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Abstract

A study is made of standard options (also known as plain-vanilla options) and
derivatives with more complicated payoffs known as erotic options. Exotic options are
interesting for several reasons. They are harder to price as sometimes being very model
dependent. They also give the owner greater flexibility and protection against adverse
movements of the asset. The valuation of vanilla and exotic options can be quite de-
manding and complicated when treated analytically, but can be pretty straightforward
when done numerically.

We price European options with complicated barriers. Barrier options in general
are cheaper than plain vanilla ones because of the risk of either not being knocked-in,
allowing the option to become effective when the barrier is hit, or being knocked-out,
resulting in the termination when the barrier is hit. How much cheaper a barrier
option is compared to a plain vanilla option depends on the location of the trigger. We
examine step barrier options in the Black-Scholes framework for single and multi-asset
options. We value a single asset European double barrier step option using a Fourier
series approach and introduce a moving barrier in time which acts as an upper bound
to the step barrier. A series of double barrier problems are presented for three-, five-
and multi-asset options.

We provide an analytical valuation method for European style Asian options with
a double barrier using the WKB method and illustrate and develop the technique for
the case where the barriers jump symmetrically inwards and outwards. We display a
more realistic example of such an option, give bounds for the value and compare with
the Black-Scholes model.

We also study the effect of transaction costs in the case of Asian options and suggest
a procedure for determining the sign of the Gamma when the payoff is single signed.
When the sign of the Gamma changes the problem is solved numerically using finite

differences.
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1. INTRODUCTION

1.1 Definitions - Background

This thesis focuses on the study of the valuation of exotic options under log-normal
distributions and explores different aspects in option pricing theory.

‘ During the last 50 years, derivatives have become increasingly important in the
world of finance. The exotic options market has been mostly developed in the foreign
exchange market. This has driven the academic interest, in studying exotic options, to
a competitive level full of continuously derived models and methods in order to form
a better understanding of the pragmatic world of trade.

A study is made of standard options, also known as plain-vanilla options, and
derivatives with more complicated payoffs known as ezotic options. Exotic options
are interesting as they are harder to price, sometimes being very model independent
and can give the owner greater flexibility and protection against adverse movements
of the asset. The valuation of vanilla and exotic options can be quite demanding and
complicated when treated analytically but can be pretty straightforward when done
numerically although care has to be taken with regard to the speed and accuracy.

Derivatives are securities! whose value depend on or are derived from the price
of some other time-varying quantity. Usually that other quantity is the price of some
other asset such as bonds, stocks, currencies, or commodities. Derivatives were created
to support an insurance market against fluctuations. An option is an instrument that
gives the owner the right, but not the obligation, to buy or sell a specified number
of an underlying asset at a specified price called the ezercise price or the strike price,
within a specified period of time called the expiration date or maturity. It is widely
known that there are two types of options depending on whether the holder of the
option wants to buy or sell an asset. A call option gives the holder of the option the
right to purchase a particular asset for an agreed price at a specified time in the future,
Hull [39]. A put option gives the holder of the option the right to sell a particular asset
for an agreed price at a specified time in the future. If the option is exercised on its
maturity date it is said to be European, while if it may be exercised anytime prior to

! Notes, bonds, stocks, futures contracts, options or any other interests or instruments are commonly
known as securities.
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expiry it is said to be American. A long position in the context of options, is when an
investor buys the right to buy (call) or sell (put) an option at a specific price and date.
For a short position its the opposite where the investor sells an options contract.

In European options one can exercise the option only on the expiration date itself.
If we use S to denote the stock price of the underlying asset and K the strike price then
the value (payoff) of a call option at the maturity date { = T will be max(S — K, 0).
This value is the intrinsic value of the call option and will be exercised at time ¢ = T if
the stock price of the underlying asset .S is bigger than the strike price K (in-the-money
option), i.e. will take the value S— K and won’t be exercised if the stock price S is less
than the strike K (out-of-the-money option), i.e. will take the value zero. The case
where the stock price is equal to the strike price the option is said to be at-the-money.

Therefore, the payoff function of a European option is
Ve (S, T) = max(S — K, 0),
for the case of a call and
Ve (S, T) = max(K — S, 0),

for the case of a put.

There are securities where the payoff depends on the average price of the underlying
asset over a certain interval. Those securities are known as Asian options and are com-
monly traded in the over-the-counter market. The underlying asset can be anything
like stocks, stock indices, foreign currencies, debt instruments, commodities and many
different futures contracts. Such securities protect traders against the adverse move-
ments of the market. Asian options are path-dependent options and are particularly
difficult to value as their future value depends on the entire path of the stock price
rather than just on its final price. They have a payoff that depends on the price history
of the underlying via some kind of average. Different definitions use a continuous or a
discrete sampling of the price history of the underlying asset and involve an arithmetic
or geometric average. For the case of European type Asian options, if A is the average
stock price and K the strike price, the payoff function of a call option is

Ve(S,T) = max(A — K, 0),
and for a put option is

Vp(S,T) = max(K — A, 0).



1. Introduction 14

Asian options can be distinguished in two types, the fixed-strike and the floating-strike
Asian options. For a fized-strike Asian option the payofl is the difference between the
average price of the underlying and the predetermined strike price, A — K, whereas
for the floating-strike Asian option the payoff is the difference between the spot price?
and the average price of the underlying, S — A. Average strike options can guarantee
that the average price paid for an asset in frequent trading over a period of time is
not greater than the final price. This makes them cheaper than other options. Finally
there are two types of averaging; the arithmetic average which is the mean of the asset
price, and the geometric average which is the exponential of the mean of the logarithm
of the asset price. If S; is the asset price corresponding to time ¢, then the average can

be written as

% fot S(u) du , if arithmetic
A=
exp (% fot In S(u) du) , if geometric

1.2 Asian options

There are various ways to price options and a considerable amount of analytical and
numerical work has been done in valuing European type Asian options. The difficulty
in pricing them is that one does not know how to describe analytically the distribution
of the sum, if discrete, or integral, if continuous, of the logarithms. Some recent work
has been done on the discrete problem, Atkinson and Fusai [3].

A quite popular method of pricing Asian options is by taking the Laplace trans-
form of the value of the option. Geman and Yor [29] derived an analytic solution of the
arithmetic Asian option, which is ‘out of the money’, in terms of the inverse Laplace
transform of a confluent hypergeometric function. They used the method of the fast
Fourier transform to calculate the inverse Laplace transform of the value of the Asian
call option (Geman and Eydeland [27]). Even though the numerical inversion of the
Laplace transform is a difficult task, Fu, Madan and Wang [23] investigated the Laplace
transform inversion using Monte Carlo simulation to price continuous Asian options.
Donati, Ghomrasni and Yor [20] priced Asian options by obtaining a closed formula for
the Laplace transform of the first moment with exponentials of the Brownian motion
with a drift. Fusai [24] priced Asian options by computing a Laplace transform with
respect to the maturity and a Fourier transform with respect to the logarithm of the
strike and numerically inverted the double transform using the multivariate version of
the Fourier-Euler algorithm. Carr and Madan [10] used the fast Fourier transform to

2 The present delivery price of a given financial instrument being traded on the spot market.
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value options using the density function. Also, Fusai and Tagliani [25] inverted the
Geman and Yor [29] Laplace transform using the trapezoidal rule and evaluated fixed
strike Asian options using moments. Lipton [51] deduced an ordinary differential equa-
tion (ODE) by taking the Laplace transform of the value of the option and expressed
it in terms of hypergeometric functions obtaining a complete solution. The Geman
and Yor problem has been revisited by Carr and Schroder [12], {11}

Another approach is by approximating the density function for the distribution of the
average by a lognormal function. Turnbull and Wakeman [69] and Ritchken, Sankara-
subramanian and Vijh [59] use the Edgeworth series expansion to approximate the
probability density function of the average rate. The former obtained a formula for Eu-
ropean arithmetic options and deduced a closed-form for European geometric options,
while the latter found exact formulas for the European geometric options. Marcozzi
[53] formed an ultra-parabolic variational equation satisfying the value of an Asian
option. Carverhill and Clewlow [13] used the convolution method as an efficient and
‘flexible way of valuing Asian options. They mainly concentrated on the fixed-average
options and employed the fast Fourier transform to compute the convolution of the
summed densities.

A well known approach for valuing Asian options is the formulation of a parabolic
partial differential equation (PDE) whose solution can be found analytically and nu-
merically. A very popular method of pricing fixed-strike Asian options is by solving
the formed PDE using numerical methods, most popular being Monte Carlo simula-
tion (e.g. Kemna and Vorst [43], Rogers and Shi [62]) and finite difference methods
(e.g. Alziary, Décamps and Koehl [2]). Rogers and Shi [62] were the first ones to find
a scaling property to reduce the problem to a problem of solving a one-dimensional
parabolic PDE for the floating and fixed strike Asian option. They provided a lower
bound that turned out to be the true price for the option. Thompson [68] derived
the bounds found by Rogers and Shi [62], by the use of one-dimensional integrals and
showed numerical evidence for it.

The concept of using the similarity variable has been successfully used by Rogers and
Shi [62], Ingersoll [41], Wilmott, Dewynne and Howison [73], Lipton [51]. Using the
similarity variable to reduce the dimensionality of the problem decreases the computing
time. A similar PDE approach for Asian options was produced by Barucci, Polidoro
and Vespri [5] who derived a parabolic PDE for the case of the arithmetic average
using the similarity variable. Alziary, Décamps and Koehl [2] derived a one-variable
PDE whose solution gives the value of a European type Asian option and gave an
analytical approach by comparing Asian and European options. Vegef [71] formed an
average for both discrete and continuous arithmetic average types and formed a one-
dimensional PDE for the price of the Asian option which accommodates continuous or
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discrete dividends. Vecer [70] studied the arithmetic average Asian options by solving a
one-dimensional PDE, applied to both continuous and discrete average Asian options.
Zhang [75] presented a semi-analytical method to price the arithmetic average rate
Asian option with continuous sampling. He derived a new analytical approximation
formula by using a singularity removal technique governed by a PDE which was solved
numerically accurately. In 2003 he studied the value of continuously sampled Asian
options (both geometric and arithmetic) by solving the PDE with the perturbation
method and obtaining an analytical solution in a series form. Hugger [35] formulated
a PDE for the Asian call option and also provided boundary conditions for the Asian
options.

The floating-strike Asian option has received far less attention in research as one
requires to find a relationship between the underlying asset price S, and the average
A;. Henderson and Wojakowski [33] presented a symmetry result between the floating
and fixed-strike Asian options. It was shown by Rogers and Shi [62], Alziary, Décamps
and Koehl [2], Ingersoll [41] and Vegef [71] that the floating-strike Asian option sat-
isfies a one dimensional PDE. However this one-dimensional PDE is difficult to solve
numerically as the diffusion term is very small for values of interest on the finite dif-
ference grid. The dirac delta function appears as a coefficient of the PDE in the case
of the floating strike option. The PDE framework can also be applied for the case of
discrete Asian options. Benhamou and Duguet [7] priced discrete Asian options with
and without dividends using the PDE framework and gave numerical results using the
Crank-Nicolson method.

Linetsky [50] formed a one dimensional diffusion equation and provided a series
and an integral representation of continuously sampled arithmetic Asian options using
the Sturm-Liouville problem. Fougque and Han [22] applied the asymptotic framework
to derive two one-dimensional partial differential equations for pricing Asian options
with stochastic volatility which they solved numerically. Matacz [54] gave an integral
representation of the path-dependent option price by performing partial averaging on
the underlying risk-neutral diffusion process. Veéef and Xu [72] priced Asian options
in a semimartingale model, by removing the path-dependent variable in the payoff of
all kinds of Asian options.

1.3 Barrier options

An appealing factor when studying exotic options is investigating the effect of barriers.
There are various kinds of barrier options such as plain vanilla options, time-dependent
barrier options, Asian barrier options or barrier options which depend on the average of
the underlying asset prices, window or limited-time barrier options. In general they are
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called exotic barrier options. Barrier options, also called trigger options, are similar
to standard options except that the options are eliminated or activated when the
underlying asset price reaches a predetermined barrier or boundary price. Therefore
they are path-dependent options since their value depends on the price movement of
the underlying asset. Barrier options are very popular in the over-the-counter market
as they are more cost effective than the standard options which are path-independent
in which case it does not matter what path the underlying asset takes during the life
of the option. There are two main types of barrier option, the out option, that only
pays off if a level is not reached by the asset (knock-out option) and the in option,
that pays off if the level is reached by the asset before expiry (knock-in option). For
the latter definition see Wilmott [74]. Furthermore there is the characterization of the
position of the barrier relative to the position of the initial value of the underlying. If
the barrier is above the initial asset value then we have an up option, whereas if it is
under the initial asset value we have a down option. The payoff at expiry can be any
of the common contracts, like a call, put, binary. During the life of these contracts the
position of the barrier could change as time evolves either discretely or continuously.
In theory barrier monitoring is assumed to be contimious, but in practice it is often
discrete. We will be examining continuously expanding barrier options, chapter 3.

A wide variety of literature exists in the case of single barrier options. Lo, Yuen
and Hui [52] used a PDE for the square root constant elasticity of variance (CEV)
to derive an analytical formula, in terms of the confluent hypergeometric function,
to price up-and-out options using the eigenfunction expansion technique. Ritchken
[60] used lattice procedures to price a wide range of single barrier options that are
either at constant levels or they vary with time. The implicit method for solving
PDE models presented by Zvan, Vetzal and Forsyth [78] accommodated the case for
valuing options with barriers. They used the PDE method which was valid in pricing
discrete Asian options with or without barrier features. Their method numerically
can be used for pricing floating and fixed strike, American or European options. The
binomial lattice model was used by Ritchken [60] who provided a simple and efficient
algorithm to price and hedge options that have single or multiple barriers. Roberts
and Shortland [61] price barrier options with time-dependent coefficients by using
boundary-crossing time estimation techniques and obtain tight bounds on the price of
the option. Kou [45] analyzes a big variety of one-dimensional single discrete barrier
options by simplifying the barrier correction formula given by Broadie, Glasserman
and Kou [9] who propose a continuity correction for the discretely monitored barrier
option. The latter introduced a continuity correction for discrete barrier options. Huli,
Lo and Yuen [38] used the square root constant elasticity of variance (CEV) process
to derive an analytical solution for up-and-out European barrier options by applying



1. Introduction 18

the eigenfunction expansion technique. They produced numerical results, which vary
significantly as time to maturity and volatility increases and compared them with the
corresponding Black-Scholes model. Heritage [34] approximated the price of an up-
and-out call moving average barrier option in terms of the price of the corresponding
standard barrier option on the Black-Scholes model.

There has also been work done for high dimensional radial single barriers by Firth and
Dewynne [21]. They provide solutions for the case of multi-asset radial knock-in barrier
in one, three and five dimensions. However, they consider a highly idealised relation
between the assets so that they have radial symmetry. We shall also consider such
special problems in sections 5.3 and 5.5.1. They use Laplace transform methods to
find an analytical expression for valuing multi-asset barrier options. Also Linetsky [48]
valued floating barrier® options using a path integral representation of the (transition)
probability density function. He valued time-dependent ladder-like barriers using the
density function obtained by using the convolution of two standard down-and-out
densities.

An extension of single barrier options are double barrier options. These are options
which have a barrier above and below the price of the underlying asset. In this case the
option gets knocked in or out as soon as one of the two barriers is hit. Kunitomo and
Ikeda [46] derive closed-form pricing formulae for curved boundaries by expressing the
value of double-barrier knock-out put and call European options as an infinite series
of weighted normal distribution functions. They also examine the convergence of the
series, by using some numerical examples and discuss a more general case of curved
boundaries. Upper and lower bounds in the form of double integrals were derived by
Thompson [67] for pricing European options with a knock-out clause containing one or
two curved boundaries. Schroder [64] constructed a pricing formula series for double-
barrier options which converges much faster than the one given by Kunitomo and Ikeda
[46]; he provides numerical evidence by introducing a convergence parameter. Rogers
and Zane [63] find a method of simply transforming the knock-out moving barrier
problem to a fixed barrier, which they numerically evaluate. Kolkiewicz [44] finds
the values of different forms of European double barrier options with and without
exponentially time dependent boundaries by representing the exit time densities as
infinite series of exponential functions. Pelsser [57], [58] derived some pricing formulas
for different kinds of basic double barrier options and expressed them in terms of
trigonometric series. He used the Bromwich integral to invert the Laplace transform of
the probability densi‘ty function of the asset hitting the lower and upper barrier (double
knock-out barrier). Hui, Lo and Yuen [38] used the method of reflection to express

3 Floating barrier options (FBOs) are options on the underlying payoff asset with the barrier pro-
portional to the price of the second barrier asset, Linetsky [48].
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the value of a double barrier option as the sum of infinite series of the cumulative
normal distribution. Roberts and Shortland [61] give simple and easy-to-use method
for calculating barrier options with time-dependent coefficients by applying boundary-
crossing time estimation techniques in order to obtain tight bounds on the option
price. Haug [32] used a put-call transformation for valuing single barrier options to
value double barrier options. Kolkiewicz [44] provided a pricing and hedging strategy
using infinite-series representations of the density functions of the exit times through
the upper and lower barrier.

Most of the solutions that exist on double barrier options are either expressed
as the sum of infinite series or as inverse Laplace transforms. Geman and Yor [30]
obtained a simple expression of the Laplace transform of the option price for the case of
double barrier options with fixed boundaries, similar to the one they had for the Asian
options and provided numerical evidence using Monte Carlo simulation. Craddock,
Heath and Platen [15] evaluated double barrier options by Laplace inverting the value
of a European call option using various numerical inversion schemes and compared
them. They Laplace inverted the Geman_and Yor [29] Asian Laplace transform call
option solution after expressing it in terms of the confluent hypergeometric function
and finally just in terms of the Gamma function. Sidenius [66] priced double knock-out
options by finding the probability density of the asset conditioned if neither the two
barriers are hit during the lifetime of the option and he took the Laplace transform of
the densities and found them identical to Geman and Yor. Davydov and Linetsky [17]
priced double barrier options by taking the discounted risk-neutral expectation of the
payoff as the value of the option and represented the transition density as an inverse
Laplace transform, as a series of normal densities and as a Fourier series. They used
Euler’s algorithm to invert the Laplace transform. Hui [36] valued a one-touch double
knock-out barrier binary option using the Black-Scholes framework. He provided an
analytical solution to both European and American options using Fourier series and
estimated the convergence. Under the same framework, he studied the Black-Scholes
equation by pricing rear- and front-end single and double barrier call options and also
the effect on the Greeks? against the price and maturity, Hui [37].

Another method to approach the valuation of a double barrier option numerically
is by using a partial differential equation. Zvan, Vetzal and Forsyth [78] value double
barrier European options using a fully implicit method to solve the PDE numerically
and compared it with the Crank-Nicolson method. They also considered the case of a
two-asset barrier option and produced numerical evidence. Linetsky [49] studied bar-
rier and arithmetic Asian options by using a PDE and taking eigenfunction expansions
using the Liouville transformation. Similarly, Davydov and Linetsky [18] priced single

4 Greeks are hedge parameters such as delta, gamma, vega, theta and rho.
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and double barrier options using the linearity of the pricing operator and the eigenvec-
tor property of the eigen-securities and illustrated them numerically using the constant
elasticity of variance process and the Cox-Ingersoll-Ross term-structure model. Costa-
bile [14] priced European barrier options with time-dependent and multiple boundaries
on a binomial tree. Broadie, Glasserman and Kou [9] used the pricing formula for con-
tinuous path-dependent options to approximate the price of discrete options and used
the trinomial lattice method to price discrete barrier options.

The type of barrier that we will be examining is the double barrier, where the two
barriers are positioned under and above the initial value of the asset. More precisely we
will study the effect of double knock-out barriers for Asian options and down-and-in,
up-and-out European options. The payoff of such an option is based on the history of

the price of the underlying asset up to the expiration date.

1.4 Basket options

Another outlet of Asian options is where the payoff depends on the value of a portfolio
of assets (multiple underlying assets). These options are known as basket options and
are quite challenging to price. Dahl and Benth [16] express the value of the Asian basket
" option as multi-dimensional integrals and use quasi-Monte Carlo methods to value the
option. Ju [42] uses the Taylor expansion around zero volatility to approximate the
value of a basket option. Akcoglu, Kao and Raghavan [?] propose three techniques to
price discrete European type Asian basket options whose underlying assets follow the
binomial tree model. They use Monte Carlo simulation, a general recursive bucketing-
based scheme and a combination of Fast Fourier Transform (FFT) and bucketing-based
schemes to price European Asian basket calls.

1.5 Transaction costs

An interesting effect is the presence of transaction costs when valuing options. Leland
[47] considered a model that allows transactions only at discrete times. By adopting
a 6-hedging argument, he derived an option price that converges to a Black-Scholes
price as transaction costs become arbitrarily small with an adjusted volatility. Barles
and Soner [4] applied a utility function approach as well as an asymptotic analysis of a
nonlinear PDE under the effect of transaction costs. Gondzio, Kouwenberg and Vorst
[31] propose a stochastic optimization model for hedging contingent claims and take
into account the effects of stochastic volatility and transaction costs. The presence of
transaction costs affect the volatility and therefore the governing equation. Morozovsky
[56] constructed a modified Black-Scholes equation with transaction costs and gave a
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solution to the equation for the case where the option was close to expiry and the
case where the transaction costs were small. Dewynne, Whalley and Wilmott [19]
constructed a PDE model for valuing exotic options with the possibility of a similarity
solution. They used explicit finite differences to overcome the strong nonlinearity

caused by the transaction costs term.

1.6 Numerical methodology

The most popular approach in valuing path-dependent options and specifically Asian
options is numerically. The majority of the work done is based on the Monte Carlo
simulation as well as on different models using the finite difference grid. One of the
first well-known studies in that area is by Kemna and Vorst [43] who use Monte Carlo
simulation to determine the price of an average value-option expressed as a PDE. They
show that an out-of-the-money® standard option can be expected to be significantly
more expensive than an average value option and they find an analytical value for a
geometric average option. Monte Carlo simulation was also used by Ritchken, Sankara-
subramanian and Vijh [59] to price a number of path-dependent contracts, average and
lookback® option values, and Rogers and Shi [62] provided numerical results for the
PDE with very good accuracy.

Benhamou and Duguet [7] derive a PDE for the Asian option which they solve
quite efficiently with the standard Crank-Nicholson method. Zvan, Forsyth and Vetzal
[77] explore the pricing of Asian options numerically by solving a one-dimensional
similarity variable PDE and a two-dimensional PDE using finite differences. The two-
dimensional PDE that rises for the case of the Asian option can be reduced to a
one-dimensional one by introducing an appropriate similarity variable, Ingersoll [41],
Wilmott and Dewynne [73], Rogers and Shi [62]. This can happen only when the payoft
is of a particular form and is consistent with the similarity variable itself. However
these kind of PDEs can apply only to European-style options and it is difficult to
numerically solve them as the diffusion term is very small compared to the values
taken on the finite difference grid. Alziary, Décamps and Koehl [2] derived a one-state
variable PDE for pricing a European type Asian option (for both fixed and floating-
strike) and solved it numerically by applying a modified explicit method (similar to
the one used by Hull and White [40]). Fusai, Sanfelici and Tagliani [26] commented on

the different numerical schemes used in solving PDEs in finance. They mainly focused

5 An option is said to be out-of-the-money when either in the case of a call option the asset price is
less than the strike price, or in the case of a put option the asset price is greater than the strike price
(Hull [39]).

5 Lookback options have a payoff that depends on the realized maximum or minimum of the under-
lying asset over some period prior to expiry.
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on the finite difference and finite element approach. Linetsky [50] provided numerical
examples using a series and an integral representation to compute continuously sampled
arithmetic Asian options using the Sturm-Liouville property. Fouque and Han [22]
solved with finite differences two one-dimensional partial differential equations using
the asymptotic framework for pricing Asian options with stochastic volatility. As the
biggest disadvantage of the explicit method is the lack of convergence, Hull and White
[40] provided a systematic procedure for implementing a modified version of the method
in such a way that convergence is guaranteed when At tends to zero.
The finite differences numerical method was used by Meyer [55] who solved the problem
for the fixed-strike Asian call. Zhang [75] developed a fast and accurate method of
pricing and hedging European average rate Asian options with continuous sampling
by constructing a PDE using a similarity variable equivalent to that of Rogers and Shi
[62] and solved it numerically using the Crank-Nicolson scheme. Later on Zhang [76]
used the perturbation method to write the solution of the governing PDE in a series
form and observed numerically that the series solution converges very quickly giving a
good approximate value that is more accurate than any other approximate method.
Another method mentioned in earlier sections is the numerical inversion of the
Laplace transform. Craddock, Heath and Platen [15] priced Asian options by using
various numerical methods to invert the Laplace transform of Geman and Yor [29]
after expressing it as a series of the Gamma, function. Abate and Whitt [1] suggested
numerical methods (Euler and Post-Widder) of inverting the Laplace transform of the
probability distribution. '

1.7 Structure of the thesis

The plan of the thesis is as follows. In chapter 2 we present the Asian option frame-
work by deriving the governing two-dimensional PDE equation using the delta hedging
framework. More specifically we derive a simpler one-dimensional PDE using the mar-
tingale method formed by Rogers and Shi [62] and by delta hedging with the underly-
ing asset. Furthermore we discuss special cases by introducing two similarity variable
frameworks adapted by Wilmott, Dewynne and Howison [73] and Rogers and Shi [62]
(similar to the one introduced by Geman and Yor [29)).

In chapter 3 we examine step barrier options in the Black-Scholes framework for
single and multi-asset options (basket options). We introduce a moving barrier in time
which is a good bound for the step barrier found later in chapter 4. The moving barrier
grows symmetrically in time creating a wedge which acts as a double barrier to the
underlying. We generalise the method for baskets with N underlying assets and give
examples of the problem in two, three and five dimensions.
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In chapter 4, we value a single-asset European double barrier step option using
the Black-Scholes equation, where the two barriers are knock-out. We use a Fourier
series approach to address the nature of the problem. We assume that there is a
symmetrically expanding barrier in time, wedge, which acts as an upper bound to the
step barrier. Additionally, we assume there is another expanding barrier inside the
wedge so that the step barrier moves between the two expanding barriers. We value
the step barrier under the effect of the two wedges and give numerical evidence for the
pricing as well as for the upper bound of the Fourier step barrier.

In chapter 5, the problem with the double knock-out barrier is extended to the

case where there are N underlying assets in the option. We employ the Fourier series
approach to express the solution in terms of Bessel functions of first and second kind
and suggest that the WKB method can also be used to value the option accurately. As
an example we value a basket option with three underlying assets which can be easily
transformed to the classic heat equation. For the case where there are five underlying
assets the Fourier series approach applies giving satisfactory results.
We study the effect of a double knock-out barrier for the three- and five-dimensional
problem in which the upper barrier is far away from the lower barrier. We verify that
this problem structure is equivalent to the single knock-in barrier problem treated by
Firth and Dewynne [21]. For the three-asset option we apply the method of images
to deduce the solution given by Firth and Dewynne [21] and extend the problem to
the case where the barrier jumps. In the five-asset option we apply the Fourier series
solution method to the problem of Firth and Dewynne [21]. The above problem is
extended to one where an expanding barrier plays the role of the lower bound to the
Fourier series step solution. Numerical evidence is given for the bound as well as for
the value during the life of the option.

In chapter 6 we value European Asian options with the effect of double knock-out
barriers. Because of the nature of the problem we value these options using the WKB
method and present numerical evidence. In Appendix A we test the accuracy of the
WKB solution against the exact solution of the PDE in terms of a conjugate pair of
Bessel functions of first kind. We examine how the value of the option changes when
the two barriers shrink and widen. We apply the method for a more realistic payoff
than the one used to test the method and give bounds for the solution.

We study the price of Asian options with the effect of transaction costs in chapter
7. We take the one-dimensional similarity variable PDE for the case of a fixed- and
floating- strike Asian option and suggest a method to determine the sign of the Gamma
term according to the nature of the problem. The solution of the latter PDE is exploited
numerically in chapter 8.

Finally, in chapter 8 we provide the framework of the numerical approach we utilise
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to value some of the problems we mentioned earlier. We use the explicit finite difference
scheme to value PDEs for Asian options with the similarity variables with and without
the effect of transaction costs. Even though the method requires some attention to

maintain stability, it is easy and fast to implement.



2. FRAMEWORK AND FUNDAMENTAL EQUATIONS

2.1 Framework

We consider a standard complete market economy.- The price of a stock option is a
function of the underlying stock’s price and time. Suppose that the price of some risky
asset at time t is S;. As its value changes over time in an uncertain way it is said to
follow a stochastic process. We assume the underlying asset S follows the log-normal

random walk
dS = puSdt + o5 dXy, (2.1)

where p is the drift and o is the volatility of the stock price. Both of these parameters
are assumed constant (drawn from the normal distribution with mean of zero and
standard deviation of 1.0). dX; is the increment of the Brownian motion X, !, Equation
(2.1) is a Stochastic Differential Equation (SDE) and is a continuous-time model of
the underlying asset price.
Most of the academic literature on path-dependent options follow the lead set by
Black and Scholes [8] and assume that the underlying asset price follows geometric
Brownian motion with constant volatility. This implies that the future asset prices
are log-normally distributed which leads to tractable analytical formulae. By saying
that a variable has a log-normal distribution means that the logarithm of the variable
has a normal distribution. In order to change the measure, the normal distribution is
transformed to a log-normal distribution by defining z =In §.

A Markov process is a particular type of stochastic process where only the present
value of a variable is relevant for predicting the future.

Consider a small change in z as ¢t goes to t + dt (and so $ — S + dS) and taking
in mind the properties of the Brownian motion, the price of the risky asset at time ¢

! Brownian motion or else Wiener process is the continuous-time equivalent of the Normal distribu-
tion with a mean change zero and a variance rate of 1.0 per year. One can think of dX; being a randem
variable drawn from a Normal distribution with mean zero, E[dX;] = 0, and variance dt E[dX7] = d¢
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is given by the following equation,
1 2
S; = S, exp r—§a t+oX¢|,

which can be considered as a model for a random walk? of the asset price.

QOur aim is to compute the value of an Asian call option with maturity T, strike K
written on a risky asset S;. As we have no general analytical solutions for the price
of the Asian options, a variety of techniques have been developed over the years to
analyze this kind of path-dependent option.

In general, the value of an average value option depends on the average value of
the stock I, the value of the stock S as well as on the time ¢, V(I, S,t). Consider a
small time-step ¢ — t + dt where the value of the option changes by

ov oV 18%v ov 1 6%V v
av(l,S,t) = Btd ¥ dI-i-2 3 (dI)? -éS,-dS 3 352 (dS)? + BIBSdIdS’
where I = fo 7)dr is the average (running sum). Taking into consideration the

properties of the Browman motion, from equation (2.1) we have (dS)? = o0252%dt,
dl = Sdt and dS dI = O(dt3/?) and the above equation can be rewritten as

ov ov 1 2282V ov

We construct a portfolio consisting of the value of the option V' and a small amount
A of the underlying S,

M=V -AS.

We consider a small change of the portfolio, II, in a small time-step ¢t — ¢ + dt and we
keep A fixed at the beginning of the time interval

dll =dV — AdS.

The portfolio changes by

OV GOV 1 5,8V av
d
dIl = (8t+58[ §'=5y ) dt+ 55 dS—AdS.

The deterministic terms are the dt terms, whereas the random terms are the ones with

? A random walk has the property that it is a Brownian motion and is also normally distributed.
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the dS where the risk lies. The risk in the portfolio can be eliminated by carefully
choosing the value of the constant quantity A. By choosing

i
A=—
as’
the randomness is reduced to zero. This is called delta hedging and is achieved by
exploiting the correlation between the option and its underlying. By choosing the

value of A, the portfolio we hold changes by

L [BV LBV 1 5 50V

This change is completely riskless. The model taken into account contains a risk free
cash account which is employed in the formation of self financing replicating portfolios
from which we then obtain the various pde’s we have to solve. If we have a complete
risk-free change dII in the portfolio value II then it must be the same as the growth we
would get if we put the equivalent amount of cash in a risk-free interest-bearing bank

account, i.e, set

1'%
dll = = -S ==
rIldt=r (V S 3 S)
to eventually get a partial differential equation which is similar to the Black-Scholes
equation with the derivative of the average added;
ov - oV OV 1 , ,0%V
i - - 4z —_— =0. 2.2
6‘t+56’1+r55’5’+2056’5’2 rV =20 (2.2)
The continuously sampled arithmetic average A = % fot S(7)dT can be written in terms
of the running sum I = fot S(r)dr as A= L. The equation (2.2) is a two-dimensional
PDE given by Ingersoll [41] and the option value V depends on three variables, I, S
and £. Note that neither dividends nor transaction costs are taken into account for the
formulation of the above equation.
Therefore the payoff at expiry for a floating-strike call is

max (S—%/OTS(T)dT,()) )

and for a floating-strike put (e.g. Wilmott, Dewynne and Howison [73]) the payoff is

max (%/OTS(T)deS,O) .
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For the case of a fixed-strike call and put option the payoff will be

1 /T 1 /T
max —/ S(r)dr—K,0| and max K————/ S(T)dT,O> ,
T 0 T 0

respectively.

2.2 Special Case

There are special cases where different types of payoff can depend only on two variables.
For those types of payoffs the PDE (2.2) can be written in terms of two variables only.
In these special cases the average admits to have a similarity reduction using a simi-
larity variable. The similarity variable is carefully chosen so that it is consistent with
the payoff. The method of ‘similarity variables’ amounts to changing the numeraire
Geman, Karoui and Rochet [28]. We examine the case of a call and a put Asian option
with a floating-strike payoff which can be expressed in terms of the similarity variable
R. The variable R in this case is equal to the running average of the asset over the
price of the underlying, i.e. ‘
[S(mdr 1)

R= = (2.3)

To check the consistency of the similarity variable with the payoff, we rearrange the
payoff so that it can be written as a function of R only. Rearranging the payoff for a
floating-strike Asian call option we find

1 T 1 T

max (S_T/o S('r)d'r,O) = S max (1_T§/0 S(T)dT,O)
R

Smax(l—T>.

A natural choice for an Asian call option is of the form

max (S—%/()tS(T)dT,()) ,

where the running average is taken from time 0 to ¢. This also gives the correct payoft

V(S,1,T)

at t = T, known as the floating-strike call option (p.27).
The intrinsic value for the floating-strike call option can be written as

1 [t
S max (1—§A S('r)d'r,O).
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Define a similarity variable R to be

1 i
"—‘5/0 S(T)d’r,

which in terms of the running sum I becomes

I
R=-—.
S
Therefore the intrinsic value takes the form
T

Smax(l—%,O) and Smax(l—R,O> att =T,

which looks more like the payoff for a put option.

In a small time interval, as ¢ increases to t + dt, R changes as

t+dt
dR=S+dS/ dr——/S Ydr
1

L () ([ s [soa) L [ s

Expanding and rearranging we end up with a stochastic differential equation for the

similarity variable R which doesn’t depend on S explicitly
=[1+ R(0?* - w)]dt— RodX . (2.4)
The value of the option takes the form
V(I1,5,t)=SH(R,1),

and the PDE (2.2) in terms of the similarity variable becomes

oH 1 2, OH

assuming the underlying pays no dividend, with payoff

H(R,T) = max (1—1—;,0) .

Equation (2.2) is reduced to a one-dimensional parabolic PDE (2.5) which depends only
on the two variables R and ¢. This is possible because the average strike option admits
similarity reduction. The value of the Asian option depending on three independent
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variables cannot always be reduced to a function of two variables, as there are options
governed by different equations with different payoffs.

We can derive a similar PDE when applying this method for a similarity variable
almost identical to the one introduced by Geman and Yor [29] and by Rogers and Shi
[62]. We have a European Asian option governed by equation (2.2) with a fixed-strike
payoff of the form

) T
V(S,I,T) = max (% / S dr— K, 0) , (2.6)
0

for which we introduce the similarity variable

1

V=53

(K1-1), (2.7)
where Ky = K'T. The pde (2.2) takes the form

5t +20' U 302 —-(1+7‘U)—55—+7"W1—-0, (2.8)
where V(S,1,t) = exp (—r(T — t)) Vi(S,I,t) and Vi(S,1,t) = £ W1(U,t). At t =T,

the payoff for a call option in terms of the similarity variable U will be
Wi (U,T) = max(-U ,0). (2.9)

Equation (2.8) is identical to the equation found by Rogers and Shi [62] the derivation
of which will be shown further on. From the payoff we see that U can have negative
values as well. For negative U, the value of the option will be positive otherwise zero.
The equation (2.8) can be without the 7W; term just by taking V' (S, I,t) = S W(U, 1)

FPwW oW

ow
— (1+7‘U)W -

1 2772
ot 37V are

0. (2.10)

From the payoff (2.9)we can see that the similarity variable U takes negative values as
well. The stochastic differential equation of the similarity variable U as ¢ increases to
dt is

dU = —gUdX — 1 + (r — ¢*)U) dt, (2.11)

which is explicitly independent on S. We must impose boundary conditions at both
U =0and U — cc. From the definition of the variable U = (&1 — I) for U to tend

to infinity, S needs to tend to zero. In this case the option will not be exercised and



2. Framework and Fundamental Equations 31

hence will have the value zero, i.e.
WU,t)=0 as U — . (2.12)

To examine the behavior of the option at U = 0 we look closely at the PDE (2.10)
as well as at the SDE (2.11). For U = 0, from (2.11) we find that dU = ~dt < 0,
which implies that U does not remain zero, but moves away from U = 0 and becomes
negative, U < 0. This can be seen from the payoff as well (2.9). Also by setting U = 0
in (2.10) we find that only the first derivative with respect to U and ¢ is present making
the option behave at zero like

== =0 as U=0. (2.13)
For a put option, the governing equation is the same as (2.8) with payoff
W1 (U,T) = max(U , 0) . (2.14)

Equation (2.8) can also be derived using the martingale method as mentioned by
Rogers and Shi [62]. They assume the underlying asset follows the log-normal random
walk

dS=cSdt+0SdB,, (2.15)

where B, is a standard one-dimensional Brownian motion, F; is the natural filtration
of By, ¢ is the risk-less interest rate, whose notation is mostly well known as r, and
o is the volatility. By following the same procedure as mentioned in section 2.1, the
price of the risky asset at time ¢ is

S = S,exp [(c— %(72> t+ O'Bt] .

The price of a ‘fixed-strike’ Asian call option is expressed as the conditional expectation
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with respect to the filtration F; (Rogers and Shi),

]E[(/OTSuu(du)—K>+ ft}
= lE[(/OtSuu(dUH/tTSuu(dU)—K>+ ft}
_ St]E[( tT%u(du)—Sit(K_/otsuu(dU)»

= St ¢(t;€t) )

M

+
|

where ¢(t, &) is an auxiliary function and is continuous, decreasing in t and in &. &

is defined as & = -Sl—t (K — fg Suu(du)) and is the weighted payoff function depending
on the history of the asset’s value; p is a probability measure with density p; in (0, 7).
Specifically, for a fixed strike option, p; = 1/T whereas for a floating strike option,
K =0and ps =1/T — 6(T — t), where § is the Dirac delta function.

So for the case of a ‘fixed-strike’ Asian option, & will look like

1 9
1 (K— / S, pt(dt)> . (2.16)
St 0
We consider a small change of £ as t — t + dt and expand
1 t-+-dt
= —— (K-
dé: S, 1 ds, ( /0 Su Pt(dt)> ( / Su pt dt))
1 ds t-+-dt 1 t ,
= 51+ t) (x /supt @- [ ) ~ 5 (5= [ sumian)
S St 0

Taking into account (2.16) and (dS;)? ~ o2 57 dt we can write

d{t = (0‘2& — Pt) dt — % dSt -+ O(dt3/2) (217)
) t

= (=p+ (6® =)&) dt — o€ dBy,

which is the stochastic differential equation for &;.
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By the martingale method: Earlier we found that M; = S; ¢(t,£;). In a similar way
M; changes by an amount

dM,

Sd¢+ ¢dS +dSdo

¢, 00 . 10%
S(atdt+aéd£+2%2(d£) )+¢dS+ded>
= ¢dS+S(¢dt+¢’d£+5¢”(d£)2+-~)-

Using the equations (2.15), and taking into account that (d¢)? = £202dt and dB =
edt!/?, where € is a random variable drawn from the normal distribution N(0,1), dM,
takes the form

dM; = S |ré+ ¢ — (pr + 1€)d' + % o282¢" | dt — o?¢S¢'dt dB + o pSdB.

M; is a martingale and its deterministic part should be equal to zero. This leads to a
backward parabolic partial differential equation of the form

0 0
a—f + = o282 8;; (pt + 7€) 8? +r$=0. (2.18)

The above PDE is the same as the one we derived earlier using Geman and Yor's
similarity variable U, (2.8), with p; = 1.

Hedging with the underlying asset: For this method we follow the derivation used
in section (2.1). Similarly in order to remove the risk, we construct a portfolio which
includes V' and a small amount A of the underlying S, i.e. II =V — AS. In a time
step t — t+ dt, II changes by dIl = dV — AdS. The value V of the option is a function
of £, S and t. Using It6’s lemma we have:

o'V o'V

—z (€)% + BEDS

ov ov ov 162V 1
2 0€?

dv (8,¢,t) = v dt+%ds+a_§dé+2asz

(ds)* +

Using (d€)? = 02£%dt, dSd¢é = —o?£S dt and regrouping, the right-hand-side of dV
becomes

ov 1
(a—v+(02f—ﬂt) 2528 V

2 2
5t S t3 220V 25 OV )dt+ (a_v éc’?V) ds.

1
o€ 552 T3 &2 S Bt 8S S 6t
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Thus the portfolio changes by

[V 5 v 1 Nia% 122__ 0%V
dil = <8t+(af pt) + 5852 5 5852 fS———asaf dt
oV Eov

To eliminate the risk in the portfolio we choose A to be
_oV _ oV
88 Sog’
Because the change of value is independent of the Wiener process, dB;, the portfolio

is instantaneously riskless. Hence dV = r I1dt and we end up with

O | oe OV 1 ,0@V 1,0 82V v oV
o T e 57 g5 T g 5852 asae =" \V S teae )

(2.19)
with payoff

T T B
V(S7£7T) = max(/ SudU—K,O)ZSmaX<M,O>
0 S
Smax (—£,0) =S¢, T),

at time ¢ = T'. From the latter equation we observe that the value of the option can
be written in terms of an auxiliary function ¢ which depends only on two variables &
and t. This is true as in this case the similarity variable £ is consistent with the payoff
for the fixed-strike Asian call option. We set V = S ¢(£,t) into equation (2.19),

3¢ %¢
G ae?

9¢

252 —(pe+78) 57 B¢ =0, (2.20)

with payoff

¢(£7 T) = max(-—f 9 0) 3

for a ‘fixed strike’ Asian call option.
If p takes the value —1 then the above equation is identical to (2.5), whereas if p takes
the value 1, and by setting ¢(€,¢) = exp (—(T — t)) ;5(5, t) we end up having equation
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2 5‘2¢
62

5‘¢12

ot (e e +rB=0.

The above PDE is a two dimensional parabolic differential equation with respect to

time and its solution gives the value of the Asian call option.

2.3 The effect of Transaction Costsv

In the case where transaction costs are involved a similar PDE for the underlying can
be formed. As in section 2.1, we construct a portfolio II =V — AS and fix A at time ¢.
If we transact with v shares during the time step ¢ — t+ dt the change in the portfolio

is
dll =TI(S + 68,t + 6t) — I1(S,t) = dV — AdS ~ klv|S,

where k is given as the percentage cost of transactions, v is the number of shares traded
at a price S and |v| is whether we are buying or selling the shares.

(6V

5§)at time¢ a0d we have

To remove the risk in the portfolio we choose A =

2
v BV 1 QSZaV)dt_kMS,

dv(I,8,t) = (EJFS@I =

at time t — ¢ + dt. v was found to be approximately equal to v « ¢S 2 W V. 56X, where

6X = e6tY/2, Wilmott [74), and |v| = oS ‘ GQV‘ |6X|. By taking the expectation of the
transaction costs and taking into account that as 6t — 0, 6t = dt, we have

)t

where k; = k+/ % and k is defined such that k; is independent of time as 6t — 0.
For no arbitrage we set this equal to

rIldt =r (V S@V)

0%V
852

OV GOV 1,50 2
E(&H):(at S5r + 505 555 — koS

a5
For continuous time we end up with a non-linear PDE

VGOV 1,00V

1 2
ot or 737 % gz koS

=7 (V - Sg—g) . (2.21)

882
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If g—?g has a definite sign, we end up solving the Black-Scholes equation with a modified
volatility, otherwise the full non-linearity of (2.21) has to be dealt with. The effect of
the transaction costs depend on the second derivative of the option price with respect
to the underlying asset. This derivative is called gamma and is a measure of by how
much or how often one needs to re-hedge in order to keep a delta-neutral position®
(e.g. Wilmott [74]). The delta hedging leaves a small risk proportional to the gamma.
In equation (2.21) we have subtracted off the extra gamma term which corresponds to
the transaction costs. This causes the value of the option to drop.

Writing the equation in terms of the similarity variable R, we set V(S,1,t) = SH(R,1),
where R =1/8,

0H 1 , ,0°H oH 20PH|
En +50 R BYe + (1 T’R)aR kio |R EYE =0, (2.22)
and by setting t* = T — t we have
OH 1, o O*H oOH 2 0?H

Equation (2.23) will be solved numerically later using the finite difference method
(chapter 8).

The equivalent equation with the effect of transaction costs for the similarity U =
+(K1 — I) applied in equation (2.2) is

2
Vi _ (72U2—(9 Vi _ (14 rU)

1 v
ot 2 oU?

8%V
28 1
ou v

ouU?

kla y (224)

with t* =T —t and V(S, I,t) = SV1(U, ¢).
From the last two equations for R and U, both similarity variables are consistent under
the presence of transaction costs. This can be observed by looking at the term inside
the modulus being simply one term. The single term inside the modulus involves the
“gamma only, %/}, and attention needs to be given in determining its sign. Whether
the call/put is long or short the sign of the gamma is positive or negative and it
will have an effect on the volatility. So for a long position of a call/put the costs are
incorporated in the volatility which will be less than the actual volatility. "The opposite
will happen for a short position. Further on in the thesis we will study analytically

ways of determining the sign of the gamma term for different payoffs.

3 When there is a position where the delta of the option is zero it is called delta neutral. The Delta
of an option, A, is given as the first derivative of the option price with respect to the underlying asset
price and measures the sensitivity to the price (e.g. Hull [39]).



3. CONTINUOUS MONITORING BARRIER

In this chapter we examine the effects of double barriers in the Black-Scholes frame-
work. In the majority of the research done for barrier options the barriers are assumed
to be constant throughout the life of the option. However there have been numerous
occasions where the barrier changes in time, Roberts and Shortland [61], Kunitomo
and Tkeda [46], Kolkiewicz [44].

We work with time ¢; = T — ¢, so t; > 0 measures the amount of time from the
payoff t; = 0 (t = T'). We assume that the boundary is in the shape of a wedge which
gets narrower and narrower as t; approaches zero. The cross-section of the wedge at
a fixed time being a fixed region of the asset values e.g. S_2 <8< So for fixed t;.
Later when we consider options on many assets this cross-section may be elliptical or
spherical in N-dimensions. The geometry of these wedge shaped regions is such that
at time ¢ > T they tend to a point such that S = Sp i.e. z = ln( ) in the coordinate
system to be used later. Hence at time t; = 0 (t = T') the cross-section of the wedge
region is finite i.e. :L'2——1Il( 2) <0< zp =In (2 2).

3.1 Framework of the concept

We consider the single-asset Black-Scholes equation with no dividends or transaction
costs on the underlying

8V

5 +3 SBS2+ S@S rV =0, (3.1)

which can be written in the form of the heat equation

ow  o*w
3_tl - —_31'2 » (32)
by using the transformations
_ S _
V(8,t) =exp(—r(T -t))U(S,t), 7=T—-t, S=—, z=Ilogs,
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0_2 7'2 2

, 8 207

: 1 T
U =exp(az+ pr)W(z,7), azi—gi, A=

where o and r are constants.
We choose a transformation such that equation (3.2) can be written in terms of one

variable. We introduce a similarity variable of the form

|z — 2]

W fd W f Wher — y 3'3
(m) © = (3-3)
where the |z| means that it is symmetric about zg, |2'| = |z — 2¢|. The similarity

variable n for the single asset option represents two lines reflected about the z-axis
which get closer as t; approaches zero. The two lines play the role of a double barrier
the area of which allows the underlying asset to move freely. The cross-section at
fixed time t; is two points situated symmetrically about the z-axis taking negative
values as well. The negative values make the one-dimensional problem a special case
of the multi-dimensional problems introduced later, where the values remain positive.
Expressing equation (3.2) in terms of the similarity variable n we have

ndW _ d&*W

2.dn  dn?’

(3.4)

We assume that the barrier is at 1 = 79, say, figure 3.1. Then the value of the option

¥a \ﬂu +4

%

=1
J

Fig. 3.1: Wedge shaped barrier.

when the barrier is hit is zero, W = 0, and |z — z¢| = 721/t1 + to will be the level of the
moving barrier for any time ¢;. The solution to equation (3.4) at the barrier n = v,
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will have the form

aw n? 2 52
e Ay exp <—Z> = W= Al/n exp <—Z~>ds,

Moreover, when t; = 0 (t = T), n < v and |z — zo| < y2v/To. So |z — x| will take
initial values between —vy2+/fg and ye4/fp at t, =0 (t=1T).

By choosing the constant A; to be equal to A; = 1 —v—, the price of

Jo% exp (—74— ds

the option will be one, W = 1, at * = zp (n = 0). In terms of the original vari-
1_.r

ables, the value W = 1 corresponds to the value V(S,t) = exp (—7(T —t)) (:%) et

exp [(-%3 - 5%27 + %) (T - t)] The analytical solution of the one-dimensional wedge

barrier at s, say W, will then be

S, exp (—%)ds

Wa (77,751) = ) (35)
o exp (——’};)ds
where n = ;—l%!; Equation (3.5) can be written in terms of error functions as
erf()
) =1— —2~. .
W2(777 1) erf(-723) (3 6)

Assume there is another boundary in the shape of a wedge which gets narrower

and narrower as t; approaches zero, figure 3.2. The cross-section of the wedge at a .

Yaaflp t4
x A

Yt +4
4
Nafho
- Vnﬁ: A
\
0\

Fig. 3.2: Double wedge shaped barrier.
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fixed time is a fixed region of the asset values e.g. S_; < S < 5y, for fixed t;, with
S_ 9 < 81 <8 <81 <8 The geometry of the new wedge, say Wi, is such that at
time t > T it tends to the same point as the Wy wedge such as S = Sp i.e. z =1In (S%)
in the coordinate system we use. Hence the W) wedge will play the role of the inner
barrier and the Wy wedge will play the role of the outer barrier. We assume that the
inner barrier occurs at the point n = 71, say. Then the value of the option when the
barrier is hit is zero, W = 0, and |2'| = |z — zo] = M1+/%1 + o for any time ¢;. The
inner wedge for the single-asset problem will have the shape of two symmetric lines
narrowing as t; approaches zero. The analytic equation for the one-dimensional inner

wedge barrier at +v; will similarly be .

S exp _% ds erf(2
iy = 0P 2) =126 (37)
Jo" exp (—%)ds erf()

and the payoff for the two wedge barriers will be

f}xz_ exp (—%)ds f_&_ exp (—%;)ds
Wa(z'], 0) = —L= Wi (lz],0) = L2 (3.8)

Jo" exp (—%;)ds .

In terms of the original variable S the payoff corresponding to the outer wedge will

have the form

ol

S )l—ff B erf(—L—zlog;\S/t—?D )

‘/2(57T) = ('gg erf(jzl) )

and will look like in figure 3.3. This is a particular payoff created by the outer wedge.
The inner wedge will also create a payoff different from the one just mentioned. De-
pending on the form of the similarity variable used, the nature of the problem and the

shape of the wedge barrier, one can have different kinds of payoff.

Both wedges will create two barriers symmetrically reflected around the z-axis
giving a total of four single barriers. The growing region created by the two expanding
barriers will be the area where the asset can move freely. The underlying can move
either in the upper area created by the two wedges or in the lower, figure 3.2. If the
underlying hits either of these barriers the option will expire worthless.
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v.2 10

Fig. 3.3: Plot of the payoff V; against the original variable of the underlying asset S.

3.2 N-Dimensions

We extend the problem of the wedge in N-dimensions. The underlying assets S; move
freely under the effect of an N-dimensional wedge which shrinks as ¢; approaches
zero. The wedge plays the role of a barrier which if hit by the underlying will expire
worthless. The cross section of the wedge at a fixed time ¢; depends on the nature of
the variable 7 as well as on the dimensionality of the problem. Taking the similarity
variable 7 to be defined as

N $,2
L —¢ 41, 3.9
S im st (3.9)

will produce cross-sections in the shape of ellipses in 2-dimensions or an ellipsoid in
higher dimensions, with o; being a parameter determining the growth of the ellipsoid.
When the parameter o; is zero, the cross-section will have the shape of a circle in
2-dimensions or the shape of a sphere in higher dimensions. The similarity variable
will then look like

N .’C,-2
Y=t +t. (3.10)
i=1 n

As time evolves, the wedge will take on a cone-like shape with cross-sections being
ellipsoidal or spherical.

Assume we have a European option with NV underlying assets S; and maturity date
T. We consider the Black-Scholes framework and assume the underlying assets follow
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the log-normal random walk
dS; = i Sidt + 0;8dXy, i=1,---,N,

where S; is the price of the ith asset, u; and o; are the drift and the volatility of that
asset respectively. dX; is the increment of a Weiner process drawn from a normal distri-
bution with mean zero and standard deviation d¢!/2 such that E[dX;] = 0, E[dX?] = dt
and the two Brownian increments, dX; and dX; are correlated, E[dX;dX;] = p;; dt.

Applying the Itd’s lemma in a multi-dimensional range, as done for a one-dimensional

case in section 2.1, we have the following multi-asset version of Black-Scholes equation,

N N

v 1 &’V v
- 2;32_%@%,)”55]8585 ”Z‘g’as -7V =0. (3.11)

Using similar change of variables as for the one dimensional case we have

N N

ow 1
— = ZZUla]p” (3.12)
o —3 par et 0¢; 85
where
V(Si, Sj;t) = eXp (—T(T — t))U(Si, Sj;t) 5 tl =T-— t, gi = % s Ei = loggi,
0

N

Ui, &j3t1) = exp (Z s +,3t1) W( &5t1), with oy = > Q7'F;,

i

1 — ..
ﬁ:—é' ZEleij Qij:gigjpij, F_‘j:——'—'r_
iJ
Call A;; = 3Qq; where i and j are not summed. So equation (3.12) takes the form

8t1 iZZ i aglag]

We diagonalise matrix A;; by using the transformation and summing over repeated

indices (7 and j)

xS:BSiE'i) mszpj€j7
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where By; is the transition matrix from the £ coordinates to the standard ones and the
boundary is an ellipse in the z variable. We convert the & basis to an orthonormal

one, x;. Summing over repeated indices equation (3.12) becomes

ow W
= By;A;;Bpi ——— . 3.13
Bty TP g, (3.13)
We want to diagonalise matrix A;; so we choose Bj; (symmetric, Bsi = B;s) such that
N .
0 ,ifs
> BuAyBp; =6 = . ~P
=0 1 ,ifs=p

This is done by choosing Bs; (B = (X1, X2, X3... Xn), where X1, X5, X3... Xy are
orthogonal) as a matrix of the eigenvectors of A;; (the eigenvectors of A;; will be the
columns of the B,; matrix). Hence, if s = p,

N

> BpiAyBp = A,

4,j=0

where A is the diagonal matrix with the eigenvalues at its diagonal.
AB = Ai;Bjp = AX1 Xo .. . Xn) = (M X1 X . AnXN),

and so

BTAB = BT(\M X1 MX2...ANXN) =

Therefore equation (3.13) becomes

aW N W
—Z

Bwpé)wp

(3.14)

Returning back to the original coordinates, £ we have
> Bjsws =Y _ BjsBubi = 5t = &5,
S 8

since 7, = ), Bsi&; and By; Bjs = 0;; (B is symmetric, BBT =], B~! = BT). Hence

when ¢ = j, we have §; = Bjsxs.
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In equation (3.14) we can move the origin of the z,’s by setting :Dfo = E”;\pﬂ

N
oW FPwW
o 2: . (3.15)

Now that the original multi-asset Black-Scholes PDE is reduced to an N-dimensional

heat equation we can introduce the similarity method approach.
We now look for solutions of (3.15) as a function of the similarity variable 5 introduced

earlier, W(7), where

Y =ttt (3.16)

We implicitly change the variables to 5 by writing equation (3.15) as follows

N N 2
dW 8 d%*n dW %, d*w
o= e v (a) G (3.17)
n ot i Daj? dn iz, ) dn
where
on 1 1 on 1 2 8% 1% 2
ik T~ il
oty i=1(1,_17557 Q 63: Qn+ap axp Q N+ ap
Hence (3.17) becomes
EW 1 1 dW | 1dW
= =22 o, .
dn? 21,;n+ap dn ~ 4dn (3.18)
Setu:%‘;—,then
1 N
EZ u—l— u=0,
=7
and
_1
N 2
In(u) =log | [ (n + ap) —Zn+c
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So

|
(S

N
u= =A H("? + ap) exp (—g) , where A=-exp(c).
p=1

Therefore the solution for the N-dimensional expanding barrier will be

exp (-%)

n2
Wy = A / drf (3.19)
n (o)t () +02)7... (0 + o)’

where 7 = 72 is the barrier and

N 9

L
Z =11 +1.
=1 T

Since the barrier is of a knock-out nature, W5 will be zero at 7 = n2. For all time
during the life of the option the expanding barrier will form a cone for all time with
each cross-section at a fixed time ¢, forming an ellipsoid. If the underlying does not
trigger the barrier the option reaches expiry with payoff at ¢t; =0 (¢t =T),

exp (-%)

2
WQ:A/ 1 1 T
n (+a1)?(n+a2)?... (0 +an)?

dn , (3.20)

where
N 9
P

ot Oéz
As an example of the N-dimensional ellipsoidal similarity variable is the case where
the parameter o; is zero. Then each cross-section at a fixed time ¢; will form an

N-dimensional sphere and the N-dimensional equation (3.18) will take the form

2w 1314
1y W 1dW (3.21)

P T2y Taan T

with solution

nexp (=1
Wa = A / ——?7—(——4—2 dn (3.22)



3. Continuous monitoring barrier 46

at the barrier n = 12 and

N g2
£=t1+t0-
n

For the multi-asset problems for convenience we change the cartesian coordinates
to polar. In the N-dimensional Euclidean space the coordinates are v, Oy—_a ... 01, ¢,
with 0 € ¢ <27 and 0 < 8; < 7. The relation between the polar coordinates and the

Cartesian coordinates x1,... ,zZnN is:

1 = rcos¢sinfisinds...sinfy_»
T3 = rsingsind;sinfs...sinfy_o
T3 = rcosfisinfs...sinfy_s

T; = rcosf;_osinf;_q...sinfn_s
TN = Tcosfn_s.

Because we have assumed that it is symmetric the new variables will be independent
from the 6 angles. Hence we are interested in the part of the Laplacian which is a

function of r alone. Therefore equation (3.15) takes the form

oW _ o'W  N-—10W

oty or2? r  Or (3.23)

The two similarity variables for the elliptical and spherical cross-sections in terms of
the polar coordinates, respectively, take the form

N2 r2
Z =t1+ty, and — =t;+1tp. (3.24)
o T n

We assume that at time t = T the wedge has created two barriers ry, for the lower
barrier, and ry, for the upper barrier, with r;, < ry. We also assume that the initial
asset values lie between the two barriers. The payoff at time ¢ = T will be equal to the
value of the expanding barrier at that time. For the N-dimensional payoff in terms
of the original variables one has to map the £ variables to the original variables S;.
The two barriers are in a form of a wedge which in the case of one-dimension they are
just two lines, in the case of two-dimensions they are cylinders, whereas in the case of

three-dimensions they are spheres.
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3.2.1 Two-Dimensional Example

As an example of the N-dimensional case consider when there are two underlying
assets S1 = exp (£1) and Se = exp (£2), in the coordinate system used. For the two-
asset basket option we can use the similarity used in the one-dimensional problem
(3.3) by rotating |z — x¢| about the z-axis. The rotation will create a radial barrier
in the shape of a circle with radius r = |z — z¢| = |2’| taking positive values between
ry < r < rg as opposed to the negative values the barrier was taking in the one-
dimensional case. Hence the two-dimensional wedge will have the form of a cone for all
time with cross-section at fixed time ¢; being a circle. The cone-shaped boundary will
act as a double barrier in the two-dimensional problem. The barrier in the single-asset
case will become a double radial barrier for positive r in the case of two-dimensions.

The similarity variable 1 will have the form

r

(e

where r is the variable for the polar coordinate system which in terms of the cartesian

(3.25)

and original coordinates is equal to r? = z? + z3.
We use the N-dimensional radial PDE (3.23) for N = 2,

W _dw  1dW

d_t% = g + T (3.26)
and change the dimensionality to a single variable equation
%g+%%g+i%g=o. (3.27)
The analytical solution for the two-dimensional wedge will be
Win) = A’/’Y s exp (~s/4)ds, (3.28)
n

at the barrier 7 = 7.

3.2.2 Three-Dimensional Example

Another example is the case where we have a basket option with three underlying

assets. We take the similarity variable to be

Y’ ’ (3.29)

> T r
=L =t b0, or — =t +tg,
n n
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where each cross-section at fixed time ¢; has the shape of a sphere with radius 72 =

:L’1 + :r2 + :r . The wedge has the shape of a cone and shrinks as ¢; approaches zero.
The cross-section of the wedge at a fixed time t; will be a fixed spherical region of
the asset values e.g. r < ro. The wedge acts as a barrier for the option and expires
worthless when triggered. The price of such an option is given by setting N = 3 in the
N-dimensional ODE (3.18) in terms of the spherical variable 1, (3.29). The equation
will take the form

W 3dW  1dW

T oy taa = (3.30)

the solution of which will give the analytic form for the spherical moving barrier

W(n) = A / 2 exp Dds, (3.31)

satisfying the boundary condition at the barrier = no to be zero. We take the
constant A to be such that the price of the option at n = 0 (z; = z¢) is equal to one,
i.e. that

W = 212 s¥2exp (~)ds
n fno —3/2exp(—§)ds‘

(3.32)

Assume we have another three-dimensional wedge of the same nature as the one de-
scribed shrinking as time to maturity t; = 0 (¢ = T') approaches. The cross-section
of the wedge at a fixed time ¢; will be a fixed spherical region of the asset values e.g.
r > r; with r; < ro. The two spheres are concentric and act as a double barrier to
the option. Both are of knock-out nature i.e. if either of the barriers is triggered the
option expires worthless. The underlying assets move along time in the area created
by the two spherical barriers. If the underlying manages to avoid hitting either barrier
during the life of the option, the option will expire taking the value of the payoff. For
the case where the two concentric barriers are knock-out an analytic solution for the
double wedge barrier cannot be found.

If the inner wedge is a knock-in barrier and the outer wedge a knock-out barrier
then an analytic solution can be written for the two barriers of the form

W(n’ tl)

M0 ¢—3/2 axp (—2)ds
) p( j)d (3.33)
4

f"o ‘3/2exp(— )ds '

for all time ¢; and with  given by (3.29).
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3.2.3 Five-Dimensional Example

In this section we approach the five-dimensional example by taking the radial problem
introduced by Firth and Dewynne [21]. Suppose we have an option with five underlying
assets and assume we have a single barrier in the form of a wedge (shrinking as time
¢1 approaches zero) i.e. of the form r? = 7(¢; + to) with 72 = Y3 2;? where z; are
the number of assets of the option. The option moves outside the barrier and when
the barrier is hit it gives the value one. At infinity the value of the option is zero. The

similarity variable for the five dimensions is
5 .72 2
Z'L:Tlxl=t1+t0, or %=t1+t0, (334)

with the corresponding ODE for N = 5 taking the form

AW 5 dW  1dW

@ T Tid (3:35)
and the corresponding radial PDE given by
2
o fd;f (3.36)
The solution of (3.35) will be equal to
Win) = A/ /% exp Z)ds, (3.37)

satisfying the boundary condition at infinity, W (co) = 0. We choose the constant A
such that the boundary condition at the barrier n = v is satisfied, W(y) = 1. The
analytical solution for the single expanding barrier will then be

W (n) = Jy 5™ bexp (~4)ds (3.38)
f,yoo s~52exp (—5)ds’ '
subject to the boundary conditions
W(vy,t1) =1, W{(co,t1) =0, (3.39)

and payoff consistent with (3.38) with n =
The solution (3.38) can be written in terms of error functions

W(ﬁ) =C [ﬁ (erf@ - 1) +2n~ 2 exp (—n/4) (1 — %)] , (3.40)
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where C = —3[¥E(1 — erf ) — §Zexp (—7/4)(5 — 2)]7".

As mentioned in the previous section for the three-dimensional example, we can

write the problem of Firth and Dewynne [21] as follows,

w _ew 4w
dt;  dr?2  rdr’

subject to the following boundary conditions
Wn) =1, W(no)=0. (3.41)

Taking the outer boundary condition at 7 = o to be zero with 7o being large, matches
the boundary at infinity given by Firth and Dewynne. The analytical solution to the
problem will then be

W(’I], tl)

10 5=5/2 exp (—2)ds
Jy p( j) (3.42)
4

- f:{o s75/2exp (—4)ds’

with payoff consistent with the similarity variable solution (3.42).



4. BLACK SCHOLES EQUATION WITH STEP BARRIER

In this chapter we price a European option under the effect of a continuous double
barrier. We work with time ¢; = T — ¢, so t; > 0 measures the amount of time
from the payoff t; = 0 (t = T). We assume there is a barrier in the form shown
in figure 4.1. The actual barrier is that described for ' > xy by the shaped barrier
Ay By BoC1C3 D1 Dy together with its image in the ' = g axis. This shaped barrier lies
between two straight lines 4, B1C1D; and Ay B3Cy D4 with similar images in 2’ < zg.
The solution for the stepped barrier is effected via Fourier series between the upper
and lower barriers, both sets being knock out. Special care needs to be taken between
steps as the Fourier series is reconstructed e.g. for ¢; > ¢]* and t; < 7%, ete.

For a single asset option, the two wedges will have the shape of four lines narrowing
as t1 approaches zero and will act as bounds to the step barrier. If the option has two
assets, then the wedges will form a double barrier. The Fourier series step barrier will
have the shape of a cylinder of constant radius with a circle as the cross-section at fixed
time ¢;. When the jump occurs the cylinder will shrink to a smaller one of smaller
radius which will remain constant till the next jump.

In this section we examine the case where the wedge is one-dimensional and more
specifically the behavior of the step barrier option compared with that of an inner and
outer wedge barrier. We verify that the outer wedge barrier acts as an upper bound
to the step barrier.

We consider a European option with the value given by the Black-Scholes equation
o2V ov

B-SE-FT‘SB—S-—TV:O, (4.1)

"5t—+20'5

where S, S, Sy are scaled on Sy and the above equation can be written in the form

of the heat equation

ow _&w

ot1 T ogx2 (4‘2)

by using the transformations

V(S,t) =exp(—r(T —t)U(S,t), 7=T-1t, x=logs,
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W, (x)

1(x")

1 r o
U = exp (az + BT)W(z,7), C“=§—"§: ﬁ=—'——§;§+§, t1=?‘r.

We return to the heat equation (4.2) and move the origin by setting #’ = z — zg. The

equation now will be

oW _ W

5l ~ o7% (4.3)

Applying separation of variables we can write the solution of the above equation in the
form

W (z',t1) = exp (—k?t;)(acos (kz') + bsin (kz')).

For the payoff at t; = 0 (¢t = T) we go back to the expanding barrier mentioned in
chapter 3. At ¢; = 0 the step barrier given by the Fourier series solution will be the
same as the solution for the expanding barrier evaluated at t; = 0. Note that the
Fourier series method can deal with any payoff. At that time the width of the barrier

is equal to p = % and so the boundary conditions at the barrier will be

Wo=0, when n=r=|2'| =7Vt or 7' =xwmi.
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Since we have assumed that the barriers expand symmetrically about zp, the slopes
will be symmetric around the z-axis. The initial condition to the problem is an even
function which makes the resulting series for the step barrier a cosine series with general

term

W(x',t1) = aexp (—k%t;) cos (k') . (4.4)

At the barrier +7y24/Tg, W = 0 and the value of k will be equal to k = kny = (;N;:;%”,

where ky are the eigenvalues. Hence the solution takes the form

(2N +1)%x? 2N+ )7 ,
W(z',t1) E an exp ( o 1 | cos el ), (4.5)

where the barrier condition is automatically satisfied.
At t; = 0 equation (4.5) becomes

W(z',0) Z an cos( 22];;1_) x'), (4.6)

where the function W(|z'|,0) is the payoff at time ¢; = 0, equation (3.8), i.e

f’yz exp (—%z)ds L erf(%)
o’ exp (—%)ds erf(%) ’

Wa(|2'],0) = W(|«'|, 0) = (4.7)

where n = % In terms of the original variable S the payoff will have the form

S )%—Jy erf(—l—zlog(s So )

(=) e 2V
VZ(SaT) - (SO erf(jf) 3

and will look like in figure 3.3. .
To determine the Fourier series coefficient ay we multiply equation (4.6) by cos (% x’)

and integrate with respect to z’ from —~24/%¢ to y2+4/%0,

Y2v/t0
/ W (|z'|,0) cos (M x’) dx’
123/%0 272vt0

B [ o (AT ) o (B D)
=N o\ 2evh 272/fo
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Using the orthogonality condition

oo 272/t 272/10

{ Y2v/to
—v2vio

for M = N we have

0

2v2+/to

[cos(i——iDE ')]de' fM=N

JifM#N

H

o — fj?y;/\/_—W |x’|,. 0) cos (g—\/— ) dz! fgzﬁW(w’, 0) cos (_——L(Ziv;\_/ljz ’) dz’
A N S

or equivalently

4

aN =

(2N + 1)m3/2\/1g erf

() Jo 4tg 2712v/t0

yy,@&

In order to numerically evaluate the Fourier coefficients we choose the outer barrier to
be equal to 2 = 2.0 and the time where the wedge starts growing to be tg = 0.2. The
computations are implemented using Maple V 8.00 and are fast and accurate. The
computation becomes costly after the barrier has jumped a number of times. This is
because of the number of nested integrals required to be solved in order to compute
the Fourier coefficient. In table 4.1 we have listed the first 30 terms of the coefficient

apn corresponding to these values for 2 and tg.

Values of ay

ap = 0.7113763244

a1 = 0.1564700605

az = 0.04080012711
az = 0.02404243980
aq = 0.01283352767
as = 0.009415706921
as = 0.006220976538
a7 = 0.004992541420
ag = 0.003662412022
ag = 0.003087605355

a1o = 0.002410676422
a1; = 0.002096716859
a12 = 0.001706250958
a1z = 0.001516345435
a4 = 0.001270935976
a15 = 0.001147436151
ale = 0.0009832396767
a7 = 0.0008984567600
a1s = 0.0007832365889
a1g = 0.0007225357306

age = 0.0006385924265
ag1 = 0.0005936503987
ag2 = 0.0005306115373
azz = 0.0004964121563
a4 = 0.0004478731469
ags = 0.0004212476311
age = 0.0003830807630
a7 = 0.0003619477706
agg = 0.0003313958261
agg9 = 0.0003143426361
agzo = 0.0002895071013

Tab. 4.1: Values of the Fourier coefficient ay for N = 0..30.

So far we have found the Fourier series solution (4.5) of the step barrier using the value
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of the expanding barrier Wy as the payoff. We are interested in plotting the Fourier
series solution for different values of ' > 0 as a function of time t;. For this purpose
we take four different values for 2/, 0 < 2/ < 72+/fo = 0.8944271910, e.g. z; = 0.2,
x9 = 0.4, z3 = 0.6 and z3 = 0.8 (close to the wedge barrier). With ay takiﬁg the values
shown in table 4.1, the behavior of the solution (4.5) in time ¢; can be seen in figure
4.2. When the underlying is closer to the barrier (lower dotted line), the value of the
option becomes cheaper because the asset has more chances of hitting the barrier and
expiring worthless. As we move further away from the barrier the value of the option
becomes more expensive, as the chances of hitting the barrier have decreased and the
holder of the option has better chances of reaching maturity and exercising the option.
Moving away from maturity makes the value of the option decrease exponentially. For
the cases where 2’ = 0.4 (upper dotted line), 2’ = 0.6 (lower solid line) and 2’ = 0.8
(lower dotted line) when the underlying is close to maturity the value drops since there
are still chances of hitting the barrier. For 2’ = 0.2 (upper solid line) the price of the
option has a normal behavior (increasing exponentially till reaching a maximum value

obtained at the payoff) as it is far away from the barrier and hence not effected by it.

Fig. 4.2: Plot of the Fourier series solution W (x/,t;) against time ¢,. From top to bottom, for
z’ = 0.2 (upper solid line), 2’ = 0.4 (upper dotted line), ' = 0.6 (lower solid line)
and for 2’ = 0.8 (lower dotted line).

In terms of the variable z and real time ¢ the solution will become

V(z,t) = exp(—r(T — 1)) exp [(% - l) - (383 + % - g) (T - t)] (4.9)

o2

A _(2N+1)27r202 5 cos (2N + 1)m o
NZ_:oaNexp[ e t)] [ Tl | ")]'
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Writing the full solution in terms of the original variables S and t will give

2 2

V(S,t) = exp(—r(T — 1)) S2™7 exp [— (% + 2—:73 - g) (T — t)] (4.10)

xX
(2N + 1)*n%0? (2N + )7 ( S )
E T (T - ACMLLPLU Y i B
2 an exp [ %% (T —t)| cos i n 5

The corresponding plots for the same values of x for § will look like in figure 4.3 with
the barriers taking values exp (£724/%0) (taking v2 = 2, tp = 0.2, T = 100, r = 0.05 and
So = 1). Note that S is scaled on the initial asset value Sp. From the transformation
in time t; = %%(T —t) the time to maturity depends on what value the volatility takes.
For our problem we have chosen ¢ to take value 0.2 and maturity 7 to be 100 days, or
around 0.3 years, (leaving the variable t; to take values, 0 < t; < 2). So in real time
the life of the option goes from 0 to 100, whereas in the ¢; variable it will take values
from 0 to 2. Similarly as we discussed for the previous figure when we are away from
maturity the value of the option is very small almost zero, for large values of time. As
we move towards the payoff, the price of the option increases to reach the final value
it will take at expiry. At S = exp (0.2) (top solid line), the asset is far away from the
barrier and has very little chances of hitting the wedge, giving the holder of the option
the benefit to profit when reaching the payoff. As we move closer to the shrinking
barrier, the chances for the underlying of hitting it increase making the value of the
option to drop just before reaching the expiry date.

08

0.6

0.4

0.2

Fig. 4.3: Plot of the Fourier series solution V' (5,t¢) against time ¢ for & = exp (0.2) (top solid
line), § = exp(0.4) (top dotted line), § = exp(0.6) (lower solid line) and for S =
exp (0.8) (lower dotted line).
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The Fourier series barrier moves in time #; till it reaches the inner wedge W;
(£7114/t5 + to) at time ¢ say. When the inner wedge is hit, the barrier jumps till it
hits the outer wedge Wy (£7v24/t] + to) at Bg, By and continues it’s course at that
level. This can be seen in the sketch at the beginning of this chapter, figure 4.1.
The point where the Fourier series solution barrier hits the inner barrier Wi is at
(114/t0 + 5 = y24/%0, t}) (point By in the sketch) and it jumps to meet the outer wedge
at the poin,t (v24/to + t5,t1) (point Ba). The width of the new barrier £v24/t0 + ¢]
will be —ZL- and the boundary condition will become

\/to+t]

Wo=0 at n=—l" oo/ =BT E.
Vio+t

Note that the notation used for the value of the option (W, Vi, Wis, Vis, Wiass, Viss)

is not the derivative of the option with respect to the underlying asset S, but actually

the value of the step barrier option for every jump.

At the point B, the solution for the new step barrier is of the form

o0
2N + 1)272 (2N + 1)n
We(x', t) = E byexp (——(—————————-t cos | ————=1'], 411
et N=0 4Bt +17) 2v2\/to + 1 @1y

with corresponding eigenvalues ky = %. Note that vy; and 2 correspond to
the two wedges Wi and Wy respectively. To 1ﬁnd the value of v, we fix the point
t1 = t] where the step of the barrier will occur, say ¢} = 0.3, and equate the equation
of the inner wedge W, with the Fourier series solution (4.5) at time ¢{. From that we
find that the value of v is 1.264911064 making the point at A; have value equal to
v1v/%o = 0.5656854249. At By the value of =’ will be equal to y1/to + & = 12/%0 =
0.8944271910 and at By it will be equal to 'yg\/m = 1.414213562.

At t; = 7 the following equality holds

[e0]
: 2N 272
W', t) = 3 byexp (_(2+_1>7:t;>cos N+ T ) (4.12)
Neo 4’)’2 (to + tl) 2v9+/to + tl

Where the left-hand-side is the ‘payoff’, equal to the Fourier series solution (4.5) eval-
uated at t7,

o0
2N +1)272 (2N + 1w
Wiz’ ) = an ex (—(—t* cos | ——==—1z' ), 4.13
@) = Y awesp (5 s (5002 (4.13)

valid for —ya+/%p < =’ < y2/To and zero for —ya+/to + 1] < &' < —y2+/tg (B5B]) and
Yevo < &' < ya/to + 1] (B1DB2).
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To find by we multiply equation (4.12) by cos (2;% :z:’) and integrate with re-

spect to o’ from —vy2+/to + ¢ to 2/t + 11,
i oM +1)7 2N +1)272
/ W (z',t}) cos (——}_* ! Z by exp (—(—2——:’_—-—)—1:— tf)
o 2v24/t0 + 1] 43 (to + 17)
/ o o @N+ D cos (@M + L)r x| dx'
cos | —0——= - .
—v2r/tot ] 272/t + 8} 272+/t0 + 11
Using the orthogonality relation

VerE (N tur eM+1r [\
cos | ————=1 |cos| ——F—===< dr
2 /tott] 2724/t0 + £} 2v2+/t0 + t]

0 M AN
2
f””tﬁt*[ (;ZN%P ’)] do’ fM=N"
0 0

the formula for calculating the coefficients by is

72v%o W(z',t}) cos (i___2N+1) ') dr’

9 f’v Vio 2y2+/to+t]
CN—_—bN,eXP( (lt_)___t*) Ve VO 5 ,
473 (to +t1) f'vz\/to+t1 os [ CNEDT | g
to+t* 272~/ /to+t]
or

Y2/t (2N+1)272 @N+D)7 @N+Dm ’
f_w\/— [ZN 0 &N €Xp ( o tf) cos( Gy el )] cos (272mx) dx

CN = 3
24/t +t
f7 0 1* os 2N+1)m z! de!
24/ to+t] 2v2+/to+i]

Hence the solution for the step barrier By By will be

ad 2N + 1)%r? (2N + )
Ws(z', 1) = CN exp (—(—* t1 —t7) Jcos | ———2=12"|, 4.14
° ) 1&) 47§(t0+t1) (b — 1) 2724/t + 1] ( )

where the coefficient ¢y for v = 2, tg = 0.2, t} = 0.3 takes values given in table 4.2.
At t; = t} the value of the outer wedge W will be equal to the value of the Fourier
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Values of ¢y

¢o = 0.2065682433
c1 = 0.08622632873
ce = —0.006339344017
cg = —0.009555237236
¢y = 0.006399201682
cs = 0.0003231152512
ce = —0.003203206373
c7 = 0.001765751756
cg = 0.0007529758979
cg = —0.001582393805

c11 = 0.0007045306754
c12 = —0.0008719099476
c13 = 0.00009339482748

c14 = 0.0005818874146
c15 = —0.0004823119608
c16 = —0.0001050884504

c17 = 0.0004536626238
c18 = —0.0002445516252
c19 = —0.0001873174857

coo = 0.0003360928752

c21 = —0.00009294362029
coo = —0.0002103282783
ca3 = 0.0002336363109
cgq = 0.000003597084514
cz5 = —0.0002010750970
cg¢ = 0.0001474337726
cp7 = 0.00006219576835
cgs = —0.0001742638150
cp9 = 0.00007744184769
czo = 0.00009357835777

c10 = 0.0005539015719

Tab. 4.2: Values of the Fourier coefficient ¢y for N = 0..30.

series W, making the outer wedge Wy the upper bound of the Fourier series solution

fnlz exp (— %2) ds
) exp (— %2) ds

Wa(|2'l, 1)

o0
(2N + 1)%7? ) 2N+ r |,
= by exp (—————————;—- t; ) cos | ———=—=1'], (4.15)
szzo 43 (to +17) 2724/t + 1}
||

where * = T If we take a point situated under the Fourier series step function

and evaluate both the wedge solution, W, and the Fourier series solution, Ws, at that
point, we will find that the value of W is greater than the value of Wy, making the outer
wedge an upper bound for the Fourier series. For example taking the point (z/,¢) =
(1.2,0.5) the value of the wedge W» is equal to 0.1817907719 which is more expensive
than the value of the Fourier series evaluated at that point, W = 0.03190149234. This
is something we expect as we used the outer wedge as the payoff in calculating the
original Fourier series solution W (for Ap;B;/A4B1).

In figure 4.4 are shown the plots of the solution (4.14) against time ¢; for different
values of 2/ > 0 inside the barrier. We have chosen the volatility to have value ¢ = 0.2
and the expiry date having value equal to 100 days. So the range for time for the price
of the option will be 0.3 < #; < 2.0 and in real time 0 < ¢ < 85. If the underlying is
far away from the barrier BoCy = 1.414213562 (figure 4.1), at 2’ = 0.2, the underlying
of the option is too far to be strongly affected by the barrier and has the behavior
expected from the solution (upper solid line in figure 4.4). As time gets closer to
maturity, the value of the option increases to a maximum value obtained at the time
when the jump occurs and continues to increase till it reaches expiry. The buyer of
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such an option will have to pay more to enter such a beneficial position. As we move
closer to the wedge at positions 2’ = 0.6 (middle solid line), &' = 0.8 (bottom solid line)
and 2’ = 1.2 (bottom dotted line), in figure 4.4, we observe that when the underlying
is close to the jump at t; = 0.3 (closer to the y-axis) the price is strongly affected by
the barrier. As the asset moves towards the jump it has more chances of hitting the
barrier than avoiding it and successfully entering the shrunken barrier B1B;. Hence
at such a position the value of the option drops. Under these circumstances the holder
of the option is not in a favorable position as the price of the option has dropped with

a strong chance of expiring without profit.

Fig. 4.4: Plot of the step Fourier series solution Wy(z',¢,) against time. From top to bottom,
for 2/ = 0.2 (solid line), ' = 0.4 (dotted line), =’ == 0.6 (solid line) z’ = 0.8 (solid
line) and for =’ = 1.2 (dotted line).

The full solution for the step barrier at BoC1/B5C] = £y14/to + t] in terms of the
original variables is

r

Vi(S,t) = exp(—r(T —1t)) ST 7% exp [— (%2 + -2—(-; -~ -2—) (T — t)] (4.16)

Z CN €Xp [ @N+ 1m0 —(t* - t)] cos |i——(2N + O g, (£>J
(k0 +1}) 2 270/l +8 \S/]
the graph of which can be viewed in figure 4.5 (S is scaled on the initial asset value
So). We plot the solution of the step barrier at BoC)/B,C} against time from 0 to 85
where the jump occurs. The time where the jump occurs can be seen from the vertical
line at the graph situated at ¢* = 85 (¢} = 0.3). The explanation we give for the curves

is similar to the one we gave for the curves in figure 4.4. It can be seen that for small
values of S far away from the wedge barrier, the price of the option is not affected
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and does not drop as it approaches the jump (top solid and dashed lines in figure 4.5).
When the asset is close to the barrier and near to the time of the jump (middle and
bottom solid lines and bottom dashed line in figure 4.5), the price of the option drops
dramatically. The possibility of hitting a nullified region increases leaving very little
chances for the underlying to fit in the region of the new shrunken barrier.

0.08

0.06

0,041

0.021

Fig. 4.5: Plot of the step Fourier series solution V;(S,t) against time ¢, from top to bottom,
for § = exp(0.2) (solid line), § = exp (0.6) (dotted line), S = exp (0.8) (solid line),
S = exp(1.2) (solid line) and for § = exp (1.3) (dotted line).

Suppose that at time ¢; = t}*, say, the Fourier series solution (4.14) hits the
inner wedge W) at the point Cy (at v \/m) and jumps to the point Cs (at
Y24/t + ] + t;*) where it meets the outer wedge Ws. The time where the next jump
will occur will be at

Yo/to + 15 =l + 6 + 6 = t]* = 0.75.

At that time, the Fourier series solution for the new barrier (+v2+/tp +1t] + 17 =
+2.2361) will be of the form

(oo}
2N 4 1)%72 2N +1
Wes(2/, 1) = E dn exp (— g + *) W** tl) Cos (2N + *)W —z' |,
= 4v3(to +t7 + t7%) 292\ /to + t + t5*

(4.17)

with corresponding eigenvalues ky = __@NHIT__ - The width of the new barrier

T 2y Sto
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tvy2+4/to + t7 + 17 will be ﬁ and the boundary condition will become

Vo F &+

At t; = t7* the following equality holds

Wiz, 8]) = Wes(2,27%) (4.18)
N+1 2N +1)27?
— e (O o ()

where the left-hand side is given by (4.14) evaluated at ¢; = t1*, valid for —yp/to + 1} <

2’ < vy/to + 1t and is zero at the regions —yp+/to + 7 +11* < 2 < —y/lo+ 8
(CQC{) and 94/t + t’{ <z < Yo+/to + t’{ -+ t’{* (0102)

@M T __ /) and integrate with respect to
2v24/to+i] +17

z' from —vyp4/tg + t} + t1* to 12+/to + ¢} +t*. Using the orthogonality condition as

before, when M = N, equation (4.18) becomes

Y24/ to+t] 2N 1
/ W(a!, t1*) cos (2N + *)W — ' |dz’
~724/to+t] 292/t + 1] + 1]

T 2
(@N +1%x2 |\ [reVeHi eN+Dx N,
= dyexp|—=— —— 1] cos — dz’,
' dyy(to + 1] + £1%) o+t +]" 224 /t0 + 1] + 1]

We multiply equation (4.18) by cos (

or else

]")’2\/t0+t’1k Ws(x,’t,{*) cos ( 2N+1)w x/) dz'

2 /Tt 2y2+/toHE]+E (4.19)
en = 5 , .
f7 Viettith — |cos _@NHUT__ )| gy
ar/lo+E+1] N T L

_ 2N+1)272 ok
where ey = dy exp ( pr TP ).

Hence the Fourier series solution for the step barrier +vy24/tg + ] +¢7* is

(2N +1)%7? o ) (2N +1)m ,
s(2',t1) eNexp | — t1 —t¢ cos ),
Waal(@'s 1) Z o p( R gy ) 272/t + 6 + 1
(4.20)
where the coeflicient ey for vo = 2, tg = 0.2, t] = 0.3 and t}* = 0.75 takes values given

in table 4.3.
In figure 4.6 are shown the plots of the solution (4.20) against time t; (0.75 <t < 2)
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Values of ey

ep = 0.08676198999
e1 = 0.03650317000
ep = —0.002319828039
e3 = —0.003916151403
eq = 0.002638624099
es = 0.0001335031823
es = —0.001324772326
er = (.0007306768033
es = 0.0003116930022
eg = —0.0006551815695
e1p = 0.0002293777166

e11 = 0.0002917904919
e12 = —0.0003611459178
e13 = 0.00003868698268
e14 = 0.0002410490672
e1s = —0.0001998086653
e1s = —0.00004353690026
e17 = 0.0001879528450
e1s = —0.0001013205887
e19 = —0.00007760952662
ez0 = 0.0001392528694

eg1 = —0.00003850981413 |

egs = —0.00008714764096
ea3 = 0.00009680629765
eaq = 0.000001490455874
egs = —0.00008331637588
ezs = 0.00006109036287
ezr = 0.00002577151126
eag = —0.00007220863912
eg9 = 0.00003208930048
esp = 0.00003877594374

Tab. 4.3: Values of the Fourier coefficient ey for V = 0..30.

for different values of 2’ > 0 inside the barrier [C2D1,C4D}]. Again, for small values
of #’, the price of the option is high compared to the price it takes when z'’s get large.
As the z'’s get larger, closer to the expanding barrier, the price of the option gets
cheaper to become zero for the case where the underlying has reached the jump. The

Fig. 4.6: Plot of the step Fourier series solution We,(x,¢;) against time , from top to bottom,
for ' = 0.2 (solid line), ' = 0.6 (dashed line), ' = 0.8 (solid line), =’ = 1.2 (solid
line) and for z’ = 2.0 (dashed line).

full solution for the step barrier at +7v14/to + ¢} + t}* in terms of the original variables
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Fig. 4.7: Plot of the step Fourier series solution Vi4(S,t) against time , from top to bottom,
for S = exp (0.2) (solid line), S = exp (0.6) (dashed line), S = exp (0.8) (dotted line),
S = exp (1.2) (dashed line) and for S = exp (2.0) (solid line),

will be

Vs (S, 8) = exp (=1 (T — 1)) ST~ % exp [— (5’; + 5—2 - g) (T - t)] (4.21)

o0]

_ 1 2.2 2 1
>~ ewerp [~ T IS )] os | - CTED (2]
foart 4y (to + t] + t7*) 2 2724/t0 + 1§ + 13 S0

In figure 4.7 we plot the solution Vi4(S,t) for the step barrier [C2Dq, C4D]] against
real time ¢ (0 < t < 62.5). Note that S is scaled on the initial asset value Sp. For large
values of S (close to the barrier CoD1/C4 D) the value of the option drops significantly.

Next suppose that at ¢; = ¢}™* the Fourier series (4.20) hits the inner wedge at
Dy (at y2+/to + t] + ¢}*) and jumps to the point Dy (at y2+/to + t} + t}* + t7**) of the
outer wedge. The jump will occur at time

PVl + 1 + 17 = 11v/to + 8] H T H T = 17 = 1.875.

At that time, t§** the barrier has jumped to values +7y,+/to +t] + t§* + 7™ and the
Fourier series solution will have the form

o0]
2N + 1)2n2 2N +1
Wsss(ml’tl) = Z fN exp (_ 2 ( *+ )*:r Kook tl) cos ( :_ )Zi T CE,) .
N=0 43 (bo + 11 + 117 +41™) 272y/to + 1} + £} + £

(4.22)
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At ¢, = t1**, (4.22) will become

o
(2N +1)%x? . > (2N + 1)m ,
%% opERRy — _ F A x|,
oss (@, £17) NZQOfN exp ( Wttt +a) L )\ et Bt T
(4.23)

where the left-hand-side is equal to (4.20) evaluated at ¢7**,

2 2p2 2 1
ss .CC t*** Z eN exp (_ g N+ ];) ™ _ (tT** _tai:*)) cos ( N + )ﬂ' .TJ, ,
475 (to + 7 + 1) 2y94/to + t} + £7*

(4.24)

valid for —y24/to + & + t3* < &’ < v2+/to + &7 + t7* (D} D) and zero in the intervals
—ya/to + ]+ H 17 < ' < —ma/lo + ]+ 8% (DyD)) and v24/to 4+ 1] + 177 <
T < ’)’2\/t0 + f{ + tf* + tf** (D1D2)

Multiplying equation (4.23) by cos (

(2M4+)w
2y24/to+if HT +HIT

to 2’ from —v2+/to + ] + 177 + 17 to y24/to + t] + 1}* + 17 we get

v24/to+t] +11* ; AN+ , ,
f * [T) Wss( ’f{**) cos ( * )-u- o z d.’I;
y2a/to+t+t] 2y24/ b0+t 1]+t
2
to+t] +t7"+t7*
f cos (2Nf1):i — 1/ dz’
v2q/to+t T+ 2v2/toHT HT HET

using the orthogonality condition (when M = N), where

_ (2N+1)2 2 stk
gN = €N eXp ( (t0+t*+t**+t*** t .

Hence the Founer series solution for the step barrier £7y2+/to +t] + 7" + 7% is

z’ > and integrating with respect

gN = , (4.25)

(2N + 1)2772 kK
,t = — -t 4.2
Wsss z’ 1) Z EN €Xp ( 4’)’22(t0 T t’f T ts{* T t’f**) (tl 1 ) ( 6)

2N+ 1)m /
cos T |,
272+/to + B} + 85 + 17

where the coefficient gy for 72 = 2, tp = 0.2, ¢] = 0.3, ¢7* = 0.75 and #7** = 1.875
takes values given in table 4.4.
The full solution for the step barrier at +vy2+/to + ] + £1* 4+ t}** in terms of the original
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Values of gy

go = 0.03644113456
g1 = 0.01533277474
g2 = —0.0009731841039
gs = —0.001644500363
g4 = 0.001108087526
gs = 0.00005606547554
ge = —0.0005563505998
g7 = 0.0003068559987
gs = 0.0001308993793
go = —0.0002751522322

g11 = 0.0001225415895
g12 = —0.0001516685038
g13 = 0.00001624717241

g14 = 0.0001012321951
gi5 = —0.00008391269325
g1e = —0.00001828398861
g17 = 0.00007893370621
g18 = —0.00004255115938
g1e = —0.00003259333319
g20 = 0.00005848142910

g21 = —0.00001617280443
go2 = —0.00003659902886
go3 = 0.00004065534015
go4 = 0.0000006259398367
gos = —0.00003499003860
g6 = 0.00002565587354
go7 = 0.00001082315705
gos = —0.00003032517326
g2 = 0.00001347641678
gso = 0.00001628457913

g1o = 0.00009633036139

Tab. 4.4: Values of the Fourier coefficient gy for N = 0..30.

variables will be

Vies(S,t) = exp(—r(T —t)) S22 o N r-y| @
585\, = exp % exXp ) 552 5 .
o«
(2N +1)%n? 02 ]
- (-t
szoe"’e){p[ 7 R IR )

. (2N + 1) ( S )
cos In{ = .
272/To + ]+ + 7 \So

Note that Vs is the notation for the value of the option after the third jump of the
barrier. In figure 4.8 are the plots of the solution (4.27) against time ¢t (0 < t < 6.25)
for different values of S > 0. The value of the option after the third jump of the barrier

is very small, as the underlying has more chances of hitting the barriers and is far away
from maturity. _

In figure 4.9 we plot the Fourier series solutions for every step barrier occurring during
the life of the option from t = 0 to expiry T = 100 evaluated at S = exp (0.4) (note
that S is scaled on the initial asset value Sp). The position of the point taken can
be seen in figure 4.10 at 2’ = 0.4. The times where the jumps occur are at t* = 85,
t** = 62.5 and t™* = 6.25. At the expiry date t = 100 days, the value of the option,
V(S,t) (for 85 < ¢t < 100), has a certain value which decreases as time moves away
from maturity (moving backwards in real time). As the first jump takes place at
t* = 85 days, the value of the option V;(S,t) (for 85 < t < 62.5) continues to drop
exponentially. After the second jump, at t** = 62.5, the price of the option V,4(5,t)
(for 62.5 < t < 6.25) becomes even smaller reaching a very small value after the jump
at t*** = 6.25, for Viss(S,t) (for 0 < t < 6.25). At time far away from maturity the
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Fig. 4.8: Plot of the step Fourier series solution Vi.s(S,t) against time, from top to bottom,
for S = exp(0.2) (dotted line), § = exp (0.6) (dotted line), S = exp (0.8) (solid line)
S = exp(1.2) (solid line), S = exp(2.0) (dotted line) and for S = exp(2.2) (solid
line).

value of the option is quite cheap for two reasons, One is because the underlying is far
away from the expiry and the other is because the underlying has more time to move
and hit the shrinking barrier (wedge), which decreases symmetrically till reaching the
values +724/%9 at maturity.
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Fig. 4.9: Plot of the step Fourier series solution throughout the life of the option for S =
exp (0.4).

Moving position to S = exp (1.0) (where S is scaled on Sp), dashed line ' =1 in
figure 4.10, one can see the graph for the step barrier in figure 4.11. The value of the
step barrier is plotted against real time till 25 days prior to expiry (0 < ¢ < 85). This
is because at that level the value of the barrier option V' (valid for 0 < ¢t < 100) is zero,
as the point taken is outside the barrier region. The figure includes only the other



4. Black Scholes equation with step barrier 68

three step barriers, namely V; (for 62.5 < t < 85), V, (for 6.25 < t < 62.5) and Vi,
(for 0 < t < 6.25). The value of the option is cheaper compared to the previous graph
since the underlying is further away from expiry, increasing the chances of hitting the
barrier. As the option moves towards maturity (towards ¢t* = 85), the value increases
reaching a highest value, which is the best possible case scenario for missing the barrier.
As soon as that point is bypassed the value drops dramatically, since the underlying
has no time before the jump to manoeuvre without hitting the barrier or the nullified
region created by the jump (B1B2/B}B; in figure 4.10).

Fig. 4.10: Jump of the barrier at times ¢ = ¢}, £ = {}* and ¢ = {7*".
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Fig. 4.11: Plot of the step Fourier series solution throughout the life of the option for § =
exp (1.0).



5. N-DIMENSIONAL BLACK SCHOLES EQUATION

Multi-asset options have payoffs depending on the underlying price of more than one
asset. These options are also called basket options which are derivatives where the
underlying asset is a basket of various financial instruments.

There are certain factors that make the pricing and hedging of multi-asset options
difficult. Some of them are the dimensionality, i.e. the number of underlying assets,
the existence and derivation of a closed-form solution as well as the path-dependency.
The dimensionality refers to the number of underlying assets in an option as well as the
number of independent variables. There can be two different types of dimensionality.
One is in the case of weak path-dependent contracts, like barrier or basket options,
where the dimensionality of the option depends only on the underlying asset and time.
The other type of dimensionality is in the case of strong path-dependent options where
the price of the option depends on a third independent variable, such as lookback or
Asian options. The new variable can be an average of the asset price to date (Asian

options) and will be discussed in later chapters.

5.1 N-dimensional Black-Scholes equation

Suppose we have a multi-asset contract in a risk-neutral world. The option has N
underlying assets with maturity 7. During the life of the option the assets move freely
in the area created by two knock-out barriers. If the underlying hits either barrier, the
option expires immediately with the value zero otherwise expires at maturity 7. The
two barriers are fixed in S space. We transform the problem to a radial problem and
solve it using the WKB method (named after Wentzel, Kramers and Billouin). We
also express the solution in terms of Bessel functions of first and second kind. The two
barriers remain fixed in the r space.

We work with ¢t7 = T — ¢, so ¢; > 0 measures the time left to expiry at ¢4y = 0
(t = T). We refer back to the /N-dimensional equations stated in section 3.2. The
N-dimensional version of the Black-Scholes equation can be written in the form of the
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heat equation

oW _ - OW 6.1
(9151 p=1 (9."17;,2 ’ ’
subject to the boundary conditions
W=0, at z=zj, (5.2)
W=o0, at T=z0, (5.3)

where 7 is the inner barrier and xo the outer barrier. Converting the N-dimensional

cartesian heat equation to polar coordinates takes the form

oW _&W  N-1oW

4
Oty Or? + r Or’ (5:4)
with
W=0, at r=ry, (5.5)
W=0, at r=10, (5.6)

where r7 and ro are the inner and outer radial barriers respectively. At this stage the
shape of the radial barrier is not specified.

Going back to the PDE (5.4) we use separation of variables by setting W(r,t1) =
R(r)T(t1). The ODE for R(r) has the form

d*R N-1dR

— 2 =
2t TAR=0, (5.7)

where A is the separation variable.
We seek a solution of the form R(r) = exp (f(r))R;(r) and the ODE (5.7) takes the
form
d*R,
dr?

N-1\dR n N—1
+(2f’+—r——)—d7%+(f”+f2+Tf’+,\2)R1=0.

We choose f(r) to be such that the first derivative disappears,

N -1

f(r)y=- In(r)+c¢, where ¢=0, (5.8)
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and the equation (5.7) takes the form

d’R; N-1 (N=-1?2
WZ_(W T ) (5:9)

The latter equation is of the form
ey’ =Q(z)y, Q(z)#0,with ¢ small,
with solution
y(z) ~ c1Q(z) 4 exp ( / \/———dT) + eQ(z) Y exp (——/ \/———dT)
(5.10)

This is found using the WKB method, e.g. Bender and Orszag [6].
For our case Q(r) = — (%ﬁl - —(—IY‘I:—%X + )\2) and the solution for (5.4) takes the form

©o . _1\2 -1/4
Wit = 3 Anexp () (N B )

— 2r2 472
N — 1 —1)2
sin (/ \/ 573 = ) + A2 d’r) , (56.11)
where A = 2i/ \/z_'cl, ¢ = —c1 and where the lower limit has been chosen such that

the boundary condition at r = r; is satisfied, (5.5). Applying the other boundary
condition at the outer barrier, (5.6), we find an equation for the eigenvalues A, valid
for N dimensions

N-1 N —1)2
/ \/ - 2) + A2 dr =nw, (5.12)

272

where IV denotes the dimension and n the numbers of nodes!. To determine the values
of A, we rearrange (5.12) so that it looks like

A+ N2rd — VA JA+ X2+ VA
—nwr=0

A+Mrd —/A+ ) %+—1n
\/ \/ A+ AL+ VA A+ X2 - VA

(5.13)

. — -1)? . .
where for convenience we have named A = 1;’—721 - @F;L. This equation must be

solved numerically.

! Nodes are the points of a vibrating string that do not move.



5. N-dimensional Black Scholes equation 72

The solution for (5.7) can be written in terms of Bessel functions
R(T) = (] rl_% J%_l(/\nT') + Cq rl_% Y%_l(/\n’r) , » (514)

where J and Y are the Bessel functions of first and second kind respectively with

argument A,r and fractional order % — 1. Applying the boundary conditions we have
1-N 1-N
Ch Ty 2 J%_l(/\nTI)‘l—CQ Ty 2 Y%_l(/\nn) =0, (5.15)
and
- 1-N
C] To 2 J%_l()\n"'O) + CZ To 2 Y%_l()\'nTO) =0. (516)

which may be written in the form

- 1N

r; ? Jﬁ_l()\n’f'I) rp 2 Yy _ (Anrr) Ci

-x Z I =0.
T ? J%_l()\nTO) To ° Y%_l(/\nro) Co

For a nontrivial solution we require the determinant of the 2 x 2 matrix formed by the

coefficients of C7 and C5 to be equal to zero so that C; and Cz are not identically zero

-4 1-4
rp Iy Qarn) rp P Ye Qwrn) |
1-N 1-& — Y
Ty ° J%_l(/\nro) To ° Y%_l(/\nro)

or equivalently

2

J%_l(/\n’r]) Yy _i(Anro) — J%_l()\nT‘o) Y%—l (Anrr) =0. (5.17)

Equation (5.17) gives the formula for finding the eigenvalues of the problem. Using
equation (5.15) the solution to the radial ODE (5.7) takes the form

X J _1()\117'1)
R(ry=Cir 2 J%_l()\nr) - m Y%_l(/\nr) , (5.18)

z

ol

The full solution of the N-dimensional problem in terms of the Bessel functions is

N
W(rt) =Y Dnexp(=X2t) =¥ [Viy 3 Onrt) iy () = Ty 3 Qhart) Yie_y )|
n=1

(5.19)

_ c
where D‘n. = W
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5.2 Three Dimensional Case

As an example of the multi-asset version of the Black-Scholes we focus our interest
on a three-asset basket option. The underlying assets move freely in time under the
effect of two barriers which have the shape of a sphere. The two spherical barriers are
concentric with radius r; and ro for the inner and outer sphere, respectively (r; < ro).
The barriers expand in time ¢; = T — ¢ creating two wedges shaped as cones which
shrink as t; approaches zero. The barriers are knock-out i.e. if either of the barriers is
triggered, the option expires worthless. If the underlying does not hit either of the two
barriers it expires with the value of one. We present the solution to the problem in
the form of Fourier series and then re-value the option when the two spherical barriers
have grown at some time, ¢} say. Throughout the life of the option the two barriers
maintain their knock-out nature.

Recall equation (3.15) for the multi-asset Black-Scholes equation in the form of the

N-dimensional heat equation

W XL W
Bt daldal’ (5.20)
1 =0 (L'p (L'p
which in terms of the polar coordinates takes the form
oW W N-16W
= = 21
oty or? + r Or’ (5.21)
subject to
W(r)y=0, at r=ry, (5.22)
W(r)=0, at r=rg,
and with payoff
W(r,0)=1. (5.23)

where 7y represents the inner spherical barrier and ro the outer spherical barrier with
r; < ro. For the three dimensional problem the above equation takes the form

oW _PW  20W
oty or2 ' r or’

(5.24)

For this particular case (3-dimensional) we can transform the above PDE into the heat
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equation by applying the transformation W = U/r,

ou 0%U
5.25
8751 87‘2 ’ ( )
with boundary conditions
U(ry=0, at r=ry, (5.26)
U(r)=0, at r=ro,
when the two barriers r; and rp are hit and with payoff
U(r,0) =r. (5.27)

We now find the Fourier series solution of the three dimensional boundary value
problem (5.25) and (5.26).
Using separation of variables for the heat equation (5.25) we have a solution in the

form
o0
Ur,t1) = > Apexp (=A2t1) sin (Au(r — 71)) (5.28)
n=1

which satisfies the boundary condition at » = r;. By applying the boundary condition

at r = ro the eigenvalues A, are given from the formula

nm

Ay = . 2
" ro—rr (5.29)
Recall
7'2 7'% 7'20
=" = - . 5.30
=+t " h+t = N+ 6 (5.30)

For the numerical interpretation we fix #; and no (n; = 1.0, 70 = 5.0, say) and let r;
and ro vary in time. At ¢; = 0, 77 and ro take values /0.2 and 1.0 respectively. Using
those values for 77, ro and taking tg = 0.2 we find the eigenvalues A, which are given
in table 5.1.

Taking into account (5.29) equation (5.28) takes the form

n2n? . nw
U(r,t1) ZA" exp ( o =) t1> sin (7‘0 o (r— r1)> , (56.31)

and satisfies the heat equation (5.25) along with the boundary conditions (5.26).
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CAn n An
5683194499 | 11 | 62.51513948
11.36638900 | 12 | 68.19833400
17.04958350 | 13 | 73.88152848
22.73277800 | 14 | 79.56472300
28.41597250 | 15 | 85.24791749
34.09916698 | 16 | 90.93111198
39.78236150 | 17 | 96.61430649
45.46555599 | 18 | 102.2975010
51.14875051 | 19 | 107.9806955
56.83194499 | 20 | 113.6638900

S @ Noots Wl =3

Tab. 5.1: Values of A\, for n = 1..20

At time ¢; = 0 the following equality holds

U(r,0) = ZA sin (ro — (r— r,)) : (5.32)

where the left-hand side is the payoff given by equation (5.27).
To find the coefficient A, we multiply equation (5.32) by sin (

P (r—r;)) and
integrate from r; to ro with respect to r. Using the orthogonality relation

To
/ sin ( nr (r— rl)) sin ( mr (r— rl)) dr
vt TO — 11 O =TI

0 ifm+#n
- f:lo [sin (ro"f” (r— rl))]z dr ,ifm=n

when m = n we have

frr,o U(r,0)sin (ro (- rz)) dr
frrlo [sin (To e (r— 'I‘I))] dr

where U(r,0) = r for this problem. For the values of ¢y, r; and ro mentioned earlier,

Ap = , (5.33)

A, takes values shown in table 5.2.
The full solution to the problem will be

(r. 1) io: 1 ném?
W(rt)=> A,=exp (———2151) sin (
T (ro—r1)

In figure 5.1 we have plotted the solution at ¢; = 0. The value of the option is trying

(r — r;)) . (5.34)

rTo—Tp

to adjust to the value of the payoff, 1, creating the shown discontinuity in the function
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A, n A,
0.9213247898 | 11 { 0.08375679907
—-0.1759573775 | 12 | —0.02932622958
0.3071082632 | 13 | 0.07087113765
—0.08797868875 | 14 | —0.02513676821
0.1842649580 | 15| 0.06142165265
—0.05865245914 | 16 | —0.02199467218
0.1316178271 17 | 0.05419557585
—0.04398934436 | 18 | —0.01955081972
0.1023694211 19 | 0.04849077842
—0.03519147551 | 20 | —0.01759573775

S ©oo ootk o =3

Tab. 5.2: Values of A, for n = 1..20.

known as the Gibbs phenomenon effect. The price of the option oscillates around the
value 1 between the two barriers at rf = /0.2 = 0.4472135955 and rp = 1.0.

08

0.4

0.24

Fig. 5.1: Plot of the series solution W (r, ;) for n = 20, at t; = 0 against r.

To correct this effect, we can take the Fejer sums® and write the solution (5.34) as

N
W(rt) =5 3 n. (5.35)
n=1

where

1 2.2
an = An — €xp —Ltl sin | — 2 (r—rr)}.
T (ro —r1)? ro — T

2 In 1900 Fejer published his fundamental summation theorem for Fourier series stating that the
arithmetic means of the partial sums of Fourier series of a continuous function converge to the function.
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Using this formulation, we plot in figure 5.2 the solution W(r,t1) at t; = 0 with the

discontinuity corrected.

0.8+

0.6+

0.4+

0.2

Fig. 5.2: Plot of the series solution W (r,t;) using the Fejer sums for n = 20, at t; = 0 against
7.

In figure 5.3 we plot the solution W(r,t1) against » for ¢; = 0.0001 (dotted line),
t; = 0.001 (dash dotted line) and ¢; = 0.01 (solid line). After a very small lapse of
time at t; = 0.0001 the discontinuity has smoothed out and at time #; = 0.001 even
more. At {; = 0.01 the discontinuity has faded away giving a nice smooth curve for the
value of the option when the underlying has moved away from maturity. As we move
away from the payoft the value of the option decreases. This happens as the chances
of the asset hitting either of the two barriers increase making the value of the option
expire worthless. The price of the option takes the shape of a curve after some time has
elapsed. This is because as we move towards the middle of the area created by the two
barriers the value increases as the chances of hitting any of the two barriers are very
small. The holder of the option benefits from this position, as the chances of avoiding
any of the two barriers and getting the payoff are good. The buyer will need to pay
more for this position as he will have more chances of getting the payoff. The value of
the option drops as we approach either barrier as the underlying has greater chances
in hitting one of the barriers and the option expiring worthless. Hence the holder of
the option can not benefit from this position, as the chances of expiring worthless have
increased and hence the value of the option has dropped. On the other hand the buyer
of such an option will not need to pay much to get into this position, as the chances
of having loss have increased.

In figure 5.4 we plot the value of the option W (r,t,) against time ¢; when the under-
lying is situated in different positions between the two barriers. For any position of
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Fig. 5.3: Plot of the series solution W(r,t;) for n = 20, at £; = 0.0001 (top dotted line), at
t; = 0.001 (middle dotted line) and at #; = 0.01 (solid line) against 7.

the underlying between the two barriers, the price of the option is an exponentially
decreasing function of time. Depending where it is positioned the value will be more

or less expensive as time progresses.

018 0.18 02

Fig. 5.4: Plot of the series solution W(r,t1) for n = 20 against time t; at r = 0.5 (lower solid
line), 7 = 0.6 (upper solid line), 7 = 0.8 (upper dashed line) and at r = 0.9 (lower
dashed line).

For example, if we plot the value of the option at r = 0.5 (close to the inner barrier ry,
lower solid line) and at r = 0.6 (upper solid line), the value of the option for the latter
position will be more expensive than for the former position. This happens because
at r = 0.5, the underlying is close to the inner barrier having substantial chances of
hitting it. At r = 0.6 the asset is further away from the barrier and will be more expen-
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r t1 = 0.0001 t; = 0.001 t; = 0.01
0.5 | 0.9439849996 | 0.7374440854 | 0.3653299405
0.6 | 1.012259836 | 1.007899021 | 0.7860396351
0.8 | 1.013426249 | 1.010905559 | 0.7946772530
0.9 | 0.9869813161 | 0.9400179000 | 0.4621932264

Tab. 5.3: Values of W(r,t;) for different values of r and ;.

sive since the chances of hitting the barrier are reduced. Moving away from expiry will
result in the value of the option dropping exponentially and tending asymptotically to
zero. This is because the different values of r affects the value of the solution for small
time. For large time, the exponential term will make this change of r insignificant.
The buyer of such an option in early time will purchase the contract at a very low price
since the asset has the time to manoeuvre and as a result hit either of the barriers. As
time to maturity approaches the value of the option will increase giving less time for
the asset to move and consequently the option will expire giving the holder the payoff.
If the underlying is situated at 7 = 0.8 (upper dashed line) or at r = 0.9 (close to the
upper barrier ro, lower dashed line) the price of the option for the former position
will be more expensive than the one for the latter position. When the asset is close
to any of the two barriers the buyer of the option will pay little for this position. The
chances of hitting either barrier become high and hence the buyer will get no profit
from his purchase. On the contrary when the asset is further away from the two bar-
riers (towards the middle of the area), the buyer will need to pay more to enter the
contract. This happens because the buyer will profit from this position as the asset
will have more chances of reaching maturity by missing the two barriers. The option
will expire giving the buyer the value of the payoftf which is more than what the buyer
initially paid to enter the contract. As time to maturity arrives the value of the option
increases to reach the price of the payoff, whereas as time grows away from maturity
the difference is reduced to become eventually zero for large time.

For convenience in table 5.3 is illustrated the price of the option W (r, ¢1) against values
of the two variables £; and r. These results can be compared with the Monte Carlo

simulation to verify the accuracy of the series approximation.

At time t; = t}. Furthermore we examine what happens to the value of the option
when the concentric spherical barriers have expanded at some time ¢; = ¢ > 0. During
this time the barrier has grown from values [r7,70] to values [r}, 5] respectively with
rr < 17 < ro < r§ (figure 5.5). From the definition of the similarity variables ; and
no the two concentric cylinder barriers grow in time ¢; and given values for ¢, and
t} we can find the corresponding values for r at those times. Therefore at ¢] = 0.01,
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say, the values for 7}, rfy take the values r} = +/0.252 = 0.502, 5, = v1.092 = 1.045,
given n; = 1.2, nj = 5.2 and o = 0.2 (also rr = /0.2 = 0.4472135955, ro = 1.0 given
nr = 1.0, no = 5.0).

r

4
Fig. 5.5: Jump of the double barrier at ¢t; = ¢7 for the three-dimensional European option.

As we mentioned at the beginning of this section, the boundary conditions at the two
barriers are the same throughout the life of the option. At time t] the value of the
option will be given by the same governing heat equation. We call W7 the value of the
option for this problem to distinguish it from the previous one. Hence the equation
will look like

oW _ 9w
B = o (5.36)
subject to
Wi(r)=0 at r=rj (5.37
Wi(r)=0 at r=rp, (5.38)
or in terms of the U function, U; for the new barrier option,
Ui(r)=0 at r=r] 5.39)
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At t; the value of the option will be discontinuous, i.e. zero for ro < r < rj and
among 1} < r < ro it will have the solution found to be valid for 0 < #; < t7, i.e.

Uy £) 0 yforro <r<rg
17, = * * )

1 Yo Anexp< mt )sm (To TI(r——rl)) yforrf <r<ro
(5.41)

where r7, ro are evaluated at t; = 0 and r}, r{, are evaluated at #; = ¢].
As done earlier in this section, using separation of variables, the Fourier series solution
valid for ¢; > t] is equal to

Ui(r,t1) = i B, exp (—)\itl) sin (An(r —77)) (5.42)
n=1

which is chosen so that the boundary condition at r} is satisfied. To find the eigenvalues

An we apply the second boundary condition at r = 7§,

Sin (M (rly — 75)) = 02> My = — 2. (5.43)
o~
Hence the solution to the double barrier for ¢; > ¢} takes the form
Ui(r,t1) iB exp( nir’ t )sin( o (r r*)) (5.44)
1(myt1) = 0| prgmpi Ul ) :
, n=1 i (rp —r7)? To—T1 !

valid for r} < r < rf, and satisfies the heat equation (5.25) and the boundary conditions
(5.39), (5.40).
At ty = t] the following equality holds

(r,£}) = ZB exp( % >sin (%(r—r?)), (5.45)

where the left-hand side is the new ‘payoff’ given by equation (5.41).
To find the coefficients B,, we multiply (5.45) by sm( (r - 7"1)) and integrate

with respect to r from r} to 7

/ U(r,t3) sm( I(r—r1)>dr:

I

n?n? o mm nw
B, exp( t)/ sin( p *(r—r1)>sm( *(r—r*)>dr.
Z ) ! T} To—TI O~ "7 !
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Using the orthogonality condition,

e m nm
/ sin(* W*(r—r})>sin(*_ *(T—T}"-)>dr
0 ,ifm+#£n
= . 2
frr,;o [sin (T;TWT;(T - r}))] dr ,ifm=n
for m = n the above equation takes the form

fTOU (r t*)sm( (r—rI)) dr
f:;‘*’ [sm (T(,)”fr; (r— T'I))] dr

, (5.46)

n

where C,, = B, exp( (__)g ) and U(r,t}) is given by (5.41). The values the
coefficient C), takes for n can be seen in table 5.4.

Cn 7 Ch
0.6589527492 | 11 | 0.009871353079
0.1055854100 | 12 | 0.01017868655

0.004969295440 | 13 | 0.01005739416
0.06507959625 | 14 | 0.007385025171
0.003829456199 | 15 | 0.009649256561
0.03575858227 | 16 | 0.005845316662
0.007103542810 | 17 | 0.008816688782
0.02249102638 | 18 | 0.005130057895
0.008942274486 | 19 | 0.007741480278
0.01484685061 | 20 | 0.004909640716

S © WO W N S

Tab. 5.4: Values of Cy, for n=1..20

Therefore the solution of the double barrier option for ¢; > ¢} is

(r,t1) Z C, exp ( 271.21)2 (t1 — t1)> sin (ﬁ (r— r})) , (5.47)

with Ui (r}) = 0, U1(r}) = 0 and in terms of the original problem using the transfor-
mation Wy = %‘- it becomes

2

2
Wi(r, t1) ZC exp( (5”_”r;)2 (u—t’;)) sin (ﬂ"%r;(r—r;)), (5.48)

o

subject to Wl('l“;) =0, Wl(r’(")) = 0.
As mentioned earlier the value of the option at the jump at time ¢} is discontinuous.
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The discontinuity has a more severe effect on the inner barrier jump. This can be
detected on the graph 5.6 where the discontinuity is seen on the wavy behavior of the
solution when it is close to the inner barrier r; = 0.502 (left side of the curve), whereas
when it is close to the outer barrier r§ = 1.045 the solution is smooth from the series
and then zero for [ro,r%] (right side of the curve). On the interval [r7,r7] at times
t, < t the option takes values given by the Fourier series solution (5.34), whereas at
time ¢; = ¢} the option has no value because of the jump. With the barrier level rising
the price of the option attempts to adjust to the jump by producing the wave on the
left side of the curve.

0.8

0.6

0.4

02

Fig. 5.6: Plot of the series solution Wi(r,#;) for n = 20, at ¢} = 0.01 against 7.

We remove this wave in the solution by using the Fejer sums, i.e. by applying the

summation used earlier,

N
1
Wi(r,t1) = N > en, (5.49)
n=1

where

1 nim? nmw
cn = Cr = exp <—-———-———* < (tl—t*>sin( —
™ "o (re —r3)2 1) r

O_T;(T—T;)> .

We can see the smoothed out (corrected) discontinuity in figure (5.7).

In figure 5.8 we plot the price of the option against r at times ¢; = 0.01, {1 = 0.03,
t; = 0.05 and t; = 0.08. After some time, say ¢t; = 0.03, the curve has smoothed
out and is inexpensive. Comparing the curves at ¢; = 0.01 (upper dashed curve) and
at t; = 0.03 (upper solid curve) we notice that when the underlying is close to the
outer barrier, r, the price at time ¢; = 0.03 is more expensive than the price at time
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0.21

Fig. 5.7: Plot of the series solution Wi (r,t1) given by (5.49) for n = 20, at t; = 0.01 against r.

t; = 0.01. This is because of the jump occurring on the outer barrier. At time ¢}
the value of the option is zero on the interval [ro,75]. As we go forward in real time
towards maturity, just before the jump occurs at t7, the asset is trying to fit in the arca
created by the two new barriers, [r7,70]. The jump allows a much smaller gap than the
actual barrier for the underlying to move and this drops the value of the option. Hence
the buyer of the option will enter the contract by paying little, since the chances of the
asset entering the shrunken area without hitting the barriers are limited. For larger
time, say ¢t; = 0.08 (lower solid line) the price of the option becomes even cheaper.
The underlying has more time to expiry and hence more flexibility to move between
the barriers.

In figure 5.9 we plot the solution W (r,t1) against time ¢; evaluated at different points
between the two barriers, r = 0.6, » = 0.8, r = 0.9 and r = 1.0. The horizontal axis
is the time axis ¢; and the solutions are plotted from time ¢J = 0.01 to t; = 0.2. At
r = 0.6 (upper solid line), the price of the option is cheaper than at 7 = 0.8 (upper
dashed line). This is because when the underlying is at r = 0.6 it is more likely to hit
the inner barrier than it is when situated at r = 0.8. Similarly, the price of the option
at 7 = 1.0 (lower dashed line) is much cheaper than the one at » = 0.9 (lower solid
line) as the former value is closer to the outer barrier than the latter value. For r = 1.0
the solution for the option behaves in a slightly different way than for the other values.
At the time before the jump occurs the curve for the price behaves in a different way
when the asset is close to the outer barrier. As the asset approaches the time where
the jump occurs it has two problems to overcome. The increased chances of hitting the
upper barrier 7o or the area [ro, 73] and force the option to expire worthless. In order
to get through the previous difficulty it has to slide down and enter the area [r}, 70|
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Y / l\\
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Fig. 5.8: Plot of the series solution Wy (r,t;) for n = 20, for t; = 0.01 (upper dashed line),
t1 = 0.03 (upper solid line), ¢; = 0.05 (lower dashed line) and t; = 0.08 (lower solid
line) against 7.

of the new barrier and continue till maturity. This causes the value of the option to
drop and have the behavior given by the lower dashed curve.

O.BT‘

0.8

0.2

Fig. 5.9: Plot of the series solution Wy (r, ¢,) for n = 20 against time ¢; for r = 0.6 (upper solid
line), » = 0.8 (upper dashed line), r = 0.9 (lower solid line) and r = 1.0 (lower dashed
line).

In table 5.5 is illustrated the price of the option Wi(r,t,) against values of the two
variables £, and r.
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T t1 =0.01 t1 =0.03 t1 = 0.05 t1 =0.08
0.6 | 0.7784446609 | 0.3124373624 | 0.1553355652 | 0.05665435602
0.8 | 0.7960994433 | 0.4141438419 | 0.2131881370 | 0.07815857565
0.9 | 0.4661405042 | 0.2712374332 | 0.1422366008 | 0.05228712646
1.0 | 0.04230866579 | 0.08340261177 | 0.04421570179 | 0.01627937200

Tab. 5.5: Values of Wi (r,t,) for different values of r and ¢;.

5.3 Three-Dimensional problem with a single barrier

In this section we examine the study of high dimensional radial barrier options based
on the work done by Firth and Dewynne [21]. They derive an analytic expression
for the multi-asset single barrier option using Laplace transform methods. The single
barrier is a knock-in barrier with value one. For the three-dimensional problem the

equation used in terms of radial coordinates is given by (5.24),

oW  O*W 20W
e i (6:50)
subject to the boundary conditions
W(l,t) =1, (5.51)
W(OO, tl) =0 3
W(r,0) =0. (5.52)

As done in the previous section we can use a transformation of the form F = rW to
reduce the above equation to the heat equation

oF _oF

Oty or?’ (553)

subject to the same boundary conditions (5.51). The fundamental solution of the heat

equation is given by the formula

1 (r—r')?
.F(T, t]) = N—WTIGXP (—'—4h~—) .

For ¢; > 0 the above equation gives a smooth curve, but at #; = 0 the limit of the

(5.54)

above expression is equal to the delta function,

lim F(r,t) =6(r —7r').
t1—0
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At t; = 0, the value of the option is zero for all r, apart from the barrier at r =1
where it takes the value one. This causes the problem to have discontinuity, which we
will overcome using the method of images. The method of images will give the option
value zero at the barrier. Due to the reflection principle the probability density for
down-and-out barrier options is given by the difference of the two normal densities.
Suppose at some time above the barrier 7 = a is a source 7 = r* > 0. The image
of that source about the barrier r = a is r = r* — A. Then the equation for the source

and its image is given by the following equations

_ *)2
Fl('/', tl) = 2\/].7r_tl exp <—%) H (555)

for the source r = r* and

1
o/t P <_ 4t

for the source r = 7* — A, When very close to t; = 0, the limit of the above equations

By(r,ty) = M) : (5.56)

is equal to
tlimo F(rt)=486r—-r*), and tlimo F(r,t1) =6(r—r"+ A).
1— 1—

respectively.
We require the value of the option to be zero at the barrier r = a, hence

F=FN-FK=0, at r=a.
We choose A such that
(r—r?=(r-r"+A4)?2, at r=a,
SO
A=2r"—-2a,

since A cannot be zero. The value of the single barrier option at 7 = a will be the

integral from the barrier » = a to infinity of the function F' times the payoff, i.e.

F(r,t;) = /oo(Fl — By) f(r*)dr*. (5.57)
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For small time t; the above integral will be
o0
lim F(r,t;) = lim / (Fy — By f(r*)dr
t1—0 t1—0 /, ‘
- / 5(r — 1) £ (r*)dr™ / 5(r —r* + A F(r)dr* = £(r),

since the function in the second integral takes values outside the integral limits.

Going back to the original problem, we want to make the value of the option zero
at the barrier r = a. To find the function of r which if added to the solution will satisfy
all the boundary conditions, we take the part of the PDE which is time independent.
Then the ODE

W 20w _
or2 " r or 7’
has solution
1
W(T) - ; ’

satisfying the boundary conditions (5.51). Hence the Firth and Dewynne solution can
be written as W = % + W, where W is our solution with W = 0 at the barrier r = a
and with payoff W = —% at t; = 0. Therefore F = rW = —1 for our problem.

Hence the solution to the single barrier problem will equal to the integral

where f(r*) = —-1,r=a=1and A = 2r* — 2a = 2r* — 2.
Therefore the integral takes the form

_ 1 oo (r—r*)2> 1 o0 (r—r* + A)?
Flr,t)) = - — L dr* o — _— *
(T‘ 1) 24/mty /1 &P ( 4t T 2/t /1 &P 4t dr’,

which gives

F(r,t) = erfc (%) -1
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The solution for the three-dimensional single barrier problem is

- 1 -1 1
Wirt1) = - erfc (%) -

and therefore the solution given by Firth and Dewynne is

Wir 1) = %erfc (g\;%) , (5.58)

We will extend the three-dimensional single barrier problem to the case where the
barrier jumps from r = 1 to r = r1, say. We use the theory of images for the step
barrier as well. Suppose that at time ¢} the barrier jumps to the value r = ;. At that
time the value of the option will be what we found earlier plus a function of r so that
the value at the new barrier is zero, Wy = = 4+ W,, where W, is our solution to the
problem and is zero at the new barrier r;.

So the payoff at time ¢] will be equal to

f(r,t]) = erfc (; _;) -7 ' (5.59)
1

The value of the step barrier will then be equal to

Fy(rt1) = /oo £ 8)(FL - B) dr*
_ 1 o0 (r —r*)? r*—1 .
= 2\/7T1 [1 exp (_4—tl> [erfc (—2——\/—?) bt T']_l dr

— ——1—/ooex (_(r——r*—i—A)2> erfe r*_—l — 7| dr*
2\/7’I't1 r1 P 4t1 Qﬁ 1 )

Hence the value of the step barrier problem of Firth and Dewynne will be equal to

1 1 [ (r—or*)? -1
Wslr,t1)) = ——= —_— - dr*
s(Tyt1) 5 wtlr/rl exp( T erfe N | dr
1 1/°°ex (_(_”:_’;+_f“)2> erfe [T=L) .
2t ey 8 ity NG

5.4 One Dimensional Case

In this section we examine the Black-Scholes model with one underlying asset only. The
asset moves under the effect of two barriers [r1, 7o} starting at ¢; = 0 and expanding
forward in time ¢;. The two barriers are knock-out giving zero value when triggered.
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We find the Fourier series solution for pricing this single asset option with payoff being
equal to 1. At time t; = ¢} both barriers jump equivalently to a higher position [r3, 74]
with 7} < r3 < re < 14, figure 5.10. We examine how this jump effects the Fourier

series solution valid for time ¢; > t} > 0 and comment on the corresponding graphs.
1

A

Fig. 5.10: Jump of the double barrier at ¢, = ¢] for the single asset European option.

For the case of the single asset Black-Scholes model we recall the N-dimensional

radial PDE,

W _ W  N-10W
oty or? r or’

which for N = 1 takes the form of the heat equation

aw _ow

Btl - 87'2 ’
with payoff

W(r,0)=1,

and with boundary conditions

W(T‘],i‘]) =0 and W(T2,t1) =0.

(5.60)

(5.61)

(5.62)

(5.63)

The payoff in terms of the original variable S, given by the transformations performed
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at the beginning of chapter 4, is equal to

1 T
2752
V(S,T) = (%)2 .

Using separation of variables to solve the above heat equation we end up with a
Fourier series of the form

W(rt) =Y Anexp(—Ait1)sin (An(r — 1)),

n=1

satisfying the boundary condition at r = ;. By applying the boundary condition at

72 we find the eigenvalues equal to A, = —“—. Hence the series solution will take the

T9—
form

> ?1271'2 . nmw
W(T, tl) = ;An exXp (—m'ﬁ) sin (7‘2 e (T — 7'1)) , (564)

satisfying the boundary conditions (5.63).
At ¢; = 0 equation (5.64) becomes

ZA sin (”’;;_‘i”) , (5.65)

where the left-hand-side is the payoff given by (5.62). To find the coefficients of the
Fourier series solution we multiply equation (5.65) by sin (m.;iz%l) and integrate
with respect to r from 7 to ro. Using the orthogonality condition, for m = n the

above equation becomes

frz W (r,0) sin (M) dr
Jre [sm (J—”"T ”))] dr

1 T2—T1

(5.66)

T

Similarly with the three-dimensional case for the numerical interpretation of the solu-
tion we take the same values for to, 71 and 7o (fo = 0.2, 71 = v/0.2 and 7o = 1). The
values for A, corresponding to these values are shown in table 5.6.

The solution (5.64) is plotted for the first 20 terms of the series against r in figure 5.11
for t; = 0, t; = 0.0001, t; = 0.001 (curves are very.close together as the values of t;
are very small) and for t; = 0.01 (dashed line). The value of the option is zero at the
two barriers and takes the value 1.0 for any other 1 < r < 79 at time t; = 0. To avoid
the discontinuity at ¢; = 0 (top dashed curve) we use the Fejer sums as mentioned
earlier in page 83. Moving away from expiry the value of the option gets cheaper. The
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n A, n A,

1 1.273239545 11 0.1157490495

2 | 0.2085390651 x 10717 |12 | 0.2564123853 x 10717
3 0.4244131814 13 0.09794150346

4 | —0.2312028640 x 10715 | 14 | 0.1048140179 x 10~
5 0.2546479090 15 0.08488263631

6 | —0.8468268982 x 10715 | 16 | —0.8572890043 x 10~1°
7 0.1818913635 17 0.07489644379

8 | —0.5720547493 x 10~15 | 18 | —0.1117179353 x 10~ 14
9 0.1414710605 19 0.06701260760 \
10 | 0.3012618478 x 10~15 | 20 | —0.6903917350 x 1016

Tab. 5.6: Values of A,, forn=1..20

underlying has more time to move with chances of hitting the barriers and expiring
worthless. As the asset moves from one barrier to the other the price of the option
increases giving the holder of the option more chances in reaching expiry and gaining
profit.

0 05 06 07 08 09 - 1

r

Fig. 5.11: Plot of the series solution W(r,t;) for n = 20 using the Fejer sums, at ¢{; = 0 (upper
dashed line), t; = 0.0001 (upper solid line), ¢; = 0.001 (lower dashed line) and at
t1 = 0.01 (lower solid line) against r.

In figure 5.12 we plot the solution (5.64) against time ¢, for r = 0.5 (lower solid line),
r = 0.6 (lower dashed line), r = 0.8 (upper dashed line) and r = 0.9 (upper solid
line). For any value of r the price of the option takes the value 1 at ¢; = 0 and
zero when time to maturity is big. When the underlying is closer to the inner barrier
r = 0.2 = 04472135955, at r = 0.5 (lower solid line), the value of the option is
much cheaper than when it is further away, say at r = 0.6 (lower dashed line). This

is because at r = 0.5, the asset is more likely to hit the barrier and expire worthless,
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014 018 o.18 02

Fig. 5.12: Plot of the series solution W (r,t1) for n = 20, at r = 0.5 (lower solid line), r = 0.6
(lower dashed line), » = 0.8 (upper dashed line) and at r = 0.9 (upper solid line)
against ¢;.

whereas at 7 = 0.6 it has more chances to avoid hitting the lower barrier and expire
getting the payoff and making profit. A similar case occurs for the positions at r = 0.8
and r = 0.9. At 7 = 0.9 (upper solid line) the underlying has more chances of hitting
the upper barrier and nullifying the value of the option. At a position further away
from the upper barrier, at r = 0.8 (upper dashed line), the asset has more chances of
avoiding hitting the upper barrier and reach the maturity date and be exercised.

Assume that at time ¢; = ] > 0, the two barriers jump simultaneously at the same
distance from values [ry, r2] to values [r3,r4], with 71 < r3 < r2 < r4 (figure 5.10). We
examine the behavior of the price of the option when we start the barrier at time ].
Both barriers are of knock-out nature and the new payoff at ¢] is the Fourier series
found earlier. We name the value of the new problem as W; to distinguish it from the
original one. We have the same governing equation as before,

oW, 8*W,

6_t1= arz ’ (567)

subject to the new boundary conditions at the new barriers

W1 (7‘3) =0 and W1 (7‘4) =0. (5.68)
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The payoff to this problem is

0 yforrm <r<rs
n2n2 X .
W(r,t}) = ¢ Yooy Anexp ( mt’{) sin (;;—r—l(r - r1)> yforrs <r<ry ,
0 yfor ro < r <y
(5.69)

The solution to the above boundary value problem as stated before is of the form

n?m? nr(r —r3)
t1) in{ ——]. .
(r,t1) ZB exp( (r4—r)2 )sm( y—— ) (5.70)
At t1 = t] equation (5.70) becomes

Wi(r,£]) = W(r,t]) = ZBnexp( 2”2) t*) sin (M) (5.71)

7‘4—7‘3 T4 — T3

where the left-hand-side is the payoff given by (5.69).
mm(r—r3)
-T3

We multiply equation (5.71) by sin ( ) and integrate with respect to r from r3
to r4 and by using the orthogonality condition for m = n the coefficients of the series
are given by the equation

frr; W(r,t}) sin (-——————"W(r—ra)> dr

T4—T3

= I (5.72)
frr: [sin (——MLET_T? )] dr
where C,, = B, exp (—%7 t}‘) and therefore the full solution to the problem takes
the form
Wi (r,t1) = ic exp (—ﬂ (t1 — t*)) sin (M) (5.73)
ISRARS | P n (7’4 — 7‘3)2 1 1 T4—T3 . .

The corresponding values of r1, 2, evaluated at ¢; = 0 and 73, rq evaluated at ¢1 =
1 = 0.01, given that n; = #‘%, are ry = \/0._2, ro=1and r3 = m, rqa = v/1.092
(withm =1, m2 = 1.2, 53 = 5, 74 = 5.2 and tp = 0.2). Given these values the first
twenty terms of the series are given in table 5.7.
In figure 5.13 we plot the series solution (5.73) against r for different values of time ;.
The upper solid line corresponds to the value of the option at time ¢t; = tJ = 0.01. The
option is zero at the lower barrier r3 = 0.5019960159 and reaches a maximum value at
the middle of the interval before decreasing to take the value zero at r4 = 1.044988038.
At that time when the curve is close to the upper barrier r4, the value of the option is
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Ch n Ch
0.8943964867 | 11 | 0.01621525771
0.2032247712 | 12 | 0.01621853428

0.03241827009 | 13 | 0.01576297167
0.09248291964 | 14 | 0.01225964825
0.01536115308 | 15 | 0.01478060172
0.05148575832 | 16 | 0.009968895381
0.01559383306 | 17 | 0.01340209880
0.03320761218 | 18 | 0.008775110320
0.01610450424 { 19 | 0.01180854446
0.02269092133 | 20 | 0.008248747251

50 0O O w3

Tab. 5.7: Values of C,, for n =1..20

cheaper as the solution is trying to overcome the discontinuity and become zero (since
it is zero in the interval [rg, r4]).

wi

Fig. 5.13: Plot of the series solution Wi (r,t1) for n = 20 using the Fejer sums, for ¢; = 0.01
(upper solid line), ¢; = 0.03 (upper dashed line), £; = 0.05 (lower solid line) and at
t; = 0.08 (lower dashed line) against r.

As time moves away from the jump, the value of the option gets cheaper because the
underlying is further away and in addition has more chances of hitting the barriers
(curves for ¢; = 0.03 upper dashed line, t; = 0.05 lower solid line and ¢; = 0.08 lower
dashed line). As the underlying moves from one barrier to the other the price of the
option is more expensive towards the side of the lower barrier. This is because the
holder of the option has more chances in reaching the gap [rs, ro] and entering the area
of the new barrier without hitting the barriers r3 and ro. Moving forward in real time
closer to t; = ¢} the value of the option increases as the underlying has to overcome the
possibility of entering the [ro,r4] region in order to be better off and enter the [r3, ;]
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region. In this case we have taken the values of ro and r4 to be pretty close to each
other, reducing the area of the option being zero and increasing the area of ‘escape’ to
get a better value.

In figure 5.14 we plot (5.73) against time ¢; with r taking different values between
the two barriers r3 and r4. Depending on where we position the asset between the two
barriers it will follow a different path. At r = 0.6 (solid line) the value of the option
when ¢; is large is zero. As we move towards ¢} = 0.01 the value of the option increases
to take the value it will have when reaching the jump. At r = 0.8 (upper dashed line)
the asset is further away from the lower barrier and has more freedom to move around.
This beneficial position makes the price more expensive as the chances of the asset
managing to enter the area [rs, ro] have increased. At r = 1.0 (lower dashed line) as
time ¢} approaches the underlying has very little chances of overcoming the gap [re, r4]
and enter the new barrier [r1,r2]. This drops the value of the option dramatically as

the holder of the option is in a disadvantaged position.

0.5 [oX: 0.7

Fig. 5.14: Plot of the series solution Wy (r,¢;) for n = 20, for r = 0.6 (solid line), r = 0.8 (upper
dashed line) and at r = 1.0 (lower dashed line) against #;.

5.5 Five-Dimensional double barrier

We apply the multi-asset Black-Scholes equation with barriers in the case where we
have five dimensions using the Fourier series method. The problem is solved in radial
coordinates r = Zfil z2 and the solution we seek for the five-dimensional problem will
be radially symmetric, depending on r and time ¢; = T'—¢. The underlying assets move
freely under the effect of two radial barriers r; and ro with r; < ro which become

smaller and smaller as t; approaches zero.
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The multi-dimensional problem for a single radial barrier has been studied by Firth
and Dewynne [21]. They study radial barrier options in one, three and five dimensions

by solving the problem

au_a‘?_u n—138u

—_— _ .74
o o2t T, o (5:74)

subject to the conditions
w(l,7)=1, wufco,7)=0, u(p,0)=0. (5.75)

They solve the problem where the sphere of radius p = 1 is a knock-in barrier giving
the value 1 when triggered. The option moves outside the spherical barrier and at
large values of p the option is zero. In time 7 = "2—2(T —t) the option starts initially
with value zero, i.e. with payoff zero at 7 = 0.

We take the problem of Firth and Dewynne [21] for the case where there are two
radial barriers. The inner barrier at » = r; = 1 takes the value 1 when triggered
(knock-in barrier) and the outer barrier at r = ro = 10 is placed far away from the
inner barrier and is zero when hit (knock-out barrier). The payoff, i.e. the region
between the two barriers is initially zero and will develop as time grows. The radial

problem we solve is

oW _PW n-1W

R (5.76)

which for the five dimensional problem equation (5.76) takes the form

ow 8°W  46W
5 e T (5.77)

subject to the conditions
W(T‘],tl) = 1, W(To,tl) =0, W(T‘,O) =0. (578)

To make the value of the option at the two barriers zero we seek a function of r by
solving the following ODE

oW aow
or? r or
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with solution
— fra

satisfying the boundary conditions
W(rr)=1 and W(rg)=0.

In equation (5.77) we apply separation of variables by taking the solution to be of the
form W(r,t;) = R(r) T(t1). The solution in time will be T(t1) = cexp (—A?t1), where
)2 is the separation variable and for the radial variable, R(r), we have the following

ordinary differential equation
R"(r) + %R’(r) +XR(r) =0, (5.80)
which has solution of the form
R(r) = clrl3 [rAcos (Ar) — sin (Ar)] + czr—l3 rAsin(Ar) £ cos (Ar)],  (5.81)
subject to
R(r;) =0, R(ro)=0. (5.82)
Hence the solution to the PDE (5.77) is given by the equation

> 1
Wi(r,t1) = ZA" exp (—/\%tl)r—3 {Chi [rAn cos (An 1) — sin (Ap 1)]
n=1

-3 —3

+ Cra[rAnsin (An7) +cos (A 1]} + ——2 (5.83)
T —To
subject to
-3 _ .3
T — TO
W(rnti) =1, W(ro,t1) =0, W({r,0)=———=5. (5.84)
T —To

Applying the boundary conditions at the inner and outer barriers in the solution (5.81)
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we have the following system of equations

Cl% [rrAcos (Ar) —sin (Arg)] + 027«1? [rAsin (Arg) +cos(Ary)] = 0
(5.85)
01—1% [roAcos (Aro) —sin(Aro)] + 02% [roAsin(Aro) +cos(Arg)] = 0.
(5.86)

For a nontrivial solution we require the determinant of the 2 x 2 matrix formed by the
coefficients of C; and Cs to be equal to zero so that C; and C; are not identically zero

;1; [rrAcos (Ary) —sin{Ary)] f; [rAsin (A7) + cos (Arg)]

;%;)— [roAcos (Arg) — sin (Arg)] ;ﬁ— [roAsin (Aro) + cos (Aro)]
o

The above determinant when calculated simplifies to

Mro — 1)

tan [)\(T‘O - T'I)] = m .

The latter formula can provide the values for the eigenvalues A,. Because the angle of
~ tan is a function of the variable A which is to be determined, we set A = A(ro — rj)

and the above equation can be rewritten as

< (T‘o — 7'])25\ - (’r‘o — 7'1)25\
tan (A) = = r A, =arct = +nm.
an () riroA? + (ro —rp)? of n = AR o + (ro—ri)? o
Hence the eigenvalues are given by the formula
)\n(TO - rI)
)\n(ro ot 7']) = arctan I:m + nm. (587)

For values of r; = 1, ro = 10 the first 20 eigenvalues are given in table (5.8).
Going back to the set of equations we got from applying the boundary conditions, we

solve equation (5.85) for Cz and substitute it in the equation we found for the value of
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An n An
0.4522286829 | 11 | 3.864981440
0.7846562141 | 12 | 4.212052583

1.118353729 | 13 | 4.559409257
1.455527457 | 14 | 4.906995411
1.795607303 | 15 | 5.254768497
2.137815968 | 16 | 5.602695711
2.481548956 | 17 | 5.950751393
2.826382149 | 18 | 6.298915210
3.172023618 | 19 | 6.647170861
3.518270942 | 20 | 6.995505130

5 @000k WS

Tab. 5.8: Values of A,, for n = 1..20

the option, (5.83), which becomes

= 1
_ 2
W(T: tl) - Zl Cln €Xp (—)"ntl)ﬁ (588)
) sin (Ap77) — rAp cos (An 7r1) .
n - n . )‘n 1 n
{r)\n cos(An ) —sin (A7) + S 1) + 008 Oon 71) [rAnsin (A, 1) + cos (An )]
73 —r5?
7";3 — 7"53 ’
or else
= 1
— 2
W(T: tl) - Zl Dn €Xp (—)"ntl)r_g (589)
n=
\ =3 po3
{7" rrAs sin A, (rr — 7)) + Ap(r = r1) cos [Ap (17 — 7)) +sin (A, (r7 — 7"))} + _3—93 ,
T —To

satisfying the boundary conditions at v and rp, where D, = Ty o gl)"-ycos(An )

and is valid for any payoff.
For convenience we can write equation (5.89) as

0 -3 __ =3
W(?‘, tl) = ZDn exp (—)\?.Ltl) Fn(r) + % y (590)

n=1 I (o]

where Fy,(r) = & {rrA2sin (An (r7 — 7)) + A (7 = r1) cos [An (1 — 7)] + sin (Ag (r1 — 7))}
To find the coefficient D, of the series we need to find an orthogonal function,
such that the eigenfunctions form a complete orthonormal set. To find the orthogonal
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function we take the ODE (5.80) and write in the form of the Sturm-Liouville equation,

LR )+ Nr*R() = 0. (5.91)

Suppose the above ODE has two solutions, R, and R,,. Then they both satisfy the
equation,
4
dr
d
%[r“R;n(r)] + A2 ' Ry(r) = 0.

PRI (M] 4+ A2riR,(r) = 0,

‘We multiply the first equation by R,, and the second by R, and subtract

Rt 4R = R e B ()] (¥ — X) 7 B (1) () = 0.

‘We integrate the latter equation with respect to r from r; to r

T
(r*RmRy, — r*RyR),) — [ (R R, — RaRL)IE, = (A2, — A2) / Ry Ry, dr.
rr
Set the upper limit equal to the upper (outer) boundary ro and the term in the square
brackets is zero from the boundary conditions and the equation takes the form

T

(o)
r4(RmR,, — RaR.,) = (A2, — \2) / 4 Ry R dr.

rr
If R, R, belong to different eigenvalues, A, # An, they are orthogonal. Hence the
left hand side which is the Wronskian for R,,, R, will be zero. The orthogonality
relation that holds is

ro
(A2 — /\%)/ rMRyRypdr =0,
g

for A\, # An with the weight function being r4.
At t1 = 0 equation (5.90) takes the form

00 -3 _ =3
W(r,0) =3 DpFu(r) + % . (5.92)
n=1

I To

where the left-hand side is the payoff given by (5.78). This makes the payoff to actually
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be equal to

r3 33
W(r,0) = ———2% . (5.93)
T —To
This payoff causes discontinuity at ¢; = 0, as the option takes values given by (5.93)
and at the lower barrier takes the value zero.
We multiply equation (5.92) by the orthogonal eigenfunction along with the weight
function r* and integrate with respect to r from r; to ro,

el 0 To
/ W (r,0) riFp(r) dr = Z D, / 1A Fo(r) By (r) dr
rr n—=1 ry

where the right-hand side is zero when m # n. Hence for m =n

_ e w0 ()

Dr = o O &

For rr =1 and rp = 10 the coefficients D,, are given in table 5.9.

D, n D,
0.3921011774 | 11 | 0.003585152088
0.1667798641 | 12 | 0.002800239107

0.08484442029 | 13 | 0.002226789179
0.04751200158 | 14 | 0.001798655808
0.02864253895 | 15 | 0.001472880536
0.01833996068 | 16 | 0.001220795047
0.01234097006 | 17 | 0.001022799215
0.008652331926 | 18 | 0.0008651999997
0.006277141370 | 19 | 0.0007382437952
0.004686557397 | 20 | 0.0006348604834

SO0 oo e w3

Tab. 5.9: Values of D, for n = 1..20

With coeflicients given by table 5.9 the first 20 terms of the series solution (5.89)
are plotted against the radial variable r in figure 5.15. For the correction of the
discontinuity occurring at the lower barrier at t; = 0, the Fejer sums are used. We use
the same formula as stated back in the three-dimensional case (page 83). As we move
further away from the payoff, {; grows and the exponential becomes smaller leaving
the linear term to eventually dominate the price of the option.

In figure 5.15 for any time ¢; the solution takes the value one at the inner barrier
r; and decreases exponentially to take the value zero at the outer barrier ro. The

curve corresponding to the maturity at ¢t; = 0 (lower dashed line) is very steep as the
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0.8

Fig. 5.15: Plot of the series solution W(r,t1) for n = 20, using the Fejer sums at ¢; = 0 (lower
dashed line), £; = 2 (lower, solid line), ¢t; = 5 (dotted line) against r. The upper
solid like is the graph of the extra term W (r) against r given by (5.79)

solution is trying to take the value zero at the payoff and at the same time satisfy
the conditions at the two boundaries. As we move away from the payoff with time 1
increasing, the value of the option becomes more expensive and the curves are more
smooth. The further we move away from the payoff, the larger f; becomes and the
Fourier series term gets very small leaving the price of the option to take the maximum
value given by the extra term of the solution, (5.79), upper solid line in figure 5.15.
In figure 5.16 we plot the solution W {(r,t;) against time ¢; for different fixed values of
r. As ty approaches zero, the asset has more chances of hitting the inner barrier and
expiring with the value of one and at the same time has the same chances of missing
the barrier and expire worthless. The closer we are to the inner barrier, at r = 2, the
more expensive the price of the option will be as the underlying has more chances of
hitting the barrier and expiring with a better payoff. When we are positioned far away
from the inner barrier, at r = 3,4 or 5, the price of the option drops as the chances of
hitting the inner barrier have been reduced and the asset has more chances of expiring
worthless.

We take the problem of Firth and Dewynne [21] who have the same governing
equation as (5.77) subject to the conditions (5.75). The solution to the five-dimensional

problem is given by the formula

Ulp,7) = —;,—i- erfc (p2\—;7_-1) +(p—1Nexp(p—1+71) erfc(\/‘l—'-l- %)] . (5.94)
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Fig. 5.16: Plot of the series solution W (r, 1) given by (5.89) against ¢; for n = 20, Upper solid
line for r = 2, middle dashed line for r = 3, lower dashed line for r = 4 and lower
solid line for r = 5.

For fixed time and letting r vary, the plots of (5.89) and (5.94) are identical, making
the Fourier series solution of our boundary problem a very good approximation to

Firth and Dewynne’s boundary problem solution.

5.5.1 The effect of a single expanding barrier

Suppose there is a moving barrier in the shape of a five-dimensional wedge which
narrows as time ¢; = T — ¢ approaches zero, sketch 5.17. The cross-section of the
wedge at fixed time ¢; has the shape of a spheroid. The value at the barrier is one and
at infinity zero, making it a single barrier, as in the problem of Firth and Dewynne [21].
The underlying moves freely above the expanding barrier. The analytic equation for
a multi-dimensional expanding barrier is given in chapter 3. For the five-dimensional
wedge the equation will take the form

f;o exp (—s/4)s75/2 ds
B f7°° exp (—s/4)s=5/2ds’

Ww (1) (5.95)

N _I2
where Ln—xl— =ty +tg, 7 = -y is the barrier and ¢y (t > T') is the time where the wedge

7 . .
N 22 = r2 in the coordinate

tends to a point such that § = S, i.e. 2’ = ln(%), =1 Z;

system used. At ¢; = 0, (t = T), the cross-section of the wedge is finite with value



5. N-dimensional Black Scholes equation 105

) [ ' ”"” ‘ -————-———b
=0 ¢ =4 L= t ="

Fig. 5.17: Single expanding barrier.

V7 1y. The equation for the moving barrier in terms of the variable r will be

f:?o/(tﬁtg) exp (—s/4)s™ %2 ds
f,;x’ exp (—s/4)s~5/2 ds

Ww(r,t1) = (5.96)
At t; = 0 (¢t = T), the finite value of the single wedge barrier (point A in sketch
5.17, at 7 = /y1g) is positioned lower than the inner barrier of the Fourier series
(point B at r; = 1). Because of this the wedge will act as a lower bound to the
Fourier series solution. To test this we take a point above the Fourier series barrier
between 0 < t; < tf, say (r,t1) = (1.5,0.3), and evaluate the analytic solution of
the wedge (Wy = 0.05689086887) and the Fourier series solution at that point (W =
0.2049571051). The value found from the analytic solution is less than the value found
from the Fourier series solution, which verifies that the wedge acts as a lower bound
to the Fourier series barrier. As time t; grows away from the payoff, t < T, the lower
barrier of the Fourier series solution remains constant with value r = r;. At time ¢],
say, the barrier r; hits the wedge at the point C(t], \/W-i——to)) At that point the
following equality holds

2
,
1=Vttt =y =1 L (5.97)

1+t
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ky n kn
0.4686405009 | 11 | 4.331171038
0.8378061064 | 12 | 4.722926924
1.216588223 | 13 | 5.114825178
1.600839994 | 14 | 5.506835984
1.988012635 | 15 | 5.898937268
2.376855894 | 16 | 6.291112356
2.766726224 | 17 | 6.683348421
- 3.157267415 | 18 | 7.075635432
3.548268830 | 19 | 7.467965446
3.939598779 | 20 | 7.860332076

5 © 00~ ootk |3

Tab. 5.10: List of the eigenvalues of k,, for the step barrier »7 for n = 1..20.

which for given time ¢; and ¢g we can find the value of the wedge barrier v. If we take
t} = 0.5 to be the time where the first jump occurs and tg = 0.2 the time where the
wedge tends to a point, then the value of v is equal to v = 1.428571429. From the
point C' the Fourier series barrier jumps to another higher value 7 > r; at the point
D of the diagram. For the new step barrier, the Fourier series solution has a similar

form, as given in the previous section,

N -3 -3
rYo—r
Wy(r,ty) = E Ey exp (—k2t1)Fy(r,r5) + e r0_3 , (5.98)
n=1 I — o

where

EF.(r,r}) = ri [r rikZ sin [ky, (rF — )] 4 kn(r — %) cos [k, (r} —1)] +sin (k, (r§ — )] ,

3
(5.99)

and subject to the boundary conditions
WS(TF,t]_) = 17 WS(TO)tl) =0. (5100)

Note that W; is notational and does not imply a derivative. The extra term is added
so that the value at the barrier is made zero. The corresponding eigenvalues for the
step barrier solution are given by the same formula as found in the previous section,
ie.

* k (TO — T;)
kn(ro —ri) = arctan [m +nw. (5.101)

For values of rj =2, ro = 10 the first 20 eigenvalues are given in table (5.10).
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At ] equation (5.98) takes the form

N -3 -3
* * r -7
Ws(r7 t){) = Z E’n €Xp ("k%tl)Fn(rv TI) + ﬁ ’ (5102)
n=1 I o

where the left-hand side is the payoff equal to the Fourier series solution (5.89) evalu-
ated at t7,

* - * 1 |
W(r,t}) = Zan exp (—)\itl)ﬁ (5103
-3_,-3
2 - : A
{r TIA, s8I [Ag (11 — 7)] + A (r — 1) cos [An (r1 — 7)) + sin (A (ry — r))} + T3
I o

valid for ] < r < ro and zero at r; < r < r} and where the values for D,, are given
from table 5.9. We multiply equation (5.102) by r*F,,,(r,7}) and integrate with respect

to r from 7} to ro and using the orthogonality condition we have

- -3
[P W (r ) r* Fy(r,ry) dr — [7° T*—_Zio:g rdFo(r,7}) dr
G, = & MU TTo , (5.104)
T A ar

for m = n, where G, = Ep, exp (—k2t}). The values for the first twenty coefficients G,

of the step barrier series solution for 7§ = 2 and ro = 10 are given in table 5.11.

) G ) G

1 2.099010109 | 11 | 0.005694749703
2 0.5920888549 | 12 | 0.004398466791
3 0.2267004527 | 13 | 0.003467054978
4 | 0.1060022742 | 14 [ 0.002780791003
5 | 0.05693277258 | 15 | 0.002264124643
6 | 0.03377839344 | 16 ( 0.001867788084
7 | 0.02158031234 | 17 | 0.001558724704
8 | 0.01459064654 | 18 | 0.001314195549
9 | 0.01031278320 | 19| 0.001118211564
10 | 0.007553027246 | 20 { 0.0009593083019

Tab. 5.11: Values of the coefficient G, for the step barrier for n = 1..20

The solution for the step barrier r = r} will eventually take the form

N -3 -3
r —To

Wi(r,t1) = Y Gnexp (=k2(t1 — t])) Fu(r,75) + e e (5.105)
n=1 1 ~—'o
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where

Falr,}) = 5 [k sinlhn (15 = r)] + ka(r = 17) c0s [k (1 — )] + sin (ko (7 = )] -
(5.106)

At t} the jump causes a discontinuity to the solution which can be smoothed out by
using the Fejer sums. In figure 5.18 we plot the solution (5.105) against r for fixed
time ¢; > t]. At time ¢; = 0.5 when the jump occurs, the curve of the Fourier series
solution is very steep as it takes the value one at the inner barrier 7 = 2 and the value
zero at the outer barrier ro = 10. Moving a,wé,y from the jump, t; > ¢}, the curves for
the solution smooth out and are more expensive as the effect of the extra cubic term
takes place. As time grows the exponential term becomes smaller and smaller leaving
the extra term to dominate the solution for large time. The corresponding graphs
plotted for the Fourier series barrier » = r; are cheaper than the ones plotted for the
step barrier r = rj. This happens as the barrier widens with the effect of the jump
when time ¢; approaches zero. The jump reduces the possibilities of the underlying of
hitting the inner barrier and expiring with a better value. This increases the chances
of the asset entering the wider area which allows the underlying to move and hit the

lower barrier r;.

Ws

Fig. 5.18: Plot of the series solution Ws(r,t1) for n = 20, using the Fejer sums at t; = 0.5
(lower solid line), £; = 1 (lower dashed line), ¢t; = 2 (upper dashed line) and ¢; = 3
(upper solid line) against 7.

By letting time vary and keeping r fixed (figure 5.19) we observe that for the underlying
positioned close to the jump and close to the inner barrier r; the price of the option
falls because the chances of the asset hitting the r} barrier are small (not much time
left for the asset to move in order to hit the barrier). The underlying has little time
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left to move and hit the inner barrier, increasing the chances of the asset to enter
the wider barrier area. Moving away from the jump ¢; > t], the value of the option
increases as the asset will have more time and will increase the chances of hitting the
inner barrier and gaining profit. Taking higher values for r, the price of the option
drops considerably. Moving away from the jump the value of the option increases as
the underlying has more space and time to move and hit the barrier 7} returning a
profit to the holder of the option.

Fig. 5.19: Plot of the series solution W(r,#1) for n = 20, for r = 3 (solid line), r = 4 (top
dashed line) and r = 5 (bottom dashed line) against time ¢;.



6. DOUBLE BARRIER ASIAN OPTIONS

In this chapter we discuss the effects of double barriers on European type Asian options.
The nature of the problem can be described as follows.

, Suppose there are two barriers parallel to each other remaining constant throughout
the life of the option. The value of the option depends on the average price of the asset
during time [0, T'], the price of the asset and time. At time ¢t = T the two barriers are
positioned at levels § = §p and § = Sy, with §f < § < Sy, letting the underlying
move freely in the area created between the boundaries (figure 6.1). The initial asset
value is assumed to be positioned in the middle of the two barriers. The two barriers
are of knock-out nature, meaning that the option will expire worthless if one of the
two barriers is triggered.

s, M

Fig. 6.1: Path of an asset with the effect of double barriers.

Assume there are two constant barriers Sy and Swy which at some time ¢t =
t* < T change symmetrically up and down to take the corresponding values Sy, Sy
till expiry, with 57 < Swr < Swu < Sy. This change results in a wider area between
the two barriers Sy, Sy leaving more space for the underlying to move freely (figure
6.4). The effect on the value of the double barrier Asian option is explored later in
section 6.1.1. Suppose we have a slightly different problem where at time ¢t =t* < T
two barriers, Sgy, and Ssy move symmetrically inwards to values Sy, Sy, with Sgz, <
S < Sy < Ssy, making the area between the barriers smaller than before (figure
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6.7). This problem is discussed further in section 6.1.2. For both problems the barriers
retain their knock-out nature.

We seek a solution to all three problems using the PDE method. More precisely
we construct a one-dimensional partial differential equation as part of the boundary
value problem, which we solve using the WKB method (named after Wentzel, Kramers
and Billouin). Using the WKB solution to the problem along with the properties of
Fourier series and orthonormal sets of eigenfunctions, we express the price of the option
in series form. We discuss how the price is affected by the two barriers, the jumps and
the time to maturity. For the payoff we take a linear function of the asset S forming
a triangle between the two barriers Sz and Sy.

The price for any path-dependent option whose value depends on the running
average I, the price of the underlying S and time ¢ is given by the following partial
differential equation

%—‘:+S‘Z—‘;+%U2S2%?§‘g-+rs‘;—g—rV=o. (6.1)
To investigate the fair price of such an option we consider the payoff to be of the

general form
V(S,1,T) = exp (I (T)F(S), (6.2)

where F'(S) is a function of S, « is a constant and I is the running sum I = f(f Sy du.
If o is considered complex then we get the characteristic function of the average. This
is important as it helps one to price payoffs different and more complicated than the
one considered later in section 6.3 (e.g. Carr and Madan [10]).

The boundary conditions are
V(S,I,t)=0, at S=5., S=8y. (6.3)

where S, is the lower barrier, Sy is the upper barrier and Sp < § < Sp.
Because of the form of the payoff we can reduce the dimension of the equation and

remove the average term by using the transformation
V(S,I,t) = exp (a I(£))U(S,1), (6.4)
where S = Sio, I= SLO and o = a Sp; Sy being the initial asset value. Equation (6.1)

becomes

aU 1 2—262U 'OU Q —
—0—1;—+§US ?5§5+TS—8§+(Q18—7‘)U—0' (65)
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Note that throughout this chapter § = S/So, St = Sr/S, Su = Sv/S, Swr =

Swt/So, Swy = Swu /So, Sst = Ssr/So and Ssy = Ssu/So so that the equation is

independent of the initial value of the underlying asset, with 0 < Sz < 1 and Sy > 1.
oUu 1 8*U = OU

v bl 2 o2 M Q_ =0. .
o T 505 e+ S oz + (@S - U =0 (6.6)

We set t; =T —t, then

OU _1 550U U ,
o =20 gm TS 55 TS - nU. (6.7)

We change the variable by setting S = exp (Z) and (6.7) takes the form

U o2 B*U ('r 02> ou

ot 2 0z 2 ) 81

+ (e exp (Z) - MU, (6.8)
with boundary conditions

U(Z,t1)=0, at Z=2Zr and Z =3y, (6.9)

where z7, is the lower barrier, Z; < 0, and Zy is the upper barrier, Zy > 0. We next
set U(Z,t1) = exp (Bt1 + v&) U1(Z, t1), and choose B and -y such that

Uy o 292U,
— = U
Btl 2 % TN +0419XP(1') 1,
thus g8 = —%2 - 55— 2L:2', v = % — %7 and by setting t2 = %Ztl we end up having
oU,  6%U;
gt; Ehs e + o exp (QJ)Ul , (610)
where o9 = 2—:31 and with
Ul(f,t2)=0, at T=2Z; and Z=7y. (6.11)

‘We move the origin by setting & = # + Zr; then equation (6.10) becomes

U, 62U1

B~ 0 + agexp (2)Uy, (6.12)

where a3 = agexp (Z1) and with boundary condition at the two barriers

U1(0) =15 (Q_JU - (I—JL) =0. (6.13)
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In order to solve this one-dimensional parabolic PDE, (6.12), we use separation of

variables by letting
Ur(Z,12) = X (3) T(t2),

and we end up having the equation

T/ X// ~
T Y%—agexp(m) =—k2,
where k2 is the separation variable.

From the above equation we get a system of equations

T +k*T = 0, (6.14)
X"(z) + (azexp (2) + k)X (Z) = 0. (6.15)

From the first equation we have
T(t2) = A exp (—kztz) ) (6.16)

where A is the integrating constant.
The exact solution of equation (6.15) can be written in terms of a conjugate pair of
Bessel functions of the first kind,

X (%) = C\(1 — 2ik) J_gi (2+/ a3 exp () + CoT'(1 + 2ik)Joir (24/ az exp (Z)) . (6.17)

Tor real X we assume that the constants are complex conjugates, C, = a + b, Cy =

a — tb where a and b are real. Hence the equation becomes

X(2) = aR[[(1-—2ik)J_2i(2v azexp (Z)) + T(1 + 2ik)Jair (2+/ a3 exp (2))]
+ b J(1 — 2ik) J_2i(24/ a3 exp (Z)) — T'(1 + 2ik) J2ix (24/ a3 exp (7))

Applying the boundary conditions (6.13) in the above solution gives us a system of
equations

a R[D(L — 2ik)J_2i(2/a3) + T(1 + 2ik) Sk (2/33)] (6.18)

+1ib S[I(1 — 2ik)J_gix(2v/as) — T(1 + 2ik) Joir (2v/a3)] = 0,
ﬁé .
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a R[T(1 — 2ik) J_gir (2 oz exp (Zy — T1)) + D(1 + 2ik)Joix (2v/ a3 exp (Zu — 1)) (6.19)

>
+1b S[I(1 - 2ik)J_gir(2v/azexp (Fy — Z1)) — T(1 + 2ik) Joi (2v/ a3 exp (Ty — :T:L))l =0,

—“ pr—

é

which can be written in the form

(27)(5)

For a nontrivial solution we require the determinant of the 2 x 2 matrix to be equal to

zero so that a and b are not identically zero

This gives

RID(1 — 20k) ik (2y/@3) + T(1 + 2ik) Josr (21/03))]
S[(1 — 20k} J_sik(2/as 6xp (B — 32)) — (1 + 2ik) Josx(2y/a5 exp B0 — 21))]

— Q[C(1 — 2ik)J_2ik(2v/03) — D(L + 23k) Jain (2y/3)] | (6.20)
R[D(1 — 2ik)J ik (2v/ ez exp (Zy — Z1)) + T(1 + 2ik) Jair(21/ oz exp (Tu — Z1))] = 0.

In order to find the solution of the above equation for k, we have to find the zeros of
the Bessel functions. This is a difficult task as the separation variable k is involved
in the order of the Bessel function. Because of this complication in finding the values
of k, we will use the WKB method to find the eigenvalues k and eigenfunctions X (Z)
which satisfy the boundary conditions and determine the orthogonality of the latter.
The eigenfunctions will enable us to fit the boundary conditions in a series form and
hence determine a good approximation to the exact solution (see section A).

The above ODE, (6.15), can be rewritten as

d?X o3

(1+

or

1 d2X

a3 ~ <y
ﬁﬁ+<1+—exp(a:))X(a:)—0, as k— o0,

k.2
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which is of the form

ey’ =Qz)y, Qz)#0, (6.21)

when € is small (¢ — 0). Equation (6.21) is the Schrédinger equation whose approxi-

mate solution for ¢ small can be found using the WKB method; that is

y(z) ~ C1Q() Vexp (L £ QD dt) + C2Q(x) M exp (-1 [ QW) ),

as € — 0,
(6.22)

where C] and C; are constants to be determined from the initial or boundary conditions
and a is an arbitrary but fixed integration point, e.g. Bender and Orszag [6].
Equation (6.15) can be written in the form of (6.21)

1d2X__(

S = (1+ 22 exp () X (@), (6.23)

L2
where Q(%) = —(1 4+ B exp (Z)), with boundary conditions
X(0)=X(zy —z.)=0.

Therefore the general solution to equation (6.23) using the WKB method is

X (&) ~ C1Q(E) M exp ( / Ve dr) +CQE) M exp (— / o) dr) .

Hence the general solution for equation (6.12) is given by the series

Ui(Z,t2) = Z Apexp (—k2ta)(as exp (&) + k2)~ /4 sin (/ azexp (1) + k2 dT) ,
0

n=1
(6.24)

where k, is given by applying the other boundary condition at & = Iy — Zy which
requires that
Ty —TL

Vogexp(r)+kidr =nm. (6.25)
0

For the case where k, is large the solution is shown as an example in section A.
In order to determine the constant coefficient A, of the series, we need to check the
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orthogonality of the eigen-solutions. The orthogonality condition that needs to hold is
Ty—Ir
/ XnXmdZ=0, whenn#m,
0

where the weight function is equal to 1 (see section A).
At expiry tp = 0 (t = T') the general solution (6.24) takes the form

01(5,0) = 3 4 Xa(2),  620)
n=0

where the left-hand side is the payoff. To test the accuracy of the WKB method, we
take the payoff to be the function

i1 [P BubSL o §<§
Ul(S, 0) = S—%+;z 6;]_—551, ’ = 2 = S +5U ? (627)
'gU—__SI.‘Z , S <8< —U*§—I‘
in terms of S,
Sy—exp (T Sy+5S = o
1 ,In {(2F2L ) < F < In(Sy
X(:—i)) =0 (.'_Z‘I,O) = exp |:_ (§ - %) -'E:| ein;i%L _ ? - 5 -0-(5 ) )
o —-l—l-—SU_SL , In ( L)<:B<1n(—”~——1‘2‘ )
(6.28)

in terms of Z, and

1 r SU—;‘?%@ ,ln(‘s%géh)<i<ln(-‘§,l)
U1(%,0) =exp |- | = — = | (& - Z1) _ Su=S. _ PRV L)
2 g2 SL?M?—SL 0<#<ln (S[Q[;’-SL)
U—SL ? L

(6.29)

in terms of z. The coeflicient A,, can be derived by multiplying equation (6.26) by
Xm(Z) and integrating with respect to # from 0 to Zy — Zf.
Zy—TL

/0 Ui(%,0)Xm(3) dz = Y An /0 Xo(3) X (%) diE .

n=1
Using the orthogonality relation
TU—3L if
/ Xo(#) Xom(5) d = { 0 man (6.30)
0

TR [ Xa () dE L, ifm=n



6. Double Barrier Asian Options 117

for m = n, A, will take the form

fOEU_EL Ul (ja O)Xn(j) dz

An = U —2 T
LU T Xn(@)]° di

, (6.31)

and the eigenfunctions

Xn(%) = (azexp (£) + k2)"4sin (/j Vozexp (1) + k2 dT) , (6.32)

form a complete orthonormal set. Hence taking into account the payoff (6.29) the
coefficient A, will take the form

ln(_ﬁ;%) S'U—S'LEXP(J—’J)‘ AW 2 ln[ﬁf(gu-*'gl‘)] Sy exp (£)-81 A
ook Guesy)]  Fo-se (AR o e (@) dE

J

An = Sy

8 x ez
(6.33)

In table 6.1 we show the first ten coeflicients of the series calculated for the payoff
(6.29). The solution in terms of the variables # and t3 is

n | Values for k,, | Values for A, for payoff (6.29)
1 | 2.139038725 0.7200689427
2 | 5.392424381 —0.1969075802
3 | 8.364169122 —0.04748087769
4 | 11.27823615 0.09143567646
5 | 14.17016471 —0.03130769161
6 | 17.05120432 —0.03284260703
7 | 19.92607330 0.03942528206
8 | 22.79710426 —0.005234976555
9 | 25.66558440 —0.02359201220
10 | 28.53228267 0.01402482217
Tab. 6.1: Values of k, and A, for n = 1..10 given from the formula (6.33) with payoff given
by (6.29).
_ _ T 1 72 1 T U 34
Ut = on(-(S+3+5) u+ (- %) @+on) (6.3)
o] T
Z Ay exp (—k2t2)(az exp (£) + k2) Y4 sin (/ Vasexp(r)+ k2 dT) ,
n=1 0

where a3 = azexp (T1) = ;25 a1S;. For the numerical interpretation of the problem
we take 7 = 0.05, ¢ = 0.5, a1 = 0.5 and T = 1. In figure 6.2 we plot the first ten
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terms of the series (6.34) against Z evaluated at different times to = 0 (payoff, top
dotted line), to = 0.025 (top solid line), t; = 0.0625 (middle dotted line), ¢, = 0.1
(bottom dotted line) and ¢2 = 0.125 (bottom solid line). We can see that the solution
becomes zero as soon as the value of the option hits one of the barriers, Zy = 0
and Zy = In (%’f) = 1.098612289 and at the payoff the peak of the graph occurs at

7= In (¥4 ) = 0.6931471806.

051
0.4
03 P

0.2

0.1 2

o 02 04 06 ) 1

x_tilde

Fig. 6.2: Plot of the WKB solution (6.34) for n = 10 against Z; from top to bottom, at £, =0
(dotted line), ty = 0.025 (solid line), t2 = 0.0625 (dotted line), t, = 0.1 (dotted line)
and ¢y = 0.125 (solid line).

In terms of the original variables S and real time ¢ the solution takes the form

2 2 -
U(S,t) = exp (— (2%2 + % + -;-) (T - t))g(%_?") (6.35)
* 2 _1/4 S/SL
0 9 2a1 5 | 49 . 201 = dr
nZ::l An exp (_—é—kn(T - t)) (—EE-S + kn) sin </1 _EE-SLT + k% —T—') .

The plot of the solution in terms of the original variable S and real time ¢t for n = 10
is shown in figure 6.3 for ¢t = 1 (payoff), ¢t = 0.8, 0.5, 0.2 and 0. Similarly the barriers
occur at Sy, = 0.5 and Sy = 1.5, and at S =1 the value at expiry is 0.5.
We can see from the figure that as time moves away from expiry (top dash-dotted
line), the value of the option drops and becomes cheaper (lines under the top one), as
the chances for the underlying asset hitting one of the barriers increases.
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Fig. 6.3: Plot of the WKB solution (6.35) for n = 10 against S at real time ¢; from top to
bottom, t = 1 (payoff, dotted line), t = 0.8 (solid line), t = 0.5 (dotted line), ¢t = 0.2
(dotted line) and t = 0 (solid line).

6.1 Jump of the barrier

6.1.1 When it widens

In this section we assume that the double barrier at some time, t* say, jumps from
initial values Sy, and Swy to values St and Sy (S'L < Swr < Swu < S'Lz) Both
lower and upper barriers are widened symmetrically from Sy = 0.7 and Sy = 1.3
to S, = 0.5 and Sy = 1.5, respectively. The nature of the problem is demonstrated in
figure 6.4.

During the analysis we will be going forward in time #; (t2 = "—;(T —t)) and backward
in real time ¢t. For time ¢, suppose that at time tp = ¢}, the barrier shrinks to Swy,
and Swy, S. < Swi < Swu < Sy (going from t2 = 0 to ta = t3). For 0 <ty < t} the
solution that holds in terms of the variable Z was found earlier to satisfy the equation
(6.34). '

For time ¢ > ¢} the value of the option will be governed by the same equation we had
for the double barrier

U, 8*,

3~ o Teer@U, ' (6.36)

with boundary conditions
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L
Sy
S
1Sy
Sy
t=t" t=T
Fig. 6.4: Jump of the barrier at ¢ = ¢*.
After doing separation of variables we end up having
T(ta) = Aexp ('—)\Qtz) ,
and
Xy (2) + (asexp (2) + M) Xw(2) =0, (6.37)

with boundary conditions Xw (0) = Xw(Zwy — Zwr) = 0, where T = 2 + ZTwy,
a5 = agexp (Zwr) and A is the separation variable.

The solution of the above equation, (6.37), as found earlier is given by

o0

Z (s exp (2) + A2) "4 sin (/ vVosexp (1) + A2 dr) , (6.38)

n=1

which satisfies the boundary condition at £ = 0 and where the eigenvalues A, are given

by applying the boundary condition at £ = Zwv — Zwir,

Iwu—Twr
/ Voasexp () + A2 =nm, (6.39)
0

which for Zwr = 0.7, Zwy = 1.3 and a5 = as Swr = 2.8, (since ag = 4) give the
values shown in table 6.2.
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Values for A,
A1 = 4.677900485
Az = 9.957139456
Az = 15.09700435
Agq = 20.20408609
As = 25.29824090
As = 30.38596979
A7 = 35.47003768
Az = 40.55182143
Ag = 45.63208409
A0 = 50.71128279

Tab. 6.2: Values of A\, for n =1..10

The solution for t2 > ¢4 of the PDE (6.36) in terms of the new variable & will take the

form

Uw(Z,t) = Z B, exp (—A2t9) (a5 exp (2) + A2)~ 4 sin (/0 Vasexp (1) + A2 dT)

n=1

= Y Bnexp(—Alto) Xwa(4). (6.40)

n=1

where By, is the series coefficient which will be determined by applying the normaliza-
tion condition.
At tg = t the following equality holds

o0
Uww (#,t5) = > Bnexp (—A2t3) Xwn (£), (6.41)
n=1

where the left-hand-side is the ‘new payoff’ which is equal to the value of the option

found for the barrier at Z; and Zy evaluated at time ¢},

00 z
Uiw (Z,t3) = Z Ay exp (—k2t3) (az exp (%) + k2) ™4 sin (/ Vasexp (1) + k2 d7'> .
n=1 ]
' (6.42)

valid for Zwr — Zr < & < Zwy — T, where A, was found to have the values shown
in table 6.1. Equation (6.42) in terms of the new variable & (Z = & + Zw — Z) takes
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the form
o0
Uww(&,8) = Y Anexp(—k2t3)(csexp (& + Zwr — Zr) + k) ™/
n=1 .
E+TwL—Fp
sin (/ Vazexp(r) + k2 dT) , : (6.43)
0

valid for 0 < Z < Zwy — Twi-
In order to find the coefficients B,, we multiply equation (6.41) by Xw,(Z) and inte-
grate with respect to £ from 0 to Zwy — Zwy

IwUu—IwL

Iwy—IwL *© z
/ Ulw(:%,t;)XWm di = ZB" exp (—)\it;) / XwmXwn dZ .
0 0

n=1 < )

-~

=0, unless m=n
So for m = n the equation becomes

JEWUTEWE LTy (2, 85) Xwn(2) di

Jo ™I X (B2 di

Cn =

, (6.44)

where C,, = By exp(—A2t3), Uyw(2,t5) is given by (6.43) and Xw,(Z) is given by
(6.40). The values of Cy, are shown in table 6.3.

n An Values for C,, using (6.43)
1 | 4.677900485 0.8425839615
2 | 9.957139456 0.09778211922
3 | 15.09700435 0.3313676954
4 | 20.20408609 0.06990330878
5 | 25.29824090 0.2508257942
6 | 30.38596979 0.05699282296
7 | 35.47003768 0.2106556363
8 | 40.55182143 0.04932363552
9 | 45.63208409 0.1853014203
10 | 50.71128279 0.04410133861

Tab. 6.3: Values of C,, for n = 1..10, using the discontinuous payoff function (6.43).
Hence the solution is
. 2 . =
Uw(2,t2) = exp [— (;Tg + % + ;—4) to + (% — ;Tg) 2+ xWL)]

Y Cnexp (—Al(ta - 13)) Xwn(%) (6.45)
n=1
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where Xwn(%) is given by (6.40). In figure 6.5 we have plotted the solution (6.45)
for the payoff (6.43) with the coefficients found in table 6.3. Whatever the effect of
the discontinuity the solution has at the payoff, to = 0.0625, it is corrected as soon
as a very small time has elapsed. This can be seen from the upper solid line which
corresponds to the time just after the jump occurs, t2 = 0.075. As time increases to
to = 0.1 and 0.125, the value of the option falls, as it has moved further away from the
payoff (figure 6.5).

0.254

0.2

/ \\
0.054 \

x_hat

Fig. 6.5: Plot of the series solution Uw (%, t2) for n = 10 against the variable £ for time t, =
0.075 (top solid line), t2 = 0.1 (dotted line) and 2 = 0.125 (bottom solid line).

The value of the option in terms of the original variables S and real time t will look
like

_ 2 2 _(1_
Uw (S, 1) = exp {— (-;- + %— + -2%2-) (T - t)] s(i-2) (6.46)
-1/4 5/8
ZC exp (__/\2( —t)) <2a1 S_l_/\z) sin (/ wr \/2a1$WL7__|_/\2 d_T) ,
n_ -

and is plotted against the original variable S fort=04,t=02and ¢t = 0 in figure
6.6, with r =0.05, c =0.5, 00 = 0.5 and T = 1.

The graph of U(S,?) in figure 6.6 shows how the value of the option in terms of the
original variable S evolves when the barrier has jumped from [Swr, Swu]| to [St, Su]
in real time ¢ (¢t < t*). At t = 0 the value of the option is cheap since it is far away
from maturity. As time grows the value of the option becomes more expensive (¢t = 0.2,
bottom solid line) as it moves closer to maturity. At the jump, ¢ = t* = 0.5, the value
of the option will become more expensive as the holder of the option has benefited

from this sudden change of luck after managing to avoid hitting any of the barriers.
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Fig. 6.6: Plot of the series solution Uw (S,t) for n = 10, for time ¢t = 0.4 (top dotted line),
t = 0.2 (solid line) and ¢ = 0 (bottom dotted line) in terms of the variable S.

Because the value of the option before the jump ¢ = ¢* diffuses backwards in real time
t, the holder of the option is aware of the fact that soon he will benefit from the jump
of the two barriers and so the value of the option will be more expensive than it was
before. For t > t* the possibilities of the underlying hitting one of the new barriers have
decreased and as the time to maturity approaches, the value of the option increases to
reach a value at the exercise date (figure 6.3).

When the value of the option reaches the time ¢ = t* just before the barrier widens,
i.e. forward in real time, say at time ¢t* — € (¢ <« 1), the option has some value (it’s
not zero as it hasn’t hit any barrier) different to the one occurring at time t* +e. At
t* — e < t < t* + e the function is discontinuous, since it only takes values equal to
Uyw (2,t%) for Sy < & < Swy and zero for values 87, < & < Sy, Swu < & < Sy.
The holder of the option at t* + ¢ is in much better position than the holder at t* —¢,
because he has less chances in hitting the barriers. As a consequence, the value of the
option increases from position t* — ¢, before the jump, to the position t* + ¢, after the

jump.

6.1.2 When it shrinks

Assume that the double barrier at some time, t* say, shrinks from initial values Sgy,
and Sgy to values Sy, and Sy, respectively (Ssr. < S, < Sy < Ssy) (going from t = t*
to t = T). The values we take for these barriers are Sg;, = 0.3, 5, = 0.5, Sy = 1.5
and Ssy = 1.7. The nature of the problem is demonstrated in the piéture 6.7.

Here we use the same equations as in the case when the barrier widens but with some

minor changes.
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t=t t=T

Fig. 6.7: Jump of the barrier at t = t*.

Again throughout this section we will be going backwards in time, i.e. from t3 = 0 to
ty = t5 and the solution of the double barrier option is given by (6.34). The governing
equation of the double barrier option up to time #; is the same and by doing separation

of variables we have the following system of equations

X4(3) + (agexp (2) + A))Xg(z) =0 (6.47)

{ T(to) = Aexp (—\%t3)
with boundary conditions
Xs(ZsL) = Xs(Zsu) = 0.
By moving the origin setting Z = & + Zg, the second equation of the system becomes

X5(2) + (as exp (&) + \) Xs5(8) =0, (6.48)

where ag = agexp (Tsr) = a2Ssr, A is the separation variable, and satisfies the

boundary conditions

Xs(0) = Xs(Zsy — Ts) = 0. (6.49)
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The solution to equation (6.48) as found earlier is

Xs(2) = f: D, (ag exé (2) + A2)"Y4sin (/'w Vagexp (T) + A2 dT) , (6.50)
n=1 0

which satisfies the boundary condition at £ = 0 and where the eigenvalues are given
by applying the boundary condition at & = Zsy — Zsr,

Tsu—Tsr
/ vasexp(T)+ A2 dr =nw for n=12,3,---. (6.51)
0

which for Zgr, = In(0.3), Zsy = In(1.7) and ag = 1.2 gives the values shown in table
6.4.

Values for A,
A1 = 0.4760406767
Az = 3.152523996
A3 = 5.129735834
M = 7.019015719
A5 = 8.876045484
e = 10.71746714
A7 = 12.55011286
Ag = 14.37732426
Ag = 16.20093391
Ao = 18.02203223

Tab. 6.4: Values of A, for n = 1..10 for the new barrier [Sgr, Ssu]

The solution for £3 > t3 will take the form

0 : z
Uis(®,t2) = Z Dy exp (—A2ts)(ag exp (&) + A2) " /4sin (/ Vg exp (1) + A2 dr)
- 0

n=1

o8]
= ZDn €xp (_A%t2)XSn(j) ) (6.52)
n=1
where D, is the series coefficient which will be found by applying the orthogonélity
condition at ty = t3.
At ty = t3 the following equality holds

[e o]
Uys(d,t5) = Y _ Dpexp (=A2t5) Xsn(2), (6.53)

n=1
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where the left-hand-side is the ‘new payoff’ at time ¢35 which is equal to the value of
the option found for the double barrier [Z1, Zy],

o] 4
Uis(z,t3) = Z Anexp (—k2t5)(azexp (Z) + k2)~/*sin (/ vazexp (7) + k2 cl’r) .
n=1 0

(6.54)

which in terms of the new variable (& = & + Zgr — Z1) takes the form,

[ o]
Uis(i,t5) = Y Anexp(—kits)(agexp (& + Zsp — 1) + k3) /!

n=1

2+Tsr—Tr,
sin (/ vogexp (1) + k2 cl'r) , (6.55)
0

valid for Z; — gy, < & < Zy — Tsz, and is zero at the intervals [Zsz,Tz) and [Ty, Tsul,
where A,, was found to have the values shown in table 6.1.

Multiplying equation (6.53) by Xgp, and integrating over & from 0 to Tsy — Tgr we
have

Ty —ZsL . A R 5 Zsy—TsL o
[ Uis(2,t5) X sm dE = Z D,, exp (—A5t3) /0 XsmXsn dZ,
T

L—TSL n=1

~
=0, unless m=n

since

TSy Zr, Ty ISy

/ (...)dz = / (...)d:l‘c—l-/ ( )d:v—l—/ (...)dz

Isr Isr Ir Iy

=0 =0
Ty Ty —ISI
= ()d:l_c:/ (...)d%, since & =T —Zgr.

Iy, IL—Tsr

Hence when m = n we have

JEU58 Us (3, ) Xsn(#) di

€T

JESUTESE (X gn(%))? di (6:56)

E, = Dyexp ('_’\72175;) =

The values of E,, for the first ten terms of the series are given in table 6.5.

Therefore the full solution to the problem becomes
Us(,t2) = = T+1+ﬁ T (& + ZsL) (6.57)
s(Z,t2) = exp 2 T1 7T 2 5 2 T+ s .

©0 z
Z Eyexp (—A2 (1o — t3))(as exp (&) + A2)~/*sin (/ vVogexp (1) + A2 cl'r) ,
n=1 0
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Values for A,

Values for E, given by (6.5)

S0 No Ut W S

0.4760406767
3.152523996
5.129735834
7.019015719
8.876045484
10.71746714
12.55011286
14.37732426
16.20093391
18.02203223

0.2782360162
—0.1699091131
—0.09048394086
0.07882120570
—0.01334710795
0.04897786562
—0.02901824368
0.007569492839
—0.02644970783
0.009274073020

Tab. 6.5: Values of k,, and E,, for n = 1..10 with payoff the function (6.55).

Us

0.3+

0.25

0.2

0.15

0.1

0.05

Fig. 6.8: Plot of the series solution Ug(Z, t2) for n = 10, at time ¢; = 0.0625 (payoff, top dashed
line), t2 = 0.07 (lower dashed line), ¢; = 0.1 (upper solid line), ¢ = 0.125 (lower solid

line) in terms of the variable Z.

the plot of which for the first 10 terms of the series, as time grows, looks like in figure
6.8 (note that the values taken for o, r and T are as in the previous section).
In terms of the Z variable, the solution above becomes,

. r 1 1 r I
US(.’B,tQ) = eXp l:— (;2— + Z) to + (5 - 5_3) (.’B + .’BL)] (658)
e
> Bnexp (—Mi(ty — t3)) (as exp (& + T — Esr) + AZ) /4
n=1

I+Tr—Tsr
sin (/ Vagexp () + A2 dT) ,
0
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and in terms of the original variable Z the solution of the new barrier [Zsy.,Zsy| looks
like

- r 1 2\ 1 r\ _
Us(.’lf,tg) = exXp |:— <-0'—2 + Z + ;_—4) ta + (5 - '&—2-) .’E] (659)
00 I—ZsL
Z Ernexp (—X2(tg — t5)) (g exp (2 — ) + A2) /4 sin (/ agexp (T) + A2 d'r) ,
n=1 0

an finally in terms of the original variables S and real time ¢ it will look like

_ 2 2 (1 _r

Us(3,) = exp [-— (g + % + ——2’;2) (T — t)] 5(3-%) (6.60)
i 2 _ ~1/4 5/3s1 -
ZEnexp (——%,\i(t* _t)) (2;';15_4.,\721) sin / L?SSLT'F/\% dr '
n=1 g 1 o T

The solution (6.60) is plotted against the original variable S for ¢t = 0.5 (when the
jump occurs), ¢t = 0.2 and ¢ = 0 in figure 6.9.

03 PN
/ \\\
0.25 1 \\_
/ \
i N
! / ‘ \
0.2 / / \\
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/ ‘
0.1 / / \
/ \
7
01 o4 06 o8 1 12 14 16
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Fig. 6.9: Plot of the series solution Us(S,t) for n = 10, for time ¢ = 0.5 (top dotted line),
t = 0.2 (solid line) and ¢ = 0 (dashed line) in terms of the variable |S.

The graph of U(S,t) (figure 6.9) shows how the value of the option in terms of the
original variable S evolves when the barrier has jumped from [Ssz,, Ssi/] to [SL, Sy] in
real time t. Looking at figures 6.9 and 6.3 we observe that the value of the option at
t =1 is quite large compared to the values it takes as it moves away from the payoff.
Before the jump occurs at ¢t = t* the holder of the option is in a better position than
after as the underlying has more space to move and is less likely to hit the barrier
(SsL, Ssul-

Looking closely at the shape in figure 6.10 we can comment on the behavior of the
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option throughout this jump. At ¢t = 0 the value of the option will be cheap when

t=10 t =102 t=05 =T

Fig. 6.10: Jump of the barrier backwards in time at ¢t = ¢*.

the underlying is close to the barriers (position A). As we move away from the two
barriers, towards the middle of the interval [Ssy, Ssy] (position A’), the value of the
option will be increasing and reaching the highest value in the middle, as it will be
less likely for the underlying asset to hit any of the two barriers. As time increases,
say to time t = 0.2, the value of the option when the asset is closer to the barriers
(position B) will be less than the corresponding value at time ¢ = 0, as the asset is
closer time-wise to the jump of the barriers. In the middle the value of the option will
be higher from the previous time as time gets closer to expiry (position B’). When
the jump occurs at time ¢t = 0.5, we can see from the graph 6.9 that something funny
is happening to the value of the option. Let us assume that the underlying is close to
one of the two barriers (position C in figure 6.10) at time t* — e. Since the asset has
no time to manoeuvre in order to fit into the new barrier the value of the option will
be cheaper than if it was situated lower. This is because the underlying is more likely
to miss the shrunken area and therefore expire worthless.

In figure 6.11 we plot the values of the three barrier options (equations (6.35),
(6.46), (6.60)) at present time.

Looking at the three graphs for the value of the Asian option before and after the
jumps have occurred (figures 6.3, 6.6, 6.9) we can draw the following conclusions for
the value of the option at time ¢ = 0. The value of the three options depends on the
size of the barriers. More specifically, the value of the simple barrier at ¢ = 0, [Sy., Su/],
is cheaper than the value of the option when the barriers jump inward, [Ssz, Ssu], at
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Fig. 6.11: Plot of the solutions U(S,t) (dashed curve), U, (S,t) (lower solid curve), Us(S,¢)
(upper solid curve) at time ¢ = 0.

that time (figure 6.12). This is because the holder of the option enters the contract
having a better position since the two barriers are far away, [Ssz, Ssy]. Furthermore,
the value of the barrier which jumps outwards will be much cheaper than the value of
the original barrier, [Sz, Sy], at that time (¢ = 0), as the underlying has more chances
of hitting either barrier [Sy ., Swu).

. ¢
E s
/ SU
A4
s / / SW
V IVW\
. 18,
3

\ I
.i Sy

t=0 t=t t=T

Fig. 6.12: Sketch of the three types of barriers.
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6.2 Black-Scholes equation with a single step double barrier

In this section we examine how the problem with the two double barriers (sections 6,
6.1.1 and 6.1.2) which jump inwards and outwards affect the case of a European option.
Note that for the numerical interpretation we have used the same values as done in
previous sections. Also note that the subscripts used are for notational purposes and
not to denote derivatives.

We consider a European option given by the Black-Scholes equation which can be
written in the form of the heat equation,

oW W

B 92 (6.61)

using the transformations mentioned in chapter 4. The boundary conditions are
W=0, at z=2; and Z=zp. (6.62)

The payoff we take is as before

Sy—=S  Sy+S
USt=T)=d S5c 2 <8< 663
5, ) =S g Sy+Sp (6.63)
SU—SL H L < S < 2
in terms of .S, and
W(iE t O) exp ( 1 + r ) Suﬁ;?cpéxz , In (EC%S'L) <z <ln (SU)
y U1 = = R . |
| 2o exﬁpzﬁz—)ELSL ,In(Sz) <z <In (S 3 )
(6.64)

in terms of the x variable.

The solution to the problem in Fourier series is of the form

W(r,t1) = ZA exp( " 2“;)2 )sin (x—f_fz (z — m) , (6.65)

satisfying the boundary conditions (6.62), and where the coefficients are given by the
formula

f W(z,0) sin (%ﬂl) dx
" i [sm (—L—lmr S )] dz

L Ty —TL

(6.66)
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The full solution is given by the equation

Ves(S,t) = exP(—r(T—t))exp[(~%2— 2’; )(T—t)]s% 7 (6.67)

ZA exp( mU”i“;L) il (T—t)) sin [ﬁm (S%)}

The above solution can be viewed against S for different times ¢ in figure 6.13. The
two barriers take values Sp = 0.5 and Sy = 1.5. The expiry date has been taken to be
T =1 year.

0.4

0.3

0.2 4 .

Fig. 6.13: Plot of the series solution V(5,t) against S for n = 10 at ¢t = 1 (top solid line),
t = 0.8 (top dotted line), ¢ = 0.5 (middle solid line), at t = 0.2 (bottom dotted line)
and t = 0 (bottom solid line).

Comparing the European with the Asian option at time ¢ = 0 we observe that the
Black-Scholes will act as a bound on the Asian option, figure 6.14. This is because of
the extra exp (a ) term the Asian option has, leaving the European option to vary
between values exp (@ Imin) Vs and exp (@ Inax)Vas.

Suppose that at time t; = ¢tJ = 0.5 the two barriers jump outwards from values
Swr and Swy to values Sp and Sy, respectively (Swr < Sr < Sy < Swy), figure
6.4. For the new barrier the Fourier series is given by

W, t1) ZE exp ( L - t*;)) sin (—”ir_— (a - a:WL)) :

(zwu — TwiL)? TWU — TWL
(6.68)
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Fig. 6.14: Plot of the Asian (dotted line) and the minimum and maximum values (lower and
upper solid lines respectively) of the Black-Scholes equation against S at time ¢t = 0.

where the payoff at time ¢; = t] is

W(r,t3) = Z Ay, exp ( 2”2L)2 tl) sin <—m—— (z — :cL)) , (6.69)

Ty — T,

valid for 7, < z < zy and the coeflicients E,, are given by

f W(z,t})sin (mx—_x—w—u) dx

IWU—ITWL
n TWU nwfm—:rWL! 2 (670)
waL [Sm ( TWU—TWL )] dz
The full solution for the barrier jumping outwards is given by
_ o r? r 1
Vw(S,t) = exp (—T(T—t))exp ——8— T 252 +§ (T—t) 52 ¢ (671)

= n?m? o? _ ni S
Z E, exp R r—— (t* —t) ) sin In .
— (zwu — zwL) twu —TwL  \SwL

and the graphs for the value V,, against S for different times are shown in figure 6.15.
The corresponding graphs for the European option acting as a bound for the Asian
option for the case where the two barriers jump outwards at ¢t = 0 are shown in figure
6.16.

Similarly, suppose that at time ¢; = t] the two barriers jump inwards (in real time)

from values Sg;, and Sgy to values Sy, and Sy, respectively (Ssz < Sr < Sy < Ssy),
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Fig. 6.15: Plot of the series solution V,,(S,t) against S for n = 10 at ¢t = 0.5 (top solid line),
at t = 0.2 (dotted line) and at ¢ = 0 (bottom solid line).
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Fig. 6.16: Case where the barriers jump outwards: plots of the Asian option (dotted line),
minimum and maximum values (lower and upper solid lines respectively) of the
Black-Scholes equation against S at time t = 0.

figure 6.7. For the new barrier the Fourier series is given by

d n?m? o) . nw
Ws(r, t1) = Zlc'n exp (—m (t1— t1)> sin (m (z - $SL)> ,
n=
(6.72)

where the payoff at time t; = ¢} is given by (6.69) valid for z;, < z < zy and the
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Fig. 6.17: Plot of the series solution V;(S,t) against S for n = 10 at ¢t = 0.5 (top solid line), at
t = 0.2 (dotted line) and at £ = 0 (bottom solid line).

coeflicients C,, are given by

2V W (x, 1) sin (—-—i—l’"r I—25L ) dx

Tr LSU—XSL
Cn = = [ e )]2 p (6.73)
rsL sin LSy —TSL z
The full solution for the barrier jumping inwards is given by
Vi(S, ¢ Tt AR Y P 6.74
(50) = ew(rT-Dep| (<G - 52 +5)@-0|FF o
2

2 n2m? o [ nmw ( S >]
Crnexp | ——————— — (t* —t) ) sin In ,
nz:? i ( (zsu — xsp)? 2 ( )> zsu —xsp \SsL

and the graphs for the value against .S for different times are shown in figure 6.17.
The corresponding graphs for the European option acting as a bound for the Asian
option for the case where the two barriers jump inwards at ¢t = 0 are shown in figure
6.18.

As mentioned at the end of section 6.1.2 a similar observation can be commented for
the value of the European option at time ¢ = 0. In figure 6.19 we plot the three values
V, V; and V,, against S at time ¢ = 0. From figure 6.12 we can observe that at time
t = 0 the value of the shrinking barrier V; is more expensive than the original barrier
V. Also the value of the expanding barrier V,,, is much cheaper than the original barrier
V at time t = 0.
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Fig. 6.18: Case where the barriers jump inwards: plots of the Asian option (dotted line),
minimum and maximum values (lower and upper solid lines respectively) of the
Black-Scholes equation against S at time ¢ = 0.
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Fig. 6.19: Plots of the value of the options at t = 0 when the barriers remain constant, V (S, t)
(dotted line}, jump inwards Vz(S,¢) (top solid line) and outwards Vi (S,¢) (bottom
solid line) in real time ¢ (figure 6.12 for the shapes of the barriers).

6.3 Example of an Asian option

For the valuation of a double barrier Asian option we have given (at the beginning of

chapter 6) a Fourier series solution for a general payoff of the form

V(8,1,T) = exp (I) F(S), (6.75)

where F(9) is a function of S which we took to have a triangle shaped payoff at t = T

between the two knock-out barriers § = Sp, and S = Sy. In the previous sections S,
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Sr, Sy and I were all scaled on Sy (S = §/So, S1. = S1./So, Su = Su/So, I = I/,

a1 = /Sp). The solution was found to be of the form

2 2 .
V(S,1,t) = exp (a1 I) exp (— (52_2_ + 28_ 4 %) (T - t)) S(E—;z) 616
Sy (-er-0) (k) o ([ o).
where
S5 F(5)Xa(8) dS
" jgf[XQ(Sﬂzdg ’ (6.77)

k, is given from

Su/SL —
/ \/asSpT + k2dr =nw. (6.78)
1

and
_ —1/4 8/8. _
X,(5) = (2(11 S+ k2> sin (/ 27();1—5',;7' + k2 ?) . (6.79)

For ordinary European Asian options the payoff for a call option is given by the

equation
I
V(S,1,T) = max T —-E,0).
For European Asians with barriers we construct a payoff of the form

V@Lﬂ:uﬂd%%—&), (6.80)

which is similar to the ordinary value of an Asian call option. In general the strike
price, E, is situated between the two barriers at maturity ¢ = 7. For convenience we
have taken the value of the strike E to be equal to the value of the lower barrier Si.
In this example we do not scale S, Sy, Sy and I on Sp. At any time ¢ the average I(t)
will take values between Sy, t < I(t) < Sy t, where Sg t and Sy ¢ are the minimum and
maximum values the average takes at the two barriers and I(t) = fot Sy du. This can
be seen in diagram 6.20.

Compared to the normal Asian options, in the case of Asian barrier options the buyer
of the option will pay less for the contract he is entering as it will have more chances
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Fig. 6.20: Area (shaded) where the average takes value at time ¢.

of hitting the lower barrier and expiring worthless.
The payoff (6.80) corresponds to two options. One where the function F(S) is
equal to F(S) = S, = E and the payoff for that option will be

VNS, 1,T) = Sy, exp (al), (6.81)

and another option where the function F(S) is equal to F(S) = 7 with payoff

1

V(5 1,T) = T eXp (al). (6.82)
We use the latter option to differentiate the payoff with respect to « to get an option
with payoff
ov I
(2) - =
VNS, I,T) o T exp (af). (6.83)

We deal with V(1)(S, I, T) and V2(S, I, T) as two different problems. Combining the
two payoffs results to the original payoff,

VS, I,T) - V(S I,T) = exp (al) (% — SL> . (6.84)

The solution to the first option with payoff (6.81) in terms of the variables S = S/Sp,
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I and t will be given by equation (6.76) with coefficient S,

l\.b—l

V(3,1,t) = Sy exp (oal) exp (- ( 2"22 + E; + 2) (T - t))S( ~3) (6.85)

i o? 2001 = AN /5L 207 = dv
;Anexp <—7k§(T—t)) (? S+ kﬁ) sin /1 =z Spvtk— |,

and with coefficients given from equation (6.90), with F(S) = 1.
For the second option with payoff (6.82) the solution is similarly given by

V(5 1,t) = %exp (an]) exp (— ( 2222 + -; + 2) (T — t)) s(t-%) (6.86)

oo 9 ~1/4 5/5L
> tuon (-G -0) (Sseit) ([ B s ).
n=1

with the same coefficients, A,, as in the first option. Differentiating the latter we get

a complicated expression

S/SL D) o0 2 o
sin (/ 20y SL + k2 ) LT ZA exp (—%kﬁ(T — t)) (U—'S; + kng’;—”)
el 1

—5/4 §/8
(20‘15 k2> sm(/ L,/QiSL + K2 )

1 o? , 201 2\ 74
+ T;Anexp<—?kn(T-—t)>< S-I—k)

S/5L 2 _ §/§L Q d -1/2
(| Vs ®) [T (S nde) (B aeen) " L),
1 o v 1 o doy v

where %ﬂ and @’l are given further down.
The latter expressmn is proportional to the average I giving a term Iexp (ay1)g(S)
plus another term of the form exp (a;I)g(S). The solution to the problem of double
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barrier Asian options corresponds to the payoff (6.80).
Therefore the value of the double barrier Asian option will be equal to

V(8,I,t)=V® (S 1I,t)-~vW(GE I1). (6.87)

For the numerical realization of the problem we take the two barriers to have values
S, = 0.5, Sy = 1.0, the volatility ¢ = 0.5, the interest rate r = 0.05, a1 = 0.5 and

maturity 7' = 1 year. The eigenvalues k,, are given from the formula

Su/Se 200 = dv
/1 1/“(775Lv+k,%’5‘=nﬂ~ (6.88)

The derivative %ﬁu can be found for each k, by differentiating the integral equation

for the eigenvalues with respect to oy,

S'U/S'L Q B ~1/2
/ (—S—g-v—kkn%) (%SLv—f-kg) El-y = 0
1 o dog o v
-k %__&LSU/SL (%LS'LU"‘]"%)_Iﬁ dv (6.89)
" doy o2 J‘ISU/SL (2;«12,_ Spu+ k%)—l/'z dv : :

For the values mentioned earlier the first 20 eigenvalues are given in table 6.6. For the

kn n kn
3.845453412 | 11 | 49.79805474
8.740846165 | 12 | 54.33524518
13.38325832 | 13 | 58.87169153
17.96960881 | 14 | 63.40755349
22.53413133 | 15 | 67.94294808
27.08785801 { 16 | 72.47796305
31.63544978 | 17 | 77.01266545
36.17921962 | 18 | 81.54710742
40.72044675 | 19 | 86.08133013
45.25989645 | 20 | 90.61536648

gV~ BTN I - I LR SR

Tab. 6.6: Values of k,, for n =1..20

coefficients of the series we use the formula

 JEY P(§)X(8)dS
Y [Xu(9)2d5

(6.90)
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where F(S) = 1 and X,,(5) is equal to
_ 1/4 5/5¢
X, (8) = (20‘15 + kz) sin (/ 20‘1 Spv+ k2 ) . (6.91)

Differentiating A,, with respect to «; will give the derivative of the coefficients with
respect to a3

ddn _ (S5 Xn(S)PdS) 5 5 (Xn(8)]dS - (J57 Xn(5)dS) J57 ot [Xn(S)P dS
dor (52 (Xa(3))245)°

(6.92)
The corresponding coefficients for the first 20 terms of the series (6.87) are given in

table table 6.7. To improve the convergence of the Fourier series, more terms can be
taken into account.

A, n A,
2.161168076 11 | 0.7120644585
—0.7547279312 | 12 | —0.3403120040
1.339498104 13 | 0.6552985006
—0.5749187982 | 14 | —0.3153381276
1.049984857 15 | 0.6102224608
—0.4766964493 | 16 | —0.2951364526

- 0.8905781868 | 17 | 0.5733129549
—0.4151258163 | 18 | —0.2783639376
0.7866061028 | 19 | 0.5423720423
—0.3722648084 | 20 | —0.2641516643

5000 oot w3

Tab. 6.7: Values of 4,, forn=1..20

We can find bounds to the Asian option. This can be done by taking three
options with payoffs V; = aal( exp (a1l)) = exp (all_)%, Va = exp(aal) Sp, and
V3 = exp (a1l) Sy. T is the expiry date of 1 year and a; is a constant parameter taken
to have value equal to 0.5. We expect the value of the option Vi to lie between the
values of the options V, and V3. The graphs that correspond to these options at ¢t = 0
are given in figure 6.21.
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Fig. 6.21: Bounds on the Asian option at time ¢ = 0 (V3, dash curve, V3 bottom solid curve,

Va top solid curve).



7. TRANSACTION COSTS

An important effect is the presence of transaction costs when valuing options. Leland
[47] considered a model that allows transactions only at discrete times. By adopting
a d-hedging argument, he derived an option price that converges to a Black-Scholes

price as transaction costs become arbitrarily small with an adjusted volatility

52 =0212k0\/—-2—,
wot

where o is the original volatility, k is the proportional transaction cost and ¢ is the
transaction frequency. The plus or minus sign depends in whether the option is held
short or long respectively. Barles and Soner [4] applied a utility function approach
as well as an asymptotic analysis of a nonlinear PDE under the effect of transaction
costs. The presence of transaction costs effect the volatility and therefore the governing
equation. Gondzio, Kouwenberg and Vorst [31] propose a stochastic optimization
model for hedging contingent claims and take into account the effects of stochastic
volatility and transaction costs. Morozovsky [56] constructed a modified Black-Scholes
equation with transaction costs and gave a solution to the equation for the case where
the option was close to expiry and the case where the transaction costs were small.
Dewynne, Whalley and Wilmott [19] constructed a PDE model for valuing exotic
options with the possibility of a similarity solution. They used explicit finite differences
to overcome the strong nonlinearity caused by the transaction costs term.

7.1 Asian options

We consider the effect of transaction costs for the case of strongly path-dependent
options and more precisely for Asian options. We take the case where a similarity
variable used by Geman and Yor [29] is introduced in the problem. With transaction
costs the partial differential equation valid for any path-dependent option is of the

form
2V

85?

ov
+rS—a—S——7"V—O, (7.1)

v oV 1,

%

652 - k10'52
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where [ is the running average and k) = k/ Wi&.

We set V(S,1,t) = exp [-r(T —t)] Vi(S,1,t) to get an extra rV; term in the latter
PDE,

oVa

-— Vo = 7.2
SaS+T2 0. ( )

2
Vs Sc‘_?_V_g_{_l 2526 V2

ot oI 52

6V2

2
koS Tge

We then change the variable by introducing the similarity variable
U=%(K1—I), where Ky = KT, (7.3)

K being the strike price and T' the maturity date.
Hence equation (7.2) becomes

ow 1 2 26 w ow 82W
— = U rU)—— — w 74
o =27 U gpr ~ WGy ke |V g |+ W (74)
where V3 = £ = W(U,t), t1 = T — t and with payoff for a fixed-strike Asian call option
W(U,0) = max(—U, 0). (7.5)

We examine the sign the Greek gamma (T' = W) takes by returning to the PDE (7.4)
without the effect of transaction costs and see whether we can draw any conclusion for

the sign of the modulus. We have the equation

OW _ 1 5 20*W

1
b 27 7 aur

ow
(1+TU)W+TW

Differentiating the above equation with respect to U gives

When t; = 0,
AW { ~1 ,forU<0
U 0 ,forU>0
We differentiate again to get a partial differential equation for T,
OF _ 1,220 | 1052 U 195 4+ (% =T, (7.7)

ot 27 7 Bz
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and at time ¢ =0, ' = %?UV‘; = 0 everywhere apart from the point U = 0 where I" is

positive but undefined.
We set T' = exp ((62 — r)t1)I'; and (7.7) takes the form

or

L S A

1
o6, 277 aU?
At this stage we still cannot determine the sign of I so we multiply the equation by a

function of ¢ which we will find later,

-BTI = U BUQ + [(20 T‘)U 1]/L BU
- 6U[2UU”BU}'
Provided
2 o? 2 Ou 2
UU/L+ UBU——/L[(QU —-rU —-1],
to hold, which gives
2 02—1' 2
p= AU exp (ﬁ) . (7.8)
Substituting into the equation we have
2(02—7‘) 2 61-‘1 3 1 2 2‘2_”22—_"2 2 BI‘l
_02_ — _— —_ o —_— —
Ul P (azU) ot oU [2" U] P\ U BU} ‘ (79)

The above equation is a non-linear diffusion equation with positive coefficients. There-
fore as a consequence of (7.9) the gamma for the call option, I' = %iuv‘;, will always be
positive. So we can proceed with the valuation of the Asian option with the effect of
transaction costs, by removing the modulus sign. Hence equation (7.4) becomes

oW (1 , 2P W
Bt — (2 kla) U 3072 —(1+ U) £l —H‘W (7.10)

with payoff for a fixed-strike Asian call option
W (U, 0) = max(-U,0), (7.11)

and

W (U, 0) = max(U, 0), (7.12)
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for a fixed-strike Asian put option. For the case of the similarity variable R = —é— the

governing PDE with transaction costs is of the form

BH 1 2 20 H o O*H
— - H= 7.13
Bt R6R2+(1 ) kio |R Yl +7r 0, (7.13)
with payoff for a floating-strike Asian call option
R
H(R,T) = max (1 - T’O) . (7.14)

Applying the above analysis for this problem leads to the diffusion equation

Ao’ o) _ 2\ _ 9 1 o 227 or) 2 \oIy
| R oxp | ——5 5. ~ % |R) P\ ~—= | ox | (7.15)

The delta of the payoff behaves like

H

Ao OH _ -4 ,for R<T
8R 0 ,forR>T

and the gamma of the payoff is zero everywhere apart from the point R = T when it
is infinite.

Following the above procedure one can determine the sign of the modulus of the
equation for options where the gamma of the payoff is single signed. For the case
where the sign of the gamma changes this method cannot be efficient and we are led

to solving the problem numerically, see next chapter.



8. NUMERICAL APPROACH

There has been a wide range of literature devoted to path-dependent options and more
specifically to Asian options. Unfortunately, no explicit pricing formulae are available
for pricing them. This is because the distribution of the geometric average of a set of
log-normal distributions is not explicit. This factor has led several authors to approach
the problem of valuing Asian options using different methodologies. The most popular
approach is numerical. A variety of numerical techniques have been developed to
analyze this kind of path-dependent option. Some numerical implementation has been
done using a mixed implicit/explicit discretization and Monte Carlo simulation.

A very common numerical method used for pricing options based on the average
of the underlying asset is Monte-Carlo simulation. One of the first well-known studies
in that area is by Kemna and Vorst [43] who use Monte Carlo simulation to determine
the price of an average value-option expressed as a PDE. 'They show that an out-of-
the-money! standard option can be expected to be significantly more expensive than
an average value option and they find an analytical value for a geometric average
option. Monte Carlo simulation was also used by Ritchken, Sankarasubramanian and
Vijh [59] to price a number of path-dependent contracts, average and lookback? option
values, and Rogers and Shi [62] provided numerical results for the PDE with very good
accuracy.

Another way to approach this kind of problem numerically is by using finite dif-
ference methods. Benhamou and Duguet [7] derive a PDE for the Asian option which
they solve quite efficiently with the standard Crank-Nicholson method. Zvan, Forsyth
and Vetzal [77] explore the pricing of Asian options numerically by solving a one-
dimensional similarity variable PDE and a two-dimensional PDE using finite differ-
ences. The two-dimensional PDE that rises for the case of the Asian option can be
reduced to a one-dimensional one by introducing an appropriate similarity variable,
Ingersoll [41], Wilmott, Dewynne and Howison (73], Rogers and Shi [62]. This can
happen only when the payoff is of a particular form and is consistent with the simi-

! An option is said to be out-of-the-money when either in the case of a call option the asset price is
less than the strike price, or in the case of a put option the asset price is greater than the strike price
(Hull [39]). .

2 Lookback options have a payoff that depends on the realized maximum or minimum of the under-
lying asset over some period prior to expiry.
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larity variable itself. However these kind of PDEs can apply only to European-style
options and it is difficult to numerically solve them as the diffusion term is very small
compared to the values taken on the finite difference grid. Alziary, Décamps and
Koehl [2] derived a one-state variable PDE for pricing a European type Asian option
(for both fixed and floating-strike) and solved it numerically by applying a modified
explicit method (similar to the one used by Hull and White [40]). Fusai, Sanfelici and
Tagliani [26] commented on the different numerical schemes used in solving PDEs in
finance, mainly focusing on the finite difference and finite element approach. Linet-
sky [50] provided numerical examples using a series and an integral representation
to compute continuously sampled arithmetic Asian options using the Sturm-Liouville
problem. Fouque and Han [22] solved with finite differences two one-dimensional par-
tial differential equations using the asymptotic framework for pricing Asian options
with stochastic volatility. As the biggest disadvantage of the explicit method is the
lack of convergence, Hull and White [40] provided a systematic procedure for imple-
menting a modified version of the method in such a way that convergence is guaranteed
when At tends to zero. '
The finite differences numerical method was used by Meyer [55] who solved the prob-
lem for the fixed-strike Asian call. Zhang [75] developed a fast and accurate method
of pricing and hedging European average rate Asian options with continuous sampling
by constructing a PDE using a similarity variable equivalent to that of Rogers and Shi
[62] and solved it numerically using the Crank-Nicolson scheme. Later on Zhang [76]
used the perturbation method to write the solution of the governing PDE in a series
form and observed numerically that the series solution converges very quickly giving a
good approximate value that is more accurate than any other approximate method.
Another method mentioned in earlier sections is the numerical inversion of the
Laplace transform. Craddock, Heath and Platen [15] priced Asian options by using
various numerical methods to invert the Laplace transform of Geman and Yor [29]
after expressing it as a series of the Gamma function. Abate and Whitt [1] suggested
numerical methods (Euler and Post-Widder) of inverting the Laplace transform of the
probability distribution.

8.1 Explicit finite difference method

We solve the partial differential equations using finite difference methods. More specif-
ically we use the fully explicit method which means that Vi"+1 for each i can be calcu-
lated explicitly from the quantities that are already known. We use this method as it
is easy to implement, since only values at time level n have to be stored to find values

at time level n + 1.
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Denote z to be the spatial variable and ¢ the time variable. We choose equally spaced

points along both the z— and t— axes.

x; = xp+ilzx, 1=0,1,--- , M (8.1)
t, = to+nAt, n=01,---,N.

Let V* denote V(x;,t,). We choose to express the time derivative in a forward differ-

encing form

ov

Vn+1_vn
Bl At

S +0(b). (8.2)

i,n

This has the advantage that one is able to calculate quantities at the time-step n+1 in
terms of quantities known in time-step n. For the spatial derivative we use the central

differences using the quantities known at time-step n

8_V
Ox

v, — v
= —’+—12A—x’:l +O(Az?Y, (8.3)

2,n
and in a similar way the second order spatial derivative

v

Vi, =2Vt + Vi
ox? o

(B +0(Az?), (8.4)

1,1

For the first order spatial derivative a second-order formula can be introduced (Wilmott,
Dewynne and Howison [73], Seydel [65]) to avoid spatial oscillations caused when using
(8.3),

ov

3P 4V, -V
Oz -

42 2
A +0(Az?). (8.5)

2,mn
Before applying the above finite difference formulae in the PDE, the time needs to be

changed to t; =T — t, so that the calculations are done forward in time ¢,;.
The general algorithm for solving a PDE is of the form

Vi = AVR )+ AV 4GV, (8.6)

with the central difference formula used for the first spatial derivative, where A;, B;,
C; are the coefficients which differ depending on the PDE solved each time.

In general this algorithm is easy to derive, takes little storage and executes quickly.
This method is easy and simple to implement as the PDE can be solved by the use of
the initial condition only without the use of any boundary conditions. Unfortunately



8. Numerical Approach 151

the explicit method contrary to the implicit method is not stable for all step sizes. For
this reason we need to make sure that stability restrictions hold. This can easily be
done by applying the von Neumann stability analysis to find the condition that can
guarantee stability. The von Neumann stability analysis is local in the sense that the
coefficients of the difference equation vary so little so that they can be considered to
be constant in space and time. In that case the independent solutions of the difference

equation will have the form
Vi = AN"exp (jktAzx), _ (8.7)

where k is the real spatial wave number taking any value, A = A(k) is a complex
number that depends on k and j2 = —1 is the complex identity. If |A| > 1 then the
system is unstable, whereas for |A| < 1 stability is ensured. For the classic case of the

heat equation

avin' _ 62 Vzn

ot ox%’ ®8)
the stability is
Aty 1
< —.
(Az)?2 — 2

8.2 Similarity variable R

We seck a numerical solution for the case of the Asian option with the similarity
variable R. Recall the PDE of such an option from section 2.2, (2.5), given by the

equation
O6H 1 o ,0°H OH
.79?+§0R?R5+(1—TR)8_R_0’ (89)
with payoff
R A
H(R,T):(l—T,O), for 0<t<T, R>0, (8.10)

where
: , t
R== and I=/ S(u)du.
s 0

To examine the boundary conditions for the similarity variable problem we need to
look closely at the behavior of the similarity variable as well as at the resulting PDE,
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(8.9). Ast increases to t + dt, the change in the variable R is given by the SDE
dR =14 R(0? — p)]dt — RodX . (8.11)

The random walk for R hence does not depend on S explicitly. Boundary conditions
for the problem need to be posed. From the definition of the similarity variable R = é
as R — o0, § needs to be zero. In this case the option is not exercised and hence the

value will be zero. The boundary condition for large R is therefore
H(R,t)=0, as R— 0. (8.12)

For the boundary condition at R = 0 we need to examine the behavior of the differential
equation. For R = 0, from the stochastic differential equation of R, dR = dt > 0,
implying that R does not remain zero as time moves, but grows taking only positive
values (R > 0). In equation (8.9), the terms which involve R can be ignored as R
is zero, leaving the first order derivatives with respect to R and ¢ to contribute for
the value of the option. Hence the behavior of the option at R = 0 is given by the
hyperbolic PDE

O0H OH
—é—t— B—R——-O, on R=0. (813)
Changing the time variable to t; = T — ¢t the boundary value problem will take the
form
0H 1 , ,0°H 0H
with payoff
R
H(R,O)=(1—T,O), for t4>0, R>0, (8.15)
and boundary conditions
0H OH
- == d
at R=0, Z-=77 (8.16)
at R— oo, H(R,t1)~0, (8.17)

To numerically solve the above boundary value problem, we use the finite difference
formulas for the derivative terms of the option value H; (R, t) as mentioned in section
8.1. Substituting the central differences (8.2), (8.3) and (8.4) in equation (8.14) will
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take the form

HM = APHP | + BPHD + CPHD,, (8.18)
where
n 1 2 2 Atl _ Atl_
A = QUR(AR)Q (1 rR)QAR’
At
no_ 22 1
1 At At
n _ - .2p2 1 _ el 3
= 5 R(AR)2+(1 TR)QAR'

For the numerical implementation of the boundary condition at R = 0, (8.16), we use
the second-order finite-difference formula (8.5) and takes the form

3 At At 1At
n+1 _ean n Lygn 224 ¢gn
HH = (1 . R) H? +2 52 HYyy — 55 HY, (8.19)

with ¢ = 0.

To find the condition that will ensure the explicit method to be stable we apply the
von Neumann stability analysis by substituting equation (8.7) into the finite difference
scheme we formulated for the PDE, (8.18). For stability we require |£| < 1 = -1 <
£ < 1. The condition for stability will be analogous to the condition used for the heat
equation (used locally for the term 9;—; R?). Hence the condition we need to ensure
stability for the problem will be proportional to the range of R and is given by

(AR)®
o2

(At1)R? <

. (8.20)

To solve the problem we use Visual C++ 6.0 on a Intel Pentium IV. The values we
set for this problem are similar to the ones used by Wilmott, Dewynne and Howison
[73], ¢ = 0.8, r = 0.05, with T = 1. We take R to take values 0 < R < 2. We take
the asset-step AR to be AR = 0.08 and the time-step At; to be At; = 0.0003. The
payoft of the option at t; = 0 (¢ = T = 1) is shown in figure 8.1 The value of the
option against the similarity variable R at some time before expiry, ¢ = 0.75, is shown
in figure 8.2.

For the case of the floating-strike Asian put option the put-call parity can be used
for convenience. This will be seen further on in section 8.7.1. To compute numerically
the value of a floating-strike Asian put option the PDE is the same as (8.14) with
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H(R,Y) at the payoff =T

Fig. 8.1: Plot of the solution H(R,t) for the floating-strike Asian call option at the payoff
t=T. '

HR.t) att=0.75

Fig. 8.2: Plot of the solution H(R,t) for the floating-strike Asian call option for ¢ = 0.75.
payoff
R .
H(R,0) = max T 1,0} . (8.21)

Apart from the boundary condition at R = 0 a boundary condition for large positive
R needs to be considered. For large R the value of the option grows like

H(R,t) = ]—; exp(—r(T —t)), as R—o0. (8.22)

This can be observed from the put-call parity formula given in section 8.7.1. Plotting
both options, call and put, for a floating-strike Asian options for r = 0.05, ¢ = 0.8
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where
1 t
=§(K1—I), Ki=KT and I=/S(u)du
0

The payoff implies that for negative values of U the price of the option is equal to U,
whereas for positive values of U the price of the option is zero. The option takes value
—U for I > K; and when S = 0, the option has no payoff since I = 0 at ¢t = 0.

Write equation (8.25) as a forward equation in time ¢; = 7T — ¢,

662/ ; 2U266;/V Q+rU)—= 66‘?]/ (8.27)
with payoff
W(U,0) = max(-U, 0), for ¢t >0, —-oo<U<oc0. (8.28)
Using central differences (equations (8.2)-(8.4)), equation (8.27) takes the form
Wit = ATW] | + BfW + CIMWE (8.29)
where
Ar = 12Ua£% (14 UEAU,
B = 1-0Uits,
@ = % o*v? (AA[t]l)Z (L+r U>2A§b |

The only boundary condition required for this problem is for large and negative values
for U. This can be found by doing the following analysis. In equation (8.27) set
W(U,t1) = exp (—rt1)W1(U, 1) to take the form

6W] 1 2 262W1

o 2% U g

—(+7 U)—— +rwy. (8.30)

For the latter equation we seek a solution of the form Wy = —U f(¢1)+g(t,) in relation
to the payoff max(—U, 0). The PDE then takes the form of an ODE in time t;,

-Uf'+g' =f+rg,

we want f(t1) to be constant since the option at large negative U behaves like —U.
Hence f(t;) = fo = constant and assume also that the value of the constant is one so
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that it is consistent with the payoff. Therefore the ODE simplifies to one for g only

with solution
1 .
9= (exp(rt1) —1), with g(0)=0.
Hence for large negative U the boundary condition needed is
1
WU, t1) ~ -U + - (exp (rt;) — 1), (8.31)
which gives —U at t; = 0. In terms of the function W(U, t;) we have
W(U,t;) ~ —Uexp (—rt;) + % (1 —exp (—7t1)). (8.32)
The stability condition will be the same used for the similarity variable R,
(AU)?
g

(At)U? < (8.33)

For the numerical interpretation we take the same numbers for o, 7, T, ¢ = 0.8,
r=0.00 and T = 1. We let U vary between —10 < U < 10. The payoff as well as
the value of the option at time far away from expiry expiry, e.g. at t = 0, is shown in
figure 8.6.

Call - W(U,{)

— AL t=T
— At t=0

Fig. 8.6: Plot of the solution W (U, t) for the fixed-strike Asian call option at the payoff t =T
and at t = 0.

For the case of a put option the payoff will be

W(U,0) = max(U, 0), for t >0, —-oo0<U<o0, (8.34)
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and by doing a similar analysis to the one done for the call option, the boundary

condition for large positive U is given by the formula

1 (exp (—rt1) — 1). (8.35)

A

W(U,tl) ~ U exp (—Ttl) +

The value for a fixed-strike Asian put option at time ¢ = T and time ¢ = 0 can be seen

in figure 8.7.

Put - W{U,t1}

—AN=T
— At 1=0

Fig. 8.7: Plot of the solution W (U, t) for the fixed-strike Asian put option at time ¢ = T and
t=0. :

8.4 Formulation by Geman and Yor

In this section we derive a PDE for Geman and Yor’s problem, [29], and compare it
with our version of the similarity variable U explored in the previous section. Geman
and Yor valued fixed-strike Asian options expressing the price in terms of Laplace

transform. The value of the Asian option under their notation can be summarised as

follows
—r{(T — 1)) 4S5t v
Ct,T(k:) = &b (TT_( tO )) 05(3 ) C( )(h,Q), (836)
where
2r o? o? t



8. Numerical Approach 160

and CW(h, q) is given by

1/2q exp (—.’17):17(”‘_”)/2_2(1 _ 2qm)(“+”)/2+1

T ow exp (— = .
| et aexp (anydn = SR S (539

where p = vV2A + V2, X is the Laplace transform variable and I is the gamma function.
We construct the corresponding PDE for the Geman and Yor problem by taking the

PDE valid for any average value option

v oV oV 1 4 0%V B
E+SE+T5’6$+2O’S 052 'I‘V——O, (839)

with payoff
I
V(5,1,T) = max T—K,O . (8.40)
Looking at the form of the solution in equation (8.36) we use the transformation
V(8,1,t) = exp (—r(T - t))V1(5,1,1),

and the general PDE takes the form

2
o + s + rsVi 41 2520 Vi

5t To%r 55 T27° a2 = (8.41)

The payoff (8.40) can be written as

S I-KT 4 8
V(S,I,T) = ?T-max( 5 ,O) = ;Tmax(—U,O),

where U is the similarity variable introduced by Geman and Yor and is equal to

U —U—ZL(K -1I), (8.42)
Gy = 4 ST 1 s .
where K1 = KT, 1= fg S(u) du and ty = 0.
Since the payoff has the above form we can write the value of the option V) to be
Vi(S,I,t) = SV,(S,1,t) and V5(S,I,t) = ;%%(Uay,t). Then equation (8.41) takes
the form
ovs 1 0*Vs

— + 2 0?Udy 5oy
ot 2 oUZy

— (1 +rUgy) Ovs +rV3=0, (8.43)
OUgy
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with payoff
Va(Ugy,T) = max(—Ugy ,0) (8.44)

Hence

exp (—r(T —t)) 4S8

V(S,I,t) = = = VaUor, 1) (8.45)

Equation (8.43) is the same equation with (8.30) when t; =T —¢.
Hence we can write the Geman and Yor problem in terms of our similarity variable

problem as
S ‘4
VGY = Texp (—T(T—t))'o_—2W1(U, t) ’ (846)

where W1 is the solution of the problem with the similarity variable U = %(K 1—1I).
ie

Therefore the Geman and Yor solution is ;45 times our solution W1(U, 1), i.e.

4
Va(Ugy,t) = o) Wi (U,1). (8.47)

If 62 = 4 then both solutions are equivalent.

8.5 Transaction Costs with the similarity variable R

For the numerical valuation of Asian options under the effect of the transaction costs
we take as an example the case of the similarity variable R. As mentioned in section
7.1 the general PDE for any path-dependent option with the effect of transaction costs

is given by
AV OV 1 , 0%V 2 |82V ov _
8t+5’—87+505(—9§—k105 W—}_TSB—S_TV—O’ (848)

where I is the running average and k; = k\/}th' Setting R = é and V(S,1,t) =
S H(R,t) the above PDE takes the form

O0H 1 oH

o O*H oH
OR

R OR?

¢ ke +(1—rR) 0. (8.49)

For the case of a floating-strike Asian call option with payoff

H(R,T) = max (1 — ;) , with R>0, (8.50)
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the maximum value the payoff can take is one.

According to the analysis done in section 7.1 the sign of the transaction cost term
will remain positive whether the option is a call or a put. This is because during the
life of the option in neither case does the sign of the gamma, -‘ZLRI’TI, change. Therefore
we can safely remove the modulus and write equation (8.49) with a modified volatility.
The PDE will take the form

8°H OH

8H (1 , .
_+<—0' —kIU)R W—f—(l——TR)-éE—O (851)

ot 2
In figure 8.8 we plot the value of the option H(R,t) given by (8.51) at time ¢ = 0.5 for
different volatilities. We take » = 0.05 and k; = o/4. Under the effect of transaction
costs the value of the option with a more volatile underlying asset is more costly than
the one with a smaller volatility. Similarly for a put option the corresponding curves

Call option H{R t) with Transaction Costs at t=0.5

—sigma=0.8
e Sigma=0.5

H{R.Y

Fig. 8.8: Plot of the solution H(R,t) for the floating-strike Asian call option with transaction
costs at time £ = 0.5.

for different values in the volatility can be seen in figure 8.9. From figures 8.8 and 8.9
we see that the value of the option in both cases is more expensive when the volatility
is high and cheaper when the volatility drops.

8.6 Transaction Costs with the similarity variable U

As in the previous section we set U = % (K1 ~1I) and V/(S,1,t) = & W (U, t) in equation
(8.48) to get ' '

w _
U

ow 1

W
ow 1 22
6t+20U

ou?

, O°W

U
au?

0, (8.52)

—(1+70)

— ko




8. Numerical Approach 163

Put option H(R.{}) with Transaction Costs at t=0.5

—sigma=0.8
— sigma=0.5

Fig. 8.9: Plot of the solution H(R,t) for the floating-strike Asian put option with transaction
costs at time t = 0.5.

which is the PDE for the option with the similarity variable U with the effect of
transaction costs.

With the effect of the transaction costs the only aspect in which the PDE will be
of any difference is the volatility. To go ahead and compute the above equation one
needs to know the sign of the modulus of the gamma term. This depends on the payoff
which in the case of a fixed-strike call option is

W(U,T) = max (-U, 0), (8.53)
and for a fixed-strike put option is
W (U, T) = max (U, 0). (8.54)

Following the analysis introduced in the previous chapter, 7.1, in both cases the sign
of the modulus is positive. Therefore for the call option the PDE to be solved is

w (1, ,8W ow

The numerical interpretation of this problem can be done in a similar way as done in
the previous section for the similarity variable R.

8.7 Put-Call parity

In this section we will examine the put-call parity for a European style Asian option
with fixed-strike and floating-strike payoff. The two different kinds of payoffs generate
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two different similarity variables seen in earlier chapters, namely R and U.
Assume in general wé have a portfolio of one European average strike call held long
and one put held short. The payoff of the portfolio at time t =T is

max(A — K, 0) — max(K — 4, 0), (8.56)
where A is the average.

8.7.1 Put-Call parity for similarity variable R

For an Asian option with a floating-strike payoff the payoff for the portfolio will equal

to

Vo(S,I,T) — Vp(S,I,T) = S max (1 - %, 0) — Smax (% —1, 0) . (857)

Whether R takes greater or smaller values than T at maturity, the value of the option
will then be

R
S_ST'

The value of the portfolio will consist of an asset and a financial product whose value

at expiry is equal to
R
g 8.
- (5.59)
In order to value such a product we seek a solution for the PDE (8.9) in the form

H(R,t) = alt) + Rb(t), (8.59)

where a and b take values at maturity’t = T, a(T) = 0 and b(T) = —, from the
form equation (8.58) has. Substituting equation (8.59) into the PDE (8.9) we get the
equation

d/(8) + b(t) + (b(t) — rb(t))R =0,

which when taking the coefficients of order of R and using the boundary conditions
for a and b at t = T we get that

a(t) = ;}f(exp (=r(T-1)—1), and b(t)= --11—, exp (-r(T —t)). (8.60) .



8. Numerical Approach 165

Therefore
H(R,1) = —(oxp (~r(T ~ ) = 1) = mexp(~r(T ~ ) R+1,

and hence the put-call parity relation will be given by the formula

Ve(S,I,8) - Vp(S,I,t) = §— 51—; (8.61)

= 5 20— exp(r(T— 1) - & exp(—r(T 1),

where Vi and Vp are the values of the Asian floating-strike option call and put respec-

tively.

8.7.2 Put-Call parity for similarity variable U

Similarly for the case of an Asian option with a fixed-strike payoff the payoff for the

portfolio will equal to
S S
Ve(S,I1,T) - Vp(S,1,T) = T max (U, 0) — Tmax‘(U, 0) . (8.62)

Whether U takes positive or negative values at expiry t = T, the value of the option and
hence of the portfolio will be identical to a financial product whose value at maturity

is equal to

S
~% U. (8.63)

In order to value such a product we seek a solution for the PDE (8.25) in the form
H{U,t)=at)+ Ub(2), (8.64)

where a and b take values at maturity ¢t = T, a(T") = 0 and b(T') = -1, from the
form equation (8.63) has. Substituting equation (8.64) into the PDE (8.25) we get the

equation.
a'(t) — b(t) + (V' (t) — rb(t))U =0,

which when taking the coefficients of order of U and using the boundary conditions
for @ and b at t =T we get that

a(t) = %(1 —exp(=r(T—1))), and b(t) = —exp(—r(T —1)). (8.65)
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Therefore
W(U,1) = ~(1 - exp (~r(T ~ 1)) — exp (~r(T ~ ) U,

and hence the put-call parity relation will be given by the formula

KT-1
T

exp (—r(T —1t)),
(8.66)

Vo(8,1,6) = V(S,1,) = = (1~ exp (~r(T 1)) -

where Vo and Vp are the values of the Asian fixed-strike option call and put respec-
tively.



9. CONCLUSIONS

Throughout this thesis the valuation of exotic options and in particular European and
Asian barrier options were studied.

A moving barrier was introduced which grows symmetrically in time creating a
wedge which acts as a double barrier to the underlying (chapter 3). Analytical solutions
for the moving barrier were presented in N-dimensions with examples in two, three
and five dimensions.

Attention was focused in chapter 4 on double knock-out step barrier options in the
Black-Scholes framework for single-asset options and we showed that a wedge barrier
acts as an upper bound to the step barrier. A Fourier series approach was used to
value the option. We assumed there is another expanding barrier inside the wedge
so that the step barrier moves between the two expanding barriers. The step barrier
which intersects the two wedges (figure 4.1) was valued and numerical evidence was
given for how the value of the option changes in time.

The problem with the double knock-out barrier was extended to the case where

there are N underlying assets in the option, chapter 5. A Fourier series approach
expressed the solution in terms of Bessel functions of first and second kind and we
show that the WKB method can also be used to value the option accurately. As an
example a basket option with three underlying assets is valued by transforming to the
classic heat equation (section 5.2). For the case where there are five underlying assets
the Fourier series approach was applied (section 5.5).
The effect of a double knock-out barrier for the three- and five-dimensional problem in
which the upper barrier is far away from the lower barrier has also been studied. This
problem structure is equivalent to the single knock-in barrier problem treated by Firth
and Dewynne [21]. For the three-asset option the method of images is applied to deduce
the solution given by Firth and Dewynne [21] and extended to the problem where the
barrier jumps (section 5.3). In the five-asset option the Fourier series solution method
is also applied to the problem of Firth and Dewynne [21] (section 5.5.1). An example
of the latter problem is considered where an expanding barrier plays the role of the
lower bound to the Fourier series step solution. Numerical evidence is given for that
bound as well as for the value during the life of the option.

European style Asian options with double knock-out barriers using the PDE method
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were valued in chapter 6. Using a general payoff of the form V (S, I, T) = exp (aI(T))F(S),
the WKB method was applied and numerical results presented. The accuracy of the
WKB solution against the exact solution of the PDE, which can be written in terms
of a conjugate pair of Bessel functions of first kind, appears in section A of the thesis.
The problem was extended to the case where the two barriers jump simultaneously
and symmetrically inwards and outwards, sections 6.1.1 and 6.1.2. It is noted that the
value of the double barrier option at present time, ¢t = 0, is cheaper than the value of
the shrunken barrier at that time and more expensive than the value of the widened
barrier. The results were compared with the corresponding European options and
in particular the Black-Scholes equation. The solution of the Black-Scholes equation
proved to be a good lower and upper bound for the value of the double barrier Asian
option at present time.

A more realistic payoff for the Asian option of the form V(S,1,T) = exp (al )(% —Sr)
was constructed, where Sr, is the lower barrier and we found lower and upper bounds
for the option.

The study of the pricing of Asian options with the effect of transaction costs is
given in chapter 7. As shown in section 2.2, a one-dimensional similarity variable PDE
for the case of a fixed- and floating-strike Asian option can be formed. Hence a method
to determine the sign of the gamma term according to the nature of the problem was
introduced. The method was shown to be useful in the case where the payoff was single
valued. For the case where the sign of the gamma of the payoff changed, a numerical
method was suggested to solve the problem, section 8.

The numerical method used to solve the PDEs was the finite difference method
and particularly the explicit scheme. The framework for the numerical scheme utilised
to value some of the problems mentioned throughout the thesis is provided in chapter
8. The PDEs used, value Asian options with the use of similarity variables with and
without the effect of transaction costs. A put-call parity formula was derived and used

to price the Asian options with a similarity variable.
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APPENDIX



A. DOUBLE BARRIER ASIAN OPTION

We approach this problem by taking the equation

v oV 1 2@V OV
A = 1
o+ Sap + 5028 e S5 — TV =0, (A1)

with payoff of the form
V(S,1,T) = exp (al) U(S, T), (A2)

where U(S,T) is a function of S and T, « is a constant and the boundary conditions

at the two barriers are
V(S,I,t)=0, atS =S5 and §=29,. (A.3)

Since the payoff is in the form of an exponential of I, we can seek a solution in the

form
V(S,1,t) = exp (al)U(S,t),

and retrieve a PDE in the form

U 5 2aU au _ ‘

which we want to solve subject to

U(S1,t) =0 = U(S,1).

Setting ti =T —1t, S =exp(z) and U(x,t;) = exp(Bt; + vz) Uy (z,t1), where t3 =
t1, ap = and f=—5— 933 — EL:Q, v = % — -7 the equation takes the form
LY
—_— = U A5
Bi, — Ba7 T O1exp (x)Us, (A.5)
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with
Uy=0, at z=zx1 =2,

We use separation of variables to solve equation (A.5) by letting

Ur(z,t2) = X (2) T(t2) ,
and we end up having the following equations

T(ty) = A exp (—k*ts), (A.6)
where A is the integrating constant, k is the separation variable, and

X"(Z) + (azexp (z) + k) X(z) = 0, (A7)

where z = T 4+ 21, ag = o exp (21). The boundary condition at the two barriers are

X(0)=0=X(z9 —z1). - (A.8)

The exact solution of equation (A.7) can be written in terms of a conjugate pair of
Bessel functions of the first kind,

X(z) = C1I'(1 — 2ik)J 2k (2v/ a2 exp (2)) + C2T'(1 + 2ik) Joik(2v/ 0z exp (2)) . (A.9)

For real X we assume that the constants are complex conjugates, C; = a +ib, Cy =

a — tb where a and b are real. Hence the equation becomes

X(z) = aR[[(1 - 26k)J_2ik(2v/ g exp (Z)) + T(1 + 2ik) Jok(2+/ a2 exp (Z))]
+ DI (1 — 2k)J_2ik(2+/ a2 exp (T)) — T(L + 2ik) J2in(2+/ vz exp (7))
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Applying the boundary conditions (A.8) at the above solution gives us a system of

equations

a RICQ — 2ik)J_2ik(2y/a2) + D(L + 2ik) Join(2v/3)] (A.10)
+ib S0(1 - 2ik)J_2ika2@v— T(1 + 2ik) Joix(2v/03)] = 0,

a R[L(1 - 2ik)J_oi(2v/ o exp (xzﬂ — ml))v+ L(1 + 2ik)J2ik(2v/ 02 exp (22 — 21))] (A.11)
+ib S[D(1 — 26k) J_gi(2¢/ o exp (m;_ z1)) — T(1 + 2ik) J23(2y/ 0z exp (22 — 21))] = 0,

5

which can be written in the form

(3)(5)-

For a nontrivial solution we require the determinant of the 2 x 2 matrix to be equal to

zero so that a and b are not identically zero

=0.

~ &
The determinant will give us a relationship for the eigenvalues k, of equation (A.7),
§R[F(1 — Qik)J_gik(Qvaz) -+ F(l + Qik)JQik(Q\/ag)]

S(1 — 2ik)J_2ik(2v/ a2 exp (22 — 1)) — T(1 + 2ik) Josx (2¢/ a2 exp (22 — 21))]

— S‘[P(l — Qik)J_zik(Q\/a_z) — P(l + 2ik)Jzik(2\/af_2)] (A.12)
R[M(1 — 2ik)J_2:(24/ a2 exp (22 — £1)) + T(1 + 26k) Jog (21/ g exp (22 — £1))] = 0.

In order to find the solution of the above equation for k&, we have to find the zeros of
the Bessel functions. This is a difficult task as the separation variable % is involved
in the order of the Bessel function. Because of this complication in finding the values
of k, we will use the WKB method to find the eigenvalues & and eigenfunctions X (%)
and determine the orthogonality of the latter. The eigenfunctions will enable us to fit -
the boundary conditions in a series form and hence determine a good approximation

to the exact solution.
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The above ODE can be rewritten as
a2Xx
5+ (1+ Zexp(8)) X (2) =0 (A.13)

or

1 d’°X o e _
gy + (14 e (8) X(@) =0, s k— oo,

which is of the form

ey’ =Qx)y, Qz)#0, (A.14)

when e is small (¢ — 0). Equation (A.14) is the Schrodinger equation whose approxi-
mate solution for € small can be found using the WKB method; that is

y(@) ~ C1Qa) W exp (L [2 /G ) + CoQ(a) W exp (—1 2 QB dt)

as e — 0,
(A.15)

where C} and Cs are constants to be determined from the initial or boundary conditions
and a is an arbitrary but fixed integration point.
Equation (A.7) can be written in the form of (A.14)

1d°X as _ -
e S wan
where Q(Z) = —(1 + %% exp (Z)), with boundary conditions

X(0)=0= X (22 — z1).

Therefore the general solution to equation (A.16) using the WKB method is

X(2) ~ C1Q(E) M exp ( / *vam dT) +C20(E)V exp (— / e) dr) .

Hence the eigen-solutions behave like a Fourier series and are given by the equation

oo

X(z)= ZA" (a2 exp (Z) + k2)"V*sin </Oz Vagexp (1) + k2 dT) , (A17)

=1

-

-~

Xn
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Therefore the general solution for equation (A.5) in terms of the variable Z is given by

the series

U1(Z,t2) = Z Ay exp (—k2ty)(ag exp (Z) + k2) Y4 sin (/ Voo exp (1) + k2 dT) .
n=1 0

(A.18)

We now apply the other boundary condition at £ = x9—z; to determine the eigenvalues
kn,
T3—1x1

Veoagexp (1) + kX dr =nw. (A.19)
0

For large values of k,, the above equation takes the form

T2—T1
0 n

which will give an approximate formula for evaluating the eigenvalues ky,

T2—1 nw
kn/ ldr=nr=k, = , n=1,2,3.... (A.20)
Q T — I

Therefore the eigen-solutions for large &, become

) ] n27r2' ~1/4 z n2r2
X(z)= A, (a2 exp (Z) + m) sin (/0 \/az exp (7) + (zg — 21)2 dT) '
(A.21)

The constant A, in the general solution (A.17) can be found by applying the initial
condition

X'(0)=1. (A.22)

This condition ensures that the derivative at Z = 0 is never zero and will help us
determine a numerical solution for the equation. The solution will be arbitrary to a
constant A, which is found by using (A.22) in equation (A.17),

Ap = (o + k)Y, (A.23)

Taking equation (A.19) we solve it for the eigenvalues, k, (n =1,2,3,---), by substi-
tuting the values 21 = 1, o = 2 and ap = 2. In table A.1 are calculated the first 10
eigenvalues along with the corresponding values of 4,,.
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Exact values of &,

Values for A,

k1 = 2.541104171
ke = 6.003995301
ks = 9.240811418
ks = 12.42894355
ks = 15.59822191
kg = 18.75819489
k7 = 21.91288553
ks = 25.06428736
kg = 28.21350201
kio = 31.36118814

A; = 0.5863989934
Ay = 04026402223
As = 0.3270629430
Aq = 0.2827393373
As = 0.2526815948
Ag = 0.2305627278
A7 = 0.2134022178
Ag = 0.1995846850
Ag = 0.1881477575
Agp = 0.1784773814

Tab. A.1: Values of k,, and A, for n=1..10

Taking the first node, n = 1, the WKB solution becomes

X(Z) = Ay(og exp (%) + k)~ Y4 sin (/Oi \agexp (1) + k2 d,'r) .

and looks like the plot in figure A.1. To see how good the value of k;, for example

(A.24)

081

0.6

0.4+

024

x_bar

Fig. A.1: Plot of the WKB solution for the first node.

is, we substitute that value in equation (A.7) and solve it by using the boundary and

initial condition at the origin
X"(%) + (g exp (T) + K2 X (z) =0, (A.25)

subject to

X(0)=0, X'(0)=1.
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We then find the point at which the graph meets the x-axis for the first time which
will be a good approximation for the value of z3 — 27. We then substitute the value
of z2 — z; into the equation for the eigenvalues, (A.19), and get the corresponding
value for k;. The new value of k) should be a good approximation to the one we found
initially when we chose the values for z; and x2. The graph cuts the z-axis twice in
the interval [0,2] at z = 1.002248 and at = 1.819432. Hence the value of x9 — z; for
the first node is 1.002248 which we can take as 1. ’
Substituting the new value found for zs — x; in (A.19) we get a new value for k; =
2.531553503 (A; = 0.5872418122), which is a good approximation to the value we
found initially when we chose the values for z; and zs (k1 = 2.541104171, A; =
0.5863989934). Hence the value zo — 21 ~ 1 can be used in future calculations.

We also check whether the equation for finding &, for large n, (A.20), is a good
approximation to the exact values of k,, found earlier using equation (A.19). In table
A.2 we have calculated the values of &, using both equations.

We observe that as the number of nodes increase, the approximate values for large k.,
approach the exact values. On the 20th node the approximate value has grown closer
to the exact value and on the 80th node it is identical up to the second decimal place,
whereas it takes n to reach the value of 700 in order for the third decimal place to
be identical. We observe that as n increases the difference becomes smaller and the
approximation for large &, becomes closer to the exact value.

Returning back to the exact solution we found earlier (A.9), we can check whether the
exact values found for k& = k, actually satisfy the equation (A.12), i.e. whether they
are solutions of the equation.

For the first node the LHS of equation (A.12) gives a relatively good approximation
with the value —0.024902801 and a better for the second node, 0.005777162 (table A.3).
From the fourth node and onwards it gives an even better approximation by satisfying
the equation up to the fourth decimal place. The larger the node is, the more accurate
the values of k, are when substituted in equation (A.12). Since equation (A.12) is
satisfied by all the k,’s given by (A.19), we can consider those values of k, as the
solutions of equation (A.12).

In order to determine the constant coefficient A, of the series, we need to check the
orthogonality of the eigen-solutions.

In general we have the ODE

2.4

—=5 = —(ez2exp (2) + kD) X(2),
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Exact values of k,, using (A.19)

Values for large ky,, using (A.20)

k1 = 2.541104171
ko = 6.003995301
k3 = 9.240811418
kq = 12.42894355
ks = 15.59822191
ks = 18.75819489
k7 = 21.91288553
kg = 25.06428736
ko = 28.21350201
k10 = 31.36118814
k11 = 34.50776393
k12 = 37.65350768
k13 = 40.79861181
k14 = 43.94321363
k15 = 47.08741377
k16 = 50.23128765
k17 = 53.37489291
k1g = 56.51827437
k19 = 59.66146741
koo = 62.80450030
k3o = 94.22954645
kap = 125.6500318
kso = 157.0686934

kgo = 188.4864432

k7o = 219.9036721
" kgo = 251.3205754
ko0 = 2199.114076

k1 = 3.141592654
ko = 6.283185308
ks = 9.424777962
k4 = 12.56637062
ks = 15.70796327
ke = 18.84955592
k7 = 21.99114858
kg = 25.13274123
kg = 28.27433389
k1o = 31.41592654
k11 = 34.55751919
k12 = 37.69911185
k13 = 40.84070450
k14 = 43.98229716
k15 = 47.12388981
k16 = 50.26548246
k17 = 53.40707512
k1s = 56.54866777
k19 = 59.69026043
koo = 62.83185308
k3o = 94.24777962
kag = 125.6637062
kso = 157.0796327
keo = 188.4955592
k70 = 219.9114858
kgo = 251.3274123
k700 = 2199.114858

Tab. A.2: Exact and approximate values of k&,

X

Tz

X,
dz?

= —(O{z exp (1_7) + k.,zn)Xm(j) )

= —(agexp (T) + k2) X, ().

d

— (k2 — k2) Xn X = Xn X — Xn X} = —— (Xp X} — Xin X0) .

dz

which has the solutions X,,(Z) and X, (Z), say. Then X,,(z) and X,(Z) will satisfy
the above equation,

Multiplying the first equation by X, (), the second by X,,,(Z) and subtracting, we get
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Exact values of k,, | Error approximation of the LHS of (A.12)
ky =2.541104171 ' —0.024902801
ks = 6.003995301 0.005777162
ks = 9.240811418 —0.0018935879
ks = 12.42894355 0.000827504
ks = 15.59822191 —0.0004306274
ke = 18.75819489 0.000251449
k7 = 21.91288553 —0.000159191
kg = 25.06428736 0.0001070308
ko = 28.21350201 —0.000075327
k1o = 31.36118814 0.0000550202

Tab. A.3: Error approximation of equation (A.12) for different values of k,, for n == 1..10

Integrating over Z from 0 to x3 — z1, we obtain

To—T1 : T3—T
| X - X xiie == -k [ XaXds,
0 Q

- vl
n'e

[Xn X —XmX}]52 "1=0, Wronskian

where X,,,(0) = Xyn(z2 — 1) = 0 are the boundary conditions that hold for any m.
The above equality implies that

T2—T1
(k2, - kfl)/ XpXmdZ =0, unlessk2 =k2.
0
Hence the orthogonality condition that needs to hold is
T9—T1
/ XpnXmdz =0, whenn#m,
0

where the weight function is equal to 1.

The constant A, of the general solution (A.18) can be found from the normalization
condition which we can determine by taking equation (A.17) and multiplying both
sides by X,, and integrating over T from 0 to z9 — z1

o —T1 o0 To—T1
/ XdecTzzz.An/ Xp X dE .
0 ot 0

The right-hand-side of the above equation is zero unless m = n, orthogonality condi-

tion:

r2—IT1 T2 —T1
/ X X, dz = An/ (Xn)?dzZ.
0 0
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Hence for different payoffs we can determine the coefficient A, by using the formula

2T X X dE
A= d X KndE (A.26)
[P (X )2 dE

where X is the payoff function. The eigenfunctions now, (A.17), form a complete
orthonormal set.

The general solution for the WKB approximation is of the form

o0

I X X dz
Ul(:f,tz Zm p(—k‘?ltz)Xn(:f), (A.27)
n=0 JO

where X,(Z) is given by equation (A.17).
At expiry t2 = 0 (t = T') the general solution (A.27) takes the form

o0
Ur(2,0) =D AnXn (),
n=0
where the left-hand side is the payoff.

To test the accuracy of the WKB method for the first node (n = 1), we take the payoff
to be the function

2% 0<Z<j
Ui(z,0 ’ . A28
X@) =00 = {—25+2 L<z<t (A.28)

Hence the formula for the coefficient A,, will take the form

1
P XXu(z)dz  Jo 28Xn(2)dT A+ [

(—2z + 2)X,.(Z) dz
"N (Xa(@)2dE

T (Xn(2))? dz : (A.29)

In table A.4 we show the first ten coefficients of the series calculated for the payoff
(A.28). ‘

Hence the solution in terms of the variables Z and t3 is

U(Z,t;) = exp (— (;’% + % + (’;—j) ty + (% - %) @+ xl)) (A.30)

Z Anexp (—k2ts)(az exp (2) + k2)~ 4 sin (/ Vagexp (r)+ k2 dT) )
n=1 . 0

As time evolves away from the expiry date (as t2 gets larger and real time ¢ smaller)

the value of the option becomes cheaper. This is illustrated in figure A.2 where we
plot the solution for different values of time t2 by taking ¢ = 0.5, »r =0.05 and z; =1
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Values for &,

Values for A, for payoft (A.28)

ky = 2.541104171
ko = 6.003995301
k3 = 9.240811418
kq = 12.42894355
ks = 15.59822191
ks = 18.75819489
k7 = 21.91288553
kg = 25.06428736
ko = 28.21350201
k1o = 31.36118814

A; = 1.433625356
Az = 0.04455112743
Az = —0.2781345140

Agq = —0.002947616423

As = 0.1284327365
Ag = 0.001292900196
A7 = —0.07749956755

Ag = —0.0005280061660
Ag = 0.05296101762
Ajp = 0.0002426368150

Tab. A.4: Values of k,, and A, for n = 1..10 with payoff given by (A.28).

in equation (A.30).

08

061 g e ~. A
u s e ‘\\ N
d . ‘~.\
0.4 / / AN %
Iyl \ A
Y \
02 /S \
4 3
0 02 04 06 038 1

xbar

Fig. A.2: Plot of the WKB solution for n = 5 at times ¢, = 0.025 (dashed line), to = 0.0625
(solid line) and tp = 0.1 (dotted line) .

In terms of the x variable and real time ¢, the solution takes the form

2 2 1
Ul(z,t) = exp (— (g + % + 2%) (T —t) + (5 - %) m) (A31)
o o2 T—21
ZA” exp (—?kﬁ(T - t)) (agexp (z — 1) + k2)~"Y4sin (/ Vagexp (1) + k2 d'r) ,
n=1 0

and will look like in figure A.3 forn =5 at time ¢t =T =1 and ¢ = 0.8.
Going back to the original variable S, the denominator of the coefficient A, (A.26),
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.......

08 /.
0.6
0.4

0.2

Fig. A.3: Plot of the WKB solution U(z,t) against z for n = 5 at the payoff ¢ = 1 (dotted
line) and ¢ = 0.8 (solid line).

will take the form

T2 —2T1 S 1 S "1/2 S/Sl
0 1 \ .

S1

2

Using the trigonometric formula for the double angle, sin®z = —é— - % cos(2z), the above

equation can be rewritten as .

1

Sz q S 1/2 : S/51
/ (a2—+k2) 1—cos \/a27+k2 ds.
s, 28 S
Hence the coefficient A,, of the WKB solution is given from the formula

St (eeg i) M (50 e as
Tt o) e varE

Hence, the value of the option will be

(A.32)

U(S,t) = exp [— (g+%2+2l:5) (T—t)} §3= ffi::A exp(——kQ(T—t))X (),

(A.33)
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and in terms of the average it takes the form

a2 r2

V(S,I,t) = exp [aI— (g+§+§;§) (T—t)} s

> o (-5 KT -0) %),

n=1

(S

.
oz

where Ay, is given by (A.32) and X,,(S) is given by

S —1/4 5/51 dr
Xn(S) = (a25_+k$’) sin \/a27+k,217 .
1 1

(A.34)

In terms of the original variables S and ¢, U(S,t) for t =1, ¢ = 0.8 and ¢t = 0.5 looks

like in figure (A.4).

////

08 / """"""""""""""
;"” -
P

0.6

Uy

04 ™
. '/ S,
0z / N
4 AN
i’
or3 3 5 [ 7

Fig. A.4: Plot of the WKB solution U(S,t) against S for n = 5 at the payoff t = 1 (dashed

line), £ = 0.8 (solid line) and ¢ = 0.5 (dotted line).

We now return to the exact solution (A.9). If we take equation (A.10) and solve it

for the constant b

aRC(Q — 2k )T _oix, (2y/02) + T(1 + 2ikn) Joix, (2¢/a2)]

T T US[T(1 = 2ikn) gk, (2y/a2) — T(1 + 2iky) ok, (24/02)]

then the exact solution for (A.7) can be written as the sum of all the nodes in terms
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of the constant coeflicient a,

X(i’) = Z apn (§R[I‘(1 - Qikn)J——Zikn (2 v/ Qep €Xp (I—fi)) + F(l + Qikn)Jzikn (2\/ Qg €Xp (i’))]
n=1

RIT(1 — 2ikn)J 26k, (24/02) + T(1 + 2ikp) Joik, (2/02)]
ST — 2ikn)J-2ik, (2/@2) — T(1 + 2tk ) Joik, (24/02)]

ST — 20k, )T _2i, (2v/ a2 exp (F)) — T(1 + 2iky, ) Jaik, (21/ @2 €xp (j))]) .

We can rewrite the above equation as

X(2) =Y Bo Xa(®), (4.35)

n=1 ¢

where By, = ap R[T'(1 — 2¢kp)J gk, (2/az) + T'(1 + 2iky) Joik, (24/02)] and X, is

X (I_fi) _ §R[1—‘(1 - Zikn)J_Qikn (2\/0’2 exp (f)) + (1 + Zlkn)JZan (2 ¥g eXp (.’f’))]
" - RIT(L — 2ikn)J_2ik, (21/C2) + T(1 + 2ikp ) Joik, (2/22)]
SIT(1 — 2iky,) I —2ik, (21/az exp (F)) — T'(1 + 2iky) Jaik, (24/ a2 exp (Z))]
SL(1 — 2ikn) J_oik, (2/02) — D(1 + 26ky) Jaik, (21/02)] '

A

(A.36)
Hence the solution Uy (Z, t2) will look like
o
Ur(%,ta) = D Bnexp (—kht) Xn(Z). (A.37)
n=1
The constant B, is determined from equation (A.26)
TR X X, dT
B, — o ikl (A.38)

AT X )2dE

where X is the payoff function.
For the payoff having the form (A.28), the constant B, takes the values shown in table
A5, In figure A.5 we plot X (Z,t) at time t2 = 0.5 against Z the WKB solution and

Values for ky, Values for B,
2.541104171 0.3777619415
6.003995301 | —0.006343438072
9.240811418 0.02017037334
12.42894355 | —0.0004135957651
15.59822191 | —0.003849954886

U W =S

Tab. A.5: Values of k,, and B, forn=1..5
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Fig. A.5: Plot of the exact series solution (A.35) and the WKB solution (A.21) for n = 5
against Z at time 3 = 0.5.

the exact solution. We observe that the WKB solution is identical to the exact solution

making it an accurate method of solving the problem. Hence the complete solution for
the original PDE (A.1) is

QRJ 5

r o2 1l 1_
V(S,I,t) = exp(aI)exp[— (—2—+—8—+-2—5_5>(T—t)}5’2

n=1

i B, exp (—%2 E2(T — t)) X,(5;51), (A.39)

where

R [T(1 - 2ikn) ik, (2 26.8) + T(1 + 2ikn) Jaik, (2
Xn(S'MS’l) =

(
R [r(1 — 2ikn) ik, (2, [288)) + T( + 2ikn)Jaik, (2 Sy }
S [D(1 = 2ikn) ait, (24/25) — (1 +2ikn) Joi, (2/2%5)]
3 (01— 2ik0)Tair, (24/281) = (0 + 20k} Tae, (2/2851)]
(A.40)
and B, is given by
_ 5 X Xal 3S_§ . (A.41)

TSN (Xa(S))2 %
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