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Abstract

This thesis treats of various types of branching processes, with some applications to
epidemiology. Chapters 1 and 2 introduce a novel time-varying Crump-Mode-Jagers (CMJ)
branching process whose governing integral equations are then relied upon in order to provide
a rigorous mathematical justification to the renewal incidence equation in infectious disease
modelling. Chapter 3 focuses on the asymptotic behaviour of a structured branching population
where each individual in the population is characterised by a trait or a type whose dynamics
follow a Markov process. The branching process is then expected to be driven by a positive
triplet of first eigenvalue problem of the first moment semigroup. A strong law of large
numbers for super-critical branching Markov processes is proven assuming convergence of the
renormalized semigroup in weighted total variation norm. Convergence is obtained under an
L logL condition which provides a new Kesten-Stigum result in infinite dimension and relaxes
the uniform convergence assumption of the renormalized first moment semigroup required in
the work of Asmussen and Hering in 1976. Finally Chapter 4 treats of a novel variational
auto-encoder, called π-VAE, which has the property of being a proper stochastic process.
As the combination of a generative model and a stochastic process that can be used as a
prior, π-VAE is then used to do full Bayesian inference. We provide particular examples with
geospatial or epidemiological data.
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Preface

This thesis brings together the work I have covered during my four years as a PhD
student at the Centre for Doctoral Training in Modern Statistics and Machine Learning at
Imperial College, London. The presentation of the different chapters of this thesis tends to
prioritise linearity of content over chronological order. Thus, while the main thread along
Chapters 1, 2 and 3 relates to studies in general branching processes, Chapter 4 presents an
earlier article on variational autoencoder to which I contributed in the first six months of my
doctoral training.

Chapters 1 and 2, forming in effect the first part of this thesis, primarily treat of a
time-varying extension of a Crump-Mode-Jagers branching process (TV-CMJ) introduced
originally in a publication by Pakkanen et al. [Pak+23] in the Journal of Mathematical Biology
(JOMB) in August 2023. These chapters cover the first two years of my PhD under the direct
supervision of Dr. Mikko Pakkanen at Imperial College. The original reason for introducing a
time-varying Crump-Mode-Jagers process was to study the renewal-type integral equations
derived from the dynamics of such a generalised branching process and to eventually relate them
to the well-known incidence renewal equation used in epidemiology. As a way of introduction
to the extended time-varying CMJ, let us recall that a classical assumption behind general
branching processes, traditionally called Crump-Mode-Jagers (CMJ) branching processes as
originally introduced by Crump and Mode [CM68; CM69] and Jagers [Jag69a], is based on
the fact that the life-length distribution and the reproduction process do not depend directly
on calendar time. Branching processes in random environments (see e.g. [AK71; Ban09]) and
for instance generation dependent branching processes (see e.g. [Fil72], [Edl78]) have been
introduced in the literature, but, to the extent of our current knowledge, a strict continuous
dependence on calendar time for the behaviour of branching individuals has not yet fully been
considered. Thus, here we introduce a CMJ branching process whose underlying probability
measure in effect depends on calendar time.

The work on the time-varying extension of a CMJ branching process stemmed from a
series of questions originally raised in January 2020 by Samir Bhatt, Professor of Statistics
and Public Health at Imperial College and today also Professor of Machine Learning and
Public Health at the University of Copenhagen. In fact, this time-varying extension of a
CMJ branching process was originally proposed during the COVID pandemic in 2020-2021,
at a time when the modelling of R0, the basic reproduction number, had become crucially
important not only for estimating and quantifying the spread of infection, but also in practice
for implementing optimal preventive nonpharmaceutical solutions [Fla+20]. In the context
of infectious disease modelling, the reproduction number R0 is classically assumed to remain
piecewise constant over certain periods of time (as opposed to being continuously changing
with time), but the latter represents a significant simplifying and limiting hypothesis, since
in reality the reproduction number does vary continuously and its variations have significant
effects on the evolution of an infectious disease. Therefore, having a mathematical framework
whereby the reproduction number is modelled as being calendar-time dependent would lead to
more realistic estimations and simulations.

Traditionally, the R0 reproduction number is introduced through the incidence renewal
equation commonly used in epidemiology. This equation is most often written as follows (see
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Chapter 0

e.g. [Fra07; CDE18])

I(t) = R0

∫ ∞

0
I(t− τ)γ(τ)dτ, t > 0, (1)

where I(t) represents the number of new infections at time t and γ(τ) is the intrinsic generation-
interval distribution, in other words the time distribution between the infection of an individual
and the infection of others by that individual in the context of disease transmission. In practice,
this generation-interval is intrinsic to the biology and to the transmission characteristics of the
considered pathogen and is often modelled probabilistically as a distribution. Note that the
generation-interval often needs to be differentiated from the serial interval, which corresponds
to the time between the onset of symptoms. Equation (1) assumes that γ(τ) describes the
time-interval between successive infections in a transmission chain.

In mathematical modelling of infectious diseases, the intrinsic generation-interval is
used as a probability distribution γ(τ), where τ represents the time since an individual was
infected. In that sense, γ(τ) quantifies the likelihood that a secondary infection occurs at time
τ . Typically, an initial condition such as I(0) = 1 is assumed for the first infected individual
to ensure that the incidence process is well defined. In the literature on infectious disease
modelling, and to our knowledge, this renewal equation appears either as a priori given, or de
facto accepted. It is at best presented using various heuristic justifications. But in all cases, it
does not seem to have been given a proper mathematical foundation.

Nonetheless, the incidence renewal equation is ubiquitous in epidemiology, as it con-
tributes to estimating the effective reproduction number, forecasting epidemics, or at times
evaluating interventions as well. Thus, and beyond other questions about the mathematical
relationship between the renewal incidence equation in epidemiology and integral equations
derived from age-dependent branching processes, Prof. Bhatt wanted to study more specifically
how the form of the incidence renewal equation such as (1) would evolve if the reproduction
number R0 became Rt, i.e. if it were assumed to evolve with calendar time. This questioning,
combined with the observation that the common incidence equation had only been heuristically
derived in the literature, led us to go back in 2020-21 to the classical derivations of first-order
integral renewal-type equations for age-dependent branching processes made by Harris [Har63],
Bellman and Harris [BH52] and subsequently by Crump Mode and Jagers [CM68; CM69;
Jag69a; Jag75] for generalised branching processes.

The derivations of integral equations related to branching processes are most often
based, on one hand, on the branching property, commonly called first-generation principle,
originally defined by Harris [Har63], who states that a branching process is composed of the
(independent) superposition of processes initiated by the first-generation progeny, and, on the
other hand, on the representation of a branching process as a sum of random characteristics,
as introduced by Crump, Mode, and Jagers (see e.g. [CM68; CM69; Jag75]). We mainly
rely on these classical tools and techniques to construct canonically a TV-CMJ branching
process in Chapter 1. We provide sufficient conditions for the TV-CMJ to not explode in
finite time almost surely (in other words, to be regular). Next in Chapter 2, we study some
of its first-order integral equations. A particular lens on infectious disease modelling is then
adopted towards the end of Chapter 2, where we compare the renewal incidence equation
commonly used in epidemiology with the integral equation derived for the expected birth
rate in a TV-CMJ branching process. At this point, we link branching populations back to
infectious disease modelling and provide mathematical grounding to the renewal incidence
equation. In particular, we derive a more general form of the renewal incidence equation (1)
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based on a reproduction number that is calendar-time dependent.

The second part of this thesis, composed of Chapter 3, while staying in the domain of
branching processes, steers away from the TV-CMJ process, its dynamics and the renewal-type
equations, to study the asymptotic behaviour of a structured super-critical branching Markov
process. This object will be formally defined in Chapter 3. We provide sufficient conditions
on the first-moment semigroup of the renormalised process to ensure convergence almost
sure and in L1 of the empirical measure of the process. Chapter 3 is primarily based on an
article co-authored with Prof. Vincent Bansaye and Dr. Bertrand Cloez∗. This third chapter
in practice covers most of the work achieved in the last 20 months of my doctoral training
between April 2023 and December 2024. During this period of time, I was mainly under
the supervision of Prof. Bansaye at Ecole Polytechnique in Paris and Dr. Cloez at INRAe
(MISTEA) in Montpellier. As an explanatory background for this change of lead supervision at
this stage of my thesis, I should mention that since I wanted to continue working specifically on
branching processes, I took the initiative to reach out to various experts in this field outside of
Imperial College. This led me to working in the spring of 2022, in particular with Prof. Kimmel,
Professor of Statistics at Rice University, on a couple of preliminary projects. Prof. Kimmel
then adopted me informally into his reading group, which gave me the opportunity to present
my work a few times to a targeted audience in a more formal manner. Finally, since June 2023,
I have been working full time with Prof. Bansaye and Dr. Cloez on a project that Chapter 3
aims at summarising.

Going back to the content of Chapter 3, it treats of a branching population where
each individual is characterised (structured) by a trait belonging to an abstract space. This
trait follows Markovian dynamics. We focus on the supercritical recurrent case where the
population may survive and grow and the trait distribution converges to a certain measure
that happens to be the left eigenvector of the first-moment semigroup associated with the
first eigenvalue problem. When the trait space is of finite dimension, the main result that
describes the asymptotic behaviour of a multitype Markov branching process is classically due
to Kesten and Stigum [KS66] who showed an L logL condition on the reproduction process to
be necessary and sufficient for a supercritical branching process to converge almost surely. A
decade later, Asmussen and Hering [AH76] extended the latter finite-dimensional result to
an infinite-dimensional (abstract) space and provided a set of conditions of the first-moment
semigroup of the branching process to converge in the supercritical case. However, the latter set
of conditions requires uniform convergence of the first-moment semigroup and is intrinsically
linked to the knowledge of the leading eigentriple of the first-moment semigroup. Those two
conditions are rarely verified, and even when they are, tend to be challenging to prove in
practice.

With this context in mind, Chapter 3 presents a strong law of large numbers for the
empirical measure associated with a structured branching process in an abstract space. In
particular, we provide a set of convergence conditions for the first-moment semigroup that
does not require uniformity and relies on knowledge of a Lyapunov-type function instead
of the full leading eigentriple. Adding to this a slight adaptation of the classical L logL
condition for structured populations, it can be said that we provide a new Kesten-Stigum
result [KS66] in infinite dimension and relax the uniform convergence assumption for the
normalised first-moment semigroup required in the classical works of Asmussen and Hering in
1976 [AH76].

∗submitted on HAL and ArXiv in March 2025.
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Finally, the third part of this thesis covers Chapter 4 and refers to an article by Mishra
et al. [Mis+22], published in October 2022 in Statistics and Computing. The article, with a
particular example related to geo-spatial data, presents a novel variational autoencoder (called
π-VAE) whose objective is to learn low-dimensional embeddings of function classes. Between
October 2020 and June 2021, I worked on the π-VAE model before focussing on branching
processes, and the former deep learning model became the subject of my first mini-project
as a first-year CDT student. My main contributions to the article consisted of building a
prototype π-VAE in Python, clarifying the training procedure of the model, and in particular
clearly distinguishing and rewriting the three different parts of the loss functions of the π-VAE.
This work is presented in Chapter 4 with a brief introduction to variational inference and
auto-encoders. I also mention towards the end of Chapter 4 two sister models to π-VAE,
namely AggVAE [Sem+23a] and PriorCVAE [Sem+23b] which were then showcased in their
respective articles with applications to infectious disease mapping.

Finally, as a CDT student in Modern Statistics and Machine Learning between Imperial
College and Oxford University, I also had the great privilege to follow a few short modules,
partly taught, partly research-based, which gave me the opportunity to learn and deepen my
understanding (to cite but a few) about Bayesian modelling and computations, statistical
machine learning, advanced Monte Carlo methods, or generative modelling. For each of these
modules, we were required to present a research question based on specific pieces of literature
related to the topic. This led me to regularly work in teams with other CDT students and to
learn about various topics in modern statistics and machine learning.
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Chapter 0

Introduction

This introductory chapter presents the structure of the thesis and provides a high-level
description of the main objectives, challenges and results related to each of the subjects
covered. This chapter then continues with a brief historical and literature review of the major
developments in the theory of branching processes, with a particular focus on the theoretical
extensions most relevant to the content of Chapters 1 to 3. This brief introduction ends with
a broad overview of the most common mathematical modelling choices in epidemiology with
a reminder that branching processes happen to be a realistic model of a spread of infection
when non-linear effects are negligible.

0.1 Structure of the thesis

Chapter 1 presents a time-varying extension of a generalised Crump-Mode-Jagers (CMJ)
branching process [CM68; CM69; Jag75]. Whilst more details on the classical CMJ generalised
branching process will be provided in Section 0.2, we note here that the time-varying extension
introduced in Chapters 1 and 2 was proposed with the objective of being able to model more
accurately (and in particular on a continuous basis) the variations with calendar time of the
so-called R0 reproduction number commonly used in epidemiology. This reproduction number
is generally assumed, at best, to be piece-wise constant and is interpreted as the average
number of secondary cases that would arise from a primary case infected at time t if conditions
remained the same after time t [Fra07].

Typically, the reproduction number is used to calculate various quantities of interest
in the study of infectious diseases, such as the total number of infected cases present at a
certain time (also called prevalence in epidemiology), the total number of infected cases up
to a certain time (cumulative incidence), or the number of infections appearing at a point in
time (incidence). Accurate knowledge of R0 at any time drastically improves inference and
prevention capabilities. Recalling that epidemics can be described by branching processes
when non-linear effects (such as e.g. susceptible depletion) are negligible, we extended the
construction of the generalised CMJ branching process to introduce a continuous and flexible
calendar-time reproduction process (Rt)t≥0 that would then provide more modelling flexibility.
Compared to branching processes such as Galton-Watson (GW) or Bellman-Harris (BH) (whose
main features will be described in Section 0.2), CMJ process was chosen as it relies on more
realistic assumptions: in particular, individuals in the branching population (e.g. infection
cases) can give birth at any time during their life, and the reproduction law may also depend on
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the life-length distribution. This choice of modelling led us to introduce a novel time-varying
CMJ (TV-CMJ) model whose probabilistic construction is presented in Chapter 1.

The canonical probabilistic construction of Chapter 1 emerged as we were trying to
adapt the classical probabilistic constructions of a CMJ process presented in the literature.
These later constructions are all based on event spaces Ω whose single elements ω (building
blocks) are called family histories (originally introduced by Harris [Har63]). In short, to
fully describe a branching population, family histories must include at the minimum basic
sequences of events such as ages at childbearing (e.g. (τ(k))k∈N for the parent’s age when
its k-th child is born) and lifelengths real-valued nonnegative random variables L. Family
histories are in essence sequences of random variables and stochastic processes that allow
reconstructing the entire tree of a branching population. In Chapter 1, we first review the
canonical probabilistic construction, starting from a classical CMJ process, but decided to
depart from the traditional construction. Indeed, in the ordinary CMJ, the reproduction
processes are independent and identically distributed (i.i.d.). This latter property ensures that
one can specify an instance of the reproduction process and assert that there exists a countably
infinite collection of copies of it on a product space. In contrast, in the TV-CMJ, because of
the assumed dependence on the time of birth, the reproduction processes are neither mutually
independent, nor identically distributed, thus instead of relying on a Cartesian product of
individual measures to construct the overall measure, we rely on a recursive construction of
transition probability kernels indexed by times of birth of the parent. The construction of the
probability measure of a TV-CMJ will be fully detailed in Section 1.3.2.

Continuing in Chapter 1, we then introduce the concept of regularity of a branching
process: a branching process is said to be regular if it does not explode in finite time almost
surely. This leads us to adapting the regularity conditions introduced originally by Crump,
Mode, and Jagers ([CM68; CM69; Jag75]). Again, because of the dependence on the time of
birth of the parent of all random quantities in the TV-CMJ process, the original regularity
assumptions of the latter authors could not be directly applied in the case for our time-varying
extension. Thus, our regularity proof, whilst still relying on the self-similarity property of
the TV-CMJ, combines and adapts, on one hand, the classical proof of Crump, Mode and
Jagers with the ones of Edler [Edl78] and Fildes [Fil72] who introduced generation-dependent
CMJ processes. We end the chapter by providing two specific examples of TV-CMJ processes,
namely, a time-varying Bellman-Harris (TV-BH) process and a time-varying inhomogeneous
Poisson (TV-IP) process.

Chapter 2 continues to treat a TV-CMJ branching process and presents integral renewal-
type equations that can be derived from its dynamics. The main objectives of introducing a
TV-CMJ process were to be able to derive integral equations using a time-varying reproduction
number and to ultimately provide mathematical grounding to the derivation of the well-known
incidence renewal equation ubiquitously used in epidemiology. Thus in this chapter, we first
carefully derive integral equations respectively for the number of individuals alive at a given
time point (corresponding to prevalence in epidemiology), the total number of individuals
that have been born up to a given time point (i.e. equivalent to cumulative incidence in an
epidemiological context), and then eventually for the expected birth-rate of a TV-CMJ process.
The latter quantity, in an epidemiological context, is directly equivalent to the number of new
infections at a given time point, that is, incidence.

Next, to provide a rigorous mathematical proof of the incidence renewal equation, we
go back to the classical incidence equation (see, e.g. [Fra07]) based on R0 and first extend it
naturally to introduce a time-varying reproduction number Rt, t ≥ 0. One of the objectives
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of Chapter 2 is to prove equivalence between the derived equation for the expected birth rate
of a TV-CMJ process and the proposed extended incidence equation. However, considering
the fact that a quantity such as cumulative incidence needs to be interpreted as a generalised
function (as it is not fully differentiable), we first make a detour through the world of Schwartz
distributions [Sch51] to prove the equivalence A priori, these two equations have different
forms and our equivalence proof relies on decomposing the considered quantities (i.e. on one
hand the expected birth rate of a TV-CMJ and on the other hand, incidence of an infectious
disease) between respectively their absolutely continuous parts and their singular parts. The
singular parts being identical, we are directly left with comparing the absolutely continuous
parts, whose equations we then discretise by relying on the algorithm originally introduced in
[Pak+23, Section 3.1]. We prove that the discretised versions of the absolutely continuous
parts converge toward each other, and in particular, our convergence proof provides an error
rate of O(n−1). Finally, we end this chapter with a mathematical proof of the commonly used
convolution formula between prevalence and survival to infer incidence in epidemiology.

In Chapter 3, steering away from TV-CMJ branching processes, we move toward general
branching populations structured by a Markovian trait. In particular, we present works that
will form the basis of an article co-written with Prof. Vincent Bansaye and Dr. Bertrand Cloez
(and which will be submitted on ArXiv at the latest in March 2025). An observation here on
a change of perspective between Chapters 1 and 2 and Chapter 3 may be appropriate. Indeed,
in Chapters 1 and 2, we formulate branching processes as sums of random characteristics to
study the dynamics of the branching process and to focus on various quantities of interest that
describe the branching population in any random phase of life. In contrast, and for reasons
clarified further down, we adopt in Chapter 3 a different representation based on describing a
branching process as a random-valued measure consisting of a sum of Dirac deltas (this will
be defined formally in Section 3.2.1). Thus, in Chapter 3, we represent general branching
processes as random counting measures, whereby individuals in the branching population are
characterised by a Markovian trait belonging to an abstract (infinite-dimensional) space.

Both perspectives or representations have their advantages. Although different in nature,
they are however equivalent and the choice of one over the other is linked to the objective
of study. Note that Cohn and Jagers [CJ94] provide a clear description of the advantages of
counting by random characteristics which can adopt various forms and thus lead to account for
different quantities of interest linked to the whole population by only measuring independent
contributions of individuals that have already been born and ignoring the unborn ones and their
progeny’s. And in fact, our main objective in Chapter 2 was to derive integral equations that
describe the dynamics of the branching process. On the other hand, and as just mentioned in
the above paragraph, the structured Markov branching process studied in Chapter 3 is written
as a Dirac measure. In this later chapter, as we focus more particularly on the asymptotic
behaviour of the branching model, the point of view of random-valued measures is more
relevant: each individual is characterised by a trait that follows Markovian dynamics and lives
in an abstract space.

The literature contains several well-known references, in particular Kesten and Stigum
[KS66], when the trait space is finite dimensional, and Assmussen and Herring [AH76]) when
the trait space is infinite dimensional. Classically, the convergence criteria for the empirical
measure describing the branching process are based on an eigenvalue decomposition of the first-
moment semigroup related to the renormalised branching process. Those criteria tend however
to be challenging to verify in practice as they are related to the knowledge of eigenelements,
themselves rarely accessible in real life. In contrast, Chapter 3 introduces a novel set of
assumptions based on the knowledge of a certain Lyapunov function of the first-moment
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semi-group. In this context, we extend the classical result of Asmussen and Hering [AH76]
and we prove a Law of Large Numbers for this type of processes in the supercritical recurrent
case, i.e. when the population may survive and grow, and the trait distribution converges.
The branching process is then expected to be driven by the first eigenvalue problem of the
first-moment semigroup. We prove a strong convergence result and nondegeneracy of the limit
under a condition on the first-moment semigroup and an L logL condition reminiscent of the
Kesten-Stigum condition [KS66]. This relaxes the uniform convergence of the first moment
required by Asmussen and Hering [AH76].

The techniques of proofs are interesting in themselves, using martingale families, con-
traction properties of the semigroup, and the truncation argument of [AH76]. In particular,
we also prove L1 convergence and unify different results in the literature. It can then be said
that results of Chapter 3 complement and extend current literature and provide in particular
more accessible and verifiable convergence assumptions. Almost sure convergence is proven in
discrete and continuous time, whilst L1 convergence is proven in discrete time (note that the
proof of L1 convergence in continuous time will be finalised in the article to be submitted in
March 2025).

Finally, the last chapter of this thesis, Chapter 4, based on an article by Mishra et
al. [Mis+22], relates to an extension of a variational autoencoder (VAE) called the prior
encoding variational autoencoder (πVAE). Traditional VAEs, although useful in practice as
they extend auto-encoder into generative models, are however limited by their inference
capabilities, in the sense that they represent finite dimensional random variables. They are not
stochastic processes per se. In contrast, we show that πVAE is a new continuous stochastic
process and therefore, it can be used to learn low-dimensional embeddings of function classes
by combining a trainable feature mapping with a generative model using a VAE. It is shown
that the framework can accurately learn expressive function classes such as Gaussian processes,
but also properties of functions such as their integrals. For popular tasks, such as spatial
interpolation, [Mis+22] shows that πVAE achieved state-of-the-art performance in terms of
both accuracy and computational efficiency. This work introduces an elegant and scalable
means of fully performing Bayesian inference for stochastic processes within probabilistic
programming languages such as Stan [GLG15]. Chapter 4 concludes with a brief mention
of two related VAE-based models, subsequent to πVAE, namely AggVAE [Sem+23a] and
PriorCVAE [Sem+23b], which were trained for direct applications to the mapping of infectious
diseases.

I worked on πVAE in the first 6 months of my Ph.D. and contributed originally by
coding a πVAE in Pytorch, by clarifying its training procedure, whilst working on synthetic
data to estimate its performance and educate our understanding of the various parts of the
loss function.

0.2 Brief literature review on branching processes

Branching processes are mathematical models that prove to be most useful in describing
the random dynamics of evolving populations whose individuals, assumed to live independently,
can reproduce over time and die according to various probability laws. Depending on the field
of application, the individuals composing the population can be seen, for instance, as particles
in physics, cells in biology, infectious cases in epidemiology, or even as family names.

Indeed, the theory of branching processes has a long history in mathematics, whilst
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traditionally and originally being rooted in the mid-nineteenth century in the problem of
estimating the probability of extinction of family names. The solution of this latter problem
is known to have been treated simultaneously by Francis Galton and Henry Watson in
England and in parallel by the French probabilist Irénée-Jules Bienaymé. It led to the famous
Bienaymé-Galton-Watson branching process, most commonly known as the Galton-Watson
(GW) process, where each individual lives for one unit of time (or a fixed but given time
period, equal for all generations) and then reproduces independently and randomly according
to a given reproduction law. Athreya and Ney [AN04, Ch.1] provide a detailed treatment of
Galton-Watson processes and, in particular, of their limit theorems.

Next, in the middle of the twentieth century, and as a general extension of Galton-
Watson processes, Bellman and Harris [BH48], then Harris [Har63, Ch.VI] and Sevast’yanov
[Sev67] meaningfully strengthened and extended the theory of branching processes towards
age-dependent branching processes: individuals still reproduce at time of death like in a GW
process, but the concept of age is introduced in the structure of the branching process. The
most notorious age-dependent branching process has become known as the Bellman-Harris
(BH) process. In such a process, each individual lives for a random age according to a life-
length random variable L ≥ 0, and then produces a random number of children at death time,
according to a reproduction law ξ. The random variables L and ξ are assumed independent.
The Sevast’yanov branching process is defined similarly, except that in this case, ξ and L can
be dependent, which means that the number of progeny of an individual may depend on its
lifetime. Many important results related either to the asymptotic behaviour or to the general
dynamics of these age-dependent branching processes have since been proven. Given the focus
of the next two chapters of this thesis, we cite here in particular Bellman [BH48] who shows
that the expectation of a BH process follows a renewal-type equation.

A decade or two later, in particular, in 1968-1969, Crump and Mode [CM68] and [CM69]
and independently Jagers [Jag69a], introduced generalised branching processes. Indeed, and as
noted by Crump and Mode [CM68], age-dependent branching processes are restrictive in their
modelling capacities, as they must abide by two constraints that greatly limit their field of
application. In fact, not only age-dependent branching processes such as BH must assume
that parents die at the time they reproduce. In addition, these age-dependent models assume
that the probability that an individual of a given age τ ≥ 0 gives birth within the age interval
(τ, τ + dτ) does not depend on the history of the individual considered. However, in practice,
births happen during the lifetime, and the probability of giving birth in a certain age interval
depends on the history of the individual. These two latter restrictions led Crump, Mode, and
Jagers to introduce a generalised branching process where individuals could not only give birth
at various time points during their lives but also where the life-length random variable and
the reproduction point process could depend on each other. This dependency opens the door
to cases where the probability of giving birth within a certain age interval may depend on
the history of the considered individual. Therefore, historically one of the main reasons for
introducing generalised branching models was the need to generalise age-dependent branching
processes that had been introduced and studied in particular from the point of view of integral
renewal-type equations by Harris [Har63] and Sevast’yanov [Sev67; Sev68]

It is with these limitations in mind that Crump and Mode [CM68] but also Jagers in
various articles (e.g. [JN84]) and in his reference book [Jag75], introduced a more general
age-dependent branching process, traditionally named Crump-Mode-Jagers (CMJ). In a CMJ
branching process, each individual lives for a random time distributed according to a random
variable L and reproduces at random ages according to a point process ξ. To be more
specific and as described by [Bal+14], an individual denoted u, born at time bu ≥ 0, lives
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and reproduces according to its individual laws Lu and ξu. Then, denoting the successive
ordered points of ξu by 0 ≤ τu1 ≤ τu2 ≤ . . . ≤ Lu, the branching model assumes that the
individual labelled u gives birth to one child at each of the time points (which do not have to be
distinct) denoted bu + τu1, bu + τu2, . . . , bu + Lu. (Note that we will detail the proper labelling
of individuals in the population in Chapter 1). Thus, CMJ branching processes generalise
age-dependent branching processes since individuals can give birth at random times during
their lifetime. BH processes can be viewed as forming a particular case of CMJ processes
where reproduction can only occur at death time.

CMJ processes have been studied from various angles and by many authors, and in
particular by Jagers [Jag75, Ch. 6]. Similarly to Crump and Mode, Jagers relies on a description
of the process based on populations counted with random characteristic. A perspective based
on random characteristic allows us to describe a branching population in any random phase
of life that might or might not depend on the life length or the reproduction process of the
individuals. Extensions such as multi-type CMJ branching processes have also been treated
from different perspectives and with various objectives. We very basically here only cite the
reference book of Mode [Mod71], Cohn’s article [Coh89] and a more recent work by Kolesko
[KS23].

As previously mentioned, Chapters 1 and 2 of this thesis introduce a time-varying
extension of a CMJ branching process, denoted TV-CMJ. The latter specifically brings
calendar-time dependence to the probability measure that underlies a classical CMJ branching
process. It was originally presented in the article by Pakkanen et al. [Pak+23]. At first, it
could be argued that the introduction of calendar-time dependence could possibly be viewed as
a particular case of branching processes in varying environments. Those were first introduced
in discrete time by [SW69] who assumed that the sequence of environments was identically
and independently distributed (i.i.d.). Then, more general cases of randomly distributed
environments, i.e. not just i.i.d., were further introduced, for instance, by [AK71; KV17; CJ94;
Ban09; BB13]. They became called branching processes in random environment, in short
BPRE. However, to the best of our knowledge, when BPRE are studied, the environments
from one generation to another are constrained to be sampled from a given and identical
distribution, whereas, in a TV-CMJ branching process, the probability measure underlying
the process is time dependent and can therefore continuously vary with calendar time without
having to be sampled from a given distribution.

Moving away from general random environments but focussing on the literature on
branching processes and time dependence, we note that Fildes [Fil72] introduced an age-
dependent branching process with a variable life-time distribution that can vary at each
successive generation. Observe also that Edler [Edl78] studied a generation-dependent CMJ
branching process where each generation is determined by its own common probability
distribution with respect to the life-length and reproduction process. Again, our time-varying
CMJ model differs from these examples in the sense that we assume that the reproduction
law can change continuously with time and not discretely per generation. We assume in effect
that the underlying probability measure that governs the dynamics of the TV-CMJ process
can vary at any time t ≥ 0.

A common choice in the literature of branching processes, especially when it comes
to the study of their asymptotic behaviour, consists of writing them as random counting
measures [Dyn94; Daw+94], or more specifically as the sum of Dirac measures. In fact,
this point of view will be adopted in Chapter 3 when we study the L logL condition and
convergence of the first-moment semigroup to deduce a law of large numbers for structured
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branching processes. Random measures, in other words point processes, have proven to be
very efficient tools to describe and analyse the long-term dynamics of generalised branching
processes, where particles behave independently and are characterised by a trait valued in an
abstract measurable space and which follows a Markovian dynamics. Each individual is fully
characterised and represented by the Dirac measure at its trait value.

0.3 Synthetic overview of mathematical modelling in epidemiol-
ogy

The mention of the incidence renewal equation at the beginning of this introductory
chapter brings us to clarify the perspective adopted in this thesis and also leads us to provide
a very high-level overview of mathematical modelling in epidemiology. Indeed, Chapters 1 to 3
study branching processes, with a focus either on their governing integral equations (Chapters
1 and 2) or their asymptotic behaviour (i.e. long-term behaviour in the supercritical case in
Chapter 3). We will also observe that the deep learning model presented in Chapter 4, πVAE,
or more precisely its sister models AggVAE [Sem+23a] and PriorCVAE [Sem+23b], although
based on Bayesian variational inference and, therefore, not on branching processes per se,
provide direct practical and useful applications in the field of infectious disease mapping.

Consequently, even if slightly remote when it comes to Chapter 4, a common denominator
or thread between all models introduced throughout the four chapters of this thesis is the
potential for applications to epidemiology. The choice had to be made between adopting a
perspective based on a branching population or on epidemiology. We have chosen the former
and therefore follow the conventions of branching processes as a rule throughout the thesis.
However, at some points, especially when we discuss the incidence renewal equation in Section
2.5, we may temporarily switch to a more specialized lexicon for epidemiology.

In order to give some idea of where branching processes stand within the palette of
various mathematical models applied to model epidemics, we now provide a very rapid and
non-exhaustive overview of the most commonly used models in this very large field. In fact,
there exist different streams or approaches when it comes to the mathematical modelling
of infectious diseases. The main dichotomy could possibly be seen as deterministic versus
stochastic models. Starting with deterministic models, Ross in 1915 [Ros15], and then,
Kermack and McKendrick in 1927 [KM27], introduced the idea of splitting the population
into compartments and using transition rates to govern the dynamics from one compartment
to another. They also introduced a threshold quantity, the so-called reproduction number, to
summarise the state of an outbreak. The main basic compartments model is known as the
SIR model. In brief summary, Kermack and McKendrick consider a closed population of size
N and introduce for any time t ≥ 0, the number S(t) of individuals susceptible to the disease,
the number I(t) of infected individuals (capable of spreading the disease) and the number
R(t) of individuals recovered from the disease. They structure the infected population by
age-since-infection, denoted s, which corresponds to the time elapsed since infection occurred.
Transmission rates, generally denoted β(s), for s ≥ 0, and defined as effective contact rates
between an infected of infection age s and a susceptible, allow one to account for changes
in infectiousness during the infection period. Furthermore, removal rates usually denoted
γ(s) allow us to describe dynamics between infected and recovered groups. Kermack and
McKendrick [KM27] derived a system of integro-differential equations that has subsequently
been declined in several variants that in particular introduce more refined sets of compartments
(e.g. SEIR models extend SIR models to add an exposure stage; SIS models are used in cases
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when immunity is not permanent; SIVR models take into account a group of vaccinated
individuals . . .).

Beyond compartmental models, but still within the deterministic framework, we can
mention network models that use graph theory to represent individuals as nodes and interactions
as edges. This type of model tends to be useful for studying diseases that spread through close
contact and social interactions. Another type of model, called agent-based models (ABMs),
simulates the actions and interactions of individual agents to assess the effects on the system
as a whole, allowing for heterogeneous behaviour.

As our focus in Chapter 2 is to provide mathematical justification to the incidence
renewal equation, we mention the meaningful contributions of Odo Diekmann who wrote
extensively on the connections between epidemic models and renewal or delay equations; see
e.g. [DGG08], [Die+10], [DG12] and his monograph on delay equations [Die+12]. Note also
that in [Bre+12], the authors, including Diekmann, show that a large class of epidemic models
can be mathematically formulated as a scalar renewal equation for the force of infection.

Finally, still in the context of deterministic models and, importantly, without any
pretension to exhaustiveness, we mention time-since-infection models which were also originally
derived by Kermack and McKendrick [KM27] and can be viewed as an enhancement to SIR
models. More recently, Brauer [Bra05; Bra08] and Yang and Brauer [YB08] contributed
to presenting and unifying the many variants of time-since-infection models. Given the
resonance of the latter models with renewal-type equations, we now follow Yang and Brauer’s
formulation and present more specifically the time-since-infection model with infection-age-
varying transmission rate. We see that this model leads to a renewal equation. An assumption
is made that if i(t, s) is the number of infected individuals of infection-age s at time t, then it
can be written as

i(t, s) = c(t− s)F(s),

where c(t − s) is the number of new infected individuals at time t − s and F(s) is the
probability for an infected individual of infection-age s to stay in the infected population
(survival probability). Assuming that F(s) has the required properties of a cumulative
distribution function (CDF), it follows that the number of infected individuals P(t) at time t,
in other words prevalence, is given by

P(t) =
∫ ∞

0
c(t− s)F(s)ds,

whereas the number c(t) of new infected individuals at time t (incidence) is governed (notwith-
standing initial and boundaries conditions which we omit in this brief review) by

c(t) =
S(t)
N

∫ ∞

0
β(s)c(t− s)F(s)ds,

where S(t) is the number of individuals susceptible to infection at time t.

This time-since-infection model therefore leads to a Volterra or renewal integral equation
which in essence states that the number of newly infected individuals (i.e. incidence) at time t
is the result of a convolution between the transmission rate β(s) and the number of cases alive
during the period [0, t] (i.e. prevalence). We will provide additional mathematical grounding
to the incidence renewal equation and to this convolution backcalculation in Section 2.5.
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This non-exhaustive list of deterministic models leads us now naturally to mentioning
stochastic types of epidemic models. In the 1920s, Reed and Frost introduced a stochastic
epidemic model. There is no formal historical literature reference for the Reed-Frost model
as it actually was never published and only taught in biostatistics classes at the time. In
essence, the Reed-Frost model is an example of a chain binomial model : it assumes that each
infected individual in a given generation independently infects each susceptible individual
in the population with some fixed probability p. Despite being somewhat simplistic, this
binomial model has historically proven effective in the context of moderately large populations.
Among other assumptions, the Reed-Frost chain-binomial model assumes that only one new
case would be produced if a particular susceptible came into contact with more than one
infected case. Following the unpublished works of Reed and Frost of the 1920s, Bailey in
1953 [Bai53] introduced a stochastic analogue to the Kermack and McKendrick compartment
model [KM27] mentioned above. Bailey’s general stochastic epidemic assumes homogeneous
mixing of the susceptibles and, in particular, a partial differential equation for the probability
generating function of the reproduction process is derived. Additionally, we mention Frank
Ball who analysed non-Markovian stochastic epidemic processes in [Bal86]. We should also
observe that most of the deterministic models cited above have also been given a stochastic
variant which means that models such as stochastic SIR or SEIR models or random network
models complement the growing panoply of mathematical models for infectious disease.

Having briefly mentioned these stochastic epidemic models, we now turn to the usage of
branching processes to represent and study mathematically the spread of infections diseases.
In such a case, we assume that an infection or more generally an epidemic, at least at its
onset or in its early phases, can be modelled as a branching process whereby individuals
(e.g. infectious cases) behave identically and independently of each other. This modelling
approximation was first mentioned in the work of Bartlett [Bar78] and Kendall [Ken56] and
given general mathematical grounding, at least asymptotically, through the works of Ball
[Bal83], Ball and Donnelly [BD95] and Metz [Met78] who showed that an epidemic process
converges to a limiting branching process when the number of susceptible individuals in the
population tends to infinity. More widely, this connection has often been made in practice and
in the literature (see, e.g. [KM27; Bar67; Jac10; FKG03; LM23; Hau+15; VM11; Ish05]). In
particular, we cite Ball et al. [Bal+14] who explain that the process representing the number
of infectious individuals in an epidemic model can be satisfactorily described mathematically
by a branching process if we can assume that the population is homogeneously mixing and
that the number of infected people is small relative to the total size of susceptible individuals
in the population.

In summary, it can be said that branching processes represent an effective mathematical
tool when it comes to modelling epidemics stochastically in large populations when non-linear
effects like susceptible depletion can be neglected.



Chapter 1

Time-Varying Crump-Mode-Jagers branching
process

1.1 Introduction

In this chapter, we consider and study a time-varying extension of a single-type classical
CMJ branching process counted by random characteristic. This model will be denoted TV-CMJ.
The calendar-time dependence introduced into the CMJ branching process will eventually
lead to the derivation of integral renewal-type equations in Chapter 2, which will themselves
provide full mathematical justification to the incidence renewal equation commonly used in
epidemiology.

Before we present the specificities of our time-varying extension of a CMJ process, let
us note that CMJ branching processes in random or changing environments (see, e.g. [CJ94])
have been extensively treated in the literature, while more specifically, some time variations of
CMJ processes have also already been considered, such as generation-dependent CMJ [Edl78]
and [BG87], or CMJ with variable life distributions [Fil72]. The TV-CMJ process considered
here can however be distinguished from the latter models in the sense that it assumes that
the entire behaviour (in particular, the lifelength distribution and the reproduction law) of
each individual continuously varies with calendar time. We draw attention of the reader to
the fact that the time-dependence comes directly from the probability measure underlying
the branching process. Indeed, we will see that the lifelength random variable L and the
reproduction point process (ξ(t))t≥0 defined in the subsequent sections depend on time only
through their distributions or laws. The calendar-time dependence has to be followed through
the probability measure underlying the construction of the branching process and therefore has
consequences on the form of the renewal-type integral equations that govern the dynamics of a
TV-CMJ branching process. This is the result we wished to obtain to generalise the incidence
renewal equation in epidemiology to a time-varying reproduction process. Indeed the inclusion
of calendar time into the various governing integral equations that describe the dynamics of
the branching process proves very useful in real-life applications such as infectious disease
modelling where dependence on calendar time is a crucial ingredient to ensure models are
realistic. This specific angle of study, to the best of our knowledge, has not yet been treated
in detail in the literature.

Thus in summary, in a TV-CMJ branching process, the whole behaviour of each

23
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individual is time-varying. This calendar-time dependence will simply arise from the particular
assumption that the original ancestor denoted 0 is born at a given nonnegative time denoted
σ0 := σ ≥ 0 on which the law of each random variable and stochastic process underlying the
TV-CMJ branching process will depend.

We place ourselves in the simpler case of a single-type branching process without
immigration, since our focus in the rest of the chapter will be to determine how the classical
integral renewal-type equations governing a CMJ branching process evolve when a calendar-
time dependence is introduced. Assuming immigration and/or a multitype setting would only
cloud the focus of our study on the effect of time dependence.

This chapter is structured as follows. In Section 1.2, we provide a canonical probabilistic
construction of a classical CMJ branching process which will serve as a basis for the construction
of a TV-CMJ branching process in Section 1.3. A TV-CMJ branching process is then formally
defined in Section 1.4. In passing, we propose two examples of TV-CMJ branching processes
as extensions of well-known classical types, namely the time-varying Bellman-Harris (TV-BH)
branching process and the time-varying Inhomogeneous Poisson branching process (TV-IP).
Finally, in Section 1.5, we recall regularity conditions for a traditional CMJ branching process,
and then adapt the latter to provide general regularity conditions ensuring that a TV-CMJ
branching process is well defined and does not explode in finite time almost surely.

1.2 Probability space for a CMJ process

Various canonical probabilistic constructions of CMJ branching processes can be found
in the literature; see e.g. [CM68; Jag75]. However, they have rarely been presented in the
detailed manner of this current section, mainly because of the underlying assumption that
individual reproduction processes of a CMJ are i.i.d., which in turn implies that the measure
on the population space can simply be defined as a product of individual Cartesian measures.

As we will see, in a TV-CMJ process, we depart from this i.i.d. assumption for the
reproduction process and thus have to pay more attention to how the overall probability
measure needs to be constructed. This is mainly why we present below a relatively detailed
measure-theoretic construction of a CMJ branching process, which will serve as a basis to be
adapted in Section 1.3 in order to define the probability space underlying a TV-CMJ.

Although already briefly mentioned in Chapter 0, we recall in slightly more detail the
concept of family histories originally introduced by Harris [Har63]. Family histories are meant
to represent the basic sequences of events (i.e. childbearing ages and lengths of life) that can
be realised by individuals who make up the population of a branching process. Generally
speaking, a family history fully describes all of the life-cycles, also called life careers, of each
of the conceivable individuals in the entire population. More precisely, a life career of an
individual must encompass, at the minimum, all the necessary and sufficient information about
its random lifelength, its random number of children, and its random childbearing ages. In
particular, Harris observes that family histories often include some redundant information,
especially with respect to offspring that is never born (i.e. realised). However, despite their
redundancy, family histories prove to be very practical building blocks for uniquely determining
a specific family tree of a branching process. Moreover, it is on this space of family histories
that a probability measure underlying the branching process can be fully determined.

In the same way that Harris [Har63] constructed a probability space to underlie the
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rigorous measure theoretic definition of an age-dependent branching process, Crump and Mode
[CM68] also provided a construction of a probability space on which any random function
related to a CMJ process can be defined. Somewhat similarly, but without directly invoking
family histories, Jagers relies on the underlying dynamics of the process to define the probability
space of a CMJ process in Section 2 of [Jag75].

We have observed though that these classical constructions cannot be fully mirrored
and extracted from the literature as such to describe the specific probability space underlying
a TV-CMJ process and more precisely to describe its associated probability measure. On the
one hand, in the classical CMJ process, reproduction laws are i.i.d. and a simple Cartesian
product space can be relied upon, whereas on the other hand, in a TV-CMJ process, the time
dependence implies that the reproduction processes are not i.i.d. anymore and the overall
probability measure needs to be constructed using transition kernels indexed by the time of
birth of parents.

1.2.1 Ulam-Harris-Neveu notations and set of individuals

Let us first describe the population of branching individuals. We denote by U the entire
population of all conceivable individuals (i.e. realised or not), initiated by a unique individual,
the ancestor, denoted 0, whose progeny is labelled using the classical Ulam-Harris-Neveu
notations, originally introduced by Harris [Har63].

We briefly recall this commonly used labelling system by defining N := {1, 2, . . .} and
writing N0 := {0}, so that the ancestor 0 is the unique individual belonging to N0. Children of
the ancestor are then naturally represented by single positive integers (elements of N), while
grandchildren are represented by elements of N2 . . .

More generally, any individual u ∈ U∗ := U \ {0} can be described by a unique n-tuple
(n ∈ N) of positive integers u = ⟨u1u2 . . . un⟩ ∈ Nn, where u is the un-th child of the un−1-th
child . . . of the u1-th child of the ancestor. We say that an individual u ∈ U is realised if it
was ever born. Thus, we will distinguish at times between Nn which represents the set of all
conceivable individuals of length n, and Gn ⊂ Nn which will represent the generation n of
individuals of length n that have actually been born. In other words, a realised individual
u = ⟨u1u2 . . . un⟩ is then said to belong to generation Gn ⊂ Nn, and we write |u| := n, whereas
the set of all conceivable individuals of potential length (ancestry) equal to n is simply Nn.
Note that the ancestor is the only individual in generation 0, which we denote G0 := {0}.

As specified by Jagers and Nerman [JN84], if u = ⟨u1 . . . un⟩ ∈ Nn and v = ⟨v1 . . . vm⟩ ∈
Nm, then, regardless of whether u, v or uv are realised, we write uv = ⟨u1 . . . unv1 . . . vm⟩ for
the (potentially hypothetical) concatenation of both individuals. By convention, we assume
⟨0u⟩ = ⟨u0⟩ = u. Additionally, for any positive integer un+1 ∈ N, and any individual u ∈ Nn,
the un+1-th child of individual u will simply be denoted ⟨uun+1⟩, and we will obviously have
that ⟨uun+1⟩ ∈ Nn+1. In such a case, individual u is called the parent of ⟨uun+1⟩ and ⟨uun+1⟩
is the un+1-th descendant or child of u. This leads us naturally to describe the entire population
of all conceivable individuals as

U :=
∞⋃
n=0

Nn.

A graphic representation of the Ulam-Harris-Neveu notations is shown in figure 1.1.
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Figure 1.1: Graphic illustration of the Ulam-Harris-Neveu indexation of a branching population.
At this stage, we are only depicting how the individuals in their respective generations are
labelled, without accounting for potential differences in lifelengths or childbearing ages. The
labelling scheme shows how the naming of a new offspring simply consists in appending a
new index to the parent’s tuple. For instance, any tuple of the form ⟨u1u2u3⟩ represents an
individual belonging to the third generation.

1.2.2 Family histories

Thus far, we have introduced the population set. But to construct a branching population,
each individual u ∈ U needs to be characterised, at the minimum, by its random lifelength,
represented say by a non-negative real-valued random variable Lu and by its point reproduction
process (ξu(t))t≥0, whose points (τu(k))k∈N are assumed to represent the successive childbearing
ages when its k-th child is born. We will define these quantities more formally in the subsequent
sections of this chapter, but for the moment, let us note that infinite sequences made up of
these previous individual random quantities lead to defining individual family histories or
individual life-careers, which we choose to denote (ωu)u∈U . When practical, if u ∈ Nn, we may
also denote ωu := ωn to emphasise that we are considering the life career of an individual in
Nn. Each ωu is generally defined as an infinite sequence of random lifelengths and childbearing
ages.

Individual life-careers make up family histories which are traditionally considered to
be the building blocks composing any event space of a branching population. Finally, each
family history can be thought of as a realisation of a branching process that leads to a specific
branching tree.

1.2.3 Events space

Here, we try to remain as general as possible and simply start by giving ourselves an
abstract probability space Ω0.



1.2. PROBABILITY SPACE FOR A CMJ PROCESS 27

We assume that the potential life careers ω0 of the ancestor 0 live on Ω0. We associate the
natural sigma-algebra S0 to Ω0. Any given element ω0 ∈ Ω0 must contain sufficient information
to describe the life-cycle of the ancestor.

Moving forward from generation 0, we observe that each of the first-generation individuals,
simply labelled i, where i ∈ N, can be similarly associated with a random sequence ωi in Ω0

that represents a realisation of its own life career. Thus, to describe the life-cycle of each of
the conceivable first-generation individuals in N, we require an identical copy of Ω0. It follows
that the space Ω(1) describing the life-cycle of all conceivable first generation individuals is
given by

Ω(1) := ΩN
0 .

More generally, letting k ∈ N, for each conceivable individual in Nk, another independent copy
of Ω0 is required to represent this individual’s possible life careers. It follows that the events
space related to Nk is

Ω(k) := (Ω0)
Nk
.

By convention, note that for k = 0, we define Ω(0) := Ω0. In parallel, for any k ≥ 1, we endow
the events space Ω(k) with its natural sigma-algebra S(k), which by Appendix A.1.1 is given
by the product

S(k) := (S0)⊗Nk
.

Next, in order to determine the events space related to any individual in the entire population
U , we introduce for any n ∈ N the cumulative product space of events, denoted Ωn, such that

Ωn :=

n∏
k=0

Ω(k).

In other words, Ωn is the events space of family histories associated to all individuals belonging

to
n⋃
k=0

Nk. In contrast, the events space Ω(k) is associated to the set of individuals belonging

strictly to Nk where k ≤ n. (Note that we have already assumed that Ω0 = Ω(0) to ensure
that this definition is consistent with n = 0.)

Again by Appendix A.1.1, the natural product sigma-algebra associated to Ωn is given
by

Sn :=

n⊗
k=0

S(k).

Finally, the entire events space of family histories pertaining to any individual x ∈ U and its
associated natural product sigma-algebra are given by

Ω :=
∞∏
k=0

Ω(k), S :=
∞⊗
k=0

S(k).

An element ω ∈ Ω can be viewed as a countably infinite sequence of nonnegative real numbers
ω = (ωu)u∈U where, in effect, ωu describes the life cycle of an individual u.

We have now set up a measurable space (Ω,S) and we are left with defining a measure
on this space associated to the generalised branching process we wish to consider.
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1.2.4 Product probability measure

To define a measure P in (Ω,S), we first revert to the space (Ω0,S0) associated to the
ancestor 0, for which we assume given a probability measure π0 that describes the distribution
of any event (i.e. family history) ω0 ∈ Ω0. Introduced as such, the probability space (Ω0,S0, π0)
must then support at the minimum a random variable (r.v.) that represents the lifelength of
an individual and also a point process whose points represent a nondecreasing sequence of
childbearing ages. In other words, the space (Ω0,S0, π0), at least, supports the existence of
the following random quantities

1. A real-valued nonnegative r.v. L ≥ 0, such that L(ω0) represents the lifelength of the
ancestor in the realisation ω0. Omitting reference to the random life career ω0, we will
denote by G(t) the cumulative distribution function (CDF) of L such that

G(t) := π0(L ≤ t).

2. A point process (ξ(t))t≥0 whose ordered points, denoted (τ(k;ω0))k∈N, represent a
nondecreasing sequence of random childbearing ages, in other words, the successive
ages of the ancestor 0 when its k-th child is born in the realisation ω0. We define an
associated reproduction process

N : R+ × Ω0 → N
(t;ω0) 7→ N(t;ω0) := #{k ∈ N; τ(k;ω0) ≤ t},

which counts the number of children born by time t ≥ 0 from ancestor 0 in the realisation
ω0. Note that by convention, if the k-th child is never born when considering a given
life career ω0, then we assume that τ(k;ω0) :=∞. Omitting again reference to ω0, the
family of CDFs (Fk(t))k∈N for the ages of childbearing will be denoted

Fk(t) := π0(τ(k) ≤ t).

Remark. Although each ω0 ∈ Ω0 represents a complete development of the family composed of
the ancestor 0 and its descendants, Crump and Mode [CM68] observe that each life career
supports more information than the minimum required. In fact, it is possible that τ(k) > l,
where l is a realisation of L in ω0, in which case the k-th offspring is not realised.

In a classical (i.e. non-time varying) CMJ branching process, individuals reproduce and live
independently. This independence implies that the probability measure associated with (Ω,S)
is simply the Cartesian product of π0 on the population U , that is,

P := (π0)
U ,

and (Ω,S,P) represents the probability space underlying a traditional CMJ process. We
will see in the next section that one has to depart from this construction for the probability
measure of a TV-CMJ process.

1.3 Probability space for a time-varying CMJ

We adapt the previous description of the probability space underlying a traditional
CMJ branching process to a time-varying context. Recall that the distinguishing feature of
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a time-varying CMJ (TV-CMJ) branching process, compared to a classical CMJ branching
process (see e.g. [Jag69a]) relies on the fact that the behaviour of individuals is assumed
calendar-time dependent. This additional assumption brings forth general calendar-time
dependencies to the probability measure that determines such a process, whereby independence
from one generation to the next does not hold any more, compared to the time-invariant case.

Jagers and Nerman [JN84] emphasised that branching populations are traditionally
defined by the almost self-defining property that individual lives must be i.i.d. However, in a
TV-CMJ process, we deviate from this i.i.d. assumption. Let us denote by σ0 ≥ 0 the time of
birth of the ancestor 0, and more generally σu for the time of birth of any other individual
u. The departing assumption of a TV-CMJ compared to a CMJ process is that the time of
birth of a parent is sufficient to fix the probability distributions related to its progeny. This
calendar-time dependence of a TV-CMJ process from one individual to its progeny leads to
the following Markov property: as future individuals depend on the past only through the
time of birth, which we now generally denote σ, of their parent, the conditional distributions
of future individuals given the past individuals and their related information are equal to the
conditional distributions of these future individuals given σ. This Markovian property for the
TV-CMJ branching process will prove repeatedly useful in the following derivations.

In particular, the canonical probabilistic construction in this section provides the neces-
sary foundations for the measure-theoretic arguments used in the subsequent proofs of this
chapter.

1.3.1 Family histories and events space

The construction of the space and its associated sigma-algebra (Ω,S) according to
Section 1.2 still holds for a TV-CMJ branching process, as it is not affected by the times of
birth σ ≥ 0 of the original ancestor and its progeny. However, now the probability measure
must take into account the time-varying element introduced by σ. To do so, we replace π0 of
the previous section by πσ0 to describe the distribution of any event ω0 ∈ Ω0.

Starting with the ancestor 0, similarly to before, the space (Ω0,S0, πσ0 ) must support a
lifelength random variable L and a point process ξ whose ordered points, denoted (τ(k))k∈N,
represent a nondecreasing sequence of random childbearing ages. However, in contrast to the
classical CMJ, the CDF of L must now depend on σ. We denote

Gσ(t) := πσ0 (L ≤ t). (1.1)

Similarly, for all k ∈ N, the CDFs of the childbearing ages must also depend on σ and are
denoted

F σk (t) := πσ0 (τ(k) ≤ t). (1.2)

Remark. Note here importantly that it is not the random variables themselves, i.e. L or τ(k)
that depend on σ but their distributions.
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1.3.2 Recursive conditional probability measures

Recall that in the case of a CMJ branching process whose underlying probability measure
is traditionally invariant in time, we could simply define the probability measure as

P = (π0)
U .

Now, in a TV-CMJ process, due to the assumed continuous dependency of the probability
measure on the time of birth σ of a parent, we cannot simply rely on Cartesian products
to build up the probability measure over the whole space. Instead, we recursively construct
on the cumulative space Ωn, for n ∈ N, a sequence of related probability measures, which
we will denote (Pσn)n∈N, and which will be built as compositions of transition probability
kernels (κσk)k≤n from Ωk to Ω(k+1), for k ≤ n. These kernels allow the bridging of successive
generations.

Remark. In this section, we are mostly interested in how to transition from a parent in Nn to
one of its direct progeny in Nn+1. We will therefore adopt shortened notations for individual
life-careers and family histories. Instead of writing ωu for u ∈ Nn, we may at times and when
relevant write ωn, which can possibly then relate to any individual u ∈ Nn.

Recalling the definition of a probability transition kernel (see Appendix A.1.2), we
proceed by recursion, whereas for n = 0, we first let Ω0 = Ω(0) and

Pσ0 := πσ0 .

Next for any n ≥ 1, we introduce transition probability kernels

κn : (Ωn−1,Sn−1)→ (Ω(n),S(n)),

defined, as we will make more precise below, as countably infinite products of the original
measure πσ0 . For any n ∈ N, we (recursively) index the kernel κn with respect to the times of
birth of individuals belonging to the n-th generation. Indexing is determined by induction
on n ∈ N, for any individual u ∈ Nn, through nonnegative, real-valued, random functions
σu(ωn−1), defined in the event space Ωn−1. These functions, in effect, compute the time of
birth of u.

More precisely starting with n = 1, any first-generation individual labelled i, where
i ∈ N, can be associated with a random function σi(·) defined on Ω0 = Ω(0) that computes the
time of birth of the i-th child of ancestor 0 such that for any ω0 ∈ Ω0,

σi(ω0) := σ + τ(i;ω0).

σi(ω0) is the time of birth of child i in the realisation ω0. Thanks to this formalism, a
first transition probability kernel κσ1 from Ω0 to Ω(1) can be defined as a product over N of
independent measures π·0 over-scripted by the times of birth of i, namely for any A ∈ S(1),

κσ1 (ω0, A) :=
∏
i∈N

π
σi(ω0)
0 (A).

Note that κσ1 (ω0, A) is a measure on S(1). Next, appealing to the definition of kernels composi-
tion (recalled in Appendix A.1.3), we introduce a probability measure Pσ1 on Ω1 = Ω(0) × Ω(1)
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given by

Pσ1 := πσ0 ⊗ κσ1 ,

where the measure πσ0 can be viewed as a probability kernel, and the composition is defined
for any A ∈ S(1) by

Pσ1 (A) := (πσ0 ⊗ κσ1 )(A) =
∫
Ω0

πσ0 (dω0)

∫
Ω(1)

κσ1 (ω0, dω
(1))1A(ω0, ω

(1)).

More generally, for any n ≥ 1 and any u = ⟨u1 . . . un⟩ ∈ Nn, we assume defined on Ωn−1

similar random functions σu(ωn−1), that compute the time of birth of u when ωn−1 is realised.
By induction, the un+1-th child of u, denoted ⟨u1 . . . unun+1⟩ := ⟨uun+1⟩ ∈ Nn+1, is then
naturally associated with a random function σuun+1(·) on Ωn that computes its time of birth
recursively as follows

σuun+1(ωn) = σu(ωn) + τ(un+1;ωn),

where we recall that ωn := ωu and τ(un+1;ωn) is the age of u ∈ Nn when its un+1-th child is
born (realised or not).

Note that we slightly abused notations here as the function σu is originally only defined
on Ωn−1 and therefore when we write, σu(ωn) the realisation ωn must correspond to the
restriction of ωn in Ωn−1. Finally

However, note that if the un+1-th child is not realised, we have by construction
τ(un+1;ωn) := ∞, which implies that any unrealised child will also be associated with
an infinite time of birth.

Remark. Although the functions σu(·) have so far been defined in Ωn for n ≥ 1 and u ∈ Nn,
we observe that we could extend their definition to n = 0 and therefore to the ancestor 0, by
introducing the (non-random) constant function σ0(ω0) := σ.

We now return to the construction of the probability transition kernels and proceed
identically to the case n = 1. In particular, we use the previously defined random functions
σu(·) as upper-script indices for the product of measures π·0. We recursively define a kernel
κn : Ωn−1 → Ω(n) as a product of independent measures, such as for any A(n) ∈ S(n),

κσn(ωn−1, A
(n)) =

∏
u∈Nn

π
σu(ωn−1)
0 (A(n)).

Using once again the result on kernels composition [Kal17, Ch.I p.33], we define recursively a
probability measure Pσn on Ωn

Pσn := Pσn−1 ⊗ κσn,

which is given for any An ∈ Sn by

Pσn(An) =
∫
Ωn−1

Pσn−1(dωn−1)

∫
Ω(n)

κσn(ωn−1, dω
(n))1An(ωn−1, ω

(n)).
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Observe that we could equally write

Pσn = πσ0 ⊗
n⊗
k=1

κσk .

Recall that the probability distribution πσ0 in Ω0 has been assumed to support, for any ω0 ∈ Ω0,
the random quantities L(ω0), and τ(k;ω0), from which the reproduction process N(t;ω0) could
then be inferred. More generally now, for any n ∈ N, the sequence of probability measures Pσn
defined in Ωn by the above construction will also support, at the minimum, for any individual
u ∈ U , with a life-career ωu, the lifelength r.v. L(ωu) and the nondecreasing sequence of
childbearing ages (τ(k;ωu))k∈N. The reproduction point process (N(t;ωu))t≥0 will then be
similarly inferred.

In a final step, we need to extend the sequence of probability measures (Pσn)n∈N to the
whole space Ω =

∏
k≥0 Ω

(k). To do this, we rely on the Ionescu-Tulcea theorem (see Appendix
A.1.3) which was originally proven by Ionescu [Ion49], and more recently detailed by Neveu
[NFF65, Prop V.I.I p.162] and Pollard [Pol02, th. 49 p.101]. Typically, in a context where
probability events are dependent, the Ionescu-Tulcea theorem can be invoked to ensure that
not only the limiting probability measure Pσ exists on Ω, but is also consistent with the
sequence of conditional probability measures Pσn on each of the Ω(n) making up Ω. In other
words, Ionescu-Tulcea guarantees the existence of a probability measure Pσ on Ω such that for
any An ∈ Sn,

Pσ(An ×
∞∏

k=n+1

Ω(k)) := Pσn(An).

1.4 Counting by random characteristics

1.4.1 Formal definition of a time-varying CMJ branching process

In the previous section, we have defined the probability space (Ω,S,Pσ) and, in particular,
it was observed that the time dependence is accounted for through the construction of the
probability measure Pσ. We now closely follow and adapt the formalism introduced by Jagers
[Jag75] for a CMJ to define a TV-CMJ branching process underlined by the probability space
(Ω,S,Pσ).

Jagers [Jag75] notes that generalised branching processes rely on the idea of counting
individuals along stochastic characteristics whose values depend on individual properties. In
this context, a random characteristic is defined as follows:

Definition 1.4.1 (Random characteristic). A random characteristic is any real-valued, non-
negative random process (χ(t, ω))t∈R+ , measurable with respect to the sigma-algebra B+ × S,
where B+ is the sigma-algebra associated with R+. Furthermore, the paths of (χ(·, ω)t∈R+ are
assumed to be right-continuous with left-limits (càdlàg).

Remark (Normalisation). Given that the realisations of the paths χ(t, ω) have to be bounded and
are used for counting, we will naturally always assume that χ(t, ω) is normalised, i.e. χ(t, ω) ∈
[0, 1], ∀t ≥ 0, and ω ∈ Ω.

Next, we introduce for any individual u ∈ U a translation operator Su : Ω→ Ω, called



1.4. COUNTING BY RANDOM CHARACTERISTICS 33

Figure 1.2: Realisation of a TV-CMJ process

by Jagers [Jag75] the daughter process of u, and which in effect renders u the possible ancestor
of any element in Ω. It could also be said that the process Su gives roots to any element of Ω
with individual u. More precisely, Su is a map that transforms any sequence of conceivable
events (ωv; v ∈ U) into the shifted sequence (ωuv; v ∈ U) of potential events. Then, composing
the daughter process Sx with a random characteristic χ(t, ·) naturally leads to an individual
characteristic pertaining to x

χu(t, ωu) := χ ◦ Su(t, ω). (1.3)

The individual random characteristic χu(t, ωu) will now be denoted χ(t), thus omitting
references to u ∈ U and to ωu ∈ Ω.

Definition 1.4.2 (TV-CMJ branching process). Let (Ω,S,Pσ) be the probability space
constructed in Section 1.3 and let (χ(t; ·))t≥0 be a random characteristic according to definition
1.4.1, whose individual version (χu(t, ·))t≥0 for any u ∈ U is given by the composition in
equation (1.3). Omitting references to ω ∈ Ω, a time-varying generalised branching process,
Zχ(t;σ) counted by the random characteristic χ(t), also called a time-varying Crump-Mode-
Jagers branching process (TV-CMJ), is defined as

Zχ(t;σ) :=
∑
u∈U

χu(t− σu), t ∈ R+.

Observe that this infinite sum is always well-defined (i.e. it corresponds to the sum of a
finite number of contributions related to individuals u ∈ U whose times of birth σu happen to
be finite).

As an example, Figure 1.2 provides a possible realisation of a TV-CMJ branching process.

Remark. From now on, unless necessary and for clarity purposes, we will omit any reference
to ω when we manipulate any of the random functions, such as times of birth, random
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characteristics, childbearing ages, or reproduction process. In particular, we will denote
σu := σu(ω), and τ(k) := τ(k;ω).

Note also that for any u = (u1 . . . un) ∈ Nn, the time of birth σu of individual u depends
inductively on the time of birth σ of the ancestor 0 and on the successive childbearing ages as
follows

σu1...un = σ + τ(u1) + τ(u1u2) + . . .+ τ(u1 . . . un).

In addition, we will introduce the time-varying reproduction number as the expectation of the
reproduction point process,

R : R+ × R+ → R+

(t;σ) 7→ R(t;σ) := Eσ(ξ(t)),

and the counting reproduction process as

N : R+ → R+

t 7→ N(t) := #{k ∈ N; τ(k) ≤ t}.

Finally, we define the expected reproduction process as

Λ : R+ × R+ → R+

(t;σ) 7→ Λ(t;σ) := Eσ (N(t)) , (1.4)

which will play an important role in the derivation of integral equations describing the dynamics
of the branching process.

1.4.2 Examples of applications in epidemiology

Depending on the choice of the random characteristic χ(t), the resulting branching
process Zχ(t;σ) may account for different quantities of interest. We give here two specific
examples which have a very direct interpretation in the context of infectious disease modelling.
In this section, we thus use a lexicon belonging to the field of epidemiology and we call
individuals of a branching population infectious cases.

Prevalence

Prevalence in epidemiology is defined as the expected number of infectious cases present
in an outbreak at any given time point. We assume that a TV-CMJ branching process is used
to model the dynamics of an infectious disease. Then we observe that an infectious case u ∈ U
is present at time t ≥ 0 if it has already appeared but has not yet been eradicated, i.e. if

σu ≤ t < σu + L.

We take as individual characteristic the indicator function (where t− σu is in effect the age of
case u at t) given by

χpru (t− σu) :=

{
1, if 0 ≤ t− σu < L,

0, otherwise.
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This random characteristic determines the following generalised TV-CMJ process

Zpr(t;σ) =
∑
u∈U

χpru (t− σu) =
∑
x∈U

1[0,L)(t− σu).

The process Zpr(t;σ) accounts for the number of cases currently infectious at time t ≥ 0.
In the particular context of infectious disease modelling or more generally epidemiology, the
expectation of such a process is called prevalence, which we denote here

Pr(t;σ) := Eσ(Zpr(t;σ)).

It corresponds to the expected number of individuals alive at time t ≥ 0 in the TV-CMJ
branching process.

Cumulative incidence

We now define another commonly used individual characteristic which leads to accounting
for the cumulative number of births up to a certain time t ≥ 0 when considering a TV-CMJ
branching process. It is described by the indicator function

χBu (t− σu) :=

{
1, if σu ≤ t,
0, otherwise.

(1.5)

The associated process counted by random characteristic is given by

ZB(t;σ) =
∑
u∈U

χBu (t− σu) =
∑
u∈U

1[0,∞)(t− σu).

From the perspective of an infectious disease, this process records the number of infectious
cases that have ever appeared up to time t ≥ 0. In epidemiology, taking the expectation of
such a process would correspond to considering cumulative incidence which we denote

B(t;σ) := Eσ(ZB(t;σ)).

As the characteristic function χ(t) is normalised in [0, 1], the process B(t;σ) represents in
effect the largest observable quantity when counting individuals by random characteristic and
in particular will serve to define a regular TV-CMJ process (non-explosion in finite time).

If, on the one hand, the choice of random characteristic χ(t) specifies the observable
quantities in relation to a certain type of TV-CMJ process, then, on the other hand, the
respective choices of probability measures for the lifelength r.v. and for the childbearing
ages allow us in turn to determine the type of branching process we wish to consider. In
particular, in the next section, specifying the properties of the lifelength distributions and/or
of the reproduction process allows us to present two examples of TV-CMJ branching processes,
extended from their well-known time-invariant cases which have proved popular and practical
in the literature.

1.4.3 Time-varying Bellman Harris branching process

In the classical Bellman-Harris (BH) branching process, originally fully described in
[Har63], individuals can only give birth at the time of death. We describe here the time-varying
extension of this commonly used model of branching process. Note that despite (or maybe
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because of) the apparently simplifying assumption that births can only occur at times of death,
we have to depart slightly from the general exposition proposed above of a TV-CMJ process.

In fact, recall that in the construction of the probability space in Section 1.3, a prespecified
probability measure πσ0 is assumed to support at the minimum the lifelength r.v. L and a point
process (ξ(t))t≥0, whose points represent the sequence of childbearing ages (τ(k))k∈N. However,
in a BH process, the childbearing ages are trivially equal by construction to σ + L, where σ
is the time of birth of the mother. Therefore, it seems redundant to rely on the distribution
of childbearing ages to specify a TV-BH branching process, as this latter distribution can be
inferred from the lifelength distribution.

Thus, in order to describe the reproduction process in a TV-BH process, we depart from
the description given by (1.1) and (1.2), and instead rely on an integer valued, exogenous
(e.g. possibly environmental) point process ξBH(t), defined on R+. This reproduction point
process ξBH(t) does not depend on L, and its distribution, assumed independent on σ, is
described by a probability mass function (pmf) given for any k ∈ N by

Pσ(ξBH(t) = k) := qt(k).

The process (ξBH(t))t≥0 is not observable at any time t ≥ 0, but it is, however, observable
at any time of death of the form σ + L. The definition of the counting reproduction process
NBH(t) associated with the TV-BH follows for any t ≥ 0,

NBH(t) = ξBH(σ + L)1t≥σ+L.

Similarly to the TV-CMJ, we define the expected reproduction process ΛBH(t;σ) = Eσ(NBH(t))
and the time-varying reproduction number R(t) := Eσ (ξBH(t)) . Recalling the independence
of the process ξBH(t) with σ, observe here that the reproduction number R(t), despite being
measured with the probability Pσ, is in effect independent of σ. In fact, we can also rewrite
the reproduction number as a function of the pmf of the point process ξBH(t) such that for
any t ≥ 0,

R(t) =
∞∑
k=0

kqt(k).

Remark. Whereas the dynamics of a TV-CMJ process is specified by the lifelength random
variable L and the sequence of childbearing ages (τ(k))k∈N, the dynamics of a TV-BH process
is instead specified by L and a point process ξBH(t) observable at times σ + L. However,
childbearing ages (whose binary values, depending on whether an individual is ever born or
not, are given by L or ∞) can be recovered from the point process as follows

τ(k) :=

{
L, if k ≤ ξBH(σ + L),

∞, if k > ξBH(σ + L).

To end this section, we derive a relationship between the expected reproduction process
ΛBH(t;σ) and the time-varying reproduction number R(t) that is particular to a TV-BH
process. This formula will prove useful in the following sections.

Lemma 1.4.1. In a TV-BH branching process, the expected reproduction process Λ(t;σ) is
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the convolution of the time-varying reproduction number R(·) with the lifelength CDF Gσ(·).

ΛBH(t;σ) =

∫ t

σ
R(s)dGσ(s− σ).

Proof. We write, successively using the Total Law of Probability and the independence of
ξBH(t) and L,

ΛBH(t;σ) = Eσ(NBH(σ; t)),

= Eσ(ξBH(σ + L)1t≥σ+L),

= Eσ
(
Eσ
(
ξBH(σ + L) | L

)
1t≥σ+L

)
,

= Eσ
(
Eσ
(
ξBH(σ + l)l=L

)
1t≥σ+L

)
,

=

∫ t−σ

0
R(σ + s)dGσ(s).

Example (TV-BH with a Poisson reproduction point process). Finally, as a practical and
useful example of the TV-BH branching process, observe that we can assume that the discrete
reproduction pmf is described by a Poisson distribution, with parameter R(t). In this case, we
have qt(k) ∼ PoissonR(t)(k).

1.4.4 Time-varying inhomogeneous Poisson branching process

The TV-BH branching process presented in the previous section lacks in realism as, most
often, we need to model populations whose individuals give birth at various times during their
lives. With this lack of realism in mind, in this section, following [Pak+23], we aim to define a
time-varying model of branching process which, in particular, is more adapted to realistically
describe an infectious disease propagation, where individuals (i.e. infectious cases) reproduce
randomly throughout their lifetime.

As in equation (1.1), we still assume given a nonnegative real-valued lifelength r.v. L
and its CDF Gσ(t). Here, similarly to how we proceeded to specify the TV-BH process, we
will also determine the reproduction process rather than the distribution of childbearing ages
as in (1.2). To that effect, we introduce two nonnegative real-valued functions which will bring
flexibility to model separately on the one hand, the population-level, and on the other hand,
the individual-level characteristics of the process. More precisely, we introduce

• a nonnegative measurable real-valued function t 7→ ρ(t), defined on R+, whose purpose
is to model the population-level variation in transmissibility, and

• another nonnegative measurable real-valued function t 7→ k(t) defined on R+, whose aim
is to model how individual-level infectiousness varies over time.

In turn, for t ≥ σ, the quantity defined as

rσ(t) := ρ(t)k(t− σ)
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can be interpreted as the infinitesimal rate at time t of new individuals (e.g. infectious cases)
generated by a single individual originally born (e.g. infected) at time σ.

Finally, we introduce the unit rate homogeneous Poisson process denoted (Φ(t))t≥0

which is assumed here to be independent of the lifetime random variable L. We now define
the reproduction process NIP (t;σ) as

NIP (t;σ) :=

Φ
( ∫ t

0 ρ(s+ σ)k(s)ds
)
, t < L,

Φ
( ∫ L

0 ρ(s+ σ)k(s)ds
)
, t ≥ L.

(1.6)

Then it can be said that the so defined counting process NIP (t;σ) and the lifelength random
variable L, together fully determine a time-varying Inhomogeneous Poisson (TV-IP) process.
This process can usefully be applied in the context of infectious disease modelling, whereby
individuals can give birth at random points during their lifetime according to a Poisson process,
whose time-varying rate depends both on a population-level factor of transmissibility and on
an individual level of infectiousness.

1.5 Regularity conditions

Let us first recall the general definition of a regular branching process.

Definition 1.5.1 (Regular branching process). A branching process (Z(t; ·)t≥0 defined on a
probability space (Ω,Σ,P) is said to be regular if it does not explode in finite time almost
surely (a.s.), in other words if for any realisation ω ∈ Ω,

P(Z(t;ω) <∞) = 1, for all 0 ≤ t <∞.

In this section, sufficient conditions are determined to ensure more specifically that a
TV-CMJ branching process (Zχ(t; ·))t≥0 defined as per section 1.4 on the space (Ω,Σ,Pσ)
is regular. Based on the above definition, we want to guarantee the well-definiteness of the
TV-CMJ process through the following condition

Pσ(Zχ(t;ω) <∞) = 1, for all 0 ≤ t <∞, ω ∈ Ω.

1.5.1 Classical regular CMJ branching process

Crump and Mode provide a definition of a regular generalised CMJ branching process
Zχ(t) defined on a probability space (Ω,P), in the traditional case where P does not depend on
the time of birth σ of the ancestor. Their definition of regularity involves the largest possible
quantity counted by individual characteristic, namely the one associated with the random
characteristic χB(t) := 1[σ,∞)(t) introduced in equation (1.5), which records the total number
of individuals ZB(t) that have cumulatively been born by time t ≥ 0.

Definition 1.5.2 (Regular CMJ process [CM68]). A generalised branching process Zχ(t),
associated with any individual characteristic χ(t), and defined in a probability space (Ω,P), is
called regular if

P
(
ZB(t) <∞

)
= 1, ∀ t ≥ 0,
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where ZB(t) =
∑
u∈U

1[0,∞)(t − σu) represents the cumulative number of individuals born by

time t ≥ 0. L is the lifelength random variable and σu is the time of birth of individual x in
the population U .

Remark. Note that to show regularity (non-explosion in finite time) of a TV-CMJ process
on (Ω,S,Pσ), it suffices in our case to show that E(ZB(t)) < ∞. Indeed, recall that the
process is nonnegative. If we were to assume (by contradiction) that P(ZB(t) < ∞) < 1,
then there would exist a subset A ⊂ Ω of strictly positive measure on which ZB(t) = ∞.
By the non-negativity of the process, we would then deduce that E(ZB(t)) = ∞. Thus if
E(ZB(t)) <∞ then P(ZB(t) <∞) = 1. In effect, it can be said that although L1 convergence
does not necessarily imply a.s. convergence, the conclusion is different when it comes to
finiteness. In fact, the finiteness of the expectation is sufficient to deduce a.s. finiteness.
Consequently, and also as the proof seems easier to handle, rather than trying to prove
directly that P

(
ZB(t) <∞

)
= 1, ∀ t ≥ 0, we will show instead that E(ZB(t)) <∞ to ensure

non-explosion in finite time.

Now recall that Crump and Mode [CM68] define the expectation of the reproduction
process under a time-invariant probability measure P for a CMJ branching process as Λ(t) :=
E (N(t)) , t ≥ 0, and the authors prove that it is sufficient to assume that

∀ t ≥ 0, Λ(t) <∞ and Λ(0) < 1, (1.7)

to ensure regularity of a CMJ process.

In parallel, but in the more specific context of a BH process, Sevast’yanov [Sev67]
introduces another regularity condition based on the generating function of the process. Recall
that the latter is defined for t ∈ [0,∞) and s ∈ (−1, 1) by

F (t; s) :=
∞∑
n=0

P
(
ZPr(t) = n

)
sn.

Denoting F (t; 1) := lim
s↑1

F (t; s), Sevast’yanov [Sev67] calls a BH branching process regular if

the generating function verifies the following condition

F (t; 1) = 1. (1.8)

Although these respective regularity conditions (1.7) and (1.8) may seem slightly different at
first glance, it can be easily checked that in their respective contexts (i.e. classical CMJ or
BH), they are equivalent to each other. Indeed, Sevast’yanov’s condition (1.8) is equivalent to
assuming that

ZPr(t) <∞ a.s. t ≥ 0.

But in the specific case of a BH process, where individuals give birth at time of death, the
above condition is itself equivalent to

ZB(t) <∞ a.s. t ≥ 0,

which is exactly the condition provided by Crump and Mode.

Remark (Probability of explosion). Noting that it is always true that F (t; 1) ≤ 1, then when
F (t; 1) < 1, the positive quantity q(t) := 1− F (t; 1) > 0 can be interpreted as the probability
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of explosion, in which event infinitely many particles are a.s. generated in a finite time interval.

1.5.2 Time-varying CMJ branching process

We rely on the previous definition of a regular CMJ process to obtain sufficient regularity
conditions for a TV-CMJ branching process. However, the proof of [CM68, Th.4.1] establishing
sufficient regularity conditions for a CMJ branching process is not directly adaptable to a
TV-CMJ process. In fact, a direct adaptation of the proof of [CM68, Th.4.1] would involve
invoking the independence of random childbearing ages, whereas this independence does not
hold any more in the time-varying case, since we need to account for the fact that the behaviour
of any offspring depends on the time of birth of its parent.

Despite the fact that the regularity conditions found in [CM68] cannot be directly
adapted to the time-varying case, we have found that we can nevertheless adapt the regularity
proof of Edler [Edl78, Th.2.1], who happens to treat the case of generation-dependent CMJ
processes and who also eventually relies on [CM68, Lemma 4.1 and 4.2].

To do so, we introduce a notation similar to [CM68] and [Edl78], albeit adapted to
the time-varying case. Consider an individual u = (u1 . . . un) ∈ Nn. Recall that σu1...un
represents its time of birth, and for any t ≥ 0 and k ∈ N the CDFs of the childbearing ages
F σk (t) := Pσ

(
τ(k) ≤ t

)
were defined in equation (1.2). We introduce a set of assumptions that

will prove sufficient to ensure regularity.

Assumptions (Sufficient regularity conditions for a TV-CMJ branching process).

(R-1) For any k ∈ N, there exists a CDF defined on R+, independent of σ, given by t 7→ F̃k(t),
and which upper-bounds F σk (t) for any σ, t ≥ 0. In other words F̃k(t) is a nondecreasing,
right-continuous function such that F̃k(0) = 1, lim

t→∞
F̃k(t) = 1, and

F σk (t) ≤ F̃k(t), ∀ σ, t ≥ 0.

(R-2) Given (R-1), there exists a nonnegative real-valued, nondecreasing, right-continuous
function t 7→ Λ̃(t), defined on R+, such that Λ̃(0) < 1, Λ̃(t) <∞, for t ≥ 0 and

∞∑
k=1

F̃k(t) ≤ Λ̃(t), t ≥ 0.

Before showing that conditions (R-1) and (R-2) are sufficient to ensure that a TV-CMJ
branching process is regular, we prove the following intermediary lemma.

Lemma 1.5.1. Assume condition (R-1) holds. Consider an individual u = ⟨u1, . . . , uk⟩ ∈
Nk, k ∈ N and let σu1...uk denote its random time of birth. Then there exist k nondecreasing,
right-continuous functions denoted (F̃uj )j=1,...,k, independent of σ, such that for any σ ≥ 0 and
t ≥ 0

Pσ(σu1...uk ≤ t) ≤ F̃u1 ∗ . . . ∗ F̃uk(t), (1.9)

where the operator ∗ is the convolution operator defined such that for any real-valued non-
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negative Lebesgue measurable functions f, g we have

f ∗ g(t) :=
∫ t

0
f(s)g(t− s)ds.

Proof. Take any σ ≥ 0. We prove by induction on k ∈ N that, under assumption (R-1),
inequality (1.9) holds. Let us first show that it holds for k = 1. Indeed, observe that

Pσ(σu1 ≤ t) = Pσ(σ + τ(u1) ≤ t),
= Pσ(τ(u1) ≤ t− σ),
= F σu1(t− σ),
≤ F σu1(t),

where t 7→ F σu1(t) := Pσ(τ(u1) ≤ t) is non-decreasing. However, thanks to assumption (R-1),
we know that there exists a CDF F̃u1(t) independent of σ such that

F σu1(t) ≤ F̃u1(t).

We therefore have shown that

Pσ(σu1 ≤ t) ≤ F̃u1(t),

which is the inequality we wished to prove at rank k = 1. Classically we now assume that
inequality (1.9) holds at rank k − 1. Recalling the simple relationship between times of
birth and childbearing ages, i.e. σu1...uk = σu1...uk−1

+ τ(uk), and applying the Law of Total
Probability, we get

Pσ(σu1...uk ≤ t) = Pσ(σu1...uk−1
+ τ(uk) ≤ t),

=

∫
R+

Pσ(τ(uk) ≤ t− y | y = σu1...uk−1
)dPσ(y). (1.10)

Considering a TV-CMJ process initiated by an individual born at time σu1...uk−1
, the self-

similarity property of the branching process allows us to write

Pσ(τ(uk) ≤ t− y | y = σu1...uk−1
) = Pσu1...uk−1 (τ(uk) ≤ t− y) =: F

σu1...uk−1
uk (t− y), (1.11)

where, on the right-hand side above, we recognised the CDF F
σu1...uk−1
uk (t) of the childbearing

age of the ancestor born at time σu1...uk−1
. Next, given that Assumption (R-1) is valid for any

σ ≥ 0, we deduce that there exists another CDF F̃uk(t) independent of σu1...uk−1
such that

F
σu1...uk−1
uk (t) ≤ F̃uk(t), ∀t ≥ 0. (1.12)

Combining (1.10),(1.11) and (1.12), we obtain

Pσ(σu1...uk ≤ t) ≤
∫
R+

F̃uk(t− y)dP
σ(y).

We now apply the induction hypothesis at rank k− 1 that tells us that there exist k− 1 CDFs,
namely F̃u1 , . . . , F̃uk−1

(t) such that

Pσ(σu1...uk−1
≤ t) ≤ F̃u1 ⋆ . . . ⋆ F̃uk−1

(t).
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This inequality can be interpreted as a first-order stochastic dominance between CDFs. We
can then apply Lemma (A.2.1) given that the function y 7→ F̃uk(t− y) is non-increasing, i.e.∫

R+

F̃uk(t− y)dP
σ(y) ≤

∫
R+

F̃uk(t− y)d
(
F̃u1 ⋆ . . . ⋆ F̃uk−1

)
(y).

This latter inequality corresponds exactly to the desired result

Pσ(σu1...uk ≤ t) ≤ F̃u1 ⋆ . . . F̃uk(t).

We now apply the intermediary result provided by Lemma 1.5.1 to prove that assumptions
(R-1) and (R-2) are sufficient to ensure that a TV-CMJ is well defined, in other words, that
the process a.s. does not explode in finite time. More formally,

Proposition 1.1. Let Zχ(t;σ) be a TV-CMJ process. Assume that conditions (R-1) and
(R-2) are satisfied. Then Zχ(t;σ) is regular.

Proof. Here we adapt simultaneously the regularity proofs of Crump and Mode [CM68] (their
Lemma 4.1 and its proof are transcribed in Appendix A.5.1) and have also found inspiration
from Edler [Edl78, Th.2.1]. Returning to the definition of regularity, we need to show that,
when we take χ(t) = B(t), which is the random characteristic defined in Section 1.4.2 that
leads to cumulative incidence, then Pσ(ZB(t;σ) <∞) = 1.

We consider an individual u = (u1 . . . uk), whose time of birth is denoted σu := σu1...uk .
The characteristic function χBu (t;σu) := 1σu≤t determines whether individual x has been born
by time t ≥ 0. We define the process counting the number of individuals born up to time t ≥ 0
as ZB(t;σ) =

∑
u∈U χ

B
u (t;σu), and compute its expectation

Eσ
(
ZB(t;σ)

)
=
∑
u∈U

Eσ
(
1σu≤t

)
,

=
∑
u∈U

Pσ(σu ≤ t),

= 1 +
∞∑
k=1

∞∑
u1=1

. . .
∞∑

uk=1

Pσ
(
σu1...uk ≤ t

)
.

Assumption (R-1) holds, therefore we can apply Lemma 1.5.1 and obtain a first upper-bound,
independent of σ

Eσ
(
ZB(t;σ)

)
≤ 1 +

∞∑
k=1

∞∑
u1=1

. . .

∞∑
uk=1

F̃u1 ∗ F̃u2 ∗ . . . ∗ F̃uk(t).

Finally, condition (R-2) gives us a second upper-bound

Eσ
(
ZB(t;σ)

)
≤ 1 +

∞∑
k=1

Λ̃k∗(t),

where Λ̃k∗(t) represents the k-th convolution of Λ̃(t) with itself. This inequality has led us
back to the (non-time-varying) classical CMJ process treated by Crump and Mode [CM68].
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The last step of the proof is similar to their proof of regularity [CM68, Th 4.1.] and consists of
applying directly [CM68, Lemma 4.1 ] to Λ̃(t). We thus obtain

∞∑
k=1

Λ̃k∗(t) <∞,

which implies that Eσ
(
ZB(t;σ)

)
<∞, i.e. a sufficient condition of non-explosion.

Remark. Observe that in effect the above proof relies on a simple technique by which the TV-
CMJ process is upper-bounded by a non-time-varying process, which itself satisfies sufficient
regularity conditions.

From now on, even if not systematically mentioned, conditions (R-1) and (R-2) will be
assumed to hold to ensure that the TV-CMJ branching process under consideration is regular.

1.5.3 Time-varying Bellman-Harris branching process

We first briefly recall for clarity of exposition the basic properties of a TV-BH process
introduced in Section 1.4.3. The number of children born from each individual in a TV-BH
process is quantified by an exogenous point process (ξBH(t))t≥0, observable at times of death
determined by σ+L. This point reproduction process is itself determined by a pmf (qt(k))k∈N,
independent of σ, defined by Pσ (ξBH(t) = k) = qt(k). Finally, we recall that L and ξBH(t) are
independent of each other.

As already observed, childbearing ages are equal to σ + L. Consequently, imposing a
specific regularity assumption in relation to their CDFs as in (R-1) would in effect be equivalent
to making another assumption for the CDF Gσ(t) of the lifelength r.v. which is the raison-d’etre
of (R-2). To adapt to this specificity, our first assumption here relates more directly to the
reproduction process ξBH(t).

Assumption (Sufficient regularity conditions for a TV-BH process).

(BH-1) For any k ∈ N and t ≥ 0, the function t 7→ F̃k(t) defined on R+ as

F̃k(t) = sup
σ≥0

Eσ
(
1L≤tPσ

(
ξBH(σ + l) ≥ k

)
l=L

)
has the properties of a CDF.

(BH-2) There exists a nonnegative real-valued, nondecreasing, and right-continuous function
G̃(t), independent of σ, such that G̃(0) < 1, G̃(t) <∞ for any t ≥ 0 and

Gσ(t) ≤ G̃(t), t ≥ 0.

Remark (Non-explosion at t = 0). Note that (BH-2) implies that Gσ(0) ≤ G̃(0) < 1 and,
therefore, given that L is nonnegative, Pσ(L ≤ 0) = Pσ(L = 0) < 1, that is Pσ(L = 0) ̸= 1.

Lemma 1.5.2. A TV-BH branching process verifying conditions (BH-1) and (BH-2) is regular.

Proof. Recall that τ(k) = L if ξBH(σ+L) ≥ k, and otherwise τ(k) =∞ by convention. Thus,
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it is very direct to verify that

Fk(t) = Pσ(τ(k) ≤ t) = Eσ (1L≤tPσ(ξBH(σ + L) ≥ k)) (1.13)

≤ sup
σ≥0

Eσ
(
1L≤tPσ

(
ξBH(σ + l) ≥ k

)
l=L

)
=: F̃k(t), (1.14)

which guarantees that condition (R-1) is satisfied. Then, recalling the notation of the pmf
qt(k) := Pσ(ξBH(t) = k), in order to verify (R-2), we write successively

∞∑
k=0

F̃k(t) =
∞∑
k=0

sup
σ≥0

Eσ
(
1L≤tPσ

(
ξBH(σ + l) ≥ k

)
l=L

)
,

≤ sup
σ≥0

Eσ
(
1L≤t

∞∑
k=0

Pσ
(
ξBH(σ + l) ≥ k

)
l=L

)
,

≤ sup
σ≥0

Eσ
(
1L≤t

∞∑
k=0

kPσ
(
ξBH(σ + l) = k

)
l=L

)
,

≤ Gσ(t)
∞∑
k=0

kqt(k),

≤ G̃(t),

where we applied Tonelli’s theorem in the second line and (BH-2) in the last inequality.

It now suffices to define Λ̃(t) := G̃(t) which is a real-valued, nonnegative, nondecreasing,
right-continuous function defined on R+, such that Λ̃(0) < 1, and for any t ≥ 0, Λ̃(t) <∞, and

∞∑
k=1

F̃k(t) ≤ Λ̃(t).

Thus, (R-2) is satisfied and we can conclude that a TV-BH branching process under assumptions
(BH-1) and (BH-2) also verifies (R-1) and (R-2) and therefore, by Theorem 1.1, such a TV-BH
process is regular.

1.5.4 Time-varying Inhomogeneous Poisson branching process

For any t ≥ 0, let Φ(t) represent the unit rate homogeneous Poisson process. Recall
the definition of the reproduction process NIP (t) of a time-varying inhomogeneous Poisson
branching process as per equation (1.6)

NIP (t;σ) :=

Φ
( ∫ t

0 ρ(s+ σ)k(s)ds
)
, t < L,

Φ
( ∫ L

0 ρ(s+ σ)k(s)ds
)
, t ≥ L.

We introduce the following two conditions that will prove to be sufficient for such a process to
not explode in finite time almost surely.

Assumptions (Sufficient regularity conditions for a TV-IP branching process).
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(IP-1) The transmissibility function t 7→ ρ(t) is bounded on R+, i.e. there exists a nonnegative
finite real-valued constant ρ ∈ [0,∞) such that

ρ := sup
t≥0

ρ(t) <∞,

(IP-2) The function t 7→ k(t) representing individual infectiousness is bounded on R+, i.e. there
exists a nonnegative finite real-valued constant k ∈ [0,∞) such that

k := sup
t≥0

k(t) <∞.

We then define
R := ρk <∞,

and introduce a linear-time-changed Poisson process based on the unit rate homogeneous
Poisson process such that

Φ(t) := Φ(Rt).

We now observe that we can simply upper-bound the expected reproduction process ΛIP (t;σ)
of a TV-IP branching process by appealing to the independence of the lifelength random
variable L with the unite rate Φ(t). Indeed, we get

ΛIP (t;σ) = Eσ (NIP (t)) ,

= Eσ
(
Φ
(∫ t

0
ρ(u+ σ)k(u)du

)
1{t<L}

)
+ Eσ

(
Φ
(∫ L

0
ρ(u+ σ)k(u)du

)
1{t≥L}

)
,

≤ Eσ
(
Φ
(∫ t

0
ρ(u+ σ)k(u)du

)
1{t<L}

)
+ Eσ

(
Φ
(∫ t

0
ρ(u+ σ)k(u)du

)
1{t≥L}

)
,

≤ Eσ
(
Φ
(∫ t

0
ρ(u+ σ)k(u)du

))
,

≤ Eσ
(
Φ(Rt)

)
= Eσ

(
Φ(t)

)
.

Let us now consider a simple homogeneous Poisson process Φ(t) = Φ(Rt) with time-invariant
rate R and a branching process whose reproduction process is given by Φ(t). Such a branching
process with homogeneous rate is known to be regular. However, in addition, observing that
that Φ(t) is a nondecreasing function, we deduce that the intensity given by Φ(t) upper bounds
the intensity of a TV-IP branching process whose reproduction process is NIP (t;σ). Therefore,
regularity of this dominating time-invariant process ensures regularity of the TV-IP branching
process.

Now that the regularity conditions for a TV-IP branching process have been clarified, we
can give a more precise expression for the associated expected reproduction process ΛIP (t;σ),
although to do so, we need to add another condition with respect to the existence of a density
of the lifelength CDF.

Assumption (Additional assumption for the CDF in a TV-IP case).

(G-density) The CDF Gσ(t) of the lifelength random variable admits a measurable density
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gσ(t) such that

Gσ(t) =

∫ t

0
gσ(u)du, t ≥ 0.

Lemma 1.5.3. Assume condition (G-density) holds as well as regularity conditions (IP-1)
and (IP-2). Then the expected reproduction process of a regular TV-IP branching process is
given by

ΛIP (t;σ) =

∫ t

0
ρ(v + σ)k(v)G

σ
(v)dv,

where Gσ(t) := 1−Gσ(t) represents the survival function.

Proof. Recall

ΛIP (t;σ) = Eσ
(
Φ
(∫ t

0
ρ(v + σ)k(v)dv

)
1{t<L}

)
+ Eσ

(
Φ
(∫ L

0
ρ(v + σ)k(v)dv

)
1{t≥L}

)
.

(1.15)

We rewrite the first term on the right-hand side above by relying on the independence between
the unit rate homogeneous Poisson process Φ(t)t≥0 and the lifelength r.v. L. Indeed,

Eσ
(
Φ
(∫ t

0
ρ(v + σ)k(v)dv

)
1{t<L}

)
= Eσ

(
Φ
(∫ t

0
ρ(v + σ)k(v)dv

))
P(t < L),

= G
σ
(t)

∫ t

0
ρ(v + σ)k(v)dv.

Now, integrating by parts the right-hand side term in the above equation, we get

G
σ
(t)

∫ t

0
ρ(v + σ)k(v)dv =

∫ t

0

∫ s

0
ρ(v + σ)k(v)dvdG

σ
(s) +

∫ t

0
G
σ
(s)ρ(s+ σ)k(s)ds

= −
∫ t

0

∫ s

0
ρ(v + σ)k(v)dv gσ(s)ds+

∫ t

0
ρ(s+ σ)k(s)G

σ
(s)ds,

since it was assumed that Gσ(·) has a density and dG
σ
(u)

du = −dGσ(u)
du = −gσ(u). Next applying

the Law of Total Expectation on the second term in (1.15), we get

Eσ
(
Φ
(∫ L

0
ρ(v + σ)k(v)dv

)
1{t≥L}

)
= Eσ

(
Eσ
(
Φ
(∫ L

0
ρ(v + σ)k(v)dv

)
1{t≥L}

∣∣∣L)) ,
= Eσ

(
Eσ
(
Φ
(∫ ℓ

0
ρ(v + σ)k(v)dv

))
ℓ=L

1{t≥L}

)
,

=

∫ t

0

∫ s

0
ρ(v + σ)k(v)dv gσ(s)ds.

This indeed simplifies to

ΛIP (t;σ) =

∫ t

0
ρ(v + σ)k(v)G

σ
(v)dv,

which is the expected form for the reproduction process of a regular TV-IP process with
density.



Chapter 2

Integral equations for a time-varying CMJ
branching process

One of the primary objectives of this chapter is to provide a rigorous mathematical
foundation to the incidence renewal equation commonly used in epidemiology. We do this by
connecting two worlds: the world of infectious disease modelling and the world of generalised
branching processes. Indeed, we assume that an infection or more generally an epidemic,
at least at its onset or in its early phases, can be modelled as a branching process whereby
individuals (e.g. infectious cases) behave identically and independently of each other. This
modelling approximation was first mentioned in the work of Bartlett [Bar78] and Kendall
[Ken56] and given general mathematical grounding, at least asymptotically, through the works
of Ball [Bal83], Ball and Donnelly [BD95] and Metz [Met78] who showed that an epidemic
process converges to a limiting branching process when the number of susceptible individuals
in the population tends to infinity. More widely, this connection has often been made in
practice and in the literature (see, e.g. [KM27; Bar67; Jac10; FKG03; LM23; Hau+15; VM11;
Ish05]). In particular, we cite Ball et al. [Bal+14] who explain that the process representing
the number of infectious individuals in an epidemic model can be satisfactorily described
mathematically by a branching process if we can assume that the population is homogeneously
mixing and that the number of infected people is small relative to the total size of susceptible
individuals in the population.

To mathematically derive the incidence renewal equation used in infectious disease
modelling, our starting point will be the TV-CMJ process as introduced in the previous
chapter. We use this former modelling framework to derive an integral renewal-type equation
for the first moment of a TV-CMJ process. Next, based on an existence and uniqueness result
of a generic integral equation derived from a TV-CMJ (see Appendix B.2), and relying in
parallel on the manipulation of generalised functions (see Appendix B.3), we successively
derive an integral equation for the cumulative number of births of a TV-CMJ and then for its
expected birth rate. We are then in a position to compare, on one hand, the later equation
related to the dynamics of the expected birth rate of a TV-CMJ process with, on the other
hand, a time-varying extension of the incidence equation commonly applied heuristically in
epidemiology.

We finally prove that, once discretised according to Algorithm I in [Pak+23], these two
apparently different integral renewal-type equations converge towards each other, with an
error rate of order O(n−1.) In effect, it can thus be said that this convergence result provides

47
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mathematical foundation to the celebrated incidence renewal equation so commonly used in
practice in epidemiology and in infectious disease modelling.

Finally, we also provide an alternative perspective based on the duality forward-backward
of the previously derived integral equations, whereby the incidence renewal equation of
epidemiology can be seen as the forward formulation of the integral equation of the expected
birth rate of a TV-CMJ process.

2.1 First-moment integral equation of a TV-CMJ process

A classical approach introduced by Harris [Har63] to study the dynamics and long-term
behaviour of an age-dependent branching process consists of deriving renewal-like integral
equations for various quantities of interest related to the branching process and its moments.
In particular, Bellman and Harris in the case of binary splitting [BH52] and [BH48], and then
Harris in a more general case [Har63, Th.7.1], derived the well-known Bellman-Harris integral
equation that governs the evolution of the generating function of an age-dependent branching
process. The renewal-like integral equation derived by Bellman and Harris for the generating
function is then shown to extend to other functionals related to the process and in particular
to its first and second moment. Harris [Har63, Ch.6] provides a detailed derivation of these
equations. Although this is not the focus of this chapter, it should be noted that the study
of integral equations derived from the dynamics of branching processes has contributed to
many results with respect to their asymptotic behaviour. We cite here, among many more,
Sevast’yanov [Sev68], but also Athreya and Ney [AN04] for a classical reference on this topic,
and Jagers [Jag69b] who in particular studies the almost sure convergence of an age-dependent
branching process by using results of renewal theory (see also, e.g. [Dur71; Pak72; Chi72]).
These connections between generalised branching processes and renewal-like integral equations
have also proven useful from an application perspective. We can cite Tratyanov [Tra16] who
studies population age structures using a numerical approach to solving renewal equations.

The renewal aspect of all these integral equations is invariably based on the same
principle originally called the first generation principle by Harris [Har63, Th.6.1, Ch.V]. This
principle states that the branching process is the superposition of the processes initiated by
the first generation progeny originating from the ancestor. This first generation principle, as
it applies more generally to any succession of generations, is also commonly summarised as
branching property and reflects in effect a self-similarity behaviour between individuals in a
branching population.

In the more specific context of an epidemic infection, Kimmel [Kim83] relies on the first
generation principle when he considers a branching process to model the development of an
infectious disease where each new infectious case can be viewed as the ancestor of its own
subprocess. The branching property can be summarised as follows. The number of infections
alive within the whole process at time t is equal to the sum of the numbers of infections coming
from each of the subprocesses.

In this section, mirroring the derivation of Pakkanen et al. [Pak+23, Section 2.2], we
apply the first generation principle to the TV-CMJ process in order to single out the first
generation of progeny in the computation of the sum of characteristic functions making up
Z(t;σ). This technique classically leads to a generic integral equation governing the first
moment of a TV-CMJ.

Lemma 2.1.1. Let Z(t;σ) :=
∑

x∈U χ(t−σx) be a TV-CMJ branching process as per Definition
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1.4.2. Denote f(t;σ) := Eσ(Z(t;σ)) its first moment and Λ(t;σ) := Eσ(N(t)), its expected
reproduction function defined in equation (1.4). Assume that the sufficient regularity conditions
(R-1) and (R-2) hold. Then f(t;σ) satisfies the following renewal-like integral equation

f(t;σ) = Eσ(χ(t− σ)) +
∫
(0,t−σ]

f(t;σ + s)dΛ(s;σ), t ≥ σ ≥ 0. (2.1)

Proof. Recall that by construction of the time-varying probability space (Ω,S,Pσ) underlying
a TV-CMJ process, we have assumed that the initial probability measure πσ supports the
reproduction point process ξ(t) whose points represent the sequence of childbearing ages
τ(k). We can assume without loss of generality that these points are ordered in a monotonic
(non-decreasing) manner, which in turn implies that any first generation individual indexed by
k ∈ N can be chronologically labelled thanks to the associated childbearing age τ(k) of the
ancestor. Note that if and when offspring are born at the same time, an identical childbearing
age will be associated as many times as there are offspring born at that time. Additionally,
and by convention, we set τ(k) :=∞ if the ancestor’s k-th child is not realised. We recall that
the times of birth of the first generation progeny follow the obvious relationship

σk = σ + τ(k), k ∈ N.

We denote Uk ⊂ U the population subset initiated by the first generation individual k ∈ N.
(Trivially it is assumed that Uk = ∅ if k is not realised.) When k is realised though, the set
Uk includes individual k and all its progeny over the successive generations. The branching
property applied to the first generation therefore leads directly to the decomposition

Z(t;σ) = χ(t− σ) +
∑
k∈N
σk≤t

∑
x∈Uk

χ(t− σx),

= χ(t− σ) +
∑
k∈N
σk≤t

Zk(t;σ),

where we introduced for any k ∈ N the branching processes Zk(t;σ) :=
∑
x∈Uk

χ(t−σx), initiated

by the first generation individuals labelled k ∈ N.

As already mentioned in chapter 1, if we condition the processes (Zk(t;σ))k∈N by the
times of births (σk)k∈N, the branching property implies that (Zk(t;σ))k∈N are conditionally
mutually independent and distributed identically to processes denoted Z̃(t;σk), whereby
(Z̃(·, σ)) is itself an identical copy of Z(·, σ). In other words,

(Zk(t;σ)
∣∣σ1, σ2, . . .) ∼ Z̃(t;σk) ∼ Z(t;σk).

We now take expectation in the equation giving the above decomposition of Z(t;σ), and simply
apply the Tower property∗, relying on the regularity of the process, which means that sums

∗Recall that the Tower Property states that E(X) = E(E(X|Y )) whenever the expectations are properly
defined.
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and expectations can be interchanged or on the Tonelli-Fubini theorem (see Appendix A.3)

f(t;σ) = Eσ(Z(t;σ)) = Eσ(χ(t− σ)) + Eσ
 ∑
k:σk≤t

Zk(t;σ)

 ,

= Eσ(χ(t− σ)) + Eσ

Eσ

∑
k≥1
σk≤t

Zk(t;σ)
∣∣∣σ1, σ2 . . .


 ,

= Eσ(χ(t− σ)) + Eσ

∑
k≥1
σk≤t

Eσ
(
Zk(t;σ)

∣∣∣σ1, σ2 . . .)
 ,

= Eσ(χ(t− σ)) + Eσ

∑
k≥1
σk≤t

f(t;σk)

 . (2.2)

Recall that, by construction, the reproduction counting process N(t) possesses non-negative
jumps of integer size, which we denote

∆N(t) := N(t)− lim
v↓t−

N(v) ≥ 0.

We can thus transform the discrete countable sum on the right hand-side of (2.2) into a
continuous one,

Eσ

∑
k≥1
σk≤t

f(t;σk)

 = Eσ
 ∑
v∈(σ,t]

f(t;σ)∆N(v − σ)

 ,

= Eσ
 ∑
s∈(0,t−σ]

f(t; s+ σ)∆N(s)

 ,

=
∑

s∈(0,t−σ]

f(t; s+ σ)Eσ (∆N(s)) ,

=

∫
(0,t−σ]

f(t; s+ σ)Eσ (dN(s)) ,

=

∫
(0,t−σ]

f(t; s+ σ)dΛ(s;σ),

where, in the third line above we have been able to interchange the expectation and the sum
operators because the number of jumps is actually finite thanks to the regularity assumption
of the process. In summary, we have shown that the first moment represented by the function
(t;σ) 7→ f(t;σ) := E(Z(t;σ)) satisfies for any t ≥ σ ≥ 0,

f(t;σ) = Eσ (χ(t− σ)) +
∫
(0,t−σ]

f(t; s+ σ)dΛ(s;σ),

which is the required integral equation given in (2.1).
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Next, we briefly provide a couple of specific examples of the above renewal-like integral
equation using the characteristic functions χB(t;σ) and χPr(t;σ) introduced in Section 1.4.2.
We also apply each of these equations to the TV-BH and the TV-IP branching processes
described in Sections 1.5.3 and 1.5.4.

Integral equation for the cumulative number of births

We can apply the previous result to the random characteristic χB(t− σ) := 1[0,∞)(t− σ)
and obtain

B(t;σ) =

{
0, t < σ,

1[0,∞)(t− σ) +
∫
(0,t−σ] B(t; s+ σ)dΛ(s;σ), t ≥ σ.

(2.3)

In the particular case of a regular TV-BH process, assuming conditions (BH-1) and (BH-2)
hold, the equation becomes

BBH(t;σ) = 1[0,∞)(t− σ) +
∫
(0,t−σ]

BBH(t; s+ σ)R(σ + s)dGσ(s),

where trivially for t < σ, BBH(t;σ) = 0. Similarly, assuming conditions (IP-2) and (IP-1)
hold (that is, the TV-IP branching process is regular), then by Lemma 1.5.3, dΛ(u;σ) =
ρ(u+ σ)k(u)G

σ
(u)du. Again trivially for t < σ, BIP(t;σ) = 0, and for t ≥ σ,

BIP(t;σ) = 1[0,∞)(t− σ) +
∫
(0,t−σ]

BIP(t; s+ σ)ρ(s+ σ)k(s)G
σ
(s)ds.

Integral equation for the expected number of individuals alive at a given time

In the case where the individual characteristic is given by χpr(t− σ) := 1[0,L)(t− σ), we
obtain

Pr(t;σ) = 1−Gσ(t− σ) +
∫
(0,t−σ]

Pr(t; s+ σ)dΛ(s;σ), t ≥ σ.

More specifically the equation for the expected number of individuals alive in the populations
respectively of a TV-BH and of a TV-IP process are given for t ≥ σ,

PrBH(t;σ) = 1−Gσ(t− σ) +
∫
(0,t−σ]

PrBH(t; s+ σ)R(σ + s)dGσ(s),

PrIP(t;σ) = 1−Gσ(t− σ) +
∫
(0,t−σ]

PrIP(t; s+ σ)ρ(s+ σ)k(s)G
σ
(s)ds.

2.2 A generic renewal-like integral equation

As already mentioned, one of the primary objectives of this chapter is to provide
a rigorous mathematical foundation to the incidence renewal equation commonly used in
epidemiology. We will encounter quite a few integral renewal-like equations in the next sections
of this chapter, and the incidence equation will be one of them. However, most integral
equations derived from a TV-CMJ branching process can be classified under the same generic
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umbrella, which is, in essence, mirrored with the first-moment equation (2.1) derived in the
previous section. We can write such a generic integral equation in its most general form,
albeit under specific technical assumptions with regards to the functions (t;σ) 7→ v(t;σ) and
(t;σ) 7→ Λ(t;σ) defined on R+ × R+, as

u(t;σ) =

{
0, 0 ≤ t < σ,

v(t;σ) +
∫
(0,t−σ] u(t;σ + s)dΛ(s;σ), t ≥ σ.

When it comes to traditional CMJ processes, a similar generic renewal-like integral equation
plays a crucial role in the literature where the dynamics and asymptotic behaviour of such
processes are studied. We cite, among others, Jagers [Jag67] who studies integral equations
of the form Y (t) =

∫ t
0 X(s)ds, related to an age-dependent branching process denoted X(t).

Jagers derives an integral equation for the moment-generating function of the coupled process
(X(t), Y (t)) on which he then relies to analyse the asymptotic behaviour of the first two
moments of (X(t), Y (t)) and the limit distribution of Y (t). Crump and Mode also investigate
integral equations for the first and second moments of generalised branching processes in their
foundational papers [CM68] and [CM69]. Ney [Ney64] studies integral equations related to
the law of total probability and the moments of a generalised branching process. We will also
see in Section 2.6 that Kimmel [Kim82; Kim83], and later Kimmel and Arino [KA94] have
done extensive work on the derivation of integral equations related to generalised branching
processes.

The above system of equations will also be de facto ubiquitous in the study of our
time-varying extension of a CMJ branching process. In this section, we show that under some
sufficient assumptions related to the expected reproduction function (t;σ) 7→ Λ(t;σ) and to the
generic term (t;σ) 7→ v(t;σ), there exists a unique solution to this system. The system can be
viewed in effect as representing a generic umbrella for the type of integral equations governing
the dynamics of generalised branching processes. Some aspects of our existence and uniqueness
proof rely partly on the work of Levinson [Lev60] who originally showed the existence and
uniqueness of a solution to the integral equation governing the moment-generating function
of a Bellman-Harris branching process and then showed how those equations can also be
very usefully manipulated to deduce limiting theorems for age-dependent branching processes.
However, as mentioned already, we will not be studying limiting theorems in this chapter as we
will mainly be focussing on the derivation of an integral equation for a quantity that in practice
is representative of an expected birth rate of a branching process and which corresponds to
what is commonly known as incidence in epidemiology.

Let us now state a set of assumptions which will prove sufficient to ensure the existence
and uniqueness of a solution to the above system.

Assumptions (Used to show existence and uniqueness).

(EU-1) For any fixed σ ≥ 0, the function t 7→ Λ(t;σ) defined on R+ is continuously differen-
tiable, i.e. there exists a continuous density function t 7→ λ(t;σ) such that

dΛ(t;σ) = λ(t;σ)dt.

Additionally, for any t ≥ 0, the function σ 7→ λ(t;σ), defined on R+, is bounded on
any compact interval of R.

(EU-2) The function (t;σ) 7→ v(t;σ) defined on R+ × R+ is right-continuous with respect to
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(t;σ), and has at most first-kind discontinuities∗. Moreover v(t;σ) = 0 when 0 ≤ t < σ.

We state the main result of this section.

Proposition 2.1. Suppose that Assumptions (EU-1) and (EU-2) hold. Then the generic
integral equation given by

u(t;σ) =

{
0, 0 ≤ t < σ,

v(t;σ) +
∫
(0,t−σ] u(t;σ + s)λ(s;σ)ds, t ≥ σ,

(Generic Integral Eq.)

admits a unique non-negative solution u(t;σ) defined on R+ × R+. This solution is right-
continuous with respect to (t;σ), non-decreasing with respect to t for any σ ≥ 0 fixed and
bounded on any compact interval with respect to σ for any t ≥ 0 fixed.

Proof. (Appendix B.2) Classically, the proof of Proposition 2.1 is divided into two parts. We
first show that there exists a solution that satisfies the properties stated in Proposition 2.1,
and then we prove its uniqueness. The proof of existence is based on a procedure called Picard
iteration which consists in generating a sequence of functions that approximate the solution we
wish to show the existence of, while the proof of uniqueness relies on a Grönwall argument.

2.3 Integral equation for the expected birth rate

This section presents a rigorous derivation of the integral equation satisfied by a quantity
defined in Proposition 2.2 below, which in effect coincides with the expected birth rate in a
TV-CMJ process. Even though we are still in the general context of branching populations
(as opposed to more specifically the framework of infectious disease modelling), we may
progressively and at times throughout this section be using a lexicon drawn from epidemiology,
such as incidence and cumulative incidence. This is so because the objective of Section 2.5
is to provide a mathematical basis for the renewal incidence equation commonly applied in
epidemiology.

2.3.1 From cumulative incidence to expected birth rate

Chapter 1 presented a measure-theoretic construction of a time-varying extension of
a classical CMJ branching process whose underlying probability measure is calendar-time
dependent. In the literature on integral equations derived from CMJ branching processes, up
to our knowledge, the main quantities of interest tend to be, most of the time, the moment
generating functions (see e.g. [Har63], [BH52], [Jag67], [CM69]), the cumulative number of
births or deaths or the number of individuals alive at a given time point (see e.g. [Kim82;
Kim83]).

In contrast, in this section, we seek to obtain an integral equation for an expected birth
rate, which, when well defined, would correspond to the derivative of the cumulative number
of births (the latter being otherwise known as cumulative incidence in epidemiology). Our
strategy is to rely on the integral equation derived for the cumulative number of deaths in a
TV-CMJ branching process, but reformulate it as a distributional integral equation, in other

∗In other words, v(t;σ) does not have infinite discontinuities with respect to (t;σ), and both the right-hand
and left-hand limits exist and are finite for any (t;σ) ∈ R+ × R+.
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words, an equation involving generalised Schwartz distributions [Sch51]. This extension allows
us to mathematically define the derivative of the cumulative number of births in a TV-CMJ
process and derive its integral equation, which we will then relate directly in Section 2.5 to
the epidemiology incidence equation.

To provide practical evidence of the relevance of the following derivation of an integral
equation for the expected birth rate in a TV-CMJ branching process, we may find it helpful to
project ourselves away from the more theoretical framework of generalised branching processes
and navigate towards a more physical setting. As mentioned at the beginning of Section
2.2, the early dynamics of an infection disease propagation can be reliably modelled using a
branching process. Epidemiology is not the only context that can be modelled by branching
processes. Individuals in a branching population can at times represent cases of new infections
but also equally, for instance, neutrons in particle physics, cancer cells in biology . . . . Any
setting where dynamics of populations need studying (and where individuals can be assumed
for a certain period of time to behave identically and independently, either unconditionally or
in a Markovian context) can usefully be modelled by branching processes.

Various quantities of interest are of relevance, but especially in the epidemiological
context that followed the onset of COVID-19 in January 2020, it appeared even more valuable
to rigorously derive an integral equation for the expected birth rate, rather than being somewhat
limited to integral equations for cumulative incidence or prevalence. The expected birth rate
corresponds mathematically to the derivative of the cumulative number of births which is, in
effect, the average number of births at a given point in time t ≥ 0. Being able to model and
simulate such a quantity in practice allows us to obtain a much finer understanding of the
dynamics of the epidemics.

With this background in mind, in this section we study in more detail the integral
renewal-like equation (2.3) that was derived in Section 2.1 for the cumulative incidence in a TV-
CMJ branching process. We first reformulate the cumulative incidence of a TV-CMJ branching
process by redefining it as a generalised function, which in turn leads to the derivation of an
equation for its distributional derivative in Proposition 2.2. This distributional derivative can
then be seen to represent in essence the expected number of births that occur at any time
point t ≥ 0 in a TV-CMJ branching process. We call it expected birth rate.

More precisely, let us go back to the general equation (2.3) for cumulative incidence, in
other words, the expected cumulative number of births up to a certain time t ≥ 0 in a TV-CMJ
process. We first need to ensure the existence and uniqueness of a solution to this equation. To
do so, it suffices to assume that condition (EU-1) holds. Indeed, letting v(t;σ) ≡ 1[0,∞)(t− σ)
guarantees that condition (EU-2) is de facto true. Consequently, the latter condition is not
needed in this case. We then rely on Proposition 2.1 which states that there exists a unique
solution to the system of equations that determines the cumulative number of births in a
TV-CMJ process. We rewrite this system here for convenience using the assumption that Λ(t)
has a density

B(t;σ) =

{
0, t < σ,

1[0,∞)(t− σ) +
∫
(0,t−σ]B(t;σ + s)λ(s;σ)ds, t ≥ σ.

(2.4)

Our objective in this section is to determine an integral equation for a quantity that represents,
if well-defined, the expected birth rate of new individuals in a TV-CMJ branching process. To
do so, we proceed as follows: in Section 2.3.2 we first introduce the Lebesgue decomposition of
the cumulative incidence function uniquely defined as the solution to (2.4). Next in Section
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2.3.3 we will redefine cumulative incidence as a generalised function (otherwise called Schwartz
distribution, see [Sch51]). This technical apparatus will allow us to properly define in Section
2.3.4 a distributional derivative for the cumulative incidence, which we will then adopt as the
mathematical representation of the expected birth rate in a TV-CMJ branching process. The
main result of this section is summarised in the following proposition.

Notation. We denote by D′(R) the space of Schwartz distributions also known as generalised
functions. (See Appendix B.3 for a very brief and targeted review of the results on this topic
that will be needed in the following derivations).

Proposition 2.2 (Integral equation for the expected birth rate). Assume that conditions
(R-1), (R-2) and (EU-1) hold. Let Bσ ∈ D′(R) represent the generalised function that extends,
according to Definition B.3.2, the cumulative incidence function (t;σ) 7→ B(t;σ) of a TV-CMJ.
Then the distributional derivative fσ := B′

σ ∈ D′(R) is solution to the following system

⟨fσ, φ⟩ = ⟨δσ, φ⟩+
∫
R+

φ(t)f̃(t;σ)dt, φ ∈ C∞c (R), (2.5)

where f̃ : R+ × R+ → R+ is the unique solution to the integral equation

f̃(t;σ) =

{
0, t < σ,

λ(t− σ;σ) +
∫
(0,t−σ] f̃(t;σ + s)λ(s;σ)ds, t ≥ σ.

(2.6)

2.3.2 Absolutely continuous part of cumulative incidence

We place ourselves in the context of a TV-CMJ branching process which describes the
dynamics of a population according to Definition 1.4.2, and assume conditions (R-1) and (R-2)
hold to ensure that the process is regular and does not explode in finite time almost surely.

We denote by B(t;σ) the unique solution to the system of equations (2.4). The function
t 7→ B(t;σ) is locally integrable in R+. Thus, by the Lebesgue Decomposition Theorem
(e.g. [Hal13, ch.VI, p.134]), such a locally integrable function is uniquely decomposable with
respect to the Lebesgue measure as a sum of a singular and an absolutely continuous measures.
To simplify the following exposition, we will assume that t 7→ B(t;σ) admits a unique point of
discontinuity at t = σ. More precisely,

Assumption (Absolute continuity of t 7→ B(t;σ) for t > σ).

(A1) The function t 7→ Bac(t;σ) := B(t;σ)− 1[σ,∞)(t) defined as

Bac(t;σ) :=

{
0, 0 ≤ t ≤ σ,
B(t;σ)− 1, t > σ,

(2.7)

is absolutely continuous for any t ∈ R+.

Remark. Given the system of equations (2.4), Assumption (A1) in effect assumes that the
point t = σ is the unique discontinuity point of the cumulative incidence function t 7→ B(t;σ)
in R+. In practice, the cumulative incidence of a TV-CMJ branching process could potentially
have subsequent discontinuity points. However, if this is the case, the analysis in the following
would still hold but would need to be restricted to each successive interval of continuity.

We now derive the system of integral equations in which the absolutely continuous part
Bac(t;σ) is the unique solution.
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Lemma 2.3.1. The absolutely continuous function t 7→ Bac(t;σ) = B(t;σ)− 1[σ,∞)(t) defined
on R+ is the unique solution to the integral equation

Bac(t;σ) =

{
0, 0 ≤ t ≤ σ,∫
(σ,t] λ(s− σ;σ)ds+

∫
(σ,t]Bac(t; s)λ(s− σ;σ)ds, t > σ.

(2.8)

Proof. Indeed, for t > σ, the definition of Bac(t;σ) yields

Bac(t;σ) = B(t;σ)− 1[σ,∞)(t),

=

∫
(σ,t]

B(t; s)λ(s− σ;σ)ds,

=

∫
(σ,t]

(
1[s,∞)(t) +Bac(t; s)

)
λ(s− σ;σ)ds,

where we simply relied on (2.4) in the second line and on (2.7) in the last line. The above
simplifies

Bac(t;σ) =

∫
(σ,t]

λ(s− σ;σ)ds+
∫
(σ,t]

Bac(t; s)λ(s− σ;σ)ds.

It now suffices to observe that the above equation is of the form of the (Generic Integral Eq.)
whereby

v(t;σ) :=

∫
(σ,t]

λ(s− σ;σ)ds.

Such a function clearly satisfies the properties required in Assumption (EU-2), in other words
v(t;σ) is right-continuous with respect to (t;σ) and has at most first-kind discontinuities. Since
Assumption (EU-1) is also satisfied, Proposition 2.1 ensures that the absolutely continuous
part of B(t;σ), denoted Bac(t;σ), is the unique solution to the integral equation (2.7).

The next step is to verify that the partial derivative of Bac(t;σ) with respect to t ≥ 0
also satisfies the (Generic Integral Eq.). Let us define

f̃(t;σ) :=
∂

∂t
Bac(t;σ).

Lemma 2.3.2. The function (t;σ) 7→ f̃(t;σ) verifies the integral equation

f̃(t;σ) =

{
0, 0 ≤ t ≤ σ,
λ(t− σ;σ) +

∫
(0,t−σ] f̃(t;σ + s)λ(s;σ)ds, t > σ.

(2.9)

Remark. Observe that t 7→ f̃(t;σ) is not necessarily continuous at t = σ when λ(0;σ) ̸= 0.

Proof. We start from (2.9) which is of the generic form given by (Generic Integral Eq.) with
v(t;σ) := λ(t−σ;σ). By Proposition 2.1, this integral equation admits a unique right-continuous
solution which we denote f̃(t;σ). As it is right-continuous for t ≥ σ, t 7→ f̃(t;σ) is measurable
and in particular, admits primitives. We consider here the primitive F̃ (t;σ) defined in such a
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way that it is equal to 0 when t = σ, that is,

F̃ (t;σ) :=

∫ t

σ
f̃(u;σ)du.

Substituting f̃(u;σ) by its expression in equation (2.9), we rewrite the above equality which
leads to an integral equation for F̃ (t;σ). For t > σ, we get

F̃ (t;σ) =

∫ t

σ

(
λ(u− σ;σ) +

∫
(0,u−σ]

f̃(u; s+ σ)λ(s;σ)ds
)
du,

=

∫ t

σ
λ(u− σ;σ)du+

∫ t

σ
du

∫
(σ,u]

f̃(u; ν)λ(ν − σ;σ)dν,

=

∫ t

σ
λ(u− σ;σ)du+

∫
(σ,t]

λ(ν − σ;σ)
(∫ t

ν
f̃(u; ν))du

)
dν,

where the Unsymmetric Fubini theorem (see Appendix A.4) was applied in the last line. In
summary, F̃ (t;σ), verifies

F̃ (t;σ) =

{
0, 0 ≤ t ≤ σ,∫ t
σ λ(u− σ;σ)du+

∫
(σ,t] F̃ (t; ν)λ(ν − σ;σ)dν, t > σ,

which we recognise as being equation (2.8). Therefore, by uniqueness of solution,

F̃ (t;σ) = Bac(t;σ),

which yields, taking the partial derivative on each side,

∂

∂t
Bac(t;σ) = f̃(t;σ).

We conclude that ∂
∂tBac(t;σ) verifies (2.9).

2.3.3 Cumulative incidence described as a generalised function

We now return to the cumulative incidence function (t;σ) 7→ B(t;σ) with the objective
of reformulating it as a generalised function [Sch51], which will therefore de facto admit a
distributional derivative. We generally refer to Appendix B.3 for a succinct overview of the
results needed to support the proofs of this section. Based on Definition B.3.1 in Appendix,
we recall that a distribution on R denoted T : D(R)→ R is any continuous linear functional
on D(R), where the space D(R) is the set C∞c (R) of infinitely differentiable functions with
compact support on R. The linear space of all distributions on R is denoted D′(R). It is the
topological dual of D(R) and is often called the space of test functions on R. More specifically,
when there exists a locally integrable function fT on R such that

⟨T, φ⟩ = ⟨fT , φ⟩ =
∫
R
fT (x)φ(x)dx, φ ∈ D(R).

then the distribution T is said to be regular.

Now observing that the function t 7→ B(t;σ) is locally integrable in R+ for any fixed σ,
the above result implies that that the function t 7→ B(t;σ) can naturally be extended into a
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(regular) generalised function. For any σ ≥ 0, we will denote this Schwartz distribution by
Bσ : it is a continuous linear functional defined on the space of test functions φ ∈ C∞c (R+).
We define its action on test functions more formally in the following lemma.

Lemma 2.3.3 (Definition of Bσ). Let Bσ : C∞c (R+)→ R+ be the generalised function defined
for any φ ∈ C∞c (R+) by

⟨Bσ, φ⟩ :=
∫
R+

B(t;σ)φ(t)dt =

∫
R+

φ(t)dt+

∫
R+

Bac(t;σ)φ(t)dt, (2.10)

where Bac(t;σ) is the unique solution of (2.8). This defines a unique distribution on D′(R),
which we call cumulative incidence.

Proof. We start with the definition, namely Bσ :=
∫
R+
B(t;σ)φ(t)dt where we substitute

B(t;σ) by its Lebesgue decomposition,

⟨Bσ, φ⟩ =
∫
R+

(
1[σ,∞)(t) +Bac(t;σ)

)
φ(t)dt,

=

∫
[σ,∞)

φ(t)dt+

∫
R+

Bac(t;σ)φ(t)dt.

The linearity and continuity of Bσ with respect to φ are immediate. Uniqueness also follows
immediately. Indeed, on the one hand, the first term φ 7→

∫
[σ,∞] φ(t)dt defines a unique

continuous linear functional on C∞c (R+). On the other hand, as Bac(t;σ) is already uniquely
defined as the solution to the integral equation (2.7), it follows directly that the second term
above defines a linear functional on C∞c (R+).

2.3.4 Expected birth rate as derivative of cumulative incidence

This short excursion in the space of Schwartz distributions has led us to redefine
cumulative incidence as a generalised function Bσ. The objective of this reformulation is to
ensure that such a function has a well-defined distributional derivative, which we denote B′

σ.

We now return to the distribution fσ : C∞c (R)→ R defined by the system of equations
(2.5) and (2.6). We show that the distributional derivative B′

σ is identical to fσ. To do so, it
suffices to prove that the actions of each of these distributions on the set of test functions are
similar.

Lemma 2.3.4. For any σ ≥ 0, the distributional derivative B′
σ of the generalised function Bσ

defined in (2.10) is the unique solution to the system of equations (2.5) and (2.6), in other
words,

B′
σ = fσ.

Proof. Let us first recall the action of a distributional derivative T ∈ D′(R) on any test function
φ ∈ D(R). For any exponent α ∈ (N∗)n, we have

⟨d(α)T, φ⟩ := (−1)|α|⟨T, d(α)φ⟩.
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This result (also recalled in Appendix B.3.3) can directly be applied in our context for α = 1.
We then get

⟨B′
σ, φ⟩ = −⟨Bσ, φ′⟩,

= −
∫
[σ,∞)

φ′(t)dt−
∫
R+

Bac(t;σ)φ
′(t)dt,

= −[φ(t)]∞σ −
[ ∂
∂t
Bac(t;σ)φ(t)

]
R+

+

∫
R+

∂

∂t
Bac(t;σ)φ(t)dt,

= φ(σ)− [f̃(t;σ)φ(t)]R+ +

∫
R+

f̃(t;σ)φ(t)dt,

= ⟨δσ, φ⟩+
∫
R+

f̃(t;σ)φ(t)dt.

The first line is simply the definition of a distributional derivative. The second line relies
on integral equation (2.10) satisfied by Bσ. A simple integration by parts leads to the third
line, whilst the last two lines rely on one hand on the fact that the partial derivative of the
absolutely continuous part of B(t;σ) is f̃(t;σ), and on the other hand on the compactness of
the support of any test functions. Comparing with (2.5), uniqueness of the solution yields

B′
σ = fσ,

which means that the solution to (2.5) and (2.6) is the distributional derivative of cumulative
incidence.

Remark. From now on, B′
σ = fσ will be called the expected birth rate of a TV-CMJ branching

process. This denomination will help us to lexically distinguish it from what is commonly
called incidence in epidemiology.

So far, we have derived the integral renewal-type equation satisfied by fσ. In section
2.5.4, we will want to prove equivalence between the integral equation for fσ and the extended
incidence renewal equation (defined formally in subsequent section). However, before we
embark on this equivalence proof, we make a slight detour to recall a discretisation algorithm
originally presented in [Pak+23] and which was used to to estimate rates of transmission from
serological prevalence of SARS-CoV-2 in the UK and historical incidence data on Influenza,
Measles, SARS and Smallpox. In particular, we prove that this discretisation algorithm
converges to order O(n−1) as n→∞.

2.4 Discretisation algorithm of integral equations

In this section, our starting point is the (Generic Integral Eq.). We introduce a discreti-
sation scheme directly linked to [Pak+23, Algorithm I] and prove that this algorithm converges
to the order O(n−1) under specific assumptions.

2.4.1 Discretisation scheme

We assume in this section that conditions (EU-1) and (EU-2) hold to ensure the existence
and uniqueness of the solution to the (Generic Integral Eq.) of Proposition 2.1. As mentioned
in Section 2.2, the integral equations encountered in this chapter all share a similar form. For
convenience of the reader, we recall below the (Generic Integral Eq.), whose unique solution
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is the function denoted here (t;σ) 7→ f(t;σ) in R+ × R+,

f(t;σ) =

{
0, 0 ≤ t < σ,

v(t;σ) +
∫ t−σ
0 f(t;σ + s)λ(s;σ)ds, t ≥ σ.

(Generic)

Particular choices for v(t;σ) lead to different quantities of interest with respect to the considered
branching process. So for instance, if we take the perspective of infectious disease modelling,
we have

v(t, σ) :=


1[0;∞)(t− σ, ) f(t;σ) = B(t;σ), (Cumulative incidence)
1−Gσ(t− σ), f(t;σ) = Pr(t;σ), (Prevalence)
λ(t− σ;σ), f(t;σ) = f̃(t;σ). (Incidence for t > σ)

When trying to simulate and solve numerically (Generic Integral Eq.), a key hurdle is
encountered. Indeed, on the right-hand side, we get f(t;u) for σ ≤ u ≤ t and not f(u;σ) for
σ ≤ u ≤ t. This means in practice that, to solve, for example, f(t; 0) for t ≥ 0, we need to
actually solve f(t;σ) for any pair (t;σ) such that 0 ≤ σ ≤ t.

To overcome this implementation challenge, a discretisation algorithm was introduced
in [Pak+23, Section 3]. In this section, we only present the simpler version of the algorithm
(i.e. Algorithm 1 of [Pak+23]) as the details of the simulations for the vectorised version
are provided in the appendix of [Pak+23]. Our focus here is not on implementation, but on
proving convergence of the algorithm toward the solution of (Generic Integral Eq.). We will
provide full details in Theorem 2.1 and in its subsequent proof of what is actually meant by
convergence here.

However, before we present Algorithm 1, let us observe that numerically solving for
(Generic Integral Eq.) is greatly facilitated if we introduce an auxiliary quantity defined for
any t ≥ s ≥ 0 by

ft(s) := f(t; t− s).

More precisely, starting from the (Generic Integral Eq.), we proceed with a simple change of
variable and observe that, for any fixed t ≥ 0, the single-argument function s 7→ ft(s) defined
on the interval [0, t] is governed by the renewal-like integral equation

ft(s) = v(t; t− s) +
∫ s

0
ft(s− u)λ(u; t− s)du, 0 ≤ s ≤ t. (2.11)

We then recover f(t, 0) for t ≥ 0 via f(t, 0) = ft(t).

Let us now briefly detail how we proceed to discretise the space R+ × R+. We simply
introduce a grid step of size 1

n for n ∈ N∗, and define a subset Tn ⊂ R+ × R+ such that

Tn := {(t;σ) ∈
( 1
n
Z
)2

: 0 ≤ σ ≤ t}.

Then, for any given pair of integers 0 ≤ i ≤ j, we introduce a discretised equation mirroring
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our generic integral equation and whose solution, denoted here f̂ : Tn → R+ satisfies

f̂

(
j

n
,
i

n

)
=


v( jn ;

j
n), j = i,

v( jn ;
i
n)) +

1
n

j−i−1∑
k=1

f̂
(
j
n ;

k+i
n

)
λ
(
k
n ;

i
n

)
, 0 ≤ i < j.

We now operate a similar change of variable as the one that led to equation (2.11),

f̂

(
j

n
,
i

n

)
=


v( jn ;

j
n), j = i,

v
(
j
n ;

j−i
n

)
+ 1

n

i−1∑
k=1

f̂
(
j
n ;

j−(i−k)
n

)
λ
(
k
n ;

j−i
n

)
0 ≤ i < j.

Next, if we fix j ∈ N, we can define for any 0 ≤ i ≤ j the single-argument function

f̂ j
n

(
i

n

)
:= f̂

( j
n
;
j − i
n

)
,

and rewrite the discretised system

f̂ j
n

(
i

n

)
=


v( jn ;

j
n), i = j,

v
(
j
n ;

j−i
n

)
+ 1

n

i−1∑
k=1

f̂ j
n

(
i−k
n

)
λ
(
k
n ;

j−i
n

)
, i < j.

If we let N ∈ N and n ∈ N∗, and consider the discrete time points tj = j
n for j = 0, . . . , N,

then, in practice, we are interested in solving f(tj , 0) = ftj (tj). This leads us to defining the
pseudo-code given in Algorithm 1 (originally implemented in [Pak+23]).

Algorithm 1 Discretisation of integral equations
Require: functions v(·; ·) and λ(·; ·)
Require: step size 1

n > 0 for n ∈ N∗

Require: number of time steps N ∈ N
1: for j = 0, . . . , N do
2: for i = 1, . . . , j − 1 do
3: if i = 0 then
4: f̂ j

n

(
i
n

)
← v

(
j
n ,

j
n

)
5: else

6: f̂ j
n

(
i
n

)
← v

(
j

n
;
j − i
n

)
+

1

n

i−1∑
k=1

f̂ j
n

(
i− k
n

)
λ

(
k

n
;
j − i
n

)
7: end if
8: end for
9: end for

10: return f̂ j
n
( jn) (≈ f( jn , 0)) for any j = 0, . . . , N

2.4.2 Convergence of discretisation algorithm

In this section, we prove that the error term of the discretisation Algorithm 1 is of order
O(n−1). First, however, we need to introduce a set of sufficient assumptions to guarantee the
validity (in other words, the convergence) of the discretisation algorithm. Note that in the
following, we mention K-Lipschitz continuous functions without specifying the value of K > 0.
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This value may change from one function to another, but this does not affect the arguments of
the proof.

Assumption (Used to prove convergence of discretisation algorithm to order O(n−1)).

(A2) There exists a positive constant K > 0 such that the function (t; s) 7→ v(t; s) is K-
Lipschitz continuous for t ≥ 0 and s ∈ [0, t];

(A3) There exists a positive constant K > 0 such that the function (t; s) 7→ λ(t; s) is K-
Lipschitz continuous for t ≥ 0 and s ∈ [0, t];

Theorem 2.1 (Error term of Algorithm 1). Assume conditions (EU-1) and (EU-2) hold.
Moreover, assume that (A2) and (A3) hold. Then for any 0 ≤ s ≤ t and for any n ∈ N∗, let

sn :=
⌊ns⌋
n

and tn :=
⌊nt⌋
n

.

Define on the one hand the sequence (f̂tn(sn))n∈N∗ as solution to the system

f̂tn(sn) =


v(tn; tn), s = 0,

v(tn; tn − sn) + 1
n

nsn−1∑
k=1

f̂tn
(
sn − k

n

)
λ
(
k
n ; tn − sn

)
, 0 < s ≤ t.

(2.12)

And on the other hand, let the function ft(s) be the unique solution of

ft(s) =

{
v(t; t), s = 0,

v(t; t− s) +
∫ s
0 ft(s− u)λ(u; t− s)du, 0 < s ≤ t.

(2.13)

Then,

|f̂tn(sn)− ft(s)|∼ O(n−1), as n→∞.

Proof. Let 0 ≤ s ≤ t and denote for any n ∈ N∗, j := ⌊nt⌋, i := ⌊ns⌋ such that

tn :=
⌊nt⌋
n

=
j

n
, sn :=

⌊ns⌋
n

=
i

n
.

We can rewrite (2.12) as follows

f̂tn(sn) = v(tn; tn − sn) +
nsn−1∑
k=1

∫ (k+1)/n

k/n
f̂tn

(
sn −

k

n

)
λ

(
k

n
; tn − sn

)
du,

where we simply used that
∫ (k+1)/n
k/n du = 1/n.

Next, we substitute k with ⌊nu⌋ for u ∈
[
k
n ,

k+1
n

]
and obtain, denoting un := ⌊nu⌋

n ,

f̂tn(sn) = v(tn; tn − sn) +
∫ sn

1/n
f̂tn

(
sn −

⌊nu⌋
n

)
λ

(
⌊nu⌋
n

; tn − sn
)
du,

= v(tn; tn − sn) +
∫ sn

1/n
f̂tn(sn − un)λ(un; tn − sn)du.
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Taking the difference between the preceding equality and (2.13), we obtain

|f̂tn(sn)− ft(s)| ≤ |v(t; t− s)− v(tn; tn − sn)|

+
∣∣∣ ∫ s

0
ft(s− u)λ(u; t− s)du−

∫ sn

1/n
f̂tn

(
sn − un

)
λ(un; tn − sn)du

∣∣∣,
which we rewrite by splitting and re-arranging the integrals,

|f̂tn(sn)− ft(s)| ≤ |v(t; t− s)− v(tn; tn − sn)|+
∫ 1/n

0
ft(s− u)λ(u; t− s)du

+

∫ s

sn

ft(s− u)λ(u; t− s)du+

∫ s

0

∣∣∣f̂tn(sn − un)λ(un; ts − sn)− ft(s− u)λ(u; t− s)∣∣∣du.
(2.14)

In what follows, the value of the positive constant C > 0 may vary from one line to another
but it will always be finite and independent of n. We will also use (implicitly at times) the
somewhat vague expression for n large enough to avoid clouding the argument with unnecessary
notations.

Returning to the first three terms on the right-hand side of (2.14), we observe that they
can be upper-bounded together, appealing respectively to the right-continuity of the function
(t; s) 7→ v(t; t− s) for 0 ≤ s ≤ t and to the boundedness of u 7→ λ(u; t− s) and of s 7→ ft(s)
on any compact. We have, for n large enough,

|v(t; t− s)− v(tn; tn − sn)|+
∫ 1/n

0
ft(s− u)λ(u; t− s)du+

∫ s

sn

ft(s− u)λ(u; t− s)du ≲
1

n
,

where the symbol ≲ means that for n large enough, there exists a constant C > 0 such that
the quantity on the left hand side is upper-bounded by C

n . Next we consider the fourth term
in (2.14) and simply apply the triangular inequality,∫ s

0

∣∣∣f̂tn(sn − un)λ(un; ts − sn)− ft(s− u)λ(u; t− s)∣∣∣du
≤
∫ s

0

∣∣∣f̂tn(sn − un)− ft(s− u)∣∣∣λ(un; tn − sn)du+

∫ s

0
ft(s− u)

∣∣∣λ(un; tn − sn)− λ(u; t− s)∣∣∣du.
Here the Lipschitz property of λ(t;σ) in Assumption (A3) and boundedness of ft yield∫ s

0

∣∣∣f̂tn(sn − un)λ(un; ts − sn)− ft(s− u)λ(u; t− s)∣∣∣du
≲
s

n
+ C

∫ s

0

∣∣∣f̂tn(sn − un)− ft(s− u)∣∣∣du.
We now define (s− u)n := ⌊n(s−u)⌋

n and again simply apply the triangular inequality twice to
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get ∫ s

0
|f̂tn(sn − un)− ft(s− u)|du ≤

∫ s

0
|f̂tn(sn − un)− f̂tn((s− u)n)|du

+

∫ s

0
|f̂tn((s− u)n)− ft((s− u)n)|du

+

∫ s

0
|ft((s− u)n)− ft(s− u)|du.

It was proven in Appendix B.4.1 that ft(s) and f̂tn(sn) are K-Lipschitz continuous. Thus∫ s

0
|f̂tn(sn − un)− ft(s− u)|du ≲

s

n
+

∫ s

0
|f̂tn((s− u)n)− ft((s− u)n)|du.

Next, splitting again the integrand on the right-hand side, we get∫ s

0
|f̂tn(sn − un)− ft(s− u)|du ≲

s

n
+

∫ s

0
|f̂tn((s− u)n)− ft(s− u)|du

+

∫ s

0
|ft(s− u)− ft((s− u)n)|du.

Finally appealing once again to the K-Lipschitzness of ft(s),∫ s

0
|f̂tn(sn − un)− ft(s− u)|du ≲

s

n
+

∫ s

0
|f̂tn((s− u)n)− ft(s− u)|du.

Combining all these upper-bounds together, we have obtained

|f̂tn(sn)− ft(s)| ≲
s

n
+ C

∫ s

0
|f̂tn((s− u)n)− ft(s− u)|du. (2.15)

For n ∈ N∗ and t ∈ R+ fixed, we now introduce the following functions defined for s ∈ [0, t] by

s 7→ hn(s) :=
s

n
,

s 7→ gn,t(s) := |f̂tn(sn)− ft(s)|.

Note in particular that

gn,t(s− u) = |f̂tn((s− u)n)− ft(s− u)|,

which means that we can rewrite (2.15) by substituting these functions, and get

gn,t(s) ≲ hn(s) + C

∫ s

0
gn,t(s− u)du.

The functions gn,t(s) and hn(s) are measurable and the conditions of Lemma B.1.1 are satisfied.
We can apply Grönwall’s Proposition B.1 for measurable functions and deduce that there
exists a constant C > 0 such that

gn,t(s) ≤ hn(s)eCs.

Now it suffices to note that for a given s > 0, lim
n→∞

hn(s) = 0. Hence, for any t ≥ s ≥ 0, it
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follows that lim
n→∞

gn,t(s) = 0 which translates into

lim
n→∞

f̂tn(sn) = ft(s).

Since tn → t and sn → s as n→∞, we have shown that the discretised version f̂tn(sn) tends
to ft(s) as n→∞. Algorithm 1 is therefore a valid discretisation scheme when adopting this
type of convergence. In other words, Theorem 2.1 mathematically validates the practical usage
of Algorithm 1 whose purpose is to approximate ft(s) by its discrete counterpart f̂tn(sn).

2.5 The renewal incidence equation

2.5.1 Incidence in infectious disease modelling

In infectious disease modelling and, more generally, in the context of epidemiology, the
study of the dynamics of populations is a crucial ingredient to better understand the causes
and spreads of diseases, whether on a geographical and/or on a temporal basis. Typically,
integral equations of renewal type prove a very useful mathematical tool to study not only the
asymptotic behaviour but also stationary regime, when it exists, of population dynamics.

As described in the introduction of [Pak+23], renewal equations are commonly used in
modelling the number of new infections, i.e. incidence, arising at a given time. We mention here
Fraser [Fra07] who presents an estimator for the instantaneous reproduction number R(t) for
t ≥ 0, defined as a function of calendar time and that represents the expectation of the number
of secondary infections, assuming that nothing else changes in the environment. The function
t 7→ R(t) is mathematically defined on R+ by Fraser as the integral of a transmissibility rate
β(t; τ) such that

R(t) =

∫ ∞

0
β(t; τ)dτ,

where t represents calendar time and τ is the age of infection (i.e. time since infection).
In [Fra07], the link between reproduction number and incidence is thus made through the
transmissibility rate β(t; τ), wherein incidence is commonly reported in practice as a discrete
time series of the number of incident cases in a short time interval [t; t+ dt], and its average,
denoted I(t), is assumed to follow the renewal equation

I(t) =

∫ ∞

0
β(t; τ)I(t− τ)dτ, t > 0, (2.16)

with appropriate initial conditions at t = 0 to avoid the obvious null solution. The function
t 7→ I(t) is defined as the average number of new infections appearing at a given time point
t ≥ 0.

From a mathematical point of view, incidence can equivalently be seen as the derivative
of cumulative incidence (assuming that the function representing cumulative incidence is
differentiable). However, it is interesting to note that, as far as our knowledge of the literature
extends, an incidence renewal equation such as (2.16) seems to have only been heuristically
justified, while being accepted as a common modelisation tool for infectious disease. Despite
the seemingly lack of mathematical evidence for the derivation of the incidence equation in
epidemiology, this equation proves extremely useful in practice to forecast or simulate the
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incidence of a disease. In fact, there are many other studies in the literature that reinforce
this argument. We can cite [Cor+13] who present a model to estimate the R number from
incidence time-series, but also [Nou+18] who simulate future incidence using a branching
process model based on the renewal equation, given originally in [Fra07].

In summary, on the one hand, the ability to simulate incidence (as opposed, for example,
to being limited to model cumulative incidence or prevalence) opens many doors to a better
understanding and modelisation of infectious disease dynamics, but on the other hand, the
incidence renewal equation, which happens to be ubiquitously used in epidemiology, is only
supported by heuristic arguments, such as the one based on transmissibility in [Fra07]. With
this in mind, the work presented on the TV-CMJ branching processes in Section 1.3 can
now be linked to a more formal derivation of a renewal-like incidence equation. The link we
make in this section and the proof of equivalence between what we have called the expected
birth rate fσ of a TV-CMJ branching process and incidence, in effect, provide a more formal
mathematical basis for the derivation of the governing incidence equation in epidemiology.

Before we go further, though, and to enable us to navigate between the framework of
TV-CMJ branching processes and the one of epidemiology, we introduce here a specific set of
assumptions that will suffice to underlie the proofs in the rest of this entire section. These
new technical conditions in effect combine the existence and uniqueness conditions (EU-1)
and (EU-2) into one condition, which we denote (A4). But we also add the condition that
the density λ(t;σ) of the expected reproduction process can be written as the product of
two continuous separable functions, namely r(t+ σ) and γ(t). The proof of Proposition 2.4
highlights that this last assumption on λ(t;σ) is necessary to directly link the framework of
the TV-CMJ branching process with the formulation of incidence in epidemiology.

Assumptions (Sufficient conditions for equivalence between incidence and expected birth
rate).

(A4) Assume condition (EU-1) holds and there exist two continuous and non-negative functions
t 7→ r(t) and t 7→ γ(t) defined on R+, independent of σ, such that for any (t;σ) ∈ R+×R+,

λ(t;σ) = r(t)γ(t− σ), with Γ(t) :=

∫ t

0
γ(s)ds,

For any (t;σ) ∈ R+ × R+ such that 0 ≤ σ ≤ t, let γ(t;σ) := sup
u∈[0,t−σ]

γ(u) <∞.

(A5) For any (t;σ) ∈ R+ × R+ such that 0 ≤ σ ≤ t, define ρ(t;σ) := sup
u∈[σ,t]

r(u) < ∞, and

assume that
ρ(0;σ)Γ(0+) < 1.

We proceed as follows. We first prove in Section 2.5.2 the existence and uniqueness
of a solution to a renewal-like integral equation, which will then lead in Section 2.5.3 to the
redefinition of incidence as a generalised function, which we will denote Iσ. The incidence
equation of which Iσ is the solution can be viewed as an extension of the commonly used
renewal incidence equation in epidemiology. Next in Section 2.5.4, we compare the renewal-like
equation derived in Proposition 2.2 for the expected birth rate fσ of a TV-CMJ branching
process with the newly defined and extended incidence equation. We prove that even though,
at first sight, the two equations to which fσ and Iσ are solutions, are of different forms, they
are nevertheless equivalent.
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Remark. Section 2.6 will show that this equivalence is based on a Kolmogorov-like duality
forward-backward.

2.5.2 Existence and uniqueness of a solution to a generalised incidence
equation

In this section, since our aim is to extend the definition of incidence as a generalised
function, we first show in Proposition 2.3 existence and uniqueness of a solution to an equation
which will determine the absolute continuous part of incidence. Our proof here relies again,
similarly to the proof of Proposition 2.1, on an argument based on Picard iteration.

Proposition 2.3. Assume that conditions (A4) and (A5) hold. Let (Ĩn(t;σ))n∈N be defined
for n = 0 by Ĩ0(t;σ) = 0 when 0 ≤ t < σ and Ĩ0(t;σ) = r(t)γ(t− σ) when t ≥ σ ≥ 0, and for
n ≥ 1 by the system

Ĩn+1(t;σ) =

{
0, 0 ≤ t < σ,

r(t)γ(t− σ) + r(t)
∫ t−σ
0 Ĩn(t− s;σ)γ(s)ds, t ≥ σ.

(2.17)

Then for any t, σ ∈ R+ × R+, the sequence of functions (Ĩn(t;σ))n∈N converges towards the
function Ĩ : R+ × R+ → R+, which is the unique solution of

Ĩ(t;σ) =

{
0, 0 ≤ t < σ,

r(t)γ(t− σ) + r(t)
∫ t−σ
0 Ĩ(t− s;σ)γ(s)ds, t ≥ σ.

Proof. Well-definiteness of the sequence (Ĩn(t;σ))n∈N is automatic. It is very straightforward
to verify (simple induction) that 0 ≤ In(t;σ) ≤ In+1(t;σ) for any t, σ ≥ 0. Thus (In(t;σ))n∈N
is a monotonous sequence. We now show that In(t;σ) converges pointwise. Then a direct
application of the Monotone Convergence Theorem will yield existence of a solution to (2.17).
In a last step, we will show that this solution is unique using a classical Grönwall argument.

Let us start with the existence part. To do so, we define for any given pair (t;σ) ∈ R+×R+

another related sequence of functions (Nj(t;σ))j∈N, representing the increments of Ĩj(t;σ)
such that N0(t;σ) := r(t)γ(t− σ) and for j ≥ 1, and t, σ ∈ R+ × R+,

Nj(t;σ) := Ĩj(t;σ)− Ĩj−1(t;σ).

In other words, for any n ∈ N and σ, t ≥ 0 we can also write

Ĩn(t;σ) =
n∑
j=0

Nj(t;σ).

We show by induction on n ∈ N that for a given pair t ≥ σ ≥ 0, the sequence (Nn(t;σ))n∈N is
upper-bounded as per (Ind-H3). Our induction hypothesis is as follows

Nn(t;σ) ≤ γ(t;σ)ρ∗(n+1)(t;σ)Γ∗n(t− σ). (Ind-H3)

Let n = 0. Then,
N0(t;σ) = r(t)γ(t− σ) ≤ γ(t;σ)ρ(t;σ),
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ans thus (Ind-H3) holds at rank 0. Next take n ≥ 1. We have

Nn+1(t;σ) = r(t)

∫ t−σ

0
Nn(t− s, σ)γ(s)ds,

≤ r(t)
∫ t−σ

0
γ(t− s;σ)ρ∗(n+1)(t− s;σ)Γ∗n(t− σ − s)γ(s)ds,

where we appealed to (Ind-H3) at rank n. Now it suffices to observe that

γ(t− s;σ) = sup
u∈[0,t−s−σ]

γ(u) ≤ sup
u∈[0;t−σ]

γ(u) = γ(t;σ),

and equally,

ρ(t− s;σ) = sup
u∈[σ;t−s]

r(u) ≤ sup
u∈[σ;t]

r(u) = ρ(t;σ).

Thus, returning to the upper-bound of Nn+1(t;σ), we can write

Nn+1(t;σ) ≤ γ(t;σ)ρ∗(n+2)(t;σ)

∫ t−σ

0
Γ∗n(t− σ − s)γ(s)ds,

= γ(t;σ)ρ∗(n+2)(t;σ)Γ∗(n+1)(t− σ),

which ends the proof by induction of (Ind-H3).

Finally, let us define for any fixed σ ≥ 0, the function t 7→ ∆(t) := ρ(t;σ)Γ(t), and
refer to Appendix A.5. The function ∆(t) so defined satisfies the required assumptions
of Lemma A.5.1. Indeed, t 7→ ρ(t;σ)Γ(t) is non-decreasing and right-continuous. And
furthermore, by Assumption (A5), we have ρ(0;σ)Γ(0) < 1 and ρ(t;σ)Γ(t) <∞. Thus we can
apply Lemma A.5.1 and we get

∞∑
n=1

∆(t)∗n <∞, ∀ t ≥ 0,

in other words,

∞∑
n=0

Nn(t;σ) <∞,

which can be rewritten, for (t;σ) fixed, in terms of limit for the sequence Ĩn(t;σ) as

lim
n→∞

Ĩn(t;σ) <∞.

In summary, the sequence of functions (Ĩn(t;σ))n∈N is non-decreasing, uniformly bounded and
point-wise convergent. An application of the Monotone Convergence Theorem allows us to
pass to the limit in equation (2.17) and obtain

lim
n→∞

Ĩn(t;σ) = Ĩ(t;σ),
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where Ĩ(t;σ) is solution of

Ĩ(t;σ) =

{
0, 0 ≤ t < σ,

r(t)γ(t− σ) + r(t)
∫ t−σ
0 Ĩ(t− s;σ)γ(s)ds, t ≥ σ.

Existence of a solution now being proven, we show uniqueness of the solution by appealing to
a standard Grönwall argument. Let us assume that there exist two solutions Ĩ(1)(t;σ) and
Ĩ(2)(t;σ) to equation (2.17) and denote J̃(t;σ) := Ĩ(2)(t;σ) − Ĩ(1)(t;σ). This function then
satisfies J̃(t;σ) = 0 for 0 ≤ t < σ and for t ≥ σ,

J̃(t;σ) = r(t)

∫ t−σ

0
J̃(t− s;σ)γ(s)ds.

A direct application of Proposition B.1 - more precisely equations (B.1.2) and (B.1.3) in
appendix - leads to J̃(t;σ) = 0 for t ≥ σ. This provides uniqueness of solution to (2.17).

2.5.3 Extension and reformulation of the incidence renewal equation

Strong of the previous existence and uniqueness result above, we now return to the
renewal incidence equation (2.16) commonly used in epidemiology. In this section, we wish
to generalise this renewal equation, with the view in the next section to compare it with the
system of equations verified by the distributional derivative of cumulative incidence in the
context of a TV-CMJ branching process.

Our starting point is based on works such as those of Champredon [CDE18], for instance,
who rely on an incidence renewal equation which happens to be somewhat only heuristically
justified. We aim at introducing a more generic extension to the basic renewal incidence
equation given by

I(t) = R0

∫ ∞

0
I(t− s)γ(s)ds, t > 0, (2.18)

where R0 is the constant or basic reproduction number and γ(s) is the intrinsic generation-
interval distribution representing the probability that an infection not only survives but also
gets transmitted a number s days after occurrence [CDE18]. Note that, obviously, to obtain
a solution that is not trivially null, an initial condition must be given in practice. Here, for
simplicity, we assume that I(0) = 1, which means that the infection starts with a single index
case at t = 0.

A first seemingly natural extension of equation (2.18), which actually proves to be very
useful in practice, consists of rendering the reproduction number calendar-time dependent; in
other words, we simply and directly substitute the R0 number by a function r(t) on R+ within
equation (2.18). Furthermore, and to establish the basis for a consistent comparison between
the incidence renewal equation used in the modelling of infectious diseases and the renewal-like
equation for the expected birth rate fσ derived from a TV-CMJ branching process, we also
now assume that the index case of the infectious disease can arise at any given time σ ≥ 0.

Thus, to represent the incidence of an infectious disease, we are therefore led to in-
troducing a slightly more general renewal equation than (2.18) for a newly defined function
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I(t;σ) : R+ × R+ → R+ such that

I(t;σ) =

{
1, t = σ, (initial condition)
r(t)

∫
(0,t−σ] I(t− s;σ)γ(s)ds, t > σ.

The next and final level of generalisation of the incidence equation (2.18) consists of
reformulating it within the space of generalised functions, in order to stand on the same foot
as the formalism of the previous section with respect to cumulative incidence Bσ and its
distributional derivative fσ.

Definition 2.5.1 (Reformulation of incidence as a generalised function). Let Iσ represent the
generalised function in D′(R) uniquely defined for any test function φ ∈ C∞c (R) as

⟨Iσ, φ⟩ = ⟨δσ, φ⟩+
∫ ∞

0
φ(t)Ĩ(t;σ)dt, (2.19)

where Ĩ : R+ × R+ → R+ is defined as the unique solution to

Ĩ(t;σ) =

{
0, 0 ≤ t < σ

r(t)γ(t− σ) + r(t)
∫ t−σ
0 Ĩ(t− s;σ)γ(s)ds, t ≥ σ.

Iσ is said to represent the incidence of an infectious disease whose calendar-time-dependent
reproduction number is given by r(t) and whose intrinsic generation-interval distribution is
given by γ(t).

Proof. We verify that Definition 2.5.1 is well posed, in other words, it defines a unique
generalised function Iσ. Indeed, equation (2.19) is the unique decomposition of a generalised
function as the sum of a singular and a regular distributions. The singular part is uniquely
(well defined) by the Dirac delta distribution. Besides, it has already been shown that there
exists a unique solution Ĩ(t;σ) verifying the integral equation for the absolute part above.
Thus, existence and uniqueness of Ĩ(t;σ) imply those of Iσ.

Remarks. Before we move on to the proof of equivalence between fσ and Iσ in Section 2.5.4,
and now that incidence has been formally redefined as a generalised function, we briefly go back
to assumption (A4) and make a couple of remarks. Let us note that the first term in equation
(2.21), namely r(t)γ(t − σ), as a consequence of condition (A4), satisfies condition (EU-2).
Therefore, the latter condition is no longer needed. Next, in order to make the connection
between the intrinsic generation interval distribution γ(·) in epidemiology and the lifelength
density g(·) of a TV-CMJ branching process, we had to further assume that γ(·) and thus Γ(·)
do not depend on σ ≥ 0.

Examples (TV-BH and TV-IP branching processes). As possible examples of TV-CMJ branch-
ing processes we briefly verify here that condition (A4) holds under the two examples introduced
in Chapter 1.

• TV-BH process: Here the density g(t) of the life-length random variable corresponds
to the generation interval distribution γ(t) and the expected reproduction number R(t)
corresponds to r(t). Thus, to guarantee that the TV-BH process satisfies Assumption (A4),
we need

γ(t) := g(t), Γ(t) := G(t) and r(t) := R(t). (TV-BH)
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• TV-IP process: Equally condition (A4) is satisfied with the following correspondence

γ(t) := G(t), Γ(t) =

∫ t

0
G(s)ds and r(t) := ρ(t). (TV-IP)

■

2.5.4 Equivalence between expected birth rate and incidence

The objective of this section is to prove equivalence between the two generalised functions
we have introduced so far, namely the expected birth rate fσ of a TV-CMJ process and incidence
Iσ, solution to the extended epidemiology renewal equation. Our strategy of proof consists
of comparing the system of equations verified on the one hand by Iσ ∈ D′(R) determined in
Definition 2.5.1 and on the other hand by fσ ∈ D′(R) of Proposition 2.2. We then prove under
certain technical conditions that Iσ and fσ are identical.

Proposition 2.4 (Equivalence between expected birth rate and incidence equations). Assume
that conditions (A4) and (A5) hold. Let Iσ ∈ D′(R) represent the generalised function uniquely
determined by

⟨Iσ, φ⟩ = ⟨δσ, φ⟩+
∫ ∞

0
φ(t)Ĩ(t;σ)dt, φ ∈ C∞c (R+)

where

Ĩ(t;σ) =

{
0, 0 ≤ t < σ,

r(t)γ(t− σ) + r(t)
∫ t−σ
0 Ĩ(t− s;σ)γ(s)ds, t ≥ σ.

and let fσ ∈ D′(R) be the expected birth rate of a TV-CMJ uniquely determined by

⟨fσ, φ⟩ = ⟨δσ, φ⟩+
∫ ∞

0
φ(t)f̃(t;σ)dt, φ ∈ C∞c (R+),

where

f̃(t;σ) =

{
0, 0 ≤ t < σ,

r(t)γ(t− σ) +
∫
(0,t−σ] f̃(t; s+ σ)r(s+ σ;σ)γ(s)ds, t ≥ σ.

Then for any σ ≥ 0, and any φ ∈ C∞c (R),

⟨fσ, φ⟩ = ⟨Iσ, φ⟩. (2.20)

Although it was necessary to introduce Schwartz distributions to formally define the
expected birth rate and incidence and, in particular, ensure that they correspond to differ-
entiable mathematical quantities, we can, however, avoid unnecessary formal dealings in the
space D′(R) to prove equivalence. Indeed, the respective singular parts of fσ and Iσ are
identical and equal to ⟨δσ, ·⟩, the Dirac delta distribution at σ. Thus, by the uniqueness of
these decompositions, we can rephrase the distributional equality in (2.20) and simply prove
that the respective solutions of (2.21) and (2.22) are identical.
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Theorem 2.2. Let Ĩ : R+ × R+ → R+ be the unique solution of

Ĩ(t;σ) =

{
0, 0 ≤ t < σ,

r(t)γ(t− σ) + r(t)
∫ t−σ
0 Ĩ(t− s;σ)γ(s)ds, t ≥ σ.

(2.21)

and f̃ : R+ × R+ → R+ be the unique solution of

f̃(t;σ) =

{
0, 0 ≤ t < σ,

r(t)γ(t− σ) +
∫
(0,t−σ] f̃(t; s+ σ)r(s+ σ;σ)γ(s)ds, t ≥ σ.

(2.22)

Then for any t ≥ σ,

f̃(t;σ) = Ĩ(t;σ).

Proof. To prove Theorem 2.2, we first introduce a sequence of functions (f̃n(t;σ))n∈N whose
successive terms verify an equation which mirrors equation (2.22). For n = 0, we let f̃0(t;σ) = 0
when 0 ≤ t < σ and f̃0(t;σ) = r(t)γ(t− σ) when t ≥ σ ≥ 0, and for n ≥ 1 we define

f̃n+1(t;σ) =

{
0, 0 ≤ t < σ,

r(t)γ(t− σ) +
∫ t−σ
0 f̃n(t; s+ σ)r(s+ σ)γ(s)ds, t ≥ σ.

(2.23)

In fact (f̃n(t;σ))n∈N corresponds exactly to the sequence of functions (un(t;σ))n∈N introduced
in the proof of Proposition 2.1, in the particular case where v(t;σ) := r(t)γ(t − σ) and
λ(t;σ) := r(t)γ(t+σ). Thus we already know by the proof of Proposition 2.1 that (f̃n(t;σ))n∈N
is a Picard iterate that converges uniformly to f̃(t;σ), solution to (2.22).

We have two sequences of functions (Ĩn(t;σ))n∈N and (f̃n(t;σ))n∈N that respectively
converge towards the unique solutions Ĩ(t;σ) and f̃(t;σ) of equations (2.21) and (2.22). Thus
to show that Ĩ(t;σ) = f̃(t;σ), it suffices to show that both sequences (f̃n(t;σ))n∈N and
(Ĩn(t;σ))n∈N are identical term by term.

Let us show by induction on n ∈ N that

∀n ∈ N, ∀i ≤ n f̃i(t;σ) = Ĩi(t;σ), t, σ ≥ 0. (Ind-H4)

We first verify that induction hypothesis (Ind-H4) holds for the base cases n = 0 and n = 1.
The case n = 0 is true by construction. Then at rank n = 1, on the one hand, we rewrite
(2.23) recalling the definition of f̃0(t;σ) = r(t)γ(t− σ) and obtain

f̃1(t;σ) =

{
0, 0 ≤ t < σ,

r(t)γ(t− σ) + r(t)
∫ t−σ
0 r(s+ σ)γ(s+ σ)γ(t− s− σ)ds, t ≥ σ.

And on the other hand, we rewrite (2.17) substituting Ĩ0(t;σ) = r(t)γ(t− σ) and obtain

Ĩ1(t;σ) =

{
0, 0 ≤ t < σ,

r(t)γ(t− σ) + r(t)
∫ t−σ
0 r(t− s)γ(t− s− σ)γ(s)ds, t ≥ σ.

An obvious change of variable ν = t− s−σ in the above equation shows that f̃1(t;σ) = Ĩ1(t;σ)
for any t, σ ≥ 0. The induction hypothesis (Ind-H4) is verified for the two base cases n = 0
and n = 1.

Now let us take n ≥ 1 and assume that for any i ≤ n, f̃i(t;σ) = Ĩi(t;σ). When 0 ≤ t < σ,
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we trivially have f̃n+1(t;σ) = Ĩn+1(t;σ) = 0. Thus take t ≥ σ and let us again rewrite (2.23)
by using (Ind-H4) at rank n which lets us substitute f̃n(t;σ) by Ĩn(t;σ), such that

f̃n+1(t;σ) = r(t)γ(t− σ) +
∫ t−σ

0
Ĩn(t; s+ σ)r(s+ σ)γ(s)ds. (2.24)

Next we rely on (2.17) satisfied at rank n, to rewrite an expression for Ĩn(t; s+ σ), i.e.,

Ĩn(t; s+ σ) = r(t)γ(t− s− σ) + r(t)

∫ t−s−σ

0
Ĩn−1(t− ν; s+ σ)γ(ν)dν, t ≥ σ,

which we substitute in (2.24) to get

f̃n+1(t;σ) = r(t)γ(t− σ) + r(t)

∫ t−σ

0

(
γ(t− s− σ)

+

∫ t−s−σ

0
Ĩn−1(t− ν; s+ σ)γ(ν)dν

)
r(s+ σ)γ(s)ds,

= r(t)γ(t− σ) + r(t)

∫ t−σ

0
γ(t− s− σ)r(s+ σ)γ(s)ds

+ r(t)

∫ t−σ

0

(∫ t−s−σ

0
Ĩn−1(t− ν; s+ σ)γ(ν)dν

)
r(s+ σ)γ(s)ds.︸ ︷︷ ︸

A

(2.25)

We now rewrite the integral term A above,

A =

∫ t−σ

0

(∫ t−s−σ

0
f̃n−1(t− ν; s+ σ)γ(ν)dν

)
r(s+ σ)γ(s)ds,

=

∫ t−σ

0

(∫ t−ν−σ

0
r(s+ σ)f̃n−1(t− ν; s+ σ)γ(s)ds

)
γ(ν)dν,

where we first relied on the induction hypothesis (i.e. Ĩn−1(t;σ) = f̃n−1(t;σ)) and on the
ordinary Fubini theorem in the second line. At this stage, we recognise part of the recursive
relationship for f̃n(t− ν;σ). Indeed (2.23) gets rewritten∫ t−ν−σ

0
r(s+ σ)f̃n−1(t− ν, s+ σ)γ(s)ds = f̃n(t− ν;σ)− r(t− ν)γ(t− ν − σ).

Thus A becomes

A =

∫ t−σ

0

(
f̃n(t− ν;σ)− r(t− ν)γ(t− ν − σ)

)
γ(ν)dν.

Returning now to the expression we were left with for f̃n+1(t;σ) in (2.25), we get

f̃n+1(t;σ) = r(t)γ(t− σ) + r(t)

∫ t−σ

0
γ(t− s− σ)r(s+ σ)γ(s)ds,

+ r(t)

∫ t−σ

0

(
f̃n(t− ν;σ)− r(t− ν)γ(t− ν − σ)

)
γ(ν)dν.
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It suffices to notice that

r(t)

∫ t−σ

0
r(t− ν)γ(t− ν − σ)γ(ν)dν = −r(t)

∫ 0

t−σ
r(s+ σ)γ(s)γ(t− s− σ)ds,

to deduce that

f̃n+1(t;σ) = r(t)γ(t− σ) + r(t)

∫ t−σ

0
f̃n(t− ν;σ)γ(ν)dν,

which happens to be exactly the integral equation verified by Ĩn(t;σ).

Finally, the uniqueness property of the respective solutions to equations (2.23) and (2.17)
lets us conclude that for any n ∈ N and t ≥ σ,

f̃n(t;σ) = Ĩn(t;σ).

We can now end the proof of Theorem 2.2. Passage to the limit in (2.23) relies on the
Dominated Convergence Theorem since it was proven that f̃n(t;σ) converges uniformly (see
proof of Lemma B.2.3), whereas passage to the limit in (2.17) appeals to the Monotone
Convergence theorem, since it was proven that Ĩn(t;σ) is monotonous and converges pointwise.
This ends the proof that the (absolute continuous part of) the expected birth rate of a TV-CMJ
branching process as solution to equation (2.22) and the (absolute continuous part of) the
incidence process as solution to equation (2.21) coincide. Finally as the singular parts of each
of these distributions are equal, we can conclude that Iσ = fσ.

2.6 Backward-forward duality of branching processes

2.6.1 Brief literature context

One of our main references to support the study of integral equations derived from a
TV-CMJ branching process was the early works of Prof. Kimmel [Kim82; Kim83]. Indeed,
Kimmel in the early 1980’s worked on renewal-like integral equations with applications to
branching processes, where he treated the general case of multitype age-dependent branching
processes in varying environment. He derived renewal-like integral equations for three main
quantities in expectation, namely, the expected cumulative number of deaths, the expected
cumulative number of births (cumulative incidence), and the expected number of particles alive
at a given time (prevalence). Kimmel applied his results to the descriptions of the dynamics
of malignant cell populations under the action of cytostatic agents [Kim83].

Despite the obvious analogies with [Kim82] and [Kim83], our set-up in this chapter and
the previous one can be distinguished from Kimmel’s along three dimensions: we consider an
extension of a CMJ branching process, whereas Kimmel treats a less general age-dependent
model; our TV-CMJ process is single type, when Kimmel’s age-dependent process is multitype;
the variations of our environment originate from a calendar-time dependence when Kimmel
assumes a more general (abstract) varying environment. Despite these differences, we have
found that our equations (see Section 2.1) for cumulative incidence and prevalence in the case
of a TV-BH (and therefore age-dependent) branching process are fully consistent with those
derived by Kimmel in the works mentioned above [Kim82, Eqs. 2.2, 2.7 and 3.4].

Kimmel’s approach [Kim82] relies on viewing a branching process, in expectation, as a
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dynamical system with control terms. He proves an equivalence result between two renewal-like
integral equations verified by the expected cumulative number of deaths. As the author and
one of his referees mentioned at the time, these two types of equations are reminiscent of
the backward and forward Kolmogorov equations. However, interestingly enough, although
Kimmel [Kim82] derives a backward equation for cumulative incidence, he does not derive at
the time a forward equation for this quantity. The question can then be asked if we could
complement Kimmel’s set of renewal-like equations with a forward equation for cumulative
incidence.

In parallel, Kimmel [Kim83] adopts a point process approach in which, as just mentioned,
he derives three backward integral equations, respectively, for the expected cumulative number
of deaths, for cumulative incidence, and for prevalence in a multitype age-dependent branching
process in a varying environment. To derive these backward equations, he relies on a principle
that mirrors the first-generation principle, which he calls the principle of last generation. Note
as well that in the late 1980’s and early 1990’s, Kimmel and Arino (see, e.g. [AK93] and
[KAA95]) studied the backward and forward duality of renewal-like integral equations derived
from a branching process in the context of cell populations dynamics.

We have just noted that Kimmel [Kim82] did not derive a forward equation for cumulative
incidence. Nor was it his objective at the time to fully derive dual equations for incidence
(although it could be argued that Eq.(16) in his later work [KAA95] can be seen as a backward
incidence equation). Thus, one of the objectives of this section is to link back some of Kimmel’s
earlier works to our present work on a TV-CMJ branching process. We show in Section
2.6.2 that, under some technical assumptions, it is actually possible to directly derive from
Kimmel’s work a forward equation for cumulative incidence. In effect, this latter equation
nicely complements the sets of backward-forward equations originally described in [Kim82]
and [Kim83]. Next in Section 2.6.3, (and again under some specific assumptions, in particular
requiring absolute continuity), on the one hand, we rederive the equation for the expected birth
rate of a TV-CMJ process as was done in Section 2.3.4 but this time, by simply and directly
differentiating Kimmel’s backward equation of cumulative incidence. And, on the other hand,
starting instead from the newly derived forward equation for cumulative incidence, we in effect
close the loop as we obtain, by direct differentiation, the renewal-incidence equation used in
epidemiology.

This complementary perspective on duality backward-forward allows us to validate from
another angle the form for the renewal incidence equation used in epidemiology. In other words,
the incidence renewal equation can be viewed as a forward equation, dual to the backward
equation, which was derived for the expected birth rate of a TV-CMJ process in the context
of branching populations.

2.6.2 Forward equation for cumulative incidence

In this section, we complement the set of equations derived by Kimmel [Kim82; Kim83]
by deriving a forward equation for the cumulative incidence of a TV-CMJ branching process.
First, we recall some of the notations, assumptions, and results in [Kim82] and [Kim83].
Kimmel’s main assumptions were stated in [Kim82, Theorem 1]. Transcribing them into the
notations of this chapter, we summarise them below.

Assumptions (Based on Theorem 1 of [Kim82]).

(Ki-1) Γ(t;σ) defined on R+×R+ is right-continuous with respect to (t;σ) and is non-decreasing
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in t ≥ 0. Additionally, for any σ ≥ 0, Γ(0;σ) = 0, and lim
t→∞

Γ(t;σ) = 1 (that is,
t 7→ Γ(t;σ) is CDF).

(Ki-2) There exists a right-continuous, non-decreasing function t 7→ Γ0(t), independent of σ,
such that

Γ(t;σ) ≤ Γ0(t), t, σ ≥ 0.

(Ki-3) The function t 7→ r(t) defined on R+ is non-negative, measurable and bounded.

In the context of this section, cumulative incidence will, as before, be denoted B(t;σ) but
we additionally introduce the function (t;σ) 7→ D(t;σ), defined on R+ ×R+, which represents
the expected cumulative number of deaths in a TV-CMJ branching process, initiated by a
single individual born at time σ ≥ 0. One of the main results in [Kim82] is given in Theorem
1. It states and proves equivalence between the forward and backward equations derived for
the cumulative number of deaths D(t;σ). We recall these two equations here. First we let
D(t;σ) = 0 for 0 ≤ t < σ and for t ≥ σ ≥ 0,

D(t;σ) := Γ(t− σ) +
∫ t

σ
r(u)Γ(u− σ;σ)duD(t;σ), (Forward-D)

D(t;σ) := Γ(t− σ) +
∫ t

σ
r(u)D(t;u)duΓ(u− σ;σ). (Backward-D)

With regards to cumulative incidence, Kimmel [Kim82, Theorem 2] only proved a backward
equation which we recall below. Again we let B(t;σ) = 0 for 0 ≤ t < σ and for t ≥ σ ≥ 0,

B(t;σ) = 1 +

∫ t

σ
r(u)B(t, u)duΓ(u− σ;σ). (Backward-B)

If Kimmel does not derive a forward equation for B(t, σ), he, however, additionally provides two
equations that directly link the expected cumulative number of deaths D(t;σ) with cumulative
incidence B(t;σ). We give here these two equations that will be needed for our derivation of
the forward equation for B(t;σ). For t ≥ σ ≥ 0,

D(t;σ) =

∫ t

σ
Γ(t− s; s)dsB(s;σ), (D-B)

B(t;σ) = 1 +

∫ t

σ
r(u)duD(u;σ). (B-D)

We now introduce absolute continuity assumptions with respect to t for t > σ in order to
differentiate directly and derive on the one hand, the forward equation for cumulative incidence
and on the other hand, in the next section, the backward and forward equations for incidence.
These assumptions are as follows.

Assumptions (Directly adapted from [Kim82]).

(Ki-4) For any σ ≥ 0, the function t 7→ D(t;σ) defined on R+ such that D(t;σ) = 0 for
t ∈ [0, σ) and solution to (Forward-D) and (Backward-D) for t ≥ σ admits a continuous
density d(t;σ) for t > σ, i.e.,

dtD(t;σ) = d(t;σ)dt, for t > σ.
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(Ki-5) For any σ ≥ 0, the function t 7→ B(t;σ) defined on R+ such that B(t;σ) = 0 for
t ∈ [0, σ) and solution to (Backward-B) for t ≥ σ admits a continuous density b(t;σ)
for t > σ, i.e.,

dtB(t;σ) = b(t;σ)dt, for t > σ.

(Ki-6) The CDF t 7→ Γ(t;σ) defined on R+ is independent of σ, i.e.,

Γ(t;σ) ≡ Γ(t), ∀t ∈ R+,

and admits a continuous density γ(t) on R+

dtΓ(t) := γ(t)dt.

We now have all the elements to derive the forward integral equation for cumulative
incidence.

Lemma 2.6.1 (Forward equation for B(t;σ)). Assume conditions (Ki-1) to (Ki-6) hold. Then
for any t > σ,

B(t;σ) = 1 +

∫ t

σ
r(u)γ(u− σ)du+

∫ t

σ
r(u)

∫ u

σ
γ(u− s)b(s;σ)dsdu. (Forward-B)

Proof. Let us rewrite equation (Forward-D) and equation (B-D) using condition (Ki-4),

D(t;σ) = Γ(t− σ) +
∫ t

σ
Γ(t− u)r(u)d(u;σ)du, t > σ, (2.26)

B(t;σ) = 1 +

∫ t

σ
r(u)d(u;σ)du, t > σ. (2.27)

A simple application of the Leibniz rule (see Appendix B.5) to equation (2.27) leads to

b(t;σ) = r(t)d(t;σ), t > σ,

which, in turn, allows us to rewrite equation (2.26) as

D(t;σ) = Γ(t− σ) +
∫ t

σ
Γ(t− u)b(u;σ)du.

Next we differentiate the above equation and again apply the Leibniz rule. We obtain for t > σ

d(t;σ) = γ(t− σ) + Γ(0)b(t;σ) +

∫ t

σ
γ(t− u)b(u;σ)du,

= γ(t− σ) +
∫ t

σ
γ(t− u)b(u;σ)du,

where we used that Γ(0) = 0. Finally, we return once again to equation (2.27) where we
substitute d(u;σ) by its expression found in the previous equation. It follows for t > σ

B(t;σ) = 1 +

∫ t

σ
r(u)

[
γ(u− σ) + +

∫ u

σ
γ(u− s)b(s;σ)ds

]
du,

= 1 +

∫ t

σ
r(u)γ(u− σ)du++

∫ t

σ
r(u)

∫ u

σ
γ(u− s)b(s;σ)dsdu,

which gives us the desired forward equation for cumulative incidence.
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2.6.3 Forward and backward incidence equations

To recap, in the previous section, we started from the works of Kimmel in the 1980s
[Kim82; Kim83], but placed ourselves in the setup of a TV-CMJ branching process. We
reviewed the main equations for cumulative incidence and the expected cumulative number of
deaths and completed the set of equations originally derived by Kimmel with a new forward
equation for B(t;σ).

As already mentioned in the introduction of Section 2.6, Kimmel and Arino, in the
mid-1990s, then treated the forward-backward duality of branching processes (see [KAA95],
[KA94]). In particular, they mentioned two different types of modelling approaches [KA94],
by which they compare systems of equations for flux of just born [and] flux of just dividing
cells. These fluxes are reminiscent of the derivatives of the expected cumulative number of
births and deaths, and the two systems can be viewed as backward and forward duals of each
other. In [KAA95], the duality of these systems is even more clearly highlighted.

In this section, our starting point is the dual system of equations for cumulative incidence,
given, respectively, by (Backward-B) and (Forward-B). We see that by simply differentiating
each equation in parallel, we get back on the one hand the equation derived for the expected
birth rate in a TV-CMJ branching process and, on the other hand, the renewal incidence
equation used in epidemiology. This confirms the validity of the incidence renewal equation as
the forward dual of the equation derived when a branching process viewpoint is taken.

Let us naturally denote for the remainder of this section

I(t;σ) := b(t;σ).

Basically, incidence I(t;σ) as introduced in Section 2.5 corresponds to the density b(t;σ) of
this section.

Lemma 2.6.2 (Backward-Forward incidence equations). Assume conditions (Ki-1) to (Ki-6)
hold. Then I(t;σ) verifies the following two dual backward and forward equations,

I(t;σ) = r(t)γ(t− σ) + r(t)

∫ t

σ
I(s;σ)γ(t− s)ds, t > σ, (Forward-I)

I(t;σ) = r(t)γ(t− σ) +
∫ t

σ
r(u)I(t;u)γ(u− σ)du, t > σ. (Backward-I)

Proof. The derivation of the forward and backward equations for incidence arises now very
naturally from directly applying the Leibniz rule, respectively, to the forward and backward
equations for cumulative incidence. Let us start with equation (Forward-B) in Lemma 2.6.1.
By applying the Leibniz rule, we get

I(t;σ) = r(t)γ(t− σ) + r(t)

∫ t

σ
γ(t− s)I(s;σ)ds, t > σ.

This gives us exactly the incidence renewal equation of Section 2.5.4. Similarly, let us also
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apply the Leibniz rule to equation (Backward-B). We obtain in this case

I(t;σ) = B(t, t)r(t)γ(t− σ) +
∫ t

σ
I(t, u)r(u)γ(u− σ)du, t > σ.

Recalling that in our context we have assumed a single initial birth at time t = σ, it follows
that B(t, t) = 1, which leads to the desired backward incidence equation.

In summary, this detour into Kimmel’s work ([Kim82; Kim83; KAA95] has allowed us
to observe that the equivalence between the expected birth rate and the incidence proven in
Section 2.5.4 can simply be viewed as a duality forward-backward for the number of expected
births at time t > σ in a TV-CMJ branching process. This duality was derived in this section
from Kimmel’s original work related to integral equations issued from multi-type age-dependent
branching processes in random environment, which we generalised to TV-CMJ processes. The
equivalence/duality shown in Section 2.5.4, on the other hand, was based mainly on analytical
tools (Picard Iterates, Schwartz distribution . . .).

Finally, in Section 2.7, and as a useful and practical application of the previous derivations,
we demonstrate how the result of equivalence provided in Section 2.5.4 leads to a direct
mathematical justification of the backcalculations commonly applied in the modelling of
infectious diseases. In the following, we will first recall the basics of these backcalculations.

2.7 Consistency with backcalculation of incidence

2.7.1 Epidemiology context

The method of backcalculation in epidemiology and infectious disease modelling consists
of recovering prevalence through a convolution of incidence data with the survival function of
the generation interval. In broad terms, we can write

Prevalence = Survival ⋆ Incidence,

where ⋆ denotes the convolution operator. As described in Birrell et al. [Bir+12], backcalculation
is a technique used to reconstruct the history of infections based on the data provided by the
time series of observed disease time points. This method was originally introduced and applied
to estimate HIV and AIDS incidence data by Brookmeyer and Gail [BG88] and Cui and
Becker [CB00] and later, to cite but a few, by Birrell et al. [Bir+12] and Brizzi et al. [Bri+19].
Note also Mezzetti and Robertson [MR99] who backcalculated cancer incidence rates, Deuffic
et al. [Deu+99] who modelled the hepatitis C epidemic in France, or Crump [CM15] who
backcalculated the incidence of leprosy infection. We are only citing very few references here,
but this shortlist does not give credit to how widely backcalculation of incidence is used in
practice and to how helpful this inference technique has proven to be, in particular, when
combined with the Bayesian modelling framework.

In this section, we rely once more on the modelling analogy between the dynamics of
an infectious disease (at least in its early phases) and those of a TV-CMJ branching process.
We rely on the integral equations previously derived for the number of alive individuals at
time t (prevalence) and the expected birth rate (incidence) of a TV-CMJ branching process to
prove that the backcalculation so often applied in practice is consistent with those renewal-like
integral equations.
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2.7.2 Consistency

We assume that conditions (A4) and (A5) are true to ensure that Proposition 2.4 holds,
which means that we have equivalence between the expected birth rate fσ of a TV-CMJ
process and incidence Iσ of an infectious disease. Prevalence at time t ≥ 0 in epidemiology
corresponds to the expected number of individuals present (alive) in the population at that
time. Recall the integral equation derived in Section 2.1 for prevalence of a TV-CMJ branching
process initiated at time σ ≥ 0 by a single individual,

Pr(t;σ) = 1−Gσ(t− σ) +
∫ t−σ

0
Pr(t;σ + u)dΛ(u;σ), t > σ.

Note that here, by Assumption (A4), Gσ(t) ≡ Γ(t;σ) ≡ Γ(t) =
∫ t
0 γ(s)ds does not depend on

σ and, in addition, we also have dΛ(t;σ) = r(t)γ(t− σ). Thus we rewrite

Pr(t;σ) = Γ(t− σ) +
∫ t−σ

0
Pr(t;σ + u)r(u+ σ)γ(u)du, t > σ,

where Γ(t) := 1− Γ(t) denotes the survival function, and again is independent of σ. On the
other hand, recall that incidence, equivalently, the expected birth rate fσ, has been defined as
a generalised function in Proposition 2.2 and follows the system of equations

⟨fσ, φ⟩ = ⟨δσ, φ⟩+
∫
R+

φ(t)f̃(t;σ)dt, φ ∈ C∞c (R+),

where f̃ : R+ × R+ is the unique solution to the integral equation

f̃(t;σ) =

{
0, t < σ,

r(t)γ(t− σ) +
∫ t−σ
0 f̃(t;u+ σ)r(u+ σ)γ(u)du, t ≥ σ.

We wish to prove that the convolution of the survival function Γ(t) with the Schwartz
distribution fσ gives back prevalence, that is,

fσ ∗ Γ(t) = Pr(t;σ), t > σ.

Our strategy of proof is by now well tested: we rely on one hand on the integral equations
verified by each of these latter quantities and on the other hand, on the uniqueness of solution
of each of these equations. In particular, we show here that the integral equation satisfied by
fσ ∗ Γ(t) is identical to the integral equation verified by Pr(t;σ) for any t > σ.

The proof of consistency of the backcalculation formula therefore relies on the convolution
of a Schwartz distribution (a.k.a. generalised function) with a classical function given by the
survival function. Here we refer the reader to Appendix B.1 which gives the formula for a
convolution of a generalised function with an infinitely differentiable function with compact
support. Thus, in our case, it is sufficient to assume that Γ(t) is infinitely differentiable in R+

to ensure that the convolution between fσ and Γ(t) is well defined. To enable us to apply this
formula, we thus add the following assumption with respect to the differentiability of Γ(t).

Assumption (Consistency of backcalculation).

(A6) The CDF t 7→ Γ(t) is infinitely differentiable with compact support on R+, i.e. Γ(t) ∈
C∞c (R+).
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Proposition 2.5 (Consistency with backcalculation). Under Assumptions (A4), (A5) and
(A6), we have

Pr(t;σ) = (Γ ∗ fσ)(t), (2.28)

for any t > σ ≥ 0.

Proof. First, by Assumption (A6), Γ(t) ∈ C∞c (R+), and thus the function t 7→ Γ ∗ fσ(t) is well
defined (see Appendix B.1). Next, recalling that all the integral equations under consideration
admit a unique solution, we observe that to prove equality in (2.28), it suffices to prove that
the function t 7→ (Γ ∗ fσ)(t) satisfies the same integral equation as Pr(t;σ). In other words,
we wish to prove that

(Γ ∗ fσ)(t) = Γ(t− σ) +
∫ t−σ

0
(Γ ∗ fσ+u)(t)r(u+ σ)γ(u)du, t > σ. (2.29)

Let us first focus on the right hand-side of equation (2.29) and start by rewriting (Γ ∗ fσ+u)(t).
Indeed we can directly apply the result of Appendix B.1 on the convolution of a generalised
function T with a function ψ ∈ C∞c (R+), which we recall here for convenience,

(T ∗ ψ)(t) = ⟨T, τtψ̌⟩ = ⟨T·, ψ(t− ·)⟩,

where ψ̌(t) = ψ(−t) and τuψ(t) = ψ(t− u). Thus,

(Γ ∗ fσ+u)(t) = fσ+u(Γ(t− ·),

= ⟨δσ+u,Γ(t− ·)⟩+
∫
R+

Γ(t− s)f̃(s, σ + u)ds,

= Γ(t− σ − u) +
∫ t

0
Γ(t− s)f̃(s, σ + u)ds.

Next we rewrite the integral term on the right hand side of equation (2.29) substituting
(Γ ∗ fσ+u)(t) with the above equality. We get∫ t−σ

0
(Γ ∗ fσ+u)(t)r(u+ σ)γ(u)du =

∫ t−σ

0
r(u+ σ)γ(u)

(
Γ(t− σ − u)

+

∫ t

0
Γ(t− s)f̃(s, σ + u)ds

)
du,

=

∫ t−σ

0
r(u+ σ)γ(u)Γ(t− σ − u)du

+

∫ t−σ

0
r(u+ σ)γ(u)

(∫ t

0
Γ(t− s)f̃(s, σ + u)ds

)
du.

Focusing now on the left-hand side of (2.29), we rely on equation (2.5) satisfied by the
generalised function fσ in Proposition 2.2,

(Γ ∗ fσ)(t) = ⟨fσ,Γ(t− ·)⟩,

= Γ(t− σ) +
∫ t

0
Γ(t− ν)f̃(ν, σ)dν.
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We can trivially cancel out the first term Γ(t− σ) on each side. We are therefore left to prove∫ t

0
Γ(t− ν)f̃(ν, σ)dν =

∫ t−σ

0
r(u+ σ)γ(u)Γ(t− σ − u)du

+

∫ t−σ

0
r(u+ σ)γ(u)

(∫ t

0
Γ(t− s)f̃(s, σ + u)ds

)
du. (2.30)

To rewrite the left-hand-side of equation (2.30), we first proceed to a simple change of variable
in the integral equation (2.22) satisfied by f̃(t;σ),

f̃(ν;σ) = r(ν)γ(ν − σ) +
∫ ν

σ
f̃(ν; p)r(p)γ(p− σ)dp.

Then we substitute f̃(ν, σ) and get∫ t

0
Γ(t− ν)f̃(ν, σ)dν =

∫ t

0
Γ(t− ν)

(
r(ν)γ(ν − σ) +

∫ ν

σ
f̃(ν; p)r(p)γ(p− σ)dp

)
dν.

Next we trivially expand and operate another change of variable in each of the integral terms,∫ t

0
Γ(t− ν)f̃(ν, σ)dν =

∫ t

0
Γ(t− ν)r(ν)γ(ν − σ)dν +

∫ t

0
Γ(t− ν)

∫ ν

σ
f̃(ν; p)r(p)γ(p− σ)dpdν,

=

∫ t−σ

0
Γ(t− s− σ)r(s+ σ)γ(s)ds

+

∫ t

0
Γ(t− ν)

∫ ν−σ

0
f̃(ν; s+ σ)r(s+ σ)γ(s)dsdν.

We then keep the first integral above unchanged as we recognise the first term in the sum of
(2.30) and focus on the second double integral where by we eventually apply the Unsymmetric
Fubini theorem (see Appendix A.4) in the last line below,∫ t

0
Γ(t− ν)

∫ ν−σ

0
f̃(ν; s+ σ)r(s+ σ)γ(s)dsdν

=

∫ t

0
Γ(t− ν)10≤ν≤t

∫ ν−σ

0
10≤s≤ν−σf̃(ν; s+ σ)r(s+ σ)γ(s)dsdν,

=

∫ t

0

∫ ν−σ

0
10≤ν≤t10≤s≤ν−σΓ(t− ν)f̃(ν; s+ σ)r(s+ σ)γ(s)dsdν,

=

∫ t

0
r(s+ σ)γ(s)

(∫ t−σ

0
10≤ν≤t10≤s≤ν−σΓ(t− ν)f̃(ν; s+ σ)dν

)
ds,

=

∫ t−σ

0
r(s+ σ)γ(s)

(∫ t

0
Γ(t− ν)f̃(ν; s+ σ)dν

)
ds.

Combining the different parts, we have obtained that∫ t

0
Γ(t− ν)f̃(ν, σ)dν =

∫ t−σ

0
Γ(t− s− σ)r(s+ σ)γ(s)ds

+

∫ t−σ

0
r(s+ σ)γ(s)

(∫ t

0
Γ(t− ν)f̃(ν; s+ σ)dν

)
ds,

which we recognise as equality (2.30) and which is what was left to end the proof of Proposition
2.5.



Chapter 3

On the strong law of large numbers for
supercritical general branching processes†

3.1 Overview of structured branching Markov processes

In this chapter, we consider branching processes for structured populations. More
specifically, we will focus on the asymptotic behaviour of a structured branching population
where each individual in the population is characterised by a trait or a type whose dynamics
follow a Markov process. We will place ourselves in the most general case where the reproduction
rate depends on the individual trait (non-neutral branching) and the transmission law of the
trait also depends on the trait of the mother. Moreover, the trait is assumed to belong to a
general and abstract measurable space X .

Many models in biology and ecology rely on structured branching processes and in
particular benefit from relaxing the assumption of non-neutrality of the reproduction law.
For example, in the case of spatial models, the reproduction law may depend on the location
through birth. Mortality can also be seen as sensitive to the available quantity of resources or,
more generally, to the environment (e.g. exposure to light, temperature . . .) or to the presence
of predators. Similarly in biology, when considering cell division, traits such as size, age,
weight, or pathogen load of the cell can affect its survival and division. Typically, in biology,
the trait could be phenotypical, but since branching processes for structured populations are
of relevant practical importance in other scientific domains (e.g. neutron transport theory
[HKV20], queuing theory [BC18], epidemiology, ecology, demography, finance - see workshop
[Mol+10] . . .), we will not necessarily restrict ourselves to specific types of traits in this chapter
and consider a case with a general abstract type space.

We wish to study more particularly the asymptotic behaviour of branching Markov
processes in an abstract space in the case where branching is supercritical, i.e. the mean
number of progeny is strictly higher than 1, and the underlying Markov process representing
the trait dynamics is recurrent, which means that the trait distribution converges towards
a stationary probability measure. Our aim is to provide a convergence result that in part
unifies but also extends the current literature. With the latter in mind, and in order to provide
context to the results presented further down in this chapter, we will first (although in a very

†This chapter is based on an article that will be submitted on ArXiv in the early part of 2025. It is
co-authored with Prof. Bansaye and Dr. Cloez.
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brief and summarised manner) recount some of the main results proven in the past 50 years
regarding asymptotic behaviour and the laws of large numbers for Markov branching processes.
As it is impossible, in the bare framework of this overview, to give full credit to the depth and
width of the literature in this field, we will limit ourselves to the main models and results on
which this chapter relies.

Starting from simplest models and to the best of our knowledge, the very first works
on the asymptotic behaviour of Galton-Watson processes in the supercritical case can be
attributed to Harris [Har63], Kesten and Stigum [KS66], and Athreya [AK71]. They concern
single-type or p-multitype Galton-Watson processes, where the trait space is of finite dimension
p ∈ N. To allow us to discuss classical convergence results and extinction criteria in technical
terms, we first introduce a few notations in the simpler case of finite-dimensional space.

In the multitype finite-dimensional case, the trait space X can be seen as a finite subset
of integers {1, . . . , p}. Denoting (ei, 1 ≤ i ≤ p) the canonical basis of Rp, a p-multitype
Galton-Watson process is a Markov chain (Zn = (Zn,1, . . . , Zn,p))n∈N valued in Np whose
probability kernel is given for j ∈ Np and 1 ≤ i ≤ p by the transition probabilities

P(Z1 = j | Z0 = ei) = pi(j).

The chain verifies the following branching property

Zn+1 =

p∑
i=1

Zn,i∑
k=0

ξk,i, for any n ≥ 0,

where (ξk,i, 1 ≤ i ≤ p, k ≥ 0) are independent random variables in Np whose distribution is
given by

P(ξk,i = j) = pi(j), ∀k ≥ 0.

Here, the i-th coordinate Zn,i of the p-dimensional vector Zn corresponds to the number of
individuals of type i in the n-th generation.

The purpose of introducing these technical notations in our introduction is to allow
us to present the classical nonextinction criteria for a multitype Galton-Watson process
and, in passing, emphasise the spectral approach, which, besides the spinal approach (see
e.g. [BM15],[Clo17], [BW20], [EW06],[Mar19]) is the technique most commonly adopted in
the literature to obtain convergence results of branching processes. Athreya and Ney [AK71,
Ch. 3] gave a thorough description of the limit behaviour of one-dimensional continuous-time
Markov branching processes. In the single-type case, it is well known that the branching
population becomes extinct if the mean number of progeny per individual m is smaller than
or equal to 1. In the multitype case, extinction criteria classically depend on the maximum
eigenvalue of the first-moment matrix S whose coefficients are defined as

Si,j = E(Z(i)
1,j), 1 ≤ i, j ≤ p.

where Z(i)
n,j represents the number of progeny of type j in the n-th generation of an individual

of type i. In particular, the coefficients E(Z(i)
1,j) correspond respectively to the mean number of

progeny of type j in the first generation coming from an individual of type i. When the mean
matrix S of the reproduction law is primitive (i.e. irreducible aperiodic), the Perron-Frobenius
theorem (Appendix C.1) ensures that there exists a unique eigentriple (λ, h, γ) where h is
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a positive eigenfunction on X , γ is an eigenmeasure on X and λ ∈ (0,∞) is the maximal
eigenvalue such that

Sh = λh, γS = λγ,

and

γ(h) =
∑
i∈X

h(x)γi = 1. (Normalisation)

Furthermore, there is exponential convergence

Sni,j
n→∞∼ λn h(i) γj , 1 ≤ i, j ≤ p.

We note here that the finiteness of X ensures uniformity of the convergence. Extinction criteria
in the multidimensional Galton-Watson case were proved in [Har63, Ch. II]. If λ ≤ 1, the
process goes almost surely extinct, whereas if λ > 1, the probability of extinction is strictly
smaller than 1. Typically, it can be proven that the probability of extension (or of explosion)
is determined by the fixed point of the reproduction generating function.

When the type or trait space is of finite dimension, the main result describing the
asymptotic behaviour of a multitype Markov branching process is due to Kesten and Stigum
[KS66], which we state in more detail in the Appendix C.2. Kesten and Stigum in effect provide
a necessary and sufficient condition for a multidimensional Galton-Watson process (Zn)n∈N
with a mean number of offspring m to not be degenerate. In particular, they prove that when
λ > 1, the martingale Wn = Zn/m

n is non-degenerate and converges to a deterministic limit
given by Wγ. The necessary and sufficient condition of non-extinction (whereby non-extinction
is defined as P(W > 0) > 0) is given by

E
(
Z

(i)
1,j logZ

(i)
1,j

)
<∞, 1 ≤ i, j ≤ p.

This condition has since been celebrated as the L logL or Kesten-Stigum condition (where L
represents the reproduction law of the process). An alternative proof of the Kesten-Stigum
Theorem in a single-type setting was given by Lyons, Pemantle, and Peres [LPP95], which
was then extended to a multitype setting by Kurtz, Lyons, Pemantle, and Peres [Kur+97].

Similarly to the spectral approach based on the mean reproduction matrix in the
finite-dimensional case, in this chapter we adopt a semigroup and linear operator framework,
which becomes especially relevant when X is infinite. We will construct more rigorously
the measure-valued Markov branching process in Section 3.2.1. For the moment, let us
simply mention that measure-valued processes have been extensively used in the literature
to study structured populations. We note in particular Fournier and Méleard [FM04] who
study a spatially structured static population, or Bansaye and Meleard’s exposition [BM15] on
stochastic models for structured populations. We also cite Tran [Chi06] and Cloez [Clo17] who
studied large population limits of measure-valued structured processes. Although not the focus
of study in this chapter, we observe briefly here that measure-valued processes are in effect the
microscopic version of macroscopic models, and one can find an abundant literature related to
the connections between these two populations scales (see e.g. [FM04; Ban+11; Clo17]).

In the framework of this introduction, we will remain somewhat informal with respect
to the definition of measure-valued processes, while more details will be presented in Section
3.2.1. Here, at this point, we consider that the branching process Z can be represented by its
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empirical measure and at an individual level. Denoting U the entire population, and Gn ⊂ U
the subset of individuals belonging to generation n, the branching process can be represented
as the following random measure

Zn =
∑
u∈Gn

δZ(u),

where Z(u) is the type of individual u and δZ(u) is the Dirac mass (distribution) at trait value
Z(u) ∈ X . Thus, for any type x ∈ X , denoting Z(x)

n = Zn({x}), and for any non-negative
function f , we have

Zn(f) =
∑
u∈Gn

f(Z(u)) =
∑
x∈X

f(x)Z(x)
n .

In the above equation, the first representation is individual-based whilst the second is based
on the trait structure of the population.

Strong of this representation of a Markov branching process as a measure-valued process,
we now consider the first-moment semigroup of a multitype branching process defined for
x ∈ X and f non-negative function on X by

Snf(x) = Eδx(Zn(f)) = E

(∑
x∈X

f(x)Z(x)
n |Z0 = δx0

)
.

We observe that for x0, y ∈ X , Sx0,y = S11y(x0) = E(Z(y)
1 |Z0 = δx0). In finite setting, uniform

convergence in the Perron-Frobenius result can be written as

sup
x∈X ,
|f |≤h

∣∣∣∣ Snf(x)

λnh(x)γ(f)
− 1

∣∣∣∣ n→∞−→ 0. (3.1)

Note that above, we must have |f | ≤ h, where h is the leading right eigenfunction of the
first-moment semigroup and is often difficult (impossible) to know.

In infinite type spaces, several versions of the Kesten-Stigum theorem have been obtained;
however, the extension to the infinite-dimensional case is delicate and has attracted a lot
of attention until now. The law of large numbers for branching structured processes takes
a more explicit meaning when we consider measure-valued branching processes, given that
measure-valued processes in effect represent the empirical distribution. We recall that the law of
large numbers for such processes has been proven in different contexts and in different versions.
In particular in discrete time, Athreya and Kang [AK98a; AK98b] prove the convergence
of the proportions of individuals with a certain type, where the set of types (traits) can be
either discrete or continuous. However, and to our knowledge, the single general statement
that extends the finite-dimensional case was derived more than 50 years ago (more precisely
a decade after Kesten and Stigum [KS66]) by Asmussen and Hering [AH76]. We refer to
Appendix C.3 for an overview of their main results. They prove, in both cases, i.e. in discrete
and continuous time, non-degeneracy and an almost sure strong law of large numbers for a
branching Markov process in an abstract space, under specific conditions for the first-moment
semigroup and an L logL condition. Their proofs rely on a spectral decomposition of the
first-moment semigroup of the branching Markov process, and they apply their results in
particular cases of branching diffusions.

The results of Asmussen and Hering [AH76] with respect to their law of large numbers
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can be summed up as follows: starting from one single individual with type x ∈ X , Asmussen
and Hering prove in the supercritical case (λ > 1), in discrete time at first, that

Eδx(W ) = h(x), lim
n→∞

Zn(f)

λn
= γ(f)W a.s. ,

where W is a nonnegative random variable that only depends on the initial condition Z0 = δx,
and the result holds for any f such that supX |f |/h <∞ under their set of conditions denoted
(M) as detailed in Appendices C.3.1-C.3.4, which correspond to a uniform convergence
assumption for the first-moment semigroup similar to the one given in (3.1).

Their result also relies on the following Kesten-Stigum-like moment condition

Eγ(Z1(h) log
⋆ Z1(h)) :=

∫
X
Z1(h) log

⋆ Z1(h)dγ <∞, (3.2)

where the continuous function x 7→ log⋆ x on [0,∞) is defined as

log⋆ x =

{
x/e, 0 ≤ x ≤ e,
log x, x > e.

(3.3)

On the one hand, the previous L logL condition (3.2) of Asmussen and Hering is optimal.
On the other hand, the uniform convergence (3.1) may be difficult to check, even when it
is satisfied. Indeed, it requires direct knowledge of the eigentriple (λ, h, γ), which is rare
in practice. In this direction, let us mention recent works [HKV20; GHK22] and references
therein, in particular regarding applications to neutron transport, which seek conditions that
would be more easily verifiable in practice.

Observe that the set of assumptions of Asmussen and Hering denoted (M) (see Appendix
C.3, equations C.3.1 to C.3.4) is similar to (3.1) which is itself reminiscent of the finite-
dimensional case. In particular, Asmussen and Hering’s first-moment semigroup condition
(M) forces the second eigenfunction to be dominated by the first. Moreover, the uniform
convergence assumed by Asmussen and Hering is actually not satisfied in general for branching
processes with non-bounded type space or with bounded space but degenerate behaviour on
the boundary. For example, for neutral (non-local) models where the mean number of offspring
does not depend on the type x ∈ X , the eigenfunction h is the identity, i.e. h = 1R+ , and
condition (3.1) implies that the Markov chain following the typical type along the spine comes
down from infinity [Ban+11; Clo17]. This means that the Markov chain returns to compact
sets very fast when it starts from large values, which excludes behaviours like random walks
with negative drift or subcritical branching processes for large values.

Among the research topics that have motivated the relaxation of uniform convergence of
the renormalised first-moment, we cite (non-exhaustively) supercritical branching Brownian
motion with absorption [LS20], branching diffusion [EHK10], super-diffusion [Eng09], Markov
chain along non-homogeneous genealogies [BH15], or growth-fragmentation process [BW20;
TBV22; BGY23; HW20]. Studies in these papers obtain strong laws of large numbers for
various types of branching processes, and generally provide a counterpart to the Kesten-Stigum
theorem for a given subclass of branching processes. However, they generally rely on some Lp

moment condition, with p > 1, and also require quantitative estimates of the first-moment
semigroup (including a good knowledge of its eigentriple).
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Our aim in this chapter, based on a paper co-written with Prof. Bansaye and Dr. Cloez ∗,
is to present a general Kesten-Stigum theorem that unifies and extends the literature. We
want to relax the uniformity in condition (3.1) whilst keeping minimal moment conditions and
prove strong convergence of the empirical measure. We also complement Asmussen and Hering
[AH76] by proving L1 convergence in discrete time. Almost sure convergence is proven in both
discrete and continuous time. On this note, we believe that L1 convergence in continuous time
can also be derived from our work †. We present a martingale decomposition into, respectively,
an L1 and an L2 part that relies on the subtle truncation argument of [AH76]. But our proof
also involves new ingredients. Indeed, it relies simultaneously on a family of martingales and
on contraction results associated to the semigroup.

Let us explain and motivate here more specifically this contraction result, which leads to
our assumption on the ergodic profile of the first-moment semigroup. In the neutral case, the
existence of a stationary regime for the trait distribution is directly linked to the ergodicity of
the Markov chain of a typical individual and to the existence of a Lyapunov function V ⋆ for
the associated Markov kernel [Ban+11; Clo17]. Spine techniques have provided various general
meanings to a typical individual reflecting the distribution of the traits in the population,
see, e.g. [Mar17; HKK10]. In the same vein, many Markovian approaches have recently been
developed to analyse the long-term behaviour of nonconservative (non-Markovian) semigroups
[CV16; Vel23; Ban+22; KM03; Ban+11]. They provide sufficient conditions for contraction in
total weight variation. These contraction conditions involve in particular the existence of a
Lyapunov function V ⋆ that quantifies the role of the initial type in the speed of convergence
of the renormalised semigroup. More generally, different approaches have allowed to quantify
the convergence of non-conservative semigroups and to obtain quantitative convergence in
(possibly weighted) total variation norm which relaxes the uniformity [KM03; KM12; Del04;
DM02; DHJ23; BCG20; Ban+22; Vel23; CV23; CV16].

These latter works all provide sufficient (and sometimes necessary) conditions on the
semigroup so that for any x ∈ X and any n ∈ N,

sup
|f |≤V ⋆

∣∣∣∣Snf(x)λn
− h(x)γ(f)

∣∣∣∣ ≤ CV ⋆(x)ηn,

where η ∈ (0, 1) and V ⋆ ≥ h is a Lyapunov function which quantifies the impact of the initial
type in the speed of convergence and C is a constant. Note here that condition (3.1) of [AH76]
amounts to requiring V ⋆ = h. Among the new situations covered by our results, the case where
V ⋆ = 1 and where h vanishes at a boundary is interesting; see Section 3.3.3 for a high-level
description of potential applications of our results. The case of a nonbounded domain X ,
where V ⋆ grows to infinity faster than h provides another relevant class of examples; see, for
instance, [Ban+22; TBV22; BGY23]. We also want to allow subgeometric convergence of the
renormalised semigroup, as in [AH76]. We are motivated in particular by polynomial speed
and refer to [CM23; CG24] and Section 3.3.3 for a presentation of possible applications of our
results.

This chapter is organised as follows. In Section 3.2, we focus on the discrete-time
framework. In particular in Section 3.2.1, we first give a general construction of our Markov
branching process, whereas in Section 3.2.2, we introduce our main set of assumptions and the
general result in discrete time. Then in Section 3.2.3 we define the contraction operator and
prove the key decomposition of the renormalised measure. In Section 3.2.4, we show that the

∗The article will be submitted on ArXiv in the early part of 2025.
†Current work to be added to the article includes presenting a proof of L1 convergence in continuous time.
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propagation of the L logL condition holds under some additional assumptions with respect to
the Lyapunov function V ⋆ introduced in Theorem 3.1. In Section 3.2.5 we study the families
of martingales involved in the decomposition of the normalised branching process. We then
prove the main convergence result (a.s. and in L1) in discrete time, and in Section 3.2.6 we
provide some additional estimates. Section 3.3 is devoted to the continuous-time framework.
In particular, Section 3.3.1 presents the assumptions and the main theorem in continuous
time. Next, from the discrete result just obtained, we prove in Section 3.3.2 the counterpart
theorem in continuous time, namely the non-degenerescence of the limiting martingale and the
a.s. convergence of the renormalised empirical measure. Our proofs and techniques are partly
inspired here by the approach originally adopted by Asmussen and Hering [AH76]. Finally, we
briefly present an example related to branching diffusions in Section 3.3.3 that illustrates the
main results. (Note that more specific examples and applications will be detailed in the article
to be submitted on ArXiv in the early part of 2025.)

3.2 Strong law of large of numbers in discrete time

3.2.1 Construction and definitions

Henceforth, we work on a probability space denoted (Ω,F ,P) that satisfies the usual
conditions. Let X be a measurable abstract space endowed with its natural sigma-algebra BX .
We proceed now with the general construction of a discrete-time Markov branching process
with measurable state space X and, in particular, refer to the lecture notes by Bansaye [Ban24]
for additional material concerning the construction of branching processes for population
dynamics.

Similarly to Chapters 1 and 2, we rely on Ulam-Harris-Neveu notation to describe the
branching population. Thus, we let

U =
∞⋃
n=0

Nn

represent the set of all possible individual labels. The initial individual is denoted ∅. An individ-
ual u ∈ U may have K ∈ N descendants, labelled, respectively u1, u2, . . . uK. These notations
allow identifying individuals while simultaneously retaining their genealogical background.

Here, each individual u ∈ U of trait x ∈ X is assumed to live independently and give
birth to a random number Lx of progeny. The reproduction law of Lx is trait dependent. In
addition, the distribution of the offspring traits depends on the mother’s trait. More precisely,
let Xx

k be the random variable representing the trait of the k-th child of an individual with
trait x. Then trait transmission to children is modelled by a family of random vectors (Θx)x∈X ,

whereby for any x ∈ X , Θx = (Xx
k : k = 1, . . . , Lx), is a random variable valued in X =

∞⋃
k=0

X k,

endowed with the sigma-algebra
∞⋃
k=0

(BX )k.

If for each label u ∈ U , we independently choose a family of random vectors (Θx(u))x∈X
sampled from the common distribution (Θx)x∈X , then we obtain a random variable Θx(u) =
(Xx

k (u) : k = 1, . . . , Lx(u)) where more specifically Xx
k (u) is the trait of the k-th offspring of the

individual u whose trait is x. Finally, we also assume that Θ : X ×Ω→ X is measurable, where
X × Ω is endowed with the natural product sigma-algebra. We have now introduced all the
elements sufficient to define recursively a Markov branching process, whereby we construct in
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parallel the set of living individuals
∞⋃
n=0

Gn and their traits. We start with a single individual.

Definition 3.2.1 (Branching Markov process). The family of random variables (Z(u))u∈Gn,n∈N
initiated with one single individual denoted ∅ of trait x0 ∈ X and with transmission random
variables (Θx(u))x∈X ,u∈U , is defined recursively by

G0 = {∅}, Z(∅) = x0,

and for all n ≥ 0, for all u ∈ Gn and k ∈ J1, LZ(u)(u)K,

Gn+1 = {uk : u ∈ Gn, k ∈ J1, LZ(u)(u)K}, Z(uk) = X
Z(u)
k (u).

Gn is the set of individuals in generation n and Z(u) is the trait of individual u.

The above construction of the branching process (Z(u))u∈Gn,n∈N is inductive and simul-
taneously defines the generations Gn of living individuals at time n and the Markovian trait
process Z(u) of each individual in Gn. This definition implies that the law of (Z(u))u∈Gn,n∈N
is determined by the law of (Θx)x∈X and by the value of the initial trait x0. Observe that such
a definition easily extends to any initial condition, including several individuals and random
traits.

As briefly discussed in the overview (Section 3.1), we adopt the perspective of representing
a branching Markov process as a measure-valued process. Such a representation allows one
to simultaneously follow the dynamics of the entire population whilst keeping track of each
individual dynamics. In order to introduce measure-valued processes, we first define the set
MF (X ) of non-negative finite measures on X and then defineMP (X ) ⊂MF (X ) as the subset
of point processes on X such as

MP (X ) :=

{
n∑
i=1

δxi ; n ≥ 0, x1, . . . , xn ∈ X

}
,

where δx represents the Dirac distribution at point x. We now define for any n ∈ N the random
point measure given by

Zn =
∑
u∈Gn

δZ(u).

Such a process (Zn)n∈N verifies both a Markov property and a branching property, which we
state in a combined manner below as we introduce the process rooted in an individual u. Note
that the branching property is directly inherited from the independence of the random variable
(Θx(u))x∈X for u ∈ U .

Corollary 3.1 (Process Z(u) rooted in u). For any n ≥ 0, conditionally on Fn, the natural
filtration associated to Zn, the processes (Z(u))u∈Gn , which we will call the processes rooted in
u, defined as

Z(u) = (Z(u)
p )p∈N, where Z(u)

p =
∑

v:uv∈Gn+p

δZ(uv), (3.4)

are independent of each other. Moreover, Z(u) is distributed as the original process (Zn)n∈N
but started from δZ(u), where Z(u) is the trait of individual u.
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We now define for any measurable and non-negative function f on X the quantity

S1f(x) = Eδx

∑
u∈G1

f(Z(u))

 = Eδx(Z1(f)),

which is non-negative but can be infinite. To ensure that we can define the first-moment semi-
group as a linear operator on a more general set of functions, we introduce a (Lyapunov condition).
This condition will become redundant once the more specific moment Assumption (A2) will
be introduced since the latter is in effect stronger than this preliminary (Lyapunov condition).
Nevertheless, this Lyapunov-like condition below allows us at this stage of our presentation to
properly define the first-moment semigroup on a space of functions.

Thus, for the time being, and in order to properly define the first-moment semigroup, we
assume that there exists a positive function V ⋆ on X such that there exists a positive constant
C > 0 which satisfies for any x ∈ X ,

S1V
⋆(x) ≤ CV ⋆(x). (Lyapunov condition)

Now if we define the functional space B+(V ⋆) such as

B+(V ⋆) :=

{
f measurable on X , non negative: sup

x∈X

f(x)

V ⋆(x)
<∞

}
,

the (Lyapunov condition) above guarantees that B+(V ⋆) is stable by S1. Next, more generally
for any n ≥ 0, we define the non-negative and possibly infinite quantity

Snf(x) = Eδx

(∑
u∈Gn

f(Z(u))

)
= Eδx(Zn(f)), f ∈ B+(V ⋆).

In particular, we have Sn = S1 ◦ · · · ◦ S1 = Sn. Again B+(V ⋆) is stable by Sn. Indeed if
f ∈ B+(V ⋆), then S1f ∈ B+(V ⋆) and by iteration Snf ∈ B+(V ⋆) for any n ∈ N. We can then
consider the space B(V ⋆) of measurable functions f : X → R which are dominated by V ⋆, in
other words,

B(V ⋆) :=

{
f measurable on X : sup

x∈X

|f(x)|
V ⋆(x)

<∞
}
,

which we endow with the norm ∥·∥B(V ⋆) defined for f ∈ B(V ⋆) as

∥f∥B(V ⋆) := sup
x∈X

|f(x)|
V ⋆(x)

.

The normed space (B(V ⋆), ∥·∥B(V ⋆)) is then a Banach space. We now use a classical measure-
theoretic argument and extend the definition of the linear operator S1 from the cone B+(V ⋆)
to B(V ⋆) by relying on the positive and negative parts of a function. In fact, we write

S1f(x) = S1f+(x)− S1f−(x),

where f+(x) := f(x)1f(x)≥0 and f−(x) := −f(x)1f(x)≤0. The space B(V ⋆) is stable by S1. We
now show that
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Lemma 3.2.1. (Sn)n∈N is a positive semigroup, i.e. for any x ∈ X and n ∈ N,

Sn+1f(x) = Sn(S1f)(x) = S1(Snf)(x), f ∈ B(V ⋆).

Proof. Let us denote v ≽ u when v is a descendant of u. We can then write any f ∈ B(V ⋆),

E

 ∑
u∈Gn+1

f(Z(u)
∣∣ Fn

 = E

 ∑
u∈Gn,v∈Gn+1,

v≽u

f(Z(v))
∣∣Fn

 =
∑
u∈Gn

E

 ∑
v∈Gn+1,
v≽u

f(Z(v))
∣∣ Fn

 .

But the branching property (3.4) ensures that

E

 ∑
v∈Gn+1,
v≽u

f(Z(v))
∣∣Fn

 = S1f(Z(u)),

and therefore, by the Law of Total Probability,

Sn+1f(x) = Eδx

E

 ∑
u∈Gn+1

f(Z(u))
∣∣Fn

 ,

= Eδx

(∑
u∈Gn

S1f(Z(u))

)
= Sn(S1f)(x).

The other identity is proved in a similar way by conditioning with respect to F1, or by using
the associativity of the composition. It also follows directly that the space B(V ⋆) is stable by
Sn.

3.2.2 Assumptions and main theorem

Now that we have presented the major elements needed to construct a measure-valued
Markov branching process, let us recall that the aim of this chapter is to prove a strong law of
large numbers for the empirical measure of a supercritical Markov branching process defined
on an abstract space. We will indeed give a convergence result towards a deterministic limit
under a set of newly derived assumptions. As explained above, our main set of assumptions is
reminiscent of the conditions denoted (M) by Asmussen and Hering [AH76] (see Appendices
(C.3.1)-(C.3.4)) since it also concerns the first-moment semigroup (Sn)n∈N associated with the
branching process which we introduced in the previous section. However, we eliminated the
need for uniform convergence and instead appealed to Lyapunov-like functions.

Assumptions (First-moment semigroup convergence).

(A1) There exists a positive measurable function V ⋆ : X → (0,∞) and an eigentriple (λ, γ, h)
such that λ > 1, γ is a probability measure on X , h : X → (0,∞) is a positive measurable
function such that for any n ∈ N∗,

γSn = λnγ, Snh = λnh, γ(h) = 1,
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and

sup
x∈X

h(x)

V ⋆(x)
<∞, γ(V ⋆) <∞.

(A2) There exists a sequence of non-negative real numbers (an)n∈N such that for any n ≥ 0
and any x ∈ X ,

sup
|f |≤V ⋆

∣∣∣∣Snf(x)λn
− h(x)γ(f)

∣∣∣∣ ≤ V ⋆(x)an, (3.5)

∞∑
k=1

ak
k
<∞. (3.6)

Remarks. Let us add a couple of remarks about this set of assumptions.

• Since each side of the inequality (3.5) is used repeatedly in the following proofs, we
expand it below to potentially obtain a more direct visualisation of the respective lower
and upper bounds that will constantly be relied upon in our proofs. For any n ∈ N and
x ∈ X and for |f | ≤ V ⋆,

h(x)γ(f)− V ⋆(x)an ≤ λ−nSnf(x) ≤ h(x)γ(f) + V ⋆(x)an.

And more generally when f ∈ B(V ⋆), we will use

h(x)γ(f)− V ⋆(x)an∥f∥B(V ⋆)≤ λ−nSnf(x) ≤ h(x)γ(f) + V ⋆(x)an∥f∥B(V ⋆). (3.7)

• We observe here that Asmussen and Hering [AH76] (see Appendix (C.3.3)) only need to
assume that an → 0, while we need slightly more. In effect, condition (3.6) implies that
we need an → 0 faster than 1/ log n. On the other hand, compared to [AH76], we relax
the uniform convergence over X by allowing the function V ⋆ to be large compared to
the eigenfunction h.

• Writing Assumption (3.5) for f = h, using that h is dominated by V ⋆, that γ(V ⋆) < +∞
and taking n = 1, we get

Snh(x) ≤ λV ⋆(x)(1 + a1),

which shows that Assumption (3.5) is stronger than the (Lyapunov condition) introduced
above to ensure that the first-moment semigroup was well defined. Thus, in effect,
assuming (3.5) implies that the first-moment semigroup (Sn)n∈N is stable and well
defined in B(V ⋆).

We now state our main theorem in discrete-time which provides a law of large numbers
for the empirical measure of the Markov branching process in the supercritical case.

Theorem 3.1. Let Assumptions (A1) and (A2) hold. We further suppose that there exists a
measurable function V : X → (0,∞) such that h ∈ B(V ), V ≤ V ⋆ and for any k ∈ N∗,

sup
x∈X

Eδx(Zk(V ) log⋆ Zk(V ))

V ⋆(x)
<∞. (3.8)
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Then for any x ∈ X and Z0 = x,

lim
n→∞

Zn(h)

λn
= W (x), a.s. and in L1,

and the non-negative random variable W (x) ≥ 0 is such that

Eδx(W (x)) = h(x).

Besides, for any f ∈ B(V ),

lim
n→∞

Zn(f)

λn
= γ(f)W (x), a.s. and in L1.

We have denoted the limiting random variable W (x) to emphasise that it depends only
on the initial condition and not on f .

In practice, it is often sufficient to verify the L logL condition (3.8) for k = 1. In
that direction, we refer to Proposition 3.1 for a rigorous statement that ensures propagation
over time of this moment condition. Our L logL moment condition (3.8) is equivalent to the
classical L logL criterion of Kesten-Stigum for a Galton-Watson process with a single type or
a finite number of types. More precisely, it is equivalent to Asmussen and Hering’s condition
(3.2), i.e. Eγ(Z1(h) log

⋆ Z1(h)) <∞, as soon as V ⋆ is bounded. In general, as γ(V ⋆) <∞, our
L logL condition (3.8) implies

Eγ(Z1(V ) log⋆ Z1(V )) <∞, (3.9)

which itself implies the Asmussen-Hering condition (3.2) since h is dominated by V . In effect,
we believe that the L logL conditions (3.8) and (3.9) are close. More precisely, and to our
knowledge, when it comes to applications, checking (3.9) often equates to proving (3.8).

The finite-dimensional case and the uniform case (3.1) of Asmussen and Hering [AH76]
equate to choosing V ⋆ = V = h in which all functions’ spaces coincide. However, in our
work here, new cases are considered that will prove useful in applications. In particular we
consider the case h ≪ V = V ⋆ = 1 where uniformity (3.1) fails, but where the equality
V = V ⋆ ensures that not only some property of coming down from infinity still holds, but
also propagation in time of our moment condition holds. The case h ≤ V ≪ V ⋆ ∼ V log(V )
will also be relevant, where the decrease from infinity is only linear or geometric, excluding
coming down from infinity. This situation matters in particular for branching diffusions and
growth fragmentations. We refer to Section 3.3.3 for an application to branching diffusions
with absorption.

3.2.3 Contraction operator and decomposition of the process

In this section we introduce a linear operator over the functions space B(V ⋆) which will
be very useful for the subsequent proofs and in particular when writing the decomposition of
the renormalised process.

Let V ⋆ be the function introduced by Assumptions (A1) and (A2). We define for r ∈ N
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the linear operator

Tr : B(V ⋆)→ B(V ⋆)

f 7→ Trf := λ−rSrf − γ(f)h,

as well as for n ∈ N, its n-th iteration

Tnr = Tr ◦ · · · ◦ Tr,

with the convention that T 0
r = Id, the identity operator. Observe that Assumption (A2) and

in particular inequality (3.7) on the semigroup writes

∥Trf∥B(V ⋆) ≤ ar∥f∥B(V ⋆),

and implies
∥Tnr f∥B(V ⋆) ≤ anr ∥f∥B(V ⋆).

Given that ar → 0 as r →∞, we obtain a contraction when ar < 1. In practice, we will use
the following exponential decrease

|Tnr f(x)| ≤ anrV ⋆(x),

that holds for any f such that |f | ≤ V ⋆, x ∈ X and n ≥ 0. Finally recalling that γ is a left
eigenmeasure for the semigroup , we observe that for r ≥ 1,

γ(Trf) = λ−rγ(Srf)− γ(f)γ(h) = 0,

where we used the properties of the normalised eigentriple. We next introduce the normalised
process defined for any f ∈ B(V ⋆) by

X(r)
n (f) :=

Znr(f)

λnr
, n ≥ 0, r ≥ 1.

Observe that (X
(1)
n (h))n∈N is the classical non-negative martingale associated with the eigen-

function h. The actual target of our study is more specifically the process X(1)
n (f) for f ∈ B(V ),

whose asymptotic behaviour we wish to describe.

We denote (Fn)n∈N the natural filtration of the branching process (Zn)n∈N and F (r)
n =

Fnr for n ≥ 0, r ≥ 1. Our proofs will involve the martingale increments (∆
(r)
n (f))n∈N defined

for any f ∈ B(V ⋆) and n, r ≥ 1 by

∆(r)
n (f) := X(r)

n (f)− E(X(r)
n (f) | F (r)

n−1).

We can equivalently write

∆(r)
n (f) =M (r)

n (f)−M (r)
n−1(f),

where (M
(r)
n (f))n∈N is the associated martingale starting from 0 given for n, r ≥ 1 by

M (r)
n (f) =

n∑
i=1

∆
(r)
i (f). (3.10)
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Remark. Taking f = h, observe that the classical martingale gets written as

X(r)
n (h) = X

(r)
0 (h) +M (r)

n (h).

Our next lemma will show that the normalised empirical measure X(r)
n can be simply

decomposed using the contraction operator Tr. The remainder term in the below decomposition,
on the other hand, depends on the contraction operator Tr and on the martingales M (r)

n

introduced above. Our overall proof technique for the law of large numbers relies partly on
this decomposition.

Lemma 3.2.2. Under Assumptions (A1) and (A2), for any f ∈ B(V ⋆), r ≥ 1 and n ≥ 0, we
have

X(r)
n (f) = X

(r)
0 (Tnr f) + γ(f)X

(r)
n−1(h) + R(r)

n (f),

where the remainder R(r)
n (f) is given by

R(r)
n (f) =

n∑
i=1

∆
(r)
i (Tn−ir f) =M (r)

n (f) +

n−1∑
i=1

M
(r)
n−i(T

i−1
r (Tr − Id)f).

Proof. We start by decomposing the population belonging to generation Gnr in terms of its
ancestors in the generation G(n−1)r. We write v ≽ u when v is a descendant of u. By relying
on the branching property in the first equality, we obtain

E(X(r)
n (f) | F (r)

n−1) = λ−(n−1)r
∑

u∈G(n−1)r

E

λ−r ∑
v∈Gnr:v≽u

f(Z(v))| F (r)
n−1

 ,

= λ−(n−1)r
∑

u∈G(n−1)r

λ−rSrf(Z(u)),

= X
(r)
n−1(λ

−rSrf),

= X
(r)
n−1(Trf) + γ(f)X

(r)
n−1(h),

where we successively used the definition of the semigroup Sr in the second line, the definition
of the normalised process X(r)

n−1 in the penultimate line and the definition of the contraction
operator in the last line. Thus on one hand, we have just obtained

E(X(r)
n (f) | F (r)

n−1) = X
(r)
n−1(Trf) + γ(f)X

(r)
n−1(h). (3.11)

And, on the other hand, the definition of martingale increment ∆
(r)
n (f) can be rearranged as

follows

X(r)
n (f) = E(X(r)

n (f) | F (r)
n−1) + ∆(r)

n (f).

Substituting the conditional expectation in the above equality by its value from (3.11) yields

X(r)
n (f) = X

(r)
n−1(Trf) + γ(f)X

(r)
n−1(h) + ∆(r)

n (f). (3.12)
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Next we rewrite equation (3.12) but at rank n− 1 and substituting f with Trf ,

X
(r)
n−1(Trf) = X

(r)
n−2(T

2
r f) + γ(Trf)X

(r)
n−2(h) + ∆

(r)
n−1(Trf).

Going back to equation (3.12) and substituting yet again X
(r)
n−1(Trf) with its expression

provided on the right-hand side above, we obtain

X(r)
n (f) = X

(r)
n−2(T

2
r f) + γ(f)X

(r)
n−1(h) + γ(Trf)X

(r)
n−2(h) + ∆

(r)
n−1(Trf) + ∆(r)

n (f),

after some re-ordering of the various terms. This succession of substitutions can be iterated
until we get

X(r)
n (f) = X

(r)
0 (Tnr f) +

n∑
i=1

γ(T i−1
r f)X

(r)
n−i(h) + R(r)

n (f),

where the remainder term, R(r)
n (f), is given by

R(r)
n (f) =

n∑
i=1

∆
(r)
i (Tn−ir f) =

n∑
i=1

M
(r)
i (Tn−ir f)−M (r)

i−1(T
n−i
r f).

Note that we trivially used the relationship between ∆
(r)
i and M (r)

i in the second equality. We
then expand the previous sum to help us re-arrange and simplify the term R

(r)
n (f),

R(r)
n (f) =M

(r)
1 (Tn−1

r f)−M (r)
0 (Tn−1

r f) +M
(r)
2 (Tn−2

r f)−M (r)
1 (Tn−2

r f)

+
...

+M
(r)
n−1(Trf)−M

(r)
n−2(Trf) +M (r)

n (T 0
r f)−M

(r)
n−1(T

0
r f),

and eventually rely on the linearity of the operator f 7→M
(r)
i (f) and on the identity T 0

r = Id
to get

R(r)
n (f) =M (r)

n (f) +

n−1∑
i=1

M
(r)
n−i(T

i−1
r (Tr − Id)f).

The result follows by recalling that γTr = 0, which implies γ(T i−1
r f) = 0 for i ≥ 2.

Remark. Observe that the decomposition in Lemma 3.2.2, does not depend on Assumption
(A2) as the only element upon which we relied was γ(Trf) = 0, for any f ∈ B(V ⋆), which is a
consequence of Assumption (A1).

3.2.4 L logL moment propagation

In this section, we introduce another function V ≤ V ⋆ and the associated moment

In = sup
x∈X

Eδx(Zn(V ) log⋆ Zn(V ))

V ⋆(x)
. (3.13)

We present a useful technical result to ensure that, under certain conditions, this moment
propagates over time and grows as the first eigenvalue.

Proposition 3.1. Let Assumptions (A1) and (A2) hold. Let V : X → (0,∞) be a measurable
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function such that V ≤ V ⋆ and consider for n ≥ 1,

In = sup
x∈X

Eδx(Zn(V ) log⋆ Zn(V ))

V ⋆(x)
. (3.14)

(i) If S1V ∈ B(V ) and I1 <∞, then In <∞ for any n ∈ N∗ (propagation).

(ii) If we further assume that there exists C ≥ 0 such that for any n ∈ N, SnV ≤ CλnV ,
then additionally,

lim
n→∞

log In
n

= log λ.

This preliminary result not only proves that (the first assertion of) [AH76, Theorem 2]
(see Theorem C.4) holds in our setting, but also gives a sharper estimate of In, which seems to
be new in this context.

Proof. Let us start with statement (i). Consider n ∈ N∗ such that n = mq+r, with m, q, r ∈ N∗

and 0 ≤ r ≤ m. We first show an intermediary result: if S1V ∈ B(V ), then there exists a
constant 0 < KV <∞ such that

In ≤ Kn−r
V

(
Ir + λr(γ(V ⋆)Iq + 1)

)
.

For any f ∈ B(V ), let us first define the function x 7→ in(f)(x) on X by

in(f)(x) := Eδx(Zn(f) log⋆ Zn(f)),

which we will simply denote in(x) when f = V . Observe that, in particular, we have by (3.14)
that

In = sup
x∈X

(
in(x)

V ⋆(x)

)
.

We wish to upper bound in(x). A direct application of the branching property leads to

Zn(V ) =
∑

u∈Gn−q

Z(u)
q (V ).

We now write (directly using in(V )(x) := in(x))

in(x) = Eδx (Zn(V ) log⋆ Zn(V )) ,

= Eδx

E

 ∑
u∈Gn−q

Z(u)
q (V ) log⋆

∑
u∈Gn−q

Z(u)
q (V )|Fn−q

 ,

≤ Eδx (E(Zn(V )|Fn−q) log⋆ E(Zn(V )|Fn−q)) ,

+ Eδx

 ∑
u∈Gn−q

E(Z(u)
q (V ) log⋆ Z(u)

q (V )|Fn−q)

 , (3.15)

where we simply relied on the Tower property in the second equality and then we applied the
conditional version of the extended Jensen convexity result (see Lemma C.4.1) to in(x) since
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Zn(V ) is a sum of independent variables. Next, observing that

E(Zn(V )|Fn−q) = Zn−q(SqV ),

we can upper bound the first term on the right-hand-side of inequality (3.15). Indeed we
recognise it to be of the form in−q(f) for f = Sq(V ),

Eδx(Zn−q(SqV ) log⋆ Zn−q(SqV )) ≤ in−q(SqV )(x). (3.16)

Now, by Assumption (i), recall that S1V ∈ B(V ). Thus there exists a finite constant, say
KV > 0, such that SqV ≤ Kq

V V for any q ∈ N∗, which leads to

Eδx(Zn−q(SqV ) log⋆ Zn−q(SqV )) ≤ Kq
V in−q(x).

Next we re-write the second term in (3.15), using the branching process Z(u) rooted in u,

Eδx
( ∑
u∈Gn−q

E(Z(u)
q (V ) log⋆ Z(u)

q (V )|Fn−q)
)
= Eδx

( ∑
u∈Gn−q

EZ(u)(Zq(V ) log⋆ Zq(V ))
)
,

≤ Sn−qiq(x),

where we appealed to the definition of Sn−q and of iq(V ) = iq. Observe that assuming Iq <∞
at this point implies iq ∈ B(V ⋆), which in turns means that we can apply Condition (3.5) to
the function x 7→ iq(x) and obtain

Eδx
( ∑
u∈Gn−q

E(Z(u)
q (V ) log⋆ Z(u)

q (V )|Fn−q)
)
≤ λn−q

(
γ(iq)h(x) + V ⋆(x)an−q

)
,

≤ λn−qV ⋆(x)
(
γ(V ⋆)Iq + an−q

)
, (3.17)

where we used that h ∈ B(V ⋆) and γ(iq) ≤ Iqγ(V ⋆). Combining these upper bounds, inequality
(3.15) becomes

in(x) ≤ Kq
V in−q(x) + λn−qV ⋆(x)(Iqγ(V

⋆) + an−q)).

Iterating the above, we obtain

in(x) ≤ Kmq
V in−mq(x) + V ⋆(x)γ(V ⋆)Iq

m∑
k=1

λn−kqK
q(k−1)
V + V ⋆(x)

m∑
k=1

K
q(k−1)
V λn−kqan−kq,

≤ Kmq
V ir(x) + V ⋆(x)γ(V ⋆)Iq

λn

Kq
V

m∑
k=1

(
KV

λ

)qk
+ V ⋆(x)

λn

Kq
V

m∑
k=1

(
KV

λ

)kq
an−kq,

≤ Kmq
V ir(x) + CV ⋆(x)

λn

Kq
V

(
KV

λ

)q(m+1) (
γ(V ⋆)Iq + 1

)
,

≤ Kmq
V ir(x) + CV ⋆(x)λr−qKqm

V

(
γ(V ⋆)Iq + 1

)
,

where we used that an is bounded and the value of the constant C may vary from one line to
another but is bounded and independent of n. Dividing by V ⋆, taking the sup over x ∈ X and
recalling that λ > 1 yields

In ≤ CKmq
V

(
Ir + λr(γ(V ⋆)Iq + 1)

)
.
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It suffices to take q, r = 1 (i.e. n = m+ 1) to get

In ≤ CKn−1
V

(
I1 + λ(γ(V ⋆)I1 + 1)

)
.

The fact that In is finite as soon as I1 is finite is a direct consequence of the above inequality.
Let us also note that there is no circularity in the above reasoning. Indeed it was mentioned
that inequality (3.17) holds if Iq <∞ (as we need iq ∈ B(V ⋆)). But if Iq =∞, (3.17) would
also trivially hold.

Let us now prove statement (ii). Again consider n ∈ N∗ such that n = mq + r, where
m, q, r ∈ N∗ and 0 ≤ r ≤ m. Under (ii), there exists C ≥ 0 such that for any n ∈ N,
SnV ≤ CλnV . We show here first that there exists a finite constant K > 0 such that

In ≤ KλnCm(Ir + Iq + 1). (3.18)

Observe that the exact same arguments of the proof of statement (i) can be applied and hold
up until equation (3.16), which we rewrite here for clarity purposes.

Eδx(Zn−q(SqV ) log⋆ Zn−q(SqV )) ≤ in−q(SqV )(x).

Additionally (3.15) also still holds. Now, by (ii), there exists C ≥ 0 such that

SqV (x) ≤ CλqV (x).

This assumption leads to

Eδx(Zn−q(SqV ) log⋆ Zn−q(SqV )) ≤ Cλqin−q(x).

We pursue with the second term in (3.15), where the same upper bound (3.17) still holds
under the conditions of (ii), i.e.,

Eδx

 ∑
u∈Gn−q

E(Z(u)
q (V ) log⋆ Z(u)

q (V )|Fn−q)

 ≤ λn−qV ⋆(x)(γ(V ⋆)Iq + an−q).

Combining these two upper bounds, we obtain

in(x) ≤ Cλqin−q(x) + λn−qV ⋆(x)(γ(V ⋆)Iq + an−q),

which becomes by iteration, relying on the boundedness of (an)n and on λ > 1

in(x) ≤ λmqCmin−mq(x) + V ⋆(x)λn−q
Cm − 1

C − 1
(γ(V ⋆)Iq + an−q) ,

≤ Cmλn−rir(x) + Cmλn−qV ⋆(x)(Iqγ(V
⋆) + 1),

≤ Cmλn(ir(x) + V ⋆(x)(Iqγ(V
⋆) + 1)).

Dividing by V ⋆ and taking the sup on each side, we obtain

In ≤ λnCm(Ir + γ(V ⋆)Iq + 1).

We can simplify this last inequality further by introducing a constant K > 0 such that

In ≤ KλnCm(Ir + Iq + 1).
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In the case where q = r = 1, we obtain (for another K > 0 bounded)

In ≤ KλnCn−1(I1 + 1). (3.19)

The fact that In is finite as soon as I1 is finite is again a direct consequence of the above
inequality. The first part of statement (ii) is proved and we turn to the asymptotic analysis of
log In/n.

A lower bound for log In/n can be derived as a consequence of the semigroup Condition
(3.5) applied to the function V. Indeed, the latter condition yields

Eδx(Zn(V ))

V ⋆(x)
=
SnV (x)

V ⋆(x)
≥ λn

(
γ(V )

h(x)

V ⋆(x)
− an

)
.

Then, considering the event where Zn(V ) > e and its complementary set, we observe on one
hand that

Eδx(Zn(V ) log⋆ Zn(V )) ≥ Eδx(Zn(V ) log⋆ Zn(V )1Zn(V )>e),

≥ Eδx(Zn(V )1Zn(V )>e),

and on the other hand, that

Eδx(Zn(V )) = Eδx(Zn(V )1Zn(V )>e) + Eδx(Zn(V )1Zn(V )≤e),

≤ Eδx(Zn(V )1Zn(V )>e) + e.

Thus,

Eδx (Zn(V ) log⋆ Zn(V ))

V ⋆(x)
≥ Eδx(Zn(V ))

V ⋆(x)
− e

V ⋆(x)
,

and

In ≥ sup
x∈X

{
λn
(
γ(V )

h(x)

V ⋆(x)
− an

)
− e

V ⋆(x)

}
.

Fixing now x on the right hand side and recalling that an → 0 yields the lower bound

lim inf
n→∞

log In
n
≥ λ.

To upper bound log In
n , we proceed in two steps. Let us take log on each side of inequality

(3.19) and get an a priori upper bound first,

lim sup
n→∞

log In
n
≤ log λ+ logC := C ′. (3.20)

In other words, we can write

log In ≲ C ′n.

In a second step, we use again inequality (3.18) and choose specifically m := ⌊
√
n⌋ such that

now both integers r, q are such that r, q ≤ ⌊
√
n⌋ and n = ⌊

√
n⌋q+ r. Inequality (3.18) becomes

In ≤ KλnC⌊
√
n⌋(Ir + Iq + 1).
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We now combine the last bound with the a priori upper bound (3.20), appealing to the facts
that C,C ′ <∞, and γ(V ⋆) <∞. We get

lim sup
n→∞

log In
n
≤ log λ+ lim sup

n→∞

√
n logC

n
+ 2C ′ lim sup

n→∞

√
n

n
= log λ,

which ends the proof of statement (ii).

Note here that Theorem 3.1 assumes that Ik <∞ for any k ∈ N. What Proposition 3.1
tells us is that if we were to assume that S1V ∈ B(V ) as in Statement (i), then it would suffice
to assume I1 < ∞ in Theorem 3.1. Equally, if we were to assume that SnV ≤ CλnV as in
Statement (ii), then not only would it suffice to assume I1 <∞ in Theorem 3.1 but we would
also have a more precise estimate of the asymptotic moment log In/n.

3.2.5 Martingale decomposition

We want to determine and fine-tune the long-term behaviour of the martingales M (r)(f)
defined in (3.10). This is achieved by exploiting a martingale decomposition, respectively, into
L2 and L1 contributions. Classically, the L1 part gathers large jumps. The decomposition
here is inspired by the subtle truncation argument put forward by [AH76]. More precisely, the
martingale increment writes

∆
(r)
n+1(f) = X

(r)
n+1(f)− E(X(r)

n+1(f) | F
(r)
n ),

= λ−nr
∑
u∈Gnr

(
λ−rZ(u)

r (f)− EZ(u)(X(r)(f))
)
= A

(r)
n+1(f) +B

(r)
n+1(f), (3.21)

where Z(u), defined in (3.4), is the branching process rooted in u and the two contributions A
and B are defined for any n ∈ N by

A
(r)
n+1(f) = λ−nr

∑
u∈Gnr

(
λ−rZ(u)

r (f)1
Z

(u)
r (V )≤λnr − EZ(u)(X(r)(f)1Zr(V )≤λnr)

)
, (3.22)

B
(r)
n+1(f) = λ−nr

∑
u∈Gnr

(
λ−rZ(u)

r (f)1
Z

(u)
r (V )>λnr − EZ(u)(X(r)(f)1Zr(V )>λnr)

)
. (3.23)

Observe that in this section, and in particular to prove Proposition 3.2, we need to
consider functions f that belong to the functional space B(V ), not simply B(V ⋆), and where
V ≤ V ⋆ is the Lyapunov function introduced in Theorem 3.1.

Proposition 3.2. Let Assumptions of Theorem 3.1 hold. Then for any f ∈ B(V ), r ≥ 1 and
n ∈ N, we have the decomposition

M (r)
n (f) =

n∑
i=1

A
(r)
i (f) +

n∑
i=1

B
(r)
i (f), where

•
(

n∑
i=1

A
(r)
i (f)

)
n∈N

is a martingale, bounded in L2,

•
(

n∑
i=1

B
(r)
i (f)

)
n∈N

is a uniformly integrable martingale.
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As a consequence,

(M (r)
n (f))n∈N

n→∞−→ M (r)
∞ (f), a.s. and in L1,

and in particular,

(Xn(h))n∈N
n→∞−→ W (x), a.s. and in L1,

where the random variable W (x) ≥ 0 depends on the initial condition Z0 = x and is defined so
that Eδx(W (x)) = h(x).

Proof. We first focus on the L1 part of the martingale decomposition which involves
n∑
i=1

B
(r)
i (f).

To that effect, let us introduce for any i, r ∈ N∗,

B
(r)+
i+1 := λ−ir

∑
u∈Gir

(
λ−rZ(u)

r (V )1
Z

(u)
r (V )>λir

+ EZ(u)(Xr(V )1Zr(V )>λir)
)
,

and observe that for any f ∈ B(V ), we have

|B(r)
i (f)| ≤ ∥f∥B(V )B

(r)+
i . (3.24)

Moreover, if we define for any i, r ∈ N∗ the function y 7→ ϕ
(r)
i (y) on X by

ϕ
(r)
i (y) := λ−rEδy(Zr(V )1Zr(V )>λir),

then we can write

ϕ
(r)
i (Z(u)) = λ−rEZ(u)(Zr(V )1Zr(V )>λir) = λ−rEδx(Z(u)

r (V )1
Z

(u)
r (V )>λir

),

where we used that Z(u) is the branching process rooted in u. Thus, taking the expectation of
B

(r)+
i+1 leads to

Eδx
(
B

(r)+
i+1

)
= 2λ−irEδx

 ∑
u∈Gir

ϕ
(r)
i (Z(u))

 = 2λ−irSirϕ
(r)
i (x),

where we simply appealed to the definition of the first-moment semigroup in the second
equality. We now rely on Assumption (A2) (and more precisely on (3.7)) to get the upper
bound

Eδx
(
B

(r)+
i+1

)
≤ 2

(
h(x)γ(ϕ

(r)
i ) + V ⋆(x)air∥ϕ(r)i ∥B(V ⋆)

)
.

Our objective is to upper bound the sum
∞∑
i=0

Eδx
(
B

(r)+
i+1

)
, so we compute, recalling in the first

inequality below that h is dominated by V and thus by V ⋆,

∞∑
i=0

(
h(x)γ(ϕ

(r)
i ) + V ⋆(x)air∥ϕ(r)i ∥B(V ⋆)

)
≤ λ−r∥h∥B(V ⋆)V

⋆(x)Eγ

( ∞∑
i=0

Zr(V )1Zr(V )>λir

)
+ λ−rV ⋆(x)

∞∑
i=0

air sup
y∈X

Eδy(Zr(V )1Zr(V )>λir)

V ⋆(y)
,
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where we relied on Tonelli’s theorem to exchange expectations and infinite sums. We now split
the sum on the right-hand side of the above inequality into two terms which we will study
separately. More precisely, based on the above inequality, we can introduce a constant C > 0
such that

∞∑
i=0

(
h(x)γ(ϕ

(r)
i ) + V ⋆(x)air∥ϕ(r)i ∥B(V ⋆)

)

≤ Cλ−rV ⋆(x)

Eγ

( ∞∑
i=0

Zr(V )1Zr(V )>λir

)
︸ ︷︷ ︸

Term 1

+
∞∑
i=0

air sup
y∈X

Eδy(Zr(V )1Zr(V )>λir)

V ⋆(y)︸ ︷︷ ︸
Term 2

 . (3.25)

Note that in the rest of this proof and subsequent proofs, we will denote C a constant
independent of n or i, but whose value can change from line to line.

We want to control both expectation terms on the right hand side of the inequality
(3.25). First, a Markov-type inequality allows us to upper bound Term 2. Indeed, observe that

sup
y∈X

Eδy(Zr(V )1Zr(V )>λir)

V ⋆(y)
≤ sup

y∈X

1

V ⋆(y)
Eδy

(
Zr(V )

log⋆ Zr(V )

log⋆ λir

)
.

But since log⋆ λu ≥ Cu log λ, (see Appendix C.5.1), we obtain

sup
y∈X

Eδy(Zr(V )1Zr(V )>λir)

V ⋆(y)
≤ C

ir log λ
Ir.

Thus, overall, Term 2 in (3.25) is bounded as follows

Term 2 :=
∞∑
i=0

air sup
y∈X

Eδy(Zr(V )1Zr(V )>λir)

V ⋆(y)
≤ C

log λ
Ir

∞∑
i=0

air
ir
. (3.26)

Next, to upper bound Term 1 in (3.25), we define

Nr = sup{i ∈ N : Zr(V ) > λir} = sup

{
i ∈ N :

log⋆(Zr(V ))

log⋆ λir
> 1

}
,

which then allows us to write
∞∑
i=0

Zr(V )1Zr(V )>λir ≤
∞∑
i=0

Zr(V )
log⋆(Zr(V ))

log⋆(λNrr)
1Zr(V )>λir ,

≤ Nr
Zr(V ) log⋆(Zr(V ))

log⋆(λNrr)
,

≤ C

r log λ
Zr(V ) log⋆(Zr(V )),

where we used again in the last line that log⋆(λNrr) ≥ CNrr log λ. (See Appendix C.5.1).

Observing now that

Eγ(Zr(V ) log⋆ Zr(V )) ≤ γ(V ⋆)Ir,
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it then suffices to take the expectation on each side with respect to the initial distribution γ
to obtain the following upper bound for Term 1,

Term 1 := Eγ

( ∞∑
i=0

Zr(V )1Zr(V )>λir

)
≤ C

r log λ
Eγ (Zr(V ) log⋆(Zr(V ))) ,

≤ C

r log λ
γ(V ⋆)Ir. (3.27)

Finally, gathering estimates (3.26) and (3.27), we obtain

∞∑
i=0

Eδx
(
B

(r)+
i+1

)
≤ CV ⋆(x)

λ−r

r
Ir

(
γ(V ⋆) +

∞∑
i=0

air
i

)
.

Now by the assumptions of Theorem 3.1, we have that γ(V ⋆) <∞,
∑∞

i=0
air
ir <∞ and Ir <∞.

Thus,
∞∑
i=1

Eδx(B
(r)+
i ) <∞.

But, the inequality
n∑
i=1

|B(r)
i (f)| ≤ ∥f∥B(V )

n∑
i=1

B
(r)+
i

ensures that
(

n∑
n=1

B
(r)
n (f)

)
n∈N

is uniformly integrable.

Let us now turn towards the L2 part of the decomposition of M (r)
n (f). We use below

the semi-martingale decomposition of the square of
(∑n

i=1A
(r)
i (f)

)
n∈N

. More precisely, we
rely on the quadratic variation and recall that(

n∑
i=1

A
(r)
i (f)

)2

−
n∑
i=1

E
(
A

(r)
i (f)2 | F (r)

i−1

)
is a martingale starting from 0. We wish to compute

E
(
A

(r)
i+1(f)

2|F (r)
i

)
= E

λ−2ir

 ∑
u∈Gir

(
λ−rZ(u)

r (f)1
Z

(u)
r (V )≤λir − EZ(u)(X(r)(f)1Zr(V )≤λir)

)2 ∣∣∣F (r)
i

 .

We introduce the function defined on X for integers r ≥ 1, i ≥ 0 and for f ∈ B(V ) by

ψ
(r,f)
i (y) := Eδy

((
Xr(f)1Zr(V )≤λir − Eδy(Xr(f)1Zr(V )≤λir)

)2)
.

Observing that the random variables composing A(r)
i+1(f) are centred and independent condi-

tionally on F (r)
i , we can first expand the sum over Gir and then rely on the definition of ψ(r,f)

i .
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We get

E
(
A

(r)
i+1(f)

2|F (r)
i

)
= E

λ−2ir
∑
u∈Gir

(
λ−rZ(u)

r (f)1
Z

(u)
r (V )≤λir − EZ(u)(X(r)(f)1Zr(V )≤λir)

)2 ∣∣∣F (r)
i

 ,

= λ−irX
(r)
i (ψ

(r,f)
i ). (3.28)

Moreover, introducing now the function y 7→ V
(r)
i (y) given for i ≥ 0, r ≥ 1, by

V
(r)
i (y) = 2Eδy

(
Xr(V )21Zr(V )≤λir

)
,

we can write for any f ∈ B(V ),

ψ
(r,f)
i (y) ≤ 2Eδy

(
Xr(f)

21Zr(V )≤λir
)
≤ ∥f∥2B(V ) V

(r)
i (y).

Returning to (3.28), we get

n∑
i=1

E
(
A

(r)
i (f)2 | F (r)

i−1

)
≤ ∥f∥2B(V )

∞∑
i=0

λ−irX
(r)
i (V

(r)
i ). (3.29)

To conclude, let us prove that the martingale
(

n∑
i=1

A
(r)
i (f)

)
n∈N

is bounded in L2 by computing

the expectation on the right-hand side of (3.29). Indeed,

Eδx

( ∞∑
i=0

λ−irX
(r)
i (V

(r)
i )

)
=

∞∑
i=0

λ−irλ−irSirV
(r)
i (x),

≤ h(x)
∞∑
i=0

λ−irγ(V
(r)
i )︸ ︷︷ ︸

Term 3

+V ⋆(x)
∞∑
i=0

airλ
−ir∥V (r)

i ∥B(V ⋆)︸ ︷︷ ︸
Term 4

, (3.30)

where, once again, we used Assumption (A2) (more specifically (3.5)) to upper bound the
first-moment semigroup. We follow similar arguments as for the L1 component to upper bound
Terms 3 and 4. We will see below that whilst trying to get an upper bound for Term 4, we will
obtain an upper bound for Term 3. Let us first consider Eδx(Zr(V )21Zr(V )≤λir) by splitting
the interval of the indicator function as follows

{Zr(V ) ≤ λir} = {Zr(V ) < e ≤ λir} ∪ {e ≤ Zr(V ) ≤ λir}. (3.31)

We define for any r ≥ 1

N ′
r := inf{i ∈ N : Zr(V ) ≤ λir}.

Observe now that we can write
∞∑
i=0

λ−ir1Zr(V )≤λir =
∞∑

i=N ′
r

λ−ir1Zr(V )≤λir ,

≤ λ−rN ′
r

1

1− λ−r
=

C

2Zr(V )
=

C

2λrXr(V )
, (3.32)
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where we recall that the finite constant C does not depend on r. Then for any y ∈ X , appealing
to Tonelli’s theorem and the definition of V (r)

i ,

∞∑
i=0

λ−irV
(r)
i (y) = 2Eδy

(
Xr(V )2

∞∑
i=0

λ−ir1Zr(V )≤λir

)
,

≤ Cλ−rEδy(Xr(V )) = Cλ−2rSrV (y),

where we also relied on (3.32) to obtain the first inequality and on the definition of the
first-moment semigroup in the last equality. This yields, in turn, taking expectation with
respect to the measure γ on each side,

∞∑
i=0

λ−irγ(V
(r)
i ) ≤ Cλ−2rγ(SrV ).

Recall that, since V ≤ V ⋆, Assumption (A2) (i.e. (3.5)) implies

SrV (x) ≤ λr(h(x)γ(V ) + V ⋆(x)ar),

≤ λrV ⋆(x)(γ(V ⋆) + ar),

≤ CλrV ⋆(x),

where we used that h ≤ V ⋆, γ(V ⋆) <∞ and ar bounded. This finally gives us an upper bound
for Term 3,

Term 3 = h(x)
∞∑
i=0

λ−irγ(V
(r)
i ) ≤ Cλ−rγ(V ⋆)V ⋆(x).

Observe next, since the function u 7→ u/ log(u) is increasing for u > e,

a21a≤b = a log(a)
a

log(a)
1a/ log(a)≤b/ log(b) ≤ a log(a)

b

log(b)
, for a, b > e.

Thus,

Eδy(Zr(V )21e≤Zr(V )≤λir) ≤
λir

ir log λ
Eδy(Zr(V ) log(Zr(V ))).

But using the fact that log⋆ u = log u when u > e, we can equivalently write

Eδy(Zr(V )21e≤Zr(V )≤λir) ≤
λir

ir log λ
Eδy(Zr(V ) log⋆(Zr(V ))). (3.33)

Next note that for u < e, we have by definition of u 7→ log⋆ u that u2 = eu log⋆(u). So we can
write in this instance

Eδy

(
Zr(V )21Zr(V )<e≤λir

)
≤ Eδy

(
eZr(V ) log⋆ Zr(V )1Zr(V )<e≤λir

)
. (3.34)

Additionally, by Lemma C.5.2 in appendix (that in effect simply serves to recall that the
logarithm grows more slowly than a polynomial), we know that the inequality

Cλir

ir log λ
≥ 1,
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holds for any C ≥ 1
e . We can then write

Eδy(eZr(V ) log⋆ Zr(V )1Zr(V )<e≤λir) ≤ eC
λir

ir log λ
Eδy(Zr(V ) log⋆ Zr(V )). (3.35)

Combining (3.33) and (3.34)-(3.35), we obtain

Eδy(Zr(V )21Zr(V )≤λir) = Eδy(Zr(V )21Zr(V )<e≤λir) + Eδy(Zr(V )21e<Zr(V )≤λir),

≤ C λir

ir log λ
Eδy(Zr(V ) log⋆(Zr(V ))).

Now observe that

∥V (r)
i ∥B(V ⋆) =

2

λ2r
sup
y∈X

Eδy
(
Zr(V )21Zr(V )≤λir

)
V ⋆(y)

,

which yields

∞∑
i=0

λ−irair∥V (r)
i ∥B(V ⋆) =

2

λ2r

∞∑
i=0

λ−irair sup
y∈X

Eδy
(
Zr(V )21Zr(V )≤λir

)
V ⋆(y)

.

Again we decompose the interval {Zr(V ) ≤ λir} as per (3.31). Relying first on inequality
(3.33), we get

2

λ2r

∞∑
i=0

λ−irair sup
y∈X

Eδy
(
Zr(V )21e≤Zr(V )≤λir

)
V ⋆(y)

≤ 2λ−2r

log λ

∞∑
i=0

air
ir

sup
y∈X

Eδy (Zr(V ) log⋆ Zr(V ))

V ⋆(y)
,

≤ 2λ−2r

log λ
Ir

∞∑
i=0

air
ir
.

Next relying on inequalities (3.34)-(3.35), we get

∞∑
i=0

λ−irair sup
y∈X

Eδy
(
Zr(V )21Zr(V )<e≤λir

)
V ⋆(y)

≤ eC

log λ

∞∑
i=0

λ−ir
(
λir

ir

)
air sup

y∈X

Eδy(Zr(V ) log⋆ Zr(V ))

V ⋆(y)
,

≤ eC

log λ
Ir

∞∑
i=0

air
ir
.

Combining these together, we obtain

∞∑
i=0

λ−irair∥V (r)
i ∥B(V ⋆) ≤ C

λ−2r

log λ
Ir

∞∑
i=0

air
ir
.

Thus,

Term 4 = V ⋆(x)

∞∑
i=0

λ−irair∥V (r)
i ∥B(V ⋆) < CV ⋆(x)λ−2rIr

∞∑
i=0

air
ir
.

Finally, applying once again the Tower Property in the first line below and recalling inequality
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(3.29) in the second line, we get

Eδx

(
n∑
i=1

A
(r)
i (f)

)2

= Eδx

(
n∑
i=1

E
(
A

(r)
i (f)2 | F (r)

i−1

))
,

≤ ∥f∥2B(V ) Eδx

( ∞∑
i=0

λ−irX
(r)
i (V

(r)
i )

)
,

≤ C∥f∥2B(V ) λ
−rV ⋆(x)

(
γ(V ⋆) + λ−rIr

∞∑
i=0

ari
ri

)
,

where we used in the last line the upper bounds obtained for Term 3 and Term 4.

Now recall that by the assumptions of Theorem 3.1, we have that In <∞ for any n ∈ N∗,
∞∑
i=1

air
ir <∞ and γ(V ⋆) <∞. So

Eδx

(
n∑
i=1

A
(r)
i (f)

)2

<∞.

We have therefore obtained the L2 boundedness of
n∑
i=1

A
(r)
i (f). Note that the above also

provides a more quantitative estimate of the bound, which is useful for instance when we let r
go to infinity to prove that this L2 component disappears. The first part of the proposition
has thus been proven.

We now obtain directly the convergence of the martingale (M
(r)
n (f))n∈N, as it is the sum

of a uniformly integrable martingale and a martingale bounded in L2. Indeed, referring to
[Wil91, Ch. 14 p.134], recall that a uniformly integrable martingale converges a.s. and in L1.
Besides, a martingale bounded in L2 converges a.s. and in L2 (thus in L1 as well).

Finally recalling that Xn(h) = h(x)+M
(1)
n (h) proves the last part of Proposition 3.2.

To prove Proposition 3.3 in the next section which itself leads to our main result in
discrete time, i.e. Theorem 3.1, we need to control the series of martingales introduced in
Lemma 3.2.2. This control is achieved by exploiting the contraction Tr.

Lemma 3.2.3. Under Assumptions of Theorem 3.1, for any f ∈ B(V ) and any r such that
ar < 1, we have

sup
n>N

∣∣∣∣ n−1∑
i=N

M
(r)
n−i(T

i−1
r (Tr − Id)f)

∣∣∣∣ N→∞−→ 0, a.s. and in L1.

Proof. In order to lighten notations in this proof, we introduce a second contraction operator.
For any n ∈ N, i ≤ n and any N ∈ N, we define

Qn,i,Nr := Tn−ir − TN−1
r ,
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such that for any f ∈ B(V ), we can write

∥Qn,i,Nr f∥B(V ) ≤ 2∥Tn−ir f∥B(V ),

≤ 2an−ir ∥f∥B(V ). (3.36)

We now compute for any n > N

n−1∑
i=N

M
(r)
n−i(T

i−1
r (Tr − Id)f) =

n−N∑
i=1

M
(r)
i (Tn−ir f − Tn−(i+1)

r f),

=M
(r)
1 (T (n−1)

r f) +

n−N∑
i=2

(M
(r)
i −M

(r)
i−1)(T

n−i
r f)−M (r)

n−N (T
N−1
r f),

=
n−N∑
i=1

∆
(r)
i (Qn,i,Nr f),

where we appealed to equality C.6.1 (see Appendix C.6) in the first line. Let us exploit the
martingale decomposition provided in equation (3.21) by writing

n−N∑
i=1

∆
(r)
i (Qn,i,Nr f) =

n−N∑
i=1

A
(r)
i (Qn,i,Nr f) +

n−N∑
i=1

B
(r)
i (Qn,i,Nr f). (3.37)

First, focusing on the second term above which corresponds to the L1 part, we get the following
bound

sup
n>N

∣∣∣ n−N∑
i=1

B
(r)
i (Qn,i,Nr f)

∣∣∣ ≤ ∞∑
n=N+1

n−N∑
i=1

|B(r)
i (Qn,i,Nr f)|,

≤ 2
∞∑
i=1

B
(r)+
i

∞∑
n=i+N

∥Tn−ir f∥B(V ),

≤ 2∥f∥B(V )
aNr

1− ar

∞∑
i=1

B
(r)+
i ,

where we used the upper bound (3.24) in the second line. Recalling the ar contraction of Tr,
this proves a.s. and L1 convergence of the L1 component corresponding to B.

Let us now turn to the L2 part. Observing again that the random variables composing
A

(r)
i (f) are centred, we re-write the sum of squares as follows

Eδx

(
n−N∑
i=1

A
(r)
i (Qn,i,Nr f)

)2

≤
n−N∑
i=1

Eδx
(
A

(r)
i (Qn,i,Nr f)

)2
.

Next, given that by (3.29), we have for any f ∈ B(V ⋆),

E
(
A

(r)
i (f)2 | F (r)

i−1

)
≤ ∥f∥2B(V )λ

−irX
(r)
i (V

(r)
i ),

we can make similar estimates to evaluate ∥A(r)
i (Qn,i,Nr f)∥2B(V ). Indeed, applying the Tower
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property in the first line, we get

Eδx
(
A

(r)
i (Qn,i,Nr f)

)2
= Eδx

(
E
(
A

(r)
i (Qn,i,Nr f)

)2
|F (r)
i−1

)
,

≤ ∥Qn,i,Nr f∥2B(V )λ
−irEδx

(
X

(r)
i (V

(r)
i )

)
.

Next, by Assumption (A2),

Eδx
(
A

(r)
i (Qn,i,Nr f)

)2
≤ ∥Qn,i,Nr f∥2B(V )λ

−ir
(
h(x)γ(V

(r)
i ) + airV

⋆(x)∥V (r)
i ∥B(V ⋆)

)
.

If we now introduce for any i ∈ N the function x 7→ ui(x) given by

ui(x) := λ−ir
(
h(x)γ(V

(r)
i ) + airV

⋆(x)∥V (r)
i ∥B(V ⋆)

)
,

we obtain, by using the contraction given in (3.36) for ∥Qn,i,Nr f∥B(V ),

Eδx
(
A

(r)
i (Qn,i,Nr f)

)2
≤ 4a2(n−i)r ∥f∥2B(V )ui(x).

Thus, summing over i, we have

Eδx

(
n−N∑
i=1

A
(r)
i (Qn,i,Nr f)

)2

≤ 4∥f∥2B(V )

n−N∑
i=1

a2(n−i)r ui(x).

It now suffices to note that equation (3.30) can be re-written

Eδx

( ∞∑
i=1

λ−irX
(r)
i (V

(r)
i )

)
≤

∞∑
i=1

ui(x),

and recall that the proof of Proposition (3.2) has led us to showing that
∞∑
i=0

ui(x) <∞. Finally

since ar < 1, we have

∞∑
N=1

∞∑
n=N+1

n−N∑
i=1

a2(n−i)r ui(x) =

( ∞∑
i=1

ui(x)

) ∞∑
N=1

∞∑
k=N+1

a2kr <∞.

We therefore have now shown that

∞∑
N=1

∞∑
n=N+1

Eδx

(
n−N∑
i=1

A
(r)
i (Qn,i,Nr f)

)2

<∞. (3.38)

Observing that

sup
n>N

(
n−N∑
i=1

A
(r)
i (Qn,i,Nr f)

)2

≤
∞∑

n=N+1

(
n−N∑
i=1

A
(r)
i (Qn,i,Nr f)

)2

,



112 3.2. STRONG LAW OF LARGE OF NUMBERS IN DISCRETE TIME

we get by taking expectation on each side in the above inequality and summing over N

∞∑
N=1

Eδx

 sup
n>N

(
n−N∑
i=1

A
(r)
i (Qn,i,Nr f)

)2
 ≤ ∞∑

N=1

Eδx

 ∞∑
n=N+1

(
n−N∑
i=1

A
(r)
i (Qn,i,Nr f)

)2
 .

At this point, we can rely on the bound of inequality (3.38) and on Tonelli’s theorem for the
right-hand side of the above inequality to conclude that

∞∑
N=1

Eδx

 sup
n>N

(
n−N∑
i=1

A
(r)
i (Qn,i,Nr f)

)2
 <∞ a.s.. (3.39)

This ensures the following L2 convergence result

Eδx

 sup
n>N

(
n−N∑
i=1

A
(r)
i (Qn,i,Nr f)

)2
 N→∞−→ 0,

as this is trivially the term of a convergent series in (3.39), and

∞∑
N=1

sup
n>N

(
n−N∑
i=1

A
(r)
i (Qn,i,Nr f)

)2

<∞ a.s.,

by the non-negativity of the terms in the series. Finally the above yields

sup
n>N

∣∣∣∣∣
n−N∑
i=1

A
(r)
i (Qn,i,Nr f)

∣∣∣∣∣ N→∞−→ 0 a.s.,

which ensures the a.s. and L1 convergence to 0 of the L2 part involving
n−N∑
i=1

A
(r)
i (Q

(n,i,N)
r f)

in (3.37). Recalling that these two types of convergence also hold for the L1 component

represented by
n−N∑
i=1

B
(r)
i (Q

(n,i,N)
r f) ends this proof.

3.2.6 Proof of convergence in discrete time

We are now in a position to prove Theorem 3.1. We start with the following proposition.

Proposition 3.3. Let the assumptions of Theorem 3.1 hold. Let Z0 = x. Then for any
f ∈ B(V ) and any r ∈ N such that ar < 1, the following convergence holds

lim
n→∞

X(r)
n (f) = γ(f)W (x), a.s. and in L1,

where W (x) ≥ 0 is a non-negative random variable that does not depend on f nor on r ∈ N∗.

Proof. We use Lemma 3.2.2 to write

X(r)
n (f) = X

(r)
0 (Tnr f) + γ(f)X

(r)
n−1(h) + R(r)

n (f),
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and split the rest R(r)
n as follows for any N ≥ 1,

R(r)
n (f) =M (r)

n (f) +
N−1∑
i=1

M
(r)
n−i(T

i−1
r (Tr − Id)f) +

n−1∑
i=N

M
(r)
n−i(T

i−1
r (Tr − Id)f).

Here we proceed in successive steps as we need to treat both almost sure convergence and L1

convergence. We first rely on Lemma 3.2.3 to choose a random integer N large enough so that
the last term is uniformly small for any n > N a.s. Next, we choose a (non-random) integer N
large enough so that the L1 norm of the last term is small enough. Finally, we use Proposition
3.2 to obtain the convergence a.s. and in L1 of M (r)

n (f) to M (r)
∞ (f) and the convergence of

M
(r)
n−i(T

i−1
r (Tr − Id)f) to M (r)

∞ (T i−1
r (Tr − Id)f) as n tends to infinity for i ≤ N . Gathering

these results leads to

lim
n→∞

R(r)
n (f) =M (r)

∞ (f) +
∞∑
i=1

M (r)
∞ (T i−1

r (Tr − Id)f),

=M (r)
∞ (f) +

∞∑
i=1

M (r)
∞ (T irf)−M (r)

∞ (T i−1
r f) = 0,

as the sum in the last line is telescoping. Finally, the convergence holds a.s. and in L1.

To recap, we have now shown that when n → ∞, the remainder term R
(r)
n (f) → 0

a.s. and in L1. It then suffices to recall as well that when n → ∞, Tnr (f) → 0 (contraction
argument) to see that X(r)

0 Tnr (f)→ 0. Finally, by Proposition 3.2, we recall X(r)
n−1(h)→W (x)

a.s. and in L1 when n→∞. Thus, the limiting random variable does not depend on f or on
r and is determined by W (x). This ends the proof.

End of proof of Theorem 3.1. We can now finalise the proof of the last part of Theorem 3.1
which, given Proposition 3.3, becomes very direct. Indeed, we now wish to prove that for any
f ∈ B(V ),

Zn(f)

λn
n→∞−→ γ(f)W (x), a.s. and in L1.

But we have just proven in Proposition 3.3 that for r ∈ N large enough such that ar < 1, the
following convergence holds

Znr(f)

λnr
n→∞−→ γ(f)W (x), a.s. and in L1.

Let us next introduce for any integer k = 0, 1, . . . , r − 1, the process

X(r,k)
n (f) = Xnr+k(f).

Obviously, for k = 0, we are back to X(r,0)
n (f) = X

(r)
n (f). Thus assuming an initial condition

Z0 = δx, Proposition 3.3 tells us that

X(r,0)
n (f)

n→∞−→ γ(f)W (x), a.s. and in L1.

Now, when k = 1, we observe that the process X(r,1)
n (f) = Xnr+1(f) can still be viewed as a

process of the form X
(r)
n (f) but whose initial condition is translated from Z0 = x to a new
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initial condition determined by the number of individuals in the first generation with traits
vector X1. Since this number of individuals is finite, we can apply the results of Proposition
3.3 a finite number of times to each of the individuals composing the first generation, which
leads to

Xnr+1(f)
n→∞−→ γ(f)W (r,1,x), a.s. and in L1.

Here we have purposefully re-introduced a dependence on r and k = 1 to the limiting random
variable which consequently gets written for the moment W (r,1,x) but note that W (r,1,x) still
does not depend on f . Proposition 3.3 has shown us that the limiting martingale does not
depend on r when k = 0. However when k = 1, . . . , r − 1, the possible dependence on k may
implicitly lead to a dependence on r, hence why we keep the notations as above.

However, the same process, just done with k = 1, can equally be applied to k = 2, . . . up
until k = r − 1. In each case, we simply apply Proposition 3.3 a finite number of times to the
translated initial conditions (which always correspond to a finite number of initial individuals).
Thus we conclude that, for any r ∈ N and any k = 0, . . . , r − 1,

Xnr+k(f)
n→∞−→ γ(f)W (r,k,x), a.s. and in L1,

where the random variable W (r,k,x) does not depend on f but depends on the initial condition
and may depend on r and k.

At this point, it suffices to observe that when taking r = 1, k = 0 and f = h, we obtain
the martingale Xn(h) = λ−nZn(h) which we know converges to W (x) (since γ(h) = 1). Thus,
W (r,k,x) =W (x) depends neither on r nor on k and only on the initial condition.

We can finally conclude that the following result holds

Xnk+r(f)
n→∞−→ γ(f)W (x), a.s. and in L1.

Noting that the set of integers of the form {kr | k = 0, . . . , r − 1; r ∈ N} covers the entire set
N and appealing to the fact that all the subsequences Xnr+k(f) converge to the same limit,
namely γ(f)W (x), ends the proof.

Remark. Let us mention that the results of the previous section should allow us to go a bit
farther and provide estimates not only of the probability that W is positive (recalling that
P(W > 0) represents the probability of non-extinction), but also of the way this probability of
non-extinction depends on the initial type. We believe that these potential estimates could
be achieved using the Cauchy-Schwarz inequality. However, to our knowledge, in practice,
it is sufficient to simply describe the survival event, and it seems that additional conditions
are needed in specific cases to prove that when the population globally survives, then W is
positive.

Before moving on to the continuous-time setting in Section 3.3, we complement our
discrete-time results with the following classical limit result. It is a consequence of our above
estimates and will be useful, in particular, for the proof of Theorem 3.2 in continuous time.

Lemma 3.2.4. Under Assumptions of Theorem 3.1, for any f ∈ B(V ) and r ≥ 1,

lim
n→∞

∆(r)
n (f) = lim

n→∞
X(r)
n (f)− E

(
X(r)
n (f) | Fn

)
= 0 a.s.
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Proof. Recall the decomposition

∆(r)
n (f) = A(r)

n (f) +B(r)
n (f),

where A(r)
n (f) and B(r)

n (f) are defined in (3.22) and (3.23). From the proof of Proposition 3.2,
we know that

E

( ∞∑
n=1

|B(r)
n (f)|

)
<∞, E

( ∞∑
n=1

A(r)
n (f)2

)
<∞.

Thus
∞∑
n=1

|B(r)
n (f)| <∞,

∞∑
n=1

A(r)
n (f)2 <∞, a.s.,

which ensure that B(r)
n (f) and A(r)

n (f)2 and thus A(r)
n (f) go to 0 a.s. as n tends to infinity.

3.3 Strong law of large numbers in continuous time

3.3.1 Assumptions and main theorem in continuous time

This section briefly handles the continuous-time setting. Here we further assume that X
is a separable metric space. This additional condition related to the abstract space X also
appears in [AH76] and is used at the end of the proof of Theorem 3.1. We will not go into as
much detail as in the discrete-time setting and simply consider (assume the existence of) a
continuous-time measure-valued càdlàg Markov branching process (Zt)t≥0 in X . Then, for any
x ∈ X , we define its first-moment semigroup

Stf(x) = Eδx(Zt(f)),

which is nonnegative but could be infinite.

Let us first state the set of assumptions needed to prove Theorem 3.2.

Assumptions (Continuous time).

(A4) There exists a measurable function V : X → (0,∞) and a positive triplet (γ, h, λ) of
eigenelements such that λ > 0, γ is a probability measure on X , h : X → (0,∞) is lower
semi-continuous almost everywhere with respect to γ and

γSt = eλtγ, Sth = eλth, γ(h) = 1, sup
X
h/V <∞, γ(V ) <∞.

(A5) For any t ≥ 0 and x ∈ X ,
StV (x) <∞.

(A6) There exists a decreasing function t 7→ a(t) on R+ such that for any t ≥ 0,

sup
|f |≤V

∣∣∣e−λtStf(x)− h(x)γ(f)∣∣∣ ≤ a(t)V (x),

∫ ∞

1

a(s)

s
ds <∞.
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(A7) There exists t0 > 0 such that for any t ∈ (0, t0],

sup
x∈X

Eδx(Zt(V ) log⋆ Zt(V ))

V (x)
<∞.

Remark. Note that Assumption (A5) implies that Stf(x) <∞ for any x ∈ X and any function
f such that |f | ≤ V .

We now show the continuous-time analogue to Theorem 3.1 (and observe that the second
assertion of Theorem 3.2 is valid only for f ∈ B(h)). Note also that the L1 convergence in the
continuous-time setting is currently work in progress.

Theorem 3.2. Let x ∈ X . Assume Z0 = δx and let Assumptions (A4) to (A7) hold. Then
the limiting martingale W (x) satisfies

Eδx(W (x)) = h(x) and lim
t→∞

e−λtZt(h) =W (x), a.s.

Moreover the following convergence holds almost surely for any f ∈ B(h),

lim
t→∞

e−λtZt(f) = γ(f)W (x), a.s.

3.3.2 Proof of the main theorem in continuous time

As mentioned above, for the moment, we prove almost sure convergence in continuous
time while our L1 proof is being finalised and will be detailed in the article to be submitted
on ArXiv in the early part of 2025. Let us first prove here the following intermediary lemma
on which is based the proof of Theorem 3.2.

Lemma 3.3.1. Let f ∈ B+(V ) and A ⊂ X be a measurable subset such that γ(∂A) = 0. Then,

lim inf
t→∞

e−λtZt(f1A) ≥ γ(f1A)W (x).

Proof. For any ϵ > 0, x ∈ X , A ⊂ X and f ∈ B+(V ), we introduce the subset of A defined as

Aϵf (x) =

{
y ∈ A | f(y) > 1

1 + ϵ
f(x)

}
.

In words, points in Aϵf (x) are such that their image by f is strictly greater than f(x). Next,
for any t ≥ 0, we write

t = nδ + s, n ∈ N, δ > 0, s ∈ [0, δ).

We denote respectively by Unδ the set of individuals alive at time nδ, and Unδ+s(u) the set of
individuals alive at time nδ + s but issued from individual u alive at nδ.

Then, for n ∈ N, δ > 0 and ϵ > 0, we introduce the function Fn,δ,ϵu : x 7→ Fn,δ,ϵu (x) on X
defined by

Fn,δ,ϵu (x) := (1 + ϵ)−1f(x)1{Znδ+s(v)∈Aϵ
f (x), ∀v∈Unδ+s(u), ∀s∈[0,δ)}.

The rationale behind this function is to select individuals u ∈ Unδ whose descendants v at
time nδ + s are such that f(Znδ+s(v)) > 1

1+ϵf(Znδ(u)). We will however simplify notations
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and write Fu(x) := Fn,δ,ϵu (x), as n, δ and ϵ are fixed in our context. By the branching property,
we have

Znδ+s(f1A) =
∑
u∈Unδ

∑
v∈Unδ+s(u)

f1A(Z(v)),

≥
∑
u∈Unδ

(1 + ϵ)−1f(Znδ(u))1{Znδ+s(v)∈Aϵ
f (Z(u)),∀v∈Unδ+s(u),∀s∈[0,δ)},

≥
∑
u∈Unδ

Fu(Znδ(u)), (3.40)

where the first inequality relies on the definition of the subset Aϵf (Z(u)) and the second one
relies on the definition of Fu. Now, we introduce for any δ, ϵ > 0 the function y 7→ ξδ,ϵ(y) on
X defined as

ξδ,ϵ(y) = Pδy
(
Zs(v) ∈ Aϵf (x), ∀v ∈ Us, ∀s ∈ [0, δ)

)
,

and observe

ξδ,ϵ(Znδ(u)) = PZnδ(u)

(
Zs(v) ∈ Aϵf (Znδ(u)),∀v ∈ Us,∀s ∈ [0, δ)

)
,

= Pδx
(
Znδ+s(v) ∈ Aϵf (Znδ(u)), ∀v ∈ Unδ+s(u),∀s ∈ [0, δ) |Fnδ

)
, (3.41)

where we once again appealed to the branching property in the second equality. We now
consider, relying on the definition of Fu in the first equality,

E (1u∈Unδ
Fu(Znδ(u)) | Fnδ) ,

= 1u∈Unδ
(1 + ϵ)−1E

(
f(Znδ(u))1{Znδ+s(v)∈Aϵ

f (Znδ(u)), ∀v∈Unδ+s(u), ∀s∈[0,δ)} | Fnδ
)
,

≥ 1u∈Unδ
(1 + ϵ)−1f(Znδ(u))ξ

δ,ϵ(Znδ(u)),

where we used expression (3.41) for ξδ,ϵ(Znδ(u)) in the last line. Now, taking conditional
expectation on each side of (3.40), we can write

E (Znδ+s(f1A) | Fnδ) ≥ E

 ∑
u∈Unδ

1u∈Unδ
Fu(Znδ(u)) | Fnδ

 ,

≥ (1 + ϵ)−1
∑
u∈Unδ

(
f · ξδ,ϵ

)
(Znδ(u)).

If we define
Xt(f) := e−λtZt(f),

we get

E (Xnδ+s(f1A) | Fnδ) ≥ λ−s(1 + ϵ)−1
∑
u∈Unδ

(
f · ξδ,ϵ

)
(Xnδ(u)).

But recalling Lemma 3.2.4, we have

lim inf
n→∞

Xnδ+s(f1A) = lim inf
n→∞

E (Xnδ+s(f1A) | Fnδ) ,
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and thus obtain for any δ, ϵ > 0,

lim inf
n→∞

Xnδ+s(f1A) ≥ lim inf
n→∞

λ−s(1 + ϵ)−1
∑
u∈Unδ

(
f · ξδ,ϵ

)
(Xnδ(u))

 ,

≥ λ−s(1 + ϵ)−1γ(f · ξδ,ϵ)W (x),

where we were able to apply Theorem 3.1 to the function f · ξδ,ϵ in the last inequality. Here
observe that by the simple definition of the subset Aϵf (x), Zs(v) ∈ Aϵf (x) is equivalent to

Zs(v) ∈ A, and f(Zs(v)) >
1

1 + ϵ
f(x).

Now it suffices to recall that the process Zt is right-continuous and appeal to the assumption
that the boundary of A has a null γ-measure (i.e. γ(δA) = 0) to obtain

lim
δ→0

ξδ,ϵ(x) = lim
δ→0

Pδx
(
Zs(v) ∈ Aϵf (x),∀v ∈ Us, ∀s ∈ [0, δ)

)
,

≥ 1A(x),

for γ-almost all x ∈ X . So we have, since λ−s → 1 as δ and thus s→ 0,

lim inf
n→∞

Xnδ+s(f1A) ≥ (1 + ϵ)−1γ(f1A)W
(x).

Finally, letting ϵ→ 0 leads to

lim inf
t→∞

λ−tZt(f1A) ≥ γ(f1A)W (x),

which is the limiting result we were set to prove.

Proof of Theorem 3.2. We are now in a position to finalise the proof of Theorem 3.2. To do
so, let us first apply Lemma 3.3.1 to both A and its complementary Ac. We thus have on one
hand,

lim inf
t→∞

e−λtZt(h1A) ≥ γ(h1A)W (x),

and on the other hand,

lim sup
t→∞

e−λtZt(h1A) = lim sup
t→∞

e−λt(Zt(h)− Zt(h1Ac)),

≤ lim sup
t→∞

e−λtZt(h)− lim inf
t→∞

e−λtZt(h1Ac).

But since lim supt→∞ e−λtZt(h) = limt→∞ e−λtZt(h) =W (x), we also get (recalling γ(h) = 1)

lim sup
t→∞

e−λtZt(h1A) ≤ γ(h)W (x) − γ(h1Ac)W (x),

= γ(h1A)W
(x).

The latter ensures that

lim
t→∞

e−λtZt(h1A) = γ(h1A)W
(x). (3.42)
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Let us now take f ∈ B(h) and introduce the sequence of random measures (µt(f))t≥0 given by

µt(f) :=
e−λtZt(fh)

e−λtZt(h)
.

We also define for f ∈ B(h) and any A ⊂ X the measure

γf (A) :=

∫
A
fdγ = γ(f1A).

Then for each continuity set A of γh, (i.e. for each set such that γ(δA) = 0), the limiting result
in (3.42) becomes

lim
t→∞

e−λtZt(h1A)

e−λtZt(h)
= lim

t→∞
µt(1A) = γh(A), a.s.

We now appeal to the càdlàg property of Zt, and to the result of weak convergence of measures
given in [Bil13, Theorem 2.3]. The latter requires that the space X be a separable metric space.
[Bil13, Theorem 2.3] allows us to say that for any lower semi-continuous function f ∈ B(h),
the sequence of measures (µt(f))t≥0 converges to γf . In other words,

lim
t→∞

e−λtZt(f) = γ(f)W (x), a.s.,

which is the convergence result we were set to prove in the continuous case.

3.3.3 Application to branching elliptic diffusion

In this section, we briefly evoke a possible useful application of our results. However,
we will not go into all the intricate details involved in the proofs, as the latter would require
introducing a lot of technicalities about the underlying example. Thus, we will limit ourselves
to presenting the main points to build an example based on branching elliptic diffusion [CV23].
This should hopefully give a sense of how our results can be more generally applied to other
contexts involving various branching Markov processes.

As mentioned above, our example is based mainly on the works of Champagnat and
Villemonais [CV23]. We consider a branching Markov process in which each particle u ∈ U is
characterised at time t ≥ 0 by a trait Xu

t that belongs to X = D, an open connected subset of
Rd, d ≥ 1. Between branching events, the dynamics of the trait are described by a process
(Xt)t≥0 solution to the following stochastic differential equation (SDE)

dXt = b(Xt)dt+ σ(Xt)dBt, (3.43)

where (Bt)t≥0 is a standard r-dimensional Brownian motion, b : D → Rd and σ : D → Rd×r
are both locally Hölder functions and σ is locally uniformly elliptic in D. The diffusion process
(Xt)t≥0 is assumed to be immediately absorbed at a cemetery point δ /∈ D at the first exit
point τexit of D defined as

τexit = inf{t ≥ 0 : Xt ∈ Dc}.

As mentioned in [CV23], the proof of existence, as well as the construction of such a diffusion
process both necessitate some work since the coefficients b(·) and σ(·) are only defined on the
open set D but not at the boundary point δ. However, we refer the reader to [CV23, Section



120 3.3. STRONG LAW OF LARGE NUMBERS IN CONTINUOUS TIME

12.1] for the construction of a process (Xt)t≥0 as a weak solution to (3.43) up to the first exist
time

τKc
k
:= inf{t ∈ R+ : Xt ∈ Kc

k}

of each compact subset Kk ⊂ D defined for any k ∈ N∗ as

Kk := {x ∈ D : |x| ≤ k and d(x,Dc) ≥ 1/k}.

In this case, the first exit time is given by

τexit = sup
k≥1

τKk
c
.

Let us now describe the branching events. Any particle u ∈ U with trait Xu
t = x

branches at a rate r(x) and produces k ∈ N offspring with probability pk(x). These offspring
have the same trait x. We denote the mean number of offspring m(x) :=

∑∞
k=1 kpk(x) for any

x ∈ D. We now introduce a sufficient condition to ensure the existence of such a process.

Assumptions (Sufficient to ensure existence of the process).

(A8) For any k ∈ N the functions x 7→ pk(x) and x 7→ r(x) are continuous over D.

(A9) The following bound holds

sup
x∈X

r(x)
∞∑
k=1

k log(k)pk(x) < +∞.

We will not go into the details of the proof here, but it can be proven that Assump-
tions (A8) and (A9) ensure the existence and uniqueness of such a branching process and
additionally guarantee that its first-moment semigroup is well defined for any bounded function.

Now that we have introduced the branching Markov process Zt whose trait Xt is a weak
solution to (3.43), we wish to study its asymptotic behaviour in the supercritical case. To do
so, we place ourselves in the framework of absorbed diffusion processes with killing as per
[CV23, Section 4.4] and obtain sufficient conditions for the branching process to converge
a.s. towards its limiting martingale. However, to properly cite our theorem, we still need to
introduce a couple of mathematical objects. Let x 7→ κ(x) on D be the measurable locally
bounded function given by

κ(x) := r − r(x)(m(x)− 1) ≥ 0,

where
r := sup

x∈D

(
r(x)(m(x)− 1)

)
<∞.

We will consider (Xκ)t≥0 corresponding to the diffusion process (Xt)t≥0, weak solution to
(3.43) but killed at rate κ. More precisely, for an independent exponential random variable ζ
with parameter 1, we set

τδ = τexit ∧ inf

{
t ≥ 0,

∫ t

0
κ(Xs)ds > ζ

}
,
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and let Xκ
t = Xt for t ≤ τδ and Xκ

t = δ for t ≥ τδ. We also define as in [CV23] for some x ∈ D
and open ball B such that B ⊂ D, the constant

λ0 := inf{ℓ > 0, s.t. lim inf
t→∞

eℓtPx(Xt ∈ B) > 0}.

Again, referring to [CV23, Section 12.2], it is proven that in the above context λ0 <∞ and λ0
does not depend on x or on B.

Assumptions (Related to the diffusion process).

(A10) There exists a subset D0 ⊊ D such that

inf
x∈D\D0

κ(x) > λ0.

(A11) There exists a time s1 > 0 such that

sup
x∈D0

Px(s1 < τδ ∧ τKk
)
k→∞−→ 0,

where D0 is determined in (A10).

As specified in [CV23, Remark 11], an alternative simple and sufficient condition is
also given by limk→∞ infx∈D\Kk

κ(x) =∞. Lastly, we consider the growth rate of the mean
population size, defined by

λ = lim sup
t→∞

log(E(Zt(1R+)))

t
.

We focus on the supercritical regime when λ is positive. Our results allow us to state the
following law of large numbers for branching diffusion.

Theorem 3.3. Under Assumptions (A8) to (A11), let Z0 = x and λ > 0. The limiting
martingale W (x) satisfies

Eδx(W (x)) = h(x) and lim
t→∞

e−λtZt(h) =W (x) a.s.

Moreover the following convergence holds for any f ∈ B(h)

lim
t→∞

e−λtZt(f) = γ(f)W (x), a.s.

Proof. The proof is not the subject of this chapter as its details would appeal to many intricate
intermediate results proven in [CV23], as well as to Assumption (A) and Theorem 2.1 in
[Ban+22].

3.4 Conclusion and future work

The results presented in this chapter make up an article that will be submitted in the
early part of 2025. This work tends to unify and extend the current asymptotic results with
respect to supercritical branching Markov processes. As already mentioned, our starting points
were mainly the works of Asmussen and Hering [AH76] and Kesten and Stigum [KS66]. We
obtained here a strong law of large numbers for structured branching populations that, in
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particular, relies on a set of assumptions that we believe is easier to verify in practice than the
assumptions of the first-moment semigroup denoted (M) introduced by Asmussen and Hering
(see Appendices C.3.1-C.3.4). We also relax the uniformity condition required in [AH76].

However, we would like to add the following elements which are still in preparation at
the moment: we need to finalise the L1 convergence proof in continuous time to complement
our almost-sure result; we also would like to present a general approach to a main class of
examples. This approach will guide in particular the various steps to be taken to ensure that
the conclusion of Theorem 3.2 can be applied in various contexts. Each example will always
present itself with its own specificities, but the idea will be to present general guidelines to be
followed to verify the assumptions of Theorem 3.2.



Chapter 4

A stochastic process prior for Bayesian deep
learning with applications in epidemiology†

4.1 Introduction

This chapter presents πVAE, a type of variational auto-encoder (VAE) that is proven to
be a stochastic process rather than a mere random variable, as a standard VAE usually is.
Therefore, πVAE, as a generative model also allows to do proper Bayesian inference and use
MCMC techniques and software.

Recalling that a central task in machine learning is to specify a function or a set of
functions that best generalise to new data, stochastic processes [Ros96; Pav14] provide a
mathematically elegant way to define a class of functions, where each element of a stochastic
process is a (usually infinite) collection of random variables. Popular examples of stochastic
processes in computational statistics and machine learning are Gaussian processes [RW06],
Dirichlet processes [Ant74], log-Gaussian Cox processes [MSW98], Hawkes processes [Haw71],
Mondrian processes [RT09], and Gauss-Markov processes [LRL11]. Many of these processes
are intimately connected with popular techniques in machine learning and deep learning; for
example, both the infinite-width limit of a single-layer neural network and the evolution of a
deep neural network by gradient descent are Gaussian processes [Nea96; JGH18].

However, although stochastic processes have many favourable properties and provide
a mathematically elegant way to model complex data, providing, in theory at least, flexible
priors over function classes that can encode a wide range of interesting assumptions, in
practice, efficient inference from a stochastic process by optimisation or marginalisation is
difficult, a problem further exacerbated with big data and high-dimensional input spaces. For
example, inference and prediction using a Gaussian process requires matrix inversions that
scale in a cubic manner with data size, log-Gaussian Cox processes require the evaluation of
an intractable integral, and Markov processes are often highly correlated. Bayesian inference
can be even more challenging due to complex high-dimensional posterior topologies. One
of the standard methods to evaluate posterior expectations relies on Markov Chain Monte
Carlo (MCMC) sampling, but high autocorrelation, narrow typical sets and poor scalability
have prevented use in big data and complex model settings. A plethora of approximation

†This chapter, primarily based on an article [Mis+22] published in Statistics and Computing in October
2022, treats a novel variational autoencoder called πVAE, the prior-encoding variational autoencoder.
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algorithms exists [Min01; RBB18; LPB17; WT11; Blu+15], but few actually yield accurate
posterior estimates [Yao+18; Hug+19; Hof+13; Yao+19].

Rather than relying on approximate Bayesian inference to solve complex models, πVAE
[Mis+22] extends the palette of variational autoencoders (VAE) [KW14; RMW14] to develop
a more portable model that, in particular, can work with state-of-the-art Bayesian MCMC
software such as Stan [Car+17]. πVAE is used to learn low-dimensional embeddings of function
classes. More precisely, πVAE’s framework is shown to not only accurately learn expressive
function classes such as Gaussian processes, but also properties of functions to enable statistical
inference (such as the integral of a log-Gaussian process). Inference on the resulting models
is tractable and yields accurate posterior expectations and uncertainty. For popular tasks,
such as spatial interpolation, Mishra et al. [Mis+22] show that πVAE achieves state-of-the-art
performance both in terms of accuracy and computational efficiency.

We note here that the three real-world examples of applications of spatial interpolation
provided in [Mis+22] are not directly related to infectious disease. Indeed, the first example
relates to the prediction of the deviation in land surface temperature in East Africa [Ton+18],
the second example is linked to the prediction of the distance of a robotic arm from the target
[ST03], and finally the third example presents a reconstruction of MNIST digits. However, it
should also be noted that πVAE’s sister models such as aggVAE [Sem+23a] and priorCVAE
[Sem+23b] present spatio-temporal applications of inference, respectively, of malaria prevalence
in Kenya and HIV prevalence in Zimbabwe. Thus, this chapter will introduce the general
architecture of πVAE and the underlying concepts behind it, which are very similar to those
behind aggVAE [Sem+23a] and priorCVAE [Sem+23b] and we will also briefly conclude with
examples of applications of the latter models, as they were directly related to epidemiology.

This chapter is organised as follows: first, and as a way of introduction to the topic,
in Section 4.2, we present a very brief review of some of the major concepts of Bayesian
inference that underlie the theory behind the construction of the πVAE. Then in Section 4.3,
we gradually detail the architectures and principles of auto-encoders and of VAEs. We then
explain how VAEs can be used for Bayesian inference and, in particular, introduce PriorVAE
[Sem+22], which is a parent of πVAE. Section 4.4 focusses on πVAE: in Section 4.4.1, we
present the two-stage approach on which πVAE is based; its architecture is given in Section
4.4.2. Explanations of its simulation and inference processes are found in Section 4.4.3. We
show in Section 4.4.4 that πVAE is indeed a stochastic process. Finally in Section 4.4.5, we
briefly review examples of applications of πVAE but focus on applications of its sister models,
namely AggVAE [Sem+23a] and PriorCVAE [Sem+23b], which happen to relate more directly
to spatiotemporal data sets for infectious diseases.

4.2 Rapid overview on Bayesian inference

From now on we assume given a probability space (Ω,F ,P) with the usual conditions.

4.2.1 The Bayesian paradigm

The Bayesian paradigm relies on learning from data by updating our prior knowledge
about some variables or parameters which we denote here θ. Our initial beliefs or current
knowledge about θ is encoded in a prior distribution P(θ). Then, given a set of observed data
x, we characterise, thanks to a likelihood function P(x | θ), how likely these observed data
should have arisen, given specific values of the parameters (or variables) θ. The objective is
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to determine a posterior distribution P(θ | x) for the parameters of interest. This posterior
represents our updated beliefs about θ and is classically derived using Bayes’ formula

P(θ | x) = P(x | θ)P(θ)∫
Θ P(x | θ)P(θ)dθ

=
P(x | θ)P(θ)

P(x)
.

The above rule can be summarised in an even simpler form: the posterior is proportional to
the product of the prior and the likelihood, in other words,

P(θ | x) ∝ P(x | θ)P(θ).

This equation embodies the essence of the Bayesian approach: on the one hand, the likelihood
P(x | θ) can be seen as a function of the parameters θ for fixed data x. The likelihood is the
channel by which the information contained in the data gets transmitted to the posterior. On
the other hand, the prior expresses current beliefs about the parameters and contains the
uncertainty about the parameters inherent before seeing additional data.

A common task in Bayesian machine learning is to use the posterior distribution P(θ | x)
to make predictions on unseen data x⋆. An informative probability distribution P(x⋆ | x) of
unobserved data can be obtained by incorporating information on the parameter θ learnt from
observed data. The probability distribution of unobserved data P(x⋆ | x) is known as the
posterior predictive distribution and is calculated as follows

P(x⋆ | x) = EP(θ|x)P(x⋆ | θ) =
∫
Θ
P(x⋆ | θ)P(θ | x)dθ.

The posterior predictive distribution can be seen as an average of the conditional predictions
P(x⋆ | θ) over the posterior distribution of θ.

4.2.2 Challenges of Bayesian inference

Bayesian inference comes mostly with two major challenges: computing the normalising
constant P(x) which often involves the computation of a very intractable integral, and directly
drawing samples from the posterior. However, although knowing P(x) is often not required
in practice, knowing the posterior, on the other hand, is necessary, for instance, to compute
expectations. In addition, even if and when we know exactly the density of the posterior, it
still proves challenging to directly draw samples from it. Indeed, in practice, inference requires
sampling the stochastic process to mix well, and this makes the problem of posterior inference
computationally challenging.

There exist various classical Bayesian inference methods to approximate (posterior)
distributions. Among the most common ones, we shall mention Markov Chain Monte Carlo
(MCMC), which relies on the construction of a Markov chain whose stationary distribution
happens to be the posterior from which we wish to sample parameter values iteratively.

Variational Bayesian inference, the method underlying πVAE, is also an approximation
technique that greatly simplifies inference by turning a marginalisation problem into an
optimisation problem. It aims at approximating the posterior by optimising a so-called lower
bound on the evidence with respect to a certain variational distribution. We provide more
details on this technique in our next section.
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4.2.3 Variational inference approaches and latent variable models

We now turn the focus of this brief introductory review to the large topic of Bayesian
variational inference. We cover below the bare details to allow a reader not necessarily
acquainted with the latter to smoothly read the rest of the chapter.

In a single sentence, variational inference transforms the problem of posterior inference
from an intractable model into a more tractable optimisation problem. It is one of the
reasons why variational inference is often proven very efficient in high-dimensional problems.
Additionally, variational techniques provide a unified framework not only for model inference
but also to learn new tasks. In fact, they rely on optimising certain lower bounds on the model
evidence (i.e. on the data) simultaneously with respect to the parameters of the variational
approximation and with respect to the deterministic parameters of the model.

Let us first recall a few basics about latent variable models. Indeed latent variables,
i.e. variables that are not directly observed but inferred through a mathematical model from
other variables that are themselves observed, are inherent to variational methods. For example,
in an epidemiological context, the actual number of daily cases, often unobserved due to limited
testing capacity, can be considered as a latent variable and inferred from the more limited
but reported daily cases, or even from other disease surveillance data. The goal of latent
variable methods is most often to model the data generating process using lower-dimensional
representations of the data. Let X be the input space where the data x live and let Z be a
latent space of random variables z of a lower dimension than x. We can view z as a set of
points z = (zi)i=1,...,n associated with the inputs x = (xi)i=1,...,n whereby the dimension of
each latent variable is smaller than the original input. Then a latent variable model (LVM) is
a probabilistic generative model where each zi ∈ Z is assumed to be a useful lower-dimensional
representation of its associated data point xi ∈ X by relying on some global parameters θ
that are usually assumed to be deterministic. Data and latent variables are most of the time
i.i.d. given θ. The LVM model is described by

Pθ(x) =
∫
Z
Pθ(x | z)P(z)dz.

Two major tasks can be tackled in the context of latent variable models: inference, which
consists in computing or, most of the time, approximating the posterior distribution over latent
variables, and then learning, which consists in estimating the model parameters θ. Typically
both inference and learning can be achieved in theory through maximising the marginal
log-likelihood, i.e. logPθ(x), but as this optimisation process often proves very challenging
(e.g. presence of many local optima), we tend to rely in practice on a general approach based
on the formulation of an objective called the Evidence Lower BOund (ELBO), which in effect
represents the lower bound on the marginal log-likelihood. Maximising the ELBO allows us to
learn and infer models simultaneously.

Let us give a more specific formulation of the ELBO. Following the perspective described,
for example, in [Bis06, Ch.10] or [Rai22, Section 9.3.1], we adopt a Bayesian view on both the
latent variables z and the global parameters θ. Thus, the joint model is given by P(x, z, θ)
and, most importantly, we can then treat latent variables z and parameters θ in a similar way.
We consider a joint distribution for z and θ, which we denote Q(z, θ). It is called a variational
distribution. We then introduce the quantity

ELBO(Q) = EQ (logP(x, z, θ))− EQ (logQ(z, θ)) ,
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which, as we will see just below, is a lower-bound on the log-evidence logP(x). Indeed, recalling
the definition of the Kullback-Leibler (KL) divergence DKL(P ∥ Q) between two continuous
probabilities P and Q with respective densities p and q [KL51],

DKL(P ∥ Q) =

∫
X
p(x) log

p(x)

q(x)
dx,

we re-write the ELBO as follows

ELBO(Q) = logP(x) + EQ (logP(z, θ) | x)− EQ (logQ(z, θ)) ,

= logP(x)−DKL(Q(z, θ) ∥ P(z, θ | x)).

Then, Gibbs inequality [Gib02] states that for any probability distributions P and Q defined
on the same probability space, the KL divergence is always non-negative,

DKL(Q ∥ P) ≥ 0.

Therefore ELBO(Q) is maximised (and then equal to the log-evidence) when the KL divergence
between the variational distribution Q(Z, θ) and the joint conditional distribution P(Z, θ | X)
is null.

Let us now summarise the essence of the variational inference approach: the joint
posterior P(Z, θ | X) is the distribution that we wish to compute. But, since it is most of
the time (if not always) intractable, we approximate this posterior with a certain family Q of
tractable variational distributions, denoted Q(z, θ). Then the learning objective is achieved by
minimising the divergence DKL(Q(z, θ) ∥ P(z, θ | x)) over the tractable family of distributions
Q. This latter objective can also be translated into maximising ELBO(Q), i.e. finding the
tightest lower bound on log evidence.

4.3 Variational autoencoders

Before presenting the structure of the πVAE model in Section 4.4, we provide a more
specific background review of its building blocks in this section. We therefore gradually
introduce the autoencoder in Section 4.3.1, the variational autoencoder (VAE) in Section 4.3.2,
and finally another model called PriorVAE [Sem+22] in Section 4.3.3, which is also a novel
application of VAEs in a Bayesian inference setting and that is based on a two-stage approach
closely related to the one adopted to construct πVAE.

4.3.1 Autoencoder

An autoencoder [HS06] is a model composed of two component networks:

• The encoder function e : X → Z encodes data or inputs x from an input space X into a
latent space Z of a lower dimension than X . The encoder function can be mathematically
expressed as z = e(x; γ), where γ are learnable parameters, and typically the function e
consists of multiple layers of neurones. The encoder captures the essential features of
the input and is generally designed to compress the input data into a lower-dimensional
latent representation.

• The decoder function d : Z → X reconstructs the original input x into x̂ ∈ X from
the latent representation z ∈ Z. The decoder decompresses the latent variables with
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the objective of reconstructing an output as similar to the input as possible. It can be
expressed as a function x̂ = d(z;ψ) parameterised by learnable parameters ψ, and again
d generally comprises multiple layers.

The objective of training an autoencoder is to minimise reconstruction loss, which measures
how well the output x̂ approximates the original input x. The parameters of e and d are learnt
through the minimisation process. A common choice for the loss function is the Mean Squared
Error (MSE) given by

L(x, x̂) =
1

N

N∑
i=1

(xi − x̂i)2,

where N is the number of input features. The autoencoder training process can be summarised
into three distinct phases: feeding the input data x through the encoder to obtain a latent
representation z; passing z through the decoder to produce the reconstructed output x̂, and
calculating the reconstruction loss to update the parameters γ and ψ using gradient descent
or other optimisation algorithms.

Although autoencoders leverage deep learning architectures to capture complex patterns
and compress information effectively, they are limited in practice because they are not generative
models.

4.3.2 Variational autoencoder

A variational autoencoder (VAE), on the other hand, extends an autoencoder into a
generative model [KW14] by incorporating probabilistic elements into the encoding process.
Thus, unlike standard autoencoders that encode input data in fixed points in the latent
space, VAEs learn to encode input as distributions (typically Gaussian). This means that, for
each input or each data point, instead of producing fixed latent points, the VAE produces
a set of parameters (e.g. the mean and variance of a Gaussian distribution) that define a
probability distribution in the latent space Z. Once these variational parameters are produced,
a variational approximation to the posterior can then be estimated.

Before we provide slightly more technical details on the architecture of VAEs, we note
that, in a variety of applications, VAEs have already done a superb job of reconstructing
training datasets and enabling the generation of new data: samples from the latent space are
decoded to generate synthetic data [KW19]. In the simplest case, we are given input x ∈ X
such as a flattened image or a discrete time series. A standard VAE has three components,
two of them being the main components of a regular autoencoder, but a VAE additionally
incorporates probabilistic modelling. Note that the encoder e(x, γ) and the decoder d(z, ψ)
below are fully connected neural networks (although they could include convolution or recurrent
layers).

• Encoder (Inference Model): an encoder network e(x; γ) encodes inputs x ∈ X using
learnable parameters γ. Contrary to the encoder of an autoencoder that produces a fixed
latent representation, the encoder of a VAE compresses the input data x into parameters
of a distribution in the latent space, specifically the mean and standard deviation zµ
and zsd of a multivariate Gaussian distribution. The output of the encoder network are
thus vectors of mean and standard deviation parameters zµ and zsd, and these vectors
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are used to define the random variable z in the latent space as follows

[zµ, zsd]
⊤ = e(x; γ).

Note that the encoder outputs in practice log(zsd) to ensure positive semi-definiteness.

• The latent subspace is then defined by the random variables z sampled from N (zµ, z
2
sdI),

i.e.,

z ∼ N (zµ, z
2
sdI).

• Decoder (Generative Model): The decoder reconstructs the original input x into x̂ from
a latent variable z sampled from the encoded distribution by producing x̂ = d(z, ψ).

To train a VAE, a variational approximation is used to estimate the posterior distribution

P(z | x, γ, ψ) ∝ P(x | z, γ, ψ)P(z).

Following Kingma [KB14], the optimal parameters for the encoder and decoder are found by
maximising the evidence lower bound (ELBO)

argmax
γ,ψ

Ez (logP (x | z, γ, ψ)−DKL (z ∥ N (0, I))) .

The first term in the above equation is the likelihood quantifying how well x̂ matches x.
In practice, we can simply directly adopt the mean squared error (MSE) loss, referred to
as the reconstruction loss, without taking a probabilistic perspective. The second term is a
Kullback-Leibler divergence to ensure that the latent variable z is as similar as possible to
the prior distribution, a standard normal. Again, this second term can be specified directly
without the evidence of the lower-bound derivation. Generally, we view the Kullback-Leibler
divergence as a measure of how much the learnt distribution P(z|x, γ, ψ) diverges from the
prior distribution P(z) (assumed to be N (0, I). Here we take a slightly different view, in which
the KL divergence is seen as a regularisation penalty to ensure that the latent parameters are
approximately uncorrelated by penalising how far they deviate from N (0, I).

Once training is complete, we fix the values of the parameters ψ, and use the decoder as
a generative model. To simplify subsequent notations, we may refer to a fully trained decoder
as d(z). Generating a new sample from a trained VAE is simple: first, we draw a random
variable z ∼ N (0, I) and then apply the decoder, which is a deterministic transformation to
obtain d(z). We immediately see that d(z) is itself a random variable. In the next section, we
will use this generative model as a prior in a Bayesian framework by linking it to a likelihood
to obtain a posterior.

4.3.3 VAEs in a Bayesian inference setting

VAEs have been commonly used in the literature to create or learn a generative model
of observed data [KW14], such as images. In particular, Semenova et al. [Sem+22] introduced
a novel application of VAEs in a Bayesian inference setting, using a two-stage approach that is
closely related to the approach adopted in the construction of πVAE. In summary, Semenova
et al. [Sem+22] propose approximating a class of Gaussian process priors in a spatial setting
through prior sampling and subsequent fitting of a VAE. Thus, in a first stage, a VAE is
trained to encode and decode a large dataset of vectors consisting of samples drawn from a
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specified Gaussian process prior P(θ) over random vectors. In a second stage, the original prior
is replaced with the approximate prior such that θ := d(z) where z ∼ N (0, I). The resultant
decoder allows for very efficient spatial inference, due to the low-dimensional and independent
distributed latent Gaussian space representation of the VAE.

To see how all this works in a Bayesian inference setting, consider a likelihood P(x | θ)
linking the parameter θ to the data x. Bayes’ rule gives the unnormalised posterior

P(θ | x) ∝ P(x | θ)P(θ).

The trained decoder, now denoted d(z) since the learnt parameters ψ can be fixed, serves as a
drop-in replacement for the original prior class in a Bayesian setting

P(z | x, d) ∝ P(x | d(z))P(z). (4.1)

The implementation within a probabilistic programming language is very straightforward: a
standard normal prior and a deterministic function (the decoder) are all that is needed.

It is useful to contrast the inference task described by equation (4.1) which follows from
Bayesian inference using a VAE with the inference task underlying, for instance, a Bayesian
neural network (BNN) [Nea96] or a Gaussian process in primal form [RR08]. In a BNN with
parameters ω and hyperparameters λ, the unnormalised posterior would be given by

P(ω, λ | x) ∝ P(x | ω, λ)P(ω | λ)P(λ). (4.2)

The key difference between equation (4.2) and equation (4.1) is the term P(ω | λ). First, the
dimension of ω is typically huge, sometimes in the millions, whereas in the equation (4.1)
the latent dimension of z is typically small (< 50). Furthermore, observe that P(ω | λ) is
conditional on λ, while P(z) is uncorrelated and unconditioned.

Full batch MCMC training is typically prohibitive for BNNs due to large datasets and
the high dimensionality of ω. Approximate Bayesian inference algorithms tend to poorly
capture the complex posterior [Yao+19; Yao+18]. Additionally, ω tends to be highly correlated,
making efficient MCMC nearly impossible. Finally, as dimensions and depth increase, the
posterior distribution suffers from complex multimodality and concentration in a narrow typical
set [Bet+17]. In contrast, off-the-shelf MCMC methods are very effective in manipulating
equation (4.1) because the prior space that needs to be explored is as simple as it could be: a
standard normal distribution, while the complexity of the model lives within the deterministic
(and differentiable) decoder.

Another similar approach is the neural process [Gar+18]. Like Gaussian processes,
neural processes encode a distribution over functions. A neural process is a stochastic process
that fits to the data while simultaneously learning the function class (estimating the prior and
posterior simultaneously). In functional form, it is similar to a VAE except for two elements:
the KL divergence penalty term of a NP is equal to the divergence from training and testing
latent variables (as opposed to a standard normal in a VAE), and an aggregation step is
included in neural processes to allow for exchangeability and consistency, which are required
for it to be a valid stochastic process. However, a key theoretical limitation of neural processes
is that their accuracy is hindered by variational inference, which provides no guarantee that the
estimated posterior distribution is correct. In practice, neural processes often learn functions
that substantially underfit and, therefore, tend to predict both point estimates and uncertainty
inaccurately [Kim+19]. πVAE does not suffer from this pitfall as it benefits from the MCMC
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(a) (b)

Figure 4.1: Learning functions with VAE: (a) Prior samples from a VAE trained on Gaussian
process samples (b) we fit our VAE model to data drawn from a Gaussian process (blue)
plus noise (black points). The posterior mean of our model is in red with the 95% epistemic
credible intervals shown in purple.

approach.
Examples. In a challenging spatial statistics setting, Semenova et al. [Sem+22] used a VAE-
based approach with Bayesian inference and achieved MCMC effective sample sizes exceeding
actual sample sizes, due to the incredible efficiency of the MCMC sampler. Another example
taken from [Mis+22] using VAEs to perform inference is shown in [Mis+22, Fig.1] where a
VAE with latent dimensionality 10 is trained on samples drawn from a zero-mean Gaussian
process with an RBF kernel (K(δ) = e−δ

2/82) observed on the grid 0, 0.01, 0.02, . . . , 1.0. In
[Mis+22, Fig.1], it can be observed that the true function is closely recovered and the data noise
parameter are correctly estimated. The MCMC samples showed virtually no autocorrelation,
and all diagnostic checks were excellent (see appendix in [Mis+22]). Solving the equivalent
problem using a Gaussian process prior would not only be considerably more expensive (O(n2.7)
- see [RW06]) but correlations in the parameter space would complicate MCMC sampling and
necessitate very long chains to achieve even modest effective sample sizes.

These examples demonstrate the promise that VAEs hold in improving Bayesian inference
by encoding function classes in a two-stage process. However, as described above, a VAE
provides a novel prior over random vectors, but inference and prediction are not possible at
new input locations because a VAE is not a stochastic process. In the following, we thus take
the next step by introducing πVAE, a new stochastic process capable of approximating useful
and widely used priors over function classes, such as Gaussian processes.

4.4 Encoding stochastic processes with πVAE

4.4.1 A two-step approach

Similarly to [Sem+22] we propose a two-step approach to proceed to VAE-based Bayesian
inference: we first learn low-dimensional representations of samples from a given function class
(e.g. sample paths from a Gaussian process prior). Then we use the resulting low-dimensional
representation and the decoder to perform Bayesian inference.

One key benefit of the two-step approach of VAE-based Bayesian inference is that we
decouple prior from inference to encode arbitrarily complex prior function classes, without
needing to calculate any data likelihoods. A second key benefit is that when inference
is performed, our sampler operates in a low-dimensional uncorrelated latent space that
greatly helps efficiency and computation, as demonstrated in the spatial statistics setting
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in PriorVAE [Sem+22]. One limitation of this approach (and of PriorVAE) is that we are
restricted to encoding finite-dimensional priors, because VAEs are not stochastic processes. To
overcome the limitation of PriorVAE, we take as inspiration the Karhunen-Loève decomposition
of a stochastic process as a random linear combination of basis functions and introduce a
new VAE called the prior-encoding-VAE (πVAE). πVAE is a valid stochastic process by
construction, it is capable of learning a set of basis functions, and it incorporates a VAE,
enabling simulation and highly effective fully Bayesian inference.

We can summarise πVAE’s two-step approach as follows: first, we encode the prior using
our novel architecture (described in Section 4.4.2 below); second, we use the learnt basis and
decoder network, a new stochastic process in its own right, as a prior, combining it with a
likelihood in a fully Bayesian modelling framework, and use MCMC to fit our model and infer
the posterior.

We believe our framework’s novel decoupling into two stages is critically important
for many complex scenarios because we do not need to compromise in terms of either the
expressiveness of deep learning or accurately characterising the posterior fully using Bayesian
inference. We thus avoid some of the drawbacks of other Bayesian deep learning approaches
which rely solely on variational inference, and the drawbacks of standard MCMC methods for
stochastic processes which are inefficient and suffer from poor convergence.

4.4.2 Architecture of πVAE

To create a model with the ability to perform inference on a wide range of problems,
we have to ensure that it is a valid stochastic process. Previous attempts in deep learning in
this direction have been inspired by the Kolmogorov Extension Theorem and have focused on
extending from a finite-dimensional distribution to a stochastic process. Specifically, [Gar+18]
introduced an aggregation step (typically an average) to create a global distribution of fixed
dimension. However, as noted in [Kim+19], this can lead to underfitting.

We take a different approach with πVAE, inspired by the Karhunen-Loève expan-
sion [Kar47; Loe48]. Recall that a centred stochastic process f(s) can be written as an infinite
sum

f(s) =
∞∑
j=1

βjϕj(s), (4.3)

for pairwise uncorrelated random variables βj and continuous real-valued functions forming an
orthonormal basis ϕj(s). The random variables βj provide a linear combination of a fixed set
of basis functions ϕj . This perspective has a long history in neural networks (e.g. radial basis
function networks).

We now consider a deep learning trainable parameterisation of the Karhunen-Loève
expansion (4.3) as inspiration. The objective is to learn deterministic basis functions ϕj(·)
while allowing the coefficients βj to be random. To do so, we let s 7→ Φ(s) be a feature
mapping with weights w, i.e. a feed-forward neural network architecture over the input space,
representing the basis functions. Let β be a vector of weights on the basis functions such that
f(s) = β⊤Φ(s). We then use a VAE architecture to encode and decode the random vectors β,
which means that on the one hand, we maintain the random variable perspective, but at the
same time, we learn a flexible low-dimensional nonlinear generative model.

This model needs to be specified and trained. As with the VAE in the previous section,
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Figure 4.2: Schematic description of the end-to-end training procedure for πVAE, including
the reconstruction loss. Dashed arrows contribute to the loss, blue circles are reconstructions,
and grey boxes are functions.

πVAE is trained on draws from a prior. Our goal is to encode a stochastic process prior Π. To
achieve this, we consider N function realisations which we denote (fi(s))

N
i=1. Each function

realisation fi(s) can be viewed as an infinite-dimensional object, as it is a function defined for
any s ∈ R. For each realisation i = 1, . . . N, we further assume that we are given a finite set of
Ki observation locations. However, here, for simplicity of implementation, we take Ki = K,
in other words, we assume that the number K of evaluations for each function fi is constant
across each draw i. We denote the observed values as yki := fi(s

k
i ), for k = 1, . . .K. The

training data set therefore consists of N sets of K observation locations and function values

Dtrain := {(s1i , y1i ) . . . , (sKi , yKi )}Ni=1.

Note that the set (ski )
K
k=1 of K observation locations varies in each of the N realisations.

We now turn more precisely to the architecture of πVAE (Fig. 4.2). The feature mapping
ski 7→ Φ(ski ) (for k = 1, . . .K) is shared and learnt across all the i = 1, . . . , N function draws.
It consists of a feedforward neural network and is parameterised by a set of global parameters
w that must be learnt. Then a particular random function realization fi(·) is represented by a
random vector βi applied to the feature mapping Φ(·) such that at each location k = 1, . . .K,

fi(s
k
i ) = βiΦ(s

k
i ).

The random vector βi is learnt with a standard VAE architecture. However, we note the
following non-standard setup: on one hand, βi is a learnable parameter of our model (it is
learnt by a standard VAE), but it is also the input to the encoder of the VAE. The decoder
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attempts to reconstruct βi with an output β̂i. We denote the encoder and decoder as

[zµ, zsd]
⊤ = e(β; γ),

z ∼ N (zµ, z
2
sdI),

β̂ = d(z;ψ).

We can now express the loss, which combines the two parts (namely encoder and decoder)
of the network, summing across all observations (i.e k = 1, . . . ,K and i = 1, . . . , N). Rather
than deriving an evidence lower bound, we proceed directly to specify a loss function in three
parts. In the first, we use MSE to check the fit of the random vectors βi and the feature
mapping Φ(·) to the data (yki ; i = 1, . . . , N ; k = 1, . . .K),

Loss 1 :=
1

NK

N∑
i=1

K∑
k=1

(yki − β⊤i Φ(ski ))2.

This first loss term corresponds to the approximation of the function by their Karhunen-Loève
expansion. In the second part of the loss, we use MSE to check the fit of the reconstructed
vectors β̂i and Φ(·) to the input data

Loss 2 :=
1

NK

N∑
i=1

K∑
k=1

(yki − β̂⊤i Φ(ski ))2.

This is partly the classical loss term of a VAE to which we have to add the standard variational
loss

RegLoss := DKL (z ∥ N (0, I)) .

Remark. We did not consider reconstruction loss ∥βi − β̂i∥2 because in practice we observed
that it did not improve training.

Let us now provide some additional intuition to the overall architecture. The feature
map Φ(s) transforms each observed location into a fixed feature space that is shared for
all locations k = 1, . . . ,K across all functions i = 1, . . . , N . In practice, Φ(s) could be an
explicit feature representation for a Reproducing Kernel Hilbert Space (RKHS) (e.g. a radial
basis function (RBF) network or a random Fourier feature basis [RR08]), a neural network
of arbitrary construction or, as used in the examples in [Mis+22], a combination of both.
Following the transformation of the observed locations ski by the feature map (i.e. ski is replaced
by Φ(ski )), a linear basis β (which we obtain from a trained nonlinear decoder network) is
used to predict function evaluations at an arbitrary location. The intuition behind these two
transformations is to learn the association between locations and observations while allowing
for randomness: Φ provides the spatial correlation structure and β the randomness.

Remark. Note that explicit choices can lead to existing stochastic processes. For instance, we
can obtain a Gaussian process with kernel k(·, ·) using a single-layer linear VAE for β (meaning
the random vectors β are simply standard normally distributed) and also setting Φ(s) = L⊤s
where L is the Cholesky decomposition of the Gram matrix K such that Kij = k(si, sj).

In contrast to a standard VAE encoder that takes as input the data to be encoded,
πVAE first transforms the input data (locations) into a higher-dimensional feature space
through Φ, and then connects this feature space to the outputs, y, through a linear mapping,
β. The πVAE decoder takes the output from the encoder and attempts to recreate β from
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a lower-dimensional probabilistic embedding. This recreation, β̂, is then used as a linear
mapping with the same feature Φ to obtain a reconstruction of the outputs y. It is crucial to
note that a single global β vector is not learnt. Instead, a specific βi is learnt for each function
realisation i = 1, . . . , N.

In terms of the number of parameters, we need to learn the weights w of the feedforward
network that learn the feature mapping; γ and ψ, the learnable parameters of the encoder
and decoder, and also the coefficients β1, . . . , βN that are learnt by the VAE. Although this
may seem like a huge computational task, K is typically quite small (< 200) and learning can
be relatively quick (dominated by matrix multiplication of hidden layers). The appendix in
[Mis+22] provides an algorithm that presents the step-by-step training process of πVAE.

4.4.3 Simulation and inference with πVAE

Given a trained embedding Φ(·) and a trained decoder d(z), we can use πVAE as a
generative model to simulate sample paths f as follows. First a single function f is obtained
by drawing

z ∼ N (0, I),

and then defining

f(s) := d(z)⊤Φ(s).

For a fixed z, f(s) is a deterministic function - a sample path from πVAE defined for all s.
Varying z produces different sample paths. Computationally, f can be efficiently evaluated
at any arbitrary location s using matrix algebra: f(s) = d(z)⊤Φ(s). We remark that the
stochastic process perspective is readily apparent: for a random variable z, d(z)⊤Φ(s) is a
random variable defined on the same probability space for all s.

Besides the simulation part, πVAE can also be used for inference on new pairs (location,
observation) of data (sj , yj), where the unnormalised posterior distribution is

P(z | d, yj , sj ,Φ) ∝ P(yj | d, sj , z,Φ)P(z). (4.4)

The likelihood is given by P(yj | d, sj , z,Φ) and the prior by P(z). MCMC can be used to
efficiently obtain samples from the posterior distribution over z using equation (4.4). An
implementation in probabilistic programming languages such as Stan [Car+17] is also very
straightforward; see [Mis+22].

Additionally, the posterior predictive distribution of yj at a location sj is given by

P(yj | d, sj ,Φ) =
∫

P(yj | d, sj ,Φ, z)P(z | d, yj , sj ,Φ)dz. (4.5)

While equations (4.4)-(4.5) are written for a single location sj , we can extend them to any
arbitrary collection of locations without loss of generality, a necessary condition for πVAE to
be a valid stochastic process. Further, the distinguishing point between equation (4.1) related
to BNN and equations (4.4)-(4.5) is the conditioning on input locations and on the map Φ. It
is Φ that ensures πVAE is a valid stochastic process. We formally prove this in the next short
section.

Remark. The step-by-step processes for simulation and inference with πVAE are presented in
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the appendix of [Mis+22].

4.4.4 πVAE is a stochastic process

Lemma 4.4.1. πVAE is a stochastic process.

First, recall that mathematically a stochastic process is defined as a collection {f(s) :
s ∈ S}, where f(s) for each location s ∈ S is a random variable in a common probability space
(Ω,F , P ); see, for example, [Pav14, Definition 1.1]. This technical requirement is necessary
to ensure that, for any location s1, . . . , sn ∈ S, the random variables f(s1), . . . , f(sn) have
a well-defined joint distribution. Subsequently, it also ensures consistency. Namely, writing
fi := f(si) and integrating fn out, we get

P(f1, . . . , fn−1) =

∫
fn

P(f1, . . . , fn)dfn.

Proof. For πVAE, we have f(·) := d(z)⊤Φ(·), where z is a multivariate Gaussian random
variable, hence defined in some probability space (Ω,F ,P). Since d and Φ are deterministic
(measurable) functions, it follows that f(si) := d(z)⊤Φ(si) for any i = 1, . . . , n, is a random
variable on (Ω,F , P ), whereby {f(s) : s ∈ S} is finitely exchangeable and Kolmogorov
consistent, and therefore a stochastic process.

We remark here that πVAE is a new stochastic process. If πVAE is trained on samples
from a zero mean Gaussian process with a squared exponential covariance function, and if we
choose Φ to have the same covariance function, and the decoder d to be linear, then πVAE will
be a Gaussian process. But for a non-positive definite Φ and/or a nonlinear decoder function
d, even if πVAE is trained on samples from a Gaussian process, it will not truly be a Gaussian
process, but some other stochastic process which approximates a Gaussian process. We do not
know the theoretical conditions under which πVAE will perform better or worse than existing
classes of stochastic processes; its general construction means that theoretical results will be
challenging to prove in full generality. However, [Mis+22] showed that, in practice, πVAE
performs very well.

4.4.5 Applications to spatial Bayesian inference

Mishra et.al. [Mis+22] apply πVAE to three real-world data sets, namely, prediction of
deviation in land surface temperature in East Africa [Ton+18], prediction of the distance of a
robotic arm from the target [ST03], and reconstruction of the MNIST digits.

The first example mentioned above shows that πVAE is able to capture small-scale
features and in particular produces a far better reconstruction than both the full rank and the
low rank Gaussian processes. A possible reason for this outperformance could be that the extra
hidden layers in the feature map Φ create a much richer structure that could capture elements
of nonstationarity [Ton+18]. It is also possible that the ability to use state-of-the-art MCMC
and estimate a reliable posterior expectation might create resilience to overfitting [Mis+22].
The second example compares πVAE on the Kin40K [ST03] data set with state-of-the-art full
and approximate Gaussian process with results extracted from [Wan+19]. Even though the
full rank Gaussian process results reported in [Wan+19] are better than those from πVAE, the
latter model is still competitive and in particular far better than the approximate Gaussian
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process methods. One advantage of πVAE is that it performs full Bayesian inference, whereas
exact Gaussian process is estimated by maximising the log marginal likelihood in closed
form. Finally, the third example consists of applying πVAE to the task of reconstructing
MNIST digits using a subset of pixels from each image. Image completion is seen here as a 2D
regression task. This task is to predict the intensity of the pixels given the location of the
pixels. πVAE is compared to neural processes (see [Gar+18]) trained on full MNIST digits.
The performance of πVAE increases with increase in pixel locations available during prediction:
with only 10% pixels, πVAE is still able to learn a decent approximation of the image. Note
that results from neural processes are more competitive in this case, as they were specifically
trained on full MNIST, whereas πVAE, trained on a more general prior class of 2D Gaussian
processes, still provides decent approximations to the images.

We now steer away from πVAE itself to briefly mention two of its sister models, namely
the AggVAE [Sem+23a] and the PriorCVAE [Sem+23b]. Those models are slight variants of
πVAE and were applied directly to real-world data sets related to epidemiology and infectious
diseases. Indeed AggVAE, introduced shortly after πVAE, is applied in [Sem+23a] to infer
spatial prevalence of Malaria in Kenya, whereas PriorCVAE [Sem+23b] provides an example
of inference of HIV prevalence in Zimbabwe.

Similarly to πVAE, AggVAE was built upon PriorVAE [Sem+22] which, as previously
mentioned, can encode spatial priors over small areas of VAEs. AggVAE jointly encodes
Gaussian process aggregates using PriorVAE and then proves very useful in a context of disease
mapping over fine resolution scales. More particularly, AggVAE [Sem+23a] was used to encode
aggregated latent Gaussian process evaluations over administrative units (district, province)
in the context of mapping Malaria prevalence in Kenya to overcome the limitation of more
commonly used adjacency-based approaches. Malaria is one of the main causes of mortality
in sub-Saharan Africa and district-level disease mapping is one of the major surveillance
techniques. But administrative boundaries changed in Kenya in 2010, making the task of
disease mapping more challenging. Similarly to PriorVAE, a regular grid was chosen to cover
the domain of interest, and Gaussian process prior realisations were drawn over an artificial
grid. Then, as a next step, Gaussian process evaluations to the district level were aggregated
by viewing each district as a polygon, using both the old and new district boundaries. The
change of support problem was then handled jointly to encode the old and new Gaussian
process aggregates. Finally, results from aggregated Gaussian process priors and AggVAE were
compared: the model using aggregated Gaussian process ran 10,000 times longer [Sem+23a]
and was barely converging, while AggVAE was much faster and presented better R̂ and average
ESS (effective sample size) statistics (see Table 1 [Sem+23a]).

PriorCVAE [Sem+23b] is also another VAE-based model similar to PriorVAE and πVAE.
One of the objectives of introducing PriorCVAE was to overcome a known limitation of
traditional VAEs. Indeed, although VAEs are learnt generators and can be used as drop-in
replacements for priors in MCMC inference, they tend, on the other hand, to lose information
about the model hyperparameters. PriorCVAE introduces a conditional VAE architecture
which allows us to explicitly encode hyperparameters. Additionally, conditioning the VAE
upon the hyperparameters of the encoded stochastic processes allows us to estimate those
hyperparameters at the inference stage. Relying on the conditional VAE framework shifts
learning emphasis towards priors. The model was applied in [Sem+23b] to real-life spatial data
of HIV prevalence in Zimbabwe and was also used in a temporal context to encode a solution
of the SIR model. In the former application, PriorCVAE performance was compared with
the INLA method [LR15] (R-INLA is a popular R package for Bayesian spatial modelling).
A direct comparison was not easy as R-INLA’s interface is not flexible enough. However,
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it was shown that R-INLA’s posteriors were not sensitive to the choice of priors, whereas
PriorCVAE’s posteriors were.

4.5 Discussion and Conclusion

This chapter, based primarily on [Mis+22], proposes a novel VAE formulation of a
stochastic process, with the ability to learn function classes and properties of functions. πVAE
is comparable to PriorVAE [Sem+22] in the sense that it is a VAE-based model that can
encode continuous stochastic processes and their finite realisations. They both are able to use
a trained decoder to approximate high-dimensional Gaussian processes for Bayesian inference
using MCMC techniques. The main difference between πVAE and PriorVAE lies in the type of
priors they can each encode (low-dimensional embedding of function classes for πVAE versus
fixed-dimensional Gaussian process realisations for PriorVAE). If PriorVAE needs to be trained
on a predefined spatial grid, πVAE on the other hand, can handle off-grid locations. However,
πVAE is heavier to train than PriorVAE as it requires to learn a feature map. We have also
mentioned two relative models to πVAE, AggVAE and PriorCVAE, which were recently shown
to perform well in the task of mapping infectious diseases.

Typically πVAEs have a small (5-50) uncorrelated latent dimension of parameters, so
Bayesian inference with MCMC is straightforward and highly effective in successfully exploring
the posterior distribution. On this point, it should be observed that an accurate estimate of
uncertainty is essential in many areas such as medical decision making.

Let us now also add a few words about the complexity of the πVAE. Once a πVAE is
trained and defined, the complexity of the decoder scales linearly to the size of the largest
hidden layer. Additionally, because the latent variables are penalised via the KL term from
deviating from a standard normal distribution, the latent space is approximately uncorrelated,
leading to high effective sample sizes in MCMC sampling.

There are costs to using πVAE, especially the large upfront cost in training. For complex
priors, training could take days or weeks and will invariably require the heuristics and parameter
searches inherent in applied deep learning to achieve a good performance. However, once
trained, a πVAE network is applicable on a wide range of problems, with the Bayesian MCMC
inference step taking seconds or minutes.

In essence, πVAE combines the power of deep learning to create high-capacity function
classes, while ensuring tractable inference using fully Bayesian MCMC approaches. A poten-
tial exciting use of πVAE is to incorporate domain knowledge about the problem, such as
monotonicity or complicated dynamics, which can be encoded directly into the prior [CDS18]
on which πVAE is trained. The log-Gaussian Cox process example in [Mis+22] shows that not
just functions can be modelled, but also properties of functions such as integrals. The most
surprising result in [Mis+22] is perhaps the performance of πVAE on spatial interpolation.
Despite being trained on samples from a Gaussian process, πVAE substantially outperforms
a full-rank Gaussian process. It is conjectured that this outperformance may be due to the
more complex structure of the feature representation Φ and due to a resilience to over-fitting.
Overall, taken together, this work is relevant for advance in the field of Bayesian deep learning.
It provides a practical framework combining, on one hand, the expressive capability of deep
neural networks to encode stochastic processes, with, on the other hand, the effectiveness of
fully Bayesian and highly efficient gradient-based MCMC inference to fit to data while fully
characterising uncertainty.



Chapter 5

Conclusion

We briefly conclude here by summarising the main highlights of this thesis.

In Chapter 1 we introduced a time-varying generalised branching process, a.k.a. TV-CMJ
branching process. This branching process is a variant of the classical CMJ branching process.
Its distinguishing feature, compared to the classical generalised branching process, relies on
a calendar-time dependence of its underlying probability measure. Chapter 1 provides a
measure-theoretic construction of the TV-CMJ branching process and gives a set of sufficient
regularity conditions that guarantees that a TV-CMJ branching process does not explode in
finite time. We also present two particular examples of TV-CMJ, adapted from age-dependent
branching processes, namely the time-varying Bellman-Harris (TV-BH) and the inhomogeneous
Poisson branching process (TV-IP).

Chapter 2 still relates to the TV-CMJ branching process and focusses on the integral
renewal-like equations that govern the dynamics of the process. We start by deriving an
integral equation for the first moment of the process and then introduce a generic integral
equation that plays an umbrella role for all of the subsequent integral equations derived from
a TV-CMJ process. We prove the existence and uniqueness of a solution to this generic
integral equation. We then more specifically treat the case of the integral equation that leads
to the process representing the cumulative number of new individuals up to a certain time,
a.k.a. cumulative incidence in epidemiology. Our objective is to derive a similar equation
for incidence, i.e. the expected number of births at any time-point. In effect, this quantity
mathematically corresponds, when it exists, to the derivative of cumulative incidence. To
derive such an equation, we extend the definition of the latter quantity as a generalised function
(i.e. a Schwartz distribution). This extension allows us to separate the singular and regular
parts of the generalised function and derive an equation for the distributional derivative of
cumulative incidence. This leads us to an integral renewal-type equation for the expected birth
rate of a TV-CMJ process. We then turn to the incidence renewal equation commonly used in
epidemiology, which we similarly reformulate in the framework of generalised functions. This
puts us on similar mathematical grounds and allows us to show the equivalence between the
expected birth rate of a TV-CMJ branching process and the incidence of an infectious disease
as commonly defined in the epidemiology literature. It could be said that our equivalence
proof provides mathematical foundations to the incidence equation in epidemiology.

Chapter 3 steers away from the TV-CMJ branching process and treats Markov branching
processes for structured populations, where each individual is assumed to be characterised
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(structured) by a trait belonging to an abstract space and whose dynamics follow a Markovian
process. We endeavour to study the most general case where the reproduction law is trait
dependent and trait transmission may depend on the mother’s trait. We place ourselves in the
super-critical case, i.e. the mean number of progeny is strictly higher than 1, and the underlying
Markov process that describes the trait dynamics is recurrent, which means that the trait
distribution converges towards a stationary probability measure. We provide a convergence
result that both unifies and extends the current literature. More precisely, our starting point
was the convergence result of Asmussen and Hering [AH76] that has limitations in practice,
as the conditions of convergence rely on the knowledge of the eigentriple of the first-moment
semigroup of the branching process. However, the eigentriple is rarely or never known in
applications. We therefore introduced new technical conditions that instead require knowledge
of a Lyapunov-type function. We also managed to dispense with the uniform convergence
condition of [AH76]. In summary, and under technical conditions clarified in Chapter 3, we
managed to prove, in discrete time, a.s. and L1 convergence of the empirical measure of a
branching Markov process in the supercritical case. In continuous time, we proved almost sure
convergence, whilst still working on finalising a proof for the L1 convergence. Note that the
literature provides examples of Lp convergence in the case of 1 < p <∞.

Finally, Chapter 4 does not specifically focus on branching process as it is based on a
novel type of VAE that is capable of encoding a prior for Bayesian deep learning. However, if
the model itself is not a branching process, it has potential applications in epidemiology. We
briefly mention in particular its sister models, namely AggVAE [Sem+23a] and PriorCVAE
[Sem+23b], which were applied to the mapping of infectious diseases. We provide a brief
overview of the concepts underlying Bayesian variational inference and present the architecture
of πVAE which is proven to be a stochastic process from which tractable inference using fully
Bayesian MCMC approaches can be applied.



Appendices

141



Appendix A

Appendices to Chapter 1

A.1 Miscellaneous measure theoretic results

In this section we recall various results or definitions in measure and probability theory
that are used at various points in the thesis, in particular in Chapter 1. Most results, unless
otherwise stated originate from [Kal97].

A.1.1 Product sigma-field

We cite here [Kal97, Lemma 1.2] which defines the product sigma-field of a Cartesian
product of metric spaces.

Recall that we can endow a metric or topological space S with its Borel σ-field BS
generated by the topology (i.e. class of open sets) in S.

Let St, t ∈ T be a family of spaces for which we define the Cartesian product
∏
t∈T St.

Typically when T = {1, . . . , n} or T = N, we write the product space S1 × . . . × Sn or
S1×S2× . . . and if St = S for all t, we write ST or Sn or S∞. When St are topological spaces,
the product

∏
t∈T St is endowed with the product topology.

Lemma A.1.1. For any separable metric spaces S1, S2, . . . ,, we have

B(S1 × S2 × . . .) = BS1 ⊗ BS2 ⊗ . . . .

A.1.2 Transition kernels

The construction of the probability measure underlying the TV-CMJ branching process
in Section 1.3.2 of Chapter 1 relies in part on the composition of probability kernels. Here,
based on [Kal17, Ch.I], we first start by recalling the definition of a kernel, then we specify a
probability transition kernel and finally cite the composition result [Kal17, Ch.I Lemma 1.17].

Definition A.1.1 (Transition kernel). ([Kal97, Ch.I pg.55]) Given some measurable spaces
(S,S) and (T, T ), we define a transition kernel from S to T as a measurable function κ from
S to the space of measures on T , often written as κ : S → T . Thus, κ is a function of two
variables s ∈ S and B ∈ T , such that κ(s,B) is S-measurable in s ∈ S for fixed B ∈ T and is
a measure with respect to B ∈ T for fixed s ∈ S..
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Definition A.1.2 (Probability transition kernel). A transition kernel is a probability transition
kernel if all measures κs for s ∈ S are probability measures.

Definition A.1.3 (Compositions of kernels). ([Kal97, Ch.I pg.58]) For any s-finite kernel
µ : S → T and ν : S × T → U, we define their composition as the kernel k ⊗ ν : S → T × U
given by

(µ⊗ ν)sf =

∫
µs(dt)

∫
νs,t(du)f(t, u).

A.1.3 Ionescu-Tulcea theorem

This theorem is applied in Section 1.3.2 to construct the recursive conditional probability
measures underlying a TV-CMJ branching process.
Theorem A.1 ([Ion49]). Suppose that (Ω0,A0,P0) is a probability space and (Ωi,Ai)i∈N is a
sequence of measurable spaces. For each i ∈ N, let

Ωi :=
i∏

k=0

Ωk, and Ai :=
i⊗

k=0

Ak,

and introduce for any i ≥ 1

κi : (Ωi−1,Ai−1)→ (Ωi,Ai),

the Markov kernel from (Ωi−1,Ai−1) to (Ωi,Ai). Then there exists a sequence (Pi)i∈N of
probability measures

Pi := P0 ⊗
i⊗

k=1

κk,

defined on the product space for the sequence (Ωi,Ai)i∈N and there exists a uniquely defined

probability measure P on (
∞∏
k=0

Ωk,
∞⊗
k=0

Ak) such that

Pi(A) = P
(
A×

∞∏
k=i+1

Ωk
)

is satisfied for each A ∈ Ai and i ∈ N. The measure P has conditional probabilities equal to the
stochastic kernels.

A.2 First-order stochastic dominance

The notion of stochastic dominance is in particular described by Levy [Lev90] within a
mathematical finance context, but it applies more generally. Here we simply recall the generic
definition of first-order stochastic dominance between two CDFs, as this result is used in the
proof of equation (1.5.1). We also state and prove a very basic lemma that allows comparing
Stieltjes integrals with respect to two CDFs that dominate each other.

Definition A.2.1 (First-order stochastic dominance (FSD)). A random variable X1 defined
on R has first-order stochastic dominance over another random variable X2 defined R if for
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any outcome x ∈ R

P(X1 ≥ x) ≥ P(X2 ≥ x).

In terms of cumulative distribution functions, this translates into

FX1(x) ≤ FX2(x),

with strict inequality for some values of x ∈ R

Lemma A.2.1. Let F1 : R → R and F2 : R → R be two non-increasing right continuous
functions such that for any x ∈ R, F1(x) ≤ F2(x), and F1(0) = F2(0). Then for any non-
negative, non-increasing measurable function h : R→ R∫ t

0
h(x)dF1(x) ≤

∫ t

0
h(x)dF2(x), ∀t ≥ 0.

Proof. It suffices to apply integration by parts∫ t

0
h(x)dF1(x)−

∫ t

0
h(x)dF2(x) = (F1(t)− F2(t))h(t)︸ ︷︷ ︸

≤0

−
∫ t

0
(F1(x)− F2(x))dh(x)︸ ︷︷ ︸

≤0

≤ 0.

A.3 Fubini and Tonelli Theorems

The content of this section is directly taken from [Bil13]. We suppose that (X,X , µ)
and (Y,Y, ν) are σ-finite measure spaces and π, the product measure is defined such that

π(E) =

∫
X
ν(y : (x, y) ∈ E)µ(dx) =

∫
Y
µ(x : (x, y) ∈ E)ν(dy), E ∈ X × Y.

We cite the classical and ubiquitous Fubini and Tonelli theorem.

Theorem A.2 (Fubini and Tonelli). [Bil13] For any nonnegative function f measurable on
X × Y, the functions

∫
Y f(x, y)ν(dy) and

∫
X f(x, y)µ(dx) are measurable respectively on X

and Y and ∫
X×Y

f(x, y)π(dx, dy) =

∫
X

(∫
Y
f(x, y)ν(dy)

)
µ(dx), (A.3.1)∫

X×Y
f(x, y)π(dx, dy) =

∫
Y

(∫
X
f(x, y)µ(dx)

)
ν(dy), (A.3.2)

where the left side is a double integral whereas the right sides correspond to iterated integrals.
Additionally if f (not necessarily nonnegative) is integrable with respect to π, then the two func-
tions

∫
Y f(x, y)ν(dy) and

∫
X f(x, y)µ(dx) are finite and measurable on A0 and B0, respectively,

where µ(X −A0) = ν(X −B0) = 0 and (A.3.1) and (A.3.2) hold.
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A.4 Unsymmetric Fubini Theorem

Although the classical Fubini theorem for Lebesgue integrals is well known, we apply in
Sections 2.3.2, 2.5.4 and 2.7.2 a version of Fubini that relies on Lebesgue-Stieltjes integrals. It
was proven by Cameron and Martin [CM41] and it is now commonly called the Unsymmetric
Fubini theorem. We state it here.

Theorem A.3. Let k(x) be a function of bounded variation in every finite interval of R.
Let p(x, u) be Borel measurable in (x, u). For almost all x ∈ R with respect to k(x), let it
be of bounded variation in u over every finite u-interval. Denote by V (x, u) the variation
V (x, u) =

∫ u+0
0+0 |dvp(x, v)|. Assume that

∫∞
−∞ V (x, u)|dk(x)| exists (i.e. is finite) for all u ∈ R.

Let s(u) be Borel measurable on R. Then the existence (finiteness) of either∫ ∞

−∞
|s(u)|du

∫ ∞

−∞
V (x, u)|dk(x)|,

or ∫ ∞

−∞
|dk(x)|

∫ ∞

−∞
|s(u)||dup(x, u)|,

implies the existence of the other, their equality and the existence and equality of the following
integrals ∫ ∞

−∞
s(u)du

∫ ∞

−∞
p(x, u)dk(x) =

∫ ∞

−∞
dk(x)

∫ ∞

−∞
s(u)dup(x, u).

A.5 Auxiliary lemma to prove Propositions 1.1 and 2.3

Crump and Mode [CM68] introduce sufficient regularity conditions for a CMJ branching
process. We present here the statement and the original proof of [CM68, Lemma 4.1] as this
result is used in the last steps of the proofs of our Propositions 1.1 and 2.3.

Lemma A.5.1 (Lemma 4.1 [CM68]). If ∆(t) is a non-decreasing function, right-continuous
such that ∆(0) < 1 and ∆(t) <∞ for all t ≥ 0 then

∞∑
k=1

∆k∗(t) <∞, ∀t ≥ 0,

where ∆k∗(t) stands for the k-th convolution of ∆(t) with respect to itself.

Proof. Let t ≥ 0 be fixed. We first treat the straightforward case where ∆(t) < 1. Then,

∞∑
k=1

∆k∗(t) ≤
∞∑
k=1

∆k(t) =
1

1−∆(t)
− 1 <∞.

Let us now assume that ∆(t) ≥ 1. Then there exists α > 0 such that

∆̄(u) :=

∫ u

0
e−αyd∆(y) < 1, 0 ≤ u ≤ t.
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We can then apply the result of the preceding case to get

∞∑
k=1

∆̄k∗(t) <∞.

Using Laplace transforms, it can be shown that

∆̄k∗(u) =

∫ u

0
e−αyd∆k∗(y).

It follows that
∞∑
k=1

∆k∗(t) ≤ eαt
∞∑
k=1

∆̄k∗(t) <∞.

Thus, the series
∞∑
k=1

∆k∗(t) converges in both cases, when ∆(t) < 1 and when ∆ ≥ 1.
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Appendices to Chapter 2

B.1 Grönwall’s inequalities

B.1.1 Grönwall’s inequality for measurable functions

The original work of Grönwall [Gro19] led to many variants of the so-called Grönwall
inequality. A useful source in particular for finding specific forms of the Grönwall inequality is
[Dra03]. We first state a general integral form that can be described as a Grönwall inequality
for measurable functions that do not have to be continuous. This result is adapted from
[Hor96, Th.3.1.d]

Lemma B.1.1 (Reformulation of Theorem 3.1 [Hor96]). Let I denote an interval in R of the
form [a,∞), or [a, b] or [a, b) with a < b. Let α and u be measurable functions from I to R. Let
µ be a continuous non-negative measure on the Borel σ-algebra of I satisfying µ([a, t]) <∞,
for t ∈ I. Assume that u is integrable with respect to µ, i.e.

∫
[a,t] |u(s)|µ(ds) <∞, for t ∈ I,

and assume that the following inequality holds.

u(t) ≤ α(t) +
∫ t

a
β(s)u(s)ds, t ∈ I.

If in addition either
• α(t) ≥ 0 on I, or
• t 7→ µ([a, t]) is continuous on I and α is integrable with respect to µ,
then, u(t) satisfies the following Grönwall inequality

u(t) ≤ α(t) +
∫ t

a
α(s) exp(µ(Is,t))µ(ds), t ∈ I.

In the special case where µ has a density β with respect to the Lebesgue measure, the above
inequality becomes

u(t) ≤ α(t) +
∫ t

a
α(s)β(s) exp

(∫ t

s
β(r)dr

)
ds, t ∈ I.
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B.1.2 Two particular forms

In the following, we describe the two main cases in which the latter result is invoked at
various points in Chapter 2 or in [Pak+23].

Proposition B.1 (Extended Grönwall’s inequalities). Let the function (t, σ) 7→ f(t;σ) be
non-negative and locally bounded on R+×R+. Assume that there exists a bounded non-negative
function (t, σ, u) 7→ b(t;σ;u) on R+ × R+ × R+ such that either

f(t;σ) ≤
∫ t−σ

0
f(t;u+ σ)b(t;σ, u)du, t ≥ σ ≥ 0, (B.1.1)

or

f(t;σ) ≤
∫ t−σ

0
f(t− u;σ)b(t;σ, u)du, t ≥ σ ≥ 0. (B.1.2)

Then
f(t;σ) = 0 for any t ≥ σ ≥ 0. (B.1.3)

Proof. Writing b := sup
t,σ,u

b(t;σ;u), inequality (B.1.1) implies

f(t;σ) ≤ b
∫ t−σ

0
f(t;u+ σ)du, t ≥ σ ≥ 0.

If we now consider fc(t) := f(c; c− t) for any c ≥ t ≥ 0, then

fc(t) ≤ b
∫ t

0
f(c;u+ c− t)du = b

∫ t

0
fc(t− u)du = b

∫ t

0
fc(u)du.

We can now apply Lemma B.1.1 which does not require the function fc to be continuous and
deduce that fc(t) = 0 for any c ≥ t ≥ 0, from which (B.1.3) easily follows. Next, similarly,
starting from inequality (B.1.2), we have

f(t;σ) ≤ b
∫ t−σ

0
f(t− u;σ)du ≤ b

∫ t

0
f(t− u;σ)du ≤ b

∫ t

0
f(u;σ)du,

and (B.1.3) follows by applying again Lemma B.1.1.

B.2 Proof of Proposition 2.1

B.2.1 Existence of a solution

Our proof of existence is constructive. More precisely, for any given pair (t;σ) ∈ R+×R+,
we introduce a sequence of non-negative functions (un(t;σ))n∈N whose successive elements
satisfy the following recursive relationship, mirroring the (Generic Integral Eq.){

u0(t;σ) = v(t;σ), n = 0,

un(t;σ) = v(t;σ) +
∫
(0,t−σ] un−1(t;σ + s)λ(s;σ)ds, n ≥ 1.

(B.2.1)

We observe that, given conditions (EU-1) and (EU-2), the sequence is trivially well defined
for any pair (t;σ) ∈ R+ × R+. We first show that the sequence of functions (un(t;σ))n∈N
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converges uniformly as n→∞. Then, it will suffice to appeal to the Dominated Convergence
Theorem to pass to the limit in the recursive relationship and deduce that a solution to the
(Generic Integral Eq.) exists as the limit function of the sequence (un(t;σ))n∈N.

We start by proving the following lemma that describes the main analytical properties
of the functions (t;σ) 7→ un(t;σ) defined on R+ × R+ when n ∈ N is fixed.

Lemma B.2.1. For any n ∈ N, let

un : R+ × R+ → R+

(t;σ) 7→ un(t;σ),

be a function defined inductively by the system of equations (B.2.1). Then the function
(t;σ) 7→ un(t, σ) is right-continuous with respect to (t;σ) on R+×R+, and for any given σ ≥ 0
fixed, the function t 7→ un(t;σ) is nondecreasing on R+.

Proof. The properties of monotonicity with respect to t and boundedness with respect to σ
can be proven by direct induction proofs without any difficulty. We will therefore only focus
our attention here on proving the right-continuity property of t 7→ un(t;σ).

To do so we fix σ ≥ 0. First, considering t < σ, by Assumption (EU-2), we have
u0(t;σ) = v(t;σ) = 0 and then, by recursion, for any n ≥ 1, un(t;σ) = v(t;σ) = 0 when t < σ.
Thus, for 0 ≤ t < σ, un(t;σ) ≡ 0 is constant and de facto continuous with respect to t.

Let us now consider t ≥ σ. To prove by induction on n ∈ N, for a given σ ≥ 0, that
t 7→ un(t;σ) is right-continuous, we introduce T > 0 such that 0 ≤ σ ≤ t < T to enable us to
work on a compact subset of R+. We prove the following induction hypothesis

∀s ∈ [σ, t], t 7→ un(t; s) is right-continuous with respect to t ∈ [σ, T ). (Ind-H1)

Firstly, by Assumption (EU-2), we observe that (Ind-H1) holds true for n = 0 whereby
u0(t;σ) = v(t;σ). Then assume that n ≥ 1 and (Ind-H1) holds true for n ≥ 1. By a change of
variable, the recursive relationship (B.2.1) becomes (since it is assumed to also hold for any
s ∈ [σ, t])

un(t; s) = v(t; s) +

∫
(s,t]

un−1(t; p)λ(p− s; s)ds.

Now let us take any ϵ > 0 and compute for s ∈ [σ, t],

un+1(t+ ϵ; s)− un+1(t; s) = v(t+ ϵ; s) +

∫
(s,t+ϵ]

un(t+ ϵ; p)λ(p− s; s)dp,

− v(t; s)−
∫
(s,t]

un(t; p)λ(p− s; s)dp,

= v(t+ ϵ; s)− v(t; s) +
∫
(s,t]

(
un(t+ ϵ; p)− un(t; p)

)
λ(p− s; s)dp,

+

∫
(t,t+ϵ]

un(t+ ϵ, p)λ(p− s; s)dp. (B.2.2)

We show that each of the terms in equation (B.2.2) tends to 0 as ϵ→ 0. Indeed, by Assumption
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(EU-2), that is by right-continuity of v(t; s) with respect to t, we have

lim
ϵ→0+

(
v(t+ ϵ; s)− v(t; s)

)
= 0.

Next, the application of (Ind-H1) to un(t; p) for p ∈ (s, t] ⊂ [σ, t] guarantees that t 7→ un(t; p)
is right continuous. Hence,

lim
ϵ→0+

(
un(t+ ϵ; p)− un(t; p)

)
= 0.

Furthermore, since t 7→ un(t; p) is monotonous, it is of finite variation with respect to t, which
means that the difference

(
un(t+ ϵ; p) − un(t; p)

)
is bounded for any p ∈ (s, t]. Finally by

Assumption (EU-1), p 7→ λ(p − s; s) is continuous for s fixed. It is therefore bounded for
p ∈ (s, t]. In summary, the entire integrand

(
un(t + ϵ; p) − un(t; p)

)
λ(p − s; s) is not only

bounded but also tends to 0. By the Dominated Convergence Theorem, we have

lim
ϵ→0+

∫
(s,t]

(
un(t+ ϵ; p)− un(t; p)

)
λ(p− s; s)dp = 0.

Let us deal with the last term in equation (B.2.2) where we chose ϵ > 0 small enough
to guarantee that ϵ ≤ T − t which means that t + ϵ ∈ [σ, T ]. We can then apply the
induction hypothesis (Ind-H1), that is t 7→ un(t+ ϵ; p) is right-continuous. Combined with the
boundedness of s 7→ λ(p− s; s), we get

lim
ϵ→0+

∫
(t,t+ϵ]

un(t+ ϵ, p)λ(p− s; s)dp = 0.

This ends the proof of (Ind-H1). Thus t 7→ un(t;σ) is right-continuous on [0, T ] for any T > 0.
Right-continuity on R+ follows.

Lemma B.2.2. For any given (t;σ) ∈ R+×R+, the sequence of functions (un(t;σ))n∈N defined
recursively in (B.2.1) is non-decreasing with respect to n ∈ N, that is, un(t;σ) ≤ un+1(t;σ).

Proof. The proof is very straightforward by induction. We will omit stating the induction
hypothesis and just observe that the case n = 0 relies trivially on the non-negativity of v(t;σ)
and of Λ(t;σ). Next for n ≥ 1 and any s ∈ [σ, t],

un+1(t; s)− un(t; s) =
∫
(s,t]

(
un(t; p)− un−1(t; p)

)
λ(p− s; s)dp,

and we observe that the integrand term is nonnegative by the induction hypothesis given for
the previous rank.

Let us now consider Cb([0, T ]) the space of non-negative bounded right continuous
functions on [0, T ] which we endow with the uniform distance defined as

d(f, g) := sup
t∈[0,T ]

|f(t)− g(t)|, f, g ∈ Cb([0, T ]).

The space (Cb([0, T ], d) so defined is a complete metric space. We show in Lemma B.2.3 that
the sequence of functions (un(t;σ))n∈N converges uniformly in the function space Cb([0, T ]).
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Indeed we will first show that the sequence of functions t 7→ un(t;σ) satisfies for any σ ≥ 0
and t ∈ [0, T ],

d
(
un(t;σ), un−1(t;σ)

)
−→ 0 as n→∞,

which means that the sequence of functions (un(t;σ))n∈N is uniformly Cauchy for σ ≥ 0 and
t ∈ [0, T ]. Then, uniform convergence follows simply by recalling that any uniformly Cauchy
sequence in a complete metric space does converge uniformly.

Lemma B.2.3. For any given (t;σ) ∈ R+ × R+, the sequence of functions (un(t;σ))n∈N
defined recursively in (B.2.1) converges uniformly as n→∞ toward a limit function which we
denote u(t;σ), i.e.,

u(t;σ). := lim
n→∞

un(t;σ). (B.2.3)

Proof. Glossing over the trivial case where t < σ, let us assume t ≥ σ and fix T > t. By
Assumption (EU-2), v(t;σ) is bounded with respect to both variables t and σ on any compact
of R+ × R+. In particular, for any T > 0, there exists a non-negative constant KT such that

KT := sup
t,σ∈[0,T ]
σ≤t

v(t;σ) <∞.

Additionally by the second part of Assumption (EU-1), s 7→ λ(p; s) is bounded on [0, T ] for
any p ∈ [0, T ]. Thus there exists a finite non-negative constant LT such that

LT := sup
s,p∈[0,T ]
s≤p

λ(p; s) <∞.

We now prove the following induction hypothesis, which will allow us to deduce that for any
given (t;σ) ∈ R+ × R+, the sequence (un(t;σ))n∈N is Cauchy. We have fixed T > 0 and
σ, t ∈ [0, T ]. Let us show that

∀s ∈ [σ, t], n ≥ 1, |un(t; s)− un−1(t; s)| ≤ KT
LnT (t− s)n

n!
. (Ind-H2)

By Assumption (EU-1), for any s ∈ [0, T ], the function p 7→ λ(p; s) is continuous on [0, T ] and
therefore bounded on the compact [0, T ]. We verify (Ind-H2) holds for n = 1. Indeed,

u1(t; s)− u0(t; s) =
∫
(s,t]

u0(t; p)λ(p− s; s)dp,

=

∫
(s,t]

v(t; p)λ(p− s; s)dp,

≤ KTLT (t− s).
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We next assume that (Ind-H2) is valid for n ≥ 1. We have

|un+1(t; s)− un(t; s)| =
∣∣∣ ∫

(s,t]

(
un(t; p)− un−1(t; p)

)
λ(p− s; s)

∣∣∣dp,
≤ LT

∫
(s,t]

∣∣∣un(t; p)− un−1(t; p)
∣∣∣dp,

≤ LT
∫
(s,t]

KT
LnT (t− p)n

n!
dp,

≤ KTL
n+1
T

(t− s)n+1

(n+ 1)!
,

where induction hypothesis (Ind-H2) at rank n was appealed to in the third line above. The
last inequality confirms that (Ind-H2) is valid for any n ≥ 1. It now suffices to apply it to
s = σ. We have shown that for any T > 0 and t, σ ∈ [0, T ],

|un(t;σ)− un−1(t;σ)| ≤ KT
LnT (t− σ)n

n!
, ∀n ∈ N,

which implies, given the factorial term on the right-hand side in the denominator that

lim
n→∞

|un(t;σ)− un−1(t;σ)| = 0, ∀t, σ ∈ [0, T ].

The latter ensures that (un(t;σ))n∈N is a Cauchy sequence in (Cb([0, T ], d). Now since
(Cb([0, T ], d) is a complete metric space , it follows that (un(t;σ))n∈N converges uniformly. We
denote

u(t;σ) := lim
n→∞

un(t;σ).

Finally, the above convergence was proved for any T > 0 and for any t ∈ [0, T ], thus it holds
for any t ∈ R+. This ends of the proof of Lemma B.2.3.

It now remains to show that the limit function u(t;σ) defined in (B.2.3) is a solution to
the (Generic Integral Eq.).

Lemma B.2.4 (Existence). Under assumptions (EU-1) and (EU-2), the function u(t;σ) deter-
mined in equation (B.2.3) on R+×R+ is a non-negative solution to the (Generic Integral Eq.)
which satisfies the properties stated in Lemma B.2.1, namely u(t;σ) is non-decreasing and
right-continuous with respect to t for σ fixed and bounded in σ for t fixed.

Proof. We fix t, σ ∈ R+ × R+. Uniform convergence of the sequence (un(t;σ))n∈N allows us
to appeal to the Dominated Convergence Theorem, in which case the recursive relationship
(B.2.1) yields

u(t;σ) = v(t;σ) +

∫
(0,t−σ]

u(t;σ + s)λ(s;σ)ds.

This equation is valid for any (t;σ) ∈ R+ × R+ and guarantees the existence of a solution
to the (Generic Integral Eq.). Finally, preservation of the properties of un(t;σ) by uniform
convergence and passage to the limit gives us the desired properties for u(t;σ).
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B.2.2 Uniqueness of the solution

Uniqueness is proven by appealing to a classical argument based on Grönwall inequalities
(see Appendix B.1 where we present a specific version of Grönwall’s inequality in measure
spaces for functions that do not have to be a priori continuous [Hor96, Theorem 3.1.(d)]).

Lemma B.2.5 (Uniqueness). Under Assumptions (EU-1) and (EU-2), the (Generic Integral Eq.)
admits a unique solution.

Proof. Let us assume the existence of another possible solution, which we denote ũ(t;σ) to
the (Generic Integral Eq.). The function (t;σ) 7→ ũ(t;σ) is thus assumed to satisfy the exact
same properties as u(t;σ). We define the right-continuous function w : R+ × R+ → R

w(t;σ) :=

{
0, t < σ,

u(t;σ)− ũ(t;σ), t ≥ σ,

which verifies the system of equations

w(t;σ) =

{
0, t < σ,∫
(σ,t]w(t; p)λ(p− σ;σ)dp, t ≥ σ.

(B.2.4)

Note that the function t 7→ w(t;σ) defined on R+ is actually continuous at t = σ with
w(σ;σ) = 0. We fix (t;σ) ∈ R+ × R+ such that t > σ and introduce the univariate function
ν 7→ wt(ν) defined on (0, t] by

wt(ν) := w(t; t− ν).

Obviously the latter can be rewritten wt(t− s) = w(t; s) for any s ∈ [0, t). We now rewrite
(B.2.4) substituting w(t; ·) with the univariate function wt(t− ·). We get

w(t; s) = wt(t− s) =
∫
(s,t]

wt(t− p)λ(p− s; s)dp,

=

∫
(0,t−s]

wt(t− s− ν)λ(ν; s)dν.

Next, let T > 0 be such that T > t > σ ≥ 0. Writing ζ = t− s for s ∈ [0, t), we get

wt(ζ) =

∫
(0,ζ]

wt(ζ − ν)λ(ν; s)dν,

≤ LT
∫
(0,ζ]

wt(ζ − ν)dν,

≤ LT
∫
(0,ζ]

wt(p)dp.

Right-continuity of s 7→ w(t; s) induces left-continuity of ν 7→ wt(ν) on (0, t]. Furthermore,
condition (EU-2) ensures that wt(ν) has at most first-kind discontinuities (i.e. if there exist
discontinuities, none of them is of infinite type). The function ν 7→ wt(ν) is therefore measurable
with respect to ν ∈ [0, t] and the conditions for applying Lemma B.1.1 (see Appendix B.1) are
satisfied. We obtain

wt(ζ) ≤ 0.
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Given that a symmetric mirroring argument can be applied to the function −w(t; s), we deduce
that wt(ζ) ≡ 0, in other words,

wt(t− s) = w(t; s) = u(t; s)− ũ(t; s) = 0,

which proves uniqueness of the solution to the (Generic Integral Eq.).

B.3 Useful results on Schwartz distributions

In many fields of applied mathematics appears the need to differentiate functions which
according to the classical theory of functional analysis are not continuous and therefore not
differentiable. The theory of distributions formalised by Laurent Schwartz ([HS52]) provides
a clear mathematical framework within which functions can be generalised as continuous
linear functionals and therefore extended as differentiable functions. Since Schwartz’ original
introduction, the literature surrounding generalised functions has flourished. Here we present
the main results we rely upon in Chapter 2. Our main source is based on [Al-92]. In particular,
we only consider real-valued generalised functions.

Definition B.3.1 (Distributions and test functions). A distribution on R denoted T : D(R)→
R is any continuous linear functional on D(R), where the space D(R) is the set C∞c (R)
of infinitely differentiable functions with compact support on R. The linear space of all
distributions on R is denoted D′(R). It is the topological dual of D(R) and is often called the
space of test functions on R.

Definition B.3.2 (Regular distribution). A distribution T is said to be regular if there exists
a locally integrable function fT on R such that

T (φ) = ⟨fT , φ⟩ =
∫
R
fT (x)φ(x)dx, φ ∈ D(R).

Otherwise the distribution is said to be singular.

Definition B.3.3 (Differentiation of distributions). For any T ∈ D′(R), we define

d(α)T (φ) := (−1)|α|T (d(α)φ), φ ∈ D(R), α ∈ (N∗)n.

We recall the definition of the convolution of a function in C∞
c (R) with a locally integrable

function.

Definition B.3.4. For any f ∈ L1
loc(R) and φ ∈ C∞K (R), where K is a compact subset of R,

we define the convolution of f and φ as the function

(f ∗ φ)(x) :=
∫
R
f(x− y)φ(y)dy =

∫
R
f(y)φ(x− y)dy.

Definition B.3.4 can be extended to the convolution of two distributions T1 and T2 on R
by the formula

(T1 ∗ T2)(φ) = (T1 ⊗ T2)(φ(x+ y)),

= T1(T2(φ(x+ y))), φ ∈ D(R).
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Definition B.3.5 (Translation of a distribution). We define the translation of the distribution
T ∈ D′(R) for φ ∈ D(R) by

(τhT )(φ) = T (τ−hφ),

= T (φ(x+ h)),

which is again a distribution in R.

Lemma B.3.1. For any T ∈ D′(R),

τhT = δh ∗ T. (B.3.1)

Definition B.3.6 (Reflection). For any function f on R, we define its reflection in 0 as the
function f̌ defined on R by f̌(x) = f(−x). We extend this definition to D′(R) by duality

Ť (φ) = T (φ̌), φ ∈ D(R).

The following theorem states that the convolution of a distribution with a smooth
function is a smooth function.

Theorem B.1. For all T ∈ D′(R) and all ψ ∈ C∞
c (R), the convolution

(T ∗ ψ)(x) = T (τxψ̌).

Proof of theorem (B.1). For any φ ∈ D(R), we have

(T ∗ ψ)(φ) = Tx(⟨ψ(y), φ(x+ y)⟩).

But we can write

⟨ψ(y), φ(x+ y)⟩ =
∫
ψ(y)φ(x+ y)dy,

=

∫
ψ(ξ − x)φ(ξ)dξ,

= ⟨ψ(ξ − x), φ(ξ)⟩,
= ⟨ψ̌(x− ξ), φ(ξ)⟩,
= ⟨τξψ̌(x), φ(ξ)⟩.

Hence we obtain

(T ∗ ψ)(φ) = Tx(⟨τξψ̌(x), φ(ξ)⟩),
= ⟨T (τξψ̌), φ(ξ)⟩.

We recall the following result, which ensures that the convolution of a distribution with
a function in C∞c (R) stays in C∞c (R).

Corollary B.1. If φ(x, y) ∈ C∞
c (R2) has compact support as a function of x and y separately,

then T1(φ)(y) ∈ C∞
c (R) for every T1 ∈ D′(R) and T2(φ)(x) ∈ C∞

c (R) for every T2 ∈ D′(R).
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By Corollary B.1, the function (T ∗ ψ)(x) = T (τxψ̌) = Ty(ψ(x − y)) is thus still in
C∞
c (R).

B.4 Auxiliary result to prove Theorem 2.1

Recalling the functions sn 7→ f̂tn(sn) on [0, tn] and s 7→ ft(s) on [0, t], which were defined
in Theorem 2.1, we prove here that they are both K-Lipschitz-continuous (where the constant
K > 0 may differ).

Lemma B.4.1. Let n ∈ N, t ≥ s ≥ 0, and let sn 7→ f̂tn(sn) on [0, tn] and s 7→ ft(s) on [0, t]
be defined according to Theorem 2.1. Then there exists a positive constant K > 0 such that
sn 7→ f̂tn(sn) is K-Lipschitz on [0, tn] and s 7→ f̂t(s) is K-Lipschitz on [0, t].

Proof. It suffices to prove here that for sn ∈ [0, tn], we have∣∣∣∣f̂tn (sn + 1

n
− f̂tn(sn)

)∣∣∣∣ ≤ K

n
,

and for s ∈ [0, t], ∣∣∣∣ft(s+ 1

n

)
− ft(s)

∣∣∣∣ ≤ K

n
.

Recall first that

f̂tn(sn) = v(tn; tn − sn) +
1

n

nsn−1∑
k=1

f̂tn

(
sn −

k

n

)
λ
(k
n
, tn − sn

)
.

Thus,

f̂tn

(
sn +

1

n

)
= v

(
tn; tn −

(
sn +

1

n

))
+

1

n

nsn∑
k=1

f̂tn

(
sn −

k − 1

n

)
λ
(k
n
, tn −

(
sn +

1

n

))
,

= v

(
tn; tn −

(
sn +

1

n

))
+

1

n

nsn−1∑
k=0

f̂tn

(
sn −

k

n

)
λ
(k + 1

n
, tn −

(
sn +

1

n

))
.

This leads to∣∣∣f̂tn(sn + 1

n

)
− f̂tn(sn)

∣∣∣ ≤ ∣∣∣∣v(tn; tn − (sn + 1

n

))
− v(tn; tn − sn)

∣∣∣∣
+

1

n

nsn−1∑
k=1

f̂tn

(
sn −

k

n

) ∣∣∣∣λ(k + 1

n
, tn −

(
sn +

1

n

))
− λ

(k
n
, tn − sn

)∣∣∣∣
+

1

n
f̂tn(sn)λ

(
1

n
; tn −

(
sn +

1

n

))
,

≤ K

n
,

where we relied on the Lipschitz property of the functions (t; s) 7→ v(t, s) and (t; s) 7→ λ(t; s)
in the last line.
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Similarly for ft(s), let us write first

ft

(
s+

1

n

)
= v

(
t; t−

(
s+

1

n

))
+

∫ s+1/n

0
ft

(
s+

1

n
− u
)
λ

(
u; t−

(
s+

1

n

))
du,

= v

(
t; t−

(
s+

1

n

))
+

∫ s

−1/n
ft (s− u)λ

(
u+

1

n
; t−

(
s+

1

n

))
du.

Thus, ∣∣∣∣ft(s+ 1

n

)
− ft(s)

∣∣∣∣ ≤ ∣∣∣∣v(t; t− (s+ 1

n

))
− v(t; t− s)

∣∣∣∣
+

∫ s

0
ft (s− u)

∣∣∣∣λ(u+
1

n
; t−

(
s+

1

n

))
− λ(u; t− s)

∣∣∣∣ du
+

∫ 0

−1/n
ft (s− u)λ

(
u+

1

n
; t−

(
s+

1

n

))
du,

≤ K

n
,

where we again relied on the Lipschitz property of the functions (t; s) 7→ v(t, s) and (t; s) 7→
λ(t; s) in the last line.

B.5 Leibniz rule for differentiation under an integral

This classical differentiation rule is applied repeatedly in Section 2.6.

Lemma B.5.1. [AR80] Let −∞ < x0 < x1 < ∞ and let α(x) and β(x) be continuously
differentiable functions of x for x0 < x < x1. Let f(x, t) and ∂f

∂x (x, t) be continuous functions
of x ∈ (x0, x1) and t ∈ (α(x), β(x)). Then for any x ∈ (x0, x1)

d

dx

∫ β(x)

α(x)
f(x, t)dt = β′(x)f(x, β(x))− α′(x)f(x, α(x)) +

∫ β(x)

α(x)

∂f

∂x
(x, t)dt.



Appendix C

Appendices to Chapter 3

C.1 Perron-Frobenius theorem

We recall the Perron-Frobenius theorem for positive matrices as stated in [AN04, Ch.5
Th.1]

Theorem C.1 (Perron-Frobenius). A strictly positive matrix S = (Sij)
p
i,j=1 has a maximal

eigenvalue λ which is positive, simple and has associated positive right and left eigenvectors u
and v. If these vectors are normalised such that ⟨u,v⟩ = 1 and ⟨u,1⟩ = 1 then one can write

Sn = λnP +Rn,

where P is the matrix whose (i, j)-th entry is Pij=uivj and where

(i) PR = RP = 0, and

(ii) The (i, j)-th entry of Rn, namely R(n)
ij is such that R(n)

ij ≤ cλn0 , i, j = 1, . . . p for some
c <∞ and 0 < λ0 < λ.

C.2 Kesten-Stigum theorem

We cite here the celebrated Kesten-Stigum theorem [KS66] originally proven in 1966. It
states that the asymptotic proportions of individuals of each type in a multitype p branching
population are deterministic and given by the maximal left eigenvalue of the first-moment
matrix S = (E(Z(i)

1,j))1≤i,j≤p. The matrix S is assumed to be strictly positive. We associate
the left and right eigenvectors u and v with its maximum eigenvalue λ > 0. In particular u is
positive.

Assumption (Kesten-Stigum condition). Let p ∈ N.

E
(
Z

(i)
1,j logZ

(i)
1,j

)
<∞, 1 ≤ i, j ≤ p. (C.2.1)

Theorem C.2 (Kesten-Stigum [KS66]). Consider a multidimensional Galton-Watson process
Zn = (Zn,1, . . . , Zn,p) n∈N, and denote its first-moment matrix S = (E(Z(i)

1,j))1≤i,j≤p. Assume
that the process is not degenerate, i.e. there exist 1 ≤ i, j ≤ p such that Si,j ≠ 1 and assume

158



C.3. ASMUSSEN-HERING LAW OF LARGE NUMBERS 159

that S is positive. Then if λ > 1, we have

lim
n→∞

Zn
λn

= vW, a.s.

where W is random vector. Additionally there is no extinction if and only if condition (C.2.1)
holds, i.e. P(W > 0) > 0 ⇐⇒ (C.2.1) holds. Also, if (C.2.1) is satisfied then for all 1 ≤ i ≤ p,

• E(W | Z0 = ei) = ui,

• P(W = 0 | Z0 = ei) = qi, where qi is the i-th coordinate of the extinction probability of
the multitype Galton-Watson process started with an individual of type i.

C.3 Asmussen-Hering Law of Large Numbers

We state here the main results (in discrete and continuous time) related to strong limit
theorems for general supercritical branching processes which were proven by Asmussen and
Hering [AH76]. Our work in Chapter 3 aims in particular at extending their results and other,
more recent, existing results where the state space is infinite dimensional. Among other things,
in Chapter 3, under some technical conditions related to the convergence of the first-moment
semigroup and the existence of appropriate Lyapunov functions for the underlying Markov
process, we prove almost sure convergence of the branching process. Our sufficient set of
technical conditions on the convergence of the first-moment semigroup should be easier to
verify in practice than, for instance, the set of assumptions denoted (M) by Asmussen and
Hering [AH76]. In particular, we will observe that our conditions require knowledge of a
Lyapunov-type function instead of full knowledge of the eigentriplet, as is the case in [AH76].
Most importantly, we will also see that our set of assumptions does not require uniform
convergence.

Let us first recall the set of assumptions denoted (M) in [AH76] and on which all their
results are based. Let (X ,A) be a measurable space and B be the Banach algebra of all
bounded and A measurable functions f in X with the norm ∥f∥:= sup

x∈X
|f(x)|. Let B+ be the

nonnegative cone on B. Below T represents either N or R+.

Assumptions (Denoted (M) in [AH76]). The first moment semigroup (Mt)t∈T of a branching
Markov process (Zt)t∈T exists and can be represented in the following form.

(i) There exists a nonnegative number λ ∈ R+, a nonnegative function h ∈ B+ and a non-
negative bounded linear functional γ on B such that for all x ∈ X , t ∈ T, and f ∈ B, we
can write, assuming γ and h are normalised (i.e. γ(h) = 1)

Mtf(x) = λtγ(f)h(x) +Qtf(x). (C.3.1)

(ii) γ and h satisfy the property of eigenvectors for Mt, which is equivalent to

γQt = 0, Qth = 0, γMt = λtγ, Mth = λth. (C.3.2)

(iii) The remainder Qt is uniformly bounded with respect to x ∈ X , in the sense that there
exists a function α· : T→ [0,∞) satisfying

λ−tαt → 0, t→∞, (C.3.3)
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and such that for any x ∈ X , f ∈ B+, t > 0,

|Qtf(x)| ≤ αtγ(f)h(x). (C.3.4)

This set of assumptions (M) implies that γ is a measure and that γ and h are, respectively, the
left and right eigenvectors of the first moment semigroup Mt corresponding to the eigenvalue λ.
In particular, γ is the invariant distribution of the types.

Note that Asmussen and Hering provided an alternative representation of the preceding
assumptions on which they rely for most of their proofs. For any n ∈ N, ∃ c−n , c+n ∈ R, such
that c−n , c+n → 1, n→∞, and for all x ∈ X , f ∈ B,

λnc−n γ(f)h(x) ≤Mnf(x) ≤ λnc+n γ(f)h(x).

They then prove the following lemma.

Lemma C.3.1 (Martingale Wt). The process defined as

Wt := λ−tZt(h), t ∈ T,

is a martingale with respect to the filtration generated by the Markov process Ft := σ(Xs; 0 ≤
s ≤ t).

They then introduce the quantity

It := Eγ (Zt(h) logZt(h)) =
∫
X
Eδx (Zt(h) logZt(h)) γ(dx),

which represents the L logL moment of the process Zt(h), provided that the type of the original
particle is distributed according to the measure γ (i.e. given that the initial distribution of the
population is γ) and obtain a first result in the supercritical case (λ > 1) in discrete time.

Lemma C.3.2. Assume λ > 1. The martingale (Wn)n∈N converges a.s. towards a limit denoted
W, that is,

lim
n→∞

λ−nZn(h)
n→∞−→ W, a.s.

Next, Asmussen and Hering prove L1 convergence of the process in the supercritical
case under the set of conditions described by (M).

Theorem C.3 (Theorem (1) [AH76]). Assume conditions (M) hold and λ > 1. Then

λ−nZn(f)
n→∞−→ γ(f)W, a.s. f ∈ L1

γ , (C.3.5)

where L1
γ represents the space of functions measurable with respect to the eigenmeasure γ.

Recalling Asmussen-Hering’s nondegeneracy condition of Kesten-Stigum type

In = Eγ(Zn(h) logZn(h)) <∞, (C.3.6)

the authors next prove propagation of the L logL condition.
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Theorem C.4 (Theorem (2) [AH76]).

∀n > 0, either In <∞ or In =∞. (First assertion)

Furthermore, {
If I1 <∞, then EδxW = h(x),

If I1 =∞, then W ≡ 0 a.s.
(Second assertion)

Finally, we end this brief summary of [AH76] by stating their main result in continuous
time.
Theorem C.5 (Theorem (1)’ [AH76]). Let X be a separable metric space, U the topological
Borel algebra and Zt, a right-continuous branching Markov process satisfying condition (M)
with λ > 1. If g ∈ B+ is lower semi-continuous almost everywhere with respect to γ, and if, in
addition,

λ−tZt(g)
a.s.−→ γ(g)W, t→∞,

then,

λ−tZt(gf)
a.s.−→ γ(gf)W, t→∞, (C.3.7)

for every f ∈ B which is continuous almost everywhere with respect to γ.

C.4 Extended convexity result

We present a convexity result originally stated in [AH76, Lemma 1]. This result and its
conditional version are used at multiple points throughout the proofs of chapter 3. We call it
extended Jensen or extended convexity result because it is reminiscent of the classical Jensen
inequality.

First let us recall the definition (3.3) given in Section 3.1 of the non-negative, continuous
function x 7→ log⋆ x defined on R+ such that

log⋆ x =

{
x/e, 0 ≤ x ≤ e,
log x, x > e.

Lemma C.4.1 (Lemma 1 of [AH76]). The function x 7→ x log⋆ x defined for x ∈ R+ is
non-negative, non-decreasing and convex. Moreover, for n ∈ N∗, if we let Sn = X1 + . . .+Xn

be the sum of n independent non-negative random variables, then

ESn log⋆ Sn ≤ ESn log⋆ ESn +
n∑
i=1

EXi log
⋆Xi.

Proof. Observe that the function x 7→ log⋆ x is concave. Thus, for any a, b ≥ 0,

log⋆(a+ b) ≤ log⋆ a+ log⋆ b. (C.4.1)

The first part of the lemma is a direct consequence of (C.4.1) and of the properties and definition
of log⋆ x, and can be thus deduced immediately. Next we write for any Sn =

∑n
i=1Xi where



162 C.5. USEFUL BOUNDS RELATED TO THE log⋆ x FUNCTION

Xi are non-negative independent random variables,

ESn log⋆ Sn = E

(
n∑
i=1

Xi log
⋆

n∑
i=1

Xi

)
,

≤
n∑
i=1

EXi log
⋆

n∑
j=1
j ̸=i

Xj + EXi log
⋆Xi

 ,

≤
n∑
i=1

EXi log
⋆ E

n∑
j=1
j ̸=i

Xj + EXi log
⋆Xi

 ,

≤ ESn log⋆ ESn +
n∑
i=1

EXi log
⋆Xi,

where we used property (C.4.1) in the the second line, the classical Jensen inequality in the
third line and finally the non-decreasing property of x 7→ x log⋆ x in the last line.

Remark. Note that in practice we will be using a conditional version of the above inequality.
Let (Fn)n be the natural filtration associated to the random variables (Xn)n∈N. Then for any
n ∈ N∗ and any non-negative integer 0 ≤ q ≤ n,

E(Sn log⋆ Sn|Fn−q) ≤ E(Sn|Fn−q) log⋆ E(Sn|Fn−q) +
n∑
i=1

E(Xi log
⋆Xi|Fn−q).

C.5 Useful bounds related to the log⋆ x function

Lemma C.5.1. Let C ∈ (0, 1). Then we have for any x ≥ 0 and n ∈ N,

log⋆(xn) ≥ Cn log x.

Proof. We introduce the function defined on R+ by g(x) := log⋆(xn) − nC log x where it is
assumed that 0 < C < 1. By definition of log⋆ x in (3.3),

g(x) :=

{
xn

e − nC log x, 0 ≤ x < e1/n,

n(1− C) log x, x ≥ e1/n.

For x ∈ [0, e1/n],

g′(x) =
n

ex
(xn − eC) ,

which is negative for 0 ≤ x < (Ce)1/n, and non-negative for (Ce)1/n < x < e1/n. Next, for
x ≥ e1/n,

g′(x) =
n(1− C)

x
> 0.

Thus g(x) admits a minimum at x = (Ce)1/n. Since g((Ce)1/n) = −C logC ≥ 0, it follows
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that g(x) ≥ 0 for any x such that xn ∈ [0, e].

Lemma C.5.2. Let C > 1
e . Then for any x ≥ 0 and n ∈ N, we have n log x ≤ Cxn.

Proof. We prove this inequality by introducing the function defined on R+ given by g(x) :=
Cxn−n log x. Then trivially g′(x) = n

x (Cx
n−1), and g(x) attains its minimum at x =

(
1
C

)1/n
where g

((
1
C

)1/n)
= 1 + logC > 0 since C > 1

e .

C.6 Auxiliary result for the martingale decomposition

Recall here that we introduced a remainder term R
(r)
n (f) in Lemma 3.2.2 for the

decomposition of X(r)
n (f) whereby

R(r)
n (f) =M (r)

n (f) +
n−1∑
i=1

M
(r)
n−i(T

i−1
r (Tr − Id)f).

Here we show that we can re-write the second term in the sum above in terms of ∆(r)
i ’s. We

will then eventually rely upon this result to show that the remainder term R
(r)
n (f) converges

to 0 as n→∞.

Lemma C.6.1. For any n ≥ 1, N ≤ n and f ∈ B(V ), we have

n−1∑
i=N

M
(r)
n−i(T

i
r − T i−1

r )(f) =

n−N∑
i=1

∆
(r)
i (Tn−ir (f)− TN−1

r (f)). (C.6.1)

First observe trivially that by definition of the martingale and its increment, we have

M
(r)
n−i(f) =

n−i∑
j=1

∆
(r)
j (f).

Next, we use the above expression for M and then expand the second sum in ∆’s

n−1∑
i=N

M
(r)
n−i(T

i
r − T i−1

r )(f) =
n−1∑
i=N

n−i∑
j=1

∆
(r)
j (T ir − T i−1

r )(f),

=

n−N∑
j=1

∆
(r)
j (TNr − TN−1

r )(f)

+
n−N−1∑
j=1

∆
(r)
j (TN+1

r − TNr )(f)

+

n−N−2∑
j=1

∆
(r)
j (TN+2

r − TN+1
r )(f)

+
...

+∆
(r)
1 (Tn−1

r − Tn−2
r ).
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We then develop each term line-by-line to obtain

n−1∑
i=N

M
(r)
n−i(T

i
r − T i−1

r )(f) = ∆
(r)
1 Tn−1

r (f)−
n−N∑
j=1

∆
(r)
j (TN−1

r )(f)

+
n−N∑
j=1

∆
(r)
j (TNr (f))−

n−N−1∑
j=1

∆
(r)
j (TNr (f))

+

n−N−1∑
j=1

∆
(r)
j (TN+1

r (f))−
n−N−2∑
j=1

∆
(r)
j (TN+1

r (f))

...

+
2∑
j=1

∆
(r)
j (Tn−2

r (f))−∆
(r)
1 (Tn−2

r (f)).

But we observe that each line above (from the second one onwards) simplifies and one term
remains. More precisely we get

n−1∑
i=N

M
(r)
n−i(T

i
r − T i−1

r )(f) = ∆
(r)
1 Tn−1

r (f)−
n−N∑
j=1

∆
(r)
j (TN−1

r )(f)

+ ∆
(r)
n−N (T

N
r (f)) + ∆

(r)
n−N−1(T

N+1
n (f)) + . . .+∆

(r)
2 Tn−2

r (f).

We finally obtain

n−1∑
i=N

M
(r)
n−i(T

i
r − T i−1

r )(f) =
n−N∑
i=1

∆
(r)
i (Tn−ir (f))−

n−N∑
j=1

∆
(r)
j (TN−1

r )(f),

=

n−N∑
i=1

∆
(r)
i (Tn−ir (f)− TN−1

r (f)).
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