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ABSTRACT

The formalism, developed by S.P,Y. Lee,
whereby the once-iterated Faddeev equa-
tion for a system o% three particles is
formulated according to the group SU(3),
is subjected to a first numerical test.
b@ distinguish between a system consis-
ting of three identical bodies and one
composed of two neﬁtroné and one proton,
Both systems are assumed to be governed
by interacting pairs, the interaction
being given by a simple central potenti-
al. Three such potentials have been con-
sidered: Yukawa's, Yamaguchi's and the
~exponential type of interaction. The sys-
tem of identical particles provides the
basis for testing the behaviour of the
computed binding energy as a function of
the coupling constant in the potential.
The system also allows the assessment of
the error arising from the approximation
of the integrals by weighted sums,

Spin and isospin are subsequently inclu-
ded for all three types of potentials.

A number of partial-wave amplitudes are

calculated and plotted.
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PRETACE

This work is in essence the second part of a
twin-project, suggested by Dr. S. Hochberg and handed
to S.P.Y. Lee and myself in 1968. The former set
out‘to develop‘a new formalism whereby the problem of
systems composed of three nucleons, and indeed of many
-nucleons as well, is approached from an entirely new
angle within the framework of Faddeev's ‘theory. In

this work he succeeded brilliantly, as shown by the

, . . - GxrSoorer
wide interest it received &nd—wi%&:;eeeéve. Lee'!s

work is exact and general, except for the latter part,
where the formalism was modified to suggest ways of

ascertaining, numefically,‘the validity of the theory.

By contrast, this work is strongly oriented
towards the numerical solutiom of a compiex physical
problem and thus emphasizes the practical aspects of
computerized'researcho The pure physicist will
undoubtediy find Lee'é work more rewarding, whereag
this work may be considered th; necessary 'bread-and-
butter' compendium, designed to give computational

evidence for the theory's wvalidity.



Numerical verification of new formalisms by means of
high specd electronic computers, however, constitutes
an ever increasing part in today'!'s research and in

the author's view, this part is often not being dealt
with in sufficient detail, We have therefore decided,
in spite of this work's dependence upon Lee's work, to
keep it as self-contained.as possible and to present a
detailed account of the computational methods involved
together with a full description and documentation of

the programs, where these are non-standard.

>I wish to thank Dr.Hochberg for suggesting the
problem and for his constant support in the course of
this investigation, I also wish to express my
gratitude to Dr.Lee for diScussing his formalism with

me and for his many helpful suggestions.

The author's work af the Imperial College and his
stay in this country were made possible 5y a longband
most generous grant from the German Academic Exchange
Service, whoée vital support and understanding is
hereby most gratefuliy acknowledged. I also wish_to
thank the Heinrich—Hertz—Stif£ung in Germany, who
extended my means by a further six months, and the

Kaiser Wilhelm II Foundation for granting me a loan,



Much credit is also due to Mr. R. F. Shepherd
of Chelsea College Computer Centre for kindly
granting me unlimited access to the Centre's EDP

facilities. I am also grateful to Mrs, J.J.Watson

for typing this thesis.
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INTRODUCTTION

(1),

Prior to Lee's recent work various attémpts
were made to solve Faddeev's equations(z)for a three-
particle system. The main difficulty encountered,
when setting up such a formalism lies in reducing the
number of variables, such that reliable numerical
.tests may be ﬁerformed without exceeding the capacity
of presently available high-speed elect?onic computers.
Various restrictions had to be introduced, such as
separable.non-local potentials(B)in order to reduce
the number of wvariables involved. Osborn(l’5)
eventually suéceeded'in obtaining a set of equations
with two integrating variables, via application of
Omnes'!' method of symmetricai~angular momentum reduction
and restricting himself to the case of three spinless

particles, interacting in pairs through a central

Yukawa potential.

The new formalism, which is numerically tested in
this investigation, is based on solving Faddeev;s
equations in the SU(B) refresentation of three~particle
states, Using Dragt's(l’6)discussion of such states,

Lee then proceeds to construct a set of irreducible
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- —representations -of these states--on é five-dimensional
spﬁere S5 in a differential form, with each state being
characterized by the eigenvalues of ithe two Casimir
operators of the Lie algebra of SU(3). The eigen-

“““Tunctions are then 'reordéred! in such a way as to have

.simple properties under S_, the_group of permutations

of three objects, for certain values of the total

angular momentum of the system, Fouriér-Transformation

of the eigenfunctions then.provides the basis for

writing Faddeev's equationé'in the SU(B) representation.

.. —For_the_sake .of. self-consistency,- this-thesis
includes a summary of Lee's work; this summary, which
is presented in Chapter I, is by no means intended to
form a substitute for the reading of the original work,
it is rather to be thought of as an introduction into
its concepts and the nature of the variables involved.

~-¢Itwis«hopédwthat~as—an"introduction~it“wi11“be
sufficiently detailed, in ordér to clarify the purpose

-.-of . this investigation.

The next chapter deals with some of the preliminaries
to the actual numerical verification of Lee's formalism,
It includes a list of the equations to be solved, followed

by a discussion of the three types of pair-interactions
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we have chosen and the determination of the shape of

these potentials,

Chapter III presents a detailed account of the
layout of the computations. It covers the methods
used to obtain wvalues for the binding energies of the
two systems under consideration, that consisting of
three bosons and the one consisting of three fermions.
This is followed by a description of the way the shapes
of the partial wave~amplitﬁdes were obtained for the

bound-state.

In the last chapter we present a list of all the
relevant results, together with a discussion oi their
meaning and some remarks concerning the errors arising

out of the computational approximations.



CHAPTER T SUMMARY OF LEE'S GENERAL TFORMALISM

This chapter summarizes the concepts, whereby
Faddeev's equations for a system of three particles
are solved in the representation of the group SU(B).
We have sought to verify this formalism numerically
for the special case of the three-particle bound-
state, and this sumnary is bresented with this

particular aspect in mind.

The first section briefly deals with the formal
origins of Faadeev's theory(z).(see also ref.s(l,Z)).
Section I.2 outlines the three major steps leading to
the formal solution‘of the iterated Faddeev Equation
for the idealized case of the three-boson bound-state.
The last section introduces spin-isospin, again with
a view towards obtaining the equations for the three-

body bound-state.



SECTION I.l’ I"addeev'!s Theory and Iterated Eqgquation

When one attempts to extend the well-tried Liépmann-
Sbhwinger formaliséi;0r~the—description of two-particle
systems to the case of three particles, one runs up
against fundamental difficulties, arising .basically out
of the fact that whereas the two-body system is
characterized by one initial state 34 and only one
-possible final state @f’ a three-body system has four
possible final states to each given initial state.
Mafhematically speaking we are.faced with the difficulty
of having to eiiminate the érbifrariness in the choice
of the resolving Green's function in the LS-formalism,
This arbitrariness leads éo tgé integral equations not
having unique solutions, unless additional assumptions
”are"brogght in, thus curtailing the basic advantage of
the LS-~formalism, Another way of stating this
d-ifficulty is that the application of the two-body
concépts to a systemrgf three particles leads to the
appearance of g-functions in the kernel of the integral
equations defeating the classical methods of solution
such as iteration,

(‘f/ AGhre v ated L’ LS~ {/bjzwa(&'g’w v The %U&mwj

/



FFaddeev's work is based on the introduction of
a modification of the LS-resolvent. This new resolvent
arises out of applying the Green's function method to
--the. Schroedinger Equation for a sytem of three particles,

and it has the form:

+ + + +
G (z) = Ga(z) - Ga(z) V G (z) (T.1.1)
.where

o1 :

Go(z) = (HO -z ) * (T.1.2)
and

Vo= Vyg o+ .VBl + Vo, | (I.l.zi)
with the quantities

,,,,, HO —=_the total. free Hamiltonian
z< = ¥ §i 3 E = total energy of
the system
Vij = bair-interaction operator between

the particles i and Jj.



- 14 -

Faddeev introduces the concept of a generalized

T-Matrix in the modified resolvent, which takes the

form

c(z) = G,(z) - 6,(z) T(2) G, (=z) (r.1.3)

with

i T(g) = VvV - 'V'Go(z) T(z) (T.1.341)

Eqn. (I.1.3) is then rearranged in order to eliminate
term§ such as VijGO(z)Vij’ which appear upon iteration
~~-mdf_eqn:fleTB)'and“give“rise“to*the g-functions in the
_kernel, as mentioned above, (See also Chapter III of
ref.(Z)). The.object of this rearrangement is to
obtain integral. equations 6f the Fredholm type and T(z)

is therefore expressed as a sum of three terms

cmm(z) T ) B () ) () (T.1.314)

. where T(k)(z) .is given by

() = v, - vijGO(ij(z)'; K,i,d = 1,2,3  (T.1.3iii)

k44

ij
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The components in eqn.(I.l.S) satisfy the matrix

equation
IPNCO N N P | B NED
T Ty o T, T, T
a2 2 . lr () - p(R) )
T =" T, - 1T, 0 T, GO(L) T (1.1.4)‘
C I P I P 1203
T T4 | T3 T3 0| IR

where by Ti(z) we denote the transition®operator

belonging to the two-particle subsystem (j,k) with
- i,j,k = 1,2,3 and i ¢ j 4 k.

Equation (I.1.4) is a coupled set of integral
equations of the Fredholm type and lies at the root
of the successful formal solution of the three-body

" problem. Regrouping the resolvent G(z) in a fashion

similar to eqn.(I.l.Bii) such that

. 3
| (1)
G(z) = G.(z) + G (z) (x.1.5)
0 .
1=
four sets of coupled integral equations can be

derived for a system of three particles, each of which

can be combined in general matrix notation to take



the form

o1 1T IR
- \ L o , . o SUR B

}\y(l'> ]\yo(l)> 0 GoT;  GTy I\g(l)>
) 2 2 ‘ 2 :

]\y( 5| = ]\yo( )y - G,T, O G,Ty )xy( N (I.1.6)
N ‘]7{;}‘63)&‘ ‘ ]\yd(3)> GoTy Goly O l\y(B)\z

Lo oL o L o B

3

with |y> = ]w0> + Z ]w(i)>

. . . R 0
-representing an interacting three-body state. (For

further details see Section ITT.2 of ref.(2)).
'Equation (I.1.6) is in essence a LS-equation in
operator form. The intrinsic physiéal difference
between the two- and three-particle systems is
reflected in the fact th;t for the latter the
__equation is of higher 'dimension'. _The former
possesses a scalar kernel, whereas eqn.(I.l.6), while
rrétaining the basic simplicity of the LS-equation, has
a kernel consisting of a matrix operator designed to
correlate the given initiél state with the four poséible
.. final states.,  This -kernel-moreover -conforms to the

. wider definition of a Fredholm_equation in.that it is

--bounded.- and sguare-integrable.
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In momentum space the two-body transition

operators typically are of the form
. 22 .
<1£|T1(Z)l1£'> = 6(.§.1—.§.'i) < nlltl(z-gltf),n’l> (I’l‘61)

whére gi and ni are the usual centre-of-mass relative
momentum cooréiﬁaéés.“ ‘Due to the g-function in
—eqni(I.1.61i) the kernel in (I.1.6) is still not
completely continuous in the sense that‘solutiqns can
be obtained by the usual iterative methods. It has
'ﬁ‘bééhwéhbWh'(lfBQQ that for particular types of pair-
-interactions, such as Yukawa's, the squared matrix
operator is completely continuous for all z; Lee
~therefore Suggests using ﬁhe once-iterated form of
eqn.(I.1.6) thus obtaining a kernel, to which the
Fredholm-theory}applies in its stricter sense., The

iterated equation is

1;(i)>-= lig(i)> +Z%(i,j)(z)l}(j)> (I°%'Z)
) 9' . ) A
with redefined ‘asymptotic! states
]@;(i)> = |§O(i)> - zzGoTilﬁb(j)> | (T.1.74)
c L R RYA

j4i



The kernel K(i’j)(Z) now has the form

K(Z) =
GOT1G0T2+GOT1GOT3 GOTlGOT3 GOT1G0T2

/7,3
GOT2GOT3 GOT2G0T1+GOT2(xOT3 GOTZGOTl (2'£>}
GOTBGOTZ | ‘ GOTBGOTl GOT3G0T1+GOT3GOT2

. _Equation (I.1.7)_forms _the basis of Lee's work. -
Since this investigation deals only with three-~
jparticle boundstates, the inhomogeneous part of the

equation will be omitted henbéforth.
L& v - DS 'c



_SECTION T,2 Formal Solution of the Iterated Equation

for a Three~-Boson Bound-State.

The problem of applying equations (I.l.?) and
M(I.l.8)'to a system of three nuclear particles, Bosons
facducas 42

~or Fermions, bgoils—dewn to the necessity of finding a
suitable general representation for the states of such
a system, Until Lee's work, attempts had been made

“to classify such states in various ways and to solve
Faddeev's Equations in the framework of those
representations, All these theories incorporated

" the restrictive assumption that the particles interact
in pairs.through sepayab}g, nbﬁ-local potentials, such
as the one proposed by ngagﬁéhi(B). The advantage

of this restriction lay in the fact that part of the

.kernel could be solved in closed form, thus reducing

#he number of variables involved. Apart from the
vobviousfdisadvant;ge of such a restriction, there was
ralso the considerable difficulty of generalizing such
formalismsto include spin-isospin for the treatment

—~0f the more realistic system consisting of three

Fermions,



Moreover, all these methods were stretched to

the 1limit in order to produce results of limited
significance only. In numerical terms the soiving

methods were intricate: integral equations with

—varjiable limits, requiring large computers with
~large word-lengths to carry as many digits as possible
in order to keep rounding errors on a tolerable level,
solverl
We do not propose to haveAall the problems arising
from a numerical approximation to the solution of
_. _integral equations, but Leel's new formulation of the

problem leaving one with a one-~variable integral

equation intrinsically reduces the number of error
sources., The numerical gffpréAis still considerable,
but computational errors nowfﬁecome more controlled
and predictable to the extent that the numerical
ﬂMm,antﬁni_Dﬁmthe,iheory can be better_assessed.

;g;gé) Classifica£ion of Three-Particle States within

the Algebra of SU(3).

“We“staft~by quoting some well-known group-

~-theoretical facts about‘rotations in three dimensions.
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The description of such rotations requires three
nen -

—independent;commuting operators, e.g. J J__ and

x' Ty
JZ. FEach operator is understood to represent an
infinitesimal rotation about its respective axis.
These operators obey the well-known relalions

"(where for convenicnce we have the indices 1,2,3

- for x,y,z respectively).

N
[Jl, Jm] = imWwgJ l1,myn = 1,2,3 (I.24,1)

1 for even permutations of 1l,m,n

= O for any two or all three indices
equal

-l for odd permutations of 1l,m,n

The three above operators form the group denoted

- ——by 0,. —Egn.(Iv24.1) defines the algebra of this

3"
group, with e?m being the structure constant. This

‘~group“iS'a“compact,—Semi-simple:Lie'group(l’ls).

An ihportant property of an algebra is its rank,
—-defined as the number -of operators which can be
.simultaneously diagonalized. In terms of physics

--it 'is -the mumber of -group-elements which can be observed
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simultaneously as measurable quantities. The rank
of O3 is one and it is customary to diagonalize'JB.
The rank is also equal to the number of Casimir
operators, which can be formed from the algebfa of

a group. These operators commuite with eéery element
of the group, a condition which in the case of O3 is

satisfied by the square of J, the total angular

- -momentum operator:

[Jz, Ji] = 0 i = 1,2,3 (I.24.11)

J2 is therefore a C-operator of 03. Since the

algebra of O3 allows for only one operator to be
diagonaliéed, there is only one C-operator. Having'
determined the algebra of a group, the next step
consists of finding irreducible representations for
the<groqp{7"“1ﬁ_pgn“b§ shown that the number of labels
required to specify an I.R. is equal Fo the rank of
%he group. . In the case of O3 we therefore need one:
label, usually chosen in accordance with the eigen-
values of the C-operatorrJz, i.g. j(j+l). A
particular component in the I.R. requires %(n-r)

labels, where n denotes the number of group parameters

and r stands for the-rank. In 03 n=3andr =1,



quantities dre involved AN the spécification” of such a

- 23 -
hence 1 label, Thus the specification of an angular
momentum state requires altogether 2 labels, normally
denotea bij aﬁd jz where jz is the eigenvalue label of
the operator JZ.'Knowing the values for j and jz one can
then construct a complete set of states,]j,jz>, upon
which the group-operators act.
We shall now proceed to look at three-particle

states and their transformations. Altogether 12

state: 9 position (or momentum) quantities, 2 for spin
and isospin and, for completeness, one for hypercharge.

If for the moment we disregard the last three, we are

ation of which are effected by 9%9 matrix operators.

ut] 3\
By imposing the condition that 32 = 2,25 (or 22 = 2)3?)
i=1 i=1

remain invariant and furthermore shifting our consider-

ations to the CM-frame with the new vectors

-
= E, - gy

=(?) Vé‘ (225 - =, - ;)

2(3) - 0 | (r.24.2)
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we obtain the 6-dimensional state vectors

r = (E(l), £(2>) and the required traﬁsformations are
the clements of the group 06 (orthogonal six-dimensional
transformatibns). The algebra of this group is given

by the 15 real antisymmetric matrices Rij obeying the

relations

[Rij d Rjkj}l = Rk
R; ; = ~R., ) (T.24.3)
[Riijnn1] = 0 foridjimdn

Group theory tells us that 06 is reducible and one
therefore has to decide how to effect the reduction.
In view of the fact that }ater on we wish to include
spin-isospin, it seems natural to select those elements
of 06 which treat the three-particles.éymmetrically.
Dragt(1’6) sﬂows that there exists a subalgebra Ll to
L, (the algebra of 06) which has fh;s property. We
also note here that a linear operaébr S can be
constructed, which commutes with all elements of Ll
and which can be interpreted as a C-operator providing
one label of those required to specify an irreducible

representation (I.R.) of the system,
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Let us now realize LO and Ll as an algebra of

hermitean operators acting on three-particle state

vectors, The hermitean analdgue of eqn.(I.24.3)
is
r .o
A Alm] =0 i jd+kd1dm
+
o [ val ey
B T YT . (T.2a.4)

L 2.2

with Aji = T3P = TPy Jyk = 1,...,6, being a set

. of operators defined by

I [Ajk’ 3] = ANR,x (T.24.4i)

. ..The quadratic operator

A2 = iyf. (T.2A.4151)
2.4.843
l,J

- _igwaund,tomqgmmutewwith_all_theAAij and may therefore  _

be interpreted as a quadratic C-cperator of the algebra
MLO,thosemeigenvaluesmsupply a further label for an I.R,
This operator is associated with the 'Grand Total

Angular Momentum' of the three-particle system. The

—algebra L. turns out to-be that of the group U(3),
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-.with the nine elements

Jig % Ryy * Rig, 543

K.. = R - R ;i

ij i,343 i+3,]

Extracting the operator S, which

sd £ 3,143

yJd £ 3 (T.2a.4i41)

is of the form

1
S= 3 2 Kij (T.24.4iv)

from Ll leads to the élgebra L2
L2 is shown to be isomorphic to
traceless 3x3 hermiteén matrices
-and of rank two, with the ﬁwo C-
-irreducible fepresentation of SU
what was said at the beinning of

fore requires two labels, - chosen

labels of the two C—opefators.

Since r = 2 and n = 8, each
I.R. requires another 3 labels,
chosen to be decomposed in terms
(the unimodular 03),_then two of

by the eigenvalues of the three-

.

with 8 elements.
SU(3), the algebra of
. L2 is irreducible
operators E and S, An
(3), in analogy to

this section, there-

to be the eigenvalue-

component within an

If the group SU(B) is
of the sub-group SO(B)
the labels are provided

dimensional rotation

generators J2 and Jz’ discussed previously. The last

remaining label belongs to possibly another cubic

operator, but need not be consid

ered further, since it
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deals with degeneracy of the states at higher energies.

Thus a three-particle state is specified bf
altogether 5 labels. These labels are related to a
specific decomposition of SU(3) suited to meet the
requirements of dealing with the three particles in a
symmetric fashion. The symmetry aspect has been taken
into account by the reduction of 06>via its subgroup SB,
the group of permuatations on three objects. The
operator S indeed is related to all elements of S3 and

commutes with each one.

I.2B) Construction of Irreducible Representations of

SU(3) States.

In the previous section we have shown that an
"I.R. of SU(3) is specified by two labels, chosen %o
be the eigenvalue-labels of the two Casimir-operators
A2 and S. These two labels shall be denoted by -x
and 'ﬁ. Since these operators are related to the
concept‘of infinitesimal generatofs, it is matural to

seek their representation in some differential form,

and more specifically in such a form that they show



-~ 28 -
the operators of the sub-group 80(3) explicitely.

We recall eqn.(I.2A.2) and note that we are
dealing with six-component vectors r = (2(1), 3(2))
(or alternatively P = (E(l), 2(2)) ). Based on the
work of previous authors(l’lB), Leé chooses a set of

equivalent variables, which we shall simply state

‘here without derivation:
I “:—'"(' Ty "§s @ oy By ‘\()

where the variables range as follows -

Lo .

o
I
5
8

[ VAN

o
I~
=
I~
R

I>} Dalitz-Fabbri Coordinates

o
I~
-8
[ 72N
LY

(1.2B.1)

o
2]
[ VAN
V)
3

[~

o
I~
o)
I~
3

} Fuler Angles

o
i~
2
I~

2m

The first three of these variables represent the
'internal' coordinates of a triangular figure with
one particle at each vertex. . The Fuler angles then
describe the orientaﬁion of this figure in space,
The reader is récommended to consult Chapter 3 of

Lee's thesis for a full understanding of these



coordinates.

The differential form of the operators A2 and S

must be such that their eigenfunctions, i.e. the I.R,

of sU(3), 1lie on S5’

sphere, parameterized by the set (I.2B.1).

the manifold of a five~dimensional

In this

set Lee obtains the following expressions for these

two operators:

' 2 2
A2 - - (b + bcoslhy D+ L 3 )
b¢2 sinlky DY 00522w dop

2 ‘ .
+ [QL +( 1 - 2 )L% + him sinky @
.2 : 2 LR = 2 Lo
sin2y COSZ2y sin 2y cos 2y o0

+ COSZﬁ (Li_ Lz)]

“ sin22,l,

(I.2B.2)

(I.2B.2i)

In eqn.(I.ZB.Z) L = (Lu’LV’Lw) is the angular momentum

operator with respect to the orthogonal, body-fixed

(triangular figure) frame, where u and v coincide with

the two principle axes of inertia;



furthermore

L =-iir O
W 2
[o}%
and
L =1L_ + il,_ = i o*'Y ( 1 b -id ¥ cotpd )
e o - A% : ““ — N
SINg Yo OB [03%

A2 can be identified with the Laplace-Bebtram(l’7)

operator on S_. and is also the angular part of the

5

. 2
six-dimensional Laplace operator:Vé . The eigen-
functions of A2 are the surface harmonics SX (£) on

S5 of degree ), i.ec.

2 _vfan
S
A A(E)

(A +_u) e s;(g) (I.2B.3)

where we have used the notational abbreviations:

"2 = M(W’ ©s &y By V)
vy 2 the remaining set of labels for the
harmonics.,.

These harmonics are also eigenfunctions of the.

S~operator

S s&’v(g) = 2,h si’v(ﬁ) _ : (I.2B.4)
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. For given 3, the range of po is

,"'—x_.'l"ly ’oo--.’_)_\,_-l,
2

N>
N>

The remaining set of labels now numbers at most 3.

If in accordance with the decomposition of SU(3) in
terms of the subgroup 50(3) wé impose the condition
that the surface harmonics also be eigenfunctions of
the operators L2 and LZ (for the time being we consider
only integer values of j and jz), i.e. that S%’V(i)

satisfy the equations

2

L s;fLM(g) = L(L+1) B s;’LM(g) (1.2B.5)
L su’LM(?) = Mh su’py(f) (1.2B.6)
Z )\_ — )\ : —
we find these harmonics to be of the form
JLM/a _ LMK L
skoti(g) - _E:Gxu (yr9) Dy (R) (1.2B.7)

| L oy _ .iMy L 1Ky .
where DMK(R) = e dMK(B) e sy the rotational

matrix(l’lz)



LMK
(¢

and G, LM’K(w) o~ine
A .

) = N
’cp_) Q g}\lJ'

with N being the normalization factor arising out of

normalising Si’LM(i) to unity. For small values of
A as well as for low angular momentum the third label
of the set may be disregarded because the system can

- —be-shown—to bemultiplicity-free.

In principle the functions giM’K(ﬁ) can be
"

determined from eaqn. s (I 2B.3) and (I.2B.7) but for
rgeneral L the solution of the coupled differential
equations proves to be very difficult. Lee 1ists
the major properties of these functibns but, since
we are treating only bgﬁiaétates, all we need to
- consider is the case when L' = O (the M-label can be
dropped as the functions do not depend on it at all).
For this case, eqn.(I.2B.7) reduces to one equation

of the form

'? (lf2cds22¢) -(1.2B.8)



Having obtained an I.R. of SU(3) in the form
LM(E) on S_. in

5

configuration space, we note that in momentum space

of a complete set of functions Si’

the angular part remains exactly the same, We can
now construct the general normalized states in both
spaces. Using Dirac's ket-and-~bra notation and

. again denoting the remaining set of labels by 3 and

ves wWe obtain the states as

. J (kr)
<z K%, 000 o2 - gv(g)

SR I‘2 A
(1.2B.9)
2 .2
.. k' —k o
® [Py = g2 & Jov (&)
Ve k,2' A

where k stands for the momentum space counterparts of

the five angular variables in configuration space.

In view of discussing symmetry properties, Lee
reorders the set of functions SX(%) making use of the
adjqint représéntation of the I.R, of SU(3). The
rearranged set, denoted by va(i) greatly simplifies
the specific equations for the boundstate, as &é shall.

see later on. For the rest of this discussion, we

shall adhere to this notation.
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The set of states (I.2B.9) being complete, a

general interacting state can be represented as

(k) “

<k |y o=y EAXE——'S (k) (1.2B.10)
- )4 k Av
)\ Vv

in momentum space, where le(k) = /o <k2,1v l y> is the

"generalized partial wave amplitude.

The configuration space analogue is given by
ul (v)
v A
<z | v = —=z— S, (r) (£.2B.101)
v

' r
v

The two amplitudes are related by

Xap ) = I, o Ger) uxv(é) rdr : (I.2B.10ii)

_with equal normalization

J Jxxv(k) lzkék | [ukv(r) |*rar (I.2B.10iii)



I.2C) Formulation of Faddeev's Equations in the SU(3)

Representation.

_ Having foundma:complete set of three-particle
states [kz,xv> via the I.R. of SU(3), we now wish to
apply this to I'addeev'!s theory. With a special view
towards the application of Omnes$! angular momentum
‘reduction, we introduce an intermediate sct of slates.
‘This set arises out of a representation of the system,

in which the total energy = (Ei, Kg, gg), the total

”éﬁgdiéf‘ﬁéméhtum L éndrifs componénts M and K about
‘the space- and body-fixed axes respectively are
diagonalized. Such a state shall be denoted by

1 wsyL M K >. We note here that this set of states is
completely equivalent to the set denoted by IEzsAv>?

it is also equivalent to the momentum space counterpart

of the state |r,> = |££l), ££2)>, which is denoted by
,5i> ‘= ]gi, n;° (gi and 7., are in no way connected
with the variables in_eqn.(I.l.Gi), p.17;+ The index i
in the latter set refers to the three possible choices
of relative coordinates; the index i indicates that

i and Ei respectively.

2(2) and 7 are placed along r.
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The reason behind the choice of the intermediate
set |y, L M K > becomes clear when we consider Faddeev's
iterated equation (I.l.7).and the calculation of the
kernel elements <k2,lv | K(i’j)(z) | k'z,x'v'>. The
functions va(g) were constructed in such a way that
their angular dependcnce on g, g and y was separated
out, With the help of Omnes! angular momentum
reduction and the intermediate set, we can obtain the
elements of K(i’j)(z) with the 80(3) part égain

separated out. Thus wc can deal with three of the

six variables separately.

In the SU(B) representation the homogencous part

of eqn.(I.1.7) reads:

2
<k7y Aw l.‘{’

(1)

1?0 3) 12 5 aicracr a2 g1y (3
O -

3
=
J=1 v'

)

with 1 =1, 2, 3, B (I.2c.1)

which is a coupled one-variable integral equation in k',



We shall omit the formal details arising out of the
above remarks concerning the intermediate set of states
and we merely quote the expression, which results for
the kernel-elements <k2,xle(i’j)(t)IK'Z,x'v'> after

application of Omnes' angular momentum reduction:

<k2,xv]K(i’j)[k'2,1'¢'>

l‘ ' 0 .
2 1 2
= 32/3(2L+l) z I[(k "L’(P’LMKIK( ’J)(t)'k' 1,?,ttqt,lt’]'_,]\ﬂ(t>
K, K

*G. ! G- te, 1) KSRt d

Ap jon ( i ) kujbu(w *Q ) ] da
(I.2¢.2)
with dj = ‘Coszw*cosgwsgd(coszw*)dwxdwlv (I,2C,zi)

The labelling of the functions G;’K (¢,¢) has been
. p,J'LV.,
chosen in accordance with the rearrangement of the

surface harmonics (see remarks preceeding eqn. (I.2B.10)).

Dealing with a boundstate of three spinless
particles implies first of all L = M = K = 03 furthermore

the total symmetry of such states with resPedt to all
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——Ppermutations-of the particles implies that the labels
» and (rearranged into two groups denoted by b j and

zs J = 1,2,3) appear only with the Tfollowing values:

A = 0,4,6,8 and even integers

'z = 2  (this label will be omitted in
future)

Ry = p,3'*=—3n, n = 0,1,2,3,...

The surface harmonics then reduce from eqn.(I.ZB.S) to

s. (k) = ¢ :
ML3(_.)_. ___lWB(W ?)

A+2
[ ]cos u3¢(°°52 ) 3 53 O(l - 200522¢)
2A'M3)

Wj
/\

1 for g, + 0

| g

V% for ug =0

i '
The factor (%)2 for by = O is needed to compensate

for the double contribution of S_ , since.S =S

for b= 0 (see ref;(l), eqn. (4.351)).
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The egn.(I.2C.2) now reads

[(+2) (+2)]F o o
i k k!
6/3 w

2 . . 2
<K ,AQB]K(l’J)(z)]k' g =
y J‘[<K2,{V-;§(P;E[K(1,J)(Z) ]1('29‘3"(0.“>COS UJ_'}CP*COS “’éCP"

x (cos ZW*)HB(COS 2¢")u x P (1 - 200522¢¥)

x PuB’O (1 -2 00522¢")]x dA
YUY
2 E u3
l for u3,u§ 4: O -}‘ L { -;_-‘“ -.

X { V4 for either p, or yi = 0

,'-12: for U‘B = IJ‘_"B = 0

The elements <k2,¢%¢*[K(l’J)]k'2,¢"¢"> in the

integrand consist of typical terms such as

<k2,¢ o ]GoTrGoTl]k'g,¢"¢“>.
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The transformation properties of the subgroup S3 on a
system described internally by the Dalitz-coordinates
coupled with the fact that | is restricted to b g leads
to the particularly useful relation

2 . , 2 2 i 2
<k [GO-I‘ GOF_LII! ’K'M_j3> = <k ’)‘U'3]G TlGO 2]1{: ’K'Mé>

(T.2C.41)
The complefe equivalenec of the sets ]kz,Av> and

|ws 1mk> allows the r.h.s. of eqn.(I.2C.4i) to be

represented in the form

<plGaT 6T !> = - , T\

(le+Vmé)2

“&ﬁ (wlm2m3ymlm~w3,z 2m1) t(mszwlswz 3w

(wl + wé - z) + wgv

(le-Vwé)z

where t (p,p') is the two-body transition operator

(see eqn.(I.1.6i) in the notation

alt; (=g = elagngs = - )



with the arguments [

Y
(20,07

Jorn

. : (I.2¢.51)
'\/;f(z(l)i + 2(Dk = (D‘j); i’j!k = 1’2!3

i # J + k

]

ey

The formulaticn of i1he equations to be tested
numerically is thus complete, except for the intro-
duction of a small restriction designed to-facilitate
the computational process: - It can be shown that for
a system of three spinless particles_interactingvin
pairs only small values of 3, ' need to be considered.
We chose ) = O,4, noting that the next higher value
confributes only a few percent of the partial wéve
amplitude X, (k) with ),y = 0. The implementation of
- this restriction leads us to the following coupled set

of equations:

2
<k”~, xu3[ys>

L2 ' 2 ) '
- QZ j<k ,xu3|qbg 6,7, Ikt? gy ae !k'u§|Ys>

)\'UJ'
? (1.28.6)

where by lys> we denote the totally symmetric state.



We have hitherto considered spinless particles
only., In the next section we shall therefore briefly
introduce the concepts of enlarging the theory to

include spin-isospin.
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SECTION TI.3 Inclusion of Spin-Isospin.

A physical triton is composed of three possible

' Iy
2S , three 2P1, the 4P1 and the three th states. Of
) 2 2
2

these 1he S1 states dominate the boundstate wave-

)
function to the extent that for the rest of +this

o}

discussion the other states may be disrcecgarded, since
there contribution is minimal. ~ The 28% states, with

L =0and S =J = %, consist of

a) a state, which is fully symmetric with respect to
interchange of the space coordinates of all three

nucleons;

b) a state, which is asymmetric with respect to

interchange of coordinates of any two particles;

c) a state of mixed symmetry.

Lee constructs a complete set of three-particle
spin-isospin states with given total spin-isospin (S,I)
and respective z-comenents>(SZ,IZ) and subject to the
condition that they have definite symmetry properties
under transformations of 83. The group theoretical
approach to the claésification is similar to the method
used in configﬁration space and we shall not go into

the details, but only sum up the relevant results of

his analysis.
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The method resis on constructing a spin-space
for a system of three nucleons in the form of a
migltispinor of rank three, fepresented as

T, o= x£})x£2)x(3) : (r.3.1)

273 i 2 '3

where xik) is the spinor representation of the k~th

k
- -nucleonv—Qk~=~1;2;3)mandwthe*spin state—of a nucleon

with S = is given in the form of a two-component

ol

spinor x = (xl,xz). If this two-component spinor is
“réguired to form a spin-space for the representation

of the unimodular group of unitary transformations SU(Z)

and if an I.R, of this group is sought in the 2§dimensional
—-fensor<space spanned by eqgn.{(I.3.1), this tensbr has to
be resolved into components, .which transform irreducibly
under the group. This ié shown to be equivalent to
~fégdi§iﬁg‘1%_ihto Eéﬁéafs; whiéhrhéve definite symmetry

properties with respect to S By means of Pierce's

3
resolution of'the identity element into four operators
Lee obtains basis funétions for an I.R, of S3 and
subsequently decdmpbses the tensor (I.B.l) into four
components: one tofally symmetric, one'totally

asymmetric (which vanishes when dealing with a triton)

and two of mixed symmetry.



Since the totally symmetric state has J = -%and the mixed
symnetry states have J = %Lthe triton states are carried

by components of the mixed symmetry tensors.
Lee derives the two properly normalized three-particle

spin-~space basis functions:

@, =/2(F , + 2 F s )
1 velr . 11 12! ~“Ah_11 13
13 | 12 t
I (1.3.2)
_J3
0y = J;' PR
1172
3

In obtéining these, use has been made of the Young tableaus
to denote the symmetr& prqpeftiesj the components on the
T, h.rsides are tensors genergted by the .two mixed-symmetry
"operators (arising from the Pierce resolution) acting on

the tensor Fi.dlizi3 in eqn.(I.3.1).

In isospin-space the analogous argument applies, and the

resulting basis functions are denoted by

M, =/3( 6p—— + 26— (1.3.34)
R Lilts))
' [z
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o =‘f§<} (r.3.31ii)

The combined spin-isospin-space is spamnned by the inner

product of the two representations. The properly normalized

o

“basis function for a system with S = Szz g and I = -IZ=

are listed below:

Z. = /% ( &1, + 8,0, )

™N

p
I

=

(em, - oy1, )
z, =/ (ony + 0,0,

z, =v3 (00, - 0,0, ).

—-where 7

s 7 7 wand~22-denote" the symmetric, asymmetric

s a' “4

and the two mixed-symmetry states respectively:(for nota-

}

- tional convenience the indices a, s, 1, 2 will be substi-

tuted by.(l), (2), (3), (4) resp.ly, from here onwards).i

The most general three~nucleon state will be of the form

3
ly > = Z'lw(v)> z(v) (1.3.5)

v=i

where the choice of the spatial ketsvly(v)> conforms to
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Pauli's principle, whereby the complete ket is to be

-Tully asymmetric, i.e,

ly(1)> =

1}
ey
o
Vv

asymmetric spatial ket

H
-
\%

lv(2)> =

symmetric spatial ket

lv(3)> , |ev(u)> spaiial kets of mixed symmetry

= lvy> =l

)
With the symmetry.properties of these kets already known,
one may deduce that their expansion in terms of SU(3)
“states involves only those states with the sane respective
symmetry properties. Since L = 0, the states required
for such an expansipn are ]kz,xujb>, with the labels TREA
referring to the rearrangement of the states in terms of
the tranformations under 83 (see page 34). 1In ﬁhe

following we list the four types. of expansions:

. , .
§: FIe g a A, a1y >

ly,> =
lu3 .
‘ ’ (10306)
2 2,2
ly > = S’ 1" 52>ar < ’?\u321‘*’s>
2 2,2
ly,> = z P 1A,y 1]y,
M . it3
2 2, 2
lv,> = ) [lx DA g 2O <,y 2>
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With a special view towards using FFaddcev's equations
for the state )Y> the expansion coefficients of

eqn.(I.3.6) are decomposed into three components, c.g.

<k2,xu31lwa> E (305 » (r.3.64)

R
N
=
>4
5
=
»

with the kets IY(i)(v)> redefined to

. 3 .
v (o)> =z !"{(1)(\,)> ‘ (I.3.61i1)

i=1

With this decomposition the general interacting state

is once again given by

lv> =) v (35 | | (T.3.6ii1)

i=1

and the spin-generalized Faddeev Equations read

D N O A TA I S P e (1.3.7)

i,d,k = 1,2,35 1 + j'+ k

This is formally the same as the homogeneous equation
of eqn.(I.l.6), with Ti now being given as a combination

of a projection operator Pi (jk) for the spin-isospin
- o
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state of the two-nucleon subsystem (jk) and Ti s the
s

transition operator of that state:

4
T, = P, jlc) T, .
1 Z 1,Q'(J ) 1y (1.3.8)
. =1
The P, are given by:
1y ’
R o o= L R - -
P = P P 3 P =P P 3 P =P P! ;3 P = P P
i, G T i,27 ¢ 1 Ti,37 o 17 TiLhT e T
(r.3.81)

With T PR (jk)
G T )

(1 (5x)_ )

‘Equation (1.3.7) operates in spin-isospin space as well
as in abstract Hilbert space. Since we are interested

in the spin-isospin states, we extract these to obtain

Ly
11 : i k
0> = ez r, 260, Ty E) (el (o))
. " =1
' (1.3.9)
where use has been made of eqn.(I.3.5) as it applies to

each component of eqn.(I.3.6iii), together with the
~orthogonality of the basis states 7(y). The trans-
Tormation properties of these basis states under 53

provide a matrix representation for the projection

operators Pi in spin-isospin space, such that the
+ O
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_ elements Z(v) Pi Z(v') may be evaluated.
o :

Lee proceeds to show that the transition operators
Ti 1 and Ti ), are null operators and that therefore the
’ ’ ’

components ]y(i > for i = 1,2,3 as well as ]y£3)> vanish

ideﬁtically.

After rearranging the rows and columns and iterating
the integral equation, the final homogenous equation is

_obfainéd"in the form

,Ys> Kss Ksl Ksz H[\Ys>
lvi> = ¥y Ky X | Dyp
v, Ko X1 Ky lyp> "~ (1.3.10)
where . Jy£1)>
,WS> = ]Y(2)> = symmetric component
N -
IY§3)>/

and the two mixed—symmetry components
]w§1)>
2

fy(3)>
7/
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The explicit form of the matrix elements in
eqn.(I.3.10) are to be found through relation (7.26)

and Appendix 8 of ref.(1) and will not be listed here.

The numerical solution of (1.3.10) presents a
major problem'in itself, Siﬁce in this thesis we do
not attempt to obtain the full solution, we shall leave
the discussion at this stage and return to it lafér.on,
when we shall seek a solution in the light of special

assumptions.



CHAPTER TT FIRST STEP TOWARDS NUMERICAL SOLUTION

The solution of boundstate equations for a system
"of Three bosons, and later on three fermions, depends
-to a- large extent upon the choice of pair-interactions,
~through which the system is supposed to interact.
Before attempling the solution, we must therefore
determine the exact shape of the potentials under
consideration. This chapter deals with this aspect

of the numerical verification.

Before discussing our choice of potentials, we
shall list the explicit equations arising from the
formalism discussed in the.previous chapter. This will
be followed by a section int?oducing the potentials, of
which there are three: the two local potentials,

-'wexponential‘and'YﬁkaWa's, and a non-local separable
potential, proposed by Yamaguchi(j). The last section
-deals with determining the shapes of these potentials

 for the triplet as weil as for the singlet case.
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. .—Section I¥.1 List of Equations to be solved, Bosons

and Fermions.

Bosons

" Recalling the remarks made in the last section of
—the-previous chapter, the set of coupled equations

(X.2C.6) reduces to

<k2,00[ws>

=t

T2 2 2, ,2
[<1%,00 |G T G T, {k!,) 10>dk "<k “y 10 ]y >
J .

=0,k

=4 Y I(kZ,MO[GOTlGOTZIk'Z,K'O>dk'2<k'21'O[w >
Yr=0,4° °
— R |

(TT.1.1)

- (as ax,2' = 0,4 the only eigenvalue of S to be considered

is p =y, 0)
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For convenience we rewrite this coupled set in operator

form

- where the XKR'(k) arise out.of eqn;(I.ZB.lO).

Condensing the notation even further results in

(L -X)x=0 . (rT.1.3)

K stands Tor the matrix of integral operators L
’
whose action becomes clear from considering eqq.(II.l.l).
If for the time being we restrict ourselves to obtaining

values for the binding energy{Eb, our task consists of

finding that value of the total energy E, for which

~.~det |1 - K

1l
C

(IT.1.4)

The problem of obtaining the boundstate-wavefunction

is equivalent to solving the eigenvalue problem

(11.1.5)



The set of variables involved is kg,ﬁ,w> together with
the primed set; alternatively we use the set wl’wg’w3>’

related to the first one by the relations

v, = klg A: 1 k2[l + cos 2¢COS(¢-%n)]

vy = k22 = 3 k2[1 + cos 2ycos{p+2m) ]

vy = k32 = 1 kz[l + cos chos@] ‘ (I1.1.6)
~  Fermions ‘

© 7 As for the case of bosons the considerat;on of the
~three nucleon boundstate is also restricted to K;K'=o,h.
"This leads to a set of coupled equations involving
altogether li amplitudes, as.can be verified from
eqn..(I.B.lO). Since in the context of this thesis we
are Safisfied &ith obtaining only a few ?esulfé'suitable
for comparison with the boson case, we make an additional
restfiétion: .since the triton boundstate exists pre-
dominantly in the symmetric state, we shall only consider
<k2,1u35]¢s>‘to compute the boundstate energy and later
on the wavefunctioﬁ in the zeroth approximation, i.e. we
solve only for the homogeneous equation of <k2,xu351¢s>

in eqn.(I.3.10).. The spatial transformation properties
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are the same as for bosons (see eqn.(I.2C.4i), for

“example) and the resulting integral equation for this

partial wave amplitude is:

2
_<k ’.’\u32!\:’5>

i

2 .
— i : .
= S [<x ,kHBQJ(G;Tl’ZGOTz’Z + 36T 5GoTy 4

2
)\'ué
+ 3G0r1’3G0T2’2 + GOTl’BGOTz’B)
' |1:2 1 v'$dy{%pr 1 l| > (TT.1.7)
< s U*BQ < “1!7,\11}?“.2 Vg ..

This equation in fact reduces to egn.(I.2C.6) for

vanishing spin-space, when the tWo—particle transition

.operators T. and Ti

merge into one, T..
i,=2 g ! Ti

) 3

Once provisions have been made to deal with the
“two distinct two-particle transitions, the solution of
eqn, (IT.1.7) is obtained with virtually the same

computational setup as for solving egn. (I.2C.6).
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Section II1.2 Pair-interactions and Potentials

Since the férmalism outlined so far is based on
the assumption that the three-body system interacts
through pair-potentials only, it is clear that in
order to solve eqn.s(II.1.1) and (II.1.7) we require
solutions of the two-body partial-wave amplitudes
t(n,n';s), where s stands for the total CM-energy of
the pair under consideration (sece eqn.(IWZC.Si)).

We use thé Lippmqnn-échwinger—Equation as provided
by Lovelace(h) in the form of a principal-value integral,

with 1 = O:

3 ‘ 2 \Y% (v,q) to(a,ntss)
to(nsntss) = (2n)2Vo(n,n'? -.(2n)2P£dq2q o] qz? il
(IT.2.1)

The use of this expression is subject to the two

conditions
a) that the potential used is symmetric in N and ', and

b)  that 7 and 7' remain on the real axis.

Both conditions are satisfied in our case,.

Comparison of Lovelace's original equation (2.26) (which
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we may equate to to, as we remain on the real axis)
with "eqn.(IT.2.1) reveals differing factors. This
arises out of the Fourier transform convention adopted
by‘Lee

3--i--n:»

v(p) = (2q) 2 | axe™®X 4(x) (1.2.11)

o

as opposed to Lovelace's

+w . .
v (2) = [ axe™ 5(x) | (TT.2.111)
-3 |

When dealing with positive energies, Lovelace derives the
-useful relation between the real quantity Al(VS,Vs; s)
and the phase-shift 61 on _the energy shell, of the form
(1=0):

1

A (fs,\s; 8) = - — (1T.2.2)
: 2n"Vs cots

We note here that in compﬁtational terms A0 is the same

as to’ but it must be remembered that for positive energies
s the amplitudes are not given by eqn.(II.2.1); in this

case the amplitudes are obtained via the off-shell unitarity

relation and Lovelace's subsequent decomposition of the



amplitude equation into its real and imaginary parts. He
derives a coupled set éf equations for these parts, which
involves the real principal-value equation for Al' For

the purpose of this discussion we do not need the explicit
values of the two-body amplitudes involving positive ener-
gics. As we shall‘see lateg@n, all we need are a few values
for the.scattering phase-shifts at low energies’( £ 10 MeV ).

The first two terms of the expansion for Vchotéo

Vsxcotd = - — + 35 + ... (r1.2.21)

then provide a means of obtaining the exact shapes of
the two-parameter pair-potentials via a fitting process,
where the scattering length a and the effective range TS

are experimental wvalues,

We have chosen to test the formalism under the influence

of the following three pair-interactionss

(5)

A) The local potential of the Yukawa type ,

B) the cxponential potential(6),'and

C) the non-local, sepérable potential proposed by

(3)

Yamaguchi
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IT.A) The Yukawa Potential

In configuration space Yukawa'ls potential takes the

form
‘ e-YYur

Vr(r) = Gy, — 7 (TT.2A.1)

where r denotes the relative position vector of the
two particles involved. GYu and Yy, aTre two constant

parameters to be fixed.

We require the partial-wave potential in momentum space.

Fourier-transforming eqn.(IT.24.1) yields

' = 2 2 4=
VP(RaR') = G, [(2 - )7 + v§,] 1 (II.24.2)
GY
with —2 constant.
G
Yu

We rewrite this in the form

o]

= 1 1 Yu
VP(RQ.E") = GYu P! x t - QOS(E',ER) 3 @; = const,
(IT.24.3)
2 .2 2
P +p * Yvu

wvhere t = opp? .

A comparison of the expansion for Vp and the expressiocn

1/l t-cos(p,p')], both being listed below-

v, (psp') = ; Vi (pyp')(21+1)P [cos(p,p')] (IT.2A.34)
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1"
t - cos(p,p')

= Z'Ql(t)(21+1)Pl[cos(E,E')] (II.2A.311)
1

with 1 = 0,1,2,3,...

Py

fl

Legendre Polyncmials of the lst kind

Ql o .1 i n n 2n(1 n

vields by analogy the partial-wave potential as

1 \ D>+ pv2+ Y2 : s
v = ,‘" ‘ Y'u\,_
Vl(P,P') = Gy, Pt xQ, \ 2pp1 J . (IT.2A.4)
Since 1 = 0 we have
Lt o+ 1
Q (t) = %log(;—:—7> =S (IT.2A.44)
and hence
2 2
v (pipt) = & o, (p+p*)" + v, (11.24.5)
= G = . II. A.
o ¥ uEeT T bR 42 | >
Yu

The coupling factors éYu and GYu are related through

= CTYu

fed L
Yu 2(211)7/2

|3

The two constants, the coupling constant GYu and the
range~-related constant YYu’ have separate valuess for
the triplet and singlet case, and these will be established

in the next section.
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I1.2B) The Exponential Potential

This is another local non-separable potential,

whose form in configuration space is:

velx) = Gpye "B : (II.2B.1)

In momentum space this becomes

Y =
vV (pyp') = T o (II.2B.2)
I o e JEx : N
e\ 2 2,2 :
'(;(.E - p")" + Y )
We may express this in the form
v (p,p') = - G YEX 2 ( 1 )

PP pt t - cos(p,p')

where t stands for the same expression as in eqn.(II.ZA.B).

We proceed along the same line as before and we obtain:

Sy
AL S Q_Ql(t); 1 =0,1,2....

Vv (p,p') = - a
1 Ex 2 £
: (pp') -2

(IT.2B.4)
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With 1 = O this becomes

= YEX
v ' = G
olPsp?) Ex 2 2,2 2 2 .2 n
(p7= p*7)7 + yp, (PT+p" %) + v
where G =4 . Xa_
Bx (Zﬁ)7/k

The two 'shape'!-parameters still to be fixed are then

GEX and YEx

II.2C) The Yamaguchi Potential -

This type of non-local separable potential was
proposed by Yamaguchi in 1954 in dealing with the

t@®-nucleon problem. It is given;%y -

2 2 2 , |
Volpyp') = Gy, 1/((p7 + vy,) (12 YYa)) (TT.2C.1)

The separability of this potential makes the Lippmann-
Schwinger equations particularly easy to solve exactly
in closed form., Due to its mathematical éimplicity it
has been widely applied to the three-=body system(l’B),
and we include this potential in our investigation to

see how the results based on this type of interaction
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compare with those arising from the local potentials.

Of these three potentials only the Yukawa
interaction can be.justified ob physical grounds.,
In momentum space, however, it presents a computational
difficulty in that it has a compardatively long 'tail';
the exponential potential on the other hand dies off
rapidly with increasing momenta and it therefore does
not require so many points along the p-axié,to yield
the same accuracy as the Yukawa potential. This is
the main reason for considering thi§ type of pair-
interaction. The convergence properties of the
Yamaguchi potential are even stronger than those of
the other two. Thé diagram on the following page
shows the shapes of the three potentials on the

same scale,
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sRAM 1
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Section I1.3 Determination of Pair Interaction

Parameters

Having established the momentum-space representation
of our three two-parameter pair-poteﬁtials, we must now
fix the shape of each ofvthese, both for the triplet.
énd singlet interaction (in talking of the f'shape' of a
potential, we adhere to the terminology Qf Preston(6)).
Each potential requiring twd parameters,: we need
altogether 12 constants. In principle, the parameters
of a particular potential are obtained from a fit to
the iow-energy scattering data of either the singlet or
the triplet state. Since most of these constants are
known, our task consists of confirming these results
and to modify the constants, .where due to our particular
Fourier~-transform convention and our definition of
relative vectors they differ from the values in the
literature, In particular, ﬁe are mainly concerned
with the coupiing factors G, since the‘range - parameter
y is affected only_by_our différing relativé vector
definition, and this in a simple way.

To make matters easier, we distinguish {wo cases
in our computational approach:

A) Experimental evidence suggests that the deuteron
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vbound state may, for most practical purposes, be taken
—as -existing in the triplet state -only. -We have used
this fact to obtain all the triplet-state parameters,
i.e. we look for those parameters of a particular
potential, which reproduce the correct binding eneré&.
"The results arc later checked against the scattering
-data.
B) Since the deuteron singlet state is unbound, the
above approach, of course, fails fqr the singlet
parameters. These will therefore have to be obtained

. .via egn.s(IT.2.2) and (IT.2.2i).

At this stage we introduce our energy units,
Since we'shall specify the energy'values in units of
(fermi)"z, we require the cor£éct conversion factor
from MeV-units to (fm)"z. This conversion factor is
4obtained with the nén-relativistic kineﬁic energy

relation

2 . ir ) ’
E = %'ﬂv wlth v = = (l{_ 1—.._1_{_2) ' (II.3.1)

=

We recall our relative vector definition

Bip =V% (p1-B,) 3 1y, =/3% (&;-z,) (I1.3.14)
as opposed to the usual convention

RBip = % (py-my) 5 =z, =1z, - 1, (IT.3.1i1)
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T - . - — _3:_
With the reduced mass N being given by q = S(mproton
+ m . ) our conversion factor becomes
neutron
1 (fm)™? = 20.77443 MeV (1I1.3.2)
as opposed Lo the usual
1 (fm)’2 = 41.49486 MeV (IT.3.21)

arising from the convention (II.B.lii).

The effect of our relative vector definition on
the range-related parameters of the potentials consists
simply of a multiplying factor of /2, and we can list

these parameters as follows:

TABLE 1. . o 2

triplet singlet
YYu 0.8952 : 1.347 In units
of tm~ T
. YEx 1.6348 ] 1.6348
Yya 2.,0489 2.0489
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The following two subsections describe the way
in which the corresponding coupling constants are

obtained.

IX.3.A) Triplet State Constants

Retﬁrning to eqn.(II.2.1) we may drop the
inhomogeneous term since we are dealing with the
deuteron bound state only. The kernél is nonsingular
throughoﬁt the whole range of integration, since s < O,
haﬁd the equation has complétely continuous solutions,

In this particular context we are not seeking the
solutions to(k,k(;s). We may express eqn,(II.2.1) in

operator form as follows: ‘ -

(1 - GK) T, = O . © (IT.3A.1)

Here G denoteé the coupling constant, K an integral
opérator in mafrfx form, whose elements are given by
numerically approximating the integration, i.e.

— 2 o v ( "Q) | .

¥ = [(20) dq?q 9N (IT.34.11)

q - S
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with elements 5 -
d 2 v o B
@, o n?  Yolngeay)
e, e - DI (TT.34.144)

J

Wj denoting the weight factors associated with the

~numerical quadrature.

‘We may now rephrase the problem: -We seek the

value of G.in the potential v, for.-which, with s set

0
equal to the deuteron binding energy, eqn.(II.BA.l) is

satisfied, i.e. for which

det |L -GK | =0 (I1.3A.2)

The following remarks concerning the numerical
quadrature apply to the whole of this work. In an
éffort to minimize the error ariéing from performing
all integrations numericaliy,?&e have chosen the
Gaussian Quadrature method, which optimizes the choice
Qanbsqiésae and their corresponding weights for a
given intexrval. There are, of course, many powerful
me&hods for integrating numerically(g), but we have
found the following to offer high accuracy While being
the least laborious. Furthermore, the parficular
method quoted here offers a high degree of adaptabiiity
to varied ranges of integration,

A standard Gaussian range is -1 £ x £ +1. 7 The

abscissae and weights are tabulated up to. large numbers
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of intervals(9). A simple mapping process, described
by Osborne(lo), enables one to use these tabulated

values for different ranges c¢f integration. The

numerical integral of a given integral
b
I = Y (x)dx (IT.3A.3)
a!
is performed by means of a weighted summation

N
I = 1im Z Y(xi)wi (IT.34.4)

—_
N ® =1

where X, and w, are the abscissae and weights,
fespectively. Now, by means of a transformation of
the integrating variable, any region a { x b can be
mapped into the range -1 { u £ +1, provided that the
mapping process does not iﬂtrédﬁce-discontinuities
into the integrand, Our specific requirements are

met by the following two cases:

a) [a],]bl:](:m:

u = 2(x-a)/(b-a) - 1

X = %(u+l)(b-é) + a
dx = Zi(b-a)du
thefefore

b
I = aj Y(x)dx
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I Yt (u)(b-a)du

N -

N ,
1im Z Y'(ui)wi
i=1

I = lim 2 Y(x, ) (b-a)w, (IT.3A.5)

u = (x-1)/(x+1)

x = (1+u)/(1-u)

dx = 2/(l—u)2du
= %(x+l)2du

and hence

!N A
I = 1im g; Y(x.)(x.+l)2w. | (IT.34.6)
Noo ol S T
i=
Case b) applies to the numerical approximation of
eqn.(II.2A.li). The computation relating to eqn.
(IT.2A.2) is performed by first fixing N, and then

obtaining values for the function Det(G) in the



regioh, whére this function has a root. The precise
value of G corrqsponding to this root ié then obtained
by fitting a polynomial; in praétice, we have varied
G in sufficiently small steps around where the root

. was to be expected, to warrant a straight-line fit,

This process was repeated for further values of
N, in order to obtain G as a function of the number
of intervals. Taking N = 7,9,11,13 and 15 ﬁroved
sufficient to extrapolate the convergence value of
G for N— 4 to an accuracy of < 0.05%. The following
two diagrams have been iﬁcluded to give an example

of the way G was obtained.
w0
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DTAGRAM 2 YURAWA POTENTIAL COUPLING CONSTANT (TRIPLET)
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The numerical values obtained for the triplet
constants will be listed together with all the other
two-body interaction parameters at the end of the

next section.

II.3B) Singlet State Constants

The computation of the singlet state coubling
'coﬁstants is distinct from the triplet case in that
in involves positive energies. We need to compute
scattering phase shifts to perform the fit according
to eqn.(IT.2.2i). With the values of s in eqn.
(II.Z.l) now lying on the positive real axis, we

come up against a weak singularity(ll) in the kernel
of this equation at q2 = S. iDyéon et.al.(lz) describe
"a method of overcoming this difficulty by introducing
a modification in the kernel, This modification
consists of an additive term in the numerator of the

kernel thus leading to the following equation:

3
ug(n,ntss) = (2q)° vo(nsm")

) . :
2 e 2 Volma) /2 vy(n,/s)
)" P [da"q 5

q - s

- (2n

ug(a,ntss) (IT.3B.1)
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One can easily verify the existence of the kernel

at the point q2 = é, since the‘derivative of v, with
respect to the integrating Variéble q2 exists at
thisvpoint. The relation between to(n,n';s) and

uo(n,n';s) is given hy

ag (1015 2)

tolnantss) =
-1 + 2_11-

vo(mant) o Lq°-s
(I1.3B.2)

The principal-value integration can be made more
amenable to numerical computation by applying the

same concept of integrand-modification once again:

 ui(q,n'ss) o
P f > dq
q°-s
2
(s+1) [ug(re,qtse)] » (" da”
(a®-s) (g®+1)
s+l
) © uo(q’ ';8) - q2+l Uy (fsyﬂ 3s) dq2
q° - s

(IT.3B.2i)
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The "first term on the r.h,s: of "eqn.(II.3B.21i)

reduces to

dq2

) (q%+1)

Asw Du_(ysmse)] P -
' \ 4 (g°-s

= -uo(VS,ﬂ';s) logs  +

L] 1 s + 1
C ou (e ss) - 207 u (Vs,q'ss)
J da ' >

(o) : q - s

since , 2

.
J‘(qz-s><q2+1)

Sw=C

o]

e — O

log s

1 + s

- {10¢ 2222 [
1im ( 1 L log 1 + | log

(IT.3B,21i)

2 -0
4 -s 7 }
q +1 “s+e

It is again easily verifiable that the integrand on the

r.h.s. of eqn.(II.3B.2ii) exists at the point q2= S

Thus all the integrations involved in obtaining to(ﬂ,h’;s)

are now non-singular.
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In solving eqgn.(II.3B.1) we employ the method of
successive approximations, often associated with the

name of Picard:
A standard approach towards solving an integral equa-

tion of the Fredholme type

b
v(x) = £(x) + GI K(x,z)y(z)dz (IT.3B.3)

a
using electronic computers is to approximate the equa-
tion by a sel of simultaneous linear equations, which

we denote by the operator equation below

(’1 ~ axk ) Y = F . ’ (IT.3B.31)
The solution is obtained in‘ﬁhe'form of tne vector Y,

The method of successi%e appfbximations requires the

evaluation of the series

N

Y = P o4 2 ¢ g p (II.3B.311i)
?k=1

Provided the kernel is square-integrable, i.e. bounded

in the interval (a,b), the sequence Yn converges uniformly,

i.e.

y(x) = 1lim Y

" n
n.—...)co

for all values of x, which lie inside the interval (a,b).

This condition is met by the kernel of eqn.(II.BB.l).
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The advantage of this particular method of solution in
our case consisté of being able to stipulate the relative
éccufaéy of our -solution explicitely, i.e. we require

the iterative process to continue until the relative

accuracy reaches
| v, - v |

[
n!

| v
where € is fed to the process.
Based on the 15-point Gaussian quadrature formula, we
have found a relative error of e £ 10_4 to be fully
sufficient-for a good -approximation to-the"solufion
uo(ﬂ,ﬂ';s); the convergence properties proved to be
reasonable, with an average of 15 iterations (i.e. n=15
in egn.s(IT.2B.3ii-iii) ) réégired to achieve the stated
accuracy. :

The actual fit according to eqn.(IT.2.2) and

{IT.2.2i) is based on the values for the singlet

scattering length and effective range(B)

a_ = -23.69//2 = -16.8 £t

r = 2.151//2 1.532 fm

os

-L
where the factor of (2)7% arises out of our definition
for relative vectors egn.(II.3.1i). We have chosen

the fit to involve five values for the total



- 81 -

two-particle CM-energy s, which for computational

convenience were made to coincide with the lower five
+ o 2 "

of the Tifteen values for g~ obtained from the

Gaussian points via eqn.(II.BA.6). These values are:

s, = 0.00604 fm™>
-2
s, = 0.03238 fm
-2
.53 = 0.08213 fm
-2
8), = 0.15981 fm
s. = 0.27310 fm™? (TT.3B.4)

These energy values are low enough to allow the
expansion of 1 cot 8o to be cut off after the first
two terms, an approximation, which as is commonly

known, is valid up to s < 10 MeV = 0.5 fm™~,

With the correct two-body interaction parameters,
the on-shell value of the amplitude to (/s,/s3;s8) must

satisfy the relation

a

ol
H
0]

_2ﬂ2ts(/s,/s;s) 5 o (II.35.5)

Diagram 4 shows the 1l.h.s. of this relation plotted
against the energy for ihe singlet Yamaguchi inter-

action,.
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As a éheck‘both of the method as well as the triplct
constants, we have performed the fit with the triplet
scattering data as well and have found our constants
" “to give résults with an error of well below 1%, TFor
the singlet states we have found coupling constants,
which together with the range-related constants on
p.68, reproduced the scattering parameters a and
ros‘to within l% off the values quoted above. This
~comparatively large error is to a certain extent due
to the arbitfariness, which exists in the fixing of
ag and ros; in the literature these values vary
somewhat partly because the experimental information
concerning the singlet state ié still rather poor and
partly to suit the particula;;requirements of the

authors, = Our results lie within the range of those

—.-quoted-by -various -authors (see for example ref,(3)
and (7) ).

Table 3 presents the layout of the program for
fixing the two-particle interaction constants, This
program has two main branches: the first, 3a, ié
entered, when the total energy s is negative, which
implies that triplet constants are being soughti the
second, 3b, is entered when s is positive.In Table 2
we list all the pair-potential parameters obtained by

us and used in our computations la’er on.
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DTAGRAM 4 YAMAGURIIT POTENTIAL COUPLING CONSTANT
( SINGLET )
/s xcotg
x10~~
-6
G = -12.963 fm
ya
3
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TABLE 2

'SHAPE * —-PARAMETERS FOR TWO-NUCLEON INTERACTIONS

SINGLET STATE

Yukawa. Exponential Yamaguchi
| -l -5 -6
Coupl.const. -2.134 fm -3.529 fm -12.963 fm
GS.
-1 -1 -1
Range param. 1.347 fm 1.6348 fm 2.0489 fm
Ys
TRIPLET STATE
Yukawa Exponential Yamaguchi
' -l -5 | -6
Coupl.const. -2.221 fm -6,0124 fm -18.46 fm
G
t
-1 .o=1 -1
Range param, 0.8952 fm 1.6348 fm 2.0489 fm
Y
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Table 3 continued )
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CHAPTER IIJ DESCRIPTION OFF NUMERICAL METHODS AND

LAYQUT OF THE COMPUTATIONS

-Having determined -the nature and shape of the

three types of pair-interactions we wish to consider

in the context of this investigation, we now turn to
the problem of performing computations on the basis

of the expressions given by eqn.s(II.l.l) and (II.l.?),
referring to systems composed of three bosons and three
fermions, respectively. Both cases are, for the time
being, subject to the approximations of restricting

the number of eigenvalues ) and uB:x,x' = O,M;@Bué = 0,
The extension to higher eigenvalues follows quite

naturally from the ensuing diécussions in this chapter.
The overall purpose of our computations is twofold:

1) 7 7We wish to obtain valies for the total energy of
the three particle systems, such that eqn.(IT.1.3), or
alternatively its spin-isospin counterpart is satisfied.
_Theée values will be compared with the experimental
value for the triton binding energy. .for the boson
case, we shall Turthermore investigate the behaviour

of the computed Binding energyvwas a 'funétion of iblre

coupling constant in the pair-interactions.
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As for the spin-isospin system the computed binding
energy will serve for comparison purposes, and the
coupling constants of the subsystems will not be

varied,

'2) We also seek the approximate shapes of the
bound-state wave‘amplitudes. For the boson system
-this entails solving for X in eqn. (IT.1.3) and
obtaining the shape via relation (I.2B.10). Vhen
dealing with three nucleons, we shall solve only for
the symmetric state, in accordance with the remarks

-made prioxr to—eqn.(IIll.?).

In computational terms the differences between
the boson and the fermion case are not fundamental,
We shall therefore treat théﬂformer in detail and
append the necessary alteratigns, when dealing with

a system of three nucleons. .

" The setting up and designing of a program dealing
with a complex problem is very often influenced by the
1§gistical-configuration of the computational means at
the .programmerts disposal, It seems often true that
while there may exist alternative ways of programming
the problem, which make more and better use of

peripheral facilities, the programmer may be compelled
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to adopt a less efficient approach in terms of
computer utilization, simply because the desired
degree of efficiency may require more direct access
to the machine than is available, We suffer from

- this handicap, even though not in any fundamental
way. We know of at least one way in which the
qomputational structure described in the following
could be iﬁproved in terms of central processor
running time (CDC 6600 configuration at the University
of London Computing Centré). However, for a number
of reasons we have not yvet made full use of the
theoretically available péripheral facilities ofvthe
above configuration; one reason is that all our
calculations performed on the CDC 6600 are input
threugh a 200 Terminal l1link, stationed at Chelséa
“fCollege of Science and Technology, thus somewhat
Llimiting the degree of access, We shall, however,
mention where the optimization could be applied.

it should be noted that.this does not alter the
fundamental numerical and computational approach to

the problem,
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Section IIT.1 Computation of Binding Energies for

three Bosons and three Fermions

In accordance with our introductory remarks, the
‘emphasis in the following sections lies on discussing
the computation of eqn.s(II.l.l-B). The present

section in particular deals with eqn.(II.1.4).

ITIT.1A) Treatment of Variables

The calculation of each element of the matrix in
-eqn;(II.l.B), whose determinant is to be computed,
involves basically a fivefold integration, with only
the innermost integration having variable limits (See
also eqn.s(I.2C.L-5)). Coﬁéidéring the equations
(T.2c.6) and (II.1.2) the maf;ix-operator K can be
thought of as consisting of a number of submatrices,
ecach of which belongs to a particular combination of
the eigenvalue-set ) ,3'. Thus for example, with
AsA' = 0,4 there are 4 such submatrices, as in
eqn}(II.le); the choice of %,\' = 0,4,6 leads to
9 submatrices, |

The number of elements in each submatrix of K
is the same and is determined by the number of nodes ¢

chosen for the numerical quadrature over the wvariable
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k'2 in the range 0 £ k'2 L+ ®, The choice of this

number is of paramount importance to the entire
program, for reasons which will become clear soon.
Let us, for the time being, assume that the inte-

I'“gfationrrangc'of cach variable we are dealing with be
-subdivided into the same number of intervals and let
us denote this number by N. Obviously, the larger
this number the smaller the error resulting from
numerically approximating the integrations. The
-volume of the computation, however, is such that the
feasability of the calculations becomes a major
problem, in view of the required central processor
running time, In fact we have the approximate
relation

CP-time = Comstant % N° (IIT.14.1)

On the very fast CDC 6600 a typical value for

""" {he CP-time, using N = 5, is 10 minutes to compute
five values for the determinant (IT.1.4) corresponding
to five (negative) values for the total energy of the
sys%em. Doubling N thus increases_cp-time by a
factor of 64, i.e. the same calculation requires more
than 10 hours. This is clearly impracfical, and we
therefore have to limit ourselves to low numbers of

intervals in the numerical guadratures.
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In order to retain a maximum of precision here, we
resort to the previously discussed Gaussian quad-

rature with the mapping technique (see eqn.s(II.3A.3-6)
which minimizes the error arising from the approximation

of the integrals,

Each elément of the matrix K is given by an
integration of a corresponding matrix element
«<kg,¢*w*]K(i’j)]k'2,¢"@"> multiplied by other terms
(see eqn.(I.ZC.h)) over a l-dimensional 'rectangular
box!, The element in the integrand is essentially
the transition amplitude for éne internal three-~body
configuration to another, in terms of either the
Dalitz-related coordinates (k2;¢,¢) or the Omnes sct
.(wl’mZ’wB)'

The matrix element in the integrand of eqn.TII.2C.h4)
As_itself the result of_an integration.with.variable
limits, as given by eqn.(I.2C.5). The integrand of
fhe latter brings\us back to the two-body subsystems,
discussed in the previous chapter. It requires the

solution of eqn.(II.2.1) for two sets of variables
(M,N*;s), which, for simplicity, we shall denote by
t, and t, from left to right (the fact that we are

dealing with orbital angular momentum 1=0 is left

understood).
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The two-body energies Sl and s, are both clearly
negative in the context of our calculations and
eqn.(IX.2.1) therefore is non-singular at all times,

The arguments M,N?' are given as functions of ]g) and

Ig') as follows:

T‘l = 'ﬂ]_(wl;wzwa)

for t ITT.1A.2
M= Milegseh,ey } ! ( )

. (T 3
w1§h §; = (2 - > W
and

T‘z = T‘z(wé!wBle)

T t ITT.1A.
15 = M) whrelof) } o ta ( 3)
wit? s, = (B - % wé)

The expiicit functional relations are obtained via

1,% = %(2wi + 20y - wj) i i,d,k = 1,2,3 (ITT.1A.4)

i+ 44k
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IIT.1B) Sequence of Computation

For the sake of clarity we shall explicitly

list the expressions to be computed:

With i,A'= 0,4 the matrix, whose determinant is

to vanish for a particular value Eb of the total energy

is
K K
(1-&)=1- ( ©° oyt ) (ITr.1B.1)
VK
h,o Ku,u
—~The elements of the submatrices K , are derived from

Ao

~equation (I.ZC.M) and are given by

Corodsyy = —it b Y a2 e ig?
By 0)i,5 = S T, T R(E) i, >
0,071,J 3\[-3_” b, | 5 .o_lf..:___.g i J

XL

X 0052¢*709s2¢" d(cosZ¢E) d(cos2y") ae™ de" S
(TTT.iB.2)

8 1 1 i &
7 2,12 2 % % 2
= "k kK K(E) |[kt%, §"o"
(Kh’yo)i,.] 3.”. klkJ J(: { wr t.rg < 1’11} CP l ( )l J !w (P >
—%‘TT -3

'x(l—200522¢")x0032¢x0032¢"d(0052¢5)d(cos2¢")d¢§d¢ﬁ

(II1.1B.3)



(x

1
2 2
—_ ¥
h,o)izj" kyiks {

2 in
2 % x 2.1

I T <kis\"f 9 ]K(E)lk}js‘;’ ">

1. 2

3 Kl

x(l«2005%¢§)kcos2¢§cosz¢"d(cosZ?E)d(coszﬁ")d@ﬁdQ"

(IIT.1B.4)

8 1 1 %0 in
% — R 2 ) 2 % % 2w
(Khyh)i',j’= . ki'kB' I I J T <ki|9ﬁ.¢ IK(E)!k3w®%¢*>
V3 0 o-37m -2

x(1-200522¢*)x(1-200522¢") cosz¢¥cosz¢"d(cosz¢*)

xd(cos2y")dy de"
(ITT.1B.5)

with the following index conventions relating to the

position of a particular element in the matrix-array:

i=1,2,...,NK .3 §=1,2,...,NK ;

it= (L+NK); (2+NK), 400, 2NK 5 j'= (14NK), (2+NK),...,2NK ,

It is clear that k? = k? and k!z = klz; furthermore
: i it 3 3! !
for notational .convenience we have expressed the

elements <k2,¢*¢%IK(i’j)(E)[k'2,¢#¢"> in the integrand

of eqn,(I.2C.4) as <k2,¢*¢*]K(E)]k'2’W"¢">'

The elements in the integrands of the above
four equations do not depend on the eigenvalues A and

and they are thus the same for each of the sub-

k3

matrices K -
Ay
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This suggests a division of the computation into two

parts:

Part 1 : Computation of the elements
<k2,¢*¢%IK(E)]k'2,¢¥¢¥> and storage of the
results on magnetic tape or disc.

Part 2 : Retrieval of the results ffom Part 1 to

compute equations (III.lB.2-5) to f£ill the
matrix array for eqn.(III.lB.l) and subsequent

calculation of the determinant value'(II.l.h).

Part 1 is by far the most time consuming of the two,

as we shall see, Once the complete set of the eleménts
are cémputed and stored by this part, we can use- this
data to perform the computations under Part 2. The

sets of eigenvalues A,A' and p can be varied to

3793
investigate the higher order contributions. The second
part generally runs l/50th of the cp-time taken up by
Part 1, a fact which makes the above subdivision
combulsory. This investigation is wvery much based

on the set A,A' = 0,4, with the occasional inclusion

of 6, which proves to be quite sufficient (see remarks

following eqn.(I.2C.5i)).



PART 1  The Elements <k~,y* o |K(E) [kt2, 4" o>

Since these elements are a function of altogether
six variables, defined either by the set (kz,k'2,¢¥,g",
@m’@") or (wl,wz,wB,wi,wé,wé), consideration must
be given to the order in which these variables are Lo
be processed. Restricting ourselves in this
consideration to the former set, and recalling the
ranges of these variébles,.we must fix the number of
nodes for each range, The examination of the two-
body potentiéls inbmomentum space reveals that the
Yukawa potential for example has a comparatively
long tail and that therefore the number of nodes
rQQuired for k° and k'2 will probably be greater
than that for the other variables,.which have well~
defined ranges, We denote the former by NK, while
choosing an equal number of nodes N for all the other
variables, Based on this particular choice, it is
clear that for one value of the total three-body
energy we must compute NK2 % Nh matrix—elements; which

we shall henceforth denote briefly by K(E) Here

NK,N*
we obtain a Tirst impression of the differences in "~

computational volume for the wvarious choices of the

set NK,N):



(NK,N) Number of K(E)NK’N
(5,5) 15 625
(7,7) 117 649
(10,10) - 1 000 000
(15,15) 2 025 000
(8,5) 40 000
(10,5) 62 500

Bearing in mind that at present a magnetic tape

(800 b.p.i., 7 track, 2400 ft. long), written in
full accuracy mode on a machine such as thé CDC 6600
with 60-bit words will hold an absolute maximum of

2 736 000 numbers (without taking the fact into
account that in practice the information is written
onto the tape in the form of blocks with a block-
separating %" of tape) one realizes a further reason
for limiting the number of nodes, apart Trom the

running-time aspect.

The order in which the variable-combinations in
K(E)NK Ny @re altered depends on the order of integration
b - .
in the eqn.s(III.lB.2_5); i.e, the processing order of

this data in Part 2.



Consistency here insures continuous tape-reading in

Part 2, thus saving time and reducing tape-wear to a

minimuamnm, We have chosen the following order:
" OUTERMOST INNERMOST
1<2—> k12 - ﬂr’* - (P;F — ‘1!" - (P"

The computation of an element K(E)NK,N involives
the solution of the twe-body amplitudes tl and t2
with arguments -given by eqn.(IiI.lA.Z-d); the order
in which the Omnes variables occur follows from the
above order and eqn.(II.1.6). With these solutions
the integrafion (r.2¢.5) can be performed. This is
done numerically by again subdividing the range of
the integrating variable w%

(Voy - vo)® <ol £ (Voy +/ws)? (171.1B.6)
into a number of intervals, which we have chosen to
be NK, be means of mapping the Gaussian abscissae

into the above range via egn.(IT.3A.5) giving

wf = 2/B0F u; + o, + b (TTT.1B.64)



- 100 ~-

as nodes along the abscissa and

W o, = 2/0_)1(.' 2i Wi (III.lB.6ii).

The range of the index i, i.e, the number of nodes
used din eqn.(I.2C.5) does not, of course, affect the
number of elements K(E)NK,N and can therefore be
chosen as large as the accuracy requires, Actual
computations have shown, however, that the ultimate
results remain practically unaffected gy doubling the
number of nodes, while considerably increasing the

cp~time of the calculations, The choice of 1 < i < NK

bhas proved quite sufficient.

In calculating eqn.(I.2C.4) for each K(E)NK,N
we attempted the direct approach, i.e. first solving
t(ﬂ,n‘;s) 2NK times with the Qarious argument
combinations, computing the weighted sum of the
integrand and multiplying the sum by the appropriate
factor, This methéd quickly turned out to be
impossible in terms of cp-time,  An alternative

- method of making the solutions of the two-body‘
equation available for the integration in eqn.(I.2C.4)

exploits the symmetry of t_  with respect to interchange.

0]
of its arguments 7,M0'.
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A numerical solution of ecqn.(IT.2.1) usually appears

as an NK<component vector (assuming'NK to be the number
of nodes along the integrating variable); each
component represents an approximation of the two-body
amplitude corresponding to a particular set of
arguments (ﬂi, ';s). The second of these arguments

is supplied to the iteration procedure as a parameter,
thus in purely numecrical terms being on the same
footing as the parameter s, The iteration is
performed over T3 variation of the 'parameter' 7'

e.g. in the form ﬂ3 with j = 1,2...,NK, then leads to

a matrix-array containing the required set of
approximate solutions of eqn.(IT.2.1). Looking at the
integrand of eqn.(I.ZC.h) we see that the integréting
variable w% ‘

determining and once in those forming the 'parameter!'-

occurs once in the string of quantities

variable 7', whereas we would wish wg to occur only in
the formation of N’ in order to exploit the inter-
polgtory pr&perties of Picard's iteration method.

This difficulty is resolved by realizing that the.
principle of invariance with respect to time-reversal
must hold and that eqn;(II.Z.l) must be invariant with

respect to interchange of 1 and W' [remark a) following

eqn. (IT.2.1)].



We can state that

5
tl(wl:wzaw3§-wl,wé,wg§ E - 2w1>
! 3
= Ll(wl"”é"”%; wl,wg,wB; E - 2‘(1)1) (TII.18B.7)

The functional relations (IlI.lA.Z-B) are modified

to
My = ﬂl(wlawé,wg)
11 = M eprepros) | (IIT.1B.8)
T]g = ﬂg(wé,wB,wl)
15 = Tilejrwhrwl) (ITI.1B.9)

with Sl gnd 52

remaining unaffected.

We can compute all the solutions of tl and t2 belonging

to the NKxN2 values of their respective !'parametert-varia-
bles ﬂi and,né arising from all the possible combinations

of Wys Wos m3 and wi, wé, wé respectively, and store
all these NK-point tabular functions in the order, in
which the values of ni and né occur; the total number

of solutions to_be stored is therefore 2NKxN2. This part

of the computation can be done quite separately. When



the particular values of tl and t2 are required for

the evaluation of eqn., (I.2C.4), one only has to
retrieve the two tabular solutions and interpolate
their function values for the arguments nl and ng
respectively, using the same Picard routine applied

for obtaining the solutions in the first place,
Interpolation does not require any iteration, but only
one summation of the now easily obtainaple and weighted
values of the integrand in eqn.(II.2.1), whereas a full
solufion of the two-body equation involves 15 to 20
summations. Since the integrand of eqn.(I.ZC.h)

2 5

involves a total of 2NK~ x N” function values of

to(n,n';s) the amount of computing time saved in this
way becomes obvious,

In order to increasé the accurac; of the NK-point
solutions for tl and t2 wé have chosen to obtain these
in two steps, The first consists of computing fabular
solutions_oﬂ{a highef number of points, say M, followed
by the interpolation of the NK-point solutions from the
cofresponding M-p§int sets. This leads to a sligﬁt

increase of the computational volume, which, however,

is justified, because it improves the solutions for tl

and t especially for low values of NK,

29
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PART 2: The matrix KR X
s A

i .
Having Thus obtained NK2><NI values for the elements

K(E) and storing them in the prescribed order, the

NK, N

computation of the elements K is very straightfor-

A
ward. Each element is the result of one of the four-fold
integrations (IIT.1B.2-5). The numerical prccedure here

involves the usual mapping of the Gaussian data into

the ranges of the four integrating.; variabies:.
l) ¢% and ¢" 0 L cos2y £ 1
= 1
(cos2\p)i = E(ui+ 1)
= L
vy = By (II1.1B.10)
i
3 *
2) o ~in Lo L Em
* -
; o; = %ﬁ(ui+ 1) - in
w ¥ s - '
o = BTV (ITT.1B.11)
3) o" 3 -5n Lt L gm
o] = %ﬂ(ui+ 1) - &m
w o, o= kaw, (IIT.1B.12)
?i

After performing the integration and filling the matrix
array according to the index order prescribed by

eqn.(IIIX.1B.5i) the program is diverted to a standard ..



sub—program(IB), *hich computes the inverse of the matrix
together with its determinant. The method of inversion
employed by this routine is the usual Gauss-Jordan one,
with the value of the determinant resulting from the
product of the pivot elements. In order to keep rounding
errors negligiblie, we used this.routine in the optional
double-precision mode on the CDC 6600, thus maintaining

30-digit accuracy throughout the inversion.

‘The outline of our compuistions is‘thus complete,
except for the inclusion of spin-isospin. The basic
laybut remains the same, but the volume of the
computations is roughly doubled, since in addition to
the triplet-state transition amplitudes of the two-
body Subsystems, we now need the singlet-state
amplitudes., This leads to the followinglmodifi-

cations in the program: -

Spin-Mod. Part 1 : Returning to eqn.(II.l.7), one

realizes that due to the two types of transition
amplitudes there are four operators of the kind

G T, G.T, to be dealt with as opposed to only one,
O i,0 O J,B R
GoTlGOTz’ in the case of a system composed of three

bosons. In computational terms this amounts to very

little. It simply means that along with calculating

the sct of N-point triplet amplitudes we now have to
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calculate the corresponding singlet amplitudes; this

is done via the same computational procedure, only that
now the pair-potential subprogram is accessed with the
singlet-state parameters of Chapter II. The two

types of solﬁtions are then retrieved for interpolation
when computing the elements E(E)§;3N’ wherce the index (s)
refers to spin-isospin, and combined in the integrand

of eqn.(I.2C.5) in the order prescribed by the operators

in egn.(IT.1.7).

Spin-Mod, Part 2 : The amendment in Part 2 is even

simpler, It merely consists of altering the multi-
plying constants appearing in egn.s (III.lB.Z-S) by a
factor of 0.125, otherwise this part of the computation

remains exactly as in the case of three bosons.

The program outlined in this section leads to a
value of the determinant of the matfix (II1.1B.1)
corresponding to one particular value of the total
energy‘E of the system. In order to obtain the value

E -for which this determinant vanishes, the program

b’
must be rerun for a number of energies, usuaily five,
in order to allow a curve to be fitted to the

functional dependence det = det(E), which is then

solved for the roots.
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Returning to tiie remarks made at the beginnning of
this chapter, regarding the problem of reducing the

cp-time, the following suggestion can be made:

The function. subprogram evaluating the pair-
potentials lic at the very centre of the program and
are therefore accessed many times (more than 106 times
with NK = N = 5 and M = 10)., It is therefore crucial
to make these subprograms as efficient as possible.
The values aré clearl&«independent of the energy
‘paraméter E. One could thereforeAstore all, or at
least a number of, these potential-values on magnetic
tape or disc.during the first energy-run and instruct
the program to retrieve this information in the sub-
sequeht runs, thus saving computing time. This
suggestion has in fact been implemented by Lee with
our program on the CDC 3606 configuration at McMaster
University, Ontario, Canada, and the results suggest
that cp-~time can be reduced by a factor of three for
a full five-energy run, This method, however, greatly
increases the amount of time used by the necessary
peripheral equipment, such as tape-drives, a féct which
with onr access facilities to the computer configuration
of the University of London has an adverse effect on the

job~turnaround time.
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Therefore, for the sake of speeding up our investi-
gation, we did not make use of this obviously
advantageous method of saving computer time,

For a full documentation of the program outlined

in this section the reader is referred to the appendix.

IIT.1C) Peripheral Program

As mentioned above, the output of the pregram
discussed so far consists of a small number of values
for the determinant of thé matrix (III.lB.l) as a
function of the total energy E of the three-particle
system, Thé range of E should be chosen near the
point where the determinant-function changes sign in
order to facilitate the exact determination of the

point Eb where the determinant vanishes.

To find this root Eb it is necessary to fit a
curve with determinable functional dependence on £ to
the tabular values of the determinant, In ovder to
exert more control o#er the fitting process, it was
decided to separate this part of the calculations

from the rest,

Good functional approximations and curve fitting
are rather dependent on the data and visual inspection

of particular fits by the user. We have tried various



fitting methods, such as approximation by exponential
functions or Chebyshev polynomials, but since most
Yecluce
melthods applied with 1lhe help of computers boii—dowrn
to combinationé-of straightforward polynomial‘approxm
imations, we¢ have finally resorted to using direct
polynomial fits,. The routine used is one supplied
by the Chelsea College Computing Centre and this
proved to be best suited for the data at hand. In the
vicinity of the point Eb’ the determinant-function
seems well-behaved, and with five valués at our
disposal we fitted fourth order polynomials, which
fully satisfied the accuracy requirements in obtaining
the value Eb.
The procedure consisted essentially of plotting
the data received for the determinant wversus the
energy axis by means of a digital plotter connected
to the Elliott 503 computer at Chelsea College; the
approximating polynomial was then determined and also
plotted, and then iﬁput into a root-finding routine,
The resulting root, lying inside the given range of E
was selected and marked on the graph as the bindiﬁg

energy E All this is performed auvtomatically, while

b.
still allowing us to vary the fitting criteria. A

sample of this process is given overleaf with

NK = N =5 and M = 20,
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Section I¥X.2 Determining the Shape of the Bound-State

Wavefunctions

In the previous chapter the method was described
with which we obtain values for the binding energy Eb
for a system governed by a particular type and shape
of pair-interaction. Once this value has been
established, we return to eqn.(II.1.3) and the problem
of determining the shape of the corresponding wave-
function. The purpose of this is twofold: first, we
wish to ascertain that the formalism does in fact
yvield bound-state wavefunctions, which die off rapidly
as the momentum increaSeg beyond certain values;
secondly, this calculations\érOVides a check for the
accuracy and correctness of &;termining the valiue Eb.
As to the latter, we can say that if the determination
of the binding energy is reasonably accurate, the
matrix K in eqn.(;I.l.B) must héve one eigenvalue lying
close to unity. It must be emphasized however that
thig cheék does not.provide an estimate of the error
arising from the numerical mefhods employed in

determining E it merely examines the consistency

'b’

within the computation.
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With the value of E, at hand we proceed as follows:

b
a) Since Qe require the matrix f, the wvalue Eb is
fed into the programs PART 1 and PART 2, A loéical
switch indicateé to Part 2 that the matrix is not to
be inverted, but retained for input into a program,
which determines the eigenvalues and eigenvectors of
the matrix. Otherwise, the two programs proceed in
~exactly the same way as before. The resulting matrix
is of the size 2NK x 2NK with A,A' = 0,4 or 3NK x 3NK

for y,\A' = 0,4,6,

b) In determining the eigenvalues and eigenvectors
of ﬁ, we have made use of a package of ALGOL-
procedures(lh) made available gy'Chelsea College and
we have converted these to a:%orm acceptable tc the
ALGOL-compiler in the CDC 6600, in order to improve
the accuracy of this computation, This package
essentially performs the following operations on a
given square matr&x:

It converté the matrix into an upper Hessenberg
matrix according to Householder's method(l5); the
eigenvalues are subsequently computed and stored.

The package then proceeds to calculate the eigen-

vectors by means of inverse iteration, each step
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involving Gaussian elimination with partial pivoting.
The program requires, apart from the input matrix, a
number of tolerance parameters adjusted for maximum

accuracy and efficiency.

c) Stage b) provides us with 2NK or 3NK eigenvalues
and corresponding eigenvectors for the values of ) =0,4
or A = 0,4,6. From these we slect the eigenvector
belonging to the eigenvalue which lies closest to one;
the éelected partial wave amplitudes ka(k) are sub-

sequently normalized according to

CNZ J‘IXM(k)IQk dk = 1 (ITT.2.1)

As v

where CN is a normalization factor.

-

The amplitudes X, (k) are then plotted against the
v

square of the momentum on a digital plotter.

In the case of three fermions we proceed in
exabtly the same maﬁner, having already restricted.
ourselves to the zeroth approximation of the sfmmetric
state (see remarks on p. ): the plots will show the

amplitudes XO,O(k)s’ Xh,O(k)s and X6,3(k)s'
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CHAPTER TV, RESULTS AND CONCLUSION

This chapter presents the set of computational results
obtained in this first numerical assessment of Lee's
formalism. The guidelines for seeking the resulils are

set out in the introductory remarks to chapter IIT,
Accordingly, we begin by giving the values for the

binding energy computed for a system of three identical
parficles interacting in pairs through one of the three
central potentials described and established in chapter II.
The coupling constants have also been varied to obtain

the behaviour of the binding energy as a function of

these constants.

The inclusion of spin and isospin turns the
system into one of three ferﬁions, for which comparative
binding energy values were computed, subject to the

restrictions mentioned in section 1 of chapter II.

Both systems are associated with partial-wave
amplitudes in their bound-state and these are presented

in section 2.

This is followed by some concluding remarks,



Sectijon TV,1 Cemputed Binding Energies

The set of note-parameters (see section III.1B)
pertaining to the results given in this and the follo-

wing section is made up as follows:

The number of nodes NK over the range 0 < 12 { @

is 8 unless stated otherwise;

the number ofnodes N is 5 for each of the

1
following ranges: O £ coszw¥" £ +1

-im £ © L +2nm
-2 < o" £ +in

-A) BOSONS

With this distribution of nodes we obtain values for the
binding energy, depending on the type of interaction
used and the number of irreducible representations

included, listed below:

“No. of Binding Energy E_ [MeV]
I.R,.s . .
Yukawa Exponential | Yamaguchi
2 -9,0609 -18.068 -11.456

3 -9.8814 -18.309 -12,640
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These figures would indicate that Yukawa's potential

leads to the best result, while the exponential inter-
action gives rise to considerable ovefbinding, with
Yamaguch's potential yielding a value between the other
two., The discrepancy belween these figures and the pattern
of results we would expect on the basis of the characte-
ristics of the potentials as shown in diggram 1 in chap-

ter ITI is obvious:

The Yukawa potential is strqnger than the other
two, a fact, which must of necessity lead to a deeper
bond than the ones produced by the exponential potential
and Yamaguchi's intéraction. Also, the contribution
arising from including a third irreducible representa-
tion was predicted to be (1 % of the wvalue obtained
with A, A' = O, 4 only; the exponential potential
satisfies this estimate near enough, whe;eas the result

yielded by Yukawa'l's interaction shows an additional

contribution nearer 9 %,

All this suggests that the error induced by the
numerical approximations is still appreciable. Undoubted-~
ly the main error source lies within the numerical eva-
luation of the integrals., The ranges involving angular
variables such as ¢ and { as well as w% have been

approximated by 5 weighted points, as an increase in
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the number of nodes yvielded a negligible imprdvement

of the results.

However, when the infinite range of the momentum
variable is subdévided, it leads toran effective cutoff
in the pbtential, and in this case it becomes a function
of the number of Gaussién_nodes NK; for example, with

NK = 8 the cutoff lies at 12 Lol fm-2, whereas with

NK

13 it is pushed up to 125.4 fm-2. From diagram 1
it becomes obvious that the potential qost affected by
cutoff is Yukawa's the exponential and Yamaguchi's po-
tential are, as demonstrated by the resﬁlts below, 'short?
enough to be adequ;tely covered by an 8-point:integra-
tion grid.

Thus,Ain order to obtain a measure for the effect of the
cutoff on the potentials, we have increased NK in steps.
The following table lists the results obtajned with

NK = 11 and NK = 13, with the figures fér NK = 8 inclu-

ded for comparison,
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TABLE 4
No. of Binding Energy Eb [MeV]
NK
1.Rs. Yukawa . Exponential Yamaguchi
2 -9.0609 ~-18.068 -11.456
s
3 -9.8814 -18.309 -12.640
2 -30.667 | -16,916 -11.514
11 - -
3 ~31.441 -17.157 -12.722
2 -31.611 -16.737 ~11.448
13
3 -32.297 -16,982 ‘ -12,656

The tzble shows a sharp increase of the bindiﬁg energy
for Yukawa's interaction between NK=8 and NK:ll;evening
out as the integration grid is refined further. As
expected, the exponential potential is affected to a
much lesser extent. The‘results for Yamaguchi's potén~

- tial remain fairly stable throughout.
Further refinement of the Gaussian integration grid
amounting to NK -+ o leads to the following convergence

values for E, :

b
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TABLE 5

No. of ’ Binding Energy E,_ [MeV]
I.Rs. Yukawa Exponential Yamaguchi
2 -31.65+0.2 -16,713+0,05 -11,473+0,021
3 -32.35+0.2 1 -16.975+0.05 ~-12.673+0.,025

Thus treating the triton as a system of three identical
particles leads to overbinding in all three potentials.,

But the actual values of E, are of secdndary importance

b
here, because only the ipclusion of spin-isospin will
allow a realistic assessment of the computed binding
energy aﬁlcompared with the éﬁpefimental value of -8.48
at this poiﬁt we merely nrote fhe pattern, which emerges

from the above values: Yukawa's interaction yields the

strongest bond, followed by the exponential potential,

MeV.

and Yamaguchi's interaction giving the weakcst bound-state.

This is what one would expect considering the relative

strengths of the potentials under consideration.

Before we. proceed to look at the results obtained
with the inclusion of spin and isospin, we list our

findings regarding the behaviour of the binding energy
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Eb as the dgpth of the potential is increased. This has
been the subject of some conflicting evidence in the
past. Osborn(lo)>observed a so-cqglled fcollapse plhienome~
non', when plotting Eb against the coupling constant G
of the pair-potential., He.found Eb to drop very sharp;y
after a certain point along the Geaxis. This observa-
tion was made for several types of potentials., Malfliet
and Tjion(l6) on the other hand observed no such sudden
bdrop. Our results are in agreement with the latter findings,
as can-be seen from the diagrams on the following pages:
Fach diagram shows two curves, one for the case, in which
we include only A = 0,4 ( —O—O—- ) and the other with
A= 0,4,6 ( e X e X e ).

None of the three diagf§¢s displays any sudden
change in the gradient of the;éurve. The behaviour of
 the functiop Eb(G) varies slightly from one type of
potential to the other, but the essential characteris-
tics remain the same for all three : a continuous in-

crease of the absolute value of the binding energy as

the depth of the interaction is increased.,



- 121 -
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B) FERMIONS

In taking spin and isospin into account we used
the singlet poteﬁtials, whose shape was determined in
chapter IT and whose parameters are listed in table 2
page 84. The vesults we obtained with NK = 8 and N = 5

are as follows:

TABLE 6
No. of Binding Energy Eb [MeV]
IT.Rs. Yukawa  Exponential Yamaguchi
2 -3.339 -6.920 -5.983
3 -3.995 -7.155 -6.816

Here, as opposed to the case of three identi€éél parti-
cles, we have underbinding throughout. Yet we observe
very much the same pattern of numerical distortion of
the Yukawa result as before. This is indeed to be ex-
pectéd, because of tﬁe considerably éhorter range of
this potential for the singlet case compared to the
triplet one. The latter therefore remains :the domina-
"ting interaction and we can resort to the previous sub-

~section for the correction factor., The result for the
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exponential potential is also given a slight adjust-
ment based on the same argument. The final adjusted
values for Eb with the inclusion of spin-isospin

are as follows:

TABLE 7
NO. of Binding Energy E_ [MeV]
I.Rs. Yukawa Exponential Yamaguchi
2 ~11.663 | -6.40k | -5.983
3 -13.037 -6.635 -6,816

Section IV.2 Bound-~State Partial-Wave Amplitudes

In ?his section we pfesent only a limited but
representative section of'the partial-wave amplitudes,
which we haye computed as a function of the momenta
for the various bound--states, Thg methods employed

are those described in chapter IITI, section 2.

Each function is given in the form of 8 tabular
points; these points have been 'smoothed'! into a curve
by means of a technique, which uses cubic spline func-

tions(l9). The (momentum)z-axis is subd¢vided in such



a way as to accentuate the peaks of the amplitudes;
this is done by way of mapping the values for k2
arising from the Gaussian 8-point abscissae into a

region of fixed width (determined by the size of the

digital on-line plotter) via
+ 1 3 i=1,2,...,8 .

The diagrams of the amplitudes appear in the following
order:

Boson-Case

Yukawa, G = -2,221 , A = 0,4

0,4,6

a

f " A

]

il

en

" " A

*

0,4,6

joR

0,4
0,4,6

e Yamaguchi, G = ~18.46," )

i

)
)
c¢) Exponential, G = -6,0124, A = 0,4
)
)
f)

1 ' v | , 7\
This is followed by two diagrams showing the amplitudes
of the bound- state, where the depth of the Yamaguchi

potentlal has been 1ncreased to -24.,00 and subsequently

to -28,00 units:

g) Yamaguchi, G = -24.00, ) = 0,4,6

f) " , G

i
1
N
(0}
o
o
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Next we 1list the diagrams showing the partial-wave
amplitudes foxr the totally symmetric three-fermion bound-
-state:

FERMION-Case

i) Yukawa, A = 0,k

j) ", A = 0,4,6

k) Exponential, A = O,4
1) " sy A = 0,4,6

m) Yamaguchi, A = 0,4

'n) " s A = 0,4,6

The spline-smoothing process does not, of course,
render the precise éhape of the amplitude functions.
It should also be noted that these functions are
derived from the 8-point compqtafions; this, while

it affects the numerical valﬁé of the binding energy,
does not alter the basic characteristics of the ampli-
tudes except absolute values, We do in fact have the
momentum states with the highest probability occurring
near the energy Eb. We note here that the bound-state
energy Eb has been plotted along the positiVe kz-axis,
even though Eb carries a negative sign; we have left
it understooé that the abscissae of the graphs refer

to the imaginary momenta i.k of the bound-states,
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At the beginning of section ITT.2 we have indicated
that the computation of the wavg-amplitudes lends it~
sE&f to an.apprdisal of the overall machine-dependent
accuracy of the computations. We have checked the
compuéed eigenvalues of the matri}; KV Tfor each of the
14 functions, plotted on the folloving pages, and we
have found that the mean deviation-lies in the region
of < 1 9%, Cohsidering the volume of the pomputations,
this error appears acceptable, especially in view of
the fact that it includes any error arising from the

calculation of E, by means of polynomial fit.

b
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CONCLUSION .

In this work we have undertaken to provide a
numerical verification of Lee's formalism for decaling
“with three-particle systems and in particular the
triton bound-state, We have tested the theory with
three different central potentiais, two lccal and one
non-local, From the numerous computations in this in-
vestigation the following conclusions may be drawn
regarding the characteristics of the potentials -within

this formalism:

Yukawa's Interaction

e S e e v wm G Gy o G . ————

This potential leads to extreme oﬁerbinding in the
-~case of three identiédi%particles. The inclusion
of spin-isospin lowers f%e value for the computed
binding énergy Eb considerably, yet the system
sfill remains too sgrongly.bound. From a purely
numerical viewpoint the pétential in its triplet
form creates difficulties due tobits long tail in

momentum space, a fact, which necessitates more

points to be chosen along the momentum axis in order

to keep cutoff errors on a tolerable level. The

singlet counterpart is weaker,and shorter by a

factor of approximately o™ 2427,
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The Yukawa potential on its own therefore proves
too strong to be satisfactory as an approximation of

the nuclear pair forces within the triton.

Exponential Potential

This local interaction of shorter range is covered
quite adequately by an 8-point Gaussian grid, as

can be seen from the small variations in the results,,
when the number of points NK is increased. The

final adjust&ght is in the range of a few percent
only. One may thus take these values for Eb to be
more representétive of what the theory is able to.
.predict'with a central pair-force only. In the case
of three identiégl particles we again obtain an
overboﬁnd system, but a%;abdut half the strength of
what Yukawa's poteniial yields. Thé inclusion of
spin and isospin in this case, however, retﬁrns a
value, which lies below the experimentai one. We
believe this to be mainly due to the uncertainties

in determining the shape parameters of the singlet
potentials, as we pointed out in chapter II.

Recent calculations(l7) performed with an exponential
interaction,amongst others,gave results, which lie

much closer to the experimental value of ~8.48 MeV;
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the shape parameters have been taken from the
literature and they are not consistent with the
low energy scattering data we have used in this

worlk.

Yamaguchi®s Potential

L R R T

This is the only non-local type of potential we

have used, It is of wvery short range and there is

practically no residual force beyond the cutoff
_introduced by the 8-point quadrature formula.

The wvalues for the computed binding energy are

the lowest of all three cases,

A seeming contradiction between the theor&'s pre-

diction and the actual results lies in the fact

that the inclusion of one further irreducible repre-

sentation leads to a consistent increase in the
~absolute value of E, by more than 10 % as opposed

to less than 1 % as expected., This potential is
very short and according to Badalyan et.al.(l’lo)
the contribution of the ﬁigher I.Rs., as measured
against the 'zeroth! wavefunction uo’o(r) is not,

as given in eqn.(5.38) of ref.(l); but rather

1
(r) = 572 u, o(x)

u
A,uJ
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for r < ixa , wherc a is the scattering length.

(19)

Petrov et.al. shows that in configuration space the
Yamaguchi_potontial has a radial dependence in the form
of a series in n: For n = 1 the interaction corresponds
to Yukawa's type, and for n = 2 to an'exponential poten-
tial. If we compare our results with those given by

-Petrov, we see that.our value-for Eb including spin-iso-
spin and using Yukawa's interaction lies well below
Petrov's ( we have used Tog = 2.151 fm ), while our
results obtained with Yamaguchi's potential for three

identifql particles ccmpare very well with those listed

by Petrov , where spin and isospin are included,

We feel that this first numerical evaluation shows
fo mualcs m

the validity of Lee's>\Nonetheless, further tests seem
necessary; in particular, the nuclear forces should be
refined to include tensor forces. As the radial term
one would recommend Yukawa'®s interaction, despite the
numerical awkwardness involved, The other types of radial
terms have no real physical motivation and are weak.

Petrovis finding suggest that the inclusion of tensor

terms in the nucléar forces is likely to lead to a con-
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siderable improvement of the results for the binding

energy.

It is hoped that in continuing this line of research
it will be possible to implement the suggestions made
in the introduction to chapter IIT in order to reduce

~the amount of computer time used.
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APPENDTX: PROGRAM DOCUMENTATTON

This appendix is divided into three parts:

1) Flow-Chart of the program structure for calculating

2)

3)

- s . . -

‘three-body bound-states. Our notation included 'i'?

as the general indication of a loop-index, whose
range in each case is given in brackets, e.g.

i = (1,N); where the ubper and lower limits of a
loop depend upon computéd quantities during execution,
this is indicated by the letters viv'!', followed by
the variable names and/or numbers, which determine
the size of the loop, i.e. the difference (upper 1.)

- (lower 1.), for example iv = (NK%NKg). The

comments contain references to listed variable names,

where this is Telt necessary; the number of a

particular name 1s also given in brackets.

Selective List of Variable Names,

Program Listing. This is a listing of the program
as stored on magnetic tape. The arrays are
dimensioned for NK = 8 and N = 5, Of LAM6 only

the main body is listed, the rest being the same as

for PART 2.
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1) FLOW-CHART OF TUE PROGRAM STRUCTURE

PART 1
Comments and References
S T A R T
g !
Input: logical control paramcters, (1) =« (21)

case constants, Gaussian weights

and abscissae (N,NK,M-point)

D019 |i= (1,N)

¥
Mapping: Gausslan region (=1,+1; see p. 45 £f. ;

into region (O,+00); compute (1) =+ (3) Non-Input Arrays

v (weight factors)

YES
= D020 Ji=(10 (10) + (15)
l i
2 2
ki 9 %’ki #
é.
— DO 30 i= (1,4
+
(cos2%*, cos2‘ﬁ")i




accumulator index 15

: )
1 I M
< I5 <

]
i
w

store array elements

( {w>, 1w )i

« Do 2 |i = (1,NK)
i"“"i"'"i
t I
D
oy Voo

DO 3 |i= (1,N)
¢ i
L._.._%.,J

— e DOL {i=(1,N)

accumulator index 15

1<

2
I; & (K*N©)

I

-

App. 2

location index for arrays

(10) to (15)

(4) + (9) Non-Input Arrays



h &

i= (1,LIM)

;\{ D06 |i-= (’I,NK*N2)

s

compute-qé, S,

4

E

R DO 7 |i=-(1,M)

{
compute starting |

- function

s===g==== RETURN
7

singlet as well for ferm.),

M-point solution of 2-body
amplitudes, triplet(and

(subsystem)2

Interpolation of NK~polnt b0 Subr. PICARD

amplitudes from M=-point

S RETURN

App. 3

energy-variation loop;

~ first energy value

= ESTART + DE (14),(15)

each loop-run computes

'NK-point two-body solution

‘stored in non-input arrays

(16) and (17), with singlet
amplitudes in (18) and (19),
when dealing with fermilons.

see p. 6%

0 function-subprogram
~ for two-body potential

-—»TO Subr, PICARD

== RETURN

(20), (21)
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V
compute 41, s, ' ses p. 64
¥
& D09 i = (1,M) computation of amplitudes
j ’ for(subsystem)1 as for
' (subsystcm)2
A
9
r"—- R |
! \ i
L T
i [
[ I |
§
accumulator index NS} _ location index for storing
1< NS f.NK*NE(NK+3) T amplitudes in arrays (28) =

(31), together with respec-

tive set of arguments

w
--D0O -66 i = (1,NK) o : . e

!

transfer of amplitudes into

storage arrays TT1 etc.

End of preliminary compu-
tations: two~body amplitude
belonging to all the re-

quired sets of Omnes varia-
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= DO 10 i = (1,NK)

set selector index for

solution block transfer

(subsystem)q

y

s DO 110 liv = (NK+3)N2

hhd

Transfer block(s)

omi DO 12 i=(1,NK) ./

Y

set selector index for
solution block transfer

(subsystem)2

o DO 220

iv = (NK+3)N2

Transfer block(s)

22

= DO 11 i= (1,10°)

App. 5

bles now available for
subsequent computation of

le 7 ( :
elements K(L)NK,N (p.60FTF)

2
k-loop; see variable

processing order p.62

index for transfer of block

(NK*Na) of NK-point amplitu-
de solutions from (28),(30)

into (32),(34) resp.ly

solution block transfer-loop

k'a—loop

(29),(31) into (33),(35)

respectively

loop for processing ﬁ * and

. 2 . .
¢* variables; N combinatio:
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\7
recuperate set l&3>i

DO 111 i = (1,NK)

Y

recovery of individual

solution

l

B

Set parameter and argument
in tqs singlet and triplet

for fermions

v

Set file processing index

i= (1,N

recuperate set ]Ey>i

o DO 131 |i = (1,NK)

recovery of individual

solution

|

—

App. 6

thereof for each sct (k2,k'2

loop for recovering parti-
cular two-body solution;
(16), (18)

for interpolation in loop

14, see below

loop for p¥ocessing ¥ " and
g" variables; analogue to

loop 11

recovering solution; analogu
to loop 111; (17),19)
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12

11
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Set parameter and argument in

t

-

DO 14 i = (1,NK)

¥

Mapping Gaussian range into
(varying) range; set argument
for interpolation of t1 via
PICARD '

= RETURN

Appo 7

loop performing integration
eqn.(I.2C.5)

=i TO Subr.- PICARD

of t2 via PICARD

Set argument for interpolation

o7 Subr. PICARD

=== RETURN

¥
Summing weighted integrand

Store quadrature result in array

for transfer to disc-file

<13

11

é

Write result block onto disc

Numerical quadrature

(36)




Bound state matrix

required

NO

-REWIND disc file

s T o0 P

App. 8
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PART II

S T A R T

-

-Input: control parameters and

case constants; Gausgian NK-

and N-point weights and absc.;

set constants

J,

o DO 1 i = (1,NK)

!

Mapping region (-1,+1) into

region- (0,+00) for kz,k'2

gom DO 9 i:('],N)

@

Lpp. 9

Comments and Refecrences

Mapping (-1,+1) into ranges -

of variables cos2A*'"", @* and

@M, with associated weights

m=irel]l DO 999 i= (1,LIM)

IEN > 1 _»—NO

YES

(2) + (7)

loop-index = IEN; LIM = no.
of energy values to be pro-
cessed = no. of files on

disc from PART I
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| |

PR A—

~

forwards 4
e
5 = RETURN
.
e |
12
T
JJ > 1 ——— N0
st
Skip 1 file TO Subr. SKPFIL
backwards

‘!

Skip 1 file 2%%%%TO Subr. SKPFIL

i
f | App. 10
|

eqn.(IT1I.18.1); K = no.

of submatrices = 4 with

two irred. repres.s = 9 wit
three irred. repres.s;

loop-index = JJ; p.58ff

Conditional statements setting

the ranges of the following loops

Y

o~ DO 2 Cdv = (NK)
~ DO 3 iv = (NK)
)

Ingut Nh-block of data from

disc into storage array

g..
Initiate location for

gquad. int.n accumulator to O
t

loops 2 and 3 fill matrix
array (1) PART II; each
loop has a total range of

A
(1,K°N) since the array’

2
- comprises K¥NK locations

(36) non-input PART I
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i= (1,N)

<: Conditional statements selecting':>

(cos2 ¥ *)~dependence in integrand

¥

Initiate @*-accumulator to O

i= (1',1\1)

Conditional statements selecting:>

@*-dependence in integrand

y

Initiate (cos2# ")-accumulator to O

¥

= D0 6

P

i= (1 sN)::

(cos2h ")-dependence in integrand

<<Conditiona1 statements selecting

Initiate @"~accumulator to O

g

. DO 7

i= (1,N)

set accumulator index for selecting

correct element from data tlock

ra

2dd weighted @"-element to @'-acc.

App. 11

(cos2¥ *)~loop

p.59 |

Z*-1oop

cos2' "~1oop

@"-loop

(36) PART I; index = JY
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<>

p.3

add weighted cos2 ¥ "-element to

cos2 AM-accumulator + contents of

gn- - accumulator

&

LI

add weighted g*-element to g*-acc.

+ contents of previous accumulators

-

add weighted cos2 /*~element to

quad. int.n acc. + contents of

previous accumulators

¥

<k

ks -

select wnit matrix element

¥

.| Conditional statements convertiﬂg

indices of loops 2,3 for proper

selection of ke- and k'awvalues

i

Compute and store matrix element

<

App.

12



App.

- < wa—
Bound state matrix YES
required
V7
NO Output bound state
I matrix

Invert matrix and compute

determinant

ﬁé%TO Subr. MINV

&\

L

RETURN

17

Output: determinant value

and energy

[

Rewind disc file

L

[ s T 0 P

13



- 165 - App.14

SELECTIVE LIST OF VARTIABLES

Below we list, with comments and references,
-all the input variables, arrays and arguments of

subroutine-calls, occurring in the program.

At present, it consists of three decks; named
PART 1, PART 2 and LAM6 respectively. The two
latter decks differ in the number of irreduﬁcible
" representations, i.e. values of ), A'-included,
which are O énd 4 for PART 2 and O, 4 and 6 for
LAMG6, The coding differences are marginal and
self-evident and are not included in this list;
they follow from the program-listiﬁg'included in

this appendix.

Variables fitted with % are used with the same
meaning in all three parts., The array dimensions
are stated in brackets and given in terms of the

constants NK, N and M,
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App.15
PART 1
Input Variables
No.|Variable Type Remarks Ref,
1 |SPIN logical |{Set to 'TRUE' for spin-isospin,
TFALSE' otherwise.
"
2 | YUK Switch wvariable for selection
3 |YAM " } of a particular two-body
4 | EXPO n potentialy; sece data sheet.
5 |BSMAT x " 'TRUE! if bound-state matrix K
is required, 'FALSE' otherwise.|Sn.IIT.2
6 |N % integer |[Number of weight factors and
abscissae for Dalitz-variables
4’*(‘<’/")9(P*’(P" p.61ff
7 INK % " Same as N, but for wvariables
kz,k'z
8 |LIM % " The number of total energy
values E to be processed
(usually 1+5) for det=det(E) p.68
9 |GS real Singlet-state'coupling
constant, pair-potent. Table 4
- 10 |GT " Triplet-state coupling
constant, pair-potent. Table 4
11 | AMS n Singlet-state range parameter,
pair-potential (squared) Table 4
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No., | Variable Type Remarks Ref,

12 AMT real Triplet-state range parameter,
pair-potential (squared). Table 4

13 EB " Value of bound-state encrgy,
input only if BSMAT='TRUL',

0.0 otherwise.

14 ESTART 3¢ n Starting value of E for bound-
state scanning (first value of
energy £ + DE).

15 DE " Energy interval.

16 | WT(N) % |real array|Input of Gaussian N-point
weight factors.

17 Y(N) " " Input of Gaussian N-point
abscissae. '

18 | WK(NK) " " Input of Gaussian NK-point
weight factors.,

19 YK(NK) " " Input of Gaussian NK-point
abscissae,

20 | Wro(M) " " Input of Gaussian M-point

‘ weight factors (usually M=10) | p.65

21 | vo(mM) " " Input of Gaussian M-point

abscissae,
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Non~Input Arrays
No. | Variable Type Remarks Ref,
1 W(NK) # real Weight factors, mapped from
Gaussian range (-1,+1) into
kz-range (0, + =) p.it7
2 X(NK) = n Abscissae corresponding to
W (NK) P U7
3 | sx(NK) " Square~root (X)
L w1(NK%N2) " Set of arrays, containing all
5 W2(NK¥N2) " . possible values of the Omnes-
arguments w,,®,,w _ arising from
2 1’273
6 TK ¢ " .
W3 (NKxN") the Dalitz-set (kz,w*,@*) 11.1.6
7 WPl(NK%Nz) " Equivalent to arrays 4,5,6 for
~ | I | 1 3 '
WP2(NK%N2) " the algugents w)swg,wiarising
2 from (k",w",Q")
9 | WP3(NKxN7) "
10 WlO(MB) " Equivalent to arrays 4,5,6 for
11 W2O(M3) n M-point Gaussian data,M>NK>N,
3 for computation of pair-
/ 1
12 MBO(M ) amplitudes for higher accuracy.|p.65
13 | wepio(M>) "
3 Egquivalent to arrays 7,8,9 for
A " ;
1h WP%O(B ) ‘M-~point Gaussian.
15 WP30(M3) "
16 Tl(NK) " Array for storing triplet-state
v NK-
tl(ﬂl,ﬂl,s) (NX-component
vector). p.6LEST
17 | T2(NK) " Same as array 16, but for

tz(ﬂz!ﬂé;s)




respective parameters wi,mé,mé

for ﬂi
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No. | Variable - Type Remarks Ref,
18 | s1(NK) real Same as array 16, but for
singlet-state. p.67
19 S2(NK) " Same as array 17, but for
singlet-state.
20 STFNT (M) " Array for input of starting
values to iteration routine for
solving tl and t2, triplet-casec
only. p.50
21 | STFNS(M) " Same as array 20, but for
singlet-case,
22 sx1(1) " Input argument ﬂlzﬂl(wl,wé,wg)
for interpolation of tl P.63FF
23 | sx2(1) " Same as array 22, argument
1]2=T]2(w§;'w'3',wl) for tz
24 PF1(1) " Return iﬁterpolated t,-value
(triplet).
25 PFZ(l) " Return interpolated t2 value
(triplet).’
26 PG1(1) " Return interpolated t, value
(singlet).
27 PGZ(l) " Return interpolated t2 value
(singlet). |
. 2 2 .
28 | TT1(NK(NK+3)=%N") Storage of NKxN~) NK-point
triplet tl(nl,ni;s), each
solution being stored with its
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- .

CALL of Pair-Potential Functions v_(k,k')

CALL: <Name of potentiald> (U,V,CF,AMU)

Name either YUKAWA, YAMAG or EXPNTL

coupling constant % appropriate factors

U A k

vV A k!

CFr A

AMU A (range—oarameter)

] No. Variable - Type Remarks Ref.

29 TT2(NK(NK+3)%N2) Same as array 28, but for
t,(N,sM4s8)

30 | TS1(NK(NK+3)%N~) Same as arrays 27, 28 but for

TSZ(NK(NK+3)§N2) singlet-states.

32 | T1W((NK+3)#N?) Intermediate storage area for
the N2 NK-point solutions of
fl,~belonging to a particular
set'(kg,k'z), triplet-state.

33 T2W((NK+3)%N2) " Same as array 32, but for t,

34 SlW(KNK+3)¥N2)”"' Same as arrays 32,33 but for

35 'SZW((NK+3)%N2) singlet state, respectively.

36 TINT(NA) Storage area for the nu

. 2 ¥ ¥ 2

elements <k, 4" ¢ [K(B) |11 %,y
belonging to a particular set
of kz,k‘z), for transfer to
and from mag-tape. p.60LE
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CALL of Picard-Routine, performing iterative solution or

interpolation of pair-amplitudes.

CALL: PICARD(PF,WF,ZI,WP,IT,E,P1,IN,NF,ZP,GF,ANU,YK,YG,EP)

1 | Pr(1)
2 4wp(1)
3 | zI(1)
4L | wr(1)
5 | IT

6 E

7 | p1

8 | In

9 | NF
10 | zp(1)
11 | GF

dummy-dimensioned(dd) output array for three

0/P options:
1) NK-point solution of pair-amplitude function,
2) M-point solution of pair-amplitude function.

3) single result of interpolation.

dd-array for input of weight factors.

dd-array for input of abscissae in iteration

process.

dd-array for input of starting function (see

arrays 20 and 21, PART 1).

option indicator (1 for iteration, 0 for

interpolation).

real-input of two-body subsyétém energy s
input (real) of 'parameter' value 7!
integer number of points to be interpolated

integer number of intervals in integration
range

input of argument, for which amplitude function
is to be interpolated

input (real) of pair-potential coupling

constant % factors



12

13
14

15

ANU

YK

YG

EP

PART 2 (LAM

—

172 - App.21

input (real) of pair-poténtial

(range parameter)2

logical selectors of pair-potential
('TRUE!' or 'FALSE?)

6)

(The 1ist below contains only those declared variables not

mentioned in the 1list of PART 1,)

No. | Variable Type Remarks Ref'.
1 AM(2NK,2NK) real array two-dimensional array for
maipix ﬁ% \ ! dimensions
= (3NK,3NK) in LAM6 p.66FT
2 PSI(N) real array storage area for N
arguments cos¢* (same
as cosy") ITIT.1B.10
3 WPSI(N) real array weight factors belonging
to PSI(N)
L PHI(N) real array arguments ¢ IT7.1B.11
5 WPHI(N) real array weight factors belonging
to PHI(N)
6 | PHJ(N) real array arguments " IIT.1B.12
7 | WPHJ (N) real array weight factors belonging
to PHJ(N)
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Type Remarks Ref.

8 |YT(N)

9 | NU(2NK)

10 | NV(2NK)

real array array corresponding to

array 17 PART 1

integer array working space for
inversion-routine MINV

integer array
dimensions=(3NK) in LAMG

CALL of SSP Subroutiné MINV

CALL: MINV(A,

1 A A
) . A
3 D A
I L A
5 M A

N,D,L,M)

input array for AM(,;; double precision
2NK for PART 2, 3NK for LAMG6

returned value of determinant, double

precision
NU()

NV ()

CALIL of SKPFIL-Routine; this routine searches for a specified

file on mag-tape, by skipping end-of-

file marks, forwards and backwards.

CALL: SKPFIL(IFIL,IUNIT)

1 IFIL

2 JUNIT

integer number of e,o.f,-marks to be skipped,

+ve for forwards, -ve for backwards

symbolic tape unit number (chosen as 7 in

this program)
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FUNCTION YAMAG (UsVsCFaAMU)
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' Chr e U003

. Pakf 2 CATEVROR2Y

TadpRd s DawTe COMPUTES MATHIX ELEMENTS OF  mMOMENTUM VARIABLES R puon-

\

KR IMEAZ AND K2 VIA QUADRUPOLE INTEGRATIONS  ssrsssisedisns PaTe o Gubis
P | A guuu/
Raeie 0000w

Dby

Quilu

SR ]

DOU=zLE »RECLSION AMSGDET P

T
N 3

; SnE oRoiaksS PARTL FOR DIMENSIONS sesseax ' Pasi 2 Ounll
DINENRSION ‘”(1D¢iu)9WT(“)9WK(O)*‘“5£(D)°WFﬁl(5)9X(ﬁ)9P51(D)9 oA Guulze
IPET D) oD lI0) V(1B sV (R)LsTINT(EZ29) e YT (S) oPHI(D) s DISMAT (256) HART 2 ool
LnsICAl SrineodwaT . -a o BPARLE JUG 14
R el {oe LU INaNKeSPIN«BSMAT Par Gulls
ool ioal00n) ESTARTsEBsDELTHM . . Far 2 00014
: AR 2 Doy

feoo = HART 2 guols
N3 = PAaxiz Ul
Biep oz TRy PART 2 JuuZy
Mz = fuRwg » . » HARTZ QuuzZl
Tuiirl = 2%3,146159926535897% ' FART 2 Juigle
T3 = Ui/ eed ' : PARTE Ouues
SPI o= Yuuri/Z2e _ FPARTZ R R
CC = ST g/ (SPI®%3)) e Duurs
DS T SriHl. 2205080755888 ’ PART 2 nuLee
FLD = rma/(3.%%321) Pax g conegy
Feij = Ha/{3a%5P1) PARY 2 Juuze
Fag o= 2./53%] ' p PiaxiZ Guigs
Neadi{oslu00) (WT{NTI) ennl=1eN) FAKT 2 Gulise
i iz Jug sl

SITUQUY (YT (RNZ)Y e NNZ2=T o) . P

+ddy

6E



(@]

@)

=

Rl L NS : A

T L

B AL (D5a1000) (WKINNL) sNNI=] 9hK)
RELD (Ds1000) (Y(M3) sM3=19iK)

wsesseisas COMPUTATION OF WEIGHTS AND ABSCISSAE — sstsesuswssnus

Lo+ Y(IN))/{1la=Y (1)) )

s SHAN (I} H ((La+ X ()]} #*%2)

Loz e )

i) = 29%dT(IG)

Dy o= uT{le)#Talklv 25
TUI

—~ o~
foum

Lo

i 3 T

.
P T 2 I

L9) mazn®TulP I (Y 9)+1le) - 13
Pedlvy = oenl(IY)-T3 -
FSILY) = e5®(YT{I9)+1.)

Helula)
3

(
LOUS)

1144
v i
Ea 9N

i
[AV]

1
2 Y oPHU(IZ) 912=1eN)

T
P AR

AT A Py bt 1+ P A AR gL & T | ST o A S e iret pe e s aree e sere ek

PARTZ
Parie
PARTZ
FARTZ
PART 2
Fant?
HART 2
FARTZ
a2
Fhny 2
e

i

VN

Hi

AW
Bas T
oz
FARTEZ
Farlz
PLxT2
FAxTZ
N
MarnlZ
PAxT 2
PART 2

N

S

OV0 32
QU033
GOO34
000335
D0 3A
TRVRVIR N
(R ERVIRTSY
QU0 3y
QUi
SV IS
Dciiaz
Dal
Diag
Duttas
Duyse
Juta?
DUgan
QUL=y
(SAVEVR XY ]
DG0% Y
Quisyg
DUdn3
SRVEVEST:
Outns
QU096

T6T

+ddvy

ot



PAST

oGy =
]F(L:"T) EnNGY = EB
TE(ilfma0Tel) Catl SKPFIL{1.7)
C ) - .
Coardear e dodrdvie et ® QUADRUPOLE I EGHATION
< ’
Jd o=
gWpN =
JN o= 1
IFfddeitel) U = NK + 1
IF(ddsttder) 15 = NK + 1
F{Jdecded IS = K o+ 1
T.x: ‘\)Jnix;o‘) JJ. = ,T_S
IV = I¢ « X —- 1
Jroo= oJdnx o+ i o= 1
DUz Jo=ilhaeif
DO 2 Jd3=deeJF
C
2ol A7) ATINT(CAY sJX=1eNG)
c
Csteedbstab g 051 -STAR LOOP demisiitdriitias

z

REWIND 7

EinGY = ESTART
PO G499 IEN = 1oL IM
EnoY + DE

Kl = o
L oo JamlenN

IF{drelnaNRISIS
TE (UGl eik)ISIS =

PSI(J4)

ey N s i v o e 2 1

(lo—gn"‘(PSI(JL“)e‘

CDC 6600 FTN V3.0~-P221

3 3E e b e de i e b e

#2))#PST(J4)

OPT=2

PaK T2
PARTZ
PARTZ
FARTZ
PaxTZ
HAK 2
o
Pax ]2
Al

el R

-
T

B AN

AR

: 2
-
2ax]l 2
HMART A
AR Z
Parki 2
Pax 2
LA
PArTZ
HLKTZ
PAR T2
Pat e
PARTZ
oA 2
PAST 2
%
i

[ANERS WA ARIA G AV AN

(4/03/71

11e59.21

OubsY
NIVEVEASTS)
000Dy
guual
Goia1
GUasy
QuaG3
Gouha
Ouunb
G00n6
CLuUnT
JUOSH
DOOnY

(VAT

NIVETNE|
QU0 7e
GUO 73
QUG 7a
LNAS
CUOTE
cenvry
00075
Geo7s
OUONG
N6oAL
000w
pLUu~3
[SRORVESY S

006AS

000545

261

ddvy

oy



PrI=-STAR LOOP  #fseiefsmidedssit PAkTe (VR
5 = ' ' FARTZ DuGAs
JU s ub=leN : : PARTZ Q00 Y
DR R R TR AR e R PSI-PRIME LOOP ‘%**%***%*%%ﬁ . axi? Cuuwiy
e o ) PAREZ 6G106951
U6 Js=laN . PARKTZ Hud e
[F{U3.LE-.NK)SIP PSI (46) ' ) PiRrie 00eGw2
IF(J3e0TeNK)ISIP = (1.=2,%(PSI{JH)*¥%2))#PSI(J6) PART 2 OFREREPN
(O 81 Sh dr 2 4t e S 3 ae Sh A 3t FHAl=-PRIME LOGP LR R ’ A2 Qutwa

7= e i) ) . HAKG Gulvn
g T JT=1 el ' } ) a1 SGos7
C AR 2 QutisH
JY = JT7H{JA=1) N+ (UD=~1 ) #N2+ (U4=1) %3 HAarTe (VIS
TT = TI1ai(JY?) ' : ol 2 D1GO
C Fai 2 Gulol

7 HT o= RT o+ S1PHSISETTHwWeHI (U7 Par 2 duloe
= W o RYFHPS1(J6) ) : HFARTZ VOLG3

B LUNT TaUE : ’ ' Uaxig 0010
= oRe o+ HeEREH 1Y) ’ Fakie 00195
SooUNT Les AT Qulud

s ET = ol Nl o+ ROSFLESL(Jg) g guiafs

-« o T e , : Farip Didiues

‘ A 00L0S

P T Y N ) HAaTHIX ALLOCATION BETECE X RV PArT( 00110
. ’ PART QU111

O G
[ARASEAY]

cddvy



]

]

AP S SRS

1

ZanTe

IF (U2 LE«NKoAND S U3 LELNKY F
IF{(J2.5TeNKeOReJ3sGT«NK) F =
[F(J2e0TeNKeANDeJ3.GT«NK) F
Jog o= J2 :
J33 = J3

If (USGT e 0K)
T1F (J2aGT oK)

J33 = J3 ~ NK

Jéz = J2 - K

MATHIX ELEMENT

Dald

: ..';L_‘(;’o»J:i:’ {J?‘)\.“JEK = ls :

chMAT AN, »(\EUTo'SPIf\i) ©AM
T N

it

PF (oniUT amdMAT o Bl a o NDT &SP
AAJeZ %A (J30) ®an {J33)

[F(nSATedDanPiIN)Y AM(JZ2eJ3)

IF (e MUT e AT s AND S IND

A (dze) FA(I33) FWwK(J33)

{
)

Boabey

sl o AN e _[i!\'.E'L). 1)
T et e AN e lii\:och 1)
LU 70O 99

FSwat)

54N

-2

Y00.5906
HRITE{6s1007)
MU T e DFIN)

TE(Es1U03) ENGY

WRITE(621008) .

= F 00
Fao
= F44

40 35 e et S sede

J2,J3) =F#RINT#X(J22) %X (J33) #ur (J33)

AM(J25J3) = CRONEK = F#RINT #
= o 1Z5FFHRINT#A(J22)¥X (J33Y*uK (J33)
LM (J29J3) = CRONEK = o 125%F*

REWIND 7
Catt

SKPFIL(=1s7)

CDC 6600 FTN V3.0-P221 OPT=2 04/03/71

PARTZ
PaxTe
Pari?
PArT 2
P Ax 12
A ] 2
HAKG Y

PART
FaAnTe
o N
FAR T2
PARTZ
PART 2
PAKtZ
FAKT 2
AR 2
YARTZ
PAR L2
Pale
Pz
Paxie
PARTZ
FART2
B Ay A
PARY
PARG

PLhxT?

AR A

11.59.21,

0011z
00113
0ullé
CGlls
Gille
DoLLy
Dulin
0olly
guLZ20
Julzl
Delez
Velel
gulizs
goten
gaicn
Ouley
iyle~
gulas
Ul
pG131
D13y
NU1o3
Ul s
Gl
0U15n
0137
Qulie
Ouldy
C01ls0
Qulsl

W6t

«ddy

Ci



oy

o

(@

o pod

[

90

AR

xc,"

ve
e
IL'

i1
R,

oA
IMIM]

G0 1YY=19M2
GO JYY=1emMZ { ‘ =
G = J9y + MZ*(I99-1) ; 1 ' : ;
3MATILYY) = AM(IS9+J99) : :
WIND B ;
2 = M2%mg

v ITEZ(H) (DISMAT\h99)sK99 19MW2)

LU TO @Ul i"

IF(IENJEWalo AND«SPIN) WRITE(641009)

IF (e aE U Lle AND e s NOT L SPIN) WRITE(621010)

Ciall  MINVIAMeMZsDET sivUoiNV)

W ITE(6.1001) EMGYs DET

COMNT Ltk

e ”_Lf‘ i 7

e AT (5 1ga18) .

FOt BTHUAAS/ZZ LA aFERERGY = %o lAsE15.HeBXeFDETERKMINANT = #9lXesLi%.&

"
?4

ey
—
[

CRAT (i 2 e 1)

T UIAZ PSS EOR e BRENERGY =351Xek15e8)

St AT (LA LUAT LI obAs™ KAZ =#42XKeF15a804Xe% GAUSS ASSCISSA =#92X4

Debhsadewa [UHT FACTUR =% 2R eE1%9.K/)
HHMT(iAn;fa,Aw"b—”fleT—*’Elboﬂs3X9*6—ABSC.=*9El5u593&9%P51 =¥
5.as€Av*Hhi—~vtlbooajanﬁHJ:*eﬁlb.a/)

Js'(?"::.29&1:».;89?:5',29[10)

cﬁwAfclk////zuxa* SCUND STATE MATRIXe 3 NUCLEONs SPIN-ISOSPIN =,

R AT CEAS S/ /20A e ® HUUND STATE MAGTHRIXe 3 NUCLEONSs B0SONS *5///)

wiuQ(’A////)uke-”~IFﬂnTN ANT VALUES FOR LOCATING “OUND STaATE ENER
w 3 FERWDIUNS®S//)

Fn.(xA////iqu* DEToRMINANT VALUES FOR LOCATING sOUND STATE ENt
e 3 PUSUNSR/SY)

DART2

TPARTZ

PARTZ
Parie
PaARTZ
PART 2
Parte
Fa< {2
FARTZ
Parle
PALET
L
Pt 2
PARTE
PAREZ
PARTZ
SARTZ2
Pk 2
Pal e
PamT 2
R el
Chasie
FARTZ
LAY Z

PAxTZ

PAr]l
AR
AT
ot
PArT
PAR
Phrd
WL
ba]
B
t r*-\!f
HhRT 2
raxle
AT &
a2

I\_’ IRV A G AR A U ACEE A W A o

gulal
00Las
0Cl4a
0015
QU lac
00147/
DU Lar
Golawy
GG1%0
001ls1
oln?
DUIS3
Gulos
Guins
OgLolond
040157
Gulne
(VR
ulol
QUlnl
Ublae
HUIns
00194
Oiulob
Uilne

gulay
QU Lenet
Q1o
UL/
guelrl
Goirz
Qai173
OL17n
Qulis
ol i
guiry
Cuife
RUl7y
OUlsu
O0dsl

fig * ddv



T O

—

PR

Yo

¥ , . PARTZ Q0147
‘ ! PARTZ fules

de%O JTINE MINV(AsNsDslL »M) PARTZ Oulae
Ub? Lt PRECISION AsDeBIGAsHOLD PaArtz GO1ss
DIMENSION ACL)Y oL (1) sM (1) PARTZ Quigs

. ! Fartz Guleads
20500 ? s L6020 ONROOCCEPLONSH0 ST DD OGP SDEODOOSOEDSOONSOOPOEC SO0 "‘,ﬂ,.'\"l.;. {‘;“1«}5"‘3
. . . oA b O(J‘l-’ﬂ\‘)

- }
FOR LA HG ST cLEMENT S}
AR

!

[ RUIEAY

06G1w6

5920@20

o)

AR e
A2
N
HAMTC
=~ A

P“ﬂ!ﬁ
PAxT 2

Paxiz
PhLele

< Gulyl

=6 “ale Gutwr
N AN NS S Jaivs
0 ol K=14i FAIYZ Gl ve
TP N ' : : . PART 2 Qules
T Faxie Guisn

Pav ity GU1i9¢

Fasid] ¢ Ui

' Saw g Qulvy

PART 2 Gurzu

=arig Juedl

N G2ud

HARL | 2 Ho2n3

Qluiis
Durln
VRVISR AR
Gursy
Ouest
Durn iy
Duelo
Uhell
noeele

ddy

SH



—
5

Oy

OO

i 0

0

FlU=R) 3939985

fo—

=
PR S
1

'

I mi -y
DU Su o o1=lai
izl
UL == (W)
=R I~K+d
)
)

[t I T

=m0

INTERCHANGE COLUMNS

NGL U == (JK)
Al{uRy=n(Jdl)
A{J1) =nullld

UIVIDE COLUMN BY MINUS PIVOT (VALUE OF PIVOT ELEMENT IS

CUNTALNED IN BIGA)

PARTZ
PAnt 2
At
AR
PAaxT
L

B}

[ACERAV AU AR AN

C

x

g
AN

T

o

3
NN e

T
b
(AN

PAxTZ
FARTZ
PARTZ
PAxTZ

QU213
Gupla
gu2l=
Bsulln
fuel7
Jugzis
Uzl
Blmei
Dugeod
Guzes
gures
G020
aoe

Ny : e
ARV

o

Guszy
U
DU
Quesu
G023l
0Geg3s
00233
Duglse
00235
Qu2le

L6T

cddy

93



LIS E

oo

s

-~

w

=

Ji

[QRIID =2k oo BN S WP G W ]

o)
i

GA) 48946448

e
A
=

A §

-

Iy

>
e ]

AT o

e R
S U C e

et e
b+
e

c
M~

—
o~

-

FEUUCE MATRIX

U 6 Imfang

irn=p K+ ]

To=1=ix

DU o Jdmlely

Td=1d+0

=Ry HBled2eR(
1E{d=n) nzebDeng
Cd=ld=1+K

(T =8 (IR FALIRI)Y 4 (1 W)

I3
»
~ N, T ot Ve
[P A

Uivie =Ow 3Y PIVOT

0 a o Jd=41 eN
Sdmnodrly

Ir(d-n) 70+7%470
ARI)=a(ndY72IGA
CUNT LnUE

PAKT 2
PAXTZ2
PART Z
Aty
PAT e
‘-;Ar( H (—_’
LA A

PArt 2

PLei g
Fasis
AN 2
e | C'
Pl | 2
HhA)z

A~

00237
QUZ3H
00239
OurlaQ
0u2al
dul4z
H0243
Uusnsg
G nsy
D2
Goaay
PU2%e
Duday
(VESARRY
Guesl
GBldor
glida?
Oi2od
06259
Gacub
Gy
Uudai
(2o
007250
Juebl
0 U
Qi ZH3
Quzha
Quebhy
Ou2a6
06267

~ Q6T

o ddvy

Lh



SN ®ES

[

fo

b ke

o

fae

Foe

30

AV
P

-

at
=

FRODUCT OF PIVOTS
D=0*BIGA ,
REPLACE PIVOT BY RECIPROCAL

A(KK)I=1.0/8IGA
CONT INUE

FINAL ROW AND COLUMN INTERCHANGE

K=

e (K-

Ir{n) 1509150105
I= {x)

IrI=-K) 120+12G+198
JEmhF{K=1) ’
fempe® (I=1)

HOLU=A (N
Ji=x]=K+J
Al lyE=-A0dl)
LY =ROLD
VI RNt

PArTZ
PARIT 2
Parle
PaxTe
PART 2
ParTe
PART?
PAKTZ
PARTZ
PART ¢
FAnTZ
PAT 2
e A
Phiki?
PanT2
PAH L2
FANTZ
PART 2
FARTZ
PLriZ2
PAR
PAxT
FPARTZ

Pariz

PART 2
PARTZ
AT 2
PART 2

Pantz
Pant e
PAT2
PARTZ
Phidci
PAKT 2

FAXRGZ
Parlz

Oi2ou
Chens
Quazi/i
00271
Co27e
QU273
0he74
BG2fo
Qo7
guary
GL2re
0027y
Guand
Quzoi
0usR2
BuseH3
GuZhe
JuelHn
D028
quent
Ch2y

GuzZry
Guesol
Gueyi

1

RN A AW

Y

00292
GurZws
Qi
DLZ2VS
GUZ2Ys
Qusw7?
DGz
Quegsy
GUINLG
pudua
Vu30e
Gu3U3

66T

«ddy

3%



G

[
VI R

N,
Y]

e

L]

SUGROUTINE SKPFIL(IFILSIUNIT)

IFCIrip)

T Fd b

SR S B

g

1A
15
] =
Fe

I
ik
ﬁf‘ ¥

-

20490510

A iuwt 1) T

POF{IUNITI)I1IZe13
e IURIT) 12913
L=1) S0evisll

PARTZ
ParTZ
PaArRTZ
PARTZ
PART 2
PAT ¢

PAKTZ
YamTe
PARf &
PAsT 2
Harl

A
AR
PARTZ
PAxYZ
a2
L
RPAR]| 2
PARTZ
ARG 2
PAST 2
L2
FAR T2
PART 2

none

Qu3iy
DO3us
QU20A
GGy
QU 3g=

VU3LY

VTURBRY

Sudio
Ou3lr
Cusln
Oully
0a320
Guszl
Qudze
Gu323
J032%
G035
BU3a5
puizy

00e

sddy

6h



~

by

e dE

].a

ReEAULS1002) NsiKeSPIN<B8SH

i

PRUGRAM LAM6 (INPUT sOUTPUT s TAPES=INPUT» TAPESS0UTPUT s TAPET s TAPES)
FROGRAM COMPUTING AND INVERTING MATRIXs LAMBDA = 6  sssedis

IMENSTON AM(24924) owT (5) 9wK(8) swWwPSI(5) sWPHI(S) 9X(8)9PSI(5) 4
PAI(S) sNU(Z24) sNVI{28) s Y(8) s TINT(625) o YT (3) o PHU(S) s DISMAT{576)
LUGICAL SHFINIBSMAT

ODOUGlLe PRECISION  aMeDET

14
=L AU(5-1006) ES3TARTsEBDESLIM
Pl = NWWN

l‘\._,

= NP
Mz = s
Ner o= NN
L3 = 2¥NK _
Teyrl = 2%3,14159245358979
T2 = TwlPi/660
Se o= 1.8i62135623731
Fio= THUPLAE
SR = prdserT(30)

U0 o= i‘/(ba*SBPi)
F = /( «% 2]
Fau = H o A5 ]

l'l};};) - "'Jc Hﬂ/(:}c"“. jPI)
S o= H)»rb&/(u.* JJ.}
FDJD = C“f’o/(Jn"b')rJL)

HEAD (D9 1000). (T INL) oN1=1oN)

CRUAL (o, 10U0) (YT (M3) 9 M3=19N)

LAMS
LAMA
LAMS
AN
LAaMd
Latio
Livin
_Ama
TN

. L_ FAREH "

(SR=SEED)
L. Aiviey
LArs
L Akm
A
LM
L AMH
L ANG
Lavis
LAt
e
LAas
LAMﬁ
LA
LAMb
LA
LAt
LAr
LAME
L Ao
LAMe
Ao

rl"")

gugue
GOuods
VRSV RVRAS
Gulbus
0GLGoH
JoGuY¢
OGOO>
QU
Jullu
Juutl
DUz
DLOL3S
Ohnla
Quui

UUth
oulY
PoIL3
VLo ly
v
Cuuel
Dogaz
QUG£3
ViGoy
VEVEVR S
SENEYIAS
DoAY

vl

puG2Y
DGG30
00031
fQuus?
0uus3

TOT

+ddy

0%



[N !

~~
[

<%

2

READ

~E (>
SEAD(Ss1000) (Y (NN2) sNNZ=1eNK)-

iwatseqe st COMPUTATION OF WEIGHTS AND ABSCISSAE'

X{L) = (LatY(I))/(le=Y (D))
'a‘k\‘:i) 05)"{“\”’((1)*((l.+X(I))%*2)

DU 9 I9=1eN

PSOTI(I%) = (YT(I9)+1.1/2.

PRLI(I9) =e25%TuOPI*(YT(19)+1l.) = T3
Prg(ls) = PAI{Iv) ~ T3 :

ST (1) = LB5%®NT(I9)
HPEI(19) = 25%TWOPI*WwT (19)

s Y{I1)elK (Il

R T T (AelDG4) (119X (1) JoI11=19NK)
LRITE(Hi00Y (1w T(I2Y9VT(IZ2Y9PSI(I2) s
OeT o= WY

DU H 1A=L 3

el = 0

NY ([HY o= 0

Cundd Loln

T R R R S

PrI(I2)sPHI(IZ)sI2=1sN)

A~

LAME
LAMB
LAM@
LAMA
LAME
L AFes
LAMG
LAMb
_amd
LAMA
LAMS
LAWMB
LAMG
Lara
LLre
Lare
Loais
L AMS
ILAIH
LAMS
LA G
LAMG
LAMS

0034
D00 35
ga0 36
00037
033
0605w
(CRERIRERY
Quiisl
J604¢
duUCas
QUi
Viduub
VRS
UG
CUU&GH
DUusy

QUGS -

Gui}
GUd o2
Jgui=3
Qrise
0¢G9%
Culnt

zo¢

ddvy

TS



YOO

]

. 4 . . LAwe 00057

REwIND 7 : S LAMe GO
HRITE(521011) : ‘ , S LAMS QUUbY
LAria GUUARY

: LAME 0006l

bR nR ke nee ENERGY VARIATION LOOP  #8##3mstas s anis LA COuhe
fLhNGY = £S5TART ’ B LAk6 0uUGH 3

D0 999 I2N = - 1¢l IM ' LAMS DUH&H

ERNGY = ENGY + DE . : LAYs JLUBS
IF {B5MAT) ENGY = ES. : : . LAwWS QUULE
IF (IEN.GTo1) CALL SKPFIL(1+7) [ LAMo Oy,
! L AN~ GCabe

. L AMEG Otinosy

’ LAMS Cu070

oot drabdestrinn st OQUADRUPOLE INTEGRATION sttt 3333 LAMn DU}
Laie OLOYe

1 C e T - LAka Ou07s
FAJJa0TelaNULIENEQL]) REWIND 7 LANMES QuuTe
k LebiD e ITENGTel) CALL SKPFIL(=1e¢7) LAMG BUU o
is = 1 LAvt 0007

DU 59 Ud=1l.9v
)
)

[
(\)‘u"'\)} L]

Js o= LAra D77
TFiddsc el F o= FUU ‘ ' PASES U TS
v (Udeiue) JosiK+1 LAriA QLo
Ir{dda=1e2Y F = Fan L A& Guldal
TE (Jder e 3) J% = M2+1 . L AsiA Cuonl
IF{Ude-ua 3} £ = FUS3 LA iz
IF(JdEGea) Tos=nK+] LAMG Juuas
It {ddesien) FF490 . LAMD (IXVEJ RS T
I {dderdan) 18 = pNR+1 : Lams SEORVRECY
T (JJdaFlian) JS = NK+1 LA NQORA
Isfdierdany F = Faa _AMs VRV
N {UdeEiden) 15=NK+] . LAn Quiles

€0z

o ddvy

49



(99

[SRe

-

T{JJaEQeh) JS=MZ*1
F(JJd=Eilad) F=Fe63
(J\J'OE.Q-") 15:::\’}2"'1
(JJetda7} F = FGA3
(JJaz e R) IS=M2+]
{Jderilsn) Jo=iNK~1
[l F=Fabl
fdublietr) Lh=ig2+1
daSliatd) Jo=MZ2+
el F=Fe36

RN Ol |

T, Th N

-1

-
o~
I'4
4

b

U G e e o e R e el e T I Sl
- ™
Ve~
(1
. (.
e
o
¢
e
~—

[

PH1=STAR LOOP  sssssssts

NG o= L0
Y ; |, = N
U s Jamlaw

STHJ4)

My {\J:\JJC‘L“.“_OJ) \\llb
ey r-':%f.'_oqw:’-\i.\’t,:o\}
i

IF {JddeGien}l SIS

o h

SI(uh)#44

B .
clLbob) SIS = PSI(J4)#(le-2.%(PST(Js)H¥2))

LAMA
LAMS
LAMH
LAMS
Ao
i_nids
Ao
LAviH
ISR
1L Avih
[ eR e
LAaros

HESRTE N
b Av s
LAiD
L Lan
LAr4
LAMS
LArMn
L AMA
LAavio

LAamMé

QOO
EVEUPRY
CouGl
Quo=e
Quus
Duisa
SR ANORSL
Déovo
Guovy

NEVES A Yot

06y

GULao

bt
Gu
(v
guLn?
Duivg
Qulus
G010
culll

& e pes e
- N
J

Hoe -

ddy

G

9



(el

Chesepire st PHI-STAR LOOP  ##asfdsiidires : . ' LAMA Gl
oy . K : LoM6 0U1
e 5 JS5=leN A C : LAMS 001

= 1~ ' o : LAMSE Oul
JJdeBGTeb) FIS = CDS(jo."PHI(JS)) ~ : LAMES Dol

UoF LW

o
9

RS e e i PET-PRIME Q0D 4t irstatardb i . LARD g
e o= .:) - . i E\f’i “y U 0 )

r
~.

5=1 4N Sviey Cu
.\.\}o 2URoJJa EQ Lo rJRoJJQEQo?) SIP L../\"li') 0y

S e e e e i A e
-

1
)
A
oy
S

FlUdefQaceURoeJJabEQeD0ORaJIaEDE) SIFP = PSI(Jb)# e=2eF (PST(JB)H®2 a5 o2l
23} LA Doirz

- jed feel et et gt et pomd s

FlvdeiliessUReJIeERQaB URGIIEN.T) SIP = PSI(US)#3%4 R Gutel3
.Q%*%%%w*%%%*% Fri-<IME LOUF TR WeR : e
0 . L

Aty U
oy Ju

LAati, Ou
1
[
1

_ i G

i
%
= 1
IF{OJ e e 3e0reddolNac DR, JIEQ, Q) FIP COS(3.%PEJIIJIT)) L Aif Gl
‘ o ‘ LoArin 00
JY = JT7 o+ {Jdo~1)1EN o+ (UJS=1)¥NZ o+ {(J4=1)#N3 ' LA Dl

T = Tiniiuy) L Aiif il

7 =7 T+ SIP*SES*FIP*FIS*TT*wPHI(J?) LAvS vul:z-

L

!

1

1

1

1

) LAMS 0uU
+ RTYRPST(U6) ' LAFD 06!
’ i éy gol

Y
9
]
N
N

3

Y (G

o Ll . . LLAHS gu )
S o= Ro%uPHI (J5) ' - LA Gul sy

5 COHT L . LAre Qulax
FINT = ot T o+ REFWEST (Ja) L Avia Oul 3y

e UM T LU 7 . LAMe VL)

» LA Guldl

Predbdrsbdrariednd MATRIA ALLOCATION s ' LAED Gulay
AR 0 ra3

CriMER = 41 ‘ . LArD Juled

goe

cddy

74



zz = JdZ

3 = J3 ,
- (J3eGTNK)J33
c(J2eGTaNKYJZ22
- {

J3 = NK
Jz = NK

non

J3.GTaM2) J32 = J3 - M2-

IF(Jd2.06TeM2) J22 = J2 - M2
Coestorgden e tesd MATRIX EL
IF (U7 eEdad3) CHUNEK =

JF {uSmAT « AiD e o MOT o SPIN)

lF (a'\dJTsC‘b‘.‘- an\NUncNOTaSPI\})

i AUdZ2) A (J32) ¥ uR {J33)

T H{eSHAT s ANUSPINY AM{J2:Jd3)
If {(aNUT e HTGANU»ar¢N)
1 =INTwaAldze) 733 %K (J33)
C .
3 CONT Inds
2 UOUNT el
v LT L
r{eS=af) wuleQ09
GO0 LFKsPln) welTElee1007)
IF ot Tanin)  WRITE(6+1008)
et ITZ (e iD3)Y ENGY

2
EMENT Fedr e
= 1.

AM(J2.+J3) =F

v 3

FRINT#X(J22) # A (J33) #*WK (J33)

AM(J29J3) = CRONEZK — F*RINT

125 F #RINT#X (J223 %A (J33) %K (J33)
AM(JZ993) = CRONEK - +1zo#F%

LA
LAMS
LAarts
LAMG
LAMS
Lavin
Lano
LAMG
LAMS
LAA
LAvs
LAA
LAvo
LAin
LAvA
LAMe
L ao
Lavin

LAds
s

LAME
LAMS
Lr—\l a0

guisys
Uulasn
DU LaY
D01&s
Quiay
Guisbi
Guinl
0dlag
Colbs
Dilsa
Guivs
Dulbhe
Qulat
0o loe
OulHs
D160
Culol
Gulone
QUules
00104
QUids
Guleh

.= 902

ddy

(914



E®)

i

Cry

[

Gy

FQOQ

DC 90 I99=14L3
DO 90 JoY=1.L3

LSS = Jyy + L 3%(i99-1)

LIS T(LyY) = aM{I99+UY9)

R I oo

LLa=tla¥Ls :
s ITo(8) (DLISHMaT(K99) +sK99=1.LL3)

q
£

g
oWy

=
R

(JiivebieladitUaSHIN)  WRITE(6+100%)
(

=
P
i

CRLL MINVIAMIL 3-DET e NUPNV)

Elosiull) eNGY085

ik |

FORMAT (58 14.12)
FUKMAT (L

Evabtlel o AND e e NOT a5 IN) ERITE(641010)

VAL LORYFENERGY = %9 1XeE15e895Xy #¥DETERMINANT

LAMAS
LAS
LAMS
LA
LA
Lokt
LAY
[ Aris

L Alim

|
LAt
LA
L

AR
Larts
LAMS

®elXsD15cH LAMS

00117
GOlon
Glov

}

;
cul
Gulre
oul
¢ul
Gug
Cul
DL
gul
ol
04 {1ty
el
QUi
Quley
LGULRU
GulJl
Qulve

he)

=1

*ddy

94



Y

i) o , LAHS 00193

3002 FORMAT(Z212+42L10Y. , LAMS 001vs
10432 CUP“AT(lX////3OX58HENERGY =9 lXsE15.8/7) ' LAHQ Quly=
Polda FURMAT{LASIOAIZ2 94X 9% KAZ =%e2X9F15,8+4X9% GAUSS ARSCISSA =%42Xs  LAMA Vi l9n
Li:ot?an!"bg GHT FACTOR =%#,32X4E515,.8/) _ L &rio Gulw7
U0 FURMAT(IA91293Xa%G~-wWEIGHT —*9EIDeH93A9fG ABSC.=%9E15e8e3Xs¥PST =%, Lind CUlYs
ilh.;ojﬂs'JHl=~at13.&93A HOHJ=F R 15,8/) L Amd GULYY
;Ui;' F(J :"f\ﬁ ’C_)f..:u_‘1.itﬂeF'5.?;’-Il(/) L#\!'it.‘» OU.C"U()
1407 Fow Ll( AL/ 26R 9% ROUND STATE MATRIAs 2 NUCLEONs SPIN=ISUSPIN %  LAwia QuzZil
Y. ' LAY Duzuz
T FUu ATLLAZ// /20 e® HBUOUND STATE MATRIAs 3 NUCLEUNSs BOSONS #e///)  Lbmé Quzus
Lous FULdAr(;A////)uA9~RrF:ANIﬁANT VALURS FOk LOCATING BOUND STATE EnbEk Lamd IVIESI RS
’ OGY s 2 FERMIQNS®S///) . ‘ AR VU 0%
L) FORMAT(LIRA/Z/720Ks% DETERMINAMT VALUES FOR LOCATING BOuUND STETE Eﬂt LANA Buzun
1Y s J SUDINSE /) : LﬁNh tugzovy
LOLY FURMSTLIN// /s 209 %0RAND TOTAL ANGe MOMe £7Go. VALUES o LAMSBDA = LAits 0z
10s & a0 o *9///7) . Loy OU20Y
aTOR ‘ L (LAMA GUzi0

it T ' LAris 00211

|0¢

ddy

2.G

(=



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145
	Page 146
	Page 147
	Page 148
	Page 149
	Page 150
	Page 151
	Page 152
	Page 153
	Page 154
	Page 155
	Page 156
	Page 157
	Page 158
	Page 159
	Page 160
	Page 161
	Page 162
	Page 163
	Page 164
	Page 165
	Page 166
	Page 167
	Page 168
	Page 169
	Page 170
	Page 171
	Page 172
	Page 173
	Page 174
	Page 175
	Page 176
	Page 177
	Page 178
	Page 179
	Page 180
	Page 181
	Page 182
	Page 183
	Page 184
	Page 185
	Page 186
	Page 187
	Page 188
	Page 189
	Page 190
	Page 191
	Page 192
	Page 193
	Page 194
	Page 195
	Page 196
	Page 197
	Page 198
	Page 199
	Page 200
	Page 201
	Page 202
	Page 203
	Page 204
	Page 205
	Page 206
	Page 207
	Page 208

