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Problem definition. Health insurance delay-and-deny practices, such as requiring prior authorization, fre-
quently restrict access to timely and necessary medical care. These policies can have severe consequences,
including delayed diagnosis and treatment, leading to poor patient outcomes or even death. Counterfactual
analysis offers a way to assess the impact of these practices by bounding the likelihood that a patient would
have survived under alternative policies given the severe consequence under the original policy (probability
of necessity). However, quantifying counterfactual probabilities is challenging in dynamic systems, such as
those arising in healthcare, where disease progression is often latent and evolves over time.

Methodology and results. We develop a principled framework to bound counterfactual probabilities, specif-
ically the probability of necessity (PN), in generalized hidden Markov models (GHMMs). Our approach
leverages the structure of GHMMs to construct a feasible space of structural causal models and employs
polynomial optimization to compute tight bounds on PN. We integrate domain-specific knowledge to further
refine these bounds. A data-driven case study on breast cancer screening and treatment demonstrates the
power of our framework. We show that incorporating domain-specific knowledge can reduce the width of
PN bounds significantly; thus, providing actionable insights. Our computational techniques are scalable,
enabling high-quality solutions for time horizons as large as 100 periods within a few hours.

Managerial implications. Our framework offers a rigorous tool for evaluating the impact of healthcare policies,
such as requiring prior authorization or incorrectly denying a medical screening, on patient outcomes. The
ability to estimate counterfactual probabilities has applications in policy and legal analysis, and healthcare
management. For instance, the bounds on PN can inform court cases by quantifying the impact of an
(incorrect) delay-and-deny insurance policy on a particular patient who experienced a detrimental outcome.

Beyond healthcare, our methodology is applicable to dynamic latent-state systems in other domains.
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1. Introduction

In May 2023, The New York Times (Rabin 2023) reported the U.S. Preventive Services Task Force
changed the age at which it says women should start getting regular mammograms to detect breast
cancer. Since 2009, the task force had recommended periodic breast cancer screenings for women
50 and over. The new recommendation lowered the age to 40. In one of the reader comments, a
woman asked an interesting question. She explained that she had felt a lump in her breast at age

38 and decided to have a mammogram. The doctor’s office had to call her insurance company to
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pre-approve (prior authorization) the screening, which it eventually did. A few months later, she
was diagnosed with stage-1 breast cancer. “Imagine what would have happened if ... my insurance
would have denied covering the mammogram?”, she asked. Presumably, she wouldn’t have had
the mammogram, and her cancer would have been allowed to progress to a more dangerous state.
The reader’s question is a counterfactual question as it imagines what might have happened in
a counterfactual world where screening was denied given that in the actual world screening was
covered, cancer was discovered, and the reader (presumably) survived.

In fact, prior authorization requests are frequently delayed/denied in the U.S. (Chaffin and
Wernau 2024). While the overall denial rate across the health insurance industry is not publicly
disclosed, data is available for Medicare Advantage plans which serve over 33 million beneficiaries
(Freed et al. 2024). An analysis by KFF, a large healthcare nonprofit in the U.S., reported a prior
authorization denial rate of 7.4% for 46.2 million requests submitted through Medicare Advantage
plans in 2022, a notable increase from the 5.6%-5.8% range observed in 2019-2021 (Biniek et al.
2024). While such denials aim to limit unnecessary treatments and control costs, they are often
“incorrect” for critical services such as advanced imaging (e.g., MRIs) and post-acute care (e.g.,
inpatient rehabilitation). In an audit conducted by the Office of Inspector General on the 2019 data,
13% of prior authorization denials from Medicare Advantage plans met Medicare coverage rules and
therefore should have been authorized (Grimm 2022). These delays and denials, especially when
inappropriate, can result in severe patient outcomes. A recent New York Times survey revealed
that one in three doctors reported such delays or denials leading to serious medical complications
or even deaths, with many doctors agreeing that prior authorization has been “weaponized” by
insurance companies to boost profits (Stockton 2024). In fact, in 2023, ProPublica reported on this
issue, referring to prior authorization as “denials for dollars business” (Miller et al. 2023). This
issue has garnered widespread attention, reigniting debate following the December 2024 killing of
UnitedHealthcare CEO Brian Thompson. A recent Wall Street Journal investigation interviewing
doctors provides a stark example (Mathews 2024): “I had a patient. She had a history of breast
cancer ... The appropriate scan for her was ... CT. I ordered the test. It was denied by her health
insurance company ... the patient later died. This is ... not an uncommon example.”

Such delays and denials can not only lead to severe patient outcomes but also to lawsuits. For
instance, in 2022, multiple physicians and thirty patients filed a class action lawsuit against the
Hawaii Medical Service Association (HMSA) (Nitta vs HMSA 2024). The plaintiffs allege that
HMSA'’s prior authorization requirements led to the denial of essential medical services, such as
CT and MRI scans, adversely affecting patient care. One of the plaintiffs, Scott Norton, had his
physician recommend an MRI in 2022 to diagnose his condition. HMSA initially refused to cover

the scan, approving only physical therapy. By the time the MRI was authorized — almost three
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months later — Norton was diagnosed with advanced prostate cancer that had metastasized to his
back, spine, hip, and ribs. He passed away in November 2023. In an interview, Norton’s widow,
Charlotte Husen, said, “I do think that if he had gotten what his doctor wanted him to get early on
it would have been a different outcome altogether” (Huff 2024). In February 2024, Circuit Judge
Robert Kim ruled in favor of the plaintiffs. HMSA has appealed this decision, and in October 2024,
the Hawaii Supreme Court agreed to hear the case, underscoring its potential to impact healthcare
delivery across the state. Norton is just one of the thirty patients involved in this lawsuit. Other
notable cases include the landmark Fox vs. Health Net trial, which resulted in an $89 million award
(Eckholm 1993), and the ongoing Lokken vs. UnitedHealth lawsuit (Mole 2023).

These legal cases highlight systemic issues where health insurance delay-and-deny practices hin-
der access to timely and essential medical care. The outcomes of such lawsuits could have far-
reaching implications for healthcare policies and practices. Decisions in these cases often rely on
multiple factors, including the probability of necessity (PN). In this context, PN quantifies the
likelihood that a patient would not have experienced a severe outcome (e.g., disease progression or
death) had the medical screening not been denied, given that the severe outcome was observed after
the denial. This counterfactual measure underpins earlier statements like “imagine what would
have happened if” and “if he had gotten what his doctor wanted him to get early on”. By quan-
tifying the extent to which an adverse outcome (e.g., a patient’s death) can be attributed to a
specific event (e.g., a denied screening), understanding PN offers valuable evidence for lawsuits and
policy debates. It underscores the critical importance of evaluating the impact of delay-and-deny
practices on patient outcomes — a concern that extends beyond the U.S., as demonstrated by the
recent implementation of the so-called Martha’s Rule in the U.K. (NHS 2024).

In this work, we propose a principled framework to bound PN in the context of health insurance
delay-and-deny practices. Our approach consists of two components: (1) modeling the progression
of disease at the patient level, and (2) employing this model to algorithmically bound PN.

For the first component, we leverage generalized hidden Markov models (GHMMs), which are
well-established in both academia and practice for modeling such processes (see detailed review
in §2). As elaborated in §3, GHMMs are particularly suited for capturing the dynamics of disease
progression because they allow for the patient state — such as the stage of cancer — to be both (a)
hidden/latent and (b) dynamic. This reflects real-world scenarios where the true state of a disease is
often unknown and inferred only through noisy diagnostic signals. For example, in a cancer setting,
the actual stage of cancer (or the absence thereof) is typically hidden prediagnosis, with screenings
providing incomplete or noisy observations. Moreover, the disease progresses dynamically over time,

influenced by factors such as whether the patient is receiving treatment.
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While a probabilistic model such as a GHMM is useful for disease modeling, it cannot uniquely
identify counterfactual quantities like PN. As demonstrated in Example 1 below, the key challenge
lies in the fact that infinitely many structural causal models (SCMs) can be consistent with a
given probabilistic model, and each SCM can result in a different estimate of PN. To address
this, we draw from the partial identification literature (discussed further in §2) and construct a
feasible space of SCMs consistent with the underlying GHMM. Within this space, we solve two
optimization problems: one to upper bound the PN and another to lower bound it. While inspired
by the partial identification literature, our methodology is novel in its application to the hidden
and dynamic nature of GHMMSs. To establish the foundation for our methodological contributions,
we begin with a simplified example where neither hidden states nor dynamic elements are present.

Example 1. Consider a probabilistic model of two random variables X and Y, where X € {0,1}
represents whether a medical treatment was substandard (1) or standard (0), and Y € {0,1} indi-
cates whether the patient died (1) or survived (0). Denote the outcome as Y, :=Y | (X = x) and
assume the marginal probabilities P(Y;) and P(Y;) are known. Consider a patient who died under
substandard treatment (Y; =1). We are interested in determining the counterfactual outcome had
the treatment been standard. This involves studying the random variable Yy | (Y; = 1), with the
probability of necessity defined as PN :=P(Y; =0]Y; = 1). However, estimating PN is not straight-
forward because it requires knowledge of the joint distribution of (Yp,Y;) (or equivalently, the
SCM underlying this probabilistic model). Without additional assumptions, the joint distribution
cannot be uniquely identified from the marginals alone. Moreover, there are infinitely many joint
distributions consistent with any given marginals, and each one yields a different estimate of PN.

Example 1 demonstrates that even in a static and fully observable setting, a probabilistic model
cannot uniquely identify PN. As detailed in §2, this limitation is well-recognized in the partial
identification literature, where linear programming formulations exist to bound PN in such static
scenarios. However, in our framework we focus on more complex probabilistic and dynamic latent-
state models that present additional challenges.

To handle the latent states, we must infer the posterior distribution that describes how the
patient’s state evolves over time, conditional on observed data. By “posterior distribution”, we
mean the conditional distribution obtained by conditioning on observed data, consistent with stan-
dard GHMM and graphical modeling usage, and not a Bayesian posterior over the GHMM parame-
ters, which are assumed to be fixed and known. While this task is generally intractable, we leverage
the structure of the GHMM and apply filtering and simulation algorithms to efficiently sample from
the posterior. These posterior samples then serve as inputs to the optimization problems used to
bound PN. The dynamic nature of the GHMM further complicates the problem, transforming the

optimization formulations from linear programs into polynomial programs. Additionally, because
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we rely on posterior samples of the hidden states, these polynomial optimizations are solved via
sample average approximation (SAA). Consequently, while the resulting bounds are approximate
rather than exact, their statistical consistency is guaranteed through standard results on SAA. In
summary, our primary contribution lies in synthesizing and extending methodologies from several
distinct fields to address a novel and impactful problem. Specifically, we integrate techniques from
causal inference, state-space modeling, simulation, and optimization.

Before summarizing our other contributions, we emphasize that estimating a counterfactual
quantity such as PN differs from off-policy evaluation (OPE). This can be see via Example 1,
where PN =P(Y; =0|Y; = 1) but the OPE problem is to estimate P(Y, = 0), which does not
depend on the joint distribution of (Yp,Y7). Naturally, in a legal context, the quantity of interest
would be PN, as it is retrospective and conditions on what actually transpired. This distinction,
while subtle, makes our problem considerably more challenging. Throughout this paper, we use the
term “counterfactual” to signify that our analysis explicitly conditions on the observed data while
simultaneously accounting for a change in the underlying policy.

We make several additional contributions, which we now briefly summarize. First, we demon-
strate how domain-specific knowledge can be incorporated into our framework as (linear) con-
straints in the optimization problems used to bound PN. For example, in healthcare, knowledge
such as a “better” treatment leading to a “better” patient outcome can be embedded. Incorporat-
ing such constraints leads to tighter bounds on PN, which is practically desirable. We illustrate this
in our data-driven breast cancer case study (another contribution), where the impact of these con-
straints on the bounds is shown to be non-trivial. Finally, we address the computational challenges
of our methodology by (1) leveraging the sparsity inherent in the application and (2) reformulating
the optimizations and introducing a relaxation of the feasibility space. These techniques enable
us to compute quantifiably high-quality bounds for large-scale instances (e.g., spanning up to 100
periods) in a matter of hours, demonstrating the scalability of our approach.

Ultimately, the extent to which our framework proves useful in practice depends on the adoption
of GHMM-like models for representing disease progression under various treatment and screening
regimes. As we discuss in §2.1, such models are in widespread use across a range of healthcare appli-
cations. If this trend continues, then our framework stands to have increasing practical relevance,
both in legal contexts and across domains such as public health, epidemiology, and personalized
medicine. In these areas, the so-called probabilities of causation (PCs), including PN, are of inher-
ent interest to researchers, practitioners, and policy experts alike. In legal settings, in particular,
the use of causal quantities like PN is already well established. For example, Lagakos and Mosteller

(1986), Greenland (1999), Tian and Pearl (2000), Cai and Kuroki (2005), Chapter 9 of Pearl (2009),
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and Mueller et al. (2022) (among others) all highlight the legal relevance of PN. Notably, in a med-
ical malpractice case, Lagakos and Mosteller (1986) suggested that PN should correspond to the
proportion of total damages awarded to the plaintiff. Of course, there will always be debate around
the correctness/robustness of any model used to estimate/bound PN. However, this is no different
from current practice: models are already used in legal settings to guide decision-making — including
judgments and out-of-court settlements — despite their inherent assumptions and limitations.
Paper Outline. We review relevant literature in §2, formulate the problem in §3, and present
our solution methodology in §4. In §5, we show how domain-specific knowledge can be embedded
in our framework, followed by a breast cancer case study in §6. We elaborate on our techniques to

enhance computational scalability in §7 and conclude in §8.

2. Literature Review

Our research builds on three literature streams: (1) (hidden) Markov models in healthcare, (2)
partial identification in causal inference, and (3) counterfactual analysis in dynamic models. We
note in passing a growing body of causality-related research in the OR/MS community (e.g., Eber-
hardt et al. 2025, Bertsimas et al. 2022). For instance, Eberhardt et al. (2025) propose an integer-
programming method for causal discovery, focusing on learning underlying graphical models while
Bertsimas et al. (2022) propose a distributionally robust optimization framework for causal infer-
ence under unobserved confounding. We also note that Kaplan-Meier (Kaplan and Meier 1958) and
Cox proportional hazards models (Cox 1972) are widely used in biostatistics to estimate population-
level survival probabilities or hazard ratios. They allow for competing risks without assuming
time-constancy, but do not directly address PN. Our approach targets this legally/medically rel-
evant estimand, using partial (rather than point) identification via a time-constancy assumption.
G-estimation (Robins 1994) methods, while powerful in point-identified settings, do not yet extend

to partial identification, making our framework a complementary tool.

2.1. Hidden Markov Models in Healthcare

HMMs and their variants are widely employed in healthcare for modeling disease progression,
optimizing screening strategies, and evaluating treatment outcomes. In the OR/OM literature,
Maillart et al. (2008), Ayer et al. (2012), and Zhang et al. (2012) utilized partially observable
Markov models to capture cancer progression and optimize decision-making for mammography
and colorectal cancer screening. Similarly, Markov models are extensively used in the medical
literature (Sonnenberg and Beck 1993, Alagoz et al. 2010) and in practical applications, such as
the University of Wisconsin Breast Cancer Simulator (UWBCS) (UWBCS 2013). These models’
ability to account for latent states and dynamic transitions makes them particularly well-suited

for representing disease progression. Notably, the UWBCS is employed by the National Cancer



Haugh and Singal: Bounding Counterfactual Outcomes of Health Insurance Delay-and-Deny Practices 7

Institute to address critical policy questions related to breast cancer screening and treatment. For
further discussion on the practical significance of such models, see §3.1 of Ayer et al. (2012).

The novel contribution of our work lies in integrating GHMMSs into a counterfactual inference
framework to analyze delay-and-deny practices in health insurance. Specifically, we demonstrate
how tight bounds on the probability of necessity (PN) can be obtained, extending the utility of

GHMDMs to address counterfactual queries.

2.2. Partial Identification in Causal Inference
The partial identification literature seeks to bound counterfactual quantities when causal effects
cannot be precisely identified due to unobserved variables or latent confounding. Early work by
Manski (1990) provided analytic, albeit often loose bounds. Balke and Pearl (1994) introduced
linear programming formulations for sharp bounds, extended by Tian and Pearl (2000). More
recently, Duarte et al. (2024) showed that general partial identification problems could be framed
as polynomial optimization problems, yielding tight bounds. Zhang et al. (2022) demonstrated
that counterfactual bounds could be obtained via polynomial programs, though their approach
approximated solutions using MCMC by placing priors over the response function distributions.
In contrast, we optimize over the response function distributions rather than assuming any prior.
Our approach builds on this literature by specializing to GHMMs, which introduces unique
advantages and challenges. First, the GHMM structure allows us to assume the probabilistic model
is known, which allows us to focus on a natural class of SCMs and enables efficient sampling of
hidden states via filtering algorithms. Second, the sparsity inherent in healthcare applications, such
as the structure of emission and transition probabilities, makes the computationally intensive poly-
nomial optimization tractable. This is in contrast to generic SCMs, where solving the optimization

is often approximated or intractable.

2.3. Counterfactual Analysis in Dynamic Models

Recent work has explored counterfactual analysis in dynamic models, but these approaches often
assume strong restrictions on the underlying SCM. Buesing et al. (2019) explicitly fixed the SCM,
while Oberst and Sontag (2019) and Tsirtsis et al. (2021) used the Gumbel-max SCM to model
counterfactual stability. Although these methods provide unique counterfactual estimates, they do
not consider the range of feasible SCMs. Our framework relaxes this assumption by constructing
bounds over the space of feasible SCMs, providing insight into the variability of counterfactual
quantities like PN. Additionally, we address the conjecture by Oberst and Sontag (2019) that
counterfactual stability is uniquely modeled by the Gumbel-max SCM, showing instead that it can

be enforced via linear constraints in the underlying optimizations.
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Unlike prior works, Haugh and Singal (2026) construct counterfactual bounds for expected casino
winnings attributable to cheating (EWAC) in the well-known dishonest casino HMM. Their coun-
terfactual of interest — the EWAC — enables the use of linear programming to construct the bounds.
In contrast, our focus on healthcare applications introduces greater challenges such as hidden state
inference and polynomial optimization, making our problem much more complex. In summary, our
work is among the first to bound counterfactual queries in dynamic latent-state models, bridging
the gap between causality and real-world applications such as healthcare policy evaluation. Finally,

we note that a preliminary version of our work appeared in ICML (Haugh and Singal 2023).

3. Problem Formulation
We present the hidden Markov model in §3.1 and define the probability of necessity in §3.2.

3.1. The Generalized Hidden Markov Model (GHMM)

Consistent with the academic literature and models employed in practice, we adopt a dynamic
latent-state model to capture disease progression at a patient level. This model, illustrated in Figure
1, operates over T' discrete time periods. In each period ¢, the patient’s disease state H; € H (a finite
set) is unobserved. Based on H, and the insurance coverage policy X; € X (finite), an observable
outcome or emission O € O (finite) is generated, such as a screening result. The emission probability
is represented as e,,; :=P(O; =i | H, = h, X; = x) for all (h,z,7). Following the emission, the hidden
state H; transitions to H,; with a transition probability qu:n :=P(H; 1 =h'| H,=h,0; =1). The
model is defined by three components: M = (p,E, Q), where p := [ps], denotes the initial state
distribution with p, :==P(H; = h) for all h, E = [enzi]n2.i, and Q := [qnin|p,ipr- Similar to the “Y,”
notation in Example 1, we define O, := O, | (H; = h, X, =x) for all (h,z) and Hy; := H;1 | (H; =
h,O; =1) for all (h,i), leveraging the time-homogeneity of emissions and state transitions. Thus,

enei = P(Op, = 1) and qpr = P(Hp; = h') are analogous to the marginals in Example 1.

o S
® @ ()

Figure 1 The GHMM. States Hy.1 := (Ht)thl capture disease progression and are hidden (red). Emissions O1.1
(e.g., results of screenings) are observed (blue). X1.7 represents the insurance policy (observed). Since x1.7 is

exogenous, the GHMM could more accurately be described as a GHMM with exogenous inputs.

To make the model more concrete, we map its components to the breast cancer case study

detailed in §6. In this context, the time periods correspond to the frequency of mammograms,
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which we take to be every six months. The hidden state H; € {1,...,7} represents the patient’s
condition at time ¢. State 1 denotes that the patient is healthy, while states 2 and 3 correspond
to undiagnosed in-situ and invasive breast cancer, respectively. States 4 and 5 represent diagnosed
in-situ and invasive breast cancer, with the assumption that treatment has commenced following
diagnosis. Finally, states 6 and 7 are absorbing states that represent recovery from cancer due to
treatment and death from cancer, respectively. The observable variable O, € {1,...,7} captures
the mammogram results or the patient’s health status. A value of 1 indicates that no screening
was conducted, while a value of 2 corresponds to a negative mammogram result, which could
potentially be a false negative. A value of 3 represents a positive mammogram result followed by
a negative biopsy, indicating that the patient is healthy but the mammogram produced a false
positive. Observations 4 and 5 map to correctly diagnosed in-situ and invasive breast cancer,
respectively, where a positive mammogram is confirmed by a positive biopsy. Observations 6 and
7 are used to denote that the patient has either recovered or passed away from breast cancer. The
variable X; € {0,1} models the insurance company’s coverage policy for mammograms. A value of
0 indicates that the insurance company covers the screening, whereas a value of 1 indicates that
the company (possibly incorrectly) delays or denies coverage. If the coverage is delayed or denied,
no mammogram is performed, and the observation O; cannot take values of 2, 3, 4, or 5.

As noted in §2, similar models have been extensively studied in the literature and employed in
practice. For instance, Ayer et al. (2012) utilize a nearly identical partially observable Markov model
to capture cancer progression at the patient level (see Figure 1 in Ayer et al. (2012)). Additionally,
the University of Wisconsin Breast Cancer Simulator (UWBCS 2013), widely used to evaluate the
effectiveness of breast cancer screening and treatment strategies, employs a comparable discrete-
time dynamic model with a 6-month cycle time to represent the progression of breast cancer.
These examples underscore the strong academic and practical foundation of our model. Moreover,
consistent with existing works (Ayer et al. (2012), UWBCS (2013), and others), we assume the
GHMM primitives (p, E, Q) are known and calibrate them to real-world data in our §6 case study.
This assumption is analogous to assuming the marginals are known in Example 1. It should be clear
from our Example 1 discussion that the problem of “estimating” PN remains challenging despite
the specified primitives. Before proceeding, we note that our framework could also accommodate a
covariate vector z so that (p,E, Q) are all functions of z. This would not complicate the analysis,
however, since our focus in bounding PN will focus on a single individual with a particular value
of z. As such, there is no need to explicitly model the dependence of (p,E,Q) on z.

We are interested in “estimating” PN, the probability a patient would have not died under a
screening policy given that she died under a different (presumably delay-and-deny) policy. To this
end, we focus on a special state of interest (denoted by h*) that represents death. Since death is

always observable, we assume H; = h* iff O, = h* for all t. In our breast cancer example, h* =7.
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3.2. Probability of Necessity (PN)
Suppose we observe a sequence of emissions o;.7 under the policy x;.7. While the true hidden path
hi.r remains unobserved, it is known that hy = h* (indicating death) at the final period. In the

context of breast cancer, the observed emissions for a specific patient might appear as follows:

01y-+-,075-1,0r55---,07,,07,415---,07-1, OT . (1)
~ ~— N~
€{2,3} =1 €{4,5} =7

That is, the patient underwent regular screenings (x;.,,_1 = 0) and appeared healthy (0;.,,1 €
{2,3}) up to and including time 7, — 1. During the periods 7, to 7., coverage for screenings was
delayed or denied (z,,.,, = 1; see red font in (1)), and as a result, no screenings were performed
(0ry:7, = 1). Once coverage was re-approved in period 7.+ 1 (2,41 =0), the patient was diagnosed
with cancer (either in-situ or invasive), leading to the initiation of treatment (o, 1 € {4,5}).
Unfortunately, the patient passed away at time 7.

We define PN to be the probability that a patient would not have died if screening had been

covered in every period (intervention policy z;.r = 0), given the observed data (o;.r,z1.7). That is,
PN := P (H1T # h*), (2)

where M := M | (01.7,1.7) denotes the posterior model and Hr;,zil’T represents the patient’s coun-
terfactual state at time T under the intervention policy Z;.r. We note that H?:T has a minor
notational inconsistency with Y, in Example 1 (subscript vs. superscript). Recalling h* denotes the

“death” state, we see from (2) and the definition of M that we can also write

PN = Py (H75T # death | oyr, 1.7)
=Pum(HJET # death | 01,7, 21,7, Hy = death) (3)

since our setup assumes H; = death iff O; = death, and we observe o = death. The more explicit
expression in (3) is interesting for two reasons. First, we note an alternative version of PN could be
defined if we don’t condition on 0.7 in (2) and (3). This version of PN would be more consistent
with the definition of PN from static models where we don’t condition on particular characteristics
(01,7 in this case) of the individual. But that would not be interesting in our legal setting where
it’s important to condition on the entire observed path of observations. Thus, our definition (2) can
be viewed as a form of conditional PN, representing the proportion of units with a given profile
(treatment vector x;.7 and emission sequence o;.7, who later died) that would have survived had
they instead been treated with Z... Second, there are many variations of PN that are possible in
our dynamic setting. For example, even if don’t condition on 0,.p, there are 27 possible paths z;.p

— each corresponding to a different screening policy — and each one would yield a different PN.
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However, once we observe z1. and o.r for a given individual, then (2) becomes the appropriate
PN for this individual. That said, other variations of PN for this same individual could also be
defined. For example, we might also be interested in the counterfactual probability of surviving for
a fixed number of periods beyond time T given x,.7 and o0,.7. We note that, with minor tweaks,
the modeling and optimization approach we propose can handle all such variations.

A Note on Our Terminology. Up to this point and indeed throughout the paper, we use the
term “posterior distribution” to reflect the fact that we are working with a conditional probability
distribution, i.e., the distribution we obtain from conditioning on the observed evidence. While
“conditional distribution” might be more accurate, it is standard (e.g., see Bishop (2006) or Barber
(2012)) to use “posterior distribution” in the GHMM and graphical modeling literature. We make
this point in order to emphasize that posterior distributions in this paper should not be confused
with the posterior distributions that would arise if we’d adopted a Bayesian modeling approach by

placing priors over the GHMM parameters (p, E, Q).

4. Solution Approach

We now present our solution approach to bound PN. In §4.1, we outline our algorithm for simulating
sample paths of the hidden states, conditioned on the observed data. These samples are then used
to define the posterior model in §4.2. Finally, in §4.3, we formulate the polynomial optimization

problems to bound PN and explain our approach to solving them.

4.1. Sampling Hidden Paths from the Posterior Distribution

We are interested in understanding the dynamics of the posterior model M=M | (01.7,21.7). To
this end, we first simulate B Monte Carlo samples from the distribution of Hy.7 | (01.7,x1.7). We
denote these samples by hy.r(b) for b=1,...,B. This sampling is carried out using a filtering
algorithm, which computes the forward probabilities for the GHMM:

a(hy) :=P(h¢, 014, 214) VE € [T], hy € H.
Calculating the «(h,)’s is easy, as they admit the following characterization (proof in §EC.1).

Lemma 1. Fort > 1, the forward probabilities obey the following recursion:
a(ht) = ehtmtot Z qht—lot—lht X Oé(htfl) Vht € H. (4)
hy_1€H
The recursion breaks at t =1 with c(h1) =pp, X €p,z,0, for all hy € H.
We leverage the recursion in (4) to efficiently compute the forward probabilities via dynamic pro-
gramming (see Algorithm 3 in §EC.1), and these probabilities enable us to sample efficiently from
the posterior Hy.r | (01.7,21.7). We present our sampling procedure in Algorithm 1 and establish

its correctness in Proposition 1, which we prove in §EC.1.

Proposition 1. Algorithm 1 outputs samples from the posterior distribution of Hy.r | (01.7,Z1.7).
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Algorithm 1 sample_hidden paths(p,E,Q, 0.7, 2.7, B)
1: o= compute_alpha(p,E,Q,0:.7,z1.7) % see Algorithm 3 (§EC.1)

2: for b=1:B do

3:  hy(b) ~ Categorical([a(T, h)]n) % “Categorical” refers to the categorical distribution
h(b) ~ Categorical([a(t, h) X Groshyyywy]n) for t=T—1,...,1

=

5. end for

6: return [h;.7(b)],

4.2. The Posterior Model and Pairwise Marginals

We now use the posterior samples [hy.7(b)], from Algorithm 1 to characterize the posterior model
M =M | (01.7,z1.7). Our key observation is that it is possible to characterize M conditional on
a sample path hy.7(b). Denote by M(b) = (B(b), [E¢(b)], [Q:(b)];) the posterior model correspond-
ing to the sample hy.7(b), i.e., M | (Hy.r = hy.7(D)). Similar to the primitives (p,E,Q) in §3.1,
(), [E,(b)]:, [Q:(b)]:) correspond to initial state, emission, and transition distributions. Given the
GHMM structure in Figure 1, it is easy to see that for period 1, the hidden state under the posterior
model equals the posterior sample h(b) w.p. 1, i.e., pp, 1) (b) =1 and p;,(b) =0 for all h # h(b). In
contrast with E and Q, Et(b) := [€thai(D)]n,z,i and Qt(b) := [Genin' (D)] iy are time-dependent:

aim(b) = P(th =1 | Oht(b)mt = Ot) (53)
@ehm'(b) = P(Hm: =n ’ Hh,t(b)ot = ht+1(b))- (5b)

The Oy, and Hj,; notation is formally introduced in §3.1. The dependence on t arises through the
observed data (o;,x;) and the posterior samples (h:(b),hi11(b)). As a result, for each b, M(b) is a
time-dependent GHMM. Under the SCM subclass that is consistent with the GHMM conditional-
independence structure (see §EC.3), standard graphical model arguments imply it is unnecessary to
condition on the entire path (hy.7(b),01.7) in (5). In particular, this rules out unobserved cross-time
or cross-mechanism dependence beyond what is carried by the GHMM state, so local conditioning
suffices. (Formally, in §EC.3.1, we impose SCM independence restrictions that ensure the SCM
inherits the GHMM conditional-independence structure.) Moreover, the posterior primitives in (5)
are defined for an arbitrary policy, which will ultimately be set to 1.7 (from §3.2).

If [E,(b)], and [Q:(b)]; were known, we could simulate M(b) to compute a Monte Carlo estimate
of PN by averaging over the B posterior paths. However, [E,(b)]; and [Q,(b)]; are unknown. A

straightforward application of Bayes’ theorem to (5) implies

Einazi(b) = P(Ons =i, On, e, = 01) _ Ona, s (v)as (45 01)
P(Oht(b)mt - Ot) Chy(b)ztoq

Genin (b) = P(Hpi =1, Hy,y ()0, = he+1(D)) _ Thi by (b)or (I ht“(b))’
P(Hht(b)ot - ht+1 (b)) Thy (b)orhesr (b)
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where the pairwise marginals (or the response function distributions) are defined as follows:
Onena(i,9) :=P(Onz =14,0n, =17)  V(h,Z,i,h,x,i) (6a)
Tini(W W) :=P(Hp; =h',Hp; =h') V(h,i,h h,i,h). (6b)

Similar to the “joint distribution” in Example 1, these pairwise marginals are unknown because
the GHMM primitives do not uniquely determine them. However, (6) expresses the time-dependent
emission and transition distributions in terms of time-independent variables @ and w. This trans-
formation into the (,)-space allows us to effectively characterize and bound PN. (In (6), we have
implicitly assumed 6 and 7 to be time-independent, which is very reasonable given the marginals
in §3.1 are time-independent.)

§EC.3 formalizes the SCM subclass that underlies the conditional-independence reduction used
above and clarifies that optimizing over this SCM class is equivalent to optimizing over the response
function distributions (@,7) in (6). We therefore work directly in (8, )-space, which parameterizes
the remaining (unidentified) dependence among the potential outcomes while keeping the GHMM
marginals fixed. In §6 and §7, we additionally instantiate two canonical dependence structures —
independence and comonotonicity — as benchmark SCMs and report their implied PN values. Since
these structures correspond to feasible SCMs, their PN values must lie between our lower and
upper bounds. These benchmarks are particularly useful in §7 for gauging the loss introduced by

the scalable relaxation that we introduce there.

4.3. Polynomial Optimization Formulations for Bounding PN
We now formulate our polynomial optimization problems where we treat the unknowns (8,7) as
decision variables and maximize (minimize) the PN to obtain an upper (lower) bound.

Objective. Recall from (2) that PN = Py (H;*T # h*), which maps to setting the policy to .z
in the posterior model M. This results in the counterfactual hidden path to be different than the
posterior hidden path captured by [hi.7(b)],. There are two sources of randomness in PN: (i) the
true hidden path Hj.z (captured by [hi.7(b)],) and (ii) the posterior model M after conditioning

on Hi.r (captured by M(b)) Lemma 2 decomposes PN using these two uncertainties.
Lemma 2. We have 5
PN=1- lim % > Prig (H7 =h"). (7)
b=1
Proofs for this sub-section are in §EC.2. We next express Py, (H*T) in terms of (6,).

Lemma 3. }P’M(b)(ﬁt) ::]P’M(b)(HfLT = hy) obeys the following recursion over t € {T,...,2}:

_ T 5 o (he, By (b 0, & w1 (0¢_1,04_ _
Z ht_106¢—1,h¢_1(b) t—1( iy t( )) % ht_1@¢_1,h¢_1(b) t—1( t—1, %% 1) XPﬁ(b)(ht—l)-

Pﬁ(b)(ht) =

ht_1,0¢—1

The recursion breaks at t =1 with Pﬁ(b)(ﬁl) =1 if hy = hi(b) and 0 otherwise.

Qh¢_1(b)or—1hi(b) €hy_1(b)z—10¢—1
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Lemmas 2 and 3 allow us to express PN in terms of the various primitives, all of which are known
(or can be sampled) except for (8,7). As soon as we fix (6,7), we can estimate PN. However, it is
unclear apriori how we should fix (8,m). We, therefore, take an agnostic view and compute bounds
over PN. The upper (lower) bound is computed by maximizing (minimizing) PN(@,7 | [h1.7(0)]s)
over the set of feasible (6,m), where we have written PN(@, 7 | [h1.7(b)],) for PN in (7) in order to

B

explicitly recognize its dependence on the B sampled posterior paths [hy.7(b)]7_, as well as 8 and
p y g p Y p p b=1

m. Denoting by F the set of feasible (8,m) (discussed below in constraints), we define

PN"P(B) := (g?ngN(&ﬂ | [P (D)]) (8a)
PN""(B):= (or}gngN(&ﬂ | [hrr(B)]). (8b)

Both optimizations in (8) are sample-average approximations as we use [hy.7(b)],. Thus, PN"P(B)
and PN'(B) are estimates of the “true” PN and PN'®. However, given [hy.(b)], are IID samples,

the following consistency result is immediate (cf. Proposition 5.2 in Shapiro et al. (2021)).
Proposition 2. (PN*(B), PN“*(B)) converges to (PN", PN**) w.p. 1 as B — .

We can also characterize the asymptotics of (PN'"(B), PN"?(B)) via results in the sample-average
approximation theory and we refer the reader to §5.1.2 of Shapiro et al. (2021).

Constraints. We now discuss the feasibility set F used in (8). Recall from (6) that we use 8 and
m to denote the pairwise marginal distributions over [Op.]n.. and [Hp,]n,:, respectively. Only the
pairwise marginals are required to define our objective function but the full joint distributions of
[Onz|n.. and [Hyilp: are required to define F and (with a slight abuse of notation) we will also use

0 and 7, respectively, to denote them. To simplify notation, let k = (h,z) and m = (h,i). Hence,
Ok = Ohzy €ki = €nai
Hy, = Hyiy Qo' = Qnine -

We have k € [K]| and m € [M], where K := |H||X| and M := |H||O|. The K- and M- dimensional
joint PMFs for all ¢y,...,ix € QO and hy,...,hy € H are defined as

..... K(Zlvsz) :P(Ol :Zl,,OK:ZK) (9&)
T, M(hl,...,hM)izp(Hl:hl,...,HM:hM). (9b)

We only have one joint 0, x for K random variables, compared to multiple pairwise marginals

[Ore]k - Each of the joint probabilities in (9) and pairwise probabilities are treated as decision vari-
ables in our optimization problems and must satisfy specific constraints. First, the 1-dimensional

marginals of § and T must equal the given [ex;]r; and [gmn)m.n values that define the GHMM:

Z 91 ’’’’ K(il,...,iK):elik Vsz@,kE[K] (10&)
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Z T, M(hlv"'vhf]\/[):qlhm thEH,mE[M] (10b)
{h1,har N {hm}

Recall that Q and E in the RHS of (10) are known. Moreover, as Q and E themselves define
1-dimensional probability distributions and thus sum to 1, (10) ensures the same will be true of

each of the joint PMFs. Second, we must link the pairwise marginals to the joints:

Ore(in,ie) = > 0hk(in,-. k) (11a)

{i1ir P\ {ig ie}

T (B ) = > T (has - hag). (11b)
{hl ----- hM}\{hm,hn}

(11a) holds for all ix,i, € O and k, /¢ € [K] s.t. k < £ whereas (11b) holds for all h,,,h, € H and
m,n € [M] s.t. m <n. The “k < ¢” and “m <n” conditions avoid unnecessary duplication. In fact,
we do not need to define all pairwise marginals as decision variables but only for “k < ¢” and

“m < n”. Finally, we need to ensure non-negativity:
0,t>0, (12)

where we now use (8,7) to denote all the decision variables (joint and pairwise).

Let F be the feasible region over (8,7) defined by the constraints (10), (11), and (12). Observe
that PN(@,7) is a polynomial in (f,7) (cf. Lemmas 2 and 3) and the constraints in F are linear.
Thus, each of the problems in (8) is a polynomial program (Anjos and Lasserre 2011). Denoting
by PN* the PN under the true (unknown) (@,7), we obtain the following bounds.

Proposition 3. PN < PN* < PN,

Algorithm 2 compute bounds(p,E,Q,01.7,21.7, B, Z1.7)
: [h1.7(b)], = sample_hidden paths(p,E, Q,o01.7,21.7, B) % see Algorithm 1

. PN""(B) = maxg r)cx PN(@,7 | [h1.0(b)],)
. PN™(B) = mingg n)cr PN(8,7 | [h1.7(b)],)
4: return (PN'®(B), PN"P(B))

—_

[\]

w

We summarize our approach in Algorithm 2, which computes the bounds (PNlb(B),PNub(B)).
Line 1 (sampling) can be executed efficiently (see §4.1) and we discuss three computational consid-
erations behind solving the polynomial optimizations of Lines 2 and 3. First, these optimizations
are non-trivial non-convex mathematical programs. To solve these, we utilize the BARON solver
(Sahinidis 2023), which employs a polyhedral branch-and-cut approach to achieve global optima
(Tawarmalani and Sahinidis 2005). This solver performed well in our numerical experiments (§6

and §7), providing global optimality certificates within an e =0.01 absolute tolerance via duality.
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Second, in terms of the problem size, it follows from (6) and (9) that we have at most |H|*|O* +
|H|?|0|?|X|? pairwise variables and |O|®/*I 4 |H|®/Il joint variables. Similarly, it follows from (10)
and (11) that the feasible region F is defined by at most |O||H||X|+ |H[?*|O|+ |O|?|H|?|X|* + |H|*|O|?
constraints. However, these are merely upper bounds, and we can exploit the sparsity inherent in
the underlying application (along with the “k < £” and “m < n” variable and constraint elimination
discussed below (11)) to drastically reduce the problem size. For instance, in our breast cancer
application, we have (|H|,|0|,|X]|) = (7,7,2), with the above formulae giving over 10*! variables and
10° constraints. After exploiting sparsity (discussed in §6), these numbers reduce to 16,124 variables
and 610 constraints, making the problem computationally tractable. Furthermore, incorporating
domain-specific knowledge can further reduce these numbers, as we discuss in §5.

Third, a naive expansion of the recursion in Lemma 3 results in an exponential number of terms
in T, leading to memory issues for moderate to large T'. In §7, we demonstrate how this exponential
dependence on T can be eliminated through a reformulation of the optimization problem, which
introduces polynomial (non-linear) constraints. Despite this added complexity, the reformulation,
combined with a problem relaxation, enabled us to compute high-quality bounds on PN in our
breast cancer case study for T as large as 100 (see §7.3). In contrast, the original formulation

encounters memory issues for T as small as 11, which nonetheless can be practically useful.

5. Embedding Domain-Specific Knowledge
We now illustrate how domain-specific knowledge can be integrated into our framework. One
example of such knowledge is pathwise monotonicity, or monotonicity (e.g., Pearl 2009), which
is particularly relevant in medical contexts. Pathwise monotonicity reflects the expectation that
a counterfactual outcome should not be worse than the observed outcome if the counterfactual
treatment or policy is better than the treatment or the policy that was actually applied. For
instance, in our breast cancer application, suppose a patient has “low severity” cancer (state h) in
period ¢, the cancer is undetected (observation i), and the patient remains in a “low severity” state
in period ¢+ 1. In the counterfactual scenario, if the cancer is detected in period t (observation ),
pathwise monotonicity would require that the patient’s state in period ¢+ 1 cannot transition to a
worse state than “low severity”. Formally, P(H,; = h' | H,; = h) = 0 for all states h’ worse than h.
To enforce this condition, we set the corresponding decision variable Whg’hi(fll ,h) to zero, either
by adding a linear constraint or by removing the variable from the optimization. Since P(H,; = h’ |
Hy; = h) =i (W, k) /P(Hp: = h), and the denominator is a constant (specifically, the transition
probability gxix), this approach ensures that monotonicity is upheld. More generally, monotonicity
of the form P(Hp; = h' | H,; = k') =0 can be enforced by setting m4; ;(h/, h') to zero. In our breast
cancer case study (§6), we embed such knowledge by carefully enumerating all (h,i,h’, h,i,h’)

combinations where monotonicity intuitively holds (details in §EC.5.3).
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Incorporating such constraints naturally leads to tighter bounds on PN, which is practically

advantageous. Denoting the bounds obtained by adding pathwise monotonicity constraints to the

1b

pm: We have the following result.

optimizations in (8) as PN and PN
Proposition 4. PN" < PNV < PNu < PN*.

It is important to note that the resulting sharper bounds are valid only if the domain-specific
knowledge is accurate. Monotonicity is just one example, and other forms of domain-specific knowl-
edge can also be incorporated into our framework. One such example is the recently proposed
concept of counterfactual stability (Oberst and Sontag 2019), which, as demonstrated in §A, can
be handled similarly via linear constraints or by removing the corresponding decision variables.

Next, we present our data-driven breast cancer case study, where we show that incorporating

such domain-specific knowledge can result in much tighter bounds on PN.

6. Case Study

We now present our numerical experiments for the breast cancer case study, where we estimate
PN for a patient who ultimately died of breast cancer after some of her screenings were incorrectly
denied. The intervention under consideration is to approve the screening in every period, thereby
addressing the consequences of delay-and-deny practices.

We described the breast cancer GHMM in §3.1. Given patient-level data (o;.r,z1.7), we aim to
bound PN as defined in (2). Specifically, we consider two different observed paths consistent with

the scenario described in (1). The first path is as follows:

01 ,02,...,07-2,07_1, OT
=2 =1 =7
L1 , Loy 2,1, TT .
~~ ~~
=0 =1 =0

Here, we observe a negative test result in period 1, after which screening was not performed for
T — 2 periods (indicated in red font), corresponding to incorrect denial of coverage. The patient
ultimately died from breast cancer in period T'. Based on the calibrated primitives (discussed in
§6.1), the hidden state just prior to death must be hr_; =3 (undiagnosed invasive cancer) since
a direct transition from state 2 (undiagnosed in-situ cancer) to state 7 (death) is not possible.
Moreover, a direct transition from state 3 (undiagnosed invasive) to state 7 (death) is plausible
and has a probability of ~0.15 (discussed in §6.1).

The second path is similar but includes one critical difference: screening was performed in period

T — 1, during which invasive cancer was detected:

01 ,02,...,0r_9,07—1, OT
~—

=2 =1 =5 =7

Ty T2y s T2, TT—1,LT -

=0 =1 =0



18 Haugh and Singal: Bounding Counterfactual Outcomes of Health Insurance Delay-and-Deny Practices

In this path, the transition from invasive cancer to death occurred whilst under treatment, with a
probability of ~0.01 (discussed in §6.1), which is significantly smaller than the ~ 0.15 probability
in Path 1. The occurrence of this low-probability transition suggests that the cancer in Path 2 was
particularly aggressive.

In both paths, the intervention policy is ;.7 = 0, meaning that screening was approved in every
period. In this case study, PN quantifies the likelihood that the patient would not have died had
the medical screening not been denied, given that she did die following the denial. This measure
directly quantifies the extent to which the patient’s death can be attributed to delay-and-deny
practices, providing valuable evidence for lawsuits and policy debates, as highlighted in §1.

In §6.1, we outline the model primitives and their calibration to real-world data. This is followed
by a detailed description of our experimental setup in §6.2 and the presentation of our main results
in §6.3. For brevity, we omit the sensitivity analysis but note that our findings are robust to the
calibration. Also, though our numerics are calibrated to real-world data, this is not a “real” case

study but it serves to demonstrate our framework in action.

6.1. Model Primitives and Calibration

We introduced the primitives (p, E, Q) of the breast cancer GHMM in §3.1. The time periods cor-
respond to mammogram intervals and are set to six months (Ayer et al. 2012). The model includes
|H| = 7 states, |O] =7 emissions, and |X| =2 actions. The primitives (p,E, Q) are calibrated to
real-world data using a mix of sources, following approaches similar to those in existing academic
literature (e.g., Ayer et al. (2012)) and models used in practice (e.g., UWBCS (2013)).

For brevity, we defer the calibration of p and E to §EC.5.1 and focus on the calibration of Q
here. The transition matrix Q = [gnin’]n i,n is defined by gni =P(H;y =h' | H, = h, O, =1). Before
detailing the calibration, we highlight the sparse structure of Q. To illustrate this, we define the
transition matrix for each emission i as Q(%) := [qnin/|n.nr, Where each Q(i) is a 7 x 7 matrix. These

matrices exhibit the following structure:

[d11 d12 qi3 [ q11 912 913
(22 q23 Qa7 Q22 23 Q27
qs33 Q37 q33  qs7
Q(l) - 944 945 946 947 Q(Q) =
Q55 ds6 457
1
. 1 - L -
[d11 d12 q13 ] [ T i 7
d24 d25 926 J27
d35 dse d37
Q(3) = Q4) = Q44 da5 a6 a7 Q)=

Q55 ds6 d57
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A few comments are in order. First, for brevity, we do not display Q(6) and Q(7), noting that
each has exactly one non-zero entry: Qgs(6) =1 and Qz7(7) = 1. Second, an empty row in Q(%)
indicates an impossible (h,7) combination. For example, if the observed emission is i =3 (negative
biopsy), the underlying patient state must be healthy, i.e., h ¢ {2, 3,4, 5,6, 7}. Consequently, rows 2
through 7 are empty in Q(3). Third, note that some parameters overlap across [Q(7)];. For instance,
q11 represents the probability that a healthy patient remains healthy, regardless of whether the
emission is 1 (no test), 2 (negative test), or 3 (positive test but negative biopsy). Thus, q;; appears
in all three matrices Q(1), Q(2), and Q(3). Naturally, if the emission is 4, 5, 6, or 7, the patient
cannot be in a healthy state. As a result, the corresponding entries in Q(4), Q(5), Q(6), and
Q(7) are absent, and the first row is entirely empty — another instance of an impossible (h,7)
combination. Fourth, some rows in Q(7) have only partial entries, with all others being zero. For
example, if a patient is in state 1 (healthy), their state cannot transition to 4 (diagnosed in-situ
with treatment started), 5 (diagnosed invasive with treatment started), 6 (recovered), or 7 (death).
Therefore, q14 = q15 = q16 = 917 = 0, and these transitions are not shown in Q(1), Q(2), or Q(3).
Fifth, we use a “bar” in gz7 (in Q(4)) and gz; (in Q(5)) to distinguish them from qo7 (in Q(1)
and Q(2)) and g37 (in Q(1) and Q(2)). For example, q3; represents the probability of transitioning
from invasive cancer to death when the cancer was not detected (and hence, no treatment was
provided). In contrast, gs; represents the probability of transitioning from invasive cancer to death
when the cancer was detected and treatment was administered. Naturally, we expect qs7 < qs7.
Next, we discuss calibrating Q to real data, by iterating over each state h € {1,...,7}.

State 1 (healthy). We are interested in (q11,q12,913). Let’s focus on (qi2,913) as qi1 =1 —qi2 —
qi13. For qi2 and q;3, we use the in-situ and invasive incidence rates, respectively, from Tables 4.12

and 4.11 of NIH (2020) (all races, females). The reported numbers are per year, and we should

1 33.0
2 % 100000

20-80 split in (p2,ps) (§EC.5.1), we have qi3 ~ 4q;2.

x 1285 " (Clonsistent with the

divide by 2 to convert to a 6-month scale: g5 = % 100055 -

and g3 =

State 2 (undiagnosed in-situ cancer). We are interested in (qg2,923,927) (if cancer is not
detected) and (qa4,d25,926,0927) (if cancer is detected). First, consider (qa2,q23,q27). Table 4.13
of NIH (2020) and Page 26 of UWBCS (2013) indicate that there is no death from in-situ can-
cer, so g7y = 0. We assume o3 equals the invasive incidence rate qi3, giving go3 = q13 and qq =
1 —qg23 — ga7 = 1 — q13. Next, consider (qa4,q25,d26,a7). Since qo7 =0 and go7 < g7 (recall comment
#5 above), we set g7 = 0. As all in-situ cancer patients survive if treated, no transitions to invasive
cancer occur when in-situ cancer is detected, so qa5 = 0. Finally, we have q24 + q26 = 1. The split
between qq4 and qgg is irrelevant in terms of survival, as there is no positive probability path from

state 4 to death (as will become clear when we discuss state 4 below).
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State 3 (undiagnosed invasive cancer). We are interested in (qs3,qs7) (if cancer is not detected)
and (qss,936,d37) (if cancer is detected). First, consider (qss,qs7). Here, g7 represents the probabil-
ity of dying from invasive breast cancer under no treatment. According to Johnstone et al. (2000),
the 5-year and 10-year survival rates for invasive breast cancer patients (without treatment) are
18.4% and 3.6%, respectively. Using the 5-year rate, we calibrate as follows: (1—q37)'* =0.184 =
qs7 ~ 15.6%. Similarly, using the 10-year rate: (1 — qz7)?° = 0.036 = q37 ~ 15.3%. The consis-
tency between these estimates supports the assumption of time-invariance. Minimizing the sum of
squared errors over both data points: ming,,efo,11{((1 —qs7)'® —0.184)* 4 ((1 — q37)** — 0.036)}, we
obtain qz; = 0.1554. Naturally, q33 = 1 — q37. Next, consider (qss,qse, Gs7). Here, qss and gs; repre-
sent the probabilities of recovering and dying from invasive cancer under treatment. Using Table
4.14 of NIH (2020), we calibrate using 10 data points corresponding to the year 2007 (see Figure
2): q36 = 0.0459 and g37 = 0.0113. As a sanity check, note that qs; < qs7. Finally, q35 =1 —q36 — q37-

0.98

* Raw data
— Prediction

Survival rate
o
©
N

09r

0.88

0.86
0

2 4 6 8 10
Survival time (years)

Figure 2 Calibration of (gse,qs7). Under our time-homogeneous Markov model, starting in the state of invasive
breast cancer (under treatment), the survival rate after x years is given by: 1 —qsr Zfial(l —qa3s — Gar)’. We
estimate (qse,ds7) by minimizing the sum of squared errors over the ten blue data points in the plot. This yields

(936,d37) = (0.0459,0.0113). The predicted survival rate based on this fit is shown as the black curve in the plot.

States 4 and 5 (diagnosed in-situ and invasive cancer). We are interested in (q44, Qus, 946, q47)
and (gss,956,957). Under our Markov model (which is “memoryless”), it seems reasonable to set
(44 9as, A4, Ga7) = (924,925, 926, d27) and (dss,ds6, Gs7) = (dss, 936, ds7)- This follows because, in a
memoryless Markov model, the timing of treatment initiation does not affect the transition prob-
abilities. For example, consider a patient in state 2 (undiagnosed in-situ cancer), where the cancer
is detected and treatment begins. Here, qo5 represents the probability of transitioning to inva-
sive cancer. Now consider a different patient already in state 4 (diagnosed in-situ cancer) where
treatment is ongoing. In this case, qu5 represents the same probability of transitioning to invasive
cancer. Since the Markov model does not retain memory of when treatment started, gqs5 and qus

are equivalent. This reasoning extends analogously to other parameters.
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States 6 (recovery) and 7 (death). These two states are absorbing and hence, qes = q77 = 1.

6.2. Experimental Setup

For both Path 1 and Path 2 defined above, we vary T € {4,...,10}, where larger values of T'
indicate slower cancer progression. PN bounds are computed using our framework (Algorithm 2),
implemented in MATLAB (MATLAB 2021). The feasibility set F over (8,7) corresponds to (10),
(11), and (12). We used the MATLAB-BARON interface (Sahinidis 2023) with CPLEX (IBM 2017) as the
“LP/MIP solver” to solve the polynomial optimization problems. Each problem instance was solved
to global optimality within minutes to hours (depending on 7T'), with an “absolute termination
tolerance” of 0.01 on an Intel Xeon E5 processor with 16 GB RAM. Problems with T'= 10 took
the longest time on average (approximately 2 hours). For each optimization, B = 100 samples were
generated using Algorithm 1, requiring less than 1 second. We found B = 100 sufficient for stable
sample-average approximations. This stability was verified by running the optimizations across 20
different random seeds (for each (path, T") pair) and confirming that the standard deviations of the
optimal objectives were small. We also solved the polynomial optimization problems with B = 500
and observed the resulting solutions to be nearly identical to those with B = 100.

As noted below Algorithm 2, the sparse structure of E and Q significantly reduces the size of
the problem. For instance, when considering the pairwise decision variables ﬂ';lg,hi(}_l/ ,h'), we can
eliminate those variables corresponding to impossible (h,4,h') or (h,i,h’) combinations; see §6.1.
This observation also applies to all joint variables. By carefully removing such variables and the
corresponding constraints (details in §EC.5.2), the problem size is reduced from 10" variables and
10° constraints to 16,124 variables and 610 constraints, respectively.

We note in passing that, for each of our optimization problems, we included the constraint that
the objective value (PN), being a probability, must lie in [0, 1]. While this constraint is technically
redundant, it proved helpful in speeding up solver convergence for certain problem instances,
possibly by reducing the search space since the solver does not inherently know that the objective is
a probability. In those instances, convergence was achieved within a few hours when the constraint
was imposed, compared to no convergence even after 24 hours without it.

Hence, while we use an off-the-shelf solver, implementing our approach requires careful effort.
Furthermore, although one can work on developing a custom solver for our class of optimization
problems (polynomial objective with linear constraints), it is unclear if that effort is warranted

given BARON worked very well in our use cases.

6.3. Main Results and Discussion
We display our PN bounds as a function of T for Paths 1 and 2 in Figures 3 and 4, respectively.

Alongside the baseline bounds (PNlb,PNUb) computed via our optimization framework of §4 (UB
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Figure 3 PN bounds and estimates for Path 1 as we vary T € {4,...,10}. Observe that the LB, LB (CS), and LB

(PM) curves coincide (forming the lowest curve in each sub-figure). The bounds are averaged over 20 seeds, with a

standard deviation (s.d.) smaller than 0.01 for each reported value. Due to this small magnitude, we omit the +1
s.d. bars to reduce visual clutter in the sub-figures. We used 10* Monte Carlo samples to compute the naive

estimate and the PN estimates for the independence and comonotonic SCMs; these simulations took ~ 2 minutes.
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Figure 4 PN bounds and estimates for Path 2 as we vary T' € {4,...,10}. Similar to Figure 3, the LB, LB (CS),
and LB (PM) curves coincide (forming the lowest curve in each sub-figure). Additionally, for Path 2, the UB (CS) and

UB (PM) curves also coincide.

and LB), we also show the bounds obtained by incorporating domain-specific knowledge, such as
counterfactual stability (UB (CS) and LB (CS)) and pathwise monotonicity (UB (PM) and LB (PM)) as
described in §5. As highlighted in §4.2, we also compute PN estimates based on the independence
and comonotonic SCMs, which amount to fixing a particular SCM and are calculated via Monte
Carlo simulation, with further details provided in §EC.4.

In addition, we provide a naive estimate, which disregards the information in the observed path
and is equivalent to the off-policy evaluation estimate Py (Hy"T # h*). Since the probability of
developing and dying from breast cancer within any 5-year interval (7" = 10) is quite low, the naive
estimate is nearly indistinguishable from 1 in both figures. Moreover, it is path-independent and
falls outside the valid bounds (UB and LB) in Figures 3a and 4a.

For Path 1, we obtain relatively tight bounds, with PN consistently above 0.85, indicating that

regardless of the underlying SCM, the patient would have survived at time T in the counterfactual
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world with high probability. Even without additional knowledge such as counterfactual stability or
pathwise monotonicity, the gap between the lower and upper bounds is within approximately 10
percentage points. This gap narrows to around 5 percentage points when counterfactual stability is
imposed and further reduces to about 1 percentage point when pathwise monotonicity is applied.
Notably, the comonotonic estimate closely aligns with the pathwise monotonicity bounds, and the
PN estimates for the comonotonic and independence SCMs approximately span the range of the
bounds (Figure 3a). This suggests that valuable insights into the range of counterfactual query
values can be gained by simulating SCMs based on standard copulas when solving the polynomial
optimization problems becomes computationally challenging.

We note that the LB and UB under counterfactual stability do not coincide, indicating the
existence of infinitely many SCMs that are consistent with counterfactual stability. This follows
from the fact that any convex combination of two copulas is itself a copula. This result resolves
the open question posed by Oberst and Sontag (2019) regarding whether SCMs other than the
Gumbel-max SCM can satisfy counterfactual stability.

For Path 2, we observe that the lower bounds are close to 0, even when counterfactual stability
or pathwise monotonicity is imposed. This aligns with the fact that despite being diagnosed in
period T'— 1 (and subsequently treated), the patient eventually died, suggesting that the cancer
was “aggressive”’. The bounds without counterfactual stability or pathwise monotonicity are rel-
atively loose, reflecting the lack of knowledge to reason effectively in a counterfactual scenario.
However, when knowledge is injected via counterfactual stability or pathwise monotonicity, the
bounds become significantly tighter. Notably, the upper bound on Path 2, under either counterfac-
tual stability or pathwise monotonicity, never exceeds 0.2. This highlights the considerable strength
of such knowledge in refining the counterfactual bounds.

We believe such bounds have practical implications. For instance, if the bounds suggest that the
patient would likely have survived (or not survived) in the counterfactual world had the scans been
permitted, this information could be invaluable in legal contexts. Importantly, a wide gap between
the lower and upper bounds does not indicate a weakness of our framework but rather reflects a
lack of knowledge about the underlying SCM or insufficient information in the observed data. In
such cases, incorporating domain-specific knowledge can reduce the space of feasible SCMs and
yield tighter bounds.

Our experiments have so far considered T' < 10, as memory issues arise for 7" > 10 due to the
exponential growth of terms (in 7') in the polynomial program’s objective (as discussed towards the
end of §4.3). In §7, we show that a reformulation and relaxation of the feasible region significantly

improve scalability, enabling high-quality bounds for T up to 100 within a few hours of computation.
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7. Computational Scalability

We begin in §7.1, where we show how the optimization can be reformulated to eliminate the
exponential dependence on 7. Next, in §7.2, we discuss a relaxation of the optimization, which
significantly reduces the dimensionality of the problem. Finally, in §7.3, we present numerical
experiments demonstrating how these two techniques together enable high-quality bounds for T’

as large as 100 within a few hours of compute time.

7.1. Reformulation
It is straightforward to see that a naive expansion of PN (as per Lemmas 2 and 3) leads to a
number of terms that grows exponentially with T'. This is undesirable, as it causes memory issues
for 7' > 10 in our numerics presented in §6. However, this exponential dependence can be eliminated
through a reformulation of the optimization problem:
1. Define Pﬁ(b
2. Add the Lemma 3 equations as constraints (for each (t,hy,b) € [T] x H x [B]).

)(ﬁt) from Lemma 3 as a decision variable -; , for all (¢, h,b) € [T] x H x [B].

3. The objective now is simply the expression in Lemma 2.

The reformulated maximization problem is as follows:

B
1
"B & 13
omery { B;% B} (13a)
Th!o! o h’h b
sty = Z Z 1o 1 (b)op_1 (1, P (D))

Qhy_q(b)os_1he(b)

h/eH o’ €0
O o1 (000
ST s 1 (9 01-1) Nk Vt>1, heH, be[B] (13b)
€hy_q(b)zg_104—1
Vho =1 h=hi(b), Vbe [B] (13c)
Vip =0 Vh# hy(b), be [B]. (13d)

For the reformulated minimization, we simply change the “max” to a “min” in the objective func-
tion (13a). As before, the feasibility set F over (8, ) is defined by (10), (11), and (12). This set can
also incorporate additional constraints, such as counterfactual stability or pathwise monotonicity,
or correspond to the lower-dimensional space over the pairwise marginals, as discussed in §7.2.
Clearly, (13) has a linear objective and polynomial constraints, making it a polynomial program.
While the objective no longer has an exponential dependence on 7', this reformulation introduces
|H|7T' B additional decision variables and polynomial constraints to the original formulation in (8).
Hence, the size of (13) scales with both T and B. However, we found it to scale much more

gracefully (with respect to T") than the original formulation, as we discuss in §7.3 below.
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7.2. Approximation

The optimization problems in (8) operate over the joint PMFs of 8 and 7 (“joint optimization”).
As noted near the end of §4.3, the problem size can grow exponentially with the primitives |H]|, |X],
and |0, requiring |O|®IX 4 |H|®1°! decision variables to represent these joint distributions. While
application-specific sparsity can sometimes mitigate this exponential growth (as we demonstrate
in the breast cancer application), we now explore the use of tractable approximations to the
optimization problems in (8) that could be beneficial in more general settings.

Our key observation, which follows directly from Lemmas 2 and 3, is that the objective functions
in (8) depend on the joint PMFs of § and m only through their pairwise marginals. The joint PMFs
(and their associated decision variables) are included to ensure that the pairwise marginal decision
variables in the objectives correspond to valid probability distributions for # and . This reflects
the fact that, while each pairwise marginal is a valid bivariate distribution, it does not necessarily
imply the existence of a full multivariate distribution consistent with all of the pairwise marginals.

This observation suggests that we can easily derive a relaxed version of the problem by omitting
the decision variables for the joint distributions and retaining only those for the pairwise marginals.
The constraint set for the relaxed problem is straightforward to specify. Since the pairwise variables
represent 2-dimensional PMFs, they must satisfy basic probability axioms. Specifically, they must

be non-negative and consistent with their known 1-dimensional marginals, ensuring

Z Wﬁf,hi(ﬁlv h/) = Qhin’ V(?L7E, El? h, Z) (14&)
"
> Trini (W 1) = qua V(h,3, by, ) (14b)
h!
> Onns (i) = €507 V(h, 2,7, b, ) (14c)
i Ozna(1,1) = enyi V(h, T, h,2,7). (144)

These constraints are analogous to (10) in §4.3. Indeed, if (10) is satisfied, then so is (14). However,
the reverse does not hold. Therefore, optimizing over the feasibility space defined by (14) and
non-negativity, denoted as F' (“pairwise optimization”), is a relaxation of the problem where we
optimize over F. It is worth noting that one can go beyond the 2-dimensional pairwise marginals
and incorporate higher-dimensional marginals, which would yield a closer approximation to F.
However, this improvement comes at the cost of increased time and space complexity.

Despite being a strict relaxation, we found the pairwise optimization to produce high-quality
solutions and to be highly scalable; see §7.3. This scalability is primarily due to the lower dimen-
sionality of the decision variables. Specifically, the pairwise optimization involves at most |H|*|O|*+

|H|?|OJ?|X|? decision variables. After exploiting the sparsity in the breast cancer application (along
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Figure 5 Evaluating the computational performance of our techniques in §7.1 and §7.2 on Path 1 from §6. The
compute times in sub-figure (a) correspond to the blue curves in sub-figure (b) (“pairwise”), which are the focus of
this section. All results are averaged over 20 seeds, with vertical bars representing +1 standard deviations. In
sub-figure (b), the UB and LB curves for the “joint” optimization (black color) match those in Figure 3a and
extend only up to 7'= 10 due to memory limitations for 7" > 10. To reduce clutter, standard deviation bars are

omitted in sub-figure (b), but the maximum standard deviation value is noted to be less than 0.01.

with the “k <¢” and “m < n” variable elimination discussed below (11)), the pairwise optimization
reduces to just 1,082 decision variables, compared to 16,124 in the joint optimization. Although
the pairwise optimization has more constraints than the joint optimization, the difference is mod-
est (2,085 vs. 610). These numbers correspond to the objective formulation in §4.3 rather than
the reformulation in §7.1. The reformulation in §7.1 adds |H|T'B decision variables and |H|T'B

constraints to both the pairwise and joint optimizations.

7.3. Computational Performance
We now compute upper and lower bounds on PN using (a) the reformulation described in §7.1 and
(b) the relaxed constraint set defined by the pairwise marginals as discussed in §7.2. For brevity, we
focus on Path 1 from §6. The implementation details remain consistent with §6, including the use
of MATLAB-BARON with CPLEX as the “LP/MIP solver”, an absolute termination tolerance of 0.01,
B =100 samples for sample-average approximation, and averaging over 20 seeds. To evaluate the
scalability of our approach, we experiment with 7" € {5, 10, 15,20, 25,50, 75,100}. Note that 7"= 100
represents an order of magnitude larger horizon than the maximum value (7' = 10) considered in
§6. Our results are presented in Figure 5, with Figure 5a illustrating scalability and Figure 5b
demonstrating solution quality.

In Figure 5a, we display the compute time as a function of T for the reformulated pairwise
optimization problems. Compute time refers to the total time required to compute both LB and

UB. The solver was allowed to run until convergence to global optimality on a single core with at
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most 16 GB RAM. For T =100, the average compute time was 3 hours (averaged over 20 seeds),
with a minimum of 1.2 hours and a maximum of 8.4 hours, demonstrating the scalability of our
approach. It is worth noting that after eliminating redundant variables and constraints, exploiting
sparsity, and applying the reformulation in §7.1 along with the pairwise approximation in §7.2, the
T =100 and B =100 optimization contains 71,082 decision variables, 2085 linear constraints, and
70,000 polynomial constraints.

In Figure 5b, we display the PN values as a function of T'. The “joint” UB and LB curves are
the same as the ones in Figure 3a, and only go as far as T'= 10 because of the aforementioned
memory issues for 7' > 10. The “pairwise” UB and LB curves are the focus of this section, and
our goal here is to evaluate the quality of the “pairwise” bounds (blue curves), which we do in
two ways. First, as we are able to solve the joint optimization for T' < 10, we can use the “joint”
bounds as benchmarks for the “pairwise” bounds. As may be seen from the figure, the joint and
pairwise bounds are very close to each other (for values of 7' < 10). In particular, the joint and
pairwise lower bounds coincide and equal 0.8725 and 0.8884 for T'=15 and T = 10, respectively.
The pairwise and joint upper bounds also coincide and equal 0.9885 for T'= 5. The only difference
between the two is the upper bound for T'= 10 with values of 0.9904 and 0.9899, respectively.
We therefore conclude that the pairwise bounds provide a very good approximation to the joint
bounds, at least when T < 10.

Second, for T' > 10, we utilize the fact that we can simulate the independence and comonotonic
SCMs (conditional on the observations and original policy) (§EC.4), which, by definition, are
feasible solutions to the joint optimization. Consequently, we know that maximizing (minimizing)
over the joint distribution will produce an upper (lower) bound that is no lower (higher) than the
independence (comonotonic) curves in the figure. For example, the gap between the independence
and pairwise UB curves (for 7' > 10) is never greater than 0.01, indicating a maximum loss of
0.01 when restricting to pairwise marginals. Similarly, the maximum gap between the comonotonic
and pairwise LB curves is approximately 0.02. Thus, the pairwise bounds serve as a high-quality
approximation to the joint bounds, even for T > 10.

We can also embed counterfactual stability and pathwise monotonicity into the pairwise opti-
mization, as both constraints apply to the pairwise variables. The resulting bounds are shown in
Figure 6. Naturally, these bounds are tighter than the pairwise bounds presented in Figure 5b. In
particular, the UB becomes significantly tighter, while the LB remains largely unchanged.

8. Concluding Remarks
We propose a principled framework for bounding the probability of necessity (PN) in the context

of health insurance delay-and-deny practices. By leveraging GHMMSs to model disease progression
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Figure 6 PN bounds obtained by embedding counterfactual stability and pathwise monotonicity constraints in
the pairwise optimization. All results are averaged over bounds computed from 20 different seeds, with each seed
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deviation value is noted to be less than 0.01.

and screening and combining them with structural causal modeling and optimization techniques,
we provide a powerful framework for bounding counterfactual probabilities in complex, dynamic
systems. Our approach contributes to the partial identification literature by addressing the chal-
lenges of hidden and dynamic states within GHMMs. Specifically, we demonstrate how to construct
a natural class of plausible causal models and compute PN bounds through polynomial optimiza-
tion along with sample average approximation. By incorporating domain-specific knowledge, such
as pathwise monotonicity and counterfactual stability, our framework achieves tighter bounds,
enhancing its practical utility. The results from our breast cancer case study highlight the practical
relevance of PN bounds, particularly in legal and policy contexts where understanding the impact
of delay-and-deny practices is critical. These bounds can provide insights into whether a patient
might have survived under different policies, offering valuable evidence for legal cases and policy
evaluations. Further, our framework’s scalability — achieving high-quality bounds for horizons up
to T'=100 — demonstrates its applicability to large-scale problems.

While our focus has been on PN, our framework can be extended to other counterfactual prob-
abilities, such as the probability of sufficiency (PS) or the probability of necessity and sufficiency
(PNS). Additionally, it can accommodate intermediate rewards, enabling applications beyond mor-
tality to broader outcomes, such as quality-adjusted life years (QALYs). The framework is also
general enough to address scenarios beyond healthcare as long as the underlying system can be
captured via a dynamic latent-state model. Overall, our framework provides a rigorous and flexible

approach to counterfactual analysis in dynamic latent-state models.
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Appendix A: Counterfactual Stability

Counterfactual stability, proposed by Oberst and Sontag (2019), has become a popular approach
to perform counterfactual analysis in certain settings. Before embedding it via linear constraints
in our framework, we illustrate it using the simple probabilistic model of Example 1, involving
two variables, X and Y. Suppose we observe Y =y under policy X =z. With Y, :=Y | (X =x),
counterfactual stability requires that the counterfactual outcome under an interventional policy Z
(denoted by Yz | (Y, =y)) cannot be y' (for y' #y) if P(Yz =y)/P(Y, =y) > P(Yz=y)/P(Y. =y).
Simply put, counterfactual stability states that if y was observed and becomes relatively more
likely than 3’ under the intervention, then the counterfactual outcome cannot be 3.

Oberst and Sontag (2019) show that the Gumbel-max SCM obeys counterfactual stability and
can be efficiently simulated, providing one estimate of a counterfactual quantity (e.g., PN) that
obeys counterfactual stability. We now demonstrate that, similar to pathwise monotonicity, it is
possible to characterize the entire space of SCMs that satisfy counterfactual stability.

Consider our GHMM setting. Suppose the patient is in state h, with emission i, and transitions
to state h’, corresponding to the realization Hj,; = h’. For h' # k', assume P(H; = h') /P(H},; = h') >
P(Hy; = h')/P(Hy; = B'), or equivalently, quin//Quin' > Qiiny /Qnii- 1f counterfactual stability holds,
this implies W;L;M(ﬁ’ ,h') =0. Thus, for hidden state transitions, invoking counterfactual stability is
equivalent to adding the following linear constraints for all (h,i,h’, h,i, h'):

Wﬁi,hi(iﬂa h/) —0if qnin’ > qrin’ )
qnin’ qhin’

Similarly, counterfactual stability can be modeled for emissions by adding the following linear
constraints for all (h,x,i,h,Z,1):

Oz a(3,7) = 0 if Z% > Z:—
As with pathwise monotonicity, instead of adding these constraints, we can remove the corre-
sponding decision variables from the optimization. This allows us to characterize the space of all
structural causal models that satisfy counterfactual stability. Enforcing counterfactual stability
results in tighter bounds; however, the bounds may not be “legitimate” if the true (8,7) does not

adhere to counterfactual stability.
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Appendix EC.1: Further Details on Sampling Hidden Paths

Lemma 1. Fort > 1, the forward probabilities obey the following recursion:

a(ht) = Chyzio; Z Qhy—yoi—1he X a(ht—l) Vh, € H. (4)
hi—1€H

The recursion breaks at t =1 with c(h1) =pp, X €p,z,0, for all hy € H.

Proof. We begin with ¢ =1 and note that for all hy € H, a(hy) :=P(01 | hy,z1) X P(hy | 21) X
P(x1) =P(01 | h1,21) X P(hy) X P(21) = €p 2,0, X Pn,, Where we use the fact that the policy x;.7 is
deterministic. For ¢ > 1, note that for all h; € H,

O‘(ht) = Z P (ht, hi—1,01:4-1,0¢, xl:t)

ht—1

- Z P(Ot | ht7ht—1701:t—17w1:t) X ]P)(ht | ht—1701:t—17x1:t)

hi—1

X P(% ’ hi—1, 01:t717x1:t71) X P(htfla 01;t7171‘1:t71)

= Z P(Ot ‘ ht7xt) X P(ht ‘ ht—170t—1) X P(ﬂft) X P<ht—1,01:t—17$1;t—1)

hi—1
= P(%) x [P (Ot | htaa%) Z P(ht | ht7170t71) O‘(htfl) = €hizi0t Z Qhy_q04_1hy X O‘(htfl)a
hi_1 hi_1
where we again use the fact that the policy x.r is deterministic. This completes the proof. 0

Efficiently Computing the Forward Probabilities. See Algorithm 3. For numerical stability, we
compute these probabilities on the log scale. In particular, the recursion in (4) (Lemma 1) can be
expressed as follows (by taking log on both sides):

log(a(ht>) = log(ehtmtot) + log Z Qhy_104—_1hy X O‘(htfl) )

ht—1

=exp{108(an,_;0,_1hy)+HoB(a(hi—1)) }

where the “log ) exp” term can be evaluated using a standard logsumexp function.
Proposition 1. Algorithm 1 outputs samples from the posterior distribution of Hy.r | (01.7,Z1.7).

Proof. Observe that

IFD(hl:T | Ol:TaxlzT) = IFD(hl | h2:T7 Ol:TaxlzT) X ]P)(hTfl | tholzTymlzT) x P (hT ‘ Ol:Ta-rl:T)

:P(fh ‘ h2,01:T7$1:T) X P(hT—l | hT701:T73?1:T) X P(hT | 01:T,x1:T) .

We can therefore sample sequentially via the following two steps:
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Algorithm 3 compute_alpha(p,E,Q,o01.7,Z1.7)

1: log(a(1,h)) =log(ps) +10g(€ensy0, ) for all h € H % initialize period 1
2: fort=2:T do

3: for heH do

4: tminus_terms(h') =log(qnro,_,n) +1og(a(t —1,h)) for all K’ € H

5: log(a(t, h)) =1log(€ens,o,) + logsumexp(t minus_terms)

6: end for

7: end for

8: return exp(log(a))

1. Draw hr from P (hr | o117, Z1.7).
2. Fort=T-1,...1, draw h; from P (h; | hys1,01.7,T1.7).
For Step 1, we can use a(hr) since P (hr | 01.7,21.7) < a(hr). For Step 2, observe that for ¢t < T,

P(ht ’ ht+1701:T7«T1:T) x P htaht—H | 01.7, 1. T)

R

(
alhy) X P(hiyr, @iy | e,y 0r) [see (EC.1) below]
Oz(ht) X P(ht+1 ’htaot) X P($t+1)
(

=« hf) X qhtoth,t+1-
For the second proportionality, note the pairwise marginal P (hy,hiy1 | 01.7,1.7) is proportional to

X I (01:4y 0t 41, 0t42:75 L1:ty Tt41, Lt 42:T ht+17 ht)

Ot42:T Li42:T ‘ 01:t50t4+1,L1:ty Lt+1, ht+17 ht) X ]P)(Olzta Ot 41, L1:ty Te41, ht+17 ht)

Ot42:7T5 Li42:T | Pis1,0041) X P(0t+1 ‘ 01:4, hyt1, ht,xl:t,iﬂtﬂ) X IP)(01:T7 hiy1, ht,$1:t,ﬂ3t+1)

X (041 | ht+1,l’t+1) X P(ht+17$t+1 | 01:T7$1:t,ht) X P(Ol:t;xlztaht)

Il
'ﬁ'ﬁ'ﬁ%%%

(

(

( )

(Ort2:7, Teyor [ Puyrs 0041) X P (

(01127, Tivot | Pir1,0001) X P (0431 | hesr, Tog1) X P(hygr, @i | By 0r) X P(01.4, T1.6, Bt)
( ) x B

Ot+2:T, Lt42:T | his1,0041) X P (0441 | ht+1,$t+1) X P(htJrlyxtJrl | ht70t) X Oé(ht)- (EC.l)

This completes the proof. O

Appendix EC.2: Proofs of Lemmas 2 and 3

Lemma 2. We have

PN=1- lim — ZP sy (HZT =h"). (7)

B—>oo

Proof. Observe that

PN =1— Py (H;"" =h*) [by definition]
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=1-Ey[[{H;"" =h"}] [P(Y =y) =E[{Y =y}]]
=1-Eu ., [Exgn, . [[{HT = h*}]] [law of total expectation]
B
.1 1. .
=1- B}E};o B ;Pﬁ(b)(HTl T =h"). [law of large numbers|
The proof is now complete. O

Lemma 3. PM(b)(E‘t) = Pﬁ(b)(HfliT = hy) obeys the following recursion over t € {T,...,2}:

= 16t —1,hi_ (b)ot,l(ﬁtaht(b)) O, 1o 1 he 1 (b)wy_1 (Ot—1,0¢—1) -
]P"’ (ht): t—10t—1,Nt—1 % ]P)"’ (htfl)
M ht%l Qn¢_1(b)or—1hi(b) Chy_1(b)ri—1001 Mo

The recursion breaks at t =1 with Pﬁ(b)(ﬁl) =1 if hy = hy(b) and 0 otherwise.

Proof. For t € {T,T —1,...,2}, observe that

Pﬁ(b)(ﬁt): Z Z Pﬁ(b)(hhﬁt—laat—l)

}_Lt_leH 0t—1€0

= Z Z P'M(b)(ﬁt | Btfla(_)tfl)]pﬁ(b) (5t71 | Etfl)]Pﬁ(b)(ﬁtfl)

Et—leH 5t71€@

= Z Z @_1ﬁt716t71ﬁt (b) X fé/t—l}_lt,]:it,létfl (b) X ]P)M(b) (77’7571)

Etfl cH 6t71€©

_ Z Z 7T}_Lt—l6t—1vht—l(b)0t—l(ht7ht(b)) % ei_lt—lit—hht—l(b)l't—l(6t—1’Ot—l) < P

M(b (Bt—l)-
Qhy_1(b)os_1hs(b) €hi_1(b)zs_104—1 ®)

Bt,1€H6t71€®
The base case (t =1) holds since the counterfactual hidden state in period 1 equals the posterior

sample h;(b) (as discussed in §4.2). The proof is now complete. O

Appendix EC.3: The Structural Causal Model and Response Distributions
We define the SCM in §EC.3.1 and model it via response function distributions in §EC.3.2.

EC.3.1. The Structural Causal Model (SCM)

A generic SCM for the GHMM from Figure 1 is illustrated in Figure EC.1. Consider, for example,
the observation O, at any time t. It is modeled as a stochastic function of its parents (H;, X;).
To capture this stochasticity, we introduce an exogenous noise vector V, := [Vin.]n ., consisting of
|H||X| U0, 1] random variables. The vector representation of V; (rather than a scalar) allows us to
account for the fact that each Oy, := O, | (H; = h, X; = x) defines a distinct random variable (or
potential outcome) for all (h,z). These random variables may be independent or exhibit positive

or negative dependence. To model these scenarios, we associate each Oy, with a corresponding
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noise variable Vy;,,.. The dependence structure among [Viy,]n . determines the dependence structure

among [Oyn.)n... The structural equation for O, is given by

Oy = f(H;, Xy, Vi) = thx(vthz)ﬂ{ﬂt =h, X, =z}, (EC.2a)

h,x

where f;,,(+) is the inverse CDF derived from the emission distribution [e;];. This function gen-

erates O, | (H; = h, X; = x) using the noise variable V;,, ~ U[0,1].

@ G2
D

Figure EC.1  The SCM underlying the GHMM (Figure 1). The only difference between the SCM and the GHMM

is the addition of exogenous noise nodes [Uy, Vil¢.

Similarly, for ¢ > 1, each Hy,; := H; | (Hy—1 = h,O;_; = i) is a distinct random variable (or
potential outcome) for all (h,i). For time ¢ =1, there are no parents (Hy,Oy) for Hy, so a single
UJ[0,1] noise variable U; suffices to generate H;. For ¢t > 1, we associate each Hy,; with its own

UJ0, 1] noise variable Uy, such that

Hy=g(H;—1,0:1,U) = Zghi(Uthi)]I{Ht—l =h,0,1 =1} (EC.2b)

hyi
where gp;(+) is the inverse CDF derived from the transition distribution [gpp/]n. Here, Uy := [Uspi]n.i
consists of |H||O] U[0,1] random variables.

The exogenous noise vectors {U,;}_, and {V,}L, are assumed to be mutually independent
across time and type. (Type = emissions vs transitions.) Specifically, (i) U, is independent of Uy
for all ¢t #t', (ii) V, is independent of Vy for all ¢ # ¢/, and (iii) U, is independent of V, for
all t,¢'. Such independence ensures that the SCM is consistent with the conditional-independence
structure implied by the GHMM in Figure 1. This is exactly the restriction invoked in §4.2 to
justify the local conditioning in (5). This assumption, akin to the commonly invoked sequential
ignorability assumption in dynamic models, significantly reduces the space of feasible SCMs by
prohibiting direct links between the U,’s and V,’s in Figure EC.1. Given the established validity of
GHMMs for modeling disease progression (as discussed in earlier sections), this assumption seems
very reasonable. Nonetheless, while this independence assumption defines a natural subclass of

SCMs compatible with the underlying GHMM (an assumption on which our framework to bound
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PN critically relies), there are other SCMs that would also be compatible with the underlying
GHMM. For example, Haugh and Singal (2026) provide a simple example of such an SCM in the
context of their dishonest casino model. The class of SCMs we do consider is still very rich, however,
since we allow dependence among the components of V; = [Vjj.]n.» and among the components of
Ut = [Uthi]h,i~

The representation in (EC.2) enables us to model [Osnz]n. ([Hiniln,:) and capture any dependence
structure among these random variables by specifying the joint multivariate distribution of V; (U,).
Since the univariate marginals of V; (U;) are known to be UJ0, 1], specifying their multivariate
distribution amounts to defining the dependence structure or the copula of V; (U,). For exam-
ple, if the V};,,’s are mutually independent (the independence copula) and H, = h/, then inferring
the conditional distribution of V;;/,» provides no information about the V;,’s for (h,z) # (R, 2').
Alternatively, if Vi, = Vi for all (h, ) and (', 2’), this models perfect positive dependence (the
comonotonic copula), where inferring the conditional distribution of Vi, simultaneously deter-
mines the conditional distribution of all V};,’s.

We emphasize that the exogenous vectors U; and V; are critical for counterfactual analysis, as
different joint distributions among the components of U; and among the components of V; can
yield significantly different values of PN. However, if counterfactual analysis is not the goal and we
only care about the joint distribution of a (subset of) (O1.r, Hy.7), the analysis depends on U, and
V, only through their known univariate marginals. In summary, the SCM is fully specified only
when the dependence structure or copula is defined for each U; and V. Finally, the emissions and
the state transitions in the GHMM are time-homogeneous. It is, therefore, natural to also assume

the copulas underlying V,; and U, are time-homogeneous.

EC.3.2. Modeling the SCM via Response Distributions
While specifying the SCM in terms of the U,’s and V,’s via Figure EC.1 is conceptually useful,
it is often more convenient to work with a direct but equivalent construction of the SCM. This
alternative approach is well-established in the causal inference literature, where related concepts
include canonical partitions and principal strata (see, e.g., Duarte et al. 2024, Zhang et al. 2022).
Consider, for example, the relationship between V; := [Vipe|n. and [Ogppgln .. From (EC.2), we
know that the joint distribution of [Oyp.]n.. is entirely determined by the joint distribution of V.
However, since our primary interest lies in the joint distribution of [Oyp. ) . itself, it is more natural
to model this distribution directly, rather than indirectly via V,. Indeed, infinitely many joint
distributions of V,; can produce the same joint distribution of [Oy.]n... This follows from Sklar’s
Theorem in copula theory (Sklar 1959).
Accordingly, in §4, we directly modeled the distributions of [Oy,] . and [Hp,|s,; using the 8 and

m variables (response distributions). Specifically, we defined the pairwise marginals in (6) and the
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full joint PMFs in (9). Nonetheless, the copula framework remains valuable in §7 where we leverage
the independence and comonotonic copulas to evaluate the degree of sub-optimality introduced by

our approximation for computational scalability.

Appendix EC.4: Using Copulas to Estimate the Probability of Necessity

Building on the SCM presented in §EC.3.1, we now describe the Monte Carlo simulation algo-
rithms that we use in §6 and §7 for estimating the PN values for the independence (§EC.4.1) and
comonotonic (§EC.4.2) SCMs. As stated in §EC.3.1, the SCM is fully specified only when the
dependence structure or copula is defined for each U; and V;. When we refer to the independence
(comonotonic) SCM below and indeed in the main body of the paper, what we have in mind is that
the dependence structure of each U; and V, is given by the independence (comonotonic) copula.
Of course, it would be easy to obtain other SCMs by allowing the U;’s to have one dependence
structure, e.g., the independence copula, and the V;’s to have a different dependence structure,
e.g., the monotonic copula. Indeed, each U; and V; could have their own different copulas and we
would still obtain a legitimate SCM. There are countless combinations and so we will focus on just
two SCMs here: the independence SCM where each U; and V; has the independence copula, and

the comonotonic SCM where each U; and V; has the comonotonic copula.

EC.4.1. Counterfactual Simulations Under the Independence SCM

A G @
ONNO (x)

Figure EC.2 The same structural causal model as in Figure EC.1.

For convenience, we replicate Figure EC.1 from §EC.3.1, which now appears as Figure EC.2.
Recall that (o1.7,x1.77) represents the observed data, and Z;.r denotes the intervention policy.
As in §4.3, we begin with the posterior samples [hi.7(b)]2_,, corresponding to the random path
Hy.r | (01.7,21.7). These samples can be generated efficiently, as established in §4.1. For each b, our
goal is to convert the sampled path hy.7(b) into a counterfactual path, denoted by ElzT(b). As noted
in §4.2, the counterfactual hidden state in period 1 equals the posterior sample, i.e., El(b) = hy(b).
To sample hy(b), we first need to sample the counterfactual emission o;(b) (cf. Figure EC.2). With
the copula underlying V; being the independence copula, it follows that

51(b) = {01 if 2, =%, and hy(b) = hy (b)

sample from the emission distribution [e; = ;]; otherwise.
hl (b)ftll
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The counterfactual emission o;(b) allows us to sample the counterfactual state h,(b), which again
leverages the fact that the copula underlying U, is the independence copula:
() ho (D) if hy(b) = hy(b) and o, = 5, (b)
? sample from the transition distribution [g; )5 @yl otherwise.
We then generate the period 2 counterfactual emission 0,(b) in a similar manner, and the pro-

cess repeats iteratively until the end of the horizon T'. The complete procedure is summarized in

Algorithm 4.

Algorithm 4 Counterfactual simulations under the independence SCM
ReqUire: (EaQ)a (01;T7m1:T)7 [hl!T(b)}bB:I’ ‘%LT
1: for b=1to B do

2 hy(b) = hy(b)

3 fort=1toT—1do

4 if #, =%, and h,(b) = h,(b) then

5 0:(b) = o,

6: else

7 0(b) ~ Categorical([ez, 4)7,:))

8 end if

9 if hy(b) = h,(b) and o, = 0,(b) then
10: Begr (b) = hegr ()
11: else
12: Begr (b) ~ Categorical([qz, ()5, (o)1)
13: end if
14:  end for
15: end for

16: return [hy.+(b)],

EC.4.2. Counterfactual Simulations Under the Comonotonic SCM

Before formally describing how to estimate PN using the comonotonic SCM, we provide some intu-
ition for our approach via a simple example consistent with the setup of Example 1. Consider two
variables, X and Y, where X € {0, 1} represents the medical treatment, and Y € {bad, better, best}
represents the patient outcome. The outcome Y, :=Y | (X =) obeys the following distribution:
Yy ~ {bad, better,best} w.p. {0.2,0.3,0.5} and Y; ~ {bad,better,best} w.p. {0.2,0.2,0.6}. The
underlying SCM is shown in Figure EC.3. Note that X is deterministic and does not have an

exogenous noise variable pointing to it.
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Figure EC.3 The comonotonic copula SCM for the “simple” example. The noise node is represented by the scalar
U ~ UJ0,1] rather than a vector U. The structural equation is Y = f(X,U), which we denote by fx(U), the inverse
transform function corresponding to Y,. That is, fo(u)= bad, better, and best if u € [0,0.2], uw € [0.2,0.5], and
u € [0.5,1], resp. Similarly, fi(u) = bad, better, and best if u € [0,0.2], u € [0.2,0.4], and « € [0.4, 1], resp.

Consider a patient whose outcome Y was “better” under no treatment (z =0). Given the prior
U ~U[0,1], the posterior distribution is U | (Y, = better) ~ U[0.2,0.5]. Now, suppose we are inter-
ested in the counterfactual outcome under the intervention = =1, i.e., the random variable Y =
Y1 | (Yo = better). Using the posterior U[0.2,0.5] for U and the functional form of f;(-) (as defined
in the caption of Figure EC.3), we observe that the interval [0.2,0.4] maps to “better” and [0.4,0.5]
maps to “best”. Consequently, Y is “better” w.p. 2/3 and “best” w.p. 1/3.

We now generalize this approach to the GHMM. We first fix an ordering of the states (set H)
and the emissions (set Q), e.g., from “best” to “worst”. Denote by ry(h) the rank of state h
with respect to this ordering and by 7(i) the rank of emission i. Furthermore, let rj'(r) and
r5'(r) denote the inverse functions corresponding to rz(h) and ro (i), respectively. That is, 7' (r)
returns the state with rank r and ;' (r) returns the emission with rank r. Also, for each (h, i) pair,
observe that [gnin/|n denotes the transition distribution (which maps to the random variable Hy;).

Corresponding to this distribution, we define the rank-ordered CDF as follows:

Qnin 1= Z Gin TR (EC.3a)

Wi g (W) <rg (h')
Similarly, for each (h,z) pair, observe that [e;.;]; denotes the emission distribution (which maps

to the random variable Oy,). Corresponding to this distribution, we define the rank-ordered CDF

as follows:

Bwii= Y eny Vi (EC.3b)

Jiro(F)<ro(i)
Also, define Q0 = Enzo =0 for all (h,i) and (h,z). We discuss these orderings for the breast cancer
application in §EC.5.4.

As in §EC.4.1, we begin with the samples [h1.7(b)]Z_,, which we generate from the posterior dis-
tribution of Hy.7 | (01.7, x1.7). For each sample path hy.7(b), our goal is to generate a counterfactual
path ﬁl:T(b). As noted in §4.2, irrespective of the copula choice, the counterfactual hidden state
in period 1 equals the posterior sample, i.e., El(b) = hy(b). To generate 0;(b), consider the SCM

in Figure EC.4. The exogenous noise nodes are now scalar U[0,1] random variables rather than
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Figure EC.4 The comonotonic SCM underlying the GHMM. The key observation is that the noise nodes are now

scalar U[0, 1] random variables as opposed to random vectors, i.e., (U, V;) as opposed to (U, Vy).

random vectors with U[0, 1] marginals. This is a direct implication of the comonotonic copula (as

discussed in §EC.3.1). It follows from the structural equation (EC.2a) that o0,(b) satisfies
51(b) = f(ha(0), 71, Vi) = f5, 4y, (V). (EC.4a)

where f;.(-) is the inverse transform function corresponding to the rank-ordered CDF [E}.;];
(recall (EC.3b)). Hence, all we need to sample 0,(b) is the posterior distribution of V;, where the
“posterior” corresponds to conditioning on Oy, )z, = 01 Where Oypy := O, | (H, = h, X, = x) was
defined in §EC.3.1. (We must keep the ¢ notation here since the posterior dynamics are time-

dependent.) Given the prior V; ~ UJ[0, 1], the posterior of V; satisfies
Vi | (O1ny ey = 01) ~ U[Ehl(b)zlol_’Ehl(b)rwl]’ (EC.4b)

where 0~ :=r;'(ro(0) — 1) is the emission ranked just below o. Hence, we can efficiently sample V;
from its posterior, and this V; sample can be used to generate 0;(b) (via (EC.4a)).

We can sample ho(b) similarly. By the structural equation (EC.2b), hy(b) satisfies

ha(b) = g(h1 (6),61(6). Uz) = g5y, ) (U) (EC.5a)

where gp;(+) is the inverse transform function corresponding to the rank-ordered CDF [Qpin]n
(recall (EC.3a)). Hence, all we need to sample h,(b) is the posterior distribution of Us, where the
“posterior” corresponds to conditioning on Hap, 5)0, = ho(b) where Hyy, := H, | (Hy—1 = h, 0,1 = 1)
was defined in §EC.3.1. (Once again, we must keep the ¢ notation here since the posterior dynamics

are time-dependent.) Given the prior U, ~ UJ[0, 1], its posterior satisfies

Us | (Hany (b0, = h2(0)) ~ UlQn, (501 ha(6)~ s @y (h)o1h2(5)) (EC.5Db)

where h™ := 71" (riz(h) — 1) is the state ranked just below h. Hence, we can efficiently sample U,
from its posterior, and this Us sample can be used to generate hy(b) (via (EC.5a)).
We can now generate the period 2 counterfactual emission 02(b) in a similar manner and the

process repeats until we reach the end of horizon T. We summarize the procedure in Algorithm 5.
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Algorithm 5 Counterfactual simulations under the comonotonic SCM
RequiI'e= (EaQ); (OlzT;ml:T>7 [hl:T(b)]Ezla flzTa TH(')7 TO(')
1: for b=1to B do

2 hy(b) = hy(b)

3 fort=1toT—-1do

4: Vi~ U[Eht(b):ctot_’Eht(b)ztOt] % posterior sample of V; (see (EC.4b))
5 0:(b) = fr, )z, (V2) % counterfactual emission (see (EC.4a))
6 U1~ UlQn, (0)orhysr (0) > Qhy(b)orhss () % posterior sample of U, (see (EC.5Db))
7 By (b) = Iry (60 () (et 1) % counterfactual state (see (EC.5a))
8  end for

9: end for

10: return [h1:T (b)] b

Remark EC.1. It should be intuitively clear that the comonotonic copula implies pathwise mono-
tonicity. Our discussion of the simple example at the beginning of this sub-appendix further illus-
trates this point. In that example, a patient’s outcome Y under no treatment (x =0) was “better”.
The counterfactual outcome Y for this patient under treatment (Z = 1) in the SCM with the
comonotonic copula was either “better” (w.p. 2/3) or “best” (w.p. 1/3), thereby satisfying pathwise

monotonicity.

Appendix EC.5: Further Details on the Case Study

We discuss further details on the breast cancer model primitives and their calibration in §EC.5.1,
followed by showing how we exploit sparsity to reduce the number of decision variables (§EC.5.2).
We then provide details on the pathwise monotonicity constraints and the comonotonic copula in

§EC.5.3 and §EC.5.4, respectively.

EC.5.1. Calibration of Initial State Distribution p and Emission Distribution E
We have p := (p1,...,pr). Typically, breast cancer screening begins around age 40, with a prevalence
among females aged 40-49 of 1.0183% (Table 4.24 of NIH (2020), all races, females): p, + p3 =
0.010183. In-situ cancer accounts for 20% of new breast cancer diagnoses (Sprague and Trentham-
Dietz 2009), giving p, = 0.2 x 0.010183 and p3 = 0.8 x 0.010183. It is natural to set p, = ps = ps =
p7r =0, leading to p; =1 —p>, —p3 =1—0.010183.

We have E := [e4]h.4.i, Where e, :=P(O, =i | H, = h, X; = z). Before discussing the calibration,
we highlight the sparse structure of E. To illustrate this, we define the matrix E(z) := [e}4i]n: for

each action z (with each row summing to 1), and observe the following structure:
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_O €192 1*612 ] _100 ]
01—624 €94 100
01—635 €35 100

E(0)= |0 1 E(1)=[0001
0 1 000 1
0 1 000 1
0 1] (000 1]

A few comments are in order. First, for x =1 (no screening), the emission matrix E(1) is
extremely sparse, with entries in {0, 1}. For example, when the hidden state is 1 (healthy), 2 (undi-
agnosed in-situ cancer), or 3 (undiagnosed invasive cancer), no signal is observed (emission equals
1) w.p. 1. When the hidden state is 4, 5, 6, or 7, the emission matches the hidden state w.p. 1.

Second, for x =0 (screening), the emission matrix E(0) is also sparse. If the patient is healthy
(row 1), the test result is negative (true negative) w.p. e; and positive (false positive) w.p. 1 —ejs.
When the patient has undiagnosed in-situ cancer (row 2), it is detected (true positive) w.p. ey and
missed (false negative) w.p. 1 — eyy. Similarly, es; represents the probability of detecting invasive
cancer (true positive) and has the same interpretation as eys. As with x = 1, when the hidden state
is 4, 5, 6, or 7, the emission matches the hidden state w.p. 1.

Having discussed the structure of E, we now calibrate it to real data. There are three parameters:
12, €24, and ess. While these parameters can be age-specific, we simplify by using average values.
The parameter e, represents the specificity of the screening (i.e., the probability of a true negative)
and is calibrated using Table 3 of Ayer et al. (2012), giving e;5 = 0.9. The parameter ey, represents
the in-situ sensitivity (i.e., the probability of a true positive for in-situ cancer) and is also calibrated
using Table 3 of Ayer et al. (2012), giving ey = 0.8. Finally, e3; represents the sensitivity for
invasive cancer (i.e., the probability of a true positive for invasive cancer). Following Ayer et al.

(2012), we assume e35 = ey =0.8.

EC.5.2. Reducing the Number of Joint Decision Variables by Exploiting Sparsity

Recall from §4.3 the following setup. Let k = (h,z) and m = (h,7) so that Oy = O, €ri = €nuiy
H,, = Hy;, and @,n = qriny- We have k € [K] and m € [M], where K := |H||X| and M := [H||O].
The K- and M-dimensional joint PMFs for all i1,...,ix € O and hq,...,hy € H are defined as

01.”7]((2'1,...,2.[() I:P(Ol :Zl,,OK:ZK) (93)

s

7T1,_“7M(h1,...,hM) I:P(Hl :hl,...,HM :hM) (9b)

As discussed towards the end of §4.3, it follows from (9) that there are at most |O|®IXI 4 ||
joint variables. We now show that these are merely upper bounds and that the sparsity inherent

in the breast cancer application can be exploited to drastically reduce these numbers.
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State h Policy x Range of O, Range cardinality

1 0 (2,3} 2
1 1 {1} 1
2 0 (2,4} 2
2 1 {1} 1
3 0 (2,5} 2
3 1 {1} 1
4 0 {4} 1
4 1 {4} 1
5 0 {5} 1
5 1 {5} 1
6 0 {6} 1
6 1 {6} 1
7 0 {7} 1
7 1 {7} 1

Table EC.1  Range of the 14 random variables [Opz]n,» corresponding to 61,... k.

Consider the 6, decision variables, which represent the joint PMF of [Oy]x, where k= (h,x).
To reduce the number of variables, we first determine the valid (h, z) pairs, rather than naively con-
sidering all (h,x) € H x X. Recall that the state h is encoded as follows: (1) healthy, (2) undiagnosed
in-situ cancer, (3) undiagnosed invasive cancer, (4) diagnosed in-situ cancer, (5) diagnosed invasive
cancer, (6) recovery, and (7) death. Furthermore, 2 = 0 indicates a mammogram is performed,
while z =1 indicates it is not performed. It is straightforward to verify that all 14 combinations
of (h,x) € H x X are valid, meaning none of the corresponding decision variables can be removed.
Turning to the observations, they are encoded as follows: (1) no screening, (2) negative screening
result, (3) positive mammogram followed by a negative biopsy, (4) diagnosed in-situ cancer, (5)
diagnosed invasive cancer, (6) recovery, and (7) death. Table EC.1 summarizes the range of all
7 x 2 =14 random variables [Op,]5.. Multiplying the cardinalities from the last column of Table
EC.1 reveals that only eight 6,  x decision variables need to be considered, significantly fewer
than the naive upper bound of |Q|H/I%l =714,

The same logic applies to the m; 5 decision variables, which represent the joint PMF of [H,, ],
where m = (h,i). For the 7 s decision variables, even the first step proves useful as some (h,17)
pairs are invalid. For example, if h =1 (healthy), then i ¢ {4,5,6, 7}, as these emissions correspond
to diagnosed cancer, recovery, or death. This initial step reduces the number of [H};],,; random
variables from |H||O| =49 to 13 valid pairs. The second step trims the range of each of these 13
random variables. Table EC.2 documents these reductions, showing how the number of m
decision variables is reduced from the naive upper bound of |H|™ % =749 to 15,552, which equals

the product of the cardinalities presented in the last column of Table EC.2.

EC.5.3. Details on the Pathwise Monotonicity Constraints
Pathwise monotonicity can be enforced via linear constraints. We discussed this in §5 and now

provide a comprehensive description of all pathwise monotonicity constraints embedded in our
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State h  Observation ¢ Range of H;,; Range cardinality

I 1 {1,2,3} 3
1 2 {1,2,3} 3
1 3 {1,2,3} 3
2 1 {2,3} 2
2 2 {2,3} 2
2 4 {4,6} 2
3 1 {3,7} 2
3 2 (3,7} 2
3 5 {5,6,7} 3
4 4 {4,6} 2
5 5 {5,6,7} 3
6 6 {6} 1
7 7 {7} 1

Table EC.2 Range of the 13 random variables [Hp;]n,; corresponding to 71,... m. Only 13 (h, i) pairs are shown as

,,,,,

the other 36 are not valid.

breast cancer numerics. To recap from §5, suppose the patient has “low severity” cancer (state h)
in period t, the cancer has not been detected (observation i), and the patient’s state remains in
“low severity” in period t + 1. In the counterfactual world, if the cancer is detected in period ¢
(observation i), pathwise monotonicity requires that the cancer cannot transition to a worse state
than “low severity” in period ¢+ 1. Formally, this implies P(H,; = h' | H,; = h) = 0 for all states
h/ worse than h. There are multiple such cases to consider. We enforce all pathwise monotonicity
constraints by setting the corresponding 7s;,;(h/,h') variables to 0, as mx; (W, ) = P(Hy; =
WYP(Hy = B | Hyo = ).

Hence, to provide details on all pathwise monotonicity constraints we enforce, it suffices to
enumerate the (h,i,h’, h,i,h’) combinations for which the 7Tm7hi(ibl ,h') variables are set to 0. To

achieve this, we iterate over each state h € {1,...,7}. (Note that for pathwise monotonicity, there

are no (h,z,i,h,Z,i) combinations for which we set the 05 ,,(i,7) variables equal to 0.)

Healthy (h =1). Pathwise monotonicity is enforced for the following combinations:

o If (h,i,h) equals (healthy, whatever emission, healthy), then the counterfactual state A’ can
not be in-situ, invasive, or death if A is healthy. That is, h=1,i€ O, ¥’ =1, h=1,i€ O, and
h'€{2,3,4,57}.

o If (h,i,h’) equals (healthy, whatever emission, in-situ), then the counterfactual state h’ can
not be healthy, invasive, or death if h is healthy. That is, h=1,i€ O, k' =2, h=1, i€ O, and
h'€{1,3,5,7}.

o If (h,i,h) equals (healthy, whatever emission, invasive), then the counterfactual state A’ can
not be healthy, in-situ, or death if h is healthy. That is, h=1,i€Q, K’ =3, h=1, i € O, and
h'€{1,2,4,7}.
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e If (h,i,h’) equals (healthy, whatever emission, death), then the counterfactual state h’ can not
be healthy, in-situ, or invasive if h is healthy. That is, h=1,i€ O, K’ =7, h=1, i € O, and
h'€{1,2,3,4,5}.

Undiagnosed In-situ (h =2). Pathwise monotonicity is enforced for the following combinations:

e If (h,i,h) equals (in-situ, undetected, in-situ), then the counterfactual state h’ can not be
invasive or death if h is healthy or in-situ. That is, h =2, i € {1,2,3}, b’ =2, h € {1,2,4},
i€O, and 1 € {3,5,7}.

e If (h,i,h') equals (in-situ, detected, in-situ), then the counterfactual state i’ can not be invasive
or death if A is in-situ and detected. That is, h =2, i =4, h/ =4, h € {2,4}, i = 4, and
h' € {3,5,7}.

e If (h,i,h’) equals (in-situ, undetected, invasive), then the counterfactual state h’ can not be
death if h is healthy or in-situ. That is, h =2, i € {1,2,3}, ¥’ =3, h € {1,2,4}, i € O, and
h=T.

o If (h,i,h) equals (in-situ, detected, invasive), then the counterfactual state A’ can not be
death if A is in-situ and detected. That is, h=2, i =4, h' =5, h€ {2,4},i=4, and b/ = 7.

e If (h,i,h’) equals (in-situ, detected, recovered), then the counterfactual state A’ can not be
in-situ, invasive, or death if h is in-situ and detected. That is, h =2, i =4, i’ =6, h € {2,4},
i=4,and h' € {2,3,4,5,7}.

o If (h,i,h') equals (in-situ, undetected, death), then the counterfactual state h’ can not be
in-situ, invasive, or recovered if A is in-situ and undetected. That is, h =2, i € {1,2,3}, K’ =7,
h=2,i€{1,2,3}, and W' € {2,3,4,5,6}.

o If (h,i,h') equals (in-situ, detected, death), then the counterfactual state A’ can not be in-situ,
invasive, or recovered if h is in-situ and detected. That is, h=2,i=4, W' =7, h€ {2,4}, i =4,
and h' € {2,3,4,5,6}.

Undiagnosed Invasive (h = 3). Pathwise monotonicity enforced for the following combinations:

e If (h,i,h) equals (invasive, undetected, invasive), then the counterfactual state A’ can not be
death if h is healthy, in-situ, or invasive. That is, h=3, i € {1,2,3}, b’ =3, h € {1,2,3,4,5},
1€0, and B/ =7.

o If (h,i,h’) equals (invasive, detected, invasive), then the counterfactual state h’ can not be
death if h is invasive and detected. That is, h=3,i=5, k' =5, h€ {3,5},i=5, and b/ = 7.

o If (h,i,h) equals (invasive, detected, recovered), then the counterfactual state A’ can not be
invasive or death if A is invasive and detected. That is, h=3, i =5, k' =6, h € {3,5}, i =5,
and h' € {3,5,7}.
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If (h,i,h’) equals (invasive, undetected, death), then the counterfactual state h’ can not be
invasive or recovered if h is invasive and undetected. That is, h =3, i € {1,2,3}, ' =7,
he€{3,5},i€{1,2,3}, and i’ € {3,5,6}.

If (h,i,h') equals (invasive, detected, death), then the counterfactual state A’ can not be
invasive or recovered if h is invasive and detected. That is, h=3,i=5,h =7, h € {3,5}, i=5,

and b’ € {3,5,6}.

Diagnosed In-situ (h =4). Pathwise monotonicity is enforced for the following combinations:

If (h,i,h') equals (in-situ, detected, in-situ), then the counterfactual state h’ can not be inva-
sive, recovered, or death if h is in-situ and detected. That is, h =4, i =4, ' =4, h € {2,4},
i=4, and b’ € {5,6,7}.

If (h,i,h') equals (in-situ, detected, invasive), then the counterfactual state h’ can not be
in-situ, recovered, or death if A is in-situ and detected. That is, h =4, i =4, k' =5, h € {2,4},
i=4, and I’ € {4,6,7}.

If (h,i,h') equals (in-situ, detected, recovery), then the counterfactual state h’ can not be
in-situ, invasive, or death if h is in-situ and detected. That is, h=4, i =4, h' =6, h € {2,4},
i=4,and b’ € {4,5,7}.

If (h,i,h) equals (in-situ, detected, death), then the counterfactual state h’ can not be in-situ,
invasive, or recovered if h is in-situ and detected. That is, h=4,i=4, W' =7, h€ {2,4}, i =4,
and h' € {4,5,6}.

Diagnosed Invasive (h =5). Pathwise monotonicity is enforced for the following combinations:

If (h,i,h') equals (invasive, detected, invasive), then the counterfactual state A’ can not be
recovered or death if h is invasive and detected. That is, h=>5, i=5, b’ =5, h € {3,5}, i =5,
and h' € {6,7}.

If (h,i,h') equals (invasive, detected, recovery), then the counterfactual state h’ can not be
invasive or death if A is invasive and detected. That is, h=>5, i =5, h' =6, h € {3,5}, i = 5,
and h' € {5,7}.

If (h,i,h') equals (invasive, detected, death), then the counterfactual state h’ can not be
invasive or recovery if h is invasive and detected. That is, h=5,i=5, K =7, h€ {3,5},i=5,

and k' € {5,6}.

Recovery (h =6) and Death (h =T7). Pathwise monotonicity enforced for no combinations.

EC.5.4. Details on the Comonotonic Copula

We discussed the counterfactual simulation under the comonotonic copula for a general GHMM in

§EC.4.2. In this section, we connect that discussion to the breast cancer application. To do so, it
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suffices to define the rank functions ry(-) (for states) and ro(-) (for emissions). For states, there
are two possible orderings that seem “natural” (from “best” to “worst”):

e (1,6,4,2,5,3,7)

e (1,6,4,5,2,3,7).
Recalling the Q(7) notation from §6, note that columns 2 and 5 are never “active” simultaneously
in any row of Q(¢) (for any 7). Thus, the choice of ordering between the two options above is
inconsequential, and we can select either. Suppose we choose the first ordering. This defines the
rank function, e.g., 75 (6) = 2, meaning the rank of state 6 is 2. For the inverse function, r5'(2) = 6.

Defining ro(+) for the breast cancer setting is unclear, but fortunately, it does not matter. To

see why, consider the following path of interest, which generalizes both Paths 1 and 2 from §6:

O1y++3073-1,0755-++3,07,,07,41,...,07—-1, OT .
S s € € -~
€{2,3} =1 €{4,5} =7

For the first 7, — 1 periods, observe that the counterfactual emission 0,(b) equals the observed
emission o; for each b. This is because the intervention policy Z; equals the observed policy z;
for t <7, — 1. Now, consider periods 7, to 7., during which the screening was not done, i.e.,
%7, = 1. Hence, the corresponding emissions o, =1 w.p. 1 (see the matrix E(1) in §EC.5.1). This
means that the emissions do not contain any information regarding the underlying noise variables

4

s:Te

(see Figure EC.4) and hence, their posterior equals their prior, which is UJ0, 1]. As such, for
t € {7s,...,7e}, we can sample 0;(b) using the categorical distribution over the probability vector
(€7, (0)7,:)i- Note that we can use 0., (b) to sample R, (b), which we can then use to sample oy, (b),
and so on (until we have sampled h._,1(b)). Now, consider t =7, + 1. We know o, € {4,5}:
o If 0, =4, then h,(b) =2 and h,(b) € {2,4,6} (cf. pathwise monotonicity).
—1If hy(b) € {4,6}, then 5,(b) = hy(b) (since rows 4 and 6 of E(0) have 1 on the diagonal).
— Else, if hy(b) =2 (= hy(b)), then 6,(b) = 0, = 4.
e Else, if 0, =5, then hy(b) =3 and h(b) € {3,4,5,6} (cf. pathwise monotonicity).
—1If hy(b) € {4,5,6}, then 0,(b) = hy(b) (since rows 4, 5, 6 of E(0) have 1 on the diagonal).
—1If hy(b) =3 (= hy(b)), then 6,(b) = 0, = 5.
Finally, for ¢t > 7.+ 2, we know h,(b) >4 and that the corresponding rows in E(0) are 0-1. Hence,
the posterior of V; equals the prior and we can sample 0;(b) using the categorical distribution
over the probability vector [eﬁt () .Ji- By construction, the comonotonic copula will obey pathwise
monotonicity and hence, will ensure that in the counterfactual world, the patient does not die

before period T
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