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Abstract

This thesis presents new and efficient methods of
sensitivity analysis based on the exploitation of the
1nverse of the nodal adnittancc matrix of the circuiﬁ.
_Uq1nﬁ these methods, a small change son°1ﬁ1v1ty of any.
given order may be obtained by s1m01e calculation, prov1ded
‘that all bhe sen51tiv1ty ooeffibients of lower order
have been found previously. Also dﬁScribed is a method
whereby the effect on a circuit output of any large element
change may Eg simply predicted from a knowledge of the
inverse nodal admittance matrix (large-change sensitivity).
The largeéchange sensitivity technique is also applicable
to the inverse problem of tolerancing whereby the change
in eiementlvalue mast be found for a given change in output.
An attempt at directly generating low sensitivity D.C.
networks by constraining branch voltages is also described.
F'inally the methods of small-change sensitivity are,applied
in an optimisation algorithm which reduces a complex cost
function. This cost function is comprised‘of the weighted’
squared modulus of the difference between-acfual and desired
outout and the weighted squared moduli of the element

sensitivities.
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Statement of Originality

The contributions listed below are original ag far
the author is aware; any results which are not original

the author are acknowledged by references in the text.

The method of ‘exploiting the inverse of the modal =~~~

admittance matrix to find the first order sensitivities

and- the alternative derivation of the adjoint network. =

The extersion of the above method to the calculation of
higher order sensitivities.

The 'substitution current;source’ methdd for calculating
large-~change sensitivities and element tolerances.

The extension of +the large~change sensitivity:method

to the case of calculating the effect on the output of

a circuit of multiple element chénges.

The direct generation of low sensitivity D.C. networks

by constraining the branch voltages of the high sensitivity N

elements to assume lower values.

Apﬁlication of the small-chaenge sensitivity methodg

in an optimication algorithm bto minimise output error
and element sensitivity. This algorithm has proved to

be very efficient in its use of computer time.
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Glossary of Commonly Used Terms and Definitions

branch current

branch'voltage

bfanch admittance

voltage controlled current source

controlling voltage of a controlled current source

independent voltage source

independent current source

current in voltage contirolled current source
scalar position paraméter

sensitivity of the ith output to an element x
diagonal matrix of branch admittances

nodal admittance matrix

vector of branch currents

vectof of independent current sources
another vector of independent current sources
réduced incidence matrix

vector of nodal voltages

diagonal matrix of controlled current sources
vector of nodal forcing currents |

th element of the inverted nodal admittaice

the ij
matrix

the i#h component of a search directioi: vector [D]

x, ¢ and ¢ denotle elements and their admitcances

The 'active nodes' in a circuit are all the nodes excluding

the reference node,

The 'sencibtivity! of an element is the normalised chsiige in
its circuit output for a normalised minute change in the



element value,
An element 'differential'.is the differential of the output

of a circuit with respect to this element.

A1l circuits are assumed to be analysed on the nodal admittance
basis unless otherwise stated.
The butput of a circult is assume& to be the voltage between

node 2 and the reference node unless otherwise stated. =



Chantér 1

Introduction

, The design of an electrical circuit is a process
which relies very heavily on the past experience of a
designer. - A% present 1t doeq not appear to be practlcal
in the faﬁéﬁ01al ‘sense at least, to give a desired network
functlon to a oomputer and then to get a sultable c1rcu1ﬂ
'back Th° aim of the research repoxted here has been to
prov1de tho de31gner with sufficient information about an
existing circuit so that he may then take a decision on the
sultability of this circuit for the proposed application.
Assuming that the circuit is unsatisfactory in some respect,
it may then be optimised in the computer so that the resuliing
circuit will meet the required specifications. Although
most of the results presented in -this thesis may bBe obtained
by more circuitous routes, it is essential to find'andl
use the quickes®t methods of calculating the desired
information. Otherwise computer aide&,circuit,design,‘an&
in particular circuit optimisation, will remain the sole
province of research institutes where financial considerations
are ignored. |

When a circuit design consistsbof a few elements

then a bench test is usually sufficient to determine its
suitability. However, for a large circuit, it is very
 costly in time for & designer to alter each of the constituent
elements in turn and determine the effect on the circuit
outpute. Also it is wusually impossible for é designer to

find a device, such as a transistor, which only varies in
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one of its parémetefs from an original dewvice. Therefﬁre
some form of model which consists solely of ideal elements
~must be found for eachvelement in the desired circuit so
that the circuit may be simulated on a computer. This is
especially necessary in the case of integrafed circuits |
since once a design has been finalised and the necessary
diffusion masks constructed, it is then very expeﬁsive'tol
.‘alter tﬁése masks. - Oncé‘an initial deéign has‘been'comple%eq;
this design should be simulated to find the various factors
affecting the performance of the circuit. One factor which
determines the quality of the circuit is the effect on its
output of a small change in any element value. TWO
measures are used to represent this effect and these are
the differential of the output quantity with respect to
the elemen® under consideration and the element senéitivity.»
The element sensitivity is defined as the normalised change
in output for a normalised minute change in element value.
Once a satisfactory circuit design has been g%hieve&A
it is usually considered necessary to tolerance the consistuent
element valueé. The tolerancing of elements is the process
whereby the accuracy, to which elements must be made., is
determined. It is pointless, and expensive, to construct
all the eléments to say one percent of their nominal value
when a value twenty percent either side of the nominal |
may be more than sufficient for most of thie elements.
hile element sensitivity provides a reasonable guide to.
the required element tolerances, care must be exercised in

the use of these figures since element sensitivity is only
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Historical Background:

The field of sensitivity and its implication for
circuit design was immediately apparent to early workers
in circuit synthesis. Some of the early classical synthesis
't‘.echn:'Lquesl"4 produced circuits which, though haviﬂg'the
desired responses when all the circuit clcments were at
nominal value, in practice usually exhibited an immittance
finction differing wideiy ffom that required. This Was
‘due to the circuit elements having spreads around their
nominal ﬁalues. : Due to the»required.precision in element
values, these synthesis techniques,‘although the only means
available for satisfying complex'specified immittance
functions, are of limited valﬁe today owihg to the expense
of constructing the resulting circuit design. None of
the classical methods‘such as Brune? and Darlington3
syntheses ﬁere capable of handling ﬁon—reciprocal elements
and hence work in non-reciprocal circuits proceeded on a
more or less empirical basis. Here, the most important
factor was vhe designer's judgement and knowledge of
previous circuits and their responses. To avoid this
empirical approach, much of the early work ih the active
synthesis field was devoted to breaking down complex
functions so thét these functions could be synthesised.asH
a cascade connection of circuit blocks each having a much
gimpler immittance function;7’8’15 " |

As inductance is the most difficult type of element
to construct so that the actual and ideal behaviour correspond,
-much effort was devoted to the developement of inductorless
circuits. Two lines-of approach were tollowed, the

first and most obvious was the developement of ‘gyrator!
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circults and the second was the developement of active RC

circuits. 6 29,1 ,12

The ideal gyra%orll is a ﬁWo port passive
device having inversion properties between its two ports

so that if one port is terminated By a capacitor, the

other port then has the properties of an inductor.JA At

~the present time no really satisfactory general class of
 indu§torléss-actiVéAfil%efvhéé beéﬁUf6ﬁhdifbwreﬁiaéevfﬁé“

inductor/capacitor filter generated by the improved classical

“techniques.  This field now appears as if it may be taken

over by digital filters; for example, the British Post
Offide is actively considering changing from linear passive
circuits fo intvegrated digital filters for channel seperation
on their trunk cables.14 In‘the subséquent pages linear
active circuits ~such as linear amplifiers- designed on

the semi-empirical basis are the type of circuits to be
considered.

The‘advent of iﬁtegrated circuit techniques has
.changed the philosophy of design. Formerly, active devices
were bulky and required relatively high power for operation. - -
Adthough the advent of the transistor did‘much to alléviate
this problem +the most important consideration was that
both transistors and valves were by far the most expensive
items in an active cireuit. | Over the last decade, howeVer,
integrated circuit technology has advanced so rapidlyl |
that transistors and resistors may now be fabricated with
‘equal - ease. Hence the cost of these two devices is
approximately eaqual and when very high or low wvalues

of resistance are called for the cost of a transistor is

far below that of this regquired resistance. However the
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advent cf Tthis new technology has produced even greater need
for low sensitivity circuits due to the difficulty in |
fabricating devices with values close to the nominal (low
tolerances). ~Despite the difficul+ty in obtaining nominal
values for any component it is economically feasible to
obtain two or more elements which are accvrate“y matched
prov1ded these elements are fabrlcated in close prox1m1ty.5 
;Therefore=01rcuits designed for integration do not attempﬁjl
to minimise the number of devices but rely on a‘profusion-
of elements,'ﬁoth active and passive.. These‘elements may
have values which differ cohsiderably from the nominal value
(high tolerance). This is in direct contrast to discrete
element design where the number of antlve devices was
minimised snd the passive elements had fer more precise
values thar the active devices.

The possibility of an initialiy designed‘circuit
functioning as desired is small unless the design problem
is trivial. In order to test a circuit a. designer must
either build the circuit or else simulate it on a compﬁter.
Since a knowledge of the element sensitivities is usually
required; if only for element tolerancing, a comﬁuter simulation
study should be made for the economic reasons discussed.
earlier, The element sensitiviiies also give the designer
an idea of the direction in which circuit elemeats should
be altered in order to minimise a difference between the
actual and desired circuit oufput. Barly methods of
calculating element sensitivity merely transfered, to the
computer, the practical approach of changing an element

wvalue and

jo]
[¢]
e

. . 13, . . , . : .
Cradwick 3). This is extremely costly in computer time
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‘éingé:thé ahélysis of é circuit of reasonable size 1is .an
extremely tedious cperation. Therefore, if the circuit is
subjected to an optimisation process which depends on a
knowledge of the eilement sensitivities or differentials,
the number of circuit'analyses may well run into ?he'
thousands. Therefore the general purpose optimisation
‘programs, which usually rely on perturbation methods for -
finding derivatives, afe verj.COsfly in computer time. 22
~Also, numerical differentiation is unreliable since it =~
relies bﬁ‘the subtraction of nearly equal numbers.

The first published attempt to reduce the computational
effort involved in sensitiviity analysis was presented by

16 14 this paper a method of calculating the

J. V. Leeds.
differentials of all possible transfer functions with
respect to one partipular élement of the network waé
described. The method relies on_the definition of

an 'auxiliary' network which is identical to the original
network except that all the initial independent sources

are set to zero. This auxiliary network is then forced:
by a source in the branch of interest. The original math-
ematics demanded that the source be either a current or
voltage source depending on which element type was being
considered. However the possibility of eitherr a current
or voltage source is not an extra complication due to the.
ease of transformation between current and voltage sources
providing an impedance is present; this condition being

met in these circumstances. The differentials. of the-

desired responses are then given by the values of the

to the desired responses in the original network,
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In the following year, a joint paper by J.V. Leeds
17

and G.I. Urron enlarged the auxiliary network concept.

This extension presented a method for the efficient calculation
of the differentials of gggvimmitﬂance function with respect
to all the network elements, but for reciprocal networks |
only. Tor ease of discussion it is now assumed!thwt both
origiﬁal'and'aUxiliary cir¢uits'are‘being consideréd on

a nodal admittaﬁCevbasis. Consider placing a unit CurrentA
source across(the port of the auxiliary network corresponding
to the oufput port of the original network. Then the
voltage appearing across any elément is that'which would
appear at: the output of the auxiliary network if the current
source had been placed across this element. This is

because the auxiliary network is reciprocal since the

. original nelwork has been restricted to the reciproéal set.
Therefore the auxiliary network‘is énalysed with a unit
cﬁrrent source across the output port. The‘differentiaIS'
of all thé elements are then given by the product of the
element voltages in the original and auxiliary network (see
Chapter 2 for a rigorous derivation and explanation of this
result). :

S.W.: Director, in u thesis submitted to the University
of California in July 1968,;8 presented the concept of the
'mutually reciprocal' or ‘'adjoint' network. “his concépt'
was a re—discovery of the work on inter-reciprocal networks
carried out in 1957 by J.L;,Bordewijk,23 Amongst other

useful properties, the 'adjoint' network provided for the

éxtension of the Leeds and Ugron result to non-reciprocal

U S,
140 Ly
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ciprocity is dealt with in far more detail in Chapter 2.



ma_i5M__ﬁ.#

Sﬁmhari:

Chapter 2 presents a wnified mathenmatical approach
linking the work of Leeds, Leeds and Ugron and Director.l6’l7’l8
The approach is based on the differentiation of the standard
branch relationship rather than an approach using Teilegenﬂs
theorem;33’18 Pinally in this chapter, a method of
" calculating first order sensitivities is ‘proposed which,
althdugh slower than the ’adj01nt' network approach, willp
“lead to saving in computer time if further information is
required about the circuit.zov Chapter 3 then extends the
prop&sed method to the calculatibn of any order differeﬁtial
of the output with respect to any combinafion.éf circﬁit
elements.

Large change sehsitivity and element tolerénéing is
the main topic of Chapter 4. Very efficient means of
calculating the effect on the circuit output of any iarge‘
change in an element have been found by exploiting the
invefse of the nodal admittance matrix. The technigue is
algb applicatle to the reverse procedure of tolerancing
where the eleﬁent variation corresponding.to a fixed éhange\
in output must be found. Two different methodé are then
developed whereby the effect on the circuit output may
be calculated for multiple element change. In the first
method the amount ¢f calculation may be gfeater than that
involved in a new analysis of the complete circuit if the
number of variable elements exceeds the number of 'active!
nodes in the circuit. In the second case, however, the
amount of computation necessary to find the chahge in output

will never exceed that which i1s necessary for a new analysis

of the circuit.
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‘Chapter 5 describes an attempt-at the direct generation
of low sensitivity ngtworks.' Difficultice in retaining
positive element-values, as well as the restriction of the
technique to D.C. dircuitg, Were the prihcipal reasons
behind the cessation of this investigation. As tﬂe
differential of a circuit output with respect to'any elememrt
in thé'¢ircuit is given by’thé pfoduct of the elémeht' N

voltages in the origihal and adjoint circuits,18

a sensitivity
reduction was sought by forcing a reduction in the‘voltagej
across the element in question.  The method used to force
this‘reduction in element voltage was an automated form
of the 'constrained embedding!'! technique described by
E.B. Kozemchék and IM.A. Murray—Lasso.29 Exémples éré
presented which show that although the method can ppéduce
avspectacular sensitivity reductioﬁ, it is more normal for
the teohnique to produce negative eiements.

The results of chapters 2 and 3 are used in chapter 6
to implement a very simplle, but highly effective‘optimisationA“
~algorithm. This algorithm optimises circuits so as to
reduce element sensitivity as well as the difference
between actual and desired output. Each i%eraéion searches
along the direction of steepest descent which is found by
the analytic techniques of chapters 2 and 3. ' The minimum
along each search direction is usually found from oniy fwo
function evaluatiqns, one at the start of the iteration,
and the second one at a carefiilly chosen positién?along the
search dircction. Based on the assumption of quadratic
béhaviour, the position of the search difection minimum is

predicted. Lxperimental justification of the validity
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of the quadratic assumption is presented. The efficiency
of the algorithm is illustrated by the rapid rate of
convergenée of the chosen examples. Trom these examples
it appears that a reduction in branch sensitivity ;sg‘

a difficult process to achieve. This is because the
algorlthm qulcxly reduces the dlfference between des1red
:and actual output whlln effectlve rOductlon of clcment
sensitivity is contlnued for far mowe 1teratlons. | Puture

“research problems and poss1ble solutlons are\the subgect

of Chapter 7.



Chapter 2

First Orcer Sensitivities
In the field of circuit design, one uf the vprime
considerations is 'will the circuit work?'. Laboratory
built models usually function correctly whereas problems
~often -arise when: a circuit goes into production or field

service. This situation can usually be ascribed +to

-components changing their wvalues slightly due io environmental . -

change, or else 1o a new bétoh of components having slightly
different values from the preceding batch. Therefore any
new circuit design must be examined to find how dependent

the output Is on the values of all its constituent: elements.
When the circuit under examinatiomn: is a reascnable size

it is impractical, and sometimes impossible, to alter each:
element in turn and examine the change in output.  Therefore
an efficient ma%hematical means is required fér calculating.
the effect, on the output of the circuit, of a small change
in each individual element taken one at a time.

F'irst order sensitivity is, as previously definéd, the
ratio of the normalised change in the response‘of a network
to the normalised'change in any element in the network.

To facilitate future discussiom it will he assumed that any
circui® is being considered on the nodal admittanceﬂbasis“

unless stated to tlie contrary. Consider a circuilt composed
.of a number of standard branches, each having the form. shown

in figure 2.1 and described by

)

i, = ¥y ( vy - eF‘) - I+ In --=-21

where ib and v, are the branch current and branch veltage



respectively, IS and en are independent current and voltage
sources and IF,is a voltage controlled current source.
Touation 2.2 is obtained by foraing all the branch equations

into the matrix Form’

[1 ] = [V [v ~ep [I + [IF] - 2,2
where [Y‘] is a dlagonal mahrlx ana the remalnlng qudntltles
~are column vectorg. On pr°~wul+1p1y1ng equation 2.2 by
the reduced incidence matrix, [A] (see, for example, ref. 24),

the left hand side of the equetlon goes to zero -as shown in

equation 2.3, ' ' - J

[A[i,] = )’_o = [A][ v, = ep] - [A][1] + [Al[Tp] - - 2.3

This leads to an expanded version of the nodal analysis

equation

[T 1A° ]+ (4] [m] [21° [v'ﬂ:[fx_] [1 ]+ [ [rp] feg] - - 2-4-

In.this equation [vy] is the vector of nodal voltages, the.
term for the controlled current sources has been e: xpressed.
explicitly as [gm][A] [VN] for ease of reference later on,

and [gm] is the non—diagonalvmatrlx of mutual conductances.

If a comparision with the usual compact forﬁ of the expression

for nodal analysis, , | |

Yl [ ] = [Tl - - - 2.5
is made, it is seen that }
[ 1l =[A1[ %) [A) [ [4] [’-’m [ﬂ [ T 2.6
and that [1]=[4] [Is]+[AHYb][eF] -~ 2.7,

2

Hatrix ecuation 2.4 may be solved by one of a varietly



of techniogues to yield all or some of the nodal voltages,
depending on the method chosen. The only methods used in
the tollowing work are the Gaussian method for the solution
of linear equations and the Gauss-Jordan compléte elinmination
method for the inveroioﬂ of a matriz {(see Appendix A for a

discussion of these techniques).

" Derivation of First Order Sensitivity:
Consider equation 2.1 rewritten with the term for the
“controlled current source expressed in terms of the mutual

conductancevfactor, &1 and the .controlling voltage, v%.
C - e ! - - -
i, = ¥ ( Yb ep ) + g, vp = Ig 2.8

Differentiation of this branch equafion with respect to a
dummy variable, ¥, provides the starting point of all the:
knovm efficient methods of sensitivity analysislG’l8’2o.
Tne element sensitivities may, of cburse, be found by the
nerturbation method. In this method each individual elementl
value is éltefed hy a few.percent and the circuit.is re— |
analysed to give the change in output. However this method
is subject to numerical error, as well as being very |
expensive in cowputer time since each element éhange requlres
a separate analysis.

The differentiation of equation 2.8 has three possible
results depending on wuich elemenf X represents. ‘If‘jx

is not an element of the branch under consideration, that

is X% Y, and X & g, ‘then

51 V. v, ‘

0 _y M, 0™ 2.9

9 b 2 °m o
IIowever if X is the Vbranch admittauce { X= Yb) then the

differential is
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di N4 . VL -
{ b b .
— = Y o= o+ (v, =e, )+ g = - - - 2,10,
O b % b r &nax
The Lnot clternotire in when X ig the Lronceh wrbual conductance

v
3 - b IX ey *VD -2
Y o

asbb 1iry, =X “%}m—llfrn—.x.

"Use of the Kroneckerﬁbelta’fUnction,

Diy=1 if i=j

i

allows equations 2.9 to 2.11 to be expressed far more compactly

il

0 if i\j’

as

diyp 3%y bvﬂ : '
— - v, —e) _ ' - - = 2
5% = Y53y * Gzt Oxr, (umep) * bag AR

Pre-muyltiplication of the generalised matrix form of this

equation by the reduced incidence matrix, [A]; gives

v, bv o o
[Yb][Alt[b N] b] "ZA]PiXb(Vb"eF>+SngV%] - - 2,13

whiéh may also be written as .

[A][Yb] ]'l; OV} \T] A][Om X]"b é_.l\.[ "“[AJ[SKYb(Vb"fi?)*"‘gxgmvﬁ - - 2.14.

The left hand 51des of this equation and equation 2.4
are 1dontlcal in form. This cbservation means that
equatioﬁ 2.l4lmay be interpreted as a new network,
topologically ideqtical to the criginal and with the same
element values, from which the voltage differentials of
the original network may be found. Thege differentials,
with respect to an element-ix, are equal to the nodal

voltareﬁ of +the new network when this network is driven by
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‘a suitably valued current source across the same element X.
As shown by the right side of ecuation 2.14, this one current

source, of value'vb~eF, across X is the only independent

source in the new netwdrk.' The new network, shown‘in
figufe 2.2; is the auxiliary nefwork proposed by J.V; Leeds.16
Hence, by analysing one extra circuit,; the sensitivitiesldf
'all possible transfer funétibﬁé to one ChOéen‘éléménﬁ'éan{". 
'bé foﬁnd; 'However,vﬁhat is nbfmaliy féquired is the
“sensitivity of one particuiar'output'to'ggl'the”elements;j"
'S0 no gain in computatiénal efficiency over the perturbation
‘method has been obtained. Where this technique does have

an advantage compared with perturbation is that the value

of the differentials are far more accurate. This is

because the process does not rely on the subtraétion of

two large numbers of near équal value. '

If ﬁhe class of networks undef consideration is limited
to the reciprocal set, then,'using the principal of reciprocity,
the auxiliary network may be used to find all the element
sensitivitics with respect to one nodal voltage. Consider
forcing the auxiliary network across the output.port by a
unti current source (figure 2.3c). The voltagé,(y,
appearing across any element, X, is identically equal to
the voltage that would appéar across the output if the
curfent source}had‘been placed«acrosé the element in
guestion (see figure 2.3b). This because the auxiliary
network must be reciprocal since the original‘circuit is
defined as being reciprocal. .'Therefore if the auxiliary
“network is analyéedehen}the output port is being forced
souree; then the sensiitivity of the

original output voltage to any element may easily be found.



The differential with respect to any element is the'rovative
product of the oripginal clement voltage and the auxlllary
element voltage. Tnis was the result derived by J.V. Leeds
and G.I. Ugronl7 in 1967, |

The restrchlon of the Leeds and Ugron technique o
reciprocal networks was lifted by‘the introduction of the

18 25

'mutually: reciprocal™ or 'ad301nt' 01rcu1t This

' networ‘ exhlblts a form of” re01proc1ty wlth the or1~1na1

__circuit as ShOwn_ln figure 2.4. If the port of the ad301nt” M_H

network co*reopondlng to the output port of the orlglnal
clrcult is forced by a cufrent sou;ce, then, the voltage
appearing at the port corresponding to the input port Qf‘
the original circuit is identically equal to the output
voltage of the original circuit.if the two foircing currents
are equal; Therefore this adjoint network is analysed
with a uwnit current source forcing the corresponding ouﬁéut-
port and the branch voltages are found. These branch
volteges correspond to the output voltages thaf wduld
have been obtained if the original circuit had been forced
by a unit current source mcross each branch: in turn and the
circuit re-analysed. The differential of the output
vpltage of the original circuif with respect to any element:
is the negative product of the original elemént volfage
and the adjoint circuit elemeﬁt‘voltage. Therefore.thé
sensitivities of vne network response to all elements are
found by the analysis of two circuits only, the original
and adjoint networks.

tthen the original network is reciprocal then the
adjoint, auxiliary and original notworks are identical except

for the independenu sources which are set to zero in both



oG

the auxiliary and adjoint neiworks. The adjoint network
provides a conceptually simple circuit idea for the .

undersivanding of clement sensitivities ond optimisation

gradient directions (see reference 19) which does not rely
heavily onAan understaﬁding of the properties of circult |
matrices. Also the adjoint circuit is épplioable in
time domain analysis where time has the fascinating‘prOPerﬁy
 6£ ’fﬁnning' ba¢&wards'for the'analysis of.the adjoint.
| circuitlg; | - |

However fhe approaCh'fakeﬁ by‘the aﬁthor.wés tbvconsider:
Véquation 2,14 more closely. Rewriting this equation in a

-

more compact form

2V '
[YN][-S&E] = -[A][Sbe(vb - eF) + Szgmvl')} - — - 2.15

it is seen that if [VN]'iS substituted fmr[%%?] the left
Hand side is equal to the left hand side of equation 2.5.
Sincé equation. 2.5 is the expression for the original analysis
of fhe circuit it is therefore unnecessary to do two complete:
circuit analyses. If equation 2.5 is solved by inverting
the nodal admittance matrix, [YN],.this one inversionswilll
not only solve the original network, but also supply all

the element sensitivities. The sensitivities are calculated
by utilising a suitable driving vector, [Dj,'equal to the

right hand side of eguation 2.15.

i.e. [D’]‘.‘—_ —[A][gwb (v, = ep) +57cgmv1'lf] - - - 2.16

This vector, [DJ, has, at the most, two entries for any
circuit element. These enitries are in rows i and J
corresponding to the nodes to which the branch is connected

(see Ffigure 2.1), If the element, X, which the output is



being differsntiated with respect to, is an admittance, the
. .th . N
value of the entry in the j™ row is the value, V=G5 of

4

the voltugce develovped neross this admittance. However,

if X is a voltage controlled current source, then the value

of the jth entry in [DJ is the value of the conilrolling
4 : -
voltare, v%. The i”h entry in [D] is merely the negative
.Th +

of the entry.

~

'wTﬁisuﬁéfth‘bf sensitiﬁify.aﬁaiysis is'Slightl&’éleef:A
thaﬁ thé adjoini nétwork‘éppfoéch since the“inversion process
"is about two and a half times slower than a direct solution
of +the circuit equations (see Appendix A); "However, far
more information is known about the circuit if a fuwll inversion
bf the nodal admittance matrix equatiomw is available. It

the circuit equations are sol%ed by a simﬁlﬁaneous equation
routine, them the output impedance and reverse fransfer
admiffance are not known whereas these.quantities are
iﬁmediately available from the invefted cirouit'ﬁétrix.

If higher order differentials oi the effect of 1argé element:
changes are required (see chapters 3 and 4), theﬁlan inversion

~of the circuit matrix is by far the most efficient technique

to employ.

Derivation of the,'AdjointvNetwork':

As illustrated in figure 2.4, the 'adjoint' or
imutually reciprocaI'Anetwork haes a form of‘reciproCal
relatioﬁship with the original network. Consider a
non-reciprocal network forced by a single current source,
iF’ between nodes k and 1 with response voltage appearing

between nodes m and n. Therefore

Vo = By — r~ (Zgy “.an)iF - - = 2.y



vhere Zij are the elemonts of the inverted admittance malrix
-1 . n '

b%d (sce couation 2.Y). The desired property for the

nGjoint networic 1s that whcn the current sourco, IF’ is

nlaced between nodes m and n the voltage annearing between

nodes k and 1 is identically equal to the voliage, \mn’ of
the origingl network. Theretore
\' = = (= - 74 - (21 — z! ) - - -~ 2.18
mn ( km 1m)IF ( kn 1n)IF
where zij re elements of the Jnvorrod admltt%nce matrix for-

the adjoin* network. However the volbaﬁe across nodes k
and 1 in the adjoint network must ecual the response of the

original circuit, V__, whewn any vair of nodes k and 1 are

jiiie]
chosen for the forcing current, IF. Therefore
Vv =V, . = (z! ~ 7! YT, - (2} — zi )I. - - - 2,19
mn k1 Yk Iln’~F kn In’~F

for all k and 1 and by equating the right hand sides of

equations 2,17 and 2.19

(7. .~

nk) - (Zml"znl) = (z 2™ *1m ) - (an in

results after the cancellation of IF‘ Rearrangement of

the right hand side of this cquation gives

( {1 1 1 (]
T = - (z_4-7 = {a! -z -zt ~z - 2.21
{ ke nk) ( ml. nl) M km kn) ( lm ln) 2

for all 1 and k. Caretul examination of the indices shows

that the indices o the right hand side of eguation 2,21

are the reversed indices of the leit hand side., ilence the
adjoint netwoerk hoe the tronsposed nodnl aduilbtence matrix

of the original circuit.
This knowledge is sufficient in itselt to analyse

-3 S 9 3 ey A w S T . . < .- - oj- R
Tihe odjoint notwerit. However it i1g conceptrally uscful



to derive the network which han this admnittaonce matrix.
Since two terminal clements have symmetrical entries about
the main dizgonal in any adumittance matrix, thesce elements

are identical in the original and adjoint nebtworks. Now

-

consider a voltuse conirolled source belween nodes i and j,

®

controlled by the volt=ge belween nodes k and 1, This
source will Have four entries in the original circuit's

admittance matrix which are in rows 1 end J and in columns

k and 1. Transposition of the admittance matrix means

e . . th th _ e
that now ti.ese entries are in the k and 1 rows and the
. th . .th N . . . e . .
i and j colunns., Hence, in the adjoint network, the

th ancd l-l;h nodes

and controlled by the voltage vetween the ith and Jth nodes.

controlled source is connected to the k

This means that the adjoint network is formed by keeping
all two terminal elements the same but controlled current
sources have their controlling and controlled branches

interchanged.

The circuits designated as 5 and 6, shovm in fipures

2.5 and 2.6 respectively, were analysed by inverting their:
circuit admittance matrices, A1l the element sensitivities
were then found by exploiting the inverse admittance: matrices.
T'rom the results tabulated in figure 2.7 it may be seen

that cirenit 6 could bve said to be better than circuit 5.

This is because circuit Y bhas four Lwranches with higher
ceensitivities than the hishest branch sensitivity in circuit 6.
The sensitivities of the source branches, R2 and R1L3I in
cireuits 5 and 6 respectively, have bheen ignored since

the i1ucluslon ol bhese branches Ls-only o e tbematicad

-

device for similating a voliage source; both these braunches

v



have sensitivities very close 1o one. In order to
demonatrate the triviality of the sensitivity calculotions

in conynrision witih the actual analysis ot the circuit, the

a2

- ~ H 8 -1 - -+ 9
times for the vaorious ports of the calculation are als
3 3 0 1 3 a =~
given in figure 2.7. Thesc times rofer tc the usc of the

program on o Digiltal PDP 15 computer having 16K core store,
the clock being started immediately before the formation
g

the nodal admittance matrix, [Y.I. The times given do

or o
1%

not include the time involved in printing out which is
lengthy. Since the real-time cleock in the machine is run
from the mains freguency, the times are only accurate to
vithin twenty milliseconds. The PDP 15 computer on which
this program was run has an extended arithmetic unit (EAR)
but 2ll real number multiplications and divisions are done

by software and hence are relatively time consuming..
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Pl Vb
b W
[ © Reciprocal or Non- O
) Reciprocal Network T
~(no independent ot
sources) -
VSN
b
| Auxiliary Network N
(same as origihal 1‘,
network)
MNout _
Oy ‘Y

Ilustration of the Auxiliary Network

Figure 2.2



; Reciprocal | |
(a) /[ Network /[VOU*J

_ of Iinterest
L_

Auxiliary

(b) Network | ']\4,

(same as original
network)

(c) Auxiliary
A Network 1.

bVout _
Ny VY

Mustration of JV. Leeds and G.|. Ugron’s result for

Reciprocal Networks.

Figure 2.3
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] Original Network
| Reciprocal or
i} I non-reciprocal

Kk n
O—‘_—.. .
Mutually reciprocal
v ) or adjoint network ~
'F
n
o——
|

v_V
J

Gxample 1llustrating the mutual recinrocal propertie
between original and adjoint networks.

Tigure 2.4
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Nodal Voltarse Table

Mode Mumber : Circuit 5 voltage' Circuit 6 voltagé
1 .608 : 2,39
2 3.94 - ' 6.23
3 9.94 | 9.95 .
4 .608 3.14
5 605 239
6 7 S 3.14

Time taken for analysis
Circvit 5 = .64 secs
Circuit 6 =‘l.04 secs

Sensitivity of Node 2 voltage with respect to all branches

Branch Nc. ‘ Circuit 5 Sensitivity Circuit 6 Sensitivit;
1 ) 0. .697
2 .994 (Source Resis.) -.661
3 -1.52 ~.038
4 1.42 ‘ -.038
5 .33x1073 - - .57x1073
6 -.029 | =215
7 1.51 | . -.024
8 ~.022 . .806
9 .022 . .16x1072
10 015 - o —egxot
1 015 © a7xo07?
12 ~1.42 -.598
13 N/A .995 (Source Resi:
14 o | N/A 0.

Additional time taken for sensitivity calculations
Circuit 5 = .06 secs
Circuit &6 = .08 secs

Tigure 2.7



Chanter 3

lidsher Order Sensitivivies

3

The better general purpose ¢

S A e (R

- . .
timisation algerithms

R

rely not only on deriving the first order differentisls

of the cost function with respect to the system parameters,
*®

matrix.25 llany different techniques have been proposed

’for fiﬁdinﬁ an approximation to the liessian ﬁatrik, one

'of the better knovar methods being that described by

Fletcher and Powell in 1963.26 It will be shown in this

chapter that the complete Hessian matrixz may be determined

analytically at a computational cestrcomparable to ﬁhat

of a single circull analysis by following the methods

developed in the previous chapter.

| Consider equations 2.9, 2.10 and 2.11, rewritten below
as eguations 3.1, 3.2 and 3.3 respectively, which describe
the differentiation of a branch currenty ib with respect to

any element X.

éjb_YéZb.l.(rb_b_\_r}; __._..31
X 7 b yx “m dx °

¥ The Hessian matrix, [HJ, of a function 1 is defined as

the matrix consisting of the second order differentials of

I with respect to all the elements comprising the function, T'.
That is, if

I‘I i~ f(:{]‘1xzcooco-a¢:{n)

where 1 and j are the row and columm indicegs respectively.



for X3 Y, and PN *ﬂm’

Oy = 1

% - sz;\' b (vy=ep) + EZ?F - - - 3.2
for X= Yb and

bib AV bV

e - - - 3.3
for XY= g}?l

Turther differentiation of these equatlons with eﬁpect

to an element, ¢, of the network leads to varlety of resulf~
all of which are systematically listed below in equations
3.4 to 3.12. Differentiation of equation 3.1 wifh pespect

to ¢ when ¢ is not an element of the branch gives

2. 2 2
'y _y ¥ . b b R
3¢d3x T b 3gox  Cm 3F3X Ze

. b - b
for X% Yb’ X% . 47 ¥ Y-'b and ¢ ¥ En’

However when ¢ is the branch admittance then

2. 2 2
dlp _, 2T 3y b2 Vh
dpox b dfdx T X Em T ox

"""""3~5

b ' '
for x% Y., x¥% g, ond ¢ = Y, .
The last possibility for the differentiation of equation 3.1
is when ¢ is the branch mutual conductance. That is
2. 2 2 '
Oty 3% b3V
dbox ~ b 3gox T Fm Tpax T T

b b
for X% Y., X% g, and ¢ = e

Similarly differentiation of ecuation 3.2 with respect

t0 ¢ gives

v%1y v Y, bW,y 4
S~ b 3Fex a4> * By 555 - 3T

o i o e a



,‘40'

N . 2 H
2y 2T 2T ¥ b3 Th - 3.
293X b 292X T X dp i 39 5% -°
for X = C}' =l 211d
azi ?v v xgv' v!
by > + é_b pogP 2y é~0 - - = 3.9
39X b dgox d¢ Pm 3¢ dx d X .
— o et (‘!‘b
for X= Y, and § = g .

Also differentiation of egqualbion 3.3 with respect to @

{1ves
2. 2 2 4
iy 3V b2V % 1.0
3p0x ~ b 2pox  Bm Jgax T Vo ' -
b b
for X= g_, o % Y, and ¢ X% g,
2 2 ) 2
1y . 3™ 0"y b2 VE 2V, 311
Spox . b apex T o¥x T m 3gaw I ’
for X = gﬁ and ¢ = Y., and
bzib 32vb b 52v% 3V'y, y v
=Y + & + 5=+ T o~ - = 3.12
dpax TP 3¢ ¥% M 3HIX dX d
for ',‘(: (;) =

These equations are expressed concisely in eguation 3,13
by the use of the Kronecker Delta frnction, Sij’ defined

in the previous chapter,

2. 2 2
07y Ly 3y . be vy .5 EZ~ s Ezb‘
2p3x  bagdx T Tmdgax T ©9,Y, % XY, 8¢
v' bv-'
ceet 54 =P b—" -~ 3.13.
" q5,ggcx xagmbCP 3 3

Premultiplication of the matrix form of equation 3,13
by the redvced incidence matrix, [Q] yields, on rearrangement,

dVy 5V1

[N][M’M ang‘b‘f i S'XbeW S‘?,g e

bvé]
"o o Sfx‘ b—g"'q’ - 3014



4L

which is identical in form to equation 2.15. The right
hand side of this eenstion may be exprecsed in a nore

compact form as

o M ] LR (SRS -

where [YJ rYk] + fgm both of which have been defined in

L'J

Chapter 2. - This 1s because
dy
b . _
ET=1 if f—— b
d
and S . c_ D
'd—f = 1 if i——gm
b

Thus the second order differentials of any nodal voltage
with respect to any two elements in the circuit mayvbe
found very simply once the nodal admittance matrix, [YN]’
has been inverted. A1l that is required in addition to
the inverted admittance matrix is the Jacobian matrix, [J].

This Jacobian matrix is defined as

i .
: Yy,
[a]=[20 -~ 3.6

. 21 3 - .
where i and j are the row and column indices respectively,
i is any element of the [YJ matrix and v% is the branch
voltage of the ith element, In practice it is more
convenient to generate the elements of the Jacobian natrlx
as reguired utilising the technique discuge=cd in the
previous chapter and identical in form to *he above derivation.
This 1s because the available core store on most computers
is at a premium compared with the minimal increase in the
amount of computer time required to evaluate the elements

of the Jacobian matrix as they are needed.



\
Once the second order derivatives have been obtained
there is still an additional term to be calculated if the
differentials of the sensitivities are required. Since

the sensitivity, Si, of an ontput i with respect to any

element, X, of the network is defined as

bvi

i x ‘ , ' .
S ~Tf—b—5—( - - = 3.17,

X - .
i
the differential of the. sen51t1v1ty factor, Sy, w1th resrepﬁ

.to any element ¢ in the network is given by

> st 2°v; % dVi dVy | 3.18
30 =S"85Zw7~""253227‘ T e
@ ¢ i vy 9
for %k‘¢
st v. Vi BV BV
B 399 % V5 2 3% B V5 X e
1
when ‘X=47

These equations may then be condensed by the use of the

now familiar Kronecker-Delta function as shown in cquation

3.20.
i 2 ' ,

bb_ 8 i X 2.2.‘1..~_b_._1% ézl..]; 3,20

39 0¥ Ty T L2 ¥ 3¢ LpOX V4 .

Hence, using equation 3.20, differentials of the gsensitivities
may be simply evaluated from the values of the first and

second order circuit output differentials.

Higher Order Differentisls:

- Congider equation 3.15 differcntiated with respect
to a further element, &, of the network. Only two terms
result from the differentistion of the right hand side of

Fh : : - oy .
this eguation since %ae rme [u] Ld¢] and lﬁQ contain



~ones and zeros only. Ttherefore differentiation of these
. - \ . . -
termns result in the null nmatrix Lp] and hence

3y ORI - D

- -

] R -

Now consider differentiation of +the left hand side of

s

equation 3.15 with respect to £. This process is more

I\)

1l

easily carried out if this section of the equation is

expanded by use of the two substitutions

[N] D‘][YHAJ | - - = = 3,22

where [YJ [Y 1 + [gﬁ] as previously defined

v LY o
and §¢6; = [A]t[b¢§;] | | - —.— 3.23

since [Vb] = [A]ﬁ[vN].
Therefdre §§'([YN][§¢32}) =2 ([A][i][b¢5XJ - - - 3,24

.. 232V¥ C
giving "g'é ([YI‘IHQ,@I\;{] ):A][Y],;Ebdpb’X] [a ;ﬂ b¢>b7(] - 3.2

Use of the substitution given in eguation 3.24 then leads to

| 3 2 2 2

] 21 ) razj‘o__‘ita% & [_?3..‘_’.@ R4 RINCR ) B
, TidEagax ] L[l Aol vk Lax)[3edd /_ds 2H0% e
Note that there is no restriction on the choice of X ¢
and & as long as they are elements of the original network.

Lguation 3.26 may be generalised to give the nth order

3

] -———
ch.L v

&n
nl

fiefaventials of the no
GLELCYCI LGS UL Al 1Ot



anN oy - \n—lvb 3 ' )
'[YN][YTT"I] - ‘[A] 2 a;:![ S J . === 32T
6 el - "\r a.{{ .
i::l ' J‘"l J j;‘:i

where Xs is any element of the network,.
. th . ..
Thercfore to find the n order differentials of +the

nodal voltages the inverse of the nodal admittance natrlx Yﬂ

on thé>right hand side of equation 3.27. are exfremely

easy Lo calculate as %%'] has only one unity entry, the
Ny

remaining entries being zero. This unity entry is in
the row corresponding to the branch number, the column
index being determined by whether the element, Xy is a
two terminal element or controlled current source; Iif x5
is a. two términal element then the entry falls on the main

dl

current source tnen the column index is that ass001a%ed

diagonal of ax ] wnile if x5 is a voltage control“ed

with the branch across which the controlling voltage is

developed. Multiplication of the two matrices [%% ] and

n-1
[E'Bxfb _] then gives a comumn vector having only one
g
entry in the row corresponding to the branch number of
the element x5 . The value of this entry is the n-—lJGh

differéntial of the controlling branch voltage. Pre-— .
multiplipation of this resultant vector by the reduced
incidence matrix ] produces another vector of reduced
.eize having a maxuaun of two possible entries. This
vector has a size equal to the number of 'active' network

nodes and the entries are equal in magnitude. tiut opposite

11 .r-,:fi_gn_1 Mha mrm—n--' 1do of

ﬂ—lth differentizsl of the controlling branch voltage.

o &

l.!

Tac g aaun +A +hae
S 1g =2guzl T Te



Therefore the calculation of cach term of the right hand.
side of eqguation 3.27 is a simple Look-up precedure of two
aguantities. These quantities are the nodal connections

of the circuit element, X and the n—-ldch

differentigl of
the controlling branch voltage of X5 with respect fo the
remgining differands, In the casu'of a two terminal
element, Xi; the'contfolling branch volﬁage is the‘vo1tagé

expressed across the element Ky .

Lxamples:

The second order element normalised differentials,
ygy éxwggz), have been calculated for circuits 8 and 6,
. shown respectively in figures 3.l!and 3.5. Figurg 3.2
shows the results of two analysés of circuit 8, the first
analysis is at 1 kllz whiie the second is at D.C.. Since
the reai time clock in the PDP 15 computer is synchronised
to the mains, all timed operations were repeated ten timés
to achieve a reasonable timing accuracy. The second Order
differential matrices for 1 kHz and D.C. are preéented in
figufes 3.3 and 3.5 respectively. As these matrices are
symmetrical the calculation time may be reduced by a factor
of (n2 + n)/2n2 where n 1s the number of branches 9x¢1uding‘
indepeandent sources. Therefore the time of calculation
of the ccomplete second order matrix is of the same order

of magnitude as the snalysis time of the criginal circuits.

Tigures 3.5, 3.7 and 3.8 present the analysis, first order

sensitivities and the second order slement normalised

differentials for circuit 6.
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B.279E~0G2
0,3208F+09
5,889k~ 62

0.,3201700

1

THAG VOLT
B BUDIEFPD
@ 0090
BN ERDD
U.ﬂﬂf&lg

IMAG SEN
D, GVOE-00
u,.ubei’”

(4 p-rrri

919}

of 1 kiim

VALUE

P, CUNE=G4
a, QWWFUA
')[).). 195
0,403 1-01

0. 1800486

D.2001+04

) 1O Ag
Ve LOUWILL WS

(1, 200E~08

()
v\
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ROW 1
U, WECE+OD 0, 000E+08
N.URYE+D0 0,060 00

D,E20EH00 0, 200400

ROW 2
.00V Q. 000E+00

BIBTEHG] O, 948E+00

ROW .3
- 0.,090E+00 2,000E+90
~B.,219E~81-0.110E-01
¥,130E-01 0, 163E-01

ROW 4

Q.OODE+BE D,C00E+00
-0, 145E+01-8,541E+00
0,186E+01 0,934E4+00

Row 5
0,020E+90 0,UC0E+00
-B.,511E~61-8,367E-01
7.368E-81 3,618E-01

ROW 6
0,000E+00 0,000E+00
~-0,283E-01-0,2602E-01
B.140E-31 8.234E-01

ROW 7

 0.000E+00 0.000E+00
0.106E0] 6,934E+00
-3, 11 4E+00-9,133E+01

ROW 8
P.620E+20 0,002E+09
-0,171E-01-0, 180E-01
Do 172E~01 B,419E-01

-

ROW 9 . .
0, NEPELEE C,.000-00
-3, 406E+09 0,388E-R0
B.94TE+B9-0,389TF+00
- TIME =11.19 SECS

Matrix of Blement Normalised

e . " . e
For Cireunit 8, Tire

~is the. real

Miqsare 3,3

and imaginary. pa

Do A0A1E+0E 0, 000E+00
P.000E-39 0, 0003E-30

Y, 006108 0,000 -20

- 148E-01-8.,559E+00
-8, 419E-21-0,398E-03!

-0.172F-01-0.182E-01

-0, 204E~01~-B. 119E=01

P, 154E-01 0B,747E-02
~0.203~03-0.,305E-G3

-0, 148E+01-0,555E+00
-B.511E-01-6,367E-01
-0, 171E-01-0,180E-01

-0,419E-01-0.308E-01
P.361E-01 B.252E-01
-0.548E-03-0.114E-02

-0,162E-01-0, 11 7TE-01
0. 139E-01 B.954E-062
~0.209E-03~0.43 1 E-05

W, 107TE+-01 B.948E+00
P.368E~01 B.619E-01
B.172E-01 O,419E-G1

-0, 1726-01-0. 182E-01
~0,5485-03-0, | 1 4E-02
P.1536-31 0. 191E-01

-@. 4127400 B.389E-20
~0,258E~-01 0,124E-01
B, I57TE-91 0,436E-01

‘“48””.uhw

0. 090F+00 0,000E+09
0.000E+09 0.000E+09
a,000560 0, 000507

~0.204E-01-0,119E-01

~B. 182E-81-8, 117E-931
~0.412E+00 B,3895E+00

0.158E-01 B, 795E-12
B.592E-062 B.,281LE-02 -

-0.690E-02 0.459E-02

-0.219E-01~-0,110E-01
-0.283E-01-0,202E-01
-0.406E+02 0,386E+29

P.154E-81 0,T747E-32
P, 139E-01 0,954E-02
-0.258E-01 B, 124E~01

P.592E~02 0,281 E-02
B.143E-01 B.109E~-01
-0.974E-02 0,472E~02

0.130E-21 0, 163E-01
P.140E-01 9,234k-31
De94T7E+DB-3,389514+20

-2,203 E-03-0,305E-03
-0.209E~03-0. 43 1 E- 03
0.157E-01 B, 43GE-01

-3.699E-02 @, 459502
-3, 9T4E=02 B, 472E-32
P.,5700+00 0.360E-01

o M Graer Differentisls at 1 XHz.
given iz zctuazl 10, The bhaoxed entry
a av
rits of R. R, =32
3&33 ( 2 dR2 )'



ROW 1
2.000E4+00
DL.EGDER00

0,000 EFDO

ROW 2

0,008E08

-0,V TTEFG2
B.178E-01

ROW 3
¢.000E+00
~0.221E-02
0.155E-83

ROW 4
0.000E+00
-2, 176 500
G.177E-01

ROW 5
0.003E+00

-9.,273E-02"

B.230E-83

ROW 6
7,000E+00
-9,160E-02
B.895E-04

ROW 7
0.000E90
9.177E-81
B.142E-91

ROW 8
C.0008E+009
P.159E+00

~0.519E-01

ROW 9
0.080E+08Y
0.,008E+00
0,000 E+20

TIME = 9,24

Matrix of Tlement T‘T.ormalis_%ed 2
- for Circuat 8.

.

1s

A, 039 E+00
5, 08 E-09

0.000E+09

C. o030
B, 020 E+00
G.000EF00

@,000E-00

0.000E+00
0.009E+00

¢,000E+00
0.,000E+00
0,800E+00

0. 009 E+DD
0. 000E+90
D,000+20

.,000E+00
0.600E+00
0.000E+00

gJ.000E+00
.00 060
U.000E00

P.000E+00
0.,000E+00
0.000E+00

%.000E+00
P.000E-00
2,000E+30
SECS

TN e e D
LSLEUYE Dedr

0,000 E+80
0. 00020
-0, 0001E-99

-3, 17800

-b.214E-02
O, |COE+00

-0, 1T4E-92
0. 163E-02
0. 140E-02

-0, 177TE+02
~0.273E-02
B 159E+20

~1.214E-02
7,202E-02
B.20TE~02

"@o 952E-g3
7.899E~03

B, 1 7T8E-91
N.230E-33
-9.,319E-01

0, 160FE+00
PD,207E-D2
-0, 127TE+00

0. 200E+006
0., 000E+08
0, 800E+-00

Time given is actual

the real and inagi

S YT
LRERARY

0E ke M)
o LA ues

‘nd

of

B.000E+20
G.00000
P,900E+00

2,000 520
0.066 E00
P.000 500

Ba.0081E-29
0,200 30

0.000E+20

0.000E+729
0.000E+00
0.000E+20

0.000E+00
0,000 +99
B.000E+00

0.00084-00
0,000E+00
B D0CE+D0

0,000+00
P.000E00
7.000E+00

0. 00000

0.000E+00
.00 00

0, 060 E+07
0.00¢ 500
. 50090

i ﬁk_
3 dR3

+

D N0QE+BN
0.00¢1-29

2,000E+00
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0.000E-00
0. 0001+30
0. 000E+-90

| -0.174E-22

@, 200500

S

-0, 952E-03
0.000+00

P. 164E~02

. 727E-23
D.000E+00

~-0,221E-02
-B.160E-02

0.000E+00

G.163E-02
f.899E-33
B BRAE+BD

B.727E~0G3
B.910E-03
0.000E+00

@.155E-93
0.895E~04
0. 0001400

@o l'{lBE-@?.
0.805E-33
0,000E+00

0,000E+20
Q.99 E+-00
0, 00000

Order Differentials
x10,

The boxed
av

( R, aﬁg),

D.BBYEFDD

0.0920E+00

B.0005400

0.000E+00

. 000E+00

0.0CAE+00
D000 E+00
0.000E+00

0.020E+00
0.000E+39
0,080 E+00

g.000E+00
0.,000E+30

0.00CE+00

0.000E+00
0,000E+00
2.000E+00

B,000E+09

0. 000500
0.000EH00

0. 000E+29
2,203E4+-99
9,000E4+-20

at 0 Hz.,

eniry
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BRANCH

1

NN~ SO QgD U B

14

FINISHED

Y

NODIEL

NN DI DO NI UL Oy G4\ B e e (N
CRNANOA QU A AUV & —

. FREQUENCY = 0

REAL VOLT
B.239E+01
B,623E+01

. B.9S5EHDL

B.3145+01
B.239E+01
Be314H-01

TIME =19,32 SECS

BRANCH

HUWUN—~OQ g N NN -

MAalysis of

REAL SEN
B,697E+00
-B3.375E-01
-0.376E~-0!
B.570E-83
-B.215E+00
~D,243E-01
0.,805E+00
B.162E-02
-0,283E-04
B.168E-02
~3,598E+00
2.995 E+00
J.CUOE+00

Circuit 6 at 0 Hz,

Mioure 3.6

=]
<

Hmmmmwmmmmmmxmg

IMAG VOLT
0.000E4+00
2.000E+-20
B.C20E+00
@.,000E+00
0, 000E+00
0,000 E+00

IMAG SEN

D.000F+00
0,000 E+00
G.000E+00
0, 000E+-d0
0. 000E90
0.000E+20
D.000E+D0
J.000E+00
0.000E+00
0.000E-00
0.000E+00
0.000E+00
0.,900E-00
0.000E+020

VALUE
A.390+0G6
G.130E+06
D.500E+03

0,200 E+-00

0502506
B.650E+05
0.200E+34
B.500E+04
0.5008E-03
B.500E+08

0,200+00 -

2, 100E+95
B, 100E+03

0. 100E+00

._.51 :

CONTROLLING NODES -

Time given is aclual xl0.



ROV |
-2,208E+01
-@3,175E+BD

G, 16708
~0.,446L-03
0,434E+01

jow 2
2.225E4+21
~0.093E-01
3. 189 EHAD
0,276E-23
~0.412E+01

ROW 3

-0.175E+00
G246 E+00
0.234E-01
B NTTE-93
-0.233E+00

ROW 4
-0.176E+00
0.247E+00
9.235E-01
. 0,173E-03
~0.235E+00

ROW 5
-0.322E-02
-3.342E-02

@.383 E-QZ
B.564E-06
@.355E-02

ROW 6
-0.623E+00
0.294FE+H00
0. 102500
0.149E~03
-3, 133E+0

ROW 7
0.167E+0D
0,235E-921

-0, 164E+00
0.222E-04
~0.151E+G0

Hatrix of the Flement Normalised
Circuit 6 at 0 Hz. (countinued in

0,000E+99
P.000E+C
0.900E+00
C.00BE+00
0.0600E+00

2.9935-22

(G, 000E+0G0
0.000E+00
0,009E+29
B.000E+00

C.000E+00
B.O0GE+00
0,000E+00
0.,000E+00
B.000E+20

0.000 00
0. 000 E00
0,000 E+09
%,090 500
0. 000500

0.000E+00
G.000E+00
0.000E+90
0.9200L+00
0.000E+00

0,000E+20
0.,000ELAD
2, 000E+00
D.00BE+00
0. BOBE+09

0.009E+00
0.000E+00
0, 0ABEFND
9.0209H-00
0.800E+00

3.225F+01
-0,322E-62
~0.4011%01
-3, 195E-31
0.000E+00

HQQBISEI‘@’\
NeC48E-B2
PD.38CE+01
D, 186E~1
0,000E+00

~0,598E~-01

~0.340E-02
e 153 E+00
-0,852E~02
0,000E+-09

-GOSSSE-I
~0.342E-02
0. 154E+00

-0,856E-02

0. 00000

D.648E~02
~B.356E-02
~B.791E-02
~0,634~04

0.000E+00

Bo342E+00
@,832E~-03
B, 207TE~-0B !
Vo935 E~03
0.000E+02

-0.189E+00D
fB,383E-02
P.231E+00
B.238E~02
B.000E-60

Figure 3.7

0,000E+00
2.000E00
9.000E+00
0. 0038429
0.000E+-D0

1. 200520
3. 000E+00
0.0C0E+00
2. 000 E-02
7.000E+00

0.,000E+00
7,080E+90
?.000E+00
P.000E-00
0,000 E+B9

0.000E+00
0.000E-20
f.000E+20
8,000 00
0.000EA0

0.,9200E+009
0. 000 E+92¢
B.00ME+00
D, 00DE+00

0. 000 E+30

de0NDE+D0
0,003 E+20
.080+60

0.000E+00.

B.000E+30

3. 00D 00
D,000E-80
0.002E+80
0.,000C+24
B.000E+00

2.nd

~0. 175 E+00
-0.823E+00
-0, 100E-01

B, 430E-0]

~@.598E—@i
0.342E+060
0.181E-01
-0.408E+01

B.245E+00
B.293E+00
-0.847E-02
~P.,231E+00

0.246E+00
G.294F4+00
-0.851E-02
-0.232F+30

~0,340E-02
0.832E~03
=B.541E-04
B.352E-02

D293 E+00
B.149E+01
B, 118E-12
-0, 13401

D.234E~91
Oa. 10200
P.235E-02
-3, I151E+99

Figure 3.8).

Ul
re

0. 000 E+00
.000E+00
0.000E+00
9. 000529

2, 06507

0.0005+00
0,0005+00
0o 00 E+DD

B.0300E+00
P.000E+00
0,0300E+00
0.000E+00

B.00E+00
0.000E+30
0. A0BE+C0

0. 000F+ 50

0.000E+00
0.000EF20
0,000E+09
0,020E-00

2.000E+09
0.000E+-00
G.000E+00
0.,000E+00

0.000E-29
0.000E+00
0, D000E+89
8.000E+-00

Order Differentials for



ROW 8
-0 401 E-01 0,000E00 0,386E+0G1 2,000E+00
B, 154400 0. 000E+CH  ~0B,791c-02 8,000E+00 -
B.231 500 0.000E+00 -0.506E+0]1 0,0005+00
-0.,209E-33 P 08000 -0,226E~-01 0,000E+00
@.502E01 A.000E-00 D, 000+00 7, P00H00
ROW 9 :
-3,100E-91 0.000E+GH 0.,i81lE~01 0.000E+00
~-0,851E-02 0,0090E+00 -0,541E-04 0,200E+00
0.,235E-02 3.000E-00 -9.,220E-01 0,000E+00
0,169E-03 A . 000G -G, 102F-01 0.000E+-00
B,101E-0]1 ©,000E+00 0.000E+D0 0.008E+30
ROW 149 :
~0,446E-03 0.UPCEFDD B,276E~-03 0,000E+00
' D.178E-03 U,000E+00 V.564E~-06C 0,72005+020
0.222E~04 0,000E+00 -0,209E~03 0,000E+30
0.1 76E-03 0,000E+09 0,l76E-03 0,000E+00
~0,176E-03 0,000E+00 D, 000E+00 0,000E+00
ROW 11
-0, 105E-01 0,000E+00 @, 186E-01 0,000E+060
~-3,856E-02 0.000E+08 -0.634E-04 0, 000E+DD
0.238E-32 9,000E+00 -0,226E-01 9,000E+80
B,176E~-83 3.,900E+80 ~-0,105E-01 0.200E90
2,125E-01 9,000E+00 B,000E+00 @,000E+00
ROW 12
B.430E+01 0,.000E+00 ~0.408E+01 A,000E+G0
~2.232E4+-00 9.000E+20 Be352E~02 9,8300E+09
-0.151E+00 0.090E+00 B.,497E+01 2.000E+-00
B.378E-04 0,000ED0 0. 106E~01 0.000E+09
-3, 370E+01 0.000E+00 0.000E+00 0.000E+00
ROW 13
0.434E+01 O0,000E+00 -0.412E+0] 0.000F+00
~-0.235E+00 0,000E+90 B.355L-02 0,090E+039
-0,151E+00 0,.000E+00 G.502E+01 0.000E+00
-9, 176E~03 0.080E-00 B.105E~-01 0.,000E+00
0.613E-01 9.900E+00 P.000E+00 0.000E+00
ROW 14
0.000E4+00 9,900+00 D.000E+00 9,800E+00
N.009E+00 9.003E+00 0.000E+00 9.000E+009
0, 000E+00 0,000E4+-00 3,0004-09 8,009E+00
D.000E+00 0,.000E-00 D.O0OEND0 D,003E+-09
0.,000E4+-00 0,080 E-00 A, Q00FE+20 0.000F+30
TIME =26.12 SECS '
Continuation of the Blement Normalised 2
for Circuit 6. Tine given is actual x10.
is the real and imaginary ports of R 4
; 3 dR
Pigure 3.8 3

0,153 00
0.207E~01]
~-0.,220E-01
3.497E+01

-0.3847E-062
0.118E-02
-0,102E-01
B.102E-01

Q.1 7T7TE~03
B4 145E~03
go ISSE‘@:‘S
. B.3T78E-04

~-0,852E-02
B.935E-03
-0, 102E-01
B, 196E~-21

-0.23 1 E+00
-3, 134E+01

. 102E~01
~0.372E+01
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0.000E-00
B.000E+-00 -
0.000E-00

0,0901400

3,000E-08
2.000E+66
0.000E+00
0.000E+20

0.000E+00
B.00CE+D0
0,007 +00
B.000:+00

2.200E+00
0.000E+00
B,200E+00
0, 900E+29

0. 020E+00
B, 000E+00
0.000E+20
0.300E+020

-0,233E+00

0,B60E+00]

snd

(R

-0,133E+01
B.,1011-031
-0,3THE+0 1

P, 000E+DD
J,000E4+-00
0.000E+89
B.000E+02

0.,000E+039
2.000E+00
0,000E+00

0.000EF+DD
4,000E+09
0,000E+020
B,080E-00

Order Differentials
The boxed entry

av

13“61"1323'
.3



Chapter 4

Large-Change Sensitivity

Efficient methods for the calculation of small-change
sensitivity have been deveioped in the previous chafters.
Often, however, thé effect of large element changes on the
duﬁpuf_of thé‘circuif}isvof interest‘ﬁo thévdesigner, | ih
this situation thé small-change sensitivity values are
.ihdppliéablé and héncéban‘effiéientvméans-is‘féquifed tdu
predict the effect of large element vaiue changes.

Anotﬂer aspect of circuit design which must be considered

by the designer is the tolerancing of circuit elements.
Tolerancing is the reverse procedure to the large—change
senzitivity calculation in that the range of element values
to give a specified change in circuit output is now required.
This chaptér'developes a technigue which will not only
efficiently calculate the large-change sensitiVity,'but

also predict thé range of element vélues which will cause
any gi#en alteration in the output.

Consider a two port network containing a two tefminal
element § connected to nodes i and j. Now.create a new port
across this element ¢ (see figure 4.1). The voltage, Vij,
across the element ¢ is the voltage which appears across
the extractéd‘port. Unless the network is modified (by
inserting an ammeter say), the current in ¢ may only be
found frdm the knowledge of the admittance Vi of ¢ and ﬁhg
voltage Vij (Okrm's Law). If a current source,.lij, is
now connected across ¢ by means of the extracted port, (seec

figure 4.2), both the ouvtput voltage, Vout’ and the voltage



across ¢, Vij, are changed. Mow consider the terminal
relationship of ¢ combined with the current source I 4
Since the voltage across the combined element pair is the

-now modified Vij’ then the total current IT in this pair is

€,

the sum of the source current Iii and lThe current i@ in the

element ¢. - This current, i¢; is equal to the voltage Vij'
across the. element multiplied by the admnittance Yi of ¢. -
Since ideal elements, excluding independent sources, have
linear voltage current relationships intersecting the origin
of the axes (that is, V=ZI) then thé voltage, Vij? and

cirrent Ip fully describe a simuWated admittance Y_. This

is because two points are sufficient to define any linear

~ function, one point being Vij and IT while the origin provides
the other (see figures 4.3 to 4.5). Thus, the combination

of the current source Iij and the element ¢ simulates a new

element admittance.
If zij’is defined as a general term of the inverted
nodal admittance matrix, that is

-1 .
[YN] = [Z:L;]] o T 4.1
then the output voltage, Vout’ of the original cirecuit is

Vout = i (Zlk - ka) Jk - - = 4,2

where 1 and m are the output voltage nodes and i is the

th

k row of the nodal current forcing vector, [J] . This

vector [J] is formed by premultiplying the vector form of

the forcing currents by the reduced incidence matrix, LAJ

V. R
o 1J

43 As I B - VR S S |
Canl 1 3 al 12 A) ~ ety . et
{oce cguaticn 2.3). The criginal .

SoPdon —thr\
A M [ ) Ad N
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element, ¢, is given by

Vl:} = é(zlk - ZJk) 1

Now if the current source Iij ig con
¢ by means of the extracted port, then the output voltage
is now

Vout = i (21y=2qc) Tye + (B389 572342050 55— 4.4
and the new clement voltage Vij is given bj

VlJ =§ (Zik—zjk)Jk + (Zii—Zij*Zj‘i+ij)Iij — = 4.5,

This then enables the total current, IT’ flowing in the

simulated admittance Y_ to be found as

Ip = Vig¥i — iy - - - 4.6.

Examination of equation 4.5 shows that all the terms
are constant except two and these constant terms depend
only on the original values of the network elements.
Therefore this equation may be expressed more meaningfully
as

Vij=0Cp+ Cp I, | == 4T

where Gy é (z. k- gk

Substitution of equation 4.7 into equation 4.6 then gives

Ip = (Cp + CpIy vy = Iy - - - 4.8.

The simulated elemenit admittance, Y_, is given by

2



Yy =9 - = = 4.9

which on substitution of equation 4.8 and 4.7 may then be
expressed as

_ (Cl"'CZIij)yi bl Ii:i . , . 3 - . '
Ig = T v T - - - 4.10.
~ 1 271j ‘ ‘

~ Rearrangement of this equation then clearly shows the

bilinear relationship between the simulatodvadmittance YS
and the 'simulating current source' iij‘-

S Cl + C2Iij

- - 40110

Therefore the required value of the current source Iij to
give any simulated admittance Ys is given by

T = rcl(yi B Ys) -~ 1.12.
ij —(Czyi - 1) + CZYS reTes

The implications of this result will be discussed after the

next section.

Ixtension to Voltage Controlled Current Sources:

Consider a network containing a voltage controlled
current source, forced by a current source IS and having a
response voltage, Vout’ between nodes 1 and m. Now
connect an accessible port across the controlled current
source, £, as shown in figure 4.€. The output of the
network{ Vout? and the controlling voltage Vij of the |

controlled source are given by

—_ 7 T ) - - - 2
Vout ”'i (“1k “mk>Jk _ 413
Vig = % (2530-2 ) T - — = - 4.4

where Z3 4 and Jy. have been defined in cquations 4l and 4.2.
¢ »
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Now connect a current source, Ikn’ across the extracted

port as shown by the dashed Tlines in figure 4.6. This

additional current source now changes the values of V

out -

and xij 30
Vous = f{ (PP T+ P00 e ) T~ 0 4035
Vig =2 (2 )dy + (243725 -2 042500, = = = 4.16

respectively. If the controlled current source, ¢, and the
inserted current source, Ikn’ are considered as one vbltage
controlled current source then the value, Big? of this

element is given by

-I +g V

o kn " “m :

€ng = V. . - - - 417
1] _

where gm is the initial wvalue of the controlled source.

As in the two terminal case the voltage V.l appearing across

the controlling branch of ¢ may be expressed solely in
terms of constants and the current source Ikn’ since all

the remaining terms of eduation 4.16 are constant. That

is
Vij = Kl + KQIkn | - - - 4,18
where Ky =‘§ (zik—zjk)Jk

and K, =-(zik—zin~zjk+zjn)

Substituting this eouation into equation 4.17 and rearranging,
a bilinear equation, 4.19, is obtained relating the new
value of the controlled current source, B ? and the current

source, IL.__.
‘ nit
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: o } 7 - 3\
Kygy, (ngZ Ly :
Emg = K.+ K I - = = 4.19
. .L\.l x.2 ...:kn .

Therefore the value of the current source, Ikn’ necessary
- o simulate a new value, Brs? of the controlled current
source, £, is given by

I - Kl(gm - gms>
”kn_ | f(K2gm”1) + Kngs_

- = - 4320’

Comparision of this equation with equation 4,12 shows that
~the expressions relating two terminal element and controlled -
current source admittances to their respective simulating

current sources are identical in form.

Application:

Providing the initial aﬁalysis of the circuit is
performed by inverting the.nodal admittance matrix, then,
after the evaluation of two simple constants involving terms
of the invérted admittance matrix, the effect of a large
element 6hange on the output may be simply calculated.

Not only is it possible to calculate the large—change
sensitivity but also the inverse problem of finding element
values for a given output éhange (tolerancing)_is solved.
Another factor not immediately apparent from thé mathematics
is that, using this method, the designer is not restricted
to changes in element values only. This means that the
output may also be predicted if the element type is changed
from, for example, a resistance to an inductance.

If the effect on the output of a network of a change
- in a certain admittance is required, then after calculating

the constants Cl and C the procedure is to calculate the

27
value of the ‘simulating current sdurce',-lij, from the



relevant equation. ~The oulput for the desired admittance
change iso t@en Tound ﬁy substituting the value of Iij into
eguation 4.4. When, however, the change in output is

knovm and the associated change in branch admittance ﬁust

be found, then the necessary value of Ii' is found from

[ 8]

equation 4.4. The branch admittance

H
D

¥y o giv

(@)

~
LG

-

essa
.this'Oﬁtpﬁtvisvthen foﬁnd frém équatidﬁ 4,ilvof equatidn
4.19 depending whether the admittance is a two terminal
‘element or & controlled current source. Note that in
this case the predicted element admittance will, in general,
be a complex quantity consisting of both conductance and
susceptance.

The computational effort involved is calculating
the constants Cl and 02 and evaluating the two egquations
relevant - to two vector multiplications plus a few
multiplications, divisions and additions. Assuning thét
the circuit has been analysed by inverting the nodal admittance
matrix, the calculation time for this method is infinitesimdl
compared with solving the circuit eauations.* The only
other direct ﬁay to calculate element values necessar# to
provide a given outﬁut is to éalculéte the bilinear felation—
ship between an element admittance and the outputm32 This
relationship has to be calculated for each element in turn
by enalysing the circuit and so this method is grossly
inefficient compared with the proposed method. Note that .

-"the above egquations apply to the case when only one element

at any given time has a simulated value. Multiple element

R )

%  This method would realise a considerable saving of computer

-

time in the tolerancing applications described by Butler.31
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simulation is dealt with later on in this chapter.’

Sopecial Cases:

Consider‘tﬁe ideal network modelling Circuit 9, both ~
of which are shown in figure 4.7. In this network branches
9 to 13 have no effect on the response dué to the forcing ;
source, branch‘15.‘ A cursory examination of the,circuit
"shows that the voltages of nodes 2, 4, 5 and 6 are identically
equalxirrespective of the values assigned to the admittances.
of branches 9 -to 13. Therefore tiie constént, Cl,-definedb
in equation 4.7 is zero for branches 9 to 13 (note that Cl
is the original branch voltage of the branch in question).

If equation 4.12 is then employed to find the value of the
current'source necessary to simulate a new admitfance‘in,
for exawmple, branch 9, then the value éf the corresponding

sinulating current source, I is found to be zero. A

ij?
little consideration of the circuit shows that this result
is the only logical answer since the value of the admittance
of branch 9 is immaterial to any output voltage and therefore -
the value of the simulating current source, Iij’ mast be
Zero.

The case cof element tolerancing is where some care
mustvbe exercised for circuits similar to that shown in
figure 4.7. TFor tolerancing, the &alues of Iij are given
by substitutioh of the specified output voltages into
equation 4.4. In the case of tranch 9 in circuit 9, if
the output quantity is the voltage of node 6 then finite
values for the current source, Iij’ will Dbe obtaineq.
However substitution of these valugs of I,.

—u

4.11. to find thé value of the aduittence being simulated

into equation



gives invalid results. This is because thé constant, Cl’
- for branch 9 is zero and substibtution of Cl = 0 into

equation 4,11 gives

(C,y. — 1L)I.. '
— <1 - 1(] I 20
s = C.T | - == 4.20.
2713 : -
Since T is a common factor of the right hand side of

i |
‘equation 4.20, this equation states that the value of the
simulated admittance, Yé, ié independent of the value of
”thé‘CUrrent'Sbufce Iij’” “Also the value of the simulation
admitténce.given by eouation 4.20 is not equal to the original
admittance, T Therefore in any automatic scheme
utilising this reverse procedure to find the element.
tolerances from knowledge of %he output tolerances, a check
must be made on the value of the constant Ci. It the value
of C, is zero, then this branch is of no use in the circuit

and hence may be removed by suitable means, normally by

short circuiting.

Multiple BElement Simulation:

Often it is necessary, such as in a worst case study,
for a designer to vary some or all of the values of the
elements constituting a network. lowever the amount of
variation is not usually known and hence several different
variations must be tried. Normally each tfial would involve
a circuif analysisito discover the effect of these element
variations., When the number of trials runs into the
hundreds, such as in a computerised circuit optimisation
scheme, the amount of calculation involved is prodigious.
Therefore any scheme which reduces the amount of calculation

necessary to determine the effect on the ouftout of a circuit



__?éjw. s

is worth~whilé using.

Consider a éircuit such as that Shown'in Tigure 4.1,
Let there be already n elements in the network which have
new adnmnittance values simulated by current sources.

Thercfore the output voltage of the circuit is -

v =3 (
- out -k

.

d R S L S

! . _ - ) -1 ’ . .
where [IQ)”J}][Iij]? and [Iijj and [A] are the vector of
simulating currents and the reduced incidence matrix -~ - -

respectively. If the change, AV of the output

out’
voltage rather than the actual output voltage is expressed
in terms of Zij’ Jk and Ik then

)T, _ - - = 4.22

AVou“fs =%{ (Zlk"zmk

since the original output voltage was given by 3 (zlk-zmk)Jk.
. ' k .
The voltage Vij across the element ¢ is given,by

Vij "% (2432 510) Iy + %c (25325 Ty - - - 423

which may be written as

where C; =% (z
1 k

ik"zjk)Jk

This substitution is made since the value of Cl ( the original
branch voltage) is only dependent on the initial values of
-the circuit. Equation 4.24 then shows that if any one of

the simplatiﬁg current sources has its value changed, then

the values of all the'simulatéd admittances are.changed

since, 1n general, all the branch voltages bhange. Figure

4.8 demonstrates the effect of the changing simulated admitiance



value with changing element pair'voltage. Therefore if

more than one element is having its velue changed by a

current source, then the addition~of changing of any‘circuit
element éffects the value of all the elements having_simulated
values. Hence, in any scheme using the simulatiné current
source technique for multiple element variatien, a constant
‘check‘aﬁdvadjﬁstment~bf all’fhé simulating current SOufces

must be made for any element change.

Techniques for Handling Multiple Element Simulation:
Case 1 '

As the previoﬁs Sectioﬁ has shown, the alteration of
any circuit element alters the values of all the simulated
elements. Therefore each time a change is made in any
desired combination of eiements then all the values oi the
simailating current sources must be'changed. In this
section the relationship between element values and their
‘simulating current sources is derived. This relationship
then enables multiple element value simulation to be success-
fully achieved.

Let the reguired admittaﬁce value of an element ¢ be
YS, obtained by the parailel connection of-¢_and a suitably‘
valued current source, I. .. Then, by sﬁbstitution of

1)
equation 4.6 in equation 4.9 and dividing through by Vi

j’
Ii- -
Yo =7y - -—1Vij - - = 4.25

is obtained where vs is the original admittance value of the
chosen element ¢. However Vij may be expressed in matrix

form as
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" [-Vl')].—[DJ[Zl’J{[A] [Jshfﬂl[lijl} s

where [D] and EEJ are topolomlcal matrices consisting of

1, -1 and O. The mamrlx EDJ describes the nodal connections
of the branches across which the various voltages in the :
vector [Vij] are developed. If the first element in [V13]
,is_ﬁhe.voltage difference between nodes i and j then,the_v_.
only non-zeiro entries in the first row of [D] are 1 and -1
~in columns i_andvjbrespéctively,ﬁ The matriﬁ [E], which
is an abbreviated version of the reduced incidence matrix
[A], adds into the forcing current veclor [IN](see equatidn
2.5) the contributions due to the current vector [ii J
Rearrangement of equation 4.25 and expressioﬁ~in matrix

form gives
() = [ry - w)[vig) -

where [yi - Ys] is a diagonal matrix. Substitution of

eguation 4.26 then gives

[155] = [vy - ][] [ ] E[A][JS] v []fr ) - - - 428
This equation allows the value of the simulated current

source vector [Iij]to be expressed explicitly as

{[I] [v;-¥] [] [_LJ}[ }%[113] [75-¥] [P] 24 5] [A [J} - 4.29\

where [I] is the uvnit matrix.

Despite the rather formidable appearance of equation
4.29 the.vector [Iij] ig very simply evaluated. Pirst
consider the right hand side; the product of the last three
terms, [Zij]’ [A]Aand [JS] yields the original nodal
voltage vector [VN] - "Yheretfore premultiplication of [vp]

by the matrix [j} gives the initial brancb voltages of the
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branches whose valuegs are being changed. Lvalvation of

the expression

s - 151000 2 ] [4] [9]

may therefore be made by a single pass through the‘iisﬁ of

:b§ multiplying the bfaﬁch‘Voitage Ey the'differénce in
admittance between the originél and new values. The left
‘hand side of equation 4.29 is more difficult to ihtefﬁrét“ 
although equally simple to implemént. Consider a genefal

ij term of the product [D][zijJ[E] expressed in the summation

. as

[D][zij][E] = é § Dixr1 | - - - 4.30.

From the previous definitions of [D] and [E] ’che’iJGh row
of [p] contains entries in the columns representing the

th

nodes on which the 1 branch of the modified braﬁch list

‘is incident, The j'O

column of [E] contains entries in
the rows corresponding to the nodes on which the jth branch

is incident.

th th

Providing that neither the i or j branch iﬁpinges
on the ground node the general +term for the product shown.

in equation 4.30 consists ofvthé summation of four terms

iﬁ the inverse admittance matrix [Zij]' ' Thg term [yi—YS]
multipliés each row of the above prdduct by the corresponding
row entry in [yi*Ys]’ there being only one entry since this
matrix is diagonal. Therefore ea&h term of the matrix
representing the lefl hand side of equation 4.29 may also

‘be evaluated by a single pass,

The result of equation 4.29 is a set of simultaneous



equatlons in the simulating ourrent sources [I ]. This

9]

set of equaﬁions may tben‘be solved by any of the standard
techniques to give the simuiating cu?rent vector [Iijj'
Once this vector, [Iij]’ is known the change in output
of the circuit is given by the vector multiplicatidh'expressed
in equation 4.22 since [ ] = L"][T .]a

The evaluation of the various terms in equation 4 29
'may be nade for approx1mauely the same amount of computablon
as formlng the nodal admittance matrix. Hence this
%echniqué presents a saving in computational effort'if the
number of‘variable elements, which determines the 'size of
the vector [Iij]’ ig smaller than the number of ‘'active!
nodes in thé dircuit; the comparision being made between .
alteration of the circuit elements followed by re-analysis

of the circuit and the proposed technique.

Case 2:

It has just been shown that if the number of variable
branches exceeds the number of active nodes then the solution
of equation 4.29 increases rather than decreases the amount
of computation nécessaryAto find “he effect on the circuit
output. However another approach can be taken which achie#es
a reduction in eqﬁaﬁion size and hence a reduction in the
amount of computation necessary. As in the previous meﬁhod
this'technique'only applies in certain cascvs but has the
advantage that the size of the equations found will never
‘exceed the size of the nodal admittance equations.

Consider the branch volt ge vector [Vb] expressed as

T 16 1)
L] = [a]%] mexﬁ v [5]; - - -4
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where [Is] is a vector of length NB (number of branches)
and contains the eniries corresponding to the varions

simulating currents. The vector [Ié] may be written as.

[Is] = [yi - Ys']d[vb] | | | - - = 4,32

-

~r d . ~ . Ty R s o - . - - . « -
where [,y' - la] 15 OI 3l1z¢e b DYy HE and is a alragonal matrix
S _ ) o

»conbalnln some zeros on the main diagonal. Note that

the matrix [yi - Ys]d is larger than the matrix:[yi - YS]

”définéd'in‘équaﬁion 4.27.Ji Subétitution'6f eqﬁafioﬁ 4;31‘

in equation 4. 32 gives

1) [y = P D + (] - - e

'Premultlpllcatlon of equatlon 4.33 by the reduced incidence

matrix [A] and some rearrangement leads to equation 4.34.

(0= B = %) [0 e ) <[] P e - 439

However [ikl [A [I ] and so _ L= - = 4.35

(B B ] - Dr s dBFs] - 3

" where [Ik} is the nodal form of the simuldting currents.

On first appearances no saving in computation is
possible since the size of this matrix equation is identical
to that of the nodal admittance equations. However, any.
node which does not have a simulated element cdnnected_fo
it has a zero entry in the vector'[ik]. : Therefore equation
4.36 is a consistent but redundant set of @qumtlons.

The redundant equations may be removed by ignoring the rows
and columns associated withlﬁhe nodes which do not have

any simulated elements connected to them.



The matrix equation 4.36 is as simple as equation'4.29
to set up. - Tirst consider»fhe right hand side of eqqation
4.36, the last four terms of which, when multiplied out,.
give the original branch voltage vector [vb]. Premﬁltiplication
by [yi -Y ]d is a simple product of the branch voitage
and the difference between the devired and original branch
| admitfénbé;'v The final multlnllcatlon by [A] then 1nserts“‘
'thls product into the rows corresponding to the nodal
"cbnnépfions of the branch being considered. Thereforeuu~
the right hand side of equation 4.26 may be evaluated py
a siﬁgle pass through the element list. Now consider thé
term [A][yi-Ys]dLA]t .  Since this is identical in form
to the expression for the nodal admittance matrix [YN]

(see equation 2.6) each branch has four possible entries in
the regplting matrix. Since this matrix can be formed

by a single pass through the clement branch list the léft
hénd side of equa.tion 4.38 cén be evaluatéd by a further.
matrix multiplication and one matrix subtraction. After

. the superfluous rows and columns have been'remdved, tneSe

equations are then solved by one of the standard methods.

ﬁxamnies:

Two branches chosen at random in circuits 3 and 7,
shown in figuies 4.9 and 4.10 respectively, are altered
one at a.time by the simulating current source method.,
To provide a check on the accuracy of this method the actual
output voltage was calculated by altering the chosen element -
and re-solving the circuit equationse. Figures 4.11 and 4.12
show the results‘for circuits 3 and 7 reépectively. The

only deviaticn noticeable between the actual and predicted
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oubtput voltage is for branch 8 in circuit 3 but this error
is slight even at a 75 increase in element value. These
graphs were obtained directly from a PDP 15 cémputer

driving a X-Y plotter via a digital to analogue convertor.

Conclusion:

| - This chapter has develdped a technique whereby the
 output'change for any element change)and)vice versa, may be
predicted very efficiently providing the initial circuit is
analysed by an inversion of the nodal admittance matrix.
The increased computational .effort of inversion compared
with an equation solving routine is more thaﬂ offset if
the effect of two or more element changes are required.
Catastrophic changes in element values may alsd be studied
by this technique. |

- Equations have alsé been develdped that will find

the change in output for multiple element changes.
Providing certain simple conditions exist, these.methods
for multiple element changes are computationally more
efficient than changing the actual element admittances

and re-analysing the circuit.
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Pigure 4.3 Voltage current relationship of a resistor of
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Tigure 4.4 Voltage current relationship ol a current source.
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Tigure 4.5 Voltage current relationship of a combined resistor

and current source.
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Illustration of changing the value of a controlled current '

source by the parallel connection of a current source Ikn'

Pigure 4.6
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Chopter 5

Tlement Sensitivity Reduction by Consgtrained Embedding

This chanpter deécribeh an attenmpt to miniﬁise high

fhe voliages eyPreésed
across these elements. A reduction in the branch voltége

of hig ’SPHSlblVItJ elcments was soughb q1nce an eLement .
ifferential is the product of Ltq b“anﬁh volta;e und anothh;
'quantity. The meLhod used to reduce the branch vdltaﬂ,

| of thééé c”lblcal elements was an autbmabed form of ﬁhe
'constrained embeddlng, approach formulated by E.B. Kozemchak

29

and ﬁ.A. Murray-Lasso. 'It is possible using this .
tecnnique to fofce certain volitages or currents to téke
either a fixed value or to lie within a certain range of
values. | However sufficient degreesrof freedom must be
added to the network in the form of arbitrary branches so
that the network equations are solvable. _ This technique
proved to be intractable due to the difficulty.in preventing
the formation of neéative elements, especially in the case
of non—-reciprocal networks. ;

The object of utilising this approach was to reduce
the sensitivities of critical elements while accepting an
increase in the sensitivity of the lcw sensitivity elemenﬁs.
ﬁltimately it was hoped that the highest. sensitivity would
be in the same order of magnitude as the lowest sensitivity.
However this result was only achieved on very simple reciprocal
networks such as two resistors and & current source.
Although the statistical correlation between the maximum
element sensitivity and the maximum branch voltage is non-

existent there does appear to be some corrclation bvtmoon
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an element branch voltage and its sensitivity. The

reason for this possible correlation is apparent if ecquation

(XS]

.15, wiich gives the nodal voltage differentiais with
recpect %o any-ciement change, is oxanined.. Ingpection
cf thisc cquation shows that the differential of any nodal
voltage, vi, in the netﬁork with respect to an element ¢

1q glven by the Droduct 01 two auantltles. One of these

><

cuanulfles 10' the con trolling volta e, Vb’ of the element
whlle the other is the dliierence between two terms 1n tnel
1nvcrted nodal admlttance matrlx [ J These two terms
are in the row 1 corresvondlng to the nodal voltage in
auestion while the column indices are specified by the

nodes to which the element ¢ is connected.  Thatl is

"'""'501

. s

Y = (895 = 79 3)
where the lth nodal voltage is the output voltage and i and
j are the nodal connecﬁions.of the element ¢..W Since the
éensitivity of any element is defined as the normalised
change in the output voltage with respect to the normalised

element change, then

1 5"1. ¢

' S¢ 2*?32@- o - - = 5.2
N B ¢ -
- - ;r‘i’l (g2 ) - - =53

On casual examination the sensitivity cf the element ¢

¥ The controlling voltage of a two terminal element is its

1 brench voltage.

o

Hote that the term (zli - zlj) is also the controlling
branch voltage of the‘eiement in question in the adjoint

network. :



" appears to be linearly related ‘o the cdnfrolling voltage

of ¢ when the oufput duanﬁity,'vi, is kept constant.

However, if the circuit is altered in such a manner that

the output voltage is held constant while the_branch voltage
of the element ¢ is reduced, then; in general, the values

of the inverse admittance matrix [Zij]’ asrwell as the impedance
Aof_¢, are changed.  Hence the sensiti#ity-of@nis not linearly
proportional to its controlling voltage, U The -

. relationship, however was still regarded as sufficient . = .
juétification to attempt the reducfion of high element
sensitivities by reducing the branch voltages of these
elements by the constrained embedding approach. In .all

the successful examples which- have been run, there have been
no cases in which the sensitivity of an element has been
increased significantly by decreasing its branch voltage,
although some of the examples have not produced a significant

sensitivity change either way.

Possible Constraints:

Consider the nodal admittance equation

[YN][VN] = [IN] ' : - - = 5.4
where [YN] has a size N by N, N being the number of ‘active'®
nodes in the circuit, There arevnow several different
types of conditions which may be required in the circuit.
These are:

1. A specific voltage across an element;

2. A specific current through an element;

¥ The 'active' nodes are all the nodes in the circuit

excluding the reference (ground) node.



3. A specific voitage between two nodes.
On a mathematical basis the terminal relationships of any
element maj be considered as a function of three variables
Vs i¢ and z¢, only two of which are indeprcndent; there
is, however, no restriction of which variables are -chosen
to be independent. Now cpnsider the three possible.
conditions in turn. - If the element value under consideration
is fixed, then the firét tw0’coﬁditions are identical since
,if two wvariables are fixed, then the third variable is
defermined. - Note that the fhird condition is a special
case of the first condition with the element ¢ having an

infinite impedance,

Realisation of the Various Conditions:

Case 1l: Consider choosing a value, Vo for the voltlage
expressed across an element ¢ connected between nodes i and j.

That is,

Expressed in matrixz form this is ‘

21wl = [7p] s

where [D] is a topological matrix describing the constraint
connections and [#F] is a columﬁ vector of the wvolbtage  _
constraints. - In the aﬁove_example the matrix [D] is a‘row
vector contzining +1 and -1 in columns i and J respectively.
‘Since there are only I variables, cequation 5.6 combined
with eaquation 5.4 gives rise to an inconsistent or redundant
set of eguations. Fof‘a general value of v;, these

cguations are inconsistent and hence the system requires



a further degree of freedom.

8y

in extra degree of freedom

may be obtained if the impedance of ¢ is allowed to assume

an arbitrary

to the impedance of the element

left hand

current source, ia’ in the right hand side of the

That is
R
Vi1Vl
Y51V

I Va

MThis current

value.

e of eaquati

+

TyaVat
10V *+
Vi
+ IyoVo *

source may’

of rows 1 and j leaving

reduced by one. 3P These

When this is the case the entry due

b does not appear in the

on 5.4; but appears as an arbitrary
equation.
- Yy T N
TR VagVy Tt o ta |
- = 5.7
STt Y Tty 7 ta
-7t IV T

now be eliminated by the addition

the row size of the equation 5.7

equations, when combined with equation

5.6, produce a consistent set of equations which may be

solved for the nodal voltages by one of the standard technigues.

The value of the arbitrary current source is then found by

back substitution into the it

Knowledge of ia and branch voltasge, v o=

h th

or row of equation 5.7.

J
VH; allows the

value of the impedance ox ¢ to be calculatéd:

This approach may be generalised to deal with more

Fhan one. constraint providing a sufficient number of degrees

of freedom are added to the systen.

The necessary degrees

of freedom may be added to the system by the introduction

of a number of suitably chosen arbitrary elements.

These

elements must be chosen in such a way that no loop of

arpitrary elements exists.

Any arbitrary element which

completes a loop of fhese elements does not contribute an
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-extra degree of freedom to the circuilt, This is because
the two nodes on which this loop—cloging branch impinges
have already had theixr appropiate Kirchhoff current law

e

1’3

nations summed together and hence the row dimension of
ecuation 5.7 is not reduced by the introduction of this
branch. Care must also be taken in choosing the voltarse
constralnts 31nce 1f a loop of voltaﬁe coastralnts 1s»
chosen, then oneof these,vol age conotralntq muot be eiﬁher;
1ncon51stenb or rednndqnt.

| Desnltc the obv1ous 51mp1101ty, the Technlque has a
nltfall due to a tendency towards the fornatlon of nevatlve
elements. One of the major reasons for negative elgments
appearé to be the ill-advised choice of an arbitrary element
when the voltage constraint is expressed between a pair of
nodes across which no element is directly connected. The:
necessity for the choice of a voliage constraint across nodes
which do not have an element directly connected arises from
the desire to maintain the output voltage at a constant
value, If the output voltage is not held constant but
allowed to vary at will when applying the voltage constraints,
any attempt to change the cifcuit by a different process

to regain the original transfer function usually wresults

in another circuit as undesirable as the orlﬂlnal

Case 2:

Let the current in an element ¢ be required to fake
on a specified value.  Whether or not the impedance of ¢
is speéified there is no entry in the left hand side of
equation 5.4 attributed to the conductance of ¢. . This

is b

fﬂ

D

o

1se the specificatic

i
[ERS S oy - vl

adnittance matrix weuld result in a current proportional
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to the voltage across ¢, thus disallowing the possibility
of a specified current in this branch. Therefore the
matrixz equation 5.4 cssumes the form of equatioﬁ 5.7 except
that the term ia'is a specific guantity in this case.
That is, the element ¢ is replaced by a current source of
the required wvalue. Providing sufficient degrees of
-freedom have been introduced, the network equationsfmay
. then be.éolved by one of the standard techniques. ”The
value of the impedanée of ¢ is then détermined from the
Valués of the 8pecified curfent.and thé cdmputed.brandh
-voltage of ¢.. When both the current through ¢ and the.‘
impedance of the element ¢'are specified then this is
identical to the first case except that the element may
not be chosen to bhe the arbitrafy element. In this case
the problem of choosing a suitable element to assume an

arbitrary value arises.

Multiple Constraints:

The feasibility of multiple constraints has alréady
been mentioned in previous sections. In such a situation,
hovever, checks muét be made on the consistency of the
voltage cbnétraints and aiso on whetheﬁ*the-chdice‘of o
arbitrary elements gives rise to sufficient degrees of
fréedom.

Consider fixing the voltages across three elements
in a network. These elements are connectzd to node vpairs
i j, 3 k and k 1i. Let the desired voltages across these

I 1a etively. herefore
elemen be Vet Vpo anq Vi3 respectively Therefore

T

-~ - = 5.8
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lHowever if the first two of these equation are summed

togcther the expression

Vi o= Ve = Vg Vpo - = = 5.9
is obtained. Bince the third constraint in eqpation~5.8 o
stétés that Vi = V3 = Vpy this sét'of.équations is eithér
redundant or inConsisteﬁt. Thgrefqre a'pheck musﬁ be “
made on whether a-volﬁage constraint complefes~a loop of
voltage constraints. | |
Now consider 1ettingAthese same three elements take
on arbitrary impedance values., Let the currents throughl
these elements be represented by ial; iaZAand ia3' The
modified nodal admittance equations inéorporating the

desired conditions are then

VPVt m - = Vg T 4

Tjavp ¥ == - mm s m = Ay Ay -,

yjlvl R = ij - ial + ia2 - - 5,10
ViV, ¥ - s - == dgn i

YVt - - - - - - - - =y

The addition of rows i, j and k then remove these arbitrary
current sources and hence only two additional degrees oi

freedom have been introduced to the network.  This is

* Note that this is a rather obscure proof ol the Blakesley
Transtformation. This transformaiion states that a current
source I between two nodes i and j may be replaced by two

current sources, each of value I, connecting nodes i to k

') 1-

and k& to j; the mnode k being ay arbitrary node.



exactly the same effect as if only ial and iaé were introduced
into ﬁhe circuit, Therefore the addition of an arbitrary
current source wikich completes a loop of such elements does
not add an extra degree of freedom to the system,

Once the sysﬁeﬁ equation has been set up and solved,
the problem of determining the resistance vslues of the
erbl ary elements az 1sos In thc case where there 15 a
,eimgl: arbltrary element no dlfflculty is cncountercd.
Consider, howeve*, the case of equatlon 5.10. Here there'
'are tnree arbltrary cnrrent sources connected between | |
three nodes i, J 2and k. Back substitution of the values
of [w I] into the ecuation 5,10 gives three egquations in the

arbitrary current sources ial’ i o and ia3‘ Examination

a
of these ecuations shows that only two are independent and
hence one of the erbitrary currents must be specitied.

. Assuming that the current i83 is specified, the relevant

part of ecuation 5.10 is

'8 sy .

By =3 +1y

K2 = 1j + ia2 - lal - - f 5.11
7

N
B T P

. - - ' — . — 3 ) ' — @ » - - cs b - |-
where il =15 layr I = I + 15 and the constants Kl to
K, represent the multiplication of the nodal voltage vector
[vN] by the appropiate rows in the nodal admittance matrix
[YN]. The value of either i, or i , is given by the
subtraction of ii from Kl or K3 from ii respectively.
‘Therefore the sccond line in equation 5.11 is not nceded.
Now assume that the third line in equation 5.11 does not

exist in such a simple form (this being the more usual case).

Hence only the value of i,Ll may be found by a direct substitution
cl



of terms. The simplest procedure to find the value of ... .
the currcent source ia2 is that of back substitution.

Since the current ial thrpugh and the voltage across the
first arbitrary elemént is now known, the resistance of
this element is determined and its effe t may be added

2Ly

into the nodal admittance equationss This modifies the

-

‘conSugnts hl to h3 1n equa tlon 11 and since the"term ial. o
has now becn ab orbed 1nto tho left hand side of the equaulon,"
the value of ia2 is now found by a 81ngle subtractlon. |
o Lnus. when the system equatnon 1ncorporatlng the

various reoulred voltage conctralnuo and arbltrury current
sources is being formed, a count must be made of how many
undetermined current sources are connected to each ﬁode;
After solving the system equafion, d node must be found
which only has one undetermined current source incident on
it. This condition then enables the value of the current
source connected to the node to be solved which fhen determines
- the resistance of this element. After updatiﬁg the nodal
admittance matrix with this element value, the nodes to
Which this elenent is conneéted(have their arbitrary eiement
count reduced by one,

In the examples given at the end of this chapter the
number of constraints and the maximum voltagé reduction
are free parameters chosen by the &esigner. Another
necessary provision is the ability to ignore any of the
branches according to the designer's choice which also ﬁeans
‘that these branch resistances remain unaltered. A branch
usually ign ored is the source branch necessary to simulate

a voltage source such as branch 2 in circuit 8 (see figure 5.1).

This is because if the impedance of this branch is low
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i'jcoulca',rc-xl‘Av-li'vt;.h.che input impedance of the circuit,Atheﬂ the
sensitiﬁity of this branch will be close to unity. Any
attempt to lcwer’the voltage across this branch results in
a lowering of the cranch 1npedunce. This then only raiseé
the sen51tlv1t" of Lho source branch even closer to unity
The constraint voltages for the branches being
=.~mod1i19d are determlned by multlplylng the - orlglnal branch~r’
'voltaccs by one minus a factor derived from the brancn
-sensitivities., . "his factor is»equal-to~a;ccnstant,set~by-
“the designcn'mcltipliedAby the ratio of the sensitivify of
the branch under consideratioh to the highest sensitivity

of all the branches being considered. That is

e o= v (L — ) — = - 5.12
i b; bmax a

where vFi and V4 are the constrainf and branch voltages
of an element i respectlvely, S» and S‘ ax 2TC the sensitivities

of the branch i and the maximum sensitivity branch reSpecnlvely

and Wy is a designer set constant.

Nepgative Flements:

Oﬁe_of the main: causes of the formation of negative
elements has its basis in the common desire to maintain
the 01rcu1t ountput constant. An extra degrée of freedom
mus 't clearly be introduced to- allow for this constralnt
byt at what location in the circuit?' If a high sensitivity
elemenﬁ is allowed to assume an arbitrary wvalue then the
whole object of reducing the voltarc across high sensitivity
elements is defeated. The approach adopted in the following
examples has been toAallcw the most sensitive branch which:

«©

is not having its brahch voltzge reduced to assume an



arbitrary value.  Ot'ten, however, this element does not
have sufficient influence fo compensate for the charges
in output caused by consivraining the brancn voltages of
the more sensitive elementS; whilie all the arbitrary elements
remain positive.

| One possible solution to this problem is to allow
more than one 01 the lower sen31t1v13y elements to take-.r .
on arbl rary valueo and then to bDePlf' the requlslte
number of current values by some other means (see eouatlon 5 11)
'Uowever some form of 0pu1mlsatlon must then be used to flnd
a set of current values which prov:de a po itive set of
element values, assuming that such a set exists. Optimisation
then means the introduction of an iterative process with
21l the attendant drawbacks. This is one of the principal
reasons why this method is undesirable; the primary object
of the investigation reportéd in this chapter was to provide
means of ilndlnﬁ anetworks having low element qenq1t1v1t1es,

Another technique which was tried, but with very little

success, was tq replace the negative elements with voltage
controlled current sources. Since the transistor is:the~
simplést device capable'of providing an approximation to
a voltage controlled current source, only three-terminal
controlled sources were allowed. Once the allowed transistor
type (PNP or NPP) as been specified by the designer, the .
current flow direction in the element determines the
relative emitter collector conﬁections. Providing a 'base!
‘node can be found which has the requisite potential difference
with respecf»to the 'emittep' node this method is successtul.
However, such a node is not usually found and hence: a

redistribution of the vellage pattern by the constrained
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embedding approach is nccessary to create a suitable nodal
potential. This then has a strons tendency to produce one
or nore negative elements in the rest of the nefwork.

Any attemnt to .deal with these elements by the same method
usually reﬂul+s in yet more such negative elemenﬁS'with

the process eventually settling dovn to a limit cycle.

Ln.a tnlrd approach Uham was tried, the output was: permltted
to vary, but was thcn restore d to its former level by |
means of an 1teraﬁ1ve process. Thls reduced the number‘of-
negatlve elements, but when,the senond 1teratlve stage o£
ﬁhe~process Tound the elemenﬁ:values‘heceSSary to;bring

the oubtput back to its former level no significant improvements:
was obtained. |

| In view of the difficulties encountered, further

research on this topic was considered to be fruitless.

Examples:
Using some of the techniques-described.above,.attempts
have been made to reduce the high;sensitiviﬁyrelements
of circuits 6 and 8, These circuits, which are showm in
figures 5.1 and 5.2 respectively, have their output voltage
éxpressedlbétweeﬁ node 2 and ground.  The usér’specifies.
the number of COnstraints desired, whether-the output is to
be held constant, the fractionél reduction in the branch
voltage pf the most sensitive branch to be considered.andM
the branchés to be ignored, if any. In ovder Lo nrovide
an insight into what is happening in the circuit, the
fractional branch voltage reduction is subdivided by twenty
nine# Then the constraint severity is incremented twenty
nine times from zero up to the v

each value of the conaitraint, the gensitivity of the most

* arbitrary number to provide graph points



93

"sensitive element, its'resistanco value and the output
voltage are stored. These values are then plotted out
against the constraint severity. | .

- Figure 5,3‘and the top graph of figuré 5.4 show the
results of trying to reduce high element sensitivity;in
cireuit 8 by this technique; Reducing the voltage across
‘branch. 4 decreases the resistance of this brauch“while”i
slightly incfeasing its Sensitivity. Due to the position
vof‘brgnch'&fit is impessible to,maiﬁtain.tne_output,letage”
and decrease the voltage of branch four since the output.
voltage is expressed across this branch. The bottom
graph of figure 5.4_ana the graphs in figure 5.5 show some
of the problems that negative resistance values cause when
.the technique has been applied to circuit 6; However, if
the output voltage had been fixed, as shown in: figure 5.6,
the process produces a veryfhigh gsensitivity reduction,

This set of constraints only produce negative elements
at a fractional Yranch voltage-feduction figure of .45
(not shown) when, as usual, the sensitivity figures increase
rapidly.

The top graph of figure 5.7 shows the effect of
numerical noise in the output voltage for thg case when
the outpuf VOltagé Has supposedly been held constant.
Figufé 5.8 and the bottom gfaph in figure 5;7 show the case
“of three.consﬁraints applied to circuit 6. Once again a -
negative resistance value immediately appears and leads
to unacceptable sensitivity figures. These examples show
that although the process can produce spectacular sensitivity
reductions, the method is plagued pyvthe formation of negative

resistance in the branches of interest, The fact that this
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method is only applicable to D.C. networks is also a very

severe reslbriciion,
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Chapter 6

Optimisation

The initial design of a circui{ usually will not meet
the required specifieations and must therefore bé subjected
to some form of optimisation. In this chapter an algorithm
~is proposed which alters circuit elements in such a ﬁay
aSZto.feduce:(l) the high element sensitivitiés and (2)
vthe}d;screpanpy petween.the_dgsiped and.aptgal‘pircuit_c
output. . This algorithm uses the techniqueé'developed in
chapters 2 and 3vto caléulate efficiently thé first and
secoﬁd order differentials of the circuit output.
| A p;oblem in any optimisation scheme is the choicé
of a suitable cost function. This is because a vast number
of alternatives exist as the cost function must accurately'

, refleét the effect of a large number of paraﬁeters. In

most ciréuits the element sensitivities have been found to
lie between zefb and unity and hence a suitable normalising
factor for the output error must be found so that the cost
function is relatively circuit independent. For ﬁost.

types of optihisatidh problem the output is of the same
order bf magnitude as the required output and sg the\output
may be normalised to either the actual outpuf or the

required output.- In order fo avoid any anomalies the
normalising factor, which is fixed at the start of the
optimisation, is taken as the greater of the moduli of

either the actual or desired output. The cost function, CF,:
used in the examples in ﬁhisvchapter is the sum of two
vcomponenté;' one is the squared modulus of the output

error normalised by the factor discussed above, and the

/
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other is the sum of all +the squared moduli of the élement'

sensitivities. That is

/\(?* *
or = LEDV=V)y, o, 2 5, s] - - -6
A i * »

A .
where CF is the cost function, V is the desired response,
V is the actual response, Si the ith branch sensitivity,
a
‘weighting factor specified by the designer.

- A is the greater of[V]and 1V]~and w, is an-output error ... . ... .

 Optimisation of this cost function could be carried -
ouf by a svandard software package which does not utilise
analytically calculated differentials. It would, however,‘
reguire a large numbexr of function evaluations —circuit and
sensitivity analyses in this case- which are very time
consuming. An,altefnafive, and far nore efficient épproach,
is to use the methods developed in chaﬁters 2 and 3 to
caleulate the cost function and its differentials. These
differentials are ’analyticaliy' calculated by the numeric‘
substitution of the circuit variables into the relevant
equations in chaptérs 2 and 3. This method of calculation
of the differentials avoids the numerical error of perturbation
techniques, a point of considerable importance:in the

prediction of search direction optima.

Steepest Descent Algorithm:

.

Since the so called 'steepest descent' algorithm is
very simple cpnceptually, it will be used to demonstrate
"some of the advantages of using analytically calculated'
différentialé; This algorithm searches along'the diféction
of steepest descent until the cost function minimum haé
been found; +the direction of steepest descent being that

which is defined by altering the system parameters in
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proportion ‘4o their first order differentials. At eacﬂ
search direction minimum the new direction of steepest
descent is found and the procedure is repeated. When the
first order différentials are‘sufficientlylclose to zero,

the procgssAis terminated. In general, the steeﬁest

descent algorithm is very effective when the paraméters

~are some way from their-optimum values but rapidly decreases .
in effioienoy‘wheh‘approaéhing an_optimum.l This is due

_ té the differeﬁtials‘becoming very small and hence inaccurate

if'perturbation techniques ére being used %o find these

differentials.. However analytically~calcul;ted différentials

é&éid this type of problem and so the steepest descent |

algorithm becomes far more useful.

General Considerations: .

Cleariy, no element values may be allowed to 5ecome
négative during the course of opiimisation. However
care must be exercised in the method used for festricting
‘element values to remain positive, constrained optimisation
being génerally a more 'thorny' problem thén unconstrained
optimisation. . This is due to the discontinuities in the
parametef values which tend fo give rise to‘bizérne mathematical‘
behaviour in the function space. To prevént"brick wall'
discontinuities continuing from one iteration to the next, -
element changes were limited to a predetermined proportion
of their value at the start of a search direction. By
restricting this proportionality factor to be less than
one, the element values will always remain positive and
never reach zero. In the examples shown at the end of
this chapter this proportionality factor'Limiting the maximum

element change'was set to .8 by the program. In order to



106

“allow theé output information to be circuit independent, an
internal scaling factor was used to normalise the search
direction vector. This normalising factor is equal to the
'magnitude of thevlqrgest component of the search direction
-vector. The ith élement value aiong the search direction
.is given by

.;.ﬂ#iA=HX; ( A ) _ » .Lt: - _.; ; e 6.2

'where xg and xl are fhe'elemeht values at the start and'
at any p031t10n along the search direction respectlvely,'
A° is the scaling factor, ﬂ.ls the position factor along
the search direction and Di is the 1th component ofvthe

search direction wvector.

Cost Tunction Differentials:

The cost fﬁnction differentials are required for
two reasoné, These reasons are: |
1) the need to define the search direction and;
.2) the differentials are used in a technique for predicting
each secarch direction minimum. |

Consider the cost fuﬂction differentiated with respect

to an admittance Vie

*
BOF = 7a D v hyviy® 35y #8555
byi - AZ hyi (v V)(V s ? (Sjéyi + Sjbyi.) 6.3

‘Since the differential of the output sensitivity of element j

with respect to the admittance Vi is

0S . > 5 | :
0%i . 0 (T4 v -
57, = 557 ey ) 6.4,

which may be expanded as

\ o . . -
973 _ i 0%y 10XV M 10V
T (573 vy TV oy, oy Ouaw oy, ) T Y



this term may be evaluated by the formulae of chapters 2
and 3. The differentials of the complex conjugate terms
are easily‘found since the term Yi is either purely real or

imeginary and hence Ior any complex quantity t

* : % .
%—;—;i - (-1)® (é%i) | - -6
~where n = 2 if y; is real
‘and n = 1 if yi'is imagiﬁary.
_T,her?f?re. equation 6.3 is simply evaluated using the techniques
developed in previous chapters. Although only the first
ldifferenfial of the cost function is being found, the |

expression involves sccond order differential terms of the

output voltage.

Normalisation:

If the differentials of the cost function are‘normalisedl
with respect to the element admittances, a symmetrlcal |
equation in the element admittances is obtained. As a
result, the amouni of computation necessafy to evéluate
the summation part of equation 6.3 is approwlmately halved
(see equaflon 6.14). Also, normalised dlfferentlals apply
not only to the admittance piane, but, with a 31gn change,
to the impedance plane as well, Hence the programming
.in thg optimisation part of the_algorithm is considerably\
simplified as]element values rather than admittahce values
ﬁay then be altered. |

Consider the partial expansion of equation 6.3 as

b_g_r«__f'_@i A\% 7 AN Y
57, = 2 [ g+ (D) g5 f é(saayg+s Ly

A i 363’

Now for ease of analysis let



4,,i68,.. .

P AV ~avw S
QB _ gt oV AV — - - 6.8
byi . byi byl :

~ A .
where V = V - V and P is a dummy variable defined by this

equation. Substitution of equation 6.6 gives -

vi i i
where n = 1 if Yy ig imaginary
| andm=2ify, isrveal.
Expaﬁding Vas A + jB and %¥i as C + jD iﬁ eqﬁation 6.9,

‘equation 6.10 is obtained.

2P . (4-3B)(C+iD) + (A+3B)(-1)™(c-D) - 6.10
L ' :
=2 ( AC+ BD ) forn= 2 - - - 6.11a
= 2j( DA-3BC) forn=1 - - - 6.11Db

Now normalise this differential by multiplying through by Vi

22 _ o ) |
i.e. ¥y 3V - 2G- (AC + BD) for y; = @ Bl 6.12a
and  ¥; 5= = 25 (BO - DA)  for y; = j§ o _ 6.19b.

1 :

This same result is also obtained if the real parts and

~imaginary parts of V and yi%¥ are multiplied, summed and
. vy )
then multiplied by 2.
; 2B _ v 2V ¥ oV |
i.e. y; Y78 2 Re(V)Re(yibyi)+Im(V)Im(yigyi) - - -76.1§

This normalisation is especially useful for calculating the

differentials of the sensitivity terms since %%j is not

_ i
symmetrical in the admittance terms (see equation 6.5) whereas
G255 ¥y %y Vilyawav e Yiav | 44y
i3y Vo oYYy y2 V38V 13V 2y,

is. Therefore only the (n2 + n)/2n2 fraction of the terms
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in vs X?J need to be calculated which results in a substantial-
5 v
saving c¢f computer time. Note that care must be taken in
the case of resistors or inductors since the normalised

differential changes sign in the transformation between

admittance and element values. » ot

Tunction Minimisstion along a Search Direction:

Consider minimising the cost function along a direction
th |

 vector [D]. The value of the i parameter, X5 at'any
position along the search direcction is given by equation 6.2,

rewritten below as equatiéh‘G.ls

D, : A |
x.=x‘.’(1-AK§- - — - 6.15

where X5 and xz are the present and initial values of x5
A is the scalar position‘parameter, A® the circuit scaling
factor and Di is the ith component of the direction vector.
The change of independent variable from Vi to X5 is to
emphasize that this variable is not necessarily an admittance.,
This is important as the normalised differentials permit
the element values rather than tlie element aduiittances to be
used in the optimisation algorithm. \

Differentiation of equationlé.l5 with'resﬁect to A is-
then a necessary stage in deriving the expfeSsion for the
variation of the cost function with A,

d

Xi—xo
da = 7™

e

D. '
- - - - 6.6
However the differentiation of the cost function with reépect

to A may be expressed as

dg £ JCF dx;

. . -
e S, RO, N [ S

ar " S 0%5 dA
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Theféforé, by the substitution of eauation 6.16 in equétion

6.17, ecguation 6.18 is obtained

4acr _ _ 1 5 JCF _ - -
= - A"é.‘ X, Fi D3 6.18

which may easily be evaluated since the cost function

differentials with respect to any variable, x; are known.
’ th

‘Note that in the steepest descent algorithm the i
s ‘ L dCTF R -
direction component, Di’ is X§Z

-+ -Now change the parameter values along the search - - -

"search =

direction by choosing a suitable value, §, for A(see
equation 6.15). Re—analysis of the circuit to find the

new cost function and its differentials then gives an estimate'
of the‘second'order differential of the cost function with

respect to A as

o}

5 cE dCF

| »

4°cTF 2 la=s ~ T A ln=0

— - - — - 6.19.
A

IS

If the cost function is represented as a quadratic function

plus an error term, i.e.
o > o
CF = Ki.+ K2 + K3A, + ; 6.20

where ; is the error term and Kl’ K2 and K3'are’arbitrary
constants, then the differential of the cost. function with
respect to A is

dCF . | |
'T = K2 + 2K3A _ v - - - 6.21.

Hence the second differential Qf the cost function with

respect‘to A is given by

d"CF . , -
a;!.z - (-K3 . 60 220
: . dCP a%cr |

However the values of TA and 21 at A=0 are known and

ar
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therefore the values of the constants K, and Kj'afe also
J

2
known. Since a maximum, minimum or saddle point occurs
when 9%% = 0, the. wvalue, Ao £ associated with the minimum

of the cost function along the scarch direction is given by

K .

s 2 :
Aopt T .7 2K - - - 6.23.
- : dCF‘ -- dCF . o .
Since 2K3 4 gP = da’asg . dA 270 - = - 6.24
Y € | §
o "”4;;dCF" L R R . L
and K, £ |, N === 625
. acvl
| . a2 |A=0 L
then zopt = - dCF\ - dCP\ 6.26.
A=t A=O0

The initial value for ¢ is specified by the designer

but each subsequent ¢ is set equal to the abpt value for

the previous search direction. Note that the value of ¢

-does not need to be small since if the behav1our of the

cost function is gquadratic, then the secona order dlfferpnt1a1;
is constant. If the behaviour dev1ates from quadratic,

then a chord value of the second order differential will
give a better résult in the prediction of the search direction
minimum than will tﬁe true value of this differential at

the start of the search direction; This is because £ is

usually a reasonable estimate of the value, A

opt’? of 2

which minimises the cost function along the search directibn.
Therefore the chord value of the second order differential
of the cost function with respect to A over this interval

will give a very good estimate of Zopt for both cases.

Al gorithm:

After the iﬁitial circuit information has been fed



A T

intd‘the computer and the cifcuiﬁ analysed for both response
voltages and sensitivities, the initial optimisation
paraméters.are fhen required. These initial pafameters are:
1) the numbef of iterations;
2) the required output, G; -
3) the parameter alteration weights, if requifed (these
'weights modify the search direction)?
4) special sensitivity weights, if required;”
5) the output error weighting and;
6) tﬁe initial value of i.‘
The algorithm now consists of eight distinct stages per
iteration. These stages are:
1) Analysis of the circuit by inversioh of the nodal
‘ admittance;matrix;_
2) Evaluation Qf the cost function and its first ﬁrder
differentials; |
3) Alteration of the element values along the direction
of steepest descent by setting A in equation 6.15
equal to ¢ (see preceding section);
4) Re—analysis of the circuit with the temporary element
valﬁes found by the previous stage; h
5)VRe-evaluatioh of the cost function and its first order
differentials for the temporary element values; |
6) Estimation of the value, Ropt’ which minimises the
cost function along the search directioh;
7) Subjection of the estimated value of Aopt to three simple
tests to check the validity of.the gquadratic convergence

‘assumption (see the section entitled Strategy);

* This is discussed in a subsequent section in thils clhupber



'8) Alteration of the circuit element values from the
values held at the start of the search direction using

the value of aopt in equation 6.15.

Experimental Verification of the Quadratic Assumption:

-

Ciréuit 2, shown in figure 6.1, was the subject of
a serles of one almenslonaL iine searcncs. At the SUart
iof each search dlrectlon the COot functlon, CP, and 1ts
flrst order dlfferentlals were evaluated to define the
“search d;rectlon.A‘ The dlsbance to be searched was theh{"
subdivided by forty and the cost function waé evaluated
at each of these points. Then, using the first and last

points of the distance searched, the value, A of A to -

opt’
minimise the cost function was predicted by the use of
equation 6.26; The initial search interval‘was.pro?ided
by the user but each subsequent interval was determined as
the product of the preceding inferval's predicted aopt and
a factor of 1.2. Each search direction was started from
the true minimum of the cost function found along the
previous direction to ensure continuity in thezcost function'
values. )

The‘reéults for the first ten search aifections are
‘shown in figures 6.2 ﬁo 6.6, As shown on the graphs, the
desired output was -1.2 — j22.8 at a frequency of 1kHz, which
ié'the same outbputb Vgltage as the initial circuit has at this
frequency. Note that‘for the top graph in figure 6.3
no minimum was reached as the search interval, specified
from the prev1ous search interval, was too small. A1l

“the predicted line minima are very close to the true minima

which is a justification of the provosed method, The cost



function is reduced from 2.67 Lo 2.295 by these ten iterations =
and another twenty iterations willbreduce the cost function

to 1.54 (see the top graph in figure 6.7). Due to the low
output error weighting factor the output qhanges from

-1.2 - 322.8 to -5.8 - j19.8 after these ten line seéfcheSu

Computational Effort:

' "Qiréuit 2JWas éﬁ&ljséddby inVérting éhé.ﬁbaaliadmiffahéé:”b
matrix sinbe the inverted admittance matrix ié needed to
“evaluats the cost function, CF, and its first order
‘differentials. The time taken to analyse the dircuitvﬁj;f """"""
this technique was .76 seconds while the evaluation of the
cost function‘and its differentials took another 1.88
seconds. ‘If the nodal admittance maffix was not inverted,
then two circuit analyses would have to be made just to find
the element sensitivities (see chapter é). This ih itself
would take about 67% of the time needed to aﬁalyse the
circuit by inverting the admittance matrix. However the
problem still arises of how to find the first order differeﬁtials
of the éost function. Suppose that perturbation techniques R
were now used to find these differentials, then, if oﬁe
solution of the circuit's sinultaneous equatioﬁé is taken
as a basic unit‘of time, two extra time units are needed
for each differential. Therefore, for circuit 2 which
has eleven branches excluding the driving source, twenty.four
time units are needed to analyse and evaluate the- cost
“function and its first order differentials. However, by
inverting the circuit matrix, the circuit analysis and
evaluation of the cost function and its differentials will
take oniy ten time units.

A factor which is very important on a small werd size



computer such~as a PDP 15 ié.that the perturbation techﬁiqﬁe
only gives an estimate of the differentiale. Imprecision .

in the cost function differentials disallows the possibility
pf predicting the search direction minima with any degree

of accuracy. The amount of +time needed for the efaiuatioﬁ '
of the cost function and its differentials is pfoPOftional

~to a fhctor of ~n2 where n is the number of branches..

Slnce the time Laken for the circuitd ana1J51s is approx1mate]y
proportional to the 2.5 power of the 01rcu1t node size, o
fhe circuit analysis takes a proportionallyzlonger time

than the evaluation of the cost function and its_differéntials
for increasing circuit size. This factor Qas observed ih

the exampleé_run.

Strategy: »
The value of aopt’ predicted from equation 6.26,

must be subjected to three simple tests to check the
validity of the prédicted minima. | These tests are:

1) does the value of Kogt exceed .8, if so set g 1o .8;

2) if Aopt is negative, is the value of the cost function
at A=¢ greater than the cost function at the start of
the search direction, if so divide ¢ by ten and repeat’
iteration stages 3 to 7 (see Al@orlthm),

3) if Abpt is negative, does the value of the cost function
at the start of the search direction cxceed the value
of the cost function at A=¢, if so set %opt equal tg&
and proceed.' _

Tést 1 1limits the change in any element to eighity
percénf of its value at thé start of each iteration. This

prevents the element values from going negative as well as
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increasing very rapidly. The situations described in'the'
last two test conditioné are rarely encountered but are
necessary to ensure stability in the algorithm. If the
algorithm converges very rapidly; fhen the step size from

a previous successful iteration may be far too large for

the next iteration and hence will cause the quadratic assumptibn

“to break down. . This is self correcting providing the.
>predicted value of Ropf»is pbsitivé. ‘However, ifj%ﬁpt is
_negative, then the second test will:applyusince_the‘value:
of the cost function at A= will normallyvbe.gredter than
the cost function at‘A=O. In this case the value of ¢ is
divided by ten and the prediction process for aopt repeatéd&
The third test only comes into operation when the
circuit being optimised is a.long way from its optimum
values. Very occasionally the cost fuhction versus A
surface is ‘convex rather than concave and so the negativé-
value of ROpt:iS predicting the position of a maximum |
rather than a minimum. Therefore 20pt is assumed to be

equal to £ and the algorithm is continued.

Optimisation Examples:

The proposed algorithm was used to opfimise several
circuits, the results of which are shown in diagrams 6.7
to 6.19. In figure 6.7 the two graphs show the result of
optimising circuit 2, shown in figure 6.1, for the initial

conditions shown on the top graph of figure 6.7. After

decreasing the cost function smoothly for the first eighteen |

‘iterations there is a sharp increase in the rate of reduction

of the cost function. This sharp increase in the cost

. function reduction, which is accompanied by a corresponding
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increése in fhevstep length'aléhg}éach séérch»direéfion;‘l
is maintained until the cost funcfion reduction levels off
at the twenty fifth iteration. The final element values,
all of which have been allowed to vary, are given in the

circuit diagram in figure 6.8.

Figure 6.9 shows the results of another optimisation

of circuit 2. In this case, however; the desired output ™ =

is now different from the initial output of this circuit -
—and an- output error weighting factor of four'haS‘béen

introduced. ~ As shown in the top graphs of figures 6.9 :

- “and 6.10, the initial reduction in the cost function is

“due to the reduction in ouﬁput error only. The element
values resulting from this optimisatioh are given in the
ciréuit diagram in figure 6.10.

Qifcuit 7,‘which is shown in figure 6.11, was now
optimised by the pronosed algorithm, The results of this -
optimisation are shown in figures 6.12 and 6.13. ,.Unlike
circuit 2; the cost function converged very rapidiy to
near its final value. This rapidlconvergence of the cost
function is more typical of the limited number of ciréuits

which have been optimised than the more complei'behaviour’

of circuit 2.

In the above examples all the elemerts have been
allowed -to vary. This is sﬁitable for a theoretical
investigation but in é practical problem it is often
"reguired to hold some of the network‘eleménts constant,.
Hence provision has been made for the designer to be able
to fix the‘value of certain elements such transistor

parameters, for example branches 5, 8 and 9 in circuit 2
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(see figure 6.1) by altering the element weights.
Mathematically this is achieved by setting the relevant
components‘of the search direction vector[bi]to zero (see
equation 6.15). | |

Circuit 2 was subjected to a two stage optimisation
process with branches 2, 5, 8 and 9 held consﬁant. ' The‘
'flrst stave con81sted of 3p901fy1ng the 1n1tlal circuit
' output as the desired output but only applying a low outpuﬁ
error welghtlng factor of unluy. This welghtlng factor
' was then increased to Tive for the second stage of the
optimisation. Figures 6.14 to 6.17 show the rele#ant
guantities of both stages of this optimisation. A
phenomena worthy of further investigation is that, on
the 25th iteration of the first stage, a program limited
step size is accompanied by an increase in cost function
and an even greater step reduction in the sum of the
squared sensitivities (see the graphs in figure 6.14 and
the top graph of figure 6.16). From the gra?hs in figure
6.16 it is seen that the second stage of the process
rapidly increased the sum of the squared sensitivitiés
although the final result was half way betwéen the initial -
and final sensitivity figures for the First stage.

Another desirable feature in an optimisation scheme .
of this type is the ability to weight the,oontribution,‘
to the cost function, of each element sensitivity. A
common set of eleméhts which are required to have low
sensitivities are the elements comprising a transistor
ﬁodel. - This is becausefthese.parameters have a strong
Vtendency to vary widely.from one device to another. |

Inclusion of an element sensitivity weighting factor
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doeétﬁot'preséﬁt ény mathematical difficulties in eithexr
the evaluation of the cost function or its differentials,
Since these weighting factors are set by the designer they
are independent of-the element values. Therefore equation.
6.3, which expresses the differentials of the'éost'fﬁnction,

is modified to
d3cF Mg > {' - fg ‘s i ot NP P
— = =y = 3 (V=-V)(V-V . (S.— §.—9Y) ~ 6.2

Y3 Az byi ( )( ) §+ é;] WJ ( bei * bei) 227

th

"whéféwW§fié7£hé"ééﬁsitivi£y’wéighfihg'faeéo} on the 3
éiémenf. o - o

Circuit 2 has been optimised holding branches 2, 5, 8
and 9 constant and with sensiﬁivity weights of zero an
branch 2 and ten on branches 5, 8 and 9. The cost function
and step size versus iteration are shown im figure 6,18
while the sum of the squared sensitivities multiplied by
their weights and the resultant circuit are shown in figuré
.6.19. Figure 6.20 shows the tabulated node voltages and
element sensitivities for the original and final circuits;
as well as providing an example of the format of an on-line
console session.with the algorithm. The’underlining of
certain data shows which information has beén supplied to
the program by the designer. This algorithm was implemented

on a PDP 15 compuier and the times mentioned in this

chapter refer -to this machine.

Conclusions:

The proposed algorithm has been shown to be very
effective in reducing the cost function specified in equation
6.1l. As each search direction usually only requires two

function and derivetive evaluationsg, the method is very



efficient in.its uée'of‘computér tiﬁe. ‘Hencevsméli fqéiiéfic
circuits such as Circuits 2 and 7 may be optimised on slowr'
computers such as a PDP 15; each iteration for Circuit. 2

takes approximately six seconds of computer time. Thé.

process may be speeded up if the elements whosé valués

are required to remain cohstant do not have their cost

function differentials calculated. As»no%edﬂearlier;'the ﬂ“é“'
}feduction in fhe oufput errof contributicn to'the.c§St : o
-function iS’swiftly obtained while effective sensitivity reductio
continues fdr considerably longer. A very interestiﬁg-k““*V‘l’“
point is that the optimisation of Circuit 2»requirés'far

more iterations than that required for Circuit f but

Circuit 7 is a more complex circuit than 2. One possible:
explanation is that Circuit 7 was a commerically désigned:
circuit from a tape recorder whereas Circuit 2 was an

untested design by theAauthbr. In the author's opinion,

the stability and convergencévrates oEtained‘with,this ‘

proposed algorithm justify the extension of the pfoéram to

handle a number of frequency points.
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PlruL Soa”ch Dlzectlon for Clrcult 2 :
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" Phird Search Direction for Circuit 2
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Cost Tunction versus Iteration for Circuit. 2
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Cost Tunction and Optimum Step Length plotted against Iteration
for Steepest Descent Optimisation of Circult 2

Figure 6.7
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 Sum of Squared Sensitivities versus iteration
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Sc. Sensi. weighting factor = 4
™ Frequency = lkHz
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The sum of the squared sensitivities is showﬁ plotted against
iteration for the optimisation of Circuit 2 at a frequency
of 1lkHz. - . ' :
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Cost Function versus Iteration
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Sum of the squared sensitivities (with weights) versus iteration
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'REQUIRED OUTPUT (COMPLEX) = -1.2 -22,8
ALTER THE ELEAENT UEIGHTSCY OR M)

Y | -
BRAHCH #0. 2 WEIGHT = £ BRANCH NO., 5 WEIGHT = @

~ BRANGH NO. 8 WEIGHT = @ BRANCH NO., S WEIGHT = @
BRAHCH 0. 8 ' o
ALTER THE ELEMENT SENSITIVITIES wEIGwTS(Y OR W) -

Cy T o S
BRANCH NO., 2 WEIGHT = @ BRANCH no. 5 WEIGHT = 18
BRANCH N0, & WEIGHT = 18 BRANCH NO. 8 WEIGHT = 0
BRANCH §0. O

(INTEGER)

' Wote that a branch number of
. .zero terminates a sequence.-

WEIGHTING FACTOR =1
MAXIMIM ELEMENT VARIATION = .4
Original Circuit Optimised Circuit
" Nodal Vthages
NODE REAL VOLT  IMAG VOLT ? NODE REAL VOLT  IMAG VOLT
! 0.821E+80  -0.101 00 1 B.931E+80 ~-0.181E+30
2 -2, 120E+81 -9,228E+02 2 -8.5%454+01 -9,215E+02
3 .661E+08  0,183E+00 3 B.530E+008 -0.285E-91
4 P.66AE+R0  0.172E+0@ 4 0.528E+00 -B.35GE-31
2. ~Ph.192E-Bl -08.443E408 0 5 -0.360E+0!  -0.1574E+02
. Branch Sensitivities i
BRANCH REAL SEN  IMAG SEN ~ BRANCH  REAL SEN ~ IMAG SEN
1 0.C20E+00  0.900E+00 1 . 0.0005+08  0.030E+00
2 B.821FK+68 -9,101E+00 2 0,931 E+00 -0.181 £+00
3 0.191E+80 -0, 174500, -3 B.177E=-01 -0.458E-91
4 B.111E+00 -9.304E-01 4 B.435E+P0 0.6215-01
5 0.4155-01 $.2083E-01 5 0.380E-01 0.634E-02
6 B.843E+00 0.2075+00 6 - @#.551E+80 -0.383[-02
7 _-9.658E-01 @,268E+20 7 6.635E-03  @.915E-01
8 B,246E-65  0.168E-03 8 8.307E-83 0.960E-04
9 B.470E-0]1 0B.342E-01" S 0.426E-01 "B.137E-01
1¢ G,980E+0AY '~0.355E-03 10 P.284E+08 -0.426E-03
11 -0.287E-01 -0.271E-21 11 0.286E+00. ~-0,755E-81
12 B.161E+36 12

~0.284F+00

9.481&+@e‘

~7.152E+00

Example of a 6n~line console session for the‘optimisation of
Also given are the original and final nodal voltages

Circuit 2.

~and branch sensitivities fo enabhle a comparision to he made

between original and optimised circuits.

Figure 6.20
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Chapter T

FMuture Research Topics

Efficienf methods of céiculating and utilising electrical
network sensitivity haﬁe}been developed in +the preééding .
chaptefs; The amount of computer time saved, és well as
the accuracy obtalned ‘make the use of these methods hlghly

 deq1r%b1e in any serlous computer alded circuit des1mn
»work. Also the use of these technlques enables effective
circuit'design*to be performedvon samll computers such as = -
a Digital Corporation PDP 15. V

The accuracy'obtainedfin‘the calculation of element
differentials by the proposed methods is essential if
Optlmlsatlon algorithms which depend on first or der differentials
are to be uced successfully when approaching local or global
optima. This is because firét order differentials tend
to zero when approaching an optimum and hence'perturbation
techniques‘fér differeﬁtial calculation fail. As shown:'

in chapter 6, the steepest descent_algorithm,lwhen using
an estimate of each search direction optimum based on a
guadratic béhaviour assumption, bonverges very“fapidly (less-
than twenty iterations) cven for the complex.cost'function
ﬁséd iﬁ this chapter. The proposed algorithm may be furuher
speeded up byﬂonly calculating the_dlfferentl-;s of the elements
which are allowéd to alter their admittance values.

A restriction in nodal énalysi8~is the inability to
allow the pfesence of ideal voltage sources in the circuit
under analysis. The usual procedure for dealing with these
sources is it¢ *rsert ot . ‘ .

o 1
A A e

‘to convert the comblned voltage source and resistance to a
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parallel connection.of a current source and source resistance
(Norton Transformation). = However this technique means the
introduction of another element if there is no suitable
impedance pfesent to act as a sourcé impedance; This is
.inéonvenient for'several reasons Which are: ’
1) An0uhe¢ elemenu muuL be aaaea ana, -
2) A sultable value for the branch 1mpedance must be

bhosen so that the’ 1mpedance value is big enoug gh not

:'to cause numerlcal dlfflcultles whlle belng small

'enougb to 81mulate voltage source behav1our. | |
If the possibility of a hybrid matrix in place of the nodal
admnittance matrix is accepted,'thén, using some of tﬁe methods.
discussed in chapter 5, it is pOSSible to introduce a'voltage
source directly into the'system equations. This is achieved
by first assuming that an arbitrary current source is connected
between the nodes i and j where the voltage source is required
(see equation 5.7). As in chapter 5 this arbitrary current
source is removed by the addition of:the two rowé represéntingu
the Kirchhoff current law for the nodes 1 and jﬂ The extra
egquation ‘necessary to make the system deterninant is then
provided by sp901fy1ng the desired voltage relatlonshlp as
in equation ©.5. This procedure has been successfully
used in the analysis of circuits containing voltage sources.

Howéver no work on sensitivity calculation using this

'hybrid natrix has beeh qarried out. Theoretically there
seems to be no reason why the approach used in equation 2.15
(see chapter 2) should not hold. Obviously more 'book-.
keeping' must be carried out since the evaluatlon of the
differential of the hybrid matrix with respect to cireuit

elements is not quite so simple. This 5book—keeping' would
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only consist-of an extra vector which specifies the rov; to

which each .row of the hybrid admittanee matrix has been

added, if any. Also the checks discussed.in chapter 5

under the heading of Multiple Constraints would have to be

performed if more than one voltage source was requifed‘in

. the circuit;

. .'The'eohfeﬁﬁs of chapfefé‘4 end;é‘proVide‘the:gfeateetu;:

500pe for further research. In chapter 6 the most obvioﬁs

"llne for future work to follow is the exten51on of the |
;proposed ontlmlsatlon algorlthm to handle a frequency rangewﬁt

rather than a single frequency point, +This is easily.

achieved by selecting frequency points and their appropiate

weights ovef the desered range. The weighting factors

would express the relative importance of their assoeiated
freqﬁency to the desired‘response function. A composite

cost function formed form the‘weighted sum of the individual -

cest functions at each frequency appears: to be the simplest,

end pérhaps'the most relevant, cost_function to apply.

Verfieation 6fithe éuadretic eonvergencé using the methdds‘

proposed in chapter 6 would have to be'performed for fhe

various eossible search directions. One of theselsearCh

dlrectlons vould be the weighted average of the search directions

at each individual frequency point. Anot er pOSSlblllty\\

which mlght well be considered is the gteepest descent

direction at the freguency p01nt which has the highest

-‘contribution to fhe cost function. This would be a form of
min@—maximum optimisation. Intepretation and understanding

'of‘the circﬁits obtained by these Optimisatich schemes

opens up a new host of possible research nroﬁects. This

type of research is needed to determlne 1f there is a
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empirical basis of design whéreby 16w seﬁsitivity networks
could be directly formulated. |
The 1arge-change,sensitivity technique developed in

chapter 4 opens up exciting poq 1b111tles in tolerance .
analysis, a topic of growing 1nterest,3 by the simplicity
ahd speed of the method. Also this techniaue can be usedi

to aohleve great sav1ngs in computatlon if a large circult
‘ has to be optlmlsed with only a few o; 1ts elements allowed
to'vary. As seen in chapber 4 (Mulilple Element Slmulaulon)
:thévoﬁﬁput7voltégé"and the branch voltages of a modified "
circuit may be found by the analysis of a set ofvequations
equal in size to the number 6f variable elements. Hence,
if a twenty node circuit was under study and the outpuf
variation was required with the simultaneous variation of
four elemeris, the simulating»current source method would

achieve a saving of around fifty. This comparision is

made between the tiﬁe needed to solve the complete circuit
equatlons and that needed to soive the sef of equatlons'

given by the large-change sens1t1v1ty technlque. Sens1t1v*t1es
of all the elements in the perturbed neiwork can be: found if

a further éet of simuvlating current vectorsiaré'found for

the adjoint network. However the simuléting current technique
will not give higher order sensitivities analytically anq\
hence this technigue could_not'be used in the evaluation

of the cost“function defined in chapter 6. This is because

- this cost function depeﬁds on a knowledge of thec second - |
order differentials. Therefore, if second order sensifivities
are reguired in a circuit having simuiated element wvalues,
perturvation techniques with all thelir disadvar

be introduced. IHence other techniques for 'wrapping up'
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unchanging parts of a circuit should be examined when
higher order differentials of the variable elements are required

so that the methods of chapter 3 are applicable.



Appendix A

Time Comparision between Louation solving and NMatrix Inverting

Routines

A comparision has been made between the times required

to soTVD any given network by a simultaneous equation mothod

‘and by a matrix inversion method. The s1multaneous
equation routine is based on the maximal pivot, Gau331an

“reduction technlque where back substltutlon is used to

?_determlne the value of the dependent vector . Inversion

of the original matrix is obtained by reducing this matrix
to a2 unit matrix while, at the same time, performlng +the
identical operatlons on an 1n1t1ally unit matrlx (Gauss-
Jordan). |

Since the time of analysis of. any circuit, which
includes tﬁe time for forming the relevant matrices; is

of 1nterest rather than the actual time for solving the

circuit equations, times for analy31ng clrcults of varying -

complexity have been p;ottedgagalnst circuit node 31ze}1n
 figure A.l. The top graph~shows the times takeh using the
simultanéous equation routine while the bottom éraph shoWs
the times taken using the inverting routine.’ Although
the equation sdlvjng-routine is théoretically mofe accurat?
than the. matrix inversion technique, iittle difference
between the two methods has been noted in practice. This

is most likely due to the fact that circuit equations give

* see for example R.W. 'Hamming, 'Numerical Methods for

‘Scientist and Engiheers"published by McGraw-Hill in 1962‘



a diaébnally'pfedominant admittanee.maffii excepfAﬁhenvﬁhe
- circuit is in or near resonance. The equation solving
routiﬁe is theoretieally more accurate since the matrix is
reduced using the largest element found in the ﬁnused rows
and columns as the pivot{."Ih the inversion,routiﬁé;_

however, the largest uvnused main diagonal element is used

as the plvot for the next reductlon. ‘Once the original”"‘”'
'matrlx has been reduced to tr*angular form, all the remalnlng
.non—maln diagonal terms are removed by the submractlon of
the requlslfe mul tiples of the relevant rows startlng
with -the bottom row and working up.

\ In figure A.2 the logarithms of analysis time and
node size have been plotted against each other. »The top
graph refers to:the simultaneous equation routine,Awhile
the bot%om graph is for the inversion routine. Aseuming

thet the time of analysis may be expressed as
A : ' ~ :

where C and A are cohstants, T is the time of analysis and
N is the circuit node size, then t .

1ogloT = 1ogioc +-Alog10N , o - - - A.2

Therefore the slope of the graph of loglOT agalnst logldN

_ gives the value of A.

From the slopes of the graphs given in figure A.Z
.the invefsion routine analysis time is dependent on the
2.42 power of the circuit node size while the analysisb
time of the simultaneous equation routine is only dependent
on the 2.24 nower. Thic difference inuthe power of the

circuit node size is relatively small and hence for small
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and medium size circuits a facter of 2.5 in the difference

of analysis times between the two methods may be assumed.

;These timings were obtained‘when fhe»programs were run<en

a PDP lB-cbmputer which hadﬁan extended arithmetic-unit.

On this machine all floating point'number‘operations-have

to be performed us1ng the prov1ded software. As multlpllcatlon
beand d1v1s10n form the magorlty of the operatlons in any | |
.vform of 81multaneous equatlon solv1ng routlne, the value :

of l should not vary greatly from machlne to machlne. |

V"However the constant C will be highly machlne dependent

’
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7 Time  6f “ten analyses using ‘a similtaneous equation routine =t

versus Circuit Node Size
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Graphs showing the times taken for analysing various circuits
using either a simultaneous equation solving routine or:a
matrix inverting routine. The computer used was a PDPLS wi
an extended arithmetic unit.

Figure A.l
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"~:~Lob30 of Time of ten analyses using a simultanecus’ equatlon IREiai

routine versus logio £ Circuit Node Size
12f -
LogioTime
of 10 Anal.
.48

slope = 2.24

!
'
1
'
1
!
]
]
]
« 24¢ |
I
|
;

o 0.003 _-’_.4 -;?// e T 8
o o S Luglo Clrcult Node Size

-, 24

-048

BOblO of Time of ten analyses using a matrix inverting routine

versus Logio of . Circuit Node Slze
1.2}
LoglOTJ.me o:t‘.L

10 Analyses

-

0.9 slope .= 2.42

|
|
|
I
|
0.6 ]
Pl
[
. N I
0.3} |
| N
: |
S A A I A Ad -
0.0 307¢".4 .5 .6 7 .8

LoglOACircuit Node Size
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_various‘circuits plotted against the logarithm of the node size
of these circuits, - The power of the circuit size which the
analysis time is proporhlonal t0 is giveir by the slope of these
'graphs.

Figure A.2
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