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Abstract

We use the geometry of suitably generalised potentials to solve risk-sensitive Markovian
optimal stopping problems. As in the linear case due to Dynkin and Yushkievich (1967), the
value function is the pointwise infimum of those functions which dominate the gain func-
tion. An emphasis is placed on geometric and pathwise arguments, rather than exploiting
convexity, positive homogeneity or related analytical properties. An algorithm is provided
to construct the value function at the computational cost of a two-dimensional search.
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Convexity and associated properties have been used as main tools in the global solution
of both stochastic and deterministic optimisation problems. This paper concerns maximising
a Markovian performance criterion when stopping a diffusion, where the relationship between
concavity and excessivity has been used since the seminal work of Dynkin [20] (see also [I6]).
However this concavity arises from the linearity of the expectation operator, and there is increas-
ing recent interest in the use of nonlinear, including nonconcave, expectations. In this paper we
study the lower envelope (that is, the pointwise infimum) of suitably generalised potentials dom-
inating the gain function (Figure , to obtain constructive formulae for the value function and
optimal stopping policy in the Markovian context. The formulae are thus analogues to those of
Dynkin and Yushkievich [21] for the linear case.

Interest in such nonlinear criteria has arisen in numerous domains. A few examples include
the theory of preferences, see for example [22] Ch. 2| and [44], optimisation under ambiguity
[8, @, 03], and even reinforcement learning [24} B1]. The celebrated prospect theory of Kahneman
and Tversky [26] describes how the same agent can switch between risk averse (concave) and
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risk seeking (convex) criteria, depending on whether losses or gains are considered. This helps
to motivate methods based on other properties.

In the absence of convexity or related global analytical properties it is natural to seek local
solutions. Accordingly we study the lower envelope of a constrained set of generalised potentials
to solve the problem locally. A pathwise argument then confirms this local solution to be optimal.

Our main result is that, under sufficient regularity, the value of the nonlinear optimal stopping
problem is the pointwise infimum over those functions in ‘H which dominate the gain function
determining the reward or payoff. It is optimal to stop the first time this value function coincides
with the gain function. Thus the value function and optimal stopping region are constructed from
the nonconvex geometry of the generalised potentials and gain function. In the linear case, this
result was obtained for the Wiener process in [21 Ch. III.7], and extended to one-dimensional
regular diffusion processes (with exponential discounting of the reward) in [16] by appropri-
ately generalising the notion of concavity. For k-ambiguity, which is a positively homogeneous
expectation, a result of this type was obtained in [13] using ideas from [6].

A common solution technique in optimal stopping problems is to generate a heuristic solution
and then apply a verification argument (see for example [9, Th. 3.4]). Although the assumptions
on the nonlinear expectation are strong (see for example [30]), in Section[L.1] we confirm that the
solution is correct for the worst-case risk mapping, which is less regular. If used as a heuristic
then, as illustrated by Figure 2| the construction differs from the well-known principle of smooth
fit or smooth pasting (see for example [37]). As a corollary, no smooth transformation of Figure
could reduce the solution to the classical one of [2I, Ch. IIIL.7].

To the best of our knowledge the method of proof is different to existing approaches using
linearity, generalised concavity, positive homogeneity or related analytical properties, and is novel
even in the linear case. This may be of independent interest, particularly as few explicit solutions
are known for optimal stopping of Brownian motion in dimension greater than one [14], although
the topic is outside the scope of this paper.

A simple algorithmic implementation of the construction returns the value function and
optimal stopping region, at the cost of a two-dimensional nonconvex optimisation. The algorithm
is presented under regularity assumptions which may be compared to those made in [I5], where
the authors use analytic methods to provide an algorithmic solution in the linear case.

1 Optimal stopping with nonlinear expectation

The nonlinear optimal stopping problem we consider is

V(z) = sup p(9(X7)), (1)

where p is a nonlinear expectation (more precisely a risk mapping with a reference probability
measure P, as defined in Section below), g: [0,1] — R4 is a gain function, X* is a sufficiently
regular diffusion process which starts at « € [0,1] and is absorbed on {0,1}, .7 is the set of

P-almost surely finite stopping times, and V is the walue function. Our approach is via the
elementary geometry of functions such as x — h%f/(x), where

Y,z - p(61{71f<7';} +’Y]l{7.7f>7_;})’ 0< y<x<z < 17
hg” (z) .
” 0, otherwise,

and 77 denotes the first hitting time by X* of the point a € [0,1]. (Where no confusion arises,
we may omit the superscript = and write 7,.) By analogy with the case of linear expectation,
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Figure 1: Solutions for an example gain function g (solid curve) when X* is Brownian motion.
The value function V'™ in the linear case p = E is the smallest concave majorant of g (square
markers). The value function V% for an indicative nonlinear p is a nonconcave majorant of
g (circular markers). The optimal stopping regions are respectively the intervals marked by
triangles and stars. In the differentiable case, the value and gain functions meet smoothly (at
the rightmost triangles and stars respectively, see Corollary ; for a non-smooth case see

Figure

where they are solutions to the Dirichlet problem, we refer to the functions h%i as generalised
potentials. In Section [2] we obtain the solution

V(z) = inf{h(x) : h € H, h > g on [0,1]}, (2)

where the set 7 is given by

H:{h%’;:((yzo,z:l) or (ye€ (0,1),=gand z=1)
or (y=0,2€(0,1) and 7 =9)) }, (3)

where g = max,ep,1]9(x). In the classical case [21, Ch. II1.7] (Figure [1} square markers), the
expectation is p = E and the functions h%fy are linear. In the present setting (Figure (1} circular
markers), the functions h%i are nonlinear and defined to be finite only on a subinterval of [0, 1].
This choice for H is motivated by the example in Section [I.1]

Remark 1.1. Definition is used for simplicity. In fact it is sufficient to use a set of functions
smaller than 7 in the construction, by adding to the constraint that 5V~ := max{3,~v} < g,
since the infimum in then remains unchanged. This will be an easy consequence of the
monotonicity of p (Definition , the g-martingale property (Lemma , and the continuity
of H (Lemma [2.6])).

1.1 A motivating example

A key idea in this work is to define the generalised potentials not only on [0, 1], but also on some
subdomains of [0, 1] (that is, to allow either y > 0 or z < 1) in (3).) Since this contrasts with the
linear case (see eg. below), the following example provides useful motivation. For bounded
random variables Z consider the worst-case risk mapping p given by

p(Z) =P — essinf(Z2).
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Figure 2: Solution for the gain function g(z) = 1 + sin(4mz) under the worst-case risk mapping.
Although this nonlinear expectation has less regularity than assumed below, the value function

(square markers) is that of Theorem [2.10} namely V(z) = inf{h(z) : h € H, h > g on [0,1]}.

The value and gain functions meet smoothly at = 1 and = = 2, but not at # = 2. No smooth

transformation of this figure could reduce the solution to the classical one illustrated in Figure

m

With the above setup, the generalised potentials are

B, T =y,
W@y =40 T (4)
o BAY, x€(y,2),
00, otherwise.

Considering the constraints which define H (cf. ), for example by a suitable sketch, it is easy
to see that

inf{h(z):heH, h>gon[0,1]} =min< sup g(y), sup g(y) ¢, (5)
y€[0,z] y€[z,1]

see for example Figure We may now verify that is the value function. Taking x; €
arg supyeo .1 9(y) and z2 € argsup,¢p, 1) 9(y), the stopping time 7, ;, = min{7,,, 7., } gives

y€[0,2] y€[z,1]

V(z)>p (g (Xfxl,m)) = min{ sup g(y), sup g(y)} -

For the reverse inequality take any stopping time 7 € 7 and, writing S for the scale function
of X7 (see e.g. [4I, V.28]), note that XZ € [0,2] with positive probability since S(X?%) is a
martingale. It follows that P — essinf(g(X7)) < supyejo,)9(y). Since 7 was arbitrary, the
symmetric argument on [z, 1] gives

V() Smin{ sup g(y), sup g(y)},

y€[0,7] y€[z,1]

and so the solution holds.



1.2 Probabilistic setting

As noted in [2I], Ch. II1.7], problem would be trivial if X* were defined on the real line, since
it then has probability one of hitting any point. This motivates the choice of X* as a diffusion
in the interval [0, 1] with absorption at its endpoints.

Take the classical Wiener space Q@ = C(R4;R) with By(w) = w(t) for w € Q and t > 0,
taking F = (F;);>0 to be the smallest filtration satisfying the usual conditions constructed from
the natural filtration {o(B(s) : s € [0,t])}+>0, and F = o (Uy>0F:). Let P be a probability
measure on ({2, F) under which B = (B;);>¢ is a standard Brownian motion on R with By =0
almost surely (we will refer to P as the reference probability). Let p, o be real measurable
functions with o taking strictly positive values such that, for each = € R, there exists a solution
Y7 := (Y¥(w))s>0 to the stochastic differential equation

dYy = p(YE)ds + o(YF)dBs, 5> 0, Yy =z P-as, (6)

and such that, for each ¢ > 0 and almost every w € €2, the path Y%, := (Y*(w))o<s<+ depends
continuously on z in the uniform topology. Set

X7 =Yg,  t20, (7)

where, for a € [0,1], we define 77 = inf{t > 0 : ¥* = a}, and for 0 < a < b < 1 set
Tap =nf{t > 0:Y" ¢ (a,b)}, and write 7, and 7,5, respectively if no confusion arises. That is,
the process X* = (X7);>0 starts at « and is absorbed at the boundary {0,1}. For ¢t > 0 let 6,
be the shift operator 6;: Q — Q given by

O (w)(s) =w(t+ s), s>0. (8)

Remark 1.2. This continuous dependence of the path Y%, on x in the uniform topology is trivial
for the Brownian motion Y* := B 4 z. For more general diffusions, a simple sufficient condition
is that the coefficients are Lipschitz, see e.g. [27, Lem. 21.5 and p. 417].

1.3 Risk mappings

Although the space of all nonlinear performance criteria is large, a number of basic properties
are desirable when studying optimisation problems, see for example [9]. We adopt the following
commonly used general dynamic framework, which (modulo possible sign changes) has been
called a conditional risk measure [22], dynamic risk measure [30] and dynamic conditional risk
mapping [29]. Let bF, bF; denote respectively the spaces of bounded random variables and
bounded F;-measurable random variables on (€2, F).

Definition 1.3. A dynamic risk mapping is a family o = {p; : t > 0} with p := pg of functions
pr: bF — bF; for t > 0 and p: bF — R such that

(i) pis a risk mapping, that is it satisfies:

e normalisation: p(0) =0,
e monotonicity: for all Y, Z € bF we have Y < Z P-a.s. = p(Y) < p(2),
e translation invariance: Y € bF,c € R = p(Y +¢) = p(Y) +¢,

(ii) for each t > 0 p; is a conditional risk mapping, that is it satisfies:

e normalisation: p;(0) = 0, P-a.s.



e monotonicity: for all Y, Z € bF we have Y < Z P-as. = p(Y) < p(Z) P-ass.,

e conditional translation invariance: Y € bF,Z € bF, = p(Y +2) = p(Y)+ Z
P-a.s..

A consequence is conditional locality (see for example |10, Prop. 3.3|): for every Z, Z’ in bF and
Ae F,
pt(]lAZ + ]lAcZ/) = ]lApt(Z) + ]lAcpt(Z/).

Definition 1.4. The dynamic risk mapping g is

e continuous if for each bounded sequence {Y;,},>1 C bF with ¥;, — Y P-a.s. we have
pt(Yn) = pe(Y) P-a.s. for all t > 0,
o time consistent if for all bounded stopping times 71 < 75 we have

Pri = P11 © Prys 9)
(cf. [7, Def. 2]),

concave if for all t > 0, A € [0,1] and Y, Z € bF we have
Y + (1= N)Z) = A (Y) + (1= Npu(2),

(see for example [17, [38]),

positively homogeneous if p(AZ) = A\p(Z) for all t > 0 and A > 0,

e law invariant if for each t > 0 we have p;(Y) = p1(2Z) if Y, Z € bF have the same distribution
under P.

Recalling that for each w € Q we have X*(w) := (X)i>0(w) € C(R4;R), we will appeal to the
probabilistic Markov property introduced in [29].

Definition 1.5. The dynamic risk mapping ¢ is Markov if for all z € [0,1], ¢ > 0 and Z =

Z(X7) € bF we have
0t (Z (XXz’) o 6%) —p (Z (XXf)) P-as.,

and strong Markov if for each 7 € 7, x € [0,1] and Z € bF we have

or (Z (XXf ) o 97) —p (Z (XX'? )) P-as..

1.4 Related work

Several studies have been made of robust optimal stopping, where multiple possible linear ex-
pectations are considered. The stopping policy is chosen assuming the worst case, making these
robust criteria concave. Related work in the Markovian setting includes [1], and [9] in higher
dimension, where solutions are characterised using the Bellman equation. In the non-Markovian
framework (also in higher dimension), martingale methods are applied to characterise solutions
in terms of Snell envelopes, see for example [4, [5, 25 33]. Such problems are also closely related
to stochastic games of control and stopping, see for example [28].
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Figure 3: Two generalised potentials hj'>', i = 1,2, satisfying hj’> > g. Both lie in H (cf.
Definition [2.1)), since their endpoints satisfy (i) y1 = 0, 1 = g (filled circular markers) and (ii)
z1 = 1, 1 = g (open markers). When evaluated at the point x = x4, h%ll 711 achieves the infimum

in (2), and 2272 achieves the corresponding infimum at = = .

To the best of our knowledge, algorithmic solutions have thus far only been provided in the
linear case. In addition to [15] there is a series of studies [11], 23] [42] which embed the problem
within an infinite dimensional linear program over a space of measures and examine its dual,
yielding a semi-infinite linear program and a nonlinear optimisation problem which facilitate the
construction of the value function. Our algorithm has some similarity to the latter approach, in
that it begins by seeking local solutions.

The remainder of the paper is organised as follows. Section states assumptions and
provides preliminary results, Section states and proves the main result, Section [2.:4] establishes
properties of the stopping set and the regularity of the value function, Section [2.5] develops the
solution algorithm, and Section [3] provides examples.

2 Geometric and algorithmic solutions

Motivated by the remarkable constructive result of [2I], our aim in this work is to identify a
family H of generalised potentials whose geometry encodes the solution to in similar fashion.
In the former case, one takes the set H of all affine functions on [0, 1]:

HF = {hg”lV 1B,y € R}, (10)

and the value function is the pointwise infimum over those h € H! which dominate the gain
function. Although the structure of the set H' is attractively simple, the counterexamples of
Section [3] will demonstrate that its use does not generate the correct solution in general.

In the classical proof of [21], Ch. IIL.7], the problem is solved globally using the equivalence of
excessive and nonnegative concave functions, or the ‘fundamental property of concave functions’
of [21, Ch. ITL.8]. Our method of proof is instead local. Given z = X, we identify the first time
at which it is optimal to stop. Under this local approach, as noted in [111 23], it is more natural
to consider functions h%fy with 0 <y <z < 2z < 1. The set H will include some, although not
all such functions, as follows.

The argument below requires that at each v € {y,z}, either the process is absorbed (i.e.
v € {0,1}) or h(v) > g = max,ep) g(z) (see the proof of Lemma [2.12). This suggests the
following construction for H (which is illustrated in Figure |3):



Definition 2.1. (i) (The set H) Write

H:{h%:ii((yZO,z:l) or (ye (0,1),f=gand z=1)
or (y=0,z € (0,1) and*yzg))}

where

Y2 (1) = 0(51{75<sz} +'V]1{T;>Tg})a 0<y<z<z<l,
hﬁ,’v(x) ) 50

otherwise,

)

(i) (Domains) Write d (h%’fy) = (y,z) and d (h%i) =y, 2],

(iii) (A-Equicontinuity) The set H will be called A-equicontinuous if for each A > 0, the
functions
gL :0<y<z<1,z2-y>A, ,7v€[0,g+1]}
are equicontinuous.

That is: for each A > 0 and each such function h = h%:, there exists § > 0 such that

|lu—v| <6 = |h(u) — h(v)| <e,

(iv) (o-martingales) A process M = (M;);>o is a o-martingale if M is bounded and for each
t > s we have ps(M;) = M, P-a.s..

Remark 2.2. On each compact domain the properties of pointwise equicontinuity and uniform
equicontinuity coincide [39, Th. 36, p. 261], and we do not distinguish between the two. Also,
we will say ‘H is differentiable’ if each h € H is differentiable.

For y < z € [0,1] and 3,7 € [0, g] define
955 (2) = Bl (x) + 91y (2), = el0,1].

2.1 Assumptions
The standing assumption made in this paper is the following:

Assumption 2.3. The dynamic risk mapping ¢ is strongly Markov, time consistent and con-
tinuous, H is A-equicontinuous, and ¢ is continuous and nonnegative.

The A-equicontinuity of # is assumed in order to obtain the continuity of the lower envelope
w(z) :=inf{h(z) :he€H, h > gon [0,1]}, (11)

(see Figure [I). In line with the classical case (cf. (L0)), each h € H will be continuous (cf.
part of Lemma below), so the lower envelope w (as the infimum of a family of upper
semicontinuous functions) is upper semicontinuous.

Note that by translation invariance, the assumption that g is nonnegative is made without

loss of generality. It is also interesting to note that the worst-case risk mapping of Section [I.]is
outside the scope of Assumption since ‘H contains discontinuous functions in that case.



2.2 Preliminary results

Henceforth making Assumption [2.3] we obtain the following results:
Lemma 2.4. Writing My = hy” (X[, ), the process (M{);>0 is a o-martingale, where 0 <
y <@ <z < 1. Inparticular hy” (z) = p (h%‘;(Xm ))

Ty,z

Proof. Setting g = gj'> and h = hjy”, we have by Lemma and the strong Markov property
for o that, for s <t,

o081 = . (1 (. =00 (o (o (7))
=0 (o (o (o))

X, Xorr, .
= ps/\'ry,z (g (XT?:ZA v 09,5/\-,—%2>) = pS/\Ty,z <g <‘XV7'yyzA " 0(95/\-,—%2)) (*)
X:/\"y,z T x
= p g X‘f'y,z ) = h (Xs/\‘ry,z) = Ms I

where in step (%) we use the following properties: firstly, for all s > 0 we have

X7
x SATy,
X =X v Oes/\‘ry,z,

Ty,z Ty,z

and secondly, if 71 and 75 are two stopping times, then

Pry © Py = PrinTse:

Indeed by conditional translation invariance, conditional locality and time consistency, for each
Z € bF we have

Pr (pTz (Z)) = Pr (p‘rz (Z)]l{ng‘rg} + Py (Z)]l{‘rg<71})
= Py (pT1VT2 (Z)]l{ﬁSTz}) + Pry (Z)]l{‘rz<‘rl} = PriAT2 (Z)
The second claim follows by taking s = 0, ¢t — oo and appealing to the a.s. finiteness of 7, , and
the continuity of o. O
We will use the following version of the optional sampling theorem (a related result in the
case of positively homogeneous nonlinear expectation appears in [32, Th. 4.10]):

Proposition 2.5. If M is a cadlag g-martingale then for all 7 € .7 we have p(M;) = p(My).

Proof. Supposing first that time is discrete, we show that p, (M x(41)) = Mran. Indeed, since
My is Fp-measurable and {r > n} € F,, we have

pn(MT/\(7L+1)) - MT/\’YL = pn(MTA(n+1) - MT/\n)
= pn((M‘rA(nJrl) - MT/\n)]l{T>n}) = ]l{-r>n}pn(Mn+1 - Mn) = 0.

It follows by time consistency that

p(MTA(n+1)) = p(M‘I’/\n) == p(M()).

Taking n — oo it follows by the continuity of p that p(M,) = p(My).

In continuous time there exists a sequence (7,,)n,>1 of stopping times attaining countably
many values and decreasing almost surely to 7 [40, Th. 77.1, p. 188]. Taking the limit in
p(M;, ) = p(Mp) and using the fact that M is cadlag and p is continuous, we obtain the desired
result. O



Lemma 2.6 (Properties of H). Writing h = hyfy, for0 <y<z<z<1andg,ve€[0,g] we
have:

1 ontinu1l ymox e runction x — h7’~ (x) 1S continuous on Y, z|,
i) (Continuity i the functi hg; i ti

1 ontinuity in (05, y e tunction (p,y) — hyg'~ (x) 1S continuous,
ii) (Continuity in (3 the functi B hg; i ti

(iii) (Maximum principle)
BAy<h(x) <BVry, xelyz]

(iv) (Monotonicity) if 8 < « then h is nondecreasing and if 8 > « then h is nonincreasing,
(v) (Translation invariance) we have

— pY®
h+a= ha+ﬂ704+’y’

(vi) (Monotone derivatives) suppose that the functions h and h = h%i € H both have left
derivatives at z. Then if 5 > S we have
W7 (2) 2 W (2),
where '~ denotes the left derivative,
(vii) (Bounding) For each pair y,u € [0,1) with y < u there exists § > 0 such that
hgeyi(u') > g, V' e [u, 1),

where z = min{u’ + ¢, 1}. Similarly, for each pair u, z € (0,1] with u < z there exists § > 0
such that

hgfl,O(u/) > g, v u/ € (03 'LL],
where y = max{u’ — ¢, 0}.

(viii) (Scaling) in the case when the underlying diffusion Y is standard Brownian motion, taking
h:= hg:fy and h := hg:fy where 2 € [z,1], for each ¢ € (0,z) we have

h(z—68) < h(z—96),

and thus if h and h are differentiable then h'~(z) > A/~ (%). Conversely, if h := h}} and
h = hg’f) where 2 € [2,1], and if h and h are differentiable then h'~(z) < b'~(2).

Proof. For part we will establish continuity at each « € (0,1). One-sided continuity at 0 and
1 can then be proved analogously by considering the underlying diffusion Y* instead of X7 (cf.
Section , since Y is not absorbed at these boundary points. Recalling that we write S for
the scale function of X7, the process (M;),~, = (S(Y{*)),;>, is a continuous local martingale
and by the Dubins-Schwarz Theorem [41}, Th. 34.1] there exists a Brownian motion W such that
M; = Wiy, , where (M) denotes the quadratic variation of M.

Recall from Section that, for each ¢ > 0 and almost every w € (2, the path Xg, :=
(XZ(w))o<s<t depends continuously on x in the uniform topology. Also, by the Law of the
Tterated Logarithm at ¢t = 0 (see e.g. [37, p. 97]), for almost all w € ) there exists § > 0 such
that for all ¢ € [0, §] we have

min(Wp 5) < S(x) < max(Wy5) < S(z), giving min(Xgs) <2 < max(Xgs) < 2, (12)

10



where (M)s = 0. Thus almost surely, for all sufficiently small e, > O we have 1 ssen _ oteny = 1.
Take g, L 0. Thenfor 0 <y <z <z<1andz+e¢, € [y, z], we have from the strong Markov
property for o that

e (B (X740 )) = paien (0 (X2 Y o0 ) = p (0 (X275
pr;fge" Ty, = p'r;f;a" Ty,z OUr, . P Ty,z

= ]]_{T:+57L<T:+sn}p (h (X;Ey,z>> + ]].{7_;0+5n>7_3+5“}p (h (X7Z.y1Z>) 5

and time consistency gives

p (h (Xf:jn» — ) (]1 frrten crzeny D (h (X;‘)) L ehens aien (h (XT)>> .

We conclude from the continuity of p that

hg (@ +en) = p(h(XZ12) = p(R(X7) ) = p(M(XT, ) = b7 (),

Ty,z Ty,z Ty,z

establishing the right continuity of z ~— hj” (z) on [y, 2], while left continuity is established via

Z—y
flu) =B+ =L(y— B) and set Y;, := f,,(X7 ). Then as. we have Y, =Y := f(X7 ), so the
continuity of o gives '

symmetric arguments.
For part take asequence (B, vn) — (8,7), define the functions f,, (u) := B+ =2 (vn—Fn),

hg” . (@) = p(Yn) = p(Y) = hi? (2).
Part follows from the monotonicity of o.
For part note that if 3 < v and y < 2’/ < 2 < z then we have from part that
8 < h(z), so the o-martingale property (Lemma [2.4) and monotonicity of o give
h(a') = p(h(X?, ) < h(y) V h(z) = BV h(z) = h(z).

Ty,x

Part [(v)| follows from the translation invariance of ¢ and part follows from the monotonicity
of p, since for v € [y, z] we have

h(z) = h(v) _ h(z) = h(v) < h(z) = h(v)
Z—v z2—v  z—v
For part suppose that there exist y,u € [0,1) with y < u such that
M :=sup inf hg:;nfi{ul+5’l}(ul) <g. (13)

6>0 v €lu,1)
In the definition of A-equicontinuity (Deﬁnition, take A =u—y,let £ € (0,1), and let 6 > 0
be the resulting constant. Then for each v’ € [u,1) we have by A-equicontinuity that

Byt @) 2 Rt (minfu' +6,1)) —e =g+ 1,

and taking the infimum over u’ € [u, 1) and supremum over § > 0 gives M > g+ 1, contradicting
. The remaining part is analogous.

For part we have ]l{Tzzfs<Téﬁs} = 1{T§75<T§:3 by the spatial homogeneity of the

Wiener process (and the fact that z — 6,2 —6 € (0,1) and 2,2,2 — 2z € [0,1]). Then if h := hgfy

; 0,2

and h = hy' .,

h(z=0) = p(Ylizspamsy) = POV 2o p2o6y) S p(VLprzos p2msy) = (2 —9),

where the inequality follows from the monotonicity of ¢ and the fact that 1 (rE0<ri™s <

2—=z

1{T§—5<T§—5}, P-a.s..

11



Remark 2.7. In financial and economic applications one may wish to account for the time value of
money in problem () via exponential discounting, by setting V°(z) := sup,¢ o p(e °7g(X2)). It
was shown in [I6] that under linear expectation, V9 is the envelope of discounted potentials of the
form E (e"gTw (ﬂ]l{Ty<Tz} + 'y]l{Ty>Tz})hNonetheless the linear expectation has the property
of positive homogeneity (cf. Definition [1.4]), which would enable discounting to be included in
Lemma In contrast our nonlinear setting is not positively homogeneous (cf. Section ,
hence there is no obvious discounted analogue of Lemma [2.4] More precisely, if we instead define
My = e= "\ Tv=hp? (X{,, ) in Lemma [2.4] then its first line reads

Xir

Without a suitable multiplicative property, the term e~**Tv.> cannot be brought inside the inner
expectation and, thus, the strong Markov property cannot be applied in order to proceed with
the proof. We thus leave consideration of discounting as an interesting open question.

Lemma 2.8. If the underlying diffusion Y is standard Brownian motion and if A is differentiable
then H is A-equicontinuous.

Proof. Take h = hiy” with z —y > A and B,7 € [0,g + 1]. By the spatial homogeneity of the
Wiener process we may suppose without loss of generality that y = 0. We will show that there
exists a constant M > 0 independent of h such that |/ (u)| < M for all u € (0, z), since this is
sufficient to establish the required result. For this, note that for all such u, by the g-martingale

property and parts [[v)H{(viii)] of Lemma [2.6] setting m := g we have

’

W(u)=h"(u) = (h(;){(l(t)),h(u)) “(u) = (m — h(u) + h%{é),h(u))/_(u)

= (hgih(u)m(o),m)L(U) < (hgjrun)lf(u) < (hglﬁ) ~(4),

and similarly h'(u) > (hg;%)/’(A). Thus |A/(u)| < M = (hg:ﬁ)/*(A)\/(—(hg;’AO)L(A)), a bound
which is independent both of A and of the particular choice of u. O

2.3 Representation of the value function

Next we use these properties of H to establish the structure of the value function (cf. Figure [1)).
Lemma 2.9. The lower envelope w of satisfies w(0) — g(0) = w(1) — g(1) = 0.

Proof. If g(0) = g then trivially w(0) = g(0) = g. If g(0) < g then let € € (0,5 — ¢g(0)) and
let § > 0 be such that ¢ < ¢g(0) + € on [0,d]. Then by the monotonicity of ¢ the function
h= hgk%)+s g € M satisfies h > g, giving w(0) < h(0) = g(0) + € and completing the claim. [
Theorem 2.10. Under Assumption we have V = w.

Remark 2.11. The proof of Theorem proceeds by first localising the problem to a minimal
interval [z~,2%] 3 2 such that V = g at % (Proposition [2.13)), and obtaining the corresponding
solution h° (Lemma [2.14)). Proposition then uses the strong Markov property for ¢ (Lemma
2.15)) to show that the local and global solutions coincide.

Lemma 2.12. For z € (0,1) such that g(x) = w(z), we have w(z) = g(z) = V(z).

12



Proof. Let 7 € 7. For each fixed A > 0, by (11) there exists h = h%y> € H with h > g and
w(z) > h(z) — A. In particular, x € [y7 z] by finiteness. By the o- martlngale property and
optional sampling (Proposition we have

g9(x) = w(z) > h(z) = A = p(h(X7\;, ) = A = p(g(X7)) = A, (14)

where the last inequality can be verified case-by-case, as follows. If 7 < 7, . we have h(X7,, )=
hMXZ) > g(X¥). If 7, < 7 with y > 0 and z = 1, then in the case Tyz = 7, we have
MXZrs, ) = h(y) = g > g(X7) by the construction of H in Definition [2.1} while in the case
Ty = T, We have MXZr, ) =Nh(1) = g(1) = g(X7) due to absorption at I. We conclude from
(14) that g(z) > V(z). The reverse inequality is obvious and we have g(z) = w(z) = V(z). O

Now, fix z € (0,1) such that w(z) > g(z). By Lemma [2.9 we may define

x~ =sup{u € [0,2z) : w(u) = g(u)}, (15)
T =inf{u € (z,1] : w(u) = g(u)}, (16)
T =Ty o+ < T0,1- (17)

Proposition 2.13. w(z*) = g(z%) = V(aF).

Proof. Suppose for a contradiction that w(z~) — g(#~) = A > 0. Then if = = 0, the required
contradiction follows from Lemma If x= > 0 then by construction, for each € > 0 there
exists u € (x~ —e,z7 ] and h® € H with w(u) = g(u), h* > g and h¢(u) < w(u)+ %, and by the
definition of w we have h¢(z~) > w(z™) = g(z~) + A. By continuity of g, for sufficiently small
e we have w(u) = g(u) < g(z7) + % and hence

W) = () > g(a7) + A = u) 2 gla™) —wl) + 2 > 5

= (18)

However each h° lies in the set H (Definition (2.1)), so may be written h° = hjy” with [y, 2] > =
and either y = 0 or z = 1. Thus by the A—equicontinuity of H, the functions h® appearing in
are equicontinuous, which is a contradiction. We conclude that w(z~) = g(z~) = V(z7)

(cf. Lemma [2.12) and similarly w(z*) = g(z™) = V(a™). O
Lemma 2.14. If g(z) < w(z) then there exists h° € H with h°(z~) = g(z7), h°(a™) = g(z™),
and h° > g.

Proof. We exclude the trivial case g(z~) = g(z') = g, when h° may simply be taken as the
constant function h(—) l cH.

The idea of the proof is to extend the function hg(z
way that h° > g. There will be four intermediate steps:

g+) t0 8 function h° € H in such a

(i) Extend the function hgy := hg(m )g(ﬂ) to the right, obtaining a function A, := hz(;’,z) r
satisfying either Z =1or I" > g,

ii) extend the function h, to the left, obtaining a function hy := h Z satisfying either W = 0
g B,T g
or B>g,

(iii) verify that hy dominates g on [0,2~] U [zT,1],
(iv) restrict the function hy to obtain an element h° = hW I " with h° € H, and finally verify

that h° > g.

13



Step We first extend hg := hg(x )g(ﬂ) to the right. If g(z7) = g then set T := g and
Z =z, and step [(i)] is complete. Otherwise we have g(z%) < g. Note from Proposition [2.13]
that g(z) < w(z) implies = < 2. Then take y = 7, u = 2™ in the bounding property (part
of Lemma to obtain the corresponding d. Set zp := " and z; = min{z* + §,1}.

Suppose for a contradiction that h(z*) > g(z*), where h := h” *' . Then since w(zt) =

- g(z=),0°
g(z™) < h(z™), by the definition of w there exists h € H with
h>g, b)) <h@®),  h@")=>g(@)=h),

so that by the continuity of # we have h(u) = h(u) for some u € [z~,z%]. Next note that
h(z1) > 0 = h(z1), so by the continuity of # we have h(v) = h(v) for some v € (z*,z]. Then
since h and h coincide at u < =T and at v > 2, the p-martingale property gives h(z™) = h(z"),
a contradiction. We conclude that h(zt) = gy o(@™) < g(a™).

Then recalling the constant § obtained above from the bounding property with y =
and u = o+, we set v/ = 7 to obtain hg;jﬁ (zT) > g. Further, the monotonicity of o gives

h‘f;(;’fl))gﬂ(a:*) > g. Then, from ‘continuity in (3,v)’ (part |(ii)| of Lemma D and the interme-

diate value theorem, there exists v € [0,g + 1) such that h” x’zl) (@) = g(z™). Set

y=supfy 2 0: kg 2 (aF) = g(ah)),

h h(’l)’h

noting by continuity that hi(z*) = g(zT). If either 2; = 1 or 41 > g then set I := v; and
Z = z1, and stepis complete. Otherwise, if 21 < 1 and ; < g then set z3 = min {* + 2§, 1}.
As before we have hm( ’fz) o) < g(z). The definition of 71, g-martingale property and mono-
tonicity of ¢ then give hm( ’_2) o(2z1) < 7. Also taking v’ = z; in the bounding property gives

hg,g’ﬁ(zl) > g and the monotonicity of o gives hg(;’? (21) > g and, as before, we may write

),g+1

Y2 :==sup{y > 0: hg(xz)W( z1) =m}

h _h()z)’vz

Proceeding similarly, for some n’ € N we have either z,, = 1 or 7, > g, and set I' = 7,,» and
7 = zys, and step |(1)|is complete.

Step . In S‘iep the function hgy := h;(x’z) gty Was extended to the right, obtaining a
function h,,/ := hz(a;—) r satisfying either Z = 1or I' > g. Indeed it can be verified by construction
and the p-martingale property that for each n > 1 we have h,, = h,,—1 on [z7, 2z,,_1], giving

haw) = ho(v) = p(g(X2)),  Vwe [t (19)

where 7* was defined in as Ty— g+
Next we extend hy, = hx( ’,) r to the left. Setting w; = max{0,2~ — 0} (for a suitable
d > 0) we may define

Br=sup(B > 0: gyt (@7) = g(a7)}, (20)

14



) 2
hy = hiE

By an iterative extension analogous to the previous one, we obtain B > 0 and W € [0, 2] such
that either B > g or W = 0. Let N be the index at which the iteration stops. As in we
have hyy = hy = ho on [z~,z1].

Step . In Step the function h,, was extended to the left, obtaining a function hy :=
hVBV,’FZ satisfying either W = 0 or B > g. Next we verify that Ay > g on [0,27]. Suppose for
a contradiction that hy(w) < g(w) for some w € [0,27]. Since then hy(w) < oo, we have
wy < w and there exists 7 with 1 < 7 < N such that w € [ws,w;—1]. Defining the function

hy = h;{i;g(w)v we have h,(w) = g(w) < g and so the above procedure may be applied

(with the same value for §) to extend the function h,, to the left, yielding h¥ = h:,/”gw(; +y where
w' = max{w — 0,0} < wsz. By the definition of V' and of h,, and recalling Proposition
suboptimality gives h,(z7) < V(2~) = g(x~). On the other hand, the p-martingale property
and monotonicity of o give h,(27) > hy(z7) = g(27), 50 hy(27) = g(2~). The suprema taken
during the extension process (cf. (20)) therefore give h (wg) < hy(wg) for k =1,2,... 7. The
)) = hy(w), which is the
required contradiction. An analogous argument establishes that Ay > g on [z, 1].

Step . In Step it was verified that the function hy = hgf dominates g on [0,z U
[T, 1]. Since hy does not necessarily satisfy the definition of an element of H, in this step
we first identify a ‘restriction’ h° of the function hy with h° € H. This is achieved by modifying
the constants W, Z, B and T, as follows. If I' > g, by continuity in x (Part [(i)] of Lemma [2.6)
there exists Z’ € (zn/—1, Z] with hy,/(Z') = g, and we then define IV = g. Otherwise, if I' < g
then by the above procedure we must have Z = 1; set 2/ = Z = 1 and IV = I'. Similarly, if
B > g there exists W’ € [W,wy_1) with hxy(W’) = g, and we then define B’ = g; otherwise, if
B < gthen W =0 and we set W/ =W =0 and B’ = B.

Writing h° := hg:fz,/, we observe that either W = 0 or Z = 1. (This follows since if both
W’ >0and Z' <1 then B=T = g, and the monotonicity of ¢ then forces g(z~) = g(z™) = g,
which was excluded at the beginning of the proof.) It is now immediate from Definition that
the function h° := hVBV,:’FZ// is an element of H. It is also immediate from Definition that

o-martingale property then gives g(w) = h¥ (w) < p (BN (X;”

Wp—1>%q

oo fhn@), zew, 27,
h(@) = {oo, z e 0,W)u (2, 1],

so the above results give h° > hy > g on [0,27] U [z, 1].
To complete the proof it remains only to establish that h° > g on [z, x"]. For this, let

e =sup{g(u) —h°(u) :u € [z, 2]}, (21)

and suppose for a contradiction that ¢ > 0. Then the function h° + ¢ dominates g on [z, x7]

and thus on [0, 1]. Recalling the translation invariance property of H (part of Lemma ,
the function h°+¢ = h‘,;[/,J’r?F,JrE can be ‘restricted’ to obtain an element hZ = hp, 1 € H which
also dominates g on [0,1]. Then by continuity the supremum in is attained on [z~,z"] and

by the construction of h2 it must be attained at some u € (z~,2"). Then we have

9(u) <w(u) < hi(u) = h°(u) + & = g(u),
thus g(u) = w(u), contradicting (L5)—(16). We conclude that h° > g on [z, 2] and thus on
[0, 1]. O
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Lemma 2.15. Let 7,72 € J with 0 < 71 < 75 a.s.. Then there exists a (random) stopping
time 73 € J such that almost surely we have

p (g (Xfl)) , An <7},

T sz =
pri X)) {goaa), (=12},

Proof. We divide the proof into two steps.
Step (i). Fix w € Q and consider the map G¥: Q —  given by @ — G* (&), which constructs
a sample path G¥(@) by (a) following w from time 0 until time 71 (w), then (b) following the

increments of w from time 0 onwards. That is,
t t <

G”(w)(t) — w( )a B B = Tl(w)a

wnWw))+olt—mn(w)) —w0), t>m(w).

For any stopping time 7 € .7 consider the random time 7¢(®) obtained by applying the function
7 to this sample path:

W= (W) = T(0), where W= G¥(@).

Then since G¥(0;, () (w)) = w, we have 7%(0, (,,)(w)) = 7(w) and so 77° 0 O, (,,)(w) = 7(w) for
i=1,2. Thus
Ta(w) = T (w) + (157 = 77°) 0 b7, () (W),

and recalling that 71 < 75 almost surely we have
xz ) =g (x5 o0 22
g( Tg(w)) - g( 75’77'{”) © Tl(w)(w)' ( )

Define an auxiliary bounded random variable Z7+ () by

7@ Q5 R,
T1(W) [~ Xfl“’ —
27(@) = g (X 2@)). (23)

Now suppose that @ is an independent random draw from (Q,F,P). Putting the above
together we have that almost surely

Pry(w) (g(ng(w))) = Pri(w) (ZTl(w) © orl(w) (w)) = pﬁ(&))(zﬁ(w) o 07'1(&1) ((D))a (24)

where the first equality follows from f. For the second equality, note the identity 71 (w) =
71(®), and also that the Brownian increments (w(71(w) + t) — w(71(w)))t>0 are independent of
Fri(w) by the strong Markov property. Then since w also has Brownian increments independent
of F;, (w), We may replace 0., () (w) by 0., () (@) in ([24).

Step (ii). Next we identify 75’ := 75’ — 74’ with an F-stopping time. For this, note that the fil-
tration IF can be identified with the smallest filtration satisfying the usual conditions constructed
from the natural filtration of (&(t))i>o. Thus writing F = (F;);>0 for the latter, the F-stopping
time 75 can be identified with an F-stopping time. Then since 7, (@) = 71 (w), for each @ € Q we
have

(78 =) (@) <t} = {12(@) < Tu(w) +t} € Fryoyre = F,

so that 7¢ is measurable in the filtration F7(+) := (F7(“)),5.
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Next, fix w and note that the filtration F*(“) is then simply that generated by the increments
of the process (@(t));>0. In particular F71(“) is coarser than [, so any F™(“)_stopping time can
be identified with an F-stopping time. By the strong Markov property for Brownian motion we
have 75 < oo a.s., giving 0 < 7§ < oo a.s.. We conclude that 75 can be identified with an
F-stopping time.

Combining and and then applying the strong Markov property of o gives almost
surely

z X .
pTl(w)(g(ng(w))) = pﬁ(@) (g (XT:;“ ( )> 007'1(@)(0‘)))
XT@) X
=0 (9 (x7)) =0 (s (x57)).
completing the proof. O
Proposition 2.16. For x € [0,1] and 7* defined in we have

V(z)=V(x):= sup p(g(X7)).

TeT , 7<T*

Proof. Let 7 € . Setting 1 = 7 A7* and 75 = 7 in Lemma gives that for some stopping
time 73,

< p(Lgrary 9(X7) + Lirzry9(XE)) = p(g(Xirr)),

where the first equality follows from time consistency and the inequality follows from the fact
that g(X2.) = V(XZ*.) and optimality. This gives V' <V and hence V =V. O

Thus to evaluate V() it suffices to study V on [z~,zT]. For this, the above analysis may
be repeated with the interval [0, 1] replaced by [z, z"]. Denote the resulting analogues of all
objects with a check mark so that, for example,

w(z) =inf {h(z) :heH,h>gon [z7,2"]}.

Proof of Theorem From Lemma [2.14| we have h°(z™) = g(z~) and h°(zt) = g(z™), so the

optional sampling theorem (Proposition [2.5) gives

B (@) = p(h°(X2.)) = plg(X2.)).
Then since g < h° € H, we have
w(z) < h°(z) = p(9(XF.)) < V(2).
Conversely, if 7 € 7 and 7 < 7% then h°(z) = p(h°(X7)) > p(9(X7)), giving h°(z) = V(r) =
V(z) by Proposition To complete the proof note that for any h = h%fy € H with z € [y, 2z

and h > g we have

h(z) = p(h(XFnr, ) = plg(XF)) = B (2),

(cf. the last inequlity in (14))) so that w(z) > h°(z) and hence w(z) = h°(z) = V (z). O
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2.4 Stopping set and regularity
Since the proof of Theorem concludes with h°(x) = V(z), we have

Corollary 2.17. The stopping policy
" = Te— ot = inf{t >0: g(th) = V(Xf)}

is optimal in .

In this section we characterise the stopping set, the set of points S = {z € [0,1] : V(z) = g(x)}
at which stopping is optimal, or equivalently the continuation set C = [0,1] \ S. We establish
the continuity of the value function V (Proposition and use the characterisation of S
(Lemma to show in Corollary that differentiability of g and H are sufficient for the
differentiability of V.

Proposition 2.18. V is continuous.

Proof. The upper semicontinuity of V' was noted at the beginning of Section IfV(z) =g(x)
then the lower semicontinuity of V' follows from the continuity of g and the fact that V > ¢g. If
V(z) > g(z) then since g(x*) = V(2%) (Proposition we have 27 <z < 2. Since V = h°
on [z~ ,xT] it follows that V is continuous on (z~,zT). O

Lemma 2.19. Suppose that g and H are differentiable. Then z lies in the stopping set if and
only if at least one of the following holds:

(i) There exists h € H with:

(ii) There exists h € H with:

(26)

Proof. Condition [(1)|is sufficient to imply = € S, as is condition so we assume that z € S
and seek to establish the necessity of either condition |(i)|or |(ii)

We first construct h, € H with h, > g and h.(z) = g(z). Let (n)nen 4 0 with g9 < 1.
Since x € S implies that w(x) = g(z), for each n € N there exists h, € H with h,, > g and
hn(z) < g(x)+e,. By the construction of H (cf. Definition [2.1)) and the monotonicity of o, either
h,(0) < g(x)+e, infinitely often or h, (1) < g(z)+&, infinitely often. Without loss of generality,
by the Bolzano-Weierstrass theorem (and choosing an appropriate subsequence in N if necessary)
we may suppose that the sequence (h,,(0)),, converges, so that 8 := lim,, h,(0) < g(z). fz =1
then, by ‘continuity in (5,~)’, the functions h%ﬂl(o)’hﬂ( ) converge pointwise to h, := hoﬁ’ylg(l) eH
with h, > g and h.(1) = g(1).

1
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Suppose therefore that z < 1 and, with the convention inf () = oo, set
zn =1inf{z € (x,1] : hp(z) > g+ 1} A L

By again choosing a suitable subsequence we may assume that (z,), converges to some 2’ < 1.
Noting that h,(z) < g+ %, we may appeal to the A—equicontinuity of H as in the proof of
Proposition to conclude that 2’ > z. Appealing again to A-equicontinuity, there exists
z € (z,2') such that h,(z) > g+ % for all n. Then by ‘continuity in (53,7)’, the functions
hz Z(O) ho (z) CODVEIgE along some subsequence of N to h, := ho % for some vy € [g+ %, g+ 1] with
h«(x) = g(z). If z < 1 then h, may be extended to an element of H (cf. the proof of Lemma
2.14). Assume that this extension has been performed. Then h, lies in H and monotonicity gives
he > gon [0,1]. If x € (0,1), this tangency implies that k. (z) = ¢’(x), so that condition |(i)| of
the lemma is satisfied. An analogous proof shows that if sup,, h,(1) < g(z) then conditio
of the lemma is satisfied. O

Corollary 2.20 (Smooth fit principle). If g and H are differentiable then V' is differentiable on
(0,1). In particular V'(z) = ¢'(z) for z € SN (0, 1).

Proof. For each z € SN (0,1), taking h as in Lemma 2.19 with h(z) = g(z ), h'(z) = ¢'(x) and
h > g we have h(z) = g(z) = V (), so Theorem [2.10] gives g(z) < V(z) = w(x)
(=

gt —gle) _ . Vie+e) - V(o)

/ I

g (x) - gl—rftl) £ T e—0 5

< i PO MDD iy iy,
e—0 £

so that V/(z) = ¢'(x).
For each connected component C, of C' and each z, € C,, let x;,z} be defined as in 7
(T6). Then g(zF) = V(2F) (Lemmal[2.12) and for any 7 < z < #} we have 2% = 2F. Then for

h° defined as in Lemma(2.14) we have V (z) = h°(z) = hz(lm) oy (T) = h;(*:; (w+)( x) =: hg(x).
Thus V' = h$ on C,, hence the differentiability of V' on C, follows immediately from that of H
(Assumption [2.21)). O

2.5 Solution algorithm

The following algorithm aims to construct the value function globally by returning the set of
continuation regions - that is, the connected components of the continuation region C'. It exploits
the fact, due to the smooth fit principle (Corollary and the proof of Theorem that for
each x € C’ the value function is tangent to the gain function at both 2= and x*. Then since

V= h”(z’m) gty OO 27 xt], this double tangency can be used to search for = and z+. The

computational cost is thus on the order of a search over [0,1]2. In order to terminate in finite
time with the correct result, we make the following additional assumptions:

Assumption 2.21. (i) § > 0 is strictly smaller than the minimum length of the connected
components of C,

(ii) the gain function g and H are differentiable,
(iii) (strong monotonicity) if X, Y € bF with X <Y as. and P(X <Y) > 0 then p(X) < p(Y).
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Recall from the proof of Theorem that if £ € C then there exist 0 <z~ <z <zt <1
such that V = hz(x’z) o(at) OB [T zt]. Denoting by h'", h'~ the right and left derivatives of h
respectively, we obtain the following lemma.

Lemma 2.22. Setting

x) = {(y, 0<y<z<z<1, h= hg(y) g(z) satisfies

YW (0) — () = (1= 2)(H'~(2) — o/ () = 0},
Glw) = suphl7) (@) (3,2) € F(a)},
F(z) = argmax{h} () \(z) : (y,2) € F(x)},
(with the convention that sup @) = —oco) we have:
(i) = € S iff G(2) < gla),
(ii) z € C iff G(x) > g(x) and then

e~ =sup{y: (y,2) € F(z)}, zt =inf{z:(y,2) € F(z)},

V= hz(wr) g(at) O [z, z7].

Proof. For part |(i)| note that if z € C then G(z) = V(x) > g(x), giving the implication G(x) <
g(x) = x € S. Conversely, if x € S then by optimality we have G(z) < g(z) = V(z).
_ For part n by the proof of Theorem [2.10)| m and the smooth fit principle we have (z~,27) €
F(x), and it is straightforward to show that = = sup{y : (y,2) € F(z)}} and 2t = inf{z :
(y,2) € F(x)}}, as follows (we show only the latter). Suppose that (y,2) € F(x). Thenif z < o+
we have either y > 2z~ or y < z~.

If x~ <y <z <z<az", by construction we have min{V (y) — g(y), V(z) — g(2)} > 0 and
monotonicity and the g-martingale property give

- ot

Mgt g (@) <AV v (@) = V(@) = hy 2 o) (@),

contradicting the definition of F(z).
Supposing alternatively that y < 27 < 2 < z < zT, we again have V(z) > g(z) =
hy’y q(z)( z). Now if hY, (u) q(z)( x~) < V(a~) then monotonicity and part of Assumption

g
glve hZ(Z) o(»)(¥) < V(z), again contradicting the definition of F'(z). Thus hzg’iy) g (@) >
V(w’) = g(z7), which contradicts the definition of V. We conclude that z > z . O

Lemma [2:22]is the basis for Algorithm [f}

Remark 2.23. Part [(i)] of Assumption ensures that the continuation region C' has finitely
many (at most |1/0]) connected components and, thus, that Algorithm [I| terminates in finite
time. Since the assumptions made in this section are strong, it is worth remarking on the output
of Algorithm [I] When Assumptlons [2.3] and [2.21] do not hold. The algorithm identifies the points
T,z defined in using the principle of smooth fit. It may be that for certain initial
points Tg, the principle of smooth fit applies in a sufficiently large neighbourhood of x3. An
example is provided in Section below using the worst-case risk mapping. In this case it is
not difficult to see that Algorithm [1] correctly returns the value V(z() and the optimal stopping
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Algorithm 1 Under Assumptions [2.3] and this algorithm solves the optimal stopping prob-
lem by returning the set of connected components of the continuation region C'.

Evaluate

F:={(y,2):0<y<z<1, h= hg(y)g
y(W*(y) — g (1) = (1 —2)(h(2) =0},

) satisfies

Set x=0,B =1
while z < 1 do
Set
F(z):={(y,2) e F:y<z <z}
G(z) = up{hg(y) g(z)( r): (y,2) € F(x)},
F T) = rgmax{h (), g(z)( z): (y,2) € F(x)},
x” =sup{y: (y,2) € F(x)},
et =inf{z: (y,2) € F(z)},

if G(z) > g(z) then
Append the element (z~,27) to B

Set z =t
end if
Increase x by 6

end while
return B

time 7* for initial points xg € (87 8) However for initial points 29 € (2,1), the lack of smooth
fit at x = 3 3 prevents the component (1, 3) of C from being identified.

Nevertheless the characterisation b of the points ™, 2~ uses a weaker property than
smooth fit, namely continuous fit between g and V. Since formula 2|) correctly constructs V'
under the worst-case risk mapping, it seems possible to modify Algorithm [I] to use continuous
fit instead to identify the points z+,z~. While outside the scope of the present paper, such a
modification would enable the algorithm to solve the example of Section [3.2] for all z € C.

3 Examples

In this section we consider optimal stopping under three different risk mappings p. For a unified
framework, consider the construction

p(2) = inf (E°[Z]+a(Q).  Z€bF, (27)

where for each Q@ < P, a(Q) € [0, 0] is a ‘penalty’ associated with @ such that infg«p @(Q) =0,
so that p is indeed a risk mapping (which is also concave, see e.g. [22] p. 207]). Thus may
be used directly to construct a risk mapping by specifying the penalty function «, and this
is the approach which will be taken below. It is interesting to note that further examples of
risk mappings of the form can be constructed from the solutions to backwards stochastic
differential equations (BSDEs, see for example [2, [12]), and such examples are time consistent
by construction.
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Section [3.1] recovers the classical linear solution of [21, Ch. IT1.7] and Section [3.2] revisits the
worst-case risk mapping of Section while Section addresses the entropic risk mapping.
Unless otherwise stated, we take the underlying diffusion Y to be standard Brownian motion.

3.1 Linear case

Setting a(Q) = 0 for @ = P and o(Q) = +o00 otherwise gives the linear expectation p(Z) = E[Z],
which has the corresponding dynamic risk mapping

pe(Z) =E[Z|F], t>0.

In this case, H consists of line segments:

z T T T T Z-Z r—y
M) = BB <) 0BT <) =Pt 40Tl aelyal e

(see for example [43], Th. 30]). Thus # is differentiable, and A-equicontinuous by Lemma
Also, p is continuous by the conditional bounded convergence theorem for E and time consis-
tent by its conditional tower property. The strong Markov property (Definition is trivially
satisfied as Brownian motion is a strong Markov process under E.

Thus Assumption [2.3| holds, and Theorem [2.10] gives that if g is continuous then V = w (cf.
(11)). It is straightforward to check that w is then equal to the pointwise infimum over those
h € H' (cf. (10)) which dominate g or, equivalently, that w is the smallest concave majorant of
g, and we recover the classical geometric method for optimal stopping problems [21], Ch. IIL.7].

More generally if X* is a one-dimensional diffusion, stopped as in Section[I.2] then we recover
the result of Dayanik and Karatzas for undiscounted optimal stopping on a bounded interval (see
[16]). To see this write Zts(m) = S(X7), where S is the scale function of X, and note from part
of Definition that the set H of generalised potentials depends implicitly on the law of the
process X*. Thus, for clarity we may denote by Hx and Hz the sets of generalised potentials
induced respectively by the processes X® and Z°(*) = §(X?). According to [I6, Prop. 2.2], the
elements of Hx take the form

S(z)— S(z) | S(x)— S(y)
S() =S 185G =8’

Then since X% = §! (ZS(””)), it follows from the definition of h%fy via hitting probabilities
(Definition that the elements of 7{; take the form

W (@) = 5 v €ly,2) (29)

zZ—X xTr —
+y— T €[y, 2],

WY () =
ﬂ7'y(’r) /Bz_y z—y

which is the same as (28), and the conditions of Theorem [2.10] are again satisfied. Rewriting
problem (1) as V(z) = sup,c > E {g oS-t (Zf(x))}, we conclude that its solution is the smallest

concave majorant of g o S~1, which is [16, Prop. 3.3].

3.2 Worst-case risk mapping

As discussed for example in [19], where further references can be found, many ‘worst case’ risk
mappings are naturally associated with settings involving ambiguity: for example, when the drift
function p or the volatility function o is ambiguous. These respective settings can be treated in
two frameworks due to Peng: the former using the g—expectation [34] (see also [§]), and the latter
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with G—Brownian motion and G—expectation [36] [35]. In this section we consider a definition of
‘worst, case’ which is not related to ambiguity: namely, when the drift and volatility functions are
known and the essential infimum of the payoff is considered (this was the nonlinear expectation
considered in the example of Section [L.I). This can be constructed by setting a(Q) = 0 in (27)
for all @ < P, giving p(Z) = P—essinf(Z) [3| Remark 3.7]. Although the worst-case risk mapping
does not satisfy Assumption it was observed in Section that formula generates the
correct solution and, as such, is a useful heuristic. This heuristic is novel to the best of our
knowledge: for example, it differs from the use of the simpler set H' (cf. ) Indeed it is
easy to see that if H is replaced by H' in , instead of w we obtain the constant function
wh(z) = g, and for all = ¢ arg SUpyeo,1] 9(y) we have

V(z) = w(z) = min{ sup g(y), sup g(y)} # w'(z) = g.
y€[0,x] y€[z,1]
Formula ([2) also differs from the heuristic use of the principle of smooth fit (cf. Corollary [2.20).

This can be seen in Figure [2] where the gain function is g(x) = 1+ sin(47x) and, as observed in
Remark , the use of smooth fit fails for initial points o € (%, 1).

3.3 Entropic case

Sett]ing Y = % and a(Q) = E¢[InY] in , one obtains the entropic risk mapping [22] Ex.
4.34]:

p(Z) = —InE[e 7], Z €bF,
which has the corresponding dynamic conditional risk mapping
pi(Z) = —InEle ?|F], t>0.

(For an alternative construction of the entropic risk mapping via quadratic BSDEs see, for exam-

ple, [2, Proposition 6.4, [12,18]). From (28), for = € [y, 2] we have h%i(x) =—In (675 =+ e’”%),
so H is again differentiable, and A-equicontinuous by Lemma[2.8] The continuity, strong Markov
property and time consistency of g follow from the corresponding properties for E as in Section

so Assumption 23] holds and Theorem gives that if g is continuous then V = w.

In this case it is a priori equivalent to rescale the problem and instead maximise the linear
expectation IE[@’Q(Xf )], for which the classical construction using H' suffices. Interestingly,
though, the direct construction of the present paper is qualitatively different, in the sense that
the set H must again be used rather than H. Indeed, fix € (0,1) and let g be any gain
function with ¢g(0) =1 and g(z) > 2 — In(1 — z). We have hg:#(x) 1T —In(1 —z) as v 1 oco. Then
if #' is used to construct w! (rather than using H to construct w), by part |[(v)| of Lemma
(translation invariance) we would have w'(0) > 2 > 1 = w(0) = V(0) = ¢(0), so w' cannot be
the value function.

3.4 A sufficient condition for Algorithm

We conclude by providing an example problem for which Assumption [2.21] holds and, thus,
Algorithm (1] may be applied. Our focus is on part of Assumption since the remaining
parts are straightforward.

Suppose that each h € H is a convex function on d(h). Examples include the linear case of
Section [3.1] the entropic case of Section [3:3] and further examples which can be constructed using
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the dual representation , as follows. From , the potentials h € Hx are convex precisely
when the scale function S of X% is convex. (This holds, for example, when X* has negative
drift.) Let Q be a finite set of measures Q < P, each corresponding to a regular diffusion with a
convex scale function. If the penalty function « is finite on @, and is set to +oo otherwise, the
resulting concave risk mapping p also has convex potentials .

Let Cy = (x0,y0) be a connected component of the continuation region C. Then since V
dominates g and is convex on Cy with V' = g at its endpoints, g cannot be concave on the whole
of Cy (otherwise V = g on Cjy, a contradiction). Thus ¢ is convex on some subinterval of Cj.
Hence a sufficient condition for part of Assumption is that <7 is finite, where & is the
set of (maximal) intervals on which g is convex, and then we may take § < ming,, ,,jcw (Y1 —71).
Note that § can be found from knowledge of g only.
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