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ABSTRACT

A treatment is presented for the elastic non~linear behaviour of rectangular
orthotropic (including isotropic) plates subjected simultaneously to transverse
and inplane loads, the non~linearity being due to large deflections.

Boundary restraints are introduced which can be rotational, extensional,
tangential, or nomal to the plane of the plate, and their specifications cover
a wide range of plate problems. Uniform and concentrated distributions of
transverse pressure are considered, The inplane loading may be in the form
of either an applied edge~compression, or an applied edge-displacement, or
a combination of both, Initial deformations are also allowed for.

The von-Kaman differential equations of plates are appropriately modified,
non-dimensionalised and expressed in temms of finite differences, Graded
meshes are used where suitable. The resulting equations are solved by an
iterative process using the University of London Atlas Computer, Close
ogréemenf was found in the comparison of results with the few existing solutions,

A selected range of problems have been solved and discussed in detail,
Numerical results are given which enable non-linear plate behaviour in many
other practical cases to be predicted,

The investigation shows the influence on behaviour of the inplane boundary
conditions, the extent of which has not been fully recognised previously, If
has been demonstrated that in many cases the extensional boundary conditions
can be at least as important as the flexural conditions,

The scope of treatment is such that many other outstanding plate problems

are capable of solution,
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NOTATION

Cartesion coordinates, being nonaal to the plane of the plate
Displacements of mid-surface of plote in x, y ond z directions
respectively coused by the applied loading

Initial deformations of plate corresponding to w

=w + W Total displacement of the middle surface of plate
in z~direction

Length of plate in x direction

Length of plate in y direction

Thickness of plate

Intensity of lateral pressure at the point (x, y)

Intensity of applied load in x direction per unit width in y
direction ot x = = 2, positive when tensile

Intensity of applied load in y direction per unit width in x
direction at y = t% , positive when tensile

Bending moments in x and y directions per unit width of
plate in y and x directions respectively

Twisting moment per unit width of plate

Membrane forces in x and y directions per unit width of plate
in y and x directions respectively, positive when tensile
Inplane shear force per unit width of plate

Membrane stresses in x and y directions

Inplane shear stress

Poisson ratios in bending associated with applied bending

moment in x and y directions respectively
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Poisson ratios in extension associated with applied tension
in x and y directions respectively

Strains in mid=-surface of plate in x and y directions
respactively, positive when tensile

Shearing strain of mid-surface of plate

Young’s Modulus of elasticity

=N e Forces to produce unit strain wuth transverse
=N )/ey deformmations unrestmlnecl (Eh)

% _ Cy Eh . *
R AT L
Xin ym

Shearing rigidity, (Ch = —-r—)-)
=1 .
= /(-c‘ +§E__)' (Eh)

Xy

Applied inplane shear forces per unit width of plate at
x=1 Y2 and y = : b/2 respectively

Applied displacements at x = : %2 and y= : b/2

in x and y directions respectively

Normal shear forces per unit width of plate in

y and x directions respectively

MNomal reactions per unit width of plate,

associated with C~‘sx and Qy yat x= : 0/2 and y = : l)/2
respectively

*Values in parenthesis relate to isotropic plates



B, = M / g—% Bending moments to produce unit curvature
afza: with anticlastic curvatures unrestrained,
B =N, [o——ge 3
2 En"/12)*
y ay? /12)
Dx =B/(l - vxb . vyb) Flexural rigidities in x and y
directions respectively,
By - =B V) @iz - vy
D =v,D =v,D (VEH3/12(1-\)2))*
1 xb“y Tyb x’
ny Torsional rigidity, (513/24(1+V))*
- 3 /1 0(1-92))
Hb = Zny-!- Dl' (Eh~/12(1-v7))
f Airy’s stress function
€ or P =%
X =*a Dimensionléss coordinates
Y =Y
w =wyC 7Dx Dimensionless total deflection, (3,305 “/h)*
Wo = wow/C 7Dx Dimensionless initiol deformotion (3.305w Jh)
4 [C
Q =-%- 5—’-‘- . q Dimensionles~ intensity of applied tronsverse
4
load (pressure ratio), (36.09 %— .-g—)*
2 h
p.o
Fx = ’5 Dimensionless intensity of the opplied inplane
X loading at x = f% andy = t% respectively,
2
Pa’ 2
P =Y | po.92 &~ Ky
y Dx h2 E

*
Values in parenthesis relote to isotropic plates



dx

-12=-

C
= auﬁ-z(- Dirensionless intensity of the displacements
% atx=1 0/2 and y = : b/2 respectively
C
= gv=s
X
C
=a, 5{(__.” Dimensionless appl ied displacements corres-
x ¢ . .
c ponding to u‘J and \ respectively,
_ X
"985 *Va 02 u
X (10,92, =)

p2°a
= f/Dx Dimensionless stress function

+a

Stiffness of elastic restraint against rotation at x = - 5

equal to moment per unit length to produce unit rotation of

being

the restraint
T

Stiffness of elastic restraint against rotation at y = , being

Nio

on of

equal to moment per unit length to produce unit rotat

tha restraint

Stiffness of elastic restraint against displacement perpendicular

to the plane of the plate at x = : 0/2, being equal to the
force per unit width of plate to displace the restraint a unit
length

Stiffness of elastic restraint against displacement nomal to
the plane of the plate at y = b , being equal to the force
per unit width of plate to displace the restraint a unit length
Stiffness of elastic restraint at x = f-;— against movement in
x direction, being equal to the force per unit width of plate

to produce unit extension or compression of the restraint
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Stiffness of elastic restraint ot y = : l:'/2 against movement in
y direction, being equal to the force per unit width of plate
to produce unit extension or compression of the restraint
Sﬁffnes;s of elastic restraint at x = t% against movement
parallel to y axis, being equal to the tangential force per
unit width of plate to produce unit displacement of the
restraint

Stiffness of elastic restraint ot y = f% against movement
parallel to x axis, being equal to the tangential force per
unit width of plate to produce unit displacement of the
restraint

Torsional rigidity of the edge beams at x = : 0/2 and

y= : b/2 , being equal to the torque required to produce
unit twist per unit length of the edge beams respectively
Flexural stiffness of the edge beams at x = : %2 and

y = : b/2 » being equal to the bending moments required to

give unit curvatures to the beams in y~z and x~z planes

respectively
=gk m/Dx Coefficiants of rotational edge
restraints, (constant along the edges)
=ak
LGN
= a3 k dx/D Coefficients of edge restraints against
¥ | nomal displacement to the plante of the

3

=a k dy/D plate, (constant along the edges)

=a kmg/C Coefficients of extensional edge restraints,

(constant along the edges)
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st =aq ks %/ C Coefficients of shear edge restraints,
(constant along the edges)

“sy =akyy c,
T = al . _

X X Torsion coefficients of edge beams
T =t [fal

ry X
By = bd)/a B Flexibility coefficients of edge
B dy =b dy/ @ Dx bears
K, =C /Cy
1\2 = C,/Hm
K4 = Hb/Dx
K5 =D )/Dx

L

A “/57‘2

E' or P' =f%\—, virtual side ratio

a = Hb/\/ Dny , equivalent flexural stiffness ratio
3 =+ CxC Hm , equivalent extensional stiffness ratio

w’ Deflection ratio
Q’ Pressure ratio
M,'( » M Bending moment ratios For definition
M Y
ey
N; N, Inplane lead and membrane force ratios see
NI
xy
v, v’ Inplane displacement ratios Appendix D
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41Dy

=— X, critical buckling force for a simply supported
a

square plate under uniaxial compression with inplane

rmovements in the transverse direction unrestrained

2
= —E'—-z—- . (h)2 . a, critical strain for a simply
6(1=v7)
supported square plate under uniaxial compression with

inplane movements in the transverse direction unrestrained
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(‘»4 .
Symbols for limiting ;I—

flexural boundary conditions.

Yx

Symbol boundary condition

rigidly supported,
hinged edge.

rigidly supported,
fixed edge ‘

unsupported,
hinged edge. ..

unsupported ,

fixed edge

FIG. A - |

Symbols for the more common cases of transverse loading.

Symbotl Transverse - loading

/// Uniformly distributed load on the
// whole surface

central patch load of dimensions

lﬂ:ﬂb‘ x and ly

FIG-A -2
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AY
- Symbols for limiting inplane !
0 >
~ boundary conditions Y
fe—G—>
symbol boundary condition

zero direct stress,
zero shear stress

zero extension,

5
zero shear stress
x - zero extension,
. zero tangential displacement
zero direct stress,
oo VaVaVa V4 Va . .
zero tangential displacement
edge remains straight with zero
total direct force , zero-shear stress.
edge remains straight with zero total
fo~a~a~ow.va~ay

direct forcé, zero tangential displacement

.~

Rig: A- 3

Symbols for the more common inplane loading conditions

Symbol Inplane loading
o171 , :
__ uniform direct stress, zero shear
g uniform edge displacement , zero shear
i m e ) A S

Fig. A- 4
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'Fig. A~ 5§ Rectangular plates with limiting flexural boundary conditions.
(those within the scope of the present analysis are shown)



_]g_

GROUP ' A

- Opposite edges symmetrical

.

Fig.A-:6 Limiting membrane boundary conditions of transversely

loaded rectangular plates.

(those within the scope of the present analysis are shown)
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FiIG.A- 77 Limiting membrane boundary conditions and inplane
loading of rectangular plates under uniform edge
compression or edge displacement.
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CHAPTER |

INTRCDUCTION

General

Certain structures are made up of grid or framework systems which are
skinned with panels of plating, The structural function of the plating in such
assemblies is twofold,  Firstly the plates may receive direct transverse
pressure which is then transferred to the rest of the system by bending and
possibly by membrane action; secondly they may be subjected to thrusts in
their planes due to the overall defommation of the whole structure in sustaining
the applied load, |

Plate panels which form the outside shell of the bottom of ship hulls are
under direct transverse loading due to water pressure, and inplane loading
partly as a result of the overall bending of the ship and partly due to the
transverse bending of the bottom,

The plate panels covering the wings and the fuselage of aircraft are
similarly loaded,

In bridge decks constructed of stiffened plating, the plating receives as
direct transverse pressure the wheel load of the vehicles, and in acting as the
compression flange of the deck and of the main girders is subjected to |
simultaneous inplane loading,

As a result of handling, construction and welding, the finishad plate
panels are rarely flat, The deviation from flatness is frequently of the same
order of magnitude as the thickness of the plate, Altematively the plate
panels may have been deliberately dished for structural reasons,  The behaviour

of these plates when subjected to end thrust is analogous to that of flat plates
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under inplane and transverse loading, The method of analysis used for flat
piates under combined loading may, therefore, be extended to be applicable
to initially deformed plafes.

The assemblies in which the stiffeners are closely spaced can be idealised
for the purposc  of their overall siress analysis as orthotropic plates, The
loading of these orthotropic plates may also be combined as already discussed
for the constituent plate panels,

In the analysis of plates under transverse pressure and edge compression,
it is frequently assumed that, provided the deflection of the plate remains
small relative to its thickness, the stresses due to bending may be found from
the classical small deflection theory of transversely loaded plates; and for
stresses due to edge compression plane stress analysis may be used, The results
obtainzd separately may then be superimposed to give the final state of stresses
in the plate,

The edge compression, however, reduces the flexural stiffness of the plate
and consequently results in higher deflection and bending stresses due to
transverse pressure, even when the deflections are small, The methods of
analysis which incorporate the reduction of stiffness in bending due to the in-
plane loading, instead of the superimposition of the effects, are a more exact
approach to the problem and are referred to as small deflection, linear or
linearised solutions,

In fact, as soon as the plate deflects, membrane forces set in, By the
time the deflection of the plate reaches C,1 = G,5 of its thickness, the membrane
forces become a predominant factor in the behaviour of the plate,  Their
influence extensively clters the original distribution of stress based on the small
deflection (linearised) solutions, where effects of membrane forces are neglected,
The position of maximum sfress may shift considerably and stress reversals may

occur, The behaviour (e.g. load-deflection relationship) of such plates is
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non-linear, The solutions, in which the effects of the membrane forces are
accounted for are generally called non-linear solutions, reflecting the nature
of the results they give, It is important to note that here the non-linearity
is due to the change of the geometry of the plate under the applied loading.

A characteristic of plates under inplane loading is instability, Initially
flat plates buckle at their critical buckling loads and sustain further loading
in their post-buckling region, For initially deformed plates and plates under
simultaneous transverse loading, there are also specific values of inplane theust
for which the plates become unstable (i,e, the applied loading can be
resisted by an altemative deflected profile by less energy), The instability
of such plates is more difficult to analyse,

Depending on the dimensions and loading of the individual plate panels,
at a certain stage of loading the development of the membrane forces is
accompanied by the yielding of the material of the plate at the region of high
stresses, The behaviour of the plate is thereafter affected by a second factor
of non~linearity, namely, plasticity, Some panels of plating especially if
they are thin or initially deformed, may develop extensive membrane forces
before the onset of plasticity.

The work presented in this thesis, however, is limited to the elostic
behaviour of the plating, the study of which is necessary in order to detemine
the state of stresses and specially the position of maxirmum stress for further
elasto~plastic and ultimate load analysis.

The non-linear behaviour of plates under the combined action of inplane
and transverse loading is very complex. The nature of the inplane loading
(applied edge displacement, applied force ar a combination of both) and the
membrane boundary conditions have to be closely examined and clearly defined

for any particular plate problem,  Each plays a prominent part in the behaviour
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of the plate which is not possible to predict from small deflection and plane
stress solutions alone,

The equations goveming the elastic non-linear behaviour of isotropic
homogeneous plates were first derived by von Kcrman(l) in the form of two
fourth order simultaneous partial differential equations in terms of the transverse
deflection of the plate and a stress function for the membrane action of the

(2)

derived the same equations as applicable to homo-~
()
r

plate, G, G, Rostovcev
geneous orthotropic plates, Soper'™ presented the derivation of the goveming
equations for stiffened plates treated as orthotropic plates,

The methods of approach to the treatment of plate problems fall initially
under two categories, namely, those aimed at some kind of solution of the
goveming differential equations, and those in which the plate is substituted
by a theoretical model whose behaviour can be related to the actual plate and
is less cumbersome to analyse,

In the following a concise review of the work done so far on the non=linear
behaviour of plates is given. The review is restricted to the methods in which

solutions for von Karman’s differential equations in their original, elaborated

or simplified forms are sought,

Methods of Solution

The direct solution of the von Karman equations is lengthy and involved

even for simple cases of loading and boundary conditions, |t becomes almost
impossible for general loading and complicated boundary conditions, Several
methods, some approximate and indirect, have been put forward by the
previous investigators in this field, The major methods of the treatment of

the problem are
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(i) Ritz energy method, Solutions based on this method assume expressions
for the three displacements (u, v, w) in the form of algebraic polynomials with
unknown coefficients, The polynomials are chosen such that they satisfy the
boundary conditions. The unknown coefficients are then detemined by
minimizing, with respect to the coefficients, the total potential energy of the
plate.

(ii) Fourier series method, Deflection and the stress functions for the plate
are expressed in terms of infinite trigonometrical series with unknown co-
efficients,  The coefficients are subsequently evaluated by substituting the
assumed series in the govering equations and solving the resulting set of
simultaneous equations,

(iii) Finite difference method, The plate is subdivided into a mesh, The
differential equationsof the plate, together with the boundary conditions, are
converted into finite difference expressions at the nodes of the mesh, The
resulting sets of simultaneous equations are solved either by a relaxation

technique or directly,

Large Deflection of Transversely Loaded Plates

Kaiser(4) obtained a finite difference solution for a simply supported square

plate with edges free from inplane shear and direct stresses under uniform trans-
verse pressure, The author’s theoretical solution (for one specific value of
pressure only) agreed closely with his experimental results,

(3

problem, namely, that of a simply supported square plate in which the edges

Narguerre’™’ employed the Ritz energy method to investigate a similar
remain straight while they are pemitted to move in a direction perpendicular
to themselves, Also, instead of the direct stresses themselvas vanishing, their

integral along each boundary vanishes, This is a boundary condition less



- 26 -
laborious to formulate and solve than the stress free boundary condition by this

method.,

Again by means of the Ritz energy method Wuy(6)

succeeded in solving
the case of transversely loaded plates clamped against rotation and inplane
movements, Way obtained solutions for three aspect ratios, 1, 1,5 and 2,
y(7),(8),(1 O),(11)

General solutions were later obtained by Lev and Levy

and Greenmcn(9) for simply supported and clamped rectangular plates under
the combined action of transverse pressure and inplane thrust using a double
Fourier series,  The method presented has the disadvantage of restricting the
satisfaction of all the membrane boundary conditions, In the solutions given
the edges must either have zero displacement or must remain straight during
translation, In the latter case, the edges may either be subjected to a self-
equilibrating stress distribution, as assumed by P,":arguerre(S), or an applied end
thrust, The method involves a considerable amount of numerical computation
and a maximum of six terms of the double Fourier series are considered in the
caleulations, |

The first successful application of finite difference approximations to the

large deflection behaviour of plates was made by Wcmg(lz), by forming two sets
of simultancous equations,  These equations were solved by two methods,
namely, the method of successive approximations and the relaxation method,

In the former the author developed a useful iterative procedure which forms

the basis of later investigations on the subject using ﬁﬁii‘e difference approxi-
mations, Numerical results were obtained for two cases, a simply supported
square plate with edges free from inplane stresses and a clamped square plate
with edges fully fixed against extensional and tangential displacements,

The plates are subdivided into a very coarse mesh to make the numerical
computations feasible and, therefore, the results are not very accurate,

~(13)

Subsequently Wang applied the same method in obtaining solutions for
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simply supported rectangular plates with aspect ratios 1.5 and 2, in which the
edges were assumed to have zero extensional displacements and zero inplane
shear,

Soper(3) extended Levy’s method (Fourier series) to the solution of
rectangular stiffened plates, The stiffened plates were idealised into homo-
geneous orthotropic plates for which the author modified von Karman equations
accordingly, Elastic rotational restraints were introduced at the boundaries
to cover the range of simply supported to clamped plates.  Solutions were
obtained which agreed well with the tests conducted on an aluminium model,

Eggwertz and Norr(M) considered a square plate under nomal pressure
provided with edge frames of finite stiffness in the plane of the plate, Using
energy methods and neglecting the bending of the plate, the authors derived
simple formulae for plate deflection and membrane forces, Subsequently the
bending moments and their contribution to the transmission of the applied pressure
to the supports were estimated roughly,

Basu and Chupmcm(]s)’ (16) extended Wang’s (finite differences) compu=-
tational method and obtained solutions for the large deflection behaviour of o
wide range of orthotropic and isotropic plates. The plotes are initially trans-
formed into a suitably chosen coordinate system in a similar manner to Girtkman’s
fransfbnnaﬁon of arthotropic plates, and non-dimensionalised to give more
general numerical results, Apart from the elastic rotational and extensional
restraints, tangential edge restraints were introduced at the boundaries.
Solutions were given and compared for a combination of various flexural and
mersbrane boundary conditions.

Bauer“g) also employed the finite difference method and obtained
solutions for simply supported plates with zero inplane direct and shear stresses
at the boundaries by using an iterative process, To obtain solutions, the two

fourth order partial differential equations are converted into a system of four

(1

7)
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second order differential equations, The type of solution presented has the
limitation that its applicability is based on the simple boundary conditions

assumed, Solutions are given for plates with aspect ratios 1 and 2,

Plates under Inplane and Transverse Loading

Because of the extensive use of stiffened plates in engineering structures,
the problem of the behaviour of plates under inplane and transverse loading is
of great importance. Due, however, to the complexity of the theoretical
analysis, so far very little work is done on this subject, and there are relatively
few solutions available, Most of the investigators have neglected in their
analysis the effect of membrane forces due to bending and have limited the
investigation to the reduction in stiffness of the plate in bending due to the
presence of the end thrust,

Levy(‘ ) extended his general method for the analysis of the large
deflection of transversely loaded plates to cover plates under combined loading,
and obtained solutions for a simply supported plate under transverse pressure
ond uniaxial edge compression, & which the edges of the plate remain straight
but are free to translate, The author gave numerical results for a square
plate with two values of transverse pressure, The transverse pressure was first
introduced and kept unaltered while the inplane thrust was raised incrementally
to 1,3C times the critical buckling lead of the plate in the first case of
transverse load and 2,96 times the critical load in the second case, In the
same publication, the author solved the problem of a 3:1 rectangular plate
loaded along its shorter sides, again for two values of transverse pressure where
in each case the edge compression was raised to the critical load of the plate,

Later Woolley, Corrick and Levy(w) extended the method presented by
Levy(] ©) to obtain solutions for a 4:1 clamped rectangular plate subjected to

inplane and transverse loading. The calculations were carried out for two



-29 -

values of transverse presture and in each case the edge compression was raised
above the critical buckling load of the plafe, It was concluded that the
effect of normal pressure on the axial load for a given edge strain is negligible.

(20),(21)

Timoshenko solved the preblem of plates under inplane and trans-
verse loading by essuming that the membrane forces in the plate are initially
uniform and remain so during the bending of the plate.  The problem is thus
simplified to the solution of the goveming equation of plate in bending only,
A double Fourier series is used and linearised (small deflection) solutions are
obtained in the form of magnification factors of the effects in bending alone,
These magnification factors approach infinity when the critical buckling load
of the plate is being reached, Another limitation imposed by the method is
that the membrane boundary conditions do not enter the analysis and their
effects are completely neglected.

(22)

Conway " solved the same equations as Timoshenko for simply supported
rectangular plates using a single Fourier series and presented the linearised
solutions obtained in the form of design charis which special reference to the
ship plating. The charls refer to plates under uniaxial compression, The edge
compression may assume values up to 75% of the plate’s critical buckling load,

Lockwood(23) used a double Fourier series and with s implifying assumptions
obtained magnification factors for the bending moments in the plate. The
method, which is a linearised solution, was extended to include clamped plates
under uniaxial compression, The author givas numerical results for simply
supported plates with three aspect ratios, namely, %, 1, 1%, and for square and
long clampad plates with edge compressions up to two-thirds of the plate’s
critical load,

Marguerre’s theory of plates was extended by Bleich(24) to include the
effect of transverse pressure, Bleich derived a cubic equation in terms of the

plate’s central deflection and the transverse pressure.  Using the results of
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this equation, the author suggested that for the design of ship’s plating a
simplified linearised solution could be sufficiently accurate, A design formula,
similar to the beam column formula, was therefore developed for the magnifi-
cation of the central deflection and moment of the plate on the basis of which
a comprehensive design manual was compﬂed.(zs)

A more exact linearised solution for plates under inplane and transverse
loading was put forward by Chang and Conway(26). The deflected profile of
the plate was assumed to be the product of two functions, each dependent on
one of the Cartesian axes only, Making use of the Marcus method, by a
system of successive approximations, solutions were obtained for clamped
rectangular plates under biaxial tension or compression, The solutions entail
a considerable amount of computation for any particular problem,

Using a method similar to Timoshenko’s, Taylor(27) has given solutions
for simply supported and clamped plates with aspect ratios C.5, 1 and 1,5,

The numerical results given refer to edge compressions up to C,5 Pe'

Initially Deformed Plates under End Thrust and Post=Buckling of Initially
Flat Plates

There are more non~linear solutions available for initially deformed plates

than for flat plates under inplane and transverse loading,  This may be due to
the fact that it is usually assumed that the initial deformation is of the same
form as the final deflected shape of the plate and this leads to some simplifi-
cations in the analysis. The extension of von Karman equations to include
initial deformation of the plates was first achieved by i\-‘iarguen'e(za).

Hu, Lindquist and Bul'dorf(29) extended Levy’s mel'hod(7) to the non-linear
behaviour of simply supported plates under uniaxial compression and obtained

solutions for initially deformed plates with several degrees of deviation from



-3] -

flatness (wo centre/h up to O.1). The authors discussed the evaluation of
the critical buckling load of the plates from the loadedeflection curves
obtained, as well as the effective width of the initially deformed plates,

It wos concluded that:
(i) The effect of initial deformation is most pronounced around the
flat plate’s critical buckling load, otherwise the behaviour of the
plate is very much the same as flat plate,
(ii) The larger the initial deviation from flatness, the smaller the
experimental critical load.
(iii) The Southwell plot for predicting the critical buckling load
from experimental results is in general not satisfactory for flat
plates,
(iv) The effective width for stiffness against further compression
is less than that of flat plates for loads below the critical buckling
and greater at loads above,

(30)

~ simply supported plate under uniaxial compression,  Three different methods

Coan investigated the buckling behaviaur of an initially deformed
of application of edge compression were considered, namely, applied uniform
stress and applied uniform displacement, where in the latter case a distinction
was made between the condition when displacement is given and the condition
when the loaded edges translate perpendicular to themselves under a given
total force, An attempt was made to illustrate the significance of each type
of loading, The method of solution was based on Levy’s, and it is the first
series solution in which the unloaded edges are allowed to distort, Numerical
results were given for w, centre/h = O, 1,

Solutions for the non=linear buckling of initially deformed orthotropic

)

plates were later presented by Yussuf(m for square laminated fibre glass
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plates, The von Kaman equations were modified to take into account the
anisotropic properties of the plate as well as the initial deformations, and were
subsequently solved by a double Fourier series based on an extension of the
method developed by Levy-(7) and his successors(29)' (30). In the analysis, the
loaded edges remain straight, whereas the unloaded edges can be either strass
free or kept straight.

(32)

supported long rectangular plates loaded at their shorter sides and having any

Falconer and Chapman studied the post=buckling behaviour of simply
degree of longitudinal and transverse stiffening, The stiffeners were assumed
closely spaced such that local instability could not develop and the plate could
be treated as a homogeneous orthotropic plate, The unloaded edges were
assumed stress free,  iViaking some simplifying assumptions, solutions were
obtained by means of an energy method for the critical buckling load, membrane
and bending stresses in the buckled condition and the buckling amplitude of
long stiffened plates, which may be initially deformed or flat,

(33)

Levy and Coan’s works were later extended by Yamak to obtain

solutions for rectangular plates with the sides either all clomped, or all simply
supported, or two opposite sides clampaed and the other two simply supported.
The membrane boundary conditions investigated were, that the loaded edges
remain straight and the unloaded edges may either be stress free or be kept
straight, MNumerical results are given for the non-linear variation of the
central deflection and stresses in the plate with end=-thrust, The plates may be
initially flat or deformed, The shortening of the plate under the applied
loading is determined, and hence the effective width of the plate discussed,
Formulae for the ultimate load of the square plote were derived for each case
by using the maximum shear theory for the beginnégg)of yielding, Experiments
d

conducted to confirm the results are also reporte . The analysis, however,

does not consider transverse loading,



-33-

Bauer(ss) transformed the von Kaman equations into two pairs of second
order simultaneous equations as described before, and by using a finite
difference technique obtained solutions for the post=buckling behaviour of
inttially flat simply supported rectangular plates subjected to uniaxial e nd

thrust,

Critical Buckling Loads of Plates
The problem of the critical buckling of plates has been attempted by many

investigators, A full account of the methods of treatment of the problem and
the range of available solutions are given in the standard text books(zo) +(24) .
The methods of solution initially proposed mainly refer to the standard cases
of simply supported or clamped plates under uniform end thasst, When the
loading is not uniform and the plate is not isotropic, the rigorous solution may
become practically impossible, Approximate methods were later devised and
widely used, giving upper bounds and lower bounds of the critical loads,
Richk:arln:ison(g6 suggested a finite difference procedure for the determination
of the characteristic values of the differential equations, which is applicable
to the evaluation of the critical buckling load of the plates, Collaz(37)
independently investigated the use of the finite differences for the same purpose,
Soufhwell(Ss) presented the relaxation method for obtaining the critical

buckling loads, Later, Boley(39)

developed three numerical methods similar
to the Southwell’s relaxation procedure.
Salvadori and Bamn(4o)

of finite difference approximations to the buckling problem, The authors

made a comprehensive study of the application

reduced the problem to the solution of a system of simultaneous algebraic
equations, and by means of a successive approximation technique which was
greatly improved by a simple method of extrapolation obtained solutions for

several nonstandard cases,
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The Analysis of the “Double~Bottom” of Ships

The "double-bottom” which constitutes the bottom of most dry cargo

ships is made up of an inner and outer plating connected by means of web
members, The webs may be solid or provided with holes for lightening and
inspection purposes. Webs in the transverse direction spanning the sides of
the ship are called floors and are usually placed at approximately 9 feet centres,
Webs in the longitudinal direction are referred to as centre girder {if at centre)
or intercostals and may be spaced at 15 feet intervals.  In addition, there are
struts which serve to maintain the skins at a fixed distance; and brackets
which provide local stiffening of the structure,  Bulkheads, which are trans~
verse diaphragms and subdivide the ship into compariments are made up of
stiffened or corrugated plates.,  The bulkheads could be spaced at 1,5 times
the width of the ship.

The double bottom structure is extremely complex.  This is in part due
to the constructional considerations and details,

The extemal loads on sections of double bottom bounded by the sides of
the ship and two adjacent bulkheads are primarily:

(i) Transvere loading, due to water pressure from outside and due to

cargo from inside,

(ii) Longitudinal end-thrust due to the overall banding of the ship.

The structural analysis of the double=bottom may be regarded to consist
of the study of the overall behaviour of the section under the external loading,
and the study of the behaviour of the constituent components of the structure
(local behaviour), In this thasis attention is focussed on the local behaviour
of the plating of the outer shell (skin),

For the purpose of the analysis of the overall behaviour of the double=-
bottoms, investigators have considared the effects of the transverse loading and

the end-thrust separately, For the evaluation of the stresses due to transverse
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bending, beam and grillage approaches have been frequently used, It was
only recently that attempts were made to utilise the plating’s substantial

contribution to the bending and torsional rigidities of the basic grid structure

in the theoretical analysis.
6 chago41):(42),43)

orthotropic plate, the stiffnesses of which are the same as those of the actual

approximated tho deuble=bottom as a homogeneous

double~bottom assumed to be uniformly spread, By means of an energy method

* the author obtained solutions for the orthotropic plate’s differential equations
and presented design curves and tables for double-bottom structures, from which
* deflections, bending and shear stresses can be estimated, The boundary

~ conditions of the orthofropié plates considered were, all edges simply supported,
all edges clamped or two opposite edges clamped and the others simply
supported, Provision is made in the analysis to account for the variation in
bending stiffness across the width of the plate for the cases when the centre
girder is stiffer than the intercostals,

(44)

behaviour of doubly-plated grillages in order to investigate the influence of

Orthotropic plate theory was later applied by Chapman to the ovenall
the distribution of material between the flanges and the webs, The theoretical
results obtained were confirmed by a model test,

Miore elaborate models tests were subsequently carried out and reported
with reference to stiffened plates in ship structures and in conjunction with

(43),(46):(47):(48)_ A survey of recent developments in the

theoretical analysis
structural design of ships and a comprehensive list of references is given in
Ref,(49),

The plate panels of the outer shell may have unstiffened spans of 30 in,
and are normally befween-ll in. tog in, thick. They may be initially
deformed, The maximum deviation from flatness of a panel is in the order of

C.1in, As for their loading, the panels are subjected to transverse pressure
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due to water and simultancous biaxial thrust in their planes, The axial thrust
is partly due to the transverse bending of the double=bottom and partly due to
the overall bending of the ship,  For their stress analysis, the panels may be
treated as initially deformed plates under inplane and transverse loading,

Lockwood(27) applied the small deflection theory of plates under inplane
and transverse loading to the ship’s outer plating,  The method of approach
and the results obtained are discussed before,

A full theoretical investigation of the behaviour of the outer shell plating
was undertaken by Bleich(24)' (25)*. Munuy(so) has, after a discussion on
the build up of permanent set in the plate panels of the outer shell, proposed a
theoretical approach for the evaluation of the effective load carried by the
plate panel in compression, The effect of the rotational restraint exerted by
the adjacent panels is taken into consideration,

(51)

solutions available for the plates under combined loading,  The author con-

24)

cludes that the linearised solution put forward by Bleich(_

Young'™ '/ conducted several plate tests to verify the few theoretical

is sufficiently

accurate for design purposes,

Crigins and Scope of the Present Research

It is clear from the foregoing review that a very small number of solutions
are avgilable for the non=linear behaviour of plates subjected simultanzously
to inplane and transverse loading, The available solutions are those due to

Levy and Bleich,

*See page 29,
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In Levy’s solutions the plate is initially subjected to a uniform transverse
pressure; the end-thrust is then introduced and raised. It appears from the
literature that only three coses have been attempted so far,  INumerical
results are available for two specific values of transverse pressure in each case,

In Bleich’s presentation, for given values of end-thrust, the central -
deflection and stresses are given for increasing values of transverse pressure,
The solutions are obtained with extensive simplifications, The analysis does
not account for the membrane boundary conditions,

In view of the importance of the subject, the apparent shortcomings in
the theoretical analysis and the rarity of the available solutions, some fruitful
objectives would be the following:

(i) To give an overall picture of stresses in the plates necessary for

the full comprehension of the non-linear behaviour of plates,

(ii) To examine the influence of some of the more important factors

in the non=linear behaviour of plates, such as the description of loading

and boundary conditions,

(iti) To give results for the extension of the available published knowledge

on the subject,

The present research started with the intention of studying the overall and
local behaviour of ship’s double-bottom structure, & onc=eighth scale model,
to be tested in bending and compression, was under construction,  The project
embraced both experimental and theoretical analysis forming part of a research
programme sponsored by the B.S, R.A.(IS),(SS). The author was engaged in
planning the test programme, the design of the loading rig and the instrumentation
of the model, The progress of construction, together with the preliminary

theoretical results were reported a year later in Ref.(52).
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Construction of the model, design and fabrication of the loading rig, and
the instrumentation, were major uidertakings, By the time the construction
was complete, preliminary tests conducted and the first loading stage started
two and a half years had elapsed, At this stage it was decided that the
author should henceforih concentrate on the extersion of the theoretical analysis;
the scope of which excceded the original expectaticn and encourgged this
shift in emphcsis(53).

Mr, D, Williams then tock charge of the model and prepared a report on
the first stage of the fesrs(54)°

As far as the author was concemed thereafter, the object of the research
was to provide a theoretical basis for the analysis of the elastic non=linear
behaviour of rectangular plates under the combined action of inplane and trans-
verse loading, with special reference to the double-bottom structure; and in
doing so

(i) To allow for continuity of the plate beyond its supports by

introducing rotational, sinking, extensional and tergential restraints

at the boundaries.

(ii) To consider the boundary condition relating to individual

plate elements within an array of such clements under symmeatrical

loading,

(iii) To study the significance of methods by which the inplane

loading may be specified, namely, applied force, appiied displacement, -

or a combination of both, Also, to examine the influence of membrane

boundary conditions on the linearised solutions and the influence of
flexural and membrane boundary conditions on the non-linear solutions,

(iv) To develop a method for the effective representation of concen=-

trated transverse loading.
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(v) To account for initial deviations from flatness in the analysis of
plotes,

(vi) For the purpose of design to examine the effective width concept

for accounting for the loss of stiffness against end~thrust due to transverse
deflection of plates, This may be due to transverse pressure, initial
deformation or buckling,

(vii) To extend the method of analysis to the evaluation of the critical
buckling loads of orthotropic plates under general inplane loading.
Clearly, a treatment of this generality will find applications in many fields

of the structural engineering, and some of these have already been instanced

(page 9).
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CHAPTER 1l

THEORY

CGeneral. The elastic non~linear behaviour of plates can be expressed by two
simultaneous fourth order partial differential equations, The equations are
in terms of the transverse deflection of the plate and a stress function (Airy)
related to the state of membrane stresses in the plate,  From the solution of
these equations together with the specified boundary conditions, the flexural
actions (bending moments and normal shear) and the membrane stresses (inplane
direct and inplane shear stresses), and also the displacements can be evaluated,
The equations were first derived by von Kannan(]) for isotropic plates; later
they were modified to be applicable to other types of plares(z) (3),(28) . The
direct solution of these equations in the general case is unknown; however,
few  approximate solutions of the problem are available as discussed in
chapter I,

In this chapter the present method of solution, the scope of its application,

and the fac tors considered in the analysis are outlined,

Scope of analysis

1) Continvity. Plates are seldom used singly, but are normally built and act
as part of an assembly, Details of the joints, and the way in which the plate
panels resist the external loading varies extensively. The assessment of the
boundary conditions of individual plates within an assembly and their
theoretical treatment is itself a problem often more difficult than the analysis
of the interior of the plate,

To consider the effect of continuity of the plating beyond its suppors,

elastic flexural and membrane restraints are assumed at the boundaries. These
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are edge~-restraints against (i) rotation, (ii) displacement perpendicular to the
plane of the plate, (iii) inplane extension, and (iv) inplane displacement of
edges parallel to themselves (tangential displacements), These edge-restraints
may be represented in the form of discrete elastic springs of uniform stiffness
along the edges as shown in Figure ([I=1). The stiffness of the edge-restraints
of the opposite sides is assumed to be the same, The edge-restraints chosen
are necessary and sufficient to exhibit all the possible types of movement of the
edges,

If the stiffness of a particular spring is assumed either zero or infinity, the
two limiting boundary conditions which correspond to the movement of that
spring emerge (e.g. simply supported or clamped respectively in the case of
elastic rotational edge-restraints), Thus edge-réstmints type (i) ond (ii) to-
gether can describe four limiting flexural boundary conditions which are
considered in the analysis, and are designated as shown in Figure (A-1) of the
notation. The remaining two edge-restraints give rise fo four limiting
extensional boundary conditions which are shown on the first four rows of the
Figure (A-3) of the notation, In addition, two other membrane boundary
conditions are considered which are listed in the same figure,

For the purpose of theoretical analysis, panels in an assembly are analysed
in isolation, The restraint exerted on a given panel, by the structural elements
adjacent to it, can be estimated and approximately represented by elastic
edge-restraints at the boundaries of the theoretically isolated panel, In this
case, the plate is referred to as having intermediate boundary conditions,

2) Loading, Both transverse and inplane loadings are considered.  In most
cases these are assumed to be symmetrical about the centre lines,

i) Transverse loading.  For transverse loading the analysis allows any patch
load of any shape and area to be closely approximated,  Line loads and

uniformly distributed loads form special cases of a general patch load,
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At the boundary, any distribution of slope or any distribution of applied
bending moment may be specified.

In addition, provision is made for the deflected profiles of the unsupported
edges to be prescribed.

ii) Inplane loading may be applied in one of the following three forms:
(a) ony distribution of direct stress, (b) any distribution of edge displacement,
and (c) edge remains straight and translates under the action of a total specified
force, The loading and the boundary conditions of individual members of
assemblies made up of identical plate members may be approximated by loading
condition* (¢).

Uniform end-thrust or uniform edge displacement are special cases of the
above loading conditions,
3) lInitial deviations from flatness, The analysis accounts for the initial
deformation of plates which may be described, (i) by a trigonometrical expression,
(i1) by an algebraic polynomial, or (iii) the actual deflection contour of the
plate may be given,
4) Anisotropic properties, In the analysis the plates are assumed to be homo-
geneous and orthotropic; further, the orthotropic properties are assumed to be
orthogonal and parallel to the sides of the plate, Stiffened plates in which
the distribution of stiffness is uniform and also the stiffeners are closely spaced
aro idealised as orthotropic plates for the analysis of their overall behaviour,

lsotropic plates are treated as special cases of orthotropic plates,

Fomulation
i) Equafions. The derivation of the non-linear equations of initially
deformed orthotropic plates is given in appendix B, From equilibrium and

compatibility considerations of an element of plate subjected simultaneously
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to flexural actions and membrane forces (Figure B-1), the two goveming
equations (B~14) and (B-15) are derived, The former equation refers to the
bending of the plate and the latter to the membrane action, The boundary
conditions considered are also derived and discussed in the same appendix,

To increase the applicability of the solutions obtained, the goveming
equations fogether with the boundary conditions are non=-dimensionalised, using
the non~dimensional ratios defined in the notation (equations (B=16) and (B-17)),
The non~dimensionalised sectional ccticns (flexurcl gctioms and membrane forces)
and loading are also given in appendix B, Thus, the results of specific plate
problems solved become applicable to the range of plates having the same non-
dimensional parameters,

The generolity of the solutions can be increased even further if plates to be
analysed are first transformed into a new coordinate system which is appropriately
chosen so as to reduce the number of plate parameters required fo obtain specific
solutions, This transformation is discussed in appendix D,

ii) Finite difference approximations, In order to obtain numerical solutions,
the goveming equations (B~16) and (B-17) and the boundary conditions are
expressed in temms of first order finite difference approximations, Central
differences are used throughout, To increase the accuracy of solutions for
plates in which the boundary conditions involve the rotation of the edges, slopes
at the boundaries are expressed in terms of four node points instead of three
(see appendix £ for improvement in the sofutions),

The finite difference approximations are derived for an orthogonal mesh of
unequal mesh lengths (graded mesh), and are given in a general form in
appendix C, Craded meshes are employed in the following cases to improve |

the accuracy,
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a) For transverse patch loading the mesh is concentrated under the load,

in order to accommodate the local rapid change of curvature, and in

order fo closely describe the patch.

b) Adjacent to the boundary of clamped plates the mesh is rade finer,

c) For plates with unsupported edges, the mesh is made finer in the

vicinity of the edges and consequenily at the corners of the plate,

The goveming equations of the plate, and the boundary conditions, expressed

in ferms of the finite difference approximations are given in appendix C,

Solution

The goveming equations are non-linear because the flexural action equation
(B=16) involves, besides terms in W, products of W and F, and because the
membrane action equation (B-17) contains F and products of Fand W, This
mathematical non-linearity reflects the physical non-linearity of the problem,

If in the first equation F is assumed zero, or assigned a given value, the
equation becomes linear with one unknown in W and can be solved independently,
in the cose of F being zero, the equation describes the classical small deflection
behaviour of transversely loaded plates, when values assigned to F relate to the
distribution of membrane stress in the initially flat plate under the action of
inplane loading alone, m!ations obtained are linearised solutions,

Similarly in the membrane action equation, when W is assumed zero or given
a finite value a linear ~qaiion in F results which can be solved completely.

The former case refers to the extensional problems of flat plates,

From the foregoing discussion it is evident that the solution consists of
several stages, (i) small defizction of transversely loaded plates, (ii) plane
stress problem of flat plates, (iii) linearised solutions of plates under combined
loading, and (iv) the non-linear solution of plates,  The first three stages may
each be regarded asa spzcial case of stage (iv), In the work presented in this

thesis the first stages were developed and examined separately, and subsequently
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incorporated in stage (iv). In addition, the work Was ‘exfended to include
the evaluation of the critical buckling load of plates in stage (v), which is
essential for the analysis of plates under combined loading.
Stage (i) Small deflection solutions of transversely loaded rectangular ortho-
tropic plates,
This stage of the analysis is developed and programmed allowing for the
following parameters to be designated,
a) Length to breadth ratio of the plate,
b) Number of divisions of the mesh in x and y directions, The mesh
may be uniform or graded; if graded, the mesh lengths must be defined,
In obtaining solutions, the matrices formed are partitioned. This
reduces the computation time and storage needed, and consequently it
permits a finer mesh to be used, The maximum number of nodes used
was about4-20 (in a quarter of plate) in the case of a plate subjected to
a patch load of varying intensity, In most of the plate problems,
however, 60 to 10C nodes (in a quarter of plate) gave sufficiently
accurate results for design purposes,
¢) Flexural rigidities of orthotropic plates may be specified,
d) Plates moy assume any of the 25 coses of limiting flexural boundary
conditions given in figure (A-53). For intermediate boundary conditions
the stiffness coefficients of elastic rotational edge-restraints and of
elastic edge-restraints against displacements perpendicular to the plane
of the plate must be given, The coefficients of edge-restraints on
opposite edges are to be the same, For plates of group B in figure (A=5)
only the opposite symmetrical boundaries may take intermediate boundary
conditions, For group C of the same figure only the limiting boundary

conditions may be specified,



- 47 -

e) Transverse loading to be specified is as discussed before in this

chapter, The designation of slopes or moments, however, applies

only to the boundaries which may assume intermediate conditions,
Although only one quarter of the plate is programmed, solutions for

the unsymmetrical loading cases may be obtained by resolving the load

into symmetrical and antisymmetrical components and using the principle

of supemposition of effects,

Two examples of the small deflection of plates under transverse loading are

given in chapter lil,

Stage (ii) Plane stress solutions of rectangular orthotropic plates,

In this stage of the analysis in anticipation of the later incorporation of
various stages, the specification of the plate parameters is chosen to be very
much the same as in the previous stage. The relevant parts of stage (i) therefore
hold true for the extensional problems, The matrices set up, however, are
not partitioned, because of the foreknowledge that the inversion operation
needs to be carried out only once for the later non-linear analysis of any
specific plate problem; and also because it was found that the accuracy of the
results obtained is not very sensitive to the mesh fineness,

The loading specifications are as discussed before in this chapter,

Stage (iii) Linearised solutions of orthotropic plates under combined lodding,
Stages (i) and (ii) are combined., The distribution of membrane stresses
in the plate is determined by treating the case as a plane stress problem (from
equation (B-17)),  With this distribution, which is assumed to remain unchanged,
the Flexural action equation of the plate is solved,
It must be noted, however, that the principle of superposition does not

hold true for this stage of the analysis or for the non=linear behaviour of plates.
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Stage (iv) Non-linear solutions of rectangular orthotropic plates under
combined loading.

This is an extension of stage (iii), and the parameters already discussed
may also be specified for this stage of analysis, In contrast to the linearised
solutions, in this stage for each specific value of loading a new solution must
be oktained, due to the non-linearity of the problem. The counkeraction of
plate to increments of loading is govemed by the state of stresses in the plate,
and possibly the loading history,

For each specific value of combined loading the solution is obtained by an
iterative process, based on the preceding state of membrane stress and the
deflected profile of the plate. The method consists of altemate and repeated
solutions of the flexural action and membrane action equations, Each equation,
when being solved, is made linear by assigning to W or F their latest values
and by treating them «s constants, Solutions obtained for each cycle (one
solution of the flexural and one of the membrane action equation) are compared
with those of the previous cycle. The comparison is made for all the nodes of
the mesh, including the fictitious nodes, If the values (of W or F) are found
fo have improved less than a specified accuracy, the solution is assumed to have
converged, The load is then incremented to the next value and the procedure
repeated,  But, if the comparison reveals that the accuracy is not reached,
the values of W or F obtained are appropriately modified and used in the next
cycle,

The present work has been developed, such that the loading (transverse or
inplane in any of the forms described before in this chapter) may be applied
in any sequence and incremented in combination or individually,

The plate parameters and the boundary conditions together with the various

types and sequences of loading describe numerous plate problems which can
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readily be analysed by the present work, In studying the non-linear behaviour
of plates under combined loading previous investigators have always first
introduced either transverse pressute or inplane l.oading, While the magnitude
of the initial load is kept constant, the other type of loading is applied and
raised incrementally, For the examples given in this thesis the same procedure
is adopted and the solutions obtained are divided into (i) those with constant
inplane loading and (ii) those with constant trunsverse loading,

A list of the rectangular plates under uniform inplane loading which could
be solved by the present analysis is shown in figure (A-7),

The large deflection behaviour of transversely loaded plates and the
behaviour of initially deformed plates subjected to end -thrust are special cases
of this stage of the analysis.  Figure(A—6) shows the rectangular plates with
various limiting membrane boundary conditions which can be treated by this
stage of the analysis,  For initially deformed plates, however, it must be noted
that the initial deformations specified must also be assumed symmetrical about

the centre lines of the plate if the transverse loading is so assumed,

Stage (v) Critical buckling load of rectangular orthotropic plates,

Several numerical methods exist for the evaluation of the critical buckling
loads of plates, The method adopted here is the one most suitable for
extending the analysis already undertaken,

In stage (iii) of the analysis, the eigenvalues of the square matrix formed
from the flexural action equation correspond to the buckling loads of the plate,
the lowest being the critical buckling load, The eigen-vectors correspond to
the deflected profiles, The cigenvalues together with the eigen-vectors of

such matrices can be determined using the available standard iterative methods,



In the present case, however, due to considerations in the analysis of the
non=linear behaviour of plates, the problem is so formulated that the eigenvalues
can be readily determined, leaving the eigenvectors (deflected profiles) to be
evaluated separately,

The square matrix set up in stage (iii) of the analysis will be singular for
its eigenvalues,  These are evaluated using @ method of successive approxi-
mations as follows, For increasing values of the inplane loading (usually
starting from zero) the determinant of the matrix is evaluated and noted, A
change of sign in the value of the determinant indicates the interception of a
characteristic value of the matrix, Cuided by this change of sign the last
increment of inplane loading (within which the characteristic value lies) is
repaatedly halved, the inplane loading accordingly adjusted and the detemminant
newly evaluated, until the change in two successive values of the inplane
loading is less than a specified percentage of the last value. The solution
is then noted and the incrementation of the inplane loading continued in order
to intercept the next characteristic value corresponding to a higher mode of
buckling.

In appendix E, examples of the critical buckling loads of plates using the
above method are given,

Due to other commitments and shortage of time the second phase of this
stage of analysis (determination of the buckled profile) is not developed at the

time of the preparation of this thesis,

Computation
The bulk of the work is programmed for the University of London Atlas

computer using EMA (Extended Mercury Autocode) language,  Series solutions

are programmed for the Imperial College IBM 7C9C computer using Fortran IV,
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A description of the iterative method used in the analysis is given in
appendix F,

As far as the computation time is concerned, this is primarily a function
of the number of nodes in the mash chosen for any specific plate problem, and
of course the number of times the problem is being solved, The following is
an approximete estimate made on the basis of the present computer arrangements
and the author’s programs,

For small deflection solutions of transversely loaded plates with a quadrant
of plate covered by 225 nodes (as in the examples given in this thesis) the
computer’s execution time for each plate problem is approximately 45 seconds,
If the .aumber of nodes is increcsed to 420, the time is | min,

The non-linear analysis of plates subdivided into 64 nodes ﬁ{-of plate), and
subjected to 11 load increments takes 3 mins. execution time., For the same
problem a subdivision into 1OC nodes, takes 5 mins, At the end of each load
increment, from the values of deflection and stress function to which the solution
has converged the bending moments and membrane stresses af all the nodes, and
the extension and rotation of the plate at the boundaries are evaluated, This
is followed by checks on the equilibrium of membrane forces in the plate,

The storage required is approximately equal fo the space taken by two square

matrices, the dimensions of which equal the number of the nodes.

Accuracy

In all the non-linear solutionz given in this thesis an accuracy of O,5%
has been specified, This means that the numerical values obtained are within
C.5% of the value to which the present solution would have converged, The
mode of convergence is as in damped oscillations, No exact solutions are
available for the non=lirear results; these are therefore compared with the few

available approximate solutions. Agreement with these solutions is very good.
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Also in cases other than the non-linear solutions, the results obtained were
examined for their accuracy and were found to be very satisfactory in this

respect,
Appendix E deals with details of the accuracy checks made for each stage

of the analysis,

Presentation of results

The theoretical results obtained are given graphically and in tables, Most
of the graphs show the variation of central deflection and moment with the
applied loading, and also the profiles of the deflection, moment, and membrane
forces along the centre lines and boundaries for maximum Iocding reached.

The numerical values obtained for sectional actions and displacements are given

in the tables with the corresponding extemal loading,

The results given can be interpreted in three ways: they may refer to (i) iso-
tropic plates, (ii) groups of orthotropic plates non-dimensionalised as in Appendix
B, and (iii) groups of transformed orthotropic plates as denoted in appendix D,
PLATE PARAMETERS. GCenenlly five plate parameters must be specified in
order to obtain non~-linear solutions for a given plate problem. These parameters
which are defined in the notation are as follows:

e’ P' ).  Virtual side ratio, For isotropic plates it equals the actual
side ratio ( £ or ).

a Equivalent flexural stiffness ratio,  This is @ measure of the
torsional rigidity of plate relative to the flexural stiffnesses, and
is equal to 1 for isotropic plates,

§] Equivalent extensional stiffness rotio.  The inverse of B is a
measure of the inplane shear rigidity of plate relative to its

extensional rigidities, It equals 1 for isotropic plates,



¥ This parameter relates flexural and extensional rigidities and is equal
to 1 for isotropic plates,
Poisson’s ratios.  For the membrane action, these are specified in the form of

V \2( . \)y for transformed plaies, For plates non-dimensionalised
m ‘m

according to appendix B, they are designated individually, In the
case of membrane boundary conditions being defined in terms of stresses,
Poisson’s ratios for membrane action need not be specified, For
plates on flexible supports, however, Poisson’s ratios in bending must
be given. In most of the solutions obtained (although not necessary
for deflection) Poisson’s ratios in bending were both assigned a value
of (O.3) in order to evaluate bending moments of the special isotropic
cases,
BOUNDARY CONDITIONS AND LOADING, For each particular plate
problem solved, the boundary conditions and loading are represented symbolically
on the graphs and in the tables, The symbols used are defined in the notation,
They are denoted by means of two rectangles, having the same aspect ratios
as the special isotropic case to which the results refer, The first rectangle,
bearing the cartesian coordinates, describes the flexural boundary conditions
and the transverse loading. The second rectangle indicates the membrane
boundary conditions and the inplane loading, A numbering system as shown in
the notation is used in conjunction with the symbols to assist in the identification
of each problem, Each non-linear problem is described by two numbers
separated by a dot,  The first number refers to the flexural boundary conditions
and the second number identifies the membrane boundary conditions and the
inplane loading,
MESH. The fineness of the mesh used for each problem is indicated in the
tables by (2 1) x (2J) denoting the number of subdivisions of plate in x and y
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directions respectively, Gruded meshes are assigned numbers and are shown

at the end of figures of the theoretical results,

ACCURACY, . This refers to the limiting accuracy specified in the iterations, -
POSITIONS OF SECTIONAL ACTIONS AND DISPLACEMENTS, The sectional
actions and displacements appearing in the graphs and the tables are each

assigned a numerical suffix to indicate the position in the plate to which they

refer,
Suffix 1 refers to the position x = O, y = C
y 2 70 7 ol x = 72, y=0
#® 3 & & " x = O, y=b/2
c4or om0 =%, y= b

The coefficients relating to isotropic plates are based on Poisson’s ratio of
0.3; in the figures these coefficients are given in parenthesis. For plates
with other values of Poisson’s ratio, where applicable, the factors can be readily
recalculated., The quantities given in the graphs or the tables are given in the
following,
DEFLECTION, The deflection ratio W’ is
(i)  For isotropic plates W’ = 3,305 w/h,
(ii), (1ii) For orthotropic plates W' = ‘/E;7D_x oW

TRANSVERSE LOAD, The transverse pressure ratio represented by Q' is

(i) for isotropic plates Q' = 36,09 T .4
b

4
(if), (iii) for orthotropic plates Q' = -B-;.\/ C/Dx.q

For patch loads, Q is the intensity of the transverse loading over the loaded

areqa,
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BENDING MOMENT, The solutions would have been more general if curvatures,
directly derivable from the deflections, were given instead of bending moments,
from which the latter can be found for known values of Poisson’s ratio, In

this thesis, however, on the assumption that the results will be referred to more
frequently for isotropic plates with Poisson’s ratio equal to ©.3, bending moment
ratios are given, For crthotropic plates, therefore, curvatures and subsequently
bending moments must be calculated from the given bending moment ratios using

the following relationships.

Z
- . . [ — p a
(i) for isotropic plates = 36,09 EI,T Mx
2

NS = 36,09 —2M
lY Ehz Y

2
M = 36,09 ~— M
4 EWd XY

(ii) for non~-dimensionalised plates according to appendix B as for (iii)
below with A= 1,

(i7i) for transformed plates

M = R ATTE e 2Ty
x >/ x ', 2 b )
ox dy
2 2 62w 62w
My = aVC/D (Vg V)
d ox
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Bending stresses can be found from tha bending moments in the usual manner,
MEMBRANE STRESSES, INPLANE LOADING, The membrane stress ratios

ara 2 5
(i) for isotropic plates, N’ = 10,92 —-2- __E>_<_
- . h
2 O’y
I A 4
Ny = 10, 92-!1-2— £
2 dxy
7 = —
ny 10,92 hz E

(ii) for plates non=-dimensicnalised according to appendix B as for (iif) with

A=1,

2
(ifi) for transformed plates N)'( = Ta)__ . N
X

1
N = 3 —_ N
Dx )‘2 y
02 1
N = o
ny D ')\'ny

TOTAL FORCE. Total inplans force aleng each edge is represented in the
same way as membrene stresses, with the difference that the former refers to
total force per side instead of force per unit width as in the latter,
INPLANE DISPLACEMENTS, The inplane displacement ratios are

(i) for izotropic plates U’ = 10.923-2— .U

1
b
0
N

‘a
<

VI
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(ii) for plates non-dimensionalised according to appendix B as
for (iii) with A=1,

(iii) for transformed plates U’ = a)\-ﬁ— .U

VI

il
Q
>
<

PROFILES, Profiles of the deflected shape of the plate, the distribution of
membrane stress, and the inplane displacements at the boundaries as given refer
to all the plates of the transformed group, whereas the bending moment profiles
refer only to the special isotropic cases, It must be noted, however, that in
the case of membrane stresses, the profiles relate to the distribution across the
base line,

CENTRAL DEFLECTION, Unless otherwise specified, valuves given for w

correspond to the deflection at centre of plate,

EXAMPLES, Numerical examples for the use of tables and figures are given

in appendix G.

RESULTS

In the following figures, the plate problems which are discussed in this

thesis are listed, They are selected to serve three purposes, (i) to demonstrate
the scope of the present analysis, (ii) to study the influence of a variety of
factors on the non-linear behaviour of plates, and (iii) to provide numerical
results to be consulted in the design of plates under combined loading,

Due to limitations in time the potentialities of the analysis have not yet

been fully exploited,
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CHAPTER Il

Theoretical Results

Most of the theoretical results given in this chapter are devoted to non-
linear solutions of rectangular plates, Two examples of small deflection
solutions of transversely loaded plates are included at the end,  For plane
stress problems and for the critical buckling load of plates, examples indicating
the type of the solutions which can be obtained from the present analysis are
given in appendix E, The same appendix is to be referred to for a discussion
of accuracy of results and a comparison with the available solutions,  For
definition of the non-dimensional parameters used, ”Notation” and
" Presentation of results” in chapter |l should be consulted,

Solutions presented are subdivided into groups as follows:

Non=linear solutions of transversely loaded plates

In order to have a basis of comparison for the influence of inplane loading
on the behaviour of plates under combined loading, non-linear solutions
were obtained for the same plates under transverse loading alone,  Also the
effects of boundary conditions and aspect ratio on the non-linear behaviour
of plates may be studied tentatively before solutions become more involved due
to the presence of inplane loading.  This section being common to parts of
previous work“s)’ (16) done on the subject has served in providing a check of
the results before solutions were obtained with inplane loading. The solutions
given in this section extend the range of existing results and reveal some
phenomena in the large deflection of plates not previously observed,

The maximum value of transverse pressure was chosen such that under the

intended combined loading the central deflection of 2ach plate analysed would
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be of the order of 2-3 times its thickness., The loading was, in most cases,
raised to its maximum value in 10 increments,

1) Simply supported plate under transverse pressure, Solutions are
given for four different membrane boundary conditions, namely, plate 1.(1),
1.(6), 1.(13) and 1,(15). Resulis are shown in figures 1-4 and listed in tables
1-4,

For plate 1,(15), in which the resultant direct membrane stress along each
edge is zero, no finite difference solutions have been available before,

This membrane boundary condition was developed to simulate the boundary
conditions of individual plate elements of panels made up of identical arrays
of such elements under symmetrical loading,

Figure 1 shows the variation of central deflection with fransverse pressure,
The tangent to the cruves at the origin is the linear solution, It can be seen
that for a given transverse pressure, plates fixed at the edges against inplane
movement deflect least, while the highest deflections are exhibited by plates
free from membrane stresses along the edges.  The central deflections of
plates 1,(13) and 1.(15) lie between these two limiting cases,

In all the four cases membrane action hes the effect of reducing curvatures
at the centre relative to the regions away from it (figures 2 and 3) and conse-
quently the position of maximum moment shifts from the centre towards the sides
(for square and rectangular plate).  For given values of transverse pressure,
the shift in the position of maximum moment is most pronounced for plates
1.(1) and leas: for plates 1.(6).

Membrane stresses at the centre and total membrane forces at the boundaries,
after the initial slow rate in their development, increase steadily with the
applied transverse pressure (figures 4 and 5),  The distribution of membrane
stress across the centre lines and boundaries is shown in figure 6 relating to
the maximum transverse pressure reached.  For a given intensity of transverse

loading, the maximum membrane stress is develeped in plates with free edges
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and occurs as compiession along the mid-point of the edges. Since there is
no extemal inpiana {ocding, the membrane stresses shown are in self-
equilibrium for all the four cases, In plates 1,(13), as a result of the
tangential restraint of the unloaded edges, the direct membrane stresses along
the mid=-point of these edges are zero, High tensile stresses across the mid-
point of the edges in plates 1.(6) and 1,(15) are evidence of the greater
tendency of the central portion of the sides to move inwards under the applied
loading. Maximum shear stress at the edges in plate 1,(13) is encountered

at a distance of about one=-sixth of the side from the comer,

2) Clamped piates under tronsverse pressure,

Clamped plates with four membrane boundary conditions are analysed,
namely, plates 5,(1), 5,(10), 5.(13) and 5,(15). The results are shown in
graphs 7-12 and are given numerically in tables 5-8,

The effect of membrane boundary conditions on the central deflection
(figure 7) is the same as for simply supported plates, A similar influence
is exhibited on the central moments (figure 8), The membrane boundary
condition of edges fixed against inplane displacements (10), causes the highest
tensile stress to occur at the centre of the plate (figure 9). The influence of
membrane boundary conditions on curvatures and moments is also similar to the
corresponding simply supported cases (figures 10 and 11).  The variation of
bending moments over the centre of plate becomes smoother with the increase
in membrane action,

The distribution of membrane stress azross or along the centre line and the
boundary are shown in figure 12, For plates 5.(1) and 5.(10) the distributions
are similar to 1(1) and 6, (1) already discussed, In plates 5.(15), however,
the magnitude of membranc stresses across the boundary are smaller than the

corresponding values across the centre lines, The comers of plate, in this
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case, are subjected to a direct tensile stress, A close examination of the
extensional displacement profiles of the edges revealed that for simply
supported plates 1.(1), the angle between the sides (originally 9O degrees)
at the comers gradually reduces as the transverse pressure is incremented,

whereas for clamped plates 5.(1) it gradually opens.  From this observation
it appears that for clumped plates, if the edges are forced to remain straight

{os in 5.(15)), it is logical to expect a tensile stress at the comers immediately

followed by compression,

3) Simply supported plates under transverse loading (variation of aspect
ratio).

Simply supported plates with two membrane boundary conditions are con~
sidered, namely, the case of stress free boundaries 'I(]) and the case of edges
fixed against extensional displacements but free from inplane sheax stre'sseél. (6)'
For each case three aspect ratios 1, 1 : 1,5 and 1 : 3 are analysed, Results
are shown in figures 13-22 ard are given in tcbles 9-12,

For the case of the stress-free membrane boundary condition, deviation
from the linear solutions for central deflection and central transverse moment,
as a result of the membrane action, is largest for plates with an aspect ratio
of 1 ¢+ 1,5 (figures 13 and 14), | can be observed from the tables that, in
this case, the sum of the principle tensile stresses at the centre of plate is
a maximum for the aspect ratio 1 : 1.5, In the case of plates restrained at
the edges against translation, however, this deviation is most pronounced for
plates with an aspect ratio of 1 : 3 (figures 15 oand 1),  In this case, the sum
of the principle membrane siresses at the centre of plate for a given transverse
pressure is almost constant for the three aspect ratios. The transverse membrane

stresses, however, are largest for an aspect ratio of 1 : 3,



- b7 =

For plates 1,{5) with an asgect ratio of 1 : 1,5 a central deflection equal
to 1.5 times the plafe thickness causes the maximum longitudinal moment
(1/6b from the shorier sides) to become 70% more than the moment at centre
(figure 18), The same effect is even more pronounced for plates with aspect
ratios of 1 ¢+ 3, as shown in figures i? and 20. In both cases, however, the
absolute magnitudes of the momentis are still substentially less than the maximum
moment of plate as given by the lincar theory,

The distributions of membsane stress are shown in ﬁgurés 21 and 22, For
plates 1,(1) with an aspect ratio of 1 ¢ 3 the transverse direct membrane stresses
are negligible at the centre, and the magnitudes of the longitudinal direct
stresses are relatively small considering the magnitude of the central deflection
(figure 22), The distribution of membrane stress within the central region of
plate 1.(6) for an aspect ratio of 133 is similar to an infinitely long strip under

transverse pressure with the same membrone boundary conditions.

4) Clamped plate under transverse pressure (variation of aspect ratio).

As in the previous case, three aspect ratias 1, 1 : 1,5and 1 : 3, and two
membrane boundary conditions are analysed. The boundary conditions are
edgesfree from membrane stresses - plates 5,(1), and edges fixed against
extensional displacements with zero inplane shear stresses - plates 5,(6).
Results are given in figures 23-32 and tables 13-16,

The variations, with transverse pressure, of the central deflection and
moments are shown in figures 23-26, In principle, the effects of membrane
action on bending in this caze are analogous to the corresponding cases of
simply supported plates,

The central transverse moment of plate 5.(1) for an aspect ratio of 153
becomes even larger than the linear theory for increments of transverse pressure

(figure 24). The deflecticn profile of this plate (figure 29) confimms the
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above behaviour and shows thot in contrast to plate 5,(6) the membrane action
increases the curvature at centre relative to the region near the sides, In
both directions, the absolute magnitudes of the moments ot centre are slightly
larger than the values given by the linear theory,

For an aspect ratio of 1 1 1.5 the deflected profiles of plates 5.(1) and
5.(6) are both flatter than the profiles obtained from the linear theory (figure
27).

The distributions of bending moment along the centre lines of the plates
relating to the maximum load reached ore given in figures 28 and 30, For
the corresponding distributions in the case of square plates reference should be
made to group 2 cf the results in this section,

The distributions of membrane stress across the centre lines and across the
boundaries are shown in figures 21 and 22, The significant features, when
compared with the corresponding simply supported cases, are that for plates 5. (6)
the membrane stress at the mid-point of the shorter side and in the transverse
direction is negligible in magnitude, and that there is a rise in tensile stress
ot the boundaries in the vicinity of the comers,  Further, for plate 5,(1) with
an aspect ratio of 1:3 the direct membrane stress in the transverse direction ot
centre is compressive instead of the usual tension,

5) Plates under central patch load,

Two cases are treated, (i) o simply supported plate with edges free from
membrane stresses, and (ii) clamped plate with edges fixed against translation
but free from inplone shear. In both coses o central patch load with
dimensions of one~tenth of the plate’s sides is chosen, The transverse load
was raised to give maximum deflections of the order of 3,5-4 times the plate
thickness,

AlS x 16 graded mesh (No.5) was used and the loaded area covered by 9

node points, In the case of linear solutions of simply supported plates , without
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an increase in the fotal number of nodes, the grading has improved the error

in the central deflection from 2% to O,88%, and that of the central bending
moment from approximately 129 to 1% (see appsndix E for accuracy of results),
The same grading is used for clamped plates. The results are given in figures
33-40 and tables 17 and 18,

No solutions for the large defiection of clamped plates under a central
patch load are available, In the case of simply supported plates the present
resulfs have greatly improved the accuracy of the existing soluﬁon(' 5) .

The main effect of membrane action on bending is a rapid increase in
curvatures under the load relative to the rest of the plate (figures 34 and 37),
and consequently high localised bending moments in this region (figures 35 and
38). The absolute magnitudes of the central moments, however, are appreciably
less than the values given by the linear theory (tabies 17 and 18), In both
cases, for the greatest value of central deflection reached the load is to a large
extent resisted by the membrane action, This is evidenced by the high localised
central curvature, surrounded by a relatively straight deflection profile and
correspondingly fow values of bending moments (figures 35 and 37), Towards
the suppotits the curvatures increase in order to accommodate the plate within
the imposed boundary, and hence fend to give a second rise in the bending
moments in this region,

The distributions of membrane stress across the centre lines and the boundaries
for the two' boundary conditions are given in figures 39 and 40 and indicate
the high central peak in the distribution of membrane stress, when compared

with plates under uniform transverse pressure,
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Non-linear solutions of plates under inpldnz and transverse loading,

Solutions are divided into two groups.  In the first group the inplane
loading is kept constant and variations in sectional actions and displacements
are studied for increasing transverse pressure, In the second group the
transverse pressure is kept constant and the behaviour of plate is investigated

for varying inplane loading.

Variation of transverse pressure,

In all the solutions of this group the plate, taken as initially flat, is first
subjected to a uniform inplane loading which is either in the form of a uniform
edge-compression, or a uniform edge displacement, or a combination of both,
The intensity of the inplane loading is expressed in non-dimensional form as
a ratio of the critical buckling load of the plate if it were simply supported
with inplane movements in the transverse direction unrestrained,  Uniform
transverse pressure is subsequently applied and raised incrementally in 10 steps
to its maximum value,

1) Simply supported plate under uniform edge compression and transverse
pressure.,

This is the simplest case of plates under combined loading and is the first
analysed in the study of the influence of edge compression on the behaviour
of transversely loaded plates.  The plate is assumed to be free from direct
and shear inplane stresses at the unloaded edges, and free from inplane shear
at the loaded edges.

Solutions are obtained for four different values of inplane loading,
namely, P/Pe= O, 0.25, C.5and O.75, where P_is the applied inplane
stress and Pe the critical buckling stress of the plate, The maximum resulting

central deflection reached is about three times the plate thickness,
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Figure 41 shows the central deflection plotted against the intensity of
transverse loading. The tangents to the curves at the origin are the small
deflection solutions, the slopes of which are given in table E-4 of appendix
E together with Bleich’s results for comparison,  For small transverse pressures
(below Q' =400), central deflection is found to be very sensitive to the
magnitude of the edge-compression,  For larger transverse pressures, however,
the rate of change of central deflection is not greatly influenced by this value,

For a given value of transverse pressure, plates with larger initial edge-
compression exhibit deflected profiles slightly flattened in the direction of
applied loading and slightly sharpened in the pemendicular direction (figure
42),

Figure 43 shows the bending moments Mx and My at the centre of plate
plotted against transverse pressure,  Also in this case the tangents to the curves
at the origin are the linearised solutions and are given in table E-4 of appendix
E. In this case MY can be seen to be consistently greater than Mx . The
influence of the magnitude of edge~compression is again more pronounced at
smaller transverse pressures, where the bending moments of the four cases
considered differ considerably.  For larger pressures, moments in the direction
of applied compression for all four cases approach one another, whereas moments
in the perpendicular direction, which have now become more distinguishable
from the former, gradually increase and depart from the former in hamony. In
all the four cases treated, for the largest transverse pressure reached, the
maximum moment in the plate was found to act in the direction of applied
loading at about a/6 from the edge (figure 44), The solutions obtained show
that the translation of the position of maximum moment is fully achieved by

the time the central deflection of the plate exceeds its thickness,
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The build up and variation, with transverse pressure, of membrane stresses
at the centre of plate and the middle of edges is shown in figure 45, It can
be seen that the build up of membrane stresses plotted is slow for central
deflections up to about half the plate’s thickness, but thereafter the rate of
growth increases and membrane stresses become a dominant factor in the
behaviour of the plates, Due to transverse pressure, the initial compressive
membrane stresses at the centre of plate may be converted to tension (for
k = O.5 conversion takes place at w/h 22 1.4). Further increase in
transverse pressure results in an extension of the central tensile zone and
consequently, from equilibrium considerations, the accumulation of high
compfessive stresses near the sides with maximum compression at the mid-point
of the unloaded edges in the direction of applied loading.

Figure 46 shows the distributions of membrane stress across the centre lines
of the plate for the maximum transverse pressure reached. It can be concluded
from this distribution that for a given transverse pressure, increments in edge
compression reduce the tensile zone at the centre of plate only slightly and
are mainly accumulated in the compression zone adjacent to the unloaded edges.
It is important to note that this region of plate sustains not only the total
applied edge-compression but also the compressive equilibrating force of the
tensile stresses across the centre line, .

Figure 47 shows the profiles of the extensional displacements of the edges .
For increments of transverse pressure, changes in these profiles are more pro-

nounced at the unloaded edges,

2) Simply supported plate under uniform inplane loading and transverse
pressure (influence of the inplane boundary conditions and inplane loading).
In order to study the influence, on the non-linear behaviour of plates,

of the membrane boundary conditions of the unloaded edges, and of the method
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of application of the inplane loading, solutions were obtained for five
different cases of simply supported plates, In each case the plate is initially
loaded to half the critical value at which a fully unrestrained simply supported
plate would have buckied, In three cases this is achieved by applying a
uniform edge~compression, the unloaded edges being, (i) fully free from
membrane stresses = plate 1,(26), (ii) fixed against translation with zero
inplane shear-plate 1,(27), and (iii) restrained against tangential movement
with zero direst stress - plate 1.(29),  In the remaining two cases the plate

is subjected to a uniform edge displacement with the unloaded edges being,
(iv) stress free - plate 1.(38), and (v) fixed against translation with zero inplane
shear ~ plate 1,(39), Solutions are given in figures 48~60 and tables 22-25,

Figure 48 shows the variation of central deflection of the plate with
transverse pressure from which the extensive influence of the membrane boundary
conditions on the central deflection is evident, Tangents to the curves at the
origin are the linearised solutions and their slopes are given in table 11l-1,

It is important to note that the linearised solutions vary by over 100%. The
greatest stiffness is shown by plate 1.{29); plate 1.(39) on the other hand
initially deflects 8C% more than the standard case 1.(26).

The linearised solutions differ partly because the plates considered do not
have the same critical buckling loads,  This is due to different membrane
boundary conditions. The solutions would therefore be more comparable if
the plates,instead of being initially subjected to the same inplane loading,
were acted upon by half their respective critical buckling loads,  The present
analysis covers the- 2valuation of the critical buckling load of plates with due
consideration to the membrane boundary conditions,

Figure 49 shows the deflection profiles along the centre lines of the plates,
The change of profile is more noticeable in the direction perpendicular to the

applied loading,
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The influence, on bending of the membrane boundary conditions can be
seen clearly in Table 111-1 for the linearised solutions and in figure 50 for

the non-linear behaviour,

TABLE 111-1
. Miagnification factor®

Loading Plate tggn\;\/lca ton ?Aor v

X y
P | 1.(2) 2,032 2,105 | 2,118
+—=0.5| 1.(27) 2,928 3.080 | 3.088
e 1.(29) 1.717 1.727 1.777
U o5 | 1.39) 2,032 2.105 2.118
o 1.(39) 3.608 3.815 3.826

*Bleich’s magnification factorfor simply suppo'rfed plates loaded with
}P_is 2,000, ref. 24,

Plates 1,(27) and 1,(3%9) which are contained in their widths exhibit the
largest initial bending moments.  Plates tangentially restrained at the unloaded
edges, such as plate 1,(29), transfer a part of the appl ied edge compression
to these edges through shear and thus reduce the influence of the applied
loading at the centre of the plate, At the centre of plates moments in the
transverse direction are generally larger than moments in the direction of
applied loading, except in plate 1,(38) where the former becomes less at
w/h =~ 2/3.
of the deflection pattemn in figure 48,

As noted before, the main influence of the inplane loading on a tangentially
For the highest

The crossing of the bending moment curves closely follows that

restrained plate - 1,(29) is near its point of application,

value of transverse pressure reached (figure 51), the maximum bending moment



-75-

in this region is about 75% more than the moment at centre. Transverse to

the direction of the applied inplane leading, the bending moment profile is
offected most in the case of plates with unloaded edges fully free from membrane
stresses and least when these are fixed against translation.

Variation, with transverse pressure, of the membrane stresses at the centre,
the middle of edges, and the corner of plates are shown in figures 52 and 53,

Figure 52 shows plates with uniform edge compression only, It can be
seen that the lowest membrone stresses are obtained for plate 1,(27) where the
fixity of the unloaded edges against translation has greatly restrained the rise
of membrane stresses,  Due to the membrane boundary conditions of the
unloaded edges, the plates are initially subjected to slightly different values
of membrone stresses,

The value of central deflection at which the central tensile zone in the
plate initiates is found to be affected slightly by the inplane boundary
conditions and is between 1.4 to 1.7 times the plate’s thickness for the cases
under discussion,

The highest membrane compression is developed in plate 1,(29) at the
mid-point along the loaded edges.

Figure 53 includes the plates with initial edge displacements,  The main
feature in this case is that, as the initial opplied displacement is kept unaltered,
the transverse deformation rapidly reduces the resultant initial compression
of the plate until the action at the loaded edges is completely annulled,
Thereafter the displaced edges act as a restraining device against transverse
deformation rather than as a contributory external load.  Tensile stresses
initiate across the mid-point of the displaced edges, in the case of plate
1.(38) at w/h . ©.9, and for plate 1,(39) at w/h o 0.8.' In none of

the cases were the stresses along the edges fully converted to tension,
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The distribution of the membrane stress across the centre lines and along
or across the boundaries of the plates analysed are shown in figures 54 and 55
for the maximura value of transverse pressure reached,  In plate 1,(29) -
figure 54, the central tensile zone extends to the unloaded edges and conse-
quently fully seals off the fiow route of the applied compression via the plate
ifsel-f. The edge compression at this stage is transferred by shear to the boundary
which must also accommodaie, in shear, the equilibrating force of the tensile
stresses across the relevant centre line of the plate;

Distribution of inplane shear stresses for plate 1,(29) is shown in figure 56,
Shear stresses are of low value in the central region of the plate, and
- gradually build up towards the unloaded edges.,  In all the other plates of
this group the values of shear are found to be substantially less than those of
plate 1,(29).

Figure 57 shows the extensional displacement profiles of the edges for the
highest value of transverse load reached. It can be seen that these profiles
are also extensively influenced by the inplane boundary conditions,

The distribution of inplane shear stress along the boundary of plate 1,(29)
is shown in figure 58.  Increments in transverse pressure cause the position
of maximum inplane shear to shift from its initial position at the comer
towards the cenire of plate.  The build uj of total inplane shear force at the
boundaries as the transverse pressure is increased is shown in figure 59, The
total shear force increases steadily and exceeds the total applied edge-
compression of w/h 24 1.8,

Figure 60 shows the variation of the total direct forces across the sides
with increasing transverse pressure, |t can be seen for plates 1,(38) and
1.(39) that increasing transverse pressure rapid.y reduces the initial compressive

forces at the displaced edges where finally considerable tensile forces are
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developed, The change of total compression to tension takes place in plate
1.(38) at w/h 2¢ 1.1 and in plate 1,(39) at w/h &2 1,

3) Clamped plate under combined loading - plate 5.(45).

The plate analysed refers in its special case to a square isotropic clamped
plate. The loaded edges remain straight and translate under a total specified
end-thrust equal to 1,259 Pe' The unloaded edges remain straight and
translate with a resultant direct membrane stress across them equal to zero,
Inplane shear stresses are assumed to be zero along all the edges.  This
arrangement approximates an individual plate in an assembly made up of
identical plates under constant uniaxial compression, Due to symmetry, the
rotation and inplane shear stresses along the boundary of individual panels may
be assumed to be zero.  If the assembly is unrestrained in the transverse
direction the resultant direct stress across the boundaries, parallel to the
applied loading, may also be zero,

Results are shown in figures 61-65 and are given in table 26,

Increments in transverse pressure reduce in this case the curvature of the
plate at the centre relative to the regions adjacent to the loaded edges
(figures 62 and 63). _

Distribution of membrane stress in the plate for the maximum value of
transverse pressure reached is shown in figure 84,  Also in this case, the
effect of rotational fixity of the edges on the disttibution of membrane stress
con be seen at the comers of the plate, The applied edge-compression,
originally uniform along the loaded edges, is concentrated near the unloaded
edges with maximum values adjacent to the comers,

Transverse pressure reduces the inplane stiffness of the plate and conse-
quently the plate shortens further, as the transverse pressure is increased,

under the total specified end-thrust, The effective width, defined as the
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ratio of the actual inplane load carried by the plate to the load the plate
would carry if it does not deflect, is evaluated and is shown in figure 65,

It can be seen that a central deflection equal to the plate’s thickness corres-
ponds approximately to a 2C% re duction in the effective width,

4) Simply supported plate under biaxial compressioh and transverse
loading - plate 1,(55).

The plate which in its special case refers to a square isotropic plate is
initially subjected to a uniform biaxial compression. Thereafter, an increasing
uniform transverse pressure is applied, Results are given in figures 66-59 and
table 27,

The loading in this case is comparable with the plate 1,(26) (table 20)
already discussed and for which the inplane loading was uniaxial but with
twice the intensity of the present case.  There is a remarkable similarity
between the flexural behaviour of the present plate and the plate loaded
unioxially, The difference between the central deflections and bending
moments of the two cases is of the order of 1% of their values,  This implies
that the bending effects of a simply supported square plate under uniform biaxial
compression may be closely approximated by that of a uniaxially loaded plate
with twice the intensity of the inplane loading, An examination of the
relevant goveming equation (B-18) in appendix B confims the above statement
provided the deflected profiles of the uniaxially loaded plate can be assumed
to be the same in both directions,

The similarity of behaviour becomes also evident from a comparison
between figures of the case under discussion and the corresponding figures of
plate 1.(26). The resemblance does not extend to the disttibution of

membrane stress,

Variation of inplane loading.

The boundary conditions and loading of the two plates discussed in this
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section are chosen with ship’s bottom shell plating in mind, In their special
cases, one of the plates relates to a square isotropic plate and the other to an
isotropic plate with an aspect ratio of 1:3, The plates are assumed to be rigidly
supported dnd rotationally fixed at the boundaries, The inplane loading and
membrane boundary conditions are;zero inplane shear with edges rehaining
straight but free to translate-plate 5,(45),

From the information given in the Lloyd’s Register of Shipping on the
scantling of bottom shell plating (tables for length of ships, draft, and thickness
of plating) the transverse pressure, due to still-water, to which a plating is
subjected may be deduced. Figure H1l-1 shows the variation of transverse pressure
ratio with length of ship for platings with one side equal to 30 inches, For
the two cases analysed a transverse pressure ratio of 2(Q” = 72,18) is chosen
where this is approximately equal to that of the prototype, the model of which
is under investigation,

The inplane loading to which the plating is subjected varies greatly and
has been discussed in Chapter [,  The critical buckling load and the inplane
loading which causes overall yielding of such plates are used as a guide. The
non~-dimensional stress ratio corresponding to the critical buckling stress of
square clamped plates is approximately 100, (azN / Dx)' If the yield stress
of the plating is assumed to be of the order of 2C tons/sq in., from the tables
given in the Lloyd’s Register of Shipping for the thickness of plating it can be
deduced that the on-di mensional value of the inplane loading which will
cause overall yielding of a 30 in, wide bottom shell plating varies from 215
to 17 for ships between 100 feet to 65C feet long respectively. For the
particular case considered the inplane stress ratio is of the order of 4C,

In the solutions obtained the inplane loading ratio is mised to 9C in the

case of the square plate, and to 70 in the case of the 1:3 rectangular plate,
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For the square plate the results are given in figures 7073 and table
28,

In contrast to the cases when transverse pressure is varied, increments in
the value of inplane loading sharpen the deflected profiles of the plate in
both directions causing an increase in the rate of change of moment at the
centre of the plate relative to the regions away from it (figure 71).

Figure 72 shows the bending moment profilesalong the centre lines, It is
important to note that the maximur: moment in the direction of applied loading
is at the centre of the plate, whereas in the linearised solution, the magnitude
of the moment at the mid=point of the edges is over twice the value of the
moment at the centre of the plate. Due to membrane action the position of
maximum moment in the direction of applied loading shifts to the centre of
plate for w/h above O.1. For the maximum value of transverse pressure
reached, the bending moment in the direction transverse to the inplane loading
is still highest in the middle of the unloaded edges, although its ratio to the
mid-span moment is reduced in comparison to the linearised soiutions,

The change, for increasing values of end-thrust, in the distribution of
membrane stress is not appreciable (figure 73), and consequently there is no
significant reduction in the effective width due to transverse pressure, On the
other hand, for the highest value of end=thrust reached the initial central
defiection is increased by 11 times and the central bending moment by about
15 times due to inplanz loadirg,

For values of inplane loading close to the critical buckling load of the
flat plate the convergence of the solution was slow, and for loads above the
critical value the solution converged to a deflected profile which did not
appear to be the uninterrupted continuation of the previous load-deflection
history of the plate, The new profile, however, satisfied the goveming

equations and the equilibrium of membrane forces,  This could be due to
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the fact that in the present analysis, for given magnitudes of inplane and trans-
verse loading and by making use of the previous state of stress in the plate,
deflection profiles are found that satisfy the goveming equations and the
boundary conditions, When for a combination of loading there exists more
than one deflected profile that fulfils the imposed conditions, the previous
history of the plate does not seem to have been represented in the analysis
strongly enough to cause the solution to converge to the corresponding profile,
This can be achieved, however, if the iteration method is modified such that
for given magnitudes of central deflection and transverse pressure the inplane
loading and the deflected profile are determined which satisfy the equilibrium
considerations. In this case, instead of the inplane loading, the central
deflection would be incremented, Due to a shortage of time this modification
is not yet incorporated in the analysis,

The results of the 1:3 plate are shown in figures 74~76 and are given in
table 29. As is evident from the figures, the flexural behaviour is extensively
influenced by the inplane loading., Also, due to its aspect ratio the plate
behaviour is very different from that for the square plate.  Under a given value
of transverse loading the plate deflects into a one half-wave as shown in figure
75. Increments of inplane loading initially magnify this profile (figure 74); but
further increments reduce the central deflection of plate and the profile
gradually approaches a three half-wave pattern which represents the incipient
critical buckling mode of the plate,

For the maximum value of inplane load reached the central deflection has
reversed sign and the plate has buckled into a three half-wave mode with signs
of new waves emerging at the supports (figure 75).

The bending moment distribution shown in fi gure 76 reflects the same

behaviour, The absolute magnitude of the bending moment at the mid-point
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of the loaded edges reduces as the inplane loading is increased. In the
interior of the plate bending moments vary extensively and the position of
maximum moment is very sensitive to the magnitude of the applied end~thrust,
The influence of the transverse pressure on the distribution of membrane
stress and on the stiffness of the plate against inplane loading is insignificant,
From the two cases freated it may be concluded that for the maximum
loading considered the flexural behaviour is extensively affected by the inplane
loading, whereas the membrane effects are not influenced by the presence of

the transverse pressure to any great extent,

Initially deformed plates under end-thrust

Initially deformed plates under end-thrust are analysed for two different
boundary conditions both of which are applicable to ships bottom plating.
Initial deformations are assumed in the form of one half sine wave in both
directions,

1) Simply supported plate under end=thrust, plate 1.(45),

The membrane boundary conditions and loading are that the edges remain
straight in translation and are free from inplane shear stresses,

In bottom shell plating, due to initial deformations and loading, the
adjacent panels may buckle either in the same way or in the opposite directions,
In the latter case, for the purpose of theoratical analysis, the panels may be
approximated as simply supported plates with the above membrane boundary
conditions,

Maximum initial deformation is chosen to be O.1 of the plate thickness,

Results are shown in figures 77-80 and in table 30,

The variation of central deflection with end-thrust is shown in figure 77

together with the available solutions, In plate 1,(41), which is given for
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comparison, the direct membrane stresses across the unloaded edges are
assumed to be zero instead of their resultant being zero as in the present case,

There is no appreciable change in the deflection profiles of the plate
(figure 78). The curvatures in the direction of applied loading are slightly
lower than in the perpendicular direction for the maximum loading reached,
The corresponding curvatures in the two directions are, however, so close to
one another throughout the incrementation of the inplane loading that the results
may, from the previous conclusions, be used to estimate the bending stresses
of the same plate under biaxial compression,

Distribution of membrane stress is shown in figure 80, For maximum
loading reached there is a reduction of approximately 12% in the inplane
stiffness of the plate (table 30 and figure 86). The magnitudes of the direct
membyrane stresses across the unloaded edges are small relative to the applied
loading. This is the reason for the close agreement of the existing solution

for plate 1,(41) with the present case,

2) Clamped plates under end=thrust, plate 5,(45).

The membrane boundary conditions are again chosen so as to approximate
an interior panel of the outer shell plating, Solutions are obtained for two
values of moximum initial deformation, namely, one-tenth and one~half of the
plate’s thickness, The magnitudes of these initial deformations are reasonable
for ship’s plating,

The results are given in figures 81-86 and in tables 31 and 32,

For given values of inplane loading, the plate with greater initial defor-
mation exhibits larger moments and higher changes in membrane stresses, For
the maximum value of loading reached, however, the central moments of the

two cases approach one another (Tables 31 and 32),
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As in the case of transversely loaded plate with increments of end-thrust,
the rate of change of moment at mid-point of the loaded edges reduces relative
to the moment at the centre, Maximum moment does , however, remain at
the mid-point of the unloaded edges. It is important to note that for the same
values of inplane loading the sectional actions are of higher magnitude in the
case of the initially deformed plates than the case of the fiat plate being
subjected to a transverse pressure due to still-water for ship ot full-draft
(table 23). As the order of magnitude of initial deformations assumed are quite
common in ship plates, the above results imply that the consideration of initial
deviations from flatness may be of more significance in the design of ship plates
than the presence of transverse pressure.  In addition it can be seen from the
tables that for given values of end-thrust the reduction in inplane stiffness of
initially deformed plates is more than in the case of plates under transverse
pressure.  The above conclusions, however, are not general and only refer to
magnitudes of transverse pressure and initial deformations relating to ship plates,

For several of the plates analysed the variation of the effective width with
the central deflection is shown in figure 86, from which it can be seen that the
effective width does not appear to be a simple function of the net or total
central deflection of the plates analysed.

It is an interesting point to note that, in the cases analysed, the end-thrust
initially widens the plates, but as the critical buckling load is approached
the rate of widening decreases, and in the case of wc/h = Q.35 the plate started

to contract indicating the onset of incipient buckling (Table 32),

Cambered plate under uniform transverse pressure

A clamped plate which in its special case relates to a square isotropic
plate is given an initial camber in the form of a half sine wave in both ways

and with maximumrise equal to the plate thickness. It is subsequently
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subjected to a uniform transverse pressure against the direction of camber,
The edges are fixed against translation but are free from inplane shear, The
problem approximates a single panel from an array of identical cambered
plates under transverse loading,  Results are shown in figures 37-90 and are
given in table 32,

Figure 87 shows the variation of central deflection with transverse pressure.
Initially, membrane action assists in resisting the applied pressure, but when
the central deflection is reduced to about two~thirds of the plate thickness
the rate of increase in deflection becomes greater than that given by linear
theory,

Due to the rotational fixity of the edges, only the central region of the

plate deflects below the datum line,

Two examples of transversely loaded plates

1) Square slab on four columns,

A square slab resting on four symmetrically located columns is considered,
The moment rotation relationships of the slab at column=slab junctions, and
the distribution, in the slab, of applied moments at column-siab junctions are
determined,

For the purposes of analysis a fine mesh is used (one quarter of plate is sub-
divided into a |6 x1é graded mesh as given in the results), Each interface
of column and slab is covered by 25 nodes, and bending moments are
represented by two triangular distributions of pressure (one positive and one
nagative) over each column area,  This implicitly assumes that the columns
exert no restraint on the deflection of slab at column-slab junction, and that
the deformation of the interface is a continuation of the deformation curve

of the slab, If, however, as the other extreme, columns are assumed as
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infinitely rigid, an applied column moment results in a rigid body rotation
of the colurn-slab junction (the plane of interface remains undeformed). In
practice intermediate conditions, possibly closer to the latter extreme prevail,

Rotations are calculated along the columns’ centre lines using a central
five point finite difference formula for the first derivatives of the deflection
function, Due to the method of application of moments and the evaluation
of the resulting rotations, the solutions given are lower bound values of the
stiffness of slab in resisting the applied moment, |

Four cases are analysed, two for columns in the interior of the plate and
two for columns immediately adjacent to the free edges. In each case solutions
are obtained for applied moments at column-slab junctions both symmetrical
or antisymmetrical about one centre line of the slab, Superposition gives the
case when equal moments are applied at two of the four column=slab junctions
on one side of a centre line only, Results are given in figures?2-93,

For interior columns, figure 92 indicates that under symmetrical loading
the slab exhibits greater stiffness when the columns are placed nearer the centre;
for antisymmetrical moments there exists an optimum stiffness of slab for a
column spacing between the fwo extremes analysed,

Equivalent beam stiffnesses are calculated on the assumption that the bending
moment is applied uniformly across the slab about the axes through the centre
of columns, The slab behaviour undar such loading may then be approximated
by that of a beam,

For cases when columns are located at the edges of the slab, maximum
stiffness is shown for columns at comers in the case of symmetrical moment, and
for columns at an intermediate position in the case of antisymmetrical
moments (figure 93),

Figure 94 shows the extensive contribution of the overhanging part of the

slab in resisting the applied moment, It is due to the influence of this region
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of slab that, although the applied moment is concentrated over a small area,
the stiffness exhibited by the plate is appreciable when compared with the
equivalent beam in which the contribution of the relevant overhanging parts

is zero, Naximum moments occur from the present analysis, in the direction
of applied moment along the centre lines of the columns at the first node within
the column area.  For columns at the comers, however, the position of
maximum moment is found to be one node closer to those edges which are
perpendicular to the axis of the applied moment, In all the cases maximum
transverse moment occurs along the centre line of columns at the first node

outside the column area (figure 95).

2) Square slab on a central column

Using the same principles as in the previous example the moment rotation
relationships are determined for a square slab on a central column and with
three different boundary conditions, namely, all edges simply supported, all
edges fully fixed, and finally the case of two opposite edges simply supported
and others unsupported but with zero rotation,  The third boundary condition
may approximate an intemal panel of a flat slab, under side loading (inplane),
on columns spaced equally on an orthogonal grid. .

In each case solutions are obtained for three different column dimensions,
The smoallest column area is represented by 25 nodes, the medium column by
49, and the large column by 81 nodes.

Results are given in figures 96-98, from which it can be seen that the
distribution of bending moment in the vicinity of the column is not particularly

sensitive to the boundary conditions chosen,
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CHAPTER {V

Conclusions

An analysis has been made in terms of finite differences which enables
the behaviour of rectangular orthotropic (isotropic) plates under any system of
transverse and inplane loading and with any rotational, vertical (normal to
the plane of the plate), extensional, and tangential restraints at the boundaries
to be studied.  The equations formed have been solved by digital computer,

A selected range of previously unsolved problems have been solved and
these enable a number of conclusions conceming the physical behaviour of
plates and the influence of boundary conditions to be drawn, The scope of
the treatment is such that many other outstanding plate problems are capable of
solution,

The influence of the inplane boundary conditions on the bending behaviour
of plates has not been previously fully recognised, It has been demonstrated
that in many cases the extensional boundary conditions can be as important as

the flexural boundary conditions,

In the non~linear behaviour of transversely loaded plates, the offect of
membrane boundary conditions on central deflection and moments is similar for
both simply supported and clamped plates, The deviation from linear theory
is greatest for plates with boundaries fully fixed against inplane movements
(10) and is least for plates free from membrane stresses at the edges (1). For
other membrane boundary conditions the deviations lie between these two
limiting cases, where the central deflection of the tangentially restrained
plates (13) is less than that of plates with straight edges and zero resultant

direct stress at the boundaries (15), -
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For all the membrane boundary conditions considered, increments in
transverse pressure reduce the rate of change of curvature at the centre
relative to the rest of the plate,  In the case of simply supported plates the
position of maximum moment, originally at the centre, shifts towards the sides
as the load increases,  This translation of the position of maximum moment is
manifested more strongly in the case of rectangular plates with edges resteained
agalrst Inplane displacements,  For a simply supported plate with an aspect
ratio of 1:1.5 , a central deflection equal to 1,5 times the thickness of plate
corresponds fo a maximum longitudinal moment at one-sixth of the plate length
away from the edges having an intensity of 70% more than the bending moment
at the centre, The absolute magnitude of the moment, however, is still less
than the maximum moment in the plate given by linear theory,

For clamped plates the corresponding effect is a flattening of the distri-
bution of bending moment over the central region of the plate and an increase
in the ratio of moment at mid=point of the edges to moment at the centre (for
plate 5.(13) a central deflection of the order of plate thickness relates to a
ratio of mid-edge to central moment of 3),

Within the range of aspect ratios considered (1:1, 1:1.5, 1:3), for both
simply supported and clamped plates, the strongest restraining effect of membrane
action on central deflection and moment is found, in the case of stress-free
boundaries, for plates having an aspect ratio of 1:1.5, and in the case of
boundaries fully fixed against inplane displacement for plates having an aspect
ratio of 1:3,

For a given value of transverse pressure, maximum tensile membrane stress
occurs at the centre of plate for the case of edges fully fixed against inplane
displacements, Maximum compressive stress is exhibited along the mid=-point

of the edges for plates with edges free from membrane stress in the plate,
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Due to membrane action, the angle between the sides of the plates at the
comers reduces in the case of simply supported plates and opens in the case
of clamped plates.,  Therefore clamped plates with edges forced to remain
straight show a rise in the tensile membrane stresses at the comers.,

In plates restrained against tangential displacements at the boundaries the
maximum value of inplane shear occurs along the edges,  The position of
this maximum moves from the comer towards the quarter-points of the sides as

the transverse pressure is increased,

In the case of simply supported plates under combined loading the shift of
the position of maximum moment is even more pronounced, especially in the
direction of the applied inplane loading,

For a simply supported plate under edge compression and low values of
transverse pressure, the central deflection and moments afe found to be very
sensitive to the magnitude of the applied inplane loading, At higher values
of transverse pressure, however, this sensitivity greatly diminishes, The
magnitude of the central bending moment in the direction transverse to the
applied inplane load is consistently higher than the corresponding central moment
in the direction of this loading, ~MNevertheless the maximum moment in the
plate occurs in the latter direction near the loaded edges.

Even for plates under constant inplane loading, increments in transverse
pressure result in the formation of a tensile zone in the plate, In the case of
plates tangentially restrained at the sides, this zone may extend across the full
width of the plate, the inplane loading being rasisted.by the sids:cs a shaar force,
The total shear at these edges then exceeds the applied loading,

The flexural behaviour of simply supported plates under uniform biaxial

edge-compression closely resembles that of the same plate subjected to a
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uniaxial edge-compression of twice the intensity of the biaxial case,
Solutions obtained for simply supported plates under uniaxial end-thrust may
therefore be used to predict the behaviour of the same plate acted upon by
a biaxial edge~compression, The analogy dces not, however, hold true for
the membrane action or for clamped plates.

For clamped plates under combined loading, increments in inplane loading
rapidly reduce the magnitude of moment at middle of the loaded edges
relative to the centre of plate, In the case analysed (Table 28) the former
became less than the central moment in magnitude at a central deflection of
the order of O.1 of the plate thickness, The same phenomenon is exhibited
in the transverse direction but is less pronounced.

For initially deformed plates considered, the reduction in effective width
at a given value of central deflection is more for simply supported than for

clamped plates with the same initial deformations.

For medium size ships (length of ship about 400 feet) the effect of transverse
pressure, due to still-water, on the distribution of membrane stress in the
bottom shell plating, due to end~thrust, is negligible. The effect of end-
thrust on the bending of plating is, however, appreciable, In the case of the
square plate analysed the bending effects are magnified several times due to
inplane loading (table 28),

Initial deformations in ship plating (maximum deviations from flatness
considered O,1- 0,5 of plate thickness) result in a bigger reduction in the
effective width of the plating against inplane loading than the reduction
caused by transverse pressure due to still-water, The effects on bending of
the inplane loading in such plates is also very significant, The consideration
of initial deviations from flatness appears to be of more importance in the

design of the outer shell plating than allowance for transverse pressure,



-93 -

From the foregoing it is evident that the variation with the applied loading
of central deflection and moments in a plate are not true representatives of
the non=linear behaviour of the plate, It is also evident that a knowledge of
the state of stress in the plate based on linear theory together with the know-
ledge of the above variation is not sufficient for the full comprehension of the
behaviour and for design purposes,  This is because the original distribution
of stress may extensively change as the load increases with shifts in the position

of maximum stress.

The linearised solution proposed by Bleich for simply supported plates
yields reasonably accurate results when the plate is acted upon by a uniform
edge~-compression with the unloaded edges free from membrane stresses, For
other membrane Boundary conditions the solution may be grossly in error
either overestimating or underestimating the true value, For example, for a
simply supporied plate under an end-thrust equal to %Pe, Bleich’s magnification
factors overestimate the central deflection by 16% in the case of the unloaded
edges being tangentially restrained, and underestimate it by over 5C% if the
unloaded edges are restrained against translation (this is due to Poisson’s rotio,

assumed to be 0.3).

In extensional problems a relatively coarse mesh gives highly accurate

solutions for the equilibrium of rembrane forces,

In the case of the small deflection solutions of transversely loaded plates ,
the grading of mesh greatly improves the accuracy of results when
i) for plates under patch loading, the mesh is- concentrated under the

load (in the case of a simply supported plate under a central patch load
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(I/a = G,1) a 16 x 16 mesh when graded improved the error in the
central moment from over 12% to 1% - appendix E).
ii) For plates with unsupported edges, the mesh is concentrated

adjacent to these edges.

For square slabs on four columns, located on the diagonals, the overhanging
paris contribute substantially towards the resistance of the slab against bending
moments at column-slab junctions. In the cases analysed, for equal moments
at column=slab junctions, the greatest stiffness is realised when columns are
cloest to the centre in the cose of symmetrical moments about one centre line
of the slab, and when columns are placed at an intemediate position in the
case of antisymmetrical moments,

For plates on a central column the magnitude and the distribution, in the
vicinity of the column, of an applied moment at the column=slab junction is
not greatly influenced by the boundary conditions of the slab if these are,
all edges simply supported, all edges clamped, or two opposite edges simply
supported and others unsupported but rotationally fixed. The moment
rotation relationships at the column=slab junctions appear to be primarily a

function of the column dimensions and not the boundary conditions of the slab,

Whenever possible the results obtained were compared with the existing

theoretical solutions. The agreement has, in general, been very good,
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CHAPTER V

Experimental work

To investigate the structural behaviour of a ship’s double=bottom, a
one-eighth scale model representing one complete hold of a single decked dry
cargo ship was constructed,

The model, which is of welded steel construction, has a length-width
ratio of 1,5:1 and is 10 ft, 10,5 in, long, 7 ft. 3 in. wide and 5,5 in. deep.
The outer shell is O.08C in, thick plate and the rast of the components (i.e.
inner bottom, floors, angle stiffeners, struts, etc,) are from O, 08 in, thick
plate.  The principal dimensions of the model are shown in figure V-1,

The model was to be tested under transverse pressure and combinations of
transverse pressure and end-thrust,

The main problem in the construction was to attach the second skin after
the remainder of the structure had been welded, since it was not po;:ible to
weld intemally, A method was devised in which the faying edges of ail
members attached to the outer shell and inner bottom (i.e, centre and inter-
costal girders, floors, bracket floors, and longitudinal stiffeners) have projecting
teeth machined in their edges which fit into corresponding slots machined in
the inner bottom and bottom shell plating,  Figures V-2 and V-3 show the
model during construction and when complete,

The model was suspended from a loading rig in an upright horizontal
position, 1,7 in, above the floor, and a pressure bag to be used for applying
the transverse pressure was accommodated in this gap. The model was simply
supported along four edge tee sections running along the top of the margin

brackets by an adjustable pin-ended column at each frame along the sides and
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and at each stiffener or web at the ends (see figure V-4), The pin-ended
columns at the middle of each side were restricted to movement along the
centre lines of the model only. The edges of the model were therefore free
to translate, while its centre lines were kept in position relative to the
loading rig,

The weight of the model in the unloaded condition was balanced by means
of 2G adjustable coil springs distributed along the edges and attached to the
loading rig frame,

The pressure bag, which covered the flat portion of the double~bottom,
was made up of two sheets of rubber 1/16 in. thick and sealed at the sides,
The bag was filled with water,

The end-thrust is to be applied by means of 26 lapped rams,, 13 at each
end, spaced so as to give a uniform distribution of stress along the ends of the
model. For this purpose the ends of the mode} were extended by a box beam
suitably designed to receive the jacks and spread the load.

The vertical reactions of the model (due to the transverse pressure from
underneath) are resisted by the beam and column arrangement of the loading
rig. The columns are bolted to the floor at the feet, The reaction of the
jacks (placed horizontally) is taken by concrete blocks which are also bolted to
the floor,

The model has electrical resistance gauges fitted both intemally and
extemally, Deflections were mecsured by means of dial gauges,

The experimental results are being analysed at the time of the preparation

of this thesis and will be reported by Williams (see Chapter 1),
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APPEMNDIX A

Notation

This appendix is withdrawn and is incorporated in the main text in

pages 7-2C,
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APPENDIX B

Derivation of the non-linear plate

equations

The deflection surface of a plate and the distri-
bution of the membrane forces in it can be defined by a
set of two simultaneous non-linear equations together
with specified boundary conditions. A short historical
account of the derivation and the application of these
equations is given in Chapter I.

In this Appendix, the differential equations and the
boundary conditions are derived for homogeneous rectangular
orthotropic plates, and then converted into a non-
dimensional form ready to be expressed in terms of the
finite differences for obtaining solutions. The sectional
forces and displacements are grouped and given in terms
of W (the midplane deflection of the plate), and F (the
stress function). The transformation of the orthotropic
plates into groups of plates with g wider application is
dealt with in Appendix D.

The governing non-linear differential equations of
the plates can be obtained by either the equilibrium and

compatibility considerations of an element of plate ’
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APPENDIX B

Derivation of the non-linear plate

equations

The deflection surface of a plate and the distri-
bution of the membrane forces in it can be defined by a
set of two simultaneous non-linear equations together
with specified boundary conditions. A short historical
account of the derivation and the application of these
equations is given in Chapter I.

In this Appendix, the differential equations and the
boundary conditions are derived for homogeneous rectangular
orthotropic plates, and then converted into a non-
dimensional form ready to be expressed in terms of the

finite differences for obtaining solutions. The sectional

'ms
ERRATUM - Appendix B he
ypic
In equations B23, 24, 33, 34, 35, 36 Dl must be 1 is
replaced by (D1+4ny). The results given remain
unchanged as the error occurred in preparing the of
simplified notation for this appendix from the and

correct original notes. s



- 109 -

or the principle of virtusl displacements together with
the strain energy expressions of the bent plate(17)’(21).
Here, the former method, being shorter in length, is
employed in deriving the equations.

The assumptions involved are those normally made in

the theory of plates, namely:

i Sections remain plane and perpendicular to
the midplane of the bent and stretched plate.

ii The effect on bending of thenormal direct
stresses (Nz)'and the normal shear forces (Qx
and Qy) is negligible. This implies that the
layers of the plate parallel to the mid-surface
are in a state of plane stress, in which only
N,y N_ and N

Yy xy
The sectional actions on an element of plate cut by two

may be non-zero.

pairs of planes parallel to x-z and y-z planes of a
Cartegsian coordinate system arz shown in the figures
B-1-b and B-l-c. For clarity and convenience the sectional
actions are shown separately, those due to the bending of
the plate in Pigure B-1-b and those due to the stretching
of the midplane of the plate in Figure B-1l-c,

The general equilibrium consideration of the forces
on the element of plate leads to five independent equations

of equilibrium as follows:
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 $%

a) a

b} Flexural
actions.

z the right-hand-screw rule is
used for the direction of
bending moments.

¢) Membrane
Forces.

Ny + 3Ny .dy
Nxys2Nxy.dy °

2
ONx y
ny+ -—5—)‘de

FIG. B-1. Sectional actions on an element of plate.
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dx axis

Taking moment of 2ll the forces about x
ol oM
-EE . dx dy + - | gx dy - Qx . dx dy =0
oX oy

which gives: .

o 0
e “Q = 0 (B-1)

3 T oy T

similarly, taking moments gbout y = dy axis gives

+ o2k + Qy =0 (B-2)

oN oN

—_— Xy =
=X ° dx dy + 5 dx dy = 0

o oN
X Xy _ -
ox T oy 0 (B-3)

and in y direction

aNy N any
oy ox

(B-4)

1l
o

In the z-direction, the forces comprise the applied
transverse pressure, the normal shear forces QX and Qy
and the normal components of the membrane forces.

The net components of the normal shear forces QX and

Qy are
0Qy

20,
—x c ix dy + —5 . &x &y (B-5a)
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The normal component of the membrane forces Nx is

given by:

oN
N2 Ay + (N o=

2
ow o~w
x 3% 5 ) (5x + —5-ax)dy

ox
which, when the terms higher than the second order are
neglected, simplifies to

2 oN

oW X OwW
NX -a-;é-.dx dy + -—a-}'c".'a—x-.dx dy (B-5b)

Similarly the normal components of +the membrane forces

N re:
¥ a
2w oN oW
———. + . d B-5¢
N, o ax dy 551 5y 4% dy ( )
The slopes of the two opposite faces of the element
2
. ow o oy
parallel to y-axis are 57 and L + axay'dx’ and hence

the components in z-direction of ny forces, acting on

these faces, are

' oN 2
ow XY fgp(Q¥ L OV
ny T Ay + (N + == .ux}(ay axay.dx)dy "
after simplification
2 oN
oW XY oW -
Ny Seay 0% & + —5--55-9% dy (B-54)

Similarly, the ny forces, on faces parallel to the

X-axis, resolve in the z-~direction to
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2 )\
a~w
Nky axay.dx dy +

Now, having derived all the components, the total force

oaw

in z-diresction must be equal to zZero, i.e.

an 69 2 oN
— X ovw
55 dxdy + 55 Axdy) + q + (W axz.dxdy + 55 ax.dxdy) +
2 oN. oN.
ow ¥ ow 22w Xy oW
(Nys;g sl y.dxdy) + (2Nxyaxay Laxdy + —5% 'ay dxdy
oN
XY v -
after simplification
a 2 2

ax2 xyaxay yay

N
B aw _
(3% ) + (= ay ax ) =

The contents of the third and fourth brackets of the above
expression, being the same as the equations (B-3) and

(B-4) respectively, are equal to zero. TFinally

an 0 2w 2 2
%z - ow oW oW _
(ax + ay ) - = (q + N + ZNXyaxay Ny. 2) (B 5)
ax oy ’
Substituting for the left hand side of equation (B-5)
from equations (B-1) and (B-2), the equilibrium equation

of the plate element is obtained

2
My 2 MXY L= (q+n 2% 2% 2N_ 2%
ox axay axay ay2 ax2 axay

2
N 9—% (B-6)
Yoy
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The strains of the middle plane of the plate due to
the applied load are ’

. ow
~fu  leowy2 | oW O
°x T ax‘+ 2( x) t XX
- - oW
_ v, 1am2 , oi Mo -
ey = 3y + 5( y) * 5T (B-7)
Y _Q_q+ig+§ﬁaﬁ+awawo+awo_§_w:
Xy = oy ox x'Jy T °x'dy ox ‘ay

Eliminating u and v from the above eXpresgions gives
the equation of compatibility of the stretched and bent

plate as

3%e. 3% 3y o 62w

X Xy _ AW 12 3w 3°Ww o W
- S N (axay) - B 2axay axay

oy ox Xy oxX~ oy
2 2
_ 62‘3 0 WO _ c WO 62\.{\7 (B_Sa)
ax2 aygr ax2— ay2

If w (the net deflection) is substituted in terms of
the total and initial deflections (W = w - wo), the equation
(B.8a) reduces aftepr simplification to

2 2

2
e ° Y 2W 2 2 ow_2
el ) v 0
“T '—zx = = L - po Lo S
62w 62w
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The expressions derived so far are- general and apply
to any kind of plate subjected to the sectional
actions specified. To derive the governing equations
of the hcmogrneous orthotropic plates of constant thick-
ness, their flexural and extensional rigidities are
defined as follows:

the flexural rigidities

2- e
= —(D .a.....W. + D _a__l‘l_)
My x TP 5
2- 2
= (. &4 4+ p 9—%) (B-9)
M& I ay2 1 ox
2.
_ _ oW
Yy Myx = 2Dpy Sxoy
and the extensionsgl rigidities
N N
X
e, = == +
N N
e = Ex + 55 (B-10)
Y, = x
Xy Xy

If Airy's stress function ™" is introduced at this

stage and defined as

2 2 2

o~ f o f 8" f
N = N = and N I e o— (B—ll)
X ay2 'y ax Xy oxoy
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the expressions (B-10) become

2
1 1 o~ f
e = o m—— e (B-— l_2)

’

Yo, = i
Xy xy‘axay *

Having defined the rigidities of the plate, the first
of the non-linear equations is obtained by substitution,
in the equation (B-6), for bending moments their values
in terms of W from the equation (B-9), and for membrane

forces their values in terms of the stress function ¥f"

from (B~11).
4= 4= 4=
o'W o'W o'W
Dy—7 + 2(Dy +D )55 + D~ =
X oyt 1 Xy ax26y2 yay4
2 Zw 2 2 2 Zw
9°f 2 a°f o 9°f 3
q + (-a;?.-g}? - Z-ém.—am + ——-.—5) (B-13a)

The second governing equation is obtained when in

¥ and Y;y are substituted by their

values in terms of "£'" from the equations (B-12).

equation (B-8) CHPR

4 4 4
1l o°'f 2 1 o't 1l o'f
X ay4 C1 Xy ax26y2 ¥y ox
[(azw )2 - QEE QEE] [(62 0y2 _ azwo aZW] (B-13b)
o0xXoy axz ayz 0xoy axz ay§
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Finally from (B-1%a) and (B-13b) the two similtaneous

non-linear equations expregsed in terms of w, woand f are

4 4
oW o'W —
D=3 + 2 = q +
*ax* Hbaxzayz Z
(62f o _ , 0% o%w . 2% 9%,
ayz axz 90X oy * oxXoy axz ay2
(B-14)
;d__ s . 2 a4f it bz | 2B ol
oxt  Bp'exley’  Cx ay? oxoy ax° ay°
2% _ .2
[(2v0)2 _ —2.230] (B-15)
ox 9y 9x° dy
where
_ ( a4w a4w a4w0
a=q + (D ——Z— + 2 -—7?—-— + D
Xox Hbax ay ay4

For The small deflection analysis of the transversely
loaded plates equations (B-14) alone is used with terms.
involving the stress function %“f" omitted. The governing.
equation of flat plates, in a state of plane stress only,

is equation (B-~15) in which curvature terms vanish.

Conversion of the governing equations to non-dimensional

form
If the equations are non-dimensionalised, the solutions
obtained will be more general and will cover all the plates

which have the same non-dimensional plate parameters.
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sectional
The boundary conditions, the/ acticns and the applied
loading must also be expressed in a non-dimensional form
t0 make a conforming system. The definition of the non-
dimensional ratios chosen are given in the notation.

The plate's two governing equations become

Qf% + 2K4.p2—-§fﬂ§ + K5.p4gi% =Q+ I +
ax ax%aY aY
o .2 2., .2 2. .2
2 3°F 8%y 2 3%F 3%W . 2 3°F a%w
(p© ==m.——s - 2p e+ PE B ) (B-16)
poms o 3X5Y * 3XaY pove Sl
4 4 4 2 2 A2
a4y 2 3ty 4 3w %W 2 2 a%W a%wW
K 22 + 2K, .p5~Lt e + p% &L = [(p &5)© - P° E5.5=5] + I
Lox4 2 ax2ay? av4 oxoY ax2 oY 2
(B-17)
where
ot
X 3x°aY oY
and
2. .2
. e[(p g2 _ 22 2 Y
2 3%5Y oo

The sectional forces in terms of W, WO and I are
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2 2
220 82w . D1 22% W, Dy H07VW,
——VﬁéMx = (5= + 5=.p =) + (—% + 3=p"—3 )  (B-18)
x¥°x oX X oY oX X oY
> G 5. D, .2 32w D, a°W
&, =-E5(p"f + g D)+ Ky(5 3 + = ) (3-19)
V% ¥ Y y ox oY v 9%
2 D 2
a X _ Xy oW
) .0 (B-20)
D DXMx_y D -Pa%eY
3 [C 5 H 3 23w H. oW
al X~ = _(a LA p2 oWy (—2 + _g.pz 0 _) (B-21)
DDy X ax°  Px axay? X Dy™" axay?
3 [C 3 H b
a” [Yx 33°W . b 87W
Elsq, = ~K(p" = + - P ) +
D,y 57 av° Py axley
3 3
3w H, o°W
3 0 b o
K-(p + = p ) (B-22)
5'° 5y> Dy ax2ay
3 3
o O, (21, D12 ooy, 2V, 21,2 Moy (-23) x
D ID_"x 3 D 2 4 D 2
XN X oX x oXoY oX X eXoY
3 IC D 3
a’ {’x 29°W 1 oW
& |2y = -K.(p + == ) +
DdPx ¥ 51 o | Dy axley
3 3
53 WO Dl o Wo _
Ko (p == + == P ) (B-24) %
57 oy Dy T axlay
Dx X aY2
2 2
Dx y ax2
P G
D_"xy 0XoY
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The formation of the expressions (B-23) and (B-24) are

discussed later.®

The main displacement relationships in terms of W,

Wo and F are

o - 2x  22%Fr  Dx 9%
x = 2P TSt 5
a Cx oY a C1 oX
_ Dx 32F Dx 232F
v T 22 ax? | ale. ' ax?
y 1
,Y./ - _ DX 62F
Xy 2g - oXoY
xy
o _Dx o22%r Oz o1
%% = 22 ponc S oo Bl AF
ov _ D °x 2% | Ox 20°F
oy afe_ Oy ax? 01 oyl

(B-26)

oW
)2+ Sz 2]

ow
)2 + L(xg)]  (B-27)

Finally the relative displacement u of two points

Xq and X, on a line parallel to x-axis, and v the relative

displacement of ¥ and Yo on a line parallel to y-axis

are

%See page 127.
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Xo 2
U= [u] i fx (pzaYF)dX + X[ ] Y2 _
Jf 2(2) 24y + Jf (ax
y
V = X[v] = "'-—' fyl(gxg)dY + E—[paF] 2

i ( aW) ay + == y2( EzA-TS’-)ZaY (B-28)
o g PEY 2p P3T
1

Boundary Honditions

The behaviour of the plate within the boundaries is
described by the equations (B-16) and (B-17). The final
deflection profile and the distribution of the membrane
forces in the plate;, however, are extensively influenced
by the way in which it is supported at the boundaries.

| At every point along a boundary, the plate, in
general, is subjected to five extermal actions, each
resulting in a corresponding displacement of the plate at
that point. These actions and their displacements are

shown in the following table.
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TABLE B-1
external action at plate's displacement
the boundary at the boundary
1 bending moment rotation
2 normal shear displacement perpen-
dicular to the plane
of the plate
3 | twisting moment tangential twist
4 | inplane direct normal displacement
force in the plane of the
plate
5 | inplane shear force tangential displace-
ment in the plane of
the plate

The first three affect the behaviour of the plate
priverily in bending, and their definition at the boundary
is referred to as the flexural boundary conditions. The
remaining two are related to the membrane action of the
plate and are specified at the boundaries as membrane or
inplane boundary conditions. The above boundary conditions

are independent from one another.
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To nbtain a complete soclution of a plate problem,
besides the equations (B-16) and (B-17), the supporting
conditions of the plate must be fully specified. This
involves the definition, from each set of the above
boundary conditions, of either the action or the displace-~
ment or a relationship between the action and its corres-
ponding displacement.

Mathematically, however, a fourth order differential
equation permits the satisfaction of only two imdependent
boundary conditions. The membrane boundary conditions,
being two in number, can therefore be satisfied directly
by the equation (Bfl7), leaving the three flexural
boundary conditions to be catered for by the fourth order
equation (B-16). The insbility of the equation (B-16)
to account for all the physically present actions at the
boundaries of its domain of application, necessary to
define itself in that domain, is due to the fact that, in
its derivation, the effects of the normal shear forces on
the deflection of the plate have been neglected; thus
the order of this governing equation is reduced from sixth
to fourth.

To overcome this problem, the widely used method
proposed by Kirchhoff is adopted here. The normal shear

force and the twisting moment at the boundary are combined
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into an equivalent reaction, to which is related a
sinking type displacement. Details of Kirchhoff's
proposals and its physical interpretation are given in
the standard text books(1T)(2D  gne uffects of this
assumption on the behaviour of the plate, however? are
discussed elsewhere in this thesis.

In the following each of the boundary conditions
are formulated in terms of the action and its corresponding
displacement. The two are assumed in the solutions
obtained, to vary linearly with one another; +the constant
of linearity being the stiffness of the appropriate
elastic restraint assumed at the boundary.

The boundary conditions are derived in the following
for the edges = = % and y = v/5 in the first quadrant of
the plate. It is further assumed that, the dastic edge
restraints of the opposite edges, the initial deformation
and the transverse loading are about each of the centre
lines of the plate either symmetrical or anti-symmetrical.

For inplane loading, however, only the symmetrical case

is considered.
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a) Flexural boundary conditions

Bending moment and rotation. At x = %, from the

definition of er

- a
Mi = 'er'ax '

Using relationship (B-18) and the non-dimensional form

of the elastic restraint

%W D 2

P e NP A QU Al - Sce 22 Yoy ¢ oW
Pl e rx* 3% = (557 TP o XSy
(B-29)
Similarly at y = 3, the rotational boundary condition is
given by
2 2,
(pzazw Dy 4y _ ¢ o2 _ (pza Vo D2 Uo) _
aY2 Dy aXz ry* " oY aYz Dy aX2
o
KeyPaT (B-30)

Simply supported boundary conditions are obtained

if KrX and Kry are equated to gzero. The above expressions

then reduce to MX or My being gzero, which is the definition
of theWaction"w at the boundary. for full fixity against
rotation the coefficients of the rotational restraints are
infinity. In this case the rotation "displacement is

specified at the boundary.
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In some of the solutions obtained, at the boundaries,
the plate is assumed to be rigidly connected to edge
beams symmetrical about the mid-plane of the plate. In
this arrangement, the bending moment in the plate is
resisted by the torque induced in the edge beam, the
variation of which (from equilibrium considerations) over
an element of plate along the boundary must be equal and
opposite to the bending moment of that element.

For an element of plate at x = %, the torgue in the

edge beam is equal to

hence Mx = %

and in terms of W and WO

3% D oW

o D, .2 3
w o D1 23w o 3w o D1 00V,
(.a.__.+ —) + T Pl = | + ==, 0 T———) +
ax2 P ov? X axav?  ox?  DPx ay?
e
>V
2 0
T P (B-%1)
X" 3xaY?
Similarly on y = g
202w D1 2%y 22w 232Wo
Ks(p _....2. + .].)_ ...-—) + T p.-_z_..... Ks(p > +
3Y v X TV ax%ey oY
2 5,
D. %W o
1 0
L + T (B=-32) .
Dy ax? TV ax2aY



- moment (at the edges) based on Kirchhoff's pro

;A‘support and where rotation could occur, the components

. expressions obtained for the normal reaction. This
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When TrX or Try equal to zero a simply supported boundary
condition results, identical to the corresponding conditions
in expressions (B-29) and (B-30) respectively.

When the torsion coefficients (Trx or Try) of the
edge beams approach infinity a clamped case solution 1is
obtained, in which the variation of the twist of the plate
along the boundary is equated to zero, as compared to the
slope being zero in the previous case. The two imposed

"displacement " conditions, nevertheless, yield the same

k4
%
9 W2 = 0 along x= 92‘- when
oXaoY
integrated twice to give the slope in x-direction will have

results. The expression

two constants of integration, which will both vanish when
the geometry of the deflected plate is considered, giving

%% = 0 along the boundary.

Reaction and sinking of supports. At X= %, from

the definition of kdx

Vx = —kdxw’

where, V_ (reaction) includes the effect of the twisting

L
PR 740

s 22 Al wlatn at tha hanndarv 18 88

In the case of a boundary resting on flexible.

of the external loading must be included in the



Similarly at y = 3

3
5. Dy 3 oW D 3
w D1 ddw 307W, Dy By
or> Dy axlay dy oY Dy axPay dy"o
(B-34)x

The two limiting boundary conditions are obtained
when de or Kdy are equated to zero or infinity; the
former refers to the unsupported and the latter to the
rigid support boundary condition.

If the plate is supported on edge bggms, the reaction
of the plate along its boundaries will ééf as a load on
these beams. |

At x = %, the differential equation of the edge beam

is, therefore, given by



hence, after the necessary substitutions and rearrange-

ment of terms

st 00w D1 2 33w
BaxP 7 = (=3 + ¢
oY X x 8XoY
aﬁwo
(——3- +
X
. p
Similarly, at y = 5
oty 3300 D1 30w
Bay oz ~ X5(p" T3 + 55 2)
Y ax oY y 9X°aY
2.
] (pBa W .
57 oy

=3B

4a4wo

e

p
dx” Syé4

(B-35)x

(B-36)x
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b) Membrane boundary conditions

Inplane load and extension. At every point along
X = %, from equilibrium considerations and the definition
of kmx’ the applied inplane force(PX), the membrane force
in the plate (Nx) and the movement of the edge (u) in

x-direction are related together by the following expression.
pX - NX - kau =0 (B"37)

In this case again, the slope of the plate at the
boundary is assumed to be small and its influence on the
above expression is neglected. To be exact, however, Nk

acts at an angle ©_, the slope of the plate at the boundary.

X

Its component NX cos GX, being approximately equal to

Nx[l - %(%%)2 + ...), must be substituted for N_ in the

above expression. In the solutions obtained, the maximum

slope was found to be 0.1 radians, where the inclusion of

cos 6, would have reduced the value of N, by only 1/200tn.
After substituting for NX and u their values in terms

of F, W and wo from (B-25) and (B-28) the above expression

be comes
X=0.5
D 2%, X (0228 )ax 4+ X 2F 1
5P TS mxal P == o oX
a oY X oY 1 -
0 1=0.5
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In this expression %% is to be evaluated at x = % only,
because due to the symmetry of the problem about y-axis,
its value vanishes at x = 0. After further simplification

and substitution

=0+ 20°F Cx oF 29°F
[ (p°5)dx + &= & ]+ p%8=5 =
Kpx , pos; ol o
X=0.5 X=0.2x-0.5 -
P+ Kmx[%\[ (&) 2ax - %~[ <2axl  (3-38)
0 0

If, however, the extermnal load is in the form of an
applied displacement (uB), the following relationships
hold ‘true and must be utilised instead of (B-38)

a
[ul¥2 =u_ , and in terms of F, W and W,

a
(22 Dyax + & & =U, + % (&p)%ax -
oY 1
0 X=0.5 0
X205 aw.
i — -
2 (5) “aX (B-39)
0

Similarly at y = %, the relationship (B-37) becomes

- - - 0 B-40
Dy Ny kmyv (B-40)

After substitution and simplification
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1=0.5 C 2
Kyl ( )dY + —lpcpaF)’ ]+ 2% -
0 Cq y—O s oX
Y=0.5
¢ Y=0 5 o
P, + Ky [3gd f (o2 207 - BT f 2%ar]  (B-41)
X
0 b
If the displacement v_ of the edge is give:n,[v]o 2=y,
A R 0.3 oW 2
= ( )dY + (p =V +£ (p )cdy -
Y=0.5
oW
& f (p—2)ay (B-42)
oY

0

A membrane boundary condition which is often encoun-
tered in practice is that referring to the boundaries of
the individual plate units of panels, made up of an array
of identical elements. Plate units between the stiffeners
of the plated grids, forming the skin, are a good example.
The loading and the arrangement of the plate units, in
most cases, are such that the edges of the plate units may
be assumed to remain straight while they move in a
direction perpendicular to themselves under the applied
loading.

The extensional boundary condition, in this case, will
itself consist of two postulations. At x = % there are

i) For every point along the boundary ‘er=§ g

o ox
constant
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b

y==
2
ii) Along x = %,2 \f Nxdy = external load .
0

In the first expression the magnitude of the "con-
stant' depends, in each case, on the plate parameters
and the loading, and will be determined by the solution.
In the absence of extermal inplane loading, the second
integral is equated to zero, and hence the edge will be
subjected to a system of direct stresses, in self-
equilibrium, necessary to keep the edge straight.

Expression (i) is essentially the same as (B-39) in

terms of W, W  and F. IExpression (ii), however, is given

by

Y=0.5
Dy 23°F
oph~= (p ——§)dY = external load,
3 o aY

a
after integration

2
zngg _ %_.exter%al 1oad (B=43)
X=On5, X
Y=0.5

Implane shear. Along X = %, the membrane shear
stress (ny), the applied shear stress (ny) and the
tangential force exerted by the elastic restraints at

the boundary are related by the expression
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ny -k, VvV = ny (B-44)

Differentiating with respect to y it gives

oN. oP
Xy _y & o XY
oy 8xoy oy
ol

ov . _
5y and i their values from (B-25) and

(B-27) , the above expression becomes

Substituting for

D 3 52 c o
x,2_o°F P, Cx_ 20°F
- P ) - E (p 5)] =
2> oXar? Sxa Cya aX2 T T e
P aw
Iy aw 2 1 %0
oy sxG a[ + (aY )<]

after simplificatinmn

_(p2_232_) - K [QEE + Sz(pZQ;E)] = éz,fle +
2X0Y° S I R D™ oy ‘
G c. aw
% 1wz, 1 % o2
Koxloh 550" + 3 o(ar) ] (B-45)

(B-46)

Dif ferentiating with respect tm x

oN 0
X _ o Bu_ pxx
oxX Syox ox
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After the necessary substitutions and simplifications,

_(paBF ) - K [(pZ_BEE) - ..(?Z:. .QE.F..] = 8.'.3. _a_I_)aY.X.. +
ax2aY sy- 7 av?’  C1ax Bgoox
. ow
1 _a_H 2 a1 042 -

By assigning values of zero or infinity to KSX or KSy the
two limiting inplane shear boundary conditions are obtained.
When the coefficient of shear restraint and the external
inplane shear are both zero for a boundary, the edge will
be free from membrane shear stresses and will be free to
extend or contract along its length. The corners of the
plate will, therefore, undergo movement relative to one
another, When the coefficient of shear restraint is
equated to infinity, it implies that, the plate is rigidly
connected to a stiff structure, such that the movement of
the points on each edge parallel to that edge is prevented.
The corners of the plate will, therefore;, remain stationary
relative to one another. The edges do not necessarily

remain straight due to this restraint and may distort,

if the extensional boundary conditions so permit.
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APPENDIX C

Finite Difference Solution

In this appendix the govemning equations (8~16) and (B~17), and the
boundary conditions of the plate are expressed in terms of the finite difference
equations, Graded meshes are employed and the finite difference relation-
ships derived for such meshes are given in a general form for reference,

The numerical integration used for the evaluation of the inplane displacements
of the plate, and the method of derivation of the finite difference relationships
for the graded mesh are outlined at the end of the appendix.

To obtain numerical solutions, due to the symmetrical or the antisymmetrical
loading assumed, only one quarter of the plate is considered, This portion
of the plate is subdivided by mesh lines, graded where necessary, as shown on

=219 Tha mavamina arnations . tagether with the boundary conditions

;V‘: A for

37 ERRATUM - Appendix C uations

!ﬁ;" . I . At the
P n equations C-20 and C-21, Poisson's ratios must .

o b : . ) . independent
¥ 7. e replaced b 2(1-

o placed by [ (1 ‘lvxb'vyb N +”yb3 and

S [ -y b yb N +vxbj respectively., The results two

given in the thesis are evaluated using the

correct expressions for equations C-20 and c-21.

WII

o
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APPENDIX C

Finite Difference Solution

In this eppendix the govemning equations (B=16) and (B~17), and the
boundary conditions of the plate are expressed in terms of the finite difference
equations, Graded meshes are employed and the finite difference relation-
ships derived for such meshes are given in a general form for reference,

The numerical integration used for the evaluation of the inplane displacements
of the plate, and the method of derivation of the finite difference relationships
for the graded mesh are outlined at the end of the appendix.

To obtain numerical solutions, due to the symmetrical or the antisymmetrical
loading assumed, only onz quarter of the plate is considered. This portion

of the plate is subdivided by mesh lines, graded where necessary, as shown on

page 132, The goveming equations, together with the boundary conditions
are written for each node (intersection of the mesh lines). To account for
the symmetrical or the antisymmetrical behaviour of the plate, the equations
on the centre lines and the mesh lines next to them are duly modified, At the
boundary a row of fictitious nodes are introduced, for which an extra independent
equation is written for each ride at the boundary.

The finite difference equations obtained are then amayed into the two

following matrix equations:

g -— — — —

Q
+
1,

— - - X .

4
B o= ¥

! | L, ]
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where

[ A :’ is a square matrix (O x C, O being the number of nodes),
It comprises the LHS of equation (B~16) and the terms involving
the function F on the RHS, It is, therefore, dependent on F.
EN:I is a column matrix (O x 1) of the unknown deflection of the plate,

is a column matrix (O x 1), each element being the sum of the trans-

] verse loading @ on the corresponding node and the initial deformation
constant I, (except for nodes at the boundary),
{ B :l is a square matrix (C x C), representing the RHS of the equation
(B-17).

J is the column mairix (O x 1) of the unknown stress function,

J

is a column matrix (O x 1}, It represenis the bending terms (W”) and

the constanis (l2) due to the initial deformation of the plate.

The solutions of the above matrices are

T ~ T 1@
w = A +

|
. L J _]4
— - - :'] mﬂ'ﬂ
F = B +
u 1 (2]

For every node (r) under consideration, the adjacent nodes are numbered
and the mesh lengths labelled as shown on page 138,  In each direction, the
mesh lengths are represenied by their ratio of the average mesh length in that
direction,  For simplicity in the expressions constants G- Gy which
depend on the mesh lengths in the vicinity of the node being examined are
defined as given on page 129. The finite difference expressions are all written
in terms of a length unit Qs which in this case is assumead to be identical to

the average mesh length in x-direction,
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7‘-
—= 2
0
T
7{-
Jo @ |
/ A
| in x~direction) Number of divisions in quarter
)
J in y-direction) of plate

C total number of nodes in quarter of plate = (142) (J+2)

10 | %’
<
i
a, = /21 6 |2 5
] X
b =/2) 0
m <<
ni3 o L 9
Mean mesh lengths in : - <
x and y directions F Ik 8 :E_\-_
1 <y
—+—4‘-—-r :
A typical node (r) with graded mesh lines
A], AZ' A3, A4 = ratios ofam
AS’ Aé, A7, AS = ratios of bm

&4

YR
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Constants GO to G” are defined as followss

Cn = " bm
2 2
G. = , G. = (A, +A)
! (Ath2+A]A§)ci v 2
2 2
G, = ’ Cin = (A+A)
2 (A?A:g +A] 2)02 1C S 6
G=——-———22 G., = (A, +A )AL +A,)
3 (A2A +AA2)0 ’ 1 1 25 6
24 2 4" m
2 2
ZGO 2(3C
G, = G. = — —
4 2 2. 2 5 2 2, 2
(AgAs + AAQa! (AZAs + A A
ZGO2
G
6 =
(A A + A AS)O

The finite difference approximations for the derivations of a function )

at the node (r) are given by the following expressionc!

C,a
3 _ 1
A ¢1 '(A - A )¢ A2 ¢3) (C-1)
G,a
gf - 2?5 g (A§¢2 - (Af, - Aimo - A§¢4) (C-2)
o’
'é:‘z"= G](A2¢] - (A] +A2)¢0+A1¢3) (C-3)
32¢‘6A¢> A+ AP +AD) (C-4)
7 = CylAgly - s+ AL+ Aty

dy
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, )
2 G,G,a”
'8 _ S1%C%m 2,2, N2,2N. 42,2 2, 42,2
A (e (AAss + AAsDsY Aglhy = ALy - AAL,

2 2 2 2 2.2 .2 2.2 .2
- AlAg = ADD, + (A] = ANAL - AND + Aj(As - AN

2,2 2,2 2 2,2
+ 82020 - A2p2 - adg - a2n2g) (C-5)
3 C,a
1 2 2 2 42
: £= (A0, - (G hgythg) + GyAyA7 - AT+
x .
2 2 2,2
(© A28, - G AZ, - G (A A NAZ-ADNG +
(©AXA#) + G A (AZ-AD)Z, - G AT B ) (C-6)
AP+ CyA (A -ANZ, - CoA A,

3 G,a
g C4%, 2 . 2
o o (CAAA o - (CALAFA) + CA(A, - A§)¢2 *

2 2 2
(Cighy - Cghghg = CglAs + AQING-AID, +

2 2 2k o A2
CCALA+ A+ CALAL - ANB-GACAPY)  (C-7)
3 G,.G.,a
, 4 2 2., 2 .2
2 g = - C g (-Ag(AZ+AE, + Az"‘\g‘zs +AJAL, + ANAS - ADy
ax dy

2 2 2,2 2
+ (A] +A2)(A 2" As)ﬁso + A] (/-\5-A 6)¢)3 + A5(A] + A2)¢4

2 2.,
- AAsLs - AAsE) (C-8)
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G.C,a
g _ T174° m 2 22 2, »
ol 2 Ag +A6(A = A, - AYALZ,
X3y
A2a_+ AN, + (A +ANAL - ADp + AZA_ + AR
N5 T Rl TR T R\ = AT, T AR5 T AglEg
+A A ¢> +A,(A A2)¢4 - A2 A5¢7) (C-9)
Fo
;;(T G (G 2¢i‘) - ((3211\'.2(/-\l + A3) + G]AZ(A]+A2))¢‘
2
(G yAnhg + CLA LA + G A+AN VB - GA (A+A I+
T
L('\\_L t(}/‘\,'."\'\
G A A2¢’” NSRRI (o) Q)
e
Tﬁy = CGANM - (CAA+A)+GCA A+ AND,
2
H(GAMA + CAA +C (A +A) )¢° - G A LAt 8)¢4
CeAAH, ) o (C-11)
4

00 _ ~c
oyl C1C4AAD; = AJAHAND) + AJA D, - AJALA N,

+ (A +A2)(A +A )¢ A (A 6)Q§3 + A A5¢3

ASAHANT) + A AL) (C-12)

At the edges, fo increase the accuracy, the slopes are expressed in terms

of four points as follows:
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o _ 1% koot ket kA

ox ka
m

(C-13)

.5 2
where k) = ACA(A, + Ay)

2 2,2 2 20a2 . A2
k= AAAL +ANA, +AIAT + AS - AjA) - AT(BAZ + Ay + 3AA))

_A2,2 2,,2
k3 = -A]AZ(A2 +A4) (A2+A‘A2+A2A4)
_ )
k” = A]AZ(A] +A2)
- a3 ’
k = A‘A2A4(A] +A2)(A2+A4)((A2-A])(A2+A4)+A](2A2+A4))
Similarly,
% __ GQ(I<¢> k @ +k & +k,©.,) (C-14)
ay a 272" %00 474 " 12712
where k, = A5A (A, +A )2
2° 8688 6 3
a2 2,,2 2 2,022 +2
ko = A{,As(As +A6)((A6+A8) (A5 +A6 - A5A6)— A5(3A6+A8+3A6A8))
4 2,2 2,,2
k' = -ASAG(A6+A8) (A6+A5A6+A6A8)
Ky = AAXA, + A
12 = A58 A5+ A

3 '
= F; )] -+ -
k A5A 64\8(A5+A6,(A 4 Ag)((A £ As)(A 6+A8) + A5(2A 6 Ag))
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In all the solutions obtained, for simplification it is assumed that the row
of fictitious points are as much away from the edge of the plate as the first

row of internal nodes, i.e,

at x= A =A2, and

1

Ml o

A=A

N} o

aty = 6

The simplified relationships used are then:

o 1 2 3
= (A (A, + A D +2A00
B IAALA, T AR, T AT P T A T B,
2
~(ApAN A, + AT + 2AA (24, + ANE) (C-15)
o _ o (A A ANV + 2A,A_(2A,+ A D
gAgtAg) @y + 2AA(2A + AN

—— _
By | PAAGAFAIA A

2 2 oad
- (AR (2A +AIT + 28,7, ) (C-16)

Finite Difference Equations for Bending Action

For every intemal node, the equation (B-16) can be written in the finite

difference form (operating on W) as
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B <
blC‘-
]
b6+°6 b2+02 b5+c~
| | ! W=Q+1,
b” ~—b3+a3 b°+c b1+a] - b9 (C-17)
[ | [
b7+a7 b4+a4 b8+°8
l
b1

where, constants (b) refer to the bending action alone and remain unchanged
throughout the analysis for any given plate, Constants (a) reflect the effects
of the membrane action on bending, and need to be recalculated at every
loading stage, and for any iteration from the latest distribution of the membrane
stress  in the plate.

The values of the constants {b) ares

bo = GIG2A2A3 + (.'-J~]G:31£\“A4 +G

2

]G,;+ KSG4(G AA+ G6A5A8)

567

Y 2
+ 5\564610 + 2K4G]G4G”

e

RPN 2 2

by = G G, (At + AjA) - GIIAJA, + AJ) - 2€,C GAA + A
= - - - —-2 A - !

by = KsCyCAAS+ AL) - KiGIA(AS + A -2K, G A A +A)
- C -2 - ~

by = =G, GaA (A, + Aj) - CTA (A +A)) - 2K,G G A (As +A )
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- _t | e ,2 e
by = ~K G G ALA, +A) ~KCrALAHA) -2K,C G AJA +A,)
b, = 2K,C G AA , b, = 2,C G AA
b, = 2,G,G,AlA; , by = 2K,C C,AA,
by = C1CA1A, 4 bio = KsC4Cshshs
biy = C1CA A 1 byy = KGuCASA,
52F
f n =28 = GUAF - (A+AF - + A )
x T2 T a2 e ot s
%
o G, (A Fy = (AP + AgF))
Sp2F GiGA"mZ 2,2 2.2 2 2,2
"Wy = ady  4Cg (AgAGFs + AglA] = AgFy = AjAgF)
2 .2 2 .22 ,2 2.2 .2
AHAZA I+ (AT-ANAC-AF S + AJAS-ADF,
2.2, 2.2 ,2 2.2
+ AZAZE = AZAS-AIF, = AcASFo)
then, the membrane constants (a) are given by:
o = -G.(A+An =G A+ AN + G, (A2-AZ)AZ-AZ)),
C 1172 % T4V 5T T8y T TI13Y 2 1N 6 S5 xy
_ 2,2 ,2
ap = GyAgn, + CrafylAs-Adn,,

\ 2,2 A2
a, C 4A &"y + G, 3A 6(Al - A2)nxy



= G.An +G AZ(Az-A n

11 x 131

GAn +G A(A
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2
5)x

Az)n

45 135
=G A2A2n a, = =G A2/-°\2n
132 6'xy * 6 - 131 6 x
o~ A2 - . 2,2
= C.|3A.|A5n r Og = G,3A2A5n
2
G.‘G4am

1

[. which is a constont to be added to Q due to initial deformations of the

plate is given by the same operator as in the LHS of equation (C=17) in which

constants 7

Flexural Boundary conditions

Atx——

7 are equated to zero and W is replaced by Wo‘

, the rotational boundary condition is given from equation (B-29)

2
r N
f2
i” A "o n W= I] (C-18)
4
k ”
where £ = -2GiA, -V, C Az +A) = 2K kAN (28, +A,)
_ 2 _ .
r = GA, 2K ki (A, +ANA, r, = vybC4A6
rg = GyAy+ Kk (A, +A )(QA WA, oy = OybG4A5
_ 3
m = 2K kA,



~ 147 -

in which

_1
k” = /2 A.’A4(A2 + A4)(2A2 + A4)°m

I' is the constant due to initial deformation and is equal to the some array as
on the left hand side of equation (C-18) operating on WO'
Similarly at y = b/2, from the equation (B=-3C), the rotational boundary

condition isg
r

(C-19)

A ”

where o = -ZG4A6 - ‘)bel(A] +A2) - ZKryk]2A6A8(2A6 + AB)

_ _ _ 2
7= %G1y fp = Cyhg = Kk AglhetAg)
: _ 2
rq = "belAl , ry = G4A6+ Kryklz(A6+A8) (2A6+A8)
- oK 2
fip = -Zt\ryk‘ 2,4\ 4
in which
G

C
k.. = _
12 " 2A PPN e

I] , as in the previous case is equal to the array on the left hand side when

/o
operated on W o-



- 148 -

For the reaction and the vertical displacement of the support the boundary
condition at x = 72 , is given by the equation (B-33), and when expressed in -

temns of the finite differences it becomes:

4 A r
419 195
d” - d3 dO d., d9 W= Same as LHS WO
dy 1% 1%
~ A \ y

(C-20)

The values of constants (d) are:

-

_ 2 2 2 2

do = O.50_G (G (A+ANAL - AD) + G,AZA, - G,AZA )
+C.50 GV, G, (AgtA JAS-AD) - Ky

dy = -0.5a_G,(CANAAY + G\A (A2-A2)+\) (A +A))
1 : Tm 1 2V1 2 6
d, = +C.5 G G A, (a2-A2
2 b CaeB17A2
d, = +0.5a G.(C.AXAA )+ G.AALAD +9 .G 2(agA)
3 50 GG A AgHAL) + CANAI-AY) +9 4 CuA (AgrAg
d=o&GvGAm%ﬁ
4 Vb CaA5A=4,

- 2 -
d. = C.5a G,v ,G AA d O5QG‘0xb4A2A5

5 Tml'xb 426 -
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—— — - 2
d, = -0.50_Gyv bc4A]A6, dy = O.5a_G,GA A2
d. = -C.5a C.v . G.A%A d. _=-0.50 G.G.A%A
7 “m 1xb 4 V5" 10 Tm173 V2

The right hand side of the equation (C-2C) gives the initial deformation
constant . ll .

To eliminate point (?) corresponding to the second row of fictitious points,
the governing equation (C~17), for the point being considered, is written and
solved with the equation (C-2C) for this purpose.  The goveming equation
(C-17) and the equation (C-20) are added after the former is multiplied by
(~d 9) and the latter by (bo)

Similarly at y = /2 the nomal shear boundary condition is glven by:

d A V) ~
10
86 e 82 e5
e3 | [ec I T W = Same as LHS WO
e7 ] e4 es
®12 \
N ’ g (C-21)
where

eo = kig(Gy(AtANAL AZ) + GSA6A7 G A5A8)+

b 13 (A +A2)(A -A5) - Kd
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2 2
= Vopk1aCqAxAsA)

1]
a—r
|

_ 2 2,2 2
eg = ~kyglCaALAAL = GUAASAL + 9, GIATAAY)

2,2
v ky3CqA (ASAY)

€2 T Yyu13

e, = k, (G AXA +A )+ G A (A-AZ) 49, G.AYA.+A))
4 = K13(CeA5 A AY) + G AL ASAD +V, CiASA+A,
er = k¥ G AN e = ~k,v  G.A A

5 = k1a¥yuCyA%g - 8 = F1¥C1As
e, = kv, GAA e, =k, .G.AA

Pl PN I 1c = K1385"5%

) 2 _ 2
&7 = K AR5 1 o™ lq3Cehshy

As in the previous case, G o which refers to the second row of fictitious

poinis poraliel to y = lo/2, is first eliminated by making use of the goveming

equation written for the point being considered,

Finite Difference Equations for Membrane Action

[

For all the intemal points, the governing equation of the membrane action
(B~17) is given by:

]
M M3 Mo ™ Mo F=kot Iy
!

(C-22)
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where m~ to m;, are constants independent of the loading and the state of

strest  in the plate, k2| represents the effect of bending of the plate on

the membrane action, and l2 is the constant due to initial deformation,

mo=

3
N
i

17 ' 2
'\IGIGZAZAS + I\IG]G9 + G4(GSA6A7+ GéASAS

! K A
+ G4G.'O) + 2|<2G]G4G” + ]G]GB 1A4

, A2
-K.‘ GIGZAZ(AI+A3) - l\]G]Az(Al+A2) - 2K2GIG 4A2(A5+A 6)

2 :
-G4GSA6(A6+A7) - G4A6(A5 +A6) - ZKZG]G4A6(A1+A2)

2
-K,G,C.A (A2+A4) - KIGIA](A.‘+A2) - 2K.,G G4AI(A5+A6)

17173 271
-GG AL A A - GZAS(A5+A o) = 2€,C, G ALA +A,)
2K,01G4AA my = K;G1CAA,
818 A A Mo = G40 5"
2K,01CA A5 myy = K188 A,
2K2¢164A2A5 ’ Mg = C4CehAs

G692 5 5 2.2 .2 2 2.2 ,2

265

174" m ,,2 2
= ( _Tc%—(A AW, + Aé(Al-AZ)WZ - A1A6W6 - ;~4\.|(A5-A6)W3 +

2 2.2 2 2,2 .2 2.2
(AT-ADNAZ-ADW + AS(AZ-ADW, + AZAZW, -
2,2 .2 2 2. 2
As(A AW, = Ay AWo))

-GGy (A Wam(A +AIW 5 + AW, NA W, = (AHA W+ AW,)
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I, is given by the same expression as k2] , in which W is replaced by WO’

Extensional Boundory Conditions

At x = -5 , the equation (B-38) can be written as:
Y 2
G4A6F2-.\ v |<13A4(A2+A4) F (2K ka13A2A4(2A2+A4)
. 2
+ C4(A5+A6) FO + G4A5F4 + .‘(rM\?mkw(A2 + A4) (2A2 + A4)F3
3
- 2K ‘?xm 13 2F
=n
K D BGAF,~(ASAIFS +AF,) =
r=C
2 2
S S b St 42y, AW2Ahw_ - AW - AP 2.
2 r 4 21”727 e T M o T e T 2
(C-23)
1
where k]3 A4(A vy )(2A ) , and
C

—(—:5- is substituted by its value - ¥
) xm

The first term on the LHS refers to the node at the boundary. Symbol (Z )
indicates the summation of the succeeding term, evaluated for nodes on the

line (y = constant) from the centre line to the edge*. Iy is the constant due
to the initial deformation of the plate and equals the second temm on the RHS

when W is replaced by WO (initial deformation), When the extension U of

*See page 159,



- 153 -

the plate is specified, in the above expression Kmx =1, the terms without

K x vanish and Px is to be replaced by U,

Similarly at y = b/2, the equation (B-41) becomes:

AgFy = (2K 9 kygAghg(2Agt A

g+

K \? l‘lB 8(A+A)F +C.‘

| 2, 3
G (APRANF + G A, Fy + Ky TymAt Ag) PA + AFy = 2K 9 Ay,
=n
Z G (AJF; = (A AJF o + A Fy) =
K ~C 2°2
my “y r4m,,2 2 ,2
Py + 5 o (AW, = (Ag - AW -AW) -1,
x =0 4 o
G (C-24)

where k,_. = &
18 2A5A8(A6 + AB)(2A6 + A

S)Gm

The significance of the tems in the above expression is the same as those in

expression (C-23), but related to y-axis,
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Inplane Shear Boundary Condition

can be

at x =

where

The equations (B-45) and (B-47) for the inplane shears

expressed as:
a/a:
2 2 .2 2
..k19A2A6F5+ E{sx‘}ymG4A6—k . 9A6 (A,I-HZ;J F2+k1 9A 1A6F6
- ECSXG,]AZ+k19A2(n5+A6-)Jr 2t E(sxG’l (“1+A2)+st‘)ymG4(A5+A6)
2 a2 ] 2
_k19(A5+A6)(A2-A1)J Fo- E(SX(‘:?,]A,]+k,|9A,l (A5+A6):l F_3
2 2 .2 22
-k 1 9h2A5F8— k ’ 9A5 (a 1 -1\.2 ) _st\)ymGLbﬂgl F4+k ’ 914. y A5F7
3 2.2 .
a”Qp K_¢ Gra - 2
_ Xy _ 5% ¥y _Wm 1.2, _22..2yy _s2 _
- Doy 8 C_° 2 E6w2 (A A5)""0 A5"’4_' T2
X X GO
> (0—25)
G, G a
174%m
k,]9 = > 1

12 is the same as the second term of the RHS when V

is replaced by (wo) the initial deformation:
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and at y = °/2

& oAaAs 5+ 2" %201

l 2 .2
[20 2(A5 A6) -K \J G A] kao(A1+A2)(A6—A5)-
\ 5! 2
-K Gq(A +A6)+K G1CA1+A25] [%20 1 -A6)-KS G1H;1

Fosk. A AZF . 5(A +A2)+KsyGuAé] F4+k20n1A2F

2,,
k20A6(n1+A2)-ksyG4Aé] F.-k_ A AEF

372025

3y 22 2

& Qva st 1 m 2
Dxa'x—- + 5 an’l-(A )WO-A 1\»1.3] -I2

.. (C-26)
G 1 GL}am

20 ZGO

where G

12 is the constant due to the initial deformation being the
same as its preceding term if W is replaced by W, (initial

deformation.
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Special Nodes

If the function to be expressed in the finite
difference form is symmetrical about the centre lines of the
plate, nodes falling outside the quarter of plate treated are
eliminated by assuming that they have the same value and sign
as their symmetrical counterparts within the quarter of platé.
When the function is antisymmetrical, the values of the nodes
to be eliminated arc the same but of opposite sign to the
corresponding interior points. It must be noted that, for
plates with antisymmetrical bending about the centre line, the
distribution of the direct membrane stresses remains
symmetrical and the modification must not be duplicated for the
stress function equations.

At the corner of plate, on the account that it lies
both on x = a/2 and ¥y = b/2, four equations can be written.
But in order to obtain as solution the deflection of the
plate relative to the corners, the equations formulated at

this point are:
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(a) 1In bending, at point 1
; 2 L
i W, =0
1 b
y=/2 1 3
ii, iii) two rotational S
Corner
boundary conditions,
one for each directior
iv) point 4 does not appear
in any of the equations,
and can be eliminated, x=2/2

It is, however, given an arbitrary value and
formulated with the rest of the equations to
simplify certain matriX operations (see solution
by the digital computer).
(b) Similarly for the membrane action, at point 1

i) ¥, =0

ii, iii) two equations for the extensional boundary
conditions of the two sides

iv) point 4 is treated the same as in the previous

casc.
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Numerical Integration

If the value of a function @ is given from the centre
line of the plate to the side at n unequal intervals*, the
integral of the function taken between the centreline and the

side, in x~-direction, can be expressed in the form of:

X:Xn :
j ﬁrd;c = g BS. .o (C=27)

X:O I‘=O,1,2..Il

where Br is a constant to be evaluated for each point. The
value of Br’ being independent of the function itself, is
determined fropm the number and grading of the intervals. For
any subdivision of the plate, the constants need be calculated
once only and used when required,

The range of integration is considered as % successive
pairs of intervals (n to be even), each pair being‘treated
individually.

The value of the function at the midpoint of the
intervals being considered (grm) can be expressed, from a
parabolic interpolation, in terms of the given ordinates*,

The area underneath the function is from Simpson's integration

formula, between the points (r-1) and (r+1), given by:

* See page 159



Function'given at unequai interfals between x, and X,

: value of functlon at m1d point of the pa1r of 1ntervals .

& .
0

being con51dered A1, AZ’ I as deflned on page },:" A
o A1+A2 SR 5,,- S R
; Lo , A2 | B S :“ ?ff;“'f‘;3}
21h K » ':' - '?ff; . ."'r f‘f?'ff'»{f”cf{fi-;‘f#

1

g vls interpolated parabdlcally from ¢(r 1)’ ¢ and ¢(r+'l)

:lﬁ;ﬁ(c-ag)

L ¢?@f 14¢<r 1)+k15¢r+k16¢(r+1)

E f”av?~t~5k‘i ; 115k 2 S

11015 g T

e
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x(r+1)
Bax = B )8 (1) B Bra)P(re1)
x(r=1)
h

o

where B(I‘h1 ) = 3 (L}k*ll;.-"‘l )

m
B(r+1) = 3“ (4k16+1)

The values of hm, k14, k15 and k16 vary from point to point
and have to be newly calculated for every Pair. If the
summation is then taken over the whole length, the

coefficients become:

h
m
h k
_ m 15
B1,3g sen B(n"1) - 12
h h

m m
52,4,‘.. B(n—Z) = 3 (4kq4+1) t 3 (#k16+1)

where the first term refers to the preceding and the

second to the succeeding interval.

h
m
Bn = 3 (4k16+1) s (C=30)
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Derivation of the Finite Difference Approximations

The value of the function @, in the vicinity of node

r* can be expressed from Taylor's expansion as:

2.2 3

39, Atn 2, % g, o
B = Hyrheng Q) 37t CD) 3 (,? (-%) .
o0 (0-31)
42 2 3 3
B, = By-Aa (D) +ﬁ 5 = ( 2) ~5; L (L) 5 ) -
3 P02’ 21 9% o 3' 3% 0 4 -—g
. (0-32)

After multiplying equation (C-31) by Ag and equation (C-32) by
Af, adding and simplifying, if derivatives of the third and

higher orders are neglected, it gives:

2, A§¢1 (A 45 )¢ A ¢
'y (a A2+A1A2)a

For the second derivative, equation (C-31) is multiplied by A2'
equation (C-32) multiplied by A,y the products are added and

simplified to:

(BLV) A ¢ -(A +A )¢ +A ¢5
sz ) (A1h2+A A2 )am/z

* See page 138
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Higher derivatives are then derived from the above relation-
ships when they are operated from one another,
The more accurate expressions for the first derivatives
in terms of four points can be obtained by writing an extra

expansion for the fourth point.

2.2
8., = By-hpri)a D) Jifi*)— &3 ¢) . +A§) %, ...
0 'oado
.. (C-33)

The fourth order and higher derivatives are neglected. The
three expressions (C-31), (C=32) and (C-33) are treated as a
set of three simultaneous equations and solved for (%g) s the
value of which is given as expression (C-13). °

The same procedure can be repeated for the derivatives
in y-direction.

Cross derivatives are obtained when the operators in

one direction apply to the derivatives in the perpendicular

direction.
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APPENDIX D

Transformation of the orthotropic plates

If the cartesian coordinates x' and y' are defined
as X' = x/a and y' = y/Na, making use of the definition
of the non-dimensionalised constants a, B, ¥, p' and A
given in the notation, the governing equations (B-14) and
(B-15) can then be transformed into the new coordinate

system. They become

(D-3
o' a4w' ot
7 + 2w 5 T5 + YT
ox ox “oy oy
N i 1 M A %' 8%’
oy oxX 0x 0y 0Ox oy ox oy
1 ote' e ote' . ddr
¥ ! 1 1
o BT N2 oy Py 2 gy k
n (aew' 2 azw' a2w' (aew'o 2 aew'o aew'o
= —) - T 13 - ——) - 75 15
ox' oy ox ~ oy ox oy ox oy
_ : (D-2)
: c
where w! = w[%g s w; = Woﬁﬁz

X X
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_ 2
£t = f/DXh
_t ' 4 1! 4 ! 4!
a =4q +(""av|\l'4'o'+2u'a‘72fo 72*‘6‘:’40
ox X “oy oy
@ =g J§é q
Dy Dy

The boundary conditions as given in Appendix B can be readily
transformed into the new system from their final form.
In the transformed boundary conditions for the mem-

brane action, the Poisson's ratios appear in the form of

‘uxm“ym y as compared to - and p in the expressions

ym
derived in appendix B,

If at this stage the governing equations of the trans-
formed plate (D-1) and (D-2) are manipulated in the same
way as equations (B-14) and (B-15) in Appendix B, two new
equations corresponding to (B-16) and (B-~17) result.

These equations are

] ? ?
oty v oty 11y oty J
e + 2K, p ¥ et 4 K_.p = Q + I, +
ax 4 4 ox 25y'2 O oy ' 4 1
("2 o°r' 0%’ 002 o%F %W 1o 3%p %'
p 5T " P 7T *+ TS 12)
oY 2 a% oX oY X' oY oX? Y
. . . (D-3)
o4p 12 4w 14 4
L + 2K, p +p T EE— =
1 x'4 2" ax'%y'? oy ' 4
o1 2
[ ] | | | ]
(o' Lip)2 _p'2 9—¥§-a VZ + I, (D-4)
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where
] ] 1§
' 24w’ o v 1o o v g o'
I, = (&X2 , oxp'?2 QMO L g 42H0) ang
' ' 3% 2 12 390" 2%Wo
I2—— (p —=——==)" ¢+ p Ot a5
0% oY oX ¢ oy

The solutions of the equations (D-3) and (D-4) give
results which refer to the transformed plate and have to
be reconverted to the valwles corresponding to the actual
plate.

In the following table a summary of the relationships
between the quantities in the actual plate, the non-
dimensionalised plate according to appendix B, and the

transformed plate are given.
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TABLE D-1
Actual Plate Transformed | Actual Plate Transformed
plate plate

Initial governing equations

Treated governing equations

(B-14) (B~15) (D-1) (D-2) |(B-16) (B-17)| (D-3) (D-4)
1
X x' = x/a X = x/a X'=§T = §
a
1 ' :Z.'. ¥
Y Yy =yMNa |Y=y/o T=w=%
C C_?* C_ |
w w o= w X/p, |W = wJ X/D W‘=W'JJET = WJJE
x X QX DX
T 4]0 I LY YR
q o - S P 2 8% '
X X X X D
X p.4
| ] _ 2 _ |_f| _
f £ i‘/DXh F :f‘/Dx F="/D' = f/DXKQ
! Cx ! ,i' 1
a a =1 Kl = /C‘y Kl = —(’Ty—r = /’Y'é
' CX 9 CX' B
b b = b/ar K, = /HIn K, = el /Y2
t H H t
]
p=®b |p == K = °p |k =gir=aq
X
' D ] Dt
D, D, =1 K5=5§ K5=-ﬁxl,-=1

Contd.over
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TABLE D-1 (continued)

'
D = 1
Dy y
1
Hb Hb = q
' —
CX CX =1
! 4
c =
Cy v Y
2
Hy Hm' = %“"‘




- 168 -

APPENDIX E

COMPARISON OF RESULTS AND ACCURACY CHECKS

This appendix deals with a comparison between the theoretical results
obtained and the available solutions,  Examples of equilibrium checks on the
membrane forces, and examples for the examination of the validity of the
solutions are given,
The results are examined under the following headings
1 Small deflection solutions of transversely loaded rectangular
orthotropic plates,

2)  Plane stress solutions,

3)  Non-linear solutions of transversely loaded plates,

4)  Non=linear solutions of plates under combined loading,

5)  Non-linear solutions of initially deformed plates subjected to end~
thrust,

6)  Critical buckling load of plates,

7)  An example of equilibrium and displacement checks for @ non~linear

solution.

1) Small deflection solutions of transversely loaded orthotropic plates

i) Limiting flexural boundary conditions. Solutions obtained for several

standard cases of plates under uniform transverse loading are given in table
E-1. Available solutions are included for comparison, The cases listed in
this table incorporate all the four limiting flexural boundary conditions
considered, For the same uniform mesh used, the results of the plates with

supported edges are more accurate,
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TABLE E-1 Square isotropic plates wunder U.D.L.
mesh: 16 x 16, uniform
Vo Wy Wa My1 Mx2 My1 My2
A - - - _ -
Plate = =k1%qx1(-33=k2%£qx18 =k3u2qx1& =k1.u2qx102 =k5q2qx102=k602qx10
X X .
Vo :
y kq ko k3 ke, kg kg
yi 4.06 0 4L.77 0 4.77 0
X
1 »|0.3 ¥
oy | (4.06) (0) (4-79) (0) (4.79) 0
0.3] 13.135 | 15.05 2.70 0 12.25 13.10
} 3 : 0: ] 13.06 13.06 0 0 12.50 12.50
L~ 1 [0.3]03.09) - 2.71) {0) (12.25) -
0 [n3.02) | g3.02) | (0) {0) (12.50) | (12.50)
== [ | 1.26 0 2.26 -5.13 2.26 -1.54
” 5 ‘ 0.3
_— (1-26) (0) (2.31) {-513) | (2.31) .| (-1.54)
-——9 1 2.55 1.78 11.17 0 11.17 15.03
| 8 | |03 : _
-4 (2.49) - (10.90) | (0) | (10-90) | 04.04)
=9 5.93 L. L6 3.5 | -1.29 | 3.59 4.81
{10 1} {0-3 -
= 5-80] | [4-37]1 | [3-59] |[-1-29] | [3.59] | [5-12]
#*{ ) from ref.21 Timoshenko

e[ ]

from ref. 56

Beinberg
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ii) Q&hotmpic properties of plates, To check whether the stiffness
coefficients relating to the orthotropic properties of plates were correctly
expressed in the finite difference expressions, the series solution given on page
372 of ref,(21) was programmed,  Solutions given by the two approaches are
compared for the case of the double boitom in Table E=2,

iii) Intermediate boundary conditions, The edges of the plate may be
restrained against rotation and/or deflection, In both cases, due to difficulties |
in finding solutions for comparison, the results obtained were checked indirectly,

Solutions obtained for plates with edges on discrete elastic springs
(comers on rigid supports) are compared with solutions of plates supported on
elastic beams given in ref,(21), using the following argument,

For a plate supported on beams with flexural stiffness bx the distribution
of reaction of the plate on the beams may be assumed to be in the form of a
half=sine wave,  From simple beam theory the deflection of the beam at every
point is, under the assumed loading, proportional to the reaction at that point,
The beam can, therefore, be replaced by a series of elostic springs of uniform
stiffness, From beam theory the stiffness of the substitute spring is
Kk = -n'4bx )

TG

The results given for pI%fes on elastic beams are expressed in tems of a non-

dimensional beam factor an the corresponding non=dimensional stiffness

of elastic restraint in the present solution is from definitions in the notation
Kd =-rr4. beam factor,
X
For a square plate with two opposite edges simply supported and the other
two on elastic beams with a beam factor = 1C, the central deflection undeg

uniform transverse pressure is from ref,21 (page 218) equal to ©,CC4 34 %—q .
X

For the same plate with an elastic restraint K dx = IO-n'4 and with a uniform
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12 x 12 mesh the present solution gives the central deflection as

o.cosu 3.
X

Solutions for plates with rotational restraints at the boundaries are checked
in a similar manner, using the following argument,

For plates rigidly connected to rotationally stiff beams at the boundaries
the distribution of bending moment at the shorter sides may be approximateq by
by o half sine wave(52). From the simple beam theory the rotation caused at
every point along the beam is proportional to the moment at that point,

The beam in this case acts as an elastic rotational restraint, uniform in stiffness
along its length,  The stiffness of the equivalent spring is given by

2
t
er = rxz , where b is the length of the beam,
b

Independently, the equations of plates with torsionally stiff edge beams

were programmed, It can be seen from the definitions given in the notation
that using the cbove argument the relationship between the coefficient of
rotational edge restrint (discrete springs) and the torsion coefficient of the

_+a ., . : _ a2 2
edgebeumsatx———z- is given by st = (E) n Trx .

For the model analysed, the torsion coefficient of the edge beams along
the shorter sides was estimated at Tr <= C.228, Solutions obtained using both
methods are given in Table E-3,

iv) Craded mesh. To study the improvement in the solutions obtained
when graded mesh is used for plates under concentrated loading, and also to
find the best grading of mesh, several cases were analysed,

Figure E~1 shows the variation of the error in central deflection and bending
moment of a simply supported square plate under a central patch load with the

dimensions of the load, It can be seen that for uniform mesh, the smaller the
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y4
TABLE E-2 D, =41.7x 108 (b in
Dy =378x 1% (bin - X
~ .
6 ; @
H =36 x 10° (b in
Y = 0.3 L 131" L,
A /1
series finite - ¥
solution difference
solution
Wmax = k;-q in K 0-0121 0.0120
Mymax = K3-9 b kg 427 427
- ¥ mesh: 16x16 .
TABLE Ex3
g c
X 25 | W My1 My2
n ' '
A el |Fhanitaa ke
Elastic rotational §§ ' Ibin/in | tbin/in
restraint. O T Ky ky k3
discrete spring Ky :
system = 0.0102 402 -317
-5.076
torsionally stift Trx
edge beam Ny 0.0102 | 402 |—301
0.228
X Plate parameters same as in Table (E-2)
mesh: 24 x 16 uniform /

e i
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area of the patch the larger becomes the error in the solutions obtained, For
two arecs of patch ioading graded meshes as shown in figure E~2 were used,
Solutions obtained are marked in Figure E=1 for comparison,  For the
evaluation of errors, resulls were compared with those obtained from the

following caries solution

foe) © ” s mnl nnl
‘ SNt e, sino sin . sm——-m"x SineL
ws= ]6q ol a o il b . rza 2b ° b
Tfé | n"4 m2n2 n4
mn(s + 2H + D
'—113!01 n=113’0¢- ( 04 2b2 y b4 )

where x7 and y” are coordinates of the centre of patch load,  The above
series is an extension of the expression given on page 372 of ref.(21) which
was programmed for checking the finite difference solutions of orthotropic
plates under patch loading, In obtaining numericai solutions, special attention
was paid to the convergence of results,

v) Mesh fineness, To estimate the accuracy of the results and in order
to choose a suitable mesh size for the later non=linear problems, solutions
were obtained for several cases with different fineness of meshes, Figure E-3
shows the error in deflection and moment of square simply supported and clamped
plates for various degrees of mash fineness.  The solutions are compared with
those obtained from a program written for the above series expression, For
clamped plates solutions obtained using more acrurate finite difference

expressions for the siope at the boundaries are also given,

2) Plane stress solutions

For simple boundary conditions and uniform lcading at the edges accurate
plane stress solutions are obfuined, even when a relatively coarse mesh is
used, To demonstrate the scope and accuracy of the results, the two following

examples are given,
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i) Square plate pulled in the middle of two opposite sides. A uniform
square mesh is used and the concentrated loads are applied to the nodes at
the mid=point of the loaded edges, Solutions are obtained for8 x 8, 1G x 10,
12%x 12 and 16 x 16 meshes, Figure E=4 shows the stress distribution
obtained from a 12 x 12 mesh,  The actual magnitude of the stresses found
across the centre line and across the secﬁén y =§ are ploited, Simpson’s
integration formula is used to evaluate the total force for the equilibrium
checks shown in the figure,

i) Square plate, clamped and uniformly displaced on two opposite sides,
The displaced edges are cssumed to remain straight and fully restrained
against movement parallel to themselves, The unloaded edges are assumed
to be stress free, The distribution of stresses obtained from a uniform 12 x 12
mesh is shown in Figure E~5, Using the same method as in the previous case
total forces across the centre lines and the boundary of the plate were evaluated,
The maximum lack of equilibrium is about 1%,

In general the inplane boundary condition of edges fully restrained against
tangential movement gives the least accurate results,

If the shear stresses at the boundaries were assumed zero, the uniform
applied displacement U = 1C would have resulted in a uniform stress distribution
throughout the plate with total N =10, The present arrangement, however,
gives an average toial Ny =10, 21 , indicating that the clamping of the edges

increases the extensional rigidity of a square plate by approximately 2%,

3) Non-=linear solutions of transversely loaded plates

In Figures 1 and 7 of the theoretical results, for square simply supported
and clamped plates the numerical solutions available are also included, The

available solutions are for Poisson’s ratio of O,316, It is, however, shown
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in ref,(15) that the change in Poisson’s ratio from C,3 to C,.316 does not
affect the solutions appreciably. For clamped plates, the solution of
plate 5,(10) is compared with that of plate 5.(8). The comparison is
justified, as again in ref,(15) it is concluded that for plates fixed at the
boundaries against inplane displacements the tangential restraints do not
affect the central deflection of the plate, Using the same reasoning the
results from ref, (13) for plate 1,(10) are shown in Figure 15 for comparison
with the simply supported plates with aspect ratios 1/1.5,

In addition, present solutions which are common with refs,(15) and (16)
were compared with the graphs given in these referenas and good agreement

was observed,

4) Non-linear solution of plates under combined loading

Two examples are given, one is compared with Bleich’s approximate
solution and the other with one of the Levy solutions,

i) Simply supported square plate wnder combined loading (tronsverse
pressure varies), The plate is initially subjected to an end-thrust equal to
half of its critical buckling load,  The variation of the central deflection
with the intensity of the subsequent uniform transverse pressure obtained from
the present solution is shown in figure E-6 together with Bleichs approximate
solution calculated from the expression on page 482 of ref.(24). To
indicate the sense and the order of magnitude of the errors in Bleich’s
solutions, variations of central deflection with transverse pressure are
evaluated for zero inplane loading as well and are shown in the same figure,
The errors become larger for higher deflections, -

The tangents to the curves at the origin are the linearised solutions and
their slopes are listed in table E~4, fogether with those obtained for two

other magnitudes of inplane loading.
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TABLE E- 4
Magnification factors PI. 1. (26)

Py present solution Bleich’s approx.
B solution 3

4

Wy M1 Myr W, Meq, Myy

0 1 1 1 1
0.25 | 1.342 | 1.366 1.370 1.333
0.5 2.032 |2.105 | 2.118 2.000
0.75 |4.140 |4.384 | 4.40S 4.000

¥ ref. 24
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i) Simply supported square plate under combined loading (end-thrust
varied), To afford comparison with the available solutions, a simply
supported plate with the same boundary conditions and loading as solved by
Levy(] <) was analysed,  The plate is initially subjected to a uniform transverse
pressure, follawad by increments of compressive end-thrust, The variation
of central deflection with end=thrust is shown in Figure E-7, Values of
effective width of the plate in sustaining the inplane compression are given in
table E~5 from both solutions for comparison,

The solutions agree very well, the maximum deviation being in the vicinity

of the critical buckling load of the plate,

5) Non=linear solutions of iniﬁ&lly deformed Jol.afevs subieéfed to end=thrust

Results obtained from the present analysis for a simply supported square plate
with an initial deformation in the form of one half sine wave in each direction
are comparad with two other available solutions.  In all the three cases the
maximum initial deformation is equal to one tenth of the plate thickness,

Figure 77  shows the variation of central deflection with the end-thrust,
The plate anqleed by Yamaki(33) has identical memkzruhe boundary conditions

edges are assumed to be stress free, No values for the effective width are

to the present solution, In the solution due to Coan 30), hdwever, the unloaded

given in the dbove references so that comparison could be made,

6) Critical buckling load of plates

To examine the program, and the method and accuracy of the rasults,
solutions were obtained for several standard cases. Some of the more common
cases are given in table E~6 together with the available solutions, [n all the

solutions an accuracy of C,5% -has been specified in the iterations,
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al present Levy
=D Nx | solution ref.10
-20.42 0.973 0.973
-32.00 0.932 - 0.935
-39.09 0.868 0.887
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Critical buckling load of plates

Boundary conditions

and loading R critical | Poisson’s| Mesh
;km- ratio size
Flexural |Membrane| 92Dy (uniform)
k
—n | -39-30
1 H(26) [ ¥| — |12x12
(-39.48)
I1 -19.65
1 (56) [ —_— 12x 12
j”l (-19-74)
== | g |- 9766
‘ 5 l H (26) — | 12 12
L (-99.39)
= T}, | -51.74
I 5 l His6)H |-52.31) | —— | 12x12
— I |(-52.60)
——1 | g—p | -9-82
3 H(26) H 0o |"16x8
[ 1 [{-9.87 ) ‘
-1 | - 38.84
l 6 l H (26) | O |®x8
L (-39.48)
¥ refs. 20 and 24
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7) An example of equilibrium and displacemeh}' checks for a non-linear solution

In all the solutions obtained, the equilibrium of the membrane forces along
the boundaries and clong the centre lines of the plates has been closely
satisfied, In what follows the solution obtained for plate 1.(45) (the same
solution was used in comparison with Levy’s results, Fig,E-7) is examined in
more detail for the equilibrium of membrane forces and for the validity of the
displacements obtained at the boundaries, ,

The distrihutions of membrane stress for the maximum lood reached are shown
in Figure E=8, The values given were obtained after a total of 20 iterations -
(each iteration involves ona matrix inversion) and 4 loading levels, The fotal
forces across the centre lines and the boundaries were calculated from the
stress ordinates given using Simpson’s integration formula, and are inserted in
the figure, It can be seen that equilibrium is achieved in both directions
within ©.0C%.

The extensional displacements obtained along the edges are also shown in
Figure 3, It can be seen that the displacements of the nodes at each boundary
are constant along that boundary, indicating that the condition imposed on
the edges to remain straight in their translation is satisfied, The values
obtained for the displacements can be roughly checked as follows,

The extension U of the plate at x =-% is given by U= UW + Um’ where Uw
is the shortening due to transverse deflection and Um is the extension caused
by membrane forces,

Due to W, the shorfening of the plate between the centre line and the edge

0.5
u =-1| G
o
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If W is assumed to be in the form of W = W‘ cos m X, it can be shown that
2

=-L £ 2 = - 4 2

UW 3 Vv..‘ 1.23 Vv.‘ .

in the present solution W' (central deflection) is 2,18, therefore
U, = -1.23(2.18 = -5.86

Due to membrane stresses, the extension v is given by

x=Y2
_ 1
u. = E & (ox \)Gy)dx

Xx=0
and in non~dimensional form
G.5 C.5
U = N dX - \?S N dX
m X y
¢ G
Along the centre line y = O, the second temm of the R,H.S, is zero (Figure
E-8-ii), The first term of the R, H.S. can be evaluated from Figure E=-8-ii

in which the distribution of N_ may be assumed linear,

_ =(33.30 +33.28)

Um 2

. 3=-16.64

Therefore, total U =-16,64 - 5,86= - 22,50

Solution from computer - 22,50

Along y =b/2, as the edge is supported, using the some argument as above

_ ~(45.24 +44,43)
2

Solution from computer ~22,5C

u=u . 3=-22,42
m S —————
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Similarly V along the centre line x = C is givenby V = VW + Vm’ in
whichV. =U =-5,85 and
woow
.5 0.5
V = N dY - v X N dY
m y X

O C

If along this centre line the distribution of N is assumed linear

(Figure F-8-ii), and the distribution of Nx assumed parabolic (Figure F-8-iii),
Vm is given by

_ (5,738 +5,739) - -33,28 2 (45,24 - 33,28)
v = 5 .3 - C.3I6[ 5 g .

9,387
Therefore V = 9,387 -5,86

3,527
Solution from computer 3.217
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Ql

ok
36.09 (52gz) - 10.95 = 72.097

2 8.38x 2240 _ _ ¢

30 x 10°

=
i

20
x = - 2092 (57gz)

Values of Q' and N; closely correspond to the third
row of table 28, from which central deflection
_0.112 x 0.62

W o= 3505 = 0.021 inches, central bending moment in
the direction of applied loading
2.05(0 62)4 X 30 x lO6
M, = == * 5 = 487 1p in/in.
%6.09 (30)

Maximum bending stress at centre is given by

487 x 6
(0.62)° x 2240

= 3,39 tons/sq in.

direct membrane stress at cenitre perpendicular to the
direction of the applied loading
2 6

_ 0.62 30 x 10
oy = 0.021 (5557) . 10.92 x 2240

= 0,011 tons/sq in.

Similarly the rest of the coefficients in the table
may be used.

Example 2
Given: #initially deformed simply supported plate with the

same parameters as in the previous example.
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Central deviation from flatness = 0.062 inches, therefore
W h = 0,1

Membrane boundary conditions as in example 1, the problem
therefore refers to plate 1.(45).

Loading: average edge-compression = - 6.30 tons/sq in.

From the information given

2
! 0 6.3%0 x 2240
N, = - 10.92 (—26—) . = - 12
X 0.62 30 x 100

The above value relates to the third row of table 30

from which
0.4735 x 0,62

central deflection w = $7505 = 0.089 inches,
6 4
central moment M. = 1.82 x 30 g 10° x (0.62) = 284 1b in/in.
* (30)° x 36.09
284 x 6

il

corresponding maximum bending stress 5
(0.62)° x 2240

1.98 tons/sq in.

2 6
o = 0.143 (Qégg) . lo?gexx12240 = 9.075 tons/sq in.

Example 3

If for a homogeneous plate with an aspect ratio of
a:b = 0.840 the relationshipsbetween the extensional and
flexural rigidities are given by Cy/Cx = Dy/Dx =2,
Hb/Dx = Hm/Cx = 1,414, it can be shown by direct substi-
tution in the plate parameters given that the corresponding
values of &', a, B and vy are all equal to 1. The plate
when transformed relates to a square isotropic plate.
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APPENDIX ¥

" Solution by digital computer

The governing equations (B-16) and (B-17) together with
the boundary conditions and the applied loading are converted
into the two following matrix equations as described in
appendix C.

-1 Q,
+
W = A 1 (F-1)
1
- -1 W ">
+
F = B I, (F-2)

From the plate parameters given matrix B can be readily
formed and inverted. Initial deformation constants (Il and
Ig) are also calculated and stored.

For any given value of transverse pressure and inplane
loading the two simultaneous equations (F-1) and (F-2) can
be solved for F and W as follows.

If, for example, at a certain stage of analysis the
inplane loading is incremented, the initial values of
deflection (W;) due to this increment are estimated from
the linear extrapolation of the values of W obtained pre-
viously. The solution then proceeds to the repetitive

steps given below.
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Step 1) With W (value of W to be used at each
step) = W, and the given inplane loading
equation (F-2) is solved for Fy (value of
F at Step 1). Using F, matrix A is set
up and W; is evaluated from equation (r-1).

Step 2) W, = 0.5 (wi + wl) is used to find F, from
equation (F-2). Using F, and equation
(F-1) W, is evaluated.
Results are compared with Wl and Fl’ if the
specified accuracy is not reached the pro-
cedure is repeated with W_ = 0.5 (W2 + Wl)

and so on.

The convergence of the solutions is fairly good and in
practically all the cases they converged. Close to the
buckling load, however, the convergence becomes slow, and
for inplane loads above the critical buckling load the
solution converges to a mode which is not physically feasible
to be the continuation of the load-deflection history of the
plate. The reason for this behaviour is still being sought.

In Chapter III a method is proposed for themodification
of the iteration procedure which may overcome this problem.
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0 Ngm' \{'m=0'3 vxb‘ &50'3
centre side
| FIG.'__79 Initially deformed simply supported square plate

under edge-compression. Bending moment profiles
along the centre lines.

y
20 :
t‘rr'rr-n—.—&
0

Plate 1.(45) E Z:_
— — —1=- Ny
Parameters and [ —
loading same as E£
Fig. 79. I
h
tension e ——
— — — compression 20 +— — — N
; —— y
|o 20 -40 ~—To -20 -w0
centre

FIG.BO Initially deformed simply supported plate under
edge - compression. Distribution of membrane stress.
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D

Total edge- on R, (10.9292.
otal edge-compression R, (10 92h2 E)

X
-0 W, max = 0-330 or 1.65
(Womax=0-10r 0.5)
h
20 €'=1,0¢=1,P=1,3
lvam - %m= 0‘3
0 1 2 3 L 5

Deflection ratio W', (3.305 W/h)
FIG. 8] Initially deformed - clamped plate under edge-compression
Deflection at centre.

1.0 ]
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Initial ] Initial
profile s profile
0.8 /7 \\\
e / \
W,
w /\ =05 =05
W / \'a’u.u. %’:1.44 \
0-4 / Wo $0-1 ) \%:0-1 //\ \
I~
W-l0.82 Wi-0.82
h h
0-2
/ Plates 5-(45) \
parameters and
loading as in Fig.g1

0y:b/2 (x= 0) . y:OTX =0 (y:O). X:O./2
FIG. 8 2 'initially deformed clamped plates under .edge-compression
Deflection profiles along the centre lines.
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0
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w R =0 R \J
1
N/ h ] N
Y _
X ' -
/ 5 [kl I,E“S)Hatotcﬂ-‘loo
N
-2 / W,max=0.330 or 1-65,(‘%’%0-1 or 05
CI:'I , K= 1,5:1 ‘8=1
Vib= Wp=0-3 J ¥ Wri03
;20/2 (My along x=0 y=0|x=0 (Mx alongy=0) x =9/

FIG. 83 Initially deformed clamped square plate under edge —
compression. Bending moment profiles along the centre lines.
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FIG. 84 Initially deformed clamped plate under edge~compression.
Distribution of membrane stress. '
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(W 209
h
™.
| N
Y. 0. :
\\kh/o 5
Y& \
X ‘
5| e }:E(AS)E& \
W,max=0.33 or 1.55,?%: 0-10r0.5) <
€=1,0¢1, » .
B=1,8=1 Ve Vym'—‘ 0.3
0 -20 ~40 -60 -80 ~100

Total edge- compression B, (10.92%—2-% )

clamped plate

under

edge - compression,

Variation of effective width with edge-compression.

1.0

- 0.9

0.8

0.7

0.6

| %% PL.5.(45),%0= 0.1
>\ & PL. 5.(45)
/ \\ \\2/?:0'5
N
PL. 1.(45) \\ ™
W01 '
h™ \
N
For details of plate Pl. 5.(45) -
parameters see correspondt x total_, oo
) R total
ing tables. ‘
1 2 3 (A 5
Deflection ratio -W, (3.305Wh)
Plates under edge-compression. Variation of

effective - width with

central deflection.
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€-1, X=1
=1, ¥=1
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1000

1500

2000 2500 3000

. (A
Pressure ratio Q' 36.09 9" 4
r i , =7 = )

Initially deformed clamped plate under transverse pressure.
Deflection at centre.
plate 5 .(6)
parameters and loading as in Fig. 87.
= ¢ 1 nB
A | Initial profile, Q=0
Q
™ ’
Py Q= 1'\7\00
.~ "2 \
=
©
c —
S __-—-——-—”/r
s ,
‘e Q= 2700
centre (x=0 or y=0) edge
Initially deformed clamped plate under transverse

pressure.

a
h

Deflection profiles

along the centre lines.
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x| % Q= 2700%=0.18
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o | %
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g’ -
B ~2|Womax=~3.305, (%0=1)
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F (B e
- e ¥m - Km=0-3

centre (My along y=0) x =8/

FIG. 89 Initially deformed clamped plate under transverse
pressure. Bending moment profiles along the centre line.
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FIG. 90 Initially deformed clamped plaie under transverse

pressure. Distribution of membrane stress.



253
AF '________‘.___———]
T
! (x Y| x=ly
o | ' / X
| | x .1
l l Qa 20
| |
L — X =
[, a | vxb= vyb= 0
A A
mesh 32 x 32, graded
= *
S Mt=k, Dy B max. moment
case x = Ky
a ﬁ present |equi- +ve -ve
: valent
E |solution |0 €0 Ko K3
ot
| 0.2 | 6 | 193 250 | 277 |-1.78
A 035 | 7 1.18 1.43 2.83 -1.75
symmetrical 0.4, | 8 | 0.69 114 4.35 | -0.84
| —~ 02 |6 | 258 |10.00 | 216 |=-2.32
ATAEES
IB 1l 035 | 7 317 5.7 2.48 -2.01
antisymmetrical 044 | 8 1.52 4.55 L2 -0.87
Note :
For +ve moment tension at top.
Mt = total applied moment at column - slab junction in
x - direction.
Oy = rotation of slab in x - direction at top of column.
ko , kg ratios of average . gpplied moment ,
e.g. max. +ve My = kz-z—"-g—t——_ #*# for position see text.
Fic. 92 Square slab on four columns. ]
Applied moment Mx at column - slab- junction.
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| Ix =1
L ,
R
| : | a 20
] o
| 3 x = 0.44a
Y L ——— V
= V = 0
J;'t a 1L xb yb
mesh : 32 x 32, graded
F)
. My = kg Dy 9x
70_ max. moment
case y
- £ |present | equi-— +ve -ve
a b1 . valent
£ |solution beamn k2 k3
| 02 |10 | 0.69 | 1.14 3.22 | -0.88
(P i (D
. 035 |9 | 0.86 1.14 3.27 -0.88
C
symmetrical 0.44 | 8 0.88 1.14 4L.35 -0.84
| J\' 0.2 {10 | 1.50 £.55 | 3.3 | -0.90
(E’F ' <
IID J 0-35 | 9 1.80 4{.55 3.17 -0.89
antisymmetrical 0.4, | 8 1.52 (.55 4.21 -0.-87

Note: for notation see notes on Figure 92.

FI6.93 Square
Applied

slab on four columns.
moment My at column- slab junction,
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! ]/
h /
. Ly
pZ £ |
1 N . [
] -ve
AN
. \ -ve \\
u ! \ = ~
+Vve n i \\ i + ve ]
. H F /‘\ 1 [ line of
H ™ | | zero
i s — 2 moment
0 | line of 5, — =
i b H  moment E -
' ) [ ==
T Tl - - - o N . . B -
centre ’ centre
ii) case B, (antisymmetrical) i} case A ,{symmetrical)
%;—: 0.35, Ix = 1, scale: 1cm = average applied moment, { 2Mt )* 0 \ L
@ 20 # see note on figure 92. @
vxb = Vyb: 0 '
Fc. 94 Square slab on four columns. Distribution,in the slab, of an applied moment Mx

at the column-slab - junction.
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moment . \//
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i
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/

BEsmawi=—
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.
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+
s
LT e

™TT
—

T T
centre

case A, {symmetrical)

o [x

- x _ 1 .
’0'3540 -20; \)xbz Vyb=0

scale : 1ecm. = % average applied moment, (Mt)
a

% see notes on figure 92.

Fic. 95 ~ Square slab on four columns.
Distribution of bending moment My in the slab,
due to an applied moment Mx at the column-

slab junction.
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Sy S

' *
\) - v -0 lx-ly mesh Mt=k1 DXS. max .
xb yb Px 32 Ky moment
. M
case % mesh Pfesc-nt equivalent Mx=k23-t
No. |solution beam k2
E ) 0.05 n 4.17 - =4.54
ly X
Plate 1 4 i@——» 0-1 12 | 553 - |-218
x 015 | B3 | 6.78 - |10
F —— 005 [ 11 | 425 - |-4.54
_ X
Plate 5 (g—'* 01 | 12 | 6.2¢ - |-218
" | 0.15 13 7.87 - -1.4
]
G [——1 7 .|0.05 n 410 16 -4.53
plate 4 CL)——l 0-1 12 5.40 16 -2.16
: :_:--g._;—.:_: 0.15 13 6.59 16 -1.37
¥ M = total opplie.d moment at column -slab junction
in x - direction
% For position see figures and text.
Fi6. 96 Square slab on central column.
Applied moment M¢ at column-slab junction.
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| line of
] | zero
! :‘_‘/moment
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i ] : ! |
i ] |
: = g o
- My ] o Mx < |
= = = ] !
— » — ! I
] :’___ L ,
I I i
centre centre HI}ITHIHH -
By
i) case E , plate 1 l ii) case F, plate 5
be = Vyb= 0, x=1ly, x =01, scale:1ecm = Mt (average moment) . "
97 : °
. FIG. Square slab on central column. Distribution, in the slab , of an applied moment

Mt (in x - direction) at column -slab _junction.
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centre

[T T T L - x
|

|
1]
,l

case G, plate 4.

V

ob = Vyb=0, x = ly, W =0

a
. Scale tcm = Mt (average moment) — S—
a
Fic 98 Square slab on central column. Distribution , in

the slab, of an applied moment Mt (in x - direction)
at column- slab junction.
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mesh

No. 1 2 3 A 5

number

of sub- |12x12 12 x 20 12 x 20 12 x 20 16 x 16

divisions :

mesh X - X x--x

lengths |and |x-x |y-y | x-x |y-y |x-x |y-y |and

along y -y y-y

o 5 1.125 |1.125 1 1 |15 |1125 [ 1.5 [0.5333

. Q

>~

5§ E s |12s | g 1 |15 |1125 |15 05333
[~
o

£ S |2 1125 | 1 1 |15 [11256 |15 [0.7334
=1

EE 1125 |1125 | 1 1 1 1125 | 1 1.2

c 6 1 1 1 1 1 1 1 1.5

[

Z W £

@< 05 |05 1 1 1 0.5 1 1.5
o]

0 v @

S 1 1 1 1.25
o

2

£ s 1 0.5 0.5 {0.75

c ‘Wi

8

P 1 0.5 0.5

o '

= e 1 0.5 0.5

FiIc. 99

Graded meshes.
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- "2}
% No. £ m. m.mmxmm suoisiAp  Jo  Jaquinu "Yibua) ysew 2Bpiaap 2y} jo Sso1DI SD
® ¢ O
E £ &3 2pis 2y} O} 2,uU2d 2y} woly uAb 2up sybuey ysap

Graded meshes.

Fie. 10O
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mesh. No. " 12 13
mesh X - X X - X X - X
lengths and and and
along y-y y-y y-y

0.32 | 0.45714 |0.53333

0.32 |0.4571% {0.53333

£
o 032 |0-45714 |0-53333
o 0.54 [0-45714 [0.53333
. 0.90 |0.57144 (0-53333
Q£
g e 1.10 1.0 |0.83335
o o—
e = 1.50 1.50 1.50
*~ @
e E & | 150 1.50 1.50
S o 7
=g x 1.50 1.50 1.50
. N .
c g o™ : i )
E 1.50 1.50 1.50
o [ ]
o 8 % |150 1.50 1.50
[»]
P & %6 1.50 1.50 1.50
B2 .
S S 1.50 1.50 1.50
- ao»
c 3
% s 3 1.00 1.00 1.0
=% @

0.50 0.50 0.50

0.50 0.50 0.5

FIG. |O| _Gruded meshes.
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centre
mesh No.1.
y )
’
A _ - _ _
centre
mesh No. 5.

Fic. 102

|

centre

mesh No-. 4.
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mesh No. 7.

FIG.
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A
}
N
D
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X
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centre

mesh
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mesh No. 12.
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TABLE I

7 plote '](1) e 1,.3(_1 qr;/

mesh 12>&1?- Pl ¥=1

%ua

| acwmcy 06/9

Ao Py =03

b=

Vyp=03

Q:j*" AR

- ’LCUVACY: .57

| RABLE 2.
planLe, 1 (@)
mesh 12x12

e@uml

| é AR
B et
o vm—oanf?

Vxb= vﬂ, 0.3 }';*A;’pf

!

VV1'

N *1
Nv1

ng

NP |

Uz
Vs

NX1 g
"*w

N:xs;
Nyz

Nxz y
N\(g

N?"'h
11-

total |

ot 2

hheay

Lobx o

O.

o

-3 2
H-06X10 | 4 F5%10

o

o

o

_ 1_50

0.605

0.3f0 - 0..(;75

-0.308

0-582 6.830

1.059

0.184

1080

0.223

0-321 L

oo

1.556 [1F

2.33 |- &4.42

- &Y

1.325|15.20

§.222

0972

5-330

1109

| ?50

2,698

©.84 -13.20

-33.32

2.014|22.53

1170

2.245

12.20

2432 |

.1100

3.625

12.31 23]

-16.2

2.488 |23.22

1798

3672

18.91

3667

5—@ngg;]15;fr;;

1500

4.509

118-35 |-3%.60

"2% 70

2.838 309

24.80

26.29

+466

14 00

5.260

124,04

-51.03

460.2

3216 |23.86

131.02

33.10

6107

2300

§.413

' |24.5% |-¢#50

-733.8

3494 |36-25

3632

39.51

1137

2700

6462

35.23

1375

-155.8

3337 |38.28

.30

] 45.60

8.085

3100

F.01)

34.80 9122

-1086

3952 4004

431.52

5142

8965

4116 | 4124

. [#s00

7473

. ﬁ 2 —104 3

—1388

53._;15 .

T T I T A Y

5764

‘I_TQQ?'

oy
Sflgy
o | e

1;600

o
11”7.74,{ f".} .
13‘-62. - S
75337.'_ ..'. -
[ir2a] o



Y4 TABLE 3

) N TABLE 4
L2 plate 103 Ly o0, sl Ll plake 1,05) 2, et
3 mesh 12x12 pet, ¥=1 ' mesh : 12x12  p=1, 8=1

ec&ual | W}T\m ~03 - qua 3 r——_"’.‘"" pm‘ =03

Qecuraly . 057 ac’curmc\/'. 0.5,

| Vub=Vrh =03 Dup= VYR = 013
T . ¥ i i [
| Cl oMb T Nk B Ul | Mxg | Ny | Nws | Nyo| Nt U
Q W lor £ or U Ny gy vV Wa o ler i lor g lor (. or 0 (o g 197
UMy TN a1 vg | T T My | Ny N N | Ny
. =3 2 N = -z
lineon prob<lolgxic, © | o | o esidbugexio, o | o | o | @ | ©

150 | 0.600| .01 | 0576|0157 |.0.310|0.c01 | F-04 | 0430 [-0.45816.1452 [L0.423}1-0.232. |

hoo | 1HST 1704 | 34T (0401 -1.88 | 1.510 1T 44| 2.63 ;2.861 2.81—”-2,64 145

750 | 2441|26.95 |4.04 | 246 5.21 | 2514 28.30 #19 |-8.00 | 291 |-T.68 |-14.0F

1100 | 3158 |33.57 |46 |47 1848 | 2.281)35.91|12.09 |-13.64|13.68 |-13.52 |-F.05

14900 | 4.335 2.8 2148 | 8.01 |-1F-84| 4.530|41.08 [22.53 |-26.03|26.85 |-271.55/-1393

2300 | 4792\ 46.00|23.15 (4.8 |-22.23] 5,007 ':50“:% 2722 -%;/"fs 33.10 |\-34.54-11-24

2700 | A9 4896|3344 |11.61 -26:58 | 5425 | 54.21 |31-G1 —37}.-12 3413 |-41.54 20

1500 | 3.803 3891 | 2144 |&.12 |<13-41| 3448 | 42.25 1?.44 -14.99 \20.35 |-20.50 ~10:52

3100 | 5556 |50-12 |43.5¢ [13.32 |-30-3F| 5.797F| 57.00 |35, T2 |-42.25| 104,43 |- 8- 23.57

5.833|52.68 8.4 (14,49 |-35.12| 6133 | 5445 1713|5053 |-05.30|-26.67




| NL B

Y
N N

| acc.urac\/ 0.5%

mesh: 12x12-
G'raded No. 1

P15 33 1 '

q’uxm-\)ym .‘—' 03 -

Ykl =Vyk =03 | .

TABLES
2 plate 5.¢1

{3

L3 ‘

B TAB"

equal

£-1, =1

resh tote

Rhutone
| . accu,/acy 0 6-/ 'QDX\M Vrm ..—.03., FEE N

Dxh =VYb =0-3" .

ToRTT

!

Wi

M;(1 Mya. NX1
or My W'M’Ys % Nyq

NYa
or N\lz

D}"vé o

Wi

M><1
or

MY’I

MXz
" Mys

or o

Nyy|teral |
or N’XZ or Dx orr:l_y
NYs| N‘/‘* Ay edqe

Nyl
theedqa -

linear |1306x10

2-2%10 -507!%10 0

o

25440

2-'2.61><1D

'2 .
-5/13240 - -

180 0196

343 |- 7-52|0-063310.0730

-0.0244

0188

-338

-%64

0.0752/0.0010 |0.0213

-a.oo_éf '.

Yoo |0-520

410 |-2002.|0.445

-0.550

0172

o4}

3:41

-20.340.

(05234 p.0069 01515

ooy

50 |0.965

1639 |-31.37 1627

-1.8 ‘?_5

-055?75

0409

1613

-37.64

1751 |0-023 0.505¢

01415

1100 1.394

24.03 |-5425] 3157

-3454%

(.24

1236

22.55

504 &,

3512 |0.045 1012

02484)

1500 {1-35 3

31.64|-13.06 | 5543

1034

=222

1.6F1

28.34

7168

- 5-9‘7‘3 da'fcﬂ 15}-26

0491

1900 |2.294

2848 -91.22{8.320

-10.F3

-3.4]

2.012

134y

~%3.09|1

2738 |01136|2.520

01131

2300 (2.700

4#—56 7108-7" ‘]1.361

~14.90

47

2.315

28.62

~103.5

s 1194 |07509 |3.364

5-450253

2700 |3.080

60.02 |-125.6 14.4,1'

14444

-0.25

2.534

H2.4h

~118.2

1481 (0-1841|14.235

118¢.

3100 |3, 1%3'5

5485 1419 .92

- 2425

335

2.332

457

-132.0

1745 |0.2248 $.121

142%,

|3500 3%2

48. 61

(7413 [157.6 2128

2924

‘.6?53

3,067

-145.3(2

2110 |0.2654| 6.012

1.65%




4 . TABLE7

 Tames

QI l//'_,"» X plate 5.¢3) e'.=-1',0<=1- | Qli Z// X  plate 5. (15) v:-.;_s’-.‘-d','v<>‘<=1' o
o~ cmesh: 12x12 7 poq, ya1 T mesh :12x12 R=LET 0
b 2l mmwmeea | | Grded Nod [5impes
- Now accuracy: 0.5% ovecoal = occuracy : 0.5%  vgcvvebz
T .v:gfalvb_-_- =1 B e LT xbr:l‘rb—u‘ T
o . Mxr] Mxa] = Nyt Uz Mxq 2| - Ny} N 2| Nxy ,
' Q\ w’] or 1 Oy a2 (or. | NXVZ_ ov . W1 or » lov a1 lov .. |oy - L oy OV ,lor
e ) M—y; M)i "‘.’7_1 *J(l%{%_dge A g M)_f; M\/i Nyr|™ Nyz| Nys | Nyw| V|
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