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ABSTRACT

In this thesis two operations research problems are discussed.
These are stock cutting problems and network synthesis problems.

(i) Stock Cutting Problems: A classification for all types of stock
cutting problems is given in conjunction with a literature survey.

This classification generates some problems which have not been solved
in the literature. One such problem is the constrained two dimensional
stock cutting problem. In this problem one stock rectangle is to be
cut into a number of smaller rectangular pieces each with an associated
value and an upper bound on the number of that type of piece that can be
produced. The objective is to maximise the value of the pieces cut
whilst satisfying the constraints, A tree search algorithm for the
solution of this problem is described and computational results given.
Problems with up to 20 different types of piece to be cut have been
solved.

LY

(ii) Network Synthesis Problems: Network synthesis problems are
problems in which it is required to synthesize a least cost graph
which has certain specified connectivity properties. 1In the thesis
a survey of network synthesis problems is given. Many different
types of synthesis problems are discussed, some of which have not
been well solved in the literature. A particular problem for graphs
with non-uniform arc costs is one in which a uniform arc connectivity
is required. This problem is discussed in detail and a number of
different tree-search methods developed for its solution. These"
methods use lagrangean relaxation, matching and linear programming to
obtain good bounds to be embedded in the tree search. Problems with
up to 50 vertices have been solved.

The travelling salesman problem (TSP) is a member of the class of
network synthesis problems. A linear programming based tree search
algorithm is developed for the TSP. This uses network flow to reduce
the number of constraints involved, and also incorporates variable
reduction techniques. Problems with up to 70 vertices have been
solved.
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CHAPTER 1

INTRODUCTION
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Introduction

1.1 Contents of the Thesis

In this thesis two problems in the area of operations research

are discussed. These are stock cutting problems and network

synthesis problems. For eacl class of problem a literature survey

and classification is given, and new algorithms are described for
specific problems within the two classes. It is shown that the

travelling salesman problem (TSP) is a member of the class of network

synthesis problems and a new algorithm is given for the TSP which is
a particularisation of the network synthesis algorithms. The
computational.performance for the algorithms presented is investigated.

A brief description of the contents of each chapter follows.

1.2 Survey of Stock Cutting Problems

Chapter 2 contains a classification and survey of stock cutting
problems. The'general types of stock cutting problem are defined.
A set of four parameters is then introduced which generate a
classification of stock cutting problems. The various types of
stock cutting problem are defined in terms of these parameters, and
previous work done on these problems is described. This
classification generates a number qf problems which have not been

previously described in the literature.

1.3 Stock Cutting Algorithm

In Chapter 3 a tree search algorithm is described for the
solution of one of the practically most important stock cutting
problems classified in Chaptér 2. This is a problem in which
rectangular piéces are to be cut from a larger stock rectangle so
as to maximise the value of the pieces obtained (or minimise the
wastage), subject to constraints on the allowaﬁle number of rectangular

pieces to be cut.
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This algorithm implicitly generates all possible cutting
patterns for the stock rectangle. It contains a bound calculation
on the-value of each cutting pattern that uses dynamic programming
 combined with a transportation algorithm. The size of the tree
is limited by imposing symmetr& and other conditions on the cutting
patterns generated. Computational results for this procedure are
given which show that problems with up to 20 different types of

pieces to be cut can be solved.

1.4 Network Synthesis Survey

Chapter 4 contains a survey and classification of network
synthesis problems. The problems considered in this chapter are
concerned with synthesising a graph of minimum cost that conforms
to certain specified deterministic coﬁnectivity conditions.

Methods for the analysis of connectivity are surveyed, and some
algorithms described. The class of network synthesis problems is
cléssified. This is done by defining the general connectivity
synthesis problem. Parameters associated with this problem are
identified that - when varied - generate the class of problems.
Methods from the literature that have been developed to solve some
of these problems are described. The classification also generates

some problems which have not been previously considered.

1.5 ‘Network Synthesis Algorithms

In Chapter 5 some algorithms are given for connectivity synthesis
problems which have not been solved optimally before. These problems
are discussed in detail and the possible structures of their solutions
are given.

The methods described to solve thesé problems are tree search

algorithms. These divide into two types according to which
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bounding procedure they are based on. The first type of

algorithm is based on the use of the solution to a  u-matching
problem as a bound. This is combined to a Lagrangean relaxation

- and ascent procedure which produces an effectivekbound. Tﬁe

second type of algorithm is based on the use of linear programming
as & bound. The synthesis problem can be formulated as an integer
program with a very'large number of constraints. A technique 1is |
described which reduces the number of constraints so that the LP
relaxation of this integer program is solvable. This is based on
the use of network flow techniques. Computational results for both

types of algorithm are given, problems up to 50 vertices are solved.

1.6 The Travelling Salesman Problem

In Chapter 6 a method for the solution of the travelling sales-
man problem (TSP) is described. The TSP is a member of the class
of network synthesis problems and the algorithms produced for these
problems can be particularised for the TSP, A brief survey of
optimal methods for the TSP is given first.

The method described in this chapter is a tree search based on the
use of LP as a bound. The LP relaxation of the TSP contains a very
large number of constraints and a technique similar to that in Chapter
5 — based on network flow — is used to reduce the number of these
constraints, In addition a téchnique is developed for reducing the
nﬁmber of variables in the LP. This is based on the use of reduced
costs obtained from the solution to the assignmént problem after a
Lagrangean ascent has been performed to further improve the assignment
problem bound. These reduced costs are used in conjunction with a
good upper bound to remove a priori a large number of variables from
the formulation. Computational results for this procedure are given,

problems up to T0 vertices being solved.
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© CHAPTER 2

SURVEY OF STOCK CUTTING PROBLEMS
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1. INTRODUCTION

- The problem of cutting a set So of one (or more) dimensional stock

objecfs into a set Sp of smaller one (or more) dimensional pieces of

specified dimensions in such a way as to minimise wastage or maximise

the value of the pieces cut is called the stock cutting problem.

This problem appears in two forms:

Either:

Problem A:

or

Problem B:

All pieces in Sp can be produced from the set So of
objects to be cut, in which case the objective is
to produce all‘the pieces in SP and to minimise
"wastage". In this case "wastage" is defined as
the total wvalue of those objects of So that are cut
to produce Sp minus the total value of the pieces

in S_.
P

Not all piecesAin Sp can be cut from So in which
case the objective is to maximise the value of
pieces produced from So’ or to minimise "wastage".
In this case "wastage" is defined as the total value
of the objects in S, minus the total value of the

pieces that are produced.

Another closely related problem is as follows:

Problem C:

Given a set of smaller pieces to be produced by

cutting, find the optimum number and sizes of the
sfbck objects from a given set of possible stock
sizes so as to minimise wastage. This is known

in the literature as the assortment problem.

These problems have been examined by a number of authors

[i, 3, 5-34] and methods for their exact solution have been developed
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using dynamic programming [é.g. 13,‘19, 33] and tree search techniques
[3, 9, 14, 18, 20]. In addition L.P. as well as many heuristics have
been developed to give approximate solutions [é.g. 11, 12, 21, 22, 23,
25, 3i]. This attention is motivated by the manj practical problems
that can be formulated as stock cutting problems. For example, the
steel bar cutting stock problem EGS], the problem of cutting rolls of
paper or metal sheeting into smaller rblls Eﬂa, the division of work
into time shifts,the optimal partitioning of computer storage space
for a given set of programs (batch) to be run in minimum time; the
packing problem in which a set of objects has to be packed into the
smallest space,lare all examples of special cases of the stock cutting
p;oblem.

In this chapter the various types of stock cutting problem will
be described and classified. Some of the methods developed for their
solution will be briefly surveyed. For the 2 dimensional stock cut-
ting problem, new methods are described and discussed in detail in the
next chapter.

1.1 Notation

In this section we shall describe the notation to be used in this
and theAnext chapter.

In the survey the terms 'lengths' (for the one-dimensional case),
rectangles (for the two-dimensional case) and 'objects' (in general)
will be used to'refer_to the stock in a stock cutting problem and also
anything produced by cutting up the stock, whereas the general term
'pieces' (it will be clear from the text whether the 'pieces' are one
or ﬁwo—dimensional) will be used to refer to the items that are to be
préduced from or fitted into th stock objects. The total number of
stock objects is.n and their dimensions are Li,i=1,...,n (for the one-

dimensional case) and (Li’ Wi),i=1,...,n (for the two-dimensional case).
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The total number of pieces to be cut is m and their dimensions are
)Z,j,.j=l,...,m (for the one-dimensional case) and (R,j, Wj)’ J = l1,...,m
(for the two-dimensional case). The value of each piece to be cut

is vj,j=l,...,m, these values may or may not be proportional ﬁo the
dimensions of the pieces, and the constraint (if any) associated with
each pilece is bj’ J=1,...,m.

A 'cutting pattern' is some method for dividing up the stock
objects so that each object produced by the division has either nothing
fitted into it, in which case the value of that object is zero, or one
only of the pieces k (say) fitted into it, in which case the value of

that objeét is This value is not necessarily unique as there may

vy
be other types of pieces which can fit into the object produced by
division. Thus a cutting pattern is uniquely defined by:

(1) The way in which the stock is divided up.

(ii) The choice of pieces to fit the objects produced by

the division.

The value of a cutting pattern is equal to the total value of the
objects produced by the division.

The objective of the stock cutting and assortment problems is to
find the cutting pattern of maximum value that satisfies the constraints
(if any). TFor the stock cutting problem the constraints are the demands
on the pieces to Be cut. For the assortment problém the constraints

are the demands and also constraints on the stock objects (i.e. maxi-

mum size, maximum number of sizes, etc.).

2. | CLASSIFICATION OF STOCK CUTTING PROBLEMS

In order to classify all types of stock cutting problems it is
necessary to define a set of parameters, such that each set of states

for these parameters uniguely describes a particular stock cutting
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problem. It is sufficient to use the following four parameters to
describe all possible stock cutting problems:

2.1 The Problem Type Parameter P -

In the introduction the three different types of stock éutting
problems were defined. It is Qecessary to include in the classifi-
cation of stock cutting problems a parameter P (say) to define the
problem type. The parameter P can take three values A, B or C thus
describing whether the prbblem being considered is Problem A, Problem
B or Problem C respectively.

It ? equals A or B then the problem is a pure stock cutting pro- .
blem. If P equals C then the problem is an assortment problem.

2.2 The Dimension Parameter D

The second parameter to consider is the dimension parameter D
(say). One, twoAand thfee dimensional problems have been considered
in the literature. However, the greater the dimension the more
complex the problem. Very 1little work has_been done on two and al-
most none at all on three dimensional problems Eié]. In this survey
one and two dimensional problems are considered, hence D can take two
values 1 or 2. If D equals 1 the problem is one—dimensional. IfD
equals 2 the problem is two-dimensional. .

2.3 The Stock Size Parameter S

In normel stock cutting problems the size of the stock to be cut
is known. However, for the assortment problem the sizes of the stock
objects isAeither not fixed, and has to be chosen from some restricted
set of possible stock sizes, or partially known. Forvexample in the
two-dimensional case where stock come in the form of a number of con-
tinuous lengths of material of known width, the stoék size 1is 6n1y
partially known.

From the above it is necessary to define three values for the
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stock size parameter S, these are K; R, and P. For S equals K the
stock size is known, for S equals R the stock sizes are not fixed but
are to be chosen from some restricted set of stock sizes, and for S
equals P the stock size is partiélly known. It is convenient to de-
scribe two additional values of'S, these are K; and Pl. For S equals
K;, the stock size 1s known and tﬁere is only one stock object.
Similarly for S equals Pl, the stock size is partially known and there
is only one stock object.

2.4 The Constraint Parameter CON (on the pieces to be cut)

In problems of type A and C the various stock sizes are considered
to be available'in unlimited supply, and it is desired to find the
optimal cutting pattern that will at least satisfy demand. The con-
stfaints for these problems are of the greater than or equal to type
(GE). For the problems of type B, the stock to be cut is considered
to be a limited resource, and it is desired to at most satisfy:demand,
since not all the demands for all the pieces can be satisfied. Hence
the constraints for this type of problem are normally of the less than
or equél to type (LE). It is also possible to formulate problems of
type B in which there is no demand (-) and it is simply required to
optimum cutting pattern for the limited stocks available , or in which

demand must be exactly satisfied (EQ).

From the above the constraint parameter CON has four possible
values GE, LE,~ and EQ.If CON equals GE the constraints are of the
greater than or equal to type. If CON equals LE the constraints are
of the less than or equal to type. If CON equals — the problem is

unconstrainted, and if CON equals EQ the problem is equality constrained.

3. SUMMARY OF PROBLEMS IN THE LITERATURE

3.1 Classificatibn

In the previous sections the parameters that are used to classify
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stock cutting problems have been defined. All stock cutting problems
‘can be classified using the following quad-tuple:

(p, D, S, CON).

where;
P can take the wvalues A s B R C ’
D can take the values 1 , 2 (problems with
D>2 are not discussed in this survey),
S can take the values K, Kl, R, P, Pl
and CON can take the values "GE LE s EQ, - .

Using this classification it is now possible to define some of
the stock cutting problems that exist in the literature.

3.2 (B, 1, K, -)

This is the simplest form of stock cutting problem, in the
literature mainly problems with one length of stock to be cut have
been considered. - There are no constraints on the numbers of each
type of plece that is to be produced. This type of problem is often
called the 'one-dimensional knapsack problem' [ 13 .

3.3 (B,1, K, LE)

This problem is similar to the (B, 1, K, -) problem except that
there are specified demands on the maximum numbers of each type of
piece that is to be produced, this is often called the 'contrained
one—dimensional.knapsack pfoblem'.

3.4 (A, 1, K., GE)

This is the standard type of one-dimensional stock cutting problem
for which there is an unlimited supply of n sizes of lengths of stock
with specified minimum demands on the numbers of each type piece to be
cut. This is often called a trim problem.

3.5 (C, 1, R, GE)

This is the standard form of the one-dimensional assortment problem,
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in which the minimum demands on the pieces to be cut are known and

it is rgquired to find the least amount of stock to hold in order to

" minimise wastage. In this type of problem the number of different
étock sizes is given or if not given solutions are required for a range
of the number of stock sizes. 'Clearly an optimal solution without
such constraints would be to stock all the pieces that are required

to be cut in the amounts that they are demanded and hence require no
cutting at all.

3'6 (B:2:Kla")

This is the simplest form of two-dimensional stock cutting problem,
the two dimensional equivalent of the one-dimensional knapsack problem,
where there is no specified demand on each piece to be cut. Ip the
literature mainly problems with one stock rectangle have been con-
sidered. In this thesis these problems will be called 'two-dimensional
knapsack problems', thus using this term in a way similar to Gilmore
and‘Gomory [ij]. There is however some ambiguity in the literature,
as the term 'multi-dimensional knapsack problem' has been used to de-
scribe one-dimensional knepsack problems in which the stock object
and pieces to be cut have additional characteristics (e.g. weight,
volume, etec.) which have to be taken into account.

3.7 (B, 2, K, IE)

This is the constrained version of the problem (B, 2, K, -),
very little work has been done on this problem in the literature,
and no optimal methods have been developed for the problem. It is
considered in greater detail in the next chapter. This problem has
many practical applications to the cutting of plastic and steel sheets
and the cutting of wood.

3.8 (¢, 2, P

. EQ)

In this problem the stock consists of one long roll of material
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- of fixed width and it is necessary to find the shortest lengths of
material to meet minimum demand and minimise wastage. The problem
has applications to the scheduling of a batch of jobs on a computer
.where the fixed dimension is one resource (the size of the core store)
and the dimension to be minimiséd is the other resgurce (time).

There are a number of programs to be run each with various core and
time demands and it is necessary to find the bést way of sequencing
the jobs in order to maximise the utilisation the computer resources.
This is often called the 'packing problem'. 1In this type of problem
the demands on the pieces to be cut are not usually lower bounds on
the number of each piece that is to be produced, but must be satisfied
with equality.

3.9 (A,2 , K, GE)

This is the géneral.two-dimensional trim problem, wheré there -
are n stock rectangles and a minimum demand on all the pieces to be
cut. Problems of this type are too complicated to solve optimally
and only certain subproblems with extra constraints have been con-
sidered in the literature by using heuristiecs. For example there
may be a restriction on the number of cuts that can be made on any
one plece [13, 17] .

3.10 (¢, 2, R, GE)

This is the general form of the two-dimensional assortment
problem with unknown numbers of stock objects to be chosen from a given
set, as in the one-dimensional case the problem is normally formulated
with some additional constraints in order to limit the number of dis-

tinct stock sizes.

The rest of this chapter will survey the approaches in the lite-
rature to the problems classifed above. The survey will describe
in greater detail some of the approaches to the simpler two-dimen-

sional problems, i.e. (B, 2, K, =), as these are of greater relevance
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to the next chapter in which an optimal method is described for the
(B, 2, Kl, LE) problem with restrictions on the type of cuts that

can be used.

L. LITERATURE SURVEY

We shall now consider some of the above defined problems in
greater detail:

by (B, 1, K;, —-) The One-Dimensional Knapsack Problem

The one-dimensional knapsack problem has been studied by a great
many authors, it is a problem of considerable importance to mathe-
matical programming. For a comprehensive survey on knapsack problems
the reader is referred to Toth [:30:] , and Saikin and DeKluyver [:27] .
In view of the excellent existing surveys on this problem we will not
survey the problem here any further, but will instead consider only its
dynamic programming formulation since it relates very closely to the
dynamic programming formulations of the 2D problems considered in
later sections.

The Gilmore and Gomory Method for the One-Dimensional Knapsack Problem

A detailed study of knapsack problems was undertaken by Gilmore
and Gomory [ij]. They suggest methods for solving the one—dimensional
knapsack problem using dynamic programming, and develop the idea of
a knapsack function; they formulate the proﬁlem as: Given positive

integer lengths g se ol with corresponding non-negative values

1
Viseee V) find for a given integer x the value F(x), where F(x) is the
m
maximum of I vidss where 445+.Q 8re non-negative integer satisfying:
i=1
n
L 2.4. £ X
i=p * 7

The function F(x) is known as a knapsack function. Clearly if a

function Fo(x) is defined such that:
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F (x) = max {0, V'il L .< %},

Then F(x) satisfies:
F(x) = max {F (x), F(x)) + F(x)| x> 3 +x, 0<x 2 x).

From this definition of F(x) Gilmore and Gomory have developed the
following dynamic program.

Let us first assume that the pieces to be cut are ordered in de-
creasing order of length thus

22 e 2
Sy 205 2 28

and consider an additional dummy length lm to be cut, such that

+1
£m+1 =1 and:vm+1 = 0. This piece then fills any wastage that may
be left, but does not change the value of F(x). Now introduce a

funetion L(x):

L{x) = max {i|F(x) = F(x - li) +'Vi} (1)

Theorem [13]: The knapsack function F(x) is defined by the equation:

F(x) = max {0, F(x - zi) v, i> L(x - zi), x_>_y,i}

vhere L(x) is defined in (1).

From the above theorem the dynamic program for.the one-dimensional
knapsack problem follows ilmmediately. Two temporary functions
F* gnd L¥ are used and at the termination of the procedure F¥ and L¥

become F and L. Call the length of the stock object L

1
1.1 Initialise F¥(x) = Fo(x) and 1¥(x) = max(ilvi=vFo(x) ) for

0__ x —-Ll' Let Xy = 1.

2.1 Let xl =1.

= ¥ *
2.2 If X +x, <L, then let V =F (xl) +F (XE) and go

1
to 2.3. Otherwvise go to 3.1.
2.3 It V> F*(;L_L + x2),- then let F*(xl + x'2) =V, let

* %
L*(xl + x2) = max{ L (xl),L (x2) Y, and goto 2.4. Otherwvise

goto 2.4
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X

2.4 If X <X, then let X, + 1 and go to 2.2. Otherwise

go to 3.1.

3.1 If X, < Ll then let X, = %, + 1 and go to 2.1. Otherwise

stop.

At the termination of the computation F¥(x) and L¥(x) contain

the values of F(x) and L(x) for 0 < x < Ly, vhere L, is the length

of the stock object to be cut. TF(x) is the velue of the optimal
solution. From the values of L(x) it is possible to deduce the
structure of the optimal solution in terms of how many of each piece
are cut from the stock length. For any x, L(x) contains the index

of the smallest piece (say i,) that makes up the optimal solution.

1)
In order to find the index of another piece in the optimal solution

it is necessary to obtain the value of L(x - % ), (say i.). The

1 2

value of the next. index is then found from L(x - li - zi ), and the
1 2

process continues until all pieces in the optimal solution are found.

The method described above suffers from the main disadvantage
of dynamic programming, i.e. that for large scale problems a large
amount of storage is required. This has lead to the development of
much better tree search algorithms to solve the one-dimentionsal
knapsack problem which, however, will not be discussed here, since
they are not generalisable to 2 or more dimensions. The interested
| reader is referfed to @7, 30:|.

The Multi-Parameter Knapsack Problem

A varistion on the knapsack problem has been referred to in the
literature as the multi-dimensional O-1 knapsack problem, this leads
to some ambiguity as the multi-dimensionality does not refer to
Euclidean space, contrary to Gilmore and Gomory's Eii] use of the

term two-dimensional knapsack problem to refer to problems in two-
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dimensional Euclidean space. In this thesis the term two-dimensional

knapsack problem will refer to problems in two-dimensional
Euclidean'space; and problems referred to in the literature as multi-
dimensional, where the dimensionality refers ta the vector 6f~para—
meters for each piece, will be referred to hereiaé multiparameter

knapsack problems. The main method that has been used to solve this

problem is branch and bound. See for example [9] and [:312] .

h.2 (B, 1, K;, LE) The Constrained One-Dimensional Knapsack Problem
A function for the solution of this problem was given by Gilmore
and Gomory [iE] as a variation of their unconstrained knapsack function.

The function is Gk (x) and gives the value for the optimum solution

to the constrained knapsack problem when the constraints of the pieces

to be cut are given by:

bj for j = 1,..., k, and are.

0 for j

k+l,..., m.

Gk (x) can be defined as follows:

G, (x) = 0 for all x (1)

Gy yq (x) = max {Gk (x - n.£k+1) + n. vk+l} (2)
where:

X2 n'2k+l and bk+l > n > 0.

4,3 (A, 1 , K, GE) The One-Dimensional Stock Cutting Problem

Mostly approximate methods have been used to find a solution to
'this problem. These are linear programming then rounding up or down
for an integer solution and various other heuristicé. In this section
both types of heuristic methods will be discussed.

4.3.1 The Linear Programming Approach

Linear programming has been used to find an approximate solution
to the one—dimensional stock cutting problem. This is done by solving

the L.P. relaxation of the integer programming formulation of the

”
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problem, in order to obﬁain»a continuous solution. A heuristic is
then used to round the solution up or dowm.

In this section two integer programming formulations of the
problem will be given. This first one is the simpler of thé two.
However, it has not appeared in the literature before. This is may
be because the second more complex formulation is likely to give a
more nearly integer solution than the simpler formulation, as has been

experienced with other combinatorial problems | 2 |.

First Formulation

Let v; be the number of times stock length Li is used. Let

h use of stock

be the number of pieces of length zj cut from the kt

*ijk
length Li’ and v'j and bj be the value and demand respectively, on zj.

The one-dimensional stock cutting problem can be formulated as follows:

Max z V. X.

i=l..n 1k
j=l..m
k=l..Bi
such that:
._Z L. Xijk S'Li’ i=1..n, k= l"Bi_.;
J=l..m
z L. X.., <L. ¥y.,12=1..n 3
j=l..m 9 13k 11
k=1..B
z Xoa > s J=1l..m 3
i=l..n 13k J
k=1..B )
1 0 2V S-Bi S Xy > 03 Vis X5 integer

where Bi is an upper bound on the number of stock lengths Li that

are used.

B. can be estimated by heuristic methods taking into account the
i

demand (bi) on each piece, or alternatively can be decided by the user.

Second Formulation

The second I.P. formulation of this problem was given by Paull
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and Walters E22, 23] this was in relation to the cutting of large
roll of paper into smaller rolls for newspaper production, a similar
approach is also given by Metzger [?i], it can be stated as follows:

Given n lengths of stock Ll,..., Ln’ and m types of lengths
2,...,zm for the pieces to be cut, with a lower bound bj on the demand
associated with each length 2j find the optimum cutting patterns.

AnII.P. for this problem can be formulated by considering all
e
the possible ways of cutting up the stock lengths into the pieces to
be cut. For each stock length there will be a large number of ways
in which it can be cut up to produce a combination or cutting pattern
of the pieces +to be cut. Suppose that there are N of these combinations

%
over all stock lengths . With each combination h (say)associate m

integers thj’ J=1l,...,m such that for combination h there are %15

pieces of length 2j to be cut. Also assoclate with each combination

h a cost ¢, , this could be the cost of the stock length that the

n’
combination uses, or some measure of the wastage generaﬁed by that
combination, or an inverse function of the value of the lengths produced
by the combination. Then the general one-—dimensional stock cutting

problem is:

N
minimise hil cy Xy
subject to
N .
hil thj Xy, Z-bj dJ=1l, m

X, >0 , X, integer

where X is the number of times combination h is used in the solution.

Note that a "combination" is used here to imply the actual cutting

pattern and also the stock from which this pattérn is to be cut.
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In practice the number of possible combinations is so large that
it is impossible to obtain an integer solution and in fact difficult
to obtain an L.P. solution, however if an L.P. solution is.obtained
then it is often sufficient to round up or round down the non-integer
values. In the case of rounding up there may be an over—supply of
some of the demand, in the case of rounding down then some of the de-—
mand may not be satisfied, in which case an additional problem may
heve to be solved in order to meet demand.

As the number of variables in the L.P. for the stock cutting
problem is so large, most of the work that has been done in this arees
has been to try and reduce the number of variables involved, in order
to make the L.P. more practical for large pfoblems. Metzger [?i] only
considers combinations which generate less than a certain amount of
wastage. Eilon'[:6:] only allows combinations which are 'practical',
for example it may not be practical, because of the nature of the
cutting equipment, to cut more than a certain number of pieces from
one stock length, and any combinations that contain more than that
number of pieces need not be considered.

A considerable inerease in the size of problem that could be
solved was achieved by Gilmore and Gomory Eil, lé]. In their method
an initial basic feasible solution is'found by an ad hoe method, then
the L.P. is set up using as variables only thé combinations that occur
in the initial solution, then in order to find if there are any com-—
binations which should be introduced into the L.P. they solve an
auxilliary problem to generate any combinations that will improve the
solution. For an optimal improvement the dyramic program for the
unconstrained one—-dimensional problem describéd in section 4.1 is used
to solve the auxilliary problem, however they also describe an ad hoc

\
method for generating a combination that improves the solution, if an
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improvement exists, this is faster than the D.P. although it will not
necessarily give the best improvement. Also any combinations which
do not contribute to the solution are removed, in order to keep the
size of the L.P. down. They also introduced the idea of terminating
the L.P. if a certain number of consecutive pivots do not produce at
least a certain percentage improvement in the optimal solution. |

Other Heuristics

Many practical problems are too large even to use the Gilmore
and Gomory method, for examplePilerce [?i] found that such an approach
was not practical for problems in the paper industry that he was con-
sidering.' Stainton [?é] considers that the methods are not practical
for use in his problems where the stéck 1s steel reinforcement bars.
Many of these difficulties are also introduced by the peculiar nature
of the problem, for example, the sequence of cutting patterns produced
by the Gilmore and Gomory method may not be practical; Stainton found
that it may be desirable to attach some value to the wastage from a |
particular cutting pattern in case it can be returned to stock instead
of being treated as scrap. A number of authors have as a result of
these problems developed a heuristic approach to the problem.

Pierce [?ﬁ] attempts to heuristically find a 'good' cutting pattern
for cutting up a stock length, he then procedes to cut up that stock
length until the demand for at least one of the ordéred pieces 1s
satisfied, he then generates a new 'good' combination without the pieces
for which demand has been satisfied, and uses this to satisfy demand
for another ordered piece, the procedure continues until all demand
has been.satisfied. .
Haessler [is, 16] in examining problems associated with the paper

industry adds extra constraints to the problem. He puts a bound on

the total number of pieces that can be cut from any one stock length,
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this is associated with the maximum number of knives that the cuﬁting
machine may have. He also introduces a fixed charge for any particulér
cutting pattern thus making it desirable to reduce the total number

. of cutting patterns used, this is because of the delays introduced by
changing the cutting pattern on.the cutting machine, which can be
expensive in the high speed production of paper. He uses an approach
somewhat similar to that of Pierce [éf]. First he analyses the orders
for cut lengths and from this analysis produces two 'descriptors' of
the current problem situation. One descriptor gives an estimate of
the number of stock lengths needed to satisfy the remaining require-
ments. The other gives the average number of ordered lengths to be
obtained from each stock length. From these descriptors he produces
séme 'aspiration levels' for a cutting pattern to achieve these are:

(1) The maximum allowable trim loss

(2) The minimum and maximum number of ordered lengths

permitted in a pattern
(3) The minimum number of stock lengths to be cut
.using the cutting pattern.

A search is then carried out on a restricted set of cutting
patterns, in order to find one that satisfies the 'aspiration levels',
if one is not found then +the aspiration levels are altered and the
search repeated. When a cutting pattern is found that satisfies the
aspiration levels then it is given maximum possible usage until demand
fér some ordered length is satisfied, the problem descriptoré are then
updated and the whole process repeated. This continues until all
demand has been satisfied. Haessler found that if the various para-
. meters involved were correctly 'tuned' it was possible to obtain an
average 25% imprqvement in trim loss over manual methods for a set of

actual production problems.
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Stainton [29] developed a heuristic for the cutting of steel
reinforcement bars, in this case consideration is given to the possible
utilisation of wastage. The procedure has twé phases, the first phase
is a 'cutting phase' in which s?ock length are éuf, the second phase
a 'reduction of wastage phase! in which the off-cuts are examined to
see if that can be used to fulfil the order or whether they must be
thrown away. |

Finally the work of Eisenmann | 7 ] should be mentioned. He
considered the one-dimensional stock cutting problem for the case when
there are two cutting machines used to do the cutting and they have to
be scheduled to have production times that do not differ by more than
a specified number of hours. He uses L.P. to find a fractional solution,
and then manually rounds up or down.

4.4 (¢ , 1 , R, GE) The One-Dimensional Assortment Problem

The last and potentially the most complex of the one-dimensional
stock cutting problems is the one-dimensional assortment prbblem, this
has been discussed by a number of authors [8, ok, 26, 33,‘34] and the
formulation presented is in general a considerably simplified version
of the complete problem expressed by the quadtuple (C, 1, R, GE).

The main restriction that is imposed on the problem is that a
piece 1s produced by cutting one stock length, and anything left after
" the stock length is cut to produce thét piecé is treated as "waste".
Thus, only one piece is prodﬁced from one stock length. This consider-
ably simplifies the problem as clearly the dimensions of the stock
will be a subset of the set of dimensions of the pieces demanded.

In particular the longest length amongst the pieces demanded ﬁill have
to be one of the stock lengths.

Sadowski [?6]_first used thé nane aséortment problem. He developed

a dynamic programming formulation of the problem and improvements to
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this formulation were made by Frank | 8 | and Wolfson [34]. The
formulation given here is that of White [35]. Suppose that the lengths

of the'pieces to be cut are zi i=1,...,m these lengths being ordered

so that &, < &

1 5,..§ﬁm and the demand associated with each ordered

2

length is b,. Let us define a function o(x, z) to be the cost of

satisfying the demands of all the pieces with lengths in the fange

x to z (call this sﬁbset éf pieces S(x, z)), from a stock object of
length z. This function can be easily calculated given the relation
between ﬁastage and cost. For example if cost is equal to wastage

and the set of pieces S(x, z) is {25,..., zj+k} then:

k

o(x, z) = ii)[:(z - 2',j+i) b,j+i:|'

Also, let us define a function CN(x) to be the minimal cost of satisfy-

ing demand of all the pieces with lengths greater or equal to x, using
at most N different lengths for the stock. Then the following recur-

sive equation relates the two functiors CN and o:

CN(x) >= min [U(x, z) ¥ C (z+l):|

Z>X

N-1
where C_ is defined C (z) = 0 for z>%_ and € (z) = = for z<% .
(] o] m (] - nm.

From the above recursion, a dynamic program can be used to find

CN(x) for 1<N<m and 0<x<f . It is possible to considerably limit

the values of x which need to be used in the recursion. Thus, X need
only take values equal to the lengths of the pieces to be cut. Clearly,

if x is not equal to one of these lengths, say x = zi* + y and

') zi* + ¥y then a stock of length zi* can be used to produce the

i*41
same pileces as abstock of length x. However, the stock of length x

will produce y more wastage each time it is cut, and hence will cost

more.
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The dynamic program is used to generate the values for CN(zm) for

1 <N <m, and from these values a decision can be made about which
is the best valuelof N. No algorithm has been suggested for making
this decision. Wolfson [3, qj'gives a practical application for the
cutting of steel billets in which he says that the results of the
dynamic program were used by management to make the decision.

h.s (B, 2, K;j -) The Two-Dimensional Knapsack Problem

The two—dimensional unconstrained knapsack problem has been con~
sidered by a number of authors with various extra constraints to
simplify the problem. The main way in vhich the problem is simplified
i§ to put some restriction on the ways in Which.the stock rectangle is
cut. There are two types of restric%ions that are used.

(i) The first type is to impose the restriction of guillotine
cuts, these are cuts which go from one edge of the rectangle to be cut
to the opposite edge, parallel to the two other edges, an illustration -
of guillotine and non-guillotine type cuts is given in Figures 1 (a)
and 1 (b). The restriction to guillotine cuts often occurs in practice
for example in ﬁhe cutting of paper or glass.

(ii) The second type of restriction is to limit the cutting to a
number of ‘'stages’'. Thus, if two adjacent edges of the rectangle to
be cut are considered to be the x and y axes then the first stage cuts
would be cut parallel %o the x (or y) axes, the second stage parallel
to the y (or x) axes, the third stage parallel to the x (or y) and so
on. Thus, & restriction can be imposed so that cuts only go up to
the third stage for example. The staging of cuts also can occur in
practice; thus, if the rectaﬁgle to be cut is being processed along a
production line there may be a number of cutting machines along the
line each corresponding to a stage. Staged cuts are illustrated in

Figure 2, note that these are always guillotine cuts otherwise it would
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not be possible to define stages. ~ In this survey the first problem
to be discussed will be the two-dimensional knapsack problem with

guillotine cuts imposed.

(a) (v)
Non-guillotine cut Guillotine cut
Figure 1
1 1 1
2 2 3
5 2 3

Staged cutting with 3 stages
Figure 2

A. Guillotine Cuts

There have been two optimal methods developed to solve the two-
dimensional knapsack problem with guillotine cuts imposed, one method
uses dynamic brogramming and was developed by Gilmore and Gomory Eii],
the.other method uses tree search techniques and was developed by
Herz Ei@]. In this section the dynamic proqramming method of Gilmore
and Gomory will be described in preference to the method of Herz as in

the next chapterthe Gilmore and Gomory method has been used in the
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algérithm dealing with the constrained version of phis problem.

In the paper by Gilmore and Gomory two methods are described for
solving the two-dimensional knapsack problem a simple method and a
éecond more sophisticated method.  However during the course of the
work for this thesis it was fouﬁd that the second method was incorrect,
and 1t is therefore the first method of Gilmore and Gomory which will
be described here. This fault was also found independently by Herz
and an explanation of what is wrong with their second method can be
found in [i@].

In order to develop a dynamic program for solving the two-dimensional
knapsack problem Gilmore and Gomory introduce a knapéack function
similar to the one-dimensional case. This two—dimensional knapsack
function F(x, y) 1is defined as follows:

Given m rectangular pieces r, = (zi, Wi) with non-

negative. values Vs associated with them, then
m

F(x, y) = max L s v,
1=l

vhere gl""’ £ are non-negative integers such
m

that there exists a way of dividing, by the use

of guillotine cuts, a rectangle (x, y) into Ei.
rectangles (Ei, wi) for i =1,...,m.

For example consider Figure 3 the rectangle (x, y) contains one

X

N
h'e

Figure 3
Feasible Cutting Pattern for a Rectangle (x.v)
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rectangle rs one rectangle Ty two rectangles r3 and two rectangles

r), hence for this particular rectangle it can be said that:

Flx, y) > v, +v_ + 2v

1 > 3 + 2vh.

The function F(x, y) has a number of properties:

F(x, ¥) >0 (1)

! Fx) +x,5y) 2 Flx, y) + Flx,, ¥) , 3 (2a)
Fx,7, 4,) 2 Flxyy) + Flx, v)) (2b)

- F(a,, W) 2v; i=1,...,m (3)

Property (1) is a consequence of the values of the rectangles
being non-negative. Property (3) is obvious, the value of F(li, wi)
will be equal to A unless there is a rectangle rj such that lj g_li
and w. < W. such that v. > v. in which case F(%., w.) may equal v.,

J— 1 J i i? 17 3
or there is a set of rectangles that will fit into (2i, wi) whose sum

of values is greater than vis in either case F(li, wi) > V.

) *
Properties (2a) and (2b) are also simple. If there existed an x .

¥ ¥

% *
= +
and x2 such that x xl x2

¥ % x % % %
F(x s ¥ ) < F(x_La y )+ F(Xea )
* * - 3 - -
then F(x , ¥ ) can be increased, for it is possible to make a cut on
x % *
(x , vy )at x= x, so that it is divided into two rectangles
* % * % * % .
(xl, ¥ ) and (xz, y ) and as F(x , ¥ ) is the maximum sum of the values
of the rectangles it can be cut into it can at least be updated to
% % ¥ ¥ X %
Flx', v) =Flx, v ) +Flx,, v )

A dynemic program, which uses the above properties of F(x, ¥),
*
can be developed for calculating F(x, y). The function F (x, y) used

in the dynamic program (and which becomes equal to F(x, y) when the



Iy}

procedure is finished) can be initialised from prqperties (1) and (3).
Thus for at least x or y less than the x or y dimensions of any of the
pieces.to be cut F*(x, y) is initialised to zero, if x and y are such
that the x and y dimension of at least one piece to be cut can fit
into x, y than F(x, y) is initialised to the value of the highest
value piece that will fit in (x, y). Note that in the Gilmore and
Gom;ry procedure the orientation of any piece to be cut is considered
to be fixed. Thus a rectangle (p, q) is considered different to a
rectangle (a, D). This has practical relevance in some cases. For
example in the cutting of cloth and the cutting of wood. However, if
for any pfoblem being considered the orintation is not important then
each piece to be cut will have to be-considered twice once with one
orientation and & second time rotated through 900. The dynanic
program uses properties (2a) and (2b).  Thus, for any (x*, y*),

¥ % . .
, ¥ ) is found by considering all possible guillotine cuts on

3

F (x
* * - - - -

(x , ¥y ), i.e. all possible cuts parallel to the y axis are considered

% % % % % %
from x = 0 to x = [? ;j and the value of F (x - x,¥5 ) +F (x, ¥ )
2

found for each cut. This type of cut is celled an x—cut. Similarly,
the y-cuts, which are parallel to the x axis are considered, from

% * % % x %
y=0toy = t{ —l and the value of F (x ; ¥ —y) + F (x , y) found
2

for each cut. From all the values for the x and y cuts, the maximum
¥ % X ) .

is selected and F (x , y ) is set equal to that value. The dynamic

programming procedure given sbove can be expressed in the following

functional equations given by Gilmore and Gomory Eii]:

F(X, y) = max {FO(X’ Y), F(xls y) + F(Xzs Y), F(X, yl) +
F(x, y2);

xz.xl + x25 O<xlix23 YZ_YJ_ +_y23 and

0<y 27, } (1)
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where Fo(x, y) = max {0, Vj : zj < x and W, <y} _ (5)
J

Equations (4) and (5) give the value of F(x, y) for any x and y.
They do not however give the structure of the cutting pattern that
achieves this value. Gilmore and Gomory introduced two functions
2(x, y) and w(x, y) that give the cutting pattern for F(x, y) for any
x and y. The way the functions 2(x, y) and w(x, y) work is best

I

illustrated by an example. Consider Figure 4; suppose that this

figure contains the optimal cutting pattern for the two-dimensional

fH~

™ : m »
L S e S\ 5
< xl mrdl B X2 7 \I X3 7
jh - . V3 ' Yy 4
~ 3 ‘L
(_“.‘_xh._) (—xs =15 < Xy < %3
v
q n
Yy 2
2 Yy 5 6
Y3 3
4 v ¥
Y
g % 5
Figure k4

Figure Illustrating the Use of Functions #(x,y) and w(x,y)

knapsack problem, that is the sum of the values of the rectangular

pleces in the cutting pattern has a value F(xo, yo). The functions

2(x, y) and w(x, y) are set to equal the size of the smallest x-cut

and y-cut respectively that gives the value F(xo, yo). Thus for
(xo, yo) the smallest x-cut on (xo, yo) in Figure 14;5 at x = x)
hence 2<xo, yo) =x - There are no y—cuts on (;og yo) in Figure L.
The cut that obtains the value F();o, yo) is an x-cut and this fact is
recorded by setting w(xo, yo) =¥,- From the values of £ and w at

(xo, yo) it can be deduced that F(xb’ yo) was obtained by making an
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xoayo) :
e |
W=y :
-cut x—cut
(x "2 ) .
i x9 xo'xl’yo)
1 L= x2
w = ys v =
_ : yo x—-cut
y—cut
y-cut
(x,>¥.)
X2Ys x—-cut
L =x (x3,y )’
W = ¥y, (xl’yo) L= X
L2 = xl vy =y
W= -
s (x,¥,) : 1
2 =
X, _
2 =
AL
y—cut y-cut
. piece (2) to
Pzige f&ze? be  1e cut fitted . :
. y—cul y-cut (x )
’yl
4= x {x 3,y0 D,
(x,,¥.,) (x,5¥,) ' 3 o=
2°"3 2°Y3 = yl 5
bex b= Yo
W = w = :
73 Y3
’ x—cut el
piece (5) to cut!
piece (3) to piece (4) to be cut fitted
be cut fitted be cut fitted ,
L xs XL]-
v =y, v =Y,
piece (6) piece (5)-

to be cut to be cut

fitted

Figure 5 Tree Generated from Figure 4 using £ and w

fitted
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x—-cut at x = X s thus the next rectangles whose cutting patterns must

be evaluated are (xz, yb) and (xo - X yo). Consider (xi, yo);

this will have 2(xl, yo) = x and w(xl, yb) = y_, indicating that the

p]

cut made on (xl, yo) isay-cut'at y =y This cut produces two

5
more rectangles (xi, ys) and (xl, Yo~ ys) = (xl, y6) these rectangles
are not cut in Figure 4, but have stock pieces (1) and (2) respectively

filled into them, thus the values of £ and w will equal the x and y

dlmens1on§ respectively of the rectangles, i.e. 2(xi, ys) =X, w(xl, ys)
=¥ and‘l(xl, y6) = s w(xl, y6) = ¥g» this indicates that these‘

rectangles are not cut further but have a piece (to be cut) fitted into

them. Thus, a searchof the pieces to be cut which will fit (xl, ys)

and (xi, yg) is carried out and the ones of maximum value selected.
{this value equals the value of F for each rectangle.) In this case

the rectangles are r, and r, respectively, and are added to a list of

rectangles which fit into F(xo, yo).

In general, the process described above is that of generating
8 binary tree. A tree for the complete anaiysis of Figure 4 is given
in Figure 5. At each node the size of the rectangle represented at
that node is given,and the values of £ and w for that reétangle are
also given. On each branch it is shown whether the branch reprgsents
an x-cut or a y-cut. The functions 2(x, y) and w(x, y) are defined

as follows:

F(X9Y)

2(x, y) = min {x,x | O<xj<x=x F(x »¥) + Flxx ,¥)}

1 1°

w(x, ¥) = min {y)»¥y | Oy 5y-¥y» Fly) = Flxy;) + Flxyy, )}

The Gilmore and Gomory algorithm for the two-dimensional knapsack

problem will now be formally stated. It uses three temporary funetions

% % %
F, 2 andw which become F, &, and v at the end of computation. The
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dimensions of the stock rectangle are considered to be L and W:

*
1. F(x, 7y) = FO(x, y) for 0<x<LandO0<y=<W

1
=
=]

2 (zi,wi = zi and w ( 3o¥;) =W, for i

¥
w (0,0) =0

z*(o,o)

X, = y2 =1 goto 2.1

2.1 x1 = 1

’ ¥ *
2.2 If x;+x, <L, let V=TF (xl, y2) +F (x2, y2) goto 2.3,

otherwise goto 3.1.

)=V

* *
2.3 IfV>F (x1+x2, y2) then let F (xl+x2, Y,

% %
= +
let 2 (x1+x2, y2) x, and w (xl X

1 ) = ¥, and goto 2.4

2292
¥ ' ' *( y.) = to 2.4
IfV=F (x1+x2,y2) then let & X, #x,5¥,) = x; and goto 2.

otherwise goto 2.4

= + 2. i
2.4 If X < X, then let x) = x +1 and goto 2.2 Othervise

goto 3.1

3.1 yl =1
% %
3.2 If ¥4, <Wlet v = F,(xg,yl) + F (xg,yel and goto 3.3,

otherwise goto 4.1

3.3 If V> F*(xe, yl+y2) then F$(x2,yi+y2) =V,
% : % ‘
let w (x2,y1+y2) =¥, let 2 (x2,yi+y2) ='x, and goto 3.4
% ®
IfV="F (x2,y1+y2) then F (xg,y,+y2) = V then
%
let w (xg,yi+y2) =y and goto 3.4

Otherwise goto 3.4

3.4 If ¥y <Y, set y; = y H and goto 3.2. Otherwise goto 4.1

4.1 1If X, < L then let x, = x, +1 and goto 2.1. Otherwise goto 4.2

y2 + 1 and x

5 = 1 and goto 2.1.

4.2 1If vy < L) thgn let v,
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O?herwise stop.

This algoritbm has four main parts. The first part (step 1) is
the initialisation stage, this corresponds to making sure that properties
(1) and (3) hold for F* and indicating in ¢ and v that no cut is ‘
necessary for a rectangle with size equal to the size of a piece to be
cut, it also initialises the 'step off' point from which to search
for improvements in F*. The second stage (step 2) sequentially looks

*
for x—cuts at x = x which will improve the value of F (xl+x2, y2),

' *
thus making sure that property (2a) holds for F . If any improvements

¥ * ¥
are found then F , 2 and w are altered, if an x—cut at X is found
- * *c
that give the same value of F (xl+x2,y2) then £ 1s altered to xl as
% .
will be less than the current value of % (x,+x.,¥.) because
x 17%2092
%
L (x1+x2,y2) will have been last altered at a lower value of X, The

third stage (step 3) is the y—cut equivalent of the second stage this

*
time making sure that property (2b) holds for F . The fourth stage

(step 4) increments the 'step off' point.

The algorithm works in such a way that just before using (x2,y2)

*
as a step off-point F (x, y) = F(x, ¥y) for x and y such that

and 0 <y <y, andalsox, <x<L and0 <y <y, -1,

0<x<x 5

2

this situation is illustrated in Figure 6, the shaded area illustrates

: *®
the points where F (x, ¥y) = F(x, y).

A // ;ixasyz) . R I,

2 //// Z//:::;EEE:::yé-l

| N/
X2 ) .

AN AN

W >
, i - . :
Figure 6 Illustration of where F (x, ¥) = Fl{x, ¥)
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At each step off point (x ) a series of rectangles (x1+x )

23y2 23y2

< < + ] i =
0 X S Xy X X, <L are examined to see.lf a cut at_x Xy

- * . - * - - i
improves the value of F (x1+x2,y2), and if 1t does F 1is increased.

(This is done in the second stage). Also for each step off point‘

the rectangles (x2,y1+y2) 0 < Y, S, ¥y TV, < W are examined to

see if a cut at y = ¥y

*
will improve F (x2,yl+y2). (This is done in
the third stage). Once all improvements have been examined it 1is

possible to move the step off point, if x, < L this is done by moving

2

it to (x2+1,y2), if x, = L then it is moved to (1,y2+1), the procedure

2
terminates when the step off point moves to (L, W).

B. Staged Cutting

Methods for solving the (B, 2, Kl; -) stock cutting problem in
which the cutting is considered to be staged, have been described by
Gilmore and Gomory EJ.:):-_] and Hahn E‘_"{j , Gilmore and Gomory primarily
consider problems in which there are two stages of cutting.  They
developed two methods for the staged problem one using dynamic pro-—
gramming and the other using linear programming.

Their dynamic programming method uses the a dynamic. program
similar in structure to the program for the one-dimensional knapsack
problem, but uses the dynamic program in two stages — for each stage
in the cutting process. The two stages are:

*
(1) For all widths w; calculate Vi, the optimum value
obtainable by fitting rectangles (zj, wj), where

Vs < v, end to end into a strip of width v, and

length L. For each i this is a one-dimensional

knapsack problem.



48

(2). The optimum value of the objective function

‘m
b _Ei A is then obtained by solving-a one-
i=1 ' ' ’

dimensional knapsack problem: maximise

m 1 % m '
L & v, subject to W> I Ei .
i=1 =1 * *

A

N

=
& K> e—— 52— e—;ﬁi)

€ L

Figure 7 Two Stage Cutting

Figure T illustrates a typical cutting pattern produced by two
stage cutting.

- They also formulate this problem as a 'stageé linear program',
having two stages corresponding to the two cutting stages. Their
approach combines the linear programming approach they used for the
one-dimensional stock cutting problem with the decomposition method of
Dantzig and Wolfe [ b .

Hahn [if] shows how the above procedure can be extended to more
than two stages. Although she is primarily concerned with a three
stage cutting problem in which the cutting at the third stage only
produces rectangles of equal size. She also extends the methbd to
include the possibility of having defects in the stock rectangle which .
cannot be included.in the pieces to be cut. The method was designed
for the glass industry and she discusses ways of altering the method

so as the find a near optimal solution quickly.
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4.6 (¢, 2, P!, GE) The Two-Dimensional Assortment Problem with

a Continuous Length of Stock

Most of the work that has been done on this problem is for a con-
siderably restricted version. 'However, Short [?8] studied the pro-
blem without any additional restrictions impésed, introducing various
heuristics to find a good solution and comparing their performance.

In other studies [iO? 11, 12, 3£] the additional restrictions
that are imposed are:

1. Only staged cutting is considered with a maximum

of two stages (note: staged cuts are guillotine cuts)

2. If the dimensions of a piece to be cut are (Ek,wk),
then (lk,wk) need not be supplied whole. Thus,
in order to satisfy a demand of one on (zk,wk), it is

possible to supply r pieces (Eﬁ,wk) : P =1l,...,r

r

such that I lﬁ = lk. Note that the width of
p=1l

these r pleces is equal to W .

This last type of situation occurs when the lengths of the pieces
to be cut are much greater than their widthé and it therefore may not
be so important for each piece to be whole. Another situation in
which this can occur is in executing a bateh of jobé on a computer.
Time can be regarded as the continuous dimension and the size of the
computer storage as the fixed dimension. Programs requiring a certain
amount of core and time do not‘require to run continuously but can be
swapped = in and out of core whenever convenient.

The problem with both simplifications 1 and 2 described above
has been studied by a number of authors [il, 12, 13, 3£] and L.P. can be

used to find a solution. The L.P. formulation has many similarities
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to the one-dimensional stock cu@ting problem. For each combination
of widths of the pileces to be cut that will fit across the width of
the stock, a variable xi is used tp denote the length of that com-
bination used in the optimal solution. With each combination there
is associated a waste a; per unit of length, for example if combination
1 uses two widths w, one width v, and four widths s then:
By =W 2n mwy - g
where W is the width of the stock. Then, as the objective is to mini-
mise wastage the objective function is:
z a; X..
.all.
combln?tlons
i
Since it is not important that the pieces to be cut are produced
whole, but can be supplied in smaller pieces whose sum is the size of
the required length, demand can be though of as a total length required

for each width wj. Suppose that the demand length for each width w'j
is dj’- and that the number of times width W, occurs in combination i

is tij then the L.P. constraints are

z .. x. > d. i=1,..., m
i i 12— )
all

combinsation i

4.7 (A, 2, K, GE) The Two-Dimensional Trim Problem

The two—dimensionel trim problem can be solved approximately in
a &ery similar manner to the heuristic method used for the one-~dimen-
~ sional stock cutting problem. Thus for &ll N feasible combinations
of the two—-dimensional pieces to be cut from stock*, there is a vari-

able ch h = 1,..., n which gives the cost of that combination and

there are thj pieces of type j in combination h then the objective

r 4 ,
Note that a 'combination" is used here to imply the actual cutting
pattern and also the stock from which this pattern is to be cut.
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Cis

N
minimise I ¢
pey hm
subject to:
N .
It . > b, i=1,..., m
pe B3 TB =

This formulation is identical to that for the one-dimensional problem.
However, it is much more complex to implement, since the size of N
even for small problems is enormous, and is also not a simple matter
to generate the cutting combinations.

Gilmore and Gomory [ij] developed an improvement to the above
method, for when guillotine cuts are imposed. This is of similar
form to their improvement to the one;dimensional algorithm. A basic
feasible solution is first found using a heuristic with only a limited
number of the variables, corresponding to the cutting combinations,
being considered. The algorithm for the two—dimensional knapsack
problem (B, 2, Kl, -) (see Section 4.5) is then used to generate any
combinations that should be included in the L.P. in order to improve
the solution. Any combination that becomes 'redundant' is removed
in order to keep the size of the L.P. as low as possible. This pro-
cess for the one~dimensional problem is described in [11, 12], its
use for two—-dimensional problems is given in [ij].

4.8 (C, 2, R, GE) The Two-Dimensional Assortment Problem

Chambers and Dyson | 1 | have considered a heuristic for the two-
dimensional assortment problem. As in the methods for the one-dimen-—
sional problem a cost is evaluated for a range of numbers of stock
rectangles and a decision is then made on the correct number of stock
rectangles to keep. The heuristic makes use of the solution to
brqblem (4, 2, X, GE) aescribed in Section 4.7 for a variety of

potential -stock sizes, and then uses a heuristic procedure for
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choosing those potential stock sizé; that are most highly utiiised

to keep as stock.
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CHAPTER 3

#
STOCK CUTTING ALGORITHM

¥ The contents of this chapter have been published inj
Operations Research, Vol 25, No 1, 1977, pp30-4k
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An Algorithm for the Two—dimensional Constrained Knapsack Problem

(B, 2, XK, IE)

1. Introduction

In this chapter an algorithm is developed for the solution of
the constrained two-dimensional knapsack problem (B, 2, K, LE).
The algorithm uses the search techniques and limits the size of the
tree generated by deriving and imposiﬁg necessary conditions for
the cutting pattern to be optimal. The dynamic programming
procedure of Gilmore and Gomory [ 8] for the solution of the un-
constrained problem, and a node evaluation method based on =a
transportatioﬂ routine, are used to produce upper bounds during
the search. The computational performance of the algorithm is
illustrated by tests performed on a large number of randomly
generated problems with constraints of varying 'tightﬁess'. The
results indicate that the algorithm is an effective procedure for
solving cutting problems of medium size.

AThe two-dimensional cutting problem requires cutting a plane
rectangle into smaller rectangular pleces of given sizes and values
to maximize the sum of the values of the pieces cut. This version
of the problem appears in the problem of cutting steel or glass
plates [10] into required stock sizes to minimize waste. By
taking the value of a piece to be proportional to its area, we
can formulate the waste minimization problem as one of maximizing
the value of the pieces cut. The problem also appears in

- cutting wood plates to make furniture and paper board to make
boxes. |

A special case of the general two-dimensional cutting problem
is one in which all cuts must go from one edge of the rectangle

to be cut to the opposite edge, i.e., the cut has to be of a
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"guillotine" type. Some cutting patterns - e.g., that shown in

Figure 1(a). Cutting pattern infeasible with guillotine cuts

Figure 1(a) - could not be produced by this type of cut.
However, the restriction of "guillotine" cuts appears very often
iﬁ practice especially for the cutting of paper and glass.
Figure 1(b) shows a possible cutting pattern using guillotine

cuts where the cuts are numbered in the order in which they could

2

3

Figure 1(b). Cutting pattern made with guillotine cuts
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be made, although other seguences are obviously also possible. In
this chapter only "guillotine" type cuts are considered, and
when-the word "cut" is used this type of cut is implied. The
more general cutting problem appears less frequently in

practical problems and is moré difficult to solve.

In practice cutting problems avpear in a constrained form,
the most usual constraint being the one that restricts the
maximum number of pieceé of each type to be cut. in the one-
dimensional problem upper bound constraints on the variables
can easily be included in a dynamic programming algorithm.
However, the two—dimensional problem is not amenable to efficient
.solution by these means. We presépt a tree-search algorithm
for the solution of the two-dimensional constrained cutting
problem. The aigoritﬁm described limits the size of the tree
search by deriving and imposing necessary conditions fof the
cutting pattern to be optimal and by'using the dynamic programming
procedure for the unconstrained problem together with a node
evaluation method based on a transportation routine as subalgorithms
to produce upper bounds during the search. The computational
performance of the algorithm is illustrated by tests performed on
a large number of randomly generated problems with constraints of
varying "tightness'". The results indicate that the algorithm is

an effective procedure for solving cutting problems of medium size.

2. Problem
The constrained two-dimensional cutting problem can be defined
as follows. Let a large rectangle A, = (LO, WO) (i.e., the length

of L. and width W. units) be given, together with a set R of m

0 0

Wé)p...,(ﬂ . W‘)]a

smaller rectangular pieces R = {(21, Wl)’ (2 o’ ¥m

2’

each piece in R having associated with it a value v, and a maximun
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number bi of pieces of type i that can be cut from AO. The
problem is to find the maximum value of z = .§ Eivi so that
Ei < bi’ i= l,.,.,m; and there exists a ser;;i of cuts on AO
so that Ei preces of type i in R can be cut from Aj,, the Ei
being nonnegative integer variables.

In order to distinguish between the given pieces in set R
and the rectangles produced by the cuts on AO al any stage during
the cutting process, we will refer to the former as."pigces" and
the latter as "rectangles". It will be assumed throughout the

chapter that Ly,W, and 2., ¥, i = 1,...,m are integers and that
the cuts on tHe rectangles are to be made in integer steps along
the x and y axes. This limitation is not serious since in
fractice the actual dimensions can be scaled up. It should also
be noted that the orientation of the pieces is.considered to be

fixed, i.e., a piece of length £ and width w is not the same as

a peice of length w and width £.

3. Enumerative Procedure

We will first describe a procedure that generates all
possible cutting patterns without duplication and then describe
methods for implicity emmerating these patterns in a general
tree—search algorithm.

A1l possible cuttipg patterns can be generated by developing
4a tree, where branchings represent cuts on a rectangle. Thus.
the branches emanating from the root-node of the tree correspond
to all possible cuts on AO, and each node at the end of a branch
réepresents the rectangles produced by the corresponding cut §n AO.

To generate all possible cutting patterns (including the
original uncut rectangle), we must include among "all possible

cuts" an artificial "cut" thet leaves the rectangle intact. This
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"cut" plays an important role in the algorithm and will be
referred fo as a .O-cut. Thus, a rectangle that has been "cut"
by a -0—cut must not be a candidate for future cutting and
must - from.that node onward - be considered fixed.
At successive nodes a reétangle is selected from the list
of rectangles represented by a node, and branching occurs from
that node by making all possible cuts on the chosen rectangle.
Part of the tree for a 3X2 rectangle is illustrated in
Figure 2. At each node rectangle is selected for cutting from
the rectangles that have'not been O-cut (a O-cut rectangle is
shaded in Figure 2). 1In Figure 2 the smallest of the non-O-cut
rectangles is selected for cutting at each node. Branching is
orderedrso that the cuts parellel to the y-axis are made first in
increasing order of x. Cuts parallél to the x-axis in increasing
order of y are made next. The final cut is the O-cut. The tree
shown in Figure 2 is not complete as the tree generated by this
pfocess is too large. In order to develop an effective method for
solving the problem, it is necessary to develop some ways for

reducing the size of the tree, which we shall now describe.

3.1 Effects of Symmetry

Given a rectangle with dimensions (p,q), there are p+g-1 cuts
that can be made on it - along x = 1,...,(p-1), along y = 1,...,(g~1),
and the O-cut. If, however, all these cuts are made, producing
p+a-1 branches, then the set of rectangles represented at successor
nodes will be duplicated at several nodes because of the appearance
of symmetrical cutting patterns. These duplications can easily be
removed as follows.

Given a rectan'gle (p,a) a cut at x = a on (p,a) produces two
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Enumeration of all possible cutting
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rectangles (a,q) and (p-a,q). Clearly, these same two rectangles
could have been produced by a cut at x=p-a, which is symmetrically
opposite to the cut at x=a with respect to (p,q). This can be
avoided without missing any unique cutting pattern by making cuts-
only up to half way along the.x—side of the rectangle. Thus ,

the range of x-cuts is limited instead of 1 £ x £ (p-1) to

1 < x £[p/2] where [p/2] means "the greatest integer not greater
than p/2". Similarly, the rante of the y-cuts can be redefined
tobel <y < [a/2].

An example of this type of duplication is shown in Figure 2,
the ‘rectangle’'cut up at nede 1 is cut at x=1 and x=2 to produce
nodes 2 and 19. The sets of rectangles represented by these
.nodes are identical. Thus by implementing the improvement
described above it is possible to eliminate node 19 and all nodes

- beneath it, as well as many other nodes in the tree.

3.2 Effects of Cut Ordering
| Consider a rectangle (p,q) and suppose that at some node

(p,a) is cut at x=a, producing two rectangles (a,q) and (p-a,q).’
Then suppose at some successor node (p-a,q) is cut at b,
‘a <b < [(p-a)/2] producing three rectangles (a,q), (b,q)

(p-a—b,q) from (p,q). These same three rectangles could have

been produced by first making the cut x=b on (p,a) and then making
-the cut x=a on (p—b;q). This type of duplication can obviously

be removed without missing any unique cutting patterns by introducing
an arbitrary cut ordering so that if a rectanglé is cut at, say,
x=d, then all subsequent x—cuts on the two resultant rectangles must
be greater than or equal to «. This‘restriction, together with

the restriction imposed by symmetry in the 1last section, implies



6k

that for the larger of the two resultant rectangles, (p-0,q),
the range of x-cuts is now limited to @ < x < [(p—)/2] and, in
particular, if [ (p-a)/2] < @ no further x-cut on that rectangle
need be made. For the smaller of the two resultant rectaﬁgles,
(0,q), the restriction imposed by the cut ordering implieé that
no further x-cut is possible. |

The consequence of cut ordering as explained above is to
eliminate from explicit consideration different sequences of
cuts when these lead to the same final cutting pattern. A
similar kind of restriction can be imposed on the y-cuts.

This can be seen in Figure 3 which illustrates part of the
enumeration tree, with the symmetry restrictions imposed, for a
5xL rectangle. At node 8 a (2,4) rectangle is cut at x=1 contrary
to the above rule, as this rectanglelwas produced by a cut at x=2
on the (5,4) rectangle at node 1. It should therefore not be
cut with an x-cut of value less than 2. As é result of cutting
tﬁe (2,4) rectangle at node 2 at x=1 node 9 is produced. However,
this node is redundant, as any node that is produced by branching
ffom node 9 can also be produced in branching from a node below
node 2. This occurs if the Uxk rectangle at these nodes is cut

at x=1. For example nodes T and 11 are identical.

3.3 Normal Cuts

If a rectangle (p,q) is to be cut by, say, an x—cut at some
position x,‘then in the final cutting pattern there must be some
combination of the lengths £i of the available pieces, for which
LA £ a, whése sum must be exactly x. If this were not so (i.e.,

as shown in Figure 4(a) for the x-cut marked a-a), then an

alternative cut at position x' <x could also lead to a final



Figure 3. Illustration of the effects of

cut ordering.

(Note:

Branches with dotted lines need

not be generated because of symmetry
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cutting pattern (as shown in Figure 4(b)), involving the same
pieces and hence having the same value as the pattern in

Figﬁre 4(a). The pattern of Figure 4(b) wiil be called ‘normal,
and it is apparent that for any pattern there is a normal
equivalent. It should, howe;er, be pointed out that, contrary
to the cut restrictions imposed previously, normality ié a
property of a cutting pattern that is relative to the set of
pieces available for cutting. It should also be noted that a
direct consequence of normality is that "waste" - such as the

shaded area in Figure 4(b) - is never cut away by the algorithm

/)

P~

NLLLL LS

Figure 4(a). Nonnormalized cutting pattern

but is left attached to =a rectangle'from which some piece will
later be produced.

Thus, one can (without loss of optimality) limit the x-cuts
only to thoée values of x leading to normal patterns; and
simiiarly for the y-cuts. The feaéible x-cuts on a rectangle
(p,q), given the set R of pieces (Ei, wi) to be cut, must theﬁ be

at values of x that are the elements of some set s,

In Figure 3 if the pieces to be cut from the initial rectangle
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at node 1 have x—-dimensions greater than one, then the value x=1

will not be in the set Sq, and hence it is not necessary .to branch
on cuts at x=1. Thus nodes (2) and (9) and their successors need
not be generated and the size of the tree is considerably reduced.

-
a
-

7

/7777777777

’

Q

Figure L(b). Normalized form of cutting pattern in Figure h(a).

The sets S% can be calculated for all values of q by a single
iterative equation in one pass. First assume that the m pieces
are ordered in non-decreasing values of v, . We define a function

fr(x) as follows.

If there exists one or more integer—valued vectors & that

satisfy

> (1)

then set f (x) = w.4, vhere
i* = min € lnax {1 Izl #0H . (2)

If no such vector & satisfying (1) exists, then set fr(x) = o,
It follows from the above definition of fr(x) that if

fm(x) < q, then x is the sum of lengths Zi of some combination of
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pieces (satisfying the bi constraints) all of whose.widths W
are less than q, and x must therefore be in the set s?. Thus ,
once.the tableau fm(x) is generated, the sets 8% can be produced
for any q.

The tableaux fr(x), 1¢g } <m, 0 <x¥g [L0/2] can be
generated simply by the recursion: fi(x) = min {fi_l(x),
max {wi, mink(fi_l(x - kﬂi))}} m vhere 1 < k < min {bi’ [x/Qg},'
k integer, X,; 25 fi(x) = fi—l(x)’ x < ﬂi’ and fo(x) = o for all
X.

The corresponding sets TP for the y—-cuts can be generated
in a similar manner.

The use of the function fr(x)'is best illustrated by an
. example:

Suppose‘thai the dimensions of the stock rectanglé (LO, WO)
are (18,12) and the pieces to be cut and the constraints associated

with them are,

(2,5 w,) = (3, 3) b, =2
(255 wy) = (5, 4) b, = 2
(255 w3) = (b, 2) by =2 .

Note that they are ordered in non-decreasing value of Wi then the

values of fx(x) are as follows.

Clearly for 0 < x < 2 f3(x) = o,
For x = 3 there is only one vector £ (1, 0, 0), hence
f3(3) =w = 3.

Similarly for x=L and x=5 the only vectors are (0, 0, 1) and

(0, 1, 0) respectively hence

b) =w, =12 and f3(5)=w2=h.

3( 3
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For x=6 the only vector is (2, 0, 0) hence
f3(6) =W, =3.

3(7) =g = 12.

For x=8 there are two vectors-(1l, 1, 0) and (0, O, 2) hence

For x=T the vector is (1, 0, 1) hence f

i* = min (2,3) = 2 and f3(8) =V, = L., TFor x=9 there is only
one vector (0, 1, 1) hencg f3(9) =12, if the constraint on piece
1 were greater than 2 then another vector would be (3, 0, 0) and
f3(9) would equal 3.

Thus for O < x f'[LO/2] =9, f3(x) has the values:

x .0 1 2 3 i 5 6 7 8 9
f3(x) © L L 3 12 4 3 12 L 12

‘From this table the sets s? that contain the normal cuts are:

s - ¢ ' 0<qgx<2 (3)
s? = {3,6} Q=3 (%)
s? = {3,5,6,8} b<qz1l (5)
st = {3,4,5,6,7,8,9} g =12 (6)

(g > 12 need not be considered as W, = 12).
The above analysis will considerably reduce the size of the
tree, for example, from (5) at most four cuts need to be made on

any rectangle of width less than 12,

_3.h Description of Enumerative Algorithm
We now describe an algorithm that generates all normal cutting
patterns on a rectangle A, = (LO,

be cut. In this algorithm each node represents a state of the

Wo), given a set R of pieces to

rectangle after cutting has taken place, and a tree branching from
one node to another represents a cut.

The state at a node n is described by the list L of rectangles
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produced by the sequence of cuts corresponding to the path that
leads from the root of the tree to node n. In list L each
rectangle 1is represented by a four-part label (p,q,x,y),'where

p and q are -the rectangle's length and width and x and y are

integers that can take values in the ranges 0 < x <[p/2]+ 1,
1<y cla/2l+1.
The meaning of x and y is as follows. If 1 < x <[p/2], then

the next cut to be considered on rectangle (p,a) - if this rectangle
is chosen for cutting - is an x-cut at position x. If
x=[p/2] + 1 and 1 £y £ [q/2], then the next cut to be made on
(p,q) is a y-cut at positiony. If x=[p/2]l+ 1 andy =1[q/2]+ 1,
all feasible x-cuts on rectangle (p,q) have been performed and the
next qut to be made is an O-cut. If x = 0, we infer that an O-cut
on (p,q) has been made and this rectangle is not to be cut further
by any branching following node n.
A few comments on the mechanics of the search procedure are
necessary before the algorithm is described.
(i) Only one rectangle is cut at a node, and the procedure
is exhaustive because of the introduction of the O-cut,
as explained earlier.
(ii) When a rectangle (p,q) is produced by an .x-cut, future
x-cuts on (p,q) must be at vaiues of x 2 X, where X is
calculated as described earlier. Similarly, Y is
‘calculated if rectangle (p,q) was produced by a y-cut.
(iii) The sfaté of the search 1s represented by:
(a) The list L of four-part labels corresponding to
rectangles produced by the cuts so far. This lisf
is updated for forward and backward branchings.
(b) Say that at node j a rectangle (p., qj) from list L

J

was chosen for cutting and the four—part label for
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that rectangle was (pj, Q35 X35 yj). Then a

vector Q(j) of six-part labels (pj, Qs Xio Yis Xy Y2)

| 375779 79 T
is stored for all J, 0 < jJ < n, where X, and Y. are as
explained in (ii) above.

A diagrammatic description of the algorithm is shown in

Figure 5, and a detailed description is given in the appendix.

k. Tree-Search Algorithm

Section 3 gave an enumerative procedure that could generate
all normal cutting patterns with respect to a set
R = {(Bi, wi), i=1,...,m} and maximum numbers by, 1= 1,...,m
.of pieces to be cut. The procedurg generates all cutting
. patterns without symmetric duplications and without explicitly
considering different éequences of cuts when these lead to the
same cutting pattern. However, up to now no consideration has
been given to the fact that the pieces in R have values o
associated with them, and the purpose of this section is to

examine ways of limiting the tree search described earlier in

order to solve the optimization problem of Section 2.

4.1 Upper Bound on Value of Cutting Pattern at Node

In the normalized optimal cutting pattern there is exactly
one piece from the set R fitted into each rectangle of this pattern
because (as mentioned earlier) the "waste" - i.e., rectangles with
nothing fitted in them - is not cut away by the algorithm itself.
Thus, at some node of the tree when the list of rectangles already
cut is given by the set L, let thqse rectangles that have had an

O-cut made on them form the subset H. € L. The rectangles in H

0 0

will not be cut at any node below the current node and in the

final cutting pattern will have some piece fitted in them. Hence,
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Initialisatiop

Put the main recta:gle
(Lo W, ) into lse L.
Set LEVEL=].

Ls there
rectangle in L

which hay not been
gut bya DO-cur,

?

NO

v

Call this rectangle E and
emove it from L.

forward bradching Y
Set LEVEL=LEVEL+I,
.Make the next cut on E
and add the rectangle(s)

resulting from the cut
Into L.

NO

A

Backtrack
Set LEVEL=LEVEL-.

Remove the rectznglef)
produced by the last cut
on E from list L.

YES

JA1l cuts on E have been completed.|.
Add E back into L., Call the
rectangle cut at level (LEVEL-})
of the tree the new E.

Figuré 5. Flow chart of the algorithm
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an upper bound on the value obtainable from the rectangles in
.HO can be obtained at any node of the tree by allocating pieces
to these rectangles from the set R in an optimal fashion.
This allocation can be done quite simply as follows:
Form a matrix [aik] with'm rows corresponding to the
pieces in R and u columns corresponding to the u (say’ rectangles

3 = 1 . < . <
(pk, qk) in Hy. Set aik v;, if 2; < p &and w; < q and

a. = - © otherwise.
1k _

The best feasible allocation of pieces to rectangles is

then given by a solution to the transportation problem:

u n
max g = kil 21 8. %oy (1)
m
z xik _5_ 1 i (8)
i=
u
I x.. <b.* (9)
k= ik = "1
xik 2 0.

The solution to this problem is made very simple by the special
structure of the [aik] matrix,'and the problem can be solved by a
particularly efficient version of the transportation routines [2].
The rectangles in L that have not had O-cuts made on them
are liable, at future branchings, to be cut further into smaller
rectangles and hence may be allocated several pieces from R in
the final solution. It is therefore not possible to use the
transportation routine to calculate an upper bound for these
rectangles, as this only allocates one piece per rectangle. How~
ever, an upper bound on the value obtainable from each rectaﬁgle

in L -~ H, can be derived by solving, for every such rectangle,

0

the unconstrained two-dimensional cutting problem using the first

of the dynamic programming procedures given by Gilmore and
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Gomory [8]. The second method given in [8] is incorrect, as
shown in [11].

‘'The procedure for calculating an upper bound at any node
is therefore to solve the transportation problem for all
rectangles in ﬁO and to solve‘the unconstrained two—dimensional
cutting problem for all other rectangles.

If at any node the value z¥ of the upper bound is greater
than the value z of the.best solution so far, and if the number
of each piece i used to generate this value is not greater than
the conétraint bi’ then an improved solution has been obtained.
z¥ can then replace E; and the backtracking can occur. If on
‘the other hand z¥ S E} then further branching from the current
- node can be discontinued and backtracking can again take place.

If neither §f theée cases occurs, then forward branching
can take place until a terminal node is reached (i.e., a node at
which all rectangles in the list L have had O-cuts made on them),
in which case the value of the solution of the transportation
problem is the value of the cutting pattern corresponding to that
node.

We note that the solution to the unconstrained problems need
not be calcualted at each node but that a single dynamic
programming table corresponding to the solution for the initial
rectangle (LO, Wb) and calculated once at the beginning of thé
tree search could be used to obtain directly the unconstrained
solutions to any rectangle (p,q), 1 < p < Lys 1 2@ S W, in the
list L. The major part of the computation of the upper bound is
therefore the solution of the transportation problem of (3),‘(h)
and (5), and this solution need take place only at nodes resulting

from some O-cut, i.e., only when the set HO of rectangles changes.
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4.2 Branching Strategies

The choice of which rectangle from the list L of available

rectangles is to be cut has been left unspecified. Thetre are

many ways in which this rectangle can be chosen, and a number of

these have been tried.

(1)

(ii)

(iii)

One simple method is to select that rectangle n

with the minimum x~dimension P and if more than

one sﬁch rectangle exists, then choose among these

the one with the smallest y—~dimension Q- This
corresponds to.choosing the "smallest" rectangle;

or similarly, the "largest" rectangle could be

chosen.

An alternative method is to select that rectangle for
which the unconstrainedAprbblem gives the highest
value. This is another simple and computationally
inexpensive method since the value of the unconstrained
solution is used in the calculation of the bounds. .

A slightly more complex branching strategy ﬁhat aims

to obtain a feasible solution early on in the search is
as follows. At each node of the tree the number ri of
pieces of type i that have been allocated to rectangles
by the transportation subroutine is available. Also
available isthghumber r; of pieces of type i used by
8ll the unconstrained dynamic programming solutions to
the rectangles still available for cutting (i.e., the
ones that have not as yet had an O-cut made on them).
If r, = ri + rg, then obviously r, > b, for at leaﬁt
one i = 1,...,m; otherwise, a feasible solution would
have been obtained and backtracking would have occurred.

Let i¥ be that piece 1 for which (ri - bi) is maximum.
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~It is then reasbnable to try to reduce the number

of pieces used for any type i for which r. > bi and

in particular that of type i¥ since this would

produce the largest step toward feasibility. With

this in mind, one could then choose to cut the

rectangle that uses the largest number of pieces of

type i¥ in the unconstrained solution. One hopes

that, after this rectangle is cut, fewer pieces of

type i¥* will be used.

The computational results given in the next section have been

obtained from a computer program using branching strategy (iii).

T Computational Results

The algorithm described in the last two sections was tested
on a large number of randomly generated two-dimensional cutting
problems and, as can be seen from Table 1, the method can be used
to solve practical problems of quite reasonable size. This
algorithm has solved actual wood cutting problems in the manufacture
of furniture.. .

The random problems were produced as follows. Given the -
ipitial rectangle AO with area do = LO . WO, then m random numbers
o i=1,...,m, corresponding to the areas of the m rectangles in
R, were generated by sampling from the uniform distribution in the
range 0 to 0.25 Oge The x dimensions Ei of the rectangles in R
were generated by sampling from the uniform distribution in the
range 0 to oy and rounded upward to the nearest integer, and the
y dimensions w. were then calculated using the formula W, = di/ei,
again rounding the number upward.

The constraints b, on each piece in R vere deliberately chosen

so that the unconstrained solution obtalined from the dynamic
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program was infeasible. Table 1 gives details of the size
of the problems tested and the time needed for their solution.
The computer code was written in FORTRAN IV for the CDC 7600
computer and was run using the FIN compiler of that machine.
The total memory requirements.of the code used for the solution
of all problems in Table 1 was 30 K words.

Table 2 gives the exact details of three of the problems
solved, including the sizes, values, and constraints of the
pieces in R, and the values of the constrained and unconstrained

solutions. TFigure 6 shows the cutting pattern that gives the

constrained optimal solution to problem 2 in Table 2.



Table 1

Performance of Algorithm

. (LO, WO) pﬁ:‘élzis (CDCT?ggg sec) . No. of nodes in tre<.a
solved Mex. Av. Min Max. Av. Min.
5 (ko, TO) L 1.1 0.96 0.79 1141 835 654
5 | (53, 65) 3 0.79 0.73 0.76 194 131 85
5 | (50, 100) 6 2.32 1.60 1.31 1943 102k 170
6 (15, 10) L 1h.31 7.15 1.25 11051 5310 1085
7 (ko, T70) L 15.23 7.48 1.18 18013 8866 1109
10 (ko, T0O) 6 25.43 15.29 0.7 18602 12175 230
20 (Lo, T70) -5 181.0 130.18 66.1h 57284 38807 22184

8L
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Table 2

Details of Three Test Problems

Problem No. 1 : Initial rectangle A, = (15, 10), m = 7T

Details of pieces:

Dimension vector: [Qi,wg = [(8,4), (3,7) (8,2), (3,4), (3,3), (3,2), (2,1)1
Value vector: [ vi] = [66, 35, 24, 17, 11, 8, 2]

Constraint vector: [bi] =[2,1, 3,5, 2,2, 1]

Solution value: constrained by [b% » 24l (unconstrained, 249)

Solution time: 2.47 sec. Number of nodes in tree: 3,79k

Problem No. 2 : Initial rectangle 4_ = (L0, 70), m = 10

(0]

Details of piectes

Dimension vector: [2.,w.] = [(21,22), (31,13), (9,35), (9,24), (30,7),
. 12 (11,13), (10,1h), (14,8), (12,8), (13,7)]

Vector vector: [vi] = [582, 403, 315, 216, 210, 1k3; 1Lo, 110, 9k, 90]
Constraint vector: [bi] =[1, 1,3, 3,2, 3,1, 3, 3, 3]
Solution value: constrained by [b% , 2892 (unconstrained, 3006)

Solution time: 24.0T sec. Number of nodes in tree: 18,602

Problem No. 3 : Initial rectangle Ay = (b0, T0), m = 20
Details of pieces

Dimension vector: [Ei,wi] = [(31,43), (30,41), (29,39), (28,38), (27,37),
(26,36), (25,35), (24,34), (33,23), (22,32),
(31,21), (29,18), (17,27), (15,24), (16,25),
(15,24), (23,14), (21,12), (19,11), (9,17)]

Value vector: [vi] = [ 500, 480, L60, Lko, L20, L10, LOO, 380, 360, 3kO,
: 320, 300, 280, 240, 260, 240, 220, 180, 160, 1L0]

Constraint vector: [b, ] =[k, 2, b, 4, 3, 4, 3, b, 4, 3,3, 3,2, 2,4, 1, %,
' :’491] '

Solution value: constrained by [bi]’ 1860 (unconstrained, 22L40)

Solution time: 66.1h4 sec. Number of nodes in tree: 22,18
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APPENDIX
Let c; be the number of pieces of type 1 in R used in the upper
bound calculation described in Section 3. Thus cs is the -sum of the
number of pieces used in the solution of the transportation'problem
for HO and the number of pieceé used in the dynamic programming
solution for the remaining rectangles. The description of the

complete algorithm, including the calcuwlation of the bounds, is then

as follows:

Initialization:

1.1 Set: n=1,L={(L, W, 1,1}, z=o.

Calculation of the bound:

2.1 Calculate the value of z¥ and css i= 1,V..., m for the list L.
2.2 If z* <z, set K = 0 and go to 6.1; otherwise, continue.
2.3 If bi=i c;, for all i=1, ..., m, set z = z¥, K = 0 and go

to 6.1; otherwise, continue.

Choose a rectangle for cutting:

2.4 Choose a rectangle (pn, Qs X yn) from the list L with
X # 0. If none exists set K = O and go to 6.1; otherwise,
set K = 1 and go to step 2.5.

2.5 BSet Xﬁ =X, and Yn =¥,

2.6 Set Q(n) = (pn, q

i ° xns yn.s Xna Yn) and L =L - {(Pns qns

xna yn)}-

Forward branching (x-cut):

3.1 Set x = xn.

3.2 If x> [pn/2] +1, set x =x +1 andgo to 4.1.
3.3 Ifxe Sén, go to 3.4; otherwise, set: x = x + 1 and go to 3.2.

3.4 Set L=1LU {{x, o, x, 1), {p, = x, @ > x, 1)}.

3.5 BSet X, =x+1l,n=n+l, and go to 2.1.
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Forward branching (y-cut):

k.1 Sety = Yy
h.2 Ify ;:[qn/el + 1, go to 5.1.

Y )
4.3 IfyET" go to hk.h; otherwise, set y =y + 1 and go to L.2.
h'h Set L=LUY {(Pns ¥, 1, Y)s (Pns qn -¥, 1, Y)}-

k.5 Set Y, =¥ +1,n=n+1 and go to 2.1.

Forward branching (O-cut):
5.1 Set L =LY {(pn, s 0, yn)}.

5.2 Set X, = O, n=n + 1 and go to 2.1.

Backtracking:

6.1 Ifn =1, stop; all normal cutting patterns have been generated.

6.2 IfK

0, go to 6.k,
6.3 L=LVY {(pn,_qn,‘xh, Yn)}.

6.4

n—lv

wn
1]
ot
ja]
"

v

6.5 If x [pn/2] +1, go to 6.5.2. 1If x =0, go to 6.5.3,
otherwise, continue.

(Last cut made was an x-cut):

6.5.1 Set L=1 - {(xn -1, a,x -1, 1), (pn -x +1, q,
x -1, 1)} and go to 3.1. '

(Last cut made was a y-cut):

6.5.2 Set L=1L ~ {(pn, v, -1, 1, ¥, - 1), gpn, q - v, *1, 1,

Y, = 1)} and go to k4.1,

(Last cut made was a O-cut):

6.5.3 Set L =1 - {(pn, Q. O, yn)}, K = 1 and go to 6.1.
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CHAPTER 4

SURVEY OF VULNERABILITY
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SURVEY OF VULNERABILITY

1. Introduction

Graph theoretic techniques provide a useful tool for the
investigation of many aspects of a communication network. This chapter
investigates the vulnerability properties of a network.¥ Problems
of vulnerability have received a great deal of attention in the
literature and problems involving the analysis and synthesis of
directed and undirected networks with minimal vulnerability have
been extensively investigated because of the many practical
applications in‘the fields of communications and computer networks

deéigh.

1.1 Graph Theory Basic Definitions

Before introducing some definitions on connectivity and
vulnerability we will introduce some basic definitions from graph
theory. Definitions not given here are as used in [9].

A graph G = (X, A) consists of a set of n vertices
X = {xl, Xpy +oes xnfrand & set of m arcs A = {al, Bos sees am}?
If for each arc 8 = (xik, xj ) the pair of vertices is ordered,
i.e. each arc has a directionkshown by an arrow, then the graph G
is a 'directed' graph, if the arcs do not have an implied direction
then the graph is a 'nondirected' one. Any nondirected graph can
be converted into a directed one by replacing each arc represented
by an unordered pair (xi, xj), by two directed arcs (xi, xj),

(xj, xi). If (xi, xj) exists, x; and x; are said to be adjacent

¥ In this chapter and the following ones we use the terms 'graph'
and "network' interchangeably.

+ For brevity,vertices and arcs are referréed to. by subserlpt
in certain sections of the thesis. The meaning will be
clear from the text.
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vertices and the arc (xi, xj) is incident at these vertices. An arc

will be denoted either by & meaning the kth are, or by (xi, xj). It

will be assumed for the sake of simplicity that graphs do not have

Jd
Most of the theory of vulnerability has been developed for nondirected

parallel arcs, i.e. (xi, xj) is unique,nor self-loops, i.e. (xi, x. )EA.

graphs and the current description will concentrate mainly on these
graphs. However some of the methods for analysis of vulnerability
are alsé applicable to directed graphs as there are many similarities
between the analysis of vulnerability and network flow problems.

For a nondirected graph the set of vertices adjacent to a vertex
x; is denoted by, F(xi). The degree of x; is denoted by 4 = IF(xi)[,
as each arc is incident at exactly two vertices then clearly the
following relation must be true |

N di = 2m ‘ (1)

ne~myg

i
A nondirected graph G is said to be regular if all its vertices have
the same degree i.e. d; = 4 for all i. From (1), (for a regular graph),
d = =-. A graph is said to be complete if every vertex has an arc
going from it to every other vertex. A sequence of adjacent arcs

s q > Xs ) is called a path, which can
1 t2 2 13 k Tkl

also be represented by a sequence of adjacent vertices, e.g.

), (X- s X. ),.... (X-

(xi s X2 i

(xi > X3 5 X5 5 eee X; ). A path is called simple if it does not
1 2 3 k+1
use the same arc more than once and elementary if it does not use the

same vertex more than once. Two paths both going from vertex X; to

vertex xj are said to be arc d4isjoint if they have no ares in

common, and vertex disjoint if they have no vertices in common

except x. and x..
L 1 J
In a graph G = (X, A) a vertex x; is said to be reachable from
a vertex xj if there exists a path from vertex xj'to vertex X; A

graph is said to be connected if (ignoring the directions of arcs)

R,
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every vertex is reachable from every other vertex, if this is not

the case then it is said to be disconnected.

A partial graph of a graph G = (X, A) is a graph Gp =’(X§, Ap)
with X, = Xand A, C A, i.e. it has the same set of vertices as G
but only a subset of its arcs. A subgraph of a graph G = (X, A) is a

graph G, = (Xs’ AS) such that X  C X and for every x; € X3
. ) = ) nN
Po(xg) = T(x;) NXg

thus a subgraph consists of a subset of the vertices of G but contains
all arcs in G between those verticeé in the subset. G, is also written
as (Xs). ‘Let a graph G = (X, A) be connected. A set of ares which
when removed from the graph moke it disconnected is referred to as

an "arc cut-set'". Similarly, if a set of vertices, when removed

from a graph, make it disconnected is referred to as a "vertex cut-set".

A set of both vertices and arcs, which when removed from a graph,

make it disconnected is called a "mixed cut-set'. Note that the

removal of a vertex from a greph automatically implies the removal
of all arcs incident on that vertex. If the removal of a cut—-set
makes a vertex X no longer reachable from a vertex Xy then the

cut—set can be called an "s-t cut-set'.

1.2 Measures of Vulnerability - Basic definitions

For the purpose of analysing the vulnerability of a graph G it
is normally assumed that the graph is connected and the "destruction"
of the network means that it is in some way disconnected, or that
the number of arcs in the shortest paths between certain sets of
vertices become so long as to render communication impractical; In

the literature the main criterion for the "destruction" of a graph

has been that the graph becomes disconnected [5, 6, 8, 15, 26, L2].
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However, more complicated forms of disconnectedness have been
considered, for example Boesch & Thomas [3] define "destruction"
for nondirected graphs as that condition when the largest connected
subgraph of G left after destruction has less than a specified
number of vertices. The prime measure of "destruction" considered
in this thesis will be simple disconnectedness. There are three
possible ways in which a graph can become disconnected; by damage
to its arcs, by damage to its vertices, and by damage to both its
arcs and vertices. Corresponding to these three ways of damaging

a network three variables can be defined, 6, w and v.

In order to develop methods for analysing the various types of
vulnerability in a graph it is necessary to define 8, w and v more
formally. In particular it can be shown that v 1is in fact redundant
and is always equal to w. In order to define 6 and w, we_first

define 6,y and wyy for two specific vertices s and t of G = (X, A).

6 | The smallest s—t arc cut set|

st

Weg | The smallest s-t vertex cut set| ; for (xs,xt) & A

(n-1) ; for (xs,xt) € A.

The arc connectivity* of a graph G = (X, A) is 6, where

" Min [o
Xg X €X
s#t

st]'

The arc vulnerability of G is defined as 1/8. The vertex connectivity¥*

of a graph G = (X, A) is w, where:

Min [w_,]
st
xs,xtEX

xs#xt

*® For directed graphs 0 and w give the minimum number of arcs and
vertices respectively that have to be removed so that the graph
is no longer strongly connected [9, p.52]. It may be unilaterally
or weakly connected after the removal of these arcs or vertices.
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The vertex vulnerability of G is defined as l/m.

6 and w respectively measure the number of arcs or vertices
that have to be removed from a graph to make it disconnected (in
the case of a nondirec£ed graph) or partially disconnected (in the
case of a directed graph). Thué disconnectedness is used as a
criterion for 'destruction' of a graph. Call this criterion (1).

" A number of other criteria for destriiction can be postulated [16, p.301].

(2) The graph G contains at least two components. This is equivalent
to (1) for nondirected graphs.
(3) There are no directed X T OX paths for specified sets of
. k k
vertices {x_ ...} and {x, ...}.
St tk )
(4) The number of vertices in the largest component of G is less
than some specified number. This is the criterion used by

Boesch and Thomas [3].

(5) The shortest X, T Xg path is longer than some specified number.

1.3 Anglysis and Sythesis of Vulnerability Problems in Graphs

Two types of graphs are used when vulnerability 1s considered
in networks: deterministic graphs and probabilistic'ones. For
deterministic graphs the object of analysis is to find the minimum
number of arcs and/or vertices that have to be removed in order to
damage the graph according to some vulnerability criterion. If we
choose 1/8 or 1/w as the criterion, the problem is to find 6 and w.
In the case of the measure used by Boesch and Thomas, (criterion (4)),
the problem is to find the least number of vertices or arcs to be
removed from G, so that the largest connected component of G resulting
after this removal is less than a given number. The object of
synthesis is to produce a graph with the least number of arcs or of

least cost which will have vulnerability (according to the chosen

criterion) less than a given permissible threshold value say V, or



91

alternatively given a budget B, to synthesize a network of cost less
than B with minimal vulnerability.

For probabalistic graphs in which each vertex or arc ha; a
épecific probability of failure associated with it, the problem is
to investigate the reliability ki.e. probability that a graph will
remain connected) of the network according to some criterion, or to
design a 'maximally reliable network' subject to constraints on
cost ete.

Which type of graph is used depends on the system being modelled.

In this thesis only deterministic graphs are considered.

1.k Properties of Vulnerability Measures

One of the basic theorems to do with connectivity in graphs is

due to Menger and Whitney [12, 36, U5]. Let P:£ {p:t} represent any
. . - v o . v

set of arc-disjoint paths from X to Xy and let Pst = {pst} be any

set of vertex disjoint paths from Xy to xi. The Menger-Whitney theorem

then states:

a
est - maxa lPstl
¥

. Pst
_ v
Wy = maxv |Pst
¥
Pst

i.e. the value of Bs is equal to the maximum number of arc-disjoint

t

paths from xs~to Xy and the value of Wey is equal to the maximum

number of vertex-disjoint paths from x, to x..

S
A result given by Boesch and Thomas [3] follows from this theorem:
Theorem 1 For any two vertices x , x, € X with (x5 xt)'¢ A,
mst-ﬁ eSt'
Proof Since all vertex disjoint paths are edge disjoint, the

theorem follows immediately from the Menger-Whitney theorem.
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It does not follow from theorem 1 that w < 6 as 0 and w are
obtained by minimising over all pairs of vertices and theorem 1 only
holds fér adjacent vertices. This reéult requires additional proof.
Theorem 2 If G = (X, A) is a directed (or nondirected) graph-then for any
pair of adjacent vertices Xy X there exists a pair of

vertices X: xj such that:

wis < O ¢ - (2)

Proof Case (i): 6 =n - 1. For adjacent vertices w

~

st — 0~ 1

hence for 1 = s and j = t relation (2) is true.

Case (ii): 6.t <n = 1. Let K be the minimum arc cut set

producing est.‘ Let K partition G into two subgraphs G'

end G'' as shown in figure 1. Clearly G' # ¢ and G'' # ¢,

‘Figure 1 Diagram for proof of Theorem 2
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c c . . - '
as X G' and x; € G''. Also d %3, X5 such that x. € G',
X; € "' and (x;, xj) ¢ A; for suppose ¥x; € G' and
ij € g" (xi, xj) € A then || = |a'| * |e''] > (n-1),

but IKI =0 < (n-1) hence such Xy and xj must exist.

st
Hence, it is poésible to make xj.not reachable from
X by removing est end vertices {xﬁ} of the arcs in X
such that xle{ # x; or Xj k=1 est.
Hence, wij < est Q.E.D.
Theorem 3 w < 6
Proof This result follows from theofem 2 and the definitions of
w and 6,

From theorem 3, w is bounded from sbove by 6, and it would be
of interest to have an upper bound for © which can be obtained for
any graph. For any pair of vertices xé and x , 6_, is bounded by
the degrees of vertices X and X, as there cannot be more arc

disjoint paths between a pair of vertices than there are arcs

leaving the vertices.  Thus:

0y < min[d,, d;]

hence

X ,xtGX X, ,xtGX
s#t s#t
‘n :
= min (di)ii z di—%‘l
x,€X ni=1

Thus for any graph G = (X, A) with n vertices and m arcs -2;112
is an upper bound on the arc or vertex comnectivity of that graph is
. 2m
w< 6 < min (4.) <= (3)
x.x + 1
1
The above inequality without the last term is often called the

'Whitney inequality', and it has been shown by Chartand and Harary [T]
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that for any set of integers a, b, ¢ such that a < b < ¢ a graph can
be constructed such that a = w, b = 0 and ¢ = min (di)’
xiGX
The, existence of upper bounds has led to a number of definitions
for types of graphs with vulnerabilities equal to the upper bounds.
One, given by Boesch and Thomas f3], is for an optimal damage resistant

graph:

Defn: An optimal damage resistant graph is one in which:

clearly all arc—optimal and optimal gréphs are regular. Boesch & Thomas
also prove the folléwing theorem.
Theorem 4 Any arc—-disjoint union of Hamiltonian circuits is an
arc—optimal graph. |
However, it does not follow that an arc disjoint union of
Hamiltonian circults is an optimal damage resistant graph. Figure 2
illustrates an agc—disjoint uhion of Hamiltonian circuits which is

not an optimal damage resistant graph. This figure contains

Figure 2 Graph

containing two disjoint

hamiltonian circuits

with 6=4 and w=2
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two disjoint Hamiltonian circuits (and is therefore arc—optimal) with
6 =L, hqwever it only has w = 2, since the removal of vertices 1 and
6 will make the graph disconnected and is therefore not optimal
damage resistgnt. .

Other definitons associated with the bounds on connectivity are:

Defn: A maximally vertex connected graph is one in which:

w5 = min{d, dj}, Vi,j (x;, xj) A .

Defn: A maximally arc connected graph is one in which

6.. = mi . -t
ij mln{dl, dJ}

Clearly all maximally vertex connected graphs are maximally arc

connected since

eij 2w and eij f.mln{di, dj}'

Connectivity in graphs is a subject which has been studied indevendently
of vulnerability theory by many authors, in particular Tutte [L43].

One of the prime obJjectives of vulnerability theory is to
facilitate the design of a network with certain vulnerability at
minimum cost (or having the minimum number of ares). It is thus
useful to define classes of networks such that the removal of any arc
or vertex from that network will increase the vulnerability of that
network. Halin [2T7] has given the following definition.

Defn: A graph G with vertex—connectivity p is said to be arc ecritical

(with respect to vertex connectivity) if the removal of any arc from G
reduces its vertex—connectivity to (p-1). Lick [34] has used a similar
type of definition for a vertex—critical graph:

Defn: A graph G with vertex—connectivity is said to be vertex—critical

(with respect to vertex connectivity) if the removal of any vertex

from G reduces it vertex-comnectivity to (p-1).
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A number of results have been shown for arc and vertex critical
graphs. Halin [27] has shown that a nécessary and sufficiént condition
for a p-vertex connected graph G to be arc-critical is that for every
pair of adjacent vertices X_s Xy € X there are exactly p vertex disjoint
s, t—paths in G. In [28] he shéws that every finite arc—critical
p-vertex connected graph contains more than %ffizi'vertices of degree
p. Lick [34] has shown that for any vertex-critical p-vertex connected
graph the vertex with minimum degree d s, has d . < (3p-1)/2. Chartrand

Bl
2

[6] has shown that for any graph G with n vertices such that dsn 2

then 6 = d . .
min

2. Methods for determining vulnerability in graphs

The methods used for calculation of the arc vulnerability of a
graph are adaptatibns fo the methods developed for network-flow problems
[13]. The methods for determining the vertex vulnerability of a graph
have been developed directly. Both methods use the result of the
Menger-Whitney theorem stated earlief.

In network flow problems only directed graphs are considered and
each arc has a positive number associated with it which represents the
capacity of the arc. The maximum flow between any palr of vertices X_,
Xy is equal to the capacity of the minimum s-t cut; the capacity of

the cut being the sum of the capacities of the arcs -contained in that

cut.

2.1 Arc vulnerability

Ford and Fulkerson [13] developed the well known labelling algorithm

for finding the maximum flow between any pair of vertices Xgs xt, which

can also be used for finding the arc vulnerability of a graph. If the

¥ |a| means the largest integer less than or equal to a.
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capacity of each arc is set to one then the value of the minimum flow
between a pair of vertices x;, Xy is equal to the number of arcs
crossing the minimum s-t cut, which 1s equivalent to'est.

If the algorithm is to be used for a nondirected graph then this
must first be transformed into a-directed one. This is done by substituting
‘two directed arcs for each nondirected arc, so that a nondirected arc
(E;?—Eg).becomes two directed arcs (xs,'xt) and (xt, xs). To find
the‘value of © would then require n(n-1)/2 iterations of the Ford—Fulkeréon
network flow algorithm. Alternatively the Gomory Hu [23] algorithm
which is only applicable for non-directed graphs can be used and this

requires only (n-1l) iterations.

2.2 Vertex vulnerability

The vertex vulnerability of a graph G can also be found using the
network flow algorithms if a transformation is first carried out on

the graph G to produce a graph G\ Let every vertex x; in G be replaced

ut out)

by two.vertices Xin and xg in G' with a directed arc (xin, x
with cépacity 1 between them. The arcs incident on a vertex X in G
are divided into two classes, those directed into X and those directed
out of x.. In G' the arcs directed into X in G are incident on xin
and those directed out of x; in G are incident on XEUt. A1l these ares
are given capacity of value ®. This transformation is shown in figures
3a and 3o. Fig: 3a shows the original graph G and 3b the graph G'
pfoduced by the transformation described above. The capacity of each
arc in G' is given in 3b, and the additional arcs introduced by the
transformation are shown with double arrows. In order to compute W
for vertices Koo Xy in G the maximum flow between XEUt and xin is
calculated in G', the value of the flow is equal tow .. The

transformation described above does not provide a very efficient method

for computing vertex vulnerability as it doubles the number of vertices



98

v Figure 3(a)

Figure 3 Transformation for finding Wey

Figure 3(b)

%
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in the graph and increases the number of arcs by n. A direct method

for finding w_, for a graph has been developed by Frisch [18] this

is based on the Ford and Fulkerson labelling algorithm, but ha; more and
lérger labels to supply more information in order to avoid having to do
\the.graph transformations. This‘is called the Wt labelling algorithm

and is described in the Appendix.

2.3 The computation of ®

The calculation of ® is nét as straightforward as the calculation of
6 using the Gomory Hu algorifhm. In the Gomory Hu algorithm the
technique of 'vertex condensation' is used. Sets of vertices are
condensed for the purpose of the flow calculations and this enables only
n - 1 flow calculations to be done instead of'Eig:ll . The technique
of vertex condensation cannot be used wﬁen calculating w, and hence it
is not possible to develop an algorithm for w in an analogous way to
the development of the Gomory-Hu algorithm.

Frisch [20] has shown that the results obtained in calculating the
flow.from X to x, can be used in calculating the flow from xs,to Xy
for any other vertex x_, € X. The technique he developed can be used
for directed graphs unlike vertex condensation which can only be used
on non—directed graphs. This technique can be used to considerably
reduce the effort involved in célculating w. Frisch [20] has developed
an algorithm based on this idea, called the "flow variation algorithm".
This algorithm can be adapted to find w for directed graphs in less time
than the direcf application of the Wy labelling algorithm in n(n-1)/2
iterations.

Kleitman [32] has shown that in order to prove that a nondirected
graph G with n vertices has a vertex connectivity w = p the maximum
number of pairs of vertices (xs, x.) for which w_, need be calculated

is p(p-1)/2 + p(n-p) out of a total number of pairs which is n(n-1)/2.
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In the same paper [32] it has also been shown that if for a nondirected

graph G

wsti =p 1 =1, k for some set of k nodes xtl cen xtk

which are all successors of somé node Kpve
Then in order to prove that Vgt TP it is only necessary to
show that w_,, = pk, in the graph formed by removing vertices

b4 ere X from G.
k

t

3. Synthesis of Invulnerable Networks

- The objective of vulnerability synthesis is to develop methods for
generating invulnerable graphs according to certain criteria. The
prime interest is to produce graphs of least cost, or, if the cost of
the arcs is uniforﬁ, then produce a graph with the least number of
arcs.

The graph to be generated can be considered either from the point -
of view of arc or vertex conncctivity, and can be expressed
either as an overall connectivity requirement or as a matrix of s-t
vulnerabilities. Thus & generalised connectivity synthesis problem

can be expressed as follows:

Problem P: Given a graph G = (X,A) in which every arc (xi, xj) €A
hés a cost Cij associated with it, and éiven an integer n X n
matrix U of required arc (or vertex) connectivities Uij’ find
a partial graph G? = (X,AP) of G such that

. e T . . €
eiJ (Or wiJ) _>_ UlJ 3 ¥ xla xjs X (h)
and
b Cij is a minimum (5)
(g o5 )5,

For problems for which a uniform connectivity is required then the

matrix U can be replaced by an integer u and (4) becomes:



101

o(or w) > u for GP ‘ (6)

Using this general problem it is possible to classify most of
the Work that has been done in connectivity synthesis althougﬁ some
methods fall outside the sphere of this problem definition. For example,
[46, 47] has investigated methods for solving the connectivity synthesis

problem for uniform cost and uniform vertex connectivity, but

with the additional requirement that the diameter (the value of the
maximum overall shortest path in a graph) of the graph be less than a
prescribed quantity.

In Problem P the required connectivity can be arc connectivity or
vertex connectivity, the cost matrix can be uniform or non-uniform and
the matrix of required connectivities can be uniform or non-uniform.
Hence, it is possible to define eight types of connectivity synthesis

problems as follows:

(i) Problem P with uniform cost and uniform arc connectivity.

Little work has been done on this problem. However, Boesch
and Thomas [3] has shown that if the required arc connectivity
u

is even, then the solution to this problem is composed of 5

edge disjoint Hamiltonian circuits.

(ii) Problem P with uniform cost and uniform vertex connectivity.
This problem has been studied by a number of authors inclﬁding
Fulkerson and Shapley [21], Hafary [29] and Hakimi [26], and
their results are diécussed in a later section.

(iii) Problem P with uniform cost and non-uniform arc connectivity.

This problem has been studied by Frank and Chow [8, 14, 15],
it will be discussed in a later section.

(iv) Problem P with uniform cost and non-uniform vertex connectivity.

This problem has not been discussed very much in the literature.
The only method that has been developed for its solution is a
heuristic described by Wilkov [48]. The problem will be mentioned

later.
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(v) Problem P with non—uniform cost and uniform arc connectivity.

Not much work has been done on this problem, and no optimal

. algorithms exist in the literature. A heuristic has been
suggested by Frisch [19] which will be discussed later. This
problem is the subject of the next chapter where an optimal
procedure for its solution is developed.

(vi) Problem P with non-uniform cost and uniform vertex connectivity.

No work has been done on this problem. However, the heuristic

of Steiglitz, Welner and Kleitman [41] for non-uniform vertex
connectivity could be adapted to find an approximate solution.
The method developed in the next chapter for non—uniform cost and
uniform arc connectivity can .also be adapted to solve this
problem.

(viii) Problem P with non-uniform cost and non-uniform vertex connectivity.

A heuristic has been developed for this problem by Steiglitz,
Weiner and Kleitman [41] for finding an approximate solution.

It will be discussed in a later section.

3.1 Uniform cost and Uniform Arc Connectivity

Problem P with uniform cost and uniform arc connectivity will be
considered in this section. Two possible cases can occur for this
problem, (1) when gréph G is not complete and (2) when graph G is
complete. In order to avoid excessive length we discuss here only the

case of non—-directed graphs. A similar argument applies to directed

graphs.

3.1.1 G not complete

The case when G is not complete has not been considered in the
literature. However it will be discussed here as it 1s interesting to
note the complexity of the problem when G is a general graph.

It has been shown by Boesch and Thomas [3] that if the required
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connectivity is even then the solution to this problem is composed of
% edge disjoint Hamiltonian circuits. Hence, one method to solve this
problem for u even would be to generate edge disjoint Haniltonian

circults of G. However, it is not sufficient to generate these circuits

sequentially in an arbitrary manner since a situation may arise in

%l when k arc-disjoint Hamiltonian circuits

have been enumerated, it may not be poséible to generate a (k+l)EE arc

which at some stage k <

disjoint Hamiltonian circuit, whereas a different choice of the initial

k Hamiltonian circuits may permit a (k+l)§E, (k+2f§ietc. arc-disjoint,
Hamiltonlian circuits to be subsequently generated. For example, consider
Figure ba; and suppose that a least cost partial graph with 6 = L is
required. A solution to this problem would be to find two.edge disjoint
Hamiltonian circuits. One procedure to obtain this solution would be

to find one Hamiltonian circuit, remove it from the graph and then look

. for another one in the remaining graph. One Hamiltonian ecircuit is

(1, 20, 2, 4, 5, 3, 6, 8, 7, 9, 1). The partial graph in which this
circuit has been removed from G is shown in Figure Lb, and it is clear
that this graph contains no further Hamiltonian circuits. HOWevér, the
graph in Figure la does contain two arc disjoint Hamiltonian circuits,
i.e. (1,2, 4,3,5,7,6,8,9,10,1) and (2, 4, 5,6, 3, 2, 10, 8, 7, 9, 1).
Hence in order to find a partial graph with two arc disjoint Hamiltonian

circuits a search procedure is required.

3.1.2 G is complete

When G is-complete Problem P can be solved by construction. The
procedure will not be given in this section but will be postponed until
the next section since the same method used to construct a minimal
graph with vertex gonnectivity U - and which is described in the next

section - can also be used here, as will now be shown.
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1 Figure 4(a)

Figure 4 Graph containing two disjoint hamiltonian circuits

such that the removal of one particular circuit leaves

the graph with no other hamiltonian circuit
10

Figure 4(b)
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From the properties of vertex and arc connectivity described in

Section 1.k,

Ww<B<d.
-_ — min

Hence, since the constructions described in the next section generate

graphs with n vertices and with w = dmin = u, they also have 6 = u,

These constructions generate graphs with %? arcs (for nu even) and

nu+l
2

generate graphs with numbers of arcs equal to the lower bound on the

arcs (for nu odd). It only remains to show that these constructions

number of arcs in a graph with n vertices and arc connectivity u.
The minimum degree of the solution graph must be u, and to have the

least number of arcs every vertex should have degree u, i.e. the minimum

number of arcs must be Fg%. If nu is even Fg% is integer and is
hence the lower bownd on the number of arcs. If nu is odd %? is

. . + .
fractional and hence the next largest integer 1i.e, Fn;]} 1s the lower

bound.

3.2 Uniform cost and Uniform Vertex Connectivity

-In this section we consider Problem P (defined at the beginning of
Section 3) for the case of uniform cost and uniform vertgx connectivity.
In addition we restrict our attention to the case where graph G - in the
definition of Problem P - is s complete graph. The case when the
reguired minimum cost graph Gp must be a partial graph of an arbitrary

given graph G is not considered in the literature and will not be

mentioned here.

3.2.1 Nondirected Graphs

The problem to be discussed in this section is how to generate
graphs with a specified vertex connectivity w = u at minimum cost. As
the costs are uniform this means with least number of arcs. The problem

can be restated as: Given a set X of n vertices to be connected with
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vertex connectivity u, £ind the minimum number of arcs m ., and
generate a graph G = (X, Amin) with m . ares, so that ©=u for G .

A lpwer bound on m . can be obtained from equation (3) as:

> =L (7)

Tpin 272

min

Two possibilities arising from (7) are:

. . . nu s
Case 1 n.u 1is even in which casem . =-3 and G . 'is a regular
—_— min 2 min

graph of degree U.

. . . _ nutl .
Case 2 n.u 1is odd in which case Moin = 5 and qmin is not regular.

A. Case 1 (nu even) For Case 1 when nu is even, Harary [29] and Hakimi
[26] describe two classes of optimal damage resistant graphs which are
solutions to the problem:

(i) The first class is for the case when the required vertex connectivity

u is even (in which case n could be either odd or even), in this case

vertex X, is adjacent to all vertices with indices J + k+ n(modn n)¥*

vhere 1 < k < u/2. An example of such a graph for u = 4 and n = 10
is given in Figure 5. For this class of graphs the diameter is [n/u],

where [a] means the smallest integer greater than ordeqﬁal to a, the

diameter in Figure 5 is 3.

Figure 5 An optimal

damage resistant

graph for u=4

and n=10

¥Footnote (modn n) is equivalent to (modulo n) if the number (modulo n) 1s
non-zero. ror (modulo n) equals zero (modn n) eguals n.
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(i1) The second class of graphs is when u is odd (and hence n is even),
in this case any vertex Xy is adjacent to all vertices with indices

J= 1%k+ n(modn n) where 1 <k < u/2 and also j = (i + n/2)

(modulo n), an example of this type of graph is given in Figure 6,
vhere u = 3 and n = 8. The diameter for this class of graph is

[n/2(u-1)]. In Figure 6 the diameter can be seen to be 2.

Figure 6 An optimal damage

resistant graph for u=3 and n=8

B. Case 2 (nu is odd) For Case 2 in which nu is odd it is not possible
to genérate an optimal damage resistant graph, since the optimal graph
for this problem is not regular. The procedure for generating the
optimal graph Goin is given in Harary [29]), Hakimi [26], and Fulkerson
and Shapley [21]), and is as follows:

The regular graph for n vertices and required vertex connectivity
(u-1) is first produced, then all vertices s X3 such that |i—j| = (n-1)/2
are joined by arcs. The resulting graph has n vertices of degree u and
one of degree (u+l). An example of this type of graph for n = 7 and
u = 3 is shown in Figure 6, in this figure all vertices except vertex 4

have degree 3 and vertex U4t has degree L,
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Figure 7. An optimal graph

for u=3 and n=7

3.2.2 Directed graphs

The generation of optimal directed graphs for this problem has
been studied by Ayoub and Frisch [1]. These graphs are very similar
to the non-directed graphs in the last section. Thus, a directed
graph of n vertices and required vertex connectivity u is generated by
meking each vertex X5 adjacent to vertices with indices j = (i+k)
(modulo n) where 1 < k < u. An example of an optimal graph with u = 2
and n = 10 is shown in Figure 8, note that this is similar in structure

to Figure 5, which is an optimal non-directed graph for n = 10 and u = k,

Figure 8. An optimal

directed graph for u=2

and n=10
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This construction azlso works for the case of u odd and n even and

nu odd, for example consider Figures 9(a) and 9(b). Figure 9(a) contains

an optimally invulnerable graph for n = 8 and u = 3, and Figure 9(b)

contains one forn = 7 and u = 3.

Figure 9(a). An optimal

directed graph for u=3

and n=8

: Figure 9(b). An optimal
‘ . 2 directed graph for u=3

and n=7
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3.2.3 Bipartite Graphs

The generation of optimal bipartite graphs has been studied by
Boesch and Thomas [3]. A bipartite graph is a nondirected graph
G = (X,A) in whichAthe set of vertices X can be partitioned into two
distinct sets of vertices Xl, Xé such that the set of arcs A only
connects vertices in X1 to vertices in X2. They have shown that for
n even an optimal bipartite greph can be generated ﬁy setting vertex X,
adjecent to vertices X; such athat j = (i + 2k - 1) (modulo n) for
every k, 1 <k < u. An example of an optimum bipartite graph for u = 3
end n = 10 is shown in Figure 10, the two distinct sets of vertices
are the odd vertices and the even vertices, no odd vertex is adjacent
to enother odd vertex and similerly for even vertices. The approximate

dismeter of this type of bipartite graph has been shown by Wilkov [L6]

to be [(n+1)/2(u-1)].

10 Figure 10. An optimal

bipartite graph for

u=3 and n=10
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3.2.4 Diameters and Optimal Graphs -

The above methods generate optimal graphs for the solution of the
general vulnerability synthesis problem with uniform cost and uniform
vertex connectivity. As metnioned previously they pay no attention to
the diameter of the graph generéted. It is desirable for some purposes
to generate solution graphs with as small a diameter as possible, for
example in a communications network if messages have to travel through
a large number of intermediate vertices then it is possible that errors
may occur. A number of people have investigated diameters in graphs
[17, 31, 33, 38, 4O, 46, 47). Friedman [17] and Korn [33] have generated
a particular cldss of optimal damage resistant graphs with n vertices
vertex connectivity u = d (the degree of each vertex) and diameter &

for the particular case where n is given by:

§
n= é%% ((a-1) /2 _ 1); for § even and u > 2 (8)
and. §+1
n =2 (2(a-1) ° - d) for § 0dd and u > 2 (9)

a-2

Friedman developed the construction for the graphs with even
diameter for which n is given in (8) and Korn developed the construction
for the case where n is given by (9).

Given an even value of § and a value for d Friedman's construction
is as follows:

Form a treé with 6/2 + 1 levels such that the root node has d
successors and all other nodes except those at level §/2 + 1 have (d-1)
successors, the nodes at level §/2 + 1 are terminal nodes and have no
successors. The graph is then constructed by forming 4 — 1 more such
treés all sharing the same terminal nodes. Thus the vertices of this
graph all have degree d, because the nodes gt levels less than §/2 + 1
in each tree have degree 4 and the nodes at level /2 + 1 have degree

d because they are shared by 4 trees.
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An example of this construction for d = 5 and 6 = 4 is shown in
Figures 11(a) and (b). In Figure 11(a) the tree for d = 5 and 6 = 4
is given, the graph formed by joining 5 such trees is shown in 3-dimensional
form in Figure 11(b). Clearly the vertex connectivity of these graphs
equal d.

Level Figure 11(a)
1

Figure 11. Friedman's construction

Figure 11 (b)

\ Teaf 1

leaf 3

leaf 4

leaf 5
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At level L (the level of the root in L = 1) in each tree the total

number of nodes NL is given by

-2 8
p, = d(a-1) s 2_§L_<_(§—l]

=
1

N, =1

counting all but the terminal nodes n times, the total number of vertices

n in the graph is given by:

n = -é%— ((d—l)k/2 - 1} .

Korn [33] developed a similar construction for § odd. Two trees are
drawvn in which every node has (d-1) successors except the terminal

nodes which are at level r = ihéll + 1., A new structure is formed by

Jjoining the roots of these trees by an edge. The graph is formed by
constructing 4 - 1 more of these structures all sharing the same termina1 
nodes as described earlier. The structuré for d =5 and 6 =5 is
shown in Figure 12. The total number of vertices n in the graph

generated using this structure can be shown to be

§+1
2 fates P o
n === \2(a-1) a

Figure 12, KXorn's construction
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Other studies have been carried out into the relation between the
diameter of a graph and its connectivity. In particular Quaife [LO]
discusses another class of optimal damage resistant graphs with vertex
degree d > 3 and a specific diameter 6 = j + L&, where j = 1,2,3,k4
and £ in a "non-negative integerd where the number of vertices n is

given by:
o= 2(23 + l)(d—l)(G_j)/h

However, no algorithm for generating an optimal damage resistant graph
with a given n, given n = d and having minimum diameter has yet been

produced.

Rubin [41] considered graphs with a minimum average path length in

Place of using diameter as in the above described studies.

3.3 Problem P with Uniform Cost and Non-Uniform Arc Connectivity

If in a network, communications between the vertices of that
network is of varying importance then it is desirable to synthesize
a grapﬂ in which the connectivity between the various vertices is
non—uniform. For example in a computer network the communication between
two large computers may be of greater importance than that between two
small computers, or in an electrical transmission network it is more
important for a large city to have a reliable source of electricity
than it is for a small village. In this section we consider the problem
P in which a partial graph Gp of a complete graph G, with specified
non-uniform arc connectivities, is required.

" In order to satisfy the connectivity requirement as specified by a

symmetric matrix U of connectivity requirements, we must have:

%5 2 %y

in G_, Sin
5 ce
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d; or dj 3min(c1i, dj) 3815 i=1, «eoyn, J =1, cees My §F I

it clearly must be the case in Gp that

d; 3-mix(uik) .

From this inequality we can obtain a lower bound m' on the number of

arcs in the optimal solution., Let u?ax = max(uik) then clearly one
k
lower bound is:
n
m' = ||z " +al/2
i=1 *

If it is possible to realise a graph with m' arcs then that graph will

have:
ax n
4, = ¥, ir : WX 55 even
i 1 P |
1=1

and

’ max max B max

di = s i# k and dk = u + 1, for some k, if ifl u. is odd.

' Thus, in order to solve this problem it is of interest to know

max

max . _
s 1 =1, ..., n, oOr U,

when a set of numbers (in this case U
i=1, «e., n, i # k and uﬁax + 1) can be realised as the degrees of

a graph. This is a problem which we shall now discuss.

Degree realisability

The necessary and sufficient coriditions for a set of integers to
be realizable aé the degrees of a graph.have been studied by a number of
authors [2, 22, 24, 25]. Hakimi [24, 25] defined the compressibility
of a;set of integers as an aid to finding if a set of integers can
be realised as the degrees of a graph: |
| A set of non—negative integers Up 2 Uy 2 eee 2 U with r of the
integers positive, is said to be compressible if u; <r - 1. For example

the set of integers {3,2,1,0,0} is not compressible because r = 3 hence
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u, = 3> r-1 =2, but {2,2,1,0,0} is compressible. A set of integers
is compressed by the following procedure:

(1) Subtract 1 from Uss Ugs wees uul+l

(2) Let uy =0

(3) Relabel the resulting integers 85 W 2 Uy 2 ... 2w
Thus the compression of {2,2,1,0,0} produces {1,0,0,0,0}. The resulting
set of integers is said to be the compressed set or set obtained by
compression. | |

Hakimi then proves the following theorem about compressible sets
of integers: |

Theorem 5: A set of non-negative integers U 2 Uy 2 e 20 is
realisable as the degrees of an n-vertex non-directed graph G, if and
only if the given set of integers {ul ceo un} is compressible and every
set of integers resulting from successi&e compressions is again
compressible, until all integers are zero.

From the proof of this theorem are algorithm can be developed to

generate a graph with the degrees of a compressible set of integers.

This algorithm is called the degree algorithm, from a compressible

set of numbers (ul ces un) it generates a graph G with n vertices

{xl eee X} such that d(xi) = u;.

Degree Algorithm

Initialisation: 1 1Initlalise the graph G so that A = ¢ and
X ='{xl .++ x }, each number u, corresponds
to vertex X in X.

2.1 Reorder the number into ordering {uj s Us 5 eow

)}

1 Y2
u. } so that u, >u. > ... >u. .
Jn Jl Jd2 In
2.2 If u. = 0 stop; otherwise continue,
1 :
3.1 Set A = AU{(x. ,x: ), (%: sX: ), .ou, (X. ,X:
3.2 For & =2 to (u. +1), set uy = u,-1. 91
4

3.3 Set u; =0 and go to 2.1.

J
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The above can be made clearer with the aid of an example.
Example Consider the compressible set of six numbers {ui} =
{5,2,3,3,2,3}. The first stage of the algorithm is to set up a
- graph with six vertices and no arcs as shown in Figure 13(a). Each

number has assoclated wilth

X
e 1 o X

2
Figure 13(a). First stage of

degree algorithm

‘xz

XS X4

it a vertex as follows:

The numbers are then put in descending order the vertices being

reordered as well:

X) X3 Xy Xg Xy Xg
5 3 3 3 2 2

Vertex %y corresponds to the first number in this ordering and

u. =u =5, hence the five arcs (xl,x3), (x75xy)5 (x9,%g)5 (%9,%5),

J
1.
(xl’XS) are added to the graph, as shown in Figure 13(b). The numbers

Figure 13(b). First arcs added

by degree algorithm
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are then compressed the ordering after compression is:

X3 X, Xg Xy X5 X
2 2 2 1 1 0

Vertex x. corresponds to the first number in this ordering and

3

u., = = 2 hence the two ares (x3,xh),(x3,x6) are added to the

u
3y 3
graph as shown in Figure 13(c).

| )

2

Figure 13(c). Arcs incident

on x, added to graph

L

Xs X4

The numbers are again compressed and the new ordering is:

Xh X6 X2 XS Xl X3
1 1 1 -1 0 0

Vertex x), corresponds to the first number in the ordering and W, =1

hence arc (xh’XG) is added to the graph, this is shown in Figure 13(4).

x1 ﬁxz

Figure 13(d). Arcs incident

on x, added to graph

X6 \ X3

X
X5 4

After compression the new ordering is:
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Thus arc (XE’XB) is added to the graph, after the next compression

all numbers go to zero and the algorith m terminates. The final graph

is shown in Figure 13(e)

! *2 ~
p Figure 13(e). Final graph
produced by the degree
algorithm
X Xy

RN

4

XS X4

Frank and Chou Algorithm

From the above results it follows that in order to generate a

graph with vertex degrees specified by a set of numbers u?ax, cees uﬁax

then the numbers must be compressible. Frank and Chou [8, 1k, 15] have
shown that for any set of compressible numbers u?ax > 1y ceey uﬁax > 1 it

is possible to generate a maximally arc cornected graph (see Section 1.4),
that-is a graph in which

max

. . max
eij = mln(di, dj) mln(ul . o) .

g
Thus, in order to solve the problem P with a non-uniform symmetric

matrix U of arc connectivity requirements in which the maximum entries

. max s _ . max _. -
in each row u; "> 1 =1 ... N are compressible and ug o >%, i=1,....,0,

it is only necessary to use the i=1l,..,n to construct a maximally arc

Pras
i
conected graph. In this graph all uij are satisfied.
For the case when the u?ax are not compressible it is still

possible to construct an optimal solution using only the uw"®X. The
i

lower bound on the number of arecs,

n
m' = )]uI]f.1 +11/2

i=1
cannot be realised as the numbers u?ax are not compressible., The
solution that is required in this case is a maximally arc connected

graph GP with vertex degrees df, i=1...n, such that:
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gf > mex i=1...n
;2>
and -
n
5 aP
i=1

is a minimum over all possible sets of dg.

Using the above principles Frank and Chou have developed an

algorithm to solve this problem with W > 1,4 =1 ...n, [8, 1k, 15].

It génerates a maximally arc-connected graph with the least poséible
number of arcs. This algorithm contains three distinet parts. Each

part is a special case algorithm which is used according to the properties
of the set of n integers {u?ax}, betveen them they cover all possibilities
(with u?ax # 1 for any i =1, ..., n). The proptrties of'{u?ax} which

decide which pait of the algorithm is used are as follows:

(i) When méx[ugax] =n - 1, and the u?ax compressible or.otherwise
the first part of the algorithm is used. This part of the algorithm is
similar in structure to the degree realisation algorithm described
previously. The solubtion produced is a maximally arc connected graph.
If the {u§ax} are compressible then a graph with degrees {u?ax} is

realised.

(i1) The second part of the algorithm is used when u?ax <n-1and

. . max .
the first ("> + 1) integers u?ax > ugax > .. > U are successively
1 -, —re -~ - max .
. uy +1

compressible with the remaining integers compreésible or not.. This uses
the first part of the algorithm to produce a maximally arc connected

graph of uﬁax + 1 vertices, and then adds the remaining (n—(u.l_f.Llax + 1))

vertices. The final solution is also a maximally arc connected graph.

(iii) The third part of the algorithm is used when uT°" < n - 1 and the

1
integers u?ax 3_ugax.3 cee > uma:x are not successively compressible [1k4].
u? +1

ax

. m . .
For the case when u, = 1 for some 1 then & maximally arc connected

graph may not be the structure of the optimal solution, and algorithms

(i) and (ii) do not apply. TFor example consider the sequence of u?ax :
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5, 5,2, 2, 2, 2,1,1 which is compressible. The sequence 1s realisable
-as the degrees of the graph'shown by the solid lines in Figure 14. The
optimu@ solution to problem P with the above sequence {u?ax} is clearly
the graph of Fig. 14 with arc (2, 7) added. This final graph can be seen
to not be maximally arc connectéd as the connectivity 62,3 =2 < min(3,5)

for example.

Al
=N

Figure 14. The optimum solution

to problem P with {ul o7} =

3
XL

{5, 5,2, 2,2,2,1,11}

| ]

3.4 Problem P with Uniform Cost and Non-Uniform Vertex Connectivity

A similar analysis applies tb the case of uniform cost and non-
uniform vertex connectivity. Thus, it is possible to use the maximum
entries in each row of the matrix of verteﬁ connectivity requirements
to generate a maximally vertex connected graph (see Section 1.4) to
solve this problem. No exact procedures for solving this problem exist
and the only method described in the literature is an approximate

algorithm given by Wilkov [48], to which the interested reader is referred.

k. Problems with Non-uniform arc cost

In the discussion so far only problems with a uniform cost matrix
have been considered, that is problems in which all arcs are of equal

importance. In the real world this is very often not the case, since
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the cost of installing arcs between the vertices can vary enormously.
It is therefore desirable to develop methods which can synthesise
invulne?able networks of least cost, and these will be discussed
in this section.

Because of the complexity df the problem not a great deal of ﬁork
has been done in this area, and most of the methods that have been

developed are heuristies that do not guarantee optimal solutions.

4.1 Uniform Arc Connectivity

The first problem to be considered is that in which a uniform arc
connectivity matrix is given as a minimum requirement. A heuristic
fo; this problem was suggested by Frisch [19], and can only be used when
the regquired arc connectivity is even éay 2u. This is based on methods
for finding the solution to the travelling salesman problem. The
travelling salesman problem 1s the problem of Tinding the shortest
Hamiltonian circuit of a graph and a number of approximate [10, 35] and -
optimal methods [9] have been developéd to solve it. This problem and
a new method for solving it will be discussed in greater detail in
Chapter 6. The method for finding an approximate sp}ution to the
synthesis problem with uniform are connectivity 2u in a graph G with

cost matrix {Cij} is as follows:

1. Setn=1; A =4; 6, =6=(X4); (Ag=¢); P, = (X,A]).

1

2.1 Solve the travelling salesman problem for Gn,vcall the set
of ares in the solution T.

2.2 Set AS = Ag U,

3.1 Setn=n+ 1.

3.2 If n > u stop (Gs is the approximate solution); else continue.

- T and go to 2.1

3.3 Set A = A
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Clearly at termination GS is the union of u edge disjoint Hamiltonian
circuits and hence by Theorem 4 (see Section 1.4 ) has 6 = 2u.

The method used to solve the travelling salesman problem can
either be approximate if large problems have to be solved or exact if
greater accuracy is required. This method will not necessarily
generate an optimal solution to the problem as the solution may not be
two disjoint Hamiltonian circuits, ;n fact it may not even be regular.
For example consider the cost matrix in Figure 15(a). Figure 15(b)
shows the least cost subgraph of the graph for the costs in Figure 15(a)
with 6 = 4, it has a cost of 107. Figure 15(c) shows the least cost
subgraph containing two disjoint Hamiltonial circuits which has a value
of 108.

ﬁoreover, even if the solution ié regular it is not necessarily
composed of edge disjoint Hamiltonian circuits. For example consider
the graph in Figure 16, this is the optimal solution to the problem
where G is complete and every arc in G has cost 2 except the arcs

~shown in Figure 16. The graph in Figure 16 contains no Hamiltonian

circuits [37].

4.2 Non-Uniform Vertex Connectivity

Another problem for which heuristic methods have been developed is
that in which a_non—uniform matrix of vertex connectivities is given as
a minimum requirement. A heuristic has been developed by Steiglitz,
Weiner and.Kleitman [42] for finding an appropriate solution to this
problem. This is a method in which a random initial solution is

R
generated so that for the random graph GR = (X,A")

wI.{.>u.. ¥, . €X

1J — 1] 1,J
An arc exchange procedure is the n used in which pairs of arcs are
exchanged for other pairs of arcs with a lower cost, in such a way as

not ‘to violate the inequality:
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" Figure 15(b). The optimum solution for problem P with u=4 over the

cost matrix in figufe 15(a)

Figure 15(c). The least cost pair of disjoint hamiltonian circuits for

the cost matrix in figure 15(a)
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Figure 16. A 4-regular 4-connected graph having no hamiltonian circuits
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We: > U.. »
ij — ij

This procedure is carried out until a 1ocai optimum is obtained. If
greater accuracy is required then the procedure.can be repeéted several
times for diffeérent initial soluﬁions and the best local optimum can be
used. Note that this procedure belongs to the family of r-optimal
algorithms [10, 11, 30, 35] used successfully for a number of other
combinatorial problems.

The efficiency of this procedure is dependent on the effieciency of
the method used to generate the initial random solution. An alternative
method to the one suggested in [42] was developed by Owens [39]. This
method generally results in starting graphs of lower cost.

One optimal method which should be mentioned in this section
is due to Suurballe [43]. This method solves a simpler but related
problem, i.e. it is concerned with finding the least cost set of u vertex-
disjoint paths between a given pair of vertices s and t. Thus, it can
be used in cases in which a specific connectivity u is required only
between two vertices. The algorithm is based on a shortest path

labelling algorithm.
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APPENDIX

~ The E%tflabelling algorithm

In the w__ algorithm each vertex is assigned up to two labels,

st
the labels that are used being ordered triples.. The first part of the
.label represents the vertex scanned in order to produce that label.
The second part is a + or — which indicates whether the flow through
the scanned vertex can be increased or decreased by one unit, a label
with a + is called 'weak' and a label with a - is called'strong'. The
third part of the label is a variable M which can take the values O and
1, its value being fixed by the nature of the vertex that was scanned
to produce the labels. If the vertex that was scanned in order to
produce that label had two labels when it wés scanned then M = 1
otherwise M = 0. This variable is used when finding en augmenting path
normelly in augmentation if a vertex has two labels the weak label is
used for finding the augmenting path, as the strong label may give
circuits, but if a value of M = 1 is encountered then the strong label is
given priority. It is possible for both labels of a vertex to be used
during augmentation.

In the algorithm the 'scanning' of a vertex has a more complex
meaning than in the Ford and Fulkerson labelling algorithm. As each
vertex can have two labels it is possible to scan a vertex twice during
the course of the procedure, once for each label. It is therefore
convenient to distinguish beﬁween the scanning of vertices and labels,
a vertex being considered 'scanned' if it contains no unscanned labels;
It is possible for a scanned vertex with one scanned label to become
unscanned by the addition of a second label. In the algofithm pnly a
strong lavel can be added to a vertex as a second label.

The Wey labelling algorithm for finding vertex connectivity between

vertices X, and xg in a graph G is as follows:
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initialisation 1.0 Initialise the flows gij = E(xi,xj) in the graph
G. (They can be set to O or to arbitrary integer
‘values such thet I gij = 0 or 1 for-all xi € X,

dJ
i#s ort).

labelling 1.1 Assign a weak label (s, +, 0) to vertex X o Xg

routine _

1s now labelled and unscanned. Set all other
vertices are unlabelled and unscanned.

1.2,1 Select any labelled and unscanned vertex X: s if
there are non stop. Otherwise continue.

l.2.2 If ii has a strong label go to 1l.4.1, otherwise
continue. (Note: It is in fact not possible for
a vertex to have a scanned strong label and an
unscanned weak label. Thus if a vertex is
unscanned and cdntains a strong label then the
strong label must be unscanned).

1.3.1 If 'éx €i. # 0 go to 1.3.2. Otherwise weakly
labil by (i, +, 0) all unlabelled xj such that
X5 ET (xi). These x. are now weakly labelled

J

and unscanned. Go to 1.3.3.

1.3.2 Strongly label by (i, —, 0) all X that are not

- strongly labelled such that x; € T (xj), £.: =1

Ji

and jJ # s. These xj are now strongly labelled and

unscahned. Continue.

1.3.3 Mark as scanned the weak label on X5 - Go to 1.5.

1.hk.2 If x; has two labels set M = 1, else set M = 0.
Continue.

1.4.2 Weakly label by (i, +, M) all unlabelled x; such
that x5 ET (xi). These x; are now weakly labelled

and unscanned. Continue.
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1.4.3 Strongly label by (i, -, M) all Xy that are not’

strongly labeiled such that x., € T (xj), Eji =1

and j # s. These xj now strongly labelled and

unscanned. (Although they may contain a scanned
or unscanned weak lsbel.) Continue.
1.4.% Mark as scanned all labels on x;. Continue.
1.5 If X, is unlabelled go to 1.2.1, else continue.
Augmentation 2.1 Set k = t. Continue,

routine
2.2.1 If x is weakly labelled by (%, +, M), set Ekk =1
and go to 2.3. Else continue.
2.2.2 If x_is strongly labelled by (%, -, M), set £, = O.
Continue.
2.3 If & = s go to 1.1, else continue.

2.} Set k = . Continue

2.5 If M=1 go to 2.2.2, else go to 2.2.1.

. At termination the flow between X and xt,is equal to w,, and
the minimum vertex cut set can be found by examining the sets of labelled
and unlabelled vertices. If the set of labelled vertices 1is called L
and the set of unlabelled vertices is called U, clearly neither L nor U

is empty as X € L and x, € U, also LY U = X, and we define a set of

t
vertices Lu at the interface of the labelled and unlabelled vertices

such that

Lu = {xi : (xi,xj) €A, x; €L, Xs € U}

then the minimum vertex cut set X;;n between x_ and xg has been given

by Frisch [16]:

st _ '
Xmin = Lu for Xg ¢ Lu (12)
X3P o1 - Nutx : ( ) € A, x: € U} (13)
min u s X3 1 VXgoXj » X3

for x_ £ L_ .
s u
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Example Consider the graph in Figure 17(a) with the arcs directed as

shown, the initial flow in each arc is also shown in this figure.

X

O\,

Figure 17(a). Initial flow for W, labelling algorithm

In the first stage of the labelling routine Xg is given label
(s, +, 0), x, is then scanned to produce a weak label (s, +, 0) on X3
At this stage X is labelled and écanned x3 is labelled and unscanned,
all other vertices are unlabelled and unscanned.

The next label to be scanned is x3, this produces labels (3, +, 0)
on x) and Xs- If x) is then scaﬁned this produces label (L4, -, 0) on
X5 the scanning of X5 produces no newrlabels. The labels at this
point are shown in Figure 17(b), the signs in the labels are circled if

that label is scanned.

X, 5(4,0,0)
' 0
1
(5,0,0) A S
X 4 x
S 0 0 t
0 1 0
0
3
x3 (5:@:0) xs (3:"':0)

Figure 17(b). The graph after some labels have been added
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From Figure 17(b) it can be seen that the only unscanned labelled
vertex is X5 this is scanned and produces a second label (5, -, 0) on
X), s hence x), becomes unscanned. x), is then scanned for.a second time to
produce a label (4, +, 1) on Xge The scanﬁing of Xg produces a second
label (6, -, 0) on Xg, and the second scanning of X produces a label

(5, +, 1) on x.,, this in turn produces a label (7, +, O) on x,, and

"(’
augmentation begins. The labels at this stage are shown in Figure 17(c).

(4,8,1)

\\1

1 9
X; (5,8,1)  x.(7,+,1)

(4,9;0)

A

~
7

x5 (5,0,0) x (3,0,0)(6,0,0)

Figure 17(c). Labels before augmentation begins

Augmentation begins by setting the flow along (x7, xt) and (XB’ x7)

to 1l. M =1 at x., hence the strong label on Xg is considered this

T
reduces the flow on (XS’ x6) to 0, the flow is then increased to 1 on
(xh, x6). M=1at Xg s hence the strong label at x), is used to reduce
the flow on (xh, xs) to 0. The weak label on X5 increased the flow on
(x3, xs) to 1 and finally the flow on (xs, x3) is set to 1. The new
flow pattern is shown in Figure 17(d), the flow from Xg to x is 2.

A second application of the labelling routine produces only a

st _
label on X5, thus wg, = 2 and from (13) X = %, x3).
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Figure 17(d). Flow pattern at termination of the algorithm
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NETWORK SYNTHESIS ALGORITHMS
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1. Tntroduction

In this chapter a more detailed discussion is given of the
graph synthesis problem for uniform arc connectivity and non-—
uniform arc costs, as mentioned in the last chapter.

The most general synthesis problem (Pu) is formulated. The
formulations of two related problems (S" and Q") are then given,
and the relationship between these three problems and the u-
matching problem (M) are discussed.

The effect of the type of costs in use (i.e. random, obeying
triangularity conditions, euclidean distances etc.) onthe structure
of the optimal solution is discussed. It 1s shown for example,
that the optimal solution to the problem with uniform arc costs is

_a regular graph.

1.1 The Problems

The graph synthesis problem P for uniform erc connectivity and
non-uniform arc costs can be defined as follows:
Problem P": Given & graph G = (X,A), with X as the set of vertices
and A the set of arcs, with every arc (xi,xj) € A having an associated
cost cij; and given the required arc connectivity u, find a partial

graph Gp = (X,Ap) of G such that:
6 =u , (1)
and wvhich minimises;

) c.. (2)

..x.)E 1d
(xl,xJ) Ap

where ep is the arc connectivity of Gp.
Quite clearly a feasible solution to the above problem exists

only if 6(G) > u.
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The second more constrained network synthesis problem is
problem s%. This is defined when the product of the number of
vertices n and u is even, and is as follows:
Problem S': Given a graph G(X,A), with X as the set of n vertices
and A the set of ares, with every arc (xi,xj) € A having an associated
cost c..; and given the required arc connectivity u with the product n.u.

14
even,find a partial graph G, = (X,As) of G such that:

8 = (1)

d.
1

. € X i
u  ¥x; € X in G (3)

‘and which minimises;

- c.. (2)
(xi,xj)EAS 1d ‘

where Bs is the arc comnectivity of Gs.
(Note: if n.u is odd.a graph with the ebove properties does not
exist).

From the above definition it can be seen that problem s" is
problem P" with the additional constraint that thé degrees of the
. vertices of the solution graph Gs are all equal to u.
A third more constrained problem than the above two is problem

Qu which is defined for u even as follows:

Problem Q": Given a graph G = (X,A), with X as the set of vertices
and A the set of arecs, with every arc (xi,xj) € A having an assoclated
cost cij; and given the required arc conmnectivity u (even), find a

partial graph Gy = (X,AQ) of G such that:

GQ contains u/2 arc disjoinf hamiltonian ecircuits (k)

and vhich minimises;
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pX cij (2)
(xi sxj )EAQ

Clearly the solution graph GQ-to problem Q" is regular of

degree u. From Theorem U4 of Chapter U;

where BQ is the arc connectivity GQ'

Problem Q" is the problem for which the Frisch [6] heuristic,
described in Chapter 4, Section 4.1, finds an approximate solution
vhich is than also proposed as approximete solution to problem pY.

Thg solution graphs GS and GQ for problems s" and Q" respectively
are u-regular. The u-matching problem M finds a least cost partial
graph with every vertex of regular degree u and hence, it is a

relaxation of problems s” and Q". For completeness we give the

definition of the u matching problem as follows:

Problem M“: Given a graph G = (X,A), with X as the set of vertices
and A the set of arcs, with every arc (xi,xj) € A having an associlated
cost cij; and given the required vertex degree u, find a partial

graph GM = (X,AM) of G such that:

di =q in € X 1in GM ' (3)

and which minimises:

I
(xi,xj)EAMcij (2)

From the above, problem Q" is the most constrained problem of
the four. It is also - as will be shown later — the most difficult
problem to solve. Problem s" is a relaxation of Q". The
hamiltonian circuit constraints are relaxed in Qu to produce sY.

u ' u . u u
Problems P~ and M~ are both relaxations of S°. In P the degree

constraints have been relaxed from s”. In M" the connectivity
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constraints have been relaxed. The relationships between these
four problems is summed up in Figure 1. In this figure the arrows
mean 'is a relaxation of'.’

The first tﬁo methods (A and B) described in this chapter are

designed to solve problems, s" and Qu. They use Lagrangean penalties
u
u

M ——— means 'is a relexation of'.

Figure 1. Relationships between problems Pu, Mu, gt andgu

P

Su l Qu

applied to the solution of the matching problem MY to derive bounds
and proceed by implicitly enumerating all feasible solutions.

The third method C uses an integer programming.approach to the
problem based on an LP relaxation in which most of {he constraints
are not included. The constraints that are not used but which are
viélated in the LP solution are found using a network flow sub-
algorithm. These constraints are then added to the LP which is
then resolved. The process is repeated until an IP solution is
found which does not violate any of the constraints. Integrality is
obtained by using a branch and bound procedure. Method C optimally
solves both problems pY and sY. Computational result are given for

all three methods.

1.2 Analysis of the Optimal Solution to the Problem P2

Before discussing these methods it is helpful to consider the
possible structures for the optimal solution to problem Pu, and to
relate this to the structures of the solutions of problems s¥ and Qu.

The only method in the literature for finding a reasonably good

feasible solution to problem PV is that of Frisch [6]. This method
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finds an approximate solution to problem Qu, and it is only defined
for u-even. |
K’if a subgraph of a graph G with 6 = u is required, where u is

evén, then the method first solves the travelling salesman problem
for G - producing a subgraph é1‘=_(X,Tl), where Tl is the set of arcs
in the optimal tour, (Note: It is possible to ﬁse a heuristic to
solve the travelling salesman problem since the entire procedure is
approximate.) The travelling salesman problem is then resolved for

graph G and a second graph

1

G2 = (X,Tl U T2). Thus, in general the travelling salesman problem

is solved u/2 ‘times over the graph:

= (X,(ArTl)) to produce a second tour T2

n-1 .

G = (X, |A- U T, O <nc«< {— - 1]

n . i -7 - .
1=0

vhere TO = ¢,and the graph c¢/2, where:

i=1 1
i.e.-the union of the hamiltonian tours that have been generated;
is considered to be a good approximate solution to the synthesis
problem pY.

The graph Gu/2 generated by the Frisch heuristic is of similar
structure to the structure of the solutions to problems s" and Qu.
It obeys constraints on the degree of each vertex (i.e. the degree
of each vertex is u) as required for problem s, It also obeys the
disjoint hamiltonian circuits constraint (i.e. it contains u/2 dis-
joint hamiltonian circuits) as required for problem Qu. It is of
interest to know if the optimal solution to problem Pu, for ahy
particular cost matrix will have a similar structure to the solution

of problems s" and Q", as this structure might be exploited in

developing an algorithm.
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For graphs in which the costs are random it can be shown that
in general G, GS and GQ do not have the same structure. For
example, consider Figures 2(a), 2(b) and 2(c). Figure 2(a) shows
a random symmetric cost matrix in which the costs are uniformly
distributed between 1 and 20.' The solution graph Gp for problem ph
over the cost matrix in Figure 2(a) is given in Figure 2(b).

This qontains only one arc disjoint hamiltonian curcuit and is not
regular. Hence, GP does not have the same structure as GS or GQ
over this cost matrix. The value of GP is 107. The solutions

to problems S'* and QY over the cost matrix in Figure 2(a) are given
in Figure 2(c) (both solutions are the same).  Although this

graph has less arcs than G it has a larger cost (of 108).

It has been shown in the above example that in general for
random arc costs GP differs from GS and GQ' It can aléo be shown
that in general‘for triangular arc costs Gs differs from GQ' For
example consider Figure 3 from Meredith ([T7]. This contains a L-
regular graph which is the optimal solution to S%* (and also P%) for
the éomplete graph with a triangular cost matrix in which every

arc in Figure 3 has a cost of 1 and every arc not in Figure 3 has a
cost of 2. The graph in Figure 3 contains no hamiltonian circuits.
Hence, the solution to Q" over this cost matrix is different from the
solutions to S* (and P”)f

In the above two examples it has been shown that in general for

triangular (and therefore also for random) arc costs the solution

graphs to Su and Qu do not have the same structure. For random arc
costs the structures of pY and st (and Qu) differ. However, it has notv
been shown that P and 8% differ for triangular costs (note: s¥ is

only defined when the product n.u is even. Clearly GP will not have
_the property of being u-regular when n.u is odd as such as a graph

cannot be realised). It is postulated that pY and i have the same
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xl' X X; X, X Xg Xy Xg X X10
xl o« 20 15 20 20 16
X, 6 o 10 3 2 10 15 20 14 10
x3 20 .10 o 11 11 12 16 16 1 13
X, 15 3 11 o 17 7 12 7 20 3
Xg 2 2 11 17 0 2 3 4 11 2
X 20 10 12 7 2 o 18 11 19 3
X, 2 15 6 12 3 18 © .1 19 4
xg 20 20 16 7 4 11 1 ‘= 6 11
xg 5 14 1 20 11 19 19 6 o 14
X10 16 10 13 3 2 3 4 11 14 L

Figure 2(a). Cost matrix for the graphs in Figures 2(b) and 2(c)
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10

LN

6

Figure 2(b). The optimum solution for problem Ph over the cost maﬁrix

in Figure 2(a)

24

% g

9
8 ¢ ::><::
6«

Figure 2(c). The optimum solution for mroblems Qh and Sh over the cost

3

4

F

matrix in Figure 2(2)
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Figure 3. A graph which is an optimum solution to Sh but not to Q
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solution when the arc costs are triangular and n.u is even.
The gbove results in terms of the properties.of GP are summarised
in Figure L.
From the gbove results it is clear that, in general, very
little can be said about the ﬁroperties of the solution to problem
2 However, in many tests it has been found that a large proportion

of the solutions are u-regular and that if u is even they contain u/2

n.u even n.u. odd
Not UR ot UR
random c; - .
J Not u/2 DHC Not u/2 DHC
: '
triangular Postulated UR Yot UR
©i3 Not u/2 DHC Not u/2 DHC
UR Not UR
. u/2 DHC - u even
uni form not u/2 DHC - odd Not. u/2 DHC

Figure L. Structure of the solution graph GP to problem pY.

UR

U-regular

u/2 DHC = Contains u/2 disjoint hamiltonian circuits

disjoint hamiltonian circuits.

2. .Branch and Bound Algorithm A for the Solution of s

In this section we shall describe a branch and bound algorithm
for the solution of problem s%.  This method uses a routine for
sdlving the matching problem Mu, which is a relaxation of Su,
implanted in a . branch and bound procedure. The Gomory Hu
algorithm for network Tlow is used to test the solutions of M“ for

feasibility. The use of this algorithm for evaluating 6 for a
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graph is described in Chapter 4, Section 2.1.
Call the family of u-regular partial graphs of a graph G
u u u .
€Y € -
gM, clearly GM Im and GS QM Call the family of w regﬂar

u~arc connected, partial graphs of a graph G QE Clearly gg

u

is a subfamily of ,g;, and G, is the minimum cost member of 9 g-

S
One way of finding the minimum cost member of the family QS would
be to implicitly enmumerate all members of Q;, checking if they are
in QE The problem of finding the minimum cost member of g;} for
any graph G is .the matching problem M"Y,  An efficient method to
solve the matching problein has been developed by Edmonds [2, 3, 4, 5].
Thus‘,. it is possible to embed an algorithm for MY in a branch and
bound procedure to find the minimum cost member of glsl

The value of the solution to M" can be used as a lower bound
on the value of the solution to S%. For constraints which are
violated by the. matching solution Lagrangean penalties can be applied
to the arc costs in order to obtain a better lower bound. VWe shall

now describe the bounding procedure.

2.1 The Calculation of Lower Bounds on Su

If G, = (X’AM) is the solution graph for-M" then, we know that
u . . =\ . . . s
= 1
Gyy & QS if there exists a cut K, (St’st) in G, with cardinality

IKtI < u, where K, is defined as

C a =y -
where St X and St X St'

The set of all minimum cuts between every pair of vertices of M
can be computed by the Gomory-Hu algorithm in O(n3) step.
Problem SV can' be formulated as follows:

(5)

Min I ¢

3
gy ¥ R
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such that:
= , € .
d, = u, ¥x, € X ) ' (6)
L g, >u, ¥ cuts K (7)
2€K
t
g, € {0,1} - (8)
where ¢, is the cost of arc % (m is the total number of arcs in the
graph), g, =1 if arc £ is in the solution, g, =0 otherwise.

Let us aésume that constraints (7) are relaxed, the resulting
problem solved as & matching problem, and that the application of
the Gomory-Hu algorithm has identified cuts- Kt’ t=1,...,T" for
which thl < u.

The lagrangian relaxation with muitipliers A' on these cuts

produces the problem M" (A') defined as follows:

m T Tt
Min I E - £ A' I E, + £ X (9)
P A 25K, S B
such that
d. = u ¥ x. €X - (6)
1 1
g, € {01} . - » (8)

The solution to M™ (A') — for a given A' — can be found by
using the matching algirithm. This solution can also be tested for
u-connectivity which could in turn generate more cuvs T'+l, T'+2, etc.

Thus, in general we have to solve a matching problem Mu(x) with
lagrange multipliers A for a sét t=1,...,T of cuts Kt' |

A lower bound on the value of the solution to problem s is then
given by:

V(MY (%)) = Max [V(M" (A))] (10)
A
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where V(a) is the value of the optimal solution to problem a.
Subgradient . optimisation can be used to solve approximately the

problem given in (10) to find A¥.

2.2 Iterative Procedure to Iﬁprove the Lower Bound

Two situations can arise at the end of the solution to equation

(10).
(i) The solution corresponding to V(M(A%*)) is a feasible solution
to ", This occurs under the following two conditions:
(a) If the relaxed‘constraints are satisfied with equality
then this solution is optimal.
(b). If the relaxed constraints are not satisfied with
equality tﬁe solution provides an upper bound én the
optimal solution. .
or
(ii) The solution corresponding to V(M“(A*)) is not a feasible

solution to Su and therefore at least one constraint T is not

satisfied for some cut K{.

In case i(a) the procedure stops (Backtracks in the general case
tree search). In case i(b) the best solution so far may be updated -
but branching forward must occur. In case (ii) a lower bound given

by equation (10) is obtained to be used in the tree search.

2.3 Branching Procedure

We wili now describe the branching procedure for this algorithm;

If a u-matching problem M" is solved for a graph G then the
resulting partial graph GM may also be the solution graph GS for
problem Su, i.e. it is the minimum cost member of Qg. IT that is

the case the problem is finished. If however GM & @'131 a tree

search is necessary.
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If GM & Q;, then there must be at least one arc in GM
vhich must be replaced by some other arc, not in GM. A tree
searcﬁ can be developed on the principle of removing arcs’ that
occur in GM from the graph and resolving Mu for -the new graph
produced. Thus, if at the iﬁitial node of the tree Gy & ~Q§
and there is a set of arcs Aﬁ at least one of which must be
replaced in G,,, for GM to become a number of @g, then a branch
is generated from this node for each arc in A'. Each branching
corresponds to the elimination of an arc in Aﬁ from G and the
fixing of other ares to ﬁe in the solution. For example if

. . .
{al,ae,...,ak} are the arcs in AM then the nodes of the tree are

generated as:

Node 1 : (a;)
Node 2 : (al,ae)

Node 3 : (al,ae,zé)

Node k

(3198'2:‘ .. ’ak—l’_a‘k)

where a, implies that arc a; must be in the solution and 5& implies
that are a. must bé excluded. The procedure is then repeated for
each one of the graphs corresponding to the nodes of the tree.

If at any node, the solution to the p-matching problem for the
partial graph G" (say), corresponding to that node, is an element
of QISI that node is fathomed and backtracking occurs (with updating
of the currehtly best solution if possible).

If the u-matching solution for G" is not an elemenf of ‘Qg'but
the bound (the value of the u-matching solution iteratively iﬁproved
by the lagrangean procedure described above) is greater than or equal to
the value of the best solution so far, again the node is fathomed and

backtracking occurs. If the bound is less than the value of the best
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solution so far, forward branching continues from that node.

A depth first procedure was adopted in the gbove branch and
bound élgorithm. The branchings at each node are ordered ‘
. according to.the costs of the ares in Aﬁ, the low costs ares being

branched on first.

2.4 Selection of the Set Al of Ares to Branch On

In this section we shall describe how to chose the set A} of
arcs to branch on. Clearly one choice would be to choose Aﬁ to be
the set of ares in GM. However, this would lead to a very large

number of branches being generated at each node.

A better approach to this problem is to use the analysis
provided by the Gomory-~Hu algorithm to choose £he set of arcs.
Consider a cut K, for which constrainfs T are not satisfied. K,
partitions the set of vertices of GM into St and §£. For GM to

become a member of @g'there must at least be one additional arc

crossing K The degrees of the vertices in St and §£ must be u.

t.
= . X, .L,X. € i
Hence there must be at least one arc a, (xl,xJ), xl,xJ St in GM
that is not in GS for the given graph G. Similarly for at least one
= .), x.,x.€ 8., ' _
arc of the type a, (xi,xJ), xl,xJ St Thus Am can. be chosen to

be one of the two sets:

=. ‘ = . [<3
B, {azlaz (xi,xj) and X3 0%s St}

or

= . .,x. €8} .
By {azlaz (xi,xJ) and X; 5% St}

In order to reduce the number of branches at each node Aﬁ 15

chosen as follows

= min{|B,|, |B}[}

I
o -
ot
H
‘_.b
o
C'-
|

min{|B.|, |B{[}.

i
td
o+ -
e
L]
o
o+ -
1}
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In general there will be T' cuts violating constraints 7 and

Al"d is chosen from all these cuts as follows:

By = B 30 [l = mindlz], (2D
(11)

Ay = Bix if IB{-,*I =t§irj‘§'!Btl, IB.E.,I}

A flowchart for the complete algorithm A described gbove is given

in Figure 5.

3. Branch and Bound Algorithm B for the Solution of Q"

In this section algorithm B for solving problem Qu will be
described. Q" is the problem of finding u/2 least cost arc disjoint
. hamiltonian ciréuits in a graph. This problem is similar to problem
Su, which is solQed by élgorithm A, but with the additional constraint
that the solution graph GQ contains u/2 arc disjdint hamiltonian
circuits. It is therefore possible to modify algorithm A for

problem s" to include these additional constraints and solve problem

u

Q .
M gorithm A works by implicitly enumerating all members of the

family of graphs Qﬁ and checking if they are also members of {?jg
This is done by the use of the efficient Gomory-Hu algorithm. Call
the family of partial graphs of a graph G which contain u/2 arc
disjoint hami;tonia.n circuits gg Thus, algorithm B could work in
a similar manner to algorithm A by implicitly enumerating all members
of g; and checking if they are in gg However, to check a graph
for membership of gzgis not easy. It is well known, for example,
that the problem of deciding whether a graph is hamiltonian ié NP
.complete. In this section we shall describe itwo methods for invest-—
igating membership of g;; One method works by implicit enumeration,

and the other by forming a graph of hamiltonian circuits.
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3.1 Method for Finding if a Graph Contains u/2 Disjoint Hamiltonian

Circuits Using Implicit Enumeration

The method described in this section is based on the use of an

algorithm devéloped by Selby [8] called the multipath algorithm, which
is a procedure for enumerating all the hamiltonian circuits in a

graph G. The method of Selby is an effective procedure for generating
hamiltonian circuits. However, it is slow at proving that a graph
does not have hamiltonian circuits. Hence, it is desirable to do
‘'some preprocessing on any graph G to be input to this procedure to
ensure that it has a high probability of containing & hamiltonian
circuit (or show it to be nonhamiltonian).

In Section 2.1 it was shown that the families of graphs -g‘sl and
gg are not equivalent. Howewer, in many tests it has been found
that a large proportion of members of gg are also in ég Thus,
if a graph is a member of gllsl there is & high probaebility of it also
being in Qg Membership of 9151 can be checked using the Gomory-Hu
algorithm.

The procedure for finding if a graph has u/2 disjoint hamiltonian

circuits is as follows:

Procedure H:

1. Set Ay=4A, Gy=G-= (X,AO), n = 0.

0
2. Use Gomory—Hu algorithm on Gn.
3. Ifa ¢ @(u—2n) go to T, else continue.
n s
L, Use multipath algorithms to generate a hamiltonian circuit
with ares H in G . If none exists go to T, else continue.
5. Ifn=u/2 stop (G E—g;), else continue.
6. Betn=ntl, G = (X,(A ,-H)) and go to 2.
7. If n=0 stop (G €& gg); else continue.

8. Setn=n-1and go to L.
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The above procedure H generates a tree in which each node
corresponds to the initial graph G with the arcs of a number of
arc-disjoint hamiltonian circuits removed. This tree structure
is illustrated in Figure 6. The value of u is 8 and the procedure
is searching for u/2 = 4 arc diéjoint hamiltonian circuits. Note
that the superfix on the letters G and H represents the generation
number of the graph or hamiltonian circuits with respect to the
predecessor graph. Thusiﬂuesuperfix 2 on H% indicates that Hg is
the second hamiltonian circuit to be generated from Gi. Also
the superfix 1 on Gl indicates that Gi is the first graph to be

1

generated from GO.

The tree generated by procedure H is potentially very large.
However, as membership of fa/tsl is a good test of membership of %3
in most examples that have been tried, in which the graph G was a
member of f};, the procedure has either stopped at n=0 or found u/2

are disjoint hemiltonian circuits in one pass down the tree.

3.2 Method of Constructing the Graph of Hamiltonian Circuits

In this section we describe an alternative to procedure H.
This method is also based on the multipath algorithm for finding
disjoint hamiltonian circuits.

In this procedure (I say) the Gomory-Hu algorithm is first used
to test for membership of gg, if G is not in ,Qg then clearly
G ¢ Q; The multipath algorithm is then used to successively generate
all h (say) hamiltonian circuits with arc sets H, i=1l,...,h in G.
The hamiltonian circuits of G are generated in blocks of u/2
hamiltonian circuits at a time. Procedure I forms a graph GH of
hamiltonian circuits which is updated after each block generation.
In G¥ each vertex corresponds to a hamiltonian circuit in G. Thus,

H . .
after the &'th stage of the procedure G contains %% vertices x?,
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Figgre_G Tllustration of the tree generated by procedure H
for u=8 '




159

i=1,...,2%. GH is such that xg and x? are connected iff Hi
and Hj have an arc in common. GH is formally defined at the £'th

step of the procedure as follows:

H

o (x,aly, xf = {x;

G } i=1,...,us/2

H H _H
AT = {xgx3) | B, v H, ¢ ¢} (12)

Clearly the size a of the maximum independent set [1] of GH at
step 2 is equal to the number of arc—disjoint hamiltonian circuits
in G that have been generated up to step %. In nH is the number of

vertices in GH and mH is the number of arcs, then we have:
] inH~U&ﬁ+%l+l,

* A graph illustrating GH is given in Figure 7. The size of a in
Figure T is 4 hence the graph corresponding to ¢" has 4 are disjoint

hamiltonian circuits.

o '
e ™~ ~ . .
: ~Maximum independent set
— H A
of G o =k

Each vertex represents a

hamiltonian circuit in G
P :

Vertices are connected iff
~the corresponding H.C.'s

are not disjoint

Figure 7 Grauh.GH produced by procedure I
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At each step of the procedure the value of o for GH is checked.
If it is found that a > u/2 then the procedure is terminated as u/2
G contains u/2 disjoint hamiltonian circuits. If a < u/2 then the
next u/2 hamiltonian circuits are generated. If GH is generated

for which o > u/2 then the procedure terminates when all h

hamiltonian circuits of G have been generated.

3.3 Inclusion of a Disjoint Hamiltonian Circuits Procedure (H or I)

into a Branch and Bound Algorithm B

In this section we describe algorithm B for solving problem QY.
This algorithm is very similar to algorithm A, with the addition of
a procedure to check if a graph is a member of és

It can be seen fromthe previous two sections that the test for
membership of the family éa is not an easy problem to solve.
Potentially the two procedures H and I are computationally very
expensive (although in tests performed on procedure H it was found
to work in one pass for most cases considered). Thus, it is desirable
to use such a procedure as little as possible, and use a computationally
leés expensive but also less accurate procedures wherever possible.
This can be achievéd by first using the test for membership of g;
before using tests for é; Thus, the initial stage in both
procedures H and I - which uses the Gomory-Hu algorithm to test for
mgmbersﬁip of 49‘81 - is essential.

The first stages are the initial tests for membership of 9;
and the second stages are the rest of the procedures which test for
membership of {7/; Call these second stages H and I for H and I
respectively. Algorithm B can then be formed from Algorithm A (see
Figure 5) by inserting either test H or I at the point marked X

in Figure 5 and proceeding to point Y if the solution is found to be a

member of \éj’g or proceeding to point Z otherwise.
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4. Algorithm C for Solving P and 8%

In_this section we describe an L.P. based Algorithm C for
solviﬂg problems PY and Su. This methqd uses branch and bound
in conjunction with an L.P. relaxation of the problem. Thé
solution to the relaxed L.P. is tested for feasability using the

Gomory-Hu algorithm.

4.1 Problem Formulation

An integer programming formulation of problem PY is as follows:

Min £ I ec.. E.. (12)

such that

>u - (13)

) Eij
xiefk
xjeXk

for all partitions (Xk’§£) of the set of vertices X.
.. € .
Eis {o,1} (1%)

Note that the above formulation is similar in structure to that
given in Section 2.1 for ¥ In the formulation for SU there are
equality constraints on the degree of each vertex (expression 6).

The objective function in the.above 1s a double summation over vertices,
whereas (5) is a summation.over arcs the two objectives are, however,
the same.

The number of constraints (13) is very large. Let the
cardinality of X, be k. Then likl = n-k where n is the number of
vertices in the graph. For each value of ik there are (;} uique

partitions (Xk’ik)' The total number of partitions and thus constraints
n

[2]
of type (13) is then I (
k=1

E) vhich is of the order of 2% T, Clearly,
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any algorithm that is going tolbe practical will not be able to
explicitly use all these constraints. Thus, in order to develop
an effective method for solving P" based on the formulation (12) -
(lh) given above, it is necessary to consider ways of ?elaxing the
constraints (13) and (1), to.produce subproblems which are easier
to solve. Two types of relaxations corresponding to the two sets
of constraints (13) and (14) can be considered. These are as
follows:

(i) Relaxation of constraints (13): If & number of constraints
of type (13) were relaxed to produce a problem of reasonable size,
then the I.P. could be solved and the additional constraintsz (13)
tested for feasbility. Any violated constraints being added to
produce a new problem to be resolved.

(ii) Relaxation of the constraints (ih): The integrality constraints

(1) can be relaxed so that the Eij are continuosuly variable in the

range:

0<E..<1. (15)

= 543
This leaves a very large linear program to solve. If it were
possible to solve this L.P. then the integer program could be solved
by using branch and bound. -

The method that has been adopted for Algorithm C is to combine
both relaxations (i) and (ii). Constraints (13) and (1) are both
relaxed. Constraints of type (13) that are violated by the solution
to this L.P. relaxation Wé first added to obtain an optimal solution
to the LP described in (ii) above. Constraints (14) are then imposed
by.the use of branch and bound.

First we shall describe how to obtain an optimal solution to the

L.P. described in (ii) above.
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k.2 Solution of the L.P. Relaxation of P°

The L.P. relaxation of P" (PE say) in which (1}) are relaxed
to (15) leads to a very large problem. Relaxations of some of
constraints (13) have to be considered. To develop a useful

relaxation it is convenient to split up constraints (13) into two

sets of constraints. Those for k=1 (16), and those for 3| 2k>1
(15). The L.P. relaxation of P" then becomes:
Problem P
— — L
Minimise
I I e.. E.. (12)
j>ii=y M
such that
z E.. >u (16)
ij =
xiexl
EX
xJ Xl
for all n partitions (Xl,ii) of the set of vertices X,
I E..>u (17)
ij —
*; Ky
ijXk
n
2skslg]
for all partitions (Xk’ii) of the set of vertices X.
0<E&..<1 (15)

iJ —

Call the constraints (16) the degree constraints. This is

because if the Eij were integer then (16) would svecify the minimum

degree of each vertex. Similarly call the constraints (17) the

arc cut—-set constraints. This is because for gij integer they impose
a minimum size for any cut set in the solution graph Gp.

Consider the L.P. defined by (12), (15) and (16) above, i.e. by



‘ 161;.

the removal of the arc cut-set constraints (17). This is a
reasongbly small L.P. with only n constraints and m variables

which can easily be solved for large graphs. Call this problem

u
PS.

In Algorithm A the solution to P, is used as a starting point

e g

for finding the optimal solution to PL' This is done by imposing
onto P; the constraints in PE that are violated in the solution of
P Thus, it is required to check the solution to Pg to see if it

g°
is a solution to PB, and if it is not which constraints in PE are
violated. Clearly this cannot be done by checking each individuall
constraint (lg) for feasibility, and a different approach is necessary.
The Gomory-Hu algorithm can again be used to check if any
constraints (17) were violated. Tﬁis can be done in a way analogous
to method described in Chapter 4. In the method in Chapter 4 each
arc is given a capacity 1, then the Gomory-Hu slgorithm computes the
maximum flows which are then equal to the arc connectivities. The
relevant minimum cuts are also given. A graph Gg which can be

snalysed by the Gomory-Hu algorithm to check if any constraints (17)

are violated is constructed as follows:

Gg = (x ,Ag)
X = (xl,xé,...,xn)

the capacity 93 of arc (xi,xj) is given by
g.. = E.. ' (18)

Anelysis of Gg by the Gomdry—Hu algorithm gives the cuts and
hence the constraints (17) which are violated by (Eij). In this
case gij can be considered as representing the fraction of arc (Xi’xj)'

In terms of fraction of an arc, constraints (16) and (17) are given a
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different interpretation. Constraint (16) implies that the sum
of fractions of an arc incident at every vertex should be grester
than or equal to u. Similarly (17) implies that the sum of
fractions of arcs crossing every cut should be greater than or
equal to u.

In practice the Gomory-Hu algorithm expects arc capacities
to be integer, not fractional as implied by (18). However, this
is easily overcome by multiplying all the values of the gij in the

solution to P; by some large scaling factor I (e.g. 1000).

4.2.1 Procedure L for Solving Py
PE]
The initial step of procedure ‘L is to solve Pg. Pg is
. formulated as follows:

n

minimise & I ec.. gi. (12)
j>ii=1 Y
such that

T .. >u 16
LT (16)

i1

X

xJ 1

for all n partitions (X, ii) of the set of n vertices X.
< . ' .
0= EiJ 21 ' (15)'
Call solution of Pg,
form a graph Gg= (x, AE) where (xi,xj) € Ag, if gij # 0. Set the

{£5.} . Choose a scaling factor I and
ij

capacities to the arcs in G to be qij where,

qij = L} % Eij + 0.51.

If there is a cut Kt in G for which

Q(K%) <usI

where Q(K%) is defined as the capacity of K¥, then a constraint (17)
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is violated by the {Eij}. In this case the violated constraints

can be added to the tableau for Pg end this new LP - Pgr (say) -

t T
solved to produce a new solution {Eij}. The new solution {E?j} can

again be checked to see if it violates any . constraints (17), etc.

u

L is found when none of the constraints (17)

The optimal solution to P
are violated.

In practice it has been found that it is not necessary to add a
large number of constraints (17) in order to produce an optimal

solution to PE. For most test problems it was not necessary to add

more than n additional constraints, often the Tigure was well below n.
In order to reduce computational effort only one of the violated
constraints (17) is added for each use of the Gomory-Hu algorithm.

. This makes it possible to stop computation of the Gomory-Hu algorithm

as soon as one violated constraint is found. The LP tableau for Pg,

with just one extra constraint added is also easy to reoptimise.
The addition of only one constraint to the LP often caused other
constraints to be satisfied in the new LP solution.

The complete procedure L for finding the optimal solution to

PY can be described as follows:

L
1.0 Set P¥ = Pg.

2.0 Solve PLP, call the solution{& ]i&;} .

P
: = ; %) €A, if &, :
3.0 Form graph GE (X,Ag), where (xl,xJ) A_if giJ #0

g

3.1 Let q;5 = [T = &5+ 0.5] in G,

3.2 Use Gomory—-Hu algorithm on G, until it generates a minimum cut

g
Kt.
3.3 If Q(Kt) < u#1Igotolh.0, else continue.

3.4 If Gomory-Hu algorithm has generated all minimum cuts invGg

stop (ai? is the optimal solution to PE). Otherwise go to 3.2.
4.0 Generate the constraint C(Kt) (say) of type (17), corresponding

to Ki.
LP
4.1 set P =P U C(k,) and go to 2.0.
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4.3 Tree Search Algorithm

In the above sections a practical method for solving problem PE

is described. This problem is the LP relaxation of problem PY which

we are interested in solving. The method described in this section

u
L

algorithm. This method is not described in great detail as it is

for the solution of Pu, embeds procedure L for P~ into a tree search

very similar to branch and bound algorithms for general integer
programming. However, branching rules will be described more fully.

The choice of branching rules for this algorithm is both more interesting
end more important than for most integer programs, as the LP relaxation

has an associated graph 'structure.

%4.3.1 Enumeration Tree

At the initial node of the tree PE is solved using Procedure L.
Call the solution to P {g?j}. Iif {g?j} is all integer then PV is
solved. Howevér, if {Egj} is not all integer tnen it is necessary
to generate branches of the enumeration tree. This is done by picking‘
one of the non-integer variables in {E?j}, Efj (say), and generating
two subproblems of PE, one in which Eij is fixed to zero and the other
in which it is fixed to one. One or both of these subproblems is
then solved using procedure L.

In general there are a number of unsolved subproblems in the
enumeration tree. Oné of these is chosen using procedure L for
solution.

-If at any node the value of the solution to the LP subproblem at
that node is greater than the value of the best solution so far, then
the node is fathomed and no branches are generated from it. The
complete tree is enumerated when all end nodes in the tree are
fathomed or repfesent subproblems with all integer solutions.

The enumeration tree described above is similar in structure to

that used for general O-1 programs. However, the subproblem represented
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at each node is solved by procedure L and not by ordinary linear
programming. The methods for choosing which variable to branch on

and for searching this tree will now be described.

(i) Branching Rules:

The nodes in the enumeration tree represent subproblems of P;.
If the solution {E?j} to one of these subproblems is non-integer then
branches are generated by setting one of the non-integer variables gﬁj
(say) first to zero and then to one. The choice of Eij is of
considerable importance.A The analysis provided by the Gomory-Hu
algorithm gives information about the minimum cuts énd flows in the
solution. This can be used for making the selection of Eij. The

following rules can be applied:

Branching Rule 1:

Find the minimum cut K% which has the largest number of fractional

arcs crossing it and branch on a variable corresponding to a fractional
arc in K%. If & variatle with a large fractional value is chosen
then the first branching sets it to one, the second to zero. The

reverse is done if it has a small fractional value.

Branching Rule 2:

This is the converse of rule 1. The nminimum cut K% with the
least number of fractional arcs crossing it is found. One of the

fractional variables in Ké is then branched on.

Branching Rule 3:

The cut K% with the least sum of fractional arcs crossing it is
found. One of the fractional variables in K;; is then branched on,
If there is more than one such K% then the one with the most fractional

variables is chosen.
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(ii) Search Procedure

In the coding of algorithm C a depth first method for searching

the branch and bound tree was adopted.

5. Computational Results for Algorithms A and B

5.1 Matching Code

In order to code algorithms A and B it is necessary to use a
u-matching code. The one-matching algorithm described by Edmonds [5]
was coded. U-matching problems were solved using this one-matching
code in conjunction with a graph transformation, also described by
Edmonds [3 . This transformation T (say) converts to a graph G,
ip vhich a u-matching is to be solved, into & graph T(G). T(G) is
such that there is a one to one mapping between arcs in the one-
matching solution of T(G) and the u-matching solution of G.

The transformation T is as follows:

' Given a graph G = (X,A) with n vertices X 5 i=l,...,n and m arcs

a 2=1,...,m with costs cps £=1,...,m, form the graph ¢ = (x%,A%)

2,
with (u.n+2m) vertices xz, i=l,...,(u.n+2m) and m(2u+l) arcs

Y. =1,...,m(2u+l) and costs CE’ =1,...,m(2utl), with the following

ays
structure.

. . . u
(i) For each vertex X; in X there corresponds u vertices X5e

t=1,...,u in X"

(ii) For each arc a, = (xi,xj) of cost ¢y in A there corresponds;

(a) Two vertices x;]' and xze.

(b) (2utl) ares,
(xzf,x:l), t=l,...,u each with cost ;;-,
(37 ,x,2), with cost O,
(xsg,x?t), t=1,...,u each with costf;§ .

J
Figures 8(a) and 8(b) illustrate the above transformation for u=lh

on a graph G consisting of one arc and two end vertices.
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8 cost = ¢

Figure 8(a) Graph G before transformation T

Figure 8(b) Graph Gh after transformation T with u=h

T is very expensive in terms of computer storage space. For
example if n is the number of vertices in G, and m the number of
arcs, then T(G) contains un+2m vertices and m(2u+l) arcs.

It would have been possible to write a direct u-matching code
[4]. However, it is believed* that at least in terms of coméuting
time, this approach should not be much more efficient than using the
graph transformation T with a one-matching algorithm . The
obﬁective was to test the general ideas behind the algorithms and not
to develop the most efficient matching code, and since wfiting a u-
matching code is a very difficult exercise in its own right, a 1-
matching code was written and used in conjunction with the graph

transformation T.

5.1.2 Results

In order to test algorithms A and B a large number of randomly

generated network synthesis problems with u=hk were solved. The cost

# E. Johnson private conversation
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matrix for each problem (only complete graphs were considered) was
generated by sampling from & uniform integer distribution from the
range 1 to 20. For u=l it is not necessary to solve problems with
less than 10 vertices. A1l b-regular subgraphs of graphs with
lesé than 10 vertices have 9=h: Thus for problems with 55p§9_and
u=l the U-matching is the optimal solution. A and B were only
tested on graphs with n>10 and u=l.

The.results of thesé tests were quite surprising. A total of
1196 randomly generated problems were solved. In all problems the
first h—ﬁatching solution was the optimal solution. However, the
choice of transformation T combined with a l-matching, lead to severe
computer storage oproblems.

The results demonstrate that the u-matching is an excellent ‘bound
for 8% and Q". A summéry of the results for algorithm A is given
in Table 1(a) and for algorithm B in Table 1(b). The algorithms were
programmed in Fortran IV. They were run on a CDC 7600 computer and |

all times are in seconds on that machine,

5.2 Computational Results for Algorithm C

Algorithm C was also programmed in Fortran IV and run on the
CDC 7600 computer and all computation times are in CDC 7600 seconds.

Algorithm C was tested on a large number of randomly generatedA
problems, The graphs generated were complete with both euclidean
and non-euclidean cost matrices. The non-euclidean costs were
generated by sampling from a uniform intege; distribution in the
.range 1 to 100, The costs for the euclidean problems were generated
by randomly generating points on a euclidean plane 100 units'équare.
A uniform distribution in the range 1 to 100 was used to generate the
x and ¥y coordinates of each point. The values of u used in the

tests were 2, 3, 4 and 5,
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No. of No. of problems | Average no, of (cbc 7600 seconds)
vertices solved nodes in time | Average time [Max. time {Min. time
10 41 1 1.3 1.898 0.692
11 27 1 1.98 2.7h1 1.325

12 17 1 3.01 3.755 1.938.
13 12 -1 4, by 5.611 3.055
14 9 1 5.58 8.137 3.827
15 6 1 8.66 11.55 6.815
16 48 1 10.15 13.495 6.71
17 35 1 13.85 21.138 10,1
18 3 1 17.85 20.491 14,782
19 21 1 22,4} - 26.328 14,105
20 15 1 31.31 41.977 22.978

Table 1(a): Results for Algorithm A

No. of No, of problems | Average no. of (cDC 7600 seconds)

vertices solved nodes in time |Average time |Max. time [Min., time
10 320 1 1.5 1.906 0.693
11 250 1 1.96 3.123 0.946
12 164 1 2.98 4,249 1.334
13 115 1 4,26 6.526 2.507
1k 84 1 5.83 8.233 3.738
15 6 1 8.8 11.731 6.936
16 5 1 10.57 12.496 6.83
17 3 1 15.39 18.424 11.222
18 2 1 18.05 21.116 15.002
19 2 1 25.91 26.811 25.018
20 1 1 30.167 30.167

"30.167

Table 1(b): Results for Algorithm B

Table 1:

Results for randomly generated problems for algorithms A and B
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An IP code was written specially for alogirhtm C as the
commerically designed codes to which we had access did not allow:
for tﬁe addition of constraints. The results for algorithm C
 are shown in Table 2. Table 2(a) shows the results for random

problem, Table 2(b) for euclidean problems.



No. of problems solved Averag;nnzée:f nodes Average time {7600 sec) . Maximum time Minimum time

No. of 1 .u u u u

vertices | , -| L ) 5 2| 3 | 4| s >3 | v s 2 | 3| | s 2 |3 |4 |5
10 }88 T5 100 53 1.5V 2.312 1 1 0.07(0.05| 0,12} 0.05 .53] .43] .77{ 0.06f .0510.03}{ .09} 0.0L4 |
20 50 46 13 32 2.5 2.1 | 1.8 | 12 0.28]0.33| 0.37| 2.17 .63 "1,99 .72}14.80F .14 | .18 | .26] 0.31
30 17 33 28 ik Jlas 2.3 | 2.1| 20 1.11§1.15) 1.49] k.32 }j17.%2] 3.31} 3.3 }20.9240.87 | .T 93] 1.57
Lo 1 13 10 8 1 3.9 | k.2 | 15 1.87|4.18] 5.62| 6.85| 1.87|12.73| 8.19|23.33 1.87. 2.12 { 3.65] k.52
50 5 T 5 L ojl2a 2.2 | 3.4 | 23 || 12.63|7.37|20.73]|12.43]53.75] 9.31{16.44}60.87]3.62 | 5.94 |8.24| T.42

Table 2(a) : Performance of Algorithm C on Random Symmetric Cost Matrices

LT




No. of problems solved Averaggnni);e:f nodes Average time (7600 sec) Maximum time Minimum time

No. of u u u u u

vertices |, [ ) s - 2| 3| 4% | s 2 [3 | » | s o | 3| vl s |2 [[3 |4 |5
10 9 T 66 62 1.81 172 {1 | 1§ 0.13 | 2.29 0.04{ 0.05|| 0.27| 5.33| 0.05{ 0.06}0.03 6.92 0.0k} 0.0k
20 23 3 39 33 2.‘8 233 | 2.1 | 26 || 0.72 | 6.k 0.43] 2.33]| 1.k2| 7.84} 2.62[19.85§0.44 | L.23] .89| 0.3
30 1| 1 |27 5 115 250 { k.2 | 16 || 3.17 po.31f 2.11} 5.92 {{15.31|10.31}11.78}20.62}0.95 |10.31 1.1 | 1.5
'ho 5 o |13 1 |23 250+ | 3.1 1 1k.69 | 1204 4.28) L.67 ||22.52|120+ ,{ 8.29| L4.67 2.6 {120+ | 2,18 L.67
so | 4| o |17 3 {19 200+ | 7.8 | 1k r‘1&.62 120411.35 {15.23 ||31.21 {120+ {38.3 luh.23)3.67 120+ | 5.3 | 7.k2

Table 2(b) : Performance of Algorithm C on Fuclidean Cost Matrices

. 6LT
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CHAPTER 6

THE TRAVELLING SALESMAN PROBLEM
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1. Introduction

In this chapter we present a branch and bound algorithm (D) for
the solution of the traveliing salesman problem. The algorithm is
similar in structure to algorithm C for problem Pu, presented in
Chapter 5. A technique is usea in the present algorithm to eliminate
variagbles a priori from the 0-1 formulation of the TSP. This
reduction is based on the reduced costs obtained from the solution to:
(a) The assignment problém lagranean relaxation at the end of an

ascent procedure,

(v) TheAshortest spanning tree (SST) lagranean relaxation at the

end of an ascent procedure,

together with a good upper bound obtained by a heuristic.

Test results are given for a number of problems in which the costs
are:

(i) randomly generated symmetric and

(ii) euclidean.

1.1 Problem Formulation

The travelling salesman problam can be described as follows:
Find the order in which a salesman must visit each one
of a set of n cities once and only once and return.to the
starting city, so that the total distance travelled is a
minimum.
For directed graphs (i.e. for graphs where the distances or costs
between thevertices of the graph are not symmetric) there are a number
of integer programming formulations of the problem, three of which are

as follows:

Problem TD or TE or TE

Given a graph G = (X,A) with costs ¢ associated with each arec
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(xi,xj) in A, there being n vertices in X and m arcs in A, then

n n

minimise I I e,, &.. (1)
j=1i=1 *
such that
n
I E..=1, i=l,...,n (2)
j=1 1J .
n
iz gij =1, J=l,e..sn (3)
and either
I og..2>1 (ka)
i€x 1
J€x,
or
I E.<|x]-1 (kb)
jex, iex 13 = i
or
s lx -1 (he)

(i,j)€e,

for all partitions (Xk’ }_Ck) of the set vertices of the graph G, where
IXKI =k and ¢ is a hamiltonian circuit of X (note:  for constraint

(4a) 2 < k < n - 2, for constraints (4b) and (kec) 2 < k < n-1)

Eij = 0,1 | (5)

If the costs associated with each arc in the graph are symmetric
i.e. the graph is non-directed, then the problem can be rewritten as

follows:

Problem TN
aorborec

n n
minimise z I c.. E.. : v (6)
jpii=y MM
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such that
I E..=2 (7
1J
x;€%)
€
xJ Xl
for all partitions ( l,X ) of the set of vertices X,
and either
T E..>2
ij = (8a)
xi?fk
E
xJ Xk
or
_ g <|x] -1 (8pb)
Jexk 1exk 13 Xk
JJsi
or
< Ix ] -1 ' (8c)
(1,J)e§ 1J Xk
jri .

for all partitions (Xk’ i%) of the set of vertices X, where ka’ =
and ¢k is a hamiltonian circuit of X, (note: for constraint (8a)

2<k=< E_?l- , for constraints (8b) and (8c) 2 < k < n-1).

£55 =051 _ (9)

Problems TD and TN have subscripts a, b or ¢ corresponding to which
versions of the constraints 4 and 8 respectively are used.
It is worthwhile to note here that constraints (7, 8a or b or c)

are equivalent to the two sets of constraints:

y,ezc £ ¥C & (X, X)XcX | (10a)

and k
Iox, =2 i=1,...,n (10b)

EGAi

where Ai is the set of arcs incident at vertex X; .
Constraints 4(a,b,c) and 8(a,b,c) are the subtour elimination or

connectivity constraints.
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2. Brief Literature Survey

The travelling salesman problem has been studied by many
authors [1-6, 8, 9, 11, 15-28], and many surveys have been written
on this problem [3, T]. In this section only a brief review of
methods developed to solve the.problem is given. More attention
is paid to the methods which are of relevance to this chapter. In
particular a bound developed by Balas and Christofides [1] is
described in detail in the appendix. For a more comprehensive

survey of the travelling salesman problem the reader is referred to [T].

2.1 All .Integer Tree Search Methods

The two essential elements of & tree search algorithm are
(i) a branching rule, and
(ii) the bounding'procedﬁre.
For the TSP most attention has been paid to developing good bounds.
This approach has given a greater payoff than developing more
sophisticated branching rules (this is the case with most combinatorial
problems). Most of this survey is therefore devoted to the study of

bounds. However, we first give a brief discussion on branching rules.

2.1.1 Branching Rules for the TSP

In general two main branching rules for the TSP have been develbped.

These are as follows:

(i) Tour Construction Rule: This was first introduced by Little,

Murty, Sweeny and Karel [23], their paper is one of the first examples
of the use of tree séarch. The rule produces a binary search tree.
At each node in the search tree one arc is chosen (according to some
given rule) for branching on. Two successor nodes are generated by
alternatively fixing this arc to be in or out of the solution. An

arc is only fixed to be in the solution if its addition does not
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violate any of the TSP constraints. If n forward branchings are
made in which an arc is added to the solution at each branching,

then a hamiltonian tour is constructed.

(ii) Subtour elimination rule: -This rule is used in conjunction

with a bounding procedure that generates subtours. For example
the solutions to the assignment or matching problems are both bounds

for the TSP and also generate subtours. It was first used by

Shapiro [28] and later by Bellmore and Malone [3]. In this procedure

the bound at each node of the search tree generates a set of subtours
of the graph G. One of these subtours, 5 (say), is chosen for
branching on. If the set of arcs in 8. is {al,ag,...,ar} then the

following branches are generated from the node:

branch 1 '{Ei}

branch 2 {al,zé}
branch 3 {31’32’33}

branch r {al’a2""’ar-l’2;}

where a; implies the arc a, is in the TSP solution andzi implies arc

as is not in the solution.

2.1.2 Bounding Procedures for the TSP

For all tree search procedures for the TSP the accuracy of the
bound is more.significant to the effectiveness of the procedure than
the branching rule. Some of the bounding procedures which have

been used are given in the following.

(i) Assignment and matching based bounds

The assignment problem is formulated for a directed graph

G = (X,A) as follows:



183

Problem AP,
n n
minimise £ I .. E..
j=1 i=1 9

such that

n

LE.=1, i=l,...,n
j=1 1

n

.E Eij =1, J=1l,...5n
1.—

Eij =Q0orl

The 2-matching problem is similar to the assignment problem but
it is only formulated for non-directed graphs. For non—-directed

tomplete graphs it is as follows:

Problem M2,
n n
minimise ¥ I c.s E..
jo>n i=) Jd 1
such that
n .
L E.. =2, i=l,...40
j=r

Problem AP is the same as the TSP for directed graphs with no
constraints of type 4. Problem M2 is the same as the symmetric
TSP with no constraints of type 8. In the solution to the assign-
ment and matching problems subtours occur because these constraints
are missing. The additional constraints are included 5y the tree
search.

A more sophisticated bound based on the assignment problem has

been developed by Balas and Christofides [1] . This imposes by
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lagrangean relaxation constraints (La), (4b) and (Lec) which are
violated by the assignment problem solution. We shall not describe
this procedure in this section as it 1s used as part of algorithm D,

and is described in the appendix.

(ii) Bounds from the shortest spanning tree

Symmetric TSP

A~

Consider the case when G is a nondirected graph and let ¢ be
a hamiltonian circuit which is the solution to the TSP. Let v
be a distinguished vertex on . If the two arcs incident at v
together with vertex v are removed, the remaining graph is a path, P,
through fertices X-{v}. Clearly, if Tv is the SST of graph
<X-{v}, that is, the subgraph inaucéa by the set of vertices X-{v},
‘then the cost of T, is a lower bound on the cost of P.

The two arcs which have been removed from ; to obtain P, have
a total cost at least as great as the sum of the twévéhortesﬁ arcs -
say (il,v) and (i2,v) - incident at v. Let the graph composed of
the arcs in T and arcs (il,v) and (i2,v) be called G . It is
clear that the total cost of the arcs in G, is a lower bound on the

cost of ¢. The mathematical formulation of the problem whose

solution is the graph-Gv is problem PT below.

( m
Min I ¢y &y (11)
2:1
m .
s.t z Eg =n (12)
2.:1 '
P
T z £ - -
«QECk . 2- 1 Vck=(xkaxk), qu{ (13)
L &y _
=N L=2 (1k)
v
L £, €{0,1} 2=1,...,m (15)
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. N . . .
Problem P,, is clearly the same as problem T + with constraints

T
(8) replaced by constraints 10(a) and constraints 10(b) ignored.
' N . .

A better bound on the value of problem T can be derived 1if

constraints 10(b) are included in the objective function of PT by

means of lagrange multipliers i, that is, by solving the problem:

m
Min [ T c, E | +| Z A T Eg-2
e le=1 ¥ Y liex ® ren,

subject to constraints (12) to (15) that is by minimising:

m
Min | Z (cz + xi +X. )~-2 ¢ Xi
Pp(X) £ 12=1 Y ) ieX

subject to comstraints (12) to (15)

where i and j are two terminal vertices of arc %. One should note
here that for any given A, problem PT(A) is the same as problem P
but with transformed costs c,=gqg *+ Ai + A, . The best values of

. . 9
the penalties, (A¥ say), are then those which maximise the expression:

v(PT(A*)) = Mix [v(PT(A))] . (16)

where V(a) is used to denote the optimum value of the problem a.
V(P(A*) is then a lower bound to v( N ).  The above penalty

procedure was first proposed by Held and Kafp [18] and Christofides

[5] for slightly different versions of the travelling salesman problem.

In addition, Held and Karp gave a very effective iterative subgradient

optimisation érocedure for solving equation (16). They also noted

that if the Ai are set initially to - (ui + vi)/2, where u. and v,

are the optimal dual variables of the assigﬂment problem PA defined

by equations (1) - (3), then V(PT(A)) is at least as large as V(PA).

Improved methods for deriving A¥ weré later introduced by Hansen and

Krarup [l'f] .

+ Note: The term T is used herewitiaout subsceript a,b arce.
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A different scheme for solving equation (16), based on
heuristically guided search techniques, and which proved to be
computationally more successful was given by Camerimi, Fratta and
Maffioli [h].

It is simple to show that-in general a positive gap g exists
between the value of the bound V(PT (A*)) and the optimum TSP

solution V( ™ ), However, g is often less than 1% of the value of

vi ).

Asymmetric TSP

Consider the case when G is a directed graph and let 3 be a
hamiltonian circuit which is the solption to the TSP. Again let v
.be a distinguished vertex on $. If an arc (i, v) incident at v is
removed from 3, the remﬁining graph is a directed path - with root
at vertex v - passing through all the vertices of G. Clearly, if
Tv is the directed shortest spanning tree (shortest spanning
arborescence )with root at v, then the cost of Tv plus the cost of ;
the shortest arc (i,v) - say (il,v) - is a lower bound on the cost

A

of ¢.

Let the graph composed of the ares in Tv and are (il,v) be

called Gv' The problem whose optimum solution is the graph Gv is:

( n n
Min: r I c; E..
i=1 j=1 ¥ ¥
n N ’
P {s.t. TE..=1 V.€X
= i=1 ¥ J

z £..> 1 cx

\ e & e



187

Let TSP, be the asymmetric TSP composed of (1), (2), (3),
(5) and (ka). It is theﬁ clear that problem PDT above is a
relaxation of TSP where constraints (2) have been dropped.

Once more, a better bound than V(PDT) on V(TSPa) cen be
derived by & lagrangean relaxa%ion of coﬁstraints (2) thus

producing the problem:

n n n
Mint I I (c..+ X.)E..- I .
Por(d) i=1 j=1 Y 171 5 %
s.t. constraints (3), (5) and 4(a)
The value:
V(PDT(;\*)) = max [v(PDT(;\))] (17)

A

is then & lower bound on V(TSPa).

For a given A, PDT(A) is essentiglly the problem of finding
the minimum cost-directed spanning tree rooted a v of the graph G
with modified costs cij' This problem can be solved by & simple
polynomial bounded algorithm as shown by Edmonds [13] and Fulkerson
[1h].

The problem of solving equation (17) is similar to the problem
of solving equation (16) and one of the previously mentioned techniques

can be used to derive the penalties A¥ which are the solution to (17).

(iii) Bounds from the shortest n—path

Consider & pathvwith n arcs starting from some given vertex v
of the graph G and finishing at some given vertex w. Such a path is
called an n—-path from v to w. It is clear that the solution of the
TSP is an n—path (circuit) from v back to v, where each vertex of G
appears exactly once on this path. Clearly, the value of the shortest
n-path from v béck to v (where a vertex can appear an arbitrary number
of times on the path) is a lower bo;nd to the TSP.

The computation of the shortest n-path from v back to v is &
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simple path problem which can be solved by a dynamic programming
recursion similar to that used by Bellman [2] for finding shortest
paths "in graphs. Thus, let fk(i) denote the shortest k-path from
vertek v to vertex 1. |

Starting from:

fl(i) = ¢y if¢v, iXX

the recursion is:

Min [f,_ . (3) + e..] i#v, i€X
jti,v k-1 Ji k=2,...,0-1

JeX
(18)

fk(i)

end .
£ (v) =Min [f _,(3) + cjv]
itv
JEX
The n-path corresponding to fn(v) can be found by recording for
each fk(i) the value of j which produced the minimum in expression
(18). Obviously, if the n-path passes through each vertex exactly
once it is a solution to the TSP, If not, then fn(v) is a lower
bound on the value of the TSP,
It is easy to see that if a penalty‘kiis associated with each
vertex i and the costs c¢,. are transformed by c!. =c.. + A, + A.,
ij ij - "iJ i J
then the cost of any hamiltonian ecirecuit in G is increased by the
same constant amount 2 EZ Ai’ but n-paths that are not hemiltonian
i
circuits are penalised differently.  Let fn(v) be recomputed with

the modified costs c{j and let this n-path pass through vertex i

di times, then:

wir), = £ (v)+2 i (a; - 1)~Ai

is also a valid bound to the TSP. We therefore, wish to choose that
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A¥, which corresponds to the maximum of the expression:
w(A*) = max [w(A)] (19)

and uée w(A¥) as a bound for the TSP, Subgradient optimisatién is
one possible procedure for solving equation (19).

In the path corresponding to fn(v), the same vertex (or arc)
can gppear more than once or not at ail. It is not possible to
constrain the path so that a vertex does not appear more than ohce
on the path, but one type of vertex repetition, namely when the rth
and (r+2)nd vertices on the path correspond to the same vertex.of G -
for some value‘of r - can be excluded by & slight modification to
recursion (18). 1f fﬁ(v) is the shortest n-path from v to v with the
sbove vertex repetition excluded, a bound w'(A¥) can be computed in
a way similar to that for w(A) but with fn(v) replaced with fﬁ(v)..

Computeational results reported in [20] indicate that bound
w'(X*) is slightly vorse than bound V(P,(A*)) obtained from the SST
for the symmetric case, and about the same as bound V(PDT(A*)) obtained
from the directed SST for the asymmetric case. A great disadvantage
of bound w'(A) is that 0(n3) operations are required to compute the
shortest n—path of a graph (for a given root vertex v) as compared with
0(n?) operations for the SST and 0(n2°5) for the AP, (Note, however,
that in the last case only solution of the AP is required). On ' the
other hand, an advantage of w'(A¥) is that it can be easily modified to
include additional constraints which exist in problems closely related

to the TSP such as the vehicle routing problem and some machine scheduling

problems.

2,2 Linear Programming Based Methods

The methods described sbove only allow integer values of the

variables to occur during the search for a solution. A number of
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methods have been developed in which the variables are allowed to
take fractional values [ 11, 15, 24, 25, 26] and are based on linear
prograﬁming. These methods have mainly been ‘used for solving
‘problems in non-directed graphs. The number of variables #nd
constraints inc?eases considerably for directed graphs. The
integer programming formulation on which these methods have been

based is TN and TN.
a b

Problem Tz
n n
minimise Z I ec.. E.. (6)
PSR I Bl
such that
I E..=2 (1)
Ex. 9
xl f}
£
xJ 1

for all partitions (Xl’ii) of the set of vertices X.

> (8a)

I Eij
*;€X,

XJE)[K

for all partitions (xk,'fk) of the set of vertices X, where kal = k

n
< < |=
and 2_k_l2l

£5 = 0, o | (5)

The LP relaxation of this problem has constraint (5) relaxed to:

0 < Eij <1 (20)

Call this problenm TE. Ti is not an easy problem to solve as there

are of the order of 2% % constraints (82). Clearly in order to solve
. ) . L

Tl the constraints (8a)must be relaxed, call this relaxed problem Tk’

and only the 'binding constraints' (8a) included in the IP, The LP
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based methods that have been developed differ mainly in the methods
used to find these binding constraints. In particular at which
stage of the solution process these constraints are found.

The first method using LP to solve the TSP was developed by
Dantzig, Fulkerson and Johnson {11]. 'In this approach Ti is first
solved and an integer solution obtained by adding extra constraints.
The binding constraints (8a) are generated by inspection of the graph
corresponding to the LP solution.

Miliotis [25] using an approach similar to that of Martin [2U]
first obtains an integer solution to Ti by using branch and bound.

If an integer solution is obtained at any node in the search tree then
the binding constraints (8a) are added and the search for a new integer
;olution continued. In a later pafer [26] Miliotis uses Gomory cuts
to obfain integrality thén adding binding constraints. This method
was more successful than the tree search approach.

Grotschel [15] developed a method based on Tg. Binding constraints
(8b) are generated by plotting the LP solution on a map and observing
which constraints (8b) are violated. This can only be done for
Euclidean probléms. Integrality is imposed by cuﬁting planes, these
are chosen to be facets of the TSP polytope. In particular, they are
chosen from a class of constraints known as the comb inequalities [10, 16} .
The inequalities (which are only defined on non-directed graphs) are |
similar to the inequalities introduced by Edmonds [12] for the linear
characterisation of the matching polytope. They eliminate fractional
vertices from their intersections with constraints of type (8b). The

integrality constraints were also chosen visually.

3. Method D for Solving the Travelling Salesman Problem

In the last chapter branch and bound algorithm C is described for
the solution to problem PY. In this section we describe how a similar

algorithm can be used to solve the travelling salesman problem.
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If we compare the formulation of the non-directed TSP Tﬁ with
the integer programming formulation of P2, it can be seen that they
are very similar. If is possible to create problem P2 from Tﬁ by
replacing the equality degree constraint in Tg by a greater than or
equal to degree ponstraint. Let Tz (say) be the LP relaxation of
Tg, clearly this corresponds to PE for problem PY. Thus it is
possible to solve the travelling salesman problem by substituting Ti
for P% in procedure H described in the last chapter and then
substitute this new procedure H' (say) into algorithm C to produce
algorithm C'. Due to the relative simplicity of the TSP when
compared with P it is possible to develop methods for improving

this procedure.

3.1 Variable Reduction Techniques

There are two problems associated with the integer programming

‘formulation of the TSP. These are as follows:

(i) The TSP contains a large number of constraints (i.e. has e

for a symmetric problem).

(ii) It contains a large number of variables (for a complete symmetric

(n-1)
ng ).

graph this is

Problem (i) is overcome in algorithm C' in which it is rarely
necessary to include more than n additional constraints and usually
nuch less than n.

Problem (ii) is not overcome by algorithm C'. In this section
a method for reducing thé number of variables in the TSP is described.

The technique is in fact very simple and can be described as
follows:

Suppose that tz is a lower bound on the value of TSP and E&j

are the reduced costs associated with each arc corresponding to by

Let tu be an upper bound on the TSP, then the set Az of arcs can be
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removed from the formulation of the TSP where,

A, = {(_:%,xj) l ty Eij >t} (21)

In order for the above variable reduction technique to be
effective it is necessary to oﬁfain values of t, and tu that are
close to the optimal value topt (say). It has been found in
practice (see section 4.1) that if these bounds differ by less than
5% then up to 85% of arcs can be removed. The three-cptimal method
of Lin [21] was used to obtain tu. This is an algorithm which has
been found to give excellent results often within 1% of optimal [22].

A new bourld developed by Balas and Christofides was used to

obtain t, and {E;j}, which is described in the Appendix.

3.2 Use of the Shortest Spanning Tree Algorithm for Variable Reduction

In the last.section it was shown how, given an upper bound on the
TSP and a lower bound with corresponding reduced costs, the number of
variables in an integer programming formulation can be reduced a priori.
It waé sﬁggested that a bound based on the solution to the assignment
problem be used as a lower bound. However, it is possible to use an

alternative lowar'bound, either in place of or as well as the assignment

bound. If a different lower bound is used in addition to the assignment
bound this may result in further variable reduction. In this section
we describe the use of the shortest spanning tree algorithm as a lower
bound.

The method described in section 2.1.2, part (ii), shows how to find
a good lower bound for the TSP. However, it does not provide us with
any reduced costs which are an essential part of the variable reduction
technique. Reduced costs for the SST bound can be calculated by
considering the-SST éorrésponding to this bound. Let AT be the set

of arcs in this SST, if E;j are the reduced costs corresponding to the
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lower bound, then clearly:

=0 ; ¥ (xi;xj) e at (22)

We now consider the arcs (xi,xj) & AT,

Figure 1 — Illustration of how to calculate reduced costs for the SST

Consider Figure 1, the straight lines show the arcs in the SST

corresponding to the lower bound. (Note that this SST has been found

using the modified costs c!. where c!. = c.. + A. + X., A. being the
—_— ij ij i i 3 i

penalty attached to vertex xi). The dotted line shows an arc

(xl;xs) & AT.  The addition of (x ,x8) to the graph in Figure 1

generates a circuit 88 (say) = (xl,xh,xs,XT,xs,xl). Let
= ' '
A18 ma.x {Cij | (xi,;j) €9, (xi,xj) # (xl,xs)} .

Clearly the reduced cost for (xl,xs) is given by,

C = c!, -
18 = %8~ 48 -
In general for an arc (xi,xj) & AT the reduced cost is calculated as

follows:
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Let eij be the circuit formed by adding (xi,xj) to the SST

corresponding to the lower bound. Define

A..
1J

{max‘{cém I (xz,xm) € eij, (xz,xm) # (xi,xj)}

Then

= e . .
cij i3 Aij (23)

Expressions (22) and (23) above are used to evaluate the reduced
costs from the lower bound obtained from the SST. This lower bound

in conjunction with the corresponding reduced costs, can be used to

remove variables from the integer programming formulation of the TSP.

3.3 Dynamic Varisble Reduction Procedure

The variable reduction techniques described in 3.1 and 3.2 are
used once only to.remové variables from the TSP formulation. This
considersbly reduces the size of the problem. However, it is possible
to apply a further variable reduction procedure which uses a combination
of heuristics and LP reduced costs to remove variables from the problem.
Thé procedure checks during the search for a solution whether the variables
should be removed. We first describe a heuristic. for removing additional

variaebles from the problem.

(i) Heuristic for reducing the number of varisbles in the TSP

Let ¢ be the circuit corresponding to t (an upper bound on the
TSP), and N oy P8 specified number of variables. A heuristic (T)
for choosing a set of arcs AH to “-include in the integér programming

formulation for the TSP is as follows:

Heuristic H (to choose initial LP core problem)

H_
(1) Set A" = ¢
(2) 1r IAEI >N .. stop. Otherwise continue.
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—t .
(3) Let (xi,xj)+ have a reduced cost ;3 (say from the lagrangean

ascent on the solution to the assignment problem) such that:

Ezj = min (E;j
. . )JE
_ (xl,xJ) A
H
(xi,xj)¢A

(L) Set PLENY U'{(xi,xj)+} and go to (2).

At the termination of H, AH has Nmax arcs which contain at least one

feasible solution to the TSP.

(1i) Variable reduction using LP reduced costs

Let V be the value of the solution to the LP relaxation LPH

(say) of the TSP using the variables in Al Tet AR = (A - Az)

(where A, is the set of arcs that have been eliminated a priori -

see equation (21)). Call the reduced cost of the variables in AR

corresponding to V, ;éj (note: some of the variables in AB are in AH,

in which case their reduced costs are given by the solution to 1P,
The reduced costs of the remaining variables are calculated using

simple post optimality techniques). Clearly

(1) if Gij >0, ¥ (i,j) € A® then V is the value of the optimal
solution to the LP relaxation of the TSP over AR (IPE, say).

It is possible to remove all variables in AR for which

V4v..>t .
ij u

(o) If Vij <0, ¥ (i,j) € A" (say), the varisbles in A can be
added to the LP tableau, and the LP resolved. This process
. _can be repeated until all reduced costs are positive. However,
the lower bound V obtained from the solution to LPR can be improved
by the addition of Gomory cuts. The process of adding the Gormory
cuts is best combined with that of adding variables with negative

reduced cost. This is done in the following procedure K, which

dynamically removes variables from AR.
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Procedure K (to reduce variables in the TSP formulation)

Initialisation

1.0 Let 1P* = 1p?, A® = AR, kount = 0

Solve current LP

2.0 Solve LPC. Let V and.;Ej be the value of the optimal solution
and the reduced costs of the variables in AC (corresponding to
V) respectively, and let A be the set of variables in AC such

that:

¥..<0
ij

2.1 If the solution to IPC is all integer set t_ = min(V,t ) and

go to 4.0; else continue.

IP solution is fractional

3.0 If A # ¢ go to 3.k

LP solution 1s optimal

3.1 Let AO be the set of variables in AC such that:

3.2

V+v.. >t
1] u

C c 0

3.2 Set A" = A" - A7, and remove all columns from LPH vhich represent

variables in Ap.
3.3 1r(Ja%] /]a%|)x 100% < €% (a present percentage), set KOUNT=KOUNT+1.

If KOUNT > M (a present integer) stop.

Add Gomory Cut

3.4 Add a Gomory cut (derived from LPC) and all the variables in A

into LPC. Call the. new problem LPC, and go to 2.0.

IP solution to LPC is integer optimal

4,0 If A = ¢ stop (optimal solution has been found).

4.1 Add all variables in A~ to IPC.  Call the new problem LPC, and
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go to 2.0.
Two possible conditions occur at the termination of procedure
K, these are: _
(1) The optimal solution to the TSP has been found (at step 4.0).
(2) The last Gomory cut is thé Mth one that caused less than €% of
the variables in AC to be removed from the problem (at step 3.3).
Ig case 1 the process of finding a solﬁtion to the TSP is complete.
In case 2 the variables in AC are added into the LP and a branch and

. bound used to solve the problem as described in the next section.

3.4 Algorithm.D

In the preceding sections 3 procedures have been described for
rémoving variables a priorl from the fomulation of ?SP. In the first two
proceduresan‘upper bound tu and a lower bound tz (with associated
reduced costs) are calculated. Variables with reduced costs in
excess of the difference between t, and t, are eliminated. In the
third procedure (K) a subproblem to the complete TSP is solved.

The solution to this problem is used to further reduce the number of
varigbles and also to improve the upper bound tu' In some cases the
problem is solved by procedure K. We now describe algorithm D as

follows:

Algorithm D:

1. Generate a lover bound t, with associated reduced costs for the
TSP over G.

2. Generate an upper bound tu for the TSP over G.

3.' Eliminate all variables from the problem with reduced cost greater
than tu - tz.

4., Use heuristic T to form a reduced problem, and use procedure K on

this problem in order to further remove variables.

5. If procedure K produces the optimal solution stop, otherwise
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formulate the reduced LP relaxation of the TSP and ecall the
problem TR.
6. Insert ™ in place of P% in procedure L (Chapter 5) &nd use

algorithm C (with u=2) to solve the TSP.

L. Computational Results

In the following sections we describe tests performed on algorithm
D and also on the bounding procedure of Balas and Christofides to find
how successful it is in eliminating variables from the TSP. A1l
progrems in this section Qere written in FORTRAN and tested on the
CDC T600 computer. The results show that algorithm D is an effective
algorithm for solving the TSP. The computational results for this
algorithm show that it is competitive with other methods for the

symmetric TSP,

4.1 The Bound on the TSP

In this section we describe tests performed on the bounding

prqcedure of Balas and Chrstofides. The bound was tested on a large
number of cost matrices with non—éymmetric random, symmetric random
and euclidean costs. For each matrix the lower bound BAP and the
reduced costs'{Egj} were calculated. The percentage of variables
. that are removed if an upper bound zﬁ is Y percent greater than BAP
were then calculated for ¥Y=0%, 1%, 2%, 3%, 4%, 5%. 10% and 20%.
This was done a number of times for between 10 and 100 vertices, and
an average téken for each number of vertices n. A graph of the
percentage of variables remaining - (R say) - against n was plotted
for each value of Y.

The results of these tests for non-symmetric random, symmetric

random and euclidean cost matrices are shown'in Figures 2(a), 2(b)

and 2(e) respectively.
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The random cost matrices were generated by sampling from a
uniform distribution between 1 and 100. The euclidean cost matrices
were generated by randomly placing points on a 100 5y 100 square.

From the results it can be seen that for random problems even
if t2(=BAP)and t, differ by as much as 20% then over 50% of the
variables are eliminated from the TSP. For differences of less
than 5% (which would normally be expected) more than 85% of the
variables are eliminated. For euclidean costs less variables are
eliminated. However, for a difference of less than 5% (this is
normally the type of figure that has been encountered in practice)

over 50% of the variables are eliminated.

P.E Tests on Algorithm D

Algorithm D has been tested on both symmetric random and euclidean
complete cost matrices. The costs for these matrices have been
generated as descfibed above. The table of results for algorithm D
is given in Tables 1(a) and 1(b). Table 1(a) is for symmetric random

cost matrices, Table 1(b) is for euclidean cost matrices.
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Figure 2(a) Graph for non symmetric random problems
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No. of No. of Average no. Average time
" problems | of nodes in e Max. time | Min. time
vertices (7600 sec)
solved tree .
10 25 1 | o.15 © 0.16 0.07
20 18 2.7 0.30 0.47 0.10
30 22 3.2 1.03 3.77 .23
o) 9 5.4 3.45 6.13 1.90
50 14 8 10.57 19.22 1.97
60 5 10 30.12 60.3k4 5.41
70 2 15 84. 89 135.98 33.80

Table 1(a) — Performance of Algorithm D on Random Symmetric Post Matrices

No. of No. of Average no. Average time
. problems | of nodes in & Max., time | Min. time
vertices (7600 sec)
solved tree
10 2l 1.2 0.16 0.25 0.08
20 20 3 0.20 .39 . .12
30 1k 4.5 1.16 3.1k 91
40 17 10 5.93 : 24.95 1.86
50 9 15 : 13.07 23.59 3.12
60 Y 19 52.93 91.85 6.32
70 3 23 105.88 200.10 25.14

Table 1(b) - Performance of Algorithm D on Euclidean Cost Matrices
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Appendix

Assignment Based Lower Bound to the TSP

Consider the assignment problem P, defined by expressions (1)

A
to (3) and (5). This is a relaxation of problem TSP, where
constraints 4(a) or 4(b) or 4(c) have been dropped. Balas and
Christofides [1] considered the introduction in a lagrangean fashion
of some of the violated constraints from 4(a) and some others from
h(e). Let A, be the multiplier associated with the t° constraint
in 4(a) which is not satisfied. The problem then becomes:

( n n

Min: I L c.. E.. - A z b £ LA

z
. e 1] 13 t t S5t szt
"PA(A) ) i=1 j=1 t. EFXv &V i) & t

Ls.t. constraints (2), (3) and (5)

In contrast to the previously introduced relaxations PT(A) and
PDT(A) used for the SST bound, the number of multipliers Ay in the
objective function of PA(A) can increase exponentially, rather than
linearly, with n. Thus, if h is the number of circuits formed by
the AP solution, then there are Zh—l—l possible sets thor which

constraint 4(a) could be violated; once for cut (Xt, it) and once

for cut (it, Xt), thus producing & maximum total of 2h—2 violated
constraints of type 4(a). Since h could be as high as g-, the

number of violated constraints is exponential in n. Balas and
Christofides [1] considered a sequential procedure for choosing the
constraints to enter into the objective function by means of a
lagrange multiplier, and gave an approximate non—iterative method for
determining these multipliers. The procedure is as follows:

Let [Eiil be the reduced cost matrix after the solution to the
AP. Form the graph Gy = (X,AO) vhere A, = {(1,3) | Eij = 0}.
Choose any vertex i€X and form the set of vertices R(i) which can
be reached from i via arcs of G.. If R(i) = X choose another vertex

0]
from X and repeat. If R(i) = X Vi€X stop, no more cuts will be
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generated. If R(i) # X then a cut K, = (xt, it) with X° = R(i)
is generated which violates U4(a).

Oﬁce Kt is identified, an initial value 6f the correspéhding
4multiplier At is computed as:

iy, 2

and ElJ:[ is updated by:

.. =%5..-20

- - E
C; 3 i3 £ v(i,j) € K

t

cij unchanged otherwise.

Update GO to include the arcs for which E;j has just becoge 0
and repeat until no more cuts can be generated. The number of cuts
generated by this procedure is limited to be at the most 2(h-1).

At this stage it is no longer possible to increase V(PA(A)) by
modifying the A's and keep the modified costs E}j non-negative.
Hoﬁever, the AP solution for problem PA is still optimal for PA(A)
and it is possible to identify constraints of the form 4(c) which are
violated by this solution. Let the solution contain circuits @P where

¢P is the set of arcs of forming that circuit. The lagrangean

relaxation of the corresponding constraints 4{(c) then leads to the

problem:
( n n
Min: I ci.Ei. -z At r. I Ei.
i=1 j=2 ¥ ¢ ¢ i€xt Fxt M
+ I X E..-zZple | +z22a +2
P, (X 1 . t
A( 1) P P (l’J)Eép 1J P PP t E: p
s.t. constraints (2), (3) and (L) .

~

If the A's are assumed fixed at AS as mentioned earlier, the

problem of maximising V(P(A,H)) over all M can be considered in a
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way similar to that used above to determine the A, that is by
setting up to a value ug which is the largest value of up that
will leave the AP solution to problem P(A,u) unchanged. This
value ug is simple to derive and can be computed in much the same
way as the duals are computed fér the AP,

With ug determined, new dual variables u; and v; are computed
for problem PA(AO,ug) which can then be used to update the cost
E&j corresponding to problem PA(AO) by E&j = Eij - Uy T Ve

Another circuit ¢p in the AP solution is now identified, and
another value of ug determined. New dual variables u. and Vs are
computed for problem PA(AO, [?gl,ug;]), where p, and p, are the
indices of the first and secoqd circuéts @P considered, end E;j
again updated, etc. until all circuits ¢p in the AP solution have
been considered.

At the end of this procedure, it is clear that, since the initial

AP solution is still optimal, the quantity:

0 0]
V(PA) + I At + I up

t p
is a lower bound to the TSP and has been found to be a reasonable
approximation to:
Max V(PA(A,u)):[
A,u
. . . 0 0
Let B be an optimal solution to the assignment problem PA(A SH ).
We know that the initial AP solution is optimal, but there may also
be other alternative solutions. If B is a hamiltonian circuit, and
if it satisfies the constraints for which A # O and ¢ # O as equalities,
then B is an optimal solution to the TSP. If B is a hamiltonian
circuit but some constraints with A,u # O are not satisfied as equalities,
then 1t may still be possible to modify the A and p and derive a better

upper bound (and a better solution). Some techniques for modifying
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A and M in such circumstances are given in [1] .

If B is not a hamiltonian circuit, let us again define the graph
G, é.(X,AO), A, = {(i,5) | E&j = 0}, where Eij are the reduced costs
of problem PA(XO,HO). Figure 3 shows an example of a possible GO.

Let ; be the optimum solution to the TSP. % defines a graph
G(%) consisting of a single hamiltonian circuit. If a vertex v (say)
is removed from G(%), the resulting graph Gv(é) is a hamiltonian path
through the remaining (n-1) vertices and is, therefore, a unilaterally
connected graph; that is for any two vertices i and j of Gv(g) there
exists a path either from i to jJ or from j to i.

Let us now consider the graph G, with vertex v removed thus

0
. v v v v . .
producing graph G, = (x ,AO). If Gy is not unilaterally connected,
there must exist a pair of cuts K', K" of G for which AL N K! =
A 0 ; 0 v

v

N p't —
AO Kv ¢.

If we now define:

L min [E}}
s e Ut .
(i, TEKV K

and transform:
=c.. - r VE puUR!
i3 =% Ty ¥(i,3) KYKY

cij unchanged otherwise,

a new graph Go'can be defined which can again be tested for unilateral
cénnectedness (after removing some other vertex v), and so on until Gg
remains unilaterally connectea after the removal of any v.
Let W =A{vl,v2,...,vk} be the set of vertices whose removal has
v

led to GO not being unilaterally connected during this procedure. It

is then clear that the quantity:

- 0 0.
BAP—V(PA)+zxt+zu + T o7

t P P var v
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Figure 3(a) The O-graph GU
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is a lower bound to the TSP.

Somé computational comments are in order here.¥

The procedure can be applied to both symﬁetric and aéymmetric
probiems but produces much betper bounds for tﬁenlatter type of
problem.

For symmetric problems, the value of the assignment solution
V(PA) is, on average, about 20% below V(TSPS), whereas B,y is, on

average, only 4% below V(TSPS). ‘

T The computational results mentioned here depend, to some extent,
on the way that the problems are generated, but the relative
magnitudes of the bounds the conclusions drawn are, in general,
correct. .
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CHAPTER 7

CONCLUSIONS
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A number of tree search algorithms have been developed in this

thesis. These are as follows:

. Algorithm for solving the constrainted two dimensional stock
cutting problem.

Algorithms A, B and C for.the solution of a variety of network
synthesis problems.

. Algorithm D for the solution of the travelling salesman problem.

We summarise the results obtained for these algorithms in the following.

1. Constrained Two Dimensional Stock Cutting Problem

We have shown that constrained two dimensional stock cutting

" problems of practical size can be solved. Problems with up to 20
different types of pieces to be cut have been solved. These problems
are complex as is shown by the examples given in Chapter 3. It is
not possible to give an upper bound on the size of stock rectangle
that can be cut using this algorithm, since this is a function of the
sizes of the pieces to be cut and their dimensions. The use of
normalised cuts also aides.the solution of problems with large stock
rectangles,

ol

2. Algorithm A for the Solution of Network Synthesis Problem S

A l-matching code has been written for the purpose of developing
algorithm A. This code has been tested in conjunction with the graph
transformation suggested by Edmonds to solve the u-matching problem.

Bounds to the network synthesis problem s¥ are derived from
lagrangean relaxations using the u-matching code above together with
a subgradient optimisation proceduré for maximising the lagrangean
function.

This bound has beén embedded into algorithm A and problems of

type s¥ with up to 20 vertices have been solved for u=k. The k4-
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matching has been shown to be an excellent lower bound on the

solution to this problem.

3. Algorithm B for the Solution of Network Synthesis Problem Qu

Algorithm B has been tested on & large number of network synthesis
problems of type Q" for u=k. Problems with up to 20 vertices have
been solved. In order to develop algorithm B the problem of finding
the largest number of disjoint hamiltonian circuits of a graph has been
investigated. Two procedures for solving this problem have been

described. One has been embedded -effectively in algorithm B.

L. Algofithm C for the Solution to Network Synthesis Problem P"
Problem pY has been formulated as an integer progrsmming problem
for the development of algorithm C. The formulation contains a very
large number of constraints which make the problem difficult to solve.
It has been shown that by the use of network flow methods most of
these constraints can be removed. Problems of up to 50 vertices have

been solved.

5 Algorithm D for the Solution of the Travelling Salesman Problem

The integer programming formulation of the TSP is similar in
structure to that for problem PY, A network flow technique was also
adopted in algorithm D to remove constraints. In addition - because
the TSP is well structured - techniques were developed to remove large
numbers of variables from the formusltion. Problems up to T0 vertices

have been solved.



