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Abstract

We describe the pricing and hedging of financial options
without the use of probability using rough paths. By
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called fundamental theorem of derivative trading, show-
ing that a small misspecification of the model will yield
only a small excess profit or loss of the replication strat-
egy. Our hedging strategy is an enhanced version of
classical delta hedging where we use volatility swaps to
hedge the second-order terms arising in rough-path inte-
grals, resulting in improved robustness.
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1 | INTRODUCTION

The theory of rough-paths provides a framework for understanding differen tial systems driven by
irregular input signals. An asset-price process arising from a diffusion model may be associated a
rough-path. Conversely, we will find a necessary condition for a rough-path to arise from a given
diffusion model, and we will call a rough-path satisfying this condition a diffusive rough-path. An
investment strategy gives rise to a rough differential equation (RDE) describing the evolution of
the profit and loss (P&L) of the strategy under a given asset price signal. Given an option with
a smooth payoff function, we will show that the P&L of a modified version of the classical delta
hedging strategy replicates the option payoff for any diffusive rough-path. The modification we
make to achieve this replication is to augment the delta-hedging strategy with additional trades
determined by a particular type of volatility swap. By assuming that the price of these swaps is well
controlled we see that, in the continuous time limit, purchasing these swaps will not influence
the P&L.

A core property of RDE solutions is their continuity with respect to the input rough-path. A
first consequence therefore of our rough-path approach is robustness of our proposed hedging
strategy: if the true asset price signal is close to a diffusive signal, our hedging strategy will still
approximately replicate the option payoff. This relates to the classical Fundamental Theorem of
Derivative Trading (Cont, 2010; Ellersgaard et al., 2017; El Karoui et al., 1998), which shows that if
one hedges according to a given diffusion model but the actual asset price process is determined
by a nearby diffusion model, the error of the delta hedging strategy will be small. Our approach
goes beyond this in that it allows for asset price signals that do not arise from any diffusion model
at all. Due to phenomena such as market-impact and front-running, any differential equation
describing the dynamics of the P&L of an investment strategy in terms of the asset price dynamics
is likely to contain some error. A perturbation of the second-order term of the asset price dynamics
allows us to model such an error, and hence explain the robustness of hedging strategies in more
realistic markets than those given by diffusion models.

A second consequence of our rough-path approach is that it demonstrates that a theory of hedg-
ing is possible without the need for probability theory, despite the central role of probability in the
classical treatment of hedging (Harrison & Kreps, 1979; Harrison & Pliska, 1981). Our work clar-
ifies the use of probability theory in justifying prices by identifying two steps: (i) showing that
the asset price paths of a diffusion model satisfy our diffusivity condition; and (ii) deducing the
uniqueness of the price of an option from the existence of a replicating strategy via a no-arbitrage
argument. In a market with an arbitrage any price is possible, so there is no hope of obtaining
uniqueness without invoking a no-arbitrage condition, and hence involving probability theory.
We see, therefore, that the correct probability-free analogue of classical pricing is demonstrating
the existence of a replicating strategy for a given initial endowment. In this way, we may interpret
our theory as giving a probability-free approach to pricing.

In diffusion models, the quadratic variation is a well-defined pathwise notion which determines
the price. Our definition of a diffusive rough-path identifies the exact property needed for the delta
hedging strategy to work in a rough-path context. A continuous pricing signal is enhanced with
a specification for its rough bracket to obtain a reduced rough path (see Friz & Hairer, 2014, Chap-
ter 5) which we will term an enhanced price path. Our financial model will take the form of a
specification for the properties of the rough bracket. Thus, our model specification is tantamount
to a choice of enhancer, and it is this rough bracket which provides the appropriate analogue of
quadratic variation for our asset pricing model. In our version of the Fundamental Theorem of
Derivative Pricing, we will study the effect of a misspecification of the financial model by exam-
ining the sensitivity of our strategy to the choice of enhancer.
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The purely pathwise nature of the enhancer, the price and hence the implied volatility is in
marked contrast to the statistical (and therefore probabilistic) notion of historical volatility. This
dichotomy between pathwise and probabilistic properties has been noted before. For example, it
is exploited in (Brigo & Mercurio, 2000), which partly inspired the present work (see also Brigo,
2019), to give examples of diffusion models which are statistically indistinguishable using samples
on a fixed time grid yet which have arbitrarily different option prices.

Ours is not the first non-probabilistic formulation of option pricing. (Bender et al., 2008; Bick
& Willinger, 1994), and (Schied & Voloshchenko, 2016) obtained pathwise formulations of option
pricing using the non-probabilistic approach to Itd calculus given in (Foellmer, 1981). In addition,
(Riga, 2015) extended the pathwise framework to functional It6 calculus.

The usage of Foellmer calculus has the caveat that the continuous-time integrals depend upon
the discrete-time approximating sequence, which more or less precludes obtaining robustness in
their approach. To circumvent this dependence, our proposed strategy is an augmented version of
delta-hedging where one also invests in volatility swaps in order to hedge the second-order part
of the pricing signal. This yields a robust trading strategy, however at the expense of introducing
assumptions on the price of volatility swaps to ensure our strategy is self-financing.

Moreover, the above-mentioned pathwise formulations required paths with semimartingale
roughness, that is, of finite p-variation for all p > 2. Using Rough Path Theory we are able to
accommodate paths of finite p-variation for 2 < p < 3, hence showing how the delta hedging can
be extended to a wider class of price signals.

One additional assumption that we must make in our approach is that the option payoff is
differentiable. We will show that for a European call option with strike K, one can find diffusive
rough-paths for which our strategy fails to replicate the option payoff. However, these rough-paths
must have a stock price exactly equal to the strike at maturity. In a probabilistic theory, such paths
occur with probability zero, so may be neglected. However, our interpretation is that the existence
of such paths demonstrates a genuine lack of robustness of the classical delta hedging strategy. The
need for a robust strategy becomes more important towards maturity as classical diffusion models
break down and new phenomena occur such as the “pinning” of stock prices around exchange
traded strikes (see e.g., Avellaneda & Lipkin, 2003; Avellaneda et al., 2012; Golez & Jackwerth,
2012; Jeannin et al., 2008). The failure of our strategy for certain stock paths indicates that one
should switch strategy near maturity to a genuinely probabilistic strategy, such as a buy-and-hold
strategy. This reflects actual trading practice, where delta hedging strategies are abandoned and
quite different strategies adopted near maturity.

The article is organized as follows. In Section 2, we recall the classical theory of hedging and
establish our notation. In Section 3, we describe the machinery on reduced rough path integra-
tion we will use. In Section 4, we define what is meant by a diffusive rough-path. In Section 5, we
demonstrate formally how to obtain a pathwise formulation of the classical formulas of Mathe-
matical Finance in continuous time. Section 6 shows how our continuous time trading strategy
can be interpreted as a limit of discrete time trading strategies in volatility swaps. Section 7 demon-
strates that our proposed strategy fails in the Black-Scholes model for call options when the stock
price terminates at the strike. Section 8 presents our conclusions.

2 | NOTATION AND PRELIMINARIES

We will develop a rough-path version of a classical diffusion model, and will begin by describing
the classical model. Let S? denote the value of a riskless asset at time ¢, and assume that

dsy =rSpde, S)=1.
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Let S, € RY denote the price vector of d non-dividend paying stocks, representing the risky asset.
We let S, be the discounted price of the risky asset at time ¢, namely S, = S, /S? =e S, We
suppose that each component of the price vector St displays the following dynamics in the pricing
measure

dS~; = U;(S[)dB{, l = 1, ,d, SO = SO (S Rd,

on a stochastic base (Q, §, P, (F;)s, (B;);) carrying a standard n-dimensional Brownian motion
(B;);- We assume o in C&;Hél(Rd, R%"), 0 < a < 1. Einstein’s summation convention on double
indices is employed and will be throughout all the paper.

Let f(St) be the payoff of a Vanilla option on the underlying S. We assume that f is a continuous
and bounded function on R%. Let

h(x) := f(e'Tx) €))
and i := e~ "Th. The payoff is therefore equivalently written as h(Sy), and its discounted value is
h(Sr).

The classical theory of (Harrison & Kreps, 1979; Harrison & Pliska, 1981) tells us that the option
payoff can be replicated at time ¢ for a price, V, satisfying

Vt = PT—t]:i(St),

where (P,), is the semigroup on C,(R%) generated by the infinitesimal operator

Ap(x) = %(; G;;%)aijqo(x), p € C2(RY) N CH(RY),

of the dynamics of S. We call A the volatility operator. To ensure the absence of arbitrage, we must
make some assumptions to ensure that the solutions to the Black-Scholes PDE are unique. In this
paper will typically assume that the volatility operator is uniformly elliptic.
The stochastic process V, is then a deterministic function w = w(t, x) of time and space applied
after (¢, S,) which solves
@, +Aw =0 in[0,T)x R4
{ w(T, x) = fi(x) on {T} x R. @

Equation (2) is the discounted version of the Black-Scholes partial differential equation.
We will write v(t, z) = e w(t, e~ z) for the undiscounted value function and will use following
notation for the Greeks:
Delta, := V,u(t,S,) = V,w(t,S,),
taking values in R¢ ~ Hom(R¢, R), and

Gamma, := VZ,0(t,S,) = e"'VZ, w(t,S)),

taking values in R ~ Hom(R? ® R¢, R) ~ Hom(R¢, Hom(R¢, R)).
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In our setup, the pricing PDE is justified by the existence of a replicating strategy for the payoff.
An investment strategy may be viewed as a pair (H to’ H,) indicating the quantities to purchase at
each time of the riskless and risky asset. By It0’s formula,

t t
w(t,S;) —w(0,S,) = / vV w(u, S,)o(S,)dW,, + / @, + Aw(u, S,)du
0, 0 3)
=/ V,.w(u,S,)ds,,.

0

It follows that the delta hedging strategy ¢, = (H{, H,) given by

H[::wa(t,gt) (4)
HY:=w(t,S,) - H,S

¢ » Ot 19t
is such that the undiscounted portfolio process

Vi(¢) = HYe'" + H,S, = " w(t,S)),

is self-financing, that is, it satisfies

t t
V@) = Vo) + / HOdSO + / H,dS,. ®)
0 0

and replicates the option payoff, that is, V+(¢) = f(S7).

3 | PATHWISE INTEGRALS

In this section we review the elements of rough path theory that we will need. The results are
standard, or minor variations of standard results and so proofs have been omitted, but may be
found in the Arxiv version of this paper.

3.1 | Additivity, approximate additivity, and the Sewing lemma

Let B be a Banach space and let X : [0,T] — B be a continuous path with trajectory in 5. The
increments

Xo =X, —X;, 0<st<T, (6)
of such path define a two-parameter function X = X, on the square [0,T] X [0, T]. We employ
the notation in (6) throughout this paper. Rather than considering general s and ¢ in [0, T], we
will often restrict to the simplex {(s,t) € R> : 0<s <t <T}C |0, T]2.X is additive, by which we

mean that forall0 <s,u,t <T

Xs,t = Xs,u + Xu,t- @)
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If X is defined on the simplex but is additive, then it can be extended to an additive function on
[0,T]x [0,T] by setting X,  := =X ;.

Additivity characterizes those functions X on [0,T] X [0, T] that descend from increments of
paths, in the following sense.

Proposition 3.1. Let X : [0,T] X [0, T] — B be additive. Then, there exists a path x on I such that
Xsr =X —X;, VOLZs,t<T.
Moreover, if y is another path whose increments coincide with X, then y — x is constant.

Given a partition 7 of [0, T] and a time instant ¢ in [0, T], we adopt the following notational
convention:

' :=influexr:u>t}, |t]:=supluer:u<t}
_Ji= iften
O\ ) iftgn,
7| :=sup{|u’ —u| : uen}, 7, :=@U{H N0, ¢].

t—:=supluer: u <t}, tx:

®)

LetX : {(s,t) € R? : 0<s <t <T}— B. Wesay that X is of finite p-variation for some p > 1
if

. p. .
||X||§_Var’[0’T] = sup { Z |Xy .| : 7 partition of [0, T]} < co.

uemr

If X is additive, this notation is the usual p-variation norm of the underlying path.
For s < u <t we introduce the symbol

5Xs,u,t = At _Xs,u _Xu,t'
If X is additive, then X = 0.

Definition 3.2 (“Control function”). A control function w is a non-negative continuous function
on{(s,t) € R? : 0 <s <t < T} null on the diagonal and such that

1. w(sy,t;) < w(sy,ty), if the interval [sq, ¢;] is contained in the interval [s,, ¢,];
2. w(s,u) +w(u,t) <w(s,t), foralls <u <t.

A control function generalizes the concept of the length of an interval. Common controls are
w(s,t) := |t — s| and, for a continuous path x of finite p-variation, w(s,t) := ||x||§_Var [s.]" From
these, new controls can be defined by linear combinations c;w; + c,w, with non-nega’ti\’/e coeffi-
cients ¢1,¢; € Ry, and by products cu}ll1 wgz with exponents y; and y, satisfying y; + 7, > 1, see
(Friz & Victoir, 2010, Exercise 1.9).

Given a partition 7 of [s, t] C [0, T| we may use a control function to measure the mesh-size.
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Definition 3.3. The modulus of continuity of w on a scale smaller or equal than the mesh-size
|7r| is given by

osc(w, |7|) := supfw(s,t) : |t —s| < |x|}.

Definition 3.4 (“Approximate additivity”). A function E : {(s,t) ER? : 0<s<t<T}— Bis
said approximately additive if

1. itis null and right-continuous on the diagonal, that is, & ; = lim; | &, = 0 for all s in [0, T'];
2. there exist y > 1 and a control function w such that

[1]

s,u Eu,t| < wy(s’ l’), (9)

|Es,t -
foralls <u <t.

Notice that Equation (9) implies thatforall1 <y’ <y

53814[ !
||5E||w,y, := sup 1%l <’V (0,T).

s<u<t @' (s, 1)

Therefore, condition 2 above is equivalent to the existence of a control w and some y > 1 such that
I8E]l,, < oo.

Proposition 3.5 (“Sewing Lemma”). LetE : {(s,t) € R? : 0 < s <t < T} — B beapproximately

additive and let the control w and the exponent y > 1 be such that ||6E||,,, < co. Then, there exists
a unique continuous path

/E :[0,T] - B,

t
whose increments we denote by fs B, such that forall0 <s <t <T
t . e
1L [0 E=limyg o X, o By with limitin B;
2.
t
/
By Proposition 3.5, we can regard the integral as the map

approximatively iti
. m: additive
/ . { additive } - functionals}'

functionals

I5Zll,,,
7y
@ (5,00, (10)

[1]

[1]

S,t

By Proposition 3.1, we can unambiguously replace the range {fuafc‘ﬁg;zls} with the space of con-

tinuous paths on B starting at 0 € B. Let AA ([0, T]; B) be the family of approximately addi-
tive functions 2 : {(s,t) € R?> : 0 <s <t < T} — B that are of finite p-variation, p > 1. Then,
we have:
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Corollary 3.6. The restriction of the integral map f to AA,.q/([0,T]; B) takes value in the space
Cg'var([o, T1; B) of continuous paths on B that start at the origin 0 € B and are of finite p-variation.
Moreover,

[+ Afpa0.TEB) — (0.1 B)

is continuous in p-variation norm.

3.2 | Young integrals

Let X : [0,T] — B be continuous and of finite p-variation. Let H : [0,T] - W be continuous
and of finite g-variation, where W = Hom(/3; V') and V is a Banach space. We say that p and g are
Young complementary if 1/p + 1/q > 1.

Proposition 3.7 (“Young integral”). Let p and q be Young complementary and set
Es,t L= HsXs,t

forall0 <s <t <T,orE, .= HX, forall0 <s <t <T. Then, E is approximately additive and
of finite p-variation. As a consequence, the integral

HX :=lim ) 8, (11)

defines a continuous path in V of finite p-variation. The integral in (11) does not depend on whether
E is defined according to By, = H X, orto g, = H/ X ;.

The continuity of H is only used to show that the choice to evaluate H at the beginning or at
the end of the partition subintervals does not affect the integral. The two choices are respectively
referred to as adapted evaluation and terminal evaluation. If H is not continuous but of bounded
variation, the Young integral is defined (because g = 1), but depends on the evaluation choice. If
7t is a partition of [0, T], we set

H, i= ) H,I{t € (']},

uemn

which denotes the piecewise constant caglad approximation of H on the grid 7. We let "H.X be
the Young integral of H against X with adapted evaluation, namely

("H.X)o, = Z Hy Xy

Uem;

In this way, for H continuous and of finite g-variation, 1/p + 1/q > 1, we can write

HX = lim "H.X. (12)
[0
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3.3 | Compensated integrals

When the complementary regularities of integrand H and integrator X are not sufficient for Young
integration, we introduce the enhancement of a path and we will define the integral using com-
pensated Riemann sums. In particular this is the case if H and X have the same p-variation reg-
ularity for some p greater than 2.

As above, let X be a continuous path of finite p-variation with trajectory in the Banach space 5.
Recall that W denotes Hom(/3; V). We use the identification Hom(53, W) =2 Hom(B ® B; V), and
we write Homgy, (B ® B; V) for the subset of those ¢ in Hom(B ® B; V) such that ¢ (a ® b) =
¢ (b ® a) for all a,b € B. Also, the symbol B ® B will denote the symmetric tensor product of
the Banach space B, so that we can identify Homg,(B ® B; V) = Hom(B © B; V). We say that
a continuous path H : [0,T] — W admits a symmetric Gubinelli derivative H' with respect to
X if there exists a continuous path H' : [0,T] — Homgy, (B ® B; V) of finite g-variation such
that

1. g and p/2 are Young complementary;
2. RY, := Hy, — H{X,, is of finite pg/(p + g)-variation.

In this case we say that the pair (H, H") is X-controlled of (p, g)-variation regularity. Notice that
the regularities of R and of X imply that H is of finite p-variation.

Definition 3.8 (“Enhancement of a path”). Let X be in CPV([0,T];B) and let A be in
CP/2var([0, T]; B ® B). The A-enhancement of X is the pair X = (X, X), where

2Xs,t = Xs,t ®Xs,t - As,t-
Definition 3.9 (“Enhanced path”). The pair X = (X, X) is called enhanced path of p-variation

regularity if X is in CPY*'([0,T]; B) and (s,t) = X ; @ X, ; — 2X;, defines an additive B O B-
valued function of finite p/2-variation.

Given the enhanced path X = (X, X), the path A, := X, ® X, — 2X, is called the enhancer
of X and we often denote such enhancer with the symbol

[X]S,t = Xs,t ®Xs,t - 2'Xs,t-

The symbol [X] will be referred to as volatility enhancer when the financial meaning of it is to be
stressed. We say that X = (X, X) is a bounded-variation enhancement of X if

sup { Z [[X], | : 7 partition of [0, T]} < 0.

uen

Notice that §X does not depend on the enhancer because [X] is additive; moreover, for all s < u <
t the following reduced Chen identity holds

5Xs,u,t = Xs,u ®Xu,t-



ARMSTRONG ET AL.

* L WILEY

Lemma 3.10. Let X = (X, X) be an enhanced path and let (H,H'") be X-controlled of (p, q)-
variation regularity, with H' being symmetric. Then,

Es,t = HsXs,t + H;Xs,t
is approximately additive.
As a consequence of Lemma 3.10, the integral given by the compensated Riemann sum

(HLHD.X, ) = Tim D) [HuXuw + HiXuncar

uemr

is well-defined. Analogously to (12), we write

(T[Ha TEH/)-(X’ X) = 2 [HuXu,u/ + H{txu/\t,u//\t] s

uen

so that

(H,H").(X,X) = Ihlr?o(ﬂH’ H").(X, X).

IfJ is a time interval, n and m are non-negative integers and «, 8 are in [0,1), consider the space

Cm+5, n+oc(J x RY: Re)
loc ’

of R¢-valued functions that are m times continuously differentiable in time with the m-th time

derivative of local 5-Holder regularity, and » times continuously differentiable in space with all

the n-th order space derivatives of local a-Hdélder regularity. Notice that nothing is assumed about

the cross derivatives in time and space of functions in CImR R o M "0, T] x RY; R®)
loc Cross

be the subspace of C{Z :5 ’ n+“([0, T] x R%; R®) consisting of functions f such that

1. for every multi-index I with |I| = n and every compact K € R,

sup {

2. for every compact K € RY,

6§f(t,-)“ : OStST}<oo;

a—Hol, K

sup { ||5f”f(',x)“5_H51, o1 - *€ K} < .
Let C* be the space

1+a/2, 2+a
c =t
ocC

([0,T) x R%) n ([0, T] x RY). (13)

Definition 3.11 (“g-Moderation”). Let w be in C* and let X be a continuous path on R of finite
p-variation, with p — 2 < a < 1. We say that the pair (w, X) is g-moderate if
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H : t— V,w(,X,)
H : t— Viw(X,),
0<t<T,

can be continuously extended up to [0, T], and H' is of finite g-variation for some 1 —2/p <
1/q <a/p;
2. there exists a control function w such that for all x in the trace X[0,T]and all0 <s <t <T
|V w(t, x) — V,w(s, x)|P* < w(s,t),

where p *= pq/(p + q);

sup V26,

0<s<T

a—Hol,ConvX[0,T]
where ConvX|O0, T] is the convex hull of the trace of X.

Remark 3.12. Let0<a <1 and p,q > 1 be such that 1 —2/p <1/q < a/p. Assume that w €
C110+Ca/2, 2W([O, T] x R%; R) is such that V,w is in cir/oijl/q’ 1+C{([O, T]x R4 RY) and V2, w is in
Cclr/oqs’sa [0, T] x RY; R¥4), Then for all X in CP?([0, T]; R?) the pair (w,X) is g-moderate. In
particular this holds if w is twice continuously differentiable in the combined time-space variable
(t,x) with second derivatives of a-Holder regularity.

Lemma 3.13. Let w be in C% and let X be a continuous R%-valued path of finite p-variation, with
p — 2 < a < 1. Assume that the pair (w, X) is g-moderate, 1 —2/p < 1/q < a/p. Then,

(H,H') 1= (Vw(t,X,), Viw(t,X,))

is a Gubinelli X-controlled path of (p, q)-variation regularity.

4 | ENHANCED PATHS OF DIFFUSION TYPE

We now isolate the pathwise features of price trajectories that affect hedging practice.

Until further notice, we adopt the perspective of discounted prices, so that only the second-
order part of A is considered, with coefficients thought of as functions of the discounted stock
price.

Definition 4.1 (“a-Holder volatility operator”). Let a be in the open interval (0,1). An a-Holder
volatility operator is a second-order elliptic differential operator of the form

A = trace(aV?)/2 = aidafj/z,

where a = (a™/);; ;<4 is symmetric and such that all coefficients a’/ : R - R,1<1i,j < d, are
a-Holder regular.
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Given an a-Hélder volatility operator A = trace(aV?)/2 and a continuous path X : [0,T] —
R< of finite p-variation, we can consider the fs ‘ a(X,)du-enhancement X = (X, X) of X given be

t
0X) 4.

1
X = S0 ex0- [ 95

N

For brevity we will henceforth call this the A-enhancement of X. Notice that such construction
yields a bounded variation enhancement. The converse construction, which starts from a bounded
variation enhancement and defines a differential operator, is formalized in the following

Definition 4.2 (“Enhanced path of a-diffusion type”). Let X = (X, X) be an enhanced path of
p-variation regularity. We say that X is of a-diffusion type, p — 2 < a < 1, if by setting
mbi(s,t]) 1= [XI)), 0<s<t<T, 1<ij<d, 14)
absolute continuous measures are defined on the interval [0, T], and if their densities with respect
to the Lebesgue measure are given by
y

»J ..
D = ahix),

for some a = (@), ; <4 in CZ-HOU(RY, R%*4) satisfying the ellipticity condition

a (0% 2 cIEP, Vx, £ € R, (15)

with some continuous strictly positive ¢ : R¢ — R, . The operator AX! : = gbJ (x)afj /2 is called
[X]-volatility operator, and we say that a diffusive price with Markov generator L is [X|-compatible
if the second-order part of L is equal to AXI.

Remark 4.3. The ellipticity condition in Equation (15) allows us to apply the theory from (Lorenzi
& Bertoldi, 2007, Chapter 2) to the existence and uniqueness of semigroups on Cj,(R%) associated
with the volatility operator A. If the solution to the PDE associated with A is known to posses
a unique solution, the assumed ellipticity can be removed. This is the case for example of the
classical Black-Schoels partial differential equation with volatility operator a2x232, /2.

Remark 4.4. Definition 4.2 is reminiscent of the class of price trajectories considered in (Schied &
Voloshchenko, 2016). In both cases, the idea is to define the minimal pathwise requirements that
link the dynamics of the underlying to a parabolic PDE. This link hinges on a differential oper-
ator. In the theory of Markov diffusions, this differential operator is the generator of the Markov
semigroup and characterizes the probability law of the diffusion. However, the class of trajecto-
ries of Markov diffusions is strictly contained in the class of trajectories considered in (Schied &
Voloshchenko, 2016), which in turn is strictly contained in the class of enhanced paths of diffusion
type. Indeed, in (Schied & Voloshchenko, 2016) trajectories are only required to posses a quadratic
variation: for example the sum X = B + BY of a standard one-dimensional Brownian motion B
and a fractional Brownian motion BY with Hurst exponent H > 1/2 is not a Markov diffusion
but it is encompassed by (Schied & Voloshchenko, 2016) and by our framework. The case of a
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fractional Brownian motion B with H > 1/3 is encompassed by our framework, but not by
(Schied & Voloshchenko, 2016).

An enhanced path of a-diffusion type is the minimal information that the PDE pricing
approach requires from a probabilistic model. Indeed, assume that we wish to use the PDE
approach to price a contingent claim h(Xr), where h is in C;,(R%) and X is the terminal value
of a continuous price path X of finite p-variation. Let X = (X, X) be an enhancement of X of
a-diffusion type and consider the equation

(6, + AXl)w =01in[0,T) x R4 16)
{ w(T,)=h() on{T}xRA.

Then, the Cauchy problem (16) admits a solution w in C* (Lorenzi & Bertoldi, 2007, Theorem
2.2.1) and, on any [X]-compatible market model, the value w(¢, X,) is the discounted price at time
t < T of the option maturing at T and yielding h(X7).

We are in the position to give the pathwise counterpart to Equation (3).

Proposition 4.5. Let X = (X, X) be an enhanced path of a-diffusion type. Let w be the solution to
(16) and assume that the pair (w, X) is g-moderate, for some1 —2/p < 1/q < a/p. Then,

(Hy, H)) := (Vow(t,X,), VZ,w(t,X,))
is a Gubinelli X-controlled path of (p, q)-variation regularity, and it is such that

((H, H).(X, X))s = w(t, X;) — w(s, Xy) a7)
forall0 <s<t<T.

See Appendix 4 for the proof.

We may use higher order sensitivities and pathwise integration to estimate errors arising from
time discretization of integral quantities. Consider the cost of financing of a hedging strategy,
defined as

Ci(9) = ¢S] + ¢S — (¢°.5%), — ($".5), (18)

where (¢°, ¢!) € R x R is the strategy and S°, S are respectively the riskless asset and the risky
asset. The symbols (¢°.5°), and (¢'.S), denote the time-t marginals of the integral processes of ¢°
and ¢! respectively against S° and S. Thus, the cost of financing in Equation (18) is the difference
between the value of the portfolio at time ¢ and the cost of rebalancing the portfolio during the
time window [0, t] in order to follow the hedging strategy. If continuous hedging were possible
and one were able to take (¢°, ¢') = (H, H) as defined in (4), then this cost' would match V, =
w(0,X,), the price at time ¢ = 0 of the option, on a P-full set. We remark that the probability
P is the measure of the stochastic base on which in the continuous-time case the It6 integral
(¢1.S), would be defined. In practice, the cost of financing has two components: the theoretical
price V) and the cost arising from time discretization, which is Cr(¢) — V. For the latter, with
¢ replaced by the discretization ("H?, "H) of (4), we now provide a pathwise estimate that relies
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on integration bounds. Recall that X in Proposition 4.5 plays the role of the discounted trajectory
S~[ = e_rtSt.

Corollary 4.6. Assume the setting of Proposition 4.5. Let w be the control function whose (2/p +
1/q)-th power asserts the approximate additivity of H X, , + H.X . Along any partition 7 of [0, T],
the discretized strategy ("H®, "H) stemming from (4) with S = X has a cost of financing C("H°, "H)
that is bounded as follows:

Cr(™H°, "H)
< |V()| + erT(KCO(O, T)OSC(CO, |7-[|)2/p+1/q—1 + |wT_,T|) (19)

!
+ ‘Zuen e’ H,’AXM,‘,
u'<T

where osc(w, |7|) is the modulus of continuity of w on a scale smaller or equal than the mesh-size
of the partition, and wy_ r is the difference between w(T,Xy) = h(Xr) and the discounted value
w(T—, X7_) of the option at the second last node of the partition. The path-dependent constant K
appearing in the bound is not greater than

1 1/p+1/q
1 — 21-(2/p+1/9) <wRH (O’ T)”X”p—var,[o,T] + ”H,”qvar,[O,T] “X”p/Z—var,[O,T]) P

where wgn is the pq/(p + q)-variation control of Hy; — H/X .

Proof. Let w, be the path ¢t — w(t, X,). Fix a partition 7 of [0, T] and recall the notation in (8). We
preliminarily observe that

(ﬂHO.SO)[ + (T[H.S)[ = Z quO + H SO SMA[,M’AZ

Uunt, u’ At U=y At
uen

= WS —wo + X ngAl[—qu,uw + HySunt,uails
uen

where in the second line we have used summation by parts. Then,

C,(™H°, "H) = "w,S? — "HS,S} + "H,S, — wt*§?
two+ X Sgr/\t[wu/\t,u’/\t - HuSu/\t,u’/\t]

uemr
= S?Ht*(st - Sz*) + VO + Z Sg;,\[[wu/\t,u’/\t - HuSu/\t,u’/\t] (20)
uemn
=Vo+Sw,+ Y Sg,[wu,u/ — H,Sy].
uem

u'<t

By adding and subtracting the compensation, we can apply the Sewing Lemma (Proposition 3.5)
to complete the proof. O

So far, we have worked with the identification X = §, i.e. the enhanced path at hand has repre-
sented the actual enhanced path of the discounted stock price. In other words, the market models
have been [S]-compatible. This amounts to considering the square a = oo of co-volatilities a true
parameter. In Corollary 4.7 below, we no longer do so and we distinguish the modeled enhancer
of X from the actual enhancer of S. The only assumption on S is that it is an enhanced path, that
is, its trace S is a continuous path of finite p-variation, 2 < p < 3, and its second-order process
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§ = (S ® S —[S])/2 is a continuous two-parameter function of finite p/2-variation with values
in R? ® RY; the enhancer [S] is not required to be of bounded variation and the integrals against
it will be interpreted as Young integrals.

Corollary 4.7. LetS = (S, S) be an enhanced path above the R%-valued discounted price trajectory
S of p-variation regularity. Let A be an a-Hélder volatility operator, with a > p — 2. Consider the
A-enhancement X = (S,X) of S. If h and w are as in Proposition 4.5, then (H;, H]) := (V w(t,S,),
V2, .w(t,S,)) is a Gubinelli S-controlled path of (p, q)-variation regularity and

E(ST) - VO = ((H’H,)(§9 S))O,T

1 = (21
+ E(H,'([S] = [XD)o.r>
where the second summand on the right hand side is a well-defined Young integral. As a consequence,
if "H denotes the strategy obtained by discretizing along 7 the A-delta hedging, then its cost of financ-
ing Cr(™HC, "H) is bounded by

|V0| + Z em{Hiagu,u’ + erT (KCO(O, T)OSC(CU’ |7T|)2/P+1/Q*1 + |wT—,T| + KH’ ”[S] - [X]”p/z-var,[O,T])’
uemn
u'<T

(22)
where w, K and |wr_ | are as in Corollary 4.6 and

2-(1-2/p)

K = 1 —21-(4/p+1/q) ”H/“q-var,lovT]

2
+ 270 H | oy

See Appendix A for the proof.

5 | PATHWISE FORMULATION OF FUNDAMENTAL EQUATIONS OF
HEDGING

By adopting the perspective of undiscounted price paths, we recover the classical formulas of
Mathematical Finance within our pathwise setting. Given a price path S, we say that a model for
S has been specified when a choice for the enhancement S = (S, S) is made. This means choosing
the enhancer [S], see Section 3. We speak of an a-diffusive model specification if the enhancer is
given by

v
s/ = / lahi(e TS dt, 0<u<v<T, 1<ij<d,
u

where a®/, 1 < i, j < d are the coefficients of an a-Holder volatility operator and r is the constant
interest rate. In other words, an a-diffusive model specification is the undiscounted counterpart
to an A-enhancement of some discounted price path, where A is an a-Holder volatility operator
as defined in Definition 4.1.

Theorem 5.1. Let f(Sy) be a contingent claim, where f is in C,(R%) and Sy is the terminal value of
a continuous d-dimensional price path S of finite p-variation. Let S = (S, S) be an a-diffusive model
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specification, with a > p — 2, and let A = a®/ 6?}. /2 be the corresponding volatility operator. Then,
the Black-Scholes partial differential equation

(23)

ezrtai’j(e_”z)aii U+ rz'div 40,0 = rv in[0,T) x R4
u(T,z) = f(z) on{T}x R4

admits a solution v in C* and this solution is unique. Moreover, there exist a probability space
(Q,5,0,(F,)) and a Markov diffusion process S defined on it, such that for all 0<t<T
it holds

v(t,z) = Eg [e"T=Oh(Sp)),
where h(x) := f(e'Tx).
Proof of Theorem 5.1. The change of variable x := e~"'z allows us to rewrite Equation (23) as

@, +Aw=0 in [0, T) x R4
w(T,x) =e"Tf(e*'Tx) on{T}x R4,

where w(t, x) = e~ "v(t, z). Therefore, existence, uniqueness and regularity of the solution follow
from those of Equation (16).

Let S be the Markov diffusion associated with A, and let (Q, §, Q) be the probability space where
S is defined. On the one hand, by construction it holds

Eq e T Ph(SIF:] = eT=h(S),

where e'” is the semigroup associated with A. On the other hand, the It integral V, :=
fot V,u(u, S,)dS, is a Q-martingale and it is such that V; = e”"Th(Sy). Therefore,

" Eo[VrIE:] ="V, (24)
because V is a martingale. Combining (24) and (24) we obtain the second claim. O
Proposition 5.2. Let f and S be as in Theorem 5.1. Let S = (S, S) be an a-diffusive model spec-
ification, with a > p — 2, and let v = v(t, z) solve Equation (23). If (v, S) is q-moderate, for some
1-2/p<1/q<a/p,then
(Delta,;, Gamma,) := (V,u(t,S,), VZ,u(t,S,))

is a Gubinelli S-controlled path of (p, q)-variation regularity, and

V; =V, = ((Delta, Gamma).(S, S))o

25
+ /, (V, — Delta,sS,) ds), 25)

where V,; = v(t,S;) and S? = exp(rt).
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Proof. The proof is analogous to the one of Proposition 4.5. Indeed, the same Taylor expansion
shows that for some y > 1 and some control function w, on the subintervals [u, u’] of any partition
7, it holds

v, Sy) — v, S,) = V,o(u, S,)S,.w + V2,0, S,)S,.w
+ 3,00, S, )W = u) + V2,008, $,)[S ]y
+ O(w! (u,u')).

By applying the operator lim||_, . to both sides of this expansion, we obtain (25) since v
solves the Black-Scholes partial differential Equation (23). [l

The pathwise differential equation in (25) coincides with the classical SDE for the portfolio
process in the delta hedging. In addition, the definition of the pathwise integral (Delta, Gamma)
.(S, S) explicitly expresses the dependence on the gamma sensitivity, which is not captured by the
classical stochastic integral.

5.1 | Fundamental theorem of derivative trading

The formulas for pricing and hedging heavily depend on the diffusive model specification. In clas-
sical terms of Mathematical Finance, such specification amounts to specifying the diffusion coef-
ficient (volatility) in It6’s price dynamics. Volatility is not directly observable and consequently a
trader is liable to misspecify volatility and to use coefficients that do not faithfully represent the
true price dynamics. The Fundamental Theorem of Derivative Trading addresses such misspecifi-
cation. It provides a formula that computes the profit&loss that a trader incurs into when hedging
with the wrong volatility — see (Cont, 2010; Ellersgaard et al., 2017; Karoui et al., 1998). Proposi-
tion 5.3 contributes to the assessment of model misspecification in two ways: on the one hand, it
shows the pathwise nature of the P&L formula (this aligns with the unifying theme of the section);
on the other hand, it provides a generalization of the classical P&L formula. The generalization
consists in removing the assumption that the “true” price evolution is governed by an 1td6 SDE: we
capture the misspecification that arises not just between two diffusive enhancements but between
a diffusive enhancement (used by the trader) and a general enhanced path (the “true” dynamics).

Proposition 5.3 (“Fundamental Theorem Of Derivative Trading”). Let f(St) be a contingent
claim, where f is in Cp,(R%) and Sy is the terminal value of a continuous d-dimensional price path S
of finite p-variation. Let S™"¢ = (S, S"'®) be the true enhanced path above the trace S. Let S = (S, S)
be an a-diffusive model specification, &« > p — 2, and let A, v, Delta and Gamma be as in Proposi-
tion 5.2. Then,

P&L = Vy = [(Sy) = 5(Gamma.([S] - [ D)o, 26)

where the integral on the right hand side is a well-defined Young integral, and V, is the value at time
0 <t < T of the A-hedging portfolio applied to the true enhancement S""®, defined by

V, :=0(0,Sy) + ((Delta, Gamma).(S, S™))o
+ fot(v(u,Su) —Delta,sS,)ds?.
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Remark 5.4. If S"™¢ arises from a diffusion model then as compensation terms in our integrals
vanish in probability, our definition of the value of the portfolio, Vt, can be justified as a self-
financing condition. We will justify this definition for general pricing signals in Section 6 below.

In order to recognize the extension of the classical Fundamental Theorem of Derivative Trad-
ing, we rewrite the Young integral in Equation (26) as

1

T
2 true
5/0 szv(t,St)d([S][ —[s ][)

. e t i,j
In the case where S'® is a diffusive enhancement, we have that [S""¢], = /o e ai’r{le(e_’”Su)du,
so that the integral is turned in the familiar form

T
1 ort A2 Pifo— ij (-
5/0 e rtaziﬁzjv(t,S,)<a”](e "S) —age(e ”S[))dt.

Proof of Proposition 5.3. We manipulate the Taylor expansion in the proof of Proposition 5.2 and,
for0 <u <t < T, we write

u(t,S) — v(u, S,) = V,o(u, $,)S, + Vz,0(u, $,)S;
1
+ 0,0(u, S,)(t —u) + Evgzv(u, SIS
1
+ 5V§ZU(U,Su)([Strue]u,t — [Slu) + 0@ (u, 1)),

where v is the solution to the d-dimensional Black-Scholes partial differential Equation (23), w is
a control function and y > 1. We sum over the nodes of a partition and then we let the mesh-size
shrink to zero, obtaining (26). The good definition of the Young integral of Gamma against [S'™¢]
and [S] holds as in Corollary 4.7. O

6 | ENLARGED HEDGING STRATEGIES

Given an enhanced price path S = (S, S), we interpreted the pathwise integral (H,H') .(S, S) as
the portfolio trajectory arising from the position H on the risky asset S.

In this section, we explore the possibility to modify the interpretation of (H,H').(S, S). We
will not only consider it as representing the values of the position H on S, but we will give a
financial interpretation to the compensation H'S as well. This requires to analyze the mechanics
of rebalancing portfolios during hedging periods.

Given a (continuous) path ¢ in R” and a partition 7 we write "p piecewise constant caglad
approximation

=) @Mt € (wu'l} @7)

uemn

Classically, given the partition 77 and the discretized strategy (“H°, "H), the cost of rebalancing
the portfolio from (u—, u] to (u,u'] is

rebal”(u) = "H,Sy + "HyyS, — "H,Sy — "H,S,.
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Such discretized strategy is self-financing on the grid 7 if and only if for all u > 0 in 7 it holds
rebal”(u) = 0, or equivalently if and only if

HY,S%, + Hy S,y —H)S) — H,S, = HpS. , +H,S,,y Yuennl[o,T).

Given ¢t in (0,T], set 7; := (7w U {t}) N[0, t]. By summing over u € 7;, u < t, we have

HYS? + H,S, — H)S) — HoSy = )\ HS® ,+ Y HySy.u .

u,u’
UET; =
u<t u<t
—_
=("H.S);

If S is a semimartingale on (Q,J,P,(F,);), then taking the P-limit as || — O justifies the
axiomatic condition (5), owing in particular to
> e) PEe> 0} =0.

sup | limsup P
|7r|—0

Here the probabilistic model comes into play to guarantee the convergence of the Riemann sums

t
("H.S), — / HdS
0

to the It6 integral /Ot HdS of H against the semimartingale S = S;(w), of which the actual price
trajectory is thought of as a realization.

Considering an enhancement S of S and incorporating the appropriate compensation within
the rebalancing mechanics, we can avoid using probabilistic arguments when assessing continu-
ously rebalanced hedging strategies.

Given a symmetric G, in R%*¢ ~ Hom(R? @ R4, R)and a subinterval [s, t] C [0, T] we interpret
the real quantity G,S;, as the sum of the payoffs at time ¢ of the d(d — 1)/2 positions 2G;’ = 2G}",
1 <i< j <d, on the swap contracts

SiSl, —I8ly, 1<i<j<d,

S,t°

and of the d positions Gé’i, 1 <i < d, on the swap contracts

(S;‘J)2 —[s, 1<i<d.

S,t
Hence, for every continuous ¢, = (¢7,¢},$?) € R X RY x R&X! we can interpret

%252 + %}Jsu + %igu—,u

as the value of our portfolio at time u if on the subinterval (u—, u] we have held 3" = ¢J_ positions
in cash, . = ¢._ positions in stocks and B2 = ¢2_ positions in swaps. Strategies that adopt posi-
tions in cash, stocks and swaps shall be referred to as enlarged strategies. For an enlarged strategy,
the rebalancing cost from (u—, u] to (u,u’] is

rebal”™(u) = ¢3Sy + ¢uS, + ip(u, u’)
—{ P Sy +¢n Sy + i Su—u}s
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where, for 0<s<t<T and 1<i<j<d, the amount p-/(s,t) = p/i(s,t) denotes the
(exogenously-given) price at time s of the swap S;][ with maturity ¢. Notice that, since swap con-
tracts are not primitive financial instruments, in the equation above the payoff S, , at time u is
disentangled from the price p(u,u’) required at time u to take a unit position on the next swap
§u’u/ .

We assume that the price p(s, t) of the swap contracts S, defines a R¢ ® R¢-valued function
on{(s,t) € R? : 0 <s <t < T} null and right-continuous on the diagonal,’ and such that p(s, t)
is of finite p/2-variation. Let ¢ be a continuous path of finite g-variation on Hom(R? ® R%; R),
where q and p/2 are Young complementary. Then, the integral path

Y, 1= (¢2-P)o,t

exists and represents the accumulated cost in the time interval [0, t] consumed by a continuously
rebalanced enlarged strategy in order to adopt the positions ¢? on the swap contracts.

Definition 6.1. Let f(S;) be a contingent claim, where f isin C,(R?) and Sy is the terminal value
of a continuous d-dimensional price path S of finite p-variation. Let S = (S, S) be an a-diffusive
model specification, & > p — 2, and let A, v, Delta and Gamma be as in Proposition 5.2. Let C be
a continuous real valued function on [0, T]. Then, the C-enlarged delta hedging is the enlarged
strategy defined as

¢? = Cie”" —Delta,Se™ —Y,e™,
¢! =Delta,, (28)
¢? = Gamma,,
where Y, 1= (¢%.p)o,-
A desirable property of a hedging strategy is the self-financing condition, i.e. the fact that the
strategy does nor require money to readjust its positions during the hedging period. The following

Proposition 6.2 gives the explicit formula for C in (28) that guarantees a null rebalancing cost of
the C-enlarged delta hedging.

Proposition 6.2. The continuous real valued function
t
C;,=v(t,S,)— r/ "Wy, du, (29)
0

whereY, := (Gamma.p)o , is such that the C-enlarged delta hedging has zero cost of continuous rebal-
ancing.

Proof. We adopt the notation in Definition 6.1. Furthermore, we set

t
Y o= —r/ "Wy, du.
0



ARMSTRONG ET AL.

WILEY-2

‘We can write

t
Yoi—r / (u — Yu)du = 0. (30)
0

The cost of rebalancing along a partition 7 is

rebal”(u) = B°,S, + elta, S, + Gamma, p(u,u’)
—{B"S) + ™elta,S, + "Gamma,S,_, }
= C,_, + Gamma, p(u,u') - Y,_,
—{¢y_So_, +Delta, S, , + Gamma, S, ,}.

Hence, summing over u € 7;, u > 0, we have

Z rebal”(u) = Vo, + Yo, — Y + Z Gamma, p(u, u') — Gammayp(0, 0")
uem, =
u>0

—(3°.58%), — (("Delta, Gamma).(S, S)),.

In the limit as |7z| = 0 we conclude

t
lim Z rebal™(u) = Vo, + Yos — r/ V,du
0

|7r|—>0ue7_[I
u>0

t t
—r/ Oy =Y, )du +r/ Delta,S,du
0 0
—((Delta, Gamma).(S, S))g; = 0,
owing to (25) and (30). O

The classical delta hedging is such that the initial endowment V|, = v(0, S) is precisely what
the replicating strategy requires in order to yield the amount f(St) at maturity T. Therefore, the
writer of an option invests V in the delta hedging strategy, and such strategy will cover the contin-
gent claim at maturity. Since delta hedging has no additional costs of financing (i.e. rebalancing
the portfolio does not consume money) the writer’s profit&loss is null. For the C-enlarged delta
hedging in Proposition 6.2, the self-financing condition holds. Therefore, the option writer’s P&L
is exclusively given by the cost of replication, namely by the difference between the due payment
f(Sr) and the final value ¢2.5% + ¢1.57 of the portfolio. Notice that the latter does not comprise
the payoff of the swaps, because such endowments are consumed in the rebalancing process.

Proposition 6.3. The profit&loss of the C-enlarged delta hedging with C given as in (29) is
T
P&L =Yy +r1 / e" Ty, dt,
0

where Y, = (Gamma.S)y .
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Proof. The profit&loss is given by the difference P&L = v(T, St) — qb%Sg + ¢%ST. Hence, the state-
ment follows immediately from the definitions in Equation (28) with C given as in Equation

(29). 0

7 | NON-SMOOTH OPTION PAYOUTS

We now consider the case of call options in the Black-Scholes model. We will see that as a result
of the non-smooth payoff function one must employ a different, and truly probabilistic, trading
strategy towards maturity.

Our setting is the one presented in Section 2, and we take the dimension d equal to 1. The
volatility operator A is

pp() = T340, $ € CUR) (31)

where o > 0 is the volatility coefficient.

Pricing a European option with payoff f(S7) requires solving the partial differential Equation
(2) where the terminal constraint 7 = e”"T h appearing in this PDE stands in relation to the payoff
function f as expressed in Equation (1).

The volatility operator in Equation (31) is not locally uniformly elliptic, i.e. it does not satisfy
the requirement in Equation (15). However as pointed out in Remark 4.3, we do not require ellip-
ticity itself only the existence and uniqueness of solutions to the equation in (16). Existence and
uniqueness of solutions to the Black-Scholes PDE is well-known.

In our framework, the classical Black-Scholes model is specified by the following enhancer

v
[S]y0 =02 / SZdt. (32)
u

Under this specification, we now discuss the application of our pathwise framework to the case
of European call options, where the payoff is

f(2)=(z-K),, (33)

for some fixed strike K > 0.

This payoff is not bounded, so in principle it is not included in the general discussion above.
However despite the fact that the semigroup associated with the PDE pricing equation was defined
on the set C,(R), this semigroup extends to a wider class than C,(R), hence allowing to treat
the European call option. Even if the model specification did not allow for such an extension,
pricing European call options could always be reduced to pricing European put options due to
put-call parity.

In order to be able to apply Proposition 5.2, it remains to discuss the assumption on the g-
moderation of the pair (v, S). Unfortunately, here we see that the non-smoothness of the payoff
of the call option (or equivalently of the put option) prevents us from applying directly the results
established above. We will discuss this in details now.
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Recall the three conditions in Definition 3.11. Let H, and H] be the delta and the gamma sensi-
tivities namely

H; =Delta, = d,v(t,S;) = N(dy(t,Sy)), (34)

N'(d,(t,S)))

StO'\/T—t

H/ = Gamma, = 82,0(t,S) = , (35)

where
di(t,S,) = (6X(T — 1)) 2 [ln(S[/K) + <r + %2>(T - t)], dy(t,S,) = dy(t,S;) — oV T —t.

and N denotes the distribution function of the standard normal distribution. The fulfilment of the
three conditions in Definition 3.11 depends on the terminal value S7 ot the price path. Depending
on this terminal value we have the following asymptotics as ¢t T T:

1
di(t,S;) ~dy(t,S;) ~ (T —1t) 2 if Sp > K;

1 (36)
dl(t,St) ~ dz(t, St) ~ —(T - t) 2 lfST < K.

Instead, if S = K, then neither d; nor d, have alimitast 1 T. To see this we use the law of iterated
logarithm, which gives a precise statement on the small time asymptotics of the Brownian path.
We have that the terminal value St is

2
Sy =S, exp {aWT — oW, + <r - %)(T - t)}.
If St = K, then by taking logarithm on both sides of this equation we have
o2
InK—-InS;, =cWr—ocW, + <r — 7>(T —1).
Hence, ast T T we have

an—lnSt WT—W[ WT_Wt 1
~ = ‘1/21nln . (37)
o\T —t VT =t V2T =t)Inln(1/(T — 1)) T—t

lim sup=1; liminf=-1

The first factor on the right hand side is such that the limsup as ¢ 1 T is equal to 1, and the liminf
is equal to —1. Therefore, if St = K, then

limsup,; d;(¢,S;) = limsup,;; ds(¢, S;) = +o0, 38)

lim inf[TT dl(t, SI) = lim inf[TT dz(t, S[) = —00.
Because of Equation (38), conditions 1 and 2 in Definition 3.11 will not always be satisfied. More-
over, the singularity at T will also impact condition 3.
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One could circumvent this issue by a smooth approximation of the option payoff that could
eliminate the point of non-differentiability. Here instead, we comment on what this says about
option trading in practice, and on how these singularities, exposed by our pathwise framework,
could be regarded as an underpinning of the practicality of option hedging.

The unstable behavior of the sensitivities when time is close to maturity is known in practice,
in particular in the case of options that are at-the-money (i.e., the underlying has a price equal or
very close to the strike). Because of this, it is common to stop the delta hedging before the actual
option maturity, and to continue with a simpler strategy as buy-and-hold. This is described by
introducing a time horizon T smaller than the option maturity T; then the Black-Scholes price at
T is smooth and so our framework can be applied up to time T subject to assuming that the option
can be sold at this time at the Black-Scholes price.

After T and in the limit as time approaches T, the sensitivity Gamma in Equation (35) no longer
controls Delta of Equation (34) in the sense of Gubinelli. In the case of at-the-money options, the
gamma sensitivity diverges to infinity as time approaches T. This has an impact on the profit&loss
formula of Proposition 5.3, as described in the following proposition.

Proposition 7.1. Assume that St = K. Consider the Black-Scholes model specified by the enhancer
in Equation (32) and consider the rough bracket [ST¢] of the true price signal. Let % <y < 1. Assume
that for all € > 0 there exists a partition such that || < € and

inf{[S"1¢], v — [Slyw : u€m>el7. (39)

Then, there always exists an arbitrary fine trading grid such that the profit&loss of the delta hedging
on this trading grid diverges to —oo as time approaches the option maturity.

Remark 7.2. Proposition 7.1 says that, in the case of at-the-money options, if the misspecification of
the Black-Scholes model is such that the volatility is underestimated, then there exist trading times
when following the delta hedging will make the trader incur in unbounded losses. Instead, in the
cases of in-the-money and out-the-money options (S; > K and Sy < K respectively), the gamma
sensitivity has a limit as time approaches maturity and this limit is zero. Therefore, in these two
cases, the Young integral describing profit&loss can be bounded relying on the integration bounds
of Section 3.

Proof of Proposition 7.1. Let 7 be a trading grid up to the option maturity. Consider the approxi-
mation of the Young integral in Equation (26) on this trading grid, namely

Y Gammay, ([S], . — [ST ], u)- (40)

uenr

The condition in Equation (39) says that for every € > 0 there exists 7 = 7(¢) such that for all u
in 7 it holds

[S]u,u’ - [Strue]u,u’ < _61_y~
Hence, if the sum in Equation (40) is performed on this partition, then such a sum is upper
bounded by

_el_er— R
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where T— denotes the partition point immediately before the option maturity. Using Equation
(37), we have

1 2
@m) > expq - il 2Inin =
N'(dy(t,S,)) V2(T-t)Inln(1/(T—-t)) T—t

T—t T—t

(41)

We see that as € | 0 the quantity —e' ™ T';_ goes to —co. O

8 | CONCLUSIONS

In this work, we have shown that European options may be replicated in a framework that does not
use probability. We instead study enhanced price paths defined in the spirit of Rough Path Theory.
On the one hand, their enhancements are essential for pathwise integration, as discussed in Sec-
tion 3. On the other hand, they encapsulate the specification of a model for the valuation of deriva-
tives, carrying the information needed for the hedging (Section 4). Moreover, these enhancements
allow to assess model misspecification: a P&L formula for the hedging under “wrong” volatility
was proved, generalizing the so-called fundamental theorem of derivative trading (Section 5).

‘We stated the precise assumptions that allow for the application of Gubinelli integrals in the
description of hedging strategies. These assumptions are satisfied in the standard Black-Scholes
case of European call and put options only up to a time T that strictly precedes the option maturity
T. On the one hand, this opens the question about suitable approximations for the limiting case
as T converges to T (without using probability); on the other hand, it provides a mathematical
underpinning to some hedging practises linked to unstable option sensitivities, in particular in
the at-the-money case.

The fact that our enhanced paths extend to trajectories other than semimartingales would make
the no-arbitrage arguments suitable for models with transaction costs and other market imper-
fections. Indeed, in these cases price trajectories are usually less regular than semimartingales.
Moreover, we would like to point out that the classical arguments for no-arbitrage under trans-
action costs is based on consistent price systems, see (Guasoni, 2006; Guasoni et al., 2008). This
means that the absence of arbitrage is ultimately based on support theorems, hence presenting
the opportunity to apply Rough Path Theory, whose application in support-type arguments has
proved to be fruitful (see (Friz & Victoir, 2010, Chapter 19)). In this direction, a recent MSc Thesis
at Imperial College London moved the first step (Pei, 2019).
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ENDNOTES

! In the continuous-time abstraction, the term (¢'.S), is to be read as the Itd integral of the continuous adapted pro-
cess ¢! against the continuous semimartingale S; the term (¢°.S°), would instead refer to the Lebesgue integral
rfot Pl du.

2 By this we mean: p(s, s) = lim, ; p(s,t) =0forall 0 < s < T.
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APPENDIX A: PROOFS FOR SECTION 4
Proof of Proposition 4.5. The fact that (H, H') is X-controlled follows from Lemma 3.13. We can
expand the increments of w, := w(t,X,) as

1
w(t, X;) — w(s, X) = (t —s) [, [6;w(s + y(t — 5),X;) — 6;w(s, X,)]dy
= 22 ati ()82 wis, X,) — atI ()82 w(s, X | + (s X,)(e — )
1 1
+ (/0 Jy [Vaxw(s, Xs + y132X5.0) = View(s, Xy | d)’2d}’1>(Xs,z ® X))
+ vxw(S’Xs)Xs,t + %Vixw(S’Xs)(Xs,t ®Xs,t)-

We have used (16) on the second line to re-express time derivatives as spatial ones. The assumed

g-moderation allows to control the three increment-type summands in the expansion. Let K :=
SupogssT ”Vixw(s: ')”oc—H(')'l,Coan[O,T]- Then,

1
/ [6,w(s + y(t — $),X,) — dyw(s, X)ldy
0

1
< Mallgo xpo.r [Ke? + g | 5,

and
|ai'f (X3} w(s, X,) — a™/(X,)d7,
< llall o xjo.r K (s, 1)
a/p .
+||H,||00, [0.T] lally—s1, convxior@x (5503
and

1
'( Jo S 170005, X+ 3172X00) = Vaw(s, Xy | dyadys ) (Ko, ® X

K (2+O{) /p
~ (1+a)(2+a) @x (5,1).

Recall that, in particular, 2+Ta > 1 by the choice of « in the definition of enhanced path of a-

diffusion type. Then, the three estimations above say that, for the expansion of the increments
wy,, the following holds: there exists a control w and an exponent y > 1 such that

1
ws,t - wa(S’Xs)Xs,t - V?cxw(s’Xs)Xs,t - atw(s’Xs) - Evazcxw(s’Xs)[X]s,t
ws,t - atw(s’Xs) - wa(S7Xs)Xs,t - V?cxw(s’Xs)(Xs,t ®Xs,t)| < w?(s’ t)-

Hence,
ws, = lim [a,w(u X)W —u)+ - 62 jw(u, X)X ]u u,]
|7z|—0 ueﬂn[s t]
+ |7lrl|m0 Z (HuXunta ae + HiXupturacl:

N
uenn(s,t]

=:(("H,"™H").(X.X))s ¢

=((H,H").(X,X))s ¢
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The possibility to split the limit descends from the already-known convergence of
(("H, "H").(X, X)) as || — 0. For any i, j the discrete sum Y _ 87 w(u,X,)[X], s approxi-

uem ~i,j o
mates the Stieltjes integral of the continuous function u — 6i2jw(u,Xu) against the measure m"/

of (14). Hence, in the limit as || — 0 it converges to fol aizjw(u,Xu) abJ(X,,)du. The cancelation
guaranteed by (16) then implies (17). O

Proof of Corollary 4.7. The fact that (V,w(t,S;), V2, w(t,S,)) is S-controlled of (p, q)-variation
regularity is already contained in Proposition 4.5, because it does not involve the second-order
component of S. Also, the Taylor expansion of Proposition 4.5 yields a control function w and an
exponent y > 1 such that however chosen a subinterval [s, t] of [0, T], it holds

w(t,S;) — w(s, S) = Vow(s, S)Ss, + d,w(s, St —s)
+ SV2,(s, 808, ® Sy + 0(e (5, 1))
= V,w(s, Ss)gs,z + Vfcxw(sygs)gs,t
+ (s, St = 8) + 2V3,w(s, SYIXI,
+ %Vixw(s, S8l — [XI],,) + O (5, 1)).

Therefore, by considering the subintervals [u, u’] of a partition 7 of [s, t], summing over these,
and letting |7z| — 0, we obtain

. . . = 1 -

w(t,S;) — w(s, S) = (H,H).(S, S))s + E(H’-([S] = [XD)s.e> (A1)
and in particular (21). The second summand on the right hand side is a well-defined Young integral
because t - V2, w(t,S,) is of bounded g-variation, g < p/a, and a > p — 2 by assumption.

Write wy, for the increments w(t, S;) — w(s, Sy), 0 < s < ¢ < T. Owing to (Al), for every subin-

terval [u,u'] of a partition 77 we can write

Wy — Hugu,u’ = ((H,H’).(S, gl))uu’ - Hugu,u’ - H{zgu,u’
+ Hlfzgu,u’ + E(H/([S] - [X]))u,u’~

Therefore,

é SO [wyr — HySyuaw 1| < eTKew(0, T)osc(aw, |7|)?/PH/471 4 ; e HL S,
uem uem
u' <t u' <t

+ e/ TIIH (8] = [XDllp/2-var fo1
where, by applying the bounds in (Friz & Victoir, 2010, Theorem 6.8) we see
I1H.([S] = XDl pj2-var,0,7]
<273 )o 1 - (x) Ly /2varo.r]

1
(1 _ 21—(4/p+1/q) ”H/”q—var,[O,TJ + ||H,||oo,[O,TJ> .

By plugging in (20), we obtain the desire results. [
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