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ABSTRACT
Unlimited Sensing is a sampling protocol that recovers high dynamic
range input signals from their low dynamic range, modulo samples.
Bridging the gap between theory and practice, recently, a hardware
validation of the unlimited sampling method was presented. Taking
another step in this direction, in this paper, we study the problem
of recovery from modulo samples contaminated by sparse outliers
(noise). Our hardware experiments suggest that impulsive and jump
or reset noise can be sources of sparse outliers in the measurements.
Such a noise model has not been considered in literature and can lead
to the breakdown of the conventional recoverymethods. To overcome
this problem, we present a mathematically guaranteed algorithm that
is based on spectral estimation. Our method perfectly recovers the
signal (up to a constant) when the sampling criterion is met and no
other noise sources are present. In real experiments where quanti-
zation and system noise (e.g. additive Gaussian) play a role, our ap-
proach offers a competitive performance. Hardware experiments with
our modulo ADC validate the practical utility of our method.

Index Terms—ADC, modulo, non-linear reconstruction, sam-
pling, Prony’s method, super-resolution.

1. INTRODUCTION

Digital acquisition of signals is the stepping stone of almost all mod-
ern world applications. Its roots trace back to Shannon’s pioneering
work on sampling theory which is implemented in practice using
analog-to-digital converters (ADCs). Point-wise sampling is a ma-
ture technology and its many advances have been made possible not
only by studying theoretical underpinnings of sampling theory but
also by developing strategies to counter distortions arising in prac-
tice; typically attributed to system noise and quantization. Beyond
these distortions, a fundamental bottleneck that arises in practice is
the dynamic range (DR) of the ADC. For ADC based digital acqui-
sition to work, the DR of the ADC should be matched to the signal
of interest. If this aspect is ignored, the resulting measurements will
be saturated or clipped, thus resulting in permanent information loss.
Since traditional signal processing pipeline assumes no control over
acquisition protocol, typically the task of matching the DR of the
ADC to the signal of interest is left to the hardware engineers. In
cases where measurements are clipped, signal processing engineers
resort to numerical techniques for recovering data or parameter esti-
mation, cf. [1–5]. However, the algorithms can only go so far when
the measurements entail a permanent loss of information. This bar-
rier (of clipping) may pose severe limitations in applications such as
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(a) Example of impulse noise. In this case, impulse-like outliers con-
taminate the signal at arbitrary locations.
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(b) Example of jump or reset noise. In this case, outliers occur at the
instants when signal folding is triggered.

Fig. 1: Oscilloscope screenshot showing sparse outliers at the output of our
modulo ADC implementing the unlimited sampling strategy.

biomedical engineering where vital signals have health implications
and space exploration [6] where experiments are a one-time oppor-
tunity and exceedingly expensive.

AComputational Sampling Approach. Taking an alternative route
to the DR bottleneck in digital systems, in recent years, we have been
developing the Unlimited Sensing Framework (USF) [7–10]. Beyond
the traditional paradigm—capture first, process later—the USF cap-
italizes on a joint design of hardware and algorithms to bridge the
gap between the theory and practical implementation of conventional
sampling framework. In doing so, the clipping problem can be elim-
inated. More concretely,

• in hardware, we implement signal folding by injecting modulo
non-linearity. Thus, amplitudes exceeding the ADC’s DR are
folded in. In our upcoming work [10], we have built a mod-
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ulo ADC—the US-ADC. Interested readers are invited to see
the US-ADC in action at https://youtu.be/prV40WlzHh4.
US-ADC output is also shown in Fig. 1, but the signal is cor-
rupted with sparse outliers; the topic of discussion in this paper.

• in the recovery phase, reconstruction of original signal is enabled
by mathematical algorithms. For bandlimited functions, we have
shown that constant factor oversampling (independent ofλ) guar-
antees recovery [7]. A similar principle holds for quantizedmod-
ulo samples [8]. When working with real experiments, we pro-
vide examples of reconstruction in [10, 11] as well as in our up-
coming paper [12].
In essence, the USF enables high dynamic range (HDR) signal

recovery from its low dynamic range (LDR), modulo samples. Be-
yond sampling theory and acquisition protocols [13, 14], this princi-
ple also applies to fundamental signal processing topics such as sen-
sor array processing [15,16], sparse signal recovery [17,18] and com-
putational imaging, e.g.HDR imaging [19] and tomography [20,21].

Motivation. This paper is motivated by challenges that arise from an
end-to-end implementation of the USF. In the course of developing
and refining the hardware testbed for the USF, we have experimen-
tally observed that in certain scenarios, sparse outliers can contami-
nate the modulo samples. Such outliers can be broadly classified into,
• Impulsive or Shot Noise (I/S-N) As shown in the oscilloscope

screen view in Fig. 1(a), I/S-N manifests as an erratic spike se-
quence in the modulo data. The I/S-Nmodel has been widely stud-
ied in a variety of contexts [22–24] and shows up as electronic
interference in hardware, among other scenarios.

• Jump or Reset Noise (J/R-N) As shown in in Fig. 1(b), the J/R-
N shows up as “spiky” jumps at the instant of folding, hence the
reference to jump or reset noise. We attribute these jumps to insta-
bilities associated with electronic components used in the printed
circuit board (PCB). Unlike the case of I/S-N, we note that the
jump amplitude of J/R-N is more or less within the same range.

Such contaminations can lead to a breakdown of the recovery algo-
rithms unless appropriate reconstruction strategies are devised for
combating the effect of sparse outliers, namely, I/S-N and J/R-N. This
motivates computational approaches that can recover HDR signals
from corrupted, modulo samples, as shown in Fig. 1.

Contributions. To our knowledge, recovery from sparse outliers has
not be considered in the context of modulo sampling. The goal of this
paper is to (a) model (phenomenologically) the sparse outliers based
on experiments, (b) develop a HDR recovery method that is agnostic
to λ (inspired by [10]). This leads to a one-shot inversion approach;
rather than first denoising modulo samples followed by reconstruc-
tion [7,8,25], and (c) validate our method on real experiments based
on the US-ADC. The take-home message of this work is as follows;
I Provided that the I/S-N or J/R-N density is lower than the sam-

pling density of modulo samples, exact recovery is guaranteed
when no other sources of noise are present.

I When working with hardware, additional noise sources may be
present e.g. quantization and Gaussian noise. Our reconstruction
algorithm offers a competitive performance that is empirically
robust; this is validated via hardware experiments in Section 4.

By developing theoretical models that are validated via experiments,
our end-to-end work brings the USF closer to practice.

Related Research Efforts and Context. USF and modulo sampling
in the noisy scenario has been discussed in different research papers
[8, 26–30]. Different from the topic of this paper, all of the papers
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Fig. 2: Unlimited Sampling pipeline, sparse noise model and overview of re-
construction strategy. In the above, δ denotes the Dirac distribution.

known to us discuss the case bounded or Gaussian noise. Additive
noise in the pre-modulo regime is focal point of discussion in [26–
28,30]. The scenario whenmodulo samples are corrupted by additive
noise is considered in [8, 29]. Mathematical guarantees have been
studied for the different cases (a) bounded noise [8], (b) Gaussian
noise [30], and (c) combination of both [27, 28].

2. SAMPLING PIPELINE AND PROBLEM SETUP

In this paper, wewill beworkingwith square-integrable,Ω–bandlimited
functions, g ∈ BΩ, that are τ–periodic or g (t) = g (t+ τ) ,∀t ∈ R.
The periodicity of g allows us to work with samples in a finite time
window of size τ , which is the case with hardware experiments, and
also allows for the Fourier Series representation,

g (t) =
∑
|p|6P

ĝpe
pω0t, ω0 =

2π

τ
, P =

⌈
Ω

ω0

⌉
(1)

with Fourier weights ĝp. Uniform sampling of g (t) ∈ [0, τ) with
sampling period T > 0 results in {γ [k] = g (kT )}K−1

k=0 . Note that
K > 2P + 1 completes the linear system in (1) and one can solve
for ĝp. In the oversampled regime, ĝp is defined on the set EP,K =
[0, P ]∪ [K − P,K − 1] and ĝp = 0, p ∈ ([0,K − 1] \ EP,K) (due
to the bandlimitedness assumption).

In the USF, modulo non-linearity is applied in the continuous
domain; g (t) is folded using the centered modulo operation [7, 8],

Mλ : g 7→ 2λ

([[
g

2λ
+

1

2

]]
− 1

2

)
, [[g]]

def
= g − bgc , λ ∈ R+

(2)
where bgc = sup {k ∈ Z| k 6 g} (floor function). This results in
the folded signal Mλ(g (t)) shown in Fig. 1 (barring the outliers).
The continuous-time folded signalMλ(g (t)) is then uniformly sam-
pled as shown in Fig. 2. This results in modulo samples, y [k] =
Mλ(g (kT )). In our work, sparse outliers contaminating the modulo
samples (cf. Fig. 2) are modeled as a finite sum of spikes and hence,

yη [k] = Mλ(g (kT ))︸ ︷︷ ︸
y[k]

+η [k] , η [k]
def
=
∑

s∈S
µsδ (kT − ts)︸ ︷︷ ︸

Outliers: I/S-N and J/R-N
(3)

where, i) η [k] comprises of |S| = S Dirac masses (δ) and models
the I/S-N or J/R-N or a combination of both, ii) µs are the unknown
weights, and iii) ts ∈ (TZ) ∩ [0, τ) are the unknown instances.
Note that one observes a different realization of η [k] depending on
the window of observation [Zτ,Zτ + τ). This model is based on ex-
periments conducted with the US-ADC and as we shall see in the
experiments, this indeed accurately matches the practice.

https://youtu.be/prV40WlzHh4


Goal:GivenK noisymeasurements yη [k] , k = 0, . . . ,K−1 of g ∈
BΩ, our goal is to recover the unfolded samples γ [k]. Once γ [k]’s are
known, g (t) is obtained by low-pass filtering (sinc-interpolation). In
this paper, we are primarily interested in addressing the following two
questions related to our goal. Q1) What sampling density guarantees
recovery of γ from yη?, and Q2) Is the approach constructive? Is
there an algorithm that can enable reconstruction?

3. RECOVERY APPROACH

SimplifyingNoisyMeasurements.Our starting point is themodular
decomposition property [7, 8] which allows us to write,

g (t) = Mλ(g (t)) + Rg (t) , t ∈ [0, τ) =⇒ γ [k] = y [k] + r [k]
(4)

where Rg (t) =
∑
m∈Mλ

cm1Dm (t) is the residue function, 1D is
the indicator function on domainD with ∪·m1Dm = R, and c [m] ∈
2λZ. Let us define, y [k]

def
= (∆y) [k] ≡ y [k + 1]−y [k]; ∆ denotes

the forward-difference operator. Similarly, γ [k] = ∆γ [k] and r =
∆Rγ (kT ). By applying ∆ to (4), we obtain,

k ∈ [0,K − 2] , y [k] = γ [k]−
∑

m∈Mλ

cmδ (kT − tm) (5)

where {tm} ∈ (TZ) ∩ [0, τ) are the unknown folding instants—
the locations where the modulo non-linearity kicks-in. The trigger-
ing rate (density) of tm depends on the US-ADC threshold (λ). For
a given DR, smaller the λ, higher is the folding rate and larger is
number of spikes in (5), i.e., |Mλ| = M .

When working with noisy samples in (3), we have, yη [k] =

y [k] + η [k] where η [k] =
∑
s∈Sd

µdsδ
(
kT − tds

)
is the sparse sig-

nal arising from the action of ∆ on η in (3). Given the nature of
I/S-N or J/R-N, typically, we do not expect consecutive or boundary
samples of y [k] to be corrupted by η [k]. That is to say, {ts} in (3)
are well separated (cf. Fig. 1) and do not occur at locations t = 0 or
t = KT . Excluding such edge cases and “collisions” between η and
modulo folding allows us to write |Sd| = 2 |S|. Also, here we do not
leverage the relation between tds and ts. We can now simplify yη as,

yη [k] = γ [k]−
∑

m∈Mλ

cmδ (kT − tm) +
∑
s∈Sd

µdsδ
(
kT − tds

)
≡ γ [k] +

∑
`∈L

q`δ (kT − t`), L =Mλ ∪ Sd. (6)

Generally, we expect |S| � |Mλ|, e.g. eyeballing Fig. 1(b) reveals
that |S| = 3 while |Mλ| > 20. In essence, given noisy modulo
samples, our strategy is to subtract {q`, t`}L−1

`=0 , L = |L| from yη [k]

resulting in γ. Then, the anti-difference operator ∆−1 can be used to
obtain ∆−1γ [k] = γ [k] up to a constant (in the kernel of ∆).

Recovery via Fourier Domain Partitioning. The key to recovering
γ from (6) is that the bandlimited and non-bandlimited parts of yη [k]
can be partitioned in the Fourier domain. This observation is based
on our upcoming paper [10] and a similar principle traces its roots
to the work Wolf on error correction coding [31], also see [32]. By
writing (6) as yη = γ+ρ, ρ [k] =

∑
`∈L q`δ (kT − t`) and denoting

the Discrete Fourier Transform (DFT) of y [k] by ŷ [n], we see that,

ŷ [n] =

{
γ̂ [n] + ρ̂ [n] n ∈ EP,K−1

ρ̂ [n] n /∈ EP,K−1

(7)

where, recall that EP,K = [0, P ] ∪ [K − P,K − 1]. We have iso-
lated ρ̂ [n] at the Fourier frequencies n ∈ [0,K − 2]\EP,K−1. Note

Algorithm 1: Exact Recovery from Sparse Outliers

Input:Modulo samples: {y [k]}K−1
k=0 , sampling time T ,

bandwidth Ω, number of foldsM and outliers S.
Result: Estimate of HDR samples γ̃FD.

1) Set τ = KT . Compute y def
= (∆y) [k] ≡ y [k + 1]− y [k].

2) Compute Discrete Fourier Transform (DFT) to obtain ŷ [n] .
3) Define z [n] = ŷ [n] , n ∈ [P + 1,K − P − 2].
4) Apply spectral estimation to z [n] from 3) to obtain estimates
{q̃`, t̃`}`, ` = 0, . . . , (M + 2S − 1).
For further details on this step, see [10].

5) Estimate ρ̃ [k] by plugging {q̃`, t̃`}` (from above) into
ρ̃ [k] =

∑
`∈L q`δ (kT − t`).

6) Estimate γ̃FD [k] = yη [k]− ρ̃ [k], k = 0, . . . ,K − 2.
7) Estimate γ̃FD [k] (up to an unknown const.) by applying

anti-difference operator ∆−1.
8) Estimate g̃ (t) by applying sinc-interpolation to γ̃FD [k].

that ρ̂ [n] =
∑
`∈L q` exp

(
−ω0n

T
t`
)
, ω0 = 2π/ (K − 1) is a para-

metric curve with 2L unknowns, {q`, t`}L−1
`=0 where L = |L| ,L =

Mλ ∪ Sd. As pointed out by Wolf [31], these 2L unknowns can be
obtained by curve-fitting using spectral estimation methods, in par-
ticular by using Prony’s method. Algorithmically, once {q`, t`}L−1

`=0

are known, we can subtract the contribution of ρ [n] from yη in (6)
thus yielding γ̂ [n]. From this, γ [k] is estimated (up to a constant) by
applying anti-difference ∆−1. The steps are outlined in Algorithm 1.
Note that Algorithm 1 is agnostic to λ (unlike the approach in [8]).

Recovery Guarantee. For this approach to work, we need at least 2L
samples of ρ̂ [n]. In (7), ρ̂ [n] , n /∈ EP,K−1 which is equivalent to
ρ̂ [n] , n ∈ ([0,K − 2] \ EP,K−1). Assuming thatM = |Mλ| and
S = |S| are known, L = M+2S. Hence, |[0,K − 2] \ EP,K−1| >
2L ⇒ K − 2P − 2 > 2 (M + 2S). Using this with KT = τ and
P = dΩ/ω0e we obtain the required sampling condition.

T 6
τ

2
(
M + 2S +

⌈
Ωτ
2π

⌉
+ 1
) . (8)

Algorithm 1 succeeds when the above sampling condition is met. We
formally state the result in the following theorem.

Theorem 1 (Modulo Sampling with Sparse Outliers). Let g ∈ BΩ

be a τ -periodic function. Suppose that we are givenK noisy modulo
samples yη [k] defined in (3) with at most M folds and S outliers.
Then, a sufficient condition for recovery of g (t) from yη [k] (up to a
constant) is that, T 6 τ/K withK > 2

(
M + 2S +

⌈
Ωτ
2π

⌉
+ 1
)
.

For the the proof, we refer to [10] which uses Algorithm 1, but
does not consider the case of I/S-N or J/R-N, i.e. S = 0.

4. HARDWARE EXPERIMENTS

In numerical simulations, the recovery is exact. Here, we will fo-
cus on hardware experiments based on the US-ADC [10]. For a
given Ω, we generate g ∈ BΩ by randomizing (uniform distribu-
tion) their Fourier coefficients {ĝp}|p|6P=dΩ/ω0e in (1). We use
a digital-to-analog converter (DAC) to map γ [k] = g (kT ) to
g (t). The DAC output is then input to the US-ADC and the mod-
ulo signal is sampled via an oscilloscope (DSO-X 3024A). We
also acquire the ground truth (γ [k]) and use the mean-squared er-
ror, i.e.E (γ, γ̃FD) = 1

K

∑K−1
k=0 |γ [k] − γ̃FD [k] |2 as a quantitive



Table 1: Experimental Parameters for Arbitrary Bandlimited Input in Fig. 5.

n T (µs) P K |M(n)
λ | |S(n)| L(n) E(γ, γ̃FD)

1 150 12 334 18 4 26 8.92× 10−3

2 150 12 334 19 2 23 1.57× 10−3

3 150 12 334 18 2 22 4.30× 10−4

Ground Truth γ[k]

Reconstruction
Modulo Samples yη[k]

Time (ms)

Plot of γ[k]-yη[k]

Impulsive or Shot Noise

Fig. 3: Hardware Experiment: Recovery with impulsive noise.

performance metric. We use the ground truth to estimate L from
the data. The hardware data suffers from additional noise sources,
e.g. signal quantization and additive Gaussian noise, resulting in
yη [k] = γ [k] + ρ [k] + w [k] where w is the noise component. To
overcome the effects of w and a potentially high value of L, we use
the matrix pencil method [33] to stabilize Step 4) of Algorithm 1.
The knowledge ofL further helps our cause as an effective separation
between the signal and noise subspaces is achieved.

Experiment with Impulsive Noise: Fig. 3. The data is shown in
Fig. 3(a). In this case, we set P = 24 and τ = 1/80 s to gener-
ate g (t). We obtain K = 500 samples with sampling time T = 25
µs. We estimate |Mλ| = 34 and as can be seen in Fig. 3(a), |S| = 2.
This gives L = 38. In Fig. 3(b), we plot γ [k] − yη [k] = −ρ [k]
(which contains system noise w [k]). We can clearly see sparse out-
liers at t = 16.3 s and t = 17.9 s.We estimate γ̃FD usingAlgorithm 1
and the MSE is noted to be E (γ, γ̃FD) = 7.6× 10−3.

Experiment with Challenging Noise/Fold Separation: Fig. 4. Let
S (τ) = inf06t`,t

′
`
<τ :t` 6=t′`

|t` − t′`| denote the spike separation—
distance between t` and t′` in (6). The presence of I/S-N close to a
modulo fold may create algorithmic challenges. This is the case in
Fig. 4. With {P, τ,K, T} = {12, 0.05s, 400, 125µs} we generate
a different g ∈ BΩ. As seen in the inset of Fig. 4, a modulo fold
occurs at t = 5.875 ms and the I/S-N is located at t = 6.375 ms;
this implies S (τ) /T = 3 samples. Despite the challenge posed by
such proximal spikes in (6), Algorithm 1 gracefully reconstructs the
signal with MSE E (γ, γ̃FD) = 5.58× 10−3.

Experiment with Jump/Reset Noise: Fig. 5. In this case, we set
P = 12 and τ = 0.05 s to generate g (t). We obtain K = 334
samples with sampling time T = 150 µs. We repeat the experiments
several times and n = 1, 2, 3 such realizations are shown in Fig. 5.
The experimental values are tabulated in Table 1. As seen in Fig. 5,
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Fig. 4: Hardware Experiment: Recovery when spike-separation between im-
pulsive noise and modulo folding creates an algorithmic challenge. As shown
in the inset, the separation distance is S (τ) /T = 3 samples.

Fig. 5: Hardware Experiment: Recovery with jump/reset noise.

|S(1)| = 4 (top row), |S(2)| = 3 (middle row), |S(3)| = 2 (bottom
row), respectively. Since the input signal DR and λ are fixed for the
experiment, we get a more-or-less constant value of |Mλ|. Despite
the system noise, Algorithm 1 offers a competitive performance with
the MSE in the range of 10−4 to 10−3.

5. CONCLUSION

Hardware implementation of unlimited sampling poses interesting
theoretical and practical challenges. In this paper, we studied one
such challenge—the problem or signal recovery in presence of sparse
outliers. Such outliers arise from impulse noise or due to instabili-
ties of hardware components during signal folding. We showed that
sparse outliers can be isolated in the non-bandlimited part of the
Fourier spectrum and this allowed us to develop an efficient recovery
strategy that is applicable in very realistic scenarios. In presence of
other noise sources (e.g. Uniform and Gaussian), the promising per-
formance of our method raises interesting questions regarding the-
oretical recovery guarantees; we plan to cover this aspect in future
explorations.
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