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ABSTRACT

This thesis describes work carried out on some aspects of
continuum non~equilibrium nozzle flows. In particular vibrational
"de-excitation" and "condensation" shocks are considered,

Part I describes the structure of de-excitation shocks (Blythe
(1967) ) end shows, by representing these shocks on a modified Rayleigh
line diagram, thet discontinuous solutions sre possible., Thus for a
certain range of finite back pressures adiabatic shocks are embedded
within the de~excitation shocks., It is also shown that these de-
excltation shocks will not choke the flow. The shock solutions are
then compared with some numerical solutions of the full equations and
- 1t 1s shown that most of the discrepancies are due to the effects of
finite area ratio. |

‘The flow of a condensing vapour is considered in part II. The
various types of flow are discussed and the various limiting solutions
identified, The near equilibrium and near frozen limits for both the
impure and pure vapours sre considered, eand it is shown for both
that the near equilibrium limit represents a singular perturbation
problem, the solution of which is then obtained for both cases. In
the near frozen limit it is found that the solutions are similar to
that for de-excitation shocks, although differences in the rate
equation make the snelysis more complex. These solutions show the

possible existence of cohdensation shocks in typical hypersonic
facilities. The structure of these shocks is found to be similer
to those considered in Part I. ' '
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General Introduction

In recent years much interest has been shown in the continuum
non equilibrium aspects of h&personic nozzle flows, especially in
those flows which exhibit vibrationel relexation, dissociation and

~ ionization ( see Hall and Treanor (1968) for a general survey).

In meny ceses these flows can be characterised by a freezing
point (Brey 1959) where the flow deperts rapidly from the equilibrium

state and approaches an asymptotic frozen state.

Many attempts to predict the variation of these frozen asymptot-.
ic levels with the rate parameter /\. have been made ( A. is a character-
istic ratio of the flow time to the time scale of the rate process).

A few of the simpler pro'blems have 'been solved analytically, mostly with |
the use -of matched asymptotic expansions (Van Dyke(1964) ). For

example the vibrational relaxation case has been discussed 'by Blythe
(1963) (1964a) (1964b) end (1967) end dissociation by Freeman (1958),
Blythe (1964a) and Cheng and Lee(1966).

When investigating the near frozen limit for a vibrationally

' relaxing ges Blythe (1967) discovered that instead of remeining frozen
or eventually decaying to equilibrium - downstream (Eschenroeder(41962)),
the flow could feturn rapidly to equilibrium through a "de-excitation
shock", It was found that these shocks, which are continuous supersonic-

supersonic transitidns, and fall in the general class of aerothermody-

namic shocks discussed by Polachek and Seeger (1958) occurred when
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became unbounded (q, is the heat input due to the rate process and T

is the local temperature of the active state of the gas).

This.integral was termed the "pseudo entropy" integral end

in the caée of a vibrationally relaxing ges represents, when the flow

is analysed usir;g the « gas plus heat sddition concept of Johannesen
(1961), the entfopy of the «-gas.

Integrels of this type play a dominant role in the solutions

presented here and the éoncept of "pseudo entrépy" first introduced
by Broer {1951) with respect to an equilibrium flow will be used,
except that here it wi]_l be defined in terms of a frozen flow. As
noted gbove for the vibrational case when the rate process only
involves energy transfer the "pseudo entropy" can be uniquely defined
in terms of Johannesen's « gas and represents the entropy of the « gas.
For rate processes involving rﬁass transfer as well as energy transfer
it is not in general possible to uniquely define the "pseudo entropy",
however the concept is still useful in obtaining the position of ALY
' aerothezmoaynamic shocks in the nozzle,

| Following the discovery by Blythe (v1967) of the de-excitation
shocks a further investigation has been carried out, It ;ls shown that
these shocks can be described by a modified Rayleigh line diagrem. This
indicated that although the shocks described by Blythe were continuous;
discontimious solutions of the. equé.ti‘ons were possible, and it was noted

that for a certain range of finite back pressures ediebatic shocks would

be embedded within the de-excitation shock.
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The zeroth order structure of the de-excitation shocks was then
obtained and compared with some numerical solutions of the full
equations, Although these results compared well it was found that
theAshocks, in the vibrational case, occurred at very large distances
downstream and any hope of finding these .experimentally is slight.

It should 'bé noted, however, th;at for other rate processes involving
larger amounts of energy there is a strong possibility that similar
shocks could be found in hypersonic nozzles.

One such shock is the "condensation shock" which has been found
experimentally, and so in the second part of this thesis the flow of
a condensing vapom" in a hypersonic nozzle is considered,

The main difference between this:problem and that for de-excitation
is’'in the form of the rate equation. . For the vi'brational' case the rate
of energy transfer is a function of the locel flow variables, but in the
classical condensation theory the corresponding rate is a functional
of the flow conditions and the energy transfer depends. on the full his-
tory of the flow,. |

Solutions in both the near equilibrium and near frozen limits
' have been found, For the near equilibrium limit it is shown that the
'ﬂow, although starting along the frozen isentrope, rapidly returns to
equﬁi'bﬁ.m through a very narrow region, -
In the near frozen case"sqlutions are obtained which are very
similer to those obtained by Blythe (1967) and indicate the occurrence
of condensation shocks for various velues of the flow parameters. Some

numerical calculations have been performed,and although it is shown

tha‘!; these shocks occur inza finite d:istance,it is observed that most

Ly
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of those found experimentally have been of the near equilibrium type.

The results obtained here were derived for quasi=cne~dimensional
flow. As regards two-dimensional effects,Bartlma(1965). obtained
approximate numerical solutions for two-dimensional nozzle flows in a
relaxing gas. He noted the apparent existence of both weak (oblique)
and strong (nomal) shocks, Mohammad (19677) has elso observed a non
uniqueness in some characteristic calculations for a one dimensional
unsteady flow. The "shocks" discussed by Blythe (1967) and in this
thesis aiffer from those reported by Bartlma and by Mohammed in that
their structure is continuous. In this sense these shocks can be termed

fully dispersed (ILighthill (1956) ).

The precise connection between the one dimensional results discussed
here snd these two dimensional calculations is not clear and the problem
of shock formation in expanding two-dimensional non equilibrium gas flows

is of considerable current interest.

A further and even more complex pro;plem is the interaction between
these various non equilibrium effects. For example would a "condensation
shock" precipitate a de-excitation shock, and the combination because
of two-dimensional effects produce a Rankine Hugoniot shock. No

attempt will be made to answer these questions here.
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DE-EXCITATICQV SHOCKS,.
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1e Introduction

¢

VIn a paper by Blythe (1967), it was shown that a phenomenon
closely anaiogous to a condensation shock mey occur in expanding nozzle
flows in a vibra.tionally relexing gase This phenomenon is character—
ized by a sudden and rapid de-excitation of the lagging internal mode;
assoclated m.th the de-excitation is a weak compression, The bulk of
the energy f‘:om‘the vibrational mode is fed into the translational and

rotational degrees of freedom, which are assumed to remain in a local

equilibrium state.

These de=excitation shocks, or cg-shocks, fall into the geheral
class of aerothermodynemic shocks discussed by Polac::hek and Seeger (1958).
The shocks occur in near frozen situations when the low temperature be-
haviour of the relaxation time T adop%:s a certain form, '

For power lew nozzles , and when

T NToTS) T—~0 , 11
where ¢ 1s the density and T the translational temperature, then a o=
shock exists if &>1 and | ’
L=1-vfa-y+(¥-1)§]) >O. 1.2,

| Hére ¥ is the specific heat ratio for the active modes and V is the

exponent associated with the rate of growbth of the nozzle,

It has been pointed out by Johannesen (1961) that continuum
non-equilibrium flows are-in general equivelent to the flow of some:

perfect gas (the « - gas) with heat addition, Since the shock region
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corresponds to a local heat release the equivalence with condensation
shocks is immediately apparent, With an appropriate modification
in the mechanism of the heat imput, the analysis of Polachek and Seeger

(1958) applies equally well to the structure of either of these shocks,

Althoﬁgh the & =shock solutions described by Blythe (1967) were
continuous, snd the flow through the shock remained supersonic, dis-
continuous solutions of the equations are possible, Blythe assumed
that the nozzle back pressure was zero, or at least less than the pres=-
sure at the donstreem limit of the & -shock. For finite back
pressures, conventional adisbatic shocks («-shocks) may be embedded

within the de-excitation shock. Solutions appliceble to this case are

outlined in )43 and ff ke 24

It is useful to consider the possible transitions through the
& -shock by means of a modified Rayleigh-line diagrem. Instead of
the conventional temperature - entropy co-ordinates, a move convenient
transition diagrem is the temperature-vibrational energy plane (see ff 3 Yo

In this disgram «-shocks occur gt fixed values of the vibrational energy.

It is well known that for the flow of_' a perfeét gas with heat:

addition there is an upper bound to the magnitude of the heat input,

sbove which the flow chokes. An importent result derived within shows
that, irrespective of the emount of energy in the lagging mode, the

present class of non-equilibrium flows ‘aoes not 'bfeak down in this way :
choking is prevented by t_iie strong coupling between the energy and rate

equations, This means that the effective heat imput is not independent

of the local flow conditions.
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It appears that there is no experimental evidence either to
confirm or to deny the existence of the 8 =~shocks in nozzle
flows with vibrational relaxation. Moreofer, numericél cal=
culations based on the quasi-one dimensional relations were not

available for the conditions under which the shock should occur.

In order to verify both, that soiutions of the full equations
 did possess regi‘ons of rapid de-exéitation ( for aprropriate conditions),
and that the epproximate solution did predict the structure and
position of these regions, some numerical calculations for the full
equations have been carried outs At the same time detailed cal~-

culations based on the approximate solutlons which are outlined in

seckioms  2.ana 3 jwere mades

The full numerical solutions do indeed show the existence
of the & -shocks. Yoreover, the agreemex;t with the simple
theory for the position of the shocks is goods The shock structure
is also predicted reasonsbly well by the simple theory, ithou‘gh values
of the local maximum in the translationzl temperature at the down-
stream end of the shock are in general noticeably different from the
values given by the appro:&mate solution. It was conjectured that
| for sufficiently iarge values of » this diserepancy was meinly
due to the effect of a finite area change through the shock. 4An
analysis confirming this conjecture is presented in J(f 5, where it
is found that first order theory introduces a similerity parameter
for 1) large: if )J is small other factors have to be taken

j
~into account and the limit @ ‘V:r.O i also discussed in jf 5.
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. The theoretical analysis of Blythe was concerned with the near
frozen limit when the rate parameter A was small. With reg-
pect to this limit the shock occurs st distences Od'i) i.es far dowmn=-
stream, A significant feature of the mumerical calculations has been
the magnitude of this distsnce.  For a large number of practiéal
situations it turned out that the shock position was typically 105 -
106 throat dlsmeters dowvmstream of the minimum section; but for some:
cases shocks were found to occur at around 107 diemeters. This latter

distance is roughly equivalent to the maximum length of some nozzles in

current hypersonic facilities.

In general however the numerical calculations suggest that
§ -shocks in a vibrationslly relexing gas will not occur in
conventional nozzles. One important consequence for rocket nozzles

is that thrust is unlikely to be recovered in this way.

Although these results for vibrational ae—excitation would seem
to exclude the possibility of experimental verification, the length
sceles for other rate processes are not necessarily so large, and it
has been shown in Blythe et al (1968) that the shook positiorn analysis

can be extended to include a fairly general class of rate processes.

e e e i vy £ o e
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2. The shock equations

The governing equations for the flow, through a quasi
one~dimensional nozzle, of a gas, in vibrational non equilibrium,

can be written in non dimensional vardables (Johannesen 1961, Blythe

1967) as fe A = m, <Al
Ldp L AT - L ds 2.2
f d DT dX T oy
X Tre+ule X 4 600+ U>, 2.3
¥t o 2 ¥l 2

/D 2.4
( .Q(")BCT) ], 2.5

3
"‘18\

where ¢ is the density, w_ the velocity, A ‘the cross-section=
al erea at any station X , & the vibrational energy, &€ the local
equilibrium'valué‘of & corresponding to the translationsl temper-

ature T end £L the relaxation frequency. ¥ is the specific heat

ratio for the active modes of translation, andzis a non-dimensional

. mass flow rate.

The suffix oo denotes initial conditions where the flow is
not necessarily in equilibrium. If, however W, »=0 then 6y, = 8o o
It is this particular case which corresponds to flownthrough a con-

vergent divergent nozzle,

The above non-dimensional variables sre defined by,
/

L= < X = X
}B' }& } -Qoo) /L')
U._.Cﬁ.__- 7’)’(:’ / A—‘-’A’_.,)

¢ = / J a1/
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where primes denote the dimensional quantity,? is the gas constant,
/
R is the throat radius and suffix L defines conditions at
the geometric throat,

A is the rate parameter defined by
-A."'_‘ /_Q’ /L, = X AIZ;Z/Q 2.6.
T VRTY /¥ vl
of

where T is the relaxation time end @ is the frozen sound

speeds The limit _/|\ == () implies near frozen flow and it is

results arising from this case which are of interest here.

It is assumed that the equilibrium: distribution of vibration-

el energy is given by the usual expression

c=__.HBv a.7.
explev/1]-1 ’ :

which holds for a system of harmonic oscillators; and where @\/

is the non-dimensional characteristic temperature of vibration.
It will also be assumed that at low temperatures
-6
Q~BT* | 28
as | =0 fov 5 >0 .

The nozzle area ratio hes been chosen so that far downstream

the asymptotic nozzle shape is

A~ Cx‘),‘ L 2.9.
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The near frozen cese with the gbove assumptions was considered
by Blythe(1967) and it was found that the perturbation solution
became invalid far downstream end in particular when §>\  there
occurred compression regions which were termed "de-excitation shocks"
(S -shocks) |

It is the structure end behaviour of these shocks, which is of

interest here.

To: obtain the shock equations the following scaled varisbles,

which are similar to Blythe's were used,

A (e v

Uo (o) ( Uolpo) |
d V-

} ‘
v | 2.10
pe MoMe I, |
Up(o)
(,L=L(o(oa)v,

withs Us(oo) =. _\,‘lx_l + u.oj)

S} . .
and where Y: A X is a modified length scele used to obtain the

shook position Yg , which is given by Blythe (1967) as

Ye={ L [m T"}"‘. 20
LE-1D0s-1) 6o | 002

The following parameters are as used in Blythe (4967)
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R= 1-v(+&-1)8),
'L="?V(2~X+Q206)

2.1
be (-1)o/L, SN Gan
L= H(E-1).

The rate parameter has been modified tb include the form of oW

N = g Tk
RTL _
where _ﬂ_.loo =Q:,o / B,

and Mo is a scaled version of the frozen mass flow W\

_ sl
Mo = W - x"-’,{ __2.- 20¥-1) C"‘
- C |
The govefning egu'e;tizzs, for the flow through the shocks, are
" then ( 6>\ )

/1\/=’13 2.13
wf T v, 2.1

{ o) |
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end ‘
ds = T a(r) [(7)-&], 2.16

49

(‘H)STS , and it has Dbeen

where 0X(T) = [UO(D)/Moj
assumed that .IT.. =T J 'throuéhout the shock,

The right hand sides of these equations were obtained by
matching with thé downstream "pseudo ent:popyi' solutions of Blythe
(1967 (Part IT Equ. 3.3))s

'i‘he present choice of dependent and independent varisbles.
is preferred to thet used in Blythe (1967) since the explicit
dependence of the shock solution on Y5 is eliminated, For a
given U-o'(ao) and & the solution depends solely on the parameters:
contained in the modified relaxation frequency S)-*(T) and Goo o

In this thesis attention is confined to thé case

. Ueo = Ox
Le. Uplo)= /2% o 2,17
| - ¥-1 !
If the flow is initially in equilibrium
6oo = ulOV) =__Ov | - 218
explovl-1

where @V is the characteristic temperature of vibration

" Consequently, for a given Y together with the conditions

(2.8), (2.17), and (2.18), the shock solution will depend on the
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peremeters Oy eand (g only and cen be written (see Polachek and
Seeger, 1958)

V"'__L = X":Z’"@ ]

77 ¥

T = ¥-0-@) -1/ -0 2,19
Us () (y+1)*

where 9(6 QV) 2{25’”(6& 6) 2,20

2. Coo)

and .the upper signs in 2,19 correspond to the continuous
supersonic solution. The lower sign represents the subsonic
solution and the relevance of this result will be considered in ffs o

@ is given as a funtion of (; from the integrated form of the

rate equation

@

5.4--'@ V(QL clo. | 2,21
(QIM qu,) [&(%QV) a ‘

where the lower limit @I has been inserted for convenience, and
. . - zul
- @Q(&,0v), wh M= f_@e(@)}
2700 L Mo

Equation 2,21 defines the structure of the de=excitation shock,

and will be examined in ff bele
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3¢« The Rayleigh-line and related diagrsms

Disbatic flows of the general kind considered here are
usually discussed with the aid of a temperature entropy plot.
For the present class of non equilibrium flows entropy, in its

usual sense

,is not clearly defined. However the quantity

S

AAS = S “SA =7 0-576 ) 3
A _
cen be referred to as the change in the "pseudo entropy" (Broer

1951): S is identifiable with the entropy of the « gas of
Johsrmesen (1961). (For a further discussion see part II of this

thesis).

A convenient datum point for the "pseudo entropy" is the
end point on the subsonic brench of the 7= (Q relation,
where @:O) T>O,

F‘I’Oﬂl 2019 v

A, S = +_L_l?9[{ /778} = 3.2:.

A plot of temperature against is: shown in

figure 1. The upper branch of the curve corresponds to
su'bsdnio solutions and the lower brench to supersonic solutions
Q = 41 defines the sonic point with repect to the frozen sound

speed»#. Note also that on the supezionic brench S is singular

as T —= 0 [@ — .

# This should be understood throughout.
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For near-frozen flows in which de~excitation shocks occur the

initial cond_{tions‘are always supersonic and the starting point

If the nozzle back pressure is zero the solution remains
supersonic; but if the back preséure is finite the supersonic
flow in the divergent part of the nozzle may be terminated by
a conventional adisbatic shock { the « shock), The solution
downstream éf the « shock is then defined by the subsonic branch
of the solﬁtion for the & -shock. { In the limit considered here -
the thickness of the « shock. which is strictly defined by the diffusive
effects of viscosity and heat conduction is negligible in comparison

with the thickness of the .&—shock).

The transition between the supersonic and subsonic branches occurs
at constant Q. Note that A o 9 1increases across the « shocke.
Since ‘Ehe transition across the « shock is very simply defined in
the T, Q, plane, it is more convenient to use this plane rather than Re

T, S plane when discussing flow fields involving « shocks.

Figure 2 shows the T-Q diagram. Q=0 alwsys defines conditions
upstream of the shock; . Conditions downstream of the shock are
given by the equilibrium value Q =Q.

Lines.on; which Q =§ are

T - | . 3.3
Ov loﬂ [1+6y(60-c@) 1

‘where | c= XCX‘*IY( (X'l)—z'. 3.‘1;..
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In deducing (3.3) the usual equilibrium relation (2.7) for
an ideal vibrationally relaxing gas has been used. These
equilibrium paths ere also sketched in figure 2 for verious ©y .
Note that there are elways two possible final states corresponding

to supersonic and subsonic flow respectively.

If the back pressure is zero the flow remains supersonic and
the shock structure is as described in }f be For finite

values of the back pressure 75 there are three possibilities,

i.) PQ > Pb  where /'De, is the equilibrium
'pressure at the downstream end of the supersonic |
6 - shock. In this case any « =shock lies
downstreem of the - § «shock end the solution

through the 5. shock remains supersonic.

ii,) ])e amd /3_,5 are of comparsble orders of
magnitude with ]){ < P b o The « shock is
now embedded within the S- shocke. Upstream:
of the « shock the supersonic brench of the
& -shock is appropriate, but downstream the
solution switches to the subsonic branche

Typical paths are shown in figures 3(a) and(b)e

1i1) Pe<<Pp The « shook terminates the

region of supersonic frozen flow, Downstream -.©
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of the « shock there will be a retumn to

. equilibrium conditions.

Case (ii) is probably of most interest and will be considered
more fully in f{ 4.2, Tt should be noted here, however, that
for the supersonic case it was shown by Blytﬁe (1967) that the flow,
at least initiaslly,remained effectively in equilibrium downstream
of the & - shocke It can alsdbe shown that once the solution
is on the subsonic branch equilibrium flow is the only posaible
1imiting condition. (In the supersonic case there may again be
"~ an event'ual departure from the equilibrium solution culminating.
in a second de-excitation shock. Since this occurs exponentially
far downstresm of the first & -shock it is of no practical

interest.)

In the classical treatment of flows with heat addition,
solutions of this type do not exist for @|: the sonic point,
Q =1, corresponds to thermal choking. For the non-equilibrium
flows considered here the mechanism of heat input is not independent

of the flow, Moreover for diatomic gases it was noted by Blythe

(1967) that | .
Quax < Q’_'L)%.&ﬂ.,\ <|

-

¥=" ' :
‘for =75 « However for an arbitrary number of vibrational
modes it is not immediately apparent that @Quax < | vut the proof

is straight forward,
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For simplicity it is assumed first that the ﬂow sterts from
rest, and hence is initially ?.n equilibrium, and that no «=shock
occurs. From the initial conditions upstfeam. of the § -shock E
6 > & and it follows from the rate equation that 6 is a monotonié-
ally decreasing function of x; 1its end value in the onl-dimensional -
de-excitation region is defined by the equilibrium value €=6p = ?e
Since & is a monotonically increasing functuon of T it follows
thet 1@ <] (.the initial value of 6 = 6,0  corresponds
to T=! ana €e = 6w )e Consequently it can be seen from
figure 2 that the end point of the supersonlc branch alwsys ocecurs

_ for (Q<'l. ‘ .

If the flow starts with a finite speed and sn arblirary value of
P (iee not necessarily in equilibrium) these initial
conditions are referred back to some hypotheticel equilibrium
reservoir conditions with w=0 e All variesbles are now
nor;maliﬂd with re815€ct to these new reservoir conditions. It
is easily seen that the solution is formelly identical with the previous
solution. No diff‘icultj arises in re-spplying the above arg@unents and - '

again @HAX 4[ .

If an & shock occurs within the g-shock then, by definition
x < QeGopy<le  On the subsonic branch TsogZlsupe Moreover @  is
a monotonically decreesing function of T,Hence, & = @ inters'eits
the subsonic branch at a smaller velue of Q. Thus (Rrax < |

on the subsonic branch,.
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'Even though D Ax < [ s irrespective of the

mumber of vibrational modes 97 s it can be shown that as
/
N —= 00, ! =T uax = O(/n>,

L Phe shock structure

[

4e4 The de-excitation shock

As noted in Pﬂ 2 the structure of the 6 -ghock is

given by the integrated form of the rate equation.
@ .
?*C"z/f‘wc‘% o
@r .

- (CQ)" V2 ‘ : Lo 2
78, METHR-@)

and the lower limit of Qt hes been inserted for convenience,

The sbove integral( 4+1) must be computed numerically and
in order to simplify this calculation in the vicinity of Q= 0, the

integrand (@) is expanded as follows R
. 7 2
f(Qﬁ @Hasta, @ +az @+ -..) 43
_vwhere oy, A, &3 are given in Appendix I.

Thus, when CS,-£9’L , where 7?71 is some integer, the‘

‘i‘ntegrami. can be re-arranged to give

o vif—.:/:‘-;-_*ﬂv—l., YLHZ*_l
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for V>6>V-l and where Sv_l 52 -d

| 5__' _ F’ﬁ""'» b5

which is convergent as (} — O

As however, ﬁ,_, becomes unbounded as Q"@e_the finel equil-

brium value of @, F(Q) is expanded near Q" (QQ to give

7[(62.) a_é.o___-l-'bl'l' [CQe_ @), 46
E"‘

where ﬁo ) f>, ) ‘f)z are as given in Appendix II.

The integrand can now be written as

f@)=Hy (@)t e s jv_,mz) b
Re-Q

,wheré Hr-1 "F‘V‘-1 -:'Q_Q._.. . 4.8
Qe-Q
Hv-|,,is bounded at both & = O end Q‘ @Q ’

end thus the integral can be written as

®
qu Gy-, ﬁoz@{w] Hv.,.@;ac% s

V|

where ‘(. E , 410
5=0 St [ =

. The lower limit has now been chosen as Q‘I =Q , thus

Hv_| and its integrsl are convergent as () —— O .

e g e e e S 4 1S3 T e T

-y

==y

s YT T
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It can then be shown by matching with - the upstream "pseudo
entropy" solution of Blythe (1967) that for this case
When 6 = ' s where 7 is some integer a similar

analysis holds except that now

Q
g + Cy=6';1>° bj{@g‘_@ + Hy(q/)a/rf) L. 11
| . | Qe -
where ' 0
o G‘V"&Qg-{- ..+q,v 09CQ,1;~12
and ' f ﬂv ..
The lower limit Q1 has again befnset to zero, as Fa~

and ifs integral are convergent as Q —- O .

It can now be shown by matching with the upstream solution that

Cv = a5+ Q(:_)V [0‘9/}.

where Q§.)is the coefficient of &{ L in the expansion of the

for (5 =1\ then

integrend as @ — O (see Appendix I).
Figure 4 shows some typical results for the shock profile when

S« I-5, for various ©y « Results for other values of 5
show no cqualitative difference.Gomparison with some exact numerical

~calculations for the full equations is deferred until,d' 5. .
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4.2 Relaxation region behind an «-shock

Across an «-gshock Q does not change but T and V are now defined

by the other roots of the equations.

Thus behind the «x-shock the equations governing the relaxation

vzpne become 6§/~
| cc!;(% e t’.ls_’[__\(/_@-_(é)‘ L .13

with V = ¥-/1I- ® )

>+ |

and T < (X-l\-t-@-r(}(—-l\;/ b1l
ug(c0) (x+1)?

This cen be integrated to g:l.ve
- G- —z;.%f— &g, s

where Q¢ is the va.lue of Q at the «-shock, whose position is

g;?s. Comparing the local values of the rate parsmeter /\. across the
§-Y
«=shock shows that { } z

where subscript. 1 is before the shock and subscript 2. is behind
the shock, This fatié will in general be large and thereforeA the relax-
ation zone behind the e-ghock will be ﬁa.rrow in comparisor; to the S-shock.
The rate equation (ean. 4.15) hasj i.been integrated numerically
using ~a. Runge-Kutta routj.ne, end some typicél results are shown in
figures 5a end b, Figure 5a shows several typical zones in relation to

the é—shock, and figure 5b shows the detailed structure of one of the

relaxation zones,

It is often necessary to obtain the shock position for a given
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back pressure, and a simple inverse scheme for obtaining this is to
assume that the «=shock occurs at a certain value of Q, say Quy on the
lower (supersonic) branch of the modified f{ayleigh line curve. THe
value of the back pressure‘ ?p at the exit of the nozzle is then obtained
for this position, and this process is repeated until the shock position .
is found. Possible paths in thevT-Q plane were shown earlief in figure Je
Kote that f"or given resevoir conditions, the down stresm limit of
the one-~dimensional «-shock Telaxatlon zone is always defined by the
seme equilibrium pressu;re}\?_, irrespective of the value of Q . Howeverj
- since thé shock position, i.e, its distance from the nozzle exit pla:de,
will depend on Qg, each value of the back pressure /’b corresponds to a
different value of Qg,(see fig.§). _
™Fvop the trensition paths sketched in figure 3, and the pressure
temperature relation through the shock, it'is afparent that the pressuie
may initially decreaée behind the shock, but for nozzles of sufﬁcieﬁt
length it will uitimately rise following the subsonic equillibrium curve,

,}
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5« Numerical solutions and higher ap;gfo:d.mations

5«1 The numerical solutions

To test the siinpfe analytical solutions described by Blythe
(1967) end in f’ f 2,3, and 4 of this thesis, some numerical so-
 lutions of the ﬁll equations have been obtained. The basis for |
the calculatidns was an adaptation of the programme described in

Wilson, Schoefield and Lapworth (1967).
For the a’nalytiéal solutions fhe asymptotic nozzle shape

mst have the form

‘ v | |
A ~ C.x_ . ’ ‘ 5¢1
Convgfgent-dj.vergent nozzle shapes used in the numerical

a_olutions were all of the form

2 ,
A=lvaxt, x<x, 5.2

A= C(.)'cvc)\)) X 2oy - 5.3

and hence (5.1) is always true for large OC
_Both A, and C(A/C[X are contimious at o ,or
v
C= {Zscojv(l‘rxol) )
e = %'D(XS"\'-XO)/Z.

Previous numerical calculations based on the qtmsf,::g'imensional

Sel

reletions do not kappear to encounter this phenonena, principally



38,

because they did not cover the conditions for which the shocks should
occure Initial numerical experiments showed that in situations when

6-shocks should occur the region of frozen flow was extensive,
Figure 7 showa one such case w_here the rate of change of &
remains very small up to \o5 diemeters downstreem of the throat.
However continuation of the caléulation up to l()‘g diemeters
reveals the situation shown in figure 8. With respect to the
overall length, the near frozen behaviour collapses suddenly and the
solution rapidly appi;oaches an equilibrium state,

Also:shcwn in figure 8 is the analytical solution described

earlier. The agreement between this app:_:‘oxin;ate solution and the
exact solution is good, iaarticularly for the shock position, although
there is a significant difference in ‘the values for the maximm
temperature. at the downstreem end of the shocke The initiel equilibrium
decay downstream of the shock, apart' from the Shif‘t in temperature,

agrees.well with theoretical predictions.

5«2 The shock josition

Although the 8 ~shock position given by equation 2,11
is well defined, the numerical shock position is not, In order to
compare the numerical and snalytical solutions in a quantitative
manner, the "shock position" for the numerical solution was defined

by the point at which the translational temperature attains the value
corresponaing to £l =0 bc les) in the analytical solution.
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According to the simple theory
v
xg = AYs (Y';@V)V) §,0),

whereY_Sis as given by (2.11). This expression, however can be

re-arranged to give

,xs-HXg(YUS) 5.6
whers K= Loy [ —p, ?5-7:1
(5-1)(¥=1) (uole0)

and | K: (_A_g‘wé{-ﬂ/u)—.," 5.7b

Figures 9, 10 and 11 show verious tests of this similarity rule,
the first for various velues of the rate parameter j\— » the second
for several values of the matching point Xy » and the third for
some values of the characteristic temperature Qv . The ghock
position is reasonably predicted in most cases and the various scaling
lews are correct except at small values of ‘)) » The limit V- O
corresponds to a straigfzt channel and it is noi': surprising that the
asymptotic state is dependent, not only on the ‘asymptotic shape, but
also on the initial conditions at the entrance to the channel,

defined by Xp» For a further discussion of this point see below

/’ 5030

A5.3 The temperafure iaxims

As noted above the major dlscrepancy between the numerical
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solutions end the theoretical predictions was for the temperature
maxima at fhe downstream. end of the shocks Figure 1% shows a plot
of Tuax s8gainst the shape parameter V forrrange of XS .
Reservolr conditions, defined by N and G'v are fixed and the ges

parameter 6 is also fixed,

It is spparent that there 1s a definite departure from the
results of the simple theory. Similar graphs for other values of §
and the reservolr conditions show corrésponding trends.

Provided V is not small it seems likely that deviations
from the simple solution are mainly due to the effects of area
change through shock, If this is so then the continuity equation

can be replaced by

w—\/ L' + 2(\;"‘7] )
or TV ~ |- vld

or Y4 ‘(;»V_e" <<l.

It is the second term on the right hend side which will
govern. the pertﬁr‘bation to the shock solution, Apparently the

only parameter in these perturbations will be

) do v
oL=PA _gv lo 509

This means that to first order
U - ‘T('(e],’od, 5010

and hence for the fixed « the solution in the neighbourhood of the
§ -~shock should be identical if area change is indeed the

dominent perturbation. Some solutions for the perturbation
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. quantities in the vicinity of the 6 -shock are discussed briefly
in Appendix III, Note that strictly for the expansion to be

meaningful o << 1.

Lines of constant « are cross plotted on figure 1)s These lines
show quite clearly that the date does indeed collapse for sufficient-
ly large values of V . This similarity rule does not, however
hold forsmall values of V , which as noted abovei'A.ff 5.3, are situa-
tions more strongly dependent on X, . In the parallél pipe limit

V «= O » perturbations are presumably dominated by "entrance"
conditions defined by o »

For the one-dimensiond flow limit,l with conditions at Xo correspond-

ing to frogzen flow between the reservoir eand Xp , it can be shown

that
V= Xf__*/l—;b’z(c-—l) Q_ 5,11
¥+l *
end T = (g=1)(+¥(l- ez))+c> e(y-D)/1+¥¥eDN-Q
Uo o) (y+1)?
where € = Uxp r'ijc_b +"})
‘ Uo () l*bco’ 5042

or - ’Q;:{l-i-z éjl-&l}
-9 [ wm}
where Mis the frozen mach number and the subscript X, refers to

conditions at g
The solution of equation 5,11 together with the equilibrium curve

of T (1T ' eqn 3.3) gives values of |yax which are in reason-

able agreement with the numerical computations (see figure 12).

As Xy—>o0 & -1 and these values converge on the simple theory limit,
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5.4 Application to hypersonic facilities

For the exemple shown (figure 8) it would appear that experiment-
al confirmation is not feasible, Typical nozzle lengths of hypersonic
facilities do not exceed 10" throat diemeters. -

Certain situations (e.g larger values of A ) will lead to shocks
at o>~ ]ollf throat diemeters but the shock structure becomes o
more diffuse as 1ts position moves further:upstream. |

One of the disappointing features, from a practical view point,
of the results is the shock position, In many cases it occurs at very
large distances downstreem. '

However for other types of rate process involving a large amount
of energy the results msy not be quite so discouraging, and the shock
position has been Aerivéd for a general rate process, where the rate
equation is only a function of the local flow conditions in Blythe et
al (1968). | |

| Similaf results have also been obteined for condensation, which

involves a more compia rate process, , in Part II of this thesis.
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6. Discussion

The structure of the de-excitation shocks discussed by Blythe
(1967) hes been obtained and it has 'begn shown that for a certain range
of finite back pressures an sdisbatic shock may be embedded within the
de-excitation shock., The structure of the relaxation zone behind:such

an adiebatic shock has been 'éomputed.
These solutions have been compared with some numerical resulfs

for the full equations, and it has been shown that these de-excitation
shocks exist. The theory predicted the position and structure of the
shocks well, except for very slender nozzles, any discrepancies being

mainly due to the effects of area change.

However it appears that for the vibrational rate process consid-
ered, there is very little chance of finding these shocks experimentally,
although it has been noted that for a rate process involving considerably
more energr ‘such shocks might be found in a physicel situation. One

" such process is the condensation shock, which is considered in detail

in Part II of this thesis.
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Appendix I

The,coefﬁ.c&ents of the expansion of the integrand ‘f"(@) in the
' neighbourhood of Q=0, | |

For this expansion there aré two cases to consider. The first is
the general case, when 6,%0 and § is exponentially small near Q=0,

' and the second isithe:cese for O=0 whenT=1,

Case I ‘szp

The integrand-F(Q) can be expanded by considering the various

- components individually and the expansion is then found to be

70“2) @ (ao+a Q +a, @ +a3Q3 )
where qo-— f‘o/MS
| -Qo(\/q"'{—l*q,:)
| @, -Ao(v,ﬁf'z +ql2+V;f' +V‘i,t"‘ci:|l')
Q3 ou,(v3 +c;3+v,51+Vq,z+l’é;2-rhv1H;,\é+q,:;+Vc%| )

and the various coefficents sbove are givenby

V, = -_L Vo= =¥

. ) N 7T

Vz-:-— ’ V = -55,.
P LR A vy oy

,.b{%&(ﬂf\)}g | /ﬁ{wfl}
"“‘%{%‘a%}{ {‘% e ,
—QS{%J[}[ i {w} W{;‘H

and Q/L - ("ﬂ) s Where Q ®

Q 'o)
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Case II GV-O

The expansion is similar, but the ci,g, replaced by (1/ L » Where

.
= = — =2

9o=Q  , g;:¥Q)
gy =¥ Qs ® (1+ (8- n(rudea) ™),

s =X @1 e L et |
93 | Qo { 25"u§'(oo)+ \b‘ézug"(w) |
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Appendix II

The coefficénts of the expansion of£(Q) neer Q=Re ere derived,

in a similar manner to those in Appendix I, and the expansion is

(@)= (@e- Q)" [Bo+ by (Te- @)+ b (Qe-@V% .. ]
" where : b = Vgl:
Y TR
(.V|+T| +-€|\ ) |

and the various coefﬁcents are given by

X + |—52
<+
= ._L-——-——- ‘ —L {
Ve e { +(n-@e\’2§’
Y2

-l g X 'i»)
v Vet U L (1 - e Y72
CTe = (x-\+ QP—-LX—\)\/I—QQ ,

wleo) | 412
T o =)+ G ~ )/ I-@e
ug-(0) (‘K-rl)"
T £ i\
e* 1 1= Qe ‘
- 6 SaD) {1+ L=t @z—bg
Tz 2T+ .h/ Qe %"
EQ=QI-H») ‘:Qg"‘Z-FQ%:?
— =il
Ez - Q_gt‘s +Q_/ 2y Q—h— )
Te - %

| - =/Z_E.
E:l-{-Eo) 'Q,.- tél }-eZ ELZ ?}
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The following coefficénts are also used

R ¢ ) I B

b = /Tex ll+2\/l-(‘f(ez >
= -

o K lepiteey)
- - ¥—|

AR ki ik}

The subscript e refers to the equilibrium end conditions,and

@é = {C_{@} setce
AT le,



Appendix III, The effects of erea change.

If the e_ffects of area change are introduced into the shock solutions,

thq fbl;ovr.l.ng equations in the sceled variables, are obfained
TV =0+ 2% 17 Al
c% (T.T) ¢ uoz(w)‘m/g%/ -0, A2

T+ Un ( iV 4+ 6= _Q_L_) + & A3
Y"I ' v
end 3(_6 - Tt [Em-§]. Al
g Vv
Rewriting these egations in terms of the variable Q (} 2 eqn.2.20)

glives

cITV—'/--(>1€7+ . -- .y A5
c((‘Tz)+u (»)‘T\/cﬂ/ o, AL

de og |
;2%(@. « (v 1)V ) = Q, A7

and ig - ‘M_I(Q Q) | A8

where = ulv is the similar:.ty parameter discussed in ‘fs 3.
An appropriate set of variables in.+this regiqn is
Mo Mo+« MWy ++ -0n .

V=Vo-r_o(v| P, 49

c-”

e To+ & i+ ... ..
.Q’, Qo'*'(’(@.-(-.----.-}

If these are inserted into the shock equations, (eqns.A.5-4.8)
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. . { _
then to zZeroth order the original shock equations (J{ 2 eqns 2.13-2.15)
are recovered. The solution of these zeroth order equations is discussed

15}{{2 and 4.1,

The equations for the first order solution are:
/hVo= cr(‘ovl:“% : | A\D

de uozzpo) it de T ag
2X(2£z\_1t. + 22V = @, A-12
- Usl)
wa a0 - M5 ST .ZV/}(QO Qo)+ (T, - ‘], A3
| dg Vo? l ® |
where Q°+ o(Q| anc( Q‘--Z( Z)) vlle: Ak
Wet Lo o

Combining equation A.14 with equations A.10 and 2,13 gives

fmn . ] M cll/ 0; A.l5
dg “obo)+ uoz(“) 17' * v
which can be integrated to give 1/0 -
'717_31_ y I +V, = ,%e[(/(, ~0 Alb,
= Uo Go) U Go) Vi

where {1 is the constent of integration, and the lower limit Ve has

been inserted for convenience,

Equation As16 can now be written, by making use of the zeroth

order solution as

‘77',T°+7'°_,' + uoz(,o)\/ =5 AT,

mhere G- aé@ﬂ “otts [ Q]}c(@om 418
o - a J
U, ) mm Q
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Thus comb ining equations A,10,A.12 and A.17, the following set

of relations for the perturbation quantities is o'btalned,

[l-uo@) Q} = QM e
¥ To ¥

[—-u “] W GOM Ly § - wlla VL A19
¥o | ¥ ¥To :
[1 - Wil ;,j T - Q;z_\_r«*'[\-ugwo} udV (L)
¥l | T ¥ :XTQ ¥ ‘o
“where _ L=- \
M* = w )@, [z, = - 6,/ \ A.20
S* = S/CWQT-Q. )

The rate equation can similarly be rewritten as

d@ = S-_D(QQ— %lQQ.QI 3

d Qo
where ‘
$ @) = 20-8) - S (L+s") 4
(- wm3) -
| [2@2-\§afg"”f° 07(L+S*). A-22
o6-®Ro udso lo d0-wmg) |
( ¥-1) [ 2-8(1- ¥m@ { do
95Q°> S N E

‘ 4G oY-] (1= ¥wd) ] .
Qo - Qo TS ¥ O-me) |
with
Mo = [ US (o) Vot
¥ To .
The rate equation, A.21, must be numerically integrated owing to
the complex form of the functions f(@o)and @r(Qo), the constants of integ-?

- ration being obtained by matching with the appropriate terms in the

"pseudo entropy" solution of Blythe (1967).

3
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This prchss' is, however, very complex, and the computational |
time involved is of the same order of magnitude as that used in obtain-
ing the numerical solutions to the full equations.

The effects of area change on the shock solution were therefore

tested by using the similarity*_;\& dnd the results are discussed'.in 9‘ ’5.3.
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.Notation.
M { Mwﬂ’lok

A  erea ratio +p pressure,

'Q, constents see (4 3). Q@ erfective heat input (2.20).
3 constant see ‘ (Z-S)- o | @ equilibrium value of .
b =0-v/e. © % dumy verisble. B
_}, constents see (1;.9), R gas constant.

Cv constant see (l.\). s‘\ pseudo entropy (z.D.

C constant see (2()) : 3 “s.zee Appendix IIT,

\ constant see (3. l(_) ) S T temperature.

c constant see (514) R TC constents see App. IIIL,

d = bs- ) | ~ T¢ constent see App. IL

E(, constants see App. I, : h constants see Appe I.

F . W\ velocity, |

F Y W uele).

G see é‘ L.V, - VU constants seeApp.I.

j ‘ | ' X aistance through nozzle,

H ' Xo constent see (5.3)

K throat height. X see (5. o).
K see (5.77). Y = A

kR exponent |- VAR P G '\SS]- Ys _shock position.
‘L seeAppendix III, |
{ exponent | —v(2-7¥1 (8'_'\35). X see (5.9).

'H* see Appendix IIT - ¥ specific heat ratio ( é' 2—) .
.HO sceled mass flow (ﬁ?.), v 8 exponent see (I.l).
m massflow, ¢ see (512),

#Mp frozen mach number, ‘ @V characteristic vib. temperature,
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J\ rate paremeter (2.@) £ vibrational energy.
A moaified _/\ (2.10). € equilibrium value of §.
V  exponent (2-9)- - T relexation time.
q scaled length (2.10)- ‘ @?
— see Appendix III.
T scaled density (2.10)- }
f density Q. relexation frequency. -
Suberipta.

0, 1, denote perturbation quantities ir_x the wvarious solutions,

Dimensional quantities.
All variables defined above are non dimensionalised according
to the scheme outlined in ( ﬁ 2,)s Any dimensional quantities are ¢

. )
denoted by primed variebles, eg. § ','T » €bco
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PART I1

THE CONDENSATION OF PURE AND IMPURE VAPOURS
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Introduction

In meny high speéd wind tunnels condensation is a possible
limiting factor in their operation at relatively low temperatures.
Since fhis process procéeds at a finite rate) condensate does not
form jmmediately downstream of the saturation point, and a s;ﬁper-
saturated state may exist. It has been obsex'ved3|E that this region
is sometimes terminated by a sudden return to local equilibrium
conditionse This narrow region is usually called a "condensation
shock", |

The condensation process can most easily be described in’ the
pressure-specific volume plane (figure 1). The flow follows the
condensate~free isentrope uhtil it crosses the co-e;dstence line,
(The liquid-vepour equilibrium line). If it then remeained in
equilibrium it would follow the saturated isentrope beginning at
the condensation point "C", As, however, the vepour condenses at a
finite rate the flow will initially follow the original frozen
isentrope end may then, depending on the flow conditions cross via
a "condensationsi shock" to a saturated equilibrium isentrope, which

it will either approach asymptotically or diverge from, depending on

the limiting flow conditions.
x
It has been noted that there are two types of rate process

involved.

1. Heterogeneous nucleation:- In this process large numbers

- of impurities exist in the flow and the vapour condenses onto these,

.Q..Q.O..l..l....ll..ll..l.ll.‘l‘..l‘...ll..l.l..l.l...l.ll.l'l.....

= For a review of most of the experimental results see Wegener and Mack(1958)
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without forming nuclei by self nuclesation.

2. Homogeneous nucleation :~ Here the gas forms, by rendém
molecular processes, drops which are larger than the critical

radius "1\;’. These form nuclei on which the va;;our then condenses.

If the flow has large numbers of impurities in it, the
pmcesé of héterogeneous nucleation will take precedence over that
of homogeneous nucleation, and this former case will be referred
to as the impure case. When hdwever, the flow is free from im=-
purities, he.terogeneou‘s nucleation will not éccur, and condensate
will be formed as a reéult of homogeneous nucleations This will
be reférred to as the ';puré" case.

The latter case has been analysed numerically (for example,
Clark. 1963, and Griffin and Sheman;1965), and it has been shown
that the phenomena described above do occur as a result of the \
homogeneous nucleation theory,

There has, however, been no systematic theoretical attempt
to analyse this phenomenon. Although mention should bé mede of the
solutions of Daum end Gymarthy (4968) in which the simplification
of a linear droplet redius growth law has been made. The position
of the Wilson point (the co-ordinate at which the maximmm super-
saturation occurs) was then found by trial end error. This solution

is in some ways analagous to the asymptotic near equilibrium

solution presented here.
It is convenient to discuss the flow of a condensing vapour

in terms of contimuuminon equilibrium gas dynamics. Here attention

is principally confined to.the limiting solutions for near
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equilibrium and near frozen flow.

In the near equilibrium limit (when a characteristic rate
parameter AL is large) the problem is of the classical singular
Perturbation type, i.e. the flow initially follows the frozen
isentrope but then rapidly returns to thé equilibrium (for a
similar problem see Bloom and Ting(1960) ). It should be noted
that this condensation Jump is not a condensation shock in the
classical sense of Wegener and Mack(1958), in that it is not
completely one dimensional,

The near frozen { A small) analysis is similar to that
given by Blythe (1967) for a de-excitation shock, although in the
condensation cese it is more complex as the rate equation depends
on the particle history as well as the local flow conditions,

For the impure vapour it can be shown from this analysis that in
a hozzle whose area ratio A isi givenby A~ CxD then, when R> O
where |
R=1-V, (¥+1)

a condensa.tion‘ shock occurs., This shock is of the classical one-
dimensional fbrm described by Wegener and Mack(1958). If R< o,v>|
however vapour ﬁquiq equilibrium is established through a gradial
condensation region, For V2! the flow &lways:remains in a near
frozen state,

For & pure vapour, however, there are two types of near
frozen limit depending on the rate of droplet production. In the

first of these nuclei are formed over a narrow region in the nozzle

and droplet production ceases before the pgrturliation solution breaks
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down, and in this 1imit the solution cen be reduced to that for an
impure vapours

For the other case, however, nuclei are formed for most of the
nogzgzle lengfh and thus droplet production plays en importent part in
the breakdown of both the perturbation and pseudo entropy solutions.
For J 2 >0 where
J2= RR+1-v
then & condensation shock occurs. For J2<othe solution can again
be reduced to that for an impure vapour.

In the cases sbove, when a condensation shock exists it can
be shown that this;fa classical one dimensional region in which the
flow returns to equilibrium, and the structure of which is similar
to that described by Blythe, Petty, Schofield and Wilsen {(1968). It
is also possible to show that the flow will not choke due to conden-
sation,

- Numerical computations have been carried out to illustrate
the applicatiori of this theory to realistic nozzle flows,

It should be noted that the analysis presented here is for the
condensation of a single vapour. It is however, possible to carry
" out an a.'l.most iaentical anelysis for a mixture of vapours, :.ncluding:
air and water vapour, in which one of the components condenses. The
only difference occurs in the definition of the specific heats and
the moleculsr weight. (Although these are functions of the mass

*~fraction,they would, be constant to the appropriate order of magnit=-

ude in the present analysis, ) |
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2, Eguetions describing flow

2.1 Equations of motion

The equations of motion are those which describe the flow
of an ideal gas, part of which has condensed into liquid form. These
are supplemented by a rete equation describing the formation of the

condensate.

The derivation of these equations is described in several
references and that due to Wegener and Mack (1958) will be followed. -

For convenience this derivation will be outlined in full.

In the continuity equation there are two terms, the mass
of the condensible vapour m’v » which passes a: given location
in the nozzle in unit time, and the mass per unit time of the

, .
condensed phase 't . The sum of these two mass rates is constant

and thus

/ /
my*m’l_‘:m' 201

The ratio.of the volume occupied by the liquid phase

to that of the vapour phase is

o / ’ ;oA
LML = __.5_—_. ,

LI mvl ﬁ; I"’ j

where 3- "“‘ ,is the mass fraction of the condensed phase, \/’

- the volume and ( the density of the respective phases. A8 fvl/_ﬂ’ <<'(
the -

volume occujied by the liquid cen be neglected. Further defining
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a dénsify (*{L where the condensed mass is referred to the séme
volume as the vapour then :
T (v/'r -{;LL. ) | 2.2
and using this density (0’ .the contipuity equation becomes

r Al )
pluA =, 2.3
) . .
where W is the velocity end A the cross-sectionsl area .

The equation of state is

/)/_,__ ﬁ/’% T;) 2.4

with //v’ the molecular weight of the vapour and where P’ is the
vapour pressure, Writing FV in terms of ( and 3 NAL /’W\ s
the mass fraction of the condensed phase, then,
’ / A\ D !
sz(]—j)il. 2.5
.If it is sssumed that the condensate moves with the streem
velocity (see Appendix T), the momentum equation is
-f "Welu’= clﬁ 2.6
The energy equation can be derived from the first lew of
thermbdynamics which epplied to a unit mass of the mixture is

/ /
do’ + /9 ol f / f } 2.7
where @' is the specific intemal energy.
. Rewriting this in terms of specific enthalpy h ana using

equation 2.6

c({ Al ZIZJ 0. 2..8
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Applying this to the mass m'of the mixture and writing out in

terms of the enfhalpy of the separate components gives
c({ '/L’ +m’ ]: O. 2.9
ml

In general the liquid and Qapour are at different temperatures.
When the two phases: are in thermodynamic equilibrium the %halpy
difference of the two phases is equal to the latent heat of vapor-—

" 4zation L/ . However when the temperatures are different there is an

additional term for the liquid phese.thus,
= Ay - U= (T0-T0), 20

where (] is the specific heat of the liquide
The ratio of the last temm to l\’,_ is given by
—_— -— -
C‘,( Tv'- ) ) = LIL_LL. )
. l’\lL T'—l .
and if the vapour is assumed to be at the same temperature as the
. drop then the last term is zero (see Wegener and Mack (1958) ).

The energy equation then becomes

/_..-’ /._.-I

w? 2,11
where 7;'413 the stagnation temperature,
If the vapour is assumed to be a perfect ges then

Cp = X R 2,12
and Y: 01
d,f:" )

is the specific heat ratio of the vapour without any condensaté.present.
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Equations 2.3, 2.5, 2.6, and2.44, are the basic equations of motion
deseribing the flow of a condensing vapour . Similar equations can be
derived (Wegener and Mack (1958)) for a mixture of an inert ges end
& condensing vapour, for example water vapour in air . The only differ-
ences occur in T:‘C-P' and the molecular weight /u' and thus an idenfical
analysis eould be carried out for water vapour condensation. (In the
present analysis q;’ and /}’ become constant at their frozen values
for both of the limits under considerstion.)

It is now useful td define the concept of "pseudo entropy",
which will be used in the near frozen anslysis,
From equation 2.7 o
CL@./+ /7/6( [’__/ ? = O, 2.14
L’ .
which can be rewritten as

“.,/D / o f/ } =..e§"“c(§) 215
w};ere C(Qo( {(’c(f +€-T’C(T

2.16
and ¢’ 2’(p ,T 3).
Then with respect to the frozen co:nposition it is possible to

define a "pseudo entropy"

10(30( -C/*‘Zo(-f'f e({,} 'fj" C(S.r 2.17 .
where So( is the pseudo entropy .

For the ideal vibrationally relaxing gas thls corresponds to

entropy production in Johennesen's (1961) «-gas. Hére,however,
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it is one of several posgidble definitions depending on the thermodym-
amic varlable useds.: .
Re—arrang’ing 2,17 with 2,16, gives
Lde'  exT T 4T - j;..x_‘ dg, 2.¢
, -

// C(x/ (%/I - F%’} T C(x [.36_' f%’] §
Tor a condensing vapour |
,L,"‘ -C +f/( ffV L§L,

CVV J 1’ ‘9?’ - L 3 )
where R \(R-‘/}-’V)

and thus

and 2.18 becomes:

Loelp’. Gl+RE L dT!
]d(bc' R(1 - -"d)(’ B R(l-—j‘)l ﬂ

which ié the independent of the variables chosen in the definition

of "pseudo enfropy". This equation will hereafter be called the
"pseudo entropy" equations It should be noted that this definition -
is the seme as that used in Blythe et al (1968) for a de-excitation

shock,

2,2 The rate equations

For an impure wapour the rate equation is

9“ = NG'I(:é) 2. 208
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where N is ‘i;he number of nuclei present and G '(-x-) is the mass

of each droplet at some station X o

For gﬁure vapour the corresponding expression ia
X / - ’ )
9:73%/6 055) ) ) Ak dg, 220

where G (x ﬁl) is the mass atx/of a droplet formed at ﬁl
and _J/ (% | is the rate of formation of droplets of crit:.cal radius ’Vit A(q)
is the area ratio at q .
In these rateequations there are two mein terms, the rate
of formation of drops J%’) and the .su'bseq_uent growth of these drops Gf_ag'{}
For the impure vapour it will be assumed that Jfﬁis Zero,
and that the vapour condenses soleely on the nuclei alregdy presént,
due to impurities, ‘ | |
In the case of the pure vapour, however, there are no
impurities present and an 'expressim for J’(é mist be obtained.
Several authors haﬁ considered this problem emong them
Volmer and Weber{1926), Farkas (1929), Becker end Doring (1935), Volmer
(1939) Frenkel(1946) end Stever(1958).

The expressions they derive from kinetic theory are all
' ' wegmwwd Mack X
similer in form and that given by lij . (1958) is

- {%}@g@@ {’p-"? op 4T [t b

2, 20b.

-
.

“ ¢ a%m 53’0 L8 WeWWC( MacA

S/\m/a %Zou{ al qémw
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where N,‘is Avogadro's number, 6’ i3 the surface tension and ¢ is
the saturation ratio which is defined as .

Z-p
' 713—(-1')
,de/a 3= ~ L/\) / -+ C’ being the equation of the
co~-existence line,
o,
* =_26'p 2.21b

PLRTlGP

Assuming that fﬁ and 6 'are constant the expression above reduces

=/€}/%}zexp% , . | 2,22

| 3 /
whefe K { /2 ' /2
. o f ’z_ )

ami )B’=l£:.7r __,A)_Z

Once the drops are formed their rate of growth G (agﬂmust be

to

computed.
Only drops in the free moleculer regime will be considerea,

and noting that ' 3

ol

/
G = f ;_ . _!_I-_ ‘7(’ v
3
where ¥ ! is the drop rédius, then, considereing mass impingement

terms only the expresaion due to Wagener and Mack(41958) is obtained

/ V ——-'/
i./\ - If? ? 2 2,
oo’ Fﬁ Lo w.

| where ((, is the vapour d‘enaity.

) 24 233.
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This expression does not contain 'any non=-equilibrium terms, If,

however, kinetic considerations are added to the problem then the follow-

ing expressions ma.y be obtained

Buhler 1952, ’

4\’:.70 lf?2 ,Q(_T,“i_—:,) «23b

dx/ L 'fl_ Z_&W.’ w 276?--3,
or Frenkel ,191;.6 )
/ K—1 —
Ao o (2)2R)ITL-T 22
ax LA T W |
where Ts' is the surface temperature of the drop, and is equal to

the equilibrium temperature with respect to the local pressure.

If ({_ and ¢’ are 'both assumed constant these expressions

both adopt the form
AI /.- z —-—/ --l
clwv D ,F ( ) 2%
cle/ w’ |
(Pmﬂded that § is smell foee '?'t?plk 7! 5 Io/f:fvl )

The rate equation for an impure vapour now becomes

_ @’/_ l]c(s | 2258,

/! )
Xe

where the radius of the impurity has been assumed to be zero.

That for a pure vapour is 3=



T6e
x/ - rX
- KD/ Vool 5" T ’Z(T""c(s +A_ A(( it 225
S o) et
where / Y ‘
° / LT D', and Af- {‘_,'K'D, ,

and X¢ is the point at which condensation commences,

2.3 Non dimensionaligation of equations.

If the equations given in the last two sections are non

dimensionalised as follows
= / T= __L.I ‘= ’ w=u
0= ! P f,;o ) VT

.2147——— A=Ay x=xy, L=l
<. P VRTE Al 7 /Al /h.’}_ RT,,{‘
‘ where Al is the throat height,

2,26

The 'basiq equations of motion are

-(u,A:m 2.27

- fuc(ou- cp 2. 28a

X T+ul-L§= X 2.29
s I T ea ‘

/D =100'§)T 2430

and it is sometimes convenient to replace the momentum egétion by

Ldp_ () +GelT - ' .
f’(?:{ —9‘) e c/—ét')‘Tﬂ’ 2200

and the rate equations are
1) For an impure vepour, for x 2o, T STS,
A - C— 2 —
.‘9:_/‘_" ﬁ_! (TS‘,)Ag 2.31a

Xe u

et ehe et eeamsiep o ey W eSS S LRI LERGE] T AT D T ey d b TN S TN St T L TR D i < eone bt e T

TR A S (7T T AT D T o e b o s regiae % o Lo, DR S L 6 naeh
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viere A = ND ﬁg? Im/"klg Al 7?2,'

and X, is the condensation point .

i1) TFor a pure vapour <

“(r-z)d.suw Ace)el Q.SIL
3¢P/1 P( TS e [0

vhere _.A-P_K])/p"*T,s’Z L\’ 1-} M A’R/ ’-‘,1 ,

| b
= P/B—-IS)?S /) W'Wh/ag'&'
. : ane_ C= 'QKPC/F&

2.4 Condensgation Point

Initially the flow in the nogzle is condensetion free until
the co-existence line 1s crossed, and the point at which th:i.s line
ia crosaed will be defined as X

Prior to X, 9 £O , this is obvious from the rate
equations since even if drops were formed in the flow T>Tg |
so that theirrate of growth would be negative. Thus upstream of X
the equations of motion are those for the isentropic flow of a
perfect gas where }) ) .(, T and ere given by the usuaJ.
relations

At the condensation point ; i) = /7‘ 5
thus PC' = @eJrTC‘

ot by

giving | c C€

N
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vwhich can be re-written in terms of the mach'number Mg at the

point OC¢
RS [H > H£]+ —L{:I-\-Y—I HJ} 0,
¥ -1 * o kﬂé: F z .2,33
thus the three quantities [Me¢ ; Ac end 4JCQ‘ can be found,

It will be assumed for simplicity that Mc¢ >] so that Occ

is downstreem of any geometric throat,

]
Hence M= ¥V 2 2(\'—().
>+t |

3¢ The flow regimés and their limits

361 The scaled equations

The non dimensionslized equations are given inm . [}n 2.3
equations 2.27 = 2.3 1b., It is however more useful to scale the

- equations with respect to conditions at the condensafbion point i,e.

Jep.  Yep 0=T zex  q=HE
Valk , A=A  HsL amd #h=_mtt
e ! Ac’ T Ac’fc,-rc-%

where the subscript ¢ refers to the point X,

The following set of equations are then obtained :=



"\r. \/A‘ = ﬁ] : | 362
T V.dV-= 'c((i), 3.3a
X 0.V 9 = Vozcoo), 3uk
- ¥l 2L

2 ke Vot = %-1 + Ve,
‘.‘.)': CR'{I-S/}—{]@) 305

 and the "pseﬁdo entropy” equation, which will be used instead of

the momentum equation in the near frozen limit, can be re-written |

as

dV_ 1 d@--1lclg + L 33b.
dz . -0 dz @ d * {gdz g?sc(z d}'s

i
m

.The rate equations now become

a) for an impure vapour

9= // T (8- 9)@] TS

where lc = H_AL C\xc._]j
: m

‘b) for a pure vapour
Q" (Os- Ny |Agide .. St
RN Tl
where’ AF _AP Lfc 3 xc_“-]) : _

Ay = _A
v -chczxL

B-g . wik O-L-Wigyl
le _ L
a;tc( @Sﬁ: H[J@.-l]-t loge_w

and



80, '

In these equations the varisbles CW) e and %
are 0(1) and V=O(Vc,) ¢ Thus using these equations the
various flow regimes and their limits can be considerdde

It will be assumed from now on that
H 5> 1 log Al
~ This is not in practice a very restrictive assump'bion as 'bypical

values of H are, for nitrogem between 15 and 25,

3.2_Regimes for the impure vepour

For an impure vapour, wri'biné \/: VRV where V T O("()
and VR is a referfice velocity,( VR Ve in the neer frozen

li_mit b, end: VR.,\Q%n the. near. ﬁquilibrimm 1imit), then 'bhe rate equation
— 3

5) ‘:f_@.’z (@5 QX({S ) ' ‘3\7

becomes

|

where. U Q. YV ea p ere now OU) and

li_‘ l—_t.. is en effective rate parameter

based on local flow conditions.

This effective rate parameter defines the various flow regimes

and their limits,
hen A is large  the flow will be in the neer equilibriun

regime, In this limit the flow will initislly follow the frozen
adiebatic idenfrope, but then rapidly return to a near equilibrium
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flow, in which the flow conditions are given to zeroth order by the
equilibrium flow solution,. This solution is considered more
fully in  f b

If however i(is .small a near frozen solution results. FYor this
regime the flow remsins in a near frozen state until far downstream.
Then depending on the convergence of a "pseudo entropy" integral, it
may in a similer msnner to that found by Blythe (1967) for de-excitation
shocks, either return to equilibrium through a condensation shock,
move towards.equilibrium in a gradual condensation zone or remain
in a modified near frozen state. These solutions are discussed
in more detail in jﬁ’ 5.

For the case i{cO(’() , no simplification in the equations
is poéaible and they can on]yh be solved by numerical integration of
the fulYset. This flow regime will, however, show meny of the facets
of both near equilibrium and near frozen flow, These solutions ove
indicated qualitatively in figure 2 for a wedge shaped and a parsbolic
nozgle. For both nozzles the near equilibrium solution indicates a
rapid return towards equilibrium,and the near frozen shows that for
the wedge the temperature tends to some constant value, and for the
persbolic, that the flow returns to equilibrium through a condensation

shock (see p- 5¢)

3¢3 Regimes for the pure vapour

For a pure vapour the‘problem of defining the regimes is more

complex, es now instead of having one rate process there are two

interacting rate processes, that of the formation of nuclei chearacter-



a.) A=z
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ised by a rate parsmeter AN and that of the subsequent growth of the

drops, which it will be seen is associated with the rate paremeter lp.

Thus if large numbers of nuclei are formed and the growth rate is-
large the flow would be in a near equilibrium regime, but for small
nmicleation and growth rates near frozen flow will prefvail. Similariy
if both rates are 0(1) the flow will exhibit character;istics of both
regine s,

If however, one rate is large and the other small the situation
becomes more éomplex, and whether the flow is near equilibrium, near
frozen or neither depends on‘the relative rates of the two processes
involved, For ‘example if the .fate of drop prodﬁc’cion is small fhen the
growth iP will have to be very large (i.e. 2 — OO ) to
‘produce a near equ:.li'brium flow, if it is large (1.e. ,1_P=O(Z ) )
then the overall rate will be O(1) end if it is O ) or

smaller then the flow will be near frozen.

In order to define more precisely the parameters AN and lp

- the rate equation mist be examined in detail. Writing V =V9v

&s in 342 gives
3
w92 - @e(s v |Ae)de 38
J” QPMC\[}QXP oG- e)//l ) e ?).
where it hes been assumed that, H >>l (o 3@/1\ end

vwhere .j.P-—‘- \2/;2%) )—f lvVR cmcf Kz'.B—



8lte-
Examination of this equation shows that the parsmeter ‘XP can
be identified with the rate of @ow’éh of the drops,and the parameter
K controls the rate of production of the nucleis To evaluate this
effect the integral defining the total number, N, of drops formed

must be considered, where

o .
RN &* 3Z< )
| / >7) (/- (9 7 g 369
end thus it cen be easily seen that RNO( N « A total effective

rate parameter can now be defined as

A= lp.N. 3440
If K is large, then the integral defining N will in general

be of the steepest descents type and thus

N =0(K™), L 3011

and  Aris OL1pK™]. 5012
If K is Oll) then Nis ol) end Aris 0(Tp) |
| For K s=mell, however, the evaluation of the integral becomes
more complexs Considering the near frozen case (this will in

-general produce the meximm N for any nozzley_A = Z )

then N = Q%"p_xP{ iK* ] Uc{{’ 3013

o -6y’
! .
. This integral can be split into three regions
1) 1-K<@ < |
2) K2<G< |—-K’_ 3.“\-..

It can be shown that in region 4

I\/NK’ ’ ’ 30158.
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and that in regions 2 and 3
-20-VY/
x—
Ne K Vi) 3.15b

) -z 1 \)
thus it cen easily be seen that N i1 O [ K \)L\’—l\]
: | T 0= .
T (Y- ‘
end therefore A is OLXP K : ~j§ ; 3.6

These results can now be summarised as follows
For N>\ the flow will behave in a neer equilibriim mammer( Pﬂ ’(‘)
and for A01)the flow will contain characteristics of both solutions,
These solutions will adopt the same form as .for the impure vapour and
are shown quafiitatively by figure 2. |

For Ag <<| " the ﬂoﬁv will be a near frozen flow, theré are

however, two limits in this regime.

‘The first of these is that iﬁ‘o (’I))Kl» }lg’ and in
this case the drop production is completed prior to the breakdown of
the pa:‘tuzba‘i:ion solution., The solution then adopts the same form
as for the impure vapour.

The second limit is wvhen . iPso (’() and K'Zo(i; )
and in this case the exponential term can be replaced by unity(except‘
in a region O(K) near 9=‘:( for the perturhation solution.  This mesns
that the perturbation solution breaks down when drop production is still
importent. These two cases are considered in }{Bo

‘Before, however, considering the flow solutions the paremeter

J,\. controlling the initial size of the Jdrops must be discussed.
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This parsmeter will, in this enalysis, be taken as ° 0(1\

. Fod
or less, The temm contributed by the initial radius Vx , will then

be O(H") and can be neglected to zeroth order in the following

analysis.

This means that the initial radius is small compared with the
fibal radius, and this has been demonstrated in the numerical
calculations of Griffin and Sherman (1965), who showed that the radius

increased by a factor of epproximately 20 in the condensation

reglon,

e g m e St AR B b e e b vet e g 7w e
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4, Near equilibrium solutiohs.

4o1 Scaling in the near equilibrium regime.

In the near equilibrium limit the flow initially follows:
the frozen isentrope, but rapidly returns to a near equilibrium solution.
For a nozzle such that A-" va( A’ Z\‘) downgtream of the condensation
- point, end assﬁming that H»“‘szl, ah appropriate set of varisbles in
fhis regime is,
M= 1- €,
| Q = | - E'—J

V= Ve (+v), le
9=9,
Z=l1—_‘1’\.,'

’Substituting these into the equations of motion (eqns.B. 2=3,6)

and dropping squares and products of #&mall terms, gives

—47+V=-V1’L, L2
‘g*l'/s-;"”f% b3

2
= % F rVev-9=0, A

which when solved give

.V=-1)11+3+_j‘__, . 45

¥-1
E = ~ 1) _ Q(-l)ﬁ—l-’\" \ Y 6a
K 74V | =%
But \/cz:- L&_g,z 2. Vcl-: Xn(j :
N .

and then Egv{Y—l)m,%-(X-l)MLS‘ -
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where ml = MC
M- l

. DY M 2- ﬂ
XIM(.Z—I ]

The rate equations now become

for the impure vapour

7
;Zc y Hq)c&{]

and for the pure vapour

# 3
_ j.;v%g exFlf.;__(%ﬂ)(—\chc{_ic(;z,

© 7 where KE'— B/HZQ '

These two cases will now be considered separately,

L4e2 The impure vapour solution,

Equation 4.7a can be rewritten by putting

y n
then Y= lﬂf ,'(71)0(7 )

Ve
[o]

and differentiating gives

dw - 2,{’3/32%—/?%3 ,

c(m‘ Ve -
vhere & = V{¥-)my,
/’Za = (¥-1)ma.

Then changf’ﬂg variebles to N end R
Aq }’5 %75 N
)

where N < (v V.3
1/5 s =%,
W= {4 57
: {VcL i /8 R

gives i@ = N - PB
adN

with beee  K=0, A= 0,

L, 6c

Le7a

47

4.8

b9
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This first order non linear differential equation is a form of

Abel's equation (Davis (1960)), end has been solved numerically, using

a Runge Kutta technique,

These results are shown in figure 3 and from this it can be seen

that although is initially frozen, it rapidly returns to a near
3 | |

equilibrium state,

i.e. 9~ Vi, - N

That this matches with the nfar equilibrium solution is easily

shown as ( Buhler (1952))

3,2:_5:’, @(ﬁ@f-H(I"@), 1;.16
B—-

i.ee je""L{ /z in these varisbles,

Hence using equetions 4.2 to Lol

{e - Y- : L. 41
| !+ (¥~ iz H
and thus for H large te ~ iml n, L
: 12
and ~ I/ZZ‘_I mn.
9 et

Le3 The pure vapour solution

For the pure,the rate equation becomes

ﬂ(”) Zp exp[(—_{/{)_}//f(s)c(s] 4To

and scaling the vafiables {;lp } ‘ 3, '/6 N
=1 A
{RP’(C/C}' ééng
- (el n
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Y
G(N) - ex/D //ﬁG&))o(S/obz) C e

where - ‘_A-f?:z l}- 14‘

This is a non linear integral equation and has been solved numerical:l_zj
using a predictor corrector technique.

The results for several values of R*are shown in figures 3a and 3b.
From this it can be seen that the behavidf is similar to that found in
the imj:ure case, and that for k“increasing the flow remains frozen
longer. It should be noted that kﬁodoes not correspond to the impure
vapour case.

The meximum temperature pertuvbation AT, which is a measure of
the maximum supersaturation, also increases with k*,and a.plot of ATvsk
is shown in figure 4, This behaviour was also noted by Gﬁfﬁn and

Sherman in their full numerical solutions,



FIGURE 3a.
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5« Near frozen solution for an impure vapour

5¢1 The perturbation solution

In the near frozen limit the flow follows the frozen
isentrope initially, and it is possible to sssume that a convention-
al near frozen expansion holds. Then considering a nozzle, such that

A=C x,\/ fA— = Zo ] dowvmstream of the condensation point, and
essuming that ;\faﬁ)and H»“o}uthen the appropriate expansions are
O« 0oty + A O3,
= T (2)+ AL ML), -

Y= Whiz)+ liuflcz\, 5¢1
Ve U 2) + Vi),
g = A 9,2,

Substituting these into equations 3.2 =i 3.4 gives for the

gzeroth order solution, the fully frozen result.

M = Q/X‘l 5.»2

Vo = [We2+ 25 (i 4903] 5.3

anel. OF [V Ee zx (1-00)] 2 S, s
z

The equations for the first order terms now are

« ¥ =0 505
| "‘fo Yo
%%(_I__@',-PV,VO‘:B’) 5.6
Z
Mo 1 Os-/dg, 5.7 \

To w1 O Qs



95.

which when solved give solut:.ons of the type

(1-1619 - 0 /%,_(x e 5.8

where 9l < 'V
. and ',/I :/ CTTQ @chl ’@0\&3) 569
W . ,
where @S = |+ (DQ}Q(_.P + o w Qsd-—’f 3
H as H3> llogell.
For large Z these solutions become [, = "45 ARV ")
~ where M = _7_7_’_[, = Vc. = Ue ) 510

Volod)  Volo)  Uolpd).

end VO"’VOLAD); Oo ~ w8 V)

end thus if R>O where R= [- ‘/éLX'H\ the integral defining gy

diverges for lérge Z and
30s+1)/2 3R

g~ m "z R>o 5e11a
3 3 ) ‘
Vo (o) kR
For k=0 )
¥+)(2 ~ 3
g, ~ M [loge
ch’ua) 5¢11b

If howeverk<othe integral comverges andV, is given asymptotically

as Z -» o0 by

’ _\{%o o R R 3 } k<o,
Votss) R

X 20
where Yoo ._._/ (TI_BQ,S/Q (/-@o)O(S) A 512
Vo ~ |

/

+ 3l 2 X k<o 5e11c
- 7
Vo(pc). R

and ‘!;hus 9/ 1;0()
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Similarly, the integral defining the temperature periurbation

Q, » gives for ;>0 R>0
@HE)/Z £|

% ~3(. "l)
, \/o(»c»\3 llhz ! Se132

where l 3/(44/(3’ )) 3- %(?{4-5)

12 4 >0 wut IQ = O  then o
. )2 y(x- 2 "
& ~ fi?)‘l‘!'y\i.k-r / Zv(* \) [(Oﬁlz] P 5¢13b B )

Oo v Vo(p')s
o ]
If however R<O CLS\ ~ M(w) 21’73; Z*
| dZ - Vouwo) | )
| h .
and thus ’ @y ~. ng" )‘Y\_/(f K) V,z lz] ' ) S5e¢13c
- 0o Vo(o) L

where  [f, = k+ y(¥-1) = [~ V4 (x-3).

For [,<0 k<o then the integrals defining O, and g
are both convergent and a near frozen flow results.
There sre thus two "pseudo entropy" regimes in which the

| perturbation solution breaks down for large 2Z .

Regime 1
This regime is characterised by both the condensation
. and the temperature or "pseudo entropy" integrals diverging for. .
large z .
The solutiom in this regime, )J 5.2, shows that the

temperature returns to equilibrium throﬁgh a"condensation shock"

analogous to that found by Blythe (1967) for vibrational de-excitation
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Regime 2
In this regime only the "pseudo entropy" integral diverges,
and the solution, )(f' 53, shows that instead of a "condensation
_ shock" there is a gradual condensation region, through which the
temperature rises, though not necessarily to equilibrium, For V2|
the 'ﬂow always remains frozén:. (The solution in this regime in

fact reduces to that obtained by Blythe (1967) for &=Y2 )

The two "psi‘zdo entropy” regn’_mes' mentioned above will now be

considered in turne.
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5.2 Regime 1 The condensation shock

. . ¥+5)/2 4
In this regime 9 ~ f—!— « o 5(¥~1 Z
s Volooy™ %EZ

and thus an approp'rdate scaling forzis

= Eic]}ﬁ‘ Z,  s.n

where lL is a new rate parameter based on VOLoo)

and
- (¥+5)/2 -
Q,L—'ll; 5)/ * 5015
Vocw)
Th e 4
en /Nf..,.;(mg\q
e 91~ 3"afm‘("1 sk
)

where 75,::(3’—2)2!/4, 4

Thus as @)~ X? when \?O@)an sppropriate set of varisbles in this

region is U/
T:.RLHMH))
v =‘_/_0<;°) Y, 517
o = A7'wm™ B,
| b 3\
g = A6,

and this givés for the zeroth order terms in the pseudo entropy region,

”10171_0 Y"= 1) 5.18
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L CLU_ID AL 4@10* -1 C[Glb 5-19
mlo' C(-\(| X’l @0 CL\( @0

Yo =1, 5.20
and - L 12
I
G [ L _‘i@mdv oo
where M= Mg + 0('( Q(‘C
From these equations we find that
-_V;°=1) n]o:\‘/"\) 5.22

and thus for this regime the "pseudo entropy" equation becomes

Yoo QL@D =3 GLKD © De23
i ¥-1 el 1o CL\(\

ma  Go=TRp, 50 2

vhere Ko = ,[ ‘)@,OO(Y +Cy 5.2

where the lower limit has been inserted for convenience and the constant

C is obtained by matching with the downstream expansion.

Rewriting the equation $.23 in terms of /Rm : gives
2
L d (v%dRo) < 3(¥-1) R 5.25
Yay oy, 2 ?f,% ’

wh L=V, (X ¢l
erea_{;{c-{-)_

Transforming the variables so that

YNHCC{EJD—LT Yano’,g) 5026

)
where o = Q(/*\’) p reduces 5.25 to .

- T

“ where /U 3(x- l)/ 2.

N
<%
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Exemination of this equation as both U and ,3, tend  to zero

shows that T«, R )Z )

which matches with the downstream solution in the perturbation region,

Considering the behaviour for large T and % it can be shomn

T~/ A

3/2

» H
and thus Yuﬂgég(u} ~ m\( /ZRxo)
' I

that

which when integrated gives

/ -v]-2
Ro*ﬁ{c- (—F:—\’%/l\ﬁl \){ , 5. 298

where the undetermined constant ﬁ must be

included as otherwise Rpecomes negative as Y\ increases which is

not physically plausible

Xov
As Y+~ Ng where Yse[ =) ]
(-1 72

It is seen that ‘Rjpbecomes unbounded. Y5 is identified with the
shock position (see Blythe (1967) ). Rewriting 5.29a in terms of

the shock position gives

-20-v) _
Ko~ 40-;222 \(52(' vnz) 5. 29b
Le-t .
where YI = g (i -'7/0 .

If equation 5,27 is numerically integrated ‘U can be obtained
as a function of }g « Using the relation between R and $'

the following expression for \lﬁ as a function of )ﬁ( is found,

loqY, = [ (k8- T)els 1 b .
J O(T+o(,9{)(k+o())g(+/e{ jg -

e
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Similarly the expression for “T cen now be rewritten as

_ )
dflo = = Y \)@,OZ) 5031
oY Y |

I

- _
end so B¢ = Y‘“"_‘T ‘3 5.32

Y‘ and @lécan novr be obtained as funtions of g by numerical
integration, end thusYgfound. A plot of YsveV 15 shown in
" figure 5. It should be noted that although Yg is small for ]\)
large,Zg will incresse with D for ¢ smell as Zo= Yg Aj
and ,l, decreases with increading ) .
The behaviour within the shock itself must now be considered.
Upstream of the shock the limiting behaviour as Y,~Gis
yé |
)

@0~ Ys - 5033

and an appropriate length scale consistent with & end g being 0(i)
near Y;=Yg is defined by
YS((+1/6Y 3)_ 534

The downstream expansions of the pseudo entropy solutions are.

O ~nl! é(&x[w;s(-j)“’ 5.35 .
9 ~® L (1-v) (J\ -t 5,36

(x-1)3

v

where terms 0(1) with respect to i{have been retained. The corres-
ponding expressions for n .and-\z.are particularly simple.

If {1 is now scaled so that

TiY= IL. 5437
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Then the following 6ne dimensional equations are obtained for the

flow through the condensation shock.

J‘E'\Z='( 5438
2
I{;g‘w\ V‘f 1) 539
| (s T\
i A T

3
 qsmh Jyw”z [©e-0]
95 a < G@ 5,44

where Qg =/ + o{ @ﬂl‘f , [H >> logA¢ ]

The constants on the right hand side follow formally by matching
with the downstream expansion of the pseudo entropy solution as 3-— -
Such shocks have been d:;Lscussed by Wegeﬁer and Mack(1958). Here,
however, as in Blythe (1967), considersble simplifications can be
rﬂade as the upstream conditions correspond to infinite mach number.

The appropriate solutions of the algebraic relations above are

V- _L. L_t/_-___——\ : 5-14-25.

¥+

O = (-1)+0% (-1 Q| 5e42b
\67‘(00) sy +1)2 .

where Q = 2[} _1)3
Vb(ob)

end the upper sign corresponds to the continuous supersonic solution.
Conditions at the dovmstreem end, of the shock. are defined by O= @S

and as here © eand ..[‘L are O(1)

93=:.‘ +OF@ZL})
. lH
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and then the equ;x.ln.'br:.mn end state is to zeroth order [ H >> [eﬁ R(_j
O =0s5-=1. |
It can be seen that the above solution only remains valid if
R<A

th 8 X .
- Vi (os) < (s+1)?

The maximum value of@is 1 from the equilibrium end conditions,
‘ 2
and the minimum value of \{,Mis
2
VO&:O) = :23/ 8"‘\ )

(1ieee Ve=O and the condenéation point is in the reservoir).
then - ¥-1 Z
¥ [+l

which is satisfied for all realistic values, o:f‘?S(i.e. | <X 25;3).
Therefore it is not possible to choke the flow in a condensation

shock of the present type.

The actual shock structure can be determined by a numerical
integratiori of the sgbove equations. However, as a similar ezample

" for the vibrational de-excitation shock was considered in Part I,

this will not be attempted here.

vvvvv

Thus it can be seen that in Regime 1 the pseudo entropy solution -

predicts that a condensation shock will occur in the flow,

Dovmstream of the shock the flow will initially be in equilibrium.
Whether it remains so or not depends (as in Bly‘the(1967) ) on the

‘local flow condit:l.ons.
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5.3 Regime 2 Gradual Condensation

In this regime

(3‘1()/2 2 l '
, %Oy”&ﬂ-ﬁ)—— Vo 2 5043

Vo(pb) . (2

~ end thus the appropriate sceling now is Y, = E R(] 2y

_ A y
where a’L =3 _‘_—W;s V2 V}; AL |
‘ Vo)
4
' Q ~1+0-0)Y, |
end then /0°~ , )112_ ) Selidia

 and 3 choo"’xl.m YZ/k

where : .
Roo = Wm[l/o@/gmx-x/z f
- AL b )
alse Mo ’ZL 00 + zsz &I-k ) 5e b0
Vot Vi K |
A (te-
where :62 ( 3 lz}

z,z - V(X«IJ/{Z,
end as @0 \2 2 when Y;_‘O(’]) , the appropriate set

of variebles in: thls reglme is

5el5
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This then gives

“
N
£
o

Mo 1o Y2
_L.c(ﬂ S0 L d@oe-idfe .
Mg ECA x-l@oct\rf’ @ba‘rz’ g
YZD =‘ ‘(:l . 5-14-8
and dRo = Moo@er
Yy Vo
where M, = Mo + ol1) . ek,

These equations have the solutions (’Bl_ﬁﬂu (Iq 67)).
Vzo =1 _720 \ 2 ‘
'/; -v(w)/z (l -V

Rzo-/ V@b(s)ds L,

where K and L are arbitrary constents, S is a dummy varisble and the
lower limit has been inserted for convenience.

It is easily verified by matching that K = 1.

The leading term in the expansion of ?10 matches with the apéro-'

pr iate leading term in the neer frozen solution end L, is defined as the

| Yio Vv ,’1 : |
/ ‘Sr %0 e(g’ ' 5050
bz,
A .

unless a term O(ﬁocdurs in the downstream expansion, which will not

finite part of
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in general heppen unless %Zis a positive integer other than a ﬁnity.
If this is so this expression must be modified to inciude any con= |

tribution from the higher order terms.

The solutions above show that there are two particular cases,

and it will be convenient to divide the‘discussion into two parts.

, a) v>i.
The temperadmre distribution for large \‘/2 is given by
- \AHML

and thus as the exponent Q‘VJJ. is negative this soiution remagins valid
for £11 Y3 ,ana‘ Razo teﬁdé asymptotically to seme constant value,
by v<l

The temperature distribution for largeY, 1s as given above,
but the exponent is now positive and the temperature becomes unbounded .
in this limit, and an alternative solution must be éought in this region.

Thus there will be a partial return towards equilibrium, though not
as great as in regime 1.

Iﬁ the downstream region ©  becomes O(ﬂ when \1’2_‘0(_ 2(;-0))'

or 2 = O( )*L H)) Hence a suitable length scale is defined by
Qv \
22 3760, 5251

A v/ .
in this region Y =O(l) ﬁr:O(iL/‘ ") and it is convenient to write

1""
5¢52 - .
The remaining dependent varisbles @) g end V are 0(1) in this

region, and it is implicit that a significent degree of condensation

will occur. The downstreem expansions are now

£
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O ~ & [(5-1)]2 1]
A \r;‘f
V

2A 2(1- v)

5.53

A ?26[4 -v)
-1
), i‘o)

llzzl

D—L.D

where
‘ A
these relations provide initiel conditions as Yl - O for the

. /™
solution when Y2 = OUl) and the equations obtained in this

region are the full equations, except that es H»"ocjf“the equation of

state simplifies,
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6; Near frozen solutions for a pure vapour

" B.1 The perturbafion equations

As for the near frozen flow of a pure vapour the rate
persmeter controlling the rate of growth of the drops Ap is
small, it is possible, as in ff 5.]. to use a conventional near
frozen expansion. Thus the sppropriate expansions are, assuming ™

H>>|091Pand K=2Y as before.

O = Q)+t O tzy ...,
€= W lz) + )P Ty (z)+..

W= Yoty + Xp P+ .. 6.1
V= Vo + dp Vid+. . .,
S = sz Sl @yt ..

When these are substituted into the equations of motion 3.2
to Z. %, they : °. . again give for the zeroth order solution the
mlly :f‘rozen result.

o.\( 9 /'o"\
2
= [Vi* +2X/(1$~:) (1-80) ] 602

ROTANS ARG

The solutions of the first order equations are again of the form

fl—-;th @. = (¥- \f%/-éx-'!)g/ 6.3

where C), . is now gi.ven by

Y= o%-'e f—— %J) 3V :
sl o
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It is now possible to identify the two regimes for K , which
;ere mentioned in ff 3e3.

In section §.,1 it was shown that for an impure vapour the
temperature perturbation became invelid when &D(ilb' ) and thus
it cen be seen from equation 6.4 that when © is O(i;):
ir K 2b> i’} then the rate of pfoduction of drops will be exponent-
ially small, 1t will be shown in ,f 6¢2. that in this cese the |
solution adopts the ssme form as that for the imfure vapour,

‘When, however, }(30( :ilbj) then the exponential term governing
the rate of production of drops is, to first order, unit& (except
in a region O(K) near © <. ) eand this shows that the production
of drops is a dominant fhct;r_in the formation of the flow solutiog

far downstresms This case will be considered in ;f 6.3,

=b
6,2 The 1imit  K*>> Ap

6¢2.1 The perturbation solution

The rate equation 6.4 can now be re-written es

9, ;(?)[72(7_)—7\)(5)]:(1‘(-9, - 65

: /
%
where /(o) = @ocx') x’ exp {(5 b?lz@ 32} ,
o\1=0o

end  Rx) = [@(V ')/ZCH)VO-’[' @o)c(

Then expand:.ng 6.5 gives

' g?(z)/ﬁy)cff; JR(z) / ?(7)H§) Cf?
+3;2,z)/P’(g)/-1;M; //?7;)/1’;147 6.6
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Now for R>0 where R= l-Vé(X-H))
B+l
Vo(ob) K
: = b
end in this limit as A “>>Ap , and the solution is being
sought in the region in which Q=0( ,—1},1‘) then
Rx) — O,

as o¢ becomes large ,
Thus it can be seen that the four integrals sbove converge for

Z large owing to the exponentiel term in the rate of drop prodiction.

Then for R>(O the correct asymptotic expansion is

30x41)/2 _3f
9y~ .

: Vo(w] - RS
where N, the total number of drops formed in the flow is given by

N=/@o““ -K {c( . 6.8
y §QXID @o(/"@o ?

—
IE"or k< O however the integral defining K(I) converges and
oo (¥+)2(x-
“where " Yo —-=/ [V (2(/)[/ (9)6(5’,

snd X’w /Z’/(x ’)/2(“)(-(9)0(3
| e Wb )

6.7

Thus redw:;'iting the rate equation gives
z —— —
g - ﬁ?;)ﬁf;)c{;-smz)/ 72(7)/‘—(17)0[5
y oz Z
+ Sffz/ﬁ(;)ﬁf,’)c[? - R F(g)d’g.
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Again the four integrals converge for large Z owing to the

exponential term, and the asymptotic expansion now is

e 3Gk 6.10
9/ BN %&) Nkz )
where 0 .
3/\/ =;/?{7) Hg)c{f} ) o112

0o .
=2
and Cv =/7?{9)/E(§)c(§, 60110
i . /
Similarly the integral defining the temperature perturbation

gives for 4650 R>0

& ~ N3 2 612
o . Vc)(pu) . Zlkl
nd for A<o<(,
S~ Cy 3_(?5—_)__1»,113.")/’_;‘{2 613
o Vo () 4;

and for (2 <O the integral defining @,, s converges and a near frozen
flow results.
There sre therefore, as in the impure vapour case, two regimes :.n

which the perturbation solution bresks down for large Z .

Ge 2¢ 26 Regime 1 The condensation shock

This regime is, as before, characterised by the divergence of both the
tempe rature and the condensation integrals.

If the pertuzbdtion solutions for this and the impure case / 6e2
are compered .it cen be seen that if an effective rate perameter )e,/o

~ )qla,'-‘N’lP

is defined as
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then the two perturbation solutions become the same

ieee O |+ Aep Z(K—l)mlws)/z_z.{‘z . “6.14
s LR

If the equations are now scaled in the appropriate manner (i. €e
as in j{ 5.2), then the same "pseﬁdo entropy” equation will resulte
This will be followed by a simi'lar shock solution., (Although more
drops will be formed in the shock itself they will only effect the
error terms inwiolved).

Thus in Regime 1 there will be & Iz:bndensation shock at

z5= s Aep ™,

~where s is as given in Fig.5.

6.2.3 Regime 2 Gradual condensation

In this regime only the temperature perturbation breeks down
for lerge Z If this case is compared with regime 2 for the
impure vapour it can be seen that if the constant By is considered
equivalent to 'f:g end if an effective rate persmeter is now defined
as l;,f "'QP then the tvm_ perturbation solutions are again the same,
If the equations are now scaled as in )f 5.3 then the same pseudo

entropy equation will be obtained, and the remarks on this solution

apply equelly well here,

6.3 The limit Kio(ipb).

6e3e1 The perturbation solution

As mentioned in j:f' 6.1 the production of nuclei pleys a dominant

role in the flow solution. The difference between this solution

ol
end that in ff 0's2 ia that here nuclei still being produced when the
perturbation solution becomes invalid, whereas in

L) . TS

f5.2 the production
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of nuclei had been completed before this occurred.

The rate equat:.on can again be written eas

/ Fig) [Reo-Regi e 615

where
F(x) - 057y Pex -f
> ::() P {@oc. ©0)* 6.16
(Xfl)/ -
and Key=[ Bo_ e )(l ®03c(3

Vo

7
Expanding as in §.2.1 it 1s easy to show that the appropriate

asymptotic expansions are (see Appendix II).

Y+7/2A .
|~ ANZ + .- - >0, 6e17
~ I 3
Vo () R
¥+7/2
9; ~ BN + w = Ah)_z . R-<J<O) 6.18
Vesto)

9 BN—I-Z +’/2€MZ+ )<}2<O 6,19
o Vot R ,

where

AN-‘T..L-— 3 + 3 l
Vo R+l-V  zRtly )

By /sz)ﬁg}c(g Cv/;(q)/—'cg)c(?

Similarly the mtegra.'l. defining the temperature perturbation gives

6420

for J)k
@l ~ (¥~ )A 532 ls 6e 21
Ao _Vo(@) z‘_};‘S

Where {3 =J + U(X-l) = Ll---V‘/;l (7+%).
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If J~< k <o then for lé >0 where /(z =,-."+% (‘o’— 3),
~¥
.J ~ SM 72 CZI 6,22
Oo (_w) ,Z— .

and forizcothe integrals defining both O, and g, » converge
and the flow remains near frozen. In this case the exponential term

in the rate equation will eventually cause the drop production to

cease,

Thus once again there are two main "pseudo entropy" regimes to

be considered,

Regime 1
In this regimgj)k;and although for some values of y h<J<0

the condensation :Lntegral converges the temperature integral always
divergese This regime is similar in form to that descr::.'bed in f{ 6 2.1,,

and will itself be considered in ﬂv 6e3e2

Regime 2
If the perturbation solutions in this regime:are compared with those '

for the other limit they are found to be identical in this regime, and
thus the remarks made sbout regime 2 zzn;‘,ff be222pply equally well to

this situation.

Ge3.2 Regime 1 The condensation shock

in. thi‘s regime 9- 372 13
' @/ ~ 1+ ZfL{L:L)AN—'bA DL_‘:’;’
[+ .

Q
and thus an appropriate scaling for z is

1
Yy = [2p] %z, 6,23
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4%/,
where l}L_E_M

Vooo\
Th cy I+ (-1} N | 6o 24
nemn ~ L B " Oe
©o ‘)L;,-RS ' ‘ .
=z 3-—1 .
and j ~~ )— L— ) ‘)>O\ 6.25&
3
Iz .
—b )
or 9, ~BN+ PJ :[33_} R<)<o, 6+25b

. R
where bg =‘ (\"‘l)\l/,('3 *

o = b B |
Thus as @o ~ lP 3 when Y—O(l) an appropriate set of variables

in this region is

o s g
= /A ™ 3 N
Vg(,b \LS

3 b3 i @3 ‘ 6e 26

v
© - M/\z-
9

Q)
=b
5 v g e Byt Ao Gy, k<y<o
Inserting these into the equations of motion 3.1 to 3.6 gives for the

zeroth order terms in the pseudo entropy region
— (Y
L dwm - L L d@o =L dbo, 608
B &G

I"l3o 0.\(3 ¥\ 30 C(,\(s
6.8

- Vool
and ‘So -[/rko [[ _3D.@30 c (jvc(.ﬁlrl.‘ 6430
'

where @3 < ®30 A 0[@3(;] etc., and where L is an erbitrary

constant determined by matching, The lower limit Yo has been
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inserted for convenience,

Inserting the values obtained from equations 6,27 and 6.29

into the "pseudo entropy" equation 6.28 gives

Vel L d®o -t V ° (s \
Y3 (‘H)@zo dYso ®so CLY:,M mc dj] 31

Then writing -F (.:j) =

) 6432
Rzo 00 /9 @zcs)c(s
el |

equation §.31 can be re-arranged to give

R = ZQ___ W(KH)//-U/;.(K X)}_@o(s)z‘ 2%,(5)1 -\—I:,] (¢ c@/ (. 33

| Y |
I 7‘0(3)&9 z-ﬁxo(y){(j)c@ ,a/w:( Is‘fpf‘iﬂ)lf‘ﬂ) ,’F.:"é.&'h--.

, ) g )Ig are convergent (4 \13 —+ (O from matching with!the
upstresm perh#"bation solution.
The above expression, 6.33, is in a ‘convenient form for numerical
computation,
As however Rz, will become unbournded at some value of Y3 =Yg
‘the behaviour of .33 as Y —=>(, 3 mist be found.

D:Lfferentiating 6.33 three times

[ } L [Yd ‘fd_on] = 3¥- )d_mf 6435
5l dYs %l dEl O 2 dYx

where‘!)-?\ld.aMC(T/(ﬂ)flj “,

/0‘*‘)



then substituting into the L H.Sdifferentiating and retaining the

dominsnt terms as n—o ik cen be essily shown that
-3(1-v) -2 '
Reo~(1-v) s BN 6436
ot Y3 = s,

Equation 6.35 has been numerically integrated and using 6.39 the pOSit:i.on“i.,
of Y5 has been obtained, and is shown graphicelly in #ig.?(i.
The behaviour within the shock itself mu.st now be ’considered. ‘
Upstream of‘the shock the limiting behaviours of the "pseﬁdo

entropy" solutions as \(‘__,> —~ Yg are

-z(1- u) 2 | ' . -
~ u( WY .. 6.36
)2Ye -E(l o) 5 - )

0(“‘) -i’( ) -\h 6

-~ 2 ( "\’) . 6.38&

. -1} e 6. 58
. o5

1L G;o _S.,._ E‘so -9 .

This shows that as Y; —~ Ys the number of drops N  Iends

to a constant 9
'—
As both @ eana 3 are OU) near ) =5 & suitable length

scale is defined by

e Yo (14275 y ), 6.39
S P(‘W}\ﬂJ

vwhere o = ’f/g(\)-l)_ |
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The downstreem expensions of the pseudo entropy solutions are
© ~ #&28 (1-v)(x -1y (-(j)"\
| g~ w28 (l—u)z(k-l)}(-gy‘,
where terms O(1) with respect to iP have been retained.
If T is now scaled as in ( 5.2 so that

1O o

then the equatioﬁs describing the flow are identical to those
obtained in Jf 5«2 for the shock structure, and the results obtained
.in that section apply equally well here,



121,

7. Numerical interpretation.

7.1 The scaled varisbles,

In the previous chapters asjmptotiq solutions have been
obtained for the flow of a condensing vapour both in the near equilib-
rium and the near frozen limits. These solutions have involved the
use of a large number of scaled variebles, and in order o facilitatg

the use of these solutions these scelings will be set out below,

The basic factors are the rate parameters ?\k and ;Lp

where ;\_L=N|§|l L&/Z / Xg_/) Te1.

mR? foz ¢ Al

and 2}3 KZ .L’ ! /3/49/ l'c/‘; T2
ao

.rl'lz, f"
with D = _45,// Z 2_2/"2],3 7.3
ly
anda K= 2 A/A’Z A Fols
Vit R2 f’L / )

where primed quentities are dimensional, the substipt po refers to

stagnation conditions, and ¢ to conditions at the condensation point,

In thé near equilibrium limit the solutions are given

by )
( -TT), 7.5
x; (1 +7] /\/) | 7.6
=3G/, N7

where )7/3-(:/5 »3,
{"Vvé?js —?3/'5 7.8
BN s B

\D>
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for an impure vapour, and

-/
‘(-\’ < (.Vt.sz D_(?g? ;,L
. =3 _"%

- 38 a0

for a pure vapour, where

= v(¥-DMc H ﬂg I
| M -1 |

H-= L’ end Ve = /% Me. 7.40
RTc. ' '

The factor R.in the pure vapour case being given by

2 - .
kz'-'—' K T- i 7.11&
2 SE12
where K=16T N ¢ I¢ | 7.11b
3 RU 7 _
For the near f’rozen case the position of the condensation shock
is given by |
| =l
/4 .
X5 = % Ye.(A%), 7.12
" In the impure vapour solution
~ (¥¢5)2 9. :
A= m &, 7015
VoCoo)
where = Ve ’ VC‘—'X”)' Me  ,ena
/ Vo (os) ‘
Gaye It 25fget o e

for this case (-"C{ "'3"2#}'*"5) ’ 7.15
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and Yg is given in figure 5.

The pure vapour solution has two cases in the near frozen limit,
the first of these is when

2 = b
7>> ZQP : ' 7.16

. - x
vhere - Qep= Nw 52 ZP) -

by = e, 717
_and N is defined in }f}._‘j equation 3.13. The solution is then the samé

as. for the impure vapour and Ys is again given by figure 5.

The -second case is when

| K<< 53, 7.18
5 9-¥2 9
where ),P = AM M /219 \
' VOLPD)‘S
33 = (¥-1)v/ls | 719

(3 = b~ Y(¥+1),
and Ay 1s defined in / 6.31 equation 6,20, The shock position Ys is

now shown in figure 6.

Using these results some calculations have been performed

to illustrate the use of these solutions,' and they will now be discussed.

7.2 Niime#idal examples.,

In order to illustrate the theory described in this

thesis, and to show its relevance to physical nozzle flows, some
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numerical results have been computed for several nozzles. The test
gas used was vnitrt-agenand its properties have been teken from: the
Nationsl Bureau of Standerds Circular 564 and International Critical
Tables, The values of the surface tension required extrapolation
below 70°K and unfortunately, as will be noted later , the theory is
extremely sensitive to the magnitude of the surface tension,

In the literature there arecsome numerical calculations which
cover the near equilibrium limit but‘none which describe the near
' frozen, and direct comparison hss only been possible in the former case.
The results used were those of Glark-(1963), and a plot of the flow
conditions for various stagnation pressures is shown in figure 7. A
graph of the maximum temperature perturbation is shown in figure 8,
forsseveral stagnatlion pressures and temperatures,

Any agreement between these solutions, .:i.s, however, probably
enfirely fortuitous as the solutions are very dependentonthe Vvalue of
the surface tension. A ten percent change resulting in a thirty percent
in theé solution.

For the near frozen c'ase. a peir of axi-sﬁnetric nozgles were.
used, whose area ratio distributions were as follows ' |

A -'l—\—’faM‘l@,/)‘x?' X <Xo
A - C(X-C)u x> Xo
where @’Il is the maximum half angle ‘of the nozzle,

The two cases considered were Xo=100, V =0,5, and Xe=200, V =0.1,
with throat dlameters of 0,032 ins., and ©%10". B

The results for the shock position in these two nozzles are
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shown in figures 9 and 10. The value of the parameter K in these calcul-
ationé was found to be mmerically close to unity, and thus neither -
limit was completely appliceble. It was found however , that for V=0.5
the first limit (K> i;f) was the more sensible one and gave the
shocksA at the gregtest distance downstream. For ¥=0.1, however, this
limit gave the shocks too eclose to the throat as the number of drops
was overestimated, thus the other limit (K}-.o iyb) was more applicable
in this case.

These results do, however, show that for certain flow conditions
Meondensation shocks""will occur far down stream in hypersonic nozzles,

and it may prove possible to study these shocks experimentaliye

\
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TYPICAL SHOCK POSITICNS.

60

2.0 _ FIGURE 10,
Xqo= 200
J= 0O,
100 a0 9""= 201
. h"= 0016
Y ns
0.0 ) | 1 I | ' T
q 10 20 30 40 50 60
|
X INS
300
200_ 2L00°K
2000 %
.
. 1600 %
400 -
T | 100%
ATM3, 1200%
50 J
30 4
20 .
10 T ¥ [ i
) 10 20 30 L0 50
/
XS INS.



130,

8; Discussion

It has been shown that the flow of a condensing vapour cen be
enalysed systematically using matched asymptotic expansions within
the framework of continuum non equilibrium flows. '

leiLs

The wvarious AS0 obtsined have been discussed and their solutions -

found. Fhegse are set out schematically in the table below.

t

Cas Rate Limit Solution
' parameter
R~ Near Boundary layer solutlon,
A>T | equilibriun =1-F, <\
IMEURE .
- — Hear Pseudo entropy ‘Q)(:() Y= IL 'Z,
A{_ << | frozen "| RkvoCondensation shock,
" k<bGradual condgsation.
A >>1 Near Boundary layer solution,
T equilibrium &=-|-t, ere,
C .:_/\_T<<1 Near Pseudo entropy (as impure),
PURE Ap ¢<1 |frozen I k>oCondensation. shock,
K2y> i;’l _ k<oGradual conde“ ation.
NAy<=| | Hear . Pseudo entropy Y&(1) Y= 1{!3 25

Ap<< ) | frozen IT J> Condensation shock,
P - <RGradual condensatlon

i

For those cases in which a shogk occurs it has been shown that
the shock is a one dimensionel region in which the flow returns to -

1
‘equilibrium; without the flow being choked by thé heat release involved.
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Appendix I

It has been assumed that the drop moves with the stream velocityy
’f 2., If it does not, then, since the Reynolds number based on the droplet

radius is small, the drag of one drop is given by

D, = 674(((1. u ) & Ty f[_QQ!-V‘

* using Stokes law, where is the gas viscosity.

Then  uf -
d! ﬁ w2 }

Writing Uv= w!(i- Q)and assuming that ¢ is small and constant gives

%ﬁ #2@- For

and if ¢ is small = 2 L L Zdu/
_ ] /
9 o e
If this is non-dimensionalised with resrect to conditions at the condensation
poin‘l:, l.e
/
= A¢ Y,
! /
X e Xe Z )

and ?J is non dimensionslised with respect to an average drop sige Oé'b
. 7/ 1 . )
then =2 ,g_'_ M g'g » cﬂ -
c) xd _ -
where ¥,V ,, and z are('>0(1). : |

us - d »2dV
Th e}é?ed,% &

where B is a Reynolds number based on the droplet radius. This mesns

that o= o[@y]

end so is in general small
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Appendix II
To obtain the asymptotic expensions in 6.3.1. the rate equation is

9, ;—/Fcf) [Rez)- Pﬂ;ljzc(e’ )

. where Fee) = 00%-!9(.) xV exp {@% Yg |
1-WUs

X
and | ’lz(x) =‘/§§>_%h_')(l‘@0)c(3.

. Expanding this giv_;.es z
9, =72(zy‘ Frgyd, - SR%zJFb;} Feeyde,
| L 3Re /'75?7) Fg)de, - X’?g) Figrde .

F6f R>O then . (x1))2 R
R(x)—»m__./zeg. ) A8 X = 00,
Votso) .. R
However in this limit as K%o(/\ﬁ )and the solution is being sought

.written-as

in the region in which ®=0(2P5)then |
Foo)~ mzx’ul 8> O(/’f/,b) .

' !
Treating each of these integrals in turn

z /
o [Fgy=mis o
le Z

+ ) 0

o [Rlghgy ~ m 2"

Vo(z0) (rRtl-0)R. _

<
3) /Rz@)’t@) N Mzr(w) Zzh-rl-u
' Volw) (2R 41-0)R )

Zz
4)/7?5(@) F(q) o RPN ZSIQ-H-\/,
: ) Voas) (Sktl-v)

¥+7/?_ )
and thus for Ryb.the expsngion;is j’NA.JaA_. Zz |
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 where J:‘3k+l—&) \

end Ay=[_1 __3 ,_3 _ 3
-J  Rt-U 2Rkt

For h¢0,however, the integrals defining R(») do not diverge and
et Rix) m v = RUx)

. Wherev, and R(x) were defined in I{ 6e2.1, gives

9 /;e i9)Fpls - SR(ZJR(;)F@)J@, .
! _+3/’e(z)/7?(<,)!-7€11<{e, ?tz)/F‘?’d%

anqagain treating ceach of these integrels in turn

zé(zm)/z zhtl-v

Rie) Fe)cle ~ -
,,/ L W? | \/o(,,b‘(thl—u)szI‘

Hdwevezs for Sk + |-V <0 the integral converges and the expansion

for Sht|-v S0,

now becomes -

/?{f)F(f,’ 0(7 3 ' (x+7)/2zzh+|\)

Vo(oo) (Kh-f' U)kz

z ,
2) - 3]-2(2)] R’S"Z )F( ) d' 3 (x+7)/zzziz+l -V
1 ? g ? Cpc} (—Zk-fl‘ﬂk‘z |
for 2kR4(-V >05 .

for ZR+1-V<O , 4,6, R>3k+1~VU  the integral converges and

the expa.nsior; becomes
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z
S gy 300 7
‘ - ? §7 Vo) N\Q \Jo(u:) (mké

L  where Cy /R(g)ﬁg)a(e,.
(40)/2 gh+-0 v
3) 372{2)/72( F( Jde ~ 3 Zz
& ? 7 Vo2 (Ri1-0)R*
for R+ -V >O)

for k+l-l)<0 the integral converges and the expansion becomes

SEZ(z)f%(ﬁ)F(i)c{s ~ 5 7’3 ': kD:/\\ _ ~+7/; 3h+\- -J

Voltw)  k? Vbc») (ed-0)R™

where DN'I qu)}'(%)C(Q{) .

and finally

' 7/2 Thtl-U B
L) - 72(2*2/-[-( )C/ .ZZL ._ for V< |
? ? Vo(») (‘ -u)k )
and for \)>|

3Lx+|)/2 3k x+7/zzzla+) -V
R Y )
where N=/7'L(§)C‘/%
! / ’

“fhus the asymptotic expensions can easily be seen to be,

¥t/
9, ANZJ - )>o ,

OCpo)

9, ~Bu @Zﬁ‘/&%’ k<) <O,

Vo(%o) R
' end . 9 ~ Bp + 3 Z J<k<O,'
| | Vito) R |

—7\>Cz)fl'/§)c/? ~ =-Naut
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Notation.

A

area ratio.

An constent see (§.20).

A

scaled area ratio.
constant see (2-,255)-
constant see ~(6.v|(a).
constant see (Ll--llf:),,

= (x-)vfL. |
constant A=Cx,v.
constent see ((-\(L)..
exp(aypxl,) see (]22) .
constant see j( 7 .
constant see (2 _2”3) .
specific heat at const. P.
specific heat at conste V.
specific hest of liquid.
constant see (2. ZL‘) .
constant see (225L) .
constant see AppII .
interngl energyes

see p" 6

scaled mass fraction.
see ‘f 7.

mass of comdensate (f‘ z.
= H§.

mass fraotion.

/ .

H sceled latent heat (3.().
« U enthalpy.
W throat height.
J droplef production rate (.{f 2),
Ji exponent Rel-v. |
JZ exponent‘ 2kt |-v.
)5 exponent BR+ I-V.
k exponent |- V/&(KH).
12* constant see (L‘_.UA. . "
K consta;nt see (3-!3).,
K constent see (2-22)-
L latent heat. |
¢ exponent 3-Y4 (X+5).
4 exponent |+Y3 (x-3).
b exponent h.?"{l(n'?). |
M soaled mass see (31,),
| N(- mach nb. at X,
" M frozen mach no.
M; constants see (l{--()c.)‘
N number of drops.
N scaled length {fh--
NA Avogadro's number.
A scaled length c’ k. - |
P pressure,
PS saturation pressure.
CQ effective heat input (51;.1) :
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NS < R <K\<s¢—a~!w¥=°=‘f><>7°ﬂ7°>a

universal gas constant, . l§ constant see (4-& I’X'
gas constent, .. '8 specific heat ratio.
scaled radius é‘ oo " D constent see (5-53),
scaled radius §5& . | ”z dummy varisble.
drop radius. ) ' @ sceled temperature j’igﬂé,
critical drop radius. © scaled temperature. Sr 3k,
dummy variable (L13). I Os saturation temperature,
pseudo entropy. Ao rafe parameter P'K.Z.
see (5 2@) /L rate parsmeter é-z,
temperature . A sceled rate parameter
scaled temperature ;5‘ b, i scaled rate parameter f 5 6.
tempe. perturbation F l/~ ﬁ scaled rate parameter
velocity. A N molecular weight.
scaled velocity {S‘ 54 B. ' VD exponent in A:Cx\’.
scaled velocity jf £4 B. q scaled lehgth.
velocity perturbation "f L. nﬁl scaled density (5 4 ).
distance through nozzle. | c7l’ﬁca.lec'l dens:.ty ( 5 5‘7)-
scaled length ﬂ- 540, on scaled density (5.17),
sca:],ed length f{ 5L, . /_ﬂ_ scaled density (5.37).
length scale in shock. 55' 5. _( density,
scaled length see (3,! ) | ¢ surface tension.
_ Y see (526)
o¢ constent (2. 23Q)/ . ¢ saturation ratio ?./]’5..
- o/ constant ( L4.§h)- o () scaled pressure 6.

)G ‘const_ant’ &2,22),
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Subscipts.

0,1, denote perturbation Qpantities in the various solutidns.

v vepour ' - L umpow
1 liquid, | p o port-
e condensation point,

oo stagnation conditions,

b o radius.

Dimengional gquantities,
All varisbles are non-dimensionelised accOrding to the scheme

out lined in (}f 2,) any dimensional qpaqtitieSfare dehoted by primed

varia'bles, € Uf,f’, 'étct
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