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Abstract—We introduce a new technique to optimize a
linear cost function subject to an affine homogeneous
quadratic integral inequality, i.e., the requirement that a ho-
mogeneous quadratic integral functional affine in the opti-
mization variables is honnegative over a space of functions
defined by homogeneous boundary conditions. Such prob-
lems arise in control and stability or input-to-state/output
analysis of systems governed by partial differential equa-
tions (PDEs), particularly fluid dynamical systems. We
derive outer approximations for the feasible set of a ho-
mogeneous quadratic integral inequality in terms of linear
matrix inequalities (LMIs), and show that a convergent se-
quence of lower bounds for the optimal cost can be com-
puted with a sequence of semidefinite programs (SDPs).
We also obtain inner approximations in terms of LMiIs and
sum-of-squares constraints, so upper bounds for the opti-
mal cost and strictly feasible points for the integral inequal-
ity can be computed with SDPs. We present QUINOPT, an
open-source add-on to YALMIP to aid the formulation and
solution of our SDPs, and demonstrate our techniques on
problems arising from the stability analysis of PDEs.

Index Terms—Integral inequalities, partial differential
equations (PDEs), semidefinite programming, sum-of-
squares optimization.

|. INTRODUCTION

NALYSIS and control of systems governed by partial dif-

ferential equations (PDEs) are fundamental problems in
physics and engineering, but are challenging because the sys-
tem state is a (vector-valued) function w of both the time ¢
and the spatial position vector x, and as such it belongs to an
infinite-dimensional function space (e.g., a Sobolev space).

In an effort to reduce the conservativeness introduced by
finite-dimensional approximations, recent years have seen the
development of analytical techniques that consider directly
the infinite-dimensional PDEs, and lead to consideration of
integral inequalities. For example, the stability of an
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equilibrium of a PDE system in a domain 2, or of a control pol-
icy designed to stabilize it, can be established by constructing
a positive integral Lyapunov functional V(t) = V{w(¢,-)} =
Jo VI{w(t,x)|dx whose time derivative (also an integral quan-
tity) is nonpositive [1]—[3]. Other input-to-state/output proper-
ties, such as passivity, reachability, and input-to-state stability,
can be studied in a similar way using dissipation inequalities
for integral functionals of the state variable [4], [5]. Finally,
the computational cost of designing optimal control policies
for systems with complex dynamics, such as turbulent flows,
may be reduced by requiring the control law to minimize an
upper bound on the objective function rather than the objective
itself [6]—[9], and in the case of PDEs such upper bounds can
be found by solving suitable integral inequalities [10]—-[15].

When the underlying PDE system is autonomous, the in-
tegral inequalities obtained in all aforementioned applications
depend on time only through the state w(¢, ), and since they
are imposed pointwise in time, the time dependence of w can
be dropped. Checking a certain integral inequality for given
system parameters, or alternatively optimizing the system pa-
rameters while satisfying an integral inequality, then requires
solving optimization problems of the form

T

min ¢ vy

~

st Fy{w} = /Fv(:c,Dkw)d":c >0, weH (1)
Q

where H is a suitable function space, e.g., the space of all k-
times differentiable functions from 2 C R" (typically n =3
for physical systems) to R? that satisfy a given set of boundary
conditions (BCs). The optimization variable v € R® represents
a vector of tunable system parameters, ¢ € R? is the cost vec-
tor, Fiy (-, ) is a function that depends parametrically on =y, and

Dkw = [wy, 0y, w1, Op,wr, ..., 85?}1 Wi,y ..., 6‘5: wq]T lists all
partial derivatives of the components of w up to the order spec-
ified by the multi-index k = [k1,. .., ky].

When the dependence on ~ is at least affine and strong du-
ality holds, problem (1) could be solved (in principle) by first
computing the minimizer w* of ¥, as a function of ~ using
the calculus of variations [16], [17], and then minimizing the
augmented Lagrangian L(vy) = ¢ v — AF,{w*}, where the
Lagrange multiplier A > 0 is chosen to enforce the integral in-
equality. This strategy has been successfully applied to some
problems in fluid dynamics (see, e.g., [18]-[20]), but it requires
careful, problem-dependent computations. Alternatively, when
the integrand F, (-, -) is linear with respect to D*w and polyno-
mial in «, (1) can be transformed into a semidefinite program
(SDP) using integration by parts and moment relaxation tech-
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niques [21]. More recently, it has been suggested that (1) can
be recast as an SDP even when the integrand is polynomial in
Dkaw [2], [3], [22], [23]: one relates the derivatives of the com-
ponents of w using integration by parts and algebraic identities,
and then requires that the polynomial integrand F, (z, D*w)
admits a sum-of-squares (SOS) decomposition over the domain
of integration. However, scalability issues usually prevent the
solution of problems of practical interest because—as our ex-
amples will demonstrate—high-degree SOS relaxations are nor-
mally needed to achieve accurate results.

This paper presents a new approach to solving a class of prob-
lems of type (1). We consider homogeneous quadratic func-
tionals 7., over a one-dimensional compact domain; in other
words, we assume that © € Q = [a,b] C R and that the inte-
grand F.,(:C,Dkw) is a homogeneous quadratic polynomial
with respect to D*w. Inequalities of this type arise in many fluid
or thermal convection systems of practical interest (see, e.g., [1],
[11], [13], [14], [24]) and these are the main applications we
have in mind. Our techniques, already partially introduced by
some of the authors for particular problem instances [25], [26],
rely on Legendre series expansions to formulate SDPs with bet-
ter scaling properties than the SOS method of [3]. Our main
contributions are as follows.

1) For the first time, we formulate convergent outer approx-
imations of the feasible set of (1) described by linear
matrix inequalities (LMIs), so lower bounds for the opti-
mal cost can be computed using SDPs.

2) We extend the method of [25] and [26] to derive SDP-
representable inner approximations for the feasible set
of (1) in the general setting, so upper bounds on the
optimal value of can also be obtained with semidefinite
programming.

3) We present QUadratic INtegral OPTimization
(QUINOPT), an add-on to YALMIP [27], [28] to
aid the formulation of the SDP relaxations outlined
above, and use it to solve examples that demonstrate
the advantages (and some limitations) of our approach
compared to the SOS method of [3].

The rest of the paper is organized as follows. Section II intro-
duces the class of optimization problems studied in this work;
as a motivating example, we consider the stability analysis of
a fluid flow driven by a surface stress [15]. We formulate outer
SDP relaxations in Section III, and inner SDP relaxations in
Section IV. We remove some simplifying assumptions and
further extend our results in Section V. Section VI presents
QUINOPT and numerical examples arising from the analysis
of PDEs, and we comment on the scalability of our methods
in Section VII. Finally, Section VIII offers concluding remarks
and perspectives for future developments.

Notation: Vectors and matrices are denoted by boldface char-
acters; in particular, O denotes the zero vector/matrix. The usual
Euclidean and ¢! norms of v € R” are ||v| = (32, |vi[?)/?
and ||y =Y., |vi|, respectively. Given a matrix Q €
R"*™_ the Frobenius norm is defined as |Q|r =

(3oiny Yo7 1Qij[*)/?. The range and null space of Q are
denoted by R(Q) and N'(Q), respectively. We denote the space
of n X n symmetric matrices by S, and indicate that QQ € S™
is positive semidefinite with the notation @Q > 0.

For a compact interval [a,b] C R and a positive integer ¢,
C™ ([a,b],R7) is the space of m-times continuously differen-

tiable functions with domain [a, b] and values in R?; we also

write C" ([a, b]) for C™ ([a, b], R). Given u € C™ ([a, b)), ||u]|2
and ||u/|o. denote the usual L?(a,b) and L>(a,b) norms

full = [ / b |u<x>|2dx]l/2,

The set of nonnegative integers is denoted by N, and N is the
set of multi-indices of the form o = [oy, ..., o). The length
of the multi-index o € N7 1is || = oy + -+ + . Given w €
C™ ([a,b],R?) and «, 3 € N with o; < 5; < m for all ¢ €
{1, ..., q},wedefineB —a= [0 —o, ..., B, —a,] € N?
and we list all multi-index derivatives of order between o and
3 in the vector

DloBlyy = [8‘“u17 ..

[ulloe = sup [u(z)].
z€la,b]

led
.y 6[;1’11,1, 1o} 2’11,2,

oy 0%, 0] e RIFIBL (2
We also collect all boundary values of such derivatives in the
vector
DlBlay|,

e R2(a+[B-el) 3
DleBlay), )

BleBlyy .=

To simplify the notation, when o = 0 we will write D?w and
BPw instead of Bl%Alw and DI0Alaw.

Finally, given two scalar functions f, g of a scalar variable
N, we write f ~ g to indicate that f and g are asymptotically
equivalent up to multiplication by a positive constant, that is,
limy . f/g = c for some positive constant c.

II. OPTIMIZATION WITH AFFINE HOMOGENEOUS QUADRATIC
INTEGRAL INEQUALITIES

Let~ € R? be a vector of optimization variables, and consider

two integers m, ¢ and two multi-indices k = [k1, ..., k], I =
[li, ..., ly] € N9, such that
1§k7§m717 16{177(1}7 (43)
ki <l <m, ied{l,...,q}. (4b)

Moreover, let Fy(z), ..., F (x) € ST F be symmetric
matrices of polynomials of = of degree at most dr and define

F(x;7) = Fo($)+Z%Fi(l‘) Q)

i.e., F'(x; ) is a symmetric matrix of polynomials of x of degree
at most dp, the coefficients of which are affine in ~.

Throughout this paper, we consider linear optimization prob-
lems of type (1) subject to affine homogeneous quadratic inte-
gral inequalities, i.e., problems of the form

T

min ¢ vy

N
1
s.t. Fo{w}:= / (Dkw)TF(a:;fy)Dkw dz >0, we H
1
(6)
where ¢ € R* is the cost vector, F'(z;) is as in (5), and
H:={weC" ([-1,1],R?): AB'w =0} (7)

is the space of m-times continuously differentiable functions
satisfying the p homogeneous BCs defined by the matrix
A € RP*2(@+[t)  There is no loss of generality in fixing the
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Fig. 1. Sketch of the flow setup in our motivating example. The
two-dimensional fluid layer extends to infinity along the x-direction, is
bounded at y = —1 by a solid boundary and is driven at the surface
(y = 1) by a shear stress of nondimensional magnitude 0.5~.

integration domain for the functional F., to [—1, 1] because any
compact interval [a,b] can be mapped to it with a change of
integration variable. An affine homogeneous quadratic integral
inequality represents a convex constraint on -y, which makes (6)
a convex optimization problem.

Remark 1: For the sake of generality, we allow the space H
to be defined by derivatives of higher order than those appearing
in ., {w} (this can always be achieved by adding zero columns
to A). In the applications we have in mind, i.e., problems arising
from the study of autonomous PDE:s, this is not uncommon: H
encodes the BCs of the solution of a PDE, which might involve
all derivatives up to the order of the PDE; . {w}, instead, is
typically derived from a weak formulation of the PDE, after
integrating some terms by parts.

Assumption: To ease the exposition, we only consider two-
dimensional (2-D) functions w = [u,v]? € C™([-1,1],R?).
We also restrict the attention to the uniform multi-indices k =
[k, k] and I = [I,1], where k and [ satisfy (4a) and (4b). As will
be discussed in Section V, however, all our results hold for the
general case.

A. Motivating Example

Consider a 2-D infinite layer of fluid bounded at y = —1 by
a solid wall and driven at the surface at y = 1 by a horizon-
tal shear stress of nondimensional magnitude 0.5, as shown
in Fig. 1. The flow is governed by the incompressible Navier—
Stokes equations, and admits a steady (i.e., time independent)
solution in which the flow moves horizontally with veloc-
ity wo = (ug,vo) = (0.5vy + 0.57,0); see, for example, [15],
[26], [29]. This steady flow is stable when the driving stress
is small. The critical value ., at which the steady flow is
no longer guaranteed to be stable with respect to a sinusoidal
perturbation w (y)e’s* 7! —where w(y) = [u(y),v(y)]" is the
amplitude and ¢ is the wave number—is given by the solution
of the optimization problem

min —vy

1
s Fytwp o= [ G+ o)+ 0,07
1
+(0,0)2] + € (2 +07) + %(vayu - ua,,w} dy >0
®)

where the integral inequality constraint should hold for all func-
tions u, v € C?([—1,1]) satisfying the homogeneous BCs

’LL|,1 = ’LL|1 = 8yu|,1 = 85u|1 = 0,

vl =vfp = 9yv|g = aj“h =0. ©)

See [29] and [15] for a detailed discussion. The constraint in (8)
can be rewritten in matrix form as in (6) with k = I = [2, 2] and

(&2 0 0 o -2 o
¢
- u 0 8 0 % 0 0
Oyu 16
52 0 0 = 0 0 0
koo |9 D §
DU)— aF(l’vq/)* ’y
v 0o L 0 & o0 o
Oyv ,yg
920 ¢ 0 0 0 8 0
(920
16
000 0 0 5

Note that the matrix F' above can be written in the form (5)
with s = 1. The reader can easily verify that the BCs on u and
v can also be rewritten in the matrix form A Blw = 0 with
A € R¥!2; we omit the details for brevity. For this problem, it
is clear that 7, {w} > 0 for v = 0, and that definiteness is lost
for sufficiently large . However, the interaction of the BCs with
this behavior makes the problem interesting and nontrivial to
solve. We will compute upper and lower bounds for the optimal
~ in (8) in Section VI-A.

I1l. OUTER SDP RELAXATIONS

Our first approach to solve (6) is to derive a sequence of outer
approximations for its feasible set, defined as

T:={veR’: Vwe H, Fy{w} >0}. (10)

In other words, we look for a family of sets {T3""} x>0, such
that 7 C TH"'. Optimizing the cost function over T3"" then
gives a lower bound for the optimal value of (6).

The outer approximation set 79" can be found by considering
a polynomial truncation of w € H of degree N. In particular,
suppose that

w=[u,v]T €Sy =HN(Py xPy)CH (11

where Py is the set of polynomials of degree less than or equal to
N on [—1, 1]. Note that Sy is nonempty for any degree bound
N because H contains the zero polynomial, and it contains
nonzero elements if N is large enough to guarantee sufficient
degrees of freedom to satisfy the BCs prescribed on H in (7).
Finally, Sy C Sy 1 because Py C Py 1.

Now, let 4y, ..., Uy and 0y, ..., Oy be the coefficients rep-
resenting the polynomials » and v in any chosen basis for Py,
and define oy = [fg, ..., Un, Og, - -, ﬁN]T.Since}"., in (6)
is quadratic and the constraints imposed on H are linear, it is
clear that there exist a matrix Q y (y), affine in =y, such that

F{w} = on" Qn(v)en
and a matrix Ay, such that
w € SN = ANSON =0.

Upon selecting a matrix Iy satisfying R(ILy) = N (Ay), it
follows that

" == {y € R*: Vw € Sy, Fy{w} >0}

={vyeR’: Iy"Qn(y)Iy = 0} (12)
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and since Sy C Sy.1 C H, the feasible set 1" of (6), defined
as in (10), satisfies

TCTy, CTy", NEN.

This suggests that a sequence of lower bounds on the opti-
mal value of (6) can be found by solving a series of truncated
optimization problems.

Theorem 1: Let p* be the optimal value of (6) and, for each
integer IV, let py; be the optimal value of the SDP

min ¢!y
v

st. Ty Qu(v) Oy = 0. (13)

Then, {p} }n>0 is a nondecreasing sequence of lower bounds
for p*. Furthermore, if a minimizer v* exists in (6), then
Jim [py —p"| = 0.
—00
Proof: See Appendix B-A. |

Remark 2: Clearly, infeasibility of the SDP (13) for a certain
N provides a certificate of infeasibility for (6). However, note
that the feasibility (resp. unboundedness) of (13) for any finite
N does not prove that (6) is feasible (resp. unbounded).

It is important to note that Theorem 1 provides no control on
the gap p* — pi as afunction of N . In other words, an arbitrarily
large N might be required for a given level of approximation ac-
curacy. Consequently, the rest of this work will focus on proving
checkable conditions upon which upper bounds can be placed
on p*.

IV. INNER SDP RELAXATIONS

Upper bounds on the optimal value of (6) that complement
the lower bounds from Theorem 1 can be found by optimizing
the cost function over an inner approximation 73 of the true
feasible set. Such an inner approximation can be constructed by
replacing the integral inequality F. {w} > 0 with a stronger,
but tractable, integral inequality over the space H in (7).
This strategy is complementary to the approach followed in
Section III, where we effectively replaced the space I with a
tractable subspace Sy . In particular, we look for a lower bound
Fy{w} > Gy{w}, where G,{w} is a functional whose non-
negativity over H can be enforced via a set of LMIs. Any ~
such that G, {w} > 0 on H is then also feasible for (6), and the
corresponding cost ¢’ 7 is an upper bound for the optimal value
of (6).

A. Legendre Series Expansions

The key to constructing an inner approximation for the feasi-
ble set of problem (6) is to construct a functional G : H — R,
such that Fy{w} > G, {w} for all w € H. To do this, we ex-
pand the components u and v of w (recall our simplifying
restriction to the 2-D case) in terms of Legendre polynomials.
That is, we write expansions such as

(14)

where £, (x) is the Legendre polynomial of degree n and 4% is
the nth Legendre coefficient. Similar expressions can be written
for v and its derivatives.

Legendre series expansions are useful because the Legendre

polynomials are orthogonal on [—1, 1], i.e., fil Loy L,dz =0

if m # n [30]. This will enable us to enforce the nonnegativ-
ity of the functional F in (6) with a set of finite-dimensional,
numerically tractable conditions. Note that although other poly-
nomial basis functions, e.g., Chebyshev polynomials, may have
more attractive numerical properties and may be more appro-
priate to implement the outer SDP relaxation of Theorem 1,
they cannot be used here because they are only orthogonal with
respect to a weighting function. A short introduction to Legen-
dre polynomials, Legendre series and their properties is given
in Appendix A; see [30]-[32] for a comprehensive treatment of
the subject.

To avoid working with infinite series and to facilitate our
analysis, we decompose (14) into a finite sum and a remain-
der function. More precisely, given an integer ¢« we define the
remainder function

Ui (z) = Z o L, (x) (15)
n=i+1
Next, we choose an integer NV, such that
N>dp +k—-1 (16)

where dp is the degree of the polynomial matrix F' defined
in (5). For each o € {1, ..., k}, we decompose the Legendre
expansion of 0“u as

N+a

0" u=Y_ il Lo(x)+ U q(2).

n=0

A7)

For notational ease, we record the Legendre coefficients

u ., ug for any two integers 0 < r < s in the vector

oy

~ (Y — e
af, g = [a, ..

: Loae]" e R (18)

For technical reasons that will be pointed out in Section I'V-B,
it will also be convenient to introduce an “extended” decompo-
sition for the highest order derivative, 9" u. Specifically, let

M =N +2k+dp (19)
and consider

M

n=0

(20)

The following result, proven in Appendix B-B, relates the
Legendre coefficients of u, du, ..., O u.

Lemma 1: Let u € C™([—1,1]) and its derivatives up to
order £ < m — 1 be expanded as in (17), and let M be as
in (19). Forany « € {1, ..., k} and any two integers r, s with
0<r<s< M+ «a— k,there exist matrices B‘[j,.s] and DEQ‘S],
such that ' '

ﬁ’ﬁs] = B([!r,s]

DMl + Dﬁ,s]ﬁﬁ),My

Furthermore, Bg;'s] =0ifr > k—a.

This lemma sirﬁply states that given the Legendre coefficients
ik, ..., @k, of 9" u, the Legendre coefficients of all derivatives
of order o« < k can be computed uniquely if the boundary values
DF~1u|_; are specified. These boundary values play the role of
integration constants, and should be treated as variables until
specific BCs are prescribed. Given an integer n, we therefore
define the vector of variables

T
U, = [(Dk‘lu\,l)T, ag, ..., a,’;;} e RMMHL 1)
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The boundary values of w and its derivatives can also be
represented in terms of our Legendre expansions. This is useful
because the integral inequality in (6) is only required to hold
for functions that satisfy prescribed BCs. The following result
is proven in Appendix B-C.

Lemma 2: Letu € C™ ([—1,1]) and its derivatives up to or-
der £ < m — 1 be expanded as in (17), and let BF1y € R2F
be defined according to (3). Moreover, let M be as in (19), and
let i), € R¥TM+1 be defined according to (21). There exists a
matrix Gy € R2Fx(E+M+1) quch that BF 'y = Gy

B. Legendre Expansion of F.,{w}

Recalling the definition of D¥w, we see from (6) that 7, {w}
is a sum of elementary terms of the form

1
/ foud’vdx (22)
~1

wherea, § € {0, ..., k}.Here, f = f(x;7) denotes the appro-
priate entry of the integrand matrix F'(x;-y) and, consequently,
it is a polynomial of degree at most dp whose coefficients are
affine in . We consider a term involving both components
and v of w for generality, but the following arguments also hold
when 9% u 0°v is replaced with 9% u 9% u or 9%v 9% v.

For each term of the form (22), we substitute 9%« and 9°%v
with their decomposed Legendre expansions according to the
following strategy.

1) If a # k or 8 # k, use (17).
2) If a = B = k, use the “extended” decomposition (20).

The reasons for this choice will be explained in Remark 4,
after Lemma 4. In either case, we can rewrite (22) as

1
/ 1 foud’vdr =P + Q2 + RS (23)
where
N, N ) 1
Pol =" ag o) / fLy Lodz,  (24a)
m=0n=0 -1
Na 1
Qul =Ny [ fL, VY, da
n=0 -
N‘f 1
+Y o) [ fL,Ug dz, (24b)
n=0 -1
) 1
ROP = / fUS, Vi, dz. (24c¢)
-1

Here and in the following it should be understood that N, =
N + aand N3 = N + [if (17) is used to expand 0 and 0%v,
while N, = Ng = M = N + 2k + dp if (20) is used.

The term P%? is finite dimensional, and for any choice of

uv

a, € {0,...,k} it can be rewritten as a symmetric quadratic
~ v ~ 3 .
form for the vectors Ul N, | and Do N, Recalling Lemma 1

and defining

(25)

by = ["iM] c R2(k+M+1)
Vm

where %), and ©;; are as in (21), we arrive at the following
result.

Lemma 3: Let P/ be as in (24a) and 1), be defined ac-
cording to (25). There exists a matrix P2/ (y) € S2(k+M+1)]
whose entries are affine in ~y, such that

o =" PL () Y-

The term Q%7 is less straightforward to handle, because it

uv

couples the first N, + 1 and Ng + 1 modes of 0“u and 8%,
respectively, to the remainder functions V]& and Uy . We show
in Appendix B-D that considering the extended decomposi-
tion (20) for the Legendre series of 0¥ and 0" v enables us to
write Q%7 as a finite-dimensional matrix quadratic form for the
vector 1y if a # kor 3 # k. If « = 3 = k, on the other hand,
we cannot do the same unless f in (24b) is independent of x
(in this case, the orthogonality of the Legendre polynomials and
the remainder functions implies that Qﬁﬁ = 0). Instead, we es-
timate QF* to decouple the remainder functions from the other
terms.

To make these ideas more precise, let us introduce a family
of “deflation” matrices L,,, such that

af M
l ,E”]] nefo,..., M}  (26)
[n,M]

and L, ¢¥y; =0 if n > M. The existence of L, follows
from (18), (21), and (25). Moreover, given four integers a < b
and ¢ <d, let [} be a (b—a+1)x (d—c+1) matrix
whose 7jth element is defined as

(QHDJ = /11 f Lo, Ly, dz

where m; and n; are the 7th and jth elements of the sequences

{a, ..., b} and {c, ..., d}. Note that, strictly speaking, @%;(IH
depends on f, and its entries are affine on «v. We do not indicate
such dependences explicitly to avoid complicating our notation
further. The following result is proven in Appendix B-D.

Lemma 4: Let Q;jf be as in (24b) and let dr be the degree
of f(x;7).
1) If a#k or B # k, there exists a matrix Q% (v) €
S2(k+M+1) \whose entries are affine in -, such that

QY = ahy T QP (y) s

DIlfa=0=k,let M :=M+1—dp, define A € S
as

A := Diag (2

27

2
(M+1)+1"""7 2(M+dF)+l>

and define Y (y) € R24r *2dr a5

[M+1,M+d;)
Y(y) = 1 0 (1)[]\1+1—dp.,1\f/[]
T 9 [M+1,M+dy]
‘I>[z\,1+1fdf-.1\{}] 0

Finally, let Q%% € S??r and a diagonal matrix ** € S?
satisfy the LMI

kk Y(

QB ) [

— =0 (28)
Y(v)! ZneA

where ® is the usual Kronecker product. Then, QFF can
be bounded as in (29).
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Remark 3: The LMI (28) was chosen, such that (29) shown
at the bottom of this page (essentially its Schur complement
condition) separates the contributions of ,;, U ]’{[, and VA’}.
As will be demonstrated in Section VI-C, inequality (29) is
the main source of conservativeness. To make (29) as sharp as
possible, we consider Q** and 3F¥ as auxiliary variables, to be
determined subject to (28).

Remark 4: Q%7 can be represented exactly only if we
consider all Legendre coefficients of 9" u, 0" v up to order M
explicitly: This is what motivates the use of the extended decom-
position (20) for these functions. Moreover, note that instead of
using the bound (29) we could write Q% exactly in terms of
Y44, , but this does not suit our aims because ;4 q4, 1S
not decoupled from U};, V¥, (the Legendre coefficients @4, ., ;,
1 < < dp appear in the definition of U ]’f[ ).

Lemmas 3 and 4 show that P2 and Q2 can be expressed or
bounded using v/, UL, and V]é', forany o, 8 € {0,...,k}.If
a = 3 =k, (24c) also depends on UY, and V},. The following
result, proven in Appendix B-E, shows that R2” can be bounded
using the same quantities when « # k or 3 # k.

Lemma 5: Suppose a#k or 3#k, and let f(y) =

[F1(7), .-, fa, (7)]F be the vector of Legendre coefficients
of the polynomial f. There exist a positive semidefinite matrix
R € MR with [|RGY || ~ N *#72F"1 and a posi-
tive definite matrix Eﬁffj € S? with HE;}Q’ g ~ Not8-2k such
that R2” is bounded as in (30) shown at the bottom of this page.

Remark 5: The scaling of the Frobenius norms of R/ and
>5 with N reflects the fact that the magnitude of R%/ dimin-
ishes to zero as N is raised. In contrast to Lemma 4, conse-
quently, the conservativeness of the estimates in Lemma 5 can

be reduced by simply increasing V.

C. Lower Bound for ., {w}

Let us now combine Lemmas 3-5 to find a lower bounding
functional G, for the integral functional 7. in (6). To account
for the different cases in Lemma 4, we consider the contributions
from terms with o = 8 = k first.

Let S(z;~) be the symmetric matrix obtained from the rows
and columns of the matrix F'(z;-y) in (6) corresponding to the
entries 0" u and 9% v of D*w. The contribution of the terms with

a=p0=*ktoF{w}is

1 T !
oFu [0k
[1 [akv} S(ﬂf,"y) |:akv] dz.
It follows from Lemma 3 and part 2) of Lemma 4 that

1 aku T 8k’u
S dx > T Pkk + 2Pkk, +Pkk,
[1 |:akv:| |:akv:| T Z dj}‘[ |: uu uv VU

— Ly (Q4h +2Q0% + Q1Y) Lyr] ¥our
1 kT k
UA/[ kk kk kk UAI

+/ |:Vk :| [S - Euu - 22711) - Evv] Vk dx
-1 M M

3D
where the auxiliary variables Q% , Kk - QFF S3kk "QFF and
>k must satisfy three LMIs defined as in (28). For notational
convenience, we let

y={

be the list of all auxiliary variables, and we combine the
three LMIs they must satisfy into the equivalent block-diagonal
LMI (33) shown at the bottom of this page.

All terms contributing to Fy{w} with o # k or 3 # k can
instead be lower bounded using Lemmas 3-5 to obtain expres-
sions such as (34) shown at the bottom of this page.

From (31) and (34) we conclude that it is possible to con-
struct a matrix Qy; = Qs (v,Y) € S?F+M+1) and a positive
definite matrix 3, = X,/ (v,Y) € S?, such that for all w

kk Ekk kk Ekk kk 2k'k

uu? uu uv uv? VU vU

(32)

ok U
Folw}> " Quripur +/ [ k } (S - EM){ E } dz.
~1LVag Vir

(35)
Note that @), and 3, are affine with respect to the variables
listed in Y but not in =y, because Lemma 5 introduces absolute
values of linear functions of ~.

D. Projection Onto the BCs

The lower bound (35) holds for any continuously differen-
tiable function w, irrespective of whether it satisfies the BCs
prescribed on H. Recalling (7), these are given by the set of p

kk T T Akk
Q“” z _1/)*“'[ (Lﬁ uv Lﬁ) 'l/JM -

R22| < IF )l s ™ RS 4par + 11 F ) /

Q@ =) 0
5(773)) = 0 Q(Qifazﬁﬁvq/)
0 0

1
[ rorudtods = wa™ (Pil @il - IF RS b - 10l |
-1

T

LUk Uy,
/ Mk | M g (29)
| v vl
Luk, U§,
M osed | M da (30)
1| Var Vit
0
0 = 0. (33)
Q. =0, 7)
1 [Uk T k
M omes | T a3
-1 L Vi Vi
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homogeneous equations
AB'w = 0. (36)

To enforce as many BCs as possible in (35) and to sharpen
the lower bound over the space H, we need to rewrite (36) in
terms of our Legendre expansions. We begin by introducing a
permutation matrix P, such that

. BF 1w
Bu=P| (37)
so (36) becomes
B 1w
AP B[k,l}w] - (38)

A straightforward corollary of Lemma 2 and (25) is that there
exists a matrix J, such that B 1w = Ja . Then, (38) can be
rewritten as

Y

gkl (39)

|-o wmar[ 3]

From (39) we see that any admissible vector ;; can be
written in the form

Y =y ¢ (40)

for some ¢ € RUIMWV(K)] where IT,; is a computable projec-
tion matrix. Note that in general ITy; may have linearly depen-
dent columns and so it may be further simplified. This makes no
difference to the following discussion, and we omit the details
to streamline the presentation. Substituting (40) into (35), we
conclude that when (33) holds, F., {w} is lower bounded over
the space H in (7) as

Fofw} > ¢ I, QuILy ¢

N Uk
w [ | e -ma | )| an
-1 | Vi Vir
(41)

From (39) and (40) it is also possible to formulate a set of BCs
that further restrict the choice for U}, and V. Moreover, recall
that the remainder functions U}, and V}; should be orthogonal
to all Legendre polynomials of degree less than or equal to M.
However, it is not currently clear to the authors how these two
constraints can be enforced explicitly in (41) to obtain a stronger,
but still useful, lower bound on .. Consequently, we choose
to simply drop them and let U ]’f,I and V" be arbitrary functions.

E. Formulating an Inner SDP Relaxation

The integral inequality in (6) is satisfied if the right-hand
side of (41) is nonnegative for all ¢ and all functions U}; and
VA’} Recalling that (41) is valid only if (33) holds, we have the
following result.

Proposition 1: Let M = M (N) be as in (19) for any integer
N, and let ) be as in (32). The set T}\}‘ C R? of values v € R*®
for which there exist ), such that

Q(v;Y) =0, (42a)
I}, Qu (v, Y) My = 0, (42b)
S(x;y) —Zu(,Y) =0, Voel[-1,1] (42¢)

is an inner approximation of the feasible set 7' of (0), i.e.,
Ty CT.

Conditions (42b) and (42c) are only sufficient, not neces-
sary, to make the right-hand side of (41) nonnegative: They
do not take into account the boundary and orthogonality con-
ditions on the remainder functions mentioned at the end of
Section IV-D. However, they are useful because they can be
turned into tractable constraints. For example, (42b) is not an
LMI because Qs (v, ) depends on absolute values of the Leg-
endre coefficients of the entries of the matrix F'(x;-y) in (5) as
a consequence of Lemma 5. However, it can readily be recast
as one by replacing each of these absolute values, say |/, (7)],
with a slack variable ¢ subject to the additional linear constraints
—t<f, () <t [33]. Moreover, (42¢) is an LMI if the matrix
S(x;) is independent of x, which is true in many interest-
ing and nontrivial cases, such as our motivating example in
Section II. Otherwise, (42c) is equivalent to the polynomial in-
equality

2 [S(x;y) — Sy (7, )]z > 0, V(x, 2) € [~1,1] x R

(43)
Although checking a polynomial inequality is generally NP-
hard (see [34, Section 2.1] and references therein), we can
turn (43) into an LMI plus linear equality constraints by an
SOS relaxation [34]. Using the so-called S-procedure [35], we
introduce a tunable symmetric polynomial matrix T'(x) € S?
and require that the multivariate polynomials

po= 2" [S(@;) = Zu (1, V) — (1 - 2)T(2))z,
p2 = ZTT(I)Z

are SOS; it is not difficult to see that this implies (43).

An upper bound for the optimal value of (6), as well as a
feasible point that achieves it, can therefore be found by solving
an SDP.

Theorem 2: Let M = M(N) be defined as in (19) for any
integer IV, let ) be as in (32), and let T'(x) € S? be a tunable
polynomial matrix. The optimal value of the SDP

. T
vyl

I}, Qu (v, Y) My =0,
2T [S(29) — (. Y) — (1 - #*)T(@)] = is SOS,

2" T(z)z is SOS (44)

is an upper bound for the optimal value of (6). Moreover, if a
minimizer v} exists in (44), it is a feasible point for (6).

Remark 6: In contrast to our results for the outer SDP re-
laxations of Section III, we cannot prove that the optimal value
of (44) converges to that of the original problem as N is in-
creased, nor that it is nonincreasing. In fact, without further
assumptions on the functional F in (6), it is possible that (44)
is always infeasible even if (6) is feasible. To see this, recall that
the matrix 3, is positive definite, so (42c¢) and its correspond-
ing SOS relaxation are feasible only if S(z;4) can be made
sufficiently positive definite for all 2z € [—1, 1]. An example for
which this does not happen is the integral inequality

1
/ (27 (0u)® + (0v)* — yuv] dz > 0 (45)
-1
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where u and v are subject to the Dirichlet BCs u|_; = u|; =
v|-1 = v|; = 0. This inequality is clearly feasible for v = 0.
Yet, (44) is infeasible for any N because S(z;7) = [‘T; 7]is not
positive definite at x = 0. In fact, for this particular example, any
approach requiring estimates of tail terms of series expansions
will necessarily be ineffective. In contrast, with the SOS method
of [3] we could establish that (45) is feasible for |y| < 2.2 at
least. With the exception of such pathological cases, however,
our inner SDP relaxations are observed to work well in practice,
and we demonstrate this in Section VI. This suggests that it
may be possible to formulate precise conditions under which
our inner SDP relaxations are feasible, and even converge to
the original optimization problem. We leave this task to future
research.

V. EXTENSIONS

A. Inequalities With Explicit Dependence on
Boundary Values

In the applications we have in mind, the integral inequality
constraint in (6) is derived from a weak formulation of a PDE,
after integrating some terms by parts. Occasionally, the BCs are
such that the boundary terms from such integrations by parts do
not vanish (we will give an example in Section VI-B).

This motivates us to extend our results to quadratic homoge-
neous functionals that depend explicitly on the boundary values
Blw, such as (46) shown at the bottom of this page, where F,,
F\ix, and F'},,q are matrices of polynomials of degree at most
dp of the form (5). Note that F,{w} in (46) reduces to the
functional in (6) if F,;x =0, F,,q = 0, and F;,; = F.

The extension of Theorem 1 is obvious, because the boundary
values of polynomial functions are easily given in terms of the
polynomial coefficients.

To extend Proposition 1 and Theorem 2, we recall the def-
inition of the permutation matrix P in (37). Upon integrating
the known matrix P? Fy,q(x;~)P, it follows from (25) and
Lemma 2 that there exists a symmetric matrix Q%% («y), such
that (47) holds.

Moreover, let g(x;7) be the column of the matrix
PT F i« (z;7) corresponding to the entry “u of D*w. Each
element g; (x;-y) is a polynomial of degree at most d, written
in the Legendre basis with coefficients §; o (), - .., §i.a, (77)-
Recalling from (16) that we have decomposed the Legendre

expansion of 0“u with the truncation parameter N > dp + k —
1, we can write (48) shown at the bottom of this page. With the
help of Lemma 1, (25), and Lemma 2 it is then possible to find
a matrix Q4 (+) that satisfies (49) shown at the bottom of the
this page.

Note that (47) shown at the bottom of the this page, and (49)
are exact formulae, and no approximation is made. Combining
these results with (35) we conclude that there is a symmetric

matrix QY = Q'9"(,Y) such that (50) shown at the bottom
of this page holds Flnally, (39) implies that we can write
Yuo | AC
Blk:law

for some ¢ € RIMNV(E)] where the projection matrix A sat-
isfies R(A) = N(K), and we conclude that Proposition 1 and
Theorem 2 are true when we replace (42b) and the correspond-
ing constraint in (44) with AT Q' (v)A = 0.

B. Higher Dimensional Function Spaces and Generic
Multi-Index Derivatives

Theorems 1 and 2 were derived with the assumption that w €
C™([-1,1],R?) and for the particular multi-indices k = [k, k],
1 = [1,1]. All our statements, including the extensions discussed
in Section V-A, hold also when we let w € C™ ([—1,1],RY)
with ¢ > 1 and when k, I € N are generic multi-indices, as
long as they satisfy (4a) and (4b).

In particular, all our proofs extend verbatim by simply iden-
tifying the functions u, v used throughout Sections III and IV
with any two components w;, w; of w if the g-dimensional
multi-indices k and I are uniform, i.e., k = [k, ..., k] and I =
[I, ..., l]. The extension to nonuniform multi-indices k, I € N¢
requires only minor modifications, the details are left to the in-
terested reader.

VI. COMPUTATIONAL EXPERIMENTS WITH QUINOPT

In this section, we apply our techniques to solve some prob-
lems arising from the analysis of PDEs. To aid the formula-
tion of our SDP relaxations, we have developed QUINOPT,
an open-source add-on for the MATLAB optimization toolbox
YALMIP [27], [28]. QUINOPT uses the Legendre polynomial
basis for the outer SDP relaxations of Section III, because the

Fylw} = / 1 [(B'w)" Fia(@;y) Brw + (Bw)" Fui(aiy) Dow + (D*w)" Fiye () D w] da, (46)
/ 1 (B'w)" Fiua(a;y) Blwdo = Bf,fj}fwr k() l Bf,fﬁ;’w 47)
/_ gi(z;4)0%udr = mz:O nz;)gL m () /_11 Ly L, do = {2@170(7), 2‘@%(7), s 22%;:571) ] Affy g, - (48)
/_ 11 (B'w)" F i () Drw do = ll;’; zl ] P! Fyix(a;7)Drwde = [ Bffﬁfw] T w (Y)Y (49)
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Fig. 2. (Color online) Upper (dotted—dashed line) and lower (solid line)
bounds on the optimal value of (8) as a function of ¢ for different values
of N. The upper bound for N = 3 is infinite and so it is not plotted. The
bounds are indistinguishable for N = 9 and N = 12.

orthogonality of the Legendre polynomials promotes sparsity
of the SDP data. QUINOPT and the scripts used to produce
the results in the following sections can be downloaded from
https://github.com/aeroimperial-optimization/QUINOPT.

Our experiments were run on a PC with a 3.40 GHz Intel
Core i7-4770 CPU and 16 Gb of RAM, using MOSEK [36] to
solve our SDP relaxations.

A. Motivating Example: Stability of a Stress-Driven
Shear Flow

Consider our motivating example of Section II-A, regarding
the stability of a flow driven by a shear stress of magnitude 0.5.
An ad hoc inner SDP relaxation was proposed and solved in [26];
here, we replicate those results using our general-purpose tool-
box QUINOPT. Since we minimize the negative of 7 in (8), the
inner and outer SDPs (44) and (13) give, respectively, lower and
upper bounds for the stress 7., at which the flow is no longer
provably stable.

Fig. 2 shows the upper and lower bounds for ., as a function
of the wave number £, a parameter in (8), computed for four dif-
ferent values of the Legendre series truncation parameter N. No
upper bound curve is plotted for N = 3 because in this case only
the zero polynomial satisfies the BCs in (9), and (13) reduces
to an unconstrained minimization problem yielding an infinite
upper bound. More detailed numerical results, CPU times, and
the number of primal and dual variables in the SDP relaxations
(denoted n and m, respectively) are reported in Table I for wave
number parameters £ = 3 and { = 9. The table also gives results
obtained when the SOS relaxations of [3] are formulated using
polynomials of degree d.

Our results show that within the tested range of &, the upper
and lower bounds converge to each other at relatively small
values of N (three decimal places for N = 12 for both cases
reported in Table I). This means that we can bound ., accurately
and extremely efficiently using our techniques, and that the inner

SDP relaxations converge to the full problem (8) despite our
inability to provide a proof of this fact in general (cf. Remark 6).
Finally, note that our techniques significantly outperform the
SOS method of [3] in terms of computational cost and quality
of the lower bound.

B. Stability of a System of Coupled PDEs
Letw = [u(t,z), v(t,)]" and consider the system of PDEs

1 1.5}

dw = y0*w + Aw, A= [5 0.9

&1y

over the domain [0, 1], subject to the BCs uly = u|y = v|g =
v]; = 0. This system was studied in [37, Section V-D] with the
equivalent parametrization y = R~!. The stabilizing effect of
the diffusive term y0?w decreases with +, until the equilibrium
solution [u,v]T = [0,0]7 becomes unstable. It can be shown
that the amplitude of infinitesimal sinusoidal perturbations to the
zero solution grows exponentially in time if v < 7., = 0.3412.
Since the system is linear, it is stable with respect to finite-
amplitude perturbations for all v > ., .

Following [37], we try to establish the stability of the system
with respect to arbitrary perturbations by considering Lyapunov
functionals of the form

1
V(t) = %/{) w’ P(z)wdx (52)

where P(x) is a tunable polynomial matrix of given degree dp,
such that V(t) > c¢|jw|)5 for some ¢ > 0 and —4¥' > 0. Note
that since P(x) can always be rescaled by ¢ without changing
the sign of the inequalities, we may fix ¢ = 1.

Using (51) to compute %, we find that the critical value of v
at which (52) stops being a valid Lyapunov function for a given
degree dp is given by

min 7y
7, P(x)

1
s.t. / w’ [P(z) — IJwdz >0,
0

1
/ w! P(z)(—y0?w — Aw)dz > 0.  (53)
0

Note that although the system state w is a function of time, the
integral inequalities above are imposed pointwise in time. There-
fore, the time dependence can be formally dropped, and (53) is
in the form (6) with two integral inequalities.

Since the optimization variables are -y and the coefficients of
the entries of P(x), the problem is not jointly convex in -y and
P, and we cannot minimize -y directly. Instead, we fix a trial
value for v and check whether a feasible P(x) of degree dp
exists. The optimal ~y for (53), which must be finite because the
system is linearly unstable when + is sufficiently small, is then
given by the value at which a feasible P(x) ceases to exist, and
it can be determined with a simple bisection procedure.

Before deriving our SDP relaxations, we need to rescale the
domain of integration for the constraints in (53) to [—1, 1]. More-
over, in light of Remark 6, the second integral inequality should
be integrated by parts to prevent the inner SDP relaxation from
being infeasible. Both tasks (rescaling and integration by parts)
are performed automatically by QUINOPT. We also note that
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TABLE |
UPPER AND LOWER BOUNDS ON ~., (DENOTED LB AND UB), CPU TIMES (IN SECONDS) AND PRIMAL—DUAL PROBLEM DIMENSIONS (n AND m) FOR THE
OUTER AND INNER RELAXATIONS OF PROBLEM (8) FROM QUINOPT, AS A FUNCTION OF THE LEGENDRE TRUNCATION PARAMETER NV

QUINOPT, outer QUINOPT, inner SOS [3]
N n m UB t N n m LB t d n m LB t
£E=3 3 0 1 +INF 0.03 3 202 2 134.8594 0.09 4 805 230 79.4435 0.19
6 36 1 140.4087 0.04 6 406 2 139.7656 0.10 8 2349 454 119.8619 0.28
9 144 1 139.7701 0.06 9 683 2 139.7700 0.08 |16 7789 902 130.5796 0.68
12 324 1 139.7700 0.05 |12 1030 2 139.7700 0.10 |32 28077 1798 134.4737 3.16
£E=9 3 0 1 +INF 0.03 3 202 2 0.0000 0.08 4 805 230 285.9021 0.18
6 36 1 335.1022 0.04 6 406 2 323.5764 0.08 8 2349 454 314.1146 0.27
9 144 1 325.6764 0.05 9 683 2 325.6449 0.09 |16 7789 902 321.2403 0.65
12 324 1 325.6455 0.05 |12 1030 2 325.6453 0.10 |32 28077 1798 323.1421 2.98

Results for the inner SOS relaxation of [3] using polynomials of degree d are shown for comparison.

TABLE Il
UPPER AND LOWER BOUNDS (UB AND LB) FOR THE OPTIMAL SOLUTION
OF (53) FOR DIFFERENT CHOICES OF dp, AND FOR THE CASE P(z) = I

dp UB from [2] UB tUB LB tLB
P(z)=1 5 03925 026 03925 0.09
0 3.3333 03412 0.14 03412 0.12
2 0.5882 03412 1.32 03412 0.99
4 0.4347 03412 1.57 03412 1.07
6 0.4166 03412 1.82 03412 1.18

Also reported are the average CPU times ¢ yp and ¢ g to solve each feasibil-
ity problem in the bisection procedure to compute the upper/lower bounds
UB and LB (to minimize ~ in the case P(xz) = I), and upper bounds
from [37].

after rescaling and integration by parts, the second integral in-
equality in (53) depends explicitly on the unspecified boundary
values 0, u|+1 and 0, v|41, making the extensions discussed in
Section V-A necessary.

Table IT shows upper and lower bounds for the optimal so-
lution of (53) as a function of the degree dp of P(z), ob-
tained by applying the bisection procedure described above
to the SDPs (44) and (13), respectively. We also show re-
sults for the particular choice P(z) = I, corresponding to the
classical approach of taking the energy of the system as the
candidate Lyapunov function; in this case, a direct minimiza-
tion over v could be performed. In all computations we fixed
the Legendre series truncation parameter to N = 10 and the
degree of the matrix T'(z) in (44) to 6, which gives well-
converged results. Table II also reports the average CPU time
taken by QUINOPT to set up and solve each feasibility prob-
lem in our bisection procedure (to minimize v when we fixed
P(z)=1).

Our results show that stability can be established up to
the known critical value 7., = 0.3412 for all choices of dp,
with the exception of the classical energy Lyapunov func-
tion. This drastically improves the conservative results obtained
with the SOS method in [37] for the same problem, also re-
ported in Table II (the original results are for a parameter
R = ! and have been adapted). Our results demonstrate that
our SDP relaxations accurately approximate (53). This is par-
ticularly significant for the inner SDPs, which rely on typi-
cally conservative estimates and for which we cannot prove
convergence.

TABLE IlI _
CPU TIME (IN SECONDS) FOR THE COMPUTATION OF THE SETS T3"", T},
AND T'3°* AS A FUNCTION OF N UsING MOSEK AND SDPT3

MOSEK SDPT3

T\\\o{ut T]l\Ivl T:{os TXrut T‘l\;l T;ob
081 184 158 105 254 215
0.95 236 4.10 12.6 309 45.1
1.66 499 19.2 145 464 176
16 482 6.80 346 21.1 58.2 600
24 936 9.1 2100 255 59.0 10500
32 17.7 14.6 6220 35.5 71.5 117000

OO-Jkl\Jz

C. Feasible Set Approximation

In this final example, we consider the problem of computing
the entire feasible set of the integral inequality

1
/ [(8u)2 + (00)* + N 22oudv + 2yuv| dz >0 (54)
-1

where u and v are subject to the Dirichlet BCs u|_; =0,
uly =0, v|_1 =0, v|; = 0. This inequality does not arise from
a particular PDE, but has been constructed ad hoc to illustrate
some subtle properties of our SDP relaxations and highlight the
main sources of conservativeness.

Outer and inner approximation sets 73" and 7% can be found
using (13) and (44), respectively. In particular, we compute the
boundaries of 73"" and T by optimizing the objective func-
tiony; sin 6 + 7, cos 6 for 300 equispaced values of 6 € [0, 27].
When solving (44), we fix the degree of the tunable polynomial
matrix T'(z) to the smallest of N — 2 and 6; our results do not
improve when this is increased. Inner approximation sets 737°
can be computed in a similar way using the SOS method of [3]
with polynomials of degree N.

The CPU time required to compute 79", T4% , and T3 is
shown in Table III for six values of N and two SDP solvers,
MOSEK [36] and SDPT3 [38]; N = 2 is the minimum value
that satisfies (16). Evidently, the SOS method is much more
computationally expensive than our methods for high-degree
relaxations. Rather surprisingly, MOSEK computes 75 more
efficiently than T"" at large IV, despite the latter being nomi-
nally cheaper. This is not the case for SDPT3.

On the other hand, Fig. 3 shows that while 737° seems to con-
verge to T3t as N increases, the inner approximation sets 7
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Fig. 3. (Color online) Inner and outer approximations of the feasible

set of (54): T‘\}‘ (black solid boundary, gray interior), 73" (black solid
boundary, red interior), and T3°° (dotted—dashed black boundary, no
shading).

computed with the method of Section IV do not: our estimates
in Lemmas 4 and 5 and the SOS relaxation of the polynomial
matrix inequality (42c) introduce conservativeness.

Yet, there are parts where the boundaries of 73" and
T}\? almost coincide even for N as low as 4, and—rather
interestingly—these correspond to those regions where the con-
vergence of T5% to T is the slowest. The figures suggest
that the inner approximation sets 7 are only overconstrained
in the ; direction. This is because 7, appears only in the term
f_ll 2v2uv dzx, to which we apply the estimates in Lemma 5
when computing the inner SDP relaxation. According to the de-
cay rates stated in the Lemma, however, these estimates become
negligible at large /V. On the contrary, ; appears in the term
f_ll 122 0u Ov dz, to which the estimates in part 2) of Lemma 4
must be applied. Despite our efforts to tune the auxiliary ma-
trices in (29), the magnitude of such estimates does not decay
compared to other terms, limiting the range of feasible values
of 7 in practice. This issue should be addressed in future work,
and should be taken into account when trying to formulate rig-
orous statements on the feasibility and convergence of our inner
SDP relaxations.

VIl. SCALABILITY

It may be checked that when w(x) € RY is subject to p in-
dependent BCs, the degree of the polynomials in the matrix

F(x;7) is at most dp, and v € R, the outer SDP relaxation
for a quadratic inequality of the form (46) with N Legen-
dre coefficients results in an SDP with an LMI of dimension
q(N + 1) — pwith s variables. Instead, the inner SDP relaxation
has: an LMI of dimension 2|l| + ¢(N + |k|x + dr +2) — p,
where k| 1= max;cq1, ... 4} ki3 @ g X g matrix SOS constraint
of degree deg S(x;~), where S(z;7) is defined as in Section
IV-C; at most ¢(q + 1)/2 auxiliary LMIs of size 4dp from
Lemma 4; at most (dp + 1)(2q + |k| + 1)|k| linear inequal-
ities to lift the absolute values introduced by Lemma 5; at
most s+ q(qg+1)(2d% +dp +2)/2+ (dr +1)(2¢ + k| +
1)|k|/2 variables. Since currently only small- to medium-size
SDPs can be solved in practice, one might therefore expect
that although our techniques are cheaper than the SOS method
of [3]—as highlighted by our numerical examples—they can
only be implemented when ¢, dr, s, and |k| are sufficiently
small.

The development of solvers for large-scale SDPs is an active
research area, and new tools are being developed that should
facilitate solving problems at larger scales; see, for example, the
solvers SCS [39] and CDCS [40], [41].

Moreover, the poor scalability of SDPs may not be too se-
vere an issue for many problems of practical interest. In fact,
the number of constraints in the inner SDP relaxation can
be considerably smaller than the worst-case count presented
above. To see this, note that Lemma 4 introduces auxiliary
LMIs and variables only for the (upper triangular, by symme-
try) entries of S(z;-y) that depend on z; for example, only
one auxiliary LMI is needed for inequality (54). In addition,
the size of the auxiliary LMI associated with the entry S;;
can be reduced to 4 x deg S, yielding considerable savings if
deg S(x;v) < dp. In the extreme case deg S(x;y) =0, i.e.,
the matrix S(x;-y) is independent of x, there are no auxiliary
variables and LMIs from Lemma 4, and moreover the ¢ X ¢
matrix SOS constraint becomes a ¢ X ¢ LMI. This situation is
common when energy-Lyapunov-function methods are applied
to turbulent fluid flows [11], [13], [14], so our techniques are
particularly suited to tackle problems in this field—as proven
by the results of Section VI-A and of [26].

Finally, we also note that a moderate Legendre truncation
parameter IV, and hence a medium-size SDP relaxation, often
suffices to obtain accurate bounds on the objective function, as
suggested by all our examples. Roughly speaking, to obtain a
good bound on the optimal value one should choose N such
that the minimizer w* of F{w} at the optimal point 7y = ~*
is approximated sufficiently well by a polynomial of degree NV
(here we assume that the minimizer w* exists for simplicity).
Since w* is typically a “well-behaved” function (the highest
order derivatives of highly oscillatory test functions w would
give large contribution to F.« {w}, making highly oscillatory
minimizers unlikely), this can be done with moderate N.

VIIl. CONCLUSION

In this paper, we have developed a new method to optimize a
linear cost function subject to homogeneous quadratic integral
inequality constraints. More precisely, we have employed Leg-
endre series expansions and functional estimates to derive inner
and outer approximations of the feasible set of an integral in-
equality, and have shown that upper and lower bounds for the op-
timal cost value can be computed efficiently using semidefinite
programming. We have proven that the lower bounds obtained
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with our outer approximations form a nondecreasing sequence
that converges to the exact optimal cost value (if this is attained).
Unfortunately, similar statements do not generally extend to our
inner approximations.

Although the steps leading to our SDP relaxations are rather
technical, they are amenable to numerical implementation. To
aid the formulation and solution of optimization problem with
integral inequality constraints in practice, we have developed
the MATLAB package QUINOPT, an open-source add-on for
the optimization toolbox YALMIP. Using this software, we have
successfully solved nontrivial problems that arise when studying
the stability of autonomous systems of PDEs.

We have demonstrated that our methods work well in practice,
even though they rely on typically conservative estimates to
formulate numerically tractable constraints. It is in the interest
of future work to formalize these observations, and determine
conditions that ensure the feasibility and/or convergence of our
inner SDP relaxations. The results presented in Section VI-C
suggest that more stringent assumption on the properties of the
integral inequality might be needed.

Looking at the applications we have in mind, i.e., the analysis
of systems governed by PDEs, this work should be extended
to 1) integral inequalities with explicit time dependence that
arise from nonautonomous PDEs, and 2) inequalities over two
or higher dimensional domains. Polynomial explicit time de-
pendence could be dealt with by relaxing our inner/outer LMI
constraints, now time-dependent, into matrix SOS conditions,
although the (current) poor scalability of SOS optimization
makes this strategy unlikely implementable. Multidimensional
compact box domains could be analyzed by introducing Leg-
endre expansions in each coordinate direction and adapting the
ideas presented in this work, while for more general domains—
including the noncompact case—other basis functions could
be used. This may present hurdles in the derivation of inner
approximations, because they require estimates that rely on
specific properties of the basis functions. Unless sparsity and/or
problem structure are exploited, multidimensional inequalities
are also likely to be constrained by the current computational
limitations: with n spatial dimensions and ¢ dependent variables
(w € RY), the LMI size for a simple outer approximations using
polynomials of degree N will be approximately g/N".

Finally, it is in the interest of future work to extend our meth-
ods to integral inequalities more general than the homogeneous
quadratic type. We expect that our methods can be extended
with little effort to complete (i.e., inhomogeneous) quadratic in-
tegral inequalities over spaces described by homogeneous BCs
(inhomogeneous BCs can be “lifted” by a polynomial shift). In
fact, the linear part of a complete quadratic functional can be
analyzed with ideas similar to those used in Section V-A. Exten-
sions to higher than quadratic functionals, e.g., by introducing
additional slack variables to reduce them to quadratic ones, are
also essential if recently developed analysis techniques based
on dissipation inequalities [5] are to be successfully applied to
complex nonlinear systems of PDEs of interest in physics and
engineering.

APPENDIX A LEGENDRE POLYNOMIALS AND LEGENDRE
SERIES

The Legendre polynomial of degree n is defined over the
interval [—1, 1] as

1 dn

T pl2n dzn

L, (x) (x* —1)".

The Legendre polynomials of degree n > 2 can also be con-
structed with the recurrence relation

nl,(z)=0C2n—-1)aL,1(x) — (n—1)L,o(x) (55)

with £y(x) =1 and £, (z) = 2. Equation (55) can be used to
show that £,, (£1) = (£1)".

The Legendre polynomials satisfy a number of other recur-
rence relations. In this work, we will use the fact that

d
2n+ 1)L, (z) = W [Lhi1(x) —Lya(z)], n>1 (56)
see e.g., [32, Chapter 7, Problem 7.8]. Moreover, £, <1

forall n > 0.

The Legendre polynomials also form a complete orthogonal
basis for the Lebesgue space L?(—1,1) [31], and satisfy the
orthogonality condition

1
/ Ly Ly, dz = 20mn
-1 2’[’L —|— 1

where 9,,, is the usual Kronecker delta. This means that any
square-integrable function u can be expanded with a convergent
series (in the L? norm sense)

u(x):;)anﬁn(x), iy = /

(57)

1

w L, dx (58)

-1
where the 4,,’s are known as Legendre coefficients. From (57)
it follows that

o]

1 S22

2|y, |

2 2 n
= d = .
Hu||2 /_1 |u,‘ € § m 1

n=0

(59)

Finally, if « is continuously differentiable on [—1,1] its
Legendre series expansion converges uniformly. In fact, u is
Lipschitz on [—1,1] because, by Taylor’s theorem, for any
x,y € [—1,1] there exists a point z between = and y, such
that |u(y) — u(z)| = |Ou(z)| |z — y| < C'|z — y|. Here, C is
a generic positive constant whose existence is guaranteed by
the continuity of du in [—1, 1]. Uniform convergence follows
from [30, Theorem XI and subsequent comments].

APPENDIX B PROOFS
A. Proof of Theorem 1

Define the norm ||w||; := f}l (D*w)T D¥w dz, consider the
functional M., {w} := Fy{w}/|jw]|; and let

)= inf ),

tn(y):= inf Hi{w}

weSy \{0}

(We need not assume that these infima are achieved.) It is not
too difficult to show that the sets 7" and 7" are described by
the inequalities ¢(«) > 0 and ¢ () > 0, respectively. To prove
Theorem 1, we rely on the following result.

Lemma 6: Suppose v ¢ T, i.e., there exists ey > 0, such
that t(y) < —2e.. Then, there exists an integer N., such that
tn(y) < —ey forall N > N,.

Proof: Let{w, },>0,w, € H,w, # 0beaminimizing se-
quence, i.e., such that lim,, .., H~y{w, } = t(=), and for each
n define i, := |lw,|[; /(n +1). Note that F (2, D*w(x))—
the integrand of 7, {w }—and the product (D*w(z))" D*w(z)
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are continuous with respect to all entries of the vector D*w ()
at each fixed z € [-1,1]. Using |Fy{w}— Fy{w,}| <
2 HF (ac, ’Dkw) - F (x, Dkwn) HOO and a similar inequality for

lw|? = [Jw, [ ‘ it is then not difficult to show that there exists
0, > 0, such that

max [[0%w — 0%w, ||, < o,

0<a<k

(60)
implies

\Fo{w} — Folwa } < pny |wll; = [Jwall7] < pa- (61

Since the Weierstrass approximation theorem can be ex-
tended to linear subspaces of continuously differentiable
functions with prescribed BCs (this follows e.g. from [42,
Proposition 2]), there exists a polynomial P, € H of de-
gree d,, P, # 0, that satisfies (60). Without loss of gen-
erality, we may assume that d,, < d,,+;. From (61), we see
that HPnHi > HwnHz = Mn = Hwn”z x n/(n+ 1), and since
P, € Sy forall N € {d,, ... — 1} we can write

t(y) < tv(v) < Hy{Pn}
|'7:’Y{Pn} B -7:‘7{w”}|
= min{[|P, ||}, w.|l}}

7d7z+1

+ Hy{w, }

IN

1
n + Ho{ws }.

The last expression tends to ¢(-) as n (hence, N) tends to in-
finity, sotx () — t(v) | 0Oas N — oo.In particular, there exists
an integer N, such that ty (v) —t(vy) < ey forall N > N,.
Upon rearranging and recalling that ¢(v) < —2¢., we conclude
that, for all N > N,

tn(7) S ey +1H(y) <ey — 26y = —e4 < 0.

|
Let us now prove Theorem 1. The sequence of optimal val-
ues {py }n>o is nondecreasing since TR"'; C TR"". To prove
convergence when (6) achieves its optimal value, let us assume
that its feasible set 1" is bounded; if not, one can formulate an
equivalent problem (meaning that v is still an optimal solution)
with bounded feasible set by adding the constraint ||7|| < r for
a sufficiently large r > 0. For any € > 0 (different from that
used in Lemma 6), the set

K :={vy:e<dist(v,T) <2¢}

where dist(+y, T') = minyecr || — || is the usual euclidean dis-
tance of « from 7', is compact, and only contains points that are
infeasible for (6). By Lemma 6, for each v € K, there exists an
integer ., such that ¢y () < 0, i.e., v is infeasible for (13),
for all N > N,. The compactness of K and the continuity
of ty (v)—the proof of this fact is not difficult and is left to
the reader—imply the existence of an integer Ny = Ny () and
a finite number of balls B(+y;, ;) with center ~; and radius ¢;
which cover K such thatty () < Oineachball forall N > Nj.
Consequently, all points in K are infeasible for the outer SDP
relaxation (13) when N > Nj. Since the feasible set 73" of the
outer SDP relaxation must be convex, we conclude that it must
be contained within an e-neighborhood of 7" for all N > N,

i.e.,

VN > Ny, max dist(v,7T) <e.

,YeTnuf

In particular, T9"" is bounded, and there exists a point v}
with ¢’ % = pi whose projection onto 7', denoted Pr (Y% ),
satisfies ||Pr(vy) — ¥y || < €. Then, for all N > Ny

P = llelle <" Privy) — lelle
=c" [Pr(vy) —v] +ox — lele
< llel IPr(vw) =n Il + oy — llelle
< py-

Since py, < p*, we conclude that p* — ||c|l e < limpy oo piy <
p* for any €, and the proof is concluded by letting ¢ — 0.

B. Proof of Lemma 1

The statement is trivial when o = k. Moreover, since u €
C™([-1,1]) and & < m — 1, the Legendre expansions of all
derivatives 0“u, « € {0,...,k} converge uniformly, cf. Ap-
pendix A. Consequently, we can use the fundamental theorem
of calculus for each o < k — 1 to write

(0°u) (x) = 6%u] 1+/ 0"+ (1) dt

_aau| 1+ZAQ+1/ £n

n=>0

(62)

The last expression can be integrated recalling that £(x) =
1, Li(z) ==, L,(£1) = (£1)" and using the recurrence
relation (56). We can then rewrite (62) as

~a+1
un

9% = O¢ L E Aa+1 .
u ul-1+[L1+Lo] +Z 41— Ml

n>1

n 1]

Rearranging the series and comparing coefficients with the Leg-
endre expansion of 0“u gives the relations

1
4y = 0%l +agtt — 3 ag (63a)
ﬂ(z+11 Aa+%
o n— o n-+ > 1. 63b
T o T 213 "= (63b)
We can then find matrices C® and E“, such that
af, ) = E°D" |y + CMagt ) (64)

Here and in the following, it should be understood that negative
indices should be replaced by 0. Before proceeding, note that
strictly speaking the matrices C“ and E“ depend on r and
s, but we do not write this explicitly to ease the notation. In
particular, (63) implies that E* = 0 if » > 1.

Expressions similar to (64) can be built for all vectors

ﬁ’ﬁti,wi]’ 1€{0, ..., k—a— 1}. After some algebra, it is
therefore possible to write
k—a—1
@ =B D ul o + ( 11 C““)u[, ktastkol
i=0 65)
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where
k—a—2

H C(y+i

B[7 N _Ea+CaE(1+l +<
i=0

> EFL
Note that, in light of (63), all matrices E**,i € {0, ..., k —
a — 1}, are zero if r > k — «. Since we have assumed that
s+ k — a < M, the last term in (65) can be rewritten in terms
of ﬁﬁ) M] (recall that r — k + «ais replaced by 0 if it is negative).
The proof is concluded by defining Df“r 5 a8 in (66) shown at
the bottom of this page, where the size of the zero matrices is
indicated by subscripts.

C. Proof of Lemma 2

Recalling the definition of BF 1y, we only need to show that
DF~1y|; can be expressed as linear combination of the entries
of @,,. Applying the fundamental theorem of calculus as in
Appendix B-B, it may be shown that 0% u|; = 0%u|_; + 245"
forany a € {0, ..., k — 1}. By Lemma 1, 9®u/|; can then be
written as a linear combination of the entries of ;. Repeating
this argument forall o € {0, ..., k — 1}, we conclude the same
for all entries of DF 1w, proving the existence of Gy

D. Proof of Lemma 4
1) Recall (15) and expand

Qv = Z Z as, /1f£m£ndx
~1

m=0n=Ngz+1

~0
Uy Upy

Ly Z
m=N,+1n=0

where N, = N + aand N3 = N + f3. Since f is a poly-
nomial of degree at most d, the product f L, is a polyno-
mial of degree at most m + dp, so it is orthogonal to any
Legendre polynomial £,, with n > m + dp. In particu-
lar, it may be shown [43] that the integral | _11 fL. L, dx
vanishes if |m — n| > dp. Using the shorthand notation
n=n+1— dp, we can write (67) shown at the bottom
of this page. Note that we have assumed that «, (3, and
dp are such that 1 — dp < a— 3 < dr — 1, so that the
vectors in (67) are well defined. If the left (resp. right)
inequality is not satisfied, then the first (resp. second)

1
/ f £m ‘Cn dx
-1

Ng+dp <M+ a —k, we can apply Lemma 1, and
our assumption that N > dr + k — 1 guarantees that
N, >k — Band N; > k — a, so there is no dependence
on the boundary values. Consequently, we can find a ma-
trix Q(y), such that

Q) = ( fo M])T Q)

The matrix Qf}f is found using (26) after taking the sym-

metric part of the right-hand side of the last expression.

k
[0,M]

. N . N T

2) Let v = [uﬁﬂl, ey u§'1+dp7 vﬁﬂl, ey v§€\1+d1«“ ] .
After replacing N, and Ng with M in (67), it may be
verified using (26) that Q%% = 24, " L' Yv. By (28)

[l o]

X (Lyr" Qi Lyr) b +v7 ( Jr+Qit.
Now, Xkk

oo is a diagonal matrix by assumption. Recall-
ing the definition of A, v, and rearranging we arrive at
(68) shown at the bottom of the this page. Recognizing
from (59) that the two sums in (68) can be bounded by
|U% || and ||V ||2, we obtain (29).

kk
uv

YT

Y
TR @ A

uv

Lirym
174

Lirbu
1 %4

0<

S e A

uv

E. Proof of Lemma 5

We start by determining an upper bound on [|Ug; |13 in terms
of the vector ﬁf“o‘ A and |U% |3 (similar bounds can be found

for V]\ﬁ,d ). Recalling (15), (16), and (19), we can write

1 M—k+« (’EL(X)Z + o0 (ﬁ“)g
Z Uy - n n
2” ]\’u||2 Z oIn+1 Z n+1
n=N,+1 n=M—k+a+1
o\ - — ()
= (ufo,M]) H, afy 5 + Z o+ 1 (69)

n=M—-k+a+1

where the matrix H , can be obtained from Lemma 1. In par-
ticular, we note that (63b) is applied ¥ — a times to (4%)? to
compute H,, and since n > N, > N it may be verified that
HHa”F ~ N2

When o = k, the last term in (69) is ||U]]§1 ||§ /2, s0

k k

Ly g2 " T . 1 52
term in (67) vanishes. Since N, + dr < M + (8 — k and 5 ||UNI< ||2 - (u[O.M]) H;, U, )+ 9 HUM H2 - (0
k—a—1
Dp g = | Ot 1)x(r—k+a)> H cr, 0(sr+1)><(Msk+a)‘|' (66)
i=0
e T NG A0 T Ao
Uy UN;+1 '~ N +1
af _ . [Ng+1,Ny+dr] . [No+1,Ng+dp]
Quv = (N5,Na] T (Vo . Ns] 67
0 [3 @eﬁ uy
N, ON, +dr Ny Nj+dr
M+dp 2| M+dp 2|,Dk‘|2
. T T
Qv = —vn" (Lar QuiLap) ¥ — (B 3 5= = (i) Y 5 (68)
n=M+1 n=M+1
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+ ~a\2 + ~ 1 ~ 1
v 5 2 [lagti et
n=M-k+a+1 n+1 n=M—k+a+1 2n+1 (2”— 1) (2n+3)
Mfg:a’+1 2|ua+1|2 290: 4‘,&a+1‘2
= + n
2 J—
i, @ 3)(2n 1) e (20— 120+ 1)(2n +3)
M—k+a+1 N o0
2|Ua+1 |2 |u(x+1 |2
< L +w X 72
< 2 2n+3)2n+1)2 2 2n+1° 72

n=M—-k+a«

n=M—-k+a+2

When o < k — 1, instead, we define

4
= 71
“n 2(M —k+n)+1][2(M —k+n)+5] @D
forn € {0, k — 1} and use (63), the elementary inequality

(a —b)* < 2(a® + b*), and appropriate changes of indices to
show (72) shown at the top of this page. Applying Lemma 1
to the first term on the right-hand side of (72) and substituting
back into (69), we can construct a matrix T,,, such that

2 ik r k
< (‘%.M}) T, “fo,M

|

1]
"i‘f |Aa+1|2
+ Wa+1
n=M—k+a+2 2n + 1
(73)

As for H,,, it may be verified that | T, ||, ~ N~2(k=e)=1,
Similar estimates can be carried out for the infinite sum on
the right-hand side of (73). By recursion, we can eventually

construct a matrix Z, and a constant A, such that

|\
3 17,

+ ha HUMH2 (74)

T
< (ahan) Zodlyan
Note that | Z,, ||, ~ N=2(F=2)=1 ‘while A, ~ N~2(k=2) gince
every recursion step introduces a factor of N2 according
to (71). Moreover, the right-hand side of (74) has the same form
as (70), so for the rest of this section we will not distinguish the
casesa < k —land o = k.

The estimate (74) can be used in conjunction with Young’s
inequality and (26) to show that for any € > 0 we can bound

e,

B
R, !
0 EZB

wv I < ||fHoc ’d"]\f[T LOT LO ’l/)]\,[T

+wmgmmm+ﬁw@

Wenow sete = (N + 1)7%,s0er, ~ e thg ~ N**0-2F and
EZ(} ~ 571Z3 ~ NOA*F[?‘*Q]C*I’ and let
F BllFp
eZ 0 eA 0
B ._ T a 3 «
R, =L 0 lz, Ly, X := 0 <,

Recalling that | £,, ()| < 1 forall n > 0 [30], (30) then follows
from the estimate
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