
APPLICATION OF 

FADDEEV'S THEORY TO THREE-NUCLEON PROBLEMS 

( A NUMERICAL SOLUTION ) 

A Thesis presented for the degree of 

Doctor of Philosophy 

of the 

University of London 

by 

ROBERTO SIBBEL 

Department of Mathematics, 

Imperial College, 

LONDON, S.W.7. 	 March 1971 



- 1 - 

ABSTRACT  

The formalism, developed by S.P.Y. Lee, 

whereby the once-iterated Faddeev equa-

tion for a system of three particles is 

formulated according to the group SU(3), 

is subjected to a first numerical test. 

Lle distinguish between a system consis-

ting of three identical bodies and one 

composed of two neutrons and one proton. 

Both systems are assumed to be governed 

by interacting pairs, the interaction 

being given by a simple central potenti-

al. Three such potentials have been con-

sidered: Yukawals, Yamaguchi's and the 

exponential type of interaction. The sys-

tem of identical particles provides the 

basis for testing the behaviour of the 

computed binding energy _as a function of 

the coupling constant in the potential. 

The system also allows the assessment of 

the error arising from the approximation 

of the integrals by weighted sums. 

Spin and'iSospin are subsequently inclu-

ded for all three types of potentials. 

A number of partial-wave amplitudes are 

calculated and plotted. 
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PREFACE  

This work is in essence the second part of a 

twin-project, suggested by Dr. S. Hochberg and handed 

to S.P.Y. Lee and myself in 1968. 	The former set 

out to develop a new formalism whereby the problem of 

systems composed of three nucleons, and indeed of many 

nucleons as well, is approached from an entirely new 

angle within the framework of Faddeev's 'theory. In 

this work he succeeded brilliantly, as shown by the 

wide interest it received eftd willAroceive. 	Lee's 

work is exact and general, except for the latter part, 

where the formalism was modified to suggest ways of 

ascertaining, numerically, the validity of the theory. 

By contrast, this work is strongly oriented 

towards the numerical solution of a complex physical 

problem and thus emphasizes the practical aspects of 

computerized research. 	The pure physicist will 

undoubtedly find Lee's work more rewarding, whereas 

this work may be considered the necessary 'bread-and- 

butter' compendium, designed to give computational 

evidence for the theory's validity. 
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Numerical verification of new formalisms by means of 

high speed electronic computers, however, constitutes 

an ever increasing part in today's research and in 

the author's view, this part is often not being dealt 

with in sufficient detail. 	We have therefore decided, 

in spite of this work's dependence upon Lee's work, to 

keep it as self-contained as possible and to present a 

detailed account of the computational methods involved 

together with a full description and documentation of 

the programs, where these are non-standard. 

I wish to thank Dr.Hochberg for suggesting the 

problem and for his constant support in the course of 

this investigation. 	I also wish to express my 

gratitude to Dr.Lee for discussing his formalism with 

me and for his many helpful suggestions. 

The author's work at the Imperial College and his 

stay in this country were made possible by a long and 

most generous grant from the German Academic Exchange 

Service, whose vital support and understanding is 

hereby most gratefully acknowledged. 	I also wish to 

thank the Heinrich-Hertz-Stiftung in Germany, who 

extended my means by a further six months, and the 

Kaiser Wilhelm II Foundation for granting me a loan. 
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Much credit is also due to Mr. R. F. Shepherd 

of Chelsea College Computer Centre for kindly 

granting me unlimited access to the Centre's EDP 

facilities. 	I am also grateful to Mrs. J.J.Watson 

for typing this thesis. 
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INTRODUCTION' 

Prior to Lee's recent work(1) various attempts 

were made to solve Faddeev's equations(2)for a three- 

particle system. 	The main difficulty encountered, 

when setting up such a formalism lies in reducing the 

number of variables, such that reliable numerical 

tests may be performed without exceeding the capacity 

of presently available high-speed electronic computers. 

Various restrictions had to be introduced, such as 

separable non-local potentials(3)in order to reduce 

the number of variables involved. 	Osborn(1'5)  

eventually succeeded' in obtaining a set of equations 

with two integrating variables, via application of 

Omnes' method of symmetrical angular momentum reduction 

and restricting himself to the case of three spinless 

particles, interacting in pairs through a central 

Yukawa potential. 

The new formalism, which is numerically tested in 

this investigation, is based on solving Faddeev's 

equations in the SU(3) representation of three-particle 

states. 	Using Dragt's(1,6)  discussion of such states, 

Lee then proceeds to construct a set of irreducible 
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--representations-of-these states--on a five-dimensional 

sphere S
5 

in a differential form, with each state being 

characterized by the eigenvalues of the two Casimir 

operators of the Lie algebra of SU(3). 	The eigen-

-functions are then-  *reordered' in" sucha Way as to have 

_simple properties under S3, A:he-group-of permutations 

of three objects, for certain values of .the total 

angular momentum of the system. 	Fourier-Transformation 

of the eigenfunctions then provides the basis for 

-writing Faddeev's equations in the SU(3) representation. 

For the sake_of_ self-consistency,- this-th-esis 

includes a summary of Lee's work; 	this summary, which 

is presented in Chapter I, is by no means intended to 

form a substitute for the xeading of the original work, 

it is rather to be thought of as an introduction into 

its concepts and the nature of the variables involved. 

--It- is 	as-an- introductionit-will be 

sufficiently detailed, in order to clarify the purpose 

of this investigation. 

The next chapter deals with some of the preliminaries 

to the actual numerical verification of Lee's formalism. 

It includes a list of the equations to be solved, followed 

by a discussion of the three types of pair-interactions 
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we have chosen and the determination of the shape of 

these potentials. 

Chapter III presents a detailed account of the 

layout of the computations. 	It covers the methods 

used to obtain values for the binding energies of the 

two systems under consideration, that consisting of 

three bosons and the one consisting of three fermions. 

This is followed by a description of the way the shapes 

of the partial wave-amplitudes were obtained for the 

bound-state. 

In the last chapter we present a list of all the 

relevant results, together with a discussion of their 

meaning and some remarks concerning the errors arising 

out of the computational approximations. 
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CHAPTER I 	SUMMARY OF LEE'S GENERAL FORMALISM 

This chapter summarizes the concepts, whereby 

Faddeev's equations for a system of three particles 

are solved in the representation of the group SU(3). 

We have sought to verify this formalism numerically 

for the special case of the three-particle bound-

state, and this summary is presented with this 

particular aspect in mind. 

The first section briefly deals with the formal 

/ origins of Faddeev's theory(2)  ksee also ref.s(1,2)). 

Section 1.2 outlines the three major steps leading to 

the formal solution of the iterated Faddeev Equation 

for the idealized case of the three-boson bound-state. 

The last section introduces spin-isospin, again with 

a view towards obtaining the equations for the three-

body bound-state. 
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SECTION I.1 Faddeev,s Theory and Iterated Equation 

When one attempts to extend the well-tried Lippmann-
A? 

Schwinger formalism-for-ths-description of two-particle 

systems to the case _of three particles, one runs up 

against fundamental difficulties, arising.basically out 

of the fact that whereas the two-body system is 

characterized by one initial state 	and only one 

-possible final state 	a three-body system has four 

possible final states to each given initial state. 

Mathematically speaking we are faced with the difficulty 

of having to eliminate the arbitrariness in the choice 

of the resolving Green's function in the LS-formalism. 

This arbitrariness leads to the integral equations not 

having unique solutions, unless additional assumptions 

are'brought in, thus curtailing the basic advantage of 

the LS-formalism. 	Another way of stating this 

difficulty is that the application of the two-body 

concepts to a system of three particles leads to the 

appearance of 8-functions in the kernel of the integral 

equations defeating the classical methods of solution 

such as iteration. 

(-t 1 	4-64-m„-;A,4-ed 	L s- -1-1,Axae4-5*,, 	Ifow--;44-5 
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Paddeev's work is based on the introduction of 

a modification of the LS-resolvent. 	This new resolvent 

arises out of applying the Green's function method to 

the Schroedinger Equation for a sytem of three particles, 

and it has the form: 

(z) 	= 	G-(z) G(z, V G (),z, 
0

1 
 (1.1.1) 

,where 

G-
0
(z) 	(H0  z-)--  

and 

V 	= 	V
23 

+ V
31 

+ V
12 
	(1.1.21) 

with the quantities .  

= _the __tot-al _ fre_e -Hamiltonian 

. z- 	= E + - 83_ 

V. ij 

; E = total energy of 

the system 

= pair-interaction operator between 

the particles i and j. 
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Faddeev introduces the concept of a generalized 

T-Matrix in the modified resolvent, which takes the 

form 

	

G(z) 	= 	Go(z) - Go(z) T(z) G0(z) 
	

(I.1.3) 

with 

	

T(z) 	V - V G0(z) T(z) 
	

(I.1.31) 

Eqn. (I.1.3) is then rearranged in order to eliminate 

termssuchasV..G0ij' (z)Vwhich appear upon iteration ij  

---af -eqn.--(I.1--.3) -and give- rise to-the 6-functions in the 

kernel, as mentioned above. 	(See also Chapter III of 

	

ref.(2)). 	The object of this rearrangement is to 

---obtain integral equations of the Fredholm type and T(z) 

is therefore expressed as .a sum of three terms 

	

- 7(z) 	=T-(1)  (z) 
	

(2)(z) 	T( 3 )(z) 	(I.1.3ii) 

where T(k)(z) is given by 

T(k)(z) = V. 	- V1 ,7  
.G
0 
 (z)T(z) ; k,i,j = 1,2,3 

	
(I.1.31i1) 

k 4 i t  j 



0 T1 T1 

T2-0 T2 

3 

    

    

 

1 

 

T(3) 

   

    

    

G -
0
(z) (1.1.4) 

- 15 

The components in eqn.(I.1.3) satisfy the matrix 

equation 

where by Ti(z) we denote the transition' operator 

belonging to the two-particle subsystem (j,k) with 

i,j,k = 1,2,3 and k. 

Equation (1.1.4) is a coupled set of integral 

equations of the Fredholm type and lies at the root 

of the successful formal solution of the three-body 

problem. 	Regrouping the resolvent G(z) in a fashion 

similar to eqn.(I.1.3ii) such that 

3 

G(z) 	= G
o
(z) + G(1)(z) 

1= 1 

four sets of coupled integral equations can be 

derived for a system of three particles, each of which 

can be combined in general matrix notation to take 
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G
0
T
1 

G
0
T
1 

with IT> = IT0> 

0 	G
0
T
2 

G
0
T3 0 

(1.1.6) 

representing an interacting three-body state. 	(For 

further details see Section 111.2 of ref.(2)). 

Equation (I.1.6) is in essence a LS-equation in 

operator form. 	The intrinsic physical difference 

between the two- and three-particle systems is 

reflected in the fact that for the latter the 

equation is of higher 'dimension', 	The former 

possesses a scalar kernel, whereas eqn.(I.1.6), while 

retaining the basic simplicity of the LS-equation, has 

a kernel consisting of a matrix operator designed to 

correlate the given initial state with the four possible 

final states. 	This-kernel-moreover conforms to the 

_wider definition _of a Fredholm_equation in-that it is 

_bounded and square-integrable. 
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In momentum space the two-body transition 

operators typically are of the form 

<IsITi(z)1 i> = 8(Li-L' i ) < ji lt i(z- 	?) la.' i> 
	(1.1.6i) 

where. and 	are the usual centre-of-mass relative 

momentum coordinates. 	Due to the 8-function in 

-eqn-.--(I.1.61) the kernel in (1;1.6) is still not 

completely continuous in the sense that.solutions can 

be obtained by the usual iterative methods. 	It has 

been shown (1'33') that for particular types of pair-

-interactions, such as Yukawa's, the squared matrix 

operator is completely continuous for all z; 	Lee 

-therefore suggests using the once-iterated form of 

eqn.(I.1.6) thus obtaining a kernel, to which the 

Fredholm-theory applies in its stricter sense. The 

iterated equation is 

= k%(i)> 4-7/c
(i9j)(Z)1; 	

r

(j)› 	(14.1.7) 

2 
with redefined 'asymptotic' states 

Ifo (i ) > = !;0( i) > 	lio ( j) > (I.1.7i) 
/.• 5-- 



- 18 - 

The kernel K(1,)kZi1  now has the form 

( z ) 

"i 

2+G0T1G0T3 G0T1G0 	 0 1 0 2 

	

T3 	GTGT 	 1 
i 
f ' i' ? G0T2G0T3 	 G0T2G0T1 +G0T2G0T G0T2GT  3 	0.1 	 'it-  • 5-; ?) 

GTGT 	 GTGT 	 GU 3  G T +G T G T 0 3 0 2 	 • 0 3 0 1 	 0 3 0 1 0 3 0 2 i 
_ 

__Equ_ation (I . 1. 7) _f orms _the _basis of Lee Is_ work. 

Since this investigation deals only with three-

;particle boundst ate s , the inhomogeneous part of the 

equation will be omitted ljericeforth. 0 
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SECTION 1.2 	Formal Solution of the Iterated Equation 

for a Three-Boson Bound-State.  

The problem of applying equations (1.1.7) and 

AI.1.8) to a system of three nuclear particles, Bosons 
'ha...vbxces 40 

_or Fermions, hail-s-4-awn to the necessity of finding a 

suitable general representation for the states of such 

a system. 	Until Lee's work, attempts had been made 

to classify such states in various ways and to solve 

Faddeevvs Equations in the framework of those 

representations. 	All these theories incorporated 

'the restrictive assumption that the particles interact 

in pairs through separable, non-local potentials, such 

as the one proposed by Yamaguchi(3) 	The advantage 

of this restriction lay in the fact that part of the 

_kernel _could be solved in closed form, thus reducing 

the number of variables involved. Apart from the 

obvious disadvantage of such a restriction, there was 

also the considerable difficulty of generalizing such 

formalismsto include spin-isospin for the treatment 

--of the more realistic system consisting of three 

Fermions. 
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Moreover, all these methods were stretched to 

the limit in order to produce results of limited 

significance only. 	In numerical terms the solving 

methods were intricate: integral equations with 

-variable limits, requiring large computers with 

-large-word-lengths to carry as many digits as possible 

in order to keep rounding errors on a tolerable level. 
54,ive.‘•( 

We do not propose to haveAall the problems arising 

from a numerical approximation to the solution of 

integral equations, but Leels new formulation of the 

problem leaving one with a one-variable integral 

equation intrinsically reduces the number of error 

sources. 	The numerical effort is still considerable, 

but computational errors now become more controlled 

and predictable to the extent that the numerical 

____ content of the theory can be better assessed. 

I.2A) Classification of Three-Particle States within 

the Algebra of SU(3). 

We start by quoting some well-known group-

-theoretical facts about rotations in three dimensions. 



- 21 - 

The description of such rotations requires three 
non, 

-.independent-
A
commuting operators, e.g. Jx, J and 

Jz. 	Each operator is understood to represent an 

infinitesimal rotation about its respective axis. 

These operators obey the well-known relations 

(Where for convenience we have the indices 1,2,3 

--for- x,y,z respectively). 

n 
in0J 	l,m,n = 1,2,3 	(I.2A,1) 

lm n• 

with 

n 
elm 

1 for_even permutations.  of l,m,n 

0 for any two or all three indices 
equal 

-1 for odd permutations of l,m,n 

The three above operators form the group denoted 

-by-0 	 thee-aIgebra of this 
3 

group, with elm being the structure constant. 	This 

-group is a compact,-semi-simple Lie group(1,15) • 

An important property of an algebra is its rank, 

-defined as the number--of operators which can be 

_simultaneously diagonalized. 	In terms of physics 

the-number of-group-elements which can be observed 
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simultaneously as measurable quantities. 	The rank 

of 03  is one and it is customary to diagonalize J3. 

The rank is also equal to the number of Casimir 

operators, which can be formed from the algebra of 

a group. 	These operators commute with every element 

of the group, a condition which in the case of 03  is 

satisfied by the square of J, the total angular 

--momentum operator: 

CJ
2, J.] = 0 ij = 1,2,3 	(I.2A.li) 

J2 is therefore a C-operator of 03. 	Since the 

algebra of 0
3 
allows for only one operator to be 

diagonalized, there is only one C-operator. Having 

determined the algebra of a group, the next step 

consists of finding irreducible representations for 

the group. 	It can be shown that the number of labels 

required to specify an I.R. is equal to the rank of 

the group. 	In the case of 03  we therefore need one• 

label, usually chosen in accordance with the eigen- 

values of the C-operator J2, i.e. j(j+l). 	A 

particular component in the I.R. requires (n-r) 

labels, where n denotes the number of group parameters 

and r stands for the rank. 	In 0
3 
n = 3 and r = 1, 
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hence 1 label. 	Thus the specification of an angular 

momentum state requires altogether 2 labels, normally 

denoted by j and j
z 
where j

z 
is the eigenvalue label of 

the operator J. Knowing the values for j and jz  one can 

then construct a complete set of states 1j,j7›, upon 

which the group-operators act. 

We shall now proceed to look at three-particle 

states and their transformations. 	Altogether 12 

quantities a-re-1TIV-6-1Vdaa-n-tEd—s-pre-biritati-on- of -Stich a 

state: 9 position (or momentum) quantities, 2 for spin 

and isospin and, for completeness, one - for hypercharge. 

If for the moment we disregard the last three, we are 

left with real 9-dimensional state vectors, transform-

ation of which are effected by 9x9 matrix operators. 

3, 
By imposing the condition that R2  = ), r.2  (or 2.2  = 

1=1 a 

remain invariant and furthermore shifting our consider- 

ations to the CM-frame with the new vectors 

( ) 	1 (E2 Ea )  

 

r(2) 	 , 
= 	6` ( 2r 3 - 

,(3) 	= 

 

(I.2A.2) 
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we obtain the 6-dimensional state vectors 

r(2)N / and the required transformations are 

the elements of the group 06  (orthogonal six-dimensional 

transformations). 	The algebra of this group is given 

by the 15 real antisymmetric matrices R
ij obeying the 

relations 

[Riv Rik] = R ik  

R.. 
ii 	

= — 
Rji 	

(I.2A.3) 

[Ri j I.,  Rrimi 	= 	0 	fori+jimin 

Group theory tells us that 06  is reducible and one 

therefore has to decide how to effect the reduction. 

In view of the fact that later on we wish to include 

spin-isospin, it seems natural to select those elements 

of 06  which treat the three particles symmetrically. 

Dragt(1'6)  shows that there exists a subalgebra L
1 

to 

L0  (the algebra of 06) which has this property. We 

also note here that a linear operator S can be 

constructed which commutes with all elements of L 
1 

and which can be interpreted as a C-operator providing 

one label of those required to specify an irreducible 

representation (I.R.) of the system. 



of operators defined by 

[Ajk , 117R. jk- (I.2A.4i) 

_The_quadratic_operator 

2 	y 2 
A 	7.— Aij (I.2A.4ii) 
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Let us now realize L
0  and L1 as an algebra of 

hermitean operators acting on three-particle state 

vectors. 	The hermitean analogue of eqn.(I.2A.3) 

is 

LA  ' jk Alm] = 0 	ijik4lim 

Akli 

Ail ij 

With Ajk  r.pk 	rkPj' - 	j,k = 1,...,6, being a set 

is found to commute with _all_the_Ai_j  .and may th_erefore 

be interpreted as a quadratic C-cperator of the algebra 

L .whose eigenvalues supply a further label for an I.R. 

This operator is associated with the 'Grand Total 

Angular Momentum' of the three-particle system. The 

—algebra Li  turns out to-be that of the group U(3), 
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with the nine elements 

Ji  . = Rid  + 2 	Ri+313 +3  1,j < 3, i 	j 

K. . 	Ri,j+3 	Ri+3,j 	i,j < 3 	(I.2A.4iii) 

Extracting the operator S, which is of the form 

=I 2 (I.2A.4iv) 

from L1 leads to the algebra L2 with 8 elements. 

L
2 
is shown to be isomorphic to SU(3), the algebra of 

traceless 3x3 hermitean matrices. 	L
2 is irreducible 

2 and of rank two, with the two C-operators A and S. An 
_irreducible representation of SU(3), in analogy to 

what was said at the beej.nning of this section, there-

fore requires two labels,.chosen to be the eigenvalue-

labels of the two C-operators. 

Since r = 2 and n = 8, each component within an 

I.R. requires another 3 labels. If the group SU(3) is 

Chosen to be decomposed in terms of the sub-group SO(3) 

(the unimodular 0
3
), then two of the labels are provided 

by the eigenvalues of the three-dimensional rotation 

generators J2 and Jz, discussed previously. The last 

remaining label belongs to possibly another cubic 

operator, but need not be considered further, since it 
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deals with degeneracy of the states at higher energies. 

Thus a three-particle state is specified by 

altogether 5 labels. 	These labels are related to a 

specific decomposition of SU(3) suited to meet the 

requirements of dealing with the three particles in a 

symmetric fashion. 	The symmetry aspect has been taken 

into account by the reduction of 06  via its subgroup S3, 

the group of permutations on three objects. 	The 

operator S indeed is related to all elements of S
3 

and 

commutes with each one. 

I.2B) Construction of Irreducible Representations of 

SU(3) States. 

In the previous section we have shown that an 

'I.R. of SU(3) is specified by two labels, chosen to 

be the eigenvalue-labels of the two Casimir-operators 

A2 and S. 	These two labels shall be denoted by x 

and 1. 	Since these operators are related to the 

concept of infinitesimal generators, it is natural'to 

seek their representation in some differential form, 

and more specifically in such a form that they show 



where the variables 

0 < r < m 

0 < < 

0 < 0  < 2r  

0 < « < 2 TT 

range as follows 
• 

} Dalitz-Fabbri Coordinates 

(1.213.1) 
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the operators of the sub-group SO(3) explicitely. 

We recall eqn;(I.2A.2) and note that we are 

dealing with six-component vectors r = (r(1), r(2))  

(1), 2(2)„ (or alternatively 2 = (2 	) ). 	Based on the 

work of previous authors(1'13) / Lee chooses a set of 

equivalent variables, which we shall simply state 

- here without derivation: 

r 	r/ -1r1--  CO V, 8, y) 

o <s < TT 
	 Euler Angles 

0 < y < 

The first three of these variables represent the 

'internal' coordinates of a triangular figure with 

one particle at each vertex. 	The Euler angles then 

describe the orientation of this figure in space. 

The reader is recommended to consult Chapter 3 of 

Leets thesis for a full understanding of these 
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coordinates. 

The differential form of the operators A2 and S 

must be such that their eigenfunctions, i.e. the I.R. 

of SU(3), lie on s5, the manifold of a five-dimensional 

sphere, parameterized by the set (I.2B.l). 	In this 

set Lee obtains the following expressions for these 

two operators: 

- 
(62 

0* 
--7 4,  La(2211 

sin4* 
+ 

0$ 

2 4 

cos22* bcp --7  

▪ [2L2  1 	- 	2 	)L2 	4in sin2* L  
	 w 

cos2111 	Sin22* 	cos22* 	ocp 

▪ cos2* (L2_ L2)] 
	 + 
-sin22s (I.2B.2) 

and 

S = 2i1T 

bcp .  

In eqn.(I.2B.2) L = (Lu  ,L v  ,Lw  ) is the angular momentum 

operator with respect to the orthogonal, body-fixed 

(triangular figure) frame, where u and v coincide with 

the two principle axes of inertia; 
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furthermore 

L 	b 

by 

and 

L = L + iL = irr clIfY (  1  	b 	T cotO ) 
roma 	

sin0 au 	as 	aY 

A2 can be identified with the Laplace-Bet-tram(1'7) 

operator on S5  and is also the angular part of the 
2 

six-dimensional Laplace operator V6. The eigen-

functions of A2 are the surface harmonics S9 (1) on 

S
5 

of degree x, i.e. 

A2 
	

) 
SX 1  
(r 	= 	x(x +4) ff2 SVH 	(I.2B.3) 

where we have used the notational abbreviations: 

cps a, 0, y) 

V ^ the remaining set of labels for the 

harmonics. 

These harmonics are also eigenfunctions of the. 

S-operator 

S S1
X
"vM = 2µm SPx'v

(±) 	(I.2B.4) 
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Forgiven x, the range of 11  is 

	

-X  + 1 	 -, -- - 1, x  
-2- 	

2 
2 . 	2 

The remaining set of labels now numbers at most 3. 

If in accordance with the decomposition of SU(3) in 

terms of the subgroup SO(3) we impose the condition 

that the surface harmonics also be eigenfunctions of 

the operators L2 and Lz (for the time being we consider 

only integer values of j and jz), i.e. that Sr(D 

satisfy the equations 

L2 
- X 
	(r) 	L L+1 Tit sy

X

,LM(.t) 
	

(I.2B.5) 

Lz SP'LM(.P) ) (I.2B.6) 

we find these harmonics to be of the form 

( ) = LM 	/ G K/ 	DmoR) 
Xµ T  

.1( 

(I.2B.7) 

L f \ where D
MK(

R) = eiM°1  dL  (0) eiKY, the rotational MK 

matrix(1,12) 
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LM and GxpK/ 	aLM,K(t) e ipp  
7 	Xp 

with N being the normalization factor arising out of 

/,.‘ normalising 	LMkr) to unity. 	For small values of 
X 

x as well as for low angular momentum the third label 

of the set may be disregarded because the system can 

---be--shown--to be 	multiplic-ity-free. 

In principle the functions gLM'K(11;) can be 
Xp 

determined from eqn.s (I.2B.3) and (I.2B.7) but for 

general L the solution of the coupled differential 

equations proves to be very difficult. 	Lee lists 

the major properties of these functions but, since 

S .— 
we are treating only howidstates, all we need to 

consider is the case when L- = 0 (the M-label can be 

dropped as the functions do not depend on it at all). 

For this case, eqn.(I.2B.7) reduces to one equation 

of the form .  

SXp 	
= N 

c2 	 I 
e-iPY(cos211)1  IPIP 1'°  (1-2cos220 	-(I.2B.8) 

) 

by means of the Jacobi polynomials PiP(x). 
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k 
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Having obtained an I.R. of SU(3) in the form 

of a complete set of functions SII
X
'LM(1) on S

5 
in 

configuration space, we note that in momentum space 

the angular part remains exactly the same. 	We can 

now construct the general normalized states in both 

spaces. 	Using Dirac's ket-and-bra notation and 

. again denoting the remaining set of labels by x and 

v, we obtain the states as 

	

2 , 	1 J
1+2

(kr)  
S v(1” 

	

9Xv/ 	X - / r2 

(I.2B.9) 
/ 2 2 8k10 -k )  

=   Sv(1-1) 
102 	

X 
 

where k stands for the momentum space counterparts of 

the five angular variables in configuration space. 

In view of discussing symmetry properties, Lee 

reorders the set of functions Sv
X
(r) making use of the 

adjoint representation of the I.R. of SU(3). 	The 

/^ rearranged set, denoted by S kr) greatly simplifies 
Xv.- 

the specific equations for the boundstate, as we shall. 

	

see later on. 	For the rest of this discussion, we 

shall adhere to this notation. 
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The set' of states (I.2B.9) being complete, a 

general interacting state can be represented as 

Xxv(k)  

I Y> = 
k
2 	sXv(11) 

XV 
(I.2B.10) 

in momentum space, where Xxv(k) = /2 <k2 x v  1 y> is the 

generalized partial wave amplitude. 

The configuration space analogue is given by 

<r I y> = 

U (v) 
Xv2 
	s 

r Xv 
(I.2B.10i) 

The two amplitudes are related by 

xxv(k) = px.4_2(kr) uxv(r) rdr 
	

(I.2B.lOii) 

with 	normalization 

/  1 	kk) I2kdk = 	luxv(r) I2rdr (I.2B.10i11) 
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I.2C) Formulation of Faddeevls Equations in the SU(3) 

Representation. 

Having found a complete set of three-particle 

states Ik2,xv> via the I.R. of SU(3), we now wish to 

apply this to Faddeev's theory. 	With a special view 

towards the application of OmneL'O angular momentum 

reduction, we-introduce an 	set of states. 

This set arises out of a representation of the system, 

2\  in which the total energy a  . 	14, L3), the total 

angular momentum L and its components M and K about 

the space- and body-fixed axes respectively are 

diagonalized. 	Such a state shall be denoted by 
• 

M K >. 	We note here that this set of states is 

completely equivalent to the set denoted by 1k2,xv>; 

it is also equivalent to the momentum space counterpart 

2 of the state Iris = Ir.1) rc2)>, which is denoted by — 

Iki> = 1E1, 24> (Li  and 24 are in no way connected 

with the variables in eqn.(I.1.6i), p.17). The index i 

in the latter set refers to the three possible choices 

of relative coordinates; 	the index i indicates that 

r(2) and a  are placed along r. and k. respectively. —2 
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The reason behind the choice of the intermediate 

set ILL, L Al K > becomes clear when we consider Faddeev's 

iterated equatio (I.1.7) and the calculation of the 

kernel elements <k
2
,xv I 01,j)(z\ r 

	

I k'
2
1Xlvt>. 	The 

functions S Xv(k)  were constructed in such a way that 

their angular dependence on a, 0 and y was separated 

out. 	With the help of Omnest angular momentum 

reduction and the intermediate set, we can obtain the 

elements of K" (z) with the SO(3) part again 

separated out. 	Thus we can deal with three of the 

six variables separately. 

In the SU(3) representation the homogeneous part 

of eqn.(I.1.7) reads: 

<k
2 

Xv 1.V(i) 

y 	r<k2,xviK(1,j)Ik22,x I v i>2k'dk,<k12,x'v (i)>; 
o  

J= X'v l  

with i = 1, 	 (I.2C.1) 

which is a coupled one-variable integral equation in k'. 
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We shall omit .the formal details arising out of the 

above remarks concerning the intermediate set of states 

and we merely quote the expression, which results for 

1  the kernel-elements <1 2,xv IK(1,J)(t)1KT2  ,xl v t> after 

application of Carnes,  angular momentum reduction: 

, <k2,xviK(i 'j) 1k'2  ,x't> 

1 i 1c <k2, 
K,K' 

sT,LMKIK(i")(t)lki2,
V 
ti

(I) t 
T,LMKI> 3213(2L+1) 

wGWL,K (sW,cpW) GLOV (11',9, 1 ) k2k12] d46,  

XpiLM 	Xpjz,n 
(I.2C.2) 

x 	" with db = cos2 *cost lIf f/d(cos211/ #  )d dT (I.2C.21) 

The labelling of the functions GL'IC  (00 has been 

chosen in accordance with the rearrangement of the 

surface harmonics (see remarks preceeding eqn.(I.2B.10)). 

Dealing with a boundstate of three spinless 

particles implies first of all L = M = K = 0; furthermore 

the total symmetry of such states with respect to all 



- 38 - 

—permutations-of -the -particles implies that the labels 

x and p (rearranged into two groups denoted by pj  and 

z, j = 1,2,3) appear only with the following values: 

X 
	0,)4,6,8 and even integers 

= 2 	(this label will be omitted in 
future) 

-4), J 
	

113
__=_.3n 
	n = 0,1,2, 	• • • 

The surface harmonics then reduce from eqn.(I.2B.8) to 

S (k) = G (s,y) 
Xp,3 	 3 

---[ ]cos "2  

	

113cp(cOs2i)413X:1_1(3, 	- 2cos220 

1 for r-  ,L 3  i 0 
X 

Vi for 11 3  = 0 

The factor (2)2  for ru3 = 0 is needed to compensate 

for the double contribution of S 	, since.S 	= S 
Xµ3 	X-µ3  

for 	= 0 (see ref.(1), eqn.(4.35i)). 
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The eqn.(1.2C.2) now reads 

<k2,x431K(19j)(z)ii_t2 	[(X+2) (x+2)] 	2  
IX p3> - 	k 102  

6/3 

X r<k2,1 1CT*IK(ilj)(Z)1k221  ee>COS
3 

 ci*COS p l y" 

P 	NP3. 

	

x 13113 t° 	(1 - 2cos22$*) 2 "j x (cos 2 	cos 

i(12.--P3)  

113 0 	0 
x P 

	

	(1 - 2 cos422s")]x dA 

2 

1 for 11,3,p, 

x 	V-1 for either p3  or 6 = 0 2 

1  for p3  = 	0 2 

The elements <k OWT 
2 	w (i,j)jk1 2,econ> in  

- integrand consist of typical terms such as 

<k2t s cp  ]GoTrGoTlikl,ey">. 

the 
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The transformation properties of the subgroup S3  on a 

system described internally by the Dalitz-coordinates 

coupled with the fact that P  is restricted to R leads 

to the particularly useful relation 

<k2,xP IGoTrGoT. kc
12 	> = <k2;x11  1G0  T1  G0  T2 

,2 
31 	3 

(I.2C.4i) 

The complete equivalence of the sets Ik2,x v> and 

6,1mk> allows the r.h.s. of eqn.(I.2C.4i) to be 

represented in the form 

<w 1G0T1G0T2  > 272 1 

 

wl+w2+w3-Z (0)14) 2  

(Vw1+Vw 
)2 

3 ) •t( 	 ),1 11 r't( 	f 12.7  
'W1W2W31W1W2W37-.-2W1 	W2W3WV W2W  w1;-.021 w3 

Go, 4- rp2  - z) + m" 
-3 

(Vwl-Vw0 2  

Where t (w,w 1 ).is the two-body transition operator 

(see eqn.(I.1.6i) in the notation 

<al 	2  ti(z-g1)111> - t ( 	2 z - 
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with the arguments 

Ei  

Ali 

.... 	 2  
- ‘2m1/e  

= 11-(2wi  + 2wk  

  

(I.20.5i) 

i,j,k = 1,2,3 w i ); 

The formulation of the equations to be tested 

numerically is thus complete, except for the intro-

duction of a small restriction designed to facilitate 

the computational process: 	It can be shown that for 

a system of three spinless particles interacting in 

pairs only small values of x, x need to be considered. 

We chose x = 0,4, noting that the next higher value 

contributes only a few percent of the partial wave 

amplitude Xxy(k) with x,p, = 0. 	The implementation of 

this restriction leads us to the following coupled set 

of equations: 

<k2, x113  !Ts' 

.Nk2,x 	G T G u, 	T 
r-3 1 6 I ex 2 

lc'
2
,x' 

3 	
. v> clic'2 10

2  
< 	,XVIT / 3 

(1.2d.6) 

where by lyre we denote the totally symmetric state. 
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We have hitherto considered spinless particles 

only. 	In the next section we shall therefore briefly 

introduce the concepts of enlarging the theory to 

include spin-isospin. 
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SECTION 1.3 	Inclusion of Spin-Isospin. 

A physical triton is composed of three possible 

4 	4 2S 	three 2P , the PI  and the three Di  states. Of 

these the 2S1  states dominate the boundstate wave- 
2 

function to the extent that for the rest of this 

discussion the other states may be disregarded, since 

there contribution is minimal. 	The 
2
S,
2 
 states, with 

• 
L = 0 and S = J = 	consist of 

a) a state, which is fully symmetric with respect to 

interchange of the space coordinates of all three 

nucleons; 

b) a state, which is asymmetric with respect to 

interchange of coordinates of any two particles; 

a state of mixed symmetry. 

Lee constructs a complete set of three-particle 

spin-isospin states with given total spin-isospin (S,I) 

and respective z-components (Sz,Iz) and subject to the 

condition that they have definite symmetry properties 

under transformations of S3. 	The group theoretical 

approach to the classification is similar to the method 

used in configuration space and we shall not go into 

the details, but only sum up the relevant results of 

his analysis. 
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The method rests on constructing a spin-Space 

for a system of three nucleons in the form of a 

mLltispinor of rank three, represented as 

F.  • • 	= x(1)x(2)x(3)  .113-2 3 	11 12 13 
(1.3.1) 

where x.
(k) 
 is the spinor representation of the k-th 
k 

- -nucleon-4k-=-1_,--20)--and-the-spin state-of a nucleon 

with S = i is given in the form of a twcy-component 

spinor x = (x x ) 1/  2 If this two-component spinor is 

required to form a spin-space for the representation 

of the- unimodular group of unitary transformations SU(2) 

and if an I.R. of this group is sought in the 23dimensional 

---tensor-space spanned by eqn.(I.3.1), this tensor has to 

be resolved into components, .which transform irreducibly 

under the group. 	This is shown to be equivalent to 

resolving it into tensors, which have definite symmetry 

properties with respect to S3. 	By means of Pierce's 

resolution of the identity element into four operators 

Lee obtains basis functions for an I.R. of S3  and , 

subsequently decomposes the tensor (I.3.1) into four 

components: one totally symmetric, one totally 

asymmetric (which vanishes when dealing with a triton) 

and two of mixed symmetry. 



45 - 

Since the totally symmetric state has J = 	 and the mixed 2 
1 

symmetry states have J = 	the triton states are carried 

by components of the mixed symmetry tensors. 

Lee derives the two properly normalized three-particle 

spin-space basis functions: 

= 	F 

   

   

  

1 

2 

    

    

(1.3.2) 

F 

  

  

i
1 
i
2 

    

  

±
3 

 

    

In obtaining these, use has been made of the YOung tableaus 

to denote the symmetry propei.ties; the components on the 

r. h. sides are tensors generated by the .two mixed-symmetry 

operators (arising from the Pierce resolution) acting on 

the tensor 
Fi11213 in eqn.(1.3.1). 

In isospin-space the analogous argument applies, and the 

resulting basis functions are denoted by 

+ 2 G 
1 
	3 

i2 

(1.3.31) 
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(I.3.3ii) 

The combined spin-isospin-space is spanned by the inner 

product of the two representations. The properly normalized 

basis function for a system with S = Sz= 	and I = -I = z 2 

are listed below: 

	

Zs  = fi ( e i n i 	9211 2 ) 

Za = /i ( ei np  - 6211 1 ) 

(1.3.4) 

	

= II ( 01112 	92E 1 ) 

= /I ( 61111  - 

-Where Z,Za,Z1  ----and---Z 2  denote-  the symmetric, asymmetric 

and the two mixed-symmetry states respectively(for nota-

tional convenience the indices a, s, 1, 2 will be substi-

tuted by (1), (2), (3), (4) resp.ly, from here onwards). 

The most general three-nucleon state will be of the form 

IT > = L'IY(v)> Z(v) 
	

(1..3.5) 
v=1 

where the choice of the spatial kets y(v)> conforms to 
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Paulits principle, whereby the complete ket is to be 

fully asymmetric, i.e. 

asymmetric spatial ket 

symmetric spatial ket 

spatial kets of mixed symmetry 

With the symmetry properties of these kets already known, 

one may deduce that their expansion in terms of SU(3) 

-States involves only those states with the same respective 

symmetry properties. 	Since L = 0, the states required 

forsuchanexpansionare10,41,.0, with the labels 

referring to the rearrangement of the states in terms of 

the tranformations under S3  (see Page 34). In the 

following we list the four types of expansions: 

	

a> 	flk2,4,31>d1c2<k
2
,4,3111ta> 

X113 

	

!Ts> 
	

y rik20,11 _2>dk2  <k2  ,4,32lys> 
	(1.3.6) 

Xp, 3  

flk204j1>dk2<k2,x illyi> 

Xpi 

	

11'2> 	' rik20,p.2>dk2<k20 J 
1 .21y.„› 

Xp i  
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With a special view towards using Faddeev's equations 

for the state IT> the expansion coefficients of 

eqn.(I.3.6) are decomposed into three components, e.g. 

2
,xp31ITa> (1.3.61) 

with the kets IT('")  (v)> redefined to 

I Y (i) (0> 
j=1 

(1.3.611) 

With this decomposition the general interacting state 

is once again given by 

iY> 	 IT (0> 
	

(I.3.6iii) 

i=1 

and the spin-generalized Faddeev Equations read 

-Go  (z)T.(IT
(i)> - IT(k)>) Y (1.3.7) 

i,j,k = 1,2,3; i 4 j 4 k 

This is formally the same as the homogeneous equation 

of eqn.(I.1.6), with. Ti  now being given as a combination 

of a projection operator P. (jk) for the spin-isospin 
19a 
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state of the two-nucleon subsystem (jk) and T. , the 
-sty 

transition operator of that state: 

T. = 7 P. 	(jk) T. 	
(1.3.8) 

v=1 

The P. 	are given by: 

P. 4 = P P ; 
G T 

P. = P P-
1, g T 

P. ,= Pilr  Pi  
T 

P. I.= Par  P 
1/ 4- 	T 

(1.3.8i) 

with PI (jk) = 2 9T (jk)6 ) ,T  

Equation (1.3.7) operates in spin-isospin space as well 

as in abstract Hilbert spaoe.- Since we are interested 

in the spin-isospin states, we extract these to obtain 

4 
ly(i)(v )> = -G0 (zg

ila
Z Z(v)P ,  

a=1 
)T 2/a-1(1T(i)(v1)>+IT(k)(v1)>) , 

(1.3.9) 

where use has been made of eqn.(T.3.5) as it applies to 

each component of eqn.(I.3.6iii), together with the 

orthogonality of the basis states z(v) • 	The trans-

formation properties of these basis states under S
3 

provide a matrix representation for the projection 

operators P. 	in spin-isospin space, such that the 
2-/a 
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_elements z(v) P. Z(v')  may be evaluated. 
ifU 

Lee proceeds to show that the transition operators 

T. 	and Ti 	are null operators and that therefore the ,4 
( components 111.r(i)> for i = 1,2,3 as well as 1y23)> vanish a 

identically. 

After rearranging the rows and columns and iterating 

the integral equation, the final homogenous equation is 

.obtained in the form 

7K ss Ksl Ks2 

K 	K - _ls K11 -12 

K2s K21 K
2 (1.3.10) 

where 

IY 

/11 1)› 

> = symmetric component 1 1,(2)›  s  

I,y 3)>/ 

  

and the two mixed-symmetry components 

(141);\ 

1111> 
 = 1,42)› 

\IY(3)> 
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11'2> = (2) 
\IT2 >/ 

The explicit form of _the_matrix elements in 

eqn.(I.3.10) are to be found through relation (7.26) 

and Appendix 8 of ref.(l) and will not be listed here. 

The numerical solution of (1.3.10) presents a 

major problem in itself. 	Since in this thesis we do 

not attempt to obtain_the_full solution, we shall leave 
, 	. 

the discussion at this stage and return to it later on, 

when we shall seek a solution in the light of special 

assumptions. 
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CHAPTER II 	FIRST STEP TOWARDS NUMERICAL SOLUTION 

The solution of boundstate equations for a system 

of three bosons, and later on three fermions, depends 

-to a-large extent upon the choice of pair-interactions, 

_through which the system is supposed to interact. 

Before attempting the solution, we must therefore 

determine the exact shape of the potentials under 

consideration. 	This chapter deals with this aspect 

of the numerical verification. 

Before discussing our choice of potentials, we 

shall list the explicit equations arising from the 

_formalism discussed in the.previous chapter. This will 

be followed by a section introducing the potentials, of 

which there are three: the two local potentials, 

----exponential and YukaWals, and a non-local separable 

potential, proposed by Yamaguchi(3) 	The last section 

-ideals -with determining the shapes of these potentials 

for the triplet as well as for the singlet case. 
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.—Section IT.1 	List of Equations to be solved, Bosons  

and Fermions. 

Bosons  

Recalling the remarks made in the last section of 

---the --previous chapter, the set of coupled equations 

(I.2C.6) reduces to 

2 <k ,001T
s
> 

1 
j<1c2  9001G0T,G0T21k 12,X 1 0>dkt2<k l2X I OITs> 

X 1 =0,4°  

-<k2,40lys> 

= 4 	2 

	

j<k 	401G
0
T
1
G
0
T
2
Ikv 2  ,xtO>dke2<k92x 90

1
Ifs> 

_X!=0,40  

(11.1.1) 

(as x,xf = 0,4 the only eigenvalue of S to be considered 

is 	= 3 = 0) 
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For-convenience we rewrite this coupled set in operator 

form 

/ X0,0 ) 	( K00 	Ko4 

X4 ,o 	c4o 	K44 

—where the 
XXXI(k) 

 arise out of eqn:(I.2B.10). 

Condensing the notation even further results in 

	

(1. - IT) 	0 
	

(11.1.3) 

K stands for the matrix of integral operators K X , X " 

whose action becomes clear from considering eqn.(II.1.1). 

If for the time being we restrict ourselves to obtaining 

values for the binding energyEb, our task consists of 

finding that value of the total energy E, for which 

—det 	- 	0 . 	 (11.1.4) 

The problem of obtaining the boundstate-wavefunction 

is equivalent to solving the eigenvalue problem 

x yr 
	

(11.1.5) 

/ XO,o 

x-14,0 	(II.1.2) 



= 

= 

= 3 

2 k  

k22    

, 	2 

1 3 

1  3 

2r k Ll 

2r k 

2r k Ll 

+ 

+ 

+ 

cos 

cos 

cos 

w2 

w3  

211 cos(T-47)] 

211r cos(40-37)] 

21,coscp] 
	(11.1.6) 
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The set of variables involved is 1k2 	together with 

the primed set; 	alternatively we use the set 61,w2,w3›, 

related to the first one by the relations 

Fermions  

A-  Tor the case of bosons the consideration of the 

three nucleon boundstate is also restricted to x,xt=0,4. 

This leads to a set of coupled equations involving 

. altogether 11 amplitudes, as.can be verified from 

eqn.(I.3.10). 	Since in the context of this thesis we 

are satisfied with obtaining only a few results'suitable 

fdr comparison with the boson case, we make an additional 

restriction: since the triton boundstate exists pre-

dominantly in the symmetric state, we shall only consider 

<k20,113viss> to compute the boundstate energy and later 

on the wavefunction in the zeroth approximation, i.e. we 

solve only for the homogeneous equation of <k201, 3z,I llis> 

in eqn.(I.3.10).. The spatial transformation properties 
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are the same as for bosons (see eqn.(I.2C.4i), for 

---exarripleY and the resulting- integral equation for this 

partial wave amplitude is: 

<k2,xpj 'v _gT, s> 

2 	y 	r<k20,11321(G0  T_ G0 T2,2  + 3G0T1,2G0T2,3 

3G0 
	

2 + G0T1,3G0T2,3)  

ikt2  IxW>dk'2<W7.,X4'12 It > 3  • 	s (II.1.7)  

This equation in fact reduces to eqn.(I.20.6) for 

vanishing spin-space, when the two-particle transition 

operators T.and T. 	merge into one, T. 2 	1,3 1  

Once provisions have been made to deal with the 

two distinct two-particle transitions, the solution of 

eqn.(II.1.7) is obtained with virtually the same 

computational setup as -for solving eqn.(I.2C.6). 
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Section 11.2 	Pair-interactions and Potentials  

Since the formalism outlined so far is based on 

the assumption that the three-body system interacts 

through pair-potentials only, it is clear that in 

order to solve eqn.s(II.1.1) and (II.1.7) we require 

solutions of the two-body partial-wave amplitudes 

tholl;s), where. s stands for the total CM-energy of 

the pair under consideration (see eqn.(L.2C.5i)). 

We use the Lippmann-Schwinger-Equation as provided 

by Lovelace(4)  in the form of a principal-value integral, 

with 1 = 0: 

2 	2 2 	2  V0(1,q) to(q,T1 1 ;s) 
toh,111 ;s) = (217)2V0(ii,T1 1 ) 	Pydq q 	 

o 	 q2-s 

(II.2.1) 

The use Of this expression is subject to the two 

conditions 

a) that the potential used is symmetric in 	and fit, and 

b) that 11 and .it  remain on the real axis. 

Both conditions are satisfied in our case. 

Comparison of Lovelace's original equation (2.26) (which 
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we may equate to to, as we remain on the real axis) 

with'eqn.(II.2.1) reveals differing factors. This 

arises out of the Fourier transform convention adopted 

by Lee 

y(2) = (20 2  s 

as opposed to Lovelace 2 s 

+co 
YL(2) = s dxella 4,(x) 

-co 

(11.2.11) 

(II.2.1ii) 

When dealing with positive energies, Lovelace derives the 

useful relation between the real quantity Al(Vs,Vs; s) 

and the phase-shift 61  on.the energy shell, of the form 

( 1 = 0 ): 

1 
Ao(Vs,Ts; s) = - arr2Ts cot6 0 

	 (11.2.2) 

We note here that in computational terms A0  is the' same 

as to, but it must be remembered that for positive energies 

s the amplitudes are not given by eqn.(II.2.1); in this 

case the amplitudes are obtained via the off-shell unitarity 

relation and Lovelace's subsequent decomposition of the 
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amplitude equation into its real and imaginary parts. He 

derives a coupled set of equations for these parts, which 

involves the real principal-value equation for Al. For - 

the purpose of this discussion we do not need the explicit 

values of the two-body amplitudes involving positive ener-

gies. As we shall see later/on, all we need are a few values 

for the. scattering phase-shifts at low energies ( < 10 MeV ). 

The first two terms of the expansion for TsxcotOo 

	

1 	ro 

	

Tsxcot6o  = - — a 	2 + — + (11.2.20 

then provide a means of obtaining the exact shapes of 

the two-parameter pair-potentials via a fitting process, 

where the scattering length a and the effective range ro  

are experimental values. 

We have chosen to test the formalism under the influence 

of the following three pair-interactions: 

A). The local potential of the Yukawa type(5), 

B) the exponential potential(6)9  and 

C) the non-local, separable potential proposed by 

Yamaguchi(3). 
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II.A) The Yukawa Potential 

In configuration space Yukawa/s potential takes the 

form 

e-YYur  
Vr(r) = Gyu  
	

(II.2A.1) 

where r denotes the relative position vector of the 

two particles involved. GYu and vYu  are two constant ,  

parameters to be fixed. 

We require the partial-wave potential in momentum space. 

Fourier-transforming eqn.(II.2A.1) yields 

2 
V (E,21 ) = ayu[(2 - El )

2 	
Ylru]

-1 
 (II.2A.2) 

with G
Yu 

= constant. 
a-
Yu 

We rewrite this in the form 

= 	1 V (2,E? ) = GYu PP' 

 

1 GYu 
G - yu 

const. t - cos(E,2') 
(II.2A.3) 

	

2 	,2 	
Yu where 	 P 	Y  Yu  where t - 2pp/ 

A comparison of the expansion for V and the expression 

1At-cos(E,21 )], both being listed below 

	

V (2,2' ) = 	Vi(plp/)(21+1)P1[cos(2tEt)] 
1 	

(II.2A.3i) 
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t - cos(E,E,) - 	Ql(t)(21+1)Pi[cos(2,2')] (II.2A.3ii) 

1 

with 1 = 0,1,2,3,... 

P1  = Legendre Polynomials of the 1st kind 

	

Q1 
	.0 

	
11 	 11 " 2nd rI 

yields by analogy the partial-wave potential as 

2 2 

	

1 	
2 

Pt 4-' YYuN. Vl(p,p1 ) = GYu pp, xQA  2ppt 	(II.2A.4) 

Since 1 = 0 we have 

t + 1 

	

Q0(t) = 	1) 	 (II.2A.41) 

and hence 

1 	(P+P v )
2 

+ Yyul 
Vo(P,PI) = aYu pp' log{ 2 

(P-P1 )
2 

+ Yyu  
(II.2A.5) 

The coupling factors GYu and GYu are related through 

GYu = 
GYu 

2(217)7/2  
• 

The two constants, the coupling constant G
Yu and the 

range-related constant y
Yu 

have separate values for 

the triplet and singlet case, and these will be established 

in the next section. 



((2 	
2 )2 +

,y2)2 

YEX 
V (29E') = U p 	_Ex • (II.2B.2) 
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II-;2B) The Exponential Potential  

This is another local non-separable potential, 

whose form in configuration space is: 

= 	GEx  0-YExr  

In momentum space this becomes 

We may express this in the form 

2,21) 	
YEx 

2 x
o ( 	 

Ex 
p
2
pt  at 	t - cos(2,2y) 

) 	II.2B. = - G 	 3) 

where t stands for the same expression as in eqn.(II.2A.3). 

We proceed along the same line as before and we obtain: 

V (P,) = - GEx 	
YEx  
2 o 1 	W 	x 32 Q1(t); 1 = 0,1 

(PP 1 ) 

(II.2B.4) 
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With 1 = 0 this becomes 

v0(P'P') 
YEx = GEx 	2 / 	4 

kP
2 	

Pe2)2 YEx‘P2 
f2, 
 YEx 

where GEx = 4 (2:7/2 

The two 'shape'-parameters still to be fixed are then 

GEx and v 'Ex 

II.2C) The Yamaguchi Potential  

This type of non-local separable potential was 

proposed by Yamaguchi in 1954 in dealing with the 

tO-nucleon problem. 	It is given ty 

2 
Vo(P/PI ) = GYa 1/UP

2 	2 
y 	) (P'

2 
 + YYa)) (II.2C.1) 

The separability of this potential makes the Lippmann-

Schwinger equations particularly easy to solve exactly 

in closed form. 	Due to its mathematical simplicity it 

has been widely applied to the three-body system(1,3) 

and we include this potential in our investigation to 

see how the results based on this type of interaction 
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compare with those arising from the local potentials. 

Of these three potentials only the Yukawa 

interaction can be justified olm physical grounds. 

In momentum space, however, it presents a computational 

difficulty in that it has a companttively long Itailt; 

the exponential potential on the other hand dies off 

rapidly with increasing momenta and it therefore does 

not require so many points along the p-axis. to yield 

the same accuracy as the Yukawa potential. 	This is 

the main reason for considering this type of pair- 

interaction. 	The convergence properties of the 

Yamaguchi potential are even stronger than those of 

the other two. 	The diagram on the following page 

shows the shapes of the three potentials on the 

same scale. 
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DIAGRAM 1  



and singlet interaction 

potential, we adhere 

(in talking of the ?shape' of a 

(6)).  to the terminology of Preston 
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Section TI.3 	Determination of Pair Interaction 

Parameters  

Having established the momentum-space representation 

of our three two-parameter pair-potentials, we must now 

fix the shape of each of these, both for the triplet 

Each potential requiring two parameters, we need 

altogether 12 constants. 	In principle, the parameters 

of a particular potential are obtained from a fit to 

- the low-energy scattering data of either the singlet or 

the triplet state. 	Since most of these constants are 

known, our task consists of confirming these results 

and to modify the . constants,.where due to our particular 

Fourier-transform convention and our definition of 

relative vectors they differ from the values in the 

literature. 	In particular, we are mainly concerned 

with the coupling factors G, since the range -parameter 

y is affected only by our differing relative vector 

definition, and this in a simple way. 

To make matters easier, we distinguish two cases 

in our computational approach: 

A) Experimental evidence suggests that the deuteron 



7 

bound state may, for most practical purposes, be taken 

--as -existing in the triplet state-only. -We have used 

this fact to obtain all the triplet-state parameters, 

i.e. we look for those parameters of a particular 

potential, which reproduce the correct binding energy. 

7The results are later checked against the scattering 

-data. 

B) Since the deuteron singlet state is unbound, the 

above approach, of course, fails for the singlet 

parameters. 	These will therefore have to be obtained 

_ _via_eqn.s(II..2.2) and 

At this stage we introduce our energy units. 

Since we shall specify the energy values in units of 

(fermi)-2, we require the correct conversion factor 

from MeV-units to (fm)-2 
	

This conversion factor is 

obtained with the non-relativistic kinetic energy 

relation 

tr E = 2 with v = — 1 

We recall our relative vector definition 

212 = II (21-22) 	1112 = 	(11 1'2)  

as opposed to the usual convention 

212 = 2 (21-22) 	; r12 	r  = 	- 112 — — 
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With the reduced mass Ti being given by T1 _(mproton 

+ Mneutron)  our conversion factor becomes 

\ 1 (fm)-2 = 20.77443 MeV 

as opposed to the usual 

1 (fm)-2  = 41.49486 MeV 

arising from the convention (11.3.111). 

(11.3.2) 

(II.3.2i) 

The effect of our relative vector definition on 

the range-related parameters of the potentials consists 

simply of a multiplying factor of /2, and we can list 

these parameters as follows: 

TABLE 1.  

triplet 	singlet 

YYu 0.8952 1.347 

YEx 1.6348 1.6348 

YYa 2.0489 2.0489 

In units 

of fm-1. 
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The following two subsections describe the way 

in which the corresponding coupling constants are 

obtained. 

_II.3.A) Triplet State Constants  

Returning to eqn.(II.2.1) we may drop the 

inhomogeneous term since we are dealing with the 

deuteron bound state only. 	The kernel is nonsingular 

throughout the whole range of integration, since s < 0, 

and the equation has completely continuous solutions. 

In this particular context we are not seeking the 

solutions to(k,k(;s). 	We may express eqn.(II.2.1) in 

operator form as follows: 

(1 - GK) To  = 0 	 (II.3A.1) 

Here G denotes the coupling constant, K an integral 

operator in matrix form, whose elements are given by 

numerically approximating the integration, 

IC 	= (27)2 	' 2 q  Vo('n,q) 

G 	
2  
q - s 

i• e • 

(II.3A.1i) 



with elements 
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1 

_ (2r)2 qJ 
G 

0('qi tclj)  
s 

ci 	
J 

J 

 

(II.3A.lii) 

w. denoting the weight factors associated with the 

--numerical quadrature. 

-We may now rephrase the problemt -We seek the 

value of G.-.in the potential v
0  for-which, with s set 

equal to the deuteron binding energy, eqn.(II.3A.1) is 

satisfied, i.e. for which 

det 11 - GK 1 = 0 	(I1.3A.2) 

The following remarks concerning the numerical 

quadrature apply to the whole of this work. 	In an 

effort to minimize the error arising from performing 

all integrations numerically, we have chosen the 

Gaussian quadrature method, which optimizes the choice 

of abscissae and their corresponding weights for a 

given interval. 	There are, of course, many powerful 

methods for integrating numerically(8)9  but we have 

found the following to offer high accuracy while being 

the least laborious. 	Furthermore, the particular 

method quoted here offers a high degree of adaptability 

to varied ranges of integration. 

A standard Gaussian range is -1 < x < +1. 	The 

abscissae and weights are tabulated up to large numbers 
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of intervals(9) 	A simple mapping process, described 

by Osborne(10) enables one to use these tabulated 

values for different ranges cf integration. 	The 

numerical integral of a given integral 
13  

I = r  Y(x)dx 
a' 

is performed by means of a weighted summation 

(II.3A.3) 

N 
= lim 	Y(x.)w. 

	

i 1 	 (II.3A.4) 
N-,  co  

where x. and w, are the abscissae and weights, 
1 

respectively. 	Now, by means of a transformation of 

the integrating variable, any region a < x < b can be 

mapped into the range -1 < u <.+1, provided that the 

mapping process does not introduce discontinuities 

into the integrand. 	Our specific requirements are 

met by the following two cases: 

a) 	la] , Ib! 4 m : 

u 	2(x-a)/(b-a) - 1 

2(u+1)(b-a) + a 

dx = 2(b- )du 

therefore• 

b 
I = r Y(x)dx 

i=1 
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+1 
= r  Yg(u)(b-a)du 
-1' 

N 
= lim 	Yt(u.)w. 
N 1 1 

i=i 

b) 	a = 

I 	= 	lim 	Y(x.)(b-a)w, 	(II.3A.5) a 
i=1 

0 	; 	b = 	: 

u = (x-1)/(x+1) 

x = (1-141)/(1-u) 

dx = 2/(1-u)2du 

= 2(x+1)2du 

and hence 

I = lim 	Y 	1(x.)(x.-1- )2w. 3_ N co  i J1 
(II.3A.6) 

Case b) applies to the numerical approximation of 

eqn.(II.2A.1i). The computation relating to eqn. 

(II.2A.2) is performed by first fixing N, and then 

obtaining values for the function Det(G) in the 
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region, where this function has a root. The precise 

value of G corresponding to this root is then obtained 

by fitting a polynomial; in practice, we have varied 

G in sufficiently small steps around where the root 

was to be expected, to warrant a straight-line fit. 

This process was repeated for further values of 

N, in order to obtain G as a function of the number 

of intervals. 	Taking N = 7,9,11,13 and 15 proved 

sufficient to extrapolate the convergence value of 

G for N --)6, to an accuracy of < 0.05%. The following 

two diagrams have been included to give an example 

of the way G was obtained. 



G [fm-1]: 

5 

2 

- 724 

DIAGRAM 2 	YUKAlcA  POTENTIAL coup-LT- (1 CONSTANT  (TRIPLET) 
• 

Determinant 'x 10-2 

1) N = 7 ; G 	= -2.201 ; 

2) N = 9 ; G 	= -2.212 ; 
YU 

3) N = 11; G 	= 	; ut  

4) N = 13; G yut= -2.219 

5) N = 15; G 	= -2.2205; yU.t  

dev 

It 

II 

= 0.7% 

0.3% 

= 0.15% 

0.05% 

= 0.01% 



DIAGRAM 3 Convergence of "G yu— 

8 7 9 10 11 12 	13 	1/4 	15 
_9 . 90 

.-2.2.4 

-2 . 21*- 



- 76 - 

The numerical values obtained for the triplet 

constants will be listed together with all the other 

two-body interaction parameters at the end of the 

next section. 

II.3B) 	Singlet State Constants  

The computation of the singlet state coupling 

constants is distinct from the triplet case in that 

in .involves positive energies. 	We need to compute 

scattering phase shifts to perform the fit according 

to eqn.(II.2.21). 	With the values of s in eqn. 

(II.2.1) now lying on the positive real axis, we 

come up against a weak singularity(11) in the kernel 

of this equation at q2 = s. Dyson et.al.(12)  describe 

a method of overcoming this difficulty by introducing 

a modification in the kernel. 	This modification 

consists of an additive term in the numerator of the 

kernel thus leading to the following equation: 

a 
1110 (1,,I 9 ;.) = (27)2 v0(11,119) 

- (202 p rC°c],q2c1 V0(11,0 
	\r 

0°  

q
2 
- s 

/s) 
uo(qolt;s) 	II.3B.1) 

 



uo(qW;s) 2  
dq 

2-s 

u
0
(q,11;s) 

s+1 
- q2+1  uo  (,rsol/;s) 	2  

dq 
0 

q2 - s 
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One can easily verify the existence of the kernel 

at the point q2 = s, since the derivative of vo with 

respect to the integrating variable q2 exists at 

this point. 	The relation between t0  (11'  1"s) and 

u0(11,1';s) is given by 

0(11011 ;s) 
uo(11,11f;s) 

v,(T1,/s) 	. 2  u,(q,W;s) 
+ ?Tr _ -̀1 	P fdq 	 

vo(ii,T1 1 ) o 	.q2-s 

(11.313.2) 

The principal-value integration can be made more 

amenable to numerical computation by applying the 

same concept of integrand-modification once again: 

(s+l) [uo(is, I ;s)] P 
dq2 

(q2-s) (q24.1)  

(II.3B.2i) 
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The -first -term on th-e -r.h.s.-  of-eqn.(II;3B.2i) 

reduces to 

dq2 

1)[uo(Ts,'1';s)] P r 	 (.4 _,)(q2 

	

0 	
4.1) 

(Vsolg;s) logs 

s + 1 

J 
(5D 
d  2 uo - 

(q,T) ;s) - + 1 uo Ors971'; q 
2 o 	q - 

(II.3B.2ii) 

since 
00 	, 2 aq 

P
o  
 1, 2 N/  2 (q -s)kq +1) 

q
2 s-c 

1  fr iim 	H+1 log —2--  -I  q +1 o e -4o 

 

q2-s 
g q2+1 

 

1 s+c }  

 

    

log s 

1 + s 

It is again easily verifiable that the integrand On the 

r.h.s. of eqn.(II.3B.21i) exists at the point q2= s. 

Thus all the integrations involved in obtaining to(n,11 ;s) 

are now non-singular. 



- 79 

In solving'eqn.(II.3B.1) we employ the method of 

successive approximations, often associated with the 

name of Picard: 

A standard approach towards solving an integral equa-

tion of the Fredholme type 

b 
y(x) = f(x) + GS K(x,z)y(z)dz 

a 

using electronic computers is to approximate the equa-

tion by a set of simultaneous linear equations, which 

we denote by the operator equation below 

( 1  - GxR ) Y = F 	 (II.3B.3i) 

The solution is obtained in 'the form of the vector Y. 

The method of successive approximations requires the 

evaluation of the series 

Yn 	Gk  Rk  F 	(II.3B.3ii) 

I{=1 

Provided Provided the kernel is square-integrable, i.e. bounded 

in the interval (a,b), the sequence Yn  converges uniformly, 

i.e. 

y(x) lim Yn n 	co 

for all values of x, which lie inside the interval (a,b). 

This condition is met by the kernel of eqn.(II.3B.1). 
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The advantage of this particular method of solution in 

our case consists of being able to stipulate the relative 

accuracy of our solution explicitely, i.e. we require 

the iterative process to continue until the relative 

accuracy reaches 
1 Yn  - Y I 

< c 
I y11 1 

where e is fed to the process. 

Based on the 15-point Gaussian quadrature formula, we 

have found a relative error of e < 10 4  to be fully 

sufficient-for a good-approximation to-the- solution 

0(11/M4;s); the convergence properties proved to be 

reasonable, with an average of. 15 iterations (i.e. n=15 

in eqn.s(II.2B.31i-iii) ) required to achieve the stated 

accuracy. 

The actual fit according to eqn.(II.2.2) and 

(11.2.2i) is based on the values for the singlet 

scattering length and effective range(3)  

as  = -23.69//2 = -16.8 fm
-1  

r os= 2.151/12 	= 1.532 fm 

where the factor of (2) 2  arises out of our definition 

for relative vectors eqn.(II.3.1i). We have chosen 

the fit to involve five 'values for the total 



Gaussian points 

s1  = 

s
2 

= 

s3  = 

via eqn.(II.3A.6). These values are: 

0.00604 fm-2  

0.03238 fm-2  

0.08213 fm-2 
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two-particle CM-energy s, which for computational 

convenience were made to coincide with the lower five 

. of the fifteen values for q2  obtained from the 

4 = 

= 

0.15981 

0.27310 

fm-2  

fm-2  (II.3B.4) 

These energy values are low enough to allow the 

expansion of 11 cot 60  to be cut off after the first 

two terms, an approximation, which as is commonly 

known, is valid up to s < 10 MeV 	0.5 fm-2. 

With the correct two-body interaction parameters, 

the on-shell value of the amplitude t0  (fs,/s;s) must 

satisfy the relation 

1 	1 
a
s 	os +I 2  rs 2ts(is,/s;s) 	 (II.3B.5) 

Diagram 4 shows the 1.h.s. of this relation plotted 

against the energy for the singlet Yamaguchi inter-

action. 
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As a Check both of the method as well as the triplet 

constants, we have performed the fit with the triplet 

scattering data as well and have found our constants 

to - gi-Ve -resUlts with an error of well below 1%. For 

the-singletstates we have found coupling constants, 

which together with the range-related constants on 

p.68, reproduced the scattering parameters a
s 

and 

ros  to within 1% of the values quoted above. 	This 

-comparatively large error is to a certain extent due 

to the arbitrariness, which exists in the fixing of 

as and r os
; in the literature these values vary 

somewhat partly because the experimental information 

concerning the singlet state 'is still rather poor and 

partly to suit the particular:  requirements of the 

authors. - Our results l.e within the range of those 

quoted-by-various authors (see for example ref. (3) 

and (7) ). 

Table 3 presents the layout of the program for 

fixing the two-particle interaction constants. This 

program has two main branches; the first, 3a, is 

entered, when the total energy s is negative, which 

implies that triplet constants are being sought; the 

second, 3b, is entered when s is positive.In Table 2 

we list all the pair-potential parameters obtained by 

us and used in our computations la';er on. 
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YAMAGUCHI POTENTIAL COUPLING CONSTANT  

( SINGLET )  

Gyas
= -12.963 fm-6 

yyas
= 2.0489 fm-1 

tance = iros= 0.762 fm --os r = 1.523 fm 

)-1= -0.0596 fm
-1 

-2, 

0.1 
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TABLE 2 

tSHAPEI-PARAMETERS FOR TWO-NUCLEON INTERACTIONS  

SINGLET STATE 

Yukawa. Exponential Yamaguchi 

Coupl.const. 
Gs 

-2.134 fm-4 -3.529 fm-5 -12.963 fm-6 

Range param. 

Ys 

1.347 fm-1  1.6348 fm-1 2.0489 fm-1 

TRIPLET STATE 

Yukawa Exponential 

4 

Yamaguchi 

Coupl.const. 
Gt 

-2.221 fm-4  -6.0124 fm-5  -18.46 fm 6  

Range param. 

Yt 
0.8952 fm-1  1.6348 fm-1 2.0489 fm-1 



I S  TART1 

...i:nput: Gaussian weights 
and abscissae; energy index; 
Manning: Gaussian region (-10-1 
into region (0,+co) 

a) Bound State (-ve energies) 

(,Triplet counling constants ) 

energy index 'f-Ve ye -4.7i 

• 

Input deuteron binding 
energy; initiate or 
augment triplet coup'. 
constant for loop 

Function subprog. 
__. for potential 	-----‘ 

POTVO(U,V) 

Matrix inversion and 
comp.n of determinant 
using SSP-subroutine 
MINV 

- Output: value of coup'. 
constant with corresp. 
determinant value of 
matrix 

NO 

Compute starting function L 
u =v 

o 
 (k,k 1 ;be) for solution 

147- 
by-successive approximation' 

atlsingularlpoint q = ei 
	I 

f 
	1 branch from PICARD sub- 

routine to evaluation of 	L4-7-..—PI 
(II.313.1) by L'Hospital 
rule, using 

Suproutine PICARD for solu-
tion of (II.3B.1) by succ. 
approx.s 

Output: 

e1, (\re--*cotS). o 

Function subprogram 
for 1st derivative of 
potential; DIFVO(U,V) 

Conversion of u into 
to  via (II.3B.2,, 

with-7.0 

principal value integration 

next k' -Yalu-) 

YES 

Compute matrix 
(1-,yR) (II.3A.1), 

using 

4 

2 

1 Function subprogram 
!for potential 
1POTVO(U,V) 

4 

YES 

end of 
k'-loop 

TAT1LE 3: FLOW-=RT rOTR COMNTAUON OF C01.TLTY:G OnNSmANTS 

Initiate k'-loop 
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( Table 3 continued ) 

b) ScatterinF, (-Fve  energies) 

(Singlet couplin7 constants ) 

Initiate energy-loop: el  = k12] 

YES 

NO 	7•••€ext k'-valt9 

YES 
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CHAPTER III DESCRIPTION OF NUMERICAL METHODS AND  

LAYOUT OF THE COMPUTATIONS  

_Having determined-the nature and'shape of the 

three types of pair-interactions we wish to consider 

in the context of this investigation, we now turn to 

the problem of performing computations on the basis 

of the expressions given by eqn.s(II.1.1) and (II.1.7), 

referring to systems composed of three bosons and three 

fermions, respectively. 	Both cases are, for the time 

being, subject to the approximations of restricting 

the number of eigenvalues x and p3:x,xt = 0,4;1136 = O. 

The extension to higher eigenvalues follows quite 

naturally from the ensuing discussions in this chapter. 

The—Overall purpose of our computations is twofold: 

--We wish to obtain values for the total energy of 

the three particle systems, such that eqn.(II.1.3), or 

alternatively its spin-isospin counterpart is satisfied. 

These values will be compared with the experimental 

value for the triton binding energy. 	For the boson 

case, we shall furthermore investigate the behaviour 

of the computedbinding energy,:as _a_TunCtion-dfthe 

coupling constant in the pair-interactions. 
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As for the spin-isospin system the computed binding 

energy will serve for comparison pixrposes, and the 

coupling constants of the subsystems will not be 

varied. 

.2) 	We also seek the approximate shapes of the 

bound-state wave amplitudes. For the boson system 

-this entails solving for 7 in eqn.(II.1.3) and 

obtaining the shape via relation (I.2B.10). When 

dealing with three nucleons, we shall solve only for 

the symmetric state, in accordance with the remarks 

--made prior to-eqn.(II.1.7). 

In computational terms the differences between 

the boson and the fermion case are not fundamental. 

We shall therefore treat the'forther in detail and 

append the necessary alterations, when dealing with 

a system of three nucleons.. 

The setting up and designing of a program dealing 

with a complex problem is very often influenced by the 

logistical configuration of the computational means at 

the-programmerts disposal. 	It seems often true that 

while there may exist alternative ways of programming 

the problem, which make more and better use of 

peripheral facilities, the programmer may be compelled 
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to adopt a less efficient approach in terms of 

computer -utilization, simply because the desired 

degree of efficiency may require more direct access 

to the machine than is available. 	We suffer from 

- this -handicap, even though not in any fundamental 

way. 	We know of at least one way in which the 

computational structure described in the following 

could be improved in terms of central processor 

running time (CDC 6600 configuration at the University 

of London Computing Centre). 	However, for a number 

of reasons we have not yet made full use of the 

theoretically available peripheral facilities of the 

above configuration; one reason is that all our 

calculations performed on the CDC 6600 are input 

through a 200 Terminal link, stationed at Chelsea 

College of Science and Technology, thus somewhat 

__limiting the degree of access. 	We shall, however, 

mention where the optimization could be applied. 

It should be noted that this does not alter the 

fundamental numerical and computational approach to 

the problem. 



- 90 - 

Section III.1 	Computation of Binding Energies for 

three Bosons and three Fermions  

In accordance with our introductory remarks, the 

emphasis in the following sections lies on discussing 

the computation of eqn.s(II.1.1-5). 	The present 

section in particular deals with eqn.(II.1.4). 

III.1A) Treatment of Variables  

The calculation of each element of the matrix in 

-eqn.--(II.1.3), whose determinant is to be computed, 

involves basically a fivefold integration, with only 

the innermost integration having variable limits (see 

also eqn.s(I.2C.4-5)). 	Considering the equations 

(I.2C.6) and (II.1.2) the matrix-operator K can be 

thought of as consisting of a number of submatrices, 

each of which belongs to a particular combination of 

the eigenvalue-set x,x'. 	Thus for example, with 

x,x? = 0,4 there are 4 such submatrices, as in 

eqn,(II.1.2); the choice of x,x 1  = 0,4,6 leads to 

9 submatrices. 

The number of elements in each submatrix of K 

is the same and is determined by the number of nodes c 

chosen for the numerical quadrature over the variable 
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k'2 in the range 0 < 102 < 
	

The choice of this 

number is of paramount importance to the entire 

program, for reasons which will become clear soon. 

Let us, for the time being, assume that the inte-

gration range of each variable we are dealing with be 

-subdivided into the same number of intervals and let 

us denote this number by N. 	Obviously, the larger 

this number the smaller the error resulting from 

numerically approximating the integrations. The 

-volume of the computation, however, is such that the 

feasability of the calculations becomes a major 

problem, in view of the required central processor 

running time. 	In fact we have the approximate 

relation 

CP-time = Constant * N6 
	

(III.1A.1) 

On the very fast CDC 6600 a typical value for 

the CP-time, using N = 5, is 10 minutes to compute 

five values for the determinant (IT.1.4) corresponding 

to five (negative) values for the total energy of the 

system. 	Doubling N thus increases cp-time by a 

factor of 64, i.e. the same calculation requires more 

than 10 hours. 	This is clearly impractical, and we 

therefore have to limit ourselves to low numbers of 

intervals in the numerical quadratures. 
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In order to retain a maximum of precision here, we 

resort to the previously discussed Gaussian quad- 

rature with the mapping technique (see eqn.s(II.3A.3-6) 

which minimizes the error arising from the approximation 

of the integrals. 

Each element of the matrix K is given by an 

integration of a corresponding matrix element 

0c2xp*IK(i,j)Ik12, 
 tlf"Y"> multiplied by other terms 

(see eqn.(I.2C.4)) over a 4-dimensional 'rectangular 

box'. 	The element in the integrand is essentially 

the transition amplitude for one internal three-body 

configuration to another, in terms of either the 

Dalitz-related coordinates (lc2  “p,11 ) or the Omnes set 

(w1'6)2"3)' 

The matrix element in the integrand of eqn.II.2C.4) 

_is_itself_the.rasult of _-an integration_with_variable 

limits, as given by eqn.(1.2C.5). The integrand of 

the latter brings us back to the two-body subsystems, 

discussed in the previous chapter. 	It requires the 

solution of eqn.(II.2:1) for two sets of variables 

(11,11';s), which, for simplicity, we shall denote by 

t1 and t2 from left to right (the fact that we are 

dealing with orbital angular momentum 1=0 is left 

understood). 
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The two-body energies s1  and s2  are both clearly 

negative in the context of our calculations and 

eqn.(II.2.1) therefore is non-singular at all times. 

The arguments 1,11,  are given as functions of lw> and 

lw'› as fellows: 

=( 	w w ) .1swl' 2' -3- 

11 1 11161, (q, w5 
for t1 (IIT.1A.2) 

with sl  = (E - 2  w1  ) 2  

and 

112 = 11 2(w2"5'w1)  

112 = 111 
	for t2 
	(III.1A.3) 

with s2 = (E 
_ 2 

2  WI) 
2 	' 

The explicit functional relations are obtained via 

2 , = 2(2wi 	2wk  - wj) ; i,j,k = 1,2,3 	(III.1A.4) 

4jik 
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III.1B) 	Sequence of Computation 

For the sake of clarity we shall explicitly 

list the expressions to be computed: 

With. %,2‘j= 0,4 the matrix, whose determinant is 

to vanish for a particular value E
b of the total energy 

is 

rc = ( Ro,o 	R04 
R
4,0 R

4,4 

(III.1B.1) 

—The---elements -of the submatrices K xa' are derived from 

_equation (I.2C.4) and are given by 

8 k2  k 1 1 = 	r r  
3v37 ijbb 

-'&77 

<0,***ei )11,-,.2 	y d.n_n> 

(R4 , 

x cos211/2E  cos2 " d cos2r) d(oos_211!") 
	

dy" _ 

(III.1B.2) 

i,j 

1 
8 	1 1 dff  37  A A / :1-- 	OiAPj J 	i 

. 11 .11 ,10c2.,* cp IKkE)110
i
2,11"y"› ,  

3rr . 	o o -1 	n 
-5Tr -27 

3E )\ 	\ 1-2cos22e)xcos2* cos2ed(cos2111 dkcos2tr)dy dy" 

(III.1B.3) 
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(R4 f  0). i4, 3
.  

8 k2kt2 
1 	LI 

37  

m mi f T jKkE)110., L  Tu> 
o o - 

. / 1-2cos_4 )xcos2cos2111"d(cos2* )dkcos2r)dp- dT" 

8 	2 
1 1 YfT 17 

(R 	) 	 vl , . 	2 

	

f J.  .r 	y IKkE)!10.0*, 9  > 4,4 V IP- 

	

1 	2 TT 
0 0-T3-17 

.. 	/ 	. x(1-2cos2  2()xkl-2cos2  21,") cos2tpcos2ed(cos24, 

xd(cos2r)d,d9" 

5 ) 

with the following index conventions relating to the 

position of a particular element in the matrix-array: 

	

i = 1,2,...,NK, ; 	j = 	; 

it= (1-1-NK)i(2-1-NK),...,2NK ; jf= (1+NK),(2+NK),...,2NK 

It is clear that 0 = k.2, and lc!2 = kt2; furthermore, 

for notational .convenience we have expressed the 

elements <k2,**91K(1")(E)1102,4,"9"› in the integrand 

of eqn.(I.2C.4) as <k2,**9w 1K(E)1k12,117"9"›. 

The elements in the integrands of the above 

four equations do not depend on the eigenvalues X and 

p3  and they are thus the same for each of the sub- 

matrices K 
k0.1 
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This suggests a division of the computation into two 

parts: 

Part 1 : Computation of the elements 

<k2l eyiK(E)11.02, v)  and storage of the 

results on magnetic tape or disc. 

Part 2 : Retrieval of the results from Part 1 to 

compute equations (111.113.2-5) to fill the 

matrix array for eqn.(III.1B.1) and subsequent 

calculation of the determinant value .(II.1.4). 

Part 1 is by far the most time consuming of the two, 

as we shall see. 	Once the complete set of the elements 

are computed and stored by this part, we can use this 

data to perform the computations under Part 2. The 

sets of eigenvalues X,X and 43 3 01' can be varied to 

investigate the higher order contributions. The second 

part generally runs 1/50th of the cp-time taken up by 

Part 1, a fact which makes the above subdivision 

compulsory. 	This investigation is very much based 

on the set X,X' = 0,4, with the occasional inclusion 

of 6, which proves to be quite sufficient (see remarks 

following eqn.(I.2C.51)). 
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PART 1  2 	IK(E)Ikg2,*" ce> The Elements <lc ,* 

  

Since these elements are a function of altogether 

six variables, defined either by the set 

It) 	wt -t wt) 	consideration must T ,cp 	or (wl'w2'w3' l'w2' 3 
be given to the order in which those variables are to 

be processed. 	Restricting ourselves in this 

consideration to the former set, and recalling the 

ranges of these variables, we must fix the number of 

nodes for each range. 	The examination of the two- 

body potentials in momentum space reveals that the 

Yukawa potential for example has a comparatively 

long tail and that therefore the number of nodes 

required for k2 and lc'2 will probably be greater 

than that for the other variables, which have well- 

defined ranges. 	We denote the former by NK, while 

choosing an equal number of nodes N for all the other 

variables. 	Based on this particular choice, it is 

clear that for one value of the total three-body 

energy we must compute NK2 x N matrix-elements, which 

we shall henceforth denote briefly by K(E)
NK,N. Here 

we obtain a first impression of the differences in 

computational volume for the various choices of the 

set NK,N): 
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(NK,N) Number of K(E)
NK,N 

(5,5) 15 625 

(7,7) 117 6149 

(lot lo) 1 000 000 

(15,15) 2 025 000 

4o 000 

62 500 

Bearing in mind that at present a magnetic tape 

(800 b.p.i., 7 track, 2400 ft. long), written in 

full accuracy mode on a machine such as the CDC 6600 

with 60-bit words will hold an absolute maximum of 

2 736 000 numbers (without taking the fact into 

account that in practice the information is written 

onto the tape in the form of blocks with a block-

Separating V of tape) one realizes a further reason 

for limiting the number of nodes, apart from the 

running-time aspect. 

The order in which the variable-combinations in 

K(E)NK,N are altered depends on the order of integration 

in the eqn.s(III.1B.2-5), i.e. the processing order of 

this data in Part 2. 
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Consistency here insures continuous tape-reading in 

Part 2, thus saving time and reducing tape-wear to a 

minimum. 	We have chosen the following order: 

OUTERMOST 	INNERMOST 

k2_, 10 2 	 e rr 

The computation of an element K(E)
NK,N involves 

the solution of the two-body amplitudes t1  and t
2 

with arguments-given by eqn.(III.1A.2-4); the order 

in which the Omnes variables occur follows from the 

above order and eqn.(II.1.6). 	With these solutions 

the integration (I.2C.5) can be performed. This is 

done numerically by again subdividing the range of 

the integrating variable w" 3 

(/w, - /.(002  < (1)3 < (/w, 	✓.w2)2 	
(III.1B.6) 

into a number of intervals, which we have chosen to 

be NK, be means of mapping the Gaussian abscissae 

into the above range via eqn.(II.3A.5) giving 

2,5702-  ui  + w w" 3. 
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as nodes along the abscissa and 

'UT 0.2) 77-.0  
1 2 

3. 

The range of the index i,i.e. the number of nodes 

used in eqn. (I.2C.5) does not, of course, affect the 

number of elements K(E)
NK,N and can therefore be 

chosen as large as the accuracy requires. 	Actual 

computations have shown, however, that the ultimate 

results remain practically unaffected by doubling the 

number of nodes, while considerably increasing the 

cp-time of the calculations. 	The choice of 1 < i < NK 

has proved quite sufficient. 

In calculating eqn.(I.2C.4) for each K(E)
NK,N 

we attempted the direct approach,i.e. first solving 

t(q,'i';s) 	2NK times with the various argument 

combinations, computing the weighted sum of the 

integrand and multiplying the sum by the appropriate 

factor. 	This method quickly turned out to be 

impossible in terms of cp-time. 	An alternative 

method of making the solutions of the two-body 

equation available for the integration in eqn.(I.2C.4) 

exploits the symmetry of t0  with respect to interchange 

of its arguments 1011. 



- 101 - 

A numerical solution of eqn.(II.2.1) usually appears 

as an NK=component vector (assuming7NK.to be the number 

of nodes along the integrating variable); each 

component represents an approximation of the two-body 

amplitude corresponding to a particular set of 

arguments The second of these arguments 

is supplied to the iteration procedure as a parameter, 

thus in purely numerical terms being on the same 

footing as the parameter s. 	The iteration is 

performed over 11; variation of the 'parameter' Ti' 
e.g. in the form 11,1 with j = 1,2...,NK, then leads to 

a matrix-array containing the required set of 

approximate solutions of eqn.(II.2.1). Looking at the 

integrand of eqn.(I.2C.4) we see that the integrating 

variable w" occurs once in the string of quantities 

determining and once in those forming the ?parameter"- 

variable 	whereas we would wish (1) to occur only in 

the formation of 11" in order to exploit the inter-

polatory properties of Picard's iteration method. 

This difficulty is resolved by realizing that the, 

principle of invariance with respect to time-reversal 

must hold and that eqn.(II.2.1) must be invariant with 

respect to interchange of 11 and 1' [remark a) following 

eqn.(II.2.1)]. 



t 1( w17w2tw3; 

= t ( 	f 	U. 

i Nwm  "29W3!  

E - ?wi
) 

 

•  w1,w2,w3; E 	 w1)  

I 
wi".0 2".03' 

(TII.1B.7) 

- 102 

We can state that 

The functional relations (I11.1A.2-3) are modified 

to 

1i = 111( w1,0,2 , w )  

Ali - 111(wi'w2"3) 
	

(III.1B.8) 

"3 
99 

112 = 11262"1)  

•= 1Vwl,q,6 (III.1B.9) 

With s
1 
 and s

2 
 remaining unaffected. 

We can compute all the solutions of t1 and t2 belonging 

to the NKxN2  values of their respective tparametert-varia- 

bles 11 andli2 arising from all the possible combinations 

of w1,  w2' w3 and cotl' 2 wt' w3   respectively, and store 

all these( NK-point tabular functions in the order, in 

which the values of 	 2 '11 mg and mt occur; the total number '1  

of solutions tobe stored is therefore 2NKxN2  . This part 

of the computation can be done quite separately. When 
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the particular values of t1  and t2  are required for 

the evaluation of eqn. (I.2C.4), one only has to 

retrieve the two tabular solutions and interpolate 

their function values for the arguments 11 and 11
2 

respectively, using the same Picard routine applied 

for obtaining the solutions in the first place. 

Interpolation does not require any iteration, but only 

one summation of the now easily obtainable and weighted 

values of the integrand in eqn.(II.2.1), whereas a full 

solution of the two-body equation involves 15 to 20 

summations. 	Since the integrand of eqn.(I.2C.4) 

involves a total of 2NK2  x N5 function values of 

to(T,11 1 ;-) the amount of computing time saved in this 

way becomes obvious. 

In order to increase the accuracy of the NK-point 

solutions for t
1 

and t
2 we have chosen to obtain these 

in two steps. The first consists of computing tabular 

solutions.onl a higher number of points, say M, followed 

by the interpolation of the NK-point solutions from the 

corresponding M-point sets. This leads to a slight 

increase of the computational volume, which, however, 

is justified, because it improves the solutions for t
1 

and t2, especially for low values of NK. 
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PART 2: The matrix R 
A s 

4 Having thus obtained NK2  xN values for the elements 

K(E)NK,N and storing them in the prescribed order, the 

computation of the elements R 	is very straightfor-

ward. Each element is the result of one of the four-fold 

integrations (IIT.1B.2-5). The numerical procedure here 

involves the usual mapping of the Gaussian data into 

the ranges of the four integrating.. variables:. 

1) 	and Ilr" 0 < cos2* < 1 

(COS21). = 2--(u.÷ 1) 2 

W
*4 	

• 1 = -w 2 i (III.1B.10) 

2/ (1) 	. 	3rr- 1 	< 
- Y*  37  

(Pi = 	1) - 1 

w 
(Pi = - (III.1B.11) 

3) O tt — < cp " < 317 

cPi 

= 	1) - .r6P-17 

= 1  W. (III.1B.12) 

After performing the integration and filling the matrix 

array according to the index order prescribed by 

eqn.(III.1B.5i) the program is diverted to a standard.  
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sub-program(13), which computes the inverse of the matrix 

together with its determinant. The method of inversion 

employed by this routine is the usual Gauss-Jordan one, 

with the value of the determinant resulting from the 

product of the pivot elements. In order to keep rounding 

errors negligible, we used this.routine in the optional 

double-precision mode on the CDC 6600, thus maintaining 

30-digit accuracy throughout the inversion. 

The outline of our computAions is thus complete, 

except for the inclusion of spin-isospin. The basic 

layout remains the same, but the volume of the 

computations is roughly doubled, since in addition to 

the triplet-state transition amplitudes of the two-

body subsystems, we now need the singlet-state 

amplitudes. 	This leads to the following modifi-

cations in the program:' 

Spin-Mod. Part 1 : Returning to eqn.(II.1.7), one 

  

realizes that due to the two types of transition 

amplitudes there are four operators of the kind 

G T. G T. 	to be dealt with as opposed to only one, 0 i,a 0 31 $ 

GoT1GOT2' in the case of a system composed of three 

bosons. 	In computational terms this amounts to very 

little. 	It simply means that along with calculating 

the set of N-point triplet amplitudes we now have to 
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calculate the corresponding singlet amplitudes; this 

is done via the same computational procedure, only that 

now the pair-potential subprogram is accessed with the 

singlet-state parameters of Chapter II. 	The two 

types of solutions are then retrieved for interpolation 

when computing the elements 7(E)(s)N'  where the index (s) NK,  

refers to spin-isospin, and combined in the integrand 

of eqn.(1.2C.5) in the order prescribed by the operators 

in egn.(11.1.7). 

Spin-Mod. Part 2 : 	The amendment in Part 2 is even 

simpler. It merely consists of altering the multi-

plying constants appearing in ecin.s (III.1B.2-5) by a 

factor of 0.125, otherwise this part of the computation 

remains exactly as in the case of three bosons. 

The program outlined in this section leads to a 

value of the determinant of the matrix (III.1B.1).  

corresponding to one particular value of the total 

energy E of the system. 	In order to obtain the value 

Eb' for which this determinant vanishes, the program 

must be rerun for a number of energies, usually five, 

in order to allow a curve to be fitted to the 

functional dependence det = det(E), which is then 

solved for the roots. 



- 107 - 

Returning to the remarks made at the beginnning of 

this chapter, regarding the problem of reducing the 

cp-time, the following suggestion can be made: 

The function subprogram evaluating the pair-

potentials lie at the very centre of the program and 

are therefore accessed many times (more than 10
6 

times 

with NK = N = 5 and M = 10). It is therefore crucial 

to make these subprograms as efficient as possible. 

The values are clearly independent of the.  energy 

'parameter E. One could therefore store all, or at 

least a number of, these potential-values on magnetic 

tape or disc during the first energy-run and instruct 

the program to retrieve this information in the sub-

sequent runs, thus saving computing time. This 

suggestion has in fact been implemented by Lee with 

our program on the CDC 1600 configuration at McMaster 

University, Ontario, Canada, and the results suggest 

that cp-time can be reduced by a factor of three for 

a full five-energy run. 	This method, however, greatly 

increases the amount of time used by the necessary 

peripheral equipment, such as tape-drives, a fact which 

with our access facilities to the computer configuration 

of the University of London has an adverse effect on the 

job-turnaround time. 
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Therefore, for the sake of speeding up our investi-

gation, we did not make use of this obviously 

advantageous method of saving computer time. 

For a full documentation of the program outlined 

in this section the reader is referred to the appendix. 

III.1C) Peripheral Program 

As mentioned above, the output of the program 

discussed so far consists of a small number of values 

for the determinant of the matrix (III.1B.1) as a 

function of the total energy E of the three-particle 

system. 	The range of E should be chosen near the 

point where the determinant-function changes sign in 

order to facilitate the exact determination of the 

point E
b where the determinant vanishes. 

To find this root E
b it is necessary to fit a 

curve with determinable functional dependence on E to 

the tabular values of the determinant. 	In order to 

exert more control over the fitting process, it was 

decided to separate this part of the calculations 

from the rest. 

Good functional approximations and curve fitting 

are rather dependent on the data and visual inspection 

of particular fits by the user. We have tried various 
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fitting methods, such as approximation by exponential 

functions or Chebyshev polynomials, but since most 
NciAL 

methods applied with the help of computers 19-n±t--d-uw 

to combinations of straightforward polynomial approx-

imations, we have finally resorted to using direct 

polynomial fits. 	The routine used is one supplied 

by the Chelsea College Computing Centre and this 

proved to be best suited for the data at hand. In the 

vicinity of the point Eb, the determinant-function 

seems well-behaved, and with five values at our 

disposal we fitted fourth order polynomials, which 

fully satisfied the accuracy requirements in obtaining 

the value E
b. 

The procedure consisted essentially of plotting 

the data received for the determinant versus the 

energy axis by means of a digital plotter connected 

to the Elliott 503 computer at Chelsea College; the 

approximating polynomial was then determined and also 

plotted, and then input into a root-finding routine. 

The resulting root, lying inside the given range of E 

was selected and marked on the graph as the binding 

energy Eb. All this is performed automatically, while 

still allowing us to vary the fitting criteria. A 

sample of this process is given overleaf with 

NK = N = 5 and M = 20. 
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Section ITI.2 Determining the Shape of the Bound-State  

Wavefunctions  

In the previous chapter the method was described 

with which we obtain values for the binding energy Eb  

for a system governed by a particular type and shape 

of pair-interaction. Once this value has been 

established, we return to eqn.(II.1.3) and the problem 

of determining the shape of the corresponding wave-

function. The purpose of this is twofold: first, we 

wish to ascertain that the formalism does in fact 

yield bound-state wavefunctions, which die off rapidly 

as the momentum increases beyond certain values; 

secondly, this calculations proVides a check for the 

accuracy and correctness of determining the value Eb. 

As to the latter, we can say that if the determination 

of the binding energy is reasonably accurate, the 

matrix K in eqn.(II.1.3) must have one eigenvalue lying 

close to unity. 	It must be emphasized however that 

this check does not provide an estimate of the error 

arising from the numerical methods employed in 

determining Eb, it merely examines the consistency 

within the computation. 
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With the value of E
b at hand we proceed as follows: 

a) Since we require the matrix K, the value E
b is 

fed into the programs PART 1 and PART 2. A logical 

switch indicates to Part 2 that the matrix is not to 

be inverted, but retained for input into a program, 

which determines the eigenvalues and eigenvectors of 

the matrix. Otherwise, the two programs proceed in 

exactly the same way as before. The resulting matrix 

is of the size 2NK x 2NK with X,X' = 0,4 or 3NK x 3NK 

for X,X' = 0,41 6. 

b) In determining the eigenvalues and eigenvectors 

of K, we have made use of a package of ALGOL-

procedures(14) made available by Chelsea College and 

we have converted these to a .form acceptable to the 

ALGOL-compiler in the CDC 6600, in order to improve 

the accuracy of this computation. This package 

essentially performs the following operations on a 

given square matrix: 

It converts the matrix into an upper Hessenberg 

matrix according to Householder's method(15); the 

eigenvalues are subsequently computed and stored. 

The package then proceeds to calculate the eigen-

vectors by means of inverse iteration, each step 
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involving Gaussian elimination with partial pivoting. 

The program requires, apart from the input matrix, a 

number of tolerance parameters adjusted for maximum 

accuracy and efficiency. 

c) 	Stage b) provides us with 2NK or 3NK eigenvalues 

and corresponding eigenvectors for the values of X =0,4 

or A = 0,4,6. 	From these we sleet the eigenvector 

belonging to the eigenvalue which lies closest to one; 

the selected partial wave amplitudes xxv(k) are sub-

sequently normalized according to 

\ r2 
N 	SIXXv 

kk) k dk = 1 

X V 

where CN is a normalization factor. 

(111.2.1) 

The amplitudes x (k) are then plotted against the 
Xv 

square of the momentum on a digital plotter. 

In the case of three fermions we proceed in 

, exactly the same manner, having already restricted 

ourselves to the zeroth approximation of the symmetric 

state (see remarks on p. ): the plots will show the 

amplitudes Xoto(k)s, X410(k)s  and X6,3(k)s. 
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CHAPTER IV. 	RESULTS AND CONCLUSION 

This chapter presents the set of computational results 

obtained in this first numerical assessment of Lee's 

formalism. The guidelines for seeking the results are 

set out in the introductory remarks to chapter III. 

Accordingly, we begin by giving the values for the 

binding energy computed for a system of three identical 

particles interacting in pairs through one of the three 

central potentials described and established in chapter II. 

The coupling constants have also been varied to obtain 

the behaviour of the binding energy as a function of 

these constants. 

The inclusion of spin •and isospin turns the 

system into one of three fernions, for which comparative 

binding energy values were computed, subject to the 

restrictions mentioned in section 1 of chapter II. 

Both systeMs are associated with partial-wave 

amplitudes in their bound-state and these are presented 

in section 2. 

This is followed by some concluding remarks. 
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Section IV.1 	Computed Binding Energies  

The set of note-parameters (see section III.1B) 

pertaining to the results given in this and the follo-

wing section is made up as follows: 

The number of nodes NK over the range 0 < k2 < co 

is 8 unless stated otherwise; 

the number ofnodes N is 5 for each of the 

r 

	

following ranges: 0 < cos24 	< +1 

< 	cps 	< +-ar 3 

-3rr  
< 	cp" 	< +rr - 3-3, 

A) BOSONS  

With this distribution of nodes we obtain values for the 

binding energy, depending on the type of interaction 

used and the number of irreducible representations 

included, listed below: 

No. 	of 

I.R.s Yukawa 

Binding Energy Eb  

Exponential 

[MeV] 

Yamaguchi 

2 —9.0609 —18.068 —11.456 

3 —9.8814 —18.309 —12.640 
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These figures would indicate that Yukawa's potential 

leads to the best result, while the exponential inter-

action gives rise to considerable overbinding, with 

Yamaguch's potential yielding a value between the other 

two. The discrepancy between these figures and the pattern 

of results we would expect on the basis of the characte-

ristics of the potentials as shown in diagram 1 in chap-

ter II is obvious: 

The Yukawa potential is stronger than the other 

two, a fact, which must of necessity lead to a deeper 

bond than the ones produced by the exponential potential 

and Yamaguchi's interaction. Also, the contribution 

arising from including a third irreducible representa-

tion was predicted to be < 1 % of the value obtained 

with X, X' = 0, 4 only; the exponential potential 

satisfies this estimate near enough, whereas the result 

yielded by Yukawa's interaction shows an additional 

contribution nearer 9 % • 

- All this suggests that the error induced by the 

numerical approximations is still appreciable. Undoubted-

ly the main error source lies within the numerical eva-

luation of the integrals. The ranges involving angular 

variables such as q, and 11 as well as al have been 

approximated by 5 weighted points, as an increase in 
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the number of nodes yielded a negligible improvement 

of the results. 

However, when the infinite range of the momentum 

variable is subdivided, it leads to'an effective cutoff 

in the potential, and in this case it becomes a function 

of the number of Gaussian nodes NK; for example, with 

NK = 8 the cutoff lies at k
2
= 49.4 fm

2 
whereas with 

NK = 13 it is pushed up to 125.4 fm-2. From diagram 1 

it becomes obvious that the potential most affected by 

cutoff is Yukawa's the exponential and Yamaguchi's po- 

tential are, as demonstrated by the results below, 'short' 

enough to be adequately covered by an 8-point. integra- 

tion grid. 

Thus, in order to obtain a measure for the effect of the 

cutoff on the potentials, we have increased NK in steps. 

The following table lists the results obtained with 

NK = 11 and NK = 13, with the figures for NK = 8 inclu-

ded for comparison. 
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TABLE 4  

NK 
No. 	of 

I.Rs. Yukawa 

Binding Energy 

.Exponential 

Eb  [MeV] 

Yamaguchi 

8 
2 -9.0609 -18.068 -11.456 

3 -9.8814 -18.309 -12.640 

11 
2 -30.667 -16,916 -11.514 

3 -31.441 -17.157 -12.722 

13  
2 -31.611 -16.737 -11.448 

3 -32.297 -16.982 -12.656 

The table shows a sharp increase of the binding energy 

for Yukawa's interaction between NK=8 and NK=11,evening 

out as the integration grid is refined further. As 

expected, the exponential potential is affected to a 

much lesser extent. The results for Yamaguchi's poten-

tial remain fairly stable throughout. 

Further refinement of the Gaussian integration grid 

amounting to NK -►oo leads to the following convergence 

values for Eb: 
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TABLE 5  

       

  

No. of 	Binding Energy Eb  [MeV] 

       

  

I.Rs. 

 

Yukawa Exponential Yamaguchi 

       

  

2 

 

-31.65+0.2 -16.713+0.05 -11.473+0.021 

       

  

3 

 

-32.35+0.2 -16.975+0.05 	-12.673+0.025 

       

Thus treating the triton as a system of three identical 

particles leads to overbinding in all three potentials. 

But the actual values of Eb are of secondary importance 

here, because only the inclusion of spin-isospin will 

allow a realistic assessment of the computed binding 

energy as compared with the experimental value of -8.48 MeV. 

at this point we merely note the pattern, which emerges 

from the above values: Yukawa's interaction yields the 

strongest bond, followed by the exponential potential, 

and Yamaguchi's interaction giving the weakest bound-state. 

This is what one would expect considering the relative 

strengths of the potentials under consideration. 

Before we.proceed to look at the results obtained 

with the inclusion of spin and isospin, we list our 

findings regarding the behaviour of the binding energy 
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Eb as the depth of the potential is increased. This has 

been the subject of some conflicting evidence in the 

past. Osborn(1O)  observed a so-coilled 'collapse phenome-

non', when plotting Eb against the coupling constant G 

of the pair-potential. He found Eb to drop very sharply 

after a certain point along the G- axis. This observa-

tion was made for several types of potentials. Malfliet 

and Tjion(16) on the other hand observed no such sudden 

drop. Our results are in agreement with the latter findings, 

as can be seen from the diagrams on the following pages: 

Each diagram shows two curves, one for the case, in which 

we include only X = 0,4 ( 	 ) and the other with 

X = 0,4,6 ( --x--x-- ). 

None of the three diagrams displays any sudden 

change in the gradient of the curve. The behaviour of 

the function Eb(G) varies slightly from one type of 

potential to the other, but the essential characteris-

tics remain the same for all three : a continuous in-

crease of the absolute value of the binding energy as 

the depth of the interaction is increased. 
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B) FERMIONS .  

In taking spin and isospin into account we used 

the singlet potentials, whose shape was determined in 

chapter II and whose parameters are listed in table 2 

page 84. The results we obtained with NK = 8 and N = 5 

are as follows: 

TABLE 6  

No. 	of 

I.Rs. Yukawa 

Binding Energy 

Exponential 

Eb  [MeV] 

Yamaguchi 

2 -3.339 -6.920 -5.983 

3 -3.995 -7.155 -6.816 

Here, as opposed to the case of three identieda parti-

cles, we have underbinding throughout. Yet we observe 

very much the same, pattern of numerical distortion of 

the Yukawa result as before. This is indeed to be ex-

pected, because of the considerably shorter range of 

this potential for the singlet case compared to the 

triplet one. The latter therefore remains:the domina-

ting interaction and we can resort to the previous sub-

-section for the correction factor. The result for the 
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exponential potential is also given a slight adjust-

ment based on the same argument. The final adjusted 

values for Eb with the inclusion of spin-isospin 

are as follows: 

TABLE 7  

 

NO. of 	Binding Energy Eb  [MeV] 

 

I.Rs. Yuk aw a Exponential Yamaguchi 

      

      

 

2 

 

-11.663 -6.4o4 -5.983 

 

3 

 

-13.037 -6.635 -6.816 

      

      

Section IV.2 	Bound-State Partial-Wave Amplitudes  

In this section we present only a limited but 

representative section of the partial-wave amplitudes, 

which we have computed as a function of the momenta 

for the various bound-states. The methods employed 

are those described in chapter III, section 2. 

Each function is given in the form of 8 tabular 

points; these points have been °smoothed' into a curve 

by means of a technique, which uses cubic spline func-

tions
(19)

. The (momentum) -axis is subd4vided in such 
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a way as to accentuate the peaks of the amplitudes; 

this is done by way of mapping the values for k2 

arising from the.Gaussian 8-point abscissae into a 

region. of fixed width (determined by the size of the 

digital on-line plotter) via 

1 ; 	i = 1,2,...,8 . 

The diagrams of the amplitudes appear in the following 

order: 

Boson-Case  

a) Yukawa, G = -2.221 	X = 0,4 

b) " 	, X = 0,4,6 

c) Exponential, G = -6.0124, X = 0,4 

d) t, 	t, 	, X = 0,4,6 

e) Yamaguchi, G = -18.46, 	 = 0,4 

f) = 0,4,6 

This is followed by two diagrams showing the amplitudes 

of the bound-state, where the depth of the Yamaguchi 

potential has been increased to -24.00 and subsequently 

to -28.00 units: 

g) Yamaguchi, G = -24.00, X = 0,4,6 

f) 	G = -28.00, 	11 
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Next we list the diagrams showing the partial-wave 

amplitudes for the totally symmetric three-fermion bound-

-state: 

FERMION-Case 

i) Yukawa, X = 0,4 

j) X = 0,4,6 

k) Exponential, A = 0,4 

1) 

m)  

n)  

The spline-smoothing process does not, of course, 

render the precise shape of the amplitude functions. 

It should also be noted that these functions are 

derived from the 8-point computations; this, while 

it affects the numerical value of the binding energy, 

does not alter the basic characteristics of the ampli-

tudes except absolute values. We do in fact have the 

momentum states with the highest probability occurring 

near the energy Eb. We note here that the bound-state 

energy Eb  has been plotted along the positive k2-axis, 

even though Eb  carries a negative sign; we have left 

it understood that the abscissae of the graphs refer 

to the imaginary momenta i.k of the bound-states. 

It 

11 
	

A = 0,4,6 

Yamaguchi, A = 0,4 

tl 	, A = 0,4,6 



- 128 - 

At the beginning of section 111.2 we have indicated 

that the computation of the wave-amplitudes lends it-

slekf to an appraisal of the overall machine-dependent 

accuracy of the computations. We have checked the 

compu4-ed eigenvalues of the matrix R for each of the 

14 functions, plotted on the following pages, and we 

have found that the mean deviation lies in the region 

of < 1 %. Considering the Volume of the computations, 

this error appears acceptable, especially in view of 

the fact that it includes any error arising from the 

calculation of Eb by means of polynomial fit. 
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CONCLUSION. 

In this work we have undertaken to provide a 

numerical verification of Leels formalism for dealing 

---with-three-particle systems -and in particular the 

triton bound-state. We have tested the theory with 

three different central potentials, two local and one 

non-local. From the numerous computations in this in-

vestigation the following conclusions may be drawn 

- regarding the characteristics of the potentials-within 

this formalism: 

_Yukawal s Interaction 

This potential leads to extreme overbinding in the 

-case of three identiogalparticles. The inclusion 

of spin-isospin lowers the value for the computed 

binding energy Eb  considerably, yet the system 

still remains too strongly bound. From a purely 

numerical viewpoint the potential in its triplet 

form creates difficulties due to its long tail in 

momentum space, a fact, which necessitates more 

points to be chosen along the momentum axis in order 

to keep cutoff errors on a tolerable level. The 

singlet counterpart is weaker,and shorter by a 

factor of approximately e- 2.2r 
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The Yukawa potential on its own therefore proves 

too strong to he satisfactory as an approximation of 

the nuclear pair forces within the triton. 

Exponential Potential 

This local interaction of shorter range is covered 

quite adequately by an 8-point Gaussian grid, as 

can be seen from the small variations in the results,. 

when the number of points NK is increased. The 

final adjusteLt is in the range of,a few percent 

only. One may thus take these values for Eb  to be 

more representative of what the theory is able to. 

predict with a central pair-force only. In the case 

of three identiial particles we again obtain an 

overbound system, but at-about half the strength of 

what Yukawa's potential yields. The inclusion of 

spin and isospin in this case, however, returns a 

value, which lies below the experimental one. We 

believe this to be mainly due to the uncertainties 

in determining the shape parameters of the singlet 

potentials, as we pointed out in chapter II. 

Recent calculations(17) performed with an exponential 

interaction,amongst others,gave results, which lie 

much closer to the experimental value of -8.48 MeV; 
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the shape parameters have been taken from the 

literature and they are not consistent with the 

low energy scattering data. we have used in this 

work. 

Yamaguchi's Potential 

This is the only non-local type of potential we 

have used. It is of very short range and there is 

practically no residual force beyond the cutoff 

introduced_by the 8-point quadrature formula. 

The values for the computed binding energy are 

the lowest of all three cases. 

A seeming contradiction between the theory's pre- 

diction and the actual results lies in the fact 

that the inclusion of one further irreducible repre- 

sentation leads to a consistent increase in the 

absolute value of E
b by more than 10 % as opposed 

to less than 1 % as expected. This potential is 

very short and according to Badalyan et.al.(1,10 

the contribution of the higher I.Rs. as measured 

against the 'zeroth' wavefunction uo  (r) is not, o 

as given in eqn.(5.38) of ref.(l), but rather 

1 
ul 	(r) 
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for r << -1,Xa , where a is the scattering length. 2 

Petrov etoal.(19) shows that in configuration space the 

Yamaguchi potential has a radial dependence in the form 

of a series in n: For n = 1 the interaction corresponds 

to Yukawals type, and for n = 2 to an exponential poten-

tial. If we compare our results with those given by 

-Petrov, we see that our value-for Eb including spin-iso-

spin and using Yukawa2 s interaction lies well below 

Petrov's ( we have used r
os  = 2.151 fm ), while our 

results obtained with Yamaguchi's potential for three 

identi641 particles compare very well with those listed 

by Petrov,, where spin and isospin are included. 

We feel that this first numerical evaluation shows 
4 Jutta 

the validity of Lee's. Nonetheless, further tests seem 

necessary; in particular, the nuclear forces should be 

refined to include tensor forces. As the radial term 

one would recommend Yukawa2 s interaction, despite the 

numerical awkwardness involved. The other types of radial 

terms have no real physical motivation and are weak. 

Petrov's finding suggest that the inclusion of tensor 

terms in the nuclear forces is likely to lead to a con- 



- 147 - 

siderable improvement of the results for the binding 

energy. 

It is hoped that in continuing this line of research 

it will be possible to implement the suggestions made 

in the introduction to chapter III in order to reduce 

the amount of computer time used. 
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APPENDIX: 	PROGRAM DOCUMENTATION 

This appendix is divided into three parts: 

i) Flow-Chart of the program structure for calculating 

three-body bound-states. 	Our notation included til 

as the general indication of a loop-index, whose 

range in each case is given in brackets, e.g. 

i = (1,N); where the upper and lower limits of a 

loop depend upon computed quantities during execution, 

this is indicated by the letters 9 iv9 , followed by 

the variable names and/or numbers, which determine 

the size of the loop, i.e. the difference (upper 1.) 

- (lower 1.), for example iv = (NKwNK2). 	The 

comments contain references to listed variable names, 

where this is felt necessary; the number of a 

partidular name is also given in brackets. 

2) Selective List of Variable Names. 

3) Program Listing. 	This is a listing of the program 

as stored on magnetic tape. 	The arrays are 

dimensioned for NK = 8 and N = 5. 	Of LAME only 

the main body is listed, the rest being the same as 

for PART 2. 
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1) i'LOW-CHART OF THE PROGRAM STRUCTURE 

PART 1 

I 

Comments and References 

(1) t (21) 

ST ART 

put: logical control parameters, 

case constants, Gaussian weights 

and abscissae (N,NK,M-point) 

DO 19  = (1,N) 

see p. 45 ff. ; 

(1) t (3) Non-Input Arrays 

Mapping: Gaussian region (-10-1) 

into region (0,+oo); compute 

w (weight factors) 

YES 

NO 

(10) 1. (15) 
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i = (1,m) 

= (1,N) 

= (1,N) 

	<t> 

Do i+o 

1
(0*,0,1)ii 

accumulator index 15 
1 < 15 <M3  

store array elementa 

tw> 	fc.J5 
— — 1  

" 	- T  

accumulator index I 

1 < I5  < (NK*N
2
) 

5 

App. 2 

location index for arrays 

(10) to (15) 

(4) t (9) Non-Input Arrays 



V 

c omput e 	s2  

DO 6 	= (1,NK*N2) 

(1 ,M) 

compute starting 

function.  

	 RETURN 
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i = (1,LIm) 

tl 

DO 999 

App. 3 

energy-variation loop; 

first energy value 

= ESTART + DE (14),(15) 

each loop-run computes 

NK-point two-body solution 

`stored in non-input arrays 

(16) and (17), with singlet 

amplitudes in (18) and (19), 

when dealing with fermions. 

see p. 

(20), (21) 
TO function-subprogram 
for two-body potential 

M-point solution of 2-body 

amplitudes, triplet(and 

,singlet as well for fem.), 

(subsystem)2  

TO Subr. PICARD 

RETURN 

Interpolation of NK-point 	 
0 Subr. PICARD 

amplitudes from M-point 

ra 	 RETURN 



transfer of amplitudes into 

storage arrays TT1 etc. 

fir 
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compute 1/ 1, 
sl  

1 	 
DO 9 	i = (1 ,M) 

r - 

accumulator index NS 

1 < NS < NK*N
2
(NK+3) 

(1,NK) D0 66 

App. 4 

see p. 64 

computation of amplitudes 

for(subsystem)1 as for 

(subsystem)2  

location index for storing 

amplitudes in arrays (28) t 

(31), together with respec-

tive set of arguments 

End of preliminary compu-

tations: two-body amplitude 

belonging to all the re-

quired sets of Omnes varia- 



App. 5 

tiles now available for 

subsequent computation of 

elements K(E)NK N ' (p.60ff) 

2 
k-loop; see variable 

processing order p.62 

index for transfer of block 

(NK*N2) of NK-point amplitu-

de solutions from (28),(30) 

into (32),(34) resp.ly 

solution block transfer-loop 

k'2-loop 

(29),(31) into (33),(35) 

respectively 

loop for processing X* and 

0* variables; N
2 combinatioi 

set selector index for 

solution block transfer 

(subsystem) 

Transfer block(s) 

set selector index for 

solution block transfer 

(subsystem) 

Transfer block(s) 
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recuperate set I L) > 

= (1,NK) 

recovery of 

solution 

	 11 

individual l 

Set parameter and argument 

in t1, singlet and triplet 

for fermions 

Set file processing index 

App. 6 

thereof for each set (k
2
,10

2 

loop for recovering parti-

cular two-body solution; 

(16), (18) 

for interpolation in loop 

14, see below 

DO 13 
V 

= (1,N2) loop for pfbcessing Ye " and 

0" variables; analogue to 

loop 11 

recuperate set Ic.) 

DO 131 = (1,NK) recovering solution; analogu 

to loop 111; (17),19) 

recovery of individual 

solution 



Set argument for interpolation 

of t2 via PICARD 
	04TO Subr. PICARD 
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Set parameter and argument in 

t2 

DO 14i = (1 NK) 

Mapping Gaussian range into 

(varying) range; set argument 

for interpolation of t1 via 

PICARD 

App. 7 

loop performing integration 

eqn.(I.2C.5) 

TO Subr.. PICARD 

RETURN 

RETURN 

Summing weighted integrand 

Store quadrature result in array 

for transfer to disc-file 

Write result block onto disc 

Numerical quadrature 

(36) 



App. 8 

  



Mapping (-1,+1) into ranges - 

of variables cos2fP", 	and 

0", with associated weights 

DO 9 i = (1,N) 

D0 999 i = (1,LIM) 

App. 9 - 160 - 
PART II 

Comments and References 

STAR T] 

Ei 

         

  

-Input:  control parameters and 

case constants; Gaussian NK-

and N-point weights and absc.; 

set constants 

 

         

         

         

     

DO 1 = (1,NK) 

 

      

         

         

         

Mapping region (-1,+1) into 

region (0,+oo) for k2,k'2  

(2) 	(7) 

loop-index = IEN; LIM = no. 

of energy values to be pro-

cessed = no. of files on 

disc from PART I 

NO 

YES 



Skip 1 file 

forwards 

TO Subr. SKPFIL 

- RETURN 

TO Subr. SKPFIL 

DO 3 

DO 99 .1 i = (1,K) 

JJ > 1 

YES 

( 

Conditional statements setting 

the ranges of the following loops  

App. 10 

eqn.(III.1B.1); K = no. 

of submatrices = 4 with 

two irred. repres.s = 9 wit 

three irred. repres.s; 

loop-index = JJ; p.58ff 

NO 

DO 2 1 iv = (NK) 

iv = (NK) 

Input N
4-block of data from 

disc into storage array 

Initiate location for 

quad. int.n accumulator to 0  

loops 2 and 3 fill matrix 

array (1) PART II; each 

loop has a total range of 
I  

(1,K2N) since the array 

comprises K*NK
2 
locations 

(36) non-input PART I 



• 
. 
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(
Conditional statements selecting 

(cos2i")-dependence in integrand  

I 

Initiate 0*-accumulator to Oi 

[  

Conditional statements selecting 
( 0*-dependence in integrand 

Initiate (cos2)4 ")-accumulator to 0 

(
Conditional statements selecting 

(cos2Y'")-dependence in integrand 

set accumulator index for selecting 

correct element from data block 

l add weighted Z"-element to 0"-acc.] 

App. 	11 

(cos2S *)_loop 

P-59, 

0* -loop 

cOs2"-loop 

0"-loop 

(36) PART I; index = JY 
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add weighted cosn"-element to 

cos27"-accumulator + contents of 

accumulator 

select unit matrix element 

!Compute and store matrix element 

add weighted cos2'd4*-element t 

quad. int.n acc. + contents of 

previous accumulators 

L

add weighted 0*-element to 0.-acc. 

contents of previous accumulators 

Conditional statements converting 

indices of loops 2,3 for proper 

selection of k
2
- and k'2-values 

1 

App. 12 
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App. 13 

ti- 

Bound 
 

state matrix 
YES 

required 

NO Output bound state 

matrix 

	y 	 
Invert matrixmatrix and compute 

determinant  TO Subr. MINV 

RETURN 

Output: determinant value 

and energy 
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SELECTIVE LIST OF VARIABLES  

Below we list, with comments and references, 

-all the input variables, arrays and arguments of 

subroutine-calls, occurring in the program. 

At present, it consists of three decks, named 

PART 1, PART 2 and LAM6 respectively. The two 

latter decks differ in the number of irrecluigeible 

representations, i.e.-values of X, XI - included, 

which are 0 and 4 for PART 2 and 0, 4 and 6 for 

LAM6. 	The coding differences are marginal and 

self-evident and are not included in this list; 

they follow from the program-listing 'included in 

this appendix. 

Variables fitted with * are used with the same 

meaning in all three parts. 	The array dimensions 

are stated in brackets and given in terms of the 

constants NK, N and M. 
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PART I  

Input Variables  

No. Variable Type Remarks Ref. 

I 

2 

SPIN 

YUK 

?$ logical 

it 

Set to 	'TRUE' for spin-isospin, 
'FALSE' 	otherwise. 

Switch variable for selection 

3 YAM It 
} 

of a particular two=body 

4 EXPO n potential; 	see data sheet.  

5 BSMAT y I? 'TRUE' if bound-state matrix K 

is required, 	'FALSE' otherwise. Sn.III.2 

6 N w integer Number of weight factors and 

abscissae for Dalitz-variables 

41w0"),T 	9Y" p. 61ff 

J7 NK " SameasN, but for variables 

k2, k,2 

8 LIM * 11 

• 

The number of total energy 

values E to be processed 

(usually 1...:75) 	for det=det(E) p.68 

9 GS real Singlet-state coupling 

constant, pair-potent. Table 4 

10 GT 1, Triplet-state coupling 

constant, pair-potent. Table 4 

hi AMS " Singlet-state range parameter, 

pair-potential (squared) Table 4 
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No. Variable Type Remarks Ref. 

12 AMT real Triplet-state range parameter, 

pair-potential 	(squared). Table 4 

13 ED it Value of bound-state energy, 

input only if BSMAT=tTRUE1 , 

0.0 otherwise. 

14 ESTART ?r it Starting value of E for bound-

state scanning (first value of 

energy E + DE). 	• 

15 DE w ti Energy interval. 

16 WT(N) real array Input of Gaussian N-point 

weight factors. 

17 Y(N) 11 	II Input of Gaussian N-point 

abscissae. 

L8 

L9 

WK(NK) 

YK(NK) 

II 	 If  

t! 	 It  

Input of Gaussian NK-point 

weight factors., 

Input of Gaussian NK-point 

abscissae. 

)0 WTO(M) " 	 II  Input of Gaussian M-point 

weight factors (usually M=10) p.65 

?l_ YO(M) tt 	 " Input of Gaussian M-point 

abscissae. 



- 168 - 	App.17 

Non-Input Arrays 

No. Variable  Type  Remarks  Ref. 

1 W(NK)  Weight factors, mapped from 

Gaussian range 

k2-range (0, +  

(-1,+1) into 

m) P • 14  7 

p.47 

11.1.6 

p.65 

p.64ff 

17 

2 AbscisSae corresponding to 

WINK) 

Square-root (X) 

Set of arrays, containing all 

possible values of the Omnes-

arguments wl' w2' w3  arising from 

Equivalent to arrays 4,5,6 for 

the arguments w°l'2  w°'  wearising 

from (102,e,y") 

Equivalent to arrays 4,5,6 for 

M-point Gaussian data,M>NK>N, 

for computation of pair-

amplitudes for higher accuracy. 

Equivalent to arrays 7,8,9 for 

M-point Gaussian. 

Array for storing triplet-state 

t1(111$911;  ) ( s . NK-component 

vector). 

Same as array 16, but for 

t2 (.9 2' 2 11's) 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

x(NK) 

SX(NK) 

\ Wl(NK*N2) 

\ W2(NK*N2) 

W3(NK*N2) 

\ WP1(NK*N.2  ) 

\ WP2(NK*N2) 

\ WP3(NKREN2) 

W10(0) 

W20(M3) 

W30(M3) 

WP10(M3) 

WP20(M3) 

WP30(M3) 

Tl(NK) 

T2(NK) 

*\ the Dalitz-set 	2 ,* 	) 

real 

It 

It 

tt 

It 

It 

It 

It 

It 

It 

tt 

It 



N Variable Type 
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Remarks Ref. 

18 

19 

20 

21 

22 

24 

25 

26 

27  

28 

Sl(NK) 

S2(NK) 

STFNT(M) 

STFNS(M) 

sx1(1) 

SX2(1) 

PF1(1) 

PF2(1) 

PG1(1) 

PG2(1) 

TT1(NK(NK-1-3)wN2 ) 

real 

It 

It 

It 

11 

ft 

11 

It 

Same as array 16, but for 

singlet-state. 

Same as array 17, but for 

singlet-state. 

Array for input of starting 

values to iteration routine for 

solving t1  and t2, triplet-case 

only. 

Same as array 20, but for 

singlet-case. 

Input argument Tli=ywl,w,w) 

for interpolation of t, 

Same as array 22, argument 

112=112((4,w13,w1) 	for t2 

Return interpolated tI-value 

(triplet). 

Return interpolated t
2 
value 

(triplet). 

Return interpolated t1 value 

(singlet). 

Return interpolated t
2 

value 

(singlet). 

% Storage of NKwN2) NK-point 

triplet t1(11,q1;s), 	each 

solution being stored with its 

p.67 

p.50 

p.63f 

respective parameters  wi,u) ,(1)  

for ill 1 
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Variable 	Type Ref. No. 

CALL of Pair-Potential 

Same as array 28, but for 

t2(112,11;s) 

Same as arrays 27, 28 but for 

singlet-states. 

Intermediate storage area for 

the N2 NK-point solutions of 

t1, - belonging to a particular 
2\ set-  (k2  lk,  ), triplet-state. 

Same as array 32, but for t2  

Same as arrays 32,33 but for 

singlet state, respectively. 

Storage area for the n4  
• element's <k2  ir#Tw IK(E)Ikt2,epu> 

belonging to a particular set 

of k2  ,kt 2  ), for transfer to 

and from mag-tape. 

Functions vo(k,kI) 

29 

30 

31 

32 

33 

34 

35 

36 

\ 	\ TT2(NK(NK+'1)*N2) 

\ TS1(NK(NK+3)*N2) 

TS2(NK-(NK+3)*N2) 

_T1W((NK+3)*N2) 

T2W((NK+3)*N ) 

\ \ S1W(-(NK+3)*N2) - 

\ \ S2WUNK+3)*N2) 

/ 4\  ) 

p.60ff 

Remarks 

CALL: <Name of potential> (U,V,CF,AMU) 

Name either YUKAWA, YAMAG or EXPNTL 

U A k 

✓ A ki 

CF A coupling constant * appropriate factors 

AMU A (range-oarameter) 2 

1 

2 

3 

4 
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CALL of Picard-Routine, performing iterative solution or 

interpolation of pair-amplitudes. 

CALL: PICARD(PF,WF,ZI,WP,IT,E,P1IIN,NP,ZP,GP,ANU,YK,YG,EP) 

2 	- 

PP(1) 

WP(1) 	- 

dummy-dimensioned(dd) output array for three 

0/P options: 

1) NK-point solution of pair-amplitude function. 

2) M-point solution of pair-amplitude function. 

3) single result - of interpolation. 

dd-array for input of weight factors. 

ZI(1) dd-array for input of abscissae in iteration 

process. 

4 WF(l) dd-array for input of starting function (see 

arrays 20 and 21, PART 1). 

5 IT option indicator (1 for iteration, 0 for 

interpolation). 

E real-input of two-body subsystem energy s 

P1 input 	(real) 	of 'parameter' value 11' 

8 IN integer number of points to be interpolated 

NF integer number of intervals in integration 

range 

10 ZP(1) input of argument, for which amplitude function 

is to be interpolated 

11 GP input (real) of pair-potential coupling 

constant 	factors 
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inpUt (real) of pair-potential 

(range parameter)2  

logical selectors of pair-potential 

('TRUE' or 'FALSE?) 

PART 2 (LAM 6) 

(The list below contains only those declared variables not 

mentioned in the list of PART 1.) 

No. Variable Type Remarks Ref. 

1 AM(2NK,2NK) real array two-dimensional array for 

matrix KX,X1 
	

dimensions 

= (3NK,3NK) in LAME p.66ff 

2 PSI(N) real array storage area for N 

arguments cos 	(same 

as 	cos4r") III.1B.lO 

WPSI(N) real array weight factors belonging 

to PSI(N) 

4 PHI(N) real array arguments yw IIT.1B.11 

5 WPHI(N) real array weight factors belonging 

to PHI(N) 

6 PHJ(N) real array arguments yll I11.1B.12 

7 WPHJ(N) real array weight factors belonging 

to PHJ(N) 

12 ANU 

13 YK 

14 YG 

15 EP 



No. Variable 
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Type 

- 	App.22 

Remarks Ref. 

8 YT(N) real array array corresponding to 

array 17 PART 1 

9 

10 

NU(2NK) 

NV(2NK) 

integer array 

integer array 

working space for 

inversion-routine MINV 

dimensions=(3NK) in LAM6 

CALL of SSP Subroutine MINV 

CALL: MINV(A,N,D,L,M) 

1 A input array for AM(,), double precision 

A 2NK for PART 2, 3NK for LAM6 

A returned value of determinant, 

precision 

double 

L A NU() 

5 A NV() 

CALL of SKPFIL-Routine; this routine searches for a specified 

file on mag-tape, by skipping end-of-

file marks, forwards and backwards. 

CALL: SKPFIL(IFIL,IUNIT) 

integer number of e.o.f.-marks to be skipped, 

+ve for forwards, -ve for backwards 

symbolic tape unit number (chosen as 7 in 
this program) 

IFIL 

2 
	

IUNIT 



C 
PP.UBHAm HART1(INPUTOUTPUT9TAPES=INPUT9TAPE6=OUTPUT9TAPE7) 

PART 	1 	: COMPUTATION OF MATRIX ELEMENTS K(E)—N 	******** 

PAr<11 
PAr0I 
HARi1 
HAHil 
PA;.6'1 
PAR F 1 

00002 
0000j 
00004 
00005 
0000h 
00007 
0000 

Cl THE FOLL01,4ING DIMENSIONS APPLY TO THE SPECIFIC CHOICE OF PArd,11 00009 
C PAAPETEkS PA:,e.11 00010 

Nr; 	= 	8 	9 	N 	= 	5 	9 	M 	= 	10 	DENOTED 	BY. 	,(85910). 00011 
r v.,ODIFICATION OF 	THIS SET 	ENTAILS ALTERING THE-_,HAY DIMENSIONS PArcfl 0001? 

TYPICAL '=TS AND CORRESPONDING DIMENSIONS APE-LISTED BELOw. PAP11 0001B 
pAF-(11 00014 

C : 	6 	5 	10 	200 	275 	1000 	2200 	625 HAr-ei1 00015 
1 0001f,  H 

C (515-9)0) 	: 	z 	5 	10 	12B 	200 	1000 	1000 	625 pAr-eAl Otio17 
I 	I 00016, S t 

,77 (5,3,20) 	: 	5 	20 	12'D 	200 	8000 	1000 	625 PAP11 0001,4 
RAP II 000,20 

C (797910) 	: 	7 	7 	10 	343 	490 	1000 	3430 	2401 PAk11 00021 

(09.9910) 	: 	9 	9 	10 	729 	972 	1000 	728() 	6561 
PAki1 
h;Ak11 

00022 

PA 	ii 00024 
PAR i 1 0025  

i-31vNSION 	wT(n),v1(8)9Y()9X(H),SX(8),W1(200)9W2(200)9N3(200) ,7T1(8) mOUP11 00001 
1,7::().S1(,-OySTENT(0)5STFNS(?0),PFL(1),S0),PF2(1),P61(1),P62(1) HAr:F1 00027 
295/ 5X2(1)9T1i,j(62B)9 	TI.(275)9T21,!,(275)9S1 ./4(2 -1B19S2N(275)9'e:I0( PATI 60028 
310)9.,%0(10)1Y0(10)9A0(10)9SX0( 10),10(1000)0(1000),30(1000)9T1O PAil 00029 "4 
4(10)9i-.-.0(10).,P1(00)9viP2(200)9tvP3("e00)9WP10(1000),20(-1000)9WP30 HANT1 000J0 
S(1060)9TT1(200)911-2(2200)9151(2200)9154(2200)0K(6)9v,K(6) PAT1 00031 



LU(3iCAL 	-'1.(\i,YUK,YAM,HSMAI0LXPO PAHL!. 000J? 
C PAkil 00033 

C0f2;ON 	Si-'151SPI39SPI7 P41- 1. 00034 
HE4D(5,1002) 	tiPIN,YUK,YAM,EXPO'BSMAT PAr'i1 00035  
khAU(5/1006) 	N9NK,LIM,GS,GT4AMS,AMT,E89ESTAT9DE PArdl 00036 

C PAP 11 00037 
C i,i0iW11 0.000 
C 
r , 

U u P T I 
mOUPT1 

00003 
00()04 

.::kTTE(699090) _ 	 . nuPT1 00005 
YO(J) 

1 
FOP.MAT(1H///950X9*DATE 	OF 	SUBMITTING JUB:*,//,:55X, 
* 	ib 	DtCambER• 	1970*./////) 

mODHT1 
N1001-,T1 

00006 
0000/ 

C 
C -:, 

,lout-J11 
(-)1)?-)T1 

000ud 
0006,4 

C HOoi-Jr1 00010 
P = 	I U HAKT 1  0002,  
N!;.,.: 	= 	N*NNK Pi-kr-6- 1 0003v 
Ni'3 	= 	NK 	+ 	3.  HAkil 00040 

= N**: HAkY1 000q1 
-.) 	=Ni ..:4 HAkii 0004a' 

N4 = PAP 11 00043 
T is ',1)H1. 	= 	?_*3.14159265353979 .  PAkr1 00044 
-C.3 	= 	T1/3. PAi-Cil 00045 
T4 	= 	4- 1H1/40 HAkil OU0L5 
Td 	= 	T3/.,:'. HAkTi 00047 



SPIJ = SQRT(TwOPI)**3 

SPTS = 	(SORT(MOPI)**5) 

SP:7 	= 	(SURT(TwOPI)**7) 

TUP13 = 	r4OPI**3 

PART). 

PARTi 
PAkT1 
RARF1 

0004 

000,4Y 
000',7,0 

00051 

1F. (YU) 	CFT 	= 	GT/(2.*SPI7) pAR(1 (fl;OLE? 

IC- (YU) 	CPS 	= 	GS/(2.*SRI/) P, 	:<1 00053 

IF()) 	CET 	= 	GT/T1)PI3 RAR{1 OWPD4 

IF(WL) 	CFS = 6S/TURI3 
IF(fr:I.R0) 	CFT 	= 	61*4.0/SPI7 RARil 

IF(Ar-'6) 	CF5 	= 	4.0*(35/5F'17 

i t 	=*. (filuPf**2?.) RAII 

(1007 

pc.(n,1000)(T(N1),NI=1,N) pAr01 0005 

LLA0(:-..-,I(.;00)(Y(L1).L1=1,N) PART". 000o0 

H7Li,U(5,1000) 	(N(1.1N1),NNI=1,NK) HARTI 000(:1 

'z.1.40( -2,1000) 	(YK(NN2),NN2=1,NK) PAR11 Ou0H2 

,-,';.:=10(.10(.i0)((0(M10)9m10=1qM) PARN 0006.5 

rE40(5,1000)(11 0(M?0),H0=11M) RAk[1 0000 

DO 	19 	,131“,1 PARI1 000t3 

;(0(M3) 	= 	(1.+YO(M3))/(1.-Y0(M3)) PARTI 000(55 

\.)(N3) 	= 	SukT(X0(m3)).  RAR11 000y 
G. = 	.5*drOim3)*((1.+X0(m3))**2) RARI1 00U(7) 

:.kii,101'-.00Q,V;i0(K.2),Y0(K2),X0(K2),K2=1,M) 00O U 

C PARI1 00070 
c-** CUrfi.PuTgiION OF 	10-POINT ARGUMENTS 	,FOR HIGHER PRECISION ***** PAi-<T1 00071 

= PAR -{- 1 000/ 

u0 PAP F1 00073 
vARII 00074 

pAkfl 0U')' 

DO 	30 	I3u=1,M PAP i- 1 0007;5 

PSI 	= 	(YO(I30) 	+ 	1.)/2. HART1 000/7 
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P 	= 	AtI2) PA 	11 00103 
P3 = P/3. PAkT1 00104 
DU 	3 	I3=11N PAT1 0010 
PSI 	= 	(Y(I3)+1.)/2. PAr<T1 00106 
UG 	4 	14=1,N pAii 00107 

= 	T4*(Y(14)+1.) 	— 	T6 H!),HT1 00106 
PHj 	= 	T4*(Y(14)+1.) 	- 	13 HAkil 00100 

= RS! 	- 	13 00110 
Ae 	= PHI 	13 00111 
Sk = PHJ - 13 Pi4r,?Ti 00112 
HP 	= kMg 	+ 	13 HAk11 00113 
IB 	= 	14+(i3-1)*N.*(12-1)*N2 PA 	T1 001)4 
i1(15) 	=P3*(1.+PSI*COS(A1)) 
v4L(J1 -3) 	=P3*(1.+PSI*C0s(AP)) 

0011 

1/2 3(1S) 	=P3*(1.+PS1*COS(PHI)) 0011Y • 
00116 

1/2!-:- 1(1) 	=P3*(1.+PSI*COS(9)) PAkil 001P;; 
=',)3*(1.+PSI*COS(73P)) pAro11 00120 

3P3(1p) 	=P3*(1.+PSI*COS(pmj)) 
CuIL,AJE 

kAwil 
pro1 

001(21 

PAki1 (Julc.3 
2 CwIliY0E PAT1 0014 

P4,1,:11 001?5 
C HARI). 001?6 
C 06611 00127 
C -**-* 	r_AErRGY 	vARIAT1ON LOOP, 	IF BSMAT FALSE ********** PART) 0012,i • 

001e 
= EsTAT HAHN 001 30 

DO 	c/9 	I.N = AtLIm• 00131 
(.; PAr<11 00136 



ENGY = EN6Y + DE 00133  PART1 
C PART1 00134 

1F(6SkIAT) 	EN6Y = ES PARTI 0013t') 
PART1 00136 

C-"********* SOLUTIONS OF T-1 AND T-2 	^"***** •***** HAH11 0013/ 
C H'A.R1- 1 0013o 

DC 	t 	It=1,kK 1-;Aki1 0013'4 
= 	+ 	''JP3(16) 	--'.5*WP2(I6) 00140 

SET 	= 	5i!)RT(EIA2) HARI1 .001m1 
ENL 	- 	E ,; (:)Y 	- 	1b*VP2(1t) 	 ! ;)ARI1 00142 

C******** 	STAkTING FUNCTION FOR PICARD-LOUP 	,*4"************ 0o14--  -; 
DC, 	7 	17=i4 r-, ARI1 00 16,4 
5 	SA',-;(11) A 	f l 0015 
IF(YU) 	vLT 	= 	YoKAA(S.SET,CFT9AmT) F' 	.f 0014t 
IF('(AM) 	VLT 	= 	Yp.mAG(SITICFT9AmT) HA1-<11 00147. 
IF 	A (Ei-0) 	VLT 	= 	EXPNTL(S.SETICFT.AMT) 0014,4  i-)AR11 
IFIN.ANO.YOK) 	VLS 	= 	YUKAIdA(SSET9CFSIAmS) 
IFLDHH.AN0„YW-i) 	VLS = VOIAG(S9SET9CFS9AMS) 

VLS = EXHNTL(S9SET9CFS/AMS) 00151  PARI1 
SIFNT(17) 	= 	si3*VLT- PARE]. .001 

	

IF(SPili) 	STFNS(I7) 	= 	VLS*SRI3 
-7 	 ONliuL C 

HAral  
0014 

C PAkTi 00 1 55 
Ci,LL 	t-, TCRD(T2o/STFNTISX09w0'19EN29SET9m9M9SXOTCFTIAmT9YUK,YAm'E(R PAkr1 001 -i6 

1J) rAR11 00157 



	

CALL PICARD(T2iT20vSX0,W090,EN2/SETINK,M,SA,CFT,AMT,YUK,YAM,EXPO) PAHT1 	OU15 
IF 	 PAi-“ 1 	00i (.NOT.SPIN) 	GO TO 60 	 ,  
CALL PICARO(T20/STFNS,SX09 140 9 / 9EN2,SET,M,MsSX09CFS4AMSOUKIYAM,EXP PAHL. 

	

PiAii1 	
00160 

1 f,i) 	 00161 
C.-,LL. PICW.:0(S2fT20,SX0,W0,0,EN2,SETsNK9HISX,CFS9AMS9YUK,YAN•EXPO) PAil 

A 	
1-- 	OU163 

	

)Ail 	
001(12 

C 
6C) E11 = ie!e(16) 4- w3(16) — .5*W1(16) 	 PAI-11 0 

PAr:11 SLI 	= ST(ETA1) 	
016 4 

i',4.1 •.---. 0,j(DY — 1.5*1(I6) 	 PAkfi 	
0;)16 

	

1-''At-',I1 	
001b() 

C***************** STARTIN(3 FUNCTION FOR PICARP LOOP x*.- 

	

PANil 
	0UIS7 

L.- l':j=15,1 
S = SA 1:-1) 	 .A 	P AHF1 	= I  H 
IF(YU 	VLT = YUKAA(51SFT,CFT/AMT) 

	

j--)1i,iii 	
00170 	W .0  

Ii:- (Yi:;-0 vLT = Yw.1ACI(SpbaTqCFTIAMT) = 00171 
ii:ALU) VLT = i.:PNTL(:),SET,CfT'AMT) 

1.((1 11/()-3 IF(1- 1.t1H;),,(1J;\. ) VLS = YUKAA(S,SET,,CFS,AMS) 

%Til
ie- tiN.ANO.YAM) VLS = YAl'IAG(StSET9CFS'AMS) 

	

7::';-Irl 	

001'4 
IF(!;_i'IN.AO.EAPO) VLS = EXPNTL(SsSFT/CFS9AMS) 	

(=, bi-I3*VLT 
00117 IF(S1-)iN)- STES(19) = VLS*SP13 

= 

-? 	 7. COTli',u1. 	 OU178 
00)1V C 

	

C;;LL 1--ICi:, OCT104STFNT9SX0q0,19EN1fSET,M9i,i9SX09CFTIAMT9YUi<9YAM.EXP PATI 	Oul&A) 
1(;) 	

Pkr<i1 (=.) 't CLA. PICAOt kTlIT109SA0.)W00,EN19SET9NK,M,SX9CFTIAMT/YUK9YAMsEXPO) PART' 

	

Pi.w11 	
,--, IF(.NT.SPIN) 	GO TO 61 	 ,.., 

C;;LL PTCA:-,,D(rirj9SIENS,SX0.',10919c- N19SET,M,M9SX0sCFS'AOS9YUKIYAMILAH PAr'i1 
10) 	 PArtfl  \.0 

	

Ci:LL PICARD(619T109SAO,W090/EN19SET,NK,M9SX,CFS/AMS9YUK,YAM,EXPO) = 	
11111J-3 



NS 	= 	1 	+ 	(16— 	1)*NP3 001>7i6 

NS' 	= 	NS 	+ 	1 	• HAT1 

kS2 = NS + 2 •• eARfl 0010 

TTI(NS) 	= 	W1(16) PAHT1 00191 

TT1(NS1) 	= 	W2(16) HAk11 00192 

TTI(NS2) 	= 	w3(i6) 
-2rT1 

OD1L)3 
U01(,)4 

= 	,tj-2(16) Pgmf) 0019.D 

TTL(1) 	= 	v*3(.16) PAHil 00192 

-11- 2(N2) 	= 	vJP1(1:6) 001,)7 

bG 	t2.6 	Ito=1,NK 
pAHT1 00190 

= 	I66 	+ NS2 Fir II Gulcfc) 

iTIJhb) 	= 	T1(166) HAHT1 0,.2 1)0 

= 	T(166) PAMT1 0020i 

U.-(.1\uT.sP1N) 	GO 	TO 66 PANil 0(1202 

i61(J06) 	= 	51(166) rAT1 00203. 

TS2(j66) 	= 	S2(166) PA 	it 00204 

06 	CT11\!Ut"7: 

b 

HAM 	1 06205 
000o 

PgmT1 60267 

PAKil 0020 

PAki1 00209 

PAk11 Ou210 

PAeTI 00211 
PART! 00212 



PAk11 
PAkil 
PA i1 
PAr<T1 
PA,rd1 
PAI-C1 
HAkil 
PAkIl 
PAT1 
PAm;1 
PAr;11 
PA:;11 

PAKU1 
P42xil 
PARll 
PARIi 

.P k 
PAHUI 
IA-11 

P.Ai7::f 

t'Ait 11 
PiAr< I 
AAR 11 
• r1 
pAr<fl 

00213 
00'214 
0021'D 
00215 
00'217 
00118 
0021'; 
03220 
00221 
00222 
Our:'13 
Ou?24 

0022r.,  
00227 
001. 
0622 
00230 
00231 
00'232 
002:33 
Ou2"44 
0(12J5 

'0023(7,  
Ou237 
Ow23 
0023 
002'0 
002-A 
0024? 

CREATION OF TAPE-FILE FOR Nt6.NALUES OF K(E)-N ***** 

ITN = NK24- 3*N2 
C****** LOOP FOR THE N BLOCKS OF T-1 DATA ********* 

DO lb II0 = 19NK 
C**** TRAi.4SFER OF T-1 BLOCK ********* 

ISI = 1 	(I10-1)*ITN 
=.I1u*ITN 

IIIN = (110-1)1FM. 
110 Ii11)= 1- 11Ii-1 

JiI) - 	IifN 
1F(0NUT.5r,1N) 	GO TO 110 
SI(3110) = TS:1(1110) 

110 f3,(3110) = T11(1110) 

C,,oi,**** LOOP Fu'r THE N BLOCKS OF T-2 DATA 7;-********** 
DO 12 f12=1,NK 

C*****i'***** •TrAMsFE. OF T-2 BLOCK *********** 
452 = 1 	(1If2-1)*ITN 

= 
JITH = (112-1)*IT2 
23 c20 1.20=1S291F2 
3:220 = 1220 - JUN 
IFC.NjT.5r3IN) GO TO 220- 

= 152(1220) 
•D T2';d(320) = TT2(1220) 

C******-1:' 06-1.1; 	T-1 LOOP FOR PROCESSING ******* 



DO 	11 	111=1,N2 
NIS 	= 	I 	+ 	(I11-1)*NP3 
NIS! 	= 	NIS 	+ 	1 	' 

6132 = NIS + 2 
Ceee#e#® 	TRANFER OF SINGLE SOLUTIONS OFT-1 ****** 

RARII 

PAR11 
PAi-?11 
PAt,J1 

00243 
00244 
0u245 
00246 
U0241 

01 	= 	T1(NIS) PAkri 0024 
02 	= 	1.1(NISI) eARTI 0024,,J 

03 	= 	Tl-v4(NIS2) PAHrl 0020 

:JO 	111 	ii11=1/NK PP61 002h1 

JI'l 	= 	Ill! 	+ 	NTS2 0022 

71(1111) 	= 	TI(J1111 PAr;f1 00253 

IV(.60T.sPIN) 	GO 	TO 	111 00254 

S1(1111) 	= 	S1o,(J111) PAil Ou2bS 

111 CLW:iINUE vArfl 00236 
2At<11 Ou2t)1 

= JI 	- 	02 	+ 	03 

hNi 	= 	1.01 

= C2 + 03 — HAt<11 UJ2nG  

ET;,1 	= PAI] 
0.322 

= 	(111-1)*N2 PARY1 0923 
PAr<fl 0026,,  

1-2 LOOP FOR PROCESSING ****** HAr-11 0020b 

DO 	13 	1. 1 3=1,N2 PArtfl 00265 

NJS 	= 	1 	+ 	(113-1)*NP3 PART1 002:-)7 



HT71. NJS1 = NJS + I 	 PA 	00268 
NJS2 = NJS + 2 ' 	 •,. 	 IPAT1 

	

!,1-,Ai-ti1 	
00;-.9 

00:17: 

TkANSFER OF SINGLE T-2 SOLUTION .*********** 

	

T2vi(NJS) 	 HARTI 

:002:13 
HAHT1 03P = TL': 	' 
- r-i1 

Clutt4. 
01P = T2'-v(NJS2) 

HAHFI. u0 131 Ii31=1.Ni‘. 

	

-Ai-i1 	0o275 J131 = I -131 + NJS2 
:i Tef.C1 	w 131) = T2(J131) 	 HAr 1 	0027h  

1;:C.NTI.sPIN) 	GO TO 131 	 'r,  A t-ci 1 	Ou002777 

il 
S2(1131) = 520 	

2Vl 	
0076 (J131) 	 - •;..., . 

137  (..',JNIIIYE 
C 	 - 	--, A,, 	;-6-1 	

0079 
00;-_-.9 

L'..k ..t = ''A)Y — 1b02P 
P= = 

006i 
SE = 01P* 03P — ..--;*02P 	 H 

= so 	 Ai i(SE) 	 -='il 

= 
SII2 = 2.*S0 	(0 HT1*02P) 	 00?,4 
OILH = 01 + 0- Our' 
• = 	5*01 	 H;11 	00rh 
• = 01. — 	*02P 

Ax
b  

OLP — . 
.5 0027 

C*,,********* INIE614.ATION AND PICARD INTERPOLATION ******* 	= 11  00",76 

= L:G '4 .14=i*NrC 
-'i-100W7? 

OU20 
• = Sii*YR(114) + 01 2P 

	

t-/-'ti 	
00I 

Eli-,  = 00P + 0,,-HI 	 (.112 
* 021H 	 PArd- 1 	00403 

p;1 SA! CI) = SUkT(:10P) 

	

A- 

PAr<T1  

1 	002.4 
5(1) = S0kT(E2OH) 	 HAkil 	02 

C 

	

CALL HICAkD(PF1.91- 19SXIW 909EN19ETA191/NK,SX19CFT9AMT,YUK/YAM,EXH0) PAI-“1 	00207 



CALL PICARD(PF29129SA9W 	909EN29ETA2919NK9SX29OFT,AMT9YUK9YAM9EARO) 

IF(.NOT.SPIN) 	GO 	TO 	140 

CALL PICARD(PG19519SX9W 	909EN19ETA1919NK9SX19CFS9AMS9YUK9YAM9 EXPO) 

CALL PICARD(R629529SX9W 	909EN29ETA2919NK9SX29CFS9AMS9YUK9YAM9 EXPO) 

PaRfl 
PAPT1 
PART1 
PAkT1 

00296 
0029 
00300 
00301 

TT 	= 	TT 	+ 	WK(114)*(PF1( 1)*(PF2(1)+3.*PG2(1))+PG1(1)*(3.*PF2( 1) 	+ PAR]! 00302 

1(.7?.(1)))/(012H+00P-ENGY) FAr<T1 00303 

IF- (:::P1:'!) 	GO 	TO 	14 PArol 00304 
PAHil 00305 

1L01 	TT 	= 	IT 	+ 	WK(I14)*PF1(1)*RF2(1)/(012P 	+ 	ODP 	- 	ENGY) PAkI1 0030n 

14, 	UUN3INuE PAti1 00307 

Ti 	= 	TT*1- 1--34/(k;“_-ENGY) P:\11  00304  
PAki1 0030') 

= 	113 	+ 	A2.111 HP 0.;11 00310 

= TT PAI1  0031 1  

12 • A pAh(11 003-1 

COTIrWE P4t-a1 00313 

PART! 00314 

(TINT(IA2)9IX2=1,14) 0031 
0031t 

CON11;'4UE PA -P,. 0031Y 

1) 	CURT PAr 	1 0031 

IF 	PU.I.AND.YUK.ANO. IEN.E0.1) 	WRITE(691001) 	GS9AMS,GT,AMT PAra1 00,31 

.AND.IENGE0.1) 	WP1TE(691005) 	GT, 	A'ml.  P6;-411 003?0 

PiTh,g,i1D.YAANO. IEN.E0.1) 	WRITE(691O07) 	GS9W,19679,4.mT RA 	T1 003?1 

1F(. 	.AND.IEN.E0.1) 	WRITE(b9100b) 	GTIANj Pgr-01 005? 



IF(SPIN.AND.EXPO.AND.IEN.E.Q.1) WRITE(6,1010) GS9AMS,GT,AMT 	PAKTI 
IF(.NOT.sPIN.AND.EXPO.ANO.IEN.EO.1) wRITE(601011) Q'TIAmT 	PAral 	0034,  

C 	 PANT! 	003.) 
END FILE 7 	 PART 1 	003et, 
t-iTi(691004) IEN,ENGY 	 PAmil 	003;-[1 

I;(tS(-iAT) GO TO 909 	 PA).-(1- 1. 	003c'h 
749 c0 	N :,TIUE 	 PArd 	-3 

	

1 	00? 

	

pk,r(T1 	003J0 
END FILE 7 	 PA- T1 	0u331  
,-(ElfiL) 7 	 00:332 

Fc.-1(5r14.1?) 

	

j1 	00.33:-, 
3 ,J31 t- c;-vAT(IA////20.9* 3 f- EPIONS9 YUKA'AA 5-:VANE POTENTIAL '"9//20X9 

 

00,)3t,  
7 * ,11Jol_rA-  CuUPL. CONSTANT = *9F10.5x,*sINGLET MU':N2 = 	 00331 

HIr,LET COUPL. CONSTANT = *,F10.5,5X,* TkIPLET MU1'2 = 	PA101 
3Fi.7///) 	 p;sr'.11 	CO 3)39 

2 	FutT(.--)L10) 	 PA"li 	00340 

Fu:eN,AT(IA//e0A910nFILE NO. =9.2X9I29.':-,A9*Er‘otPGY =*9X9E1S.-i//) 	PAr-:1- 1 	Ou.341 
F0,-Aftlx////ex,* 3 (.()SONS. YUKA W A 's--AVE POTENTIAL *9//a0A9 	pAr<T1 	0o3-? 	Co 
1* COULIN(' CON'-)TNT (11PLET) = *9F10.595A9* :viUt2 = *7F10.7///) 	NAr,T1 	003+3 
F- v-fl,--1(le./1391'D,410.t-)4Fic2F5.?) 

(LI ):3: Fu-,..;.1(1A////2GAO.r 3 FEH:.110NS, YAA(JOUCHI S--: 	* AVE POTENTIAL 9// 	eArl 	c; 5 
SIN0LET COUPL. CONSTANT = 	 9;' 1().59 5X,''' SINGLE] Mu'7'2 	= *, 	PAr:F1 	Oui-t 

	

TkINLET COUPL. CONSTANT = *9F10.595A9* TRIPLET (^?U1s2 = HARil 	0u.3a7 
3 *9Fin.(///) 	 pAt-6.1 	00344- 

1;i0 	FL,-,;A1(1'.9////c.0X9* 3 FUSOAS9 YAMAGOUCrII S.-WAVE POTENTIAL *9 	NANTI 	0u 3L.•7 
12/c 	Lf:JPLIN(.7 CONSTANT (TRIPLET) = *9F1U.595X9* MU'12 = 	PAr,11 

P4r:11 
If;10 	;,i(in////e-LOA/* 3 FEPNIIONS. EXPONENTIAL S- AVE POTENFIAL *9// 	P4rerl 	()03_-)a- 

-)1.%(-,LL1 COUPL. CONSTANT = *9E10.95X9* SINGLz.:T mU1'2 = *, 	PAmil 	ou 353 

	

TN1PLET COUPL. CONSTANT = *9F10.59X9* TripLET Mu4,2 = PgriH 	(iYJDL. 

ir.i10.(///) 	 0'1J_):, 

1011 FO.,',AITIA////20A9* 3 'IrcOSONS9 EAPONENTIAL S-':IAVE POTENTIAL *9 	1JAx11 	Ou3-;(1 
1//,--CX,* Cuo,"LIN0 CONSTANT (T,RIPLET) = *9F10.595X,* MO1.2 = *, 	0o357 
Fit).7///) 	 PAll 	0039-' 
FO-vAT(1A/10X.14mV.EIGHT-FACTOH 9.1292A9F- 10.7910A91.SmGAUSS-A8SCISsA 	Ou3 
1,?_.-A9F10.791ux99HASCIS.sA 92X9E14.7) 	 P/0“). 	003)u 

	

NANTI 	003-)1 
LAF) 	 1-,At-01 	003n:). 



PAkT1 OU3b3 

PAkfl 00564 
FUNCTION YAMAG(U9V9CF,AMU) PAkT1 
COt,i:MON 	SPI5ISP139SPI7 PAkT1 00'36h 

PAkT1 Ou36/ 
****,t1.** 	YAMAGUCHI 	POTENTIAL, 	S-WAVE ONLY *.******* PAkT1 0036 

PAk41 003t.-)Y 
YAm.AG 	= 	CF/t(U**2+ANU)*(V**24.AMO)) PAkil 003(0 

PAkT1 00311 
kETUki PAkV1 00372 
ENO PAkil 003(3 

PAkil 00374 
C PAHT1 00375 

FUNCTION 	YUNA',.)A(U9V.,CF9AMU) -;„ vAkil 00:i7h H 
CO;inON 	SHI5,SPI39SPI7 i-,A'1.1 003(7 

c vArti 003( 
C******* 	YutAI, A PUTENTIALS, 	S- 	AVE, ONLY 	********** FAkfl. 003/(,; 
C PAkil 003-W 

YUKAOA = CF/(u*V)*ALOGM(U+V)**2)+AMUUMU-V)**2)+AMU)) - PAkT1 003,31 
C 

kETURN 
PAII 
PApf1 

Of)3,  
0333 

Ef,.1.) Pi.Aii 003 1.4. 

C PAkil 0035 
C PAkT1 0036 

FUNCTION E4PIL(U9V3CF9AMU) PAkT1 002il7 &ci 
COMv.ON 	SiJ1n9SPI39SPI7 PAkil UU3r% ' 

C PAkil 00.5/ .,) 
C***** 	EY.PONE-NrIAL POTFNTIALI 	S-tJAVE ONLY *********** PAt-“1 003,)0 G\ 

C PAkil 003'41 
UO = U**L PAkfl 003-)? 
\iv 	= 	v*,..,, 

,x.--;NTL 	= 	CF*SQra(AMU)/((UU-VV)*''24-2..*AMU*(UU+VV)+AMU**2) 
PAkfl 
t'-)AkT.1 

00393 
003,,, e, 

1.-ITURN PAkil 003*; 
Ei,C 	 , PARI1 O03-io 



= 	LI(r0 pinkr.“- 1 00422. 

1F(yK) 	vX = 	yukAwA(Px1P2,GFI1NU) 0o4'e-13 

vX 	= 	yAtdIAGOD39P2/6F.4Nu) PAr“i 004?4 

IF(£i-') 	VA = EXPNTLAPX,P2/GFANu) 0(:)4d. 

pi=, (J) 	= 	HF(J) 	-SPI5*P(K)P2*VA/(P2**2 - 	E) * CF(K)* PART! 0042n 
PA 	TI ou42/ 

2 CONTINUE HAkrI 
pA'ri.11 0042c-; 

PF(J) 	= 	HF(J) 	* 	VLI*SP13 PAN 	1 0043a 
Hi%r“1 00431 

CO7YNtJE-_ PANJ1 00432 

IF (1T.LT.1) 	RETURN E0433 

IC 	= 	u PAR[! 00434 

SS 	3 	L_=-1, -A P/-f1 DuRas 

iFlis(1-F(L)7CF(L))/i=F(L)).LE.100E-3) IC 	--- IC + 	1 004Th 

3 

= 

ii, (IC,LT.IN) GO TO 99 
r),[1-.TuWs: 

ENO - 

PAil 	004Jh 
rAk I 	004.39 

e&«11 	00440 
pAi-‹r1 	00441 



C 
C ! 	, 

SUHkOUT1NE 	PICARD(RFFIZI9IP9IT/E9P19IN9NFoZP,GF,ANU9YK,YG,EP) 
OlmENSION 	PF(1)9WF(1)9ZI(1),ZP(1)9WP(1),CF(50) 

PART1 
PAki1 
PART1 
P .4 k T 1 

00397 
0039 
0039,_:,  
00400 

' LOGICAL YK,YGIEp 	- PAk11 00401 
COMMON SRI59SP139SPI7 	' PAkT1 00402 

•C PART! 00403 
C***** THIS ROUTINE PERFORMS PICARDiS 	ITERATION SOLUTION******* PART1 00404 
C 1 PART1 00405 
C -.; PAk11 004077, 

DO 4 M1 ,NF 

4 
-,, PART1 0040( 

CF (K) 	= 	wF(M) PAR Fl 0040h, 
C PART1 0040=.. 

ICUINT = 0 PART]. 00410 
99 1CDUNT 	= 	1COUi,11 	+ 	I PAR 11 00411 

IF(lCuuNI.6T...30) 	RETURN PAil. 0041"e'.! 
C Ak11 00413 

DO 	1 	J=1,IN PART1 00414 
= J PAil OU4P7> 

(J) r'Ak11 0041,s 
fl-  (Y) 	1L1 	= 	yu;\w,(PA9P17GF9ANU) PARil 0041 -t 
L- C'-) 	vL1 	= 	YAmAG(PAP1'GF,ANU) RAkil 0041 .  

If-  () 	VL1 	= 	EAPNTL(PX,P190F,ANU) PAil 00419 
-dF(J) 	='.0 PAk11 0042.0 

i.--,Arali 00421 



PR(.6HAm PAHT2(Ii'4PUT/OOTPUTITAPE5=INPUT,TAPE6=OUTPUT,TAPE79TAPE8) 	PAHT2 	Ou00? 
C 	 PAr-6-  

PAR12 	
00903 

C 

	

i:'.‹.:. 	

°0:-IoE 

00001- (:-.*** PA 	COMPUTES MATE-:IX ELEMENTS OF MOMFMTUM VAHIABLFS 9 

C 	K—klmEls-e AND Kt29 VIA ,)1JADRUPOLE INTEGRATIONS *********** 	OuU0 

H.!,-fir. 	0000e, 

t-'1,! DVC-.:LE Pk C1SION At,I.OFT 
HAkf? 	Uu01.0 C 
HA `ti i? 	

1 

C ***** st:- E ,_-_mAk n. S PAPf1 FOR D IMENSIONS ***** 
D
ki
1H'EN:_ii0;•1 AT,i(lblo)9!,1 T(5)9i,IK(8)5.o:PSI(5)9WHHI()9X()9HSI(5)1 HARI? 	

(j) i ,I(5),,4J(1c7,),V(16)/Y(8).9TINT(625)9YT(5),PHJ()/DISMAT(256) 	HAkVf-2 
L(..)10, 	c _ SPiNeS,:4 	 Pil AT 	 , 	--, 	lit 	1 0014 
,..E0(2.1(,i) N/NK,SPIN.HSM.PAT 	 PAmI? 

:''Ji;::''..:! 

i.-1._;:)%1.06t) ESiAPT,Eb/OEILIM 

El 
PARL,--: N3 = N?*N.  

PAr-e,1? 

HArH- %! 00ticfl 
M:,,-- -1 = 4..3.14159265358979 	 HA Tc-2  

HART? 

-'=1 Ou02 

Clou,::3 

E 

:DHI = Tv,,JP1/2., 
'..)f(2./(SPI.**3)) 

-pAkT2 5::-,1 =- 1-,:-.1.,*. 1.7320S08076888 

PAt<i- Fon = /(3.*S3,-q) 
F-0) = ,./( -'1.*SPI) 

l''Z"" 1  0(()..) k.)(.  )) u(sil."))1  :::1)17.;  :,..c.,(b9luOU) (T(N1),N1=1•N) 
PAt-<{2.' kLAO('3.100(i) AYT(NN2),NN2=1/N) 



,'.LAU(2.1000) (WK(NNI),NN1=1,NK).  
rti.i7,D(D,1000) (e(M3),M3=1,NK) 

C*"********* COMPUTATION OF WEIGHTS AND ABSCISSAE ************ 

DO I 1=1,,NK 
x(I) = (1.+Y(I))/(1.—Y(I)) 
i:N(I) - = .5*,'4K(I)*C(I.+X(I))**2) 
00 

= .5*T(19) 
1A-(1)*TOP1*.2.5 

=.,:p*TAOPI*(YT(f9)-1-1.). 	— T3 
= 
= 

1Yr-il'i(691004)(T1,A(11), Y(I1)9Wr“Ii)911=1,NK) 
Y:kiTE(h.100S)(I29 1/2 T(I2)1YT(I2)9PSI(I2)9 PHI(I2),PHJ(I2),I2=1,N) 

C l = 

;_;e a .16 = is;-13 
&b(1a) = 
Nv(j.) = 0  

PAHT2 0003? 
PAKf2 	000.33 
PAkT2 	00034 
PArCie 	00035 
PAR42 	00038 
Ppo-d? 	0003i 
PAI-Jje 	00038 
HART? 	OUOJ'Y 
H,:k,-(1"? 	00040 

000/4-1 
0A1-2 	000,  

000.43 
OU01-,41. 

PAk12 	C.NC4 
0004t, 
006/-.:7 

7)A2 1:2. 	000.4h 
HART?: 

000.7)0 
H4r0-2 	00051 
RART2 	000-? 
1-):R]2 	00353 
R ART 2 	000,-)4 
PAr<T? 	0007)5 
PART 	000`D6 



CDC 6600 FTN V3.0

PARTY  

000106  

)  

************* PARf2 

-P221 OPT=2 	04/03/71 

PAR{/ 
PART2 

HAR12 

P4R[2 

PA;-<1 2  

RARi2 

11.59.21. 

00057 

00254 

0000t 
00ot-)7 
0!.1H 

)(= 	

\-0 

( 

PA,-T2 

7 
ENGY = ESTART 
00 999 IAN = 19LIM 
ENC,Y = ENGY + DE 
IF(ILSAT) ENGY = ES 
IF(.1E.01.1) CALL SKPFIL(117) 

C**********-!17* QUADRUPOLE INTEGRATION 

JJ = 
2u 15 = 

= 
IFfj.J.;'u.1) JS = NK + 1 	 000 /1 

IF(JJ.L.:f) IS = NK + I 	 1j12, 	00072  
0000 iF(JJ...3) IS = NK + 1 

JS = IS 

Hfil:7f:f; 	((Y;)).1  

U 

IF = 	+ NK - I 
JE = 	+ 	- 1 00076 

)0 	JL:=1"),IF 	 PW-0? 	00077 *e_ 
DO 3 j3=J3.,JF 	 HAi<i? 	0001

PA:=!T2 	00079 

(i“IT(JA)JX=1,, N4) 

PSI-\!/R LOOP ********** 	 R&a12 	000de  
Rill = .0 	 pART:;.! 
CG 4 j4=14§ 

= PSI(J4) 	 t-,4 	0 
= (1.-?.<- (PSI(J4)2))*PSI(J4) 	 r'Ard 



c.********** PHI-STAR LOOP 	*************- PAkie 00037 
= 	.0 

i0 	5 	...)5=1/N PI:Akr P 
000 	.9 
000t-. 

c************* 	psi_pk/mE LOOP  000 	0 
= 	.0 PAki? 000,-41 

DO 6 J6=1 /N PAk 12 000.?(L' 
IF (J3.LE.NK)SIP 	= PSI(J6) PAF 000s-)3 
IF(j3.6T.NK)SIP 	= 	(1.-2.*(PSI(J6)**2))*PSI(J6) 12 

C•:! ****** 	prii-pkIME Loop 	********* 

= 

DO 	7 	j7=1./N 

JY 	= 	J7i-(J-1)*N4-(J5.-1)*N24-(J4-1)*N3 

F r 
li r  000'36  

000L)9 
TT 	= 	IIia(JY) 00100 

L G6101 
7 	!J/ 	= 	S1P*SIS*TTPHI(J7J rJArI2 0010? 

= 	-(*'&"1(J17)) HAr“? 00163 
(o'1 I' 4[? 00104 

= 	+ 	Phi!-4PHI(Jb) PAk12 0010'7) 
}iY1c OuiEv3 

= 	.-5PS!(J4) 001.0( 
HAkf2 0010c:', • , 
t-A!--C12 0010,4 

AAT.I.A ALLOCATION 	***** P01-<1 00110 
PAki2  00111 



PAPT2 	 CDC 6600 FTN V3.0—P221 0PT=2 

IF(J2.LE.NK.AND.J.3.1.E.NK) 	F = F00 
IF(J2.01-.NK.OR.J3.GT.NK) 	F 	= F40 
1F (J2.6 	F = F44 00114T.NK.AND.J3.GT.NK) 

04/03/71 

PART2 
PART2 
PAkT2 

11.6921. 

00112 
00113 

JL2 = J2 PAR12 0011:'D 
J33 = J3 PAk12 0011<) 
IF(J3.GT.NK) 	J33 = J3 — 	NK PAkl? 0011 i 
Ii--(J?:.(3TeNK) 	J22 	= 	J2 	— 	NK 0:J11 

(-2.-********** 	MATpJA ELEENT 	********** PAki2 00119 
= 	0.0 r PAR12 00120 

Cp(YiEK 	= 	1. PAR I 2 3U 121 
T 	) 	• 	AM (J2 /J3) =F*.1--;INT*X (J22) ,''A (J33)*':IK (J33) I4 0012? 

iF(.NTn'T.ANO...1\10T.SPIN) 	AM(J2,J3) 	= 	CRONEK 	— 	F*HINT 	* 001?3 
1 	A(Ja)-- A(J33)*',AiK(J33) PAR 12 0012 
IF(hST.LIND.1:,PIN) 	Am(J29‘J3) 	= 	.125*F*kINT*X(J22).*X(J33)*wK(J33) PAkr2 00125 
IF (.(JPT.AT.A1\:0.5PIN) 	AM(J2,J3) 	= 	CRONEK 	— 	.125* 	. PART2 0012F* 

1 	kiNA(j2)*A(J33)*wK(J33) IPA-:I 00127 
C PAki2 001? 

C(TI;Thr:  PAR I2 14ti  

pAkie 00130 
JJ = PART2 00131 
IF(jJ.L1.4.AND.IEN.EU.1) 	REWIND 	7 PAHI 2 00:13;.2 
IHijd.LT.4.ANU.IEN.GT.1) 	CALL 	SKPFIL(-197) 
IF (JJ.LT.i+) 	up 	TO 	99 

PANI2 
N;':!;i a 

0'31.'$  
001 34 
00 i) 

IF(HSMAT) 900,909 
IF(_)P1N) .1;-.I1E(o11007) 
1F(.NC)To.t,HIN) 	.v.:kIlE(6,100c3). 

ENGY 	 PAr:iff 	00140 
r'Ar<T'e. 	; 



PiikT2 
PAHf? 
PAPJ2 
PAHT2 

PAk12 
PAR -re 
PAv.T2 

HAkf 2  
VA1-<12 
paKr2 

PAN 
JA12 
PAk I 1 

r FiF'. 1 2 
PAra2 

HAi-;F2 
VA 1'4 
VAr< i2 

t-'ArWe 

0014?. 
001'43 
OUlzi4 

0015 
0014(:) 
0014/ 
0014n 

001x..-4 
00 1 50 
001n1 
001',-)2 
(Jul -  
061nL-

0015 
001.6 
00Pi7 

0 	7) 0 
001n1  

001.? 
001(-):5 
001!-)4 
001o5 
0010b 

DO 90 199=1,M2 
DO 90 J9')=11M2 
LY9 = J99 + M2* (199-1) 

00 D1SMAT(Lv9) = AM(199,J99) 
kL1:21NO 8 

= W2*M2 
..kITE(H) (DISMAT(99),K99.=1/MM2) 

HC)0 1 r:;kvAI(5F14.1L) 
FOr:P441(1A////109*ENEkGY 

4;AT(21,?.,'_:L10) 

UO TO 901 
009 IF(IEN.E0.1.AND.SPIN) 	WRITE (69.1009) 

IF(ILN.Eo.1.AND..NOT.SPIN) t;VRITE(6,1010) 

CALL Y1NV(AMIM9OET9NU9NV) 

6!, 1001) ENGYI DET 

"',-.::J,LnD 7 

= *91A9E15.895X9*DETEkMINANT = *11.x.b1.5 

40\0,  K1'2, 
FACTuk 
G-LIGHT= 

15.T3A9* 

9E5.29110 
* 600,\!° 

* FOUND S 
*OETERmIN 
//) 

DETEkMI 

=91A9E-_15.6) 	 pAh‹r2 

=*/2X,E15.d94X9* GAUSS A6SCISSA =*92A1 	HAkf? 
92X9E15.1) 

*.E15.t93X9*G-ABSC.=*9E15.893A9*PS1 9 !-'AkT? 
,,)HJ=*9E15.8/) 	 PAI-(T2 

PAk12, 
TATE MATRIX, 3 NUCLEON9 SPIN-ISOSPIN *1 HAr“ 

0AHF2 
TATF_ MATRIX, 3 NUCLEONS, H4S0N5 *////) 	t-Ar,J? 
ANT VALUES FOk LOCATING !.L.OLJNO SIATE ENEk 

NANT VALUES FOR LOCATING FOUND STATE ENE PA,“? 
r';412-1 

00170 

00171 
001/2 
W)113 
0(;174 
0017n 
0,31(h 
0131.77 
OU176 
00179 
001,,q) 
001,A 

iju- Fi, i1(.1A////0A9 
11. 3 Ei'_kY1ONs*./ 

101) FukAICIA////20X9 
H.OSONS/// 



SUe:HOUTINE MINkNAIN9D91_,M) 

DOUBLE PRECISION A,DIBIGA,HOLD 

	

DIMENSION 	A( 1 ),,L(1)9M(1) -  

	

--E;;;-,!Cri 	FOR 	LARGEST 	ELEMENT 

PAHT2 

PAHT2 

PAHI2 

PAHre 

HAHr2 

PAH(2 

00162 

00183 

0U16 

0916-) 

0016, 
0016/ 

(w150  
001':/1 

!,=1.0 &H[2 

001v3 
OU 	-0 	K=I,N HARI? 30.17)4 
NN=4-(‘J HART/ 0J1,,2 
L(.7)=r, PAH12 0iY1L,t,  

Ou1 1)/ 

0,319 
rOf-=,(N) 001 
U0 	LC 	j=r,4N PAHL) Ou?uJ 

HAHF? Ou?01 
oU 	zO 	I=N4N PAHle W)e)iic. 

PAr:Lc 
i . (!.(:7;ikl,L4)—UABS(A(Isi))) 15,20,20 HP:f2 

12 elca=2(Iz> PAHI2 
L(t)=1 'HAHI2 

.o CbGIlzg= !-Ari2. 

ROSS PART? 0u'r!10 
PAHre 0:J211 

J=L(K) HARI e 0021% 



.1 - (j-r,.) 35.35925 

DU :36 1=1•§ 

K1=K r i-;.4 
loLL=-R(1) 

J1=K1-K®J 
i(r.-„I)=A(J1) 

3(, ;,;j1) =HuLD 

INTEi.-<C;-IANG't: COLUMNS 

35 i=,() 

iF(T-r\) 45.45938 

J1,- (1-1) 

CC 40 J=i9N 

Ji=jf-+J 

nOL127.----A(Jic) 

A(JK)=A(Ji} 
A{Ji) =r0L) 

DIVIDE COLUi,1N BY MINUS PIVOT (VALUE OF PIVOT ELEMENT IS 

CUNTAiND IN BIGA) 

PAi-“2 	00213 
00;7:14 

rJ6,-(12 	0621'7, 

PAI2 	00215 

PAI- T -r 	00217 
0021. 

b0;-.1'1R 

pAki?0522) 

PAki2 

HAl2 	Ouzzt 

i)?Z;) 

ft.227 

00/)_e. 

PA!-<12 

PATe: 	0()31 

PAkT2 004)2 

PAT2 	0()233 

R»-f2 	OtJP: 

PAkTe 	002.3 

PArd? 0023h 
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C PRODUCT OF PIVOTS PAk12 002ND  
PARI2 

D=0*BIGA R4r-<1 00,0 

PAk12 00:/I 

REPLACE PIVOT BY RECIPROCAL PAi-12 Go??? 
PAkT2 002V3 

A(KK)=/.0/BIGA:  PAkr2 00274 

60 CONTINUE PAkI2 00273 
PAT 01)27(1 

C FINAL ROW AND COLUMN INTERCHANGE P4\k'f2 002(1 

PA I% 

iu0 pAki2 C)U20 

150,150,105 PAki2 0u26i 

10'3 I=L(r) 002:7I2 

IFfi—K) 	120,120510E PAP!? 

10 JC;=7 - (K-1) PAkf:' 002Li. 
PAki2 

DO 	110 	J=15f\J PAkf? d02i,) 

,W=JWI-J 0 PAkf2 00267 

hOLU=(..)(S) PARi2 CU:26 

J.L=J-2-J 
g(j)=—A(JI) PAkT2 002(:)0 

111; =riuLD PAkf2 002*1 

12n J=®(K) PAki2  0029? 

IF(J—) 	10051005125 002L:i3 
HAt,(i2 0()?_94 

Ou.130 	I=1  5N PANF2 0)25 
004]  17,1  

HCLii=4(Ni) PAk12 Ouvi 

J1=Ki—K+J PAr 12 Ou? ,̀" 
002YY Cr) 

238 6(J1) 	=HULD HAki2 0 0C 

1) 	10u 
pAki2 00302 
PAkI2 0o303 



C 

SUROUTINE SKPFIL(IFIL,IUNIT) 

PART2 

PAk12 

PAkT2 
PAki',  

00304 

0030':) 

0030.5 

00307 

IF(IFIL) 	20,90910 PA32 
PAr-i? 20309 

iC T 	= 	0 PAki2 00310 

:: I 	= 	I 	1 OV311 

13 P,E;Iir:(ILJNII) 	T P&Rf» 00312 

IF(LUF(IO!.;iT))12913 PAki? 00313 

.0 IFY,LCF.P.):,qT) 	12,13 tJA,,f) 00314 

12  I(IFIL-1) 	909';'0911 1--VA:fl'ef 
0031 ,0 

L.=.0 1 	= 	0  PAH12 0031i 

23 OU 	32=192 PAkrc,. 

IUNIT 0031=.,' 

i,!:_L(iuHir) PAr<Lcl' 00330 

iF('7_0f.(10!“T))22923 PAlq12 00221 

C li:(LOF.,IU:,:iT) 	22923 pAkr2 0032 

= 	i !-Akie 00.33 

IF(1+IFIL) 	23990990 PArd2 003?4 

C 003(f3 

§0 REZUeS (:)03?_b 

Et..C) PiAl2 00327 



(N6I=CV40:,/1)1A)(009T'c)T!:Th- 
(N6T=IN4(TN)i) '(0001-‘,710v73H 

3 

	

sT.0n0 	(,;!,3V1 
2cnn0 

	

y-\ 	
()c-()00 	c.11.!Vi 
(.1000 

	

QrJ.300 	c!:.1V-1 

L);;:fi00 

	

'000 	91.-1 ti 
n00 

Tj?000 
T2000 
0?,000 

c?t.,:t71-1 
c)10(Y) 

	

0 	c.T0n0 

	

171() i 10 	c;HV1 
;L1000 
71000 
11000 
OTOn0 
A000 
c“)0n0 
2.0000 

9kV1 
cznw) 
,70000 

	

c0000 	91.-!,V1 
(41,1V1 

(idC'S**C)/°+,  = 
(TH **P.)/Pq")T, = 

IdS/'H = 47-F,J 
(TH 	= f),74 

(THC.7.2)/*;.. = 
= 

= 
TCLC79LTT:TP,7t*,'I 

0°Y/I(-101 = C.! 
EIL699€79.9269117T4C:*7 = 

Nts:r = 

= 

"" *.N 

= TH 
(ciOni'cl)1117H 

IVV:SNIdS6NN6N (700T4c,)fl??-; 

3 
Noisi3?>1,-; '7,-12noo 

ivvisH,mids 
(9/...S)).VNSIG4(S)rHd4(S)1A6(S29)1N116(9)A6(17)ANi(i72)nN)IT 
'(S)IS,H6.(9)Y6(S)1HdM4(S)ISHM6(2))11,16(4726i7F)NV-  NOTCNiXTri 

****** 9 = V013WV1 #Y/HIVW ONIi3ANI (1NV gNITindV400 W*q)CP-Id ***:) 

(9cIvi,fldvloindino-77-9.?dvpindN,I=Sdvi‘Indino‘indNI)9Hv7 NVr')C)Hd  



RE.%D(5,1000) (oIK(NN1),NNI=1,NK) 

r.-,.EAD(55,1000) (Y(NN2),NN2=1,NK). 

C01.1PUTATION OF WEIGHTS AND ABSCISSAE ************ 

06 	1=1,NK 
X(T) = (1.+Y(I))/(1.-Y(I)) 

= .S*1K(I)*((1.+A(I))**2) 

DO 9 .T.9=1.t.N 
PSI(I) = (YT(19)+1.)/2. 
PHIAIY) =.2*TOP1*(YT(19)-1-1.) 	- T3 

PHJ(19) = PHI(19) - T3 
w-:1(19) = .5*wT(19) - 	. 
3PHI(19)=.2S*TwOPI*wT(19) 

wPIILI(1004)(I19X(I1),YU1)IWK(11),I1=19NK) 

H-11E(b11001-0(i'LTiCi(T.2),YT(I2)5PSI(I2)9 PHI(I2),PHJ(I2)9I2=1,N) 

f.:JET.= .0 
DO ;7,  1:n=11L3 

= 

Nv(1) = U 
CG:J10:uE  

LAM( 	00034 
LAM6 	00035 
LAmr, 	0003 

LAW) 	00037 
LAMS 	UUUJO  

0009 

LA 	000 0 

LAm6 	00041 
LAME 	0004 
LA m6 	00043 
1_4.;16 	00044 

LAMS 	0005 

LAMB 	00046 

Lamb 	00047 

L4mb 	0004::-; 

LAt'lh 	0004+9 

LAME 	00050 

LAV> 	00C-) 
1_46 	000D2 
LAm6 	00033 

LIAO 
LA Mb 	00055 
LAA5 	000:-)t, 



C 
REINO.7 
RITE(5,1011) 

• LAM6 
LA16 
LAI6 

00057 
0005 
OUU'DY 

LAM;=..,  0006u 
L14.)6 00051 

C************** ENERGY VARIATION LOOP 	**************** 01:)6? 
LN6Y = ESTART LAM6 006b3 
00 	'799 	IEN = J/LIM LAm6 0006 
ENGY = ENGY 	OE LAM6 0005ED 
1F(BSMAT) 	ENGY = ESL LAr,15 

i 
000f.)b 

IF(1EN.GT.1) 	CALL 	SKPFIL(117) LAolo 00057 
•C LAM 1D Ou066 

0006,-) 
LANs 000iO 0 

ruADRuPOLE 	INTEGRATION 	************* LA115 00071.  
C. t_Av OU01.c: 

Cu 	Y-) 	JJ=lt t 	f-6-1/2  Ouirti 
IF(JJ.61.1.ANO.IEN.E0.1) 	REWIND —7:  LAM6 00074 
1F(Jj.6T,1.4NO.IEN.G1.1) 	CALL 	SKPFIL(-1,7) 

= 
LAN 
L 

0001.':) 

Jtrs 	= 
F 	= FOO 60076 
jS=NK+1 06 -(%) 

1F(JJ."7-..).2) 	F 	= 	F40 LA1.1 C/00csU 
IF 	= 	M2+1 LAih 000 ID 1 
1F(JJ.EU.3) 	F 	= 	F063 LA-1 0:)0t-i? 
if (JJ,Eil.) 	15=NN+1 LA1-16 00!.)6"i 

;Jj.E(J.4) 	F=F40 Aoi6 OuG;s4 
I 	(jj.J.) 	IS 	= 	NK+1 LA!"1.5 OOU' • 

JS = NK41 000H(-) 
1.(jj.hU,5) 	F 	= F44 LAMt.• 00CH7 i\) 

IS=NK 4- 1 
	

000(:s8 



PSI(j4)*(1.-2.*(PSI(J4)**2)) 

IF(JJ.Eu.b) JS=M2+1 
IF(JJ.E.0.5) F=F463 
IF (JJ.EA.7) IS=M2+1 
if(JJ.d.7) F = F063 

IS=M2+1 
JS=NK-1 

IF (JJ.EJU.-k) F=F463 

JS=ry12+1 
i';'(JJ.EJ.u) F=F636 
JLF= 	-N-1 

CA.; Li j3:7-!Jir 

.0 
LA) 4 j4=1. 
IF (33.ito) SiS = PSI(J4) 
S=U,J,C;r:..4.ANO.J.J.LE.b) SIS. = 

SIS = PSI(J4)**4  

LAMS 	00089  
LAKE 	000.-10 
LAcIo 	000 1  

000-r% 
LAMo 	00093 
LAM:b 	Ou(Y4 

00095 
LAM+) 	000vo 

000')/ 
OidU'4(-1 
•0 ):;V9 

Laxo 	60;00 

LAAf) 	CiJ101 
L&mb 	00102 
LA;q$ 
LAM 	0..;10 4. 

0010'_) 
LAm6 	0o 1 071 
LAM5 	00107 
LAM 	0010 
LA's 	00103 
LAID 	00110 
LAME, 	00111 

(TINT(JX),J)=1,N4) 

LOOP *******,k** 



00ii? 
c************ PHI-STAR LOOP ************* 

i-:.5 = .0 	
LAM6 

	

LAM6 	0011i 
DO b J5=1.N 

L  '' 	°.) (i.il IF(JJ.GT.6) FIS = COS(3.*PHI(J5)) 	\ 	 L/:;'' 
f--************ PSI-pRimE Loop ************ 	 00111 

= .0 	
LAM16 

	

LAM) 	0011 
00 b ..J=1!-,N 	 L/Af-, 	0011'; 

001?.0 IF(JJ.Q.1.UR.JJ.E0.4.0.JJ.EQ.7) SIP = PSI()6) 	 LAII5 

	

IFCJJ.EU..Uk.J.J.EQ.5.0P.JJ.E0.8) SIP = PSI(J6)*(1.-2.*(PSI(J6)**2 LAm6 	001 )1 
:.)) 0 

LW r) 

	

LIA: 	

012? 
1F(JJ.EQ.3.UN.JJ.EQ.6.0P.JJ.EQ.9) SIP = PSI (3)* 	 OU123 **4 	L.Aii'-) 

c********** p,rii_ 	
Ou124 

prumE Loop ********* 	
LA:.!,-; 

:--- 
U0 7 37=1.N 

	

1:::: 	

0CIL) 
Cul2(,  -,.. F.J. 	=  

-c1. 	FIP = COS(3.*PHJ(37)) 	Li-i(7. 	

f= 
,... 

LA 

-kl 3Y :::- 37 + ..)b-i)*N + (35-1)*N2 + (J4-1)*N3 
Ti 	= Tif':1(3Y) 	 LAN (-:; 	

001:20 

2 1:33:1). 7 r(7 = k-t7.  + SIS1S*FIP*FIS*TT*WPhI(J7) 	 LAS 
C 	 LA) 	00133 

= „in -4- !--7*I)5T(s.J5) 	 LA. 	00134 
t..) = 

LUIYIHJ1-. 

i  klo*PHI(J) 	 001i/ 
00113f,  ") C,OITI\IU 	

t  

HIT = :-if + RS*PSI(34) 	 LL:1/ 	001)  , 	=.. 
C;- ***** 	Ai'r:JA ALLOCA1ION ****** 	

LA •i) 
001/-i.? LAi-io 

C 0014j LA. -) 

	

LAH6 	0014 
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CJLL C-i]Nkit.i\MIL3.DET/NO./NV) 
M-.1E(611001) ENGY,OEi 

LA116 	001 
001.th 

L_A46 	001(7)9 
LAM6 	0Q 170 
AV) 	bull1 

Lm-;1 	00173 
00174 
0,i 	7:-.; 

U Li I 
01i6 
00179 
0UISQ  

La1 	00121 

LPH6 
LAH5 	00164 
L466 	d'D 
LApftl 	00tor) 

L. A. 	001 
L)Hrl 	00 
L4W16 	U01.90 
LAmn 	6019 

= 	 LAW.3 	00192 

DO 90 '99=111_3 
DO 90 J99=191_3 	. 
L99 = J'9 + L3*(199-1) 

9()  LyiH,, t-T (1_99) = a.N1(1999J99) 

;:;i4 ITL-..1) 	SNIA (K99) 5K99=1“..L3) 

90 
17./Y? if--  (1 L;_ii.1-:),';.1 .A;4DoSi-'IN) 	(611009) 

WRITE (6.'1010) 

+«9 CUNIINU. 
C 

523 	14  1±.. 	-1 7 

000 FC.mAT{5614 .1e) 
Ifj07 Fch“:AT(iX////10X7*ENER6Y = * 1X,E15.895X0OFTEMINANT 



1) LAN 00193 
102 F0i-AT(21,212L10). LAMB 0019 
1()03 FOPAT(1X////30A,E5HENERGY =,IX,E15.8//) 

F6,:-AT(1A/10A,T294)(.* 	K'1N2 	=*,2A9E15.8,4X9* 	GAUSS 	ABSCISSA 	=*,2X9 
1L -15.4A,ET(,HT 	FACTOR 	=*42X9E15.8/) 

Li5.  
t_46•17, 

LAHn. 

Oui9n 
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