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ABSTRACT 

The main purpose of this thesis is to provide information for 

the design of fixed mandrels used in the hydrostatic extrusion-drawing 

of tubes. 

The literature is reviewed to sum up the methods used to assess 

the normal and shear stresses acting at the plastically deforming 

metal/tool interface. 

An experimental apparatus was designed for the hydrostatic 

extrusion-drawing of the tubes enabling the recording of the extrusion 

pressure, drawing force, friction force on the deforming material/ 

mandrel interface and the hoop and axial strains in the bore of the 

mandrel. 

Experiments were carried out for aluminium and copper extrusions 

under several controlled conditions. 

An upper bound approach for the hydrostatic extrusion-drawing of 

hollow and solid specimens is presented. It is based on general 

velocity and strain rate fields whose formulae are obtained analytically 

with the assumption that the plastic deformation zone boundaries and 

that the streamlines in that region are straight lines. Because the 

derivation is analytical it has some advantages in computation time 

and accuracy in relation to velocity fields derived from a flow function, 

which usually leads to numerical differentiation. 

For conical boundaries the theoretical extrusion pressure, 

calculated by the proposed upper bound approach is minimized with 

respect to two parameters. 

The stresses in the plastically deformed region are found by 

means of the weighted residual method combined with the derived 

velocity and strain rate fields for conical boundaries. 

The stress distributions in the mandrel are determined by a 
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finite element computer program and provide information for the design 

criteria for the mandrel. 

Finally strains in the mandrel bore are computed from the stresses 

obtained theoretically at the deforming material/tool interface and 

compared with the experimental results. 
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CHAPTER 1 

INTRODUCTION  

1.1 - The Hydrostatic Extrusion - Drawing Process  

Although metalworking processes have been in use for several 

thousand years, it is only in the last two decades that considerable 

progress has been made in the development of new industrial processes 

and techniques and also in the theoretical analysis of the metal forming 

operations. 

The continuous development of technology demands research into 

sophisticated variants of conventional metalworking processes as it is 

the case of hydrostatic extrusion. 

Hydrostatic extrusion was first described by Robertson (1) in 

1893, although it seems that no practical work has been carried out. 

Bridgman (2) appears to be the first to examine hydrostatic extrusion 

in a scientific manner and encountered some difficulties in his experi-

ments, mainly related to the control of the extrusion at high pressures 

and to large thermal effects due to the high extrusion velocities. 

Pugh (3) and his colleagues at the National Engineering Laboratory 

have investigated the process theoretically and experimentally in great 

detail, studying mainly the relationship between the extrusion pressure 

and extrusion ratio for a wide range of engineering materials and the 

resulting properties of the products, particularly those extruded into 

a back pressure. A compreensive summary of this work and of other 

researches is presented in Ref (3,4). 

Independently and simultaneousely, Beresnev and his colleagues 

developed research work at the High Pressure Laboratory of the Academy 

of Sciences of Moscow. Their contribution towards the understanding of 

the novel process is presented in the book by Beresnev et al (5). 
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Many other research workers have investigated the hydrostatic extrusion 

process including Randall, Davis, Sievgiej and Lowestein (6) at Nuclear 

Metals Inc., Fiorentino, Sabroff and Boulger (7) at the Battelle Memo-

rial Institute, Bobrowski (8) of the Pressure Tecnhology Corporation of 

America, Rozner and Faupel (9) of Du Pont in U.S.A., Green (10), Slater 

(11), Thompson (12) and Kronberger (13) at the United Kingdom Atomic 

Authority, Alexander and Lengyel (14, 15) at Imperial College, Avitzur 

(16) at Lehigh University, Duffil and Mellor (17) at Birmingham Univer-

sity, Parsons, Bretherton and Cole (18) at Leeds University. 

The book by Alexander and Lengyel (19) contains a detailed review 

of the research work in this field up to 1971. 

Interest continued to grow and by 1973 a Conference on Hydrostatic 

Extrusion was held at the University of Stirling following the earlier 

Conference on High Pressure Engineering organized by the Institution of 

Mechanical Engineers in 1967, the C.I.R.P. Conference in Nottingham and 

the M.T.D.R. Conference in Birmingham in 1968. 

In recent years extensive work in hydrostatic extrusion has been 

carried out by Japanese investigat .ors at Kobe Steel Ltd and Hitachi 

Cable Ltd. Quite recently at the 20th M.T.D.R. Conference in Birmingham 

two papers were given dealing with hydrostatic extrusion (20, 21). 

Hydrostatic extrusion is a metalworking process which essentialy 

consists of extruding a specimen through a die using a pressurized fluid 

which surrounds the billet (Fig. 1.1). When the pressure reaches a 

specified value the billet is extruded through the die orifice into the 

shape determined by the die. As the billet is not in contact with the 

wall of the container friction is reduced. The reduction in frictional 

effects makes it possible to use low die angles, decreasing redundant 

work. Consequently larger reductions can be achieved under otherwise 

identical conditions than it would be possible in a conventional extru-

sion. The control of the rate of extrusion is difficult to achieve. 
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The extrusion speed is often too high and the billet and fluid are 

ejected violently from the container. 

PRESS BEO 

FIG. 1.1 - SIMPLE HYDROSTATIC Ex'iV.USION (After Ref. 4) 

If the extrusion speed is not controlled stick slip instability may arise. 

Control of the hydrostatic extrusion process can be achieved by 

either the application of a compressive force to the billet or a drawing 

force to the product. These techniques are often called billet and 

product augmentation, respectively. The latter is the procedure adopted 

in the experiments carried out in the present work. 

Figure 1.2 illustrates the four basic systems in use. 

In augmented hydrostatic extrusion the fluid pressure in raised to 

a value slightly below that required for extrusion and the augmentation 

force provides the stress necessary to make up the total stress needed 

for the process. 

In the differential pressure extrusion or fluid to fluid extrusion 

(Fig. 1.2b) both billet and product are surrounded by fluid at different 

pressures. The effective pressure causing extrusion is the difference 

between the pressures of the two fluids. This system is attractive for 
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The hydrostatic extrusion process enables not only the extrusion 

of round bars but also billets of complex sections, particularly the 

extrusion of hollow sections. For the extrusion of tubes a mandrel is 

fitted into the hollow billet in order to size the bore of the tubular 

product. 

Figure 1.3 shows three different arrangements of tube extrusion 

corresponding to different designs of the mandrel, namely the stationary, 

moving and floating mandrel. 

In the present experimental work a hollow stationary mandrel was 

chosen because of the nature of the measurements required. 



Fluid 

Mandrel 

	

cap 	• 
Distance' 
piece , 
Mandrel 

7 
Billet 
(before 
extrusion" 

7 7 

i 

	

Die 	, 

Billet 
(during 

`extrusion) 

—23— 

(a) stationary mandrel 
	

(b) moving mandrel 

(After Ref. 4) 

c) floating mandrel 

FIG. 1.3 - ARRANGEMENTS OF TUBE EXTRUSION 



-24- 

1.2 - Literature Survey of Pressure Distribution and Friction  

Conditions at the Metal Tool/Interface  

1.2.1 - Introduction  

In metalworking processes where the bulk of material undergoes 

plastic deformation in contact with a tool which remains elastic, the 

frictional conditions differ from those existing when both contacting 

bodies remain elastic. 

Friction in metal forming processes may take place under conditions 

ranging from boundary to hydrodynamic lubrication. In boundary lubri-

cation, which covers the vast majority of cases in metal forming, the 

surfaces, are lubricated either by molecular layers adsorbed onto the 

surfaces, or by surface films formed by chemical reactions with the sur-

face. Thus, the effective value of the interface shear stress is reduced. 

In the quasi-hydrodynamic regime hydrodynamic pockets are formed by 

entrapment of lubricant in troughs between the asperities, reducing 

friction by preventing increase in the contact area. The coefficient 

of friction in this type of lubrication is a function of the lubricant 

properties and also the conditions of the metal forming process itself. 

Hydrodynamic films can exist in certain metalworking processes such as 

rolling, wire drawing and hydrostatic extrusion. The subject has been 

treated theoretically by applying Reynold's equation together with the 

equilibrium equation, boundary conditions, yield criterion and associated 

flow rule. 

The transition between quasi-hydrodynamic and full hydrodynamic 

lubrication is not very well understood. Although some theories predict 

the conditions for initiation of the fluid film, either constant coeffi-

cient of friction or a constant friction factor is assumed, if the fluid 

film thickness is not sufficient to mantain a. complete separation of the 

surfaces. 
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Normal pressure and shear stresses at the metal tool interface 

are two interconnected parameters. Although their joint action is well 

recognized by the effects on tool stresses and wear, flow pattern, 

forming forces, surface finish and dimensional accuracy of the product, 

they are not easily separable. 

A large number of approaches have been tried to assess the normal 

pressure and the coefficient of friction at the deforming material/tool 

interface. In what follows a review of these methods used in metal 

forming processes is presented. 

1.2.2 - Experimental Methods  

Within the experimental approaches two categories are usually 

considered, namely, the direct and indirect approach. 

1.2.2.1 - Direct Approach  

One of these experimental techniques, called the pressure sensi-

tive pin technique, was introduced by Siebel and Lueg (23) who deter-

mined the pressure distribution along the arc of contact in rolling. In 

this method pressure transmission pins were embedded normally to the 

surface of the roll. 

Later, Mc Gregor and Palme (24), with the use of strain gauges, 

attempted to find the normal and tangential stresses during rolling by 

measuring the radial and lateral deflection of a pin in the form of a 

cantilever. The technique was improved by van Rooyen and Backofen (25) 

to determine the coefficient of friction between roll and the material 

strip. They used a special roll containing two small pins installed at 

right angles to the roll axis, one in a radial direction and the other 

inclined to the first in an oblique direction. The coefficient of 

friction in this method, is a function of the ratio of the stress in 
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the oblique pin to that in the radial pin. 

The method has been used by El-Behery, Lamble and Johnson (26) for 

measuring the container wall pressure and coefficient of friction in the 

axi-symmetric extrusion of lead. Pearsall and Backofen (27) and 

Nagamatsu, Murota and Jima (28) have also used this technique for 

measuring the distribution of normal pressure and coefficient of friction 

at the metal/tool interface during the upsetting of aluminium discs. 

Although the method is very effective to determine the pressure 

distribution and the coefficient of friction at the metal/tool interface 

there are, nevertheless certain sources of error in it. 

The gap between the pin and the tool should be small to avoid the 

extrusion of the deforming material into it. On the other hand, reducing 

this gap the friction between the tool and pin can be very large affecting 

the results. 

Another limitation is the possibility of binding between the pin 

and the tool owing to the elastic distortion of the latter. Also the 

protrusion or recession of the pin relative to the surface of the tool 

could have a marked effect on the values of the coefficient of friction 

measured with the oblique-radial technique. The oblique pin is rather 

sensitive to small amounts of protrusion or recession. 

To apply the direct approach it is required to have enough space 

available in the tool to accomodate the pins. This fact may constitute 

a restriction in the use of the method as the holes to house the pins 

would weaken the tool. 

1.2.2.2 - Indirect Approach  

In this type of experimental indirect approach the values of the 

mean pressure and coefficient of friction are determined by measuring 

the values of the other process variables. 
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Included in this category is the method developed by Whitton and 

Ford (29). They evaluated the coefficient of friction in cold strip 

rolling without making use of any theory of the distribution of roll 

pressure along the arc of contact. In this technique the coefficient 

of friction, assumed to be constant over the arc of contact, is deter-

mined from the measured values of the roll force and torque while 

applying a back tension. 

The split die technique, first suggested by Mac Lellan (30) to 

investigate the mean coefficient of friction and die pressure indrawing, 

is another method which does not need recourse to the theory of metal 

forming. Wistreich (31) utilized this technique in wire drawing deter-

mining the values of these variables by measuring the force that tends 

to separate the two halves and the drawing force. 

While simple, this method could not be used with liquid lubricants 

as not only the lubricant leaks into the split die but also generates 

unwanted separating forces. The method was improved by Yang (32) who 

used a large ring to restrain the split die. He measured the die sepa-

rating force with a strain gauged dynamometer housed in the retaining 

ring. 

Majors (33) evaluated the normal force on the die by measuring 

the hoop strain at one point on the outer circumference of the die. The 

die was calibrated by applying hydraulic pressure to its inside with the 

help of a closing plug. 

The plug drawing process, used by Blazynski and Cole (34) and Rowe 

and Lancaster (35), can be utilized to advantage as the geometry is 

simple. A mean coefficient of friction can be calculated by measuring 

the separating force on the die and the tension in the plug bar. 

Parsons, Bretherton and Cole (18) used strain gauges attached to 

the periphery of the die in the hydrostatic extrusion/drawing process. 

To determine the effect of product augmentation on the frictional 
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conditions, the strain gauges were calibrated by applying aknown fluid 

pressure over the area of the truncated cone of the die. 

These methods can only assess the mean die pressure and are unsui-

table for determining the distribution of the die pressure. To obtain 

the die pressure distribution Kamyab (36) and Alexander and Kamyab (37) 

have refined the strain gauged die technique. They have used long, 

narrow strain gauges to measure the circumferential strain at sections 

along the die during copper extrusion. The pressure distibution at the 

conical surface of the die was assumed to be a fourth order polynominal 

with unknown coefficients. Using a finite element program the strains 

produced by the assumed pressure distributions had to match the strains 

measured experimentally. The coefficients in the polynominal and the 

average coefficient of friction were evaluated by an iterative procedure. 

The unknown parameters in the polynominal were adjusted until the sum 

of the squared deviations of the calculated and experimental strains was 

a minimum. The coefficient of friction determined for these experiments 

with castor oil and MoS2 grease as lubricant was found to be 0.03 . 

Said (38), studying the clamp size suitable to generate an axial 

frictional force sufficient to clamp the billet material during successive 

extrusion cycles in semi-continuous hydrostatic extrusion, adopted a 

similar method. His finite element analysis indicated that the axial 

stresses across the cross-sections of the clamp were approximately_ 

constant. This assumption together with the equilibrium equation of 

an element along the clamp length enabled the determination of the 

pressure distribution and the average coefficient of friction from the 

experimentally measured values of the axial and hoop strains at the 

outside surface of the clamp. 

The strain gauge technique has been applied by Lengyel and Musuva 

(39) and Lengyel and Mutlu (40) to extrusion containers, experimentally 

to obtain the approximate pressure distribution along the container bore. 
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Daneshi and Hawkyard (41) used a split platen technique to find 

the pressure distribution in an upsetting operation. This method has 

been recently modified by Chitkara and Taspinar (42) to measure the 

pressure distribution over an unsymmetrical turbine blade section in 

rolling by using strain gauges embedded in the end faces of one of the 

split-form roll rings. 

The photoelasticity method has been used for the evaluation of the 

coefficient of friction and the pressure distribution in plane strain 

drawing dies. Cook and Wistreich (43) determined the value of these 

variables in plane strain drawing of lead through a die made of a photo-

elastic material. The method was further developed by Osashi and 

Nishitani (44) for studying the deformation in a specimen also made of 

a photoelastic material as well. The application of the photoelastic 

technique is very limited due to the kind of materials that can be 

utilized. Also, only plane strain cases can be analysed by this method. 

The visioplasticity technique has been used in extrusion not only 

to evaluate the pressure distribution and coefficient of friction but 

also to give a detailed information on the strain rates, total strain 

and state of stress throughout the deformation zone. It was first 

suggested by Thomsen and Lapsley (45) and Thomsen, Yang and Bierbower 

(46). This method requires that an experiment is performed on a split 

billet which was previously provided with a grid on the split plane. A 

flow function is defined from the steady state co-ordinates of the points 

in the deformed flow line. By numerical differentiation of the flow 

function the velocities at the points in the deformation zone are found. 

Numerical differentiation of the velocities enables the strain rates to 

be assessed. The integration of the strain rates with respect to time, 

along the streamlines yields the total strains. The strain rate and 

total strain fields are then used with the equilibrium equation, cons-

titutive equation and a yield criterion and associated flow rule to give 
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the complete stress field where plastic flow has taken place. Throughout 

the analysis the elastic strains are neglected, as it is usual in pro-

blems of large plastic deformation. 

The pressure and the coefficient of friction along the billet/die 

interface have been determined using the visioplasticity technique by 

Shabaik and Thomsen (47) in conventional extrusion and Dunn (48) and 

Dunn and Lengyel (49) in hydrostatic extrusion. 

Although the visioplasticity method provides accurate information 

about the flow of deforming material it presents some difficulties in 

the calculation of the stresses mainly the boundaries so that the 

frictional conditions at the metal-tool interface obtained by this method 

might be far from the actual ones. 

Ishikawa, Hata and Goto (50) proposed a method to describe appro-

ximately the mechanics of material flow during forwards extrusion. They 

assume that the flow lines can be approximated by the function of hyper-

bolic tangent. With this method there is no need to perform an extrusion 

test and the smoothing procedure, which is a feature of visioplasticity, 

is not necessary. 

1.2.3 - Theoretical Approach 

The pressure distribution and the coefficient of friction at the 

plastically deformed zone - tool interface can be assessed by methods 

which make use of the theory of the particular metalworking process. 

In this category can be included the method suggested by Kunogi 

(51) and developed by Male and Cockroft (52) to measure the coefficient 

of friction at the metal/tool interface during the forging of rings. In 

this technique the coefficient of friction is related to the change in 

the internal diameter produced by a certain amount of compression in the 

thickness direction. Measurements of the internal diameter of compressed 
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rings provide aparticularly sensitive means of studying the coefficient 

of friction, since the internal diameter increases or decreases as the 

coefficient of friction is small or large respectively. Male and 

Cockroft used the Schroder and Webster (53) analysis to compute the 

theoretical average pressure during the compression of rings under 

different conditions of friction and obtained experimental calibration 

curves. 

The theoretical solution proposed by Alexander (54) for plane 

strain indentation problems has been used by Takahashi and Alexander 

(55) for the evaluation of friction in this process. 

A large variety of upper bound solutions have been proposed to 

analyse metal forming processes. Coefficients of friction have been 

obtained by assuming these theories and finding a value which gives the 

closest fit to experimental results. However, this procedure gives too 

low coefficient of friction, as the theory itself tends to overestimate 

the load required in the process. A review of upper bound solutions to 

metal flow is given in Chapter 4. 

Duff ill, Hooke and Mellor (56) obtained the pressure distribution 

on the conical surface of a die for hydrostatic extrusion. They have 

used the measured extrusion pressure to calculate the die pressure at a 

known estrusion ratio. For this purpose they have modified the expression 

of die pressure utilized by Green (57) for plane strain drawing to be 

applied to axisymmetric cases. 

1.2.4 - Numerical Methods  

The application of variational principles to plasticity and the 

development of numerical methods allowed not only the description of 

the metal flow but also to obtain a complete stress solution to a large 

variety of metal forming problems. 
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In recent years extensive work has been carried out to analyse me-

talworking problems by the finite element method. A comprehensive review 

of the elastic-plastic analysis of problems of large strains is presented 

by Blass (58). Another numerical method that is receiving increasing 

attention to solve the plasticity equations is the method of weighted 

residuals. The present work will deal with this method. 

In what follows the literature dealing with these methods, used to 

find the pressure distribution at the deforming material-tool interface 

is reviewed. 

1.2.4.1 - Finite Element Methods  

Iwata, Osakada and Fujino (59) presented an elastoplastic finite 

element analysis of hydrostatic extrusion using triangular ring elements. 

They found that the die pressure was high near the entry and exit of the 

die. The higher the friction the higher the pressure. In the analysis 

only small strains are reported as their method is not suitable for 

problems involving large deformations. 

The elastoplastic finite element method for small displacements 

was employed by Kamyab (37) to find the pressure distribution on the die 

during the hydrostatic extrusion of rods. This purpose was achieved by 

obtaining the distribution of the yield stress over a meridional plane 

of the deformed billet from experimental measurements of the hardness 

distribution. 

Lee and Kobayashi (60), to overcome some of the drawbacks of the 

finite element elastoplastic formulation for large deformations, devised 

a new technique called the matrix method. This approach_ uses the basic 

principles of the finite element method and has the advantage of assuming 

rigid plastic behaviour of the materials, since in most metal forming 

processes the elastic strains can be neglected. 
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The matrix method is utilized in the analysis of compression of 

cylindrical specimens having initial height to diamater ratios of 1.0 and 

0.75 under various friction conditions by Lee and Kobayashi (61) and 

ratios of 2.0 and 2.5 under dry friction conditions by Shah, Lee and 

Kobayashi (62). For the latter cases the authors show that the maximum 

pressure occurs at the centre or the periphery of the contact surface as 

the reductions are greater or less than 0.6 respectively. 

Pressure distribution along the punch-billet interface in piercing 

was obtained by the matrix method by Shah, Oh and Kobayashi (63). They 

have found that initially the pressure is higher at the centre, but as 

the reduction increases the pressure increases at all points, being more 

accentuated near the corner than the centre of the punch. The pressure 

distribution along the container wall in the same process is obtained 

by the same method. The radial pressure distribution remains constant 

in the undeforming zone and decreases towards the free surface. With 

the matrix method the analysis of conventional axisymmetric extrusion 

was carried out by the same authors (63). They applied the method to 

work-hardening and non hardening materials. The pressure distribution 

along the die, found by that technique, shows that the pressure is ma-

ximum at the die entrance and decreases towards the exit. Near the exit 

the pressure increases by a small amount. They also report that the 

trend of the curves for nonhardening and workhardening materials is 

similar differing only by a constant. 

1.2.4.2 - Weighted Residual Methods  

The term "Weighted Residual Methods" has been introduced by 

Crandall (64) to denote a general approximation procedure for solving 

various types of differential equations in boundary-value and initial-

-value problems. 
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In this procedure an approximate solution is proposed in a form of 

a set of known trial functions with undetermined parameters. By substi-

tuting an approximate solution into the governing equation a residual 

function is obtained which is then required to be orthogonal to a selected 

set of weighting functions. 

The method of weighted residuals, particularly the least squares 

method, have been used to solve plasticity problems and to determine 

the stresses in the plasticallydeformed zones. Steck (65) has applied 

the method to obtain the stress distribution in the extrusion of metals 

through conical dies and in the upsetting of rings. The method in the 

field of plasticity has been used mainly by German authors although at 

Imperial College has also been applied. 

Helman (66) employed the least squaresmethod to the study of the 

co-extrusion of two metals and determined the pressure distribution along 

their surface of contact in the deformation zone and the temperature 

distribution in that region. 

Ravindranath (67) found the stress distribution in the plastically 

deformed zone during the upsetting of aluminium and copper rings using 

the least squares method. The deformation was assumed to be in steps 

and for each step the flow stress of the material was corrected by 

taking into account the calculated temperature rise. 

Lange, Rebholz and Roll (68) report several solutions achieved by 

the method of weighted residuals in forward extrusion and upsetting and 

compare alternative solutions found by the finite element and weighted 

residuals methods. 

1.3 - Aims of the Present Work  

The determination of the stress distribution in the plastic defor- 

mation zone and the pressure distribution at the material/tool interface 
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has been a matter of interest as shown in the previous section. Among 

the various approaches the numerical methods, with the advent of the 

computers, are increasingly being applied as a mathematical tool which 

is able to predict the stress distribution in the process. To assess 

their usefulness it would be necessary to know the degree of accuracy 

they allow. 

The main objective of the present work is to compare the pressure 

distribution at the metal/tool interface obtained by the weighted 

residual method with the experimental measurements. To achieve this 

objective the hoop and axial strains in the bore of a hollow cylindrical 

mandrel during the hydrostatic extrusion of copper and aluminium tubes 

have been obtained by two means : 

1 - Experimentally by bonding axial and hoop strain gauges to the 

bore of the mandrel and recording the corresponding strains. 

2 - Numerically by finding the pressure distribution at the defor- 

ming material/tool interface with the help of the least squares 

method and introducing it as input data into a finite element 

program which in turn calculates the strains at the mandrel 

bore. 

The determination of the pressure distribution is by itself an 

important feature due to its role in mandrel design. For the same reason 

the dragging force due to the friction at the material/tool interface is 

also the subject of this investigation. 

Finally, another aim of the present work is to find the stress 

distributions in the mandrel to supply the designer with information 

which enables the development of criteria for the design of fixed 

mandrels in hydrostatic extrusion-drawing of tubes. 
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CHAPTER 2 

EXPERIMENTAL WORK 

2.1 Introduction  

The aim of the experimental work was to measure the axial 

and hoop strains in the bore of a hollow mandrel, the extrusion 

pressure, the drawing load and the friction force on the billet/ 

mandrel interface during the hydrostatic extrusion-drawing of tubes. 

Experiments have been carried out using commercial purity 

aluminium and high conductivity copper specimens, for several 

extrusion ratios and various extrusion pressure/drawing stress 

conditions. 

The main purpose of these experiments is to gather information 

concerning the design of the mandrel and check the validity of the 

results obtained theoretically. Thus the mandrel was made hollow 

and a strip of strain gauges was bonded to its bore to allow a 

comparison between the experimental and theoretical strain distri-

butions. 

2.2 Experimental Equipment  

2.2.1 Hydrostatic Extrusion - Drawing Apparatus  

Various components of the experimental apparatus, as well 

as the design criterion related to their manufacture, have already 

been described: the container by Lengyel et al (69) and Lengyel and 

Ashford (70)„the pulling device by Dunn (48) and Helman (66) . 

In what follows the characteristics of those components will 
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be described which are relevant to the experimental work, together with 

the modifications which have been introduced to obtain the present 

set-up. 

A general view of the apparatus used in the hydrostatic extrusion-

drawing of tubes is shown in Figure 2.1. 

2.2.1.1 Drawing Bench 

Part of the drawing bench was a screw jack manufactured by 

Duff-Norton & Co. Ltd., driven by a 1.1kW (1 1/2 H.P.) induction 

motor via a Kopp variator and reduction gear box and an Autogard 

torque limiting device. 

Although the maximum pulling force permitted by the screw jack 

was 50kN, the maximum drawing load, actually used in the experiments, 

was limited by the strength of the roller chain (Figure 2.1) and could 

not exceed 15kN. 

The Kopp variator enabled the product velocity to be varied in 

the range of 0.15cm/s to 1.3cm/s. 

The main purpose of the torque limiting device was to ensure that 

the load applied to the product was not too large so as to cause 

fracture. 

In order to measure the drawing force a load cell was located 

between the screw jack and the roller chain. The latter, passing through 

a pulley, was connected to the prepared tag of the billet. The friction 

between the roller chain and the pulley was negligible as two ball 

bearings were used to support the pulley, enabling it to rotate freely. 

Therefore the pulling load measured by the load cell was taken as the 

drawing force acting on the billet. 
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2.2.1.2 Extrusion Apparatus 

The experimental arrangement of the extrusion apparatus is 

shown in Figure 2.2. 

2.2.1.2.1 Pressure Vessel 

The container was a monoblock cylinder, made from a high tensile 

steel VH50 (0.4%C - 1.05%Si - 0.4%Mn - 5.5%Cr - 1.15%V - 1.5%Mo), 

which was designed to support fluid pressures up to 700MN/m2. 

Owing to the compressibility of liquids at high pressures, large 

elastic energy is stored in the container constituting a potential 

danger. In order to reduce this energy, the volume of fluid inside 

the container was reduced by using a filler cylinder, Figure 2.2. 

Also for safety reasons the pressure vessel was surrounded by a guard. 

2.2.1.2.2 Mandrel 

The thick walled cylindrical hollow mandrel (Figure 2.2) was 

made from KEA 145 tool steel, heat treated to 52-54 Rockwell C 

hardness. It was designed to remain elastic but with as thin wall 

as possible, to give the maximum hoop strain at the bore. 

The external and internal diameters were respectively 25.4mm 

and 9.525mm. 	• 

To ensure that the mandrel remains elastic the fluid pressure 

was restricted to a maximum of 350MN/m2. This pressure determines 

the maximum extrusion ratio for the materials in study. 

Another aspect that was taken into account was the Length of 

the mandrel. To calibrate the strain gauges bonded to its bore the 
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mandrel was subjected to several external fluid pressures. The mandrel 

was designed to have a sufficient length so that the effect of seals 

during the strain gauge calibration could be neglected, as it will 

be discussed in section 2.3.5. 

2.2.1.2.3 Die  

The die (Figure 2.2) was made from KEA 180 tool steel heat 

treated to 52-54 Rockwell C hardness. 

All tests were carried out using the same die, which was 45.72mm 

in height and 30°  included angle. The die land was 2.5mm. 

2.2.1.2.4 Supports  

The supports shown in Figure 2.2 were made from EN3OB steel 

heat treated to 50 Rockwell C hardness. 

The mandrel support was 25.4mm high and its external and bore 

diameters were 45.7mm and 30.5mm respectively. 

Initially it was designed to be a load cell to measure the 

friction force at the billet/mandrel interface. For this purpose two 

axial and two hoop strain gauges were bonded onto its outside surface 

and connected to make a full bridge with gauges of the same type in 

the opposite arms. The load cell was calibrated under compression 

in a high precision testing machine and the output signal was_ recorded 

by a Solartron data logger. 

To ensure that the load cell would give the same response for 

the same load, irrespective of its position, four calibration 

tests were carried out after 90°, 180°  and 270°  rotation of the load 

cell, around its vertical axis, relative to its initial position. In 

each position the load cell was checked for repeatability. 
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It was found that, although for each position of the load cell the 

calibration results were repeatable, this was not the case when two 

different positions were compared. As it was difficult to guarantee 

exactly the same position of the load cell inside the support this method 

of measuring frictional load was abandoned. The alternative solution 

adopted was to bond the strain gauges to the outside surface of the 

mandrel as it will be discussed in section 2.3.4. 

2.2.1.2.5 Seals (19) 

The seal was a synthetic rubber 0-ring backed up by a copper mitre 

ring and held by a retainer. Details of this arrangement have been 

omitted from Figure 2.2. To seal between the die and the container the 

retainer was unnecessary. This arrangement was satisfactory, there was 

no need to replace the seals throughout the experiments. 

The main sealing problem arose in preventing the fluid leaking between 

the specimen and the mandrel, in the initial stages of the extrusion. To 

overcome this difficulty Thompson (12) developed a rear end seal for tube 

extrusion, Figure 2.3. In the present a narrow lip formed in the bore 

of the billets was found satisfactory. 

2.2.1.2.6 Extrusion Fluid and Billet Lubrication  

The fluid in hydrostatic extrusion is required to transmit the 

pressure effectively and to act as a lubricant (4,19). 

Several investigators (3,49,71,72) have shown that castor oil not only 

transmits the pressure well (Figure 2.4) but also have lubricant properties 

depending on the materials to be extruded. 

In the present work all the experiments were carried out using a 4:1 

mixture of castor oil and methyl alcohol, with the billet coated with a 

graphite solution. The addition of methyl alcohol is necessary since above 

a certain pressure castor oil starts to freeze. 
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2.2.1.2.7 Billet Design  

Figure 2.5 is a drawing of a billet used in the experiments. 

The main factors that have been taken into account in the 

design of the billet were the following: 

1. It must have a tag to allow the billet to be pulled. 

2. Sealing must be ensured along the billet/mandrel and billet/die 

interfaces, to prevent the fluid leaking in the earlier stages 

of extrusion. 

3. Preventing, or at least attenuating, the effects of a burst 

in case the fluid pressure increases to a high level in the 

container. The billet being shooted out at an excessive 

speed could be dangerous and could damage the components 

underneath the container. 

4. Allowing a small gap (0.5mm) between the mandrel and the 

undeformed part of the'billet enables not only the extrusion 

fluid to reach the plastic deformation zone/mandrel inter-

face, but avoids the friction between' the mandrel and the 

billet before the latter reaches the die as well. 

Figure 2.5 shows the tag geometry chosen in view of the length 

of the mandrel. The end of the billet tag is threaded to enable an 

adaptor to be connected. The other end of the adaptor is attached 

to the roller chain. 

To prevent the fluid leaking along the billet/die interface, 

the billet was machined to the same angle as the die. 

To develop sealing along the billet/mandrel interface, a few 

experiments had to be done to determine the appropriate size of the 

lip in the bore of the billet. 
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The top end of the billet had a larger cross-section to 

prevent full extrusion, thus, the sudden release of the high 

pressure fluid. 

As the same die was used in all experiments the external 

diameter of the billet was changed to provide various extrusion 

ratios. 

2.2.2 Generation of Pressure 

The fluid pressure was generated by a pump-intensifier unit 

manufactured by Stansted Filtration Limited, with two pump-intensifier 

sets working alternately to provide a constant pressure. 

Each pump, Figure 2.6, was powered by an 0.4kW (1/2 H.P.) 

induction motor and could deliver oil at a rate of 410cm3/min up to 

a pressure of 103.4MN/m2  (150001bf/sq.inch). The pumps stopped 

automatically on attaining a preset pressure and held it constant, 

restarting when necessary to make up for losses. 

The pressure was further increased by the intensifier by a 

factor of 37. 

A control unit was used to set a pre-determined pressure. 

The output signal from a manganin coil, which monitored the 

pressure on the high pressure side, was fed into the control unit. 

In Figure 2.6 are visible a Bourdon type pressure gauge to 

give a quick indication of the pressure on the high pressure circuit 

and a release valve - which isolates the intensifier unit from the 

hydrostatic extrusion rig. 
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2.3 Instrumentation and Experimental Measurements  

2.3.1 Data Logger  

A Solartron LP 1029 digital data recorder, Figure 2.7 was 

utilized to record the output signals from a manganin coil and 

the strain gauges used in the experimental measurements. 

Up to 100 analogue signals can be converted to a digital 

form and displayed in an inline unit. The data logger allows a 

scanning of all or a limited number of channels at speeds varying 

between one sample in every four seconds and ten samples per second. 

Alternatively a single channel can be selected and continually 

scanned. 

A high speed numeric printer and a paper tape punch connected 

on line with the data recorder, enable the readings and the channel 

identity to be either printed out on a paper strip, or punched on a 

paper tape, or do both simultaneously. 

The smallest range of digital output was 100 millivolts and 

the resolution of the digital signal was 0.01 millivolts. However, 

in this range the data logger enables the output signals to be 

multiplied by four. This facility allows variations of 0.0025 

millivolts to be recorded. As the maximum digital output in the 

experimental measurements was 1.5 millivolts, this range was 

selected, taking advantage of the multiplication factor feature. 

2.3.2 Pressure Measurement (73) 

A100 ohms resistance coil, made from 42 S.W.G. diamel coated 

manganin wire, was used to monitor the pressure on the high pressure 

system. It was wound and loosely tied to prevent it unwinding. 
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As recommended by the wire manufacturers, Johnson-Mattey the coil 

was stress relieved by heating it to 140°C and holding the tempera-

ture for 10 hours. It was then pressure seasoned by pressurising 

it to 800MN/m2  a few times. After this treatment practically no 

zero drift was noticed at ambient pressure and temperature over the 

period of the experiments. 

The100 ohms manganin coil, located in a pressure vessel, 

Figure 2.1, inserted in the high pressure circuit near the hydro-

static extrusion container, was an arm of a d.c. full Wheatstone 

bridge. 

This bridge was connected to one of the channels of the data 

recorder. 

2.3.2.1 Manganin Coil Calibration  

The manganin coil was calibrated by using an Harwood dead-

weight tester (piston gauge), type DWT-1000. The coil was connected 

to the "measured pressure" side of the dead weight tester and the 

change of resistance, for each increment of pressure, 41.37MN/m2  

(60001b/in=,) was printed onto a paper tape by the high speed numeric 

printer on line with the data logger, which was continually scanning 

the manganin coil channel. 

Figure 2.8 shows the manganin coil calibration curve. 

2.3.3 Drawing Load Measurement  

A tensile load cell was used to measure the drawing load, as 

described in section 2.2.1.1. 

Two 120 ohms strain gauges attached diametrically opposed to a 

50mm long rectangular cross-section beam. The strain gauges were of 
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the self-compensating type for temperature, when used on steel. They 

were connected in series to eliminate the effects due to bending. 

Continuous monitoring of the load was carried out by feeding 

the output from a d.c. bridge to the data logger. 

2.3.3.1 Load Cell Calibration  

The load cell was calibrated in a Tinius-Olsun testing 

machine. The load was applied in increments of 2.22KN (5001bs) up 

to 11.1IN (25001bs) and the output voltage from the bridge recorded 

in the same manner as described for the manganin coil calibration. 

Figure 2.9 illustrates the load cell calibration curve. 

2.3.4 Friction Force Measurement  

Since the support (Figure 2.2) was shown to be unreliable to 

work as a load cell, the friction force on the billet/mandrel inter-

face was measured by four axial and four hoop strain gauges bonded 

to the mandrel and connected to form a d.c. Wheatstone full bridge. 

They were placed in such a way that the axial and hoop strain gauges 

alternated on the perimeter of the mandrel, at 40.0mm from the top 

of the mandrel. 

Each arm of the d.c. full bridge was-made up by two strain 

gauges with opposite arms having the same type of strain gauges. Thus, 

the bridge was compensated for temperature and bending. 

The bridge was connected to a channel of the data logger. 

2.3.4.1 Calibration of the Load Strain Gauges  

The load strain gauges were calibrated in tension and compression. 
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FIGURE 2.9 - LOAD CELL CALIBRATION CURVE 
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To avoid damage the mandrel surface by the testing machine 

grips, when calibrating in tension, a special tool was made, Figure 

2.10. 

Two halves of a 150mm long cylindrical tube, with a bore 

diameter 	slightly smaller than the mandrel external diameter, 

were tightened against the mandrel by means of twelve bolts as shown 

in Figure 2.10. The mandrel surface had previously been covered with 

Araldite to prevent the mandrel sliding during the tensile test. 

With this arrangement it was possible to reach a calibration 

load up to 31kN. Above this load the mandrel slipped inside the 

sleeve. 

The calibration curves in tension, (Figure 2.11) and in 

compression did not show any significant difference in the calibra-

tion constant. In both tests the load was applied in increments of 

2.22kN (5001bs), and the output voltage from the bridge was recorded 

as described on the manganin coil calibration section. 

2.3.5 Hoop and Axial Strains Measurements in the Bore of the  

Mandrel (74-77) 

To measure the hoop and axial strains in the bore of the 

mandrel, caused by the normal and shear stress distribution acting 

on its surface, during the extrusion operation, a 20mm long strip 

of ten strain gauges was bonded to it. The five hoop and five axial 

strain gauges were placed alternately in the axial direction along 

the mandrel bore and bonded to it in such a way that the centre line 

of gauge no.1 (a hoop strain gauge) was 20mm from the product end 

of the mandrel, Figure 2.2. 

Each of the strain gauges was 120 ohms resistance and temperature 

compensated when used on steel. The gauge factor and cross-sensitivity 
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as quoted by the manufacturers, Micro Measurements Inc., are 

2.16 ± 1.0% and 1.6% for the hoop strain gauges and 2.05 ± 1.0% 

and 1.4% for the axial strain gauges. 

The size of the strain gauges and the length of the strip 

were chosen to suit the length of the billet/mandrel interface 

and the gradient of strain in the bore of the mandrel. Compensating 

strain gauges were bonded to a dummy mandrel outside the pressure 

vessel. Compensation for the temperature increase during the 

extrusion operation was not possible with the present arrangement. 

To lessen this factor the strain gauges were chosen. to be of the 

self-temeprature compensating type and the velocity of the extrusion, 

controlled by the pulling device, was kept as low as the system 

permitted (1.5mm/s), to reduce the amount of heat generated. 

The bonding of the strain gauges raised some problems, since 

this work was made difficult by two main factors: 

1. The small diameter of the mandrel bore, and 

2. The distance from the central line of the strain gauge no. 1 

to the product end of the mandrel. 

The mandrel bore diameter was determined by the room available 

in the container and the maximum fluid pressure. Bearing this in 

mind the mandrel was designed to have the bore diameter as large as 

possible. 

The second difficulty in bonding the strain gauges was that 

the effect of seals (78,79) needed to be considered to carry out 

the strain gauge calibrations. 

The effect of seals on the hoop and axial strains in the bore 

of the mandrel, when subjected to an external pressure, was analysed 

by means of a finite element program (80). The mesh used in these 

calculations is shown in Figure 2.12. 

On the seal regions the pressure drop was assumed as a step 
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function, since it corresponds to the most unfavourable condition. 

Figure 2.13 illustrates the hoop and axial strain distribution 

on the bore of the mandrel along its axis, obtained from that 

computer program and the Lame equations. For the sake of accuracy 

the hoop strains in the finite element analysis were calculated 

direct from the radial displacement of each node. 

In view of these results the strip of strain gauges was bonded 

in the zone marked in Figure 2.13, where the effect of seals could 

be neglected and as near the product end of the mandrel as possible 

to ease the bonding operation. 

The strain gauge wires were connected to the corresponding 

pins in a miniature plug (Figure 2.2) at the top of the mandrel. 

The active and compensating gauges were joined to form ten 

Wheatstone half-bridges, by means of a junction box. These half-

bridges were connected in parallel and energised by the data 

recorder supply voltage. Each one of the ten half-bridges was then 

connected to a channel of the data logger which made up the other 

half of the full bridge. Figure 2.14 illustrates the electrical 

circuit of one'of the strain gauge bridges. 

To energise the bridges the supply voltage was chosen to be 

1 volt, given the small size of the strain gauge grid. In this way 

the amount of heat generated due to gauge resistance was negligible 

neither damaging the strain gauges nor affecting the readings. As 

the same power supply energised the manganin coil, the load cell and 

the load strain gauge bridges, the same voltage was used for all. 

2.3.5.1 Strain Gauge Calibrations  

The strain gauge calibrations were carried out using the 
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experimental arrangement shown in Figure 2.15. The fluid pressure 

was monitored by the manganin coil described in section 2.3.2. 

Since the strain gauges were in a zone where the effect of 

seals could be neglected, the strains obtained from their output 

must be equal to those calculated by the Lame equations. 

The hoop (ee) and axial (ez) strains obtained from the Lame 

equations for a cylinder with open ends subjected to an external 

pressure are respectively: 

K2  
r2  

Ē Kp-K1 { 	( 1 -- v) + rb (1 + v) } 

and 

2v 	K2  
ez _ E K2  — 1 p  

where 

p 	fluid pressure 

E Young modulus of the cylinder material 

✓ Poisson's ratio of the cylinder material 

outside radius  
K 

inside radius of the cylinder 

rb 	inside radius 

✓ radius 

The calibrations were performed by first setting to zero the 

data logger channels corresponding to the maganin coil, load strain 

gauges and mandrel strain gauges. These readings were recorded by 

the data logger which was scanning these channels at a speed of four 

samples per second and printed them out on a paper tape by the high 

speed numeric printer. 

The pressure was then raised by increments of 68.9MN/m2  (100001b/in2), 
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For each pressure increment the pressure was held constant while the 

recorded outputs from the channels were printed out as described above. 

These calibrations were repeated after every five hydrostatic 

extrusion-drawing experiments. 

The calibration curves, Figure 2.16 and 2.17, show the 

relationship between the output voltage from each of the ten bridges 

and the strains in the bore of the mandrel when it was subjected 

to a known external pressure. 

2.4 Experimental Procedure  

Hydrostatic extrusion-drawing experiments were carried out with 

commercial purity aluminium and high conductivity copper specimens. 

The extrusion ratios were 2, 2.65 and 3.5 for aluminium, 1.5 and 2 

for copper. The billets were annealed, the aluminium for one hour 

at 3000C, the copper for two hours at 600°C. 

The following procedure was used during the experimental work: 

1. To obtain a good fit between billet, die and mandrel, the 

specimen was subjected to a compressive load, using the die 

and a cylinder inside the billet. The cylinder diameter was 

25.30mm, a little smaller than the mandrel outside diameter. 

2. After this preforming operation the billet was cleaned and 

degreased with carbon tetrachloride and coated with a graphite 

solution. 

3. The torque limiter was set to the maximum admissible load. 

4. The billet was assembled into the die, and the adaptor was 

attached to the billet tag. This assembling was then intro-

duced into the high pressure vessel. The experimental rig was 

assembled by placing into the container, in succession the filler 
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cylinder, the supports and the mandrel, and connecting the billet 

tag to the roller chain. Next the high pressure pipes were 

connected to the container. 

5. The electrical wire connections were made at this stage. 

6. The data logger channels were set to zero by means of variable 

resistors located on the front panel of the recorder. 

A scan and print out of the channel readings at balance were 

carried out. 

7. A small drawing load was applied to the billet to make an 

effective seal at the billet/mandrel and billet/die inter-

faces. 

8. The pressure was raised to a predetermined level and kept 

constant. The data logger was operated to scan continually 

all the channels so that their outputs were printed out on a 

paper tape. 

9. The pulling device was operated to apply the necessary drawing 

load to the billet tag so as to make up the total stress 

required for the process and pull the specimen material through 

the die at a constant speed. 

10. The extrusion continued until a certain length of product is 

reached. The pulling device was then stopped, the load removed 

and the pressure released. 

11. The channel readings continued being printed out to check for 

zero drifts. 

12. The data logger and the high speed numeric printer were operated 

to stop scanning and printing out. 

13. The rig was dismantled. 

Figure 2.18 illustrates some of the products obtained by the 

hydrostatic extrusion-drawing process. 
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The experimental results will be given in Chapter 7 

together with the theoretical predictions. 

FIGURE 2.18 HYDROSTATIC EXTRUSION - DRAWING PRODUCTS 
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CHAPTER 3 

ELEMENTS OF THE MATHEMATICAL THEORY OF PLASTICITY 

3.1 Introduction 

The theories of plasticity can be classified in two categories: 

Physical theories and mathematical theories. While the former seek 

an explanation for the plastic flow of metals from a microscopic 

view point, the latter are phenomological in nature and attempt 

to put into useful form the results of macroscopic experiments. 

The mathematical theories of plasticity are concerned with 

the formulation of mathematical relationships of stress and strain 

in solid bodies which deform permanently under the action of 

external loads. 

In this chapter some of the basic concepts of the mathematical 

theory of plasticity are considered which are required to analyse 

the plastically deforming zone in the hydrostatic extrusion of tubes. 

Only the incremental or flow theories are referred to in the text, 

since the deformation or total strain theories are unsuitable to 

describe the plastic behaviour of a metal, except in the case of 

radial or proportional loading in which both theories coincide (81,82). 

3.2 Stress Field (82-90) 

The state of stress at a point of a body, subjected to a 

system of external forces, can be determined in terms of the stresses 

on three perpendicular planes passing through the point. In a 

cartesian system of co-ordinates (x1, x2, x3) the complete specifica- 

tion of the stress at a point is given by the stress tensor a:.: 
13 



3 X 

2 X 

-70- 

a.. 	= 
a11 a12 

IMP 

a13  

a21 a22 a23  

a31 a32 a33  (3.1) 
AMP MVO 

where a11, a22,  a33 are the normal stresses acting in those planes 

a31, a
32  are the shear stresses, as shown and a12, a13, a21, a23,   

in Figure  (3.1). 

X/  

FIG. 3.1 iEh COMP0NENTS OF TEE STRESS TENSOR 

Normal stresses can be either tensile or compressive, and the 

convention followed in this work is that tensile stresses are positive 

and compressive stresses are negative. 

The convention for the shear stresses is as follows: the 

positive directions of the components of the shear stress on any side 

of a cubical element are taken as being in the positive direction of 

the co-ordinate axis if a tensile stress on the same side would have 

the positive direction of the corresponding axis. 

Considering the equilibrium of the forces acting on the various 

surfaces of an infinitesimal parallelpiped, the following relation-

ships are obtained: 

a a. 

a x. 	+ Xi = 0 	 (3.2) 
13 

J 
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where Xi are the body forces per unit of volume. 

The equilibrium of an element requires also that the resultant 

moment should vanish. The consideration of moments leads to the con-

clusion that the stress tensor is symmetric, 

	

a. = a.. 	 (3.3) 
13 	i 

The stress tensor has three independent invariants which are: 

J1 = aii 

J2 
- b13  ij 	 (3.4) 

J3 = bij ajk vki 

In plasticity theory it is convenient to consider the stress 

tensor as the sum of the spherical stress tensor and the stress deviatoric 

tensor. 

The three normal components of a spherical stress tensor are 

equal and its shear components are zero. 

The sum of the elements in the principal diagonal of a stress 

deviatoric tensor is zero. Thus, 

a.. = a..' + a S.. 
i~ 	13 	m 13 

where am = 1/3 a.., is known as the hydrostatic stress, and Sij is 

the Kronecker delta. 

The deviatoric stress is 

a = v• - a S 1j 	ij m 	ij (3.5) 
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whose invariants are: 

J1 = a
ii 

= 0 

1 	t 	 I 
J2 = 2 aij  aij  

1 __ 
J3 	3 aij ajk aki (3.6) 

The equivalent stress, a, is defined as: 

 

      

_ 
a = /3/2 ai aii = ✓3J2 j 

 

(3.7) 

In the hydrostatic extrusion of tubes, the deformation is 

axisymmetric so it is convenient to adopt a reference system of 

cylindrical co-ordinates (r, 6, z) Figure (3.2). 

FIG. 3.2 STRESS COMPONENTS REFERRED  TO C!Lfi DRICAL CO-0RDLNATES 

In this system of co-ordinates the stress tensor a., is: 
lj 

a 
r Tre Trz 

Ter ae T
ea  

Tzr Tze  az (3.8) 
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Due to axial symmetry: 

Tre  = Ter  = Tez  = Tze  = 0 

and the remaining components of the stress are independent of the 

variable e. 

The second invariant of the deviatoric stress tensor, in this 

system of co-ordinates, can be written as: 

J2 = - (6'6e + ae'6Z + 
a'at)  + T2rz 

3.2.1 Stress Functions  

The equilibrium equations (3.2) for cylindrical co-ordinates 

and axisymmetric conditions, neglecting body forces can be written 

as: 

Dar  aTrz 6r 
6e 

Dr  az + r = 0 

= 0 	 (3.10) 

aT 	Da rz + 	z + rz- _ 0 ar 	az  

(3.9) 

aae  
ae 

By introducing the stress functions (pi  = (1)1 
 (r,z) and (1)

2 
 = (1)

2 
 (r,z) 

such that: 
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1 
9201 	 z  a - 	+ -  

r 	r az2 

a(f)2 
ae • ar 

a201  
1 

az = r art  

T = rz 

2 
1 

a 
 "1 

r Graz (3.11) 

the equilibrium equations (3.10) will automatically be satisfied. 

3.3 Strain Rate and Strain Field (82-90) 

In a body in motion described by its velocity field the 

components of the strain rate tensor in a cartesian system of 

co-ordinates (x1,  x2,  x3) are given by: 

• 1 	avi 	av. 
,Z eij 	2 	ax.  + axi  ) 

(3.12) 

where vi  are functions representing the velocity field. 

In cylindrical co-ordinates and axisymmetric conditions the 

strain rate has the following form: 

er 
	

0 	
erz 

• 
O ee 	0 

e 0 	E zr 	z  

C. 	= 



(3.13) 

• 
E 
z 

av 
Z 

aZ 

where: 
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av 
r 

Er 
_ 

v 
Ee = r 

r 

1 	avr 	avZ 

Erz = 2 ( az + ar ) 

The strain rate tensor can also be split into two tensors, 

the deviatoric tensor E.. and the spherical tensor, Em did. The 

deviatoric tensor E., is given by: 
ij 

E.. = E.. — E a.. 
13 	i~ 	m 13 

(3.14) 

where e
m = 3 Eii 

The three invariants of E,. are: 
ij 

I1 = Eii = 0 

1 • 	•& 
IZ = 2 —E

i. Ei, 

• 
I3 = det (Eii) 

(3.15) 
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The assumption that the material is incompressible leads to 

E, = 0 
ii (3.16) 

i.e. the spherical strain rate tensor is equal to zero. Under 

axisymmetric conditions and in cylindrical co-ordinates the second 

invariant 12 has the form: 

.7 	i 	r 	7• 
12 = - (er Ee  + E

A 
 Ez  + Ez  E 	E r + YZ  (3.17) 

The equivalent or effective strain rate is defined as: 

__ /2 
E 	v 3  Ei3 Ei3 

(3.18) 

and, assuming  incompressibility, 

• 
(3.19) 

When a body is described by its small displacement field the 

components of the strain tensor in a cartesian system of co-ordinates 

(x1, x2, x3) are given by: 

1 

 

au. 	a u 

Ei] = 2 ( axj  + ax. (3.20) 

where u are functions representing  the displacement field. 

For finite deformation the components of strain are calculated 

from the components of strain rate as follows, 
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t 

Ei  j 
 = It,0  eij  dt (3.21) 

The total amount of plastic strain suffered by an element of 

material during the deformation is given by the equivalent or effective 

strain, c, (90,91), 

t 	• 
ē = t=0 	dt (3.22) 

The integrations in (3.20) and (3.21) are performed along the 

path of deformation. 

3.4 Yield Surface (85-89) 

The state of stress at any point in the material is represented 

by a point in a nine-dimensional Euclidean stress space whose axis 

are aij(i,j = 1,2,3). Since aij  is symmetric the stress space can 

be reduced to a six-dimensional one. 

In the stress space a variation of the stress at a material 

point corresponds to a change of the stress point. The region of 

that space where only elastic strains can occur is bounded by a surface 

called yield surface. The scalar function f (a.., ce., k) which
13  13

describes the yield surface is denoted by yield or loading function and 

is assumed to be depending on the states of stress and plastic strain 

and the history of loading. It is also assumed that the equation 

f(a.., epj, k) = 0 
13 

(3.23) 

represents a closed surface in the stress space. 

If f < 0 the stress state is an elastic one; f = 0 means the 

stress state is on the yield surface; f > 0 has no meaning. 
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To determine the changes occuring in the stress state for the 

case f = 0 let's consider the time derivative of f. 

f _ 3a..  bij  + 
 3eij B

ij  + 3f k (3.24) 

Three cases can now be distinguished for a strain hardening 

material: 

1 - f = 0 and f < 0. This condition leads to an elastic 

state as in the next instant of time would be f < 0. This 

constitutes unloading, where no plastic strain occurs, eij = 0 
1]  

and k must also vanish since there is no change in the plastic 

strain hardening parameter. The criterion for unloading from a 

plastic state is thus defined by: 

af 
ao. 
1j 

a < 0 
1j 

which characterises unloading. 

2 - f = 0 	and 
af 
3a.. 

a. = 0 
1j 

This situation is called neutral loading. 

3-f =0 	and af 
Do. 
1j 

which constitutes loading. 

Thus, an infinitesimal change of stress, do, constitutes 

unloading or loading or neutral loading according to whether the 

vector do points towards the interior or the exterior of the yield 

surface or is tangential to it. 
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3.5 Flow Rule for a Work Hardening Material (85-89) 

To define work hardening Drucker (92) considered an external 

agency which slowly applies to a given state of stress an additional 

set of stresses and then slowly removes them. During the application 

and removal of such a set of stresses the material remains in 

equilibrium. 

The original configuration may or may not be restored after the 

cycle. 

A work hardening material is defined to be one such that: 

Ca) Positive work is done by the external agency during the 

application of the set of stresses; and 

(b) The network performed by the external agency over the 

cycle of application and removal is zero or positive. 

This definition of work hardening means that useful net energy 

above the elastic energy cannot be extracted from the material and 

the system of forces acting on it, as only the elastic energy can be 

recovered during unloading. 

When the external agency applies small surface tractions, the 

state of stress, 
ail 

is altered by dci~ and the state of strain ein 

by dei . The small strain increments dei contain an elastic part
3 

dei and a plastic part dei• such that 

deij =dēij + del) 
 ij 

When the external agency removes the added tractions the 

elastic strain increments dee, are released. 13 
From condition a) it follows that: 
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dQij (de. 	+ dc. ) > 0 	 (3.25a) 
 13 	13 

and from condition (b) 

da . , de. 	> 0 	 (3.25b) i~ 	i
.
~ 

The latter inequality is sometimes referred as the uniqueness 

condition (93), and represents the scalar product of the vectors 

da and de in a six-dimensional stress space. Therefore the positive 

directions of the two vectors must make an acute angle with each 

other. 

The consequences of this work hardening definition are (94): 

(1) The yield surface and all the subsequent loading surfaces 

must be convex. 

(2) The plastic strain rate vector P. must be normal to 
1] 

the loading surface at a smooth point, 

p 	af 
ei i = A 	

a6 
ij 

(3.26) 

and lie between adjacent normals at a corner. In expression 3.26, 

A is a function that depends on stress, stress rate, strain and strain 

history. From the work hardening definition, (3.25) follows that A 

must be non-negative. 

(3) The plastic strain increment is linear in the stress 

increment 

P' 
d€.1 . = Aijki dckl (3.27) 
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Proof of these corollaries were given by Drucker (92,94) and 

Naghdi (95). 

Loading points must satisfy the equation: 

f(a.., c.., k) = 0 

Prager (96) called this equation the consistency condition which 

means that loading from a plastic state must lead to another plastic 

state. 

Assuming k to be a function of cP.(86), during loading it must 

be: 

f = af.. 	+ 3f 	~p + af ak 	
P. = 0 3c.. 	ij 	

acp ij  
1] 	3k 

BepJ i3 

From (3.26) and (3.28) one obtains: 

(3.28) 

 

of 
aak l (71 k1 

 

(3.29) 

   

(af 

acPj 

+ af Bk ) af 

ak acPj aaij 

Substituting (3.29) in (3.26) results 

• af 	af 
cij = G 3ai 39a akl 

j 
(3.30) 

where 

G = 
1 

 

(
of 	af Dk 	af 
acp + 3k 

acp 
) Da 

mn 	mn 
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Equation (3.30) shows that a linear relationship exists between 

the strain rate and the stress rate. 

Koiter (97) generalised equation (3.30) to be applied to a surface 

with singularity points. This theory assumes the yield surface made up 

of several smooth surfaces defined by several functions: 

f i (air ), 	f2 (a..), 

 

f (a,.? n iJ 

 

Koiter proposed that the loading surfaces described by f = 0 

act independently and equation (3.30) is replaced by: 

n 	2f af 

EiJ 	
p = 1 Cp p 3a. 	8c k1 	

6kl 

where: 

8f 
C = 0 if f < 0 or(a -) ~ 

 
	< 0 

iJ 

3f 
C 	= 1 	if f = 0 or 	( P ) 

6i ' > 
iJ 

0 

and G are n positive functions of stress, strain and strain history. 

3.,6 Yielding Criteria (82-91) 

For a material that hardens isotropically, the yield function 

depends only on the stress invariants (86,87). 

f = f (J1, J2, J3) 

According to experimental results (98,99) the plastic deformation 
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is independent of hydrostatic pressure. In view of this conclusion 

the first stress invariant, J1, has no contribution to the plastic 

deformation. Therefore, the yield function can be considered as a 

function of the invariants of the deviatoric stress tensor: 

f = f(J2'  J3) 

The two most widely used yield criteria, the von Mises criterion 

and Tresca's criterion, are specific cases of this expression. 

The von Mises criterion is defined by 

J2  - k2  = 0 	 (3.32) 

where k is a scalar function depending on plastic strain history. 

The Tresca yield criterion establishes that the plastic flow 

is initiated when the maximum shear stress reaches a certain value 

k*. The yield function for Tresca's criterion has the form: 

4J23  - 27J32  - 36k*2J2  + 96k*4J2  - 64k*6  = 0 	(3.33) 

The results obtained by Lode (t100),Taylor and Quinney (101),Ros 

and Eichinger (102), show that the von Mises criterion fit their 

experimental data considerably better than the Tresca criterion. 

However, the upper yield point of annealed mild steel is said 

to follow Tresca's criterion (82). 

3.7 Flow Rule Associated with the Von Mises Criterion 

To obtain the flow rule for a von Mises material one has to 

consider expression (3.26) and the yield function 
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k2  f=J2  - 

The second invariant of the deviatoric stress tensor can be written 

as: 

1_ 1 	2 
J2 = 2 bij aij 	6 (akk)  

Differentiating with respect to cri. leads to: 

1 

ai  ij 	3 Sij akk = aij ij 

Substituting this value into equation (3.26) one obtains: 

Ep = A a 
ij 	ij 

(3.34) 

which are the Reuss-Prandtl equations. 

To determine the function A, equations (3.34) are related to the 

experimental uniaxial tensile stress-strain curve. Functions have to 

be found, so that, results obtained in different loading conditions can 

be correlated with that experimental curve. These functions are the 

effective stress and the effective strain defined by (3.7) and (3.22) 

respectively. 

Introducing Ei. given by (3.34) in (3.18) it becomes: 

/2 , 	1 
e = A ✓  3 	 a aij ij 

Using (3.7), one obtains: 

A = 3  2 
a 



-85- 

and finally: 

• 
E.. 

3 

2 - 

6 „ 
13 

(3.35) 

Which is the form of the Reuss-Prandtl equations to be used throughout 

this work. 
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CHAPTER 4 

AN UPPER BOUND SOLUTION FOR THE HYDROSTATIC 

EXTRUSION-DRAWING OF TUBES 

4.1 Introduction  

Mathematically exact solutions to metal forming problems 

are difficult to obtain, so approximate solutions have to be 

considered. One of the most powerful methods often used is the 

upper bound technique. 

The upper bound theorem, which is one of the limit-load 

theorems, was formulated by Prager and Hodge (103) and later modi-

fied by Drucker et al (104) to include. velocity discontinuities. 

This theorem states: 

Among all kinematically admissible strain rate fields the 

actual one minimizes the expression 

J* = v e dV + 	TI A vI dS - 	T. v, dS 
V 	Sr 	ST  

(4.1) 

where 

V is the deformed volume 

Sr  are the surfaces of discontinuity within V 

T are the shear stresses along Sr  

Av are the velocity discontinuities tangent to sr  
ST  is the portion of the outer surface where external stresses 

are applied 

T. are the external stresses 
1 

V%
1 
 is the velocity of the points at ST  
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Equation (4.1) shows that the upper bound on power J* is a 

function of three quantities: 

1) The internal power for deformation over the volume of the 

deforming body, represented by: 

Jfa e dV 
V 

(4.1.a) 

2) The shear power over surfaces of velocity discontinuities Av 

including the boundaries between tool and the material, expressed 

by: 

TIAvlds 

sr  

(4.1.b) 

3) The power supplied by predetermined body tractions, represented 

by: 

ST  

T. v. dS 
1 1 

(4.1.c) 

A velocity field to be kinematically admissible is required to 

satisfy: 

a) The incompressibility condition throughout the volume 

b) The continuity across the velocity dicontinuity surfaces 

c) The velocity boundary conditions 

Hence, velocity discontinuities tangential to the boundaries 

are allowed and normal components of velocity across the boundaries 

should be continuous. 

These basic requirements can be satisfied by an infinite number 

of velocity fields and the choice of a particular velocity field 

depends on additional assumptions. 
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For metal flow through dies several kinematically admissible 

velocity fields have been proposed and a brief review is given in 

what follows. 

Johnson and Kudo (105)used extensively the upper bound theorem 

for a variety of solutions for different conditions in extrusion. 

They utilized two types of velocity fields for axisymmetric deforma-

tion, the parallel field (Figure 4.1) and the triangular velocity 

field (Figure 4.2). 

s 	.I 

(b) (b) 

FIGURE 4.1 - PARALLEL FIELD 	FIGURE 4.2 - TRIANGULAR VELOCITY 
FIELD 

AFTER REFERENCE 105 

Pugh (106) in his study of the mechanics of the process of 

hydrostatic extrusion compared the upper bound pressure calculated 

by three kinematically admissible velocity fields. He assumed plane, 

conical and spherical boundaries and a radial flow (Figure 4.3). He 

concluded that the conical boundaries give a lower upper bound 

although he had selected in his study the spherical boundary because 

it seemed a more natural choice. 
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a Flow line. 
a 

u tan e 
R 

Velocity components along flow line immediately to the right 
a 	 of M. 

\J 
Velocity components along flow line immediately to the righ: 

of M. 

a Flow line. 
u 

R 

c 	Velocity components along flow tine immediately to the right 
of M. 

FIGURE 4.3 FLOW THROUGH A CONICAL DIE (AFTER REFERENCE 106) 
(a) PLANE TRANSVERSE ENTRY AND EXIT BOUNDARIES 
(b) CONICAL ENTRY AND EXIT BOUNDARIES 
(c) SPHERICAL ENTRY AND EXIT BOUNDARIES 

b 
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Avitzur (107-111) assumed 'radial flow through conical dies, in 

a spherically bounded plastic zone. The velocity at the points in 

this zone is directed towards the apex of the die cone and is calculated 

from the point co-ordinates. 

He applied this velocity field to the analysis of wire drawing 

and extrusion (107-110), hydrostatic extrusion (16) tube sinking and 

expanding (111) (Figure 4.4). 

ZONE r - 	- ZONE n 	/ON! OL 

■e ~r 

some l} 
f 	  

ro cos b— 

Tube sinking through a conical die 

(A kinematically admissible velocity field) 

. 	ZONE I 	ZOt:E II 	— ZOUE a 

Tube expanding over a conical die 

(A kinematically admissible velocity field) 

FIGURE 4.4 - KINEMATICALLY ADMISSIBLE VELOCITY FIELD FOR TUBE 
SINKING AND EXPANDING OVER A CONICAL DIE 
(AFTER REFERENCE 111) 

Balling and Mitchell(112)proposed as kinematically admissible 

velocity field for the axisymmetric extrusion through conical dies 
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a flow pattern that used a double triangle arrangement of velocity 

discontinuities (Figure 4.5). This is an extension of an earlier 

triangular velocity field used by Kudo (113) for the rectangular die. 

AX. 

OP: (vs), 
poi(ii)4 

FIGURE 4.5 - VELOCITY DISCONTINUITY PATTERNS AND THEIR ASSOCIATED 
HODOGRAPHS (AFTER REFERENCE 112) 

Lambert and Kobayashi (114) obtained an admissible velocity 

field without discontinuities by superposition of basic flow 

patterns using a flow function, for axisymmetric bar extrusion. 

Mehta, Shabaik and Kobayashi (115)extended the latter velocity 

field to tube extrusion (Figure 4.6). Their velocity field was given 

as a function of three parameters which could be determined by 

minimizing the total energy-dissipation rate. In both tube and bar 

extrusion the parameters were determined in such a way that the 

boundaries of the deformation zone in the theoretical velocity 

field best approximated the observed boundaries in the experiments. 

t 
r 

J 
A / „•/,/ •  

	 s 	 J i 	r 1 	

i I 

v 	 4F 	ir —~—r 

irr■  1__1 

	

P 	II 

	

i 	I 
d1 • 

	

MAUDhrl 	 ro 

i 

FIGURE 4.6.a 
BASIC FLOW PATTERN 
OF TUBE EXTRUSION 
(AFTER REFERENCE 115) 
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AC1111.G!L'i 

t 
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dt~oi 
d„ 

----mdj 	 
~---- de _ md„: m d,_ 
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r0 
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FIGURE 4.6.b SUPERPOSITION OF BASIC FLOW PATTERNS 
(AFTER REFERENCE 115) 

Zimmerman and Avitzur (116)using a radial flow through a 

conical die obtained for solid bar shapes of curved boundaries 

separating plastic zone from rigid zones (Figure 4.7), by minimizing 

the upper bound on power with respect to a parameter. 

FIGURE 4.7 VELOCITY FIELD (AFTER REFERENCE 116) 

Chen and Ling(117) described a metnod for selecting a class 

of admissible velocity fields by prescribing the form of the stream 

lines. They applied their method to the flow through cosine, 

elliptic, hyperbolic and square dies. 

Nagpal (118) based on the latter work, derived general velocity 
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fields from an assumed shape of the streamlines for axisymmetric 

extrusion through arbitrarily shaped dies and concluded that for 

the case of conical die the velocity field reduces to the radial 

velocity field with spherical boundaries. 

Tirosh (118)assumed a radial flow through a conical die 

with discontinuity surfaces given as a function of three parameters 

(figure 4.8). One of the parameters is determined by the statical 

conditions and the other two by minimizing the energy dissipation 

rate. 

  

 

V j 

AV 

FIGURE 4.8.a ADMISSIBLE VELOCITY FIELD 
	

FIGURE 4.8.b GEOMETRY PERTINENT 
(AFTER REFERENCE 119) 

	
TO THE VELOCITY DISCONTINUITY ON 
rl  (AFTER REFERENCE 119) 

Chang and Choi (120) presented a velocity field for tube 

extrusion through curved dies and assumed two vertical surfaces to 

bound the plastic zone. 

Osakada and Niimi (121) suggested a generalised expression for 

the radial flow field for extrusion through conical dies. The shapes 
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of the plastic boundaries can be arbitrarily selected (Figure 4.9). 

FIGURE 4.9 GENERALISED RADIAL FLOW FIELD (AFTER REFERENCE 121) 

Kudo and Shinosaki (122) using the upper bound technique to 

analyse the extrusion of a hollow component assumed a spherical 

entry boundary and, in a section containing the central axis, 

a plastic flow converging to a point located on the mandrel 

surface (Figure 4.10). 

/A 
 j%/// • r 

V. 

FIGURE 4.10 ADMISSIBLE VELOCITY FIELD FOR TUBE EXTRUSION 
(AFTER REFERENCE 122) 

The last velocity field was generalised by Osakada, Limb 

and Mellor (123) to be applied to the analysis of hydrostatic extrusion 

of composite rods (Figure 4.11). 
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FIGURE 4.11 KINEMATICALLY ADMISSIBLE FIELD FOR EXTRUSION ON COMPOSITE RODS 
(AFTER REFERENCE 123) 

Bramley and Smith (124)studying tube drawing with a floating 

plug assumed the pattern of velocity discontinuities shown in Figure 

4.12. In region 1 the undrawn tube travels parallel to the drawing 

axis. In region 2 the material flows parallel to the die face. In 

region 3 	the material flows parallel to the conical surface of 

the plug. In region 4 the drawn tube travels parallel to the 

drawing axis. 

   

A die 
A 
A 

   

   

   

   

a) PATTERNS OF VELOCITY DISCONTIN- b) HODOGRAPH OF PATTERN DISCONTINUITIES _ 
UITIES FOR TUBE DRAWING 
(AFTER REFERENCE 124) 

FIGURE 4.12 
Islam and Bramley (125)extended this velocity field to the 

cold drawing of duplex tubes (Figure 4.13). 
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FIGURE 4.13 PATTERN OF VELOCITY DISCONTINUITIES AND HODOGRAPH FOR 
DUPLEX TUBE COLD DRAWING (AFTER REFERENCE 125) 

From this review it is clear that most of the suggested 

velocity fields assumed particular surfaces of velocity discontinuity 

and plastic flow and few attempts have been made to minimize the 

total energy dissipation rate in order to obtain a lower upper bound. 

In the cases in which the optimization of the upper bound on power 

is possible, the number of free parameters with respect to that the 

optimum value is sought, is small. Otherwise special optimization 

techniques are required (121). 

4.2 Assumptions and Notation  

In the next section a kinematically admissible velocity field 

is described to be applied to the analysis of the hydrostatic extrusion 

drawing of tubes, using a straight mandrel and a conical die. It 

can also be used for the study of the extrusion of solid billets 

through conical dies. 

In this velocity field the inlet and outlet boundaries are 
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arbitrarily selected and the flow lines in the plastic zone are 

assumed to be straight lines. 

A minimization of the upper bound pressure is carried out in 

respect of two free parameters when conical boundaries, separating 

the plastic zone from the rigid zones, are prescribed. 

This upper bound takes into account the strain hardening of 

the material during the deformation. Throughout the calculations 

the process is assumed to be isothermal (90,126). 

In the derivation of the velocity and strain rate fields the 

following notation will be used: 

A subscript i (i = 1,2) will be used to denote variables, 

functions or symbols related to the exit (i = 1) and the entry 

(i = 2) boundaries. 

4.3 Velocity Field 

Figure 4.14 illustrates the flow of a rigid-plastic material 

between a straight mandrel and a conical die. The flow is axisymmetric 

and the deformation takes place in the zone enclosed by the surfaces 

r1  and P2  which are represented in a longitudinal section containing 

the mandrel axis by the curves z1  = fl(rl) and z2  = f2(r2) respectively. 

The z-axis coincides with the mandrel axis. The functions fl  

and f2  are continuous and their second differential exist. 
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r 

z 

FIGURE 4.14 FLOW PATTERN 

A flow line in region I is parallel to the z-axis and 

becomes parallel to it again in the region after the deformation 

(region III). 

Due to incompressibility of the material, radial distances 

r1  and r2  are related to each other by the expression 

2 	2 
r 	r2 - Ro 

	R 2 
1 	R 	0  

where R is the extrusion ratio defined by 

2 	2 R 	- R _ 
R = 2 	0  

R 2  - R 2 1 	0  

(4.2) 

(4.3) 

Figure 4.15 shows the metal flow between two close streamlines 

which have inclination angles 9 and 9 + de with the z-axis, in the 

region II. The point 0, where two streamlines meet, is not a fixed 

point in the general case. In figure 4.15 the velocity v1  at P1, 

immediately before the flow crossing F1, and the velocity v2  at P2, 
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immediately after the flow crossing r2, as well as the velocity v at 

P are directed towards O. 

The following variables referred to Figure (4.15) are defined 

as 

pl = OR1  
d1 

PP1 

p2  = OP2  d2  = PP2  

p = OP d = P 1P 2  

FIGURE 4.15 FLOW BETWEEN TWO CLOSE STREAMLINES 

The constancy of the volume rate before and after passing 

through the velocity discontinuity surfaces t1  and I'2  requires: 

211- r.
1 
 dri  v1e  = 2 w ri  pi  de vi 	(i = 1,2) (4.4) 

The volume rate in a point belonging to the streamline in 
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the deformation zone is: 

V = 27r r p de v 	 (4.5) 

Expressions (4.4) and (4.5) are identical, since the volume 

rate is constant along the tubular channel represented in Figure 

4.15 by the two streamlines. 

Due to continuity, the normal component of the velocity 

before and after the surfaces of discontinuity r1 and r2 must be 

equal: 

v. cost!) 	= v, cos( 	- e) ie 	i 	i 	i 

cos 

vi _ cos(*
i 
- 9) 	ie 

(i = 1, 2) 

(i = 1, 2) 	(4.6) 

and 

where *1 and IP2 are the angles between the z-axis and the vector 

normal to the exit and entry boundaries respectively. They can be 

determined from the equations of the boundaries as follows: 

~i 

dz.

l 
= arc tan( - dr 

i 
(i = 1, 2) 	(4.7) 

Relating vie to v2e by the extrusion ratio, leads to: 

vle 
= R v

2e (4.8) 

Combining the right hand sides of the expressions represented 

by (4.4) and 
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p2 	= 	p1 	+ 	d 

where 

(4.9) 

d 	= 	/(r1 
- r2)2 

one obtains: 

+ 	(z1  - z2)2  (4.10) 

d _ 
(4.11) P1 	rl  vl  

1 
r2  v2  

Calculating p by: 

P 	= 	p1 	+ 	d1  

where 

(4.12) 

(4.13) d1 	= 	/(r-r1)2  + (z - z1)2  

and combining (4.5) and the right hand sides of the expressions 

(4.4) the velocity at a point in the deformation zone is obtained: 

V = P1 
r. v. 

(i = 1, 2) 	(4.14) 
Pr 

4.4 Strain Rate and Strain Fields  

To calculate the strain rates at a point in the plastically 

deformed zone the expressions (3.13) are applied to the components 

of velocity: 
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v 
r 

= v sine 

v 
z 

= v cos9 

The strain rate field is obtained by the following expressions: 

Er• = 
Dr

sin9 + v cos9 
āe (4.15) 

vr  
Ee• = r 

• Ez 	az cos9 - v sine ā9 

• 
 =

1 
(1v sine + v cos9 99 + av cos9 - v sine ag) rz 2 az 	az ar 	Dr 

In these expressions - -, āe, 
ar 
 and  az are unknown so far and ar 

have to be determined. 

As the streamlines in region II are assumed to be straight 

lines, the angle 9 is related to the co-ordinates of the point P 

and to the co-ordinates of the points P2  and P1  in the same stream-

line belonging to the entry and exit boundaries respectively. 

r-r. 
9 = arc tant 	1) 	(i = 1, 2) 	14.16) z - z. i 

By differentiating (4.16) with respect to r and z, 
ār 
 and 

ae 
8z are obtained as follows: 

99 _ 	I  
ar 	dr, 	dz. 

d91 (1 - tanod 1) + (z - zi) .sec2 9 
i 

(i = 1, 2) (4.17) 

30 	99 
az - - 8r tans 	 (4.18) 



-103- 

dr, 
where del is calculated from (4.4) , (4.6) , (4.9) , (4.11) and is 

given by: 

dr, 	cos~ 

del 	pi cos(4i 
- A

) 	vie 	
(i = 1, 2) 	(4.19) 

By using the chain rule one obtains 

dz, 	dz. dr, 1 	i 	1 
de 	dr. de 

1 

(i = 1, 2) 	(4.20) 

In the subsequent derivation (equations (4.21) to (4.24)) to 

avoid repeating expressions which are formally identical the following 

notation will be utilized: 

A superscript j (j = 1, 2) will be used with a variable x to 

represent the co-ordinates of a point in the deformation zone. Thus, 

the variables r and z which currently represent the co-ordinates of 

a point will be replaced in those equations by the variables x(1) 

and x
(2) 

respectively. 

Attending to (4.17), (4.18), (4.19) and (4.20) the following 

derivatives can be obtained: 

ari 	dr 
i ae 

ax 
(3 ) - dA 	

ax 
(j) 

(i = 1, 2) 	(4.21) 

(j = 1, 2) 
azi 	dzi ae 

ax(j) - 
de ax(j) 

Differentiating equation (4.7) with respect to r and z and 

a*
1 

using equation (4.21), ar' az
i` art 

and 
az2 

become 
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a*, 	dzz, 	ar,  
- 	1 	1 	2 

ax 
(j) 	dr2 	

ax 
(j ) cos 1P

i  

(i = 1, 2) 

(j = 1, 2) 
(4.22) 

av1  9v1 av2 
	

Dv  

ar ' az ' ar and az  are obtained by differentiating (4.6) 

with respect to r and z and introducing equation (4.22) as follows 

av1 	 i 	aA 

ax (3  ) - 
- {sine, 

ax 
 (j  )  + cosh sin (*i  - e) 

ax 
 (j)  } 

sect  (t(ii  - 9) v1e 	 (4.23) 

The differentiation of equation (4.12) with respect to r and 

z combined with equations (4.21) and (4.22) leads to 

ap 
1 	_ 	1 	art 	1 	av2 	1 ad 

ax(j) 	{r2 ax (j)  + v2 	ax(j) + d ax(j)  

ar1 	av1 	ar2 

- (ax  (j ) v1 + ax  (j )  r1  - 
ax (j) 
	2 

 

av2  

- (j) r2
/ (r1vi  - r2v2) } p 1 

ax 

 (4.24) 

where ar and  ōz are obtained by differentiating (4.11) with respect 

to r and z. 

Finally differentiating (4.14) with respect to r and z one 

obtains 

av __ ( ap1 1 	ar1 1 	+ av1 1 
	ap 1 _ 1) v 

ar 	ar p1 	ar r1 	ar v1 	ar p 	r 

(4.25) 

av _ 	ap1 1 	
ar1 1 
	

+ av1 1 
	

- 
ap 1

) v — 
az 	(az p1  + az r1 	3z v1 	az p 



z 	• 
E ē = 	dz v z  

(4.27) 
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All the terms in (4.25) are known and expressions (4.15) 

can now be used to determine the strain rate field. 

The components of strain and the effective strain at the 

point P are calculated by integrating the components of the strain 

rates and the effective strain rate along the streamlines using 

(3.21) and (3.22) respectively. These expressions can be written in 

a more suitable form to be applied to the present problem. 

Since vz  = dz and for 

t = 0 	 z = z2  

t - t 	z = z 

expressions (3.21) and (3.22) can be written respectively as: 

)1z • 
E E. 

 = 	l)  dz ij 	v 
z  

z2  

(4.26) 

z2  

When the metal crosses the velocity discontinuity surfaces 

'1  and r2  it undergoes deformation which is given in terms of the 

i:ngineering shear strain y by: 

yi = 
AvTi  

vNi 
(4.28) 

where AvTi  is the absolute value of the difference between the 

velocity components tangential to the boundary t
i 

before and after 

grossing it and is given by: 

LxvTi  = 'vi  sin(bi  - A) - v1e  sin il 	(i = 1, 2) 	(4.29) 
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vNi  is the magnitude of the velocity component normal to the boundary 

ri  and is given by: 

vNi = 
V. cosji  (i = 1, 2) 	(4.30) 

The effective strains corresponding to these shear strains 

are: 

(4.31) 
Cr 	3 7i 

Therefore, the effective strain in a point in region II 

is given by: 

Et- = Er  + £ 
2  

and the effective strain in the product is: 

Ep- =E + E + E r2 	r1  

(4.32) 

(4.33) 

To test the presented formulae of the velocity, strain 

rate and strain fields, an analytical derivation of all these fields 

was carried out for the case of converging flow assuming a spherical 

surface for the entry boundary (see Appendix A). The results 

obtained by these two different methods were then compared and verified 

that they were identical for the velocity and strain rate fields and 

the error, due to the numerical integration in expressions (4.26) 

to calculate the strain field, was negligible. 
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4.5 Stress-Strain Curves 

To determine the effective stress in every point of the plastic 

deformation zone it is necessary to relate it to the effective strain. 

The stress-strain relationship can be obtained experimentally using 

various methods which are described in several works together with 

testing conditions and data presentation (127-135). 

The experimental results can be expressed in different manners. 

Swedlow(129) deals with tabular data for a discrete number of values 

of the plastic strain and uses linear interpolation for intermediate 

values. Suzuki et al(133) and Lengyel and Mohitpour(134) present the 

results in a graphical form, while Hockett t132)considers a mathematical 

equation to match the experimental data. 

To solve plasticity problems it is often convenient to have 

simple analytical expressions to represent those relationships and 

among them the following are frequently utilized: 

Power equation 	a - = A em  

Ludwik's equation 	3= A + Bsm  

Swift's equation 	a- = A(B + E)m  

Voce's equation 	6 - A + (B - A) (1 - ēmE) 

where A, B and m are constants and e in Voce's equation is the 

Naperian logarithmic basis. 

In the present work the commercial purity aluminium and high 

conductivity copper stress-strain curves for quasi static conditions 

obtained by Mohitpour(135) were fitted by polynomials with coefficients 

and best degree found by means of a computer program using a least 

squares fitting library subroutine. 

The equations representing those stress-strain curves (figure 
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4.16) and the limits of validity are as follows: 

Aluminium 

a 
s 

= 55.771 + 268.962 e - - 664.653 e2  + 1243.302 e3  

- 1332.300 e

- 4 

 + 711.250 e5  - 146.540 e6  MN/m2  

e < 1.5 

Copper 

3 

a
s 

= 53.447 + 1189.854 e - 817.258 e2  - 3280.618 e3  

+ 7808.392 e

- 4 

 - 6303.488 ē5  + 	1771.301 ē6  MN/m2  

< 1.0 

4.6 The Upper Bound Approach  

(4.34.a) 

(4.34.b) 

4.6.1 Discretisation  

To obtain an upper bound to the extrusion pressure, the powers 

in the hydrostatic extrusion-drawing process are computed, as 

expressed in the power balance equation (4.1). 

Since the analytical expressions of the variables in (4.1) 

are complex, a computer program was developed to calculate numerically 

the integrals in that equation and to obtain the upper bound 

pressure for given boundaries. 

For this purpose ns  streamlines equally spaced in region I 

are considered. In region III the r1  co-ordinate of a streamline 

is related to the r2  co-ordinate in region I by the equation (4.2). 

With the equations of the entry and exit boundaries assumed, 

the streamlines in region II are completely defined. 

Each streamline in region II is divided into n
n 
 - 1 segments 

of the same length by nn  nodal points. The volume of the plastic 

deformation zone is divided into triangular section toroidal elements. 
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The configuration of the mesh obtained is shown in figure 4.17. 

z 

FIGURE 4.17 MESH CONFIGURATION 

It is further assumed that the number of streamlines and 

nodal points is large enough so that the error introduced in the 

calculations by the discretisation is negligible. 

4.6.2 Internal Power of Deformation  

The internal power of deformation is given by expression 

(4.1.a). For all nodal points the effective strain is calculated by 

(4.33) or (4.32) according to whether or not they belong to the 

boundary r1  respectively. The integration of the effective strain 

rate in equation (4.27) is performed along the streamline containing 

the nodal point, using the trapezoidal rule. By replacing the value 

of the effective strain in the stress-strain curve equation of the 

material, one obtains the effective stress at the nodal points. 

The following approximation is made for an elemental torodial 



volume AV 
e
: 
e  

3 
• AV 

a E dV = 	e 
e 	3 

a. E . (4.35) 

j=1 

where a. and E. represent the effective stress and the effective 

strain rate, respectively, in a vertex of the triangle and 

AV = 27r r AA e 	c e (4.36) 

In (4.36) LAe  is the area of the triangular section and rc  is 

the radius of the triangle centroid. In Appendix B it is shown 

how dAe  and rc  are calculated from the co-ordinates of the triangle 

vertices. 

The internal power of deformation is computed by: 

N 3 

Wd  = Q e dV = 3  E.  E ,.,„  e 
J ] 

v 	e=1 j=1 

(4.37) 

where N is the total number of elements in the deformation zone and 

is given by: 

N = 2 (nn  - 1) (ns  - 1) 

4.6.3 Power Dissipated over Surfaces of Velocity Discontinuity  

To calculate the integral expressed by (4.1.b) the following 

power consumptions are analysed. 
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4.6.3.1 Power Dissipation on Surfaces P1 and r2 

As the maximum value that the shear stress can have is 
VT 

if the von Mises yield criterion is assumed the power dissipation 

on each of those surfaces is as follows 

• W 	= 	T~Av~dS, = 1 	ā Av 	dS , 	(i = 1, 2) 	(4.38) 
ri r 	1 	r Ti 1 

i 	i 

where MvT is given by (4.29). 
1 

The surfaces t,
1 contain (n - 1) elemental surfaces whose  S 

area is calculated by 

ASe = 271. rmle (4.39) 

where 1e is the length of the elemental segment and rm is the medium 

radius of the segment le. 

The integrals in (4.38) can be approximated by 

ns 1 2 

r. 	c T „ 
AS (i = 1, 2) 	(4.40) 

2.3 	
1 ] 13 e=1 J= 

where a) and c2 are the effective stress in the nodal points limiting 

the elemental segment le. 

4.6.3.2 Friction Losses over Surfaces 1'3,-r4___, r6 

Assuming a constant friction factor, m, at the mandrel/billet, 

mandrel/product, die/billet and die land/product interfaces the 

shear stresses acting at these surfaces can be written as: 



W = 	TIdvIdS = 
m  

• 

f3 r3 	21/T e_1  

nn -ri  1 2  

a, v. AS J e (4.41) 
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a 
T = m - 

Y .S 

The power consumption on surface r3  is given by 

where ASe  represents the elemental area on the mandrel/billet 

interface and v. is the velocity at the nodal points on the same 

interface and is determined by (4.14). 

The power consumption on the surface r4  is found as follows. 

n -1 2  

f 	
TIdvIdS = m  S y  a, v. AS e  

4 	 2)/T J J 
e=1 j=1 

where ASe  represents the elemental area on the die/billet interface 

and v. is the velocity at the nodal points on the same interface. 

The power consumption on surface r5  is calculated by 

(4.42) 

f 
5  

QA 
T IdvIdS = 27 R 1 . m 	. v 

o m 	le  
(4.43) 

where 1m  is the length of mandrel in contact with the product up 

to the die exit, and cA  is the effective stress at the point A 

(figure 4.17). 

The power consumption on surface r6  is computed by 

Wf  
6 

Q
C  TIdvIdS = 27 R1ld  . m 	• vie  

(4.44) 

where ld  is the length of the die land and a is the effective stress 
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at the point C (Figure 4.17). 

4.6.4 Power Due to the Prescribed Drawing Stresses  

The integral (4.1.c) is computed as follows: 

Wps  = - I Ti  v. dS = -F vle 

where F is the drawing force. 

4.6.5 Power Due to the Applied Pressure  

The power due to the applied pressure, p, becomes 

W 	= 7r(R 2  - R 2) , p • v p 	2 	0 •. 2e 

(4.45) 

(4.46) 

4.6.6 Balance of Power 

The equation of the balance of power can be written as 

W = W + W 	+ W 	+41 	+ W 	+ W 	+ W 	+ W 
P 	d 	rl 	r2 	f3 	f4 	f5 	f6 	ps  

(4.47) 

The upper value of the extrusion pressure is evaluated by 

solving (4.47) in respect of p. 

4.7 A Lower Upper Bound Approach  

So far a velocity field and an upper bound approach, based on 
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it, were described for a general case. So, if the equation of 

the entry and exit boundaries is known the upper bound value of 

the extrusion pressure can be determined. 

A lower upper bound can be found by minimizing the upper 

bound pressure in respect of some parameters which are introduced 

in the inlet and outlet boundary equations. In this way, a more 

accurate information concerning the mode of deformation of the 

material for the family of boundaries considered, can be obtained. 

A method of achieving that goal is to assume the boundary 

equations in a polynomial form 

z = al + a2r + .... + anrn-1 

The minimum condition implies that: 

(1 = 1, n) 	 (4.48) 

As it was seen in the previous sections the evaluation of 

the upper bound pressure utilizes complex expressions and numerical 

integrations which makes impossible the analytical calculation of 

the derivatives in (4.48) and, consequently, the solution of the 

system of equations. 

To overcome this problem in the computer program (shown in 

Appendix C) is included a library subroutine (136) which uses a 

quasi-Newton method to minimize a function and does not need the 

supply of the derivatives of the function. The subroutine starts 

from an initial guess of the minimum position and generates a 

sequence of points by estimating the gradient and the curvature of 

the objective function. 

These points are intended to converge to a local minimum of 

Dai 
	0 
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the function. 

The number of parameters in the boundary equations is reduced 

to two, as for a larger number the computer time would be substantially 

increased and the minimization would become cumbersome. Thus, the 

exit and entry boundaries are assumed to be conical and to contain 

the points C and D (Figure 4.18) respectively. In hydrostatic 

extrusion at high speeds it is known that the material undergoes 

deformation before reaching the die. For low speeds, however, Dunn 

and Lengyel (49) have shown that this effect is absent. In the 

following the assumption is made that the rigid plastic boundary 

passes through point D where the billet surface contacts the die, 

which thus neglects that deformation. As in the present work a low 

velocity of the product was selected (1.5mm/s), the error introduced 

by this assumption should be negligible. 

Dunn (48) has shown, by estimating the deformation zone in the 

hydrostatic extrusion of bars from grid lines scribed on split billets, 

that the exit boundary is approximately conical and contains the 

material points adjacent to the die exit corner. So it is assumed 

in the present case, that the exit boundary passes through point C, 

located at the die corner as found by Dunn. 

z 

FIGURE 4.18 CONICAL SURFACES USED IN THE LOWER UPPER BOUND APPROACH 
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The upper bound pressure minimization is carried out with respect 

to the z-co-ordinates of the points A and B. 

4.7. Calculation of the Friction Factor  

As it was pointed out in Chapter 2 the friction force on the 

mandrel/billet interface was measured experimentally for several 

extrusion ratios and various extrusion pressure/drawing stress ratios. 

The friction factor can be estimated for the experimental conditions 

using this lower upper bound. 

The measured friction force (Ff) is the result of the friction 

forces acting on the plastic zone/mandrel (Ffp) and elastic zone/ 

mandrel (Ffe) interfaces, i.e.: 

Ff  = Ffp  + F
fe 
	 (4.49) 

The assumption of a constant friction factor leads to: 

1) Ffp  = 	T dS = m 
	

ā dS 	(4.49.a) 

Sm  

where S
m is the area of the plastic zone/mandrel surface and 

2) Ffe  = 27 Ro  lm  . m . aA  (4.49.b) 

The friction factor is, therefore evaluated by: 

m = 

  

Ff  
(4.50) 27rRo 	zB  

(cA 1m  + ( adz) 

zA  
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WRITE Zp,, Z , PRESSURE 
FRICTION FATOR, FRICTION 
FORCES ON ELASTIC ZONE/ 
MANDREL AND PLASTIC ZONE/ 
MANDREL/INTERFACES 

-118- 

READ DATA TO DEFINE THE 
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z
B 

where the integral 	a - dz is estimated by: 

zA 

n 
n 
- 1 	2 

1 
2 

a,- Az 
~ 	e 

(4.51) 

In (4.51) a1 and a2 are the effective stress at the nodal points 

limiting the elemental segment Az e. e 

4.7.2 Upper Bound Extrusion Pressure  

The calculated value of the friction factor is introduced in 

equations (4.41) , (4.42) , (4.43) and (4.44) to enable the evaluation 

of the power consumptions on surfaces r3, r4, r5, and r6. The 

other terms in the balance of power equation (4.47) are determined 

as described previously. 

The upper bound extrusion pressure is found as follows: 

P = 

W 
P (4.52) 

Tr (R2
2 	Ro2) v

2e 

The procedure used to obtain a lower upper bound solution is 

summarized in the form of a flow chart, Figure 4.19, which corresponds 

to the program MIN. The output values written in the data file 

TAPE 4 will be used as input data for the program STRESS to be 

discussed in the next chapter. 

A listing of program MIN together with the variable name 

list is included in Appendix C. 
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4.7.3. Results  

The flow patterns obtained by this lower upper bound approach 

are illustrated in Figure 4.20. As it will be shown later in Chapter 

7, for each extrusion ratio the influence of the friction force in 

the theoretical flow pattern is very small for the range of 

extrusion pressure/drawing stress ratios used in the experiments. For 

this reason the flow patterns in Figure 4.20 are considered as 

representative of the theoretical flow for each extrusion ratio, 

irrespective of the extrusion pressure/drawing stress ratios. Also 

for the same extrusion ratio the flow pattern are assumed to be the 

same for both materials, aluminium and copper. 

Figures 4.21 to 4.25 illustrate the velocity fields, represented 

by vv where vie  is the product velocity, the effective strain rate, 
le 	 - 

the effective strain and the effective stress, represented as Y 

obtained by means of program MIN. Y is the initial yield stress of 

the materials and corresponds to the first term in the right hand 

side of the stress-strain curve equation for aluminium and copper. 

Figures 4.20 to 4.25 also show the position of the conical 

boundaries separating the plastic zone from the rigid zones, obtained 

by means of the computer program. A similar position of these surfaces 

of velocity discontinuity was found, for bar extrusion, by Sha, Oh 

and Kobayashi (63) using the matrix method (60) and Dunn (48) using 

the visioplasticity technique. 

The velocity distribution illustrations (Figures 4.21 to 4.25) 

show that the increase in velocity is greater along the mandrel surface 

than along the die surface. Considering cross sections, the magnitude 

of the total velocity increases from the mandrel to the die up to 

about half way along the die and decreases from the mandrel to the 

die towards the exit. The velocity at the points where the exit 
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FIGURE 4.20 FLOW PATTERNS OBTAINED BY PROGRAM MIN FOR VARIOUS 
EXTRUSION RATIOS 
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FIGURE 4.21 VELOCITY (v), EFFECTIVE STRAIN RATE (e), EFFECTIVE STRAIN (E) 
AND EQUIVALENT STRESS (a) DISTRIBUTIONS FOR ALUMINIUM 
EXTRUSION R = 2.0. FRICTION FACTOR m = 0.043 
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FIGURE 4.22 VELOCITY (v), EFFECTIVE STRAIN RATE (E), EFFECTIVE 
STRAIN (E)AND EQUIVALENT STRESS (a) DISTRIBUTIONS 
FOR ALUMINIUM EXTRUSION R = 2.65. FRICTION FACTOR 
m = 0.036 



-124— 

MANDREL 

MANDREL 

MANDREL 

MANDREL 

FIGURE 4.23 VELOCITY (v), EFFECTIVE STRAIN RATE (E), EFFECTIVE STRAIN (e) 
AND EQUIVALENT STRESS (Q) DISTRIBUTIONS FOR ALUMINIUM 
EXTRUSION R = 3.5. 	FRICTION FACTOR m = 0.035 
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FIGURE 4.24 VELOCITY (v), EFFECTIVE STRAIN RATE (e), EFFECTIVE STRAIN (c) 
AND EQUIVALENT STRESS (Q) DISTRIBUTIONS FOR COPPER 
EXTRUSION R = 1.5. FRICTION FACTOR m = 0.017 
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FIGURE 4.25 VELOCITY (v), EFFECTIVE STRAIN RATE (C), EFFECTIVE STRAIN (e') 
AND EQUIVALENT STRESS (Q) DISTRIBUTIONS FOR COPPER 
EXTRUSION R = 2.0. FRICTION FACTOR m = 0.022 
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boundary meets the mandrel is vie, as no change of direction occurs 

along the mandrel. As expected the velocity at the entry is the 

highest for the lowest extrusion ratio, while at the exit it has 

approximately the same value for all the cases considered. 

The effective strain rate increases from the entrance towards 

the exit. As the entry and exit boundaries are surfaces of velocity 

discontinuity, the effective strain rate distribution shows a sudden 

change from the rigid zones, where it is zero, to the plastic zones. 

Near the exit the effective strain rate has a sharp drop. Along the 

entry boundary the effective strain rate has a small variation for the 

higher extrusion ratios, while for the lower ones varies substantially 

(for R = 1.5 varies between 0.35 s-i  near the mandrel to 0.04 s-i  

near the die). At the exit it is maximum near the mandrel and minimum 

at the die. The highest value occurs for extrusion ratio of 1.5 at 

the exit boundary. In the whole deformation zone the values of the 

strain rate are very small, justifying the choice of quasi-static 

stress strain curves. 

The effective strain distributions show the same pattern for 

all the cases presented. At the entrance it increases from the 

mandrel to the die. In a cross section at half way along the plastic 

deformation zone/mandrel interface the effective strain becomes the 

highest near the mandrel, decreasing to the die. At the exit boundary 

the effective strain is practically constant on the exit surface. The 

largest values of the effective strain are found at the largest 

extrusion ratios as expected. 

The effective stress distribution obtained from the effective 

strain follows the same pattern. As at the exit the equivalent stress 

is constant a uniform hardness in the product cross section is predicted. 

As it was pointed out the effect of friction in the velocity 

field is negligible, although variations in the friction force on the 
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billet/mandrel interface were measured. However, this variation was 

not enough to cause significant alteration in the theoretical velocity 

field. On the other hand this is in agreement with the fact that in 

hydrostatic extrusion the friction on the plastic zone/tool interface 

is low. 

The other relevant results, such as the upper bound extrusion 

pressure, are left to be analysed in Chapter 7, where they will be 

compared with the experimental ones. 
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CHAPTER 5 

THE METHOD OF WEIGHTED RESIDUALS IN PLASTICITY 

5.1 Introduction  

Most practical problems in engineering generally are described 

by complex equations that cannot be solved exactly by current 

analytical methods. Hence it is frequently necessary to resort to 

methods that yield approximate solutions. 

Approximate methods may be classified into three broad categories 

(137): iterative, asymptotic and weighted residuals. 

The iterative methods are based in some form of repetitive 

calculations which starting from a guessed initial set of values, 

transform it, according to some operation, into a second set which is 

in turn transformed by the same operation into a third set, etc. The 

solution is obtained when the new set is exactly the same as its 

predecessor. In these methods are included the development of series, 

methods of successive approximations and rational approximations. 

By using the asymptotic methods one seeks solutions that are 

approximately valid when a physical parameter of the problem is very 

small or very large. Typical of these methods are the perturbation 

procedures. 

The weighted residual methods consist of proposing a solution in 

a form of a set of known trial functions with undetermined parameters 

and requiring that the difference between the approximate and exact 

solutions is minimized in some sense. A large variety of approximate 

methods can be included under the designation of weighted residual 

methods. Brebia (138) presents a weighted residual classification of 

approximate methods establishing the relationship existing between 

methods such as the finite element technique, the cell collocation 
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method, the boundary  element method and some others. 

As the method of weighted residuals is used in this work to 

find the stress field in the plastic deformation zone formed during 

the hydrostatic extrusion-drawing of tubes, it is discussed more fully 

in the following sections. 

5.2 The Method of Weighted Residuals  

Consider, in a domain D, the following differential equation, 

whose exact solution is not known 

Z(u) = f(x) 	 (5.1.a) 

and the boundary conditions 

Bi(u) = g.(x) 	i = 1 ... p 	(5.1.b) 

In (5.1) 	is a differential operator, B represents the boundary 

conditions and f, g are functions of a set of independent variables x. 

The problem to be solved by the method of weighted residuals 

consists of: 

given a set of n trial function 4,, which can describe the 
i 

unknown functions u, finding the n free parameters ai, such that the 

approximate solution: 

_ 	 n 
u(x) =+I a.0 

o 	i=1 i i (5.2) 

is the best approximation that can be made for the function u with the 

trial functions 0i. The chosen trial functions are linearly independent 

and members of a complete set of functions. The completeness condition 
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ensures that the series of equation (5.2) is capable of representing 

the exact solution provided enough terms are used. However, this 

property required for mathematical purposes, is sometimes ignored in 

practice (139). 

There are two basic types of criteria for determining the free 

parameter (64). In one of the methods the parameters are calculated 

to give a stationary value to a functional related to equation (5.1.a), 

which can be obtained via the calculus of variation. 

In the other criterion, the weighted residual method, the 

parameters are chosen so as to make a weighted average of the equation 

residual vanish. The residual R, which is found by substituting equation 

(5.2) in equation (5.1.a), becomes: 

n 
R(a, 4) = f -,(u) = f -Z{4o  +Z ai (I). 

i=1 
} 	(5.3) 

The equation residual can be interpreted as the error associated 

with the assumption that equation (5.2) represents the exact solution 

of equation (5.1). When u is the exact solution, R is equal to zero. 

To force the residual to vanish in an average sense over the 

entire domain D, one demands that R be orthogonal to a set of weighting 

functions, W 
k 

Wk  R dx = 0 	k = 1, 2 .... n 	(5.4) 

This requirement yields a set of n algebraic equations for the 

n ai  parameters. 

5.2.1. Weighting Functions  

10 

Each type of weighting function introduced in (5.4) corresponds 
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to a different criterion of the method of weighted residuals. Some 

of the more important and widely used of these methods are described 

below. 

5.2.1.1 Collocation Method  

In this method n points Pi  are chosen in the domain D and the 

weighting functions are the Dirac delta function, 

Wk  = "P - Pk) 

Equation (5.4) becomes: 

fp 6(p-pk) R dx = R(pk) = 0 	k= 1,2 .... n 	(5.5) 

Therefore, as many collocation points must be chosen as there 

are free parameters. The point locations are arbitrary, but if no 

special circumstances arise equally spaced collocation points are 

selected. 

In this method the presumption is that the residual is approxi-

mately zero in between the locations where it vanishes. 

5.2.1.2 Subdomain Method 

The subdomain method requires that the domain D be divided into 

n smaller subdomains, D1, D2  .... D11, and the integral of the residual 

over the different regions be zero. 

The weighting functions are 
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1 	j = k 
W CR) = 

j + k 

and 

D  Rdx = 0 
	

k = 1,2 .... n 	(5.6) 

When the number of subdomains is increased the differential 

equation is satisfied on the average in smaller regions and presumably 

the residual approaches zero everywhere. 

5.2.1.3 Galerkin's Method  

In this method the weighting functions are chosen to be the 

trial functions 	The The Galerkin method forces the residual to be 

zero by making it orthogonal to each member of the complete set of 

trial functions. Equation C5.41 becomes: 

kR dx = 0 
	 (5.7) 

5.2.1.4 Method of Moments 

The method of moments is similar to Galerkin's method, but in 

this case the residual is made orthogonal to members of a system of 

functions which are not the trial functions. The weighting functions 

are chosen to be 1, x, x2  .... xn  and the equation (5.4) is forced to 

vanish for the first n moments of R: 

Pk  (x) R dx = 0 	 (5.8) 
D 
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For the first approximation the method of moments is identical 

to the subdomain method and is usually called the integral method. 

5.2.1.5 Method of Least - Squares  

The integral of the square of the residual is minimized with 

respect to the free parameters to yield n simultaneous algebraic 

equations. 

Equation (5.4) becomes: 

8a 	R2 dx 	ōa R dx = 0 
k 	 k  

(5.9) 

The weighting function Wk  are therefore represented by 8a . 
k  

The purpose of the above criteria is to select the best approxi- 

mation for a given family of trial functions. Comparisons of these 

criteria have been carried out on the same problem. Crandall (64) 

states that for a particular family which satisfies all the boundary 

conditions of a linear equilibrium problem the weighted residual 

criteria will in general produce slightly different approximations and 

in an equivalent extremum problem the Galerkin's method provides the 

optimum weighted residual criterion. 

Bickeley (140) considered an initial value problem of heat 

transfer and compared the collocation, moment and Galerkin methods. 

He found that the Galerkin method proved to be superior. 

Ames (137) reports a similar comparison made by Collings(141) 

on a nonlinear problem. He concludes that the Galerkin method is, 

again, superior but cautions that this conclusion may not hold in 

general. 

Becker (142) listed some conditions that a variational method 

must satisfy and concludes that the least - squares method is 
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the best general criterion of the method of weighted residuals. 

Finlayson and Scriven(139) summarizing all these findings 

come to the conclusion that the superiority of a method can only be 

determined on the basis of representative applications. However, 

in higher approximations the choice of the method is not crucial, 

since all methods give similar results (143). 

5.2.2 Trial Functions  

In the application of the method of weighted residuals the 

choice of a criterion is not too crucial, while the selection of 

the trial functions is very important. The power of the method lies 

in the choice of the trial functions, as known information concerning 

a specific problem can be incorporated into the approximating function. 

However, this selection is somewhat arbitrary as it is dependent on 

the user's intuition and experience. This is often regarded as a 

major disadvantage of the method (139). 

Although no rigid rules can be fixed, some general guidelines 

are usually followed to generate the trial functions. Some of them 

are listed below: 

a) The trial functions must be linearly independent and members of 

a complete set. 

b) Special features of the problem, as symmetry, periodicity, 

monotonicity, should be incorporated in the trial solution. 

c) Whenever possible the trial solution should satisfy the 

governing equations and the boundary conditions, independently 

of the undetermined parameters ak. 

d) The form of the estimates should be kept simple, not unduly 

complicating the analysis. Too rigid restrictions should be 
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avoided even if a minor characteristic of the solution has to be 

lost. 

When the trial solution cannot satisfy some of the boundary 

conditions, separate residual functions have to be constructed. In 

such cases the problem can be solved by considering a total weighted 

residual function, which is the sum of the weighted residual function 

in the domain D and on the boundary S multiplied by some weighting 

factors, GD  and GB  respectively: 

GD  Wk  RD  dV + GB 	Wk  RB  dS = 0 (5.10) 

where RD  is the residual corresponding to the governing equation and 

RB  the residual corresponding to the boundary conditions. 

In this way it is ensured that the boundary error functions 

are taken into account in the approximate solution. 

In discrete calculations, a basis for the determination of the 

magnitude of the weighting factors, usually adopted, is as follows: 

If ND  and NB  are the number of nodal points in the domain D 

and on the boundary S, respectively, the weighting factors affecting 

the residual on the boundary is given by: 

ND  
GB 	NB  (5.1t) 

Another aspect that can influence the selection of the trial 

functions is that they should ease the computation. The choice of 

polynomials is often made as they are easy to handle. 
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5.3 Application of the Weighted Residual Method to Plasticity  

The method of least-squares is applied by Steck (65) to obtain 

the velocity and stress fields in the deformation zone of axially 

symmetrical forward extrusion and upsetting. For this purpose the 

domain is discretised into a number of nodal points and a reference 

system of cylindrical co-ordinates is utilised. 

A stream function W  and two stress functions 41 and  02 are 

proposed as follows: 

	

c 	f (1) g (j) 
= $o(r,z) 	G + 

*1(r,z) 	Air  r  
i j 

f1  (k) g1  (1) 

1 = 00(r,z) + 	ZBkl r  
k 1 

f2  (m) 	g2  (n) 

42 	Cmn r 	z  
m n 

(5.12) 

(5.13) 

(5.14) 

where A. Bkl  and Cmn are unknown and 0
o
,

1 
 and 0

o 
 are functions 

chosen to satisfy some boundary conditions. 

From the stream function the velocity field can be derived. 

The radial, yr  and axial, vz  components of the velocity are expressed 

by: 

1 21 
vr 	r az 

v 	 1 
z 	r ar 

(5.15.a) 

(5.15.b) 

Using expression (3.13) the strain rate field is determined as 

a function of the parameters Aij: 
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Est

• 

	= Est

• 

	(r,z,A.. ) 
ij 

E 	 E 	
1] 

(5.16) 

(5.17) 

Substituting the expressions of the stress functions in 

equations (3.11) the stress field is obtained as a function of the 

free parameters Bkl  and C
mn: 

ast = ast(r,z,Bkl,Cmn) 

am  = am(r,z,Bkl,Cmn) 

(5.18) 

(5.19) 

The components of the deviatoric stress tensor are expressed by 

the following equations: 

ast  = ast (r,z,Bkl ,Cmn) - dstam (r,z,Bkl ,Cmn) 	(5.20) 

Introducing equations (5.20) into the Prandtl-Reuss equations 

(3.35) four error functions R
1p, R2P1  R3P and R4P, corresponding to 

ar, a9, az  and Trz  respectively, are obtained at every nodal point P 

in the discretised domain: 

Rqp  = ast(r,z,Bki,Cmn) - ōstam(r,z,BCmn) 

2 	a  
3 • 

E (r,z,A..) 
ij 

Est

• 

	(r,z,A..)
13  

(5.21) 

with q = 1 .... 4 

If these errors are squared and added up for all the nodal 

points of the deformation zone an error function in terms of the free 

parameters is found: 
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Rq(A..,Bk1,C ) = E (R~)2 ij (5.22) 

As the work material is assumed to be incompressible only two 

of the three error functions corresponding to 
cr, c9' cz' need to be 

taken into account. 

A similar procedure is carried out for the boundary conditions 

which are not satisfied in the estimates. 

The total error is obtained by adding up the individual error 

functions multiplied by the weighting factors G. 

RT = ZR G 
q q 

(5.23) 

By minimizing the total error with respect to the free parameters 

the following system of algebraic equations is obtained: 

aRT 
= 

= 

= 

0 

0 

0 

(5.24) 

aA. 3.3 

aRT 

DBkl 

DRT 

ac 
mn 

and the values of Aij, Bkl and Cmn can be determined. 

As the flow rule is non-linear in the strain rates an iterative 

procedure is employed to find the velocity and stress fluids. 

For this purpose Steck writes the flow rule as follows: 

• a' _ k 

st 	Est 
2 

(5.25) 
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where k is the shear yield stress and I2 is the second invariant of 

the strain rate tensor. 

As a first step of iteration 12 is assumed to be equal to 

unity, i.e. the system is equivalent to a viscous fluid with viscosity 

= 2. In the second step of iteration the strain rate determined in 

the first step is used to calculate a new 12 and a new stress field. 

~(2) 	k 	(1) 

Gst - ~(1) £St 
2 

(5.26) 

In the third step the strain field is corrected from the 

stress field obtained in step 2, according to: 

E 
(2) - if—(1)  c~ (2) 
• st 	st 

(5.27) 

The calculations are carried out by executing the operation 

described in step 2. The cycle is completed when the errors in the 

yield criterion and in the flow rule are negligible and no changes 

occur in the strain rate and stress fields from one step to another. 

Ravindranath (67), applying this iteration procedure to the 

upsetting of rings, has shown that this formulation of the problem is 

not satisfactory. His analysis reveals that two sets of approximating 

functions were proposed for the same quantity and the unknown parameters 

were determined by minimizing the difference betweeen these two sets 

of approximating functions. He states that "mathematically there 

is no reason why any of these solutions should be considered unique 

unless a criterion with a physical meaning is established". 

To overcome this difficultiT the strain rate field can be derived 

from a predetermined velocity field. 

The method of weighted residuals has been applied to obtain 
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stress field in the plastic deformation zone of the upsetting of rings 

(67) and the hydrostatic extrusion of bimetallic composites (66) 

utilizing the respective velocity fields proposed by Avitzur (90). 

5.4 Stress Analysis of the Hydrostatic Extrusion - Drawing of Tubes  

by the Method of Weighted Residuals  

To determine the stress field in the plastically deformed zone 

during the hydrostatic extrusion-drawing of tubes, the strain rate 

field, obtained by the lower upper bound approach described in Chapter 

4, is used in conjunction with the method of least squares. 

The analysis is carried out for the aluminium and copper specimens 

used in the experiments. 

The following assumptions are made: 

a) The materials are isotropic 

b) The materials are incompressible 

c) The materials stress-strain curves are represented by equations 

(4.34) . 

d) The elastic strains are small in comparison with the plastic 

strains and can be neglected. 

e) The frictional stress at the tool/billet interfaces is assummed 

to be proportional to the shear yield stress of the material 

f) The process is isothermal 

5.4.1 Discretisation  

The discretisation of the plastic deformation zone into a number 

of nodal points, Figure 5.1, presented in Chapter 4 is used in the 

following sections. 



ae Ee  a • 

E 

a ē z  az  

• am + 3 

2 
• am 

+ 3  

(5.28.b) 

(5.28.c) 
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FIG. 5.1 - MESH FOR TUBE EXTRUSION. R = 3.5 

Every nodal point is associated with the strain rates, effective 

strain rate and effective stress determined previously. 

5.4.2 Governing Equations  

The Prandtl Reuss equations (3.35) in a system of cylindrical 

co-ordinates can be written as: 

2  + 
cr 	m 

a 
• 
E 

• 
E r  (5.28.a) 

E 

2 a 
Trz 

• 

3 TZ (5.28.d) 

E 
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where 
ar  + ae  + az  

3 

Equations (5.28) represent the governing equations of the problem 

in study. 

5.4.3 Boundary Conditions  

The following boundary conditions are assummed: 

a) The frictional stress at the plastic deformation zone/mandrel 

interface is expressed as 

a 
Trz  (5.29) 

b) At the deformation zone/die interface the boundary condition 

due to the frictional stress is written as 

a 
T = m 

r
- (5.30) 

Expressing T in terms of a 
r 
 , az,  T

rz 
 and the semi cone angle 

of the die, a, equation (5.30) becomes 

a 	a 
r  2 

z 
 sin 2a + 

T
rz cos 2a = ma (5.31) 

c) At the entry boundary the following approximation is made 

a = p (5.32) 

where p is the extrusion pressure 

a 
m  



2k + 3 
1 	k=1 1=1 Bkl r 	zl (5.35) 
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d) 	Similarly, at the exit boundary 

6z 
_ 

ad 
	 (5.33) 

where ad  is the average axial stress applied to the exit boundary. 

It can be calculated by 

(5.34) 

where F is the drawing force 

Fd  is the friction force along the die land (CF in figure 5.1) 

Ffe  is the friction force at the product/mandrel interface 
(AE in figure 5.1) 

A is the cross sectional area of the product 

Fd  and Ffe  were determined for each case by the lower upper 

bound approach. 

5.4.4 Error Functions  

As the strain rate field is already determined, the estimates 

referred in section 5.3 are reduced to the two stress functions (I)1  and 

c1:12. The stresses derived from these functions through equations (3.11) 

satisfy the equilibrium equations (3.10). The stress functions are 

chosen to incorporate the following symmetry conditions: 

a) The radial stress ar, the axial stress az and the hoop stress 

9 are symmetrical across the z-axis. 

b) The shear stress Trz  is antisymmetrical across the z-axis. 

The estimates for the stress functions are as follows: 

MR MZ 

F - Fd 	
Ffe  

ad 	A 
p 
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NR NZ 
2m + 1 n ~ __ 

2 	m-=1 n=1 Cmn r 	
z (5.36) 

Applying equations (3.11) the trial functions for the stresses 

are obtained 

ar = 	1. (1 - 1) Bkl r2k + 2 zl - 2 

	

+ 	Z 	r2m zn 
m n mn 

	

ae = 	(2m + 1) C r
2m zn 

mn m n 

	

a z = 	Z (2k + 3) (2k + 2) Bkl r
2k z1 

k 1 

(5.37) 

(5.38) 

(5.39) 

Trz 
= - 	(2k + 3). 1. Bkl r

2k + 1 zl - 1 (5.40) 
k 1 

The trial functions are polynomials in the variables of the 

system of co-ordinates satisfying, therefore, the requirement of 

completeness. The power of the variable r is chosen to be odd in 

both stress functions, so that the axisymmetry conditions for the 

stresses are included in the trial solution. 

None of the boundary conditions are incorporated in the trial 

functions so that separate error functions have to be constructed to 

take them into account. Three main reasons can be mentioned for 

not including the boundary conditions in the trial functions: 

1. They are only approximations and their inclusion in the trial 

functions would represent a strong restriction. 

2. The trial solution would become much more complicated. 

3. The trial solution would lose its generality, since for different 

shapes of the entry and exit boundaries the estimates would not 

apply. 
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5.4.5 The Computer Program  

To find the stress field in the plastically deformed zone of 

the hydrostatic extrusion of tubes a computer program, called STRESS, 

was produced. 

The data file, generated by program MIN, which includes the 

co-ordinates of the mesh points, the strain rate field and the equivalent 

stress at all nodal points, as well as the values of the upper bound 

pressure, the friction factor and the axial stress at the exit boundary 

is transferred into program STRESS by a READ statement. The program 

also reads from another data file the number of terms of the stress 

functions and the number of error functions. 

To develop the program it is convenient to express the error 

functions R at a nodal point p in the following form: 

NT 

R 	= E A. Y i(r,z) + C 	 (5.41) 
i=1 	q 

where 

NT = MR x MZ + NR x NZ 

Ai 	replaces the free parameter Bkl  for i = 1,.... MR x MZ 

and the free parameters C for i = MR x MZ + 1,.... NT 

and Yqi 	represents the trial functions 

The total error is written as 

N 	NE 	NT 	2 

RT  = 	T G E Ai  Y i + C 	(5.42) 
p= 1 	q=1 	q  i=1 	q 	q  

and minimizing expression (5.42) with respect to the free parameter m 

leads to 



A 

N NE N NE N NE 

     

  

Gq  Yqi Yq  
Gq  Yq2  Yqi  .... GgYgNTYql  

p=1 q= 

  

p=1 q=1 

 

p=1 q=1 

Gq yq2 q2  Gq  YqNTYa  

SYMMETRIC 

N NE 

p=1 q=1 
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air, 
= 0 	(m = 1, .... NT) 	(5.43) aA 

m 

and the following system of linear equations is obtained 

N 	NE 

G 
q 

p=1 	(4=1 

NT 

A. Y Y 	+ C Y 
1 qi qm 	q qm 

i=1 
= 0 (5.44) 

   

(m = 1, .... NT) 

This system of equations, written in a matrix form, more suitable 

for computation, is expressed as 

GgCgYql 

P g 

gCgYq2  

P g 

1/"Gg qYNT 

P q 

The free parameters Ai  are found by solving that system of equations 

by the subroutine SIMQ, which is a standard of the IBM System Subroutine. 

By introducing the value of the free parameters, into equations 

(5.37 - 5.40) the stress field in the plastic deformation zone is found. 

Finally the program generates a data file, where the upper bound 

pressure, the normal and shear stress distributions along the deformation 
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zone/mandrel interface and the parameters which define the position 

of that interface are stored. This data file will be used, later, as 

input data for the program GDME to be discussed in the next chapter. 

The complete sequence of program STRESS is summarized in the 

form of a flow chart in Figure 5.2. A listing of the same program 

together with a variable name list is included in Appendix D. 

5.4.6 Stress Field  

The stress fields were calculated by the method of weighted 

residuals using the velocity field determined by the lower upper 

bound approach described previously. 

The stress fields corresponding to the extrusion ratio of 3.5 

and 2.65 for aluminium and 2.0 for copper are illustrated in Figures 

5.3 to 5.8. For each of these extrusion ratios two cases are presented 

for different pulling forces. The values of the pressure indicated in 

the illustrations are those predicted by the lower upper bound approach. 

As adopted for the equivalent stress distribution the stress 

distributions are represented by the ratio 

Stress Value 
Initial yield stress of the material 

In the following discussion it is understood that the stresses 

are referred to their absolute value, unless the contrary is stated. 

From the illustrations the effect of the drawing stress on 

the stress field is clear. When the pulling force, F, increases the 

extrusion pressure drops and all the stress field, with the exception 

of the shear stresses Trz, has clearly a lower value. In fact the 

values of T remain almost unchanged when two T distributions are rz 	 rz 

compared for the same material and extrusion ratio but different 
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I 	
START 

READ FROM TAPE 4 THE DATA 

GENERATED BY PROG. MIN: 

r, z, ~, Ē, 6, cd, p, m 

INITIALISE 

C = 0 

III = 1, NF, NZPT 

KK = 1, NZPT 

NK = 1, NTERM1 

NL = 1, NTERM2 

FOR EACH NODE AND EACH 
RESIDUAL FUNCTION COMPUTE 
THE FIRST NTERM1 x NTERM2 
y(r,z) 

MK = 1, MTERM1 

ML = 1, MTERM2 

FOR EACH NODAL POINT AND EACH 

RESIDUAL FUNCTION COMPUTE 

THE RESTANT TERMS OF Y(r,z) 

LT = 1, NERRFN 

J = 1, k 

I = J,k 

FOR EACH NODE AND EACH RESIDUAL 
FUNCTION CALCULATE ELEMENTS OF 

 	MATRIX (5.45) 
Y(LT, I) x Y(LT,J) x W(L 

(J,I) = A(I,J) 

l 

FIG. 5.2 - FLOW CHART OF PROGRAM STRESS 
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JJ=1 

= 1, LPARAM 

= 1, LPARAM 

TRANSFER A(I,J) COLUMN BY 

COLUMN TO A SINGLE ARRAY 

B(JJ) = A(I,J) 

JJ = JJ + 1 

FORM THE RIGHT HAND SIDE 

OF EQUATION (5.45) 

C(J) = -A(J,K) 

STOP 

WRITE IN TAPE2, NZPT, DIST, DIST1 

PRESS, FATREM 	, 6r  AND Grz  ON 

MANDREL SURFACE 

SUBROUTINE SIMQ (B,C, LPARAM, 1) 

SOLVES SYSTEM OF EQUATIONS TO 

DETERMINE Al  AND REPLACE ARRAY 

C WITH VALUES OF A. 

FOR EACH NODE COMPUTE vii  

EQUATIONS (5.37-5.40) 

FIG. 5.2 (CONTD) - FLOW CHART OF PROGRAM STRESS 
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extrusion pressures. Although a variation on the friction force, 

Ff, along the billet/mandrel interface, was detected in the 

experiments (see Chapter 7) it does not alter significantly the shear 

stress distribution in the plastic zone. However along the mandrel/ 

billet interface a small variation is noticed. For example, the 
T 

curves in which the ratio Yz is equal to -0.1 are more extended in 

Figure (5.3) than in Figure (5.4) 	The former corresponds to 

a larger friction force as expected. 

Another aspect related to the shear stress distribution along 

the mandrel is that the weighted residual method gives the highest 

value at approximately half way along the plastic zone/mandrel inter-

face, while the assumption of a constant friction factor leads to 

a maximum value at the exit, as the equivalent stress is at a maximum 

there. 

As expected the shear stress changes sign between the mandrel 
T 

and the die. The curve 
Yz  - 0 is nearer the mandrel than the die. 

The radial stress illustrations show in all cases a maximum 

value near the middle of the plastic zone/mandrel interface. Along 

the die the radial stresses decrease from the entrance towards the 

exit. 

The radial and shear stress distribution play an important role 

in the mandrel design, as it will be discussed in the next chapter. 

The illustrations show that along the mandrel surface the 

pressure is much higher than the shear stresses and, therefore, it will 

be the main factor to consider in the mandrel design for hydrostatic 

extrusion. 

The hoop stress figures show that the maximum value is near the 

corner where the billet contacts the die. As for the radial stress 

distribution, - 	the hoop stress distribution has a maximum along 

the billet/mandrel interface at the same location. Along the die the 
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FIG. 5.3 - STRESS FIELD FOR ALUMINIUM TUBE EXTRUSION. 
R=3.5 , p= 192.8 MN /m2  , F=3503 N , Ff =4113 N 
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FIG. 5.3 (CONT.) - STRESS FIELD FOR ALUMINIUM TUBE EXTRUSION. 

R=3.5 , p= 192.3 MM/m2  , F=3503 N , Ff =4113 N 
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MANDREL 

FIG. 5.4 - STRESS FIELD FOR ALUMINIUM TUBE EXTRUSION. 

R=3.5 , p= 178.4 MN /m2  , F=6061 N , Ff =3681 N 



MANDREL 

MANDREL 

-155- 

FIG. 5.4 (CONT.) - STRESS FIELD FOR ALUMINIUM TUBE EXTRUSION. 

R=3.5  , p = 178.4 MN/m2  , F=6061  N , Ff  =3681 N 
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MANDREL 

MANDREL 

FIG. 5.5 - STRESS FIELD FOR ALUMINIUM TUBE EXTRUSION. 

R = 2.65 , p = 143.6 MN /m2  , F = 3392 N , F f  = 3030 N 
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-0.2 

MANDREL 

MANDREL 

FIG. 5.5 (CONT.) - STRESS FIELD FOR ALUMINIUM TUBE EXTRUSION. 

R=2.65 , p= 143.6 MN/m2  , F= 3392 N , Ff = 3030 N 
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MANDREL 

FIG. 5.6 - STRESS FIELD FOR ALUMINIUM TUBE EXTRUSION. 

R=2.65  , p = 129.4 MN/m2  , F=6172  N , F f  = 2815 N 
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MANDREL 

FIG. 5.6 (CONT.) - STRESS FIELD FOR ALUMINIUM TUBE EXTRUSION. 

R=2.65, p=129.4MN/m2  , F=6172N, Ff=2815N 
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MANDREL 
	 / I 

FIG. 5.7 - STRESS FIELD FOR COPPER TUBE EXTRUSION. 

R = 2.0 , p= 287.7 MN/m2  , F=1501  N , Ff  = 3464 N 
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1 MANDREL t 

FIG. 5.7 (CONT.) - STRESS FIELD FOR COPPER TUBE EXTRUSION. 

R = 2.0 , p =287.7 MN/m2  , F=1501  N , Ff  =3464 N 
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FIG. 5.8 - STRESS FIELD FOR COPPER TUBE EXTRUSION. 

R=2.0  , p = 263.7 MN/m2  , F=6394  N , Ff  = 3247 N 
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FIG. 5.8 (CONT.) - STRESS FIELD FOR COPPER TUBE EXTRUSION. 

R=2.0  , p =263.7 MN /m2  , F=6394  N , Ff  =3247 N 
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hoop stresses decrease from the entry to the exit boundaries. 

The axial stress, a 
z
, is the highest at the entrance and the lowest 

at the exit. Along the plastic/zone mandrel interface the axial 

stress has a maximum, more accentuated for the lower extrusion 

ratios. 

The values of the axial stress at the entry boundary are in good 

agreement with the boundary conditions assumed. At the exit the 

boundary conditions are not so well satisfied. This is due to the fact 

that the weighting factor used for the exit boundary is low. It was 

found that at the points in the exit boundary, the value of the 

equivalent stress, calculated from the stress field, when the weighting 

factor was determined in accordance with expression (5.11), was much 

lower than the equivalent stress evaluated from the deviatoric stresses 

obtained from the upper bound solution. Because the boundary condition 

az  = ad  is only an approximation, it was decided to select a weighting 

factor which ensured that the difference between the equivalent 

stresses calculated by the two alternative methods was small. 

The program STRESS enables also, the determination of the pressure 

distribution along the billet/die interface: 

a +.a 	(a - a ) 
a
nd 	( 

	
2 

z) 	z 
2 r cos 2a - TrZ  sin 2a 

where and  represents the stress normal to the die surface. 

Figures (5.9) and (5.10) show the pressure distribution along the 

die for the aluminium specimens extruded with an extrusion ratio of 3.5 

and 2.65 respectively, while Figure (5.11) is related to the copper 

specimen with an extrusion ratio of 2.0. The points C and D in those 

Figures represent the die exit and entrance, as shown in Figure (5.1). 

Figures (5.9) to (5.11) illustrate that the pressure is the 

highest at the die entrance and the lowest at the die exit. The pressure 

drops rather quickly near the die entrance, reaches a zone where the 
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FIG. 5.9 - PRESSURE DISTRIBUTION ALONG THE DIE. 
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pressure curve changes its curvature and falls again towards the exit. 

The three distributions presented show practically the same 

pattern. The region where the curve curvature is changed can be 

considered as a platform for the extrusion ratio 2.65 and reduced to 

a point for the extrusion ratio of 3.5. In the case of copper the 

pressure after falling near the entrance, increases slightly to reach 

a maximum and drops again towards the exit. 

The pressure distribution along the die for bar extrusion was 

solved by using the program STRESS and compared with that found, for 

the same conditions but by a different method, by Duffill, Hooke and 

Mellor (56). The comparison is presented in Figure 5.12. 
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DIE PRESSURE DISTRIBUTION CALCULATED BY 

1 	q=  Pz 	(1+Ln A  ) Ln R 	 A2  

p = 849.2 MN/m2  (55 ton/in2  ) 

2 --- POINT MATCHING TECHNIQUE 

3 --- WEIGHTED RESIDUAL METHOD ( PROGRAM STRESS ) 
upper bound pressure ( PROGRAM MIN ) =852.3 MN/m2( 55.2 ton/in2) 
m =0.06 	( du =0.018 ) 

4 ---- WEIGHTED RESIDUAL METHOD ( PROGRAM STRESS ) 
upper bound pressure ( PROGRAM MIN) =897 MN/m2( 58.1 ton/in2  ) 
m=0.10 	(A1=0.032) 

600 

   

   

DIE EXIT BILLET/ DIE INTERFACE 	 DIE ENTRY 

FIG. 5.12 - PRESSURE DISTRIBUTIONS ALONG THE DIE FOR BAR EXTRUSION 
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CHAPTER 6  

ELASTIC STRESS ANALYSIS OF THE MANDREL FOR THE  

HYDROSTATIC EXTRUSION-DRAWING OF TUBES 

6.1 Introduction  

The stress analysis of the mandrel used in the experimental work 

is made, in the following sections, by means of the finite element 

method (145,146). 

This technique consists of, in general terms, dividing a 

continuum by imaginary lines or surfaces into a finite number of elements. 

These elements are interconnected at a discrete number of nodal points 

situated on their boundaries. In the displacement formulation the 

displacements of the points within an element are related to its nodal 

displacements, which are the unknown parameters, by an assumed set 

of functions. So, the state of strain becomes defined and, together 

with the initial and boundary conditions and the material properties, 

determine the state of stress in the element. An elemental stiffness 

relationship is established by considering the equilibrium of the 

system of nodal forces, the boundary stresses and the distributed 

loads. The elements are then assembled and from the equilibrium 

conditions at the nodal points a set of equations containing the 

unknown nodal displacements is obtained. If this system of equations 

is solved the strains and stresses can be found for any material 

point. 

6.2 The Finite Element Computer Program  

The finite element computer program, called FRONT, utilised in 

the present analysis was developed at Imperial College by Silva (147) 
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and Pereira (80), from an earlier Version, the FLAP 5 code (148) which 

uses the Gauss-Seidel iteration procedure. 

The program is based on the outlined displacement approach and 

can be applied to axisymmetric cases. The elements used are the 

constant strain triangular elements with nodes situated at the vertices. 

The solution routine in the FRONT code employs the Gaussain 

elimination technique. Programming details as well as a user's 

guide and a listing of the program are given in Reference (80). 

The program enables the input data, the radial and vertical 

displacements of the nodes, the stresses at the elements and at the 

nodal points and the strains at the nodes to be printed out. 

The nodal stresses are obtained by taking arithmetic means over 

surrounding elements. Therefore the stresses at the nodal points 

on the boundaries, surrounded by fewer elements, have a lower accuracy 

than the ones calculated at the nodes inside the structures. To 

obtain a more realistic approach in the regions whereby the boundary 

stresses are of interest a finer mesh should be presctibed. Also 

the boundary stresses 	can be evaluated by taking cross-plots and 

from the general trend of the stress distributions, extrapolated to 

the boundaries. 

The hoop strains are calculated directly from the radial displace-

ments at the nodes, and, therefore present a high accuracy even at the 

boundaries. The remaining strains at the nodes are calculated from 

the nodal stresses. 

6.3 Data Generation Program  

To use the finite element computer program it is necessary to 

supply it with data which defines the problem in study. For this 

purpose a data generation computer program called GDME, was produced 
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to provide information concerning the material properties, mesh, 

loading and displacement boundary conditions. This data is written 

in a computer file, which is, in turn, read by the finite element 

program. 

6.3.1 Material Properties  

In the present case, as no thermal effects are considered, only 

the values of the Young's Modulus, E, and the Poisson's ratio, v, are 

supplied by the data file. The values adopted for the mandrel material 

are: 

E = 2.06 x 105  MN/ma 

v = 0.3 

6.3.2 Mesh  

The elements, used in the finite element program, are described 

by their cross-section made by a plane containing the axis of symmetry 

of the mandrel. Figure 6.1 illustrates the mesh chosen for the case 

of aluminium extrusion, extrusion ratio of 2.65. In order to show 

the elements clearly the drawing scale in the r-direction is 2.5 

greater than in the z-direction. 

To improve the accuracy of the program the elements are smaller 

in the regions were larger gradients of stress are expected. It is 

known that when a thick hollow cylinder is subjected to an external 

constant pressure the gradients of the stresses are maximum in its 

bore. For this reason it is usual to choose a mesh which coarsens 

radially outwards from the bore. However, in the present case as the 
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mandrel is subjected to a pressure distribution, which varies along 

its length, with high gradients in the region of the plastic zone/ 

mandrel interface, it was preferable to choose5'a very fine uniform 

mesh in the radial direction. In the z-direction the size of the 

elements varies according to the gradient of the pressure distribution, 

the higher the latter the smaller the former. 

On the plastic zone/mandrel interface the mesh was prescribed 

in such a way that the relative position of the nodes is the same 

used in the previous computer programs MIN and STRESS. This arrange-

ment enables the transference of the normal and shear stresses 

associated with these nodal points to the data generation program, 

to be made without losing any information. 

6.3.3 Loading  

The pressure and shear stress distributions along the mandrel 

surface, to be discussed in a further section, are applied to the 

nodes of the structure as follows: 

If pi, pj  and pk  are the external normal pressures acting on 

the nodes i, j and k respectively, the radial external "force" 

acting on node j to be introduced in the computation is 

Pi  Pj 	pj  + Pk  

	

Fr  = wit CAzij 
	2 	 + Azjk 	2 ) m (6.1) 

where R 
m 
	is the outside radius of the mandrel 

Liz.. is the distance between nodes i and j 

and Liz
jk  is the distance between nodes j and k 

Similarly the axial external load acting on node j is 
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T, + T. 	T. + T 
F 	= TrR (Az.. 	1 	J  + Az 	J 	k) 
z 	m iJ 2 	jk 2 

where Ti, T. and Tk  are the shear stresses acting on nodes i, j and k 

respectively. 

6.3.4 Displacement Boundary Conditions  

As the top end of the mandrel rests on a support (figure 2.2), 

it is assumed that the displacements of the nodes on the mandrel/ 

support interface are restricted in the z-direction. Therefore, 

only radial displacements of these nodes are allowed. 

6.4 Results of the Finite Element Computer Program  

6.4.1 Introduction  

In what follows it is convenient to consider some cross-sections 

of the mandrel which are identified by the symbols S1 to S12 in 

Figure 6.2. 

The cross-sections S1 to S11 are made by planes normal to the 

mandrel axis such that the plastic zone/mandrel interface is divided 

into ten equal surfaces. The cross section S12 is located in the 

region of fluid pressure far from the plastic deformation zone and 

the seal region. 

In subsequent figures the symbols in them are related to Figure 

(6.2) 

6.2. 
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DIE 

~ -BILLET 

E 

MANDREL 

53 54 S5 56 57 S8 S9 S10 S11 	S12 

FIGURE 6.2 - RELATIVE POSITION OF thh MANDREL CROSS SECTIONS 

The stress analysis of the mandrel is carried out for three 

selected cases of tube extrusion-drawing characterised as follows. 

1) Aluminium 

Extrusion Ratio, R = 3.5 

Extrusion Pressure, p = 192.2 MN/m2 

Drawing Force, F = 3503 N 

Friction Force, Ff = 4113 N 

2) Aluminium 

Extrusion Ratio, R = 2.65 

Extrusion Pressure, p = 143.6 MN/m2 

Drawing Force, F = 3392 N 

Friction Force, Ff = 3030 N 

3) Copper 

Extrusion Ratio, R = 2.0 

Extrusion Pressure, p =.287.7 MN/m2 
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Drawing Force = F = 1501 N 

Friction Force = Ff  = 3464 N 

The values of the pressure are those obtained by the upper 

bound approach while the drawing froce and friction force on the 

billet/mandrel interface are represented by the experimentally 

measured values. 

These cases will be identified, in the text of this chapter, 

by the material and extrusion ratio, the other parameters will be 

omitted. 

As adopted in previous discussions the stresses and displacements 

will be referred to their absolute values while they will be affected 

by the corresponding sign in the graphical representations. 

6.4.1.1 Pressure and Shear Stress Distributions along the Mandrel  

Figures 6.3 to 6.5 show the pressure and shear stress distri-

butions along the external surface of the mandrel for the three cases 

considered. 

In the pressure distribution curves three stages are distinguished 

as follows: 

1. Constant pressure distribution in the region between the seal 

section (Figure 2.2) and the section where the billet meets 

the mandrel. The pressure in this region was determined by 

the lower upper bound approach described in Chapter 4. 

2. Pressure distribution at the plastic zone/mandrel interface. 

This distribution corresponds to the radial stress distribution 

on the interface obtained by means of the weighted residuals 

method, as shown in Chapter 5. 

3. Pressure distribution at the product/mandrel interface. To 
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ALUMINIUM EXTRUSION. R = 2.65 
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FIG. 6.5 - SHEAR STRESS AND PRESSURE DISTRIBUTIONS ALONG THE MANDREL. 

COPPER EXTRUSION. R = 2.0 
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estimate this distribution an assumption has to be made, since 

the weighted residuals program only applies to the plastically 

deformed material. In this zone it is known that the pressure 

is zero at the points located in the die exit section (point E 

in Figure 6.2), and is equal to the calculated radial stress 

at the points situated on the plastic deformation zone exit 

boundary (point A in Figure 6.2). 

The assumption is that the pressure varies linearly at the 

product/mandrel interface between those two values, as shown in 

Figures 6.3 to 6.5. 

Also the shear stress distribution curves show three different 

phases: 

1. The shear stress is zero at the fluid/mandrel interface. 

2. Along the plastic deformation zone/mandrel interface the shear 

stress distribution is calculated by the weighted residuals 

method. 

3. Along the product/mandrel interface the shear stress distribution 

results from the assumption of a constant friction factor as 

described in Chapter 4. 

To assess the effect of these distributions on the elastic 

behaviour of the mandrel, the deformation as well as the stress 

distributions in some cross sections of the mandrel are discussed 

in the next sections. 

6.4.2 Deformation of the Mandrel  

To study the deformation of the mandrel when subjected to 

the loads illustrated in Figures 6.3 to 6.5, the radial displacements 



-182- 

FLUID 
PRESSURE 

PLASTIC DEF 
1 	ZONE 

DIE EXIT 

-20 -10 0 10 20 

RADIAL DISPLACEMENT 10 mm 
a) INTERNAL SURFACE OF 

THE MANDREL. 

-20 -10 0 10 20 

RADIAL DISPLACEMENT 10 mm 
b) EXTERNAL SURFACE OF 

THE MANDREL. 

FIG. 6.6 - RADIAL DISPLACEMENTS OF THE INTERNAL AND EXTERNAL SURFACES 
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OF THE MANDREL. ALUMINIUM EXTRUSION. R = 2.65 
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of its internal and external surfaces are analysed in this section. 

They are shown in Figures 6.6 to 6.8. 

The vertical displacements of the mandrel cross sections are 

not represented, since the finite element analysis show that plane 

cross sections before the deformation remain plane during loading 

(the maximum variation of the vertical displacements of the points 

in the same cross section is 6.0 x 10-4mm, for copper extrusion, 

extrusion ratio of 2.0). 

Figures 6.6 to 6.8 show clearly that the highest values of the 

radial displacement occur in the region of the plastic zone/mandrel 

interface. The maximum of these values are for the copper extrusion, 

extrusion ratio of 2.0 and the minimum for aluminium, extrusion ratio 

of 2.65, as they correspond to the highest and lowest values of the 

pressure distributions. 

As the pressure distribution at the plastic zone/mandrel inter-

face for copper extrusion has a more pronounced maximum than the 

two others distributions, the radial displacement curves of the 

points on the internal and external surfaces, in that region, are 

sharper than the other two curves. 

At the fluid/mandrel interface region the radial displacement 

curves have values practically constant, as the mandrel is subjected 

to a constant fluid pressure and a constant small axial stress due 

to the friction force. Near the seal the radial displacement changes 

sign and drops to zero. 

6.4.3 Stress Fields  

In order to supply the designer with information related to 

the behaviour of the mandrel, the stress fields in some of its cross 

sections are presented in this section. 
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One design condition that the mandrel has to satisfy is that 

it must remain elastic during the hydrostatic extrusion-drawing 

process. Therefore, according to the von Mises criterion, the 

equivalent stress at every point of the mandrel can not exceed the 

yield stress of the material from which the mandrel is made. 

As, in the present case, the mandrel is hollow it is expected 

that the severest stressed points are in the mandrel bore. So the 

equivalent stress curves are plotted along the internal surface of 

the mandrel, for the three extrusion cases considered (Figures 6.9 

to 6.11). 
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These figures show that at the internal surface of the mandrel 

the equivalent stress is maximum at the points situated in the 

cross section S8 or in between cross sections S7 and S8. For the 

case of aluminium extrusion, extrusion ratio 3.5 the maximum pressure 

acts on the same cross section where the maximum equivalent stress 

occurs. This does not apply to aluminium, extrusion ratio of 2.65 

and copper, extrusion ratio of 2.0. In the latter case it is clear 

that the - 	rf a S5ufe 	is maximum at the cross sections S5 and 

S6. Referring to Figures 6.9 to 6.11, it should be noticed that the 

variation of the equivalent stress at the points in cross sections 

S5 to S11 is very small. 

To clarify these comments the radial, hoop, axial, shear and 

equivalent stresses at several cross sections of the mandrel are 

illustrated in Figures 6.12 to 6.15. 

The radial stresses are zero at the internal surface of the 

mandrel and increase in the radial direction to reach the value of 

the pressure at the external surface of the mandrel. Although the 

finite element calculations give a value greater than zero at the 

mandrel bore, due to a lower accuracy of the program at the boundaries, 

in the figures representing the radial stress, the curves are drawn to 

attain the value 	zero. Also, at the outside surface the value of 

the radial stress is within an error of 5% of the imposed pressure. 

The hoop stress figures illustrate that the highest values are 

reached at the bore of the mandrel. However, for copper extrusion, 

in the region of the plastic zone/mandrel interface, the hoop stresses 

at the outside and bore of the mandrel are much closer to each other 

than for aluminium extrusions. In the same region, and for the 

cases considered, the values of the hoop stress at the bore vary little 

between cross sections S5 to S11. 

Figures 6.12 to 6.14 show that the axial stresses change sign 
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in the radial direction, with the exception of cross section S12, they 

are tensile at the mandrel bore and compressive at the outside 

surface. 

The values of the axial stress at the bore of the mandrel 

between cross sections S2 and S11 are mich higher than the 

value obtained by 

Ff  

A
m  

(6.3) 

where Ff  is the friction force on the billet/mandrel interface 

and Am  is the area of the cross section of the mandrel. 

In cross section S12, which is far from the deformation zone, 

the axial stress si practically constant at the value given by 

(6.3), within the accuracy of the computation. 

In any cross section J YdAm  is equal to the friction force 

acting on the mandrel between that cross section and the exit. 

Particularizing for the case of copper extrusion, the value of 

the axial stress calculated by expression (6.3) is approximately 

8MN/m2  which is, also, the value obtained by the finite element program 

at cross section S12. Figure 6.14 shows that between cross sections 

S2 and S11 the axial stress reaches as high as 250MN/m2  at the mandrel 

bore and -300MK/m2  at the external surface. 

The explanation for these high values of the axial stress lies 

in the large deformation suffered by the mandrel in a narrow region 

between crosss section S1 and S11. In fact, under the action of the 

normal stresses at the plastic deformation zone/mandrel interface the 

mandrel deforms, in this region, in such a way that the curvature 

produced at the fibres on the external and internal surfaces generates 

compressive stresses in the former and tensile stresses in the latter 

(Figures 6.6 to 6.8). 
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The values of the shear stresses T are low• when compared with 
rz 

the other presented stresses. In any cross section the maximum value 

occurs at the points situated midway the limiting surfaces of the 

mandrel. 

The variation of the equivalent stress along the radial direction 

in several cross sections of the mandrel is illustrated in Figure 

6.15 for the three cases of extrusion considered. These illustrations 

confirm that the equivalent stress is much higher at the bore of the 

mandrel than at any other point. At the bore the equivalent stress 

is only a function of the hoop, de, and axial, cz, stresses as the 

radial, 
r, and shear Trz  stresses are zero. Therefore, the 

determination of the most stressed points depends on the values that 

6e and az  take in the mandrel bore. 

From the foregoing one can conclude that, although the tensile 

axial stresses in the mandrel, due to the friction force are small, 

the design criteria for the mandrel in hydrostatic extrusion should 

take into account not only the high compressive hoop stresses, but 

also the tensile axial stresses developed in the bore opposite the 

plastically deforming billet region. 

Obviously, in practice the mandrel is not hollow but a solid 

piece. Although some similarity exists between the hollow and solid 

mandrel the stress distributions in the latter should be assessed 

separately. 

Figure_ 6.16 illustrates the variation of the axial, hoop, 

radial and shear stresses in various cross sections of a solid 

mandrel for copper extrusion at a ratio of 2.0. The pressure and 

shear stress distributions assumed at the mandrel surface are 

illustrated in Figure 6.3. The mandrel diameter is equal to the 

outside diameter of the hollow mandrel previously analysed. 
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CHAPTER 7 

RESULTS. COMPARISON BETWEEN THEORY AND EXPERIMENTS. 

CONCLUSIONS. 

7.1 Introduction  

In a previous chapter the experimental apparatus was described 

to measure extrusion pressure, drawing force, friction force along 

the billet/mandrel interface and the hoop and axial strains in the 

bore of the mandrel, during the hydrostatic extrusion-drawing of 

tubes. 

Later, the theoretical solutions related to the plastic 

deformation of the billet and the elastic behaviour of the mandrel 

were discussed. 

In this chapter the theoretical predictions will be compared 

with the experimental measurements in order to assess the degree of 

accuracy of the approximations used and the validity of the assumptions 

made. 

7.2. Friction Force at the Billet-Mandrel Interface  

The experimentally obtained variation of the friction force with 

the extrusion ratio and the extrusion pressure-drawing stress ratio is 

illustrated in Figure 7.1.a for aluminium extrusions and Figure 7.1.b 

for copper extrusions. 

These illustrations show that the magnitude of the friction 

force measured in the hydrostatic extrusion-drawing experiments is small. 

In fact the maximum value of the friction force is 4100N for aluminium 

extrusion at a ratio of 3.5 and the lowest value is 1500N for copper 

extrusion at a ratio of 1.5. These low values of the friction force 
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can be explained by the following reasons: 

1. The small area of contact between mandrel and billet. 

In the hydrostatic extrusion of tubes it is possible 

to reduce the area of contact to a very small value as 

a gap can be left between the undeformed part of the 

billet and the mandrel as shown in Section 2.2.1.2.7. 

2. Lubrication between the plastically deforming material 

and the mandrel was provided by the high pressure fluid 

and the graphite coating of the billet. 

The values of the calculated friction factor (Figure 7.2) are small 

(between 0.017 and 0.047) indicating that friction at the billet/ 

mandrel interface is low. 

Figure 7.1 also shows that the friction force increases with 

the extrusion ratio and, for a given extrusion ratio, with the extrusion 

pressure/drawing stress ratio. However, for copper extrusion at a 

ratio of 1.5 no variation in the friction force was detected. Also in 

other cases with the exception of aluminium extrusion at a ratio of 

3.5 the cruves of Figure 7.1 have regions in which the friction 

force is constant. The likely explanation is that the variation in 

friction was so small that the increase in load could not be detected 

by the present arrangement which is unsuitable to record differences 

less than 216N. 

7.3 Extrusion Pressure - Drawing Stress Relationship  

Figure 7.2 illustrates the comparison between the theoretical 

and the experimentally measured extrusion pressure-drawing stress 

relationship for aluminium and copper at several ratios. 

The theoretical results were obtained by means of the lower 

upper bound approach as described in Chapter 4. The values of the 
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friction factor, m, shown in Figure 7.2 were calculated by equation 

4.50. 

The experimental data show that the driving stress (the sum of 

the extrusion pressure and drawing stress) decreases with increasing 

drawing stress. 

These conclusions drawn from the experiments in the hydrostatic 

extrusion-drawing of tubes confirm the earlier theoretical and 

experimental results (4,18) obtained for solid billets, that the 

requirement of energy is lower for a drawing biased than for an 

extrusion biased operation. 

When the theoretical extrusion pressure is determined by an 

energy method and a constant friction factor is assumed, for a given 

extrusion ratio, the value of the driving stress is constant for all 

the theoretical extrusion pressure-drawing stress ratios. In Figure 

7.2 the straight lines, with a constant value of m, lead to an 

extrusion pressure, in an extrusion process, equal to the drawing stress, 

in a drawing process. 

The friction factor in the theoretical calculations is deter-

mined from the measured friction force for each extrusion pressure-

drawing stress ratio, so it varies with this ratio according to the 

variation of the friction force. This is to say that the friction 

factor is not constant but varies with the extrusion pressure-drawing 

stress ratio. 

Figure 7.2 indicates that in all cases for both materials, with 

the exception of copper extrusion at a ratio of 1.5, the predicted 

driving stresses are higher than those measured. The difference 

between the predicted and measured values is larger for the larger 

extrusion ratios. Thus, for aluminium extrusion at a ratio of 3.5, 

the error is 8.5% of the measured pressure, while at an extrusion ratio 

of 2.0 the error is within 6%. 
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Qualitatively similar results were obtained by Duffill and Mellor 

(148) and Osakada and Niimi (121) for the hydrostatic extrusion of solid 

billets. 

7.4 Further Results from the Lower Upper Bound Approach. Experimental  

Verification  

To obtain the lower upper bound extrusion pressure the total 

energy was minimized with respect to parameters zA  and zB  (Figure 7.3). 

These parameters define the plastically deforming region for the 

assumed conical entry and exit boundaries (see Chapter 4). 

It is not possible to estimate the z-coordinate of the point A 

(Figure 7.3) from the billets used in the experiments, as no grid 

lines were inserted in them. However it is possible to estimate the 

z-coordinate of point B by 

R1  - Ro  

zB 	tan a + C B 

where the length C'B is measured on the billet after extrusion. 

z 

FIGURE 7.3 
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For this purpose some of the extruded specimens were split into two 

halves. The point B was easily identified in each half as a small gap 

had been left between the undeformed billet and the mandrel (see Section 

2.2.1.2.7), enabling a clear distinction of the zone in contact with 

the mandrel. The point C is at the intersection of the conical surface 

in contact with the die and the product cylindrical surface. The point 

C' at the bore of the product has the same z-coordinate as C. 

Tables I and II for copper and aluminium extrusions, respectively, 

summarize the theoretical and experimental results. The values of 

zA  and zB  show that, for a given extrusion ratio, the effect of friction 

on the plastic deformation zone is very small in the range of extrusion 

pressure-drawing stress ratios used in the experiments. Moreover, the 

variation of zA  and zB  in aluminium and copper extrusions at the same 

ratio is also small, justifying that the corresponding flow patterns 

shown in Figure 4.20, were represented by the same illustration. 

7.5 Strain and Stress Distributions in the Bore of the Hollow Mandrel  

In Chapter 6 the stress distributions in the mandrel were 

presented when subjected to the predicted pressure and shear stress 

distributions over its external surface. The stress analysis was 

carried out by means of a finite element program which also calculates 

the strains at the nodal points. 

The aim of the present section is to compare the finite element 

analysis results with those obtained experimentally. In this way it 

is possible to assess the accuracy of the theoretical pressure and 

shear stress distributions on the outside surface of the mandrel, 

particularly those evaluated by the weighted residuals method. This 

purpose could be achieved by either comparing, at the mandrel bore, the 

predicted and measured strains or the predicted and experimentally 
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TABLE  I (COPPER EXTRUSIONS) 

R F*(N) aMN/m2 p MN /m2 Ff N m ZA mm ZB mm Zg mm 

1.5 2335 10.47 148.6 1515 0.0174 11.43 12.58 13.47 

1.5 5338 23.93 135.2 1515 0.0174 11.43 12.58 - 

1.5 6672 29.92 129.2 1515 0.0174 11.43 12.58 - 

2.0 1501 6.73 287.7 3464 0.0239 11.70 16.03 17.17 

2.0 6394 28.67 263.7 3247 0.0224 11.70 16.03 - 

2.0 8062 36.15 256.3 3247 0.0224 11.70 16.03 - 

TABLE II (ALUMINIUM EXTRUSIONS) 

R F*N IaMN/m2~pNN /m2 Ff 'N m ZA mm ZBmm ZB mm 

2.0 0 0 112.3 2381 0.047 11.76 16.13 - 

2.0 2339 10.49 101.8 2381 0.047 11.76 16.13 - 

2.0 4115 18.45 91.9 2164 0.044 11.76 16.13 17.27 

2.65 3392 15.21 143.6 3030 0.039 11.44 21.22 - 

2.65 4170 18.70 140.1 3030 0.039 11.44 21.22 21.88 

2.65 5561 24.93 132.2 2815 0.036 11.44 21.22 - 

2.65 6172 27.67 129.4 2815 0.036 11.44 21.22 - 

3.5 3503 15.71 192.8 4113 0.037 11.24 27.45 27.87 

3.5 4726 21.19 185.7 3896 0.035 11.24 27.45 - 

3.5 6061 27.18 178.4 3681 0.033 11.25 27.37 - 

3.5 7562 33.91 170.1 3464 0.031 11.25 27.34 - 

* - experimentally measured quantities 

R - extrusion ratio 	p - upper bound pressure 

F - drawing force 	Ff - friction force 

a - drawing stress 	m - friction factor 
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derived stresses. It was decided to compare strains for the following 

reasons: 

1. The only error that affects the experimentally recorded 

strains is the experimental error, while the experimentally 

derived stresses are also affected by errors due to inter-

polation as will be shown in Section 7.5.2. 

2. The accuracy of the theoretical hoop strains at the mandrel 

bore is higher than the theoretical stresses as discussed 

in Section 6.2. 

7.5.1 Strain Distribution at the Bore of the Mandrel  

Experimentally recorded and theoretically predicted hoop and axial 

strains along the mandrel bore are illustrated in Figures 7.4 to 7.19 for 

aluminium and copper at several extrusion ratios and various extrusion 

pressure-drawing stress ratios. The strain distributions are shown rela-

tive to the strain gauge positions in the mandrel bore. In those figures 

the scale of the top drawings has been chosen so that the position of the 

strain gauges is indicated in the bottom drawings. Both the hoop and 

axial strains indicate the combined effect of the fluid pressure, together 

with the normal stress and frictional drag applied by the deforming 

material to the hollow mandrel. 

These illustrations show that the predicted and experimentally 

measured strains are in close agreement for the hoop and axial strains. 

However the error between the predicted and the experimental strains is 

greater for axial than for hoop strains, which can be explained by the 

less accurate theoretical axial strains because they are calculated from 

the nodal stresses as discussed in Section 6.2. 

The total axial strains are large compared with those due to the 

frictional drag. For example the maximum axial load at an extrusion 
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of 3.5 for aluminium is 4100N (Figure 7.1) corresponding to an axial 

microstrain of 46, against the recorded maximum total axial strain of 

1450 (Figure 7.11). The values for copper at an extrusionratio of 2 

are 39 and 2520 microstrain respectively. These figures indicate that 

when the design of the mandrel is considered, first of all the effect 

of pressure must be taken into account while that of the frictional 

drag is secondary, at least in hydrostatic extrusion/drawing. 

Conditions could be quite different in conventional tube extrusion 

and to a lesser extent in drawing, since mandrel friction is likely 

to be significantly higher. Calculations indicate that, for the extreme 

case of sticking friction, for aluminium at an extrusion ratio of 3.5 

the frictional drag on the mandrel would be over lOOkN, corresponding 

to an axial microstrian of 1,100, assuming that friction is present 

only in the die zone as in the hydrostatic extrusion of tubes. For 

copper in extrusion or drawing at a ratio of 2, the frictional drag 

for sticking friction would be 112kN resulting in 1,200 axial micro-

strain on the mandrel. These strains are significant in relation to 

those shown in Figures 7.11 and 7.17. Although these calculated strains 

are for the extreme case of sticking friction they do indicate that in 

conventional tube extrusion or drawing, when friction is likely to be 

higher than in hydrostatic extrusion, frictional effects on mandrel 

design could not be neglected. 

In conventional tube extrusion with a fixed mandrel not only the 

frictional shear stress is likely to be higher but the interfacial area 

between the billet and mandrel is much extended, adding to the axial 

tensile stress on the mandrel. 

In the present case the maximum absolute value of the hopp and 

axial strains in the mandrel bore occurs nearer the entry boundary. 

The experimental axial strains in Figures 7.4 to 7.6 and Figures 

7.14 to 7.19 do not show a maximum, contrary to the theoretical results. 
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Because the deforming zone/mandrel interface is small (extrusion ratios 

of 1.5 and 2.0) the experimental strain distributions are drifted to 

the high pressure fluid side as no axial strain gauge was placed before 

the hoop strain gauge 1. However the corresponding hoop strain 

distributions in those illustrations show that in fact their absolute 

values have a maximum in a section within the deforming zone/mandrel 

interface as the nearest strain gauge to the product side is a hoop 

strain gauge. 

The strain results confirm the conclusions drawn from the analysis 

of the stresses in the mandrel that the critical section for mandrel 

failure in hydrostatic extrusion/drawing is about midway along the 

mandrel/billet interface. On the other hand the maximum tensile stress 

in the mandrel due to frictional drag in conventional extrusion must 

be upstream near the billet/ram interface, which could alter the 

position and magnitude of the critical mandrel stress. 

The experimental and theoretical results indicate that with 

increasing drawing stress the driving stress is reduced and the 

frictional and normal stresses at the deforming material/mandrel inter-

face, thus the strains and stresses in the mandrel also become smaller. 

From Figures 7.4 to 7.19 one can conclude that the experimental 

results confirm the theoretical predictions and, consequently, that 

the theoretical pressure and stress distributions at the billet/mandrel 

interface are close to the actual ones. 

7.5.2 Stress Distribution at the Bore of the Mandrel  

As mentioned ealier the stress distributions at the bore of the 

mandrel can be derived from the recorded strain distributions. In 

fact, as the radial stress is zero at the mandrel bore, the stress/ 

strain equations for the axial az  and a
9  stresses become 



-225- 
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where the axial, ez  and hoop, Ee, strains can be determined from the 

experimental measurements. Unfortunately, the hoop and axial strains 

could not be measured at the same point, since the hoop and axial strain 

gauges are placed alternately along the mandrel bore. 

Nevertheless, an approximate stress distribution can be obtained 

by interpolating the experimentally recorded strains. However, care 

should be taken as the gradients of strain and stress are large at 

the bore region opposite the deforming material. This is particularly 

important for the smallest extrusion ratio where there are only two 

strain gauges opposite the deforming region. 

Figure 7.20 shows the hoop and axial stress distributions derived 

from the measured strains for aluminium at an extrusion ratio of 3.5. 

Clearly, the accuracy of these experimental stresses is reduced by the 

error due to interpolation, consequently a comparison between the 

theoretical and experimental strains is preferable. 

7.6 Conclusions 

1. The experimental results show that the friction force at the 

deformatLon zone/mandrel interface is small. It is higher for 

the larger extrusion ratios and, for the same ratio, it is 

greater for copper than for aluminium. 

2. The friction force increases with increasing extrusion pressure/ 

drawing stress ratio. 

3. Both experimental and theoretical results indicate that the sum 
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of the extrusion pressure and drawing stress decreases with 

increasing drawing stress. 

4. By the application of a drawing stress not only the process 

speed can be controlled but also the radial, hoop and axial 

stresses in the mandrel become smaller. 

5. From the lower upper bound approach the position of the 

conical boundaries was determined and the velocity, strain rate 

and strain fields derived. It was shown that the effect of 

friction on the velocity field was negligible in the hydrostatic 

extrusion-drawing of tubes, for the ratios considered in the 

experiments. 

6. The use of the weighted residuals method combined with the 

velocity and strain rate fields allowed the assessment of the 

stress fields in the plastic deformation zone. The pressure 

distribution over the mandrel has a maximum about midway along 

the deformation zone/mandrel interface, while the shear stresses 

are small. On the other hand, the pressure distribution on the 

die has a maximum near the die entrance decreasing towards the 

exit. 

7. The analysis of stresses in the mandrel was carried out by an 

elastic finite element program. This analysis has shown the 

existence of high compressive radial and hoop stresses and large 

tensile axial stresses in the mandrel at the deformation zone. 

These axial stresses are much larger than those due to the 

frictional drag alone, applied by the deforming material to the 

mandrel. Thus, in the hydrostatic extrusion of tubes, the 

critical mandrel stress is influenced mainly by the normal pressure 

on the mandrel. 

8. The analysis of the experimental strain distributions confirm the 

results of theoretical anlaysis: the experimental and theoretically 
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predicted strain distributions on the mandrel are close to- the actual 

ones. 

9. The method of weighted residuals is relatively simple and easy 

to handle. 

10. To obtain the stress field in the deformation zone, using 25 

terms in each estimate of the stress function, 50 seconds of central 

processing time and a memory of 25k were required on the CDC 6400 

computer. Judging by this and by the good agreement between the 

theoretical and experimental results, it can be concluded that 

the method of weighted residuals used in combination with the 

strain rate field predicts the stress field in the plastically 

deforming region with good accuracy and requires only modest 

computing facilities. 

7.7 Suggestions for Future Work  

The experimental technique developed in the present work could be 

applied widely in the hot and cold extrusion and drawing of tubes. 

In extrusion the much larger billet/mandrel interface and greater 

friction could result in significantly different stress conditions 

in the mandrel. 

In future work the hollow mandrel should have a greater 

internal diameter and larger length to ease the bonding of the strain 

gauges which posed a rather delicate task in the present case, restricted 

by the dimensions of the available high pressure apparatus. 

It would be desirable to investigate the influence of process 

speed on the friction force and other parameters. In high speed 

extrusion and drawing the effect of strain rate and temperature on the 

stress field could be taken into account by updating the flow stress 
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of the deforming material. 

The lower upper bound approach could be improved by developing 

more sophisticated optimization techniques using more parameters. 

If, for example, the optimization would be performed with respect to 

the coefficients of a higher degree polynomial the plastic zone 

boundaries and the upper bound pressure would become more accurate. 

However, care should be taken as the computation costs would increase 

with the number of parameters and a solution with a small number of 

parameters could be equally satisfactory. In the present work, where 

two parameters were used, the computer program to minimize the extrusion 

pressure required about 30 seconds of central processing time in the 

CDC 6400 machine when a mesh of 121 nodal points was employed. The 

required computing time was also a function of the accuracy of the 

initial estimate. Although the weighted residuals method in combination 

with a velocity field was satisfactory, it would be advantageous if the 

need to assume a velocity field was eliminated in the application of 

that method to plasticity problems. 



-230- 

REFERENCES 

1. J. ROBERTSON, 'Improvements in the Manufacture of Metal Tubes, 

Tubular and Hollow Articles, Plates, Rods, Bars, Wires and the 

Like, and in Means and Apparatus Therefor'. British Complete 

Specification No. 19356, 1893. 

2. P.W. BRIDGMAN, 'Studies in Large Plastic Flow and Fracture'. 

McGraw Hill, 1952. 

3. H.L1.D PUGH, 'Recent Developments in Cold Forming'. Bulleid Memorial 

Lectures, University of Nottingham, 1965. 

4. H.L1.D PUGH, 'The Mechanical Behaviour of Materials Under Pressure'. 

Applied Science, London, 1971. 

5. B.I. BERESNEV, L.F. VERESHCHAGIN AND Y.N. RYABININ, 'Characteristics 

of the Rheological Behaviour of Metals Extruded under Hydrostatic 

Pressure'. Izvest. Akad. Nauk, O.T.N., 1957. 

6. R.N. RANDALL, D.M. DAVIES, J.M. SIEVGIEJ AND P. LOWESTEIN. 'Experimental 

Hydrostatic Extrusion Points to New Production Techniques'. Modern 

Metals, 17 (7), 68, 1962 

7. R.J. FIORENTINO, A.M. SABROGG AND F.W. BOULGER. 'Hydrostatic Extrusion 

of Metals at Battelle'. Machinery Lloyd (European Edition), 17, 18, 

1963. 

8. A. BOBROWSKI. Pressure Technology Corporation of America, Progress 

Report on Navy Bureau of Naval Weapons Contract NOW 64-D180-C, 1964. 

9. A. ROZNER AND J.H. FAUPEL. 'Some Considerations of the Mechanics 

of Hydrostatic Extrusion'. J. Franklin Institute, 277 (3), 217, 1964 

10. D. GREEN, 'An Experimental High Speed Machine for the Practical 

Exploitation of Hydrostatic Extrusion'. J. Inst. Metals, 93 (3), 

1964-5 

11. H.K. SLATER AND D. GREEN, High Pressure Engineering Conference, London, 

Proc. Inst. Mech. Eng. London, 182 (3C), 217, 1968 



-231- 

12. P.J. THOMPSON, 'Hydrostatic Extrusion of Steel'. 9th M.T.D.R. Conf. 

University of Birmingham, Pergamon Press, 1968. 

13. H. KRONENBERG, 'Hydrostatic Extrusion'. Proc. Royal. Soc. A, 311, 331, 

1969. 

14. J.M. ALEXANDER AND B. LENGYEL, 'Semi-continuous Hydrostatic Extrusion 

of Wire'. Proc. Inst. Mech. Eng., 180,317, 1965-6. 

15. B. LENGYEL AND J.M. ALEXANDER, 'Design of a Production Machine for 

Semi-Continuous Hydrostatic Extrusion'. High Pressure Engineering 

Conference. Proc. Inst. Mech. Eng., London 182 (3C), 207, 1968. 

16. B. AVITZUR, 'Hydrostatic Extrusion'. Trans ASME Ser. B, 87, 487, 1965. 

17. A.W. DUFFILL AND P.B. MELLOR, 'A Comparison Between the Conventional 

and Hydrostatic Methods of Cold Extrusion Through Conical Dies'. 

CIRP Conf., University of Nottingham, 1968. 

18. B. PARSONS, D. BRETHERTON AND B.N. COLE, 'A Preliminary Investigation 

of the Combined Hydrostatic Extrusion and Drawing Process'. 9th Inst. 

MTDR Conf., University of Birmingham, 1968. 

19. J.M. ALEXANDER AND B. LENGYEL, 'Hydrostatic Extrusion'. Mills and 

Boon Limited, London 1971. 

20. M. NISHIHARA, T. MATSUSHITA, Y. YAMAGUCHI, T. YAMAZAKI AND M. NOGUCHI, 

"Hot Hydrostatic Extrusion of Steel'. 20th Int. MTDR Conf., p87-92, 

University of Birmingham, 1979. 

21. B. LENGYEL AND M.J.M.B. MARQUES, 'Strain Distribution and Friction 

Along the Mandrel in the Hydrostatic Extrusion-Drawing of Tubes'. 

Ibid, p113-117, 1979. 

22. T.Z. BLAZYNSKI, 'Metal Forming, Tool Profiles and Flow'. The 

MacMillan Press Limited, 1976. 

23. E. SIEBEL AND W. LUEG, 'Untersuchengen ober die Spamungsverteilung 

im Welzspalt'. Mitteilungen aus dem Kaiser Wilhelm Institute fur 

Eisenforschung, 15, 1933. 

24. C.W. MACGREGOR and R.B. PALME, J. Appl. Mech., Vol. 70, p.297, 1948 



-232- 

25. G.T. VAN ROOYEN AND W.A. BACKOFEN, 'Friction in Cold Forming'. 

J. of the Iron and Steel Institut, 1957. 

26. A.M. EL-BEHERY, J.H. LAMBLE AND W. JOHNSON, 'The Measurement of 

Container Wall Pressure and Friction Coefficient in Axi-Symmetric 

Extrusion'. 4th MTDR Conference, p.319, Manchester, 1963 

27. G.W. PEARSALL AND W.A. BACKOFEN, 'Frictional Boundary Conditions 

in Plastic Compression'. Trans ASME, 85, p.68, 1963. 

28. A. NAGAMATSU, T. MUROTA AND T. JIMMA, 'On the Non-Uniform 

Deformation of Material in Axially Symmetric Compression Caused 

by Friction'. Bullentin of the JSME, 14, No 70, p.331, 1971. 

29. P.W. WHITTON AND H. FORD, 'Surface Friction and Lubrication in 

Cold Strip Rolling'. Proc. I. Mech. Eng., 169, p.123, 1955. 

30. G.D.S MACLELAN, J. Iron Steel Inst., 158, p.347, 1948. 

31. J.G. WISTREICH, 'Investigation of the Mechanics of Wire Drawing'. 

Proc. I. Mech. E., 169, p. 654, 1955. 

32. C.T. YANG, 'On the Mechanics of Wire Drawing'. Trans ASME, 

J. Engng. Ind., 83, p.523, 1961. 

33. H. MAJORS, 'Studies in Cold Drawing'. Trans ASME, 78, p.79, 1956. 

34. T.Z. BLAZYNSKI AND I.M. COLE, 'An Investigation of Plug Drawing 

Process'. Proc. I. Mech. E., 174, p.797, 1960. 

35. P.R. LANCASTER AND G.W. ROWE, 'Experimental Study of the Influence 

of Lubrication Upon Cold Drawing under Approximately Plane-Strain 

Conditions'. Ibid, 178, p.69, 1964. 

36. J.M. ALEXANDER AND S. KAMYAB-TEHRANI, 'Pressure Distribution in 

Hydrostatic Extrusion Dies'. Journal of Strain Analysis, 7, No 3, 

1972. 

37. S. KAMYAB-TEHRANI, 'Pressure Distribution and Frictional Conditions 

in Hydrostatic Extrusion Dies'. PhD Thesis, Imperial College, 1972. 

38. M.E. SAID, 'A Study of Dies and Clamps for Semi-Continuous Hydrostatic 

Extrusion'. PhD Thesis, Imperial College, 1976. 



-233- 

39. B. LENGYEL AND J.K. MUSUVA, 'Strain and Pressure Distribution in 

Extrusion Containers'. Proc. 17th MTDR Conference, 1976. 

40. B. LENGYEL AND D. MUTLU, 'Pressure Distribution and Friction in 

Extrusion Containers'. Proc. 19th MTDR Conference, 1978. 

41. G.H. DANESHI AND J.B. HAWKYARD, 'A Split-Platen Pressure Cell 

for the Measurement of Pressure Distribution in Upsetting 

Operations'. Inst. J. Mech. Sci, 13, 355, 1971. 

42. N.R. CHITKARA AND K.T. TASPINAR, 'A Split-Type Roll Form Device for 

Measurement of Roll Pressure Distribution in Rolling Unsymmetrical 

Turbine Blade Shaped Sections: Some Experimental Results'. 

Proc. MTDR Conference, Birmingham, 1979. 

43. P.M. COOK AND J.G. WISTRIECH, 'Measurements of Die Pressure in 

Wire Drawing by Photoelasticity'. Brit. J. Appl. Phys. 3, 159, 1957. 

44. Y. OSAHI AND T. NISHITANI, 'On a Method for Analysing the Effect 

of Back Tension in Strip Drawing Through Wedge-Stopped Die'. JSME 

Semi Int. Symp., p.127, 1967. 

45. E.G. THOMSEN AND J.T. LAPSLEY, 'Experimental Stress Determination 

Within a Metal During Plastic Flow', Proc. Soc. Expt. Stress 

Analysis, 11, p.59, 1954. 

46. E.G. THOMSEN, C.T. YANG AND J.B. BIERBOWER, 'Experimental 

Investigation of the Mechanics of Plastic Deformation of Metals'. 

University of California Press, Berkeley, 1954. 

47. A. SHABAIK AND E.G. THOMSEN, 'Friction Studies by the Visio-

Plasticity Method'. Trans ASME. J. Engng. Ind. 89, p.339, 1967. 

48. P. DUNN, 'Lubrication in Hydrostatic Extrusion', PhD Thesis, 

Imperial College, 1971. 

49. P. DUNN AND B. LENGYEL, 'Lubrication and Friction in Hydrostatic 

Extrusion/Drawing'. J. Institute of Metals, 100, p.317, 1972. 

50. H. ISHIKAWA, K. HATA AND M. GOTO, 'On One Analysis of Axisymmetric 

Extrusion by the Use of Flow Lines'. Trans ASME, J. Engng. Ind., 

p. 419, 1977. 



-234- 

51. M.J. KUNOGI, Sci. Research Inst. (Tokyo), 50, p.215, 1956. 

52. A.T. MALE AND M.G. COCKROFT, 'A Method for the Determination of 

the Coefficient of Friction of Metals Under Conditions of Bulk 

Plastic Deformation'. J. Inst. Metals, 93, p.38, 1964-65. 

53. W. SCHROEDER AND D.A. WEBSTER, ' Press-Forging Thin Sections: Effect 

of Friction, Area and Thickness on Pressures Requires'. ASME, 

J. Appl. Mechs., 16, p.289, 1949. 

54. J.M. ALEXANDER, 'The Effects of Coulomb Friction in the Plane 

Strain Compression of Plastic-Rigid Material'. J. Mech. Phys. 

Solids, 3, p.233, 1955. 

55. H. TAKAHASHI AND J.M. ALEXANDER, 'Friction in the Plane Strain 

Compression Test'. J. Inst Metals, 90, p. 72, 1962. 

56. A.W. DUFFILL, C.J. HOOKE AND P.B. MELLOR, 'Design of Straight 

Conical Dies for Hydrostatic Extrusion'. Proc. 9th Int. MTDR Conf., 

1968. 

57. A.P. GREEN, 'Plane 'Strain Theories of Drawing', Proc. Inst. Mech. 

Eng., 174, p.847, 1960. 

58. A. BLASS, 'A Finite Element Approach in Metal Working and its 

Application to the Radial Upsetting Process'. PhD Thesis, Imperial 

College, 1976. 

59. K. IWATA, K. OSAKADA AND S. FUJINO, 'Analysis of Hydrostatic Extrusion 

by the Finite Element Method'. J. Eng. for Ind., 94, p.697, 1972. 

60. C.H. LEE AND S. KOBAYASHI, 'New Solutions for Rigid-Plastic 

Deformation Problems Using a Matrix Method'. Trans ASME, J. Engrg. 

for Ind., 95, p.865, 1973. 

61. C.H. LEE AND S. KOBAYASHI, 'Deformation Mechanics and Workability 

in Upsetting Solid Circular Cylinders'. Proc. North Amer. Metalworking 

Res. Conf., Hamilton, Canada, 1, p.185, 1973. 

62. S.N. SHAH, C.H. LEE AND S. KOBAYASHI, 'Compression of Tall, Circular 

Solid Cylinders between Parallel Flat Dies'. Proc. Int. Conf. Prod. 

Engr., Tokyo, p.295, 1974. 



-235- 

63. S.N. SHAH, S.T. OH AND 	KOBAYASHI, 'Theories on Flow and Fracture 

in Metalworking Processes'. USAF Technical Report AFML-TR-76-71, 

1976. 

64. S.H. CRANDALL, 'Engineering Analysis'. McGraw Hill, 1956. 

65. E. STECK, ' Numerische Behandlung von Verfahren der Unformtechnik'. 

Berichte aus dem Institut fur Unformtechnik, Stuttgart University, 

Essen, 1971. 

66. H. HELMAN, 'Hydrostatic Extrusion of Bimetallic Composites', PhD 

Thesis, Imperial College, 1976. 

67. T. RAVINDRANATH, 'Deformation in the High Speed Upsetting of Rings - 

A Solution by Weighted Residuals'. PhD Thesis, Imperial College. 

68. R. LANGE, M. REBHOLZ AND K. ROLL, 'An Approximation Method for 

Calculation of Forming Operations', Annals of CIRP, Appendix A3, 

p.142, 1979. 

69. B. LENGYEL, D.J. BURNS AND L.V. PRASAD, 'Design of Containers for 

a Semi-Continuous Hydrostatic Extrusion Production Machine'. The 

7th International MTDR Conference, 1966. 

70. B. LENGYEL AND P.G. ASHFORD, 'An Experimental Pre-Production Unit 

for Semi-Continuous Hydrostatic Extrusion'. The 8th International 

MTDR Conference, 1967. 

71. B.W.R LOWE AND D. GOOLD, 'An Account of Some Recent Experimental 

Work on the Hydrostatic Extrusion of Non-Ferrous Metals', Conference 

on High Pressure Engineering, Proc. I. Mech. Eng., 182, Part 3C, 

197, and 341, 1967. 

72. R.J. FIORENTINO, A.M. SABROFF AND F.W. BOULGER, Final Report, Battelle„ 

Memorial Institute, Contract AF 33(600)-43,328, 1965. 

73. S.E. BABB Jr., 'The Mechanical Behaviour of Materials Under Pressure'. 

Chapter 3, Applied Science, London, 1971. 

74. W. MURRAY AND P. STEIN, 'Strain Gauge Techniques', Massachusetts 

Institute of Technology, Cambridge, Mass., 1958. 



-236- 

75. G.S. HOLISTER, 'Experimental Stress Analysis. Principles and 

Methods'. Cambridge University Press, 1967. 

76. C.C. PERRY AND H.R. LISSNER, 'The Strain Gauge Primer'. McGraw 

Hill, 1962. 

77. J.L. FIALHO, 'Analise Experimental de Tensoes. Laboratorio 

Nacional'de Engenharia Civil', Lisboa, 1969. 

78. B. LENGYEL AND D.C. HARVEY, 'Elastic Stresses at Seals in Plain 

and Necked Open-ended Cylinders Under Internal and External 

Pressures'. Proc. 12th Int. MTDR Conference, 1972. 

79. H. KUDO AND S. MATSUBARA, 'Stress Analysis in Cylindrical Dies 

of Finite Length Subjected to a Band of Internal Pressure'. 

The Government Mechanical Laboratory, Tokyo, Japan. 

80. M.S. PEREIRA, 'Three Dimensional Linear Elastic Fracture Mechanics 

Analysis of Thick-Walled Pressure Vessel Components'. PhD Thesis, 

Imperial College, 1977. 

81. R. HILL, 'The Mathematical Theory of Plasticity'. Oxford, 1950. 

82. W. JOHNSON AND P.B. MELLOR, 'Engineering Plasticity'. Van Nostran 

Reinhold, London, 1973. 

83. J.C. ANDRE JUNIOR, 'Tecnologia Mecanica 1'. AEIST, Lisboa, 1963. 

84. H. FORD, 'Advanced Mechanics of Materials'. Longman, London, 1963. 

85. A. MENDELSON, 'Plasticity: Theory and Application'. Macmillan 

Series in Applied Mechanics, New York, 1968. 

86. Y.C. FUNG, 'Foundation of Solid Mechanics'. Prentice-Hall, 

Englewood Cliffs, 1965. 

87. L.E. MALVERN, 'Introduction to the Mechanics of a Continuous Medium'. 

Prentice-Hall, Englewood Cliffs, 1969. 

88. L.M. KACHANOV, 'Fundamentals of Theory of Plasticity'. MIR, Moscow, 

1974. 

89. J.B. MARTIN, 'Plasticity. Fundamentals and General Results'. MIT 

Press, 1975. 



-237- 

90. B. AVITZUR, 'Metal Forming: Processes and Analysis'. McGraw Hill, 1968. 

91. J.M. ALEXANDER AND R.C. BREWER, 'Manufacturing Properties of Materials'. 

Van Nostrand, London, 1963. 

92. D.C. DRUCKER, 'Some Implications of Work Hardening and Ideal 

Plasticity'. Quart. Appl. Math., 7, 1950. 

93. D.C. DRUCKER, 'On Uniqueness in the Theory of Plasticity'. Quart. 

App. Math., 14, 1956. 

94. D.C. DRUCKER, 'Plasticity'. Proc. 1st Symp. on Naval Structural 

Mechanics, 1958. 

95. P.M. NAGHDI, 'Stress-Strain Relations and Thermoplasticity'. Proc. 

2nd Symp. on Naval Structural Mechanics. Pergamon Press, New York, 

1960. 

96. W. PRAGER, 'Recent Developments in the Mathematical Theory of 

Plasticity'. J. Appl. Phys., 20, 1949. 

97. W.T. KOITER, 'Stress-Strain Relations, Uniqueness and Variational 

Theorems for Elastic-Plastic Materials with a Singular Yield 

Surface'. Quart. Appl. Math., 11, 1953. 

98. P.W. BRIDGMAN, 'The Compressibility of Thirty Metals as a Function 

of Pressure and Temperature'. Proc. Am. Acad. Art. Sci., 58, 1923. 

99. B. CROSSLAND, 'The Effect of Fluid Pressure on the Shear Properties 

of Metals'. Proc. Instn. Mech. Engr., 169, 1954. 

100. W. LODE, 'Versuche ueber den Einfluss der Mitteleren Hauptspannung 

auf das Fliessen der Metalle Eisen, Kupfer und Nickel'. Z. Physik, 

36, 1926. 

101. G.I. TAYLOR AND H. QUINNEY, 'The Plastic Distortion of Metals'. 

Phil. Trans. Roy. Soc., London, A230, 1931. 

102. M. ROS AND A. EICHINGER, Versuche Zur Klaerung der Frage der Bruchgefahr 

111, Metalle, Zurich, 1929. 

103. W. PRAGER AND P.C. HODGE Jr, 'Theory of Perfectly Plastic Solids'. 

John Wiley & Sons Inc., New York, 1951. 



-238- 

104. D.C. DRUCKER, W. PRAGER AND H.J. GREENBERG, ' Extended Limit Design 

Theorems for Continuous Media'. Quarterly of Applied Mathematics, 

Vol. 9, p.381, 1952. 

105. W. JOHNSON AND H. KUDO, 'The Mechanics of Metal Extrusion', 

Manchester University Press, 1962. 

106. H.Ll.D. PUGH, 'Redundant Work and Friction in the Hydrostatic 

Extrusion of Pure Aluminium and an Aluminium Alloy', J. Mech. 

Eng. Science, Vol. 6, No. 4, 1964. 

107. B. AVITZUR, 'Analysis of Wire Drawing and Extrusion Through Conical 

Dies of Small Cone Angle'. J. Eng. Industry, Trans ASME, Series B, 

Vol. 85, 1963. 

108. B. AVITZUR, 'Analysis of Wire Drawing and Extrusion Through 

Concial Dies of Large Cone Angle', J. Eng. Industry, Trans ASME, 

Series B, Vol. 86, 1964. 

109. B. AVITZUR, 'Flow Characteristics Through Conical Converging Dies'. 

J. Eng. for Industry, Trans ASME, Series B, Vol. 88, 1966. 

110. B. AVITZUR, 'Strain-Hardening and Strain Rate Effects in Plastic 

Flow Through Conical Converging Dies'. J. Eng. for Industry, Trans 

ASME, Vol. 89, 1967. 

111. B. AVITZUR, 'Tube Sinking and Expanding'. J. Eng. for Industry, 

Trans ASME, Vol. 87, 1965. 

112. J. BALLING AND L.A. MITCHEL, 'An Upper Bound Solution for Axisymmetric 

Extrusion'. Int. J. of Mech. Sci., Vol. 7, 1965. 

113. H. KUDO, 'Some Analytical and Experimental Studies of Axisymmetric 

Cold Forging and Extrusion', Int. J. Mech. Sci., Vol. 2, 1960. 

114. E.R. LAMBERT AND S.'KOBAYASHI, 'A Theory on the Mechanics of 

Axisymmetric Extrusion Through Conical Dies'. J. Mech. Eng. Sci., 

Vol. 10, No. 5, 1968. 

115. H.S. MEHTA, A.H. SHABAIK AND S. KOBAYASHI, 'Analysis of Tube Extrusion', 

J. Eng. for Industry, Trans ASME, Series B, Vol. 92, 1970. 



-239- 

116. Z. ZIMERMAN AND B. AVITZUR, 'Metal Flow Through Conical Converging 

Dies - A Lower Upper Bound Approach Using Generalized Boundaries 

of the Plastic Zone'. J. Eng. for Industry, Trans ASME, Series B, 

Vol. 92, 1970. 

117. C.T. CHEN AND F.F. LING, 'Upper Bound Solutions to Axisymmetric 

Extrusion Problems'. Int. J. Mech. Sci., Vol. 10, 1968. 

118. V. NAGPAL, 'General Kinematically Admissible Velocity Fields for 

Some Axisymmetric Metal Forming Problems'. J. Eng. for Industry, 

Trans ASME, Series B, Vol. 96, 1974. 

119. J. TIROSHI, 'On the Dead Zone Formation in Plastic Axially-

Symmetric Converging Flow'. J. Mech. Phy. Solids, Vol. 19, 1971. 

120. K.T. CHANG AND J.C. CHOI, 'Upper Bound Solutions to Tube Extrusion 

Problems Through Curved Dies'. J. Eng. for Industry, Trans ASME, 

Vol. 94, 1972. 

121. K. OSAKADA AND Y. NIIMI, 'A Study on Radial Flow Field for Extrusion 

Through Conical Dies'. Int. J. Mech. Sci., Vol. 17, 1975. 

122. H. KUDO AND K. SHINOSAKI, 'Extrusion of Hollow Component with 

Additional Tension'. Annals CIRP, Vol. 18, 1970. 

123. K. OSAKADA, M. LIMB, P.B. MELLOR, 'Hydrostatic Extrusion of Composite 

Rods with Hard Cores'. Int. J. Mech. Sci., Vol. 15, 1973. 

124. A.N. BRAMLEY AND D.J. SMITH, 'Tube Drawing with a Floating Plug'. 

Metals Technology, 1976. 

125. M.N. ISLAM AND A.N. BRAMLEY, 'Production of Duplex Tubes by Cold 

Drawing', Metals Technology, 1978. 

126. R.M. GUHA AND B. LENGYEL, 'Temperature Distribution in Hydrostatic 

Extrusion-Drawing'. Annals CIRP, Vol. 21, 1972. 

127. M. COOK AND E.C. LARKE, 'Resistance of Copper and Copper Alloys 

to Homogeneous Deformation in Compression'. J. Inst. Metals, 71, 1945. 

128. J.F. ALDER AND V.A. PHILIPS, 'The Effect of Strain Rate and Temperature 

on the Resistance of Aluminium, Copper and Steel to Compression', 

J. Inst. Metals, Vol. 83, 1954-55. 



-240- 

129. J.L. SWEDLOW, 'A Procedure for Solving Problems of Elastic-Plastic 

Flow'. Comps. and Structs., Vol. 3, 1973. 

130. B. LENGYEL AND T.V. KROK, 'Application of High Energy Rate Forging 

Machine'. Metal Forming, Vol. 36, 1969. 

131. B. LENGYEL AND D.C. STAMELOS, 'On the Stress-Strain Curves of 

Materials for Hydrostatic Cold Extrusion'. Annals of CIRP, Vol. 19, 

1971. 

132. J.E. HOCKET, 'On Relating the Flow Stress of Aluminium to Strain, 

Strain Rate and Temperature'. Trans. Met. Soc. of AIME, 239, 1967. 

133. H. SUZUKI, S. HALIZUME, Y. YABUKI, Y. ICHIHARA, S. NAKAJIMA AND 

K. KENMOCHI, 'Studies on the Flow Stress of Metals and Alloys'. 

Report of the Inst. Ind. Sc., Univ. of Tokyo, Vol. 18, Nr. 3, 

Serial 117, 1968. 

134. B. LENGYEL AND M. MOHIPTOUR, 'Dynamic Stress-Strain Data to Large 

Strains'. J. Inst. Metals, Vol. 100, 1972. 

135. M. MOHIPTOUR, 'Effects of Strain Rate, Friction and Temperature 

Distribution in High Speed Axisymmetric Upsetting'. PhD Thesis, 

London University, 1972. 

136. Subroutine EO4CEF - NAG Library Manual, 1976. 

137. W.F. AMES, ' Non-Linear Partial Differential Equation in Engineering'. 

Academic Press, 1965. 

138. C.A. BREBIA, 'Weighted Residual Classification of Approximate Methods'. 

Appl. Math. Modelling, Vol. 2, 1978. 

139. B.A. FINLAYSON AND L.E. SCRIVEN, 'The Method of Weighted Residuals-

A Review'. Applied Mechanics Revies, Vol. 19, No. 9, 1966. 

140. W.G. BICKELEY, 'Experiments in Approximating to the Solution of a 

Partial Differential Equation'. Phil. Mag. Vol. 7, 1941. 

141. W.Z. Collings, 'The Method of Undetermined Functions as Applied to 

Diffusion Problem'. MME Thesis, Univ. of Delaware, 1962. 

142. M. BECKER, 'The Principles and Applications of Variational Methods', 

MIT Press, 1964. 



-241- 

143. B.A. FINLAYSON, 'The Method of Weighted Residuals and Variational 

Principles'. Academic Press, 1972. 

144. O.C. ZIENKIEWICZ, 'The Finite Element Method in Engineering 

Science'. McGraw Hill, London, 1971. 

145. R.T. FENNER, 'Finite Element Methods for Engineers'. The MacMillan 

Press Ltd, 1975. 

146. J.A.B.D. SILVA, 'Stress Relief in Castings'. PhD Thesis to be 

Presented. 

147. D.J.F. SLATER, 'A User's Manual for FLAP5 a Finite Element Computer 

Program for an Elastic Body of Revolution'. Internal Publication, 

Imperial College, 1971. 

148. A.W. DUFFILL AND P.B. MELLOR, 'A Comparison of Wire-Drawing and 

Hydrostatic Extrusion Through Straight Conical Dies'. Proc. 9th 

MTDR Conference, 1968. 



zl  - r1-  Pr,  
/r1 - 

✓ p2 -  R  	2 Rō + 2 Ro  ✓ 	- R° + Rō 

	

R 	 R 

-242- 

APPENDIX A 

VELOCITY, STRAIN RATE AND STRAIN EXPRESSIONS FOR TUBE EXTRUSICT  

ASSUMING CONVERGING FLOW AND A SPHERICAL ENTRY BOUNDARY  (FIG. A.1) 

Z 

FIG. A.1 

A.1 - Exit Boundary 

The exit boundary is described by the following equation 

A.2 - Velocity Field 

The velocity at a point P in the plastic deformation zone is 

v - 
r2 - '2  v2e 

r p2  



z2 -(r- R(1)2 +   r(r-R0)-z2 6  z (r - Ro)  
p4 r2 	 p r z 	p3  Erz P2 

  

v 
2 

In z 
z2  

  

in 	- 1 In  r z2 	a 	r2  
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A.3 - Strain Rate Field 

The strain rates can be obtained by the following expressions 

er  = 

E p2  z2  (r - Ro) 
Lp  r2 

r-Ro  
p r - 2 (r -R0)2 

P

j 

 

z2  V 

r  - Ro  se  = rp  v 

= z  f 
P2 z2 (r-Rcl)  + 1 

p4 r 	p  2 
2 Z2 + (r  - R0) 2  V 

3 	p  3 

A.4 - Strain Field 

The components of strain at the point P are found by applying equations 

(4.26). The integration of strain rates leads to 

   

Er  
1- 3a2  + 	a ✓a2 +1 P2 +a2 Ro  
a2  + 1 	a ✓az  + l p2  + (a2  +1) Ro  

In z - in  r z2 	2 

   

Ee = In r 2 

E = 
r  2  (a2  -  1) 	 Ro  

z 	I 	a2  + 1 	a 	p2  + (a2  + 1) Ro  

E = 1 { I  a3 - 7a  + 	✓a4 +1 P2+ 2aRo  
a2  + 1 	a ✓aZ  + 1 p2+ (a2  + 1) Ro 

where a = r Ro z 

rz 2 
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APPENDIX B 

EXPRESSIONS TO CALCULATE THE AREA OF THE ELEMENTAL TRIANGULAR SECTION  

AND THE CO-ORDINATES OF THE TRIANGTF CENTROID  

z 

FIG. B.1 

As shown in chapter 4 the mesh configuration (Fig. 4.17) is formed by 

triangular elements (Fig. B.1). For the sake of programming it is 

convenient to express the area of the element triangular as a function 

of the co-ordinates of its vertices (z1  , r1  ) 

1 	z. 	r. 1 1  

1 	z. 	r. 7 3  

1 zk  rk  

The r and z co-ordinates of the triangle centroid are given respectively 

by 	r. + r. + rk  

rc 	3 

and 	zi  + z. + z, 
zc 	3 
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APPENDIX C 

COMPUTER PROGRAM "MIN" 

The flow chart of this program is given in Chapter 4 Fig. 4.19. The 

FORTRAN computer prvgLam variable names and the listing of the program 

are included in this appendix. 

C.1 - Variable Name List 

The program variable names are defined in alphabetic order in the 

following list. 

AJ 

 

,AK 	 element dimensions 

ALPHA 	half die angle 

ARC 	angles tPi and ( i - 8); see Fig. 4.15 

AREA 	areas of the elements 

BJ, BK 	 element dimensions 

CDR 	r co-ordinate of the nodes 

CDRM 	r co-ordinate of the element centroids 

CDZ 	z co-ordinate of the nodes 

DEXT 	outside diameter of the mandrel 

DFIIDR 	a~  
ar 

DFIIDZ 	ail  
az 

DFI2DR 	 a1P2 

DFI2DZ 	311)2 
~dz 

DIST 	distance d; see Fig. 4.15 

DISTDR ad 
Dr 



DISTDZ 

DIST1 

DIST1DR 

DIST1DZ 

DLND 

DRODR 

DRDDZ 

DRO1DR 

DRD1DZ 

DR1DR 

DR1DT 

DR1DZ 

DR2DR 

DR2DT 

DR2DZ 

D'IDR 

DMZ 

DVDR 
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ad 
az 

distance dl ; see Fig. 4.15 

a
rm` 
adl  
az 

die land length 
IE 
ar 

ap 
āz 
a p,  
ar 

a 

ar 
ae 
arl  
az 

art 

art 
ae 

3r2 
āz 

- ae 
ar 

. ae 
az 

av 
ar 

DVDZ av 
az 
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DVTI 
DVTL tangencial velocity discontinuities 

DV1DR 	av1  Dr 

DV1DZ 	8vi  
az 

DV2DR 	
ā 

DV2DZ 	av2 
3z 

DZ1DR1 
dri 

DZ1DT 	d6 

DZ2DR2 	dz 
dr2  

DZ2DT 	d6 

D2Z1DR 	d2Z1  
dr2  1 

D2Z2DR 	d2Z9  
u4.2 

EF'STN 	effective strain 

EFSTR 	effective strain rate 

EXTR 	 extrusion ratio 

FAIR 	 measured friction force 

FATRED 	friction force at the die/product interface 

FAZEM 	friction force at the mandrel/product interface 

FATRP 	friction force at the deformation zone/mandrel 

interface 

FF 	friction factor 

FLST 	flaw stress 

FORCE 	drawing force 

FXC 	upper bound pressure 
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IFAIL 	library subroutine parameter 

ITER 	counter 

LW 	library subrotine parameter 

NEL 	number of elements 

NITER 	number of literations 

NM 	library subroutine parameter 

NNP 	number of nodes 

NPI 	indices of the first nodes of the elements 

NPJ 	indices of the second nodes of the elements 

NPK 	indices of the third nodes of the elements 

NRPT 	number of nodes along the exit or entry boundary 

NZPT 	number of nodes along the deformation zone/ 

/mandrel interface 

PI 

PWDEF 	power of deformation 

PWFB31 	friction power dissipated at the deformation 

zone/mandrel interface 

PWFB41 	friction power dissipated at the deformation 

zone/die interface 

PWRDll 	redundant power at the exit boundary 

PWRD21 	redundant power at the entry boundary 

FE 	 outside diameter of the billet 

RIEN 	length of the deformation zone/mandrel interface 

RO 	p ; see Fig. 4.15 

RS 	outside diameter of the product 

SIGZO 	axial stress acting at the exit boundary 

STRNR 	strain component Cr  

STRNRT 	strain rates 

S RNRZ 	strain component sro 
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STRNT 	strain component ee  

STRNZ 	strain component ez  

TAGX1 	slope of the exit boundary 

TAGX2 	slope of the entry boundary 

TETA 	angle between streamline and the z - axis 

VEL 	velocity at the nodes 

VELR 	r component of the velocity 

VELI 	z canpoent of the velocity 

VF 	velocity of the billet at the die entry 

VIENC1 	normal component of the velocity at the exit 

boundary in the rigid zone side 

VLENC2 	normal component of the velocity at the entry 

boundary in the rigid zone side 

VLETC1 	tangential component of the velocity at the 

exit boundary in the rigid zone side 

VLETC2 	tangential component of the velocity at the 

entry boundary in the rigid zonde side 

VINC1 	normal component of the velocity at the exit 

boundary in the deformation zone side 

VLNC2 	normal component of the velocity at the entry 

boundary in the deformation zone side 

VLTC1 	tangential component of the velocity at the 

exit boundary in the deformation zone side 

VLTC2 	tangential component of the velocity at the 

entry boundary in the deformation zone side 

VOL 	volume of the elements 

VS 	velocity of the product 

W 	library subroutine parameter 

X 	outside radius of the mandrel 
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C.2 - LISTING OF THE PROGRAM MIN 

PROGPHM MIH'IMPUT4OUTPUT,THPE6=OU7PUT,THPE5=lHpUT,THPE4` 

7HI~ PPO6PHM [HLCULHTEZ THE TOTAL EHEP5'/' OF THE PLH:TI[HLL\' 
DEFOPMED alHE 	[OHI[HL BDUNDAPIE: FOP THE EMTPY 
AND EXIT. DATA I.: IN DHTMIM 

MATERIAL : COPPER 

DIMEITAOM  
COMMON HPPT,2C,M2PT.M2,MP.DE><T,HNP.2X2.TH5X2.[TB2,2%1,TH6~1" 
1MF,ZE,PE,PC2,HLPHH"YF,[DP,400),CD2,400[TB1~HEL,FOP[E"PI 
2,EF.STP,40V`,EXTP"HP[(.4,30/,TETH'30`,HPEH'722~ ,[DPM'722),FHTPE. 
:WEL'400'"YEL2'4U0`.:TPMPT'4"4UU/,PO'400.',FHTP,:I1">I2"FHTPP"FF 
4":J- TPHPk4U0).=TPHT'400'"STPM:(400),:TPMp2/400)"EF:TH'400',HITEP 
5.FLST~4V0.'"HPl'722`,HP]'722),HPV'722>,PLEM"V:,[OF.a)T"ITEP,DLHD 
6,FHTPEM"FHTPED"lHD,[BF,PPM,VLNC1(30)"YLT[1'301^YLEM[1k30/5 
7VLET[1 ,30),YLM[2,30),YLTC2(30.),vLEM[2130)"VLET[2'30) 

PEHD/5,50/ MP"M2"HITEP,PE,RC,DEkl,DLND,HLPHH,YF,FOP[E,FHTR 
50 FORMAT k.3I5"8F8.0) 

REHD'5,51)MM.LQ,IMD,IFHIi- 
51 FOPMHT,4l5) 

PEHDt.5,52) 1X['I),I=1v2) 
52 FOPMHT(4F5.0) 

Pl = 3.141596254 
:0T = :0RT'3.' 
[OF = 2. :OT 
HPPT = MP + 1 
HZPT = H2 + 1 
HHP = HPPT 	H2PT 
HF = MNP - MZPT + 1 
PE2 = PE*+2 
P:2 = R:+.02 

= DEXT ' 2. 
= 

E>:TP = ,PE2 - 	'P:2 - X2) 
2E = ,PE - 	THM'HLPHFi' 
Z: = (P: - X) ' THM`HLPHH) 
V: = EXTR * VF 
lTEP = 0 

.k|PlTE~6"60` 
60 FOPMHT/'',.30X"10HIMPUT  

WPITE(6,61) MP"M2,HITEP"PE,PZrDEXT,HLPHH,VF,FOP[E, 
1 	FHTP,DLHD'[BF,PRM 

61 FOPMHT''"30HHP 	="I5"/"30X,7'HH2 	=.I5" 
1 '"30::"7HMlTEP =,I5"."30X"7HPE  
2 3C,7HPS 	="E11.5,',30X,7HDEX7 ="E11.5". 
3 ;ThHLPHH =,E11.5,',30X"7HYF 	=,E11.5"/.30,7HFOP[E 
4 E11.5.',3U.g"7HFHTP ="E11.5,'431..1.THDLHD =,E11.5"' 
5 930>~"7H[BF 	="E11.5,s,30%.7HPPH  

=, 

C 

C 

C 
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U3P 
63 FOPMHT'30:1."17HE.:TPUCIOM PATIO ="F8.4,'' 

62 FOPMHT,/"30X"14HIMITIHL YALUES,//"'30X.3HX[',I1,2H1 =,E20.14,/`) 
C 

4|PlTE1,6"t4/ 
64 FOPMHT'/,30X"17HITERHTIOM PESULTZ:) 

C 
CALL E04[EF'NM.X[,F>I,Q,UJ,IFHlL/ 

[ 
—I6~0 = 'FOP[E — FHTPE)''PI.'P:2 — 
lF'IFHlL.HE.0.' NFITE'6"1991.' IFHlL 

1991 FOPMHT'.,3W:"7HlFHIL  
uPITE'6,19921 'l.><[/I),I=1"2.' 

1992 FOPMHTc',30~,3HX['"I1°2H)=,E20.14) 
|JPITE(6,1993.' FX["FHTREM,FHTRED"FHTPE,FHTPP,FF,C8F,C;IG20 

1993 FOPMHT'//.30X"18HTHE PPEZZ:UPE IS 	,E20.14. 
1 	'/,30:;"18HFHTPEM 	—,E20.14. 
2 	'''"30X.18HFHTPED 	—,E20.14" 

'/,3M,18HFATPE 	—.E20.14, 
4 	./"31g:,18HFHTPP 	—"E20.14, 
5 

	

	''"30;.e.,18HFPICTIOM FACTOP =.E20.14, 
'.',30,18H[OEF OF FPICTlOH =4E20.14, 

1 	 =9E20.14,''' 

uPITE'4.400' H2PT,Hp.DEXT"PE,RHLPHH,VF,E~TP,2: 
400 FOPMHT'2I3,tE12.t,'-,E20.14) 

QPITE,4,402) 'CDPf.D,[DZ(I),I=1,NHP'/ 
402 FOPMHT'2E20.141 

NPITE~4"403`'/.1::TPMRT(k'M),K=1,4.),EFZTR(M).M=1,HHP) 
403 FOPMHT'5E16.10' 

WPITE,4,4041 'FL~ T~I),I=17MMP) 
404 FOPMHT'E16.10) 

QPITE'4,4051 Fe:[,SlGZ0,FF,FHTPEM 
405 FOPMHT(.4E16.10! 

C 
:TOP 
EMD 

C 
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IIF:p❑IITIfiE FUNCT1'r•1M,:e,'.. ,F::.I:i 

DIMEri: I❑fi  
COMMON HF'F'T. 	• ri:'F' T • 112. riP' • DE:;T • lIMP • :.:2. TAG::2. C TL2. 2x 1 , TAG::1 • 

irF.2E.FE•P:•; 2, ALPHA."/F.CDF'' 4UU; ,LIC2'4uu',::•CTF;1•HEL•F❑F'CE•PI 
21EF TE''41!Ii..E::TF+APC'4• 0.' •TETA'. O',AFEAT221.CDF'M' 7 22.' •FATF'E. 
_',;'EL'4''u' •VEL''4'''' 	TF'MFT'4,4ī''' 	F'❑ '4iIii, .FATF'•Xi=1.C2.FATF'F'•FF 
4. _TF'f1P' 4uii' , : TF'FIT' 4i10' , _TF'rit r4UU•' • _TF't1F't' 401 ' , EF.:Tri' 4i'o. • MITEF' 
5,FL:T'4i011 ,riPI'. 22)•fiF'J' 22''•MPF '. 22:'+F'LEN, V..f❑F•.:I_'T.ITEF',DLrLI 
5. FATF'EM• FATF'ED. IIID• īCEF• PF'rI.'vLriC 1 ' 30' , '/LTC 1 ' 30:' ,'v'LEIIC 1 _ Ci.' • 

VLETC 1 '. ii:' .'•,'LMi2' _ 1).' , VLTI (:30)  ,'v'LErII + 01  ,'VLETC2' _ 0.' 

• = 	:+_r11 

• = ,,XI1'.2:' 

CALL MEIN 
JJ = II 
00 1 I=1 .IIF+ri2F'T 

= J.i + 1 
L = I + ri2PT — 1 
C ❑:=T3 = C❑:'TETA'.J_0.' 
Et'iT =  

TGT_: = TAri'TETA'J_I.'' 
C❑=T2 = C ❑:_'AP►:'2F _I_I?;' 
I:❑:= T22 = I:❑'_T2**2 
::E11T2 = :Iti'AF'C'2. _I_I;' 
TGT2 = TAri'APC'29 .1J' 
Co:T1 = C❑::'APC' 1, _IJ';' 
COCI12 = C ❑._ 1 1**2 
.:ENT1 = _I!1'AF'C'1•_IJ;'? 
TGT 1 	= TAM ' AF'C ' 1 • .J. J:' ' 
:EC2T= = 1. • ' C❑:T:**2) 
HF'C' ,.JJ' = AF'C' 1,  _I.J.' — TETA'JJ; 
AF'C'.4• _IJ' = HPC'2, _I_I:' — TETA'.JJ 
C ❑':T4 = C❑._'APC (3,.J_) ) 
=EtiT4 = _Iri'AF'I:' _;, _I.J:':' 
C❑._T42 = L_ ❑:T4**2 
CO T5 = C❑.:'API= 1 4 ,.JJ,, ; 
:EriT5 = CIri'AF'C'4• _►_'.' 
C❑C T52 = C❑.IT5**2 
CT1 = IENT1 * C O-T4 
CT2 = C❑CT1 * CEMT4 
CT3 = :_ENT2 • I:❑:T5 
C T4 = C❑  T2 • _ ENT5 

Dt1DP1 = —T131-1 
D2211P2 = —TGT2 
D221 DP = u.0 
112220P = U. U 

ī 

C. 
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VI = —COST1 . COJT4 • VZ 
V2 _ —[[ST» z EO2T5 + VF 

LILT = £OPT••CDP•L2—i: P•I))..2+'II2•L)—CD2cIi'.42) 
VK = CDP(I)+V1.•CDP(L)+V2) 
RO(IN = DI:T• 'VI—l.) 
PO•L) = P011.' + LI:T 

DPI DT = PO•I•+CO£T1.EO:T4 
IR~IT = FO.L).CO=T2-COL- T5 
L21£T = p21PP1 • DPI)T 
)22DT = )22DP2 • )P2IT 

L❑  1 J=1•NZPT 
M = I + a — 1 
DTDP = 1.,•£P1IT*'1.—TGT3.)21DP1)+'CL2'M'—CD:'I))+ 

1:EC2T ƒ. 
LTD2 = —TGT3+LTIP 
[P11P = BP1IT + 01PP 
LP1I2 = DPI DT • LTI2 
£P2DP = LP2 T • ITIP 
IP20: = IP2IT -0 LTI2 
221IP = I21IT • £TIP 
I21L2 = [21£T + DTI2 
1122£P = L22DT • ITIP 
222L2 = t221T • LTI2 

£KIl)F' = —£221DP*DPI£P+COJT12 
IFI1I2 = —)221DP+DP1I2+CM T12 
IFI2DP = —I2 2DP.* P2IP+COST22 
DFI212 = —D2Z22P.2PEI2.[O:T22 

DF1ITP = BFI1IP — ITPP 
IFIITZ = IFIlI2 — DII2 
PF2ITP = PFI2DP — LTIP 
LF2 T2 = IFI2I2 — ITIZ 

IVIDP = —f—CTl.LFIIDP+C12.IF1DTP) * V2 Z (O3T42 
OVIL2 = —1—CT1. FI1I2+CT2+DF1ITZ) • V2 z COCT42 
IV2DP = —.—CT2.IFI2IP+CT4. F2DTP) • VF z CO:T52 
IV2L2 = —k—CT'.+ FI2 Z+CT4+DF2DTZ) • VF z CDCT52 

IIS T1 = COPT'iCLP•M)—C£P'I))..2 + '[)Z•M>—CLC'I...'•2 
PO•MI = 	+ I1 T1 

G 

C 

C 

C 

C 
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ī 
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VELOCITY FIELD 

'v'EL'ri.' = F'❑ ' I.' +CUF'' I.' *V 1/'F'D':P1:' *CLiP'M.' 
'•/ELP = VEL. M1 *=ENTS 
VEL2'M.' = EL' N'  *C❑CT_: 

DI::TDF' = r' i_UF'' L:' —CUP'.I) ? *' DF'2DP—DF'1UF"' + 
1 

	

	'CD:'L.' —CD:'I:)', +'D 2DF'—D21DF'''.DI=T 
DI:TD: = ' 'CDP'L.'—CDP' Iti '*'DP2D —UF'1D::' + 

1 	 'CD2'L.' —CD:rI)r*'D22DZ-1121D2:'' D"I:T 

PRO 1 PP 1 = DPcDP,  C DP'. L.' + DV2DP/V'2 + D I C TUP: D I • T 
DP❑  1 DF'2 = DF' 1 DP+ 1 + DV 1 DF:*C DF: r  1 — DP2DF'*VE — D',• 2DP*C DF' '.L.' 
LF'❑1DP = 'DP❑IDP'1 — DF:❑1DF:2/'.CDP'"I::'*'•r'1 — CDF'':L:' *V2:' *P❑ LI:' 

DP❑1D21 = DP2D:. CDP':L:' + D'•.2D2 -'..'2 + DI :TDM DI'=T 
DPD 1 D22 = DF' 1 D2410q 1 + DV 1 D *CDF'':I.' — DF'2D2*'•:'2 — DV2D *C DE'' L:' 
DP01D2 = 'UF'D1D21 — DPD1D22/':.CDP'.I .V1 — CDP'L.'+V2:':' *PD'.I) 

►.❑  TO 2 
DI:T1DF' = "CDk''r•1''—CDPrI))•r1. —DF1DP':' - 

1 

	

	rCD:'M:'—CD:':I:'.'+D21DP) •DI:T1 
DI.:T1Dz = ''CDPrr'1'—CDP''I:':'+'".—DP1D::' + 

1 

	

	 I CDZ r't'—i=D rI::':... 1.—D21D2)) - DI:=T1 
G❑  TO 3 

2 DI':T2 = =OF'T''CDP':L:'—CDP 'M:'":'**2+'CD2.L:'—CDC'2:' 
DI:=T2DP = r'CUFrL:'—CDP(M' I *'DP2DF'-1. 	+ 

1 

	

	' C D2 I L.' —C D: ' M +D22UF'? 	D I C T2 
D I :_1T2D2 = r '.0 DP' L:' —i= DP r  M:' :) *DP2D2 + 

1 

	

	r l_D2 ' L:' —C.DZ '• ll :' "ti +' D22D —1 ..' .' / D I2 T2 
DI::T1DP = DI:TDF' — DI:T2DP 
DI:T1D2 = DI:TD — DI::T2D: 

DPODP = PF'❑1UF' + DI=T1DP 
DF'❑DZ = DPDiD2 + DI3T1D 

D".'UF 1 = DP❑1DP P❑ ': I' + DP1DP' CDE': I :' + DV1DP,  V1 
D':.' DP2 = DPDUP ,  F'❑ ' M.' + 1 .: C DP'.M:' 
D'v'DP = ' DV'DP1 — DVDP2:' *VEL' M:' 

Li'. D21 = DF'0111.- PD' I:' + DF1D2/CDF''c.I.' + DV1DC:`'V'1 
D'v'D22 = UP❑D:: PD' M '' 
D'v'D2 = '.D'v'D21 — D'•:'D22:' •'./EL' 1i' 
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[ 
[ 	:TPHlM PATE= 
[ 

:TpHPT'1,M' = DvDP*.:EHT3 + VEL2'M1 +DTDP 
:TPHPT'2,M` = YELP'[DP'M) 
:TPHPT/3,M' = DYD24.[0:T3 - YELP+DTD2 
:[PMPT'4,M' = .54.'DVD:2+:EMT3 + VEL2'M'4■DTD: + 

DVDP4.[OZT3 - YELP+DTDF' 

:T12 = :TPHPT'1"M`444.2 
:122 = :TPHPT'2,M.'4.4.2 
:T32 = :7PHPT'3,M'4.4.2 
:T42 = :TPMPT'44M'+4.2 

= .54./:T12 + ~1.22 + :T32) 

EF ~TP'M = LOF 	+ 

1 CONTINUE 

J=0 
DO 6 I=1,HF4112PT 
L = I + H2PT -1 
J = J + 1 
YLT[2'J/ = VEL'L' • :lH'HPC'4,.V) 
VLET[2'.J) = - VF 	:IH'HP['2,J)) 
./LH[21J/ = YEL'L' + CO:.'RPC14.J).) 
YLM[1'.J) = YEL'I/ 	[0.7'AP['3"J/! 
VLTC11J.' = YEL'I/ + IIH'HPC'34J// 
YLET[1 ,a. = -Y: 	CINIHPC.:1Y.-1)) 

tn CONTINUE 

C 	~TRHIM~ 
[ 

DO 4 l=14MNP 
LTPMP~I) = U. 
~TPMT'I! = 0, 
:TPHZ'I! = U. 
:TPMP-2(I) = O. 
EF~TM'I' = U. 

,4 CONTINUE 

JJ = 0 
DO 5 l= N2PT.HHP4MZPT 
JJ = JJ + 1 
EFZTE = '[OF'2.) + HB:'.(YLET[2f.JJ) - YLT[2']l'''YLH[2'JJ/ 
EF:T: = '[OF. 2.' • HB:./!YLET[1 (J.V - YLT[1'JJ'`/YLN[1'JJ/ 
EF:TM'l` = EF:TE 
DIPE2 = EF:TP'l` 	YEL21.I) 

1 
C 
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DO5J=2"[A2PT 
~ =l—J+1 
DEL =,CD21f/ — [D2'K+1)/ 
DIPE1= EFCTP'I'' ' VEL20..) 
DIPE = 'DlPE1 + DIPE2} / 2. 
:lPE = DlPE + DEL 
EFCTH'P) = EF:TM4+1) + SIRE 
DIPE2 = DIPE1 
IF'J.E0.M2PT` EFE.TM'L/ = EF:TTMq) + EFCT: 

5 CONTINUE 

[ FLOW :TPECC '[OPPEP) 
[ 

DO 7 F = 104HP 
EF: = EF:THq` 
FLZT'rl = 5.44988 + EF:^"1121.327' + EFC+'-83.3341 + EF.:+'-334.518 

1 	EF: + '.796.206 + EFC*'—,n42'754 + EF:41Q0'11-s/://> 
7 CONTINUE 

THE PO|'|EP [AL[ULATIONZ 

PONEP OF DEFORMATION 

P|JDEF = V.0 
DO 8 L = 1,MEL 
I = HPIcL / 
J = HPJ'L' 
~ = HPk'L' 
FINT ='FLCT'I/+EF:TP'I)+FL:T'..o+EFCTP'J)+FLCT'V)+EF:TP'F) 1'3. 
VOL = 2.+Pl+HPEH'L!*[DPM'l/ 
PHDEF = P|'0EF + FlHT*YOL 
CONTINUE 

REDUNDANT P0JEP ON BOUNDARY 1 

[ 

= 1 
P|JRD11 = U.0 
DO 15 I=H2PT+1'HF,NZPT 
L = I — H2Pr 

= 	+ 1 
DELT = COPT''[DP'l`—[DP(L)/+4,2 + 'CD:(I)—CD2'L//*+2` 
PHDM = '[DR,I/ + [DP(L))''2. 
CUP = 2.+PI+PHDM*DELT 
DYTI = MK'VLT[1'J! — YLETC1(J.') 
DVTL = HK'VLT[1'J-1)—YLET[1'J-1)/ 
:HEHPI = FL:T'l' 	=OT 
:HEHPL = FL:T'L' 	IpT 
FlHT = ':HEHPI+DYTI + CHEHPL+DYTL) '' 2. 
p|JPD11 = PNPD11 + FIHT+':UP 

15 CONTINUE 
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[ 
[ 	PEDUHDHMT PO|'|EP ON BOUNDARY 2 
[ 

J=1 
p|JPD21 = 0. 0 
DO 17 I = 24.H2PT.NHP,M2PT 
L = I — M2PT 
J = J + 1 
DELT = :@PT''[DP'I'—[DR'L/)++2 +  
PHDM = '.[DP' I ' + LDP' L))/2. 
.UP = 2.+PI+pHDM+DELT 
DVTI = HBO'YL7[21J)—YLETC21.J/0 
DYTL = HB:kYLT[2'J-1:1—VLETC2W-1)) 
:HEHPl = FL:T'I` ' :OT 
.:HEHPL = 	:0T 
FINT = 'tHEHPI*DYTI + :HEHPL+DY1L)'2. 
P|J9D21 = PQPD21 + FIMT-v1UP 

17 CONTINUE 
[ 	' 
[ 
[ FRICTION POQEP OH BOUHDHPY ~ 
[ 
C 	Fh/ICTlOH FH[TOP CALCULATION 

= 0.0 
DO 2:2. I=2,MZPT 
L = I — 1 
DELT = [D.7(1. — [D2f.L) 
:HEHPI =  
::HEHPL = FL:T'L'/:pT 
:HEHPM = 'LHEHPI + :HEARD/2. 

23 :UMk = =UMK + :HEAPM 	DELT 
= FL=T'1` 
= FL:T'MF' • :OT 

C 
PMLT = 	— 
PLT = PML-T + DLMD 
[PX = 2. • PI + X 
FF = FATP / ,TPX~(~UMk + RLT +a:k1)) 

C 
FATPP = FF+TP::+:UMK 
FHTPEM = FF+TP:<.+Ei:1+PLT 
FHTPED = FF.,2..*PI+9S+.:K.24,DLMD 
FHTRE = FATPEM + FFfTPED 

C 
J=1 
PuFB31 = 0.0 

' PLOHD1 = 0.0 
DO 19 I =2,MZPT 
J=J+1 
L = I - 1 
DELT = [DE'I' — CD:\L) 
:UP = 2.+PI+X+DELT 
DVTI = HB:'YEL'l'/ 
DYTL = HB.:'VEL'L// 
:HEHPI = 	COT 
:HEHPL = FL:T'L/ • :0T 
:HEHPM = ':HEHPl + :HEHPL)'2. 
FIHT = ':HEHPI*DYTI + :HEHPL*DYTL)/2. 
PLOHD1 = PLOAD1 + ':1-1EFIpM*SUP4AFF 
P1WFB31 = PNF831 + FINT4oEUP+FF 

19 CONTINUE 
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FP I I: T I ❑N PU''IEF ON BOUNDARY 4 

.I = 1 
PI'IFF,41 = īi. ii 
II❑  20 I=HF + 1 . HNP 
.I = .I + 1 

L = I -1 
UELT = ::'PT , 'I_DF' ,  I.'-CUF'.L.' ++2 + 'I:II2i.I i - CLC'L.':'++2'' 
PROM = ' I:UF'' I; +  
:UP = 2. +P I+PHLIM+UELT 
U'v'TI =  
LIVTL =  
=HENF'I =  
:HEFsPL = 	 DDT 
FI NT = '• _HEHPI+PVTI + _HEHPL.L'S'TLr' /. 
F'I,IF B41 = PI,IFB41 + F I NT+:: UP.FF 

20 CO]NTINUE 
I_ 
[ 
	

TOTAL F'❑I'IEF' PEC'UIPEII F❑F' E ;TPU;:1UN 

P❑I,IEF'1 = F'I,IDEF + PI,IPI111 + PI'IPIl21  + PI,IFE31 + PIiIFB,41 

C 	PLJIiIEF DUE TO THE F'PE •CF'IFEIN FORCE: 

PI,'PFF' = ' F❑F'C E - FHTPE:'' +v` 

E:;TPI C I❑rI F'PE•_•:! IF'E 

FXC = '.P❑hIEP1 - PI,IPFP.'= PI+'PE++2 - :ti++E;;,+,,F. 
i.  

ITEP = ITEP + 1 
IF'E':T = ITEP - ITEP /NITER + NITER 
IF' IPE:T. rIE.':' 	PET IF'N 
MF'ITE16, 19'99'  1999 F❑F'MHT' 	, _:il;;+ rH •:I:'•1) =,E CI. 14.,,30 ;• 7 H;=•:C'2:' =•EaII. 14,/, 

1 0 .- 7 H F:• C 	=.E20.14) 
I= 

F'ETUPN 
END 
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.DU8POU7lNE ME:H 

COMMON HPPT,2:"H2PT.HZ.MP,DEJ"HNP"2~<2,THG:2,[T82,2::1,THGX1" 
1HF.2E,PE"P:"X2.HLPHH.YF,[DP'4UU`"[D2'400',::,[T81.HEL.FOP[E"PI 

'2"EFCTP'4U0'"ETP.HP['4,30),TE7H''3V/"HPEH'722`,[DPM'722)"FHTPE. 
3YEL'4U0`"YEL2'400`.:TPMPT'4,40U),P0'400.',FHTP,X[1"~I2,FRTPP,FF 
4,:TPHP'400/.-TPHT'400/".:.:TPM2'40V).:7PMPZ'400)`EF.:TM(400),MITEP 
5,FLCTP'400'"HPl'722/.HPJ'.722),MPMf'722),pLEM.YZ,[0F,ZgT"ITEP,DLMD 
tvFATPEM4FflTPED"IMD"[BF,PRM7DUMMY'240) 

[TB1 = ~I1 
PLEM = XC2 
• = [TB1 • 2: 
• = ZX1 + PLEM 
[782 = LX2 	ZE 
TH1521 = 12: - 2X1) ' 'P: - X) 
THG22 = '2E - ~%;2) / 'PE - X) 
7HG~1 = 1. 	TH1521 
7H6X2 = 1. ' TH5Z2 

DO 1 I = 1"MHP 
[DP'I) = 0.V 
[D''I) = 0.0 

1 CONTINUE 
J=0 
DO 2 I = H2P7" MHP ,M2PT 
[DP'I/ = 	+ 'PE - >() / FLOAT(NP) + FLOHT'J' 
[D2'I) = THG22+'[DP'I) - X/ + 

2J=J +1 
DO 3 I=1"HF"M2PT 
CDR'I/ = :OPT'.,[DP,I+MZ)**2-2.1 ' EXTP + ~2) 

3 CDZ'l) = TH621.'LDP'l) - :4) + 
DO 12 I = 14HPPT 
DO 12 J = 2,M:PT - 1 
K = J + 'I - 1) + HPT 
L = 1 + 	- 1/ + H2PT 
[DP'K` = [DP'L/ + '[DP(L+MZ) - [DP'L)/ 	FLOHT'HZ ▪ FLOHT,J-1) 
[DZ'F! = [DZ'L! + '[D2(L+M2) - CD2'L)/ 	FLOHT'N2) ▪ FLOAT(J-1) 

12 CONTINUE 

C 
C 
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COMPUTE UTE THE ELEMENT= GE❑METPY 

rJEL = riF'+N:+2 
D❑  14 I=1• rfF' 
DO 14 J=101.2.  
H_i? = J + ' I-1.'+rfF' 
M1 = H:0402-1 
M2 = M1 + 1 
h` = J +  
HPI'M1;' = 1. 
N P J' H 1.' = F+ r'i P T +1 
r'fF'F'' ' M 1.' = r' + rf2F'T 
'_:DNr•1'.r•11) = 'CDP'rfF'I'M1:'?+'_ DP ':.NF'.J'M1.'''+i_.DP'NPr'M1''•'• 3. 
HJ = -CD2'.rw ' M1; '+i_D2'NPI'•Ml):' 
Hr = -1_112'riPI'r•11.''+i_DZ'NFJ'M1;' 
F_i = i=DF , HP1.• 'M1 '-CDP'NPI'M1•' ' 
Br = i_DF'rfPI'M1 '-i:DPINF'•J''N1':' 
HP'EA' M 1 ? = .5•' AF +E,_i - Fi_i+BF•? 
IF'AF'EA'.M1:' .13T. u. 0'  GO TO 15 
1.1PITE' 1.. t.('6'' M1 

60t,  FORMAT ' + 1;; • 14HELEMENT NUMEER • 14. I5H HA: NEGATIVE AREA - :=.T❑P) 
:TOP 

15 NPI':M2? = F 
rIF'_i'M :' = F + 1 
NP ' rl`.' = F' + 1 + H:PT 
i_DPM'P12.' = i_DF''rwI'Me..+'=DP'r*-_'•M2) +chFMPP (h12?'?.3. 

= -CD21.r1F'f''r•ia':'+i=D: 'NPI'M2;' 
AV = -i=D 'PiF'I'r12. )+i_D:'-rfPJ':M`)) 
BJ = i=DF''r1F'h': 'r12? ' -i=DR'`r1PI''M2:' 
1 ,F = GDF (NPI ' M2 "-i=DF''.r'fF_i' M2:' ) 
HREA' M2:' = . +'-Ab +k_i-H.J+Br.) 
IF'.AF'EA' M2' . GT. ii, ii:' i_❑  TO 14 
i'IPITE'i.•6ii7.' r•12 

b':' F❑F'MAT'.. . 1 , 14HELEMENT rfUMBEP • I4. t5H HA: NEGATIVE AREA - :TOP) 
:TOP 

14 CONTINUE  

NORMAL ARC: AT THE BOUNDARIES 

JJ = ii 

DO 4 I=1•NF•N2PT 
L = I + H2PT - 1 
JJ = JJ + 1 
TGT1 = TAGZ 1 
tGT2 = TAG22 
TGT3 = '.i_DP'L.'-i_DP'•I..':'.i_D2'L -CD2"I) 
APC' 1. _i J' = HTArf'-Ti3T1;' 
APC '., ,.J J;' = ATHN'-TGT2) 

4 TETA ''JJ ' = HTHN'TGT:' 

PETUPN 
END 

ī 
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APPENDIX D  

COMPUTER PROGRAM S'1'xr:SS  

The flow chart of the program STRESS is presented in Chapter 5, Fig. 

5.2.. The listing of the program and the variable name list are included 

in this appendix. The subroutine SIMQ is a library subroutine and there-

fore is omitted from the listing of the program. This subroutine is a 

procedure for solving a system of equations which employs Gaussian elimi-

nation. 

D.l - Variable Name List 

The FORTRAN computer program variable names are defined in alphabetic 

order in the following list. 

A 	 coefficients of matrix (equation 5.44) 

ALPHA 	half die angle 

AVFLW 	average flow stress 

AVPRS 	average pressure 

C 	after call of SIMQ contains the estimates for 

free parameters 

CBF 	coefficient of friction 

CDR 	r co-ordinate of the nodes 

CDZ 	z co-ordinate of the nodes 

DEXT 	outside diameter of the mandrel 

EFSTN 	effective strain 

EFSTRT 	effective strain rate 

EQVDS 	 equivalent stress calculated fran the deviatoric 

stress tensor 

EQVS 	equivalent stress calculated from the stress 
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tensor 

ERROR 	error between the calculated deviatoric 

stresses and the deviatoric stresses obtained 

by the Reus - Prandtl equations 

FATREM 	friction force at the manfrel/product interface 

FP 	friction factor 

FLST 	flat stress 

WARM 	number of terms of the stress function cp2  

(eq. 5.36) 

NIIEERM1 	parameter m in stress function 02  (eq. 5.36) 

MIERM2 	parameter n in stress function 02  (eq. 5.36) 

NERRFN 	number of error functions 

NNP 	number of nodal points 

NPARAM 	number of terms of the stress function 01 

(eq. 5.35) 

NTERMl 	parameter k in stress function 01  (eq. 5.35) 

NTERM2 	parameter 1 in stress function 01  (eq. 5.35) 

PRED 	normal pressure at the die billet interface 

PRESS 	upper bound extrusion pressure 

RE 	outside radius of the mandrel 

RS 	outside radius of the product 

SAR 

SICDT 
	deviatoric stresses obtained by the method of 

weighted residuals 
SWZ 

SI(4R 

SIGMAT } 	normal stresses 

SIQMAZ 
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SIG MDR 
} 

SICMIDRZ 

SIGNIDT 
} 

SIC mZ 

SIGMRZ 

deviatoric stresses calculated by the Reus 

Prandtl equations 

shear stresses calculated by the weighted 

residual method 

SIGRA 	} 

SIGRB 

SIGMA 	coefficients of free parameters 

SIGTS 	
} 

SIGZA 

SIGZO 	axial stress acting at the exit boundary 

TRZ 	shear stresses along the mandrel 

VS 	velocity of the product 

W 	weighting factors 

X 	outside radius of the mandrel 

Y 	residual functions 
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D.3 - LISTING OF THE PROGRAM 8TRESS 

PPOGPHM .:TRECC'DHT:2[,OUTPUT,COLYE,|AfrE5=DHT:2[9THPE6=':OLYE 
1"THPE2,THPE4' 

TH1: PPOGPHM IC TO BE UCED WITH PPO6PHM: YELF OP 
MIH AND TPIHL. DATA If IN DHTC2[ HHD 1APE4. 

COMMUN H2PT,MP.DE:j"MMP$2C"2I5LV" 
1PE"P:"RLPHA"PAD:'256~"[DP'256'"LD'ept/,TPHPT,4,25t`. 
2EFCTPT'2561" EFCTM'256`"TP2'30`"PPED'':!01,.HF. 
3HPH9HM,MPHPHM"LPHPHM,MTEPM1"MTEPM'e"M(EPM1"MTEPM2"HEPPFM"FF, 
4H'73"73/,[17])"FL:T'2560 ,ElGMHP'25t16MRT(256',CI6MH212561 9 
5:lGMP2'.256'.FLQ'256)"'/'8,73',|J'8/ ,E0vD1'256>".:lGMDP'256', 
6:I6MDT~251::',.:lGMD2'256/,CI6MDP2'2bt/ ,EUY.:'256'"E.:TP":I6DP'256), 
7CI5DT'256/":l6D21256/9EPPOP'59256`.PPECC 
PEHD'. 4"401 'H:PTvHP"DEXT"PEvK ,HLPHH"VC"E.:TP"21- 

401 FOPMHT'2I3.6E12.6.',E20.14/ 
PEHD'5"501'MTEPM1"MTERM2,HEPPFM"MTEPM1"MTEPM2,1:UkI)"I=1"MERPFM) 

501 FOP NAT '5I4"8F5.0 ' 
M7 = HP + 1 
HMP = H2PT * 	MR + 1) 
NF = HHP - M2PT + 1 
M2 = HZPT - 1 
MPHPHM = MTEPM1 + MTEPM2 
MPHPHM = HTEPM1 + HTEPM2 
LPAPAM = HPHPHM + MPHPHM 
PDT = :OPT' 3. ) 
[OF = 2. ' PDT 
pEHD'4"402''[DP'I)"[DZ'D"I=19HHP) 

402 FOPMHTc2E20.14 / 
PEHD'4.403''~ITPHPT],I)"J=1,4.'"EFCTPT'I),I=1.HHP' 

403 FOPMHT,5E16.10 ' 
PEHD'4"405'1FLCT!I!"l=1"MHP) 

405 FOPMHT'E16.10) 
REHD'4"406/PPEC,CIG20.FF"FHTREM 

406 FOPMHT''4E16.101 
DO '3 J=1,MHP 

3 [OHTINUE 
[ 
[ 	DEVIHTO9IC CTPE::CEZ 

DO 2 F=1"HMP 
FLW ' k/ = 	+ ~FIST(K)  

Ll6MDP'y` = FLW0..:1 + .:TpMPT(1,k) 
:l6MDT~f/ = 	:TPMPT'20- / 
ZlGMD24,1 = FLW'k` 	CTRMPT(3"K) 
lI6MDp2q)= FLW'r` + CTPMPT'4,1-.) 

C 
~~IG1 = f.:IGMDP'k? * IGMDT(K) 
.:162 = :IGMDP'k) *  
:163 = :IGMDT'k) * CIGMD20.:) 
CI64 = IIGMDPZ'k) • :I5MDPZ'Y) 
YV = -':I61 + CIC-12 + CIG3 	+ C:164 
E@YD:'r) = PDT • COPT( '/'Y > 

2 CONTINUE 
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i 
WIPITE16+1990' r1 PT• HP•fTEPM1,NIEt-'ri + r1LFFI-t1■MTEF'M1+MTEF'M2, 

111E;;T.PE.P:•ALPHH•V' .PPE:_ =■'= li:00-F 
1990 F❑F'MAT 1H1 • 	 _• I _:, 

1. • 5::• HHTEFM1 	I3•- 	;■ 7 Hr4TEFME=• 1 • • 	::+ 
2; HHEF'F'FM= • I.3 + • • 5; ; + 7 HMTEFM 1= • I'3.: '.• • c':•. , ; HMTEPM2 =. 13.• 

, :+ HDE:•:T 	=• F 7 . 	:. 5, 7 HPE 	_ ~ ► 	, 
4 .' , 5: , 7 HF': 	=+ F7 	/ , 5X, 7 HALF'HH =0=7.S. 

C! H':~'_ 	=•FT. _:• 	.5;:. HF'F'E:='= =•FT. ,:. 	.TH=IG:cI =. 

LIF' I TE ' 6. 1'991.' 	I ■ ~~ I , I =1 ■ r1EF'F'F N:' 
1991 F❑PMRT' 5:•:• 2HI,H • I 1 •4H'' 	. F7 . _: 

I"f'I TE '6,2000.  E•:TF' 
2000 -F❑FMF'T ' 1H1 ... 5::. 17 HE:;TF'WLI❑r+ F'H I iU =• t1.4• /. - 

ī. 
CALL MTF''_ 

C. 
D❑  707 I = 1 • t'iHF' 
EF:F'❑F'' 1 ■ I ! = ' EC''v':' I :' - FL{'T' I 	+ 100. 	FL:T'.I•' 
EF'P❑P' 2+ I > = 	- ': IGriDP2 U::' ? + 100. 	:II3MDF'~' I 
EPPOF' 	I 	= ' IGDP' I :' - = IGMDP'.1 )' + 100. • :IGMDP' I'' 
EPF'❑P' 4+ I) = 	II5DT': I' - ._ I1=MI1T'.I? :' + 100. 	IGr•1DT' I 
EF'F:❑F'' 5. I:' = 	- '= I'5 1D ':I:' 	+ 100. - :IGMDZ' I, 

707 CONTINUE  
WF'I TE' 6, 5i:'ilii 

',000  FDPMRT ' 1 H 1 . + 14 • 1 o Hr1❑ 	FL:: TF'E'::_ 	E6':: TPE.=': 	EF'F'❑F' 	: I G 
1 r'1AF' 	_ I ~: r1RT 	: I'3r'1A: 	-11.711P  :: 	: I ~~r'1DF'~ 	EF'F:❑F' 
hIF I TE ' 6 . 5 i 101 ' ' I , FL.: T' I .' + EQV ' I ' + EPF'[JN' 1 , I :' ■ : I GMRP' I:' • : I GMAT' I.' • :: I i_ 

1 MH: ' I • : I GMP: ' I .' • .: I i;r'1DP: ' I) , ERF'❑P' 2, 1:' , I = 1 . r-Ir-IF':' 
5001 F❑F•MAT' 11. I5' 9E12.4.' 

I'IPITE'5 5i'012.' 
5!:'o2 FOPMAT,1H1.,.14X.107HNO 	ZIGMDP 	EF'POP 	_ I 

1 L DT 	: I c r•1DT 	ERROP 	_ 1 L_ D2 	: I'3MD2 	EF'F'❑P, 
I,IF' I TE ' 6. 5 u 03 ' ' I , : I GDF' : I :' • =. I GMDR' 1 , EF:F'❑F' ' _ . I ' ' : I'3DT ' I ' • :_ I'3MDT '. I :' ± E 

1F'F'❑P' 4. I, .:: Ii5D2' I'' • IGMD2''I) , EPP'❑F'':5. I • I = 1 • NHP 
5003 F❑I:riAT' 11X• I5,9E1E.4.' 

D❑  4 I = 1.IIFIP 
FR = .= IGr•1AF''.I ' : FL:_T'.N:PT) 
FT = :IGMAT' I, 	FL=•T' N PT) 
F2 = =IGMAZ' I'' 	FL:='T'NZF'T) 
FR2 = :IGMP2'.I, . FL=T'ri2PT) 

I,IF'ITE' 6, 602 
A02 FDF'MRT':'.`r', 1 • 4HH❑DE. 7 :::, 2HFP, 13:;, 2HFT, 1SX, 2HF2. i3 :, 3HFP2, 

I,IF'ITE'6,603':' I+FF',FT,F2,FP: 
r.Q_ F❑F'MRT' 1:;+ I4,4F15.5'' 

4 CONTINUE 
`ilii CONTINI!E 
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C 
HYFLW = 0.0 
HYPP: = 0.0 
DO 708 I = 1"H: 
HVFL|J = HVFLH + FL:T1I+1' + FL:T'l' 

708 HYPp: = HVPP: + 	+ :I5MHP'I. 
HVFLQ = HVFL|J FLOAT'2.M2' 
HvPP: = HYPP:'FLOHT'2+HC' 
[8F = -FF40HYFLQ 'HYPPC+PDT) 
/JPITE'u,5004' :I6MHP'1/"HVFLQ.HYPPL"LEF 

5004 FOPMHT' ''"10:("26HPPE::UpE OH NUDE 1 	="E12.4" 
1 	'.10::,a6HHYEPHGE FLOW :TKE:: 	=`E12.4, 
2 	',10C,26HHYEPH5E PPE':ZUPE 	~"E12.4, 
3 	.10::,26HCOEF. OF FRICTION 	="E12.4` 
DI:T = [D2`H2PT) - [D:(1. 
DI:T1 = [D=11.' - [D2'HF) 
QPITE'2,22201 MZPT,DI:T,DI7.T1.PPE_ _,FHTPEM 

2220 FORMAT 'I5"3E20.14.',E15.10 ' 
DO 709 I=1,H2PT 
TP:'I) = 	PDT 

709 UPITE(2,2221:IGMHP'l),TPE (I. 
2d21 FOPMHT'2E20.14' 

WPITE't."5005`  
5005 FORMAT , 	,10:("4HMODE.5::.32H:HEHP .:lPE::E: ALONG THE MHMDPEL 

1  
J= 0 
HYR-W = 0.0 
HYPRO = 0.0 
DO 710 I = HF,MHP 
J = J + 1 
PRED'J' = /:IGMHP'I' + 	2. - 	- :l5MHPII).' 

1 

	

	/ 2. + CO:'2.*ALPHH) - :I6MP:'II + =IM'2.4,HLPHH.' 
IF'].E0.1) GO TO 5008 
AVFLW = HYFLu + 	+ FL:T'l-l! 
HVPPS = 	+ PPED'J/ + PREU'J-l/ 
6O TO 710 

'5008 WPlTE'6,5006' 
5005 FOPMHT'/',20>:"32HPPE:'=URE DI:TPIBUllON ON THE DIE, 

1 	10::,4HMODE,10:(,13HHORMHL I7PE__ ,') 
710 WPITE(6,50071 I"PPED']) 

5007 FOPMHT'/,10::"I4,E20.41 
HYFL|J = HYFLM 	FLOHT12+M2) 
HVPP: = HYPP: 	FLOHT/2*42) 
[8F = -FF • HYFLM 	'HYPP: • PDT. 
|JPlTE ,6"5009` HYFLQ,HYPP:.[EF 

5009 FOPMHT''',10::,26HHYEPHGE FLOM ITPE1.- 	=,E12.4 
1 	',10::,26HHYEPHGE PPE::UF'h 	="E12.4 
2 	'"10::,26H[OEF. OF FRICTION 	=.E12.4/ 
:TOP 
END 
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:UBPOUTIHE MTF: 
DIMEM:IOH E, 15329' 
COMMON H2PT"HP"DE:T.MHP"2:1:IG20" 
1PE,P:,HLPHH,PHD:1256`.[DP'256'"[D2'c2tt.',:TPHPT14"256'. 
2EF:TRT1256/ , EF:TH1256).TP2.30'^PpED'30'.::,HF" 
:HPHPHM"MPHPHM"LPHPHM,HTEPM1.HTEPM2"MTEPM1"MTEPM2~HEPPFH"FF. 
4H'73"73',[/7I'.FL:T'256'1:IGMAP'25t',:l6MHT'256'":lGMH2'256." 
5:I6Mp2'256',FL|'/'2561"1'8,73'.Q'8`.E0YD:'256'":l5MDP'256'" 
6:l5MDT'25o`,:lGMDZ'256/,:IGMDPZ(d56),LUY:,256),E):7P":I6DR'd56/, 
7:lGDT'256`":I6D2,256',EPROP(5,cEtb/"1-1-E__ 
EQUIVALENCE 'H'1"1/,B'1)/ 

= DE:T 	2. 
~ = MPHPHM + MPHPHM + 1 
DO 100 J = 1"i 
C.J. = 0.0 
DO 100 l = 1"1 

100 R.I.J. = 0.0 
DO 102 II = 10HF"H2PT 
DO 102 [f 	= 1"H2PT 
N = II + f 	- 1 
HP = FL:T'H' 
FLOE = FLM'H` 
P= CDP'H/ 
2 =[D2,H/ 
DO 106 MV = 1"HTEPM1 
DO 106 HL = 1,HTEPM2 
IHDM = Hf - 1 
IHDM = HL - 1 
HT = HL + 'HI -1' *^ HTEPM2 
:I5PH = FLOHT'IMDH*'IHDM-1)) • ,P*+'d+IHDM+2' / • '2++'IMDM-2)' 
:IGER = FLOHT'12*IMDM+3,+'2*IMDM+2)/'* 'P**'2*lHDM.1 • '2*+IHDH` 
:IGP2H =-FLOHT''2•IHDM+])• IHDH1+'P++'21.IMDM+1/'+'2+*'INDH-1)) 
Y' 1,H7/ = '2. 3. / * :IGRH - :I52H 3. 
Y'2.HT` = -:I5PH/3. - :IG2H'3. 
'/(3,MT' = '2.'3..+:IG2H—:IGRH/3. 
Y'~4"HTI = :I5R2H 
Y'5,HT1 = 0.0 

5.• NT 	= 0.0 
Y'7,HT1 = 0.0 
Y'8,MT! = 0.0 
IF.FE  .E[l. 1 ' '/''5,MT , = :I52H 
IF'IF.EQ.H2PT. '/'6"MT) = :IGZH 
IF(H.LE.H2PT) '/' 	= :IGP2H 
IF'H.5E.HF) 	\''8"HT. = ':IGPH - :IG2H'+:IH'2.*HLPHH.'2. + 

1 	 JIGR2H•CO_'d.+MLPHH.' 
106 CONTINUE 



DO 107 MF = 1,MTEPM1 
DO 107 ML = 1.MTEPM2 
IHDP = MV - 1 
IHDO = ML - 1 
MTT = HPHPHM + ML + 'MF-11 	MTEpMc: 
:lGPB = 
:IGTE = 
'/'1,HTT) 
\''2"HTT' 

'.P++'2+IMDP)! 	• 	.:**INDO1 
FLOHT'2+INDF+1. 	.P++'d+IHDP'i 	+ 	'2++IHDp' 
= 	-:IGTB 	]. 	+ 	'2.'3.' 	• 	:lI0PE 
= 	12. 	].' 	:I5T8 	- 	:I6P8'3. 

'/13"HTT/ = 3. - 	:I5TB'3. 
Y'.4,HTT' = 0.0 
'/''5"HTT/ = 0.0 
Y/6,HTT1 = 0.0 
'/'7,HTT) = 0.0 
'/'8°HTT) = 0.0 
lF'H.GE.HF) '/''8"HTT1 = :IGR8*:IN'e.+HLPHH`'2. 

107 CONTINUE 
=-FLOE • :TPMPT(1"M) 

\''2"I 	=-FLOE + :TPMPT/2"M> 
11.3,1 	= - FLOE + :TPMPT/3"H) 
1'4"F ' =-FLOE+  
\'/50' = -:l6ZU 
'/''t.0' = PPE:: 
'/'70 = 0.0 
\''8,F.' = 0.0 
IF'H.LE.H:PT. Y'70` = FF4PHP .  :0P7,3./ 
IF'H.GE.HF` 	\''80` = -FF*HP '' 20PT'3.. 
DO 103 LT = 1,MEPRFH 
DO 101 J=1"1 
DO 101 I=J"I 
H(I"J) = H'I"J' + '/'LT,I! + Y(LT,J. 	Q'LT' 
H'],l.' = H'I"J` 

101 CONTINUE 
1U3 CONTINUE 
102 CONTINUE 

JJ = 1 
DO 105 J = 1,LPHPHM 
DO 104 I=1"LPHPHM 
8']J' = H'I"J' 
JJ = JJ+ 1 

104 CONTINUE 
['J' = - H'J,I ~ 

105 CONTINUE 
CALL :lM0'D"[,LPHPHM,1~ 
|JPITE'6.610 

610 FOPMHT' 	"20:..10HPHPHMETEP:"/ , 
/JPITE'6,611/1l,['I/"I=1.LPHPHM' 

611 FOPMHT/20::,2H['"I2,3H' ="E15.8
'' 
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D❑  13,2 I = 1 • t1NF' 
HP = 
F' = CDP, I. 

= CD2'I' 
:IGMAF'' I'=0. ii 

I GMHT' I'=i'. 0 

IGMF2'.I'=1_1. ii 
D❑  131 til = 1 ; N TEF'M 1 
DO 131 MI_ = 1 . NTEF'M2 
DOM = Hi - 1 
I t4Dti = FIL - 1 
IND = NL + 'NI-1'J 	• NTEFM2 

131 

= 	FL❑MT' INDN*' INDF•i-1•:' 	• 	'.F'+*' .1FIDM+2 	* 	2*.' Ir1DN 
= 	FLOAT' ' 2+I NDr1+3:' *'•E+I NDM 	' 	• 	' F'*+' 2+I NDM'' :' 	• 	, :+* i riDN) 

IGF'ZH 	=-FL❑NT' ' c+INDM+?'' * 	I11D11' *' F'+*' 2+Ir1DM+1 .' 	+' 	**' Ir•1IIli-1 
I13r'1HP'.I:' 	= 	IGt'1HF'.I.' 	+ 	C•'•ItiD:' 	+ 	:I&P'H 
Ii3MH2eI? 	= ._IGMH:'- I::' 	+ C(IND) 	• 	:=IG.H 
Ii5MP2' I 	= 	:IGMF'EfI' 	+ 	CNIND:'' 	• 	'_IGF'7H 

L ori r i r1UE 
D❑ 	130 	riI 	= 	1 , riTEFM 1 
D❑ 	130   r'1L = 	1 + MTEPM2 
I NDP = Ml 	- 	1 
IND_' = ML - 	1 
:IGPD 	= 	' F'**'2*INDP'''.' 	* 	(2*+IriD':' 
:IGTE 	= FL❑HT12+INDF'+1' 	* 	'F'*+'c*1NUF'" • ':**Ir•iDO' 
ItiDD 	= ML + 	'111-1.' 	+ MTEF:M2 + NF'HPHM 

= 	:I'3MF►F''"i:'' 	+ 	C '.ItiDD'' 	+ 	_IGF'):, 
I 1511HT ' I .' 

	
= 	= I Gr1HT 	I'' 	+ 	C '. I tiDD' 	+ 	.ITE 

130 C ❑NTINIIE 
I'5MED 	= 	' 	I13MHF'' I:''+='1'=MHT'"III=MH2' I:''' • 3. 
IGDP':.I.' 	= 	- 	:_ IGMED 

= '= IGMHT' I::' 	- 	CIGMED 
= 	'= IGt'1HE' I•' 	- 	= IGMED 

DF1 	= 	:=115t'1HF'' I:' 	- 	=:Ii3MHT''I) 
DF2 = 	._ I Gh1HT ' I ' 	- 	: I GMH: ( I) 
DF=: 	= 	='IGMH: r I :' 	- 	= I►~h1HF'' I:1 
DF4 =  
DF12 = DF1 + DF1 
DF22 = DF2 • DF2 
DF32 = DF= * DF= 
DF42 = DF4 * DF4 

= 	:' F'T' 	.5 • 	' DF 12 + DF22 + DF 32 ' + 3. 	• DF4 
132 CONTINUE 

PETUF'N 
END 
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APPENDIX E 

STRAIN DISTRIBUTION AND FRICTION ALONG TEE MANDREL IN THE HYDROSTATIC 

EXTRUSION/DRAWING OF TUBES (Paper Presented at the 20th MTDR Conf., 

Birmingham, 1979) 
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STRAIN DISTRIBUTION AND FRICTION ALONG THE 
MANDREL IN THE HYDROSTATIC EXTRUSION-DRAWING OF 

TUBES 

B. LENGYEL and M. J. M. B. MARQUES 
Imperial College of Science and Technology, Department of Mechanical Engineering, 

Exhibition Road, London 

SUMMARY 

Experimental results are presented which provide new information for 
tne design of fixed mandrels used in the extrusion and drawing of tubes. 

A hydrostatic extrusion-drawing apparatus is described, together with 
instrumentation to record strains in the bore of the hollow mandrel and 
force due to friction along the deforming material-mandrel interface. 

Aluminium and copper specimens were extruded into tubes, while the 
frictional load, the fluid pressure and the drawing force, together with 
the hoop and axial strains in the bore of the mandrel were recorded 
simultaneously. 

Experimental frictional loads and strain distributions are given for 
various extrusion pressure-drawing stress ratios. 

INTRODUCTION 

In the hot and cold extrusion and 
drawing of tubes with a fixed mandrel, a 
matter of irdustrial significance is the 
design of the mandrel, which is subjected 
to normal and frictional shear stresses 
oy the deforming material. ')hile it is 
perfectly feasible to derive these stresses 
from theory, few attempts have been made so 
far to check the calculated results by 
experiments. In what follows the experi-
mentally recorded mandrel strains and 
loads in the hydrostatic extrusion/drawing 
of tubes are presented, while the corres-
ponding theoretical analysis and predictions 
will be the aupject of a separate report 
later. 

Although the widest application of 
a work of this nature would be in _on-
ventional hot and cold extrusion and in 
tube drawing, it was decided to study the 
hydrostatic extrusion/drawing of tubes in 
tne first instance, because the process is 
eminently suitable to obtain experimental 
results for both the extrusion and drawing 
of tubes with a fixed mandrel, under a 
aide range of controlled conditions. 

EXPERIMENTAL APPARATUS AND MATERIALS 

A strain gauge metnod nas been used 
for recording mandrel strains and loads, 
similar to the method applied by Lengyel 
and Musuva (1) to extrusion containers. 

An outline drawing of the experi-
mental apparatus is shown in Fig. 1. The 
extrusion fluid pressure in the container 
is generated by a pump-intensifier unit 
(not shown), while the prepared tag of the 
billet extending through the die is pulled 
by a device at a preselected speed. 

Pulling force, together with strains a:_? 
load on the mandrel were recorded simul-
taneously, while extrusion speed and 
pressure were kept constant. 

Various components of the experi-
mental apparatus have already peen 
described in earlier publications: the 
container by Lengyel and Ashford (2), the 
pulling device by Dunn and Lengyel (3) 

The pumps in the pump-intensifier 
unit were powered by electric motors and 
could deliver oil at the rate of 410 cm3/min. 
at pressures up to 103.4 MN/m2  (15,000 
lbf/in2). Tney stopped automatically on 
attaining a preset pressure and held it 
constant, restarting when necessary to 
make up for losses. The pressure was 
further increased by an intensifier and 
measured by a manganin coil in the usual 
manner. 

A Solartron LP 1029 Digital Data 
Recorder was used to record the output 
signals from tnis manganin coil and from all 
strain gauges at speeds of up to 10 samples 
per second. A high speed numeric printer 
connected on line with the data logger 
enabled the readings to be printed out 
onto a paper tape. 

The thick walled cylindrical hollow 
mandrel was made f-om KEA 145 tool steel, 
heat treated to 52-54 Rockwell C hardness. 
Tt had a sufficient length so that the 
effect of seals on the pressure calibrations 
could be neglected. The method of cali-
brating the strain gauged mandrel under 
pressure was similar to that used by 
Lengyel and Musuva (1) for extrusion con-
tainers but will not be described here 
since the relevant results will form part 
of the second report. 
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HYDROSTATIC EXTRUSI ON-DRAWING OF TUBES 
Tne pulling force on the mandrel was 

measured by four axial and four hoop gauges 
bonded to the mandrel, away from the deforma-
tion zone, which could discriminate between 
load increments larger than 215 N. The 
velocity of pulling the product was kept 
constant throughout the experiments at 
1.5 mm/s, which determined the speed of the 
process. All tests were carried out with 
a die of 30° included angle. 

The extrusion fluid was a four to one 
mixture of castor oil and methyl alcohol. 

commercial purity aluminium and high 
conductivity copper billets were used in 
the experiments, with a useful length of 
100 mm, outside diameter up to 41.148mm and 
bore diameter of 26.416 mm. The extrusion 
ratios were 2, 2.65 and 3.5 for aluminium, 
1.5 and 2 for copper. The billets were 
annealed, the aluminium for one hour at 
300°C, the copper for two hours at 6000C. 
x3efore extrusion, the billets were coated 
with a graphite solution. 

RESULTS AND DISCUSSION 

The billets were machined and preformed, 
producing a narrow lip in the bore to assist 
sealing the fluid and prevent it escaping 
in the initial stage between the billet and 
mandrel. 

First a small pulling force was applies 
to the tag on the billet-end to make an 
effective seal at the billet/mandrel and 
billet/die interfaces. Subsequently the 
extrusion fluid pressure was generated and 
raised to a predetermined level and kept 
constant. Then the pulling uevice was 
operated to apply the necessary drawing load 
to the tag so as to make up the total stress 
required for the process and pull the billet 
material through the die at a constant speed. 

Fig. 2 shows the variation of the extru-
sion pressure with drawing stress with pressur 
shown negative. The slope of the lines is 

. greater than unity in all cases, confirming 
earlier theoretical ans experimental results 
(4, 5) that the sum of the absolute values 
of extrusion pressure and drawing stress 
decreases with increasing drawing stress. 

Drawing Force P 

FIG. 1 EXPERIMENTAL ARRANGE'IENT 

Ten strain gauges, five to measure 
hoop strains five for axial strains, were 
placed alternately in the axial direction 
along the mandrel bore and bonded to it in 
such a way that the centre line of gauge 
No. 1 (a hoop strain gauge) was 20 mm from 
the product-end of the mandrel while the 
others were positioned in the manner 
illustrated in Fig. 1. Compensating strain 
gauges were bonded to a dummy mandrel. 

Fig. 3 illustrates that the friction 
force along the mandrel decreases with 
increasing drawing stress, confirming the 
results in Fig. 2. The exception is copper 
when extruded at a ratio of 1.5, where the 
frictional load is constant. The likely 
explanation is that the increase in friction 
at larger extrusion pressures is so small 
that the resultant increase in load could 
not be detected by the present arrangement 
which is unsuitable to record differences 
less than 215 N. 

Typical experimental results relating 
to mandrel strains are shown in Fig. 4, 
5 and 6. Fig. 4a, 5a and 6a illustrate 
the hoop strain distribution in the mandrel 
relative to the strain gauge positions, while 
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B. LENGYEL AND M. J. M. B. MARQUES 
Fig. 4b, 5b and 6b show the axial strains, 
for aluminium at extrusion ratios 2 and 
3.5 and for copper at an extrusion ratio 
of 2, with compressive hoop strains shown 
negative. Similar results have been 
obtained for extrusion ratios of 2.65 
(aluminium) and 1.5 (copper) but these are 
omitted here for clarity. Both the hoop 
and axial strains indicate the combined 
effect of the normal pressure and frictional 
drag applied by the deforming material to 
the hollow mandrel. 

The contribution of the frictional 
drag to the axial strain (and stress) is 
small. For example, the maximum axial 
load at an extrusion ratio of 3.5 for 
aluminium is 4,100 N (Fig. 3) corres?onding 
to an axial microstrain of 46, against 
the recorded maximum total axial micros train 
of 1,450 (Fig. 5b). The values for copper 
at an extrusion ratio of 2 are 39 and 
2520 microstrain respectively. These 
figures indicate that, when the design of 
the mandrel is considereC, first of all the 
effect of pressure must be taken into 
account wnile that of the frictional drag 
is secondary, at least in hydrostatic 
extrusion/drawing. 

In conventional tube extrusion and 
to a lesser extent in drawing conditions 
could be quite different, since mandrel 
friction is likely to be significantly 
higher. Calculations indicate that for 
the extreme case of sticking friction, for 

FIG. 2 EXTRUSION PRESSURE 
VERSUS DRAWING STRESS 

EXTRUSION PRE33URN / DRAWING =OM 

FIG. 3 FRICTION FORCE AGAINST 
EXTRUSION PRESSURE/DRAWING 
STRESS 

aluminium at an extrusion ratio of 3.5 the 
frictional drag on the mandrel would be over 
100 kN, corresponding to an axial microstrain 
of 1,100, assuming that friction is present 
only in the die zone as in the hydrostatic 
extrusion of tubes. For copper in extrusion 
or drawing at a ratio of 2, the frictional 
drag for sticking friction would be 112 kN 
resulting in 1,200 axial microstrain on the 
mandrel. These strains are significant in 
relation to those shown in Fig. 5b and 6b. 
Although these calculated strains are for 
the extreme case of sticking friction, they 
do indicate that in conventional tube 
extrusion or drawing, when friction is likely 
to be higher than in hydrostatic extrusion, 
frictional effects in mandrel design could 
not be neglected. 

In conventional tube extrusion with a 
fixed mandrel not only the frictional shear 
stress is likely to be higher, but the 
interfacial area between the billet and 
mandrel is much extended, adding to the 
axial tensile stress on the mandrel. 

In the present case, the strain data 
indicate that the maximum radial stress on 
the mandrel is in a section about midway 
along the mandrel/billet interface and it is 
this section which must be critical for 
mandrel failure. On the other hand, the 
maximum tensile stress in the mandrel due 
to frictional drag in conventional extrusion 
must be upstream near the billet/ram inter-
face, which could alter the position and 
magnitude of the critical mandrel stress. 

CONCLUSIONS 

Hydrostatic extrusion/drawing experi-
ments have been carried out on aluminium 
and copper specimens. The results show that, 
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FIG. 4a M.ANiJrtEL HOOP STRAINS, 
EXTRUSION RATIO 2.0 
ALUMINIUM 

FIG. 4b MANDREL AXIAL STRAINS, 
EXTRUSION RATIO 2.0 ALUMINIUM 

.,y the application of a drawing stress not 
only the process speed can be controlled, 
but also the extrusion pressure, friction 
and the total stress required for the 
process are reduced. As a consequence, 
the radial, hoop and axial stresses in the 
mandrel also become smaller. 

The experiments indicate that the 
tensile stress in the mandrel due to 
frictional drag at the deforming material/ 
mandrel interface is relatively small so 
that the critical mandrel stress is in-
fluenced mainly by the normal pressure. 
:Ihile this could be approximately true 
also for tube draw2.ng with a fixed mandrel 
under favourable lubrication conditions, 
in the extrusion of tubes (particularly 
in hot extrusion) the much larger billet/ 
mandrel interface and greater friction 
could result in significantly different 
stress conditons, which need to be assessed 
separately. 

This experimental work is part of a 
wider investigation in the development of 
design criteria for the fixed mandrel in 
the extrusion and drawing of tubes (6). 
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