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Abstract—We study the model-reduction problem by mo-
ment matching for linear and nonlinear systems in a data-
driven setting. We show that reduced-order models can
be directly computed from input–output data without re-
quiring knowledge of the structure of the signal genera-
tor or its internal state. The reduced-order models thus
obtained match the moments of the unknown underlying
system asymptotically. Our formulation provides a simple
way to enforce additional constraints on the structure of the
reduced-order model, which could be used to incorporate
prior knowledge about the underlying system. In addition,
we show that our method can be directly applied to a large
class of linear and nonlinear time-delay systems with min-
imal modifications. Finally, we provide a simple algorith-
mic formulation that can be used directly with data, and
demonstrate its effectiveness on a benchmark example—a
nonlinear RC ladder circuit.

Index Terms—Data-driven algorithms, moment matching,
nonlinear model reduction, time-delay systems.

I. INTRODUCTION

A. Overview

MATHEMATICAL models play a pivotal part in ensuring
the efficient operation of large-scale dynamical systems.

These models are extensively used in design, analysis, and
control. In recent years, however, the increased complexity of
these systems has led to difficulties in modeling the underlying
process accurately, while also demanding large amounts of
computational power once aggregated models are available. This
has necessitated the construction of simpler models that can
replicate the behavior of the underlying system under specific
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operating conditions. The procedure for identifying such simpler
descriptions is called model reduction [1], [2].

Model reduction algorithms find extensive usage in several
disciplines owing to their rich mathematical structure and ver-
satility across application domains. These include large-scale in-
tegrated circuit design, where the effects of billions of transistors
need to be captured [3]; the modeling of complex mechanical
systems, where the effect of flexible modes is often neglected [4];
weather forecast models, which deal with large amounts of
atmospheric data [5]; and more recently in disease modeling, to
better understand the spread of global epidemics [6]. For linear
systems, two classes of methods have predominantly found
popularity in the context of model reduction: methods based on
the singular value decomposition (SVD) and methods based on
Krylov subspace operators. The Hankel operator [7], [8], [9] and
the celebrated balanced realization [10], [11], [12], [13] belong
to the first group, whereas methods based on interpolation theory
belong to the latter group [14], [15], [16], [17], [18], [19], [20],
[21], [22], [23], [24]. Moment matching methods, which belong
to the second group and are of primary interest to us, allow
the construction of reduced-order models such that the error
between the underlying system and the reduced-order model
is zero at some points of the complex plane. In the nonlinear
setting, significant attention has been devoted to developing
innovative approaches, as well as extending techniques bor-
rowed from the linear framework. Model reduction methods for
special classes of systems, such as Hamiltonian systems and
bilinear systems, have been developed in [25], [26], [27], [28],
and [29], whereas enhancements of the balancing framework
to the nonlinear setting have been proposed in [30], [31], [32],
[33], and [34]. Moment matching methods, which are known for
their reduced computational complexity, have historically been
associated with linear systems. However, the characterization of
moments through the solution of a Sylvester equation [35], [36]
allows the extension of the moment matching approach to the
nonlinear setting by exploiting the steady-state response of the
underlying system [18]. This has led to several developments
in this area, including methods for time-delay systems, bilinear
systems, and the Loewner framework [27], [28], [29], [37], [38],
[39], [40], [41], [42], [43], [44], [45].

B. Motivation

Most model reduction approaches rely upon the construction
of a high-dimensional mathematical model of the system to
be reduced. However, with the increased complexity of inter-
connected systems, it is often difficult to derive such a model.
Instead, due to the emergence of sophisticated sensors and
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high-performance computing platforms, large-scale monitoring
and collection of data from such systems are relatively easy [46].
This has led to the inception of data-driven model reduction
approaches that circumvent the need for obtaining models of
the underlying system. Data-driven model reduction algorithms,
such as proper orthogonal decomposition and dynamic mode
decomposition, which are based on the SVD, have found ex-
tensive usage in the community due to their versatility [31],
[47], [48], [49]. In the moment matching framework for linear
systems, data-driven versions of the Loewner framework have
been presented for model reduction using frequency-domain
measurements or the notion of transfer function [16], [38],
[39]. Note, however, that this limits the extension of these
techniques to nonlinear systems. As an alternative, a data-driven
algorithm for model reduction by moment matching based on
time-domain measurements has been presented in [50]. In this
method, the moment of the system is first calculated based on
these time-domain observables, following which reduced-order
models are derived. This method has since been extended to
the so-called swapped interconnection that allows two-sided
moment matching [51]. A data-driven moment matching frame-
work for nonlinear systems based on noisy output measurements
has been discussed in [52] exploiting kernel-based methodolo-
gies. These methods require knowledge of the structure of the
signal generator that drives the system as well as the knowl-
edge of its internal states. The Loewner framework has also
seen several developments in the area of model reduction for
special classes of nonlinear systems, such as quadratic and/or
bilinear systems [28], [29], [40], [41]. For more general classes
of nonlinear systems, these methods typically first convert the
nonlinear system under consideration into a quadratic and/or
bilinear form, following which standard machinery from the
Loewner framework is applied for model reduction. Such tech-
niques typically require knowledge of the interpolation points,
an augmentation of the number of states [28], and in several
cases, the knowledge of the dynamics of the underlying system
for the intermediate conversion.

However, in several applications and notably in the case in
which the underlying system is part of a closed-loop architecture,
only qualitative information may be known about the signal
generator. The absence of knowledge of the signal generator
(or correspondingly, the set of interpolation points) introduces
difficulties in the application of existing moment-matching-
based methods. In the Loewner framework, it obstructs the
construction of the appropriate Loewner matrices required for
model reduction, whereas in the interconnection-based moment
matching framework, it does not allow the computation of the
moment of the system as an intermediate step. In addition, since
obtaining reduced-order models is the ultimate objective, it may
be unnecessary to compute the moment of the system as an
intermediate step.

C. Contributions

To deal with the data-driven model reduction problem when
only qualitative information is available about the signal gen-
erator, e.g., that the signal generator has an unknown implicit

representation, we exploit the ideas presented in [18] and [50]
to derive reduced-order models directly from input–output data.
By leveraging the interconnection-based interpretation of the
notion of moment, we transform the moment matching problem
from a problem of interpolation of points in the complex plane
to a problem of interpolation of signals in the time domain [53].
We list our contributions below.

1) We derive a class of reduced-order models, using input–
output data, which achieve moment matching when both
the underlying system and the signal generator are un-
known, for both linear and nonlinear systems, thus not
requiring knowledge of the interpolation points. In addi-
tion, we show that our method is readily applicable to a
large class of linear time-delay and nonlinear time-delay
systems.

2) We show that the construction of reduced-order models
does not require the computation of moment of the un-
derlying system as an intermediate step.

3) We highlight how our method offers greater flexibility
in model structure selection of the reduced-order model
when compared to existing data-driven moment matching
approaches, and discuss the robustness of our method to
variations in the model of the signal generator.

4) We provide two simple and easy-to-use algorithms that
can be used to construct reduced-order models from data
and highlight their effectiveness on a standard benchmark
example—a nonlinear RC ladder.

In this article, we extend the results presented in [54] to
nonlinear and time-delay systems. Furthermore, we provide
simple algorithmic formulations that will help the reader apply
the methods described herein.

D. Organization

The rest of this article is organized as follows. Section II is de-
voted to the development of the procedure for linear systems, and
Section III mirrors the procedure for nonlinear systems. Inside
each of these major sections, we focus on four aspects. First, we
recall the preliminaries required for deriving the main results
of this article. Second, we show how to obtain reduced-order
models from input–output data without the knowledge of the
underlying system and the signal generator. Third, we describe
how this procedure can be extended to time-delay systems.
Fourth, we highlight key observations and insights in the form
of a discussion. To illustrate and validate the theoretical findings
derived in the preceding sections, we consider a nonlinear RC
ladder circuit as a benchmark example in Section IV. Finally, we
present concluding remarks and future perspectives in Section V.

E. Notations

We use standard notation. R≥0 denotes the set of nonnegative
real numbers, R>0 denotes the set R≥0 \ {0}, C<0 denotes the
set of complex numbers with negative real part, C≥0 denotes
the set C \C<0, and C0 denotes the set of complex numbers
with zero real part. The symbol I denotes the identity matrix
of appropriate dimensions, σ(A) denotes the spectrum of the
square matrixA, and ‖A‖ denotes the induced Euclidean matrix
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norm of the matrix A. The Kronecker product is denoted by ⊗.
The vectorization operator of a matrix A is denoted by vec(A)
and is obtained by stackingA’s columns. Unless otherwise spec-
ified, all functions and mappings are assumed to be sufficiently
smooth.

II. LINEAR SYSTEMS

A. Preliminaries on Linear Moment Matching

Consider a continuous-time, single-input, single-output sys-
tem described by the equations

ẋ = Ax+Bu

y = Cx (1)

with x(t) ∈ Rn, u(t) ∈ R, y(t) ∈ R, A ∈ Rn×n, B ∈ Rn,
and C ∈ R1×n. Let the associated transfer function W (s) =
C(sI −A)−1B be minimal, i.e., the pair (A,B) is control-
lable and the pair (C,A) observable. We first recall the no-
tion of moment associated with the transfer function of (1)
[1, Sect. 11.1].

Definition L1: The 0-moment of the system (1) at si ∈
C \σ(A) is the complex number η0(si) = C(siI −A)−1B.
The k-moment of the system (1) at si ∈ C \σ(A) is the complex
number

ηk(si) =
(−1)k

k!

[
dk

dsk
(
C(sI −A)−1B

) ]
s=si

.

The notion of moment for systems of the form (1) has been
described in terms of a Sylvester equation in [18] and [35], as
outlined below.

Lemma L1 (See [18]): Consider the system (1), let
si ∈ C be such that si /∈ σ(A), for all i = 1, . . . , η. Then,
there exists a one-to-one relation between the moments
η0(s1), . . . , ηk1

(s1), . . . , η0(sη), . . . , ηkη
(sη) and the matrix

CΠ, where Π is the unique solution of the Sylvester equation

AΠ+BL = ΠS (2)

where S ∈ Rν×ν is any nonderogatory matrix with characteris-
tic polynomial

p(s) =

η∏
i=1

(s− si)
ki (3)

with ν =
∑η

i=1 ki, and L ∈ R1×ν is such that the pair (L, S) is
observable.

This algebraic formulation of moments allows establishing
a relationship, through the Sylvester equation, between the mo-
ments of a system and its steady-state output response (provided
it exists) [18]. To present this notion of moment in terms of
the steady-state response of the system, we need, however, to
define the signal generator that drives the system. We consider
an implicit signal generator given by

ω̇ = Sω

u = Lω. (4)

Furthermore, we need the following assumptions to define the
notion of moment for the underlying system.

Assumption L1: The system (1) is asymptotically stable, i.e.,
σ(A) ⊂ C<0.

Assumption L2: The signal generator defined by (4) is such
that σ(S) ⊂ C0 and the matrix S has simple eigenvalues. Fur-
thermore, the triple (L, S, ω(0)) is minimal.

We are now ready to recall the result that connects the mo-
ments of a system to its steady-state output response when it is
driven by a signal generator of the form (4).

Theorem L1 (See [18]): Consider the system (1) and
the signal generator (4). Suppose that Assumptions L1
and L2 hold. Let S ∈ Rν×ν be any nonderogatory ma-
trix with characteristic polynomial as defined in (3). Then,
there exists a one-to-one relation between the moments
η0(s1), . . . , ηk1

(s1), . . . , η0(sη), . . . , ηkη
(sη) and the steady-

state output of the interconnected system (1) and (4).
Exploiting Lemma L1 and Theorem L1, the notion of reduced-

order model can be formalized as follows.
Definition L2: The system described by the equations

ξ̇ = Fξ +Gu

ψ = Hξ (5)

with ξ(t) ∈ Rρ, u(t) ∈ R, ψ(t) ∈ R, F ∈ Rρ×ρ, G ∈ Rρ, and
H ∈ R1×ρ, is a model of the system (1) at (S,L) if the system (5)
has the same moment at (S,L) as the system (1). In this case,
the system (5) is said to match the moment of the system (1).
Furthermore, the system (5) is said to be a reduced-order model
of the system (1) if ρ < n.

The condition under which this reduced-order model achieves
moment matching with the underlying system in the linear
setting is described next.

Lemma L2 (See [18]): Consider the system (1), the sys-
tem (5), and the signal generator (4). The system (5) is a model
of the system (1) if σ(S) ∩ σ(A) = ∅ and σ(S) ∩ σ(F ) = ∅,
such that

CΠ = HP (6)

where Π is the unique solution of the Sylvester equation (2) and
P is the unique solution of the Sylvester equation

FP +GL = PS. (7)

While deriving reduced-order models, one usually starts with
a high-dimensional model of the underlying system. This, of
course, assumes knowledge of the full-order realization. In prac-
tice, however, it may be difficult to obtain state-space realizations
of complex systems. Instead, it is easier to obtain input–output
data from such systems and then use these data to obtain
reduced-order models. It was shown in [50] that reduced-order
models achieving moment matching can be constructed from
input–output data. However, this procedure still requires full
information about the structure of the signal generator via the
use ofS andL. In a completely data-driven setting, one may only
have access to input–output data and some qualitative knowledge
about the signal generator itself. In such situations, the afore-
mentioned procedure cannot be utilized for model reduction. To
address these issues, we conclude this section with the following
assumptions and properties.
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Assumption L3: The elements of the window of sample times
Tw
k are given by

Tw
k := {tk−w+1, . . . , tk−1, tk}

where 0 ≤ t0 < . . . < tk−w < . . . < tk and k ≥ w − 1 ≥ 0,
are selected such that rank([ω(tk−w+1) . . . ω(tk)]) = ν, for all
k ≥ w − 1.

Assumptions L2 and L3 guarantee that the signals generated
by (4) are persistently exciting over the time window Tw

k [55],
[56], [57]. Similar to Assumption L1, we impose a stability
condition on the reduced-order model (5).

Assumption L4: The system (5) is asymptotically stable, i.e.,
σ(F ) ⊂ C<0, and the pair (F,G) is controllable.

B. Direct Computation of Linear Reduced-Order Models
From Data

In this section, we briefly recall a recently introduced enhance-
ment [54] of Scarciotti and Astolfi [50]. The results of Bhat-
tacharjee and Astolfi [54] allow for the construction of reduced-
order models from input–output data when the system (1) is
driven by an unknown implicit signal generator described by
equations of the form (4), with u and y as the only available mea-
surements. More precisely, the reduced-order models obtained
through this technique do not require knowledge of the structure
of the signal generator or of its internal state. We note again that
this formulation is based on the premise that if the structure of the
signal generator is unknown, the Sylvester equation (7) cannot be
solved, and thus, reduced-order models cannot be constructed
using the standard procedure. We emphasize that we need to
recall some of the results presented in [54] in order to naturally
extend the same approach to time-delay and nonlinear systems,
as shown in later sections. We first recall the construction of
reduced-order models from a batch of input–output data.

Theorem L2 (See [54]): Consider the system (1), the sys-
tem (5), and the signal generator (4). Suppose that Assumptions
L1–L4 hold. Let the time snapshots R̃k ∈ Rw×ρ and Γ̃k ∈ Rw,
with w ≥ ρ > 0, be defined as

R̃k =

⎡⎢⎢⎢⎢⎣
(ξ(tk−w+1))



...

(ξ(tk−1))



(ξ(tk))



⎤⎥⎥⎥⎥⎦ , Γ̃k =

⎡⎢⎢⎢⎢⎣
y(tk−w+1)

...

y(tk−1)

y(tk)

⎤⎥⎥⎥⎥⎦
respectively, such that k ≥ w − 1. Assume that the matrix R̃k

has full column rank. Then

vec(H̃k) = (R̃

k R̃k)

−1R̃

k Γ̃k. (8)

The relation between the matrix H̃ in Theorem L2 and the
output matrix of the reduced-order model (5) can be seen in the
result below.

Theorem L3 (See [54]): Consider the system (1), the sys-
tem (5), and the signal generator (4). Let H be the solution of
(6). Suppose that Assumptions L1–L4 hold. Then, there exist
sequences {tk} such that limk→∞ H̃k = H .

The computation of vec(H̃k) at each time instant (8) involves
the inversion of a matrix of dimension ρ× ρ. While ρ and ν are
unrelated quantities, it is natural to consider that in practice, the

dimension of the reduced-order model exceeds the number of
interpolation points, ρ ≥ ν. If the number of interpolation points
(and correspondingly, the size of the reduced-order model)
is large, this procedure may not be computationally efficient.
Therefore, we now recall a recursive version of (8) that alleviates
this issue.

Theorem L4 (See [54]): Consider the system (1), the sys-
tem (5), and the signal generator (4). Let αk = Pω(tk) and
assume that Φk = (R̃


k R̃k)
−1 and Υk = ((R̃


k−1R̃k−1)
−1 +

αkα


k )

−1 are full rank for all t ≥ tr, where tr > tw. Given
vec(H̃r), Φr,αr, and Υr, the recursive least-square formulation
for vec(H̃k) for all t ≥ tr and k ≥ w − 1 is given by

vec(H̃k) = vec(H̃k−1) + Φkαk(y(tk)− α

k vec(H̃k−1))

− Φkαk−w(y(tk−w)− α

k−wvec(H̃k−1)) (9)

where

Φk = Υk −Υkαk−w(α


k−wΥkαk−w − I)−1α


k−wΥk (10)

and

Υk = Φk−1 − Φk−1αk(I + α

kΦk−1αk)

−1α

kΦk−1. (11)

The recursive formulation is appealing due to the absence of
any matrix inversions since only scalar divisions are involved.
Thus, any increase in the size of the reduced-order model scales
the computational cost linearly. This estimation procedure is
run until ||H̃k − H̃k−1|| < δ, where δ > 0 is the convergence
tolerance chosen by the user.

As described in this section, the objective of the designer
is to construct a reduced-order model from input–output data
without the knowledge of the underlying system or the signal
generator. As such, the designer is tasked with the construction
of the state dynamics of the reduced-order model, and the
proposed technique computes the output mapping for the same
reduced-order model such that it achieves moment matching
with the underlying system. We provide a brief discussion on
the selection of the state dynamics of the reduced-order model
in Section II-D. We conclude this section by providing an
algorithmic formulation of Theorem L4 in Algorithm 1.

C. Matching Linear Systems With Delays

In this section, we highlight how the previously introduced
results from [54] can be extended to a large class of linear time-
delay systems. In particular, we focus on linear systems where
the delay affects only the state dynamics of the system but not
its output. To this end, consider the linear single-input, single-
output, continuous-time, time-delay system described by the set
of equations

ẋ =

μ∑
j=0

Ajxτj +Buτu

y = Cx

x(θ) = φ(θ), −T ≤ θ ≤ 0 (12)

where x(θ) denotes the initial condition described by the con-
tinuous function φ : [−T, 0] → Rn, and xτj ∈ Rn denotes the
translation operator applied to x(t) ∈ Rn, i.e., xτj = x(t− τj),
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Algorithm 1: Model Reduction for Linear Systems.

for τj ∈ R≥0, with τ0 = 0 and j = 1, . . . , μ. Moreover, uτu =
u(t− τu) ∈ R for τu ∈ R≥0, y(t) ∈ R, B ∈ Rn, C ∈ R1×n,
and Aj ∈ Rn×n, with j = 0, . . . , μ. Let

A(s) = A0 +

μ∑
j=1

e−sτjAj .

Then, if si /∈ σ(A(s)), for all si ∈ σ(S), the moments of the
system (12), namely

ηk(si) =
(−1)k

k!

[
dk

dsk
Gd(s)

]
s=si

are in one-to-one relation with the matrixCΠ [37], whereGd(s)
is given by

Gd(s) = C

⎛⎝sI −A0 −
μ∑

j=1

e−sτjAj

⎞⎠−1

e−sτuB

and Π is the unique solution of the Sylvester-like equation

A0Π+

μ∑
j=1

AjΠe
−sτj −ΠS = −BLe−sτu . (13)

The time response of this linear time-delay system can be
described as in the finite-dimensional linear setting, as shown
next.

Lemma LTD1 (See [37]): Consider the interconnection of
the system (12) and the signal generator (4). Suppose that
Assumptions L2 and L3 hold and σ(A(s)) ⊂ C<0. Then, the
output, y, of the system (12) is described by

y(t) = CΠω(t) + ε1(t)

with ε1(t) = CL−1{(sI −A(s))−1(x(0)−Πω(0))} being an
exponentially decaying function.

We now recall the notion of reduced-order model for linear
time-delay systems.

Definition LTD1: Consider the interconnection of the sys-
tem (12) and the signal generator (4), and suppose that Assump-
tions L2 and L3 hold. Furthermore, assume that the system (12)
is minimal and σ(A(s)) ⊂ C<0. Then, the system

ξ̇ =
ϑ∑

j=0

Fjξγj
+Guγu

ψ = Hξ

ξ(θ) = χ(θ), −T ≤ θ ≤ 0 (14)

with ξ(t) ∈ Rρ is a model at (S,L) of the system (12) if the
system (14) has the same moment at (S,L) as the system (12).
Here, Fj ∈ Rρ×ρ, for j = 0, . . . , ϑ, G ∈ Rρ, H ∈ R1×ρ, ξ(θ)
denotes the initial condition described by the continuous func-
tion χ : [−T, 0] → Rρ, and delays γu ≥ 0 and γj ≥ 0 for j =
0, . . . , ϑ. In this case, the system (14) is said to match the moment
of the system (12) at (S,L). Furthermore, the system (14) is a
reduced-order model of the system (12) if ρ < n.

The condition under which this reduced-order model achieves
moment matching with the underlying system (12) is given next.

Lemma LTD2 (See [37]): Consider the system (12), the
system (14), and the signal generator (4). Let F (s) = F0 +∑ϑ

j=1 e
−sγjFj . Assume that σ(S) ∩ σ(A(s)) = ∅ and σ(S) ∩

σ(F (s)) = ∅. The system (14) is a model of the system (12) if

CΠ = HP

whereΠ is the unique solution of the Sylvester-like equation (13)
and P is the unique solution of the Sylvester-like equation

F0P +

ρ∑
j=1

FjPe
−sγj −ΠS = −GLe−sγu .

Analogous to the linear finite-dimensional setting, the follow-
ing property holds.

Lemma LTD3 (See [37]): Consider the interconnection of
the system (14) and the signal generator (4). Suppose that
Assumptions L2 and L3 hold, and that σ(F (s)) ⊂ C<0. Then,
the output, y, of the system (14) is described by

ψ(t) = HPω(t) + ε2(t)

with ε2(t) = HL−1{(sI − F (s))−1(ξ(0)− Pω(0))} being an
exponentially decaying signal.

We now present a result that outlines how reduced-order
models can be computed from input–output data for linear-time
delay systems.

Theorem LTD1: Consider the system (12), the system (14),
and the signal generator (4). Suppose that Assumptions L2
and L3 hold. Furthermore, assume that σ(A(s)) ⊂ C<0 and
σ(F (s)) ⊂ C<0. Let the time snapshots Rk ∈ Rw×ρ and Γk ∈
Rw, with w ≥ ρ > 0, be defined as

Rk =

⎡⎢⎢⎢⎢⎣
(ξ(tk−w+1))



...

(ξ(tk−1))



(ξ(tk))



⎤⎥⎥⎥⎥⎦
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and

Γk =

⎡⎢⎢⎢⎢⎣
y(tk−w+1)− (ε1(tk−w+1)− ε2(tk−w+1))

...

y(tk−1)− (ε1(tk−1)− ε2(tk−1))

y(tk)− (ε1(tk)− ε2(tk))

⎤⎥⎥⎥⎥⎦
respectively, such that k ≥ w − 1. Assume that the matrix Rk

has full column rank. Then

vec(Hk) = (R

kRk)

−1R

kΓk. (15)

Proof: From Lemma LTD2, for all ω(t) 
= 0, we have that

CΠω(t) = HPω(t).

From Lemmas LTD1 and LTD3, we have that

ψ(t) = y(t)− (ε1(t)− ε2(t))

which leads to

Hξ(t) = y(t)− (ε1(t)− ε2(t)).

Using the Kronecker product and the vectorization operator, we
obtain

vec(Hξ(t)) = vec(y(t)− (ε1(t)− ε2(t))

which leads to

(ξ(t))
vec(H) = vec(y(t)− (ε1(t)− ε2(t)).

�
Similar to Section II-B, we solve (15) over a set of sample

times given byTw
k . Since σ(A(s)) ⊂ C<0 andσ(F (s)) ⊂ C<0,

ε1 and ε2 exponentially decay to zero. This allows giving an
approximate version of the results that does not depend on the
initial conditions of the underlying system.

To this end, suppose that Assumptions L2 and L3 hold. Fur-
thermore, assume that σ(A(s)) ⊂ C<0 and σ(F (s)) ⊂ C<0.
Let the time snapshots Rk ∈ Rw×ρ and Γk ∈ Rw, with w ≥
ρ > 0, be defined as

Rk =

⎡⎢⎢⎢⎢⎣
(ξ(tk−w+1))



...

(ξ(tk−1))



(ξ(tk))



⎤⎥⎥⎥⎥⎦ , Γk =

⎡⎢⎢⎢⎢⎣
y(tk−w+1)

...

y(tk−1)

y(tk)

⎤⎥⎥⎥⎥⎦
respectively, such that k ≥ w − 1. Assume that the matrix Rk

has full column rank. Then

vec(Hk) ≈ (R

kRk)

−1R

kΓk. (16)

Algorithm 1 can now be readily used to obtain reduced-order
models from input–output data for linear time-delay systems.

D. Discussion

When compared to existing results in the literature, our results
are advantageous on several fronts.

1) First, using existing methods, one cannot construct
reduced-order models if the signal generator or the set of
interpolation points is not known, while, in our work, we
do not need to know the structure of the signal generator
or its internal state [16], [38], [39], [50].

2) Second, in our method, there is no need to compute the
moment of the full-order system, CΠ, as an intermediate
step while obtaining reduced-order models, as is seen in
Algorithm 1.

3) Third, in our formulation, both F and G in the reduced-
order model (5) [system (14) in the time-delay setting]
are free parameters that can be chosen freely to preserve
properties of the underlying system, such as matching
with prescribed eigenvalues or matching with prescribed
relative degree.

4) Fourth, in the linear setting, any choice of the matrices F
and G satisfying Assumption L4 yields a reduced-order
model that achieves moment matching [54]. This is ad-
vantageous in a setting where the designer does not have
any knowledge about the underlying system. However,
this would also mean that for a choice of F and G that is
not representative of the state dynamics of the underlying
system, the designer would need to wait longer to collect
steady-state data.

5) Finally, reduced-order models obtained from this proce-
dure are robust to variations in the signal generator (4).
To see this, note that in the standard case in which the
signal generator (4) is known [50], reduced-order models
are dependent on the estimate of CΠ. Therefore, if the
signal generator changes (4),CΠ needs to be recomputed,
leading to a recomputation of the reduced-order model.
However, since we do not need to compute CΠ, any
variation in the signal generator is automatically captured
by the output matrix H of the reduced-order model.

The time taken by H̃ to converge in Algorithm 1 depends on
two primary factors—the initial estimate H̃0 and the availability
of steady-state data. A poor initial estimate and a longer waiting
period for steady-state input-output data would lead to a situation
in which the user would have to wait longer for H̃ to converge.
On the other hand, the batch version of Algorithm 1 as presented
in Theorem L2 does not depend on the initial estimate H̃0.
Therefore, if steady-state data were to be available, the batch
algorithm would yield the correct estimate in one step. This
concludes the results and discussion for linear systems. We now
shift our attention to nonlinear systems.

III. NONLINEAR SYSTEMS

A. Preliminaries on Nonlinear Moment Matching

Consider a nonlinear, single-input, single-output, continuous-
time system described by equations of the form

ẋ = f(x, u)

y = h(x) (17)

with statex(t) ∈ Rn, inputu(t) ∈ R, output y(t) ∈ R, and (suf-
ficiently) smooth mappings f(·, ·) andh(·) such that f(0, 0) = 0
and h(0) = 0. We assume also that the system (17) is minimal,
i.e., (locally) observable1 and (locally) accessible.2 Consider
also a nonlinear signal generator described by equations of the

1See [58, Def. 2.10] for the notion of observability.
2See [58, Def. 2.11] for the notion of accessibility.
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form

ω̇ = s(ω)

u = l(ω) (18)

with stateω(t) ∈ Rς , outputu(t) ∈ R, and (sufficiently) smooth
mappings s(·) and l(·) such that s(0) = 0 and l(0) = 0. Then, the
system (17) and the signal generator (18) form an interconnected
system given by

ω̇ = s(ω)

ẋ = f(x, l(ω))

y = h(x). (19)

Assumption NL1: The system (17) is such that the zero
equilibrium of ẋ = f(x, 0) is locally exponentially stable.

Assumption NL2: The signal generator (18) is (locally) ob-
servable and ω = 0 is a Poisson stable3 equilibrium.

Under Assumptions NL1 and NL2, there exists a mapping
π(·), locally defined in a neighborhood ofω = 0, withπ(0) = 0,
which satisfies the partial differential equation

f(π(ω), l(ω)) =
∂π

∂ω
s(ω) (20)

see [59, Prop. 8.1.1]. This implies that the interconnected system
(19) possesses an invariant manifold, described by the equation
x = π(ω). These assumptions allow defining the notion of mo-
ment of the nonlinear system under consideration.

Definition NL1: Consider the system (17) and the signal
generator (18). The moment of the system (17) at (s, �) is
given by the mapping h(π(·)), where π(·) is the unique solution
of (20).

We now recall the connection between the notion of moment
of the interconnected system (19) with its steady-state output
response.

Theorem NL1 (See [18]): Consider the system (17) and the
signal generator (18). Suppose that Assumptions NL1 and NL2
hold. Then, the moment of the system (17) at (s, l) coincides with
the (locally well-defined) steady-state response of the output of
the interconnected system (19).

We now introduce the notion of reduced-order model in the
nonlinear setting; see [18].

Definition NL2: The system described by the equations

ξ̇ = φ(ξ, u)

ψ = κ(ξ) (21)

with ξ(t) ∈ Rρ is a model at (s, l) of the system (17) if the
system (21) has the same moment at (s, l) as the system (17).
In this case, the system (21) is said to match the moment of the
system (17) at (s, l). Furthermore, the system (21) is a reduced-
order model of the system (17) if ρ < n.

The condition under which this reduced-order model achieves
moment matching with the underlying system in the nonlinear
setting is described next.

Lemma NL1 (See [18]): Consider the system (17), the system
(21), and the signal generator (18). Suppose that Assumptions

3See [59, Sect. 8.1] for the notion of Poisson stability.

NL1 and NL2 hold. Then, the system (21) matches the moment
of the system (17) at (s, l) if the equation

φ(p(ω), l(ω)) =
∂p

∂ω
s(ω) (22)

has a unique solution p(·) with boundary condition p(0) = 0
such that

h(π(·)) = κ(p(·)) (23)

where π(·) is the unique solution of (20).
Similar to the linear setting, the construction of this class of

reduced-order models requires the knowledge of the structure
of the signal generator. Therefore, we focus our attention on a
formulation that circumvents this requirement.

B. Direct Computation of Nonlinear Reduced-Order
Models From Data

As described in the previous section, the construction of a
reduced-order model that achieves moment matching with the
underlying system requires the computation of π. Even when
there is perfect knowledge of the dynamics of the system (17),
solving for π in (20) may be difficult. In the case in which the
mapping f is unknown, π could be obtained numerically but
would require knowledge of the states of the system (17) [50].
In a data-driven setting, however, one may only have access to
input–output data. Therefore, to consider the moment-matching
problem in a purely data-driven setting, we introduce the fol-
lowing hypotheses on the reduced-order model, analogous to
the linear case.

Assumption NL3: The system (21) is minimal. The zero
equilibrium of the system ξ̇ = φ(ξ, 0) is locally exponentially
stable. Furthermore, the system is (locally) accessible.

Combining Assumption NL3 with Assumption NL2 implies
that there exists a unique mapping p(·), locally defined in a
neighborhood of ω = 0 and p(0) = 0, which solves the partial
differential equation

φ(p(ω), l(ω)) =
∂p

∂ω
s(ω). (24)

We now state a result that allows the expression of the moment
of the underlying system and the reduced-order model in terms
of their corresponding output responses.

Lemma NL2 (See [50]): Consider the system (17) and the
signal generator (18). Suppose that Assumptions NL1 and NL2
hold. Then, the output response of the system (17) is given by
the equation

y(t) = h(π(ω(t))) + ε(t) (25)

where ε(t) is an exponentially decaying signal. Similarly, con-
sider the system (21) and the signal generator (18). Suppose that
Assumptions NL2 and NL3 hold. Then, the output response of
the system (21) is given by the equation

ψ(t) = κ(ξ(t)) + ε(t) (26)

where ε(t) is an exponentially decaying signal.
With this in mind, we are now ready to state a result that

allows for the definition of the moment of the underlying system
in terms of the state of the reduced-order model.
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Lemma NL3: Consider the system (17), the system (21), and
the signal generator (18). Suppose that Assumptions NL1–NL3
hold. Then, the system (21) matches the moment of the sys-
tem (17) at (s, l) and

lim
t→∞(h(π(ω(t)))− κ(ξ(t))) = 0. (27)

Proof: Assumptions NL2 and NL3 guarantee that (24) has a
solution p(·) and that the interconnection of the system (21) and
the signal generator (18) has an invariant manifold described by
the equation

p(ω) = ξ. (28)

By Lemma NL1, system (21) matches the moments of the
system (17) at (s, l). Finally, using (28) in the moment matching
condition (23), we conclude (27). �

Using the result in Lemma NL3, (25) can be transformed
into a form in which the output of the underlying system is
related to the state of the reduced order model, as shown next.
From an identification viewpoint, the mapping κ(·) must be
identified. However, an exact identification may not be feasible
and an approximation should be considered. Therefore, we
consider a standard assumption for approximating a mapping by
a family of basis functions [60]. Typically, the family of basis
functions representing the mapping can be implemented by a
trial-and-error procedure by using a polynomial expansion or an
expansion based on the class of input signals. It is worthwhile
noting here that there are results of “universal” approximation
for some families of basis functions [61], [62]. In light of this,
we now introduce an assumption on the mapping κ(p(·)).

Assumption NL4: The mapping κ(p(·)) belongs to the func-
tion space described by the family of continuous basis functions
ϕ : Rρ → R, with i = 1, . . . ,M (M could be ∞), i.e., there
exist constants Γi ∈ R with i = 1, . . . ,M such that κ(ξ) =∑M

i=1 Γiϕi(ξ). If M = ∞, then we assume that the series is
uniformly convergent.

While it may be true that a specific family of basis functions
may be able to exactly represent a certain mapping κ(p(·)) with
a finite basis, this is not the case generally. Therefore, consider
the following approximation

Γ =
[
Γ1 Γ2 . . . ΓN

]
Ω(ξ) =

[
ϕ1(ξ) ϕ2(ξ) . . . ϕN (ξ)

]
such that N ≤M . Using a weighted sum of these basis func-
tions, (26) can be rewritten as

y(t) =

N∑
i=1

Γiϕi(ξ(t)) + e(t) + ε(t)

= ΓΩ(ξ(t))
 + e(t) + ε(t)

where e(t) =
∑M

i=N+1 Γiϕi(ξ(t)) is the error due to the termi-
nation of the summation atN . Finally, since ε is an exponentially
decaying signal, consider the approximation

ỹ =
N∑
i=1

Γiϕi(ξ) = ΓΩ(ξ)
 (29)

which neglects the truncation error e and the transient error ε.
Analogous to Section II-B, let Γk be the estimate of the matrix
Γ at Tw

k . Since ε is not known, Γk [described by (29)] needs to
be approximated. This approximation can be determined from
data as follows.

Theorem NL2: Consider the system (17), the system (21), and
the signal generator (18). Suppose that Assumptions NL1–NL3
hold. Let the time snapshots Uk ∈ Rw×N and Ξk ∈ Rw, with
w ≥ N > 0, be defined as

Ũk =

⎡⎢⎢⎢⎢⎣
Ω(ξ(tk−w+1))

...

Ω(ξ(tk−1))

Ω(ξ(tk))

⎤⎥⎥⎥⎥⎦ , Ξ̃k =

⎡⎢⎢⎢⎢⎣
y(tk−w+1)− ẽ(tk−w+1)

...

y(tk−1)− ẽ(tk−1)

y(tk)− ẽ(tk)

⎤⎥⎥⎥⎥⎦
respectively, where ẽ(tk) = ε(tk) + e(tk) and k ≥ w − 1. If Ũk

is full column rank, then

vec(Γ̂k) = (Ũ

k Ũk)

−1Ũ

k Ξ̃k (30)

is an approximation of the estimate Γk.
Proof: Using (29), we can express the output response of the

underlying system as

ΓΩ(ξ(t))
 = y(t)− (ε(t) + e(t)).

By applying the vectorization operator on both sides of the
equation above, we obtain

Ω(ξ(t))vec(Γ) = vec(y(t)− ε(t)− e(t)). (31)

By computing (31) at all elements of Tw
k , we obtain

Ũkvec(Γk) = Ξ̃k. (32)

Since the matrix Ũk has full column rank by assumption, we can
compute Γk from (32), thus yielding (30). �

For the approximation Γk, defined in (30) to be well defined
for all k, the set of sample times Tw

k needs to be selected in a
way that the matrix Ũ


k Ũk is full column rank. This condition
on Tw

k highlights a property of persistence of excitation of the
signal generator (18), which is guaranteed by the following
assumption; see [57].

Assumption NL5: The initial condition ω(0) of the signal
generator (18) is almost periodic, and all the solutions of the
system are analytic. Furthermore, the signal generator (18)
satisfies the excitation rank condition [57] at ω(0).

We now define the approximation Γk in terms of the mapping
κ(p(·)) to simplify notation, following which we will be ready
to prove the main result of this section.

Definition NL3: Consider the system (21) and the signal
generator (18). The estimated moment of the system (21) is
defined as

κ̃N,k(·) = ΓkΩ(·)


where Γk is computed from (30).
Theorem NL3: Consider the system (17), the system (21), and

the signal generator (18). Suppose that Assumptions NL1–NL5
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Algorithm 2: Model Reduction for Nonlinear Systems.

hold. Then, there exist sequences {tk} such that

lim
k→∞

(
y(tk)− lim

N→M
κ̃N,k(ξ(tk))

)
= 0. (33)

Proof: Assumptions NL1 and NL2 guarantee that h(π(·))
is well defined and h(π(ω)) matches the steady-state output y
of the interconnected system (19). Similarly, Assumptions NL2
and NL3 guarantee thatκ(p(·)) is well defined. Furthermore, As-
sumptions NL1 and NL3 imply that there exist sequences {tk},
with limk→∞ tk = ∞, such that ||ε(tk)|| vanishes exponentially.
Finally, Assumption NL5 guarantees that the approximation Γk

is well defined for all k. Therefore, by Assumption NL4, (33)
holds. �

For computational efficiency and robustness to variations in
the signal generator, we now present an online version of (30) as
we did in the linear setting with an accompanying algorithmic
formulation of Theorem NL2.

Theorem NL4: Consider the system (17), the system (21),
and the signal generator (18). Letαk = (Ω(ξ(tk)))


 and assume
that Φk = (Ũ


k Ũk)
−1 and Υk = ((Ũ


k−1Ũk−1)
−1 + αkα



k )

−1

are full rank for all t ≥ tr, where tr > tw. Given vec(Γr), Φr,
αr, and Υr, the recursive least-square formulation for vec(Γk)
for all t ≥ tr and k ≥ w − 1 is given by

vec(Γk) = vec(Γk−1) + Φkαk(y(tk)− α

k vec(Γk−1))

− Φkαk−w(y(tk−w)− α

k−wvec(Γk−1)) (34)

where

Φk = Υk −Υkαk−w(α


k−wΥkαk−w − I)−1α


k−wΥk (35)

and

Υk = Φk−1 − Φk−1αk(I + α

kΦk−1αk)

−1α

kΦk−1. (36)

We conclude this section by providing an algorithmic formu-
lation of Theorem NL4 in Algorithm 2.

C. Matching Nonlinear Systems With Delays

In this section, we highlight how the results presented thus
far can be readily extended to a large class of nonlinear systems
with delays. In particular, we focus on nonlinear systems where
the delay affects only the state dynamics of the system but
not its output. To this end, consider a nonlinear single-input,
single-output, continuous-time, time-delay system described by
the equations

ẋ = f(xτ0 , . . . , xτζ , uτζ+1
, . . . , uτμ)

y = h(x)

x(θ) = φ(θ), −T ≤ θ ≤ 0 (37)

where x(θ) denotes the initial condition described by the con-
tinuous function φ : [−T, 0] → Rn, and xτj ∈ Rn denotes the
translation operator applied to x(t) ∈ Rn, i.e., xτj = x(t− τj)
for τj ∈ R≥0 with τ0 = 0 and j = 1, . . . , ζ. Furthermore, the
translation operator applied on the input u(t) ∈ R gives uτj =
u(t− τj) for τj ∈ R≥0 with j = ζ + 1, . . . , μ, and the output
y(t) ∈ R. In addition, f(0, . . . , 0, 0, . . . , 0) = 0 and h(0) = 0.
Consider the signal generator (18) and the interconnected system
described by the equations

ω̇ = s(ω)

ẋ = f(xτ0 , . . . , xτζ , l(ωτζ+1
), . . . , l(ωτμ))

y = h(x). (38)

In order to provide a generalization of the notion of moment,
consider the following assumptions.

Assumption NLTD1: There is a unique mapping π(·), locally
defined in a neighborhood of ω = 0 and π(0) = 0, which solves
the partial differential equation

∂π

∂ω
s(ω) = f(π(ωτ0), . . . , π(ωτζ ), l(ωτζ+1

), . . . , l(ωτμ))

(39)

whereωτi = Φs
τi
(ω), with i = 0, . . . , μ, is the flow of the vector

field s at τi.
This allows the definition of moment of the system in terms

of its steady-state response.
Definition NLTD1: Consider the system (37) and the sig-

nal generator (18). Suppose Assumption NL2 and Assump-
tion NLTD1 hold. The function h(π(·)), with π(·) being the
solution of (39), is the moment of the system (37) at (s, l).

This allows one to define the moment of the system (37) in
terms of its steady-state response. We now recall the connection
between this notion of moment and the steady-state output
response of the interconnected system (38).

Lemma NLTD1 (See [37]): Consider the system (37)
and the signal generator (18). Suppose that Assumption NL2
and NLTD1 hold. Assume that the zero equilibrium of the system
ẋ = f(xτ0 , . . . , xτζ , 0, . . . , 0) is locally exponentially stable.
Then, the moment of the system (37) at (s, l) coincides with
the (locally well-defined) steady-state response of the output of
the interconnected system (38).
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Finally, we define a class of reduced-order models that achieve
moment matching at (s, l) with this underlying nonlinear time-
delay system (37).

Definition NLTD2: The system described by the equations

ξ̇ = ϕ(ξγ0
, . . . , ξγϑ

, uγϑ+1
, . . . , uγη

)

ψ = κ(ξ)

ξ(θ) = χ(θ), −T ≤ θ ≤ 0 (40)

with ξ(t) ∈ Rρ is a model at (s, l) of the system (37) if the sys-
tem (40) has the same moment at (s, l) as the system (37). Here,
ξ(θ) denotes the initial condition described by the continuous
function χ : [−T, 0] → Rρ and delays γj ≥ 0 for j = 0, . . . , η.
In this case, the system (40) is said to match the moment of
the system (37) at (s, l). Furthermore, the system (40) is a
reduced-order model of the system (37) if ρ < n.

Analogous to the underlying system, we introduce an assump-
tion on the reduced-order model.

Assumption NLTD2: There is a unique mapping p(·), locally
defined in a neighborhood of ω = 0 and p(0) = 0, which solves
the partial differential equation

∂p

∂ω
s(ω) = ϕ(p(ωγ0

), . . . , p(ωγϑ
), l(ωγϑ+1

), . . . , l(ωγη
))

(41)

whereωγi
= Φs

γi
(ω), with i = 0, . . . , μ, is the flow of the vector

field s at γi.
Assumptions NLTD1 and NLTD2 ensure the existence of

a well-defined steady state of the underlying system (37) and
the reduced-order model (40) [37]. In the model-based set-
ting, Assumption NLTD1 is critical since the construction of
the reduced-order model depends on the mapping π. In our
data-driven setting, however, this assumption is automatically
fulfilled as long as system (37) has a well-defined steady-state
output response. For the reduced-order model, similar to the
design procedure in Section III-B, the state dynamics of the
reduced-order model can be easily adjusted by the designer
to obtain a well-defined steady state, thus satisfying Assump-
tion NLTD2. We can now express the moment of this reduced-
order nonlinear time-delay system in terms of its steady-state
output response.

Lemma NLTD2 (See [37]): Consider the system (40) and
the signal generator (18). Suppose that Assumptions NL2
and NLTD2 hold. Assume that the zero equilibrium of the system
ξ̇ = ϕ(ξγ0

, . . . , ξγϑ
, 0, . . . , 0) is locally exponentially stable.

Then, the moment of the system (40) at (s, l) coincides with
the (locally well-defined) steady-state response of the output of
the interconnected system (18) and (40). In addition, the function
κ(p(·)), with p(·) being the solution of (41), is the moment of
the system (40) at (s, l). The system (40) matches the moment
of the system (37) when

h(π(·)) = κ(p(·)).
Analogous to the linear time-delay case in Section II-C, the

output of the systems (37) and (40) can be expressed as the
moment of the system and an exponentially decaying signal and

are omitted here for brevity. We are now ready to state the final
result of this section.

Theorem NLTD1: Consider the system (37), the system (40),
and the signal generator (18), and assume that the respective zero
equilibrium of systems (37) and (40) are locally exponentially
stable. Suppose that Assumptions NL2, NL4, NL5, NLTD1,
and NLTD2 hold. Then, there exist sequences {tk} such that

lim
k→∞

(
y(tk)− lim

N→M
κ̃N,k(ξ(tk))

)
= 0. (42)

Proof: The proof for this result follows the lines of the proof
of Theorem NL3 and is omitted for brevity. �

The preceding result allows the direct application of
Algorithm 2 to any interconnected nonlinear time-delay system
of the form (38).

D. Discussion

We see benefits similar to the linear setting in the nonlinear
framework. We highlight these points again for the reader’s
convenience.

1) Construction of the reduced-order models (21) [sys-
tem (40) in the time-delay setting] does not require the
knowledge of the structure of the signal generator or its
internal state.

2) This procedure does not require the computation of the
moment of the underlying systemh(π(·)) as an intermedi-
ate step during the construction of reduced-order models.

3) The function φ in the reduced-order model (21) is a free
mapping that can be suitably chosen to incorporate prior
knowledge about the underlying system. Herein, the de-
signer has the freedom to enforce additional constraints on
the structure of the reduced-order model, such as stability,
transient behavior, delay structure, etc. The designer also
has the ability to incorporate prior knowledge in the output
mapping by appropriately selecting a set of basis func-
tions that are representative of the nonlinearities affecting
the system. Distinct from the model-based setting, the
output mapping κ relies on a learning algorithm. In this
respect, the complete structure of this output mapping
is not known a priori. As such, the learning algorithm
would need to be suitably constrained to account for
more general input–output behaviors, such as passivity,
L2 stability, etc.

4) Our method is applicable to a more general class of
nonlinear systems compared to [28], [29], and [41], which
are specialized for quadratic and/or bilinear systems. For
more general nonlinear systems, these methods require an
intermediate conversion step to a quadratic and/or bilinear
form, often requiring knowledge of the underlying system
and an augmentation of the number of states.

5) The reduced-order models obtained through this proce-
dure are robust to variations in the signal generator (18).

As alluded to in Section III-C, the assumptions related to
the existence of a well-defined steady state of the full-order
model (Assumptions L1, NL1, and NLTD1 in conjunction with
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Assumptions L2 and NL2, respectively) are critical in the model-
based setting since the construction of the reduced-order model
depends on the computation of the moment of the underlying
system. In a data-driven setting, such as ours, however, these
assumptions are automatically fulfilled as long as the full-order
system has a well-defined steady-state output response. Fur-
thermore, the state dynamics of the reduced-order model can
be easily adjusted by the designer to obtain a well-defined
steady state, thus satisfying Assumptions L4, NL3, and NLTD2,
respectively. While in the linear setting, local properties im-
plicitly extend to the global case, this is generally not true for
nonlinear systems. Local properties of nonlinear systems are
attached to specific trajectories of the signal generator (18).
To tackle this, Algorithm 2 can be appropriately modified to
account for multiple trajectories. For a detailed discussion on
this issue, see [50]. This concludes the results and discussion on
nonlinear systems. We now apply the results obtained thus far
to a benchmark example.

IV. EXAMPLE—NONLINEAR RC LADDER

In this section, we apply Algorithm 2 developed in Sec-
tion III-B on a benchmark example—the “Nonlinear RC ladder
circuit.” This benchmark is part of the MORwiki examples for
model reduction [63]. We consider two scenarios in this exam-
ple. The first scenario considers the delay-free setting, whereas
the second scenario highlights how delays can be incorporated
in the construction of the reduced-order model.

A. Delay-Free Setting

1) Model Description: The nonlinear RC ladder benchmark
is an electronic test circuit describing a first-order nonlinear
system modeled by a resistor–capacitor network. This network
exhibits a distinct nonlinear behavior due to nonlinear resistors.
These nonlinear resistors, each of which consists of a resistor
connected in parallel with a diode, are connected in parallel to a
capacitor [64]. More details about this benchmark can be found
in [65].

2) Experimental Setup: For data collection from the full-
order system, we consider the model of the nonlinear RC ladder
circuit as described in [66]. Herein, the RC ladder circuit, where
the nonlinear resistor is composed of a resistor connected in
parallel with a diode, models a resistor–capacitor network. The
underlying model of this system is given by a single-input,
single-output gradient system [67] of the form⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ẋ1

ẋ2
...

ẋk
...

ẋN

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−g(x1)− g(x1 − x2) + u

g(x1 − x2)− g(x2 − x3)
...

g(xk−1 − xk)− g(xk − xk+1)
...

−g(xN−1 − xN )

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
y = x1 (43)

where g : R → R is a mapping of the form

g(xi) = gD(xi) + xi

which combines the effect of a diode and a resistor. The
diode is modeled as a nonlinear resistor based on the Shockley
model [68] and is described by the relation

gD(xi) = iS(e
uP xi − 1) (44)

such that the material parameters iS > 0 and uP > 0. In this
benchmark, the material parameters are chosen such that iS = 1
and uP = 40 [66]. We call this model FOM. For this example,
we choose N = 1000. The input to the underlying system is of
the form

u(t) = sin(200πt) + 10 sin(100πt)(1 + sin(200πt)) (45)

through which we collect input–output data from this procedure.
We only describe the output equation (45) of the unknown signal
generator since we are interested in constructing a reduced-order
model that is agnostic to the structure of the signal generator,
and therefore do not know the evolution of ω, as described
in (18). Note, however, that the procedure does not require the
description of the input as a closed-form expression. We show
(45) only for the reader’s perusal. We simulate the underlying
system FOM for a duration of 5 s and collect input–output data
sampled at 10−4 s.

3) Model Selection: As described in Algorithm 2, for ob-
taining the reduced-order model, we need to provide as input the
state of the reduced-order system. This means that we are free to
choose the model structure describing the state-dynamics of the
reduced-order model. Therefore, we describe below two model
selections that we choose as the reduced-order model.

1) Reduced-Order Model 1 (ROM1): We choose the state
dynamics to have the same structure as the underlying
system (43) with N = 10.

2) Reduced-Order Model 2 (ROM2): We model the state-
dynamics of the reduced-order system as a circuit of
chained inverter gates, which is sometimes also known
as an inverter chain [69]. This system is described by the
differential equation⎡⎢⎢⎢⎢⎣

ẋ1

ẋ2
...

ẋN

⎤⎥⎥⎥⎥⎦ = −

⎡⎢⎢⎢⎢⎣
x1

x2
...

xN

⎤⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
u

v tanh(ax1)
...

v tanh(axN−1)

⎤⎥⎥⎥⎥⎦
where N = 10, supply voltage v = 100, and a physical
parameter a = 0.5.

4) Model Validation: Our objective is to estimate the output
mapping for these reduced-order models such that they achieve
moment matching with the underlying system. To accomplish
this, we need to construct a family of basis functions, as dis-
cussed in Algorithm 2. Here, as in [70, eq. (2)], we consider
a choice of basis functions, which is a mixture of constant,
polynomial, and trigonometric terms as follows

Ω(ξ) =
[
1 ξ ξ2 ξ3 ξ4 sin(ξ) cos(ξ)

]
. (46)
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Fig. 1. Comparison of the output responses of the full-order model, (FOM), with the reduced-order models, (ROM1) and (ROM2), in the delay-free
setting (see Section IV-A). The output response of FOM is displayed between 1.5 and 1.8 s. The estimation of the moments associated with the
reduced-order models ROM1 and ROM2 uses training data to the right of the vertical dashed green line. This is done to eliminate the effect of the
transient behavior of the FOM, which occurs on the left-hand side of the vertical dashed green line.

Fig. 2. Semilog plot of the absolute value of the steady-state error be-
tween the outputs of the full-order model (FOM) and the corresponding
reduced-order systems ROM1 and ROM2 in a simulation of length 5 s
in the delay-free setting (see Section IV-A).

We are now ready to identify Γ for our reduced-order model by
applying Algorithm 2. We note again that the only observables
that our algorithm uses are the measurables u and y. We do
not require knowledge of the signal generator or its internal
state ω for this procedure. Once Γ has been estimated, we use
it to compute the output of both the reduced-order systems
(ROM1 and ROM2) using (29) when driven by the signal
generator (45). In Fig. 1, we compare the output responses of
the underlying system and both the reduced-order models, when
driven by the signal generator (45). Theorem NL3 mandates that
for the estimation of the output mapping κ(p(·)), the transient
data from the simulation must be discarded. Therefore, we do
this by considering only steady-state data for constructing the
reduced-order model. The separation between the “transient”
and the “steady state” in the data is represented by the vertical
dashed green line in Fig. 1. As seen there, the steady-state output
responses of the reduced-order models match almost exactly that
of the full-order model. To analyze the choice of structure for the
reduced-order models, we show in Fig. 2 the absolute value of
the steady-state error between the steady-state output response

of the full-order model and the corresponding reduced-order
models, ROM1 and ROM2, for a simulation of length 5 s. The
error metrics associated with ROM1 appear to be better than that
of ROM2. Although the errors are relatively small for ROM2,
this error plot indicates that matching can be improved further
by refining the choice of basis functions since, in steady state,
the output of the reduced-order model should be the same as
that of the full-order system. As a final note, compared to the
approach described in [28, Sect. 4.2] for the same underlying
system, we neither need to know the structure of the underlying
system nor do we need to augment the number of states as an
intermediate step.

B. Setting With Delays

To illustrate that our proposed method can be readily applied
to systems with delay, we consider a modified version of the
system presented in Section IV-A with a smaller number of
states. Furthermore, we consider a nontrivial signal generator
that is nonlinear, which, however, is unknown to the designer.

1) Model Description and Experimental Setup: We con-
sider the nonlinear RC ladder circuit described in Section IV-A
with the distinction that a delay is embedded in the state of the
system. The modified underlying system has the same struc-
ture as system (43) barring the mapping g : R → R, which is
modified to incorporate the delay, that is

g (xi(t)) = gD (xi(t)) + xi(t− τD) (47)

with gD as described in (44). In this example, we keep iS = 1
and uP = 40 but choose N = 10 in the full-order model for
simplicity and we call this model FOMD. In addition, we choose
τD = 0.05 and drive the underlying system with a Van der Pol
oscillator, which can be represented by a signal generator of the
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Fig. 3. Comparison of the output responses of the full-order model, (FOMD), with the reduced-order models, (ROM3) and (ROM4), in the setting
with delays (see Section IV-B). The output response of FOMD is displayed between 5.9 and 6.3 s. The estimation of the moments associated with
the reduced-order models ROM3 and ROM4 uses training data to the right of the vertical dashed green line. This is done to eliminate the effect of
the transient behavior of the FOMD, which occurs on the left-hand side of the vertical dashed green line.

form (18), where

s(ω) = λ

[
ω2

μ(1− ω2
1)ω2 − ω1

]
, l(ω) = �ω1 (48)

with λ = 200, μ = 4, and � = 2. We emphasize again that we
provide a description of the signal generator only for the reader’s
perusal, as the technique that we have presented in this work does
not require the structure of the signal generator or its internal
state, as seen in Algorithms 1 and 2. We simulate the underlying
system FOMD for a duration of 10 s and collect input–output
data sampled at 10−4 s.

2) Model Selection: Similar to Section IV-A, we have two
model selections for the reduced-order model.

1) Reduced-Order Model 3 (ROM3): We choose the state
dynamics to have the same structure as the underlying
system (43) with N = 4. Similar to the full-order model,
we use (47) to describe the effect of the delay but choose
τD = 0.02, which is distinct from the delay present in the
underlying system. We make this choice to highlight that
the asymptotic behavior of the algorithm allows the user to
appropriately embed knowledge of the underlying system
into the state dynamics of the reduced-order model. While
the delays are numerically different, our procedure is
able to account for this difference while constructing the
output map of the reduced-order system.

2) Reduced-Order Model 4 (ROM4): We model the state-
dynamics of the reduced-order system as a circuit of
chained inverter gates but also incorporate a delay in the
state-dynamics. This system is described by the differen-
tial equation⎡⎢⎢⎢⎢⎣
ẋ1(t)

ẋ2(t)
...

ẋN (t)

⎤⎥⎥⎥⎥⎦ = −

⎡⎢⎢⎢⎢⎣
x1(t− τD)

x2(t− τD)
...

xN (t− τD)

⎤⎥⎥⎥⎥⎦+

⎡⎢⎢⎢⎢⎣
u

v tanh(ax1(t))
...

v tanh(axN−1(t))

⎤⎥⎥⎥⎥⎦

Fig. 4. Semilog plot of the absolute value of the steady-state error be-
tween the outputs of the full-order model (FOMD) and the corresponding
reduced-order systems ROM3 and ROM4 in a simulation of length 10 s
in the setting with delays (see Section IV-B).

whereN = 4, τD = 0.04, supply voltage v = 100, and a
physical parameter a = 0.5.

3) Model Validation: As before, our objective is to find the
output mapping for reduced-order models ROM3 and ROM4
such that they achieve moment matching with the underlying
system FOMD. We use Algorithm 2 to compute Γ, which is
then used to compute the output of the reduced-order models
ROM3 and ROM4 with the basis functions (46). In Fig. 3, we
compare the output responses of the underlying system and
both the reduced-order models when driven by the Van der Pol
oscillator (48). Similar to Section IV-A, we discard transient data
during the identification procedure. The separation between the
“transient” and the “steady state” in the data is represented by
the vertical dashed green line in Fig. 3. We plot the absolute
value of the steady-state error between the output responses of
the underlying system FOMD and the corresponding reduced-
order models, ROM3 and ROM4, in Fig. 4. A few observations
stand out in this set of results. First, we notice that the steady-
state value of the state dynamics of the reduced-order model
ROM4 is achieved at a much larger time compared to ROM2
in Section IV-A, due to which we use data from 6 s onward
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for the computation of the output map of the reduced-order
models. Very interestingly, we also notice that even with an
imprecise knowledge of the delay in the underlying system, the
reduced-order models are able to match the output response of
the underlying system in steady state. The tradeoff is that the
designer needs to wait longer to collect steady-state data, which
in this case is achieved at a longer time (about 5 s for ROM4).
Indeed, if one were to start with steady-state data, the batch
version of Algorithm 2 would converge in one step. Finally, we
observe that the reduced-order model ROM3 is more accurate
than ROM4, compared to the delay-free setting involving the
models ROM1 and ROM2. This, however, can be attributed to
the fact that in the delay-free setting, the underlying system had a
much higher dimension (N = 1000) as compared to the setting
with delays (N = 10), because of which both ROM1 and ROM2
have comparable performances.

V. CONCLUSION AND PERSPECTIVES

We have presented a procedure to construct reduced-order
models from input–output data, which is agnostic to the knowl-
edge of the signal generator or its internal state for both linear
and nonlinear systems. This procedure allows the construction of
reduced-order models without needing to compute the moment
of the underlying system as an intermediate step. Leveraging
this intuition, we have shown that our procedure can be readily
applied to linear and nonlinear time-delay systems without any
further modification. We have provided a batch formulation of
our results as well as a recursive one. The recursive formulation
offers two major benefits. First, it effectively addresses the com-
putational challenges that are typically associated with the batch
formulation. Second, it inherently incorporates robustness to
fluctuations in the signal generator. In particular, when operating
online over a moving window of training data, the proposed
framework can adaptively capture the change in moment due to
a variation in the input signal. This is contingent on the change in
the signal occurring once the underlying system has achieved the
associated steady-state behavior. These advantages underscore
the robustness and adaptability of our technique, making it a
valuable tool for real-time applications, thus demonstrating the
efficacy and potential of our proposed methodology. In addition,
this formulation provides an easy way of enforcing additional
constraints on the reduced-order model that can be used to
incorporate prior knowledge about the underlying system. This
could mean matching specific properties, such as matching
with prescribed eigenvalues and prescribed zeros in the linear
setting, whereas it could mean matching more general properties
applicable to both linear and nonlinear systems. Extension of
this technique to preserve physical property, such as passivity or
port-Hamiltonian systems [43], [71], is under consideration.

There are several promising avenues for future research.
These include extending the proposed procedure to the mul-
tivariable setting [72], [73] and adapting it to scenarios in which
sensor-obtained data may be subject to noise. Indeed, while
the methodology presented in this study is ideally suited for
scenarios in which data are collected without the presence of
noise, the findings can be seamlessly extended through the use

of Kernel-based methods as in [52]. This extension allows for
the accommodation and mitigation of noise effects, thereby pre-
venting overfitting when dealing with noisy input–output data.
Furthermore, an exploration of the utility of the reduced-order
models derived in this study for improving the data-driven output
regulation problem—possibly for nonlinear systems—presents
a promising opportunity, especially in connection with the work
in [74], [75], [76], and [77].
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