ge [147]. Since the model
allows for very flexible peak shapes, each feature is described by seven variable parameters which control
the peak strength, location and broadening, with further parameters controlling the shape and asymmetry
of the peak. Only the peak strength (A), centre energy (E0) and broadening (B) were fitted, with the other
parameters kept fixed at the Ge values. This was to avoid unreasonable peak shapes, including discontinuities
in the dielectric function, especially in the low-energy region where thin-film interference and noise due to
signal depolarization affects the SE measurements. It was found very good fits to the data could be achieved
without varying the other peak shape parameters. The parameters for the SiGeSn optical constants were
fitted starting at high energies, initially fitting only the centre energies of the peak followed by allowing the
peak strength and broadening to vary. The layer thickness of the SiGeSn is allowed to continue to vary while
the optical constants are fitted. The data measured at all the incidence angles (75, 77 and 79◦) are fitted
simultaneously. The optical constants for the other layers (GaAs, Ge, InGaAs and GeO2) came from the
WVASE software database, except for those of GeO2 which were defined as a Sellmeier model using data
from [149].

After the layer thicknesses have been determined exactly as described above, a point-by-point fit where
ϵ1 and ϵ2 are fitted separately at each measurement wavelength is also performed, keeping the layer thick-
nesses fixed. The two fitting methods agree very well for energies above ≈ 1 eV (depending on the SiGeSn
composition). Below these energies (i.e. below the lowest direct transition in the SiGeSn, where SiGeSn is
only very weakly absorbing) the presence of thin-film interference fringes in the data significantly affect the
point-by-point fit. Thus, for the subsequent analysis of ellipsometric data, the point-by-point fits were used
for energies > 1.5 eV to fit E1, E1 + ∆1, E′

0 and E2 while the Psemi fit was used for lower energies to fit
E0. For the samples from Set B, the optical constants of the SiGeSn layer were obtained using the data
for thicker samples at each composition, and checked by fitting the SE data of the thinner sample at that
composition by allowing only the layer thicknesses, and not the optical constants of the SiGeSn, to vary.
This gave a good fit to the data in each case, indicating that the composition is constant across the two
sample thicknesses.

The fundamental indirect gap, at 0.67 eV for Ge at room temperature and blueshifted to 0.7-0.8 eV
for the SiGeSn samples (as determined by photoluminescence measurements), is not included in the Psemi
model. Even considering the expected blueshift in this bandgap relative to Ge for the SiGeSn samples, this
transition occurs very close to or beyond the longest wavelength which can be measured using the V-VASE
ellipsometer. In addition, because indirect transitions contribute much more weakly to the optical constants
than direct transitions (as discussed in Section 2.1), and the layer of SiGeSn is relatively thin (2 µm at most),
even additional measurements with an IR-VASE ellipsometer capable of longer wavelength measurements
did not clearly show the indirect gap. The validity of omitting the indirect gap in the ellipsometric model is
confirmed by absorption measurements (Section 3.5), which show a clear absorption edge around 1 eV due
to the lowest-energy direct transition, but no clear absorption edge due to the lower-lying indirect bandgap
(see Section 5.2.3).
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3.2.3 Critical point fits

Although the Psemi model will fit centre energies for the different peaks, these are not necessarily physically
meaningful, and so in order to obtain the energy of the critical points, a method similar to [44] was used
to fit the second derivative of the real and imaginary part of the dielectric function multiplied by E2 (as
explained in Section 2.2.2). This second derivative was obtained using a Savitzky-Golay filter in order to
preserve lineshape but remove very short-range oscillations (i.e. noise) between measurement points. Here,
a polynomial of order 3 with a filter window length of 31 points (with data in steps of 0.0025 eV) was used
to describe the data, chosen to reduce noise but preserve lineshape. The filter coefficients for E2ε1 and E2ε2

were then differentiated twice to obtain the numerical second derivative of the dielectric function multiplied
by E2. Low-energy data around the E0 and E0+∆0 critical point was fitted to the results of the derivatives
of the parametric model fit, while the higher-energy transitions used the point-by-point fit, as discussed
above.

The second derivative is fitted to expressions of the form:

∂2(E2ε)

∂E2
=

Aie
iΦi

(E − Ei + iΓi)2
(3.3)

∂2(E2ε)

∂E2
=

Aie
iΦi

(E − Ei + iΓi)3/2
(3.4)

where for each transition Ai, Φi, Ei and Γi are the amplitude, phase angle, centre energy and broadening,
respectively. Equation 3.3 is used to fit 2D critical points (E1, E1 + ∆1, E′

0 and E2) and equation 3.4 is
used to fit 3D critical points (E0 and E0 +∆0) [58, 150]. Although Adachi attributes the E1 and E1 +∆1

features to a 3D M1-type CP (see Table 2.1), this feature has been treated as a 2D CP by others [74, 65]
and it was found that using the expression for a 2D CP resulted in better fits. What is treated here as a
single E′

0 feature here is likely made up of contributions from E′
0, E′

0 + ∆′
0 and E′

0 + ∆′
0 + ∆0, but these

are not clearly resolved and are thus fitted as a single peak1. Computationally, the equations 3.3 and 3.4
are separated into real and imaginary parts, which are fitted to the ∂2(E2ε1)

∂E2 and ∂2(E2ε2)
∂E2 data respectively.

The overall fit is optimized simultaneously for the real and imaginary parts using a Levenberg-Marquardt
non-linear least-squares algorithm [151]. All the parameters are fitted, with the constraint that the phase
angles Φi are the same for the pair E1/E1 +∆1, as these correspond to the same type of critical point. An
example of a fit to all the critical points visible for sample B3 is shown in Fig. 3.3. The phase of E0/E0+∆0

would be similarly constrained, but the E0 +∆0 was not fitted to the derivatives of the dielectric function
as its contribution is extremely weak.

3.3 Photoreflectance
Photoreflectance is a contactless modulation spectroscopy technique which allows the measurement of tran-
sition energies of interband transitions in semiconductors through modulation of the internal electric field
as carriers are photogenerated with a laser pump beam, modulating the internal electric field of the sample.
The reflectivity is measured with a probe beam with and without the effect of the pump beam, allowing the
change in reflectivity (∆R) due to the pump beam to be measured.

1E′
0 +∆0 is not included because it is dipole forbidden [58].
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Figure 3.3: Example of a fit to the second derivative of the real and imaginary parts of the dielectric function
(open circles); dashed coloured lines show the contributions of the individual critical points, with the black
line showing their sum. The arrows indicate the fitted centre energy of each critical point. Data below 1.5
eV was obtained by differentiating the parametric form of the dielectric function fit, while data above 1.5 eV
was from the point by point fit. The inset shows the fit to the E0 critical point in more detail.
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Figure 3.4: Schematic of the setup used for photoreflectance measurements. The probe beam is chopped at
a frequency of ωR and the laser pump beam is chopped at a frequency of ωL.

3.3.1 Measurement

The measurement setup is shown schematically in Fig. 3.4. The pump beam used is a GEM 532 nm
continuous-wave laser incident at an angle of ≈ 5◦ with a power density of 164 W/cm2. The probe beam is
generated via a Bentham IL1 100 W halogen lamp coupled to a Bentham TMC300 monochromator. The
spectral range here is limited by the laser wavelength (532 nm) at the low wavelength end, since there will be
very significant noise around the laser wavelength, and the detector response at the high end (1700 nm). The
probe beam is focused on the sample at an angle of 45◦ and the reflected beam measured with a Thorlabs
DET10N2 biased InGaAs detector with a detection range of 500–1700 nm.

In order to remove the effect of photoluminescence from the photoreflectance measurements, both the
probe and pump beams are chopped at different frequencies (as shown in Fig. 3.4) in a double demodulation
method [152]. As such the ∆R signal is measured at the sum frequency of the probe and pump beams,
while the R signal was directly measured at the probe chopping frequency. Photoluminescence, occurring
at the pump chopping frequency, can thus be eliminated from the desired ∆R/R result, and the necessary
signals, ∆R and R, can be measured simultaneously during a single measurement using a single detector and
extracted via lock-in detection with a Zurich Instruments HF2 lock-in amplifier. Signal gain was accomplished
with a Zurich Instruments HF2TA current amplifier.

3.3.2 Fitting

The photoreflectance signal due to critical points in the energy range of interest for the E0 and E0 + ∆0

transitions is fitted to expressions of the form:

∆R

R
= Re

[
A0e

iΦ0

(E − E0 + iΓ0)5/2
+

Aexe
iΦex

(E − Eex + iΓex)2
+

A∆0e
iΦ∆0

(E − E∆0
+ iΓ∆0

)5/2

]
(3.5)

where E∆0 = E0 + ∆0. Because we are treating photoreflectance as a third-derivative modulation
spectroscopy technique, similar to electroreflectance [138], the first and third terms in this expression have
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the functional form of the derivative with respect to E (assuming all constants are absorbed into Ai) of eq.
3.4, which was fitted to the second derivative of the dielectric function explicitly. The second term represents
the excitonic contribution to the optical behaviour around the E0 critical point. The PR data for Ge (Fig.
5.8) shows a symmetrical peak shape, with three sharp extrema. It is not possible to achieve this peak shape
by fitting only a single critical point feature at the E0 feature, hence the inclusion of the exciton.2

The PR data for the SiGeSn samples with a layer thickness around 2 µm showed multiple oscillation
fringes around, and below, the expected E0 energy (Fig. 5.8), while the data for the thinner Set B samples
shows more clearly defined E0 and E0 + ∆0 features which blueshifts with increasing Si/Sn composition.
Although fringes due to Franz-Keldysh oscillations (FKOs) can occur in photoreflectance measurements
[153], these occur at energies above the critical point, and the oscillations observed here are below the E0

energies expected from theory and observed in the analysis of the SE data. Comparing the data for the
thicker and thinner Set B samples shows that the oscillations here are mainly visible at energies below and
close to the critical point feature. The width of the fringes corresponds exactly to the width expected due to
thin-film oscillations for light incident at 45◦ (the probe beam’s angle of incidence). The samples were thus
fitted with a novel combined critical point and interference fringe model described below, with the exception
of the Ge reference sample, which was fitted with equation 3.5 directly.

Combined interference/critical point model

Previous work investigating the appearance of interference fringes in PR data matching the sample thickness
[154, 155, 156] have attributed the fringes to either modulation of the refractive index of doped materials
[154, 155] or temperature changes in the sample [156]. This model assumes the fringes are due to the former,
and expands on the existing models by self-consistently calculating the modulated optical constants and
reflectivity to give the total photoreflectance signal.

Assuming the anomalous features observed in the PR of the SiGeSn samples are interference fringes due
to reflection at the (In)GaAs interface, the period of oscillations of the fringes is determined by the SiGeSn
layer thickness, while the envelope shape of the oscillations depends on the modulation of the refractive index
by the pump beam. While Kallergi [155] and Huang [154] attribute the interference to modulation of the
refractive index of doped GaAs substrates, rather than modulation of the refractive index of the epi-layer,
this explanation is unlikely for the SiGeSn samples as the thickness of the samples (≈ 1.8−2 µm) means that
very little (<1%) of the high energy photons from the pump beam (532 nm laser) incident on the sample are
able to reach the GaAs substrate (Set A) or InGaAs buffer layer (Set B). However, the model presented in
[155] and [154] can be adapted relatively simply to assume modulation of the epilayer refractive index rather
than the substrate.

The photoreflectance signal ∆R/R is the relative change in the reflectivity with and without the pump
beam, so ∆R/R = (R′ − R)/R where R′ is the modulated reflectivity and R is the unmodulated reflec-
tivity. For instance, for Set A, considering the three layers in the epitaxial structure (SiGeSn, Ge seed
layer, and GaAs substrate), the reflectivity is a function of the relevant thicknesses and refractive in-
dices: the unmodulated reflectivity R(E, nSiGeSn, nGe, n(In)GaAs, dSiGeSn, dGe) and the modulated reflec-
tivity R′(E, nSiGeSn + δnSiGeSn, nGe + δnGe, nGaAs + δnGaAs, dSiGeSn, dGe) where the n are the complex

2Note that excitonic contributions were not included in fitting the second derivative of the dielectric function derived from
fits to SE data. Below energies of 1.5 eV, where the point-by-point fit to the SE data was too noisy, the parametric form of the
resulting dielectric constant fits was used. Due to how this model is constructed, by including one critical point for E0 and one
for E0 + ∆0, the E0 transition is represented only by a single 3D critical point, and thus it should not be possible to observe
any excitonic contribution in the parametric dielectric function.
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refractive indices. Assuming the refractive indices of the Ge and GaAs are not significantly affected since
very little pump light is able to reach these layers, the functional dependence of the modulated reflectivity
simplifies to R′(E, nSiGeSn + δnSiGeSn, nGe, nGaAs, dSiGeSn, dGe). Because of the presence of the Ge seed
layer, the multi-layer reflectivity model is more complex than in [155] and [154], and rather than construct-
ing an analytical expression for the multi-layer interference, Solcore’s TMM optical model [128] was used to
calculate the theoretical (R′ −R)/R due to modulation of the dielectric function of the SiGeSn. The change
in the refractive index was expressed as in [155]:

δnSiGeSn ∝ (n2SiGeSn − 1)
∆Re

Re
(3.6)

where ∆Re/Re is expressed as an exponential function of energy Ae−γE . The SiGeSn thickness, A, γ
and an arbitrary phase factor ϕ were fitted to the data (dGe was kept fixed at 60 nm). The inclusion of a
phase factor as a fitting parameter is justified because during the experiment, the phase is fixed arbitrarily,
and may differ between measurements.

Optical constants for the different SiGeSn compositions were obtained from ellipsometry, and these can
be used in this model for nSiGeSn. However, this raises an issue, since the location of the critical points
which occur in the PR data is what leads to certain values of n and κ; using externally imposed values of
n and κ, the interference fringes due to optical constant modulation are fitted, but the PR signal arising
from the critical point itself is not. However, it is possible to instead fit the interference fringes and signal
from the critical point simultaneously by expressing the optical constants in terms of an analytical model
such as the Adachi model and fitting the optical constant modulation using the optical constants, and the
photoreflectance signal to the third derivative of the optical constants.

This model, which fits the full photoreflectance signal, has a large number of parameters to account for the
layer thicknesses, peak strength and broadening, phase factors, and degree of optical constant modulation.
The differential evolution optimization technique discussed in Section 3.7 was used to fit the model to the
data for all nine SiGeSn samples. Since the model has a large number of parameters, the differential evolution
was run multiple times for each sample to identify whether multiple model fits gave equally good results.
The fits with the lowest root mean square error (RMSE) are shown in Fig. 5.10. Further details of the model
implementation and each parameter fitted, and how the expected photoreflectance signal is computed from
these parameters, is given in Appendix F.2. A list of all parameters fitted and the bounds imposed is given
in Table F.3.

As the Set B samples were grown after the Set A samples, when the effect of interference of the PR signal
had been identified, two versions of each composition were grown; ≈ 2 µm samples, similar to the Set A
samples, and thinner ≈ 400 nm SiGeSn layers were grown as part of Set B. The expectation was that for the
thinner samples, the interference fringes would be significantly wider, and the photoreflectance signal arising
from the critical points would be more easily identifiable; this can be seen clearly in the data in Fig. 5.10g-j.
The two different thicknesses of Set B samples were fitted independently, but the values for E0 and ∆0 are
in good agreement for each composition, validating the model presented here for simultaneous fitting of the
critical points and interference fringes.
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3.4 Photoluminescence measurements
The photoluminescence setup used is shown schematically in Fig. 3.5. Although a number of lasers are
available in this setup, which is designed to make the interchange of different laser sources and detec-
tors straightforward, all the measurements discussed in this work were measured using excitation from a
continuous-wave Spectra-Physics Millennia V Nd:YVO4 laser with a wavelength of 532 nm (2.33 eV) and
incident power between 100 mW and 4 W. This is a diode-pumped laser, where high output power from
laser diodes is used to pump the Nd:YVO4 lasing medium, which emits primarily at 1064 nm. This light is
converted to 532 nm light through second harmonic generation in a nonlinear crystal. The Millennia V laser
was used for measurements of PL from SiGeSn due to its high output power densities, required to observe
PL from indirect materials, some with additional material quality issues which reduce photoluminescence
efficiency, and due to its relatively high incident energy. The high photon energy means that most of the
incident photons are absorbed within a few hundred nanometres of the sample surface, which ensures carriers
are excited in the epitaxial layer rather than the substrate (Ge or GaAs). Assuming that the absorption in
the epitaxial SiGeSn layers considered here is germanium-like at high incident photon energies of 2.33 eV, >
99% of the incident laser power will be absorbed in the first 500 nm of material.

The laser light was optically chopped at a frequency around 200 Hz before being focused on the sample.
The laser power can be set directly between 0.2 W and 5 W on the Millennia V laser, and a flip-in calibrated
Si photodiode is used as a power meter to verify the power used. The laser power incident on the sample can
be controlled further using a removable filter wheel with varying optical density. Initial PL measurements of
some of the SiGeSn samples showed effects from residual laser light at 1064 nm. To prevent this, a Thorlabs
TF1 IR blocking filter was placed in the beam path after the adjustable filter wheel; this has around 95%
transmission at 532 nm, but blocks any light at wavelengths above 650 nm with an optical density of >
6. Laser light reflected from the sample or otherwise scattered (e.g. from the cryostat windows) is stopped
close to the sample using a beam blocker for safety reasons and to prevent stray laser light from affecting
the measured signal. The photoluminescence generated by the sample is collected using a collimating lens.
A 780 nm long-pass coloured glass filter is placed just after the collimating lens to block any stray laser light
from entering the monochromator. An additional lens focuses the collected PL onto the entrance slit of the
monochromator, a 0.5 m Princeton Acton SP2500i spectrometer. This is a Czerny-Turner monochromator;
since the light is focused on the entrance slit, it disperses inside the monochromator, where it is directed onto
an aspheric mirror which collimates the light. The light is directed onto a diffraction grating mounted on a
rotating turret and the diffracted light directed to a second aspheric mirror which directs the now diffracted
light, in a narrow wavelength band, towards the exit slit. The monochromator has two gratings: 600
grooves/mm and 300 grooves/mm, both blazed at 1 µm. For the results in Chapter 5, the 300 grooves/mm
grating was used due to higher diffraction efficiency around the wavelengths of interest (≈ 1100-2100 nm).

The diffracted light at the exit slit is detected by a Hamamatsu G7754-01 extended InGaAs detector,
cooled with liquid nitrogen. For the measurements in Chapter 5, the monochromator was scanned across
a wavelength range of 1000 to 2100 nm (not all samples were measured across the full wavelength range
at each power and temperature, depending on where PL signal was detected). The PL signal is processed
using standard phase sensitive detection techniques using a Stanford SR830 lock-in amplifier and recorded
using custom-written Python software [157]. This same software also controls the monochromator, lock-in
amplifier (allowing the integration time per wavelength point and the waiting time between points to be set),
and the temperature controller for the cryostat. The samples are mounted to a copper disc using a small
amount of vacuum grease and attached to the cold finger of the cryostat. Room-temperature measurements

77



C
ho

pp
er

 
w

he
el

Mirror

Ad
ju

st
ab

le
 N

D
 

fil
te

r w
he

el

Cooled extended 
InGaAs detector

Laser path

Removable cage 

cube mirror
IR CCD 
camera

SR830 
Lock-in 
amplifier

Fl
ip

-in
 p

ow
er

 

m
et

er

Beam

block

Sample on 
cold finger

Long-pass 
filter

Millennia V 
532 nm CW laser

PL signal

Closed-cycle
helium 
cryostat

PC - control & data 
collection

Acton SP2500i
0.5m monochromator

Lens

Figure 3.5: Schematic of the photoluminescence setup.

are done without the cryostat shielding to maximize the PL intensity collected. For low-temperature and
temperature-dependent measurements, the temperature of the closed-cycle helium cryostat is controlled
using an Oxford Instruments programmable temperature controller (also accessible via the same software
which performs the PL measurements), which can achieve stable temperatures between 30K up to room
temperature. The sample can also be imaged using a removable cage mirror using the same optical path as
the collected PL signal (see Fig. 3.5); a Thorlabs DCC1545M IR charge-coupled device (CCD) camera is
used for imaging, allowing alignment of the laser spot on the sample.

3.4.1 Measurement of the laser spot size

The laser spot size was measured using the Thorlabs CCD camera also used for sample alignment positioned
in the same location where the cryostat sample stage is during measurement. Using low laser power, and
additional neutral density filters in the beam path to further reduce the intensity incident on the camera
ensuring the centre of the laser spot does not saturate the camera, an image of the laser spot is captured
(Fig. 3.6a). In order to extract the laser spot size, the intensity of the pixels is transformed into a matrix,
and then renormalized to span the intensity range 0 to 1 (Fig. 3.6b). The laser spot radius was determined
as the radius from the centre of the laser spot at which the intensity falls to 1/e2 (the intensity at the
maximum is 1 after the renormalization). In order to determine this, the centre of the laser spot was
taken to be the pixel with maximum intensity; the data was then binned by radial distance from this point
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Figure 3.6: a) CCD camera image of the Millennia V laser spot at the PL measurement stage. b) Normalized
intensity of the laser spot image with the highest-intensity point indicated by the red diamond and c) average
intensity with radial distance from the point of maximum intensity. The dashed lines indicate the radius
where the intensity falls below 1/e2, which is taken to be the laser spot size.
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Figure 3.7: Normalized detector response for the Hamamatsu G7754-01 extended InGaAs detector (based
on data supplied by Hamamatsu).

(r =
√
(x− xmax)2 + (y − ymax)2), with a bin width of 1 pixel. The average intensity of the pixels in each

radial bin, and its standard deviation, with distance r from the centre of the spot are shown in Fig. 3.6c.
The relationship between the distance in pixels and mm was calculated from the imaging area (6.66 mm x
5.32 mm) and resolution (1280 x 1024 px) of the camera given in the data sheet, which shows that pixels
had a width and height of 5.2 ×10−3 mm. As shown in Fig. 3.6, the radius in mm at which the intensity
of the Millennia V laser falls below 1/e2 of the maximum is 0.161 mm. Assuming the laser spot size does
not change with laser intensity, this allows the intensity of the laser to be calculated from the total incident
power.

3.4.2 Spectral corrections

The primary purpose of performing PL measurements on SiGeSn is to determine at which energies band-to-
band transitions occur, in order to gain an understanding of the band structure of SiGeSn and determine
its bandgap. Thus, it is often useful to plot PL spectra in terms of energy, while the raw data measured is
in the form of signal intensity per unit wavelength while scanning through wavelengths. When converting
PL spectra from units of wavelength (e.g. nm) to units of energy (e.g. eV), it is not sufficient to simply
transform the x-axis using E = hc/λ; it is also necessary to transform the measured intensity, in order to
preserve the total intensity of signal measured (the signal integrated over the wavelength or energy range).
In order to preserve the total intensity, we must have:

I(λ)dλ = I(E)dE

I(E) = I(λ)
dλ

dE

(3.7)

which, using E = hc
λ ⇒ dE = −hc

λ2 dλ, gives:

I(E) =
λ2

hc
I(λ) (3.8)

In addition, a spectral correction is made to correct the PL signal for the response of the extended InGaAs
detector (see Fig. 3.7), by dividing the signal at every wavelength by the normalized detector response at
that wavelength.
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3.5 FTIR reflection and transmission measurements
Transmission and reflection measurements were carried out using a Bruker Vertex 70 Fourier-transform in-
frared spectroscopy (FTIR) system fitted with a Hyperion 2000 microscope setup. The microscope setup
allows light to be directed from below the sample towards the detectors, to measure transmission, or from
the same side as the detectors, to measure reflection. Rather than scanning through wavelengths monochro-
matically and measuring the reflection and transmission (and thus the absorption) at each point, FTIR
measurements are made by directing a beam composed of many different frequencies towards the sample.
Using an interferometer with a varying optical path length, the frequency composition of the incident spec-
trum is varied. The amount of light transmitted or reflected is measured by a detector. By varying the
optical path length and thus the incident spectrum the transmission/reflection for many incident spectra
can be measured. This produces an interferogram relating the mirror position or optical path length in
the interferometer to the intensity of light of all wavelengths incident on the detector. A spectrum of the
reflection or transmission against the wavelength can then be obtained through a Fourier transform. On
the Bruker tool, the Fourier transform is done automatically by the measurement software. In order to
measure the absolute reflection and transmission of the SiGeSn samples, references for unity transmission
and absorption must be used; for transmission, this is simply the transmission of air (i.e. no sample is placed
in the measurement setup), while for reflection, an aluminium mirror was used as a reference. To calculate
the absolute reflection or transmission, the R or T measurement of the sample is simply divided by that of
the reference.

The (NIR) and mid-infrared (MIR) absorptivity (equal to emissivity through Kirchhoff’s law) for the
silicon heterojunction (SHJ cells discussed in Section 6.2 samples was measured by Dr. Diego Alonso-
Álvarez using the same Bruker Vertex FTIR stystem, with a gold-coated integrating sphere and a liquid
nitrogen-cooled HgCdTe detector from Infrared Associates Inc.

3.6 Electrical measurements
External quantum efficiency (EQE) and current-voltage (IV) measurements of ultra-thin GaAs devices (Sec-
tion 6.1.6) were performed to characterize solar cell performance. IV measurements under an AM0 spectrum
were performed using a TS-Space Systems Unisim Compact dual-source solar simulator, which incorporates
a quartz-halogen (QH) and metal-halide gas-discharge HMI lamp, used in conjunction with filters to obtain
a close match to the solar spectrum. Both an AM0 (space) and AM1.5G (terrestrial) spectrum can be
simulated by changing the filters used. The current-voltage characteristic is measured by scanning through
voltages using a Keithley 236 Source-Meter unit (SMU).

EQE measurements were performed using Xe and quartz-halogen light sources, dispersed through a 0.3-m
spectrometer using a microscope objective to focus the incident light. The photocurrent from the devices
was recorded using standard lock-in techniques using an Ametek 7230 lock-in amplifier, with reference values
at each wavelength determined using a calibrated Si photodiode.

3.7 Differential evolution
Although many different techniques are used to simulate the behaviour of solar cells, depending on the focus
of the model and the structure being considered, a recurring problem in designing the most efficient devices
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is the large parameter space available. For instance, for a multi-junction solar cell, the materials used in each
layer, the thickness of each layer (including window layers, tunnel junctions, and the n- and p-type regions
within each sub-cell) and the doping levels will affect the final performance of the device. For a cell with
advanced light-trapping structures such as a diffraction grating, the materials used, thickness and period of
the grating, as well as the feature sizes could all be varied during fabrication. This means that a flexible way
of defining ‘black-box’ or derivative-free optimization problems is a powerful tool in solar cell design. For a
derivative-free optimization problem, the functional form of the value to be optimized is not known so the
problem cannot be solved analytically; this is generally the case when designing a solar cell and optimizing
e.g. the photogenerated current.

One method for solving such black-box optimization problems is Differential Evolution (DE), a type of
evolutionary algorithm, originally presented by Storn & Price [158]. The specific implementation used in this
work was the open-source Python package yabox [159, 160]. In DE, a population of vectors corresponding to
the input parameters of the model to be optimized (e.g. layer thicknesses, grating dimensions) is generated,
the fitness of each population is checked, and then the population is ‘mutated’ in such a way that the traits
of the more successful members of the population are more likely to survive. This is repeated a number of
times, generating new populations with improving fitness with each iteration.

New populations at each iteration of the algorithm are generated through a combination of mutation
and recombination. The initial population is generated by sampling randomly from a uniform distribution
between the lower and upper bound specified for each parameter, creating a population of vectors (the
standard population size used by yabox is five times the number of parameters to be optimized). Each
vector is used as input for the objective function to be optimized to calculate its fitness, and the population
is then mutated to generate new trial vectors which may replace the vectors currently in the population
if they have a better fitness. To generate a mutated vector, three vectors are chosen randomly from the
existing population and a new vector of parameters, xmut, is calculated as:

xmut = xr,1 +m(xr,2 − xr,3) (3.9)

where xr are the randomly chosen parameter vectors, and m is the mutation factor: a larger m will
generally lead to a larger search radius around the current population of vectors, but may slow down con-
vergence towards a solution3. Now, a target vector in the existing population undergoes recombination with
this mutated vector; for each entry of the vector, we decide with some probability p whether the entry in
the target vector is replaced with that of the mutated vector. This gives us the new trial vector. The fitness
of the trial vector is evaluated, and if it performs better than the target vector in the existing population,
the target vector is replaced. This process is repeated for every vector of parameters in the population;
during each iteration, some of the vectors will be replaced by mutated vectors with a better performance.
Over multiple iterations, the whole population will converge towards a solution. The mutation/crossover
scheme described here is often referred to as ‘rand/1/bin’; the other vectors used to generate the mutated
vectors are chosen randomly from the current population, and only one vector difference is used in eq. 3.9
to generate the mutated vectors (‘rand/1’). The ‘bin’ refers to the crossover scheme being binomial since
the number of vector entries which are replaced will follow a binomial distribution. Alternative schemes for
both the mutation and crossover exist, for instance ‘best/2/exp’; rather than choosing three random vectors
from the population to generate the mutated vectors, the best-performing vector can always be chosen.

3At this point, entries in the vector which fall outside the allowed upper and lower bounds for that parameter may be
generated; in this implementation, these values are simply clipped (set to either the lower or upper bound of that parameter).
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More than one vector difference can be used, and the crossover can be performed in different ways, with the
most well-known alternative being the exponential method. These mutation and crossover techniques can be
combined in different ways, with different methods performing better depending on the situation. Although
there is little theoretical research guiding the choice of mutation/crossover scheme and other parameters
(such as mutation factor and crossover probability) depending on the type of problem being considered, it
was found empirically that this differential evolution algorithm performs very well for the design of optical
structures by comparing against results from brute-force grid searching optimizations (see Section 6.1.4 for
an example).

These techniques were used to optimize multi-junction cells using SiGeSn sub-cells (Section 5.5), ultra-
thin cell designs (Section 6.1), and for fitting photoreflectance data of the SiGeSn samples to the combined
interference/critical point model (Section 5.2), showing that this optimization method is a promising and
flexible tool for solar cell design.
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Chapter 4

Development of optical modelling
tools

This chapter will discuss the extensive work undertaken over the course of the PhD to improve the existing
optical modelling capabilities of Solcore, an integrated solar cell modelling Python package developed at
Imperial College, and work undertaken to develop a new, completely open-source optical modelling tool
(RayFlare), which allows users to access different optical methods and combine multiple methods across
a single structure in a flexible way. A large range of optical modelling tools (the transfer matrix method
(TMM), rigorous coupled-wave analysis (RCWA), ray-tracing, and combinations of these methods) were
either expanded and made more accessible, or implemented from scratch. The interfaces to RCWA and
TMM solvers, allowing multi-wavelength calculations of convenient quantities such as reflection, transmission,
absorption per layer and depth-dependent absorption profiles can be used to define any structure, including
with the user’s own material data as discussed in Section 4.1.4, and therefore have wide applicability for
optical simulations beyond solar cells. Convenient methods for importing the optical constants of materials
(either from measurement or external databases) and data visualization were developed to aid with the
optical design of solar cells. Both Solcore and RayFlare are available as open-source Python packages [161,
162].

Figure 4.1: Overall structure and workflow of Solcore. From [161].
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4.1 Solcore
Solcore is a modular, Python3-based package for modelling many aspects of solar cells, with capabilities
from predicting the limiting efficiency of a cell based on the detailed balance method to simulating realistic
structures involving multi-layers with interference, quantum wells, or regular scattering layers [128]. The
structure and modules of Solcore are summarized in Fig. 4.1. This section will detail contributions I have
made to Solcore, specifically to its optical modelling capabilities (TMM and RCWA) and materials database.

4.1.1 Transfer-matrix method

Solcore’s transfer matrix method (TMM) capability is based on a vectorized, expanded version of code from
the existing tmm package [91]. Vectorization refers to the process where rather than processing elements
individually (e.g. by looping through wavelengths, for this example), array elements are processed simul-
taneously by using vector and matrix operations in a suitable programming language such as MATLAB or
Python. This generally leads to faster execution of equivalent code. The original tmm package performs
both coherent and (partially) incoherent calculations, but can only perform calculations for one wavelength
at a time, while the new version was vectorized for the coherent calculations by Dr. Diego Alonso-Álvarez,
while I implemented the vectorized version of the partially incoherent calculations. Solcore automatically
passes the relevant wavelength-dependent optical constants and layer thicknesses to calculate total reflection,
transmission and absorption, absorption per layer, and depth-dependent absorption. The latter is necessary
to calculate the depth-dependent carrier generation rate, which is necessary for the more realistic electrical
solvers (the depletion approximation and Poisson drift-diffusion method). Improvements I have made to the
code include changes to prevent overflow issues in Python (which cause e.g. infinite, or negative, absorption
to be calculated erroneously), methods to allow the polarization and incidence angle of the incident light to
be set by the user in Solcore, and the ability to treat one or more layers within a structure incoherently,
including the calculation of absorption profiles in structures containing both coherent and incoherent layers.
These new capabilities were used extensively for the work on distributed Bragg reflectors in multi-junction
solar cells in Section 6.3. The ability to treat incoherent layers is useful when one or more layers in a structure
are very thick compared to the wavelength of light; in this case, absorption in the layer can be described by
the Beer-Lambert law and phase information leading to thin-film interference is lost. Treating a very thick
layer coherently leads to very narrow interference fringes (see Fig. 4.2a) which are generally not observed
in measurements. The incoherent treatment of thick layers is the same principle which allows the use of the
angular matrix method which forms the basis of the new optical modelling package RayFlare, as discussed
in Section 4.2.

Figures 4.2 and 4.3 illustrate the capabilities of the solver in terms of partially coherent structures and
variation of the incidence angle. The structure considered in both cases is a very simple three-layer stack
of (top to bottom) 500 nm GaInP/30 µm GaAs/10 µm Ge. In Fig. 4.2a, many very narrow oscillations
are visible in the reflection and absorption spectra; it is likely that these would not be measured in a
real reflection/transmission measurement, both due to limited wavelength resolution in measurements and
due to light losing coherence when travelling long distances (compared to its wavelength) inside the GaAs
and Ge layers structure. In Fig. 4.2b, the thickest (middle) layer is treated incoherently, resulting in
the disappearance of the very narrow interference fringes. Fig. 4.3 shows the reflection, absorption and
transmission values of the same structures for s and p-polarized light incident at 45◦. The behaviour of
unpolarized light, such as sunlight, in wave-optical simulations is usually calculated by taking the average
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Figure 4.2: The total reflection and transmission, and absorption per layer of the GaInP/GaAs/Ge stack,
when a) all the layers are treated coherently and b) when the middle GaAs layer is treated incoherently (i.e.
phase information within this layer is ignored). The light is normally incident in both cases.

Figure 4.3: The total reflection and transmission, and absorption per layer in the GaInP/GaAs/Ge stack for
a) s-polarized and b) p- polarized light. The light is incident at 45◦, and all layers are treated coherently.

of the s and p-polarized cases (for normal incidence, there is no difference between s and p polarization).

4.1.2 Rigorous coupled-wave analysis

To further extend the types of structures which can be modelled in Solcore, an interface to the rigorous
coupled-wave analysis (RCWA) Maxwell solver S4 was added. S4 was developed at Stanford University
and is an implementation of RCWA, also sometimes referred to as the Fourier Modal Method (FMM),
which solves the linear Maxwell’s equations in structures containing 2D periodicity (the theory of RCWA is
discussed in more detail in Section 2.3.3). S4 is mostly C-based, with an interface to Python allowing its
functions to be called from Python scripts. To make S4 compatible with Solcore, I made modifications to
its base code to make it compatible with Python3 rather than Python2, and to incorporate improvements
to the code made by other users [163]. Structures in S4 are defined by creating a layer stack of the desired
materials, including a unit cell which can feature combinations of shapes, with built-in functions to add
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Figure 4.4: Comparison of the quantum efficiency of a thin GaAs solar cell with a distributed Bragg reflector
(DBR) behind the cell and an array of TiO2 nanoparticles (NP) on top, calculated using the three optical
solvers in Solcore. The BL model ignores the NP and the DBR and does not include the front surface
reflection, overestimating the result at all wavelengths. TMM correctly accounts for the reflection and the
DBR but cannot model the effect of diffraction due to the NP layer. RCWA takes into account scattering
from the NP, although it is significantly more time consuming. Figure from [128].

rectangles, circles, ellipsoids, or a general polygon with any number of vertices. Solcore’s Layer and Junction
classes are used to define these layers in the new implementation, in which each layer’s composition can be
modified by adding any number of the allowed shapes made of a specified Solcore material. Each layer is
assumed to be infinitely periodic in the x and y directions, and uniform in the z direction. A unit cell must
be defined for the whole structure (using the size attribute in the user options), and each shape is placed at
a specified location (and, where relevant, angular orientation) in the unit cell; as many shapes as necessary
can be added, supplied as a list of dictionaries with the relevant parameters for each shape. An example for
each type of shape supported by S4 is shown in Listing C.1 in Appendix C. The size of the unit cell in the x
and y directions and the base size of the unit cell must be given in nm. The number of Fourier components
used in the calculation [141] must also be specified; this is done using the orders attribute in the user options
passed to the solver of choice.

4.1.3 Comparison of optical models

The different optical models in Solcore are suitable for different types of structures. The Beer-Lambert (BL)
model does not include front surface reflection, unless it is externally specified, but is extremely fast and may
be suitable for material stacks where the layers are optically thick (especially if the front surface reflectivity
is specified by the user, e.g. from measured data, which can be taken into account by Solcore if supplied
by the user). The transfer matrix model (TMM) deals with multi-layer interference correctly, and can be
used at multiple incidence angles and either s, p, or unpolarized light. The most recent version can also
treat one or more layers in a stack incoherently by ignoring phase information within that layer. Finally, the
RCWA capability integrated in Solcore through its interface with S4 is the most advanced solver, capable of
dealing with periodic structures. For any multi-layer structures without diffracting layers, it gives the same
results as the TMM solver. However, as the number of diffraction orders used in the calculation increases,
the computation time can become very significant. In addition, the code is not vectorized (unlike the TMM
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code). The number of diffraction orders necessary for the calculation to converge depends on the structure
and wavelengths being considered.

Fig. 4.4 shows the simulated EQE of a thin GaAs cell with various light-trapping structures, using the
different optical solvers available in Solcore. The structure is a relatively thin (500 nm) GaAs cell, with
TiO2 nanoparticles (NPs) on the front and a distributed Bragg reflector (DBR) consisting of 10 GaAs/AlAs
bilayers at the back of the cell. The NP array is made up of disks 50 nm in height, with 100 nm diameter and
arranged in a square pattern with a period of 400 nm. A DBR is a selective reflector, in this case designed to
reflect light with wavelengths around 800 nm, close to the bandgap of GaAs where transmission losses would
be highest. Fig. 4.4 shows that the simplest model, the BL law, does not give any front-surface reflection,
with all the light absorbed at short wavelengths. At longer wavelengths, there is some transmission into
the GaAs substrate; although absorption in the DBR will be calculated, the interference effects which lead
to wavelength-selective reflection are ignored by the BL model. The TMM model with the DBR removed
from the structure shows a similar profile to the BL EQE, but is significantly lower due to reflection at the
front surface. When the DBR is included, two clear new peaks in the EQE calculated using the TMM are
observed. Finally, when the full structure is modelled using RCWA, these peaks due to the DBR remain but
the EQE at all wavelengths is increased, due to an anti-reflection effect from the NPs and increased path
length in the GaAs cell due to diffraction effects. This clearly demonstrates the different capabilities and of
the different optical solvers.

4.1.4 Use of custom materials

While Solcore has an extensive built-in database of materials commonly used in (inorganic) solar cells, it is
frequently necessary when working with new or uncommon materials to define various properties of materials
not currently in the database. Furthermore, as discussed in Section 4.3, it is very important to use accurate
optical constants when simulating realistic structures, so it may be desirable to add custom material data
(e.g. optical constants measured experimentally) for use with Solcore. Finally, there are existing, extensive
databases containing data from the literature, such as refractiveindex.info [164]. In order to simplify the
process of using custom material data, I adapted Solcore to make it possible to add new materials to the
database, either from a user’s own data or from the refractiveindex.info database. These materials only need
to be defined once, and can then be used in the same way as a built-in Solcore database material.

The code in Listing C.2 shows how the custom materials capability is set up in Solcore’s user config-
uration, and then how a custom material can be defined from three files, ‘SiGeSn_n.txt’, ‘SiGeSn_k.txt’
and ‘SiGeSn_params.txt’, respectively listing the real and imaginary parts of the refractive index n and κ
against wavelength (in m) and any other parameters (mobilities, bandgap, etc.). It is also possible to define
an ‘optical-only’ material with only the first two files. The plot generated in the final few lines of the code
is shown in Fig. 4.5.

Although it is possible to simply download data from refractiveindex.info, and define new materials in
the way described above, this is laborious if multiple materials are required. Therefore, a method was
implemented which automatically takes the required n and κ data from the refractiveindex.info database,
which can be used directly with Solcore’s standard material function, as outlined in the code snippet in
Listing C.3. This searches the database for “Ag” (silver) and defines materials based on four different
sources, as well as the SOPRA database included with Solcore. Fig. 4.6 plots the n and κ data from these
different sources. Being able to easily compare different optical constant sources is very useful to compare
the effect of any discrepancies, as discussed in Section 4.3.

88



400 600 800 1000 1200 1400 1600
Wavelength (nm)

0

1

2

3

4

5

Re
fr

ac
tiv

e 
in

de
x

n

Figure 4.5: The optical constants of one of the SiGeSn samples, as measured through spectroscopic ellip-
sometry (see Section 5.2).
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Figure 4.6: A selection of a) the real part n and b) the imaginary part κ of the refractive index for silver
from different sources, pulled into Solcore from the refractiveindex.info database.

89



4.2 Integrating coherent and incoherent models: RayFlare
Accurate and efficient optical modelling of different types of structures (planar vs. structured layers, random
vs. periodic structures, nano vs. micro-scale or larger) requires the use of different computational methods.
Although in principle most problems can be solved by the most sophisticated type of solver available (in
the case of the types of optical simulations we are considering, a full Maxwell solver), this is often not
computationally efficient and can be less insightful than using a method with appropriate simplifications for
the structure being considered. For instance, modelling micron-sized pyramids with a Maxwell solver such as
RCWA or FDTD (finite-difference time-domain), or using RCWA to calculate the effect of a distributed Bragg
reflector (DBR) made of planar layers, is possible and should yield correct results but is both computationally
slow compared to a more physically appropriate method (e.g. ray-tracing and TMM, respectively, for the
examples given), and does not generally lend additional insight into the physical processes that choosing a
suitable simpler model would not. Especially if the problem being considered has an optimization aspect,
requiring the simulation of many different structures, it is important to choose a modelling method which
can accurately describe the relevant structure but is not unnecessarily computationally intensive. The
development of RayFlare began due to a desire to integrate the various optical modelling codes developed
and adapted for different types of problems over the course of the PhD into a single user-friendly Python
package, which can be used to solve a wide range of optical problems by implementing ray-tracing, TMM,
RCWA, simple Beer-Lambert law absorption, analytic models for surface scattering (e.g. perfect mirrors
or Lambertian scattering) and an angular matrix formalism [99, 86]. The angular matrix formalism allows
coupling of surfaces treated with the same or different optical methods across a thick, incoherent layer.
By using Solcore’s material system and database, and ability to define new materials easily (as discussed
in the previous section) it thus becomes possible to model the wavelength-dependent optical behaviour of
a wide variety of structures including structures involving planar layers of any thickness, structures with
diffraction gratings, or structures with larger-scale textures such as pyramids. Combining e.g. a structure
with pyramids on one side and a diffraction grating on the other is possible through the matrix framework,
and comparison with idealized cases such as a perfect mirror or Lambertian scattering is easy and fast.

The matrix framework used is similar to OPTOS [86, 99] as discussed in Section 1.5.1. It divides the
optical structure into three parts: the front surface, the bulk, and the back surface1. The front and back
interfaces may be made up of several layers, or be textured, as long as there is a way to calculate the reflection
and transmission for different angles of incidence, as well as (if relevant) the absorption in each layer of the
interface. The matrix method itself is straightforward, and essentially amounts to matrix multiplication. For
both interfaces, using any suitable optical method (e.g. TMM, ray-tracing, RCWA, or analytical expressions),
a matrix must be constructed which describes how light incident on the interfaces is redistributed into other
angles, or absorbed. In two dimensions, with a non-absorbing interface, this matrix will relate some polar
angle θin to one or more θout, with the matrix elements describing what fraction of incident light is directed
into each outgoing angle. This can be expanded to three dimensions by including an azimuthal angle ϕ
[86]. The angular matrix framework and structures of the matrices in 2D, specifically using an integrated
ray-tracing/TMM approach, are illustrated in Fig. 4.7. The ray-tracer takes the probabilities of reflection
and transmission from an angle- and wavelength-dependent TMM calculation, to account for the multi-layer
structure of the front surface of a realistic solar cell. The OPTOS framework has been expanded since its
initial publication to include absorption in surface layers [165]; this ability was also developed independently

1The formalism could also be expanded to a stack with multiple interfaces and several ‘bulk’ materials, though this has not
yet been implemented.
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Figure 4.7: Schematic of the angular matrix framework, specifically when used with the integrated ray-
tracing/TMM method, showing a) the function of the matrices B, C and D; b) how the matrix B could be
calculated through ray-tracing; and c) how the TMM can be used with the ray-tracer to calculate reflection,
absorption and transmission for a multi-layer surface. From [126].

as part of RayFlare over the course of the PhD approximately simultaneously [102]. While the existing
matrix frameworks as discussed in Section 1.5.1 provide methods for combining different surface textures,
there is no existing open-source modelling package which combines the angular matrix method with the
actual generation of the matrices describing the redistribution at each interface. OPTOS provides only the
matrix multiplication for calculating absorption in the bulk layers, but the matrices have to be computed and
stored in the correct format by the user using external methods, while GenPro4 [98] is a proprietary software
which combines the matrix approach with the generation of matrices but does not include an RCWA solver
or other method for calculating diffraction from wavelength-scale periodic structures. The aim of RayFlare
is to provide a free, open-source solution integrating both the generation of the matrices and the matrix
multiplication to generate useful results, as well as tools for visualizing the outputs and matrices generated.

This section describes the work undertaken so far in developing the integrated optical modelling pack-
age RayFlare. The new ray-tracing implementation, developed specifically for RayFlare, is discussed first,
followed by the description of the matrix method and validation of the various methods contained within
RayFlare.

4.2.1 Ray-tracing

The ray-tracer used was written in Python3 specifically for use with RayFlare. The basis of the ray-tracer
is the definition of a surface in terms of the Delaunay triangulation of a set of (x, y, z) points which define a
surface, and the intersection of rays (directed lines) with those triangular planes. The surface could be very
simple, such as regular V-grooves or pyramids (see Fig. 4.11a), or a more complicated surface based on e.g.
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an AFM scan of a real surface structure.
The equations for a point on a line l (i.e. a ray) and a triangular plane p (i.e. one of the planes defining

the surface) can be expressed in parametric form as:

l = la + dt

p = p0 + p01u+ p02v
(4.1)

where d is a vector pointing in the ray’s direction of travel. The meaning of the symbols relating to the
line-plane intersection is shown in Fig. 4.8a. Setting the RHS of both equations in eq. 4.1 equal to one
another (which occurs at the intersection of the line l and the plane p) and rearranging, the following matrix
equation can be found:

[la − p0] =
[
−d p01 p02

] t

u

v

 (4.2)

Note that since d, p01 and p02 are vectors, the first term on the RHS of this equation is a 3 by 3 matrix.
This matrix equation can be solved in the standard way, by inverting the matrix, which after rearranging

and multiplying out gives:

t =
(p01 × p02) · (ra − p0)

−d · (p01 × p02)

u =
(p02 ×−d) · (ra − p0)

−d · (p01 × p02)

v =
(−d× p01) · (ra − p0)

−d · (p01 × p02)

(4.3)

For the intersection of a triangular surface with corners at p0, p1 and p2, with a forward-travelling ray,
the following must be satisfied:

• t > 0, since the ray is travelling forward; t < 0 means the intersection point lies behind the point of
origin of the ray

• u > 0 and v > 0 for the point to lie inside the triangle

• u+ v ≤ 1 for the point to lie inside the triangle

This calculation is straightforward to carry out for all the triangles which define a surface; however,
looping through each surface and checking whether the ray intersects with it is computationally inefficient.
For a complicated surface, such as one defined by an AFM scan, there may be hundreds or thousands
of individual triangles; even for a single square-based pyramid, there are four surfaces to check. Thus,
vectorizing this calculation so that for any given line, all surfaces can be checked at once using matrix
operations will lead to much faster code. This can be done by defining matrices P0, P1 and P2 which contain
the p0, p1, and p2 points of all the surfaces in the triangulation, and matrix versions of d and ra:

P0 =


p0,I

p0,II

...
p0,N

 Ra =


ra

ra
...
ra

 D =


d

d
...
d

 (4.4)
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Figure 4.8: a) Intersection of a line with a finite, triangular plane. b) Reflection and transmission of a ray
through an interface (in this case, from low to high refractive index).

where in the first equation, p0,I refers to the p0 coordinates of the first triangle in the surface triangulation,
p0,II refers to the second triangle, etc.

Eq. 4.3 has some vectors which appear multiple times. Matrix forms of these values can be computed
once, then used in the calculation of matrix forms of t, u and v. The following quantities are defined:

C =


(p1,I − p0,I)× (p2,I − p0,I)

(p1,II − p0,II)× (p2,II − p0,II)
...

(p1,N − p0,N )× (p2,N − p0,N )

 = P01 × P02 (4.5)

C is a matrix with dimensions (ntriangles, 3) and contains the cross products of p01 and p02 for each of
the N triangles in the surface (one cross product per row). The ‘×’ symbol in the final expression is used to
mean the row-wise cross product rather than the more standard cross or outer product. Note that because C
depends exclusively on the surface itself and not on the incident ray, it can be computed before ray-tracing
begins and stored for use in each call of the check_intersect function (see Listing 4.1). The vector version
of the denominator factor common to the expressions of t, u and v is:

Pi =
1∑

j(−D ⊙ C)ij
(4.6)

Pi is a vector where the number of elements is equal to the number of triangles which define the surface.
The ‘⊙’ symbol is used to mean element-wise multiplication of the values in the matrix. The sum over the
second matrix dimension j achieves the dot product per column (i.e. summing over the three dimensions after
multiplying element-wise). This factor can be recognized as the denominator common to the expressions for
t, u and v in eq. 4.3.

Finally, the matrix version of the (ra − p0) factor common to t, u and v is defined simply as X = Ra−P0.
Combining all this, and considering the relevant cross products and dot products, the vector versions of

t, u and v can be written as:
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ti = Pi

∑
j(C ⊙X)ij

ui = Pi

∑
j [(P02 ×−D)⊙X]ij

vi = Pi

∑
j [(−D × P01)⊙X]ij

(4.7)

Note that throughout this section the use of indexing subscripts is not Einstein notation (summation of
repeated indices is not implied – summation is explicitly denoted), but refers explicitly to which elements
of the vectors should be multiplied together to give the ith element of t, u, and v. Computationally, all
elements of t, u and v are calculated simultaneously using array multiplication in Python. Once t, u and
v are computed, the conditions for intersection given above are checked simultaneously using logical ‘and’
statements to determine whether there is an intersection with each surface, resulting in a vector of ‘True’
and ‘False’ values with length equal to the number of triangles. Depending on the incident ray and surface,
there may be more than one ‘True’ entry in the vector (the ray travelling in the forward direction can
strike more than one triangle in the surface if allowed to continue travelling indefinitely); thus, if there are
multiple intersections, the intersection with the minimum value of t is found, corresponding to the closest
triangle. The location of the intersection is then given simply by x = ra + tmind. The surface normal and
thus the local angle of incidence between d and the surface normal are also calculated, since this is needed
to calculate the reflection and transmission probabilities using either the Fresnel equations directly, or the
TMM if a multi-layer surface is being considered.

The check_intersect function (Listing 4.1) implements the mathematical procedure as outlined, and
forms the core of the ray-tracing algorithm. In order to treat a real structure, multiple auxiliary functions
are needed, which define the triangulated surfaces, materials and implement scanning across the surface
for a large number of rays. The reflection and refraction of light in three dimensions, with the correct
wavelength-dependent refractive index of the material on each side of the surface, must also be implemented:

d⃗r = d⃗− 2d⃗⊥ = d⃗− 2
(
d⃗ · N⃗

)
N⃗

d⃗t,∥ = n0

n1
d⃗∥ = n0

n1

(
d⃗−

(
d⃗ · N⃗

)
N⃗
)

d⃗t,⊥ = −
√
1−

∣∣∣d⃗t,∥∣∣∣2N⃗
d⃗t = d⃗∥ + d⃗⊥

(4.8)

which is shown schematically in Fig. 4.8b. d⃗ is the unit direction vector of the incoming ray, while d⃗r
and d⃗t are the directions of the reflected and transmitted ray, respectively. N⃗ is the normal to the plane,
pointing into the half-plane from which the ray d⃗ is entering. During reflection of the ray, the component
of the ray perpendicular to the surface is flipped, while in transmission the component of the ray parallel
to the surface obeys Snell’s law (n0 sin θ0 = n1 sin θ1, or in vector notation n0d⃗∥ = n1d⃗t,∥). The parallel (∥)
and perpendicular (⊥) components are as indicated in Fig. 4.8b.

This describes a single interaction of the ray with a specific point of intersection with one triangular
plane in the surface texture, but each ray must be tracked through the surface since in general a ray may
interact with the same surface multiple times before being reflected or transmitted into the material above
or below. Intersections with the surface texture inside one unit cell are checked until no further intersections
are found; the ray is then translated back into the unit cell at the point where it would enter the next unit
cell of the structure, assuming it is periodic in the x and y directions. This procedure is repeated until the
ray is fully below (lower than the minimum point on the surface) or above (higher than the highest point on
the surface) the triangulated surface. A diagram of a ray interacting with a square-based pyramid texture,
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Figure 4.9: a) Schematic of three-dimensional ray-tracing for pyramids. b) Illustration of the meaning of the
local angle of incidence θl and the global angle of incidence θg.

interacting with multiple interfaces, is shown in Fig. 4.9a. In order to accurately capture the behaviour of
a surface, the unit cell defining the surface must be scanned, since a ray striking e.g. the top of a pyramid
will behave differently to a ray which strikes the structure near the base. The reflection and transmission
probabilities can be calculated directly from the optical constants of the interface materials using the Fresnel
equations, or calculated through TMM (see Section 4.2.2).

Code Listing 4.1: The check_intersection function which forms the basis of RayFlare’s ray-tracing algorithm.
def check_intersect (r_a , d , t r i ) :

D = np . t i l e ( -d , ( t r i . s i ze , 1) )
pre f = 1 / np . sum(D * t r i . crossP , axis=1)
corner = r_a - t r i .P_0s
t = pref * np . sum( t r i . crossP * corner , axis=1)
u = pref * np . sum(np . cross ( t r i .P_2s - t r i .P_0s , D) * corner , axis=1)
v = pref * np . sum(np . cross (D, t r i .P_1s - t r i .P_0s) * corner , axis=1)

which_intersect = (u + v <= 1) & (np . a l l (np . vstack ((u , v) ) >= -1e -10 , axis=0)) & ( t > 0)

i f sum( which_intersect ) > 0:

t = t [ which_intersect ]
P0 = t r i .P_0s [ which_intersect ]
P1 = t r i .P_1s [ which_intersect ]
P2 = t r i .P_2s [ which_intersect ]
ind = np . argmin ( t )
t = min( t )

intersn = r_a + t * d
N = np . cross (P1 [ ind ] - P0 [ ind ] , P2 [ ind ] - P0 [ ind ] )
N = N / np . l i n a l g . norm(N)

theta = atan (np . l i n a l g . norm(np . cross (N, -d) )/np . dot (N, -d) ) # in radians , angle r e l a t i v e
to plane

return [ intersn , theta , N]
e l s e :

return False
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Figure 4.10: a) Comparison between the calculated reflection (total reflection and front surface reflection,
R0), transmission and absorption for a c-Si wafer, calculated using the widely-used PVLighthouse wafer
ray-tracer [166] and the new Python3-based ray-tracer built for RayFlare. The structure considered is 300
µm of c-Si [129] with regular inverted pyramids with an elevation angle of 55◦ and base width 2 µm on
the front surface. The rear surface is planar, and the surrounding medium is air. b) Comparison of the
calculated path length enhancement using both methods.

Note that once an intersection has been found, before continuing to see if there are other intersections
with the surface, the ray-tracer advances the ray by an infinitesimally small amount (d × 10−9), otherwise
the same intersection would immediately be found again. It is possible to use the ray-tracer in conjunction
with the matrix method (Section 4.2.3) to calculate the angular redistribution of light at one interface, or
to track the rays throughout the whole structure, interacting with the front and back surfaces until the ray
is absorbed, transmitted, or reflected.

Model validation

To check if the ray-tracing algorithm is performing as expected, its results were compared to the widely-used
PVLighthouse wafer ray-tracer [166], which is available as an online tool. Note that the matrix framework
discussed below was not used in these simulations; ray-tracing was used to track the full path of rays through
the structure. The same structures are defined in RayFlare and the PVLighthouse ray-tracer, consisting of
a 300 µm thick Si wafer (optical constants in both cases were taken from [129]). The front surface of the
wafer is textured with regular inverted pyramids with an opening angle of 55◦ while the rear of the cell is
planar. The results in terms of total absorption, transmission, front surface reflection R0, and total reflection
calculated through both methods are shown in Fig. 4.10, showing very close agreement between both ray-
tracing implementations. The total reflection includes the front surface reflection, i.e. light which is reflected
during the first interaction of the incident light with the wafer, and escape reflection caused by rays which
escape when light hits the front surface of the cell from the inside.

In addition, the results for the path length enhancement in an Si substrate patterned with random
pyramids and regular pyramids depending on the substrate thickness are shown in Fig. 4.11. In both the
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Figure 4.11: a) Example of a Delaunay triangulation surface object used for ray-tracing both regular and
random pyramids. b) Comparison between the path length enhancement at 1100 nm compared to a single
pass through a 200 µm Si substrate for structures with random (pink circles) and regular pyramids (blue
diamonds) on the front surface, and a planar rear surface. The open symbols show the calculated data while
the line shows a three-point moving average.

regular and random cases, the opening angle of the pyramids is 55◦, the typical opening angle for chemically
etched pyramids in Si. The size of the pyramids was set to 5 µm. The front surface is patterned with
upright pyramids while the rear surface is planar. The triangulated surface used for both regular and random
pyramids is shown in Fig. 4.11a; for the regular pyramids, the overall position in the unit cell is tracked while
the ray makes passes inside the cell, preserving the location information of the ray. To simulate the effect of
random pyramids, the same unit cell is used but the position of the ray is randomized before each interaction
with the front or rear surface (the direction vector is kept at the value calculated during the previous surface
interaction). The path length enhancement, depending on the Si thickness, at incident wavelength 1100 nm
(close to the bandgap of Si) is shown in Fig. 4.11b. Fig. 4.11b shows that the path length enhancement for
the regular pyramids is significantly lower than for the random pyramids. This is due to increased escape
reflection through the front surface due to the relationship between the location on a pyramid at which the
light enters the cell and the corresponding point on a pyramid which it will hit after traversing the cell.
For truly random pyramids, the ray should be equally likely to encounter any (x, y) position of the unit cell
with no correlation to its previous interaction with the surface, while for regular pyramids, there is a clear
geometric relationship between the face of the pyramid the ray strikes while entering the cell and the face
it will strike after traversing the cell and reflecting from the planar back surface, as discussed in detail in
[84]. This effect can enhance or reduce the light-trapping; if a ray strikes the equivalent face of a pyramid
through which it was coupled into the structure, it will be totally internally reflected back into the cell, while
if it strikes the opposite face, it is likely to couple straight out of the cell (the reflection probability below
the critical angle at an Si/air interface is around 30%). The results here are consistent with the predictions
in [84]: random pyramids on the front surface only, with a planar back surface, consistently perform better
than regular pyramids in a square grid, and are not very sensitive to the substrate thickness except a general
trend of increasing absorption as the thickness increases. Note that while the total absorption increases, the
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path length enhancement – the ratio of the fraction of light absorbed in the structure with light-trapping
to the fraction of light absorbed in a single pass of a planar cell, calculated through the Beer-Lambert law
– actually decreases, as shown in Fig. 4.11b. As the cell gets thicker, less absorption enhancement can be
gained from the light-trapping structures, as the light has an increasing probability of being absorbed in a
single pass. The performance of regular pyramids is extremely sensitive to the thickness of the substrate,
shown by the sharp oscillations in Fig. 4.11b. For regular pyramids, the predicted interval between substrate
thicknesses at which the path length enhancement reaches a local maximum is predicted to be [84]:

∆W ′ = (d/2) tan (θ1 + θ2) (4.9)

where θ1 = cot−1(
√
2) ≈ 0.615 and θ2 = sin−1 [(cos θ1) /n3] ≈ 0.233, giving ∆W ′ = 2.83 µm for d = 5

µm, matching the peak spacing observed in Fig. 4.11b.
The fact that regular pyramids consistently perform worse than random pyramids seems somewhat

counter-intuitive, since random pyramids must represent some average over many different regular struc-
tures, and thus there must be regular structures which outperform a random structure for any wafer thick-
ness and pyramid size. However, as shown in [84], these optimal regular structures are not structures where
the pyramids are on a regular square grid, but rather regular structures where the overall grid is periodically
staggered.

To further illustrate the effectiveness of randomizing the ray direction before rays return to a surface with
similar features, Fig 4.12 compares the absorption in Si at long wavelengths for multiple structures with either
regular V-grooves, random pyramids, or regular pyramids on the front surface and V-grooves, a planar rear
surface, a perfect mirror or a perfect Lambertian reflector (see Section 4.2.6) on the rear surface. In each
case, the feature size (pyramid base width or spacing between groove maxima) is 5 µm and the elevation
angle of the features is 55◦, with a substrate thickness of 100 µm. This means the front surface reflection for
normal incidence in all cases is very similar (around 10% for the wavelength range 800-1200 nm), as Fig. 4.12
demonstrates. However, the transmission through the back surface and escape reflection vary significantly
depending on the combination of front and rear surfaces. A structure with V-grooves on both sides performs
significantly better when the V-grooves on the two surfaces are perpendicular; in the crossed case, most rays
reaching the back surface cannot couple straight out by striking an equivalent surface to the one they entered
through, reducing transmission, and the direction of the rays is changed before they re-encounter the front
surface, thus also reducing escape reflection compared to the parallel case. Similarly, random front surface
pyramids significantly outperform regular pyramids; in this case, the difference is mainly due to a reduction
in escape reflection, since transmission through the planar back surface is similar. Random pyramids or a
Lambertian scattering back surface lead to more absorption, with the highest absorption at long wavelengths
achieved in the structure with random front pyramids and a Lambertian rear surface.

The results of the ray-tracing results are stochastic, as demonstrated by the fluctuations visible in the
results shown in this section; a summary of the convergence of the ray-tracing for different numbers of rays
and scanning points on the surface is shown in Appendix D.

4.2.2 Ray-tracing with integrated TMM

RayFlare can calculate the probability of reflection and transmission in the ray-tracer directly using the
Fresnel equations; however, the probabilities can also be calculated using TMM if there are multiple surface
layers, one or more of which may be absorbing. To be a useful approximation, the thickness of the surface
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Figure 4.12: Comparison of the bulk absorption and front surface reflection R0 for different structures with
increasingly Lambertian behaviour.

textures should be thinner than the lateral dimensions of the surface texture (Fig. 4.7).
Computationally, it was found to be much faster to use the TMM to pre-compute lookup-tables with

reflection, transmission and absorption probabilities which can be used as-needed by the ray-tracer, rather
than doing individual TMM calculations each time those probabilities are needed. The TMM capabilities
of RayFlare are based on the existing methods implemented in Solcore (Section 4.1.1), which are vectorized
over wavelengths, and thus pre-computing the probabilities for a large number of incidence angles and the
desired wavelength values is relatively fast (taking a few seconds or minutes on a normal computer depending
on the structure) compared to computing individual probabilities as-needed, especially for a large number
of rays. The downside is that these large arrays must be stored, as discussed in Section 4.2.7.

4.2.3 Matrix framework for multi-scale optical calculations

As discussed in the introduction to this section, it is not always appropriate to treat an optical structure
with a single optical modelling method, for example because of diverging length scales (e.g. a diffraction
grating with a period of hundreds of nanometres in a cell with a thickness of hundreds of microns). This
is where the angular matrix method comes in; by calculating matrices which describe how incoming light is
redistributed into outgoing directions by one interface of a structure (or absorbed in interface layers), optical
methods can be combined across a single structure. The power fraction in each angular bin, P (θi, ϕj), at
any point within the simulation is represented as a vector v⃗:

v⃗ =



P (θ1, ϕ1)

P (θ1, ϕ2)
...

P (θ2, ϕ1)
...

P (θm, ϕn)


=



1

0
...
0
...
0


(4.10)
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Figure 4.13: Schematic showing the labelling conventions used in RayFlare.

The length of the vector is l, the total number of angle bins (combinations of θ and ϕ). The specific
example for v⃗ shown on the right-hand side of eq. 4.10 is for light incident from θ = 0◦ which has not yet
interacted with any texture. Often, this is the form v⃗0, the vector representing the incident light, will take.
The discretization of θ and ϕ used here is the one proposed for the three-dimensional implementation of
OPTOS [165]. The polar angle bins have equal sin(θ) spacing; this means the k vector of light projected
onto the surface planes has uniform spacing [99]. The azimuthal angle spacing is equidistant, and the number
of azimuthal angle bins for any polar angle bin is given by Nazimuth = ⌈cazimuth · rpolar ⌉, where r is the
index of the polar angle bin (starting from r = 1 for the θ = 0 bin), ⌈⌉ denotes rounding up the nearest
integer, and cazimuth is a number between 0 and 1 which describes how fine the discretization should be.
This discretization method means that the size of the angle bins when projected onto the plane in which
the surfaces lie is approximately equal for all bins. The value of cazimuth used for all results presented in
the thesis is 1/4, demonstrated to give accurate results while reducing computation time relative to using
cazimuth = 1 [86].

Fig. 4.13 shows an outline of how the propagation of light across a thick (compared to the wavelength
of light) layer with front and rear textures is described by RayFlare. The v⃗ vectors, with length l, describe
light propagating in the incidence or transmission medium, or within the structure, while the a⃗ vectors track
the light absorbed in the interface layers. The v⃗r and v⃗t vectors track light which travels into the semi-
infinite incidence and transmission media, respectively. Note that there is a difference between the meaning
of the v⃗f/v⃗b vectors inside the structure and the v⃗r/v⃗t vectors outside the structure; the former track the
total fraction of incident intensity left in the light propagating inside the structure over the course of the
simulation, while the latter track how much power escapes from the structure at each interaction with the
interface, and thus need to be summed over to give total reflection or transmission in each angular bin. The
a⃗ vectors have length equal to the number of layers in the corresponding interface.

The R and T matrices describe the redistribution of light into other angular channels at each interface,
either transmitted through the interface or reflected back into the same half-plane from which the light is
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incident. The R and T labels clarify whether the matrix describes reflection or transmission through an
interface, but could describe light incident from either the front or back of the texture; the subscripted ‘f ’ or
‘b’ labels are used to distinguish incidence from the front and back respectively (‘front’ meaning the side of
any interface closest to the incidence medium), while the subscripted number describes which interface the
matrices describe. For instance, matrix Tb,1 describes the angular redistribution when light incident from
the inside of the structure onto the back of the front interface is transmitted into the incidence medium. For
the 3D case, including azimuthal angle discretization, the matrices R and T take the form:

R,T =



p({θ1, ϕ1} → {θ1, ϕ1}) p({θ1, ϕ2} → {θ1, ϕ1}) . . . p({θn, ϕm} → {θ1, ϕ1})
p({θ1, ϕ1} → {θ1, ϕ2}) p({θ1, ϕ2} → {θ1, ϕ2}) . . . p({θn, ϕm} → {θ1, ϕ2})

... . . . ...

p({θ1, ϕ1} → {θn, ϕm}) p({θ1, ϕ2} → {θn, ϕm}) . . . p({θn, ϕm} → {θn, ϕm})


(4.11)

where p({θi, ϕj} → {θk, ϕl}) is the probability that light incident from a direction in the {θi, ϕj} bin is
scattered into a direction in the {θk, ϕl} bin.

The A matrices describing absorption take the form:

A =


p ({θ1, ϕ1} → A1) p ({θ1, ϕ2} → A1) · · · p ({θm, ϕn} → A1)

p ({θ1, ϕ1} → A2) p ({θ1, ϕ2} → A2) · · · p ({θm, ϕn} → A2)
...

... . . . ...
p ({θ1, ϕ1} → Ak) p ({θ1, ϕ2} → Ak) · · · p ({θm, ϕn} → Ak)

 (4.12)

Where p ({θ1, ϕ1} → A1) is the probability that light incident from a direction that falls in the {θ1, ϕ1}
bin is absorbed in layer 1 of the interface. The dimensions of the Af/b,i matrix depend on which interface it
is describing; the number of columns is l, as for the R and T matrices, while the number of rows is equal to
the number of layers in the interface with label i (thus the number of rows is interface-dependent, because
not every interface has the same number of surface layers). In this labelling convention, and the code, ‘layer
1’ of an interface is always the layer at the front (closest to the incidence medium), and not necessarily the
first layer the light encounters; light incident from inside the structure on the front surface would encounter
the kth layer first.

Note that while Fig. 4.13 shows the light travelling through the structure as discrete rays to avoid
confusion, light is generally scattered into multiple directions at each interface; the v⃗ vectors do not represent
light travelling in a single direction, but keep track of the fraction of the incident intensity in each angular
bin.

The definition of the angles θ and ϕ is somewhat ambiguous; Fig. 4.14 shows how light interacting with
an interface with incident angles {θ1, ϕ1} is scattered into outgoing angles {θ2, ϕ2}. θ is the polar angle from
the positive z-direction, while ϕ is the azimuthal angle counter-clockwise from the x-axis (when viewed from
the z > 0 half-plane). This coordinate system fully describes three-dimensional space with ranges 0 ≤ θ < π

and 0 ≤ ϕ < 2π. Keeping the same definition of θ and ϕ, the scattered ray travelling away from the first
interaction in the {θ2, ϕ2} direction will then be incident on a subsequent surface with polar angle θ′2 = π−θ2
and azimuthal angle ϕ′2 = π+ϕ2. The same coordinate system, with the z-axis pointing towards or into the
incidence medium of the structure, is used for all interfaces. The transformation θ → π − θ and ϕ → π + ϕ
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Figure 4.14: Schematic of the angle conventions used in RayFlare, and how they are transformed for incoming
and outgoing light paths.

is applied to angles describing ‘outgoing’ directions to convert them into ‘incoming’ directions after each
interaction with a surface (Fig. 4.14).2

Considering these definitions, it can be deduced that the R matrices describe light incident with some
value of θ scattered so the outgoing direction (prior to a transformation into an ‘incoming’ vector) is in the
same half-plane (so if θ < π/2 before the interaction, it remains so after the interaction with the surface, and
vice versa). The T matrices describe light where the value of θ is changed so the outgoing ray is travelling
into the other half-plane. The attenuation of the intensity in the bulk, which in these simulations are assumed
to be thick enough that interference effects within the bulk can be ignored, is described by matrix D using
the Beer-Lambert absorption law:

2Applying this transformation often does not affect the results, as surfaces with mirror symmetry along the x and y axes,
such as regular square-based pyramids or a square diffraction grating, are not affected by the transformations θ → π − θ and
ϕ → π + ϕ. However, implementing this transformation ensures the framework can be used for surfaces which do not exhibit
such symmetry.
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D =


e−αd/| cos θ1| 0 . . . 0

0
. . . 0

0
...

... 0

0 . . . 0 e−αd/| cos θm|


The absolute value sign ensures that it does not matter whether the D matrix is applied before or after

the transformation from outgoing to incoming direction, since cos(π − x) = − cos(x). There may be multiple
identical diagonal entries for each θ, depending on how many corresponding ϕ channels there are. The matrix
D has the same dimensions as R and T. Note that the Rb,1 and Rf ,2 matrices are equivalent to the B

and C matrices, respectively, in the OPTOS formalism [99]; the labelling of the D matrix in Fig. 4.13 is
unchanged from OPTOS.

After each surface interaction or pass through the bulk of the structure, the power remaining as a fraction
of the incident power can be calculated by adding up all the entries in v⃗ inside the structure:

P =
l∑

m=1

v⃗m (4.13)

Note that the sum here is over all the angular bins, of which there are l. The initial total power sums
to one:

∑l
m=1

⃗(v0)m = 1. With reference to Fig. 4.13 for the vector and matrix labelling, the absorption,
reflection and transmission can be calculated iteratively as follows:

First interaction with front surface:

v⃗f↓,1 = Tf ,1v⃗0

v⃗r,1 = Rf ,1v⃗0

a⃗1,1 = Af ,1v⃗0

(4.14)

Iterative calculation:

v⃗b↓,i = D v⃗f↓,i

a⃗2,i = Af ,2 v⃗b↓,i

v⃗t,i = Tf ,2 v⃗b↓,i

v⃗b↑,i = Rf ,2 v⃗b↓,i

v⃗f↑,i = D vb↑,i

a⃗1,i+1 = Ab,1 v⃗f↑,i

v⃗r,i+1 = Tb,1 v⃗f↑,i

vf↓,i+1 = Rb,1 vf↑,i

...

(4.15)

This iterative calculation can be repeated until the power remaining in the vector v⃗f/b describing light
travelling inside the structure is below a certain threshold defined by the user, i.e. all the light has been
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Figure 4.15: Schematic of a) the layout of the redistribution matrices for each surface and the angular vector
v⃗ and b) the corresponding processes at the interface.

absorbed, transmitted, or reflected. At this point, all the relevant information will be stored in the v⃗ and
a⃗ vectors. Although other values may be of interest, some of the most commonly-used quantities can be
calculated as:

Calculating absorption in the bulk:

A↓,i =
∑
l

v⃗f↓,i −
∑
l

v⃗b↓,i

A↑,i =
∑
l

v⃗b↑.i −
∑
l

v⃗f↑,i

Atotal =
∑
i

(A↓,i +A↑,i)

Calculating absorption per layer in the interfaces:

a⃗1 =
∑
i

a⃗1,i

a⃗2 =
∑
i

a⃗2,i

(4.16)

Calculating reflection and transmission per angular bin:

R(θ, ϕ) =
∑
i

v⃗r,i

T(θ, ϕ) =
∑
i

v⃗t,i

Calculating total reflection and transmission:

Rtotal =
∑
l

R (θ, ϕ)

Ttotal =
∑
l

T (θ, ϕ)

(4.17)
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The relationship of the different matrices Rf , Tb, Tf and Rb to values of θ for the ray before and
after interacting with a surface are shown in Fig. 4.15. Rf and Tf affect only downward-travelling rays
(θin < π/2), while Rb and Tb affect only upward travelling rays (θin > π/2). The R matrices will
redistribute light into the same half-plane while theTmatrices will redistribute light into the other half-plane.
Computationally, this means that if full matrices and vectors with 0 ≤ θ ≤ π are used, three-quarters of the
matrices and half of the vectors v⃗ will, by definition, be empty during any given matrix multiplication. Thus,
only the relevant non-zero parts of the matrices and vectors are actually multiplied. The matrices Rb,2, Tb,2

and Ab,2, corresponding to incidence from the back on the rear surface of the cell, are not automatically
computed, since it is assumed no light will enter the structure from the semi-infinite transmission medium.

The iterative nature of the calculations means that in addition to the values shown above, more complex
metrics can be tracked, e.g. how much of the incident power is absorbed on each pass of the bulk; the effect
of direct reflection R0 (due to the first interaction of the incident light with the front surface of the cell) and
escape reflection (due to light escaping into the incidence medium during subsequent interactions with the
front surface); or how much light is absorbed in the front interface layers due to light incident from outside
vs. inside the cell. Note that the dependence on wavelength of each of the matrices has not been made
explicit so far to simplify the description of the model, but in fact the iterative calculation is carried out
simultaneously for all wavelengths using three-dimensional arrays with dimensions wavelength, index of the
incoming angles, and index of the outgoing angles or absorbing layers (the Python package xarray is used
to deal with the high-dimensional arrays).

A key advantage of the matrix approach to optical modelling problems is that although changing either
of the surfaces means that the relevant R, T and A matrices must be recalculated using an appropriate
method, repeating the simulation with a different bulk thickness requires very little additional simulation
time as only matrix D has to be recalculated, which is computationally trivial. If only one of the surfaces is
changed, only the matrices for that surface need to be recalculated, rather than for the whole structure. This
is especially useful when comparing realistic structures with idealized textures (Section 4.2.6); comparing
the performance of a realistic back reflector or scatterer with that of a perfect mirror does not require
re-computing the behaviour of the whole structure, and is very fast because these matrices are trivial to
calculate.

4.2.4 Absorption in individual layers

Including absorption in the surface textures, in addition to bulk absorption and reflection/transmission at
the interfaces is a natural extension of the angular matrix framework; instead of light being redistributed into
other angles, it can be redistributed into a vector which describes absorption in each layer. This extension
was also developed for the OPTOS method [165], but was conceptualized and developed independently for
the RayFlare framework.

The ray-tracing method, whether used with the Fresnel equations or a lookup-table with values calculated
through TMM, is a Monte Carlo method and therefore inherently stochastic; rays can be reflected, absorbed,
or transmitted with some probability, depending on the structure being considered, the wavelength, and
the point of incidence on the surface. If lookup-tables for an interface with multiple layers are used, the
total probability of the light being absorbed anywhere in the stack is found by adding up the fraction of
incident light absorbed in each layer. It is not necessary to choose which layer the absorption takes place
in stochastically, since these probabilities are calculated exactly from the TMM; the choice of reflection,
transmission or absorption is made stochastically, but the distribution of absorbed photons between the
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layers can be done exactly based on the relative probabilities. Thus, if a ray is absorbed, RayFlare checks in
the lookup-table what the probability of absorption per layer is (for the correct wavelength, side of approach,
polarization and local incidence angle) and stores this information. At the end of the simulation, a matrix
can then be generated relating the global incidence angle in terms of θ and ϕ bins to the probability of
absorption in each layer; the intensity of absorbed rays is divided between the layers exactly based on the
relative probability of absorption in that layer. However, because the absorption probabilities per layer
are determined analytically using TMM while the fraction of rays reflected and transmitted are calculated
stochastically, the situation can arise that (e.g. for a two-layer stack) R+ T +Alayer 1 +Alayer 2

̸= 1. Thus,
when generating the final matrices at the end of the simulation for each wavelength, the total number of
rays which are not reflected or transmitted (i.e. must therefore have been absorbed) is stored, so that the
fraction of absorbed rays A is known for each global incidence angle. This is then used to scale the absorption
fractions per layer, so that

∑nlayers
i=1 Ai ≡ A.

Absorption profiles

When using the combined TMM/ray-tracing approach, it is possible to calculate absorption profiles within
the surface layers by considering the local incidence angle and using existing TMM methods to generate
absorption profiles. The absorption profile at a depth z in a coherent layer in a TMM calculation can be
expressed analytically as [91]:

a(z) = A1e
2z Im(kz) +A2e

−2z Im(kz) +A3e
2izRe(kz) +A∗

3e
−2izRe(kz) (4.18)

where kz = 2πn cos θ/λvac is the z-component of the wavevector k⃗. Eq. 4.18 can be found by calculating
−d(P · ẑ)/dz, the negative of the derivative with respect to the z position of the z-component of the time-
averaged Poynting vector P = 1

2 Re [(E
∗ ×H)]. Physically, A1 describes the intensity of the backward-

travelling wave in the layer, A2 describes the intensity of the forward-travelling wave, and A3 describes
interference between these waves. A1, A2 and A3 depend on the layer structure under consideration and the
wavelength. Note that if we consider a structure in which interference can be ignored, the expression for
a(z) at normal incidence simplifies to a(z) = A2e

−2z(2πκ)/λvac = A2e
−αz, which is the negative of the first

derivative with respect to z of the Beer-Lambert law (I = I0e
−αz with A2 = αI0), as expected.

When the TMM lookup-tables are generated, the relevant parameters (A1, A2, A3, and kz) used to
calculate the absorption profile for light incident on the layer stack from a specific (local) angle are stored
along with the reflection, transmission, and absorption probabilities. A1 and A2 are, by definition, real, while
kz and A3 are generally complex numbers for absorbing layers. During the ray-tracing process, the local
incidence angle for each ray which gets absorbed must be stored if the absorption profile is to be calculated,
so the correct values of the absorption profile parameters can be used (the difference between the overall
angle of incidence on the surface and the local incidence angle is shown in Fig. 4.9b).

There is an added complication related to the issue discussed above for calculating absorption per layer
in the combined TMM/ray-tracing approach; since the absorption fraction per layer has to be scaled to
ensure that R+A+T = 1 for each global incidence angle, it follows that A1, A2 and A3 must also be scaled
accordingly. In addition, the data in the R, A and T redistribution matrices is in terms of global incidence
angle, while the absorption profile depends on the local incidence angle. Thus, it is necessary to know the
relationship between the global incidence angle and the local incidence angle for rays which were absorbed.
Therefore, similar to the scaling to account for previous absorption, we must also scale the absorption profiles
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to account for how much of a contribution each local angle makes. For regular textures like pyramids, clearly
a global incidence angle will relate to only a small number of local incidence angles.

Although the intensity incident on the surface at each interaction can only be determined during the
full matrix calculation, the relationship between the global and local incidence angle and thus the scaling
required for A1, A2 and A3 is known after ray-tracing, before the matrix calculation takes place. During
the ray-tracing procedure, the relationship between the global incidence angle and the local incidence angle
for rays which are absorbed is recorded in a matrix, with rows describing the local incidence angle bins and
columns describing the global incident angle bin (in terms of both θ and ϕ as discussed above). Thus the
dimension of this matrix is (ntheta bins, nangle bins). The global/local angle matrix is used to scale A1, A2

and A3 for each global incidence angle. Thus, we end up with a very large multi-dimensional matrix storing
the values of A1, A2, A3 and kz for each layer and for each local angle per global incidence angle. This
can then be used to generate a depth-dependent profile by using equation 4.18 for each local angle with a
non-zero contribution, and then adding all the local angle contributions at each wavelength. The final result
is a matrix with the different z positions along the rows, and the different global incidence angles along the
columns.

Finally, this matrix is scaled so that the integrated total of all these contributions is consistent with the
R and T probabilities. This final matrix can be used just like the R, T and A matrices; when multiplying
a v⃗ vector, this gives the resulting absorption profile from that interaction with the surface. At the end of
the matrix multiplication, all these contributions can be added up to come up with an overall absorption
profile. Care must be taken to take into account how absorption profiles generated for front incidence and
rear incidence are added together, since the light encounters the structure from the opposite direction, so
the absorption profiles for rear incidence must be flipped.

4.2.5 Absorbing incidence media

In absorbing incidence media, the meaning of the incidence angle θ becomes somewhat ambiguous, as dis-
cussed in Section 2.3.1. This can be understood by considering the wavevector k⃗ of a plane wave. For a
general plane wave (assuming without loss of generality that we are in the x − z plane – see Fig. 4.14 for
the angle convention):

k⃗ =
2π(n+ iκ)

λ
(sin θ̃, 0, cos θ̃) (4.19)

Where the complex refractive index ñ is expressed explicitly in terms of its real and imaginary parts. If
κ = 0 (non-absorbing medium), the meaning of the angle θ is clear; it is the angle from the normal at which
the light is travelling. But if we have κ ̸= 0, this meaning becomes less clear. Specifically, ñ sin θ̃ will not be
a real number if θ is a real number; this implies that there is dissipation of power in the direction parallel
to the incident medium, since the x-component of the wavevector is not real, and therefore this cannot be
an infinite plane wave. So ñ sin θ̃ must be real for a plane wave, and if ñ is complex, this means sin θ̃ must
be complex, and thus θ̃ must be complex. This is equivalent to saying Snell’s law (n0 sin θ0 = n1 sin θ1)
holds even for interfaces where one or both of the media are absorbing. Although it is possible to deduce
a relationship between the direction from which power is incident, a useful definition within the RayFlare
matrix framework, and the complex angle θ̃ (see Appendix B), this has not currently been implemented in
RayFlare; instead, the much simpler assumption that κ = 0 for all incidence media has been made. This
means that for light incident from inside the bulk structure, κ = 0 is set to zero. The justification for this
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simplification is as follows:

• To be treated correctly within the RayFlare framework, the ‘bulk’ layer must be thick relative to the
wavelength.

• If the bulk is thick relative to the wavelength and has high κ, then a large fraction of the light entering
the bulk will be absorbed before ever encountering the back surface; so while the high incidence-angle
entries3 in the redistribution matrix for the rear surface, and back of the front surface, may not be
accurate, this will not affect the overall results because a negligible fraction of the light encounters
those surfaces at the problematic wavelengths.

• If the bulk has low κ, meaning the light may make many passes through the bulk before being absorbed
and the high incidence-angle entries in the matrix become relevant (e.g. in an indirect semiconductor
or glass), the angle at which power is travelling and the angle θ will be very similar since κ is close to
zero.

Further work is needed to assess how much these assumptions affect modelling results, and whether
implementing a more rigorous treatment of the complex angles as outlined in Appendix B is beneficial.

4.2.6 Ideal cases

To explore fundamental limits to light trapping or compare the performance of a device design with theory,
it is useful to include a convenient way of generating matrices for several cases where the optical behaviour
can be calculated analytically. Two cases used frequently in investigations of the performance of light-
trapping structures (see Section 1.5.1) have so far been included in RayFlare: a perfect mirror and an ideal
Lambertian scatterer. The perfect mirror case is straightforward: light hitting the interface at a polar angle
θ and azimuthal angle ϕ is scattered into outgoing direction {θ, ϕ+ π}. 100% reflectivity at all wavelengths
is assumed, so the redistribution matrix is identical for all wavelengths, with a single entry equal to ‘1’ per
row and column of the matrix, with the location of the ‘1’ entry describing the change in angle.

A perfectly Lambertian scatterer is an ideal diffuse reflector, having the same radiance (radiant flux per
unit projected solid angle) regardless of the viewing angle. As the viewing angle increases from the normal,
the projected area of the emitting surface appears to decrease proportional to cos θ, and thus the radiant
flux should also decrease in order to maintain the same radiant flux. The power reflected into a polar angle
bin with angle θ and width dθ can be written as:

dP ∝ cos(θ)dθ

The azimuthal dependence, ϕ, has been ignored; it is clear from the symmetry of the coordinate system
and the requirement of an ideal diffuse reflector that the power should be divided evenly between the ϕ bins,
which are of equal size for any given θ. The total power (summing over ϕ bins), as a fraction of incoming
power, scattered into the bin at θ with a width of dθ is thus given by cos θdθ, with the final matrix normalized
so that each column (corresponding to each incoming direction) sums to 1.

3The discrepancy between the angle from which power can be taken to be incident and the (real part of) the complex angle
θ increases at higher angles of incidence, and with higher values of κ, as shown in Fig. B.1.
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Figure 4.16: The four-junction solar cell optical structure used for validation of the RayFlare angular matrix
model. The treatment of the layers in both RayFlare and the TMM reference calculation, done using Solcore’s
existing TMM implementation, is indicated. The labels Rf,1, Tf,1 etc. refer to the labels used in Fig. 4.13
for the angular matrices.

4.2.7 Storing information

For many structures commonly used in solar cells, such as pyramids or gratings, light will be scattered into
specific directions according to its incidence angle, rather than being scattered across all possible outgoing
directions (although this is not the case for randomly scattering structures or perfect Lambertian scattering).
This means that the redistribution matrices are often extremely sparse, i.e. the vast majority of matrix entries
is equal to zero; thus the matrices are stored in a sparse matrix format using the Python package sparse.
A sparse matrix format stores a list of locations at which the matrix is not equal to zero, and the values
at those indices, rather than storing each matrix entry explicitly. This significantly reduces the storage
space required since typically a large number of matrices are generated during a simulation over a range of
wavelengths.

In the case of perfect Lambertian scattering, where all the matrix elements describing reflection are non-
zero and the scattering is assumed to be the same at all wavelengths, only a single matrix is stored as opposed
to one matrix per wavelength to save storage space. The largest files which need to be stored are those for
the TMM lookup-tables (Section 4.2.2), and those storing the parameters for calculating absorption profiles
(Section 4.2.4); these multi-dimensional matrices are stored in NetCDF format using the xarray package.

4.2.8 Matrix method validation

In order to confirm if the matrix multiplication and methods for populating the redistribution matrices are
working as expected, a planar multi-layer structure with a thick, incoherent layer can be considered. Such
a structure can be modelled using the TMM method from Solcore directly, using the ability to treat layers
incoherently, or by using the angular matrix framework with redistribution matrices calculated through
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Figure 4.17: Calculated reflection, absorption per layer and transmission in a 4J solar cell-like optical struc-
ture for normally-incident unpolarized light, calculated using the RayFlare matrix multiplication framework
and a) a TMM model, b) a ray-tracing model with TMM lookup-tables and c) an RCWA model to populate
the redistribution matrices. d) shows the expected result, calculated using Solcore’s TMM model (separate
from RayFlare).
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Figure 4.18: Calculated reflection, absorption per layer and transmission in a 4J solar cell-like optical
structure with p-polarized light incident at 70◦ from the surface normal, calculated using the RayFlare
matrix multiplication framework and a) a TMM model, b) a ray-tracing model with TMM lookup-tables
and c) an RCWA model to populate the redistribution matrices. d) shows the expected result, calculated
using Solcore’s TMM model (separate from RayFlare).

TMM, ray-tracing in combination with a TMM lookup-table, or RCWA. As discussed previously, using ray-
tracing or RCWA to calculate reflection, absorption and transmission through planar layers does not offer
additional insight beyond that from a TMM calculation, but choosing a structure which can be modelled
using all these methods allows a simple check of the angular binning method used in each, and the matrix
multiplication itself.

The structure considered for the angular matrix model validation, and validation of the ray-tracing, TMM
and RCWA methods as they are implemented to generate the redistribution matrices, is shown in Fig. 4.16.
This structure is based on the optimized layer structure for a 4J solar cell with a SiGeSn sub-cell (Section
5.5). Using Solcore’s TMM method, this structure is simply a Solcore layer stack with the thick Ge layer
treated incoherently. In the RayFlare matrix method, this Ge layer is the bulk medium described by the
matrix D and the thinner layers (MgF2, Ta2O5, GaInP, GaAs and SiGeSn) form the front interface (this
is also shown in Fig. 4.16). When the TMM and RCWA methods are specified in RayFlare, the reflection,
absorption and transmission of these three layers is calculated by treating them as a coherent stack with an
infinite transmission medium made of Ge, and the matrix method is used to couple this behaviour to the
back surface. If ray-tracing is specified, a lookup-table is first generated using TMM. Clearly, there is much
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Figure 4.19: Comparison of absorption in 200 µm of bulk Si calculated using RayFlare (solid lines with open
circles) and OPTOS (dashed lines) for (a) a structure with a planar front surface and a crossed diffraction
grating at the rear (red lines), (b) a structure with inverted pyramids on the front of the structure and a
planar rear surface (green lines) and (c) an Si layer with both structures, inverted pyramids on the front
surface and a diffraction grating on the rear surface (blue lines). Schematics of the structures, reproduced
from [86], are shown on the right.

redundancy between these methods, but the aim is to demonstrate the correct functioning of each method
individually, and the connections between them. The optical behaviour of this structure was calculated at
several angles of incidence, and for unpolarized, s and p-polarized light, using the four methods listed above.
The comparison for normally incident, unpolarized light is shown in Fig. 4.17, showing that the results match
extremely closely; the only deviation observed are the noisy oscillations in the result calculated through ray-
tracing, due to the stochastic nature of this method. Results for p-polarized light incident at a glancing angle
of 70◦ from the normal is shown in Fig. 4.18. Results for s-polarization and unpolarized light at non-zero
incidence angles were also checked extensively to make sure the different methods were consistent.

To validate the performance of RayFlare for more complex structures, Fig. 4.19 compares the output
of RayFlare with the results of OPTOS as reported in [86]. Three structures are considered, each with the
bulk layer consisting of 200 µm of c-Si; (a) a structure with a planar front and crossed diffraction grating
with period 1000 nm on the rear, (b) a structure with a planar rear surface and regular inverted pyramids
(opening angle 55◦) on the front and (c) a structure with pyramids on the front and a grating on the rear.
The final structure uses the matrices for the front surface calculated for structure (a) and the matrix for
the rear calculated for structure (b), so no additional time-consuming simulations are needed. There is a
close match between the simulations in all cases. The dip in absorption in structure (a) around 1075 nm
appears more pronounced in the RayFlare simulation, likely due to different RCWA methods being used
with different numbers of Fourier orders (the number of orders used was not reported in the OPTOS paper).
Fig. 4.20 shows the redistribution matrices (summarized over all the azimuthal angles ϕ) for light incident
from inside the structure on the front surface pyramids, and for the rear-side diffraction grating.
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Figure 4.20: Reflection angular redistribution matrices, summarized per polar angle θ, for light with vacuum
wavelength 1100 nm incident on a) inverted pyramids and b) a crossed diffraction grating with period of
1 µm. In both cases, incidence from inside the cell structure (Si) is considered. Note that the pyramids
are inverted when considered from the outside of the cell, so the rays traced will actually encounter upright
pyramids when incident from the silicon.

Table 4.1: Layer structure of the perovskite/Si tandem cell. The layer thicknesses and materials are taken
from [97]. The sources for optical constant data for each material is also given.

Material Role Thickness (nm) Optical constant source
MgF2 100 [167]
IZO 110 [168] r(O2) = 0.10%, annealed
SnO2 10 n = 2
C60 15 [169]
LiF 1 [128]
Perovskite 440 [170]*
Spiro-TTB 12 n = 1.65
a-Si (n-type) 6.5 measured† [171]
a-Si (intrinsic) 6.5 measured [171]
c-Si 260,000 [129]
a-Si (intrinsic) 6.5 measured [171]
a-Si (p-type) 6.5 measured [171]
ITO 240 measured [171]
Ag semi-infinite [119]

* = The optical constants for the perovskite were based on the data for the films deposited with a 10% evaporation
rate of CsBr to PbI2 and a ratio of 1:2 FAI to FABr in the spin-coated solution, designated as ‘CsBr 10%, 1:2’ in
the source [170], which is listed as having a bandgap of 1.65 eV. The best cell performance in [97] was actually
achieved with a CsBr/PbI2 perovskite layer with a slightly lower bandgap of 1.6 eV. The optical constants used in
the simulation were constructed by taking the optical constants of the 1.65 eV bandgap material and shifting the n
and k values down by 0.05 eV over the full wavelength range.
†= measured through spectroscopic ellipsometry at Imperial by Dr. Diego Alonso Álvarez.
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Figure 4.21: Structure of the perovskite/Si tandem cell structure. The incidence medium is air, with n = 1,
while the semi-infinite transmission medium is silver. The front surface includes the perovskite, while the
bulk material in RayFlare is the thick c-Si layer.

4.2.9 Application of integrated optical modelling

A useful application of the RayFlare framework is studying the effect of thin-film layers deposited conformally
onto a surface texture, e.g. pyramids. An example of an application of such a structure in PV is a perovskite
on silicon tandem cell, currently a device structure generating a large amount of research interest. One
possible device structure involves depositing the relatively thin perovskite layer, and the necessary contacting
and anti-reflection coating layers, conformally onto the pyramid structure of the Si, such as the device
presented in Sahli et al. [97]. This preserves the well-optimized and effective use of pyramids to reduce
front surface reflection and increase the path length of light in the silicon cell and increase absorption. The
structure from [97] is shown in Fig. 4.21, with the details of the layer structure and the source of the optical
constants used in these simulations shown in Table 4.1. The layer thicknesses in the stack are as reported
in [97].

This structure was modelled using RayFlare’s combined TMM/ray-tracing approach to calculate the
redistribution matrices for each surface, with the Si as the bulk coupling medium across which the angular
matrix method is applied. The overall result, with absorption in each layer, reflection, and transmission
into the Ag substrate, is shown in Fig. 4.22. Examples of the matrices generated by RayFlare using the
integrated ray-tracing/TMM lookup-table approach are shown in Fig. 4.23, showing the redistribution matrix
for reflection and transmission of light incident from inside the cell on the front pyramidal surface. The TMM
lookup-tables used during ray-tracing for the front surface are shown in Fig. 4.24, for light incident from
outside the cell (left column) and inside the cell (right column). Fig. 4.24a shows that front surface reflection
is low except at extremely glancing incidence angles4, with some visible Fabry-Perot oscillations. In Fig.
4.24c and e we see low transmission and high absorption, respectively, at wavelengths below the bandgap of
the perovskite (≈ 700 nm), where most incident light is absorbed in the surface layers, and high transmission
into the Si bulk at wavelengths above the bandgap. For rear incidence, we can clearly see the effect of total

4For normally incident light incident on a surface with regular pyramids with elevation angle 55◦, the only possible local
angle of incidence is 35◦; however, because generating the lookup-tables is fast, the full angular space is considered.
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Figure 4.22: Reflection (direct and escape), absorption per layer, and transmission into the Ag substrate
calculated using RayFlare for the perovskite/Si tandem cell structure shown in Fig. 4.21. The photogenerated
currents are shown, calculated using eq. 2.38 from the AM1.5G solar spectrum. The front and rear surfaces
were described using the integrated TMM/ray-tracing framework.
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Figure 4.23: Examples of redistribution matrices calculated for the perovskite/Si tandem cell calculated
using 100 incident/outgoing bins for the polar angle θ with azimuthal discretization cazimuth = 0.25. These
matrices describe a) reflection back into the cell and b) transmission into the incidence medium (air) for
light which is incident from inside the Si on the pyramidal front surface. These matrices are summarized
per θ bin (all the azimuthal ϕ bins are added together and normalized).
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internal reflection in Fig. 4.24d, showing no transmission out of the cell into air above incidence angle of
≈ 15◦ (with the exact value of the critical angle depending on the refractive index of the layers and thus the
wavelength). Light incident from inside the cell can also be absorbed in the front surface layers (Fig. 4.24f).

Fig. 4.25 shows escape reflection (light transmitted through the front Si surface from inside the cell)
and absorption in the bulk during the first 25 interactions with the surface (for the reflection) or passes
through the cell (for the absorption). At short wavelength, all the light is absorbed before reaching the front
surface again, escape reflection is low, and absorption in a single pass in the Si is high. As the wavelength
increases, light is able to make more passes through the cell without being absorbed, leading to increased
escape reflection through the front surface as the light has an increasing number of chances to be transmitted
out of the cell as the number of interactions with the front surface increases close to the bandgap of Si. These
values are calculated from the v⃗ vectors.

Fig. 4.26a shows the absorption profile in the front surface layers of the structure, calculated as outlined
in Section 4.2.4, at three different incident wavelengths. At short wavelengths, there is considerable parasitic
absorption in the IZO layer, and the absorption profile at the start of the perovskite layer is very sharp
as α is high at short wavelengths. At an intermediate wavelength of 540 nm, closer to the bandgap of the
perovskite layer, the absorption profile is more extended throughout the layer, and thin-film interference is
clearly visible. At long wavelengths, almost no light is absorbed in the deposited layers, and light is instead
able to reach the c-Si cell.

Fig. 4.26b shows the effect of replacing the textured back surface of the Si cell with a perfect mirror,
or keeping the texture the same and increasing the Si thickness to 360 µm (from 280 µm), on the long-
wavelength absorption in the Si bulk. A perfect mirror actually performs slightly worse than the realistic
structure; this is because the real back surface is already a good reflector due to the silver deposited on the
rear, and in addition randomizes the ray directions further so behaves more ‘Lambertianly’ than the perfect
mirror, which reflects but does not scatter light into more oblique angles. As expected, increasing the c-Si
thickness increases the absorption near the bandgap. Both of these results are extremely quick to calculate;
the first case requires only the matrices for the rear surface to be changed to the trivial matrix for a perfect
mirror (see Section 4.2.6), while changing the bulk thickness only requires the matrix D to be changed,
which uses only straightforward Beer-Lambert calculations.

4.2.10 Planned further work

Multiple relatively simple improvements to RayFlare could significantly decrease computation time. For
ray-tracing, automatically checking the convergence as rays are traced and terminating the process at each
wavelength once some sufficiently small standard deviation or confidence interval (adjustable by the user)
has been reached prevents an unnecessarily large number of rays being traced for e.g. a simple interface or
at wavelengths where the bulk is highly absorbing. For the matrix framework, populating the matrices can
be time-consuming depending on the surfaces and methods chosen, and depending on the wavelength, some
matrix entries may not be important; for instance, at wavelengths where the bulk material is very highly
absorbing, the entries for the interaction with the rear surface, or for interaction with light encountering the
front surface from inside the cell are not needed since no light will reach these surfaces at these wavelengths.
Even for weaker bulk absorption, if the front surface scatters only into specific angles during the first
interaction of light with the surface (e.g. a pyramidal surface), only the entries corresponding to angles into
which the light will be scattered in the bulk need to be calculated for the rear surface redistribution matrices,
as long as the light is able to make less than three passes through the cell (i.e. it does not reach the front
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Figure 4.24: Example of the lookup-tables produced by RayFlare, in this case for the front surface of the
perovskite/Si structure in Fig. 4.21; this information is used by the ray-tracing algorithm. The plots show
incidence angle and wavelength dependence for the probability of: a) Reflection for front incidence (from
air); b) reflection for rear incidence (from Si); c) transmission for front incidence (from air); d) transmission
for rear incidence (from air); e) total absorption in the surface layers for front incidence; f) total absorption
in the surface layers for rear incidence.
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Figure 4.25: a) Escape reflection per interaction with the front surface and b) absorption in the bulk Si per
pass for the perovskite/Si structure. The different colours represent the contribution of each pass/interaction,
as shown in the legend.
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surface again after interacting with the rear surface). If the rear surface is planar, this further reduces the
number of matrix entries which have to be calculated. The ray-tracing and rigorous coupled-wave analysis
modules, which can be slow due to their computational intensity, already support parallel implementation to
calculate results for different wavelengths simultaneously on different threads; further improvements to the
code speed can be made by running the computation using CPU (central processing unit) or GPU (graphics
processing unit) acceleration, e.g. through the Python package numba.

RayFlare shares functionality with the optical modelling side of Solcore; in addition to the matrix frame-
work, structures using any of the optical modelling methods (TMM, ray-tracing, ray-tracing with TMM or
RCWA) for the full stack can also be defined. All these methods allow absorption profiles to be calculated,
which allow a generation profile to be generated for Solcore’s electrical solvers. An absorption profile can also
be calculated using the matrix framework. Therefore, an easy way for RayFlare to interface with Solcore,
and generate absorption profiles which can be used directly by Solcore’s electrical solvers, will expand both
the optical methods available for use with Solcore and allow direct use of the results of RayFlare in electrical
models.
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4.3 The effect of optical constants on modelling results
Arrays of metal nanoparticles [110], other diffracting structures using metal grids [111] or perforated films
[112], and randomly arranged scattering nanoparticles [113, 114] have all been investigated as methods for
improving absorption in solar cells using plasmonic and diffraction effects [109, 83, 82]. Optical simulations
are key in developing, analysing and optimizing novel concepts for light-trapping architectures. In such
structures, absorption in metal layers is usually parasitic, and thus in order to accurately predict solar cell
performance (e.g. quantum efficiency and short-circuit current) it is critical to accurately quantify absorption
in the target layer and in any parasitically absorbing layers. This is especially important for structures with
front-surface metallic features or ultra-thin structures such as those discussed in Section 1.5.2.

A complicating factor in obtaining accurate simulation results is the uncertainty regarding the appropriate
optical constants for commonly used metals such as gold, silver and titanium. The optical constants of
nominally the same metal can vary depending on deposition process (e.g. bulk, evaporated, sputtered),
sample thickness and other factors, leading different sources to report significantly different optical constants
for the same material. These differences between sources may be exacerbated by instrumental error or the
modelling approaches used to fit experimental data. Even metals grown by nominally similar methods can
have different optical properties [172, 173], and optical constant measurements may be affected by metal
thickness and possible effects from surface layers; some metals will oxidise or tarnish if exposed to air, and
interfaces between different materials may not be perfect. For instance, detrimental optical effects from a
porous interface between silver and zinc oxide have been observed [174], and the incorporation of oxygen into
aluminium nanodisks during growth affects their optical constants and plasmonic properties [173]. Further
processing steps required to produce a functional device, such as sintering, may also cause the formation of
complex compounds at metal interfaces which are generally not taken into account in optical simulations.

There appears to be a bias towards the use of optical constants which give the most optimal results with
little indication that these are the most appropriate data available; this was discussed in [119] for the case
of silver optical constant data from Johnson & Christy [175]. This data has low extinction coefficient κ (and
thus low absorption) and a high localized surface plasmon quality factor (LSPQ) compared to other data
sources (see Fig. 4.28). Despite the availability of newer data and the large instrumental error reported in
[175], this data continues to be used in recently published simulation results (e.g. [111, 112, 113, 176, 177]).
Similar issues can readily be observed for other common metals including gold and titanium by comparing
literature values of the optical constants.

In this section, four commonly-used metals are considered: silver, aluminium, gold, and titanium. In
order to assess how the use of different optical constants affects simulation results, several different data sets
from literature are used to optimize a simple solar cell-like optical structure in terms of optimal disk size and
period of a regular scattering nanodisk array on top of a thin absorbing GaAs layer. In the cases of three of
the four metals (all expect Al), variation in optical constants taken from different literature sources in the
wavelength region 300-900 nm lead to significantly different optimal nanodisk arrangements for maximum
absorption in the GaAs layer and thus photogenerated current (Jph), and the predicted performance for these
optimal structures also diverges. Differences observed in the Jph, which depends on the number of photons
absorbed in the GaAs, are not always reflected similarly in the total absorption; the total absorption profile
may remain similar while the distribution of absorption between GaAs and metal layers changes significantly.
Thus, care must be taken when comparing simulation results to total absorption measurements of optical
precursor structures [96, 111], since accurate prediction of total absorption does not necessarily mean accurate
prediction of absorption in the photovoltaic layer. Comparing the simulated Jph results obtained for different
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Figure 4.27: n (left axes, solid lines) and κ (right axes, dashed lines) for Ag, Al, Au and Ti, from different
sources. Values were taken either directly from the published work (see Table 4.2) or from [164].
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Figure 4.28: Localized surface plasmon quality factor, defined as |n2 − κ2|/(2nκ) [119, 178].
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Table 4.2: Sources used for optical constant data, the labels by which they are referred to throughout this
section, which of the metals considered here can be found in each reference, and a brief summary of the
method by which the optical constants were measured or modelled.

Reference Label Metals Method
Hagemann et al. [180] Hag Al, Ag, Au Transmittance measurements of vacuum-evaporated

films/Kramers-Kronig analysis
Jiang et al. [119] Jia Ag Variable-angle spectroscopic ellipsometry of overlayer-

protected films
Johnson & Christy [175] J&C Ag, Au, Ti Reflection and transmission measurements on vacuum

evaporated films
Lynch et al. [181] Lyn Ti Absorptivity/reflectivity measurements of polycrys-

talline Ti/Kramers-Kronig analysis
McPeak et al. [172] McP Ag, Al, Au Variable-angle spectroscopic ellipsometry of template-

stripped samples
Olmon et al. [182] Olm Au* Variable-angle spectroscopic ellipsometry of evaporated

gold
Palik [179] Pal Ag, Al, Au, Ti Various
Rakić et al. [183] Rak-BB Ag, Al, Au, Ti Brendel-Bormann model fit to available experimental

data
Rakić et al. [183] Rak-LD Ag, Al, Au, Ti Lorentz-Drude model fit to available experimental data
Werner et al. [184] Wer-R Ag, Au, Ti Reflection electron energy-loss spectroscopy (REELS)
Werner et al.[184] Wer-D Ag, Au, Ti Density functional theory (DFT) calculations

metal sources with the newly-defined spectral absorption enhancement factor (SAEF) shows this new figure
of merit to be a good predictor of the absorption enhancement performance of metals.

4.3.1 Optical constant sources

Table 4.2 summarises the different sources used for the complex refractive index, n+ iκ, of Ag, Al, Au and
Ti, with references and the labels used to refer to each source throughout this section. Fig. 4.27 shows the
refractive index n and extinction coefficient κ for each source. Not all sources have optical constant data
for each of the metals considered here, and thus the number of data sets varies per metal (of course, more
sources than those listed here are available). Although Palik’s Handbook of Optical Constants [179] takes
data from other publications, it is included here as a distinct source as it is very frequently cited and often
the principal reference when optical constant data is required. For each source, the localized surface plasmon
quality factor (LSPQ) for a sphere5 was calculated; this is defined in terms of the dielectric function ϵ1 + iϵ2

as [119, 178]:

LSPQ =
−ϵ1
ϵ2

=
|n2 − κ2|

2nκ
(4.20)

in the region where ϵ1 is negative (i.e. metallic). Broadly speaking, the field enhancement in a material
depends on ϵ1, while the absorption (loss) depends on ϵ2, and thus the LSPQ provides a convenient, easily-
calculated figure of merit to estimate the potential for different metals in light-trapping structures.

5The expression for the LSPQ depends on nanoparticle shape; it is given here for a sphere, as this is a commonly-used figure
of merit, although the nanoparticles simulated here are disks rather than spheres. The use of disks was due to the additional
computational intensity required for modelling spheres using RCWA, as a sphere must be built from multiple layers in the
vertical direction, as opposed to the single layer necessary for a disk/pillar.
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Figure 4.29: Schematic of the solar cell structure: a) Top-down view, with one unit cell outlined. The inset
shows how the disks are built up in the RCWA method. b) Side view.

4.3.2 Simulated structures

To quantify the light-trapping benefit from a metallic nanostructure, we consider a considerably thinned-
down single-junction GaAs cell with a thickness of 50 nm (the thickness of the active layer of a thin-film
GaAs cell is normally on the order of 2µm); this is so that the light-trapping can, in theory, have a significant
benefit since the GaAs is optically thin and will suffer from high transmission loss. The GaAs is covered
by 60 nm of ITO, which acts as an anti-reflection coating (ARC) and encapsulates the metal nanoparticles
(NPs). The metal NPs are disk-shaped pillars, and are arranged in a square grid as shown in Fig. 4.29. The
same optical constants are used for the GaAs [179] and ITO [185] throughout all simulations, while those of
the metal are from the sources specified. The cell has a metal back reflector made of the same metal as the
NPs, which is considered to be a semi-infinite transmission medium in the simulations. The metal coverage
fraction is defined as:

C =
area covered by metal

total area =
πr2

P 2
(4.21)

when the cell is viewed as in Fig. 4.29a, where r is the nanodisk radius and P is the array period. Thus
the maximum coverage fraction before the disks start to overlap is π/4 = 0.79, when r = P/2.

4.3.3 Simulation method

In the test structure, photons can be absorbed in the ITO/NP layer, the GaAs, or the metal back mirror.
The normal-incidence absorptivity A(λ) in each case is the fraction of incident power absorbed in that layer
at a given wavelength λ. The spectrally weighted absorption Abs in each layer is then given by:

AbsNP =

∫
Φ(λ)ANP (λ)dλ∫

Φ(λ)dλ

AbsGaAs =

∫
Φ(λ)AGaAs(λ)dλ∫

Φ(λ)dλ

Absback =

∫
Φ(λ)Aback(λ)dλ∫

Φ(λ)dλ

(4.22)

123



Where Φ is the spectral photon flux for a standard AM1.5G reference spectrum [15]. The total spectrally
weighted absorption Abstotal is given by Abstotal = AbsNP +AbsGaAs+Absback. The photogenerated current
(Jph) values, used as the primary indicator of performance for the simulated structures in the subsequent
sections, were calculated using:

Jph = q

∫
Φ(λ)AGaAs(λ)dλ (4.23)

Where q is the elementary charge. Only absorption in the GaAs leads to photocurrent; absorption in the
NP layer or back reflector is parasitic. Note that the term photogenerated current (Jph) is used here since
transport and surface recombination are not taken into account in these simulations. If an IQE of 100% is
assumed, then Jph is equal to the short-circuit current JSC . Simulations and Jph calculations were carried
out over the wavelength range 300-900 nm, since spectral photon flux in a standard AM1.5G spectrum below
300 nm and interband absorption above 900 nm in GaAs (which has a bandgap of ≈ 875 nm) are negligible.

To calculate the fraction of photons absorbed in each layer at each wavelength, the MATLAB-based
GD-Calc (Grating Diffraction Calculator) [92], was used. This is an implementation of the RCWA method
(Section 2.3.3) – note that this is a different implementation of the RCWA method than discussed in the first
part of this chapter, where S4 was used. In GD-Calc, only rectangular blocks can be used, so the nanodisks
must be built up out of strips; the inset in Fig. 4.29a illustrates this using nine strips. Fig. 4.30a shows
the convergence of the calculated Jph with the number of Fourier orders and strips used for the circular
disks for an example structure. The results in Section 4.3.5 were calculated using 441 total Fourier orders
(mmax = 21) and 201 strips. Considering calculations with a larger number of Fourier orders, the maximum
deviation seen from the calculated Jph value using these parameters was 1%, observed for 625 Fourier orders
and 51 strips, indicating that the use of 441 orders and 201 strips is sufficient. Fig. 4.30a also shows that as
long as a sufficient number of Fourier orders are used, the choice of the number of strips does not significantly
affect the calculated Jph.

4.3.4 Optimization

A simple grid search was performed covering the full parameter space of metal coverage C and array period
P using each set of optical constant values, to produce a full map of the predicted Jph, such as those in Fig.
4.31. With the resolution chosen, this meant around 300 simulations had to be performed in each case, and
thus a High Performance Computing cluster was used; on a normal laptop or desktop computer, each of these
simulations may take hours. Single-core threads on Imperial’s High-Performance Computing facility were
used to run each simulation separately, since each simulation is independent and communication between
the different nodes is not required. To reduce the parameter space, the height of the pillars (20 nm), ITO
thickness (60 nm), and GaAs thickness (50 nm) were kept constant, while the period of the array and metal
coverage (i.e. radius of the disks) were varied. Fig. 4.30b shows an example of calculated Jph with varying
disk height and ITO thickness for a structure using silver [119], showing that a disk height of around 20 nm
and total ITO thickness (including the ITO between the metal disks) of around 60 nm are optimal. These
optima will vary depending on the metal source and NP width/spacing, but were similar for several other
arrangements and metals which were checked (with the exception of Ti, where generally the presence of any
metal degrades the performance).
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Figure 4.30: a) Calculated Jph for a test structure as in Fig. 4.29 with nanodisk height 20 nm, ITO thickness
60 nm, GaAs thickness 50 nm, P = 500 nm and C = 0.5. The number of Fourier orders and strips to build
up the disks (Nstrips) is varied. The result for the number of orders and strips used to generate the results
in Section 4.3.5 is circled in black. b) Calculated Jph for the test structure with GaAs thickness 50 nm,
P = 500 nm, C = 0.5 with different metal disk heights and ITO layer thicknesses. The result for the disk
height and ITO thickness used to generate the results in Section 4.3.5 is circled. The metal optical constants
used were those for silver from [119].
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Figure 4.31: Predicted photogenerated current Jph as a function of array period and metal coverage for the
structure shown in Fig. 4.29 using six different sets of optical constant data for silver. The ∗ indicates the
maximum Jph (Jmax), the value of which is labelled.

125



Hag

Jia

J&C
McP

PalRak−BB
Rak−LD Wer−D

Wer−R

Hag

McP
Pal

Rak−BB

Rak−LD Hag

J&C
McP

OlmPal
Rak−BB

Rak−LD

Wer−D

Wer−R

J&C
Lyn
Pal

Rak−BB
Rak−LD

Wer−D

Wer−R

0

20

40

60

80

0 200 400 600
Period P (nm)

C
ov

er
ag

e 
C

 (%
)

Metal
Ag

Al

Au

Ti

Jmax (mA/cm2)
10

12

14

Figure 4.32: Location of the optimum configuration of nanodisks in terms of metal coverage and period
for each optical constant source, corresponding to the points marked with ∗ for the illustrative plots in
Fig. 4.31. The different colours indicate different metals, and the size of the point indicates the relative
magnitude of each maximum photogenerated current Jmax. The point (0, 0) (i.e. 0% metal coverage) means
no nanoparticles are present, so the structure is GaAs with an ITO ARC and metal back mirror.

4.3.5 Results

Figures 4.27 and 4.28 shows the optical constants and LSPQ for the different sources, grouped by metal.
With the exception of Ti, the optical constants (Fig. 4.27) for the same metal appear to follow the same
trends, with apparently small deviations. However, these apparently small variations can lead to very large
changes in the calculated LSPQ (Fig. 4.28). The J&C data is a clear outlier for silver, and McP gives the
highest LSPQ for gold, although the other sources also vary considerably. Unlike the other metals considered,
the optical constants and LSPQ for aluminium were consistent across sources up to around 900 nm. For Ti,
both the complex refractive index and thus, unsurprisingly, the LSPQ vary strongly depending on source,
with the Wer-R data having an LSPQ more than 25 times higher than any other source around 0.7µm.
Overall, silver and gold have higher LSPQ than aluminium and titanium.

The metal coverage and array period giving the maximum Jph, Jmax, for each source are shown in
Fig. 4.32, and detailed results on the optimum for each source are given in Table 4.3. In each case, the
optical constant source with the highest peak LSPQ also gives the highest optimum Jph. The spread of
optimal solutions predicted using different sources is evident for all metals except Al, although there are
also coinciding points for Ag, Au and Ti. For Ti, six out of seven sources predict that an NP array of the
type considered here does not offer any potential for Jph improvement, while Wer-R predicts a 15% increase
relative to the Jph without NPs. To visualize the overall spread of results, Fig. 4.33 shows the results of all
the simulations in terms of Jph vs. metal coverage; for each source, the Jph shows a clear trend, but these
diverge significantly between sources for all metals except Al. Clearly, the choice of optical constant source
has a significant effect when exploring possible arrangements for nanometallic structures in order to decide
on an optimum for device fabrication.

Table 4.3 lists the optimal dimensions (grating period and metal disk coverage) for the nanodisk arrange-
ment for each optical constant source. The overall optimum across all sources per metal is highlighted in
bold. Table 4.4 shows the outcomes when this overall optimum arrangement is used to calculate the Jph
and Abstotal using the other optical constant sources for the same metal, reflecting a situation in which
the structure is optimized using a specific set of optical constant data, which may not accurately predict
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Table 4.3: Detailed simulation results showing the Jph without nanoparticles (J0) and the optimal arrange-
ment in terms of period P and metal coverage C leading to maximum photogenerated current Jmax. The
source giving the highest Jmax is in bold for each metal. Also shown are the spectrally weighted absorption
percentage Abs over the range 300-900 nm as defined in eq. 4.22 for the whole structure (total), GaAs layer,
ITO + nanoparticle layer (NP) and the back reflector. The spectral absorption enhancement factor (SAEF)
calculated for each source according to eq. 4.24 is shown in the final column.

Name J0 Popt/Copt Jmax Spectral Abs (%) SAEF
Total GaAs NP Back

Silver (Ag)
Hag 11.3 400/0.33 12.7 58 41 9 7 208.09
Jia 11.5 600/0.56 14.5 57 45 9 3 802.81
J&C 11.5 300/0.46 15.8 58 48 8 1 1144.1
McP 11.6 300/0.46 15.4 58 47 9 2 1075.1
Pal 11.3 500/0.46 13.5 57 42 10 5 355.03
Rak-BB 11.3 450/0.46 12.8 57 41 10 5 303.35
Rak-LD 11.3 450/0.46 13.0 57 41 10 5 316.33
Wer-D 11.3 500/0.46 13.1 59 41 11 6 269.54
Wer-R 11.2 400/0.33 12.6 60 40 10 8 162.58
Aluminium (Al)
Hag 11.0 350/0.10 11.2 62 38 6 18 111.42
McP 11.0 350/0.10 11.1 61 38 5 17 128.45
Pal 11.1 350/0.10 11.2 62 38 5 18 113.79
Rak-BB 11.1 350/0.10 11.2 62 38 5 18 118.26
Rak-
LD

11.1 350/0.10 11.2 62 38 5 18 118.97

Gold (Au)
Hag 10.1 750/0.14 10.4 56 35 5 16 61.913
J&C 10.5 600/0.56 12.0 63 37 16 10 178.1
McP 10.6 650/0.51 12.9 63 39 14 9 249.49
Olm 10.6 600/0.56 12.4 63 38 16 9 197.27
Pal 10.5 500/0.46 11.7 61 37 14 10 155.31
Rak-BB 10.4 600/0.56 11.4 62 35 16 11 143.73
Rak-LD 10.4 750/0.28 11.0 56 36 8 12 99.487
Wer-D 9.7 750/0.14 9.9 59 33 5 20 46.582
Wer-R 10.9 450/0.28 11.6 61 38 11 12 95.252
Titanium (Ti)
J&C 9.1 0/0 9.1 73 32 1 39 11.176
Lyn 9.0 0/0 9.0 72 32 1 39 10.261
Pal 9.0 0/0 9.0 72 32 1 39 10.231
Rak-BB 9.2 0/0 9.2 69 33 1 36 29.741
Rak-LD 9.2 0/0 9.2 69 33 1 36 21.907
Wer-D 9.0 0/0 9.0 77 32 1 44 5.9927
Wer-R 11.4 200/0.28 13.1 64 41 13 7 199.33

Table 4.4: Best and worst outcomes, and the mean, using the nanodisk arrangements highlighted in Table
4.3 (i.e. those which give the highest overall Jph in mA/cm2 per metal out of all sources considered). Al is
not included as there is no significant difference between sources.

Arrangement Best Worst Mean
Ag P = 300 JSC J&C 15.8 Wer-R 12.1 13.6

C = 0.46 Abstotal 57.7 62.8 59.4
Au P = 650 JSC McP 12.9 Wer-D 9.33 11.2

C = 0.51 Abstotal 62.8 66.7 63.0
Ti P = 200 JSC Wer-R 13.1 Wer-D 7.12 8.33

C = 0.28 Abstotal 63.6 75.2 71.1
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behaviour in a manufactured optical structure or device. For Ag, Au and Ti, the percentage reductions
between the best Jph and the mean are 14%, 15% and 36%, respectively, indicating that unless the actual
optical constants of materials used in a device match those used in simulations very closely, the solar cell
performance may be significantly different from simulated predictions.

Tables 4.3 and 4.4 also compare the calculated Jph with the total spectrally weighted absorption in
the structure, Abstotal. Only absorption in the GaAs produces photocurrent, whereas Abstotal considers all
absorption in the structure, including in the ITO/NP layer and back reflector. Table 4.4 shows that while the
Jph predicted for identical NP arrangements using different optical constant sources varies considerably, the
total spectral absorption Abstotal over the range 300-900 nm does not necessarily vary similarly. In fact, for
the cases shown in Table 4.4, Abstotal actually increases slightly between the best and worst-case sources for
Jph, due to increased parasitic absorption in the metal layers. The similarity of the absorptivity spectrum is
shown for three different Au sources in Fig. 4.34, for the NP arrangement which gives the overall maximum
for gold when McP data is used. Although the proportion of photons absorbed in the GaAs layer varies,
the overall absorption spectrum shows similar peaks for McP, Rak-BB and Wer-D data. The variation in
the spectrally weighted absorption Abstotal is also much smaller than corresponding changes in Jph; this has
important implications when comparing simulation results to e.g. total absorption measurements of optical
precursor structures [96, 111]. While the total absorption of a structure may match well with simulations,
the absorption per layer and therefore Jph may differ greatly between simulation and experiment depending
on the optical constants used in the simulation.

4.3.6 Case study of impact on solar-cell modelling

As discussed in the introduction, many recently published simulation results continue to use silver data from
J&C, which gives low parasitic absorption. An example is the multiresonant metallic nanogrid structure
reported by Massiot et al. in [111]. This paper predicts a Jph of 21.6 mA/cm2 for an ultra-thin GaAs layer
of 25 nm, using a biperiodic nanogrid of thickness 20 nm and period 500 nm (full details of the structure
can be found in [111]). Fig. 4.35 shows calculated total absorption and absorption in the GaAs as reported
in [111], and calculated using our RCWA implementation for three different optical constant sources. When
using J&C data, the results both in terms of absorption profile and predicted Jph (21 mA/cm2) are very
similar. However, using other sources significantly reduces the predicted Jph. Jiang et al. [119] (labelled
‘Jia’ here) measured the optical constants of silver specifically to address the issue with the J&C data and
provide new, realistic optical constants for evaporated silver; using these optical constants gives a Jph 11%
lower than that predicted in [111]. Other sources give even worse outcomes, with Hagemann data giving a
predicted Jph of only 14 mA/cm2. All the data sources give similar resonant peaks to the J&C data in the
total absorption spectrum, while the fraction absorbed in GaAs varies significantly. It should be noted that
even the worst-case result shows impressive broadband absorption and a significantly enhanced Jph compared
to that of a similar structure without a metallic grating, which is around 10.5-11 mA/cm2, depending on
which optical constant data is used for the silver back reflector.

4.3.7 Origin of divergence

While the focus in this section is on investigating and quantifying the size of discrepancies between structures
modelled using different optical constants, it is interesting to consider why the LSPQ, optimal arrangement
of nanodisks, and predicted Jph diverge, and how this is likely to impact the design of optical structures. In
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Figure 4.35: a) Calculated absorption in the total metal nanogrid + GaAs structure and in the GaAs layer
only, as reported in [111]. b) Absorption for the same structure recalculated using our RCWA implementation
for four different optical constant sources. The solid lines show total absorption while the dashed lines show
absorption in the GaAs layer only. The labels indicate the predicted Jph in mA/cm2 due to absorption in
the GaAs layer for each source.

the case of Ti, the LSPQ for six out of seven sources considered is < 4 over the full wavelength range 300-900
nm, indicating that it is unlikely to perform well in the test structures, which is also the result obtained in
the simulations for these six sources: the best option is not using any Ti NPs. Only one source is a significant
outlier, giving much higher LSPQ, and this would be an unlikely choice for use in a simulation as it is a
new result measured in an unusual way (reflection electron energy loss spectroscopy). However, even for the
six sources which show Ti to be a poor material for these applications, the actual optical constants vary
significantly, indicating that it is difficult to measure them accurately. The most obvious explanation for this
is the presence of a (complex) surface layer, such as a surface oxide or nitride, which is not accounted for
accurately when interpreting experimental data of a surface-sensitive measurement such as ellipsometry or
reflectance. However, this does not explain why the data for Al is consistent when it is well-known that Al in
air will form a stable aluminium oxide layer; the oxidisation behaviour of Ti is more complex, with oxygen
penetrating into grain boundaries and forming TiO2 internally rather than simply forming a self-limiting
surface oxide layer as is the case for Al. The amount of oxygen incorporated into Ti during the growth
depends on factors including the deposition rate and the residual gases in the deposition chamber.

It appears that the J&C optical constants were impacted by silver tarnishing, as reported by Jiang et al.
[119]. Jiang et al. were able to replicate the J&C results when performing measurements on unprotected
silver, which showed clear surface layer effects. As discussed in the introduction, the method and exact
experimental parameters under which a metal is grown can affect its optical constants [172], meaning not
all the divergence between sources is due to surface layers or experimental error, but rather due to inherent
variation of behaviour for metals deposited under non-indentical circumstances.
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Figure 4.36: Maximum photogenerated current Jmax obtained by optimizing the test structure for each
set of optical constant data (as in Table 4.3), plotted against the logarithm of the spectral absorption
enhancement factor (SAEF), with the straight line of best fit. Only structures which actually include metal
NPs are plotted, so six out of seven Ti structures are excluded as the Jph was obtained by not including any
metal.

4.3.8 Defining the Spectral Absorption Enhancement Factor of metals

In order to compare the maximum Jph obtained for each optical constant source, Jmax, with a single figure
of merit, we define the spectral absorption enhancement factor (SAEF):

SAEF =

∫ λg

300 nm
LSPQ(λ)Φ(λ)dλ

=

∫ λg

300 nm

−ϵ1(λ)
ϵ2(λ)

Φ(λ)dλ

(4.24)

where λg is the wavelength corresponding to the bandgap of the absorbing semiconductor (set to 875 nm
here for GaAs). By defining a new figure of merit in this way, the LSPQ at each wavelength is weighted
by the solar photon flux at that point, i.e. the relative usefulness of increasing absorption at that specific
wavelength. Fig. 4.36 shows the maximum photogenerated current Jmax for optimized structures, as in
Table 4.3, against the logarithm of the SAEF calculated from the data shown in Fig. 4.28. There is a clear
linear trend, showing that the SAEF is a useful quantity for comparing the expected absorption enhancement
performance of a metal with a given set of optical constants without having to perform a large number of
simulations to test different structures. It should be noted that the SAEF as defined here depends not only
on the metal, but also the absorbing semiconductor; the upper limit of integration is determined by the
bandgap of the absorbing material, as there is no utility in improving absorption at lower photon energies.
The SAEF can be calculated straightforwardly from the optical constants of a metal and thus provides a
much simpler method for predicting which materials will give the highest photocurrent enhancement, while
finding Jmax requires optimization using computationally intensive simulations.

When designing a solar cell structure, the SAEF could act as a useful guide in exploring different potential
metals or optimizing deposition conditions for a given metal, since it can be calculated directly from optical
constants measured through e.g. variable-angle spectroscopic ellipsometry (VASE). Measuring the optical
constants and thus calculating the SAEF for metal films grown under different deposition conditions would
allow optimization of the process, or at least the selection of the best available process and/or metal. The
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metal with optical constants giving the highest SAEF can then be used as input for simulations to find the
optimal NP dimensions and arrangement.

Further simulations are necessary to confirm whether the Jph vs. SAEF trend holds for other NP
arrangements and shapes, for different absorbers, or for metallic structures on the rear of the cell.
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Chapter 5

Characterization of
silicon-germanium-tin alloys

This chapter will detail the results of the structural and spectroscopic characterization of a range of SiGeSn
samples, starting with composition, X-ray diffraction and surface microscopy measurements. The spec-
troscopic ellipsometry, photoreflectance, and absorption measurements which allow the direct transition
energies to be measured are discussed, followed by photoluminescence measurements of the fundamental in-
direct bandgap. Finally, optimized multi-junction device designs based on the spectroscopic data, optimized
using Solcore, are presented. The structural measurements discussed in the first section of this chapter were
carried out by collaborators at the National University of Singapore, primarily by Dr. Sheau Wei Ong work-
ing in Prof. Eng Soon Tok’s research group. The measurements discussed in the remainder of the chapter
(photoluminescence, ellipsometry, FTIR measurements, photoreflectance) and the device simulations are my
own work, with help from Dr. Michael Nielsen at UNSW Sydney for the photoreflectance measurements.

5.1 Structural measurements
The composition and lattice constants of the SiGeSn samples were characterized using SEM-EDX and XRD
(rocking curve and reciprocal space mapping) measurements. Table 5.1 summarizes the sample structures,
SiGeSn thickness from fits to ellipsometry data, the composition obtained through EDX measurements,
and the predicted lattice constant through Vegard’s law. Fig 5.1a shows the Si and Sn fractions of each
sample; all samples lie somewhere between a 4.6:1 and 3.2:1 Si:Sn ratio, with the Set B samples having a
lower ratio than the Set A samples. As shown in Fig. 5.1b, the Set B samples are more closely lattice-
matched to Ge, while the Set A samples are more closely lattice-matched to GaAs. The line of best fit
through all the sample compositions is a 4.2:1 Si:Sn ratio (the ratio which provides an exact lattice match
to Ge according to Vegard’s law is 3.7:1, as discussed in Section 1.4.2). Fig. 5.1b shows the maximum
sample thickness (around 2 µm) compared to the critical thickness for epitaxial growth calculated through
two different models, the well-known Matthews-Blakeslee formula [186], and the People & Bean model
[187], the latter of which was developed to better describe the critical thickness of SiGe grown on Si. The
Matthews-Blakeslee model considers the mechanical equilibrium of threading dislocations grown with the
epitaxial layer to determine the onset of interfacial misfit dislocations. The People & Bean model differs
from the Matthews-Blakeslee model in assuming that the critical layer thickness is determined solely by
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Figure 5.1: a) The Si:Sn ratio for each of the samples with composition measured through SEM-EDX.
For Set B, only the thicker samples were measured. The error bars show the standard deviation from ten
measurements of the same sample. b) Shows estimates of the critical thickness for epitaxial growth of SiGeSn
on both Ge and GaAs substrates according to two different models (Matthews & Blakeslee [186] and People
Bean [187]). The dash-dot horizontal line shows the approximate maximum thickness of the samples (2 µm)
and the shaded areas show the range of measured Si:Sn ratios in the Set A (on GaAs) and Set B (on Ge)
samples.

energy balance, occurring when the strain energy density is equal to the energy density associated with the
dislocation-generating mechanism of minimum energy; the growing film is assumed to be initially free of
threading dislocations. XRD measurements of GeSn grown on Ge substrates have shown that the People &
Bean model also describes their critical thickness more accurately, predicting a higher value than Matthews-
Blakeslee [188], although the exact thickness at which dislocations initially occur may be hard to determine
through XRD measurements alone.

The Set B samples are grown on a Ge substrate with an In0.012Ga0.988As buffer layer at the same lattice
constant as Ge, while the Set A samples are grown on a GaAs substrate with a ≈ 60 nm buffer layer of
Ge. The critical thickness calculated for Ge grown on GaAs is ∼ 1 µm according to the Matthews-Blakeslee
formula, so it was assumed that the Ge buffer will be strained at the GaAs lattice constant. Thus, it is
expected that the Set A samples will be strained to the GaAs lattice constant while the Set B samples will
be strained to the Ge lattice constant. The Set B samples have a SiGeSn thickness lower than the critical
thickness on Ge calculated through either of the critical thickness models, over the range of compositions
observed for the Set B samples. The Set A samples have a critical thickness just below the Matthews-
Blakeslee critical thickness on a GaAs substrate, and well below the People & Bean critical thickness. This
indicates that even using the more conservative Matthews-Blakeslee estimate for the critical thickness, the
SiGeSn layers for both sample sets should be strained to the substrate lattice constant, rather than relaxed.

Rocking curves and reciprocal space maps (RSMs) were measured around the (004) and (224) lattice
points. Fig. 5.2a and b shows the RSM scans for sample A1; RSM data for all the Set A samples around
both points is shown in Appendix G.1. Only the out-of-plane lattice constant can be observed in the (004)
data, while the asymmetric (224) scan will contain contributions from both the in-plane and out-of-plane
lattice constants. For samples A1 and A3, some spread around a single RSM peak is observed in both
the (004) and (224) RSMs, but only a single clearly-defined peak is visible, indicating that the epi-layer is
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Table 5.1: Sample structures, SiGeSn thickness (from SE fitting) dSiGeSn, and composition of the SiGeSn
measured through SEM-EDX for the SiGeSn samples. The composition values are the mean across ten
measurements of each sample (the values in brackets are the standard deviation). The relaxed SiGeSn
lattice constant aSiGeSn is calculated according to Vegard’s law (eq. 1.1) based on the compositions (the
uncertainty is due to the error carried forwards from the composition measurements).

Sample dSiGeSn (nm) Structure Composition aSiGeSn (Å)
A1 1811 SiGeSn/Ge seed/GaAs subs. 4.6 (0.2) % Si, 0.9 (0.1) % Sn 5.65(4)
A2 1746 SiGeSn/Ge seed/GaAs subs. 6.8 (0.4) % Si, 1.6 (0.1) % Sn 5.65(5)
A3 1828 SiGeSn/Ge seed/GaAs subs. 9.6 (0.4) % Si, 2.2 (0.1) % Sn 5.65(4)
B1 (thin) 332 SiGeSn/InGaAs buffer/Ge subs. 5.65(8)
B2 (thin) 362 SiGeSn/InGaAs buffer/Ge subs. 5.65(7)
B3 (thin) 353 SiGeSn/InGaAs buffer/Ge subs. 5.65(7)
B1 (thick) 2073 SiGeSn/InGaAs buffer/Ge subs. 2.6 (0.3) % Si, 0.8 (0.2) % Sn 5.65(8)
B2 (thick) 2017 SiGeSn/InGaAs buffer/Ge subs. 5.9 (0.2) %Si, 1.5 (0.1) %Sn 5.65(7)
B3 (thick) 2036 SiGeSn/InGaAs buffer/Ge subs. 8.4 (0.2) %Si, 2.5 (0.1) %Sn 5.65(7)

very closely lattice-matched to the substrate. The peak broadening in reciprocal space at constant Qx also
indicates pseudomorphic (constant lattice constant) growth, with the in-plane lattice parameter strained to
the substrate (GaAs) lattice constant. For sample A2, a clear split in the peak in the (004) RSM is observed,
indicating that the epi-layer has a different out-of-plane lattice constant than the substrate, suggesting
biaxial strain: the films have not relaxed. The XRD peaks correspond to lattice constants of 5.6537 Å and
5.6567 Å, with the former value being the GaAs lattice constant. This indicates that the relaxed lattice
constant of sample A2 is larger than that of GaAs, causing in-plane compressive strain in the SiGeSn and
expansion of the out-of-plane lattice constant. Assuming the in-plane lattice constant is pinned to that of
GaAs, as indicated by the RSM in the (224) direction, and taking the Poisson ratio1 of the SiGeSn to be
0.3 (a typical value used for Ge [187]), the relaxed lattice constant is calculated to be 5.6553 Å, in excellent
agreement with the value of 5.655 Å calculated through Vegard’s law using the composition measurements
from SEM-EDX (see Table 5.1). Sample A2 was the Set A sample with the largest predicted deviation from
the GaAs lattice constant through Vegard’s law, and the only sample for which a clear second peak in the
RSM can be observed. This indicates that the samples are closely lattice-matched to the substrates, with
some strain.

The samples were also imaged using SEM and Nomarski microscopy. This shows the presence of defects,
but no cross-hatching or features which indicate relaxation of the epitaxial layer. For Set B, only the
thicker samples (≈ 2000 nm) were measured in these structural measurements, and it was assumed that
the corresponding thinner (≈ 400 nm) SiGeSn layers have very similar compositions; this is corroborated
by their extremely similar E0 values from fits to the PR data (Section 5.2). The surfaces of both sets of
samples show ‘bubble’ and ‘pyramid’- like defects, as shown in Fig. 5.2c and d. Given the known difficulties
of SiGeSn growth, especially regarding Sn incorporation, it is reasonable to assume these defects may be
related to segregation of Sn during growth; however, additional EDX measurements comparing flat areas of
the surface with the defect features do not indicate a measurably different composition within either of these
feature types. The pyramid-type defects penetrate into the bulk of the material significantly, and appear
to be the results of growth along a different crystal axis to the bulk film. The density of defects varies per
sample (optical microscopy of all the samples is shown in Appendix G.1).

1The Poisson ratio describes the out-of-plane distortion for in-plane strain.
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Figure 5.2: XRD reciprocal space maps and optical microscopy (OM) with polarizer and Nomarski prism.
a) RSM measured around the (004) direction for sample A1. b) RSM measured around the (224) direction
for sample A1. c) OM of the surface of sample A2 at 100× magnification. d) OM of the surface of sample
A1 at 100× magnification.
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Figure 5.3: Ellipsometric angles Ψ and ∆ for sample sets A and B, measured with incidence angle 77◦. Data
measured for a Ge substrate is shown for reference in each plot.

5.2 Investigation of the direct transitions

5.2.1 Spectroscopic ellipsometry results

Fig. 5.3 shows the ellipsometric data for a Ge substrate and samples from sets A and B. The pseudo-dielectric
constants ⟨ε̃⟩ = ⟨ε1⟩+ i⟨ε2⟩ are shown in Fig. 5.4. Both sets of samples show clear Fabry-Perot (thin-film)
interference fringes in the SE data due to reflection at the SiGeSn/Ge seed layer/GaAs substrate interfaces
(for Set A) or the SiGeSn/InGaAs buffer layer/Ge interfaces (for Set B). While the E1 and E1+∆1 features
around 2 eV and higher-energy transitions are clearly visible, and show a blueshift with increasing Si/Sn
content, the expected lower-energy features due to E0 and E0+∆0 are obscured by these interference fringes.
The E0 transition in Ge is important as it determines the direct absorption edge, but is relatively weak due
to the small density of states as a result of the low effective mass in the Γ7 CB involved in the E0 and E0+∆0

transitions [58]. In order to extract relevant transition energies from the data, a model taking into account
the layer structure of the samples must be fitted to obtain the dielectric constants of just the SiGeSn layer
using the method described in Section 3.2.2. Note that data for the Ge substrate sample is only shown up
to 1550 nm (0.8 eV, the energy of the lowest-energy direct transition in Ge); beyond this wavelength, the
signal is severely affected by depolarization (as discussed in Section 3.2) and is unreliable. The samples in
Set A were similarly affected by depolarization at energies below the absorption edge of the SiGeSn, while
the Set B samples did not show any significant depolarization effects.
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Figure 5.4: Real (⟨ε1⟩) and imaginary (⟨ε2⟩) parts of the pseudo-dielectric functions for samples sets A and
B, calculated from the data in Fig. 5.3. Data from a Ge substrate is shown for reference in each plot.
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Figure 5.5: Real (ε1) and imaginary (ε2) parts of the dielectric functions from fits to the data in Fig. 5.3
for the different sample sets, and their first and second derivatives with respect to energy. Data for a Ge
substrate is shown for reference in each plot. Data below 1.5 eV is from the parametric model fit, while data
above 1.5 eV is from a point-by-point fit to the data; the dashed line in each plot indicates where the data
is stitched together.
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Figure 5.6: Simplified band structure of SiGeSn showing key indirect and direct transition energies in the
band structure.

0

400

800

0.6 0.8 1.0 1.2
E (eV)

d2 (E
2 ε 1

)
dE

2  
(a

.u
.)

0

300

600

900

0.6 0.8 1.0 1.2
E (eV)

d2 (E
2 ε 2

)
dE

2  
(a

.u
.)

Set
Reference (Ge)

Set A

Set B

Composition
●

●

●

●

0 − Ge

1 − Low

2 − Medium

3 − High

Figure 5.7: Fits of eq. 3.4 to the second derivative times E2 of the real and imaginary parts of the dielectric
function (d(E2ϵ)/dE2) of a Ge reference sample and the SiGeSn samples around the E0 critical point energy.
The real and imaginary parts are fitted simultaneously to minimize the overall mean square error. The
arrows indicate the fitted value of E0.
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Figure 5.8: Photoreflectance measurements ∆R/R of a Ge substrate and the SiGeSn samples around the
E0 and E0 +∆0 energies. Data for the medium and high composition SiGeSn measurements is offset in the
y-direction, with the offset relative to y = 0 indicated by the dashed lines.

Fig. 5.5 shows the real and imaginary part of the dielectric function fitted to the SiGeSn layer using
the SE data, and their first and second derivatives. As discussed in Section 3.2.3, the exact location of the
transition energies can be extracted from these derivatives (or more exactly in this case, the second derivative
of the dielectric function multiplied by E2, as discussed in Section 2.2.2); these sharp features are clearly
visible in Fig. 5.5. As a reference for the meaning of the different transition energy labels used throughout
this chapter, a simplified diagram of the Ge-like band structure used to describe these SiGeSn samples is
shown in Fig. 5.6.

Fig. 5.7 shows the critical point fits according to eq. 3.4 for the E0 features obtained from fitting optical
constants to the SiGeSn samples. The phase was fixed to be the same for each composition, determined by
the phase which gives the best fit overall (−π/2). For E0, the parametric model fits were differentiated twice,
while to fit the higher-energy critical points the point-by-point dielectric constant fit was used, as discussed
in Section 3.2.2. The results for the critical point fits are summarized in Table 5.2 and shown in Fig. 5.12.
Appendix F shows the results of the higher-energy critical point fits, and reports the other parameters fitted
(strength, broadening and phase). These results are discussed further, in conjunction with the PR and PL
fit results, in Section 5.4.
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Figure 5.9: a) Fit (lines) to low-energy photoreflectance data (black circles) of a Ge substrate using eq 3.5.
The solid black line shows the overall fit to the data while the dashed lines show the contributions of the
individual peaks: the 3D M0 E0 and E0 +∆0 critical points, and the excitonic contribution to E0. b) Fits
of eq. 2.15 with n = 3 to the E1 critical point for Ge and the SiGeSn samples from Set A. The data is cut
off at 2.3 eV due to the 532 nm pump laser; thus, the E1 +∆1 peak cannot be observed.

5.2.2 Photoreflectance

Fig. 5.8 shows photoreflectance data of a Ge substrate, and samples from sets A and B (with two different
SiGeSn thicknesses for Set B). The Ge clearly shows a feature with a sharp minimum at 0.8 eV, and another
feature around 1.1 eV, corresponding to the expected E0 and E0 +∆0 energies [58].

The Ge photoreflectance data was fitted to eq. 3.5, including critical points for E0, the excitonic con-
tribution close to E0, and E0 +∆0. Previously reported exciton binding energy values for Ge are around 2
meV [189], and the exciton binding energy was fixed to this value during the fit. The resulting fit for Ge is
shown in Fig. 5.9a. Eq 2.15 with n = 3 (for a 2D critical point) was used to fit the PR data in the range of
the E1 critical point for Ge and the Set A samples, as shown in Fig. 5.9b (the E1 transition was not clearly
visible in the photoreflectance data for the Set B samples).

Fitting the low-energy features of the SiGeSn samples was done using the combined interference/critical
point model described in Section 3.3, which accounts for both the thin-film interference observed and the
critical point feature in a self-consistent way. The resulting fits for all nine samples are shown in Fig. 5.10,
showing the contributions of the interference and the excitonic, E0, and E0+∆0 critical point features. The
full fitting results are given in Table F.3, and the values extracted for E0 and E0+∆0 are given in Table 5.2
and shown in Fig. 5.12.

5.2.3 Reflection and transmission measurements

Fig. 5.11 shows the reflection (R) and transmission (T) measured for Set A samples, and the calculated
total absorption (A = 1 − R − T ). Although the measured R and T seem reasonable, and show thin-film
interference fringes which match the thickness of the samples fitted to ellipsometry data, the calculated
absorption shows that below the expected bandgap, the absorption appears not to drop to zero, but rather
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Figure 5.10: Fits to photoreflectance data for a)-c) Set A, d)-f) 2000 nm Set B samples and g)-j) 400 nm
Set B samples. Samples in each set are in order of increasing Si/Sn composition (1 to 3). The overall model
fit (black line) is shown in addition to contributions from thin-film interference, the E0 critical point (plus
excitonic contribution) and the E0 +∆0 critical point.
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Figure 5.11: a) Reflection, b) transmission and c) total absorption calculated as A = 1 − R − T of the
Set A SiGeSn samples measured through FTIR. The modelled total absorption, based on optical constants
determined through SE, is also shown in c) for each sample.

continues to oscillate. This is surprising, since the SiGeSn and the growth substrates are not highly doped,
and thus low free-carrier absorption at energies close to the bandgap is expected. In addition, no high below-
bandgap absorption is fitted to the ellipsometry data. It is likely that the observed non-zero absorption is
due to incorrect normalisation of the reflection and/or transmission. It has been observed through optical
microscopy, SEM, and TEM measurements that the surface of the samples is not perfectly smooth but rather
has a high density of defects; these defects cause scattering of the incident light, so that rather than purely
specular reflection/transmission there is a diffuse element. As the measurement uses a microscope setup
rather than e.g. an integrating sphere, little of the scattered light will be collected, and thus the measured
reflection/transmission will be lower than the true value. In addition, the ‘bubble’ and ‘pyramid’ features
observed on the surface of the samples result in a slightly uneven layer thickness; since the reflection and
transmission through the samples are not measured in exactly the same location on the sample, it is possible
that slightly offset interference fringes corresponding to slightly different SiGeSn layer thicknesses cause the
oscillations seen in the calculated total absorption.

However, despite the measurement issues for the reflection and transmission data, we can still clearly
see an absorption edge consistent with a direct transition in all the samples, with the expected blueshifts in
order of increasing Si/Sn composition. If the optical constants and thicknesses of all the layers are known,
calculating R and T is straightforward computationally using the transfer matrix method (TMM). Thus, the
absorption edge from the optical constants fitted to the ellipsometry data of each sample can be calculated
using the TMM in Solcore and the layer structure in Fig. 3.1. Fig. 5.11c compares this predicted absorption
edge to the A values measured using FTIR. This shows that apart from the oscillations observed in the FTIR
data, likely due to the measurement issues discussed above, there is a good match between the two data
sets for each sample, confirming the dominance of the direct transition E0 in determining the absorption
edge, and its blueshift with increasing Si/Sn composition. The absorption edge is dominated by the direct
transition E0, rather than by the fundamental indirect bandgap (shown to lie at lower energies through
photoluminescence measurements in the next section).
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5.2.4 Comparison of ellipsometry and photoreflectance results

Table 5.2 summarizes the centre energies fitted to the SE and PR data. With the exception of the E1

energies of the Set A samples, the higher-energy features were obtained only from the SE data, while E0 was
determined from both the SE and PR data individually. For the SiGeSn samples, the difference between
the two values for E0 was < 2% for A1, A2, A3, B1 and B2. Sample B3 shows a slightly larger discrepancy
between the two methods (3% difference); the PR gives 0.95 eV while the SE fits give 0.98 eV. For the Ge,
and the two other thin samples B1 and B2 (less affected by interference fringes than the PR measurements
of the thicker samples), the critical point centre energy fitted is close to the higher-energy minimum in the
PR data (Fig. 5.8), while the E0 value for B3 is shifted down in energy from that highest-energy minimum.
As this feature in B3 is much broader than in the other samples, it is more likely to be significantly distorted
by the wide interference fringes in the 400 nm samples, but comparison with the raw PR data indicates
that the 0.98 eV E0 energy obtained from the SE data does not seem unreasonable. The PR data and fits
to the SE data show mostly good agreement, offering a validation of the SE data fitting method at low
energies, since the E0 transition energies cannot be observed or estimated directly from the SE data without
fitting a model. The energy of the absorption edge is further confirmed by the reflection and transmission
measurements as discussed in the previous section.

The E1 values fitted to the photoreflectance data are consistently around 20 meV higher than the values
fitted to the ellipsometry data (Table 5.2). The E1+∆1 transition is not visible in the photoreflectance data,
due to the high-energy limit of the measurements around 2.3 eV due to the laser pump beam wavelength
of 532 nm (although the lock-in amplifier is used to isolate reflectance signal from other signal, the laser
intensity is so much higher than the reflectivity signal that even the small fraction of laser light which is
observed drowns out the reflectance difference). In the SE data, E1 and E1+∆1 can be clearly distinguished;
it is likely that the fits to the PR data give higher energy since the fitting algorithm is attempting to fit the
low-energy edge of E1 +∆1 as well as the E1 peak shape. It is not possible to fix the phase (as was done in
the SE second-derivative fitting) for the PR data fits to obtain more consistent fit results, since the phase
is an experimental parameter related to the lock-in amplifier which cannot be taken to be exactly the same
between measurements. Thus, the SE values should be taken as more reliable; the SE-determined E1 value
(2.114 eV) for the Ge reference is in good agreement with the literature value (2.111 eV) [74].

Slightly different sample thicknesses were fitted to the ellipsometry data and using the photoreflectance
model including thin-film interference, as shown in Table 5.3. For the ellipsometry fits, both the initial
thickness obtained when the optical constants of Ge are used to fit the SiGeSn layer, and the final thickness
after the optical constants of the SiGeSn layer are fitted are given. In each case, the final thickness is
higher, and the difference between the initial and final thickness increases for the higher-composition SiGeSn
samples; as the absorption edge of the SiGeSn shifts to higher energies, a thicker layer is needed to account
for the amount of absorption consistent with the SE measurement, as expected. The thickness fits to the
ellipsometry are robust, with multiple fits of the same sample with different starting parameters yielding very
similar results; some thicknesses fitted to the PR data have a relatively large standard deviation, but this
does not explain the difference in thickness. There does not appear to be a systematic deviation (e.g. one
model consistently fitting a thicker layer) between the methods, and attempting to force the same thickness
in both models gives poor fitting results, indicating there is some actual deviation in the thickness. The SE
and PR measurements were performed on different pieces of the same 10 inch wafers, and the presence of
some large-scale ‘bubble’ defects may explain the variation in thickness observed.

Table 5.3 also compares the E0 energies obtained through PR fits, directly from the parametric model
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Figure 5.12: Summary of centre energies for the different direct transitions extracted from SE (blue triangles)
and PR (black diamonds) data.

fit to the SE data, and from taking the second derivative of the dielectric function fitted to the SE data. As
discussed in Section 3.2.2, for this type of parametric model the centre energy fitted to a peak may not be
physically meaningful, but there is very good agreement between the parametric model centre energy and
the E0 value obtained through the second derivative.

5.3 Photoluminescence
Initial attempts to measure the PL of SiGeSn samples grown by IQE used samples grown directly on Ge
substrates. Since Ge has a lower bandgap than SiGeSn, there is no energetic barrier for carriers excited in
the SiGeSn layer (as shown in Fig. 1.11), which is relatively thin, to diffuse into the thick Ge substrate
(especially if the quality of the epitaxial layer is high enough for sufficiently long carrier diffusion lengths).
The carriers excited in the SiGeSn can then recombine in the Ge, and since the SiGeSn is almost completely
transparent at the PL emission energies of Ge (≈ 0.6-0.8 eV at room temperature), this results in PL from
Ge being measured [70, 55]. The first PL attributed to SiGeSn measured during the PhD was from a
sample including a thin (20 nm) layer of Si0.2Ge0.8 between the Ge substrate and the SiGeSn layer; since
the Si0.2Ge0.8 has a higher bandgap than the SiGeSn around the compositions of interest, there is a barrier
to carriers diffusing into the substrate (see Fig. 1.11b). Although the PL indicates that a large number of
carriers are still able to reach the substrate, this sample showed an additional PL peak around 0.78 eV (at
12K) [70]. While the SiGe barrier allowed for proof of concept that including a higher-bandgap layer prevents
carrier diffusion and allows PL to be measured, most of the PL detected still originated from the Ge layer
due to the relatively small energetic barrier introduced by the SiGe; many carriers are still able to reach the
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Table 5.2: Summary of centre energies fitted to model dielectric constants from SE and to PR data of SiGeSn
and Ge samples. For the lower-energy critical points, results from SE and PR measurements are indicated
– for the higher energy CPs (> 2.3 eV) all results are from SE measurements. For the Set B samples, the
E0 (PR) data from the thicker samples was used, though for each composition there was less than a 5 meV
difference between the mean centre energy fitted to the thick and thin samples. All values are in eV.

Comp. E0 (SE) E0 (PR) E0 +∆0 (PR) E1 (SE) E1 (PR) E1 +∆1 E′
0 E2

Ge 0.799 0.807 1.115 2.114 2.135 2.315 3.024 4.351
A1 0.934 0.941 1.225 2.148 2.174 2.349 3.011 4.339
A2 0.975 1.001 1.274 2.160 2.175 2.360 3.008 4.331
A3 1.023 1.015 1.309 2.173 2.197 2.370 3.002 4.327
B1 0.849 0.866 1.156 2.128 2.328 3.016 4.340
B2 0.906 0.907 1.199 2.148 2.346 3.007 4.332
B3 0.977 0.949 1.243 2.162 2.359 2.999 4.323

Table 5.3: Key parameters fitted to the photoreflectance and ellipsometry data. For the ellipsometry data,
both the initial thickness fit obtained assuming the optical constants of the SiGeSn layer are equal to those
of Ge, and the final fit after the optical constants of the layer are allowed to vary, are given. The values of
E0 obtained through both methods is also given; for the SE fits, the centre energy in the Psemi model fit
is compared to the value obtained through fitting the second derivative of the dielectric function, showing
good agreement. The values given for the photoreflectance data fit parameters are the mean of ten runs of
the differential evolution fitting algorithm, with the standard deviation given in parentheses.

Photoreflectance Ellipsometry
d (nm) E0 (eV) ∆0 - PR

(eV)
d - Ge fit
(nm)

d - Final
fit (nm)

Parametric
E0 (eV)

2nd deriv.
E0 (eV)

A1 1811 (40) 0.94 (0.007) 0.28 (0.01) 1753 1768 0.93 0.93
A2 1746 (6) 1.00 (0.02) 0.27 (0.02) 1825 1851 0.98 0.97
A3 1828 (2) 1.01 (0.002) 0.30 (0.01) 1842 1906 1.02 1.02
B1 - thin 332 (10) 0.87 (0.006) 0.29 (0.01) 334
B1 - thick 2073 (20) 0.87 (0.003) 0.29 (0.01) 2029 2036 0.85 0.85
B2 - thin 362 (8) 0.91 (0.003) 0.30 (0.01) 363
B2 - thick 2017 (40) 0.91 (0.02) 0.29 (0.01) 2084 2115 0.91 0.91
B3 - thin 353 (7) 0.95 (0.01) 0.29 (0.01) 359
B3 - thick 2036 (50) 0.95 (0.008) 0.30 (0.01) 2035 2080 0.97 0.98
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Figure 5.13: Power-dependent room-temperature PL of a piece of Ge substrate measured with incident laser
intensity between 1.05 and 10.5 kW/cm2.

Ge substrate. In addition, only a thin layer of SiGe can be grown without introducing dislocations related
to lattice mismatch with the Ge substrate. Thus it was necessary to either grow samples on a different,
higher-bandgap substrate, or to include a lattice-matched higher-bandgap layer between the Ge and SiGeSn.
Thus, subsequent sample sets were grown on GaAs substrates or on Ge substrates which had been overgrown
with a thin III-V barrier (InGaP or InGaAs). Initial samples with a lattice-matched, high-bandgap InGaP
barrier had poor material quality and did not emit measurable PL; subsequent sample sets grown on GaAs
substrates (Set A) and on Ge substrates with an In0.012Ga0.988As barrier (Set B) did emit measurable PL,
and are the focus of the results in the rest of this section.

5.3.1 Room-temperature power-dependence

Room-temperature photoluminescence was measured with incident powers between 100 mW and 3W, or
0.52-15.7 kW/cm2 taking into account the laser spot size (Section 3.4), with the range of powers used
for each sample depending on its luminescence intensity. A piece of Ge substrate was used for reference
measurements, and has significantly higher PL intensity than any of the SiGeSn samples (around an order
of magnitude higher both in terms of peak and integrated intensity compared to the SiGeSn sample with
the highest intensity, A1, depending on the incident laser power). Due to the very different luminescence
intensities, not all samples were measured at the same incident powers, but were divided into two groups:
A1 and A3, which had the highest intensities out of the SiGeSn samples, and the Ge reference sample,
were measured at power densities between 0.52 and 10.5 kW/cm2. The four other samples were measured
at powers between 5.23 and 15.7 kW/cm2. The room-temperature power-dependent PL measurements are
shown in Figures 5.13 for the Ge reference and 5.14 for the six SiGeSn samples. This data has been corrected
for the response of the InGaAs detector. Only the thicker samples (≈ 2000 nm SiGeSn) from set B are shown
due to their higher luminescence intensity. Each sample shows multiple clear peaks; for Ge, the different PL
peaks can be attributed to different phonon-assisted transitions [72], with the exception of the highest-energy
peak around 0.78 eV which is attributed to the direct E0 transition (0.8 eV).

Fig. 5.15 shows the variation of the integrated PL intensity (area under the curve) for all samples, inte-
grated over the whole measurement range (0.62 eV to 1.10 eV/1125 nm to 2000 nm). The room temperature
power dependence of the integrated PL intensity of all samples follow a power law of the form:
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Figure 5.14: Power-dependent room-temperature PL of six SiGeSn samples. For the B series samples, this
data is from samples with a thicker (≈ 2 µm) SiGeSn layer. Samples A1 and A3 had higher PL intensities
at a given laser power than the other four samples, and were measured at incident laser intensities between
0.52 and 10.5 kW/cm2. The four other samples were measured between 5.23 and 15.7 kW/cm2.
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Figure 5.15: Variation of integrated room-temperature PL intensity over the whole measurement range (0.62
eV to 1.10 eV/1125 nm to 2000 nm) with incident laser intensity for each sample. The grey lines show fits to
a power law (eq. 5.1); the number by each line is the fitted value of m. For the higher PL intensity samples
(Ge, A1 and A3), only data for powers up to and including 2.83 kW/cm2 was included as the dependence
above these powers becomes visibly sub-linear on the log-log plot.
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Table 5.4: Power law exponents fitted to the peak and integrated intensity of PL data for Ge and SiGeSn
samples.

Sample mint mpeak

Ge 1.22 1.20
A1 1.43 1.39
A2 1.28 1.11
A3 1.83 1.84
B1 1.43 1.53
B2 2.17 1.88
B3 1.67 1.38

Table 5.5: Summary of some parameters from this and previous work on Ge photoluminescence.

Reference Power law exponent Power densities Temperature (K)
Lieten et al. [72] 2.02 (indirect) 0.008-0.128 kW/cm2 9
Klingenstein & Schweizer [190] 1 (indirect), 1.6 (direct) 0.8-6.7 kW/cm2 2
van Driel et al. [191] not reported 0.05-105 kW/cm2 174, 295
This work - 295 K 1.23 (indirect) 1.05-10.46 kW/cm2 295
This work - 30 K 1.68 (indirect) 0.03-1.05 kW/cm2 30

IPL ∝ Imlaser (5.1)

where IPL is the integrated intensity of the PL signal and Ilaser is the incident laser intensity (the peak
intensity follows a similar power law behaviour for all samples) and m is a positive constant. The samples
which showed higher PL intensities (Ge, A1 and A3) become sub-linear on a log-log plot at powers above ≈
4 kW/cm2, indicating that at higher powers there may be additional effects such as band-filling which affect
the PL intensity. The power law fits shown in Fig. 5.15 are fitted to data for all the incident intensities for
the lower-intensity samples (A2, B1, B2 and B3) and up to and including the measurements at 2.83 kW/cm2

for the higher-intensity samples (Ge, A1 and A3).
While PL from all the samples follows a power law as expected, the variation of the exponent m between

samples does not seem to correlate to an obvious parameter such as peak energy, composition or Si:Sn ratio,
and lies between 1 and 2 for all the samples. The Ge substrate has an exponent of 1.23, which differs from
values previously reported in the literature as summarized in Table 5.5; Lieten et al. [72] report a power law
exponent of 2.02, relating to PL from the indirect transition, while Klingenstein & Schweizer [190] report
an exponent of 1 for the indirect transition and 1.6 for the direct transition, with the latter measured at
significantly higher laser intensities by around two orders of magnitude (Table 5.5). Both of these sets of
measurements were taken at low temperature (9K and 2K respectively). Measurements of the Ge sample
at 30 K (see Fig. 5.16) give an exponent of 1.66, higher than the room-temperature value of 1.23. The
laser intensity used here for the low-temperature measurements is between those used by Lieten et al. and
Klingenstein & Schweizer, and an intermediate value of the power law exponent is obtained. Considering the
power-dependent data for Ge at room temperature shown here, and the exponents for the indirect transition
obtained by Lieten at low laser intensity and by Klingenstein at high power, it appears that higher incident
laser power decreases the exponent m while higher temperatures lead to higher m. This indicates that the
behaviour of the Ge PL is quite consistent with that previously observed once variations of the exponent m
with temperature and incident laser intensity are taken into account.

Schmidt et al. [192] formulated a general model to describe the dependence of the intensity of the near-
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Figure 5.16: a) Low-temperature (30K) power-dependent PL measurements of the Ge substrate sample at
laser intensities between 0.05 and 1.05 kW/cm2 and b) integrated PL intensity vs. incident laser intensity
of these measurements with a power law fit (eq. 5.1). The exponent m obtained is 1.68.

bandgap luminescence on the incident laser power by considering rate equations for carrier excitation and
different recombination processes, including free and bound excitons and recombination involving donors and
acceptors, and non-radiative processes; this model indicates that a value of m between 1 and 2 is consistent
with interband radiative recombination, rather than transitions involving bound states (such as would occur
with defects), indicating that the PL emitted by the Ge and SiGeSn samples at room temperature is consistent
with radiative recombination in the bulk.

5.3.2 Peak fits

In order to determine the relative strength of the different peaks contributing to the PL data, and their
individual power dependence, a combination of Gaussian (eq. 5.2) and Lorentzian (eq. 5.3) lineshapes were
fitted to the data at each power for each sample:

IG(E) =
A

σ
√
2π
e−

1
2 (

E−Ei
σ )

2

(5.2)

IL(E) =
Aγ

π

1

(E − Ei)
2
+ γ2

(5.3)

These peak shapes were chosen in order to fit the lineshapes observed; it was found that most of the peaks
fit well to Gaussians, except for the highest-energy peaks (attributed to emission from the direct gap), which
were fitted to Lorentzian lineshapes. The number of peaks to fit was determined through a combination
of counting the visible peaks and fitting the data to find a suitable number of peaks. Fits to the data for
each sample at the highest and lowest power are shown in Fig. 5.17. Table 5.6 lists the peak locations at
low power for each of the samples, and offset between the peaks. The parameters fitted in each case were
the centre energy of the peak (Ei), the broadening (standard deviation σ for the Gaussian distributions and
scale parameter γ for the Lorentzian distribution), and the strength A, which corresponds to the area under
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Figure 5.17: Illustration of the fits to power-dependent PL data using Gaussian and Lorentzian lineshapes.
The lowest and highest power measured and the corresponding fits (total fit and individual peaks) are shown
for each sample.
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Figure 5.18: Dependence of fitted peak centre energy (left) and peak strength (right) on incident laser
intensity for the three individual peaks fitted to Ge photoluminescence data. The numbers in the right-hand
plot indicate the power law exponent of the peak strength (area under the peak). The dashed line in the
left-hand plot shows the expected room-temperature bandgap of Ge (0.667 eV).

Table 5.6: Summary of the peaks observed in the room-temperature PL spectra of Ge and the SiGeSn
samples, and the bandgap obtained from the data. The peak location in bold is the highest-intensity peak
(corresponding to the fitted Gaussian with the largest strength parameter). The spacing between the peaks
is given. The bandgap is calculated by assuming the highest-intensity peak corresponds to LA phonon
absorption (27 meV) as it does in Ge. The bandgap shift, compared with theory3 is also given.

Sample RT peak locations (meV) Spacing (meV) Eg (PL)
(eV)

∆Eg (PL)
(meV)

∆Eg (Theory)
(meV)

Ge 645 / 660 / 693 / 772 15 / 33 / 79 0.666 0 0
A1 732 / 789 / 853 / 910 57 / 64 / 56 0.705 38 44
A2 740 / 781 / 837 / 903 41 / 56 / 66 0.713 47 58
A3 708 / 772 / 826 / 911 / 976 64 / 54 / 85 / 66 0.745 79 74
B1 717 / 803 / 856 / 863 86 / 53 / 7 0.690 23 26
B2 714 / 738 / 799 / 855 / 912 24 / 61 / 56 / 57 0.711 45 53
B3 753 / 808 / 856 / 922 / 969 55 / 48 / 65 / 48 0.726 57 67

the peak.2

Figure 5.18 shows the variation of the fitted centre energy Ei and peak strength A for the individual peaks
fitted to the Ge PL spectra (similar plots for the SiGeSn samples are shown in Appendix G.2). The expected
room-temperature bandgap is also shown, showing that none of the individual peaks identified corresponds
exactly to the bandgap; this is expected for an indirect semiconductor, since the photon emission must be
mediated by a phonon and thus the energy of the photon emitted will be offset by the phonon energy (Fig.
2.3). The assignment of the Ge and SiGeSn peaks to different phonon-assisted transitions is discussed further
in Section 5.3.4.

5.3.3 Temperature-dependence

Fig. 5.19 shows the PL signal of Ge at different temperatures. At low temperatures, the number of phonons
in the lattice is low, making phonon absorption unlikely, and thus the observed PL takes place via phonon

2Fig. G.4 in Appendix G.2 shows the PL signal at low energies. The four samples with lower PL intensity show a peak
around 0.645 eV/1922 nm, with similar intensities for each sample depending on the laser power. For instance, sample B3 has
around 5 times the PL intensity of sample B1 (Fig. 5.14), yet the peaks around 0.645 eV are only around twice as intense,
indicating that their source is some external source of background signal (with the remaining difference of intensity being due
to the low-energy tail of the PL signal). For this reason, only data above 0.68 eV was used in fitting the PL signal (Fig. 5.17)
of samples A2, B1, B2 and B3. For the three other samples the magnitude of this noise is small enough to be undetectable
compared to the tail of the PL signal, so data over the full wavelength range was used.
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Figure 5.19: Temperature-dependent PL, on a logarithmic scale, of Ge measured at a laser intensity of 2.04
kW/cm2. The open circles indicate the location of the expected bandgap at that temperature based on
literature values.

emission and PL peak energies occur below the bandgap energy (see Fig. 2.3). At 30K, two peaks can
be resolved: at 34 meV (the dominant peak) and at 26 meV below the predicted bandgap of 0.740 eV,
corresponding to TO(L3) phonon emission (literature value 36 meV [49]) and LA(L2) phonon emission
(literature value 27 meV). This is in good agreement with the observations in Lieten et al. [72], who also
observe the dominant PL peak to be mediated through TO phonon emission at low temperatures, with the
LA peak being the second-strongest.

As the temperature increases, an increasing number of PL peaks can be observed, as seen in Fig. 5.19;
above ≈ 100K, peaks above the expected bandgap energy appear, corresponding to phonon absorption, and
the TO phonon emission peak disappears (also consistent with Lieten et al.). Although the bandgap of
Ge redshifts as the temperature increases, as is typical for an inorganic crystalline semiconductor, and the
energy at which the maximum PL intensity occurs also redshifts, the high-energy edge of the PL signal is
moving to higher energies as phonon absorption becomes more probable at higher temperatures. At room
temperature, four peaks are observed, with Gaussians fitted at 0.645 eV, 0.660 eV, 0.694 eV and 0.772 eV
(see Figs. 5.17 and 5.18). The highest-energy peak could be due to a multiple-phonon absorption, but is
more likely due to the direct bandgap (Γv

8 → Γc
7) at 0.8 eV. The most intense peak, at 0.694 eV, lies 27 meV

above the expected room-temperature bandgap of Ge (0.667 eV), which matches LA(L2) phonon absorption
(literature value 27.4 meV). The secondary peak at 0.645, 22 meV below the expected bandgap, is closest in
energy to LA(L2) phonon emission. The small peak just above this, at 0.660 eV, corresponds to emission of
a TA(L3) phonon (literature value 7.7 meV).

Low-temperature PL (Fig. 5.20) of each of the Ge (Fig. 5.16) and SiGeSn (Fig. 5.20) samples shows
a maximum of two distinguishable features for each sample. The PL peaks are blueshifted in the expected
order from their composition, with the exception of sample B3, which peaks at a lower energy than sample
B2. Temperature-dependent data between 30K and 275 K for each sample is shown in Appendix G.3.
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Figure 5.20: Low-temperature PL spectra of Ge and SiGeSn. a) shows the measured data while b) shows
Gaussian fits to the data. All data was taken at 30K except for sample A3, where the 30K measurement
was dominated by lower-energy defect-related PL; for this sample, data taken at 75K is shown instead.
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Figure 5.21: Centre energies fitted to Lorentzian lineshapes for the highest-energy peak in the room-
temperature PL spectra for each sample (black solid circles) against a) the Si composition and b) the
Sn composition of the samples. These are the centre energies fitted to data measured at the lowest laser
intensity for each sample. The red upright triangles and blue inverted triangles show the direct transition
energy E0 obtained from SE and PR measurements, respectively, for comparison.

Samples A3 and B3 appear to be dominated by defect PL at low temperatures, deviating from the blueshift
observed for the other samples. For sample B3, the PL signal appears to remain static between 225 K and
30 K, indicating that the low-temperature PL is likely due to a localized rather than bulk feature. At higher
temperatures, carriers are able to escape localized traps due to their higher thermal energy [25]. The peak
energy and shift from the Ge peak are given in Table 5.7. Two peaks can be distinguished in the 30K Ge
PL spectrum, attributed to TO(L3) phonon emission and LA(L2) phonon emission, with the lower-energy
TO peak having by far the larger intensity. For the SiGeSn samples, the shift from this peak was calculated
assuming that the main peak in the 30K SiGeSn PL spectra also corresponds to the TO phonon emission
(where multiple peaks are visible).

5.3.4 Assignment of PL peaks

Interpretation of the SiGeSn PL signal is hindered by the presence of multiple peaks for each sample. The
origin of these peaks could be Γv

8 → Lc
6 (Ge-like) indirect transitions, Γv

8 → Xc
5 (Si-like) indirect transitions,

direct Γv
8 → Γc

7 transitions (see Fig. 5.6), transitions involving localized states, or a combination thereof. The
contribution of the indirect transitions can also consist of several peaks corresponding to different phonon-
assisted transitions, as for Ge, or ‘no-phonon’ peaks which occur at the bandgap energy and occur through
impurities [193]; such no-phonon contributions to the bandgap have been observed at low temperature in
Ge [72]. PL could also be due to defect or localized states; SEM scans, surface microscopy scans, and cross-
sectional TEM reveal obvious defects on both the surface and in the bulk of the SiGeSn samples. Theoretical
calculations3 indicate that the Si-like Γv

8 → Xc
5 transitions at the SiGeSn compositions considered lie above

1 eV, higher than the direct bandgap, making it unlikely that this transition contributes significantly to the
PL of any of the SiGeSn samples. The low-temperature measurement of sample A3 clearly shows a power-

3Christopher A. Broderick (Tyndall National Institute, Cork, Ireland), personal communications, July 2020. These theo-
retical results are based on unfolded band structures from density functional theory (DFT) calculations performed for SiGeSn
alloy compositions based on the values measured for the SiGeSn samples in this work.
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Figure 5.22: Indirect bandgaps estimated from photoluminescence data of the SiGeSn samples a) in terms
of percentage Si composition and b) in terms of percentage Sn composition.

Table 5.7: Summary of low-temperature PL peak locations and shift relative to Ge for the SiGeSn samples,
compared to the shift observed at room temperature. The shift estimate was calculated theoretically3.

Sample LT peak locations (meV) ∆ELT (meV) ∆ERT (meV) ∆ETheory (meV)
Ge 706/714 0 0 0
A1 762/780 74 38 44
A2 799 93 47 58
A3 810/848 * 104 79 74
B1 761 55 23 26
B2 788 82 45 53
B3 782 † 76 57 63

*= The PL at 30K for this sample was dominated by defect PL; this energy is calculated by considering the data at
75K and adding an appropriate Varshni shift based on the temperature-dependent behaviour of Ge.
† = The temperature-dependent PL of this sample (Appendix G.3) indicates that this is likely PL due to a localized
feature or defect.

dependent low-energy peak (Fig. G.7). The temperature-dependent behaviour of this sample is consistent
with emission related to a localized state – the characteristic ‘S-shape’ in the energy at which maximum
PL intensity occurs is observed. At low temperatures, carriers are trapped in lower-energy defect states,
and these features dominate the PL spectrum; as the temperature increases and carriers gain more energy,
they are able to escape and PL from the bulk is observed. Exciting the samples at higher laser power
reduces the temperature at which carriers are able to escape, as the defect states become filled with carriers
[25]; this power-dependent behaviour was also observed for sample A3. Sample B3 also shows evidence of
PL from a localized feature at low temperature. However, as discussed above, the power dependence of
the room-temperature PL signal indicates that PL from radiative recombination of free carriers is being
observed.

Thus, the most likely origin of the multiple PL peaks in the SiGeSn PL data at room temperature is
the presence of multiple phonon-assisted transitions from the L point in the CB to the Γ point in the VB,
in combination with emission from the direct gap occurring at the high-energy tail of the PL spectra. Fig.
5.21 shows the centre energy of the highest-energy peak fitted to the PL data of each of the SiGeSn samples
compared to the E0 values obtained through SE and PR measurements of the direct transition E0, showing
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a clear correlation between the high-energy PL tail and the direct transition energy. For the indirect gap
emissions, it is expected that none of the peaks in the PL correspond directly to the bandgap energy, as they
will be offset by some phonon energy (with the phonon detected being lower in energy than the bandgap
for phonon emission and higher in energy for phonon absorption). There is some difficulty in assigning the
phonon peaks due to the large number of possible phonons, and the lack of information on how their energies
will vary in the SiGeSn alloy.

There does not appear to be a direct correspondence between the peak offsets observed in the Ge reference
which is consistent across the SiGeSn samples (see Table 5.6), which would simplify the process of identifying
the corresponding phonons, and the samples have significantly different temperature-dependent behaviour.
Therefore, the room-temperature bandgap of the SiGeSn samples was estimated by considering the highest-
intensity peak in the Ge room-temperature PL spectrum, which was identified as an LA phonon absorption
(27 meV above the bandgap energy) as discussed above. In order to make a consistent identification of the
bandgap among samples without additional ambiguity due to the interpretation of different peaks, it was
assumed that the highest-intensity peak for the SiGeSn samples was also due to the LA phonon with the
same energy. The peak locations identified in the SiGeSn samples and the bandgap predicted from the most
intense peak are summarized in Table 5.6, along with theoretical predictions3 of the bandgap shift, which
are in good agreement with the experimentally-obtained results. The values obtained in this way for the
indirect gap are shown in Fig. 5.22, showing a blueshift with increasing Si/Sn content.

The low-temperature SiGeSn PL data shows a consistently larger blueshift relative to Ge than the data
at room temperature, as shown in Table 5.7; by assuming that the strongest-intensity PL peak at room
temperature corresponds to LA phonon absorption, and the strongest peak at 30 K corresponds to TO
phonon emission, consistent with the measurements for Ge, a larger shift by between 20 and 46 meV is
observed at low temperatures. This may be due to differing temperature-dependent behaviour (Si shows
a larger Varshni shift than Ge with temperature [194]) or because the dominant room or low-temperature
phonon interaction is not consistent between samples.

5.4 Summary of critical points and theory comparison
As expected from examination of the band structure/naive interpolation between the constituent elements
and from more sophisticated theoretical calculations, the observed indirect bandgap Eg and lowest direct
interband transition energy E0 of SiGeSn shift to higher energies as the Si and Sn composition increase. A
1 eV E0 transition can be achieved with < 10% Si and < 3% Sn with a Si:Sn ratio of around 4:1, while
maintaining a good lattice match to Ge/In0.012Ga0.988As. At these compositions (close to that of samples
A2, A3 and B3), Eg as obtained from PL measurements is 0.71-0.75 eV, indicating a 15-25 meV shift in E0

with a 5-10 meV shift in Eg. Both Eg and E0 show an effect from higher relative Sn composition in the set
B samples, which have a lower Si:Sn ratio: these samples show less blueshift than the Set A samples (this
can be seen clearly in Fig. 5.22b and Fig. 5.21b). The location of the direct absorption edge fitted to the SE
and PR data (confirmed through reflection and transmission measurements) and the fundamental bandgap
are the key optoelectronic parameters for the performance of SiGeSn in a solar cell; optimized devices based
on the measurements presented in this chapter are modelled in the next section.

The E1 and E1 + ∆1 energies, around 2.2 and 2.3 eV respectively, also blueshift with increased Si/Sn
composition as expected [44, 63], as shown in Fig. 5.12. Meanwhile, ∆0, E′

0 and E2 redshift slightly (Fig.
5.12), as does the split-off energy ∆1. The redshift of ∆0 is reasonable, since the ∆0 energy of Si (0.06 eV)
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is significantly lower than that of Ge (0.30 eV). The reduction in E′
0 matches previously reported results

[44]. Although different sources report different values for the E′
0 energies of Ge and Si [58], the values for

Si are generally slightly higher by around 0.2 eV, yet we observe a slight redshift here; this could be due to
the presence of α-Sn, which has a lower E0 by ≈ 1 eV, outweighing the effect of the Si, and because what is
treated here as a single transition is in fact made up of at least two contributing critical points, as discussed
in Section 3.2.3. The reduction in E2 is also consistent with previous literature results [54, 44], and expected
from the lower E2 energy of both Si and α-Sn compared to Ge. Note that values of ∆0 were not fitted to
the ellipsometry data; this contribution is relatively much weaker than that of E0, which is already much
weaker than the higher-energy transitions. It was not possible to obtain a reliable, unique fit to the E0+∆0

critical point, so it was excluded from the second-derivative fits, and values for ∆0 were obtained only from
the PR data.

5.5 Device modelling
The ultimate aim of the SiGeSn material studies described in this thesis is to aid the design and fabrication of
high-efficiency monolithic (lattice-matched) solar cells incorporating SiGeSn sub-cells. To this end, a number
of different cell architectures were considered and optimized, shown schematically in Fig. 5.23. These devices
were optimized using Solcore simulations, using the differential evolution algorithm incorporated into Solcore
[160] as discussed in Section 3.7. For the 2J and 3J cell architectures, two versions of the cell design with
low-composition SiGeSn (based on sample A1) and high-composition SiGeSn (based on sample A3) were
considered4. The optical constants used in the simulations were from the Psemi parametric optical constant
model fitted to SE data for the relevant sample (Fig. 5.5), while the bandgap was fixed manually at values
estimated from the PL measurements as described in the previous section, at 0.705 eV and 0.745 eV for
samples A1 and A3 respectively. Other material parameters for SiGeSn were taken to be the same as Ge,
as these are not known for the samples discussed in this chapter, with the exception of the minority carrier
diffusion lengths which were taken from [195]. An example script for the optimization of the 4J cell design
is shown in Appendix G.4.

The optical behaviour of the cells was simulated using Solcore’s built-in TMM capabilities as discussed
in Section 2.3.1 and 4.1.1. The first step of the optimization in each case was to balance the predicted
photogenerated current in each sub-cell, assuming the cells will be connected in series and thus the overall
device will be current-limited by the sub-cell generating the lowest current. This purely optical simulation
only requires the total reflection, transmission and absorption per layer to be calculated and is extremely fast,
since the calculation is vectorized over wavelengths and no absorption profiles have to be calculated. This
means a very large parameter space can be explored using differential evolution (DE) without unreasonable
computation times. Normal incidence of unpolarized light was assumed, over a wavelength range from 280
nm up to a wavelength longer than the bandgap of the lowest-bandgap sub-cell. The values to optimize in the
optical simulations are the total thickness of each of the sub-cells (not differentiating between the p and n-
doped material layers, which are assumed to have the same optical constants) and the anti-reflection coating.
For the 4J and 3J cells, the compositions of the III-V layers were fixed at In0.5Ga0.5P and In0.01Ga0.99As,
lattice-matched to Ge. In the case of the dual-junction cell using an AlGaAs top junction, the composition
of the AlGaAs was also allowed to vary to determine the composition which leads to the highest 2J cell

4No version of the 4J cell with the lower-bandgap SiGeSn was considered, since the higher-bandgap SiGeSn already causes
the Ge to be current-limiting as shown in Fig. 5.24b.
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Figure 5.23: Structure of proposed device architectures for SiGeSn MJ solar cells for a) a two-junction
device, b) a three-junction device and c) a four-junction device. d) Shows the structure of the double-layer
anti-reflection coating used in each case.

efficiency with SiGeSn as the bottom cell. The bandgap of AlGaAs (an alloy of the III-V compounds AlAs
and GaAs) is widely tuneable, with the lattice constant remaining almost constant (see Fig. 1.5). Although
the bandgap becomes indirect at AlAs fractions of ≈ 45%, the AlGaAs composition region of interest lies
in the region where the alloy has a direct bandgap around 1.6–1.7 eV. The thickness of the bottom sub-cell
in each structure is not optimized; since this layer does not have to transmit any photons to a sub-cell
underneath it, a thicker layer will have higher absorption, and the purely optical simulation would simply
attempt to make this layer infinitely thick. The thickness of this cell was manually fixed to reasonable values
in the electrical simulations. The optical simulations are also used to optimize the layer thicknesses for a
double-layer anti-reflection coating (DLARC) made of MgF2 and Ta2O5.

Once the approximate layer thicknesses necessary for current-matching are established, a second round of
DE optimization is used to determine relative widths of the p and n-doped layers in each p-n junction, using
the optimum total thickness from the optical-only simulations as the starting point to set the upper and lower
bounds. Solcore’s depletion approximation electrical solver (Section 2.4) was used for these simulations. The
bandgap of the SiGeSn is set to values estimated from PL measurements; it is assumed that the voltage
of the SiGeSn sub-cells will be determined by the lowest indirect bandgap as excited electrons thermalize
to the lowest conduction band edge. The bounds for the total widths of the junctions, and the AlGaAs
composition in the 2J cell simulations, were allowed to vary to 75% and 125% of the values determined
through the optical simulations. The thickness of the highly-doped n-type emitter layers was allowed to
vary between 30 nm and 300 nm. The doping levels of the p and n-layers were fixed at reasonable values,
but could be optimized further. The thickness of both layers of the MgF2/Ta2O5 DLARC were fixed at the
optimum values obtained in the initial optical optimization.

The resulting optimized efficiencies are summarized in Table 5.8, and the simulated EQE and IV curves
for each cell architecture are shown in Fig. 5.24. The cell performances shown in Fig. 5.24 are for cells under
an AM1.5G solar spectrum without concentration. The best-performing devices are the 3J device with lower-
composition SiGeSn and the 4J device with higher-composition SiGeSn, which both have predicted efficiencies
of 35.7%. In the 4J cell, the Ge becomes slightly current-limiting, and the optimal device shows clear
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Table 5.8: Efficiencies, open-circuit voltages (VOC) and short-circuit currents (JSC) for different cell designs
incorporating SiGeSn sub-cells. The performance for simulations using a realistic SiGeSn bandgap based on
measured values is compared to the performance of an equivalent device incorporating a theoretical direct
bandgap material with the fundamental bandgap equal to the E0 value, i.e. a direct semiconductor.

Design Measured Eg,indirect Eg = E0 % V loss
η (%) VOC (V) JSC (mA/cm2) η (%) VOC (V) JSC (mA/cm2)

4J 35.7 3.20 13.2 39.2 3.47 13.2 7.8
3J (A3) 35.4 2.91 14.1 39.1 3.18 14.1 8.5
3J (A1) 35.7 2.87 14.5 38.9 3.11 14.5 7.7
2J (A3) 30.4 1.67 21.6 36.1 1.94 21.6 13.9
2J (A1) 30.7 1.60 22.5 35.7 1.83 22.5 12.6

thinning of the SiGeSn junction to allow more light to reach the Ge junction. This reduces the cell current
and efficiency; previously, maximizing absorption in the Ge cell of a 3J device has not been important for
boosting device performance, as this junction overproduces current in the standard architecture as discussed
in Section 1.3. Further investigation into how the photocurrent in the Ge cell can be boosted (e.g. through
light-trapping) may yield further efficiency improvements. In the 3J device with similar efficiency, the SiGeSn
actually noticeably over-produces current, giving slightly better efficiency than the other 3J architecture
which is more closely current-matched. Although the 3J device with higher-composition SiGeSn (A3) has
a higher voltage, this does not compensate for the slight loss of current. Overall, the 3J and 4J devices all
give efficiencies of close to 36% while the 2J devices have efficiencies just over 30%.

It was assumed that the voltage of the SiGeSn sub-cells will be determined by the lowest indirect bandgap
(estimated from room-temperature PL measurements) as excited electrons and holes thermalize to the lowest
conduction and valence band edge, respectively. The predicted effect of this voltage loss is shown in Table
5.8, which compares the predicted efficiency of the cell structures with realistic values for the indirect
bandgap to the efficiency of cells containing theoretical direct bandgap materials which otherwise have the
same properties as SiGeSn. In the latter case, the fundamental bandgap is set explicitly to be equal to the
E0 values determined through ellipsometry and photoreflectance (0.94 eV and 1.02 eV for the A1 and A3
sample, respectively). These cells will have a higher voltage and thus a higher efficiency, while the current,
which is dependent on the direct absorption edge for these thin-film cells, is not affected. Clearly, the overall
performance of a multi-junction cell will generally be less affected by a reduction in the voltage of the SiGeSn
sub-cell if the cell has a larger number of junctions, since the SiGeSn contributes a smaller fraction of the
total voltage. Note that the cell structure was not re-optimized with the new voltage; the same structure
obtained from the optimization with a more realistic bandgap was used with only the SiGeSn bandgap
adjusted. The percentage point loss in efficiency lies between 5.6 p.p. for the 2J cell with high composition
SiGeSn and 3 p.p. for the low composition 3J structure, or between 13.7 and 7.1% loss of output power.
The structures with higher-composition SiGeSn suffer more voltage loss due to the larger energy difference
between the indirect bandgap and the E0 energy.

Although the 3J and 4J cells perform very similarly under 1 Sun simulations, the 4J cell begins to
outperform the 3J devices under concentration. Efficiencies and voltages of each cell design (with the
indirect bandgap assumed to be limiting the voltage) at 1× and 400× concentration are shown in Table
5.9. Under concentration, the voltage of all the cell designs increases (neglecting practical losses due to e.g.
increased resistance in tunnel junctions at higher concentrations) due to a reduction in the Boltzmann loss
(Section 1.5.2). Increasing the concentration reduces the Boltzmann loss and increases the voltage, with the
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Figure 5.24: Simulated EQE and J-V curves under AM1.5G 1-Sun illumination for monolithic device ar-
chitectures containing SiGeSn. a-b) a 4J InGaP/InGaAs/SiGeSn (A3)/Ge device; c-d) a 3J InGaP/In-
GaAs/SiGeSn (A3) device; e-f) a 3J InGaP/InGaAs/SiGeSn (A1) device; g-h) a 2J AlGaAs/SiGeSn (A3)
device and i-j) a 2J AlGaAs/SiGeSn (A1) device.
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Table 5.9: Comparison of the simulated SiGeSn devices under 1 Sun and 400 Sun concentration.

Design Concentration
1 × 400 ×
VOC (V) η (%) VOC (V) η (%)

4J (A3) 3.20 35.7 3.50 45.4
3J (A3) 2.91 35.4 3.42 43.5
3J (A1) 2.87 35.7 3.38 44.1
2J (A3) 1.67 30.4 1.99 37.9
2J (A1) 1.60 30.7 1.92 38.5

limit being maximum concentration (3640× for sunlight), where the solid angle of absorption and emission
are equal. The short-circuit current of course also increases under concentration, but it increases linearly
with concentration (e.g. doubling if the concentration doubles), and thus does not lead to an increase in
efficiency. The 4J cell has a higher voltage and lower current than the 3J designs, and thus the improved
voltage under concentration has a more significant effect on the 4J cell.

Compared to the standard GaInP/GaAs/Ge 3J architecture, the 3J device designs incorporating SiGeSn
give a higher voltage (due to the higher indirect gap of SiGeSn), and could be manufactured to be lifted-off
and used as thin-film devices, as the total thickness of the device layers for the optimized 3J and 2J cells
is around 10 µm. The reduced current in the SiGeSn bottom cell compared to the Ge in the ‘standard’ 3J
cell architecture does not reduce the device efficiency as the Ge generally overproduces current (Fig. 1.8);
thus, these devices can maintain an overall current density very similar to the standard 3J device with an
increased voltage. Thus, the 3J devices show an improvement in predicted efficiency compared to a similar
Solcore device model for a typical 3J GaInP/GaAs/Ge cell (Fig. 1.8, with a simulated efficiency of 31.8%)
and the record-efficiency devices of that type with a measured efficiency of 32% [196].
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Chapter 6

Light management in advanced cell
designs

This section will present optical modelling results for three different types of devices: an ultra-thin (circa
85 nm) GaAs cell for space applications, a silicon heterojunction cell for hybrid photovoltaic-thermal use,
and spectrum-splitting triple-junction devices. While these device structures are targeted at very different
applications, all have unique light-trapping needs, which require the use of specialized modelling approaches
as discussed in Chapter 4. While Chapter 4 detailed the implementation and underlying theory behind the
various strands of optical modelling code which were developed over the course of the PhD, this chapter
demonstrates how these methods have been applied to solve research problems. The development of Solcore
and RayFlare represents an advancement in the ease with which the optics of a wide range of solar cells
can be modelled, made available to the community in the form of free, open-source Python packages. The
devices in this chapter show the range of structures which can be investigated with these tools: the ultra-
thin cells are modelled using RCWA, through the Python-based interface to S4 developed as part of Solcore
and RayFlare. The silicon heterojunction cells are modelled over a wide wavelength range spanning the
visible to the mid-infrared using the angular matrix method and integrated ray-tracing/TMM to calculate
the reflection, transmission and absorption at each interface using the RayFlare angular matrix framework
and integrated ray-tracing/TMM. The spectrum-splitting devices use Solcore’s improved TMM capabilities
to model the effect of a distributed Bragg reflector (DBR) to selectively reflect certain wavelengths of light
in a structure with both coherent and incoherent layers at non-normal incidence.

6.1 Ultra-thin GaAs solar cells
Ultra-thin III-V devices, with absorber layer thickness on the order of 100 nm or less – compared to several
microns for commercial single-junction GaAs cells, and several hundreds of microns for commercial Si cells –
are a promising avenue for developing more radiation-tolerant devices for space applications, in addition to
increasing device flexibility, decreasing material use, and increasing specific power. For radiation tolerance,
GaAs cells with absorber thickness 100 nm or less are especially interesting as they are expected to suffer
little loss in the external quantum efficiency (EQE) due to current degradation with high radiation fluences
for space power applications [108], since these cells are less sensitive to radiation-induced diffusion length
degradation.
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However, such ultra-thin layers of GaAs suffer from high transmission loss if no additional processing
is done to improve light-trapping. Nanostructured diffracting arrays combining a metal and dielectric can
boost absorption in the active layer, but must be designed carefully to balance parasitic absorption in the
metal and maximise the benefit of reflection, diffraction and plasmonic effects due to the grating to increase
absorption in the active layer, especially at wavelengths close to the bandgap of the photovoltaic material.
Here, the design of metal/dielectric diffraction structures with hexagonal symmetry, to be used as a rear-side
structured grating in an ultra-thin (≈ 80 nm absorber layer) GaAs cell is discussed.

This section explores structures which can be fabricated using a pattern of hexagonally-arranged holes in
SiNx, followed by silver deposition to create a grating of silver disks in dielectric SiNx. RCWA simulations
are used to determine the optimal period and dimensions of the grating features. In addition, guided mode
analysis, treating the structure as a waveguide, is used to investigate the origin of resonant features in
the simulated absorption spectra. These structures could be fabricated through various methods, such as
nanosphere lithography, or more conventional photo- or e-beam lithography techniques. Here, we consider
structures fabricated through Displacement Talbot Lithography (DTL) [197, 198], which allows wafer-scale
patterning of extremely regular structures with sub-micron features. There is considerable flexibility in the
design space for metal/dielectric patterns which can be produced using DTL, and simulations are crucial in
determining structures which most optimally increase the path length inside the cell while maintaining high
rear-side reflectivity, low front surface reflection, and low parasitic absorption.

On-substrate precursor devices demonstrating good electrical performance have already been demon-
strated, and the diode characteristics of these devices, which lack any light-trapping features, can be used
to predict the expected electrical performance of the final structures including a dielectric/metal grating.
Quantum efficiency measurements of the first round of processed devices with DTL-patterned SiN/Ag grat-
ing show evidence of diffraction leading to absorption enhancement in the GaAs, showing the potential of
these device architectures. The device processing was done by Larkin Sayre in Dr. Louise Hirst’s group at
the University of Cambridge, while DTL to expose the grating took place in Dr. Philip Shields’ group at
the University of Bath. The electrical measurements and optical modelling are my own work.

6.1.1 Device growth and measurement

Samples were grown using molecular beam epitaxy (MBE) by IQE plc. on GaAs substrates. The targeted
layer thicknesses are shown in Fig. 6.1a, and ellipsometry measurements showed the as-grown thicknesses
(Fig. 6.1b) were within the 10% margin expected. The doping level of the GaAs in the p-n junction is 1
× 1018 cm−3, using Be and Si as the p and n-type dopants respectively. Doping levels in the hole barrier,
n-type contact and electron barrier are around 5 × 1018 cm−3 and the p-type contact is more highly doped
at 10 × 1018 cm−3.

The metal/dielectric grating is placed at the back of the structure with the aim of reducing parasitic
absorption losses in the silver layer; any light which reaches the grating has already passed through the cell
at least once. The final device design requires device processing followed by patterning of the nanostructured
grating in an SiNx layer using Displacement Talbot Lithography [197] to create a hexagonal array of holes
in the SiNx, deposition of a silver layer to complete the grating and for the back mirror, and finally lifting
the device off by etching back the GaAs substrate and affixing the device to a mechanical substrate. The
device structures and grating layout are shown in Fig. 6.1b and c.

To test device performance, fully front-contacted, on-wafer (Fig. 6.1a) devices with an area of 2.5 ×
2.5 mm2 were processed, without addition of the grating and lift-off from the substrate. These devices are
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Figure 6.1: Schematic structures of a) the epitaxial wafer as grown, with target layer thicknesses, and b) the
simulated device structure, also showing the coordinate axes x, y, and z used in the simulations relative to
the device structure. The values in brackets in b) show the thicknesses of the epi-layers measured through
ellipsometry (Appendix E), which are kept constant at these values in the simulations. c) Layout of the
grating in the x-y plane: the lattice vectors d1 and d2 are shown, as well as their coordinates relative to the
origin in one real space unit cell (shaded green) in terms of the grating period P . The location of the silver
disks with radius r is shown; the solid line shows the disk belonging to the first unit cell, while the dashed
line circles show those of subsequent unit cells removed by one lattice vector in the positive direction. This
unit cell is assumed to repeat infinitely in the ±d1 and ±d2 directions for the simulations.

inverted relative to the final planned structures, but were used to measure the IV and EQE to check the
device processing steps work as expected (Section 3.6). Expected absorption in the GaAs layer of these on-
wafer devices was modelled using a transfer-matrix model (TMM) using Solcore (see Chapter 4.1), so that
the IQE of the devices could be calculated by comparing calculated absorption and measured EQE. These
IQE values were used to calculate predicted efficiencies for devices with light-trapping features. In addition,
a first set of devices with grating structures was processed (see Section 6.1.6 for further details and results).
For the measurements of the on-substrate devices, only a small area of the cell was illuminated during the
EQE measurements and the loss is estimated at < 2%. while for the ultra-thin cells with deposited grating
structures, the whole cell area is illuminated by the solar simulator and the shading loss is estimated at 10%.

In order to obtain the optical constants of the key layers in the device structure to be used in the
simulations, pieces of wafer with the structure shown in Fig. 6.1a were etched back selectively to expose
different layers, down to the InAlP etch stop layer. This gave six samples for ellipsometry measurements
(Section 3.2) with different top layers exposed. For each sample, the thicknesses of the layers and the optical
constants of the top layer were fitted, starting from the sample with all layers except the InAlP etch stop
removed through etching. By building up the layer model one material at a time starting with the thinnest
sample, the thicknesses of all the layers and the optical constants of each material were obtained; the detailed
results for each of the etched samples are given in Appendix E. The measured layer thicknesses were within
the 10% range of the nominal values specified for the MBE process. A sample of 100 nm SiNx deposited on
Si in the same conditions which are used to fabricate the grating structures for the thin devices was measured
to obtain optical constants for the SiNx.
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Figure 6.2: a) The directions, relative to the surface normal, at which different diffracted orders travel in
GaAs. These directions depend on the period of the grating, and are shown for P = 900 nm and P = 500

nm. The direction of the lattice vectors −→d and reciprocal lattice vectors −→b are also shown. Note that the −→d
vectors were scaled down to unit length. b) Direction in real space of the 25 diffraction orders with m1 and
m2 in the range [-2, 2]. c) Shows only the five unique orders from b), excluding (0, 0) which corresponds to
specular reflection. The lattice vectors d are scaled in each diagram to have unit length.
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Figure 6.3: n and κ values for each material used in the simulations from fits to SE data, with the exception
of the silver optical constants which are from [119]. Note that the data for Ag starts at 300 nm, and is
assumed to be constant below this wavelength; this does not affect the simulation results since the III-V
materials are very strongly absorbing at wavelengths < 300 nm, so no light reaches the Ag in the grating or
back mirror.

6.1.2 RCWA simulations

The layer structure used for the RCWA optimization simulations is as given in Fig. 6.1b. The grating layout is
shown in Fig. 6.1c, with unit vectors and relevant parameters indicated. A total of 43 diffraction orders were
used, using circular lattice truncation which chooses the shortest possible G-vectors (−→G = m1b1 +m2b2).
To find optimal grating structures, a grid search was performed, scanning through grating thicknesses and
radius r of the disks in the hexagonal array at periods P of 500 nm, 600 nm and 700 nm (the period was
varied in discrete steps to reflect the availability of existing masks for DTL). The thicknesses of the III-V
layers, based on SE measurements, were kept fixed, and a simple single-layer anti-reflection coating made of
60 nm SiNx was included and kept at fixed thickness.

To analyse the origin of the resonant features and compare with the guided mode analysis, RCWA
simulations spanning the range of grating periods 400-900 nm were carried out, keeping the grating thickness
constant at 110 nm and the radius of the silver disks constant at P/3 (close to the optimum found during
the first set of simulations for 500, 600 and 700 nm as discussed in Section 6.1.4). All simulations assumed
normally-incident, unpolarized light.

To test the performance of the differential evolution (DE) optimization method (Section 3.7) for this
problem, a similar optimization was carried out using this method. Comparing the results of the grid search
against the computationally more efficient DE method indicates that the DE is capable of finding the overall
maximum. The parameters optimized using DE, with allowed ranges given in brackets, are the disk radius
(0-300 nm), the grating thickness (50-150 nm), the grating period (200-1000 nm) and the thickness of the
SiNx ARC (20-150 nm).

6.1.3 Optical constants

The values of the optical constants obtained through fitting SE data of the etched samples are shown in
Fig. 6.3, alongside the literature values used for Ag [119]. More detailed results of the ellipsometry fitting
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Figure 6.4: Absorption per layer, and reflection, for the structures with optimized grating with a) P = 500
nm, b) P = 600 nm and c) P = 700 nm. The numbers in brackets for the legend entries show the current
which is generated in (or lost to) each layer/reflection.

procedure are given in Appendix E. The layer thicknesses from fitting SE data are the values shown in
brackets in Fig. 6.1b. For all the layers, the measured thickness was close to the value targeted during
growth, showing < 10% deviation. The fitted thicknesses, rather than the nominal values, were used to
define the structures used in the RCWA and guided mode calculations.

6.1.4 Structure optimization

Grid search optimization

Optimization at P = 500 nm, 600 nm and 700 nm indicated that in each case, the ideal radius for the
disks is close to one-third of the grating period; thus the percentage area coverage of silver and SiNx for
the optimum structures is constant at 40%. The optimum grating thickness varies slightly (100 nm for the
500 and 600 nm period gratings and 110 nm for the 700 nm period), but at grating thicknesses around 100
nm the photocurrent is not very sensitive to the exact thickness. The absorption per layer and reflectivity
for the optimized structure at each P is shown in Fig. 6.4, in addition to the photogenerated current lost
or generated in each layer. The 700 nm structure gives the highest photogenerated current in the GaAs at
22.5 mA/cm2. The largest loss in each case is to reflection (which includes direct front surface reflection and
light escaping through the front surface of the cell after one or more passes through the cell) followed by
parasitic absorption in the grating. Additional simulations with more sophisticated ARC designs indicate
that the simple, non-optimized ARC is not the main issue; it appears front surface reflection from the initial
interaction of light with the cell is not the limiting factor, but rather light which escapes the cell on later
passes. It is clear from Fig. 6.4 that in the wavelength range 550-900 nm, reflection is high away from the
resonant peaks; where there is no efficient diffraction into guided modes, light is able to escape the cell.
This effect is reduced somewhat by increasing the grating period from 500 nm to 700 nm, which gives more
overlapping resonant peaks in this wavelength range, but cannot be avoided completely with this type of
multi-resonant design. Absorption in the grid is expected due to the Ag content of the grating, but can
also be seen as a transmission loss; since the grating is at the back of the cell, any light absorbed in the
grating would likely have been lost through transmission if there was no light-trapping structure. At short
wavelengths, there is high absorption in the InGaP electron barrier; although the simulations assumed that
only light absorbed in the GaAs leads to useful photocurrent, the device results measured so far indicate
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Figure 6.5: a) Absorption per layer and reflection for the ultra-thin GaAs cell optimized using differential
evolution with P = 685 nm, dgrating = 109 nm and rdisks = 251 nm. b) Convergence of the differential
evolution algorithm, using a population size of 20 sets of parameters for each iteration. The fitness (Jph) of
the best parameter set in the population and the mean of the population’s fitness are shown.

that there is also very efficient collection of carriers from the InGaP (see Section 6.1.6).

Differential evolution optimization

The full grid search results give a useful opportunity to compare the performance of DE optimization. The
absorption per layer and reflectivity for the structure optimized through DE are shown in Fig. 6.5a, in
addition to the photogenerated current lost to or generated in each layer. The optimized structure has a
period of 686 nm, a disk radius of 251 nm (r/P = 0.37), and a silver/SiN grating thickness of 110 nm. The
thickness of the front surface ARC was also optimized in this case (during the grid search, it was fixed at
60 nm), giving a thickness of 58.6 nm. This result is in good agreement with the grid search; in that case,
the best photocurrent was obtained for a period of 700 nm (as only discrete grating periods of 500, 600 and
700 nm were checked) with a disk size to period ratio of 0.33. The convergence of the differential evolution
algorithm is shown in Fig. 6.5b, showing the fitness of the best population during each iteration and the
mean performance of all the populations. The DE was run with 20 populations per iteration, meaning that
over 50 iterations, a total of 1000 RCWA simulations are used to optimize the structure (as seen in Fig.
6.5b). In fact, good convergence has already been reached after around 35 iterations, or 700 simulations. For
the grid search, the resolution is limited by the step size (for the results in Fig. 6.4, around 500 simulations
were used to scan disk radii and grating thicknesses in steps of 10 nm). The differential evolution method
does not have these resolution limitations, and also explored a much larger parameter space, showing that
this optimization method is promising for such a computationally intensive problem with a large parameter
space.

6.1.5 Guided mode analysis

For the guided mode analysis as explained in Section 2.3.2, the incident medium is air, while the guiding
medium is taken to have a thickness equal to that of the III-V layers (123 nm) and optical constants equal
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Figure 6.6: Values of 1 − R calculated using RCWA over wavelengths relevant for absorption in a GaAs
cell, and TE (transverse electric) and TM (transverse magnetic) guided modes arising from diffraction into
the allowed angles, over grating periods of 400-900 nm. The legend labels for the guided mode indicate the
diffraction order (and thus the angle) the guided mode solution is associated with (see Fig. 6.2a). The radius
of the silver disks is kept at P

3 , close to the optimal values for grating periods 500-700 nm, which gives an
area coverage of ≈ 40% Ag in the Ag/SiNx grating. The Jph in the GaAs, calculated using eq. 2.38 at each
period, is plotted on the right-hand side. No diffracted orders can propagate in air below the line λ =

√
3
2 ,

which is shown.
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to the weighted average (by thickness) of the III-V layers. The bottom reflecting medium is taken to be
a Ag/SiNx metamaterial, with the optical constants given as a weighted average of those of Ag and SiNx

weighted by the fraction of the area covered by each.
RCWA calculations covering a range of grating periods P between 400 and 900 nm at relevant wavelengths

for absorption in the GaAs cell, alongside allowed waveguide solutions calculated using the method described
in Section 2.3.2, are shown in Fig. 6.6. The Jph, calculated with eq. 2.38 using the simulated absorption
in GaAs at each period, is also shown. While the agreement between the guided mode analysis and the
values for 1 − R calculated using RCWA is not perfect, it is clear that the density of available modes does
correspond to increased absorption observed in the RCWA-generated intensity plot, although most guided
mode solutions do not match the intensity plot at all wavelengths. This indicates that the metamaterial
description of the grating, and the assumption of a fixed thickness for the waveguide, are not sufficient to
correctly describe the confinement of light in the cell at all wavelengths1. Note that not all the guided modes
were plotted; there are several guided modes which mainly propagate at wavelengths below 500 nm, which
are not visible in the RCWA calculations as the results here are dominated by front-surface reflection, high
absorption at the front of the structure, and Fabry-Perot interference. No clear features corresponding to
the guided modes arising from diffraction into the (2, -2) order are seen, so these solutions were also not
plotted.

Considering the hexagonal symmetry of the grating, rearranging eq. 2.26 with the reciprocal lattice
vectors for a hexagonal grating shows the vacuum wavelengths λ0 at which orders can propagate is given by
λ0

n ⩽
√
3
2 p, with n = 1 for air/vacuum. This line is clearly visible in the simulated RCWA intensities in Fig.

6.6; above this line, at least one diffracted order can propagate in air, thus leading to higher values of R and
lower values of 1−R.

The optimal period for the grating lies between 600 and 700 nm; the Jph is not very sensitive to the
exact period in this range. With a short grating period, many allowed guided modes are available but most
of these propagate at wavelengths below 700 nm, which are less important for light-trapping. For periods
above ≈ 700 nm, many of the available guided modes occur at wavelengths beyond the bandgap of GaAs,
where absorption enhancement is not useful, and the larger grating period means diffracted light is also able
to escape to the air at more wavelengths, increasing reflection.

6.1.6 Device measurements

On-substrate devices

EQE and IV results for the on-substrate test devices (which are inverted relative to the final envisioned
device structure in Fig. 6.1b) are shown in Fig. 6.7. As expected, these devices have low EQE and thus low
short-circuit current; this is expected as there is no anti-reflection coating, and thus front-surface reflection is
high at all wavelengths, while transmission losses into the AlInP etch stop layer and GaAs substrate lead to
further reduced EQE at longer wavelengths due to the extremely thin GaAs absorber layer. The measured
EQE is very close to the absorption in the GaAs layer calculated using a TMM model in Solcore with the
measured optical constants for the III-V layers. Around 370 nm, the EQE appears to slightly exceed the
calculated absorption in GaAs, indicating there is some contribution to the current from the InGaP electron
barrier at the front of the cell. Comparing the calculated absorption with the EQE gives internal quantum
efficiencies (IQE) > 85% over the wavelength range 350-820 nm. The overall efficiency of five measured

1It is possible to treat the waveguide in a more realistic way by using a full TMM model [199], rather than the simpler model
of the asymmetrical waveguide.
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Figure 6.7: Light IV measurements under a simulated AM0 spectrum with the resulting efficiency η, fill
factor, Voc and Jsc for one of the on-substrate devices, and the EQE of the same device alongside simulated
absorption in the GaAs layer for the on-substrate devices (inset).

devices with dimensions 2.5 x 2.5 mm2 is 5.8 ± 0.4%, achieving good fill factors of 78 ± 1.0% and Jsc values
of 10.8 ± 0.6 mA/cm2 (six devices were measured, with one showing much lower Voc and fill factor; this
sample was excluded from these averages and standard deviations). The Voc is 0.95 ± 0.02 V, below that
expected for a high-quality thicker GaAs device (around 1.1 V for a high-quality device); this is expected,
since the Voc is related to the generated carrier density. In the devices with light-trapping structures, the
increased absorption and carrier generation may thus lead to a higher Voc. In addition, the relatively high
doping of the GaAs in these devices appears to cause bandgap narrowing, reducing the Voc; identical devices
with doping levels of 1017 cm−3 rather than 1018 cm−3 in the p-n junction showed an improved Voc.

Quantum efficiency measurement of processed devices

The first set of fully processed devices used a mask with period 500 nm to define the hexagonal grating.
AFM and SEM measurements performed at the University of Cambridge showed that the holes etched in
the SiNx have a mean radius of 115 nm and a depth of 80 nm, while the total SiN thickness (measured
through ellipsometry) is 103 nm. This indicates that the SiNx was not etched all the way through during
the fabrication process, meaning there is a planar layer of unetched SiNx with a thickness of around 20 nm
between the SiNx/Ag grating and the InAlP hole barrier layer.

EQE measurements of these devices, performed at Cambridge, are shown in Fig. 6.8a, compared to
the modelled absorption. The RCWA model used the dimensions measured for the grating thickness and
disk radius, and assumes there is a 23 nm layer of planar SiNx between the silver/dielectric grating (with
thickness 80 nm) and the III-V materials. The EQE measurements show peaks between 500 and 950 nm
which correspond to guided modes excited by the diffraction grating, although the peaks in absorption are
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Table 6.1: Calculated photogenerated current Jph for several structures, as well as predicted efficiencies
η under an AM0 spectrum. Predicted efficiencies were calculated by shifting the light-IV curve for an on-
substrate devices to values of the Jsc calculated through optical simulations. For structures with an optimized
grating, the value of r/P is also given. The ideal double-pass absorption assumes zero front surface reflection
(A = 1− e−2αd) where d = 86 nm, the thickness of the GaAs layers, while the other structures all include a
60 nm SiNx anti-reflection coating.

Structure Calculated Jph

(mA/cm2)
Calculated Jsc

(mA/cm2)
r/P η (%)

On GaAs substrate 11.4 7.37 n/a 3.9
Lifted-off (air as substrate) 12 10.5 n/a 5.8
Planar Ag mirror as substrate 15.2 13.4 n/a 7.5
Best-performing grating (P = 500 nm) 20.8 18.2 0.33 10.4
Best-performing grating (P = 600 nm) 22.05 18.7 0.34 10.8
Best-performing grating (P = 700 nm) 22.5 19.2 0.33 11.1
Ideal double-pass 21.9 18.5 n/a 10.7
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Figure 6.8: a) Comparison of the measured EQE for a lifted-off device with Ag/SiNx grating and the modelled
absorption for a structure corresponding to structural measurements of the devices. b) Comparison between
the measured EQE, simulated EQE for a similar structure with the grating fully etched through the SiN
layer, and both structures with an added anti-reflection coating (also simulations). The numbers in brackets
in both plots give the photogenerated current in the GaAs and InGaP layers.
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not as high as predicted from simulation based on the structure with a partially-etched grating. The model
absorption plotted is the sum of absorption in the GaAs and the InGaP, assuming a uniform 10% loss due
to contact shading, since the whole cell area was illuminated in these measurements. At short wavelengths,
about 30% of the light is absorbed in the InGaP, but these EQE measurements indicate that almost all of the
current from this layer is collected, showing excellent agreement between the combined simulated absorption
in the GaAs and InGaP up to around 600 nm.

Fig. 6.8a shows the absorption in the GaAs/InGaP layers per diffraction order (defined by the in-plane
magnitude of the wavevector k); this shows that the measured EQE clearly has contributions due to diffracted
orders, notably in the sharp peak around 570 nm. At long wavelengths, the measured EQE is lower than
the theoretical prediction. This may be due to imperfections in the real structure leading to less efficient
diffraction or electrical losses; the cause of this discrepancy is a matter of ongoing research. However, the
very good match between measurement and theory at short wavelengths, and the qualitative match in the
peaks above 600 nm, indicate that absorption enhancement using a metal/dielectric grating produced using
DTL and the existing device process, including lifting off the thin cell, is achievable.

Despite the processing issues leading to a non-ideal grating, the DTL device already shows an improve-
ment in the JSC , from 11.2 mA/cm2 for the planar device to 14.1 mA/cm2. Fig. 6.8b shows the potential
improvement in photogenerated current if the grating were fully etched (with the same disk radius and
grating thickness as the fabricated device), and the benefit of adding a 70 nm Al2O3 ARC, with the latter
predicted to improve the photocurrent by around 6 mA/cm2. Such Al2O3 ARC layers will be used for the
first set of devices.

6.1.7 Predicted efficiencies

Table 6.1 shows the calculated photogenerated currents for various structures, calculated through simulation
using either TMM or RCWA, and predicted efficiencies. For the grating structures, the constant value of
the optimized r

P indicates an area coverage of about 40% silver gives the best absorption enhancement.
While the predicted efficiencies for the grating structures are not especially high for a GaAs cell, they are

significantly improved compared to a thin cell without light trapping and are able to match or slightly exceed
the values for ideal double-pass absorption. These efficiencies could be improved further by considering a
more advanced anti-reflection coating; in addition, the Voc may improve with the better light trapping
of the devices with gratings due to higher generated carrier concentrations. Investigating other grating
geometries with symmetry-breaking elements, which could be fabricated using DTL [200] could yield higher
photogenerated current, as decreased grating symmetry leads to more unique diffraction orders and associated
available guided modes.2

6.1.8 Conclusions

Using a grating of hexagonally arranged metallic disks in a dielectric, the predicted efficiency of an ultra-thin
86 nm GaAs solar cell can be increased by close to a factor of three compared to an on-substrate device. For
cells targeted towards space applications, this indicates a promising pathway for developing much thinner
GaAs cells with increased radiation tolerance and reduced need for protective cover glass. Using a waveguide
analysis, the origin of resonant features and the approximate optimum period for a hexagonal grating can

2The efficiencies in Table 6.1 were calculated using the AM0 (space) spectrum. Efficiencies under an AM1.5 spectrum would
be higher as there are fewer infrared photons which do not generate carriers in GaAs; the predicted efficiency of the cell with
an optimized 700 nm grating is 13% under AM1.5.
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be understood further. Precursor devices without light-trapping features show good IQE and fill factor, and
excellent agreement with a TMM model for absorption. Processed devices with silver/dielectric gratings
manufactured through Displacement Talbot Lithography show good quantitative agreement with RCWA
simulations at short wavelengths, with qualitative agreement and clear evidence of absorption enhancement
due to diffraction. Future work will focus on improving the quality of the grating and investigating different
grating periods and arrangements to boost device performance further.
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6.2 Emissivity of heterojunction devices in the infrared
As discussed in Section 1.5.3, the thermal emissivity of solar cells plays an important part in the operating
temperature of a device. When designing a hybrid solar PV/thermal system, the aim is to capture as much
of the heat as possible, and prevent it from being radiatively emitted. Recent work at Imperial College
focused on determining the magnitude of the emissivity of aluminium back surface field (Al-BSF) c-Si solar
cells, and investigating which layers in the cell cause their high emissivity (around 80% in the infrared).
This work showed that most of the infrared emissivity in Al-BSF cells is mainly caused by the highly-doped
back surface field and emitter layers. In the specific cell that was investigated, the thickness of the emitter
layer and BSF are 55 nm and 4.3 µm respectively. The work in this section was done as part of further
investigation into the emissivity of silicon solar cells, focusing on an alternative type of device: heterojunction
(SHJ) cells [171]. Unlike Al-BSF cells, the SHJ cell lacks highly-doped layers, using ITO on the front and
rear surfaces instead. (see Fig. 6.9). As such, these devices were expected to have low absorptivity and
therefore emissivity in the infrared, below the bandgap of c-Si.

6.2.1 Methods & structures

The layer structure of the SHJ cell is shown in Fig. 6.9, with the layer thicknesses given in Table 6.2. The
emissivities of two different cells (produced at Arizona State University in Dr. Stuart Bowden’s group) were
measured experimentally: a SHJ cell with an 80 nm layer of ITO on the front (Structure 1), and the same
structure without the front ITO layer (Structure 2). The optical constants of the different types of amorphous
silicon and ITO layers were obtained through fitting ellipsometry data (Section 3.2) and are shown in Fig.
6.11. The absorptivity/emissivity data was measured using a Bruker Vertex 70 Fourier-transform infrared
spectroscopy (FTIR) system equipped with a gold-coated integrating sphere and a liquid nitrogen-cooled
HgCdTe detector. The absorptivity measurements discussed in this section were done by Dr. Diego Alonso-
Álvarez, while the ellipsometry over the full wavelength range was carried out by Lourdes Ferre Llin at the
University of Glasgow.

For the absorptivity/emissivity simulations, the front and back surface are modelled as having upright,
square-base pyramidal textures with an opening angle of 55◦ (the standard opening angle for randomly
etched silicon pyramids). First, a lookup table is calculated using the TMM code which includes the reflection,
transmission and absorption probabilities for a ray arriving at the relevant layer stack at a particular incidence
angle and wavelength. The 3D ray-tracer uses this data by checking the local incidence angle (which is not
the same as the overall incidence angle due to the surface texture) and looking up the relevant probabilities
for each interaction of the ray with the surface, until the ray is finally reflected or transmitted. By scanning
through incidence angles and across the surface texture in the x-y plane, the ray-tracer is used to build up
the redistribution matrices for the front and back surfaces (using 12 million rays in total).

The pyramidal structure on these samples is random, but the surface structure used in the simulations is
regular. Tucher et al. [86] demonstrated by comparing simulation and experiment that because the angular
matrix method does not preserve position information of the rays between interactions with the front and
back surfaces, the results of an angular matrix calculation using redistribution matrices for regular pyramids
matches more closely with the experimental results for random pyramids. The front surface stack sitting on
the pyramidal Si surface is the intrinsic a-Si, p+ a-Si, and finally the ITO layer (only for Structure 1), as
shown in Fig. 6.10a. The stack sitting on the rear pyramidal Si surface is intrinsic a-Si, n+ a-Si and the
ITO-IR (see Fig. 6.10b). Note that the front and back ITO do not have the same optical properties, as they
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Figure 6.9: Structure of a silicon heterojunction solar cell.
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Figure 6.10: The layers used to calculate R, A and T probabilities using TMM for a) the front surface and
b) the rear surface
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Figure 6.11: a) Real part n and b) imaginary part κ of the refractive index for the layers in the silicon
heterojunction cell, obtained through fits to ellipsometry data.

Table 6.2: Layer thicknesses in the SHJ structure shown in Fig. 6.9, and the optical constant sources for
each layer.

Layer Thickness Source for optical constants
Si wafer 170 µm [129] (short wavelengths) and [201] (long wavelengths)
Front ITO 80 nm* Ellipsometry
p+-Si:H 6-7 nm Ellipsometry
i-Si:H 6-7 nm Ellipsometry
n+-Si:H 6-7 nm Ellipsometry
Back ITO 240 nm Ellipsometry
Ag 240 nm [202]

* = this layer is only present in Structure 1.

have different doping levels. The silver on the back stack is the semi-infinite transmission medium in the
calculations, although the silver layer on the real cells is only 240 nm thick; silver is highly absorbing, and
photons which enter it will be absorbed within the first few tens of nanometres. Thus, treating this layer as
semi-infinite does not affect the simulation results.

6.2.2 Results

The results of the absorptivity simulations and measurements are shown in Fig. 6.12. Looking at the
wavelength range which is relevant for photovoltaic function (≈ 1.1 µm and below), removing the front ITO
clearly reduces absorption in the c-Si and will thus degrade solar cell performance. Removal of the front ITO
leads to slightly lower emissivity just below the c-Si bandgap, but in the long wavelength range, the total
emissivity rises and is equal to or higher than the cell with front ITO. This is somewhat surprising as the
main source of absorption/emission below the bandgap of c-Si for Structure 1 (Fig. 6.12a) is the front stack,
in which the ITO is the thickest and most highly absorbing layer. Intuitively, it seems that removing this
layer would reduce the overall emissivity of the cell; however, this is not the case, as shown in Fig. 6.12b.
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Figure 6.12: Modelled emissivity results for a) an SHJ cell with 80nm of ITO on the front surface (Structure
1) and b) the SHJ cell without the front ITO (Structure 2). The contributions to the emissivity of the
different part of the cells (front, bulk, back and Ag) are shown, as well as the front surface reflectivity (R0)
and the total power reflected.
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Although the absorption in the front stack is now almost zero, the absorption in the back stack has increased
significantly. In both cases, the absorption in the c-Si silicon wafer is low below the bandgap (as expected).
When the front stack becomes mostly transparent, light is still trapped very well inside the texture due to
the pyramidal structures, and gets absorbed in the back texture after one or more passes through the cell; in
the cell with ITO on the front, far fewer photons have a chance to reach the back stack, but if the front stack
is removed, most photons are eventually absorbed in the back stack. Although the extinction coefficient
κ of the ITO-IR on the back of the cell is about an order of magnitude lower than that of the front ITO
in the > 1 µm wavelength range, the back ITO layer is thicker, and the absorption is non-negligible. The
effective light-trapping in the structure due to the pyramidal surfaces means that the light may have many
interactions with this layer, increasing its likelihood of being absorbed.

The plots in Fig. 6.12 distinguish between the total reflected power, i.e. all the light which is travelling
backwards at the end of the simulation, and R0, the light which is reflected during the first interaction of
the light with the front surface. The total reflection can be higher than R0 if light can make at least two
passes through the bulk, and some light escapes through the front surface upon subsequent interactions
with it. Thus, at short wavelengths, where all the light is absorbed in one or two passes, R0 = Rtotal,
while Rtotal > R0 at longer wavelengths where the cell is more transparent. For the cell with ITO, R0

increases with wavelength and contributes to a slight reduction in emissivity, while for the cell without ITO
it stays very constant at < 10% for wavelengths > 1 µm. This means that more light enters the cell without
ITO at longer wavelengths (R0 is lower), but a significant fraction (> 10%) escapes the cell on subsequent
interactions with the front surface.

In both cases, the simulations correctly reproduce the trend in the measured absorption data at long
wavelengths. There is a noticeable discrepancy between experimental and modelled data in the 2-4 µm
wavelength range, i.e. at wavelengths above the bandgap of c-Si but before the onset of free carrier absorption
in Si. These differences are likely related to the uncertainty in the determination of the values of κ for c-Si
when these are extremely small and thus difficult to measure. The data used in the simulations for the
bulk Si is constructed from literature sources, using published data for Si with a similar doping level at long
wavelengths [201] and thus the exact extinction coefficient at intermediate wavelengths may not be exactly
the same as the Si in the cells. Because the light may make many passes through the cell, a small difference
in the absorption coefficient can affect the simulation results quite significantly.

6.2.3 Designing low-emissivity cells

Fig. 6.13 shows two alternative optical designs, with different ITO layer thicknesses. Both have 70 nm of
ITO on the back surface, significantly reduced from 240 nm. Fig. 6.13a, showing the results for a structure
with 70 nm of ITO on the front surface, shows reduced emissivity compared to Structure 1; absorption in the
front stack is more or less the same (the only change is the ITO thickness changing from 80 nm to 70 nm),
while the thickness of the back ITO is reduced, and thus absorption is reduced. Increasing the thickness of
the front ITO gives even lower emissivity, perhaps counter-intuitively, as this front stack was initially highly
absorbing. Fig. 6.13b shows the lowest emissivity, for a structure with 160 nm of ITO on the front. The low
absorption seems to be mainly due to high R0; the surface reflectivity of the cell is significantly affected by
the front surface ITO thickness. While this structure has low emissivity, it also shows reduced absorption
in the Si at the wavelengths relevant for photovoltaics (< 1.1 µm) compared to the other cell designs, which
will lead to a reduced efficiency of the solar cell.

These results show that designing a structure with high absorption in the relevant wavelength range for
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Figure 6.13: Modelled emissivity results for a) a SHJ cell with 70nm of ITO on the front surface and b) a
SHJ cell with 160 nm of ITO on the front surface. Both cells have 70 nm of back ITO. The contributions
to the emissivity of the different part of the cells (front, bulk, back and Ag) are shown, as well as the front
surface reflectivity (R0) and the total power reflected.
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photovoltaic operation and low emissivity in the infrared is not trivial; both the nature of the doped layers
and their thicknesses must be carefully tuned, and thin-film interference effects in the surface textures play
an important role. The exact extinction coefficient of the layers, which tends to be very doping-dependent
in the infrared also plays an important role.
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6.3 Application of Solcore to spectrum-splitting multi-junction
cell design

A spectrum-splitting solar cell is a device in which some part of the solar spectrum which cannot be used
by a cell is purposely reflected away from the cell, for instance onto a second device which can use this part
of the solar spectrum. The motivation for using a spectrum-splitting design with a triple-junction device is
that in a ‘standard’ 3J cell, due to the combination of bandgaps, the Ge cell overproduces current compared
to the middle and top cells, as discussed in Section 1.3. Since the cells are connected in series in a monolithic
design, this overproduced current cannot be used, as under a standard AM1.5 solar spectrum the middle cell
(InGaAs) is current-limiting.

The overproduction of current in the Ge sub-cell is illustrated in Fig 6.16b and 6.18b for lattice-matched
and metamorphic AzurSpace solar cells, respectively. The current overproduction is more significant in
the lattice-matched cell, since the metamorphic cell is specifically designed to improve current-matching by
increasing the fraction of InAs in the middle junction and the fraction of InP in the top junction. This
lowers the bandgap of the InGaAs and InGaP slightly, meaning that more current can be generated in those
junctions and fewer photons are able to reach the Ge. Changing the alloy composition means the cell is no
longer lattice-matched, so grading layers must be included between the Ge and InGaAs layers to accomodate
the change of lattice constant.

If some light in the wavelength range above ≈ 950 nm (below the bandgap of GaAs) but below ≈ 1130 nm
(the bandgap of Si) can be selectively reflected before reaching the Ge, the performance of the 3J cell will not
suffer but the reflected light, which is otherwise wasted, can be directed onto a second solar cell (an obvious
choice for the second solar cell in a practical application is an Si cell, due to their low cost). However, we
do not want to take any current (photons) away from the middle or top cells. Earlier work by collaborators
at UNSW illustrated this spectrum-splitting concept by using a separately manufactured dielectric filter on
top of the cell to reflect part of the solar spectrum onto an Si cell[203] (see Fig. 6.14). However, rather
than using an expensive, separate dielectric filter, it is also possible to incorporate the reflector into the solar
cell stack during epitaxial growth by inserting a distributed Bragg reflector (DBR) below the GaAs cell, as
shown in Fig. 6.15.

Solcore’s improved TMM capability (Section 4.1.1) was used to model spectrum-splitting triple-junction
solar cells designed by collaborators at UNSW [204]. The basic structure is based on commercially-available
AzurSpace triple-junction cells, designed to operate under 800× concentration. The additional element is
an integrated selective reflector, a DBR, which reflects specific infrared wavelengths which are then directed
onto an Si cell (see Fig. 6.15), with the ultimate aim being to exceed 50% overall efficiency. Several triple-
junction devices involving spectrum-splitting distributed Bragg reflectors (DBR) were designed by Dr. Yajie
Jiang at UNSW through purely optical simulations; based on these designs, Solcore simulations for the full
systems (triple-junction cell plus Si cell) were constructed.

6.3.1 Cell designs

A number of cell designs were considered, with DBR structures with a different number of layers; here,
the reference structures, based on AzurSpace lattice-matched (LM) and metamorphic (MM) cells, and the
best-performing DBR designs for the LM and MM case are shown. Full results for all the cell designs can
be found in [204]. To calculate the overall efficiency, Solcore first calculates reflection, transmission, and
total and depth-dependent absorption in the 3J cell with light incident at a 45◦ angle; this information is
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Figure 6.14: Schematic of a spectrum-splitting setup design with a selectively reflecting dielectric filter in
front of the 3J cell. From [204]. A DBR can be incorporated into the solar cell instead of this separate filter.

Figure 6.15: Schematic of the lattice-matched 3J cell structure. From [204].
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Table 6.3: The sub-cell short-circuit currents and efficiencies of the different 3J cell designs, and the Si cell
and total efficiencies for the spectrum-splitting designs. The results for the ‘standard’ cell are calculated at
normal incidence at 800× concentration, reflecting how these cells would be used in a standard concentrator
setup. The results for the modified cells with spectrum-splitting DBRs are calculated at an incidence angle
of 45◦, so the effective concentration is reduced to 800/

√
2 (since Solcore calculates results per unit area).

In each case, the sub-cell current results are divided by the effective concentration, so they are scaled to 1
Sun illumination.

Device structure InGaP JSC

(mA/cm2)
InGaAs JSC

(mA/cm2)
Ge JSC

(mA/cm2)
3J η
(%)

Si η
(%)

Total η
(%)

Original LM TJSC (1×16 bi-
layer DBR) @ 0◦

12.5 11.9 17.7 39.8 n/a 39.8

LM TJSC (3×16 bilayers) @
45◦

13.2 12.8 12.6 40.8 4.46 45.2

Original MM TJSC (no DBR)
@ 0◦

13.6 12.7 16.5 40.1 n/a 40.1

MM TJSC (2×16-bilayer DBR
+ 8-trilayer buffer) @ 45◦

13.4 13.0 13.3 39.6 3.45 43.1

fed into the electrical solver (using the depletion approximation [145] in this case) which calculates the EQE
and light IV curves under an AM1.5D spectrum at 800 × concentration, and thus the efficiency of the 3J
structure. The AM1.5D spectrum includes only direct sunlight, since concentrator cells cannot make use of
diffuse sunlight like large-area flat-plate PV. In order to calculate the efficiency of the silicon cell onto which
the reflected light is directed, its incident spectrum needs to be defined; this is given by the reflectivity of
the 3J cell multiplied by the incident spectrum at each wavelength, taking into account the concentration
of the incident spectrum. This information is used to define a new, custom spectrum in Solcore, which is
used to calculate the efficiency of an Si cell. The Si cell was specified using measured EQE from a high-
quality concentrator Si cell [205]. The simulations are carried out for unpolarized light; computationally,
this means repeating the TMM calculations for both s and p-polarized light and averaging the result. Since
the final layer of the cell (the Ge sub-cell base layer) is, at 30 µm, very thick compared to the wavelength
of light considered, it was treated incoherently in the calculations (see Section 4.1.1); this is both to speed
up the calculation, but is also physically more accurate, as treating the layer coherently results in thin-film
oscillations with an extremely small period in the wavelength, which are not observed in measurements.

6.3.2 Results

The AzurSpace LM cell already incorporates a DBR made of 16 bilayers of AlGaAs of varying compositions
under the InGaAs junction (see Fig. 6.15), to maximise the current in the middle cell (usually the current-
limiting cell in this type of 3J architecture) by reflecting light near the bandgap of GaAs. The EQE and light
IV of the cell are shown in Fig. 6.16. Due to the DBR, there is already a significant spike in the reflectance
around 900 nm, as shown in Fig. 6.16c.

The optimized LM structure incorporates a 3 × 16 bilayer AlGaAs DBR, optimized to reflect light at
slightly longer wavelengths than the DBR in the original cell. This is to avoid the atmospheric absorption
band at 950 nm, as there are few photons in that part of the terrestrial solar spectrum to be reflected onto
the Si cell. Fig. 6.17 shows the results of the electrical solver, assuming light incident at 45◦. The light
reflected onto the Si cell (see Fig. 6.17c) gives an additional 4.5% efficiency relative to the power in the
concentrated AM1.5G spectrum, thus increasing the total efficiency of the system by 5.4 percentage points.
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Figure 6.16: a) The EQE and b) the light IV of the standard 3J LM cell modelled at normal incidence.
The sub-cell currents are shown divided by the concentration (800×). The efficiency and fill factor are also
shown. c) The AM1.5G solar photon flux (divided by the concentration), and the spectrum reflected (solar
photon flux × reflectivity of the 3J cell at normal incidence) from the standard LM 3J cell.
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Figure 6.17: a) The EQE and b) the light IV of the 3J LM cell with spectrum-splitting DBR modelled at 45◦
incidence. The sub-cell currents are shown divided by the concentration (800/

√
2). The efficiency and fill

factor are also shown. c) The AM1.5G solar photon flux (divided by the concentration), and the spectrum
reflected onto the Si cell (solar photon flux × reflectivity of the 3J cell at 45◦ incidence) from the LM 3J cell
with spectrum-splitting DBR.
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The current in the Ge sub-cell has decreased by 5 mA/cm2 (Table 6.3) compared to the standard 3J design,
bringing the current in line with the other two sub-cells.

Since the MM structure already has improved current-matching compared to the LM cell, it does not
include a DBR. Unlike the standard 3J LM cell, there is thus no clear peak in the reflectance before the
insertion of a spectrum-splitting DBR, as shown in Fig. 6.18c. In the MM structure, the top two cells
are grown at a slightly different lattice constant to Ge, and to accommodate this, an 8-step buffer layer of
graded InGaAs compositions is grown between the Ge and InGaAs cell. This means the Ge sub-cell does
not overproduce current as significantly as in the LM cell (see Table 6.3). Designing the spectrum-splitting
DBR here is complicated by the fact that the change in lattice constant must still be accommodated with a
combined DBR/grading buffer. The full, optimized DBR + buffer layer structures are shown in Figures 7
and 8 in [204]. The best efficiency was obtained using a 2 × 16-bilayer DBR + 8-trilayer buffer, with EQE
and IV results shown in Fig. 6.19. The spectrum reflected onto the Si cell is shown in Fig. 6.19c. The
efficiency is slightly reduced compared to the original MM cell (by half a percentage point) due to increased
front surface reflection at more oblique incidence, but the total efficiency of the 3J + Si cell system is 3
percentage points higher than the original MM cell.

Although the original LM cell performs worse than the MM design, these simulations show that it is
actually more suited to the spectrum-splitting application, since a large number of photons in the long
wavelength range can be directed onto an Si cell without the Ge cell becoming current-limiting. Further
work in this area is being carried out using the Solcore’s differential evolution capabilities, developed over
the course of the PhD, to design DBR layers with high selective reflectivity and overall device structures to
be grown.
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Figure 6.18: a) The EQE and b) the light IV of the standard 3J MM cell modelled at normal incidence. The
sub-cell currents are shown divided by the concentration (800). The efficiency and fill factor are also shown.
c) The AM1.5G solar photon flux (divided by the concentration), and the spectrum reflected (solar photon
flux × reflectivity of the 3J cell at normal incidence) from the standard MM 3J cell.
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Figure 6.19: a) The EQE and b) the light IV of the 3J MM cell with spectrum-splitting DBR modelled
at 45◦ incidence. The sub-cell currents are shown divided by the concentration (800/

√
2). The efficiency

and fill factor are also shown. c) The AM1.5G solar photon flux (divided by the concentration), and the
spectrum reflected onto the Si cell (solar photon flux × reflectivity of the 3J cell at 45◦ incidence) from the
MM 3J cell with spectrum-splitting DBR.
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Chapter 7

Conclusions

Improving the efficiency of solar cells requires the identification and growth of high-quality semiconductor
materials and careful design of the overall device architecture. Chapter 5 detailed the results of extensive
material study of SiGeSn, a candidate material to fill the niche for an absorber with a 1 eV absorption
edge at the same lattice constant as Ge and GaAs, for use in multi-junction solar cells. Choosing the
optimal combination of bandgaps for a multi-junction cell is necessary for another key aspect of the device
design: optimizing absorption in the photovoltaic layers, whether that is distributing the absorption of
the solar spectrum between sub-cells to achieve current-matching in a multi-junction cell, or maximizing
the absorption in a single-junction cell (such as an ultra-thin GaAs device or a textured silicon solar cell).
Chapter 4 outlined the development of integrated optical modelling tools in Solcore and RayFlare, which
enable research into a wide range of device architectures, such as those presented in Chapter 6.

7.1 Development of optical modelling tools
Chapter 4 covered the wide range of optical modelling methods which have been developed and implemented
over the course of the PhD. The transfer matrix method capability of the existing solar cell modelling package
Solcore was expanded to allow for incoherent calculations and variation of the angle and polarization of the
incident light, and the materials-related functionality of Solcore was expanded to allow users to add their
own materials to the database easily. A new Python interface with the RCWA Maxwell solver S4 was
implemented, to make wavelength-dependent calculations of useful values such as reflection, transmission,
absorption per layer and absorption profiles possible for structures containing wavelength-scale periodic
features. A new ray-tracer was implemented in Python, capable of calculating reflection, absorption and
transmission probabilities directly through the Fresnel equations or in conjunction with the TMM method
for multi-layer interfaces. All these methods were integrated with an angular matrix framework in the new
Python package RayFlare, which makes it possible to combine multiple modelling methods for a single
structure. These methods have been validated against existing models and previously-published results,
showing excellent agreement. Both Solcore [161] and RayFlare [162] are fully open-source and available as
Python packages.

The improvement of RayFlare and Solcore, as well as the compatibility between the two packages, is an
ongoing project. Specific improvements to RayFlare include using statistical methods to improve the speed
of the ray-tracing and angular matrix algorithms. Speed improvements to computationally intensive parts
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of the code (such as the RCWA and ray-tracing algorithm) may also be possible through CPU or GPU
acceleration. As both packages are open-source and open to outside contributions and updates to the code,
the aim is for development of the packages to be in part guided by other users and contributors.

The results of optical simulations are affected significantly by the exact optical constants used for the
materials; this is especially important for structures containing metallic scattering layers such as diffraction
gratings. This effect was quantified, showing that the use of inaccurate optical constants can lead to an
incorrect optimal structure being identified in optimization problems. Thus, obtaining realistic data for
metallic optical constants is key to matching experiment and simulation. This provides a strong motivation
for researchers to obtain optical constants of the metal films produced in their own facilities prior to designing
a light-trapping structure, since the optical constants of metals will vary depending on the deposition method.
Where direct determination of the optical constants is not possible, due caution must be taken to use
alternative data that corresponds well to the expected deposition conditions. Following the investigation of
the effect of differing optical constants on the effectiveness of a metal/dielectric grating, a new figure of merit,
the Spectral Absorption Enhancement Factor (SAEF), has been proposed which predicts the suitability of
a metal film for light-trapping applications. The SAEF can be determined directly from a metal’s optical
constants using a simple analytical expression, and has been found to correlate well with the photocurrent
enhancement expected when that metal is used in an optimized light-trapping structure, as determined by
rigorous simulations. This finding is useful for researchers and technologists, since it guides material choice,
and allows deposition processes to be optimized without the need to repeatedly perform nano-fabrication
and/or optical simulations for each deposition iteration.

Further work in this area will focus on investigating whether the correlation between the SAEF and
optimized photocurrent holds true for other device structures and materials (e.g. a grating on the rear of
the cell rather than the front, different grating symmetry and layout, different absorber thicknesses, and
different metal/dielectric combinations in the grating).

7.2 Application of SiGeSn to multi-junction cells
SiGeSn is a promising candidate material for solar cells and other optoelectronic applications, with previous
experimental and theoretical results indicating that a direct transition energy at 1 eV can be achieved with
< 10% Si and < 3% Sn, with the resulting alloy being lattice-matched to Ge. The results of spectroscopic
measurements presented in Chapter 5 confirm these results, showing E0 energies between 0.85 and 1.02 eV for
alloys with compositions of 2.6-9.6% Si and 0.8-2.5% Sn. Photoreflectance and spectroscopic ellipsometry
were used to measure the lowest direct transition energy E0, in both cases using a critical point fitting
approach. The two methods gave transition energy values in good agreement with each other, and clearly
show a blueshift of the key transitions determining the absorption edge with increasing Si and Sn composition.
A novel method for fitting the photoreflectance data was developed to extract values of E0 and E0 + ∆0

from the raw data, incorporating both the critical points due to van Hove singularities in the band structure
and thin-film interference effects due to modulations of the refractive index. Ellipsometry was also used to
examine the higher-energy direct transitions, showing good agreement with previously-published results.

Photoluminescence measurements were used to investigate the lower-energy indirect transitions, showing
evidence of multiple phonon peaks, as observed in the PL of pure germanium, and demonstrating photo-
luminescence of SiGeSn grown on Ge and GaAs substrates for the first time. Identifying the strongest PL
peak by analogy with the luminescence spectrum of germanium, increases in the fundamental bandgap of

192



40-80 meV from the Ge bandgap of 0.67 eV at room temperature were observed. Therefore, the SiGeSn
alloy compositions considered here remain fundamentally indirect, although absorption is dominated by the
lowest available direct transition (E0) which was shown to be tuneable to ≈ 1 eV, useful for a range of
multi-junction device architectures.

Finally, the information on optical constants and the location of the fundamental bandgap extracted from
these extensive spectroscopic measurements were used to inform device models, optimized using differential
evolution. These models are useful for predicting realistic limiting efficiencies for multi-junction devices
containing high-quality epitaxial SiGeSn. Device designs for two, three and four-junction cells were presented,
showing efficiencies over 30% under 1 Sun illumination in all cases. The triple junction cell architectures
(In0.5Ga0.5P/In0.01Ga0.99As/SiGeSn) show a possible improvement of around 4 percentage points over the
well-established In0.5Ga0.5P/In0.01Ga0.99As/Ge triple-junction cell through an increase in the voltage.

Further work will focus on the growth and processing of epitaxial structures for single and multi-junction
cells, initially involving InGaAs and InGaP, and characterizing the electrical performance of these devices.

7.3 Optical design of advanced devices
The modelling techniques developed and implemented over the course of the PhD have enabled the investi-
gation of a wide range of cell architectures, from ultra-thin devices (< 100 nm) with diffraction gratings to
silicon devices hundreds of microns thick, which were discussed in Chapter 6.

A combination of RCWA simulations and guided mode analysis was used to optimize a hexagonal grating
of silver disks in dielectric silicon nitride, predicting that the photocurrent of ultra-thin (< 100 nm) GaAs
solar cells can be more than doubled compared to a cell without light-trapping. The power of differential
evolution as a tool for optimizing optical structures was demonstrated by comparing its results to a grid
search. Electrical measurements of on-substrate devices and the proof-of-concept devices incorporating a
silver/dielectric grating show a good match with the optical simulations. Despite some remaining process-
ing issues, the device with a grating produced through Displacement Talbot Lithography already shows an
enhanced photocurrent compared to the planar device. Work to deposit anti-reflection coatings and com-
plete electrical measurements of the devices with gratings is ongoing, in addition to further simulation and
theory work to understand the principles behind optimal grating design within the constraints of available
photolithography methods suitable for large-area patterning.

Controlling the emissivity of solar cells is key to their temperature regulation. In a hybrid thermal-PV
system, where the aim is to generate electricity and capture heat from the solar cell, a low emissivity in the
infrared is desirable to maximize the amount of heat which can be extracted. The RayFlare angular matrix
formalism was used to calculate the effects of pyramidal textures with thin-film layers on the light-trapping in
a silicon heterojunction solar cell over a wavelength range from the UV to the mid-infrared, showing excellent
agreement with experimental results. The model results shed light on which layers lead to high emissivity,
which cannot be determined from the experiments alone, showing that due to the efficient light-trapping in
the cell even layers with low absorption coefficients can contribute significantly to the total absorption.

Finally, Solcore was used to model spectrum-splitting triple-junction solar cells incorporating distributed
Bragg reflectors which reflect part of the solar spectrum onto a separate Si cell. Using a part of the solar spec-
trum which is normally wasted in conventional triple-junction cell architectures, these systems can achieve
efficiencies over 45% under 800× solar concentration, with a boost of up to 5 percentage points compared
to the triple-junction cell by itself. Work is currently ongoing to design spectrum-splitting structures which
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will be fabricated, so that the full spectrum-splitting setup with an Si cell can be tested experimentally.
These structures are being designed using Solcore’s optical models and differential evolution, implemented
over the course of the PhD.
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Appendix A

Proof of Adachi dielectric function

representation

To prove:

lim
ν→0

ϵ1(ω + iν) = ϵ1(ω) + iϵ2(ω) (A.1)

Relevant identities are the first Kramers-Kronig relation (eq. A.2), the functional representation of the
Dirac delta function as the limit of a Poisson kernel (eq. A.3) and an identity relating to the composition of
the delta function with a general function g(x) (A.4):

ϵ1(ω) = 1 +
2

π

∫ ∞

0

ω′ϵ2(ω
′)

(ω′)2 − ω2
dω′ (A.2)

δ(x) = lim
γ→0

( 1
π

γ

γ2 + x2

)
(A.3)

δ(g(x)) =
∑
i

δ(x− xi)

|g′(xi)|
(A.4)

where in the final equation xi are the roots of g(x) = 0 and g′(x) is the first derivative of g(x).
Eq. A.4 can be used with the specific function g(x) = x2 − a2 to give:

δ(x2 − α2) =
1

2|α|
(δ(x+ α) + δ(x− α)) (A.5)

Starting from the LHS of eq. A.1, and plugging the argument ω + iν into the Kramers-Kronig relation
(eq. A.2):

ϵ1(ω + iν) = 1 +
2

π

∫ ∞

0

ω′ϵ2(ω
′)

(ω′)2 − (ω + iν)2
dω′

= 1 +
2

π

∫ ∞

0

ω′ϵ2(ω
′)

(ω′)2 − ω2 − 2iων + ν2
dω′

= 1 +
2

π

∫ ∞

0

ω′ϵ2(ω
′)[(ω′)2 − ω2 + ν2 + 2iων]

[(ω′)2 − ω2 + ν2]2 + 4ω2ν2
dω′

(A.6)
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Figure A.1: The function y = γ
x2+γ2 evaluated at different values of γ.

In the third step, the denominator has been realized, so now the real and imaginary parts can be separated
easily:

Re{ϵ1(ω + iν)} = 1 +
2

π

∫ ∞

0

ω′ϵ2(ω
′)[(ω′)2 − ω2 + ν2]

[(ω′)2 − ω2 + ν2]2 + 4ω2ν2
dω′

Im{ϵ1(ω + iν)} =
2

π

∫ ∞

0

2ωνω′ϵ2(ω
′)

[(ω′)2 − ω2 + ν2]2 + 4ω2ν2
dω′ (A.7)

Now taking the limit ν → 0 in the real part:

lim
ν→0

Re{ϵ1(ω + iν)} = 1 +
2

π
lim
ν→0

∫ ∞

0

ω′ϵ2(ω
′)[(ω′)2 − ω2 + ν2]

[(ω′)2 − ω2 + ν2]2 + 4ω2ν2
dω′

= 1 +
2

π

∫ ∞

0

ω′ϵ2(ω
′)[(ω′)2 − ω2]

[(ω′)2 − ω2]2
dω′

= 1 +
2

π

∫ ∞

0

ω′ϵ2(ω
′)

(ω′)2 − ω2
dω′

= ϵ1(ω)

(A.8)

With the last line following from eq. A.2. The real part of the LHS of eq. A.1 is equal to ϵ1(ω), as
required. Now, considering the imaginary part we make the substitutions γ = 2ων and x = (ω′)2 − ω2 + ν2.
It follows that as ν → 0, γ → 0 also. We can rewrite A.7, and take the relevant limit, as:

lim
ν→0

Im{ϵ1(ω + iν)} = 2
1

π

∫ ∞

0

lim
γ→0

γω′ϵ2(ω)

x2 + γ2
dω′ (A.9)

Comparing this to eq. A.3, we can pick out the definition of the delta function and write:

lim
ν→0

Im{ϵ1(ω + iν)} = 2

∫ ∞

0

ϵ2ω
′δ(x)dω′ = 2

∫ ∞

0

ϵ2ω
′δ((ω′)2 − ω2)dω′
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Then using the identity eq. A.5:

lim
ν→0

Im{ϵ1(ω + iν)} =

∫ ∞

0

2

2|ω|
ϵ2(ω

′)ω′[δ(ω′ + ω) + δ(ω′ − ω)]dω′

=
1

|ω|
ωϵ2(ω)

= ϵ2(ω)

(A.10)

Where in the second line, we have used the sampling property of the delta function, taking into account
the fact that the integral covers the range 0 to∞ to determine that only the second delta function contributes.
Since ω is then positive, |ω| = ω.

We have thus proved that limν→0 ϵ1(ω + iν) = ϵ1(ω) + iϵ2(ω). ν can be interpreted as a damping
parameter: as ν → 0 (so γ → 0) in A.9, the γ

x2+γ2 term becomes a delta function, picking out ϵ2 at ω′ = ω

exactly. As ν increases, the distribution becomes less narrow, and no longer picks out just ω′ = ω so the
values of ϵ2 get ‘smeared out’ (see Fig. A.1). Similarly, looking at A.8, increasing ν means the denominator
does not equal zero for any values of ω/ω′, reducing peak height and similarly smearing out ϵ1.
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Appendix B

Wavevectors and power flow in absorbing

media

For a general plane wave (assuming without loss of generality that we are in the x − z plane, where the
incidence medium lies at z = 0):

k⃗f =
2π(n+ iκ)

λ
(sin θ̃, 0, cos θ̃) (B.1)

If k = 0 (non-absorbing medium), this is fine. But if we have k ̸= 0, strange things happen. Specifically,
ñ sin θ̃ may not be a real number, which implies that there is dissipation of power in the direction parallel
to the incident medium, i.e. not an infinite plane wave. So ñ sin θ̃ has to be real, and if ñ is complex, this
means sin θ̃ is complex, and thus θ̃ is complex. This is equivalent to saying Snell’s law (ñ0 sin θ0 = ñ1 sin θ1)
holds even for interfaces between absorbing media.

Let’s say we know the angle α from which power, i.e. the real part of the Poynting vector, is incident.
Can we relate this to a complex angle θ̃ for the wavevector kf? The time-averaged Poynting vector ⟨S⃗⟩ can
be related to the electric and magnetic fields through1:

k⃗f = 2πñ
λ (sin θ̃, 0, cos θ̃)

E⃗f = (0, Ef , 0)

H⃗f ∝ k⃗f × E⃗f

H⃗f ∝ (− cos θ̃, 0, sin θ̃)

⟨S⃗⟩ = Re{E⃗f × H⃗∗
f }

⟨S⃗⟩ ∝ Re{(ñ sin θ̃)∗, 0, (ñ cos θ̃)∗} = Re{ñ sin θ̃, 0, ñ cos θ̃}

(B.2)

Since we are asserting that for the wave to be a plane wave, ñ sin θ̃ is real, this reduces to:

⟨S⃗⟩ ∝ (ñ sin θ̃, 0,Re{ñ cos θ̃}) (B.3)

Where we have used notation as used by Byrnes [91] and the standard expression for real power from
the Poynting vector. The last step in (B.2) uses the fact that the real part of a complex number is the same

1The following is for s-polarization, but as it turns out, things work out the same for p-polarization (the fact that
Re{E⃗f × H⃗∗

f } = Re{E⃗∗
f × H⃗f} for the Poynting vector is useful in that case so the maths is the same).
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as the real part of its complex conjugate. So say that we know power, or rather, want to assert that power
is incident from an angle α, this angle is given by:

tanα =
ñ sin θ̃

Re{ñ cos θ̃}
(B.4)

Taking the real part of ñ sin θ̃ is not shown explicitly since, as discussed above, it must be real. Some
notation:

kx = ñ sin θ̃

kz,r = Re{ñ cos θ̃}
kz,i = Im{ñ cos θ̃}

(B.5)

Where the k notation represents that these quantities are proportional to the vector entries of the
wavevector, and the last two lines are the real and imaginary parts of kz. That means that:

tanα =
kx
kz,r

(B.6)

Clearly, for the complex angle θ̃ of the wavevector, we have (referring back to (B.2)):

tan θ̃ =
ñ sin θ̃

ñ cos θ̃
=
kx
kz

=
kx

kz,r + ikz,i
(B.7)

Some identities we can use: since sin2 θ + cos2 θ = 1 (even for complex angles!), k2x + (kz,r + ikz,i)
2 =

ñ2 = (n+ iκ)2. Separating out real and imaginary parts gives us two equations:

k2x + k2z,r − k2z,i = n2 − κ2

kz,rkz,i = nκ
(B.8)

So if we know α and want to find θ, we should express tan θ in terms of things we know (n, κ and α). I
actually solved for kz,r, since it is easy to then get kz,i and kx through the identities above.

Squaring (B.6) and plugging the first identity from (B.8) in to get rid of k2x:

tan2 α =
k2x
k2z,r

=
n2 − κ2 − k2z,r + k2z,i

k2z,r
(B.9)

Then getting rid of k2z,i by substituting the second identity from (B.8):

tan2 α =
n2 − κ2 − k2z,r +

n2κ2

k2
z,r

k2z,r
(B.10)

Now by multiplying both sides by k4z,r we get:

tan2 αk4z,r + (κ2 − n2)k2z,r − n2κ2 = 0 (B.11)

This is a quadratic equation for x = k2z,r. As it turns out, we have to take the positive root for the
solution to be real. The answer is:

kz,r = cosα

√
1

2
(n2 − κ2) +

1

2

√
((κ2 − n2)2 + 4n2κ2 sec2 α (B.12)
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Figure B.1: Variation of the real (solid lines) and imaginary (dashed lines) part of the complex wavevector
angle θ̃ where the Poynting vector is travelling at a certain incidence angle in a medium with refractive index
ñ = 3 + iκ with varying κ.

This can of course be used to find a direct expression for θ̃, but if you have numerical inputs for n, κ and
α, the quantities kz,r and thus kz,i, kx and θ̃ are all easy to calculate. Note that if κ = 0, this expression
reduces to:

kz,r = n cosα (B.13)

as expected.
If you know complex θ̃ but want to calculate α, that is much more straightforward, as you can simply

use (B.6) directly. The reason we want to use α in an angular matrix formalism is that we want to know
about how incident power is distributed and absorbed throughout the cell, and we are binning in terms of
the angular directions in which power travels. In many cases (i.e. media which are not strongly absorbing)
these are equivalent to the wavevector directions, but in strongly absorbing media (e.g. metals, direct
semiconductors or highly doped layers) this assumption may not be valid. Fig. B.1 shows the difference
between α and the real and imaginary parts of θ̃ for increasing values of κ. Fig. B.2 shows how R and
T vary with increasing κ of the transmission interface, showing that for highly absorbing media assuming
the lossless case will give completely incorrect results. Fig. B.3 shows a situation in which total internal
reflection (TIR) occurs for a non-absorbing medium, and how R is affected by increasing absorption in the
transmission medium.
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Figure B.2: R and T for unpolarized (average of s and p-polarization) light incident from air (n = 1) on a
medium with n (real part of the refractive index) = 2 and varying κ.

Figure B.3: R for light incident from a medium with n = 4 on a medium with n = 2 and varying imaginary
part of the refractive index κ, at incidence angles θ between 0 and 90 degrees.
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Appendix C

Solcore code listings

Code Listing C.1: Defining structures for use with the RCWA solver S4.
from so l core import s i , material
from so l core . structure import Layer
Air = material ( ’ Air ’ ) (T=298)
TiO2 = material ( ’TiO2 ’ , sopra=True) (T=298)
# Define four geometry types , as a l i s t of d i c t i ona r i e s : c i r c l e s , rectangles , a general polygon
# ( in th i s case , a t r i ang l e ) and e l l i p s e s . All the shapes are made of TiO2 .
geometry_circles = [{ ’ type ’ : ’ c i r c l e ’ , ’mat ’ : TiO2 , ’ center ’ : (100 , 100) , ’ radius ’ : 50}]
geometry_rectangles = [{ ’ type ’ : ’ rectangle ’ , ’mat ’ : TiO2 , ’ center ’ : (200 , 200) , ’ angle ’ : 30 ,

’ halfwidths ’ : (50 , 75) } ]
# rotat ion angle i s in degrees
geometry_polygons = [{ ’ type ’ : ’ polygon ’ , ’mat ’ : TiO2 , ’ center ’ : (200 , 200) , ’ angle ’ : 0 , ’

v e r t i c e s ’ : (( -100 , -100) , (100 , -100) , (0 , 100) ) } ]
# ver t i c e s must be def ined counter - c lockwise around the center ( o r ig in ) fo r the unrotated polygon
geometry_ell ipses = [{ ’ type ’ : ’ e l l i p s e ’ , ’mat ’ : TiO2 , ’ center ’ : (200 , 200) , ’ angle ’ : 0 , ’

halfwidths ’ : (50 , 75) } ]
# Define a layer of a i r with TiO2 nanopi l lar s 50nm high .
cyl inder_layer = Layer (width=s i ( ’ 50nm’ ) , material=Air , geometry=geometry_circles )

217



Code Listing C.2: Adding custom materials to Solcore’s database.
from so l core import material
from so l core import s i
from so l core . material_system import create_new_material
import matplotl ib . pyplot as p l t
import numpy as np

”””
When adding custom mater ia ls - or gett ing the r e f r a c t i v e index database - the
information w i l l be stored in the Solcore ’ s users f o lde r . These can be setup by set t ing
the SOLCORE_USER_DATA environmental var iab le to your prefered locat ion or , by default ,
i t w i l l be in your home directory , in a directory ca l l ed . so l co re .

Need to have n and k data , and a parameter f i l e in the correct format -
see examples of parameter f i l e s in e . g . material_data/Adachi/ b inar i e s . txt
create a new material , s i l i c on -germanium - tin , from input f i l e s . Here ,
the parameters in SiGeSn_params . txt have been copied d i r e c t l y from Ge.
”””

create_new_material ( ’SiGeSn ’ , ’ data/SiGeSn_n . txt ’ , ’ data/SiGeSn_k . txt ’ , ’ data/SiGeSn_params . txt ’ )

# can now create an instance of i t l i k e any Solcore material
SiGeSn = material ( ’SiGeSn ’ ) ()

wl = s i (np . arange (300 , 1700 , 5) , ’nm’ )
p l t . f i gu re ( f i g s i z e =(4.5 , 3 .5) )
p l t . plot (wl*1e9 , SiGeSn . n(wl ) , l abe l=’n ’ )
p l t . plot (wl*1e9 , SiGeSn . k(wl ) , l abe l=r ’$\kappa$ ’ )

p l t . x labe l ( ’Wavelength  (nm) ’ )
p l t . y labe l ( ’ Refract ive  index ’ )
p l t . legend ()
p l t . show()
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Code Listing C.3: Using the refractiveindex.info database to define materials in Solcore.
from so l core . absorption_calculator .nk_db import download_db , search_db
from so l core import material
from so l core import s i
import numpy as np
import matplotl ib . pyplot as p l t

”””
Using the re f rac t ive index . in fo database fo r opt i ca l constants fo r s i l v e r .
”””

download_db()
# Can search the database to s e l e c t an appropriate entry . Search by element/chemical formula .
# In th i s case , look for s i l v e r .

search_db( ’Ag ’ , exact = True)
# This pr ints out , l i n e by l ine , matching ent r i e s . This shows us ent r i e s with ”pageid” s 0 to 14

correspond to s i l v e r .

# Let ’ s compare the opt i ca l behaviour of some of those sources :
# pageid = 0 , Johnson
# pageid = 2 , McPeak
# pageid = 8 , Hagemann
# pageid = 12 , Rakic (BB)

Ag_Joh = material (name = ’0 ’ , nk_db=True) ()
Ag_McP = material (name = ’2 ’ , nk_db=True) ()
Ag_Hag = material (name = ’8 ’ , nk_db=True) ()
Ag_Rak = material (name = ’12 ’ , nk_db=True) ()

Ag_Sol = material (name = ’Ag ’ ) () # Solcore bui l t - in ( from SOPRA)

wl = s i (np . arange (100 , 900 , 5) , ’nm’ )

p l t . f i gu re ( f i g s i z e =(9, 3 .5) )
p l t . subplot (121)
p l t . plot (wl*1e9 , Ag_Joh. n(wl ) , l abe l=’ Johnson ’ )
p l t . plot (wl*1e9 , Ag_McP.n(wl ) , l abe l=’McPeak ’ )
p l t . plot (wl*1e9 , Ag_Hag. n(wl ) , l abe l=’Hagemann ’ )
p l t . plot (wl*1e9 , Ag_Rak. n(wl ) , l abe l=’Rakic ’ )
p l t . plot (wl*1e9 , Ag_Sol . n(wl ) , l abe l=’SOPRA’ )
p l t . x labe l ( ’Wavelength  (nm) ’ )
p l t . y labe l ( ’n ’ )
p l t . legend ()

p l t . subplot (122)
p l t . plot (wl*1e9 , Ag_Joh. k(wl ) )
p l t . plot (wl*1e9 , Ag_McP. k(wl ) )
p l t . plot (wl*1e9 , Ag_Hag. k(wl ) )
p l t . plot (wl*1e9 , Ag_Rak. k(wl ) )
p l t . plot (wl*1e9 , Ag_Sol . k(wl ) )
p l t . x labe l ( ’Wavelength  (nm) ’ )
p l t . y labe l ( r ’ $\kappa$ ’ )
p l t . show()
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Appendix D

Convergence of ray-tracing calculations

Broadly speaking, increasing the number of rays used in the Monte Carlo ray-tracing algorithm will lead to
more accurate results and longer computation times; however, there are multiple ways in which the number
of rays can be increased. In order to accurately capture the behaviour of the surface, it is necessary to scan
across an entire unit cell. For instance, if the number of rays is set at 2500 per wavelength, it is possible to
trace 2500 rays incident on exactly the same point on the surface’s unit cell, or 25 points on the surface 100
times, or 2500 points once. In addition, the scanned points can be chosen to cover the surface in a systematic
way (e.g. by generating a grid of nx points in the x-direction and ny points in the y-direction and scanning
the same number of points ((nx × ny) until the total number of rays is reached) or by generating a random
position for each ray.

Fig. D.1 shows how the number of surface points and total rays traced affects the absorption calculated,
using a regular grid to generate the (x, y) position at which the incident ray will strike the unit cell. The
structure used is 200 µm of Si with regular inverted pyramids with size 5 µm on the front surface and a
planar rear surface. The absorption in the Si was calculated at 300-1200 nm at 20 nm intervals. The RMS
difference, summed over all wavelengths, in Fig. D.1a is calculated with respect to the result with 50000 rays
and 50 x/y points (502 = 2500 surface points), the largest number of rays and surface points. The fraction of
light absorbed in the Si, weighted by the absorption coefficient α at that wavelength, is shown in Fig. D.1b.
This weighting is used since as the Si becomes more transparent, more rays will have multiple interactions
with the interfaces, meaning any systematic deviation in the calculated result should increase, thus weighting
these points more heavily will emphasize systematic differences. The RMS difference is sensitive to both
systematic deviations between different calculations, and fluctuations between adjacent wavelengths points
due to the stochastic nature of the simulation, while the weighted absorption should be less sensitive to
the stochastic fluctuations. It is clear from both figures that calculations with a relatively small number
of surface points deviate strongly in both metrics, while increasing the number of surface points leads to
convergence. Increasing the number of rays decreases the RMS difference, though the additional benefit after
20,000 rays or so is quite minimal. Increasing the number of rays has a much smaller effect on the weighted
absorption, indicating that, as expected, the overall trend is correct even for a smaller number of rays but
increasing the number of rays decreases the size of random fluctuations due to the stochastic nature of the
calculations. Both metrics indicate that in general, increasing the number of surface points is a much more
efficient way of obtaining accurate result than only increasing the number of rays.

Fig. D.2 shows the full absorption results for several combinations of the number of rays and surface
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Figure D.1: a) Summary of the RMS difference in the calculated absorption, summed over wavelength values
shown in Fig. D.2, for different numbers of surface points and total number of rays traced. The reference
values (RMS error = 0) were taken from the simulation with the maximum number of rays and surface points
(50,000 rays and 50 x and y surface points, 2500 surface points total). b) The fraction of light absorbed
in the Si, weighted by the absorption coefficient of Si, depending on the number of rays and surface points
traced.

points. The result with a single x/y point (not shown in Fig. D.1 due to its large offset making it difficult
to see the rest of the results) is extremely far off, predicting a much higher A; this is expected, since the
single ray strikes in the centre of the unit cell, at the apex of pyramid, meaning the ray will generally be
reflected many times within this pyramid and have a very well-randomized (Lambertian-like) path inside the
cell compared to a ray striking the pyramid closer to its base. The other results show convergence appears
to happen quickly, and the number of surface points (different line colors) is more important for convergence
than the number of rays (different line types).
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Figure D.2: Absorption vs. wavelength for a 200 µm Si wafer with inverted, regular pyramids on the front
surface and a planar rear surface using different numbers of rays and x and y scanning the surface (e.g. for
36 x/y points a total of 362 = 1296 surface points were scanned.

222



Appendix E

Ellipsometry of ultra-thin cell structures

When dealing with a multi-layer structure such as the thin-film GaAs epitaxial structures shown in Fig.
6.1, it is difficult to fit the layer thicknesses based on a single SE measurement of the full stack due to the
number of parameters involved, and due to the fact that SE is a very surface-sensitive measurement. In the
case of the structure as-grown, the top layer is 300 nm of GaAs which will serve as the n-type contact, and
will be etched away over the majority of the cell area; thus, an ellipsometry measurement of the stack will
be strongly influenced by a layer which does not affect the optical design. In order to obtain accurate layer
thicknesses, selective chemical etches were used to remove one epitaxial layer at a time. Six samples were
made this way in total, each exposing a different top layer (this was done by Larkin Sayre at the University
of Cambridge).

All six samples were used for SE measurements over a wavelength range of 250 to 1000 nm at incidence
angles of 65◦, 70◦, 75◦. To fit the layer thicknesses, a multi-layer model as described in Section 3.2.2 was
first fit to Sample 1 (the sample with all epitaxial layers except the InAlP etch stop removed, see Table
E.1). Then, using this as a starting point and allowing all layer thicknesses to vary, the data for Sample
2 was fitted with an appropriate multi-layer model, adding in the GaAs layer. This was repeated for the
other samples, adding one layer at a time and only fitting the optical constants of the top layer for each
measurement. Starting values for the layer thicknesses were set at the nominal values supplied by IQE plc.
For each sample, it was assumed a surface oxide was present, which was fit to have a thickness of 0.5-2 nm
in each case. The ellipsometry data and multi-layer model fit to Sample 5 are shown in Fig. E.1.

Special attention was given to the effects of sub-bandgap absorption due to free carriers in the highly

Table E.1: Structure of the six epitaxial samples with different layers removed through chemical etching,
and the layer thicknesses fitted to these structures, starting from the thinnest structure on the left. The
optical constants fitted to each material are shown in Fig. 6.3.

Sample 1 Sample 2 Sample 3 Sample 4 Sample 5 Sample 6
Structure: Fitted: Structure: Fitted: Structure: Fitted: Structure: Fitted: Structure: Fitted: Structure: Fitted:

GaAs ox. 2.528
InAlP ox. 1.990 GaAs 318.3

GaAs ox. 1.307 InAlP 16.51 InAlP 18.00
InGaP ox. [2] 0.5780 GaAs 86.41 GaAs 87.05 GaAs 86.70

GaAs ox. 1.479 In0.49GaP 19.59 In0.49GaP 19.42 In0.49GaP 18.97 In0.49GaP 18.97
InAlP ox. [1] 1.994 GaAs 25.11 GaAs 24.93 GaAs 24.88 GaAs 25.07 GaAs 25.07
In0.47AlP 144.2 In0.47AlP 147.4 In0.47AlP 148.7 In0.47AlP 148.8 In0.47AlP 148.7 In0.47AlP 148.7
GaAs Semi-infinite GaAs Semi-infinite GaAs Semi-infinite GaAs Semi-infinite GaAs Semi-infinite GaAs Semi-infinite
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Figure E.1: Spectroscopic ellipsometry data (open circles) and multi-layer model fit (lines) at three different
incidence angles for Sample 5 as listed in Table E.1.

doped layers. Layers made of the same material with the same targeted composition may have different
optical constants due to differing doping levels, as was shown for Ga0.51In0.49P and Al0.53In0.47P in [206];
increasing doping levels (both n and p-type) make the absorption edge around the E0 transition (the bandgap
for these III-V alloys) less sharp. To take into account this possible variation in optical constants, a Herzinger-
Johs parametric oscillator (Psemi) model as discussed in Section 3.2.2 was used to describe the dielectric
functions of GaAs, Ga0.51In0.49P and Al0.53In0.47P. The Psemi model is a type of parametric, Kramers-
Kronig consistent model for the real and imaginary parts of the dielectric function. Due to the flexible peak
shape of the Psemi model, it is possible to include effects such as bandgap narrowing and changes in the
absorption edge due to doping. The starting point for the InAlP and GaInP layers was the Psemi model
parameters given in [207], while for GaAs a Psemi model was constructed to match literature data from [208]
closely. The dielectric function was thus allowed to vary for each layer, with differently-doped layers of the
same material composition treated separately, but it was found that the optical constants obtained in this
way were very close to the literature values
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Appendix F

Critical point fitting

F.1 Details of photoreflectance equation
The full derivation of low-field modulation spectroscopy as a third-derivative technique is given in Aspnes
(1973) [138]. The key result is:

∆R

R
= Re

{[
CsCexCine

iej∆εij
]}

(F.1)

Cs = 2na/ [n (ε− εa)]

Cex = [1− g(ε− 1)]2, g ⩽ 0

Cin = −2ik

∫ 0

−∞
dz′e−2ikz′

[E (z′) /E(0)]
2

(F.2)

Cs and Cex depend on the refractive index of the substrate, which is energy-dependent; this is generally
neglected when fitting photoreflectance or related data, since the change in the refractive index of the
substrates is generally small over the energy ranges of interest. For instance, between 0.9 and 1.1 eV (the
approximate energy range over which the critical point for the E0 transition of SiGeSn is fitted), the refractive
index of Ge varies between 4.25 and 4.34, while the refractive index of GaAs varies between 3.4 and 3.45.
Cin appears to be energy-dependent (dispersive) due to the factor of the wavevector k, but examining the
integral (which depends on the electric field distribution, which is generally unknown) indicates that this
will produce a factor of k−1, thus making this term overall not dispersive. The factors ei and ej describe
the polarization of the incident probe light and are also not dispersive.

Parameter Description
ei, ej Cartesian components of the unit polarization vector ê
∆εij Change in the dielectric function (second-rank tensor)
na Complex refractive index of ambient material (= 1, Air in this case)
n Unperturbed complex refractive index
εa Dielectric function of ambient material = n2a (= 1, Air in this case)
ε Unperturbed dielectric function = n2

g Strength parameter for the electron-hole Coulomb interaction (assumed constant)
k Wavenumber in the substrate = nω/c
E(0), E(z) Electric field strength at the surface and a depth z
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F.2 Photoreflectance model fitting details

Table F.1: All parameters used in fitting the photoreflectance data to a model incorporating both the critical
point feature and the effects of thin-film interference in the SiGeSn layer. The ticks in the final two columns
indicate whether the parameter affects the fit of the interference fringes, the critical point feature, or both.

Parameter Description Interference fringes CP PR signal
E0 E0 CP (Γ → Γ) centre energy
∆0 Split-off hole energy
A0 Strength of the E0 transition
Γ0/∆0

Broadening of the E0 transition
γ Exponent for envelope
An Strength of n modulation
ACP,0 Strength of E0 CP signal
Φ0/∆0

Phase of E0 and E0 +∆0 CP signal
ACP,∆0

Strength of E0 +∆0 CP signal
Eex E0 exciton binding energy transition energy
Aex Strength of the exciton PR signal
Γex Broadening of the exciton PR signal
Φex Phase of the exciton PR signal
dSiGeSn Thickness of the SiGeSn layer
dGaAs Thickness of the GaAs layer (Set B only)
ΦPR Overall phase of the PR measurement
C Constant offset of measurement

The real and imaginary parts of the dielectric constant, and thus the refractive index n, are calculated
according to: [134]

ε = AE−1.5
0

{
f (χ0) +

1
2

(
E0

E0+∆0

)1.5
f (χso)

}
f (χ0) = χ−2

0

[
2− (1 + χ0)

0.5 − (1− χ0)
0.5
]

f (χso) = χ−2
so

[
2− (1 + χso)

0.5 − (1− χso)
0.5
]

χ0 =
ℏω+iΓ0/∆0

E0

χso =
ℏω+iΓ0/∆0

E0+∆0

n = Re{
√
ε}

(F.3)

The change in the refractive index of SiGeSn due to modulation by the pump beam is given by (using
the n from eq. F.3):

δn = Ane
γE
(
n2 − 1

)
ñ = n+ δn

(F.4)

This modulated refractive index is fed into the TMM model of the layer stack to calculate R′; R is
similarly calculated with the unmodulated refractive index n, so that the change in reflectivity ∆R = R′−R
due to interference can be calculated. The interference signal IS is given by (R′ −R)/R.

The critical point feature in the photoreflectance data is fitted using:

CP = Re

[
ACP,0e

iΦ0

(E−E0+iΓ0/∆0
)5/2

+ Aexe
iΦex

(E−Eex+iΓex)2
+

ACP,∆0
e
iΦ∆0

(E−(E0+∆0)+iΓ∆0
)5/2

]
(F.5)

Finally, the overall modeled value for the PR signal is the sum of the contributions, plus a constant
offset. In addition, a phase factor is fitted (this is due to the phase chosen for the lock-in amplifier during
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the measurement):

∆R

R
= Re{(CP + IS + C)eiΦPR} (F.6)

The symbols used for each parameter, and their physical meaning, are given in Table F.1. The fitting
parameters obtained for each sample are given in Table F.3.

F.3 Second-derivative critical point fits
The figures in this section show the critical point fits to the second derivative of the dielectric function
(multiplied by E2) of the SiGeSn samples, obtained through fits to SE data. Table F.2 lists all the fitting
parameters obtained. In each case, the phase of the fit was kept constant between samples, since during the
fitting of the dielectric function to the SE data only the broadening, peak strength and centre energy were
allowed to vary. The phase is kept fixed at the value which was found to give the best fit overall.
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Figure F.1: Fits (lines) to the E1 and E1 +∆1 critical point for Ge and Set A and Set B SiGeSn samples.
The arrows indicate the critical point centre energies fitted.

Fig. F.1 shows the differentiated data and fits to the E1 and E1+∆1 critical points. The phase was kept
fixed at 0.93 radians. Fig. F.2 shows the differentiated data and fits to the feature around 3 eV, assumed
to be a combination of one or more of the E′

0, E′
0 +∆′

0 and E′
0 +∆′

0 +∆0 transitions; it is fitted as a single
critical point with phase 1.18 radians, although there appears to be a secondary weak feature around 3.5 eV.
Fig. F.3 shows the differentiated data and fits to the E2 critical point, with the phase fixed at 2.22 radians.
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0

10000

20000

30000

40000

50000

3.75 4.00 4.25 4.50 4.75
E (eV)

d2 (E
2 ε 1

)
dE

2  
(a

.u
.)

0

20000

40000

3.75 4.00 4.25 4.50 4.75
E (eV)

d2 (E
2 ε 2

)
dE

2  
(a

.u
.)

Set
Reference (Ge)

Set A

Set B

Composition
●

●

●

●

0 − Ge

1 − Low

2 − Medium

3 − High

Figure F.3: Fits (lines) to the E2 critical point for Ge and Set A and Set B SiGeSn samples. The arrows
indicate the critical point centre energies fitted.

228



Ta
bl
e
F.
2:

Pa
ra
m
et
er
s
fit
te
d
to

se
co
nd

de
riv

at
iv
e
of

th
e
re
al

an
d
im

ag
in
ar
y
pa

rt
s
of

th
e
di
el
ec
tr
ic

fu
nc

tio
n
of

G
e
an

d
Si
G
eS

n
sa
m
pl
es
.
T
he

di
el
ec
tr
ic

fu
nc
tio

n
wa

s
ob

ta
in
ed

th
ro
ug

h
fit
s
to

el
lip

so
m
et
ry

da
ta
.
T
he

ph
as
e
fo
r
ea
ch

cr
iti
ca
lp

oi
nt

wa
s
ke
pt

fix
ed

ac
ro
ss

sa
m
pl
es

an
d
is

lis
te
d
in

th
e
ta
bl
e

he
ad

in
gs

fo
r
ea
ch

tr
an

sit
io
n.
A

is
di
m
en
sio

nl
es
s,

w
hi
le
E

c
e
n
tr
e
an

d
Γ
ha

ve
un

its
of

eV
.

E
0
(Φ

=
−
π
/
2
ra
d)

E
1
(Φ

=
0.
93

ra
d)

E
1
+

∆
1
(Φ

=
0.
93

ra
d)

E
′ 0
(Φ

=
−
1.
18

ra
d)

E
2
(Φ

=
2.
2
2
ra
d)

Sa
m

pl
e

A
E

c
e
n
tr
e

Γ
A

E
c
e
n
tr
e

Γ
A

E
c
e
n
tr
e

Γ
A

E
c
e
n
tr
e

Γ
A

E
c
e
n
tr
e

Γ
G

e
0.
61

5
0.
79

9
3.
82

2E
-0
2

31
.3

2.
11

7.
58

E-
02

22
.6

2.
32

8.
62

E-
02

36
.9

3.
02

4
0.
22

9
23

9
4.
35

1
0.
12

5
A

1
0.
72

2
0.
93

4
5.
26

1E
-0
2

30
.8

2.
15

8.
87

E-
02

23
.2

2.
35

1.
02

E-
01

36
.8

3.
01

1
0.
23

3
21

2
4.
33

9
0.
13

2
A

2
0.
96

7
0.
97

5
4.
05

0E
-0
2

26
.8

2.
16

9.
12

E-
02

26
.3

2.
36

1.
15

E-
01

36
.3

3.
00

8
0.
23

0
21

9
4.
33

1
0.
13

5
A

3
0.
48

1
1.
02

3
2.
92

1E
-0
2

23
.0

2.
17

9.
27

E-
02

28
.5

2.
37

1.
28

E-
01

35
.4

3.
00

3
0.
23

2
21

7
4.
32

7
0.
14

0
B

1
0.
68

5
0.
84

9
4.
51

4E
-0
2

29
.1

2.
13

7.
69

E-
02

23
.6

2.
33

9.
13

E-
02

36
.9

3.
01

6
0.
23

1
22

8
4.
34

0
0.
12

7
B

2
0.
74

2
0.
90

6
3.
98

6E
-0
2

26
.6

2.
15

8.
45

E-
02

25
.1

2.
35

1.
03

E-
01

35
.7

3.
00

7
0.
22

9
21

2
4.
33

2
0.
13

1
B

3
0.
67

6
0.
97

7
6.
07

7E
-0
2

23
.9

2.
16

9.
04

E-
02

27
.6

2.
36

1.
18

E-
01

36
.1

2.
99

9
0.
23

5
20

5
4.
32

3
0.
13

7

Ta
bl
e
F.
3:

Fu
ll
re
su
lts

of
fit
s
to

th
e
ph

ot
or
efl

ec
ta
nc

e
da

ta
us
in
g
th
e
co
m
bi
ne

d
th
in
-fi
lm

in
te
rfe

re
nc

e
an

d
cr
iti
ca
lp

oi
nt

m
od

el
.
T
he

m
ea
ni
ng

of
th
e

pa
ra
m
et
er
s
is

gi
ve
n
in

Ta
bl
e
F.
1.

T
he

fit
is

ru
n
10

tim
es

fo
r
ea
ch

sa
m
pl
e;

th
e
va
lu
es

gi
ve
n
ar
e
th
e
m
ea
n
re
su
lt

ac
ro
ss

th
e
10

fit
tin

g
ru
ns
,w

ith
th
e

st
an

da
rd

de
vi
at
io
n
gi
ve
n
in

br
ac
ke
ts
.

Sa
m

pl
e

A
0

E
0

Γ
0

∆
0

A
C
P
,0

Φ
0
/
∆

0
A

C
P
,∆

0
A

e
x

E
e
x

Φ
e
x

d
S
iG

e
S
n

d
G

a
A

s
γ

A
n

Φ
P
R

(e
V

)
(e

V
)

(e
V

)
×
1
0
8

(r
ad

)
×
1
0
9

×
1
0
8

(m
eV

)
(r

ad
)

(n
m

)
(n

m
)

(e
V

−
1
)

×
1
0
6

(r
ad

)
A

1
3.

1
(0

.4
)

0.
94

(0
.0

07
)

0.
06

5
(0

.0
03

)
0.

28
4

(0
.0

1)
2.

0
(0

.5
)

-1
.6

(0
.3

)
14

.5
(4

.0
)

8.
6

(0
.8

)
5

(2
)

0.
4

(0
.3

)
18

11
(4

1)
n/

a
1.

2
(0

.2
)

0.
08

(0
.0

1)
-1

.3
(1

.2
)

A
2

3.
7

(0
.3

)
1.

00
1

(0
.0

24
)

0.
14

2
(0

.0
04

)
0.

27
3

(0
.0

2)
9.

1
(0

.6
)

-1
.2

(0
.5

)
25

.5
(1

4.
0)

3.
9

(1
.0

)
6

(2
)

1.
2

(0
.7

)
17

46
(6

)
n/

a
1.

8
(0

.1
)

0.
09

(0
.0

1)
-0

.1
(0

.2
)

A
3

3.
9

(0
.0

)
1.

01
4

(0
.0

02
)

0.
11

2
(0

.0
06

)
0.

29
4

(0
.0

1)
1.

1
(0

.2
)

-1
.9

(0
.3

)
19

.8
(5

.0
)

9.
3

(0
.5

)
6

(2
)

-2
.3

(0
.1

)
18

28
(2

)
n/

a
1.

6
(0

.1
)

0.
09

(0
.0

1)
-0

.1
(0

.2
)

B
1

-t
hi

n
1.

9
(0

.5
)

0.
86

6
(0

.0
07

)
0.

03
7

(0
.0

02
)

0.
29

1
(0

.0
1)

1.
5

(0
.4

)
1.

1
(1

.5
)

3.
4

(2
.0

)
3.

9
(1

.6
)

6
(3

)
-0

.6
(2

.0
)

33
2

(1
1)

50
3

(1
6)

0.
5

(0
.4

)
2.

18
(1

.0
8)

-0
.3

(1
.5

)
B

1
-t

hi
ck

3.
1

(0
.4

)
0.

86
6

(0
.0

03
)

0.
03

7
(0

.0
02

)
0.

29
(0

.0
1)

1.
3

(0
.3

)
-2

.5
(0

.2
)

1.
8

(2
.0

)
4.

3
(1

.0
)

5
(1

)
-0

.4
(0

.2
)

20
73

(1
6)

50
4

(4
)

0.
4

(0
.3

)
1.

48
(0

.4
8)

2.
3

(0
.1

)
B

2
-t

hi
n

2.
9

(0
.4

)
0.

91
1

(0
.0

03
)

0.
02

7
(0

.0
01

)
0.

30
1

(0
.0

1)
2.

0
(0

.2
)

-0
.8

(0
.3

)
4.

4
(2

.0
)

7.
9

(1
.4

)
6

(2
)

1.
7

(0
.4

)
36

2
(8

)
50

2
(1

5)
0.

4
(0

.3
)

2.
28

(1
.3

1)
-0

.4
(1

.3
)

B
2

-t
hi

ck
3.

1
(0

.4
)

0.
90

7
(0

.0
15

)
0.

03
6

(0
.0

02
)

0.
29

2
(0

.0
1)

1.
4

(0
.1

)
-0

.3
(1

.5
)

4.
1

(2
.0

)
4.

6
(1

.8
)

7
(2

)
-0

.1
(1

.8
)

20
17

(3
9)

50
6

(8
)

0.
7

(0
.4

)
4.

43
(1

.8
5)

1.
5

(0
.2

)
B

3
-t

hi
n

2.
6

(0
.6

)
0.

95
3

(0
.0

12
)

0.
03

9
(0

.0
01

)
0.

29
2

(0
.0

1)
1.

4
(0

.4
)

-1
.4

(0
.6

)
7.

0
(1

.0
)

3.
3

(1
.4

)
7

(2
)

-0
.0

(0
.5

)
35

3
(7

)
51

5
(9

)
0.

4
(0

.3
)

2.
45

(1
.0

4)
0.

2
(1

.4
)

B
3

-t
hi

ck
3.

6
(0

.3
)

0.
94

9
(0

.0
08

)
0.

03
5

(0
.0

03
)

0.
29

5
(0

.0
1)

1.
3

(0
.3

)
1.

9
(0

.6
)

3.
2

(2
.0

)
4.

6
(2

.0
)

6
(2

)
-1

.6
(1

.7
)

20
36

(4
9)

49
7

(1
1)

0.
8

(0
.5

)
3.

67
(2

.2
2)

1.
5

(0
.2

)

229



Appendix G

SiGeSn photoluminescence & structural

measurements

This appendix shows XRD and optical microscopy scans for the Set A SiGeSn samples in more detail (G.1),
in addition to further room-temperature (G.2) and temperature-dependent (G.3) PL data. The final section
shows the Python code for using Solcore to optimize a four-junction device structure containing a SiGeSn
sub-cell (G.4).

G.1 Structural measurements
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Figure G.1: XRD reciprocal space maps (RSM) for Set A SiGeSn samples around the (004) (left-hand col-
umn) and (224) (right-hand column) reciprocal space directions in terms of the reciprocal lattice coordinates
Qx and Qy in reciprocal lattice units (rlu). a-b) RSMs for sample A1, c-d) RSMs for sample A2, e-f) RSMs
for sample A3.
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Figure G.2: Optical microscopy using a polarizer and Nomarski prism at 50× (left-hand images) and 100×
(right-hand images) for the Set A SiGeSn samples. a) sample A1, b) sample A2 and c) sample A3.
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Figure G.3: Optical microscopy using a polarizer and Nomarski prism at 50× (left-hand images) and 100×
(right-hand images) for the Set B SiGeSn samples. a) sample B1, b) sample B2 and c) sample B3.
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G.2 Room-temperature photoluminescence of SiGeSn
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Figure G.4: Low-energy power-dependent PL at room temperature of the four SiGeSn samples with weaker
PL intensities.
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Figure G.5: Dependence of fitted peak centre energy (left) and peak strength (right) on incident laser
intensity for the four (A1 and A2) or five (A3) individual peaks fitted to Set A SiGeSn photoluminescence
data. The numbers in the right-hand plots indicate the power law exponent of the peak strength (area).
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Figure G.6: Dependence of fitted peak centre energy (left) and peak strength (right) on incident laser
intensity for the four (B1) or five (B2 and B3) individual peaks fitted to Set B SiGeSn photoluminescence
data. The numbers in the right-hand plots indicate the power law exponent of the peak strength (area).
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G.3 Temperature-dependent PL
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Figure G.7: Temperature-dependent PL of SiGeSn, showing the raw data (open circles) and smoothed lines.
Measurements were made starting at 30K with increasing temperatures. Data at some temperatures is
missing where no data could be obtained for that sample.
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G.4 Multi-junction device simulation
The code below is an example of a differential evolution optimization of a solar cell structure in Solcore,
demonstrating both a purely optical simulation and a device simulation. The parameters for SiGeSn are given
explicitly based on available data (bandgap, optical constants, diffusion length [37]) or otherwise assumed
to be the same as Ge.
import numpy as np

from solcore import material , s i
from solcore . optics .tmm import OptiStack , calculate_rat
from solcore . optimization import PDE
from solcore . light_source import LightSource

from solcore . solar_cell import SolarCell
from solcore . structure import Junction , Layer
from solcore . solar_cell_solver import solar_cell_solver
from solcore . constants import q , kb
from solcore .material_system import create_new_material

import seaborn as sns
import matplotlib . pyplot as plt

class calc_min_Jsc() :

def __init__( se l f ) :
# in i t i a l i z e an instance of the class ; set some information which wil l be used in each iteration of the

calculation :
# materials , wavelengths , the l ight source
T = 298
wl = np. arange(290 , 1900, 2.5)

# materials
SiGeSn = material ( ’SiGeSn ’ ) (T=T)

GaAs = material ( ’GaAs’ ) (T=T)
InGaP = material ( ’GaInP’ ) (In=0.5, T=T)
Ge = material ( ’Ge’ ) (T=T)

se l f .wl = wl
s e l f .SiGeSn = [ s e l f .wl , SiGeSn.n( s e l f .wl*1e -9) , SiGeSn.k( s e l f .wl*1e -9) ]
s e l f .Ge = [ s e l f .wl , Ge.n( s e l f .wl*1e -9) , Ge.k( s e l f .wl*1e -9) ]
s e l f .InGaP = [ s e l f .wl , InGaP.n( s e l f .wl*1e -9) , InGaP.k( s e l f .wl*1e -9) ]
s e l f .GaAs = [ s e l f .wl , GaAs.n( s e l f .wl*1e -9) , GaAs.k( s e l f .wl*1e -9) ]
s e l f .MgF2 = [ s e l f .wl , material ( ’MgF2’ ) () .n( s e l f .wl*1e -9) , material ( ’MgF2’ ) () .k( s e l f .wl*1e -9) ]
s e l f .Ta2O5 = [ s e l f .wl , material ( ’410 ’ ,

nk_db=True) () .n( s e l f .wl*1e -9) , material ( ’410 ’ ,
nk_db=True) () .k( s e l f .wl*1e -9) ]

# assuming an AM1.5G spectrum
se l f . spectr = LightSource(source_type=’standard ’ , version=’AM1.5g ’ , x=se l f .wl ,

output_units=’photon_flux_per_nm ’ , concentration=1). spectrum( se l f .wl) [ 1 ]

def calculate ( se l f , x) :

# x [0 ] = MgF2 thickness (anti - re f lect ion coating )
# x[1 ] = Ta2O5 thickness (anti - re f lect ion coating )
# x[2 ] = InGaP (top junction ) thickness
# x[3 ] = GaAs (second junction ) thickness
# x[4 ] = SiGeSn ( third junction ) thickness
# keep the thickness of the bottom ce l l constant ; from an optical point of view , this should be

in f in i te ly thick
Ag = material ( ’Ag_Jiang ’ ) ()
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SC = [ [ x [ 0 ] ] + se l f .MgF2, [x [ 1 ] ] + se l f .Ta2O5, [x [ 2 ] ] + se l f .InGaP, [x [ 3 ] ] + se l f .GaAs, [x [ 4 ] ] + se l f .
SiGeSn, [300e3]+se l f .Ge]

# create the OptiStack
full_stack = OptiStack(SC, no_back_reflection=False , substrate=Ag)

# calculate ref lection , transmission , and absorption in each layer . We are specifying that the last
layer ,

# a very thick Ge substrate , should be treated incoherently , otherwise we would see very narrow ,
unphysical osc i l lat ions

# in the R/A/T spectra .
RAT = calculate_rat ( full_stack , s e l f .wl , no_back_reflection=False , coherent=False ,

coherency_list=[ ’ c ’ , ’ c ’ , ’ c ’ , ’ c ’ , ’ c ’ , ’ i ’ ] )

# extract absorption per layer
A_InGaP = RAT[ ’A_per_layer ’ ] [ 3 ]
A_GaAs = RAT[ ’A_per_layer ’ ] [ 4 ]
A_SiGeSn = RAT[ ’A_per_layer ’ ] [ 5 ]
A_Ge = RAT[ ’A_per_layer ’ ] [ 6 ]

## calculate photo - generated currents using the AM1.5 G spectrum for each layer
Jsc_InGaP = 0.1 * q * np. trapz(A_InGaP* se l f . spectr , s e l f .wl)
Jsc_GaAs = 0.1 * q * np. trapz(A_GaAs * se l f . spectr , s e l f .wl)
Jsc_SiGeSn = 0.1 * q * np. trapz(A_SiGeSn* se l f . spectr , s e l f .wl)
Jsc_Ge = 0.1 * q* np. trapz(A_Ge * se l f . spectr , s e l f .wl)

return [ [ Jsc_InGaP, Jsc_GaAs, Jsc_SiGeSn, Jsc_Ge] , RAT]

def evaluate ( se l f , x) :

results = se l f . calculate (x)
# find the limiting current by checking which junction has the lowest current . Then take the negative

since
# we need to minimize (not maximize)
limiting_Jsc = -min( results [ 0 ] )

return limiting_Jsc

def plot ( se l f , x) :

results = se l f . calculate (x)
RAT = results [ 1 ]
A_InGaP = RAT[ ’A_per_layer ’ ] [ 3 ]
A_GaAs = RAT[ ’A_per_layer ’ ] [ 4 ]
A_SiGeSn = RAT[ ’A_per_layer ’ ] [ 5 ]
A_Ge = RAT[ ’A_per_layer ’ ] [ 6 ]

plt . f igure ()
plt . plot ( s e l f .wl , A_InGaP, label=’InGaP’ )
plt . plot ( s e l f .wl , A_GaAs, label=’A_GaAs’ )
plt . plot ( s e l f .wl , A_SiGeSn, label=’SiGeSn ’ )
plt . plot ( s e l f .wl , A_Ge, label = ’Ge’ )
plt . plot ( s e l f .wl , RAT[ ’T’ ] , label=’T’ )
plt . plot ( s e l f .wl , RAT[ ’R’ ] , label=’R’ )
plt . text (500 , 0.6 , np. round( results [ 0 ] [ 0 ] , 1) )
plt . text (740 , 0.6 , np. round( results [ 0 ] [ 1 ] , 1) )
plt . text (1000 , 0.6 , np. round( results [ 0 ] [ 2 ] , 1) )
plt . text (1450 , 0.6 , np. round( results [ 0 ] [ 3 ] , 1) )
plt . legend ()
plt . xlabel ( ’Wavelength (nm) ’ )
plt . ylabel ( ’R/A/T’ )
plt .show()

class calc_min_Jsc_DA() :
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def __init__( se l f , ARC_thickness) :
s e l f .ARC = ARC_thickness

def make_cell( se l f , x) :

#x [ 0 ] : total InGaP thickness
#x [ 1 ] : total InGaAs thickness
#x [ 2 ] : total SiGeSn thickness
#x [ 3 ] : total Ge thickness

#x [ 4 ] : InGaP emitter thickness
#x [ 5 ] : InGaAs emitter thickness
#x [ 6 ] : SiGeSn emitter thickness
#x [ 7 ] : Ge emitter thickness
e_charge = s i ( ’1eV’ )
# materials
SiGeSn = material ( ’SiGeSn ’ ) # based on sample A3
GaAs = material ( ’GaAs’ )
InGaP = material ( ’GaInP’ )
Ge = material ( ’Ge’ )
MgF2 = material ( ’MgF2’ ) ()
Ta2O5 = material ( ’410 ’ , nk_db=True) ()
AlInP = material (”AlInP”)
Ag = material ( ’Ag_Jiang ’ ) ()

window_material = AlInP(Al=0.52)

GaInP_mobility_h = 0.03
GaInP_lifetime_h = 1e-8
GaInP_D_h = GaInP_mobility_h * kb * 300 / e_charge
GaInP_L_h = np. sqrt (GaInP_D_h * GaInP_lifetime_h)
GaInP_mobility_e = 0.015
GaInP_lifetime_e = 1e-8
GaInP_D_e = GaInP_mobility_e * kb * 300 / e_charge
GaInP_L_e = np. sqrt (GaInP_D_e * GaInP_lifetime_e)

top_cell_n_material = InGaP(In=0.5, Nd=s i (”2e18cm-3”) , hole_diffusion_length=GaInP_L_h,
relative_permittivity=11.75, hole_mobility=GaInP_mobility_h)

top_cell_p_material = InGaP(In=0.5, Na=s i (”2e17cm-3”) , electron_diffusion_length=GaInP_L_e,
relative_permittivity=11.75, electron_mobility=GaInP_mobility_e)

# MID CELL - GaAs
GaAs_mobility_h = 0.85
GaAs_lifetime_h = 1e-8
GaAs_D_h = GaAs_mobility_h * kb * 300 / e_charge
GaAs_L_h = np. sqrt (GaAs_D_h * GaAs_lifetime_h)
GaAs_mobility_e = 0.08
GaAs_lifetime_e = 1e-8
GaAs_D_e = GaAs_mobility_e * kb * 300 / e_charge
GaAs_L_e = np. sqrt (GaAs_D_e * GaAs_lifetime_e)

mid_cell_n_material = GaAs(Nd=s i (”1e18cm-3”) , hole_diffusion_length=GaAs_L_h,
relative_permittivity=13.1, hole_mobility=GaAs_mobility_h)

mid_cell_p_material = GaAs(Na=s i (”1e17cm-3”) , electron_diffusion_length=GaAs_L_e,
relative_permittivity=13.1, electron_mobility=GaAs_mobility_e)

SiGeSn.band_gap = s i ( ’ 0.745eV’ ) # from PL measurement
SiGeSn_L_h = s i ( ’ 0.35um’ )
SiGeSn_L_e = s i ( ’5um’ ) # from Roucka et al . device data f i t t ing
SiGeSn_lifetime_e = 1e-6
SiGeSn_lifetime_h = 1e-6
SiGeSn_mobility_h = SiGeSn_L_h ** 2 * e_charge / (SiGeSn_lifetime_h * kb * 300)
SiGeSn_mobility_e = SiGeSn_L_e ** 2 * e_charge / (SiGeSn_lifetime_e * kb * 300)

pen_cell_n_material = SiGeSn(Nd=s i (”1e18cm-3”) , hole_diffusion_length=SiGeSn_L_h,
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relative_permittivity=16, hole_mobility=SiGeSn_mobility_h)
pen_cell_p_material = SiGeSn(Na=s i (”1e17cm-3”) , electron_diffusion_length=SiGeSn_L_e,

relative_permittivity=16, electron_mobility=SiGeSn_mobility_e)

Ge_lifetime_h = 1e-6
Ge_L_h = s i ( ’500nm’ )
Ge_mobility_h = Ge_L_h ** 2 * e_charge / (Ge_lifetime_h * kb * 300)
Ge_mobility_e = 0.18
Ge_lifetime_e = 1e-6
Ge_D_e = Ge_mobility_e * kb * 300 / e_charge
Ge_L_e = np. sqrt (Ge_D_e * Ge_lifetime_e)

bot_cell_n_material = Ge(Nd=s i (”2e18cm-3”) , hole_diffusion_length=Ge_L_h,
relative_permittivity=16, hole_mobility=Ge_mobility_h)

bot_cell_p_material = Ge(Na=s i (”1e17cm-3”) , electron_diffusion_length=Ge_L_e,
relative_permittivity=16, electron_mobility=Ge_mobility_e)

# And, f inal ly , we put everything together , adding also the surface recombination ve loc i t ies . We also
add some shading

# due to the metallisation of the ce l l = 8%, and indicate i t has an area of 0.7x0.7 mm2 (converted to
m2)

solar_cell = SolarCell ( [
Layer( s i ( s e l f .ARC[0 ] , ’nm’ ) , material=MgF2) , Layer( s i ( s e l f .ARC[1 ] , ’nm’ ) , material=Ta2O5) ,
Junction ( [ Layer( s i (25 , ’nm’ ) , material=window_material , role=’window ’ ) ,

Layer( s i (x [4 ] , ’nm’ ) , material=top_cell_n_material , role=’ emitter ’ ) ,
Layer( s i (x [0 ] -x [4 ] , ’nm’ ) , material=top_cell_p_material , role=’base ’ ) ,
] , sn=1, sp=1, kind=’DA’ ) ,

Junction ( [ Layer( s i (x [5 ] , ’nm’ ) , material=mid_cell_n_material , role=’ emitter ’ ) ,
Layer( s i (x [1 ] -x [5 ] , ’nm’ ) , material=mid_cell_p_material , role=’base ’ ) ,
] , sn=1, sp=1, kind=’DA’ ) ,

Junction ( [ Layer( s i (x [6 ] , ’nm’ ) , material=pen_cell_n_material , role=’ emitter ’ ) ,
Layer( s i (x [2 ] -x [6 ] , ’nm’ ) , material=pen_cell_p_material , role=’base ’ ) ,
] , sn=1, sp=1, kind=’DA’ ) ,

Junction ( [ Layer( s i (x [7 ] , ’nm’ ) , material=bot_cell_n_material , role=’ emitter ’ ) ,
Layer( s i (x [3 ] -x [7 ] , ’nm’ ) , material=bot_cell_p_material , role=’base ’ ) ,
] , sn=1, sp=1, kind=’DA’ ) ,

] , shading=0.0, substrate=Ag)

return solar_cell

def calculate ( se l f , x , eqe=False , conc=1):
light_source = LightSource(source_type=’standard ’ , version=’AM1.5g ’ , concentration=conc)
wl = np. arange(280 , 1900, 2.5) * 1e -9
solar_cell = se l f .make_cell(x)

position = [1e -9 ] * 10 + [1e -8 ]
V = np. linspace (0 , 3.5 , 300)
solar_cell_solver ( solar_cell , ’ iv ’ ,

user_options={’ voltages ’ : V, ’ light_iv ’ : True , ’wavelength ’ : wl , ’mpp’ : True ,
’ light_source ’ : light_source , ’ pol ’ : ’ s ’ ,
’optics_method ’ : ’TMM’ , ’BL_correction ’ : True , ’ position ’ : position})

i f eqe :
solar_cell_solver ( solar_cell , ’qe ’ , user_options={’wavelength ’ : wl})

return solar_cell , wl , V

def evaluate ( se l f , x) :

SC = se l f . calculate (x) [0 ]
e f f ic iency = SC. iv [ ”Eta” ]

return - ef f ic iency # yabox DE implementation i s a minimization algorithm

def plot ( se l f , x , conc=1):
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cols = sns . color_palette (”hls” , 6)
SC, wl , V = se l f . calculate (x , eqe=True , conc=conc)
ef f ic iency = SC. iv [ ”Eta” ]
pmax = SC. iv [ ”Pmpp” ]
f f = SC. iv [ ”FF” ]
voc = SC. iv [ ”Voc” ]
i sc = SC. iv [ ” Isc” ]

plt . f igure ()
plt . plot (V, SC. iv [ ’IV ’ ] [ 1 ] / 10 , ’k ’ , linewidth=3, label=’Total ’ )
plt . plot (V, -SC[ 2 ] . iv (V) / 10 , label=’GaInP’ , color=cols [ 0 ] )
plt . plot (V, -SC[ 3 ] . iv (V) / 10 , label=’GaAs’ , color=cols [ 1 ] )
plt . plot (V, -SC[ 4 ] . iv (V) / 10 , label=’SiGeSn (A3) ’ , color=cols [ 2 ] )
plt . plot (V, -SC[ 5 ] . iv (V) / 10 , label=’Ge’ , color=cols [ 3 ] )
plt . text (1.6 , 8 , ’$\eta  = $ ’ + str (round( ef f ic iency * 100, 1) ) + ’%’ )
plt . text (1.6 , 7 , ’P$_{max}$ = ’+str (round(pmax,1) )+’  W/m$^2$ ’ )
plt . text (1.6 , 6 , ’FF = ’ + str (round( f f * 100, 1) ) + ’%’ )
plt . text (1.6 , 5 , ’V$_{oc}$ = ’+str (round(voc ,2) )+’  V’ )
plt . text (1.6 , 4 , ’J$_{sc}$ = ’+str (round(0.1* isc ,1) )+’  mA/cm$^2$ ’ )

plt . legend( loc=’upper right ’ )
plt . ylim(0 , 17)
plt . xlim(0 , 3.5)
plt . ylabel ( ’Current  (mA/cm$^2$) ’ )
plt . text ( -(3.5) *0.1 , 14 , ’b) ’ )
plt . xlabel ( ’Voltage  (V) ’ )
plt . show()

plt . f igure ()
plt . plot (wl * 1e9 , SC. absorbed * 100, ’k- - ’ , label=’Absorption ’ )
plt . plot (wl * 1e9 , SC[ 2 ] . eqe(wl) * 100, label=’InGaP’ , color=cols [ 0 ] )
plt . plot (wl * 1e9 , SC[ 3 ] . eqe(wl) * 100, label=’InGaAs ’ , color=cols [ 1 ] )
plt . plot (wl * 1e9 , SC[ 4 ] . eqe(wl) * 100, label=’SiGeSn (A3) ’ , color=cols [ 2 ] )
plt . plot (wl * 1e9 , SC[ 5 ] . eqe(wl) * 100, label=’Ge’ , color=cols [ 3 ] )
plt . legend( loc=’upper right ’ )
plt . xlim(280 , 1850)
plt . ylim(0 , 100)
plt . ylabel ( ’EQE (%) ’ )
plt . xlabel ( ’Wavelength (nm) ’ )
plt . text (280-(1850-280)*0.12 , 100, ’a) ’ )
plt . show()

return SC, wl

i f __name__ == ”__main__” :
# number of iterations for Dif ferential Evolution optimization of the optical stack
maxiters=100

# make an instance of the class the DE algorithm is going to use , as defined above
DE_class = calc_min_Jsc()
PDE_obj = PDE(DE_class . evaluate , bounds=[[10 ,150] , [10 ,105] , [200 , 1000] , [500 , 10000] , [500 , 10000]] ,

maxiters=maxiters)

# to run the DE, use the . solve () function of the PDE object class
res = PDE_obj. solve (show_progress=True)
# best population :
best_pop = res [0 ]
DE_class . plot (best_pop)

## Now that the layer thicknesses have been optimized from an optical point of view , we want to design the
device (or

# at least a simplif ied version , by calculating a more r ea l i s t i c EQE. Obviously additional parameters l ike
the doping of the

# layers could be varied too .
# x [ 0 ] : total InGaP thickness
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# x [ 1 ] : total InGaAs thickness
# x [ 2 ] : total SiGeSn thickness
# x [ 3 ] : total Ge thickness

# x [ 4 ] : InGaP n thickness
# x [ 5 ] : InGaAs n thickness
# x [ 6 ] : SiGeSn n thickness
# x [ 7 ] : Ge n thickness
# generate upper and lower bounds : total layer thickness between 75% and 125% of values f i tted in TMM

calculation . Ge
# starting value i s 200 um
starting_params = np.append(best_pop [ 2 : ] , [200000])

lower = 0.75*starting_params
upper = 1.25*starting_params

# upper and lower bounds for the n- type (highly doped) layers
lower_ntype = [40 , 40 , 40 , 40]
upper_ntype = [200 , 300, 300, 500]
all_lower = np.append(lower , lower_ntype)
all_upper = np.append(upper , upper_ntype)
# fu l l l i s t of bounds
all_bounds = np. stack (( all_lower , all_upper) ) .T

# DE calculation for the e l ect r i ca l simulation
maxiters_DA = 5
# keep the ARC thicknesses fixed at the values obtained in the optical simulation
DE_class_DA = calc_min_Jsc_DA(best_pop [0 : 2 ] )
# default population size = 5*number of params
PDE_obj_DA = PDE(DE_class_DA. evaluate , bounds=all_bounds , maxiters=maxiters_DA)
# solve , i . e . minimize the problem
res_DA = PDE_obj_DA. solve (show_progress=True)
best_pop_DA = res_DA[0 ]
# plot the result at these best parameters
solar_cell=DE_class_DA. plot (best_pop_DA)
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Appendix H

Copyright permissions

Fig. 4.4 is from ref. [128], which is published Open Access under the terms of the Creative Commons
Attribution 4.0 International License, allowing reproduction with attribution. Fig. 4.19 contains figures
from [86], which is also Open Access.

Content from refs. [117, 204, 171], all published in Solar Energy Materials and Solar Cells, is contained
in Chapters 4 and 6. As a (co-)author, the right to reproduce text and figures from these publications here
is retained: “Please note that, as the author of this Elsevier article, you retain the right to include it in
a thesis or dissertation, provided it is not published commercially. Permission is not required, but please
ensure that you reference the journal as the original source.”

Chapter 6.1 contains content from [209], published as SPIE conference proceedings: “For articles pub-
lished under SPIE copyright, authors, or their employers in the case of works made for hire, retain the
following rights: [...] The right to prepare derivative publications based on the Paper, including books or
book chapters, journal papers, and magazine articles, provided that publication of a derivative work occurs
subsequent to the official date of publication by SPIE. Thus, authors may reproduce their original figures
and text in new publications.”

For the remaining figures from other publications, licenses for reproduction are included on the subsequent
pages.
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