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Abstract

The objective of this thesis is to study Fabry-Pérot resonators in transmission lines and waveguides.
Transmission lines and waveguides may be referred to as guided-wave media. A Fabry-Pérot
resonator is the simplest form of resonator occurring frequently in coupled guided-wave structures,
for example dielectric-filled waveguides, lasers, plasmonic waveguides etc. In this thesis, analytical as
well as numerical approaches have been adopted to model different resonator problems. Analytical
solutions of Maxwell’s equations, derived from first principles, are used whenever possible. The
commercially available finite-element-based electromagnetic solver COMSOL Multiphysics® has
been used throughout the course of this work for numerical full-wave modelling. In addition, a finite
difference time-domain (FDTD) code was also developed for numerical full-wave modelling.

This thesis consists of eight chapters. The first chapter is a review of current trends in THz
technology and plasmonics, with a brief description of the FDTD technique and how FDTD can be
used to model surface plasmon polaritons.

Chapter 2 is an overview of scattering parameters in relation to travelling waves, pseudo
waves and power waves. Several useful results have been derived in this chapter including, direct
formulas for renormalisation of conventional (S-) and power (S,-)scattering parameters for a two-port
network; conversion between S- and Sp-parameters for a multi-port network; and direct formulas for
interconversion between S, Z, Y, h, ABCD and T parameters for a two-port network with arbitrary
port reference impedances.

Chapter 3 deals with challenges in modelling lossy resonant structures by considering the example
of a lossy one-dimensional resonator as the walls of the resonator are transformed from perfect
electric conductor (PEC) to free space.

Chapter 4 discusses excitation of Fabry-Pérot eigenmodes in 3-D printed dielectric samples when
placed in a waveguide as observed by authors of a recently published paper.

Chapter 5 presents a rigorous analysis of Fabry-Pérot eigenmode excitation in dielectric filled
parallel-plate and circular waveguides.

Chapter 6 reviews an S-parameter renormalisation technique for resolving ambiguities in re-

xiii



flectance and transmittance relationships of a two-port network, from noisy measurements. The
technique was introduced in a recently published paper. Furthermore, a method for estimation of
vector network analyser (VINA) output signal-to-noise ratio is also discussed.

Chapter 7 introduces a THz spectroscopy technique based on surface plasmon excitation. Several
modelling approaches have been used to model the spectroscopic response of a high resistivity Si
slab under a Si prism when surface plasmons are excited on the Si slab using the attenuated total
reflection (ATR) scheme. The intended experimental set-up was modelled using different techniques
including; dispersion modelling, analytical planar media reflection/transmission modelling from first
principles using Maxwell’s equations and full-wave numerical modelling using the FDTD technique
and COMSOL Multiphysics® frequency domain solver.

Chapter 8 is on modelling plasmon propagation in two-dimensional electron system (2-DES)
channels in the presence of a magnetic field. The experimental results published by a recent study
were modelled using COMSOL Multiphysics® and the transmission of the proposed device was
computed for the first time, which revealed that the device was too lossy. Based on the simulated

results, a new device structure was proposed which could reduce transmission losses by 20 dB.
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up-scaled geometry corresponding to the FDM 3-D-printed ABS sample: (a) 3-D
contour plot of dielectric constant e, (z,y,z) on the surface of simulated dielectric
sample in COMSOL Multiphysics®, with ls;, = I; and (b) resulting S-parameters

showing open-box mode resonances at 10.11, 11.16 and 12.05 GHz. . . . . . . . . ..

Numerical modelling of open-box mode excitation for Sample #1 with dielectric
constant and loss tangent of 2.3284 and 19.148x 1074, respectively, from M3 using
coarse meshing: (a) 3-D coarse meshing of the complete structure illustrated in Fig.
4.1, with lg; = I; and (b) resulting S-parameters showing open-box mode resonances

at 10.17, 11.15 and 12.18 GHz. Figure reproduced from Sun et al. [1]. . . . . .. ..

Mlustration of layer-by-layer fused deposition modelling (FDM) 3-D printing of acry-
lonitrile butadiene-styrene (ABS) sample showing a 90° shift in angle for alternating
layers. The ABS is deposited as molten filaments oriented at 45° relative to the
sides of the sample and compressed to form several layers of a structure resembling a

woodpile. . ..o
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4.9

4.10

4.11
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Longitudinal top-down cross-sectional view of the rectangular metal-pipe rectangular
waveguide showing the dielectric-filled, air-filled and perfectly matched layer (PML)
sections in the waveguide. Two slit ports were defined at the ends of the air-filled
sections with excitation at Port 1. The ports were specified to compute scattering
parameters for the dominant TE;y mode. Since the ports defined in COMSOL
Multiphysics® do not coincide with the actual measurement reference planes, S-
parameters obtained from COMSOL Multiphysics® must be de-embedded to give

the correct S-parameters at the specified measurements reference planes. . . . . . . .

Plot of (a) return loss and insertion loss; and (b) absorptance of the dielectric-
filled metal-pipe rectangular waveguide operating in the dominant TE;y mode having
dimensions a = 22.86 mm, b = 10.16 mm and dielectric section of length [ = 9.626 mm;
with dielectric constant ), ;o = 2.3284 and loss tangent tan deo = 19.1480 x 1074
of the filled in-homogeneous and anisotropic dielectric medium. Dotted lines in
(a) show the ideal response computed from theory, while the solid lines show the
simulated response from the COMSOL Multiphysics® frequency domain solver. The
spectral location of box-mode resonances can be clearly seen in (b), with the predicted
open-box mode resonance frequencies within 0.01 GHz compared to those computed

from theory and eigenmode solver for Sample #1, given in Table 4.2. . . . . . . . ..

Numerically simulated Fy-field plot for TE2g; open-box mode at fog1 = 10.074 GHz
for Sample #1 with dielectric constant loss tangent of 2.3284 and 19.148x1074,

respectively, from M3. Figure reproduced from Sun et al. [1]. . . . . . ... ... ..

Numerically simulated F,-field plot for TEy;; open-box mode at fg1; = 11.144 GHz
for Sample #1 with dielectric constant loss tangent of 2.3284 and 19.148x1074,

respectively, from M3. Figure reproduced from Sun et al. [1]. . . . . ... ... ...

Numerically simulated field plots for TEj1; open-box mode at fi1; = 12.046 GHz
for Sample #1 with dielectric constant loss tangent of 2.3284 and 19.148x107%,
respectively, from M3: (a) E,-field; and (b) E,-field. Figure reproduced from Sun et
al. [1]. o o

Illustration of an ideal dielectric-filled parallel-plate waveguide of width a. The length
of the dielectric-filled section is [ while the air-filled sections are of length [,;-. In
any section, As and Bs are the complex coefficients associated with the incident and

reflected fields, respectively. . . . . . . . . . . .
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5.2

5.3

5.4
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5.7

Plot of (a) return loss and insertion loss; and (b) absorptance of the dielectric-
filled parallel-plate waveguide, operating in the dominant TE; mode, with width
a = 22.86 mm and dielectric section of length [ = 9.626 mm; with dielectric constant
Ereffo = 2-325 and loss tangent tan deo = 19.73 x 107* of the filled in-homogeneous
and anisotropic dielectric medium. Dotted lines in (a) show the ideal response
computed from theory, while the solid lines show the simulated response from the
COMSOL Multiphysics® frequency domain solver. The spectral location of box-
mode resonances can be clearly seen in (b), with the predicted box-mode resonance
frequencies within 0.02 GHz compared to those computed from theory and eigenmode

solver, given in Table 5.1. . . . . . . . . . ..

Numerically simulated E,-field plot for the even TEq; Fabry-Pérot eigenmode at
f11 = 5.6096 GHz for the parallel-plate waveguide. The field lines extend well outside
the boundaries of the dielectric, while the mode exists well below the cut-off frequency

of air-filled waveguide. . . . . . . . . . L

Numerically simulated E,-field plot for the odd TM;j; Fabry-Pérot eigenmode at
f11 = 6.1412 GHz for the parallel-plate waveguide. The field lines extend well outside
the boundaries of the dielectric, while the mode exists well below the cut-off frequency

of air-filled waveguide. . . . . . . . . . L

Numerically simulated E,-field plot for the even TEsy Fabry-Pérot eigenmode at
f21 = 10.092 GHz in the X-band for the parallel-plate waveguide. . . . . . . .. . ..

Numerically simulated FE,-field plot for the odd TMs; Fabry-Pérot eigenmode at
f21 = 10.899 GHz in the X-band for the parallel-plate waveguide. . . . . . . .. . ..

Illustration of an ideal dielectric-filled circular waveguide of radius r,. The length
of the dielectric-filled section is [ while the air-filled sections are of length [,;-. In
any section, As and Bs are the complex coefficients associated with the incident and

reflected fields, respectively. . . . . . . . . . . .
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6.1

6.2

Plot of (a) return loss and insertion loss; and (b) absorptance of the dielectric-filled
circular waveguide, operating in the dominant TE;; mode, with waveguide radius
rq = 11.415 mm and dielectric section of length [ = 9.626 mm; with dielectric
constant e, rg = 2.325 and loss tangent tandee = 19.73 x 107* of the filled in-
homogeneous and anisotropic dielectric medium. Dotted lines in (a) show the ideal
response computed from theory, while the solid lines show the simulated response
from the COMSOL Multiphysics® frequency domain solver. The spectral location
of box-mode resonances can be clearly seen in (b), with the predicted box-mode
resonance frequencies within 0.01 GHz compared to those computed from theory and

eigenmode solver, given in Table 5.3. . . . . . . . . ... ... L.

Numerically simulated field plots for TEq1; Fabry-Pérot eigenmode at fi11 =
6.4224 GHz, obtained from COMSOL Multiphysics® for a dielectric-filled circu-
lar waveguide: (a) E,-field; (b) Ey-field. The mode exists well below the cut-off

frequency of the waveguide. . . . . . . . . . . ..

Numerically simulated FE,-field plot for the odd TMjy; Fabry-Pérot eigenmode at
fio1 = 8.8134 GHz, obtained from COMSOL Multiphysics® eigenmode solver for a

dielectric-filled circular waveguide. . . . . . . . . ...

Numerically simulated Eg-field plot for TEq2; Fabry-Pérot eigenmode at fi21 =
9.8512 GHz, obtained from COMSOL Multiphysics® eigenmode solver for a dielectric-

filled circular waveguide. . . . . . . . . ...

Numerically simulated Eg-field plot for TE1q; Fabry-Pérot eigenmode at fi91 =
11.97 GHz, obtained from COMSOL Multiphysics® eigenmode solver for a dielectric-

filled circular waveguide. . . . . . . ...

Individual solutions in n — k space at 8.2 GHz from (a) ideal noiseless measurements
emulated with 7,4, = 1.5248 — j0.001468 (set equal to 7(11.08 GHz) from Sample #1
associated with Fabry-Pérot resonance modelling with the wvariational method); and
(b) real noisy measurements for Sample #1, having 7eztracted = 1.5265 — 70.002281
(corresponding to a dielectric constant and loss tangent of 2.330 and 29.89x 1074,

respectively). Figure redrawn from Sun et al. [2]). . . . . . ... ... L.

Extracted values for dielectric constant and loss tangent (in 0.1 GHz steps) using the
manual Graphical approach with [- and 2l-stages for Samples #1 and #2. Figure

reproduced from Sun et al. [2]. . . . . ...
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6.3
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Port reference impedances plotted on impedance Smith chart normalised to Z$iE,,(w)
for the 3-D printed Sample #1 [2]. Blue crosses represent purely real impedances,
while green asterisks represent complex impedances on the 1+ jx circle: (a) 8.2 GHz;

(b) 11.08 GHz; (¢) 12.4 GHz. Figure redrawn from Sun et al. [2]. . . . . . . ... .. 131

Port reference impedance plotted against frequency normalised to Z%iglo(w) for the 3-
D printed Sample #1 [2], corresponding to recommended data set: (a) Re{Z7(w)/Z%% 0(w)}
corresponding to the 7 & j0 line; (b) Im{Zr(w)/Z%¥F ,(w)} corresponding to the

1+ jx circle. Figure redrawn from Sun et al. [2]. . . . . . ... ..o L. 131

Contour plots for common log of summations of the right-hand sides for (6.3)—
(6.5), (6.8)—(6.9) and (6.12)—(6.13) for 3-D printed Sample #1 [2] at 9 GHz without
renormalisation: (a) side view; (b) top view with solid black lines showing the target
value 7(11.08 GHz) and dotted black lines showing the extracted value. Figure
reproduced from Sun et al. [2]. . . . ... Lo Lo 133

Contour plots for common log of summations of the right-hand sides for (6.3)—(6.5),
(6.8)—(6.9) and (6.12)—(6.13) for the 3-D printed Sample #1 [2] at 9 GHz with
renormalisation: (a) side view; (b) top view with solid black lines showing the target
value 7(11.08 GHz) and dotted black lines showing the extracted value. Figure
reproduced from Sun et al. [2]. . . ... ..o oo 134

Extracted values for dielectric constant and loss tangent (in 0.01 GHz steps) using
automated Renormalisation technique with 1/2-, I-, 2l-stages and shorted [-stage:
(a) without impedance renormalisation; and (b) with impedance renormalisation.
The spectral location of sharp spikes correspond to the ‘open-box’ mode resonances
which affect the extracted values of dielectric constant and loss tangent. Without
impedance renormalisation (a), abrupt changes in dielectric constant can be observed,
most notably at the Fabry-Pérot resonance frequency, due to ambiguities. With
renormalisation (b), however, the extracted responses are much smoother and not

affected by the Fabry-Pérot resonance. Figure reproduced from Sun et al. [2]. . . . . 135

Extracted relative (effective permittivity and permeability) values using the Nicolson-
Ross-Weir (in 0.01 GHz steps) and automated Renormalisation approaches: (a) real
part of relative values for Sample #1; (b) loss tangent for Sample #1; (c) real part of
relative values for Sample #2; and (d) loss tangent for Sample #2. Figure reproduced
from Sun et al. [2]. . . . . 142
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6.9

6.10

6.11

7.1

7.2

Noise sensitivity for a hypothetical dielectric sample having a fixed dielectric constant
€repp = 2:31 and loss tangent €/ /&) - = 20 x 107* (with nrarger = 1.51987 and
KETarget = 1.52 X 1073 at9 GHz) inserted into the simulated thru section of waveguide
modelled at 9 GHz using the variational method: (a) Original NRW; (b) Modified

NRW; and (c) Renormalisation method. Figure reproduced from Sun et al. [2].

Normalised measurement RMS error vector magnitudes from Fig. 6.9 for different

methodologies. Figure reproduced from Sun et al. [2]. . . . . . ... ... ... ...

Measured |S9;| for the air-filled 9.626 mm long thru line section of MPRWG, with its
running average and extracted random noise components. Figure reproduced from

Sun et al. [2]. . . ..

Frequency versus normalised wavenumber dispersion plots of surface plasmon po-
laritons (SPP) for n-type Si samples with resistivities: (a) 10 Qcm; (b) 1 Qcm; and
(c) 0.1 Qcm. The dispersion curves were computed using (1.8), where the dielectric
was assumed to be air with Si sample underneath. The surface plasmon frequency
fsp is also indicated for the three samples, which is also the limiting value as the
wavenumber increases. SPPs are excited where the dispersion curves, for glass and
SPPs on Si, intersect. The dotted lines below and above the SPP dispersion curve,
respectively, represent the odd and even SPP modes on a Si slab of thickness 525 pm,

which were numerically computed using (3.32) and (3.33). . . . . .. ... ... ...

Frequency versus normalised wavenumber dispersion plots of surface plasmon po-
laritons (SPP) for n-type Si samples with resistivities: (a) 10 Qcm; (b) 1 Qcm; and
(c) 0.1 Qcm. The dispersion curves were computed using (1.8), where the dielectric
was assumed to be air with Si sample underneath. The surface plasmon frequency
fsp is also indicated for the three samples, which is also the limiting value as the
wavenumber increases. SPPs are excited where the dispersion curves, for Si prism
and SPPs on Si slab, intersect. The dotted lines below and above the SPP dispersion
curve, respectively, represent the odd and even SPP modes on a Si slab of thickness

525 pm, which were numerically computed using (3.32) and (3.33). . . . . ... ...
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7.8

The Otto attenuated total reflection (ATR) scheme, for excitation of surface plasmon
polaritons (SPP), depicted as a planar media reflection/transmission problem. The
incident transverse electromagnetic (TEM) waves in the prism medium undergo total
internal reflection at the side of prism adjacent to the gap between the prism and
Si slab. The evanescent fields in the gap can have a wavenumber, parallel to the
interface, that can excite SPPs on the surface of Si slab as shown by the red arrow.
The Si slab is backed by air or free space. In the COMSOL Multiphysics® frequency
domain solver, the incident TEM waves are excited at Port 1 with the specified
incident angle 6;,.. The simulation domain at the top and bottom are truncated
in Floquet boundary conditions, with the k, and k;; wavenumbers for the Floquet

boundary computed from (E.6) and (E.7) for any medium 4, respectively. . . . . . . 161

Plot of return loss 201log;, |S11| of the planar media problem depicted in Fig. 7.3,
against frequency and gap between the prism and Si slab dyq), for the 10 2cm Si sample
with 0, = 45° (a) analytical method; and (b) COMSOL Multiphysics® frequency
domain solver. The odd (left) and even (right) mode surface plasmon excitations can
be seen as sharp contours in the return loss plot. The return loss reaches a minimum

for the odd and even modes close to dgqp = 415 pm and dgqp, = 270 pm, respectively. 164

Comparison of return loss 201log;, |S11| plotted against frequency obtained from
analytical method and COMSOL Multiphysics® simulation with gap between the
prism and Si slab set as dyqp = 415 pm. The response shows odd (left) and even
(right) mode surface plasmon modes excited on a Si slab of thickness 525 pm and
10 Qcm resistivity. The COMSOL Multiphysics® response is shifted towards higher
frequencies by about 0.15 GHz compared to the analytical method. . . . . . . . . .. 165

Plot of analytically computed return loss 201og;, |:S11| against frequency and angle of
incidence with dgqp = 415 pm. The response shows odd (left) and even (right) mode
surface plasmon modes excited on a Si slab of thickness 525 ym and 10 Qcm resistivity. 165
H . magnetic field distributions of surface plasmons polaritons obtained from COMSOL
Multiphysics® simulations for Si prism and 10 Qcm Si slab at: (a) 103 GHz and; (b)
104.1 GHz. Odd and even mode surface plasmon excitations can be seen in (a) and

(b), respectively, on both sides of the Sislab. . . . ... ... ... ... ....... 166

Contour plot of return loss 201log, [S11] against frequency, and gap between the
prism and Si slab dgqp, for the 1 Qlem Si sample with 0;,. = 45°. The optimal surface

plasmon excitation occurs close to dyqp, = 160 pm, where the return loss is minimum. 167
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Comparison of return loss 201og;, |S11| plotted against frequency obtained from
analytical method and COMSOL Multiphysics® simulation with gap between the
prism and Si slab set as dgq, = 160 pm and 6;,,. = 45°. The predicted surface plasmon
excitation from both methods is close to 341.8 GHz on a Si slab of thickness 525 pm

and 1 Qcm resistivity. . . . . ..o L

Analytically computed return loss 20log;, |S11] plotted against angle of incidence
and frequency with dgqp = 160 pm. The return loss is minimum close to 0, =
45° corresponding to optimal surface plasmon excitation. The response tends to

sharpen as 0, is increased. . . . . . . . . . . ..

H, magnetic field distributions of surface plasmon polaritons (SPP) obtained from
COMSOL Multiphysics® simulations for Si prism and 1 Qcm Si sample at 341.8 GHz.
The excited SPPs reside on the surface of Si slab close to the prism. For analytical

calculations, the Si slab can be approximated, in this case, as a semi-infinite media. .

Simulated geometry showing prism, Si slab, ports and perfectly matched layer (PML)
boundaries. A Ricker wavelet with a Gaussian profile is excited at Port 1, while
Port 2 is used to record the transmitted fields. The evanescent component of the
incident fields at the diagonal side of the prism excite surface plasmon polaritons
on the Si slab. The whole simulation domain is terminated in PMLs to absorb any

radiated fields. . . . . . . L

Non-uniform triangular meshing scheme used in COMSOL Multiphysics® with dga), =
415 pm: (a) fully meshed geometry; (b) zoomed view of lower part of prism and Si
slab. As seen in the zoomed view (b), the meshing is finest inside the prism, gap and

the Sislab. . . . . . s

Rectangular meshing scheme used in FDTD with dg,, = 415 pm: (a) fully meshed
geometry; (b) zoomed view of lower part of prism and Si slab. With, rectangular
meshing elements, the diagonal side of the prism and Si slab are approximated as a

sawtooth. . . . . L

Effective return loss 20log; |S‘f{ ! | from full-wave COMSOL Multiphysics® and finite-
difference time domain simulations for the 10 Qcm Si slab with dgep = 415 pm. The
response from both solvers show odd and even excitation of surface plasmons close

to 103 and 104 GHz, respectively. . . . . . . . . . . . . ..
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Effective return loss 20 logy |Sf{ f | from COMSOL Multiphysics® and FDTD simula-
tions for 1 Qcm Si slab with dgq, = 160 pm. Unlike, analytical results, both full-wave

solvers show two resonances in the observed response roughly centred around 342 GHz.173

Analytically computed response 201og;, [S11] of a 750 pm thick test material having
dielectric constant between 2.30 and 2.35 with 1 Qcm Si slab. The surface plasmon

resonance shifts by approximately 0.08 GHz if the dielectric constant changes by 0.01.174

Analytically computed response 201og;, [S11] of a 300 pm thick test material having
dielectric constant between 2.30 and 2.35 with 10 Qcm Si slab. The surface plasmon

resonance shifts by approximately 0.35 GHz if the dielectric constant changes by 0.01.174

Effective return loss 201og; |Sf{ ! | from full wave COMSOL Multiphysics® simulations
for 10 Qcm Si slab with dgep = 750 pm. The surface plasmon resonance shifts by

approximately 0.08 GHz if the dielectric constant changes by 0.01. . . . .. ... .. 175

Effective return loss 20log; |Sf{ f | from full wave FDTD simulations for 10 Qcm Si
slab with dyq, = 750 pm. The surface plasmon resonance shifts by approximately

0.08 GHz if the dielectric constant changes by 0.01. . . . . . . . ... ... ... ... 175

Effective return loss 201ogy, |Sf{ f | from full wave COMSOL Multiphysics® simulations
for 1 Qcm Si slab with dgq, = 300 pm. The surface plasmon resonance shifts by

approximately 0.35 GHz if the dielectric constant changes by 0.01. . . . .. ... .. 176

Effective return loss 20log;g |Sf{ ! | from full wave FDTD Multiphysics simulations
for 1 Qcm Si slab with dgq, = 300 pm. The surface plasmon resonance shifts by

approximately 0.35 GHz if the dielectric constant changes by 0.01. . . . . ... ... 176

(a) Schematic side view of a 2-DES device used in experiments. The device geometry
is inspired by the field-effect transistor; (b) Micrograph (adapted from Wu et al. [1]);
and (c) schematic top view of the device used in experiments by Wu et al. The
complex device geometry requires three-dimensional modelling. Figure reproduced

from Dawood et al. [2]. . . . . . . . . 180

XXix



8.2
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8.4

8.5

8.6

The transverse electric field profile of the even coplanar waveguide (CPWG) mode
numerically computed from Laplace’s equation, using a finite-difference scheme and
method of relaxation. The thick black lines denote perfect electric conductor (PEC)
boundaries and the CPWG conductors in the transverse plane. The lower half (shaded
grey region) is GaAs substrate with the upper half (white region) is air. Fields are
stronger in the GaAs region compared to air due to dielectric constant of GaAs being
greater than air. With the even CPWG mode, the side conductors or ground planes
of the CPWG must be maintained at the sample potential while the centre conductor
is at a different potential. This is ensured by connecting the outer ground planes

with the bounding PEC box. . . . . . . . . ... .

Meshed model in COMSOL Multiphysics® illustrating the non-uniform meshing
scheme with cubic elements. Along the longitudinal direction, meshing is finest in
the gated region, while the ungated 2-DES and coplanar waveguide sections have
coarse meshing. Along the vertical direction meshing is finest close to the 2-DES
and AlGaAs layer with a total of 8 meshing elements in the z-direction. Along the

y-direction, meshing is finest at the edges of the 2-DES. . . . . . ... ... ... ..

(a) Measured gate modulation signals (data taken from Wu et al. [1]), compared
with COMSOL Multiphysics® models having with 7 = 33 ps (b) and with 7 = 7 ps
(c). The lower value of 7 provides better agreement with experiment. The dashed
lines show positions of plasmon resonances calculated by a two-dimensional modal

technique. Figure reproduced from Dawood et al. [2]. . . . .. ... ... ... ...

(a) Modelled true transmission (20log;, |Se21|) for a range of gate voltages; and (b)
transmission, reflection and absorption at a gate voltage of —2 V in the device. The
absorption and reflection dominate, and the transmission does not exceed —25 dB.
The spectral location of resonances are indicated with the transmission plot in (b).

Figure reproduced from Dawood et al. [2]. . . . . . .. ... ... L.

Distributions of the longitudinal component of the electric field on the 2-DES. The
frequencies correspond to the transmission peaks in Fig. 8.5. The left panels present
the top view, the right panels present the field calculated along a line across the middle
of the 2-DES. The first three resonances appear to be predominantly longitudinal
excitations; the last two-resonances show transverse excitations and excitations at

the edges of the 2-DES. Figure reproduced from Dawood et al. [2]. . . . . . . .. ..
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(a) Measured (data taken from Wu et al.[4]); and (b) simulated gate-modulation
signals for magneto-plasmons. The dashed lines are the predicted resonances from
the 2-D modal technique. The red line indicates the cyclotron frequency. Theory and
experiment agree for features between 100 and 300 GHz. Figure reproduced from

Dawood et al. [2]. . . . . . . . 192

Simulated true transmission (20log;, |S21|) from COMSOL Multiphysics® frequency
domain solver for the same structure. The dashed lines show positions of the

resonances predicted by the 2-D modal technique. Figure reproduced from Dawood

Top view of the device with improved characteristics. A shorter overall length reduces
absorption in the 2-DES channel (shaded red), whereas, connecting the gate and
the ground planes of the coplanar waveguides provides better coupling between the

2-DES and the waveguides. Figure reproduced from Dawood et al. [2]. . . . . . . .. 195

Simulated transmission (a) as a function of gate voltage; and (b) the transmission,
reflection, and absorption characteristics at a gate voltage of —2 V for the device of
Fig. 8.9. At 164 GHz, the transmission is around —3 dB, and the insertion loss is
below —15 dB. Figure reproduced from Dawood et al. [2]. . . . . .. ... ... ... 196
Longitudinal component of the electric field on the 2-DES at the three transmission
peaks shown in Fig. 8.10 at 164, 272 and 393 GHz. The left panels present the top
view, the right panels present the field calculated along a line across the middle of the
2-DES. At all frequencies, only longitudinal plasmons are excited. Figure reproduced
from Dawood et al. [2]. . . . . . ... 197
Lossy 7 profile in the transverse direction along the 2-DES channel. The 2-DES lies
at —15 <y < 15 pm. The profile introduces edge losses in the 2-DES channel. . . . . 199
Plot of gate modulation signal with the lossy profile shown in Fig. 8.12. The dashed
lines show predicted resonances from the 2-D modal technique. Adding edge losses
broadens the resonances obtained from simulation. . . . . . .. ... ... ... ... 199
Plot of gate modulation signal with substrate losses and 7 = 33 ps. The dashed lines
show predicted resonances from the 2-D modal technique. With substrate losses, the
resonances obtained from simulation are broadened. . . . . . ... ... 200
Plot of gate modulation signal taking into account ohmic losses in contacts with
7 = 33 ps. The dashed lines show predicted resonances from the 2-D modal technique.

Some of the resonances are broadened while some sharp resonances can also be observed.200
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C.1 Forces on an electron in the presence of electric field. E is an externally applied

E.1

F.1

electric field, eE is the force on electron due to E, mv/7 is the damping force and

mdv/dt is the resultant force. . . . . . . ... o Lo

Nlustration of transverse electromagnetic (TEM) wave obliquely incident at an
interface between two media making an angle 6;,. with the normal: (a) transverse
electric (TE or s-polarisation); and (b) transverse magnetic (TM or p-polarisation).
The coefficients A; are the amplitudes of incident transverse field components in
medium i while, the coefficients B; are the amplitudes of reflected transverse field

components in medium 2. . . . . .. ...

Nlustration of transverse electromagnetic (TEM) wave obliquely incident on a planar
three-layer media making an angle 6;,,. with the normal: (a) transverse electric (TE or
s-polarisation); and (b) transverse magnetic (TM or p-polarisation). The coefficients
A; are the amplitudes of incident transverse field components in medium 4 while, the
coefficients B; are the amplitudes of reflected transverse field components in medium

1. The slab is of thickness I. . . . . . . . . . . . . . . ...
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Chapter 1

Current Research Trends in Terahertz

Technology

1.1 Terahertz Technology

Several different definitions of the ‘terahertz’ (THz) band in the electromagnetic spectrum can be
found in the open literature. Sun et al. [1] have reviewed some of these definitions of the THz
band, which are used in different contexts. According to Sun et al. [1], “the THz band may loosely
refer to the electromagnetic spectrum between 0.1-10 THz. This region is sometimes referred to
as the “THz Gap”, where the performance of conventional electronic (photonic) devices fall off
with increasing frequency (decreasing wavelength). Over time, this technology gap continues to
shrink; leading to the International Telecommunications Union (ITU)-designated spectral range from
0.3-3 THz (also known as the submillimeter-wave band). With reference to heterodyne receivers,
frequencies> 3 THz are sometimes referred to as “super-THz”. For optics and photonics, the
International Organisation for Standardisation quote the far infrared (FIR) as being from 0.3-6 THz
and mid-infrared (MIR) from 6-100 THz. When dealing with Earth systems, the FIR can be defined
as THz frequencies below 20 THz; while in spectroscopy, the FIR extends from 0.3-30 THz and
MIR from 30-120 THz” [1].

The THz band remained untapped for a long time and research in this spectral range was mainly
confined to radio astronomy and spectroscopy [2]. Recently, there has been an increased interest in
the THz band, due to saturation of the electromagnetic spectrum and also due to the potential for
higher bandwidth communications. Nowadays, the electromagnetic spectrum has become a precious
commodity. Therefore, efficient utilisation of the electromagnetic spectrum is necessary in order to

accommodate growing demands of wireless communication systems and electrical devices. Current
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communication systems operating at microwave frequencies up to a few gigahertz (GHz) offer data
rates up to gigabit per second. Communication systems operating at THz frequencies will increase
current data rates by an order of magnitude up to terabits per second.

The THz band has also attracted a lot of attention from researchers in the last 10-15 years due to
some unique qualities of the THz radiation. In metals and metal-like materials like semi-conductors,
THz plasma waves can be confined to very small spaces [3] and become extremely sensitive to
physical conditions like temperature [4]. This can be exploited in the development of high resolution
imaging, highly sensitive sensors and detectors, switches and the fabrication of extremely small-scale
devices. THz radiation is non-ionising and this property is especially of interest in the field of
medical imaging for detection of cancers and tumours [5].

One difficulty faced by researchers, is a lack of THz sources that can generate adequate levels of
power required for communication. This has led researchers to development of THz sources based
on quantum cascade lasers [6], resonant tunnelling diodes [7] and optically pumped lasers [8].

Despite difficulties in the development of THz technology, researchers have successfully demon-
strated several novel applications of THz radiation [9]. For example, successful treatment of cancer
in rats [9], 3-D printed tunable THz components [10], inspection of artwork [11] and bank notes [12],
estimating layer thickness of tablets [13] and paint [14], detection of concealed weapons [15], airport
security [16] and imaging of burn wounds [17].

Advances in THz technology is accompanied with a need to accurately model prototype THz
devices using analytical and numerical techniques. These techniques can be classified as either
rigorous or non-rigorous. Rigorous techniques give an exact solution subject to certain parameters,
while non-rigorous methods give an approximate solution based on certain assumptions. Among
numerical techniques, commercial solvers offer the best modelling tools but setting up these solvers
correctly is often not trivial. For example, intuitive choice of certain parameters may result in
unexpected results [18] due to undocumented assumptions by the solver. Also, there are certain
limitations, beyond which, these solvers do not guarantee accurate results as in the case of lossy

resonators [19].

1.2 Plasmonics

The Greeks, as far back as the 4" century, were familiar with the changing colours of glass when
gold or silver particles were suspended in it. This concept was used in the construction of stained
glass windows to develop beautiful patterns and works of art. It is now well understood that the

changing colours of stained glass windows is due to the surface plasmon excitation when light
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interacts with the suspended gold or silver nanoparticles.

Surface plasmons are EM wave, which propagate along the interface or the surface of a metal.
The wavelength of these surface waves can be up to 10-100 times shorter than the free space
wavelength. The confinement of waves in a small space (as surface plasmons) opens up a wide range
of possible applications for reducing device size.

The study of surface plasmons, known as plasmonics, has been around for quite a while but
only recently, there has been an increasing interest in plasmonics in the THz band. With integrated
electronic devices nearing their speed and bandwidth limitations [3], a promising solution is to
replace these devices with EM waves operating in the near-infrared or beyond near-infrared due
to the higher bandwidth available, as the operating frequency increases. But these EM waves can
only propagate in a medium with dimensions comparable to the wavelength of EM wave, due to
diffraction limit [4]. This places a restriction on the fabricated device size, which is much greater
than the fabricated device size of current electronic devices in use. As an example, for signals
employing near-infrared wavelength of about 1500 nm (200 THz) the minimum dimensions required
for propagation is much larger than dimensions of smallest electronic devices in use [9], which are
typically in the order of 10-100 nm.

During the recent decade, a lot of research work has been carried out in order to utilise plasmonics
in different areas. Efforts are ongoing to develop something called a ‘plasmonster’ or a plasmonic
transistor. Such a device would result in phenomenal data rates while, at the same time, the device
size would also be comparable to the size of current electronic devices in use.

A particular application of plasmonics is in the treatment of cancer. Experiments carried out
on rats have shown that extremely small dielectric nano-particles coated with silver can attach
themselves to the cancer cells when injected in the blood stream of rats. When infrared light was
used to illuminate these particles, thereby raising their temperature, the cancer cells were killed.

Thus, such rats were cured of cancer [9].

1.3 Bulk Plasmon-Polaritons

The wavenumber of a plane wave propagating through the bulk of a metal is given by,

k= %,/M; (w) (1.1)

where, e,¢rf (w) is the frequency-dependent effective relative permittivity given by Drude model.

For the lossless case with £, = 1 and u, = 1, the wavenumber from (C.10) is,

2
w W,
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Figure 1.1: Dispersion plot of frequency against wavenumber showing the dispersion curves of
surface plasmon polaritons (red) and bulk plasmons (blue). The bound surface plasmons only exist
below the plasma frequency while the radiative and bulk plasmons cannot propagate below plasma
frequency. Also, the existence of modes to the left of the light line can be excited by an incident
electromagnetic wave while the bound surface plasmons on the right of the light line can only be

excited using special techniques.
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The dispersion of bulk plasmon-polaritons is plotted in Fig. 1.1 with respect to normalised wavenum-

ber k/k, and normalised frequency w/w,,, where k, = w,/c.

1.4 Surface Plasmon-Polaritons as Surface Waves on a Metal

Surface plasmon-polaritons (SPP) are waves due to collective oscillation of electrons on the surface
of a metal (or plasma). They are similar to water waves on the surface of a pond if one throws
a stone into water. SPPs are excited when electromagnetic waves are incident from a medium
of positive permittivity onto a medium of negative permittivity under the right conditions. This
is a common scenario in the case of certain metals, like gold and silver, which exhibit negative
permittivity in a broad frequency spectrum.

Surface plasmons are excited when a wave from medium 1 is incident onto medium 2 (such
as a metal), with .9 > —¢&,1 [20] as shown in Fig. 1.2. It can be shown that the component of
wave along the interface (k) is real and the component of wave normal to the interface, say k,, is
complex. The electromagnetic field in a surface wave decays along both +y- and —y-directions, but
propagates along x. The wave is described by the following field expressions [20],

Ae=(kez=ry2y) y<0

H, = (1.3)
Aef(jkzm+ﬂyly) y > 0

&Ae_(]‘kzz_ﬂyly) y <0

B, = { Jweeir? (1.4)
7_"{];1 Aef(jkmaj“’"{l/ly) y > 0
ngeffl
ﬂAe—(jkzx—nyzy) y <0
we
E,={ “elf? 15
Y kxl ket ty1y) ( )
7146 J R ylYy Y > O
WEeff1
where,
k2 =k + K;l = k2 + /1?2/2 (1.6)
which imposes the following condition,
e 1 (1.7)

- Eeffl B Eeff2

w Er1€r2
ky = —, ——— 1.8
T eVen +enm (18)

which leads to,
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Figure 1.2: Surface plasmon polariton as surface wave on a dielectric/metal boundary. The
electromagnetic field decays along the y-direction away from y = 0 interface but propagates along

the +xz-direction. Here, €,1 > 0 and e,9 < 0.

and,

W 62

ki = —4 — T 1.9
e\ e e (1.9)

where, jky; = ky;. The subscript ¢ is either 1 for air/dielectric or 2 for metal.

A beam of light incident on a metal cannot excite surface plasmons under ordinary circumstances.
This is because the wavenumber of light is less than the wavenumber of SPP, which lies parallel to
the surface of metal. The wavenumber of incident beam must increase so as to provide a parallel
component of wavenubmer that matches with the wavenumber of SPP. One technique is to use
attenuated total reflection (ATR) of the incident beam such that the required wavenumber is
provided by the evanescent component of electric field on the side where total internal reflection
takes place.

There are two ATR configurations for exciting surface plasmon polaritons, Otto and Kretschmann
configurations; which are named after the respective scientists who proposed them. These two
configurations are shown in Fig. 1.3. In the Otto configuration, a material which can exhibit negative
permittivity at frequencies of interest, like a metal, is placed underneath a prism with a gap (filled
with dielectric) between the metal and the prism. A beam of light incident on the prism undergoes
total internal reflection if the angle of incidence is greater than the critical angle of prism. The
evanescent fields due to ATR on the bottom side of the prism interact with the metal and excite
surface plasmons on the upper surface of the metal. In the Kretschmann configuration, there is no
gap between the prism and metal, while surface plasmons are excited on the lower surface of the

metal.
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Figure 1.3: Attenuated total reflection configurations for excitation of surface plasmon polaritons
where the incident wave undergoes total internal reflection at the bottom side of prism where the
evanescent fields extending out of the bottom face can excite surface plasmon polaritons: (a) in the
Otto configuration, a metallic slab is placed underneath the bottom side of prism separated by an
air gap or dielectric in between with surface plasmons excitation on the top of metal slab; and (b)
in the Kretschmann configuration, there is no gap between metal and prism with surface plasmons

excitation underneath the metal.
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1.5 Plasmons in Two-Dimensional Electron System (2-DES)

A two-dimensional electron system or 2-DES for short is modelled as a sea of electrons that are free
to move in two dimensions, while they remain tightly confined in the third dimension. A 2-DES can

also be described as a sheet of electrons.

The earliest 2-DES experiments were carried out in liquid helium. Nowadays, experiments
utilising 2-DESs are mostly carried out using semiconductor devices. In metal oxide field effect
transistors (MOSFETS), 2-DES is created underneath the gate due to an inversion layer of electrons
that are confined to the oxide layer. 2-DES can also be created at the interface between the junction
of two different materials, as in the case of heterostructures used in high electron mobility transistors
(HEMT). An illustration of a GaAs/AlGaAs heterostructure is shown in Fig. 1.4, where AlGaAs is
deposited on a GaAs substrate. A 2-DES inversion layer is created at junction between the deposited
AlGaAs and the GaAs substrate. Ohmic contacts are located at either end of the structure and a
metallic gate is shown above the AlGaAs layer. An electric potential applied at the gate will result
in a change of concentration of the 2-DES electrons directly underneath the gate.

Surface plasmon-polaritons can be excited in 2-DES, where they are also known as 2-D plasmons.
2-D plasmons can be excited using either a grating coupler on top of 2-DES or by coupling
electromagnetic energy using a waveguide.

The dispersion relation of 2-D plasmons in a 2-DES surrounded by an homogeneous medium of

dielectric constant ¢, is well known and given by [21],

22e,e0m™

k= ———7— 1.10
€2n2D ( )

Here, w is the angular frequency, ¢, is the relative dielectric constant of the medium surrounding the
2-DES, m™* is the effective mass of electron, e is charge on electron and nsp is the 2-D electron density.
If the surrounding media are different then ¢, is the effective dielectric constant of surrounding
media, which is defined as €, = erepp = (641 + €72)/2.

The dispersion relation of gated 2-D plasmons satisfies the following relationship [22],

2
9 ke nop 1

= 1.11
v m* &5+ o coth (kd) ( )

where, g5 is the dielectric constant of substrate underneath 2-DES, e, is the dielectric constant of
the material between 2-DES and gate, k is the wave number of 2-D plasmons and d is the distance

between 2-DES and gate.



1.6 FDTD Technique

Gate AlGaAs

— _/_

\ 2-DES /

Ohmic contacts

GaAs substrate

Figure 1.4: Structure of a high electron mobility transistor (HEMT). An GaAs/AlGaAs het-
erostructure is created by depositing a layer of AlGaAs on top of GaAs substrate resulting in an
inversion layer of free electrons at the junction between GaAs and AlGaAs creating a two-dimensional
electron system (2-DES). The concentration of electrons in the 2-DES can be manipulated by ap-
plying a voltage to the gate on top of AlGaAs layer. Ohmic contacts at the ends of the 2-DES can

be used to couple energy in and out of the HEMT.

1.6 Finite Difference Time-Domain Technique

Finite difference time-domain (FDTD) is a popular numerical technique, which can be used to
solve Maxwell’s equations. It was originally proposed by Yee in 1966 [24]. FDTD is a rigorous
time-domain technique that is conceptually simple and easy to implement. In FDTD, the problem
space is discretised as a grid (known as Yee grid) and each grid point is assigned material parameters.
In the Cartesian coordinate system, the x, y and z components of electric and magnetic fields in an
FDTD grid are located at half space- and time-steps from each other.

In a 2-D FDTD scheme, only three field components are required. The two possible arrangement
of field components in a 2-D FDTD grid are known as TM, or TE,. In TM, arrangement, the
magnetic field is oriented along the z-direction normal to the FDTD grid, with the electric field
components along x and y direction parallel to the FDTD grid. Similarly, in TE, arrangement, z
component of electric is normal to the FDTD grid, while x and y components of magnetic field are
parallel to the grid.

Arrangement of electric and magnetic field nodes in the 2-D grid set at half spatial steps as
shown in Figs. 1.5(a) and 1.5(b) for the TM, and TE, schemes, respectively. The algorithm works
by defining initial field quantities or specifying sources in the grid and is then advanced in time
using discrete time steps. At each time step, future values of field quantities are computed from
past values using Maxwell’s equations.

The main strength of the FDTD technique is in its ability to model arbitrary structures because

assigning material parameters is straightforward. The main drawback is that FDTD is inherently
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Figure 1.5: Arrangement of electric (filled circles and triangles) and magnetic field (hollow circles
and triangles) nodes, separated by half spatial steps, in 2-D finite difference time-domain (FDTD)
scheme: (a) transverse magnetic or TM, arrangement with magnetic field oriented normal to the
FDTD grid; and (b) transverse electric or TE, arrangement with electric field oriented normal to

the FDTD grid. Figure redrawn from Schneider [23].
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a time-domain method and does not work well for frequency-domain problems involving resonant
structures. Also, compared to frequency-domain methods, error in the FDTD grid is compounded
as the simulation evolves in time. Here, FDTD has been used to model surface plasmon excitation
for THz spectroscopy and 2-D surface plasmon excitation in 2-DES channels. This section describes

the modelling approach.

1.6.1 Modelling Approach

The motion of electrons in a 2-DES can be described by the Drude model. The conventional
alternating differential equation (ADE) method can be used to model Drude materials using FDTD
([25], [26]). In the ADE method, the expression for permittivity (and/or permeability) is replaced
with the frequency dependent permittivity based on the Drude’s dispersion model for metals, which
can then be used to calculate the E-field from D-field (and H-field from B-field, if permeability is
also dispersive) at alternate time steps in the FDTD algorithm. In these methods, however, the
presence of DC current cannot be taken into account, since the current terms are not present and
are handled implicitly.

An alternative approach is to express the current terms explicitly as shown in the following
derivation. A separate solver running in parallel with the FDTD algorithm can solve for contributions

due to DC current at each time step. Ampere and Faraday’s laws in differential form are,

OE
H=1J - 1.12
V x + &0 ot ( )
OH
E=7J,,— n— 1.1
V x Im = po—5, (1.13)

where, J and J,, are electric and magnetic current densities, respectively. J can be expressed as,
J=enspv (1.14)

where, engp is the charge on nzp charges and,

ov e
— = —E 1.1
ot me (1.15)

represents the Drude model. Solving this set of equations would give the same result as the ADE

Drude model implementation. Writing the above equations in steady-state frequency-domain,

V x H=1J+ jwsoE (1.16)
V x E=—jwupH (1.17)
J= enspv (1.18)

11
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juov="FE (1.19)
Me
€2n3D
J=""Lg (1.20)
JWime
Substituting (1.20) in (1.16),
2
VxH=""PF 4 jusE
Jwme
This simplifies to,
€2n3D
VxH=jw(eo— -5 2 |E (1.21)
wime

which is the Drude model. The following set of FDTD equations based on above model can be used

to run the simulation,

_1
Tmp = It + Atpow? H, 2 (1.22)
1 1At
H' =H %4 n (=V x E" + Jp}) (1.23)
ntl n—l

Jk+§ - Jk+§ * Ataoszng% (1.24)
=g A (g cmntd -l (1.25)

e k+3 ’

The Courant stability condition must be satisfied to ensure that the FDTD simulation does not
become unstable. The Courant stability condition imposes a constraint on maximum time step At

based on the smallest grid discretisation A. The Courant stability condition can be expressed as,

At
— <1 1.2
N (1.26)
or,
A
At < — (1.27)
¢

where, c is speed of light, A is the smallest grid discretisation and At is the time step. A 2-D
FDTD code with the TM, scheme was developed to model different variations of ungated 2-DES
channel. The different configurations included air above and below the 2-DES channel, GaAs above
and below the 2-DES channel and an air-2-DES—-GaAs hybrid structure. The physical parameters
of the simulation were chosen to allow comparison with the experimental device from Sydoruk et
al. [27]. The dispersion curves obtained from fast Fourier transform (FFT) of the steady-state
FDTD simulation. The comparison of dispersion relations obtained from FDTD and theory is
shown in Fig. 1.6 which shows excellent agreement between FDTD and theory at frequencies less
than 0.5 THz. Afterwards code for a 3-D FDTD solver was developed, which simulated plasmon
excitation on 2-D ungated channel terminated at both ends with coplanar waveguides. The 2-D

channel was 30 pm wide and 60 pum long and placed on a GaAs substrate with air above it. The

12



1.7 FDTD Modelling of Lossy Spherical Resonators

Light Line

- % - -% - Air (FDTD)
.- Air (exact)

. - -# - GaAs (FDTD)

0.75 4 GaAs (exact)
N - % - Air/GaAs (FDTD)
s Air/GaAs (exact)
g
>
=
g 051
=
o
2
€
0.25 A
0.1 - I T T T 1
0.01 0.25 0.5 0.75 1

Wavenumber (rad/pm)

Figure 1.6: Dispersion relations for air-2-DES-air, GaAs—2-DES-GaAs and air-2-DES-GaAs.
The exact curves were obtained from theory. The FDTD curves correspond to a thin 3-D channel
which can effectively model a 2-DES. An increase in frequency requires a corresponding decrease in

thickness of 3-D channel to better model a 2-DES.

channel itself was modelled as a 3-D slab of finite thickness using Drude permittivity where the 3-D
plasma electron density was nsp = nap/tehannel = 3.1 X 10'® cm™3. Here, nop is the 2-D electron
density, which was taken following the experiments from [28] as 6.5 x 10'* cm™2. The thickness
was t = 2.1 ym which not only reduced the simulation time but also yielded the correct dispersion
curves as seen in Fig. 1.6 [27]. Figure. 1.7 shows the distribution of the transverse electric field at
200 GHz, which shows roughly one complete wavelength of 2-D plasmons on the 2-DES channel.
2-D and 3-D edge-plasmon excitation on the 2-D channel can be clearly seen. Figure 1.8 shows
plasmon modes on a channel that is 160 um wide and 90 pm long. Excitation of 2-D plasmons
can be better visualised on a wider channel. Figure 1.9 shows FDTD simulated steady-state field
distribution on a gold nanosphere of 40 nm radius when subject to an incident wave of wavelength
A =400 nm. The incident wave was polarised in the z-direction and excited localised plasmons on

the surface of the nanosphere.

1.7 FDTD Modelling of Lossy Spherical Resonators

As demonstrated by Papantonis and Lucyszyn [19], commercial electromagnetic solvers are not

able to model the simplest of resonator geometries, like a sphere, when the cavity walls have low
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Figure 1.7: Finite different time-domain simulated field distributions showing 2-D plasmon

excitation at 200 GHz, corresponding to roughly one full wavelength, on a two-dimensional electron

system (2-DES) channel that is 30 um wide and 90 pum long on a GaAs substrate with air on top:

(a) top view showing longitudinal field pattern on the 2-DES channel, coplanar waveguide sections

and location of source; and (b) side view of field pattern on the 2-DES channel.

Coplanar waveguide 60
300 2D Channel
T
50
250
/é\ ’E\ 2D Channel
3 240 - -
2 200 g ' d '
: :
> N
30
150
< Source 20 Coplanar Waveguide
100
50 100 150 200 50 100 150 200
z-axis (um) z-axis (pm)

(a)

(b)

' 0.01

V/m

Figure 1.8: Finite different time-domain simulated field distributions showing 2-D plasmon

excitation at 200 GHz, corresponding to roughly one full wavelength, on a two-dimensional electron

system (2-DES) channel that is 160 pm wide and 90 pum long on a GaAs substrate with air on

top: (a) top view showing longitudinal field pattern on the 2-DES channel with clearly visible 2-D

and edge plasmons, coplanar waveguide sections and location of source; and (b) side view of field

pattern on the 2-DES channel.
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Figure 1.9: Steady-state electric field distribution on a gold nanosphere of radius 40 nm from 3-D
FDTD simulation. The gold nanosphere was excited by an incident z-polarised electromagnetic

wave having a wavelength of 600 nm.
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Figure 1.10: Comparison of complex eigenfrequency response from FDTD simulations with data
from perturbation model [19] of a spherical cavity resonator of radius 150 pm with conducting walls.

The conductivity of resonator walls was swept over a range of values from 1076 S/m (very lossy) to

10® S/m (almost ideal resonator).
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intrinsic conductivity. Papantonis and Lucyszyn [19] provide an exact analytical solution to the
spherical cavity problem when the walls of the cavity are transformed from PEC to free space. In
addition, they have compared the exact solution with the results obtained from different commercial
numerical solvers.

Papantonis and Lucyszyn [19] have only used frequency domain solvers to compare their results
for the lossy spherical resonator with the analytical theory they developed. An in-house-developed
FDTD code was used to model the lossy spherical resonator by Papantonis and Lucyszyn [19]
in order to investigate the performance of a time-domain solver in predicting the eigenfrequency
response of a lossy structure. The spherical resonator can be excited in two ways; either a single
sinusoidal signal that is sufficiently close to the mode that is of interest, or a wideband Gaussian
pulse which should contain frequencies of the modes of interest.

For the first case, the sinusoidal source was left turned on for some time so that initial transients
have died down. Then the source was turned off gradually so as not to excite any spurious fields.
The real and imaginary parts of the complex eigenfrequency can be obtained from frequency and
decay, respectively, of the recorded time domain signal after the source has turned off. This method
has the advantage of single mode excitation and avoids exciting any unwanted modes.

A wideband Gaussian pulse can excite multiple modes at the same time and, whenever multi-
mode excitation is desired this is the preferred method of excitation. The Gaussian signal must
contain frequencies of interest at which the eigenmode excitation is desired. The excited signal is
then recorded and a Fourier transform of this time-domain signal will then show peaks at resonant
frequencies.

In order to obtain the complex eigenfrequencies, the resonator must be excited with a signal
that is close to the desired eigenmode frequency, which in this case can be taken as the fundamental
mode frequency of TMy11, given by 0.8728 THz [19] corresponding to half wavelength in the radial .
Spurious modes can also be excited if the excitation frequency is sufficiently close to these unwanted

modes.

1.7.1 FDTD Results

FDTD simulations were run for a sphere of radius r = 150 pm and complex eigenfrequencies were
obtained from the recorded time domain signal for different values of bulk DC conductivity of
resonator walls. As an example, with ¢ = 1 kS the decaying field strength is plotted at the centre
of the sphere as the sinusoidal source is gradually turned off from ¢ = 27 ps to t = 31 ps. From

this, the complex frequency was calculated as fo = 0.8 + j0.066897 THz (| fo| = 0.8027 THz), where
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fo=fi+jfl and f} = 0.8 THz with f = 0.066897 THz, which is comparable to the actual value
of fo = 0.805 + j0.065 [19]. Fig. 1.10 compares eigenfrequencies obtained from FDTD simulations
with the perturbation model (data from [19]). While FDTD correctly predicts the eigenfrequency
response for ¢ > 100 S/m, its accuracy decreases rapidly as the resonator becomes very lossy
o < 100 S/m. With a very lossy resonator, fields inside the resonator rapidly decay and noise

quickly dominates the time-domain response.
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Chapter 2

Travelling Waves, Pseudo Waves and

Power Waves

2.1 Introduction

Electromagnetic energy can be transferred from one point to another using either wireless of
guided-wave structures. Guided-wave structures can be categorised as either transmission lines or
waveguides; however, unless stated specifically, the term ‘transmission line’ will implicitly include
waveguides. In transmission line theory, the lumped-element model of transmission line is a general
representation of any transmission line and can be mathematically expressed as the telegraphers’
equations. The solution of telegraphers’ equations are total voltage and current on the transmission
line. The total voltage and current are expressed as the sum of incident (or forward) and reflected (or
backward) voltage and current waves, respectively. The term voltage wave is originally a reference to
the actual incident and reflected travelling voltage waves obtained as solutions to the telegraphers’
equations. The ratio of voltage-to-current in any direction is the characteristic impedance of the
transmission line.

In waveguide theory, Maxwell’s equations can be used to obtain the forward and backward
propagating modes, which are the solutions expressed in terms of electric and magnetic fields. The
ratio of transverse electric and magnetic fields at a particular location on the transverse plane is
known as the wave impedance at that specific location.

The transverse electric and magnetic fields for a waveguide mode can also be expressed in terms
of voltage and current waves, respectively, subject to certain constraints. For example, the ratio of

voltage-to-current waves for forward propagating modes [1] is defined as the characteristic impedance

of the waveguide operating in a particular mode, such that the power carried by the mode is obtained
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from the voltage and current quantities defined in circuit theory. This is important when treating
waveguides (and networks containing waveguide components) as transmission lines, and for when
interconnecting a waveguide with a transmission line. For example, within an air-filled coaxial cable
operating in the dominant transverse electromagnetic (TEM) wave mode, voltages and currents are
uniquely defined; giving only one value of characteristic impedance for its specific dimensions. This
is not the case for non-TEM wave modes, where different integration paths for the voltages and
currents give different results and so characteristic impedance can change. For any guided-wave
structure, commonly used definitions (e.g., power-voltage, power-current and current-voltage) for

characteristic impedance are available in literature [1], [2].

Travelling waves, formally expressed as linear combination of total voltage and current on the
transmission line, are meant to simplify power calculations. In their simplest form, travelling waves
are essentially normalised/scaled voltage waves and may be represented as the ratio of incident or
reflected voltage waves to the square root of the characteristic impedance of the transmission line.
The incident and reflected powers on a lossless transmission line can be conveniently computed from

the magnitude squared of incident and reflected travelling waves, respectively.

Travelling waves can have a reference impedance, which may be different from the characteristic
impedance of its guided-wave structure. In this case, the travelling waves are referred to as pseudo

waves [1], because they are no longer the actual voltage waves on the transmission line.

Pseudo wave formulation is useful where, choosing a suitable reference impedance, can simplify
analysis. For example, with a dispersive transmission line, where its characteristic impedance
changes significantly over the frequency band of interest, a convenient approach is to adopt a
constant real value of reference impedance for the purpose of measurements. A change in reference

impedance is known as renormalisation.

Both travelling waves and pseudo waves have the same dimensions. It should be noted that
pseudo waves are more general and travelling waves can be obtained from pseudo wave formulation by
simply equating the reference impedance as the characteristic impedance. Another wave formulation
found in the open literature [3], [4] is that of power waves, which is mostly used in circuit theory, as
it is useful for maximum power transfer in complex conjugate-matched networks. It should be noted
that travelling, pseudo and power waves are all expressed in terms of units of normalised voltage;
travelling waves or pseudo waves may be referred to as voltage waves, to distinguish them from

power waves.

Due to the different definitions associated with travelling, pseudo and power waves, the conversion

formulas derived for different network parameters (e.g., S, Z, Y, h, ABCD and T) will also be
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different. For example, as highlighted by Marks and Williams [5], the conversion formulas derived by
Frickey [6] (and more recently by Reveyrand [7]), for the two-port interconversion between S, Z, Y,
h, ABCD and T parameters, assume Youla’s power wave definition [3]. As a result, the highly cited
work of Frickey [6] is not valid for pseudo waves. Moreover, even well-known circuit simulators, like
PSpice may implement conversions based on Youla’s definition of power waves, by default, as shown
by a PSpice given by Frickey [6] and pointed out by Marks and Williams in [5]. AWR Microwave
Office is another example of a popular software package where the nature of the conversions is not
specified.

In general, a (sub-)system is designed to have a common reference impedance (e.g., 50 ). How-
ever, individual sub-circuits may be designed to have specific complex port termination impedances
(e.g., low noise amplifiers with optimal input impedance and complex conjugate impedance matching
(CCIM) at the output port; high gain amplifiers with simultaneous-CCIM at both input and
output ports; and power amplifiers with optimal output impedance and CCIM at the input port).
The complete circuit may then incorporate impedance matching networks to transform to real
terminating impedances. For this case, the voltage and power wave based definitions can be used
interchangeably. However, modern monolithic microwave integrated circuit [8] design approaches
try to minimise the unwanted effects of parasitics and amount of expensive real-estate needed for
implementing on-chip impedance matching. As a result, with complex port impedances, network
parameter conversion requires the correct definition.

Direct conversion formulas for two-port networks, using the voltage-wave definition, have been
previously reported by Cooman [9], based on the approach by Ferrero and Pirola [10], but these
assume a common complex reference impedance for both ports. For completeness, using the same
approach outlined by Cooman [9] and Ferrero et al. [10], the conversions for two-port networks

having arbitrary port termination reference impedances are included here.

2.2 Lossy Materials and Components

Lossy materials and their use in passive lumped-element components have attracted a great deal of
attention from the microwave community. However, this is not the case for passive guided-wave
components. This is because, in general, modern engineered (sub-)systems are designed to attain
maximum efficiency, which includes the use of low loss materials. Moreover, at certain frequencies,
natural structures (e.g., from biological tissue, down to cellular organisms and even sub-atomic
structures) can be modelled as lossy electromagnetic resonators [11]. Conversely, in applications

where materials are heated deliberately (e.g., microwave drying) or inadvertently (e.g., microwave
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dosimetry) loss mechanisms still need to be characterised.

For this reason, even the treatment of a single boundary, between two arbitrary lossy materials, is
generally not considered in most standard textbooks. This is due to the mathematical rigour needed,
leading to the assumption of at least one of the materials being lossless. As a result, a common
misconception is that the magnitude of the reflection coefficient (and transmission coefficient with a
two-port network) of the voltage-wave scattering (S-)parameters cannot exceed unity. While this is

true for real impedances, it may not be the case when both impedances are complex.

Arbitrarily lossy one-port systems include propagating modes, antennas and resonators. Their
feed or simulation/measurement reference impedance can also be represented by a complex number.
Here, with complex reference impedance, the feed (associated with a material or guided-wave
component) is lossy. Alternatively, an amplifier will have complex terminating impedance(s), as an

example of a two-port system.

Another confusion may arise from using power definitions (e.g., reflectance and transmittance)
derived from a zero-order voltage-wave (e.g., Fresnel reflection and transmission) coefficients [12],
for a simple two-media boundary problem. This is because the magnitude of the Fresnel reflection
coefficient |p11| can be greater than unity when both media are lossy, whereas, that for the Fresnel

transmission coefficient |721| can be greater than unity even when both media are lossless.

A two-port network, which can represent a three-material system, is one example of a more
general multi-port network. Here, S-parameters can have more than one reference impedance
assigned to the various ports. With a multi-port network, the S-parameters define a unitary matrix,
which inherently satisfies the principle of conservation of energy; this being one of the advantages
of using S-parameters. Therefore, while this unitary upper bound exists for a common reference
impedance that is purely real, the magnitude of any S-parameter can exceed unity (even for a
passive system) when just one reference impedance is complex and so the unitary matrix condition

is lost.

In Section 2.14, a 1-D cavity resonator is presented by a three-material system, having lossy
terminations, giving a complex natural resonance frequency. The complex-referenced S-parameters
give important insight into the resonance frequencies of this lossy system. Also, it is shown that
complex referenced S-parameters cannot be directly used to compute reflectance and transmittance;
requiring conversion from S- to Sp-parameters. To this end, expressions for direct interconversion
between S- and S,-parameters are given for two-port networks. Also, direct conversion formulas are

given for the renormalisation of two-port S- and S,-parameters.

Power reflectance and transmittance cannot exceed unity for a passive system, in order to obey
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2.2 Lossy Materials and Components

the principle of conservation of energy [12],[13]. This will be demonstrated later. With frequency-
and space-domain spectroscopy, reflectance and transmittance are equal to the magnitude squared
of the voltage-wave reflection and transmission coefficients, respectively, with S-parameters having
reference impedances that must be purely real (e.g., the intrinsic impedance of free space with
measurements performed in free space [12], characteristic impedance with lossless transmission lines
and wave impedance with lossless waveguide media [13]). However, in reality, all real transmission
lines are lossy, therefore, when measurements are with respect to the characteristic impedance of
a transmission line (or wave impedance of waveguide), e.g., as in TRL calibration, the measured
S-parameters have a reference impedance which is complex. It is important to use S,-parameters in

this case for computing power.

As early as the 1960s, the microwave engineers working with reference transmission lines having
losses were familiar with the voltage-wave reflection coefficient exceeding unity when the reference
port impedances were complex. Here, power reflectance no longer equals the magnitude squared of
the voltage-wave reflection coefficient. In 1961, Youla [3] introduced the concept of power waves in
circuit theory. Later in 1965, Kurokawa [4] introduced power waves and power-wave S,-parameters
in waveguide theory. This was picked-up by others, for example Marks and Williams [1]. Recently,
Amakawa [16] reviewed voltage and power waves, with examples of power waves used in filter design.
While power waves are useful for power calculations they have certain undesirable properties. For
example, the Smith chart cannot be used with power waves [1]. Also, the cascading condition
for Sp-parameters require that interconnecting ports of cascaded networks have reference port
impedances that are mutually conjugates. This is counter-intuitive to the well-known cascading
condition for S-parameters which requires interconnected ports of cascaded networks to have the
same reference port impedance. It is common for S-parameters to have a single reference impedance
implicitly satisfying the cascading condition. Where complex-referenced S-parameters are desired,
the optimal approach for computing power is to convert S-paramters to S,-parameters. In this work,
generalised formulas for conversion between S- and Sp-parameters for a multi(n)-port network are

given.

Conversion of S-parameters referenced from one set of reference impedances to another set,
is known as matrix renormalisation [17]. Although, matrix renormalisation of either S- or S,-
parameters for generalised n-port networks has been discussed in earlier papers [1], [4], [16], [17];
these formulas appear as matrix relationships and not straightforward to implement. Closed-form
expressions for renormalisation of S- and Sp-parameters of two-port networks are given, which are

convenient when dealing with two-port networks.

25



Chapter 2. Travelling Waves, Pseudo Waves and Power Waves

2.3 The Transmission Line Model and Telegraphers’ Equations

The lumped-element transmission line model shown in Fig. 2.1 is the generalised representation of a

transmission line. Application of circuit analysis leads to the telegraphers’ equations,

2V (2
d c‘i/zg ) _ YV (2) =0 (2.1)
and,
21 (=
aI(z) ;Z(Q ) _ Y1 (2) =0 (2.2)

These are wave equations in one variable and solutions are the incident and reflected voltage and

current waves on the transmission line. The total voltage and current on the line are,
V(Z) —_ VJre*’YZ + Ve? (23)

and,

I(z)=TTe "+ 1 e (2.4)

where, V(z) and I(z) are the frequency domain root-mean-square (RMS) voltage and current on the
line. Here, v = o+ jf3 is the complex propagation constant for the transmission line, where V*e=7?
and V~¢e?* are the incident and reflected voltage waves, respectively; and ITe™7* and I~¢?* are

the incident and reflected current waves, respectively. At z =0,
V=Vt+Vv- (2.5)

I=I"+1" (2.6)

The ratio of voltage and current waves in the same direction is defined as the characteristic impedance

of the transmission line.

v+ %
Zo=—r = —— 2.7
07 T+ I- 27)
where, current can be expressed as,
= Ltwr v (2.8)
= Z .

The ratio of reflected and incident voltage waves is known as the voltage reflection coefficient and is

similar to the electric field reflection coefficient,

I VA
I = vE (2.9)
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Figure 2.1: Lumped-element model of transmission line.

2.4 Transmission Line Modelling of Waveguides

Waveguides are capable of transporting energy in the form of electromagnetic waves (EM) by
guiding these EM waves along the longitudinal direction which is the direction of propagation.
Common examples of waveguides are coaxial cable, metal-pipe rectangular waveguides (MPRWG),
optical fibre, microstrip, stripline, etc. Analysis of waveguides usually assumes a uniform waveguide
cross-section along the length of the guide as it simplifies analysis. Analysis is done by solving
Maxwell’s equations for electric and magnetic field components in the transverse cross-sectional
plane subject to boundary conditions imposed by the waveguide structure. The solutions are known
as modes of the waveguide and classified as TEM, TE, TM or quasi-TEM. TEM modes have no
component of electric or magnetic field along the propagation direction. In TE and TM modes,
the electric and magnetic fields, respectively, have a component along the direction of propagation;
and in quasi-TEM mode, which is a hybrid of TE and TM modes, the components of electric and
magnetic fields along propagation direction are so small that they are usually neglected to simplify
analysis. Coaxial cable or any two-conductor waveguide structure supports only TEM modes, while
single conductor waveguides like MPRWG support TE or TM modes only. Microstrip and striplines
support a hybrid of TE and TM modes known as quasi-TEM modes.

Except for TEM modes, voltages and currents are not well-defined for modes in a waveguide
and, therefore, suitable definitions of voltages and currents as functions of electric and magnetic
field must be adopted. Voltages and currents may be obtained from electric and magnetic fields by

defining integration paths in the transverse plane.

The Maxwell’s equations in waveguides can be reduced to a two-dimensional Helmholtz equation
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of the form,

o 0 o\,

where, A, (x,y,2) = A2 = a,(z,y)e 7% is either the electric or magnetic field component along
propagation direction depending on TM or TE mode, 7, is the cut-off propagation constant given

by,

Ve = Vaa = Vg (2.11)

where, 7,4 is the propagation constant in an unbound dielectric medium and v, is the guided-wave

propagation constant. The solution of (2.10) is of the form,
E(z,y,2) = [E(2,y) +e.(z,y)e "] (2.12)

H(z,y,z) = H(z,y) + h.(z,y)e 7] (2.13)

where, E(x,y, 2) and H(x,y, z) are the complex phasor RMS electric and magnetic fields, respec-
tively; with E,(z,y) and Hy(z,y) being the transverse components of electric and magnetic fields,
respectively. The transverse fields can be expressed as linear combinations of forward and backward
propagating fields as,

Ey(r,y,2) = e(z,y) [CTe " + 07 (2.14)

and,

H(z,y,2) = hy(z,y) [C’Jre_'yz - C_e'yz] (2.15)

where, CT and C~ are constants. Equations (2.14) and (2.15) can be expressed as linear combinations

of voltages and currents,

ei(z,y) [CTe M+ 07| = eu,y) [Vre 4 ver]| = LGN (2.16)
Vo Vo
and,
ht(xa y) ht(fﬂ, y)

hy(z,y) [C‘*'e_vz - C_eVZ} = [I"’e_'yz - ]—672} = I(2) (2.17)

Iy Iy
where, the choice of V(z) and I(z) dependent on constants Vy and Iy. The complex power carried
by a mode is given by the integration of the Poynting vector over the cross-sectional area of the
waveguide,

P(z) = / E. x H; - dS (2.18)
S
The constants Vy and Iy may be chosen such that,

V() I*(2)

P(z) =V(z)I"(2) = Vol

/ e x hi - dS (2.19)
S
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Equation (2.19) imposes the constraint,
VoIy = po = /Set x hy - dS (2.20)
where, the real or average power is given by,
P, = Re{P(2)} (2.21)

The characteristic impedance of the waveguide, when only the forward propagating mode is

present, is then defined as [1],

Vo o |Vol? Do
go= 0 _ _ Po_ 2.22
T T py Do]? (2.22)

Although the choice of V) and I is arbitrary, usually one of these constants is chosen indepen-
dently and the other is determined using the constraints imposed by (2.18)—(2.20). The constants

Vo and Iy may be obtained using the well-known integration relationships,
b
%:-/e,m (2.23)
a

and,

h:fmdl (2.24)
L

Standard definitions of characteristic impedance in the open literature are power-voltage, power-
current and voltage-current. With the power-voltage definition, characteristic impedance may be
obtained by first using (2.23) selecting appropriate end points for the integral in (2.23) to obtain Vp;
and then using Zy = |Vo|?/pj; from (2.22) such that the power relationship in (2.20) is satisfied. With
the power-current definition, Iy is first obtained using (2.24) and then Zy = po/|Io|? from (2.22) is
applied such that (2.20) holds. With the voltage-current definition both V4 and Iy may be selected
independently. For example, using the power-voltage definition, characteristic impedance of a

MPRWG of dimensions a X b operating in the dominant TE;9 mode is,

2b
where, Zrp190 = Ey/Hy is the wave impedance of TEp mode. The tntegration path for Vj is shown
in Fig. 2.2. The NI AWR Microwave Office provides an option to choose from power-voltage,
voltage-current or a normalised characteristic impedance when a transition between MPRWG and

coaxial section is desired [18].
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=0 z=a/2 T=a

Figure 2.2: Cross-section of a metal-pipe rectangular waveguide of dimensions a x b showing the

vertical integration path at z = a/2 to obtain Vj from (2.23).

2.5 Travelling Waves, Pseudo Waves and Power Waves

A one-port structure can be represented as a transmission line of length L having characteristic
impedance Zj terminated with load Zp at z = 0 and a source impedance Zg at z = —L as shown in

Fig. 2.3. Travelling waves are defined as scaled incident and reflected voltage waves (2.5),

oA 1 (Vi + ZoIh) (2.26)
YT VRelZoy  2yRelZoy ' T '
b= L__vi-zmn) (2.27)

- VRe{Zy}  2/Re{Zy}
where, a1 and by are the incident and reflected travelling waves. The average power carried by

forward and backward propagating modes from (2.19) for a lossless transmission line are given by,

Pl = Re{V['I}'*} = Vi'|? = |ay|? (2.28)
av 1 1 RG{Z()}

P = Re(vr 1y = Ly p 2.29
av 6{1 1}7R€{Z0}7‘ | ( )

It can be observed from (2.26)—(2.29) that travelling waves are defined such that the average
power in incident and reflected waves are given by the magnitude squared of incident and reflected
travelling waves, respectively. This fact highlights the usefulness of travelling waves with lossless
transmission lines. Moreover, travelling waves can be directly measured as they are only scaled

version of actual waves on the transmission line. If the characteristic impedance is complex, the
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Figure 2.3: A one-port network consisting of a transmission line of characteristic impedance Zj
and length L connecting a source Vg, with source impedance Zg, terminated with a load Z;. With
incident waves aq on the transmission line, the impedance mismatch at the load results in reflected
waves by on a terminated transmission line. Z,..r is the reference impedance at the load (z = 0)

looking into the transmission, which is Zj for travelling waves.

total average power at any reference point on the transmission line can be calculated from (2.19),
(2.26) and (2.27) as,
Im{Zo}

Poo(2) = lag)? + by |> + 21 py =) 2.
(2) = laa1]” + [b1]" + 2Im{a1b] RelZo} (2.30)

In Fig. 2.3, Z,y is the reference impedance looking into the transmission line at the load which
is Zyey = Zp for travelling waves. A change in reference impedance tells us what would happen to
the original travelling waves on the transmission line. For this purpose, pseudo waves are defined
which are fictitious in nature but allows analysis with respect to a certain ‘reference’ impedance of

our choice. Pseudo waves for a one-port are defined as,

v/ Re{Z,.
M(V1 + Zresh) (2.31)

a; =
2| Zrey|
1/R€{Z,«ef}
bi="————V1—Zesh) (2.32)
2|Zref| d

where a; and by are incident and reflected pseudo waves. As in the case of travelling waves, average
incident and reflected powers are given by the magnitude squared of incident and reflected pseudo
waves, respectively, if the reference impedance is real. Where characteristic impedance is complex,
a real reference impedance may be used to find average powers from pseudo wave formulation.
The third type of wave under discussion in this section is the power wave and its purpose is to

compute average power or for conjugate matching of cascaded networks. Unlike travelling waves
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and pseudo waves, power waves always give correct average power even if the reference impedance

is complex. For a one-port system, power waves are defined as,

1

ap1 = (Vi =+ Zrefll) (233)
21/R€{Zref}
1
(Vi = ZJeph) (2.34)

bpr = —
" 2/ Re{Zyes}

2.6 Voltage-Wave and Power-Wave Reflection Coefficients

Consider the one-port system shown in Fig. 2.3 having a single scattering or S-parameter, Si1,
which in this case, is the voltage-wave reflection coefficient at the load (z = 0) defined as,

Zszref 7@

21+ Zrep a1

(2.35)

where, b; and a; are the reflected and incident travelling waves or pseudo waves and can be generally
referred to as just voltage waves. With Z,.; = Zo,

71— Zo

R —
U ZL¥ Z,

(2.36)

The concept of a voltage-wave reflection coefficient follows from the fact that if the characteristic
impedance of the transmission line and the load impedance are matched then there will be no reflected
voltage waves on the transmission line. It should be noted that (2.35) is a more general definition
of voltage reflection coefficient, to that defined earlier in (2.9), and is applicable to travelling waves
or pseudo waves even though it is referred to as a ‘voltage-wave’ reflection coefficient.

A power reflection coefficient [16] may be defined in terms of power delivered to the load, which
will be maximum when the characteristic impedance and load impedance are conjugately matched,

i.e., Zg = Z7. The power reflection coefficient can be defined as,

21— 25 by
§ = - 2.37
T2+ 20 ap (237

where, b,1 and ap; are the reflected and incident power waves at the load, respectively.

2.7 Generalised Two-Port Network

A generalised two-port network is shown in Fig. 2.4. Ports 1 and 2 are connected to transmission
lines with characteristic impedances Zy; and Zp1, respectively; with Z,..r1 and Z,..fo the reference

port impedances at Port 1 and 2, respectively. The reference impedances may or may not be equal
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Figure 2.4: Tllustration of a generalised two-port network. The scattering parameters of a two-port
network relate the output wave quantities b; at Port ¢ in terms of input wave quantities a;. Where,
Zoi and Z,.5; are, respectively, the characteristic impedance of transmission line and reference

impedance at Port i, given i = 1, 2.

to the characteristic impedances of the transmission lines. Here, a,, and b,, are, respectively, the
incident and reflected voltage waves at Port n = 1,2. The scattering matrix or S-matrix for this

two-port network is defined by the following two equations,

by = Si1a1 + Si2as (2.38)
by = Sa1a1 + Sazas (2.39)
In matrix form,
by _ S11 Si2 a (2.40)
b2 So1 S22 as
or,
b = Sa (2.41)

Similarly, the power scattering parameters can be defined by,

bpl = Spllapl + Sp12ap2 (2.42)
bp2 = Spglapl + Spgzapz (2.43)
In matrix form,
bp1 _ Spi1 Spi2 ap1 (2.44)
bp2 Spat Sp22 ap2
or,
b, = Spa, (2.45)
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2.8 Generalised n-Port Voltage-Wave and Power-Wave Scattering

Parameters

For an n-port network, given an input Port ¢ and output Port j, voltage waves a; and b; are defined
as [1], [16],
a; = IVCI (V@ + Zrefili) (2.46)

bj = kj (Vj — Zyey;1;) (2.47)

where,

v \/Re {Zrefk} (2 48)

ki =
2|Zrefk|

is the scaling factor for pseudo waves. For travelling waves the scaling factor is,

> 1

o = 2/Re {Zow}

The generalised S-parameter for an n-port network is defined as the ratio of reflected waves at

(2.49)

Port j to incident waves at Port ¢ with all other input ports matched. Mathematically,

bj
S]Z(Zrefjvzrefi) a; ak;éi:() ( 50)

where, the subscript of sz‘( z indicates Z,.f; and Z,.y; as the reference impedances at

vefirDrefi)
output Port j and input Port i, respectively. For any Port 4, a; and b; are known as travelling waves
if Zyep; = Zo;; otherwise they may be referred to as pseudo waves or the more common terminology
of simply voltage waves. Pseudo waves are fictitious in nature but are useful when S-parameters may
need to be expressed with respect to a certain reference impedance. As an example, the microwave
community has adopted 50 2 as the universally accepted reference impedance, as it is a good
compromise between losses per unit length (minimum at 77 ) and power handling (maximum at
30 Q) of a coaxial line [19].

Given input Port ¢ and output Port j, if reference port impedances are real, i.e. Z.cp; = Ryefi

and Z,.p; = Ryepi; then average reflected and transmitted powers at Ports ¢ and j relative to average

incident power at input Port 7 are,

2

P

F’L B Sii(RrefiaRrefi) (251)
and,

b 2

F’L‘ o ‘Sji(R’r‘Efj7Rrefi) (2.52)
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The S-parameters of an n-port lossless device with real reference impedances, make up a unitary
matrix S which satisfies the energy conservation relationship,

2
=1 (2.53)

n
Z ’Sji(Rrefj,Rmﬁ)
7j=1

If reference port impedances are complex, then (2.51) and (2.52) are not valid and the unitary
condition is no longer satisfied. In this case, the concept of power waves is useful. For an n-port

network, given input Port i and output Port j, power waves ap; and by; are defined as [2], [3], [4],

[16],
api = kipi (Vi + Zyegils) (2.54)
by = kg (Vi = Zropi 1) (2.55)
where, the scaling factor is,
];p . (2.56)

k = -
21 / Re {Zrefk}

The generalised S,-parameters for an n-port network are defined as,

bpj

am-

Spji(Zress Zress) (2.57)

apk?gi:()
The average reflected and transmitted powers at Ports i and j, relative to the average incident

power at Port ¢ are given by,

Pr 2

F’i o ‘Spii(zrefiyzrefi) (2'58>
and,

Py 2

P ‘Smi(szjzmﬁ) (2.59)

The unitary condition for S,-parameters is always satisfied for an n-port lossless network with
complex reference port impedances.

‘o (2.60)

n
Z ’Sp‘]z(Z7&f],Z7&fL)
=

Notice that, (2.58)—(2.60) reduce to (2.51)—(2.53) if reference port impedances are real. Figure 2.5
presents a visual summary of relationships between different types of scattering parameters. The S-
and Sp-parameters occupy the left and right half of the graphic, respectively. The measurement
domain represents measured real powers with a network analyser and are usually referenced with
respect to a real reference port impedance. The equivalence of real-referenced S- and S,-parameters
is indicated with green double arrows. Renormalisation among S- or Sy-parameters with respect
to generalised reference impedances Z,.y and Z/, ¥ is shown with red double arrows. Conversions

between S- and Sp-parameters is indicated by a blue double arrow.
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Figure 2.5: Graphical illustration of relationships between voltage (S-) and power (Sp-) scattering
parameters. Double red arrows represent renormalisation of S- or Sp-parameters with respect
to a certain reference impedance. Double green arrows show equivalence relationships, where
real-referenced S,-parameters either reduce to pseudo waves or travelling waves. Blue double arrows
show a generalised conversion between S- and Sp-parameters. The measurement domain consists of

real-referenced S- or S,-parameters which are the actual powers measured by instruments.

2.9 Interconversion Between Two-Port S, Z, Y, h, ABCD and T

Parameters

In this section, a general procedure is outlined for interconversion between different network
parameters of a two-port network. In addition, direct conversion formulas for interconversion
between S, Z, Y, h, ABCD and T parameters of a two-port network are derived which hold for
arbitrary reference port impedances. Definitions of two-port network parameters used in this thesis

are as follows:

S-parameters

b1 = S11a1 + Si2a2 (2.61)

by = Sa1a1 + Saza2 (2.62)
Z-parameters

Vi =Zuh + Zi212 (2.63)
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Vo = Zonli + Zaslo (2.64)
Y-parameters
L =YuVi + Y2V (2.65)
Iy =Yn Vi + Yo Vs (2.66)
h-parameters
Vi =hiilh + hi2Va (2.67)
Iy = ho1Ih + haaVa (2.68)
ABCD-parameters
Vi = AVs — Bl (2.69)
I = CVs — DI (2.70)
T-parameters
a1 = Ti1by + Tizaz (2.71)
by = To1bg + Thoaz (2.72)

Following the treatment of Cooman [9], assume the given network parameters for conversion are
represented by the matrix system,

B = WA (2.73)

where, B is a vector containing output variables, W is the matrix of network parameters, and A is
a vector containing input variables. The desired network parameters are represented by the matrix
system,

BY = WNAN (2.74)

where, the superscript N represents variables of the new system. The goal is to find a transformation

matrix X such that the following holds true,

BY X;p X B
_ 1 Xi2 (2.75)
AN Xo1 X A
After some algebraic manipulations, it can be shown that [9],
WN = (X1 W+ Xi0) (Xt W+ Xpp) (2.76)
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The transformation matrix X can be obtained using (2.75), which can then be used in (2.76) to the
find the desired set of network parameters. As an example, if a transformation from S-parameters

to ABCD-parameters is required then,

Vi
BN I
= (2.77)
AN Va
L _I2 .
and,
by
B ba
= (2.78)
A al
L a/2 -
The transformation matrix X is,
_ ) ) -
ki 0 k 0
_ 1 R
klZTefl 0 klz'r‘efl 0 (2 79)
0 1 0 1 )
];‘2 1252
1 1
L 0 k2Zyefo 0 koZyep2
Using, (2.76), the following matrix equation is obtained,
1 1 1 1
4B Lol | &0 o X s+0’52]
1 1 1 1
¢ D k1 Zpep1 k1 Zpe st 0 k2 Zpeso k2Zpepo
(2.80)

which can be solved to obtain ABCD-parameters in terms of S-parameters. Tables 2.1 and 2.2 include
transformation relationship between voltage, current, voltage waves and power waves. Two-port
direct conversion formulas for interconversion between S, Z, Y, h, ABCD and T network parameters

are given in Appendix H.

2.10 Cascading

Smaller networks can be cascaded to build larger networks. The overall response of a cascaded
network can be easily computed using ABCD- or T-parameters of individual networks by simple
matrix multiplication. Given n networks cascaded in series, the overall ABCD- or T-parameters can

be computed using,

[ABCD] ABCD], [ABCD], [ABCD,...[ABCD), (2.81)

overall — [
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Table 2.1: Transformation relationship between voltage, current and pseudo waves.

Parameters a; b; Vi I;
Qj 1 0 vj IVCj Zrefj
b 0 1 ki —kjZres
V; 1 L 1 0
J 2k; 2k;
. 1 _ 1
I 2k Zre s 2k; Zyes 0 1

Table 2.2: Transformation relationship between voltage, current and power waves.

Parameters apj byj v I;
7 1 0 i kpiZref
j I . L%
by; 0 1 kpj kipi Ze s
V— - Z:ij _ ZTefj 1 O
J 2kp;Re{Zres;} 2kpiRe{Zycyj}
I; I 1 0 1
J 2kpjRe{Zrcy;} 2hp; Re{ Zret;}
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where, [ABCD)],, is the ABCD-parameter matrix of n'™ cascaded network. When using T-parameters,
Toverall = T1T2T3-~~Tn (282)

where, T,, is the T-parameter matrix of n'" network in cascade. It should be noted that, with
matrix multiplication the order of multiplication is important when using (2.81) or (2.82).

Quite often, the response of individual networks is known in terms of S-parameters. In this
case, application of (2.81) or (2.82) requires a conversion of individual S-parameters to ABCD- or
T-parameters; and another conversion back to S-parameters for the overall response. It should
be noted that the difference between ABCD- and T-parameters is that, ABCD-parameters are
expressed in terms of voltages and currents while T-parameters are expressed in terms of waves.
ABCD-parameters are a popular choice with circuits while T-parameters may be preferred with
microwave networks.

When cascading networks it must be ensured that interconnected ports of individual networks
must have the same reference port impedance. As shown in Fig. 2.6(a), the conventional approach
is to have a common reference port impedance for all individual networks (Z,.s1 in Fig. 2.6(a))

with the overall response Sz It is also possible to cascade two-port networks where

ref1:ref1)"
reference port impedances might be different, with the condition, that interconnected ports of
different networks must have the same reference port impedance, as shown in Figs. 2.6(b) and
(c¢). The resulting overall S-parameters are transparent to interconnections and only depend on
the input and output reference port impedances, as shown by the overall responses Sz F1Zres1)

and Sz y in Figs. 2.6(b) and (c), respectively. With matched reference port impedances,

refl,dref2
signal flow graph theory can also be used to analyse cascaded networks. Cascading is not possible
if interconnected ports have different reference port impedances as illustrated in Figs. 2.6(d) and
(e). With S,-parameters, however, the cascading condition requires that interconnected ports of
individual networks have port networks impedances which are conjugates of each other. Therefore,

cascading is not intuitive when working with Sp-parameters and may only be desirable in certain

situations, like maximum power transfer.

2.11 Renormalisation of Scattering Parameters

S-parameters of an n-port network alone cannot completely describe the network. The S-parameters
must be accompanied with an n x 1 vector specifying reference port impedance at each port. A
change in reference impedance at any port will result in a new set of S-parameters. This is known

as renormalisation of S-parameters. In this section, direct conversion formulas for renormalisation
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[S(Zreﬂ,Zreﬂ) ]
Zreﬂ [S?Zreﬂ’zreﬂ) ] Zreﬂ Zrefl [ngzreﬂ’zreﬂ) ] Zreﬂ
(a)
[S(zrep.zem) |
Zmﬂ [ Sglzreﬂvzrqﬂ) ] Zreﬁ Zreﬂ [ S(BZTQ)‘?’ZTG,)‘I) ] Zrefl
(b)
(S (zrep.zrep ]
Zreﬂ [ S?Zreﬂvz re ﬂ) ] Zreﬂ Zreﬂ [ S(BZ’reﬂ’Z 7‘6]“2) ] Zref?
(c)

I AN / I
Zreﬂ [ szr*eﬂvzreﬂ) ] ZT%émﬁ [ S(BZreﬂaZreﬂ) ] Zreﬂ
7/ N
(d)

I AN /. I
Zmﬂ [ S?Zr'eﬂvz’reﬁ) ] ZT%éﬂeﬂ [ S(BZ7'eﬂ=ZT'e]“2) ] ZrefZ
7/ N

Figure 2.6: Cascading two-port networks: (a) conventional approach where individual networks
have a common reference port impedance; (b) cascading is possible if connecting ports of two
networks have the same reference port impedance; (c) overall S-parameters are with respect to
reference port impedance of input and output ports of individual networks, respectively, and; (d),
(e) cascading is not possible if interconnecting ports of individual networks have different reference

port impedances.
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of S- and Sp-parameters are presented.

It is convenient to have a common reference port impedance for all ports when processing
S-parameter data of a multi-port network. For example, in the microwave community, 50 € is
adopted as a universally accepted standard reference impedance for sharing S-parameter data.
Where reference port impedance is not mentioned with S-parameter data, it is generally understood
that the common reference port impedance is either 50 €2 or the characteristic impedance of the
transmission line.

When performing measurements, the characteristic impedance of a transmission line at a port is
often chosen as the reference port impedance. For example, with MPRWG measurements performed
using the thru-reflect-line (TRL) calibration technique [13] for a MPRWG operating in dominant
TE;¢ propagating mode, the reference impedance of measured S-parameters is the wave impedance
Zrr10 of TE1g mode. The choice of reference port impedance is implicit with TRL technique.

Sun et al. [13] have recently demonstrated a novel technique for extraction of dielectric properties
by using several sets of renormalised S-parameters to eliminate ambiguities in the solution space.
Renormalisation of S-parameters can also be used to analyse and refine measurement data as
demonstrated in [20].

Given a set of S-parameters Sji( R with reference port impedances Z,.r; and Z,.r; at

TeijRrefi)
Ports ¢ and j, respectively; the renormalised set of S-parameters can be denoted as S; i(R, R
refj’ ‘refi
where, Z! fi and Z!, fj are the new reference port impedances at Ports ¢ and j, respectively. Conver-
to S”

'r'eijR'r‘efi) jZ(R/

sion from Sji( R '
refyj

(4], [20],

R/

refi

) can be done using the following matrix relationship [1],

S=Q'(s-1)I-1s)'Q (2.83)

where, S is the original S-parameter matrix, S’ is the renormalised S-parameter matrix, I is the

identity matrix, Q is the diagonal matrix with entries,

Re{Z Z, 27
Qkk = {Ztefk} Zrefk i Te]; (2.84)
Re{ refk} refk refk + refk
I' is a diagonal matrix with entries,
Z! o —Z
Ty, = —redk _ Zrelt (2.85)

Zyepp T Zrefh

For a two-port network, the following direct conversion formulas can be used for renormalisation

of S-parameters,

g _ 22512521 + (1 — T'22522) (S11 — T'i1) (2.86)
(2] 12, 051) (1 —=T11511) (1 —T'22522) — I'11T'22512521 ’
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2.11 Renormalisation of Scattering Parameters

/ ~ Q2T'11S12 (S11 — T'in) + Q22512 (1 = T'11S11)

S / / = 2.87
12(Z,11Z1e12) (1 =T'11511) (1 = T'22522) — I'i1T'22512521 (287)
g _ Q11122521 (S22 — T'22) + Q11521 (1 — I'22.522) (2.88)
21(Z; e p2 71 1) (1 =T11511) (1 = T'22522) — I'i1T'22512521 .
/ ~ T11S1281 + (1 —T'11S11) (S22 — T'az)
s o = (2.89)
22(Z,0 15 Z1ep2) (1 —=T11511) (1 —T'22522) — I'11 122512521
A similar conversion can be used to renormalise Sp-parameters given by [4],
’ v ~ —1
S, =W (s, ~TM) (1-Ts,) W (2.90)

where, S, is the original Sp-parameter matrix, S;, is the renormalised S,-parameter matrix, I is the

identity matrix, W is a diagonal matrix with entries,

Wkk _ Re {Zrefk} Zrefk + Z;fefk (2 91)
Re {Zrefk} Z;ka + Zrefk:
Iisa diagonal matrix with entries,
y Z, Z
[y = refk — Zrelk (2.92)

A [#] superscript indicates matrix complex conjugate transpose, which can be computed by taking
the conjugate of all the entries of a matrix and then interchanging rows and columns, while a
superscript * indicates complex conjugate.

For a two-port network, the following direct conversion formulas can be used for renormalisation

of Sp-parameters,

, Wi WaaT'92.Sp12Sp21 + Wiy Was (1 - f‘QQSpZ?) (Spll - f’ﬁ)

SP“(Z;efle;efl) Wy W [(1 = fllSpll) (1 - f223p22) - 1vﬂ111Vﬂ225pl25p21} .
‘ - |Was|? Spi2 (1 — TSy + T (Spll - le)) (2.94)
P2(Zy 01 Zpeps) W1 Wag [(1 - qupu) (1 - f‘225p22) - I;111;225171251721} .

o B |VV11|2 Spo1 (1 - IV12251722 + oy (szg _ f§2)> (2.95)
p12(Z;ef2,Z;ef1) B W11 Was [(1 — fllspll) (1 — fgzspzz) - 1:‘111:‘225101251)21} '

o B Wi W3T11Sp125p21 + Q11Q%, (1 - 1Vﬂ1151011> (Sim B f§2> (2.96)
P22 Zrepa) Q11022 [(1 - f115p11) (1 - f225p22) - IVﬂllv,—F22Sp12Sp?1} .
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2.12 Conversion Between Voltage-Wave and Power-Wave Scatter-

ing Parameters

Sometimes it is convenient to convert S-parameters to Sp-parameters and vice versa. In this section,

generalised n-port expressions for conversion between S- and S,-parameters are derived. From (2.46)

and (2.54), | |
Zrefi
P Re {Zyesi} "

Similarly, from (2.47) and (2.55),

- |Z7“efj| V}_Z:efjljb_
P Re{Zregi} Vi — Zressly

Dividing (2.98) by (2.97) and using (2.50),

S “(Z p ) _ bﬂ _ |Zrefj| Re {Zrefi} VJ - :efjlj
P\ LrefjrLrefi

Gpj - |Zrefi| Re {Zrefj} V] - Zreijj ]Z(Zreijszi)
For i # j, the definition in (2.57) implies that there are no incident waves at Port j or,

1

Apj = —F—————
Y 9 Re {Zyes)

Vi Zyegily = 0

Solving for I;,

Substituting (2.101) in (2.99),

by
Spji(zrefjvzrefi) =

_ 1|Z’!‘€fj|Re{ZT€fi} 14+ Z:efj S
2(Zresi| Re {Zyes;} Zregs) T EressiFress)

Ao
e Apr#i=0

(2.97)

(2.98)

(2.99)

(2.100)

(2.101)

(2.102)

where, (2.102) is only valid when 7 # j. For i = j, making use of (2.54), (2.55) and (2.57) to get,

Vi — 78,0

g _ by _ 9T repity
Pii(Zress Zress) ail, Vi + Zyes;I;
From, (2.46), (2.47) and (2.50),
g _b _Yi— Zreyid;
jj(ZTefﬁZTefj) a; ag£;=0 V} + Zrefjjj

From this, I; can be written in terms of Vj as,

1/3 1_Sjj(zrefjvz'refj)

I; =
Zrefj 1+ Sjj(Z7'efj7Z7'€fj)

Substituting the expression for I; in (2.103),
_ ‘/J B :efjjj
Vit Zresil;

_ bpj

Spjj(szj,szj) -
PI aprz5=0
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2.13 Example: Two-Layer Media as Two-Port Network

and,

1

= Ty (St B e+ I ) (2100

_ bpj

Apj

Sp].] (Zrefj 7Zrefj>
phs; =0

which is valid when ¢ = j. With real reference port impedances, right hand sides of both (2.102)
and <2107) reduce tO Spji(Rrefijrefi) = Sji(Rreijrefi) and Spjj(RTeijRrefj) = Sjj(Rrefij'r‘efj)’ re-

spectively.

2.13 Example: Two-Layer Media as Two-Port Network

When a TEM plane wave is normally incident at the interface between two semi-infinite planar

lossy media as shown in Fig. 2.7, the given incident, reflected and transmitted electric and magnetic

fields are,
E;, = Ege  "?% (2.108)
E
H;, = e M%) (2.109)
m
ET = pque’ylZJAJ (2110)
E
H, = —pun—fewﬁ (2.111)
E;, = 1 Epe” ?*% (2.112)
E
H, = 72177—;’6—”223; (2.113)
where,
2 —Mm
= 2.114
i N2 +m ( )
and,
2
Ty = —P2 (2.115)
n2+m

Here, Ej is the RMS amplitude of electric field in V/m; ~; = jk; = «; + jf; is the propagation
constant in medium ¢; 7;=1/fleffi/Ecyri is the intrinsic impedance of medium i with, ficsp; and Ecpy;
the complex permeability and permittivity, respectively, of medium i; p1; and 7o are the Fresnel
reflection and transmission coefficients. A superscript * indicates complex conjugate.

The reflected and transmitted powers can be computed using Sp-parameters by treating the
problem as a two-port network. With Z,.r1 = Z,cr2 = 11, it is clear that S1; = 0 and Sg; = 1. By
letting Z,cr1 = m and Z,.p2 = 12, the interface can be thought of as a two-port network which is
simply a buffer zero length with phase j¢ = 0 (e/¢ = 1).

At z = 0, the two-port network voltage and currents terms may be identified as: At Port 1

with Zyep1 = Zo1 =m, Vit = Eo, Vi” = puEo, I = Eo/m, IT = —pu1Eo/m, Vi =Vi" + V| =
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Eo(l —|—p11), L = IlJr + [f = Eo(l — pu)/m. At Port 2 with Zref2 = Zoo = 12, V;L — 0,
Vo == m1Eo, Iy — 0, Iy — =11 Eo/na, Vo = Vot + Vo = m1Ey, Iy = I + 15 = —191Ey/n2.
Using the definition of voltage waves (2.46)—(2.47),

_ 1/ Re{m} \/Re{m}E
1

0 (2.116)
2 |ml Im|

by = }x/Re{m}V1 oy = vV Re {m}

ay i+mlh =

= p]_]_EO 2.117
2 |ml || ( )
1R
gy — LV EeAmE (2.118)
2 Inol
1R VR
by = - VIEURS {7]2}‘/2 —iply = YRS {n2}721E0 (2.119)
2 | |72
The S-parameters are,
b1 N2 — M
11 a1 |ayeo P11 e + 1 ( )
Sy = 2 _ Im| vRe {n2} VRQ{"?}TQI _ Im| v Re{n} 2 (2.121)
a1la=0  [m2| v Re{m} 2| v/ Re{m} n2 +m
Here, S11 = p11. Using (2.102) and (2.107),
n2 — i
Sp11 = 2.122
pll s +771 ( )

_ ns\ VRe{m} —_ 2V/Re{m}v/Re{n}
Spa1 = (1 + 772) JRelmt 91 = —— (2.123)

Depending on whether reference port impedances are real or complex, for a two-port network, the
following are true: (i) if reference port impedances Z,.r1 and Z,.yo are both real then voltage and
power scattering parameters are equal (S11 = Spi1 and Sz = Sp21). In this case, the normalised
reflected and transmitted powers are given by reflectance and transmittance as R = P./P; = |S11 |2 =
|Sp11%, and T = P/ P; = |Sa1|> = |Sp21|%; (ii) if one of the reference impedances is complex, then S-
and Sp-parameters are not equal (S11 # Sp11 and S21 # Spo1). Also, R = P,/ P; = |S11|% = |Spll|2
but transmittance is given by T = [Sy21|% # [S91/%; and (iii) if both reference port impedances are

complex then R = |S,11|> and T = |Spo1 |2

2.14 Example: Three-Layer Media as Two-Port Network

In this section, a 1-D resonant cavity with lossy walls is presented which demonstrates that complex-
referenced S-parameters cannot be directly used to compute reflectance and transmittance. Consider
the three-layer media shown in Fig. 2.8 which is essentially a symmetric Fabry-Pérot cavity resonator

of width [ = 300 pm, corresponding to one full wavelength at 1 THz for an ideal resonator. The
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@ ©)

M1, €1, 01, T M2, €2, 02, 12
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medium medium
p11Eoe’?
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Eoefﬂflz
€T —_—
Y z ZZO

Figure 2.7: Plane wave reflection and transmission at the interface between two planar lossy media.
The reflected and transmitted electric fields are related to the incident electric fields by the Fresnel

reflection and transmission coefficients, respectively.

Table 2.3: Summary of exact equations for two-media and one- or two-port modelling.

One-port Model Two-port Model
Parameter Zref1 =M Zref1l =M
Zref =M
Zref2 =M1 Zref2 =12
P11 % - -
21 71221311 . )
S11 P11 0 P11
Spit o 0 o
Sp21 - 1 L/Rjﬂfie{m}
R |Sp11]? |Sp11]? =0 |Sp11]?
T - e |Spo1|?
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Q) ©) ®

M1, &, O, T Mo, &, O3, T Hi; &5 01, My
B, B,
-— -—
A
—_—
A4 A,
T 5 - 5
z 2—0 z=l

Y

Figure 2.8: Incident and reflected fields in three-layer media. As and Bs are, respectively, reflected
and transmitted fields in a given medium. Here, the reference plane for coefficients Ag is the plane
z = [, while all other coefficients are referenced with respect to the z = 0 plane. There are no

reflected waves in medium ®.

biven material parameters are: p; = ps = pu3 =1, =e9 =e3 =1, 01 = 03 = 100 S/m and o9 = 0.
With these parameters, the resonator can be considered as a lossless two-port network with lossy
feed and complex reference impedances Z,.r1 = Zyep2 = 11. Assuming the case of TEM incidence,

the forward and backward propagating electric and magnetic fields can be written as,

Ewl = Alei’ylz + B16712 (2124)
1
Hy = o (Are™ % — Bye'?) (2.125)
Equo = Age™ %% 4 Bye?? (2.126)
1
Hyp = - (Age 2% — Bpe???) (2.127)
Eyy = Age (D (2.128)
1
Hy = - Age= 13D (2.129)
3

where the propagation constant is given by,

Vi = Jwn/ flef fi€effi with =1,2,3 (2.130)

with, 73 = 71, w is the angular frequency in radian/s, ficrs; is the effective complex permeability
of medium 7 which is set as the permeability of free space (1) here, &cfy; is the effective complex
permittivity of medium ¢ given by,

04

Eeffi = €0reffi = €0(Eri —F—) (2.131)

WEeQ
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2.15 Example: Signal Flow Graph Analysis of Three-Layer Media

where, g is the dielectric constant of free space, €,; is the dielectric constant or relative permittivity,
o; is the intrinsic DC bulk conductivity in S/m and 7 is the intrinsic impedance of medium i in Q.

Boundary conditions require tangential components of electric and magnetic fields to be
continuous across the interface at z = 0 and at z = [. Setting E,1(z = 0) = E;2(z = 0),
Hyi(z =0) = Hp(z =0), Ep(z =1) = Ey3(z = 1) and Hyp(z = 1) = Hy3(z = 1), the following

characteristic matrix system is obtained,

_ oA o
1 1 -1 -1 0 0
By
— — 0 0
2 2 m m A | = (2.132)
0 0 e et -1 0
By
0 0 me P —mert —p 0
L W LY
Setting A; equal to unity, the S-parameters can be obtained as,
—2721 uis Ui
_Bl_(l_e 72)(1_77;)(14_71;)
o= A m)? 272l m)? (2.133)
1 — 1
(1+m) e (1= )
A 4777167'}’2l
Sy =3 = 12 (2.134)

Al (1 + ﬂ)z _ e—272l (1 _ E)Q

72 72
Figure 2.9 shows a plot of S-parameters, Sy-parameters and S-parameters with reference port
impedances set to 50 €2. The S-parameters with common complex reference port impedance 7;
do not satisfy the energy conservation relationship, i.e., |S11]? + |Sa21|> # 1, which is expected.
On the other hand, S,-parameters and 50 {2-referenced S-Parameters satisfy energy conservation,
2

Le., [Spiil® + [Sp21l* = [S1150 0)* + [S21(30 0)|* = 1. The theoretical bounds for coefficients and

parameters, assuming positive resistances, are summarised in Table 2.4.

2.15 Example: Signal Flow Graph Analysis of Three-Layer Media

The three-layer media Fabry-Pérot resonator shown in Fig. 2.8 can be modelled as a two-port
network with the intrinsic impedance of flanking media as the terminating reference port impedances.
This two-port network can be analysed using a signal flow graph to obtain a system of algebraic
equations which can be solved for electric field reflection and transmission coefficients of the resonant
two-port network. The complex eigenfrequencies can then be obtained from the poles of the reflection
coefficient Si;.

Since the resonator walls are lossy the network has to be terminated at input and output ends

with complex-referenced impedances. It is important to note that since reference impedances for
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Figure 2.9: Plot of S-parameters of 1-D Fabry-Pérot resonator with ogp = 0@ = 100 S/m based on

the conventional and power wave definitions, respectively. With conventional complex-referenced

S-parameters, the insertion and return loss exceed 0 dB, however, the S,-parameter response shows

that the total energy is conserved. Frequencies at S-parameter resonant peaks are also indicated.

Table 2.4: Summary of theoretical bounds for coefficients and parameters with positive resistances.

Primary | Secondary Two-media (one-port) Three-media (two-port)
Reference Test Fresnel Power Voltage-wave Power Power
Parameters
Medium Medium | Coefficients | Sp-parameter | S-parameters | Sp-parameter
(feed) | (network) | [p11] | |72l [Sp11] [Sul | [Sa] | [Spual | [Sp21l R = [Spu? T = |Spaa|?
Lossless Lossless <1 ; 1 <1 <1 <1 <1 <1 lp11)?, [S11? <1 | |Sxu2 <1
Lossless Lossy | <1 | X1 <1 <1 | <1 | <1 | <1 |]pnld |SulP<t| [Suff<1
Lossy Lossless <1 § 1 <1 § 1 § 1 <1 <1 lp11)? <1 <1
Lossy Lossy | S1| =1 <1 S1| S1 | <1 | <1 <1 <1
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input and output ports are complex, reflected and transmitted powers, therefore, cannot simply
be obtained by taking the square of the absolute of reflection and transmission coefficients; i.e.,
|S11]? and |Sa1|? do not represent reflected and transmitted powers any more. The signal flow graph
shown in Fig. 2.10 shows a 1-D resonator as a two-port network. The resonator itself is modelled as
a transmission line which contributes a phase of yol. Here, 79 is the propagation constant in the
resonator and [ is the width of resonator. a; is the incident wave at port ¢ while b; is the reflected
wave at port ¢. Port 1 is the incident port while the transmitted signal is obtained at Port 2 with
the assumption that there are no incident waves at Port 2, i.e., as = 0. The two-port network is
assumed to be reciprocal. The normal Fresnel reflection and transmission coefficients (I, and

Tym) are defined here as,

Nm — Tn
r, == m™_ 2.135
and,
Tom = 2 _ Ton (2.136)
Nm =+ Mn

Where 7, is the intrinsic impedance of the resonator medium and 7; of the medium flanking the

resonator. The node variables x1—z4 can be expressed as,

x1 = Tiga1 + [2122 (2.137)
zo = e 2y, (2.138)
x3 = e 2y (2.139)
and,
zg = I3 (2.140)
T12 Z1 6_721 I3 T21
a; "~ O O AN by
Port 1 I Iy Iy Iy Port 2
by <N\ O O > XN ag
Ty 2o e 2l xy  Tip

Figure 2.10: Signal flow graph illustration of 1-D Fabry-Pérot resonator of width [. Each node
represents an equation given by the sum of inputs minus the sum of outputs. There are no incident
waves at Port 2, therefore, I'1s and Ti2 can be ignored. The total reflection and transmission

coefficients can be computed from algebraic manipulation of resultant node equations.
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with,
by = a1 + To19 (2.141)

and,
bg = Tglxg (2.142)

Now,

Tipay = 11 — I
= eMlpy — Mye 2lyy (2.143)
= elyy — e ey
and,

TioToray = €2'by — Ioye ™ 72by
(2.144)
= by (ewl — Fﬂe—’yzl)

The overall electric field reflection and transmission coefficients of the Fabry-Pérot resonator are

then expressed as,
by TyoToy Ioe= 22 4 Iy (1 - Fgle—%l)

r= (2.145)

and,

—al
pobe_ Twlhe ™™ (2.146)
aq 1— F221€_2721

2.16 Example: Zero-Order Power Propagation Model for Lossy
Three-layer Media

The three-layer media is considered a canonical problem in classical electromagnetic textbooks.
However, in many textbooks like; Born and Wolf [14], and Macleod [15]; reflectance (and transmit-
tance) is defined as the square of absolute of the electric field reflection (or transmission) coefficient,
with the implicit assumption that at least one medium at any interface is lossless'. However, when
two lossy media are considered with a common boundary, the conventional definition of power
reflectance (and transmittance) is not valid.

Consider the zero-order power propagation model in a recently published paper by Sun and
Lucyczyn [12] shown in Fig. 2.11, which uses a heuristic approach for computing the reflected and

transmitted powers through a planar material (medium) of given thickness [; where, P;, P, and P,

'Valid only if total reflectance (or transmittance) are expressed in terms of Fresnel reflection coefficients only, by

replacing 7o with 1 — Rg; otherwise, both media must be lossless.
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Surrounding / Surrounding
medium medium
P—— Material
—>T21 g2l —> 12 ="Tan
R”DC »
R R
P <«—— —> P,
P, Py
Prl‘—)/ 3
P7'2 ( P
\_ 3 2
-
P7'3
E N s
X
_
P77n‘
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Figure 2.11: Heuristic engineering approach for the power propagation model with an arbitrary
lossy surrounding medium: (top) illustrating individual contributions; (bottom) illustrating Fabry-
Pérot reflections. A large black arrow shows the total incident power at the left interface. Some
of the incident power is reflected back, determined by the reflectance Ri;, while some of it is
transmitted 721 = 1 — Rq11. The attenuation constant «, which is non-zero for a lossy medium,
determines the losses as the incident wave travels from left interface to the right. At the right
interface, again some of the power is reflected back inside, while some of it is transmitted. The sum
of individual reflections (and transmissions) give the total reflected (and transmitted) power. Figure

redrawn from Sun and Lucyszyn [12].
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are the total incident, reflected and transmitted powers, respectively. The intrinsic impedance of the
surrounding medium and material sample are 1, and 72, respectively. Sun and Lucyszyn [12] have
assumed the surrounding medium as free space, with the implication that the common reference port
impedance is 79, which is the impedance of free space. Sun and Lucyszyn [12] express the reflectance
and transmittance purely in terms of Fresnel reflection coefficients, so their power propagation
model is valid if at least one medium is lossless at any boundary, however, if both media at any
boundary are lossy then the proposed power propagation model by Sun and Lucyszyn [12] is no
longer valid. Based on the concept of power waves, a simple correction is proposed here so that the
model is valid for lossy media.

From Sun and Lucyszyn [12], the overall reflectance is given by,

Pr oo: Prm (1 _ R0)2 7’02
R="Tnrem=tomm _1q 4 = 0 0IR 2.147
P, P, [ 1 (ReTo)? | ™" (2:241)
where, the overall transmittance is,
Pi Yooy P _ (1=Ro)’
P P, - (RoTo)® " (2149

Here, the zero-order approximation for reflectance, with free space as reference, is defined by Sun
and Lucyszyn [12] as,
Ro = |pol? (2.149)

where, po = (12 —n0) /(2 +m0) = (1 —n)/(1+n) is the Fresnel reflection coefficient at the
interface between free space and material sample, where free space and material sample are denoted
by subscripts 0 and 2, respectively; 7 = n — jk is the complex refractive index of the material
sample; 72 is the intrinsic impedance of material sample; and 7 is the intrinsic impedance of free
space. If the surrounding medium is lossy then reflectance must be defined in terms of a power

reflection coefficient as,

* 12
2~

Rii = |—— 2.150
H N2 +m ( )

Notice that Rq1 = Ry if at least medium is lossless. Transmittance is given by,

2 2

_ ms\ VRe{m} _ |2VRe {m}V/Re {n2}
T = |1+ 1| = (2.151)
n2/) \/Re{n2} M +m

where, o1 = 21m3/(n2+11) is the Fresnel transmission coefficient at the left interface; the surrounding
medium and material sample are denoted by subscripts 1 and 2, respectively. Using the power wave
definition of reflectance and transmittance from (2.150) and (2.151), respectively, (2.147) and (2.148)

can now be modified as,

Pr oo_ Prm 1- g
R_P%Zml_[H(RH)T;H}Rl (2.152)

P 1— (RiTa1)?
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and,
P Ym=mbim (1 —Ru)’
g P 1— (Ri1T21)°
where, R11 and Ta1 are given by (2.150) and (2.151), respectively. Equations (2.152) and (2.153)

Ta1 (2.153)

can be used to compute reflectance and transmittance for lossy media. The same correction can
be applied to any textbook result to get the correct power reflectance and transmittance when

considering lossy media.

2.17 Conclusion

The concepts of voltage waves (including travelling waves and pseudo waves), power waves and
characteristic impedance in microwave theory have been reviewed. Generalised formulas for n-port
conversion between S- and Sp-parameters have been derived from first principles. The cascading
condition for interconnecting two-port networks has been discussed with reference to S- and Sp-
parameters. Direct conversion formulas for renormalisation of S- and S,-parameters for two-port
networks have also been presented. In addition, formulas for direct interconversion between S, Z,
Y, h, ABCD and T parameters of a two-port network with arbitrary reference impedances have
been derived. Finally, the concept of S,-parameters has been applied to two-media and three-media
one- and two-port networks to highlight the usefulness of S,-parameters in computing power when

reference port impedances may be complex.
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Chapter 3

Modelling Lossy Resonators

3.1 Introduction

When THz electromagnetic waves encounter a good conductor most of the energy is reflected
while a very small portion of the wave propagates inside the conductor, which quickly decays
due to conductive losses. A cavity with metallic walls can trap electromagnetic energy inside it
as electromagnetic waves reflect off the metal walls and remain trapped inside for a long time.
The electromagnetic energy inside decays over time via conductive losses when electromagnetic
fields interact with walls. There is also constructive and destructive interference of waves and the
amplitude of waves inside the cavity dramatically increases at certain frequencies. Such frequencies
are known as resonant frequencies and the cavity is known as a metal-wall cavity-resonator.

Electromagnetic resonators became a subject of interest in the 1930s when the first metallic
waveguides were developed. These waveguides have now been studied for well over a hundred years
and they have been extensively used in different electrical applications because of their ability to
operate at fixed resonant frequencies. The resonant frequencies depend on the size and shape of
the resonator in addition to the dielectric properties of the resonator and the surrounding medium.
Traditionally, resonators with metallic walls have been employed to achieve low-losses resulting in
high quality factors (Q-factor) at the frequency of operation. The theory for such low-loss cavity
resonators is well established and research in this area was mostly confined to studying high Q
resonators.

For highly lossy resonators, traditional theoretical techniques such as the perturbation theory
and even eigenmode solvers employed by commercial software packages fail to give correct results, as
shown by Papantonis and Lucyszyn [1] who studied spherical resonators with conducting walls and

developed the theory for exact analytical solution to the lossy spherical resonator problem as the
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conducting walls are transformed from PEC to free space [1]. Wolff further presented a generalised
analytic solution for three-layer spherical resonator [2]-[3].

When two resonators are brought close together to within a certain distance, they start to
interact. This interaction results in the exchange of electromagnetic energy, a phenomenon known
as electromagnetic-coupling, resonator-coupling or coupling for short. Coupling results in detuning
of the original resonant frequencies and a new set of coupled resonant frequencies arise. At these
resonant frequencies, the exchange of electromagnetic energy is strongest. Coupling between two
resonators is described by a dimensionless quantity known as a coupling coefficient, which typically
varies between 0 and 1. It denotes the amount of electromagnetic energy exchanged between the

resonators.

3.2 General Solution of a Symmetric Fabry-Pérot Resonator

A Fabry-Pérot resonator is formed when a medium of finite width is flanked on either sides by
different media which is essentially a three-media problem. The Fabry-Pérot resonator is symmetrical
if the flanking media have the same material parameters, and asymmetric otherwise. The Fabry-
Pérot resonator is able to trap electromagnetic energy inside it due to the partial reflection of
electromagnetic waves from resonator boundaries. The reflections are due to material parameter
discontinuity at the boundaries. The general form of the solution for a symmetric Fabry-Pérot
resonator formed of consecutive planar media is presented here. Consider Fig. 3.1 where a wave
is incident on the interface at z = 0 and [ being the length of the resonator. Under steady-state
harmonic excitation, there will be forward and backward electromagnetic plane waves, with As
representing the complex amplitude coefficients for the forward waves and Bs representing the
backward waves. There are no reflected waves in medium ®, where the reference plane for coefficient
Ag is z = [ as indicated by the shift z — [ while the rest of the coefficients are referenced with
respect to the z = 0 plane. Boundary conditions at z = 0 and at z = [ require that the tangential
components of electric and magnetic fields be continuous. Application of boundary conditions
will result in the following generalised characteristic matrix system for a symmetric Fabry-Pérot

resonator, following the development of Chapter 2,

i L1 Ag o
a a —b —b 0 0
Bo
¢ —c¢ —d d 0 0
0 0 be ¥ be¥ —a 0
Be
0 0 de®? —de? -—c 0
L 1 4 LY
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Q) ©) ®

M1, &, O, T Mo, &, O3, T Hi; &5 01, My
B, B,
-— -—
A
—_—
A4 A,
T 5 - 5
z 2—0 z=l

Y

Figure 3.1: Incident and reflected fields in three-layer media. As and Bs are, respectively, reflected
and transmitted fields in a given medium. Here, the reference plane for fields with coefficient As is
the plane z = [, while all other fields are referenced with respect to the z = 0 plane. There are no

reflected waves in medium ®.

where, the coefficients By, Az, Be and Ag can be obtained in terms of Ag as,

By (1-e*)(1-¢Q1+0)

20 3.2
Ao (14 OP - (1— ) >
A —2¢ (1
e _ 2601+0) (3.3)
Ao (1+¢Q)7 —e2(1-¢)
B —2¢e72% (1 —
e e -9 (3.4)
Ao (1+¢Q)7 —e2(1-¢)
A 4e¥
2o e . (3.5)
Ao (14" —e 2 (1-()
where ¢ is the complex phase term and,
ad
= = 3.6
(=2 (36)
with,
=— 3.7
<=3 (3.7)
The S-parameters of the Fabry-Pérot resonator can be defined as,
By .
511 = — — B@ with A@ =1 (38)
Ac | By—0
and,
Ag .
So1 = — — Ag with Ap =1 (39)
Ao | By—0
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Lossy resonators are characterised by their complex natural frequency [1],
s ’ . el wo
= =— 3.10
fo=Tro+ik o (3.10)

where, f{) is the damped or undriven resonant frequency, also called natural frequency, and f{/
denotes loss, where wyq is the angular complex eigenfrequency. For ideal resonator without any losses,

f§ =0 and fo = f§- The unloaded Q-factor is defined as,

W(t)

w(w,t) =w 3.11
Qulw,) =wpm 5 (3.11)

where, the Q-factor for lossy resonators is given by [1],

@l _ |fol
u p— = o12
Q (|WOD 2OJ6/ 2f(/)/ (3 )
or,

Quleh) = 52 = (3.13)

R
where, (3.12) is normally used for driven or steady-state response, while (3.13) is usually used for
undriven or eigenmode response.
The complex natural frequency or the eigenfrequency response can be obtained by setting Ap = 0

in (3.2), provided Bg # 0, to obtain,
(1+¢)*—e®(1-¢*=0 (3.14)

The solution of (3.14) results in an infinite number of solutions which are either designated as even
or odd modes depending on corresponding symmetry of the electric field. The respective even and

odd modes can be obtained by solving the following equations for complex eigenfrequencies,
(1+¢)+e¥(1—-¢) =0 Even modes (3.15)
(1+¢) —e¥(1—-¢) =0 0dd modes (3.16)

The coefficients for eigenmodes are obtained by setting Ap = 0 in (3.1) and solving for Ag, Be and

Ag in terms of By, where By is normally set to unity.

Ao — (12_40 Bo (3.17)
Bo (1;03@ (3.18)
_ o2 _
by 00— 00 10

The relationships presented in this section are generalised and applicable to any Fabry-Pérot

resonator problem, resulting in a matrix system similar to (3.1).
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3.3 Eigenvalue Solution of a Lossy Fabry-Pérot Resonator

A Fabry-Pérot resonator formed from layers of planar semi-finite media can be treated as a
transmission-reflection problem. The solution assumes plane waves incident normal to the interface,
as shown in Fig. 3.1. It is assumed that the resonator walls extend to infinity and there are no
reflected waves in the wall medium. The simplest case of a plane wave normally incident at the
interface is considered here, which is essentially a 1-D problem. The solutions for TE or TM
incidence can be easily obtained from the field expressions for these respective cases. Writing the

expressions for incident and reflected electric and magnetic fields,

B0 = Ape™ % + Boe™” (3.20)

1 —Yoz Yoz
Hy® = % (A@e - B@B ) (321)
E,0 = Ape™ 7% + Bge®? (3.22)

1
Hy® = 77—@ (A@@iw@z — B@@ﬂf@z) (323)
E.o = A®677®(27l) (3.24)
L eezD)

Hy® = 777@14@6 : (325)

where the propagation constant is given by,

Vi = Jwi/fleffifefri With i =0,0,0 (3.26)

with, 7@ = Y0, w is the angular frequency in radian/s, ficsy; is the effective complex permeability
of medium ¢ which is set as the permeability of free space (o) here, £.5¢; is the effective complex

permittivity of medium ¢ given by,

2

Eeffi = €0€reffi = €0(Eri —J——) (3.27)

wen

where, ¢ is the dielectric constant in free space, €,; is the dielectric constant of medium 4, o; is the

DC bulk conductivity in S/m of medium 4, and 7; is the intrinsic impedance of medium i in .
Boundary conditions require tangential components of electric and magnetic fields to be

continuous across the interface at z = 0 and at z = [. Setting E,0(z = 0) = E,o(z = 0),

Hyo(z =0) = Hyo(z = 0), ez =1) = Eyo(z = 1) and Hye(z = 1) = Hye(z = (), the following
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characteristic matrix system is obtained,

_ 1| Ae o
1 1 -1 -1 0 0
Bo
No —MNe —No 1o 0 0
Ao | = (3.28)
0 0 e el el -1 0
1 1 Bo
0 0 noe ™ —mee™® —mo 0
L 1 By LY

Making use of (3.1)-(3.2) and setting Ap equal to unity, the S-parameters are obtained as,

oo L) (= 5) () 520
(i) e (-3)
4”—%77@
So1 = e (3.30)

2 2
o\ _ o270l _ o
(1+2) —e2el (1-2)
The complex eigenfrequencies of the resonator can be obtained by setting the denominator of

S11 equal to zero given by,

2 2
(1 N @) o2l <1 N @) —0 (3.31)
ne e
From this, following equations can be obtained for even and odd modes,
<1 + Ug) + e el (1 — @) =0 Even modes (3.32)
Ne Ue)
(1 N l@) el (1 - 1@> — 0 0dd modes (3.33)
e ye)

3.3.1 Example: Lossy Three-Media Fabry-Pérot Resonator

A lossy 1-D Fabry-Pérot resonator made of consecutive, semi-infinite layers of planar media is
considered as shown in Fig. 3.1. Here, [ = 300 pum, €,0 = €,0 = €,0 = 1 and og = 0. Losses were
introduced by varying the value of bulk DC conductivity of the surrounding media © and ®. Since,
the resonator itself is lossless and there are no conductive or polarisation losses inside the resonator
medium @, the losses are entirely due to radiation or EM energy from the resonator boundaries
after partial reflection. The eigenfrequencies of this 1-D Fabry-Pérot resonator were obtained by
numerically solving (3.32) and (3.32), using the MATLAB function ‘vpasolve’ [4]. As resonator-wall
bulk DC conductivity og (with 0@ = 0g) is varied over the range 0 < op < 00, the resulting complex
eigenfrequencies are plotted in Fig. 3.2. A very high value of bulk DC conductivity effectively
mimics a PEC medium with the resonator, being able to retain all of the energy inside it, acting like

an ideal resonator. It can be generally expected that as the conductivity of the surrounding media

64



3.3 Eigenvalue Solution of a Lossy Fabry-Pérot Resonator

is reduced, resonator losses will increase. An interesting result from the study of lossy spherical

resonators by Papantonis and Lucyszyn [1] was that as the bulk DC conductivity (o.)of spherical

resonator walls was reduced, the resulting value of f{ generally decreased in a monotonic manner;

but around a value of o, = 80 S/m, f{ suddenly increased before again decreasing monotonically.
The resonant frequency of the m'™ mode of an ideal resonator (oq — oc) is given by,

muv

fm =5 (3.34)

where, fr = ¢/2] = 0.4997 THz is the fundamental resonant frequency of the ideal resonator with
mode number m = 1 and speed of light in resonator v = ¢/,/€,@ = ¢; ¢ being the speed of light in
free space and g,0 = 1.

The solution of the fundamental mode from (3.32) and COMSOL Multiphysics® eigenmode
solver are shown in Fig.3.2(a). It can be observed from Fig.3.2(a) that COMSOL Multiphysics®
eigenmode solver does not converge to the correct solution when op < 10 S/m. An interesting
observation is that close to 1 S/m, the real part of the complex eigenfrquency goes to zero, i.e.,
f4 — 0, which indicates transformation of the fundamental mode into, essentially, a static mode.
Figure 3.2(b) shows the plot of the next higher order mode with m = 2, which tends to transform
into the fundamental mode as op — 0. A plot of the first five modes in Fig. 3.2(c) shows the same
trend with these modes. These results are consistent with the results obtained by Wolff for lossy
spherical resonators [2]-[3].

Figure 3.3(a) shows a comparison of theoretical unloaded Q-factor and that obtained from the
COMSOL Multiphysics® eigenmode solver. The disagreement between theoretical and numerical
results at higher values of og is possibly due to the sensitive nature of (3.13) with fJ — 0 in the
denominator as o — oo. Figure 3.4 shows a plot of S-parameters based on the conventional
pseudo wave and power wave definitions, respectively, published in the open literature [5]-[6]. Here,
the conductivity of the resonator walls was set to ogp = 0g = 100 S/m. The reference impedance for
S-parameters in this case was 7 which is complex, therefore, energy conservation does not hold
(1S11]? + |S91|> # 1). However, with the power scattering (Sp-) parameters, and 50 €2 referenced
S-parameters, energy conservation is satisfied, (i.e., |Sp11]? + [Sp21|> = 1).

Figure 3.5 shows a plot of return loss (20log;(|S11|) in the complex frequency plane with
op = 100 S/m, representing a fairly lossy resonator, where the shift in peaks of So; and dips
of S11 can be clearly seen. The poles of return loss zero indicated by red dots are the complex
eigenfrequencies, while zeros indicated by blue dots correspond to the ideal modes. Figure 3.6 shows
the plot of insertion loss (20log;|S21|) as a function of bulk DC conductivity of resonator walls oo.

The peaks of transmission are indicated by the resonances of the cavity resonator, which become
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Figure 3.2: Plot of complex eigenfrequency components fj and fj as a function of bulk DC

conductivity of resonator walls op: (a) comparison of the fundamental mode obtained from theory

and COMSOL Multiphysics® eigenmode solver, which shows that the COMSOL Multiphysics®

eigenmode solver does not converge to correct solution for op < 30 S/m as the fundamental

transforms into static mode; (b) transformation of next higher order mode with m = 2 into

fundamental mode with m = 1 as the resonator becomes very lossy; and (c¢) first five modes with

fundamental mode indicated by thick line plots. The higher order modes tend to transform into the

next lower mode as the resonator becomes very lossy.
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Figure 3.3: Plot of unloaded Q-factors Q,(|lwo|) and @ (wj) against bulk DC conductivity of
resonator walls 0p: (a) fundamental mode obtained from theory and COMSOL Multiphysics®
eigenmode solver, which shows that the COMSOL Multiphysics® eigenmode solver does not converge
to correct solution for og < 30 S/m and also displays a disagreement with theory for op > 10* S/m
due to sensitive nature of quality factor relationship given by (3.12) and (3.13); (b) next higher
order mode with m = 2 suggesting that (3.13) is more useful for computing quality factor; and

(c) first five modes with fundamental mode indicated by thick line plots.
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Figure 3.4: Plot of S-parameters of 1-D Fabry-Pérot resonator with op = 0@ = 100 S/m based on
the conventional and power wave definitions, respectively. With conventional complex-referenced
S-parameters, the insertion and return loss exceed 0 dB, however, the S,-parameter response shows

that the total energy is conserved. Frequencies at S-parameter resonant peaks are also indicated.

sharper as radiative losses from walls are reduced. A line scatter plot of complex eigenfrequencies
with varying DC bulk conductivity of walls og is shown in Fig. 3.7. The complex eigenfrequencies
of the first three modes obtained from COMSOL Multiphysics® eigenmode solver are summarised
in Table 3.1.

3.3.2 Example: The ‘Inverse’ Three-Media Fabry-Pérot Resonator

It is interesting to consider the case of ‘inverse’ Fabry-Pérot resonator by interchanging the material
parameters of walls and Fabry-Pérot resonator medium. The length of resonator is kept [ = 300 um
while op = 0@ = 0 is kept constant and og is varied over the range 0 < 0@ < co. Here, losses are
not only due to radiation of EM energy from resonator walls but also due to the conduction losses
inside the resonator. There is an optimal value of conductivity o = 30 S/m at which the resonator
Q-factor is highest. Figure 3.8 shows a comparison of complex eigenfrequencies obtained from
theory by numerically solving (3.32) and (3.33); and those obtained from COMSOL Multiphysics®
eigenmode solver. It can be seen in Fig. 3.8(a) that as the bulk DC conductivity oe < 10 COMSOL
Multiphysics® eigenmode solver tends to converge to next higher order mode with m = 2 and is

no longer able to solve for a stable solution for m = 1. The Q-factors of the inverse Fabry-Pérot
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Figure 3.5: Plot of return loss (20log;|S11|) in the complex frequency plane with op = 100 S/m.

The poles of return loss zero indicated by red dots are the complex eigenfrequencies, while zeros

indicated by blue dots correspond to the spectral location of ideal modes on the Im{f} = 0 line.

Notice, however, that the resonator medium itself is lossless; indicated by the close proximity of

zeros to the Im{f} = 0 line.

Table 3.1: Comparison of numerically computed eigenfrequencies of the lossy 1-D resonator with

ideal case. Resonator length is | = 300 um with bulk DC conductivity of resonator wall being

100 S/m. The computed absolute value of complex eigenfrequency |fo| corresponds to the spectral

location of peaks of So; in Fig.3.4. The ideal response corresponds to the spectral location of dips

of Sq1 in Fig.3.4.

m | Ideal [THz Eigenfrequency (fy) [THz |fo] [THZ  Qu(jwol) Qu(wh)
1 0.4997 0.3844 + 70.0966 0.396 2.052 1.988
2 0.9995 0.8407 + 70.1528 0.855 2.796 2.751
3 1.5001 1.311 + 50.1946 1.325 3.405 3.369
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Figure 3.6: Plot of insertion loss (20log;(|S21|) as a function of bulk DC conductivity. A decrease
in Q-factor can be observed from the broadening of resonances as op — 0; and convergence of

resonances, at return loss zero frequencies, as ogp — 0.
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Figure 3.7: Visual summary of the response of the lossy Fabry-Pérot resonator with a line scatter
plot of the complex eigenfrequencies in the complex frequency plane with selected spot values of
bulk DC conductivity. The fundamental mode is indicated with spot values of bulk DC conductivity.

The higher order modes tend to transform into the next lower mode as the resonator becomes lossy.
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resonator are plotted in Fig. 3.9. The S- and Sp-parameters of the inverse Fabry-Pérot resonator
are plotted in Fig. 3.10 at 0p = 20 S/m with transmission being heavily damped. Figure 3.11 shows
the plot of return loss (20log;(|S11|) of the inverse Fabry-Pérot resonator in the complex frequency
plane with og = 20 S/m. Poles indicated by red dots are the complex eigenfrequencies while zeros

denoted by blue dots correspond to ideal modes.

3.4 Conclusion

Lossy 1-D cavity resonators have been studied by varying the DC bulk conductivity of wall media in
the limit 0 < 09 < co. In the limit g — 0, modes degrade to the next lower order mode while the
fundamental mode transforms into static mode. In the limit oy — 0o, modes tend to ideal resonant
frequencies. The lossy inverse resonator was also analysed. The inverse lossy resonator not only
included lossy from walls but the resonator medium itself was lossy, with the quality factor reaching

a maximum for a certain value of bulk DC conductivity.
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Figure 3.8: Plot of complex eigenfrequency components fj and fj as a function of bulk DC

conductivity of resonator op: (a) comparison of fundamental mode obtained from theory and

COMSOL Multiphysics® eigenmode solver showing the limitation of the COMSOL Multiphysics®

eigenmode solver to give correct solution only for a certain range of values of og. Furthermore, the

solution for fundamental mode by the COMSOL Multiphysics® eigenmode solver incorrectly tries

to converge to next higher mode with m = 2. (b) Next higher order mode with m = 2; and (c) first

five modes with fundamental mode indicated by thick line plots.
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resonator walls 0p: (a) fundamental mode obtained from theory and COMSOL Multiphysics®
eigenmode solver, which shows that the COMSOL Multiphysics® eigenmode solver does not converge
to correct solution for og < 30 S/m and also displays a disagreement with theory for op > 10* S/m
due to sensitive nature of quality factor relationship given by (3.12) and (3.13); (b) next higher
order mode with m = 2 suggesting that (3.13) is more useful for computing quality factor; and

(c) first five modes with fundamental mode indicated by thick line plots.
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Figure 3.11: Plot of return loss (20log;(|S11]) in the complex frequency plane with op = 20 S/m.

The poles of return loss zero indicated by red dots are the complex eigenfrequencies, while zeros

indicated by blue dots correspond to the spectral location of ideal modes on the Im{f} = 0 line.

The shift of zeros well above the Im{f} = 0 line indicates the resonator medium is also lossy.
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Chapter 4

Excitation of ‘Open-Box’ Modes in
FDM 3-D Printed Dielectric-Filled
Metal-Pipe Rectangular Waveguides

4.1 Introduction

Microwave material characterisation techniques involve a dielectric sample of unknown material
parameters and known dimensions, usually placed in an air-filled waveguide. The dielectric sample
essentially acts like a Fabry-Pérot resonator. The S-parameters response of the dielectric sample
are then compared with the theoretical ideal response of a known material of same dimensions to
compute the material properties of the unknown sample.

In a recently published paper by Sun et al. [1], a new graphical technique, originally introduced
by Sun and Lucyszyn [2], was used to extract the complex dielectric properties of an fused
deposition modelling (FDM) 3-D printed acrylonitrile butadiene-styrene (ABS) sample, under noisy
measurement conditions. The sample under test, of known dimensions, was placed in a WR-90
standard metal-pipe rectangular waveguide (MPRWG) operating at X-band, and S-parameters of
the experimental set-up were measured using the thru-reflect-line (TRL) calibration technique. A
dielectric sample placed in an air-filled MPRWG essentially behaves as a Fabry-Pérot resonator.
The measured response included a Fabry-Pérot resonance at return loss zero at X-band [2].

Sun et al. [1] showed that the modelled S-parameters, of the dielectric-filled section of the
MPRWG, can be fitted to the measured S-parameters at the Fabry-Pérot resonance frequency
to predict the dielectric constant and loss tangent of the sample under test, at the Fabry-Pérot

resonance frequency only. According to Sun et al. [1], the spectral location of the return loss zero is
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very sensitive to the dielectric constant but not so to the loss tangent; on the other hand, the peak
value of insertion loss is very sensitive to loss tangent but not so to the dielectric constant. Sun et
al. [1] ‘extracted’ the values of dielectric constant and loss tangent by visually fitting the modelled
return and insertion loss, to the measured return and insertion loss, respectively. The value of
dielectric constant was varied so that the modelled return loss zero would occur at the location of
measured return loss zero. Similarly, the value of loss tangent was varied so that the peak values of
modelled and measured insertion loss would coincide. Sun et al. [1] called this “the Fabry-Pérot
resonance modelling” technique for extraction of dielectric properties of a sample under test.

Sun et al. [1] used two similar FDM 3-D printed samples, which they called Sample #1 and
#2. Several modelling approaches were used by Sun et al. [1] to extract the dielectric properties of
their samples, using the Fabry-Pérot resonance modelling technique, at the Fabry-Pérot resonance
frequency. These modelling techniques included: (i) accurate analytical variational modelling
(designated M1); (ii) analytical text book modelling (M2); (iii) MPRWG and RLC equivalent-circuit
modelling (M3 and M4); and (iv) numerical finite-element modelling (M5).

In addition to the expected driven Fabry-Pérot resonance, Sun et al. [1] also observed spurious
resonances in the measured S-parameter response of their dielectric samples, when placed in MPRWG.
They called these resonances, the ‘open-box’ modes of the dielectric sample under test [1].

In this chapter, analytical field-based and numerical finite-element approaches used by Sun et
al. [1] for modelling S-parameters will be presented. Also, Q-factor calculations of dielectric-filled
MPRWG from field-based integrals using analytical and numerical methods by Sun et al. [1] will also
be presented. After that, numerical, as well as, rigorous analytical analysis of the open-box mode
resonances will be presented with reference to the published work by Sun et al. [1]. Additionally,
with numerical methods, a technique for exciting open-box modes by defining an in-homogeneous

and anisotropic permittivity tensor will be presented.

4.2 Analytical Variational Modelling (M1)

In any medium (unbound, transmission line or waveguide), the generic complex propagation constant
v = a+jB, where « is the attenuation constant and £ is the phase constant. These constants can be
accurately calculated for a dielectric-filled MPRWG using the variational method described in detail

by Collin [3] for all transverse electric TE,,, modes; given here for just the TE,,g modes [1], [4],

2 2b
Voo = Vo + 5eb {75(1 + (;) “YEmo] (4.1)

With the internal waveguide walls made from a perfect electrical conductor (PEC), i.e. with

8
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o — 0o, the waveguide propagation constant -y, is related to the unbound dielectric 7,4 and cut-off

Yemo Propagation constants as [1],

Vo = Yad = Vemo (4.2)
Yud = Jkua = 7Bont  and  Yemo = Jjkemo = JBemo (43)

All variables have their usual meanings: k4 is the complex wavenumber within an unbound
dielectric; By = w/c is the phase constant of free space; w = 27 f is the angular frequency of
excitation and f is the associated excitation frequency; ¢ = 1/,/Hogo is the speed of light in free
space, po and €p are the permeability and permittivity of free space, respectively; the complex
refractive index i = \/fi,&rcrs and loss tangent tand = Im{n®}/Re{n?}; fi, = p. — jp!! is the
complex relative permeability for the dielectric (it is assumed a priori that the ABS samples are
non-magnetic and, thus, fi, = 1); &.cff =€), T Jjer, 7y is the effective complex relative permittivity,
g, and tand. = tand|—o = € /e ;; are the dielectric constant and electric loss tangent,
respectively; kepmo = mm/a is the waveguide cut-off wavenumber for TE,,g modes; Bemo = Wemo/¢ 18
the bound phase constant associated with the angular cut-off frequency for the air-filled waveguide,
Wemo = 27T femo and femo = kemoc/2m = fcm is the angular cut-off frequency for the air-
filled waveguide (femo = 6.55714 GHz for the TE1g mode with WR-90 waveguides), with f. being
that for the dielectric-filled waveguide; v is the complex propagation constant for the transverse
electromagnetic (TEM) wave within the MPRWG’s internal conducting metal walls (assumed here
to be non-magnetic and so its permeability 1 = pg) and Z, is the associated surface impedance
having an intrinsic bulk conductivity o (with o = ¢ at X-band) [1],

_Jwi
Z

S
Jwi wito .
Zs=y|——= . /—(1 t X-band 4.5
=\ o e Z gy (149 at Xeban (4.5)

The wave impedance and propagation constant for the TE.,g modes and 7,0, respectively, can

¥s (4.4)

be determined from [1],

TR with zgin, o = TR0 (4.6)

YmO m0

ZTEmo0 =

where, Z%r, o and 2%

@ represent the wave impedance and propagation constant for an air-filled

waveguide (associated with the test ports). For the TEjy mode, the equivalent power-voltage

definition for characteristic impedance Z; gives,

2b - ; 26N L ai Zo _ Zrew _ -
Zo=(2)z th zgir = (22 zir 4 = %0 _ Zren Mo A7
0 ( a > TE10 W1 0 ( a > TE10 Al 5 Z(z)ur Z%%l() Y10 Hor ( )
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where, ¢ is the normalised impedance for the medium.
Propagation constant v, wavenumber k and wavelength A are all generic complex variables

related to one another by,

(4.8)

>

y=Jjk=]
With a dielectric-filled MPRWG, (4.1) can be greatly simplified with PEC internal waveguide
walls. Thus, using simple trigonometry, the propagation constant for the unbound dielectric 7,4

can be expressed in terms of the longitudinal guided-wave propagation constant v, and transverse

waveguide cut-off propagation constant vem,o as,
2 2 2
Yud = PYg + Yemo (49>

giving the following wavenumber and wavelength relationships,

2= K- g (4.10)
and,
1 1 1
- (4.11)
2N Ao
where [1],
N )\0 C 27
Ad=— and Ng=-=— 4.12
a== 0=F= 3 (4.12)
c 2w 2a
Aemo = —— = — —  for TE, des 4.13
0 fcmO kcmO m o 0 modes ( )
The complex guided-wavelength is [1],
Ay = A“C{ = = A0 - (4.14)
b - A
Vi ()" - ()
By setting Zs = 0, vs — oo and (4.1) reduces to,
Ym0 = Vg (4.15)

In general, with PEC walls, the waveguide propagation constant for TEy,, or TM,,, modes is given

by [1],

’y'r2rm = ’Y_gmn = %Ed - ’Yzmn (416)

The complex phase constant 3 = kg =2m/ :\g is given by [1],

~ 2 D)
B = kua 1<A“d> = o ﬁt( A0) (4.17)

)\cmO )\cmO
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For a lossless waveguide, the lowest-order Fabry-Pérot resonance frequency can be calculated with

guided-wavelength A\, (ffp) = 27/8 (ffp) = 2l. As a result, it can be shown for TE;;,o modes that [1],

o/ \ Hrkress
frp = — 1+ (l/a) (4.18)
The textbook approximation for TE;,0 mode wave impedance is [1],

770/~L/r _ no\//i/r/a;eff (4.19)
Viseress= (52) 1= ()

The associated wave impedance for air-filled waveguide is given by [1],

ZTEm0 =

L =~ (4.20)

()

4.3 Field-Based Analytical Modelling of Dielectric-Filled MPRWG

Consider the waveguide structure shown in Fig. 4.1, where a TE wave is incident on a dielectric-filled
section of MPRWG. For a WR-90 waveguide operating at X-band the, the cross-sectional dimensions
are given by, a = 22.860 mm and b = 10.160 mm [1]. Under steady-state sinusoidal excitation,
there will be forward and backward travelling waves, with As representing the complex amplitude
coefficients for the forward travelling waves and Bs representing the backward travelling waves.
There are no reflected waves within Section ® of the waveguide structure. It is assumed that
Sections @ and ® have the same material parameters. For the TE,,, mode, the electric (E-)field

and magnetic (H-)field components within the three waveguide sections are [5],

Ey® = % (Amn(De_Fym"@Z + angpeﬂ/m"@Z) sin (kcm(]:IJ) cos (chny) (4.21)
cmn
Hyo = —j ’Ym;t(zD’chO (AmnCDe_’ymn@Z _ an®e’)’mn®2) sin (kcm(]x) Ccos (chny) (4.22)
cmn
H.o = (Amn@)e_%nn@Z - an(De%nn@Z) cos (kcmox) cos (kCOny) <423)
Ep= % (Apnoe™ %% + Bynee?™?) sin (kemo) cos (kaony) (4.24)
cmn
Hyo = —j Wm;;D%mo (AmTL@e*’Ymn@z o an®e'Ymn®Z) sin (kcmox) Ccos (chny) (4.25)
cmn
H.o = (Amn@e_’ym"@)z — an@evmr@z) COs (kcmol’) cos (kcony) (4.26)
Eyo = WAmn@)e*%”"Q(zfl) sin (kemox) €os (keony) (4.27)
cmn

HZ® _ _j ’Ymn®’7(:m0A

" D sin (kemoa) cos (keony) (4.28)

mn®677mn®s (
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Air-filled Dielectric-filled Air-filled
MPRWG MPRWG MPRWG
a
Hos €o Hos &
b i
—> A, —>A
lair l i lair
Y z2=20 21

z Measurement reference planes

Figure 4.1: Tlustration of an ideal dielectric-filled metal-pipe rectangular waveguide of dimensions
a x b. The length of the dielectric sample is [ while the air-filled sections are of length [,;.. In any

section, As and Bs are the incident and reflected fields, respectively. Figure redrawn from Sun et

al. [1].
H,o = Apnoe ™= cog (kemox) cos (keony) (4.29)
where,
o = e =31 (2 () (430
and,

mm nm
kcmO = 7 and chn = T (431)

Here, m and n correspond to the mode numbers in the horizontal x- and vertical y-directions in
the transverse plane, respectively; Ymno and vymne are the generalised propagation constants for
the TE,,, modes within Sections @, ®, and Section @, respectively. With respect to Fig. 4.1,

air

Ymno — V{5 and yYmne — 710 are the propagation constants for the TEq¢ mode within the air-filled

(Sections @, ®) and dielectric-filled (Section @) waveguide sections, respectively.

The reference plane for fields with coefficient A0 is z = [ as indicated by the z — [ shift in the

term A,nae Y@= The reference plane for all other fields is z = 0.

By applying boundary conditions: Eya(z = 0) = Eye(z = 0), Epe(z = 1) = Ee(z = 1),
H,o(z =0) = Hye(z =0), Hyo(z = 1) = Hye(z = 1), and after some algebraic manipulations, the
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following is obtained [1],

Ao
Ymn®
0
0

o
~Ymn®
0
0

~ - T Amn@

yLe e 0
an@

—Ymn® TYmn® 0
Amn@

ﬂ®€77mn®l ﬂ®67mn®l _,D/@
an@
— l l
Ymn@e” T —YpneeTmr® —yne ]

Amn@

o o o o

(4.32)

For convenience, the waveguide structure in Fig. 4.1 is excited by setting A,,,o to unity and the

rest of the amplitude coefficients can then be obtained from (4.32) as [1],

(1—emel) (1 -0 (1+0)

with generalised coefficients,

and,

B =
e (1 + C)Q — e~ 2Ymnal (1 _ C)Q
Ay = —2(1+¢)
5 =
" (1 + C)Q — e~ 2vmnol (1 _ C)Q
B _ _2§6727mn@l (1 _ C)
e (1+ C)Q — e~ 2vmnol (1— C)Q
e (1+ C)Q — e 2ymnol (1 — 4)2
£€eYmn® }
¢ = i TMpy modes
% TEn, modes
¢ = % TMpyn modes
% TEmn modes

where, scattering parameters are defined as,

Binno .

Sy = = — Byno  with Ao =1
Amn® B'lnn@:o
Apne .

So1 = mr — Apne  with Ao =1
Amn@ Bina=0

(4.33)

(4.34)

(4.35)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

Therefore, with no waveguide wall or dielectric losses, at the Fabry-Pérot resonance frequency, there

is a return loss zero with B,,,0 = 0 and A0 = 1.

With a PEC-walled waveguide, the propagation constant for an unbound dielectric is given

by [1],

rygd = ’Y?rm + ’yzmn = _le)é

(4.41)
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With the scenario depicted in Fig. 4.1, fioe = pofiroe — o, fle = Hofire — uo,u;, oo =
€0éreffo® — €0 and Eo = €oépeffo — €oéreff. Therefore, the respective waveguide propagation

constants for Sections @, @ and Section @ are [1],

Ymn0® = \/K2nn— 02000 = \/knm—w?tioc0 (4.42)
and,
TYmn® = \/k’?zmnfw2ﬂ®§@ — \/k‘zmn*WQ[LQ,u;Eoé:reff (443)

4.4 Numerical Modelling of Dielectric-Filled MPRWG (M5)

Finite-element-based numerical solvers within COMSOL Multiphysics® [6] were used to perform
numerical modelling of the waveguide structure [1], illustrated in Fig. 4.1, considering both the
finite conductivity of the waveguide’s internal walls and dielectric sample losses. The RF Module
with COMSOL Multiphysics® provides a steady-state frequency-domain solver (which is a rigorous
full-wave simulator that solvers Maxwell’s equations with a solution that is the superposition of all
possible modes; with a MPRWG: TE ., TEmnp, TMmn, TMmnp) and an eigenmode solver (which
is a rigorous simulator that solves Maxwell’s equations for individual standing-wave modes; with a
MPRWG: TEunp and TMyy,p). The frequency domain solver rigorously solves Maxwell’s equations
at each frequency, subject to an external steady-state sinusoidal excitation at the ports. With the
eigenmode solver, the magnitude of the generated complex eigenfrequency ffp = f}p + 7 f}‘/p gives
the driven (undamped) resonance frequency fy, = | ffp\ corresponding to that seen with the former
in the frequency domain [7].

Both propagating-wave Fabry-Pérot mode resonances and standing-wave ‘open-boxr’ mode
resonances, associated with the dielectric-filled waveguide section, were simulated using frequency-
domain and eigenmode solvers, respectively.

The frequency-domain solver computes the steady-state response of the structure at a single
excitation frequency. The simulations had a frequency resolution of 0.01 GHz with 421 frequency
points equally spaced between 8.2 and 12.4 GHz [1]. Reflection-less waveguide ports are generally
located at the ends of a structure (in this case a rectangular surface boundary is defined, which
is excited by a single mode). S-parameters are computed from reflected and transmitted fields at
these ports, with respect to a predefined incident field excitation at one of the ports. There are
two approaches that can be adopted for the numerical modelling of the experimental setup using
COMSOL Multiphysics®; both require post-processing of the S-parameters.

The first approach is to simulate the complete structure illustrated in Fig. 4.1 directly, by
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defining ports at the ends of the air-filled waveguide sections and then de-embedding these sections
to move the S-parameter reference planes from the ports to the dielectric sample under test. In
this case, the reference port impedance is the wave impedance of the TE y mode within a lossless
air-filed waveguide (i.e., Zr = Z%%, [1]). This approach has the advantage that de-embedding is
simple for air-filled waveguide sections and only requires multiplication of simulated S-parameters
by e*QV%Tlﬂ“', where [y, is the length of both air-filled sections (with l,; = [ in the simulations).
The main disadvantage is that there is a computational overhead, as the air-filled sections must also
be simulated. It should be noted that while it is possible to reduce [, a smaller distance between
the waveguide port and air-dielectric boundary might be meshed densely by the automatic meshing

utility in COMSOL Multiphysics® if 1o < Ag [1].

The second approach only simulates the dielectric-filled waveguide section. In this case the
reference port impedance is the wave impedance of the TE;y mode within the dielectric-filled
waveguide (i.e., Zr = Zrpgio). The S-parameters obtained must then be renormalised to the
impedance of the TE;g mode in lossless air-filled waveguide. This approach has the advantage that
the simulated structure is just a rectangular block, thus, having simplified geometry and potentially
resulting in reduced mesh size, simulation time and memory requirements. However, as was later
found, this approach required a much finer mesh to achieve the same accuracy compared to the
first approach. This could be due to a shorter wavelength near the ports, which is much less than
the first approach, thus, requiring a denser mesh to achieve the same number of mesh elements per
wavelength. Another disadvantage is that renormalisation of S-parameters is not straight-forward

and requires matrix manipulation [8].

Numerical finite-element simulations were run on dual-core Intel Xeon E5-2665 CPU with 16
cores and 256 GB of RAM. Mesh densities were manually set to achieve similar accuracies within
COMSOL Multiphysics® for both approaches. The meshed geometries had a total of 4,429 and
18,032 tetrahedral mesh elements (respectively, taking 24 and 54 minutes to simulate), for the first
and second approaches, respectively. The results from both approaches are shown in Table 4.1 [1]

(second approach values in brackets), giving very similar results.

When compared to the analytical modelling by Sun et al. [1], the return losses are slightly
different; which can be attributed to a non-zero mesh resolution. As expected, the differential-phse
group delay and associated Q-factors are the same as those found with analytical (variational)

modelling M1 in [1].
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4.5 Analytical Field-Based Q-Factor Modelling

The constituent Q-factor contributions associated with Fabry-Pérot resonance have been modelled
analytically using an EM field-based approach, with its bespoke textbook derivation given here.
EM field integrals are calculated either using purely analytical expressions for the electric and
magnetic field components or computed directly within COMSOL Multiphysics® (by defining the
surface and volume integrals of the individual field components) from numerical (finite-element)
simulations. The results are shown in the lower-half of Table 4.1. As expected, Q-factors predicted
using both analytical field-based modelling strategies give consistent results with the numerical
modelling approach M3.

For a medium that is terminated at both ends by the same reference port impedance Zp, quality
(Q-)factor can be broken down in to constituent components; loaded @7, and unloaded Qp Q-factors
are related by [1],

1 1 1 1 1 1 1

@:@—}—@ where @:@‘F@‘i‘@ (444)

where, Q, Q., Qq and @Q, are the respective Q-factors associated with external (e) loading from
the terminating impedances and contributions due to conductive (c), dielectric (d) and radiative (r)
losses.

Now, the total energy stored inside the dielectric sample under test W can be computed from,
W =Wy +Wg (4.45)

where, Wjs and Wg are the time-averaged magnetic and electric energies, respectively, given by the

volume integrals (where the total volume of the dielectric sample under test V =a x b x ) [5],

Wy = % </ |Hyo|? + |Haof dv> (4.46)

& 5/
Wy — % </ Byl dv> (4.47)

At the Fabry-Pérot resonance frequency, the loaded Q-factor for the TEg mode can be calculated
by considering the loss contributions to the total dissipated power Pp = P. + Py + P, where P, is
due to the waveguide’s conducting wall loses, P; is due to the dielectric losses and P, is due to the
external impedance loading at both waveguide test ports. The corresponding constituent Q-factor

components given in (4.44) are then [5],

Qc = wyy W]”Pﬂ (4.48)
Qq = wyy (WMPiE) (4.49)
d
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(Wi + Wg)
P,

where, the corresponding time-average power dissipation contributions can be computed from [5],

Qe = wpp (4.50)

P, =R, </ |Hz@|2ds> + R, </ (|Haol? + |HZ@\2)ds> (4.51)
=0 =0
Py = % </ |Ey®|2dv> (4.52)

1
P, = 5Re {< | (B x H;®)ds> + < | (B H;®)ds>} (4.53)
z=0 z=l
The field integrals given in (4.46)—(4.47) and (4.51)—(4.53) (contained within the angle brackets
() are either calculated analytically, using (4.32)—(4.38) with the resulting fields defined by (4.21)-
(4.29), or computed within COMSOL Multiphysics®; the results are shown in the bottom half of
Table 4.1.

4.6 Open-Box Mode Resonance Modelling

The measured normalised power responses are shown in Fig. 4.2 for Samples #1 and #2 [1]. It
can be seen that both samples give almost identical power responses across the whole X-band.
Any dominant TE or TM travelling-waves propagate through the dielectric-filled MPRWG in the
longitudinal direction and, obviously, do not require any form of imperfections/inhomogeneity to
excite these modes. In contrast, however, the dielectric-filled MPRWG section also behaves as a
parallel-plate dielectric waveguide with short circuits at both ends in the transverse direction; any
imperfection/inhomogeneity in the sample excite standing-wave resonant modes, which are confined
in the transverse direction. The presence of these ‘open-boxr’ modes are evident by small notches
centred at their resonance frequencies, seen in the transmittance and absorptance responses of
Fig. 4.2 [1].

The dielectric constant and loss tangent values, extracted at the Fabry-Pérot resonance frequency,
were adopted from numerical Fabry-Pérot modelling called M3 in [1]. With finite conductivity
waveguide walls, the COMSOL Multiphysics® eigenmode solver predicts the complex eigenfrequencies
directly. Then, by observing the resulting field patterns (given in this section for Sample #1), the
open-box modes within X-band seen in Fig. 4.2 were identified as the TEoy1, TEg11 and TE111; modes.
In addition, from first principles with a PEC-walled waveguide, this section gives a field-based
analytical derivation for the open-box mode resonance frequencies as published in [1].

The numerically and analytically predicted open-box mode resonance frequencies for both
Samples #1 and #2 are listed in Table 4.2 (giving less than 1% error, when compared to measure-

ments) [1]. By inspection of Table 4.2, it can be seen that there is less than 0.02% discrepancy
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Table 4.1: Fabry-Pérot resonance simulation results with numerical modelling M5. Table repro-

duced from Sun et al. [1].

Parameter at wy, Sample #1 | Sample #2
, 2.3284 2.3080
4
el (2.3270) | (2.3061)
tand. x 10* 19.148 14.798
an de x
(19.148) | (14.798)
frp [GH7] 11.080 11.130
11| [dB] -53.2565 -55.4752
11
(-52.4620) | (-54.3515)
M5: Numerical (Finite-element) Modelling
-0.03800 -0.02980
using COMSOL Multiphysics® [S21] [dB]
‘ (-0.03811) | (-0.02990)
(Using measured frp, [Sa1| from [1])
ips] 61.405 60.942
Tg PS
' (61.514) | (61.045)
0 489.2 621.2
U
(489.1) (621.1)
Q 2.146 2.138
€
(2.150) (2.142)
Q 2.137 2.131
L
(2.141) (2.135)
0 8008.6 8027.5
c
(8066.0) | (8084.0)
Q 521.4 674.65
d
_ o o (517.90) | (670.20)
Analytical modelling with field integrals calculated
489.53 622.35
from analytical expressions for the EM fields Qu
, ) (486.70) | (628.90)
(Using frp, €055 and tand from M5 [1])
Q 2.1501 2.1436
‘ (2.1868) | (2.1798)
0 2.1407 2.1362
L
(2.1770) (2.1722)
Q 7494.6 7511.9
c
(7515.0) | (7532.0)
0 522.04 675.50
d
(522.22) | (675.70)
Analytical modelling with field integrals computed within
488.04 629.76
COMSOL Multiphysics® from finite-element simulations of EM fields Qu
. , (488.30) (620.10)
(Using frp, €055 and tande from M5 [1])
Q 2.1171 2.1105
€
(1.8425) | (1.8250)
Q 2.1079 2.1034
L
(1.8356) | (1.8370)
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Figure 4.2: Normalised power responses for fused deposition modelling (FDM) 3-D printed
acrylonitrile butadiene-styrene (ABS) Samples #1 and #2 filling the standard WR-90 quarter-
wavelength thru line waveguide. The spectral location of open-box mode resonances are indicated

and appear as sharp spikes in the measured response. Figure redrawn from Sun et al. [1].
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Chapter 4. Excitation of ‘Open-Box’ Modes in Dielectric-Filled MPRWG

between the results from the numerical (finite-element) eigenmode solver that considers both

conductor and dielectric losses and analytical modelling that assumes a PEC-walled waveguide.

4.6.1 Qualitative Excitation of Open-Box Mode Resonances With a Frequency-

Domain Solver

Open-box modes can be excited by in-homogeneities. With the FDM 3-D printed samples, open-box
modes reveal themselves as notches in the frequency-domain S-parameter measurements as shown
in Fig. 4.2. From the SEM microphotographs of the 3-D printed ABS sample reproduced from Sun
et al. [1] and shown in Fig. 4.3, the sample is composed of layers of ABS deposited layer-by-layer
like a woodpile structure. Numerical modelling of a to-scale 3-D woodpile metamaterial structure is
not possible, due to the extremely fine meshing required to model the very small spatial features [1].
However, three approaches can be adopted to qualitatively model the open-box mode resonances.
The first approach, adopted by Sun et al. [1], is to introduce an artificial in-homogeneity by using
a coarse meshing scheme with a homogeneous structure. The second approach, presented here, is
to model an ABS sample with up-scaled spatial features, that can be meshed and simulated in a
realistic amount of time. With this approach, the size of layer height and width of woodpile was
increased while keeping the overall dimensions of the sample fixed. The third approach is the most
robust and can accurately predict the excitation of box-mode resonances to within 0.2 GHz. With
this approach, the modelled permittivity of the dielectric sample is defined as an inhomogeneous
and anisotropic, but symmetric, tensor. This approach also has the advantage that it is independent
of mesh size. Figure 4.6 is an illustration of layer-by-layer printing of an ABS sample which shows
that each alternate layer is printed with a 180° shift in angle of straight paths.

With the first approach, the sample was simulated by Sun et al. [1] using a mesh having only
84 tetrahedral elements, as shown in Fig. 4.5(a). The corresponding frequency-domain simulated
S-parameters in Fig. 4.5(b) clearly show excitation of the expected open-box mode resonances at
their predicted frequencies.

With the second approach, a periodic woodpile structure was mathematically defined in COMSOL
Multiphysics® by varying the dielectric constant of the sample under test. The periodicity of
the woodpile structure in the xz-plane was varied as a function of y to simulate a change in
dielectric constant with a change in ambient temperature, as the printing head moves away from the
heated build-plate. The dielectric constant of the dielectric-filled section of MPRWG in COMSOL

Multiphysics® was defined as,

er(2,y,2) = (€rpuir — 1) Pulser (kq(1 + %)(PUZ(‘S@Q(%MW +2))+1 (4.54)
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4.6 Open-Box Mode Resonance Modelling

Figure 4.3: Photomicrographs of an FDM 3-D printed ABS sample under test with nominal
100 pm layer height and 100% infill printer settings: (a) top layer z-y plane view; (b) top layer z-y
plane close-in view; (c¢) bottom layer -y plane view of a corner; (d) bottom layer z-y plane close-in

view; and (e) vertical build z-z plane view. Figure reproduced from Sun et al. [1].
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where | = 9.626 mm is the length of dielectric-filled section of MPRWG (chosen from average
measurements of the printed ABS samples) [1], €pur = 2.541 is the bulk dielectric constant of
sample under test, k, = 27/, is the spatial frequency where [, = 6.400 mm was set as spatial length
of one period. Pulse; and Pulses are two periodic square pulse functions, which define the spatial

fill-factor in xz-plane and spatial periodicity along y-axis, respectively.

1 for O<z< 2rA
Pulsei(z) =<0 for 27A <z <21 (4.55)

Pulsej(x 4+ 27) in general
where, A is the duty cycle or fill factor set as 88.5%.

1 for 0<z<2m
Pulses(z) = -1 for 27 <ux < 4r (4.56)

Pulses(x 4+ 47) in general

Figure 4.4(a) shows 3-D contour plot of dielectric constant in COMSOL Multiphysics® while the
corresponding frequency-domain simulated S-parameters in Fig. 4.4(b) show the excitation of
open-box modes at their predicted frequencies.

With the third approach, an in-homogeneous and anisotropic permittivity tensor was defined for
the dielectric sample within COMSOL Multiphysics®. The permittivity tensor was kept symmetric
to ensure that scattering parameters are independent of the propagation direction of electromagnetic

wave in the waveguide. The permittivity tensor can be expressed as,

5;“eff(l+ffz(1‘7yvz)) czyf:vy(l';yaz) szfmz(xvyaz)
é;"eff = Cy:rfy:r(xayaz) ggveff(l +fyy(mayvz)) Cyzfyz(xa%z) (4'57)
szfzm(%y, Z) Czyfzy(x;yaz) EITeff(l"_fzz(xaya Z))

where, ¢y (u,v € {z,y,2}) are scalars which control the amount of coupling between different
field components due to anisotropy; and fy,(x,y, z) are spatially dependent scalar functions which
control the amount of spatial variation in the permittivity. In order to ensure that the effective
value of permittivity does not change over the bulk of the dielectric, f,, should be chosen with a
zero spatial mean over the volume of dielectric sample; otherwise the spectral location of resonances

will shift unpredictably. A simple choice of f,, with linear variation is,

fo = 2a%e @2 jwy W=0/2) g (2212) (4.58)
ET‘Eff a Ereff b ETEff l
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Figure 4.4: Numerical modelling of open-box mode excitation for Sample #1 with bulk dielectric
constant and loss tangent of 2.541 and 8.188x10~%, respectively, from M3 [1] using up-scaled
geometry corresponding to the FDM 3-D-printed ABS sample: (a) 3-D contour plot of dielectric
constant ,(x,y, x) on the surface of simulated dielectric sample in COMSOL Multiphysics®, with

lair = I; and (b) resulting S-parameters showing open-box mode resonances at 10.11, 11.16 and

12.05 GHz.
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Figure 4.5: Numerical modelling of open-box mode excitation for Sample #1 with dielectric
constant and loss tangent of 2.3284 and 19.148x10~%, respectively, from M3 using coarse meshing:
(a) 3-D coarse meshing of the complete structure illustrated in Fig. 4.1, with lg;, = [; and (b)
resulting S-parameters showing open-box mode resonances at 10.17, 11.15 and 12.18 GHz. Figure

reproduced from Sun et al. [1].
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Figure 4.6: Illustration of layer-by-layer fused deposition modelling (FDM) 3-D printing of
acrylonitrile butadiene-styrene (ABS) sample showing a 90° shift in angle for alternating layers.
The ABS is deposited as molten filaments oriented at 45° relative to the sides of the sample and

compressed to form several layers of a structure resembling a woodpile.

where, AZ’I , AZ)Z’ and A?Z are the percentage change in eieff along z-, y- or z-direction,
reff reff reff

respectively. For example, a 5% change in permittivity along z-direction gives,

5
AN —— 4.59
Sresr 100 (4.59)
It is convenient to choose AZJ = AZ)“/’ = A?y = Az’z as a single parameter for percentage
reff reff reff reff

change in eref f’ along any direction. With a symmetric network, c,, = ¢y and fyup = fou. Within

COMSOL Multiphysics®, the permittivity tensor for the dielectric medium was defined using (4.57),

where,
o A% (_(&—a/2)  (y—b/2) (2—1/2))
Jrz = foy = fya = Ag;eff < . + P z (4.60)
e A% ((—a/2) (y—b/2) (Zl/2)>
Jyy = Jyz = foy = Asg,eff ( o b + I (4.61)
foo=Ffuo=foz=A0F <<xa/2) M Cl/E (Zl/2)> (4.62)
Erejj a b l
with all the scalars ¢y, set as unity and,
2
B o _2
A = 100 (463)

The waveguide mode (TEqq in this case) must be specified with the COMSOL Multiphysics®
frequency domain solver, as the solver computes S-parameters from the transverse field profile of
the specified mode at a particular port. With COMSOL Multiphysics®, the simulation domain is
normally terminated in a port, which absorbs the specified mode defined at that port for single mode

operation. However, when multiple modes are being excited, any unmatched modes at a port will be
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reflected back into the simulation domain. It was found that, with the specified inhomogeneous and
anisotropic tensor within COMSOL Multiphysics®, the ports acted as PEC for non-TE;o modes;
and the air-filled waveguide acted as a closed resonator for these modes. In order to let these modes
escape the simulation space, PML-backed rectangular slit ports were defined within COMSOL
Multiphysics® as shown in Fig. 4.7. Tt should be noted, that with COMSOL Multiphysics®, the
ports are not located at the measurement reference planes. The obtained S-parameters, in this
case, must be de-embedded (or shifted) so they coincide with the location of measurement planes.
This can be achieved by simply multiplying Si; and Sy, with et2/7%mnl The ports were set to
the dominant TE;9p mode, with Port 1 acting as the source. The length of the air-filled and PML
sections were set as 2l, where €, = 2.3284 and tan d. = 19.1480 x 10~* corresponding to values
for Sample #1 from Table 4.2. The computed insertion loss and return loss from theory and those
computed from COMSOL Multiphysics® frequency domain solver are plotted in Fig. 4.8(a). The

box-mode resonances can be clearly seen in the absorptance plot shown in Fig. 4.8(b).

4.6.2 Open-Box Mode Resonance Field Plots From Eigenmode Solver

Numerical simulations using the eigenmode solver with fine meshing can be used to study the
open-box mode resonances. Here, the two air-filled waveguide sections were increased in length to
lqir = 11.51, allowing the evanescent fields of the open-box modes to sufficiently decay outside of the
sample. Also, the extreme ends of the air-filled sections are terminated with second-order scattering
boundary conditions [6], which help to absorb incident waves. Figures 4.9-4.11 show field plots of
open-box mode resonances from the eigenmode solver for Sample #1 [1].

It can be clearly seen in Fig. 4.5(b) that the open-box mode resonances observed with coarse
meshing are only slightly higher (with less than ~1% error) in frequency than those predicted with
fine meshing, for the same dielectric constant and loss tangent values; making the former a useful

technique with limited computational resources [1].

4.6.3 Analytical Modelling of Open-Box Mode Resonances

The TEmnp open-box mode resonances observed with a dielectric-filled waveguide section can be
modelled by extending the analysis given in Section 4.3. The associated complex eigenfrequencies
are defined by the poles of By, in (4.33), by setting its denominator to zero (i.e., to extract its

natural modes, without any external steady-state sinusoidal excitation so that A,,,0 = 0) [1],
(14¢)? —e 2mmel (1 -¢)2 =0 (4.64)
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Figure 4.7: Longitudinal top-down cross-sectional view of the rectangular metal-pipe rectangular
waveguide showing the dielectric-filled, air-filled and perfectly matched layer (PML) sections in
the waveguide. Two slit ports were defined at the ends of the air-filled sections with excitation at
Port 1. The ports were specified to compute scattering parameters for the dominant TE 1y mode.
Since the ports defined in COMSOL Multiphysics® do not coincide with the actual measurement
reference planes, S-parameters obtained from COMSOL Multiphysics® must be de-embedded to

give the correct S-parameters at the specified measurements reference planes.

An infinite number of solutions emerge from (4.64), which are either designated as even or odd
modes depending on the corresponding symmetry of the electric fields. These even and odd modes

can be obtained by solving the following equations for complex eigenfrequencies [1],
(1+¢)+e el (1-¢)=0 Even modes (4.65)

(1+4¢) —e el (1-¢)=0 Odd modes (4.66)

After some algebraic manipulations, the following transcendental equations are obtained for TE

modes [1],
7mn®l

> =0 Even modes (4.67)

7mn®l )
2

ﬂ'@'%nn@ - /1®7mn® coth (

0Ymne — fleYmno tanh ( =0 Odd modes (4.68)

These generalised expressions can be simplified by setting fip = fie/ ,ulr = pp to obtain [1],

'7mn®l

M;'Ymn@ — Ymno tanh < ) =0 Even modes (4.69)

/ o
Ymn® — My Ymno tanh (ryanC) =0 Odd modes (4.70)

The roots of (4.69) and (4.70) can be numerically solved to obtain the complex angular eigenfre-
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a = 22.86 mm, b = 10.16 mm and dielectric section of length [ = 9.626 mm; with dielectric
constant €, ; rq = 2.
anisotropic dielectric medium. Dotted lines in (a) show the ideal response computed from theory,
while the solid lines show the simulated response from the COMSOL Multiphysics® frequency

domain solver. The spectral location of box-mode resonances can be clearly seen in (b), with the
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of (a) return loss and insertion loss; and (b) absorptance of the dielectric-

3284 and loss tangent tan dee = 19.1480 x 10~% of the filled in-homogeneous and

mode resonance frequencies within 0.01 GHz compared to those computed from

theory and eigenmode solver for Sample #1, given in Table 4.2.
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Figure 4.9: Numerically simulated Fy-field plot for TE2; open-box mode at fog1 = 10.074 GHz
for Sample #1 with dielectric constant loss tangent of 2.3284 and 19.148x 1074, respectively, from
M3. Figure reproduced from Sun et al. [1].
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Figure 4.10: Numerically simulated E,-field plot for TEg;; open-box mode at fy11 = 11.144 GHz
for Sample #1 with dielectric constant loss tangent of 2.3284 and 19.148x 1074, respectively, from
M3. Figure reproduced from Sun et al. [1].
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Figure 4.11: Numerically simulated field plots for TE;1; open-box mode at f11; = 12.046 GHz for
Sample #1 with dielectric constant loss tangent of 2.3284 and 19.148x 10, respectively, from M3:
(a) Ey-field; and (b) E,-field. Figure reproduced from Sun et al. [1].
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Table 4.2: Open-box mode resonance frequencies (and associated mode Q-factors) spectroscopically

measured and predicted using numerical eigenmode solver and field-based analytical solutions. Table

reproduced from Sun et al. [1].

Open-box Mode TE101 TEs01 TEo11 TE111
Sample #1
(€ropp = 2.3284, tand = 19.1480 x 107%)

| fmnp| [GHzZ] | Measured - 10.115 11.115 12.065
' 5.6065+ | 10.0732+ | 11.1431+ | 12.0450+

] Analy.mcal j0.0036 | j0.0084 | j0.0095 | 50.0105
o Solution (5.607) | (10.073) | (11.143) | (12.045)

) =0 778.7) | [599.6] | [586.5] | [573.6]
(ol | me0sst | 10074k | 1144t | 12,046+

il :jj:rmo © | jooors | jo.oos | jo.oose | jo.006
(5.604) | (10.074) | (11.144) | (12.046)

70 = foliras 359.2] | [1007.4] | [944.4] | [1003.8]

Sample #2
(€)opp = 2.3080, tand = 14.7975 x 10~%)

| fmnp| [GHzZ] | Measured - 10.100 11.080 12.090
pnalytical | ZO20+ | 101118+ | 11186+ | 12,0881+

) . j0.0028 | j0.0065 | j0.0074 | j0.0081
b Solution (5.623) | (10.112) | (11.187) | (12.003)

] =0 [1004.1) | [777.8] | [755.9] | [746.5]
(o) . 5.6199+ | 10113+ | 11118+ | 12.095+

; Plgenmode j0.0068 | j0.0043 | j0.0044 | j0.0045
(Qullmnpl)] | Solver (5.620) | (10.113) | (11.188) | (12.095)
P0 = Poliross (413.2) | [1175.9] | [1271.4] | [1343.8]
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quencies Wpypp = w;nnp + jw;;mp for the even and odd TEnn, open-box modes, respectively; the
undamped (or driven) resonance frequencies, normally associated with frequency-domain simulations,
i fomp = |@mnp| /2. Here, the multiple solutions from (4.69) and (4.70) correspond to different
values of p. It is found, in our case, that the TE191, TEop1, TEg11 and TEq1; modes all have even
longitudinal symmetry about the centre of the sample [1].

It should be noted that the dominant TE;g; open-box mode, which is loosely related to the Fabry-
Pérot resonance (in terms of field patterns) is predicted to exist at 5.6056 GHz and 5.6229 GHz for
Samples #1 and #2, respectively. These are above our dielectric-filled waveguide cut-off frequencies
fe of 4.30 GHz and 4.32 GHz, respectively, but below the recommended operational frequency range
of WR-90 waveguide. It has been confirmed that fig; is relatively low because the evanescent fields
outside of the dielectric sample decay exponentially over a relatively long distance [1].

For completeness, a similar approach can be used to derive the following generalised equations
for the TMynp open-box modes (with the lowest-order TMj1; mode having an eigenfrequency

of fi11 = 12.8765 GHz, which is just above the X-band frequency range of interest), with ép =

€e/Erefr = €0 (1],

[
Eref fYmn® — Ymne tanh <7m2"® ) =0 Odd modes (4.71)

’Ymn@)l

Ymn® — Eref fYmno tanh < ) =0 Even modes (4.72)

4.7 Conclusion

In this chapter, analytical field-based analysis of dielectric-filled metal-pipe rectangular waveguide
(MPRWG) has been presented. In addition, the Q-factor of dielectric-filled MPRWG, acting as a
Fabry-Pérot resonator, was also calculated using field-based integrals from analytical and numerical
finte-element modelling. Finally, excitation of Fabry-Pérot ‘open-box’ modes in 3-D printed dielectric
samples was investigated using analytical and numerical finite-element eigenmode solver. Three
different techniques for modelling open-box mode resonances using the COMSOL Multiphysics®
frequency domain solver were presented, which could closely model the actual MPRWG experimental
setup operating in the dominant TE;g mode. The most accurate and reliable modelling technique was
to define the dielectric section in the MPRWG as an in-homogeneous and anisotropic medium. The
spectral location of the predicted box-mode resonances from this technique were within 0.01 GHz of
those computed from the analytical method and the ones obtained from the COMSOL Multiphysics®
eigenmode solver. Moreover, the predicted box-mode resonances were found to be within 0.05 GHz

of those observed in measurements.
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Chapter 5

Excitation of Fabry-Pérot Eigenmodes

in Dielectric-Filled Waveguides

5.1 Introduction

3-D printing of microwave components has gained popularity in the last 5-10 years due to availability
of affordable 3-D printers, which provides a cost-effective solution to testing and prototyping of
3-D printed microwave components [1]. With entry-level 3-D printers, 3-D printed metal-pipe
rectangular waveguides (MPRWGs) have been demonstrated by D’Auria et al. [2], while, a 3-D
printed MPRWG phase shifter was reported by Gillat et al. [3]. The terahertz (THz) spectral domain
of the electromagnetic spectrum operating from 300 GHz up to 10 THz has recently attracted a lot
of attention from researchers due to the potential for high-speed communication. Availability of
better 3-D printers can enable 3-D printing for future applications [4] and waveguides operating up
to 1.1 THz have been demonstrated [5].

Excitation of so-called Fabry-Pérot ‘open-box’ modes in MPRWG, with a 3-D printed dielectric-
filled section, operating at X-band was recently reported by Sun et al. [6]. The reported WR-90
standard MPRWG with dimensions a = 22.86 mm and b = 10.16 mm was filled with an FDM
3-D printed ABS sample of target dimensions 22.860 x 10.160 x 9.626 mm?® [6]. For measurement
purposes, the ends of the waveguide were terminated in air-filled sections coupling to a vector
network analyser (VNA). In this set-up, the dominant TE;y mode was excited with the measured
Scattering (S-) parameters showing dips in S1; and Sg; at certain frequencies. These dips were
observed for two different 3-D printed ABS samples. The dips or notches in measured response
were identified as natural or damped /undriven resonances (or eigenmodes) of the dielectric sample

under test in the open-ended waveguide. The authors called these resonances ‘open-box’ modes [6].
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Excitation of these open-box modes were attributed to in-homogeneities and anisotropic behaviour
of the 3-D printed ABS samples. Sun et al. [6] analysed these open-box modes using analytical and
numerical methods but their analyses were restricted to MPRWG only. Here, the open-box modes
in dielectric-filled parallel-plate (PPWG) and circular waveguides (CWG) is analysed using the
commercial numerical package COMSOL Multiphysics® eigenmode solver. In addition, analytical
expressions for these open-box modes have been derived for the PPWG and the CWG, from first
principles using Maxwell’s equations, which are then used to verity the numerical results. The
results for the PPWG and the CWG are also compared against those for the MPRWG using
the analytical and numerical methods presented in Chapter 4. Finally, a method to accurately
predict the spectral location of these open-box modes in the driven S-parameter response, using the
COMSOL Multiphysics® frequency domain solver, has been presented. Since these open-box modes
can be excited in waveguide of any cross-sectional shape where the dielectric may not be in the
form of a box as in MPRWG, in this study, these modes may be referred to as simply ‘Fabry-Pérot

eigenmodes’ for generality.

5.2 Fabry-Pérot Eigenmodes in Parallel-Plate Waveguide

5.2.1 Theory

In any medium (unbound or guided), the generic complex propagation constant is given by,

where, « is the attenuation constant, 5 is the phase constant and kg is the complex wavenumber
within the unbound dielectric. In guided-wave media, the guided-wave propagation constant -,
is defined as the propagation constant along the longitudinal direction of the waveguide. For the
PPWG shown in Fig. 5.1 having perfect electric conductor (PEC) walls, operating in the TE,, or

TM,, mode; the general text-book expression for guided wave propagation constant is,
2 2 2 _ .2
Ygm = Yud — Vem = Tm (52)

All variables have their usual meaning, where subscript m denotes variations of mode field along
the z-direction; ,4 is the propagation constant in unbound dielectric medium; 7., is the cut-off
propagation in guided media corresponding to mode number m; vy = jkuq = jw\/flefféers =
Wy/fireffErefs/c where, w = 2 f is the angular frequency in radians per second, f the frequency in
Hertz; p10 and €9 being the permeability and permittivity of free space, respectively; and ¢ = 1/,/fogo

is the speed of light in free space; fipeff = fir = pi.—jpu;. (the dielectric is assumed non-magnetic) and
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Ereff = &r = €, — je) are the effective complex relative permeability and permittivity, respectively;
loss tangent is tand = Im{n*}/Re{n®} and @t = \/firefféress is the complex refractive index of
unbounded dielectric; &), and tand. = €] /e].|,n—¢ are the dielectric constant and loss tangent of
the unbound dielectric, respectively; ke, = mm/a is the cut-off wavenumber of TE,, or TM,,
modes; Bem = wem /¢ is the phase constant associated with angular cut-off frequency for the air-filled
waveguide; Wem = 27 forn and fep, = keme/2m are angular cut-off frequency and cut-off frequency,
respectively, for the air-filled waveguide with mode number m.

Consider the PPWG structure shown in Fig. 5.1 where the structure is assumed to be infinite
in y-direction, with PEC wall. Assume a TM wave is incident on the dielectric-filled section of
the waveguide. Under steady-state conditions, there will be forward and backward waves, with
As representing the complex amplitude coefficients associated with the forward travelling waves
and Bs representing the complex amplitudes associated with the backward travelling waves. There
are will be no reflected waves in Section ® of the waveguide. Here, it is assumed for the sake of
symmetry that Sections @ and ® have the same material parameters. For the TM,, mode, the

electric (E-)field and magnetic (H-)field components within the three waveguide sections are [7],

Eo=-j zm(D (Apoe™ %% + Bpoe” 7m0%) cos (%) (5.3)
cm
Hyo = *j@ (Am®e—“/m@z _ Bm®e—7m®2) oS <@> (5.4)
Kem, a
Eo = (Amoe™ " + Brge™ 9% sin (?) (5.5)
Eoo = —j Zm® (Apoe™ "% + Bpoe m°%) cos (%) (5.6)
cm
Hyo=—j e (Apoe™ "% — Bpae M%) cos <m> (5.7)
kem a
E.o = (Amoe™ %% + Bpee m°%) sin (%) (5.8)
Ewo=—j Zm@ Am®e_“’m@(z_l) cos (%) (5.9)
cm
Hyp = — j:gCDAm@e*”@(Z*l) cos (?) (5.10)
cm
E.o = Apge 7m0 gin (?) (5.11)

The cut-off propagation constant is Ve = jkem = mm/a. For the air-filled Sections @ and ®,
Yo = Y@ As shown in Fig. 5.1, the reference plane for fields with coefficient A,,@ is z = [ while the

reference plane for rest of the fields is at z = 0. After applying boundary conditions F,p(z = 0) =
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Air-filled Dielectric-filled Air-filled
section section section
Hos € Mo, & o, €o
Ag Aq
—_— o A,
a >
- D
By Be

[-

Y

z2=0 z=1
Reference planes

Figure 5.1: Illustration of an ideal dielectric-filled parallel-plate waveguide of width a. The length

of the dielectric-filled section is [ while the air-filled sections are of length ;.. In any section, As

and Bs are the complex coefficients associated with the incident and reflected fields, respectively.

E.o(z=0), Ha(z =0) = Hyo(2 =0), Exo(2 =1) = E;0(2 =1) and Hye(z =1) = Hye(z = 1), the

following characteristic matrix system is obtained,

| Ym®  Vm®
o —€o
0 0
00

Using (5.12),

with generalised coefficients,
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- Ao _ -
—Ym® —Ym@ 0 0
- - 0 D 0
—E® [0
Am@ =
—Ymel mol
Ym@€ Tme ’)/m®e’y @ —Im® B 0
me
g®efwm®l _é®67m®l —&o 0
Am@

Bpo  (1—e2m) (1) (1+)

Amo— (14¢) = e=2mel (1 - ¢)?
Ane _ —2(1+¢)

Ane (140 = el (1= ()

Bm® 72§€_2’Y""®l (1 — g)

Am@ (1 + C)Q _ 672'ym@l (1 _ C)Q

Ame 4<67’Ym®l

Apme (1 + ()2 — e=2mel (1 — C)Q

F:@)’yma) TM,, modes
¢ = EoYmo

{me@ TE,, modes

HOYm®

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)
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and,
Ym® TM,, modes
¢ = Tm® (5.18)
@ TE,, modes
Ho
where,
B
Sy = -0 — Bmo  with  App =1 (5.19)
Am® Bime=0
and,
A
So1 = m® — Ane with A,o=1 (520)

Lossy resonators are characterised by their complex natural frequency [8],
fo=Ffo+ify (5.21)

where, f{ is the damped or undriven resonant frequency and f denotes loss. For an ideal resonator
without any losses, f¢ =0 and fo = f}. The unloaded Q-factor can be obtained from Papantonis

and Lucyszyn [8] as,

) = 55 (5.22)
or [g], .
Q1) = (5.29

The complex natural frequency, or eigenfrequency, response can be obtained by setting A, =0

in (5.13), provided B,,p # 0, to obtain,
(14+¢)? —e2mel(1-¢)*=0 (5.24)

The solution of (5.24) results in an infinite number of solutions which are either designated as even
or odd modes depending on the corresponding symmetry of electric field. The respective even and

odd modes can be obtained by solving the following equations for complex eigenfrequencies,
(1+¢)+e el (1 -¢)=0 Even modes (5.25)

(1+¢) —e ™ol (1-¢)=0 0Odd modes (5.26)

5.2.2 Results

A dielectric-filled PPWG was simulated using analytical results derived in Section 5.2 and using
numerical finite element COMSOL Multiphysics® eigenmode solver. The dimensions of the PPWG
were chosen as width ¢ = 22.86 mm and the of length dielectric-filled section as [ = 9.626 mm

to correspond to the MPRWG dimensions from Sun et al. [6]. The dielectric constant chosen
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as ey = 2.325 and loss tangent as tand.p = 19.73 X 10~4 of the filled dielectric medium which
corresponds to the extracted material parameters of the 3-D printed Sample #1 in Sun et al. [6].
The cut-off frequency of the air-filled PPWG was f. = 6.557 GHz. It was assumed that the
walls of the waveguide were made of PEC. The lowest order four Fabry-Pérot eigenmodes of the
structure alongwith the associated unloaded Q-factors were computed using analytical and numerical
eigenmode solver and the results are summarised in Table 5.1. The subscripts m and p in fmp refer
to the number of variations along the z- and z-directions, respectively, of the electric or magnetic
fields. From Table 5.1 it is clear that the first two resonant Fabry-Pérot eigenmodes, TE;; at
5.6092 GHz and TM;; at 6.1414 GHz, respectively; are well below the cut-off frequency (f.) of the
air-filled PPWG. The analytical and numerical results show excellent match with less than 0.13%
discrepancy between the two sets of eigenfrequencies.

Following the approach outlined in Chapter 4 for excitation of open-box modes, using an
anisotropic and in-homogeneous permittivity tensor, a 2-D PPWG structure was simulated using
COMSOL Multiphysics® frequency domain solver. Within COMSOL Multiphysics®, the permittivity
tensor for the dielectric-filled section of the PPWG was defined using (4.57), where,

fra= D (— (@ _aa/ C _ll/ 2 ) (5.27)
=% ((x —aa/2) e —ll/2)> 59
fu=0F <(x —aa/2) M _11/2)> (5.29)
fry = fyr = foz = for = fyo = foy = AL (- (= _aa/ 2 _ _ll/ 2) ) (5.30)
with all the scalars c,, = 5 and,
AL = %.0 (5.31)

For a waveguide operating in the TE; mode at X-band (8.2-12.4 GHz), the return loss and insertion
loss; using (5.19) and (5.20), respectively; are plotted in Fig. 5.2(a) (dotted lines) indicating a
driven/undamped Fabry-Pérot resonance frequency close to 11 GHz. The solid lines in Fig. 5.2(a)
correspond to simulated S-parameters from COMSOL Multiphysics®. Figure 5.2(b) is a plot of

absorptance computed using,
A=1-R—-T=1-|51> || (5.32)

The absorptance plot clearly shows excitation of TEs; and TMs; open-box modes at 10.08 and
10.90 GHz, respectively, which is within 0.02 GHz of the predicted box-mode resonances obtained
from the analytical method and the COMSOL Multiphysics® eigenmode solver, from Table 5.1.
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Table 5.1: Fabry-Pérot eigenmodes (and associated mode Q-factors) computed using analytical

field-based solutions and numerical eigenmode solver for the parallel-plate waveguide shown in

Fig. 5.1.

Fabry-Pérot Eigenmode TEq; TMi, TE9; TMoy
5.6092+ 6.14144+ | 10.0796+ | 10.8976+
70.003683 | 70.001372 | 70.008648 | 50.006639
Analytical
_ (5.6092) (6.1414) | (10.0796) | (10.8976)
Jmp [GHz]
) 7615 | [2238.1] | [582.8] [820.7]
o (m]/o ) 5.6096+ | 6.1412+ | 10.0920+ | 10.8990+
" 70.003593 | 70.001364 | j0.008436 | 70.006477
Numerical
(5.6096) | (6.1412) | (10.0920) | (10.8990)
[780.6] | [2251.2] | [598.2] [841.4]

Electric field plots from numerically simulated COMSOL Multiphysics® eigenmode solver are

shown in Figs. 5.3-5.6. MATLAB code for numerically solving the analytical equations (5.25) and

(5.26) is given in Appendix I.

5.3 Fabry-Pérot Eigenmodes in Circular Waveguide

5.3.1 Theory

Consider the CWG structure shown in Fig. 5.7 where the structure is assumed to be infinite in

either z-direction with PEC walls. Following the approach for PPWG using expressions for electric

and magnetic field components [7], following characteristic matrix systems are obtained for the

respective TMy,,, and TE,,, mode operation of the waveguide,

and,

r b Amn@ r b

TYmn®  Ymn® —Ymn® —Ymn® 0 B 0
mn®

& [©) —ED —& ® & ® 0 0

Apno | = (5 . 33)
T Imn@ l mnC l

0 Ymn@€ Jmne Tmn® eymnet  — TYmn® B 0
mn®

0 é@)e_'Ymn@l _é@e"/nLTL@l _§® 0
Amn@
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Figure 5.2: Plot of (a) return loss and insertion loss; and (b) absorptance of the dielectric-filled
parallel-plate waveguide, operating in the dominant TE; mode, with width ¢ = 22.86 mm and
dielectric section of length [ = 9.626 mm; with dielectric constant € ;o = 2.325 and loss tangent
tan dew = 19.73 x 10~% of the filled in-homogeneous and anisotropic dielectric medium. Dotted
lines in (a) show the ideal response computed from theory, while the solid lines show the simulated
response from the COMSOL Multiphysics® frequency domain solver. The spectral location of
box-mode resonances can be clearly seen in (b), with the predicted box-mode resonance frequencies

within 0.02 GHz compared to those computed from theory and eigenmode solver, given in Table 5.1.
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=1

Figure 5.3: Numerically simulated Fy-field plot for the even TE;; Fabry-Pérot eigenmode at

f11 = 5.6096 GHz for the parallel-plate waveguide. The field lines extend well outside the boundaries

of the dielectric, while the mode exists well below the cut-off frequency of air-filled waveguide.

Figure 5.4: Numerically simulated F,-field plot for the odd TM;; Fabry-Pérot eigenmode at
f11 = 6.1412 GHz for the parallel-plate waveguide. The field lines extend well outside the boundaries

of the dielectric, while the mode exists well below the cut-off frequency of air-filled waveguide.
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Figure 5.5: Numerically simulated E,-field plot for the even TEg; Fabry-Pérot eigenmode at
fo1 = 10.092 GHz in the X-band for the parallel-plate waveguide.

Figure 5.6: Numerically simulated FE,-field plot for the odd TMsy; Fabry-Pérot eigenmode at
f21 = 10.899 GHz in the X-band for the parallel-plate waveguide.
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Figure 5.7: Illustration of an ideal dielectric-filled circular waveguide of radius r,. The length of
the dielectric-filled section is [ while the air-filled sections are of length l4;-. In any section, As and

Bs are the complex coefficients associated with the incident and reflected fields, respectively.

[ ] Amn@ r 7
o o) —flo —[io 0 5 0
0]
Tmn® —Ymn® —Ymn® Ymn® 0 Amn B 0 (5 34)
0 0 [l 77m7l®l il ’Ymn@l —— mne a O ’
Hee Ho€ He B
mn®
L 0 0 'Ymn@e_'ym'"@l _'Ymn®e’ym"®l —Tmn® | L 0 ]
i Amn@ ]
where, the S-parameters are given by,
(1 — 6_2’\/7nn@l) (1 _ <) (1 + <>
Sll - 1 2 2ol 1_ D) (535)
(14+¢)" —e 1-9)
and,
4 _’Ymn®l
So1 = 3 ce 5 (5.36)
(1+¢)" — e 2rmnal (1 —()
where,
SoYmne  TM,,, modes
¢ = Tme (5.37)
7}7“23::23 TEmnn modes
with the guided wave propagation constant,
Tmn®,@ = \/kgmn - WQ[J@,@EN@,@ (538)
where,
g TMy, modes
Yemn = jkcmn = ¢ (539)

/
]p;"—a” TE,,, modes
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b root of

Here, r is the radial distance from the axis of the cylindrical waveguide, ppy, is the m!
Jn(x) such that Jp,(pmn) = 0, where J,,(z) are the Bessel functions of the first kind. Similarly, p/,,
is the m*® root of J/,(x) such that J/(p/,,) = 0, where the operator J/,(x) is the derivative of J,(x).
For the TMy,, and TE,,, propagating modes, the cut-off wavenumbers are kempn = pmn/Tq and
Kemn = Phyn/Ta, respectively. The cut-off frequencies for the TM,,, and TE,,, propagating modes
are then fenn = ke/2mV/IE = pon /277 o/ 1€ and fomn = ke/2m\/E = D,/ 270/ i€, Tespectively.
The subscripts m and n refer to the number of radial (r) and circumferential (¢) variations,

respectively, of the electric or magnetic fields. Some of the values of py,,, and pl,,, for TM,,, and

TEn propagating modes of the CWG are given in Table 5.2.

5.3.2 Results

The standard CWG operating at mid X-band (8.5-11.5 GHz) is specified to have a diameter
dq = 23.83 = 2r, mm [9]. Again, it was assumed that the wall of the waveguide is made of
PEC with the dielectric constant and loss tangent of the filled section of the waveguide being
elo = 2.325 and tan dep = 19.73 x 104, respectively. The length of the dielectric-filled section was
[ = 9.626 mm. From Table 5.2, the smallest value of p/, .. (or py,) corresponds to the dominant
TEq; propagating mode with a cut-off frequency of f.11 = p11¢/27r, = 7.372 GHz in air-filled CWG
operating at X-band. The Fabry-Pérot eigenmodes of the resonant dielectric-filled waveguide are
computed analytically and using the COMSOL Multiphysics® eigenmode solver with the obtained
eigenfrequencies ( fmnp) listed in Table 5.3. Here, the subscripts m, n and p refer to the variation
of fields along the radial r-, circumferential ¢- and z-direction, respectively. The results obtained
from analytical and numerical methods show excellent agreement with less than 0.02% discrepancy
between the two sets of eigenfrequencies.

Following the approach outlined in Chapter 4 for excitation of open-box modes, using an
anisotropic and in-homogeneous permittivity tensor, a 3-D CWG structure was simulated using
COMSOL Multiphysics® frequency domain solver. Within COMSOL Multiphysics®, the permittivity

tensor for the dielectric medium was defined using (4.57), where,

A% [ty (2=U2)
fm—Ag/reff< T 7 > (5.40)

A% [z Yy (U2
fyy—Ae'Teff( Ta+Tb+ ] ) (5.41)

A% (T (U2
fzz—Agi«eff (7a+7b z ) (5.42)

—1/2

fry:fyx:fmz:fzz:fyzzfzy:AZZeff <_f_ryb_(zl/)> (543)
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with all the scalars ¢,, = 5 and,

2
% _
AT 100 (5.44)

For a CWG operating in the TE;; mode at mid X-band (8.2-12.4 GHz), the return loss and insertion
loss; using (5.19) and (5.20), respectively; are plotted in Fig. 5.8(a) (dotted lines) indicating a
driven/undamped Fabry-Pérot resonance frequency close to 11.5 GHz. The solid lines in Fig. 5.8(a)
correspond to simulated S-parameters from COMSOL Multiphysics® frequency domain solver.
Figure 5.8(b) is a plot of absorptance; which clearly shows excitation of TMjg1, TE12; and TEjo;
open-box modes at 8.81, 9.86 and 11.97 GHz, respectively; which is within 0.01 GHz of the predicted
box-mode resonances obtained from the analytical method and the COMSOL Multiphysics®
eigenmode solver, from Table 5.3.

The 3-D surface field plots of respective Fabry-Pérot eigenmodes obtained from COMSOL

Multiphysics® eigenmode solver are plotted in Figs. 5.9-5.12.

5.4 Conclusion

A rigorous analysis of Fabry-Pérot eigenmodes in dielectric-filled parallel-plate (PPWG) and circular
waveguides (CWG) is presented using analytical methods from first principles. Eigenfrequencies of
the resonant waveguide structures were obtained by numerically solving the analytical expressions
for even and odd eigenmodes. The eigenfrequencies obtained from analytical method were compared
against those obtained from numerical COMSOL Multiphysics® eigenmode solver showing less than
0.02% discrepancy agreement between the two approaches. Furthermore, based on the approach
outlined in Chapter 4; for excitation of open-box modes in a waveguide, using in-homogeneous and

anisotropic permittivity tensor; box-modes were modelled using COMSOL Multiphysics® frequency

Table 5.2: Numerical values of p,, and p),,, for selected mn mode numbers for the respective TM

and TE modes in a circular waveguide. Table reproduced from Pozar [7].

™ TE

DPin Pon P3n plln pl2n pé’m
0| 2.405 | 5.520 | 8.654 | 3.832 | 7.016 | 10.174

1]3.832 | 7016 | 10.174 | 1.841 | 5.331 | 8.536

2| 5.135 | 8.417 | 11.620 | 3.054 | 6.706 | 9.970
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S-Parameters (dB)

Absorptance

Figure 5.8: Plot of (a) return loss and insertion loss; and (b) absorptance of the dielectric-filled
circular waveguide, operating in the dominant TE;; mode, with waveguide radius r, = 11.415 mm
and dielectric section of length [ = 9.626 mm; with dielectric constant E;,eff® = 2.325 and loss
tangent tande.o = 19.73 x 10™% of the filled in-homogeneous and anisotropic dielectric medium.
Dotted lines in (a) show the ideal response computed from theory, while the solid lines show
the simulated response from the COMSOL Multiphysics® frequency domain solver. The spectral
location of box-mode resonances can be clearly seen in (b), with the predicted box-mode resonance

frequencies within 0.01 GHz compared to those computed from theory and eigenmode solver, given

in Table 5.3.
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(b)

Figure 5.9: Numerically simulated field plots for TE;;; Fabry-Pérot eigenmode at fi11 =

6.4224 GHz, obtained from COMSOL Multiphysics® for a dielectric-filled circular waveguide:
(a) E,-field; (b) Ey-field. The mode exists well below the cut-off frequency of the waveguide.
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Table 5.3: Fabry-Pérot eigenmodes (and associated mode Q-factors) in a circular waveguide

computed using analytical field-based solutions and numerical eigenmode solver for the CWG

(Fig. 5.7).

Figure 5.10: Numerically simulated E,-field plot for the odd TM;g; Fabry-Pérot eigenmode at
fio1 = 8.8134 GHz, obtained from COMSOL Multiphysics® eigenmode solver for a dielectric-filled

Fabry-Pérot Eigenmode TEq111 TMq01 TEq191 TEq01
6.4221+ 8.8146+ 9.8503+ 11.9703+
70.004586 | j0.003965 | 70.008397 | 50.010698
Analytical
- (6.4221) (8.8146) (9.8503) (11.9703)
Jmp [GHz]
(|f ) [700.2] [1111.6] [586.5] [559.5]
Q (WZ: 1 6.4224+ 8.8134+ 9.8512+ 11.97+
u\Jm
! 70.004791 | 50.004054 | 70.008398 | 50.010698
Numerical
(6.4224) (8.8134) (9.8512) (11.9700)
[670.3] [1087.0] [586.5) [595.5]
1
0.8
0.6
1 0.4
1 0.2
10
1 -0.2
1 .04
-0.6
y 0.8

e

circular waveguide.
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0.8
0.6
0.4
0.2
0
-0.2
0.4
-0.6
y .
L

Figure 5.11: Numerically simulated Eg4-field plot for TE19; Fabry-Pérot eigenmode at fio1 =

X

9.8512 GHz, obtained from COMSOL Multiphysics® eigenmode solver for a dielectric-filled circular

waveguide.
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Figure 5.12: Numerically simulated Eg4-field plot for TE1g; Fabry-Pérot eigenmode at fig =

X

11.97 GHz, obtained from COMSOL Multiphysics® eigenmode solver for a dielectric-filled circular

waveguide.
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domain solver for the PPWG and the CWG. The predicted spectral location of box modes using
this approach were found to be within 0.02 GHz of those obtained from the analytical method and
those from the COMSOL Multiphysics® eigenmode solver. Thus, it has been demonstrated that
COMSOL Multiphysics® frequency domain solver is a useful tool for modelling open-box modes in

a driven dielectric-filled waveguide structure.
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Chapter 6

An S-Parameter Renormalisation
Technique for Resolving Ambiguities

Under Noisy Measurement Conditions

6.1 Introduction

A manual graphical technique was introduced by Sun and Lucyszyn [1] for extraction of complex
dielectric properties using reflection-transmission mode spectroscopy. The strength of this particular
graphical technique was that it could recover the dielectric properties of a sample under test under
noiseless conditions from only the power responses and was intended as a low-cost spectroscopy
technique. Only three power response measurements were sufficient, namely reflectance, transmit-
tance and reflectance with a PEC termination. The graphical technique was further improved by
Sun et al. [2] who used the graphical technique, for the first time, to extract complex dielectric
properties of an FDM 3-D printed ABS sample, under noisy measurement conditions. The sample
under test, of known dimensions, was placed in an MPRWG and S-parameters of the experimental
set-up were measured using the TRL calibration technique.

Sun et al. [2] proposed that, by introducing mathematically computed S-parameters of a half-
stage and a cascaded stage, ambiguities resulting from noisy measurements could be resolved. One
drawback of the graphical technique was that, at each frequency point, the complex dielectric
properties must be manually extracted using visual inspection from plots of constraint equations.
For this reason, Sun et al. have proposed a technique based on S-parameter renormalisation for
resolving ambiguities, which are due to inherent noise in measurements. Sun et al. have also

estimated the signal-to-noise ratio of the vector network analyser (VNA) from measurements of a
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thru section of MPRWG operating at X-band [2].
In this chapter, the automated S-parameter renormalisation technique by Sun et al. [2] will be
presented with reference to their published results. In addition, the results from VNA noise analysis

done by Sun et al. [2] will also be presented.

6.2 Spectroscopic Extraction of Complex Dielectric Properties Us-

ing the Graphical Method

The graphical-based technique proposed by Sun et al. [1] for extracting complex dielectric properties
was originally intended for low-cost, scalar, reflection-transmission mode spectroscopy [2]. In theory,
a scalar network analyser only requires three physical measurements to resolve the ambiguity with
multiple solutions possible in n — & space: (i) reflectance, (ii) transmittance; and (iii) reflectance
with a PEC backshort (i.e., with Zp = 0 at port-2) [2]. However, the third measurement is not
physically necessary if a VNA is employed, as it provides both the magnitude and phase information
needed to mathematically emulate it; avoiding the introduction of any additional measurement
uncertainty [2].

By mathematically short circuiting the output port of an original two-port S-parameter network,
having matrix [S], the S{;P¢ and resulting PEC reflectance R”FC from the resulting one-port
network (i.e., shorted I-stage, where [ represents the thickness of the dielectric-filled material) can

be mathematically emulated using the following [1],

5195
PEC 12521
= —_ '1
S S 1 S0 (6.1)
2
RPEC = |SFEC| (6.2)

The exact complex dielectric properties can then be theoretically extracted by finding the
simultaneous solution for the following three equations using the Graphical technique with ideal

measured values [1],

S11sia () = Rarpas =0 (6.3)

1Sa1s1as (R)* = Tarpas =0 (6.4)
2

ST ()| = Rififas = 0 (6.5)

where, S11570 (), S21570m(72) and Sﬁg?M(ﬁ) are analytically simulated variables, all being a function
of the extractable complex refractive index 1 = n — jx = \/fir€res; Optical constants n and x are

the associated index of refraction (or refractive index) and extinction coefficient (or absorption

126



6.2 Spectroscopic Extraction of Dielectric Properties Using Graphical Method
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Figure 6.1: Individual solutions in n —  space at 8.2 GHz from (a) ideal noiseless measurements
emulated with 7;4eq = 1.5248 — j0.001468 (set equal to 7(11.08 GHz) from Sample #1 associated
with Fabry-Pérot resonance modelling with the variational method); and (b) real noisy measurements
for Sample #1, having feztracted = 1.5265 — j0.002281 (corresponding to a dielectric constant and
loss tangent of 2.330 and 29.89x 10~ respectively). Figure redrawn from Sun et al. [2].
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index), respectively [1]; Ry pas and Taspas are the measured reflectance and transmittance for the
[-stage network, respectively.

With ideal measured values [1], all responses from the [-stage reflectance, transmittance and
port-1 reflectance with port-2 short-circuited simultaneously coincide at the true values for n and &
in n — k space. It was found by Sun et al. [2] that (6.5) is sensitive to measurement noise and a
more resilient Graphical approach proposed by them replaced (6.5) with alternative constraints. For
example, 2[-stage responses, where two identical S-parameters for the I-stage matrix [S] are cascaded
[SCAS]

together to create matrix , which emulates a double-length section having S-parameters [2]:

2
SO = S (1+S54%)  and  SGA5 = 1:92;112 (6.6)

RCASE’SSAS‘2 and  TCAS — ‘SCAS‘ (6.7)

RCAS TC’AS

where, and are the reflectance and transmittance for the 2/-stage cascaded network,
respectively.
Therefore, the complex refractive index can be extracted by simultaneously solving the following

equations for the 2[-stage responses in addition to (6.3)—(6.4) for the I-stage [2],

G4 )]~ R§s =0 (6.8)
540 )| TS =0 (6.9)

Similarly, it is also possible to emulate the half-length section (i.e., I/2-stage) S-parameters from

the following [2]:

511 Sll 2
SHALE — =0 and  SHALE = | Sy |1 - ( > 6.10

H 14 So; 2 14 59 ( )
It can be shown that the [/2- and I-stage S-parameters from (6.10) are, respectively, equal to the I-
and 2[-stage S-parameters from (6.6). The [/2-stage reflectance and transmittance are [2],

2
RHALF _ ’ SﬁALF‘ and

2
THALF = ‘SgALF) (6.11)

where, RIALE and THALF are the respective reflectance and transmittance for the I /2-stage
cascaded network.

Therefore, in principle, the complex refractive index can be extracted by simultaneously solving
the following equations for the {/2-stage responses in addition to (6.3)—(6.4) for the I-stage and
(6.8)—(6.9) for the 2l-stage [2],

SEHG @)~ REHs =0 (6.12)

[SHAHE )|~ THARE =0 (6.13)
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Figure 6.2: Extracted values for dielectric constant and loss tangent (in 0.1 GHz steps) using the
manual Graphical approach with [- and 2[-stages for Samples #1 and #2. Figure reproduced from

Sun et al. [2].

6.3 Spectroscopic Extraction of Complex Dielectric Properties Us-

ing The S-Parameter ‘Renormalisation’ Method

With ideal measured values, at each individual frequency, the simultaneous complex root solutions
to (6.3)—(6.5) give the ideal complex refractive index 7;4¢4;, Se€n as a single intersection point in
n — k space. However, as previously seen, with real, noisy, measurements there is no longer a
single intersection point [2]. By scanning n —  space, the magnitudes of the right-hand sides of
(6.3)—(6.5) can be summed and projected onto a contour plot. As a result, with ideal measured
values there will be a single one-dimensional spike in n — x space, touching zero at the simultaneous
solution; while with real-noise-affected, measurements a three-dimensional spike will approach
zero [2]. The problem is that of essentially searching for the minimum value as outlined by Challa
et al. [3]. However, the approach by Challa et al. [3] does not consider singularities resulting from
Fabry-Pérot resonances. The Renormalisation approach adds more constraints to the original [-stage
and 2[-stage equations by considering renormalised sets of S-parameters to eliminate ambiguities
due to Fabry-Pérot resonance as demonstrated [2] and discussed here. In practice, the contour
plot can be best observed on a logarithmic scale, by first subtracting the minimum value and then
dividing throughout by the maximum value (giving normalised values between 0 and 1). At some

frequencies there may be multiple intersection points in n — x space that result in multiple minima.

129



Chapter 6. An S-Parameter Renormalisation Technique for Resolving Ambiguities

The dominant minimum in this case might correspond to incorrect values for n and x [2].

Adding more equations (increasing sensitivity) and including more constraints to the existing
equations (increasing robustness) lead to a sharper spike at the correct simultaneous solution in n— &
space. The former can be implemented by mathematically introducing additional sub- and multiple-
stages (e.g., [/2-stage and 2l-stage) to the original I-stage and shorted I-stage. The latter can employ
port reference impedance renormalisation [2]. While spurious minima are generated, the correct
solution will have the dominant (deepest) spike. This is because, with impedance renormalisation, the
correct intersections will remain fixed in n — k space, while spurious intersections move around and
are subsequently averaged-out on aggregate [2]. Spurious spikes can be removed by [2]: (i) increasing
grid resolution (thereby reducing discretisation error); (ii) introducing more sub- or multiple-stages;
(iii) choosing a different port reference impedance renormalisation set. As a general rule-of-thumb,
in addition to the original S-parameters (i.e., l-stage having Zr(w) = Z%%%,,(w), calculated using
(4.20)) it was found by Sun et al. [2] that the best selection of renormalisation impedances includes
several purely resistive impedances above Z$~  (w) (sharpening the spike in the s-direction) and
introducing an equal number of positive and negative reactances (sharpening the spike in the n-
direction). It was found that at the Fabry-Pérot resonance frequency, the method is very sensitive [2].
As a result, the port reference impedances should be close to Z4%%, ,(w) at the Fabry-Pérot resonance
frequency, while spreading out more from Z%%lo(w) when moving further away from the Fabry-Pérot
resonance frequency. A good implementation has a spread of port reference impedances with
r = Re{Zr(w)/Z%F0(w)} € [1,4] and z = Im{Zp(w)/Z%50(w)} € [-4,4]. As a good example,
when normalised to Z$F ,(w), one can adopt the following recommended port reference impedance
set [2]: Zp(w)/Z¥E o(w) € [1,1.25,1.5,1.75,2.25,2.75,3.25,4,1 + j1,1 £ j1.5,1 £ j2.5,1 £ j4] used
at all frequencies; purely real port reference impedances lie on the r £ j0 line above unity, while
complex impedances lie on the 1 + jx circle. This dynamic spread is shown in the Smith chart
illustrations of Fig. 6.3(a) at 8.2 Ghz, with Fig. 6.3(b) at the Fabry-Pérot resonance frequency and
Fig. 6.3(c) at 12.5 GHz. Figure 6.4 shows port reference impedances as a function of frequency
with |S115707|% used as a scaling function. The choice of port reference impedances renormalisation
set is flexible (in terms of size and values), which can change with frequency and/or measurement

conditions.

This measurement post-processing technique can be fully automated, as demonstrated in this
section for all the frequency points generated by the VNA. As an implementation consideration,
there may be a practical limit on the discretisation of n — k space, in terms of computational time

and memory storage. The optimal approach is to first run coarse discretisation over a wide n — k
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(a) (b) (©)

Figure 6.3: Port reference impedances plotted on impedance Smith chart normalised to Z%i]glo (w)
for the 3-D printed Sample #1 [2]. Blue crosses represent purely real impedances, while green
asterisks represent complex impedances on the 1+ jx circle: (a) 8.2 GHz; (b) 11.08 GHz; (c) 12.4 GHz.

Figure redrawn from Sun et al. [2].
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Figure 6.4: Port reference impedance plotted against frequency normalised to Z{ﬁiglo(w) for the
3-D printed Sample #1 [2], corresponding to recommended data set: (a) Re{Zp(w)/Z%5,(w)}

corresponding to the r =30 line; (b) Im{Zy(w)/Z%E0(w)} corresponding to the 14 jz circle. Figure

redrawn from Sun et al. [2].
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space, followed by finer discretisation over a reduced n — k space centred on the expected value.
With the previously recommended port reference impedance renormalisation set, dielectric
properties were automatically extracted. Coarse discretisation had n € [1,4] and x € [—0.025, 0.025]
and the finer discretisation had n € [1.5,1.55] and » € [0,0.009], while grid size was kept at 10002
for both runs. With the latter, contour plots have less spikes that allow for easy identification of
Nextracted- Lhe former gives the worst-case condition. For example, contour plots with coarse
discretisation are shown for Sample #1 at 9 GHz, without impedance renormalisation in Fig. 6.5
and with impedance renormalisation in Fig. 6.6, where both figures represent the common log of
the summation ¥ of (6.3)—(6.5), (6.8)—(6.9) and (6.12)—(6.13). The solid black lines in Fig. 6.5(b)
and Fig. 6.6(b) correspond to 7(11.08 GHz) for Sample #1 associated with Fabry-Pérot resonance
modelling with the variational method M1., while the dashed black liens show the location of
absolute minimum (extracted value). As expected, without impedance renormalisation there are
multiple minima; while the contour plot with impedance renormalisation shows that the deepest
spike corresponds to the absolute minimum close to 7(11.08 Ghz) and other spikes are suppressed.
The spectroscopic results from all frequency points generated by VNA (in 0.01 GHz steps)
are shown in Fig. 6.7(a) without impedance renormalisation and in Fig. 6.7(b) with impedance
renormalisation. The effect of absorption due to box modes can be seen as sharp spikes in the
extracted values of loss tangent. Clearly, impedance renormalisation gives the expected dielectric

properties.

6.4 Modelling Comparison With Nicolson-Ross-Weir (NRW) Ap-

proach

Values of dielectric constant and loss tangent for ABS (pure ABS and two FDM 3-D printed
Stratasys ABS-M30 samples in ‘laying down’ (LD) and ‘standing up’ (SU) orientations), extracted
using the Nicolson-Ross-Weir (NRW) approach, have been published in the open literature by
Deffenbaugh et al. [4], having a sample size of 22.60 x 10.06 x 7.63 mm?; all the available X-band
data is included in Fig. 6.2 and Table 6.1. TRL calibration was also employed before measurements
and their samples were similarly made to fit a shorter 7.63 mm long air-filled quarter-wavelength
thru line section of WR-90 waveguide [4]. Their sample length resulted in Fabry-Pérot resonances
above ca. 11 GHz [4]; with ff, ~13 GHz, predicted using (4.18), having broader spectral features
(due to their much greater loss tangents). It can be seen from the published data (recorded at

only 8.2, 9.0, 10.0 and 11.0 GHz), that their ABS samples have an extracted dielectric constant of
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Figure 6.5: Contour plots for common log of summations of the right-hand sides for (6.3)—(6.5),

(6.8)—(6.9) and (6.12)—(6.13) for 3-D printed Sample #1 [2] at 9 GHz without renormalisation: (a)

side view; (b) top view with solid black lines showing the target value 7(11.08 GHz) and dotted

black lines showing the extracted value. Figure reproduced from Sun et al. [2].
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Figure 6.6: Contour plots for common log of summations of the right-hand sides for (6.3)—(6.5),
(6.8)—(6.9) and (6.12)—(6.13) for the 3-D printed Sample #1 [2] at 9 GHz with renormalisation: (a)
side view; (b) top view with solid black lines showing the target value 7(11.08 GHz) and dotted

black lines showing the extracted value. Figure reproduced from Sun et al. [2].
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Figure 6.7: Extracted values for dielectric constant and loss tangent (in 0.01 GHz steps) using
automated Renormalisation technique with [/2-, I-, 2l-stages and shorted I-stage: (a) without
impedance renormalisation; and (b) with impedance renormalisation. The spectral location of sharp
spikes correspond to the ‘open-box’ mode resonances which affect the extracted values of dielectric
constant and loss tangent. Without impedance renormalisation (a), abrupt changes in dielectric
constant can be observed, most notably at the Fabry-Pérot resonance frequency, due to ambiguities.
With renormalisation (b), however, the extracted responses are much smoother and not affected by

the Fabry-Pérot resonance. Figure reproduced from Sun et al. [2].
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Table 6.1: NRW extracted X-band dielectric properties for all ABS samples reported by Deffen-

baugh et al. [4]. Table reproduced from Sun et al. [2].

Dielectric Spot Frequencies [GHz]
Property 8.20 | 9.00 | 10.00 | 11.00 | 12.40
Pure ABS

Dielectric Constant | 2.6 | 2.62 | 2.54 2.54 -

Loss Tangent x10* | 169 | 114 151 106 -
ABS-M30(LD)
Dielectric Constant | 2.53 | 2.54 | 2.56 2.6 -

Loss Tangent x10* | 108 | 138 181 98 -
ABS-M30(SU)

Dielectric Constant | 2.53 | 2.56 | 2.54 2.55 -

Loss Tangent x10* | 75 | 90 | 207 | 130 -

between 2.53 and 2.62; higher than the extracted values in this work [2]. Moreover, the associated
loss tangents vary from 75 x 1074 to 207 x 10~* (extreme case for ABS-M30(SU)); considerably
more lossy than the FDM 3-D printed ABS Samples #1 and #2 from this work [2].

It is worth noting that Deffenbaugh et al. also present extracted dielectric constant data, using
non-waveguide techniques, for ABS at 1, 2, 100, 500 and 1,000 MHz; giving values ranging from 2.59
to 2.83, which correspond more closely to their fixed data sheet value of 2.8 for all ABS samples [4].

The well-established NRW approach [5], [6] represents a closed-form analytical method for
characterising dielectric and magnetic materials, without using iterations and an initial guess. The
original, highly cited, paper by Nicolson and Ross was developed for TEM waves, normally associated
with coaxial cables [5] (it is not possible to 3-D print truly cylindrical samples with FDM for this
application). However, it has also been used with TE and TM modes normally associated with
waveguides [4], [6]-[7]. For the purposes of clarity, this approach is referred to here as the Original
NRW approach.

Given the dielectric properties, a priori, the S-parameters for any medium can be calculated
using [1],

1 — P?
S]_]_ = |:1_(p0P)2:| Po = 522 (614)
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Sor = 1_7%2 P=S (6.15)
21 = |72 (p0P)? =012 .

where, using (4.6) for Zpgmo and Z:‘ﬁ%mo, the zero-order electric-field wave (or complex Fresnel)
reflection coefficient pg at the interface between the reference air-filled and sample dielectric-filled
sections of a MPRWG is,

air

_ ZTEm0 — ZTEmO

Po (6.16)

" Zremo + 285m0
and, using (4.1) for 7,0, the propagation factor P = e~ ol Here, the propagation constant
Ym0 = Vg =J (3, using (4.17) for f; this implicitly assumes a PEC-walled MPRWG.

Now, the reverse process of extracting the dielectric properties from any medium can be
performed. For example, using a dielectric slab in free space [1], coaxial cable [5] and rectangular

waveguide [4], [6]-[7], by solving the following quadratic function,

pe—2xpo+1=0 (6.17)

giving,
—1 /
where,
1- 53 + 5%

= 6.19

X 25, (6.19)

The complex propagation factor P = e 727/ s can now be found directly from measurements

with (6.19) using,
p_ S11+ S21 — po
1 — (S11 + S21)po

In principle, the complex relative effective permittivity &,. s and permeability /i, can be extracted

(6.20)

using (4.11)—(4.14) [2],

1 In{P}V*  [firére 1
X { 2Erz}] - (M Agff - Xg’mo) (6.21)
Rearranging (6.21) gives,
P ffzic% <}+1> (6.22)
AR A,
where, with (4.7) and the general identities in (4.8),
T (6.23)
Ag
and,
_ 1+po Ziy

¢ and  AY" =)o

= 6.24
1 —po 70 (6.24)

In practice, the VNA measures S-parameters with wrapped phase angles (i.e., with values limited

between —m and +); the resulting phase ambiguities in P lead to an infinite number of roots
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when evaluating In{P} in (6.21) [6]. In practice (with finite Qo(fp)), the effects of the Fabry-Pérot
resonances excludes practical extraction of the dielectric properties above ca. 10.5 GHz for Sample #1
and above ca. 10.75 GHz for Sample #2; the latter exhibiting a higher Qo(fsp) [2]. Fortunately,
phase correction can be applied to the propagation factor (i.e., adding integer multiples n,, of 27
to —Al by multiplying P in (6.20) by e™/"¢?™) between the n, and n, + 1 Fabry-Pérot resonance
frequencies [7], [8].

In this study, the measured S-parameters were applied to these NRW equations, using (6.19)—
(6.24), with phase correction applied, and the extracted relative (effective permittivity and perme-
ability) values are shown in Fig. 6.8. This methodology is referred to here as the Original NRW
approach [2].

In addition to the problem of phase ambiguity, there is also an issue with mathematical instability.
With ideal measurements, at the Fabry-Pérot resonance frequency (with S11(wgp) = 0 and Soq(wyp) =
—1 for low loss samples), singularities are not seen in (6.19), as x = lim,—o{a}/limy,o{b}. However,
with real measured values, a singularity propagates from (6.19) to the propagation factor, resulting
in the mathematical instability in both fi, and e,cf¢ [2]. In 2012, Barroso and de Paula reported
a way to minimise the instability and relative permittivity [7); Re{fiy&rerr} = pr€hepp — Hrcresy
and Im{fi;&repr} = pip€)ess + Hy€repp and fip constrained to a value of unity (restricting this
technique to purely non-magnetic materials). This methodology is referred to in this paper as
the Modified NRW approach. Here, it is implicitly assumed throughout that phase correction
has been applied. Extracted values of fi.&..fr, for both samples, are also shown in Fig. 6.8,
where dielectric constant e,erf = Re{firErefr}|p.=1 is replaced with Re{fi,é,cf¢} and loss tangent

tan de = tand|,—o = €. s /.y replaced with tand = Im{fivrers}/Re{firérerr} [2].

It is important to note that the extraction of dielectric property for rectangular waveguides
using (6.19)—(6.24), as originally proposed by Weir [6] and later adopted by others [4], [9]-[7],
implicitly assumes PEC-walled MPRWGs. Therefore, with the practical measurements in this study
having waveguides with finite conductivity metal walls (o9 ~ 1.6 x 107 S/m), extraction using the
NRW equations must exhibit errors (a detailed analysis of the impact of finite oy on &..¢; and
iy is the beyond the scope of this study). It can be seen from Fig. 6.8 that, with the Original
NRW approach, the extracted relative values and loss tangent exhibit mathematical instabilities at
the Fabry-Pérot resonance frequencies (ff, = 11.08 GHz for Sample #1 and f, = 11.13 GHz for
Sample #2) with &.crf Z firéreffla=1 [2].

For this reason, with the Original NRW approach, sample length must be constrained to | <

Ag(ffp)/2 (i-e., so that B(w)l < 7) increasing measurement uncertainty due to low opacity [1], [6]. For
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6.4 Modelling Comparison With NRW Approach

example, with the Graphical approach in this study, the extracted value of €/ 7 f(ll GHz) = 2.3256
for Sample #1, and so the maximum length l,;,4, (11 GHz) = 9.708 mm. As expected, this just
exceeds | = 9.627 mm, in theory (for Qo(ff,) — 00), allowing extraction of dielectric properties
below ca. 11 GHz only [2]. For arbitrary lengths, one way to resolve the phase ambiguities in P is

to test for spectral continuity in the differential-phase group delay [5].

In general, mathematical instabilities are not observed with the Modified NRW method. However,
it was found that with Sample #2 an instability was evident just above fy,, where loss tangent

spiked to a small negative value [2].

As seen in Fig. 6.8 (ignoring box-mode resonances), the Modified NRW approach gives Re{fi &y}
2.3080 £ 0.0019 (£0.1% variation), while the respective Graphical and Renormalisation approaches
give g, = 2.3273+£0.0366 (£1.6% variation [2]; this relatively large value may be due to systematic
errors and noise in the measurements) and 2.328140.0105 (£0.4% variation) across X-band for Sam-
ple #1; for Sample #2, the Modified NRW approach gives Re{fi,&,crf} = 2.303040.0035 (£0.2% vari-
ation), while the respective Graphical and Renormalisation approaches give ¢/ 7 =2.31054+0.0183
(£0.8% variation and 2.3047 £ 0.0119 (£0.5% variation) across X-band [2].

Similarly, with loss tangent across X-band, the Modified NRW approach gives
Im{fivérers}/Re{firéress} between 18.861 x 1074 and 31.58 x 10™*, while the respective Graph-
ical and Renormalisation approaches give Elrleff/glreff from 17.227 x 10~ to 29.885 x 10~* and
16.675 x 107 to 29.693 x 10~* for Sample #1. For Sample #2, the Modified NRW approach
gives Im{fir&rcrs}/Re{firéress} between 13.514 x 1071 and 48.97 x 1074, while the respective
Graphical and Renormalisation approaches give E/r/eff/slreff from 13.195 x 10~ to 21.473 x 10™4
and 12.948 x 107% to 21.429 x 10~ [2].

A summary of the dielectric properties for ABS extracted using various strategies is shown in
Table 6.2, for both Samples #1 and #2. It can be seen that at the Fabry-Pérot resonance frequencies
the extracted dielectric constants are consistent amongst the various extraction strategies, with the
exception of the two NRW methods. The Original NRW method is not stable at this frequency and
so generates wildly unpredictable values; while the Modified NRW method delivers a lower value
from the average (within 0.7% of the other methods) [2]. If it is initially assumed that the dielectric
constant is non-dispersive across X-band, it is possible to compare extraction strategies (given their

resulting standard deviation) for the five spot frequency values given in Table 6.2 [2].

Table 6.3 [2] shows the resulting averages for the spot frequency values and their standard
deviations. It can be seen that, with both Samples #1 and #2, the Graphical and Renormalisation

approaches agree with one another and exhibit a very low standard deviation across X-band;
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effectively extracting non-dispersive values for dielectric constant of 2.329 and 2.309 for Sample #1
and Sample #2, respectively, with discrepancies being attributed to arbitrary defects in the two 3-D
printed samples and only having one frequency-swept measurement for each sample. The two NRW
methods also agree with one another; with the Original method having a higher standard deviation
and Modified method having a lower standard deviation, when both are compared to the Graphical
and Renormalisation approaches. However, the NRW methods give slightly lower values of dielectric
constant (within 1.6% of the other methods). Nevertheless, this simple analysis confirms the initial
assumption that the dielectric constant of ABS is non-dispersive across X-band. It can be seen from
Table 6.2, with the Graphical and Renormalisation approaches that, when ignoring the Fabry-Pérot
resonance frequency, loss tangent for ABS decrease with increasing frequency across X-band. As a

result, a non-dispersive analysis is not possible with loss tangent [2].

In contrast, from Table 6.1, while the average dielectric constants for all three ABS samples
reported by Deffenbaugh et al. [4] are within 1.2% of each other, they are inflated by approxi-
mately 10% and have an order of magnitude increase in standard deviation, when compare to the
results in this study. Moreover, from Table 6.1, it can be seen that there is no consistent spectral

trend in loss tangent [2].

Clearly, the dielectric properties for the FDM 3-D printed ABS in this work do not correspond
to those for pure ABS or FDM 3-D printed ABS-M30 reported by Deffenbaugh et al. [4]. For
example, with pure ABS between 8.2 GHz and 11 GHz, the reported extracted dielectric constant
was 2.58+0.04 (+1.6% variation) with loss tangent fluctuating between 106 x 10~ and 169 x 10~* [4];
with very similar results for the FDM 3-D printed Stratsys ABS-M30 samples [2].

Since the results for ABS reported by Deffenbaugh et al. [4] do not include extracted data above
11 GHz, it can be inferred that they are likely to have adopted the Original NRW approach; with
such a high recorded loss tangent, the effects of having fy, ~13 GHz is likely to have restricted the
upper frequency limit to ca. 11 GHz [2].

In summary, the Graphical and Renormalisation approaches are in agreement with all the
various Fabry-Pérot resonance modelling strategies, at the Fabry-Pérot resonance frequency; it does
not assume a PEC-walled MPRWG or exhibit the mathematical instabilities or fi.&,.fs ambiguity
associated with the NRW methods. From all the various modelling strategies, there is general
agreement in the dielectric properties extracted. Sample #1 has a frequency independent dielectric
constant of 2.33 across X-band, while its loss tangent tends to decrease from 30 x 10~% down to
17 x 10~* as frequency increases across X-band [2]. Sample #2 hs a frequency independent dielectric

constant of 2.31 across X-band, while its loss tangent tends to decrease from 21 x 10~ to 14 x 10™4
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as frequency increases across X-band. These results are clearly less than those previously published

in the open literature for pure ABS, shown in Table 6.1 [2], [4].

6.5 Measurement Noise Resilience Analysis

With a modern space-domain Fourier-transform infrared (FTIR) spectrometer, the upper-bound
measurement signal-to-noise power ratio (SNR or S/N) has a specific definition. With power
transmission(reflection)-mode spectroscopy, without any sample under test, signal power Prcference
is represented by a 100% transmittance(reflectance) reference level (assuming no systematic errors
within a calibrated system) and neither the peak-to-peak or root-mean square (RMS) deviation from
this reference level represents the generalised noise power Py ise, across the spectrum of interest [10].
With sub-millisecond integration times, FTIR systems have very low values of S/N [1]. Alternatively,
the TRisF1 instrument (from IRsweep AG, Switzerland) is a quantum cascade laser frequency comb
spectrometer that has S/N|qp = 20 dB with a 1 us integration time (without any sample under
test), which improves with integration time [11]. In contrast, modern frequency-domain VNAs
can have a relatively high S/N, while terahertz time-domain spectroscopy (THz TDS) offers an
extremely high S/N [1], [2].

In practical metrology there may be numerous sources of measurement noise, having a variety
of possible probability density function distributions. Within the limited scope of the analysis
presented here, it is not feasible to investigate all possible sources of noise and their interactions
within a modern commercial VNA. Nevertheless, it is assumed here that the overall noise from the
various contributions exhibit an additive white Gaussian noise (AWGN) type of distribution. In
addition, local oscillator phase noise can also be significant at higher frequencies; both assumed to
be independent and uncorrelated. Investigating the impact of just AWGN can still reveal potential
weaknesses with dielectric property extraction. For this reason, a simple AWGN-only analysis is
undertaken [2].

First, the real and imaginary parts of noiseless S-parameters for S1; and So; are mathematically
emulated; this assumes a symmetrical and reciprocal scenario for a hypothetical non-magnetic
dielectric sample under test. Based on the sample average extracted values from Table 6.2, at 9 GHz,
this sample has a dielectric constant e,.rs = 2.31 and loss tangent E;a/eff/glreff =20 x 1074, as fixed
target values for subsequent fizg,ger extraction (with nrgrger = 1.51987 and Krgrger = 1.52 X 1073
at 9 GHz) [2]. This sample is then inserted into the simulated thru section of waveguide, modelled
at 9 GHz using the variational method. These for noiseless S-parameter values effectively represent

the simulation of four independent noiseless ‘signal voltage measurements’ Vypiseless t0 which
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Figure 6.8: Extracted relative (effective permittivity and permeability) values using the Nicolson-
Ross-Weir (in 0.01 GHz steps) and automated Renormalisation approaches: (a) real part of relative
values for Sample #1; (b) loss tangent for Sample #1; (c) real part of relative values for Sample #2;

and (d) loss tangent for Sample #2. Figure reproduced from Sun et al. [2].
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Table 6.2: Summary of dielectric properties for ABS extracted using various strategies. Table

reproduced from Sun et al. [2].

Dielectric Extraction Frequencies [GHz|
Property Strategy 8.20 9.00 10.00 11.1 12.40
Sample #1

Fabry-Pérot | M1 - - - 2.325 -

, Resonance | M3 - - - 2.3284 -
f”’f f Graphical 2.3303 | 2.3210 | 2.3394 | 2.3250 | 2.3271
(B =1) Renrormalisation | 2.3384 [ 2.3240 | 2.3352 | 2.3254 | 2.3216
Original NRW 2.2830 | 2.2831 | 2.2576 - 2.3450
Re{firEresr} Modified NRW 2.3066 | 2.3085 | 2.3086 | 2.3103 | 2.3083

Fabry-Pérot | M1 | - - - 19.25 -

Resonance | M3 - - - 19.148 -

€;‘lﬁff/6;€ff X 104

( ) Graphical 29.885 | 23.328 | 17.561 [ 19.250 | 17.450
fr =1

Renormalisation 29.693 | 22.220 | 19.455 | 19.023 | 16.910

Original NRW 6.6063 | 19.259 | 56.025 - -23.776

Imffinéress}/Re{finéress} x 104 | Modified NRW | 27.796 | 24.510 | 25.464 | 23.888 | 22.393

Sample #2

Fabry-Pérot | M1 - - - 2.3045 -

, Resonance | M3 - - - 2.3080 -
Fredf Graphical 2.3134 | 2.3080 | 2.3165 | 2.3043 | 2.3028
(B =1) Renormalisation 2.3161 | 2.3077 | 2.3124 | 2.3045 | 2.3027
Original NRW 2.2896 | 2.2988 | 2.2899 - 2.3044
Re{firéresr} Modified NRW 2.3003 | 2.3046 | 2.3050 | 2.2999 | 2.3008

Fabry-Pérot | M1 - - - 14.720 -

dfeff/s;,eff < 104 Resonance | M3 - - - 14.798 -
Graphical 21.473 | 16.519 | 15.164 | 14.875 | 13.522

(Ar =1)
Renormalisation 21.311 | 14.945 | 14.455 | 14.718 | 13.417

Original NRW -12.914 | 9.9508 | 109.78 - -242.8

Imfjinress}/Re{finéress} x 104 | Modified NRW | 17.130 | 17.081 | 26.651 | 9.046 | 38.295
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Table 6.3: X-band averages of dielectric constant extracted using various strategies. Table

reproduced from Sun et al. [2].

Dielectric Extraction Standard
Average

Property Strategy Deviation

Fabry-Pérot | M1 2.325 -

Resonance | M3 | 2.3284 -

Graphical 2.3285 0.0069

Sample #1 (i =1)
Renormalisation 2.3289 0.0074

Original NRW * 2.2922 0.0372

Re{jiyéerr} | Modified NRW | 2.3085 | 0.0013

Fabry-Pérot | M1 | 2.3045 -

Resonance | M3 | 2.3080 -

Graphical 2.3092 0.0058

Sample #2 (i =1)
Renormalisation 2.3087 0.0055

Original NRW * 2.2957 0.0072

Re{firéresr} | Modified NRW | 2.3021 | 0.0025

Pure ABS Dielectric
NRW 2.575 0.0412

Sample ** Constant

ABS-M30(LD) | Dielectric
NRW 2.5575 0.0310

Sample ** Constant

ABS-M30(SU) | Dielectric
NRW 2.5450 0.0129

Sample ** Constant

* excluding Fabry-Pérot resonance frequency value.

** using the quoted values taken from Deffenbaugh et al. [4].
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independent and uncorrelated random noise voltages will be added (having AWGN distributions);
effectively representing the emulation of 40 ‘RMS noise voltage measurements’ vawagy. Within
this limited study, only 10 noisy ‘S-parameter measurements’ for both S1; and Ss; were emulated
at 9 GHZ, represented by 40 noisy ‘signal voltage measurements’ Vnoisy = Vnoiseless + Vnoise; Where
Vnoise — VawaN- The 9 GHz spot frequency was chosen as it represents a featureless part of X-band
(i.e., well away from any band-edges or resonance frequencies) [2].

At this point, it is necessary to define the upper-bound measurement signal-to-noise power
ratio in terms of effective ‘RMS noise voltage measurements’ Vnoise|rars. Here, the RMS FTIR
spectrometer definition for the upper-bound measurement S/N is adopted, because it is independent

of any arbitrary S-parameter measurements [2]:

with,

S/N _ Preference o VnoiselessPR]ij = S/NAWGN _ 1 5 (626)
VAWGN|RMS

With (6.26), the specific level of S/N|qp, sets the upper RMS limit for vppise — vawen. In

- 2
Pnoise Vnoise‘R]V[S

practice, (6.26) is implemented with the built-in MATLAB function ‘awgn’ [12] to produce 40

random sample values of vaw ey within this RMS limit [2],

VAWGN = awgn(l/noiselessv S/NAWGNldB) (627)

It should be noted that while the real and imaginary parts of both S1; and So; are assigned
the same level of S/N|gp, using (6.27), this same level also independently applies exactly to both
|S11| and |S21|. Within this limited study, a broad range of S/N|4p levels were investigated for
extracting 71, from 10 dB (representing poor sensitivity instruments) to 100 dB (representing high
sensitivity instruments), in steps of 10 dB. In addition, noiseless values fi,p;seless Were extracted as
a benchmark for the various methodologies used in this study [2].

The results using the various extraction strategies are shown in 6.9. With all methodologies,
there is a greater spread on refractive index, when compared to the extinction coefficient, but in
terms of percentage change the reverse is true. For all levels of S/N|qp, it can be seen that the
scatter of extracted values for 7 is less confined with the Original NRW method, when compared
to the Modified NRW method. However, with the Original method the extracted values for 7
cluster at a noiseless point 7,piseiess that is closer to the target value fipgrger. This highlights a
fundamental weakness with both NRW methodologies, in that fi,eiseiess # MTarget, since the ohmic
losses associated with the conducting metal walls of the MPRWG are not considered. In contrast,

with both Graphical and Renormalisation methods, fineiseiess = PTarget [2]-
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The data spread in 6.9 has been summarised in Table 6.4 with the use of a worst-case nor-
malised measurement peak error vector magnitude EVM% = (EV Mpgak /| Target|) % 100%, where
EV Mpgag is the minimum radius for the circle that encompasses all 10 extracted 7 points (from
the 10 emulated noisy ‘S-parameter measurements’ for S11 and Sop) with its centre at fipgrger [2].
Tt is expected that EV Mpgag dramatically increases as S/N degrades; this is seen Table 6.4.

Alternatively, EV Mpyrs can be defined as the RMS radius for the circles that correspond to
the 10 extracted n points with their centre at firqrges. Within a linear system, given firg,ger and

EV Mg s, the corresponding S/Nawan can be estimated using an equation of the form (4.19) [2],

S R
BVMaus |\ 57w * Ot (6.25)

[ arget| (S/Nawen)~V/? for  S/Nawenlas 2 20 dB
where oo is an RMS error in the extraction process (effectively representing additional uncorrelated
noise). EV Mpys is plotted in Fig. 6.10 for different methodologies. It can be seen that all
approaches generally follow the approximation given (6.28). As S/Nawen increases, with both
NRW approaches, EV Mgyrs approaches their residual value |Gnoiseiess — PTarget| [2]-

In summary, errors in the extracted value of 7 are negligibly small with the Graphical and
Renormalisation methods, while both NRW methodologies have significant errors are inhered — due
to the PEC-walled MPRWG assumption. As S/N|qp degrades, both Graphical and Renormalisation
methods maintain their resilience as long as the minimum grid resolution can increase. Further
improvements with the Renormalisation method can be made by having a more aggressive port
reference impedance optimisation strategy [2].

Next section gives an analysis of the measurement S/N|qp for the calibrated VNA system used
to generate the S-parameters. A measurement S/N|qp of 88.5 dB can be inferred, when based on
the RMS approach. Therefore, it can be seen from Table 6.4 that in this particular example, the
Graphical method has the lowest measurement EV M % [2].

6.6 Estimation of VNA S/N

It is interesting to estimate the upper-bound measurement S/N|qp for the calibrated VNA system
(Agilent E8364C PNA Network Analyzer [13]) used to generate the S-parameters in this study.
It is assumed here that the signal-to-noise power ratio is frequency independent across X-band.
Noise presents a random deviation from the noiseless measurements, plotted against frequency, but
considered as a sequence of sample points. First, the adopted RMS definition for a transmission

mode FTIR spectrometer is used, with 421 spectral measurements from 8.2 to 12.4 GHz (in 0.01 GHz
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Figure 6.9: Noise sensitivity for a hypothetical dielectric sample having a fixed dielectric constant
Elreff = 2.31 and loss tangent Elrleff/é‘;,eff = 20 x 107" (with nrarget = 1.51987 and Krgrget =
1.52 x 1073 at 9 GHz) inserted into the simulated thru section of waveguide modelled at 9 GHz
using the variational method: (a) Original NRW; (b) Modified NRW; and (c¢) Renormalisation

method. Figure reproduced from Sun et al. [2].
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Table 6.4: Worst-case normalised measurement peak error vector magnitudes from Fig. 6.9 for

different methodologies. Table reproduced from Sun et al. [2].

Measurement Peak EVM%
S/NlaB
Original NRW | Modified NRW | Graphical * | Renormalisation
10 67.4308 67.3107 47.4651 71.2671
20 26.5339 11.7441 23.8831 14.4112
30 7.2725 3.7859 16.2645 4.9536
40 2.6203 1.2554 1.2817 1.5948
50 0.8692 0.3974 0.3755 0.4360
60 0.2811 0.1196 0.1181 0.1373
70 0.0915 0.0392 0.0417 0.0415
80 0.0312 0.0196 0.0122 0.0131
90 0.0121 0.0137 0.0039 0.0042
100 0.0061 0.0119 0.0011 0.0013
Noiseless 0.0033 0.0111 55 x 1076 4 x 1076

* Graphical method analysis done by Dr. Sun using the maximum obtainable zoomed-in level to

observe the graphs [2].
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Figure 6.10: Normalised measurement RMS error vector magnitudes from Fig. 6.9 for different

methodologies. Figure reproduced from Sun et al. [2].
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steps). The So1 and S12 for the air-filled 9.626 mm long thru line section of MPRWG were measured,
with the results for [So1| = [S21n0isy| — Vnoisy shown by the thin black curve in Fig. 6.11. The
10-point running average is estimated using the built-in MATLAB ‘polyfit’ function [12], to give
[So1noiseiess| — Vnoiseless 7 1 illustrating the effects of systematic errors within the calibrated
instrument, shown by the bold black cure in Fig.6.11. The running average is then subtracted
from the measured response, to give the random noise spectral response Vpeise centred around
zero, shown in Fig. 6.11. By taking the Fourier transform of v,,,;s. extracted from measurements
and comparing this with v gy generated previously, it is found that they have almost identical
probability density functions; confirming the initial assumption made that AWGN dominates.

It is then possible to estimate the measurement S/N|qg,

. 2
S/N‘dB _ 1010g10 {Vnozs€less|RMS} (629)
Vnozse|RJV[S

Given Vpgiseless and Vppise, (6.29) is implemented using the inverse of (6.27) with the built-in

MATLAB function ‘snr’ [12],

S/N|dB = Snr(ynoiselesw Vnoise) (6.30)

The peak-to-peak representation of the signal-to-noise power ratio S/N|4B p—p can be defined as,

2
1
S/Nlapp—p = 10logy, {} (6.31)
Vnoise|p—p
with
Vnoise‘p—p - 2|Vnoise|JV[AX (632)

Given Vppise, (6.32) is implemented with the built-in MATLAB function ‘maz’ [12],

|Vnoise‘]\/1AX = mal‘(abs(ynoise)) (633)

Using this simplified approach, it has been found that measurement S/N|q1, is approximately
88.5 dB and 72.0 dB when based on RMS and peak-to-peak approaches, respectively from our VNA
measurements. A more detailed sub-band breakdown is shown in Table 6.5. It is seen in Table 6.5
that all four sub-bands have a measurement S/N|q, within a very narrow range, between 88 dB and
89 dB, with the RMS approach, which justifies our initial assumption that measurement S/N|ap
is independent of frequency across X-band. The peak-to-peak approach exhibits a wider range,
between 71 dB and 75 dB, due to the single point outliers that are observed in Fig. 6.11.

It is interesting to note that for the Agilent E8364C PNA, the specification standard test port

input noise floor is less than approximately -117.0 dBm (at X-band within and IF bandwidth of

149



Chapter 6. An S-Parameter Renormalisation Technique for Resolving Ambiguities

0.9995 ‘ | -
- ‘S21n0isy|
— ‘ SZlnulﬁself:ksns' |

09994 r — Vnoise 2

—

o
4
Vnoise X 10

0.9993 - il
Vrf H

;“l ‘ ]

| P | |
19992+ | “‘ “ ) t‘(\"‘m ‘ ‘l‘\l‘ m l ‘ \\‘ ‘\\ |
0.999 '“m ‘ ‘. M ’Mk!’M!M"hI‘J‘hn'\'qi

| Sa1]

0.9991 | 5‘1 ‘

—
I
1

—_

0.999 -

0.9989 ! : : *
8.0 85 9 9.5 10 105 11 115 12 125

Frequency (GHz)

Figure 6.11: Measured | Sy for the air-filled 9.626 mm long thru line section of MPRWG, with

its running average and extracted random noise components. Figure reproduced from Sun et al. [2].

Table 6.5: Upper-bound Measurement S/N |qp summary for the calibrated Agilent E8364 PNA

Network Analyzer calibrated in waveguide at X-band. Table reproduced from Sun et al. [2].

Measurement S/N [dB]
Band

[GHZ]

RMS Peak-to-peak
Sat1 | Si2 | Sa S12
8.2-12.4 | 88.2 | 88.7 [ 71.2 72.9

8.2-9.5 | 88.3|89.2 | 742 | 752

9.5-10.5 | 87.9 | 87.8 | 73.6 | T4.3

10.5-11.5 | 89.0 | 89.3 | 71.2 | 754

11.5-12.4 | 87.7 | 88.4 | 74.1 | 729
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6.7 Conclusion

10 Hz; increasing with TF bandwidth) [13]. At 10 GHz, the output signal power at the reference
plane was measured to -18.5 dBm, giving S/N|q, 2 95.5 dB; decreasing with increasing IF band-
width. Therefore, for a 100 Hz IF bandwidth, S/N|q, = 88.5 dB. This corresponds exactly to
the independently extracted arithmetic average value from S3; and S72, when based on the RMS

approach across X-band carried out in this study, as shown in Table 6.5.

6.7 Conclusion

In this chapter, a technique based on renormalisation of S-parameters was presented to resolve the
ambiguities in simultaneous transmittance and reflectance relationships, obtained from S-parameter
measurements of a network, under a noisy measurement scenario. This technique was used to
extract the complex dielectric properties of an fused deposition modelling (FDM) 3-D printed
dielectric sample in a metal-pipe rectangular waveguide (MPRWG), based on the graphical method
for extraction of dielectric properties. A noise resilience analysis was carried out for the graphical,
renormalisation and Nicolson-Ross-Weir (NRW) techniques. It was found that both graphical
and renormalisation methods correctly predicted the target value of n and x within 5 dB of the
root mean squared (RMS) error vector magnitude (EVM) value corresponding to the introduced
additive white Gaussian noise. The modified NRW approach, performed similar to the graphical
and renormalisation techniques, while, original NRW approach was the worse. Both NRW methods,
however, do into account the conductivity of the waveguide walls and performed poorly under
low-noise conditions. In this regard, both the graphical and renormalisation techniques are preferable
to the NRW method, as the NRW method requires numerical solution to take into account losses
in the waveguide walls. In addition, the output S/N ratio of a vector network analyser (VINA)

operating in the X-band was also estimated from measurements of the thru section of an MPRWG.
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and Nicolson-Ross-Weir methods.

152



6.8 References

References

1]

J. Sun and S. Lucyszyn, “Extracting complex dielectric properties from reflection-transmission

mode spectroscopy,” IEEE Access, vol. 6, pp. 8302-8321, Mar. 2018.

J. Sun, A. Dawood, W. J. Otter, N. M. Ridler, and S. Lucyszyn, “Microwave characterization
of low-loss FDM 3-D printed ABS with dielectric-filled metal-pipe rectangular waveguide
spectroscopy,” IEEE Access, vol. 7, pp. 95455-95486, July 2019.

R. K. Challa, D. Kajfez, V. Demir, J. R. Gladden, and A. Z. Elsherbeni, “Permittivity
measurement with a non-standard waveguide by using TRL calibration and fractional linear

data,” PIER, vol. 2, pp. 1-13, 2008.

P. I. Deffenbaugh, R. C. Rumpf, and K. H. Church, “Broadband microwave frequency charac-
terization of 3-D printed materials,” IEEE Trans. Compon. Packag. Manuf. Technol., vol. 3,
pp- 2147-2155, Dec. 2013.

A. M. Nicolson and G. F. Ross, “Measurement of the intrinsic properties of materials by

time-domain techniques,” IEEE Trans. Instrum. Meas., vol. 19, pp. 377-382, Nov. 1970.

W. B. Weir, “Automatic measurement of complex dielectric constant and permeability at

microwave frequencies,” Proc. IEEFE, vol. 62, pp. 33-36, Jan. 1974.

J. J. Barroso and A. L. De Paula, “Retrieval of permittivity and permeability of homogeneous
materials from scattering parameters,” Journal of Electromagnetic Waves and Applications,

vol. 24, no. 11-12, pp. 1563-1574, 2010.

A. N. Vicente, G. M. Dip, and C. Junqueira, “The step by step development of NRW method,”
in Proc. SBMO/IEEE MTT-S International Microwave and Optoelectronics Conference, pp. 738
742, IEEE, Oct. 2011.

A.-H. Boughriet, C. Legrand, and A. Chapoton, “Noniterative stable transmission/reflection
method for low-loss material complex permittivity determination,” IEEE Trans. Microw. Theory

Technol., vol. 45, pp. 52-57, Jan. 1997.

Highest available signal-to-noise performance, delivering superior sensitivity and analytical
performance: Technical Overview, Agilent Technologies INc., Publication Number SI-1353,
Mar. 2011. Accessed: 72019. [Online]. Available: https://www.agilent.com/cs/library/

technicaloverviews/public/si-1353.pdf.

153



Chapter 6. An S-Parameter Renormalisation Technique for Resolving Ambiguities

[11] IRis-F1High-speed infrared spectrometer, IRsweep AG, 2018. Accessed: Mar. 07, 2019. [Online].

Available: http://cloudfront.irsweep.com/resources/IRsweep_IRisF1.pdf.

[12] MATLAB Functions. Accessed: 7 Mar. 2019. [Online]. Available: https://uk.mathworks.com/

help/matlab/functions.html.

[13] Agilent PNA Microwave Network Analyzers: Data Sheet. Accessed: Mar. 07, 2019. [Online].

Available: http://literature.cdn.keysight.com/litweb/pdf/5989-7605EN. pdf.

154



Chapter 7

Terahertz Spectroscopy Using Surface

Plasmon Excitation

7.1 Introduction

The Drude model can adequately describe the response of metals in a broad spectral domain but
metals are not good candidates for surface plasmon excitation in the THz sub-spectrum due to
high absorption. Semiconductors are ideal for THz plasmon excitation as their plasma frequency
depends on the number of carriers nzp. As ngp can be easily altered by doping, semiconductors can
be tailored to operate in the THz domain. The Drude model is fairly accurate for semiconductors
in the THz range. Si is one semiconductor that is commonly used to study THz surface plasmons
excitation as highly doped Si (n3p > 107 cm ™) can support THz surface plasmons.

Otter, at Imperial College London, in his PhD thesis [1] proposed a novel method for THz
spectroscopy using plasmon excitation. Plasmons are excited on a silicon (Si) slab in the Otto
configuration using the attenuated total reflection (ATR) scheme. The observed spectral response
of reflected field shows a sharp dip at the crossover of prism and Si dispersion curves, due to surface
plasmon excitation. This configuration can be used as a THz spectrometer as the observed spectrum
is sensitive to changes in the dielectric constant of gap, gap size and the wavenumber along the
interface that is dependent on the angle of incidence and material of prism. A material under test
can be characterised using this technique by placing the sample in the gap and observing the change
in reflected field at the detector.

Nazarov et al. [2] characterised highly doped Si samples through excitation of surface plasmons
on Si samples underneath a prism using the ATR scheme. The peak of absorbance at the detector

is shifted with a change in the material parameters of the sample. The shift in absorbance is highly
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sensitive to the dielectric constant of the sample under test, and even slight changes in the dielectric
constant of the sample can be detected [3]. The losses of the Si sample can be characterised by
observing the decay in surface plasmons over a known length. More recently, the work by Poulin
et al. [4] reviews some of the sensing techniques using surface plasmon excitation. They present
an example of material characterisation of an unknown dielectric sample placed on a Si slab of
known dielectric properties. While Nazarov et al. [2] used a glass prism in their work, sensing can
be improved by using a prism with a high dielectric constant, such as Si.

The modelling aspects of the experimental set-up for THz spectroscopy through excitation of
surface plasmons are considered in this chapter.

Three different modelling techniques are considered: (i) dispersion modelling by plotting
dispersion curves; (ii) simplified modelling by treating the different media as semi-infinite planar

slabs and; (iii) full wave modelling using FDTD and COMSOL Multiphysics®.

7.2 Dispersion Modelling

A plot of frequency versus the wavenumber (or propagation constant) is known as the dispersion
curve. All real materials are frequency dispersive, which means that the material parameters ¢ and
1 are functions of frequency. Some materials may exhibit little change in their material parameters
over a certain range of frequencies and can be effectively modelled by constant values of ¢ and
. The dispersion plot of such materials is a straight line over the frequency range of interest.
For frequency-dispersive materials, the dispersion curve is not a straight line. In situations where
electromagnetic energy travels between different media, a plot of dispersion curves of these media
can give many insights, for example, the intersection of dispersion curves shows materials having
similar wavenumbers and can represent electromagnetic excitation, absorption or reflection-less
transmission between these media.

Figure 7.1(b) shows the SPP dispersion relationship of a heavily doped Si sample. The sample was
n-type with a carrier concentration of ngp = 7.84 x 1016 cm=3, electron mobility u = 797.194 m?/Vs,
effective electron mass m.sy = 0.26m,, where m, is the rest mass of the electron, and a dielectric
constant of 11.64. The plasma frequency was calculated from (C.8) as f, = 4.9305 THz and surface
plasmon frequency as fs, = fp/1/1 + €37 = 1.3868 THz. Material parameters of available heavily
doped Si samples are given in Table 7.1. The data was provided by Dr. Otter [1]. The dispersion
curve of glass ¢, = 2.25 lies towards the right of the light line and intersects the SPP dispersion
curve. The point of intersection shows that incident light from glass has the required wavenumber

k (or momentum) to excite SPPs. This is the basis for the THz spectroscopy technique discussed
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Figure 7.1: Frequency versus normalised wavenumber dispersion plots of surface plasmon polaritons
(SPP) for n-type Si samples with resistivities: (a) 10 Qcm; (b) 1 Qcm; and (c¢) 0.1 Qcm. The
dispersion curves were computed using (1.8), where the dielectric was assumed to be air with Si
sample underneath. The surface plasmon frequency fs, is also indicated for the three samples,
which is also the limiting value as the wavenumber increases. SPPs are excited where the dispersion
curves, for glass and SPPs on Si, intersect. The dotted lines below and above the SPP dispersion
curve, respectively, represent the odd and even SPP modes on a Si slab of thickness 525 pm, which

were numerically computed using (3.32) and (3.33).
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Table 7.1: Physical parameters of available n- and p-type heavily doped Si samples. Data
reproduced from Otter [1].

Parameter Type Value

n 0.26m,
Effective mass, meyy (kg)

P 0.36me

n 0.1 1 10
Resistivity (Q2cm)

D 0.1 1 10

n | 7.84 x 10'6  4.86 x 10" 4.45 x 10'°
Carrier density, nzp (cm™3) ,
p | 277 x 10'7  1.46 x 10'6  1.34 x 10°

n 797.194 1286.008 1404.494
Electron mobility, z (m?/Vs)
D 225.632 428.082 466.418

earlier. Figure 7.1 shows dispersion curves of the glass prism plotted against 1 Q2cm and 0.1 Qcm Si
samples. In Fig. 7.1(a), dotted green lines depict even and odd surface plasmon modes which are
excited on the Si slab because the thickness of the Si slab is comparable to plasmon wavelength. If
a Si prism (g, = 11.74, n = 3.426) is used then the Si curve will now operate in the relatively flat
portion of surface plasmon dispersion curve, as shown in Figs. 7.1 and 7.2. The resulting spectral
response will be a sharp dip in the reflected wave due to absorption from surface plasmon excitation.

A prism made of a material with high dielectric constant will operate in the flatter portion of
the surface plasmon dispersion curve, with the expected response having sharp spectral features. In
contrast, for example, a prism made of glass will be operating in the portion of surface plasmon
dispersion with steep slope and, therefore, the spectroscopic response for glass can vary over a
very large frequency range. Most measurement systems are optimised to operate on a relatively
narrow frequency band only; therefore, from a measurement perspective, it is not desirable to have
a response that varies over a large frequency band. Also, the response of the dielectric prism can
be assumed dispersionless in only a narrow frequency band. Hence, a prism with high dielectric

constant and low loss, such as silicon, is more suited for spectroscopy as compared to glass.

7.3 Planar Media Reflection/Transmission Approach

As a second modelling approach, the experimental set-up was modelled by treating the prism, the

air gap and the metal slab as planar media. The return loss of the set-up in Fig. 7.3 was then
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Figure 7.2: Frequency versus normalised wavenumber dispersion plots of surface plasmon polaritons
(SPP) for n-type Si samples with resistivities: (a) 10 Qcm; (b) 1 Qcm; and (c¢) 0.1 Qcm. The
dispersion curves were computed using (1.8), where the dielectric was assumed to be air with Si
sample underneath. The surface plasmon frequency fs, is also indicated for the three samples,
which is also the limiting value as the wavenumber increases. SPPs are excited where the dispersion
curves, for Si prism and SPPs on Si slab, intersect. The dotted lines below and above the SPP
dispersion curve, respectively, represent the odd and even SPP modes on a Si slab of thickness

525 pm, which were numerically computed using (3.32) and (3.33).
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analysed, both, analytically and using COMSOL Multiphysics® simulation. The incident medium
was prism and the transmitted medium was air, corresponding to the input and output port reference

impedances.

The approach used here to compute the response of cascaded planar media, is to first compute
the S-parameters of the individual layers, using (F.9) and (F.12), by treating them as independent
Fabry-Pérot resonators with a known reference impedance, and then compute the overall response
of the cascaded network. The response of all independent layers must have a common reference
impedance, in order to satisfy the cascading condition. The obtained overall S-parameters were
then renormalised to obtained the actual overall S-parameter response. In this case, the intrinsic
impedance of the prism was used as the the common reference impedance when computing the
response of individual layers and then, as a final step, the overall response was renormalised with
the intrinsic impedances of the prism and that of air as the two reference impedances corresponding

to the prism on the incident side and the air domain on the transmitted side, beyond the Si slab.

With the arrangement shown in Fig. 7.3, analytical and COMSOL Multiphysics® simulations
were used to compute the return loss 201log; |:S11| by sweeping over the incident angle of an incoming
electromagnetic plane wave and gap dgyqp between prism and Si slab. For these simulations, a Si

prism of relative permittivity e, = 11.74 (n = 3.426) was used.

For COMSOL Multiphysics® sumulations, the simulated geometry was terminated by a periodic
input port (coloured cyan) at one end and perfect electric conductor (black) boundary at the other
end parallel to the interface between planar media while Floquet periodic boundaries (green) were
used to terminate the geometry along the sides normal to the interface between planar media. The
z- and y-components of the propagation constants used to specify the Floquet periodic boundary
for each medium i, given by k;; and ky;, were computed using (E.4)-(E.7) for each medium. Only

the return loss S71 was considered with the COMSOL Multiphysics® simulations.

Figure 7.4(a) shows the analytically computed return loss 201og;, |S11| for the planar media
arrangement, when dgqp is swept, in increments of 5 ym, with the prism made of Si and 10 Qcm Si
slab underneath. The angle of incidence 6;,. was kept fixed at 45°. Two distinct surface plasmon
excitations could be clearly seen close to 103 GHz. These are the split even and odd modes which
are excited on the either side of the Si slab. The result clearly corresponds to the theoretical
prediction from the dispersion diagram shown in Fig. 7.2(a). For comparison, the numerically
computed response from COMSOL Multiphysics® is plotted in Fig. 7.4(b), where dgap Was swept in
increments of 25 pm and the frequency step was 0.01 GHz with 6;,,. = 45°.

Figure 7.5 shows a comparison between the analytical and numerical methods with dgqp = 415 pm.
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Figure 7.3: The Otto attenuated total reflection (ATR) scheme, for excitation of surface plasmon
polaritons (SPP), depicted as a planar media reflection/transmission problem. The incident
transverse electromagnetic (TEM) waves in the prism medium undergo total internal reflection
at the side of prism adjacent to the gap between the prism and Si slab. The evanescent fields in
the gap can have a wavenumber, parallel to the interface, that can excite SPPs on the surface of
Si slab as shown by the red arrow. The Si slab is backed by air or free space. In the COMSOL
Multiphysics® frequency domain solver, the incident TEM waves are excited at Port 1 with the
specified incident angle 6;,.. The simulation domain at the top and bottom are truncated in
Floquet boundary conditions, with the k, and k;; wavenumbers for the Floquet boundary computed

from (E.6) and (E.7) for any medium 4, respectively.
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The COMSOL Multiphysics® response is shifted towards higher frequencies by about 0.15 GHz
but, otherwise, shows good agreement with both analytical results presented earlier. The shift
in frequency is due to the sensitive nature of plasmon excitation in a comparatively very narrow
0.1 GHz frequency band when using a finite mesh, consisting of 89600 rectangular elements, in
COMSOL Multiphysics®. Also, it was found that using a coarse mesh shifts the response towards
higher frequencies while a finer mesh shifts the response towards lower frequencies; suggesting that
the finite mesh size contributes to disagreement with the analytical approach. In practice, with
COMSOL Multiphysics®, a very fine mesh, consisting of 89600 rectangular elements, was used
which could produce results in a reasonable amount of time. A still finer mesh might improve
the agreement with the analytical method, but could take a prohibitively long time to simulate.
Additionally, the mapped rectangular mesh used in COMSOL Multiphysics® had elements with
non-uniform length along the direction of propagation z, with the mesh elements being finest close
to the interface between any two media. The size of rectangular mesh elements was kept uniform

along the vertical y-direction.

Figure 7.6 shows analytically computed return loss 20log; |S11| plotted against frequency and
swept angle of incidence, in increments of 0.25 degrees. Both odd (left) and even (right) mode
plasmonic excitations are clearly visible. The response in Fig. 7.6 suggests that the optimal excitation

occurs close to 6;,. = 45°, with a 90° prism most suitable for SPP excitation.

The simulations were repeated for a 1 Qcm Si slab, where Fig 7.8 shows a 2-D contour plot
of analytically computed S against frequency and swept dyqp, in increments of 1.5 pm with the
angle of incidence 0;,. = 45° kept constant. The return loss is minimum close to dgqp = 160 um
corresponding to optimal excitation of SPPs. Figure. 7.9 is a comparison of analytically and
numerically computed return loss 201logyq [S11| for the 1 Qcm Si slab with dgq, = 160 pm. Here,
although the mesh resolution used in COMSOL Multiphysics® was comparable to the 10 Qcm
simulation; in terms of mesh elements per wavelength; however, there is much better agreement
between the results from COMSOL Multiphysics® simulation and the analytical method, with the

predicted plasmon resonance frequencies from both methods within 0.01 GHz of each other.

Figure 7.11 is a plot of normal H, field from COMSOL Multiphysics® simulation showing surface
plasmon excitation at 341.8 GHz. It can be observed in Fig. 7.11 that the evanescent z-component
of the field does not penetrate too deep into the Si slab, and decays to less than 10% at a depth of
250 pm. Only one spectral dip is observed in the return loss response corresponding to a single
surface plasmon excitation. The Si slab, in this case, can be approximated as a semi-infinite media

as discussed earlier with the dispersion modelling approach. Figure 7.10 shows a plot of analytically
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computed S71 against frequency and and angle of incidence, swept in increments of 0.25 degrees.

7.4 Full Wave Simulation Using COMSOL Multiphysics® and
FDTD

The set-up used for full-wave simulation is shown in Fig. 7.12. The prism is positioned, such that its
shorter sides are aligned with the 2- and y-axes. This is to ensure that ports are aligned with the
shorter prism sides, as it is easier to define port excitation fields in both COMSOL Multiphysics®
and FDTD if ports are parallel to any axis. Morveover, the ports are located close to the sides of
the prism and not exactly on the prism. This is to match the actual intended experimental set-up
in which the port could be a horn antenna or a waveguide placed close to the side of the prism.
The Si sample was placed parallel to the diagonal prism side separated by an air gap. The whole
arrangement is essentially a 2-D problem with the solution domain terminated by perfectly matched
layer (PML) boundaries, to ensure that any radiated fields are absorbed and do not reflect back
into the simulation space. Both, COMSOL Multiphysics® and FDTD use the same geometry set-up,
however, it should be noted that while COMSOL Multiphysics® uses a frequency domain solver,
FDTD is a time-domain method. The simulations were run for both 10 Qcm and 1 Qcm cases. For
COMSOL Multiphysics® simulations, the specified mesh resolution was kept the same, while for the
FDTD simulation the mesh resolution was doubled for the 1 Q2cm case. The shorter sides of the
prism were 1.7 mm. It should be noted that, for 1 Qcm case, the mesh consisted of slightly less

elements owing to a decrease in dgqp.

The default meshing scheme in COMSOL Multiphysics® for 2-D problem uses triangular meshing
elements. The meshed geometry consisted of 64,592 triangular mesh elements (for the 10 Qcm case),
as shown in Fig. 7.13. The meshing scheme used in FDTD consisted of rectangular mesh elements.
The size of elements were non-uniform consisting of smaller elements for meshing the prism and Si
slab with larger elements located at the edges of the simulation space including the PML regions.
The FDTD mesh also used a non-uniform scheme with a total of 255,055 rectangular elements. The
prism and slab were meshed using finer elements while the PML regions were mesh using coarser
element. The meshed geometry is shown in Fig. 7.14.

The simulation was excited using Port 1 as shown in Fig. 7.12 and scattered fields were recorded
at both Ports 1 and 2. For COMSOL Multiphysics®, a ‘user defined’ type of port was used
with a ‘slit’ condition set as ‘activated’ and ‘domain-backed’ option selected. While COMSOL

Multiphysics® is a frequency domain method which solves for a steady-state solution at a single
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Figure 7.4: Plot of return loss 20log;, |S11| of the planar media problem depicted in Fig. 7.3,
against frequency and gap between the prism and Si slab dgq, for the 10 Qcm Si sample with
Oine = 45°: (a) analytical method; and (b) COMSOL Multiphysics® frequency domain solver. The
odd (left) and even (right) mode surface plasmon excitations can be seen as sharp contours in
the return loss plot. The return loss reaches a minimum for the odd and even modes close to

dgap = 415 pm and dyqp, = 270 pm, respectively.
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Figure 7.5: Comparison of return loss 20log;, |S11] plotted against frequency obtained from
analytical method and COMSOL Multiphysics® simulation with gap between the prism and Si slab
set as dgqp = 415 pm. The response shows odd (left) and even (right) mode surface plasmon modes
excited on a Si slab of thickness 525 um and 10 Qcm resistivity. The COMSOL Multiphysics®

response is shifted towards higher frequencies by about 0.15 GHz compared to the analytical method.
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Figure 7.6: Plot of analytically computed return loss 201og;, |S11| against frequency and angle
of incidence with dyq, = 415 pm. The response shows odd (left) and even (right) mode surface

plasmon modes excited on a Si slab of thickness 525 pm and 10 Qcm resistivity.
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Figure 7.7: H, magnetic field distributions of surface plasmons polaritons obtained from COMSOL

Multiphysics® simulations for Si prism and 10 Qcm Si slab at: (a) 103 GHz and; (b) 104.1 GHz.

Odd and even mode surface plasmon excitations can be seen in (a) and (b), respectively, on both

sides of the Si slab.
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Figure 7.8: Contour plot of return loss 201og; |S11| against frequency, and gap between the prism
and Si slab dgqp, for the 1 Qcm Si sample with 6, = 45°. The optimal surface plasmon excitation

occurs close to dgqp = 160 um, where the return loss is minimum.
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Figure 7.9: Comparison of return loss 20log;, |S11] plotted against frequency obtained from
analytical method and COMSOL Multiphysics® simulation with gap between the prism and Si slab
set as dgqp = 160 pm and 0;,. = 45°. The predicted surface plasmon excitation from both methods

is close to 341.8 GHz on a Si slab of thickness 525 pm and 1 Qcm resistivity.
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Figure 7.10: Analytically computed return loss 20log;, |S11] plotted against angle of incidence
and frequency with dgqp = 160 pm. The return loss is minimum close to 6;,. = 45° corresponding

to optimal surface plasmon excitation. The response tends to sharpen as 0;,,. is increased.
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Figure 7.11: H, magnetic field distributions of surface plasmon polaritons (SPP) obtained from
COMSOL Multiphysics® simulations for Si prism and 1 Qcm Si sample at 341.8 GHz. The excited
SPPs reside on the surface of Si slab close to the prism. For analytical calculations, the Si slab can

be approximated, in this case, as a semi-infinite media.
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frequency, the FDTD method can be excited with a wide band time-domain pulse like a Gaussian
pulse or Gaussian-derivative Ricker wavelet, to obtain the wide-band frequency response with a
single run. COMSOL Multiphysics® was swept over a frequency range around the surface plasmon
excitation frequency. The FDTD simulation was excited using a Gaussian-derivative Ricker wavelet
source. The Ricker wavelet was generated by first using the MATLAB function ‘gaussmf’ to
generated the a Gaussian pulse and then taken the derivative of Gaussian pulse using the MATLAB
‘diff” function [5]. The excitation itself consisted only E, component of electric field such that the
electromagnetic wave propagates in 4z direction. A Gaussian profile was applied to E, component

for beam-shaping given by the mathematical expression,
Ey = Eyoe(y/leide)2 (7.1)

where, I/, is a constant set as 1 and lgq. is the length of a shorter side of the prism which is also
equal to the port width. Beam-shaping minimises reflections from the edges of the prism so that

most of the energy is focused and projected in the centre of the prism.

7.4.1 Full-Wave Simulation Results

For full wave COMSOL Multiphysics® and FDTD simulations, electromagnetic waves are launched
outside the prism from Port 1. The incident waves are partially reflected from the shorter side of
prism, while the rest of the waves enter the prism and undergo total internal reflection from the
diagonal, and are again partially reflected from the other side. The reflection and transmission of
energy from the sides of the prism continue until the energy in the prism gradually escapes from
the shorter sides and are recorded at the two ports. Some of the energy will excite plasmons on
the Si slab and will appear as sharp spikes in the reflected response. The reflected response is the

effective return loss 201log; |Sf{ ! | where effective reflection coefficient is defined as,
20109 [ST{7| = 101ogyo(|Su1[* + S [?) (7.2)

The normalised effective return loss 20logq |Sf{f | from COMSOL Multiphysics® and FDTD
simulations for 10 Qcm and 1 Qcm Si slab are plotted in Figs. 7.15 and 7.16, respectively. Both plots
show excitation of plasmonic resonances with some additional resonant modes. For the 10 Qcm case
in Fig. 7.15, both COMSOL Multiphysics® and FDTD correctly predict odd and even mode surface
plasmon excitations around 103 and 104 GHz with the COMSOL Multiphysics® response slightly
shifted towards lower frequencies when compared to analytical calculations. For the 1 Qcm case

in Fig. 7.16, in addition to the expected resonance at around 342 GHz, an additional resonance
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PML (input) PML
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Figure 7.12: Simulated geometry showing prism, Si slab, ports and perfectly matched layer (PML)
boundaries. A Ricker wavelet with a Gaussian profile is excited at Port 1, while Port 2 is used
to record the transmitted fields. The evanescent component of the incident fields at the diagonal
side of the prism excite surface plasmon polaritons on the Si slab. The whole simulation domain is

terminated in PMLs to absorb any radiated fields.
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Figure 7.13: Non-uniform triangular meshing scheme used in COMSOL Multiphysics® with
dgap = 415 pm: (a) fully meshed geometry; (b) zoomed view of lower part of prism and Si slab. As

seen in the zoomed view (b), the meshing is finest inside the prism, gap and the Si slab.

(a) (b)

Figure 7.14: Rectangular meshing scheme used in FDTD with dgq, = 415 pm: (a) fully meshed
geometry; (b) zoomed view of lower part of prism and Si slab. With, rectangular meshing elements,

the diagonal side of the prism and Si slab are approximated as a sawtooth.
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can be observed above 342 GHz from both simulation techniques. Again, COMSOL Multiphysics®

response is slightly shifted towards lower frequencies.

7.5 Spectroscopy of Material Sample

The experimental set-up described in this section can be used as a spectrometer by placing the
dispersionless sample test material in the gap between prism and Si slab. The unknown dielectric
constant of the sample test material can be determined from measurements by comparing against
the spectral response of a material with known dielectric constant. As an example, Figs. 7.17 and
7.18 show the responses when the dielectric constant of a test material is varied between 2.30 and
2.35 in incremental steps of 0.01.

The effective return loss 20log;q |Sf{ 7| from full wave COMSOL Multiphysics® simulations for
10 Qcm and 1 Qcm Si slab are shown in Figs. 7.19 and 7.21, respectively, while FDTD results for
10 Qcm and 1 Qcm are shown in Figs. 7.20 and 7.22. Both, COMSOL Multiphysics® and FDTD
results for 10 Qcm (Figs. 7.19 and 7.20) predict the spectral location of surface plasmon resonances
within 0.5 GHz. Morever, compared to the analytical results, the location of plasmon resonances
are shifted towards lower frequencies in full wave simulations. For the 10 Q2cm Si slab, the spectral
separation between the resonances computed from both, analytical and full wave simulations, is
the same and is ~0.08 GHz as shown in Figs. 7.19 and 7.20. For the 1 Qcm Si slab, the spectral
separation between the resonances computed from both, analytical and full wave simulations, is

also same and is ~0.35 GHz as shown in Figs. 7.21 and 7.22.

7.6 Conclusions

Surface plasmon excitation has a number of uses in the THz domain, especially for sensing and
detection. Using the well-known attenuated total reflection configuration, a spectrometer design is
proposed, making use of high resistivity Si slab. The proposed geometrical design is modelled using
analytical and full-wave simulations that demonstrate surface plasmons excitation is dependent on
the separation between the prism and the Si slab, and the dielectric constant of the material in the
gap. Analytical modelling techniques consisted of dispersion modelling and analytical planar media
modelling. Full-wave modelling included COMSOL Multiphysics® finite element based modelling
that used a frequency domain solver and the finite-difference time domain (FDTD) method, which is
a time-domain technique. The dispersion modelling technique was first used to predict the location

of surface plasmon resonances using dispersion curves for prism and surface plasmon polaritons
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Figure 7.15: Effective return loss 20log; |Sf{f | from full-wave COMSOL Multiphysics® and
finite-difference time domain simulations for the 10 Qem Si slab with dgqp, = 415 pm. The response

from both solvers show odd and even excitation of surface plasmons close to 103 and 104 GHz,

respectively.
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Figure 7.16: Effective return loss 201ogy | S5/ | from COMSOL Multiphysics® and FDTD simula-
tions for 1 Qcm Si slab with dgqp = 160 pm. Unlike, analytical results, both full-wave solvers show

two resonances in the observed response roughly centred around 342 GHz.
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Figure 7.17: Analytically computed response 20 log;, |S11| of a 750 pm thick test material having
dielectric constant between 2.30 and 2.35 with 1 Qcm Si slab. The surface plasmon resonance shifts

by approximately 0.08 GHz if the dielectric constant changes by 0.01.
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Figure 7.18: Analytically computed response 20 log; |S11| of a 300 pm thick test material having
dielectric constant between 2.30 and 2.35 with 10 Qcm Si slab. The surface plasmon resonance

shifts by approximately 0.35 GHz if the dielectric constant changes by 0.01.
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Figure 7.19: Effective return loss 20 log;, |Sff{ ! | from full wave COMSOL Multiphysics® simulations
for 10 Qcm Si slab with dgqp = 750 pm. The surface plasmon resonance shifts by approximately

0.08 GHz if the dielectric constant changes by 0.01.
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Figure 7.20: Effective return loss 20log;, |Sf{ f | from full wave FDTD simulations for 10 Qcm Si

slab with dyqp, = 750 pm. The surface plasmon resonance shifts by approximately 0.08 GHz if the

dielectric constant changes by 0.01.
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Figure 7.21: Effective return loss 20 log; |Sff{ ! | from full wave COMSOL Multiphysics® simulations
for 1 Qcm Si slab with dgqp = 300 pm. The surface plasmon resonance shifts by approximately

0.35 GHz if the dielectric constant changes by 0.01.
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Figure 7.22: Effective return loss 20logy, |Sf{ ! | from full wave FDTD Multiphysics simulations
for 1 Qcm Si slab with dgqp, = 300 pm. The surface plasmon resonance shifts by approximately

0.35 GHz if the dielectric constant changes by 0.01.
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7.7 Acknowledgements

on a high resistivity Si slab. Next, a planar media approach was used to predict surface plasmon
resonance using analytical method and full-wave COMSOL Multiphysics® solver. Next, the intended
experimental set-up consisting of Si prism and a Si slab underneath the prism was simulated using
the full-wave COMSOL Multiphysics® solver and the FDTD method. Both numerical approaches
predicted excitation of surface plasmon resonances within 0.5 GHz in the worst case scenario. Finally,
a material sample was used as a filler in the gap between the prism and Si slab. The dielectric
constant of material was changed in steps of 0.01 which resulted in a shift in predicted surface
plasmon resonances. With the 10 Qcm Si slab, the shift in resonances was ~0.08 GHz, whereas, for
the 10 Qcm Si slab, the shift in resonances was ~0.35 GHz. The shift in surface plasmon resonances
can be used to compare and predict the dielectric constant of an unknown sample against the

response of a sample with known dielectric constant.
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Chapter 8

Full-wave Modelling of Terahertz
Frequency Plasmons in

Two-Dimensional Electron Systems

8.1 Introduction

While models of terahertz frequency plasmons in two-dimensional electron systems (2-DES) are
usually developed by reducing the number of spatial dimensions, fully three-dimensional models
may be needed for the design and analysis of realistic structures. In this chapter, plasmons and
magnetoplasmons observed in two recent experiments will be analysed using full-wave electro-
magnetic simulations. Here, agreement between the theoretical and the experimental results are
demonstrated, and further device characteristics such as transmission, insertion loss, absorption, and
field distributions are discussed. Then, a comparison of full-wave simulations with a two-dimensional
model is carried out. Finally, approaches for increasing signal transmission and reducing insertion
loss are discussed, with direct relevance for improving future experiments.

Two-dimensional electron systems are capable of supporting plasmons, which are slow electro-
magnetic waves caused by collective electron motion. In 2-DESs formed in ITI-V semiconductor
heterostructures, plasmon frequencies typically lie in the microwave to terahertz frequency ranges.
Terahertz plasmons are particularly attractive as they could be exploited in a range of practical
devices; notably, terahertz sources and detectors.

Ever since the pioneering works of Dyakonov and Shur [?], one of the most commonly studied
geometries for terahertz plasmon emitters and detectors is that based on the field-effect transistor

[see Fig. 8.1(a)]. A 2-DES is terminated by two ohmic contacts, which allows application and
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Figure 8.1: (a) Schematic side view of a 2-DES device used in experiments. The device geometry is
inspired by the field-effect transistor; (b) Micrograph (adapted from Wu et al. [1]); and (c) schematic
top view of the device used in experiments by Wu et al. The complex device geometry requires

three-dimensional modelling. Figure reproduced from Dawood et al. [2].
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detection of a DC voltage as well as the coupling-in and coupling-out of terahertz waves. Above
the 2-DES is a gate, which controls the electron density in the 2-DES, and is frequently used for
coupling into the free-space radiation. Variations of this basic structure have also been made, for
example, in double-grating-gate devices [3].

Theoretical studies of such devices have been made predominantly with two-dimensional (2-D)
models, in which the devices are assumed to be infinitely long in the y-direction [Fig. 8.1(a)].
Three-dimensional (3-D) models, however, may be needed to describe realistic devices, especially
when agreement with experiment is sought. As an example, Figs. 8.1(b) and (c¢) show, respectively,
a micrograph and a sketch of the device used by Wu et al. [1]. Several features that cannot be taken
into account by a 2-D model stand out. First, the width of the 2-DES (25 um in the y-direction) is
smaller than its length (73 pm in the z-direction). Second, the 2-DES is connected at both ends to a
coplanar waveguide (CPWG). Third, the 2-DES has a non-rectangular shape with four short stubs.

Full-wave numerical simulations are a natural choice for analysis of such structures and have

been used in this study to:

(i) compare a full-wave 3-D electromagnetic model with the experiments by Wu et al. [1] on

plasmon- (Section 8.3) and magneto-plasmon transmission (Section 8.4);
(ii) analyse the experimental devices beyond the available experimental data (Section 8.3);

(iii) compare the 3-D model with a two-dimensional model based on mode-matching (Sections 8.3

and 8.4);

(iv) design and model device geometries with improved characteristics (Section 8.6).

8.2 Device Structure and Modelling Considerations

Wu et al. formed a 2-DES in a GaAs/AlGaAs heterostructure grown by molecular beam epitaxy.
The depth of the 2-DES was 75 nm [1]. It was found that slight variations of the permittivity, due
to the detailed layer-structure, had little effect on the simulation results, and assumed that the
substrate material was GaAs, with a relative permittivity of 12.4, see Fig. 8.1. The dc electron
density in the 2-DES was nop = 6.5 x 10! cm™2. The electron scattering time was determined from
dc conductivity measurements to be 7 = 33 ps. The device was formed by etching a mesa to have a
length 73 pm and a width 25 pm. The mesa had four stubs around 10 pm wide and 7.5 pm long,
each located around 15.5 pm from the ohmic contacts. The stubs were connected to four metal

lines, two of which were shorted to form a gate above the 2-DES. It was found that including these
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Table 8.1: Dimensions used in simulations (see Fig. 8.1). Table reproduced from Dawood et al. [2].

2-DES length, [ 73 pm
2-DES width/width of center conductor, w 73 pm
2-DES depth/mesa height, h 75 nm
length of first ungated 2-DES section, [g; 48.9 pm

length of second ungated 2-DES section, lg2 19.7 pm
gate width/length of gated 2-DES section, I, 4.4 ym

stub width, w 24 pm
stub length, I 11 pm
width of 2-DES side extension, w, 14 pm
separation between left contact and stub, ;1 16 pm
separation between stubs, [ 21.9 pm
separation between right contact and stub, l;3 13.1 pm
CPWG gap, wy 20 pm
width of waveguide ground plane, we, 15 pm
substrate thickness, ¢ 50 pm
depth of ohmic contact, t. 1250 nm
length of ohmic contact, [. 12.5 pm

features into simulations was needed for full agreement with experiments. Two ohmic contacts of
width 12.5 pm were formed, one at either end of the mesa. A metallic gate of width 4.4 pm was
then deposited at a distance of 48.9 um from the left ohmic contact. An LT-GaAs layer grown on
the same substrate allowed Wu et al to form two photoconductive switches, one at each side of the
device (not shown in Fig. 8.1), which were used for excitation and detection of picosecond-duration
current pulses. The pulses were both delivered to and extracted from the 2-DES using two CPWGs,
the centre conductors of which were connected to the ohmic contacts (see Fig. 8.1). A negative
voltage applied to the gate relative to an ohmic contact depleted the 2-DES underneath the gate,
and the relationship between the gate voltage and the electron density was found to be [2],

V, = (m)i —an (8.1)

aq

where, Vj is in volts, nap is in em ™2, a; = 5.3813 x 10" cm ™2, ap = 2.601, and v = 0.2295. In
the experiments, the voltage typically varied between —0.4 and —2.4 V. Further details about the
devices, experimental arrangement, and measurements can be found in Refs. [1], [4].

When describing semiconductor plasmons theoretically, one has to choose how to model electron
dynamics (both in the 2-DES and at the junctions) and the electromagnetic fields. The full-wave

simulations in this study are based on the standard Drude model based on Euler’s hydrodynamic
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equation of motion which, in the absence of dc magnetic fields, leads to an isotropic AC 2-D

conductivity in the 2-DES of the form [2],

TL2D62

JwT

o9p = (8.2)
where, e is the electron charge, m* is the effective electron mass and w is the angular frequency.
The full-wave simulations also use the full system of Maxwell’s equations, which then dictate the
boundary conditions.

The equations were solved using the RF module of the COMSOL Multiphysics® numerical
package. The 2-DES was modelled using a surface current density defined by (8.2). The ohmic
contacts, the CPWGs, and the gate were modelled as perfect conductors to reduce computational
overhead. The whole structure was enclosed in a bounding box with dimensions 223 x 100 x 60 pm?®.
Two sides of the bounding box were used for the excitation and detection ports for the CPWGs,
while the other sides were perfect electric conductors. The two outer (ground) conductors of the
CPWGs were connected to a perfectly conducting box along the length of the structure. This
ensured that the even CPWG mode was excited, which was found to couple well to plasmons in the
experiments (rather than the slot-line mode, which did not) [1]. The waveguide sections to both
sides of the 2-DES were 75 pm long. The central conductor of the waveguide was 30 um wide, the

gap between the conductors was 20 ym. The width of the outer conductors was 15 pm.

8.2.1 Excitation and Ports

In the model, a CPWG at either end was terminated in numeric ports. Numeric ports in COMSOL
Multiphysics® compute the transverse 2-D field profile from boundary conditions imposed by the
geometry of the modelled structure. The field profile is then used to excite an incident wave
propagating perpendicular to the ports which simulates an infinitely long coplanar waveguide. In
order to use numeric ports in COMSOL Multiphysics®, an additional ‘study step’ needs to be added
before the actual simulation for each port. This step is called boundary mode analysis and computes
the 2-D profile of the incident wave on the CPWG.

The transverse electric field profile of the even CPWG mode is shown in Fig. 8.2. The field
profile was computed by solving Poisson’s equation using the method of relaxation by employing
the finite-difference discretisation scheme. The black lines indicate a PEC bounding box and the
CPWG conductors. The field strength is stronger in the substrate (lower grey region) than in the

air (upper white region). MATLAB code for computing the field profile is given in Appendix G.
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Figure 8.2: The transverse electric field profile of the even coplanar waveguide (CPWG) mode
numerically computed from Laplace’s equation, using a finite-difference scheme and method of
relaxation. The thick black lines denote perfect electric conductor (PEC) boundaries and the
CPWG conductors in the transverse plane. The lower half (shaded grey region) is GaAs substrate
with the upper half (white region) is air. Fields are stronger in the GaAs region compared to air
due to dielectric constant of GaAs being greater than air. With the even CPWG mode, the side
conductors or ground planes of the CPWG must be maintained at the sample potential while the
centre conductor is at a different potential. This is ensured by connecting the outer ground planes

with the bounding PEC box.

8.2.2 Meshing

It should be noted that the depth of the AlGaAs layer (70 nm) and thickness of the 2-DES layer
(simulated as a boundary condition) are very small compared to the height of the GaAs substrate
(30 pm). Tt is not possible to use uniform meshing as the size of mesh will be prohibitively large.
Along the height of the structure, meshing should be finer near the 2-DES and coarser at the PEC
boundaries. Along the length of the 2-DES, meshing should be finest in the gated region, relatively
fine in the ungated regions and coarser along the CPWG. Along the width, meshing needs to be fine
at the edges of the 2-DES. A general rule of thumb is to ensure that there are at least 5 elements

per wavelength in the longitudinal direction.
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Figure 8.3: Meshed model in COMSOL Multiphysics® illustrating the non-uniform meshing
scheme with cubic elements. Along the longitudinal direction, meshing is finest in the gated region,
while the ungated 2-DES and coplanar waveguide sections have coarse meshing. Along the vertical
direction meshing is finest close to the 2-DES and AlGaAs layer with a total of 8 meshing elements
in the z-direction. Along the y-direction, meshing is finest at the edges of the 2-DES.

In COMSOL Multiphysics®, the default tetrahedral meshing scheme is inefficient for a 2-DES
device geometry, as it tends to mesh densely at corners where a coarser meshing will be sufficient.
Since the structure consists of straight boundaries, the best scheme is non-uniform, mapped meshing

with cubic elements as shown in Fig. 8.3.

8.3 Comparison with Experiments: Gate-Modulation Signals

In the experiments, picosecond current pulses from a photoconductive switch were injected into
one of the coplanar waveguides.They are then passed through the 2-DES and coupled into the
waveguide at the other side of the 2-DES. This waveguide was connected to a second switch, where
the transmitted pulses were detected. To increase the signal-to-noise ratio of the detected signals,
a gate-modulation technique was used. The gate voltage was periodically modulated by a weak
signal around a stationary value, which allowed Wu et al. to employ lock-in detection. As a result,
the detected signals were proportional to the absolute value of the derivative of the transmission

coefficient with respect to the gate voltage. Figure 8.4(a) shows, as a colour plot, the experimentally
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Figure 8.4: (a) Measured gate modulation signals (data taken from Wu et al. [1]), compared

with COMSOL Multiphysics® models having with 7 = 33 ps (b) and with 7 = 7 ps (c). The lower
value of 7 provides better agreement with experiment. The dashed lines show positions of plasmon

resonances calculated by a two-dimensional modal technique. Figure reproduced from Dawood et

al. 2].
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measured signals in the frequency range 100-400 GHz and for a range of gate voltages. The lines
superimposed on the plot show the positions of the resonances calculated by a 2-D mode-matching

technique as reported previously in Sydoruk et al. [5].

In the simulations, the even CPWG mode was excited in the left coplanar waveguide section at
a single frequency and the transmitted signal was observed at the opposite end of the right CPWG
section. The process was repeated for a range frequencies and electron densities. The simulations
are performed in the frequency domain with the same excitation power at every frequency. The
experimental excitation power, however, varied with frequency (as reported in Wu et al. [1]. To
allow direct comparison between the simulations and the experiments, simulation results were scaled
assuming an exponential decay of the excitation power with frequency. Then the derivative of the

transmission with respect to the gate voltage was calculated using (8.1).

Figure 8.4(b) shows the simulated gate-modulation signals for 7 = 33 ps, the value obtained
from DC conductivity measurements. The simulated resonances are clearly narrower than the
experimentally observed ones, indicating higher losses in the experiment than predicted from the
DC value of the scattering time. Such reduction of the quality factors of the experimental terahertz
resonances were observed in a number of other experiments which used different 2-DES geometries,
and excitation and detection techniques. For example, Popov et al. [6] found that the value of 7
needed to fit the absorption measurements in a grid-gated field-effect transistor was lower than the
value predicted from the DC conductivity by roughly an order of magnitude. El Fatimy et al. [7]
reported that a plasmon resonance in a high-electron-mobility transistor measured experimentally
had the quality factor 3 and was lower than the value of 13 expected from the measurements of DC
mobility. A number of explanations for the apparent reduction of the value of 7 were proposed, such
as different relaxation mechanisms involved at DC and THz frequencies [8], ballistic transport and
viscosity [7], leakage of gated plasmons into ungated regions and oblique modes [9]. No explanation
appears so far to have gained wide acceptance. The 3-D model presented in this study, however,
directly takes into account interaction of plasmons in the gated and ungated regions as well as the
plasmon field distribution both along and across the device, and so it is unlikely that plasmon leakage
and oblique modes are responsible for the difference between Figs. 8.4(a) and (b). Following other
authors, therefore, 7 is treated as a phenomenological parameter in this study, and the calculations
were repeated for a number of lower values of 7. It was found that the best agreement between the

experiments and the simulations was at 7 = 7 ps, as shown in Fig. 8.4(c).

Three strong features can be seen both in the theoretical and experimental plots. The first

one starts at around 100 GHz for the lowest value of the gate voltage. The second starts at
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200 GHz. The third lies around 300 GHz, and is strong only for low values of the gate voltage. The
experimental features are shifted to the higher frequencies compared to the theoretical ones. A
possible reason for the shift is the approximate nature of (8.1) that was used to estimate the gate
voltage from the theoretical values of the concentration. In the experiments, the gate voltage was
measured directly. The maximum amplitudes of the experimental and modelled signals decrease
with increasing frequency and with decreasing gate voltage. There are, however, differences in the
relationships between the amplitudes of the peaks between the experiment and the simulations. It
may be due to the complex shape of the excitation spectrum, which was not fully reproduced in the

simulations.

8.4 Beyond Experiment: Transmission, Reflection, Absorption

and Field Profiles

The use of the gate-modulation technique in the experiments was dictated by the need to increase
the signal-to-noise ratio and eliminate direct cross-talk between the components on either side of
the 2-DES. In addition, the picosecond pulses used in the experiments delivered less power at higher
frequencies, leading to weaker plasmon excitation.

Numerical simulations are free from these constraints, however, and allow analysis of the device
across a wide parameter space. The colour plot in Fig. 8.5(a) shows the simulated transmission
(S21) coefficient for 7 = 7 ps (as before, the dashed lines are the resonances calculated by the 2-D
model). More resonances can now be seen than in the gate-modulation plot of Fig. 8.4(c). This is
because the resonances that depend weakly on the gated electron density are no longer suppressed,
and the excitation amplitude is kept constant at all frequencies.

Figure 8.5(b) shows the transmission (Sg1, black line) at a single value of the gate voltage,
Vy = —2 V. It also shows the reflection (Si1) and the absorption coefficients (blue and red lines,
respectively), the latter calculated as 1 — So; — S11. The reflection and absorption of the signal
dominate, and the transmitted signal does not exceed —25 dB. The transmission plot shows five
resonances at 126, 192, 249, 300, and 358 GHz. To explain their nature, Fig. 8.6 shows the
longitudinal (z-) component of the electric field, first, as contour plots in the plane of the 2-DES
(left column) and, second, across the middle of the 2-DES (right column).

At the lowest-frequency resonance of 126 GHz, only the gated section of the 2-DES is excited
strongly and evenly across the width of the 2-DES (y-direction). It has a single peak along the
length (z-direction) of the gated section, which fits roughly a half of a plasmon wavelength. This is,
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Figure 8.5: (a) Modelled true transmission (20log; |S21]) for a range of gate voltages; and (b)

transmission, reflection and absorption at a gate voltage of —2 V in the device. The absorption

and reflection dominate, and the transmission does not exceed —25 dB. The spectral location of

resonances are indicated with the transmission plot in (b). Figure reproduced from Dawood et

al. [2].
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Figure 8.6: Distributions of the longitudinal component of the electric field on the 2-DES. The
frequencies correspond to the transmission peaks in Fig. 8.5. The left panels present the top view,
the right panels present the field calculated along a line across the middle of the 2-DES. The first
three resonances appear to be predominantly longitudinal excitations; the last two-resonances show
transverse excitations and excitations at the edges of the 2-DES. Figure reproduced from Dawood

et al. [2].
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therefore, the first longitudinal gated-section resonance, and its position agrees well with the 2-D

calculation shown by dashed lines in Fig. 8.5(a).

With the second resonance at 192 GHz, the longer (left hand side) ungated section of the
2-DES is excited in addition to the gated section. In the ungated section, the field maximum and
minimum are reached at the opposite ends, and the field has a distorted half-wavelength pattern.
The excitation amplitudes are higher at the 2-DES edges, suggesting excitation of edge plasmons.
The field in the gated portion of the 2-DES is non-uniform across the width of the 2-DES, showing
both longitudinal and transverse plasmon excitation. The resonance position agrees well with the
2-D calculation [see dashed line in Fig. 8.5(a)] which suggests that this resonance corresponds to

the first-order longitudinal resonance of the long section of the 2-DES.

The third resonance, at 249 GHz, shows strong excitation of both the gated and the long ungated
sections, each fitting around one plasmon wavelength. Even though the edges of the ungated
section are also excited, it appears to be a predominantly longitudinal resonance that is a result of
an interaction between the gated and the long ungated sections. The nature of the resonance is

confirmed, again, by the good agreement with the 2-D model seen from Fig. 8.5(a).

The fields of the final two resonances, at 300 and 358 GHz, are strongly non-uniform across the
width of the different 2-DES sections. The gated 2-DES shows both longitudinal and transverse
plasmon excitation, with multiple field minima and maxima along x- and y-directions. The long and
short ungated 2-DESs are excited strongly at the edges. As can be expected, the 2-D calculations

fail to predict the position of these two resonances.

8.5 Comparison with Experiments: Magnetoplasmons

Using the same device and technique, Wu et al. detected magnetoplasmon resonances in a magnetic
field applied perpendicular to the plane of the 2-DES [4]. The colour plot in Fig. 8.7(a) shows
the measured gate-modulation signals. The gate voltage was —2 V, and the magnetic field varied
between 0 and 0.4 T. The dashed black lines show the position of 2-D resonances found by the

mode-matching technique. The red line is the cyclotron resonance.

In the presence of a DC magnetic field By, pointing in the positive z-direction, the 2-D Drude

conductivity in the 2-DES becomes anisotropic. The current density, J, can then be expressed as [2],

Jz EN2DVx Ogx Oxy B,

Jy €N pUy Oye  Oyy K,
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Figure 8.7: (a) Measured (data taken from Wu et al.[4]); and (b) simulated gate-modulation
signals for magneto-plasmons. The dashed lines are the predicted resonances from the 2-D modal
technique. The red line indicates the cyclotron frequency. Theory and experiment agree for features

between 100 and 300 GHz. Figure reproduced from Dawood et al. [2].
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Figure 8.8: Simulated true transmission (20log;, [Sa1|) from COMSOL Multiphysics® frequency
domain solver for the same structure. The dashed lines show positions of the resonances predicted

by the 2-D modal technique. Figure reproduced from Dawood et al. [2].
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(jwm + ™)° + e2Bj

Figure 8.7(b) shows the gate-modulation signals simulated using (8.3)—(8.7). The agreement with the
experiment is good for the features lying between 100 and 300 GHz. As before, the difference in the
relative strength of the measured and simulated resonances can be attributed to the spectrum of the
excitation pulses. Some of the resonances modelled above 300 GHz do not show in the measurements,
possibly because the excitation signals were weak. On the other hand, the experimental resonance
lying below 100 GHz for weak magnetic fields does not show in the modelled results. To the right of
the cyclotron line, the simulations predict a strong signal but only a faint feature can be seen in the

measurements.
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While Figs. 8.7(a) and (b) showed the gate-modulation signals, Fig. 8.8 shows the simulated
true transmission coefficient. The maximum transmission does not exceed —25 dB for all values of
the magnetic field. The behaviour of the lowest resonance with the magnetic field agrees well with
the prediction of the 2-D model. The next two resonances agree well with the 2-D model at low
magnetic field. They do not follow, however, the parabolic behaviour of the 2-D curves, and it leads
to a discrepancy between the 3-D simulation and the 2-D model at higher fields. As can be expected
from the results for zero magnetic field discussed above, the full-wave 3-D simulations and the 2-D
model disagree in their predictions of the resonance positions. This disagreement is attributed to
the excitation of edge plasmons and of transverse plasmons (with non-trivial component of the

wavenumber in the y-direction), both of which are not taken into account by the 2-D model.

8.6 Improving Device Performance

The simulated transmission for the experimental device did not exceed —25 dB, as shown in Figs. 8.5
and 8.8. Such a low value is due to two factors: high plasmon absorption in the 2-DES, and high
signal reflection between the 2-DES and the coplanar waveguides [Fig. 8.5(b)]. The plasmon loss
could be reduced by shortening the length of the 2-DES. The high insertion loss can be attributed
to the dissimilar field distributions in the 2-DES and the coplanar waveguides. The even mode
supported by the coplanar waveguide is a quasi-TEM mode whose field is concentrated in the
gaps between the centre and the ground conductors. On the other hand, plasmons are TM modes
whose field is concentrated around the 2-DES. Rearranging the waveguide electrodes to create a
high electric field along the 2-DES is, therefore, likely to improve the coupling. It can be done by
connecting the gate and the ground electrodes via a capacitor (which will decouple the gate and the
ground at DC allowing voltages to be applied to the gate).

A possible device is shown schematically in Fig. 8.9. The length of the gated section here is
4 pm, and the ungated sections have been both reduced to 2 pm. The device width remains 30 pm.
Figure 8.10(a) shows the simulated transmission for a range of voltages, and Fig. 8.10(b) shows the
transmission, reflection and absorption for the gate voltage of —2 V. Improvements can be seen
upon comparing Fig. 8.10 for the new device to Fig. 8.5 for the original experimental device. The
maximum transmission has increased by over 20 dB for the peak at 165 GHz. The insertion loss has
also decreased by a similar amount. The observed three resonances correspond to the excitation of
the longitudinal gated plasmons, as can be seen from the field distributions shown in Fig. 8.11 for
Vg = =2V at 164, 272 and 393 GHz. The peak frequencies are close to the three lowest resonant

frequencies of longitudinal gated plasmons (144, 279, and 407 GHz) assuming an integer number of
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Coplanar waveguide

Ohmic contacts

Figure 8.9: Top view of the device with improved characteristics. A shorter overall length reduces
absorption in the 2-DES channel (shaded red), whereas, connecting the gate and the ground planes
of the coplanar waveguides provides better coupling between the 2-DES and the waveguides. Figure

reproduced from Dawood et al. [2].

195



Chapter 8. Full-wave Modelling of THz Frequency Plasmons in 2-DES

0
' - 1
T 1 -20

-0.4 4

Gate voltage (V)
&

-2.5- . .
100 200 300 400 4p
Frequency (GHz) (a)
0 -
Reflection
>
o~
I =54
Il
g Absorption 393
2 101
m
g
Q
g 15 - Transmission
<
N
w0
-20 -
100 150 200 250 300 350 400

Frequency (GHz) (b)
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reproduced from Dawood et al. [2].
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only longitudinal plasmons are excited. Figure reproduced from Dawood et al. [2].
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plasmon wavelengths in the gated section.

8.7 Modelling Losses in the Device Structure

As discussed in Section 8.3, several different mechanisms for a decrease in effective value of 7 have
been discussed in different publications. It was interesting to explore the different loss mechanisms
using the full-wave solver. Within the limited scope of this work, only the following loss mechanisms
were studied independently: (i) losses from edges of the 2-D channel; (ii) losses due to the substrate;

and (iii) losses due to ohmic contacts.

8.7.1 Modelling 2-DES Edge Losses

One possible sources of losses, suggested by Dr. Sydoruk, was that the losses in the 2-DES channel
might be non-uniform in the transverse direction. Plasmons travelling at the edges of the 2-DES
might be experiencing more losses compared to those in the centre of the channel. The lossy profile
chosen for the simulation is shown in Fig. 8.12, where the value of 7 is varied along the y-direction.
The value of 7 was varied between 50 ps, occurring at the centre of the 2-DES, and 5 ps, occurring
at the edges of the 2-DES. The gate modulation signal with this lossy profile is shown in Fig. 8.13

which shows broadening of resonance compared with the case when there were no edge losses.

8.7.2 Modelling Substrate Losses

The second loss mechanism studied, was to introduce substrate losses. For this, the effective permit-
tivity of GaAs substrate was set as &,/ = /. — je!/ = 12.8 — j0.5 inside COMSOL Multiphysics®,

where 7 = 33 ps. The plot of computed gate modulation signal is shown in Fig. 8.14.

8.7.3 Modelling Losses in Ohmic Contacts

At THz frequencies, the ohmic contacts might not act as perfect conductors and can contribute to
losses. The losses in ohmic contacts were modelled by using the classical skin effect model (A.20)
inside COMSOL Multiphysics®, where &, was set as 1 and the bulk DC conductivity of ohmic
contacts were fixed at o = 5000 S/m, where 7 = 33 ps. The plot of gate modulation with these

parameters is shown in Fig. 8.15.
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8.8 Conclusions

8.8 Conclusions

A full-wave three-dimensional model of the experimental devices showed agreement with the
experimental results obtained by gate-modulation, both for plasmons and magnetoplasmons. This
model was used to analyse device characteristics that could not be directly measured in experiments,
such as the true transmission, reflection, and absorption, as well as to study the field distributions at
the transmission maxima. The predictions of the fully three-dimensional model were also compared
with a two-dimensional model based on modal expansions. While the frequencies of some plasmon
resonances could be explained equally well by both approaches, the full-wave simulations showed
additional resonances that can be attributed to plasmon excitation across and at the edges of the
device. The calculations in this study predicted the transmission in the experimental devices to be
below —25 dB, in part due to the high plasmon reflection, and in part due to high insertion loss.
By reducing the length of the ungated sections and modifying the coupling geometry between the
2-DES and the coplanar waveguides, a device was proposed in which the maximum transmission
increased by 20 dB. In addition, different mechanisms for losses were also studied using extended
simulations. The different losses considered were, edge losses at the 2-DES channel, losses from the

substrate and losses in the ohmic contacts.
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Chapter 9

Conclusions

The first chapter was a review of current trends in terahertz (THz) technology and state-of-the-art
research in plasmonics, with an emphasis on modelling aspects. A finite-difference time domain
(FDTD) code was developed in-house to model problems related to plasmonics. The FDTD code
was used to model 2-D plasmons in a two-dimensional electron system (2-DES); local plsamonic
oscillations on a gold nanosphere when subjected to an incident electromagnetic (EM) wave; and a
lossy spherical cavity resonator. The FDTD code was further improved to incorporate coordinate-
independent, non-uniform meshing scheme.

A comprehensive review of travelling waves, pseudo waves and power waves in microwave theory
was presented in Chapter 2. Generalised scattering parameters based on the voltage/pseudo-wave
and power-wave definitions were discussed and generalised n-port interconversion between S- and
Sp-parameters was derived. One- and two-port network models were presented for lossy two- and
three-media reflection/transmission problems. It was demonstrated that conventional S-parameters
cannot be used directly to compute power if reference port impedance is complex. Additionally,
generalised direct conversion formulas for interconversion between two-port network parameters
were derived that are valid for arbitrary reference port impedances.

A two-media lossy Fabry-Pérot resonator was analysed in Chapter 3. The complex eigenfrequency
of a Fabry-Pérot resonator was computed using analytical and numerical methods as the walls of
the resonator were transformed from perfect electric conductor (PEC) to free space. It was found
that numerical solvers fail to correctly predict the complex eigenfrequency as the resonator becomes
too lossy.

Chapter 4 reviewed the concept of excitation of Fabry-Pérot eigenmodes in dielectric-filled
metal-pipe rectangular waveguide (MPRWG). It was argued that due to the 3-D printing process,

voids and inhomogeneities in 3-D printed dielectric samples excited ‘open-box’ mode resonances.



Chapter 9. Conclusions

Rigorous analytical, as well as, numerical methods were used to analyse these eigenmodes, and the
predicted eigenfrequencies showed good agreement with the observed spectral location of eigenmode
frequencies from measurements. A numerical technique for accurate prediction and excitation of
open-box resonances in a dielectric-filled waveguide was proposed. According to this technique, the
permittivity of the dielectric sample was defined as an in-homogeneous and anisotropic tensor. The
predicted spectral location of open-box mode resonances were within 0.01 GHz of those computed
from the analytical method, making this new technique a useful tool in accurate numerical analysis

of open-box mode resonances.

Based on the theory developed in Chapter 4 for analysis of ‘open-box’ modes in dielectric-filled
MPRWG, Chapter 5 explored excitation of natural Fabry-Pérot modes in dielectric-filled parallel-
plate and circular waveguides using numerical and analytical techniques. The predicted open-box
resonances from numerical simulations were within 0.02 GHz of those computed from the analytical

method.

In Chapter 6, a novel S-parameter renormalisation technique for resolving ambiguities in
reflectance and transmittance of a two-port network, with noisy measurements, was reviewed. In
addition, a method for estimation of vector network analyser (VNA) output signal-to-noise (S/N)
ratio was also reviewed. Also, noise analysis of measured output thru response of a VNA set-up
was undertaken for the first time and it was revealed that the estimated S/N ratio came out to be

88.5 dB, which coincided with the measured value.

Chapter 7 introduced a technique for spectroscopic characterisation of a dielectric sample
by exciting surface plasmons on a plasmonic material like high resistivity Si, which was placed
underneath a Si prism. When the prism was subject to an incident EM wave, surface plasmons were
excited on the Si slab, where the frequency of excitation could be determined from the intersection
of plasmon and Si prism dispersion curves. The proposed experimental set-up was modelled using
three different strategies, including dispersion modelling, as a planar n-layer media, and full-wave
numerical modelling using the FDTD technique and COMSOL Multiphysics® frequency domain
solver. The numerical modelling strategies predicted spectral location of plasmon resonances within

0.5 GHz of each other in the worst case scenario.

In Chapter 8, full-wave COMSOL Multiphysics® frequency domain simulations were used to
study 2-D plasmon propagation in an experimental device operating close to the THz band. The
full-wave simulations predicted a high energy loss as plasmons propagated along the 2-D channel. Tt
was found that by reducing channel length, transmission could be improved by as much as 20 dB.

The simulations were repeated with an applied magnetic field normal to the channel with the
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simulated gate modulation voltage showing good agreement with the experimental results.
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Appendix A

Fundamental Forces and Maxwell’s

Equations

A.1 Fundamental Forces

According to classical physics there are four fundamental forces in nature. These are in decreasing

strength as follows:

(i) strong nuclear,
(ii) electromagnetic,
(iii) weak nuclear and
(iv) gravity.

Strong and weak nuclear forces are present inside the nucleus of an atom, gravity as experienced by

us in our daily lives is well-known, while electromagnetic forces are due to interaction of charges.

A.2 Maxwell’s Equations

Electromagnetic theory is the study of electromagnetic phenomena due to electromagnetic forces.
The fundamental laws in electromagnetic theory were developed and well established more than a
hundred years ago in the late 19" century and became known as Mazwell’s equations. Maxwell’s
equations represent the fundamental unification of electric and magnetic force [1]. The fundamental

integral form of Maxwell’s equations are,

. oB
al—_ [ 98B, Al
?ie ai=— [ 55-as (A1)
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fﬁdl: aﬂ.ds+/j.ds (A.2)
L s Ot s
%ﬁ-dS:/pvdv:qenc (A.3)
S v
?fzé.dszo (A4)
S

Equations (A.1)-(A.4) are known as Faraday’s Law, Ampere’s Law, Gauss’s Law and Gauss’s Law

for magnetism, respectively. The differential form of Maxwell’s equations in time-domain are ,

~. 0B
V&= o (A.5)
9D -
Vx?—[_§+j (A.6)
V-B=0 (A.8)

where, £ is the electric field in V/m, H is the magnetic field in A/m, D is the electric flux density in
C/m?, B is the magnetic flux density in tesla, J is the electric current density in A/m? and py is
the volume charge density in C/m3. Here, the time-varying field quantities are denoted by slanted

letters. The constitutive relations are,

D=¢e (A.9)
B=uH (A.10)
J =o€ (A.11)

where, € = €,.69 and u = o are the permittivity and permeability; o is the conductivity in
S/m; e, and p, are the relative permittivity and relative permeability, respectively; and, 9 and
1o are the permittivity and permeability of free space, respectively. At an interface between two
different media, the normal components of D and B must be continuous, while the tangential
components of £ and H must be continuous. These are known as the boundary conditions. Along
with the constitutive relations and boundary conditions, Maxwell’s equations completely describe

electromagnetic phenomenon.

A.3 Complex Phasor Form of Maxwell’s Equations and Classical

Skin Effect Model

Phasors are the steady-state frequency-domain transformation of sinusoidal time-domain functions.

Assuming time dependence of the form e/** and making the substitution d/dt = jw, Maxwell’s
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equations in the complex phasor form can be written as,
V xE=—jwuH (A.12)

V x H = jweE+J = (0 + jwe)E (A.13)

Here, the phasor fields are represented by straight bold-face letters. Also, the material parameters

1, € and o may be frequency-dependent, complex or tensor quantities and can be expressed as,

filw) = p' — jp" = fir(w)po (A.14)
Ew)=¢ —j&" =& (w)eo (A.15)
F(w) =0 —jo”" (A.16)

The imaginary terms p” and €” denote quadrature response losses due to magnetic and electric
polarisations, respectively, while conduction losses are due to 0. Most lossy materials are non-
magnetic and the losses are generally due to both, electric polarisation and conduction. In dielectrics,
polarisation losses are dominant, while in metals, the losses are mainly due to conduction. Where

the material parameters are anisotropic, these can be expressed as a 3 x 3 tensor given by,

Exx Exy Exz

€= (A.17)

Eyz  Eyy Eyz
Ezx Ezy Ezz

An effective complex permittivity function can be defined, which includes the effect of both,
polarisation and conduction losses. In material characterisation, for example, only the effective
permittivity is observed, containing the effects of polarisation and conduction losses. From (A.13),
VxH=jwE+J
= jwéE + oE
(. O
= jw (5 + —> E (A.18)
Jjw
= jwéers (w)E
= jwémff (w) E()E
where, the effective relative permittivity can be expressed as,

g

greff ((‘u) =ér (w) + = E;eff - jg;/eff (Alg)

Jweo
For dielectrics (or insulators), o < 0 and the term o/jweg can be neglected. Losses in dielectrics

are mainly due to polarisation and represented by the term ¢’ = 0. For metals, ¢ > 0 and
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polarisation losses can be neglected compared to conduction losses, and the frequency-dependent

effective complex relative permittivity, can expressed as,

€~1"eff (UJ) =&+ (A20)

Jweo

Equation (A.19) is known as the classical skin effect model.
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Appendix B

Effective Complex Dielectric Function

and Refractive Index

The effective complex dielectric function is fundamentally related to Maxwell’s equations. In
practical situations, often the sources of losses cannot be separated. In such a cases it is convenient
to define an effective complex dielectric function which characterises the effective response of a

material.

The imaginary part of complex dielectric function only exists when there is a loss, but both, real
and imaginary parts contribute to loss in this case. So, it is difficult to find any physical meaning
from the real and imaginary parts of the effective complex dielectric function.

The complex refractive index is physically more meaningful as it quantifies both phase velocity
and loss. The real part of the complex refractive index is related to the phase velocity of an
electromagnetic (EM) wave in a medium, while the imaginary part denotes losses in the medium.

The complex refractive index is expressed as,

flzn—i-jl'ﬂ:j:w/ﬂrefffreff (Bl)

where, n is the refractive index and & is the extinction coefficient. For a non-magnetic material
(firerf = 1), the complex effective relative permittivity and the complex refractive index can be

inter-converted using the following formulas,

Conversion from ¢ to n

n+j/<c::|:4/6'mff +j€{r‘/€ff (B2>
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Conversion from 7 to &

! 2
Ereff—n — K

8;"/eff = 2nk.
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Appendix C

Drude Model

The Drude Model, named after Paul Drude, describes the response of a collection of charges or ions
(known to physicists as plasma) when subjected to an electric field. The Drude model can be applied
to metals, which contain an abundance of free electrons. For many metals and semiconductors, this
model is an excellent approximation of the electromagnetic response of these materials over a wide
range of frequencies, including the THz domain. Consider an electron of charge e in an external
electric field of strength F, where E = Edag, as shown in Fig. C.1. The electron will experience a
force eFE opposite to the applied electric field and a drag force mv /7 in the direction of the applied

electric field. Under equilibrium, the forces on the electron can be written as,

dv mv
m— =eE — — C.1
dt T (C.1)
where, e is the charge in C, v is the velocity of electron in m/s, m is the mass of electron in kg and

7 is the relaxation (or collision) time. In the complex phasor domain, d/dt can be replaced with jw

E
—_—

cE mv,/t

— —
mdv /dt
_

Figure C.1: Forces on an electron in the presence of electric field. E is an externally applied
electric field, eE is the force on electron due to E, mv/7 is the damping force and mdv/dt is the

resultant force.
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assuming a time dependence of the form e/«

Jjwmy =eE — mo (C.2)
T
Solving for v,
E
v=— = (C.3)
Jwm (1 + Jw%)

The current density due to ngp number of electrons in a volume V, all moving with an average

velocity v is then,

’F
J=env= Ll (04)
Jwm (1 + ﬁ)
From the constitutive relationship (A.11),
- nzpe”
G(w) = ———7——~ (C.5)
jwm (1 + ]07)

This is the expression for the complex Drude conductivity. Note that, & is expressed as a function
of angular frequency w. Substituting & in (A.20),

nzpe?
Eropf(w) = & — — M0 (C.6)
1 w? (1 + L)

JwT
where, €, may appear as €, in some texts and is known as the high frequency relative permittivity

such that, €,00 = liﬁm €r(w). The angular plasma frequency is defined as,
w (o)

2
wp p nBDe (C?)

meo

the complex effective relative permeability can be written as,

2
Frepp() = er = — 2 (C3)
)
An alternate form of (C.8) is,
2
w
e =&r = L C.9

where, 4 = 1/7 is the damping factor. Drude model for loss-less case is,

W,

re =&r = 5 1
Erefy(W) =er = =3 (C.10)

bSAN)

When w7 < wp, the real part of €,.5¢ is a large negative number and the material acts as a good
conductor, reflecting most of the electromagnetic waves. At frequencies close to w), the material
starts to act like a semiconductor. For wr > w, the material behaves like a dielectric allowing

electromagnetic waves to pass through it without significant losses.
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Appendix D

The Equation of Plane Wave in
Unbounded Medium

From Maxwell’s equations, the wave equation can be derived as [2],
VE+K’E=0 (D.1)

The solution to this wave equation, assuming the wave is travelling in an unbounded medium with

a positive time dependence et7“?, is of the form,

E = Ege 7k* (D.2)

Here, k = k& + ky§ + k.2 is a vector in the direction of propagation, Ey is perpendicular to k and
r = 2@ 4+ y§ + 22 is the position vector. Equation (D.2) is the generalised expression of a plane
wave. Here, |k| = k = w\/firefféress is the wavenumber with units rad/m. A solution to (D.1)
exists when k? = k2 + k:§ + k2 is satisfied. If the wavenumber k is complex then it can be written as

a sum of its real and imaginary parts.

k=p—ja (D.3)
where,
2
a = 2kok = g (D.4)
€o

Here, « is the attenuation constant and expressed as Nepers per metre (Np/m); § is known as
phase constant and expressed as radians per metre (rad/m).

Assuming the electric field is linearly polarised along ¢, a plane wave propagating in the
+z-direction can be written as,

E = Ege e 907y (D.5)
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The magnetic field is given by,

E ,
H= 7%*%%% (D.6)

where, ) = y/fieff/Ecs is the intrinsic impedance of the medium in which the EM wave is travelling.
E, H and k satisfy a right-handed relationship, where é x h = l%, ¢ and h being unit vectors along

E and H, respectively.
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Appendix E

Electric Field Reflection and
Transmission Coeflicients Due to a
Plane Wave Reflection and

Transmission at an Interface Between

Two Media

The plane wave reflection and transmission at an interface (or boundary) between two different
media can be treated as two special cases, namely transverse electric (TE) or transverse magnetic
(TM) polarisations. TE and TM polarised EM waves are also known as s- or p-polarised waves,
respectively. In the case of TE polarisation, the electric field is transverse (or perpendicular) to
the plane of incidence, which is the xy-plane as shown in Fig. E.1(a). Similarly, in the case of TM
polarisation, the magnetic field is normal (or electric field is parallel) to the plane of incidence as

shown in Fig. E.1(b). Writing incident fields in medium ¢ with coefficients A; and reflected fields
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Figure E.1: Illustration of transverse electromagnetic (TEM) wave obliquely incident at an
interface between two media making an angle 6;,. with the normal: (a) transverse electric (TE or
s-polarisation); and (b) transverse magnetic (TM or p-polarisation). The coefficients A; are the
amplitudes of incident transverse field components in medium ¢ while, the coefficients B; are the

amplitudes of reflected transverse field components in medium 1.

220



with coefficients B;, following equations are obtained for the TM case,

(Ale—jkxlw + Blejkxlx) e~ Jkny o <0

H, = (E.1)
Azefjka-Te*jkyQy €T > 0
kyl —jk ik —jk
7 (*Ale JRz1T __ Ble] z1x> e JRy1Y €T S O

E, = °];€1 _ 4 (E.2)
Y2 Agedharwo—iky2y x>0
wWEe9
we

By={wet (E.3)
222 Agedkarwo—iky2y x>0
WEe9

The unbounded wavenumber in medium 7 is,

ki = wy\/1ig; = g\/Mm‘éfm‘ (E.4)
C

Here, u,; and g,; are the relative permeability and relative permittivity of medium i, respectively.
If medium 4 is conductive then &,; will be complex and given by (A.19). From boundary conditions,

the tangential component of wavenumber is continuous across an interface,
kyr = ky2 = Ky (E.5)

with,
k)yl = kl sin (ch) (EG)

The normal component of wavenumber in medium 7 is then,
k2 =k -k (E.7)

From boundary conditions, the tangential field components must be continuous across the interface.

For H,,
A1+ By = Ay (E8)
Similarly for E,,
k k
LAy — By) = 222 4, (E.9)
wel wWe9
Writing in matrix form,
Aq 0
1 1 -1
kot ka1 kap| [Bi] = |0 (E.10)
wel wel we9 AQ 0
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Solving for By and As in terms of Aj,

B — eokz1 — €1ka2
| = S2el T e1la2
eokz1 + €1k

and,
282 k:rl

ok +e1kan

which are the electric field reflection and transmission coefficients, and are defined as,

B
r=->1% — By with A; =1
A1 | By=0
and,
A
T:i *>A2 with A1:1
A1lBy,—0

The electric field reflection and transmission coefficients can be expressed as, [2],

I = 1- Ce
1+¢e
and,
2
T =
1+ e
where,
<e — ,U'Qk;cl
p1 ko

(E.11)

(E.12)

(E.13)

(E.14)

(E.15)

(E.16)

(E.17)

The electric field reflection and transmission coefficients for the TE incidence are obtained in a

similar manner and given by,

_ 1- <m
1+ Gm
and,
2
T =
L+ Gm
where,
1k
Cm B Ekal
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Appendix F

Plane Wave Reflection and

Transmission For Planar Three-Layer

Media

The plane wave reflection and transmission for the planar three-media case, like two-media case,

can be considered either as TM or TE incidence. Figure F.1(b) shows a TM wave obliquely incident

on three-layer media. Medium 2, which is just a slab, is flanked by semi-infinite media on either

side. Tt is assumed that the incident and transmitted media have the same material parameters, i.e.,

el = 3, Er1 = Ep3, 01 = 03 and 1 = n3. Writing equations for the TM incidence, the electric and

magnetic fields in the three media can be written as,

(Ale—jkxlfb + Blejkm:r) =ik g <0

(Aze’jk“:” + Bgejkl'”) ek 0<z <l

Aze ke (@=l) g=ikyy x>1
ky —jk ik —jk
7(_1416 ik _ B el zlﬂC)e dkvy  p <
WEL -
hy (—Ageihoar — Byethere) =iy 0 < <1
WeE -
ky —jkar (2—1) ,—jk
—— Aze Pt e IRy x>
wel
) —jke1z jkarz) o—ikyy

Ajeha1® — Brelter®) em Il g <0
weq
~e2 (Aze_]kl'” - Bgejkl'”) e7dky 0 <z <l
wEe9
kol 4 = iker(a—0) g—jkyy
—— Age Jhe e My x>
wel

223

(F.3)



The unbounded wavenumber in medium ¢ is,

ki = wy/1ig; = %\/HMEM (F.4)

Here, u,; and g,; are the relative permeability and relative permittivity of medium i, respectively.
If medium 4 is conductive then e,; will be complex and given by (A.19). From boundary conditions,

the tangential component of wavenumber is continuous across an interface,
kylr = ky2 = kyz = ky (F.5)
with,
kyl = kl sin (Gmc) (Fﬁ)
The normal component of wavenumber in medium ¢ is then,
2 212

Here, the reference plane for coefficients A1, By, A2 and By is the plane x = 0, while the reference
plane for coefficient Ag is x = I. Applying boundary conditions H,1(z = 0) = H.s(x = 0),
Eyi(x =0) = Ep(x =0), Ho(x =1) = Ha(x = 1), Ep(r =1) = Eyz(x = 1) and after some

algebraic manipulations, the following matrix system is obtained,

1 1 ~1 ~1 o | |4 0]
ka1 ka ka2 ka2 0 By
wep  wep we we Ay| = 0 (F.8)
O e—jkmgl ejka:2l _1 O
B
0 0 @eﬂ'ml _@eﬂml L3y ? 0
L Wweg WEe9 wer] | As -
After some algebraic manipulations following is obtained,
B _ (1—e @k} (1-¢) (1+¢) (F.9)
A (140 —e@hal(1-¢)° ’
Ay —2(1+¢) (F.10)
A 2 _ p=2kaol (1 _ )2 ’
1 (147" —er#h2l(1—()
By —2e ka2l (1 — ()
A 2 o—2jkaol 2 (F.11)
LR e mhal (1)
Asg 4C€7jkle
Af - 2 IV D) (F12)
S I (S)
with generalised coefficients,
ke
e Y
¢ = 62]]?1 (F.13)
H2Rz1 TE
pka2
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Where, the electric field reflection and transmission coefficients are defined as,

B
szl — By with A1:1
A1lBy=0
and,
A
T:i —>A2 with A1:1
A1 |By=0
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Figure F.1: Illustration of transverse electromagnetic (TEM) wave obliquely incident on a planar
three-layer media making an angle 6;,,. with the normal: (a) transverse electric (TE or s-polarisation);
and (b) transverse magnetic (TM or p-polarisation). The coefficients A; are the amplitudes of
incident transverse field components in medium ¢ while, the coefficients B; are the amplitudes of

reflected transverse field components in medium 7. The slab is of thickness [.
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Appendix G

MATLAB Code to Compute
Coplanar Waveguide Mode Profile

% Solves Poisson’s equation in 2-D to compute electric field mode profile.
clc
clear all

MaxTime = 1000; % Iterations
SizeX = 101;
SizeY = 61;

SourceX = ceil(SizeX/2);
SourceY = ceil(SizeY/2);

DomainX = 300e-3;
DomainY = 300e-3;
er_sub = 12.4;

e0 = 8.854187817e-12;
u0 = 1.256637061e-6;

c = 299792458;

eta0 = 376.73031346177;
deltax = DomainX/SizeX;
deltay = DomainY/SizeY;

V = zeros(SizeX,SizeY);

Ex = zeros(SizeX,SizeY);

Ey = zeros(SizeX,SizeY);

eps = eOxones(SizeX,SizeY);

eps(:,1:round(SizeY/2)) = er_sub.xeps(:,l:round(SizeY/2));

q = zeros(SizeX,SizeY);
Wg = round(15);
Wc = round (15);

% ========== Initialising boundary conditions ==========
% Fixed potential on centre conductor and ground
V(1:Wg,round(SizeY/2)) = -1;
V(SizeX-Wg+1:S8izeX ,round (SizeY/2)) = -1;

V(l,:) = -1;

V(SizeX,:) = -1;

V(:,1) = -1;

V(:,8izeY) = -1;

V(round (SizeX/2)-Wc:round (SizeX/2)+Wc,round(SizeY/2)) = 1;
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40
41
42
43
44
45

46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
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64
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66
67
68
69
70
71
72
73
74
75
76
e
78
79
80
81
82
83
84
85
86
87
88
89

90
91
92
93
94

95

= 2:SizeY-1;

for t = 1:MaxTime
V(i,j) = (deltay "2*(V(i+1,j)+V(i-1,j))+deltax " 2*x(V(i,j+1)+V(i,j-1))+q(i,j)./(
deltax"2xdeltay "2*eps(i,j)))/(2*xdeltax "2+2*xdeltay ~2);

% ================= Boundary conditions ================
% Fixed potential on centre conductor and ground
V(1:Wg,round(SizeY/2)) = -1;
V(SizeX-Wg+1:S8izeX ,round (SizeY/2)) = -1;

V(l,:) = -1;

V(SizeX,:) = -1;

V(:,1) = -1;

V(:,SizeY) = -1;

V(round(SizeX/2)-Wc:round (SizeX/2)+Wc,round(SizeY/2)) = 1; % centre conductor
Y ======================================================
end

% ================ Data ==============

[Ex, Ey] = gradient ( -V’, deltax, deltay );

y = 2.5e15:0.1e15:6.5e15;

al = 5.3813 x 107 (11+4);

a2 = 2.6010;

gamma = 0.2295;

x = (y./al)."(1./gamma)-a2;

x1 X;

vyl =vy;

DNamel = ’abc’;

Colourl = ’b’;

x_label = ’$y$-axis ($\mum) ’;
y_label = ’$z$-axis ($\mum) ’;
Y ====================================
figure301 = figure(1l);

clf

FontName = ’CMU Serif’;
FontSize = 12;

FontWeight = ’normal’;
FontWeightLabel = ’normal’;
FontSizeLabel = 12;

LineWidth = 1;

[x,y]=meshgrid(0:SizeX-1,0:SizeY-1);
streamslice(x,y,Ex,Ey,1,’arrows’,’cubic’)

hold on

plot ([0 15],[30 30],’LineWidth’,5.0,’Color’,[0 O 0])

plot ([35 65]1,[30 30],’LineWidth’,5.0,’Color’,[0 O 01)
plot ([85 100],[30 30],’LineWidth’,5.0,’Color’,[0 O 0])

set (gca, ’FontSize’,FontSize,’FontWeight’,FontWeight ,’TickLabelInterpreter’, ’
latex’);

grid on

x1im ([0,100]1)

ylim ([0,60])

xlabel(x_label,’FontSize’, FontSizeLabel,’FontWeight’, FontWeightLabel,’FontName’,

FontName ,’interpreter’,’latex’);

ylabel(y_label,’FontSize’, FontSizelabel,’FontWeight’, FontWeightLabel, ’FontName’,
FontName ,’interpreter’,’latex’);

grid off
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96
97
98
99
100
101
102
103
104

105

106

xticks_loc = [0 35 65 100];

xtick_labels = cellstr(num2str (xticks_loc’))’;

yticks_loc = [0 30 60];

ytick_labels = cellstr (num2str(yticks_loc’))’;

xticks (xticks_loc);

xticklabels (xtick_labels);

yticks (yticks_loc);

yticklabels (ytick_labels);

annotation(gcf,’rectangle’ ,[0.0831428571428571 0.111904761904762 0.900785714285714
0.433333333333333], ’Color’,’none’,’FaceColor’,[0 O 0],’FaceAlpha’,0.1);

annotation(gcf,’rectangle’ ,[0.0857142857142857 0.116666666666667 0.894642857142857
0.852380952380952] , ’LineWidth’ ,5);

ax = gca; ax.Units = ’pixels’; outerpos = ax.0OuterPosition; ti = ax.TightInset; ti
(ti < 0.1) = 0.15; left = outerpos(1l) + ti(1); bottom = outerpos(2) + ti(2);
ax_width = outerpos(3) - ti(1l) - ti(3); ax_height = outerpos(4) - ti(2) - ti(4)
; ax.Position = [left bottom ax_width ax_height]; fig = gcf; fig.Units = °
pixels’; fig.PaperPositionMode = ’auto’; fig_pos = fig.PaperPosition; fig.
PaperSize = [fig_pos(3) fig_pos(4)];
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Appendix H

Two-port network conversions
between S, Z, Y, h, ABCD and T

parameter

S

Table H.1: Conversion from S to Z, Y, h, ABCD and T parameters.

Zref1 S11 — S22 — AS +1

2 S11 + S22 —AS —1

S21

+ Sg2 — AS — 1

1 S11 — S22 + AS —1

2Zyef1 S11+ S22 +AS+1

S21

Zyef2 S11 + S22 + AS + 1

Zref1 S11+ S22 + AS +1

2 S11 - Spp+AS—1

Z11 = —
Zo1 = ~k1Zpe 1 =
11
Y11 =—
k1

Yo1 = —
hi1 =

k1 Zpe 1
by = ref

Sa1

Zref2 S11— S22 +AS -1

A kg S11 — S22 — AS +1
Tk 4551
c= ko S11 + S22 —AS —1
E1Zpef1 4S9

T 1

1= =

S21

S11

Toy = —

S21

z ko Z Si2
1o = —ko y————— 212
TIPS 4 S2s —AS — 1
7 Zref2 S11 — S22 + AS — 1
22 =
2 Sip 4+ Sap—AS—1
v, ko S12
12 = —
Zref1 S11+ S22 + AS +1
v 1 S11 — S22 —AS+1
22 =
2Zref2 S11+ S22 + AS +1
- S
hip = —kg—0 212
S11 — S22 + AS — 1
1 S11 + S22 + AS — 1
haz =

2Zpef2 S11 — S22 + AS -1

k2Zycpa S11 + Saz + AS +1

B=
k1 4S91
-~ k2Zpepa S11 — Sao + AS — 1
k1Zref1 4S91
S22
Ti2 = ———
S21
T AS
22 = ———
S21
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Table H.2: Conversion from Z to S, Y, h, ABCD and T parameters.

s Z11Zref2 — Z22Zref1 + Z11222 — Z12221 — Zyef1Zref2 5
11 = 12 =
Z11Zref2 + Z22Zreg1 + Z112Z22 — Z12221 + Zref1Zref2 2Zref1 Z12
ko Z11Zpego+ Z22Zref1 + Z11Z22 — Z12Z21 + Zref1 Zrefo
Sa1 = Sag =
2Zyef2 Za1 B Zyef2Z11 — Zref1422 — Z11222 + Z12221 + Zyef1Zref2
k1 Z11Zref2 + Z22Zpef1 + Z11222 — Z12Z21 + Zref1Zref2 Z11Zrefa + Z22Zrep1 + Z11Z22 — Z12Z21 + Zyef1 Zref2
Z22 Z12
Yy = == Yip = -2
T Az 2T Az
Z21 Z11
=iy Y2 =1z
AZ Z12
hi1 = — hig = —
Z22 Z22
Zo1 1
ho1 = —Z— hoo = 7
22 22
4 AZ
A - 211 _ 22
Z21 Z21
1 Z
c=—— p=222
Z21 Z21
o T = . T2 =
ky Z11Zrego + Z22Zrep1 + Z11Z22 — Z12Z21 + Zyef1Zref2 k1 Zi1Zyef2 — Z22Zref1 — Z11222 + Z12221 + Zyef1Zref2
2k2 Zye o Z21 2k Zrefo Z21
. T21 = ; T2z =
k1 Z11Zref2 — Z22Zref1 + Z11222 — Z12221 — Zref1Zref2 k1 Z11Zrefo + Z22Zref1 — Z11222 + Z12221 — Zref1Zref2
2k Zyefo Za1 2k Zpefo Z21
Table H.3: Conversion from Y to S, Z, h, ABCD and T parameters.
2
s Yi1Zpef1 — Y22Zrcf2 + AY Zyef1Zrefa — 1 s 2Z. .51 Yi2
11 = — 12 = —
Y11Zref1 + Y22 Zrefo + AY Zyep1Zrefa + 1 ko Y11Zpep1 +Y22Zpefo + AY Zyep1Zrefa +1
2
Sa1 = rer Y21 Son = Yi1Zref1 — Y22Zpef2 — AY Zpep1Zrepa + 1
k1 Yi1Zpeg1 +Y22Zpefo + AY Zpef1Zreg2 +1 Yi1Zref1 + Y22Zrefo2 + AY Zpeg1Zyega +1
Yoo Yi2
Z1 = =22 Z1g = ———=
11 Ay 2 AY
Y21 Y11
Zo1 = TAY Zaz = AY
1 Yio
hi1 = — hig = — —=
Y11 Y11
Y21
ho1p = — hog = —
Y11 Y11
Y- 1
A= 122 B=_-—
Y21 Y21
AY Y
C=-— p=_-1
Ya1 Y21
T k1 Yi1Zref1r + Y22Zrefo2 + AY Zyef1Zrega +1 T k1 Y11Zyef1 — Y22 Zpefo =AY Zyep1Zrefa + 1
11 =—— 12 = —
QkZZfeﬁ Y21 2k2Z, 4o Y21
T k1 Zref1Y11 — Zref2Y22 + AY Zyop1Zpega — 1 T k1 Yi1Zref1 + Y22 Zrefo — AY Zyef1Zrepa — 1
21 = — 22 = =
2k2Z§€f2 Y21 2k2Z70 5o Y21
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Table H.4: Conversion from h to S, Z, Y, ABCD and T parameters.

s hi1 — h22Zreg1Zrefo + AhZrefo — Zref1 s 2Zref1 hi2
1= 12 = —
hi1 + h22Zref1Zref2 + AhZrego + Zrefr ka  hi1+hooZref1Zrefo + AhZrero + Zrefr
2
s 27 52 ho1 s hi1 — h22Zpef2Zreft — AhZyefa + Zrefi
21 = —— 92 =
k1 hi1 +ho2Zref1Zrefo + AhZpefa + Zreg1 hi1 + h22Zref1Zrefo + AhZrefa + Zreg1
Ah hi2
Z11 = — Zi2 = —
h22 ha2
ha1 1
Zo1 = ——— Zog = —
h22 ha2
1 hi2
Yi1 = — Yig = ——=
hi1 hi1
hat Ah
Yo1 = — Y = —
hi1 hi1
Ah h
A= B=-1
h21 h21
h 1
o= _22 D= __—
h21 h21
- k1 hi1 4+ h22Zyef1Zrefa + AhZrefa + Zrefi - k1 hi1 — h22Zpef1Zrefa — AhZyefo + Zref1
11 = —— 12 = —
2 2
2k2Z7‘ef2 h21 2k2Z7‘ef2 k21
T k1 h11 —ho2Zpef1Zref2 + AhZyega — Zreg T k1 hi1 +ho2Zpeg1Zrefo — AhZyefo — Zref
21 = —— by = —
2 2
%222, ho1 2222, ho1
Table H.5: Conversion from ABCD to S, Z, Y, h and T parameters.
s AZrega+ B = CZref1Zrefa — DZreg1 s 2Zref1 AD — BC
1= 12 = —
AZyeja + B+ CZref1Zref2 + DZres1 ke  AZpepo+ B+ CZref1Zrefa+ DZref1
s 2Zref2 1 s —AZpef2 + B—CZrefaZref1 + DZreyf1
21 = — 22 =
k1 AZpefo+ B+ CZreg1Zrefa2+ DZrefr AZrejao+ B+ CZref1Zref2 + DZregi
7 A 2 AD — BC
1 == o=
C C
P 1 4 D
=g 2=
v D v AD — BC
11 = B 12 = B
Y- ! Y- 4
2= 2= 4
A N AD — BC
n=4 12 = )
A 1 n C
21 = —— 22 = —
! D D
/Vcl Ivﬂl
T = —— (AZchz +B+CZref1Zref2 + Der:fl) Tz = ———— (AZchz — B+ CZref1Zref2 — DZ'r‘cfl)
2k2Zref2 2k2Zyef2
k1 k1
To1 = —— <AZrcf2 + B —=CZref1Zref2 — Dzrcfl) Ty = —— (AZchz —B—-CZyef1Zres2 + DZ'r‘cfl)
2k2Zref2 2k2Zyef2




Table H.6: Conversion from T to S, Z, Y, h and ABCD parameters.

T21
S11 = —
T11

s 1
21 = ——
T11

Zref1 T11 + T21 + Ti2 + T2
2 Ty +Ti2 —T21 — Ta2
1

Z11 =

s AT
12 = —
T11
T2
Soo = ———
T11
AT

Zio =koZypppp—m—
et Ti1 + T2 — T21 — Ta2

Zreg2 T11 — T12 — T21 + Ta2

Zoy =k1Zpej —m8 —————— Zoo =
ref Ty + T2 — T21 — T2 2 Ty + T2 —Toy — T2
1 T — T2 — To1 + Ta2 ko AT
Yi1 = Yio = —
2Zpefp1 Ti1 — T2 + T21 — Ta2 Zyef1 T11 — T2 + T21 — Ta2
k1 1 1 Ti2 + To2 + T11 + T21
Y21 = — Ya2 =
Zyefo Ti1 — Ti2 + T21 — Ta2 2Zyef2 T11 — T2 + T21 — Taz
Zref1 T11 — T2 + T21 — Ta2 y AT
h11 = hig = kg —mMm
2 Ty1 —Tiz2 —T21 + T2 Ti1 — Ti2 — Ta1 + Ta2
k1 Zrefl 1 1 T11 + Ti2 — T21 — Ta2
hop = — ho2 =
Zref2 Ti1 — Tiz — Ta1 + To2 2Zyef2 T11 — Ti2 — T21 + Ta2
ko k2 Zyefo
A= — (T11 + Ti2 + Ta1 + T22) B = ———= (T11 + T21 — T12 — T22)
4kq 4ky
ko k2Zyefo
C=———— (T11 — T21 + T12 — T22) :#(T11—T21—T12 + T22)
4k1Zyef1 4k1Zref1
Table H.7: Conversion between two-port S- and Sp-parameters.
koky1 Re {Zrefl}
Sp11 = [RE{Zref1}511+1m{me1}] Sp12 = — 12
Zref1 k1kp2
k1kpoRe {Zreﬁ}
Spa1 = —————— 8. Spaz = [Re {Z7~ef2} Sag + Im {Zr'efQ}]

kokpy
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Appendix 1

MATLAB Code to Compute
Fabry-Pérot Eigenmodes in
Parallel-Plate Waveguide

% Fabry-Perot eigenmodes of dielectric-filled parallel-plate waveguide
clc

sUnit le-3; sUnitname = ’mm’;

fUnit = 1e9; fUnitname = ’GHz’;

fO = (8.2:0.01:12.4) .*%fUnit;
w0 2.xpi.*xf0;
m = 1; % mode number

a = 22.86*sUnit;

1 = 9.626*sUnit;

e0 = 8.854187817e-12;
u0 = 1.256637061e-6;
c = 299792458;

er_d_inf = 2.325;

sig_d = 0;

mu_d = u0;

tandelta = 0.001973;

ert = 1;

ertt = tandelta;

e_d = er_d_inf.*x(ert+1lj.*ertt);

kc = m.*pi./a;

el = e0;
ul = ul;
e2 = e_dxe0;
u2 = ul;

gl = 1j.*sqrt(w0."2.%xel.*ul-kc."2);

g2 = 1j.*sqrt(w0."2.%e2.*%u2-kc."2);

ze = (ul.*1j.*sqrt(w0. 2.%xe2.*xu2-kc."2))./(u2.%1j.*sqrt(w0."2.%xel.*xul-kc."2));
zm = (e2.*1j.*sqrt(w0. 2.xel.xul-kc."2))./(el.*1j.*sqrt(w0. 2.%e2.%xu2-kc."2));
P = 1j.*sqrt(w0. 2.%xe2.*xu2-kc."2) .%1;

f0 = 5%fUnit:0.25*xfUnit :15*xfUnit;

% TE
soll = zeros(l,length(£f0)); % 0dd :(1+z)-exp(-P) .*(1-2)
sol2 = zeros(1l,length(£f0)); % Even :(1+z)+exp(-P).*(1-2)
% TM
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41
42
43
44
45

46

47
48
49
50

51
52
53
54

55
56
57
58

59
60
61
62
63

sol3
soléd
for

end

zeros (1,length(£0)); 7% 0dd :(1+z) -exp (-P) .*(1-2)

= zeros(1l,length(£0)); % Even :(1+z)+exp(-P) .x(1-2)

i=1:1length (£0)

syms w0

%sol_wl = vpasolve(exp(-1j*wO*sqrt(mu_d*e_d)*a/2)+exp(1j*wO*sqrt(mu_d*e_d)*a
/2)==0,w0,2%pi*f0)/2/3.1415/1e9

sol_wIl = vpasolve ((1+(ul.*1j.*xsqrt(w0."2.%e2.%u2-kc."2))./(u2.x1j.*xsqrt (w0
."2.%el.*ul-kc."2)))-exp(-1j.*xsqrt(w0."2.*%e2.%u2-kc."2) .*%1) .x(1-(ul.*x1j.%*
sqrt (w0 . 2.%e2.*xu2-kc."2))./(u2.%1j.*sqrt(w0. " 2.%xel.*ul-kc."2)))==0,w0,2%pi
*f0(1))/2/3.1415/1e9;

if sol_wIl > O
s0l11(1,i) = double(sol_wIl);

end

sol_wI2 = vpasolve ((1+(ul.*1j.*sqrt(w0."2.%e2.*%u2-kc."2))./(u2.x1j.*sqrt (w0
."2.xel.xul-kc. 2)))+exp(-1j.*sqrt(w0. 2.%e2.*xu2-kc."2) .*¥1) . *(1-(ul.*x1j.x%
sqrt (w0 . 2.%e2.*%u2-kc."2))./(u2.x1j.*sqrt(w0."2.%el.*ul-kc."2)))==0,w0,2%pi
*£0(i))/2/3.1415/1e9;

if sol_wI2 > 0
s012(1,i) = double(sol_wI2);

end

sol_wI3 = vpasolve ((1+(e2.x1j.*sqrt(w0. 2.%el.*ul-kc. 2))./(el.x1j.*sqrt (w0
."2.%e2.*xu2-kc."2)))-exp(-1j.*sqrt(w0. 2.%e2.*xu2-kc."2) .*1) . x(1-(e2.%1j.*
sqrt (w0 . 2.%el.*ul-kc. 2))./(el.x1j.*xsqrt(w0. 2.%e2.%u2-kc."2)))==0,w0,2%pi
*f0(i))/2/3.1415/1e9;

if sol_wI3 > O
s013(1,i) = double(sol_wI3);

end

sol_wI4 = vpasolve ((1+(e2.*1j.*xsqrt(w0."2.%el.*ul-kc."2))./(el.*x1j.*sqrt (w0
.72.%xe2.xu2-kc."2)))-exp(-1j.*sqrt(w0. 2.%xe2.xu2-kc." 2) .*¥1) . *(1-(e2.%1j.x%
sqrt (w0 . 2.%el.*ul-kc."2))./(el.x1j.*xsqrt(w0."2.%e2.%u2-kc."2)))==0,w0,2%pi
*£0 (1)) /2/3.1415/1e9;

if sol_wI4 > O
s0l4(1,i) = double(sol_wI4d);

end

[flipud(sort(soll)’) flipud(sort(sol2)’) flipud(sort(sol3)’) flipud(sort(sol4d)’)]
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Index

attenuated total reflection (ATR), 6, 156 inverse, 68
attenuation constant, 78, 218 lossy, 64
Fabry-Pérot resonance
cavity resonator, 59 Q-factor, 88
characteristic impedance, 21, 29 FDTD tecnhique, 10
normalised, 29 Floquet boundary condition, 161
of MPRWG, 79 Fourier transform, 15
power-current definition, 29 frequency dispersion, 157
power-voltage definition, 29
transmission line, 26 grating coupler, 8
voltage-current definition, 29 guided-wave media, 21
classical skin effect model, 213 guided-wavelength
complex conjugate impedance matching, 23 complex, 80
conductivity

complex, 212 high electron mobility transitor (HEMT), 8

Courant stability condition, 12
cut-off frequency
air-filled MPRWG, 79

intrinsic impedance, 219

loss tangent, 79

de-embedding of S-parameters, 96 electric, 79

dielectric constant, 79
conversion to refractive index, 214
effective, 214

matrix renormalisation, 25
Maxwell’s equations
boundary conditions, 211

dispersion complex phasor form, 211
gated 2-D plasmons, 8 differential form, 211
plasmon, 5 integral form, 210
ungated 2-D plasmons, 8
dispersion curve, 157 natural frequency, 62
Drudé conductivity, 217 NRW method, 132
Drudé model, 216
FDTD, 11 open-box mode
in parallel-plate waveguide, 107, 112
eigenfrequency open-box modes, 87
complex, 15, 62 analyticall modelling, 96
Fabry-Pérot perfectly matched layer (PML), 164
eigenmode, 106, 107 permeability
in circular waveguide, 112 complex, 79, 212
in parallel-plate waveguide, 107 free space, 79
resonance frequency, 81 permittivity
resonator, xiii complex, 79, 212
eigenvlue solution, 63 effective, 212
general solution, 60 free space, 79
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frequency dependent, 213
tensor, 212
perturbation model, 16
phase constant, 78, 218
complex, 80
phase velocity, 214
plane wave, 218
plasma frequency, 217
plasmonics, 2
plasmons
2-D, 8
bulk, 3
surface, 5
polarisation (TE or TM), 220
power wave, 22
propagating mode, 21
propagation constant, 48, 63, 80
circular waveguide, 116
complex, 78
transmission line, 26
variational modelling, 78
pseudo wave, 22

Q-factor
Fabry-Pérot resonance, 88
unloaded, 62, 86

Q-factor modelling, 86

reference impedance, 22
reflection and transmission coefficient
three-media, 224
two-media, 220
reflection coefficient, 24
electric field, 223
exceeding unity, 25
Fresnel, 24
power-wave, 32
voltage, 26
voltage-wave, 32
refractive index, 79, 214

conversion to dielectric constant, 215

relative permittivity

high frequency, 49, 217
renormalisation, 22

of scattering parameters, 40
renormalisation method, 129
Ricker wavelet, 170

S-parameters, 34

S- and Sp-parameter interconversion, 44

S-parameters, 34

1-D Fabry-Pérot resonator, 49, 64
circular waveguide, 116
de-embedding, 85, 96
NRW method, 136
signal flow graph, 49
slit condition in COMSOL Multiphysics®, 164
spherical resonator, 15
surface impedance, 79
surface plasmon frequency, 157
surface plasmons, 3

TE, and TM, arrangement of nodes in FDTD,
10
telegraphers’ equations, 26
transmission coefficient
electric field, 223
transmission line model
Fabry-Pérot resonator, 49
travelling waves, 22, 30
two-dimensional electron system (2-DES), 8
two-port network
cascading, 38
generalised, 32
three-layer media, 46
two-layer media, 45
two-port network parameters
interconversion between, 36

voltage wave, 21, 22

wave impedance, 21, 79

wave number, 80

waveguides as transmission lines, 27
wavelength, 80

wavenumber, 218, 222

zero-order power propagation model, 52
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