HYDROSTATIC EXTRUSION OF TUBES

by

Manuel José Martinho Barata MARQUES, Dipl. Eng. (I.S.T.)

A Thesis Submitted for the degree of
DOCTOR OF PHILOSOPHY
of the University of London
and for the

DIPLOMA OF IMPERIAL COLLEGE

October 1980

Mechanical Engineering Department
Imperial College of Science and Technology
University of London



To my Parents and my Wife



ABSTRACT

The main purpose of this thesis is to provide information for
the design of fixed mandrels used in the hydrostatic extrusion-drawing
of tubes.

The literature is reviewed to sum up the methods used to assess
the normal and shear stresses acting at the plastically deforming
metal/tool interface.

An experimental apparatus was designed for the hydrostatic
extrusion-drawing of the tubes enabling the recording of the extrusion
pressure, drawing force, friction force on the deforming material/
mandrel interface and the hoop and axial strains in the bore of the
mandrel.

Experiments were carried out for aluminium and copper extrusions
under several controlled conditions.

An upper bound approach for the hydrostatic extrusion-drawing of
hollow and solid specimens is presented. It is based on general
velocity and strain rate fieids whose formulae are obtained analytically
with the assumption that the plastic deformation zone boundaries and
that the streamlines in that region are straight lines. Because the
derivation is analytical it has some advantages in computation time
and accuracy in relation to velocity fields derived from a flow function,
which usually leads to numerical differentiation.

For conical boundaries the theoretical extrusion pressure,
calculated by the proposed upper bound approach is minimized with
respect to two parameters.

The stresses in the plastically deformed region are found by
means of the weighted residual method combined with the derived
velocity and strain rate fields for conical boundaries.

The stress distributions in the mandrel are determined by a
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finite element computer program and provide information for the design
criteria for the mandrel.

Finally strains in the mandrel bore are computed from the stresses
obtained theoretically at the deforming material/tool interface and

compared with the experimental results.
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CHAPTER 1

INTRODUCTION

1.1 - The Hydrostatic Extrusion - Drawing Process

Although metalworking processes have been in use for several
thousand years, it is only in the last two decades that considerable
progress has been made in the development of new industrial processes
and techniques and also in the theoretical analysis of the metal forming
operations.

The continuous development of technology demands research into
sophisticated variants of conventional metalworking processes as it is
the case of hydrostatic extrusion.

Hydrostatic extrusion was first described by Robertson (1) in
1893, although it seems that no practical work has been carried out.
Bridgman (2) appears to be the first to examine hydrostatic extrusion
in a scientific manner and encountered some difficulties in his experi-
ments, mainly related to the control of the extrusion at high pressures
and to large thermal effects due to the high extrusion velocities.

Pugh (3) and his colleagues at the National Engineering Laboratory
have investigated the process theoretically and experimentally in great
detail, studying mainly the relationship between the extrusion pressure
and extrusion ratio for a wide range of engineering materials and the
resulting properties of the products, particularly those extruded into
a back pressure. A compreensive summary of this work and of other
researches is presented in Ref (3,4).

Independently and simultaneousely, Beresnev and his colleagues
developed research work at the High Pressure Laboratory of the Academy
of Sciences of Moscow. Their contribution towards the understanding of

the novel process is presented in the book by Beresnev et al (5).
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Many other research workers have investigated the hydrostatic extrusion
process including Randall, Davis, Sievgiej and Lowestein (6) at Nuclear
Metals Inc., Fiorentino, Sabroff and Boulger (7) at the Battelle Memo~
rial Institute, Bobrowski (8) of the Pressure Tecnhology Corporation of
America, Rozner and Faupel (9) of Du Pont in U.S.A., Green (10), Slater
(11), Thompson (12) and Kronmberger (13) at the United Kingdom Atomic
Authority, Alexander and Lengyel (14, 15) at Imperial College, Avitzur
(16) at Lehigh University, Duffil and Mellor (17) at Birmingham Univer-
sity, Parsons, Bretherton and Cole (18) at Leeds University.

The book by Alexander and Lengyel (19) contains a detailed review
of the research work in this field up to 1971.

Interest continued to grow and by 1973 a Conference on Hydrostatic
Extrusion was held at the University of Stirling following the earlier
Conference on High Pressure Engineering organized by the Institution of
Mechanical Engineers in 1967, the C.I.R.P. Conference in Nottingham and
the M.T.D.R. Conference in Birmingham in 1968.

In recent years extensive work in hydrostatic extrusion has been
carried out by Japanese investigat .ors at Kobe Steel Ltd and Hitachi
Cable Ltd. Quite recently at the 20th M.T.D.R. Conference in Birmingham
two papers were given dealing with hydrostatic extrusion (20, 21).

Hydrostatic extrusion is a metalworking process which essentialy
consists of extruding a specimen through a die using a pressurized fluid
which surrounds the billet (Fig. 1.1). When the pressure reaches a
specified value the billet is extruded through the die orifice into the
shape determined by the die. As the billet is not in contact with the
wall of the container friction is reduced. The reduction in frictionmal
effects makes it possible to use low die angles, decreasing redundant
work. Consequently larger reductions can be achieved under otherwise
identical conditions than it would be possible in a conventional extru-

sion. The control of the rate of extrusion is difficult to achieve.
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The extrusion speed is often too high and the billet and fluid are

ejected violently from the container.
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FIG. 1.1 - SIMPLE HYDROSTATIC EXTRUSION (After Ref. 4)

If the extrusion speed is not controlled stick slip instability may arise.

Control of the hydrostatic extrusion process can be achieved by
either the application of a compressive force to the billet or adrawing
force to the product. These techniques are often called billet and
product augmentation, respectively. The latter is the procedure adopted
in the experiments carried out in the present work.

Figure 1.2 illustrates the four basic systems in use.

In augmented hydrostatic extrusion the fluid pressure in raised to
a value slightly below that required for extrusion and the augmentation
force provides the stress mecessary to make up the total stress needed
for the process.

In the differential pressure extrusion or fluid to fluid extrusiom
(Fig. 1.2b) both billet and product are surrounded by fluid at different
pressures. The effective pressure causing extrusion is the difference

between the pressures of the two fluids. This system is attractive for
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the extrusion of brittle materials.
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FIG. 1.2 -~ BASIC SYSTEMS IN HYDROSTATIC EXTRUSION (After Ref. 22)

The hydrostatic extrusion process enables not only the extrusion
of round bars but also billets of complex sections, particularly the
extrusion of hollow sections. For the extrusion of tubes a mandrel is
fitted into the hollow billet in order to size the bore of the tubular
product.

Figure 1.3 shows three different arrangements of tgbe extrusion
corresponding to different designs of the mandrel, namely the stationary,
moving and floating mandrel.

In the present experimental work a hollow stationary mandrel was

chosen because of the nature of the measurements required.
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1.2 - Literature Survey of Pressure Distribution and Friction

Conditions at the Metal Tool/Interface

1.2.1 - Introduction

In metalworking processes where the bulk of material undergoes
plastic deformation in contact with a tool which remains elastic, the
frictional conditions differ from those existing when both contacting
bodies remain elastic.

Friction in metal forming processes may take place under conditions
ranging from boundary to hydrodynamic lubrication. In boundary lubri-
cation, which covers the vast majority of cases in metal forming, the
surfaces, are lubricated either by molecular layers adsorbed onto the
surfaces, or by surface films formed by chemical reactions with the sur-
face. Thus, the effective value of the interface shear stress is reduced.
In the quasi-hydrodynamic regime hydrodynamic pockets are formed by
entrapment of lubricant in troughs between the asperities, reducing
friction by preventing increase in the contact area. The coefficient
of friction in this type of lubrication is a function of the lubricant
properties and also the conditions of the metal forming process itself.
Hydrodynamic f£ilms canexist in certain metalworking processes such as
rolling, wire drawing and hydrostatic extrusion. The subject has been
treated theoretically by applying Reynold's equation together with the
equilibrium equation, boundary conditions, yield criterion and associateé
flow rule.

The transition between quasi-hydrodynamic and full hydrodynamic
lubrication is not very well understood. Although some theories predict
the conditions for initiation of the fluid film, either constant coeffi-
cient of friction or a constant friction factor is assumed, if the fluid
film thickness is not sufficient to mantain a. complete separation of the

surfaces.
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Normal pressure and shear stresses at the metal tool interface
are two interconnected parameters. Although their joint action is well
recognized by the effects on tool stresses and wear, flow pattern,
forming forces, surface finish and dimensional accuracy of the product,
they are not easily separable.

A large number of approaches have been tried to assess the normal
pressure and the coefficient of friction at the deforming material/tool
interface. In what follows a review of these methods used in metal

forming processes is presented.

1.2.2 - Experimental Methods

Within the experimental approaches two categories are usually

considered, namely, the direct and indirect approach.

1.2.2.1 - Direct Approach

One of these experimental techniques, called the pressure sensi-
tive pin technique, was introduced by Siebel and Lueg (23) who deter-
mined the pressure distribution along the arc of contact in rolling. In
this method pressure transmission pins were embedded normally to the
surface of the roll.

Later, Mc Gregor and Palme (24), with the use of strain gauges,
attempted to find the normal and tangential stresses during rolling by
measuring the radial and lateral deflection of a pin in the form of a
cantilever. The technique was improved by van Rooyen and Backofen (25)
to determine the coefficient of friction between roll and the material
strip. They used a special roll containing two small pins installed at
right angles to the roll axis, one in a radial direction and the other
inclined to the first in an oblique direction. The coefficient of

friction in this method, is a function of the ratio of the stress in
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the oblique pin to that in the radial pin.

The method has been used by El-Behery, Lamble and Johnson (26) for
measuring the container wall pressure and coefficient of friction in the
axi-symmetric extrusion of lead. Pearsall and Backofen (27) and
Nagamatsu, Murota and Jimma (28) have also used this technique for
measuring the distribution of normal pressure and coefficient of friction
at the metal/tool interface during the upsetting of aluminium discs.

Although the method is very effective to determine the pressure
distribution and the coefficient of friction at the metal/tool interface
there are, nevertheless certain sources of error in it.

The gap between the pin and the tool should be small to avoid the
extrusion of the deforming material into it. On the other hand, reducing
this gap the friction between the tool and pin can be very large affecting
the results.

Another limitation is the possibility of binding between the pin
and the tool owing to the elastic distortion of the latter. Also the
protrusion or recession of the pin relative to the surface of the tool
could have a marked effect on the values of the coefficient of friction
measured with the oblique~radial technique. The oblique pin is rather
sensitive to small amounts of protrusion or recession.

To apply the direct approach it is required to have enough space
available iﬁ the tool to accomodate the pins. This fact may constitute
a restriction in the use of the method as the holes to house the pins

would weaken the tool.

1.2.2.2 - Indirect Approach

In this type of experimental indirect approach the values of the
mean pressure and coefficient of friction are determined by measuring

the values of the other process variables.
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Included in this category is the method developed by Whitton and
Ford (29). They evaluated the coefficient of friction in cold strip
rolling without making use of any theory of the distribution of roll
pressure along the arc of contact. In this technique the coefficient
of friction, assumed to be constant over the arc of contact, is deter-
mined from the measured values of the roll force and torque while
applying a back tension.

The split die technique, first suggested by Mac Lellan (30) to
investigate the mean coefficient of friction and die pressure in drawing,
is another method which does not need recourse to the theory of metal
forming. Wistreich (31) utilized this technique in wire drawing deter-
mining the values of these variables by measuring the force that tends
to separate the two halves and the drawing force.

While simple, this method could not be used with liquid lubricants
as not only the lubricant leaks into the split die but also generates
unwanted separating forces. The method was improved by Yang (32) who
used a large ring to restrain the split die. He measured the die sepa-
rating force with a strain gauged dynamometer housed in the retaining
ring.

Majors (33) evaluated the normal force on the die by measuring
the hoop strain at one point on the outer circumference of the die. The
die was calibrated by applying hydraulic pressure to its inside with the
help of a closing plug.

The plug drawing process, used by Blazynski and Cole (34) and Rowe
and Lancaster (35), can be utilized to advantage as the geometry 1is
simple. A mean coefficient of friction can be calculated by measuring
the separating force on the die and the tension in the plug bar.

Parsons, Bretherton and Cole (18) used strain gauges attached to
the periphery of the die in the hydrostatic extrusion/drawing process.

To determine the effect of product augmentation on the frictional
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conditions, the strain gauges were calibrated by applying a known fluid
pressure over the area of the truncated cone of the die.

These methods can only assess the mean die pressure and are unsui-
table for determining the distribution of the die pressure. To obtain
the die pressure distribution Kamyab (36) and Alexander and Kamyab (37)
have refined the strain gauged die technique. They have used long,
narrow strain gauges to measure the circumferential strain at sections
along the die during copper extrusion. The pressure distibution at the
conical surface of the die was assumed to be a fourth order polynominal
with unknown coefficients. Using a finite element program the strains
produced by the assumed pressure distributions had to match the strains
measured experimentally. The coefficients in the polynominal and the
average coefficient of friction were evaluated by an iterative procedure.
The unknown parameters in the polynominal were adjusted until the sum
of the squared deviations of the calculated and experimental strains was
a minimum. The coefficient of friction determined for these experiments
with castor oil and Mo0S, grease as lubricant was found to be 0.03.

Said (38), studying the clamp size suitable to generate an axial
frictional force sufficient to clamp the billet material during successive
extrusion cycles in semi-continuous hydrostatic extrusion, adopted a
similar method. His finite element analysis indicated that the axial
stresses across the cross—sections of the clamp were approximately
constant. This assumption together with the equilibrium equation of
an element along the clamp length enabled the determination of the
pressure distribution and the average coefficient of friction from the
experimentally measured values of the axial and hoop strains at the
outside surface of the clamp,

The strain gauge technique has been applied by Lengyel and Musuva
(39) and Lengyel and Mutlu (40) to extrusion containers, experimentally

to obtain the approximate pressure distribution along the container bore.
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Daneshi and Hawkyard (41) used a split platen technique to find
the pressure distribution in an upsetting operation. This method has
been recently modified by Chitkara and Taspinar (42) to measure the
pressure distribution over an unsymmetrical turbine blade section in
rolling by using strain gauges embedded in the end faces of one of the
split-form roll rings.

The photoelasticity method has been used for the evaluation of the
coefficient of friction and the pressure distribution in plane strain
drawing dies. Cook and Wistreich (43) determined the value of these
variables in plane strain drawing of lead through a die made of a photo-
elastic material. The method was further developed by Osashi and
Nishitani (44) for studying the deformation in a specimen also made of
a photoelastic material as well. The application of the photoelastic
technique is very limited due to the kind of materials that can be
utilized. Also, only plane strain cases can be analysed by this method.

The visioplasticity technique has been used in extrusion not only
to evaluate the pressure distribution and coefficient of friction but
also to give a detailed information on the strain rates, total strain
and state of stress throughout the deformation zone. It was first
suggested by Thomsen and Lapsley (45) and Thomsen, Yang and Bierbower
(46). This method requires that an experiment is performed on a split
billet which was previously provided with a grid on the split plane. A
flow function is defined from the steady state co-ordinates of the points
in the deformed flow line. By numerical differentiation of the flow
function the velocities at the points in the deformation zone are found.
Numerical differentiation of the velocities enables the strain rates to
be assessed. The integration of the strain rates with respect to time,
along the streamlines yields the total strains. The strain rate and
total strain fields are then used with the equilibrium equation, cons-—

titutive equation and a yield criterion and associated flow rule to give
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the complete stress field where plastic flow has taken place. Throughout
the analysis the elastic strains are neglected, as it is usual in pro-

blems of large plastic deformation.

The pressure and the coefficient of friction along the billet/die
interface have been determined using the visioplasticity technique by
Shabaik and Thomsen (47) in conventional extrusion and Dunn (48) and
Dunn and Lengyel (49) in hydrostatic extrusion.

Although the visioplasticity method provides accurate information
about the flow of deforming material it presents some difficulties in
the calculation of the stresses mainly the boundaries so that the
frictional conditions at the metal-tool interface obtained by this method
might be far from the actual ones.

Ishikawa, Hata and Goto (50) proposed a method to describe appro-
ximately the mechanics of material flow during forwards extrusion. They
assume that the flow lines can be approximated by the function of hyper-
bolic tangent. With this method there is no need to perform an extrusion
test and the smoothing procedure, which is a feature of visioplasticity,

is not necessary.

1.2.3 - Theoretical Approach

The pressure distribution and the coefficient of frictiom at the
plastically deformed zone - tool interface can be assessed by methods
which make use of the theory of the particular metalworking process.

In this category can be included the method suggested by Kunogi
(51) and developed by Male and Cockroft (52) to measure the coefficient
of friction at the metal/tool interface during the forging of rings. In
this technique the coefficient of friction is related to the change in
the internal diameter produced by a certain amount of compression in the

thickness direction. Measurements of the internal diameter of compressed
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rings provide a particularly sensitive means of studying the coefficient
of friction, since the internal diameter increases or decreases as the
coefficient of friction is small or large respectively. Male and
Cockroft used the Schroder and Webster (53) analysis to compute the
theoretical average pressure during the compression of rings under
different conditions of friction and obtained experimental calibration
curves.

The theoretical solution proposed by Alexander (54) for plane
strain indentation problems has been used by Takahashi and Alexander
(55) for the evaluation of friction in this process.

A large variety of upper bound solutions have been proposed to
analyse metal forming processes. Coefficients of friction have been
obtained by assuming these theories and finding a value which gives the
closest fit to experimental results. However, this procedure gives too
low coefficient of friction, as the theory itself tends to overestimate
the load required in the process. A review of upper bound solutions to
metal flow is given in Chapter 4.

Duffill, Hooke and Mellor (56) obtained the pressure distribution
on the conical surface of a die for hydrosgatic extrusion. They have
used the measured extrusion pressure to calculate the die pressure at a
known estrusion ratio. For this purpose they have modified the expression
of die pressure utilized by Green (57) for plane strain drawing to be

applied to axisymmetric cases.

1.2.4 -~ Numerical Methods

The application of variational principles to plasticity and the
development of numerical methods allowed not only the description of
the metal flow but also to obtain a complete stress solution to a large

variety of metal forming problems.
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In recent years extensive work has been carried out to analyse me-
talworking problems by the finite element method. A comprehensive review
of the elastic-plastic analysis of problems of large strains is presented
by Blass (58). Another numerical method that is receiving increasing
attention to solve the plasticity equations is the method of weighted
residuals. The present work will deal with this method.

In what follows the literature dealing with these methods, used to
find the pressure distribution at the deforming material-tool interface

is reviewed.

1.2.4,1 -~ Finite Element Methods

Iwata, Osakada and Fujino (59) presented an elastoplastic finite
element analysis of hydrostatic extrusion using triangular ringelements.
They found that the die pressure was high near the entry and exit of the
die. The higher the friction the higher the pressure. 1In the analysis
only small strains are reported as their method is mnot suitable for
problems involving large deformatioms.

The elastoplastic finite element method for small displacements
was employed by Kamyab (37) to find the pressure distribution on the die
during the hydrostatic extrusion of rods. This purpose was achieved by
obtaining the distribution of the yield stress over a meridional plane
of the deformed billet from experimental measurements of the hardness
distribution.

Lee and Kobayashi (60), to overcome some of the drawbacks of the
finite element elastoplastic formulation for large deformations, devised
a new technique called the matrix method. This approach. uses the basic
principles of the finite element method and has the advantage of assuming
rigid plastic behaviour of the materials, since in most metal forming

processes the elastic strains can be neglected.
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The matrix method is utilized in the analysis of compression of
cylindrical specimens having initial height to diamater ratios of 1.0 and
0.75 under various friction conditions by Lee and Kobayashi (61) and
ratios of 2.0 and 2.5 under dry friction conditions by Shah, Lee and
Kobayashi (62). For the latter cases the authors show that the maximum
pressure occurs at the centre or the periphery of the contact surface as
the reductions are greater or less than 0.6 respectively.

Pressure distribution along the punch-billet interface in piercing
was obtained by the matrix method by Shah, Oh and Kobayashi (63). They
have found that initially the pressure is higher at the centre, but as
the reduction increases the pressure increases at all points, being more
accentuated near the corner than the centre of the punch. The pressure
distribution along the container wall in the same process 1s obtained
by the same method. The radial pressure distribution remains constant
in the undeforming zone and decreases towards the free surface. With
the matrix method the analysis of conventional axisymmetric extrusion
was carried out by the same authors (63). They applied the method to
work-hardening and non hardening materials. The pressure distribution
along the die, found by that technique, shows that the pressure is ma-
ximum at the die entrance and decreases towards the exit. Near the exit
the pressure increases by a small amount. They also report that the
trend of the curves for nonhardening and workhardening materials is

similar differing only by a constant.

1.2.4,2 - Weighted Residual Methods

The term '"Weighted Residual Methods" has been introduced by
Crandall (64) to denote a general approximation procedure for solving
various types of differential equations in boundary-value and initial-

-value problems.
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In this procedure an approximate solution is proposed in a form of
a set of known trial functions with undetermined parameters. By substi-
tuting an approximate solution into the governing equation a residual
function is obtained which is then required to be orthogonal to a selected
set of weighting functions.

The method of weighted residuals, particularly the least squares
method, have been used to solve plasticity problems and to determine
the stresses in the plasticallydeformed zones. Steck (65) has applied
the method to obtain the stress distribution in the extrusion of metals
through conical dies and in the upsetting of rings. The method in the
field of plasticity has been used mainly by German authors although at
Imperial College has also been applied.

Helman (66) employed the least squaresmethod to the study of the
co—extrusion of two metals and determined the pressure distribution along
their surface of contact in the deformation zone and the temperature
distribution in that region.

Ravindranath (67) found the stress distribution inm the plastically
deformed zome during the upsetting of aluminium and copper rings using
the least squares method. The deformation was assumed to be in steps
and for each step the flow stress of the material was corrected by
taking into account the calculated temperature rise.

Lange, Rebholz and Roll (68) report several solutions achieved by
the method of weighted residuals in forward extrusion and upsetting and
compare alternative solutions found by the finite element and weighted

residuals methods.

1.3 - Aims of the Present Work

The determination of the stress distribution in the plastic defor-

mation zone and the pressure distribution at the material/tool interface
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has been a matter of inﬁerest as shown in the previous section. Among
the various approaches the numerical methods, with the advent of the
computers, are increasingly being applied as a mathematical tool which
is able to predict the stress distribution in the process. To assess

their usefulness it would be necessary to know the degree of accuracy

they allow.

The main objective of the present work is to compare the pressure
distribution at the metal/tool interface obtained by the weighted
residual method with the experimental measurements. To achieve this
objective the hoop and axial strains in the bore of a hollow cylindrical
mandrel during the hydrostatic extrusion of copper and aluminium tubes
have been obtained by two means :

1 - Experimentally by bonding axial and hoop strain gauges to the

bore of the mandrel and recording the corresponding strains.

2 - Numerically by finding the pressure distribution at the defor-

ming material/tool interface with the help of the least squares
method and introducing it as input data into a finite element
program which in turn calculates the strains at the mandrel
bore.

The determination of the pressure distribution 1is by itself an
important feature due to its role in mandrel design. For the same reason
the dragging force due to the friction at the material/tool interface is
also the subject of this investigation.

Finally, another aim of the present work is to find the stress
distributions in the mandrel to supply the designer with information
which enables the development of criteria for the design of fixed

mandrels in hydrostatic extrusion-drawing of tubes.
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CHAPTER 2

EXPERIMENTAL WORK

2.1 Introduction

The aim of the experimental work was to measure the axial
and hoop strains in the bore of a hollow mandrel, the extrusion
pressure, the drawing load and the friction force on the billet/
mandrel interface during the hydrostatic extrusion-drawing of tubes.

Experiments have been carried out using commercial purity
aluminium and high conductivity copper specimens, for several
extrusion ratios and various extrusion pressure/drawing stress
conditions.

The main purpose of these experiments is to gather information
concerning the design of the mandrel and check the validity of the
results obtained theoretically. Thus the mandrel was made hollow
and a strip of strain gauges was bonded to its bore to allow a
comparison between the experimental and theoretical strain distri-

butions.

2.2 Experimental Equipment

2.2.1 Bydrostatic Extrusion - Drawing Apparatus

Various components of the experimental apparatus, as well
as the design criterion related to their manufacture, have already
been described: the container by Lengyel et al (69) and Lengyel and
Ashford (70), the pulling device by Dunn (48) and Helman (66).

In what follows the characteristics of those components will
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be described which are relevant to the experimental work, together with
the modifications which have been introduced to obtain the present
set-up.

A general view of the apparatus used in the hydrostatic extrusion-

drawing of tubes is shown in Figure 2.1.

2.2.1.1 Drawing Bench

Part of the drawing bench was a screw jack manufactured by
Duff-Norton & Co. Ltd., driven by a 1.1kw (1 1/2 H.P.) induction
motor via a Kopp variator and reduction gear box and an Autogard
torque limiting device.

Although the maximum pulling force permitted by the screw jack
was 50kN, the maximum drawing load, actually used in the experiments,
was limited by the strength of the roller chain (Figure 2.1) and could
not exceed 15kN.

The Kopp variator enabled the product velocity to be varied in
the range of 0.15cm/s to 1.3cm/s.

The main purpose of the torque limiting device was to ensure that
the load applied to the product was not too large so as to cause
fracture.

In order to measure the drawing force a load cell was located
between the screw jack and the roller chain. The latter, passing through
a pulley, was connected to the prepared tag of the billet. The friction
between the roller chain and the pulley was negligible as two ball
bearings were used to support the pulley, enabling it to rotate freely.
Therefore the pulling locad measured by the load cell was taken as the

drawing force acting on the billet.
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2.2.1.2 Extrusion Apparatus

The experimental arrangement of the extrusion apparatus is

shown in Figure 2.2,

2.2.1.2.1 Pressure Vessel

The container was a monoblock cylinder, made from a high tensile
steel VHS50 (0.4%C - 1.05%Si - 0.43%Mn - 5.5%Cr - 1.15%V - 1.5%Mo),
which was designed to support fluid pressures up to 700MN/m? .

Owing to the compressibility of liquids at high pressures, large
elastic energy is stored in the container constituting a potential
danger. In order to reduce this energy, the volume of fluid inside
the container was reduced by using a filler cylinder, Figure 2.2,

Also for safety reasons the pressure vessel was surrounded by a guard.

2.2.1.2.2 Mandrel

The thick walled cylindrical hollow mandrel (Figure 2.2) was
made from KEA 145 tool steel, heat treated to 52-54 Rockwell C
hardness. It was designed to remain elastic but with as thin wall
as possible, to give the maximum hoop strain at the bore.

The external and internal diameters were respectively 25.4mm
and 9.525mm.

To ensure that the mandrel remains elastic the fluid pressure
was restricted to a maximum of 350MN/m?>. This pressure determines
the maximum extrusion ratio for the materials in study.

Another aspect that was taken into account was the length of

the mandrel. To calibrate the strain gauges bonded to its bore the
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mandrel was subjected to several external fluid pressures. The mandrel
was designed to have a sufficient length so that the effect of seals
during the strain gauge calibration could be neglected, as it will

be discussed in section 2.3.5.

2.2.1.2.3 Die

The die (Figure 2.2) was made from KEA 180 tool steel heat
treated to 52-54 Rockwell C hardness.
All tests were carried out using the same die, which was 45.72mm

in height and 30° included angle. The die land was 2.5mm.

2.2.1.2.4 Supports

The supports shown in Figure 2.2 were made from EN3(0B steel
heat treated to 50 Rockwell C hardness.

The mandrel support was 25.4mm high and its external and bore
diameters were 45.7mm and 30.5mm respectively.

Initially it was designed to be a load cell to measure the
friction force at the billet/mandrel interface. For this purpose two
axial and two hoop strain gauges were bonded onto its outside surface
and connected to make a full bridge with gauges of the same type in
the opposite arms. The load cell was calibrated under compression
in a high prectsion testing machine and the output signal was. recorded
by a Solartron data logger.

To ensure that the load cell would give the same response for
the same load, irrespective of its position, four calibration
tests were carried out aftex 900, 180° and 270° rotation of the load
cell, around its vertical axis, relative to its initial position. 1In

each position the load cell was checked for repeatability.
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It was found that, although for each position of the load cell the
calibration results were repeatable, this was not the case when two
different positions were compared. As it was difficult to guarantee
exactly the same position of the load cell inside the support this method
of measuring frictional load was abandoned. The alternative solution
adopted was to bond the strain gauges to the outside surface of the

mandrel as it will be discussed in section 2.3.4.

2.2.1.2.5 Seals (19)

The seal was a synthetic rubber O-ring backed up by a copper mitre
ring and held by a retainer. Details of this arrangement have been
omitted from Figure 2.2. To seal between the die and the container the
retainer was unnecessary. This arrangement was satisfactory, there was
no need to replace the seals throughout the experiments.

The main sealing problem arose in preventing the fluid leakihg between
the specimen and the mandrel, in the initial stages of the extrusion. To
overcome this difficulty Thompson (12) developed a rear end seal for tube
extrusion, Figure 2.3. 1In the present a narrowlip formed in the bore

of the billets was found satisfactory.

2.2.1.2.6 Extrusion Fluid and Billet Lubrication

The fluid in hydrostatic extrusion is required to transmit the
pressure effectively and to act as a lubricant (4,19).

Several investigators (3,49,71,72) have shown that castor oil not only
transmits the pressure well (Figure 2.4) but alsoc have lubricant properties
depending on the materials to be extruded.

In the present work all the experiments were carried out using a 4:1
mixture of castor oil and methyl alcohol, with the billet coated with a
graphite solution. The addition of methyl alcohol is necessary since above

a certain pressure castor oil starts to freeze.
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2.2.1.2.7 Billet Design

Figure 2.5 is a drawing of a billet used in the experiments.

The main factors that have been taken into account in the

design of the billet were the following:

of

It must have a tag to allow the billet to be pulled.

Sealing must be ensured along the billet/mandrel and billet/die

interfaces, to prevent the fluid leaking in the earlier stages

of extrusion.

Preventing, or at least attenuating, the effects of a burst

in case the fluid pressure increases to a high level in the

container. The billet being shooted out at an excessive

speed could be dangerous and could damage the components

underneath the container.

Allowing a small gap (0.5mm) between the mandrel and the

undeformed part of the billet enables not only the extrusion
fluid to reach the plastic deformation zone/mandrel inter-

face, but avoids the friction between the mandrel and the

billet before the latter reaches the die as well.

Figure 2.5 shows the tag geometry chosen in view of the length

the mandrel. The end of the billet tag is threaded to enable an

adaptor to be connected. The other end of the adaptor is attached

to the roller chain.

To prevent the fluid leaking along the billet/die interface,

the billet was machined to the same angle as the die.

To develop sealing along the billet/mandrel interface, a few

experiments had to be done to determine the appropriate size of the

lip in the bore of the billet.
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The top end of the billet had a larger cross-section to
prevent full extrusion, thus, the sudden release of the high
pressure fluid.

As the same die was used in all experiments the external
diameter of the billet was changed to provide various extrusion

ratios.

2,2.2 Generation of Pressure

The fluid pressure was generated by a pump-intensifier unit
manufactured by Stansted Filtration Limited, with two pump-intensifier
sets working alternately to provide a constant pressure.

Each pump, Figure 2.6, was powered by an 0.4kW (1/2 H.P.)
induction motor and could deliver oil at a rate of 410cm®/min up to
a pressure of 103.4MN/m?* (150001bf/sqg.inch). The pumps stopped
automatically on attaining a preset pressure and held it constant,
restarting when necessary to make up for losses.

The pressure was further increased by the intensifier by a
factor of 37.

A control unit was used to set a pre-determined pressure.

The output signal from a manganin coil, which monitored the
pressure on the high pressure side, was fed into the control unit.

In Figure 2.6 are visible a Bourdon type pressure gauge to
give a quick indication of the pressure on the high pressure circuit
and a release valve - which isolates the intensifier unit from the

hydrostatic extrusion rig.
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2.3 Instrumentation and Experimental Measurements

2.3.1 Data Logger

A Solartron LP 1029 digital data recorder, Figure 2.7 was
utilized to record the output signals from a manganin coil and
the strain gauges used in the experimental measurements.,

Up to 100 analogue signals can be converted to a digital
form and displayed in an inline unit. The data logger allows a
scanning of all or a limited number of channels at speeds varying
between one sample in every four seconds and ten samples per second.

Alternatively a single channel can be selected and continually
scanned.

A high speed numeric printer and a paper tape punch connected
on line with the data recorder, enable the readings and the channel
identity to be either printed out on a paper strip, or punched on a
paper tape, or do both simultanecusly.

The smallest range of digital output was 100 millivolts and
the resolution of the digital signal was 0,01 millivolts., However,
in this range the data logger enables the output signals to be
multiplied by four. This facility allows variations of 0.0025
millivolts to be recorded. As the maximum digital output in the
experimental measurements was 1.5 millivolts, this range was

selected, taking advantage of the multiplication factor feature.

2.3.2 Pressure Measurement (73)

A 100 ohms resistance coil, made from 42 S.W.G. diamel coated
manganin wire, was used to monitor the pressure on the high pressure

system. It was wound and loosely tied to prevent it unwinding.
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FIGURE 2.7 DATA LOGGER



As recommended by the wire manufacturers, Johnson-Mattey the coil
was stress relieved by heating it to 140°¢ and holding the tempera-
ture for 10 hours. It was then pressure seasoned by pressurising
it to 800MN/m? a few times. After this treatment practically no
zero drift was noticed at ambient pressure and temperature over the
period of the experiments.

The 100 ohms manganin coil, located in a pressure vessel,
Figure 2.1, inserted in the high pressure circuit near the hydro-
static extrusion container, was an arm of a d.c. full Wheatstone
bridge.

This bridge was connected to one of the channels of the data

recorder,

2.3.2.1 Manganin Coil Calibration

The manganin coil was calibrated by using an Harwood dead-
weight tester {piston gauge), type DWI-1000. The coil was connected
to the "measured pressure"” side of the dead weight tester and the
change of resistance, for each increment of pressure, 41.37MN/m?
(60001b/in®) was printed onto a paper tape by the high speed numeric
printer on line with the data logger, which was continually scanning
the manganin coil channel.

Figure 2.8 shows the manganin coil calibration curve.

2.3.3 Drawing Load Measurement

A tensile load cell was used to measure the drawing load, as
described in section 2.2.1.1.
Two 120 ohms strain gauges attached diametrically opposed to a

50mm long rectangular cross-section beam. The strain gauges were of
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the self-compensating type for temperature, when used on steel. They
were connected in series to eliminate the effects due to bending.
Continuous monitoring of the load was carried out by feeding

the output from a d.c. bridge to the data logger.

2.3.3.1 Load Cell Calibration

The load cell was calibrated in a Tinius-Olsun testing
machine. The locad was applied in increments of 2.22KN (5001bs) up
to 11.1KN (25001bs) and the output voltage from the bridge recorded
in the same manner as described for the manganin coil calibration.

Figure 2.9 illustrates the load cell calibration curve.

2.3.4 Friction Force Measurement

Since the support (Figure 2.2) was shown to be unreliable to
work as a load cell, the friction force on the billet/mandrel inter-
face was measured by four axial and four hoop strain gauges bonded
to the mandrel and connected to form a d.c. Wheatstone full bridge.
They were placed in such a way that the axial and hoop strain gauges
alternatéd on the perimeter of the mandrel, at 40.0mm from the top
of the mandrel.

Each arm of the d.c. full bridge was made up by two strain
gauges with opposite arms having the same type of strain gauges. Thus,
the bridge was compensated for temperature and bending.

The bridge was connected to a channel of the data logger.

2.3.4.1 cCalibration of the Load Strain Gauges

The load strain gauges were calibrated in tension and compression.
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To avoid damage the mandrel surface by the testing machine
grips, when calibrating in tension, a special tool was made, Figure
2.10.

Two halves of a 150mm long cylindrical tube, with a bore
diameter slightly smaller than the mandrel external diameter,
were tightened against the mandrel by means of twelve bolts as shown
in Figure 2.10. The mandrel surface had previously been covered with
Araldite to prevent the mandrel sliding during the tensile test.

With this arrangement it was possible to reach a calibration
load up to 31kN. Above this load the mandrel slipped inside the
sleeve,

The calibration curves in tension, (Figure 2.11) and in
compression did not show any significant difference in the calibra-
tion constant. In both tests the load was applied in increments of
2.22kN (5001bs), and the output voltage from the bridge was recorded

as described on the manganin coil calibration section.

2.3.5 Hoop and Axial Strains Measurements in the Bore of the

Mandrel (74-77)

To measure the hoop and axial strains in the bore of the
mandrel, caused by the normal and shear stress distribution acting
on its surface, during the extrusion operation, a 20mm long strip
of ten strain gauges was bonded to it. The five hoop and five axial
strain gauges were placed alternately in the axial direction along
the mandrel bore and bonded to it in such a way that the centre line
of gauge no.l (a hoop strain gauge) was 20mm from the product end
of the mandrel, Figure 2.2.

Each of the strain gauges was 120 ohmsresistance and temperature

compensated when used on steel. The gauge factor and cross-sensitivity
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as guoted by the manufacturers, Micro Measurements Inc., are
2,16 £ 1.0% and 1.6% for the hoop strain gauges and 2;05 + 1.0%
and 1.4% for the axial strain gauges.

The size of the strain gauges and the length of the strip
were chosen to suit the length of the billet/mandrel interface
and the gradient of strain in the bore of the mandrel. Compensating
strain gauges were bonded to a dummy mandrel outside the pressure
vessel. Compensation for the temperature increase during the
extrusion operation was not possible with the present arrangement.
To lessen this factor the strain gauges were chosen to be of the
self-temeprature compensating type and the velocity of the extrusion,
controlled by the pulling device, was kept as low as the system
permitted (1.5mm/s), to reduce the amount of heat generated.

The bonding of the strain gauges raised some problems, since
this work was made difficult by two main factors:

1. The small diameter of the mandrel bore, and
2. The distance from the central line of the strain gauge no. 1
to the product end of the mandrel.

The mandrel bore diameter was determined by the room available
in the container and the maximum fluid pressure. Bearing this in
mind the mandrel was designed to have the bore diameter as large as
possible.

The second difficulty in bonding the strain gauges was that
the effect of seals (78,79) needed to be considered to carry out
the strain gauge calibrations.

The effect of seals on the hoop and axial strains in the bore
of the mandrel, when subjected to an external pressure, was analysed
by means of a finite element program (80). The mesh used in these
calculations is shown in Figure 2.12.

On the seal regions the pressure drop was assumed as a sStep
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function, since it corresponds to the most unfavourable condition.

Figure 2.13 illustrates the hoop and axial strain distribution
on the bore of the mandrel along its axis, obtained from that
computer program and the Lame equations. For the sake of accuracy
the hoop strains in the finite element analysis were calculated
direct from the radial displacement of each node.

In view of these results the strip of strain gauges was bonded
in the zone marked in Figure 2.13, where the effect of seals could
be neglected and as near the product end of the mandrel as possible
to ease the bonding operation.

The strain gauge wires were connected to the corresponding
pins in a miniature plug (Figure 2.2) at the top of the mandrel.

The active and compensating gauges were joined to form ten
Wheatstone half-bridges, by means of a junction box. These half-
bridges were connected in parallel and energised by the data
recorder supply voltage. Each one of the ten half-bridges was then
connected to a channel of the data logger which made up the other
half of the full bridge. Figure 2.14 illustrates the electrical
circuit of one’ of the strain gauge bridges.

To energise the bridges the supply voltage was chosen to be
1 volt, given the small size of the strain gauge grid. In this way
the amount of heat generated due to gauge resistance was negligible
neither damaging the strain gauges nor affecting the readings. As
the same power supply energised the manganin coil, the load cell and

the load strain gauge bridges, the same voltage was used for all.

2.3.5.1 Strain Gauge Calibrations

The strain gauge calibrations were carried out using the
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experimental arrangement shown in Figure 2.15. The fluid pressure
was monltored by the manganin coil described in section 2.3.2.
Since the strain gauges were in a zone where the effect of
seals could be neglected, the strains obtained from their output
must be equal to those calculated by the Lame equations.
The hoop (ee) and axial (ez) strains obtained from the Lame
equations for a cylinder with open ends subjected to an external

pressure are respectively:

r?
1 p X b
= e - -V — v
€g 5 BT {1 ) + 3 (1 +V)}
and
2y K?
&2 "8 ©-1°F
where
P fluid pressure
E Young modulus of the cylinder material
v Poisson's ratio of the cylinder material

outside radius .
K inside radius of the cylinder

rb inside radius
r radius

The calibrations were performed by first setting to zero the
data logger channels corresponding to the maganin coil, load strain
gauges and mandrel strain gauges. These readings were recorded sy
the data logger which was scanning these channels at a speed of four
samples per second and printed them out on a paper tape by the high
speed numeric printer.

The pressure was then raised by increments of 68.9MN/m? (100001b/in?)



-
% z 1 0 o
= —
= w
NN NNNEAY AN N NN
, m
AN ¢ \/ ~ / . %
SN w
S//

7N
7 \\“

AR

/////////////Q//////////V////

-.Ill—

e

ESSURE

FLUID PR

N\ ////////////// //éﬁ////f////

N N\
- \\\\\\\\\\\\\\\\\\\\\W\/

CON

- STRAIN GAUGE CALIBRATIONS SET-UP



-64-~

For each pressure increment the pressure was held constant while the
recorded outputs from the channels were printed out as described above.
These calibrations were repeated after every five hydrostatic
extrusion-drawing experiments.
The calibration curves, Figure 2.16 and 2.17, show the
relationship between the output voltage from each of the ten bridges
and the strains in the bore of the mandrel when it was subjected

to a known external pressure.

2.4 Experimental Procedure

Hydrostatic extrusion-drawing experiments were carried out with
commercial purity aluminium and high conductivity copper specimens.
The extrusion ratios were 2, 2.65 and 3.5 for aluminium, 1.5 and 2
for copper. The billets were annealed, the aluminjum for one hour
at 300°C, the copper for two hours at 600°C.

The following prodedure was used during the experimental work:

1. To obtain a good fit between billet, die and mandrel, the
specimen was subjected to a compressive load, using the die
and a cylinder inside the billet. The cylinder diameter was
25.30mm, a little smaller than the mandrel outside diameter.

2, After this preforming operation the billet was cleaned and

degreased with carbon tetrachloride and coated with a graphite

solution.
3. The torque limiter was set to the maximum admissible load.
4, The billet was assembled into the die, and the adaptor was

attached to the billet tag. This assembling was then intro-
duced into the high pressure vessel. The experimental rig was

assembled by placing into the container, in succession the filler
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cylinder, the supports and the mandrel, and connecting the billet
tag to the roller chain. Next the high pressure pipes were
connected to the container.

The electrical wire connections were made at this stage.

The data logger channels were set to zero by means of variable
resistors located on the front panel of the recorder.

A scan and print out of the channel readings at balance were
carried out.

A small drawing load was applied to the billet to make an
effective seal at the billet/mandrel and billet/die inter-
faces.

The pressure was raised to a predetermined level and kept
constant. The data logger was operated to scan continually

all the channels so that their outputs were printed out on a
paper tape.

The pulling device was operated to apply the necessary drawing
load to the billet tag so as to make up the total stress
required for the process and pull the specimen material through
the die at a constant speed.

The extrusion continued until a certain length of product is
reached. The pulling device was then stopped, the load removed
and the pressure released.

The channel readings continued being printed out to check for
zero drifts.

The data logger and the high speed numeric printer were operated
to stop scanning and printing out.

The rig was dismantled.

Figure 2.18 illustrates some of the products obtained by the

hydrostatic extrusion-drawing process.
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The experimental results will be given in Chapter 7

together with the theoretical predictions.

LW
COPPER ALUMINIUM

FIGURE 2.18 HYDROSTATIC EXTRUSION - DRAWING PRODUCTS
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CHAPTER 3

ELEMENTS OF THE MATHEMATICAL THEORY OF PLASTICITY

3.1 Introduction

The theories of plasticity can be classified in two categories:
Physical theories and mathematical theories. While the former seek
an explanation for the plastic flow of metals from a microscopic
view point, the latter are phenomological in nature and attempt
to put into useful form the results of macroscopic experiments.

The mathematical theories of plasticity are concerned with
the formulation of mathematical relationships of stress and strain
in solid bodiés which deform permanently under the action of
external loads.

In this chapter some of the basic concepts of the mathematical
theory of plasticity are considered which are required to analyse
the plastically deforming zone in the hydrostatic extrusion of tubes.
Only the incremental or flow theories are referred to in the text,
since the deformation or total strain theories are unsuitable to
describe the plastic behaviour of a metal, except in the case of

radial or proportional loading in which both theories coincide (81,82).

3.2 Stress Field (82-90)

The state of stress at a point of a body, subjected to a
system of external forces, can be determined in terms of the stresses
on three perpendicular planes passing through the point. 1In a
cartesian system of co-ordinates (xl; Xos x3) the complete specifica-

tion of the stress at a point is given by the stress tensor 9i5°
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where o are the normal stresses acting in those planes

117 9227 %33

and 012, 013, 021, 023, 031, 032 are the shear stresses, as shown

in Figure (3.1).
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FIG, 3.1 THE CCMPONENTS OF TER STRESS TENSOR

Normal stresses can be either tensile or compressive, and the
convention followed in this work is that tensile stresses are positive
and compressive stresses are negative.

The convention for the shear stresses is as follows: the
positive directions of the components of the shear stress on any side
of a cubical element are taken as being in the positive direction of
the co-ordinate axis if a tensile stress on the same side would have
the positive direction of the corresponding axis.

Considering the equilibrium of the forces acting on the various
surfaces of an infinitesimal parallelpiped, the following relation-

ships are obtained:

+ X, = 0 (3.2)
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where Xi are the body forces per unit of volume.

The equilibrium of an element requires alsoc that the resultant
moment should vanish. The consideration of moments leads to the con-
clusion that the stress tensor is symmetric,

o, = 0,. (3.3)

The stress tensor has threeindependent invariants which are:

J = 0

1 ii
T2 T 944 935 (3.4)
T3 = 934 %k %

In plasticity theory it is convenient to consider the stress
tensor as the sum of the spherical stress tensor and the stress deviatoric
tensor.

The three normal components of a spherical stress tensor are
equal and its shear components are zero.

The sum of the elements in the principal diagonal of a stress

deviatoric tensor is zereo. Thus,

., = o0,.' 4+ o086,

where op = 1/3 cii' is known as the hydrostatic stress, and aij is
the Kronecker delta.

The deviatoric stress is

., = 0., - o 6., (3.5)
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whose invariants are:

J1 = Gii = 0

] 1 1] 1
J2 = 3 Gi] Gij

1 L} ] 3
J3 = 3 Gij ij % g (3.6)
The equivalent stress, 3; is defined as:
— / 1 1 L
o = V3/206,,0,, = Y33 (3.7)

ij ii 2

In the hydrostatic extrusion of tubes, the deformation is
axisymmetric so it is convenient to adopt a reference system of

cylindrical co-ordinates (r, 9, z) Figure (3.2).

z

FIG, 3,2 STRESS COMPONENTS REFERRED TO CYLINDRICAL CO-ORDINATES

In this system of co-ordinates the stress tensor Gij is:

g
r Tre Trz
o
Tor e Toz
o
Tyr Too ” (3.8)
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Due to axial symmetry:

and the remaining components of the stress are independent of the
variable ©.
The second invariant of the deviatoric stress tensor, in this
system of co-ordinates, can be written as:
v

- - ) gt o+ Tyt + 2 .
J2 (crce + SAC ozor) T, (3.9)

3.2.1 Stress Functions

The equilibrium equations (3.2) for cylindrical co-ordinates
and axisymmetric conditions, neglecting body forces can be written

as:

aa T g - a
T rz r o
5zt 3z T r =0
90
(2]
I = 0] (3.10)
arrz adz Trz
or t 5z T % 0

By introducing the stress functions ¢1 = ¢1 (r,z) and ¢2 = ¢2 (r,2)

such that:
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2
1 9 ¢1 ¢z
g = ;‘ + r—
r 9z2
)
e  dr
2
1 870y
CTZ - ; arz
2
_ o1 Y
Tz = r 9roz (3.11)

the equilibrium equations (3.10) will automatically be satisfied.

3.3 Strain Rate and Strain Field (82-90)

In a body in motion described by its velocity field the
components of the strain rate tensor in a cartesian system of

co-ordinates (xl, Xy x3) are given by:

ov, ov
e = L £ 4 3 (3.12)
ij 2 ij Bxi

where vi are functions representing the velocity field.
In cylindrical co-ordinates and axisymmetric conditions the

strain rate has the following form:

o= le 0 £

ij r rz

o) € o)
(2]

£ o) £

- of z
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where:
v
e = —=
r ar
: _ Vv
e—._.‘E.
r
(3.13)
av
e = —=
z 9z
. 1 v sz
z = 2 ‘32 * 3%’

The strain rate tensor can also be split into two tensors,

e
the deviatoric tensor sij and the spherical tensor, em Gij' The

ot
deviatoric tensor sij is given by:

= g,, - 6, . (3.14)

where ¢ = 1-&
m 3 ii

]
The three invariants of Eij are:

1 =1
I = EE' €. . (3.15)
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The assumption that the material is incompressible leads to

me

. = 0 (3.16)
ii

i.e. the spherical strain rate tensor is equal to zero. Under
axisymmetric conditions and in cylindrical co—ordinates the second

invariant 12 has the form:

I, = -(_ €. + €. € + € €) + g2 (3.17)'
rz

The equivalent or effective strain rate is defined as:

M

- /2 . Y
=/3 Eij Eij (3.18)

and, assuming incompressibility,

Z 2
e = 3 /1_2 (3.19)

When a body is described by its small displacement field the
components of the strain tensor in a cartesian system of co-ordinates

(xl, Xy x3) are given by:

1 Bui ou,
€,. = = (== + =—2) (3.20)
ij 2 ij ox,

where u are functions representing the displacement field.
For finite deformation the components of strain are calculated

from the components of strain rate as follows,
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sij = ft= sij dt (3.21)

The total amount of plastic strain suffered by an element of
material during the deformation is given by the equivalent or effective
strain, &, (90,91),

e = f e dt (3.22)

The integrations in (3.20) and (3.21) are performed along the

path of deformation.

3.4 Yield Surface (85-89)

The state of stress at any point in the material is represented
by a point in a nine-dimensional Euclidean stress space whose axis
are oij(i,j =1,2,3). Since cij is symmetric the stress space can
be reduced to a six-dimensional one.

In the stress space a variation of the stress at a material
point corresponds to a change of the stress point. The region of
that space where only elastic strains can occur is bounded by a surface
called yield surface. The scalar function £ (Gij' s?j, k) which
describes the yield surface is denoted by yield or loading fuﬁction and

is assumed to be depending on the states of stress and plastic strain

and the history of loading. It is also assumed that the equation
f(o.., €.., k) =0 (3.23)

represents a closed surface in the stress space.
If £ < 0 the stress state is an elastic one; f = 0 means the

stress state is on the yield surface; £ > 0 has no meaning.
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To determine the changes occuring in the stress state for the

case £ = 0 let's consider the time derivative of f.

. af . af - af .
£ = % %5 e %5 oW K (3.24)
ij ij

Three cases can now be distinguished for a strain hardening
material:

1-f=0and f < 0. This condition leads to an elastic
state as in the next instant of time would be £ < 0, This
constitutes unloading, where no plastic strain occurs, égj =0
and k must also vanish since there is no change in the plastic
strain hardening parameter. The criterion for unloading from a

plastic state is thus defined by:

o
ij 13

<0

which characterises unloading.

This situation is called neutral loading.

af
ao, ij

Qe

3-f =0 and

which constitutes loading.

Thus, an infinitesimal change of stress, do, constitutes
unloading or loading or neutral loading according to whether the
vector do points towards the interior or the exterior of the yield

surface or is tangential to it.
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3.5 Flow Rule for a Work Hardening Material (85-89)

To define work hardening Drucker (92) considered an external
agency which slowly applies to a given state of stress an additional
set of stresses and then slowly removes them. During the application
and removal of such a set of stresses the material remains in
equilibrium.

The original configuration may or may not be restored after the
cycle.

A work hardening material is defined to be one such that:

{a) Positive work is done by the external agency during the

application of the set of stresses; and

(b} The network performed by the external agency over the

cycle of application and removal is zero or positive.

This definition of work hardening means that useful net energy
above the elastic energy cannot be extracted from the material and
the system of forces acting on it, as only the elastic energy can be
recovered during unloading.

When the external agency applies smallsurface tractions, the

state of stress, Gij is altered by dgij and the state of strain eij

by dsij. The small strain increments deij contain an elastic part

dsi§ and a plastic part dei? such that

When the external agency removes the added tractions the
elastic strain increments deij are released.

From condition a) it follows that:
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do., (@e.© + ac.®) > o (3.25a)
h iy ] 1] 1]

and from condition (b)

do d:};j > 0 (3.25b)

The latter inequality is sometimes referred as.the unigqueness
condition (93), and represents the scalar product of the vectors
do and de in a six-dimensional stress space. Therefore the positive
directions of the two vectors must make an acute angle with each
other.

The consequences of this work hardening definition are (94):

(1) The yield surface and all the subsequent loading surfaces
must be convex.

(2) The plastic strain rate vector éij must be normal to

the loading surface at a smooth point,

b3 S

1 o (3.26)

and lie between adjacent normals at a corner. In expression 3.26,
A is a function that depends on stress, stress rate, strain and strain
history. From the work hardening definition, (3.25) follows that A
must be non-negative.

(3) The plastic strain increment is linear in the stress

increment

P.
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Proof of these corollaries were given by Drucker (92,94) and
Naghdi (95).

Loading points must satisfy the equation:

£(0, ., el.:j, k) =0

Prager (96) called this equation the consistency condition which
means that locading from a plastic state must lead to another plastic
state.

Assuming k to be a function of eij(SG), during loading it must

be:
£ = g: G, CLIN -g-]f: %k . =0 (3.28)
i M ek, M 3P, J
1] 1]
From (3.26) and (3.28) one cbtains:
of &
A o= - okl k1 (3.29)
of of 23k of
{ % )
5eP, 3eP.  a0ij
ij 1]
Substituting (3.29) in (3.26) results
.. = G g: gf— (3.30)
+J ij %1
where
G = - 1
of af 3k of
( o3k ) 30

Sep Sep
mn mn
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Equation (3.30) shows that a linear relationship exists between
the strain rate and the stress rate.

Koiter (97) generalised equation (3.30) to be applied to a surface
with singularity points. This theory assumes the yield surface made up

of several smooth surfaces defined by several functions:

Koiter proposed that the loading surfaces described by fP =0

act independently and equation (3.30) is replaced by:

p n of of .
€. = L C G L2 c.
ij p=1 P p Bcij Bckl k1
where:
of .
C = 0 if £ <0 or (=9 g,. < 0
P P s ij
1]
of .
C =1 4if £ = 0 or (=—£4 > 0
P o) acij ij -

and GP are n positive functions of stress, strain and strain history.

3.6 Yielding Criteria (82-91)

For a material that hardens isotropically, the yield function

depends only on the stress invariants (86,87).
£ =1, J2, J,)

According to experimental results (98,99) the plastic deformation
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is independent of hydrostatic pressure. In view of this conclusion

the first stress invariant, J,, has no contribution to the plastic

1
deformation. Therefore, the yield function can be considered as a

function of the invariants of the deviatoric stress tensor:
1 ] 1
f = f(er J3)

The two most widely used yield criteria, the von Mises criterion
and Tresca's criterion, are specific cases of this expression.

The von Mises criterion is defined by:
Jg, -k =0 (3.32)

where k is a scalar function depending on plastic strain history.
The Tresca yileld criterion establishes that the plastic flow
is initiated when the maximum shear stress reaches a certain value
k*. The yield function for Tresca's criterion has the form:
5.’ - 210? - sekris, 4 oskrly) - 64k*® = o (3.33)
The results obtained by Lode (100), Taylor and Quinney (10l), Ros
and Eichinger (102), show that the von Mises criterion fit their
experimental data considerably better than the Tresca criterion.
However, the upper yield point of annealed mild steel is said

to follow Tresca's criterion (82).

3.7 Flow Rule Associated with the Von Mises Criterion

To obtain the flow rule for a von Mises material one has to

consider expression (3.26) and the yield function
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The second invariant of the deviatoric stress tensor can be written

as:

30, ij T %54 %%k T Y5

€ = A o,, (3.34)

which are the Reuss-Prandtl equations.

To determine the function A, equations (3.34) are related to the
experimental uniaxial tensile stress-strain curve. Functions have to
be found, so that, results obtained in different loading conditions can
be correlated with that experimental curve. These functions are the
effective stress and the effective strain defined by (3.7) and (3.22)
respectively.

Introducing éij given by (3.34) in (3.18) it becomes:

Using (3.7), one obtains:

=
]

Djw

al (ot s
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and finally:

Mme

i3 13 (3.35)

]
Njw
Qi mile
Q

Which is the form of the Reuss-Prandtl equations to be used throughout

this work.
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CHAPTER 4

AN UPPER BOUND SOLUTION FOR THE HYDROSTATIC

EXTRUSION-DRAWING OF TUBES

4,1 Introduction

Mathematically exact solutions to metal forming problems
are difficult to obtain, so approximate solutions have to be
considered. One of the most powerful methods often used is the
upper bound technique.

The upper bound theorem, which is one of the limit-load
theorems, was formulated by Prager and Hodge (103) and later modi-
fied by Drucker et al (104) to include velocity discontinuities.

This theorem states:

Among all kinematically admissible strain rate fields the

actual one minimizes the expression

g = [oEav + tlavlas - [ T, v, as (4.1)

where
v is the deformed volume
Sy are the surfaces of discontinuity within V
T are the shear stresses along SF
Av are the velocity discontinuities tangent to Sp
S is the portion of the outer surface where external stresses
are applied
T. are the external stresses

v. 1is the velocity of the points at ST
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Equation (4.1) shows that the upper bound on power J* is a
function of three quantities:
1) The' internal power for deformation over the volume of the

deforming body, represented by:

(4.1.a)

al
mi e
o]}
<

2) The shear power over surfaces of velocity discontinuities Av

including the boundaries between tool and the material, expressed

by:

t|Av|as (4.1.b)
s

r
3) The power supplied by predetermined body tractions, represented

by:
T, v, das (4.1.0)

i1
ST

A velocity field to be kinematically admissible is required to

satisfy:

a) The incompressibility condition throughout the volume

b) The continuity across the velocity dicontinuity surfaces
c) The velocity boundary conditions

Hence, velocity discontinuities tangential to the boundaries
are allowed and normal components of velocity across the boundaries
should be continuous.

These basic requirements can be satisfied by an infinite number
of velocity fields and the choice of a particular velocity field

depends on additional assumptions.
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For metal flow through dies several kinematically admissible
velocity fields have been proposed and a brief review is given in
what follows.

Johnson and Kudo (105) used extensively the upper bound theorem
for a variety of solﬁtions for different conditions in extrusion.
They utilized two types of velocity fields for axisymmetric deforma-
tion, the parallel field (Figure 4.1) and the triangular velocity

field (Figure 4.2).

! ! . ‘1’ 3 ’ !
‘L ‘l’ l ‘l’ ‘1’ I ______ ,./i _l NN e e = i
Z S : [ - /‘,—/;-’ v ./ *'*"--“; // i ! . } \\\ ]
. ‘///,/7 ; S :
% INERl 21N
N = T : s 1 !
AT WA s | |
[ .: -
i ! < a” | % 4
@ ¢ s (a) (b)
FIGURE 4.1 -~ PARALLEL FIELD FIGURE 4.2 - TRIANGULAR VELOCITY
FPIELD

AFTER REFERENCE 105

Pugh (106) in his study of the mechanics of the process of
hydroétatic extrusion compared the upper bound pressure calculated
by three kinematically admissible velocity fields. He assumed plane,
conical and spherical boundaries and a radial flow (Figure 4.3). He
concluded that the conical boundaries give a lower upper bound
although he had selected in his study the spherical boundary because

it seemed a more natural choice.
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Velocity components along flow line immediately to the right
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c Velocity components along flow line immediately to the right
of M.

FIGURE 4.3 FLOW THROUGH A CONICAL DIE (AFTER REFERENCE 106)
(a) PLANE TRANSVERSE ENTRY AND EXIT BOUNDARIES
(b) CONICAL ENTRY AND EXIT BOUNDARIES
(c) SPHERICAL ENTRY AND EXIT BOUNDARIES
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Avitzur (107-111) assumed radial flow through conical dies, in
a spherically bounded plastic zone. The velocity at the points in
this zone is directed towards the apex of the die cone and is calculated
from the point co-ordinates.

He applied this velocity field to the analysis of wire drawing
and extrusion (107-110), hydrostatic extrusion (16) tube sinking and

expanding (111) (Figure 4.4).

TONE [ - eiom — JOME Dl ~ote  fONL [

l -

o c08 6~
Tube sinking through o cenical die

(A kinemaotically admissible veloaly field}

ZONE Y- 70NE I ==—ZOKE M

.t B‘rlf

/

/ SN
Lypeos§=" oy an §

Tube expanding over a conical die

(A kinematicaily admissibls velocily field]

FIGURE 4.4 - KINEMATICALLY ADMISSIBLE VELOCITY FIELD FOR TUBE
SINKING AND EXPANDING OVER A CONICAL DIE
(AFTER REFERENCE 111)

Halling and Mitchell (112) proposed as kinematically admissible

velocity field for the axisymmetric extrusion through conical dies
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a flow pattern that used a double triangle arrangement of velocity
discontinuities (Figure 4.5). This is an extension of an earlier

triangular velocity field used by Kudo (113) for the rectangular die.

0P {v),
001 (V)

FIGURE 4.5 - VELOCITY DISCONTINUITY PATTERMS AND THEIR ASSOCIATED
HODOGRAPHS (AFTER REFERENCE 112)

Lambert and Kobayashi (114) obtained an admissible velocity
field without discontinuities by superposition of basic flow
patterns using a flow function, for axisymmetric bar extrusion.

Mehta, Shabaik and Kobayashi (115)extended the latter velocity
field to tube extrusion (Figure 4.6). Their velocity field was given
as a function of three parameters which could be determined by
minimizing the total energy-dissipation rate. In both tube and bar
extrusion the parameters were determined in such a way that the
boundaries of the deformation zone in the theoretical velocity
field best approximated the observed boundaries in the experiments.

f1l
N T AEXIIIII, FIGURE 4.6.a
/ W o] BASIC FLOW PATTERN
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b ]
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FIGURE 4.6.b SUPERPOSITION CF BASIC FLOW PATTERNS
(AFTER REFERENCE 115)

Zimmerman and Avitzur (116) using a radial flow through a
conical die obtained for solid bar shapes of curved boundaries
separating plastic zone from rigid zones (Figure 4.7), by minimizing

the upper bound on power with respect to a parameter.

A

FIGURE 4.7 VELOCITY FIELD (AFTER REFERENCE 1186)

Chen and Ling (117) described a metnod for selecting a class
of admissible velocity fields by prescribing the form of the stream
lines, They applied their method to the flow through cosine,

elliptic, hyperbolic and square dies.

Nagpal (118) based on the latter work, derived general velocity
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fields from an assumed shape of the streamlines for axisymmetric
extrusion through arbitrarily shaped dies and concluded that for
the case of conical die the velocity field reduces to the radial
velocity field with spherical boundaries.

Tirosh (118) assumed a radial flow through a conical die
with discontinuity surfaces given as a function of three parameters
(figure 4.8). One of the parameters is determined by the statical

conditions and the other two by minimizing the energy dissipation

rate.
i
PRODUCT
FIGURE 4.8.a ADMISSIBLE VELOCITY FIELD FIGURE 4.8.b GEOMETRY PERTINENT
(AFTER REFERENCE 119) TO THE VELOCITY DISCONTINUITY ON
T, (AFTER REFERENCE 119)

Chang and Choi (120) presented a velocity field for tube
extrusion through curved dies and assumed two vertical surfaces to
bound the plastic zone.

Osakada and Niimi (121) suggested a generalised expression for

the radial flow field for extrusion through conical dies. The shapes
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of the plastic boundaries can be arbitrarily selected (Figure 4.9).

FIGURE 4.9 GENERALISED RADIAL FLOW FIELD (AFTER REFERENCE 121)

Kudo and Shinosaki (122) using the upper bound technique to
analyse the extrusion of a hollow component assumed a spherical
entry boundary and, in a section containing the central axis,

a plastic flow converging to a point located on the mandrel

surface (Figure 4.10).

FIGURE 4.10 ADMISSIBLE VELOCITY FIELD FOR TUBE EXTRUSION
(AFTER REFERENCE 122)

The last velocity field was generalised by Osakada, Limb

and Mellor (123) to be applied to the analysis of hydrostatic extrusion

of composite rods (Figure 4.11).
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FIGURE 4.11 KINEMATICALLY ADMISSIBLE FIELD FOR EXTRUSION ON COMPOSITE RODS
(AFTER REFERENCE 123)

Bramley and Smith (124) studying tube drawing with a floating
Plug assumed the pattern of velocity discontinuities shown in Figure
4.12. 1In region 1 the undrawn tube travels parallel to the drawing
axis. In region 2 the material flows parallel to the die face. 1In
region 3 the material flows parallel to the conical surface of

the plug. In region 4 the drawn tube travels parallel to the

drawing axis.

=
X

die Z\L;iv'
.

4 \ube i by <&
1 - 2

=27 3/, 4 4

B F 1.3 :K:l —p r}
Cix E 4

Ro| IRi ptug Ry ‘-4 Ry JRO'

a) PATTERNS OF VELOCITY DISCONTIN- b) HODOGRAPH OF PATTERN DISCONTINUITIES _
UITIES FOR TUBE DRAWING )
(AFTER REFERENCE 124)

FIGURE 4.12

Islam and Bramley (125) extended this velocity field to the

cold drawing of duplex tubes (Figure 4.13).
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FIGURE 4.13 PATTERN OF VELOCITY DISCONTINUITIES AND HODOGRAPH FOR
DUPLEX TUBE COLD DRAWING (AFTER REFERENCE 125)

From this review it is clear that most of the suggested
velocity fields assumed particular surfaces of velocity discontinuity
and plastic flow and few attempts have been made to minimize the
total energy dissipation rate in order to cbtain a lower upper bound.
In the cases in which the optimization of the upper bound on power
is possible, the number of free parameters with respect to that the
optimum value is sought, is small. Otherwise special optimization

techniques are required (121).

4.2 Assumptions and Notation

In the next section a kinematically admissible velocity field
is described to be applied to the analysis of the hydrostatic extrusion
drawing of tubes, using a straight mandrel and a conical die. It
can also be used for the study of the extrusion of solid billets
through conical dies.

In this velocity field the inlet and outlet boundaries are
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arbitrarily selected and the flow lines in the plastic zone are
assumed to be straight lines.

A minimization of the upper bound pressure is carried out in
respect of two free parameters when conical boundaries, separating
the plastic zone from the rigid zones, are prescribed.

This upper bound takes into account the strain hardening of
the material during the deformation. Throughout the calculations
the process is assumed to be isothermal (90,126).

In the derivation of the velocity and strain rate fields the
following notation will be used:

A subscript i (i = 1,2) will be used to denote variables,
functions or symbols related to the exit (i = 1) and the entry

(i = 2) boundaries.

4.3 vVvelocity Field

Figure 4.14 illustrates the flow of a rigid-plastic material
between a straight mandrel and a conical die. The flow is axisymmetric
and the deformation takes place in the zone enclosed by the surfaces

Fl and P2 which are represented in a longitudinal section containing

the mandrel axis by the curves z, = fl(rl) and z, = f2(r2) respectively.

1 2

The z-axis coincides with the mandrel axis. The functions f1

and f2 are continuous and their second differential exist.
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R2
© Ry e MANDREL ¢
| R,

r4

FIGURE 4.14 FLOW PATTERN

A flow line in region I is parallel to the z-axis and
becomes parallel to it again in the region after the deformation
(region III).

Due to incompressibility of the material, radial distances

r, and r_, are related to each other by the expression

+ R (4.2)

R - _ (4.3)

Figure 4.15 shows the metal flow between two close streamlines
which have inclination angles © and 8 + 48 with the z-axis, in the
region II. The point 0, where two streamlines meet, is not a fixed
point in the general case. In figure 4.15 the velocity vy at Pl'

immediately before the flow crossing Pl, and the velocity v2 at P2,
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immediately after the flow crossing Pz, as well as the velocity v at
P are directed towards O.

The following variables referred to Figure (4.15) are defined

as

pl = QB'l dl = PPl
pz = OP2 d2 = PP

= op = P
p opP d P1 5

zZ

FIGURE 4.15 FLOW BETWEEN TWO CLOSE STREAMLINES

The constancy of the volume rate before and after passing

through the velocity discontinuity surfaces P1 and P2 requires:

2 . d . = . . =1,2 .
L T Vig 2T r Py de Vl (i £ 2) (4.4)

The volume rate in a point belonging to the streamline in
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the deformation zone is:

V = 2rrp de v (4.5)

Expressions (4.4) and (4.5) are identical, since the volume
rate is constant along the tubular channel represented in Figure
4.15 by the two streamlines.

Due to continuity, the normal component of the velocity

before and after the surfaces of discontinuity I', and I'_ must be

1 2
equal:
Vie coswi = v, cos(l,bi -~ 6]} (i=1, 2)
and
coswi
Vi = ESETE;—tTTST .Vie (1 =1, 2) (4.6)

where wl and wz are the angles between the z-axis and the vector
normal to the exit and entry boundaries respectively. They can be
determined from the equations of the boundaries as follows:

dz,

— _._]_'. i =
wi = arc tan( dri) (i 1, 2) (4.7)

Relating vle to v2e by the extrusion ratio, leads to:

v = R vV (4.8)

Combining the right hand sides of the expressions represented

by (4.4) and
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b, = o, + d (4.9)

where

d = /4¥1 - r2)2 + (z1 - zz)2 (4.10)

one obtains:

o = d (4.11)

1 r, v

11

v - 1
Y3
Calculating p by:
b= p + d1 (4.12)
where
= — 2 - 2

d1 /4¥ rl) + (z zl) (4.13)

and combining (4.5) and the right hand sides of the expressions

(4.4) the velocity at a point in the deformation zone is obtained:

P; T3 V3
v = —=2 (i =1, 2) (4.14)
Pr

4.4 Strain Rate and Strain Fields

To calculate the strain rates at a point in the plastically
deformed zone the expressions (3,13) are applied to the components

of velocity:
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v sin®

<
]

v cos®

<
I

The strain rate field is obtained by the following expressions:

£ = —— gin® + Vv cos® — (4.15)
r dr or

- - ==

e x

. 3

€ = =L cos® - v sine 22

z P4 oz

. 1 v . e v . 296

= — — + —— — — o—
€y > (gz sin® v cose - + e cose v siné ar)
. 36 dJe v ov

In these expressions 5;3 3;, 5;— and gg-are unknown so far and

have to be determined.

As the streamlines in region II are assumed to be straight
lines, the angle © is related to the co-ordinates of the point P
and to the co-ordinates of the points P2 and P1 in the same stream-

line belonging to the entry and exit boundaries respectively.

r —-r,
e = arc tan—2) i=1, 2 (4.16)
i

By differentiating (4.16) with respect to r and z, %% and
L)

3; are obtained as follows:
20 1 .
re i dri dzi i=1, 2) (4.17)
B (1 - tanea;;o + (z - zi).secze
e ae

3% - " 37 tane (4.18)
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dr,
where §6£ is calculated from (4.4), (4.6), (4.9), (4.11) and is
given by:
dr, cosy,
—r = 5 —_—1t v 1=1, 2) (4.19)
de i cos(wi - 8) ie ! -

By using the chain rule one obtains

dz, dz dr,

@B - & 1=1,2) (4.20)

In the subsequent derivation (equations (4.21) to (4.24)) to
avoid repeating expressions which are formally identical the following
notation will be utilized:

A superscript j (j = 1, 2) will be used with a variable x to
represent the co-ordinates of a point in the deformation zone. Thus,
the variables r and z which currently represent the co-ordinates of

1
a point will be replaced in those equations by the variables x( )

and x(2) respectively.
Attending to (4.17), (4.18), (4.19) and (4.20) the following

derivatives can be obtained:

or, dr
i

_ i 3e
ax(j) de ax(j)
1i=1, 2) (4.21)
(=1, 2)
824 _ 9, 36
ax(j) as ax(j)

Differentiating equation (4.7) with respect to r and z and
8y ¥y W, 3,

3r ' 3z ' dr and 5;—-become

using equation (4.21),
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B¢i d’zi Bri (i =1, 2)

—_— = - = - cos? Y (4.22)
ax(:J) dri ax(j) i 4 =1, 2)

Bv1 v, ov v

Y le’ Br2 and 3;% are obtained by differentiating (4.6)

with respect to r and z and introducing equation (4.22) as follows

8vy ( 9, 0,
- = = sine - + cosy, sin(p, - 9) —rr
(3) a.g(j) i i ax(:J)

ox

sec’(lpi - Q) Vie (4.23)

The differentiation of equation (4.12) with respect to r and

z combined with equations (4.21) and (4.22) leads to

E.i__. = {.1.._ 3’-’2 + 1— avz + l 3d
ax(J) r, ax(j) v, ax(j) d ax(j)

or v or

1 1 2

(e v + ——— - m——— 7

ax(j) 1 ax(:J) 1 ax(:J) 2

sz

- —a-;-(—J—) rz/ (rlv-1 - r2v2)} Py (4.24)

where gg- and %g- are obtained by differentiating (4.11) with respect

to r and z.

Finally differentiating (4.14) with respect to r and z one

obtains
v %y 4 ry vy g b 1 1
L o —m e o o— — - Ry
oxr or 1 oxr r, or vy oxr

(4.25)
3p1 oY v

G W S 1
92 ‘2z Py 0z 1 0z 1 9z

HIH
+
<|H
|
|
.
<
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All the terms in (4.25) are known and expressions (4.15)
can now be used to determine the strain rate field.

The components of strain and the effective strain at the
point P are calculated by integrating the components of the strain
rates and the effective strain rate along the streamlines using
(3.21) and (3.22) respectively. These expressions can be written in

a more suitable form to be applied to the present problem.

. _ dz
Since vz = 3 and for
t = 0 k4 = 22
t = ¢t z = Z

expressions (3.21) and (3.22) can be written respectively as:

. .
E. .
e,. = —L gz (4.26)
ij v
pA
)
z
g = £ 4z (4.27)
v
pA
)

When the metal crosses the velocity discontinuity surfaces
’1 and P2 it undergoes deformation which is given in terms of the

engineering shear strain y by:
y, = —=* (4.28)

where AvTi is the absolute value of the difference between the
velocity components tangential to the boundary Fi before and after

crossing it and is given by:

Avi. = |v, sin(¥, - @) - v, siny,]| G=1,2 (4.29
1 1 ie 1
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Vi is the magnitude of the velocity component normal to the boundary

Fi and is given by:

vNi = vie cosxpi (i=1, 2) (4.30)

The effective strains corresponding to these shear strains

Y (4.31)

Therefore, the effective strain in a point in region II

is given by:

€ = g + € (4.32)

€ = g + & + € (4.33)

To test the presented formulae of the velocity, strain
rate and strain fields, an analytical derivation of all these fields
was carried out for the case of converging flow assuming a spherical
surface for the entry boundary (see Appendix A). The results
obtained by these two different methods were then compared and verified
that they were identical for the velocity and strain rate fields and
the error, due to the numerical integration in expressions (4.26)

to calculate the strain field, was negligible.
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4,5 Stress-Strain Curves

To determine the effective stress in every point of the plastic
deformation zone it is necessary to relate it to the effective strain.
The stress-strain relationship can be obtained experimentally using
various methods which are described in several works together with
testing conditions and data presentation (127-135).

The experimental results can be expressed in different manners.
Swedlow (129) deals with tabular data for a discrete number of values
of the plastic strain and uses linear interpolation for intermediate
values. Suzuki et al (133) and Lengyel and Mohitpour (134) present the
results in a graphical form, while Hockett (132) considers a mathematical
equation to match the experimental data.

To solve plasticity problems it is often convenient to have
simple analytical expressions to represent those relationships and

among them the following are frequently utilized:

Power equation c = aAce"
Ludwik's equation G = A + Bel
. : = =,
Swift's equation o = A(B + ¢)
, - ~me
Voce's equation G = A + (B-A4) (1 -¢e7)

where A, B and m are constants and e in Voce's equation is the
Naperian logarithmic basis.

In the present work the commercial purity aluminium and high
conductivity copper stress-strain curves for quasi static conditions
obtained by Mohitpour (135) were fitted by polynomials with coefficients
and best degree found by means of a computer program using a least
squares fitting library subroutine.

The equations representing those stress-strain curves (figure
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4,16) and the limits of validity are as follows:

Aluminium
- -2 -3
o, = 55.771 + 268.962 ¢ - 664.653 £ + 1243.302 ¢
- 1332.300 &% + 711.250 &° - 146.540 £° MN /m? (4.34.a)
€ < 1.5
Copper
Pi
o_ = 53.447 + 1189.854 T - 817.258 52 -~ 3280.618 &°
+ 7808.392 % - 6303.488 £° + 1771.301 £° MN/m®  (4.34.b)
€ < 1.0

4.6 The Upper Bound Approach

4.6.1 Discretisation

To obtain an upper bound to the extrusion pressure, the powers
in the hydrostatic extrusion-drawing process are computed, as
expressed in the power balance equation (4.1).

Since the analytical expressions of the variables in (4.1)
are complex, a computer program was developed to ca}culate numerically
the integrals in that equation and to obtain the upper bound
pressure for given boun@aries.

For this purpose ns streamlines equally spaced in region I
are considered. In region III the r, co-ordinate of a streamline

is related to the r, co-ordinate in region I by the egquation (4.2).

2
With the equations of the entry and exit boundaries assumed,
the streamlines in region II are completely defined.
Each streamline in region II is divided into n - 1 segments

of the same length by nn nodal points. The volume of the plastic

deformation zone is divided into triangular section toroidal elements.
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FIGURE 4.16 STRESS-STRAIN CURVES FOR COPPER AND ALUMINIUM

(AFTER REFERENCE 135)
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The configuration of the mesh obtained is shown in figure 4.17.

~y

A MANDREL B

FIGURE 4.17 MESH CONFIGURATION
It is further assumed that the number of streamlines and
nodal points is large enough so that the error introduced in the

_ calculations by the discretisation is negligible.

4.6.2 Internal Power of Deformation

The internal power of deformation is given by expression
(4.1.a). For all nodal points the effective strain is calculated by
(4.33) or (4.32) according to whether or not they belong to the
boundary F1 respectively. The integration of the effective strain
rate in equation (4.27) is performed along the streamline containing
the nodal point, using the trapezoidal rule. By replacing the value
of the effective strain in the stress-strain curve equation of the
material, one obtains the effective stress at the nodal points.

The following approximation is made for an elemental torodial
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volume AV :
e

3

_ = v, -2

(o J > dVe = -3— O'j Ej (4.35)
3=1

where o, and e represent the effective stress and the effective

3 J

strain rate, respectively, in a vertex of the triangle and
AV = 27 r_ AA . (4.36)
e c e
In (4.36) AAe is the area of the triangular section and r, is
the radius of the triangle centroid. In Appendix B it is shown

how AAe and rc are calculated from the co-ordinates of the triangle

vertices.

The internal power of deformation is computed by:
. N 3 *
. _ 1 _
W, = = = .
3 o e av 3 E E Gj ajAVe (4.37)

where N is the total number of elements in the deformation zone and

is given by:
N = 2(nn - 1)(ns - 1)

4.6.3 Power Dissipated over Surfaces of Velocity Discontinuity

To calculate the integral expressed by (4.1.b) the following

power consumptions are analysed.



-112-

4.6.3.1 Power Dissipation on Surfaces Pl and P2

As the maximum value that the shear stress can have is g
V3

if the von Mises yield criterion is assumed the power dissipation

on each of those surfaces is as follows

W = TIAvldS_ = l— g Av., ds, (i = 1, 2) (4.38)
r, i /3 T, i
i 3 i
T T,
i i
where AVT is given by (4.29).
i
The surfaces Pi contain (ns - 1) elemental surfaces whose
area is calculated by
AS = 27 rl (4.39)
e m e

where le is the length of the elemental segment and r is the medium
radius of the segment le'

The integrals in (4.38) can be approximated by

2
R E aj v. AS (L =1, 2 (4.40)

where 51and 52 are the effective stress in the nodal points limiting

the elemental segment 1e.

4.6.3.2 Friction Losses over Surfaces ', I' , I, T

Assuming a constant friction factor, m, at the mandrel/billet,
mandrel/product, die/billet and die land/product interfaces the

shear stresses acting at these surfaces can be written as:
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The power consumption on surface P3 is given by

nn—l 5
W= t|av]as = = E E g. v, AS (4.41)
£3 2/3
P3 e=1 j=1

where ASe represents the elemental area on the mandrel/billet
interface and vj is the velocity at the nodal points on the same
interface and is determined by (4.14).

The power consumption on the surface I', is found as follows.

4

n -1

2
W = T|Av]ds = —— E E o, v. A4S (4.42)
£ /3 J 3 e
e=1 j=1

Im
2v3

=S

where Ase represents the elemental area on the die/billet interface
and vj is the velocity at the nodal points on the same interface.

The power consumption on surface T'_ is calculated by

5

W, o= tlavlas = 27 R1_ . m (4.43)
om

le

P

where lm is the length of mandrel in contact with the product up

to the die exit, and 0. is the effective stress at the point A

A
(figure 4.17).

The power consumption on surface T, is computed by

6

.
Q|

W = TIAvldS = 27 Rlld .

m £ . v (4.44)
3 le

where ld is the length of the die land and EC ig the effective stress
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at the point C (Figure 4.17).

4,6.4 Power Due to the Prescribed Drawing Stresses

The integral (4.1.c) is computed as follows:

W = - T as - - -
ps S i Y F Vi (4.45)

where F is the drawing force.

4.6.5 Power Due to the Applied Pressure

The power due to the applied presgsure, p, becomes

W = (R - R%) . p. vy (4.46)

4.6.6 Balance of Power

The equation of the balance of power can be written as

The upper value of the extrusion pressure is evaluated by

solving (4.47) in respect of p.

4.7 A Lower Upper Bound Approach

So far a velocity field and an upper bound approach, based on
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it, were described for a general case. So, if the equation of
the entry and exit boundaries is known the upper bound value of
the extrusion pressure can be determined.

A lower upper bound can be found by minimizing the upper
bound pressure in respect of some parameters which are introduced
in the inlet and outlet boundary equations. In this way, a more
accurate information concerning the mode of deformation of the
material for the family of boundaries considered, can be obtained.

A method of achieving that goal is to assume the boundary

equations in a polynomial form

2 = a + a,r + .... + ar

The minimum condition implies that:

3 _ 4 (1 =1, n (4.48)

As it was seen in the previous sections the evaluation of
the upper bound pressure utilizes complex expressions and numerical
integrations which makes impossible the analytical calculation of
the derivatives in (4.48) and, consequently, the solution of the
system of equations.

To overcome this problem in the computer program (shown in
Appendix C) is included a library subroutine (136) which uses a
quasi-Newton method to minimize a function and does not need the
supply of the derivatives of the function. The subroutine starts
from an initial guess of the minimum position and generates a
sequence of points by estimating the gradient and the curvature of
the objective function.

These points are intended to converge to a local minimum of
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the function.

The number of parameters in the boundary equations is reduced
to two, as for a larger number the computer time would be substantially
increased and the minimization would become cumbersome. Thus, the
exit and entry boundaries are assumed to be conical and to contain
the points C and D (Figure 4.18) respectively. In hydrostatic
extrusion at high speeds it is known that the material undergoes
deformation before reaching the die. For low speeds, however, Dunn
and Lengyel (49) have shown that this effect is absent. In the
following the assumption is made that the rigid plastic boundary
passes through point D where the billet surface contacts the die,
which thus neglects that deformation. As in the present work a low
velocity of the product was selected (1.5mm/s), the error introduced
by this assumption should be negligible.

Dunn (48) has shown, by estimating the deformation zone in the
hydrostatic extrusion of bars from grid lines scribed on split billets,
that the exit boundary is approximately conical and contains the
material points adjacent to the die exit corner. So it is assumed
in the present case, that the exit boundary passes through point C,

located at the die corner as found by Dunn.

}
r

BIE

ZA ! 5 (
2o MANDREL |

FIGURE 4.18 CONICAL SURFACES USED IN THE LOWER UPPER BOUND APPROACH
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The upper bound pressure minimization is carried out with respect

to the z-co-ordinates of the points A and B.

4.7, Calculation of the Friction Factor

As it was pointed out in Chapter 2 the friction force on the
mandrel/billet interface was measured experimentally for several
extrusion ratios and various extrusion pressure/drawing stress ratios.
The friction factor can be estimated for the experimental conditions
using this lower upper bound.

The measured friction force (Ff) is the result of the friction
forces acting on the plastic zone/mandrel (Ffp) and elastic zone/

mandrel (Ffe) interfaces, i.e.:

F_ = F + F (4.49)

1) F = TdS = =— g ds (4.49.3a)

where Sm is the area of the plastic zone/mandrel surface and

2) F =

2 p 1 .m. 0, (4.49.b)
fe /3 © m

The friction factor is, therefore evaluated by:

o = (4.50)
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READ DATA TO DEFINE THE
GEOMETRY, FRICTION FORCE AND
DRAWING FORCE

2
READ A AND ZB

GENERATE MESH

A 4

CALCULATE VELOCITY, STRAIN
RATE, EFFECTIVE STRAIN AND
EFFECTIVE STRESS AT NODAL
POINTS

CALCULATE FRICTION FACTOR

L 4

CALCULATE POWERS INVOLVED
IN THE PROCESS

LIBRARY SUBROUTINE
GENERATES NEW
ZA AND ZB

Y

CALCULATE PRESSURE, p

A 4

CALL MINIMIZATION LIBRARY
SUBROUTINE

IS

INIMUM

YES

WRITE IN TAPE 4 THE CO-ORDI-

NATES OF NODAL POINTS, STRAIN
RATES, EFF. STRESS, PRESSURE,
FRICTION FACTOR

4

WRITE Z., Z_, PRESSURE
FRIcrIoﬁ FAgTOR, FRICTION
FORCES ON ELASTIC ZONE/
MANDREL AND PLASTIC ZONE/
MANDREL/INTERFACES

Figure 4.19 - FLOW CHART OF PROGRAM MIN
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where the integral 0 dz is estimated by:

™
]

Aze (4.51)

In (4.51) o, and 0, are the effective stress at the nodal points

1 2
limiting the elemental segment Aze.

4.7.2 Upper Bound Extrusion Pressure

The calculated value of the friction factor is introduced in
equations (4.41), (4.42), (4.43) and (4.44) to enable the evaluation

and T _. The

’ rsl 6

of the power consumptions on surfaces F3, F4

other terms in the balance of power equation (4.47) are determined
as described previously.
The upper bound extrusion pressure is found as follows:

w
p = R (4.52)

2 - 2 A'4
T (R, R Yoo

The procedure used to obtain a lower upper bound solution is
summarized in the form of a flow ch;rt, Figure 4.19, which corresponds
to the program MIN. The output values written in the data file
TAPE 4 will be used as input data for the program STRESS to be
discussed in the next chapter.

A listing of program MIN together with the variable name

list is included in Appendix C.
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4.7.3. Results

The flow patterns obtained by this lower upper bound approach
are illustrated in Figure 4.20. As it will bé shown later in Chapter
7, for each extrusion ratio the influence of the friction force in
the theoretical flow pattern is very small for the range of
extrusion pressure/drawing stress ratios used in the experiments. For
this reason the flow patterns in Figure 4.20 are considered as
representative of the theoretical flow for each extrusion ratio,
irrespective of the extrusion pressure/drawing stress ratios. Also
for the same extrusion ratio the flow pattern are assumed to be the
same for both materials, aluminium and copper.

Figures 4.21 to 4.25 illustrate the velocity fields, represented
by ;Z_ where Vie is the product velocity, the effective strain rate,
the égfective strain and the effective stress, represented as g-,
obtained by means of program MIN. Y is the initial yield stress of
the materials and corresponds to the first term in the right hand
side of the stress-strain curve equation for aluminium and copper.

Figures 4.20 te 4.25 also show the position of the conical
boundaries separating the plastic zone from the rigid zones, obtained
by means of the computer program. A similar position of these surfaces
of velocity discontinuity was found, for bar extrusion, by Sha, Oh
and Kobayashi (63) using the matrix method (60) and Dunn (48) using
the visioplasticity technique.

The velocity distribution illustrations (Figures 4.21 to 4.25)
show that the increase in velocity is greater along the mandrel surface
than along the die surface. Considering cross sections, the magnitude
of the total velocity increases from the mandrel to the die up to
about half way along the die and decreases from the mandrel to the

die towards the exit. The velocity at the points where the exit
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FIGURE 4.20 FLOW PATTERNS OBTAINED BY PROGRAM MIN FOR VARIOUS
EXTRUSION RATIOS
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FIGURE 4.21 VELOCITY (v), EFFECTIVE _STRAIN RATE (E), EFFECTIVE STRAIN (E)
AND EQUIVALENT STRESS (¢) DISTRIBUTIONS FOR ALUMINIUM
EXTRUSION R = 2.0. FRICTION FACTOR m = 0.043



MANDREL

)
0 2 fo \ 0\ 0\
. y

'aiij\\k ~N \\\ \

MANDREL

>,

MANDREL

. MANDREL

FIGURE 4.22 VELOCITY_ (v), EFFECTIVE STRAIN RATE (), EFFECTIVE
STRAIN (e)AND EQUIVALENT STRESS (o) DISTRIBUTIONS
FOR ALUMINIUM EXTRUSION R = 2.65, FRICTION FACTOR
m = 0.036
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MANCREL

MANDREL

MANDREL

FIGURE 4.23 VELOCITY (v), EFFECTIVE_STRAIN RATE (&), EFFECTIVE STRAIN (g)
AND EQUIVALENT STRESS (¢) DISTRIBUTIONS FOR ALUMINIUM
EXTRUSION R = 3.5.  FRICTION FACTOR m = 0.035
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FIGURE 4.24 VELOCITY (v), EFFECTIVE STRAIN RATE (¢), EFFECTIVE STRAIN (¢)
AND EQUIVALENT STRESS (g) DISTRIBUTIONS FOR COPPER
EXTRUSION R = 1L.5. FRICTION FACTOR m = 0,017
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FIGURE 4.25 VELOCITY (v}, EFFECTIVE_STRAIN RATE (e)  EFFECTIVE STRAIN (F)
AND EQUIVALENT STRESS (¢) DISTRIBUTIONS FOR COPPER
EXTRUSION R = 2,0. FRICTION FACTOR m = 0.022
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boundary meets the mandrel is v, , as no change of direction occurs

le
along the mandrel. As expected the velocity at the entry is the
highest for the lowest extrusion ratio, while at the exit it has
approximately the same value for all the cases considered.

The effective strain rate increases from the entrance towards
the exit. As the entry and exit boundaries are surfaces of velocity
discontinuity, the effective strain rate distribution shows a sudden
change from the rigid zones, where it is zero, to the plastic zones.
Near the exit the effective strain rate has a sharp drop. Along the
entry boundary the effective strain rate has a small variation for the
higher extrusion ratios, while for the lower ones varies substantially
(for R = 1.5 varies between 0.35 s ' near the mandrel to 0.04 s *
near the die). At the exit it is maximum near the mandrel and minimum
at the die. The highest value occurs for extrusion ratio of 1.5 at
the exit boundary. In the whole deformation zone the values of the
strain rate are very small, justifying the choice of quasi-static
stress strain curves.

The effective strain distributions show the same pattern for
all the cases presented. At the entrance it increases from the
mandrel to the die. In a cross section at half way along the plastic
deformation zone/mandrel interface the effective strain becomes the
highest near the mandrel, decreasing to the die. At the exit boundary
the effective strain is practically constant on the exit surface. The
largest values of the effective strain are found at the largest
extrusion ratios as expected.

The effective stress distribution obtained from the effective
strain follows the same pattern. As at the exit the equivalent stress
is constant a uniform hardness in the product cross section is predicted.

As it was pointed out the effect of friction in the velocity

field is negligible, although variations in the friction force on the
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billet/mandrel interface were measured. However, this variation was
not enough to cause significant alteration in the theoretical velocity
field. On the other hand this is in agreement with the fact that in
hydrostatic extrusion the friction on the plastic zone/tool interface
is low.

The other relevant results, such as the upper bound extrusion
pressure, are left to be analysed in Chapter 7, where they will be

compared with the experimental ones.
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CHAPTER 5

THE METHOD OF WEIGHTED RESIDUALS IN PLASTICITY

——

5.1 1Introduction

Most practical problems in engineering generally are described
by complex equations that cannot be solved exactly by current
analytical methods. Hence it is frequently necessary to resort to
methods that yield approximate solutions.

Approximate methods may be classified into three broad categories
(137): iterative, asymptotic and weighted residuals.

The iterative methods are based in some form of repetitive
calculations which starting from a guessed initial set of values,
transform it, according to some operation, into a second set which is
in turn transformed by the same operation into a third set, etc. The
solution is obtained when the new set is exactly the same as its
predecessor. In these methods are included the development of series,
methods of successive approximations and rational approximations.

By using the asymptotic methods one seeks solutions that are
approximately valid when a physical parameter of the problem is very
small or very large. Typical of these methods are the perturbation
procedures.

The weighted residual methods consist of proposing a solution in
a form of a set of known trial functions with undetermined parameters
and requiring that the difference between the approximate and exact
solutions is minimized in some sense. A large variety of approximate
methods can be included under the designation of weighted residual
methods. Brebia (138) presents a weighted residual classification of
approximate methods establishing the relationship existing between

methods such as the finite element technigque, the cell collocation
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method, the boundary element method and some others.

As the method of weighted residuals is used in this work to
find the stress field in the plastic deformation zone formed during
the hydrostatic extrusion-drawing of tubes, it is discussed more fully

in the following sectiomns.

5.2 The Method of Weighted Residuals

Consider, in a domain D, the following differential equation,

whose exact solution is not known

L = £x (5.1.a)
and the boundary conditions

Bi(u) = gi(x) i=1...p (5.1.b)

In (5.1)46 is a differential operator, B represents the boundary
conditions and £, g are functions of a set of independent variables x.

The problem to be solved by the method of weighted residuals
consists of:

given a set of n trial function ¢i' which can describe the
unknown functions u, finding the n free parameters ai, such that the

approximate solution:
a = + .
u(x) ¢o EE H bi (5.2)

is the best approximation that can be made for the function u with the
trial functions ¢i' The chosen trial functions are linearly independent

and members of a complete set of functions. The completeness condition
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ensures that the series of equation (5.2) is capable of representing
the exact sclution provided enough terms are used. However, this
property required for mathematical purposes, is sometimes ignored in
practice (139).

There are two basic types of criteria for determining the free
parameter (64). In one of the methods the parameters are calculated
to give a stationary value to a functional related to equation (5.1.a),
which can be obtained via the calculus of variation.

In the other criterion, the weighted residual method, the
parameters are chosen so as to make a weighted average of the equation
residual vanish. The residual R, which is found by substituting equation

(5.2) in equation (5.1.a), becomes:

It
R(e, §) = £-L@ = f- Zid, +2_ a, b} (5.3)
ic1

The equation residual can be interpreted as the error associated
with the assumption that equation (5.2) represents the exact solution
of equation (5.1). When u is the exact solution, R is equal to zero.

To force the residual to vanish in an average sense over the
entire domain D, one demands that R be orthogonal to a set of weighting

functions, Wk
W. Rdx = 0 k=1, 2 .... n (5.4)

This requirement yields a set of n algebraic equations for the

n o, parameters.

5.2.1. Weighting Functions

Each type of weighting function introduced in (5.4) corresponds
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to a different criterion of the method of weighted residuals. Some

of the more important and widely used of these methods are described

below.

5.2.1.1 Collocation Method

In this method n points Pi are chosen in the domain D and the

weighting functions are the Dirac delta function,

wk = &(p - pk)

Equation (5.4) becomes:

1,2 ... n (5.5)

L]

Ls(p-pk)Rdx=R(pk) = 0 .3

Therefore, as many collocation points must be chosen as there
are free parameters. The point locations are arbitrary, but if no
special circumstances arise equally spaced collocation points are
selected.

In this method the presumption is that the residual is approxi-

mately zero in between the locations where it vanishes.

5.2.1.2 Subdcomain Method

The subdomain method requires that the domain D be divided into

n smaller subdomains, Dl’ D, ceaa Dh’ and the integral of the residual

2

over the different regions be zero.

The weighting functions are
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1 j =k
W(R) =
0 i+ k
and
S Rdx = 0 k=1,2 .... n (5.6)
Dk

When the number of subdomains is increased the differential
equation is satisfied on the average in smaller regions and presumably

the residual approaches zero everywhere.

5.2.1.3 Galerkin's Method

In this method the weighting functions are chosen to be the
trial functions ¢k' The Galerkin method forces the residual to be
zero by making it orthogonal to each member of the complete set of

trial functions. Eqguation (5.4) becomes:

Sd’deX = 0 (5.7)

5.2.1.,4 Method of Moments

The method of moments is similar to Galerkin's method, but in
this case the residual is made orthogonal to members of a system of
functions which are not the trial functions. The weighting functions

n

are chosen to be 1, x, x2 .-.. ¥ and the equation (5.4) is forced to

vanish for the first n moments of R:

P (x) Rdx = 0 (5.8)
b k
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For the first approximation the method of moments is identical

to the subdomain method and is usually called the integral method.

5.2.1.5 Method of Least - Squares

The integral of the square of the residual is minimized with
respect to the free parameters to yield n simultaneous algebraic
equations.

Equation (5.4) becomes:

S JrR?ax - R pax = 0 (5.9)
Bak Bak
D
The weighting function Wk are therefore represented by %%— .
k

The purpose of the above criteria is to select the best approxi-
mation for a given family of trial functions. Comparisons of these
criteria have been carried out on the same problem. Crandall (%4)
states that for a particular family which satisfies all the boundary
conditions of a linear equilibrium problem the weighted residual
criteria will in general produce slightly different approximations and
in an equivalent extremum problem the Galerkin's method provides the
optimum weighted residual criterion.

Bickeley (140) considered an initial value problem of heat
transfer and comparedthe collocation, moment and Galerkin methods.

He found that the Galerkin method proved to be superior.

Ames (137) reports a similar comparison made by Collings (141)
on a nonlinear problem. He concludes that the Galerkin method is,
again, superior but cautions that this conclusion may not hold in
general.

Becker (142) listed some conditions that a wvariational method

must satisfy and concludes that the least - squares method is
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the best general criterion of the method of weighted residuals.
Finlayson and Scriven (139) summarizing all these findings
come to the conclusion that the superiority of a method can only be
determined on the basis of representative applications. However,
in higher approximations the choice of the method is not crucial,

since all methods give similar results (143).

5.2.2 Trial PFunctions

In the application of the method of weighted residuals the
choice of a criterion is not too crucial, while the selection of
the trial functions is very important. The power of the method lies
in the choice of the trial functions, as known information concerning
a specific problem can be incorporated into the approximating function.
However, this selection is somewhat arbitrary as it is dependent on
the user's intuition and experience. This is often regarded as a
major disadvantage of the method (139).

Although no rigid rules can be fixed, some general guidelines
are usually followed to generate the trial functions. Some of them

are listed below:

a) The trial functions must be linearly independent and members of
a complete set.

b) Special features of the problem, as symmetry, periodicity,
monotonicity, should be incorporated in the trial solution.

c). Whenever possible the trial solution should satisfy the
governing equations and the boundary conditions, independently
of the undetermined parameters o -

d) The form of the estimates should be kept simple, not unduly

complicating the analysis. Too rigid restrictions should be
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avoided even if a minor characferistic of the solution has to be

lost.

When the trial sclution cannot satisfy some of the boundary
conditions, separate residual functions have to be constructed. In
such cases the problem can be solved by considering a total weighted
residual function, which is the sum of the weighted residual function
in the domain D and on the boundary S multiplied by some weighting

factors, GD and GB respectively:

G, | W Ry av  + Gy W Ry dga = 0 (5.10)
where RD is the residual corresponding to the governing equation and
RB the residual corresponding to the boundary conditions.

In this way it is ensured that the boundary error functions
are taken into account in the approximate solution.

In discrete calculations, a basis for the determination of the
magnitude of the weighting factors, usually adopted, is as follows:

If ND and NB are the number of nodal points in the domain D

and on the boundary S, respectively, the weighting factors affecting

the residual on the boundary is given by:

2

e . 2
B NB

(5.11)
Another aspect that can influence the selection of the trial

functions is that they should ease the cemputation. The choice of

polynomials is often made as they are easy to handle.
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5.3 Application of the Weighted Residual Method to Plasticity

The method of least-squares is applied by Steck (65) to obtain
the velocity and stress fields in the deformation zone of axially
symmetrical forward extrusion and upsetting. For this purpose the
domain is discretised into a number of nodal peints and a reference
system of cylindrical co-ordinates is utilised.

A stream function'$ and two stress functions ¢1 and ¢2 are
proposed as follows:

fo(i) g (3]
v = ¢ (r,z) + i (r,z)EzA.. r z ° (5.12)
o 1 13 ij

fl(k) gl(l)
b (r,2) + T TB . x z (5.13)
o X 1 k1

by

fz(m) gz(n)

2. > c = z (5.14)
m n

%,

here 4,,, B d i
wher ii’ Ba an Cmn are unknown and ﬁo, ¢1 and ¢o are functions
chosen to satisfy some boundary conditions.
From the stream function the velocity field can be derived.
The radial, v, and axial, vz components of the velocity are expressed

by:

_ 1 st

V. = % Y (5.15.a)
-1 3

Vz =7 (5.15.b)

Using expression (3.13) the strain rate field is determined as

a function of the parameters Aij:
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Me

. .1
ot sst(r,z,Aij) (5.16)

—(r,z,A,.) (5.17)
€ ij

mie-

Substituting the expressions of the stress functions in

equations (3.11) the stress field is obtained as a function of the

free parameters Bkl and Cmn:
9t T Ust(r'z'Bkl'Cmn) (5.18)
Um = cm(r,z,Bkl,Cmn) (5.19)

The components of the deviatoric stress tensor are expressed by

the following equations:

' = cst(r,z,B

ot ) - Sstcm(r,z,Bkl,Cmn) (5.20)

kl’cmn

Introducing equations (5.20) into the Prandtl-Reuss equations

(3.35) four error functions R ’ R3P and R p’ corresponding to

1p’ Rop 4

O.r Ggr O, and T respectively, are obtained at every nodal point P

in the discretised domain:

qu = cst(r,z,Bkl,C ) - Gstcm(r,z,Bkl,Cmn)
2 o .
- L ——— .21
3 3 et (;,z,Aij) (5.21)

withg=1 .... 4
If these errors are squared and added up for all the nodal
points of the deformation zone an error function in terms of the free

parameters is found:
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_ 2
R, (Aij 1By sC ) % (qu) (5.22)

As the work material is assumed to be incompressible only two
of the three error functions corresponding to Or' 09, O, need to be

taken into account.

A similar procedure is carried out for the boundary conditions

which are not satisfied in the estimates.

The total error is obtained by adding up the individual error

functions multiplied by the weighting factors Gq.

R, = > R G (5.23)

By minimizing the total error with respect to the free parameters

the following system of algebraic equations is obtained:

|
(]

m . - O (5.24)

and the values of Aij’ and Cmn can be determined.

B
k1l
As the flow rule is non~linear in the strain rates an iterative

procedure is employed to find the velocity and stress fluids.

For this purpose Steck writes the flow rule as follows:

k .
> (5.25)
st ‘/I_z- st
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where k is the shear yield stress and 12 is the second invariant of

the strain rate tensor.

As a first step of iteration I, is assumed to be equal to

2

unity, i.e. the system is equivalent to a viscous fluid with viscosity

k
n = . In the second step of iteration the strain rate determined in

5
the first step is used to calculate a new I2 and a new stress field.
(2) X L)
1
o = e——— (5.26)
st (1) st
"I

In the third step the strain field is corrected from the
stress field obtained in step 2, according to:

NEI R Sech e
= g (5.27)

est k st

The calculations are carried out by executing the operation
described in step 2. The cycle is completed when the errors in the
yvield criterion and in the flow rule are negligible and no changes
occur in the strain rate and stress fields from one step to another.

Ravindranath (67), applying this iteration procedure to the
upsetting of rings, has shown that this formulation of the problem is
not satisfactory. His analysis reveals that two sets of approximating
functions were proposed for the same quantity and the unknown parameters
were determined by minimizing the difference betweeen these two sets
of approximating functions. He states that "mathematicallv there
is no reason why any of these solutions should be considered unique

unless a criterion with a physical meaning is established".

To overcome this difficulty the strain rate field can be derived
from a predetermined velocity field.

The method of weighted residuals has been applied to obtain
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stresé field in the plastic deformation zone of the upsetting of rings
(67) and the hydrostatic extrusion of bimetallic composites (66)

utilizing the respective velocity fields proposed by Avitzur (90),

5.4 Stress Analysis of the Hydrostatic Extrusion - Drawing of Tubes

by the Method of Welghted Residuals

To determine the stress field in the plastically deformed zone
during the hydrostatic extrusion-drawing of tubes, the strain rate
field, obtained by the lower upper bound approach described in Chapter
4, is used in conjunction with the method of least squares.

The analysis is carried out for the aluminium and copper specimens
used in the experiments,

The following assumptions are made:

al The materials are isotropic

b) The materials are incompressible

c) The materials stress-strain curves are represented by equations
(4.34).

d) The elastic strains are small in comparison with the plastic

strains and can be neglected.
e) The frictional stress at the tool/billet interfaces is assummed
to be proportional to the shear yield stress of the material

£) The process is isothermal

5.4.1 Discretisation

The discretisation of the plastic deformation zone into a number
of nodal points, Figure 5.1, presented in Chapter 4 is used in the

following sections.
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MANDREL

FIG. 5.1 — MESH FOR TUBE EXTRUSION. R = 3.5

Every nodal point is associated with the strain rates, effective

strain rate and effective stress determined previously.

5.4.2 Governing Equations

The Prandtl Reuss equations (3.35) in a system of cylindrical

co-ordinates can be written as:

2 o
= + = . .
o, S 3 T €. (5.28.a)
£
_ 2 g -
Oy = cm+ 3 € (5.28.b)
€
_ 2 g -
o, o, t 3 N €, (5.28.¢)
€

2 3
Ty = 3 z £ (5.28.4)
€
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where

Equations (5.28) represent the governing equations of the problem

in study.

5.4.3 Boundary Conditions

a)

b)

c)

The following boundary conditions are assummed:
The frictional stress at the plastic deformation zone/mandrel

interface is expressed as

(5.29)

8
Yar

At the deformation zone/die interface the boundary condition

due to the frictional stress is written as

(5.30)

Expressing T in terms of Ur, cz, Trz and the semi cone angle

of the die, a, eguation (5.30) becomes

sin 200 + 7T cos 20 = m (5.31)
rz

Sliar

At the entry boundary the following approximation is made

6, = P (5.32)

where p is the extrusion pressure
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Similarly, at the exit boundary

6. = O (5.33)

where cd is the average axial stress applied to the exit boundary.

It can be calculated by

o, = = (5.34)

where F is the drawing force

Fd is the friction force along the die land (CF in figure 5.1)

P is the friction force at the product/mandrel interface
fe — . .
(AE in figure 5.1)
Ap is the cross sectional area of the product

Fd and Ffe were determined for each case by the lower upper

bound approach.

5.4.4 Error Functions

As the strain rate field is already determined, the estimates

referred in section 5.3 are reduced to the two stress functions ¢1 and

¢2. The stresses derived from these functions through equations (3.11)

satisfy the equilibrium equations (3.10). The stress functions are

chosen to incorporate the following symmetry conditions:

a)

b)

The radial stress cr, the axial stress o, and the hoop stress
oe are symmetrical across the z-axis.

The shear stress T is antisymmetrical across the z-axis.

The estimates for the stress functions are as follows:

MR
o, = % B xEt3 g (5.35)
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NR

6, =2,

NZ 5 .
m + n
e 1%=Can z (5.36)

Applying equations (3.11) the trial functions for the stresses

are obtained

2k + 2 1 -2
- B
. %__-;1.(1 1) B x z

Q
It

2m n
£ 2 Zcmn roz (5.37)
m n
o, =2 2 m+ 1) c_ ™0 (5.38)
mn
m n
o = P > (2k+3) (2k +2) B . 2Kt (5.39)
z k1
x 1
o= =3 ST k.18, 22X -1 (540
Xz x 1 k1l

The trial functions are polynomials in the variables of the
system of co-ordinates satisfying, therefore, the requirement of
completeness. The power of the variable r is chosen to be odd in
both stress functions, so that the axisymmetry conditions for the
stresses are included in the trial solution.

None of the boundary conditions are incorporated in the trial
functions sO that separate error functions have to be constructed to
take them into account. Three main reasons can be mentioned for
not including the boundary conditions in the trial functions:

1. They are only approximations and their inclusion in the trial
functions would represent a strong restriction.

2. The trial solution would become much more complicated.

3. The trial solution would lose its generality, since for different
shapes of the entry and exit boundaries the estimates would not

apply.
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5.4.5 The Computer Program

To find the stress field in the plastically deformed zone of
the hydrostatic extrusion of tubes a computer program, called STRESS,
was produced.

The data file, generated by program MIN, which includes the
co-ordinates of the mesh points, the strain rate field and the equivalent
stress at all nodal points, as well as the values of the upper bound
pressure, the friction factor and the axial stress at the exit boundary
is transferred into program STRESS by a READ statement. The program
also reads from another data file the number of terms of the stress
functions and the number of error functions.

To develop the program it is convenient to express the error

functions qu at a nodal point p in the following form:

NT
R = Z A, Y (r,z) + C (5.41)
P i=1 @ K
where
NT = MR x MZ + NR x NZ
Ai replaces the free parameter Bkl for i =1,.... MR x MZ
and the free parameters Cmn for i=MR x M2 + 1,.... NT
and Y represents the trial functions

qi
The total error is written as

=

NE NT 2
Z + C (5.42)
X d

G A, Y .
p=1 g1 9 i=1 * T

and minimizing expression (5.42) with respect to the free parameter Am

leads to
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sm - 0 (m=1, .... NT) (5.43)

and the following system of linear equations is obtained

N NE
E E S E A, Y ¥ + C_Y = 0 (5.44)
i gi gm q qm

p=1 g=1 i=1

This system of equations, written in a matrix form, more suitable

for computation, is expressed as

N NE N NE
Y G Y Y cees GY Y A, = - GCY
E > qql qlé ; q g2 qi § > g aNT gl {|'1 Zquql
p=1 g=1 p=1 g=1 p=1 g=1 P q
N NE
G cees A GCY
z E g ‘q2 Yq2 § E Sq Yar'qd | Z}:qqqZ
p=1 g=1 p=1 g=1 P g

SYMMETRIC

E ZG YqNT QNT AN’I ZZGquYNT

p=t g=l - <4 bp g -

The free parameters Ai are found by solving that system of equations
by the subroutine SIMQ, which is a standard of the IBM System Subroutine.

By introducing the value of the free parameters, into equations
(5.37 - 5.40) the stress field in the plastic deformation zone is found.

Finally the program generates a data file, where the upper bound

bressure, the normal and shear stress distributions along the deformation
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zone/mandrel interface and the parameters which define the position
of that interface are stored. This data file will be used, later, as
input data for the program GDME to be éiscussed in the next chapter.
The complete sequence of program STRESS is summarized in the
form of a flow chart in Figure 5.2. A listing of the same program

together with a variable name list is included in Appendix D,

5.4.6 Stress Field

The stress fields were calculated by the method of weighted
residuals using the velocity field determined by the lower upper
bound approach described previously.
The stress fields corresponding to the extrusion ratio of 3.5
and 2.65 for aluminium and 2.0 for copper are illustrated in Figures
5.3 to 5.8. For each of these extrusion ratios two cases are presented
for different pulling forces. The values of the pressure indicated in
the illustrations are those predicted by the lower upper bound approach.
As adopted for the equivalent stress distribution the stress

distributions are represented by the ratio

Stress Value
Initial yield stress of the material

In the following discussion it is understood that the stresses
are referred to their absolute value, unless the contrary is stated.
From the illustrations the effect of the drawing stress on
the stress field is clear. When the pulling force, F, increases the
extrusion pressure drops and all the stress field, with the exception
of the shear stresses Tz has clearly a lower value. 1In fact the

values of Trz remain almost unchanged when two T o distributions are

compared for the same material and extrusion ratio but different
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START

READ FROM TAPE 4 THE DATA
GENERATED BY PROG. MIN :

T, Z, €15, €, O, gd, p, m

INITIALISE
cC=20
III = 1, NF, NZPT
KK =1, NZPT
NK = 1, NTERML
fr———
NL = 1, NTERM2

FOR EACH NODE AND EACH
RESIDUAL FUNCTION COMPUTE
THE FIRST NTERML x NTERM2
Y(r,z)

1, MTERML

MK
ML = 1, MTERM2

TOR EACH NODAL POINT AND EACH
RESIDUAL FUNCTION COMPUTE
THE RESTANT TERMS OF Y(r.z)

LT = 1, NERRFN

J, k

FOR EACH NODE AND EACH RESIDUAL
FUNCTION CALCULATE ELEMENTS OF

MATRIX (5.45)
A(T,J) = A(I,J) + Y(LT,I) x Y(LT,J) x W(LM
ACT,I) = A(T,J)

FIG. 5.2 - FLOW CHART OF PROGRAM STRESS
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L]
-

JJ

17 = 1, LPARAM

|
-
|

= 1, LPARAM

TRANSFER A(I,J) COLUMN BY
COLUMN TO A SINGLE ARRAY
B(JJ) = A(I,J)

JJ =JJ+1

FORM THE RIGHT HAND SIDE
OF EQUATION (5.45)

C(J) = -A(J,K)

SUBROUTINE SIMQ (B,C, LPARAM, 1)
SOLVES SYSTEM OF EQUATIONS TO
DETERMINE A; AND REPLACE ARRAY
C WITH VALUES OF A;

FOR EACH NODE COMPUTE dij
EQUATIONS (5.37-5.40)

WRITE IN TAPEZ2, NZPT, DIST, DIST]
PRESS, FATREM  , O_ AND O, ON
MANDREL SURFACE

I

STOP

FIG. 5.2 (CONTD) - FLOW CHART OF PROGRAM STRESS
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extrusion pressures. Although a variation on the friction force,

Ff, along the billet/mandrel interface, was detected in the
experiments (see Chapter 7) it does not alter significantly the shear
stress distribution in the plastic zone. However along the mandrel/
billet interface a small variation is noticed. For example, the
curves in which the ratio zig- is equal to -0.1 are more extended in
Figure (5.3) than in Figure (5.4) The former corresponds to

a larger friction force as expected.

Another aspect related to the shear stress distribution along
the mandrel is that the weighted residual method gives the highest
value at approximately half way along the plastic zone/mandrel inter-
face, while the assumption of a constant friction factor leads to
a maximum value at the exit, as the equivalent stress is at a maximum
there.

As expected the shear stress changes sign between the mandrel
and the die. The curve i§E = 0 is nearer the mandrel than the die.

The radial stress illustrations show in all cases a maximum
value near the middle of the plastic zone/mandrel interface. Along
the die the radial stresses decrease from the entrance towards the
exit.

The radial and shear stress distribution play an important role
in the mandrel design, as it will be discussed in the next chapter.

The illustrations show that along the mandrel surface the
pPressure is much higher than the shear stresses and, therefore, it will
be the main factor to consider in the mandrel design for hydrostatic
extrusion.

The hoop stress figures show that the maximum value is near the
corner where the billet contacts the die, As for the radial stress

distribution, - the hoop stress distribution has a maximum along

the billet/mandrel interface at the same location. Along the die the



-152-

r ///// /\\ |
. ’2—

L/ // ]
{ i
MANDREL

FIG. 5.3 - STRESS FIELD FOR ALUMINIUM TUBE EXTRUSION.

R=3.5, p=192.8 MN/m* , F=3503 N , Fp=4113 N
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FIG. 5.6 - STRESS FIELD FOR ALUMINIUM TUBE EXTRUSION.
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-159-

//’:’"’

MANDREL
= |
Try DIE
Y
/0
04
— \
{ MANDREL ’

FIG. 5.6 (CONT.) - STRESS FIELD FOR ALUMINIUM TUBE EXTRUSION.
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hoop stresses decrease from the entry to the exit boundaries.

The axial stress, cz, is the highest at the entrance and the lowest
at the exit. Along the plastic/zone mandrel interface the axial
stress has a maximum, more accentuated for the lower extrusion
ratios.

The values of the axial stress at the entry boundary are in good
agreement with the boundary conditions assumed. At the exit the
boundary conditions are not so well satisfied. This is due to the fact
that the weighting factor used for the exit boundary is low. It was
found that at the points in the exit boundary, the value of the
equivalent stress, calculated from the stress field, when the weighting
factor was determined in accordance with expression (5.11), was much
lower than the equivalent stress evaluated from the deviatoric stresses
obtained from the upper bound solution. Because the boundary condition
GZ = Ud is only an approximation, it was decided to select a weighting
factor which ensured that the difference between the equivalent
stresses calculated by the two alternative methods was small.

The program STRESS enables also, the determination of the pressure

distribution along the billet/die interface:

o, +.cz (cz - cr)
g = ) - - i o
nd ( 5 ) 5 cos 2a T, Sin 2
where ond represents the stress normal to the die surface.

Figures (5.9) and (5.10) show the pressure distribution along the
die for the aluminium specimens extruded with an extrusion ratio of 3.5
and 2.65 respectively, while Figure (5.11) is related to the copper
specimen with an extrusion ratio of 2.0. The points C and D in those
Figures represent the die exit and entrance, as shown in Figure (5.1).

Figures (5.9) ta (5.11) illustrate that the pressure is the
highest at the die entrance and the lowest at the die exit. The pressure

drops rather quickly near the die entrance, reaches a zone where the
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pressure curve changes its curvature and falls again towards the exit.

The three distributions presented show practically the same
pattern. The region where the curve curvature is changed can be
considered as a platform for the extrusion ratio 2.65 and reduced to
a point for the extrusion ratio of 3.5. In the case of copper the
pressure after falling near the entrance, increases slightly to reach
a maximum and drops again towards the exit.

The pressure distribution along the die for bar extrusion was
solved by using the program STRESS and compared with that found, for
the same conditions but by a different method, by Duffill, Hooke and

Mellor (56). The comparison is presented in Figure 5.12.
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CHAPTER 6

ELASTIC STRESS ANALYSIS OF THE MANDREL FOR THE

HYDROSTATIC EXTRUSION-DRAWING OF TUBES

6.1 Introduction

The stress analysis of the mandrel used in the experimental work
is made, in the following sections, by means of the finite element
method (145,146).

This technique consists of, in general terms, dividing a
continuumby imaginary lines or surfaces into a finite number of elements.
These elements are interconnected at a discrete number of nodal points
situated on their boundaries. In the displacement formulation the
displacements of the points within an element are related to its nodal
displacements, which are the unknown parameters, by an assumed set
of functions. So, the state of strain becomes defined and, together
with the initial and boundary conditions and the material properties,
determine the state of stress in the element. An elemental stiffness
relationship is established by considering the equilibrium of the
system of nodal forces, the boundary stresses and the distributed
loads. The elements are then assembled and from the equilibrium
conditions at the nodal points a set of equations containing the
unknown nodal displacements is obtained. If this system of equations
is solved the strains and stresses can be found for any material

point.

6.2 The Finite Element Computer Program

The finite element computer program, called FRONT, utilised in

the present analysis was developed at Imperial College by Silva (147)
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and Pereira (80), from an earlier version, the FLAP 5 code (148) which
uses the Gauss-Seidel iteration procedure.

The program is based on the outlined displacement approach and
can be applied to axisymmetric cases. The elements used are the
constant strain triangular elements with nodes situatéd at the vertices.

The solution routine in the FRONT ccde employs the Gaussain
elimination technique. Programming details as well as a user's
guide and a listing of the program are given in Reference (80).

The program enables the input data, the radial and vertical
displacements of the nodes, the stresses at the elements and at the
nodal points and the strains at the nodes to be printed out.

The nodal stresses are obtained by taking arithmetic means over
surrounding elements. Therefore the stresses at the nodal points
on the boundaries, surrounded by fewer elements, have a lower accuracy
than the ones calculated at the nodes inside the structures. To
obtain a more realistic approach in the regions whereby the boundary
stresses are of interest a finer mesh should be prescribed. Also
the boundary stresses can be evaluated by taking cross-plots and
from the general trend of the stress distributions, extrapolated to
the boundaries.

The hoop strains are calculated directly from the radial displace-
ments at the nodes, and, therefore present a high accuracy even at the
boundaries. The remaining strains at the nodes are calculated from

the nodal stresses.

6.3 Data Generation Program

To use the finite element computer program it is necessary to
supply it with data which defines the problem in study. For this

purpose a data generation computer program called GDME, was produced
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to provide information concerning the material properties, mesh,
loading and displacement boundary conditions. This data is written
in a computer file, which is, in turn, read by the finite element

program.

6.3.1 Material Properties

In the present case, as no thermal effects are considered, only
the values of the Young's Modulus, E, and the Poisson's ratio, Vv, are
supplied by the data file. The values adopted for the mandrel material

are:

2.06 x 105 MN/m?

t
1

6.3.2 Mesh

The elements, used in the finite element program, are described
by their cross-section made by a plane containing the axis of symmetry
of the mandrel. Figure 6.1 illustrates the mesh chosen for the case
of aluminium extrusion, extrusion ratio of 2.65. 1In order to show
the elements clearly the drawing scale in the r-direction is 2.5
greater than in the z-direction.

To improve the accuracy of the program the elements are smaller
in the regions were larger gradients of stress are expected. It is
known that when a thick hollow cylinder is subjected to an external
constant pressure the gradients of the stresses are maximum in its
bore. For this reason it is usual to choose a mesh which coarsens

radially outwards from the bore. However, in the present case as the
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mandrel is subjected to a pressure distribution, which varies along
its length, with high gradients in the region of the plastic zone/
mandrel interface, it was preferable to choose.a very fine uniform
mesh in the radial direction. In the z-direction the size of the
elements varies according to the gradient of the pressure distribution,
the higher the latter the smaller the former.

On the plastic zone/mandrel interface the mesh was prescribed
in such a way that the relative position of the nodes is the same
used in the previous computer programs MIN and STRESS. This arrange-
ment enables the transference of the normal and shear stresses
associated with these nodal points to the data generation program,

to be made without losing any information.

6.3.3 Loading

The pressure and shear stress distributions along the mandrel
surface, to be discussed in a further section, are applied to the
nodes of the structure as follows:

1f pi, pj and p, are the external normal pressures acting on
the nodes i, j and k respectively, the radial external "force"

acting on node j to be introduced in the computation is

P, +p p. +p
F = TR_ (Az,, 4 _J + Az, —J—k) ' (6.1)
r m ij 2 jk 2
where Rm is the outside radius of the mandrel

Azi. is the distance between nodes i and j

and Azjk is the distance between nodes j and k

Similarly the axial external load acting on node j is
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T. + T. T, + Tk
F = TR (Az,, -2l 4+ Az, L __ X (6.2)
z m ij 2 jk 2

where Ti, Tj and T, are the shear stresses acting on nodes i, j and k

k

respectively.

6.3.4 Displacement Boundary Conditions

As the top end of the mandrel rests on a support (figure 2.2),
it is assumed that the displacements of the nodes on the mandrel/
support interface are restricted in the z-direction. Therefore,

only radial displacements of these nodes are allowed.

6.4 Results of the Finite Element Computer Program

6.4.1 Introduction

In what follows it is convenient to consider some cross-sections
of the mandrel which are identified by the symbols S1 to S12 in
Figure 6.2.

The cross-sections S1 to S11 are made by planes normal to the
mandrel axis such that the plastic zone/mandrel interface is divided
into ten equal surfaces. The cross section S12 is located in the
region of fluid pressure far from the plastic deformation zone and
the seal region.

In subsequent figures the symbols in them are related to Figure

6.2.
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The stress analysis of the mandrel is carried out for three

selected cases of tube extrusion-drawing characterised as follows.

1)

2)

3)

Aluminium
Extrusion Ratio, R = 3.5
Extrusion Pressure, p = 192.2 MN/m?

Drawing Force, F = 3503 N

Friction Force, F 4113 N

£

Aluminium

Extrusion Ratio, R = 2.65
Extrusion Pressure, p = 143.6 MN/m?

Drawing Force, F = 3392 N

Friction Force, Ff = 3030 N
Copper
Extrusion Ratio, R = 2.0

Extrusion Pressure, p = 287.7 MN/m?



-177-

Drawing Force = F 1501 N

Friction Force = F_ = 3464 N

The values of the pressure are those obtained by the upper
bound approach while the drawing froce and friction force on the
billet/mandrel interface are represented by the experimentally
measured values.

These cases will be identified, in the text of this chapter,
by the material and extrusion ratio, the other parameters will be
omitted.

As adopted in previous discussions the stresses and displacements
will be referred to their absolute values while they will be affected

by the corresponding sign in the graphical representations.

6.4.1.1 Pressure and Shear Stress Distributions along the Mandrel

Figures 6.3 to 6.5 show the pressure and shear stress distri-
butions along the external surface of the mandrel for the three cases
considered.

In the pressure distribution curves three stages are distinguished
as follows:

1. Constant pressure distribution in the region between the seal
section (Figure 2.2) and the section where the billet meets
the mandrel. The pressure in this region was determined by
the lower upper bound approach described in Chapter 4.

2. Pressure distribution at the plastic zone/mandrel interface.
This distribution corresponds to the radial stress distribution
on the interface obtained by means of the weighted residuals
method, as shown in Chapter 5.

3. Pressure distribution at the product/mandrel interface. To
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COPPER EXTRUSION. R = 2.0
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estimate this distribution an assumption has to be made, since
the weighted residuals program only applies to the plastically
deformed material. In this zone it is known that the pressure
is zero at the points located in the die exit section (point E
in Figure 6.2), and is equal to the calculated radial stress
at the points situated on the plastic deformation zone exit

boundary (point A in Figure 6.2).

The assumption is that the pressure varies linearly at the
product/mandrel interface between those two values, as shown in
Figures 6.3 to 6.5.

Also the shear stress distribution curves show three different

phases:
1. The shear stress is zero at the fluid/mandrel interface.
2. Along fthe plastic deformation zone/mandrel interface the shear

stress distribution is calculated by the weighted residuals
method.

3. Along the product/mandrel interface the shear stress distribution
results from the assumption of a constant friction factor as

described in Chapter 4.

To assessSthe effect of these distributions on the elastic
behaviour of the mandrel, the deformation as well as the stress
distributions in some cross sections of the mandrel are discussed

in the next sections.

6.4.2 Deformation of the Mandrel

To study the deformation of the mandrel when subjected to

the loads illustrated in Figures 6.3 to 6.5, the radial displacements
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of its internal and external surfaces are analysed in this section.
They are shown in Figures 6.6 to 6.8.

The vertical displacements of the mandrel cross sections are
not represented, since the finite element analysis show that plane
cross sections before the deformation remain plane during loading
(the maximum variation of the vertical displacements of the points
in the same cross section is 6.0 x 10_4mm, for copper extrusion,
extrusion ratio of 2.0).

Figures 6.6 to 6.8 show clearly that the highest values of the
radial displacement occur in the region of the plastic zone/mandrel
interface. The maximum of these values are for the copper extrusion,
extrusion ratio of 2.0 and the minimum for aluminium, extrusion ratio
of 2.65, as they correspond to the highest and lowest values of the
pressure distributions.

As the pressure distribution at the plastic zone/mandrel inter-
face for copper extrusion has a more pronounced maximum than the
two others distributions, the radial displacement curves of the
points on the internal and external surfaces, in that region, are
sharper than the other two curves.

At the fluid/mandrel interface region the radial displacement
curves have values practically constant, as the mandrel is subjected
to a constant fluid pressure and a constant small axial stress due
to the friction force. Near the seal the radial displacement changes

sign and drops to zero.

6.4.3 Stress Fields

In order to supply the designer with information related to
the behaviour of the mandrel, the stress fields in some of its cross

sections are presented in this section.
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One design condition’ that the mandrel has to satisfy is that
it must remain elastic during the hydrostatic extrusion-drawing
process. Therefore, according to the von Mises criterion, the
equivalent stress at every point of the mandrel can not exceed:the
yield stress of the material from which the mandrel is made.

As, in the present case, the mandrel is hollow it is expected
that the severest stressed points are in the mandrel bore. So the
equivalent stress curves are plotted along the internal surface of

the mandrel, for the three extrusion cases considered (Figures 6.9

to 6.11).
630
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These figures show that at the internal surface of the mandrel
the equivalent stress is maximum at the points situated in the
cross section 58 or in between cross sections 87 and S8. For the
case of aluminium extrusion, extrusion ratio 3.5 the maximum pressure
acts on the same cross section where the maximum equivalent stress
accurs. This does not apply to aluminium, extrusion ratio of 2.65
and copper, extrusion ratio of 2.0. In the latter case it is clear
that the - ?feSSUfe -+ is maximum at the cross sections S5 and
S6. Referring to Figures 6,9 to 6.11, it should be noticed that the
variation of the equivalent stress at the points in cross sections
S5 to S11 is very small.

To clarify these comments the radial, hoop, axial, shear and
equivalent stresses at several cross sections of the mandrel are
illustrated in Figures 6.12 to 6.15.

The radial stresses are zero at the internal surface of the
mandrel and increase in the radial direction to reach the value of
the pressure at the external surface of the mandrel. Although the
finite element calculations give a value greater than zerc at the
mandrel bore, due to a lower accuracy of the program at the boundaries,
in the figures representing the radial stress, the curves are drawn to
attain the value zero. Also, at the outside surface the value of
the radial stress is within an error of 5% of the imposed pressure.

The hoop stress figures illustrate that the highest values are
reached at the bore of the mandrel. However, for copper extrusion,
in the region of the plastic zone/mandrel interface, the hoop stresses
at the outside and bore of the mandrel are much closer to each other
than for aluminium extrusions. In the same region, and for the
cases considered, the values of the hoop stress at the bore vary little
between cross sections S5 to Sii.

Figures 6.12 to 6.14 show that the axial stresses change sign
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in the radial direction, with the exception of cross section S12, they
are tensile at the mandrel bore and compressive at the outside
surface,

The values of the axial stress at the bore of the mandrel
between cross sections S2 and S11 are much higher than the

value cobtained by

H

(6.3)

>

where Ff is the friction force on the billet/mandrel interface
and Am is the area of the cross section of the mandrel.

In cross section S12, which is far from the deformation zone,
the axial stress si practically constant at the value given by
(6.3), within the accuracy of the computation.

In any cross section JUZdAm is equal to the friction force
acting on the mandrel between that cross section and the exit.
Particularizing for the case of copper extrusion, the value of
the axial stress calculated by expression (6.3) is approximately
8MN/m* which is, also, the value obtained by the finite element program
at cross section S12. Figure 6.14 shows that between cross sections
S2 and S11 the axial stress reaches as high as 250MN/m® at the mandrel
bore and -300MN/m®* at the external surface.

The explanation for these high values of the axial stress lies
in the large deformation suffered by the mandrel in a narrow region
between crosss section S1 and S11. 1In fact, under the action of the
normal stresses at the plastic deformation zone/mandrel interface the
mandrel deforms, in this region, in such a way that the curvature
produced at the fibres on the external and internal surfaces generates
compressive stresses in the former and tensile stresses in the latter

(Figures 6.6 to 6.8).
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The values of the shear stresses Trz are low when compared with
the other presented stresses. In any cross section the maximum value
occurs at the points situated midway the limiting surfaces of the
mandrel.

The variation of the equivalent stress along the radial direction
in several cross sections of the mandrel is illustrated in Figure
6.15 for the three cases of extrusion considered. These illustrations
confirm that the equivalent stress is much higher at the bore of the
mandrel than at any other point. At the bore the equivalent stress
is only a function of the hoop, Ge, and axial, Gz' stresses as the
radial, Gr' and shear Trz stresses are zero. Therefore, the
determination of the most stressed points depends on the values that
oe and o, take in the mandrel bore.

From the foregoing cone can conclude that, although the tensile
axial stresses in the mandrel, due to the friction force are small,
the design criteria for the mandrel in hydrostatic extrusion should
take into account not only the high compressive hoop stresses, but
also the tensile axial stresses developed in the bore opposite the
plastically deforming billet region.

Obviously, in practice the mandrel is not hollow but a solid
piece. Although some similarity exists between the hollow and solid
mandrel the stress distributions in the latter should be assessed
separately.

Figure. 6.16 illustrates the variation of the axial, hoop,
radial and shear stresses in various cross sections of a solid
mandrel for copper extrusion at a ratio of 2.0. The pressure and
shear stress distributions assumed at the mandrel surface are
illustrated in Figure 6.3. The mandrel diameter is equal to the

outside diameter of the hollow mandrel previously analysed.
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CHAPTER 7

RESULTS. _COMPARISON BETWEEN THEORY AND EXPERIMENTS.

CONCLUSIONS.

7.1 Introduction

In a previocus chapter the experimental apparatus was described
to measure extrusion pressure, drawing force, friction force along
the billet/mandrel interface and the hoop and axial strains in the
bore of the mandrel, during the hydrostatic extrusion-drawing of
tubes.

Later, the theoretical solutions related to the plastic
deformation of the billet and the elastic behaviour of the mandrel
were discussed.

In this chapter the theoretical predictions will be compared
with the experimental measurements in order to assess the degree of
accuracy of the approximations used and the validity of the assumptions

made.

7.2. Priction Force at the Billet-Mandrel Interface

The experimentally cobtained variation of the friction force with
the extrusion ratio and the extrusion pressure-drawing stress ratio is
illustrated in Figure 7.l.a for aluminium extrusions and Figure 7.l1.b
for copper extrusions.

These illustrations show that the magnitude of the friction
force measured in the hydrostatic extrusion-drawing experiments is small,
In fact the maximum value of the friction force is 4100N for aluminium
extrusion at a ratio of 3.5 and the lowest value is 1500N for copper

extrusion at a ratio of 1.5. These low values of the friction force
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can be explained by the following reasons:
1. The small area of contact between mandrel and billet.
In the hydrostatic extrusion of tubes it is possible
to reduce the area of contact to a very small value as
a gap can be left between the undeformed part of the
billet and the mandfel as shown in Section 2.2.1.2.7.
2. Lubrication between the plastically deforming material
and the mandrel was provided by the high pressure fluid
and the graphite coating of the billet.
The values of the calculated friction factor (Figure 7.2) are small
(between 0.017 and 0.047) indicating that friction at the billet/
mandrel interface is low.

Figure 7.1 also shows that the friction force increases with
the extrusion ratio and, for a given extrusion ratio, with the extrusion
pressure/drawing stress ratio. However, for copper extrusion at a
ratio of 1.5 no variation in the friction force was detected. Alsc in
other cases with the exception of aluminium extrusion at a ratic of
3.5 the cruves of Figure 7.1 have regions in which the friction
force is constant. The likely explanation is that the variation in
frictlon was so small that the increase in load could not be detected
by the present arrangement which is unsuitable to record differences

less than 216N.

7.3 Extrusion Pressure - Drawing Stress Relationship

Figure 7.2 illustrates the comparison between the theoretical
and the experlmentally measured extrusion pressure-drawing stress
relationship for aluminium and copper at several ratios.

The theoretical results were obtained by means of the lower

upper bound approach as described in Chapter 4. The values of the
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friction factor, m, shown in Figure 7.2 were calculated by eguation
4.50,

The experimental data show that the driving stress (the sum of
the extrusion pressure and drawing stress) decreases with increasing
drawing stress,

These conclusions drawn from the experiments in the hydrostatic
extrusion-drawing of tubes confirm the earlier theoretical and
experimental results (4,18) obtained for solid billets, that the
requirement of energy is lower for a drawing biased than for an
extrusion biased operation.

When the theoretical extrusion pressure is determined by an
energy method and a constant friction factor is assumed, for a given
extrusion ratio, the value of the driving stress is constant for all
the theoretical extrusion pressure-drawing stress ratios. In Figure
7.2 the straight lines, with a constant value of m, lead to an
extrusion pressure, in an extrusion process, equal to the drawing stress,
in a drawing process.

The friction factor in the theoretical calculations is deter-
mined from the measured friction force for each extrusion pressure-
drawing stress ratio, so it varies with this ratio according to the
variation of the friction force. This is to say that the friction
factor is not constant but varies with the extrusion pressure-drawing
stress ratio.

FPigure 7.2 indicates that in all cases for both materials, with
the exception of copper extrusion at a ratio of 1.5, the predicted
driving stresses are higher than those measured. The difference
between the predicted and measured values is larger for the larger
extrusion ratios. Thus, for aluminium extrusion at a ratio of 3.9,
theerror is 8.5% of the measured pressure, while at an extrusion ratio

of 2.0 the error is within 6%.
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Qualitatively similar results were obtained by Duffill and Mellor

(148) and Osakada and Niimi (121) for the hydrostatic extrusion of solid

billets.

7.4 Further Results from the Lower Upper Bound Approach. Experimental

Verification

To obtain the lower upper bound extrusion pressure the total

energy was minimized with respect to parameters 2z, and zy (Figure 7.3).

These parameters define the plastically deforming region for the

assumed conical entry and exit boundaries (see Chapter 4).

It is not possible to estimate the z-coordinate of the point A

(Figure 7.3) from the billets used in the experiments, as no grid

lines were inserted in them. However it is possible to estimate the

z=coordinate of point B by
R -
1 Ro

= 1
B tan o C'B

where the length C'B is measured on the billet after extrusion.
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For this purpose some of the extruded specimens were split into two
halves. The point B was easily identified in each half as a small gap
had been left between the undeformed billet and the mandrel (see Section
2.2.1.2.7), enabling a clear distinction of the zone in contact with
the mandrel. The point C is at the intersection of the conical surface
in contact with the die and the product cylindrical surface. The point
C' at the bore of the product has the same z-coordinate as C.

Tables I and II for copper and aluminium extrusions, respectively,
summarize the theoretical and experimental results. The values of
z, and Zy show that, for a given extrusion ratio, the effect of friction
on the plastic deformation zone is very small in the range of extrusion
pressure-drawing stress ratios used in the experiments. Moreover, the
variation of Z, and z, in aluminium and copper extrusions at the same

ratio is also small, justifying that the corresponding flow patterns

shown in Figure 4.20, were represented by the same illustration.

7.5 Strain and Stress Distributions in the Bore of the Hollow Mandrel

In Chapter 6 the stress distributions in the mandrel were
presented when subjected to the predicted pressure and shear stress
distributions over its external surface. The stress analysis was
carried out by means of a finite element program which also calculates
the strains at the nodal points.

The aim of the present section is to compare the finite element
analysis results with those obtained experimentally. In this way it
is possible to assess the accuracy of the theoretical pressure and
shear stress distributions on the outside surface of the mandrel,
particularly those evaluated by the weighted residuals method, This
purpose could be achieved by either comparing, at the mandrel bore, the

predicted and measured strains or the predicted and experimentally
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TABLE I (COPPER EXTRUSIONS)
R | F*(W) Jom¥/m® [p MN/m?| FZ N m {Zy mm] Zg mm | Z§ mm
1.5 | 2335 | 10.47 | 148.6| 1515 }0.0174 | 11.43 | 12.58 | 13.47
1.5 | 5338 }23.93 | 135.2} 1515 |0.0174 | 11.43 | 12.58| —
1.5 | 6672 [29.92 |129.2} 1515 |0.0174 | 11.43 | 12.58| —
2.0 | 1501 | 6.73 | 287.7| 3464 |0.0239 ) 11.70] 16.03 | 17.17
2.0 | 6394 |28.67 |263.7| 3247 [0.0224 ) 11.70} 16.03} —
2.0 | 8062 |36.15 | 256.3| 3247 |0.0224 | 11.70]16.03| —
TABL E II (ALUMINIUM EXTRUSIONS)
R F*N UMN/mzleN/mz F;."N m Zy mm| Zpom | Zg wm
2.0 0 0 112.3 | 2381 ] 0.047 | 11.76 | 16.13| —
2.0 | 2339 | 10.49f 101.8 | 2381 }o0.047 | 11.76 | 16.13| —
2.0 | 4115 | 18.45| 91.9] 2164 } 0.044 | 11.76 | 16.13| 17.27
2.65] 3392 | 15.21 | 143.6 | 3030 | 0.039 | 11.44 } 21.22] —
2.65| 4170 | 18.70] 140.1| 3030 | 0.039 ] 11.44 | 21.22] 21.88
2.65] 5561 | 24.93| 132.2| 2815 | 0.036 | 11.44 | 21.22] —
2.65] 6172 | 27.67 | 129.4| 2815 {0.036 | 11.44 | 21.22| —
3.5 | 3503 | 15.71} 192.8] 4113 }0.037} 11.24 | 27.45} 27.87
3.5 | 4726 | 21.19{ 185.7 ] 3896 | 0.035| 11.24 | 27.45) —
3.5 | 6061 { 27.18 | 178.4| 3681 | 0.033) 11.25 | 27.37] —
3.5 | 7562 | 33.91} 170.1] 3464 | 0.031} 11.25 | 27.34| —

* - experimentally measured quantities

R_

extrusion ratio

drawing force

drawing stress

p - upper bound pressure

Ff - friction force

m - friction factor
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derived stresses. It was decided to compare strains for the following
reasons:

1. The only exrror that affects the experimentally recorded
strains is the experimental error, while the experimentally
derived stresses are also affected by errors due to inter-
polation as will be shown in Section 7.5.2.

2. The accuracy of the theoretical hoop strains at the mandrel
bore is higher than the theoretical stresses as discussed

in Section 6.2.

7.5.1 Strain Distribution at the Bore of the Mandrel

Experimentally recorded and theoretically predicted hoop and axial
strains along the mandrel bore are illustrated in Figures 7.4 to 7.19 for
aluminium and copper at several extrusion ratios and various extrusion
pressure-drawing stress ratios. The strain distributions are shown rela-
tive to the strain gauge positions in the mandrel bore. In those figures
the scale of the top drawings has been chosen so that the position of the
strain gauges is indicated in the bottom drawings. Both the hoop and
axial strains indicate the combined effect of the fluid pressure, together
with the normal stress and frictional drag applied by the deforming
material to the hollow mandrel.

These illustrations show that the predicted and experimentally
measured strains are in close agreement for the hoop and axial strains.
However the error between the predicted and the experimental strains is
greatexr for axial than for hoop strains, which can be explained by the
less accurate theoretical axial strains because they are calculated from
the nodal stresses as discussed in Section 6.2.

The total axial strains are large compared with those due to the

frictional drag. For example the maximum axial load at an extrusion
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of 3.5 for aluminium is 4100N (Figure 7.1) corresponding to an axial
midrostrain of 46, against the recorded maximum total axial strain of
1450 (Figure 7.11). The values for copper at an extrusionrratio of 2
are 39 and 2520 microstrain respectively. These figures indicate that
when the design of the mandrel is considered, first of all the effect
of pressure must be taken into account while that of the frictional
drag is secondary, at least in hydrostatic extrusion/drawing.

Conditions could be quite different in conventional tube extrusion
and to a lesser extent in drawing, since mandrel friction is likely
to be significantly higher. Calculations indicate that, for the extreme
case of sticking friction, for aluminium at an extrusion ratio of 3.5
the frictional drag on the mandrel would be over 100kN, corresponding
to an axial microstrian of 1,100, assuming that friction is present
only in the die zone as in the hydrostatic extrusion of tubes. For
copper in extrusion or drawing at a ratio of 2, the frictional drag
for sticking friction would be 112kN resulting in 1,200 axial micro-
strain on the mandrel. These strains are significant in relation to
those shown in Figures 7.11 and 7.17. Although these calculated strains
are for the extreme case of sticking friction they do indicate that in
conventional tube extrusion or drawing, when friction is likely to be
higher than in hydrostatic extrusion, frictional effects on mandrel
design could not be neglected.

In conventional tube extrusion with a fixed mandrel not only the
frictional shear stress is likely to be higher but the interfacial area
between the billet and mandrel is much extended, adding to the axial
tensile stress on the mandrel.

In the present case the maximum absolute value of the hopp and
axial strains in the mandrel bore occurs nearer the entry boundary.

The experimental axial strains in Figures 7.4 to 7.6 and Figures

7.14 to 7.19 do not show a maximum, contrary to the theoretical results.
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Because the deforming zone/mandrel interface is small (extrusion ratios
of 1.5 and 2.0) the experimental strain distributions are drifted to
the high pressure fluid side as no axial strain gauge was placed before
the hoop strain gauge 1. However the corresponding hoop strain
distributions in those ‘illustrations show that in fact their absolute
values have a maximum in a section within the deforming zone/mandrel
interface as the nearest strain gauge to the product side is a hoop
strain gauge.

The strain results confirm the conclusions drawn from the analysis
of the stresses in the mandrel that the critical section for mandrel
failure in hydrostatic extrusion/drawing is about midway along the -
mandrel/billet interface. On the other hand the maximum tensile stress
in the mandrel due to frictional drag in conventional extrusion must
be upstream near the billet/ram interface, which could alter the
position and magnitude of the critical mandrel stress.

The experimental and theoretical results indicate that with
increasing drawing stress the driving stress is reduced and the
frictional and normal stresses at the deforming material/mandrel inter-
face, thus the strains and stresses in the mandrel also become smaller.

From Figures 7.4 to 7.19 one can conclude that the experimental
results confirm the theoretical predictions and, consequently, that
the theoretical pressure and stress distributions at the billet/mandrel

interface are close to the actual ones.

7.5.2 Stress Distribution at the Bore of the Mandrel

As mentioned ealier the stress distributions at the bore of the
mandrel can be derived from the recorded strain distributions. 1In
fact, as the radial stress is zero at the mandrel bore, the stress/

strain equations for the axial cz and % stresses become
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where the axial, Ez and hoop, ee, strains can be determined from the
experimental measurements. Unfortunately, the hoop and axial strains
could not be measured at the same point, since the hoop and axial strain
gauges are placed alternately along the mandrel bore.

Nevertheless, an approximate stress distribution can be obtained
by interpolating the experimentally recorded strains. However, care
should be taken as the gradients of strain and stress are large at
the bore region opposite the deforming material. This is particularly
important for the smallest extrusion ratio where there are only two
strain gauges opposite the deforming region.

Figure 7,20 shows the hoop and axial stress distributions derived
from the measured strains for aluminium at an extrusion ratio of 3.5.
Clearly, the accuracy of these experimental stresses is reduced by the
error due to interpolation, consequently a comparison between the

theoretical and experimental strains is preferable.

7.6 Conclusions

1. The experimental results show that the friction force at the
deforma{Lon‘zone/mandrel interface is small. It is higher for
the larger extrusion ratios and, for the same ratio, it is
greater for copper than for aluminium.

2. The friction force increases with increasing extrusion pressure/
drawing stress ratio.

3. Both experimental and theoretical results indicate that the sum
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of the extrusion pressure and drawing stress decreases with
increasing drawing stress.

By the application of a2 drawing stress not only the process
speed can be controlled but also the radial, hoop and axial
stresses in the mandrel become smaller.

From the lower upper bound approach the position of the

conical boundaries was determined and the velocity, strain rate
and strain fields derived. It was shown that the effect of
friction on the velocity field was negligible in the hydrostatic
extrusion-drawing of tubes, for the ratios considered in the
experiments.

The use of the weighted residuals method combined with the
velocity and strain rate fields allowed the assessment of the
stress fields in the plastic deformation zone. The pressure
distribution over the mandrel has a maximum about midway along
the deformation zone/mandrel interface, while the shear stresses
are small. On the other hand, the pressure distribution on the
die has a maximum near the die entrance decreasing towards the
exit.

The analysis of stresses in the mandrel was carried out by an
elastic finite element program. This analysis has shown the
existence of high compressive radial and hoop stresses and large
tensile axial stresses in the mandrel at the deformation zone.
These axial stresses are much larger than those due to the
frictional drag alone, applied by the deforming material to the

mandrel. Thus, in the hydrostatic extrusion of tubes, the

critical mandrel stress is influenced mainly by the normal pressure

on the mandrel.

The analysis of the experimental strain distributions confirm the

results of theoretical anlaysis: the experimental and theoretically
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predicted strain distributions on the mandrel are close to  the actual
ones.

9. . The method of weighted residuals is relatively simple and easy
to handle.

10. To obtain the stress field in the deformation zone, using 25
terms in each estimate of the stress function, 50 seconds of central
processing time and a memory of 25k were required on the CDC 6400
computer. Judging by this and by the good agreement between the
theoretical and experimental results, it can be concluded that
the method of weighted residuals used in combination with the
strain rate field predicts the stress field in the plastically
deforming region with good accuracy and requires only modest

computing facilities.

7.7 Suggestions for Future Work

The experimental technique developed in the present work could be

applied widely in the hot and cold extrusion and drawing of tubes.
In extrusion the much larger billet/mandrel interface and greater
friction could result in significantly different stress conditions
in the mandrel,

In future work the hollow mandrel sholild have a greater
internal diameter and larger length to eaée the bonding of the strain
gauges which posed a rather delicate task in the present case, restricted
by the dimensions of the available high pressure apparatus.

It would be desirable to investigate the influence of process
speed on the friction force and other parameters. In high speed
extrusion and drawing the effect of strain rate and temperature on the

stress field could be taken into account by updating the flow stress
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of the deforming material.

The lower upper bound approach could be improved by developing
more sophisticated optimization techniques using more parameters.
If, for example, the optimization would be performed with respect to
the coefficients of a higher degree polynomial the plastic zone
boundaries and the upper bound pressure would become more accurate.
However, care should be taken as the computation costs would increase
with the number of parameters and a solution with a small number of
parameters could be equally satisfactory. In the present work, where
two parameters were used, the computer program to minimize the extrusion
pressure required about 30 seconds of central processing time in the
CDC 6400 machine when a mesh of 121 nodal points was employed. The
required computing time was also a function of the accuracy of the
initial estimate. Although the weighted residuals method in combination
with a velocity field was satisfactory, it would be advantageous if the
need to assume a velocity field was eliminated in the application of

that method to plasticity problems.
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APPENDIX A

VELOCTTY, STRAIN RATE AND STRATN RESSIONS FOR TUBE EXTRUSION

ASSUMING CONVERGING FIOW AND A SPHERICAL ENTRY BOUNDARY (FIG. A.l)
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A.l - Exit Boundary

The exit boundary is described by the following equation
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A.2 - Velocity Field

The velocity at a point P in the plastic deformation zone is
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A.3 - Strain Rate Field

The strain rates can be cbtained by the following expressions
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A.4 - Strain Field

The components of strain at the point P are found by applying equations

(4.26) . The integration of strain rates leads to
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APPENDIX B

EXPRESSIONS TO CATCUIATE THF ARFA OF THE ETEMENTAT, TRTIANGULAR SECTION

AND THE CO-ORDINATES OF THE TRIANGLE CENTROID

A
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FIG. B.1

As shown in chapter 4 the mesh configuration (Fig. 4.17) is formed by
triangular elements (Fig. B.l). For the sake of programming it is
convenient to express the area of the element triangular as a function

of the co-ordinates of its vertices (z, , r;)

AAe=—;- 1 Z. T,

1 1
1 z. r
J
1 7 x5

The r and z co-ordinates of the triangle centroid are given respectively

by r=ri+rj+rk
c 3
and zi+zj+zk

[o] 3



-245-

APPENDIX C

OOMPUTER PROGRAM “MIN"

The flow chart of this program is given in Chapter 4 Fig. 4.19. The
FORTRAN camputer program variable names and the listing of the program

are included in this appendix.

C.1l - Variable Name List
The program variable names are defined in alphabetic order in the

following list.

AJ , AK element dimensions
AIPHA half die angle
ARC angles wi and (wi-e); see Fig. 4.15
AREA areas of the elements
BJ , BK element dimensions
CDR r co~-ordinate of the nodes
CDRM r co~-ordinate of the element centroids
CDZ z co—ordinate of the nodes
DEXT outside diameter of the mandrel
Rl
k4
DFT1DR 3T
Y
DFI1DZ 32
oy
DFI2DR 5
Y2
DFIZ2DZ Se
DIST distance d; see Fig. 4.15
DISTDR od

r



DISTDZ

DIST1

DISTI1DR

DISTI1DZ

DIND

DRODR

DRODZ

DRO1DR

DRO1DZ

DRIDR

DR1DZ

DR2DR

DR2DT

DR2DZ

DIDR

DIDZ

DVDR

DVDZ
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ad
9z

distance d

1§ see Fig. 4.15

od
r

2q)
9z

die land length



DVIDR

DV1DZ

DV2DR

DVZDZ

DZ1DR1

DZ1DT

DZ2DR2

DZ2DT

D2Z1DR

D2Z2DR

EFSTN

EFSTR

FATREM

FORCE

FXC
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tangencial velocity discontinuities

a
AE S sF

vy

of HE S R

§

dr

=

d?z,
dr3

effective strain

effective strain rate

extrusion ratio

measured friction force

friction force at the die/product interface
friction force at the mandrel/product interface
friction force at the defommation zone/mandrel
interface

friction factor

flow stress

drawing force

upper bound pressure



NPJ

NPK

NZPT

PI

PWFB31

PWFB41

PWRD11
PWRD21
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library subroutine parameter

counter

library subrotine parameter

nurber of elements

nuvber of literations

library subroutine parameter

number of nodes

indices of the first nodes of the elements
indices of the second nodes of the elements
indices of the third nodes of the eleaments
number of nodes along the exit or entry boundary
number of nodes along the deformation zone/
/mandrel interface

s

power of deformation

friction power dissipated at the deformation
zone/mandrel interface

friction power dissipated at the deformation
zone/die interface

redundant power at the exit boundary

redundant power at the entry boundary

outside diameter of the billet

length of the deformation zone/mandrel interface
p ; see Fig. 4.15

outside diameter of the product

axial stress acting at the exit boundary
strain camponent €

strain rates

strain component €



STRNZ
TAGX1
TAGX2

VLENCL

VLENC2

VLETC1

VLETC2

VINC1

VINC2

VLIC1

VLTC2
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strain component €g

strain component €,

slope of the exit boundary

slope of the entry boundary

angle between streamline and the z - axis
velocity at the nodes

r component of the velocity

z campoent of the velocity

velocity of the billet at the die entry
normal component of the velocity at the exit
boundary in the rigid zone side

noxmal ccamponent of the velocity at the entry
boundary in the rigid zone side

tangential camponent of the velocity at the
exit boundary in the rigid zone side
tangential component of the velocity at the
entry boundary in the rigid zonde side
normal component of the wvelocity at the exit
boundary in the deformation zone side

normal camponent of the velocity at the entry
boundary in the deformation zone side
tangential camponent of the velocity at the
exit boundary in the deformation zone side
tangential component of the velocity at the
entry boundary in the deformation zone side
volume of the elements

velocity of the product

library subroutine parameter

outside radius of the mandrel
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C.2 — LISTING OF THE PROGRAM MIN

FFOGFAM MIM IMFUTOUTPUT s THRFES=UUTFUT » TAPES=INFUT « TRFE4"

THI- FFPOGFAM CHLCULATEZ THE TOTRL EHEFGY OF THE FLAITICHLLY
DEFOFMED Z0OHE AZ:UMIMG COMICAL BOUMDRFIET FOF THE ENTFY
AMD E-1T. DATR I: IH DATMIN

MATEFIAL @ COFFEFR

DIMEN=IOM W2l 20

COMMOM HFPT s 22 aMIFTa M s MR« DES T o HMFP e TS« TREHS s CTES s 251« THIGH 1
IMF« CEAFEsFL o i@ s ALFHAWYFs COP v 00 2 COZ 300 e CTEL1SHEL-FOFLCESFI
CrEFEZTR v AU «EXNTRHFC vde S0 s TETHAZM s HRFER T2 o LDFM T2 « FRATRE S
SNVEL 00 A WELZ 4 2 ITRFNFT tda i o FO Q00 FRTR T L L2 FATFRFF
o X TRFHP AU s STRPHT 300 « ZTRMZ 3000 s CTRHFC A0 EFZTHY S0 «HITEF
S FLIT i s P I TEE s HP AP s WPk r 220 o FLEM Y 2o COF 20T ITEF« DLHD
Sy FHTFEMs FRATPED « IHD«CEF«PPHWLHCL 200 S NMLTCL v 200 o WLEHC L 22100
CVLETCL e300 o WLNHCE v 300 WL TCE2 c 200 s YLEMIZ » 30 o WLETC 2 f 2100

FERD f 3300 MFNHZ HITEF:sPEsREZs DEXT s BLHDs ALFHA« WF« FOFCESFATR
FOPMAT LIS 2FE, O

FEARD S« S10 MM Ly IMDs IFAIL

FOFMAT v 150

FERDLSaSZr 1850 Tas I=1ag

FOFMAT c3FS. 02

FI = 3.1415
0T =

COF = &..-2k
HFFT = MP + 1

HEPT = M2 + 1

HHF = HFFT « HZIFT
HF = MHF - HZIFT + 1
FE+eZ

EAXTF = wFE2 = LEr » 1F1IZ = ¥
& = "FE - v - TAM'ALFHA.

2o = (P - AH)y - TAMWALPHAY

VI o= ESTR + WF

[TERP = 1

CMFITE CEe sl

FOFMAT > v 3 20« 10HIMFUT DATH. -2

WFITE tGselr MRy MZsHITERP«FPEsFIsDEXRT»ALFHAYFsFOFCES
1 FHTP-DLHDsEEFpPPH

el FOFMAT ¢ <« 21000 THHF =2 IS0 70 S VHHE =¢ 1%

st "” ~THHITEF' =[G 2 20ETHFE =+E11.5« *n

St THFE =ZeE11. 50 a 2ETs THUESRT  =+E11,5. « 21000
?HHLPHH =eE11.5e e 2 208 THYF =+E11.S« 0 200 THFOFCE =»
E11.5y 7» ZUE FHRFATF  =eE11.5s -« 2« THOLHD =«E11.5.-
» 20« FHCEBF =«E11.5y ¢ 20 THFFH =vE11l.50 0

[BLPS PO YN ¢ Tl



1T

[ng
o

—- -
|£| A£|
gL o

—-

iy

—
|£|
"w
PR

SO0
402
3113
304

105

] FDFNHfof

el I SRR N I PO TR N o PRSP

WEITE v e gz

FOFMAT 20

WMPITE ' &ens
FOFMAT »e =

MFITE e nd!
FOFMAT 10 =
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L ENTH
Ve lTHESRTRUZION FATIO =«FS.3e00

ANSEMUSDREDES R
Ve T3HIMITIAL WHALLEZs <790 2

IR« 1THITERATION PESULTE

CALL EUCEF MM o FrCobds LW IFALILY

JIRZ0 = FOFCE — FRATPEX, 'FIerFILa - w20
[FrIFRIL. HE 0y WMEITE '&0e 1:&13 IFHIL

FOFPMHAET -
MFITE reel
FOFMAT €« «
MEITE ves 1

D T S
a 5 a a2 ‘a4 s ‘a a -£||‘.|11:|l|_'|

1 0 e e el it |_.,| [EXEy ] .: -L'n

WFITE 4300

:“HIFHIL =. 15
Voo [T e Iz 1-;

h-t

THAC veIlegHi=eESD. 190

30s 1EHTHE PPEZIUPE 13 <EZi.
1iis 1EHFATPEM————————=~-= =+E20.
1124 1EHFATPED———=— === —m= =+EZ0.
1y 1EHFATRE———=——====——== =+EZD.
ts 1EZHFATRP————————————= = E20.
4¢ 12HFRFICTION FRCTOR  =<E20.

w
v

—. ': —

FOFMAT:2IZvmElCeme s E2N,. 132
MPITE'vdedigs COF I3 sCOZCId « I=19 HHPY
FOFMAT 'cE2N. 140

WFITE @340

FOFMAT SE1&,. 100
WFITE eds40dy FLIT o Ix»I=1sMMFD?

FOPMAT fE1E.
MFITE rdbs 405"

10
Fil e 2IRE0s FF~FHRTFERM

FOFMAT i34E1B, 100

“TOFP
END

1,
Wi« 12HCOEF OF FRICTION =<Ec0.
. 1EHIIG20 =sE2l.

14,
14,
14
14+
14,
14.
14»

14s

FrC«FRATREMs FRTFELDFATFPEsFATPF s FFs CEF s

HIFT-HF«DEXNT-PEsFZs HLFPHA VFESNTR 22

v i ZTRFMRET ks MY s k=140 sEFITR (M2 o M=1 9 HHP

HeZHEC e Il SHY =2E2 N,

IRZn

1dan
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ZUBROUTINE FUMCTL oMM WDy PRI

DIMEMZION (2

COMMOM HFFT« 2 s HEFTeHI MR« DEGT s HHF « ZHSs TAG S CTES« 21 TRIGHL
IHF « CEFE«FZo @ HLFHASYF «CDF cduuy »CDZ 300000 W CTELSHELFOFLESFI
SEFITRF v il cELTR AR v 3« 200 « TETR 2D 2 HFER Va2 s CDFM 7220 FRATFE -
SVEL v WELD U s ZTRHFT v 300 « PO 000 «FRATF - =C L LS FARATFPFF
Ge JTRFHP 300 o CTRFHT o300 s ITRMZ r3 00 o DTRHFZ o300 s EFZTH 3002 « HITEF
SeFLIT i eHRPL v 2@ «HP D TE2Y o MPE o TE20 «FLENW .« COF~ 26T« ITEF s DLHD
EeFRATFEM« FATFED« IND«CEF« FRHAYLMHC L r 200 o NMLTC 1 200 o VLEHC L 2200
LETCL o200 o WLHCZ v 200 o WLTC2 300 o VLEHCE 0200 o WLETL 2 2100

bt )

[

B |

o 11

A 4
=1

mwann+<u

- '

-

1

A
4

HHFHZFPT
+ 1
HZFT - 1
COZTETAR: ddx o
I TETAR L s
TRHTETH Jd
CO_AFC s Ada
LO-Teee
CINARRC v 2
THHAFC 7 2
cOZRFC L
CO_T1we=
JINHRFC ]
THHARFC 1 1
1. .1

e

M

C I O
L R
s

O I D

Co:
IHAFC

L |_-_:» 0]

COZT32 = LOZITdeec

COZTS

SEHTS

CO:-Tse
LTl
LTe
T2
T4

DZ1IF1
N
DZ2Z1DF
Dz2z2op

ZENT1
COIZT1
TEHTZ
e I

COZ AFC e s
TIMVHR v e o
COZTS+e2

+ CO:T4

+ TEHTS

+ COITS

+ _EMTS

=TTl
=TizTe
Y
TP

- TETA" 112

o= TETAH.A1
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= =C0°T1 . COZT4 & W72
Moo= —L0ITe - LOZTS ¢ VF

DIZT = ZOFPT v CDF Lo ~COR I oo+ r UL Ly —COZ VL0 v o0l
Vi = CORcl el (CDRE LY W2

FOCIy = DIZT. ME=1.0
FO'L» = FO' 1y + DIZT
ODFIDT = PO I»0ZT71-COZTH
DFeDT = FOLy-CO0ZT2-COITS
DZ10T = DZ1DFL « DFLDT
DZ2hT = DZeDFe « LFP2DT

g 1 J=1+MZFT

Mm=14+ 1 -1

DTDF = 1. ' OFIDT*» o1 —-TGTIZeDZ1DR1 s+ CUS M —COZ Ts 0w
1ZEC2T 2

DTDZ = -TETZ«0TOF

ODFIDF = OFIDT « LTDF
IF1DZ = DFIDT « DTOC
IF2IF = DFEDT » OTDF
IF2DZ = DIFSDT « LTDS
LZ10F = DZ1DT7T « DTDF
D212 = BZ1nT » DTDC
pZelF = LDZZDT « DTDFR
nZahZz = DZ2DT » DTLZ

OFITDF = —02Z1DR-UF1IDFCOZT1E

IFIIDE = =DeZ1DFeDF1DZeC0ZT1E

ODFIchF = -DaZchF+DFcDRFeCOZTRE

DFI2D. = —DgichFeDRFEDZ+C0ZTEE

DFIDTF = DFI1DF — LTDF

DF1DTE = DFIIDZ - DTDS

IFZDTFE = DFISDF - DTIR

DFSDTZ = DFIZDZ - DTDZ

IWIDF = =7 —CT1eDFI1DF+CTeeDFLTOTRFY » W2~ COZTHS
WILE = = =CT1eDFIIDZ+CTZ*DFIDTSy » VI o~ COITHE
IWellF = — 1 —~LTZeIFIZDR+CTASLFCDTRY « wF - COITSS
Wb = = —CT2eDF IZDZ+CTH4«DFZDTEY « WF o~ COZTSS

IOFTy DR My —COF T2 s + (COZ My—CDZvIoseedn
FOvI* + DIETIH

DIZT1
P
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YELOCITY FIELD

YEL My = FO Io«LDFToe 1RO L DF 7MY
YELF = WEL'M e EMTZ
VELZ M = WEL M eC0ITE

DIZTLF LR Ly =CDOF VI e DFESDF-DF1TF +
1 DS L =CDZ Iy ve DEEDF-0ZLIDF - DIZT
DIZTDZ = «»COF L ~COF I v DFEDC-DF 1Dy +
1 VD2 L =COZr T D22 DE-0CIDZ0 DI 2T

DFcDF-CDR'LY + DWEDF-%E + DISTODR. DIZT

DFO1DF1 =

DFO1IDFE = DF1DF+Y1 + DYVIDFeCDR 19 — DFcDFeVZ — DWEDFeCDF L2
pFOIDF = DFOIDOF1 - DROIDFE~ CDRvIxeN1 — COFcLyeW2r v eFDOIn
DFOIDZ1 = DFSDZ-CDPeLY + DWEDZ-WEe + DIZTDS-DITT

DFO1DSs = [DF1DZeV1 + DVIDSeCDR oI — DFSLZeNE — DWEDZlelDF Lo
DFO1DS = DPOL1DI1 - DROIDZZ2- DR IxeN1 — CDRLoeVZIaeFOV]

IFLJ.ER. L 1200 TO &
DIZT1DF e M =_DRP I ser 1 -DFITFY -
1 PO My =CDZ e Iv2»DZ10F) ~DIZTI
DIZTIDZ trCOR MY -CIF T s e ~TUFIDIZY 4+
1 DS M =COZ e Tar el ,=D21020 - DIITL
20 70 2

S DITTE = T COF Ly —COF M eel+ DT L =CDT v fla s eecn
DIZTZDF DR L =CDF rMa 3y OFRFETIF-1.2 +
1 LD L -CDZ M eDZ2DFY - DIZTE
DisTeDZ DR L =CDR M2 ) «DF2DE +
1 FLDZ Ly -CDZ M e DEEDS-1, 00 o DIZTE
DIZTIDR DIITOF - DIZTZDR
DIZTIDZ DIZTpZ - DIZTR2DE

] o ] I~

3 DFODF = DFOIDF + DIZT1DF
DFODZ = DPOL1D- + DIZTIDS
I¥DF1 = LFOLDF-FOCIY + OFL1DP-COF:¢1: + DY1DF-Y1
[NMIFPE = DFOLF-FO Ms + 1.-CDF op3
IYDF = DWDF1 — DWDRE: YEL Mo
I%DZ1 = DFO1DZ-FO'I. + DFIDT-CDF 61 + DW1DZ-%1
DYDZ2 = DFODS- RO Mo

Wbz = DpWDZ1 - DVMIZZSh eWEL MY
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TFPRIN FATES

IwIIFe ENTZ
WELF -CDF M2
CTRHFPT ¢34 wenlel0-T2 -
CTRHET i3 e oo [IWDIZe ZEMTE
1 DY DFeCOITZ

CTRFHFT 1 1M
TRHPT 1 2

Woatouon

“Tile TTRHFT ' 1eM 0o
“Tee CTRHFPT ' ZaM el
=Tz ZTRHFT  Zeplr vos

ZTRFHFT 131 oe
Lo T + LT +

ITag
EMIT

EFZTR MY = LOF & ZOFTVEMIT +

COMTIMUE

]
e I=1-HF-HIFT
I + HZFT -1
J+01
WLTCZ2 4y =

A

ng
L =
d =

VYEL Ly e

+ YELZ M «DTIF

YELFeDTDC

+ WELZ M DTDC +
- VELF+DTIDF"

=Tz

TT4En

CINFARPC rd. 00

MLETC S

SLHDE Js =
WLHC L n oy =
WLTCL v Js =

YLETC L o

CIHRFC S
o COZARPC S 1s°
. b * COIAPC 13 Jan
CEL Iy e ZIHRARPC 12 Ji

=Wz & TIHARC 1y dun

- WF e

CONTIMUE
<TEHIME

00 4 I=1+MHF
LTPHF LI =
ZTPHT 10 = 10,
STRPHZ I =
CTRMRFZ oIy = 1,
EFZTH.I = U,
CONTIMUE

11 =1
10 S I= HZPT«HHFMHZPT
Jd) = 11+ 1

EFITE = 'COF-&..
EFZTT = «COF. 2.0
EFZTH 1+ = EFITE

IIFES = EFZTF I VELZ LI

REZ VoWLETCZ n )y ~
REZ COWLETCL vy =

VLTS ddooWLHC 2 A
WETCL e e WU HC T ot e
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ng s J = S«1ZFT

P =1 - 1+ 1

DEL =:CD2rty — CDZvE+100

DIFEL1= EFZTF k0 - WELC b

DIFE = 'DIFEl + DIFEZs ~ 2.

_TFE = DIFE + IEL

EFITH/ b = EF_TH'b+10 + ETFE

TIIFEZ = DIFEL

IF ' JLED.HZFPTY EFZITH b2 = EFZTHky + EFCTC
S LCONTIHUE

FLOW ZTREZZ «COFFEF2

g v bt = 1«HHF
EFT = EFTTH b

FLIT'bY = 5,344932 + EF 121,380V 4+ EFT# =323, 3341 + EFZ+=-3224,.5182
1 EF. # '+ 7O 208 + EFTe 1 —xd2.7S3 + EFZ#130.5180 3000

¢ CONTIHUE
THE FOMEF CALCLULATIONE
FOMEF OF DEFOFMATION

FLDEF = u. 0
g =2 L = 1«HEL
I IR] = 0 )
Jd MR L
} HFE L
FIMT =vFLIT I eEFZTR I +FLT 0 oEFZTR v +FL T F v @EFITF kD v 2 3,
YOL = S.eFIeHFER LY «CDFML)
FMIOEF = FMDEF + FINHTeYOL
2 CONMTIHUE

FEDLUMDANT FOMEF OM EOUNHDARY 1

J =1
FulrDil = u, il
0 1S I=sHZFT+LHF S HEZPT
L I - HIFT
A 4+ 1
DELT TORPT LD Iv=CDFiLr s oo + LDOZCI o =CDZ Loy eec
FHIM ORIy + CDFcLY 2.
TR = 2.eFIeFADMeDELT
Tl HEZ «WwLTCL  dr — WLETC L ra0
o TL AEZ wLTCl v d=1 o =WLETC e =100
~HEARFI = FLZTIv - ZEIT
CHERFL = FLZT'L> BT
FINT = »HERFI*LYTI + _HEHFLeDWTL2
Furnlt = FurD1l + FINTe:ZUR
15 COMTINHUE

]



IR ]

(O o O O B

FEDLINDAMT FPOMEFR O EBEOUNMDAFY 2

Il = 1
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FWMFOz1 = 0.0

OO0 17 I = 2eHIFTMHF-HIFT

L =1 - HMIPT

J =1 + 1

DELT = Z0FT COFR I =CDOR ' Ledees + LDZvI0—COZ L reec
FAHOM = "COF I + LDF LMoo 2.

R = 2. eFIeFRIMeDELT

DVTI = RECVWLTLZ D =%LETLZ 0

DWTL = REIWVLTCEZ =10 -YLETLEna-100
THERFI = FLZT I+ - Z07

HEHRFL = FLZT Ly . I0OT

FINT = +HERFIeDWTI + “HERFLeDWwILy.Z.
FulFDZ21l = FHFDS1 + FIMTe:UF

17 COnTIng

E

FFICTIOM POWEF OM EOUNHDAFY =

FRICTION FRC.TOF CALCULATION

Sy =

Do 22 I=cM2RT

1
DZelr = LDZels

FLIT Io-I07T
FLET Lo oIl T

' CHERFI + IHERFL» 2.
UMb, + ZHERFM & DELT
2Tl -I0T
STOMF - IET

D2ty = Z:

FMLT + DLHD

* FI + ¢

FF = FATF - 'TP<eczZUME + FLT +ikl32

L=1-
DELT = ¢
_HERFI =
ZHERFL =
_HERFM =
S UMk = C
k1 = FL
k2 = FL
FMLT =
FLT =
TP = 2.
FRTFF =
FRTFEM =
FRTFED =
FRATFE =
J =1
FMFBE31 =
FLORD1 =
ng 19 1
=1+
L=1-
LDELT =
SR = 2.
owTl = wH
owTL = H
THERFI =
THERFL =
THERFM =
FINT =
FLORD1 =
FMFE=1 =
19 CONTINLE

FFeTF.+-1MY
FFeTR.ieZb1eFLT
Frez.ePleFZeTkZeDLHD

FRTFEM + FRTFELD

=2« MZFT

1 .
DI = COZ0LD
*FIe-«LELT
BZVWEL I
EZ«WEL Loy

FLIT»I» » 2007

FLZT Ly - Z0OT

' THERFI + IHERPLX.-Z.
IHERFI*DWTI + IZHERFLeDWILM . 2.
FLORDD + ZHERFMeLZUFeFF
FMFEZ1 + FINMTeILIF+FF
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FFICTION FOMEFR O BOUMDAFY <4

J =1

FMFE4l = 0.0

g 20 I=HF + 1«HHF

J =1+ 1

L=1-1

DELT = ZFTy v DR I —COFLivess + (CDS0Ie = COZ Loy eesn
FAIOM = «COF I + CDRPYLY3-2,

I = 2.eFIeFALMSDELT

DWTI = REZWwEL I3 0

IvTL = ARZVEL L2 D

<HEHRAFI FLCT I - 20T

FLIT Ly o~ I07T

L IHERFIDYTI + ZHERFL*DWTLY -,
FUMFE41 + FIMT+ZLFFF

1
I
m
I
Al
-

i= i

FiFE$1
CUMTIMUE

TOTHL FOMER FEDUIFED FOF EXTRFLZ:10UM

FOMEF1 = FWIEF + PUFPDLI1 + FWFDZ1 + PUFEBEZ1 + FUFE4]
FPOMEF DUE TO THE FFPEZCFIBED FOFCESZ

FWFFF = FOFCE — FRTFE! ®%:

ENTRPUZION FFEZZIUFE

FiC = +FOWMEF1 — FPLHFFF) ~ PIe PEeez — ooz eVF)

ITEF = ITEF + 1

IFEZT = ITEF - ITEF<MITER + NITER

IFIFPEZT.HE. O FETUFH

WEITE ves 13239y D01y mCaFRD

THHEC v 1y =sE200 14 30 THRD 1 20 = ES20. 134

30X THFHE  =<E20. 14

FETLIFH
EMHD
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ZUEFOUTINE MECZH

COMMON HFFT 2. cHEFT e M HF«DES T e HMHF s 22y TRE S CTES 20 L e THiZA L S

IHF « CEFE«F oo ALFHRYFCCDOFP 300y « COZ 300 0« CTEL«HEL~FOFZE - FI

S EYEFITRF AU BN TR eAFC e S0« TETH S S AFER  VES s COFM V220« FRTFE «

'“EL U e VELZ 00 s ITFMPT e300 « PO 3000 s FRTFs L 1 L2« FRTFFSFF
CTRHF 00 s CTRHT 300 a ZTPHZ v 300« ZTRHPZ 300 cEFZTH 30 «HITEF

v-FL TR 300 aHF I TS sHPF T2 sMFE  TES) s FLEMYE W COF < Z0 T« ITEF DLHD

EyFRTFEMsFATFED« IMD«CEF s PRMs DLIFMY 1 S 00

r

CTEL = 01

FLEH = iCe

=1 = CTEYL » C7

Zie = 241+ FLEN

LTEs = ZHE —E

TREZ1L = 27 = 2ty - oRID = L2

THzC2 = +JE — Jigr o+ oFE - 2

TRz = 1. THIZC1

TRZ:E = 1. TREZZ

Do 1 1 = LMHHHF

CDF I = 0.0

CDEfIy = 0,4

COHTIMUE

=10

DO & I = HZFT. MHF SMIFT

LRI =00+ FE = 2~ FLORT tMFPY o FLOAT

COSv1Iy = THRZZ®LDRF Iy = Ha + LHE

Jd= 4 + 1

g 2 I=1+0F«MZFT

COFs I = ZERT DR VI +ME) eez=120 EXTF + 2
3 CDEIy = TRRIL# LDF 1y = w0y + Al

g 1z = {«HFFT

Do 1& 0 = &sMIFT - 1

b= J 4+ I = 10« HZPT

=1+ I -1 & HZOFT

COFkY = CDF:Ly + WCDFYLHMEY — CDFP7L2s - FLOART 'HZ o FLOART v.4-10

ChZob = CDELy + (WCDOZOL4MEy — LDTrLh e - FLOARTMZ: » FLOAT -1

CONTIMUE

fie
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COMPUTE THE ELEMENT: GEOMETPY

HEL = NFeNIec
00 14 I=1.01F
0 14 J4=1H2
HIG = 1 + 1 I-10elF
M1 = HIpea-1

= M1 + 1
F o= 4+ 1I-10eNIPT
HPI M1 k.
MEJdrrL Eo+ MIFT +1
MFEF 1110 b+ HIFT
LOFMyf1y = DR HFI rMIa v +CDP CNF ML +LDF CHPE M1 o0 3,
HJ “COZ W HFF M1 2 +C D2 HPT v M1
H¥ =CDEHPI oMLy v+ CDZ  MP I ML
B COF MPR s MLy —LTIF MHFT iM10
Bt LDF NPT MLy —COF  HFE ML
HFER M1y = .S+ Ak+Ed — HAIeEhk>
IFeRFER MLy 3T 0. 0 50 TO 19
MPITE tmawiicy M1

> FOFPMAT too 0 100y TAHELEMENT HUMEER« 13+ 25H HAZ HEGRTIVE AFEA — ITOF:

ITOR
HFET iMzo k

ME.d M2 Eo+ 1
HPE 2D F o+ 1 + HZPT

COFMpize = «CDFP7HPI vME  d+COP rHE o Mo +C TR (HPY CME0 03 03,
H.J —LOZ HPE M2y o+ C DT iMPT tM20

el —COZ HRFI My s +C D2 HF oMz

Ed CDF "HPE M2y o =CDR HPT FM20 0

Et COFFHFT M2y a=CTF MHP. M0

HFEA ' MZ) = [ Se Hh «E I-H1*EkD

IF'RFERME 5T 0. 20 TO 14

WFITE sl H2

v FOFMAT wo 2o 13 14HELEMEMT HUMEEFR» 14, 25H HAZI HEGATIWE AFER - TTOP)

J
=

v
-
$a

:TOF
COMT THUE

MOFMARL HRECZ AT THE EOUMDRFIEZ
Jl =1

D0 4 I=1+MF«MIFT
L =1+ HIFT - 1

1= JdJ + 1
TETL = TRGZ1
T5T& = TRZE

TaTE VN (1 S IR €] S IR o il I Y (el
AFC 7 l«ddy = ATAN=TETLS

RFEC Se dd) = HTHM =TT

TETRYJdr = HIAMTGT.:

FETLUFH
EMD
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APPENDIX D

COMPUTER PROGRAM STRESS

The flow chart of the program STRESS is presented in Chapter 5, Fig.
5.2. . The listing of the program and the variable name list are included
in this appendix. The subroutine SIMQ is a library subroutine and there-
fore is amitted fram the listing of the program. This subroutine is a
procedure for solving a system of equations which employs Gaussian elimi-

nation.

D.1l - Variable Name List
The FORTRAN computer program variable names are defined in alphabetic

order in the following list.

A coefficients of matrix (equation 5.44)

ATPHA half die angle

AVFIW average flow stress

AVPRS average pressure

C after call of SIMQ contains the estimates for

free parameters

CBF coefficient of friction

CDR r oo—-ordinate of the nodes

CDZ z co-ordinate of the nodes

DEXT outside diameter of the mandrel

EFSTN effective strain

EFSTRT effective strain rate

EQVDS equivalent stress calculated fromthe deviatoric
stress tensor

EQVS equivalent stress calculated from the stress



ERROR

FATREM

NERREN

NPARAM

PRED

PRESS

SIGDR

SIGDZ
SIGMAR
SIQAT }

SIQMAZ
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tensor

error between the calculated deviatoric
stresses and the deviatoric stresses cbtained
by the Reus - Prandtl equations

friction force at the manfrel/product interface
friction factor

flow stress

munber of terms of the stress function ¢,
(eg. 5.36)

parameter m in stress function ¢, (eq. 5.36)
parameter n in stress function ¢, (eqg. 5.36)
nurber of error functions

number of nodal points

number of terms of the stress function ¢,
(eg. 5.35)

parameter k in stress function ¢; (eg. 5.35)
parameter 1 in stress function ¢; (eg. 5.35)
normal pressure at the die billet interface
upper bound extrusion pressure

outside radius of the mandrel

outside radius of the product

deviatoric stresses cbtained by the method of

weighted residuals

normal stresses



SIQDR
SIGDRZ
SIGDT
STQDZ

SIGMRZ

SIGRA
SIGRB
SIGRZA
SIGIB
SIGZA
SIGZO

KX = a
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deviatoric stresses calculated by the Reus

Prandtl equations

shear stresses calculated by the weighted

residual method

coefficients of free parameters

axial stress acting at the exit boundary
shear stresses along the mandrel
velocity of the product

weighting factors

outside radius of the mandrel

residual functions
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D.2 - LISTING OF THE PROGRAM STRESS

FFOSFAM JTREZZ ODARTZ2CsOUTFRUTs Z0LYE s IHFES=DATZEC s TRFEE=T0OLYE
1. THFES THFES:

THI. FFROGFAM IT TO BE LIZED I|ITH FFROGHFEMZ WYELF OF
MIN AND TRIAL. DATA IZ IN DARTIZC KM TAFES.

COMMUN  HIFTsHRP« OE - TaMHHP s 22« 210210

1IFE«F Z ALFHRFRDZ 2SS s COF 2SS Lot g s 2 TRHFT v d s 250
EEF-TRT 2S5 e EFZTH 2SS TRZ i 30 v « FRED 20 o e HF «

IHFAFAM« MFAFPAMLPAFAMsHTEFMI«HTEFME«MIEFML«MTEFME « HEFFFM«FF
AR T S T I L T2 A FL I T S« T IGMAR 2SS s L IGMAT r 2S5 s ZTEMAZ 2S5
SCIGMP L 2SE o FLW 28 « Y 1 E s T2 a W 30 s BV 1 2S5 0 « ZIGMIF ) 25050
o IEMUT LS e ZIGMD S  2Se s s ZIAMOF S r2Sm s s BV SSE B TR D IRIF i 2S5 s
ToIGDT 2SS« IR 2Ser s EFFOR 1S 2S5 s FRET

FERDY d+3401 ' HIFTsHPWIEST«FEsFI cALFHRAYWIVENTF 22

FOFMAT 2l 3sElZ. 62 E20. 1430

PERD 'S« SO1  HTEFMI«HTERMZ « HEFFFHN«MTEFM1aMTERFMS s chlv 12 « I=1« HERFFMY
FOFMART rSI4.2FS, 00

MT = HF + 1

HHFP = HIFT » o MHE + 10

HF = HHF - MHIFT + 1

HZ = NHZFT - 1

MFAFAM MTEFM1 + MTEFME

HEAFARM HTEFM1 « HNHTEFMZ

LFAFAM HEFAFAM + MEFRFARM

FODT = I0FTr 2. 1

CcarF = 2. - FLT ’

FERL ' 3302 v COP I L0 e I o I=1 s HHF

FOFMAT vcEZ 0. 14

FERD ' a3 02 v vZTFHP T A I I=1a G0« EFITRT v I s I=1 HHF 1
FOFMAT ' SE1R. 10

FERD i30S FLIT I o I=1 s MHFY

FOFMRT 'El1x. 1100

FERD ' 43 s FRESS s TIRZUFF«FARATFEM

FOFMATv3EL1S, Lidn

OO0 = Jd=1MHHF

CONTIMUE

IIE"IHTDFIF CTFEIZZEZD
D0 2 t=1+HHP
FLW Ry = v2,-2,r & 2 FLETIEY ~ EFZTFTvED o

FLu by o ZTPMRT r1akd
FLusk o & ZTFMFT iZstb )
FLuligy » ZTRMRPT C24b0

o STFMFTigds k0

S IBMOF
ZIEMOT o
ZIaMOZ vk
SIGMOFRZ k3= FLWs S

TIGMDR kY e ZIGMOT VR
TIGMUR kY & ZIGMOZ koD
TIGMOT 1k « ZIGHMDI kD
I
:I

b=t =t i —
LR Ry Ay}

AIFZ K & ZIGMIPZ kS
TIGE + DIGI 0 o+ IlG4
e TORT Y D

I fa Lot M) e

-Illllllll

Ell':'D

=

FOT

= COMTIMUE
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WEITE e 19300 HIPTSHF«HTEFMISsMIEFMZ s HEFFFH MTEFMLsMTEFMZ
1DEHT-PE~FZ-HLPHH-V:-PFEEE-fIGZﬂ-FF
1330 FDFHHT THL s oS THHIFT  =aI3e iy -.HHF =23

17 e S T'HHTEFHI-- IZes oS THHTERME=y 12 LRI
ETHHEFFFH—-I- VSEA THMTERFMI= I 307 « S -THHTEFH HEER
3wy THOESRT  =aF T, 200 - S THFE =ehy. 2

4 S THFC = F7 TS THALFHH =« F7T 0 20 0 "0 Sl
STHYTC SeFV 30 WS THPFELZE =oFV. 2 wr o SHaTHIIGIND =
EBFET .S e S THRF L FRC T=e F7 L 2a 0

MEITE £e19310 +Iehlt Iy I=1¢HEFPEN)
1591 FOFMAT (Se@HM e T1adHT  =eF 7. 30 o

WEITE Bag0nu ETF
ZO0-FOFMAT 1HL1«. « S0 ITHESTRUZION FHILU =«Ele.der. o o

CHALL WMTR=

» MHF

PEOWIT T =~ FLET I » 100, o0 FLIZTWID
VIIGMPZ LY = ZIGMOFZ oIy e 100, o IIGMOFZIID
VIIGDR I ~ ZIGMIDR 1y e 100, - ZIGMIOF I
CZIRDTOIY ~ ZDIGMDTeIxy & 100, - ZIGMDT eI

g rar 1 o=
EFFOF 1«1+
EFFPOF 210
EFFOF ¢ 2« I
EFFOF (34 I
EFFOF S 10
CRY CUMTINUE
WEFITE & SO0
S000 FOFMAT - 1H1« 14+« 107VHNHO FLZTRFEZL EDITFELC EFFOF I
1MAF CIGMAT zIGMRZ ~lisnel IIGMIEZ EFFOF .
WMEITE s SO0L e ToFLIT I s ERWZ v I v EFPURF Lo T ZIGMAR Y I« ZIGMAT I 5103
IMAZ I « ZIGMPZ T s ZIGMIOFZ T2 SERPOF iZsba s I = 1eHMHF
SO0l FOFMAT 115 IS3EL1S . 40
MEFITE 2« SO020
00z FOFMAT ' 1H1.-« 14 107HNHD ZIGDF Z IGMDF EFFOF I
1507 IGmDT EFFOF =12 SIsmDz EFFOFR . -
WEITE e SUNZ o I ZIGDR (I« ZIGMIR F 10 sEFFOFR 2o I o ZIGDT Lo ZIGMOT LI s E
1FFOF e T« ZIGDZ I« ZIGMOZ CIX sERRFOFP ¢S Iu a1 = 1aMHP:
SO0z FOFPMAT 118« ISy 2EL2. S0

L

e

CIGDZ Iy ~ TIGMOZCIN e 100, . ZIGHMDI I+

I'D 4 I = 1.HHF

ZIGHAF 1) » FLITWNIFTS

SIGMAT I~ FLIT (HZFT

ZIGMAZ 11 < FLZTNZFT
FF = ZIGMFZ Iy » FLITYHZFTY
IFVIER 1D WRITE S lils

E02 FOFMAT i s 13e SHHODE » 7¥s SHFF s 1340 EHFTs 130 s SHFZ+ 134 s ZHFFZ v o
WMFITE B Bml2y I«FFRsFTsFZsFFZ

22 FOPMAT 15« I3+ 3F 15, 50

4 COHTIHUE
S0y COMTIMUE

n
— 7
Il o
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AWFLW n.u
AYVFF 0.0
g o I o= 1eNH2
HYFLM AVFLW + FLZTI+1+ + FLET 1
TOS ANVPRE AYFFZ + TIGMAR 7I+13 + ZIGMAFCI
AWELR AYFLW. FLORT 1 oM
AWFFZ AYFFZ -FLOAT 'S+
CEF = —-FFeRYFLW RVFFISFDTY
WEFITE e Sulds Z1EMAR 10 sAYFLM s AYFR L ER
S003 FORMAT -« 1w 2eHFFEZIURFE ON MULE 1 =+El1Z.3
< lmiySoHAYERASE FLOW TTREIL =+Elz.4.
2 10 2eHAYEFRGE FRETIUFE =+El. 3
o 1is2eHCOEF. OF FRICTION =«Elc.4n
DITT = CODZ'HZPTY - CDTOIN
DIZTYL = €021 = CDIHFD
MPFITE ' @y2c20" MIPTsDIZTsDIETL«FFRELZZsFHTFEM
o2l FORMAT IS.ZES0. 14 s E1E. 100
ng vos I=1+HZIFT
TFZIx = —-FFeFLZT ' I2-FDT
TOS MRPITECES2S 1 ZIGMAR T s TRZ (I
cddl FORMAT ZEcCU. 14
WFITE e SOUSY T TFZ A Ir e I=1sHIF 12
S00S FOFMAT <. » 100« 3HMODE « S« Z2HIHERF ZTFEZZEZ ALONMHG THE MAMDFEL
1 e T TR ES . e 0

HYFLW 0.0

RVYFRZ 0.1

D0 V10 I = HFsMHHF

J =1 + 1

FPFED .y = vZIGMAF I + ZIGMAZ Iy g, — +ZIGMAZY I = ZIGHAR I

1 < 2. # DOZ02.eALPHAY = ZIGMRFZIY & ZIH 2. eALFPHAL

IF« L. ECQ, 1Y 30 TO So02

HYFLIW AYFLW + FLITvId + FLZTrI-10

HYFFE HYFFIT + PFED'Js + FREL -1

50 70O T10

CS00E WMRPITE 2 ST

S00s FOPMAT r.m o 211k« ZEHFPFEZZURE DIZTRIBLN 10N O THE DIEs. ."s
1 100« dHHODEs 1 03 1 ZHHORMAL TTREZ e .

10 MPITE es SOOUTY T«PRED 12

ST FOPMAT roa 1 e I3« ECOD, 32
HYFLM HY FLLI FLOAT iZeMT
HYFFZ AYFFZ - FLOAT rZeHIH
CEF = -FF + RYFLW - +AYFPF:Z « FLT)
WMEPITE i« S003y AWFLLW«AYFRZCEF

Suod FORMAT - -« 100 SEHAVEFRGE FLOW _TREL- =s+E12.4

1 ol SEHAYEFRGE FPREIZUME =+Elc.4

c! el 2EHCOEF. OF FRICTION =«Eld.3:

STOR

EMI

nwnn

Lo

1

n
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E WTFZ
Enc,'-:_n

L OmMMOM

HIFPTaHF«DENTaMHFP s 20w

TIEC 1.

IFEsFZ«ALFHAFATZ ' 2Ser s COF 1 259 o LD e s ZTRHRPT vda 2500
SEFZTRT 'S+ EFTTH &S « TRZ VS0 « FRED Y 20 ol (o HF
ZHFAFAM <MFAFAM LFAFAM«HTEFML - HTEFMZ« MTEFMLI «MTEFMZ s HEFFFH«FF»
R T I TS s DT 2 FLIT 25 s ZIGMAF 1 29« ZIGHMAT  ESe v s TIGMAZ 2560
STIGMFZ 2SR s FLU ES v« Y v Se T3 s bl S0 « EQWOZ 1 20 o ZTGMDF r 25800«
el [GHMDT f@5m « CIGMDZ 2S00 s ZIGMIRZ (256 s LIV o 2500 s EXTR ZIGUF 2500 s
FLIGDT 258w D IGUZ v 256 sEFFOF £S5 2 s FREL Y
EQUIVALENCE ArlalasEBrian
= DENT c.
Fo= HMFAFAM + MFAFA
g 100 J4 = 1.F
Codr = 0,0
oo 14qa
H+Is o
oo 1n0e
ngo1og
H IT + bF
HP = FLZT /Mo
FLOE = FLWH
F= CDF'H
CZ =CDZvHa
0 10e MF
Do 1oe HL
IHDM H¥

HL 1

IHDM
HT HL + Hi'=1" + HTEFMZ
TIGFA = FLOAT IMDH* s IHIMH=1%2 & wFes 2@ IHIM+Sr 1+ » :OO-IHDH—EF-
ZIBZA = FLOAT L2+ IMDIM+Z v e 2o IHIOM+ES s -+ o Feer 2o IHDM Y ¢ « ZeeTHDM
TIGFZAR =-FLOAT 2o INDM+Z0 ¢ INHTHY nFoo-;fIHDn+1--or +4 IHDH 102
YoleMTa = 02, 3.0 ¢ ZIGFA - IIGZA-

'IF‘Hsj.

Y1ZeHTY = -I1GPA-3
%, 3% IG0A-3 IGRA-

M+ 1

I

100 = 0.0

II 1+HF-HZFT
FE 1-HIFT
-1

1-HTEFM1
1. HTEFMZ
1

1]
W

"H
(3 MT RSP
H

” rf =
TodaHTy = IIGR:
TrSAaHTY = 0.4
TresHTY = 0.0
YOTAHTY = 0.1
YOeZaMTY = 0.0

IS HTY
g T

CIGIA
IGZA

IFiFE JEO. 1 o
IF o ER.HIFT
IFCH.LE.HIFPTY WV ev«HT ZIGFZH
IF ' H.5E. HF WrEeHT rZIGFA
1 SIGRIAReCDL 1 2.
CONTIHUE

TIGIHR T IH 2, +

+HLFHA

+ALFHAY. 2.

10e
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O 197 M 1-MTEFML

ng 107V ML 1« MTEFME

IHDF = MF - 1

Do = ML - 1

HTT = HFAFAM + ML + M =11 & MTEFMZ

SIGPE = o FeeZeIMNDFPYY & «ZeaIHLD

TIGTE = FLOAT Z+INHDF+12 o (FPes oL & 1 Zee 1D
Vel HTT -_IBTE-2, + 2,- 3. » ZliaFE

Y2 HTT 2, Z,v « ZIGTE - ZIGFRE- Z.

ST T

=2IGrFE- 2. - ZIGTE- 2.

TeGeHTT = 0.0
ViSeHTTe = 0.1
YoreaHTT = .0
TV HTTY = 0.0
VaZaHTTY = 0.0

IF ' H.BE.HFY W 2aHTTy = ZIGRE+IIM 2. +HLFHAY -2,
107 CONMTINHUE
Wolak ==FLOE + TTPHPT 1M
e b —FLOE + TTPMFTS«M
— FLOE + ZTFPMFT <.ty
~FLOE+ ZTFHFT 3«
=_I1kCu
FFEZ.
., 10
WoEah o 0.0
IF H.LE.HIFTY et
IF H.GE.HF> YRETE
0 103 LT = 1.HEFRFH
0 101 Jd=1«t
0 101 I=Jd.F
AcIed = FHelalde + YrLTeIn » Pl Tedr & W LTh
He a1
101 COMTIHUE
1z COMTIMUE
102 CONTINUE
Jb =1
0 105 1) = 1»LFRFAM
/ ng 1ng4 I=1.LPARFRM
E:I._'JI = HFI‘_Il
dd o= Jd+ 1
104 COHMTINUE
Crldr = — F'I._lq}._.'l
105 CONTIMHUE
CALL ZIMD+BeC«LPHFAM 12
WEITE el
210 FOFMAT -« 20« LOHFAFAMETEF Z v 2
WPITE S« Bllo v [T eI =1« LPAFAM:
=211 FORMAT r&0e 2HI v IS 3H =«E15. 50

N e
- F - - -

N el 2 o

)
.

1 '
& .
s

1 [
Y '

| '

1 .

v !

Y

{1 T | I T | I 1 O U

FFeHP . TOFT 2.0
~FF#HF - ZOFT 3.0

1]
o
—
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1+ HHP

CDCrI

IGMAF T =01

CIGMAT I r=0.10

ZIGMAZ T =0,10

IR I v=0, 1

DO 121 b = 12HTEFML

o0 121 HL = 1.HTEPME

INoM = b - 1

IHOH = HL - 1

IND = ML + 'MHt—=1" & HTEFME
ZIGFHA FLOART » IMHDMHe  IMDM=1%"
~ICR

+*

FLOAT r2eIMIM+Z0  r2e ITHIM+20 0 #

LFee rce IHIM+C0

TFeerZeIHDMY Y »

* e i JHOM=E0 Y
e IHDNHY

CIGFEZA =-FLORT ' IHOM+320e IHDH e Fee S IHIM+1 v ¢ Toe c IHOH-10"

ZIGMAR LT = ZIGMAR I + COIND
TIGMAZ Iy = ZIGMAZ I + COINIG

* J1FH
+ ZIGZH

CIGHMRZ I CIGMRPZ Iy + CAIMDY e ZIGFZCH
LOMTINDE

pg 120 Mk = 1«MTEFMIL

g 1z0 ML = 1 «MTEFME

INDF = My - 1

IHDD = ML - 1

CIGFE = Fes e IHOPY . e e« IHDG

CISTE = FLOAT ZeIMDF+1Y + Resre]lMUFrr » 2 Zes MDD
INDD = ML + M =10 » MTEFMZ + HFAFHN

CIGMRAR YT = ZIGHMARPYIN + Do INDDY e ZIGFE
CIGMAT I = ZIGHMAT I + CoIMDDY + -I1LTE
CONTINUE

TIGHMED = 2+ ZIGHMAR I +TIGMAT I+ I IGMAS Iy - 3,

ZIGMAR I -
TIGMAT Iy -
CIGMAZS I -

SIsDF LI
TIGDT v I
SIGDZ I

OF1 = ZIGMARP I = ZIGMAT In
DFE = TIGMAT I+ - ZIGMAZ I

DFZ = ZIGMAZI» — ZTGMAR I

DFY = JIGMFZ I

DF1& = DF1 « DF1

DF2E = DIFS + TIFZ

IF32 = OF= + DFZ

IF42 = DF4 » TIF4

EOWZ oIy = TOFTY .5 « +DF12 + DFSZ + TF3IE » + =
COMTIMUE

FETUFN

EnD

ZIGMETD
ZIGMED
ZIGMET

+ DIFg4z
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APPENDIX E

STRAIN DISTRIBUTION AND FRICTION ALONG THE MANDREL IN THE HYDROSTATIC
EXTRUSION/DRAWING OF TUBES (Paper Presented at the 20th MIDR Conf.,

Birmingham, 1979)
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STRAIN DISTRIBUTION AND FRICTION ALONG THE
MANDREL IN THE HYDROSTATIC EXTRUSION-DRAWING OF
TUBES

B. LENGYEL and M. J. M. B. MARQUES
Imperial College of Science and Technology, Department of Mechanical Engineering,
Exhibition Road, London

SUMMARY

Experimental results are presented which provide new information for
the design of fixed mandrels used in the extrusion and drawing of tubes.

A hydrostatic extrusion-drawing apparatus is described, together with
instrumentation to record strains in the bore of the hollow mandrel and
force due to friction along the deforming material-mandrel interface.

Aluminium and copper specimens were extruded into tubes, while the
frictional load, the fluid pressure and the drawing force, together with
the hoop and axial strains in the bore of the mandrel were recorded

simultaneously.

Experimental frictional loads and strain distributions are given for
various extrusion pressure-drawing stress ratios.

INTRODUCTION

In the hot and cold extrusion and
drawing of tubes '7ith a fixed mandrel, a
matter of irdustrial significance is the
design of the mandrel, which i1s subjected
to normal and frictional shear stresses
2y the deforming material. ‘Jhile 1t is
perfectly feasible to derive these stresses
from theory, few attempts have been made so
far to check the calculated results by
experiments. In what follows the experi-
mentally recorded mandrel strains and
loads in the hydrostatic extrusion/draving
©>f tubes are presented, while the corres-
ponding theoreticai analysis and predictions
w1ll be the suoject of a separate report
lJater.

Although the widest application of
a work of this nature would be in .on-
ventional hot and cold extrusion and in
tube drawing, it vas decided to study the
hydrostatic extrusion/drawing of tubes in
tne first instance, because the process is
eminently suitable to obtain experimental
results for both the extrusion and drawing
of tubes with a fixed mandrel, under a
wide range of controlled conditions.

EXPERIMENTAL APPARATUS AND MATERIALS

A strain gauge metnod nas been used
for recording mandrel strains and loads,
similar to tne method applied by Lengyel
and Musuva (l) to extrusion containers.

An outline drawing of the experi-
mental apparatus is shown in Fig. 1. The
extrusion fluid pressure in the container
is generated by a pump-intensifier unit
(not shown), while the prepared tag of the
billet extending through the die 1s pulled
by a device at a preselected speed.

Pulling force, together with strains a..l
load on the mandrel were recorded simul-
taneously, while extrusion speed and
pressure were kept constant.

Various components of the experi-
mental apparatus have already peen
descraibed in earlier puvolications: the
container by Lengyel and Ashford (2), the
pulling device by Dunn and Lengyel (3)

The pumps in the pump-intensifier
unit were powered by electric motors and
could deliver oil at the rate of 410 cm3/min.
at pregsures un to 103.4 MN/m< (15,000
1bf/1n%). They stopped automaticallv on
attaining a preset pressure and held it
constant, restarting when necessary to
make up for losses. The pressure was
further increased by an intensifier and
measured by a manganin coil in the usual
nmanner.

A Solartron LP 1029 Digital Data
Recorder was used to record the output
signals from tnis manganin coil and from all
strain gauges at speeds of up to 10 samples
per second. A high speed numeric printer
connected on line with the data logger
enabled the readings to be printed out
onto a paper tape.

The thick walled cylindrical hollow
mandrel was made f£rom KEA 145 tool steel,
heat treated to 52-54 Rockwell C hardness.
Tt had a sufficient length so that the
effect of seals on the pressure calibrations
could be neglected. The metnod of cali-
brating the strain gauged mandrel under
pressure was similar to that used by
Lengyel and Musuva (1) for extrusion con-
tainers but will not be described here
since the relevant results will form part
of the second report.
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HYDROSTATIC EXTRUSION-DRAWING OF TUBES
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FIG. 1 EXPERIMENTAL ARRANGEENT

Ten strain gauges, five to measure
hoop strains five for axial strains, were
placed alternately in the axial direction
along the mandrel bore and bonded to it in
such a way that the centre line of gauge
No. 1 (a hoop strain gauge) was 20 mm from
the product-end of the mandrel while the
others were positioned in the manner
illustrated in Fig. 1. Compensating strain
gauges were bonded to a dummy mandrel.

on the mandrel was
and four hoop gauges
away from the deforma-

The pulling force
measured by four axial
bonded to the mandrel,
tion zone, waich could discriminate between
load increments larger than 215 N. The
velocity of pulling the product was kept
constant tnroughout the experiments at
1.5 mm/s, which determined the speed of the
process. All tests were carried out with
a die of 30° included angle.

The extrusion fluid was a four to one
mixture of castor o0il and methyl alcohol.

Jommercial purity aluminium and high
conductivity copper billets were used in
the experiments, with a useful length of
100 mm, outside diameter up to 41.148mm and
bore diameter of 26.416 mm. The extrusion
ratios were 2, 2.65 and 3.5 for aluminium,
1.5 and 2 for copper. The billets were
annealed, the aluminium for one hour at
300°C, tne copper for two hours at 600°C.
sdefore extrusion, the billets were coated
with a graphite solution.

RESULTS AND DISCUSSION

The billets were machined and preformed,
producing a narrow lip in the bore to assist
sealing the fluid and prevent it escaping
in the initial stage between the billet and
mandrel.

First a small pulling force was applied
to the tag on tne billet-end to make an
effective seal at the billet/mandrel and
billet/die interfaces. Subsequently the
extrusion fluid pressure was generated and
raised to a predetermined level and kept
constant. Then tne pulling device was
operated to apply the necessary drawing load
to the tag so as to make up the total stress
required for the process and pull tre billet
material through the die at a constant speed.

Fig. 2 shows the variation of the extru-
sion pressure with drawing stress with pressur
shown negative. The slope of tne lines 1is
greater than unity in all cases, confirming
earlier theoretical and experimental results
(4, 5) that the sum of the absolute values
of extrusion pressure and drawing stress

decreases with increasing drawing stress.

Fig. 3 illustrates that the friction
force aiong the mandrel decreases with
increasing drawing stress, confirming the
results in Fig. 2. The exception is copper
when extruded at a ratio of 1.5, where the
frictional load is constant. The likely
explanation is that the increase in friction
at larger extrusion pressures is so small
that the resultant increase in load could
not be detected by the present arrangement
which is unsuitable to record differences
less than 215 N.

Typical experimental results relating
to mandrel strains are shown in Fig. 4,
5 and 6. Fig. 4a, 5a and 6a illustrate
the hoop strain distribution in the mandrel
relative to the strain gauge positions, while



-273-

B. LENGYEL ANDM. J. M. B. MARQUES

Fig. 4b, 5b and 6b show the axial strains,
for aluminium at extrusion ratios 2 and
3.5 and for copper at an extrusion ratio
of 2, with compressive hoop strains shown
negative. Sinilar results have been
obtained for extrusion ratios of 2.65
(aluminium) and 1.5 (copper) but these are
omitted here for clarity. Both the hoop
and axial strains indicate the combined
effect of tne normal pressure and frictional
drag applied by the deforming material to
the hollow mandrel.

The contribution of the frictional
drag to the axial strain (and stress) is
small., For example, the maximum axial
load at an extrusion ratio of 3.5 for
aluminium is 4,100 N (Fig. 3) corres»onding
to an axial microstrain of 46, against
the recorded maximum total axial microstrain
of 1,450 (Fig. 5b). The values for copper
at an extrusion ratio of 2 are 39 and
2520 microstrain respectively. These
figures indicate that, when the design of
the mandrel is considerec, first of all the
effect of pressure must be taken into
account wnile that of the frictional drag
is secondary, at least in hydrostatic
extrusion/drawing.

In conventicnal tube extrusion and
to a lesser extent in drawing conditions
could be guite different, since mandrel
friction is likely to be significantly
higher. Calculations indicate that for
the extreme case of sticking friction, for

MAVING FTRRSS  M/n’
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aluminium at an extrusion ratio of 3.5 the
frictional drag on the mandrel would be over
100 kN, corresponding to an axial microstrain
of 1,100, assuming that friction 1s present
only in the die zone as in the hydrostatic
extrusion of tubes. For copper in extrusion
or drawing at a ratio of 2, the frictional
drag for sticking friction would be 112 kN
resulting in 1,200 axial microstrain on the
mandrel. These strains are significant in
relation to those shown 1n Fig. 5b and 6b.
Although these calculated strains are for

the extreme case of sticking friction, they
do indicate that in conventional tube
extrusion or drawing, when friction is likely
to be higher than in hydrostatic extrusion,
frictional effects in mandrel design could
not be neglected.

In conventional tube extrusion with a
fixed mandrel not only the frictional shear
stress is likely to be higher, but the
interfacial area between the billet and
mandrel is much extended, adding to tne
axial tensile stress on the mandrel.

In the present case, the strain data
indicate that the maximum radial stress on
the mandrel is in a section about midway
along the mandrel/billet interface and it is
this section which must be critical for
mandrel failure. On the other hand, the
maximum tensile stress in the mandrel due
to frictional drag in conventional extrusion
must be upstream near the billet/ram inter-
face, which could alter the position and
magnitude of the critical mandrel stress.

CONCLUSIONS

Hydrostatic extrusion/drawing experi-
ments have been carried out on aluminium
and copper specimens. The results show that,
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FIG. 4a MANDREL HO0P STRAINS,
EXTRUSION RATIO 2.0

ALUMINIUM

vy tine anplication of a drawing stress not =

only the process speed can be controlled,
but also the extrusion pressure, friction
and tne total stress required for the
process are reduced, As a consequence,
the radial, hoop and axial stresses in the
mandrel also become smaller.

The experiments irdicate that the
tensile stress in the mandrel due to
frictional drag at the deforming material/
mandrel interface is relatively small so
that tine critical mandrel stress is in-
fluenced mainly by the normal pressure.
Jhile this could be approximately true
also for tube drawxng with a fixed mandrel
under favourable lubricatior conditiors,
in thne extrusion of tubes (particularly
in hot extrusion) the much larger billet/
mandrel interface and greater friction
could recult in significantly different
stress conditons, which need to be assessed
separately.

This experimental work is part of a
wider investigation in the development of
design criteria for the fixed mandrel in
the extrusion and drawing of tubes (€).
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FIG. 4b MANDREL AXIAL STRAINS,
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