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Abstract

Mechanical properties of polycrystalline materials are affected by the microstructure of the
components. All cracks and inclusions present in a body subjected to external forces cannot
act independently even if their density is relatively low. The elastic fields generated by the
presence of each crack and inclusion extends throughout the system. Thus, not only the
external load but also the neighbouring cracks and inclusions determine the stress experienced
by each individual defect. In this work, the Multipole Method (MM) is used to simulate the
many-body self-consistent problem of interacting elliptical micro-cracks and inclusions in an
unbounded solid. Finite-sized problem can be solved using the superposition scheme and
incorporating the complex variable boundary element method.

A criterion is employed to determine the crack propagation path based on the stress
distribution; the evolution of individual micro-cracks and their interactions with existing
cracks and inclusions is then predicted using what we coin the Discrete Crack Dynamics
(DCD) method. DCD is fast (semi-analytical) and particularly suitable for the simulation of
evolving low-speed crack networks in brittle or quasi-brittle materials.

Furthermore, effects of the grain boundary strength and the interfacial strength of inclu-
sions on the deflection of crack paths were studied. Results of each step of the analysis are
validated against finite element analysis predictions and previously published experimental
data and modelling results. New results for propagating cracks interacting with hard and soft
inclusions in finite bodies are presented.

Finally, the methodology developed by the author is used to determine the effect of
residual stresses in general, and the residual thermal stresses associated with the second
phase inclusion in particular, on the crack propagation path. The study is then extended to
characterise the influence of residual stresses and thermal stresses on crack propagation in
PCD structures.

Keywords: Crack-Inclusion interactions, Multipole Method, Discrete crack dynamics,
Grain boundary, Interface strength, Residual stress, Thermal stress
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Chapter 1

Introduction

The author conducts this Ph.D. thesis under the joint guidance and advice of supervisors from
Imperial College London and Element Six (E6), a De Beers Group Company. E6 (a reference
to carbon, the sixth element of the periodic table) is the world’s leading manufacturer of
synthetic diamond for hard abrasive materials. Synthetic diamonds are used throughout
many industrial applications such as cutting, grinding, drilling, and polishing. Of particular
interest is Polycrystalline Diamond (PCD) that is formed by sintering diamond powders
using metallic catalysts at very high temperatures (> 1500oC) and pressures (> 5 GPa).
PCD is a hard abrasive material with a broad range of applications in the oil and gas, and
hard rock mining industries. Understanding the failure mechanisms of the PCD materials
is a technological problem with scientific significance. Cracks, inclusions, catalyst binders,
and any imperfections which are left after manufacturing, could have a significant impact
upon the cracking process either in single crystals or grain boundaries of PCDs. Figure 1.1
illustrates bright field mode of transmission electron microscopy (TEM) images of PCD’s
grain boundaries. It shows the variety of diamond imperfections such as dislocations, defects,
and Cobalt (or other metallic catalysts’) pools that can produce failure in the system.

PCDs failure mechanisms involve crack nucleation, crack-inclusion interactions, and
crack propagation. The objective of this project is to develop a method to calculate the
micro-crack and inclusion interactions, and then using the interaction information to predict
low-speed crack propagation paths in brittle or quasi-brittle materials at the continuum scale.
Once fully developed and validated, the method should be extended to study more realistic
problems including PCDs, therefore studying the effect of the presence of multiple inclusions,
manufacturing residual stresses and grain boundaries.

PCDs have low fracture toughness and plastic deformation is extremely limited. The
investigation of this thesis may be used to help in the design process by shedding light on the
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Fig. 1.1 Bright field TEM images showing respectively the microstructure of Quadmodal
PCD at different length scale. a) Cobalt material decorates boundaries between diamond
grains of various sizes. b) Diamond grains with portions of highly deformed areas (plastic
deformation cores encircled). White arrow points to the area containing residual stresses
associated with second phase inclusions. c) Cobalt pools, inclusions, and other defects are
shown at higher magnification [1].

failure mechanisms. Before studying PCD structures, we focus on understanding the failure
mechanisms and crack propagation problems in brittle polycrystalline materials.

1.1 Thesis Structure

Crack propagation is an inherently multi-scale problem, where the crack propagation path
depends on phenomena and mechanisms occurring at different length and time-scales, from
the loading conditions prescribed at the macroscopic scale all the way down to the bond
breaking events responsible for failure at the crack tip that can only be resolved at the
atomistic level. Multi-scale simulations of crack propagation involving all the scales from
atomistic simulations are not computationally practical due to the very large number of scales
involved; so micro-scale and meso-scale crack propagation analyses have been suggested to
supplement the continuum scale for fracture modelling. In this study, a new tool to study
the crack propagation at the micro-scale is proposed and developed to study the effect of
microstructure on the main crack propagation path, and the strength of the grain boundaries
(GBs) and micro-structural features on the development of fracture in quasi-brittle systems.

In Chapter 2 a general overview of diamond and polycrystalline diamond is provided.
Then, a short introduction of the theoretical background and relevant concepts of fracture
mechanics followed by a comprehensive literature review on various analytical and numerical
methods to study micro-crack and inclusion interactions are presented. Their strengths and
drawbacks are then investigated, and the multipole method is selected for the simulation of
the problem.
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In Chapter 3 the multipole method is explained in details and extended to treat a limited
array of cracks and inclusions. This method provides a solution in a complex potential
formulation for 2D plane elasticity problems where close interactions between inclusions
are taken into account. The local field at each point in the system is obtained through the
superposition of the incident far-field and the disturbance fields caused by neighbouring
defects around all inclusions.

In Chapter 4, a novel method is proposed to predict the crack propagation path in two-
dimensional finite-sized systems. Once the distribution of stresses and stress intensity factors
(SIFs) in a system are computed using the multipole method, the evolution of individual micro-
crack and its interaction with existing cracks/inclusions is then explicitly modelled using the
new technique named “Discrete Crack Dynamic”. Details of the method development and its
application to some benchmark problems are reported in this chapter.

Chapter 5 is focused on the effect of the interfacial strength of the grain boundaries and
elliptical inclusions on the deflection of the crack path. The method is developed to channel
the crack into a toughening configuration (array of elliptical holes and soft inclusions) in
order to obtain the optimised microstructure required to enhance toughness through different
mechanisms. Numerical results at each step are validated with other experimental and
computational results.

Chapter 6 utilises the capabilities of the method to determine the effect of residual stresses
in general, and the residual thermal stresses associated with the second phase inclusion in
particular, on the crack propagation path. Both compressive and tensile residual stresses can
deflect crack trajectories. Tensile residual stresses can reduce the wear and fracture resistance
performance or cause failure in materials; on the contrary, compressive residual stresses are
mostly beneficial and may arrest or retard the crack propagation. The study is extended to
characterise the influence of residual stresses and thermal stresses on crack propagation in
PCD structures. This thesis is closed by summarising the achievements of the project and the
proposed future work, which are discussed in Chapter 7.

1.2 Research Objectives

In order to gain a better understand of the failure mechanisms that govern crack propagation
in brittle polycrystalline materials, the effect of the microstructure and the interaction between
cracks, grain boundaries and inclusions has to be studied. Therefore, a fracture model that
can predict microstructural interactions is required. The aim of this work is to develop an
accurate and potentially computationally inexpensive fracture model for brittle and quasi-
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brittle fracture in 2D and to implement it to solve problems involving realistic polycrystalline
structures. The main objectives of this thesis can be summarised as follows:

• Calculating the full stress fields in an unbounded solid containing elliptical inclusions
and cracks.

• Including the finite size effects using the linear superposition principle and a boundary
element methodology.

• Developing a new method, called Discrete Crack Dynamic (DCD), to model the propa-
gation of individual micro-cracks and their interactions with existing cracks/inclusions
and grain boundaries.

• Incorporating interface and grain boundary effects in the crack propagation model.
Interfaces and grain boundaries are modelled explicitly using inter- and intra-granular
fracture energies as to establish the likelihood of propagation and crack path.

• Studying the effect that residual and thermal stress have on the crack propagation path.



Chapter 2

Background And Literature Review

2.1 Background

2.1.1 Diamond

Graphite and diamond are forms of carbon with different hybridizations. The common sp2

and sp3 allotropes of carbon exist in various crystallographic forms of graphite-like and
diamond-like phases. Each carbon atom in diamond’s structure is covalently bonded to four
other carbon atoms, which results in a highly stable structure. Diamond is a metastable
allotrope of carbon in nature, but the large value of cohesive energy (7.46 eV) as well as the
significant energy barrier, result in its high metastability and extreme melting temperature, in
the order of 5000 K [24].

Crystallographic structure
Diamond has a complex internal structure that reflects the growth conditions, impurity con-
tents and deformations. A common cubic structure of diamond (Figure 2.1) can be described
as two interpenetrating face centre cubic lattice (FCC) with a/4 < 111 > displacement and
the same slip system of FCC crystals: < 110 > directions and {111} planes. The bonds are
154 pm in length and at an angle of 109.50 to each other [25].

Impurities
Elements other than carbon exist in the diamond lattice and affect its optical, electrical,
thermal and mechanical properties. Sixty elements have been identified in natural and synthe-
sised diamond, the major impurities being nitrogen, oxygen and hydrogen both present at the
surface and in the bulk [26]. Inclusions are most likely to be found at lattice imperfections,
dislocations and platelets.

Synthesised diamond, or man-made diamond, is used for various industrial purposes.
Synthetic diamonds are grown by many different techniques such as, high pressure, high
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Fig. 2.1 Diamond unit cell structure: cell dimension a = 0.3567 nm, and c� c bond length of
0.154 nm.

temperature (HPHT) sintering, shock wave synthesis, and chemical vapour deposition tech-
niques [26]. Synthesised diamond contains inclusions such as nitrogen, nickel, cobalt and
other catalytic metals in both bulk and at the surface with diameter size smaller than 60 nm
and in many cases even as small as 2 or 3 nm [27].

Mechanical properties
The elastic constants have been measured using variety of techniques "wedge" technique, x-
rays scattering, Brillouin scattering, and ultrasonic pulse method [28–36]. The measurements
indicate that elastic stiffness constants are pressure and temperature dependent. Due to FCC
symmetry in the crystal structure, only three constants are needed to describe the stiffness of
diamond; Vogelgesang [36] obtained parameters at room temperature and pressure as follows:
C11 = 1080.4, C12 = 127.0, C44 = 576.6 GPa. 1 A yield strength of 130-140 GPa, and a
critical resolved shear stress (CRSS) of about 70 GPa were suggested by [37]. However, the
CRSS specifically in covalently bonded materials depends on the experimental conditions
[38]. The critical stress intensity factor values depend on which surface fracture occurs.
Fileds and Freeman [39] recorded values for synthesised and natural diamond in the range
3.4 � 7 MN m�3/2.

Plastic deformation
Stressed diamond can be relaxed by emission of dislocations and plastic deformations at high
enough temperature; for example multiple slip can occur below 700 0K by point loading
characterised by pressure around 10 GPa [40]. At lower temperature, relaxation corresponds
to the formation of stacking faults, mechanical micro-twins, micro-cracks, and graphitisation.

1Elastic constants Ci j determine the linear relationship between stresses and strains, for example, C11 relates
s11 to e11.
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Plastic deformation is uncommon at low temperature and therefore diamond is classified as a
brittle material.

Diamond defects
It has been empirically observed that the inclusion-rich areas can be also characterised by
the area of high density dislocations as well as numerous stacking faults and microtwins on
(111) planes [41]. The reason why diamond has specific types of dislocations and defects, is
related to the carbon structure and phase transformations that take place when it is exposed
to high pressure [42–45].

2.1.2 Polycrystalline Diamond

Diamond exhibits experimentally and numerically brittle cleavage usually along the (1 1 1)
plane, but cleavage has also been observed on the (1 1 0) plane, and, to a lesser extent, along
some other planes [46, 47]. Anisotropy in most of the properties of a single crystal diamond
provides disadvantages for many applications. PCDs, consisting of numerous diamond
particles sintered together with metallic binders (usually cobalt) have the advantages of
being effectively isotropic at a macroscopic level and having a greater toughness while still
maintaining a reasonably high thermal conductivity. PCDs are often described by the average
grain size of the original powder, which has a significant effect on the consolidation process
during the early stage of sintering. For instance, by selecting two different initial grain sizes,
the porosity of the mixture can be reduced; this reduction depends on the relative ratio of the
fine and coarse grains and operation pressure [48, 49].

Polycrystalline aggregates of diamonds consist of a number of small grains and are
produced using very specific technological processes. Fine-grained aggregate is synthesised
by sintering diamond crystallites into a coherent structure at a high temperature and pressure
in two ways: i) solid-state sintering of diamond grains without additives under high pressure
[50, 51], ii) liquid phase sintering of diamond using catalysts, which is the conventional
method for industrial production of PCDs [48]. Industrial PCDs sintering process comprises
of three stages, cold compaction, hot compaction, and infiltration and liquid phase sintering
[52].

The cold compaction process profoundly affects the final diamond size distribution,
binder content, binder phase distribution and homogeneity, diamond grit inter growth, and
densification kinetics. Three processes take place during the cold compaction, (i) particle
rearrangement, (ii) crushing of diamond particles, and (iii) filling of voids with crushed fine
particles. The second stage of sintering is the hot compaction. In this stage, at temperature
below 700�C mainly crushing and rearrangement of particles take place and at temperature
above 700�C, diamond plastic deformation are detected. Also, graphitisation, and densifica-
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tion by plastic deformation and filling the pores by graphite occur at this stage. During the
infiltration and liquid phase sintering process, diamond particles are mixed with a solvent
catalyst (Fe, Ni, or Co mixture) under high pressure, and with tungsten carbide, which is
released from the substrate into the diamond layers. At this stage, the molten additive metal
has a role of a solvent/catalyst and also fills in the gaps amongst the grains. These molten
solutions reduce the pressure and temperature necessary for phase transformation to diamond
and enhance the rate at which phase transformation occurs by overcoming the large kinetic
barrier and acting as a transport agent for carbon. The other roles of the molten catalysts in
the sintering process are to dissolve any graphite formed in the cold compaction stage and to
round off sharp corners of the grains and the necks between bonded diamonds. The presence
of the second phase with highly plastic properties in the local zone of contact between the
grains promote redistribution and relaxation of the contact stresses and consequently prevents
crack propagation and brittle fracture to occur. Re-precipitation of diamond and intergrowth,
and consequently grain growth, are the main features of this sintering stage.

Small modifications to the manufacturing processes can alter significantly the properties
of the final PCD products. PCDs have generally superior performance to those of a single
crystal diamond: high hardness and strength, toughness, abrasion resistance and thermal
conductivity [53, 1]. The improvement in the toughness of PCDs is associated with the
random orientation of grains in its structure which forces any propagating crack to take a
strolling zigzagging path, and consequently consuming more strain energy in such a way.

PCD materials are vulnerable to thermal degradation when exposed to elevated tempera-
ture and as a result they have a safe operational temperature limit. This vulnerability results
from the thermal expansion differences that exist between metallic catalysts and diamond.
This differential thermal expansion can induce thermal stresses and consequently break
binder and diamond bonds, and form cracks in the structure. Also, the solvent metal catalysts
at high temperature can cause an undesirable phase transformation in diamond (converting
it to carbon monoxide, carbon dioxide, or graphite). Investigations have been conducted
to improve the limiting operational temperature of PCDs [54, 55]. The graphitisation of
the diamond depends markedly on the atmosphere around the diamond. In the presence of
Oxygen, even in minute quantities, apparent graphitisation can be observed at temperatures
above 700°C. Also, graphitisation can occur at diamond grain boundaries where the cobalt
binder "wets" the diamond surfaces. Keshavan et.al. provided a solution to this problem by
leaching and removing the metallic binders from the working surface of PCDs [56]. The
leaching process gradually removes the binder from the specimen, or at least from a portion
of the polycrystalline aggregate, generally reaching depths of about 0.01 to 0.1 mm from the
surface (as shown in the structure of the PCD cutters in Figure 2.2).
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Figure 7 – Microstructure of both leached (upper) and unleached (bottom) areas of cutter at 1,395°C. 

At 1,125°C, some diamond grain degradation is visible. However, in each case it is accompanied by the 
presence of the cobalt catalyst material, and results only in porosity within the diamond grains. Overall, the 
diamond grain structures remain intact. 

At 1,206°C, liquid cobalt binder is found emerging from enclosed locations along the grain boundary, 
which is believed to have been enclosed along the grain boundary during the PDC cutter sintering process. At 
1,251°C, liquid compound can be observed within the diamond grains themselves, likely residual catalyst used in 
the diamond grit manufacturing process. 

Liquids continue to remain visible through 1,267°C, and porosity is visible in the diamond grains at 
1,300°C. However, by 1,370°C, all cobalt binder on the surface of the cutter has completely evaporated and 
disappeared. At 1,395°C, microcracking within the diamond grains is visible (see Figure 8 below), indicating 
graphitization. This is consistent with the fact that the diamond-to-graphite transformation has a 55% volume 
change, causing cracking in the diamond layer (BET and Shafto, 1984). 

 
Figure 8 - Microstructure of leached area after cooling from 1,395°C, 

showing complete diamond grain graphitization 
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Fig. 2.2 PCD cutter structure: a) photography of a cutter, b) schematic of the microstructure
(leached out "holes" in white and binder pools in dark grey) of a leached PCD sample, c)
microstructure of the failed PCD sample at high temperature (1,395 0C) [2].

These unique properties of PCDs are best utilised in cutting tools for machining a wide
variety of abrasive materials. The combination of hardness, toughness and strength make
PCDs excellent cutters for a variety of drilling operations. PCDs are incorporated in the
oil and gas industries for drilling purpose, where the cutting tool has to resist fracture
(toughness), plastic deformation (hot hardness) and (abrasive, adhesive and tribo-chemical)
wear. A frequent problem in the drilling industry is the failure of cutting tools which is
caused by PCDs fracture and chipping. Considering the large costs associated with the need
to change the cutting tools in the middle of the drilling process (usual costs are in the range
of hundreds of thousands of euro) the most significant challenge when designing the cutting
tool is to resist abrupt component fracture and to improve its lifetime.

2.1.3 Fracture And Failure of PCDs

Understanding deformation and failure mechanisms is critical for improvements in brittle
polycrystalline structure performance. Failure of polycrystalline materials is associated with
the fracture toughness, wear mechanisms, effect of loading rate and fatigue mechanism,
existing thermal residual stresses, and microstructure distribution. Failure mechanisms of
PCDs can be classified into three stages; surface depreciation, cracks formation, and crack
growth. Surface depreciation is a consequence of surface graphitisation and carbon removal.
Removal of carbon atoms includes chemical and mechanical procedures [57]. A stressed
PCD with depreciated surface is prone to experience micro-cracking either inside the grains
(transgranular) or at the grain boundaries (intergranular). Depending on the amount of applied
stress, residual stress and temperature variation, diamond can undergo structural relaxation,
which exhibits itself in dislocation movement and plastic deformation, graphitisation and/or
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crack nucleation. At extreme condition activated defects, inclusions, and micro-cracks can
break the coherence of the stressed material and produce macro-cracks and failure [58].

Material inhomogeneities and defects such as impurities, inclusions, and micro-cracks
play a fundamental role in dictating the modes of fracture and failure for both macroscopic
brittle cracks and typical fatigue crack propagation [59–61]. Grain boundaries, elastic
modulus, and toughness of the individual microstructural constituents and interfaces are
critical parameters that control the failure mechanisms in brittle polycrystalline materials. The
ability to predict the material behaviours and the failure mechanisms of such materials can
lead to better designs, improved performance, reduced costs and enhanced safety. This work
is focused on developing a two-dimensional (2D) numerical model to predict microstructure,
and temperature variation effects on crack propagation and failure of brittle polycrystalline
structures in the quasi-static regime, with the aim of optimising the design of PCDs. Before
presenting the development of the new numerical tool, some theoretical background and
relevant concepts related to continuum fracture mechanics are presented to provide an
overview of the state-of-the-art methodologies used to study mixed mode crack propagation
in the linear elastic regime.

2.2 Background In Continuum Mechanics

2.2.1 Linear Elastic Fracture Mechanics (LEFM)

Fracture mechanics was developed to understand the causes of failure in materials. A large
amount of work has been built in the framework of continuum mechanics starting from the
1920s, by Inglis [62] and Griffith [63] to establish a model for crack propagation, and for
the determination of the stress, strain, and displacement fields in a cracked medium, with
particular attention focused on describing the neighbourhood of an elliptical cavity and the
behaviour of crack-tips in a material under load.

2.2.1.1 The energy release rate

Griffith’s theory states that a crack will propagate when the reduction in potential energy that
occurs due to crack growth is greater than or equal to the increase in surface energy due to
the creation of two new fracture surfaces. This theory is applicable to elastic materials that
fracture in a brittle manner.

Irwin extended the Griffith approach and developed the energy release rate concept. The
energy release rate G is the change of potential energy per unit crack area as the crack
propagates throughout the system; i.e. G is the energy dissipated by fracture per unit of new
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fracture surface area.
G = �dU

da
(2.1)

where U is the potential energy of an elastic body, and 2a is the crack length. According to
Griffith’s theory and the energy release rate concept, crack can propagate only if the energy
release rate becomes greater than or equal to the surface energy per unit area (g). In other
words, the energy dissipated at the crack-tip has to be balanced by the cost of creating two
new surfaces. At the moment of fracture, the energy release rate reaches the critical value GC

and the fracture condition becomes:
GC = 2g. (2.2)

GC is the material’s resistance to fracture which means it is the measure of fracture toughness.

2.2.1.2 Stress Intensity Factor

Irwin [64] incorporated the Westergaard [65] approach and introduced a new crack-tip charac-
terising parameter, the stress-intensity factor (SIF). Irwin stated that stress and displacement
fields near the crack-tip could be described by a single constant “SIF”. The SIF is the mag-
nitude of the dominant component of the local stress fields near the crack-tip. It accounts
for the geometry of the body containing the crack and the type of loading to which it is
subjected. The importance of this concept is laid on the fact that a macroscopic parameter,
SIF, overcomes the lack of adequate knowledge about the microscopic fracture events at the
crack-tip. The SIF is usually expressed by K in equations with a subscript to denote the mode
of loading (Figure 2.3), i.e., KI , KII , and KIII . Stress field components ahead of a crack-tip in
an isotropic linear elastic material and in a polar coordinate system (r,q) can be written (in
first approximation - this is a first term expansion) as:

lim
r!0

s

(I)
i j =

KIp
2pr

f (I)i j (q) (2.3)

lim
r!0

s

(II)
i j =

KIIp
2pr

f (II)
i j (q) (2.4)

lim
r!0

s

(III)
i j =

KIIIp
2pr

f (III)
i j (q) (2.5)

for Modes I, II, and III, respectively [66]. fi j is a dimensionless function that varies with the
load and geometry. In a mixed-mode problem (i.e., when more than one loading mode is
present), using the principle of linear superposition, the total distribution of the stresses is
given by:



12 Background And Literature Review

MODE I 
OPENING MODE 

MODE II 
SLIDING MODE 

MODE III 
TEARING MODE 

Fig. 2.3 The three modes of loading that can be applied to a crack.

si j = s

(I)
i j +s

(II)
i j +s

(III)
i j (2.6)

2.2.1.3 Relation between K and G

The energy release rate quantifies the net change in potential energy that accompanies an
increment of crack extension. The SIFs can be used to quantify the stresses, strains, and
displacements fields near the crack-tip. Considering the energy differences between a body
before and after crack growth, and the fact that the energy release rate G can be written in
terms of the stress and displacement fields at the crack-tip [67], it is clear that G and SIFs
(KI , KII , KIII) are related. In 2D linear elasticity, when all modes of loading are present, the
energy release rate of a crack propagating a unit length along its extension is related to the
SIFs via:

G =
K2

I
E 0 +

K2
II

E 0 , (2.7)

where E 0 is the effective Young’s modulus and it differs for conditions of plane stress or
plane strain according to:

E 0 =

(

E for plane stress
E/(1�n

2) for plane strain
(2.8)

and n is the Poisson’s ratio. Using Formula 2.7, failure conditions can be expressed
in terms of critical SIFs; KIC, and KIIC determines the material resistance to the crack
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propagation in mode I and II respectively. These critical values are intrinsic properties that
only depend on the material and experimental conditions.

2.2.2 Mixed Mode Fracture

Equation 2.7 was obtained by assuming that a crack under combined loading moves along its
extension and in its initial plane. Unfortunately, for the crack subjected to the mixed mode
loading, when two or more modes of loading are present, the extension is not collinear and
the crack kinks at an angle from its original plane. Hence, Equation 2.7 can not be used to
apply the Griffith-Irwin energy release rate criterion for cracks under mixed mode loads.

For the case of pure-mode loading and according to Griffith’s theory, a fracture in the
direction of the crack extension will occur when the corresponding SIF or energy release
rate reaches its critical value. Analogous to the pure-mode loading, a criterion is required
to predict the failure condition and the crack propagation direction for the generally mixed
mode loading problems. For a crack under mixed-mode I/II loading conditions, a number
of fracture criteria have been developed by many researchers. Various fracture criteria are
reviewed and discussed in Gdoutos’s book [68], where he reflects on the limitations and
applications of different criteria. For each problem, depending on the fracturing media, an
appropriate crack propagation criterion has to be selected. Crack propagation direction can
also be predicted according to the selected criterion.

Erdogan and Sih [69] proposed the maximum circumferential stress (MCS) criterion,
which assumed that the crack kinks in the direction where the circumferential stress surround-
ing the crack-tip is the maximum. Alternatively, Sih [70, 71], introduced the minimum strain
energy density (MSED) criterion and assumed that fracture occurs in the direction where the
strain energy density is the minimum. Smith et al. [72, 73] developed a maximum tensile
stress criterion by considering T-stress. The maximum energy release rate (MERR) criterion
based on Griffith’s theory was proposed by Palaniswamy and further developed by Hossein et
al. [74–76]. Later, the general mixed-mode brittle fracture criterion based on the concept of
maximum potential energy release rate (MPERR) was introduced by Chang et al. [77]. The
aforementioned criteria can be applied to forecast fracture in brittle materials. Mixed mode
crack propagation and the direction of crack propagation are studied in details in Chapter 4.

2.3 Predicting Crack Trajectories in Brittle Materials

Studying crack propagation in elastic materials requires solving three distinct problems.
Firstly, a numerical or analytical method to calculate interactions between cracks and inclu-
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sions and to determine the stress and displacement fields around the crack must be available.
Secondly, the method needs to be capable of computing the fracture parameters, such as
stress intensity factors and energy release rate. Thirdly, one has to decide on criteria to
characterise under which conditions and into what direction the crack will propagate.

To address the first and second problems, a critical review of the various existing methods
of stress analysis in elastic solids with many cracks and inclusions is provided in the following
section. Ideally, the method should be capable of predicting stress and strain fields as well
as the fracture parameters. Then, the third problem is approached by providing a review
of several methodologies used to model crack propagation in various media. The intention
is to present a rational justification of the method that is used in this study to predict the
interaction between elements of the system and also on the necessity of the new method to
be able to study crack propagation in brittle materials.

2.3.1 Methods to Study Inclusions and Cracks Interactions

In mechanics of elastic solids containing a network of cracks and inclusions, the problem can
be formulated respecting the local and effective properties. Interactions between cracks and
inclusions significantly modify the local properties; hence they are sensitive to the positions
of individual cracks and inclusions. However, the effective properties are generally derived as
volume averaged quantities that are less influenced by the geometry and positions of cracks
and inclusions. As studying the fracture-related problems at the microscopic level, which
is the focus of this thesis, requires information of the local properties such as SIFs, this
review is confined to methods that investigate the local properties and interactions between
all elements of the system.

2.3.1.1 Numerical investigations

Finite Element Method

Engineering analysis of mechanical systems has been addressed by solving partial differential
equations which are used to capture the behaviour of matter and physical principles. In
general, deriving an analytical solution for these differential equations is often impossible
except only for simple problems of regular geometries with most straightforward boundary
conditions. Hence, several numerical methods, such as finite difference method (FDM) [78],
finite element method (FEM) [79–81], mesh less methods [82], boundary element method
(BEM) [83] and discrete element method (DEM) [84] have been developed during the last
decades to tackle various problems in all branches of Physics and Engineering; particularly
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relevant here are the techniques developed in the fields of Material Science and Applied
Mechanics.

Finite element method (FEM) is the dominant discretisation technique for finding approx-
imate solutions to many engineering boundary value problems. The fundamental concept
in the physical interpretation of the FEM is the subdivision of the large model into smaller
(non-overlapping) components of simple geometry called finite elements. The response of
each element is expressed regarding the values of the unknown functions at a set of nodal
points. The response of the original model is then approximated by assembling the collection
of all elements. Comprehensive reviews of FEM can be found in [79–81].

Basic theory: In the FEM, the unknown parameters are obtained by minimising an
energy functional. An energy functional consists of the total energies associated with the
particular finite element model. Based on the law of conservation of energy, the variation
of energy functional must be equal to zero. The basic equation for finite element analysis
of solid materials is ∂F

∂u = 0, where the energy functional and displacement parameter are
expressed as F and u. This is based on the principle of virtual work (dW ), which states that
for a system under the static equilibrium the net force and net torque acted upon the system
is zero. Each finite element will have its own unique energy functional. In stress analysis, the
work form of the equilibrium equations for a continuous rigid body W with the surface G is:

dW =
Z

W
—.sdW+

Z

W
f dW+

Z

G
T dG

= Â
i
(
Z

Wi
—.sdWi +

Z

Wi
f dWi +

Z

Gi
T dGi) = 0,

(2.9)

where, s is the stress tensor, f is total the body forces, and T = n.s is the total boundary
tractions describing the contribution of the external boundary conditions. The domain W is
covered by sub-domains Wi with the supported surface Gi. The first integral on the right hand
side of the equation demonstrates the internal strain energy and the second and third integrals
are, respectively, the potential energy contributions of the body force loads and distributed
surface loads. In FEM, the displacement field is approximated by:

u = Â
i

fiui (2.10)

where ui is the nodal value of the displacement components and fi is the piecewise polynomial
shape function associated with node i. The orthogonality condition requires the functions
fi to satisfy the partition of unity principle (Âi fi = 1) [85]. The displacement equation and
its piecewise polynomial functions are the key points to express that the classical FEM can
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not support the large gradients and discontinuity problems of cracks and voids. Piecewise
polynomials are more suitable for the approximation of smooth functions and they are not
tailored for the approximation of non-smooth functions.

Also, FEM is a very versatile numerical approach, but this flexibility comes at a price of
mesh-generation. Construction of good quality meshes is not convenient and often accounts
for large computational costs in finite element simulations. Therefore, conventional FEM
has been modified and extended by changing the smoothness of the shape functions, node
distributions and a local mesh refinements. Intensive research over the past 3 to 4 decades
has extended conventional FEM to new FEM-based methods available to model cracks and
discontinuities, for example extended FEM, generalised FEM and partition of unity FEM
[86–90]. Extended finite element method, which is commonly used for the problem of crack
propagation [12, 91, 92], is briefly revisited in more details in the following section.

Extended Finite Element Method

The eXtended Finite Element Method (XFEM) is an extension of the FEM. The method is
developed by Belytschko et al. [92] using a new approximation for the displacement field.
In XFEM, Displacement field can be decomposed into the standard part u f em and into an
enriched part uenr as:

u = u f em +uenr

= Â
i2N f em

uifi + Â
j2Nenr

a jf jr
(2.11)

where ui and a j are the standard and the enriched nodal variables associated with node i and
node j, respectively. N f em is the set of all the nodes in the finite element mesh and Nend is
the set of nodes that are enriched with the enrichment function r . The enrichment function
r carries the information about the underlying physics of the problem. For example, for
the problem with strong discontinuities such as crack, r can be selected as the Heaviside
function.

In XFEM simulation the enrichment can be done on all the nodes in the finite element
mesh (global enrichment) or on some of the nodes (local enrichment). In most of the simula-
tions such as cracks and interfaces, the region of interest is localised and the enrichment can
be restricted close to the region of interest. For the case of linear elastic fracture mechan-
ics, the displacement proposed in Equation 2.10 is replaced by a generalised displacement
function that contains two sets of functions, a jump enrichment functions to describe the
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Figure 2.5: A typical FE mesh with an arbitrary crack. ’Circled’ nodes are enriched with �
and ’squared’ nodes are enriched with near-tip asymptotic fields. ‘Reproducing elements’
are the elements whose all the nodes are enriched.

radius of the domain centered at the crack tip. All nodes belonging to a tip element

are enriched with the near-tip asymptotic fields.

• Tip-blending elements are elements neighbouring tip elements. They are such that some

of their nodes are enriched with the near-tip and others are not enriched at all.

• Split-blending elements are elements neighbouring split elements. They are such that

some of their nodes are enriched with the strongly or weakly discontinuous function

and others are not enriched at all.

The necessary steps involved in the implementation of the XFEM are:

1. Representation of the interface The interface or discontinuity can be represented ex-

plicitly by line segments or implicitly by using the level set method (LSM) [116, 131].

2. Selection of enriched nodes In case of the local enrichment, only a subset of the nodes

closer to the region of interest is enriched. The nodes to be enriched can be selected

by using an area criterion or from the nodal values of the level set function. See

Section 2.4.2.

3. Choice of enrichment functions Depending on the physics of the problem, different

enrichment functions can be used. See Section 2.4.4.
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Fig. 2.4 A typical and fully enriched FEM mesh with an arbitrary crack. circled nodes and
squared nodes are enriched. Partially and fully enriched elements are the elements whose
nodes are enriched [3].

discontinuity of crack faces and asymptotic branch functions that span the two-dimensional
asymptotic crack-tip fields. The approximation of u takes the form:

u = Â
i2I

uifi + Â
j2J

b jf jH + Â
k2K

fk(
n

Â
l=1

cl
kFl) (2.12)

As shown in Figure 2.4, H is a jump enrichment function of the circular nodes (J), and
in this case only provides for the modelling of the discontinuity up until the crack-tip. The
H function has the value 1 "above" and -1 "below" the crack. b j and cl

k present the nodal
enrichment degree of freedom vectors. n is the total number of near-tip asymptotic functions.
The squared nodes (K) are enriched with the asymptotic crack-tip functions F . The function
F for isotropic elasticity is defined as:

F(r,q) = {
p

r sin(q/2),
p

r cos(q/2),
p

r sin(q/2)sinq ,
p

r cos(q/2)sinq} (2.13)

where (r,q ) are the local polar-coordinates at the crack-tip. Details of models and
simulations can be found in [93, 94]. In the complex system where cracks and inclusion are
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interacting, the enriched approximation takes the following form:

u = Â
i2I

uifi + Â
j2J

b jf jH + Â
k2K

fk(
n

Â
l=1

cl
kFl)

| {z }

f or cracks

+ Â
m2M

dmfmy

| {z }

f or inclusions

(2.14)

where, dm is the nodal degrees of freedom that corresponds to the enrichment function, y ,
given by Equation 2.14 to capture the inclusions discontinuity. M is the set of nodes enriched
with the enrichment function.

Implementation of the XFEM involves several stages. The calculation begins by pro-
ducing the usual finite element mesh, and then determining the interfaces or discontinuities
explicitly. For the case of local enrichment the nodes that needs enrichment have to be se-
lected using area criterion or the nodal values. Later, depending on the physics and geometry
of the problem, different enrichment function should be selected and added to the finite
element approximation and integrated over the system.

Although XFEM is powerful and applicable to the variety of problems, the flexibility pro-
vided by this method leads to its associated difficulties; specifically in numerical integration
over the enriched elements. Problems encountered during the implementation of this method
include issues with (i) singular and discontinuous enrichment functions in integrating over
the elements that are intersected by the discontinuous surfaces, (ii) oscillations in the results
over the elements that are partially enriched, (iii) poor convergence rate, (iv) necessity of the
post-processing stage to extract the SIFs from the computed displacement field, and (v) ill
condition stiffness matrix caused by addition of enrichment functions to the finite element
approximation basis. Significant amount of work has been done to improve the method
[3, 91, 95–97], and more investigations are required.

Boundary Element Method

The boundary element method (BEM) is an integral equation technique for solving a wide
variety of problems in science and engineering [83]. In FEM, the entire system must be
discretised to set up the algebraic equations and get the solutions. Creating a suitable mesh
for the problem is a curtail and time-consuming process. The particular feature of BEM
is the fact that the discretisation of the problem domain is confined to the boundary alone.
Reduction in the dimension of the mesh generation problem results in a significant saving in
computational costs.

In BEM, the problem is solved by superposing singular solution of all segment distributed
over the entire boundary of the problem. The singular point on the boundary exerts influences



2.3 Predicting Crack Trajectories in Brittle Materials 19

on every point on the boundary. In the final calculations, the impacts of single sources have
to be summed over all boundary segments. After the unknowns on the boundary points have
been derived, stress and strain fields inside the domain can be determined.

Boundary value problems in linear elasticity are formulated in two ways; the direct
formulation, which constitutes the basis of most modern BE codes, and the indirect one
which is an unmediated outcome of the superposition principle [98, 99]. In the case of the
direct approach, the elasticity problem can be formulated in terms of displacements or stress
fields, to give the basis of the conventional or hypersingular formulation of BEM. In the
direct BEM the integrals are carried over the field points while in the indirect BEM, they are
taken over the source points. In both methods, the boundary integral formulations give rise to
ill-conditioned problems at points characterised by geometric discontinuities. Integrals have
to be evaluated numerically using various methods, such as Gaussian quadrature. Analytical
evaluation of the integrals is not straightforward, especially in the direct BE scheme.

BEM is highly flexible while several features can be easily incorporated in the analysis.
Interaction between inclusions and cracks, and effects of material properties such as young
modulus mismatch and variation of poisson ratio ratio have been studied by many authors
[100–105]. Although substantial research has been conducted on the field of BEM, it is by
no means complete. This method and its associated computer codes are in an experimental
stage, and there might exist problems of reliability. Also, this technique is applied mostly
to two-dimensional problems, due to its semi-analytical nature (and the limited number of
analytical solutions available for 3D problems) and a lack of supporting commercial software.
Nevertheless, BEM can be combined with different methods, in which the strength of several
approaches can be exploited to optimise the process of numerical calculations. This particular
aspect of the BEM is used later in our implementation of the methodology used to treat finite
size problems in Chapter 4.

Meshless Method

As the use of elements or mesh in the previously proposed methods is the main root of
computational costs and problems, the idea to avoid the explicit use of elements and meshes
has been recently explored and the concept of meshfree or meshless methods have been
proposed by various researchers. Meshfree methods use a set of nodes, named field nodes,
distributed within the problem domain and on the boundaries. Field nodes require no prior
information on the relationship between the nodes to approximate the unknown field distri-
butions. The density of the nodes is not necessarily uniform and depends on the accuracy
desired. Meshless methods are more accurate than FEMs and do not have a mesh generation
problem but imposition of the essential boundary conditions may require special treatments.
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Also speedwise, it can be more computationally demanding than the FEM because of the
complex nature of meshless shape functions and evaluation of integrals in the domains
under investigation. The meshfree method has been implemented in various types of fracture
mechanics applications, such as single and mixed mode crack problems, fatigue crack growth,
and dynamic crack analysis as well as other typical engineering applications such as vibra-
tion of cracked structures [106–111]. Barbieri et al. [112–114] introduced a new enriched
weight function and used the meshless method to study the evolution of multiple arbitrary
and branching cracks in two dimensions in an elastic isotropic body. They have shown
that the method is capable of handling heavily kinked and branching cracks with accurate
stress intensity factors and optimal convergence rates in two but also in three dimensions.
Although meshless methods have shown good potential to become powerful numerical tools,
these methods are are still in their development stage. There are technical issues that have to
be resolved before the methods can become practical tools for complex engineering problems.

Summary: Several techniques have been developed to predict stress field distributions
in a system. The finite element method (FEM) is one of the most widely used tools for
studying stationary cracks and fracture along a pre-defined path [79–81], but localised
features such as cracks, holes, and inclusions are not efficiently resolved by mesh refinement,
and interactions between elements of the system and consequently general path crack growth
cannot be modelled accurately and efficiently using conventional FEM, which in part led to
the development of the extended finite element method (XFEM) by Belytschko et. al [92]
and by many researchers [91, 95–97]. Another alternative to FEM is the boundary element
method (BEM), also referred to as the boundary integral equation method (BIEM) [98, 83].
The main attraction of BEM is the reduction of the spatial dimensions of the problem since
only the boundary needs to be discretised. Despite the fact that the simulation of the full
stress field distributions is possible with the XFEM and BEM and meshless methods, they
become computationally expensive techniques when the number of localised features is
increased. Therefore, there is scope to develop more efficient tools to study a complex crack
network interacting with inclusions.

2.3.1.2 Analytical and semi-analytical investigations

The Kachanov Method

Interactions between cracks can be studied in terms of far-field tractions and stress super-
positions. Kachanov proposed a simple method based on the superposition technique and
the principle of self-consistency [4, 115]. A linear elastic solid with N cracks subjected to
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the external far-field load s

•, can be equivalently formulated as a problem where all the
crack faces with unit normals ni are subjected to traction ti = ni.s•. Using the superposition
principle the system is decomposed into the N subsystems each containing one crack loaded
by an unknown traction ti. As cracks can not act independently in the system and the stress
fields of any crack extend throughout the system, each crack should be considered as a source
of external fields for the rest of the cracks. Thus, the amount of stress fields experienced by
each crack s

i is the summation of the far-field load and the disturbance fields. Disturbance
fields are induced at the crack site by other cracks in the system. Hence, s

i is formulated by:

s

i = s

• +
0

Â
j

s

i j, (2.15)

and the unknown traction ti formula is derived by:

ti = �ni.s
• +

0
Â

j
t i j. (2.16)

Where s

i j is the stress field generated by the j � th crack at the i � th crack site, and
Â0

j s

i j is the disturbance stress field created at the i�th crack faces by other cracks. Likewise,
ti j is the traction generated by the j � th crack at the i � th crack faces. The principle of
self-consistency requires that all cracks and micro-cracks experience the same amount of
averaged effective stress field [116], i.e. the traction induced on a given crack by other cracks
is approximated using the average traction generated by all other cracks.

Figure 2.5 shows that the average traction on each crack corresponds to the uniform
average traction as well as the non-uniform term. Neglecting the impact of the non-uniform
traction is the key assumption of the method. The assumption is acceptable where the cracks
are well separated and the short range interactions are negligible. However, short range
interactions are noticeable in fracture of real material. The first step to solve the problem is
determining the uniform average traction on each crack; < ti > is the average traction vector
for the i� th crack.

The average traction induced on the i� th crack by the j � th crack is taken as (< ti j >=

Li j < t j >), where Li j is the interaction factor and reflects the geometry of the cracks.
Therefore, by knowing the average tractions < t j > , and interaction factors the problem
would be solved. With respect to Equation 2.16, tractions on each crack can be calculated
by a linear equation containing the far-field stresses and uniform average traction of other
cracks. Similarly, the total equation of tractions produce a system of 2N linear algebraic
equations. These equations can be written systematically using the interaction matrix [Li j].
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Fig. 2.5 The Kachanov method, (a) decomposition of two interacting cracks under the s

• far-
field load, (b) the unknown traction on each crack is sum of the average and the non-uniform
term (with zero average) [4].
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(di jI �Li j). < ti >= t•
j (2.17)

The interaction matrix is not symmetric and it reflects the geometry of the crack system
independent of the remote loading conditions (t•

j ). Kachanov derived formulas to obtain
crack’s SIFs using < ti > [4, 115, 117]. Depending on the geometrical configuration of the
crack system, SIFs can decrease (“shielding”) or increase (“amplification”). The errors in the
evaluation of the SIFs depend on the geometry of the crack network (crack sizes and distance
between cracks), and they are typically small and negligible if the spacing between cracks is
on the same scale as the length of the crack.

Crack-micro-crack interaction: Interactions between a main crack-tip and a cluster
of micro-cracks is an example of the application of this method. Simulation results are
summarised here [118, 116]:

“Short range” and “long range” interactions; two distinct zones are defined for crack
and micro-crack interaction. A region consists of several micro-cracks [119–121] located in
the proximity of the main crack-tip is a short range interaction zone. The interaction in this
field is highly sensitive to the exact positions of micro-cracks.

Fluctuation of the interaction effect: SIF is highly sensitive to the local geometry of the
micro-cracks, thus, for the random field of micro-cracks the SIF can potentially fluctuate
significantly from shielding (K/K0 < 1) to amplification (K/K0 < 1); K0 denote SIF of the
main-crack in the absence of micro-cracks. Crack propagation initiates at local peaks of
amplification. Therefore, the nonlocal properties of the material, such as effective elastic con-
stants at the micro-crack zone, can not adequately predict local fluctuations and consequent
crack propagation in brittle materials.

Impact of the “wake region” of micro-cracking: The presence of micro-cracks in the
wake region produces a shielding effect. Due to the low stress level in the wake region, the
shielding effect is typically smaller than the fluctuation of the SIFs from sample to sample.
Thus, the effect shielding in the wake region is not statistically notable.

“Clusters” of micro-cracks: the effect of micro-crack clusters on the main crack-tip: The
crack-tip is in-sensitive to the position of individual micro-cracks in the cluster system. This
means that the cluster can be simulated by one effective micro-crack. The density (D) and
the relative position of the cluster to the main crack-tip determine the effective micro-crack
length (L µ D1/2).
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Despite the simplicity of the method, the results summarised above can provide a good
understanding of the system size and the number of cracks and inclusions that are required in
the simulation in order to predict the crack propagation path.

However, like most of the simulation methods, this method has some limitations. For
example, using the method requires knowledge of the full stress field for one crack when
tractions applied along the crack faces. The full field solution is available for only special
shapes, thus the model is restricted to crack’s shape. Later, Kachanov used effective properties
and density matrix to include the effect of inclusions [122, 123], but his optimal method
is only applicable to solve crack interaction problems. In 2D, the polynomial method is
more efficient while in 3D configurations, the Kachanov method is more accurate. Also,
the method is not applicable to the problems with non-uniform external field; in this case
other methods such as polynomial expansion of traction are recommended [124]. Further
issues with the method are associated to the relationship between the uniform far-field and
the effective field at the surface of each crack. Feng suggested a field correction for this
problems; details of his method can be found in [125–127]. Finally, the accuracy of the
model depends on the configuration and the distances between the cracks. The non-uniform
traction becomes important as the spacing between cracks reduces. Corrections have been
applied to the Kachanov method for the problems containing closely spaced cracks. In the
subsequent section, two of these attempts are presented.

Modified Kachanov method for closely crack interactions

A) Garbatikh proposed a method to calculate SIFs for closely spaced cracks in 2D problems
[128]. His model is inspired by the analytical method of Kachanov, who neglected the
non-uniform traction; hence, the accuracy of calculations depends on the arrangement and
geometry of cracks. For closely spaced cracks, the use of average tractions is not adequate
and t j(x j)� < t j >= Dt j 6= 0, where x j and t j are the local axis and traction of the j � th
crack. Significant changes in Dt j within a small area lead to non-negligible changes in SIFs.

In the Garbatikh method, the total traction on each crack (t j) is divided into symmetric and
asymmetric parts. For the symmetric part, the average traction along the crack is non-zero,
while it becomes zero for the asymmetric one.

t j(x j)� < t j >= Dt j 6= 0 (2.18)
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Fig. 2.6 Interaction between two cracks, (a) decomposition of two interacting cracks under
the s

• far-field load, (b)Traction on each crack is sum of its linear varying term and a
non-uniformity with zero average [5].

t j =< t j > +Dt j

=< t j >s +Dts
j+ < t j >a +Dta

j

=< t j >s +Dts
j +Dta

j

= ts
j + ta

j

(2.19)

In this notation, the same formulation as the Kachanov approach can be used to solve
the SIF of the cracks. However, the total number of equations are doubled because of the
separation of symmetric and asymmetric parts. This model could improve SIFs of two
stack-like cracks compared with Kachanov method by a factor of ten. Although, the method
has been developed for SIF calculations and other quantities, some calculations like stress
fields or displacements may not be derived correctly. Furthermore, calculations have been
done for stack-like cracks and other configurations require more investigation.

B) Results of Kachanov method based on uniform tractions are considered as the zeroth
order approximation for the interacting cracks problem. The first order approximation is
defined when tractions between two cracks have linearly varying components and non-
uniform terms (Figure 2.6); again the average value of the non-uniform term is neglected.
Using the higher order approximation with a perturbation approach similar to the method
originally proposed by Kachanov can enhance the accuracy of the calculations. Li et al.
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proposed the first order approximation by including the effect of a linearly varying component
[5]. This means that ti j term in Equation 2.16 becomes:

ti j =< ti j > (1+T x

i), (2.20)

and T is the dimensionless slope of average field at the i�th crack demonstrated in Figure
2.6. The average tractions < ti > can be derived using the equation 2.17, and disturbance
fields ti j, and tractions ti can be calculated afterward. These calculations enable us to predict
the evaluation of the first order tractions of closely-spaced cracks. A similar process can
be utilised to obtain crack interactions with higher order approximations. The accuracy
of this method has to be studied in more detail. Computing higher order terms requires
computationally expensive algorithms, so a trade-off between accuracy and computational
cost must be found.

2.3.1.3 Polynomial approximation of traction:

In an elastic solid, a problem containing N cracks (inclusions) is decomposed into a sub-
problem of homogeneous solid and N subproblems containing a single crack (inclusion)
with unknown tractions. In the polynomial approximation method, the unknown traction
on each crack (inclusion) is expanded into a polynomial of degree M with the unknown
coefficients. Coefficients of the polynomial have to be found by solving 2N(M+1) linear
algebraic equations [129].

A Maxwell’s Method:

This model has been used in multiple fields in physics. The logic behind the method
everywhere is similar to the Maxwell’s method in conductivity [130]. Maxwell described the
effect of a cluster of spherical particles in an infinite space and in a presence of the far-field
with an equivalent sphere whose conductivity is equal to the effective sphere. Likewise,
the effective properties of composite, porous and micro-cracked isotropic materials with a
periodic or random structure can be estimated using an equivalent spherical particle. The
aim of the Maxwell’s model is to establish the impact of the impurities in an infinite matrix
of the host material at larger distances from the cluster [131, 132].

However, the drawbacks of this method restrict its applications. One of the difficulties
is that the resultant effective properties must be isotropic. In this approach, neither the
interaction between particles nor their geometrical arrangements are taken into account.
Thus, the Maxwell method has to be combined with other methods to lessen its limitations;
several attempts can be found in [133, 134]. One of the examples that is explained later
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in this report is the finite cluster method of the multipole expansion. It can be viewed as
the generalised Maxwell’s approach where the interactions between particles are taken into
account [135].

Multipole Method

The multipole method (MM) is a powerful theoretical based method that can be used
for heterogeneous solids. MM is a series based method that reduces the boundary value
problem in the homogeneous domain to an ordinary system of linear algebraic equations.
In this method, interactions between several different inclusions can be taken into account.
microstructural effects on the local field and, consequently the effective properties can be
derived. The MM method can be viewed as a generalised Eshelby’s model expanded for the
case of the non-uniform field load [135, 136].

In the expansion method, coordinate systems and appropriate basis functions, which
form full orthogonal sets, are selected analytically according to the shape of the inclusions,
basic differential equations for equilibrium, matrix-to-inclusion bonding conditions at the
interface, and, finally, asymptotic behaviour at infinity. Study of the system with different
shapes of inclusions is restricted to the availability of the well-known analytical expansion
functions. Expansion functions are available for the spherical and spheroidal shapes as well
as unidirectional fibres with circular or elliptical area [137–140]. In addition to the above
restriction, this method can be applied only to linear boundary value problems.

Nonetheless, because most of the calculations are done analytically, the efficiency of the
model is high. The efficiency of the method for the effective properties, in which require
average quantities, becomes more prominent for larger scale calculation. Using the fast
multiple scheme, consideration of the more realistic larger scale problem is possible. Due to
the analytical nature of the method, it can provide a good insight into the physical essence of
the problem. Also, unlike other methods, both inclusions and cracks can be investigated in a
system for some specific shapes [135]. Mandatory steps of the method are outlined below:

1. Writing the solution using the linear superposition method.

2. performing a local regulation expansion of the sum in the vicinity of the inclusions
(cracks).

3. Finding a linear set of equations by fulfilling the boundary condition.

4. Calculating the numerical solution of the linear system.

5. Calculating stress and displacement fields using the derived numerical solution.
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Summary: Micro-crack and inclusion interactions have been studied using analytical and
numerical methods before: notably the Kachanov method [115, 4, 116–121], the modified
Kachanov method for closely interacting cracks [128, 5], the polynomial approximation
method [129], Maxwell’s method [130–134] and the Multipole method (MM) [135–140].
Kachanov considered the average traction exerted on a crack by the other cracks in the
system; this was later modified [128, 5] to account for linearly varying traction along the
crack. Another method approximated the traction using a polynomial expansion [129], which
further improved the accuracy of the representation of the traction along the crack. This
method was used and developed in both Maxwell’s method and the Multipole method.

The Maxwell’s method is extended to the problem of linear elasticity by McCartney
et al. [131, 132]. The aim of the method is to establish the impact of the impurities in an
infinite matrix of the host material at larger distances from the cluster. However, in this
approach, neither the interaction between particles nor their geometrical arrangements are
considered. The main concept of this method is used and extended by Kuchsh to develop a
new method named the multipole method [135]. The MM is a series method that reduces
the boundary value problem in the homogeneous domain to an ordinary system of linear
algebraic equations [135–140].

The multipole method is a powerful theoretical based method that can be used for het-
erogeneous solids. In this method, interactions between several different inclusions can be
taken into account. Consequently, microstructural effects on the local field and, the effective
properties can be derived. The method can evaluate both local fields and effective properties
of the material. Due to the analytical nature of the method, it can provide a good insight into
the physical essence of the problem. Also, interactions between inclusions (for some specific
shapes) and cracks can be calculated in one system [135]. Investigation of all methods
indicates that the multipole method is likely to be the most suitable one to analyse stress and
strain fields in elastic solids in the presence of multiple cracks and inclusions. Details of the
method are provided in the next chapter.

2.3.2 Method to Study Crack Propagation

In Section 2.3.1, several methods to study interaction between cracks and inclusions are
reviewed and the most appropriate one is introduced. Once the stress field distributions
and SIFs are calculated, and the fracture criterion and the condition on which the crack can
propagate are selected, all the requirements to study crack propagation in quasi-static region
are provided.
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Crack propagation is a step by step process, in which the crack advances incrementally at
each simulation step. The general algorithm to study a crack propagation regardless of the
numerical method is as follow. First, stress and displacement field distributions and SIFs are
computed for the current state of the system. Second, in the case where the crack growth
becomes possible, an appropriate fracture criterion determines the crack increment and
propagation direction. Third, the crack size is updated and the iterative process is continued.

Many techniques have been developed to predict crack propagation path. Several stress
analysis methods, such as FEM, XFEM, and BEM have been incorporated in the general crack
propagation farm work. Intensive works have been done to improve the crack propagation
techniques [85–90], [92], [141–144]. The most promising method in the problems of crack
propagation is the XFEM. Benzley [141] introduced an enrichment to FEM using asymptotic
solutions of static fracture problems. For static crack propagation problems, Black and
Belytschko [85], Moes et al. and Dolbow et al. [92, 142] developed XFEM method. The
method was also generalised to arbitrary discontinuities by [89, 143, 144].

Despite the popularity of the XFEM in predicting the crack propagation, studying frac-
tures in composites, where networks of cracks, inclusions, and grain boundaries are present,
is often not computationally feasible using this method. According to the previous inves-
tigation proposed in Section 2.3.1, the multipole method is a promising method to study
the interactions between crack/inclusions. However, there is no available crack propagation
framework that uses the multipole method. A solution to the problem is developing a new
technique that uses the general crack propagation algorithm but employs a semi-analytical
method to calculate stress fields and SIFs at each simulation step. In this work, the author
aims to develop a new tool to predict fracture in brittle and semi-brittle materials containing
cracks and inclusions.

2.4 New Methodology to Study Media Containing Cracks
and Inclusions

Fracture is a limiting factor in the sustainable development of brittle materials. Engineering
and tailoring the structure of these materials can enhance their toughness and consequently
their performance. The ability to guide and deflect the crack is fundamental to enhance the
performance of the brittle materials, as the crack deflections from the straight line elevates the
material’s toughness [59–61]. Interactions between the main crack and imperfections such
as inclusions specially with weak interfaces, small voids, and grain boundaries can deflect
and channel the crack along the predefined path [13, 12, 100, 103, 145]. Thus, predicting
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crack trajectory in materials containing cracks, inclusions and interfaces is essential for the
design purposes.

The objective of this thesis is to develop a new technique to predict the evolution of the
crack networks in heterogeneous solids containing elliptical inclusions. Similar to other
computational methods, such as Molecular Dynamics or Discrete Dislocation Dynamics [146–
148], the validity of the calculations relies upon resolving the elastic interactions of defects
in the system. In the new method proposed by the author, elliptical inclusions and cracks
are the basic constituent elements of the system and play a role analogous to that played by
dislocations in discrete dislocation dynamics. The initial step in developing a method is to
accurately characterise the the localised stress fields caused by micro-structures, and their
interactions. Calculating interactions between elements of the system is the main objective
of Chapter 3. Evolution of individual micro-cracks and their interaction with existing
cracks/inclusions is then predicted using what we refer to as the Discrete Crack Dynamics
(DCD) method. This approach is fast (semi-analytical) and reliable, and particularly suitable
for the prediction of evolving low-speed crack networks in brittle or quasi-brittle materials.
Details of the method development and its application to some benchmark problems are
reported in Chapter 4.

Chapter 5 is focused on the effect of the interfacial strength of elliptical inclusions and
grain boundaries in crack deflection. Results of this chapter are valuable for engineering
design purposes. The method is developed to channel a crack into a toughening configuration
(array of elliptical voids and soft inclusions) to obtain the optimal toughening configuration
in a simple problem.

Finally the method is further developed in Chapter 6 to determine the effects of residual
stresses in general, and the residual thermal stresses associated with inclusions in particular,
on the crack propagation path. The study is extended to characterise the influence of residual
stresses and thermal stresses on crack propagation in PCDs.



Chapter 3

Interaction Between Elements Of A
System

“ A multipole expansion is a series expansion of the effect produced by a given system in terms of an

expansion parameter which becomes small as the distance away from the system increases [149].”

3.1 Introduction

The multipole method provides a fast, accurate solution for multi-inclusion systems (where
cracks may be thought of as collapsed elliptical inclusions). The method evaluates the local
stress field in the vicinity of the inclusions using the linear superposition principle. The local
field is the linear sum of the incident far-field and the fields generated by all inclusions. The
problem has to be solved for the entire array of inclusions simultaneously. With the exception
of the basis functions, which must be chosen according to the geometry of the inclusions, the
solution procedure is identical for different shapes of inclusions [135–140]. In this chapter,
the basic notation of the stress and displacement fields in terms of the complex potentials and
terminology of the multipole method are introduced. Then, a general solution for a system
comprising a finite array of elliptical inclusions and cracks is proposed.

3.2 Conformal Mapping And Complex Variable Analysis

Conformal mapping is a mathematical technique that converts one problem into another that
is easier to solve. This technique involves a conformal map function f (z) = w that maps a
domain U to an image V in the complex plane. More precisely,
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f : U ! V with U,V ⇢ Cn (3.1)

where in general, f is a holomorphic (analytical) function that preserve local angles and
can be uniquely written as

f (z) = u(x,y)+ iv(x,y). (3.2)

u and v are two real harmonic functions of x and y variable. f(z) is a conformal mapping if
and only if f 0(z) 6= 0 everywhere on the domain. Applications of conformal mapping can be
found in many physical problems that obey Laplace and Biharmonic equations. The Laplace
equation (—2F(x,y) = 0) is invariant under conformal mapping. Due to the uniqueness of
Laplace solutions, this method can facilitate obtaining the analytical solution for the 2D
potential field (F(x,y)). Problems of plane elasticity can be reduced to solution of Biharmonic
equations (—4F= 0). Biharmonic equations are invariant under conformal mapping, however,
the invariance is more restricted. The potential F can satisfy the biharmonic equation only if
it is continuous up to and including the fourth order. It is also necessary that the function and
its derivatives be single valued throughout the region under consideration. In section 3.2.1,
a conformal mapping to transform elliptical objects in one coordinate system into straight
lines in another coordinate system is presented.

3.2.1 Conformal Mapping From Elliptical To Cartesian Coordinate
Systems

The most convenient conformal mapping for problems containing elliptical objects is [140]
z = x1 + ix2 = w(x ) = d coshx , where x = z + ih . Setting z equal to a constant, z0, the
Cartesian axes become x1 = d coshz0 cosh and x2 = d sinhz0 sinh , which describes an
ellipse in the x1 � x2 plane with major and minor axes 2d coshz0 and 2d sinhz0 respectively,
for which the aspect ratio is e = tanhz0, and d is again the distance between the foci.
Thus the locus of the ellipse in the z-plane corresponds to a straight line z = z0 in the
x -plane. Assuming the cosh�1(z/d) = ln[(z/d)+

p

(z/d)+1
p

(z/d)�1], the definition of
the inverse mapping x = cosh�1(z/d) requires branch points at (±d,0) and branch cuts at
(�•,�d] and [d,•). As analytical functions are permitted to have singularities and branch
points, where they cannot be differentiable, all properties pertinent to the conformal mapping
are not satisfied at these locations.
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3.3 In-Plane Elasticity Problem

In the 2D framework, both plane strain and plane stress basic equations of elasticity can
be studied with complex potentials [136, 135]. The Muskhelishvili-Kolosov complex ana-
lytic potential functions j(z) and ỹ(z) are introduced, in terms of which the stress tensor
components si j and displacement vector u = (u1,u2) may be expressed in plane strain as
follows:

s11 +s22 = 4µ

h

j

0(z)+j

0(z)
i

(3.3)

s22 �s11 +2is12 = 4µ

⇥

z̄j

00(z)+ ỹ

0(z)
⇤

(3.4)

u1 + iu2 = kj(z)� zj

0(z)� ỹ(z) (3.5)

where µ is the shear modulus, n is the Poisson’s ratio, and k is Kolosov’s constant factor
equal to 3�4n for plane strain and 3�n

1+n

for plane stress. The complex conjugate of a function
f (z) is written as f (z) and the primes denote differentiation. The displacement vector u in
the complex form is u = u1 + iu2. Following Kushch [150] a potential y(z) = ỹ(z)+ zj

0(z)
is defined, in terms of which equations 3.3 to 3.5 become:

s11 +s22 = 4µ(j 0+j

0) (3.6)

s22 �s11 +2is12 = 4µ

⇥

(z̄� z)j 00(z)�j

0(z)+y

0(z)
⇤

(3.7)

u1 + iu2 = kj(z)� (z� z̄)j 0(z)�y(z). (3.8)

Under the conformal mapping from the z-plane to the w-plane, the fundamental stress
combinations in Equations 3.6 and 3.7 transform according to the following equations:

(s11 +s22)z = (s11 +s22)
w

(s22 �s11 +2is12)z =
w

0(x )

w

0(x )
(s22 �s11 +2is12)

w

.
(3.9)

The transformation Jacobean is given by w

0(x )

w

0(x )
. Also, let the displacement vector in the

z-plane and the w-plane be presented by uz and u
w

respectively. The displacement vector
transforms as:

uz =
|w 0(x )|
w

0(x )
u

w

(3.10)

Details of transformation with conformal mapping of z = w(x ) can be found in reference
[151]. Using the transformations given in Equations 3.9 and 3.10, the components of the
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Fig. 3.1 Elliptic inclusion in a cartesian coordinate system. Local coordinates associated with
the inclusion’s surface are also displayed.

traction and displacement in the w-plane are expressed by

t
2µ

= j

0+j

0 � w

0(x )

w

0(x )

⇥

(z̄� z)j 00 �j

0+y

0⇤

u =
w

0(x )

|w 0(x )|

⇣

kj(z)� (z� z̄)j 0(z)�y(z)
⌘

.

(3.11)

In the following section, the conformal maping function and its attributed transformations
are applied to the field components to study interactions between elliptical inclusions and
cracks in an unbounded solid.

3.4 Solid With Elliptical Inclusions And Cracks
A general problem contains a distribution of shapes of cracks and inclusions, and the latter
may deviate considerably from perfectly circular. Using elliptical inclusions instead of
circular is of particular interest because both straight cracks and inclusions can be treated
at the same time and with the same formalism, by regarding the former as collapsed, zero
stiffness inclusions. We apply the multipole method here to a brittle material containing
cracks, and elliptical inclusions with initially perfectly bonded (i.e. displacement compatible)
interfaces. Basis functions for elliptical inclusions were introduced by Kushch et al. [135,
136].

3.4.1 Single Elliptic Inclusion In An Infinite Plane

Consider a single elliptic inclusion, embedded at the origin of the Cartesian coordinate system
(\x1Ox2), in an infinite isotropic elastic solid (Figure 3.1). The Ox1 and Ox2 axes are along the
major and minor axes of the ellipse, which have lengths 2l1 and 2l2 respectively. The aspect
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ratio and the distance between the foci of the ellipse are e = l2/l1 < 1 and d =
q

l2
1 � l2

2
respectively. Perfect bonding is assumed at the matrix-inclusion interface (z = z0), thus
displacement u and traction t are continuous there:

[[u]]
z0 = u(0) �u(1) = 0; [[t]]

z0 = t(0) � t(1) = 0 (3.12)

Upper indices 0 and 1 refer to the matrix material and inclusion respectively. Using
the elliptical coordinate system and following Equation 3.11, the displacement and traction
vectors can be written as

u = u
z

+ iu
h

=
w

0(x )

|w 0(x )|

h

kj(z)� (z� z̄)j 0(z)�y(z)
i

(3.13)

t = s

z z

� is
z h

= 2µ

"

j

0+j

0 � w

0(x )

w

0(x )
[(z̄� z)j 00 �j

0+y

0]

#

(3.14)

Finding suitable basis functions and potential functions are of paramount importance to
facilitating the problem-solving process. Selection of the elliptical coordinate system for
calculations determines the four e±nx and e±nx fundamental basis functions for the complex
potentials. Selection of basis functions depends on the location of the field, the source of the
field, and inclusions [152, 153]. Kushch [136, 135] defined potential functions j and y as
power series based on the v function, where v = ex = z/d ±

p

(z/d)2 �1 and v0 = ez0 .

j = Â
n

Anv�n (3.15)

y = y0 �y1; y0 = Â
n

Bnv�n

y1 =
sinhz0

sinhx

✓

v
v0

� v0

v

◆

Â
n

nAnv�n
(3.16)

The sign and valid domain of parameter n can be determined according to the region
where potentials are expanded. Here, a function is defined to be regular if it and its derivatives
are bounded within the region, otherwise, it is singular (irregular). Potentials inside the
inclusions caused by the far-field load, where the source field is placed at infinity are regular
functions so, the parameter n includes both negative and positive values (�• < n < •).
Stress fields around the inclusion in the matrix material have two sources: (i) the far-field
load at infinity which necessitates regular potential functions (�• < n < •), and (ii) the
mismatch in elastic properties of the inclusion and the matrix material. The disturbance
fields in the vicinity of the inclusion caused by the mismatch in elastic properties have a
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finite source in the plane and should vanish at infinity. The boundedness of the fields at
infinity imposes a constraint on the solutions, so the disturbance fields caused by the material
mismatch have to be singular (n > 0 where lim

x!• v�n = 0). Furthermore, potentials have
to be analytic and continuous throughout the domain and at the boundaries, this provides
extra conditions for the expansion coefficient of the regular potential functions such that

An = A�n; Bn = B�n +2nsinh(2z0)A�n (n > 0) (3.17)

This information will be used to calculate displacement and stress fields. The solution
procedures in the multiple method are summarised below:

• Finite fields inside and outside the inclusion are illustrated by f (1)(r) and f (0)(r)
respectively and can be expanded by appropriate basis functions. The function f is a
representation for both displacement and traction fields.

f (r) = f f ar + fdis (3.18)

Where f f ar, and fdis are fields caused by an external far-field load, and a total distur-
bance field induced by all inclusions respectively; it is evident that limr!• f (r) = f f ar.

• A linear set of equations can be derived by implementing potential functions 3.15, 3.16,
and 3.17 in the displacement and traction equations (3.13 and 3.14). The number of
equations is truncated by applying boundary conditions of perfectly bonded inclusion-
matrix interface.

[[ f ]]s = 0 (3.19)

Where [[ f ]]s = ( f (0) � f (1))|s shows the continuity of the function f (displacement
and normal traction) across the interface S. Details of calculations can be found in
[135, 136]. A linear set of 4n equations for one inclusion under a far-field load is:

k0An �k1Cn +(Dn �2nsinh2z0Cn)v2n
0 = �k0an +b�nv2n

0

Bn +k1Cnv2n
0 �Dn = k0a�nv2n

0 �bn

An � µ1

µ0
Cn � µ1

µ0
(Dn �2nsinh2z0Cn)v2n

0 = �an �b�nv2n
0

Bn � µ1

µ0
(Cnv2n

0 +Dn) = �a�nv2n
0 �bn

n = 1,2,3, · · ·

(3.20)
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Fig. 3.2 Normalised stress field distributions of (a) an elliptical void with aspect ratio
0.5 ⇥ 10�5 in a diamond matrix (b) crack of length 4µm in an infinite plate with uniform
far-field stress [6].

Where An and Bn are coefficients of the disturbance field in the matrix and Cn and Dn

are fields coefficients in the inclusion region and finally, an and bn are fields coefficients
in the matrix resulting from the far-field load.

• From here, solving the problem is equivalent to deriving the expansion coefficients of
Equation 3.20. Once the expansion coefficients are obtained, the potential functions
and consequently displacement and stress fields can be calculated.

The problem is significantly simplified for the uniform far-field traction because all
coefficients are an = 0 and bn = 0 excluding a±1 and b±1. The 4n set of equations are
reduced to only four equations.

3.4.1.1 Simulation results

To verify the reliability of the method two systems, first a pure material with an inclusion
made of the same material as the matrix, and, second a crack-like inclusion were studied.
When the inclusion and the matrix material were the same, the results given in appendix A
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Fig. 3.3 Local (individual inclusion) and global coordinate systems.

were such that no trace of inclusion was found in the fields of matrix material. Figure 3.2a
illustrates stress field distributions of a crack-like inclusion by a 0.5⇥10�5 aspect ratio under
uniform normal traction. Results of crack-like inclusion are compared with stress fields of a
crack of the same length (Figure 3.2b) calculated by complex analysis given in [6].

3.4.2 Finite Array Of Aligned Inclusions

In a system of N elliptical inclusions, one has to define N parallel "local" coordinate systems
(x1p,x2p), each with its origin at the centroid of an ellipse (Fig 3.3); another parallel coordinate
system is designated as the global coordinate system (x1,x2). Defining zp = x1p + ix2p and
z = x1 + ix2, the coordinates of a point expressed in the global coordinate system (x1,x2)

relates to the coordinates of the point expressed in the local system (x1p,x2p) by z = zp +Zp,
where Zp is the coordinate of the centroid of the pth inclusion in the global coordinate system.
Each inclusion in the local coordinate system (zp) can be mapped from the cartesian to the
elliptical coordinate system using the w(xp) transformation.

zp = dpw(xp) = dp coshxp (3.21)

This transformation produces a branch-cut for each inclusion in its local coordinate
system. For non-overlapping elliptical inclusions, fields of all inclusions are regular at the
branch-cut 1 of the other inclusions. Branch-cuts in the system produce a limitation for
close neighbours [153, 152]. This will not cause problem for the cross over inclusions or

1For an analytic multivalued function, branch cuts connect branch points to one another, or to infinity.
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cracks, because stress fields are continues across the branch cuts (like dislocations) and only
displacements change discontinuously across the branch cuts.

3.4.2.1 Re-expansion method

Consider an interacting multi-inclusion system where each inclusion experiences a total
disturbance field generated by all inclusions as well as the external far-field load. To calculate
the fields at each point in the system, one should start from determining the field distributions
in one of the inclusion’s local coordinate system. Obtaining the stress and displacement
fields at each inclusion’s local coordinate (for instance, at the qth local system) requires the
re-expansion of the fields created by the rest of the inclusions into the same local coordinate
system of the (qth) inclusion. Kushch [140] proposed a method to re-expand fields of the pth
inclusion in the local coordinate system of the qth inclusion by

v�n
p = Â

m
h

pq
nmv�m

q (n > 1) (3.22)

where h

pq
nm = hnm(zpq,dp,dq) is the re-expansion coefficient. A series of coefficients

is derived using hypergeometric functions to expand v�n
p = [zp/dp ±

p

(zp/dp)2 �1]�n,
then Taylor expansion of the zp in the vicinity of the zq, and finally re-expansion of zn

q to
hypergeometric functions. The obtained series of expansion coefficients is

h

pq
nm = n(

dp

2
)n(�1)m

•

Â
l=0

(
dq

2
)2l+mMnml(dp,dq)

(n+m+2l �1)!
(Zpq)n+m+2l (3.23)

and,

Mnml(dp,dq) =
l

Â
k=0

(dp/dq)2k

k!(l � k)!(k+n)!(m+ l � k)!
(3.24)

Zpq = Zq �Zp (3.25)

Converting a “singular” elliptical harmonic v�n
p to a series of hypergeometric functions

and applying an additional Taylor expansion provides an additional geometric restriction on
the convergence of h

pq
nm series. Therefore, for the nearest neighbours another computationally

expensive formula [153] shall be used. This integral form of coefficient converged for any
two non-overlapping ellipses.

h

pq
nm =

1
p

Z

p

0
e�ncosh�1(

dq coshq+zpq
dp ) cos(mhq)dhq (3.26)
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Fig. 3.4 Finite array of aligned elliptical inclusions

Another useful formula that is used in this context is a differentiation of the re-expansion
formula with respect to the zp.

∂v�n
p

∂ zp
= Â

k
µ

pq
nk (vq)

�k (3.27)

The above mentioned re-expansion method, is used to evaluate fields in a system contain-
ing a finite array of aligned inclusions.

3.4.2.2 Method

Figure 3.4 shows a homogeneous plane contains a finite number of N non-overlapping
elliptical inclusions. Due to the linearity of the system, the superposition principle is used to
solve the problem. Using the linear superposition principle, the displacement u(z) for the
multiply connected matrix in the global, and local zq coordinate system, is written as:

u(z) = u f ar(z)+udis(z) = u f ar(z)+
N

Â
p=1

us
p(zp) (3.28)

where u f ar, and udis are displacement fields caused by an external far-field load, and a
total disturbance field induced by all inclusions respectively. This formula contains fields in
N +1 different coordinate system, so to have a comprehensive solution, one has to re-write
all the fields in one coordinate system. To do so, fields of the various coordinate systems have
to be mapped to one of the inclusion’s coordinate system, and then, the solution in the local
coordinate system can be converted to the global coordinate system. A disturbance field in the
vicinity of the qth inclusion requires a total disturbance field generated by other inclusions.
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Singular fields of other inclusions in their local coordinate system must be re-expanded into
regular fields in the qth coordinate system.

N

Â
p=1

us
p(zp) = us

q(zq)+ Â
p 6=q

us
p(zp) = us

q(zq)+ Â
p6=q

ur
pq(zq) (3.29)

Therefore u(z) can be written in the local zq coordinate system as:

u(z) =

"

u f ar(zq +Zq)+ Â
p 6=q

ur
pq(zq)

#

+us
q(zq)

= u0
f ar(zq)+uq(zq)

(3.30)

which means that the condition experienced by each inclusion is that of a single equivalent
inclusion. In other words, the problem is reduced to the one inclusion problem with a
modified far-field traction and a 4N ⇥n set of linear equations. By applying the boundary
conditions of a perfectly bonded inclusion-matrix interface, the problem becomes:

k0A(q)
n �kqC(q)

n +(D(q)
n �2nsinh2zq0C(q)

n )v2n
q0 = �k0a(q)n +b(q)�nv2n

q0

B(q)
n +kqC(q)

n v2n
q0 �D(q)

n = k0a�nv2n
q0 �b(q)n

A(q)
n �

µq

µ0
C(q)

n �
µq

µ0
(D(q)

n �2nsinh2zq0C(q)
n )v2n

q0 = �a(q)n �b(q)�nv2n
q0

B(q)
n �

µq

µ0
(C(q)

n v2n
q0 +D(q)

n ) = �a(q)�nv2n
q0 �b(q)n

n > 1, 1 6 q 6 N

(3.31)

where upper index q refers to the qth inclusion. From this point onwards the problem reduces
to solving a set of linear equations where the unknown coefficients A and B can be obtained.
Once all coefficients are derived, the other scalar potentials and consequently the stress and
displacement fields can be calculated.

The infinite set of equations (3.31) are reduced to a finite number of equations by applying
the reduction method and defining the maximum number of harmonic terms nmax. Depending
on the distance between the inclusions, the appropriate choice of nmax should be selected;
the closer the inclusions, the higher nmax is required. Kushch [140] conducted a series of
numerical experiments for the problem of two inclusions and showed that nmax = 27, or
equivalently 27 harmonic terms are adequate to obtain a convergent solution for nearly
touching inclusions. The stress fields of two aligned cracks under uniform traction are
calculated here using the commercial finite element package ABAQUS (FEM), the multipole
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Fig. 3.5 Stress fields halfway between two aligned cracks are calculated by multipole
(nmax = 27), Kachanov, and complex analytical methods are illustrated by red, blue and green
colour respectively. Black dots illustrate the FEM calculated fields. The distance between
two cracks of the same size (L) is equal to D.

method, the Kachanov method [4], and the analytical solutions presented in [7, 8]. Results of
these calculations are illustrated in Fig 3.5 and 3.6.

Figure 3.5 shows the value of the stress sx2x2 normalised with respect to the remote
stress s• at the centre between the two cracks. All methods are in good agreement where
the distance between two cracks (D) is larger than 10% of the crack length. For smaller
distances, the Kachanov method deviates considerably from the other methods. The stress
field derived using the multipole method is in good agreement with both FEM calculations
and the analytical approach. Figure 3.6 shows the normalised full stress field sx2x2/s•

between the two cracks of the same size (L) for the ratios D/L = 0.1 and D/L = 0.05, where
D is the distance between the cracks. The full stress field simulated via the multipole method
is in good agreement with the FEM calculations.

3.5 Finite Array Of Arbitrary Oriented Inclusions

By generalising the problem of one inclusion to the system of N arbitrarily oriented inclusions,
coordinate systems similar to the one that are introduced for the finite array of aligned
inclusions are required. Additionally, another term to describe the orientation of inclusions is
incorporated.
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Fig. 3.6 Stress fields of two aligned cracks between 0 and D/2. Calculated fields by finite
element method, multipole (nmax = 27), Kachanov, and complex analytical methods are
illustrated by black, red, blue and green colour respectively [7, 8].

To describe the differences in the relative orientations of the ellipses another set of N
local "rotated" coordinate systems (y1p,y2p) is required, aligned along the major and minor
axes of each ellipse (Figure 3.7). If the coordinate axes (y1p,y2p) are related by an anti-
clockwise rotation of qp relative to the local coordinate axes (x1p,x2p) then yp = y1p+ iy2p =

e�iqpzp. The conformal transformation yp = Dp coshxp, where 2Dp is the distance between
the foci of the pth ellipse, introduces the local elliptic coordinates xp = zp + ihp. Then
zp = Dpeiqp coshxp.

3.5.1 Method

The process of calculating the stress fields and scalar potentials is similar to what was done
for the finite array of aligned inclusions. The difference lies in the definition of the expansion
coefficients of the scalar potentials in three sets of coordinate systems (z,zp, and yp).

For a 2D solid that contains a finite array of arbitrarily oriented elliptical inclusions, the
displacement field of the pth inclusion in the local parallel coordinate system zp is up(zp) =

up(x1p,x2p). When this displacement field is expressed in the local rotated coordinate system
yp it has the form up(yp) = up(y1p,y2p). The displacement field induced by the pth inclusion
in its coordinate system is singular as the pth inclusion is approached, but it is regular in the
vicinity of other inclusions. Upper indices s and r refer to singular and regular functions.
The complex displacement caused by the pth inclusion in its coordinate system is shown by
us

p; in the local qth coordinate system, this field is denoted by ur
pq.

us
p(zp) = ur

pq(zq) (3.32)
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Eq. 3.32 becomes us
p(yp)eiqp = ur

pq(yq)eiqq in the local y coordinate systems. The displace-
ments us

p(yp) and ur
pq(yq) can be expressed in terms of complex potentials using Eq. 3.8:

us
p(yp) = kj

s
p(yp)� (yp � ȳp)js0

p (yp)�y

s
p(yp)

ur
pq(yq) = kj

r
pq(yq)� (yq � ȳq)jr0

pq(yq)�y

r
pq(yq)

(3.33)

where j

r0
pq(yq) =

∂j

r
pq

∂yq
and j

s0
p (yp) =

∂j

s
p

∂yp
. The scalar potentials that solve the problem in the

p and q coordinate systems are:

j

s
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•

Â
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Anpv�n
p

y

s
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•

Â
n=0


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sinhz0p

sinhxp

✓
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(3.34)

j

r
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ampqv�m

q
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r
pq(yq) = Â

m±


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sinhz0q

sinhxq
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(3.35)
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By equating similar terms in us
p(zp) and ur

pq(zq) and transforming the basis functions, the
expansion coefficients ampq and bmpq in the q coordinate system can be derived in terms of
Anp and Bnp. Details of the derivation of the coefficients a and b can be found in Appendix B.
Superimposing the disturbance fields of all inclusions in the vicinity of the qth inclusion and
adding it to the far-field gives the total disturbance for a finite array of N non-overlapping
elliptical inclusions:

u(z) = u f ar(z)+
N

Â
p=1

us
p(zp) (3.36)

Transforming all the disturbance fields into one coordinate system gives:

N

Â
p=1

us
p(zp) = us

q(zq)+ Â
p 6=q

us
p(zp) = us

q(zq)+ Â
p6=q

ur
pq(zq) (3.37)

Finally, the displacement u(z) in the local zq coordinate system becomes:

u(z) =

"

u f ar(zq +Zq)+ Â
p 6=q

ur
pq(zq)

#

+us
q(zq)

= u0
f ar(zq)+uq(zq)

(3.38)

which means that the field experienced by each inclusion is that of a single equivalent
inclusion. In other words, the problem is reduced to the one inclusion problem with a
modified far-field traction and a 4N ⇥n set of linear equations. By applying the boundary
conditions of a perfectly bonded inclusion-matrix interface, the unknown coefficients A and
B can be obtained. Once all coefficients including anpq and bnpq are derived, the other scalar
potentials and consequently the stress and displacement fields can be calculated.

For simplicity, the problem of one inclusion is solved in the y local coordinate system.
Therefor, the far-field for each inclusion has to be rotated according to its y local coordinate
system. For instance, for a uniform far-field tension, the scalar potentials j0 f ar and y0 f ar

have to be expanded as follows

j0 f ar(yq) = Â
m±

am0qv�m
q

y0 f ar(yq) = Â
m±



bm0q �mam0q
sinhz0q

sinhxq

✓

vq

v0q
�

v0q

vq
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v�m
q

(3.39)
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The non-zero coefficients of the field in the local y coordinate system are as below; details
of the derivation can be found in Appendix B.1.3:

a10q =
dqe�iqq

2
(
s11 + s22

8µ0
)

b�10q =
a10q

v2
0q

+
dqeiqq

8µ0
(s22 � s11 +2is12),

(3.40)

where dq = Dqeiqq . After the problem is solved in the local yq coordinate system, a rotational
transformation is applied to the calculated fields to transform them into the local zq coordinate
system using s(zq) = Rs(yq)RT where R is the rotational transformation tensor. Additional
transformation is required to convert the stress fields from the local zq system into the global
coordinate system.

3.5.1.1 Flow diagram

A flow diagram of the multipole method code developed here is illustrated in Figure 7.3 for
an unbounded solid; the multipole method predicts the full stress and displacement of the
system. In this case, the boundary conditions (step 4) required for the multipole method
are provided from the far-field load expansion in the same basis functions that are used for
expansion of the complex potentials.

The analysis is finalised in six steps. Generating the expansion coefficients h

pq
mn, and µ

pq
mn

(step 2) and solving the linear system (step 5) are the most computationally expensive steps
in the analysis.

3.5.2 Numerical Results

To verify the accuracy of the multipole method, stress fields of one, two, and three miss-
oriented elliptical holes are analysed. All simulations are performed under a uniform tensile
load in the x2 direction. In the first set of simulations, stress fields on the perimeter of
one elliptical hole oriented at 45 degrees with respect to the global axes and subjected to
remote tensile load (s•) in the x2 direction are calculated using the commercial finite element
package ABAQUS (FEM), and the multipole method. Stress fields are illustrated along the
perimeter of the inclusion starting from the point (y1,y2) = (0, l1) following the inclusion in
the anticlockwise direction in the local y coordinate system. Results of simulations are in
good agreement with each other.
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Fig. 3.8 The flow chart of the multipole method displacement and stress fields calculation.
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Fig. 3.9 Stress fields on the perimeter (distance along the perimeter has been normalised to
the total perimeter length) of a hole with a 450 angle of inclination to the horizon and the
aspect ratio of 0.5 (l1 = 1µm and l2 = 0.5µm) subjected to a remote uniform tension in the
x2q direction. Fields calculated by the multipole method and FEM are represented by the
blue and black lines respectively.

Another set of simulations was run to calculate stress fields on the perimeter of two
and three arbitrarily placed elliptical holes with aspect ratio 0.5 (l1 = 1µm and l2 = 0.5µm).
Figure 3.10 illustrates the stress component sx2x2/s• along the perimeter of the qth inclu-
sion starting from the point (y1q,y2q) = (0, l1) following the inclusion in the anticlockwise
direction in the local yq coordinate system; in Figure 3.10d calculations were done for the
first inclusion (shown in blue) starting from the point: (y11,y21) = (x11,x21) = (0, l1). Fields
calculated using the multipole method and FEM are represented by the blue and black lines,
respectively. Figures show that they agree well with each other.

3.5.3 Total Stress Fields Of The System

In order to obtain the stress fields of the qth inclusion, the singular stress fields of other
inclusions are expanded as regular fields in the qth coordinate system. The fields close to the
surface are accurate. Nevertheless, these calculated fields tend to infinity as the distance from
the surface of the inclusion increases. The increase in the stress and displacement fields is
associated with the presence of the regular terms enx in the complex potentials. Therefore, to
predict correct fields, regular terms should vanish as the distance from the inclusion increases.
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0 1 2 3 4

0

2

4

6

8

perimeter HmmL

s
x 2
q
x 2
q
ês •

0.0 0.2 0.4 0.6 0.8 1.0
-1
0
1
2
3
4
5
6

Normalized-perimeter

�
x 2
x 2
/�

�

300 

y1q 
y2q 

x2q 

x1q 
2l1 

x2p 

x1p 

y1p  

y2p  

100 

2l2 

(c) Two inclusions with 300 and �100 inclination slopes and separation distance zpq = 2 l1 + i 2l2.
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Fig. 3.10 Plot of stress components in the direction orthogonal to the major axis of the
elliptical hole under consideration along its perimeter for various configurations. The stress
fields calculated by the multipole method and FEM are represented by blue and black lines,
respectively.
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Fig. 3.11 Stress fields along the x1 axis are calculated using FEM (black) and MM (blue) for
a system of two collinear cracks. Schematic of the problem is shown in (a) and the distance
between two cracks is set to be 0.1L2. Normalised sx2x2 presented for the cases where a)
L1/L2 = 100, and b) L1/L2 = 10.

To obtain the stress fields, a system with correct coefficients for short range interactions
and decaying fields e�nx at infinity is required. To calculate the exact expansion coefficients,
a large enough number of harmonic terms (n) has to be used in the first run of the simulation.
Then, by using the correct expansion coefficients and removing regular fields (by equating
the h and µ coefficients to zero), stress fields can be calculated at any point in the system.
To validate the method, stress fields of a system containing two aligned cracks under uniform
tension are simulated using FEM and MM. Figure 3.11 shows the stress field sx2x2 , normalised
with respect to the remote load, directly ahead of the second crack-tip.

3.5.4 Stress Intensity Factors (SIFs)

Studies of the crack propagation in the vicinity of inclusions are of considerable interest
for both practical applications and fracture mechanics. In fracture analysis, SIFs are used
to measure the amplification of stresses in the proximity of a crack-tip, and to calculate the
energy of the crack. Analytical expressions for the stress intensity factor of the cracks and
stress concentrations of the inclusions can be derived using the complex potential technique
[135]. Here, K+ and K� refer to the right and left crack-tips with respect to the local
coordinate system. For inclusions the stress concentrations are calculated at the rounded
edges intercepting the major axis of the inclusion. In linear elastic fracture mechanics the
SIF is defined as:

K±
Iq + iK±

IIq = lim
zq!±dq

tq
q

2p(zq ⌥dq) (3.41)
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where the term (zq ⌥dq) defines the distance between the branch point and the surface of the
inclusion.

tq = 2µ[j 0(zq)+(zq � zq)j
00(zq)+y

0(zq)] (3.42)

in the zq coordinate system. For the case where eq ! 0, terms containing z� z become zero,
thus the SIFs become:

K±
Iq + iK±

IIq = 2µ0 lim
zq!±dq

(j 0
q +y

0
q)
q

2p(zq ⌥dq) (3.43)

After some algebra, and considering the fact that complex potentials are singular potential in
the local coordinate system, one can obtain the formula for the case where zq ! 0 as:

K±
Iq + iK±

IIq = �2µ0

r

p

Dq

•

Â
k=1

(±1)k�1(Anq +Bnq) (3.44)

This formulation enables calculating the SIFs without any additional numerical effort.
The formula is valid for inclusions with nearly zero aspect ratio and arbitrary far load. As
the stress field singularity at the crack-tip and the elliptical inclusion are different, SIFs for
elliptical inclusions/voids cannot be predicted with the same method. In the next section the
problem of elliptical inclusions and their relevant SIFs are addressed.

3.5.4.1 A crack emanating from an ellipse

The SIF cannot be determined for an ellipse unless we assume that a crack is emanating
from the ellipse. Analytical solutions for cracks emanating from elliptical inclusions are
very difficult to obtain. Here the evaluation of SIFs for cracks emanating from elliptical
inclusions is addressed by averaging over a short distance from where the crack emanation is
predicted. Once the distribution of stress fields is calculated, the average SIFs is computed
using K = (1/l)

R l
0
p

2prsdr. The influence of the length l is investigated and results of
calculations are compared with an analytical method given by Berezhnitskii et.al. [154–156],
for an elastic plane weakened by an elliptical hole with a crack terminating at its edge.

Figure 3.12 shows a schematic representation of the problem; a crack emanating from an
elliptical hole, in an unbounded solid subjected to remote Mode I loading. The host material
is assumed to behave elastically and isotropically. SIFs are calculated analytically using
formulas:

KI = s

•p
p(l1 + l)F(m,e1) (3.45)
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Fig. 3.12 Schematic representation of the problem; SIF of a crack emanating from an elliptical
hole, in an unbounded solid subjected to remote Mode I loading.
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Fig. 3.13 SIF of a crack emanating from an elliptical inclusion with various aspect ratios
l2/l1. The blue and black lines are derived from analytical calculations for l/l1 = 0.05, and
0.005 respectively. Data shown by triangles are computed by the average SIF method along
the distance l.

F(m,e1) =

(

[1� m
(1+e1)2 ][1+ m

1+e1
]

[1� 1
(1+e1)2 ][1+ 1

1+e1
]

)1/2

(3.46)

1+ e1 =
l1 + l +

q

(l1 + l)2 � (l2
1 � l2

2)

(l1 + l2)
, (3.47)

where m = l1�l2
l1+l2

; l1, l2, and l are respectively, the semi-major, semi-minor axes of the
ellipse, and emanating crack length. SIFs are calculated for an ellipse with various aspect
ratios. The SIFs are averaged over the lengths l/l1 = 0.05 and 0.005. Results of simulations
are presented in Figure 3.13. For comparison purpose, the figure also shows results obtained
by Berezhnitskii. It is observed that the present numerical results are in excellent agreement
with the analytical results especially for voids with larger aspect ratios.



Chapter 4

Crack Propagation: Discrete Crack
Dynamic

4.1 Introduction
The path followed by a slowly propagating crack depends on the microstructure of the
material, comprising features such as inclusions, grain boundaries and other cracks. The
primary objective of this chapter is to investigate the process of micro-crack deflection and
capture crack propagation at low crack speed.

The simulation of crack propagation presented here uses the multipole method and
is developed based on 4 postulates: (i) each crack can be modelled as a collapsed zero-
stiffness inclusion, (ii) crack growth is incremental and quasi-static, (iii) crack growth can be
modelled by introducing a small crack (or pseudo-inclusion) ahead of the existing crack-tip
in the predetermined propagation direction at each step. Crack growth can be thought of as
comprising sequential micro-crack initiation events ahead of the main crack-tip followed
by merging of the crack ensemble [157–162], (iv) two cracks (psudo-inclusions) can be
approximated by a single kinked crack if their sizes and the distance between them satisfy
specific criteria, which will be studied in detail later.

The first postulate makes it possible to find the interactions between cracks and inclusions
of the system simultaneously. The second and third postulates allow the introduction of a
small crack at the existing tip to model incremental crack propagation. The direction of crack
propagation can be determined using a suitable mixed mode crack propagation criterion. The
fourth postulate is valid only if the SIF at the tip of the second crack can approximate the
SIF of the two-crack ensemble, which might not be straight. A consequence of the fourth
postulate is that the stress fields between two adjacent cracks becomes critically high and
the field at the “junction" between the two cracks (see figure 4.9) affects the stress fields and
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the SIFs at crack-tips far away from the junction. Thus, a modification has to be applied
to derive the SIFs of kinked cracks from two adjacent cracks; details of the correction are
provided in Section 4.3.

Once the distribution of stresses and strains is computed using MM and the correction
to the SIFs is included, a crack propagation criterion is employed to determine the crack
propagation path. The evolution of individual micro-cracks and their interaction with existing
cracks/inclusions is then explicitly modelled using what we refer to here as the discrete crack
dynamic (DCD) method. This approach is fast and suitable for the prediction of low-speed
crack propagation paths in brittle or quasi-brittle materials.

4.2 Discrete Crack Dynamics (DCD)

Here an approximate method to determine the propagation path of the main crack in a
system of many-inclusions/cracks is introduced. It is implicitly assumed that the elastic
fields of microstructures are propagated instantaneously. In the Discrete Crack Dynamics
method, the term dynamics is used to imply evolution of micro cracks in structures, rather
than elastodynamics. This assumption enables the stress fields at an instant in time to
be evaluated by considering the static elastic fields of the cracks and inclusions at their
current positions. This is reasonable for quasi-static analysis, where the crack propagates
continuously, ideally at some constant slow speed. Quantitatively, the slow speed means that
the crack speed becomes a small fraction of a transverse speed of sound; the slowest speed at
which information can be propagated in an elastic medium.

Studying crack propagation in elastic materials requires solving three distinct problems.
Firstly, a method to calculate interactions between cracks and inclusions and determine the
stress and displacement fields around the crack must be available. Secondly, the method
needs to be capable of computing the fracture parameters, such as the stress intensity factors
or the energy release rate. In this study, the multipole method is used to address the first
two problems. Thirdly, a criterion is needed to characterise the conditions leading to crack
propagation, as well as the direction and length of propagation. The last problem is addressed
in the following sections.

4.2.1 Crack Propagation Criteria

A fracture criterion is required to accurately determine the crack propagation path. A number
of fracture criteria has been developed for a crack under critical mixed mode loading [69, 74–
76, 163]. Here a concise overview of the most common and widely applied criteria such
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as the maximum tangential stress, the maximum strain energy release rate, and a general
fracture criterion are provided.

4.2.1.1 Maximum tangential stress (MTS)

Erdogan and Sih [69] proposed the simplest and the most widely used theory for evaluating
the crack propagation direction under mixed mode conditions. They presented the maximum
tangential stress criterion based on two hypotheses for the extension of a crack in brittle
materials. Firstly, the crack extension starts at the crack-tip in a radial direction. Secondly,
the crack extension is along the direction where the s

qq

is maximum, and srq

is zero. The
crack propagation condition in MTS is:

cos
q0

2
[KI sinq0 +KII(3cosq0 �1)] = 0 (4.1)

where
q0 = ±arccos[(3K2

II +KI

q

K2
I +8.0K2

II)/(K
2
I +9K2

II)]. (4.2)

Equation 4.2 confines the crack propagation angle to a domain between �p/2 and p/2. To
ensure that the energy release associated with the crack extension is maximum, the sign of
the propagation angle q should be opposite to the sign of KII [164]. Once the crack initiation
angle is determined, fracture starts when

cos
q0

2



KI cos2 q0

2
+

3
2

KII sinq0

�

= KC, (4.3)

where KC is the critical stress intensity factor. The MTS criterion can be summarised as
finding the crack initiation angle q0 using

∂s

qq

∂q

= 0,
∂

2
s

qq

∂

2
q

6 0 ) q = q0 (4.4)

and then, the crack propagation condition using

p
2pr(s

qq

)
q0 = KC. (4.5)

Equations 4.3 to 4.5 are valid only if the singular terms in the stress fields are considered
while, in general, other terms in stress field distributions are involved in fracture. In a linear
elastic system, the stresses of a homogeneous and isotropic cracked body can be written as
an infinite series expansions introduced by Westergaard [65] and Williams [165]. In the polar
coordinate system, the tangential stress (s

qq

) is written as
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s

qq

(r,q) =
1p
2pr

(KI cos
q

2
�3KII sin

q

2
cos2 q

2
)+T sin2

q +O(r1/2) (4.6)

The accuracy of the method can be improved if extra terms in the expansion series,
given in Equation 4.6, are considered. For example, Ayatollahi and co-workers use the
second term, T stress 1, as well as singular terms, in the series expansion of the stress fields.
They extended the MTS condition to the Generalised Maximum Tangential Stress (GMTS)
condition[73, 166, 167]. In the elliptical coordinate system, the tangential stress s

hh

can be
calculated using the multipole method. Knowing the expansion series of the tangential stress,
the propagation angle q0 can be calculated using the formula 4.4 and the crack initiation
condition should be checked using Equation 4.5.

4.2.1.2 Minimum strain energy density (MSED)

The fundamental quantity in this criterion is the strain energy contained in a unit volume
of the material at a given instant of time. The principle of minimum energy states that at
equilibrium the internal energy of a system decreases and approaches a minimum value. The
strain energy density for linear isotropic materials undergoing small strain can be written as:

W = 1/2si jei j = S/r (4.7)

where si j and ei j are stress and strain components, S is the strain energy density factor and r
is the distance form the crack-tip. The MSED states that the crack propagates in a direction
along which the strain energy density factor possesses a minimum value [70, 71], i.e.,

∂S/∂q = 0, ∂

2S/∂q

2 > 0. (4.8)

The crack propagation angle, denoted by q0, can be calculated using Equation 4.8. The crack
initiation condition is given by Smin = S(q0) = SC, where SC is the critical value of the strain
energy density factor.

4.2.1.3 Maximum strain energy release rate (MERR)

This criterion is based on the energy balance concept in the crack propagation process. The
amount of released energy during the crack initiation and propagation is equal to the stored
strain energy of the local stretched atomic bonds. The MSERR is proposed by Palaniswamy
and developed by Hossein et al [74–76] for a crack subjected to the mixed mode loading. It

1The singular stress term contribution of the stress field in the vicinity of the crack-tip is characterised by
the stress intensity factor and the first regular stress term is represented by the T-stress.



4.2 Discrete Crack Dynamics (DCD) 57

θ 0 

2a 

Main crack Exte
nd

ed
 cr

ac
k 

Fig. 4.1 Main and extended crack directions.

is postulated that the crack propagates along the direction where the strain energy release
rate is maximum. Also, the crack starts to propagate when the maximum energy release rate
reaches a critical value.

Hossein et al. [76] calculated the energy release rate G(q) using path independent inte-
grals and complex potentials for any propagation branch with angle q , where the propagation
branch size was assumed to be nearly zero (Extended crack ! 0 in Figure 4.1 ). The main
crack is an edge crack of length 2a.

G(q) =
2pa
E

(
1�q/p

1+q/p

)q/p(
4

3+ cos2
q

)2
n

(1+3cos2
q)s•2

x2x2
+4sin2qs

•
x2x2

t

•
x1x2

+(9�5cos2
q)t•2

x1x2

o

(4.9)

where E is Young’s modulus, and s

•
x2x2

and t

•
x1x2

are the stress components of the far-field
load. The crack initiation angle q0 was derived using the ∂G/∂q = 0 and ∂

2G/∂q

2 < 0
formulas. The crack initiation condition is given by G(q0) = Gc, where Gc =

K2
IC+K2

IIC
E 0 .

E 0 = E for the plane stress and E/(1�n

2) for the plane strain problems.

4.2.1.4 General fracture criterion

The energy release rate of a crack propagating a unit length along its extension is:

G =
K2

I +K2
II

E 0 (4.10)
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However, in general, the energy release rate is angularly dependent, G(q), and the
fracture direction under mixed mode loading is not necessarily along the crack extension.
Calculating the energy release rate without considering any approximations for the method is
mathematically involved and somewhat cumbersome. An approximate expression of G(q)

was presented by Chang et al. who introduced effective SIFs [77] using singular terms of the
stress fields.

G(q) ⇡ k +1
8µ

[K2
Ie f f

(q)+K2
IIe f f

(q)] (4.11)

An approximate expression for G(q) in terms of stress field distributions in the polar coordi-
nate system is given by:

G(q) =
pr
4µ

[(k +1)(s2
qq

+s

2
qr)] (4.12)

This formula can also be derived by considering the definition of SIFs in the polar
coordinate system.

KI = lim
r!0

p
2pr(s

qq

)
q=0 (4.13)

KII = lim
r!0

p
2pr(s

qr)q=0 (4.14)

In the above equations both s

2
qr and s

2
qq

are maximised at q = 0. Using this concept,
KI(q), KII(q), and G(q) can be written as: 2

KI(q)+ iKII(q) = lim
r!0

p
2pr(s

qq

+ is
qr) (4.15)

G(q) =
K2

I (q)+K2
II(q)

E 0 (4.16)

In the case where s

2
qr = 0, both MSERR and MTS conditions are equivalent and they

predict a similar propagation angle. In the elliptical coordinate system, using the multipole
method notation the SIF formulas are:

KI(q)+ iKII(q) = lim
r!0

p
2pr(s

hh

+ is
hz

) (4.17)

Thus,

2It should be noted that in general SIFs can be obtained using the formula Ki j(q)= limr!0
p

2pr1�li
ti j(r,q),

where li depends on the distance between the crack-tip and an interface joining two dissimilar materials [168].
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Fig. 4.2 Schematic of the general fracture criterion at the crack-tip. Energy varies at the
crack-tip as a function of the polar angle q .

K2
I (q)+K2

II(q) = lim
r!0

2pr(s2
hh

+s

2
hz

) (4.18)

Since at the surface of the elliptical hole s

2
hz

is zero, the MTS and MSERR provide
very similar results in our calculations. Then, the crack initiation condition can be derived
using the computed stress fields. In this work, the general fracture criterion, demonstrated in
Figure 4.2, is selected for the computations. Figure 4.2 shows the energy at the crack tip as
a function of the polar angle q . Crack propagates in the direction of the maximum energy
release rate.

4.2.2 Crack Propagation: Length Scale

Predictions of crack propagation based on the stress fields at the notch root (and/or the crack-
tip) are notoriously inaccurate. The calculated maximum stress on the surface is unsuitable
for predicting crack propagation in situations where the gradient of the stress near the notch
is high [169–172]. Such high stress fields decrease significantly over short distances; it is not
the entire stress field that is important in studying crack propagation, only the field over a
critical finite distance ahead of the crack-tip. This critical distance (Figure 4.3) relates to the
microstructure of the material and it can be determined using e.g. the finite fracture method
(FFM) [173, 174].

The FFM is based on the assumption that crack growth is not smooth and continuous, but
instead occurs in a discontinuous manner. The size of the extension (2L) is determined by the
microstructure and deformation behaviour of the material. In the FFM the failure condition
is obtained using an energy balance similar to that of Griffith, but assuming a finite amount
of crack extension. For the case of a sharp crack, the value of L = 1

p

(KC
s0
)2 is expressed as a

function of two other material constants, the fracture toughness KC and the inherent strength
parameter s0. This formula may require corrections for crack blunting. A similar material
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Fig. 4.3 Critical distance methods: The point method uses the stress at a point r = L/2 from
the notch root rather than the maximum stress at the notch root; the line method uses the
average stress on a line drawn from the notch over a distance r = 0 to 2L [9].

constant was proposed by Peterson [175], Neuber [176], and El Haddad [177] using the point
method, line method, and imaginary crack method respectively. For a brittle material, such
as diamond, L = 1

p

(KIC
su

)2 where su and KIC represent the material ultimate tensile strength
and mode I critical SIF [174]. Using su and KIC reported by Field [26], the critical distance
for diamond is predicted to be 2L = 2

p

(5⇥10�3

4.03 )2 ' 1µm.

Dugdale [178] and Barentblatt [179] introduced the concept of the Cohesive Zone Model
based on the idea that a crack surface can be divided into two regions, i) the inner region
of the crack where the crack surfaces are separated (open crack) and ii) the edge region of
the crack (near the crack tips), where the faces interact with each other and the forces of
cohesion are present. They predicted that deformation and stresses experienced over the edge
region are linked to the likelihood of the crack to propagate and they introduced the length
s measured from the end of the crack-tip to identify the process zone, i.e. the region over
which damage takes place. It was suggested that the crack propagates under the action of the
stress field distributions which the crack is subjected to over the length s; this is equivalent
to the point mentioned in the FFM method, which states only the field over a critical finite
distance ahead of the crack-tip is important when studying crack propagation. Dugdale [178]
has shown that for the problem of a straight crack propagating in an idealised infinite medium
the length s ⇠ 1.23/p(Kc/su) which is very close to the length L proposed above.

Crack propagation model used in this study can be better explained as analogous to the
Cohesive Zone Model (CZM) [180–182]. In the CZM model, it is assumed that the damage
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Fig. 4.4 Schematic of mode-I traction-sepration law used to model brittle crack propagation.

is localised in the cohesive zone (interface) while the rest of the material remains undamaged.
The mixed-mode triangle traction-separation law has to be used for the mixed mode crack
propagation problems. However, to make it easier to explain, the traction-separation law of
Mode-I brittle fracture is used in Figure 4.4 to describe the different parameters required in a
typical CZM and the DCD model. In the CZM, the interface is assumed to be undamaged
when the separation, d , is less than the critical separation distance, dc ( in Figure 4.4).
Thus, the interface behaves elastically; however beyond dc the interface undergoes damage
evolution (irreversible process) until the system approaches the separation at failure d f . The
energy release rate of the cohesive low is calculated from

G =
1
s

Z

d f

0
s(d )dd . (4.19)

In the case of brittle material with reversible elastic behaviour, which is the case of this study,
d f = dc. Therefore, the crack propagation model used in the DCD method is somewhat
similar to what is proposed in CZM in the sense that the grey triangle in Fig. 4.4 represent
the energy required for the crack to propagate; this means that, given also the similarity in
the definition the two methodologies of the critical length, s, the DCD is also similar to CZM
in terms of fracture energy and energy release rate, although it does not use the concept of
traction-separation.

4.2.3 New Elliptical Micro-Crack Coordinate

In the DCD method, the crack advances step by step by adding a new micro-crack at the
main crack-tip. The exact position of each additional crack is determined by i) the maximum
tangential stress criterion and SIFs at the crack-tip (Section 4.2.1.1), and ii) searching for
where the generalised energy release rate is maximised at the crack-tip surface; which is
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Fig. 4.5 Schematic of a crack-tip with the extension point (y10q,y20q) on the perimeter of the
crack and the new crack-tip at (y11,y21).

where crack extension occurs. If the material has a homogenised fracture energy the new
crack propagates in direction that minimise the distance from the specified point on the
elliptical crack [183]. The effect of variations in the fracture energy on the crack propagation
path will be studied in Chapter 5.

In Figure 4.5, an extension point on the crack surface is at (y10q,y20q) in the local yq

coordinate system. In order to add a new micro-crack to the system, a new coordinate system
with origin ONew and inclination angle qNew have to be introduced:

ONew = Zq +(y11 + iy21)exp(iqq)

qNew = qq + arctan[
y21 � y20q

y11 � y10q
],

(4.20)

where (y11,y21) denotes the centre of the new crack in the main crack local yq coordinate
system, and exp(iqq) rotates the local yq system into the zq coordinate system. The coordinate
(y11,y21) is calculated using the minimum distance principle [184] and the predetermined
length of the crack extension; details of the calculations are provided in Appendix C.

4.3 Stress Intensity Factors of a Kinked Crack

It is important at this point to confirm the validity of the last postulate, namely that two
adjacent cracks can be approximated by a single kinked crack. Three ways to test this
assumption are investigated below: comparing stress fields, SIFs, and displacement fields
of two cracks with a single kinked crack. Stress fields, SIFs, and displacement fields are
calculated for cracks positioned along the x1 direction, are under uniform tension in the x2

direction.
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Stress fields

A test was conducted on the average stress fields ahead of a second small crack with length
L2 and an equivalent crack as shown in Figure 4.9. The average stress fields are compared
over a distance of 10% of the equivalent crack length using the multipole method and FEM
method. The differences between the fields of the second micro-crack and the equivalent
crack are written in terms of a percentage error for several stress fields. Results of simulations
are presented in table 4.1 for different size of cracks.

L1 L2 

L1 + L2 + δ 
 

δ 

q p 

Fig. 4.6 Two small cracks of length L1 and L2 are separated by distance d . A single crack has a length
L1 +L2 +d .

Table 4.1 Comparison of stress fields

Crack Size: L1/L2 = 100

d/L2
Error (%)

sx2x2 Von Mises Pressure
0.01 9.1 10.1 12.2
0.03 9.9 11.1 13.3
0.05 10.4 11.5 13.6
0.07 11.5 12.8 14.9
0.10 12.6 13.9 16.1

Crack Size: L1/L2 = 10

d/L2
Error (%)

sx2x2 Von Mises Pressure
0.01 18.3 19.2 24.1
0.03 21.2 22.2 28.0
0.05 18.1 18.6 23.6
0.07 17.3 17.7 22.2
0.10 21.4 21.8 27.1

Stress intensity factors

Second, the SIFs of adjacent cracks and the main crack are compared using the multipole
method and an analytical solution obtained in terms of complex potentials [20]. The SIFs
located at the tip of the semi-infinite crack and the left and right hand side of the second
crack in Figure 4.7 are represented by KI0, KIa, and KIb respectively in Table 4.2. The SIFs
are calculated both analytically and using the multipole method. The table shows some
discrepancy between the KI0 values calculated by the two methods. This resulted from the
different assumptions that are made in the multipole method simulations; the semi-infinite
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Fig. 4.7 Macrocrack and a micro-crack

crack of the analytical formulation is approximated by a large crack in the multipole method.
Comparison of the results show the accuracy of the MM and the fact that two adjucent cracks
can not represent the equivalent larger crack.

Table 4.2 Comparison of the SIFs at the crack-tip and the left and right-hand side of the
second crack in Figure 4.7 using analytical approach [20] and the MM method.

b�a = 1µm Analytical approach Crack size: L1 = 100 & L2 = 1µm
d

L2
= a
(b�a) KI0/K• KIa/K• KIb/K• KI0/K• KIa/K• KIb/K•

0.01 2.76 2.67 0.73 1.71 2.38 0.73
0.03 1.92 1.78 0.68 1.52 1.72 0.68
0.05 1.65 1.47 0.65 1.42 1.45 0.66
0.07 1.51 1.30 0.63 1.39 1.29 0.63
0.10 1.39 1.14 0.61 1.29 1.14 0.62

Displacement fields

The displacement field (ux2) of two cracks under uniform tension in the x2 direction is
illustrated in Figure 4.8. In reality, two adjacent cracks require energy to merge and produce
one crack. However as the propagation concept is not included in the mathematical framework
of the multipole method, cracks can not merge. Consequently, the stress fields between two
cracks become critically high and affect the stress fields and SIFs at crack-tips.

4.3.1 Correction to the Problem of Two Cracks (Kinked Cracks)

In general, two cracks cannot be approximated as one larger crack [20] unless modifications
are applied to the system. In this section, a method to derive the SIFs of a kinked crack
comprising two adjacent cracks is discussed.

Consider a pair of cracks, p and q where crack p is short compared to crack q, and their
separation d is small compared to the length of either crack (Figure 4.9a). Under external
loading, crack q produces disturbance fields in the vicinity of Zp and vice versa. Kushch et al.
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Fig. 4.8 Displacement field (ux2) of two cracks under uniform tension in x2 direction. Sizes
of cracks are L1 = 10µm and L2 = 1µm.

[185, 186] derived a formula for the average stress in the pth inclusion < s >p, caused by
the qth inclusion in terms of expansion coefficients an,q,p and bn,q,p. The same results were
derived by Buryachenko [140] using the Green’s functions in Eshelby’s [187] and Mura’s
[188] studies.

Berezhnitskii et al. [189] showed in a system containing two cracks that under the critical
external load, cracks grow towards each other and merge, and consequently a single kinked
crack is formed. In our DCD, cracks propagate by inserting a micro-crack a small distance
ahead of the crack-tip, in the direction of crack propagation, as depicted in Figure 4.9a.
Therefore, it is necessary to establish that this ensemble can, to a very good approximation,
represent the equivalent contiguous kinked crack (in terms of the SIFs and energy release
rate) shown in Figure 4.9b, by suitable choice of the micro-crack length and separation
distance. Hence SIFs and energy release rate are computed for the pth crack at tip B (see
Figure 4.9a) incorporating the disturbance field at tip B caused by the longer qth crack. To
simplify the calculation, the average disturbance fields introduced in [140] are used.

L1 L2 δ 

q p A B

L1 

L 2 

δ 

q 
p 

A

B

L1 
δ+L 2 A

B

(a) (c) (b) 

Fig. 4.9 a) Two small cracks of length L1 and L2 are separated by distance d , b) an equivalent
kinked crack, and c) two aligned cracks.
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The average disturbance fields in one crack in the binary crack system caused by the
other depends on the distance d (Figure 4.9a). If cracks are positioned very close to each
other, the large stress fields of the adjacent tips will reduce the accuracy of the approximation.
Also, if they are positioned too far from each other, the ensemble in Figure 4.9a is incapable
of representing the equivalent kinked crack in 4.9b. Therefore, there is an optimum d that
makes the approximate SIFs and energy release rate of Figure 4.9a maximally accurate. The
case of two aligned cracks in Figure 4.9c is more sensitive to d than any other configuration
[190–192], hence d is optimised for that case and the value is used for all configurations.

Since the optimisation of d also depends upon the crack lengths, a number of simulations
were run using different values of the crack lengths and junction size d , to find the optimum
d . The optimum d is the distance for which the two crack ensemble of Figure 4.9a (of
length L1 +L2 +d ) differs by no more than 1% in its SIFSs at tip B compared to those of the
equivalent contiguous crack for the aligned cracks case (see Figure 4.9c). Figure 4.10 shows
the optimum value of d for different crack lengths L1 and L2.

Figure 4.11 and Table 4.3 present results for a successful validation test performed
using kinked crack systems. Normalised SIFs of the kinked cracks calculated by analytical
methods using the complex potential formulation and Greens function technique [21, 22],
and the discrete dislocation density method [23] are compared with results obtained using
the multipole method for two adjacent cracks separated by the optimum distance d ; the
value of d was obtained from the results of Figure 4.10 for the corresponding b/a ratios
used in the comparison, noting that a = L1 and b = L2 +d . Analysing the results shows that
normalised SIFs calculated using the MPM never differ by more than 5% for the f = 15�,
30�, 45� and 60� degree cases, compared to the results of Lo et al [21], Hills [23] and Chen
[22] respectively. Accuracy of the MPM depends on the number of harmonic terms, n, used
in the calculations. According to the study performed by Kushch [135], n=25 gives accurate
results, which was also confirmed in this study by comparing predictions to FEM results;
hence that value was used here. Data in Table 4.3 shows that discrepancies are larger for
larger angles f .
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Fig. 4.10 The ratio of the optimised distance between two inclusions, d , to the second
crack/inclusion length, L2, is plotted versus the ratio of the second to the first crack/inclusion
length, L2/L1.
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Fig. 4.11 a) Kinked crack benchmark problem. Appropriate d is selected according to Figure
4.10; b) Normalised SIF of a kinked crack with b/a=1 using the MPM method.



68 Crack Propagation: Discrete Crack Dynamic

Table 4.3 Variation of the normalised SIF (K/s

p
pa) with angle for a kinked crack of the

same size as the original crack under a uniform tensile stress. Suffix B refers to the endpoint
(tip B) of the kinked crack (see Fig. 4.11). Methods 1, 2, 3 and 4 are the MPM method, the
complex potential formulation, discrete dislocation density and Greens function technique,
respectively [21–23].

Angle (j0) Method
KIB KIIB

Size b/a Size b/a
1 0.5 0.1 0.05 1 0.5 0.1 0.05

150

1 1.3 1.15 0.98 0.97 0.38 0.31 0.21 0.20
2 - 1.15 1.01 0.98 - 0.32 0.23 0.19
3 1.32 - 0.97 - 0.41 - 0.22 -
4 1.32 1.15 0.99 0.98 0.38 0.32 0.22 0.19

300

1 1.07 0.96 0.85 0.86 0.68 0.58 0.4 0.38
2 - - - - - - - -
3 1.08 - 0.83 - 0.69 - 0.41 -
4 1.08 0.95 0.86 0.86 0.68 0.57 0.4 0.36

450

1 0.73 0.67 0.64 0.69 0.87 0.76 0.52 0.49
2 - 0.66 0.66 0.69 - 0.72 0.54 0.47
3 0.76 - 0.66 - 0.83 - 0.52 -
4 0.74 0.66 0.66 0.69 0.84 0.72 0.52 0.46

600

1 0.37 0.34 0.41 0.49 0.90 0.82 0.58 0.53
2 - - - - - - - -
3 0.38 - 0.41 - 0.82 - 0.55 -
4 0.39 0.35 0.43 0.49 0.83 0.74 0.56 0.50

750

1 0.04 0.01 0.15 0.28 0.81 0.79 0.56 0.55
2 - 0.1 0.23 0.28 - 0.64 0.51 0.48
3 0.08 - 0.19 - 0.67 - 0.52 -
4 0.09 0.07 0.2 0.29 0.68 0.65 0.52 0.48
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4.4 Crack Propagation: Simulation

In the DCD method, crack propagation is a discretised process (based on the concepts of
FFM [173, 174]), in which the crack advances incrementally at each simulation step. The
general algorithm to study a crack propagation is as follows. (i) Values of stress fields and
SIFs are computed for the current state of the system. (ii) If the crack propagation condition
is fulfilled, the direction of propagation and the increment length have to be determined using
the fracture criterion. (iii) The crack size (crack/inclusion distribution) is updated and the
iterative process is continued.

4.4.1 Crack Propagation: Simulation Steps

The general algorithm to study an evolution of a main crack in a system containing other
cracks and inclusions is as follows.
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Fig. 4.12 Schematic representation of simulation steps. a) propagated kinked crack, b) an
equivalent crack, c) merge micro-cracks, d) micro-cracks orientations.

• If the crack propagation condition is satisfied, a further crack is added ahead of the main
crack-tip with the optimal spacing determined in 4.3, the crack extension determined
from the theory of FFM and at an angle prescribed by the adopted fracture criterion.
The arrangement of the original crack and the new crack is an approximation of a
kinked crack, using the theory developed in Section 4.3. Accordingly, the SIFs and the
energy of the approximated kinked crack are calculated.
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• The problem arises in the next step of simulation when the kinked crack propagates.
The discretised process of crack propagation requires introducing a new micro-crack
at the tip of the crack/micr-crack ensemble. At this point, calculating the SIFs of a
propagated kinked crack, which is a system of one main crack and two micro-cracks
given in Figure 4.12a is not straightforward. Before addressing the current problem, it
is better to answer the question of whether it is even possible to determine the crack
propagation path with a succession of small micro-cracks?

Although in the DCD method, crack propagation is simulated by adding new micro-
cracks at the main crack-tip, the whole process of crack propagation can not be
modelled by introducing a series of micro-cracks ahead of the main crack-tip due to
the shielding effect associated with the micro-cracks. Crack-tip shielding caused by
micro-cracking were studied by Kachanov et al. [193] and Hutchinson et al. [194, 195].
An analytical study was given by Asher [20] for an array of aligned micro-cracks ahead
of a main crack-tip. It was proved that by increasing the number of micro-cracks, the
local SIFs and stress field distributions at the micro-crack tips are not significantly
affected by the presence of the main crack, and mostly are influenced by the local
stress fields. As the effect of the main crack is lost by far away micro-cracks, the
estimated crack propagation direction and energy based on the leading micro-cracks
becomes unreliable. Therefore, another method to approximate crack propagation path
is required. Precise prediction of the SIFs and crack energy are necessary to determine
the crack propagation path. Here a solution is given for a system of three cracks. The
solution is then generalised for a problem of the crack propagation in the DCD method,
where the concept of a kinked crack and its SIFs are used to model crack evolution.

The problem of a propagating kinked crack may be addressed by approximating a set of
three cracks, comprising a main crack and two micro-cracks, with two cracks by either
replacing the main crack and the first micro-crack with an equivalent crack (Figure
4.12b) or merging the two micro-cracks (Figure 4.12c). Before using any of these
estimations, it is necessary to be confident in the correctness of these approximations.
The point of this is to always have a main crack and a single crack ahead of it
representing the crack extension. For which it has been shown in Section 4.3 that the
approximation is very good for the optimal distance and crack extension.

The problem of SIFs at the tip of the kinked crack has been studied in [196–198]. It
was shown that the SIFs of a kinked crack depend on the inclination angle of the crack
extension and the SIFs of the main crack. Kitagawa et al. [199] and Bechtle et al.
[200] showed that, from the standpoint of SIFs, a kinked crack can be replaced by
a straight line crack, in which the direction at the crack-tip is the same as the crack
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extension. Chen [22] showed that for a kinked crack, an angle between the tangent
to the crack-tip and load direction determines the proportion of Mode I and II stress
intensity factors while the distance between the two extends of the crack ensemble is a
dominant factor on the crack-tip SIFs.

Considering the previous studies and knowing that the ratio of Mode I and II stress
intensity factors determines the crack deflection direction in the next step of simulations
[14, 15], in the problem of three cracks in Figure 4.12a, the orientation of the last micro-
crack must remain the same. If the main crack and the first micro-crack is replaced
with an equivalent crack as shown in Figure 4.12b, the length of the equivalent crack
is roughly the same as the distance between the extents of the crack ensemble, thus,
according to Chen [22] the SIFs in Figure 4.12b should be a good approximation of
those at the propagated crack-tip.

Simulations were conducted to establish the validity of this assumption. The SIFs
of zig-zag cracks shown in Figure 4.13a under a uniform tension in the x2 direction
were calculated by Chen [22]. The distance between the crack-tips is 2a and a

denote the angle of zig-zag section. Here the SIFs of the zig-zag cracks at crack-tip
B are estimated by the approximated kinked crack systems employed in the DCD to
approximate branched cracks as depicted in Figure 4.13b. Table 4.4 presents the results
of this validation test. Normalised SIFs of the zig-zag cracks, calculated by a numerical
method using a singular integral equation containing the crack opening displacement
(COD), are compared with the results obtained using the multipole method for two
equivalent adjacent cracks separated by the optimum distance d as described in the
crack propagation methodology proposed here. The value of d was obtained from the
results of Figure 4.10. Analysing the results shows that normalised SIFs calculated
using the MM are in good agreement with Chen’s calculations, especifically for the
cases with a <= 450. The quality of the match also seem to affect mode II SIF
more than mode I. If the zig-zag crack is modelled with the DCD method using
the micro-cracks, the relative angular differences between the two subsequent micro
cracks are equal to 2a . In the crack propagation problems, crack-tip angular variation
corresponding to branching larger than 900 are rarely experienced in reality, except in
the cases where the fracture energy has a very strong spatial bias. It can therefore be
concluded that the approximation made when simulating crack propagation using the
DCD method is acceptable and special care will only be taken when abrupt changes
in the material properties of the material under investigation may lead to sudden and
sharp changes in crack trajectories.
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Fig. 4.13 Schematic representation of (a) zig-zag cracks, and (b) the approximated kinked
cracks used to describe the system in DCD.

Table 4.4 Variation of the normalised SIF (K/s

•p
pa) with angle for systems given in Figure

4.13 using the singular integral equation containing the COD and the multiple method. Suffix
B refers to the endpoint (tip B) of the crack and m denotes the number of zig-zag kinks.

SIF m
tana

Chen [22] Multiple method
0.1 0.2 0.5 1 2 0.1 0.2 0.5 1 2

KIB/s

•p
pa

1 0.99 0.97 0.81 0.52 0.21 0.98 0.95 0.81 0.54 0.23
2 0.99 0.97 0.84 0.53 0.32 0.99 0.96 0.83 0.59 0.23
4 0.99 0.97 0.86 0.65 0.41 0.99 0.98 0.87 0.66 0.30

�KIIB/s

•p
pa

1 0.11 0.22 0.47 0.64 0.65 0.11 0.21 0.43 0.62 0.63
2 0.09 0.19 0.40 0.54 0.54 0.08 0.16 0.36 0.55 0.57
4 0.08 0.16 0.34 0.47 0.48 0.07 0.14 0.31 0.46 0.51
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Figure 4.12d demonstrates the orientation of the last two micro-cracks in their local
coordinate systems. To increase the accuracy of the simulation before introducing the
equivalent crack, it might be better to check if it is more accurate to merge last two
new cracks rather (Figure 4.12c) than replacing the first two cracks with an equivalent
one. The criterion for whether to merge the two consecutive micro-cracks is a function
of the relative angular difference between them (Dq = q2 � q1): If the mismatch in
orientation of the two cracks is less than a predefined amount, then the cracks will be
merged. The angular mismatch, below which the merging is allowed, is a function
of whether or not the merging produces a better estimate of the SIFs compared to the
alternative combination of equivalent crack extended by the outermost new crack. This,
therefore, depends on the materials and the geometry of the problem.

• The same method can be used at all iterations to predict the crack trajectory.

4.4.1.1 Flow diagram

A flow diagram of the developed discrete crack dynamic code is illustrated in Figure 7.5; the
DCD method predicts the crack propagation path and its associated energy in the system. In
this case, crack propagation criteria (step 3) are provided by considering the host material
that is used. The analysis is finalised in six steps. At each iteration, interactions between
all elements of the system are calculated and the failure criterion at the main crack-tip is
examined (step 4). The crack propagates in a direction determined by the fracture criteria, by
introducing a new pseudo-crack in the system (step 5). In the first iteration, a main crack
propagates by introducing a new micro-crack. The ensemble of the main crack and the
micro-crack is an approximation of a kinked crack. Then, if the kinked crack propagates,
a new micro-crack has to be added to the system; thus two micro-cracks have to be added.
However, in the next iterations, there exists a kinked crack; thus only one micro-crack has to
be added to the system. Then the main crack is replaced by an equivalent one (step 6).
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Fig. 4.14 The flow chart of the DCD method to calculate the crack propagation path and its
associated energy in the system.
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Fig. 4.15 Decomposition of the finite elastic body with inclusions into the problem of
interacting elliptical inclusions and the complementary problem for the finite body without
inclusions.

4.5 Finite-Size Problems

The behaviour of the main crack-tip at the macroscopic level in an unbounded solid has been
successfully modelled by DCD method. The aim of this section is to simulate finite-size
problems using a superposition scheme to incorporate boundary effects. Within linear elastic-
ity the superposition principle is exact at each simulation step and requires no modification
in the multipole method described here. Let S be the domain of the boundary-value problem
with boundary G delimiting a solid body characterised by stress and displacement fields
s0(x,y) and U0(x,y). By virtue of the linear superposition principle, these can be written as
the sum of two fields: s0 = s1 +s2 and U0 =U1 +U2 where suffix 1 and 2 represent fields
of the infinite domain containing the inclusions, and finite-size inclusion-free medium S2

coinciding with S. As a result of inclusion interaction fields, surface G1, which coincides with
G , experiences a traction T1 and displacement U1. In order for the superposition of the fields
in S1 and S2 to equate the fields in S, the surface G2 must have, for every simulation step, -T1

and -U1 applied over it in addition to the boundary conditions applied on G .
To summarise, the problem under consideration is a 2D linear elastic body of area S,

comprising elastic inclusions and holes (Figure 4.15). The elastic properties of the matrix
material are governed by the shear modulus µ0, and Poisson’s ratio n0, and the elastic
modulus of inclusions and holes are denoted by the shear modulus µi, and Poisson’s ratio ni.
This body is now considered to be subjected to the remote far-field traction.

It is assumed that the crack propagation process is quasi-static and to involve finite devel-
opment at each step of simulation. Each simulation step involves two main computational
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stages. First, for the current inclusions arrangement, the current stress field of the problem in
the solid is determined. Second, if the propagation criterion is fulfilled, the position of the
new micro-crack in the crack propagation process is specified.

The current state of the system is determined by decomposing the problem of the finite
body with inclusions into two problems: the problem of interacting inclusions in the homo-
geneous infinite solid and the complementary problem for the homogeneous body without
inclusions. The former problem is solved using the multipole method formulation, and the
latter can be solved using a numerical scheme such as finite-element or boundary-element
methods. The complex variables boundary element method (CVBEM) uses the same mathe-
matical framework as the MM method and is therefore chosen to solve the finite boundary
value problem in the absence of inclusions.

4.5.1 The Complex Variable Boundary Element Method

The Complex Variable Boundary Element Method is a generalisation of the Cauchy integral
formula into a boundary integral equation method. The method produces approximation
functions that are analytic within the domain enclosed by the problem boundary. In the
CVBEM method, the integrations of the boundary integrals along each boundary element
are solved exactly without the need for numerical integration. The modeling approach is
extremely useful to deal with the two-dimensional elasticity problems [98, 83, 10]. In this
study the indirect formulation of the CVBEM is employed; the associated code developed by
the Zografos [10, 201] was used to calculate the effect of finite-size on crack propagation.
The code is based on the complex form of Kelvin’s Green function [83], and the influence
functions of the respective boundary elements which are evaluated by analytical integration.

4.5.1.1 Formulation

In 2D elasticity, all the components of elastic fields can be expressed via Muskheloshvili’s
potentials j and y .

(2µu(z) = kj(z)� zj

0(z)�y(z)

s11 + s22 = 4Rej

0(z)

s22 � s11 +2is12 = 2
⇥

z̄j

00(z)+y

0(z)
⇤

(4.21)

where si j are stress components in the global coordinate system (x1,x2); u = u1 + iu2 is the
displacement vector in this system.

The expression of complex potentials for a point force in a plane (Kelvin’s solution [151])
is given by:
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j

0(z) = � X1 + iX2

2p(1+k)

1
z� z0

y

0(z) = k

X1 � iX2

2p(1+k)

1
z� z0

� X1 + iX2

2p(1+k)

z0

(z� z0)2

(4.22)

where (X1+ iX2) is a point force loaded at the point z0 in the normal and tangential directions.
Denoting Ui(t,z), and si(t,z) as the i � th component of the displacements and stress
functions corresponding to the unit point force loaded at the point t . Using Equations 4.21
and 4.22, Ui(t,z), and si(t,z) can be derived for a point source; this is equivalent to the
concept of the Green’s function. Having the displacement and stress functions produced by a
unit point source, the displacement field within a finite region with a smooth boundary s at
any point z inside the boundary can be written as:

u(z) = u1(z)+ iu2(z)

=
Z

s
[U1(t,z)+ iU2(t,z)]w(t)ds

t

, t 2 s

=
Z

s
U(t,z)w(t)ds

t

(4.23)

where, w(t) is a weight function that represents the magnitude of the continuous force on s.
Similar expression can be written for the stress fields as:

s(z) =
Z

s
s(t,z)w(t)ds

t

. (4.24)

In 2D elasticity, w(t), U(t,z), and s(t,z) are 1⇥2, 2⇥2 and 3⇥2 matrixes respectively.
The boundary value problem can be formulated in terms of boundary integral equations 4.23
and 4.24 by taking t to be part of the larger boundary G; suppose that the s is a finite region
with the G boundary. By discretising the boundary G to N segments of length si at points ci

(the midpoint in si boundary segment), the displacement and stress fields at any point z 2 s
can be calculated using formulas:

u(z) =
N

Â
i=1

Z

si
U(ti,z)w(ti)ds

ti

s(z) =
N

Â
i=1

Z

si
s(ti,z)w(ti)ds

ti .

(4.25)

where the integration has to be performed over each elements. It is more convenient to find
the integrals in a local coordinate system of each boundary segment; transformation of the
stress fields requires tensor rotation. The stress tensor s

0, and displacement vector u0 in the
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rotated coordinate system are obtained using the formula s

0(z) = Rs(z)RT and u0 = Ru(z),
where R is a rotational transformation tensor. By selecting w(ti) = wi f (ti), displacement
and stress fields in equations 4.25 can be expressed as:

u(z) =
N

Â
i=1



Z

si
U(ti,z) f (ti)ds

ti

�

wi

s(z) =
N

Â
i=1



Z

si
s(ti,z) f (ti)ds

ti

�

wi

(4.26)

which can be expressed in matrix form as:

u⇤ =U.w

s

⇤ =C.w .
(4.27)

u⇤, s

⇤, and w are two vectors of 2N ⇥1 dimensions in 2D, where N is the number of the
collection points multiplied by the dimension of the system. U and C are 2N ⇥2N influence
coefficient matrices, in which the elements are derived using the integrals in Equation 4.26.
The elements of these matrices are the displacement/traction at the i-th collection point
associated with the unit f (ti) traction acting on the j � th element. w is the vector of
the unknown weight functions at each collection point. Equation 4.27 provides 4N linear
equations. However, depending on the mixed boundary conditions only 2N linear equations
are involved. These linear equations can be solved by applying displacement and stress
boundary conditions to u⇤ and s

⇤ vectors. By reordering the equations appropriately and
solving the matrix equation, the unknown weight functions wi can be determined; more
details on matrix form of the equation can be found in [10]. Once the vector w is determined,
the displacement and stress fields are fully calculated using equation 4.26.

4.5.1.2 Flow diagram

A flow diagram of the boundary element code is illustrated in Figure 7.4 for finite size
problems, the multipole method and CVBEM are combined to predict the full stress and
displacement of the system. In this case, the boundary conditions (step 4) required for
CVBEM are provided by the multipole calculation at each nodal point.
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 Load geometry 

Generate BE mesh 

Compute coefficient 
matrices 

Solve linear system 

Compute stress and 
displacement fields 

Set boundary and 
loading conditions 

1 
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4 
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6 

Input 

Output 

Fig. 4.16 The flow chart of static analysis of CVBEM [10].

The static analysis can be finalised in six steps. Calculating the influence coefficient
matrices (step 3) and the stress and displacement fields (step 6) are the most computationally
expensive steps in the analysis. In the crack propagation problems, where an iterative solution
process is required, the iteration is performed over steps 4 and 5.

To predict the crack propagation for finite size problems, the stress and displacement
fields in step 2 of the DCD chart (Figure 7.5) have to be calculated in the way shown in
Figure 7.6.
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 Load geometry 

Generate expansion 
Coefficients η and µ 

Compute coefficient 
matrix M 

Solve linear system 
M.X = b 

Compute stress and 
displacement fields 

by MM 

Set far-field boundary 
condition vector b 

Input  Load BE geometry 

Generate BE mesh 

Compute coefficient 
matrices 
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Compute stress and 
displacement fields 

by CVBEM 

Set boundary 
conditions using MM 

1 

3 

2 

4 

5 

6 

Output Add fields calculated using MM & CVBEM 

Fig. 4.17 The flow chart of the stress and displacement fields in step 2 of the DCD method
(Figure 7.5) to calculate the crack propagation path and its associated energy in the finite size
system.
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Chapter 5. Boundary element code: Development and applications 

193 

solution process is required, such as the solution of contact problems, the iteration is 
performed over steps 4 and 5.   

 

5.6 Benchmark tests 

Two simple cases are examined to assess the performance of the technique; first a square 
plate with a hole under tension and second, a thick-walled cylinder under internal pressure. 
 

5.6.1 Square plate with a circular hole 

A common benchmark test for stress analysis tools is the case of a square plate having a 
circular hole in its centre and is subjected to uniaxial tension. The geometry of the 
benchmark problem is shown in Fig. 5.5.     

 

 

Fig. 5.5   Benchmark test 1 - Square plate with a circular hole 

 

For an infinitely large plate (L→∞, H →∞) the value normalised value of the hoop stress, 

yyθσ σ , at points A and B is 3 and -1 respectively. However, in case of a finite plate in both 

directions, a, closed form, analytical solution is not available. Fenner [150] reports the values 
of 3.021 and -1.0167 for L=20, H=20, D=1, and these values were confirmed using a FE 
model built by the author using ABAQUS. 

The boundary element mesh consisted of uniform size straight elements distributed along 
the outer, straight boundaries of the square plate and curved elements which were employed 
for the discretisation of the hole. 

D 
H 

L 

A 

B 

yyσ  

yyσ  

σ x2x2

σ x2x2

Fig. 4.18 Square plate with the circular hole.

4.5.1.3 Benchmark test: Square plate with a circular hole

A simple case of a square plate with a hole under uniform tension was examined to test the
performance of the technique. This test assesses the accuracy of the method for the current
state of the system at each simulation step. Figure 4.18 shows the geometry of this benchmark
problem. For an unbounded plate the normalised value of the hoop stress, s

qq

/sx2x2 , at
points A and B is 3 and -1 respectively. However, for the finite plate problem, the values of
3.021 and -1.0167 for L = 20, H = 20, D/2 = 1 unit length was reported by Fenner [202]
and confirmed by [10]. Here, the normalised value of the hoop stresses was derived using
the multipole method, and the boundary element mesh consisted of uniform size straight
elements distributed along the outer boundaries of the square plate. The number of elements
distributed along the sides of the plate is increased to 100 to obtain sufficient accuracy.
It should be noted that the required number of elements is almost half that calculated by
Zografos [10].
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4.6 Numerical Results

Simulations of this section were conducted to establish the validity of the fundamental
building blocks of what I hope will become a standard micromechanics model for dealing
with cracks near inclusions in real materials.

An Inclined Crack: Tension

To start, the DCD method was used to predict the propagation of an inclined crack under
uniaxial tension, loaded in the x2 direction. Figure 4.19 shows the propagation path of an
inclined crack with various inclination angles. Although, the crack deflection angle depends
on the applied fracture criterion, Figure 4.19 shows that there is a tendency for the crack
propagation to occur mainly in mode I. This agrees with previous calculations [203, 66, 204].
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x 2
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Fig. 4.19 Crack propagation path (dashed line) of cracks with different inclination angles
under uniform tension. The initial size of the crack is 5 µm. The initial inclination angles of
50,250,450,650,850 are presented by black, purple, blue, green, and red lines respectively.

An Inclined Crack: Compression

The same problem was solved under uniform compression in the x2 direction. Figure 4.20
graphically compares the numerical results obtained using DCD and Boundary Element
methods given by Haeri [11], and demonstrates the accuracy and validity of the DCD method.
Results are in agreement with other predictions given by Horri and Nemat Nasser [205, 206].
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element results presented in this work. It should be noted 
that the boundary element code is much faster and it is 
quite easy to work with it because the boundary element 
method essentially reduces one dimension of the problem, 
alternatively reduces the mesh size sharply and makes 
the discretization of the problem simpler and quicker 
[36]. 
 

 
Fig. 19 Boundary element simulation of crack propagation 

process in pre-cracked specimens (based on mechanical 

properties given in Table 3): (a) ĳ=30°; (b) ĳ=45°; (c) ĳ=65° 

 
In the numerical verification of the results, the mode 

I fracture toughness KIC=1.2 MPa·m1/2 is estimated based 
on the numerical results given by WONG et al [36]. It 
should be noted that different crack propagation 
increments (steps) are used in the numerical analysis of 
the present problem. 
 
5 Conclusions 
 

1) A comprehensive experimental works have been 
accomplished to investigate the crack propagation 
mechanism in brittle substances due to the cracks 
coalescence phenomenon which mainly occurs during 
the propagation of wing cracks emanating from the tips 
of the pre-existing cracks. 

2) It is experimentally shown that the wing cracks 
are mainly responsible for the cracks coalescence and the 
final cracks propagating paths. The secondary cracks 
may also be produced after the propagation of the wing 
cracks in the specimens under uniaxial loadings. The 
experimental models illustrate well the production of the 
wing and secondary cracks and the cracks propagation 
paths produced by the coalescence phenomenon of the 
two pre-existing cracks (flaws). 

3) The same experimental specimens are modeled 
numerically by an indirect boundary element method and 
it has been shown that the numerical results are in good 
agreement with the corresponding experimental results. 
The effects of the orientation of the second flaw on the 
propagation path and cracks coalescence have also been 
studied experimentally and numerically. 

4) The wing cracks initiation stresses for the 
specimens change from 11.3 to 14.1 MPa in the case of 
numerical simulations and from 7.3 to 13.8 MPa in the 
case of experimental works. The cracks coalescence 
stresses change from 21.8 to 25.3 MPa and from 19.5 to 
21.8 MPa in the numerical and experimental analyses, 
respectively. 

5) The effect of confining pressure on the crack 
propagation process has been numerically simulated, 
which shows that the SIFs increase and the crack 
initiation angles change in this case. 
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Fig. 4.20 Boundary element simulation of crack propagation process in pre-cracked spec-
imens for 30�, 45� and 65�. (a) calculation with DCD and (b) Boundary Element Method
[11].

Crack Path Deflection: Effect Of Soft And Hard Inclusions

Sets of simulations were run to establish the effect of impurity and micro-crack interactions
on the deflection of the main crack-path. The crack propagation trajectory in the vicinity of a
circular soft and hard inclusion were studied on a plate with side lengths of 10 µm. The plate
was loaded remotely in tension in the x2 direction. The initial crack length a and the inclusion
radius r were set to 1 µm, and the inclusion was centered at the origin of the coordinate
system. Figure 4.21a shows the effect of accuracy of the interaction fields between cracks
and inclusions on the crack propagation path and its deflection in an unbounded system. The
relative stiffnesses of the inclusion to the matrix was selected as 10. The green (n=1), blue
(n=3) and red (n=9) curves represent crack paths for different number of harmonic terms.
The crack paths are indistinguishable for n = 9 and higher values of n.

Figure 4.21 parts b and c present the crack path deflection in the presence of a circular
hard and soft inclusion in a finite plate. The plate was fixed at the bottom edge and the load
distributed uniformly on the top edge. The relative stiffnesses of the inclusion to the matrix
were selected as 2,10,100 and 1/2,1/10 for the hard and soft inclusion respectively. Figure
4.21d shows that simulated results are comparable with modelling provided in [12]. Results
agree with other simulations and experimental predictions given by [207, 145, 208, 13].
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Figure 9. Crack paths for different positions of the initial crack tip. All initial cracks start from the edge at
.0, 0/ and has lengths of a0=w D ¹1=10, 2=10, 5=10º and has thus different positions of the crack tip.
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Figure 10. Crack paths for different stiffness ratios. The analyzed stiffness ratios are EI=EM D
¹1=10, 1=2, 2, 10, 100º.

initial crack (not shown), then the crack path is unaffected until the simulation is aborted, that is, it
propagates straight because of the symmetry of the problem.

In Figure 9, the length of the initial crack has been varied for constant inclusion position and
stiffness ratio. Two crack paths are compared with the reference path [ref ], which has a normalized
initial crack length of a0=w D 1=10. If the initial crack length is doubled, a0=w D 2=10, the crack
is attracted less and repelled more. If the initial crack length is five times longer, a0=w D 5=10, the
initial crack tip is right under the inclusion center. In this case, there is no attraction. Only a repulsion
is observed. If the initial crack length is further increased, such that the crack tip is placed after the
inclusion center, the effect is qualitatively identical to the path obtained by having a0=w D 5=10,
but it goes to 0 as the crack tip position goes away behind the inclusion, that is, the crack path goes
towards a straight crack. This latter observation is not shown in the paper.

The stiffness ratio, which is defined as the stiffness of the inclusion divided by the matrix stiff-
ness, is studied in Figure 10. A stiffness ratio of unity, that is, EI=EM D 1 (which is not shown in

Copyright © 2011 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Engng 2012; 89:786–804
DOI: 10.1002/nme
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Fig. 4.21 Deviation of the crack propagation path in the vicinity of a circular inclusion. a)
crack path predicted using different harmonic terms n; green (n=1), blue (n=3) and red (n=9).
This one shows the effect of harmonic terms on the accuracy of the results. Crack path
deviations are shown for several relative stiffnesses of the inclusion to the matrix b) with
correct aspect ratio, c) a comprised aspect ratio to zoom closer, and d) a comprised aspect
ratio provided in [12].
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Crack Path Deflection: Effect Of Elliptical Holes

The DCD method was employed, to compare the crack paths in brittle materials with the
asymptotic model and experimental result presented in Ref. [13]. A plate containing elliptical
holes was subjected to Mode-I loading; the origins of elliptical holes with the major and
minor axis of 4, and 0.6 mm are placed at (x1a,x2a) = (75,�9) and (x1b,x2b) = (105,8) mm
coordinates. The associated inclination angles of elliptical voids are qa = 0 and qb = p/2
respectively. The experimental set up is reproduced in the simulations as reported in Figure
4.22. Excellent agreement between analytical results of the asymptotic solution, the DCD
method and experiment is observed. All methods predict fracture deflection toward the small
void, where the interaction of the crack with elliptical voids deviates the fracture path from
the straight line. In Figure 4.22, the blue and dark blue dashed curves represent the shape
predicted by the asymptotic model [13] and the DCD method, whereas the red curve shows
the actual shape obtained in the experiment. From the figure, it can be deduced that the DCD
method can be applied to problems involving impurities and inclusions.

and Valentini et al. (2002) have successfully compared theoretical
predictions with experimental measurements, but in an indirect
way, i.e. the cracks were induced by an indenter, which provided
a complex stress state, different from the remote Mode-I condition
assumed in the model. In the present article, the reliability of the
asymptotic model is assessed for quasi-static regimes, together
with the observation of important effects related to dynamic crack
kinking. In particular, in addition to the asymptotic model, a com-
putational technique, namely, the extended finite element method
(X-FEM) as implemented in Abaqus FEA (Shi et al., 2010), is
employed to predict crack propagation. This method (already used
for the analysis of structural components failure Miranda et al.,
2003; Blittencourt et al., 1996 and of quasi-static crack growth
Sukumar and Prèvost, 2003; Moës et al., 2002) is employed,
together with the asymptotic model, to predict crack paths in brit-
tle (PMMA) notched plates subject to Mode-I loading and contain-
ing elliptical voids. An excellent agreement between theoretical
results and experiments is observed, with the asymptotic solution
correctly predicting fracture deflection toward the small void, as
shown for instance in Fig. 1, where a fracture path deviates from
the straight line due to the interaction with thin elliptical voids.
In the figure the cyan/dashed curve represents the shape predicted
by the asymptotic model, whereas the solid/red curve shows the
actual shape obtained in the experiment (the FE simulation coin-
cides with the asymptotics and hence is not reported in the figure).

From this result it can be deduced that the asymptotic approach
fully explains crack deflection induced by a void (when sufficiently
far from the fracture trajectory to satisfy the asymptotic assump-
tions), so that it can be employed in design situations involving
the presence of defects in ceramics.

2. Modeling

2.1. Asymptotic model

In this section we give a brief outline of the model used for the
analysis of crack trajectories influenced by elliptical voids; for a
more detailed description see Movchan et al. (1991), Movchan
(1992), Movchan and Movchan (1995), Movchan and Serkov
(1997), Valentini et al. (1999).

An infinite, brittle isotropic linearly elastic body is assumed,
containing a semi-infinite crack interacting with some defects
(voids or inclusions), and propagating under pure Mode-I loading,
corresponding to a stress intensity factor KI greater than the criti-
cal one. The elastic properties are specified through the Lamé con-
stants k and l for the body and k0 and l0 for the inclusion. We

assume that the defects present in the infinite elastic medium
are ‘far’ from the straight trajectory that would be followed by
the crack in the absence of disturbances (Fig. 2). The shape of the
defect is selected to be an ellipse centered at the point (x0

1; x
0
2) with

the major and minor semi-axes denoted by a and b, respectively.
The major axis is inclined at an angle h with respect to the x1-axis.
Due to the presence of the defect the crack trajectory may deviate
from a straight line and this perturbation can be described by the
closed-form formula for the crack trajectory HðlÞ, expressed as a
function of the crack tip coordinate l (Valentini et al., 1999;
Valentini et al., 2002)

HðlÞ¼ ab
4x0

2
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where j ¼ 3$ 4m (for plane strain) or j ¼ ð3$ mÞ=ð1þ mÞ (for plane
stress), and m 2 ð$1;1=2Þ is the Poisson’s ratio.

In the case of plane stress, the formula for the crack trajectory
due to elliptical void may be obtained by taking l0 ¼ k0 ¼ 0 in
(2.1)–(2.3), which gives
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Fig. 1. Experimental crack trajectory (a post-mortem photo of a PMMA sample loaded in Mode-I) compared to the theoretical prediction (reported with a cyan/dashed line)
for two cases of interaction with one (A) and two (B) elliptical voids. The crack trajectory is highlighted by means of a solid/red colored strip inserted between the two crack
surfaces. The parameters indicated in the figure are explained in Fig. 2. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
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and Valentini et al. (2002) have successfully compared theoretical
predictions with experimental measurements, but in an indirect
way, i.e. the cracks were induced by an indenter, which provided
a complex stress state, different from the remote Mode-I condition
assumed in the model. In the present article, the reliability of the
asymptotic model is assessed for quasi-static regimes, together
with the observation of important effects related to dynamic crack
kinking. In particular, in addition to the asymptotic model, a com-
putational technique, namely, the extended finite element method
(X-FEM) as implemented in Abaqus FEA (Shi et al., 2010), is
employed to predict crack propagation. This method (already used
for the analysis of structural components failure Miranda et al.,
2003; Blittencourt et al., 1996 and of quasi-static crack growth
Sukumar and Prèvost, 2003; Moës et al., 2002) is employed,
together with the asymptotic model, to predict crack paths in brit-
tle (PMMA) notched plates subject to Mode-I loading and contain-
ing elliptical voids. An excellent agreement between theoretical
results and experiments is observed, with the asymptotic solution
correctly predicting fracture deflection toward the small void, as
shown for instance in Fig. 1, where a fracture path deviates from
the straight line due to the interaction with thin elliptical voids.
In the figure the cyan/dashed curve represents the shape predicted
by the asymptotic model, whereas the solid/red curve shows the
actual shape obtained in the experiment (the FE simulation coin-
cides with the asymptotics and hence is not reported in the figure).

From this result it can be deduced that the asymptotic approach
fully explains crack deflection induced by a void (when sufficiently
far from the fracture trajectory to satisfy the asymptotic assump-
tions), so that it can be employed in design situations involving
the presence of defects in ceramics.

2. Modeling

2.1. Asymptotic model

In this section we give a brief outline of the model used for the
analysis of crack trajectories influenced by elliptical voids; for a
more detailed description see Movchan et al. (1991), Movchan
(1992), Movchan and Movchan (1995), Movchan and Serkov
(1997), Valentini et al. (1999).

An infinite, brittle isotropic linearly elastic body is assumed,
containing a semi-infinite crack interacting with some defects
(voids or inclusions), and propagating under pure Mode-I loading,
corresponding to a stress intensity factor KI greater than the criti-
cal one. The elastic properties are specified through the Lamé con-
stants k and l for the body and k0 and l0 for the inclusion. We

assume that the defects present in the infinite elastic medium
are ‘far’ from the straight trajectory that would be followed by
the crack in the absence of disturbances (Fig. 2). The shape of the
defect is selected to be an ellipse centered at the point (x0

1; x
0
2) with

the major and minor semi-axes denoted by a and b, respectively.
The major axis is inclined at an angle h with respect to the x1-axis.
Due to the presence of the defect the crack trajectory may deviate
from a straight line and this perturbation can be described by the
closed-form formula for the crack trajectory HðlÞ, expressed as a
function of the crack tip coordinate l (Valentini et al., 1999;
Valentini et al., 2002)
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where j ¼ 3$ 4m (for plane strain) or j ¼ ð3$ mÞ=ð1þ mÞ (for plane
stress), and m 2 ð$1;1=2Þ is the Poisson’s ratio.

In the case of plane stress, the formula for the crack trajectory
due to elliptical void may be obtained by taking l0 ¼ k0 ¼ 0 in
(2.1)–(2.3), which gives
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Fig. 1. Experimental crack trajectory (a post-mortem photo of a PMMA sample loaded in Mode-I) compared to the theoretical prediction (reported with a cyan/dashed line)
for two cases of interaction with one (A) and two (B) elliptical voids. The crack trajectory is highlighted by means of a solid/red colored strip inserted between the two crack
surfaces. The parameters indicated in the figure are explained in Fig. 2. (For interpretation of the references to color in this figure legend, the reader is referred to the web
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Fig. 4.22 Experimental crack trajectory (red) compared to the asymptotic model (blue)[13],
and the DCD method (black) for interaction with elliptical voids.
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In this chapter a new computational method, which is named discrete crack dynamics, is
developed to address the elasticity problems of two-dimensional finite-size systems charac-
terised by short range interactions between inclusions with particular application to crack
propagation. The method may be applied to realistic complex structures to establish the
effect of size and mechanical properties of inclusions on crack propagation paths. Interface
energy, and the interactions between cracks/inclusions and grain boundaries are the subject
of the next chapter.



Chapter 5

Interface and Grain Boundary Effects

5.1 Introduction

The main purpose of this chapter is to further develop a fracture model for polycrystalline
materials considering the effect of interfacial strength on the crack trajectory. This study
presents how the interactions between the main crack and imperfections such as inclusions,
especially when characterised by weak interfaces, small voids, and grain boundaries (GB)
can deflect and channel the crack along a predefined path [13, 100, 103, 12, 145]. The ability
to guide and deflect the crack is fundamental to enhance the performance of brittle materials
because the toughness of materials is increased by crack deflections [59–61]. Thus, the
results provided by this investigation are valuable for design purposes as this information can
be used to improve strength and toughness of materials.

Figure 5.1a is a schematic representation of a polycrystalline material where the crack
propagates through several grains and propagation involves interactions with inclusions,
cracks, voids and grain boundaries. In Chapter 4, the Discrete Crack Dynamics method
was developed to predict an evolution of the individual micro-crack and its interaction
with existing cracks/ inclusions in two-dimensional finite-sized systems. In the DCD the
interactions between elements of a system are accurately computed using the multipole
method, which has been presented in Chapter 3. To develop a complete fracture model for
polycrystalline materials, one has to address the influences of the interfacial strength of grain
boundaries (Figure 5.1b), inclusions (Figure 5.1c), and interactions between inclusions at the
grain boundaries (Figure 5.1d), on the crack propagation path.

In this chapter, a method to study interfacial effects is introduced in Section 5.2. Then,
the effect of the presence of grain boundaries on the evolution of the crack propagation path
is studied in Section 5.3.1. The influence of the interface strength of an elliptical inclusion on
the deflection of evolving cracks is investigated in Section 5.3.2. Crack interaction with an
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inclusion located at the the grain boundary is investigated in Section 5.3.3. Finally, the method
is employed to demonstrate how to channel a crack into a toughening configuration using an
array of elliptical holes and soft inclusions to obtain the optimal configuration (Section 5.4).
Numerical results at each step are validated with experimental and computational results
available from the literature.

5.2 Interface Effect

Simulation results presented in Section 4.6 demonstrate that inclusions/cracks interactions
can deflect the main crack-path. However, in those calculations, inclusion’s interfacial
strength when a crack interacts with an inclusion or a grain boundary was not considered.
Generally, crack approaching an interface joining two dissimilar materials may arrest or
advance by either deflecting into the interface or penetrating the interface.

Interfacial domains are critical parts of composite materials. Strength of materials are
influenced by the orientation of existing cracks to the material interfaces and the strength of
these interfaces. If an interface domain is weak enough, then a matrix crack can be arrested
via deflection mechanisms. At the same time, the interface should also be strong enough
so the matrix material can carry a significant part of the load. Consequently, tailoring and
optimising interfacial strength with the aim to arrest and deflect cracks can enhance material
strength.

1 2 

1 2 

1 2 

1 2 

1 2 

1 2 

a) c) b) 

Fig. 5.2 Schematic diagram of crack propagation mechanisms at the interface: (a) He and
Hutchinson approach, i.e. check the crack energy for both possible propagation paths [14, 15],
(b) Cook and Gordon mechanism based on the stress distribution and crack coalescence
[16, 17], and (c) Crack propagation mechanism based on the energy distribution at the crack
tip and crack coalescence, adopted in this study.
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5.2.1 Crack Propagation At The Interface

Various scenarios of crack propagation at the interface have been studied to look at the
competition between the penetration and the deflection of the crack where the materials
on either side of the interface are elastic and isotropic [14–17, 168, 209–212]. Different
mechanisms are schematically shown in Figure 5.2. The first two mechanisms are the so
called energy approach proposed by He and Hutchinson [14, 15], and the approach based
on the stress distribution and crack coalescence proposed by Cook and Gordon [16, 17]. In
the former approach, the energy release rate for the deflected crack is compared with the
maximum energy release rate for the penetrating crack. The competition between deflection
and penetration depends on the direction of the impinging crack with respect to the interface;
the more oblique the crack, the more the deflection becomes favourable.
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Fig. 5.3 (a) Schematic of the problem. Stress fields are calculated using the MM method in
the vicinity of an elliptical hole (with the aspect ratio = 0.01), with uniaxial stress applied
in the x2- direction. Zoom-in of the crack-tip stress fields are shown; the distance along the
crack axis is in ellipse curvature (r) unit. (b) Contours of sx2x2 , (c) Contours of sx1x1 .

The second mechanism, given by Cook and Gordon, is based on the stress distribution
further ahead of the crack with finite tip radius. The influence of the crack-tip radius on the
nature of stress fields and the question of how big the radius can be without invalidating
the singular stress field at the crack-tip are addressed by Dini etal. [169–172]. Figure 5.3
shows stress contours for the equivalent elliptical hole modelled to simulate the finite radius
crack subjected to uniform tension in the x2 direction. Proceeding along the major axis
of the crack away from the crack tip, the stress distributions are as shown in Figure 5.4.
The sx2x2 is initially high and falls sharply (square root singular field [170]) while, from
the crack boundary, sx1x1 increases from zero and at a distance roughly equal to the hole
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curvature reaches the maximum value where sx1x1,max/sx2x2 ' 0.2. Note that sx1x1 exhibits
a mild stress concentration a little distance away from the hole; if the material has planes
of weakness along the x2 direction the stress sx1x1 could cause a crack to initiate in the x2

direction just ahead of the main crack. This additional crack can either arrest or deflect the
main crack depending on the energy of the main crack and the strength of the material. In
this study the energy distribution (the third approach in Figure 5.2) at the crack tip is used to
determine whether the crack can propagate and where the new micro-crack nucleates at the
interface. This mechanism is explained in more details in the next section.
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Fig. 5.4 Variation of the relative stress fields in the vicinity of the crack tip in x1-direction;
The distance along the crack axis is normalised using the crack tip ellipse curvature (r), and
stress fields are calculated using the MM method.

5.2.2 New Deflection Mechanism

In homogeneous brittle material the crack propagates in a direction where Mode I condition is
maintained at the crack tip. This criterion is not valid for a crack advancing into the interface
region because the relative magnitude of the fracture energy between the materials joined at
the interface and the interface itself are also involved. Fracture at the bi-material interface
can be evaluated by the fracture energy, G, and the energy release rate G. The fracture energy
is a property that characterises fracture resistance to the extension of a crack while the energy
release rate G is the driving force for the extension of a crack. A crack can propagate if G > G,
so, in a system where G varies from point to point, the crack propagates in the direction with
lower fracture energy G and greater G/G. In this study, the crack propagation direction at the
interface is determined by searching the point at the crack tip where the parameter (G/G) is
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maximised. Deflection of the main crack results from the crack coalescence of the interfacial
newly formed micro-crack with the main crack.

Interfacial effects are incorporated into the simulation codes developed based on the
formulations reported in Chapters 3 and 4. The overall iterative process of predicting the
crack propagation path using the DCD method is outlined in the flow chart displayed in
Figure 7.5. At each iteration, interactions between all elements of the system are calculated
and the failure criterion at the main crack tip is examined. The crack is propagating by
introducing a new pseudo-crack in the system in the direction where G/G is maximised.
Then the main crack is replaced by an equivalent one. Cracks with finite tip radius are again
modelled as elliptical holes with nearly zero thickness. Before proceeding further, the effect
of the crack thickness and curvature on the accuracy of calculations at the interface has to be
investigated.
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Fig. 5.5 The normalised energy at the crack tip as a function of the polar angle q . Energy
plots are depicted for 3 cracks with different aspect ratios 0.001 (blue), 0.01 (black), and 0.1
(red).

In the case of the collapsed elliptical hole, if the singular stress fields dominate the
solution at the crack-tip, the crack propagation laws can be reasonably used to predict crack
growth. Dini and Hills [171] showed that to approximate a blunt crack (with a finite curvature
at the crack tip) to a crack, the applied load on the system should be in a permissible range
with a minimum and a maximum load. The former is defined as the load below which the
crack radius affects the stress fields, and the latter is the load associated with the concept of
“small-scale yielding” in fracture mechanics and depends on the geometry of the problem
[213]. Their calculations show for example that for a maximum of 5% to 6% discrepancy
between two cases (crack and crack with blunt tip of finite curvature), the relative amount of
crack curvature (r) and crack length (2a) should be around r/2a 6 0.00005. For the case of
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an elliptical hole, the value of r/a is equal to e2, where e is the ellipse aspect ratio. Therefore,
elliptical holes with small aspect ratio (e 6 0.01) can be used to approximate cracks.

The full stress field distributions and energy at the tip of an elliptical crack with 5 µm
length in an infinite plane are calculated using the multipole method. The crack is under
uniform tension in the x2 direction. Figure 5.5 presents the normalised energy at the crack
tip for a range of polar angle q . The energy is normalised by the maximum energy at the
perimeter of the ellipse. The process of calculating the maximum energy is explained in
Section 4.2.1.3. Different colours of the normalised energy plots express the influence of
the crack’s aspect ratio. The normalised energies were evaluated for three different aspect
ratios (e = 0.001, 0.01, 0.1) and plotted with red, blue and black colours respectively. It is
shown that this parameter has no significant effect on the results specifically for the cases
with e < 0.01, but increasing the aspect ratio further can change the normalised energy
distribution. Results of this calculation is compatible with the above discussion.

For the problem of elliptical cracks at the interface, one can use the fact that the interface
of real materials has a physical thickness in the order of nanometer [214]. In the microscopic
calculations, cracks can detect the interfacial effects only if their crack tip blunting have the
same length scale. Using the information given above suggest that elliptical cracks with 0.01
aspect ratio can be used to study micro-cracks with nano-meter curvature.

5.3 Numerical Study of Problems at the Interface

A new method to determine crack propagation at the interface is introduced in the previ-
ous section using the fact that a crack tip in the interface domain experiences directional
fracture energy. The direction corresponding to the angle at which the maximum G/G is
reached determines the crack propagation direction. To develop a full fracture method for
polycrystalline materials, a series of simulations were conducted to solve different problems
of crack dealing with interfaces demonstrated in Figure 5.1. In this section, the effect of
grain boundaries followed by influence of the interfacial strength of an elliptical inclusion on
deflection of the evolving crack is investigated. Then, a combination of both cases where
an inclusion is located at the grain boundary is studied. Finally, the method is employed to
determine an optimal toughening configuration using an array of inclusions located at the
GB.
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Fig. 5.6 Crack propagating toward a grain boundary. (a) Schematic of a general problem, (b)
schematic of the simulated problem of a bi-crystal subjected to uniaxial remote vertical load
and different GB orientations (j). GB is shown in red and crack in black.

5.3.1 Crack Propagation And Grain Boundary

Much research has been conducted to study GB effects. It has been proved that grain
boundaries orientation and strength can also modify the crack propagation path [215, 216].
Cracks are prone to propagate through grain boundaries with low fracture energies but bypass
grains when the fracture energies of the associated GBs are high. Here, a parametric study is
presented for a single crack propagating near a GB using the DCD method. Figure 5.6 shows
the schematic of the problem where a crack propagates towards a) a GB in a polycrystalline
structure and b) an interface of a bi-crystal (GB) subjected to uniaxial remote load (s•).
Commonly, the interface (here GB) fracture energy Gi defers from the matrix material fracture
energy G0. Crack deflection at a GB depends on the the fracture energy of the GB compared
with the matrix material and on the mis-orientation between the GB and the impinging crack
(j). To exclusively study the effect of GB orientation on the crack propagation path, the
relative energy of the interface with respect to the matrix material, Gi/G0, is fixed in the
simulations of this section.

Graphs in Figure 5.5 show that G/Gmax ' 0.24 for a 900 polar angle. This means that
the energy required for a 900 deflection of a straight crack under mode-I loading is four
times as much as the energy needed for the crack propagates along its axis. This result is in
good agreement with other numerical and analytical calculations given by Hutchinson etal.
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and cook etal. [14–16, 168, 209]. Thus, in these simulations the ratio of fracture energies
Gint/G0 ' 0.24 was fixed to ensure that the 900 deflection at the interface can take place.

Simulations were conducted to establish the effect of a GB orientation. An initial
configuration of the system is shown in Figure 5.6b, where grains were assumed to be made
of homogeneous material (n = 0.07, µ = 570 GPa and G0 = 10.18 J/m2). The initial size of
the crack (10 µm) was selected in such a way that the crack can propagate under the external
uniform tension. The system width and length were W = 35 µm and L = 20 µm respectively.
Crack propagation paths for different orientations of the GB are illustrated in Figure 5.7.
Simulation results show that the propagating crack was arrested under the influence of the
GB after kinking at the by-crystal interface for the cases in which the slope between the
propagating crack direction and the interface were 900 to 700. The load was increased to
force the crack to propagate further into the second grain, showing that the GBs produce an
effective increase in fracture toughness under the specific conditions considered here. For
the lower angle GBs, the crack deflects and propagates trough the grain boundaries; crack
propagation across the GB was not observed. It should be noted that the crystallography
disorientation at the GBs were neglected in all these simulations.
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Fig. 5.7 Crack propagation paths at a grain boundary for a bi-crystal subjected to uniaxial
remote vertical load and different GB orientations. GB shown in red and crack propagation
path in black.
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Fig. 5.8 Schematic diagram of a crack propagating towards an inclusion in (a) the poly-
crystalline structure and (b) in an abounded solid. The inclusion is assumed to be elliptical
in shape and the lengths of the ellipse major and minor axes are denoted by l1 and l2,
respectively.

5.3.2 Crack Propagation And Inclusions

Figure 5.8a shows a crack propagating toward an inclusion. In this scenario, the stress field
distributions ahead of the crack interact with the inclusion’s interface and consequently, such
interactions must be considered carefully when estimating the crack propagation path. In
this section, the effect of the interfacial strength of the inclusion on deflection of the crack
propagation path, in the quasi-static regime, is studied.

Previously, a simple case where a crack approaches a line interface (e.g. a grain boundary)
with different orientations was examined. The same method is used to simulate interfacial
effects of a soft and hard (i.e. when the shear modulus of the inclusion is lower or higher
than that of the matrix, respectively) inclusions when they interact with an advancing crack.
The only difference between a GB and the interface of an inclusion in these simulations is
that the inclusion is assumed to have a finite-sized interface rather than a sharp interface.

Figure 5.9 shows a zoom-in picture of a crack approaching an inclusion. To study
the effect of the interface in the simulations, the area around any inclusion is divided into
three regions. These areas which are numbered 1,2 and 3, and identify regions outside the
inclusion, interface layer, and inside the inclusion with critical fracture energy G0, Gint , and
Gi respectively. The interface layer (region 2) is incorporated to represent a realistic scenario
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and to avoid computational errors and costs due to the high singularity in the matrix of
coefficients. The interface layer depth is an important parameter because once the crack tip
reaches the interface it has to “decide” in which direction it will continue i.e., it will either
penetrate through the inclusion or deflect and follow the path through the interface layer.
Therefore, the crack-tip should be close to the inclusion to predict correct interactions with
the inclusion, nevertheless it must be far enough away to avoid computational difficulties.

Selecting the interface layer depth correctly can minimise the uncertainty in predicting
crack propagation path at an interface. From a pragmatic point of view, while the extent
of the transition between materials may vary significantly depending on the particular
matrix/inclusion combination, under consideration, the layer depth here is chosen, without
loss of generality, to satisfy stability in the numerical procedure. In order to consider close
interactions between the crack and the inclusion, the interface layer depth must be selected
smaller than the crack increment at each simulation step. This fixes the maximum distance
between the crack and the inclusion. Also, the interface layer depth has to be chosen
according to the method that has been introduced in Chapter 4.3 to determine the distance
between pseudo-cracks (d ) at each simulation step; d was determined in such a way that
calculated average stress fields and SIFs for neighbouring cracks and inclusions become
reliable.

1 2 3 

Γi 
Γint 

Γ0 

Fig. 5.9 Schematic representation of the interface problem when a crack propagates toward
an inclusion.

The effect of surface interactions, and interfacial fracture energies were included in the
computational code and tested to predict crack deflection close to soft and hard inclusions.
Numerical simulations are carried out in the 2D Cartesian coordinate system. The computa-
tional system is depicted in Figure 5.8b, where the specimen containing the crack is subjected
to a uniform uniaxial tensile loading in the x2 direction. In this problem, deflection of the
crack propagation trajectory is studied as a function of the rigidity ratio and fracture energy
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ratio between a matrix and an inclusion for various interfacial energies of the inclusion. Both
the matrix and the inclusion are assumed to be homogenous linear elastic materials.

Simulations were performed for various relative shear moduli ratios (µ0/µinc), and frac-
ture energies (G0/Gi, Gint/G0, and Gint/Gi); the Poisson’s ratio was kept constant (n0/ninc=1/3).
Indexes 0, i, and int are used for matrix material, inclusion, and interface layer respectively.
The initial crack with 5 µm length starts propagating from a certain distance (-12 µm) to-
wards the inclusion with the e = l2/l1 = 3/5 aspect ratio. Le etal. [217] showed that crack
deflection/penetration behaviour depends on a local curvature of an elliptical inclusion’s
interface near the crack-tip as well as an external load. Therefore, in each set of simulation
the external load and the inclusion size are kept the same. Figures 5.10, to 5.13 illustrate that
the crack propagation trajectory depends not only on the relative shear modulus of bulk and
inclusion but also on the interfacial strength.

The case of a crack propagating toward the hard inclusion is shown in Figure 5.10.
Although the interface layer is weak enough for the crack to be deflected along the interface,
the propagation trajectory can still change depending on the interface fracture energy. Figures
5.11, 5.12, and 5.13 show cracks approaching different soft inclusions for different values of
the interfacial strengths and fracture energy ratios. Numerical simulations show that for an
interface with a higher strength, the crack penetrates the interface and propagates along its
almost unperturbed crack growth direction. On the contrary, for a lower interfacial strength,
the crack will deflect into and propagate along the interface.

Simulation results demonstrate that the DCD method can predict whether the crack
penetrates into the inclusion or deflects at the interface. In the case of penetration, the method
cannot explicitly predict the crack path inside the inclusions, because the simulation results
become unreliable when the crack-tip approaches the branch points inside the inclusion.
However, simple energetic considerations predict that the crack will propagate along the
minimum energy path, which is the path from the point that the crack penetrates into the
inclusion to the point where the crack is expected to exit. For example in Figure 5.13,
assuming that all the inclusion’s atoms have the same bonding energy, the minimum energy
path should be the shortest path inside the inclusion as displayed in the figure.

Few researchers have paid attention to the experimental study of crack-inclusion interac-
tions. The role of inclusion stiffness and interfacial strength on the crack propagation path
was studied experimentally by Tippur etal. [18, 218]. It was shown that the crack growth
behaviour is a function of the matrix-inclusion interfacial strength and the initial location of
the crack relative to the inclusion. Experimental results of the crack propagation path are
illustrated in Figure 5.14 and they are qualitatively in agreement with the predicted paths in
Figures 5.10, to 5.13.
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Fig. 5.10 Crack propagation trajectory computed for µi/µ0 = 10, Gi/G0 = 10 and values of
a) Gint/G0 = 1, b) Gint/G0 = 0.9, and c) Gint/G0 = 0.5
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Fig. 5.11 Crack propagation trajectory computed for µi/µ0 = 0.5, Gi/G0 = 0.5 and values of
a) Gint/G0 = 1, b) Gint/G0 = 0.5, and c) Gint/G0 = 0.2
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Fig. 5.12 Crack propagation trajectory computed for µi/µ0 = 0.2, Gi/G0 = 0.4 and values of
a) Gint/G0 = 1, b) Gint/G0 = 0.5, and c) Gint/G0 = 0.2
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Fig. 5.13 Crack propagation trajectory computed for µi/µ0 = 0.1, Gi/G0 = 0.2 and values of
a) Gint/G0 = 1, b) Gint/G0 = 0.5, and c) Gint/G0 = 0.2
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compliant one. Similar to the weakly bonded compliant inclusion
case, the crack path in the strongly bonded case also shows high
frequency irregularity in crack path hinting at a higher energy dis-
sipation (see Fig. 3b and d).

4.1.3. Weakly bonded stiff and compliant inclusions (e = 3d/4)
When the inclusion is not in the prospective crack path but

positioned eccentrically (e = 3d/4), the crack trajectories in the
vicinity of the inclusion are different when compared to the sym-
metrically located inclusion case. Figs. 3e and f show crack paths
for weakly bonded stiff and compliant eccentric cases. In case of
the stiff inclusion, it is clearly evident that the crack was attracted
towards the weak inclusion–matrix interface and left the inclusion
vicinity and tended to follow the initial crack path, whereas in the
compliant case, as the crack approached the inclusion vicinity, it
was attracted by the inclusion and to a lesser extent when com-
pared to the stiff inclusion case. Subsequently the crack propagated
along a mode-I path.

4.1.4. Strongly bonded stiff and compliant inclusions (e = 3d/4)
The eccentric cases for strongly bonded stiff and compliant

inclusions are shown in Fig. 3g and h, respectively. It is interesting
to note that eccentric cases show opposite crack trajectories when
bonded strongly. From Fig. 3g, it can be seen that as the crack ap-
proached the inclusion vicinity, the stronger inclusion–matrix
interface in the stiff case forced the crack to deflect away from
the inclusion before returning to a nominally mode-I path. On
the other hand, as shown in Fig. 3h, the crack was attracted by

the compliant inclusion even for a strong inclusion–matrix
bonding.

A selected speckle image of 30 ! 30 mm2 region-of-interest
from each experiment is shown in Fig. 4. The time instant (t) at
which the images were recorded after impact is shown on each im-
age and the arrow indicates the current crack-tip position. Note
that in Fig. 4, the speckle images are shown at nearly the same time
instant (t " 192 ls) except in two cases due to slightly different
recording rates used. From Figs. 3 and 4, it is worth noting the ef-
fects of inclusion stiffness, inclusion eccentricity and inclusion–
matrix adhesion strength on crack trajectories. For symmetrically
located inclusion (e = 0) cases, the crack front was momentarily
trapped at the weak interface compared to the stronger one in
the stiff inclusion case, whereas in both weakly and strongly
bonded compliant inclusion specimens, the crack experienced a
substantial crack arrest event. In the eccentric inclusion (e = 3d/4)
cases, the crack was clearly attracted by the weak inclusion–matrix
interface whereas the strong inclusion–matrix interface led to
crack deflection in the stiff inclusion cases. On the other hand, in
the compliant inclusion specimens, the crack was attracted by both
weak and strong inclusion–matrix interfaces.

Two representative speckle images (rotated clockwise by 90!
relative to Fig. 4) along with the corresponding full-field crack-
opening (v-field or displacement along the y-axis) and crack-
sliding (u-field or displacement along the x-axis) displacement
contours for weakly bonded stiff and strongly bonded compliant
inclusion specimens at eccentricity e = 0 are shown in Fig. 5. In this
work, displacements were obtained as a matrix of 40 ! 40 data
points in the inclusion–matrix vicinity for each image pair and

Fig. 3. Photographs of fractured stiff and compliant inclusion specimens showing different crack–inclusion interaction scenarios: (a) Weakly bonded stiff inclusion (e = 0). (b)
Weakly bonded compliant inclusion (e = 0). (c) Strongly bonded stiff inclusion (e = 0). (d) Strongly bonded compliant inclusion (e = 0). (e) Weakly bonded stiff inclusion
(e = 3d/4). (f) Weakly bonded compliant inclusion (e = 3d/4). (g) Strongly bonded stiff inclusion (e = 3d/4). (h) Strongly bonded compliant inclusion (e = 3d/4). The black dot
adjacent to initial crack-tip denotes the reference mark and the broken arrow indicates crack propagation direction.
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Weakly bonded 
(a) (d) (c) (b) 

Strongly bonded Strongly bonded Weakly bonded 

Fig. 5.14 Photographs of fractured specimen with hard (stiff) and soft (compliant) inclusion
showing different crack–inclusion interaction scenarios: (a) Weakly bonded hard inclusion.
(b) Weakly bonded soft inclusion. (c) Strongly bonded hard inclusion. (d) Strongly bonded
soft inclusion. The black dot adjacent to initial crack-tip denotes the reference mark and the
broken arrow indicates crack propagation direction [18].

Experimental results in Figure 5.14 cannot be quantitatively compared with results
given by the DCD method because the former are obtained using a dynamic crack growth
experiment while the simulations are performed in the quasi-static regime. This could be
circumvented by deriving elastodynamic solutions for the problem; however, this is outside
the scope of this thesis. An elastodynamic BEM solver for the computation of stresses
and displacements in the finite domain is already available in [10], so maybe this is not an
insurmountable task and it can be a topic of the future work.

5.3.3 Crack Propagation, Inclusion And Grain Boundary

Interfacial effects of GBs and inclusions on the crack propagation trajectory are studied
separately in the previous sections. Figure 5.15a shows that a grain boundary may enter and
pass through several inclusions. In this section, interaction of a crack with an inclusion at a
grain boundary is investigated; interactions between GBs and inclusions and crystallography
disorientation at GBs are neglected.

The geometry of microstructures in polycrystalline materials is linked to the interfacial
energies of the constituents [219]. In general, studying the effect of microstructures on
the GBs consists of several parameters such as inclusion strength (Gi), inclusion interfacial
strength (Gint), GB strength (GGB) and the matrix material strength (G0). The energy required
to fracture a brittle material along a GB plane without plastic deformation can be determined
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Fig. 5.15 Schematic diagram of a crack propagating towards an inclusion at the GB in (a)
the polycrystalline structure and (b) in an unbounded solid. The inclusion is assumed to be
elliptical in shape and the lengths of the ellipse major and minor axes are denoted by l1 and
l2, respectively.
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Fig. 5.16 Schematic diagram of an inclusion (shaded area) on a grain boundary (red line). A
distribution of the interfacial energies at the point along the grain boundaries which intersects
the inclusion interface is shown by gint and gGB.
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Fig. 5.17 Schematic diagram showing the relationship between interface angle and aspect
ratio for a lenticular inclusion.

by
GGB = g1 + g2 � gGB, (5.1)

correspondingly, the inclusion interfacial strength is defined trough the relation:

Gint = g1 + g2 � gint (5.2)

where g1, and g2 are energies of the two free surfaces created due to the GB or the inclusion
interface cleavage. Also, gGB and gint are energies of the GB and the interface respectively.

Figure 5.16 shows an inclusion on a GB and a distribution of interfacial energies. Under
the assumption of the local equilibrium, a simple vector balance of the interfacial energies
at the point along the GB where it meets the inclusion interface can determine the relative
energies of the GB and the inclusion interface. So that

gGB = 2gint cosq , (5.3)

where q is the angle formed at the intersection between the tangents to the inclusion interface
at the meeting point with the grain boundary. This formula requires that the gint should be
always gint > gGB/2. A simple method, called q/2 method [220], is used to estimate the
angle q . Assuming that an elliptical inclusion could be approximated to a lenticular inclusion
truncated between two circles demonstrated in Figure 5.17, the angle q can be calculated as:

tanq/2 = h/a, (5.4)
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where h/a is approximated to be the ellipse aspect ratio. Equations 5.3 and 5.4 show that
the size of an inclusion located on a GB can be controlled by the relative energy of the GB to
the inclusion’s interface. Thus, knowing the interfacial energies provides enough information
to predict microstructures on the GB and vice versa.

5.3.3.1 Simulation Results

Simulations in this section were conducted to investigate the effect of interfacial strength in
a problem of an inclusion located on a GB on crack propagation trajectory and normalised
energy possessed by the crack as it moves along the GB towards the inclusion. An initial
configuration of the problem is illustrated in Figure 5.15b, where the inclusion is placed in
the centre and on the GB with (x2 = 0) equation; deformation of material was not considered
in the system. The matrix is subjected to a uniform stress in the x2 direction. The initial
crack length is selected as 10 µm where its crack tip is placed at (�20,0) µm. The crack is
allowed to propagate towards the inclusion and deflect accordingly.

Simulations were performed on sets of hard inclusions, soft inclusions and voids with
different sizes and aspect ratios. In the case of hard inclusions, aspect ratios were selected
as: e = l2/l1 = 2.5/5 = 0.5, and e = l2/l1 = 4/5 = 0.8, while for the soft inclusions and
voids they were chosen as: e = l2/l1 = 2.5/5 = 0.5, and e = l2/l1 = 1/5 = 0.2. Using
formulas 5.3 and 5.4, the relative energy of the GB to the interface was derived by the
gGB/gint = 2.(1 � e2)/(1+ e2) formula. SIFs (K) and energies (G) at the crack tip were
calculated while the crack was propagating along the GB. Figures 5.18, 5.19, and 5.20 show
variation of the normalised energy (G/G0) and Mode I SIF (KI/KI0) of the crack; G0 and
KI0 are the energy and the SIF of the propagating crack in the similar system but without the
inclusion.

When G < G0, it means that the energy release rate associated with a propagating crack in
a system containing inclusions is less and the crack can propagate more easily compared with
a system without inclusions. Reduction of the energy release rate leads to the increase of the
critical remote stress required for the crack to propagate and, hence, apparent enhancement
in the fracture toughness of the material. Inversely, increasing the crack energy (G > G0)
results in the reduction of the material’s toughness.

Figure 5.18 clearly presents both relative energy and SIF values are decreasing as the
crack is approaching the hard inclusion (i.e. crack-tip shielding occurs). The crack energy/SIF
increases and then decreases as the crack deflects and propagates along the interface of the
inclusion. It should be noted that the particular variation of the energy and SIFs depends on
the crack incremental size and angle. The fact that added micro-cracks along the inclusions
are not symmetric provides an understanding that why the energy and SIF profiles are not
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Fig. 5.18 Crack propagation path and evolution of the crack energy and the Mode-I SIF
on a GB containing an elliptical hard inclusion are predicted for each set of simulations.
Material properties are selected as: µi/µ0 = 10, Gi/G0 = 1.1, Gi/Gint = 4. a) Inclusion
size is e = l2/l1 = 0.5, and, GGB/Gint = 0.25, b) Inclusion size is e = l2/l1 = 0.8, and
GGB/Gint = 2.4. The red line on the schematic of the system shows the GB line.

symmetric and may modify in size for different problems. Also, by considering the size of
inclusions, energy variation of cracks and GB energies in Figure 5.18, one can conclude
that employing hard inclusions with larger aspect ratio is more appropriate in toughening
mechanism. Calculated crack energies and SIFs of the propagating crack in the present
model agree with other numerical results using the boundary element method of Bush [100],
the symmetric-Galerkin boundary element method (SGBEM) of Kitey [103], and the FEM
of Boselli [221] and Ayyar [222].

In the case of a soft inclusion and a void displayed in Figures 5.19 and 5.20, the crack
energy increases (amplification) noticeably as the crack approaches the inclusion or the void.
In this calculation due to the singularity of the fields at branch points, energy profiles inside
the inclusion was not simulated. However, Li etal. [223] calculated both numerically and
experimentally that the crack energy decreases as crack propagates trough the soft inclusion.
As soon as the crack exit the inclusion, the energy increases again and quickly reaches the
value of the free crack.

A dramatic variation in the energy and SIF profile at the interface, either shielding or
amplification (anti-shielding), is associated with the stress load transfer due to the material
mismatch [224] and the deflection of the crack path from Mode I to mixed mode propagation
(KII/KI 6= 0). It is clear that the hard elastic material ahead of the crack tip carries stresses
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higher than those found at a similar distance ahead of a corresponding crack with a softer
material. Load transfer to the hard inclusion brings about a stress reduction in the immediate
vicinity of the crack; the amount of stress reduction depends on the inclusion stiffness. For
a hard inclusion, crack-tip shielding is induced by the load transfer into the hard material.
Conversely, in the case of a soft inclusion positioned ahead of the crack tip, the load is
transferred from the inclusion itself to the matrix material and this causes an increase of the
stress in the crack tip region. Therefore, stress field amplification in front of the crack tip is
expected to be seen in the case of soft inclusion. Crack amplification also depends on the
relative shear moduli of the soft inclusion and the matrix material; the softer the inclusion,
the higher the amplification is. It is manifestly evident that the maximum amplification has
to be obtained where a crack approaches voids; the same result achieved in simulations and
demonstrated in Figures 5.20, and 5.19. Hence, cracks are more prone to propagate towards
voids rather than to soft inclusions of the same size.
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Fig. 5.19 Crack propagation path and evolution of the crack energy and the Mode-I SIF
on a GB containing an elliptical soft inclusion are predicted for each set of simulations.
Material properties are selected as: µi/µ0 = 0.10, Gi/G0 = 0.5, G0/Gint = 4. a) Inclusion
size is e = l2/l1 = 0.5, and GGB/Gint = 1.60, b) Inclusion size is e = l2/l1 = 0.2, and
GGB/Gint = 0.30.

Crack deflection and variation of the normalised crack energy and SIF illustrated in
the simulations are associated with the crack-inclusion interactions. Interactions between
a crack and an inclusion depend on the size and aspect ratio of the inclusion, the relative
shear moduli of the inclusion to the matrix material, and the interfacial energies. Figures
5.18, 5.19, and 5.20 show that inclusion with larger size or aspect ratio, and inclusion with
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Fig. 5.20 Crack propagation path and evolution of the crack energy and the Mode-I SIF
on a GB containing an elliptical hole were predicted for each set of simulations. Material
properties are selected as: µi/µ0 = 0.0, Gi/G0 = 0.0, G0/Gint = 1. a) hole size is e = l2/l1 =
0.5, and GGB/G0 = 1.20, b) hole size is e = l2/l1 = 0.2, and GGB/G0 = 1.85.

a greater difference in the relative shear moduli can deflect crack to the higher degree and
hence, offer more significant shielding or amplification. Nevertheless, increasing the size of
inclusions is equivalent to provide weak spots, where stresses are concentrated, to make it far
easier to fracture. Thus, toughening polycrystalline materials using inclusions on the GBs
requires an optimisation of the trade-off between the energy of the GBs and inclusions size
and aspect ratio.

5.4 Toughening Mechanism

Engineered materials such as polycrystalline or multi-phase solids are usually limited by
their resistance to fracture or fracture toughness rather than their strength. Considerable
efforts have been expended to enhance toughness of brittle materials. Micromechanics of
toughening in brittle material includes various mechanisms; of particular interest here is a
toughening mechanism using inclusions (which in two-dimensional problems can be seen as
fibres) reinforcements on the GBs. In general, toughening mechanisms at GBs are associated
with directing cracks into the predetermined propagation tortuous path. Direction of the crack
extension can be controlled by engineering the GBs in a way that leads to the crack deflecting
into the non-maximum energy release rate direction. Reduction of the energy release rate
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Fig. 5.21 Schematic diagram of a crack propagating towards an array of inclusions on the
GB in (a) the polycrystalline structure and (b) in an unbounded solid simulated here as a
simplified scenario. Inclusions are assumed to be elliptical in shape and equispaced on a GB.

leads to the increase of the critical remote stress required for the crack to propagate and
hence apparent enhancement in the fracture toughness of the material. Effects of an array of
soft and hard inclusions (i.e. when the shear modulus of the inclusion is lower or higher than
that of the matrix, respectively), on a grain boundary on a crack propagation path, energy
and SIF are studied in Sections 5.4.1 and 5.4.2 respectively. It should be noted that here only
soft brittle inclusions are studied and the mechanical properties are selected in such a way
that the crack can penetrate into the soft inclusions. Temperature effects on chemical and
mechanical properties of the material are not considered here.

5.4.1 Array of Soft Inclusions on a Grain Boundary

Soft inclusions can improve the fracture toughness of materials by i) storing energy in the
inclusion before rupture (this mechanism is in general more important for ductile materials)
and, ii) crack deflection mechanisms (of main relevance for brittle materials). Here, the
author focused on determining the toughening mechanism induced by crack deflection. The
aim is to show that soft inclusions and voids can be used to deflect a crack and cause it to
propagate on a predetermined path. Cracks can propagate more easily along a GB containing
soft inclusions compared with a pure GB in the absence of impurities. Thus, cracks can
deflect and propagate through a tortuous path and release their energy accordingly. Though
deflecting a crack path through a predetermined path increases the toughness, the material
and GBs should be strong enough to sustain the load and avoid catastrophic failure. So, there
is a trade off between increasing toughness and decreasing individual grain and GB strengths
and the optimal solution must be always determined. Effects of inclusions on a GB were
studied by modelling a system containing an array of equispaced inclusions along the GB.
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Figure 5.21b shows an initial configuration of a system schematically. The system is under
uniform tension in x2 direction, and an initial crack of length 10 µm is introduced along the
grain boundary; the original crack tip is positioned at (x1,x2) = (�20,0) µm. Preliminarily,
the GB and other interfacial energies are fixed; these energies can be obtained from molecular
dynamics simulations or experimental results. By pre-selecting the GB and interface energies,
and consequently the size of inclusions, the optimal distance between inclusions can be
attained.

Simulations were performed for soft inclusions (with aspect ratio e= l2/l1 = 2.5/5= 0.5)
and a matrix material with relative mechanical properties µi/µ0 = 0.1, and ni/n0 = 3,
Gi/G0 = 0.5, G0/Gint = 4, and GGB/Gint = 1.6. Figures 5.22a to 5.22d show the influence
of the spacing between inclusions on the energy of the evolving crack. In the cases where
the distance between two sequential inclusions is less than the major axis of the inclusions (
Figures 5.22a, and 5.22b), crack energy amplifications between inclusions are observed. In
other words, the crack propagates between inclusions at a higher energy level compared with
the system without inclusions. Simulation results predict that increasing spacing between
the inclusions can reduce the crack energy and consequently enhance the toughness of the
GB (Figures 5.22c). Figure 5.22d shows that interactions between inclusions with spacing
more than 1.5 times of the inclusion size (3l1) are negligible. Thus, this structure might not
be capable of channeling the crack into a predefined path. Regardless of the GB energy,
simulation of this section can be used to study toughening mechanism in the matrix material
using a distribution of soft inclusions.

Similar sets of simulations were run for another system, where instead of soft inclusions,
elliptical holes of the same size and distance were located on the GB. Maximum energies of
the propagating crack in the vicinity of the holes in Figures 5.23a - 5.23d predict that a crack
requires less external load to propagate along the array of voids than along the array of soft
inclusions. The difference in the average quantities of the maximum energies and maximum
SIFs for the crack right at the edge of the elliptical holes and soft inclusions are more than
35% and 20% respectively.

The average quantities of the crack energy and Mode I SIF are calculated and summarised
in Table 5.1. Results show that the average energy and SIF at the crack-tip for the case of
voids located on the GB are always higher than the same system containing soft inclusions
by more than 10%, and 6% respectively. Calculation of the average quantities is consistent
with the earlier prediction that the toughness of the GB containing voids is less than the same
GB containing soft inclusions. It should be noted that in the current calculations, toughening
due to energy dissipation in the soft inclusions is not considered. Including this energy
dissipation in calculations strengthen the previous argument that a system containing soft
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(a) Distance between two sequential inclu-
sions is equal to l1.

-20 0 20 40 60 80
-10
-5
0
5
10

x1(µm)

x 2
(µ
m
)

-20 0 20 40 60 80
0.0

0.5

1.0

1.5

2.0

2.5

3.0

x1 (µm)
G
/G

0

(b) Distance between two sequential inclu-
sions is equal to 1.2 l1.
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(c) Distance between two sequential inclu-
sions is equal to 2 l1.
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(d) Distance between two sequential inclu-
sions is equal to 3 l1.

Fig. 5.22 Energy evolution of the crack while it is propagating along the GB containing 4
equispaced soft inclusions with different spacing.
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(d) Distance between two sequential holes is
equal to 3 l1.

Fig. 5.23 Energy evolution of the crack while it is propagating along the GB containing 4
equispaced elliptical voids with different spacing.
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Table 5.1 The average normalised energy and Mode I SIF at the crack-tip are calculated for
different toughening mechanisms where soft inclusions, voids, and hard inclusions were
located on the GB. The percentage difference of the results for the soft inclusions and voids
are calculated. In the last two columns present the normalised quantities for a GB containing
hard inclusions.

Soft Inclusions Voids Difference (%) Hard Inclusions
Space/2l1 G/G0 KI/KI0 G/G0 KI/KI0 DG/G0 DKI/KI0 G/G0 KI/KI0

0.5 1.16 1.03 1.28 1.10 10.47 6.60 0.88 0.89
0.6 1.08 1.03 1.25 1.09 15.68 6.52 0.89 0.89
1.0 1.13 1.05 1.31 1.12 16.11 6.62 0.89 0.89
1.5 1.12 1.04 1.29 1.11 15.05 6.14 0.89 0.89

inclusions is tougher than the same system containing voids. Results of this section can be
extended to a more general case where a matrix material contains several arrays of voids
and soft inclusions. Material containing soft inclusions is tougher than the one containing
voids. Moreover, the results presented in Table 5.1 show that the average quantities have a
minimum value for the situation in which the spacing between to sequential inclusions is
Space/2l1 = 0.6; this is the toughest GB structure among all other calculations. It means
that there is an optimal distance between either soft inclusions or voids that can maximise
the effect of GB toughening mechanism.

5.4.2 Array of Hard Inclusions on a Grain Boundary

Hard inclusions can also be added to a matrix material to increase its toughness. Possible
toughening mechanisms attributed to the presence of hard inclusions are micro-cracking,
crack deflection, and crack branching. Here, the study is focused on crack deflection
mechanism. In toughening mechanism using hard inclusions on a GB, the matrix material
transfers part of stresses to the inclusions and modifies stress field distributions at the crack-
tip. Thus, the crack is forced to deflect at the crack tip. Crack-deflection plays a pivotal role
in the toughening mechanism because it reduces the energy release rate at the crack-tip and
consequently, elevates the tolerance of the structure to the external load.

Simulations are performed on a system showed in Figure 5.21b. Inclusions with aspect
ratio e = l2/l1 = 4/5 = 0.8, and matrix material and inclusions with relative mechanical
properties such as µi/µ0 = 10, and ni/n0 = 1/3, Gi/G0 = 2, Gi/Gint = 4, and GGB/Gint = 1.12
are selected to study the toughness enhancement associated with several distributions of the
hard inclusions. Figures 5.24a to 5.24d show the crack energy shielding for various GB
structures where the shielding effect and the distance between two successive inclusions are
inversely related. Evidently, the GB toughness is increased by the presence of inclusions,
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and crack propagates along the structure with almost lower energy compared with the system
without inclusions. Furthermore, sudden declines in the crack energy at the vicinity of the
hard inclusions show that how a propagating crack can be arrested by hard inclusions.

For a more precise quantitative interpretation of the simulation results, average relative
energies, and Mode I SIFs are calculated and summarised in Table 5.1. Calculations show
that increasing the distance between the inclusions does not change the average quantities of
the structures illustrated in Figure 5.24a by more than 1% compared with the one in Figure
5.24d. In reality, if hard inclusions are situated very close together, the average density of
the material will be increased, and the hard inclusion agglomeration is expected to occur.
Therefore, increasing the spacing between hard inclusions to the point where the interaction
between inclusions becomes negligible, should provide a better toughening mechanism.
Results of this calculation can be extended to the more generalised toughening mechanism
where inclusions are distributed evenly in the matrix material; regardless of the aspect ratio
limitation that is caused by the gGB/gint = 2.(1� e2)/(1+ e2) formula for GBs.

5.4.3 Array Of Inclusions On A Grain Boundary; General Case

In many polycrystalline materials, macroscopic cracks advance along the grain boundaries,
where the strength of the GBs is less than the low cleavage energy of the crystal. Figure 5.25
shows that inclusions accommodated along the GBs can effectively modify the crack propa-
gation path. Crack propagation depends on various factors such as energy and orientation of
GBs, interfacial energies, fracture energies, and size and position of inclusions. Also, these
factors are interconnected; for example, strength and energy of the GB and the inclusion’s
interface can be modified by adjusting the size and spacing of the inclusions [60]. Therefore,
it appears that the parametric study of the system, even for a simple problem of inclusions
on a GB, is impossible because many parameters are involved. Nevertheless, the method is
ready to be applied to any specific problems with known parameters.

5.5 Grain Boundary Engineering of Polycrystalline Dia-
mond

In polycrystalline materials, grain morphology, elastic modulus, and toughness of the indi-
vidual microstructures and interfaces are the key parameters to study failure mechanisms.
Engineering GBs is a concept that can be used in real materials to improve their fracture
resistance. Any numerical fracture model, that can simulate crack propagation in materials
containing microstructures, has the potential to describe toughening mechanisms in poly-
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Fig. 5.24 Energy evolution of the crack while it is propagating along the GB containing 4
equispaced elliptical hard inclusions with different spacing.
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Fig. 5.25 Crack propagation path can be deflected by a GB containing soft inclusions.
Deflection mechanisms depend on the GB, the inclusion interface, and the matrix material
strength as well as, the relative orientation of GB and the propagating crack.

crystalline materials and provide a framework for microstructural design. In Section 5.4, a
toughening mechanism using the microstructural defects was provided. Here, the aim is to
incorporate the method into a polycrystalline diamonds. PCDs are diamond grits that have
been fused together under high-pressure, high-temperature conditions in the presence of
catalytic metals [225, 226]. Strength of PCDs is affected by GB structures and inclusions at
GBs. Strength of GBs can be determined using experimental results or numerical calculations
such as molecular dynamic simulations [227, 228].

In molecular scale investigations, atomistic modellings provide valuable insights into
the relation between microstructures and crack propagation mechanisms at the interfaces.
Of particular interest here is GBs where simulations predict the precise mechanism of
fracture initiation there [227]. In a system under external load and at a critical local stress,
micro-cracks nucleate within the dislocation cores at the GBs and propagate along the
interface[229].

Series of molecular dynamics simulations were designed to estimate intergranular cohe-
sion and theoretical fracture strength of individual GBs in PCDs by [230–233]. Simulations
were performed using a many-body interatomic potential to investigate behaviour of several
symmetrical tilt GBs with < 001 > and < 011 > misorientation axes in diamond when
the system is loaded. It was predicted that maximum stresses for samples with GBs are
about 30% � 60% lower than those for the ideal diamond structures. Critical stresses for
crack propagation within a GB obtained from dynamic simulations are consistent with those
calculated from the Griffith criterion. Also, depending on the GB type, the work of fracture
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for various types of GBs is 40% � 80% lower than that for the < 111 > ideal diamond
orientation. Another parameter to study GBs is the GB cleavage energy which is a primary
parameter determining GB resistance to crack propagation. The cleavage energies of most
< 001 > and < 011 > tilt GB’s are about 60% � 75% of those for the ideal bulk crystals
with the same orientation. Although, higher resistance to crack propagation was observed for
special type of GBs, crack propagation in polycrystalline diamond samples are predominantly
transgranular rather than intergranular.

Another parameter that may significantly contribute to crack propagation and therefore
to failure mechanism is the chemistry of materials contributing to GBs and interfaces compo-
nents. Various catalytic metals such as W, Co, and Ni present during the sintering process
in PCDs and remain afterwards. Variation of the exact amount of these catalysts results in
different interfacial strengths and mechanical properties [56, 234]. Therefore, reinforcement
mechanism such as crack deflection at the interfaces can be accomplished by just varying type
or quantity of the additive alloying elements during sintering process. Cobalt-Diamond inter-
facial energies in the presence of different metallic catalysts are calculated by [235] based on
the first-principles or ab initio quantum mechanical theory and in the framework of density
functional theory (DFT). DFT, originally developed by Kohn and coworkers [236, 237]
has became the most popular and accurate method for electronic structure calculations in
condensed matter physics [238, 239].

Ab initio molecular dynamics simulations were performed at high pressure (5 GPa)
and high temperature (1500 °C) followed by cooling to room temperature and energy
minimisation [235]. Calculations predict that the work of separation for cleavage along
the low-index planes of bulk Co between (111) atomic planes is 4.08 J/m2. Cleavage along
the (110) and (100) planes has higher work of separation by 0.65 and 0.71 J/m2, respectively.
Work of separation for cleavage in bulk diamond between (111), (110) and (100) atomic
planes were derived as 10.18, 10.02, and 16.75 J/m2 respectively. Work of separation
between a Co and diamond interface (3.75 J/m2) is comparable to, and in some cases even
smaller than, the work of separation at cobalt phase. Presence of carbon (C-rich interface)
and tungsten in the binder phase cobalt tends to lower the cobalt/diamond cleavage energy
by 0.1 to 1.25 J/m2 depending on C, and W concentration. Also, low concentration of Ni at
the interface has a small effect on the interface strength. The interfacial energies of inclusion
given in Table 5.2 were calculated in stages, where the composition of the binder phase at
the inclusion interface was changed from a pure cobalt phase, to cobalt with carbon and
subsequently to cobalt with both carbon and tungsten.
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Table 5.2 Results of ab initio molecular dynamics simulations at T = 1500 C0 under a pressure
of 5 GPa followed by cooling to room temperature and energy minimisation.

Inclusion Alloying
Elements Consentration Interface Strength

(J/m2)
Co C C-poor interface ECo = 3.69
Co C C-rich interface ECo�C = ECo � (0.1 to 0.25)
Co C-W low W concentration ECo�C �0.16
Co C-W high W concentration ECo�C � (0.3 to 0.4)
Co C-W W monolayer at the interface ECo�C �1
Ni - ENi = 3.5
Ni C low C concentration ENi�C = ENi �0.15
Ni C high C concentration ENi�C = ENi �0.38
Ni C-W ENi�C � (0.2 to 0.5)

5.5.1 Effect Of Alloying Elements

The aim of this section is to investigate the effect of alloying elements W, C, Co, and Ni on
the cobalt-diamond interfacial strength and consequently on the crack propagation path. Here,
it is assumed that the fracture energy is the same as cleavage energy. However, the work of
fracture can exceed the cleavage energy when additional mechanisms of energy dissipation
beyond pure bond breaking along the fracture plane involve. For example, the energy
dissipation caused by the significant bond bending at loading along different directions.

Simulations were performed using the diamond as the matrix material with shear modulus,
µ = 570 GPa and Poisson’s ratio n = 0.07 [26], and cobalt as the soft inclusion with shear
modulus µ = 75 GPa and Poisson’s ratio n = 0.31 [240]. An elliptical cobalt inclusion was
located on the GB with cleavage energy 70% of the diamond (111) plane fracture energy.
The Co-Diamond (111) interface energies were considered to be Gint = 3.69, and 2.5, where
the Co fracture energy was selected as GCo = 4.08. The inclusion aspect ratio can be derived
using the gGB/gint ratio; the stronger the GB, the higher the aspect ratio. Simulation results
showed that the crack propagation path is identical for two different cases and the crack
penetrated through and crossed the inclusion unless the GB energy reached 97% of the
diamond fracture energy. In this condition, the crack was deflected by the inclusion and
propagated along the inclusion interface. All these calculations are viable for predicting
fracture at low temperature. However, PCDs temperature is not constant in operation and
increases during the drilling. Elevation of the temperature and the mismatch in the thermal
expansion coefficient can potentially modify the crack propagation trajectory.
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5.6 Conclusion
This chapter explores the need for developing the advanced engineered GB structures. Many
industries working with advanced materials are faced with more advanced requirements on
the end-products. The need for greater toughness, tensile strength, less catastrophic failure,
and cost efficient manufacturing process are the typical demands.

Composites containing soft and hard inclusions with several GBs and interfacial energies
are developed to meet the recent market demands. Here it is shown that a crack approaching
a weak GB or inclusion’s interface can deflect and release energy. Crack deflection enhances
toughness of the materials [14]. Competition between penetration and deflection of crack at
interfaces, where the materials on either sides of the interfaces are elastic and isotropic, were
studied using different mechanisms proposed in [168], [14–17], [209–212]. In this study an
adopted crack propagation mechanism based on the energy distribution at the crack tip and
crack coalescence is used.

The effect of the GB orientation and interfacial strength of the GBs and inclusions on
crack propagation path are studied. It is shown that variation of the GB and the inclusion
interfacial strength could effectively change the crack propagation trajectory in the quasi-
static regime and consequently enhance the fracture toughness. Also, crack propagation at
the interface depends on the relative orientation of the crack and the interface.

Adding inclusions is a very powerful tool to obtain materials with effective properties
in between those of its individual components (matrix material and inclusions) [241]. Un-
derstanding the correlation between parameters associated with the presence of inclusions,
and the mechanical properties of materials enables one to establish more efficient material
design strategies. Hard inclusions can improve toughness of materials via different mech-
anisms such as micro-cracking, crack deflection, and crack branching [242, 243]. Here,
crack deflection toughening mechanisms in the presence of hard inclusions are studied. The
distance between the hard inclusions should be greater than the size of the inclusions to
avoid inclusion clustering, which is not beneficial in terms of increased toughness. Also,
simulation results show that soft inclusions and voids in brittle materials can improve the
material toughness by directing a crack into a predetermined propagation path. Furthermore,
considering that additional crack energy dissipation could take place in the presence of
soft inclusions considering that they are often ductile (as is the case for Co), the material
toughness could be further enhanced in such configurations. However, it should be noted that
in our prototypical application, PCDs, inclusions are restricted to relatively low operating
temperatures [241, 244] and the effect of temperature variation is not considered in this study.





Chapter 6

Residual Stress and Temperature Effects

6.1 Introduction

Residual stresses are stresses which are locked within a body after inelastic deformations
have been experienced. These stresses exist in the material in the absence of the application
of any external loads or thermal gradients and are self-equilibrated. Residual stresses can be
developed in any mechanical structure through a variety of mechanisms including plastic
deformations, temperature gradients, and volumetric changes arising from solidification
or phase transformation, and from the differences in thermal expansion coefficients of the
existing components.

In this chapter, the effect of residual stresses in general, and the residual thermal stresses
associated with the presence of second phase inclusions in particular, on the crack propagation
path is studied. Either compressive or tensile residual stresses can deviate crack trajectory.
Tensile residual stresses can reduce the performance or cause failures in materials; on the
other hand compressive residual stresses can be beneficial and may arrest or retard crack
propagation. Results of this study are extended to investigate the influence of residual stresses
and thermal stresses on crack propagation in PCD structures.

Here, the crack propagation is modelled using the Discrete Crack Dynamic method,
which relies on the prediction of the accurate interactions between different elements of the
system using the multipole method. The interfacial effects are also included in the system.
The mathematical framework and algorithmic implementation have been explained in details
in Chapters 3, 4, and 5. Numerical results at each step are validated using outputs from other
numerical techniques and experimental results.
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6.2 Residual Stress Effect On The Crack Propagation Path

The effect of residual stress on crack propagation is of a considerable practical significance.
Crack propagation in quasi-brittle materials is intensely affected by the tensile and compres-
sive components of residual stresses. It is widely known that the regions of compressive
residual stress can retard crack propagation or arrest the crack, while tensile residual stress
regions produce the opposite effect. This mainly results from the fact that stress and strain
field distributions of a propagating crack changes due to the presence of pre-existing residual
stresses.

The aim of this section is to clarify the influence of the residual stresses on the crack
propagation trajectory. Superposition techniques are employed most frequently to account for
the effect of existing residual stress fields and external loads on crack propagation trajectory
[245–247]. This approach is also applied here to measure the total stress fields which is
associated with the residual stresses and with the external load and the interactions between
crack/inclusions. In this study, the stress field associated with a crack propagating through a
residual stress field and subjected to remote tensile loading is computed by assuming some
simplified forms of residual stress distribution. However, the method is general and expected
to work similarly for any residual stress distributions.

6.2.1 Method Of Approach

Without loss of generality, a known distribution of residual stress in the region around the
virtual circle with radius R is considered (please note that the circle does not necessarily
correspond to a physical inclusion and the material properties are uniform throughout the
sample). The radial component of stress field is defined as A/(x2 + y2), where the sign of A
determines whether the field is tensile or compressive. Also, A specifies the magnitude of the
residual stresses. The function of residual stresses srr and s

qq

= �srr are defined by

srr(r) =

(

A/r2 r > R
0 r < R

(6.1)

where, r =
p

x2 + y2 is the radial distance from the centre. The specific distribution of
residual stress in Equation 6.1 is similar to thermal residual stresses around circular inclusions
that might be caused during the manufacturing process [248, 249]. Effects of thermal residual
stresses on crack propagation path are the subject of the next section. Here the study is
focused on the influence of distribution of residual stresses on an unbounded solid.
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The stress field introduced above changes radially from the perimeter of the virtual circle
following 1/r2, while the stress fields ahead of the crack vary with a trend which is inversely
proportional to the square root of the distance from the crack-tip ( 1/

p
r0). Constant A can be

selected to be large enough to alter the stress fields in the region surrounding the crack-tip
and consequently, deflect or arrest the crack. In the DCD method, the crack propagation
as a discretised process is modelled by adding a succession of new cracks. Each crack is
modelled as a collapsed, zero-stiffness inclusion. However, due to the singularity of the stress
fields at the crack-tip, the effect of the residual stresses right at the crack-tip is not sufficient
to counteract the singular crack-tip stress field. Therefore, the effect of residual stresses on
deflection of crack propagation path can not be captured using the crack propagation criterion
at the crack-tip.

To address this issue, the fracture criteria should not be applied right at the crack-tip but
at a short distance from that. This distance can be determined at the point where two different
methods of calculating the crack propagation direction provide the same results. The first
method is the one that has been incorporated in the DCD method for brittle materials. In
this method, the exact position of each new crack is determined by searching where the
generalised energy release rate is maximised at the curvature of the crack-tip; it is the point
where the crack extension starts and propagates in the direction perpendicular to the surface
of the initial crack (inclusion). The second method is the maximum tangential stress field
using SIFs to predict the crack propagation direction [69]; this method requires the accurate
determination of SIFs. In this problem, more accurate SIFs can be determined using the
average SIFs over a short distance from the crack-tip in the direction along which the crack
propagation is predicted; the short distance is comparable to the crack curvature. It should be
noted that there is always some level of uncertainty in predicting the crack propagation path,
since the distance to determine SIFs are not fixed and can change depending on the materials
under study.

Simulations were performed to validate the mentioned modifications to the fracture
criteria. Figure 6.1 shows crack propagation paths and the maximum principle stress fields (at
various simulation steps) in a homogeneous solid with the known residual stress distribution.
The system is under a uniform tension in x2 direction and stress fields are normalised with
respect to the remote load. The crack is set to propagate in one direction. Crack trajectories
were calculated using two different crack propagation methods. An initial crack with 3 µm
length is propagated under uniform remote tensile load in the presence of residual stresses
corresponding to the expressions in Equation 6.1, where R, and �A are selected as 5 µm and
50 GN respectively. This specific selection of parameters provides a radially compressive
stress field distribution with the minimum of -2 GPa on the perimeter of the virtual circle.
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In this benchmark test, SIFs are averaged over a short distance, equivalent to the half of the
crack curvature. Comparison of two crack trajectories verify the equivalence between the
two propagation criteria for brittle fracture adopted here.

The new crack propagation criterion is applied to the system to predict the influence
of the residual stresses on the crack propagation path. Below, effects of compressive and
tensile residual stresses on the crack trajectory using the crack propagation criterion based
on maximum generalised energy release rate are investigated.

6.2.2 Numerical Results

Residual stresses can play a significant role in accelerating or preventing failure of materials.
It must be noted that, effects of residual stress distribution depend on the position and the
size of the initial crack, and on the external load. Simulations are now conducted to establish
the fundamental influences of the compressive and tensile residual stress fields on the crack
propagation trajectory. The known distribution of residual stresses were selected according
to Equation 6.1. The crack is set to propagate only from the right tip, i.e. toward the residual
stresses, and propagation is prevented from the other crack tip. Figure 6.2 predicts crack
propagating toward the residual stress field with compressive circumferential stress and radial
tensile stress around the virtual circle. Crack will first be deflected by the compressive hoop
stress, which is normal to the crack plane. Then, as the crack moves around (normal to tensile
radial stress), it can be deflected away by the tensile radial component of the residual stress.

The method was used to predict the effect of the residual stresses relative to the external
load on the crack propagation path. Figure 6.3 illustrates the crack propagation path for
an initial crack of length 2.6 µm, under an external tensile load. The residual stresses are
determined outside of the circular region with radius R = 5 µm, and modified by changing
constant A. The maximum radial residual stresses on the perimeter of the circle relative to
the external load were set as sres/s• = 0, 1, and 2; where zero is associated with A = 0.

In the case of compressive radial stress, the contrary effect is expected to be seen. Figure
6.4 illustrates the effect of compressive radial residual stress relative to the external load on
the crack propagation path for the same system. The minimum radial residual stresses on the
perimeter of the virtual circle relative to the external load were set as sres/s• = 0, -1, and
-2. Figures 6.3, and 6.4 show that by increasing the relative size of the residual stress to the
external load, the crack deviation from the straight line becomes more significant. In other
words, this confirms that in brittle fracture the lower is the applied load, the more intense the
effect of residual stress.

The next set of simulations were run to show the effect of initial crack size and its
response to the residual stress and the external load. Figure 6.5 demonstrates that the effect
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Fig. 6.2 Deflection of the crack by the proposed residual stress in Equation 6.1 and the
external far-field load. Propagating crack will first be deflected where the compressive hoop
stress in the matrix material is normal to crack plane. As the crack moves around, it will be
deflected away where the crack plane is normal to the tensile radial stress.
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Fig. 6.3 Schematic representation of the crack propagation path for an initial crack of length
2.6 µm, under far-field tension and tensile radial residual stress. The blue, red, and black
lines are crack trajectories associated with residual stresses where the magnitude of the stress
on the perimeter of the circle relative to the external load are set to 0, 1, and 2.



6.2 Residual Stress Effect On The Crack Propagation Path 125

-20 -10 0 10 20
-10

-5

0

5

10

x1(µm)

x 2
(µ
m
)

Fig. 6.4 Schematic representation of the crack propagation path for an initial crack of length
2.6 µm, under far-field tension and compressive radial residual stress. The blue, red, and
black lines are crack trajectories associated with residual stresses where the magnitude of the
stress on the perimeter of the virtual circle relative to the external load were set to 0, -1, and
-2.

of residual stress decreases as the crack length increases. Simulations were repeated in the
same system with an initial crack of different sizes, where the crack-tip from which the crack
propagates (right hand side) was started at the same point. The minimum compressive radial
residual stress on the perimeter of the virtual circle relative to the external load was selected
to be -2. The small crack deviates more considerably with the residual stress. In general, a
short brittle crack is most likely to be arrested, deflected or accelerated by small residual
stresses.

It should be noted that effects of residual stress also depend on the position of the original
crack relative to the residual stress and the external load. Figure 6.6 shows the trajectory of
a crack under tensile far-field load where the initial crack with 300 inclination angle has a
crack-tip located at point A in Figure 6.6. The maximum tensile radial residual stress on
the perimeter of the circle relative to the external load was set to be two. As it is already
shown for the horizontal cracks, the crack propagates toward the residual stress field and it is
subsequently deflected by the compressive hoop stress and moves around, normal to tensile
radial stress.

The effect of residual stress become more significant for finite sized problems than when
considering cracks propagating in an infinite plane, and the difference between them increases
as crack length or applied stress increases. To this point, effects of the known residual stress
distributions in the vicinity of an imaginary circle on the crack propagation path have been
studied. The results obtained from the simulations presented here are consistent with the
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Fig. 6.5 Schematic representation of crack propagation paths under the uniform far-field
tension and compressive radial residual stress. The blue, red, and black lines are crack
trajectories associated with the initial crack of length 12, 4, and 2.6 µ m respectively.
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Fig. 6.6 Schematic representation of the crack propagation path of an inclined crack under
the far-field tension and tensile radial residual stress.
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investigation of Kanazawa et al. on the effect of residual stress on brittle fracture propagation
[250]. In the next stage of developing the method, effects of residual stress distributions in
the presence of the inclusion are investigated. Differences in thermal expansion of inclusions
and the matrix material can create residual stress fields in the vicinity of the inclusion. In
the following section, the effect of temperature variation and thermal stresses on the crack
trajectory are examined.

6.3 Temperature Effect On The Crack Propagation Path
One of the most important factors in fracture of materials containing second phase inclusions
is the mismatch of expansion coefficients of the materials; this has not received detailed atten-
tion when dealing with the deterministic prediction of crack propagation paths. Differences
in thermal expansions of various phases create residual stresses that are developed during
cooling or operation processes [251, 252]. Generally, temperature variation induces changes
in the size of materials. Increasing or decreasing the temperature results in the expansion or
contraction of the structure. To better understand this phenomenon, in 1D the variation in the
length (Dl), and temperature (DT ) are related by the following equation:

Dl = al0DT (6.2)

where a is the thermal expansion coefficient with the unit of 1/ 0K, and l0 is the original
length of the material. If the structure is restrained and prevented from movement while
subjected to a temperature change, stresses will develop. This is the case in a system where
inclusions are located in a matrix and the two materials are characterised by different thermal
expansion and/or stiffness. .

To find the relationship between the changes in temperature and the stress developed in
the restrained structure, first it is assumed that the system is unconstrained to move, so that
changing the temperature results in variation of the sample size. Then, by forcing reverting
the system to its original configuration, the system becomes constrained. This force equals to
the amount of stresses that are developed in the system when the temperature is modified.
The current investigation is focused on the effect of temperature variation and expansion
coefficient mismatch on the crack propagation trajectory. The work is limited to the effects of
temperature on the stress distributions around the inclusions, although extensions to include
other sources of residual stresses can easily be incorporated in the current strategy.

The procedure of finding thermal stress fields near the inclusion is as follows. The system
is decomposed into two sets, one a matrix material with a void and another one, an inclusion
of the same size considered in isolation. The total displacements for the two sets can be
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calculated separately. Assuming that the whole system is initially in equilibrium and the
size of the inclusion matches that of the hole, no force is required to fit the inclusion back
into the void in the matrix material. By changing the temperature, both inclusion and void
are deformed, and an additional force is necessitated to put the inclusion back into the void.
The pressure associated with this additional force on both inclusion and void surfaces is the
same and denoted by p0. The total amount of required force is proportional to the total size
variations of the inclusion and void. By equating the force to the amount of stresses that are
developed due to the temperature variation, the thermal stress fields are calculated.

6.3.1 Thermal Stress Distribution Around The Circular Inclusions

Consider a small circular inclusion of one material with radius R is embedded in a large matrix
of another material. The thermal stress fields of a circular inclusion in 2D are approximated
using the ordinary engineering formulas for a thick-walled cylinder [248]. In this calculation,
the method is developed by analogy to the model proposed by Selsing [249].

Thermal stress fields of a system containing a circular inclusion with the modulus of
elasticity Ei and Poisson’s ratio ni, and radius R in an infinite isotropic material with the
modulus of elasticity E0 and Poisson’s ratio n0 can be approximated by a thick-walled
cylinder with the inner radius of R, and pressure p0 when the wall thickness is increased to
infinity with zero pressure. Superscripts “i”, and “0” are used to denote inclusion and matrix
material. The stress fields inside the inclusion for all values of r (the radial distance from the
centre) become

s

i
rr = s

i
qq

= �p0. (6.3)

Stress fields in the matrix material are

s

0
rr = �s

0
qq

= �p0
R2

r2 . (6.4)

By decomposing a system into two sets, one a matrix material with a circular void and
another one a circular inclusion in an isolation, and assuming that the whole system is initially
in equilibrium , the radial displacements can be calculated separately. It can be assumed that
the circular inclusion is forced into the cavity in spite of a misfit in radius Du; this would
apply the same pressure p0 in the cavity and on the inclusion. The total misfit can be obtained
by adding radial deformations.

Du = Du0 +Dui = p0R(
1+n0

E0
+

1�ni

Ei
) (6.5)
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Fig. 6.7 The problem of inclusion in the matrix material is decomposed into two systems: a)
a matrix material with a circular void under an internal radial pressure of p0, b) a circular
inclusion under an external radial pressure of p0.

If the misfit originally was zero and then developed by changing the temperature (DT )
because of a difference Da in thermal expansion of the matrix material and the inclusion, the
variation in radial deformation can be calculated from the following expression:

Du = R (ai �a0) (T2 �T1) (6.6)

By combining equations 6.5, and 6.6 pressure p0 is obtained.

p0 =
(ai �a0) (T2 �T1)

1+n0
E0

+ 1�ni
Ei

(6.7)

This value of p0 yields all the desired components of stress fields when the value is applied
to Equations 6.3 and 6.4. The same formula can be derived using the continuity of the stress,
and displacement fields [253].

6.3.2 Numerical Results

In this section, crack trajectories in the vicinity of the circular inclusions are predicted.
Localised thermal stresses around the inclusion influence the crack path by altering stress
fields at the crack-tip. Thermal stress fields are derived for a circular inclusion using Equations
6.4, and 6.7. Simulations are performed for the case where inclusion has higher thermal
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expansion than the matrix material. This work can also be extended to study composites with
cylindrical fibres.

Superposition of the respective stresses caused by the thermal expansion mismatches,
the external load, and by the interaction between crack/inclusions are used to quantify the
influence of thermal stresses on the crack propagation path. This approach employed most
frequently to account for the effect of existing thermal stresses, residual stress fields and
constant amplitude of the external load on crack propagation trajectory [245–247]. Note that
the thermal stress fields of the circular inclusion are described in the polar coordinate system.
Hence, to perform the calculations using the multipole method as described in Chapters 3 and
4, the stress components have to be converted from the polar coordinate system to the global
cartesian system and then from the global system to the local elliptical coordinate system.
Consequently, the summation of the thermal stresses and the one caused by inclusion/crack
interactions determine the crack trajectory.

To start with, consider a system containing a crack propagating towards a soft inclusion
of radius R = 5 µm, in an infinite isotropic brittle material. The crack is set to propagate only
from the right tip, i.e. toward the residual stresses, and propagation is prevented from the
other crack tip. The temperature is decreased from T0 to T1. For the particulate inclusion-
matrix problem with ai > a0, the thermal stresses in the inclusion are compressive and
constant, and in the matrix material radial and circumferential thermal stresses are tensile and
compressive respectively. Radial tensile stresses are larger at the vicinity of the inclusions
and decline radially with the distance from the surface of the inclusion.

Simulations are performed on a system containing circular inclusion with the mechanical
properties of cobalt, modulus of elasticity Ei = 220 GPa, poisson’s ratio ni = 0.31 [240],
and expansion coefficient ai = (13�15)⇥10�6/ 0K [254], in an infinite slab of diamond
material with modulus of elasticity E0 = 1220 GPa, Poisson’s ratio n0 = 0.07 [26], and
expansion coefficient ai = (1�3)⇥10�6/ 0K [255]. The system is under far-field tension
in the x2 direction and temperature variation of DT = 1400 0K. Diamond, cobalt, and
cobalt/diamond interface fracture energies are selected respectively as GDiamond = 10.18,
GCo = 4.08, and Gint = 3.0 J/m2 according to the calculations given in [235].

Results of simulation are demonstrated in Figures 6.8, and 6.9, which depict simulations
for cracks initiated from different coordinates. The external load is selected in a way that
the straight crack with initial size of 2.6 µm can propagate. The maximum component of
the radial thermal stress relative to the far-field tension on the inclusion interface becomes 2.
The number is chosen to be representative of the application under investigation since the
residual stresses in PCDs can be substantial, in a order of 1-2 GPa [256–258]. In Figures
6.8, and 6.9 the initial cracks with angles of 00, and 300 are positioned with their tips at
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Fig. 6.8 Graph showing the effect of thermal stress and the second phase inclusion on the
crack propagation path. Black and red lines illustrate the crack propagation trajectories in
the presence and in the absence of thermal stresses respectively.

points (-12, 7), and (-10, 3) respectively. Figures show crack deviation caused by the external
load, thermal stresses and interface effects. In both figures, the black, and red lines illustrate
the crack propagation trajectories for cases computed in the presence and in the absence of
thermal stresses. The average crack energy and SIF are lower by more than 5% and 6% in
Figure 6.8, and lower more than 2% and 3% in simulations demonstrated in Figure 6.9, for
the calculations in which thermal stress effects were considered compared to those where
thermal stresses were not considered.

Figure 6.10 shows the crack propagation path in the presence of thermal stresses for
different far-field loads. It is demonstrated that if the applied loading were to have a significant
level compared to the thermal stresses, the influence of the thermal stress would only be to
lower the crack energy and not to change the crack propagation trajectory. It is cleared that
by increasing the far-field load, the crack trajectory tends toward the red line which is the
crack propagation path in the absence of the thermal effects.

Calculations performed here show qualitative agreement with other studies given by
many authors[259–264]. It can be concluded that the thermal stresses in the configurations
studied here by the authors can arrest and deflect crack propagation path in such a way that
the material toughness increases. The models and the results provided in this section can be
extended to study materials reinforced with fibres or composites with second phase inclusions.
It should be noted that with the simple expression proposed for the inclusion thermal stress,
one cannot estimate all temperature variation effects. This is because the thermal conductivity,
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Fig. 6.9 Graph showing the effect of thermal stress, the second phase inclusion and interface
strength on the crack propagation path. Black and red lines illustrate the crack propagation
trajectories in the presence and in the absence of thermal stresses respectively.
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Fig. 6.10 Graph showing the effect of thermal stress relative to the external load, the second
phase inclusion and interface strength on the crack propagation path. Black, and blue lines
illustrate the crack propagation trajectories for cases where thermal stress was considered
and thermal stress on the surface of inclusion relative to the external load was 2 and 2/3
respectively. The red line shows the crack propagation trajectories for case where thermal
stresses were not considered
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thermal expansion, Young’s modulus, and Poisson’s ratio are approximated to be constant
values in all temperature ranges. Also, the equations provided in this section hold only for
the case of a single inclusion in an infinite isotropic matrix. Although they may represent a
satisfactory approximation at low inclusion concentrations, they cannot be generalised. For
the system containing many inclusions, predicting the thermal stress requires interactions
between thermal stresses of all the elements.

6.4 Fracture Of PCD And Residual Stresses

Investigation on the influence of temperature variation and analysis of the microstructure
interactions lead to some valuable insights that can be used to study PCD failure mechanisms.
Temperature variation and the differential thermal expansions can induce thermal stresses,
which can in turn strongly affect crack propagation paths in PCDs structures.

Figure 6.11 shows the cross section of a PCD sample obtained from a batch with premium
performance. The solvent metal catalysts during the operation (at high temperature) can
cause an undesirable phase transformation in diamond, converting it to carbon monoxide,
carbon dioxide, or graphite. The graphitisation of the diamond depends markedly on the
atmosphere around the diamond. In the presence of oxygen, even in minute quantities,
apparent graphitisation can be observed at temperatures above 700°C. Metallic binders such
as cobalt accelerate the graphitisation process. This problem was addressed by leaching and
removing the metallic binders from the working surface of PCDs [56]. This improves the
lifetime of the cutters by reducing the vulnerability of the specimen at high temperature. The
leaching process gradually removes the binder from the specimen, at least a portion of the
first region from the surface to depth of about 0.01 to 0.1 mm from the surface. Consequently,
microstructure of the PCD is divided into leached and unleached regions (see Figure 6.11b).

A frequent problem in the drilling industry is the failure of cutting tools which is caused
by PCDs fracture and chipping. The aim of this section is to investigate the effect of
inclusions and thermal stresses in determining the PCDs failure mechanism and chipping.
Figure 6.12a shows an example cross-section of a typical cutter after field evaluation. It
demonstrate that all the cracks initiated at/near the wear front and then propagated into the
bulk; this is a picture of leached cutter, but under the optical microscope in this particular
image boundaries are not clear. To gain a more in-depth understanding of thermal effects
on fracturing behaviour and its causes, an idealised system is considered here. Figure 6.12b
shows a PCD with an ideal clear leached and unleashed boundary. It is postulated that the
main crack is propagating close to the boundary of leached and unlatch regions. In Figure
6.13 a symmetric system of inclusions and holes are considered. The crack is located in the
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Polycrystalline Diamond 

a) 
leached 

Unleached 

Substrate 

b) 

Fig. 6.11 PCD cutter structure: a) photography of a cutter, b) X-ray image of PCD cross-
section showing the leach depth of an example cutter (E6 2017). The black, light grey and
dark grey parts are showing the substrate, the non-leached, and the leached part of PCD
respectively.

Leached 

Unleached 

a) b) 

Fig. 6.12 PCD cutter structure: a) a cross-section of a typical cutter after field evaluation
showing all the cracks initiating at/near the wear front then propagating into the bulk (E6
2017), b) microstructure of an ideal leached PCD sample.
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Fig. 6.13 Crack deflection towards holes in a symmetric system containing holes and cobalt
inclusions.
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Fig. 6.14 Crack deflection towards holes in a symmetric system containing holes and cobalt
inclusions. Red and black lines present crack trajectories in which the thermal stresses are
and are not considered respectively.
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middle of the system on the symmetric line where inclusions and holes are positioned on
opposite sides. The system is under tension in the x2 direction. Figure 6.13 shows that the
crack deviates from the straight line and propagates through the holes in the system where
the temperature stresses were neglected.

As mentioned in Section 6.3, Equations 6.4 and 6.7 hold only for the case of a single
inclusion in an unbounded homogeneous matrix material, but they represent a satisfactory
approximation at low inclusion concentrations [261]. The same approximation is used here
to elucidate the effect of thermal stresses in the matrix material, and to find the relationship
between thermal stress distribution and failure modes. In the next sets of simulations crack
propagation path is predicted and compared for the cases where thermal stresses were also
considered. It is assumed that the system is stress free at room temperature.

Figure 6.14 shows modifications in crack propagation paths in a symmetric system
containing holes and cobalt inclusions. Red and black lines present crack trajectories in
the system in the absence and in the presence of thermal stresses respectively. Result of
simulations shows that thermal stresses can modify the crack propagation path and cause
failure with fracture being able to navigate through inclusions and holes in the system.
Therefore one can conclude that presence of thermal stresses can potentially worsen the
chipping process in PCDs. Results of these simulations can be generalised to all thermal
stresses initiated either by the mismatch of thermal expansion coefficients between metallic
binder and diamond material or by polycrystalline diamond layer and the tungsten carbide
substrate [258]. Presence of residual and thermal stresses can considerably change crack
trajectories and accelerate chipping and failure mechanisms.



Chapter 7

Conclusions and Future Work

7.1 Conclusion

The subject of this thesis is to develop an all-encompassing two dimensional fracture model
for polycrystalline materials in the quasi-static regime, with an ultimate aim to use the method
to improve the design and engineer polycrystalline diamonds (PCDs). A polycrystalline ma-
terial is a system containing several grain boundaries, whose structures can be contaminated
with impurities such as inclusions, cracks, and voids. Mechanical properties of the matrix
material and inclusions, strength of the interfaces and grain boundaries, and residual stresses
are parameters that determine fracture modes and crack propagation trajectories. The ability
to predict material behaviours and failure mechanisms of such structures can lead to better
designs, improved performance, reduced costs and enhanced safety.

7.1.1 Development of the New Methodology

A new methodology for the study of crack propagation in the presence of interaction inclu-
sions and interfaces was first developed. The development process and the main achievements
of this work are listed below.

• In Chapter 2 different numerical and analytical methods to analyse crack-inclusion
interactions in elastic solids were reviewed. Their strengths and weaknesses were
investigated, and the multipole method was selected for simulation purpose.

• Cracks and inclusions are the basic constituent element of the model, and accurate
interactions between them are calculated using the analytical multipole method [135].
The method is explained in Chapter 3 and developed to simulate a finite array of cracks
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and inclusions in 3.5. The local field at each point in the system is equivalent to a joint
action of the incident far-field and the disturbance fields around all inclusions.

• In Chapter 4, calculated SIFs at the crack-tips (3.5.4), and the full the stress fields
(3.5.3) are employed to determine the evolution of a crack in a system while it is
interacting with other cracks and inclusions. The method developed to predict crack
propagation path in an unbounded solid is explained in 4.4.1 and named Discrete Crack
Dynamics.

• In Section 4.5, the method was extended to study finite sized problems using the
superposition scheme. In this work, the complex variable boundary element method
was combined with the multipole method to study finite sized problems.

• Simulation results presented in Section 4.6 demonstrate that impurity and crack interac-
tions deflect the main crack-path. Interactions between crack and inclusion depend on
the size and aspect ratio of the inclusion and the ratio of the inclusion shear modulus to
the matrix material shear modulus. It was shown that hard elastic inclusions ahead of
the crack-tip carry stresses higher than soft inclusions. Load transfer to hard inclusions
brings about a stress reduction near the crack-tip; the amount of stress reduction de-
pends on the inclusion stiffness. For hard inclusions, the crack-tip shielding is induced
by load transfer into the hard materials. Conversely, in the case of soft inclusions
positioned ahead of the crack-tip, the load is transferred from the inclusion itself to
the matrix material and this produces an increase of the stress in the crack-tip region.
Therefore, for the problem of soft inclusion, stress field amplification in front of the
crack-tip is expected to be seen. Crack amplification also depends on the relative
amount of shear modulus of the soft inclusion and the matrix material; the softer the
inclusion, the higher the amplification is.

• In Chapter 5 interface effects were incorporated into the simulation code. It was shown
that a crack approaching an interface joining two dissimilar materials may arrest or
may advance by either deflecting into the interface or penetrating the interface (inter-
or intra-granular cracks). This depends on a number of factors including the geometry
and relative strength of impurities, grains and grain boundaries.

• Effects of grain boundary strength and orientation on crack propagation path were
studied in Section 5.3.1. It is inferred that by decreasing the grain boundary strength,
cracks can be deflected to the grain boundary and arrested. Cracks are prone to
propagate through grains with low fracture energies but bypass grains with high
fracture energies. Crack deflection and arrest can enhance fracture toughness.
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• Interfacial strength of inclusions depends on chemistry of the system. Effects of
inclusion’s interfacial strength were included in the computational code and tested to
predict crack deflection in the vicinity of the hard and soft inclusion in Section 5.3.2.
Simulation results show that crack propagation trajectory depends not only on the
relative amount of shear modulus of materials but also on their interfacial strength.
It can be concluded that reducing the interfacial strength can potentially improve
materials toughness.

• Grain boundaries may enter and break through inclusions. Interaction of a crack with
an inclusion at the grain boundary was investigated in Section 5.3.3. Crack propagation
path can be deflected by a GB containing soft and hard inclusions, or voids. Deflection
mechanisms depend on GB, inclusion interface, and matrix material strength as well as,
the relative orientation of GB and propagating crack, and spacing between inclusions.

• The method was used to find a new toughening mechanism. A single crack channeling
into several toughening configurations containing array of elliptical holes, and soft and
hard inclusions was studied in detail in Section 5.4 and an optimum configuration for
each system was obtained. It was predicted that a system containing soft inclusions is
tougher than the same system containing voids.

• In Chapter 6, the method was further extended to study influences of known residual
stresses and thermal stresses on crack propagation path. In particular, effects of thermal
stresses of a circular cobalt inclusion on crack trajectory in a diamond matrix material
was investigated. Finally, the effects of residual stress and thermal stress distributions
were investigated on fracture and chipping of PCDs.

7.1.2 Failure Mechanism In PCDs And DCD Method

In PCDs, crack could be initiated by surface flows, micro-scale impurities, inclusions and
defects inside diamond grains or at grain boundaries. However, relatively high stress is
required to initiate macroscopic cracks from defects and inclusions because they are either
small in size or have large crack-tip radii. Loading condition of PCDs during operation is not
usually sufficient to initiate a catastrophic fracture, but rather adequate to increase size and
number of impurities in a system. Therefore, it is expected that small cracks grow step by
step in brittle manner similar to the crack slit in a failed PCD structure demonstrated in Figure
7.1. This gradual crack propagation phenomena was used to model crack propagation in
discrete crack dynamic method. In the DCD method, effects of crack-inclusion interactions,
GBs, interfaces, and residual stresses on crack propagation path were investigated.
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Fig. 7.1 A scanning electron microscope (SEM) test of the crack slit in a failed PCD [19].

It was shown in this work that cracks propagation direction can be changed due to several
obstacles such as grain boundaries, interfaces and residual stress distributions. Variations
of fracture energy pattern at GBs or changes of the preferred cleavage direction from one
grain to another can modify crack trajectories. Crack interactions with inclusions, voids,
and interface of inclusions may force the crack to stop, deflect, or bypass inclusions and
voids. Distribution of residual stresses and thermal stresses can also alter crack trajectories.
The small crack propagates and grows gradually, but at one point it reaches its critical
condition where the crack-tip radius, the crack direction, and the local stress distribution
become sufficient for the spontaneous crack growth. At that point, instantaneous macroscopic
fracture occurs, and the parts fail in a rapid manner.

7.2 Suggestions For Future Work

A straightforward extension of the present work could involve the full fracture model of
the more realistic polycrystalline structure containing GBs and inclusions, and residual
stresses. The next step should also involve the development of a consistent framework, which
incorporates all the codes developed and also provides a user interface to enable the uptake
of the simulations tools and their further development. Also, in the DCD method, crack
propagation is a discrete process, so the stress fields of the system change sharply at each
step. Finding a solution to soften the process of crack propagation would be beneficial to
improve the method.

Moreover, the exact determination of temperature variation and associated thermal
stresses for elliptical inclusions could be investigated using complex potentials. Also,
interactions between inclusion’s thermal stresses have not been considered yet. The model
presented in this thesis was developed for 2D problems in linear elastic solids. The method
could be extended to 3D by changing the constituent elements of the system from ellipses to
ellipsoids and accordingly changing the basis functions in series expansions of the complex
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potential fields. Dynamic crack growth prediction could be circumvented by deriving
elastodynamic solutions for the problem. An elastodynamic BEM solver for the computation
of stresses and displacements in the finite domain is already available in [10], so maybe this
certainly something that should be pursued to extend the method to solve dynamic problems.

To apply the DCD method to more practical polycrystalline problems and specifically
PCDs, inputs of the system such as residual stress distributions, fracture energies, GB
energies and crack propagation threshold have to be calculated more accurately by molecular
dynamic simulations, or experimental investigations. Crack propagation modes in PCDs
depends on the fracture energies at the GBs and other interfaces. A more detailed molecular-
scale investigation of interactions at grain boundaries and interfaces between diamond and
impurities could bridge the gap between the nano-scale physics and the continuum response.

Also, experimental data shows distinct performance of PCDs produced by Ni and Co
binder catalysts [265]. However, macro-scale simulations are not capable of obtaining
differences due to the closeness of shear modulus and Poisson’s ratios (µNi = 76�82GPa,
µCo = 75GPa, nNi = 0.305, nCo = 0.31) [266]. Disagreements between Ni and Co catalysts
are associated to the chemistry of the problem and can be investigated using molecular
dynamic (MD) simulations. Some of the potential issues linked to the use of MD simulations
have been preliminarily investigated by the author as reported in Appendix D. Another input
of the PCD fracture model is the crack propagation threshold in diamond, which is attributed
to the lattice trapping phenomena [267–270]. Crack propagation thresholds can also be
obtained using MD simulations [271].

The work would also benefit from additional experimental inputs. For example, fracture
properties of individual grains, grain boundaries and interfaces can be obtained experimen-
tally. For example, fracture energy evolution at the micro-scale could be measured using
a double cantilever wedging during stable fracture [272]. This work is currently being
carried out in another project, although determination of PCD grain boundary strength has
proven to be problematic. Also, in-plane residual stress and thermal stress gradient maps
at the micro-scale can be measured using the high angular resolution electron backscatter
diffraction (EBSD) combined with micro-indentation. This spatial map of stresses can be
incorporated into the DCD method to find the effect of residual stresses and thermal stresses
on crack propagation path in real microstructures. Figure 7.2 shows typical residual and
thermal stress maps of fine and coarse PCD samples.
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Fig. 7.2 Residual and thermal stresses of fine and coarse unleached PCD samples provided
by E6.
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Fig. 7.3 The flow chart of the multipole method displacement and stress fields calculation.

7.3 Summary of Achievements and Algorithms
The achievements of this thesis can be summarised as follows:

• The full stress fields of an unbounded solid containing elliptical inclusions and cracks
were calculated using the multipole method according to the algorithm given in Figure
7.3. The method was proposed and developed by Kushch [136] and further developed
in this thesis for an arbitrary oriented array of cracks and inclusions.

• Then, the effect of the finite size of the sample studied on stresses and displacements
(and, later, on crack propagation) was considered using the linear superposition prin-
ciple. Here, the complex variable boundary element method was used to study the
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complimentary problem of the finite sized body without inclusions. The algorithm is
given in Figure 7.4.
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Set boundary and 
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Input 
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Fig. 7.4 The flow chart of static analysis of CVBEM [10].

• To explicitly model evolution of the individual micro-cracks and their interaction with
existing cracks/inclusions a new fracture model was developed; the so called Discrete
Crack Dynamic (DCD) method using the algorithm given in Figure 7.5 and 7.6.

• Crack propagation simulations were successfully performed and tested using numerical
solutions and experimental results available from existing benchmark problems.
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Fig. 7.5 The flow chart of the DCD method to calculate the crack propagation path and its
associated energy in the system.
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Fig. 7.6 The flow chart of the method used to compute stress and displacement fields in step
2 of the DCD method (Figure 7.5) employed to calculate the crack propagation path and its
associated energy in the finite size system.
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• The interface and grain boundary effects were incorporated in the method. Interfaces
and grain boundaries were represented explicitly by the fracture energy variation
encountered by the crack tip as the crack advances. Results of simulations show how
significant changes in interfacial fracture energies can modify the crack propagation
path. To add the interfacial effects, positions and energies of the GBs and interfaces
were set as inputs in the calculations. When the crack is approaching the interface, a
crack propagation criterion based on the maximum of the ratio G/G determines the
crack propagation direction.

• Finally, residual and thermal stress effects on crack propagation path were investigated
and the effect of second phase soft inclusions with larger thermal expansion coefficient
(compared with the matrix material) were studied. Superimposing the residual stress
map onto the stress fields of the interacting cracks/inclusions modifies the stress field
distributions at the crack-tip and consequently can also change the crack propagation
path.
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Appendix A

Conformal Mapping And Branch Points

When both inclusion and the matrix material were the same, the results were such that
no trace of inclusion was found in the fields of matrix material. Despite discontinuity at
branch points and the branch cut errors given in figure A.1 are machine sized errors. Figure
A.2 showes stress and displacement field distributions throughout the system for the case
where matrix material and inclusions are different. Stress fields inside the inclusion are not
thoroughly accurate and they become reliable far away from the branch points.
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Fig. A.1 Mode I stress fields and displacement fields of elliptic inclusion with aspect ratio
l2/l1 = 1/2. Matrix material and inclusion have the same material.
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Fig. A.2 Mode I stress fields and displacement fields of elliptic inclusion with aspect ratio
l2/l1 = 1/2. Matrix material and inclusion are selected with mechanical properties µ0 = 478
GPa and n0 = 0.07, and µ1 = 75 GPa and n1 = 0.31 respectively.





Appendix B

Finite Array Of Inclusion; Expansion
Coefficient

B.1 Introduction

This section is concluded with three parts dealing with a derivation of the anpq, and bnpq, and
associated coefficients of the uniform far-field load. While this section is of considerable
mathematical interest, it is not central to study crack/inclusion interactions in earlier sections.
The reader may pass directly to Section B.1.1 at this time and refer back when necessary.
Before addressing the main derivation of the coefficients, some lemmas are introduced and
proved.

B.1.0.1 Lemma 1

j

s0
p =

∂j

s
p

∂yp

=
∂ (jr

pq)

∂yp
eiqpq =

∂ (jr
pq)

∂yq

∂yq

∂yp
eiqpq

(B.1)

where ∂yq
∂yp

= e�iqpq , so

j

s0
p = j

r0
pq. (B.2)

B.1.0.2 Lemma 2

zq = �Zpq + zp

yqeiqq = �Zpq + ypeiqp
(B.3)
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yq = �Zpqe�iqq + ype�iqpq (B.4)

B.1.0.3 Lemma 3
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then,
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Thus,
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B.1.0.4 Lemma 4
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B.1.0.5 Lemma 5
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So,
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B.1.0.6 Lemma 6
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Thus,

ampq = a�mpq (B.14)

B.1.0.7 Lemma 7
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The second term can be written as:
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Using Formula B.23, we have:
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Thus, Equation B.15 becomes:
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B.1.1 Expansion Coefficients: anpq

The singular disturbance field induced by the pth inclusion us
p (lim|z|!• |us

p| = 0) can be
expanded to the regular field in the qth coordinate system. The transformation from the y
local coordinate system requires a rotational transformation of the coordinate systems.

us
p(zp) = ur

pq(zq)

us
p(yp)eiqp = ur

pq(yq)eiqq
(B.19)

Both us
p(yp) and ur

pq(yq) are written in terms of complex potentials 3.8 format:
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where j
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∂yq
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. By equating similar terms in us
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pq(zq), the coefficients ampq and bmpq can be derived. By applying Equation B.20 to j
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from where,
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•
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Ampe�iqpq
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B.1.2 Expansion Coefficients: bnpq

Determination of bnpq is somewhat more complicated sand requires to equate the second
term in Equation B.20 as:
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By substituting yq, and yq from B.4 into B.24 and using Lemma B.2, y

r
pq is derived as:
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and then y
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pq is determined by finding the conjugate of the function.
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Using Lemmas B.7, and B.8, y
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Here, y

s
p is presented using the formula derived by Kushch [140] where,
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Substituting Equation B.28 into B.27 results into y

r
pq as:
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On the other hand, complex potential y

r
pq(yq) is defined (Equation: ??) as :
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Using Lemma B.18, y
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pq(yq) becomes:
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By equating Equations B.31 and B.29, coefficients bnpqs are derived for (n > 0) as follow:



B.1 Introduction 179

bnpq =
•

Â
n=1

Bmpe�iqpq
h

pq
mn

=
•

Â
n=1

Amp

(

h

ne�iqpq(1� v�2
0q )�meiqpq(1� v�2

0p )
i

h

pq
mn

�
dp

2
m

m+1

✓

v0p � 1
v0p

◆2
µ

pq
m+1,n

+

✓

v0q � 1
v0q

◆2 •

Â
k=0

|2k+n|h pq
m,|2k+n|

+
⇣

zpqeiqq � zpqe�iqq
⌘

eiqp
µ

pq
m,n

+



(µ pq
m�1,n +µ

pq
m+1,n)

dp

2
�h

pq
mn

�

(e�iqpq � eiqpq)

)

(B.32)

For (n < 0), we can either use
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or use the equation below, where the (n > 0).

b�npq = bnpq �2anpq|n|sinh2x0q (B.34)

B.1.3 Expansion Coefficient Of Uniform Far-Field Load

Complex potentials for uniform far-field loading have to be selected as a linear function of z
due to constraints imposed by the displacement and traction in the complex potential form
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(Equations 3.13, and 3.14). Potentials are chosen as:

j0 = G1z; y0 = G2z (B.35)

Here, u0q, and u00q are displacement fields caused by the far-field loading in the global
(z) coordinate, and in the local yq coordinate systems respectively. By substituting j0, and
y0 into u0q and using formulas z = Zq + zq, and zq = yqeiqq , u0q is derived in terms of u00q.
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As far-field load is a regular field at infinity, complex potentials should obey
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where 0 denotes the far-field load. Using formula ampq = a�mpq, and bmpq = b�mpq +

2mampq sinh2z0q, complex potentials are derived as:
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Using the the u0q(z) = eiqquq(yq) relation between displacements in coordinate systems
z, and yq, complex potentials in the yq coordinate are predicted. Displacements are calculated
by:

u0q(z) = u00q(Zq)+
�

kG1zq � (zq � zq)G1 �G2zq
�

(B.39)

uq(yq) = kj

r
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0q (yq)�y

r
0q(yq) (B.40)

Displacement uq contains two parts, a constant term and a linear function of coordinate.
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Using formulas B.38, and B.39, expansion coefficients are determined as follow:

u00q(Zq) = (ka00q �b00q)eiqq = kG1Zq � (Zq �Zq)G1 �G2Zq (B.42)

j01 = e�iqqG1zq =
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Hence,

a10q = a�10q =
DqG1

2
. (B.44)

Determination of b10q is somehow involved. All remaining terms in Equations B.39, and
B.41 are equated. Thus,

y01(yq)eiqq = zq(G2 �G1)+ zqe�2iqqG1 (B.45)

Substituting y01(yq) to the formula using Equation B.38 results the expansion coefficient
of unifor far-field as:

b�10q =
e2iqqDq

2
(G2 �G1)+

a10q

v2
0q

. (B.46)

In the case of far stress tensor S = si j, G1, and G2 are:

G1 =
s11 + s22

8µ

G2 = G1 +
s22 � s11 +2is12

4µ

(B.47)





Appendix C

Minimum Distance From A Point To An
Ellipse

Point P = (y11,y21), demonstrated in Figure C.1, is a point outside an ellipse that is centred
at the origin of the local yq coordinate system, the ellipse equation is:

y2
1q

D2
q cosh2

z0q
+

y2
2q

D2
q sinh2

z0q
= 1 (C.1)

Any point on the surface of the ellipse is given by parameterisation x = (y1q,y2q), where

(y1q,y2q) = (Dq coshz0q coshq,Dq sinhz0q sinhq) (C.2)

and h 2 [0,2p]. Any square distance from any arbitrary point P to any point y = (y1q,y2q)

on the ellipse perimeter is
F(hq) = |y�P|2 (C.3)

y2q 

y1q 
(y10q, y20q) 

(y11,  y21) 

Fig. C.1 Minimum distance from point P = (y11,y21) to an ellipse in the local yq coordinate
system.
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A global minimum of the function gives the minimum path and obeys the analytical formula

F 0(hq) = 2(y�P).y0 = 0 (C.4)

This formula is equivalent to the ((y1q � y11),(y2q � y21)).(y0
1q,y

0
2q) = 0 or to the (y1q �

y11)y0
1q +(y2q � y21)y0

2q = 0. Now consider the problem where the point on the ellipse and
the distance (D) from that are known. What is the P coordinate system? If the point on the
perimeter of the ellipse is given by (y10q,y20q), where

y10q = Dq coshz0q cosh0q

y20q = Dq sinhz0q sinh0q
(C.5)

then, coordinate (y11,y21) for the distance D will be derived by solving two equations.

(coshz

2
0q � sinhz

2
0q)Dq cosh0q sinh0q � y11 coshz0q sinh0q + y21 sinhz0q coshq =0

(y11 �Dq coshz0q cosh0q)
2 +(y21 �Dq sinhz0q sinh0q)

2 = D2
(C.6)

Also, to verify if the point p is situated outside the ellipse, the condition, y2
11

D2
q cosh2

z0q
+

y2
21

D2
q sinh2

z0q
> 1 has to be fulfilled. In DCD method, both h0q and z0q are determined by

employing the maximum tangential method on the surface of the qth ellipse.



Appendix D

Notes On The Use Of Atomistic
Simulations

The reliability of atomistic simulations depends on the use of appropriate interatomic forces
and energies. A class of empirical band order potentials, Tersoff, reactive empirical bond
order (REBO) [273], REBO2 [274], screened REBO2 (REBO2Scr) [275], and screened
Tersoff bond order (TSCR) [275, 276] potentials, are being used for covalent materials
including carbon.

Tersoff proposed an explicit expression for the bond order that was able to describe
bonding in ambient and high-pressure phases of group IV elements. Brenner adapted the
coefficient of Teresoff-style potential empirically to describe the covalent bonding interactions
of carbon in a broad range of bonding environments [273]. He extended the potential to
a second generation (REBO2) to provide the most accurate description of bond energies,
lengths, and elastic properties [274].

Despite the numerous successes, the REBO2 potential has been known to fail under
certain circumstances. The most significant failures occur when the bonds are significantly
stretched beyond their equilibrium distances by external forces; for example, under large
external loads or in the vicinity of the crack tip. Although in a brittle material such as diamond,
crack propagation in the form of bond breaking is expected, preliminary simulations run using
this potential have shown that the REBO2 potential predicts the crack to emit dislocations
and blunting (Figure D.1 a).

This unphysical behaviour does not mean that the bond order approach fails conceptually.
This failure simply originates from the applied fitting scheme that leads to two different
problems. Computational expenses could be minimised by assuming that the bond integral
and the repulsive potential are short ranged. The brittle behaviour can be restored by limiting
the interactions to the first-nearest neighbour shell while allowing the bond lengths to vary



186 Notes On The Use Of Atomistic Simulations

(a) (b)

Fig. D.1 (a) Unphysical behaviour at diamond crack tip using REBO2 potential, a crack in
diamond blunts. (b) Bond braking in diamond using REBO2Scr potential.

smoothly over a longer range. According to an empirical screening function approach [277],
two atoms interact as long as there is no third atom in the bonding area that screens the
interaction. This system was transferred to Brenner’s REBO2 to produce a screened second
generation reactive empirical bond order (REBO2Scr) potential [275]. This new REBO2
potential corrects the fracture problem (see Figure D.1 b) [278, 279].

Although REBO2Scr potential improves the description of amorphous carbon (a-C) and
hydrocarbon (a-C:H) phases as well as brittle fractures in diamond structure, it can not
produce a correct order of surface energy for diamond crystallographic planes. Therefore,
to produce a reliable simulation of crack propagation and (cracks) interaction in diamond
material, another improved screened potential must be used.

The bond-order approach can be systematically derived from the tight-binding approxi-
mation [275], thus in principle, bond order potential must be transferable to a wide number
of situations. It is also apparent that the screening function can be applied to different force
fields to enlarge the interaction range similar to REBO2. The same approach with extra
correction has been applied to the Teresoff potential [276].

Adaptations are implemented in the Tersoff’s third-generation potential (TIIIScr) [280].
Since this approach is more rigorous compared to REBO2Scr potential, it is expected to
better predict the physical behaviour of carbon structures. The most accurate molecular
dynamic simulations of diamond can be performed using LAMMPS and ATOMISTICA
packages [281, 282]. The most appropriate potential for diamond and carbon allotropes is
implemented in the ATOMISTICA package and it is recommended that the use of these
package is pursued in future research.


