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Abstract

Biological systems use template molecules, such as DNA or mRNA, to catalyse the pro-

duction of specific, sequence dependent polymers, such as proteins. Templated polymeri-

sation is a powerful mechanism for the production of complex molecules, which can store

information. As such, templated polymerisation is both widely utilised in biology, and

promises to be useful for synthetic systems.

Templated polymerisation is used to create daughter polymers with specific sequences.

The newly created daughter polymer needs to be separated from the template, meaning

no long-term interactions with the template may bias the distribution of daughter poly-

mers. This observation makes templating a highly non-trivial process, with interesting

thermodynamic consequences. Templated polymerisation processes can have complex re-

action steps leading to monomer incorporation, such as kinetic proofreading, to improve

their accuracy. These complex sub-steps often involve coupling to fuel reservoirs, leading

to trade-off between free-energy costs, speed and accuracy. Further, these sub-steps can

lead to correlations between monomers within the daughter copolymer.

In this thesis, I first introduce a framework for solving a broad class of detailed

polymerisation models. This framework allows, for the first time, for the solving of ther-

modynamically consistent, complex polymerisation models with dependence on monomer

incorporation rates on previous monomers in the growing polymer. After having stud-

ied detailed polymerisation models with this framework, I zoom out to study a class of

enzymatic templating systems, focusing on the effects of multiple pathways leading to

creation/degradation of polymers. Here, I derive fundamental bounds on the accuracy

of these multi-pathway polymerisation systems as a function of the free-energies changes

along the pathways.
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Chapter 1

Introduction to molecular

self-assembly and templating in vivo

and in vitro

1.1 The need for self-assembly

Biological systems are incredibly complex, consisting of many, highly specific molecular

structures and machines, which perform highly specific jobs. However, biological systems

exist in the physical world and therefore are subject to the same physical laws as any non-

living system. In particular, biological systems need to be able to produce these specific

structures in messy, relatively high temperature environments, where thermal fluctuations

are highly relevant [1]. Importantly, these biological structures need to form without

the aid of a sentient, macroscopic agent. One such mechanism biological systems can

employ to create these structures is self-assembly, whereby the constituent components

self-assemble into the desired molecules and structures. Self assembly is common in

biology, allowing, for example, for the formation of cell membranes, ribosomes [2], and

bacterial flagella [3].

A prototypical and easy to grasp example of such self-assembly is that of virus capsids
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Figure 1.1: A physical, 3D printed model of virus capsid self assembly. This model was
3D printed to reproduce the model of [4]. Individual sub-units have magnets embedded
in them. When the sub-units are put into a container and shaken, they will assemble
into the complete dodecahedron.

(figure 1.1), whereby protein complexes come together to form the “shell” of some viruses

which encloses their RNA. Figure 1.1 shows a toy model for simulating the self-assembly

process at a macroscopic scale. Here, sub-units, in the form of 3D-printed pentagonal

structures, are implanted with magnets such that faces of the sub-units with magnets

can only stick to each other in one orientation. Then, by shaking the sub-units in a con-

tainer to simulate the random motion of a thermally excited environment, the sub-units

will collide with each other, their magnetic faces will stick and the final, dodecahedral

structure can be formed. Similarly, certain viruses [5] consist of protein sub-units which

have specific interactions with each other. In the noisy environment, in which the virus is

forming, the protein sub-units undergo random motion, colliding with each other. When

they collide, they may stick together due to the specific interactions and, if enough sub-

units coalesce, they may form a closed shell - the virus capsid. Virus capsid self-assembly

in this way has two important features which aid its function. Firstly, the process consists

of a number of sub-units coming together to form a product. Thus, the product is able

to be encoded as the lowest energy state of the sub-units and as such, the self-assembly

may proceed as the approach to equilibrium of the inputs [6]. Secondly, virus capsids of

this kind have a simple role, being to enclose the RNA, as such they are able to be highly

symmetric, being a platonic solid [7], and so may consist of only a single type, or a few

types, of repeating, identical sub-units.
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1.2 Synthetic self-assembly

Engineers and scientists also wish to make use of self-assembling systems in order to cre-

ate, more easily, complex structures at small scales. Such complex small-scale structures

have generated much excitement and been widely studied for their potential applications

as nanomachines [8, 9], and in medicine, in particular as drug delivery systems [10–12].

A simple set of examples utilising self-assembly mechanisms would include synthetic

copolymers, such as rubbers and plastics [13,14]. Copolymers are polymers consisting of

more than one monomer type. One method of forming such copolymers is through free

copolymerisation, whereby the different monomer types may be mixed in solution to form

growing polymer chains [15]. Similarly to the biological examples, such systems are able

to self-assemble into specific copolymers, due to specific interactions between monomers.

In this case, the specific interactions take the form of certain reactive groups on the

monomers. For such chemistries, forming simple polymers, such as homopolymers with

only one monomer type or alternating polymers, where a monomer of type one is followed

by a monomer of type two which is followed by a monomer of type one etc., is relatively

simple [16], but forming more specific sequences of monomers accurately requires more

monomer types.

For a more modern setting, much of the field of DNA nanotechnology is built on the

concept of self-assembly [17]. DNA serves as a useful basis for synthetic self-assembling

systems due to the specificity of Watson-Crick base pairs [17]. In the early 1980s, See-

man and his group were able to produce synthetic, rigid, four-strand complexes known

as Holliday junctions [18], as in figure 1.2(a). Along side, the observation that these

junctions could be combined into square “tiles” with overhanging DNA domains [19] (fig-

ure 1.2(b,c)), Seeman was able to demonstrate that DNA could be shaped into a sub-unit

with specific free binding sites. These works formed the basis of DNA nanotechnology

and, in particular, tile assembly. Tile assembly relies on the use of DNA tiles, similar

to those introduced by Seeman [19], which are two (or more) dimensional complexes of

DNA with overhanging “sticky ends”, allowing for specific interactions between tiles [17].
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Figure 1.2: Depiction of (a) the Holliday junction with overhanging domains; (b) an
assembly of four Holliday junctions arranged into a tile; (c) an abstraction of the DNA
tile. For (a) and (b), DNA strands are depicted as lines. Different domains in said DNA
strands are shown in different colours and as dashed or solid line segments. Dashed and
solid line segments of the same colour depict complementary domains. To avoid over
complication, only two colours have been used for the domains. The overhanging “sticky
ends” of the DNA tiles are shown in red.

Since its inception, much interest as been paid both experimentally and theoretically to

the types of structures that could be created from such tile assembly models [20–22].

Another major strategy for construction nano-structures was introduced by Rothe-

mund who suggested that a long DNA “scaffold” strand could be used with a number of

shorter “staple” strands to fold the scaffold strand into a desired shape [23], in a process

he named DNA origami. Similar to tile assembly, DNA origami could be conducted as

a one-pot experiment, whereby the components are added to the reaction environment

and relax to their desired structure, encoded as the lowest energy state. However, where

the components for tile assembly are of similar complexity, DNA origami consists of one

highly complicated component, the scaffold, and many, less complicated components, the

staples.

Given the autonomous nature of these synthetic DNA-based systems as well as the

complexity of the target structures, self-assembly is not always simple. Problems such

as misfolds and the formation of undesired structures as well as kinetic traps, whereby

the system can be stuck in local energy minima for long periods of time, are relatively

commonplace [24, 25]. Such problems make designing effective, fast, high-yield synthetic
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self-assembly systems challenging and non-trivial.

As has been hinted throughout this introduction thus far, the complexity of the de-

sired shape and the complexity of the required input components are closely related.

Synthesising complex input components can be difficult in its own right. As such, much

effort has been devoted towards minimising the inputs required, both in number and

complexity [26–28].

Aside from forming target structures, DNA has also shown promise as a mechanism

for computation. The field of DNA computation began with Adleman [29] in the 1990s.

Here, Adleman was able to encode a directed graph as a number of strands of DNA

and utilise the base-pairing of the DNA to determine whether or not the encoded graph

contained a Hamiltonian path. If a Hamiltonian path exists, the strands encoding the

graph would assemble into a certain structure. The algorithm presented by Adleman

was not autonomous, requiring many labour-intensive steps, and was designed to solve

a single specific problem. However, the use of DNA to make a computation in this

sense inspired the field of DNA computing. This interest in computing extended to

self-assembly; in particular tile assembly models have had much theoretical attention

paid to their ability to perform computations. Tracking more closely with traditional

computation than the original DNA computation of Adleman [29], bits can be encoded

as interactions between the tiles and thus the tiles present in the system can encode the

steps of the computation [30]. The theoretical computer science community has been

particularly interested in such models due to their Turing universality [31,32] (ability to

simulate a Turing machine).

The introduction of DNA strand displacement reactions by Yurke et al. [33] further

expanded the scope of what synthetic systems could be achieved. DNA strand displace-

ment reactions are a class of reactions whereby a single-stranded DNA strand replaces

one of the DNA strands in a double-stranded DNA complex. Such reactions are partic-

ularly useful in controlling the interactions of different DNA complexes [34]. Thus, such

strand displacement reactions may serve as a medium for chemical implementation of

neural networks [35,36].
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1.3 Templating in biology

For all these self-assembled systems, the desired molecules, structures or computations

are programmed into the components that make them up. Thus, simpler, more symmet-

ric structures can be made with simpler sets of input molecules. Not all the complex

macromolecules or structures in biology are able to have such symmetries. This lack of

symmetries is true of the molecules key to life - DNA, RNA and proteins. Each of these

molecules are copolymers of different monomers: nucleotides for DNA and RNA, and

amino acids for proteins. The sequence of those monomers can be arbitrary and is vital

to the functioning of these molecules.

Proteins are the main functional molecules of living organisms. Proteins mediate

chemical reactions, provide structure, and allow for signalling in biological systems [2].

Interactions between the amino acids constituting the protein, as well as between the

amino acids and the environment, in turn determine the shape and function of the protein.

Thus, the specific sequence of amino acids is vital to the protein.

In the human body, there are estimated to be at least 20,000 different fundamental

protein sequences (diversified further by chemical modifications to these proteins) nec-

essary for our function [37]. As such, proteins are at the heart of biological complexity.

However, like all biological molecules, proteins need to be assembled from their con-

stituent monomers without a sentient architect. In order to self-assemble these molecules

freely, when required, with mechanisms similar to those already described in this intro-

duction, the cell would need a vast pool of specific sub-units. These sub-units would need

to encode their relative position to other sub-units. If one does not have a vast number

of different sub-units, one type of sub-unit would need to be in multiple places within the

structure, with different neighbouring sub-units. Those different neighbouring sub-units

would each need to have a binding site that could bind to the same sub-unit. Such a

situation leaves open the opportunity for sub-units to bind in the wrong places [24,28,38].

Biological systems are not able to create proteins by pure self-assembly. Instead, they

use templating to create the proteins. Templates are separate molecules which encode the
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information required to create the sequence of amino acids in the protein. For proteins,

these molecules are strands of RNA called mRNAs. Thus, the amino acids themselves

do not need to contain this information. Using templates, biological systems are able to

make all the required proteins from only a set of 20 amino acids [2] in a process called

translation.

The chains of amino acids produced from translation need to fold into a protein. The

shape of the folded chain is encoded into interactions between the amino acids. Incorrect

binding of amino acids is known in the protein setting as misfolding. Misfolding could

potentially be a large issue due to the small number of amino acid types relative to

the number of proteins required. However, the specific, one-dimensional sequence of the

amino acid sequence is also one of the factors assisting the correct folding of the three

dimensional protein structure [28], as it restricts which amino acids in the chain may

interact in a given protein.

The cell further complicates this story of producing proteins from templates by asking

that the templates for proteins (mRNAs) also be created first from templated reactions

from DNA in a process called transcription. DNA is the medium the cell uses to store

the information for creating proteins. This full process of information in DNA being

transcribed into mRNAs, whose information is then translated into proteins (figure 1.3)

is so key to our understanding of life, it is often given the grandiose title of “the central

dogma of molecular biology” [39]. In such biological templating reactions, the template

molecules act as catalysts, and may be reused such that one template molecule may

produce many downstream molecules. This observation is key as, if a new template

molecule were needed for each downstream molecule, the cell would not be able to store

the information for the proteins anywhere. The cell would need to self-assemble a new

template, freely, for each individual protein; and thus, would still require a vast pool of

specific sub-units to assemble said templates [40].

That the templates need to be reusable is both vitally important to the function of

templating systems and has significant effects on their dynamics and thermodynamics.

However, this detail is often overlooked in the literature. Any interactions between the
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Figure 1.3: Depiction of the templated polymerisation information transfer in the central
dogma of molecular biology. In the transcription, a section of DNA (a gene) acts as a
template for the polymerisation of RNA nucleotides into an mRNA. This mRNA then
acts as a template for the polymerisation of amino acids (with the use of tRNAs) into a
protein in a process called translation. The protein can fold into its 3D structure due to
amino acid-amino acid interactions (represented here by the dashed line).
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template and product must be fleeting. Any bonds formed between template and product

must be broken. As such templates cannot affect the stability of products.

The self-assembly mechanisms described in the sections 1.1, 1.2 allow the system to

relax to an equilibrium encoding the desired, structure, molecule or computation. Such

a methodology is not possible for templating systems. Often the different copolymers

are of similar stability (e.g. strands of mRNA of equal length). More prominently, the

cell needs to use the same mechanism to create different proteins, regardless of their

free energy. Thus, it is not possible to encode the target copolymers as the minimum

energy state. And so, templating cannot produce generic products accurately, while

at thermodynamic equilibrium. In order to produce specific molecules accurately and

reliably, these templated mechanisms must therefore be far from equilibrium [40]. This

fact makes studying the physics of such processes more difficult and means they are far

less understood. The non-equilibrium nature of templating is explored more concretely

in chapters 4 and 5.

1.4 Synthetic templating

Templating is also exciting for its prospects as a mechanism for making non-symmetric,

synthetic molecules or structures, such as proteins not found in nature, or any other

molecules which might be too complex to assemble by other means [41]. Additionally,

templating may allow for the discovery of new therapeutic molecules [42, 43]. The abil-

ity to utilise templating will likely stem from first being able to reproduce biological

templating mechanisms fully synthetically.

Commercial methods for producing synthetic polynucleotides or proteins exist. How-

ever, these methods are often highly non-autonomous and therefore labour and time

demanding as well as producing low yields for longer molecules. For example, common

commercial methods include solid state synthesis methods [44, 45], whereby monomers

(nucleotides or amino acids) are added one by one to a growing chain. These monomers

are partially blocked to ensure only one monomer binds to the polymer at a time [46].
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In between monomer addition steps, purification and washing steps are involved to re-

move excess unreacted monomers. Efforts to automate these processes often involve flows

and time varying conditions [46, 47]. Other, more autonomous methods such as cell-free

protein synthesis [48] extract enzymes, ribosomes etc. from live cells to make the pro-

teins and as such, although practically useful, fall outside the scope of synthetic protein

synthesis. Our inability to create fully synthetic, autonomous templated polymerisation

reactions, similar to those occurring in the cell shows we do not understand the role of

all the components, such as enzymes and ribosomes, present in said cellular reactions.

The desire to understand such enzyme-free templating reactions has led to recent

experimental efforts to produce such systems [49–54]. Synthetic templating mechanisms

to produce dimers have been experimentally synthesised [55, 56]. However, progress in

producing longer polymers has been slow due to the problem of product inhibition [57],

whereby the products block the templates slowing down reactions. Product inhibition

further emphasises the importance of separation of products and templates.

Let us focus here on the work of Cabello et al. [58] during their time working on

the experimental side of our research group. It is worth discussing in some detail the

mechanisms used here by Cabello et al. as they form part of the inspiration for some

of our theoretical models and intuitions. [58] describes a templated dimerisation reaction

making use of DNA strand displacement reactions [59]. Strand displacement reactions,

as depicted in figure 1.4(a), involve a DNA duplex and are the displacement of one of

the strands of the duplex by another DNA strand. Cabello et al. introduce a new strand

displacement mechanism they call handhold mediated strand displacement which they

utilise to template the reaction of dimers as depicted in figure 1.4(b). Here, the monomers

are themselves strands of DNA with multiple domains. Domains are short segments of

a DNA strand, containing a number of nucleotides. Further, for the dimers produced,

the backbone of the molecule is a section of double stranded DNA. Additionally, it is

not difficult to see how one might extend such a mechanism to templating of longer

molecules [60], although the detailed chemistry is more subtle. A key aspect of the

polymerisation mechanism here introduced by Cabello et al. is that the formation of the
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Figure 1.4: (a) A prototypical (toehold mediated) strand displacement reaction. As in
figure 1.2, DNA strands are depicted as lines with different line segments representing
domains. During toehold mediated strand displacement here, the orange toehold domain
binds, then the blue domain displaces the strand already bound in the duplex. (b) A
schematic of Cabello et al.’s templated dimerisation reaction [58]. The two monomers
are labelled M1 and M2, with orange and red recognition domains respectively. The
backbone of the dimer consists of a green handhold domain and a blue branch migration
domain. After the reaction, a dimer and a waste molecule have been produced and the
template has been recovered.
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backbone bond of the polymer is coupled to the detachment of the previous monomer

from the template. Such a mechanism imposes a directionality to the copolymerisation.

More importantly, this mechanism makes it easier for fully formed polymers to detach

from the template.

Understanding enzyme-free templated polymer synthesis is also interesting from a

pure scientific perspective. For the question of the origin of life, the earliest chemical soups

would have needed self-replication mechanisms before the evolution of enzymes [61]. On

the other end of the spectrum, self-replication is one of the defining features of life [62] and

so, any attempt to imagine artificial living systems will likely feature such enzyme-free

templated reactions.

Synthetic templating systems, as with DNA tiles, have much potential for computa-

tion. At some level, one can think of the central dogma as a two step computation, where

there is an input of a gene, the gene is processed to give an mRNA and that mRNA is

processed to output a protein. One can imagine then a multi-step synthetic computation

system inspired by the central dogma. In such a system, each step of the computation

might output a molecule that acts as a template for more, downstream reactions. Such

computation systems might be particularly useful for “smart therapeutics”, where, in

vivo, the system could compute and output an appropriate drug cocktail. From a theo-

retical perspective templated reactions seem to be an exciting medium for studying the

thermodynamics of computation. As we shall see through this thesis, detailed models

amenable to analytic or numeric mathematical calculations are possible.

1.5 Thesis overview

Thus, as we have seen in sections 1.3 and 1.4, progress has been limited, both from a

biological and synthetic perspective, to understand tempting. This lack of understanding

suggests there is a need to expand the theory of templating further. As such, the aims

of this thesis are to develop, in more detail, fundamental models and accompanying the-

oretical techniques to illuminate the complicated processes of templated polymerisation
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systems. I shall look at models that are applicable to understanding features of both

biological and synthetic systems. In order to introduce properly the existing literature

on models of templating, more background mathematical and physical theory is required.

Thus, the layout of this thesis is as follows. In chapter 2, I introduce the necessary mathe-

matical background. In chapter 3, I review the existing literature on models of templated

polymerisation. At the end of this chapter I can describe more precisely the niche this

thesis aims to fill. In chapter 4, I introduce a class of complex models of polymerisation

and develop the methodology to solve and analyse these models. With the models in

this chapter and the newly developed methodology, I am able to answer the question of

how complex chemical reaction motifs in polymerisation systems behave in terms of the

accuracy of producing polymers, their energetic costs, and the time taken, and how such

quantities compare to simpler models. In chapter 5, I explore a related class of models,

which explicitly consider the effects of multiple pathways in systems where polymers are

created and degraded. Through these models I ask how multiple pathways can allow for

biased distributions of polymers to be maintained. In this chapter, I derive fundamental

bounds describing how narrow distributions of products may be in such systems. Finally,

in chapter 6, I provide a conclusion and outlook.
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Chapter 2

Background theory

In the following chapter, I shall introduce the necessary mathematical background for

motivating, modelling, analysing, and interpreting the main results of this thesis.

2.1 Information theory

I shall begin with that of information theory as this serves as the mathematical foundation

for quantitatively stating and measuring the goals of achieving accuracy for these bio-

chemical systems. The playground for information theory is that of probability. Through-

out this subsection, I shall use capital letters X, Y to refer to random variables; calli-

graphic letters X ,Y for their state spaces; and lowercase letters x, y for specific realisations

of the random variables. I shall assume the state spaces of these random variables are

discrete. Additionally, I shall use blackboard bold P to refer to probability measures, and

functions pX(x), qX(x) etc. to refer to probability distributions, i.e. pX(x) = P[X = x].

Subscripts such as pX , pX/Y may be used to specify certain distributions. However, where

there is no confusion, such subscripts will be dropped. I shall use E to refer to the expec-

tation of a given random variable. Similarly to the probability measures, I may make use

of subscripts to specify distributions where there may be confusion. The main quantity

of interest for information theory is that of entropy. Given a probability distribution,
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such as pX for random variable X, the entropy of this distribution is given as [63]

H[X] = −
∑︂
x∈X

pX(x) log pX(x) = EX [− log pX(X)], (2.1)

with the convention that pX(x) log pX(x) = 0 when pX(x) = 0. Note that, although

entropy is a functional of the probability distribution pX , common notation is to write

H[X]. In this thesis, I may write either H[X] or H[pX ]. The base of the logarithm defines

the units of the entropy. In pure mathematical or computer science literature, log2 is the

most common, giving units of bits. In physics literature, however, ln is most common,

giving units of nats. Changing the base of the logarithm only changes the numerical value

of the entropy by a constant multiplier.

Note that, for a discrete random variable, the entropy is bounded H[X] ∈ [0, log |X |],
where |X | is the number of elements of the state space. The lower bound is achieved

only by a distribution with one element of the state space having probability 1 and

all others having probability 0, and the upper bound being achieved by the uniform

distribution over the state space. As such, the entropy gives a measure of the spread of

the distribution. Another way one may see how the entropy describes the uncertainty of a

distribution is as follows. Let x be a sample of a discrete random variable X, the entropy

of the distribution of X, when measured in bits, gives a lower bound on the expected

minimum number of yes or no questions required for an optimum strategy to ascertain

the value of x [63]. For example, let X = {1, 2, 3, 4} with two distributions, an unbiased

one: p(x) = 1/4 and a biased distribution q, taking values {1/2, 1/4, 1/8, 1/8} on {1, 2, 3, 4}.
For the unbiased distribution, the entropy is 2 bits, and indeed one can always work out

the value of a sample with two questions. For example one might ask, is the value odd

or even as the first question, and then, for the second question, can ask whether or not

the value is 1 if the previous answer were odd, or 2 if the previous answer were even.

For the biased distribution, the entropy may be calculated to be 1.75 bits. An optimal

questioning strategy would be asking first “is the value 1?”, then “is the value 2?” and

finally “is the value 3?”. This indeed gives us an average of 1.75 questions needed to get

22



the answer.

Entropy can equally be defined for joint probability distributions, for example, pX,Y (x, y),

as [63]:

H[X, Y ] = −
∑︂
x∈X

∑︂
y∈Y

pX,Y (x, y) log pX,Y (x, y) = EX,Y [− log pX,Y (X, Y )]. (2.2)

If X and Y are independent, such that pX,Y (x, y) = pX(x)pY (y), then H[X, Y ] = H[X]+

H[Y ], but in general H[X, Y ] ≤ H[X] +H[Y ]. For conditional probability distributions,

entropy is defined as [63]:

H[Y |X] = −
∑︂
x∈X

∑︂
y∈Y

pX,Y (x, y) log pY |X(x, y) = EX,Y [− log pY |X(X, Y )]. (2.3)

Note that for the conditional entropy, the expectation is taken over the joint probability

distribution. The conditional entropy may be written in terms of other entropies as

H[Y |X] = H[X, Y ] −H[X]. Thus, the conditional entropy may be interpretted as how

much X reduces the uncertainty of the joint distribution.

Mutual information is the final quantity of interest of information theory I shall discuss

here. Mutual information is a measure of two random variables, X, Y , which may be

written in terms of entropies as:

I[X;Y ] = H[X] +H[Y ]−H[X, Y ]. (2.4)

Recalling that H[X]+H[Y ] is the uncertainty of two independent random variables X, Y ,

the mutual information describes how much less uncertain the two random variables are

when considered together as opposed to each being considered in isolation. It is often

helpful to think of one of the random variables as an input and the other as the output

of some process. In this case, an informative way of writing the mutual information is

as I[X;Y ] = H[Y ]−H[Y |X], such that the mutual information may be interpretted as

how much the uncertainty of output Y is reduced by input X.
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One of the major successes of Shannon’s information theory is the channel coding

theorem [64]. The aim of the channel coding theorem is to study the limitations of

communication. Suppose there is some input X, which one wishes to convey to a receiver.

pX then describes the distribution of possible messages one much wish to send. However,

there is a noisy channel through which the random variable must be sent. Such a channel

leads to noise in the output variable Y , that the receiver receives. Formally, define a

communication channel to be the pY |X . The channel is shown pictorially in figure 2.1.

For an information channel, the channel capacity is then defined as:

C = max
pX(x)

I(X;Y ), (2.5)

where the maximum is taken over all input distributions. Shannon’s channel coding

theorem states that the channel capacity sets a limit on the rate at which information

can be sent via the channel. I shall not go into the specifics of the channel coding theorem

for this thesis, but rather use it as further justification for the use of mutual information

and channel capacity as measures of the accuracy of polymerisation.

It is worth calculating the channel capacity of channels with a certain symmetry.

Suppose there is an input random variable X and output Y . For a fixed input X = x,

think of the conditional probability distribution pY |X(x, y) as a list of numbers describ-

ing the probabilities of output Y . Let this list of numbers for any specific y be some

permutation of the same set of numbers. Similarly for any output Y = y, thinking of

pY |X(x, y) as a list of numbers, this list is simply a permutation of some set of num-

bers. More precisely, for a specific x1 ∈ X , write the conditional probabilities as a vector

p = (pY |X(x1, y1), · · · pY |X(x1, y|Y|)). Then for any xi ∈ X , there exists a permutation of

Y , Θxi
: Y ↦→ Y , such that (pY |X(xi,Θxi

(y1)), · · · pY |X(xi,Θxi
(y|Y|))) = p. And similarly

for a specific y1 ∈ Y , setting q = (pY |X(x1, y1), · · · pY |X(x|X |, y1)), there exists a set of

permutations of X , Θyi , such that (pY |X(Θyi(x1), yi), · · · pY |X(Θyi(x|X |), yi)) = q. A chan-

nel with these properties is called a symmetric channel [63]. In this case, the channel
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Figure 2.1: Depiction of an information channel (a) and its mapping to templated poly-
merisation (b). The channel is any process which takes in input(s) X and produces some
output(s) Y with some noise. For templated polymerisation the inputs are template se-
quences and the outputs are the polymer sequences produced. I shall call these polymers
the copies.
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capacity may be calculated to be [64]

C = log |Y|+
∑︂
y∈Y

pY |X(x, y) log pY |X(x, y), (2.6)

where x is any fixed input. The maximising input distribution (comparing to eqn. 2.5)

in this case, is the uniform distribution.

2.2 Markov chains, graph theory and spanning trees

2.2.1 The matrix tree theorem

A vital theorem that will underpin the methods of this thesis is that of the Matrix tree

theorem. Originating with Tutte [65], this theorem provides a method for evaluating

the determinant of a matrix as a sum over certain sub-graphs, called spanning trees, of

a certain graph. Thus, to present this theorem, I shall introduce some graph theoretic

quantities and notation.

Let G = (X , E , w) represent a weighted directed simple graph where X is the set of

nodes and E is the set of edges. Let us assume there is a mapping X ↦→ {1, · · · |X |} such
that the nodes can be assumed to take integer values. This graph is equipped with a

weight function w : E → R+, where R+ is the set of positive real numbers. One may write

the weight of an edge as w(e) or w(i, j) for the edge e = (i, j) = i → j. The adjective

simple here describes that between any two nodes there is no more than one edge present

and the graph contains no self-loops (edges of the form i→ i).

A spanning tree of a weighted directed graph G is a subgraph T = (XT , ET , w) which
is connected, contains all the nodes of G (i.e. X = XT ), and contains no (undirected)

cycles. A spanning tree is further said to be rooted at a node x, if all other nodes apart

from x have an out-degree of one. Equivalently, for any node in the spanning tree, there

exists a directed path towards the root. For a spanning tree T of a weighted graph, assign
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a weight to the spanning tree as:

w(T ) =
∏︂
e∈ET

w(e). (2.7)

Note that for a given root node, assuming the overarching graph G is finite, the set of

spanning trees rooted at said node is finite.

Given a weighted graph, define the so called Laplacian matrix L as an |X |×|X | matrix

with off-diagonal elements Lij = w(i, j), where edge i → j exists, and 0 otherwise; and

diagonal elements Lii = −
∑︁
j ̸=i

Lji. Since the columns of the matrix sum to zero, the

Laplacian matrix has at least one zero eigenvalue. It can be further shown (e.g. [66]) that

if the graph is strongly connected, such that between any two pairs of of nodes, i, j, there

is a path of edges i → k, k → l, ...m → j in the graph, then the nullity of the Laplacian

is 1.

The matrix tree theorem then states that the determinant of the matrix formed by

removing row and column i from the Laplacian matrix of G, which I shall denote as

det(L/i), can be found as a sum over spanning trees of G rooted at node i, specifically

det(L/i) = ±
∑︂

T∈T (i)

w(T ), (2.8)

where T (i) for i ∈ X represents the set of spanning trees of G rooted at i. The sign can

be determined, but it is not necessary to go into the details for this thesis.

2.2.2 Markov chains

Much of the framework for models I shall introduce in this thesis will be built on the

foundation of continuous time Markov chains (CTMCs). Let us write a continuous time

stochastic process as Xt, where t is a time variable and indexes the random process, such

that, for each t ≥ 0, Xt ∈ X . X is the state space of the CTMC. Assume this state

space is finite. For such a continuous time stochastic process, the Markov property may
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be written as [67]:

P[Xtn+1 = x|Xt1 = x1, Xt2 = x2, · · ·Xtn = xn] = P[Xtn+1 = x|Xtn = xn] (2.9)

where t1 ≤ t2 · · · ≤ tn+1. In words, a process obeys the Markov property if it only

depends on its past through it’s most recent event. A CTMC is a stochastic process on

a discrete state space and continuous time which obeys the Markov property. A CTMC

may be defined by a transition function W , such that in some small time window dt,

P[Xt+dt = x2|Xt = x1] = Wx2x1(t)dt, for x1 ̸= x2 [67]. The transition function describes

the probability of jumping from state x1 to state x2 in some small time window. Let us

write the transition function for the CTMC as the matrix W (t), such that Wji(t) is the

rate of the transition from state i to state j. Then I denote the Markov process as the

tuple, (X ,W ).

Let pi(t) = P[Xt = i]. One may write the so called master equation [68] describing

how the probability distribution pi(t) changes in time:

dpi(t)

dt
=

|X |∑︂
j=1

Wij(t)pj(t)−Wji(t)pi(t). (2.10)

Define a matrix with entries

Kij(t) =

⎧⎪⎪⎨⎪⎪⎩
Wij(t) i ̸= j,

−
|X |∑︁
k=1

Wki(t) i = j.
(2.11)

Then one may rewrite the master equation as a a matrix equation dpi(t)/dt =
∑︁|X |

j=1 Kij(t)pj(t).

The matrix K(t) is known as the rate matrix. Let us now assume that the rate matrix

is constant K(t) = K. Such a process is described as time-homogeneous or simply ho-

mogeneous. Written in matrix form, one can easily see the formal solution to the master

equation may be written:

p(t) = exp(tK)p(0), (2.12)
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where exp(·) is the matrix exponential and p(t) is a vector with ith entry pi(t). However,

calculating the matrix exponential for most processes is a difficult and cumbersome task,

and the resulting closed form will be very complicated. It is most often easier to work

with the steady state solution when possible. Let us write the steady state solution as

π = lim
t→∞

p(t). Then,one can see that 0 = Kπ, and so π belongs to the right nullspace of

K. Note that, by construction, the columns of K sum to zero and therefore the nullspace

of K is at least one dimensional. If the nullspace of K is exactly one dimensional, the

CTMC has a unique steady state, independent of its initial conditions [67].

2.2.3 Collapsing nodes

A technique I shall be making use of throughout this thesis is manipulating the states

of Markov processes to create new, related processes. I shall refer to this technique as

collapsing sets of nodes together. Suppose there is a CTMC (X ∪ Y ,W ) such that the

state space is split into X = {1, · · · , |X |} and Y = {|X | + 1, · · · , |X | + |Y|}. One can

collapse the set of states Y into a single state y to form a new process (X ∪{y},W ′). The

state y could either be one of the states of Y or some new state, whichever seems more

appropriate for the application. The transition function for this new process is such that

W ′
yi =

∑︂
z∈Y

Wzi,

W ′
iy =

∑︂
z∈Y

Wiz,

W ′
ij = Wij, (2.13)

for i, j ∈ X . The rates into (or out of) the collapsed state in the new process are the

sum over rates which originally went into (or out of) the states which were collapsed.

For example, figure 2.2(c) depicts the process in figure 2.2(a) with states {1, 2, 3, A,B}
collapsed into one node. This example process will explored in more detail in section 2.2.5.

Note also that the definition eqn. 2.13 removes any possible self-loops that you might have

expected from edges of the form m→ n for m,n ∈ Y in the original process.
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(a) Example absorbing
Markov process
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(b) Closed process
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(c) Cycle process for cycle
1→ 2→ 3→ 1

1 ˃ 2 ˃ 3 ˃ 1

4r24 + r34

r42 + r43 + kB

Figure 2.2: Graphical representations of an absorbing Markov process to illustrate the
methodology outlined in section 2.2.9. (a) Example absorbing Markov process (X∪A, K),
with two absorbing states, A = {A,B}, and four transient states X = {1, 2, 3, 4}. (b)
The closed process starting at state 1, (X ,W 1). (c) The cycle process ({c}∪X /{1, 2, 3} =
{c, 4},W 1,C) for the cycle C = 1 ˃ 2 ˃ 3 ˃ 1 or C ′ = 1 ˃ 3 ˃ 2 ˃ 1.
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2.2.4 The Markov chain tree theorem

A useful visualisation of a CTMC can be made by noticing that the rate matrix looks like

the Laplacian matrix of a weighted directed graph. With such an interpretation of the rate

matrix, the CTMC may be drawn as a graph with nodes representing states, and weighted

edges representing allowed transitions, with their weights being the transition rates. Such

a representation as a graph is more than just useful as a visualisation aide thanks to a

application of the matrix tree theorem known as the Markov chain tree theorem [69, 70]

(MCTT). More precisely, let G = (X , E , w) be a weighted directed graph. G can be said

to represent a CTMC (X ,W ), if an edge i→ j ∈ E if and only Wji > 0 for i, j ∈ X ; and
the weight function obeys w(i→ j) = Wji where Wji > 0. Let G be a weighted directed

graph representing a CTMC whose rate matrix has nullity one. The Markov chain tree

theorem gives a formula for the steady state solution to the master equation as

πi =

∑︁
T∈T (i)

w(T )∑︁
j∈X

∑︁
T∈T (j)

w(T )
. (2.14)

A proof for this result can be seen in [70]. The denominator here is simply a normalisation

term to ensure the resultant vector is a probability distribution. More importantly, the

steady state probability to be in a given state is proportional to the sum over spanning

trees rooted at that state with proportionality constant being some normalisation factor.

Sums over spanning trees will be a reoccurring concept in this thesis. As such it is

important to emphasise, when I write “sum over the spanning trees”, I am referring to a

quantity like the numerator of eqn. 2.14 - a sum over a set of spanning trees where the

summand is the weight of the given tree. The normalisation factor can be cumbersome

to calculate since it requires finding a sum over spanning trees for each node in the

graph. However, in many applications, knowledge of the full steady state distribution is

not necessary and only ratios of steady state probabilities are needed. The ratio of the

steady state probability to be in state i to the steady state probability to be in state j
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can be written as:

πi

πj

=

∑︁
T∈T (i)

w(T )∑︁
T∈T (j)

w(T )
, (2.15)

with the normalisation terms cancelling.

I note here that sums of spanning trees can be factorised in terms of self-avoiding

walks (SAWs), a result which is both useful for generating sets of spanning trees and,

later, will help in making statements about sums over spanning trees. For a directed

graph, an SAW is a sequence of nodes (x1, x2, · · · xn) such that between each consecutive

pair of nodes, there exists an edge in the graph xi → xi+1, and no node appears more

than once in the sequence. I shall refer to the SAW as going from node x1 to node xn.

Suppose one has a process (X ,W ), being represented by graph (X , E , w) for which one

wishes to find the sum of spanning trees rooted at x1 ∈ X . This sum may be factorised

in terms of SAWs between two vertices in the graph. Select some other arbitrary vertex

x2 ∈ X /{x1} and let S(x2 → x1) be the set of SAWs from x2 to x1. Each spanning tree

of the graph rooted at x1 contains exactly one SAW from S(x2 → x1). However, multiple

different spanning trees can contain the same SAW. Thus, the spanning trees rooted at

x1 can be grouped by which SAW from S(x2 → x1) they contain. For example, figure 2.3

depicts some spanning trees for the closed example process (figure 2.2(b)) described in

section 2.2.5. In figure 2.3(a), the spanning trees are arranged in terms of SAWs from

node 1 to node 3, with the first row for SAW: 1 → 2 → 4 → 3; the second row for

1 → 2 → 3; and the last three rows for 1 → 3. Similarly for figure 2.3(b), the trees are

arranged in terms of SAWs from node 1 to node 4 with row one for 1→ 2→ 3→ 4; row

two for 1→ 2→ 4; row three for 1→ 3→ 4; and row four for 1→ 3→ 2→ 4.

For each SAW S ∈ S(x2 → x1), let us also form a new process (X /S ∪ {s},W S), by

collapsing the states in S to a new state s. Further, let wS be the weight function on

the appropriate graph representing the new process, with TS(s) being the set of spanning

trees rooted at the s node. Then, the sum over spanning trees of the original process can
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(a) Spanning trees rooted at node 3.

1 3

2 4

(b) Spanning trees rooted at node 4.

Figure 2.3: Spanning trees of the closed processes rooted at (a) node 3 and (b) node 4
derived from figure 2.2 (b), with nodes labelled in the first spanning tree and all other
trees following the same positioning. The spanning trees have been arranged in terms of
the self-avoiding walk between nodes 1 and 3 for the trees rooted at node 3 and arranged
in terms of the self-avoiding walks between nodes 1 and 4 for the trees rooted at node 4.
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be written, factoring out the sum over SAWs, as:

∑︂
T∈T (x1)

w(T ) =
∑︂

S∈S(x2→x1)

[︄∑︂
e∈S

w(e)

]︄
⏞ ⏟⏟ ⏞

SAW term

⎡⎣ ∑︂
T∈TS(s)

wS(T )

⎤⎦
⏞ ⏟⏟ ⏞
Spanning tree term

. (2.16)

The spanning tree term looks rather intimidating to define and write down. However, it

is quite intuitive and in practice one need not go through the formal process of writing

down a collapsed process to find it. A crucially useful part of this expansion is that if one

now wishes to find the sum over spanning trees rooted at x2, the sum may be factored

into SAW from x1 to x2. In this factorisation, the spanning tree term from eqn. 2.16

will be the same as for the spanning trees rooted at x1, and the SAW term will be very

similar, just flipping the direction of all the edges. For now I shall leave this factorisation

as a way to organise spanning trees.

2.2.5 Absorbing Markov chains

Let us now review and adapt some diagrammatic techniques introduced by Hill to analyse

absorbing Markov chains [69, 71] and treated more mathematically rigorously by Qian,

Qian and Qian in [72, 73]. An absorbing state of a CTMC is a state whose out degree

is zero. Hence, any trajectory which reaches this state will get stuck and be absorbed

into said state. An absorbing Markov chain is a Markov chain for which any trajectory

through its state space with arbitrary initial conditions will reach an absorbing state in

finite time almost surely [74]. The state space of an absorbing Markov chain can be

decomposed into absorbing states, A, and transient states, X , such that the state space

is V = A ∪ X . Let us assume this state space is mapped onto the integers such that

X = {1, · · · , |X |} and A = {|X |+ 1, · · · , |X |+ |A|}.
Throughout this section, I shall refer to the absorbing Markov chain given in fig-

ure 2.2(a), which possesses two absorbing states and non-trivial cycles, for illustrative

purposes.
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2.2.6 Expectations of an absorbing process are steady-state av-

erages of a “closed process”

I shall derive expressions for four main quantities: the probabilities of reaching certain

absorbing states, the expected time taken to absorption, the expected net number of

times traversing a given edge before absorption and the expected number of times that

a trajectory goes round a cycle before absorption. These quantities in general depend on

the starting distribution. I shall assume that the initial conditions for the Markov chain

are such that the initial probability distribution has a single state with probability one

and all others probability zero. Let us denote this starting state as σ ∈ X . It is worth

noting that all the methods I show here may be adapted to initial distributions which

have support in more than one state. In such a case, for each state for which the initial

distribution has support, one may calculate the relevant quantities for a deterministic

starting state. Then one may take the expected value of a given relevant quantity using

the initial probability distribution.

The quantities one wishes to calculate can be found in terms of the “closed” process

[71]. The closed process is a modified version of an absorbing Markov chain in which

transitions to the absorbing states are redirected to the starting state. Figure 2.2(b) shows

the closed process starting at state 1 of the example absorbing chain of figure 2.2(a). The

closed process for a Markov process (X ∪A,W ) starting at state σ ∈ X is a new Markov

process (X ,W σ) with a rate function given by:

W σ
σx = Wσx +

∑︂
A∈A

WAx (2.17)

for x ∈ X /{σ} and agreeing with W for indices X /{σ} × X . Equivalently, this process

may be thought of as collapsing the nodes A ∪ {σ} to the node σ.

The closed process has a unique stationary distribution for the following reasons.

From the definition of an absorbing Markov chain, there exists a path from any state to

an absorbing state, taking finite time. Thus, in the closed process, there is a path from

any state to the starting state, taking finite time. The set of states including the starting
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state and all those that may be reached from the starting state is therefore positive

recurrent and further, this set is the only recurrent set of states and will be reached from

any other state. Since there is only one recurrent set of states, there is a unique stationary

distribution [74].

Expected quantities of an absorbing Markov chain, such as the probability that a

given absorbing state is reached, can be found in terms of steady state quantities of

the closed process. Whenever a trajectory of the original process reaches an absorbing

state, in the closed process that same trajectory would have been reset back to the

starting state. Hence, running the closed process for long times is equivalent to generating

many independent trajectories to absorption for the original chain. Thus, averaging

quantities in the steady state of the closed process is equivalent to taking expectations

over independent trials of quantities in the absorbing chain [71]. It is worth noting that

the dependence of expected quantities on the starting state is encoded in the definition

of the closed process.

2.2.7 Steady state currents

Steady state currents can be defined from the steady state distribution of the closed

process that correspond to expected currents of the absorbing chain. Let a superscript

σ denote quantities in the closed process starting at state σ. Thus, let πσ be the steady

state probability distribution and W σ the rate function. The current along a given edge,

e = i → j, is given by the probability to be in state i, which I write as πσ
i , multiplied

by the rate along said edge. Therefore, the steady state current along all edges that

originally led to absorbing states can be written as:

JTot(σ) =
∑︂
A∈A

∑︂
i∈X

πσ
i WAi, (2.18)

where, as before, X is the set of transient states and A, the set of absorbing states.

JTot(σ) is the expected total current to absorbing states from state σ, and, therefore, its

reciprocal is the expected time to absorption:
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E[Time] =
1

JTot(σ)
. (2.19)

For the example process shown in figure 2.2(a), I present the spanning trees of the

corresponding closed process rooted at nodes 3 and 4 in figure 2.3. Given the spanning

trees, the total current to absorbing states can be written down directly as:

JTot(1) =
1

N

[︂
kA
[︁
r12r24r43 + r12r23(r42 + r43 + kB)

+ r13((r43 + kB)(r21 + r23 + r24) + r42(r21 + r23))
]︁

+ kB
[︁
r12r23r34 + r12r24(r31 + kA + r32 + r34)

+ r13r34(r21 + r23 + r24) + r13r32r24
]︁]︂
, (2.20)

where N is the normalisation term:

N =
[︁
r34r42r21 + r32r24kB + r32r21(r43 + r42 + kB) + r34kB(r24 + r23 + r21)

+ (r31 + kA)(r21r43 + r21kB + r42r21 + r23r43 + r23kB + r42r23 + r24r43 + r24kB)
]︁

+
[︁
r13r34r42 + r13r32(r43 + r42 + kB) + r12(r34r42 + r43r32 + r32kB + r32r42 + r43(r31 + kA)

+ kB(r31 + kA) + r42(r31 + kA) + r34kB)
]︁

+
[︁
r12r24r43 + r12r23(r42 + r43 + kB) + r13((r43 + kB)(r21 + r23 + r24) + r42(r21 + r23))

]︁
+

[︁
r13r34(r21 + r23 + r24) + r13r32r24 + r12r23r34 + r12r24(r31 + kA + r32 + r34)

]︁
. (2.21)

I have factorised each of the terms in terms of SAWs. The first square bracket corresponds

to the trees rooted at node 1, organised by SAWs from node 3; the second to trees rooted

at 2 organised by SAWs from 1; the third to trees rooted at 3 organised by SAWs from

1 and the fourth to trees rooted at 4 organised by SAWs from 1.

In eqn. 2.20, the terms multiplied by kA are the partial current to absorbing state A,

i.e. the current along transition 3 → A, coming from the trees rooted at node 3, and

equivalently for kB with state B, i.e. the current along transition 4 → B, coming from

trees rooted at node 4.
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2.2.8 Absorbing probabilities

Given a Markov chain with multiple absorbing states, one can ask for the probability of

absorption in each absorbing state in the long time limit. The probability that a trajectory

eventually ends in a specific absorbing state can be calculated from the closed process, by

dividing the expected current along transitions that originally led to the absorbing state

in question by JTot(σ) (eqn. 2.18). Therefore, the absorption probabilities can be written

P[σ → A] =

∑︁
x∈X

πσ
xWAx∑︁

B∈A

∑︁
x∈X

πσ
xWBx

, (2.22)

using the notation P[σ → A] to denote probability of being absorbed to A given that the

trajectory started in state σ. It is worth noting here that given that this quantity is a

ratio of currents, there is a factor of πσ in both the denominator and the numerator of

the expression. In practice, the normalisation factor from the MCTT (eqn. 2.14) cancels

out, which simplifies the quantities in the calculation.

For the example process shown in figure 2.2, the partial currents to absorbing states

A and B can be used to write down the absorbing probabilities:

P[1→ A] =
1

NJTot(1)
kA
[︁
r12r24r43 + r12r23(r42 + r43 + kB)

+ r13((r43 + kB)(r21 + r23 + r24) + r42(r21 + r23))
]︁
,

P[1→ B] =
1

NJTot(1)
kB
[︁
r13r34(r21 + r23 + r24) + r13r32r24

+ r12r23r34 + r12r24(r31 + kA + r32 + r34)
]︁]︂
. (2.23)

The normalisation factor, N , propagated through from eqn. 2.14, conveniently cancels

out with the 1/N implicit in Jtot.
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2.2.9 Counting edge and cycle transitions

In this subsection, I shall calculate the expected net number of times traversing a given

edge of an absorbing Markov process before absorption. Additionally, I shall calculate

the expected number of times a non-recurrent cycle of an absorbing Markov process is

traversed before absorption. Both of these will be of use later in defining a notion of

chemical work.

To calculate the net number of times crossing a given edge, find the expected (net)

current along the transition, i ⇌ j, between states i, j ∈ X of an absorbing process,

(X ∪ A,W ), where the direction of this current is from state i to j. The expected (net)

current through this edge, which I denote Ji⇌j(σ), given starting in state σ ∈ X , can be

calculated from the closed process, (X ,W σ), as in eqn. 2.17, as the difference between

the steady state probability to be in state i multiplied by the rate from i → j and the

steady state probability to be in state j multiplied by the rate from j → i,

Ji⇌j(σ) = πσ
i Wji − πσ

j Wij. (2.24)

The net number of times traversing this edge (number of observed transitions i → j -

number of observed transitions j → i) before absorption is then just the ratio between

this current and total current to absorbing states:

Ni⇌j(σ) =
Ji⇌j(σ)

JTot(σ)
. (2.25)

One often also wishes to find the expected number of times traversing a non-recurrent

cycle. Define a non-recurrent cycle for a Markov chain to be a cycle of states (x1 →
x2 → · · · → x1), where each state, aside from the originating state, does not appear more

than once in the cycle. For example, the cycle A→B→C→D→A is non-recurrent, but

A→B→C→D→B→A is recurrent. Note that the originating state is arbitrary, and so

A→B→C→D→A is equivalent to B→C→D→A→B. Note, I define a cycle as going in a

single direction.
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For a stationary process, the expected frequency with which a cycle is completed in

a given direction can be calculated from the one-way cycle current [71, 75], which is the

probability current going around the cycle. Note this one-way current is not a net current.

For a chosen non-recurrent cycle, the one-way cycle current can be calculated dia-

grammatically from three terms. First, a cycle term given by the product of rates around

the cycle in the chosen direction. Second, a spanning tree term that can be found by col-

lapsing the nodes in the cycle into a cycle node (in figure 2.2(c), the cycle 1→ 2→ 3→ 1

has been collapsed in this way) and finding the sum of spanning trees of this new graph

rooted at the collapsed cycle node. Finally, there is a normalisation factor, which is

the same normalisation factor as for the current, N . Explicitly, consider an absorbing

Markov chain, (X ∪A,W ) and its closed process starting at σ ∈ X , (X ,W σ), with w and

wσ representing the corresponding weight functions for graphs representing them. Let

C = (C, EC) be a subgraph representing a cycle in the closed process, with C the set of

nodes in the cycle and EC the set of edges. To calculate the spanning tree term for the one-

way cycle current, construct a new Markov chain, the cycle process, ({c}∪ (X /C),W σ,C),

by collapsing the states of the cycle C to a single node c. Thus {c} ∪ (X /C) is the set of

transient states of the original process with the states in the cycle replaced by the single

node, c, and W σ,C is given by:

W σ,C
cx =

∑︂
i∈C

W σ
ix

W σ,C
xc =

∑︂
i∈C

W σ
xi (2.26)

for x ∈ X /C and agreeing with W σ elsewhere. The cycle process for the cycle C = 1231

(or C ′ = 1321) of the example system in figure 2.2(a) is shown in figure 2.2(c). Let

Tσ(x), TC(x) be the sets of spanning trees rooted at x of the closed process and cycle

40



process, respectively. Then, the cycle current is given by [75]:

JCyc(σ,C) =

Cycle⏟ ⏞⏞ ⏟(︄∏︂
e∈C

w(e)

)︄ Spanning Trees⏟ ⏞⏞ ⏟∑︂
T∈TC

wσ,C(T )∑︂
x∈X

∑︂
T∈Tσ(x)

wσ(T )

⏞ ⏟⏟ ⏞
Normalisation

. (2.27)

Note for the cycle term, the edges are taken from the original process rather than the

closed process. Note also that for the cycle in the opposite orientation C ′ = (C, E ′C), the
cycle process, formed by collapsing the states of C ′ is the same as for the original cycle

C. Thus, the spanning tree and normalisation terms are the same as for C, only the cycle

term is different.

Given the cycle current for the closed process, the expected number of circulations

of the cycle before absorption, NCyc(σ,C), is the ratio of the cycle current to the total

current to absorbing states:

NCyc(σ,C) =
JCyc(σ,C)

JTot(σ)
. (2.28)

For the example process, the expected number of circulations of C = 1231 is

NCyc(1, C) =
(r12r23r31)(r42 + r43 + kB)

NJTot(1)
, (2.29)

with the same implicit cancellation of normalisation as before, since JTot ∝ 1
N .

For an absorbing process starting at a given state, the cycles may be divided into

internal and external cycles. External cycles are those which appear in the closed process

and involve edges which were absorbing edges in the original process. Internal cycles are

those which were present in the original process.

For the example process, figure 2.2(a), the cycles may be written down as follows.

Let’s divide these cycles into internal cycles, external cycles to absorbing state A and
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external cycles to absorbing state B. Firstly, the internal cycles are:

1 3

2 4

1 3

2

3

2 4

1→ 2→ 4→ 3→ 1 1→ 2→ 3→ 1 2→ 4→ 3→ 2

(2.30)

where the cycle is written out below in the clockwise direction. Similarly, the external

cycles to state A are:

1 3 A 1 3

2

A 1 3

2 4

A

1→ 3→ A 1→ 2→ 3→ A 1→ 2→ 4→ 3→ A

(2.31)
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Finally, the external cycles to absorbing state B are:

1

2 4 B

1 3

2 4 B

1→ 2→ 4→ B 1→ 2→ 3→ 4→ B

1 3

2 4 B

1 3

4 B

1→ 3→ 1→ 4→ B 1→ 3→ 4→ B

(2.32)

The external cycles correspond to the pathways from the starting state to an absorb-

ing state. Therefore, the expected number of times traversing an external cycle before

absorption will be at most one and corresponds to the probability of following a given

path to absorption. Further, the sum of eqn. 2.28 over all external cycles will be one.

2.2.10 Gillespie’s algorithm

I end this brief stint through CTMCs with a practical tool for simulating such Markov

processes exactly. In 1976, Gillespie [76] introduced an algorithm to sample trajectories

of CTMCs. Consider a process (X ,W ). Let us continue to work with homogeneous

processes. Let the process have initial probability distribution p(0). For each state i in

the system, define a total out rate

kout(i) =
∑︂
j∈X

Wji = −Kii, (2.33)
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where K is the rate matrix. Also define a transition probability distribution P[j|i] for the
probability of the next state j given the trajectory is currently in state i. This probability

is given by

P[j|i] = Wji

kout(i)
. (2.34)

Note that P[i|i] = 0. The algorithm is then as follows.

1. Draw an initial state according to the probability distribution p(0). Define this to

be the current state. Set the time t to zero.

2. Draw a random variable τ ∼ Exp(1/kout(i)), an exponential random variable with

mean 1/kout(i). Update the time t = t+ τ .

3. Draw a next state according to the transition probability distribution P[·|current state].
Set this next state to be the current state.

4. Repeat from step 2 onwards until you wish to stop.

Performing such an algorithm while recording the list of states visited in order x0, · · · xn

as well as the times t0 = 0, t1 = τ, · · · , yields a trajectory sampled according to the

CTMC, which is in state x0 for time t0 to t1, state x1 from t1 to t2 etc.

2.3 Chemical reaction networks

2.3.1 Definitions and notation

Let us move on to introduce a different, yet closely related class of processes. Chemical

reaction networks (CRNs) are a mathematical framework for studying systems of chemical

reactions. A chemical reaction network is the triple (X , C,R) consisting of a set of

chemical species X , a set of chemical complexes C and a set of reactions R. Chemical

complexes are collections of chemical species. There is a special complex I shall call the

null complex (which may or not be present in a given CRN) and denote by ∅ representing
the complex with no chemical species. It is also worth noting that each chemical species
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can appear more than once in a given complex. A chemical reaction is something which

turns one chemical complex into another. I might represent a chemical reaction as (c+, c−)

or c+ → c−. In such a representation, the complex c+ is known as the reactants and the

complex c− the products of the reaction. I shall use C for the number of chemical species

|X |, and R for the number of reactions |R|. Further, I shall assume that the chemical

species are mapped onto the integers {1, · · ·C}. If the chemical species are represented

as integers, complexes may be represented as vectors c ∈ NC . Such a vector represents

the complex by having in the ith position, the number of chemical species i present in

said complex. These vectors are known as the stoichiometric vectors.

2.3.2 Deterministic CRNs

To determine the dynamics represented by a CRN, I need to give a few more assumptions.

The first assumption I shall make in this section is that each chemical species is present

in large enough numbers that fluctuations in the number of a given species are negligible.

Thus, the CRN can be treated deterministically, with each chemical species being repre-

sented by a (continuous) concentration, which I shall denote by zi for chemical species

i. One is then interested in how the concentration of each species varies in time due to

the CRN and as such wishes to write down a system of ordinary differential equations

(ODEs) describing the rate of change of concentrations.

The second assumption I shall make (which shall apply throughout this work) is

that of mass action kinetics. By assuming that the reactions take place in a roughly

homogeneous (well-mixed) environment, one may assume that the rate of a given reaction

is proportional to the amount of each of its reactants present. For deterministic CRNs

this takes the form that the rate of reaction c+ → c−

Rate ∝ zc
+

=
C∏︂
i=1

z
(c+)i
i , (2.35)

where (c+)i is the ith component of c+. Further, I introduce notation, common to CRN

literature, that vector to the power of another vector is taken to mean a product of
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component-wise exponents. The constant of proportionality for a given reaction is known

as its rate constant and is often denoted by k with a subscript identifying the reaction.

Reaction c+ → c−, with rate constant k, feeds into the change in concentration of

chemical species i by contributing the terms:

dzi
dt

= · · ·+
[︁
(c−)i − (c+)i

]︁
kzc

+

+ · · · (2.36)

such that this term is positive if there is more of species i in the products of the reaction

than the reactants. Summing over all such terms from all the reactions gives the full

rate of change of concentration zi. Such a set of equations is known as the reaction rate

equations (RREs). As one can observe from this equation, the units of a reaction rate

should be concentration per time. Thus, the units of rate constants are concentration to

some power per time. To avoid messes with keeping track of these various concentrations,

I shall assume there is some overall reference concentration [77], which can be used as

the standard unit of concentration, such that concentrations are dimensionless.

Some chemical species one may wish to keep at constant concentration. These species

are said to be chemostatted. A common assumption as to how a chemical species might

be chemostatted is that there exists some CRN outside of what is being explicitly mod-

elled [78]. This external CRN has a steady state such that the chemostatted species

is at its chemostatted concentration. Further, the external CRN acts on a much faster

timescale compared to the CRN of interest. Under such a timescale separation, any

change in the concentration of the chemostatted species due to the CRN of interest is

quickly reverted by the external CRN. Practically, if a chemical species is being treated

as chemostatted, it can be removed from X and its contribution to the ODEs for con-

centrations of other species (eqn. 2.36) may be absorbed into the corresponding rate

constants.
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2.3.3 Stoichiometry

A given reaction c+ → c−, causes a change in the numbers of chemical species. This

change in stoichiometry due to the reaction may be represented as a vector c− − c+.

Putting the stoichiometry vectors all together, much of the CRN can be captured by a

single matrix. This stoichiometric matrix S is an C ×R matrix with each column being

the stoichiometric change due to a reaction [79]. This stoichiometric matrix allows the

RREs for the CRN to be written down very compactly as:

dz

dt
= SJ(z), (2.37)

where J(z) is a vector of reaction currents. Assuming mass action kinetics, the reaction

currents take the form Jρ(z) = kρz
c+ for reaction ρ representing c+ → c− with rate

constant kρ.

A common assumption is that of microreversibility, which in the context of CRNs

means that is a given reaction c+ → c− can occur, its reverse reaction c− → c+ can

also occur. Under such an assumption, both the forwards and backwards reactions can

be packaged into a single reaction for the stoichiometric matrix and the pair of reactions

can be encoded with a modified reaction current

Jρ(z) = k+
ρ z

c+ − k−
ρ z

c− , (2.38)

where k+
ρ is the rate constant for the forwards reaction and k−

ρ for the reverse reaction.

Such a form is not affected by which reaction is defined to be the forwards reaction as

swapping forwards and backwards reactions changes the sign of both the reaction current

and the corresponding column of the stoichiometric matrix. I shall assume microre-

versibility throughout this thesis unless otherwise stated.

Throughout the rest of this subsection I shall refer back to the following example

CRN, representing two enzymes E1, E2 which can both catalyse the conversion of a

substrate S into a product P .

47



1 : E1 + S ⇌ E1S

2 : E1S ⇌ E1P

3 : E1P ⇌ E1 + P

4 : E2 + S ⇌ E2S

5 : E2S ⇌ E2P

6 : E2P ⇌ E2 + P,

(2.39)

with reaction number written on the left. A list of reactions written like this, alongside

the rate constants of each reaction, contains all the information required for the CRN

(chemical species and chemical complexes). Thus such lists of reactions are often stated to

be the CRN. Each of these reactions is reversible with the forward reaction going from left

to right. As such I shall use reaction currents of the form eqn. 2.38. This CRN has eight

chemical species, which I shall list in the order {S, P, E1, E1S, E1P, E2, E2S, E2P}.
The stoichiometric matrix for this CRN is

S =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−1 0 0 −1 0 0

0 0 1 0 0 1

−1 0 1 0 0 0

1 −1 0 0 0 0

0 1 −1 0 0 0

0 0 0 −1 0 1

0 0 0 1 −1 0

0 0 0 0 1 −1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (2.40)

The stoichiometric matrix allows us to make some statements about the CRN without

considering the reaction rates. Two such types of statement come from the nullspaces
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of the stoichiometric matrix. Firstly, suppose l is a left null vector of S (i.e. l · S = 0).

Then l corresponds to a conserved quantity or conservation law of the CRN [79]. More

precisely, L = l · z is conserved as

dL

dt
= l · SJ = 0. (2.41)

If one finds such a conserved quantity whose corresponding vector contains all positive

entries, that vector corresponds to conserved moieties. Moieties are parts of chemical

complexes. In the example CRN, there are three left null vectors, which can be written

l1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

1

0

1

1

0

1

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, l2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

1

1

1

0

0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, l3 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0

0

0

0

0

1

1

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (2.42)

l1 corresponds to the conserved moiety of substrate/product, whereas l2 and l3 correspond

to the conservation of enzymes (E1 and E2 respectively). Often when one writes out a

CRN to try to model a system, they expect the CRN to have certain conserved moieties,

for example corresponding to various catalysts in the system.

If there exists a left null vector of the stoichiometric matrix with all strictly positive

entries, then the CRN has an overall conservation of mass. For the example CRN,

l1 + l2 + l3 is such a vector. If the CRN does not have an overall conservation of mass,

it might not be possible to write down linearly independent left null vectors with all

non-negative entries.

Since the quantities corresponding to the left null vectors are conserved, they do not

change along a trajectory. The values of all conserved quantities specifies a stoichiometry
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compatibility class [80].

Next, look at the right nullspace of the stoichiometric matrix. Vectors in the right

nullspace correspond to cycles of reactions which lead to no change in stoichiometry. For

the example (eqn. 2.39), the right nullspace is one dimensional and is spanned by

v =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1

1

1

−1
−1
−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (2.43)

Such a vector corresponds to the cycle of doing reactions 1,2,3 in the forwards direction

and 4,5,6 in the backwards direction once each. Tracking the numbers of each chemical

species as they change according to these reactions, one would indeed find all species

remain unchanged. These cycles are interesting when studying the steady state. It is

clear from eqn. 2.37, that at a steady state, the current vector is in the right nullspace

of the stoichiometric matrix. If the steady state of a microreversible CRN is J = 0,

the steady state is said to be detailed balanced [81] as the current for each individual

reaction is balanced between forwards and backwards reactions. If the right nullspace is

0-dimensional, then only detailed balanced steady states are possible.

2.3.4 Stochastic CRNs

I shall have a brief discussion here of stochastic modelling of CRNs. Although in this

thesis I shall be mainly concerned with determinsitic CRNs, it is worth including the

following discussion for completeness and to note when stochastic CRNs behave like

deterministic ones on average.

Stochastically, one may use a CRN to define a CTMC. This CTMC has a state space

defined by the number of each chemical species. Thus, one could represent the states
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as a C-dimensional vector with non-negative integer entries. The state space of such a

CTMC is, in general, infinite. However, the specifics of the CRN such as a conservation

of mass, might restrict a given trajectory to a finite subspace.

Transitions occur between states according to the reactions. Assuming the trajectory

in state c, a reaction c+ → c−, changes the state to c− c+ + c−. Assuming mass action

kinetics, and that the reaction has rate constant k, the rate of such a reaction is

k

C∏︂
i=1

ci!

(ci − (c+)i)!
, (2.44)

if ci ≥ (c+)i for all species i and zero otherwise. The rate constants here differ from the

deterministic case by a factor of some volume term. If one wishes to make a clear con-

nection to the deterministic limit, it is necessary to consider this volume more carefully.

Let P (c, t) describe the probability of being in state c at time t and let each of the

reactions be indexed by ρ such that reactions look like c+ρ → c−ρ and have rate constants

kρ. Bringing this all together, the master equation [67] (for a general, not necessarily

reversible CRN) may be written as

dP (c, t)

dt
=

R∑︂
ρ=1

(︄
− P (c, t)kρ

C∏︂
i=1

ci!

(ci − (c+ρ )i)!

+ P (c− (c−ρ − c+ρ ), t)kρ

C∏︂
i=1

(ci − ((c−ρ )i − (c+ρ )i)!

(ci − (c−ρ )i)!

)︄
,

(2.45)

where, implicitly, any terms with negative factorials are neglected. Such an equation

is often referred to as the chemical master equation. In general, the chemical master

equation is difficult to solve, even at steady state. The CRN might also impose restrictions

due to the discreteness of the numbers of chemical species. For example, a species might

only change by an even number in any reaction. Thus, its parity might be restricted to

match its initial conditions. These are in addition to any conservation laws, which might

restrict the accessible states to a given stoichiometric compatibility class for a given initial
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condition.

Nonetheless, an important question is whether one can say that the mean number of

chemical species at steady state is proportional to a solution to the RREs (eqn. 2.37)

in the appropriate stoichiometric compatibility class. In general, such a proportionality

need not hold. However, one class of CRNs for which this statement is true are the

deficiency zero CRNs [82], which I shall describe in the next subsection.

2.3.5 Graphical features of CRNs

There are many ways to visualise CRNs, one natural way is with the complexes graph [81].

Here, the complexes C become the nodes of the graph and the reactions become the edges.

The complexes graph is the natural object one would come to if one wished to write down

the reactions of the CRN compactly. For the example CRN (eqn. 2.39), the complexes

graph is just

E1 + S ⇌ E1S ⇌ E1P ⇌ E1 + P

E2 + S ⇌ E2S ⇌ E2P ⇌ E2 + P (2.46)

where for clarity, I use ⇌ to represent edges and write out the complexes in terms of

their constituent chemical species. The complexes graph, however, does not make obvious

some of the connections in the CRN. The complexes graphs will often be disconnected,

even though the complexes in different connected components of the graph can share

chemical species. As such cycles of reactions may be hidden in the complexes graph.

One formulation of the deficiency of chemical reaction networks makes explicit the

references to hidden cycles. One can look at the number of cycles of reactions as defined

by the right nullspace of the stoichiometric matrix and compare this to the number of

cycles in the complexes graph. Letting I be the incidence matrix of the complexes graph,

then this formulation of the deficiency can be written [83] as

δ = dim(ker(S))− dim(ker(I)) (2.47)

52



where S is the stoichiometric matrix. Other formulations of the deficiency exist, however,

this one is visually tractable, makes clear the connections to cycles and is easy to apply to

certain classes of CRNs. The example CRN has one cycle according to the stoichiometric

matrix and zero in the complexes graph, thus δ = 1.

Deficiency is a useful quantity to consider due to the existence of a number of theorems

which have been proven for CRNs which are deficiency zero or one. The most famous of

these deficiency theorems is the aptly named deficiency zero theorem [84], which states

that (for the reversible CRNs being considered) that there is a unique stable equilib-

rium in each stoichiometric compatibility class. Thus, such networks cannot show any

long time behaviour other than converging to an equilibrium. Another such deficiency

result is what was alluded to in the previous subsection: that stochastic realisations of

deficiency zero CRNs agree with their deterministic counterparts at steady state. More

specifically, Anderson, Cranciun, and Kurtz [82] prove that the stationary distribution

is Poissonian in each stoichiometric compatibility class with mean proportional to the

appropriate deterministic solution. For the networks I shall consider in this thesis, these

deficiency theorems are used implicitly such that the distinction between stochastic and

deterministic CRNs can be ignored and it can be assumed that any CRN will tend to a

steady state.

Finally, I shall discuss linear CRNs. Linear CRNs are such that each complex contains

at most one chemical species and if a complex does contain a chemical species, then it

has stoichiometry one. Linear CRNs are particularly nice to work with. Linear CRNs

without a null complex have the benefit that their stoichiometric matrix is the incidence

matrix for their complexes graph. Thus, any cycles in their stoichiometry are also in their

complexes graph and so they are deficiency zero.

In fact, linear CRNs are stronger than just deficiency zero, with, for example, solutions

to their chemical master equation being Poissonian for all time, if their initial conditions

are Poisson [85]. The discussion can now be split into two categories: linear CRNs with

and without a null complex.

Firstly, linear CRNs without a null complex are guaranteed to have a conservation
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of mass. Each connected component of their complex graph contains an independent

set of chemical species. Thus in each connected component, a chemical species can only

undergo a number of morphological changes and never increase the number of chemicals.

Further, due to this conservation of mass, linear CRNs without a null complex behave

like CTMCs, with states being the chemical species and transitions the reactions. At

the deterministic level, their RREs for concentrations look like master equations for the

probabilities in a CTMC. Thus solutions, with concentrations normalised by the total

concentration, can be thought of as probabilities obeying a CTMC, allowing similar use

of the matrix tree theorem (eqn. 2.8). On a stochastic level, with an initial condition

containing n molecules, each of these molecules undergoes an independent realisation of

the CTMC.

Linear CRNs with a null complex are slightly more complicated, but not by much.

The null complex breaks the conservation of mass and so their RREs are no longer a

CTMC master equation. However, their reaction rate equations can still be written as

dz

dt
= Az+ b, (2.48)

where A is a rate-matrix-like matrix of rate constants with off diagonal elements equal

to rate constants for reactions between chemical species and diagonal elements equal

to minus the sum of rate constants from a species. b is a vector of rate constants

for reactions from the null complex to chemical species. Such an equation yields nice

properties. Formally, the solution looks like

z(t) = exp(At)
(︁
z(0) + A−1b

)︁
− A−1b (2.49)

with the first term giving the transient trajectory and the last term giving the steady

state. However, I shall go into more detail on the properties of such CRNs in chapter 5.
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2.4 Stochastic thermodynamics

Finally in this chapter, I shall discuss stochastic thermodynamics. Arising from the need

for a thermodynamic theory for describing non-equilibrium systems in which fluctuat-

ing quantities are important, stochastic thermodynamics proves particularly useful for

studying biochemical systems [1].

In this section, I shall focus on the stochastic thermodynamics of (bio)chemical sys-

tems. As such, I shall consider the following setup where there there is some system of

interest coupled to a large environment. The environment and system together are iso-

lated. The environment contains various components such as chemical buffers to supply

chemical species or fuels; as well as being a heat bath to either supply or absorb energy as

heat. This environment is constant in the sense that the concentrations of any chemical

reservoirs and its temperature are not affected by the system of interest.

The system of interest has a microscopic state space fully defined by its microstates

specifying the positions and momenta of all particles of the system. Such a microscopic

description is, in general, not helpful. It is often more useful to consider a coarse-graining

of the state space into a smaller number of macrostates, where each macrostate is a non-

overlapping set of microstates. The microstates within a macrostate will generally have

some defining feature which make them useful. For example, in a system consisting of two

particles, one might consider a macrostate corresponding to a dimer. Such a macrostate

would consist of any microstates where the two particles were within some distance of

each other.

I shall assume some level of timescale separation between the microstates within a

macrostate and the macrostates themselves, such that transitions between microstates

within a given macrostate are much more likely than transitions between microstates

in different macrostates. Such an assumption means that trajectories, upon entering a

given macrostate, have enough time to equilibrate among the microstates within that

macrostate. In such an equilibration, information about where the trajectory entered the

macrostate is lost and which macrostate the trajectory visits next is independent of the
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previous macrostates. In other words, the trajectory at the level of macrostates becomes

Markovian [77,86]. The details of the microstates can be mostly ignored, and the system

can be treated as a CTMC (X ,W ) with a state space defined by the macrostates. As I

shall only consider coupling to a single heat bath at a fixed temperature in this thesis, I

use units such that temperature and Boltzmann’s constant are both unity.

As will be seen in this section, in order to for the system to be amenable to ther-

modynamic analysis, the CTMC describing the system must be microreversible. Such a

system is refered to as being thermodynamically consistent.

2.4.1 Generalised free energy and entropy production

There is a comprehensive framework of results for studying equilibrium thermodynamic

systems. One wishes to extend this framework to study these far-from-equilibrium

systems. As such one wishes to find generalised thermodynamic quantities as func-

tions of the well defined thermodynamic quantities of each macrostate. Assume that

there is a distribution over the macrostates which, at some time may, be written p(i)

where the index i runs over the macrostates. Certain quantities, such as the internal

energy translate as expected to macrostates. The generalised internal energy of the

system may be written as an average over the internal energies of the macrostates as

Usys[p(i)] =
∑︁

i p(i)Usys(i) = ⟨Usys⟩. Such a decomposition is not guaranteed for all quan-

tities. Importantly, considering the entropy of the system, one finds two contributions:

Ssys[p(i)] =
∑︂
i

p(i)Ssys(i)−
∑︂
i

p(i) ln p(i) = ⟨Ssys⟩+H[p(i)]. (2.50)

The first term is the average entropy of the macrostates as one would expect. However,

there is an additional informational term arising here which is the entropy of the dis-

tribution of macrostates. This informational term also feeds into the free energy of the

system. As such, denoting this generalised free energy as Gsys[p(i)], it may be written [87]

Gsys[p(i)] = ⟨Gsys⟩ −H[p(i)], (2.51)
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where ⟨Gsys⟩ is the average free energy of the macrostates.

These generalised quantities described so far describe the ensemble of macrostates.

Given that each of these quantities can be written as an expectation over macrostates,

one may use the generalised quantities to define macrostate level (stochastic) quantities.

The descriptor stochastic is used for these quantities as they are random variables whose

averages give the ensemble quantities. At the level of these stochastic quantities, one is

often most interested in changes along some trajectory starting in state i0 and ending in

state iτ . One such quantity of interest is the total change in entropy of both the system

and environment:

∆i0iτσ = ∆i0iτSenv +∆i0iτSsys − ln
p(iτ )

p(i0)
, (2.52)

where ∆ijQ = Q(j) − Q(i) is the change in quantity Q from state i to state j. The

quantity σ is called the stochastic entropy production. Under the assumptions made

here, that the system and environment are isolated from the rest of the universe, any

increase in the internal energy of the system must be due to a depositing of heat from

the environment. As such, at the level of macrostates, ∆i0iτUsys = −∆i0iτSenv. The

stochastic entropy production is the negative of the stochastic free-energy change of the

system, ∆i0iτσ = −∆i0iτGsys.

2.4.2 Time evolution and the second law

Equilibrium statistical mechanics tells us that the equilibrium distribution of macrostates

is the Boltzmann distribution, peq(i) ∝ e−G(i) where G(i) is the free energy of state i.

One of the defining features of equilibrium is that there are no net currents. For every

pair of states, Wijpeq(j) = Wjipeq(j), where the matrix element Wij gives the transition

rate for j → i. Substituting in the Boltzmann distribution and rearranging, it can be

seen that
Wij

Wji

= exp [−(G(i)−G(j))] , (2.53)

for a system which reaches equilibrium, the ratio of forwards to backwards transition is

set by the free-energy difference between the states. This observation can be taken and
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applied as an assumption for non-equilibrium systems, with a slight extension:

Wij

Wji

= exp [−(Gsys(i)−Gsys(j)) + δij] , (2.54)

where δij is an additional driving term, biasing the transition due to fuel reservoirs in

the environment. That the ratio of transition rates takes this form is known as local

detailed balance. If the driving is zero for all reactions, the system is (globally) detailed

balanced and will eventually relax to equilibrium. Local detailed balance is invaluable

in interpreting the thermodynamics of chemical systems. If the drivings are not all zero,

the system may still reach a steady state, known as a non-equilibrium steady state. Non-

equilibrium steady states may have non-zero net currents, compared to detailed balanced

steady states where no net currents may flow.

Assuming the trajectory starts in some known initial distribution, one can consider the

stochastic entropy production (eqn. 2.52) to be a stochastic process up to time τ , whose

average is the entropy production. Similarly one can consider the free-energy change up

to time τ . One can look at the time evolution of the free-energy change. Making use of

the master equation (eqn. 2.10) and local detailed balance (eqn. 2.54),

dGsys
dt

= −
∑︂
ij

Wijpj ln
Wijpj
Wjipi

−
∑︂
ij

Wijpjδij. (2.55)

the negative of the first term

σ̇ =
∑︂
ij

Wijpj ln
Wijpj
Wjipi

(2.56)

can be identified as the entropy production rate (EPR). Further, the form of the equation

implies, mathematically, σ̇ ≥ 0, which is the second law of thermodynamics. Further one

can see that the EPR is zero if and only if Wijpj = Wjipi, which is equilibrium. As such

the EPR gives an indicator of a non-equilibrium system.

If the driving δij is zero, then one can see how the entropy production rate gives the
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rate of decrease of generalised free-energy. However, when the driving is non-zero, this

second term,
∑︁
ij

Wijpjδij is, in general, non-zero and gives the decrease in free energy of

the fuel baths. This driving, therefore, can pay for an increase in the free energy of the

system.

2.4.3 Entropy production and cycles

The EPR can be further split into two terms, an entropy change and a free-energy term,

σ̇ =
∑︂
ij

Wijpj ln
Wij

Wji⏞ ⏟⏟ ⏞
free energy

+
∑︂
ij

Wijpj ln
pj
pi⏞ ⏟⏟ ⏞

entropy

=
1

2

∑︂
ij

Jij ln
Wij

Wji

+
1

2

∑︂
ij

Jij ln
pj
pi
, (2.57)

utilising the currents (Jij = Wijpj −Wjipi). The free-energy term here can be seen as a

sum over edges of the graphical representation of the CTMC. This sum over edges is also

intimately linked to the notion of cycles [88], at least at steady state. The equivalence of

this free-energy term calculated by summing over edges versus summing over cycles can

be shown for a general process. Let (X ,W ) be the process, let w be the weight function

for the graph induced, and let πi be the steady state probability to be in state i for this

process. For an edge j → i, the net current at steady state through this edge is:

J ss
ij = Wijπj −Wjiπi. (2.58)

πi can be written in terms of spanning tress by MCTT (eqn. 2.14), and the sum over

spanning trees may be expanded by SAWs from j to i. For πj, the sum over spanning trees

may be expanded by SAWs from i to j such the spanning tree terms of both expansions

are the same and only the direction of edges in the SAW term are flipped. The net current
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may then be written:

Jij =
1

N
∑︂

S∈S(i→j)

[︄
Wij

∏︂
e∈S

w(e)−Wji

∏︂
e′∈S

w(e′)

]︄⎡⎣ ∑︂
T∈TS(s)

wS(e)

⎤⎦ (2.59)

where S(i → j) is the set of SAWs from node i to node j; remembering that w(e) gives

the weight (transition rate) of edge e; N is the normalisation as in eqn. 2.14, and e′ is the

edge in the opposite direction, i.e. if e = j → i, e′ = i→ j; and the last bracketed term

is the spanning tree part for SAW, S, as in eqn. 2.16. One of the SAWs from i to j will

simply be the single transition i → j. However, this term will cancel out from the sum

leaving just the non-trivial SAWs. Taking a non-trivial SAW from i to j and multiplying

by the rate Wij gives a cycle containing the edge j → i. Therefore, the current may be

written as a sum over cycle currents, as in section 2.2.9, of cycles which contain the edge

j → i minus those which contain i→ j.

Jij =
∑︂

cycles C
containing j → i

J(C)− J(C ′), (2.60)

where J(C) is a cycle current defined analogously to eqn. 2.27 and C ′ is the cycle in the

opposite direction.

For the EPR, each of the edges contains a contribution to the free-energy term

ln
(︂

Wij

Wji

)︂
. Since, the Jij may be split up as a sum over cycles, the parts of this cor-

responding to given cycles may be collected and the sum over edges may be converted

into a sum over cycles. Doing so, one finds the contribution to the free-energy term from

cycle, C, to be A(C), where

A(C) = ln
∏︂
e∈C

w(e)

w(e′)
(2.61)

are known as the cycle affinities. Thus, the free-energy term has been rewritten in terms

of cycles as

σ̇ =
∑︂

cycles C

A(C)(J(C)− J(C ′)). (2.62)
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Whether or not it is easier to think about this free-energy term in terms of cycles or edges

depends on the system.
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Chapter 3

Copolymerisation models

In chapter 4, I shall introduce a general class of models of polymerisation. As such, it is

necessary to review existing studies of polymerisation, to show how the models presented

fit into the literature.

3.1 Types of copolymerisation

As mentioned in chapter 1, copolymers are polymers consisting of multiple types of

monomer. A certain class of copolymerisation models I shall review here typically consist

of a growing polymer where monomers are added or removed from the end to extend

or shrink the polymer. Such models can be divided into three categories based on their

interactions with a template. These categories are free copolymerisation, templated self-

assembly and templated copolymerisation with simultaneous separation. I illustrate the

difference between such models with figure 3.1(a, b, c). Here, I imagine an arbitrarily

long polymer to the left, of which only showing the last few monomers are shown. Free

copolymerisation involves no template and the polymer grows by new monomers binding

directly to the growing polymer.

Templated self-assembly by comparison does make use of a template. For such models,

new monomers bind to the template first and are are subsequently polymerised into the

growing copolymer. For templated self-assembly models, the separation of template and
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(a) Free copolymerization

(d) Arbitrary internal reaction network(c) Templated copolymerization 
with simultaneous separation

(b) Templated copolymerization
“Templated self-assembly” 

Figure 3.1: Figure reproduced from Qureshi et al. [89]. Comparison of the different types
of copolymerisation mechanism with three types of monomer (blue, red and yellow). (a)
shows free copolymerisation, (b) templated self assembly, and (c) templated copolymeri-
sation with simultaneous separation. In (b) and (c) the template is shown with squares
and the growing polymer with circles. (d) An example of a more detailed reaction scheme
used to select the next monomer. In each of these sub-figures, different colours represent
different monomer types, with bonds coloured accordingly when their strength might de-
pend on the monomer type. In (d), different activation states of the monomer undergoing
incorporation are represented by different shapes. The dashed bubble indicates how the
arbitrary set of reactions in (d) may replace the simple reaction surrounded by a dashed
bubble in (c) for a more complex model.
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product is not directly coupled to the growth of the polymer. Separation may occur by

some distinct mechanism after the copolymerisation has completed, but this separation

process is not modelled. For example, in DNA replication, each of the newly-created

daughter strands remains attached in a double-stranded duplex at the end of the process.

Separation of the two strands of the double stranded DNA occurs is coupled to the next

round of replication and is mediated by helicase enzymes [2].

Contrary to templated self-assembly, there is templated copolymerisation with si-

multaneous separation. These copolymerisation models do have separation of template

and product coupled to the copolymerisation process such that at any time only a finite,

small section of polymer is bound to the template. In figure 3.1(c), I depict the monomers

bound to the template at one time as being only the last monomer of the growing copoly-

mer. In general, however, models may consider the last few monomers being bound to

the template.

The main differences between these categories of model occur in the free-energies of

the states as the polymer grows and in correlations generated between monomers within

the copolymer products. I shall describe these differences in more detail throughout this

thesis.

Orthogonally, polymerisation models can also be described by the complexity of the

sub-steps leading to the incorporation of monomers. A simple (CTMC) model of poly-

merisation will have a state space consisting of polymers of length l where transitions

occur between polymers of length l and length l ± 1. Such a model describes a grow-

ing polymer with monomers added or removed in a single step as in figure 3.1(a, b, c).

However, a most general model of polymerisation should include complex sub-steps. Fig-

ure 3.1(d) depicts how a polymerisation model might have multiple sub-steps leading to

the incorporation of monomers. However, models in the literature often neglect multiple

sub-steps due to the complexity of the models making solving such models difficult.

One can also describe polymerisation models based on the dependence of rates on

monomers. In the simplest models, the rates of monomer addition or removal from a

growing polymer depend only on the monomer being added or removed (and potentially
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the corresponding monomer in the template). More generally, the rates of monomer

addition or removal might depend on monomers further back from the tip of the growing

polymer. Again, such dependencies are often neglected in models in the literature due to

the difficulty they bring to solving said models.

Finally, models can be split into categories based on whether monomers can be re-

moved from a growing copolymer. If the monomers cannot be removed, the model has

irreversible incorporation of monomers. As was seen in section 2.4, reversible reactions

are required for thermodynamically consistent models. However, some of the models

make use of irreversible reactions to simplify the mathematics.

All these categories of polymerisation models shall be described in more detail in this

chapter and expanded on in chapter 4.

3.2 Free copolymerisation

The first copolymerisation models focused on free copolymerisation. Mayo and Lewis [15]

wrote one of the earliest studies of copolymerisation. Here, they considered a chemical

reaction network model for a growing copolymer of two monomer types, M1 and M2.

They considered chemical species representing polymers whose last monomer is M1 or

M2, and considered reaction rates such that the rate of adding a new monomer depends

only on that new monomer and the last monomer of the growing polymer. Notably also,

they considered irreversible reactions, such that once a monomer binds to the growing

polymer, the monomer may not detach. Nonetheless, Mayo and Lewis were able to

identify a relationship between the depletion rate of each monomer type and the reactivity

ratios, defined for a polymer ending in M1 as the ratio of the rate of adding monomer

M1 to the rate of adding M2 and similarly for polymer ending in M2 as the ratio of the

rate of adding monomer M2 to the rate of adding M1. Such a relationship is useful from

an experimental perspective for measuring the reactivity ratios.

The reactivity ratios in turn are useful quantities as they relate to the lengths of runs of

the same monomer within the polymer. As such one can extract some useful information
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about the structure of the polymers such as the expected fraction of monomer one or two,

or the expected lengths of regions of pure monomer one or two. These quantities, however,

highlight a key aspect of free copolymerisation, that it is difficult to use this mechanism

to produce information bearing polymers. If one’s goal is to produce a copolymer with

some general properties, which are not sensitive to variations in the specific sequence of

monomers, then they may use mechanisms described by the models of Mayo and Lewis.

However, if one wishes to produce a copolymer with a very specific sequence of monomers,

such as those which transmit information, such a mechanism is not suitable.

An additional point to note about Mayo and Lewis’ model is that they consider ir-

reversible polymerisation of monomers. Hence, the models are not thermodynamically

consistent. Further, such an assumption means that the statistics of monomers at the

tip of the growing copolymer are the same as those far behind the growing tip. Such a

distinction is important for the consideration of models with reversible binding, deter-

mining which mechanisms are most effective at reducing the probability of errors in the

sequence of monomers.

Since Mayo and Lewis’ early studies, thermodynamically consistent free copolymerisa-

tion models have been analysed [90,91]. Such models allow for detachment of monomers

after polymerisation with rates defined by the binding free energies of the monomers.

Similar to Mayo and Lewis, properties of the sequences of monomers produced could be

analysed. However, as mentioned in chapter 1, if one wishes to encode a specific se-

quence, they need a large number of monomer types. However, even with a large number

of monomer types, free copolymerisation is unsuitable for producing specific sequences of

monomers. The sequence of monomers produced by such a mechanism is Markovian. So

if ever a monomer which is not the one required by the desired sequence is polymerised

into the copolymer, monomers later on in sequence of the copolymer produced will most

likely not be correct.
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3.3 Templated polymerisation models

Templated copolymerisation has been studied in much detail in the past two decades.

The existence of a template in the form of another polymer adds a number of conceptual

differences to copolymerisation models. The first of these conceptual differences is that

monomers can be defined to be correct relative to the template. This relative correct-

ness is different to free copolymersation, where it makes most sense for monomers to

be considered correct only relative to the other monomers in their vicinity within the

daughter copolymer. A common assumption made in the literature related to this con-

cept is a mapping of monomers to being right or wrong relative to the template [92].

Such a mapping is viable if one assumes a symmetry in the monomer interactions that

the monomer interactions with the template only come in two types corresponding to

right and wrong. As such these interactions cannot discriminate between different types

of monomer which have the same interactions with the template. For example, one would

not be able to make such an assumption for a full model of transcription where an A

binding to an A in the template might have a different binding energy to a G binding to

an A in the template even though both interactions are wrong. This assumption is made

frequently in the literature as it greatly simplifies models and calculations, since one does

not need to consider the sequence of monomers in the template. After such a mapping of

the polymer sequence, a key quantity of interest is the error probability - the probability

that a wrong monomer is present in the new copolymer produced. Being able to ignore

the sequence of the template is a great advantage not only for studying models given a

specific template sequence, but also since one does not need to consider the distribution

of templates. However, frameworks do exist in which the sequence of monomers in the

template is explicitly considered for example [93].

One of the earliest models introduced was that of Gaspard and Andrieux [94], whereby

monomers would be added to or removed from a growing polymer. The models they con-

sidered encompassed different types of copolymerisation, both free and templated as in

figure 3.1(a, b, c). Gaspard and Andrieux studied these models in various regimes [95,96].
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The models considered allow for the dependence of monomer binding rates on previous

monomers in the growing copolymer. Further, monomer binding was reversible, allowing

for a thermodynamically consistent description. However, the binding of monomers oc-

curred in a single, simple step. A full solution to the model (in the long polymer limit)

was presented in [97]. This solution is important to this thesis going forwards, as such a

more in depth review is given in section 3.5.

Sartori and Pigolotti provided a similar model for copolymerisation [98,99]. However,

a key difference in Sartori and Pigolotti’s models is the consideration of arbitrary set of

internal reactions leading to polymerisation, similar to figure 3.1(d). In these works, the

authors considered polymers of just right or wrong monomers. They were able to solve

for the error probability for various networks of reactions. The authors further presented

thermodynamic analysis of their models, in one study considering the difference between

kinetic discrimination, whereby right monomers bind/unbind more quickly than wrong

monomers, and energetic discrimination, whereby right monomers bind more strongly

to the template [98]; and in another study, considering the errors in various regimes of

dissipation [99]. In both cases, the authors were able to utilise their models and analysis

to study the trade-offs between dissipation, accuracy and speed key to these biological

processes.

A key assumption to the solution presented by Sartori and Pigolotti was the inde-

pendence of rates of reactions on all previous monomers. Such an assumption ensures

that each monomer binds independently of previous monomers and therefore the proba-

bility of a given sequence of monomers factorises neatly into a product of probabilities for

each site on the template. This assumption necessarily breaks down for templated poly-

merisation with simultaneous separation, as a physical implementation naturally leads to

dependence of rates on previous monomers. However, even for templated self assembly

one could imagine models whereby a wrong monomer at the tip affects the binding of

subsequent monomers.

Throughout the literature, other such templated models have been developed. These

models typically focus on templated self-assembly [92, 99–112], although, some models
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looking at the effect of polymer separation have been analysed [40, 113, 114]. Many of

these studies allowed for complex mechanisms leading to polymerisation [92,99–104,109–

112] and considered the effects of reversible binding of monomers [99, 101–108, 113, 114].

However, only [113, 114] considered the effects of dependence of binding on previous

monomers. Further, to the best of my knowledge, no previous studies have analysed

reversible systems with complex sub-steps leading to polymerisation and dependence on

previous monomers.

The types of assumptions or simplifications that are made will depend on the aims

of the paper in question. More biologically focussed papers tend to have the goal of

reproducing a specific model. For example, Sahoo and Klumpp [100, 115] study specific,

complex mechanisms to probe certain biologically realistic enzymatic models.

More mathematically focussed papers tend to be interested in methodology for exam-

ple the methods of Gaspard and Andrieux [97,106–108,116], which I shall discuss in more

detail in section 3.5. Chiuchiù et al. [117] by contrast introduce a more novel method-

ology utilising continuous reaction-coordinate based mathematics. In contrast, the more

physically focussed ones are often interested in the limits of polymerisation processes, for

example in relation to the thermodynamic uncertainty relation [101,104]; or with respect

to trade-offs between speed, energy and accuracy [103, 110, 112]. However, there is often

overlap in the aims of such studies, for example in introducing new, mathematically-

interesting methodologies, for the purposes of probing physical questions on trade-offs

and how models can produce qualitatively different behaviours with relation to accuracy

and energy dissipation in different regions of parameter space [98, 99, 102]. Where this

thesis aims to reside is discussed in more detail in section 3.7.

3.4 Kinetic proofreading

One might ask why complex sub-steps leading to polymerisation would be necessary and

therefore an important aspect of models to consider. For systems for which the target

structure is encoded as the lowest free energy state, one way to increase the accuracy
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of self-assembly is by decreasing the free energy of said target state. For templated

copolymerisation, such a strategy is not necessarily possible, the target products are not

often the lowest free energy state. Additionally, the basic chemistry of the reactions

may not allow for the free energies to become arbitrarily low. Further, the requirement

that the template needs to separate from the product [40], means that increasing the

binding energy of products to templates is not necessarily the best way to increase accu-

racy. Thus, one must look to more complex methods to increase accuracy of templated

copolymerisation.

Hopfield [118] and Ninio [119] independently and contemporaneously proposed such

a complex mechanism while studying translation. They noticed that the binding energy

difference between correct and incorrect codons (which encode how amino acids bind to

the mRNA template), was not enough to explain the accuracy observed in biological

templating via models of a simple mechanism for polymerisation.

Consider a simple model for the selection of monomers as depicted in figure 3.2(a).

Here for conceptualisation and illustrative purposes, I allow for irreversible reactions.

Consider two monomer types, a right monomer and wrong monomer, each chemostat-

ted (section 2.3.2) at concentrations r and w respectively. As such, the model may be

represented as a CTMC:

Pw
kpol←−− Tw

k+ww
↼−−−−⇁
k−w

T
k+r r−−⇀↽−−
k−r

Tr
kpol−−→ Pr (3.1)

where T represents the state of template and growing polymer up to this point, Tr and

Tw represent a right or wrong monomer binding to said template-polymer complex, and

Pr and Pw representing the template-polymer complex with the right or wrong monomer

polymerised into the chain. The rate of polymerisation kpol is assumed to be the same

for both the right and wrong monomers. Local detailed balance implies k+i /k−i = e−∆Gi ,

where ∆Gi is the free energy of binding of monomer i. I assume there is no additional

driving. It is usual to assume the binding rates are the same for both right and wrong

monomers k+
r = k+

w [118]. Hence the rate constants may be written k−
i = ke−∆Gi for some
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Figure 3.2: Comparison of (a) a simple polymerisation step to (b) a kinetic proofreading
one. (a) provides a visual representation of the CRN in eqn. 3.1, and (b) a representation
of the CRN in eqn. 3.4. In both cases, a small section of template and polymer is
depicted. The template is depicted with squares and the polymer copy with circles with
bonds represented by lines. The different monomer types are represented by different
colours. Arrows represent allowed reactions. The monomer which binds could be either
red or blue. In (a) monomers can bind and unbind until eventually a bound monomer
is polymerised into the chain. For kinetic proofreading (b) inactivated monomers are
represented by the empty circles for which the border colour represents the monomer
type. From the T state, an inactive monomer can bind. When bound, this inactive
monomer can either unbind or become activated. When there is an activated monomer
bound to the template, this activated monomer can either unbind from the template or
be polymerised into the chain.
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monomer-independent rate constant k. Further, assume the right and wrong monomers

are held at the same concentration. The question is then, given starting in state T , what

is the probability of being absorbed into state Pr or Pw. Utilising the methods from

chapter 2, the ratio of being absorbed into Pw to being absorbed into Pr can be found

to be
P[Pw]

P[Pr]
=

kpol + ke−∆Gr

kpol + ke−∆Gw
, (3.2)

also known as the error ratio. This ratio is less than one so long as ∆Gr > ∆Gw, i.e. the

right monomer binds more strongly to the template. Further, the ratio is maximised, for

fixed binding energies, to exp(−(∆Gr−∆Gw)) in the limit kpol → 0. The binding energy

difference sets a limit on the maximum error ratio.

Compare this simple model to a more complex model whereby the monomers must

first be activated before polymerisation as in figure 3.2(b). Such a model performs kinetic

proofreading. Let us assume the non-activated monomers, are chemostatted at concen-

trations r∗ and w∗ and the activated monomers are chemostatted at concentrations r and

w. We may similarly represent this more complex model as a CTMC:

Pw
kpol←−− Tw

k+act↼−−−−⇁
k−act

Tw∗ k+ww∗
↼−−−−−−⇁
k−w

T
k+r r∗−−−⇀↽−−−
k−r

Tr∗
k+act−−⇀↽−−
k−act

Tr
kpol−−→ Pr (3.3)

k−r,KP

k+r,KPr

k−w,KP

k+w,KPw

Here, there are additional states, Tr∗ and Tw∗ for the template bound to non-activated

monomers. The activation of the monomers occurs via the reactions with rate k±
act.

Assume these reactions are the same for both monomer types and are driven such that

k+act/k−act = e∆Gact . This driving could come from, for example, coupling to the conversion

of ATP to ADP, which is not explicitly modelled. The reactions labelled KP are for the

binding and unbinding of activated monomers. Assume the activation of the monomer

does not affect the binding energy between monomer and template such that
k+i,KP

k−i,KP

=

e−∆Gi . Similarly to before, assume the binding rates are the same, k+
r,KP = k+

w,KP = kKP.
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Analogously to the simple model, the error ratio may be calculated to be(︁
k+
actkw

∗ + kKPw(ke
−∆Gw + k+

act)
)︁(︁

k+
actkr

∗ + kKP r(ke−∆Gr + k+
act)
)︁ (︁

k−
actke

−∆Gr + (kpol + kKP e
−∆Gr)(ke−∆Gr + k+

act)
)︁(︁

k−
actke

−∆Gw + (kpol + kKP e−∆Gw)(ke−∆Gw + k+
act)
)︁ .

(3.4)

Let us assume that right monomers are held at the same concentration as wrong ones,

such that r = w and r∗ = w∗. Then, first take the limits that r, w → 0 assuming the

cell is able to break down the activated monomers that are not bound to the template,

quickly; and the limit k−
act → 0 (∆Gact → ∞) perhaps by the cells quickly removing

ADP after being formed from the breakdown of ATP. After this, consider the limit that

kpol, k
+
act → 0, i.e. binding or unbinding of monomers is much faster than activation or

polymerisation. In these limits, the error ratio reduces to exp(−2(∆Gr − ∆Gw)) which

is the square of error ratio from the simple case. Thus, by forcing the monomers to go

through two discrimination steps, where they can unbind from the template either before

activation (via ke−∆Gi) or after (via kKPe
−∆Gi), the effective discrimination between

binding energies has been doubled. This doubling of discrimination is only achieved in

this limit of irreversible and slow reactions. Away from this limit, enhanced accuracy can

still be achieved, but will be reduced.

The kinetic proofreading motif has introduced a cycle of reactions compared to the

simple model. This cycle has a non zero affinity, both due to the driving ∆Gact and the

irreversible reactions caused by chemical species held at zero concentration. As such,

the system has non-zero heat flow and the kinetic proofreading cycle makes a trade-off,

increasing the accuracy of polymerisation at the cost of fuel consumption. This idea

was revolutionary in introducing a mechanism whereby increased accuracy is achieved in

exchange for more free energy. As such, the idea inspired many others to study the trade-

offs between free-energy cost and accuracy; and to produce and analyse more complicated

mechanisms which utilise such free-energy consuming cycles to increase accuracy. Since its

first description, there have been many models developed to study the effects of kinetic

proofreading in polymerisation [92, 99, 101–103, 110–112]. Indeed, kinetic proofreading

serves as an excellent first example system to study in any framework attempting to
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analyse general complex polymerisation models.

3.5 Solving polymerisation models

The models discussed thus far only consider the rates of monomer inclusion to depend

on the monomer being added. In particular, for free copolymerisation (figure 3.1(a)) and

templated self-assembly with separation (figure 3.1(c)) dependence of rates on previous

monomers is a key feature. Thus here I shall review and reproduce some work by Gaspard

and Andrieux [97], which will serve as the base I shall extend in chapter 4.

For simplicity, I shall review the method for the case of two monomer types, right

r and wrong w. As mentioned in section 3.3, the mapping of templated polymerisation

sequences to right and wrong monomers is common. Consider a CTMC with state space

given by {x1x2 · · · xl | xi ∈ {r, w}, l ∈ N}, that is the sequences of r and w of l elements

where l is a natural number. l can be zero for the initial, empty sequence ∅. These

sequences represent polymers of length l with monomers xi. I shall use the notation &

to refer to an arbitrary sequence with which we are not concerned. For example, &xl−1xl

is an polymer with the last two monomers being xl−1xl, but arbitrary monomers before

this tip. Transitions occur between polymers of length l and l + 1 as:

&xl

ω+xl+1xl−−−−−⇀↽−−−−−
ω−xl+1xl

&xlxl+1, (3.5)

only depending on the two monomers at the end of the polymer. The methodology can

easily (albeit messily) extended to dependence on the last k monomers at the tip of

polymer [116], although such an extension is not discussed in detail in this thesis. The

initial reaction to and from ∅ in general are not important for the longtime behaviour to

be considered in this thesis. With state space and transitions defined, the CTMC has
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been defined. The master equation for this CTMC can be written down as:

d

dt
Pt[x1 · · · xl] = ω+xlxl−1

Pt[x1 · · · xl−1] +
∑︂
y=r,w

(ω−yxl
Pt[x1 · · · xly])

−

(︄
ω−xlxl−1

+
∑︂
y=r,w

ω+yxl

)︄
Pt[x1 · · · xl], (3.6)

where Pt[x1 · · · xl] is used to refer to the probability of being in state x1 · · · xl at time t.

Such a system of equations is difficult to work with in general.

The length of the polymer undergoes a biased random walk such that the expected

length of the polymer grows linearly with some average velocity v. Thus, a simplify-

ing assumption can be made that the sequence of monomers reaches some stationary

distribution, µ(x1 · · · xl) such that the probability may be split as

Pt[x1 · · · xl] ≈ µ(x1 · · · xl)pt(l), (3.7)

where pt(l) is probability of being any polymer of length l,

pt(l) =
∑︂

x1,···xl

Pt[x1 · · · xl]. (3.8)

Importantly, all of the time dependence is in the length probability. The factorisation

of the probability defines a probability distribution over polymers of a given length,

µ(x1 · · · xl). Summing this distribution over the first l− n elements of the polymer gives

a hierarchy of probabilities, which in an abuse of notation, we denote all as µ, such that

µ(xl−(n−1), · · · xl) gives the probability to be in a state with the n monomers at the end of

the polymer specified. The key assumption that allows for the solving of these models is

that, for large enough l, this hierarchy is independent of l. Thus, this distribution gives

a new way to view the copolymerisation process, focusing on the monomers at the tip of

the growing polymer. I shall refer to these probabilities as the tip distribution.

Substituting the factorisation of eqn. 3.7 into the master equation eqn. 3.6 and sum-
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ming over sequences, gives a master equation for the length of a copolymer with rates

in terms of the original rates of the process ω±yx and the tip distribution. The resultant

set of ODEs are linear and thus can be solved as a linear superposition of functions of

the form exp(iql + sqt) for q ∈ [−π, π] and sq a function to be determined. A quick

calculation, assuming an initial condition with length l = 0 and assuming the expected

length grows linearly Et[l] = vt, shows ∂sq
∂q

⃓⃓⃓
q→0

= −iv. Thus, the growth velocity may be

read off in terms of ω±yx and µ as

v =
∑︂
x,y

ω+yxµ(x)− ω−yxµ(x, y). (3.9)

This relation I shall come back to.

I now need to solve for the tip distribution. I shall look for Markovian solutions for

the tip distribution, such that

µ(xl−n, · · · xl) = µ(xl−n|xl−n+1) · · ·µ(xl−1|xl)µ(xl), (3.10)

where µ(x|y) are conditional probabilities that a given monomer is x given that the one

after it in the polymer is y. By considering the q → 0 contribution of exp(iql + sqt) to

the master equation (eqn. 3.6); summing over the first l − 1 monomers in the sequence;

separately only summing over the first l−2 monomers; and utilising the Markov property,

we arrive at a set of equations only in terms of µ(x) and µ(x|y) and the rates. These

equations fully specify the tip probabilities and can in theory be solved although this is

messy and cumbersome (hence they are not stated here). Instead, I shall do some more

work to set up a workable procedure for solving the polymerisation processes.

Define partial velocities vx as the rate of growth of the polymer given there is a

monomer x at the tip, i.e. v =
∑︁
x

vxµ(x). These partial velocities can be read off from

the full velocity (eqn. 3.9), by looking at the coefficients of µ(x). Substituting these

partial velocities into the relations for the tip probabilities gives a set of equations for the
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conditional tip probabilities

µ(x|y) = ω+yxµ(x)

(ω−yx + vy)µ(y)
. (3.11)

This relation can in turn be re-substituted into the partial velocities to give a closed set

of equations for the partial velocities only in terms of the rates:

vx =
∑︂
y

ω+yxvy
(ω−yx + vy)

. (3.12)

Finally, rearranging eqn. 3.11 and summing over x gives

µ(y) =
∑︂
x

ω+yx

(ω−yx + vy)
µ(x). (3.13)

For rates and partial velocities both known, this equation is linear in µ(x).

The tip probabilities, however, are not the quantity of most interest. The quantity

of interest for us is the probability for a given monomer to be in the main body of the

polymer, far behind the tip, as this will dominate the final state of the full polymer.

As stated, the tip probabilities form a Markov chain, moving backwards from the tip

of the polymer. Thus, the steady state of this Markov chain (defined with transition

probabilities µ(x|y) for a monomer x behind a monomer y) gives us these probabilities to

find given monomers in the body of the polymer. I refer to these as the bulk probabilities

and denote them by ε. Using eqn. 3.11 and the eigenvalue equation for the steady state

of a Markov chain, it can be seen that ε(x)/µ(x) ∝ vx. Finally, by normalisation, it can be

seen that the bulk probabilities may be written

ε(x) =
µ(x)vx∑︁
y

µ(y)vy
=

µ(x)vx
v

. (3.14)

Thus, I have reviewed a procedure for solving for the bulk probabilities in terms of

the rates. Firstly, solve for the partial velocities using eqn. 3.12. Then, one may solve
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for the tip probabilities µ using eqn. 3.13. Finally, one may combine them into the bulk

probabilities eqn. 3.14. I shall explore more of the properties of these solutions later in

chapter 4 as well as certain limits and my extension.

3.5.1 Thermodynamics of copolymerisation

Having found the bulk probabilities ε(x), one can ask how the accuracy depends on

the free energies of the polymerisation process. A key quantity for this thermodynamic

analysis is the entropy rate, defined as

H = lim
n→∞

1

n
H[µ(x1 · · · xn)] (3.15)

where H[µ(x1 · · · xn)] is the Shannon entropy of the polymer distribution. Since the

produced polymer is a Markov chain, this entropy rate can be calculated as [63]

H = − ε(εw ln εw + (1− εw) ln(1− εw))

− (1− ε)(εr ln εr + (1− εr) ln(1− εr)), (3.16)

where εi is the probability of an error (wrong monomer) after a monomer i. The en-

tropy rate gives the average entropy each monomer contributes to the uncertainty of the

polymer. Since this entropy rate is bounded by ln 2 and the goal of these polymerisation

system is to produce a polymer with low error, ln 2−H gives a measure of the accuracy

of the polymer.

The increase in entropy production per net monomer added to the polymer takes the

form ∆Gpol + H + H.O.T, where H.O.T are the higher order terms in the length L of

the polymer. These higher order terms include a contribution to the uncertainty in the

length. Since the length of the polymer obeys a central limit theorem with variance which

scales linearly in average length, there is a contribution which is proportional to ln(L)/L.

There will also be energetic contributions due to the binding energy of the tip monomer

to the template although these contributions scale as 1/L.
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Additionally, one can define the free-energy change per forward polymerisation step

∆Gpol. For simple polymerisation models, this polymerisation free energy will consist of

the binding energy of the backbone of the polymer as well as some contributions from

the concentrations of chemical species such as monomers, and potentially any permanent

interactions with the template.

In the limit of long polymers which are considered in this thesis, the change in the

entropy production per net monomer added is ∆Gpol+H. This entropy change needs to be

positive, by the second law, for a growing polymer, such that ∆Gpol+H ≥ 0. Adding ln 2

to both sides of the inequality and rearranging, it can be seen that ln 2−H ≤ ln 2+∆Gpol.

The left hand side of this inequality is a measure of the accuracy of the polymerisation

system. One wishes to make this term as large as possible for an accurate system. The

right hand side of the inequality is a measure of how much free energy is being put into

the system to drive the creation of polymers. − ln 2 is also the minimum free energy per

monomer required to assemble a polymer at equilibrium. Thus this inequality may be

used to define a efficiency of polymerisation [113]

η =
ln 2−H

ln 2 + ∆Gpol

∈ [0, 1], (3.17)

which gives a measure of how much of the free energy put into driving the system corre-

sponds to an increase in accuracy.

3.6 Simple copolymerisation with separation of tem-

plate and product

An important study into polymerisation which I shall be building on in this thesis came

from [113]. Here, Poulton et al. considered a thermodynamically consistent, simple class

of models of templated polymerisation explicitly focusing on the effects of simultaneous

separation. They were particularly interested in correlations generated within the copoly-

mer sequence caused by coupling separation of polymer and template to the growth of
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the polymer.

Poulton et al. wished to find a set of reaction rates which would allow them to

emulate the statistics of a physical model of copolymerisation with simultaneous sepa-

ration. As such, they sought out single set reaction rates with ratios of the forwards to

backwards considered describing the free energy changes in the addition or removal of

monomers. They noticed by these free energy changes that the rates naturally had to

depend on previous monomers. Thus, they considered the CTMC described by Gaspard

and Andrieux [97] with rates given by

ω+rr = e∆GK , ω−rr = e∆GKe−∆Gpol

ω+wr = 1, ω−wr = e−∆Gpole∆GTT

ω+rw = e∆GK , ω−rw = e−∆Gpole−∆GTT

ω+ww = 1, ω−ww = e−∆Gpol ,

introducing three free energies ∆Gpol for the polymerisation of a monomer into the chain;

∆GK which acts to speed up reactions for the binding/unbinding of a new right monomer;

and ∆GTT as the free energy binding difference between right and wrong monomers. I

shall revisit these reaction rates in chapter 4. There I shall describe how to derive such

rates from a microscopic model describing the reactions, after I have introduced the

methodology.

With these rates defined, Poulton et al. were able to use Gaspard and Andrieux’s

method [97] to solve for the probabilities of finding monomer w in the bulk of the polymer.

Such a probability is the error probability ε. Additionally, since the sequence of monomers

in the polymer is itself a (stationary) Markov chain with states being r and w, one

just needs to calculate transition probabilities εw and εr, defined as the probability of

observing a wrong monomer after a wrong monomer (εw) or after a right monomer (εr),

to specify the statistics of the sequence of monomers. In particular, one can calculate the

entropy rate of the polymer. With the entropy rate and the polymerisation free energy,

∆Gpol, they were able to study the efficiency of such polymerisation models.
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The analysis presented by Poulton et al. [113], gave a good description of a simple

polymerisation model. However, they were not able to analyse more complex polymeri-

sation processes such as those which include proofreading. Thus, in chapter 4, I shall

extend the models and methodology of Gaspard and Andrieux, and Poulton et al. to be

able to account for more complex polymerisation processes.

3.7 Outline of the rest of the thesis

As has been seen throughout this section, there is a wide literature analysing different

polymerisation models. Each of these previous studies into copolymersation needed to

make various restrictive assumptions which prevented them from being able to analyse

generic polymerisation models. For example, these studies might assume simple steps

leading to the polymerisation of monomers; they might assume irreversible reactions,

making their models not amenable to thermodynamic analysis; or they might assume the

rates of addition of new monomers is independent of monomers already polymerised into

the copolymer. The main aims of this thesis are to be able to relax these assumptions.

In chapter 4, I shall introduce a framework which allows for the analysis of generic

polymerisation models with arbitrarily complex sub-steps leading to monomer incorpo-

ration; fully reversible reactions; and dependence on previous monomers in the polymer.

Further, within this framework, one is able to extract not only statistical quantities such

as the probabilities of monomers in the polymer bulk, but also thermodynamic and ki-

netic quantities such as free energies and polymerisation speed. Finally, I show that this

framework may be used to analyse some rather complex example systems.

In chapter 5, I address the questions of how multiple polymerisation/depolymerisation

pathways (of arbitrary complexity) affect the information propagation of said systems.

In particular, I am able to derive fundamental bounds on how the accuracy of these

multi-pathway polymerisation systems depends on free-energy drivings along each of the

pathways.
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Chapter 4

A method for the analysis of generic

polymerisation models

The following chapter has been adapted from the publication “A universal method for

analyzing copolymer growth” [89] and expanded to fit this thesis. The content included in

this this chapter is the work of myself, Benjamin Qureshi.

4.1 Introduction

As has been seen so far in chapter 3, there is a need for a framework in which we may

solve thermodynamically consistent models, which allows both for the dependence of

binding rates on previous monomers and for arbitrary networks of reactions leading to

polymerisation (figure 3.1(d)). In this chapter, I introduce such a framework. The frame-

work presented here makes use of a novel coarse-graining which preserves steady state

properties of the processes. However, the fine-grained details such as entropy production

and time taken, while initially hidden by the coarse-graining, are not lost and can be

recovered afterwards. It is important to emphasise that to the best of my knowledge this

is the first such framework which allows for analysis of polymerisation models with all

these features. Further, I believe this framework is mathematically pleasing, allowing for
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analytical results in many cases. Finally, we shall see in section 5.8.2 that this framework

can be used to analyse large, complex polymerisation mechanisms.

In section 3.5, I reviewed a method presented by Gaspard and Andrieux [97] to anal-

yse polymerisation processes in which each monomer is added in a single step (i.e. if the

internal reaction network shown in figure 3.1(d) were trivial), assuming long polymers. I

shall present a method for mapping more complex models for the individual polymerisa-

tion step onto coarse-grained descriptions that can be analysed using this framework, and

then subsequently show how to back out the behaviour of the full model from the results.

As will be seen, the techniques reviewed in chapter 2 for solving absorbing Markov chains,

will prove essential both for this mapping and backing out the full behaviour.

Consider a growing copolymer with M monomer types, which are assumed to be

chemostatted in the environment. At a coarse-grained level, define a state space of finite

length sequences {x1x2 · · · xl | xi ∈ {1, 2, · · ·M}, l ∈ N}, where l is the length of the

sequence. I shall refer to the coarse-grained states in this state space as completed states.

On this coarse-grained level, a sequence of length l may increase in length by one unit

by polymerising one of M units at the growing tip (x1x2 · · · xl → x1x2 · · · xlxl+1), or it

may decrease in length by one unit (x1x2 · · · xl → x1x2 · · · xl−1). Such a coarse-grained

model is depicted in figure 3.1(a, b, c) for free polymerisation, templated self-assembly

and templated polymerisation with simultaneous separation.

In general, copolymerisation processes may be best described by models in which the

underlying copolymerisation reaction networks are complex, featuring multiple sub-steps

in arbitrarily complex (connected) networks connecting the completed states, as suggested

in figure 3.1(d). Hence, overall, one could consider a copolymerisation process as having a

tree-like structure with networks of reactions connecting completed states, as in figure 4.1.

Such a class of models is wide-reaching, with many examples from the literature included

in this class [15,91,92,99–104,109–113,115,120–127]. Note, the generality of the models

that are being analysed here. There are only two main restrictions that must be applied

to the arbitrary reaction networks, namely that they must be connected and that the

network connecting a polymer in state &x and one in state &xy (where & means an
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arbitrary polymer before the specified tip monomers) only depends on monomers x and

y. This second restriction corresponds to the assumption that the rate of adding a

monomer y to a polymer ending in x can only depend on these two monomers in line

with [15,90,91,97,105–108,113,124,125,128]. However, as shall be mentioned in chapter 6,

this second assumption could be dropped at the expense of simplicity. Note then that

the reaction network connecting states &x and &xy, and the one connecting states &x

and &xz for y ̸= z need not even share the same graphical structure (i.e. nodes and

edges). However, for additional symmetry, the examples presented in this thesis do share

the same graphical structure between different monomer types, with only the reaction

rates changing.

I shall define a Markov process at the level of the coarse-grained completed states that,

by construction, preserves probabilities of transitions between the completed states of

the fine-grained process, and therefore preserves the statistics of the sequences produced.

The coarse-grained Markov process does not preserve the distribution of transition times

between completed states implied by the fine-grained model, which will, in general, be

non-Markovian. Moreover, it does not provide fine-grained information on trajectories

between the coarse-grained completed states. However, temporal details and information

about the fine-grained dynamics can be added back in at a later stage, once statistics

have been analysed at the coarse-grained level.

I shall demonstrate that this method is indeed able to reproduce prior results for

simple polymerisation models as well as show how the results simplify for polymerisation

models with certain assumptions on the nature of the dependence on previous monomers.

Additionally, I shall exhibit this method for the analysis of a Hopfield-style proofreading

network and an extension to Hopfield proofreading networks with N activation stages.

Through this analysis, I am able to derive results for these proofreading networks as

a function of N . With these results, statements can be made about said proofreading

networks such as optimal N for minimising errors.
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4.2 Identifying propensities of coarse-grained models

The transition rates of the coarse-grained model (hereafter labelled propensities to avoid

confusion with the underlying rates of the fine-grained process) can be found by consid-

ering first passage problems between completed states. From a given completed state,

there are M + 1 completed states that may be reached, corresponding to the M possi-

ble additions of a monomer and the removal of the monomer currently at the tip of the

copolymer. For a first passage problem, each of these reachable completed states can

be converted into an absorbing state by removing the transitions out of said state, as in

figure 4.1(a), in the same vein as Cady and Qian [129]. I shall refer to this absorbing

Markov process as the step-wise process and define step to mean the addition/removal of

a monomer.

Since, I shall work with the assumption that the transition rates depend on the two

monomers at the growing tip of the copolymer, there will therefore be M2 flavours of this

process corresponding to the combinations of the two terminal monomers of the copoly-

mer, comprising the central state &xy (recalling & represents an arbitrary sequence).

One then wishes to find the absorbing probabilities, P[&xy → &xyz], z ∈ {1, · · ·M},
and P[&xy → &x] given an initial condition of the central state &xy. As outlined in

section 2.2.5 (in particular eqn. 2.22), these probabilities can be found by constructing

the closed process and finding sums over spanning trees rooted at different states.

A useful result I can state and prove here regards a different way to view the numerator

of eqn. 2.22. Ignoring a normalisation inside the πσ, this numerator is a sum over all edges

that originally lead to an absorbing state A in the unclosed process. In each of the terms

of this sum is the sum over spanning trees rooted at the tail of this edge. The alternate

way to view this numerator, again ignoring the normalisation in πσ, is by unravelling

those edges that lead to absorbing state A and then finding the spanning trees rooted

at the node A. More precisely, let G = (X ∪ A, E) be an absorbing process, with A the

set of absorbing states. Let Gσ be the closed process for starting state σ ∈ X . Suppose

the full set edges leading to a particular absorbing state in G is {x1 → A, · · · , xn → A}
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(a) Stepwise copolymerisation process with complex
underlying reaction networks
Bidirectional arrows are reversible transitions.
Unidirectional arrows are irreversible transitions to absorbing states.

(b) A complex polymerisation reaction network:
One “petal” of the step-wise absorbing process

(c) Closed “petal” process: 
One “petal” linked back to the starting state

  &𝑥𝑦1

  &𝑥𝑦2

  &𝑥𝑦3

 &𝑥𝑦&𝑥

  &𝑥𝑦𝑧 &𝑥𝑦

 &𝑥𝑦

Figure 4.1: (a) The step-wise process for an arbitrary model with 3 monomer types. This
step-wise process is for a copolymer &xy. The edges coloured red are the completion
edges. The flower like structure of the step-wise process can be seen with 4 petals each
connected at the starting state, &xy. (b) One of the petals of the step-wise process,
which we use to define Λ±(z, y). Λ+(z, y) is defined as the sum of spanning trees rooted
at the rightmost state, &xyz and Λ−(z, y) the sum of trees rooted at the leftmost state,
&xy. Note that in (b) arrows which are irreversible in (a) are depicted as reversible. This
reversibility does not cause any issues as the would be reversed reactions do not appear in
any of the sums over spanning trees. However, including the reversed reactions allows for
the symmetry between forwards and backwards petals to be seen. (c) One of the petals
(connecting &xy to &xyz, as in (b)) which has been linked back to the starting state.
This graph is used to define Q(z, y) as the sum of spanning trees rooted at the leftmost
state, &xy.
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for x1, · · · , xn ∈ X , A ∈ A. Further, let N =
∑︁
j∈X

∑︁
T∈T σ(j)

w(T ) where T σ(j) is the set of

spanning trees rooted at state j ∈ X in the closed process. The numerator of eqn. 2.22

can then be written:
1

N

n∑︂
i=1

WAxi

∑︂
T∈T σ(xi)

w(T ). (4.1)

The 1
N cancels with equivalent normalisations in the denominator and thus can be ignored

here. Thus, we wish to prove:

n∑︂
i=1

WAxi

∑︂
T∈T σ(xi)

w(T ) =
∑︂

T∈T σ,A(A)

w(T ), (4.2)

where T σ,A(A) is the set of spanning trees rooted at state A for the closed process where

the edges leading to state A have been unfurled, (i.e. the original process with only

{σ} ∪ A/{A} collapsed to a single state).

To prove eqn. 4.2, I shall provide a bijection between trees in
n⋃︁

i=1

T σ(xi) and those in

T σ,A(A). Consider a tree Ti = (X , Eσ∪EA) ∈ T σ(xi), where EA = {xi1 → σ, · · · , xim → σ}
for {xi1 , · · · , xim} ⊆ {x1, · · · , xn}/{xi}. (X , Eσ) is then a spanning forest1 rooted at

{xi, xi1 , · · · , xim}. Let E ′A = {xi → A, xi1 → A, · · · , xim → A}, then TA = (X , Eσ ∪ E ′A)
is a spanning tree in T σ,A(A). Thus, swapping the set of edges EA for E ′A maps a tree

in
n⋃︁

i=1

T σ(xi) to one in T σ,A(A). To go back from a tree in T σ,A(A) to one in
n⋃︁

i=1

T σ(xi),

just replace E ′A by EA. For a tree in T σ,A(A), one needs to identify that one of the edges

in E ′A, is the special edge equivalent to the xi → A. To identify this edge, note there

exists a unique path from σ to A since it is a spanning tree. The final edge of this path

with be the special edge xi → A ∈ E ′A which has no equivalent in EA and such that xi is

the root of the spanning tree to which the tree is mapped (i.e. identifying which of the

T σ(xi) ⊆
n⋃︁

j=1

T σ(xj) to which the mapped tree belongs). Further, w(TA)
w(Ti)

= w(xi → A),

and so the equivalence of sum over spanning trees (eqn. 4.2) holds and the result is proven.

1A spanning forest of a directed graph G is a subgraph which has the same set of nodes as G and has
no cycles. A spanning forest of a directed graph is said to be rooted at a set of nodes if all nodes outside
of this set have out-degree one.
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The step-wise process has M+1 petal-like graphs each connected to the central state,

but disconnected from each other. Due to this structure, any sums over spanning trees

of the full process will factorise into a product of sums over spanning trees of the petals

(see [103] for a similar factorisation). Thus, the absorbing probabilities take the following

form:

P[&xy → &xyz] =
1

N
Λ+(z, y)

[︄∏︂
z′ ̸=z

Q(z′, y)

]︄
Q(y, x),

P[&xy → &x] =
1

N
Λ−(y, x)

∏︂
z

Q(z, y), (4.3)

Here z ∈ {1, · · ·M}, N is the normalisation factor from πσ in eqn. 2.14. Λ+(z, y) is the

sum over spanning trees of the petal connecting states &xy and &xyz, rooted at the

forward completed state, &xyz and similarly, Λ−(y, x) is the sum over spanning trees of

the petal connecting states &x and &xy, rooted at the backwards completed state, &x

(figure 4.1(b)). Finally, Q(y, x) is the sum over spanning trees of the petal connecting

states &x and &xy, where edges to state &xy have been linked back to the state &x and

the spanning trees are rooted at that state &x, as in figure 4.1(c). Since Q is a sum over

spanning trees rooted at the node to which edges have been redirected, the sum takes

the same form for both the forwards and backwards petals, only depending on which two

completed states it is connecting. Thus, Λ+(z, y)
[︂∏︁

z′ ̸=z Q(z′, y)
]︂
Q(y, x) is the sum over

spanning trees of the closed stepwise process, with edges to &xyz unfurled, rooted at

node &xyz; and Λ−(y, x)
∏︁

z Q(z, y) is the sum over spanning trees of the closed stepwise

process, with edges to &x unfurled, rooted at node &x.

We wish to find a set of propensities ω±yx for the transitions &x
ω+yx−−−→ &xy and

&xy
ω−yx−−−→ &x which provide the same transition probabilities. Thus, we require:

P[&xy → &xyz]

P[&xy → &x] +
∑︁
z′
P[&xy → &xyz′]

=
ω+zy

ω−yx +
∑︁
z′
ω+z′y

P[&xy → &x]

P[&xy → &x] +
∑︁
z′
P[&xy → &xyz′]

=
ω−yx

ω−yx +
∑︁
z′
ω+z′y

(4.4)
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for z ∈ {1, · · ·M}. By dividing the numerator and denominator of the left hand side of

these equations by 1
N [
∏︁

z′ Q(z′, y)]Q(y, x), it can be seen that choosing propensities such

that

ω±yx =
Λ±(y, x)

Q(y, x)
(4.5)

not only preserves the ratios of probabilities of transitions to completed states, but also

ensures that ω±yx only depends on monomers x and y. I note here that this coarse-

graining process is different from lumping [74, 130], in which the state space is reduced

while attempting to retain trajectory dynamics. In the approach of this chapter, the

coarse-grained process does not reproduce the dynamics of the fine-grained process, only

the statistics of the completed states that are visited, meaning that the sequence of states

visited in the trajectories for the coarse-grained process and the sequence of completed

states visited in the fine-grained process (ignoring the other fine-grained states) have

the same distribution. However, dynamic quantities may be extracted exactly from the

step-wise process. That the trajectories have the same distribution follows from that the

transition probabilities for the coarse-grained process are chosen to be the same as the

probabilities of reaching the next completed state in the fine grained process.

Eqn. 4.5 is a key result of this thesis. It describes a coarse-graining procedure that

replaces a subgraph connecting two states by a single edge. The coarse-graining here

preserves the steady state properties of the graph outside of this subgraph. Further, this

coarse-graining can be applied outside of just the framework presented in this chapter.

4.3 Extracting properties of the fine-grained model

from the solution of the coarse-grained model

With these propensities ω±yx, the method from Gaspard and Andrieux (section 3.5) may

be used to solve for the statistics of the polymers. In particular one needs to solve for

the probability (or frequency) of a given monomer x in the bulk of the copolymer ε(x)
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as well as the tip probabilities µ. The easiest quantities to extract are the frequen-

cies of monomers in the bulk of the copolymer. These quantities are identical in the

coarse-grained and fine-grained models, since the coarse-graining preserves the statistical

distribution of sequences produced. Therefore ε(x) as defined in eqn. 3.14 and ε(y|x),
obtained from the coarse-grained process, apply directly to the fine-grained process.

The tip probabilities µ (eqn. 3.13) give the fraction of time spent in each tip state

in the coarse-grained model. However, the coarse-grained model will not reproduce the

time series of the fine-grained model, only the sequences of completed states visited. The

coarse-grained process is still a CTMC. However, the time dependence of this coarse-

grained CTMC is essentially meaningless. The process that is important is the embedded

discrete time process (see e.g. [131]), which can be found by the standard procedure of

quotienting out the expected lifetime of the coarse-grained tip state defined by &xy,

which I denote τ(x, y), giving the frequency with which the tip states are given in the

coarse-grained model as

ξ(x, y) =
1

M∑︁
x′,y′=1

µ(x′,y′)
τ(x′,y′)

µ(x, y)

τ(x, y)
, (4.6)

τ(x, y) =
1

ω−yx +
M∑︁
z=1

ω+zy

. (4.7)

This frequency defines a new tip distribution ξ. ξ(x, y) is the frequency that a given

pair of monomers x, y is observed at the tip of the growing copolymer in the sequence of

transitions. This distribution ξ(x, y) applies to both the coarse-grained model and the

sequence of completed states visited in the full, fine-grained model. It can therefore be

used to find averages of key dynamic properties in the fine-grained process.

For example, the probability, P , that a growing copolymer increases in length at

each step of the step-wise process is an important quantity that can be calculated. P

is calculated by averaging the probability of adding a monomer over the possible states
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Figure 4.2: Graphical representation of the random walk process considered.

&xy:

P =
M∑︂

x,y=1

ξ(x, y)

M∑︁
z=1

ω+zy

ω−yx +
M∑︁
z=1

ω+zy

. (4.8)

Upon averaging out the sequence information the growth of a polymer can be treated as

a random walk with probability P of stepping forwards and 1−P of stepping back. The

expected number of monomer inclusion/removal steps per net forward step can then be

found.

Set up a random walk as follows. Let the state space be the nodes {0, 1, · · ·L}, where
L is the length of the walk (polymer). Let the transition 0 → 1 have probability 1,

i → i + 1 for i = 1, · · ·L − 1 have probability p, i → i − 1 for i = 1, · · ·L − 1 have

probability q = 1− p and let state L be an absorbing state as in figure 4.2.

One then wishes to find the expected number of steps to absorption, given starting

in state 0, for which the spanning tree methods with eqn. 2.19 can be utilised. Since the

total rate out of any state sums to one, the expected number of steps equals the expected

time to absorption. Thus, form the closed process starting at 0. Let f(n) be the sum

over spanning trees rooted at node n for this closed process. f(n) is given by:

f(n) =

⎧⎪⎪⎨⎪⎪⎩
L−1∑︁
i=0

piqL−1−i for n = 0

pn−1
L−1−n∑︁
i=0

piqL−1−n−i for n = 1, · · · , L− 1.

(4.9)
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From this expression, the expected number of steps before absorption is:

E[steps] =

L−1∑︁
n=0

f(n)

pf(L− 1)
. (4.10)

By utilising the formulae for finite geometric series, the expected number of steps can be

found to be:

E[steps] =
1

2p− 1

(︃
L− 1− q

pL

(︃
pL − qL

p− q

)︃
+

qL

pL
+

pL − qL

pL−1

)︃
. (4.11)

Most of this expression is sub-linear in L, and as such:

lim
L→∞

E[steps]
L

=
1

2p− 1
, (4.12)

which is the expected total number of steps per net forward step.

A number of quantities scale with the total number of steps rather than the net

number of steps, making the number of steps per net forward step a necessary quantity.

For example, in order to find the expected time taken per net forward step, one can find

the expected time to absorption for the step-wise process, figure 4.1(a), T (x, y), for a

copolymer in state &xy. This may be calculated as 1/JTot(&xy) for the step-wise process

using eqn. 2.18. The expected time per net forward step is then

τstep =
1

2P − 1

M∑︂
x,y=1

ξ(x, y)T (x, y) =
1

2P − 1

M∑︂
x,y=1

ξ(x, y)

JTot(&xy)
. (4.13)

1/τstep is the physical average growth rate of the copolymer in the fine-grained model.

The chemical work done by the system in producing the copolymer is another key

quantity. In a purely chemical system, with no time-varying externally applied protocols,

the entropy increase of the universe is given by the decrease in the generalised free energy

of the chemical system, including any coupled reservoirs of fuel molecules [77], section 2.4.

Since the total free energy must decrease, any increase in one contribution must be paid
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for by a decrease of at least the same magnitude in another contribution.

As in eqn. 2.51, the generalised free energy can be split into a term corresponding to

the chemical free energy of the system, averaged over the uncertain state of the system,

and a term related to the entropy arising due to the uncertainty of the state occupied [132].

For the systems studied here, in which there are infinitely long copolymers that have

reached steady state growth, the only relevant contribution to the entropy term is the

increase in Shannon entropy of the copolymer sequence produced as the polymer gets

longer. This entropy term can be calculated as in section 3.5, using the statistics of the

completed states.

Since, as in section 3.5, the purpose of a copolymerisation system is often to produce a

low entropy (or “accurate”) sequence, it is reasonable to think of the chemical free-energy

decrease per net forward step as the chemical work done to reduce the information entropy

of eqn. 3.16 below that of a uniform, random polymer. Extending the definition provided

by Poulton et al. [113], (eqn. 3.17) the efficiency of copolymerisation may be defined to

be:

η =
lnM −H

lnM +Wchem

∈ [0, 1], (4.14)

where lnM is the entropy per monomer (or entropy rate) of a uniform, random copolymer

with M monomer types, and Wchem is the average decrease in chemical free energy per

net forward step. Similarly to the simple copolymerisation efficiency (eqn. 3.17), this

efficiency is the ratio between the entropy drop due to the accuracy of the copolymer

compared to a random one (lnM −H) and the chemical work used to drive the system

(Wchem) above that required to make a random copolymer in equilibrium (-lnM) [133].

Another way to view the numerator of the efficiency is through eqn. 2.6. If one makes an

assumption that there exists a template for each possible sequence of monomers and that

those templates act symmetrically on the set of possible sequences, then the numerator

represents the mutual information between output polymer and template per length of

polymer.
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The expected work done during a transition adding or removing a monomer can be

found from the step-wise process (figure 4.1), given starting in completed state &xy. The

expected work done before absorption can be calculated as follows, making use of the

free-energy term of eqn. 2.57,

wchem(x, y) = −∆Gchem(x, y) =
∑︂
b>a

ln

(︃
W (a, b)

W (b, a)

)︃
Na⇋b(&xy), (4.15)

whereW (a, b) is the rate of the reaction a→ b and Na⇋b(&xy) is the expected net number

of times traversing edge a ⇋ b before absorption giving starting in the central state of

the step-wise process, &xy, as in eqn. 2.25. This sum will also require contributions from

edges which lead to absorbing states. For such edges, the rate for the reverse transition

in the logarithm of eqn. 4.15 is the rate from the full process.

Equivalently, however, as outlined in section 2.2.9, this chemical work may be found

by considering the non-recurrent cycles of the process [88]. For a given internal cycle, C,

recall the affinity [77],

A(C) = ln

∏︁
e∈C

W (e)∏︁
e∈C′

W (e)
, (4.16)

where the sum is over the edges, e, composing the cycle and C ′ is the cycle with edges in

the reversed direction. For external cycles, the affinity may be defined in the same way,

inferring the rate for the reversed edge of the transition to absorbing states from the full

process. The expected work done before absorption (in term of the cycles), given starting

in the state &xy is

wchem(x, y) = −∆Gchem(x, y) =
∑︂
C

A(C)
JCyc(&xy, C)− JCyc(&xy, C ′)

JTot(&xy)
, (4.17)

where JCyc is the cycle current (eqn. 2.27) and the sum runs over all the cycles of the

(closed) step-wise process. Averaging wchem(x, y) with ξ and multiplying by the expected

number of steps per net forward step gives the expected chemical work done per net
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forward step,

Wchem =
1

2P − 1

M∑︂
x,y=1

ξ(x, y)wchem(x, y). (4.18)

Further, the forms of eqns. 4.13 and 4.18 may be applied to an arbitrary quantity for

which one can find the expected value in the step-wise process starting in state &xy (e.g.

A(x, y)). One can then average this arbitrary quantity using the distribution, ξ, to obtain

the expected value of the quantity per step. Then, if appropriate, multiplying by 1/(2P−1),

gives the expected value of the quantity per net forward step. In practice, as shall be

seen in section 4.4.4, since the quantities one wishes to calculate may be written in terms

of sums over spanning trees, the quantities for the step-wise process may be written as

a sum over the terms per petal, with the quantity for a given petal factorising into some

quantity, which depends only on that petal, multiplied by Q’s for the other petals.

4.3.1 Stalled growth

Explicit simulation of copolymer growth is particularly challenging in regimes where

P ≈ 0.5, since many backward and forwards steps are taken per net forwards step. At

P = 0.5, then the process will not reliably produce copolymers; for P < 0.5 polymers will

tend to shrink. In general, for P = 0.5, the model can be described as having stalled. The

approach presented in this thesis is particularly beneficial in this case; indeed, it is possible

to check whether a model is at the stall point by considering an M ×M dimensional

matrix of the ratios of forward to backwards propensities [97], Zyx =
(︂

ω+yx

ω−yx

)︂
= Λ+(y,x)

Λ−(y,x)
.

The model is at the stall point if and only if [97]:

det (Z − 1M) = 0, (4.19)

where 1M is the M ×M identity matrix, and shrinking if this determinant is negative.

Heuristically, since Z gives the ratios of adding a monomer to removing one, this condition

essentially says that models will stall if the total rate of adding a monomer is equal to
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the total rate of removing one.

In a typical model, there exists at least one parameter that controls the driving. Often

this parameter is related to the backbone strength of the polymer produced: e.g. the

free energy drop associated with the formation of a generic backbone bond, ∆Gpol. This

parameter will be present in the rates of each external cycle so that, by tuning it, the

model can be moved all the way from stalling to irreversible driving, whereby monomers

cannot be removed once polymerised. If such a parameter exists, the stall condition,

eqn. 4.19, may be rephrased in terms of this parameter. For example, for the case of the

parameter being ∆Gpol, one may find some threshold value Γ such that the model will

stall for ∆Gpol = Γ.

4.3.2 Limiting behaviour

I shall note two limits for which analytic expressions for the frequency of monomer types

in the copolymer bulk for all models may be given.

First, consider the case that the system is at the stall point (eqn. 4.19). In gen-

eral, entropy production can still occur within cycles in the step-wise process; therefore,

these frequencies cannot be determined from equilibrium arguments and are non-trivial.

Nonetheless, at the stall point, the monomer frequencies in the bulk may be expressed

relatively simply as the following. The frequency of monomer x, εstall(x), is proportional

(up to normalisation) to the cofactor of the diagonal element (corresponding to monomer

x) of the matrix (1M − Z). More explicitly, at stall,

εstall(x) ∝ Axx, (4.20)

where Aij is the cofactor of element i, j of the matrix 1− Z.

For example, for M = 2,

εstall(1) ∝ 1− ω+22

ω−22

,

εstall(2) ∝ 1− ω+11

ω−11

, (4.21)
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and for M = 3, we have

εstall(1) ∝
(︃
1− ω+22

ω−22

)︃(︃
1− ω+33

ω−33

)︃
− ω+23

ω−23

ω+32

ω−32

,

εstall(2) ∝
(︃
1− ω+11

ω−11

)︃(︃
1− ω+33

ω−33

)︃
− ω+13

ω−13

ω+31

ω−31

,

εstall(3) ∝
(︃
1− ω+11

ω−11

)︃(︃
1− ω+22

ω−22

)︃
− ω+12

ω−12

ω+21

ω−21

. (4.22)

To show this relation (eqn. 4.20), I shall rely on the relationship between cofactors and

vectors of the nullspace of a matrix. Let B be an arbitrary matrix with a one dimensional

nullspace, and let A be its matrix of cofactors. Recall that

BAT = det(B)1 = 0. (4.23)

Thus, any column of AT is in the nullspace of B. In anticipation, let µ be a vector in the

nullspace of B and v be a vector in the nullspace of BT . Since B has a one dimensional

nullspace, then

µx

µy

=
Aix

Aiy

, (4.24)

for some arbitrary i. Similarly,

vx
vy

=
Axj

Ayj

, (4.25)

for arbitrary j.

Looking at eqns. 3.12, and 3.13, noting that near the stall point, vz ≪ ω±y,x, one

observes that, the tip probabilities, µ(x), form a vector in the nullspace of 1M − Z and

the tip velocities, vx, form a vector in the nullspace of 1M − ZT . Hence,

µ(y)vy
µ(x)vx

=
AjyAyi

AjxAxi

, (4.26)
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for arbitrary i, j. Thus, choosing j = y and i = x leads to cancellation such that

µ(x)vx
µ(y)vy

=
Axx

Ayy

. (4.27)

Since

ε(x) =
µ(x)vx∑︁
y

µ(y)vy
=

Axx∑︁
y

Ayy

, (4.28)

the required result, eqn. 4.20, is obtained.

On the other end of the spectrum, monomer bulk frequencies in the irreversible limit,

where ω−yx = 0 for all x, y, can also be solved for analytically. Intuitively, one could

consider the Markov process on the state space {1, · · · ,M} representing copolymers with

a given monomer at its tip, and transitions between those states with rates, Wirrev(x →
y) = ω+yx. The steady state of this process will give the time dependent frequencies of

having a given monomer at the tip of the copolymer. Therefore, dividing by the time

spent in each state will give the bulk frequencies. A nice way to write out these frequencies

in the style of the methods described thus far is as a sum over the spanning trees on the

complete graph on M vertices with rate functions Wirrev(x, y) = ω+yx. Explicitly, we may

write these frequencies (up to normalisation) as:

εirrev(x) ∝

⎛⎝ ∑︂
T∈T (x)

∏︂
e∈T

Wirrev(e)

⎞⎠ M∑︂
y=1

ω+yx, (4.29)

where T (x) is the set of spanning trees of the complete graph on M vertices.

For example, with M = 2,

εirrev(1) =
ω+12(ω+11 + ω+21)

ω+12(ω+11 + ω+21) + ω+21(ω+12 + ω+22)
,

εirrev(2) =
ω+21(ω+12 + ω+22)

ω+12(ω+11 + ω+21) + ω+21(ω+12 + ω+22)
.

(4.30)
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I shall derive this more formally now. We wish to find an expression for the frequency

with which monomer x appears in the bulk of the copolymer in the irreversible limit. This

limit is such that the backwards propensities are zero, ω−yx = 0. With this assumption,

from eqn. 3.12, the partial velocities become

vx =
∑︂
y

ω+yx. (4.31)

With this form for the velocities, eqn. 3.13 may be manipulated to

µ(x) =
∑︂
y

ω+yx∑︁
z

ω+zx

µ(y),

∑︂
z ̸=x

ω+zxµ(x) + ω+xxµ(x) =
∑︂
y ̸=x

ω+xyµ(y) + ω+xxµ(x). (4.32)

This last line is the equation for steady state of a Markov process with probability µ(x) to

be in state x and rate ω+yx of transition from state x to state y. Thus, set µ(x) to be the

steady state probability distribution of the Markov process on M states with transition

rates from state x to y given by ω+yx, and vx =
∑︁

y ω+yx. Then, calculating

ε(x) ∝ µ(x)vx, (4.33)

gives the required result. Finding the distribution, µ(x), in terms of spanning trees of

the complete graph on M elements gives eqn. 4.29.

4.3.3 Simplification for factorisable propensities

The presented method applies to arbitrary complex copolymerisation models obeying the

structure of figure 4.1. However, if one makes some further common assumptions, much of

the analysis simplifies. For example, consider the case in which the ratios of propensities
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may be factored:

ω+yx

ω−yx

=
Λ+(y, x)

Λ−(y, x)
= Y (y)X(x), (4.34)

where Y is a function of monomer y only and X is a function of monomer x only.

Intuitively, such a condition holds in the cases where there is no direct, monomer-

type-dependent interactions between monomers in the growing polymer, such as when

monomers only interact with a template [92, 99–108, 113, 114, 123, 134]. Under such an

assumption, multiple calculations simplify.

Two such simplifications are to do with stall. Firstly, the stall condition for such

models may be rewritten:

∑︂
x

X(x)Y (x) = 1. (4.35)

Secondly, the bulk frequency at stall is just:

εstall(x) = X(x)Y (x). (4.36)

These two results can be shown as follows. Consider the ratio of propensities factoris-

ing as in eqn. 4.34. Thinking of the functions X and Y as column vectors, since they

each have a discrete domain, the matrix Z may be written,

Z = XYT . (4.37)

By a well known result [135],

det(1M −XYT ) = 1−YTX = 1−
∑︂
x

X(x)Y (x). (4.38)

At stall, this determinant is zero. Thus, rearranging gives the stall condition eqn.4.35.

The model is at stall if this equation is satisfied. As shown, the frequency of monomer
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x in the bulk of the copolymer is given by the cofactor of the diagonal elements of

1M −XYT . The cofactor, Axx, may be written:

Axx = det(1M−1 −X[x]Y
T
[x]) = 1−

∑︂
y ̸=x

X(y)Y (y) = X(x)Y (x), (4.39)

using the stall condition, and where X[x] is the vector X, missing element X(x), i.e.

X[x] = (X(1), · · ·X(x− 1), X(x+ 1), · · ·X(M))T . Eqn. 4.39 is the required result. Ad-

ditionally, because of the stall condition, ε(x) = X(x)Y (x) is already a normalised prob-

ability distribution.

4.4 Example applications

I shall now consider some exemplar classes of models to: provide examples of how to

utilise the methods introduced in section 4.2; validate their accuracy; and to show the

types of quantities and information that may be extracted.

A useful initial classification of models is into those which I shall call balanced. I shall

refer to a model as being balanced if its petals (see figure 4.1(b)) are detailed balanced.

Such models are useful baseline checks as their cycles all have zero affinity, meaning no

chemical work is done internally and hence the only contributions to chemical work are

from external cycles. Further, these models exhibit a proper equilibrium at the stall

point, and as such allow for equilibrium arguments to validate the method at this point.

It is worth noting that although related to the notion of detailed balance, the full model

with its infinite state space is not detailed balanced.

4.4.1 Stalling behaviour in a polymerisation model with no

neighbour-neighbour interactions

I shall start with the simplest case, where the propensities in the coarse-grained model

only depend on the monomer type being added/removed: ω±yx = ω±y, such as in a simple

101



model for templated self assembly, figure 3.1(b). Assume there exists a backbone free

energy, ∆Gpol controlling the driving as in section 4.3.1. Any spanning tree in Λ± must

involve at least one incidence of ∆Gpol, since it appears in every external cycle. Therefore,

the ratio of propensities can be split as follows:

ω+y

ω−y

= e∆Gye∆Gpol , (4.40)

where ∆Gy encompasses the rest of the details about the models. We note in general, ∆Gy

may be a function of ∆Gpol, however in many cases, it is not. These cases include when

there is only one completion reaction (highlighted in red in figure 4.1(a)) that contains

the dependence on ∆Gpol or if the model is balanced. −∆Gy may then be interpreted as

an effective binding free energy of monomer y. If one thinks of ∆Gpol as the free energy

drive of the model away from stall, one is looking for a threshold value ∆Gpol = Γ, above

which the model will not stall. Using eqn. 4.35, it can be seen that

Γ = − ln

(︄∑︂
y

e∆Gy

)︄
= − lnZ, (4.41)

where Z is the partition function for a system with one state for each monomer type,

each state labelled by y and with free energy −∆Gy. Furthermore, using eqn. 4.36, the

bulk frequencies at the stall point may be written:

εstall(y) =
e∆Gy∑︁
x e

∆Gx
=

1

Z
e∆Gy , (4.42)

which is the probability of selecting a state y, with free energy, −∆Gy as predicted

by equilibrium statistical mechanics. In these results, −∆Gy looks like the equilibrium

contribution to free energy, and the results follow fairly directly in equilibrium. However,

these results hold even if the process involves fuel-consuming cycles: entropy may still

be being produced at stall. In such cases, the effect of breaking equilibrium will be to

change the effective free energies of selecting a given monomer type.
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4.4.2 Reproducing the trivial internal reaction network poly-

merisation results

Let us now reproduce the coarse-grained results of Poulton et al. from a microscopic

model. Consider a model with two monomer types, right r and wrong w (as in section 3.3)

and consider the internal reaction network for the addition of monomer y to a polymer

in state &x as in figure 4.3.

Figure 4.3: Reaction rates of the simple model to reproduce the trivial internal reaction
network of section 4.4.2. In this model a monomer y binds to a free site on the template,
with rate kyMy (or unbinds with rate kye

−∆Gy). This monomer forms a backbone with
the previous monomer in the polymer x with rate kBB (or breaks this backbone bond
with rate kBBe

−∆GBB). Finally, the previous monomer in the polymer detaches from the
template with rate kpole

−∆Gx (or reattaches to the template with rate kpolMeff)

Assume that monomer y is chemostatted at My in solution. ky is the binding rate

constant for monomer y to a free slot on the template. Further, assume this binding

rate constant is such that kr = ke∆GK and kw = k. ∆Gy is the binding free energy of

monomer y. Additionally, assume that the binding/unbinding rates are such that the rate

of breaking a bond are determined by the binding free energy. The leftmost reaction is

thus the binding/unbinding of monomer y from solution. kBB is the rate constant for the

formation/breaking of the polymer backbone and ∆GBB the binding energy of the back-

bone, both of which are assumed to be independent of monomer type. Thus the middle

reaction is the formation of the polymer backbone. Finally, Meff is an effective concen-

tration. This last reaction involves the unbinding/binding of the penultimate monomer

in the polymer. The forwards reaction is the unbinding of penultimate monomer x. This

penultimate monomer is held in close proximity to the template binding site. Thus, the

rebinding of the penultimate monomer is the same as the binding of a monomer with an
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enhanced concentration (Meff).

With these reactions, the method (section 4.2) can be used by calculating the sums

over spanning trees:

Λ+(y, x) = kykBBkpolMye
−∆Gx ,

Λ−(y, x) = kykBBkpolMeffe
−∆GBBe−∆Gy ,

Q(y, x) = kykBBe
−∆Gye−∆GBB + kpole

−∆Gx(kBB + kye
−∆G−y). (4.43)

If one assumes that the initial binding/unbinding of monomer y is much slower than the

other reactions, ky ≪ kBB, kpol, then the propensities (eqn. 4.5) reduce to:

ω+yx ≈ kyMy

ω−yx ≈ kyMeffe
−∆GBBe∆Gx−∆Gy . (4.44)

These propensities reproduce the results of Poulton et al. (eqn. 3.18), where the concen-

tration of monomers in solution are set to unity (My = 1), and the polymerisation free

energy is identified to be ∆Gpol = ∆GBB − lnMeff .

One notices that this model is factorisable with

ω+yx

ω−yx

= e∆Gpole∆Gye−∆Gx , (4.45)

such that the stall condition is 2e−∆Gpol = 1 so ∆Gpol = − ln 2 in agreement with [113].

Further, the frequency of monomer x in the bulk is just 0.5 at stall as one would expect.

One trade-off that can be easily discussed with this framework is a limit observed by

Poulton et al. whereby, if the difference between right and wrong monomers diverges

(either by ∆GK →∞ or ∆GTT = ∆Gr −∆Gw →∞), then the efficiency at ∆Gpol = 0

tends to unity.

The trade-off made here is only between speed and energy, as the accuracy will be

approximately perfect. When one calculates the forwards probability (eqn. 4.8) in this

limit, one can see P = 0.5 in this limit for all ∆Gpol ∈ [− ln 2, 0].
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For all ∆Gpol where P = 0.5, the number of steps taken per net addition of monomer

diverges. However, the time to absorption T (x, y) remains finite. So, the time per net

step (eqn. 4.13) diverges. For ∆Gpol > 0, the random walks described in the previous

paragraph become biased to step forwards (P > 0.5). As such the number of steps taken

per net forwards step becomes finite, allowing for eqn. 4.13 also to be finite. The polymer

will consist of only r monomers in the bulk (ε(r) = 1). It is in this sense that a trade-off

is being made only between the energy cost (∆Gpol) and speed.

For all ∆Gpol ∈ [− ln 2, 0) in this limit, the time taken per net step is divergent.

Further, accuracy ln 2 − H decreases to zero as ∆Gpol → − ln 2. The trade off being

made in this regime is between accuracy and free energy only.

4.4.3 Balanced models of templated polymerisation with au-

tonomous separation

Next I shall discuss a class of models where the ratio of propensities may be written:

ω+yx

ω−yx

= e∆Gye−∆Gxe∆Gpol . (4.46)

As before, ∆Gpol, coming from the polymerisation reactions represents the driving of this

process. Such a class of models includes, most notably, balanced models of templated

polymerisation with autonomous separation, for example the simple model from Poulton

et al. just discussed [113]. In these cases, the breaking of the previous copy-template

bond every time a new bond is formed enforces the structure in eqn. 4.46. I shall assume,

as in ref. [113], that ∆Gy is independent of ∆Gpol.

Using eqn. 4.35 and eqn. 4.36, the stall point can be found to be ∆Gpol = Γ = − lnM

and bulk frequencies at stall, εstall(y) = 1
M
, where M the number of monomer types.

Physically, these results can be understood by considering balanced models of templated

polymerisation with autonomous separation. For such models, by definition there is no

entropy production in internal cycles and therefore, the stall point must be thermody-

namic equilibrium. In such models, the only driving comes from the polymerisation,
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∆Gpol, and the entropic effect having M monomers to choose. These two effect balance

at equilibrium [133].

Next consider the limit that the completion reactions, highlighted in red in fig-

ure 4.1(a), are much slower than the other reactions. Explicitly, let k be some rate

constant at the same order of magnitude of the rates of the process that are not the rates

for the completion transitions indicated in red in figure 4.1(a). Write the completion rates

as kcomR
+
com(y, x), where kcom ≪ k is a rate constant controlling the overall speed of the

completion reactions and R+
com(y, x) provides any sequence dependence. Similarly, the

reverse transitions along the completion edges have the rate kcomR
−
com(y, x). Further, let

there be ncom such completion reactions in a given petal of the step-wise process (assume

this number is the same for all pairs of monomers, x, y).

Assume for simplicity that all completion reactions, R±
com(y, x), take the same form

in a given petal. Then, the sum over spanning trees Q(y, x) can be written as

Q(y, x) =
1

ncom

Λ−(y, x)

kcomR−
com(y, x)

+O
(︃
kcom
k

)︃
, (4.47)

since Λ−(y, x) has first order terms in kcom/k. This fact can be seen from noting that the

leading order terms in Q(y, x) are the trees with no completion reactions and the leading

order terms in Λ−(y, x) are those same leading order trees of Q(y, x), except with one

completion reaction added in. There are ncom such completion reactions and each adds

the same leading order term to Λ−(y, x). With Q(y, x) taking this form, and remembering

eqn. 4.46, the propensities take the following form:

ω+yx = ncomkcomR
−
com(y, x)e

∆Gy−∆Gx+∆Gpol +O
(︃
kcom
k

)︃2

,

ω−yx = ncomkcomR
−
com(y, x) +O

(︃
kcom
k

)︃2

. (4.48)

The ncomkcom term cancels in ratios of ω±yx variables, and therefore does not affect the

sequence statistics. Thus, in the slow completion limit, such models are only affected by

the binding free energy differences (∆Gy −∆Gx), the driving (∆Gpol), and the nature of
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the final completion step (R−
com). Therefore, the fine details do not affect the statistics of

the polymers.

Assuming that all completion edges are associated with the same free energy change

−∆Gpol, so that R−
com(y, x) = e−∆Gpol , one may solve for the statistics explicitly. Let us

consider the propensities propensities given by eqn. 4.48, cancelling ncomkcom, and with

M = 2 (writing monomers as 1, 2). With these propensities, eqn. 3.12 becomes

v1 =
v1

e−∆Gpol + v1
+

e−DGv2
e−∆Gpol + v2

(4.49)

v2 =
eDGv2

e−∆Gpol + v1
+

v2
e−∆Gpol + v2

, (4.50)

where DG = ∆G1 − ∆G2. These equations may be solved by using the following form

the velocities:

vx = e∆Gy−∆Gxvy. (4.51)

Doing so, reduces eqn. 3.12 to a quadratic equation,

0 = v21 + (1 + eDG)(e−∆Gpol − 1)v1 + e−∆Gpol(e−∆Gpol − 2) (4.52)

with one positive root,

v1 =
1

2

(︃
(1− e−∆Gpol)(e−DG + 1) +

√︂
(e−∆Gpol − 1)2(e−DG − 1)2 + 4e−DG

)︃
, (4.53)

when the system is not stalling. v2 can be found from in terms of v1 as v2 = e−DGv1.

Further, a quick check confirms v1 = 0 if ∆Gpol = − ln 2. Further, with vy known,

eqn. 3.13 is a simple linear equation, µ can be found as the eigenvector of the matrix⎛⎝ 1

e
−∆Gpol+v1

e−DG

e
−∆Gpol+v2

eDG

e
−∆Gpol+v1

1

e
−∆Gpol+v2

⎞⎠ , (4.54)
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with eigenvalue 1 and normalised to sum to 1. Combining the solutions for µ and v, using

eqn. 3.14, gives:

ε(1) =

(︃
1− 1

2
(e−∆Gpol − 1)(e−DG − 1)

+
1

2

√︂
(e−∆Gpol − 1)2(e−DG − 1)2 + 4e−DG

)︃−1

, (4.55)

where DG = ∆G1−∆G2, as an analytic solution for the error. This expression is plotted

in figure 4.4(a) for DG = 4. From this expression, the stall driving, ∆Gpol = − ln 2, can

be substituted into this expression to confirm explicitly that the bulk frequency indeed

becomes ε(1) = 1
2
. Further, taking the irreversible limit, ∆Gpol →∞, the bulk frequency

becomes:

ε(1) =
e∆G1

e∆G1 + e∆G2
, (4.56)

the equilibrium statistical mechanics probability of choosing state 1 with free energy

−∆G1, given state 2 has free energy −∆G2. Since the completion reactions are slow and

irreversible, in this limit, the process selecting the monomers is allowed to equilibriate.

Therefore, copolymerisation is simply sampling from the equilibrium distribution of this

process, and hence tends to the result predicted by equilibrium statistical mechanics.

Eqn. 4.48 shows that, in the slow completion limit, the fine details of the reaction

network leading to selection of a specific monomer become unimportant and the models

collapse onto a single accuracy curve determined by DG, ∆Gpol and R−
com. It is worth

emphasising briefly here that the graphical description I have introduced has allowed this

fact to be proven easily.

Conversely, if all parameters except kcom are fixed, the bulk frequencies seem to tend

monotonically to their limits as kcom/k → 0, either from above or below. This fact can be

used to compare bulk frequencies for certain types of model. For example, one may com-

pare on-rate discrimination [98], where incorrect monomers bind more slowly, to off-rate

discrimination [98], where incorrect monomers unbind more quickly. An example model
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(a)

(b)

Figure 4.4: (a) Plots of the frequency of the less stably-bound (incorrect) monomer
with smallest binding free energy, labelled 2 for on- and off-rate discrimination balanced
models with kcom = 100 and kcom → 0. The binding free-energy difference for these
models is DG = ∆G1 − ∆G2 = 4. The models are topologically the Hopfield model as
in figure 4.5a, with ∆Gact = 0 and Min = Mact = 1, so that they are balanced. However,
for the on-rate discrimination, the free-energy terms are in the binding reactions instead
of the unbinding ones. The specific models are given in (b). (b) Reaction rates of the (i)
off-rate and (ii) on-rate discrimination models used to produce the results of (a). These
reactions represent a single petal of the step-wise process (figure 4.1) between completed
states &x and &xy. For the results in (a) for the off-rate and on-rate curves, the following
parameters were takes, ∆G1 = 2, ∆G2 = −2, k1 = kKP = kact = 1, kcom = 100.
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comparing on-rate and off-rate discrimination is plotted in figure 4.4. Consider the bulk

frequency of an incorrect monomer. On-rate discrimination benefits from fast polymeri-

sation and therefore tends to its slow polymerisation limit from below, whereas off-rate

discrimination benefits from allowing the process selecting monomers to equilibriate and

hence tends to its slow copolymerisation limit from above. This fact sets up a hierarchy

for a given set of parameters, and moderate or strong driving. For the bulk frequency of

incorrect monomers, off-rate discrimination > slow copolymerisation > on-rate discrimi-

nation. On-rate discrimination is, in general, better, although experimentally harder to

achieve. This observation is consistent with the results of Sartori and Pigolotti [98] and

Poulton et al. [113] for kinetic (on-rate) and energetic (off-rate) discrimination.

4.4.4 Hopfield’s kinetic proofreading in a model of templated

copying with autonomous separation

For the final example, I shall consider an explicit model of copolymerisation, with Hop-

field’s kinetic proofreading mechanism (as in section 3.4) incorporated into a templated

copolymerisation system with simultaneously separating product in a thermodynamically

valid way. From this setup, I shall provide a fully worked example of an explicit model,

as well as demonstrating the power of the method for analysing sequences of models with

recursive structures through looking at a generalised version of Hopfield’s proofreading

incorporated into a model of templated polymerisation with simultaneous separation.

Explicitly, I first consider the one-loop model of kinetic proofreading shown in fig-

ure 4.5(a). There are two monomer types, the right ones r and wrong ones w. Note that

the model has already been transformed so that the sequence of the copy is defined rela-

tive to that of the template [92]. These monomer types exist in inactive and active states

with concentrations Min and Mact, respectively, relative to some reference concentration,

with each monomer type having the same concentration. As previously, I shall assume

the environment is such that these species are chemostatted.

The monomers may bind to the template either in an active or inactive state with
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binding free energies −∆Gx for monomer type x. Inactive monomers may be activated

on the template with a free-energy change of ∆Gact. Finally, active monomers may be

polymerised into the copolymer chain, with free-energy change −∆Gpol, and the penul-

timate monomer of the copolymer unbinds from the template. Each of these reactions is

assigned a forwards and reverse reaction rate consistent with the thermodynamic model;

the full model is illustrated in figure 4.5(a). Conceptually, the proofreading motif func-

tions by providing two opportunities to reject the unwanted monomer w: first, when the

un-activated monomer binds, and second, after it has been activated. To be effective, a

non-zero affinity is required to drive the system around the cycle of states in the correct

order: unbound template site → unactivated monomer bound → activated monomer

bound [77, 118]. I emphasise that this model differs from Hopfield’s original description

in two important ways: firstly, I consider a full, microscopically reversible polymerisation

process, rather than a single incorporation step with irreversible polymerisation; and

secondly, the proofreading motif has been embedded into a non-trivial polymerisation

process involving autonomous detachment from the template.

Given the model as described in figure 4.5(a), one can first identify the propensities

ω±xy connecting completed states. Due to the petal-like structure, one can follow eqn. 4.3

and simply consider spanning trees of the petal sub-processes illustrated in figure 4.5;

Λ−(y, x) rooted at &x, Λ+(y, x) rooted at &xy, and Q(y, x), for a petal connecting &x

and &xy. Explicitly writing out the sums of spanning trees, one obtains:

Λ+
1 (y, x) =

[︁
k1kactMin + kKPMact(k1e

−∆Gy + kact)
]︁
kpole

−∆Gx , (4.57)

Λ−
1 (y, x) =

[︁
k1kacte

∆Gact−∆Gy + kKP e
−∆Gy(k1e

−∆Gy + kact)
]︁
kpole

−∆Gpol , (4.58)

Q1(y, x) =

[︃
k1kacte

∆Gact−∆Gy + (kKP e
−∆Gy + kpole

−∆Gx)(k1e
−∆Gy + kact)

]︃
.(4.59)

Here, we add a subscript 1 to denote these expressions as applying to the simple,

“1-loop”, Hopfield model, which we shall extend to allow more loops later. We note that

the ratio, Λ+(y, x)/Λ−(y, x) factorises as eqn. 4.34, and so we can easily write down the

111



Figure 4.5: Reaction rates of the (a) 1-loop and (b) N -loop Hopfield kinetic proofreading
models implemented in a templated polymerisation model with autonomous separation
system. Each of these subfigures represents a single petal of the step-wise process as
in figure 4.1, going from completed state &x → &xy. In both cases, the template is
represented by red squares. In (a) the inactive monomer is represented by a white circle
and the activated monomers by a dark blue circle. In (b), different levels of activation
are represented by increasingly dark shades of blue circles. Further, in (b) the numbers
by the states represent the activation level of the monomer. In each case, the desired
pathway is highlighted with red arrows.

stall condition as ∆Gpol = Γ with

Γ = − ln

(︃
k1kKPMacte

−∆Gr + kact(kKPMact + k1Min)

k1kKPe−∆Gr + kact(k1e∆Gact + kKP)

+
k1kKPMacte

−∆Gw + kact(kKPMact + k1Min)

k1kKPe−∆Gw + kact(k1e∆Gact + kKP)

)︃
. (4.60)

Note that setting Min = Mact = 1, ∆Gact = 0, in eqn. 4.60, collapses Γ to − ln 2 as these

conditions reduce the system to a balanced one with a stall point at equilibrium, as in

section 4.4.3.

The frequency of right and wrong monomers, ϵ(x = r, w) may be calculated from

eqn. 3.14. The copying error, as represented by ϵ(w), is plotted in figure 4.6(a). This

plot demonstrates that method agrees well with the results found from a Gillespie sim-

ulation [76] of the same model on a long template. The proofreading model has also

been compared to a “0-loop” version of the model, in which the inactivated monomers

and the inactivated monomer bound state are omitted and so the system reduces to the
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simple model (figure 4.3). As can be seen, the proofreading motif generally improves

accuracy when driven above its stall point ∆Gpol = Γ. Indeed, one may write down

expressions for the bulk frequency in the irreversible limit (∆Gpol →∞) using eqn. 4.29.

In this irreversible limit, Hopfield’s classic argument can be recovered by taking some

further limits consistent with his analysis. Namely, letting Mact, kact, kpol → 0, one finds

ε(w)/ε(r) = e2(∆Gw−∆Gr). In this limit, the ratio of incorrect monomers to correct ones

involves the square of the binding free energy difference, reflecting the fact that two steps

of discrimination have occurred.

Expressions for the expected chemical work done per net step of the process may also

be written down. This quantity will involve the total current to absorbing states of the

step-wise process for starting with a copolymer &xy, which may be written as:

JTot(y, x) =
1

N (y, x)
(Λ+

1 (r, y)Q(w, y)Q(y, x)

+ Λ+
1 (w, y)Q(r, y)Q(y, x) + Λ−

1 (y, x)Q(r, y)Q(w, y)), (4.61)

where N is a normalisation factor that will cancel out of calculations. In order to track

each of the terms here, I shall break down the contributions to the chemical work done

into three parts, one for each of the petals present in the step-wise process. These

three petals correspond to adding a monomer type r, adding a monomer type w or

removing a monomer type y. Let us label each of these contributions to the chemical

work with a subscript, Gr(y, x) for the transition &xy → &xyr, Gw(y, x) for the transition
&xy → &xyw, and Gq(y, x) for the transition &xy → &x. From the r petal:
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(a) (b)

(c)

Figure 4.6: The analytical method applied to a 1-loop proofreading model (figure 4.5(a)),
compared to Gillespie simulation of the same model and a simpler 0-loop model. For these
data, the following parameters were used: ∆Gr = 2, ∆Gw = −2, ∆Gact = −1, Min =
1, Mact = 0.01, k1 = kact = kKP = 1. The stall point Γ of the 1-loop proofreading
model is marked on each of the plots. The Gillespie simulations used a template of
length 2000 and were run till completion with the first monomer being chosen as either
r or w with probability 0.5. The statistics were averaged over 2000 copolymers per data
point. The chemical work was calculated from the simulation as (Inactive monomers) ∗
(∆Gact− ln(Mact/Min))+L∗ (∆Gpol+lnMact) where “Inactive monomers” is the number
of inactive monomers taken out of the environment and L is the length of the template.
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Gr(y, x) =

[︄(︃
−∆Gact + ln

Min

Mact

)︃
k1kactkKP e

−∆Gr(Min +Macte
∆Gact)

+ (∆Gpol +∆Gr −∆Gy + lnMin −∆Gact)(k1kactkpolMine
−∆Gy)

+ (∆Gpol +∆Gr −∆Gy + lnMact)kKPkpolMacte
−∆Gy(k1e

−∆Gr + kact)

]︄

× Q(w, y)Q(y, x)

N (y, x)JTot(y, x)
. (4.62)

The first line of eqn. 4.62 corresponds to the chemical work associated with the inter-

nal cycle: an inactive monomer binds to the template, it is activated, and the activated

monomer unbinds. The second line corresponds to an external cycle: an inactive monomer

binds to the template, it is activated and polymerised into the chain with the previous

monomer, y, detaching from the template. The third line corresponds to the alterna-

tive external cycle: an active monomer binds to the template and is polymerised with

monomer, y, unbinding from the template. One may similarly write down Gw(y, x) as

eqn. 4.62, except swapping r and w. Finally, the contribution to the chemical work from

the petal for removing monomer y may be written:

Gq(y, x) =

[︄
− (∆Gpol +∆Gy −∆Gx + lnMin −∆Ga)(k1kactkpole

∆Gact−∆Gy−∆Gpol)

− (∆Gpol +∆Gy −∆Gx + lnMact)kKPkpole
−∆Gpol−∆Gy(k1e

−∆Gr + kact)

]︄

× Q(r, y)Q(w, y)

N (y, x)JTot(y, x)
. (4.63)

Here, only external cycles are possible. The first line corresponds to monomer x

rebinding to the template, monomer y being depolymerised, this monomer being deacti-

vated and an inactive monomer y unbinding from the template; and the second line to

x rebinding, y being depolymerised and active monomer y unbinding from the template.
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The distribution, ξ(y, x) may be calculated from eqn. 4.7 and P from eqn. 4.8, letting

the chemical work done per net step of the the 1-loop model be written:

∆G =
1

2P − 1

∑︂
x,y∈{r,w}

ξ(y, x) (Gr(y, x) + Gw(y, x) + Gq(y, x)) . (4.64)

This chemical work done is plotted for a certain set of parameters in figure 4.6 (b) and

is also compared both to the results of direct simulation and the simpler “0-loop” model

which has chemical work, ∆Gpol. The free-energy cost of the proofreading mechanism

diverges as ∆Gpol → Γ since there will be a finite chemical work done per monomer

addition/removal step due to the proofreading internal cycle, and the number of addi-

tion/removal steps per net step diverges. Further, for large ∆Gpol, the work tends to be

dominated by ∆Gpol, albeit very slowly, as shown by the orange line gradually approach-

ing ∆Gpol (the blue line) in figure 4.6(b).

Additionally, one can find an expression for the time taken per net step forwards,

eqn. 4.13. For this quantity, the explicit expression for the normalisation N is needed.

Similarly to the chemical work, this term can be split into contributions from the petal

adding an r, Nr(y, x); from the petal adding a w, Nw(y, x); from the petal removing

monomer y, Nq(y, x) and a contribution from the central node. These normalisation

terms come from the sums of spanning trees directed to the individual nodes in the

closed step-wise process. Summing the spanning trees, we find

Nr(y, x) =
[︂
k1Min(kacte

∆Gact + kKP e
−∆Gr + kpole

−∆Gy)

+ kKPkactMacte
∆Gact + k1kactMin + kKPkactMact + k1kKP e

−∆Gr

]︂
× Q(y, x)Q(w, y), (4.65)

with a similar result for Nw(y, x) except swapping r and w. Finally, for the monomer

removal petal:

Nq(y, x) = kpole
−∆Gpol(k1e

−∆Gy + kact + kacte
∆Gact)Q(r, y)Q(w, y). (4.66)
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The total normalisation is then:

N (y, x) = Nr(y, x) +Nw(y, x) +Nq(y, x) +Q(y, x)Q(r, y)Q(w, y), (4.67)

with the last term being the contribution from the starting, central node. This normal-

isation can be used in eqn. 4.61 to give the current to absorbing states, which can be

used in eqn. 4.13 to find the expected time per net step. This time is plotted in fig-

ure 4.6(c), alongside a simulation of the same model and the simplified, 0-loop model

for comparison. Like the chemical work in figure 4.6(b), the time per net step diverges

as ∆Gpol → Γ, since each monomer addition/removal step will take finite time, but the

number of such steps required for a net forwards step diverges. Unsurprisingly, the time

taken for a given driving for the Hopfield model is longer than that of the simple model,

due to the proofreading cycle.

4.4.5 A multi-loop generalisation of Hopfield’s kinetic proof-

reading

Hopfield’s model for proofreading may be naturally extended to include N activation

stages instead of just on [121, 122]. I shall call these extensions the N -loop Hopfield

models. These models can be solved recursively to write down expressions for the sums

over spanning trees, Λ±
N(y, x), QN(y, x), as a function of the number of loops, N . I shall

consider the model as in figure 4.5(b).

One first needs to calculate the sums over spanning trees for each of these models.

The sum over spanning trees of the N -loop model can be written in terms of sums over

spanning trees of the lower loop number models. Thus, a set of recurrence relations can be

set up for said sums over spanning trees. Being able to set up these recurrence relations

easily is a great advantage which falls out naturally from the graphical methods. I label

the reaction rates for the N -loop process as shown in figure 4.5(b). The N -loop model

has one more node and two more edges than the (N − 1)-loop model. Let a subscript,

N , denote the sums over spanning trees for the N -loop models. Careful tracking of the
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spanning trees gives

Λ+
N = R+

act(N)Λ+
N−1 +R+

KP (N)
R+

pol

R−
pol

N∑︂
i=0

[︄
i−1∏︂
j=0

R+
act(N − j)

]︄
Λ−

N−1−i, (4.68)

Λ−
N = R−

act(N)Λ−
N−1 +R−

KP (N)
N∑︂
i=0

[︄
i−1∏︂
j=0

R+
act(N − j)

]︄
Λ−

N−1−i, (4.69)

QN =
1

R−
pol

(︄
Λ−

N +R+
pol

N∑︂
i=0

[︄
i−1∏︂
j=0

R+
act(N − j)

]︄
Λ−

N−1−i

)︄
, (4.70)

with initial conditions

Λ±
−1 = R±

pol,

Λ±
0 = R±

polR
±
in,

Q0 = R+
pol +R−

in. (4.71)

The sum-product can be eliminated by subtracting terms proportional to Λ±
N−1, QN−1,

leaving just:

Λ+
N =

(︃
R+

act(N) +
R+

KPR
+
act(N)

R+
KP (N − 1)

)︃
Λ+

N−1 −
R+

KP (N)R+
act(N)R+

act(N − 1)

R+
KP (N − 1)

Λ+
N−2

+ R+
KP (N)

R+
pol

R−
pol

Λ−
N−1, (4.72)

Λ−
N =

(︃
R−

act(N) + R−
KP (N) +

R−
KP (N)R+

act(N)

R−
KP (N)

)︃
Λ−

N−1

− R−
KP (N)R+

act(N)R−
act(N − 1)

R−
KP (N − 1)

Λ−
N−2, (4.73)

QN = R+
act(N)QN−1 +

Λ−
N

R−
pol

+ (R+
pol −R+

act(N))
Λ−

N−1

R−
pol

, (4.74)

with the same initial conditions as above. This system of recursion relations may be used

to generate the terms of the spanning tree sums quickly.

In certain simple cases eqns. 4.72, 4.73, and 4.74 can be solved as a function of N .
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For example, when the reaction rates are not a function of N , such as:

R+
in = k1Min,

R−
in = k1e

−∆Gy ,

R+
act(n) = kact,

R−
act(n) = kacte

∆Gact ,

R+
KP (n) = kKPMact,

R−
KP (n) = kKP e

−∆Gy , (4.75)

for n ∈ {1, · · ·N}. For the step-wise process with monomer tip &xy, where ki are overall

rate constants, Min, Mact represent the concentrations of inactive or active monomers,

∆Gact represents the chemical work upon moving a monomer up one activation stage.

The rates in eqn. 4.75 are used for the numeric results in figures 4.7 and 4.8. In this case,

the sums over spanning trees can be written in the surprisingly simple form:

Λ+
N(y, x) = kpole

−∆Gx

(︄
kN
act

(︂
k1Min − k1Mact + kacte

∆GyMact(e
∆Gact − 1)

)︂
+
kKPMacte

−∆Gy

∆

[︄
(k1λ+ + kact(kKP − k1))

(λ+ − kact)2
λN+1
+

−(k1λ− + kact(kKP − k1))

(λ− − kact)2
λN+1
−

]︄)︄
, (4.76)

Λ−
N(y, x) =

kpole
−∆Gpole−∆Gy

∆

[︂
(k1λ+ + kact(kKP − k1))λ

N
+

− (k1λ− + kact(kKP − k1))λ
N
−

]︂
, (4.77)

QN(y, x) =
kpole

−∆Gx

∆

[︂
(k1e

−∆Gy + kact − λ−)λ
N
+ − (k1e

−∆Gy + kact − λ+)λ
N
−

]︂
+

e−∆Gy

∆

[︂
(k1λ+ + kact(kKP − k1))λ

N
+ − (k1λ− + kact(kKP − k1))λ

N
−

]︂
,

(4.78)
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where

λ± =
1

2

(︁
kact + kKP e

−∆Gy + kacte
∆Gact ±∆

)︁
, (4.79)

∆ =

√︂
(kact + kKP e−∆Gy + kacte∆Gact)2 − 4(kact)2e∆Gact . (4.80)

From eqns. 4.76, and 4.77 one may write the stall condition. Noting that, Λ+(y, x) is

independent of ∆Gpol and Λ−(y, x) is proportional to e−∆Gpol , one may write the stall

point as

ΓN = − ln

(︃
Λ+

N(r, r)

e∆GpolΛ−
N(r, r)

+
Λ+

N(w,w)

e∆GpolΛ−
N(w,w)

)︃
, (4.81)

such that the dependence on ∆Gpol in the logarithm is cancelled out.

From these sums over spanning trees, the bulk frequencies can be calculated. The

time taken per net step and the chemical work done per net step may be calculated using

similar recursive relations.

For simplicity, I shall discuss the case where the monomer binding free energy is only

dependent on monomer type, not on activation stage; each activation stage is associated

with a free energy change of ∆Gact; each active monomer is present in the environment

at a concentration Mact except the inactive monomers at concentration Min; and the

overall rate constants are k1 for binding of inactive monomer, kKP for binding of active

monomers, kact for activation of monomers. Under these assumptions, the corresponding

rates are as in eqn. 4.75.

To reduce the frequency of incorrect monomers in the product, one wishes to have a

low concentrationMact of active monomers in solution to force the system into utilising the

proofreading cycles. Indeed, the bulk error probability in the irreversible limit (calculated

using eqn. 4.29 and plotted in figure 4.7(a) shows a strong improvement with loop number

for low Mact, but larger values of Mact lead to much worse performance and limited (or

negative) returns to increasing the number of loops.

However, for finite driving strength ∆Gpol, this concentration cannot be allowed to
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(a) (b)

Figure 4.7: Many-loop models have limited efficacy for finite Mact for the proofreading
model introduced in figure 4.5. Plots of (a) the error in the irreversible limit, εirrev(w) and
(b) the stall point driving, Γ, for different values of the active monomer concentrations,
Mact, and other parameters: ∆Gr = 2, ∆Gw = −2, Min = 1, ∆Gact = −1, k′s = 1.

be arbitrarily small. To see why, consider the stall point ΓN (eqn. 4.81), which is plotted

for a certain set of parameters in figure 4.7(b). It is observed that the stall point driving

increases monotonically with N , and that this increase is faster and tends to a higher

limit for smaller Mact. One finds that the limiting Γ scales approximately linearly with

− ln(Mact). Intuitively, introducing more monomer states at low concentration in the

environment destabilises the polymer. For small Mact and driving ∆Gpol, the depoly-

merisation of the polymer into these activated states competes with its tendency to grow

by binding to and activating the inactive monomers.

One drawback of proofreading with a large number of loops is therefore that the

tendency to disassemble the growing polymer increases. A second effect is a tendency to

introduce errors by alternate pathways if Mact is non-zero. Specifically, for Mact ̸= 0, a

minimum in ϵirrev(w) for a relatively small value of N can be observed in figure 4.7(a).

This minimum can be explained by splitting the pathways by which a monomer can go

from solution to being incorporated into the polymer into two, either starting from a

fully inactive monomer or from a partially activated one. The pathway starting with an
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(a) (b)

Figure 4.8: Plots of (a) the error and (b) efficiency of the N -loop proofreading model
(figure 4.5) for a range of N , with the same parameters as in the one loop Hopfield case,
figure 4.6, as a function of driving ∆Gpol. Proofreading is observed to generally increase
accuracy when ∆Gpol exceeds the stall point, but in a thermodynamically inefficient way.
The enhanced plot in the second graph shows the efficiencies near the stall point for each
of the loop numbers on a non-logarithmic scale to emphasise the decreasing gradient at
stall.

inactive monomer will have the highest discrimination between right and wrong monomers

and will improve exponentially with more loops, as demonstrated by the exponential

decrease in error for Mact = 0. However, the probability that a monomer, taking this

path, will reach polymerisation falls exponentially with loop number at the same time. On

the other hand, the pathway from partially active monomers will give an error that reaches

some non-zero limit as the number of loops N increases. Further, the rate with which

activated monomers bind to an available template site and subsequently get incorporated

into the polymer will also tend to a constant. As such, the error will initially decrease

exponentially with N , but for non-zero Mact will eventually become dominated by the less

discriminating, partially active monomer pathways through which monomers are more

likely to be incorporated into the polymer.

Having calculated the error probability ϵ(w) at finite driving, plotted in figure 4.8 (a);

used ϵ(x, y) to calculate the entropy rate; and calculated ∆G; the efficiency η can be
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evaluated as in eqn. 4.14. This efficiency is plotted in figure 4.8 for N = 0, 1, 5, 10

and a certain set of parameters. Although accuracy is generally increased above the

stall point, it can be seen that, in this particular model, kinetic proofreading requires

much more work than the minimum required to generate information and as such is

inefficient. Additionally, the gradient of the efficiency at minimum driving, ΓN , is zero

for N > 0, reflecting how at minimum driving, the number of monomer addition/removal

steps diverges, but the chemical work done per such step remains finite.

4.5 Conclusion

In this chapter, I have presented a method for analysing thermodynamically self-consistent

copolymerisation models with complex networks of reactions leading to the incorporation

or removal of monomers. By coarse-graining, a model may be transformed into a sim-

pler model which may be solved and then afterwards, information from the fine-grained

process may be put back into the model to extract thermodynamic or kinetic quantities

such as chemical work done, molecule exchange or time taken. The approach allows for

complex incorporation motifs to be considered alongside nearest neighbour interactions

in a thermodynamically well-defined model of polymerisation with microscopic reversibil-

ity. I note that all of these features were present in the kinetic proofreading example in

section 4.4.4. Moreover, phenomena such as the shift in stall point with loop number and

the non-monotonicity of error rate with loop number rely on these features being present

in the model.

In general, this method provides a way to extract model predictions numerically

quickly and without the need for simulations. Doing so is particularly useful when sim-

ulating polymer growth is slow, either due to the details of the incorporation process or

because the polymer is near its stall point. Additionally, the approach makes screening

of a large parameter space for a given model topology feasible.

In addition to the numerical performance, the approach allows for analytic results in

simpler models or those with helpful symmetries, as well as in certain limits for more
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complex models. The process of summing over spanning trees is particularly well suited

to identifying the structure of the process and providing simplified results.

Moving forwards, it is an open question as to whether components of the techniques

developed here can be applied outside of the context of infinitely long polymers whose

tips have reached steady state, although I address progress in this regard in chapter 6. An

obvious goal would be a simplified way to analyse finite-length “oligomers” [114]. More

generally, I believe one of the key equations of this thesis, eqn. 4.5, may be applied more

generally for the coarse-graining of Markov processes. Specifically, that if a set of states

are enclosed between two boundary states, in the sense that any path from one of the

trapped states to outside must pass through one of the boundary states, then this set of

states may be replaced by a pair of edges analogously to eqn. 4.5 which shall preserve

steady state properties of the Markov process.

This framework could be applied to explore models of copolymerisation processes, such

as those presented in [15,91,92,99–104,109–113,115,120–127], more straightforwardly or

more thoroughly. Alternatively, the method would allow for more complex reaction steps

to be included in such models. The framework presented here is particularly useful when

backwards steps are relevant, either when the system is weakly driven and thus operating

near stall, or when thermodynamics is of importance or interest. I also predict that it

will be useful to guide design principles for synthetic copolymerisation systems, which

are often particularly well described by the class of models studied here
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Chapter 5

Bounds on the accuracy of catalytic

templating networks with multiple

pathways

The following chapter has been adapted from the preprint “Information propagation in

far-from-equilibrium molecular templating networks is optimised by pseudo-equilibrium

systems with negligible dissipation” [136] to fit this thesis. The content included in this

this chapter is the work of myself, Benjamin Qureshi.

5.1 Introduction

As has been seen in section 1.3, biochemical systems use catalysts to selectively produce

multiple distinct products from a shared set of ingredients. For example, in protein

production [39], many polypeptide sequences are created from the same set of amino acids,

using a set of template mRNAs and other molecules acting as selective catalysts [40]. The

result is a distribution of polypeptide sequences in the cell, sharply peaked around the

target sequences specified by the mRNA.

However, biological systems often continuously turn over the products, recycling the
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Figure 5.1: Cartoon of the multiple pathways present in the production/breaking down
of mRNAs in the cell. In this cartoon, nucleotides, represented by triangles are converted
into mRNAs via a pathway catalysed by template DNA (leftmost solid arrow). The mR-
NAs can be degraded back into nucleotides via a pathway catalysed by polynucleotide
phosphorylases (right solid arrow). Each of these reactions (template DNA and polynu-
cleotide phosphorylases) can occur in the reverse direction (dashed arrows), although the
rates of these reversed reactions will be much slower than the forwards direction. The
mRNAs will eventually be used to catalyse the production of proteins which are the func-
tional molecules the cell requires.
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basic ingredients for subsequent use. For example, polynucleotide phosphorylase enzymes

actively degrade the pool of selectively transcribed RNA [137] (illustrated cartoonishly in

figure 5.1). Degradation allows the cell to set up a finite steady-state population that is

biased towards specific products, and continuous turnover and recycling of components

is necessary for systems with finite resources that need to change their state in response

to dynamic environments. The underlying processes of production or degradation, in-

teracting with a given catalyst may also be complex and involve many possible routes

of assembling and disassembling the products. For example, kinetic proofreading motifs

(as in [92, 118, 119] and section 3.4) introduce fuel-consuming loops into the assembly

process, thereby providing multiple pathways to forming each product.

So far, I have only discussed models whereby the products are produced by a single

mechanism; for example, the template-based mechanisms of chapter 4. These models,

additionally, only track the growth and statistics of a single product, instead of the

whole distribution of products. Further, these mechanisms discussed do not model the

eventual final detachment of polymer and template. As such, they do not account for

the possibility of products rebinding to the template and being broken down. If one

wishes to model systems with explicit destructive pathways such as via polynucleotide

phosphorylase enzymes (figure 5.1), a different framework is needed. In this chapter I

shall provide such a framework. This chapter is concerned more with the bigger picture

of the whole polymerisation and subsequent degradation process, compared to chapter 4,

where the focus was more on detailed models of polymerisation.

Previous studies [89, 91, 92, 97–104, 109–115, 120–123, 126, 134, 138] have generally fo-

cused on such models of forming a single product, in particular considering how templated

copolymerisation in isolation can produce an accurate sequence. However, to the best of

my knowledge, only refs. [40, 139, 140] have considered the implications of two or more

pathways for production and destruction of an ensemble of products, in each case without

considering a detailed model of dynamical pathways. These works hypothesise a minimal

thermodynamic cost or entropy production per product made, which is related to the

information accurately transferred from template to products [40,139,140]. However, en-
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Figure 5.2: Model systems in which products are selectively produced by catalysts from
a pool of monomers. A very simple example network illustrating the class of systems
considered herein. Any one of a number of (polymer) products can be produced via
equivalent pathways that rely on catalysed addition of input monomers. Both catalysts
and monomers are assumed to be held at constant concentration by a chemostat, resulting
in a linear CRN that can be represented as a graph. In (a), I illustrate a simple example
of such a graph, including a null, polymer-free state; intermediate states represented
by black circles and products represented by red circles. Each transition is reversible
(arrowheads and rates are omitted for clarity). Each distinct pathway from the null state
to the product is coloured a unique colour, and has a well-defined associated free-energy
change δG. In (b) I take an alternative product as the root of the graph; the network
connecting it to the null state is topologically identical to (a). The equivalent pathways
for each product have the same δG, but selective catalysts ensure that the rates associated
with each pathway are product-dependent. (c) indicates that if there were more products,
there would be an equivalent representation of the graph for each such product node.
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tropy production in stochastic thermodynamics is related to the relative rate of forwards

and backwards transitions (section 2.4), rather than the relative rate of two different

transitions. It therefore places no minimal cost on the specificity of a catalyst [114].

Exactly how these two ideas are reconciled is unclear.

The limiting thermodynamics of this crucial class of processes therefore remains under-

explored. In this chapter, I consider the thermodynamics of a general system in which

a distribution of products is created and maintained by a set of catalysts that inter-

convert molecules between pools of monomer inputs and pools of assembled products.

These inter-conversion processes can be arbitrarily complex, but I shall assume that all

products have the same thermodynamic stability [40, 113, 114, 138, 140], consistent with

the fact that catalysts cannot adjust the thermodynamic stability of the products that

they select. Moreover, all products can be formed by a topologically equivalent set of

processes (figure 5.2). By analogy with the processes of the central dogma, I shall loosely

describe the catalysts that tend to generate products as “templates”, but I do not make

any particular assumptions about the detailed mechanisms.

Each pathway for creating or destroying a given product can incur a different free-

energy change (figure 5.2), due to coupling with ancillary fuel molecules. These free-

energy changes specify the equilibrium that would result in the long time limit if that

pathway operated in isolation. I shall show that this set of equilibrium free energies sets a

lower bound on the entropy of the product distribution in a non-equilibrium steady state,

for any fuel-coupled, catalyst-induced kinetics. If the system is interpreted as an infor-

mation channel between the input catalysts and the output products, this lower bound

on entropy is equivalent to an upper bound on channel capacity (eqn. 2.5). Similarly to

section 4.3, under symmetric assumptions on the relationship between input catalysts and

output products, the channel capacity looks like the negative of the entropy (eqn. 2.6).

The bound on product distribution entropy also sets a bound on the accuracy with

which a single product can dominate the resultant ensemble. But surprisingly, the goals

of producing a distribution maximally specific to a single chemical species and produc-

ing the distribution of products with minimal entropy are generally distinct. Moreover,
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contrary to my expectations, the optimal system that minimises the entropy of the prod-

uct distribution – pushing the distribution as far from equilibrium as possible – is not

one in which desired products are systematically assembled on a template and degraded

by another catalyst [139]. Rather, the optimal system is a pseudo-equilibrium one in

which kinetic specificity ensures that each product is coupled overwhelmingly to only a

single pathway, with each product’s yield specified by the equilibrium properties of that

pathway.

Let M be the number of possible products (e.g. number of sequences of monomers

of a given length, in which case M = AL for polymers of length L with A different

monomer types). Exploring the bound, one will observe that, for M → ∞ possible

products, it is possible to selectively produce a single product with perfect accuracy

in steady state provided two pathways exist that are separated by ∆G in their free-

energy change such that ∆G/lnM > kBT , irrespective of other pathways. However, the

probability of producing a single correct product as M → ∞ is zero for ∆G/lnM < kBT .

Further, the convergence to the infinite M behaviour is slow. Similarly, zero entropy

product distributions can never be achieved with finite ∆G, and even low entropy requires

∆G > kBT (lnM + ln lnM).

These results appear consistent with the notion that accurately maintaining a specific

pool of products has a thermodynamic cost related to the information stored (lnM if a

single template selects for a unique product) [40, 139, 140]. However, this simple picture

is incomplete. Since the bound is saturated for pseudo-equilibrium systems in which

each product couples overwhelmingly to a single pathway, there is no minimal entropy

production per product molecule created in these steady states. Moreover, for M →∞,

although a single product cannot be maintained with any accuracy for ∆G/lnM < kBT ,

it is possible to maintain a vanishingly small fraction of the total possible products with

perfect accuracy for any ∆G≫ kBT , even if ∆G≪ kBT lnM . Finally, the bounds only

apply to steady states, and it is possible to produce distributions of arbitrary precision

at finite time with no minimal ∆G. Throughout this chapter, I shall make use of the

symbol “≲” to mean “less than something which is approximately equal to” and similarly
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for “≳”.

5.2 Models and methods

5.2.1 Physical model

I shall now define the class of models considered, illustrated in figure 5.2. Although

this figure illustrates short polymer (or oligomer) products of templating for ease of

understanding, the approach here is not specific to any particular mechanistic model of

template-based growth. Indeed, formally, the products need not even be polymers or

oligomers.

Consider a set of input chemical species (monomers) that may be assembled into

a number of different possible products. For simplicity, and to focus on information

propagation, I shall assume that all input species are chemostatted at the same concen-

tration by the cell or the environment. In the context of the central dogma of molecular

biology, these inputs would be the nucleotides or amino acids. There are M possible

different products that these inputs may form, corresponding to different copolymer se-

quences (e.g. the different base sequences of RNA). Finally, there are catalytic species

(e.g. templates, polymerases, or nucleases) that facilitate the inter-conversion of inputs

and products via intermediates. I assume that these catalysts are also chemostatted, and

neglect any reaction involving more than one product and/or intermediate. The set of

products formed is now the object of interest.

Such a model may be expressed as a deterministic CRN (section 2.3), with chem-

ical species partitioned into products, intermediates, and inputs and catalysts. Given

the assumptions about their chemostatting, the concentrations of input and catalyst

species can be treated as parameters, rather than variables. Under such assumptions,

the resultant CRNs are linear (section 2.3): the set of complexes contains only the null

complex (containing no non-chemostatted species), and singletons (containing a single

non-chemostatted species, i.e. an intermediate or a product). All reaction rates there-
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fore depend linearly on the concentration of the non-chemostatted species. Transitions

from the null complex correspond to the first association between inputs or inputs and

catalysts to produce an intermediate.

This linear CRN can be drawn as a graph (figure 5.2(a)), with nodes as species,

edges as reactions and weights as reaction rates, absorbing the concentration of any

chemostatted species involved into the reaction rates. I shall assume the graph produced

is connected, as it must be if all species can be produced from the null state. This graph

defines a set of SAWs from the null state to each product; each SAW together with its

inverse defines a “pathway” between the null state and a product.

The transitions are allowed to be coupled to implicit fuel molecules, meaning that

different SAWs are associated with different standard free-energy changes δG. However,

each edge must correspond to the turnover of a fixed number of fuel molecules; branching

pathways allow for variable fuel consumption when coupled to a given catalyst. Each

SAW from the null complex to a product therefore has a well-defined δG.

Products are all assumed to be connected to the null complex by topologically equiv-

alent graphs (compare figure 5.2(a) and (b)). Heuristically, every pathway from null to

a given product has a corresponding equivalent in each of the sets of pathways from null

to each other product. More formally, let G be the vertex-labelled graph describing the

linear CRN containing a vertex corresponding to the null complex ∅ and a set of vertices

corresponding to products, ignoring the edge-weights. Then for any pair of products,

X and Y , consider a relabelling of the nodes such that the nodes for X and Y swap

labels, ∅’s label is not changed, but other node labels may be permuted. Suppose, there

exists such a relabelling, transforming the graph to a new vertex-labelled graph G ′ such
that G ′ is isomorphic as labelled graph to G. Then the set of SAWs from ∅ to X will be

topologically equivalent to those SAWs from ∅ to Y . Further, a given SAW from ∅ to X

will then be topologically equivalent to a specific SAW from ∅ to Y . If these equivalent

SAWs also incur the same free-energy change, then the model falls into the framework of

models I discuss in the chapter.

Such an assumption on the topological equivalence of graphs makes sense for a set of
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products corresponding to, for example, RNA molecules of a fixed length, which can all

be grown via an equivalent set of steps. Further, all products are assumed to be equally

thermodynamically stable. This assumption is consistent with the fact that catalysts

cannot thermodynamically favour one product over another [40, 113, 114, 138, 140], and

allows the focus to be on the question of how information is propagated from catalysts

to products.

As a consequence, the equilibrium, defined by the free energy of formation of products

directly from their monomers, would contain a uniform distribution over products [40],

and a narrower distribution over products can only be achieved via kinetic selection of a

non-equilibrium steady state by the catalysts. Moreover, there exists a finite number of

SAWs from the null complex to any given product, each with a free-energy change δGi

where i indexes the given SAW. The set of SAWs from the null complex to any product will

be topologically equivalent and incur the same set of total free-energy changes (figure 5.2).

These constraints on free energy only apply to full paths from the null state to com-

pleted products. Intermediate states, involving partial, catalyst-bound products, can

have sequence-specific free energies. Moreover, the transition rates between states can

be different, subject to the overall constraint that, along a given complete SAW from

null to product, the total free-energy change is the same as its equivalent for all other

products. I shall explore how relative yields of the products can be optimised by varying

these strictly positive rates arbitrarily under this constraint.

5.2.2 Graphical methods for linear CRNs with a null complex

I shall now expand on the features of linear CRNs, as promised in section 2.3. The

steady state concentration of species X in a linear, deterministic CRN with a null species

can be found directly from the complexes graph, making use of the matrix tree theorem

(eqn. 2.8). The absolute concentration is given by the ratio of the sum of spanning trees

of the graph rooted at the species X to the sum over spanning trees rooted at the null
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species. Explicitly,

cX =

∑︁
T∈T (X)

∏︁
e∈T

k(e)∑︁
T∈T (∅)

∏︁
e∈T

k(e)
, (5.1)

where T (X) is the set of spanning trees rooted at node X, e ∈ T is an edge in graph T ,

and k(e) means the weight of edge e. Although, this result can be seen in e.g. [141,142],

I shall prove this result here with particular reference to the effect of a null species.

Consider a linear connected CRN under mass action kinetics. Let Xi be the chemical

species with concentration ci. Assume the CRN contains some reactions of the form

∅ ⇌ X. Without loss of generality, assume that there only exists at most one reaction

of the form Xi → Xj (for the cases where there are multiple such reactions, replace their

reaction rate with the sum over all reaction rates of reactions of that form). The steady

state equation for the vector of steady state concentrations of the chemical species, c,

may be cast as the linear equation:

Ac+ b = 0, (5.2)

where b is a vector such that entry bi is the rate constant of the reaction ∅ → Xi, and A is

a matrix with off diagonal entries Aij equal to the rate constant of the reaction Xj → Xi

and diagonal elements Aii equal to minus the sum of rate constants of reactions Xi → Xj

over all chemical species Xj for j ̸= i as well as Xi → ∅. Note that the sum of column i

of matrix A is equal to minus the rate constant of reaction Xi → ∅. Thus, we may create

the new matrix:

K =

⎛⎝ A b

dT −
∑︁
i

bi

⎞⎠ , (5.3)

where d is a vector such that entry di is equal to the rate constant of reaction Xi → ∅.
The columns of the matrix, K, now sum to zero and can be recognised as the Laplacian

matrix of a certain graph. Represent K as a graph with nodes corresponding to chemical
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species Xi and an additional node corresponding to ∅, and edges e corresponding to

reactions between species with weights equal to their rate constant k(e). Then, by the

matrix tree theorem (eqn. 2.8), the determinant (up to a sign) of the sub matrix formed

by deleting row and column i from matrix K is given by the sum over the set of spanning

trees rooted at node i, T (Xi),

det(K/i) =
∑︂

T∈T (Xi)

∏︂
e∈T

k(e), (5.4)

where (K/i) represents matrix K with row and column i deleted. In particular,

det(A) =
∑︂

T∈T (∅)

∏︂
e∈T

k(e). (5.5)

Thus, by Cramers rule [143], and the sign of the determinant under swapping of rows,

eqn. 5.1 gives the solution to eqn. 5.2 and proves the desired result.

These sums over spanning trees may be usefully rewritten as a sum over the SAWs

from the null species to the given product species X (section 2.2.1). Having done so, the

results are expressed in terms of the free-energy change along a given SAW [81] S,

δGS = − ln

(︄∏︂
e∈S

k(e)

k(ē)

)︄
, (5.6)

where ē is the reverse reaction of edge e. Note that SAWs with positive δGS correspond

to pathways that tend to disassemble products. These pathway free-energy changes are

the main input to the bounds to be derived in this chapter.

5.2.3 Information theoretic measures of product distributions

Using these graph theoretical methods, one may calculate the steady state concentrations

for all of the product species. Having done so, and denoting the products by Zi for

i = 1, · · ·M , define the product distribution as the probability that a randomly chosen
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product from the resultant ensemble is Zi,

P(Zi) = pi =
cZi

M∑︁
j=1

cZj

=
cZi

cT
, (5.7)

where cT =
M∑︁
j=1

cZj
is the total concentration. The Shannon entropy (section 2.1) of this

distribution may be written as

H[pi] = −
M∑︂
i=1

pi ln pi = ln cT −
1

cT

M∑︂
i=1

cZi
ln cZi

. (5.8)

As I have discussed before, the deterministic CRNs in this thesis can be considered

to be information channels. With such a consideration in mind, the minimisation of

the Shannon entropy here maximises the channel capacity of this system under certain

assumptions, if the system is treated as an information channel from catalysts to products.

Informally, the lower the entropy of the product distribution, the more information the

samples from the distribution contain about the templates which formed them. More

formally, let us assume the underlying chemistry, which determines the rate constants

appearing in the un-linearised model, and the concentration of monomers, are fixed.

The effective rates of the linearised network would then vary with the concentrations

of catalysts only. As a specific (simple) example of how the entropy bound defines the

channel capacity, let us assume that all variability is due to M sequence-specific template

catalysts, one for each product, and that of these templates exactly one is present at any

given time at a fixed concentration.

One can define the input to the information channel as the template that is present at

high concentration; the output would then be a product sampled from the steady state

product distribution for that input state. The mutual information between the template

input and output products can then be calculated. If the templates are symmetric, acting

equivalently relative to their ideal sequence, then each output distribution would merely

be a permutation of the set of product probabilities.
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A system of this kind would define a symmetric channel (section 2.1). The channel

capacity of such a symmetric channel (eqn. 2.6) is given by C = lnM − H[pi] in the

notation of this chapter, where M is the number of products/sequence-specific templates,

and H([pi]) the Shannon entropy of the output distribution for any single template. This

entropy will be the same for any input state in this symmetrised description. Hence,

minimising the entropy maximises the channel capacity.

5.2.4 Simulation of specific networks

Although calculations of the bounds I shall derive (section 5.4) is often straightforward,

evaluation of the actual performance of a system realisation can be more challenging. For

the examples in section 5.8, steady state distributions are found by numerical solution of

the underlying ordinary differential equations (ODEs). The CRNs are linear, connected

and contain only one stoichiometric compatibility class. Hence, there exists a single

positive steady state to the ODEs induced by mass action kinetics [81]. Initially, all

concentrations are set to zero, and the ODEs are simulated for a large time until no

change to the distribution is observed. For section 5.8.2, to speed up simulation, I make

use of the coarse-graining of eqn. 4.5. Using these coarse-grained rates does not effect

the steady state by design.

5.3 Free-energy differences between pathways bound

accuracy for a simple network with two catalysts

To build intuition, I shall first consider the simplest non-trivial system in which inputs

and products are inter-converted by catalysts (figure 5.3). The reaction network has two

product species that I denote “right” (R) for the target species and “wrong” for the other

species (W ). These products are formed by catalytic activation of their inactive states R̄

and W̄ , which are the input monomers, present at equal concentrations. Absorbing the

concentrations of R̄ and W̄ and the catalysts into the rate constants, the system may be
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Figure 5.3: (a) The simplest non-trivial system in which monomers (R̄ and W̄ ) at equal
concentration are converted to and from products R and W by two catalysts. R and W
are connected to ∅ via topologically equivalent networks, involving a pathway via the red
T catalyst and a pathway via the blue D catalyst. The free-energy change along each
pathway is the same for each product; only the transition rates distinguish R and W .
For simplicity, the short-lived catalyst-bound intermediates are not explicitly represented.
R̄ and W̄ are each assumed to be chemostatted at the same concentration, which have
been absorbed into the reaction rates. (b) Free energy landscape for the model in (a).
The possibility of turning over fuel molecules introduces a ladder of R, W and null
states, connected by the transitions involving the two catalysts (red and blue arrows,
respectively). Overall δG from a given null state to given pair of R and W states is
equal, but relative rates of downhill transitions (indicated by the thickness of the arrows)
can be very different between R and W . In this case, the destructive (blue) catalyst is
non-specific, with the same rates for R and W .
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defined via the following CRN:

∅
kTR−⇀↽−
kTR

R, ∅
kDR−−−−⇀↽−−−−

kDR e
δGf

R,

∅
kTW−−⇀↽−−
kTW

W, ∅
kDW−−−−⇀↽−−−−

kDW e
δGf

W, (5.9)

where the effective reaction rate constants are written above/below the arrows. For

each product there are two pathways from the null state leading to the product, one

via a catalyst that I call the template (reactions labelled by T in equation 5.9) and one

via a “destructive” catalyst (reactions labelled by D in equation 5.9). For simplicity,

the catalyst-bound intermediates are assumed to be short-lived, and, as such, are not

explicitly represented.

The pathways via the destructive catalyst are both biased with free energy δG2 =

δGf > 0 against creating the product, relative to the pathways via the template (δG1 =

0). This bias towards destroying the product is why I, informally, call D a “destructive”

catalyst. A non-zero δGf implies that the D (or T ) pathway is coupled to the turnover

of implicit molecular fuel, allowing the apparent disruption of detailed balance [77]. Each

individual pathway, however, has a well-defined free-energy change associated with it; in

the presence of only that pathway, the system would relax to an equilibrium defined by

the free-energy change of that pathway.

The two products R and W can be produced by topologically equivalent pathways, by

processes with the same overall free energy change. R and W are therefore both equally

thermodynamically stable and a non-equilibrium excess of R over W is only possible if

the template is kinetically selective for production of R over W . This setup is a minimal

analogue of a transcription-like system in which all products are thermodynamically

viable, but those selected by the presence of their templates are preferentially produced.

In a conventional analysis of a system in which a template selectively produces a

specific daughter molecule [89,91,97–104,109–111,113–115,121–123,126,134], it is typical

simply to consider how selective the template is when producing the intended product.
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The net current of product, R, along pathway T , in steady state can be calculated to be

JT (R) = kT
R(1− cR) =

kT
Rk

D
R (e

δGf − 1)

kT
R + kD

R e
δGf

, (5.10)

where cR is the concentration of R. Equivalent equations have the same form for JD(R),

JT (W ), and JD(R). At the steady state, JT (s) = −JD(s) for s = R,W .

By varying the underlying rates at fixed δGf , the net current ratio relating the net

production rate of R and W by T can be straightforwardly varied. A quick calculation

shows that this ratio is

JT (R)

JT (W )
=

(︃
kT
Rk

D
R

kT
R + kD

R e
δGf

)︃/︃(︃
kT
WkD

W

kT
W + kD

W eδGf

)︃
. (5.11)

This ratio can be made arbitrarily large for any δGf , simply by picking appropriate rates

kT
R ≫ kT

W , forcing the template to produce output R at a rate arbitrarily higher than the

rate it produces output W . The catalyst can in theory be arbitrarily kinetically selective

for a given δGf along each pathway; kinetic selectivity of catalysts is not – in principle –

constrained by thermodynamics.

Molecules generated by catalytic templating networks – such as RNA and proteins –

typically have their effect by being present in the cell, rather than through the process of

their creation. The ratio of net currents for templating is therefore only important in so

far as it enables a large ratio of product concentrations. Given the lack of a constraint

on the net current ratio, one might expect to be able to produce an output distribution

that contains an arbitrarily higher concentration of R than W by varying the reaction

rates at fixed δGf . However, this is not the case. The steady-state concentrations of R

and W are

cR =
kT
R + kD

R

kT
R + kD

R e
δGf

, cW =
kT
W + kD

W

kT
W + kD

W eδGf
. (5.12)

Both these concentrations are bounded by e−δGf ≤ cR/W ≤ 1. Hence, an arbitrary ratio

of concentrations cR/cW cannot be achieved. Moreover, since ratios JT (R)/JT (W ) and cR/cW

can be set independently, an arbitrarily high ratio of net currents does not necessarily

140



correspond to a high ratio of concentrations. For example, if the rates obey kT
R ≫

kD
R , k

D
W ≫ kT

W , kD
R ≫ kT

W (figure 5.3(a)) then JT (R)/JT (W ) will be large, and cR/cW will be

close to eδGf . However, if instead kT
R ≫ kD

R , k
D
W ≫ kT

W , kT
W ≫ kD

R , then cR/cW will still be

close to eδGf , but JT (R)/JT (W ) will be small.

Given fixed free-energy changes, the distribution can be optimised to give the highest

proportion of the right product R by varying the rate constants, yielding kT
W → 0 and

kD
R → 0. In this limit, R ignores D; the steady state yield is determined by balancing

the relatively rapid production and destruction reactions on the template. For R, it is

as if the yield is governed by the equilibrium of a single red transition in figure 5.3(a).

W , by contrast, is overwhelmingly produced and destroyed via D; its yield is equivalent

to the equilibrium of a single blue transition in figure 5.3(a). This “pseudo-equilibrium”

limit gives a concentration of cR = 1 for R and a concentration of cW = e−δGf for W . It

is worth noting that although the individual products appear to equilibrate, the product

ensemble remains far from equilibrium, because different product species are coupled to

different equilibria.

In conclusion, even with arbitrary relative net currents of different products along dif-

ferent pathways, and a far-from-equilibrium distribution of products, the relative steady-

state concentrations of products are bound by the differences in the equilibrium properties

of individual pathways, and the ideal behaviour involves vanishing net current around the

template/destroyer cycle. In the remainder of this chapter, I shall generalise this result

and explore its consequences.

5.4 General bounds on the properties of product dis-

tributions

I shall now present the main mathematical results of this chapter: an upper bound on

the maximal probability of a single product pmax, and a lower bound on the entropy H[pi]

of the product distribution.
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5.4.1 Bounds on the concentrations of products

To prove the bounds on probability and entropy, one must first note that, for the class of

linearised CRNs considered here, the steady-state concentration of any species is bound

by the set of free-energy changes along the pathways that create or destroy it. Gener-

alising the result in section 5.3, the steady state concentration is upper-bounded by the

equilibrium implied by the single pathway with the most negative free-energy change of

species formation, and lower-bounded by the equilibrium implied by the pathway with

the most positive free-energy change of species formation. These bounds are achieved

when the rates along all other pathways tend to zero.

Mathematically, one can define δGZi
L = max

SAWs,S
δGZi

S and δGZi
U = min

SAWs,S
δGZi

S as the

maximal and minimal free energy changes along self-avoiding walks that lead to the

creation of Zi from the null state, respectively. Then

e−δG
Zi
L ≤ cZi

≤ e−δG
Zi
U . (5.13)

Although similar bounds are shown in [142, 144–146], I shall prove the result here for

completeness and to match my specific conventions. Further, in the cases considered in

this chapter, the fact that all products are connected to the null state means that the

result bounds the absolute, rather than relative, concentrations.

The proof is as follows. Consider a linear connected CRN with chemical species Xi

and some reactions of the form ∅⇌ Xi. The concentration of species Xi may be written

as in eqn. 5.1. The numerator and denominator in this fraction are sums over spanning

trees rooted at a given node. A sum over spanning trees rooted at node X may be

factored into a sum over SAWs from some arbitrary other node to node X (eqn. 2.16).

Concretely, letting Y be the other, arbitrary node, and S(Y → X) be the set of SAWs

from Y to X, ∑︂
T∈T (X)

∏︂
e∈T

k(e) =
∑︂

S∈S(Y→X)

A(S)
∏︂
e∈S

k(e), (5.14)

where k(e) is the rate constant of reaction/edge e, and A(S) is a factor that, crucially, is
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the same for the equivalent (reversed) SAW in S(X → Y ), in which all edges are reversed

compared to S(Y → X). That is to say, if one now wishes to find the sum over spanning

trees rooted at Y , X may be chosen as the arbitrary other state and find:

∑︂
T∈T (Y )

∏︂
e∈T

k(e) =
∑︂

S∈S(Y→X)

A(S)
∏︂
e∈S

k(ē), (5.15)

where ē is the reverse of edge e. For the linear CRNs, utilising eq 5.6, the concentration

may thus be written:

cX =

∑︁
S∈S(∅→X)

A(S)
∏︁
e∈S

k(e)∑︁
S∈S(∅→X)

A(S)
∏︁
e∈S

k(ē)

=

∑︁
S∈S(∅→X)

A(S)

[︃∏︁
e∈S

k(ē)

]︃
e−δGS∑︁

S∈S(∅→X)

A(S)
∏︁
e∈S

k(ē)
. (5.16)

Hence,

cX ∈
[︃
e
− max

S∈S(∅→X)
(δGS)

, e
− min

S∈S(∅→X)
(−δGS)

]︃
, (5.17)

proving the result as required.

5.4.2 Bounds on the maximum probability and minimum en-

tropy of the product distributions

The systems considered here have the particular property that the concentrations of all

product species have the same upper and lower bounds (e−δGU , e−δGL). Thus the prop-

erties of the distribution defined by eqn. 5.7 are constrained. Specifically, the maximal

probability of a single product has a non-trivial upper bound, while the entropy has

a non-zero lower bound. I now calculate the optimal distribution for maximising one

desired product and the distribution for minimising total product distribution entropy,

showing that they are different.
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When maximising the probability of a single product species, hereafter referred to as

specificity maximisation, the probability distribution is clearly one product with proba-

bility pmax, and all others with plow, with

pmax =
(︁
1 + (M − 1)e−∆G

)︁−1
,

plow = e−∆G
(︁
1 + (M − 1)e−∆G

)︁−1
, (5.18)

where ∆G = δGL − δGU and M is the number of possible product species. Note that in

this chapter I use δG to describe free-energy changes along pathways, whereas I use ∆G

to describe the maximum difference between these path free-energy changes.

Alternatively, one can consider entropy minimisation, or finding the minimal entropy

of a distribution under the constraint that all species are restricted by e−δGL ≤ ci ≤ e−δGU .

Under this constraint, the entropy is bounded from below such that H[pi] ≥ Hmin, with

Hmin =
(M −m)∆Ge−∆G

m+ (M −m)e−∆G
+ ln

(︁
m+ (M −m)e−∆G

)︁
. (5.19)

A proof of this statement shall be given shortly. Hmin arises from a distribution in which

m species are at the upper bound concentration, exp(−δGU), and M −m species are at

the lower bound, exp(−δGL). The m that minimises entropy is given by either:⌈︄
e−∆G

[︁
∆G−

(︁
1− e−∆G

)︁]︁
(1− e−∆G)2

M

⌉︄
or

⌈︄
e−∆G

[︁
∆G−

(︁
1− e−∆G

)︁]︁
(1− e−∆G)2

M

⌉︄
− 1, (5.20)

whichever gives the lower H. The ceiling function is used here because m is integer; one

is required to check two values on either side of the minimum of the continuous function.

A reasonable approximation to the optimal value of m is given by

mmin = max

(︄
e−∆G

[︁
∆G−

(︁
1− e−∆G

)︁]︁
(1− e−∆G)2

M, 1

)︄
, (5.21)

since for mmin > 1, the difference between using the integer value of mmin (eqn. 5.20)
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and the continuous value (eqn. 5.21) is small. In practice, using equation 5.21 produces

a very slightly looser (yet still accurate) bound on H[pi]. Further, using eqn. 5.21, for

mmin > 1, the minimum entropy may be simplified to:

Hmin = lnM −∆G

(︃
1 +

e−∆G

1− e−∆G

)︃
+ ln

(︃
∆G

1 + e−∆G

)︃
+ 1. (5.22)

Note that in the context of copolymerisation, lnM is proportional to the length of polymer

necessary to produce M different possible product sequences.

I shall prove the entropy bound here. There is a set of M concentrations {c1, . . . cM}.

Denote the total concentration cT =
M∑︁
i=1

ci. From these concentrations one can define a

distribution {p1, . . . pM} where pi =
ci
cT
. The Shannon entropy of this distribution is

H[pi] = −
M∑︂
i=1

pi ln pi = −
1

cT

M∑︂
i=1

ci ln ci + ln cT . (5.23)

Suppose that each concentration is bounded by the same upper and lower bounds, ci ∈
[cL, cU ]. I now propose that the distribution of concentrations that minimises the entropy,

H[pi], is that with mmin of the species at concentration cU and M−mmin at concentration

cL, where mmin is given by eqn. 5.20.

To prove this claim, calculate the derivative of H = H[pi] with respect to a concen-

tration cα, holding all other concentrations fixed and remembering that cT is linear in

cα,
∂H

∂cα
=

1

cT

(︃
− ln

(︃
cα
cT

)︃
−H

)︃
. (5.24)

Additionally, the second derivative,

∂2H

∂c2α
= − 1

c2T

(︃
− ln

(︃
cα
cT

)︃
−H

)︃
− 1

cT

∂H

∂cα
− 1

cT

1

cα

(︃
1− cα

cT

)︃
, (5.25)

is required. Evaluating the second derivative at − ln
(︂

cα
cT

)︂
= H, the first two terms are
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zero and the third is necessarily negative for non-zero cL. Thus

∂2H

∂c2α

⃓⃓⃓⃓
− ln

(︂
cα
cT

)︂
=H

< 0. (5.26)

And so, for any distribution, the H can be decreased by increasing the concentrations

of any species i for which − ln
(︂

ci
cT

)︂
< H and decreasing the concentrations for any

species whose concentration has − ln
(︂

ci
cT

)︂
> H. For species for which − ln

(︂
ci
cT

)︂
= H,

changing the concentration in either direction will decrease H. Consequently, minimising

the entropy of the distribution necessarily requires all species to be at one bound or the

other: one needs m species at concentration cU and M −m at concentration cL. Hence,

the problem has been transformed into a one dimensional one of minimising H as a

function of m. This entropy can be rewritten as

H(m) = −
(M −m) cL

cU
ln
(︂

cL
cU

)︂
(M −m) cL

cU
+m

+ ln

(︃
(M −m)

cL
cU

+m

)︃
. (5.27)

Taking the derivative with respect to m and setting it to zero shows that

mmin =

cL
cU

[︂
− ln

(︂
cL
cU

)︂
−
(︂
1− cL

cU

)︂]︂
(︂
1− cL

cU

)︂2 M (5.28)

gives a turning point for H(m), which is clearly a minimum since H(0) = H(M) = lnM

is maximal entropy. Since H(m) has only a single turning point as a function of m, the

integer that minimises H(m) will be either the floor or ceiling of the above expression,

and Hmin is given by eqns. 5.19 and 5.20. Thus proving the required results.

5.4.3 The bounds in the presence of kinetic proofreading

Surprisingly, internal cycles in the reaction network, a requirement for kinetic proofread-

ing motifs [92,118,119] (section 3.4), do not directly feature in the bounds derived since

SAWs cannot contain cycles by definition. Adding a proofreading loop to a process may
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affect ∆G, since it may provide a new pathway with a maximal or minimal free-energy

change, but the SAWs identified would always be loop-free and correspond to a fixed

free-energy change for product formation. The possibility of repeatedly undergoing a

single dissipative cycle in an actual dynamic trajectory, consuming an arbitrary amount

of molecular fuel, does not translate into an arbitrary δG along a pathway. However, the

existence of loops within the network may still help to achieve a better product distri-

bution than a network without the loops, if transition rates are constrained beyond the

free-energy changes along SAWs being fixed.

5.5 Physical significance of the bounds

I shall split the analysis into three main parts. In the first, I discuss the difference

between specificity maximisation and entropy minimisation, looking at the properties of

both of these distributions in detail. In the second I compare these results to the previous

arguments from Bennett on the minimal cost of systems that create product polymers

via templates and destroy them via other pathways [139]. Finally, I discuss whether and

how systems can, even in principle, reach the bounds derived here.

5.5.1 Entropy minimisation versus specificity maximisation

One might naively expect that the distribution of product concentrations that minimises

the entropy would be the same as the distribution that optimises the probability of a sin-

gle product. However, this equivalence does not hold in general, as shown in figure 5.4,

where I plot the entropy of the specificity maximisation and entropy minimisation dis-

tributions for different system sizes. The concentration of each species is constrained

between e−δGL and e−δGU , with the concentration of each product constrained to be

exactly e−δGL or e−δGU when minimising entropy or maximising specificity. The lower

concentration cannot be arbitrarily close to zero, and the higher concentration cannot

be arbitrarily high. Since having multiple products at the high concentration increases

the total concentration of products, suppressing the relative probabilities of sampling
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products at the low concentration, the probability distribution may be sharper for sys-

tems with multiple products at a higher concentration. In this subsection, I first discuss

when specificity maximisation and entropy minimisation are equivalent; then proceed to

analyse specificity maximisation and finally entropy minimisation.

If m = 1 minimises eqn. 5.19, entropy minimisation and specificity maximisation

are equivalent. The lowest entropy state then contains a single product at a high con-

centration, and all others at a low concentration. One finds mmin = 1 is optimal for

∆G > lnM + ln lnM + O
(︁
ln lnM
lnM

)︁
(figure 5.4). For ∆G smaller than this value, the

entropy of the distribution that maximises specificity differs quite drastically from that

minimising the entropy. Surprisingly, the distribution for maximising specificity has an

entropy consistent with an unbiased distribution (H = lnM) for ∆G/lnM ≤ 1 in the limit

M → ∞. In other words, the concentration of the desired product tends to zero rela-

tive to the total concentration of products, even though it remains larger than all other

concentrations individually.

To explore this observation further, consider the maximal product probability pmax,

plotted against ∆G in figure 5.5. The probability pmax is a sigmoidal function centred

on ∆G = lnM , with pmax = M−1 at ∆G = 0 and pmax → 1 as ∆G → ∞. Interestingly,

the sigmoidal function does not approach a step function here, but has fixed width of

switching from pmax ≈ 0 to pmax ≈ 1 around lnM (figure 5.5(a)). Instead pmax has the

exact form pmax = (1 + e−(∆G−lnM))−1 as M → ∞. Thus, if one were to plot pmax as

a function of ∆G − lnM , the curves for different, but large enough, M would collapse

onto each other. Therefore, to achieve a pmax ≈ 1 − e−A for small e−A, one needs a

∆G ≈ lnM + A. If one instead scales ∆G by system size, one finds that pmax tends

to a step function when M → ∞ (figure 5.5(b)), reiterating that the relative yield of a

single product is necessarily zero below ∆G/lnM = 1 as M → ∞. Although the intended

product can be far more probable than any single alternative, the large number of possible

alternatives dominates.

To put the bound on pmax into context, one can consider the implications for the

charging of a single tRNA with the correct amino acid. Here, there are approximately

148



Figure 5.4: Entropy minimisation is not equivalent to specificity maximisation when
∆G ≲ lnM + ln lnM . Hmin (solid lines) and the entropy of the distribution for speci-
ficity maximisation (dotted lines) are plotted as functions of ∆G for various M . Both
quantities are scaled by lnM . The dashed line is discontinuous at ∆G = lnM for
M →∞. The vertical (grey) lines show ∆G = lnM +ln lnM . For ∆G ≲ lnM +ln lnM ,
the minimum entropy distribution has a significantly lower entropy than the maximum
specificity distribution. For ∆G ≳ lnM+ln lnM , the dotted and solid lines merge, as the
minimum entropy distribution is the maximal specificity distribution. As M increases,
the solid lines tend to the solid black line, albeit very slowly.

M = 400 different combinations of codon and amino acid, having grouped all codons that

correspond to the same amino acid into one. Using M = 400, the bound can be calculated

for the specificity with which an ensemble dominated by a single charged tRNA could

be maintained in steady state. Plugging M = 400 into eqn. 5.18, one finds, for an error

rate of 10−A, i.e. pmax = 1 − 10−A, a free-energy difference in the pathways connecting

inputs and products of approximately (2.3A+6)kBT is needed. Thus, for an error rate of

10−5, one would need a free-energy difference of around 17kBT or 1 ATP [147] at 37◦C,

substantially higher than kT lnM = kBT ln 400 ≈ 6kBT , the value implied by the large

M limit.

For entropy minimisation, one finds that the limits ∆G = 0 and ∆G→∞ are identical

to those found by specificity maximisation (figure 5.4). At ∆G = 0, all pathways carry the
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(a)

(b)

Figure 5.5: Specificity maximisation results in a pmax that is a sigmoidal function of ∆G
centred at ∆G = lnM . pmax for a specificity-maximised system (a) as a function of ∆G
and (b) as a function of scaled free energy ∆G/lnM. For (a), it can be seen that the shape
of the curves quickly approaches the same functional form, but shifted by lnM (dashed
lines). For (b), as M increases, pmax tends to a step function at ∆G/lnM = 1.
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same free-energy change and so the system is a true equilibrium one and no specificity

is possible, Hmin = lnM . For ∆G → ∞, Hmin → 0 for all M and a single product

dominates.

As can be seen from figure 5.4, the approach to the M →∞ limit is very slow. Even

for M = 250, there is a significant discrepancy between Hmin and the minimal entropy for

the M →∞ limit. This difference, when normalised by lnM , is approximately ln lnM/lnM

(which is ≈ 0.1 for M = 250).

Now consider the properties of the entropy-minimising distribution for mmin > 1.

Here, mmin species are at the same high concentration, and the remaining species are

at the low concentration. The fraction mmin/M given by eqn. 5.21 is independent of

M , and monotonically decreases to 0 with increasing ∆G. Thus, if one takes the limit

∆G→∞ at fixed ∆G/lnM, the fraction of products with high yields will tend to zero even

for ∆G≪ lnM , well inside the region where specificity for a single product is impossible

(figure 5.6(a)).

Furthermore, the probability of a product randomly chosen from this distribution

being one of the mmin with a high concentration is given by phigh = 1 − 1
∆G

+ 1
e∆G−1

.

This quantity is also independent of M and increases monotonically with ∆G to 1 (fig-

ure 5.6(b)). Thus, as M → ∞ at fixed ∆G/lnM, a vanishingly small proportion of the

total number of products can contain an overwhelming majority of the probability, even

for ∆G ≪ lnM and mmin > 1. The black lines in figure 5.6 illustrate this surprising

phenomenon in the limit of M →∞.

Turning now to ∆G/lnM > 1, consider how Hmin behaves for large ∆G and large, but

finite, M . Below ∆G ≈ lnM + ln lnM , from eqn. 5.22, Hmin ≈ lnM −∆G+ ln∆G+ 1,

which is approximately linear in ∆G (figure 5.7(a)). Above ∆G ≈ lnM + ln lnM , Hmin

decreases exponentially as Hmin ≈ exp (−(∆G− lnM − ln lnM)). Further, at

∆G ≈ lnM + ln lnM , Hmin ≈ 1. Since the maximum value of H is lnM , this value for

∆G gives the approximate scale for Hmin to be considered small.

In figure 5.7(b), I show how the limits on the un-normalised entropy Hmin vary with

∆G/lnM. In typical models of templating, in which each site has the same error probabil-
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(a)

(b)

Figure 5.6: The fraction mmin/M of species at the high concentration bound in the entropy-
minimising distribution tends to zero with scaled free energy ∆G/lnM, while the probability
of picking one of these high concentration species from an ensemble, phigh, tends to 1. (a)
The fraction of products at high concentration in the entropy-minimising distribution,
approximated using eqn. 5.21, against ∆G/lnM for two values of M and the limit as M →
∞. (b) The total probability of products at the high concentration, approximated using
eqn. 5.21. Notice how, even below ∆G/lnM = 1, phigh can be arbitrarily close to 1 and
mmin/M arbitrarily close to 0 for large enough M . The cusp in (b) occurs when, in this
approximation (eqn. 5.21), mmin = 1 is reached. Dropping the continuous approximation
for mmin > 1 would result in more cusps, although the difference between the continuous
and discrete curves is small for large M .
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ity, the entropy of the distribution scales with the number of monomers in the product,

∼ lnM . Were the cost to reduce entropy fixed, one would expect Hmin to be constant

when M is varied at fixed ∆G/lnM. In fact, for sufficiently large ∆G ≳ 1.3 lnM , in-

creasing M leads to a nominal decrease in Hmin at fixed ∆G/lnM. Similarly for specificity

maximisation (figure 5.5(a)), for sufficiently large ∆G ≳ 1.1 lnM , pmax increases with

increasing M . Longer polymers therefore have much more scope within the bounds de-

rived to use a given ∆G per monomer to suppress the absolute entropy of the resultant

product distribution.

5.6 Relationship of the bounds to previously postu-

lated costs

In his seminal paper [139], Bennett briefly discussed the production of a single product

RNA copolymer using a specific template, and its subsequent destruction via a non-

specific destructive enzyme. Without considering a specific model, he stated that since

the enzyme is non-specific, one requires four times the tri-phosphate concentration driving

the non-specific destructive enzyme than one would if it was a sequence-specific destruc-

tive enzyme. This difference would prevent the non-specific destructive enzyme from

creating non-target, random sequences, instead encouraging it to indiscriminately de-

stroy everything, including the target sequence. He therefore states that a cycle of create

via template followed by destruction via destructive catalyst must use at least kBT ln 4

per nucleotide of free energy, even in steady state, corresponding to ∆G/lnM > 1 in the

formalism of this chapter.

The bounds presented in this chapter update this understanding in several ways.

Firstly, I point out that although two pathways with ∆G/lnM > 1 are required to generate

a product distribution consisting of a single sequence in the steady state, the optimal

system in terms of maintaining a specific product pool would not typically push poly-

mers around a cycle, producing ∆G of entropy each time a polymer was created then

destroyed. Instead, although the distribution over products as a whole is far from equilib-
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(a)

(b)

Figure 5.7: Hmin decreases roughly linearly with ∆G until ∆G ≈ lnM + ln lnM , after
which it decreases exponentially. I plot (a) the entropy drop lnM − Hmin against the
free energy difference ∆G for various M , and (b) the entropy Hmin as a function of
the free-energy difference scaled by system size ∆G/lnM. In (a), for large enough ∆G,
lnM −Hmin ≈ ∆G− ln∆G− 1 (eqn. 5.22), which is roughly linear and independent of
M , until ∆G ≈ lnM + ln lnM (vertical lines) whereupon the entropy drop ceases to be
linear and saturates exponentially to Hmin = 0 (horizontal lines). ∆G ≈ lnM + ln lnM
also correspond to the switch from mmin > 1 to mmin = 1 (eqn. 5.21). In (b), for
∆G/lnM ≳ 1.3 the un-normalised entropy Hmin is smaller for larger M at fixed ∆G/lnM.
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rium, each product is effectively in its own kinetically-selected pseudo-equilibrium state.

Each product is produced and destroyed by inverse pathways coupled to the same type

of catalyst.

In a system in which each product was truly only coupled to a single pathway, any

fuel consumption in the forwards direction would necessarily be compensated by fuel

regeneration for the inverse process, which would occur at the same rate in steady state.

Such a system would therefore have zero entropy production per creation event in the

steady state. To see this result formally, assume that, by taking certain reaction rates

to zero, a templating network is able to approach a limit in which only one pathway

has forwards and backwards transition rates that are all non-vanishing for each product.

Then the number of creation and destruction events per unit time will remain finite while

the number of completed cycles involving distinct pathways for creation and destruction

per unit time will tend to zero. Since entropy production rate scales linearly with cycle

flux [148], these systems will tend towards a limit with zero entropy production rate and

zero entropy production per product creation event.

Secondly, as shown in figures 5.4 and 5.5, while ∆G/lnM > 1 does serve as a necessary

condition for perfect specificity in the limit of infinite polymer length, the approach to

this limit is slow. A finite size correction on the order of lnL/L (where L ∝ lnM would

be the length of a polymer product) provides the minimum free-energy difference above

∆G = lnM for high specificity to be achievable.

Thirdly, the bounds are fundamentally a property of distributions of products and

monomers, rather than the specificity of templates [114]. Although the kinetic selectivity

of the template is important in determining how close a system can get to the bound

(see section 5.8), it doesn’t set the bound. This observation resolves the paradox that

there are thermodynamic constraints on the templated ensemble, even though there are

no thermodynamic constraints on catalytic specificity.

That the bounds are unrelated to catalytic specificity is particularly emphasised by

considering the region ∆G/lnM < 1. In this region, for large M , a fraction of the possible

products mmin/M dominates the ensemble. In principle, such an ensemble could follow
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from mmin/M distinct templates each catalysing formation of a single product sequence

with high accuracy, even for ∆G/lnM < 1. Intriguingly, for M → ∞, a vanishingly small

fraction mmin/M of the possible products can constitute the full ensemble, dominating any

other products, even for ∆G≪ lnM .

Fourthly, the limits on entropy and specificity with ∆G hold not only in the case of

a non-specific destructive catalyst but also for a specific one, or indeed any complex set

of pathways between monomers and products.

Finally, although this chapter mainly focuses on the issue of creating a steady state

distribution of high specificity, I note by simple example that away from steady state,

no free-energy differences are required to achieve arbitrary specificity. Consider a simple

system with two products as follows:

∅ kR−⇀↽−
kR

R, ∅ kW−−⇀↽−−
kW

W. (5.29)

This CRN is a simplified version of the system considered in section 5.3, with only a

single catalyst and thus ∆G = 0. The steady state bound on this distribution would give

an unbiased equilibrium of pR = pW = 1/2. However, the concentrations of R and W

can be very different at short times. Starting with initial conditions cR(0) = cW (0) = 0,

lim
t→0

pR(t) = lim
t→0

cR(t)

cR(t) + cW (t)
=

kR
kR + kW

, (5.30)

which is only bounded by 0,1. Thus, the entropy can temporarily be below the steady-

state bound and one can achieve arbitrarily high specificity for any set of free-energy

differences between pathways.

5.7 The achievability of the bounds

The bounds I have derived are not always achievable, even if a system is allowed to have

arbitrary reaction rates consistent with the overall δG of each path. Whether or not the

bounds are achievable depends on the topology of the CRN. To achieve the bounds, it is
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essential that it is possible to make the pathways corresponding to δGU for m high-yield

products and δGL for M −m low-yield products fast, while keeping all other pathways

slow. Given that pathways to a product will typically share edges with pathways to other

products, this independent scaling is not always possible.

A pleasing aspect of the bounds in this chapter is that, although finding full steady-

state concentration requires knowledge of all of the SAWs from ∅ to the product, iden-

tifying the bounds only requires knowledge of the pathways with the highest and lowest

free-energy-change. These free-energy changes can often be intuited or proven without

knowing all of the pathways. Further, it is then often possible to check whether or not

the set of pathways identified is indeed compatible with reaching the bound.

5.8 Examples

Having explored the properties of the bound itself, I shall consider two example systems

to see how/whether the bound is reached as the rates along different edges are extremised.

5.8.1 Example 1: Templated polymerisation with a destructive

catalyst

In chapter 4, I studied a system in which a polymer is grown on a template. Monomers

of either the “right” or the “wrong” type are added one at a time to a polymer in contact

with a template, while the product polymer continually unbinds from the template from

behind its leading edge. I shall now extend the system to include final dissociation from

the template for complete polymers, and also a “destructive template”. This destructive

template participates in identical reactions to the template, except that polymerisation

is driven backwards due to consumption of fuel molecules, meaning products tend to be

destroyed rather than grown.

A full CRN for this model is as follows:

157



T +X1

kTX1−−−−−−−⇀↽−−−−−−−
kTX1

e
−δGX1

TX1

TX1 · · ·Xn−1 +Xn

kTX1···Xn
e
−δGXn−1

−−−−−−−−−−−−−⇀↽−−−−−−−−−−−−−
kTX1···Xn

e
−δGXn

−δGpol

TX1 · · ·Xn

TX1 · · ·XL

kT,u
X1···XL

e
−δGXL

−−−−−−−−−−⇀↽−−−−−−−−−−
kT,u
X1···XL

T +X1 · · ·XL

D +X1

kDX1−−−−−−−−−⇀↽−−−−−−−−−
kDX1

e
δGf−δGX1

DX1

DX1 · · ·Xn−1 +Xn

kDX1···Xn
e
−δGXn−1

−−−−−−−−−−−−−−−⇀↽−−−−−−−−−−−−−−−
kDX1···Xn

e
δGf−δGXn

−δGpol

DX1 · · ·Xn

DX1 · · ·XL

kD,u
X1···XL

e
−δGXL

−−−−−−−−−−⇀↽−−−−−−−−−−
kD,u
X1···XL

D +X1 · · ·XL,

(5.31)

for n ≤ L, Xi ∈ {R,W}. Dynamics is assumed to follow mass action kinetics, with

rate constants given above and below the harpoons. T represents the template, D the

destructive catalyst and R,W the “right” and “wrong” monomers. The products are

X1 · · ·XL, representing the polymers of length L. Here, there are M = 2L different

products. TX1 · · ·Xn and DX1 · · ·Xn represent partial polymers, X1 · · ·Xn, bound to

the template or destructive catalyst. Monomer X binds to the template or destructive

catalyst with standard free-energy −δGX and the standard free-energy of polymerisation

is −δGpol in the absence of fuel. The destructive catalyst has an additional free energy

δGf per length driving the disassembly of polymers.

I illustrate the linearised network (assuming monomers and catalysts are coupled to

chemostats) for the case of dimerisation in figure 5.8. The thermodynamics of the model

are characterised by the standard polymerisation free energy of the monomers (−δGpol);
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the standard free-energy change of binding to the template for right and wrong monomers

(−δGR and −δGW ), and the free energy of fuel turnover −δGf . Assume that both right

and wrong monomers are held at concentration c.

For the model depicted in figure 5.8, one can calculate the free-energy change for

different paths to each product state. For example, the paths from the null state to RR

are:

1) ∅ → TR → TRR → RR,

2) ∅ → TR → TRW → RW → DRW

→ DR → DRR → RR,

3) ∅ → DR → DRW → RW → TRW

→ TR → TRR → RR,

4) ∅ → DR → DRR → RR.

(5.32)

These incur free-energy changes:

1) −(δGpol +2 ln c),

2) −(δGpol +2 ln c),

3) −(δGpol +2 ln c) + δGf ,

4) −(δGpol +2 ln c) + 2δGf . (5.33)

Each pathway contains the terms −(δGpol + 2 ln c), corresponding to the standard free-

energy change of product formation without any fuel turnover. Since the bounds only rely

on the differences in free energies between pathways, one may drop these contributions,

and the fuel free energy δGf alone determines the bounds. For polymers of length L, the

equivalent standard free energy of product formation is (L− 1)δGpol + L ln c, and it too

may be dropped for consideration of the bounds.

The bounds are achieved when rates of the path with the most negative free-energy

change are maximised for the desired product(s), and rates of the path with the most

positive free-energy change are maximised for all other products. For the L = 2 case, for
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Figure 5.8: Linearised CRN for a system in which dimers are grown/destroyed via a
template “T” and by a destructive template “D”. The system starts in the null state
(blue) and a right or wrong (“R” and “W”) monomer attach to either the template “T”
or destructive enzyme “D”. A second monomer can attach and polymerise with the
first, yielding a dimer that then detaches, giving the four red output states. Each arrow
represents a reversible reaction, with the free-energy change in direction of the arrow
indicated. For brevity, δGRW = −δGWR = δGR− δGW . To reach each red product node,
there are four self-avoiding walks from the blue null state.
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example, one could therefore maximise the rate of path 1 for RR, and the equivalents of

path 4 for other products.

Figure 5.9: The entropy bound may be saturated by model systems in the limit that
some reaction rates are much smaller than others. I plot the entropy, H, of the product
distribution as a function of the slow reaction rates, k, for different template lengths, L,
for the simple production and destruction model introduced in section 5.8.1. The data
is obtained for a fixed δGf = 2, δGpol = 0, δGR = 2, δGW = −2 and c = 1. Note that
longer templates reach a lower entropy bound for a fixed fuel turnover per unit length,
δGf .

In fact, for this system, the entropy bound is formally achievable for arbitrary L. The

edges of the graph can be split into two sets; one in which the rates are ∼ 1, and one

in which the rates are ∼ k. In figure 5.9, I show H[pi] as k → 0 for a particular choice

of these sets, in which all the reactions leading directly to the fully correct sequence

being created/destroyed on the template are set to be fast (not proportional to k), as are

all the reactions leading directly to the creation/destruction of other sequences on the

destroyer. More concretely, I set the rates of ∅ → TR, TR → TRR, ..., TRL−1 → TRL,

TRL → RL equal to a non-zero constant kJ = 1 (here, RL corresponds to L copies of

R). I also set all the rates of ∅ → DX1, DX1 → DX1X2, ..., DX1...XL−1 → DX1...XL,

DX1...XL → X1..XL, where Xi = R or W but excluding X1 · · ·XL all being R, equal to

1. Conversely, I set the rates of ∅ → DR, DR→ DRR, ..., DRL−1 → DRL, DRL → RL
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and ∅ → TX1, TX1 → TX1X2, ..., TX1...XL−1 → TX1...XL, TX1...XL → X1..XL, where

Xi = R or W but excluding X1 · · ·XL all being R, equal to kI = k. The reverse reactions

of those listed above have a rate determined by the free-energy change of reaction. The

system saturates the entropy bound found in section 5.4 as k → 0. Note that for the

value of δGf used, the minimal entropy and maximal specificity distributions are the

same. Further, one can see from figure 5.9, that, for this choice of rates, the bound is

very tight for k ≲ 10−6.

There are many possible ways to chose sets of edges that can saturate the bound in the

limit k → 0. Here, I have chosen a set of rates that specifically highlights a full pathway

to each product for illustrative purposes. One might also wish to choose a minimum set of

reactions to have rate constant k while still saturating the bound in the limit k → 0. For

example, letting the slow reactions be DRL → RL, where RL means L copies of R, and

TX1...XL → X1..XL, excluding X1 · · ·XL all being R, will still saturate the bound in the

limit k → 0. Further, note that it is possible to saturate the bound with a non-specific

destructive catalyst, where the reaction rates are independent of the polymer sequence.

In the examples I have identified, such a network requires at least three rate scales e.g.

∼ 1, k, k2.

It is worth stressing here that although the bound is formally attainable in this system,

doing so relies on the ability to manipulate rate constants arbitrarily, subject to thermo-

dynamic constraints. In a more realistic model of a templating system, constraints on

relative rates may also be relevant; these constraints may stop the system reaching the

bounds on accuracy or product entropy.

5.8.2 Example 2: Hopfield-like kinetic proofreading with a de-

structive catalyst

To illustrate the application of the bound to a more complex network, and to demonstrate

the possibility of non-trivial pathways defining the bound, I consider an extension to the

previous model, wherein the template also performs kinetic proofreading (section 3.4).
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The full chemical reaction network for a proofreading template of arbitrary length is:

T +X∗
1

kT,I
X1−−−−−−−⇀↽−−−−−−−

kT,I
X1

e
−δGX1

TX∗
1

TX∗
1
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X1

TX1
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e
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TX1 · · ·Xn−1 +X∗
n
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e
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(5.34)

where n ≤ L, Xi ∈ {R,W}, X∗
i ∈ {R∗,W ∗}. As in the previous CRN, T represents

the template, D the destructive catalyst, R the “right” monomers and W the “wrong”

monomers. R∗ andW ∗ are non-activated monomers. Dynamics is assumed to follow mass

163



action kinetics, with rate constants given above and below the harpoons. The species,

TX1 · · ·Xn−1 ◦ Xn (TX1 · · ·Xn−1 ◦ X∗
n) represent a complex of polymer of length n − 1

bound to the template as well as a (non-)activated monomer Xn (X∗
n) bound, but not

yet polymerised into a single polymer of length n. X1 · · ·XL are the products. Both non-

activated (X∗) and activated monomers (X) bind to the template or destructive catalyst

with standard free energy −δGX . If a non-activated monomer is bound to the template,

it may be activated, with a free-energy change δGact. If an activated monomer is bound

to the template, it may be polymerised into the growing copolymer; the standard free-

energy change of polymerisation is −δGpol. The destructive catalyst has an additional

free-energy δGf per length driving the disassembly of polymers.

Once again, the system can be linearised by assuming that monomers and catalysts

are coupled to chemostats. In figure 5.10, I show part of the linearised CRN graph; this

fragment should be inserted into figure 5.8 in place of the pathway (∅ → TR→ TRR→
RR), with similar modifications to all other template-based pathways to RW , WR, and

WW . Proofreading adds complexity to the graph in the form of additional loops, and

I now explicitly consider a polymerisation step independently from the binding to the

template.

Monomers are now present in inactive (starred) and active forms, with −δGact, rep-

resenting the free-energy change of activation. Each non-activated monomer R∗, W ∗ is

assumed to be chemostatted at the same concentration as each activated monomer R, W ,

c. Dropping this assumption would only cause a shift to δGact. As a result, δGf and

δGact control the concentration bounds. Assume δGf , δGact ≥ 0.

The concentration bounds of this system, determined by the SAWs with maximal and

minimal free-energy changes, are difficult to prove and depend on the values of both the

aforementioned free-energy parameters, as well as whether L is odd or even. However,

we can identify specific pathways that bound δGU and δGL. Specifically,

δGU ≥ δG∗
U =

⎧⎨⎩ L2

4
+ L

2

(L+1)2

4

⎫⎬⎭ δGact, (5.35)
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Figure 5.10: Modifying the template-based reactions of the model in section 5.8.1 to
include kinetic proofreading. The template-based reactions leading directly to the dimer
RR are shown here. These reactions should replace the equivalent template-based re-
actions in figure 5.8. As before, arrows represent reversible reactions with free-energy
change in the direction of the arrow indicated. On the template, from state TR, either a
non-activated (R∗) or activated (R) monomer may bind to the template. If that monomer
has bound, but has not yet been polymerised into the growing polymer, it is represented
by TR ◦ R∗ or TR ◦ R. When bound to the template, non-activated monomers may be
activated, as shown by the transitions in which R∗ is converted to R. When there is an
activated monomer at the end of the growing polymer (TR ◦ R), that monomer may be
polymerised into the growing polymer to reach a polymerised state (TRR). After a full
length polymer has grown on the template, it may detach to a product (RR for a dimer
template).
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and

δGL ≤ δG∗
L = −

⎧⎨⎩ L2

4

L2−1
4

⎫⎬⎭ δGact − LδGf (5.36)

where the top value in each brace is for even L and the bottom value for odd L. Unlike the

simple system in section 5.8.1, the SAWs that exhibit δG∗
U and δG∗

L are not the intuitively

simple pathways that go via the template and the destroyer, respectively. Instead, the

extremal pathways correspond to snaking through the CRN, alternately using both the

template and destructive catalyst to first create a sequence, and then convert it into

another sequence. I show these pathways for L = 4 in figures 5.11, and 5.12. From

figure 5.11, the pathway depicted picks up a free-energy change of δGact for each reaction

on the template (left-hand side), that is depicted with a solid line, but excluding the

detachment reactions (i.e. reactions of the form TX1 · · ·XL ⇌ X1 · · ·XL). There is

no contribution to the free-energy due to the reactions with the destructive enzyme

(right-hand side), since gain in free energy due to reactions removing a monomer on the

destructive enzyme is cancelled by an equal loss in free energy due to reactions adding a

monomer on the destructive enzyme. Thus, the total free-energy change for this path is

(L+ (L− 2) + · · · )δGact. (5.37)

evaluating this sum for even and odd L gives eqn. 5.35. Similarly, from figure 5.12, there

is a contribution of −LδGf only due to the initial reactions on the destructive enzyme

(∅ → DW → · · · → DWRR · · ·R), with other reactions on the destructive enzyme can-

celling each other. Following this initial contribution, the solid lines on the template,

excluding the detachment reaction, each contribute −δGact, leading to a total contribu-

tion of

−LδGf − ((L− 1) + (L− 3) + · · · )δGact. (5.38)
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Figure 5.11: The minimal free-energy pathway for the kinetic proofreading model
(eqn. 5.34) with L = 4. For simplicity, the intermediate states for the reactions in-
volving templates have been coarse-grained, and these processes have been presented
by using two lines for the pathways through the kinetic proofreading motifs. The solid
line represents the inactivated monomer pathway (TX1 · · ·Xn−1 →TX1 · · ·Xn−1 ◦X∗

n →
TX1 · · ·Xn−1 ◦Xn →TX1 · · ·Xn) and the dashed line represents the active monomer
pathway (TX1 · · ·Xn−1 →TX1 · · ·Xn−1 ◦Xn →TX1 · · ·Xn). The pathway to RRRR
with free energy change δGU given by eqn. 5.35 is shown in red. For simplicity only
the relevant half of the reaction network is shown.

Again, evaluating the sum for even and odd L gives eqn. 5.36.

These SAWs would not only be absurd as the dominant pathways in a real system,

they actually define a bound that is unachievable, even in principle. Since the pathways

exhibiting δG∗
U and δG∗

L pass through other products as intermediates, scaling these

pathways to be fast would necessarily result in sub-pathways to other products being

fast.

Nonetheless, the existence of these snaking pathways can provide some advantage, at

least in principle. In figure 5.15, two attempts to find parameters that minimise entropy
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Figure 5.12: The maximal free-energy pathway for the kinetic proofreading model
(eqn. 5.34) with L = 4. The intermediate pathways involving the template have been
coarse-grained and only the relevant half of the reaction network is shown as in figure 5.11.
The pathway to WWWW with free energy change δGL given by eqn. 5.36 is shown in
red.
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for a system with L = 4 are shown. In the first “näıve” scheme (figure 5.13), plotted in

blue, reactions contributing to assembly of RRRR via the template or assembly of any

other sequence via the destructive catalyst are assigned rates of 1 and all other rates

are taken as ∼ k. The second “best guess” scheme (figure 5.14), plotted in red, makes

use of these snaking pathways. The reactions contributing to assembly of RRRR via

the template are still assigned rates of 1. However, for all other products, the longest

snaking pathway which does not intersect with the pathway leading to RRRR has rates

assigned 1.

As k → 0, the snaking pathways outperform the non-snaking pathways significantly,

resulting in approximately half the entropy of the product distribution (figure 5.15).

Notably, however, neither the best guess nor the näıve system converges on the bound

as k → 0; the best guess approaches H = 1.8 × 10−2 as compared to the bound at

Hmin = 1.9× 10−4, two orders of magnitude lower.

Although the best guess system can outperform the näıve system in principle, when

absolute rates can be chosen freely, rates may in practice be mechanistically constrained.

As a result, this out-performance may not be achievable in a specific model. Indeed, at

moderate k, the entropies of the naive system and the best guess converge.

5.9 Conclusion

Considering systems in which catalysts selectively produce products drawn from a large

set of possibilities, I have derived general bounds on the steady-state distribution of

products. The maximal difference in free-energy changes between formation paths for

the products sets an upper bound on the specificity (or probability with which a single

sequence can be selected from the product distribution) and a lower bound on the entropy

of that product distribution. These bounds are remarkably simple, applying to arbitrarily

complex networks regardless of details such as kinetic proofreading.

Several features of these bounds are, at least to me, unexpected. The bounds modify

the understanding that producing sequence-specific products has a “cost” related to the
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Figure 5.13: Fast reactions for the näıve attempt to minimize the entropy of the product
distribution. As before, the intermediate states for the reactions involving templates have
been coarse-grained, with the solid line represents the inactivated monomer pathway and
the dashed lines the activated monomer pathway. The fast reactions (with rate constants
∼ 1) have been highlighted in red.
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Figure 5.14: Fast reactions (red) with rate ∼ 1 for a best guess at how to minimize the
entropy of the product distribution.
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Figure 5.15: Entropy H for two attempts to optimise the entropy, plotted alongside the
lower bound Hmin implied by eqs. 5.35 and 5.36, plotted as a function of he parameter k
that sets the overall scale of slow reactions relative to fast ones. In the “naive” approach,
rates favour pathways to the correct product on the template and the incorrect ones on
the destroyer. The “best guess” favours the snaking pathways described in text. The
data is obtained for δGf = 1, δGact = 1, δGpol = 0, δGR = 2, δGW = −2 and c = 1.
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information stored [40, 139, 140], and help to resolve the paradox that thermodynamics

imposes limits on templating despite the fact that catalysts can be arbitrarily specific for

their substrate with no minimal cost.

Most importantly, the bounds are pseudo-equilibrium in nature. In the optimal sys-

tem, kinetic selectivity ensures that each product is coupled to only a single pathway, with

the yield determined by the equilibrium properties of that pathway. As a result, although

maintaining an ensemble with exactly one product drawn from M possibilities requires

pathways differentiated by a free-energy change ∆G such that ∆G/lnM > 1, this ∆G is not

a cost in the sense of entropy production. A low entropy product distribution will be far

from equilibrium, with a high non-equilibrium free energy, and will consequently require

more chemical work to create it in the first place than a uniform ensemble [40,114]. But

once in the dynamic steady state, a highly-specific ensemble (which is capable of dynam-

ically responding to changing catalyst concentrations) can, in theory, be maintained with

negligible thermodynamic cost; in the language of stochastic thermodynamics, there is

no minimal “housekeeping” entropy production [148].

Such behaviour is profoundly different from apparently similar information-processing

networks, such as a push-pull phosphorylation network [149]. In that case, accurate in-

formation transmission is only possible if the system undergoes cyclic phosphorylation by

one pathway, and dephosphorylation by another, resulting in a high housekeeping entropy

production. Fundamentally, the difference arises because the system considered here relies

on catalytic rates distinguishing between different pathways to different products, which

is not constrained by entropy production, whereas the push-pull network of [149] relies

on catalysts selecting a forwards pathway over its reverse, which is so constrained [77].

Indeed, the thermodynamic limits on the product distribution that do exist do not

reflect the actual selectivity of the underlying catalytic processes, which is the typical

focus of work on templated processes [89, 91, 92, 99–104, 109–115, 120–123, 126, 134, 138].

The ability of a template to kinetically select certain products determines how close to

the bound a system can come, but it does not determine the bound itself.

For example, although a single product cannot dominate the steady state for
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∆G/lnM < 1, this does not mean that catalysts cannot be arbitrarily specific; simply that

the steady state achieved via the set of available catalysts cannot be dominated by one

product. Indeed, remarkably, forM →∞ the lower bound on product entropy is achieved

when a vanishingly small fraction mmin/M of the possible products dominate the ensem-

ble, even for ∆G ≪ lnM . Such a distribution could arise from a system with mmin

templates each catalysing a single product with high accuracy, and a non-specific de-

structive catalyst.

The above results suggest that, in some sense, catalytic templating ensembles do not

have an inherent minimum maintenance “cost” related to the accuracy of information

propagation from a single template to its product. From another perspective, however,

the bounds show that maintaining a product distribution that is highly-specific for a

single product is hard relative to previous claims [40, 139, 140]. The minimal entropy

distribution is only dominated by a single product for ∆G ≳ lnM + ln lnM , a condition

that converges to the more familiar ∆G/lnM > 1 achingly slowly with M . Moreover, the

minimal entropy of a product distribution with finite M is larger than that for M →∞
for all values of ∆G/lnM. For any finite M , perfect accuracy is only possible in the limit

(∆G− lnM)→∞, although good accuracy is possible for ∆G ≳ lnM + ln lnM .

This bound opens up several questions. Firstly: why do cells not operate in the

manner suggested by the optimal behaviour? Although it may be practically impossible

to obtain the total kinetic selectivity required for optimally efficient behaviour, cells do

not even pursue a strategy that approaches this limit. RNA molecules are not destroyed

by the reverse of their creation pathway, and the use of kinetic proofreading during

templating means that multiple template-based pathways with different δG are relevant.

I expect that practical constraints that would limit the speed and specificity of catalysts

operating in this reversible regime must be a factor. Indeed, exploring realistic models,

that are constrained by the actual chemistry, and by the biological context, would be

highly informative. It may also be true that, in practical contexts, the “excess” entropy

production due to responding to changing conditions [148] dominates the housekeeping

entropy production for the steady state.
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It is also worth noting that templating in the thermodynamically optimal context

leads to binary outputs. The steady-state concentration of a given product is high if the

relevant template is present, and low otherwise, regardless of the precise concentration of

the template. Biological systems likely benefit from the functionality of analogue control,

in which the product concentration varies gradually with the template concentration,

away from this limit.

Synthetic information-processing systems, however, may operate quite differently. In

synthetic systems, a binary output is often preferable, and products may be much sim-

pler than long protein and RNA sequences. Said synthetic systems may therefore be

engineered to operate in the low-cost fashion identified here. Such a system would be

reminiscent of the behaviour of dynamic combinatorial chemistry ensembles [150], but

with the system designed so that the presence/absence of specific catalysts changes the

free energy of the dominant pathway to an assembled product.

Secondly, a number of simplifying assumptions have been made in this chapter. the

first assumption is that the networks can be linearised. In other words, it is assumed that:

(a) fuel and monomer concentrations are effectively chemostatted by the environment or

cell; (b) products or partial product fragments do not interact with each other; and (c)

templates and other catalysts are not depleted by the presence of products or partial

products. Of these, assumption (c) is most likely to be violated. Systems may not be

dilute enough to neglect sequestration of templates and other catalysts by monomers and

products. It is therefore an interesting open question how the behaviour changes if the

catalysts become saturated. Pathways of well-defined δG still exist, which may allow

similar limits to be derived [151].

Relatedly, in this analysis the yield of partially formed products, which will be relevant

if templating is not highly processive (as it is in biology), or template-bound intermediates

has not been considered. If these species have downstream functionality, their presence

will be relevant to the system’s output, and partial products may also act to sequester

templates and other catalysts, if the linear assumption breaks down.

Perhaps most significantly, however, all products are assumed to be equally thermo-
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dynamically stable, and produced via equivalent pathways. In practice, although the

presence of catalysts cannot change the thermodynamic stability of the products, some

products will be more stable than others due to intra-product interactions or because

monomers are present at different concentrations. More fundamentally, network topolo-

gies will necessarily vary for polymers of different length. As a result, δGU and δGL

will be product-specific in general. In this case, much of the analysis would still apply

directly, with individual products pushed either to their maximum (e−δGU ) or minimum

(e−δGL) concentrations to minimise entropy, and the optimal distribution being achieved

when each product is overwhelmingly coupled to a single pathway. However, it will likely

be easier to create distributions that are sharply peaked about the most stable products,

and harder in other cases. Given that the aim of processes like transcription and trans-

lation is to produce functional, rather than stable, products, it is unclear whether this

asymmetry would actually be beneficial.

Finally, the dynamics of these networks have not been considered in detail. I have

shown that at finite times, the bounds can be violated, but have not attempted to explore

for how long this is possible. Indeed, one might ask whether cells are effectively in

this non-steady-state limit since some theoretically possible polymers (such as chimeric

RNA/DNA sequences) are essentially never created by the cell. The question of how

these networks respond to dynamical changes in the concentration of the catalysts, and

the associated thermodynamic costs, is also open.
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Chapter 6

Conclusion

Templating is a powerful mechanism to produce complex structures and sequences at a

nanoscopic scale without the aid of a sentient observer. In particular, biological systems

make use of templating for the central dogma where information, stored in DNA, is trans-

mitted via templating to mRNAs and then proteins. Due to its ubiquity in biology, its

potential for synthesis of synthetic molecules, and its interesting mathematical qualities,

templating models have a rich history of being studied [92, 99–112]. Nonetheless, the

detailed models hitherto present in the literature have not been able to analyse thermo-

dynamically consistent models of templated polymerisation with complex sets of reactions

leading to monomer incorporation and dependence monomer incorporation rates on pre-

vious monomers. Additionally, the class of systems, in which the templating is embedded

in a complex non-equilibrium network of assembly and disassembly pathways, hasn’t been

studied at all in the literature. The main aims of this thesis were to fill in these holes in

our understanding of templating.

After introducing the relevant biological and mathematical background in chapters 1,2,

and 3, through chapter 4, I address this first deficiency by developing a framework for

solving a class of polymerisation models, which includes these thermodynamically con-

sistent, multi-step models with dependence on previous monomers. The key insights of

this framework are twofold. The first is through eqn. 4.5, whereby the complex network
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of reaction rates could be coarse-grained into a single pair of rates, allowing the system

to be solved via previously described methods [97]. This coarse-graining preserves the

statistics of the polymer produced, but does not preserve the dynamic or thermodynamic

fine-grained quantities such as time or entropy production. However, the second key

insight of this chapter comes in to play here. This insight was to notice that the dy-

namic fine-grained quantities of interest could be calculated by considering a frame shift,

analysing the process as it jumps between certain reference states that I call completed

states. Thus, through this analysis, the fine-grained quantities can be added back in

and one can use this framework to study problems such as trade-offs between accuracy,

free-energy costs and speed of polymerisation.

Two main examples demonstrate the utility of this method. The first demonstration

is in section 4.4.3, whereby the graphical method allows one easily to prove how models

without fuel consuming cycles behave. The second main example shows how complex

polymerisation models can be studied. In particular, in section 4.4.5, I utilise the method

to solve an N -loop generalisation of Hopfield’s kinetic proofreading. Figures 4.7 and 4.8

highlight key aspects of these multi-loop Hopfield networks that can now be studied

with access to this new method. These features are an optimum number of loops when

considering a non-zero concentration of activated monomers, and the relative inefficiency

of these networks at utilising the free-energy available to them.

The framework presented in this chapter is not infallible, however. There are a few

important limitations of the method (as presented) which need to be considered. One

such limitation is that the method as presented only applies to long polymers, and that

the sequence of the template has been lost in the mapping to right and wrong monomers.

These assumptions however can be relaxed with more analysis. Indeed, a current (as of

the writing of this thesis) PhD student, Jeremy Guntoro, has been working on relaxing

these conditions, in an as-of-yet unpublished work. In this article, Guntoro is able to

extend the method to explicitly include finite-sized polymers and break the symmetries

of interactions between different monomers in the copy polymer and template polymer.

This breaking of symmetries of monomer-template interactions can be seen most clearly
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by example. Letting A,B be monomer types in the template and a, b be monomer types

in the copy polymer, the symmetries broken are that interactions between A with a need

not be the same as b with B and similarly for A with b, not being the same as B with a.

Guntoro is able to utilise eqn. 4.5 to coarse-grain an arbitrary, complex network

leading to monomer incorporation and solve for the statistics of polymers produced by

the coarse-grained process. Following this, Guntoro is able to adapt the philosophy of

extracting the fine-grained quantities as in section 4.3. The extensions to the framework

requires solving for the expected number of times the system is in a given tip state, defined

now by the monomers both in the copy polymer and template at the tip of the growing

copolymer. This expected number of times replaces the 1/(2P−1) term in, for example,

eqns. 4.13 and 4.18.

Another limitation of the method presented in chapter 4 is that the dependence of

reaction rates on previous monomers was limited only to the penultimate monomer in the

growing copolymer. However, I believe it should be possible to drop this assumption. One

should still be able to utilise the philosophy of coarse-grained and fine-grained quantities

to analyse such models. In particular, one should still be able to use eqn. 4.5 to coarse-

grain the network of reactions leading to monomer incorporation allowing them to utilise

the methods of Gaspard and Andrieux for solving kth order Markov chain polymerisa-

tion models [116], whereby the monomer incorporation rates depend on the k monomers

behind the growing tip of the copolymer. Extracting the fine-grained quantities of such

a model will likely be cumbersome, however, as one would need to define a tip distri-

bution ξ over the Mk+1 tip states, where M is the number of monomer types, and use

this distribution to calculate any fine-grained quantities from the Mk+1 possible step-wise

processes.

Finally, the framework of chapter 4 relies on the models having the tree-like structure

(figure 4.1) whereby any trajectory from one completed state to another is confined to a

given “petal”. Breaking such an assumption would not be possible within the framework.

As such, if one wishes to analyse a model, for which this assumption does not hold, they

would require a different framework. I do not believe it would be possible to adapt this
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framework to such a set of models.

The final comment I shall make regarding chapter 4 is that the aims of this chapter

were to introduce a mathematical framework. As such only a limited number of example

systems were analysed. It would be of great interest to see what other classes of models

would be most enlightening to study with this framework. In particular, it would be

interesting to see what physical principles and trade-offs could be derived for certain

classes of models using this method.

In chapter 5, I aim to address the second deficiency in the literature by analysing cat-

alytic templating systems with multiple, distinct pathways for polymerisation/degradation.

In comparison to the method for precisely solving detailed polymerisation models in chap-

ter 4, the aims of chapter 5 stray away from the details to ask broader questions about

the limits of such systems. In this chapter, I derive bounds, eqns. 5.18 and 5.19, on the

accuracy of a given polymerisation system as a function of the free-energy differences

between the pathways of said polymerisation system.

The main results of this chapter, however, come from the nature of the systems which

achieve these bounds. Although the bounds are set by free-energy differences between

two different pathways, the systems which achieve the bounds do not utilise the cycling

of creating a polymer via one pathway and destroying via another as one might initially

expect. Instead, these optimally accurate systems essentially equilibrate with a single

pathway for each product. As such, the optimally accurate systems have no running

costs, known as housekeeping entropy production. This optimally accurate operating

regime is not what is observed in biological systems, raising the question of why not.

However, the optimally accurate regime might prove most useful for synthetic catalytic

templating systems.

The bounds, as derived in chapter 5, apply to a relatively limited class of systems, be-

ing those which can be described by linearised chemical reaction networks. This assump-

tion of linearised chemical reaction networks would be the most important limitation to

address in subsequent analysis of these multi-pathway polymerisation systems. I believe

it should indeed be possible to expand the scope of these bounds to certain other classes
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of networks. For example, one might imagine networks, similar to the linearised net-

works except catalysts, such as templates, are not chemostatted. In such networks, there

should still be well defined pathways with well defined free energies. Thus, one should

still be able to bound the relative concentrations of two products by considering path-

ways between said products and one might be able to look to the rational parametrisation

theorem [142] for more insight on how to proceed. For more and more general chemical

reaction networks, however, it might not be possible to derive similar bounds. One would

need to ensure that well-defined pathways, with well-defined free-energy changes can be

defined for the chemical reaction networks, which is not guaranteed.

6.1 Final remarks

Templated polymerisation is an interesting problem for both the fundamental sciences

and engineering. On the fundamental side, templated polymerisation is an excellent

playground for the study of the intersections between computing and thermodynamics.

On the engineering side, templated polymerisation promises exiting prospects for the

synthesis of complex molecules. Through this thesis, I have attempted to expand our

fundamental physical understanding of templated polymerisation via the introduction

of a framework for analysing a large class of models, and bounds on the accuracy of

another class of models. These contributions, I hope, should help both to test and

develop, theoretically, some of the more general results of stochastic thermodynamics of

computation as well as to aid in the design of synthetic polymerisation systems.
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