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1. 

ABSTRACT 

This thesis describes work carried out on some aspects of 

continuum non-equilibrium nozzle flows. In particular vibrational 

"de-excitation" and "condensation" shocks are considered. 

Part I describes the structure of de-excitation shocks (Blythe 

(1967) ) and shows, by representing these shocks on a modified Rayleigh 

line diagram, that discontinuous solutions are possible. Thus for a 

certain range of finite back pressures adiabatic shocks are embedded 

within the de-excitation shocks. It is also shown that these de-

excitation shocks will not choke the flow. The shock solutions are 

then compared with some numerical solutions of the fUll equations and 

it is shown that most of the discrepancies are due to the effects of 

finite area ratio. 

The flow of a condensing vapour is considered in part II. The 

various types of flow are discussed and the various limiting solutions 

identified. The near equilibrium and near frozen limits for both the 

impure and pure vapours are considered, and it is shown for both 

that the near equilibrium limit represents a singular perturbation 

problem, the solution of which is then obtained for both cases. In 

the near frozen limit it is found that the solutions are similar to 

that for de-excitation shocks, although differences in the rate 

equation make the analysis more complex. These solutions show the 

possible existence of condensation shocks in typical hypersonic 

facilities. The structure of these shacks is found to be similar 

to those considered in Part I. 
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4. 

General Introduction 

In recent years much interest has been shown in the continuum 

non equilibrium aspects of hypersonic nozzle flows, especially in 

those flows which exhibit vibrational relaxation, dissociation and 

ionization ( see, Hell and Treanor (1968) for a general survey). 

In many cases these flows can be characterised by a freezing 

point (Bray 1959) where the flow departs rapidly from the equilibrium 

state and approaches an.asymptotic frozen state. 

Many attempts to predict the variation of these frozen asymptot-

ic levels with the rate parameter A. have been made ( A is a character-
istic ratio of the flow time to the time scale of the rate process). 

A few of the simpler problems have been solved analytically, mostly with 

the use.of matched asymptotic expansions (Van Dyke(1964) ). For 

example the vibrational relaxation case has been discussed by Blythe 

(1963) (1964a) (1964.b) and (1967) and dissociation by Freeman (1958), 

Blythe (1964a) and Cheng and Lee(1966). 

When investigating the near frozen limit for a vibrationally 

relaxing gas Blythe (1967) discovered that instead of remaining frozen 

or eventually decaying to equilibrium . downstream (Eschenroeder(1962)), 

the flow could return rapidly'to equilibrium through a "de-excitation 

shock". It was found that these shocks, which are continuous supersonic-

supersonic transitions, and fall in the general class of aerothermo4y- 

namic shocks discussed by Polachekand Seeger (1958) occurred when 
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I4 
became unbounded (Cy is the heat input due to the rate process and 1-

is the local temperature of the active state of the gas). 

This.integral was termed the "pseudo entropy" integral and 

in the case of a vi1rationally relaxing gas represents, when the flow 

is analysed using the . gas plus heat addition concept of Johqnnesen 

(1961), the entropy of the cc-gas. 

Integrals of this type play a dominant role in the solutions 

presented here and the concept of "pseudo entropy" first introduced 

by Broer (1951) with respect to an equilibrium flow will be used, 

except that here it will be defined in terms of a frozen flow. As 

noted above for the vibrational case when the rate process only 

involves energy transfer the "pseudo entropy" can be uniquely defined 

in terms of Johannesen's a gas and represents the entropy of the cc gas. 

For rate processes involving mass transfer as well as energy transfer 

it is not in general possible to uniquely define the "pseudo entropy", 

however the concept is still usefUl in obtaining the position of 012.05-

aerothermodynamic shocks in the nozzle. 

Following the discovery by Blythe (1967) of the de-excitation 

shocks a further investigation has been carried out. It is shown that 

these shocks can be described by a modified Rayleigh line diagram. This 

indicated that although the shocks described by Blythe were continuous) 

discontinuous solutions of the equations were possible, and it was noted 

that for a certain range.of finite back pressures adiabatic shocks would 

be embedded within the de-excitation shock. 
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The zeroth order structure of the de-excitation shocks was then 

obtained and compared with some numerical solutions of the fUll 

equations. Although these results compared well it was found that 

the shocks, in the vibrational case, occurred at very large distances 

downstream and any hope of finding these experimentally is slight. 

It should be noted, however, that for other rate processes involving 

larger amounts of energy there is a strong possibility that similar 

shocks could be found in hypersonic nozzles. 

One such shock is the "condensation shock" which has been found 

experimentally, and so in the second part of this thesis the flow of 

a condensing vapour in a hypersonic nozzle is considered. 

The main difference between this:problem and that for de-excitation 

is'in the form of the rate equation. For the vibrational case the rate 

of energy transfer is a function of the local flow variables, but in the 

classical condensation theory the corresponding rate is a functional 

of the flow conditions and the energy transfer depends on the full his-

tory of the flow. 

Solutions in both the near equilibrium and near frozen limits 

have been found. For the near equilibrium limit it is shown that the 

flowI although starting along the frozen isentrope,rapidly returns to 

equilibrium through a very narrow region. 

In the near frozen case solutions are obtained which are very 

similar to those obtained by Blythe (1967) and indicate the occurrence 

of condensation shocks for various values of the flow parameters. Some 

numerical calculations have been performedland although it is shown 

that these shocks occur inaa finite distance)it is observed that most 

.."I 	- 	,•. • .7- . 
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of those found experimentally have been of the near equilibrium type. 

The results obtained here were derived for quasi-dne-dimensional 

flow. As regards two-dimensional effects1BartIma(1965), obtained 

approximate numerical solutions for two-dimensional nozzle flows in a 

relaxing gas. He noted the apparent existence of both weak (oblique) 

and strong (normal) shocks. Mohammad (1967) has also observed a non 

uniqueness in some characteristic calculations for a one dimensional 

unsteady flow. The "shocks" discussed by Blythe (1967) and in this 

thesis differ from those reported by Bartlma and byllohammad in that 

their structure is continuous. In this sense these shocks can be termed 

fully dispersed (Lighthill (1956) ). 

The precise• connection between the one dimensional results discussed 

here and these two dimensional calculations is not clear and the problem 

of shock formation-in expanding two-dimensional non equilibrium gas flows 

is of considerable current interest. 

A further and even more complex problem is the interaction between 

these various non equilibrium effects. For example would a "condensation 

shock" precipitate a de-excitation shock, and the combination because 

of two-dimensional effects produce a Rankine Hugoniot shock. No 

attempt will be made to answer these questions here. 
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PART I 

DT EXCITATION SHOCKS. 
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1. Introduction  

In a pap=byBlythe (1967), it was shown that a phenomenon 

closely analogous to a condensation shock may occur in expanding nozzle 

flows in a vibrationallyrelaxing gas. This phenomenon is character-

ized. by a sudden and rapid de-excitation of the lagging internal mode; 

associated with the de-excitation is a weak compression. The bulk of 

the energy from the vibrational mode is fed into the translational and 

rotational degrees of freedom, which are assumed to remain in a local 

equilibrium state. 

These de-excitation shocks, or &shocks, fall into the general 

class of aerothermodynamio shocks discussed by Polachek and Seeger (1958). 

The shocks occur in near frozen situations when the low temperature be- 

haviour of the relaxation tine 	adopts a certain form. 

For power law nozzles , and when 

cr-I 	T 6.)  

where", is the density and 'r the translational temperature, then a 8-- 

shook exists if 8›.1 	and 

- via-y+ (r--1)S3 > 0 . 	1.2. 

Here ?f is the specific heat ratio for the active modes and V is the 

exponent associated with the rate of growth of the nozzle. 

It has been pointed out 'by Johannesen (1961) that continuum 

nom-equilibrium flows are -in general equivalent to the flow of soma. 

perfect gas (the a - gas)-with heat addition. Since the: shock region 
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corresponds to a local heat release the equivalence with condensation 

shocks is immediately apparent. With an appropriate modification 

in the mechanism of the heat imput, the analysis of Polachek and Seeger 

(1958) applies equally well to the structure of either of these shocks. 

Although the 6—shock solutions described by Blythe (1967) were 

continuous, and the flow through the shock remained supersonic, dis-

continuous solutions of the equations are possible. Blythe assumed 

that the nozzle back pressure was zero, or at least less than the pres- 

sure at the downstream limit of the 	& -shock. For finite back 

pressures, conventional adiabatic shocks (=-Shocks) may be embedded 

within the de-excitation shock. Solutions applicable to this case are 

outlined infiand f4.2. 

It is useful to consider the possible transitions through the 

-shock by means of a modified Rayleigh-line diagram. Instead of 

the conventional temperature - entropy co-ordinates, a move convenient 

transition diagram is the temperature-vibrational energy plane (seeff3) 

In this diagram cc-shocks occur at fixed. values of the vibrational energy. 

It is well known that for the flow of a perfect gas with heat 

addition there is an upper bound to the magnitude of the heat input, 

above which the flow chokes. An important result derived within shows 

that, irrespective of the amount of energy in the lagging mode, the 

present class of non-equilibrium flows does not break down in this way : 

choking is prevented by the strong coupling between the energy and rate 

equations. This means that the effective heat imput is not independent 

of the local flow conditions. 
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It appears that there is no experimental evidence either to 

confirm or to deny the existence of the 	6 -shocks in nozzle 
flows with vibrational relaxation. 	Moreover, numerical cal- 

culations based on the quasi-one dimensional relations were not 

available for the conditions under which the shock should occur. 

In order to verify both, that solutions of the full equations 

did possess regions of rapid de-excitation (for appropriate conditions))  

and that the approximate solution did predict the structure and 

position of these regions, some numerical calculations for the full 

equations have been carried out. At the same time detailed cal-

culations based on the approximate solutions which are outlined in 

SeckLOKS 2. and 3)were made. 

The full numerical solutions do indeed show the existence 

of the 	6 -shocks. Moreover, the agreement with the simple 

theory for the position of the shocks is good. The shock structure 

is also predicted reasonably well by the simple theory, though values 

of the local mAirimilm in the translational temperature at the down-

stream 

 

end of the shock are in general noticeably different from the 

values given by the approximate solution. It was conjectured that 

for sufficiently large values of 	this discrepancy was mainly 

due to the effect of a finite area change through the shoci4 An 

analysis confirming this conjecture is presented in if 
5, where it 

is found that first order theory introduces a similarity parameter 

for 	large; if a is small other factors have to be taken 

into account and the limit :' 9-1*° :is also discussed inf 5° 



13. 

The theoretical analysis of Blythe was concerned with the near 

frozen limit when the rate parameter _A_ 	was small. 	With res- 

pect to this limit the shock occurs at distances 064 i.e. far down- 

stream. 	A significant feature of the numerical calculations has been 

the magnitude of this distance. 	For a large number of practical 

situations it turned out that the shock position was typically 105  - 

106  throat diameters downstream of the minimum section, but for some 

cases shocks were found to occur at around 103  diameters. 	This latter 

distance is roughly equivalent to the 1:1181.L1111111 length of some nozzles in 

current hypersonic facilities. 

In general however the numerical calculations suggest that 

S -shocks in a vibratienally relaxing gas mill not occur in 

conventional nozzles. 	One important consequence for rocket nozzles 

is that thrust is unlikely to be recovered in this way. 

Although these results for vibrational de-excitation would seem 

to exclude the possibility of experimental verification, the length 

scales for other rate processes are not necessarily so large, and it 

has been shown in Blythe et al (1968) that the shook position analysis 

can be extended to include a fairly general class of rate processes-. 
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2. The shock equations' 

The governing equations for the flow, through a quasi 

one-dimensional nozzle, of a gas, in vibrational non equilibrium, 

can be written in non dimensional variables (Johannesen 1961, Blythe 

where c is the density, 	the velocity, A the cross-section- 

al area at any station X 	6 the vibrational energy, g the local 

equilibrium value of 6 corresponding to the translational temper-

ature T and _a. the relaxation frequency. ( is the specific heat 

ratio for the active modes of translation, andikis a non-dimensional 

.mass flow rate. 

The suffix oo denotes initial conditions where the flow is 

not necessarily in equilibrium. If, however LL0e0 then Cap= 500  . 

It is this particular case which corresponds to flownthrough a con-

vergent divergent nozzle. 

The above non-dimensional variables are defined by, 
___ , 	, 	/ - 1 - ...- 1 	..a. = s-2- 	X= )_c_. ) 
TL ) 	Qom) le 

A ....- Al. 
At- )  
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where primes denote the dimensional quantityrR is the gas constant, 

h! is the throat radius and suffix 	defines conditions at 

the geometric throat, 

is the rate parameter defined. by 

= 	 1/6-,  /1/0",,, 

   

where. 	is the relaxation time and 0] is the frozen sound 

speed. 	The limit 4.-1-0 implies near frozen flow and it is 

results arising from this case which are of interest here. 

It is assumed that the equilibrium distribution of vibration-

al energy is given by the usual expression 

„Dv 	 a.7 p Levia -1  
which holds for a system of harMonic oscillators, and. where 

is the non-dimensional characteristic temperature of vibration. 

It will also be assumed that at low temperatures 

—6 _C1 ^- B 2 . a. 

as J --D fov cSiO. 

The nozzle area ratio has been chosen so that far downstream 

the asymptotic nozzle shape is 

A C 	 2.9. 
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The near frozen case with the above assumptions was considered 

by. Blythe(1967) and it was found that the perturbation solution 

became invalid far downstream and in particular when g>1 there 

occurred compression regions which were termed "de-excitation shocks" 

(& -shocks) 

It is the structure and behaviour of these shocks, which is of 

interest here. 

To obtain the shock equations the following scaled variables, 

which are similar to Blythe's were used, 

LL.k. 

Ito (co) U-0(cv) 

Y 	Y5  ( 	Ac( i‘,(V-1)   ) 

i„ 
r= 	rl° 

Uo(o) Y31  

E4 ko(00) 
wild ()deo) = 	 4 Ub2a.  Y-1 

and where )(=Ax is a modified length scale used to obtain the 

shock position Ys , which is given by Blythe (1967) as 

ys  f 	
 uo(p, 
	2.11 

The following parameters are as used in Blythe (1967) 

2.10 
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r•-• 	-u(1-1- Cx-OS.), 

.13 
	-v(.2-x+Cr-1)6), 	2.12, 

ci= J)(E-1). 

The rate parameter has been modified tb include the form of SL 

where _Li_ 	173 

and. Mb is a scaled. version of the frozen mass flow Yom, 

'641 

	

m 	 2W-I) 
*c

-1  
V't I 

The governing equa.tilis, for the flow through the shocks, are 

then ( 6)1) 

`7r V 	 2_ /3 

f T 	v1? 
	

2.14 
14.026,0) 

2 • 1 	-I- (La: (07)\ v 1/ 	4.  = G(A2(pol 	6;0) 	215 

	

V-1 	z 	 2.. 
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and. 

Rs.  CT) [a LT) - 	 2..11 
of 	V 

— 
where 	(T) = 1:1)000)A 

(1--1)5-  
toj 	

5 	
, and it has been 

assumed that 	T 6 	throughout the shock. 

The right hand sides of these equations were obtained. by 

matching with the downstream "pseudo entropy" solutions of Blythe 

(1967 (Part II Eqn. 3.3)). 

The present choice of dependent and independent variables 

is preferred to that used in Blythe (1967) since the explicit 

dependence of the shock solution on YS  is eliminated. 	For a 

given U440,)and 	the solution depends solely on the parameters 

contained in the modified relaxation frequency SY(T)  and. 600 . 

In this thesis attention is confined to the case 

U.00  C))  

L. e. 	
=.1* 

	
2.17 

If the flow is initially in equilibrium 

60 , (6v) 	OV 	2.18 
aey E0 - 1 

where 
	19v 	is the characteristic temperature of vibration 

Consequently,. far a given 1(  together with the conditions 

(2.8), (2.17)2  and (2.1%)2  the shock solution will'depend on the 
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parameters Olv and g only and can be written (see Polachek and 

Seeger, 1958) 

V = _1_ 	ce.  
(77 

-r 	T• (Y--/)/ /--(e )  
U(2)-  (00) 	(y+ip- 

where 	9  (6)  g)v) =  (el-0(660-6)1  
/62-60) 

andthe upper signs in 2.19 correspond to the continuous 

supersonic solution. The lower sign represents the subsonic 

solution and the relevance of this result will be considered in f3. 

CZ is given as a bantion of 5 from the integrated form of the 

rate equation 

2.19 

2.20 

v  
azI tts, 	Lacq,,00 

 

2.21 

 

where the lower limit @z has been inserted for convenience, and 

r 	1V-i 
erZ 	(g)  00)  wife, rttj 

Equation 2.21 defines the structure of the de-excitation shock, 

and will be examined in f 4.1. 
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3. The Rayleigh-line and related diagrams  

Diabatic flows of the general kind considered here are 

usually discussed with. the aid of a temperature entropy plot. 

For the present class of non equilibrium flows entropy, in its 

usual senseis not clearly defined. However the quantity 
6 

6 T ,A 
can be referred to as the change in the "pseudo entropy" (Broer 

1951): S is identifiable with the entropy of the a gas of 

Johannesen (1961). (For a further discussion see part II of this 

thesis). 

A convenient datum point for the "pseudo entropy" is the 

end point on the subsonic branch of the -1---t2 relation, 

where CQ0 0 F 0 
From 2.19 

Ao  S 4  L log 17 3.2. 
Y-1  

A plot of temperature against 	is shown in 

figure 1. 	The upper branch of the curve corresponds to 

subsonic solutions and the lower branch to supersonic solutions 

GZ = 1 defines the sonic point I.:ICI repeat to the frozen sound 

speedX !Cote also that on the supeionic branch S is singular 

as T 

This should. be understood throughout. 

AA S 	S- SA  3.1 
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RAYLEIGH LINE DIAC2A11. 



22. 

For near-frozen flows in which de-excitation shocks occur the 

initial conditions are always supersonic and the starting point 

is Q = 0. 

If the nozzle back pressure is zero the solution remains 

supersonic; but if the back pressure is finite the supersonic 

flow in the divergent part of the nozzle may be terminated. by 

a conventional adiabatic shock ( the cc shock). The solution 

downstream of the cc shock is then defined by the subsonic branch 

of the solution for the 	6 -shock. ( In the limit considered here - 

the thickness of the cc shock which is strictly defined by the diffUsive 

effects of viscosity and heat conduction is negligible in comparison 

with the thickness of the 6-shock). 

The transition between the supersonic and subsonic branches occurs 

at constant Q. 	Note that 	do  S increases across the cc shock. 
Since the transition across the cc shock is very simply defined in 

the T, Q, plane, it is more convenient to use this plane rather than P. 

T, S plane when discussing flow fields involving cc shocks. 

Figure 2 shows the T-Q diagram. Q=0 always defines conditions 

upstream of the shock., Conditions downstream of the shock are 

given by the equilibrium value Q ;4. 

Linea....an; which Q =Q are 

where 

Qv ' 1.03 	-I- v(600 - ca2)-11)  

c IcCv-ttY-1  

3.3 



•imovia - 

MOM 
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In deducing (3.3) the usual equilibrium relation (2.7) for 

an ideal vibrationally relaxin~ ~as has been used. ThesEt 

equilibrium paths ere also sketched in figure 2 for various 9v. 
Note that there are alw~s two possible final states correspondin~ 

to supersonic and subsonic flow respectively. 

It the bac~ pressure is zero the flow remains supersonic end 

the shock structure is as described in f 4. For finite 

values of the back pressure' there are three possibilities. 

where f-e. is the equilibrium 

pressure at the downstream end of the supersonio 

6 - shock. In this case ~ « -shock lies 

downstream of the b -shock and the solution 

through the ~- shock remains' supersonic. 

ii. ) ?~ llIYI1i 11> are of comparable orders of 

magni tucIe with p<. ~ ?.b. The« shock is 

now embedded within the S - shock. Upstream: 

of the cc shock the supersonic branch of the 

~ -shock is appropriate, but downstre~ the 

solution sn tohes to the subsonio branch. 

Typical paths are shawn in figures 3 (a) and( b). 

iii) pl!.«?.b The cc: shock terminates the' 

region of supersonic frozen flow. Downstream I ... i' 
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of the a shock there will be a return to 

. equilibrium conditions. 

Case (ii) is probably of most interest and will be considered 

more fully in f 4.2. It should be noted here, however, that 

for the supersonic case it was shown by Blythe (1967) that the flow, 

at least initiallyoremained effectively in equilibrium downstream 

of the 67- shock. It can also. be shown that once the solution 

is on the subsonic branch equilibrium flaw is the only possible 

limiting condition. (In the supersonic case there may again be 

an eventual departure from the equilibrium solution culminating 

in a second de-excitation shock. Since this occurs exponentially 

far downstream of the first 	6 -shock it is of na practical 

interest.) 

In the classical treatment of flows with heat additionl  

solutions of this type do not exist for IN: the sonic point, 

Q =1, corresponds to thermal choking. For the non-equilibrium 

flows considered here the mechanism of heat input is not independent 

of the flow. 	Moreover for diatomic gases it was noted by.  Blythe 

(1967) that 

AMAX < (y-1)2(160)  < I 

Y ,t 171.5 for 	 However for an arbitrary number of vibrational 

modes it is not immediately apparent that Qtvicy 4 1 but the proof 

is straight forward. 



27. 

For simplicity it is assumed first that the flow starts from 

rest, and hence is initially in equilibriums, and that no cc-shock 

occurs. From the initial conditions upstream of the 6: -shock ' 

6.>67  and it follows from the rate equation that 6 is a monotonic-

ally decreasing function of m;., its end value in the chUt-dimensional 

de-excitation region is defined by the equilibrium value 61.67.e.... 

Since 6 is a monotonically increasing functuon of T it follows 

that 
	

TR, J 
	

(the initial value of 6 = gob 	corresponds 

to 1-'1 and 
	

ge = 61.00 	) • 	Consequently it can be seen from 

figure 2 that the endpoint of the supersonic branch always occurs 

for a . • 

If the flow starts with a finite speed and an arbitrary value of 

6 00 
	

(i.e not necessarily in equilibrium) these initial 

conditions are referred back to some hypothetiCal equilibrium 

reservoir conditions with 	OL.=() 	• All variables are now 

normalized with respect to these new reservoir conditions. 	It 

is easily seen that the solution is formally identical with the previous 

solution. No difficulty arises in re-applying the above arg4ments and 

again 	attAx 41 • 

If an cc shock occurs within the g -shock then, by definition 

0201<62001))41. On the subsonic branch Tog?'  isop. Moreover Q 	is 

a monotonically decreasing function of Tdience, 0  interseks 

the subsonic branch at a smaller value of Q. Thus OPE1X 4  

on the subsonic branch. 
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Even though 
	

EQMAX < 1. 	, irrespective of the 

number of vibrational modes 
	

it can be shown that as 

- Tm Ax = O C/r. 

4. 	The shock structure  

l..1 The de-excitation shock 

As noted in 	2 the structure of the 	6 -shock is 
given by the integrated form of the rate equation. 

G2 

1- Cv = 4.1 

where 

f( Q.) = 	 
6(<z- 	) 

and. the lower limit of tat  has been inserted for convenience. 

The above integrat('.4.1) must be computed numerically and 

in order to simplify this calculation in the vicinity of Q= 0, the 

integrand f(q) is expanded as follows, 

/WO = CQ 6-(cto ta, .- 0.z 	4.3 
where ao , 	Ct2 	are given in Appendix I. 

Thus, when 	t5. 72. 	, where t  is some integer, the 

integrand can be re-arranged to give 

2 
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for 	Ns,  > 6 >  V - I and where 	2 ak  ,with 
srOj 

s-ct 

F `-1 = f -1Y-1") 
	4.5 

which is convergent as Q --0 0 

As however, 	becomes unbounded. as Q'Qethe final equil-

brium value of ( , raz) is expanded near q, (ze to give 

it632.) = 	4- Li * 12 cCee -62), 4.6 

where bsz) 3/)  152 are as given in Appendix II. 

The inteqrand can now be written as 

pa) 	faa) 	+5,44)  4.7 
e - CQ 

where Hr-1 	- -60 	. 4.8 
cq 

is bounded at both QZ = 0 and Q. 
and thus the integral can be written as 

÷ev. Gy_i  - to3ruipcf2i 	ktv-i (vdio 4-9  iT2-€ 
-0  

where • G,, 	
1-g 4.10 , 

S=1:5 s) 

The lower limit has now been chosen as QT  = 0 , thus 

gv-i and its integral are convergent as CQ. 
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It can then be shown by matching with • the upstream "pseudo 

entropy" solution of Blythe (1967) that for this case 

	

ev 	. 

When 	6 = fvt. 	, where 71. is some integer a similar 
analysis holds except that now 

+ Cv G..740 1°9 {Yj L   

where 

Civ=  0_(.14,.  . .4 Q4.12 
6 

and 	Myf - 5, 	Q7  
The lower limit Q Z has again betset to zero as H 

and its integral are convergent as 	(2 dm..101. O 

It can now be shown bymatching with the upstream solution that 

for 	6 1=-"IA 	then 

cv 	as-, (et-i)v  1.03 ,14, 
where a&l is the coefficient of Of-I  . in the expansion of the 

integrand as 	c) 	(see Appendix I). 

Figure 4. shows some typical results for the shock profile when 

!..1.5 	for various Q v 	Results for other values of cc 

show no qualitative difference. Comparison with some exact numerical 

calculations for the fUil equations is deferred untili:fg. 

Q._ 

y 
	4.11 
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4.2 Relaxation region behind an a-shock  

Across an a-shock Q does not change but V and. V are now defined 

by the other roots of the equations. 

Thus behind the a-shock the equations governing the relaxation 

zone become 

with 

and 	1- 

LitT(C°) 

cLt 1167---(0  
a Er 	 v2. 

V =  -  

(1c-1) -t-  Qt- 0C- 	• 

14- 1 3 

This can be integrated to give 

I(  
7— 

17S 	CA, r I 	
14..15 Cr m&T 6 (Q.. 71) 

QS 
where Qg is the value of Q at the m -shock, whose position is 

Comparing the local values of the rate parameter-A. across the 

/ III  fi 
-shock shows that 

where subscript . 1 is before the shock and subscript 2 is behind 

the shock. This ratio will in general be large and therefore the relax-

ation zone behind the m-shock will be harrow in comparison to the s-shock. 

The rate equeition (eqn. 4.15) has been integrated numerically 

using a Runge-Kutta routine, and some typical results are shown in 

figures 5a and b. Figure 5a shows several typical zones in relation to 

the S-shock, and figure 5b shows the detailed structure of one of the 

relaxation zones. 

It is often necessary to obtain the shock position for a given 
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back pressure, and a simple inverse scheme for obtaining this is to 

assume that the or-shock occurs at a certain value of Q, say QN4 on the 

lower (supersonic) branch of the modified Rayleigh line curve. THe 

value of the back pressure 71, at the exit of the nozzle is then obtained 
for this position, and this process is repeated until the shock position 

is found. Possible paths in the T-Q plane were shown earlier in figure 3. 

Rote that for given resevoir conditions, the down stream limit of 

the one-dimensional 0c-shockrelkication zone is always defined by the 

same equilibrium pressurejt, irrespective of the value of Q Howeverj 

since the shock position, i.e, its distance from the nozzle exit plane)  

will depend on Q3, each value of the back pressurepcorresponds to a 

different value of Qsp(see fig.fi). 

l'4.immol)LI the transition paths sketched in figure 3, and the pressdre 

temperature relation through the shock, it is apparent that the pressure 

may initially decrease behind the Shock, but for nozzles of sufficie*t 

length it sill ultimately rise fbllowing the subsonic equilibrium curve. 
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Numerical solutions and higher approximations  

5.1 The numerical solutions  

To test the simple analytical solutions described. by Blythe 

(1967) and in if 2,3, and 4. of this thesis, some numerical so-

lutions of the full equations have been obtained. The basis for 

the calculations was an adaptation of the programme described in 

Wilson, Schowfield and Lapworth (1967). 

For the analytical solutions the asymptotic nozzle shape 

must have the form 

5.1 

Convergent-divergent nozzle shapes used in the numerical 

solutions were all of the fbrm 

A = I I.  OC-2 	.7C 	 5.2 

A = C(x-c)‘11  x 	5.3 

and hence (5.1) is always true for large X. 

Both A , and dA/C(X are continuous at 'Co)  Or` 

c= 
k 
 zaccAv(i t of-z)"  - 	) 

-X0 - V (XL-I -V X(3)/ 2. 

Previous numerical calculations based on the quasclimensional 

relations do not appear to encounter this phenomena),  principally 
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because they did not cover the conditions for which the shocks should 

occur. Initial numerical experiments showed that in situations when 

6-shocks should occur the region of frozen flow -was extensive. 

Figure 7 shows one such case where the rate of change of 6 

remains very small up to le diameters downstream of the throat. 

However continuation of the calculation up to 0 diameters 

reveals the situation shown in figure 8. With respect to the 

overall length, the near frozen behaviour collapses suddenly and the 

solution rapidly approaches an equilibrium state. 

Also shown in figure 8 is the analytical solution described 

earlier. The agreement between this approximate solution and the 

exact solution is good, particularly for the shock position, although 

there is a significant difference in the values for the maximum 

temperature. at the downstream end of the shock. The initial equilibrium 

decay downstream of the shock, apart from the shift in temperature, 

agrees well with theoretical predictions. 

5.2 The shock position 

Although the 	-shock position given by equation 2.11 

is well defined, the numerical shock position is not, 	In order to 

compare the numerical and analytical solutions in a quantitative 

manner, the "shock position" for the numerical solution was defined 

by the point at which the translational temperature attains the value 

corresponding to 	= cy.  (c 	Is) in the analytical solution. • 
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According to the simple theory 

Xs = 2.1/LNG (Y) (9v)9)  C) ) 5.5 

where Ys is as given by ( 2.11). This expression, however can be 

re-arranged to give 

where 

end 

xst:i_cys(yl v,6) )  

xs-. 	-6 
1(6.1)(Y_1) *(oo) 

(Acoe, e)111 )-4.t 

5.6 

5.7a 

5. 7b 

Figures 9, 10 and 11 show various tests of this similarity rule, 

the first for various values of the rate parameter A_ , the second 

for several values of the matching point 'Co  , and the third for 

some values of the characteristic temperature Qv . 	The shock 

position is reasonably predicted in most cases and the various scaling 

laws are correct except at small values of v , The limit 1)-0 C) -

corresponds to a straight channel and it is not surprising that the 

asymptotic state is dependent, not only on the asymptotic shape, but 

also on the initial conditions at the entrance to the channel, 

defined by X, 	For a flarther discussion of thia point see below 

/5.3. 

5.3 The temperature maxima,  

As noted above the major discrepancy between the numerical 
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solutions and the theoretical predictions was for the temperature 

maxima at the downstream end of the shock. Figure 1/ shows a plot 

of .Itipix against the shape parameter %) for range of Xo'S 

Reservoir conditions, defined. by IL and 6v  are fixed. and. the gas 

parameter d is also fixed. 

It is apparent that there is a definite departure from the 

results of the simple theory. Similar graphs for other values or 6 

and the reservoir conditions show cOrtesponding trends. 

Provided V is not small it seems likely that deviations 

from the simple solution are mainly due to the effects of area 

change through shock., If this is so then the continuity equation 

can be replaced by 

Ei aCt.V1-1I14  

Or 	 ^-1—V X Y.5.11-*1  
--.) 	

5.8 

v--/ 
t) 	 aC< jo  

It is the second. term on the right hand aide which will 

govern. the perturbation to the shook solution. Apparently the 

only parameter in these perturbations will be 

for 

5.9 

This means that to first order 

elr= C(5 , 	 5.10 

and. hence for the fixed ac the solution in the neighbourhood. of the 

6 —shock should be identical if area change is indeed. the 

.dominant perturbation. Some solutions for the perturbation 
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quantities is 	vicinity of the 0 -shock are discussed briefly 

in Appendix III. Note that strictly for the expansion to be 

meaningfUl Ki*Ic 1. 

Lines of constant m are cross plotted on figure 121.. These lines 

show quite clearly that the data does indeed collapse for sufficient- .  

Iy large values, of %) 	This similarity rule does not, however 

hold fo*mall values of V , which as noted above 
	

5.2, are situa- 

tions more strongly dependent on 	. In the parallel pipe limit 

V -0- e5 , perturbations are presumably dominated by "entrance" 
conditions defined by xo  . 

For the one-dimensionAflow limit, with conditions at X0  correspond-

ing to frozen flow between the reservoir and Ze, it can be shown 

that 

and 

where 

or 

v, ?,-E,,h+)34(0-1)-4‘ 5.11 
i 

uot(oo) 
C 

)5--t1 

(Y-1)(1 -fr(I - f.2))+Q - E(Y-1)1/1+g1(4.1-1)-Q 

rarc ,  

(Y -t1)-1 

f -LL. 11 
Y711:01  

5.12 
.4° icb) 	tkx°2 

= 	2 
CY- Oins 

where INiAs the frozen mach number and the subscript xorefers to 

conditions at 	Co • 

The solution of equation 5.11 together with the equilibrium curve 

of T (VT eqn 3.3) gives values of 	which are in reason-

able agreement with the numerical computations (see figure 12). 

As Xo•-•`00 44 -0-1 and these values converge on the simple theory limit. 
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5.4 Application to hypersonic facilities  

For the example shown (figure 8) it would appear that experiment- 

al confirmation is not feasible. Typical nozzle lengths of hypersonic 

facilities do not exceed 	throat diameters. 

Certain situations (e.g larger values of %) will lead to shocks 

3 at 	10 —10 4- throat diameters but the shock structure becomes 

more diffuse as its position moves further upstream. 

One of the disappointing features, from a practical view point, 

of the results is the shock position. In many cases it occurs at very 

large distances downstream. 

However for other types of rate process involving a large amount 

of energy the results may not be quite so discouraging, and the shock 

position has been derived for a general rate process, where the rate 

equation is only a function of the local flow conditions in Blythe et 

al (1968). 

Similar results have also been obtained for condensation, which 

involves a more complex rate process), in Part II of this thesis. • 



6. Discussion 

The structure of the de-excitation shocks discussed by Blythe 

(1967) has been obtained and it has been shown that for a certain range 

of finite back pressures an adiabatic shock may be embedded within this 

de-excitation shock. The structure of the relaxation zone behincl3such 

an adiabatic shock has been computed. 

These solutions have been compared with some numerical results 

for the full equations, and it has been shown that these de-excitation 

shocks exist. The theory predicted the position and structure of the 

shocks well, except for very slender nozzles, aroy discrepancies being 

mainly due to the effects of area change. 

nwever it appears that for the vibrational rate process consid-

ered, there is very little chance of finding these shocks experimentally, 

although it has been noted that for a rate process involving considerably 

more energy such shocks might be found in a physical situation. One 

such process is the condensation shock, which is considered in detail 

in Part II of this thesis. 
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Appendix I 

The coefficipnts of the expansion of the integrand f(Q) in the 

neighbourhood of Q=O. 

For this expansion there are two cases to consider. The first is 

the general case, when 906and ;re is exponentially small near Q=O, 

and the second isithe:.case for &v=0 when Q=7. 

Case I 9v>0 

The integrand12(Q) can be expanded by considering the various 

components individually and the expansion is then found to be 

faia) Q-6(Cto -I. a, Q ck Ce-f-ct3  Q3.1. 

go 	1-o/ M6  ) 

o2  = ao(va 1-2  -112  4-Vih +V, cid 4-51h), 
a3  = cta  (v3  -t• 1;34-$3 	vi g2 -t-11(k2 -1- v2  I- $1v2  +(pi) 

and the various coefficents above are givemby 

vtl ' 
Vz 

s(r-tl)1)  

v2 = 	) 

6 t4.(Y-6) 

and 

	
4E:3 r. 

.(5-c(L*" , where TZ-0  -= 45(70) . 
6. Pski ( -64-il 	 1-6--t• I 

V+1)(g-hg)fY-1  

where 



 

P1. 

   

Case U 0v -.0 

   

The expansion is similar, but the cpi replaced by CI, • where 

 

V2.(1 3  ( 	1)(2w2u,:(90))`) 

ki)%6 
1,3 	=1(

.3 	h 
T it t  (Y -  1)3  
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Appendix II  

The coeffiAnts of the expansion of-f-(Q) near Q=Fie are derived, 

in a similar manner to those in Appendix I, and the expansion is 

f (Go (tz.- QV k 0 + 131  (C2.- Q) ‘)2 (ce-e - c24 

where 0  =  Ve,  
/ 2- 

TA's  
b, (y1 4. 	) 

b2  = (vaT2 R2  +VII; 	e, 

and the various coeffiCents are given by 

=  -t- 

= 	11 
aeV/2 

V2. 
(1 — tr2e.rh 

	

(4J(00) 	Js-v 1 2 
	 ) 

= (x-1)+ qf — Or— 01/-7  -- A 

	

tLco) 	04-1)2.- 	
) 

T1 ; _L f r -I—  . --Cji ? 1  
"Fe ( 2 ii-G 

	

. 11 =Ell.Qd I I + ( Y,- 1) 	* ZIP" 7112  
1 "re 1. 	.10- al Te. 	q--  )) 

	

Et)  r. 	E Z1-1 ) 	, = 6-2--  I-2. 4- V ha  
T. T-e.. . 	re' 

tU 3 
2 21-1 2*  

E =1 -tE0 	 = _4:42  — ,E3 • 
E2 
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The following coefficents are also used 

re t 	21/i=ee. - 
t2 = fir I 	 s 	- cize)31) (-3 r - i 	-I  

(47. -C- )e. • 

The subscript e refers to the equilibrium end conditionss and 

--/ r 
= ) 	,etc. 

~ dTe.  



Y 	un2(00)Vz.4.  6 = ubz(co)  f  600)  A.3 
\<— I 	2 	 2. 

Appendix III. The effects of area change.  

If.the effects of area change are introduced into the shock solutions, 

the fbllowing equations in the scaled variables, are obtained 

7.v =U+2Tv)  
(`1r. T) u„,26,.)`ir V di/ o 

arf 	 ) 

A.1 
A.2 

TV/ (T)  EeZ-1-) - 
V 

Rewriting these eqations in terms of the variable Q (j2 eqn.2.20) 

gives 

71 v.= /--ce,+ . 	) A.5 

	

cl 	T) Gie.26.0) crVidY mo o) 	A.() 

	

cif 	 cif 
2Y(kti).1- 	(1r 2- I)(V 2- I) 

Uol(OD) 

and a crierr(q-Q),  et f  
where a= VA_Is is the similarity parameter discussed in if5.3. 

An appropriate set of variables in. this region is 

r" Ciro 	 • 
= 	-t-  e< 	t 	• . 	. if 	V  

To t ot 7; I- 
+ De OP, 	. 	. 	.1  

If these are inserted into the shock equations, (egps.A.5 -A.8) 

A.7 

A.8.  

A.9.  
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/ 
then to zeroth order the original shock equations (if2 eqns 2.13-2.15) 

are recovered. The solution of these zeroth order equations is discussed 

infT2 and 4.1. 

The equations for the first order solution are 

77; vo  cif; v, = - 	 A.4) 
c(   + 	( 'a', V64 7101/1)L, 7r014, 

14.02106) 	Rortpoi 

Y(Y-ti)T, + 2(x2-00V, = Q, ) 	 A•12 
L2(.6) 

n 
dg 	v02 i ro Vt. 
a  t = 

11 Ind 
If  S.J.1 - 2YJo-Qc) -1-  (t',-  Q1)  

' 	 Ov where di ,..... Qc)  + a  Q, 1 )  ceyla Q1  = _ 2 ()2_1 ) 6-1.62 4. iit)  7, 	AA...  
Lkoz.(.00) 	'To' 

Combining equation A.11 with equations A.10 and 2.13 gives 

f76112- 	 L4 -•=0 )  
dc 460 t(0763) ct-c etc 

A.15 

which can be integrated to give 

cr63-11 
(40%0 	biazt,o) 	vox 

where P is the constant of integration, and the lower limit Vo-L has

been inserted for convenience. 

Equation 1.16 can now be written, by making use of the zeroth 

order solution as 

A.13 

where 

ciT 1 1; -t-Iror ± Uoz(i,b)V S 
go r 

3` Upz  &lb) vc.2 

11 TO No -Q 

A.17.  

cicla -f-P A.18 
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Thus comb ining equations A.10,A.12 and. A.17, the following set 

of relations for the perturbation quantities is obtained, [f - lto(bOclij  = CY-6  ilk  - SA  +L , 
V Tt, 	Vb 	/‘ 

 

- tAcRoOlciti  = (.X-I)  M t  S )  - (4021AVe)2  L ) 
Y To % 	IC 	 S-To 

- 144110) Vol  T1  = Os - t) ti I - u_:(6)1/01 -0_1.__4W 2  (Lk S*  
Is To 	To 	W 	Vrt, 	. 	To  

11*  v. ko (')Q, /2fr- I)10 :: - 61 /To 
34  = .3/%1'0  . 

The rate equation can similarly be rewritten as 

CLQI 	(Q0) —  (Q0). Q 
cc Qo 

where 
(Q0) ---- 2 	—6wozCL+s9 )  

2 W-1) 62  c_41'1-co;KA07 (L+  A- 22 

Ce0 01.04  AO 	I o 	-A ( 	1,14,01) 	) 

I14/t192AiZ2. 
with 	

0 = 
 

10 
The rate equation, A.21, must be numerically integrated owing to 

the complex form of the Ainctions k7Q0)and iT 44 the constants of integ- 

ration being obtained by matching with the appropriate terms in the 

"pseudo entropy" solution of Blythe (1967). 

'where 

(Q0) = ( r-f) r2-  6((- Ylvte93 a0200  + 2s 	- n,tex 	 20sz-ilto 
	 11 +  ,z-c624-6Y-1 ( I- Y)4462)1 
To 	L 	 j 

A. 20 
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This prOcess'is, however, very complex, and the computational 

time involved is of the same order of magnitude as that used in obtain-

ing the numerical solutions to the Ain equations.. 

The effects of area change on the shock solution *sere therefore 

tested by using the similaritylcand the results are discussedAn 1r5.3. 



.Notation.  

A area ratio 

" a., constants see (4.3). 

• constant see (2A). 

JS 	-1)viL. 
constants see (4-.C)). 

Cv constant see ((k.1) 

C constant see (2.9).  
C 	constant see C3.14-). 

C.  constant see (•14.). 

= i) a - ) 
EL constants see App. II. 

cG /see 

  

   

H 
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W-1 

fadoryfiols  
.? pressure, 

effective heat input C2.2.0). 

equilibrium value of k. 

cit dummy variable. 

• gas constant. 

.5:k pseudo entropy (34)- 
3 see Appendix III. 

temperature. , 

IC constants see App. III. 

▪ constant see App. II. 

e) constants see App. I. 

(,1 velocity. 

V rlqUo(00). 

constants seeApp.I. 

X distance through. nozzle. 

c.c, constant see (5.3). 

K1  throat height.. 	 se%ilet_  5. rAN). 

AC .  
Ys shook position. 

LP( see (V7b), 
k exponent I - VD1fo'i-tb-Oq. 

L seeAppendix III. 

t exponent 1 —N1 	Yt Os- i)g 
lilt see Appendix III 

scaled mass flow Cp.). 

IA  mass flow. 

wo  frozen mach number. 

. of see ( S. 9) • 
• specific heat ratio ( 

6 exponent see (1 '0' 
see 	(5: 12) , 

01, characteristic vib. temperature. 
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rate parameter (.0. 

modified A. 62.10. 
V exponent (2.). 

scaled length (2.10) • 
cri scaled density (2.10)• 

density, 

vibrational energy. 

6 equilibrium value of 6. 

relaxation time. 

!seek 	Appendix III. 

S),) 

S2. relaxation frequency. 

Subcripts. 

0, 1, denote perturbation quantities in the various solutions. 

Dimensional quantities. 

All variables defined above are non dimensionalised according 

to the scheme outlined in (f 2.). Any dimensional quantities are c.  

denoted by primed variables, eg. `r 2 etc. 
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PART' II 

THE CONDENSATIM OF PURE AND IMPURE VAPOURS 
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Introduction 

In many high speed mind tunnels condensation is a possible 

limiting factor in their operation at relatively low temperatures. 

Since this process proceeds at a finite rater  condensatedoes not 

form immediately downstream of the saturation point, and a super 

saturated state may exist. It has been observed that this region 

is sometimes terminated. by a sudden return to local equilibrium 

conditions. This narrow region is usually called a "condensation 

shock". 

The condensation process can most easily be described in' the 

pressure-specific volume plane (figure 1). The flow follows the 

condensate-free isentrope until it crosses the co-existence line. 

(The liquid-vapour equilibrium line). If it then remained in 

equilibrium it would follow the saturated isentrope beginning at 

the condensation point "C". As, however, the vapour condenses at a 

finite rate the flow will initially follow the original frozen 

isentrope and may then, depending on the flow conditions cross via 

a "condensationn. shock" to a saturated equilibrium isentrope, which 

it will either approach asymptotically or diverge from, depending on 

the limiting flow conditions. 

It has been noted that there are two types of rate process 

involved. 

1. Heterogeneous nucleation:- In this process large numbers 

of impurities exist in the flow and the vapour condenses onto these, 

z For a review of most of the experimental results see Wegener and Mack(1958) 
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without forming nuclei by self nucleation. 

2. Homogeneous nucleation :- Here the gas forms, by random 

molecular processes, drops which are larger than the critical 
A 

radius Y. These form nuclei on which the vapour then condenses. 4. * 

If the flow has large numbers of impurities in it, the 

process of heterogeneous nucleation will take precedence over that 

of homogeneous nucleation, and this former case will be referred 

to as the impure case. When however, the flow is free from im-

purities, heterogeneous nucleation will not occur, and condensate 

will be formed as a result of homogeneous nucleation. This will 

be referred to as the "pure" case. 

The latter case has been analyzed numerically (for example, 

Clark.: 1963, and Griffin and Sherman,1965), and it has been shown 

that the phenomena described above do occur as a result of the 

homogeneous nucleation theory. 

There has, however, been no systematic theoretical attempt 

to analyse this phenomenon. Although mention should be made of the 

solutions of Daum and Gymarthy (1968) in which the simplification 

of a linear droplet radius growth law has been made. The position 

of the Wilson point (the co-ordinate at which the maxim= super-

saturation occurs) was then found, by trial and error. This solution 

is in some ways analagous to the asymptotic near equilibrium 

solution presented here. 

It is convenient to discuss the flow of a condensing vapour 

in terms of continaummon equilibrium gas dynamics. Here attention 

is principally confined to the limiting solutions for near 
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equilibrium and near frozen flow. 

In the near equilibrium limit (when a characteristic rate 

parameterAis large) the problem is of the classical singular 

perturbation type, i.e. the flow initially follows the frozen 

isentrope but then rapidly returns to the equilibrium (for a 

similar problem see Bloom and Ting(1960) ). It should be noted 

that this condensation jump is not a condensation shock in the 

classical sense of Wegener and Mack(1958), in that it is not 

completely one dimensional. 

The near frozen (A. gmAll) analysis is similar to that 

given by Blythe (1967) for a de-excitation shock, although in the 

condensation case it is more complex as the rate equation depends 

on the particle history as well as the local flow conditions. 

For the impure vapour it can be shown from this analysis that in 

a nozzle whose area ratio A is given by A= C..x°  then, when AL>0 

where 

Az = /- /z 	) 

a condensation shock occurs. This shock is of the classical one-

dimensional lbrm described by Wegener and Mack(1958). If /<(:)./ V:>1 

however vapour liquid equilibrium is established through a gradual 

condensation region. For g>I the flow lways-remains in a near 

frozen state. 

For a pure vapour, however, there are two types of near 

frozen limit depending on the rate of droplet production. In the 

first of these nuclei are formed over a narrow region in the nozzle 

and droplet production ceases before the perturbation solution breaks 
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down, and in this limit the solution can be reduced to that for an 

impure vapour. 

For the other case, however, nuclei are formed for most of the 

nozzle length and thus droplet production plays an important part in 

the breakdown of both the perturbation and pseudo entropy solutions: 

For j2  >0 where 
J2 = 2  ÷ 	) 

then a condensation shock occurs. Forj2<othe solution can again 

be reduced to that for an impure vapour. 

In the cases above, when a condensation shock exists it can 

be shown that this :a classical one dimensional region in which the 

flow returns to equilibrium, and the structure of which is similar 

to that described by Blythe, Petty, Schofield and Wilson (1968). It 

is also possible to show that the flow will not choke due to conden-

sation. 

- 	Numerical computations have been carried out to illustrate 

the application of this theory to realistic nozzle flows. 

It should be noted that the analysis presented here is for the 

condensation of a single vapour. It is however possible to carry 

out an almost identical analysis for a mixture of vapours, including 

air and water vapour, in which one of the components condenses. The 

only difference occurs in the definition of the specific heats and 

the molecular weight. (Although these are functions of the mass 

fractionthey would, be constant to the appropriate order of magnit-

ude in the present analysis.) 
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2. Equations describing flow 

2.1 Equations of motion 

The equations of motion are those which describe the flow 

of an ideal gas, part of which has condensed into liquid form. These 

are supplemented by a rate equation describing the formation of the 

condensate. 

The derivation of these equations is described in several 

references and that due to Wegener and Mack (1958) will be followed. 

For convenience this derivation will be outlined in full. 

In the continuity equation there are two terms, the mass 

of the condensible vapour MA/  , which passes a:,kivan location 

in the nozzle in unit time, and.the mass per unit time of the 

condensed phase ti'►'<<t. . The sum of these two mass rates is constant 

and thus 

itt'e 	= 	 2.1 

The ratio of the volume occupied by the liquid phase 

to that of the vapour phase is 

Yy 
A 

where ct= 7 ›fis the mass fraction of the condensed phase, V I  
114  

the volume and IP
r 
the density of the respectite phases. A4 191401./<<1 

the 

volume occupied by the liquid can be neglected. Further defining 
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is the 
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a density e,L  where the condensed mass is referred to the same 

volume as the vapour then 

r 	-(v tIAL ) 	7.2 

and using this density r i • the continuity equation becomes 

) 

	 2.3 

Alwhere IA! is the velocity and. A the cross-sectional. area. 

The equation of state is 

2.11- 

with N/ the molecular weight of the vapour and where 

vapour pressure. Writing 19v f  in terms of r and 

the mass fraction of the condensed phase)then, 

2.5 

If it is assumed that the condensate moves with the stream 

velocity (see Appendix I), the momentum equation is 

IGLI CLU..1= 	2.6 
The energy equation can be derived from the first law of 

thermbdriamics which applied to a unit mass of the mixture is 

plcI = 	2.7 
where e is the specific internal'enercy. 

Remnsiting this in terms .of specific enthalpy W and. using 

equation 2.6. 
2.8 
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Applying this to the mass "nt'of the mixture and writing out in 

terms of the enthalpy of the separate components gives 

[ to ÷ 2414L, 4L1_2_11,01.'  , 0 . 	2.9 
7141  

In general the liquid and vapour are at different temperatures. 

When the two phasesare in thermodynamic equilibrium the 4halpy 

difference of the two phases is equal to the latent heat of vapor-

ization L! . However when the temperatures are different there is an 

additional term for the liquid phase.thus, 

= 	— 	Tv' TL-0) 	2.10 

where CZ is the specific heat of the liquid. 

The ratio of the last term to hfL is given by 

Tv  	) 

lArL 

and if the vapour is assumed to be at the same temperature as the 

. drop then the last term is zero (see Wegener and Mack (1958) ). 

The energy equation then becomes 

—1 /2 1-*/  C 	I 	- q 	e _pv 	) 	2.11 . 

whete To'is the stagnation temperature. 

If the vapour is assumed to be a perfect gas then 

and 

	ei7v 	2-, 

Cibv 
_Cps  

--1 

is the specific heat ratio of the vapour without any condensatepresent. 

2.12 

2.13 
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Equations 2.3, 1,5, 2.6, and2.11, are the basic equations of motion 

describing the flow of a condensing vapour . Similar equations can be 

derived (Wegener and Mack (1958)) for a mixture of an inert gas and 

a, condensing vapour, for example water vapoUr in air The only differ- 

ences occur in -9,1  and the molecular weight ipl and thus an identical 

analysis could be carried out for water vapour condensation. (In the 

present analysis 9( and pi  became constant at their frozen values 

for both of the limits under consideration.) 

It is now useful to define the concept of "pseudo entropy", 

which will be used in the near frozen analysis. 

From equation 2.7 

de'I' - 'd i/ ) 0 11 --  
which can be rewritten as 

where 	-e? dr+ 4'r  T 	
2.16 

and 4? IF/y/171),  

Then with respect to the frozen composition it is possible to 

define a "pseudo entropy" 

I ckg( 	c(€10(  p' c( 

where.50/(  is the "pseudo entropy". 

2.17 

For the ideal vibrationally relaxing gas this corresponds to 

entropy production in Johannesents (1960 se-gas. Here,however, 

2.14- 

2.15 
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it is one of several possible definitions depending On the thermodyn- 

amic variable used. 

Re-arranging 2.17 with 2.16, gives 

For a condensing vapour 

11! 	//tr./ 	g Li  
and thus 	e' C' 	 L 

where R = R,/,( 1v ) 

and 2.18 becomes 

_L 401_ C I  "R^ 	dr'  	2.1e) ax' RCI 	cox' '7? 	d.' 
which is the independent of the variables chosen in the definition 

of "pseudo entropy". This equation.mill hereafter be called the 

"pseudo entropy" equation. It should. be  noted that this defin.ttion 

is the same as that used in Blythe et al (1968) for a de-excitation 

shock. 

2.2 The rate equations  

For an impure vapour the rate equation is 

, N G 2.20a 
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where Nis the number of nuclei present and 6; 160 is the mass 

of each droplet at- some station 	X. 

For sure vapour the corresponding expression is 

x 

./ 
where 	G'6x)') 	is the mass atxof a droplet formed. at .E 

and _Y(51 is the rate of formation of droplets of critical radius .9;./Nig() 

is the area ratio at 1r 

In these rate equations there are two main terms, the rate 

of formation ofdrops Al and the subsequent growth of these drops G(4) 

For the impure vapour it will be assumed that Mils zero, 

and that the vapour condenses soleekv on the nuclei alreqdy presents  

due to impurities. 

In the case of the pure vapour, however, there are no 

impurities present and an expression Dor Ailr) must be obtained. 

Several authors have considered this problem among them 

Volmer andWeber(1926), Farkas (1929), Becker and Doting (1935), Volmer 

(1939) Frenke1(911.6) and Stever(1958). 

The expressions they derive from kinetic theory are all 
Weseiviva44 Made A 

similar in form and that given by 	(1958) is 

2.201) 

%IAA/ 2  2-11_02e„ 11112I NIA ce01'? 

`P- 	tot_ ft.) 	3 g3 ft ; 0.13 

. 	. 2.201. 

44  Lg.PC(4 	3c) 4-18  Wer" ceAkd 
..sAuAlef yteal aA aicKLe 
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where fVAis Avogadro's nuoiber,dis the surface tension and 93 is 

the saturation ratio which is defined as 

with 

= -?7!-• 
/Ds  Cr/ 

/2 /0171 el  ) being the equation of the 

co-existence line. 

to 

2.21b 744( 	21  
et_ 40 

Assuming that /P/L and6fare constant the expression above reduces 

J' 	.Q 	- 	2.22 44  ) 

T.41, 
?'= 	11_21" 	r 6-i tsiii2 ? 

3 ,R31 
Once the drops are formed. their rate of growth Cqmust be 

computed. 

Only drops in the free molecular regime will be considered, 

and noting that 

	

G /  t9L. 	I/3  

where r is the drop radius, then, considereing mass impingement 

terms only the expression due 

r

to %gene:L. and Mack(1958) is obtained 

ex/ 	a. 7r 1 til 
where 	the vapour density. 

where 

end 

2.23a 
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This expression does not contain any non-equilibrium terms. If, 

however, kinetic considerations are added to the problem then the follow-

ing expressions maybe obtained 

Beuitlerp1952 

dc' c 4,f2   2.23b 
cf.x! 	Li fi! 17-14A! /-z6  

or Frenkel/1946/ 

fari ?Pzrs/-ii  
-f-J 1711 

 

2.23c 

where 1g is the surface temperature of the drop, and is equal to 

the equilibrium temperature with respect to the local pressure. 

If oL  and 6/  are both assumed constant these expressions 

both adopt the form 

cGcl 

(provided that 5  is small i. e. 

The rate equation fbr an impure vapour now becomes 

KC 

where the radius of the impurity has been assumed to be zero. 

That for a pure vapour is 



T Is 

— x 
A p t, V i//z  ( 	cis] t-- 

& 6(  

) For an impure vapour. fbr 

2.31a 
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X/ I 

5 14,1 ..-ii P
A 

it:  K I 35 	(10,)ley  

where.2) - t 
= IS ZfLi  Di  3 ) 

f21112  (TS-T)Cie Stit 13A 
iiti 	T I  ,.Jp 

2.25b 

  

nci 	26 /./)  

and Xcis the point at which condensation commences, 

2.3 Non dimensionalization of equations. 

If the equations given in the last two sections are non 

dimensionalised as follows 

Tc,‘ 	rroo) 
14 1/ 	L4:-  11 

?co 	xerog Air 	A'
, 
 1-' 

where Wt. is the throat height, 

The basic equations of motion are 

ra, A 

 

- ruc(,. ap 
foz 	-e -1 

/13 = 14-g)  T  
and it is sometimes convenient to replace the momentum eeition by 

- ( 	
ccr 

and the rate equations are 

 

2.28b 

 

2.27 

2. 28a 

2.29 

2.30 

2.26 

• 
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Ts-1J6.:3 # 	Atf)e(1)  2.3f b 

Tify5,0 

ii) For a pure vapour 
X 

00 

_ 
T 

Li  
- with is. Ce  

cep.cL C = .12)9, 62741, 
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where 	11 NB( P/2 TiSlz 1/3/ 

and X. is the condensation point, 

where 
	K/J-5//gb 4 	) 	= A:Rytoo: 

2.4. Condensation Point  

Initially the flow in the nozzle is condensation free until 

the co-existence line is crossed., and the point at-which.this line 

is crossed will be defined as 

Prior to Xe  9  5 0 	this is obvious from the rate 

equations since even if drops were formed. in the flow T >T s 

so that theirrate of growth would be negative. Thus upstream of Xc.  

the equations of motion are those for the isentropic flow of a 

perfect gas where P, 	and tA._ are given by the usual 

relations 

At the condensation point 	 5  

thus 
TC" 

giving 
214 
ic Ce 
co, 	1.-4-1 1,7"c = tayC —Li re 2.32 



3.1. 
A-r-• A 	14 	mod 71)1° _32H)  

Ac 	Tc. 	A c.  
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which can be re-written in terms of the mach'number Mc at the 

point ,Cc. 

((1 14 )3-1 Ht + 	=C.))  
I 	L 	 T. 	.1. .2.33 

thus the three quantities hit, ikc 	and X 	can be found. 

It will be assumed for simplicity that Mc >1 so that XC 

is downstream of any geometric throat. 

Hence 	zr  

sa--t 1 

3. The flaw regimes and their limits  

3.1 	The scaled equations 

The non dimensionalized equations are given in 	(,I 2.3 

equations 2.27 - 2.3 lb. It is however more usefUl to scale the 

equations with respect to conditions at the condensation point i.e. 

where the subscript C refers to the point 

The following set of equations are then obtained :- 



m... 	79. 
11.VA :--. --M ) 	3.2 

`Ir. V . ci,V ..-. - a y 1  
Y 9 4.1/7-..... q T... V62(00)) 	3.4. 
Is-I 	.2 	..) 	2 

(.4)APAk. Volo) = 2% 	V 2  -1 + c.)  

cir f i —3/  (9) 	3.5 
'H 

and the "pseudo entropy" equation, which will be used instead of 

the momentum equation in the near frozen limit, can be re-written 

as 

(y-'»G 0 	cc--I4 4H eLZ Ora-  h 3  3b 

3.3a 

The rate equations now become 

for an impure vapour 

- (OS e)CIS ) 
V 

where 	= H rf c̀ .73  
711. 

a) 
3.6a 

b) for a pure vapour - 2 

= 
 2pj

2exikal TIS.1.1.A  (es - Os-ay 14 041. tk 
, k934o v 

HwtA-P LecC TC3 Ackej 

= 
.ec 

WA 

rc3)  
aiv:( 

where' 
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In these equations the variables -Cr) 	. and W 

are 0(1) 	and vzoCv0 . Thus using these equations the 

various flaw regimes and their limits can be condiderdd. 

It will be assumed from now on that 

.» 1 	 11.  
This is not in practice a very restrictive, assumption as typical 

values of H are, for nitrogentbetween 15 and 25. 

3.2 Retimes for the impure vapour 

For an impure vapour, writing Vi= VR  V where 17 is C&I) 
and Vp is a refexflce velocity,( VR  = Ve 	in the near frozen 

limit), amtcliAt _the. nesrAquilibriunt limit),, then the rate equation 

If 

6-K 0112  (Os - 6U.S1 1 

Z 

3 	V 

7 

I 1 

where 	r)  (1) 17  , 	and ,r  are now 0(1) and 

V3 
	is an effective rate parameter 

based on local flow conditions. 

This effective rate parameter defines the various flow regimes 

and their limits. 

When ? 	large 	the flow will be in the near equilibrium 

regime. In this limit the flow will initially follow the frozen 

adiabaticitientropep  but then rapidly return to a near equilibrium 

becomes 

2.c. 
3.r7 
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flow, in which the flow conditions are given to zeroth order by the 

equilibrium flow solution.. This solution is considered more 

Ai ky in if 

If however kis small a near frozen solution results. For this 

regime the flow remains in a near frozen state until far downstream. 

Then depending on the convergence of a "pseudo entropy" integral, it 

may in a similar manner to that found by Blythe (1967) for de-excitation 

shocks, either return to equilibrium through a condensation shock, 

move towards equilibrium in a gradual condensation zone or remain 

in a modified near frozen state. 

in more detail in jitr. 

For the case k40(1) 

These solutions are discussed 

no simplification in the equations 

is possible and they can only be solved by numerical integration of 

the fUlfet. This flow regime will, however, show many of the facets 

of both near equilibrium and near frozen flow. These solutions are, 

indicated qualitatively in figure 2 for a wedge shaped and a parabolic 

nozzle. For both nozzles the near equilibrium solution indicates a 

rapid return towards equilibrium and the near frozen shows that for 

the wedge the temperature tends to some constant value, and for the 

parabolic, that the flow returns to equilibrium through a condensation 

shock (see If 50. 

3.3 Regimes for the pure vapour 

For a pure vapour the problem of defining the regimes is more 

complex, as now instead of having one rate process there are two 

interacting rate processes, that of the formation of nuclei character- 
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FIGURE 2.  

a) A=z 

0 

b) A=z 

0 

TYPICAL FLCNI PATTERNS. 
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ised by a rate parameter 7 and that of the subsequent growth of the 

drops, which it will be seen is associated with the rate parameter xf  

Thus if large numbers of nuclei are formed and the growth rate is 

large the flaw mould be in a near equilibrium regime, but for small 

nucleation and growth rates near frozen flow will prevail. Similarly 

if both rates are CO) the float will exhibit characteristics of both 

regimes. 

If however, one rate is large and the other small the situation 

becomes more complex, and whether the flow is near equilibrium, near 

frozen or neither depends on the relative rates of the two processes 

involved. For example if the rate of drop production is small then the 

growth iip will have to be very large (i.e. qp 	cx, ) to 

produce a near equilibrium flow, if it is large (i.e. 470ahn ) 

then the overall rate will be 0(1) and if it is q(1) or 

smaller then the flow will be near frozen. 

In order to define more precisely the parameters ;17,3  and Xp 

the rate equation must be examined in detail. Writing V VR-V.  

as in 	f 3.2 gives 

loci-e 
ceexpfx2  

wtere it has been assumed that, VI >>1 CleAt 	and 

where 	p 	 ) amt.( K 2  

9 

z 

Rd' 
V 

3 
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Examination of this equation shows that the parameter 5:, can 

be identified with the rate of growth of the drops land the parameter 

Kcontrols the rate of production of the nuclei. To evaluate this 

effect the integral defining the total number, N, of drops formed 

must be considered, where 
00 

N 	 f r2  exp{  -K 2 	 ,4-(,)4 , 3.9 00-t9Y 
and thus it can be easily seen that 2Nc)( N. A total effective 

rate parameter can now be defined as 

r' 	N 	 3.10 

If II( is large, then the integral defining N will in general 

be of the steepest descents type and thus. 

= 0 (K-')) 	 3.11 

1341c1 	AT *is 0 E 
	

3.12 

If K is 0(i) then Nis 00 and AT is 0  MO 

For K small, however, the evaluation of the integral becomes 

more complex. Considering the near frozen case (this will in 

	

general produce the maximum Ni 	for any nozzleYA=%4. 

then 
	

N=11'''zxpi-  Ka
2 
 3ed-4 

* 
3.13 

i 

This integral can be split into three regions 

1) I K 	<J)  

2) )< 2  < 9  < 	K 
3) 0 < 

It can be shown that in region 

W K, 	 3.15a 
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and that in regions 2 and 3 

11/01.c K-2°-%-0 3.15b 

thus it can easily be seen that N is 0[K ver-61 

and therefore -LT  is 

These results can now be summarised as follows : 

For Al>>1the flow will behav€ in a near equilibrium manner( 0-10 
and for _&1i)  the flow will contain characteristics of both solutions. 

These solutions will adopt the same form as for the impure vapour and 

are shown qustitatively by figure 2. 

For 	44:4 	the flow will be a near frozen flow, there are 

however, two limits in this regime. 

The first of these is that ;41L(1))ke>> ap 	and in 

this case the drop production is completed prior to the breakdown of 

the perturbation solution. The solution then adopts the same form 

as for the impure vapour. 

The second limit is when 	Pip (1) and 40 (Ap.h  
and in this case the exponential term can be replaced by unity(except 

in a region 0(K) near 0=gfor the perturbation solution. This means 
that the perturbation solution breaks down when drop production is still 

important. These two cases are considered in 
(-Before, however, considering the flow solutions the parameter 

controlling the initial size of the drops must be discussed. 
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This parameter will, in this analysis, be taken as • 0(1) 

or less. The term contributed by the initial radius "Cix , will then 

be ()(1-i") and can be neglected to zeroth order in the following 

analysis. 

This means that the initial radius is small compared with the 

filial radius, and this has been demonstrated in the numerical 

calculations of Griffin and Sherman (1965), who showed that the radius 

increased by a factor of approximately 2C) in the condensation 

region. 
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4. Near equilibrium. solutions.  

4.1 Scaling in the near equilibrium regime.  

In the near equilibrium limit the flow initially follows 

the frozen isentrope, but rapidly returns to a near equilibrium solution. 

For a nozzle such that ik:(X)(A:'zd) downstream of the condensation 

point, and assuming that FWIXit, au appropriate set of variables in 

this regime is, 

= 1 
0=i-e, 
v = vc 

9  3 
z 

Substituting these into the equations of motion (eqns.4.2-3.6) 

and dropping squares and products of kmall terms, gives 

"i'tt/=-9V1-) 	I..2 

1. 	4-  -3) 	4.3 
Ve.2‘./ 3z 

which. when solved give 

-6.- i 

and  
El --YA4. 	-) Li - vy:21 

E. 	1 	(w-,)q ( i  - )(//C2  

But 	Vc2  = us 	L.R. Vc 17: )4' tie 
Te ' 

and then 	E= VCY-I 'virlik -N-1)14A1 51  

4.4 

4.4 

4.5 

4.. 6a 

4..6b 
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2  
where ni 

 A4c 
tic Z  - 

9712  = EY Mc 2-11 X Lfrre- J 
The rate equations now become 

for the impure vapour 

,•3 
7 

V3 li)cO/ 

and for the pure vapour 

where be- B/H2., 

These two cases will now be considered separately. 

4.2 The impure vapour solution.  

Equation 4..7a can be rewritten by putting 

then 	1/'  	6/) C6/ ) 
VC 

and differentiating gives 

CLIA. 213 a -firy, 
c(34. 	vc 

where 	C= V (Y-1)1141 

Then chang4 variables to N and R 

where 	? 
kJ 

1/"=2Z 40-11/5/15R 
Vc3  I 

gives .= 	A/ -  
ctN 

with b..c. 	h•=.0 Af tr- 

c> 

41,Rx p 1- K 2 	1--cs)(491 col 
1-61) 2] 

4.6c 

4.7a 

4.7b 

a  3 

4. 8a 

4.8b 

4.9 
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4.11 

4.12 
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This first order non linear differential equation is a form of 

Abel's equation (Davis (1960)), and has been solved numerically, using 

a Runge Kutta technique. 

These results are shown in figure 3 and from this it can be seen 

that although 3  is initially frozen, it rapidly returns to a near 

equilibrium state. 

	

i.e. 	139442 

That this matches with the naar equilibrium solution is easily 

shown as ( Buhler (1952)) 

i.e. 5e"../-11-,2 in these variables. 

Hence using equations 4.2 to 4.4 

V÷  (r.  7v(2±/ 

. 
1912 

	

and. 	y 	V M! n. f  
In 2 

4.3 The pure vapour solution 

For the purejthe rate equation becomes1 
)1 	A_ 	s 

	

3 N.) ,--- 28pxpzE2 	Hs) c(.3 
Vc 	it--61)1 	

c 

7 

	

and scaling the vaviables 	I/ 
f 	 - lfr i 4  :5 - 14. 

74 = 1 tie)- k 05 13-,.., , " 1  

rb  
g x { 4433' R  fi 
6 = flit/Jr/413-p 4rril 

and thus for H large 

4.7b 
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C(71 )  . 	4.13 s G (0) ols 
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then 

- 
where 	ill 

2 K 2 
 

 
" — f4:s?'t 4',3  -1/4 	4.11+ 

VcrS 	/1--  
This  is a non linear integral equation and has been solved numerical 

using a predictor corrector technique. 

The results for several values of k are shown in figures 3a and. 3b. 

From this it can be seen that the behavi4^ is similar to that found in 
41, 

the impure case, and that for lc increasing the flow remains frozen 

longer. It should be noted. that /11Odoes not correspond. to the impure 

vapour case. 

The maximum temperature perturbation pin which is a measure of 

the maximum supersaturation, also increases with g%and a plot of 6T vs k 
is shown in figure 4. This behaviour was also noted by Griffin and 

Sherman in their fUll numerical solutions. 



FIGURE 3a.  

0 
.-• 
• 

3 	 5 1 	 2 

G 

NEAR EQUILIBRIUM SOLUTION. 



NOIIMOS varaaranba 11Vral 

c 0 

- 

3 

• 
LN 
0 

0 



600 

FIGURE lit.  

93. 

to3  

cst 

QT 

10 
/.4 

WIN 

1 
0 	I 	I 	I 	I I 1  .1  100 

MAXIMUM TEMPERATURE ttaTURBATION. 



.. 	.... . , 

94.. 

5. Near frozen solution for an impure vapour 

5.1 The perturbation solution  

In the near frozen limit the flow follows the frozen 

isentrope initially, and it is possible to assume that a convention-

al near frozen expansion holds. Then considering a nozzle, such that 

A= cxY CA = z' 	downstream of the condensation point, and 

assuming that Agamil-b>lylthen the appropriate expansions are 

©= 00 cz.) + 	9, ("Z\ 
9r z % (2.) -f- 	%(z), 

	

= (-Pocz.) -r 4 1i (z), 	5.1 
V = tio  (4) 	cz , 

Substituting these into equations 5.2 	3. -6 gives for the 
zeroth order solution, the fUlly frozen result. 

71.
0 
 = r‘c!tr-I 

/2  

ri/c2-4- -'1 - (I -" W.' 
111 

anct.. (9 -if-vc,2-÷2L/ (I -06)J 5.4 
Z )  

The equations for the first order terms now are 

efr; , -. V I:- 0 ) 	 5.5 
7re. Yo 

y e,+VVo =9 3 5.6 
1 

Ito 	(1)11 	Oo 

5. 2 
5.3 

5.7 
• 
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which when solved give solutions of the type 

z o 
r) 	 (Y-I)_91

1 
 , . 

(90 	f 	V0  

where 	51  z 1/1 3  

and 	4 - 7-crin 0:2  (1 - GO) CL-5  
1/0 

where Os = + (Deje) ) c¢ 0,0-4 , 
s 

For large Z  these solutions become "fro  = Igo  

	

27q. 	3k, =- Lk. ) 	5.10 where 
Vo(o0) VoCoo) lAci(0). 

and. 	Vo 	VO CO) 	 71415-1 Z-v-1)* 

and. thus if 1z>0 where k 	litz bSt I) the integral defining Si 
diverges for large 7 and. 

305i-Ok 
Cam, k3 

 

	

31  -N.*  21/1" 
	5.11a 

For 0 

5.8 

5.9 

3 	

3crtot2 — 
toyz J3  )•  1/0656) 

If howeveriuothe integral converges and VI  

as z --.- 00 by 

	

I 	
(6-14g2 k 

 + Pt 	 
VOU6) K 1  

z  , 

	

.,/ 	 lz‹o 

where Yhx) -.:. r -0.TA_Q6//4 0 - 0o) CiS 
VO 

I 	: . 

5.12 

5.11b 

is given asymptoticalb/ 

111 f/121 02  zk  and thus 	‘.9°/ r%"•//490. 	 
Voc,). 

5. 1 1 c 
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Similarly, the integral defining the temperature perturbation 

I  , gives forj(50 k>o 
3(1r_1).,47f45)/2 z  LI  

74:0 	Vo(.t013  ilk z ) 
where 	3k+ Vb(-I) =-vtz  (1;4-5) ) 

if >0 but then 
Lis-e5)/2. v(1E-0 r 	2 

7:7 	t;-0A. 	Z 	1.-(05FJ 

V V6 (16)
u 

 

  

fs;),
/o' 

5.13b 	, 0 

5.13a 

If however t:kG 0 

where 

Os -ti)12. 	Z 42-1 
Vecco) 

(s--Z0/2  
30C--k )wk 	Vico Z 

Votio) 

v(c-1) = - 	- 3; • 

and. thus 	

Yoe, 
5.13c 

For 	.L2  < O 12 <0 
	then the integrals defining 19, and 

are both convergent and a near frozen flow results. 

There are thus two "pseudo entropy" regimes in which the 

perturbation solution breaks down for large. Z . 

Regime 

This regime is characterised by both the condensation 

and the temperature or "pseudo entropy" integrals diverging for. 

large Z . 

The solution in this regime, fr 5.2, shows that the 

temperature returns to equilibrium through econdensation shock" 

analogous to that found. by Blythe (1967) for vibrational de-excitation 
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Regime 2 

In this regime only the "pseudo entropy" integral diverges, 

and the solution, fr 5.3, shows that instead of a "condensation 

shock" there is a gradual condensation region, through which the 

temperature rises, though not necessarily to equilibrium. For V%:1 

the flow always remains frozen. (The solution in this regime in 

fact reduces to that obtained by Blythe (1967) for 6= 	) 

The two "plido entropy" regimes mentioned above will now be 

considered in turn. 
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5.2 Regime 1 The condensation shock 

In this regime 
0 	1 	N_ 71,11. ÷5)/23Y2sr-1)it2! 
1)0 	 1/0(00,3 	4 k- 

and thus an appropir•Late scaling for z is 

) 	5.1h- 

where 	is a new rate parameter based on Vo(co) 

5.15 

Thus as (90^-4 when yi=oci) an appropriate set of variables in this 

region is 

5.17 

  

  

and this gives for the zeroth order terms in the pseudo entropy region, 

5.18 
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_L- cnia _I_ L 	„ 1 eiGto  5.19 
1(-1 ao 	 ) 

5.20 

Goo 
	 2 ayi  3 

v = nto  fi  00) 
Fromthese equations we find. that 

-V‘c =1) 1'  1 CI 	 5.22 

and thus for this regime the "pseudo entropy" equation becomes 

= 321:.  aga) 	• 5.23 
elYt 	@tt) cLYI ) 

0 and 	GID t.  NO 
3 
	 5.24 

where -Rio = 	
k) 
 0 	÷ C, 	5.24b 

where the lower limit has been inserted for convenience and the constant 

C is obtained by matching with the downstream expansion. 

Rewriting the equation 5.23 in terms of 

a ry, cyklo = MK-I)  2  
Vt.  c 	-j,71  j 	2 

IZ Ip 	gives 

5.25 

where a. = v‘z  0(1.0. 

Transforming the variables so that 

C.`6 
where a= v2 -(/ V) / 	reduces 5.25 to . 

`• r 	 2÷11 C  

ct )g( /X 
where 

and • 

5.21 

where 

Y`'`Rio „c_r)  5.26 
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Examination of this equation as both 7r and )5( tend to zero 

shows that 
	T k , 

which matches with the downstream solution in the perturbation region. 

Considering the behaviour for largeT and $ it can be shown 

that 

5.28 

and thus 	
dy, 
	/57-1iNele2  

which when integrated gives 

go-41C - 1Y/2  Y "?-2  - 
where the undetermined constant C must be 

5.29a 

included as otherwise -Riebecomes negative as Y1  increases which is 

not physically plausible 

whe As 
L 05-oq 

Ys  whet-R. YS  F(.1_7_144. 

It is seen thatiZsobecomes unbounded. Ys is identified with the 

shock position (see Blythe (1967) ). Rewriting 5.29a in terms of 

the shock position gives 
\/ 2 (i -v) -2 	5.29b 

CV - 
where \ft  = YS 	. 

If equation 5.27 is numerically integrated "roan be obtained 

as a function of 	. Using the relation between (band 

the following expression for Y as a function of 0  is found, 

Lc3 ), 	ig(  7-) eLs 	 5.30 
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Similarly the expression for `1" can now be rewritten as 

and so 

ar) = cr = )r-V,)1/2  tO 
C06 

a = 	1/-3  

5.31 

5.32 

N't  and eocen now be obtained as funtions of by numerical l 

integration, and thusYsfound. A plot of YsVS9 is shown in 

figure 5. It should be noted that although Ys is small for 

largela:s will increase with V for 24.  small as Zs = sYsi  

and 
	

decreases with increasing 

The behaviour within the shock itself must now be considered. 

Upstream of the shock the limiting behaviour as Y....-)(gis 

el° -(Ys -Y1)4) 	5.33 

and an appropriate length scale consistent with and. 

near Y)r-Ys is defined by 

—Y6 V-1 
ys  + 	 ). 

_9 being 0(1) 

5.34- 

The downstream expansions of the pseudo entropy solutions are 

42 ,..71Z- 	3 	rt 5.35 
Os--1) 	) 

21 -1 s9 	4k(i-q) J 	5.36 
CX-1)3  

where terms 0(1) with respect to have been retained. The corres- 

ponding expressions foriland'Ziare particularly simpl. 

If 11 is now scaled so that 

	

rit,v= Tr_ 	5.37 
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Then the following 6ne dimensional equations are obtained for .01e 

flow through the condensation shock. 

5.38 

5.39 

5.4-0 

5.4-1 

where 	= - Of 	) 	».103).1:.] 

The constants on the right hand side follow formally by matching 
with the downstream expansion of the pseudo entropy solution as —.- 

Such shocks have been discussed by Wegener and Mack(1958). Here, 

however, as in Blythe (1967), considerable simplifications can be 

made as the upstream conditions correspond to infinite mach number. 

The appropriate solutions of the algebraic relations above are 

d 	5.4-2a 
• 

0 	Cy- 1) 	(-1)11 -cd 	5.42b 
Vol(co) 	e'61.1)2 

Q.:. 2 (3 	I)  
VZ-(v,) 

and the upper sign corresponds to the continuous supersonic solution. 

Conditions at the downstream end, of the shock. are defined by 6 -- igs 
and as here 6) and -C1- .1.1-Q 0(,'I 

Bs cr + 0 r 4.11-1 
H 

where 
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and then the equilibrium end state is to zeroth order L-1-4:5"40.9  

-= Os = 1 . 

It can be seen that the above solution only remains valid if 

thus 
V02(pb) 	(15-+I)2  

The maximum value ofeis 1 from the equilibrium end conditions, 

and the minimum value of Itc,Qis 

Vocolz  = xA-1 
(i.e.VciC)and the condensation point is in the reservoir). 

then. 	< 	) 
21r 

which is satisfied for all realistic values, of15(i.e. <2s.  

Therefore it is not possible to choke the flow in a condensation 

shock of the present type. 

The actual shock structure can be determined by a numerical 

integration of the above equations. However, as a similar example 

for the vibrational de-excitation shock was Considered in Part 

this will not be attempted here. 

Thus it can be seen that in Regime 1 the pseudo entropy solutioni::: 

predicts that a condensation shock will occur in the flow. 

Downstream of the shock the flow will initially be in equilibrium. 

ftether it remains so or not depends (as in Blythe(1967) ) on the 

local flow conditions..  



tz 

In this regime 

li c3-10/2 z.  

klx0. 	'e2 

Abz  
d 

where 

where 

) and as the appropriate set 

62  = vbr-t)// 20  

Go %.42  when Y2=0(.1) 

105. 

5.3  Regime 2 Gradual Condensation 

and thus the appropriate scaling now is Y2  = 

where 	- 3 3-W2 	• 

	

Yfrt 	 L ) 
VO COO) 

to 	t)S 	) 

2 

2.  E qt7// 
 

and then 5.14a 

also 

Too= liar) 1/0(po)/3114. -1/2  V/ 2  

60.012 

/VN5Roo *  ,V17 Poo" 
V0 ter ) V( Do k 

) 5.44b 

#3  

of variables in; this regime is 

c pvt 112  

V = Vorpo)Yz 
11--1 

yYt 
R 	4  

5.45 

5.43 
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'This then gives 

ri2014.0 NG' =1  ) 
	5.46 

-ictS2_0, 5.47 I-120  CIY2 	-Zr--I 	dYz 	ciY2. 

5.48 

and 

where 

eigu, r J„W2- 
dY2 	72.0 

n, 	nza t oci) eEt. 

These equations have the solutions (-BUJ& ogGrn). 

Vzo -1  ) 1120 =  i2.-9 
	

' 
gosii ,..., Ky—vN

Y
-1)/z + Os-0/2i2 

Yu- 
 2 

 
i 	 ) 	5.49 

'kb - (- v/49,20 (0dS 4- L)  
Yze 

whereK and L are arbitrary constants, S is a dummy variable and the 

lower limit has been inserted for convenience. 

It is easily verified by matching that K = .1, 

The leading term in the expansion of Vzo matches with the appro- 

pr iate leading term in the near frozen solution and Lis defined as the 
finite part of 

Yio 

elg 	 5.50 Ip 

unless a termOjoccUrs in the downstream expansion, which will not 

1Z 
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in general happen unless tiis a positive integer other than a unity. 

If this is so this expression must be modified to include any con-

tribution from the higher order terms. 

The solutions above show that there are two particular cases, 

and it will be convenient to divide thediscussion into two parts. 
a) 	v > 1 . 

The temperature distribution for large Y2  is given by 

zo 

and thus as the exponent (-V is negative this solution remains valid 

for all "(2 and Rzo tends asymptotically to some constant value. 

)) 	V < I. 

The temperature distribution for large12  is as given above, 

but the exponent is now positive and the temperature becomes unbounded 

in this limit, and an alternative solution mast be sought in this region. 

Thus there will be a partial return towards equilibrium, though not 

as great as in regime 1. 

i2z0 C 

is defined by 

In the downstream region 	C(1) when 

or
^  

-Z 	I  ) 	Hence a suitable length scale 

i - t) ) /1/4  
Y2 

becomes 

5.51 

in this region 	=06) 111:=()( ILII") and it is convenient to write 

qr = IX*1( -1) "i? 	5.52 

The remaining dependent variables 0, Ca and V*  are 0&( in this 

region, and it is implicit that a significant degree of condensation' 

will occur. The downstream expansions are now 
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2 A zo-v) 

G 7.14!" [(w-1)1.261 Y2  

where 

'? 

11‘ 	611-0 

3 ,  
au.  

5_53 

these relations provide initial conditions as fbr the 

solution when 
	

Q2 O(.1) and the equations obtained in this 

region are the till equations, except that as H>"›IlociAl the equation of 

state simplifies. 
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6. 	Near frozen solutions for a pure vapour 

6.1 	The perturbation equations 

As for the near frozen flow of a pure vapour the rate 

parameter controlling the rate of growth of the drops AT is 

small, it is possible, as in pu to use a conventional near 
frozen expansion. Thus the appropriate expansions are, assuming 

H >1034azia A = Zt)  as before. 

G= 6ocz) 
r: cro (z) -f- 

(z) 
V = Vb CZ) -I' 

3= 
When these are substituted into the equations of motion 3.Z 

to31t, they 	again give for the zeroth order solution the 

fully frozen result. 

vo  = Evcz 2y/(u-1) (I -Go)] 
op-1 Dic  2  +2r/(1-1) 	-00)1t2.=  

6.2 

The solutions of the first order equations are again of the form 
z 

Ve 6)cs 
1 (ir —1) C3t2 	6.3 

3 

6.4 

wherecyl.;.  is now given by 

/ 63:cl-leTifa--24/1 
z 



Then expanding 6.5 gives z  

9, R(z)3/6pci - 3/(z)/R(5) 	de./ 
zz 

+ ..utz)pecc fiV -/-evh.)ctiff. 

The rate equation 6.4. can now be re-written as 

.5 	 F() 	 cr 

310-1  
where 	ri,c) (9°6X) )C  se)) t(9-121(9bY} 

end. 	 )C4(rfl Y2CY-1) 14) 1 6 -00) s. Rcx) f 0 

6.6 

6.5 

110. 

It is now possible to identify the two regimes for K , which 

were mentioned. in f 3.3. 

In section 5.1 it was shown that for an impure vapour the 

temperature perturbation became invalid when e'at)(Atbi  ) and. thus 

it can be seen from equation 6.4- that when 	is 0( 

if I< > 
AP 

then the rate of production of drops will be exponent-

ially small, It will be shown in fr 6.2. that in this case the 

solution adopts the same form as that for the impure vapour. 

When, however, glo(V) then the exponential term governing 

the rate of production of drops is, to first order, unity (except 

in a region o(K) near ts ir  1 	and. this shows that the production 

of drops is a dominant factor in the formation of the flow solution 

far downstream. This case will be considered. in f 6.3. 

6.2 The limit K 2  »  
6.2.1 The perturbation solution 
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Now for I > p 	where 	= I - v4(4-4.1) 

R(Dc.) -n/t 4.12  xk 
 

eth 	00 
Vocat,) 

and in this limit as 	K Z  >> :AP 	, and. the solution is being 

sought in the region in which CPADCA-pb) 
	

then 

FLx) 
s c  becomes large 

Thus it can be seen that the four integrals above converge for 

Z large owing to the exponential term in the rate of drop prodaction. 

Then for k> Q 	the correct asymptotic expansion is 

N46.40/2 ,3k 
6.7 vo(,0) 3  k31  

where N, the total number of drops formed in the flow is given by 

= 16)P 	''''2)(13  

ot, 

6.8 

For 	k< 0 	however the integral defining 	converges and 

-R(X) --- 	ot, — eX.3 

where 	 c4e#0/2(2(/)0_67)cs 
7 00 	

Vo 
scp÷ Y2(tr-1) 

(I- and 
Vb 

Ertl k 

Thus re-'writing the rate. equation :yes'  

k;00) 

L-f
z3  
-gtofif)c(fi-,3k(z)fi(f)h-9)11 
• . 	/ 

+ 3 fi(zfialj 	 6.9 
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Again the four integrals converge for large z owing to the 

exponential term, and the asymptotic expansion now is 

n 	, 73 + %,) 

:

:

''') I

AC'
'-Ai2 ) 

7
714 	IV 	 6.10 /6

(1 :7 / 	 ) 

where 	oo 3  
?Iv  .:1W") Fivcl, , 	6.11a 

'oo 

and 	CV r'i 7?(p r(-5 ) C(' • 	6.11b 

/ 
Similarly the integral defining the temperature perturbation 

gives for ,4)0C) k>C) 

6.12 

a ,,cAi  acx-o-itA (r-w)/2 4 	6.13 

(ca) 
and for (2<() the integral defining 01  , converges and a near frozen 

flow results. 

There are therefore, as in the impure vapour case, two regimes in 

which the perturbation solution breaks down for large Z . 

6.2.2. 	Regime 1 The condensation shock 

This regime is, as before, characterised by the divergence of both the 

temperature and the condensation integrals. 

If the perturbation solutions for this ana the impure case jf 6.2 

are compared it can be seen that if an effective rate parameter 

is defined as 

(rts)/2 4 
iv. 3C? 1) 	_z_ 

va 
and for Ik<o < Cz  
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then the two perturbation solutions become the same 

	

i. 
e.  .91 	/ 	;Lfp 2r(y- 014154.5)12  . 6.14 

	

(96 	 IR 2  

If the equations are now scaled in the appropriate manner (i.e. 

as in fr.  5.2), then the same "pseudo entropy" equation will result. 

This will be followed by a similar shock solution. (Although more 

drops will be formed in the shock itself they will only effect the 

error terms involved),. 

Thus in Regime 1 there will be al condensation shock at 

Z5 — 4  3 ef 1 ) 
where Y5  is as given in Fig.5. 

6.2.3 Regime 2 Gradual condensation  

In this regime only the temperature perturbation breaks down 

for large Z 	If this case is compared with regime 2 for the 

impure vapour it can be seen that if the constant Br/ is considered 

equivalent to 'd and if an effective rate parameter is now defined 

as 	XAr'cilp then the two perturbation solutions are again the same. 

If the equations are now scaled as in 0.3 then the same pseudo 

entropy equation will be obtained, and the remarks on this solution 

apply equally well here. 

6.3 The limit Kio ap”.  

6.3.1 The perturbation solution 

As mentioned in f 6/.1 the production of nuclei plays a dominant 

role in the flow solution. The difference between this solution 

odot 
and that in 16.2 in that here nucleil\still being produced when the 
perturbation solution becomes invalid4 whereas in fg.2 the production 

• 2 
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of nuclei had been completed before this occurred. 

The rate equation can again be written as 
z 

5, =P() [Rw-R(.03d , 

Ftx) = e(x)  x'expi  - K 2  
' (00C1 Oc.) .7c 

(),..,1 
tx ) 	(9 	(1-06  QCs 

Vo 

Expanding as in 6.2.1 it is easy to show that the appropriate 

asymptotic expansions are (see Appendix II). 

where 

and 

6.15 

6.16 

9 

•••• 144 	lu Z. 	-t- ‘rt7/2  A  

tio?,1 
-p7/2 	) 

-Br.) ÷ 	- 
Voto  

where 

X4 1 /2  p "BN 	
-7 

yyt  
VOW k 

t -v 	z12.-t I 
--iP(5 ) F(5) c(1, CA).- 

j>0 )  6.17 

• < 0 , 6.18 

< ) 6.19 

6.20 

(5) Fiv4 
Similarly the integral defining the temperature perturbation gives 

for ) k. 

94/2  Y-0 A 	z.13  
60  VoLd 13k3  

Where .13 = 	() =14--v4C7i->s) 

6.21 



1 1 5. 

If 	 j , < k 4;c) 	then for  >0 

3-Y/2 p 301=1,1336. Lz 
7-  ) Voted) 

and for 12 tothe integrals defining both 91  and 

and the flow remains near frozen. In this case the exponential term 

in the rate equation will eventually cause the drop production to 

cease. 

Thus once again there are two maim "pseudo entropy" regimes to 

be considered. 

Regime 1 

In this regime )>kand although for some values of 9 A2<J4C0 

the condensation integral converges the temperature integral always 

diverges. This regime is similar in form to that described in17 6.2.71),  

and. will itself be considered in fr 6.3.2 

Regime 2 

If the perturbation solutions in this regimeJare compareciwith those 

for the other limit they are found to be identical in this regime, and 

thus the remarks made about regime 2 bl -6.1.2.apply equally well to 

this situation. 

b.3.2 Regime i The condensation shock 

in this regime 	A 	9-V2/3 
64) 	 176(pi 	k' 

and thus an appropriate scaling for z is 

1:14-Psz, 	6.23 

where 	= I 74" tt2 (c- 	; 

6.22 

9 	, converge 
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where 

4- CY-I) JY  
tz.k3 

Nc 
144 p -3- y 

• 6.22+ 

6.25a 

k3 	Tr-1 •f- B 	A 
	 Ft < J f b 	6.25h 

12 3  
where 
	123 	(fir - I) v43  • 

	

Thus as (Do •••• 112, 3 	when y,...0(1). an 

in this region is 	VA ti 	 (13  M 113 f 

V = Vo(ob) 
9 	evtitlf-1  
5 = 	G 

ov 	-3/„ + 3J-16,3, 
Inserting these into the equations of motion 3.Z to 3. &) gives for the 

zeroth order terms in the pseudo entropy region 

ri36-9:50 \(;) 
	

6.27 

-1- - 1 4D 	o  
n30 ctY3 	U3c. cLY3 -

1  ar 
3 
 6.28 

Oso 6   

Vso = 1 	 6.29 1 	.3 Y3 

	

1

;

3 2. 	
ra31:2_9/10(1  CES.] (i‘)  el.li Li  6.30 821d 	GTO ^1 ilk) 	
"gs-e, 

11 

where 103  .c a, I. 0 r.e70 etc., and where L. is en arbitrary 

constant determined by matching. The lower limit Yt, has been 

or 	
91 

appropriate set of variables 

6.26 
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inserted for convenience. 

Inserting the values obtained from equations 6.27 and 6.29 

into the "pseudo  entropy" equation 6.28 gives 

3  _L. 	deo 	gc -(  0 CLS 

CV -1)
_1_
030 Ci-\(3 e3o CLY3 	

f • 

k  6.31 

Then writing. 4)c.5) Lr,) x 
z 

"R30 oc) 	S' 
ve-N 

ts)a..S• ) 

6.32 

equation 4.31 can be re-arranged to give 
Y3 	9 

3a-I) 	2' 	 - 2 Pos) 	lc) mot,-044 - ( -10 r 2 

2 
6.33 

where 
Y3 

35 Yrt(Jjelj 12 = 

~Ys 	 Y3 

°( y> y) 	) 1244f1 1-3 .= gfij)h)y.:4.34-• 

	

J 
	are convergent ati Y3 -.0-00 from matching with; the 

upstx:eam perturbation solution. 

The above expression, 6.33, is in a convenient form for numerical 

computation. 

As however Rgb will become unbourrled at some value of 13%. YS 
the behaviour of 6.33 as Y -"1"" erg 	must be found. 

Differentiating 6.33 three times 

r 
cAg 	rigaloy 

	

dY3 dYs 	Ofs efs 	2 cOr3 
6.35 

where 	 AMrl 
v (v-to 
6 ) 

 

1-9 
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Assuming that as Y3  -9- Ys)  

T30  

where Y3 = YS '1)1 

then substituting into the L. H.Sdifferentiating and. retaining the 

	

dominant terms as 	0 	if" can be easily shown that 

	

ws, 0,43. o 
	

6.36 
otz Y3-'Ys .  

Equation. 6.35 has been numerically integrated and using 6.39 the position 

of Ys has been obtained, and is shown graphically in 

The behaviour within the shock itself must now be considered. 

Upstream of the shock the limiting behaviours of the "pseudo 

	

entropy" solutions as Y3 	I's  are 

R3,- igi-v?Y3 	n + - • 
-3(1-u) _2 

Ii Z' 600 , 24  LA2 Yi 4— _ so 
SO 	

tr-1)2 -5 	r 1 
	• 

	

G 	, 24  I -1•1.), 2  \c.; "-‘)  i - • 
.(.1C-113  

V e, 3 G30 	Y I- _is__ Rao +- -, 

	

1
,  4 	

— I- v 
This shows that as s'Irs -4-  YS the number of drops IQ tends 

to a constant 

	

i. e• 	Kt 	1 /CI - V). 

As both 9  and 	are DO) near Yt = `I.:5 a suitable length 

scale is defined by 

Y 	Ys -j{14Ve `13°̀  Lei 

	

6:7;IY 
	6.39 

r.• 4/3.10-1). where 

6.36 

6.37 

6.38a 

6.38b 
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The downstream expansions of the pseudo entropy solutions are 

-- lye-126 	26--O (-(3 

(1-0)265-03 
 
( )" 

where terms C(1) with respect to hp  have been retained. 

If ri is now scaled as in ir 5.2 so that 

113̀ (;) 	 6.40 

then the equations describing the flow are identical to those 

obtained in f 5.2 for the shock structure, and the results obtained 

.in that section apply equally well here. 
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Numerical interpretation.  

7.1 The scaled variables.  

In the previous chapters asymptotic solutions have been 

obtained for the flow of a condensing vapour both in the near equilib-

rium and the near frozen limits. These solutions have involved the 

use of a large number of scaled variables, and in order to facilitate 

the use of these solutions these scalings will be set out beloW. 

The basic factors are the rate parameters AL  and )=Ip 

-4 -.ge2.  3 /3 
where 	N 	 7.1 

144_R2  194 	l c AI I- 
and 2p-R751145Irn/xcl 	7.2 

2,4/z /746 7;g1/41- 
with 	2--f2g)"27;3 	7.3 

LL ft.( WI 
and 	K,. 2 /VA3 .  (6N`)  2; 	7.4 

cir o2  
where primed quantities are dimensional, the sUbAipt as refers to 

stagnation conditions and c to conditions at the condensation point. 

In the near equilibrium limit the solutions are given 

by 

 

7.5 

7.6 

7.7 

 

where 

7.8 
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for an impure vapour, and 
ra2  

= 	vc3) 	p 
-74  
, 

N , 
= 	0 § r 

for a pure vapour, where 

v(v-i)titz  
tic -- 

ariCt Vc. 7.10 

The factor k in the pure vapour case being given by 

7.11a 

;5.  where K1.2.,  16W 11 	 7.1lb 
3 ,R.L1  

For the near frozen case the position of the condensation shock 

is given by 

x51- xci Ys (114) 

In the impure vapour solution 

where Irtr. 14/ be) , 	Vc= 142.  Ke. 	, and. 
vo  

V660),... Ve4+ 2. .X/y_i 	7.14 

for this case ( 1/ '3-lers5), 	7.15 

-71 	(1102 
AL  

Voco0 

7.12 

7.13 
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and Ys is given in figure 5. 

The pure vapour solution has two. cases in the near frozen limit, 

the first of these is when 

/(2,> 	 7.16 
where 	

Iap 	X*.CY2 1,) 

1 

	
7.17 

and /V is defined in f 3.3 equation 3.13. The solution is then the same 

as for the impure vapour and Ys is again given by figure 5. 

The second case is when 

where 

7.18 

i3 = (X-/)VA3 ) 	7.19 

(3 	= 14- kfra(IC't ri) 

and 'AN is defined int 6.31 equation 6.20. The shock position Ys is 

naw shown in figure 6. 

Using these results some calculations have been performed 

to illustrate the use of these solutions, and they will now be discussed„ 

7.2 NUMeridal examples.  

In order to'illustrate the theory described in this 

thesis, and to show its relevance to physical nozzle flows, some 
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numerical results have been computed. for several nozzles. The test 

gas used was nitrogetand its properties have been taken from the 

National Bureau of Standards Circular 564. and International Critical 

Tables. The values of the surface tension required extrapolation 

below 70b1 and unfortunately, as will be noted later , the theory is 

extremely sensitive to the magnitude of the surface tension. 

In the literature there arecsome numerical calculations which 

cover the near equilibrium limit but none which describe the near 

frozen, and direct comparison has only been possible in the former case. 

The results used were those of Clark (1963), and a plot of the flow 

conditions for various stagnation pressures is shown in figure 7. A 
graph of the maximum temperature perturbation is shown in figure 8, 

forsseveral stagnation pressures and temperatures. 

Any agreement between these solutions, is, however, probably 

entirely fortuitous as the solutions are very dependentanthe value of 

the surface tension. A ten percent change resulting in a thirty percent 

in the solution. 

For the near frozen case a pair of exi-sfetric nozzles were 

used, whose area ratio distributions were as follows 

A = 	610-  x1 	zx. 
A , 	(x-c)° 	x> Xo 

where (94z is the maximum half angle of the nozzle. 

The two cases considered were X0=100, V =0.5, and. xt.=200, V =0.1,  

with throat diameters of 0.032 ins., and 0%10°. 

The results for the shock position in these two nozzles are 
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shown in figures 9 and 10. The value of the parameter Kin these calcul—

ations was found to be numerically close to unity, and thus neither 

limit was completely applicable. It was found however , that for V=0.5 

1/2. 	 .1)%  
the first limit (A >•. 1),1 was the more sensible one and gave the 

shocks at the greatest distance downstream. Fbr 17=0.1, however, this 

limit gave the shocks too close to the throat as the number of drops 
a C 

was overestimated, thus the other limit (16:0 '(y b) was more applicable 

in this case. 

These results do, however, show that for certain flow conditions 

"condensation shocks"will occur far down stream in hypersonic nozzles, 

and it may prove possible to study these shocks experimenta157. 
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8. Discussion 

It has been shown that the flow of a condensing vapour can be 

analysed systematically using matched asymptotic expansions within 

the framework of continuum non equilibrium flows. 

The variouŝ   so obtained have been discussed and their solutions 

found. These are set out schematically in the table below. 

, 
Gas Rate 

parameter 

. 
Limit Solution 

IMPURE 

, 
1 c>>1  

Near 
equilibrium 

Boundary layer solution, 
G ,... 1_1_, jz},c  . 

_, Near 
AL  <<-1 frozen 

Pseudo entropy `61)(.1) Y,..--1:q1z, 
100 Condensation shock, 
k4oGradual cond$ation. 

PURE 

...A...7  571 Near 
equilibrium 

Boundary layer solution, 
9.1-i-) etc.  

...A..-r<<1 
34 44:1 frozen 

1<z 	

j,

1 

Near 
1 

Pseudo entropy (as impure), 
10,o0ondensation Sho4, 
k4oGradual condOation. 

Al. 44' 1 
A. 441 

'Tear 
frozen II 

-.11...7 
Pseudo entropy ̀ fk(i) Y..: 2.F' 	 ', 
1>kCondensation shock, 
lekGradual condensation. 

For those cases in which a shopk occurs it has been shown that 

the shock is a one dimensional region in which the flow returns to 

equilibrium; without the flow being choked by thd heat release involved* 
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Appendix I 

It has been assumed that the drop moves with the stream velOcityy 

pg  If it does not, then, since the Reynolds nuMber based on the droplet, 
radius is small, the drag of one drop is given by 

= 6 Zy 	te v 	L G y 
de 

using Stokes law, where vl is the gas viscosity. 

Then 	tclv 9 14 I. 	/AI-tidy/ 
clic' 	2. toi. vz 	ivy 

Writing /41/: U16-4)and assuming that C is small and constant gives 

d.a! 	q. 44. 
6 c1 	411- (r- c ) 

= 3/  4- .Plzcia 9 
If this is non-dimensionalised with reject to conditions at the condensation' A 

point, i.e. 	-17
,  

x G :Cc Z 

acid r is non dimensionalised with respect to an average drop size 

lidz  42.cs 
9 II' 	rci 	dz 

mther0,17.,aml Z are00(1). 

Thus 	E = *r)  'Rut, 	..;k2  cf17  
xc f, clZ 

where 'is a Reynolds number based on the droplet radius. This means 

that 	o rid 
and so is in general small. 

and if E. is small 

then 	E= 
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Appendix II  

To obtain the asymptotic expansions in 6.3.1. the rate equation is 

.9 , IF(p [Rcz.)— R(5 )] , 3 

F() ' 	x‘)  "13 166)2 

[64',14W2(I-I)  - 60) 
Vo 

Expanding this gives 

3, =Rcz)FT 	3Ri2.)ftivre-vd 

÷ 3 Ru)1R11) 	
, 11(q) HI)

, 
 . 

F6t k>0 then 	(x) 11621.0/2., 

WA* k 
However in this limit as 	And the solution is being sought 

in the region in which 	OGIPthen 

F), yvt'i.-'), 	0 CA:pb) . 
Traating each of these integrals in turn 

.writtenras 

where 

and 	R(X) 

[ z 

RI)  - 7Azz"4-' 
2) RV F1) rkt 	z  

Z 	24.(141)  1'2+1-0 

) 

7 	voce) Cm 1-0) kt - 
3) f R2VF(5) 	1ves tc.1t4  z2Pt" 

10.1, 	(1) ii) ^- v:6 )  c.-11-.71...1) ) 
and thus for k$A3,the:;exP411,11-0:4; is 

1(47/AL ) 
?AA  Z 
3--)1-2-3  Vo(iA) 

V.Cob)l.Zkii-v)k z
s 	Lt3CIr+i)/2  3k+1- tJ  
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where 	J.:- 3k. t /- 

and — —3— +  3 	— 1 •  
I -0 k-i 1-0 	24.+1_0 	j 

For i2402however2  the integrals defining g(,7c.) do not diverge and 

writing 	R(x) P1/41 V cc, •-• 7-k bi.) 

wherever  all Ti(x) were defined in 1f6.2.1, gives 
z 

.9/ 	
R11)/- )L.1 - 3 R(z)p loc ) FTek 

z 	 z 
-2  i 	 -s 

4 3R tz)fRm) Fly c4 — 7(z) F(1) c( 
I anfgain treating reach of these integrals in turn 

j
z 

R ; ) i i v c  t, 
	ti 

zo2.+1-0 
Votbi (3kt:t1-0) k' 

for 3t,tt I-v >0 , 

ilowever for 3k 4 I - - V < 0 the integral converges and the expansion _) 
now becomes 

f
3 	 (r."0/2312-ti-O 

RVF( )C(4 -... Siv - .  214,_ 	Z 	3 ) 

/ 	
Vc (pb) (sk-r 1-1.) k 

00 

, 	

. 
where R. --71) F() cif . 

l 

2) — 3 R(z) R(f) Fop 	71719)12  z3.1"" 
636.)  k+ r- 0) k3  

for 2k+1-v>0• 

for 2 k f 170 < 10 	k>3k+ 1- t) 	the integral converges and 

the expansion becomes 
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1 	/ 	 Vbc,,e,) 	Czki-1-0) 

3) 	z) 2r R-5) C( 

where ex/ 1-05) 

,f-F7)/22k,1-0 

vol„, (k41-0) 	) 

for 	-V. HO >0)  

for it+ 1-4 .c() the integral converges and the expansion. becomes 

3A: 2  (z)f-A7( 	)cte 	'XI.vb41.72/2DiN 	s -tc+7/2.  344-%-U 

	

/ 	VeLo le 	V:cvJ Lk44-u*3  1 

where •PN-f 

and finally 
2r 

	

4) - (z-.)/F()cf 	7.;jz3 4 2 )2-4-1-0  

	

/ 	t/L0 (I -u) 
and for V >

z
I 
' 

)/F(5 )11 

for Vc 

3 Le-02- 3 k 	rk 
-  wt. 	-k- 	Z  

Voo) Wr 	Vo() 	' 

where N IN)d, 

Ihus the asymptotic expansions can easily be seen to be, 

11:7/2 z  j 

9 N.,  
x  

TN 41:4-.÷4A Z)  2  k<3 < 0,  

9 
ti 

1/063 141  

BA) t 	 2---1/2e/14 Zks 	< 124 0 v * 
VOCX)) k 
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scaled latent heat (3.0. 

enthalpy. 

throat height. 

droplet production rate 

exponent 12.+1-0. 

exponent 2 12.1- 	. 

exponent 34, t. 
exponent I - (lc •K) 

04-A0e 

(S.13). 

A area ratio. 

AN constant see (6.20). 

A scaled area ratio. 

constant see (2.250. 

constant see (6 • 

constant see (4• ill)), 

(X-t)v/L. 
C constant A = CxY• 

C6./ constant see (4.1(0. 

C exP( .441) see (2.22) . 

C constant see 0'. 
C 	constant see (2 ..2.1 6) . 

specific heat at const. 13. 

Gly specific heat at const4.V. 

eL specific heat of liquid. 

constant see (2, 230 

constant see 	269 .  

.D/4 constant see Appli . 

.1Z internal energy. 

F see f6, 

scaled mass fraction. 

G see 

G' 

5 
	mass of condensate rr 

§ 
mass fraction. 

Ji 
J2 

J3  
k 

k constant see 

1(' constant see (2.22). 

L latent heat_ 

4 exponent 3- v(2(20.5). 
•t2 exponent I 

4 exponent 

"Wk scaled mass see (3..1). 

nC.. mach n6. at X(. 
A, ift frozen mach no. 

constants see 

number of drops. 

N scaled length (Pk. . 

WA Avogadro's number. 

scaled length pi. • 
pressure. 

Ps saturation pressure. 

effective heat input (5.42). 

constant see 
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universal gas constant, 

1Z gas constant, 

R scaled radius 

scaled radius 

11 /41  drop radius. 

V critical drop radius. 

S dumpy variable (14.13). 

Sa pseudo entropy. 

X see C5.20. 

T temperature. 

IP scaled temperature f 11- • 
t' temp. perturbation f 
Gt. velocity. 

V scaled velocity if:54 q5. 

YL scaled velocity f Ea 6. 

V velocity perturbation fr4.. 

X distance through nozzle. 

scaled length f 5 
scaled length if 5 
length scale in shock. f.5 
scaled length see (3.) 

of constant (2. 2 k) 
o:7  constant ( 	E ) • 

13 constant (_2 . 22). 

/2 constant see ( 4,814 

specific heat ratio.. 

A constant see ( 5:53). 

dtunmy variable. 

scaled temperature 	(;.. 

ED scaled temperature. f3 	• 
PS saturation temperature, 

i-1 rateparameter 

rate parameter 

scaled rate parameter 

scaled rate parameter 	S 

scaled rate parameter 

iv molecular weight. 

0 exponent in A 
scaled length. 

gIrscaled density 

"iracaled density 

n scaled density 

scaled density Cc, 3'7) 

19 density, 

6 surface tension. 

9- see (s.26). 

gs saturation ratio pg 

scaled pressure (3.0. 
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Stibscipts. 

0,1, denote perturbation quantities in the various solutions. 

✓ vapour. 

1 	liquid. 

• Condensation point. 

oo 	stagnation conditions. 

✓ radius. 

L.Trt.1) Oli-e. 

P P"'e- 

Dimensional quantities. 

All variables are non-dimensionalised according to the scheme 

out lined in (if 2.) any dimensional quantities are denoted by primed 

variables, eg.lse,(/, etc. 
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