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Abstract 

This thesis presents· new and efficient methoo.s of 

sensitivity an~lysis based on the exploitation of' the 

inverse of the nodal admittance matrix of the circuit • 
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. Using these methods, a small-change sensitivity of any 

given order may be obtained by simple calculation, provided. 

that all th~ sensitivity coefficients of lower order 

have been found previously. Also de~cribed is a method 

whe:i.~eby the effect on a circui t output of any large element 

change may be simply predicted from a Imo1l1ledge of the 

inverse nodal admittance matrix (large-change sensi ti vi tiY). 

The large-change sensi ti vi ty tech.11ique is also applicable 

to the inverse problem of toleranci~g whereby the change 

in element value must be found for a given change in output. 

An attempt at directly generating: low sensitivity D.C. 

networks by constraining branch voltages is also described. 

Finally the ms:thods of small-change sensitivity are applied 

in an optimisation algori thm which x'educes a complex cost 

function. This cost function j.s comprised of the weighted' 

squared modulus of the a.ifference between actual and desired 

output and the weighted squared moduli of the element 

sensi ti vi ties.' 
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The contributions listed below are original aO'far 

as the author is aware; any resul ts whic;h are not 'original 

to the author are acknowledged by references.in the text. 

1) The method .. of 'exploiting the. iriverse of' the 'nodal' 
f 

admi ttance rna trix to find ·~.he first order sensi ti vi ties 

and·· the alternative' derivation of ·the adjoint netw.ork.· 

2) The exter:sion of the above method to the calculation of 

higher order sensitivities. 

3) The 'substitution current source' method for calculating 

large-change sensitivities and element tolerances. 

4) The extension of th~ large-change sensitivity' method 

to the case' of calculating the effect on the output of 

a circuit· of multiple element changes. 

5) The direct genera t:1.on of 10Vl sensi ti vi ty D. C. net~yorlcs 

. '.. . :"': 

by constraining the branch voltages of the high sensitivity 

elements to assume lower values. 

6) Applic'ation of the- small-change sensitivity methods 

in an optimisation algorithm to minimise' output error 

and element sensitivity. ~his algorithm·has proved to 

be very efficient in its use of computer time • 
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Glossary of Commonly' Used Terms and Definitions 

branch cllrrent 

branch voltage 

branch admittance 

voltage con~xolled current source 

v' . 
b controlling voltage of a controlled current source 

I 
s· 

[Ybl 
[YN] 
[ib] 

[I ]. 
s 

[J J 
[AJ 
[vN] 

[l6mJ 
[IN] 
z .. 
lJ 

independent voltage source 

independent current 'source 

current in voltage controlled. current source 

scalar position parameter 

sensitivity of the ith output to an element x 

diagonal matrix of branch admittances 

nodal admittance matrix 

vector of blLanch currents 

vector of independent current sources 

another vector of independent current sources 

reduced incidence matrix 

vector of nodal voltages 

diagonal matrix of controlled current sources 

vector of nodal forcing currents 

the ijth element of the inverted nodal admittance 

matrix 
'. 

D']. the i th component of a search directio~l vecitor [D] 
X, ~ and £, denote elements and their admi t'i:;ances 

The 'active nodes' in a circuit are all the nodes excluding 

the reference node. 

'ccnoitivity! of an l:i.l J.B ·the normalised elemel'lt 
_1 __ • __ _ 

\,;.u.o,J.l.t) v 

its circuit output for a normalised minute change in the 
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element value. 

An element 'differential' is the differential of the output 

of a circuit with respect to this element. 

All circui ts are assumed to be analysed on the nod-a1 admi ttane.e 

basis unless otherwise stated • 
.. ~ .: . . ~. ~ .' ' .. ,.... ' 

The output of a circui t is ass1)Jned: to be the vol tage between 

node 2 and the reference node unless otherwise stated •. 
. ,." 
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Introduction ------

The design of an electrical circui t ,is a proc.E!ss 

which relies very heavily on the past experience of a 

designer. A;t present it does no~ appear "\io be, ,practical" 

in the financial 'sense' at least, to give a desired network 

function, to a computer and'" then to get a sui table c'ircui it 

back. Th!? aim of the research reported here has been to 

provide the d'esigner wi th' sufficient information about an 

existing circui t so that he may then take a d'ecision' 011. the' 

suitability of this circuit for the proposed:, applica t:ion. 

Assumin'g that the c'ircui t is unsatisfa.ctory in some respecit, 

it may then be' optimised in the computer so that the resulting 

circui-Ii will meet the required specifications'. Although 

most of the results presented in:this thesis may be obtained 

by more circui tous routes, it is essential to find and:, 

use the,quickest methods of calculating the desired 

information. o-therwise computer aid'ed circuit design,- and], 

in particular cireui t op,timisation', will remain the sale 

province ,of re-search institutes where financial considerations 

are ignored'. 

When a circui t design consists of a few elements, 

then a bench t'ast :: s usually sufficient to determine its 

su,i tabili ty. However, for a large circuit, it is very 

costly in time for a desiener to alter each of the constituent 

elements in tUTIl and determine the ef.fect on the circ.ui t 

, output. Also it is usually impossible for a designer to 

find a device, such as a transistor, \vhich only varies in 
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one of its parameters from an original d.8vtce. Therefore 

some form of model which consists solely of idea~ elements 

must be found fo~ each element in the desired circuit so 

tha-t the ci~cui t may be simulated on a computer. This is 

especially necessary in the case of integrated circuits 

since once a design has been fin'alised and the necessary 

diffusion masks constructed, it is then very expensive to· 

alter the-se masks. Once an initial design has been completed, 

this' design should be simlliLa ted, to find the' various fac"Gors 

affecting the performance of the circ,uit. One factor which 

determines the quali ty of the circuit is the effect on its· 

output of a small change in any element 'Talue. Two 

measures are used to represent this efLect and these are 

the differential of the output quantity with respect to 

the element under consideration and the elemen-t sensi ti vi ty. 

The element sensitivity is defined ae the normalised, change 

in outP'lt for a normalised minute change in element value. 
\. 

Once a sa tisfact,ory circuit desif,'n has been achieved', 

it is usually considered necessary to tolerance the consist'Jent 

element values. The ~olerancing of elements is the process 

whereby the accuracy, to which elements must be made: is 

determined. It is pointless, and expensive, to const~uct 

all the elements to say one percent of their nominal value 

when a ~alue twenty percent either side of the nominal 

may be more than sufficient for most of the elements. 

V/hile element sensi tivi ty provides a reasonable guide to. 

the required element tolerances, care must be exercised in 

the use of these figures since element sensitivity is .only 
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Historical Backgr01L1d: 

The field of sonsiti vi ty an(l it,s ir:lplieation for 

circuit design was immediately apparent to early workers 

in cireui t synthesis. Some of th.e ea.rly classical synthesis 

techniquesl - 4 produced circuits which, though having the 

desired responses when all the circuit clements were' at 

noniin'<iivalue, in practice usually exhibited an immi ttance 

f.Unction differing widely from that required • This was 

. due' to' the' circui telements. having spreads arounei their 

nominal values. Due to the required precision in element 

values, these synthesis techniques, although the only means 

available for satisfying compl.ex' specified immittance 

functions, are of limited value today owing to the expense 

of constructing the resul ting cireui t de'sign. None- of 

the classical methods' such as Brune~ 2nd Darlingt:on3 

synthe'ses were capable of handling non-reciprocal elements 

and hence work in non-reciprocal circuits proceeded on a 

more or less empirical basis. Here, the most important 

factor was -tihe designer' sjudgemen t and knowledge of 

previous cireui ts and their responses'. ']0 avoid this 

empirical approach, much of the early VI/ark in the active 

synthesis field was devoted to breaking dov"m complex 

funct~ons so that these flIDctions could be synthesised. as' 

a cascade c011J::l.en:tion of circui t blocks each havine; a much 

simpl er irmni tt'ance function:. 7 , 8,15 

As indu.ctance is the most difficul t type of element 

to construct so that the actual and ideal behaviour correspond, 

much effort Vias dev.oted' to the developement of inductorless 

circuits. Two lines· of approach vvere followed, the" 

first and most obvious was the c1evelopement of igyrator' 
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circui ts and the second was the deve.lopemen t of active RO" 

circl.l,its.t>,911 ,12 The ideal t Il . gyra"or lS a two port passive 

device having inversion properties between its two por·l;s 

so that if one port is terminated "B.y a capacitor, the 

other port then has. the properties of an inductor. At 

. the prencn t time no really satisfactory general class' of 
. . '. 

inductorless active filter has been fOl.md~ to replace the 

inductor/capacitor filter generated by the improved classical 

technicples. 

over by digital filters; for example, the British Post 

Offic'e is actively considering changing from linear passive 

circuits to integrated digital filters for channel seperation 

on their trunk cables.14 In the subsequent pages linear 

active circuits -such as linear amplifiers- designed on 

the semi-empirical basis are the type of circuits- to be 

considered,. 

The advent of integrated circui t teclmiques has 

.changed the philosophy of design. Formerly, acti v.e devices:' 

were bulky and required relatively high power for operation. 

Although the advent of the transistor did much to alleviate 

this prol:>lem the most important consideration was that 

both transistors' and valves were by far the most expensive 

items in an active ~irrolit. Over the las~ decade, however, 

integrated: circuit "Gechnology has advanced so rapidly 

that transistors and resistors may no\'v be' fabricated wi th 

, 'equal· e'as e. Hence the cost of these two devices is 

approximately eoual and when very high or low values 

of resistance are called for the cost of a transistor is 

:t"ar below that of this required res'istanne. However the 

..... 
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advent of this new technology has produced even greater need. 

for low sensitivity circuits due to the difficulty in 

fabricating devipes with values close to the nominal (lo_w 

i;olerances). Despite the difficulty in. obtaining nominal 

values for any component it is economically feasibl-e to 
\ 

obtain two or more elements which are accurately matched) 

pro"Widedthese elements.are fabricated in c10s~·p~oximity.5 
. Therefore l circuits designed for integration do not attempit; 

to minimise the number of devices but rely on a profusion .. 

of elements, ·both ac:ti ve and passi Vie •. These elements may 

haV€ values which differ considerab~y from the nominal value~ 

(high tolerance). This is in direct contrast to discrete 

element design where) the number of active devices was 

minimised~. and the passi v~ elements had. far- more precise 

values thar th~ active devices. 

The possibility of an initially designed circuit 

flIDctioning as desired is' small unless the design problem 

is trivial. In order to ·test a circuit a. designer must 

either build the circuit or else simulate it on a computer. 

Since a knowledge of the element sensitivities is usually 

required, if only for element tolerancing, a computer sili1uJ.~tion 

study shouJ.d be made for the economic reasons discusseu. 

earlier. The element sensitivities also give the designer 

an idea of the direction in which circuit elcnll!11.t.:s should 

be altered in order to minimise a difference between the 

actua~. and desired: circui t output. Early lnethods of 

calculating element sensi ti vity merely transfered·, to the 

computer, the practical a-pproach of changing an element 

't.T~-:l~1_11P- ~.-..LVI ... rl "h~t""\~~r';~'~ .. 1 .. 1 ..... " ....... " ••• _ .... ..l-_ .... ..!- (___ ..o __ ~ 
___ ~ ____ vtJoJ .. ·..L V..L.I..I.5 U.l..1.\... •• U.CH Ut.t.lJJ:-IUlJ \;::;t:C, .J..U.l· example, 

This is extremely costly in computer time 
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since the analysis of a. circuit of reasonable size is ·an 

extremely tedious operation. Therefore, if the circuit is 

subjected to an optimisation process which depends 011 a 

knowledge of the element sensi ti vi'Gies or differentials, 

the number of circuit analyses may yiell run into the 

thousands. Therefore the general purpose optimisation 

'progr'ams; which usually rely on perturbation methods 'for, 

findillg derivatives, are very costly in computer time. 22 

'Also, 'numerical' differentiation'is unreliable since it 

relies on the subtraction of nearly equal numbers. 

The first published attempt to reduce the computational 

effort involved in sensi tivi ty analysis was present,eel by 
16 ' J.V. Leeds. In this paper a method of calculating the, 

differentials of all possible transfer functions wi·~h 

respect to one particular element of the network was 

described. The method relies on .the definition of 

an 'auxiliary' net\vork which is identical to the original 

network except that all the initial independent sources 

are set to ~ero. This auxiliary network is then forc'Bd~ 

by a source in the branch of interest. The original math-

ematics demanded that the source be either a current or 

vol tags source depending on which element type was' being 

considered. However the possibility of e:i..ther'a current 

or volta.ge so~rce is not an extra complication due to the 

ease of transformation between current and voltage sources 

providing an impedance is present; this condition being 

met in these circumstanc'es. The differentials. of 'the-· 

desired responses are then given by the values of the 

currcnto and voltagc~. ., ....... 
...I..J..L 

..t.~ "'" ......... ., ...... ..;,..: ,... .............. '" ,....-l- ••• _~l,. 
VJ.J. v U LA.A...I...l • .J.. U.L.J .l.J. t;; lJ VY V.L .1\, corresponding 

-Go tho desired rosponses in the original net\vork • 
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In the following year, a joint paper by J.V. Leeds 

ancl G·., I. Ueron17 enlarced the e.uxiliary lletrlork ·concept. 

.16 

This extension presented a method for the efficient calculation 

of the differentials of ~ immittance function with respect 

to all the network elements, but for'reciprocal networks 

only. For ease of discussion it is now assume~ that both 

origirialandauxiliary. circuits are being considered on 

a nodal admittance basis. Consider placing a unit current 

source across the port of the auxiliary ne"twork corresponding 

to the output port of the original network. Then the 

vol tage appearing across. any element is that which would 

appear' at.' the output of the auxiliary network if the current' 

source had been placed: acr.oss this element. This is 

because the auxiliary ne.twork is reciprocal since the 

original network has been restricted to the reciprocal se1:1:. 

Therefore the auxiliary network is analysed with a unit 

current source across the output port. The differentials 

of all the elements are then given by the product of the 

element voltages in the original and auxiliary networ.k (see 

Chapter 2 for a rigorous derivation and explanation of this 

resu1 t) • 

s~.w~ Director, in a thesis submi tted . to the Uni versi ty 

of California in July 1968, 18 presented~ the concept of the 

'mutually reci11roca1' or 'adjoint' network. lihis concept· 

was a re-discovery of the work on inter-reciprocal networlcs 

carried out in 1957 by J.L •. Bordewijko 23 Amongst other . 

useful properties, the 'adjoint' network provided for the 

extension of the IJeeds and ·Ugron resul t to' non-reciprocal 

The v ... ·hul8 tupic of sensi-lii vi ty calculation and . . . 

il1.iJer-reciproci ty is (leal t vlith in far more detail in Chapter 2 • 
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Sununary: 

Cha-pter 2 presents a unific(l mathe:matical approach 

linking the work of L·eeds, Leeds and Ugron and Director.16 ,17,18 

The approach is based on the differentiation of the standard 

branch rela tionship rather than an approach using Tellegen1
' s 

theorem. 33 ,18 Finally in this chapter, a method of' 

cai·ctii~ting first· order sensi ti vit:i~sis-propos'ed which,:····· 

although slower than the 'adjolnt' network approach, will' 

. -lead to ·sa.ving in computer time. if fu·rther information is· 

required about the circuit. 20 Chapter 3 then extends th~ 

propo'sed .. method to the calculation of any order differential 

of the output wi th respect to any combi~.1.ation of cireui t 

elements. 

Large change sensitivity and element tolerancing is 

the main topic of Chapter 4. Very efficient means of. 

calculating the effect on the circuit output of any large 

change in an element have bEen found by exploiting the 

inverse of the. nodal admittance matrix. The tec:bnique is 

\ , o' 1 . also app..LlcabJ.e to the reverse procedure of to eranclng 

where the element variation corresponding to a fixed change" 

in output must be found. Two different methods are then 

ueveloped whereby .the effect on the circuit output may 

be'! calculated for multiple element change. In the first 

method the amount of calculation may bp. gre-ater than that 

involved in a new analy·sis of the complete ·circui t if. the 

,'number of variable elements exceeds the number of 'active' 

nodes in the circuit. In the second case, however, the 

amount of computation necessary to ·find the bhange in output 

will never exceed that which is necessary i·or a new analysis' 

of the circuit~ 
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Chapter 5 describes an attempt· at the direct generation 

of 10\"l SGllSiti vit~r n(-d~viorlc8. DifficultiSG in ~etaininG 

positive element-values, as well as the restriction of the 

technique to -0:". C. circuit's, Vlere the principal reasons 

behind the cessation of this investigation. As the 

differential of a circuit output with respect to ffilJ element 

in th~ circuit is given by the product of the element 

voltages in the original and adjoint circuits,18 a sensitivity 

reduction was sought by forcing a reduction in the vol tage l 

across the element in question. The'method used to force 

thiR reduction in element voltage was an automated' form 

of the 'constrained embedding' technique descrih.ed by 

E'.B. Kozemchak and m.A. Murray-Lasso. 29 Examples ar~ 

presented which show that although the method can produce 

a spectacular sensitivity reduction, it is more normal for 

the technique to produce negative elements. 

The-' results of chapters 2 and 3 are used in chapter 6 

to implement a very simplle, but high1.y effective' optimisation 

, algorithm. This algorithm optimises circuits so as to 

reduce element sensitivity as well as the difference 

between aC.tual and desired output. Each iteration searches 

along the direction of steepest ~escent which is fOlmd by 

the analytic techi1.iques of chapters' 2 and 3. The minimtun 

along each search direction is usually fotmd from only two 

function evaluations, one at the'start of the iterati0n, 

and the second one at a carefi.lllY choson posi tion: along the 

search direction. Based 011 the assumption of quadratic 

behaviour, the posi tion of the search direction minimum is, 

pred.icted • ]!;xp.erimen tal justificaOtion of the validity 



' ......... .: ... :: ..... . . .. ~ ~. . 

19 

of the quadratic assumption is presented. Th-e efficiency· 

of the algorithm is illustrated by the rapid rate of 

convergence of the chosen examples. From these examples 

it appears' thait a reduciiion irr' branch sensi ti vi ty is· 

a difficult process to achieve. This is hecause the 

algori thm quickly reduces the dif'ference between desired: 
, .' . ~ 

.and actual output 1:..,hile effective-· reduction of clement 

sensitivity is contin.ued :Eor far mo!?e iterations. Future 

research.problems and, possib~e solutions are" the subject 

of Chapter 7. 



... : .. 
20 

Chapter 2 

First Orc:.8r Sensitivities 

In the fielfr of circuit design, oneuf the ~rime 

considerations is 'will the circuit work?'. Laborat.ory 

built models usually function correctly whereas problems 

often -arise . \!vhen~ a circui t goes into production or' field' 

service • This situation can usually be ascribed to 

. components changing their valu'es slightly· due to· environmental·· 

change, or else to a new batch of compone~ts having slightlY:' 

different values from the preceding batch. Theref.ore any 

new cireui t design must he examined to find hov'" dependent 

the output 'is on 'the values of all its eonsti tuenit elements. 

When the circuit under examination; is a reasonable size 

i t is impractical, and sometimes impossj~ble 7 to al ter each: 

element in turn and examine the change in, outpu-tt. Th'erefore 

an efficient mathertlatical means is required. for calculating. 

the effect, on the output of the circuit, of a small change 

in each individual e1 emen t taken Ol')t~ at:· a time. 

First order sensitivity is, as previoT.1.s1y defined, 'l.ihe 

ratio of the normalised chanp,e in the response of a netv/ork 

to the normalised change i;'l any element in the network. 

T·o facilitate future discussion. it will be asstuned that any' 

circuit is being consj.r1.ered on the nod'al admi ttance-~ basis 

'lm1ess stated to t!.l8 contrary 0 Consider a circuit composed 

. of a rlumber of s·GG.n.c1ard; brancht~s 'J each having' the form~ shown 

in figure 2.1 and described by' 

- - - 2.1 

Ylhere :i.b 8.Y1.cl Yb are the branch current anc1 br.3.11.ch voltagG 
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respecti vely, Is anct ep are inclependent current and vol tage 

sources and IF is a voltaGe controlled current source. 

3quc:.tion 2.2 is obtained by fOrijling all the branch equations 

into the ma1;rix form' 

- -' ~ 2.2 

where [Y.b] is a d.iagonal matrix and the remaining quantities 

. are column vectors. On pre-multiplying equation 2.2 by 

the reduced incidence matrix, fA]" (see, for example, ref. 24),­

the left hand side of the equation goes to zero·as shown in 

equation 2.3, 

This leads to an expanded vers.ion of the nodal analysis 

equation 

In this equation [vNJ is the vecitor of nodal vol tage-s-, the'. 

term for the controlled current sources has been expressed­

eA~licitly as [gml[A]t[VNJ for ease of reference later on, 

and [gml is the non-diagonal matrlx of mutual conductances. 

If a comparision with the usual compact form of the expression 

for nodal analysis, 

is made, it is seen that 

[YN 1 [vn1 = [AJ [Yb] [ AJ t [ vN] -1- [A] [grnl [AJ t [vN ] 

and that [ In1 = fi.] [Is] + [A] [Yb] [ eF] 

- - - 2'05-

2.6 

- 2.7. 

Hatrix eCll1ation 2.a 11- may be solved by one of a variety 
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of techniques to yield all or some of the nod~l voltages, 

depending on the met.hod chosen. The only methods ttsed in 

tIle tollov/ing Vlorle are the Gaussian method for the solution 

of linea.r equations and the Gauss-J'orda:i.l complete elimina tiol1' 

methoc1 for the inver-sion of a matrix (see, Appendix A. fox' a 

discussion of these te~hniCJues), 

. Deri va tion of First Order' Sensitivity: 

Consider equation 2.1 r8vvri tten wi th the term for the 

.. controlled" current· source expressed in ter'ms' of the mutual" 

conductancl? factor, g:., and the .. controlling voltage, vb. 
. m 

- - - 2.8 

Differentiation of this branch equation with respect to a 

dl..:unmy variable, X, provides the starting point of all the' 

1 ff ' . t tl d"" ·t··t 1 - 16,18,.20 cnOVfl1 e J.c).en. me 10 S 01 sensJ. J. VJ. Y ana YSJ.S • 

The element sensitivities may, of' course, be found b.y the 

perturbation method. In this ffi'ethod each ind'i vidual element 

value is altered by a few percent and the circuit is re-

analysed to give the change in out~at. However this method, 

is subject olio numerical error', as well as being very 

expensive in COlllputer tinle since each element change requires 

a sep~rate analysis. 

The differentiation of equation 2.8 has three possible 

resul ts ,depending on wlJ.ich element X represents'. If X 

is not an' element of the branch under consideration, that'· 

, ' is X.\- rb and X ~ g 1 -till on \" 111 

- 2.9. 

iT __ • ______ _ 

J..I.u\"y t:: V ~.L' j.f X :LS the branch admittall(;8 thell .1.'0 _ 
lJl1~ 

• d.ifferential is 
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:=: 
oV' 

"(T' b +' lob ·0'):: , 

( I\::=: g ), then ' m . 

?lib 
Yb' ~vb 

~ vb 
v':; oX = oX + gm oX + b 

bYb 
1 ;f' Yb ='Y and Q~ 1 if as :=: ax. - . oX -- , ... 

'Use of the Kronecker·~Delta function, 

~ .. = 1 if i=.j lJ 

b .. = 0 if i~j' lJ 

2.10. 

- 2.11 

X r:- 0'- ,j ern 

allows equations 2.9 to 2.11 to be e:h."'Pressed far more compac~tly 

as 

- - - ~~12 

Pre-mu.J- tiplication of the generalIsed rna t1"ix form o:e- th.is 

equation by the ,reduced incidence matrix, [A], gives 

vnli6h may also be written as 

The left hand sides of this equation and equation 2.4, 

are identical in form. This cbservation means that 

eC?uation 2.14 may be interpreted as a nBW lJet\vork, 

topologically identical to the criginal ani!. '."vi th the' same' 

element values 1 from which th.e vol tage differentials of 

i;;he original network may be found. These differentials, 

with respect to an element ~, are equal to the nodal 

vol tages of the -new netv.,rork v/11en tliis net~tlork is driven by 

2.13 
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-~ suitably val~ed current source across the same element x. 
As shown by the rir;ht side of equation 2.14, this one current 

source, of value vb-en 
.L1 

- , across X is the only independent 

source in the new netlNork. The new network, shown in 
- . 16 

figure 2.2, is the auxiliary network proposed by J. V. Leeels. 

Hence!, by analysing one extra circ1.'.ti tithe sensi ti vi ties of 

-all~ p-ossibl-e transfer ,functions to one chosen 'element can 

be found. However, v{hat is normally required is the 

- sensi ti vi ty ot' ~ particular -olitpi.lt to -all- the- elements ,,­

so no gain in comp'utational efficiency over the perturbaition 

method has been obtained. Where this .technique does have 

an advantage compared with perturbation is that the value 

of the differentials are far more accurate'- This is 

because the process does not rely on the subtraction of 

two large numbers of near equal value. 

If the class of networks under consideration is limited 

to the reciprocal set, then, usi~g the principal of reciprocity, 

the auxiliary network may be used-. to' find; all the element 

sensitiviti8s with respect to one nodal voltage. Consider 

forcing the auxiliary network across' the output .port by 6. 

unti current source (figure 2.3c). The vol tage-', t ' 
appearing across any element, X, is identically equal to 

the vol tage that would app~ar a-cross the output if the 

current ~ource, had been placed across the element in 

question (see figure 2.3b). This because the auxiliary 

network must be reciprocal si.nee the original circuit is 

defined as being reciprocal. Therefore if the auxiliary 

network is analysed- when the output port is being forced 

by 24. i.n1it cur:cent SOill"'(;8', then thE! ·:::;l~rls.i.L.i.viLy of the 
. 

original output voltage to any element may eas~ly be found • 
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The differential with respect to any element is the negative 

product of the ori{?)'inal element vol tagc and the auxiliary 

element voltage,. This was the result derived. by J.V. Leeds 

anc1 G'. I. Ugron17 in 1967. 

The restriction of tiie ,Leeds an<l Uo':eon techni.flue to b '1. 

reciprocal networks was lifted by the introduction of the 

'mutually· reciprocal'for ,'adjoint' circuit~a.',23.. This .. ,' .' 

network exhibi ts' a form 0:[' reciproci ty with the original 

circui t as sho'llirr in figure 2.4. If~' the port· of the adijoint 
. . ' 

network corresponding to the output port of the original 

circuit is forced by a current source, then, the voltage 

appearing at the port corresponding to the input port of 

the original circuit is identically equal to the output 

vol tage of the original circuit. if the tvYO fOi"cing currents-

are equal. Therefore this adjoint network is anal;y;sed 

wi th a lmi t current source forcing the corresponding output. 

port al1d the branch vol tages are' found. rehese branch 

vol t+ages correspond to the output vol tages that would 

have been ohtained if the original circuit had been forced). 

by a unit current source across each branch~ in turn~ and the 

circuit re-analysed. The differential of the output 

"'101 tage of the original circuit wi th respect to any element.', 

is the negative product of the original element voltage 

and the adjoint circuit element voltage. Therefore.the ' 

sensi ti vi ties of y . .i.~ network response to .§dl:. elemel1:ts are 

found b~l th e analysis of two circuits only, the original 

and adjoint networks. 

~hen the original network is reciprocal then the 

aa.joint, auxiliary and original networks are identical exe'ept 

for the independent sources .,..,hic.h are set to zero in both 
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the auxiliary and adjoint networks. The adjoint. network 

provides a conceptually simpl~ circuit idea for the . 

unuerstalll1ing of cle:~1ent E.~ellsitivi·liie2 u.l1cl op"liiLlisation 

grad~en:t directions (see reference 19) which does not rely 

heavily on an understanding of the proTlerties of circ:nit 

matrices. Also the adjoint circuit is applicable in 

time domain analysis Yihere time has the fascinating' property;' 

_ of 'r-unning' backwards for the analysis of the adjoint 

. . t 19 ClrCUl • 

However the approach taken b:,' the author was to consj.der.' 

equation 2,14 more closely. Rewri tin:g this equa:tion in' a 

more compact form 

- - - 2.15 

[
OVN 

it is seen that if [VN] 'is sllbsti tuted for 01.'] the left 

hand side is equal to the le£.t hand side of equation 2-.5. 

Since equation. 2.5 is the eJ~ression for the original analysis 

of the circui t i 1; is theref:ore unne'c_essary to do ttrVO complete:· 

circuit analyses. If equa·tion 2.5 is solved by inverting:' 

the nodal admi ttanc e matrix 7 [YN 1 '" this one inversion: will 

not only solve the orieinal netwopk, but also supply all 

the element sens:iitivities. The sensitivities are calculated 

by utilising a suitable driving vector, [D],' equal to the 

right hand side of equation 2015. 

i. e. [nJ = 2.16 

This vect.or, [D], has, at the most, two entries for any 

circuit element. These entries are in rows i and j 

corresponding to the nodes to \t"{hich the branch is connected, 

If the element t X, which the output is 
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being differentiated wi th respcct to 1 is an 8.c1mi ttance 7 the 

value of the entry in "!Jhejth row is the value, vb-elrs of,' 

if X is a vol tage controlled current source, then the value' 

- -lih 
of the j entry in [Do] is the val,ue of the cou-U.rolling 

vol ta!?e, Vb. The i th entry in [D ] is mex'ely the n:ega ti ve 

th of the j entry • 
. . ",., '., , ' '. .' ' ,,' . '. ~. 

This methoa. of serrsiti-vi ty analysis is slightly slower.' 

than the adjoil1~t netv70rk approach since the inversion process 

is about two' arid' a half' times' stower thalia' direct solution 

of the circuit equations (see Appendix A) • . However, far." 

more information is kno\,yn about-- the circui t if a :t'l.,ul inversion. 

ot' the nodal admittance matrix equation: is available. If 

the circuit equ.ations are solved by a simultaneous equation: 

routine, then' tlte output .,impedance and reverse transfer 

admittance are not kno'im whereas these quanti ties are 

immediately available from the inverted circuit' matrix. 

If higher order differentials 01" the effect of large element.; 

changes are required (see chapters 3 and 4), then an inversion 

. of the circuit matrix is by far the most e'fficient technique' 

to employ. 

Derivation u£ the 'Adjoint N~twork': 

As illustrated in figure 2.4, the 'adjoint' or 

imutually reciprocal' networl( has a form of reciprocal 

relationship with the original network. C·onsider a 

non-reciprocal network forced by a single current source, 

". 

IF' between nodes Ie and 1 wi th response vol tage appearing' 

between nodes m and n. Theref.bre 

Vmn = (zmlc - - - ~.1'1 



"'l.l1.e~C'e Z •. are the cJ.emsnts 0:1:' the inverted adlili ttance mi):~rix lJ 
The desired vrouarty for the 

IT.l1 
l' 

J. r' 
•• .J 

nodes k and 1 is identicQlly equal to the voltage 7 v of' 
'mn' ~ 

the orir;-inal 118 twork. There:tore 

2.18 

where Zij are elements of the inverted a.c1mittance matrix for' 

the adjoin~ network. Hbwever the voltage across nodes k 

and 1 in the adjoint network must equal the response of the 

ori f;ina1 circui t, Vnm 7 'l/hen' any pair of nodes k o.nd 1 arc 

chosen Tor the forcing current, IF. Therefore 

\T \T == ft7t . mn -- 'kl \ '-' lcm ." - - - 2.19 

for all Ie and 1 and by equating the. right hand sides of 

equations 2017 and 2,,19 

(z l-z 1) == (z1' -Zli ) m 11 _nn. m ( z" -z' ) 'kn In - - 2.20 

results after the cancellation of IF- Hearraneement of' 

the rif.:ht hand siae of this oquation gives 

- - 2.21 

for all 1 and ko Careful examination of Lhe indices shows 

that th~ ln~ice8 nf the ridlt hand si~8 of equation 2~21 

are the roversed ind.1ces of the left hc:lnd side. Hence the 

of the o::--icina1 circuit 4 

This knowledce is sufficient in itself to nn~lyse 

the ~djoiTIt nat~or~. Ecrlcvcr it· i:::.: concc})tuo.lly uGeful 
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to derive the netwoI'k '."!ld.ch .b_~u; t.his admittance matrix. 

f3incE~ two tc!"'mll1(JJ. nlC):lonts h~.1.V8 symmetrical cntrio~) abont 

tile Flain di2.gonal in any 2..ciuittance matrix, t.l18se elements 

are identical in the o:cii~.:inal ;).1:1(1 adjoint netY/orks. How 

consider a volta:'_~'8 con Lrulleo. S01l1'CU "be-uv,/een iluues i untl j, 

controlled by the voltqce between nodes k and 10 This 

source will have four entries in the oriGinal circuit's' 

aclmi ttance matrix: vvhich are in ro',"s i and j c:ulcl in colunms 

k and 1. Transposition of the admittance matrix means 
t}l th 

that nOYI t~ . .l.ese entries are in the Ie - and 1 rows and the' 

. th :1 .th 1 
1 ana J co DElliS. H~nce, in the adjoint networi[, the 

controlled source is connected to the lc til and 1 th no(1es 

cJ '11 d b I-h 1 t ' t th' th d' th 1 an. con -ero . e -:I'u e vo ar-..:e oe 'ween .l elan J noe as. 

This means that the adjoint netwo~c is fO~Qed by keeping 

all tVIO t8rminal elements the same but controlled current 

sources have their controlling and controlled branches 

interchanged. 

The circui ts designa tE~d as 5 d.l1d 6, shown in figl).res 

2.5 and 2.6 resp~ctivelY7 were analysed by inverting their' 

circuit 8.c1.mittallce matrices. All the element sensitivities 

v18re then found by e:cploi till&; the inverse adrnittal1ce' matrices. 

From the results tabulated in figu1'3 2.7 it may be seen 

th:~~.t Cil~C1J_it 6 conld tJU said to bo better than circuit 5 • 

. . sen::d.tivities ttLl.l1 tho .h.i{~h8St br2.l1ch senr;i ti'vity in circuit 6 .. 

Th.~ sell~-3iti.vitie8 of the E.:ource branches, R2 c].D.d TI13 in 

circuits 5 ancl 6 respecttvel:y, have been iD,11.0rod sinco 

..LLlt; 1 Lt~3 1. Uil o.L' 
,_ 1. _ . __ ,~.~ _, 

i--), WeI. \;Ul~Jlla \;J.GLt.L 
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have sonsitivities vory close to one. In ordor to 

clo·~·nor~.strate thn triv:i.al:i.ty of th,(=! sp.rlf:d.tivity calcui.:xtioHs 

times for the v~riou8 ~~rts of the c~lcul~tion arc also 

given in f'icurc~ 2. 7 • These tir.18G refer to the 

program on o. Digitc'.J. PDP 15 cO:!1put(~r 118.ving 16K core store, 

the clock being started ir:unediately. before the formation 

of the noQal admittance Thl~ times given cIa 

not include the tiQe involved in printing out which is 

lengthy. 8ince the real-time clock :1_n the mStchine is run 

from the mains frequency, the times are only accurate to 

within t~enty milliseconds. The PDP 15 computer on which 

this pro{:~ram vIas run has an extGnc1ed arithllletic uni t (EAE) 

but all real 1l1~mber mul tiplica tio:;:-~s and divisions are done 

by s0ftware and hence B.re relatively time consu!11ing~ . 

.. 
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Illustration of J.V. Leeds and G.!. Ugron's result for 

.Reciprocal f\let\NOrks. 

F'igUj'lt7 2.3 
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Wodal Volta~c Table 

Node Number Circuit 5 voltage 

1 

2 

3 

4 

5 

6 

Time taken for analysis 

Circ"i t 5 = .64 secs 

Circuit 6 = 1.04 secs 

.608 

3.94 

9.94 

.608 

.605 

N!A. 

Circuit 6 voltaee 

" .,;.:, 

2.39 

9.95. 

3.14 

2.39 

3.14 

Sensitivity of Node 2 voltage with respect to all branches 

Branch No. 

1 

2 

3 

4 

·5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

Circuit 5 Sensitivity Circuit 6 Sensitivit. 

o. .697 

.994 (Source Resis.) -.661-

-1.52 

1.42 

• 33xlO-3 

-.029 

1.51 

-.022 

.022 

.015 

.015 

-1.42 

If/A 

N/A 

-.038 

-.038 

.57xl0-3 

- -.215 

-.024 ; 

.806 

.16xlO-2 

-.28xlO-4 

.17;40-2 

-.598 

.995 (Source Resi 

o. 
Additional timE taken for sensitivity calculations 

Circuit 5 = .06·88C8 

Circuit 6 - .08 sees 
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~jensi ti vi ties 

The better genel .... e.l purpose optimise. tion 8.1go~i thmG 

rely not only on deriving the first order differentials 

of the cost function. with respect to the system parameters, 

7<" 
but also on finding an ap~9roxima tioi1 of the Hessian 

matrix. 25 liTany different tec.hniques have been proposed 

for findi:n(fJ" an a-pproxima tion to the Eessian rna trix, one 
1 

of the better knO\"aT methods being that described by 

Fletcher and Powell in 1963. 26 It Y/ill be shown in this 

chapter that the complete Hessian matrix may be determined 

analytically at a computational cost comparable to that 

of a single circuit analysis by following the methods 

developed in the previous chapter. 

Consider equations 2.9, 2.10 and 2.11, rewritten below 

as equations 3.1, 3.2 and 3. 3 respectively, vvhich describe' 

the differentiation of a branch curren"c ib wi th respect to 

any element X. 

ov' b b + cr Om oX - - - 3.1 

-1~ The Hessian matrix, [H] t of a fU.nction Ii' is defined as 

the matrix consist~ng of the second order differentials of 

F if/ith respect to all the elements comprising the function, F • 

. That is, if 

11'· f( ""T x x ) 
1.' -- . J\..l' 2 •••• 0 • • • ". n 

d 2F --------. 
d}~ .dx. 

-then 
J l 

wh ere i and j 8..1"'0 t11 e row and c 01 um~1 inc1i c e 8 1"0 8p C c t:i. vely . 



for X:-\ 

(do b 
6 "'1-, 

0 

oX == Yb~X 

for A= 

Oib oVb 
-W = Yh~ 
UI'- OJ v "-

for y= 

Yb 

-I-

Y
b 

+ 

b 
~ 

and X~ 
b 

p-'m' 

b C\/b 
( vb-oF) + gmTx - - - 3.2 

and 

b 6Vb v' g.n~~ + 1 .... 
Hi U '" !..J 

- - - 3.3 

Further differentiation of these equations wit~ respect 

39 

to an element, ~, of the network leads to variety of resul t.--::" 

all of which are systematically listed below in equations 

3.4 to 3.12. Differentiation of equation 3.1 with respect 

to p when cp is not an element of the branch gives 

2. 2 02 , o lb 
v o Vb b Vb 

~ " c~ oX = ~(fQX -I- r!" 

o¢ oX - - - .) • L~ "'b Om 

for A:~ Y
b

, A~ 
b 

cp ~ Yb and ¢ ~ b 
gm' gm· 

However when ~ is the branch admittance then 

0 2 . 2 2 
1b 6 Vb OVb b 6 vb 

o~ oX = Yb om oX + oX + gm o~ oX 
I 

- - - 3.5 

for X~ Yb , X~ g~ and ~ = Yb • 

The last possibility for the differentiation of equation 3cl 

is when ¢ is the branch mutual conductance. Tha-f; is 

d 2. 2 02vb "bvb 1b ~ Vb b 306 ocpox == Yb dqol: + gm d foX + oX - - -

for X:.\= Yb , X ~ ~ and ~ = G~o 
Similarly differentiation of eouation 3.2 ~ith respect 

to ¢ gives 
2. 2 

o ~b r b Vb 0 Vb 

4cft::'= Yb ~¢oX + Tf + - - - 307 
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l 2. 2 ~2Vb o J-b y 
o vb 

I 

() vb o vb b 
'Op oX == o~-oX + .. o' 

b 
-r 

oX o~ 
b m ~f6;r 

- -- 3.8· 

:[01' X::: q ~T 1:1nU -- .L
b 

02 . 
,.... 

'A2 , 1'. 

dVb 10 
Yb 

() Vb eVb b IJ Vb 

~~oX == o~o:( 
+ ~ + p + ·")m o~o/( (,A 

- - - 3.9 

for X== Yb and p = g~. 

Also differentiation of equation 3.3 with ~espect to ~ 

gives 

02. 2 
lb C Vb 

- y --- + o~ oX - b ()cjJ oX 

for X== 
b and g 
m 

02 . 2 
lb 6 Vb 

o~ oX -= Yb ~~ 6X + 

b 
for 'X == P = ;r • om 

b Vb 1-. u 

?>X + f:!.' Qm 

0/ .::: Yb and 

b ~2Vb 
grn C~dX 

'). V' u b 
Da> 

02 , Vb 

1~ox 

~ v'b 
+ aX 

- - - 3.10 . 

c>vb 
3.11 + 

"?>p 
- - -

o vb 
3.12 + - - -04' 

These equations are expressed concisely in equation 3.13 

by t.he use of the Kronecker Del ta fllnction, 6 .. , defined lJ 
in the previous chaptere 

~ .... 

. . . . -/- 3.13· • 

Premu1 ti.plic;.=;. tion of the matrix form of equation 3013 . 
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which is identical in form to (~quation 2.15. The right 

compact form as 
2 . 

[ V 1[~1 __ ["']f[dYl[~Vb] ,_ f dl:J[oVb12 
- I'f J <> ~ a A: J --. ~ ~ d ~ J eX' L d X ~ 4' J J - - - 3.15 

where [yJ = [Yb ] + [gill] J both of which have been. defined in 

Chapter 2. This is because 

dYb 1 if f = Yb dJ = 

= 0- if ! ~ Yb 
d~ and 1 if j= b 

df = g. 
m 
b = 0 if I~ g m 

Thus the second order differentials of any nodal voltage 

with respect to any two elements in the circuit may be 

found very simply once the nodal admittance matrix, [YN] , 
has been inverted. All that is required in addition to 

the inverted admittance matrix is the Jacobian matrix, [JJ. 

This Jacobian matrix is defined as 

i 

[JJ=[:~~] ---3.16 

where i and j are the ro'Vv and colullln indices respectively, 

I is any element of the [Y] matrix and v~ is the branch 
th voltage of the i element. In practice it is more 

convenient to generate the elements of the Jacobian matrix· 

as required utilising the technique discusq~d in the 

previous chapter and iclentical in form to -I~he above derivation. 

This is because the available core store on most computers 

is at a premiwn compared with the minimal increase in the 

amount of computer time requi:cod to. evaluate the elements 

of the Jacobian matrix as thAy are needed . 
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Once the second order derivatives have been obtained 

there is still an aclc1itiol~lal term to be calculated if the 

differentials of the sensitivi ties B.re reql)irecl~ Since 

the sensi -l;i vi ty ~ i 
S~ i of an Ollt.:Pllt i wi.t.h respect to ~ny 

element, X, of the network is defined as 

= 
x 
v. 

J. 

... - - 3.27,' 

i the differential of the. sensitivity factor, S~r with respect 

to any element, ~, in the netvvork is given by 
r 

o Si 2 6 vi X 
6~ = ---

O~dX v. 
]. 

3.18 

for 'X~ if; 
o Si 2 o v. X J. or = ---
Q~ opc)'X vi 

3.19 

when·X = 0/ 

These equations ma:' then be condensed by the use of the 

now familiar Kron.ecker-Del ta :function as shown in equation 

3.20. 

= - - - 3,20 

Hence, using equation 3020, differentials of the sensitivities 

may be simply evaluated from the values of the first and 

second order circuit output differentials. 

Consider equation 3~15 differentiated ~ith rGspect 

to a further element, E, of the network. Only two terms 

resul-i; from the differentiation of the right hand side of 

this equation since ·tt:l.,....nl(~ [tl] )' .9-'1 ] r:-o~""c:"! L--SlXJ con+ol·'" 
'"' ... ~ v .d.., L d <'1 l.;,J • .J. ~ c1 X - u <.h .LJ. 
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ones and zeros only. ~herefore. differentiation of these 

terms re8ul t in the null matrix [0] and. hence 

- - - 3.21 .. 

Now consider differentiation of the left hand side of 

equation 3.15 with respect to Elt This proces~ is more 

easily car~ied out if this section of the equation is 

expanded by use of the two substi ttl..tions 

- - - 3,,22 

and - - - 3.23 

since [Vb] = [A J t [ VJlT ] • 

Therefore ~£ ([YNJ[~:~~J) = ~£ ([AJ[Y]L6;~~J) - - -3.24 

2 3 2 

([YN]f~~;~P = DY~]~~o~~~]+f~l~~J[;p:~] - 3.25 ~ivi:ng 

Use of the substitution given in equation 3.24 then leads to 

3 f ,2 \.2 ,2 [ l[6 VN] [.lldYJ-lbVbl fdYJfoVb"'J rdyJfoVb]2 
YNJ ()t.oqdX == - 11:1 L i~tf L~c ~~ + ... di ~t ()r + L at ~ J -

·Note that there is 110 restriction on the choice of X, cp 

and E as long as they are elements of the original network. 

th Equation' 3.26 niay be generalised to give the 11. order 

cJ.iffcI'c:n:LiG.l G 
......... ~ _~. t ...... _ ...... ~ _ ~ .. _ , ___ ~ .!_ _ _ _ _ ___ ...l.. __ .... 

v.!.. u.u.\.-; lJ.UUCL..l... VV..1.lJo,t:;t;; . V 1':;1.; 1I1.J.L', 
IT\ 1..! -
J.H.L:':> 
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- - - 3.27 

where x. is any element of the network. 
1 

Therefore to find the nth order differentials of the 

nodal voltages the inverse' of the nodal admittance matrix YN 

and all the lov:!er differentials are required .. · The -'cerma 

on the right hand side of equation 3.27" are extremely 

easy to calculate-as [~~iJ has only one unity entry, the 

remainil1~g entri.es being zero. This 'uni ty entry is in' 

the rOttl corresponding to the branch number, the column 

index- being determined by whether the element, x:', is a . 1 

tV10 terminal element or controlled current sourc.G'. If X. 
1 

is a tvvo terminal element then the entry falls on the main 

diagonal of [.2-Y 
] while if x. is a vol tage con-\jrolled 

dx- 1 
l. 

current source then the colunm index is that associated 

with the branch across which the controlling voltage is 

developed. rIlul tiplication of the two matrices [~~i] and 

[ 

en-I 
___ V_b_ ] then gives a comumn vect'1r having only one * ax. j=l Jj:\ri 

entry in the rov.1 corresponding to the branch number of 

+'he element xi. Tl 1 f t ' . I- • -1-11e "1._l th 
1e va ue O· filS en~ry 18 ~ - ~ 

differential of the controlling branch voltage. Pre-

mul~iplication of this resultant vector by the reduced 

incidence matri:?~ [.~'l.J produces another vectol"\ of reduced 

. size having a max~Llr.unl of two possiblG entries. This 

vector .has 8, size equal to the number of 'acti ve' network 

nodes and the ontries are equal in magnitude. hut opposite 

-j 11 ~ i .011 ~ .. . .. ' '-' '. 

11.-1 th d:i. ffor-nnt~.::::.1 of the co:n.trolling branch voltage .. 
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Therefore the calculation of each term of the r.ight hand., 

side of equation 3 .. 27 is a SiTllple look-up ,proceclure of two 

quantities. ~hese" quantities arc the nodal cOlmections 

of the circuit element, x~, and the n_l th differential of 
.1. 

the controlling branch vol tap:e of xi vIi th respect to the 

remaining differanu's., In the CU:,:H~ of u Lwo' t:crminal 

element, xi' the controlling branch voltage is the voltage 

expressed 'across the element x .• 
]. 

Examples: 

The second order element normalised differentials, 
~. QV2 Y'tJy (x

b 
x ); have been calculated for circuits 8 and 6., 

. shown respectively in figures 3.1 and 3.15. Figure 3.2 

shows the res~.ts of two analyses of circuit 8~ the first 

analysis is at 1 kHz while the second is at D.Co. Since 

the real time clock in the PDP 15 computer is synchronised 

to the mains, all timed operations were repeated ten times 

to achieve a reasonable timing accuracy. The second order 

differential matrices for 1 kHz and D.C. are presented in 

figures 3.3 and 3.5 respectively. As these matrices are 

syr~mGtrical the calculation time may be x'educed by a f:'3.ctor 

of (n2 + n)/2n2 where n is the nwnber of bl:'anches 8xcluding 

independent sourceso Therefore the time of calculation 

of the cOIJlplete second order matrix is of the same oreler 

of magni tude 8.8 the .~rn.,alysis time of ths C"Y> iginal circuit 0 

"7].. r:-1'-"8S 3 r: .1. (SIAL' • v , 3.7 and 3 tt 8 -presont the anal;r:;is, first oru~r 

sonsi tivi tit~S and tho second o:r'der element normalised 

differentials for circuit 6" 
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Circuit 8 Illode!led 

by 

• r-' , /' r ('i! I' - -. ...., 1 
I ... \ L Ii' (_: ,:). I . 



n l~ f\ (,I ell 
1 

f) 
t.. •• 

r 
\.J 

7 
n 
L) 

9 

l'J 0:) t.S 
1 ~; 

1 r~ 
\) 

~,: I·' d 

~? .3 
f') 3 ,~ 

3 4 
/, t:1 

-1 ou 

4 [j 

FI iH SH ED 

y 

NODE 
1 
2 
.3 
/, 

"-I 

TIl'iE -
13R {.\ NCH 

1 
2 
.3 
4 
5 
6 
7 
8 
9 

nODE 
1 

/1 

TI 01 E -
Bl~.r\nCH 

1 
2 
,) 

/! 

G 
7 
,', 
u 
9 

, "t'l 
_t...LJ..) 

REAL \JOLT 
yj.593E-01 

- 0 II 150 E+ 01 
vi,,538E-CJl 

\."5 .. 7? SEes 

(.J ~ ~jZO E+UO 
o .. 9 ~) 7 E+ G r~ 
o. 1 13 E= ~11 
lJ. 990 E+vJ0 
C) , 2 3 1 E - fj 1 
c. 1 iH_n~>· VJ 1 

-·U.G3SE+OD 
~:j" 1 -4 2 E - ~J 1 
kJ" 15GE+DO 

ilEf\L VOLT 
D " G CJ CJ E - 0 1 

- r~) 1 1 7 g [-1- (,j (J 

U6:)93E~tJl 

D.539E-(Jl 
.3 ~ 11/! SEes 

RE!~L SEN 

(j.. 1 C:) CJ E+ (J I 
!0 co 9,)6 E~U2 
CJ ~ 9 ~ . .J 6 E+ G vJ 
[;j .. ll(~E··Cjl 

.. (; ~ 9 \) :) E - CJ I 
_. \') OJ 8 :~; J E+ (:j 0 

:;.; ,/ U C; 0 [1- (J ~j 

T'(P F. 
1 
H 
L 
.\ 

\") 
,\ 

G 
o 
II 

R 
D 
1\ 

c 

I ["] A G VOL T 
-0 .. 76 1 £-0/1 
-0.571E+00 
-8. /!56E-v)3 

I f~ A G SEN 
o It GCj0 E+ 00 

-0.127E-~J?' 
o Q 1 l 7 E ~ ~j2 

- 0 .. 28,) E- 1112 
0.751 E-02 
0111 2 7 9E-' 02 

-0".320[+00 

-0.32~)E+00 

Hll A G \} OL T 
(,). Ur:)~)E+00 
fiJ " r0 (.-) r'J E+- 0 0 
[) .. :i)G0 E+80 
(J .. 00GE+~j0 

I fl1 /\ G S E (,1 
01) 0un E+00 
o ~ yJ n (j [-t- C (J 
(J f) (J n;-; E-J- (J (il 

G~ G~jjE+~]0 

(1 , G ~:) (~ E+ 0 ~.) 
o c; (J (] ~,) :~t- i:J cJ 
o ., () (J Cl E+· ~'l0 
kl" no 8 E: + (J U 

Ii·} 

\j /\ L U E CO rl TROt. L I PI G (.J OD [S 
D <I 6 [] fiJ E -, (.j Ij 
0;) 1 fJ (ij E+ (J 11 

g • 2 ~j 0 r;;r 0 4 
(!\ '0,';1 r:-, r;~c:; 
V.IUU,_,OU.,/ 

Vi I) 2i1J0 E- 06 

.3 

;\n:-~J_y3Cf.~ of Circllit (3 n:l; YT8Cl)OTIcit?8 of 1 JcHz 2nd 0 H;~. 
r~...: . ~ _ __ .... _~ __ ... .:._ ~. _ _ _ _!... , ., •.. , 

.1 .... L!.: C .... ;,")- ;: ~ ,,,1. V r::.'.J. ::) • .1 t:: c~. G IJ tt c.~~.L ...;·:. ... L U • 
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RO\lj 
U 0 e00 E+fH3 0 .. 000 E-Hj2J 
(iJ.~j0'1E+00 0.0~j(tJE+(~0 

0.0008-(1[1 (1 .. 00f1 £+00 
- 0 .. 1 L: 8 E+ {3 1 - 0 .555 E+ 00 

0. 107E+~j 1 O.943E+00 

ROW 3 
0.000E+00 0.000E+00 

-~). 2 1 9 E- (] 1- ~). 110 E - (] 1 
0 .. 130 E- 0 1 ,0 II 163 E- 01 

ROvl 4 
0.000E+00 0.000E+00 

-0.145E+01-0.5L!1 £+00 
o • 1 06 E+ 0 1 0 • 93 L! E+ 00 

ROv) 5 
0.000 E+00 0. (jS0 E+00 

- 0 .. 5 lIE - 0 1 - Cj .. ,) 6 7 E - 0 1 
(iJ : 363 E - Vi I 0 c () 1 9 E- 0 1 

Rot" 6 
0. ")00 E+00 (1.000 E+00 

- 0.283 E- 0 1- (1.202 E- 0 1 
0.1 LJ0E-01 ~J.23LIE-01 

ROi,l] 7 
0. 0f~0 E+00 0" 000 E+00 
0.106E+01 0.934E+00 

-0.11L!E+00-0.133E+01 

RO\,J 8 
0.000E+00 0.000E+00 
-0.171E-01-0~IS0E-Ol 
~j. 1 72 E- ~j 1 0. A 19 E- 01 

ROI:J 9 0 

(j 11 vJ00 £+00 (1. C10etf'~-i·00 

-0~ /406E+00 0.,336E+00 
o ~ 9 /1 7 E + 0 [:) - ~J 0 3 g 9 r.:+ 00 

T I 1'1 E = 1 1 • 1 0 SEC S 

r~. 00~jE+[j0 0.000E+00 
o • 0 (-10 E+ 0 (;) 0. [1 (I) [-1 E+ (1 0 
(1 • 0 D 0 E+ [) 0) o. U [I) ~l F~+ ~] C:) 

8.000£+00 0.000E+00 
0 .. 000E+00 0. 0(7j~JE+00 
o ,. (I) 0 (1 E+ G CJ 0 .. 0 D 0 E+ 0 7J 

- VJ. 1 48 E+ 0 1- 0 0 559 E+ 0 (6 [- VJ ~ 2 (34 E- 01- 0. 1 1 9 E- 01 I 
- [1. 1;19 E - 0 1- (,).3

0

08 E - 0 1 - 0. 1 62 E:~0 1 -. 0. 11 7 E..., 0 1 
-0.172£-01-0.182£-01 -0.412E+000.389E+00 

- 0 • 2 VJ 4 E - 0 1 - 0. 1 1 9 E- 0 f 
0.154E-01 0., 747E-02 

- 0 ~ 203 Z - 03 - 0 0 3 05 E - 0.3 

- 0. 1 48 £+0 1 - 0 • 555 E+ 00 
-0.5 11 E-01-8.367E-01 
-0. 171 E-01-0. 180E-01 

- 0. LI 1 9 E- 0 1 - 0 • 3 08 E - 0 1 
0.36 1 E- ~~ 1 0.252 E- 01 

-V}::5 48E- 03-0: 114 E- 02 

-0.162E-01-0.117E-01 
0.139£-01 0.954£-02 

-0.209£-03-0.431 £-03 

0.107E+01 0 .. 9-48£+00 
0.368E-01 0.619£-01 
0. 1 72 E- [:11 0 • 11 1 9 E - 0 1 

- 0. 1 72 E - 0 1 - 0. 1 82 E- 0 1 
- 0 0 548£- 03 - 0 0 114 E- 02 
0. 1 5 3 E- (1 1 0. 1 9 1 E- 0 1 

- 0 0 4 1 2 F. + 00 0. 3 8 9 E + Z ~j 
~0.258E-01 0.124E-01 

(:). 15 7 E - 0 1 0 • 113 G E - 0 1 

0~ 158E-01 0.795E-02 
0.592E-02 0.281E-02 

-0~690E-02 0 • ./!59E-02 

-0.219£-01-0.110£-01 
- 0 .. 283 E- 01- 0.202 E- 01 
-0.406E+00 0.386E+00 

0.154E-01 0.747E-02 
0. 13 9 E - 0 1 0. 95 4 E- 02 

- 0 c: 25 8 E- 01 0 o ! 2 4 E- 0 ! 

0.592E-020.281E-02 
0. lLI3 E-01 0.100E-01 

-0 .. 974E-02 0.472E-02 

0. 130 E- 01 0. 163 E-' 01 
0. 1 L! 0 E- 01 0 0 234 E- 01 
0~ 947E+00-0.389E+00 

-0.203 E-03-0.305 £-03 
-0.209E-03-0 a 1J31 £-03 

0. 15 7E- 01 0 e /136 E- 01 

-0.690E-020.LJ59E-02 
-0~97L!E-02 0 0 472E-02 

0.570 E+00 0.360 E- 0 1 

I,.. .. n 'El 1- -r l' 1 2 nc1 OlD· ff I' 1 t l kH 'Jla"0rJ.X OI f~ eli1en·c 1\IOl"rna._J.S8C • rc er' 1 - ereJ1:Gl:=J .. s a 4 z. 

The bo:·:ed 
d dV , is the, real and imaginaJ7Y, parts of R,)-.,,:> (R

2 
:;-1)2 ) 

. ...iUlL3 a. 1.2 f 
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BOt,l] 

0.000 £+00 0,000 E+vJ0 0 $ vH~e E+ 00 (3 e 000 E+00 
~~ • r~; [) ~J E:'H) D ~j.:] U 8 E+ U r~ [:) • 80 f1 [!- ~·n,j D. [) 0 D E+ D t1 
Vl.000E+00 0.00r1E+Orj ·0.0~H'iE+00 0.f100E+00 
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0 0 000 E+00 0 0 000 E+00 
o • (] f3 0 E + Z Z C1. (J 0 8 E + ;3 f1 
0.000 E+(i)Cj 0. 0~j0 E+ 00 

ROW 2 
[). 000 £+00 {3. 000 E+Oa 

-0.1778-00 0.000E+00 
0.178E-01 0.000E+00 

- ~. 1 7 g E+ 0 G 0. 00 r1 E+ 30 I - 0. 1 711 E - (32 0. 000 £ + 0 0 1 
-0. 214E- 02 v). 000 E+00 -0. 9521:.- 03 0. Cj0~3l:.+t)0 

RO~v 3 
o • 000 E+ 0 0 0. 000 E-f· (10 

-0.221E-02 0.000E+00 
0.155E-03 0.000E+00 

I 

ROv] 4 
0.000E+00 0.000E+00 

- 0. 1 7 <5 E+ 00 0 • 0~) 0 E + 00 
0.177E-01 0.00QJE+00 

R O~I] 5 
0. vJ00 E+00 0.000 E+00 

-0 0 273E-02' 00000E+00 
0.230E-03 0.000E+00 

ROv] 6 
0.000E+vJ0 0.000E+00 

-0.160E-02 0,00~1E+00 
0.895E-04 0.000E+00 

RO\v 7 
0.000E+00 0.000E+00 
O. 1 7? E - ~~ 1 0. ~j (2) 0 £ + 00 
0. 1 42 E- 0 1 0. 000 E+ 00 

ROW 8 
o e vJ~'0 E+00 0.000 E+00 
0.159E+00 0.00~jE+00 

-0.,319E-01 0.000E+00 

ROtv 9 
o • 0 0 ~J E+ 00 (ij. (00 (J E+ 0 0 
0.000 E+00 0 e 000 E+00 
0. 000 E-H~(l 0. 000 E+00 

IIil1 E = 9.2 LI SEes 

0. 160E+00 0.000E+00 0.000E+00 0.000E+00 

- 0., 1 7 it E .... 02 0. (100 E+ 0 0 
o 41 1 63 E- 02 0., 000 E+ 00 
0. 140E-02 0.000E+00 

-0. 177E+00 0.000E+00 
-0.273E-02 0.000E+00 

0. 159E+00 0.000E+00 

- '] • 2 1 4 E - ~J 2 fj. 0 (6 0 E + 0 0 
0 11 202E-02 0 4 000E+rJ0 
0.207E-02 0.000E+00 

-0.952E-03 0.000E+(30 
vJ.899E-03 0,000E+00 
0.805£-03 0.000E+00 

~J.178E-01 0.,0!2J0E+00 
0.230£-03 0.000E+00 

- 0 • 3 1 9 E- 0 1 0,~ CJ (,) 0 E+ 0 to 

0. 160E+00 0.000E+00 
0.207E-02 0 .. 000E+00 

-0& 127E+00 0. f100E+00 

0 .. 00(~ E+(-3(iJ (iJ., fiJ00 £+00 
0.0Qj0E+~0 0:.0Q)0E+0r-1 
o ~ (~0r1 E+00 0 (9 000 £+00 

0. 16L!E-'12 0.000E·I·r10 
0 0 727£-03 0~000E+00 
0.000E+00 0.000E+00 

-0.221E-020.000E+00 
-0.1G0E-020.000E+00 
o • 000 E+ 0 0 0. 000 E + 0 riJ 

0.163E-02 0.000E+00 
o ~ 8 9 9 E - 03 0 ~ 000 E + 00 
0.000E+00 0 9 000E+00 

0.727E-03 0.000E+00 
o e 9 1 0 E- vr5 0. 0 0 ~ E+ 0 0 
0.000 E+00 0.000 E+00 

0.155E-03 0.000E+00 
0.895E-04 0.000E+00 
0. v)00E+00 0.000E+00 

o 0 1 LI0 E- 02 0. CiJ 00 E + 0 0 
0 0 805 E- 03 0 .. 000E+00 
o • 0 [1 0 E+ 0 0 0. 000 E+ 00 

0.0GJ0E+00 0. (-300E+00 
0.C100E+00 0.000E+00 
0. 000E+00 0~ 000E+00 

I'.'Iatrix of Elem.ent I{ormaliseo. 2 ·nd Order Differentials at 0 Hz. 

for Ulrcult 8. ~ime given is actual xlO. The boxed entry 
lOq -l~_l) .• -:-. -_('n,;)l_ :.-1 11t:J l°-r1Hlt"'lo-r-,o.,." ... "t- ~)0-f"'+'~ f"I+~ Po d (l~ dV0 ) 
~ u v .. ~ ~ c. __ Ll. '!-;;"b- --(..~.!. J 1: ~- u.~ --... ~L3 d~~ 3 .1. 2 clH2 · 7 i~~, .. tLl·t 3. i:_ 
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BRAtJCH NOD!~S 
1 3 1 
Q 1 0 '-' 

3 1 5 
it LI 5 
5 5 4 
6 3 4 
7 6 5 
8 5 0 
9 4 6 

10 2 6 
1 1 2 6 
12 2 3 
13 .3 0 
1 4 3 0 

VI NI SHED 

Y 

. FREQUENCY - 0 -

NODE REAL VOLT 
1 0 • 2.3 9 E+ 0 1 
2 0 1P 623E+01 
3 0.995 E+01 
4 0.31"E+01 
5 0.239E+01 
6 0 0 3 14 E+01 

T I ~1 E = 1 0 " .3 2 5 E C S 
BRANCH REAL SEN 

1 0 0 697E+00 
2 - 0. 6 (5 1 E+ 00 
.3 -0 0 375E-01 
4 -0 0 376E-01 
5 . 0 ., 5 70 E- 03 
() -vJ 0 215E+00 
7 -0.243E-01 
8 0. 803E+00 
9 0 0 162 E- 02 

10 -0 0 283E-04 
11 0.1GBE-02 
12 - 0 • 5 98 E+ 00 
13 0.995E+00 
14 a.~8aa[+00 

TYPE 
R 
R 
R 
G 
R 
R 
R 
R 
R 
R 
G· 
R 
R 
I 

IMAG VOL T 
0 0 000E+00 
0~ 000E+00 
0 e 000E+00 
0.000E+00 
0.000E+00 
0f) ~H~0E+00 

IMAG SEN 
0.000E+00 
0.000E+00 
~L~ 000E+100 
0 0 000E+00 
0 0 000E+00 
0.000E+00 
0., 000E+00 
0 0 000E+00 
0.000E+00 
0 n 000E+0fiJ 
0 0 000E+00 
0.000E+00 
0 0 000E+00 
0 0 000E+00 

51 

VALUE CONTROLLING NODES . 
0o.390~+06 
0., 130E+06 
0.500£+03 
0;)200E+00 5 
(iJc5 0le E+06 
0.650£+05 
0.200E+04 
0 0 500 E+04 
0 0 500£+03 
0 0 500E+06 
0. 200·E+00· 4 6 .' . 
0~ 100E+05 
0 0 100E+03 
0.100E+00 

Analysis of Circuit 6 at 0 Hz. Time given is actual AlO.' 

Fi;~:Ul"e 3" 6 
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ROH 1 
- 0 0 208 E+01 ~l ~ 00"j E+00 
-0. 1 75 E+00 0. OQJ0 E+OO 

(7;. 167 E+00 0.000 E+00 
·-8 0 4!16E-03 C .. 00rJ~+vjO 
o • 4.3 "l E + 0 1 O. 0 (] 0 ~'+ 00 

ROv! 2 
~.225E+Gl 0.000E+00 

-0.:J93E-0i 0 0 000E+00 
-vJ.189E+00 0 .. 000E+00 

0.276E-03 0 0 000E+00 
-0.412E+01 0.000E+00 

ROH 3 
-0. 1 75 E+00 0.000 E+00 
0.246 E+00 v). 00(j E+00 
0.234 E- 01 0.000 E+00 
0.177E-03 0.000E+00 

-0.233E+00 0.000E+00 

Rot') 4 
-0. 1 76 E+OO 0.000 E+00 

0.247E+00 0.000E+00 
0.235E-Ol 0.000E+00 
0 0 173£-030.000E+00 

- - -- . -
-0.235 E+00 0.000 E+00 

ROt,l] 5 
-0.322E-02 0.000E+00 
- 0 e .3 Lt 2 E - 02 0 ~ 00 0 E+ 0 (iJ 

o • 383 E - 02 0. 000 E+ 00 
0.564E-06 0.000E+00 
0.355E-02 0".000E+00 

RO\1 6 
-0.623 E+00 0.000 E+00 

0.294E+00 0.000E+00 
0. 1132E+00 0.1000E+00 
0" 1119E-03 0.000E+00 

-0.133E+01 0.000E+00 

RO\IJ 7 
0.167E+00 0.000E+00 
0~2.35E-01 0~000E+00 

- (1 e 1611 E+021 [1" 0C)0 E-H10 
0.222E-04 0.000E+00 

-0,,151E+000,,000E+00 

0,.225£+01 (iJ.,000E+00 
-0.322£-02 0.000E+00 
-0_ '~01 E+01 0_ 000 E+00 
-f3" 1!l5E-C~1 OQr:J00E+~)O 

(3.000 E+00 0. ~00 E+00 

-~.219E+01 
0.6 118E-02 0 0 000E+00 
0 e 386E+01 0.000E+00 
0.186E-01 0 0 000E+00 
0.000E+00 0.000E+00 

-0.598E-010.000E+00 
-0.340 E- 02 0 It 000 E+00 

0. 153E+00 0 .. 000E+00 
-0. 852E ... 02 (1.000 E+00 

0 0 000E+00 0.000E+00 

-0.593E-01 0.000E+00 
-0.342E-02 0 0 000[;1"00 
~j.154E+00 0.000E+00 

-:0~~56E-::Q2 0.000E+00 
0. 000E+00 0~ 000E+00 

0.6 118E---02 0 01 000E+00 
- 0 0.3 5 G E - 02 0 It 000 E+ 0 0 
-0.791E-020.000E+00 
- 0 0 63 4 E ... 04 0 It 000 E+ 00 

0.000E+00 0.000 E+00 
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- 0., 1 75 E+0Qj 0.000 E+00 
-0.623E+00 0.0'10E+00 
- 0 .. ! 00 E- 0 1 0 Q 000 E+ 0 0 

0.430E+01 0. 000E+0!~ 

-0.598E-01 0.000E+00 
0 0 342E+00 0.000E+00 
0 .. 181E-010 0 000E+00 

-0.~ 408E+01 0 0 000E+00 

0.245 E+00 0 0 000E+00 
o • 2 93 E + 00 0 0 000 E + 00 

-0.847E-02 0.000E+00 
-0.231E+00 0.000E+00 

0.2 116E+'10 0.000E+00 
0 0 294E+00 0.000E+00 

-0.851E-020.{100E+00 
-0~232E+00 0 c 000E+00 

- 0 .. 3 40 E - 02 0 0 000 E+ 00 
0 0 832 E- 0~3 0 ~ 000E+00 

-0.51!! E-04 0 0 000E+00 
0 0 352 E- 02 0 0 000 E+00 

0 0 342E+00 fJ .. 000 E+00 0 0 293 E+00 0 0 000E+00 
0 0 832E-03 0.000E+00 0.149E+01 0.000E+00 
0 0 207E-0! 0.000E+00 0" 118E-l12 0.000E+00 
'10935E-03 0 0 000E+00" -0. 13 11E+01 0 0 000E+00 
0 0 000E+00 0~000E+00 

-0. 189E+00 0.000E+08 
0.383E-02 0 0 000E+(JV1 
0~ 231 E+00 0 0 00{)E+00 
o It 238 E- 02 0 0 000 E+ 00 
0 111 000 E+00 (10 000 E+00 

o • 23 4 E .. 0 1 0 • 000 E-:- 2HIJ 
0. 102E+00 0 0 000E+00 
0 0 235E-02 0.000E+00 

-0 0 151 E+00 QL.000E+00 

Matrix of the Element Nonnali~ed 2 "nd Order Diffbrentials for 
C ircui t 6 at 0 II%'; 0 (c ontinu cd: in Pi[~·ure 3:J 8) • 
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RO~'J 8 
-0~1!01E+01 0.000E+00 

0. 154 E+({10 0.000 E+(!Qj 
{iJ .. 23 1 E+00 0.000 E+00 

-O.209E-C3 0008~jE+C8 
0 0 502E+01 0.000E+00 

RO\tJ 9 
-0.100£-01 0 8 000E+00 
-0.851E-020 0 000E+00 
0.235 E-02 0 ~ 000 E+00 
0;; 169E- 03 0 c: 000 E+~VJ 
0 0 101E-01 0.000E+00 

RO\~ 10 
-0 0 446E-03 0.000E+00 
·0. 178E-03 ~~ 000E+00 
0.222E-04 0.000E+00 
0. 176E-03 0.000E+00 

~0.176E-03 0.000E+00 

R Q\v 1 1 
-0.105E-010 0 000E+00 
-0.856E-02 0.000E+00 
0.238E-02 0.000E+00 
0.176E-03 0.000E+00 
0.105E-01 0.000E+00 

Rot'} 12 
0.430E+01 0 0 000E+00 

-0.232 E+00 0 0 000 E+00 
- 0. 1 5 1 E + 00 0. 000 E+ 00 

0.378E-04 0 8 vJ00E+00 
-0.370E+01 0 0 000£+00 

RO\v 13 
0 .. LI3LIE+01 0.000E+00 

-0.235 E+00 0 .. 00'1 £+00 
-0.151E+000.000E+00 
-0 8 176E-03 0.000E+00 
0.613 E+01 0 ~ 000 E+00 

RO\I} 14 
O.000E+00 0.000E+00 
o " 000 E + (3 0 121 ... {O 0 0 E+ 0 0 
0" 000 E+0vJ 0 0 000 E+0~J 
o • 00(3 E+ 0 0 0 0 000 E+ 00 
(ijQl000E+00 0" fH:H?JE+00 

T If1 £ = 26 0 1 2 SEC S 

0.386E+01 0.000E+0(l 
·-0. 791 ~- 02 0.000 E+00 
-0 0 50{)E+01 0., 000E+00 
-0 Q 22GE-Ol 0.000E~00 

0.000E+'10 0 0 000£+00 

0 0 iSiE-0i VJ.000E+00 
-0.541E-04 ~j.000E+00 
-0 0 220E-01 ~0000E+00 
-v1e I 0?E-(iJ t {iJ ... 000E+00 

0.000E+00 0 0 000E+00 

0.276E-03 0.000E+00 
~j • 5611 E- 06 0 0 000 E+ (1 0 

-0.209E-03 0.000E+00 
·0,176E-030 0 000E+00 
0.000E+00 0 0 000E+00 

0 0 186E-01 0 0 000E+00 
-0.634E-04 0 0 000E+00 
-0.226E-01 0.000E+00 
"'0 0 105E-01 0 0 000E+00 

0.000E+00 0 0 000E+00 

-0. A03 E+01 0.000 E+00 
0.352E-0? 0 0 0Qj0E+00 
0.497E+01 0.000E+00 
0 0 106E-01 0 0 000E+00 
0.000E+00 0 0 000E+00 

53 

0. 1 53 E + 0 0 0 0 000 E+ 00 
0.207E-01 0 0 000E+00.· 

-0 0 220£- 01 (iJ.000E+00 
0.497E+01 0.000E+00 

- 0 • 847 E - 02 0 ~ 000 E+ (10 
0.118E-02 0.000E+00 

- 0 0 102 E- 01 0 0 000 E+00 
0.102E-01 00000E+00 

0.177E-03 0~000E+00 
0 0 1'!9E-03 0.000E+00 
0 0 169E-03 0.000E+00 
0.378 E- 04 0.000E+00 

-0 Q 852E-02 0 0 000E+00 
0.935E-03 0.000E+00 

- {1. 102 E- 01 0.000 £+00 
0.106E-010.000E+00 

-0.231E+000$000E+00 
-0.134E+01 0.00~IE+00 

0.102E-01 0.000E+00 
-0 0 372E+01 00000E+00 

-0.4r2E+01 0.000E+00 1-00233E+00 0.000E+00] 
0.355£-02 0 e 000E.'+00 -0. 133E+01 0.000E+00 
0 0 502E+010.000E+00 c'L,101E-010.000E+00 
0 0 105E-01 0 ot 000E+00 -003'10E+01 QL,000E+00 
0 0 000E+00 0 0 000E+00 

0~000E+00 0.000E+00 
0., 000E+00 0 0 008 E+0!21 
0.000 E+00 0 0 000 E+00 
0 0 000E+00 0 0 000E+00 
CiJ o 000 E+00 0 ~ 000 E+00 

0.000E+00 0.000E+00 
0 0 000E+00 0., 000E+00 
0 0 000E+00 0., 000E+00 
0 0 000E+00 0., 000E+00 

C- t 0 I- 0 f" tJ El t "'r' 1 " c1 2 ~nd 0 1. D 0 f'" . 1 On"lnUa~lon o· 18 I e~en rorma lserc~r 1 Ierentla s 

for Circuit 6. Tirne r-:i ven is actual x10. The boxed entry 
1" s t L

, f:) re .... l r'll1d J" '""r"l NOlo ~·""-'ry t P R c1 (n dV2 ) 
.::J.I.;:; - c\. .,;... r .wv.~.?.L.t.u-. par "8 0 J.. J. '1 dR J.. 13dR

J 
-. • 

Fil~JJre 3 .. 8 - 3 ~.J 
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Chapter 4 

0J- .... --"r- ':) rt'l "-'l1.ge p pnC"' 1" -t-l" •. Tl" tIT .Ia.L-;I.,-v.l.C1.. 2: I:>.' 0 J V V_ 

Efficient methods for the calculation of small-change 

sensitivity have been developed in the previous chapters. 

Often, however, the effect of large element chanees 011 the 

output of the circuit is of interest to the designer. In 

this situation the small-change sensitivity values are 

inapplicable and hence an. efficient means is required to 

prerlict the effect of large element value changes. 

Another aspect of circuit design which must be considered 

by the designer is the tolerancj.ng of circuit elements. 

Tolerancing is the reverse procedure to the large-change 

sensitivity calculation in that the range of'element values 

to give a specified change in circuit output is now required. 

This chapter dev€lopes a technique which will not only 

efficiently calcu.late. the large-change sensitivity,' but 

also predict the range of element values which will cause 

any given alteration in the output. 

Consider a two port network containing a two terminal 

element ~ connected to nodes i and j. 

across this element cp (~ee figure 4.1). 

Now create a new port 

The voltage, V" " 
lJ, 

across the element ~ is the voltage which appears across 

the extracted port. Unless the network is modified (by 

inserting an. anuneter say), the current in cp may only be 

found from the kno'Nledge of the admi ttance y" of <p and the 
1 . 

vol tage V" " (O.hm 1 sLaw) • If a current source, I" "' is lJ . lJ 

now COID1.8cted across ~ by means of the extracted port, (see 

figure 4 .. 2) 7 both the 01) tput voltage 1 Vout ' [l,no_ the vol tae8 
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across ~, Vi j' are changed. Novv consider the terminal 

relationshi-n of AI combined with the current source I .. " 
t.l '( lJ' 

Since the vol ta:~e ac'ross the combined element pair is the . ' '-

now modified V ..• then the total current IT in this pair is 
1 J . 

the sum of the source current I .. and the currtnt i~ in the 
J..J 

element ~. This current, i~,' is equal to the voltage V .. T lJ 
across the, element multiplied by the admittance Yi of 0/­

Since ideal elements, excluding independent sourc~s, 'have 

linear voltage current relationships intersecting the origin 

of the axes (that is, V=ZI) : then the voltage, V .. , and lJ 
""'-current IT fully oescr:i.be 8. sirnulated admittanee Y ~ . s This 

is because two points are sufficient to define any linear 

function, one point being V .. and 1m while the origin provides lJ ..L 

the other (see figures 4.3 to 4.5). Thus, the combination 

of the current source I .. and the element ~ simulates a new 
lJ 

element admittance. 

If z ... is defined as a general term of the inverted 
lJ 

nodal admittance matrix, that is 

- - - 4.1 

then the output voltage, V t' of the original circuit is ou 

Vout = - - - 4.2 

where 1 and In are the output voltage noaes and J k is the 

It th row of the nodal current forcing vectol", [J J. This 

vector [J] is formed by promul tipl~Ting the vector form of 

the forcing currents by the reduced incidence matrix, ~J 

u 
v· • lJ 

QC~,OCG the 
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element, ~, is given by 

V .. == Z (Zik - z 'k) (.T1 - - - 4 .. 3 J.J k J ~r 

Nov.' if the C1).rrent source Iij i.s connected across the element 

~ by means of the extracted port, then the output voltage 

is now 

and the new Glement voltage V .. is given by J.J 

- 4.4 

v. . == ~ (z 1'lc-z ok) Jk + (z .. -z, .-z ° • + Z ° .) I. . 4 5 J.J k J J.1 lJ Jl JJ lJ - - • • 

This then enables ,the total current, IT' flowing in the 

simulated admittance Y to be found as s 

IT == V .. y. - I .. . 1J 1 1J 4.6. 

Examina tion of equation 4.5 shovvs that all the terms 

are constan°{j exce-pt two and these constant terms depend 

only on thp. original values of the network elements. 

'll.herefore this equa tionrnay be txpressed more meaningfully 

as 

- .- - 4.7 

where C1 

r7 I'-'ii - z .. -z .. + Z ° • 

lJ J1 JJ 

Substitution of equation 4.7 into equation 4.6 then givGS 

IT == (C1 + C2I .. )y. - I .. 1J l· J.,] - - - 4.8. 

The simulated element admittance, Y
n

, 
a.-:." 

is given by 
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Ys =­V .. 

lJ 
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- - - 4.9 

which on substitution of equation 4.8 and 4.7 may then be--

eJqJressed as 

(Cl +C
2

1 .. )y. 
Y = l~ 1 

8 Cl + C2I ij 

I .. lJ 4.10. 

Rearrangement of this equation then clearl:y shows the 

bilinear relationship between the simulated admittance Ys 

and the 'simulating current source t I .. e 
lJ 

Y = s 

CIY
1
· + (C 2Y. - 1) 1 .. 

1 lJ - - - 4.11. 

Therefore the required value of the curren t source I. . to 
lJ 

give any simulated admittance Y is given by s 

I .. = 
lJ 

The implications of this result will be discussed after the· 

next section. 

Extension to Voltage Controlled Current Sources: 

Consider a network containine; a voltage controlled 

current·source 1 forced by a current source Is and having a 

response voltage:), Vout' between nodes 1 and m. Now 

connect·an accessi"b.l.e port across the controlled current 

soure e 1 f., as shov'ill in figure 4-" 6 of The output of the 

networlc V and the eontrollini!_ vol te..G)·e V .. of the 
~ out~ b ~ 1J 

controlled source are given by 

Vout = ~ (zllc·-zmk) J'k 
k 

V. , = ~ (z 'I ·-z 'I ) J1 lJ k 1C JC C 

- - - 4.13 

- 4014 

\".;here z' . and J'lr hc..vo been defincd in aqua tions .~:jr~·l and 4 .. 2 .. 
1;] ~ 
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Now connect a current source, I kn , across the extracted 

port as showl1. by the dashed lines in figure 4.6. This 

addi tional current source now changes the values of V t' ou 
and v .. to 

J. J 

Vout = ~ (zlk-zmk) J k +. (?:lk-Zln-?;mk+?:mn) I kn k 

5U 

V .. = i (z·1 -z ·k) Jk + (z. k-z . -z·1 +z. ) Ik 
~ J k ~ c J ~ 1.n J C In n -- - - 4.16 

respectively. If the controlled current 'source, f:., and trie 

inserted current source, Ik ' are cunsidered as one voltage 
11. 

controlled current source then the value, gms' of this 

element is given by 

-II +~V .. en -HI 1. J 
v .. - - - 4.17. 

J.J 

where g ic.;·the initial value of the controlled source. m 

As in the two terminal case the voltCtge V.,.; appearing across 
. .L.J 

the controlling branch of t maY' be expressed solely in 

terms of constants and the current soUrce I kn , since all 

the remaining terms of equation 4.16 are cons·tant. That 

- - .. ···4.18 . 

v/here Kl = 1:. (z. k-z ., ) J 1 k J.... JK C 

and K2 =. (z·1 -z: .. -z ·k+ z .. ) 
1. C 1.n J Jl1. 

Substituting this eouation into equation 4 .. 17 and rearra~ging, 

a bilinear equation, 4.19 1 is obtained relating the new 

value of the controlled current source, g ,and the current ms 

S01)rce~ 
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Kl gm + (g K2 - 1) Ik -Ill n 
Tr 11" or 
1\.1 +)..2.!.kn 

Therefore the value of the current source, I kn , necessary 

to simulate a new value, gms' of the controlled current 

source, t, is given by 

r'9 ) 

KI (gm - ~s) 
-.(K2gm-l) + K2L;n13 4.20. 

Comparision of this equation with equation 4.12 shows that 

the e~pressions.. rela tir.g two terminal elemen't anq. controlled 
, 

current source admittances to their respective simulatine 

current sources are identical in form. 

Application: 

Providing the initial analysis of the circuit is 

performed b~r inverting the nodal admi ttnnce matrix, then, 

after the evaluation of two simple constants involving terms 

of the inverted admittance matrix, the effect of a large 

element change on the output may be simply calculated .• 

Not only is it possible to calculate the large-change 

sensitivity but also the inverse problem of finding element 

values for a given output change (tolerancing) is solved. 

Another factor not immediately apparent from the mathematics 

is that, using this method, the designer is not restricted 

to changes in elerr.ent values only. This means that the 

,output may also be predicted if the element type is changed 

from, for example, a resistance to an inductance. 

If the effect on the output of a network of a change 

in a certain admittance is required, then after calculating 

the constants C1 and C2 , the procedure is to calculate the 

value of the isinnllat~ng current sdurce',I .. , from the 
lJ 
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relevant equation. The output for the desired admittance 

change is then founc1 by SUbf:d;ituting the value of Iij into 

equation 4.4. When," however, the change in output is 

known and the associated change in branch admittance must 

be found, then the necessary value of I .. is found from 
lJ 

equ.ation 4.4. The br::::.nch admi ttancG necessary to glve 

this output is then found from ~quation 4011 or equaticin 

4.19 depending whether the admittance is a two terminal 

ele~~nt"or ~ contr0lledcurrent source. Note that in 

this cas e the predi c ted el emen t adrni ttanc e vvill, in general, 

be a 'complex quantity consisting of both conductance and 

susceptance. 

The computational effort involved is calculating 

the constants Cl and C2 and evaluating the two H:quatiol'ls 

relevan~' to two vector multiplication~ plus a few 

multiplications, divisions and additions. Assuming that 

the circuit has been anal~lsed by inverting the" nodal admittance 

matrix, the calculation time for "I;his method is infinitesimal 
~. 

compared with solving the circuit eGuations. The only 

other direct way to calculate element values necessar¥ to 
,I 

provide a given output is to calculate the bilinear relation­

ship between an element adrni ttance and the output •. 32 This 

relationship has to be calculated for eacb element in turn 

by analysing the Ci:.cCUl t and so this method is grossly 

inefficient compared with the proposed method. Note that 

,'the above eauations a"pp'ly to the case when only one element 

at any giv8n time has a simulated value. Multiple element 

_L-S..·· ",. 

·x Thj~s method wonJ.d realise a considerable saving of comp:uter 
, '"'1 

time in the tolerancine applications described by Butler.~ 
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simulation is dealt with later on in this chapter." 

tJpecial Cases: 

Consider ·the ideal networ]~ modelling Circuit 9, 'both " 

of which are sbown in figure 4.7. In this network branches 

9 to 13 have no effect on the responso due to the for:c.ing 

source, branch 15. A cursory examination of the circuit 

. shows that the voltages of nodes 2, 4, 5 and 6 are identically 

equal irrespective of the values assigned. to' the admittances 

of branches g·to 13. Therefore trie constant, C1 , ·defined 

in equation 4.7 is zero for branches 9 to 13 (note that Cl 

is·the original branch voltage of the branch in question). 

If equation 4.12 is then employed to fi~d the value of the 

current source necessary to simulate a new admittance in, 

for exarilple, branch 9, then the value of the corresponding 

simulating· current source, T. 0' is found to be zero. A lJ 
Ii ttle consideration of the circuit sbov'Is that this resul t 

is the only logical answer since the value. of the admittance 

of branch 9 is immaterial to any output voltage and therefore 

the value of the simulating current source, I. 0, must be 
lJ 

zero. 

The case of elemen~ tolerancing is w,q,ere some care 

must be exercised for circuits similar to that· shown in 

figure 4.7. For toler~ncing, the values of I. 0 are given lJ 
by substitution of the specified output voJ.tages into 

equation 4.4. In the case of tral1.ch 9 in circuit 9, if 

the output qu.al1.tity is the voltage of node 6 then finite 

values for the current source., I .. , will be obtained. . lJ 
However substitution of these values of I .. into equation , , 

. -tJ 

4.11 to find the value of the ac1r11it·ts.nce being simulated 
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gives invalj.d results. ~rhi s is because the constant , C1 , 

for branch 9 is zero and substitution of Cl = 0 'into 

equation 4~11 gives 

y = s 

( C ')y. - I) I .. 
L.. l' lJ 

C
2

I .. 
lJ 

Since Iij 18 a common factor _.C' -l-1 ........ 
V.i. VJ..L~ 

- --- 4.20. 

right hand side of 

equ'ation 4.20, this equation states -that -the value of the 

simulated admittance, yo, is independent of the value of 
s 

"the' clJ.rrent source I ..• ' "Also the value of the simulati::>n 
, ' lJ 

admittance given by equation 4.20 is not equal to the original 

admittance, y .• 
1 

Therefore.in any automatic scheme 

utilising this reverse procedure to find the element 

tolerances from knowledge of the output tolerances, a check 

must be made on the val~ue of the constant C1 .. If the value 

of Cl is ~e.ro, then this branch is of no use in the circui t 

and hence may be removed by suitable means, normally' by 

short circuiting. 

multiple Elemp,nt Simulation: 

Often it is necessary, such as in a 00rst case study, 

for a designer to vary some or all of the values of the 

elements constituting a network. However the amount of 

variation is not usually known and hence several different 

variations must be tried. Normally each trial would involve 

a circu.i t analysis to discover the effect of these element 

variations. When the number of trials runs into the 

hl.U1dreds, such as in a computerised circui t optimisation 

scheme, the amount of .calculation involved is prodigious. 

Therefore any scheme which reduces the amount of calculation 

necessary to determine the effect on the output of a circuit 
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is worth-while using. 

Consider a ciT'cui t such an that rd10wn in fi2~.1.re 4 c 1 c 

Let there be already n elements in the network which have' 

new admittance values simulated by current sources. 

Therefore the output voltage of the circuit is 

Vout = 2 (Zlk-Zmk) Jk + ~ (zlk-zmk) Ik . 
- - - k -- k--

l~. 21 

where [IIJ = [A.J [Ii j] 1 and [Ii jJ and [A] are the vector of 

. simulating currents and the reduced incidence matrix· 

respectively. If the change, ~Vout' of the output 

voltage rather than the actual output voltage is expressed 

in terms of Zij' Jk and Ik then 

- - - 4.22 

since the original output vol tage was given by 2. (zlk-zmk) J k • 
k 

The voltage Vij across the element ~ is given.~y 

v .. - L (z r.' )J + <. (z z )1 ~ ~'ik-uJ'k k « 'k- 'k . k ' J k k ~ J 
- - - 4.23 

which may be written as 

v .. = C1 + ~ (z '1 -: Z '-I ) Ik 
~J k ~{ J{ - - - 4.24 

where Cl = ~ (Z. 1 -z 'I ) J1 k l.z.{ J \: .. C 

This substitution is made since the value of Cl ( the original 

branch vol ta,ge) is only dependent on, the i11.i tial values of 

.. the circuit. Equation 4.24 then shows that if anyone of 

the sim,ulating current sources has its value changed, then 

the values of all the simulated admittances are changed 

since, in general, all. the branch voltages change. Figure 

4,. 8 demonstrates the effect o:t' the changine; simulated admittance 
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value with changing element pair voltage. Therefore if 

more than one element is having its veluc chang~d by a 

current source t. then the addi tion· or changing of any cireui t 

element affects the value of all the elements having simulated 

values. Hence, j~n any scheme using the simulating current 

source technique fox o multiple 81crn(~nt variati0TI, a constant 

. check and adjustment· of all the simulating current sources 

must be made for any element cha.nge. 

Techniques for Handling Mtutiple Element Simulation: 

Case 1 

As the previous section has shovvn, the al teration of 

any circuit element alters the values of all the simulated 

elements. Therefore each time a change is made in any 

desired combination of elements then all the values of the 

simulating current sources must be changed. In this 

section the relationship betvveen element va.lues and their 

simulating current ~ourc~8 is derived. This relationship 

then enables multiple element value simulation to be success-

:fully achieved. 

Let the required admittance value of an element 0/ be 

Ys ' obtainecl by the paraJ.lel connection of .~. ancl a suitably 

valued current source, I ... 
lJ 

Then, by substitution of 

equation 4.6 in equation 4.9 and dividing through by Vij , 

y 
s 

I .. 
= y _-U 

< i V .. 
l.J 

4.25 

is obtained where y. is the original admittance value of the 
~ 

chosen element te 
form as 

However V .. may be expressed in matrix 
l.J 
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4.26 

where [DJ and [EJ are topological matrices consisting of 

1, -1 and O. The matrix [D] describes the nodal connections 

of the branches across which the various voltages in,the 

vector [Vij ] are developed. If the first element in [Vij ] 

is the, voltage difference between nodes i and j then,the 

only non-ze~o entries in the first row of [DJ are 1 and -1 
in co~tunns i and _ j resr-8ctively:" The matri'x [El, which 

is an abbrevjated version of the reduced incidence matrix 

[A], adds into the forcing current vector [IN](see equation 

2.5) the contributions due to the current vector [IijJ. 

Rearrangement of equation 4.25 and expressiol1:- in matrix 

form gives 

[r .. J :::: [y. - y. J[ V .. -] 
lJ 1 S lJ 

where [Yi - Ys ] is a diagonal matrix. 

equation 4.26 then gives 

-'- 4.27 

Substitution of 

This equation allows the value of the simulated current 

source vector [Iij1 to be expressed explicitly as 

where [IJ is the unit matrix. 

Despi te the rather formic1able appearance of equation 

4.29 the"vGctor [Iij] is very simply evaluated. First 

consider the right hand side; the product of the la.st three 

terms, [zi j] , [A] -and [J s J yields the original nodal 
~ r ~ 

vol tage vector L vN]. . 'fhere:t"ore premul tiplication of LvNJ 

by the matrix [D J gives the ini tial branch voltages of the 
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branches whose values are being c.lJ.anged:. Evaluation of 

the 8xpression 

may therefore be made by a single pass through the list of 

elements who!:~c urG being altered. This is achieved 

by multiplying the branch voltage by the difference in 

admi ttance between the original and new valu,es. The left 

hand side of equation 4.29 is more difficult to interpret 

although equally simple to implement. Consider a general 

ij te'rm of the product [nJ [ZijJ[EJ expressed in the summation 

as 

- - - 4.30. 

From the previous definitions of [D j and IE J the' i th row 

of [D] contains entries in the columns 'representing the. 

nodes on which the ith branch of the modified branch list 

is incident. The jth column of [EJ contains entries in 

~he rows corresponding to the nodes on which the jth branch 

is incident. 

Providing that neither the ith or jth branch impinges 

un the ground node the general term for the product shown 

in equation 4.30 consists of the summation of four terms 

in the inverse admittance matrix [Zij]. 

multiplies each row of the- above product by the corresponding 

row entry in [y. -Y J 1 there bej_::1g only one entry since this 
1. G 

matrix is diagorial. Therefore each term of the matrix 

representing the left hand side of equation 4.29 may also 

be evaluated by a single pass. 

The result of equation 4.29 is a set of simultaneous 

.' 
. . - . ~ ':.,. 
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equations in the si~ulat:Lng curr8nt sourC0S [IijJ. This 

f-;o.t of equations way the:i1 bo Golvc~c1 by any of the ~:d;anclarcl 

teclmiques to give the si:r:lulating current vector [Ii .J . 
, '. J 

Once this vector, [r .. J, is lrno1m the change/in output lJ . 
-

of the circuit is Given by the vector multiplication expressed 

in equation 4 .. 22 since. [lk] = [A][lij]~' 

'Tlte evaluation of the various terms in equation 4.29 

may be made for approximately the same amotmt of computation 

as forming the nodal admittance'matrix. Hence this " 

technique presents a saving in computational effort'if the 

number of variable elements, which determines the 'size of 

the vector [Iij ], is smaller than the number of 'active' 

nodes in the cirelli t; the comparision being made betvveen, 

a1 ter~tion of the circui,t elements followed by ~e-analysis 

of the circui.t and the proposed technique. 

Case 2: 

It has just been shown that if the number of variable 

branches exceeds the number of active nodes then the solution 

of eauation 4.29 increases rather than decreases· the" amount 

of computation necessary to find '~he ej}.fect on the circuit 

output. However anothe~ approach can be talcen which achieves 

a reduction in equation size a11(l hence a reduction in the 

amount of computation necessary. As in the previous method 

this technique' only applies in certain cast's' but has the 

advantage tha-t; tha size of the equations found \vill never 

exceed the size of the nodal admittance equations. 

Consider the branch vol tagl~ vector [vb ] expressed~ as 

- - - 4031 
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where [Is] is a vector 0:( length NB (number of branchos) 

and contains the cntrien corresponding to the variou~ 

simulating currents. The vector [IsJ may b8 written as. 

" [ "7" , d. ,.. wnere y. - ~ J lS OI Slze 
3. s 

HE by HE and is a diagonal ID1:.l.trix 

containing some zeros on the main diagonal. Note that 

the matrix[Yi - YsJ
d 

is larger than the mat.rix [Yi - Ys ] 

, defin~d 'in' equa~ion 4.27 • Substitution of' equation 4.31' 

in equation 4. 32 gives . 

- - .- 4;; 33. 

'Premultiplication of equation 4.33 by the reduced incidence 

rna trix [ .. ~ ] and some rearra~gemen t 1 eads to" equa t.ion. 4. 34. 

[LI1- [A][Yi·~ ys] d [A]t[zdj[AJ[Is1 =={A]~i-YsJ d[A t [zij][Aj[Js] - 4.34 

However [Ik1 = [A.] [IsJ and so - - - 4.35 

[[I]-&lJ[yi-Y:J]d[Ajt[Zij~[IkJ == [J~f!i-Ys]d[At[zij]r]fs] - 4.36 . 

. where [Ile] is the nodal form of the simulating currents. 

On first ap~earances no saving in computation is 

possible since thci size of this matrix equation is identical 

to that of the nodal admittance equations. However, any. 

node whi'ch dOGS not have a simulated element connected' to 

it has a zero entry in the vector·fI le]. Therefore equation 

4.36 is a consistent but rcc1unclant set of eq~Jations, 

The redundant equations may be removed by ignoring the rovls 

and columns associated Vii th the nodes which do not have 

any siml..llated elemen-r.s connected to them • 
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The matrix equation 4.36 is ;is simple as eqnation 4.29 

to set up. First consider the right hand side of equation 

4.36, th~ last four t'errns of which, when multiplied out;. 

give the original branch voltage 'vector [vb]. Premultiplication 

by [Yi - Ys]U is a simple product of the branch voltage 

and the difference beitween the ueuired ano. original branch' 

admittance. The final multiplication by [AJ then inserts 

this product into the rows corresponding to th~ nodal 

cOlmect:i'ons . of the branch being consj dered. Th~refore 

the right hand side of equation 4.36 may be evaluated by 
< 

a single pass through the element list. Now consider the 

Since this is identical in f'orm 

to the exp~"'ession for the nodal admittance matrix [YNJ 

(see equation 2.6) each branch has four possibl~ entries in 

the resulting matrix. Since this matrix can be formed 

by a single pass through the element branch list the left 
, ~ 

hand side of equation '4.38 can be evaluated by'a further. 

matrix mUltiplication and one matrix subtraction. After 

the superfluous rows and columns have been'removed, these 

equations are then solved by· one of the standard. methods. 

,Examples: 

Two branches chosen at random in circuits 3 and,?, 

shown, in figures 4.9 and 4.10 respectively, are altered 

one at a time by the simulating current source method. 

To provide a check on the accuracy of this method the actual 

output voltage was calculated by altering the chosen element 

and re-~olving the circuit equations. Figures 4.11 and 4.12 

show the results for circuits 3 8.n~ 7 respectively. The 

only deviation noticeable between the actual and predicted 
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output voltage is for branch 8 in circuit 3 btit this error 

is slight even a t a 75~-:) increci.,se in e1 ement value. These 
-

graphs were ob~ained directly from a PDP 15 computer 

driving a X-Y plotter via a digital to analogue convertor. 

Conclusion: 

This chapter has developed a technique whereby the 

. output change for any element change, and, vice versa,mFty be 

predicted very efficiently 'Providing the initial circuit is 

analysed by an inversion of the nodal admittance matrix. 

The increased computational ,effort of inversion compar'ed 

with an equation solving routine is more than offset if' 

the effect of tvvo or more element changes are required. 

Catastrophic changes in element values may also be studied 

by this technique. 

Equations have also been developed that will, find 

the change in output for multiple element changes. 

Providine certain simple conditions exist, these methods 

for multiple element changes are computationally more 

efficient than c.hanging the actual element admittances 

ana. re-analysing the circuit • 
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Illustration of the connection of a current source I .. across lJ 
any.element ~ in a network • 
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Fi~lre403 Voltage current relationship of a resistor of 

R ohms. 
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Figure 4.4 Voltage current relationship of a current source. 
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Figure 405 Voltage current relationship 'of a combined resistor 

and current source • 
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Illustratiort of changing the value of a co~t~olled current 

source by the parallel connection of a current source Ilene 

Figure 4.6 
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This eha-p'ter describes an 8.ttempt to minimise hie;h 

across those elements. A:: reduction in the branch vol tage' 

. :. '.' ~ ... - .. ," .. 

of higfu sensitiv~ty elements was sought since an element 

differential is the product of its branch vol taf;e and another 

quantity. The methoc1 used to reduce the branch vol tages: 

of these c:.-itical elements Vla~ an atl"'uomated form of the 

'constrainec1 embedding' approach formu1.ated by E'.B~ Kozemchak 
. 29 

and Til.1\.. Murray-Lasso.. It is possible using this. 

technique to force certain voltages or currents to take' 

ei ther a fixed v8.lue or to lie wi thin a certain; ranGe of 

vC;1.1ues. However sufficient degrees o£ freedom must be 

addecl to the netvlork in the f0rrrl of a;r-bitrar:y branches so 

tIla t the net\'7ork equations are solvable. _ This technique 

proved to be intractable due to the difficulty in preventing 

the formation of necative elernents, especially in the case 

of non-reciprocal networlcs. 

The ob j ~ct of utilising this approach vias' to reduce 

the 'sel1si tivi ties of critical elements v/hile accepting an 

increase in the sensitivity of t~e lew s~nsitivity elements. 

Ul timately it was hoped that the highest., 8ensi tivity 'tvould 

be ,in the sameort.:1er of magnitude as the lowest sensitivity. 

Ifowever this res1.11 t was only achieved on very simple reciprocal 

l1.etrlorks such as tVl0 l"esistors and a current Gourcs. 

AJ_ though the s-La tistico.l correlation bet\veen the. maximum 

element sensi tivi ty and the maximum branch vol taG8 is n'on-

existent there does appear to be somo correlation between 
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an element branch vol -Cage and its ocnsiti vit~r. The 

reason for this posfd.b1e corrcJ.::ttion is c11)11arent if eql.1ation 

2.15, which gives the nodal voltage differentials with 

respect to any ·clement change, is examined •. Inspection 

cf. this cqu8.tion ShO'NG that the differential 

vol tage, vI' in the netv{ork wi th respect to an element ~ 

is given by the product of two quantities*, One of' these 

*' -L·t· ·.11 -L Jl· It qual1u1 ,les 18 G 18. conuro. lUg vo.· age 7 Vb' of theell~ment 

while the other is the difference b~tween two terms in the 

inverted nodal ac1mi ttance matrix [7ijJ 0 These t\'vo terms 

are in tbe row 1 corresponding to the nodal voltage in 

question \vhile the column indices are specified by the 

nodes to vvhich the element ~ is connected. 

= (ZJ. - Zl·) 
.1 . - J 

That is 

where the 1 th nodal vol tage is the OUtl)ut vol tage and i and 

j are the nodal connectionsoi' the element ~.7H{- Since the 

sensi ti vity of any· element is' defined as the normalised: 

change in the output voltage with respect to the normalised 

element change, then 

- - 5.2 

- - - 5.3· 

On casual exaIllina tion the scnsi ti vi t~y of the el ement 0/ 

----------------.-----
~'" The controlling vol tage of a -tV10 terminal element is its 

0','1l1 branch vol -Cage. 

-i. 7. Note that the term (zli - zl j) is a1.30 the controlling 

branch voltaee of the element in question in the adjoint 

net~voI"k • 
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'appears to be linearly related to the controlling voltage 

of 0/ when the output O,uantity, vI' is kept constant. 

However, if the circuit is altered in such a manner that 

82 

the output voltage, is held constant while the .branch voltage 

of the element ~ is reduced, then, in general, the -values 

of the inverse admittance matrix [Zij]' as rwell as· the, impedance 

of ,~, are changed. Hence the sensitivity· of.~ is not linearly 

proportional to its controlling voltage, vb. The .. , 

relationship, however ~as still regarded. as sufficient, ' 

justification to attemp,t the reduction of high element 

sensitivities b~ reducing the branch voltages of these 

elements by the constrained embedding approach. In.all 

the successful examples which- have been rtill, there have been 

no cases in which the sensitivity of· an element has been 

increased significantly by· decreasing its branch voltage, 

alth9ugh some of the examples have not produced a, significant 

sensitivity change either way_ 

Possible Constraints: 

Consider the nodal admittance equation 

- - - 5.4 

where LYNJ has a size N by N, N b,e.ing'the number of 'active·'7~' 

nodes in the circ~it. There are now several different 

types of conditions which may be required in the circuit. 

These are: 

1. A specific voltage across an element; 

2. A specific current through an element; 

* The 'active' nodes ~re all the n6des in the circuit 

excluding the reference (eround) node • 
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3. A specific voltage between two nodes. 

On a mathematical basis the terminal relationshi1.)s of any 

element may be consiclered as a function of three varia.bles 

Vo/' iq and zo/' only two of which are indepc-'ndent; there 

is, however, no restriction of w.hich variables are -chosen . 

to be independent. Nuw consider the three possible 

conditions in turn. If the element value'under consideratiori 

is fixed, then the first two 'nonditions are identical since 

if two. variables are fixed, then the.third vax'iable is 

determin·ed. Note that the third condition is a special 

case .of' the first condition Vii th ·Ghe element ~ having an 

:infinite impedance~ 

Realisation of the Various Conditions: 

Case 1: Consider choosing a value, vF ' for the voltage 

expressed across an element ~ connected betweennocles' i and j. 

That is, 

-. - - 5.5. 

Expressed: in· matrix form this is 

- 5.6 

where [D] is a topological nl8,trix describing'the constraint. 

connections and [vF] is a col1..unn vector of the vol -oage 

constraints. . In the above example thl~ matrix [Dl is ~ row 

vector contairJ.ing +1 and -1 in col1.1.l11l1.s i and j respectively_ 

.. Since there are only N variables'i equation 5 .. 6 combinec1 

Vii th ·equa tion 5 .. 4 gives rise to an incol1sis tent or redundant 

set of equations. For a general value of vF ' these 

equations are inconsistent and hence' the system relluires 
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a fur·Gher der;:ree of freedom. An Gxtra degree of freedom 

may be obtained if the impec1.8,ncc of ~ is allowecl to assume 

2.11 arbitrary value. When this is the case the entry due 

to the impedance' of the element ~ does not appea,r in the 

left hanel. side Qf eq1.l8-tion 5047 bl.tt appe2.rs' as· e.n arbitrary 

current sourc.e, i a , in the right hand side of the equation. 

That is 

YllV1 + Y1 2v 2+ - - - + YlHvI\1 = i' 1 

Yilvl + Yi2v 2 + ,- + YiNvN = i. + i 
1. a 

- - 5.7 

Y jl VI + Yj2V 2 + - + YjNVN = i. ia J 

YNlvl + YN2v 2 + + yNNvN = iN 

This current SOU1rce may'now be eliminated by the addition 

of rows i and j leaving the row size' of the equation 5.7 

reduced b; 01'ie. 30 T~ese equationa, when combined with equatton 

5.6, produce a consistent set of equations v/hich maY-' be 

solved for the nodal vol tages by one of tlie standard teclmiques. 

The value of the- arbitrary current source is then'. fO'lind by 

b 1 'b t·t t· . t tl .th .th f t· 5 7 ace su S 1 U-10n 1n 0 1e 1 0r J row 0 equa lon •• 

Knovvledtre of i and branch vol ta,gc, v. - v., allo\'vs the 
~ a '~l J 

value of the impedance OI' ~ to be calculat·ed~· 

This approach may be generalised. to deal vyith more 

·than one, constraint providing a sufficient Hum'oer of c1eBrees 

of freedo:n are added to the system. The necessary:, deGrees 

of freea.orn may be aclclcd to the system by the introduction 

of a number of sui tably chosen· ar1)i trary elements. These-

elements must be chosen in ·such· a way that no 1001) of 

arbitrary elements exists. iillY arbitrary element which 

CO;~1p18tes a loop of these elements does not contribute an 



• 

~xtra.deGree of freedom to the circuit. ·This is because 

the tv/o nodes' on ~vhich this 10011-closing branch impinGes 

have already had thcij. .... appropia te Kirchhoff current lavi 

eqllntions summcC1..toeether 8.n0.. hence the row dimension of 

equation 5~7 is not reduceff by the introdUction of this 

branch. Care must also fJC taken in cho08in[; the volt.2.Ge 

constraints since if a loop of voltage constraints is 

chosen, the~ one of these vo~tage c6nstraints must be either' 

inconsistent or redundant. 

Despite the obvious simplicity, the technique has a 

pi tfall· due to a tendency toward"s the formation of negative 

elements. One of the major reaso~s for negative elements 

appears to b~e the ill-advised choice of an arbitrary element, 

when the "'Ilol tage constraint is e:x:pressed between a pair of. 

nodes across which no element is directly connected. The: 

necessity ~or the choice of a voltage constraint across nodes 

"",hich do not have an element directly connected aris'es from 

the desire to maintain the output voltage at a constant 

value. If'. the output vol tage is not held constant but 

allowed to vary at \vill vlhen applying the voltage constraints, 

any· attempt to change the circuit by a diff.crent process 

to regain the original transfer function usually ~esults 

in another circuit as unci.esirable as the original. 

Case 2: 

Let the current in an element ~ be required to take 

on a specified. value.· Whether or not the impedance of ~ 

is specified th.ere is no. entry in the left hand side of 

equation 5.4 attributed to. the conductance of ~. 

iTI11J edCtllc C 

I]his 

th in tl1C j 

admittance Inc.trix wOlild T.'esult in a current proportion8Jl 

. '-
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to the vol tage across ~ '1 thus disallowing the p·ossibili ty 

of 8. specified current in this br2nch. Therefore the 

matrix equation 5.4 assumes the form of equation 5.7 except 

that the term ia is a specific quantity in this casq .• 

That is: the element .~ is rp.p18.c p.rl by 8. Cl)rreni; 80urce 

the required value. Providing sufficient d~grees of 

·freedom have been intI'oduced, the- networl-c equations may 

. then be. solved by one of the standard techniques.. The 

value of the impedance of 7 is t.tlen deterrJined from the 

values of the specified current and the computed branch 

of 

voltage of ~._ When both the current· through ~ and the· 

impedance of the element ~- are specified then this is 

identical to the first case except that the .element may 

not be chosen to be the arbitrary element. In this case 

the problem of choosing a suitable element to assume an 

arbitrary value arises'·. 

lilul tipl~ Constraints: 

The feasibility of multiple constraints has already 

been mentioned in previous sections. In such a si tu.ation, 

hOVlever, checlcs must be macle on the consistency of the 

voltage e'onstraints and also on whether·' the- choice· of ,0. 

arbitrary elp.ments gives rise to sufficient 9.egrees of 

freedom. 

Consider fixing the voltages across thre p elements 

in a network. These elements are connect:d to node pairs 

i j, j k arid lc i. Let the desired voltaG0s across the8~ 

elements be vFl ' vF2 an~l vF3 respectively. 

v. - vk --J - v_"2 .ll' 

Theret'ore 

f~ - - - 5ev 
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and 

However if the first two 0:1:' these equation are sun1l11ed 

together the expression 

v. 
]. 

5.9 

is obtainedo Since the third constraint in eauation 5.8 
'. '. .-

B7 

states that vIc - vi = vF3 ' this set of. equations is ei thor 

redundant or inconsistent. Therefore a check must be 

made on whether a voltage constraint completes' a loop of 

voltage constraints. 

Now consider letting these same three elements take 

on arbitrary ir:-:pedance values ~ Let the currents througru 

these elements be represented by i l' i 2 anct i 30 The a a . a 

modified nodal admittance equations incorporating the 

desired conditions are then 

Yll VI + + YlNvN =- i1 

Yilv1·+ = i. J. + i a1 i 
a3 

y.- v l + - - - - = i. ic:l + i - - 5.10 
J.L J a2 

Yklvl + - = iIc ia2 + i 
a3 

YNlvl + = iN 

The addition of rows i, j and k then remove t.hese arbitrary 

current sources and hence only tvYO addi tional clegrees of 

freedom have been introduced to the network~~' This is 

* Note that this is a rather obscure proof of the Blakesle~ 

Trans1'ormation. This transformation states tho:t7 a current 

source I between two nodes i and j may be rep1acefr by two 

current sources, eo;o11 of vEtlue I; cormec·ting nodes i to k 

8,n(l k to j; the node k being cl1y arbi trn.ry node • 
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exactly the same effect as if only ial and ia2 were introduced 

into the circuit. Therefore the ao.a.i tion of an arl)itrary 

eurrent source 'Nhich completeD a loop of such ele!"nents' does 

not add an extra degree of freedom to thA 8yst~m. 

the problem of determining the resistance values of the 

arbitrary elemf~nts arises. In the case where there is a 

simgle ,arbitrary element no difficl11 ty is encountercd. 

Consider, ho~ever, the case of equation 5.10. Here there' 

are three B.rbitrary current sources oonnected between 

three nodes-, i, j and k. ' Back substitution of the values 

of [vU] into the eQuation 5,10 gives three equations in the 

arbitrary current sources i al , i and i 3. a2 a Examination 

of these eC1uations· shows that only two are independent and 

hence one of the arbitrary currents must be specified • 

. Assuming that the curren~ i 3 is specified, the relevant a 

part of equation 5.10 is 

Kl 
. , 

+ i = 1. a1 J. 

K2 = i. + i a2 i al 5.11 
J 

Ie
3 = 

. , 
i llc a2 

\?here i.~ = i. - i 3' i}' = i k' + i 3 and the constants Kl to 
~ 1 a c ' a 

Ie:3 represent the, mu:.l tiplicationl of the nodal vol tage vector' 

[ VN ] by the apIJropia to rows' in the nodal aami ttance matrix 

[YN]. The va111e nf either i al or ia2 is given by the 

subtraction of i1 from Kl or K3 from i~ respectively. 

Therefore the second line in equation 5.11 io not needed. 

Now assume that the third line in equation 5.11 does not 

exist in such a simple fbrm (this being the more usual case). 

. ....... : 

Hence onl~r the value of ia1 may be found by a direct suboti tutiol1 
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·of terms. The simplest proceclu.re to find the value of 

the current source i~2 is that of back substitution~ 
c..-'I. 

Since the current i al through and the volt2.gc.D.cross the 

first arbitrary element :1.8 now known] the resistance of.' 

this clement is c1etp.r.mi.np.cT 8.11.0. i.ts e.ffec:t m8.~r be add~d: 

into the nodal admittance equations~. This modifies. the 

constantsK1 to ~3.in equation 5.11 and since the" term i 1 
'. a 

has now been absorbed into tho left hand side of the equation, 

the value of ia2 is novi found by a single subtraction. 

Thus -: when the system equa tj.on incorporating the 

various required voltage constraints and arbitrary current: 

sources is being formed, a cOlmt must be made of how many 

lUldetermined current sources are cOlmected to each node. 

After solving the system equation; a node must be found 

which only has one undetermined current source incident on 

it. This conc1i tion then enables the value of the curren"h, 

source connected to the node to be solved which then determines 

the resistance of this element. After updating the nodal 

admittance matrix with this element value, the nodes to 

which this element is connected.have their arbitrary element 

count reducad by one. 

In the examples given at the end of this chapter the 

number of constraints and the ffi2vximum vol tag:e reduction 

are free parame~ers chosen by tbe designer. Another 

necessary provision is the ability to ignore any 01-' the 

hranches accordinG to the designer's choice which also. means 

that these branch resistances remain unaltered. A branch 

usually .i~gnored is the source branch necessary to simulate 

a vol tage S ourc e such as 1Jranch 2 in c ircui t 8 (s e e figure 5.1). 

This is because if the impedance of this branch io low 
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comparccl with the input imperlance of the circuit, then the 

sensitivity of this branch, v/i~Ll b8 closo to unity. Any 

a ttcmpt to l~vler the vol tage acrosr~ this branch resul ts in 

a lOY/Gring of the 1.;ranch impedance. This then only raises 

the sensitivity of,the source branch even closer to'li..1'1J.ty 

The constraint voltages for the branches being 

. modified 'are determined by multiplying th~' original branch." 

voltag8s by one minus a factor derived from the branch 

sensitivities • "l'his factor is ,equal ,to ,a'constant, set, by 

the design9r, multiplied. by the ratio of the f?ensitiv~ty of 

the branch under consideration to the highest sensitivity 

of all the branches being considered. That is 

, vJ:l'i 

. S'. 
( 1 1 ) = vbi - s- "'lId 

max 
5.12 

where V"Fi and vbi are the constrain+. and branch vol tages· 

of an element i respectively, S'i and Sma x are the sen'sitivitiee 

of the br.anch i and the maximtun sensi tivi ty branch respectively 

and vfd is a designer set constant. 

Neflat~ve Elements: 

One of the main~ causes of the formatioil of negative 

elements has its basis in the cor!1Llon desire to maintain 

the circuit output constant. _~ extra degree of fTeedom 

must clearly be introduced to· allow for this cons:traint,---

bv..t at Ylha t ,lo'cation in the circui te;' If_' a high sensitivity 

element is allovved' to aSS1.:une an arbitrary value then: the 

'Nhole object of reclucing the vol tage across high senGi tivity .' 

elements is def~atGd. The approach adopted: in the following 

examples has been to allow the most sensitive branch which 

isnoij having its b:r2..nch, vol t3.ge rec ... uced to assume an 
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arbitrary value. . Often, hO'Never, this element does not 

have sufficient influence to comp(:~ns3.te for the char.:.c:es 

in output caused by constraining the .branch vol tagcs of 

the more s0.nsi tive eJ.emen.ts; wh.ilje all -the :j.rbi trary elements, 

rem:3.in posi ti ve ~ 

One possible solution to tllis problem is to allow 

more than one of the' lov'ler sensi ti vi ty ele~ents to take' 

on arbitrary values and then to spenify the requisi te-

number of current values by some other means (see equation 5.11). 

However S0J118 form of optimisation must thenlbe used to find 

a set 'of cllrrent values which prov:ide a posi ti ve set of 

element values, assuming that such a set exists. Optimisation 

then me2.l1S the introduction of' an i tera ti ve 1Jrocess wi th 

all the attendant drawbacks. T.his is one of the principal 

1"'eaS0ns \vhy this method is tmdesi:cable; the primary. ob:j'ect 

of th~ investigatj.on reported in th±s chapter \vas to provide 

means of finding networks h~3.ving 10v7 element sensi tivi ties, 

Another tec1111ique which was tried, but wi th very little 

sudcess 1 was to replace the negative elements with voltage' 

controlled current sources. Since the transistor is ,the 
i 

simplest device capable of providing an approximation to 

a voltage controlled current source, only three-terminal 

controlled sources were allowed. Once the allovved transistor' 

t;)'pe (PNP or NPN) has been specified by tht) designer', the '. 

current flow direction in the element detE~rmines the 

relative emitter collector connections. Eroviding a 'base' 

node can be found vrtlich has the requisite potential difference 

with respect to the 'enittcr' node this method is successf'ul. 

However, such a node is not usually found and hence: a 

redistribution of tho voltage pattern by the conotraincd 
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embedding approach is necessary to create a suitable nodal 

potential. This then has a strong tendenC~T to produce one 

or more neGative elements in the rest of the network. 

Any attem1)t to .Ct.Gal ,:yith t.hese elements ·by the same method> 

usually re8~lts in yet more such negative elements' wit~ 

the process eVG11.tually settlinG dovr.n to a limi t cycle'o 

In: a third approach thait. was tried, the output was. penni ttec1 

to vary, but was then restored t-o its former level' by 

means of an iterative· process. This reduced the number of'· 

negative element:s, but whem th.e second it.erative s·fuge of' 

the· process Iounc1 th:e elemen-b values necessary to~ bring 

the· output back to its' former' level no significant improvement~ 

was obtained. 

In view of the difficul ties encountered, further: 

research on· this topic: Was considered to be fruit1~ss. 

,Examp-les: 

Using some of~' the techniques described above,. attempts 

have been made to reduce: the high: sensi ti vi ty, elements 

of circuits 6 and 8. These circuits, which are shovvru in 

figures 501 and 5 •. 2 rest>Gcti vely;, have· their output vol t.a.ge' 

expressed: between node 2 and ground • The user'specifies' 

. the number of constraints desired, whether' the. OU-GIJut; is' to 

be 11el(l constant, the fractional reduction in the branch 

voltage of the most sensitive hranc.Q· to be considered. and 

the branches to be' ig110red., if any. In oi'der to provide 

an insight into what is happening' in the uircuit, the 

fractional branch voltage reduction is subdivided by twenty 

. * nln8. Then the constraint severity is incremented twenty 

each v::llup. of the constraint; the 88!lsi tivity of the most 
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'sensi ti ve element , its resistn.nc'c value arid the output 

voltace are stored. r.rhcse v2.1uJ~8 are then plotted. Ol..1"G 

against the constraint severity. 

Fi.gure 5.3 and the top graph of figure 5.4 show the 

results of trying to reduce .high element sensitivity-in 

9.3' 

circuit 8 by this technique. Reducing the voltage across 

. branch. 4 decreas,es the. resistance of this branch,.while, 

slightly increasing its sensitivity. Due to the'position 

. o;f ',br?-nch' 4'it .is impc~siple ~o.maintain.theoutp.ut vciltage 

and decrease the voltage of branch four since the output 

vol tage" is eA~ressed across this branch. Th'e bottom 

graph of figu.re 5.4 and the graphs in figure' 5.5 shovY some­

of the problems that negative. resistance', .values cause when 

the technique has heen applied to circuit 6. However, if 

"lihe output voltage had been fixed, as shown, in: figure 5.6, 

the process produc'es a verYi high aensi tivi ty, reduction'. 

This set of' constraints only produce negative elementos 

at a fractional branch vol tag(~ reduc,tiol1 figure of ,,45 

(not sho\,'m) when, as usual, the sensitivity fig1.1res increase' 

rapidlyo 

The top graph of figure 5.7 shows the. effecit. of 

numerical noise in the output vol tage fOT" the caGe wlten 

th.e output vol tage has supposed.ly been held constant·. 

Figure 5.8 and the bottom graph in figure 5.7 show the case 

of three constraints applied to circuit 6~ Once again a . 

negative resistance value immediately appears anc1 leads 

to unacceptable sensitivity figures. These examples show 

that al though the process' can proclucG spec'tacular sensi"lii vi ty 

reductions, the method is plagued by' the formation of negative 

resistan'ce in the branches of interest. The fact that this 
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Cha-pter 6 

Optimisation 

The ini tial design of a cireui t usually Y/ill not meet 

the required specifications anel must thel"efol"le be s).1bjectecl 

to some form of optimisation. In this chapter an algorithm 

is proposed which alters circuit elements in such a way 
. . . . ". ..' . - ~" 

as· .to reduc·3 (1) the high element sensitivities and (2) 

the discrepancy between the desired and actual circuit 

output. .This algorithm uses the tec}miques developed in 

chapters 2 and 3 to calculate efficiently the first and 

second order differentials of the circuit output. 

A problem in any optimisation scheme is the choice 

of a suitable cost flIDction. This is because a vast number 

of alternatives exist as the cost function must accurately 

reflect the effect of a large nQTIlber of parE:tmeters. In 

mos·t circ.ui ts the element sensi tivities have b8en found to 

lie between zero and unity and hence a suitable no~malising 

factor for the output error must be· found so tpat the cost 

function is relatively circuit independent. For most 

types of optimisation problem the output is. of the same 

order of magnitude as the "required output and so the output 

may be normalised to either the actual output or the 

required output. In "Order to avoid any anomalies the 

normalis"ing factor, which is fixed a"t the start of the 

optimisation, is talcen as the greater of the moduli of 

~ither the actual or desired output. The cost function, CF,· 

used in the examples in this chapter is the sum of two 

components; one is the squared modulus of the output 

error normalised by the factor discussed above, and the 
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other is the sum of all the sqriared moduli of the ~lemerit 

sensitivities. That is 

OF = 
'" " * (V-V) (V-V)· + < * 

2 wd < S.S. 
A ~ ~ i 

6.1 

A 
where OF is the cost function, V is the desired response, 

V is the actual respon.3e, 3i the ith branch sensitivity, 
/\ 

. A is the greater of fvl and IV/ ·and wd is an"output ,error. 

weigh-ting factor specified by the designer. 

104: 

9ptimisa tion . of . this cost function cou"J-d be, carried, 

out by a s-i;andard software package which cloes not utilise 

analytically calculated differentials. I~ would, however, 

require a large number of function evaluations -circuit and' 

sensitivity analyses in this case- which are very time 

: .. ' ,,',-, . ~ .. \.:. 

consuming. An alternative, and far more efficient approach, 

is to use the methods developed. in chapters 2 and 3' to 

calculate the cost function and its differentials. These 

differentials are 'analytically' calculated by the nruneric 

substitution of the circuit variables into the relevant 

equations in chapters 2 and 3. This method of calculation 

of the differentials avoids the numerical error of perturbation 

techniques, a pvint of considerable importance'in the 

~rediction of search 'direction optima. 

steepest Descent Algorithm: 

Since the so called 'steepest descent' algorithm is 

very simple conceptually, it will be used to demonstrate 

some of "the advantages of using analytically calculated 

differentie.ls ~ This algorithm searches along the direction 
: 

of st,eepest descent until the cost function. minimum has.' 

been found; the direction of steepest descent being that 

which is dpfined by ,altering the system parametors in 
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proportion to their'first order differentials. At each 

search direction minimum the new direction of steepest 

descent is found and the procedure is repeated. When the 

first order differentials are sufficiently close to zero, 

the process is terminated. In general, the steepest 

descent algorithm is very effective when the pnrameters 

are some . way from their 'optimum values bMt rapidly decreases, 

in efficiency when approaching an optimum. This is due 

to the diffe~entials, becoming very small and hence inaccurate 

if perturbation techniques are being used to find these 

differentials., However analytically calculated differentials 

avoid this type of,problem and so the steepest descent 

algorithm becomes far more useful. 

General Considerations: . 

Clearly, no element values may be allowed to become 

negative during the course of optimisation. However 

care must be exercised in the method used 'for restricting 

element values to remain positive, constrained optimisation 

being generally a more 'thorny' problem than unconstrained 

optimisation. ,This is due to the discontinuities in the 

parameter values which tend to g~.ve rise to' bizarvc mathematical 

behaviour in the function space. To prevent 'brick wall' 

discontinuities continuing from one, iteration to the next, 

element ,changes were limi ted to a predetermine,a proportion 

of their value at the start of a 'search direction. By 

restricting this proportionality factor to be less than 

one, the element values will always remain positive and 

never reach ZBro. In the 'examples s.hown at the end of 

this chapter th=!-S proportiona.Lity factor .Limiting the maximum 

element change was set to 88 by the program. In order to 
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"all()'JIi'the output information to be cireui t' independent, an 

internal scaling factor was used to normalise the search 

direction vector. This normalising factor is equal to the 

magnitude of the lnrgest component of the search direction 

vector. The ith element value along the search direction 

is given by 

.. ,' ~ - '6.2 . 

where x~ and x. are the element values at the start and' 
.'. 1 _ 1, 

at any position along the search direction respectively, 

At) is the scaling factor, A is the position factor along 

the search direction and D. is the ith component of the 
~ 

search direction vector. 

Cost Function Differentials: 

The cost function differentials are required for 

two reasons. These reasons are: 

1) the need to define the search direction and; 

2) the differentials are used in a technique for predicting 

each 83arch direction minimum. 

Consider the cost function differentiated with respect 

to an admittance Yi • 

- 6.3 

'Since the differential of the output sensitivity of ele~ent j 

with respect to the admittance y. is 
J.. 

which may be expanded as 

- '- - 6.4, 

- - 6.5, 
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this term may be evaluated by the formulae of chapters '2 

anc1 3. The differentials of the complex conjugate terms 

are oasily found since the term Yi is either purely real or 

ima.ginary and hence for any complex quantit.y t 

6.6 

where n = 2 if, y i is" real, 

,and n = 1 if Yi is imaginary. 

Therefore equation 6.3 is siJJ1ply eval.uate~ uf:3ing the techniq~es 

developed in previous chapters. Although only the first 

differential of the cost function is being found, the 

expression involves sGcond order differential terms of the 

output voltage. 

Normalisation: 

If the differentials of the cost function are normalised, 

with respect to the element admittances, a symmetrical 

equati~n in the element admittances is obtained. As a 

result, the amount of computation necessary to evaluate 

the summation part of equation 6.,3 is approximately halved: 
I 

(see equation 6.14). Also, normalised differentials apply 

not only to the admittance plane, but, with' a sign change, 

~o the impedance plane as well. Hence the programming 

,in the optimisation part of the algorithm is considerably 

simplified as .elemell-L values rather than 8.dmittance values 

may then be altered. 

Consider t~e partial expansion of equation 6.3 as 

Now for ease of analysis let 
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'Oy. 

J. 
= 

, . ./* 6 V 
V oy. 

J.. 

~ /\ 

. ~, .: . ..', ~ . .... " ::" ." .. 

:.... 6.8 

where V = V - V and P is a dummy variable defined by this 

equation. Substi tu tion of equation 6. 6 gives ' 

.i . 

2>P 
o 1r. 

el). 

"'* = V 

where n = 

'/) V ~ ( l' n I A'V' ,* 
DY. + v -) ~ ~ y. ) 

). ). 

, __ ;f . - Yi 1.9 imaginary 
. . 

and'n' ='2 if y. is real. 
. J. 

6.9 

Expanding 11 as A + jB and oV as C + jD in equation 6.9, 
2lYi 

~~iatibn 6.10 i~ obtairied. 

2>P 
'0 y .. 

,). 

= (A-jB)(C+jD) + (A+jB)(-l)n(C-jD) 

= 2 ( AC + ED ) for n = 2 

= 2j( DA - BC ) for n = 1 

6.10 

6.1la 

6.llb 

Now normalise this differential by multiplying through by YJ. 
). 

i.e. CP 
2G;· (AC ED) for G! 6.12<.'.. Yi rYe = + y. = - - -). 

J. 

and oP 2S (BC DA) for jS 6 .12b. Yi ay. = - y. = - - -). 
). 

This same 're,sul t is also obtained if the real parts and 

, imaginary parts· of V and Yi~~. are multiplied, summed and 
0 .. ). 

~hen multiplied by 2. 

i.e. - - - 6.13 

. , 

This normalisation is especially useful fqr calculating the 

differentials of 'the sensitivity terms since ~ S j is not 
Yi 

.. ".. "~ .. \' . 

symmetrical in the admittance terms (see equation 6.5) whereas 

oS . 
Y _J 

iDy· 
J. 

y.y. o2V 
= 1 J 

V Oy·~y. 
1. J 

6.14 

is. Therefore only the (n2 + n)/2n2 fraction of the terms 



" 

. , 

• 

109' 

os. 
in Y _J need to be calculated which results in a substantial' 

i "bY. 
]. 

saving of computer time. Note that ca1'9 must be taken in 

the case of resistors or inductors since, the normalised 

differential changes sign in the transformation between 

admittance and element values. 

Function Minimisation alonG 8. Search Direction: 

Consider minimising the cost function along a direction 
, "th 

vector [D]. The value of the i parameter, xi at any 

position along the search' d.ircction is given by equation 6~2, 

rewritten below as equation 6.15 

o x. = x. 
]. J. 

D. ' 
( 1 - A A;) 6.15 

o 
where xi and xi are the present and initial values of xi' 

Ais the scalar position parameter, AOthe circuit scaling 

factor and DO). is the ith component of the direction vector. 
]. 

The change of independent variable from y. to x. is to 
~ ]. 

emphasize that this variable is not necessarily an admittance., 

This is important as the normalised differentials permit 

the element values rather than the element adn1i ttancr.e-s to be 

used in the optimis~tion algorithm. 

Differentiati6n of equation·6.15 with respect to ~ is· 

then a :p.ecessary stage in deriving the expression for the 

variation of the cost flIDction wi th 1\. 

6.16 

Hovvever the differentiation of the cos t function wi th respect 

to A may be expressed as 

h 17 v ....... , 
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Therefore, by the substitution of e~uation 6.16 in equation 

6.17, equation 6.18 is obtained 

dd~F = - lAO~ ~CF x. D. 
,.. • oX, ]. ]. 

~, ]. 

6,,18 

which may easily be evaluated since the cost fUllction 

differentials with respect to any variable, x. are lcnovvn. J. . 

. Note ·that in the steepest descent algori thm the i th, search .'. 
. .' 'l.CF ' 

direc·liion component, D., 1S -~- • ]. ox. 
J. 

. Nov"v' change the parameter values along the search' ' 

direction· by choosing a sui table value, E, for A (see 

equation 6.15). Re-analysis of the circuit to find the 

new cost fl111ction and its differentials then gives ali. estimate 

of the second order differential of the cost function with 

respect to " as 
dCFI 
0./\ I A= f 

£ 

dCFt 
IT 1\.=0 6.19. 

If the cost function is represe~ted as a quadratic function 

plus an error term, i.e. 

6.20 

where 1 is the error term and Kl ,. K2 and K3 are arbitrary 

consta~ts, then the differential of the cost. function with 

respect to A is 

6.21. 

Hence the second differential of the cost function with 

respect to A is given by 

-.- - 6.22. 

Ho\-vever the values of ~~: and at A=O are known and 

, , 
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therefore the values of the constants K2 and K3 are 8.lso 

knoWll. Since a maximum, minimum or saddle point occurs 
dCF ' when d i\. = 0, the.' value , Aopt ' associated with the minimum 

of the cost function along the search direction is given by 

Aopt - 6.23. 

" .', 

6.24 

and 6.25 

then - - - 6.26. 

-
The initial value for E is specified by the designer 

but each subsequent E is set equal to the It t value for , op 

the previous search direction. Note that the value of f 
- , 

,does not need to'be small since if the behaviour of the 

cost function is quadratic, then the seconci order differential' 

is constant. If the behaviour deviates from quadratic, 

then a chord value of the second orn.e:c differential will 

give a better result in the prediction of the search direction 

minimum than wiJ.l the true value of this differential at 

the start of the search direction. This is. because e is 

usually a reasonable estimate of the value, Aopt ' of A 

which minimises the C08t function along the search direction. 

Therefore the chori value of the second order differential 
-. 

of the cost functi,'Jn with respect to A over this interval 

wiJ.l give a very good estimate of It t for both cases. op 

Algorithm: 

After the initial circuit information has been fed 
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into the computer and the circuit analysed for both response 

voltages and sensitivities, the initial optimisation 

parameters are then required. 

1) the n~ber of iterations; 
/\ 

2) the required output, V; 

These initial parameters are: 

3) the parameter alteration weights: if required (these 

, * weights modify the search direc'tion); 

" '* 4) special sensitivity vveights,if required; 

5) the output error weighting and; 

6) the initial value of E. 

The algorithm now consists of eight distinct stages per 

iteration. These stages are: 

1) Analysis of the circuit by inversion of the nodal 

admi ttance matrix; , 

2) Evaluation of the cost function and its first order 

differentials; 

3) Alteration of the element values along the direction 

of st~epest descent by setting ~ in equation 6.15 

equai to t. (see preceding section); 

4) He-analysis of the circuit with the temporary element 

values found by the previous stage; 

5) He-evaluation of the cost flIDctiort and its first order 

differentials for the temporary element values; 

6) Est,imatiQn of the value, itopt ' which minimises the' 

cost function along the search directioni 

7) Subjection of the estimated value of A t to three simple , op 
tests to check the validity of the quadratic convergence 

,assuniption (see the section entitled strategy); 

* This is d.iscussed ill a 8Uu:::>8(fuent s8ctiull iIi this l!.hCtIJ Le:c 
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8) 'Alt~rati6n of the circuit element values from the 

values held at the start of the search direction using 

the value of A t in equation 6.15. , op 

Experimental Verification of the Quadratic Assumption: 

Circuit 2, shovm in figure 6.1, was the subject of 

a series of one dimensional line searches. At the start 

,of each search direction the c,ost ftmction, C~, and its 

first order differentiais were evaluated to define the 
'- '. ' 

search direction. The distance to be searched was then 

subdivided by forty and the cost function was evaluated 

at each of these points. Then, using the first and last 

points of the distance searched, the value, Aopt, of It to 

minimise the cost function was predicted by the use of 

equation 6.26. The initial search interval "was .pr~vided 

by the user but each subsequent interval was determined as 

the product of the preceding interval's predicted Aopt and 

a factor of 1.2. Each search direction was started from 

the true minimllm of· the cost function found along the 

previous direction to ensure continuity in the cost function 
, 

values. 

The results for the first ten search directions are 

,sho'lm in figures 6.2 to 6.6. As show.L1 on the graphs, the 

desired output was ~1.2 - j22.8 at a frequency of 1kHz, which 

is the same output vol~age as the initial circuit has at this 

frequency. Note that for the top graph in figure 6.3 

no minimum \vas reached as the search interval, specified 

from the previous search interval, was too small. All 

, the predicted line minima are very close to the true minima 

which is a justifica t-ion of the proposed method ~ The cost 
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ftmction is reduced from 2.67 to 2. 295 by these ten "iterations 

and another twenty iterations will reduce the cost function 

to 1~54 (see the top ~raph in figure 6.7). Due to the low 

output error weighting factor the output changes from 

-1.2 - j22.8 to -5.8 - j19.8 after these ten line searches~ 

computational Effort: 

Circui t 2 was analysed by inverting the nodal admi ttanc"e 

matrix since the inverted admittance matrix is needed to ' 

" -evalila t"e the cost function, CF, and" fts" first" ord"er 

""differentials." The time", taken t"oanalyse the circuit by:­

this 'technique was .76 secohds while the evaluation of the 

cost fUJ.1ction and its differentials took another 1.88 

seconds. If the nodal admittance matrix was not inverted, 

then two circuit analyses would have to be made just to find 

the element sensitivities (see chapter 2). This in itself 

would take about 67% of the time needed to analyse the 

circuit by inverting the admittance matrix. However the 

problem still arises of how to find the first order differentials 

of the cost function. Suppose tha-G perturbation techniques 

were now used to find these differentials, then, if one 

solution of the circui t' s siJiJ.ul taneous equations is taken 

asa basic unit of time, two extra time units are needed 

for each differential. 'rherefore, for cj rcui t 2 which 

has eleven branches excluding the driving source, twenty four 

time units are needed to analyse and evaluate ther cost 

,'function and its first order differentials. However, by 

inverting the circuit matrix, the circuit analysis and 

evaluation of the cost function and its differentials will 

take only ten time units. 

A factor which is very import8..-l1t on a small word "size 
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computer such, as a PDP 15 is that the perturbation technique' 

only gives an estimate of the differentials. Imprecision 

in the cost function differentials disalloVJs the possibility 

of predicting the search direction minima with any degree 
, 

of accuracy. The amount of time needed for the evaluation 

of the cost function and its differentials is proportional 

to a factor of tn2 where n is .the number of branches~ 

Since the time taken for the circuit analysis is approximately 
. 

proportional to the 2.5 power of the circuit node size, 

the circuit analysis takes a proportionally;longer time 

than the evaluation of the cost function and its differ-entials 
.,. 

for increasing circuit size. This factor was observed in 

the examples.run. 

Strategy: 

The value of A t' predicted from equation 6.26, op 

must be subjected·to three simple tests to check the 

validity of the ~redicted minima. These tests are: 

1) does the value of A t exceed .8, if so set E;. to .8; op 

2) if A t is negative, is the value of the cost function op 

at A.=t greater than the cost function at the start of 

the search direction, if so divide f 1?y ten and repeat 

iteration stages 3 to 7 (see Algorithm); 

3) if A t is negative, does the value of the cost function op 

at the start of the search direction ~xceed the value 

of the cost function at A=E., if so set 7'-0 t equal to t . p 

and proceed •. 

Test 1 limits the change in any element to eighty 

percent of its value at the start of each :!.teration. This 

prevents the element values from going negative as well as 
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. 'increasing very rapidly. The situations described in the 

last two test conditions are rarely encountered but are 

necessary to ensure stability in the algorithm. If the 

algorithm converges very rapidly, then the step size from 

a previous successful iteration may be far too large-for' 

the next iteration and hence will cause the quadratic assumption 

~"tobrealc down.,· This is self corre'cting prov~dingthe 

predicted value of i\ t is positive. op . However, if 'I\opt is 

. negat,:ive, then t.hesec~ncl. test will apply. ,s.inee the value.­

of the cost function at, 1\=£ Vlill normally be greater than 

the cost function at A=O. In this case the value of ~ is 

divided by ten and the prediction process for I\opt repeated:,. 

Whe third test only comes into operation when the 

circuit being optimised is a·. long way from its optimum 

values. Very occasionally the cost function versus A 

surface is 'convex rather than concave and so the negative· 

value of Aopt.- is pi'edicting the position of a maximum 

rather than a minimum. Therefore Aopt is assumed to be 

equal to £ and the algorithm is continued.' 

Optimisation Examples: 

The proposed algorithm was used to optimise several 

cireui ts, the r'esul ts of which are shown in diagrams 6.7 

to 6.19. In figure 6.7 the two graphs show the result o~ 

optimising circuit 2, shown in figure 6.1, :for the initial 

conditions shown on the top graph of figure 6.1. After 

decreasing the cost function smoothly for the first eighteen 

'iterations there is a sharp. increase in the rate of reduction 

of the cost function. This sharp increase in the ~ost 

function reduction: which is accompanied by a corresponding 
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increase in the step length along each search direction, 

is maintained until the cost function reduction levels off 

at the twenty fifth iteration. The final element values, 

all of which have been allowed to vary, are given in the 

circuit diagram in figure 6.8. 

Figure 6.9 shows the results of another optimisation 

"of circuit 2~' 'In this 'case; however; the desired 'output' 

is now different 'from the initial output of this circ'uit 

" and' an' output error weighting factor 'of four' has been 

introduced. As shown in the top graphs of figures 6.9 : 

, a.nd 6.10, the initial reduction in the cost function is 

due to the reduction in output error only. The 'element 

values resulting from this optimisation are given in the 

circuit diagram in figure 6.10. 

qi'rcui t 7, which is shown in' figure 6.11, was now 

optimised by the proposed algorithm. The results of this 

optimisation are shown in figures 6.12 and 6.13. Unlike 

circuit 2, the cost function converged very rapidly to 

near its final value. This rapid ~onvergence of the cost 

function is more typical of the limited number of circuits 

which have been optimised then the more complex behaviour' 

of circuit 2. 

In the above examples all the e1emeLts have been 

allowed -to vary. fhis is suitable fOT a theoretical 

investigation but in a practical pro~lem it is often 

':required to hold some of the network elements constant. 

Hence provj.sion has been made for the designer to be able 
, -

to fix the value of certain elements such transistor 

parameters, for example branches 5; 8 and 9 in circuit 2 
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(see figure 6.1) by altering "Ghe element weights. 

Mathematically this ·is achieved by setting the relevant 

components of i!h'e search direction vector [Di1 to zero (see· 

equation 6~15). 

Circuit 2 was subjected to a two stage 'optimisation 

process with branches 2, 5, G and 9 held constant. ' The 

first stage consisted of specifying the initial circuit 

output as the desired output but only applying a lo.w output 

error weighting factor of unity~ This weighting factor 

was then increased to five for the s~6ond stage of the 

optimisation. Figures 6.14 to 6.17 show the relevant 

quanti ties of both stages of' this optimisation. A 

phenomena worthy of further investigation is that, on 

the 25 th iteration of the first stage,· a program limited 

step size is accompanied by an increase in cost function 

and an even g~eater step reduction in tho sum of the 

squared sensit~vities (see the graphs in figure 6.14 and 

the top graph of figure· 6.16). From the graphs in figure 

6.16 it is seen tbat the second stage of the process 

rapidly increased the sum of'the squared sensi"liivities 

although the final result was half way between the initial 

and final sensitivity figures for the first stage. 

Another desirable feature in an optimisation scheme .. 

. of this 'type is the abili ty to weight the contribution, 

to the cost flIDction, of each element sensitivity. A 

common set of elements which are required to have low 

sensi ti vi ties are the elements comprisi:r..g a transistor 

model. This is because·' these parameters have a strong 

tendency to vary w:i.c1ely from one device to a.nother. 

Inclusion of an· element sensitivity weighting factor 
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does not present any mathematical difficulties in either 

the evaluation of the cost function or its differentials. 

119, 

Since these weighting factors are set by the ,designer they 

are independent of,the element values. Therefore equation 

6.3, which expresses the differentials of the'cost function, 

is modified to 
. . .' \ . ~:. : " .' , ~ .. ~: :. . . . ',,::.: . . . 

< ... s 'oS~' *OS.,. 

; J 

cCF 'lid j' f' ' , *j - = - - (V-V) (V-V) + 
~y. A2 by. ' 

~ . 1.. 

< w. (s ._J + S._J) ~ 6.27 
J. J Jhy· Jay. 

~ 1 

where w~ is the sensitivity weighting factor on the jth 
J. 

element. 

Circuit 2 has been optimised holding branches 2, 5, 8 

and 9 constant and with sensitivity weights of zero on 

branch 2 and ten on branches 5, 8 and 9. The cost ftmction 

and step size versusitera~ion are shown in figure ~.18 

while the sum of the squared sensitivities multiplied by 

their weights and the resultant circuit are sh0vm in figure 

6.19. Fi~lre 6.20 shows the tabulated node voltages and 

element sensitivities for the original and final circuits, 

as well as providing an example of the format of an on-line 

console session'.wi th the algorithm. The underlining of 

certain data shows which information has been supplied to 

the program by the designer. This algorithm was implemented 

on a PDP 15 campu·tier and the times mentioned in this 

chapter refer -to this machine. 

Conclusions: 

The proposed algorithm has been ~hown·to be very 

effective in reducing the cost function specified in equation 

6.1. As each search direction uS'4ally only requires two 

function and derivative evaluations, tho method, is very 
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efficient in its use' of computer time. Hence small realistic 

ci:rcuits such as Circuits 2 and 7 may be optimised on slow' 

computers such as a PDP 15; each iteration for Circuit,2 

takes approximately six seconds of computel' timeo The, 

process may be speeded up if the elements whose val'ues 
\ 

are required to remain constant do not have their cost 

function differentials cal cula"ted:,., As noted earlier';th~ " 

reduction in the outputerro~ contribution to the co~t' 

:'. . ~.:~.. . 

'function is swiftly obtained while' eff'ecti ve' sensi ti vi ty re'ductioT 
I 

continues for considerably longer. A very interesting ," 

point is that the optimisation of Circuit 2 requires far 

more iterations than that required for Circuit 7 but 

Circuit 7 1s a more complex circuit than 2. One possible, 

explanation is that Circuit 7 was a co~e'rically de~ignedi 

circuit from a tape recorder whereas Circuit 2 was an 

untested design by the author. ]n the author's opinion, 

the stability and convergence rates obtained 'with ,this 

proposed algorithm justify the extension of the program to 

handle a number of frequency points. 

'. ~. -, ; 
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Cbst Function versus Iteration for Circuit, 2 

3.00 
cost. 
FU.nction 

Required output = -1.2 - j2~;8 
Weighting factor = 1 
~requency = 1kHz 

2.70 

~. 
2.4] ~ 

2.
10l ~ 

1~80 

\ . 

.\ . 

'-...-------1.50~~ __ ~ __ ~ __ ~~ __ ~ __ ~a __ ~~~~--I· 

"- .. ..: . 

o 16 24 32 40 
Iteration 

Predicted ~ t versus Iteration for Circuit 2 
0.40 oP. 

Aopt 

0.32 

0.24 

0.16 

0.08 

I\,~ 
\I 

o • 00 ~-a.._..:!..-~i-o--n-_.a-
o 8 16 

Iteration 
24 32 40 

C'ost Function and Optimum Step Length plotted: against Iteration 
for S~eepest Descent Optimisation of Circui~ 2 

Figure 6.7 
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Iteration 

Cost Function, as well as the sum of squared sensiotivi ties, 
against iteration has been shown in the "top graph. The 
bottom graph shuws the variation of optimum step length 
with iteration; These graphs are for the optimisation of 
Circuit 2. 

Figure 6.9 
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The sv~ of the squared sensitivities is shovm plotted against 
iteration for the optimisation of Circuit 2 at a frequency 
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129..Q. / 

Resultant .circuit from optim~_sation of Circuit.2 at a 

frequency of 1kHz. Desired output IS -10 -j10. Weighting 

factor = 4. 
Figure 6010 
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Cost Function and Optimum step Length plotted against Iteration 
for the steepest Descent Optimisation of Circui~ 7 

Figure 6.12 
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The sum of the sqlJared sensi tivi ties is shovm plotted against \ 
iteration for the optimisation of Circuit 7 at a frequency 
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. output is 3.07x104
-: j 1.91 x104 

Resultant circuit from optimisation of Circuit 7 at a 
'frequency of 100kHz. Desired output is 3x10~-j1.87x'IO: 
We'ighting' factor =1 . 

Figure 6.13 
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Figure 6.14 
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Figure 6.15 
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C'os-ti Ii"unction versus Iteration for Circui-ti 2 
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Graphs showing the optimisation progress' of Circuit 2\tvhen 
"tlranches: 2,5,8 and. 9 have been held constant • Sensitivity . .-. 
r-.reights of 10 are applied. to bl"3.rlches 5, & and 9 ~Nhile br3.l1ch 2· 
has a sensitivity weight of zero • 

F±gure G.13 
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REQUIRED OUTPUT (COMPLEX) - -le~ '-~208 ' 

I~L T~R THE ELEi'jEt-JT \lEI GHTS(Y OR N) 

Y 
BR " ['.j CH i·J a • 2 HE I G H T - 0 13 RAN C H NO. 5 tv E I G H T = 0 
BRANCH NO. S WEIGHT - 0 ~RANCHNO. 9 WEIGHT = 0 
BRANCH UO. 0 

ALTER THE ELE~ENT SENSITIVITIES WEIGHTS(Y OR N) , 

" y",: . ," , '. " 
BRANCH NO. 2 '.JEIGHT = C1 BR:tNCH NO. '.2. \lJEIGHT = ill 
BRAiJCH N~o f, \·lEIGHT = 10 BR!\NCH NO. ~ l'lEIGHT = ~ 
BRANCH NO. 0 

, note ·'thctt a'branch 'number 'of 

" ,~ero terminates' a sequence ..... 

WEIGHTING FACTOR (INTEGER) = ~ 

MAXIMIM ELEf1E!'JT VARIATION - .4 

(~rriginal C'ircui t Optimised Circuit 

'Nodal Voltages 

REAL VOLT 
0.821 E+00 . 

-0.120E+01 
0~661E+00 
0.660 E+00 

- 0. 1 92E~- 01 

REAL SEN 
0.0.00 E+00 
0.821 E+00 
0. 191 E+00 
0. 111 E+00 
0.415E-01 
0.843 E+00 

-0.658E-01 
04! 246E- 03 
o • L! 7 e, ~" 0 1 
0 11 9SG1 E+f?J0 

-0.287E-01 
0. 161 E+00 

.. _ .... _ . . .1--------- -----.. --.~.- -----._-------------- ----

IMAG VOLT 
-0.101E+00 
-~.228E+02 

0. 183E+00 
0. 172E+00 

- 0.443 E+00 

NODE REAL VOLT IMAG VOLT 
1 0.931 E+00 -0.181-E+00 
2 - 0.504 E+01 - 0.2 15 E+02 
3 0~530E+00 -0.285 E-0I 

i ,'- 4 0.528E+00 -0.35GE-01-
, ___ . __ 5, _,",-. __ ._ - 0. -3. t?0 E+0 t ___ ~ 0. 15 Lj E+02 

Branch S_~ns~.~~y~~_ies 
.- .-.-- -

IMAG SEN BRANCH REAL SEN IMAG 
.. ~ _. 

SEN 
0.000E+00 1 0~ 000E+00 0.000E+00 

- 0. 101 E+00 2 0.931 E+00 -~.181E+00 
-0.174E+00 '3 0.177E-01 - 0 • 1~5 8 E- 01 
-:-0.304E-0I 4 0.435 E+00 0. 621 E- 01 

0.203E-01 5 0.3 80E- 01 0.63/1 E- 02 
0.207E+00 6 0.551E+00 -0.383 E- 02 
0.268E+00 7 0.635 E-03 0.915 E- 01 
0.168E-03 8 0.307E-03 0.960E-04 
0.342E-01' 9 0.406E-01 ' 0.137E-01 

'- 0 .355 E- 03 10 0. ~8L! E+00 -0.426E-03 
- 0.27! E- 01 1 1 0.286E+00. - 0. 755 E- 01 
-0.284E+00 \ 

12 ... -... _-._---- .. - -.~ - - - 0. 401 E+00 -~.152E+00 
.--. - .. '.'-._--.--.--.. _ .... _._ .. _-_ .. -

_ .. - -.- ...... . . ~-.-~-.--.-

Example ofa olJ.,,·line console session' for the optimisati.on of 

Circui t 2.' Also given are the origi:t:lal and' final n'odal voltages 

anrl bran~h' sp.l1sit'l.v; ti P.R' to B:n.8.1)J. e ,8, compRrision to be made 

between original and optimised circui ts·., 

F:ugure' 6.20 
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Chapter 7 

Future Research Topics 

Efficient methods of c'alcu.lating and utilising electrical 

netw9rk sensi tivi ty have been developed in the prec-eding , 

chapters. 'The amount of computer time saved, as well as 

the accuracy obtained,make the use of'these methods highly 

desirabl'e in any 'serious computer aided circuit design 

work. Also the use of these techniques enables effective'" 

circui't design to be performed on samll computers s'uch as 

a Digital Corporation PDP 15. 

The accuracy, obtained in the calculation of element 

differentials by the proposed methods is essential if 

optimisation algorithms ~llich depend on first order differentials 

are to be u~ed successfully when approaching local or global 

optima. This is because first order differentials tend 

to zero when approaching an optimum and hence perturbation 

techniques for differential calculation fail. As shown· 

in chapter 6, the steepest descent algorithm, when using 

an estilI1a te of each search ~irectiori optimum based on a 

quadratic behaviour assumption, converge$ very rapidly (les~. 

than twenty iterations) even for the complex. cost fUnction 

used in this chapter. The proposed: algorithm_may be further 

speeded ~p by . .only calculating the differeni;ia13 of the 'elements 

which are allo~..,ed to al ter their admittance values. 

A'restriction in nodal analysis, is the inability to 

allow the presence of ideal voltage sources ,in the circuit 

under analysis. The usual procedure t·or dealing with these, 

sources is courcc rcciotancc and 

to convert the combined voltage source and resistance to a 
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parallel cOl'l..nection of a current source and source resistance 

(Norton Transformation). ' However this technique means the 

introduction of another element if there is no suitable 

impedance present to act as a source impedance. This is 

,inconvenient f"or seve-ral reasons, which are: 

I') Another element iIlunt be added and; 

2) A suitable value for the branch impedance must be ' 

chosen so that the'impedance value is big enough not 
"', .. ". ' ,', 

to causp numerical difficulties while' being small, 
, "'. ' •• , .. " z· ~' '\ 

enough to simulate 'Voltage source behaviour. 

If the possibility of a hybrid matrix in place of the nodal 

.' :.',. 

admittance 'matrix is accepted, 'then, using some of the methods 

discussed in chapter 5, it is possible to introduce a voltage 

source directly into the s~stem equations. This is achieved 

by first assUming that an arbitrary current source is con.nected 

between the nodes i and j where the voltage source is required 

(see equation 5.7). As in chapter 5 this arbitrary current 

source is removed by the addition of the two rows representing 

the Kirchhoff current la'w for the nodes i and J. The extra 

equation necessary to make the system determinant is then 

provided by specifyinE the desired voltage' relationship as 

in equation 5.5. This procedure has been successfully 

used in the analysis of circuits containing voltage sources. 

However no work on sensitivity calculation ,~sing this 
-
hybrid matrix has been carried out. Theoretically there 

seems t~ be no reason why the ,approach used in equation 2015 

(see chapter 2) should not hold. Obviously more 'book-

keeping' must be 'carried out since the evaluation of the 

differential of the hybrid matrix ~ith respect to circQit 

elements is not quite so simple. This 'book-keeping' ""loule. 
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only consist· of an extra vector ',v-hich specifies the row to 

which each ·rO\~T of the hybrid admittance matrix has been 

added, if any. Also' the checks discussed in chapter 5 

under the heading of Multiple Constraints would have to be 

performed if more than one voltage source was required· in 

~ the circui t,~ 

The contents of chapters 4 and 6 provide the greatest 

scope for further research. In chapter 6 the most obvious 

• ~. ~ .' • ..' " • : : ~: • 1',. " ., .. " I ~ 

'pro:p~sed ' optimis'a tion algorithm to 'handle a freq~ellcy range 

rathe'r than a single frequency point. ~,This is easily 

achieved by selecting frequency points and their appropiate,. 

weights over the desered range. The weighting factors 

would express the relative importance of their associated 

frequency to the desired' response function. A composite 

cost function fOrmed form the weighted sum of the individual 

cost functions at each frequency appears: to be the simplest, 

and perhaps·the most relevant, cost function to apply • 
. ' . 

Verfication of the quadratic convergence using the methods 

proposed in chapter 6 would ·have to be 'performed for the 

various })ossible search directions. One of these sear'ch 

directions would be the weighted average of the search directions 

at each individual frequency point. Another possibility~ 

which might well be considered is the steepest descent 

direction at the frequency point which has the highest 

··contribution to the cost function. This would be a form of 

mini-maximum optimisation. Intepretation and understanding 

of the circuits obtained by these optimisati6n schemes 

opens up a. new host of possible res'earch pro=jects. This 

type of resp-arch is needed: to detel~ine if there is a 
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empirical basis of design whereby low sensitivity networks 

could be directly formulated. 

The large-change sensitivity technique developed in 

chapter 4 opens up exciting posoibilities in tolerance 
. , 

analysis, atopic of growing interest,31 by the si~piicity 

and speed of the method. Also this technique can be usedi. 

toachieve·great·savings in computation ~f a large. circuit 

has to be optimised ~ith only a few of its elements allowed 

to ,vary. As seen in chap·ter 4 (WIul tiple 'Element Simulation) 

-- the output -vol tage "and th'e branch voltages' of· a modified 

circuit may be found by the analysis of a. set of equations 

equal in size to the n~~ber of variable elements. Hence, 

if a twenty node circuit was under study and the output 

variation was required \~i-I:;h the simul taneous variation o~' 

four eleme:r.:,'lis, the simulating current source method y%uld 

achieve a saving of around fifty. __ This comparision is 

made between the time needed to solve the complete circuit 

equations and that neederu to solve the set of equations 

.' ... ~: " 

giv.en by the large-change sensitivity technique. Sensitiv:.ties 

of all the elements in the perturbed network can be~ found i~ 

a further set of simulating current vec'~ors: 2.re founcl for 

the adjoint network. H0wever the simulating current liechnique 

will not give higher order sensitivities analytically and 

hence t~is teqhnique could not be used in the evaluation 

of the cost function defined in chapter 6. This is because 

this cost flIDction depends on a knowledge of ,tho second . 

order differentials. Therefore, if second order sensitivities 

are required in a circuit having simulated element values, 

!,81-:tuT-1Ja"tioil techniques with. all theil"' clisaclval1tages must 

be introduoed • Hence other techniques 'for 'wrapping: up' 
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unr.hanging parts of a circuit should be examined when 

higher order differentials of the variable elements are required 

so that the methods of chap~er 3 are applicable. 

/ . 
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A-ppendix A ' 

Time Comparision between Equation solving and Matrix Inverting 

Routines 

-
A' comparision has been made between the times required 

to solve any given network by a simultaneous equation method 
.. , .. 

and' by a' 'matrix inversion method" 
' .. 

The 'simultaneous 

equatJ.on routine' is based on the maximal pivot, Gaussian 

"reduction technique where" back sUbst'i tut:Lon' is 'used'to 

determiri'e, theval1.ie of the' dependent vector* ~ In:version ' 

of the original matrix is obtained by reducing this matrix 

to a unit matrix while, at the same time, performing the 

identical operations on an initially unit matrix (Gauss-

* Jordan) • 

Since the time of analysis c'f, any circuit, which 

includes th.e time ~or forming we rele'vant matrices, is 

of interest rather tharr the actual time for solving the 

circuit equations, times for analysing circuits of varyi~g' 

compl~_xi ty have been plotted~against circuit nod'e size in 

, figure A.I. The top graph ,shows the times taken using the 

simultaneous equation routine while the bottom graph shows 

the times taken using the inverting routine.' Although, 

the equation solvjngroutine is theoretically more accurate 

than the. matrix inversion technique, little difference 

between the two methods has, been noted in practice~ This 

is most likely due to the fact that circuit equations give 

* see for example R. \V. ,:'Hamming, 'Numerical Methods for 

'Scientist a.Ild Engineers' published by McGraw-Hill in 1962 
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a diagonally predominant adlliittance matrix exceI?t when the 

. circui t is in or near resonance. The equation solving 

routine i.s theorE?tically more accurate since iihe matrix 'is 

reduced using the largest element found in the unused rows 

and' columns as the pivot.. Tn the inversion ,.routilie, 

however, the largest unused main dic:tgo~.& element is u~ed 

'as the pivot for the next reduction. 'Once the original' ' .' ... -. 

matrix has been reduced to triangular form, all ~he remaining 

.non-main diagonal terms are removed'by the suhtraction of' 

the requisite multiples of the relevant rows starting' 

with ·the bottom row and working up. 

In figure A.2 'the logarithms of analysis time and 

node size have been plotted against each other. The top 

graph refers to, the 'si~ul taneous equat~on routine, y"lhile 

the bottom graph is for the inversion routine. Assuming 

that the time of analysis may be expressed as 

~ 
T = CN - A.l 

where C and A are constants, T is the time of analysis and 

N is the circuit node size, . then 

- A.2. 

Therefore the slope of the graph of loglOT against loglOffi 
.-..... 

gives the value of ft-

From the slvpes of the graphs given in figure A.2 

.the inversion routine analysis time is dependent on the 

2.42 power of the circuit node size while the analysis 

time of the simultaneous equation routine is· Only dependent 

on the 2:24 power~ This difference in;~he power of the 

circuit'node size'is relatively small and hence for small 
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and medium size circuits a factor of 2.5 in the difference 

of analysis times between the two methods may be assumed. 

These timings were obtained when the programs were run- on 

a PDP 15 -computer which had an extended ari thmetic' ul?:i t. 

On this machine all floating point number operations have 

to be performed using the provided software. As multiplication 

_ and division form the majority of the operations in any 

form of simultaneous p,quation solving routine, the v-a1ue 

of A should not vary great~y_~rom_:rnachine to machine. 

However the constant C will be highly machine dependent. -

.-

-, 
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versus' C~rcuit Node S~ZG 
4.0 

Times of 
ten analys s 

S'ecs. 

. . ',' ~ . : . -' ',' '. . 

0·.8 . 

... . ~.". . ....... ,. -.: 

~lme of ten analyses 

C~rcuit Nbde Size 

, l2.0[. 
Times.: of" . 

ten. analY!3es . 

. 9.6 

7.2 

.4.8 

/ €) ,,' 

. , \.', 

Circuit Ndde Size 

using a matrix inverting routine versu.s 

:::l~ __ ~e __ ~~, __ ~ __ ~. __ ~~. __ ~~,~~~ 
2 . 3 4. 5 6 

Circuit Node Size" 

G:raphs showing the times taken for analysing various circui-tis 

using either a simultaneous' equation solving routine or' a 

matrix inverting routine'. The computer used VIas a PDP15 Vli-i;h 

an extended arithmetic unit. 

J " ~'.' .: 
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'L'o'g]~O",of Time at ten' analys~s USlne' a simultane'otlf3"'eq1iatibn .... : .... :: .. ::<> 

routine versus J..!oglo .of Circlli t Node Size 

• 4 ,,' 

~;gigT!::::r ~ ---------------- ------~ ~ l 
.48 :' slope = 2.24 

.24 

0.0 3 

-'.24 

/ 

/. 
./ 

/ . 
. /. / ..... ,.' 

I 

:6' .7 .8' 
Circuit Node Slze 

.... 1. .• 
" 

':" .' ... ' ~ -.' ... 

TInglO of Time of ten analyses using a matrix inverting'routine 

versus LoglO of. C'ircui t Node Size 
1.2 

LoglOTime of ____________________ _ 
- ?~ 10 Analyses ' I 

.~",.:;.'(L. I 
0.9~· .....: 

slope:;:: 2.42' 

O~6 

0.3 

o • 0 "'3-.;'.~·,i!--..J.....--It.---4.-5-.A....-.A.6-"'--.-7,,",,---'l.a_. -.-8 "'­
/. 

r7 
r 

LoglO Circuit Node S'ize' 

-O.3 l 

Graphs showing thee logarithm, of ·the . time of ten analyses: of 

various circuj_ts plotted against- the logari thIn of the node' s·iz·e~ 

of these circuits I The power of ~he circuit size which the 
analysis time is proportional to is given by the slope of -thes'e~ 

graphs. 

Figure A.2 
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