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Abstract: This work investigates the passivity-based control of a class of underactuated
mechanical systems with series-elastic actuator for which the actuator states are not measured.
The main contribution is a new design of the integral interconnection-and-damping assignment
passivity-based control that employs a dynamic extension to estimate the actuator states.
Numerical simulations demonstrate the effectiveness of the new controller.
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1. INTRODUCTION

Amechanical system is said to be underactuated if its input
matrix is rank-deficient. Among the various approaches
that have been proposed in the literature for these systems,
the Interconnection and Damping Assignment Passivity-
based Control (IDA-PBC) methodology is particularly
advantageous since it offers a physical interpretation of
the control action in terms of energy and dissipation, see
Ortega et al. (2002). IDA-PBC has subsequently been
extended to account for actuator dynamics, including
DC electric motors in Gandarilla et al. (2017), fluidic
actuation in Franco and Astolfi (2022), and high-order
actuator dynamics in Franco and Astolfi (2023). Besides
IDA-PBC, the actuator dynamics can also be accounted
for with the backstepping methodology, see Krstic et al.
(1995). However, this approach does not provide the same
physical interpretation of the control action in terms
of system energy as IDA-PBC, which is convenient for
analysis purposes. In general, the aforementioned works
require the actuator states to be measured, which might
not always be possible in engineering practice. Common
examples include DC motors, where the armature current
might not be measured, or robotic systems with harmonic
drives, where the joint position and the motor position are
represented by different state variables.

Previous works have shown that IDA-PBC can be imple-
mented even if full state feedback is not available. For
instance, an implementation of IDA-PBC without veloc-
ity feedback was proposed for mechanical systems with
constant inertia matrix by employing the dirty derivative
of the position, see Ortega et al. (2002). In addition, a
passive momentum observer was proposed in Ferguson
and McLean (2023) for a class of mechanical systems, and
was incorporated in a control-by-interconnection scheme.
A dynamic extension was employed in Borja et al. (2023)
to replace velocity feedback in IDA-PBC for the case of
potential energy shaping. Finally, in our prior work we
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have proposed an IDA-PBC design with dynamic exten-
sion for a class of underactuated mechanical systems with
first-order actuator dynamics and uncertain coupling, see
Franco and Borja (2024). The former result borrowed the
idea of dynamic extension from the integral IDA-PBC
(iIDA-PBC) methodology, which however aims to reject
additive disturbances, see Donaire et al. (2017); Ferguson
et al. (2017, 2019). Recent extensions of iIDA-PBC have
explored a wider class of disturbances while still relying
on full-state feedback, see Franco (2023); Franco et al.
(2024a,b). In summary, to the best of the authors’ knowl-
edge, an implementation of IDA-PBC for systems with
high-order actuator dynamics, where the actuator states
are not measured, is still unavailable.

This work proposes a new design of IDA-PBC with dy-
namic extensions for a class of underactuated mechanical
systems with series-elastic actuator (SEA) and unmea-
sured actuator states. Stability conditions are discussed,
and the effectiveness of the controller is demonstrated via
simulations on an inertia-wheel pendulum with SEA.

Notation: function arguments are omitted in equations
and are provided in the inline text on first use.

2. PROBLEM SETTING

2.1 Overview of IDA-PBC

The dynamics of an underactuated mechanical system
with n DOFs and control input u ∈ Rm applied through
the input matrix G (q) ∈ Rn×m, where rank (G) = m < n
for all q ∈ Rn, is described in port-Hamiltonian form as[

q̇
ṗ

]
=

[
0 I
−I 0

] [
∇qH
∇pH

]
+

[
0
G

]
u. (1)

The system states are the position q ∈ Rn and the
momenta p = M(q)q̇ ∈ Rn. The total mechanical energy
of the system,

H(q, p) =
1

2
p⊤M(q)−1p+Ω(q), (2)

is the sum of the potential energy Ω(q) and the kinetic
energy T (q, p) = 1

2p
⊤M(q)−1p, where the inertia matrix
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

−KvG
⊤∇pHd,

(3)

where Hd(q, p) = 1
2p

⊤Md(q)
−1p + Ωd(q) > 0 and G† =�

G⊤G
−1
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Ωd(q) ≥ 0, ∀q ∈ Rn, ∇qΩd (q

⋆) = 0 and ∇2
qΩd (q

⋆) ≻ 0.
The control law (3) exists provided that Md(q) and Ωd(q)
verify for all (q, p) ∈ R2n the partial differential equations
(PDEs), also known as matching equations,

G⊥ �
∇qT −MdM

−1∇qTd + J2M
−1
d p


= 0, (4)

G⊥ �
∇qΩ−MdM

−1∇qΩd


= 0, (5)

where G⊥ is defined such that G⊥G = 0 and rank
�
G⊥ =

n−m, and Td = 1
2p

⊤Md(q)
−1p. The resulting closed-loop

dynamics is
q̇
ṗ


=


0 M−1Md

−MdM
−1 J2 −GKvG

⊤

 
∇qHd

∇pHd


, (6)

where yd = G⊤∇pHd is a passive output of (6). Computing
the time derivative of Hd along the trajectories of the
closed-loop system (6) yields

Ḣd = − (∇pHd)
⊤
(GKvG

⊤)∇pHd ≤ 0. (7)

Thus the equilibrium (q, p) = (q⋆, 0) is asymptotically
stable for all Kv ≻ 0 provided that yd = G⊤∇pHd is
detectable, that is yd → 0 =⇒ (q, p) → (q⋆, 0), see
Ortega et al. (2002). Moreover, the stability properties are
global if Hd(q, p) is radially unbounded, see Khalil (2002).
The iIDA-PBC methodology builds on the IDA-PBC (3)
with a dynamic extension in order to compensate matched
constant additive disturbances, see Donaire et al. (2017).

2.2 System class

This section defines a class of underactuated mechanical
systems with n = 2 and constant G. The complete system
dynamics can be represented in port-Hamiltonian form as




q̇

ṗ

θ̇

ω̇


 =




0 I 0 0

−I 0 0 0

0 0 0
1

J

0 0 − 1

J
− K2

e

RaJ2







∇qW

∇pW

∇θW

∇ωW


+




0

0

0

Ke

RaJ
u



,

W = H +
1

2
Ka(G

⊤q − θ)2 +
1

2
Jω2,

(8)
where θ, ω ∈ R denote the angular position and velocity of
the SEA, Ra,Ke, J ∈ R denote the armature resistance,
the torque constant and the inertia of the DC motor
driving the SEA. The armature inductance is assumed to
be negligible. The spring stiffness of the SEA is Ka ∈

R and represents the coupling between the DC motor
and the mechanical system, see Section 4. The following
assumptions are introduced for control purposes.

Assumption 1 (Energy shaping). The system has n = 2
and constant G. The PDEs (4) and (5) are solvable
with Md(q), J2(q, p) and Ωd(q). The equilibrium q⋆ is
assignable, that is G⊥∇qΩ(q

⋆) = 0, and it is a strict
minimum of Ωd, that is Ωd(q) ≥ 0, ∀q ∈ Rn, Ωd(q

⋆) =
0,∇qΩd(q

⋆) = 0,∇2
qΩd(q

⋆) ≻ 0. The output yd =

G⊤M−1
d p of (6) is detectable. The model parameters are

known, and the system states (q, p) are measured.

This assumption summarizes the requirements of the IDA-
PBC methodology, see Ortega et al. (2002). The assump-
tion on n and G is satisfied by various mechanical systems,
including the Acrobot system, the disk-on-disk system,
the ball-on-beam system, and soft robotic manipulators,
see Ryalat and Laila (2016); Arpenti et al. (2024). For
the inertia-wheel pendulum, the PDEs (4) and (5) are
solvable analytically with a constant Md and J2 = 0, and
the prescribed equilibrium q⋆ = (0, q⋆2) corresponds to the
upright pendulum with an arbitrary position of the wheel,
see Section 4.

Assumption 2 (Actuator dynamics). The SEA has second-
order dynamics, where the states θ and ω are not mea-
sured. The parameters Ra,Ke, J and Ka are known.

This assumption is verified by a limited yet relevant class
of actuators that exhibit second-order linear dynamics,
which includes SEA and harmonic drives. The presence
of the actuator dynamics prevents the use of the standard
IDA-PBC control (3) since system (8) is not affine.

3. CONTROLLER DESIGN

The control law is designed for system (8), where an
IDA-PBC controller (3) already exists for the mechanical
subsystem (1), to achieve the regulation goal q = q⋆ and
the closed-loop dynamics




q̇
ṗ

θ̇
ω̇

ζ̇1
ζ̇2



=




0 S12 S13 S14 S15 S16

−S⊤
12 −S22 S23 S24 S25 S26

−S⊤
13 −S⊤

23 −S33 S34 S35 S36

−S⊤
14 −S⊤

24 −S⊤
34 −S44 S45 S46

−S⊤
15 −S⊤

25 −S⊤
35 −S⊤

45 −S55 S56

−S⊤
16 −S⊤

26 −S⊤
36 −S⊤

46 −S65 −S66







∇qWd

∇pWd

∇θWd

∇ωWd

∇ζ1Wd

∇ζ2Wd



.

(9)
The storage function Wd(q, p, θ, ω, ζ1, ζ2) is defined as

Wd = Hd +
1

2
ς⊤1 ς1 +

1

2
K1

�
ζ1 + αG⊤p− θ

2

+
1

2
ς⊤2 ς2 +

1

2
K2

�
ζ2 + βG⊤p− ω

2
,

(10)

where α and β are scalar constants, ζ1, ζ2 are dynamic
extensions that estimate θ and ω, and ς1, ς2 are defined as

ς1 = G† �−∇qH +MdM
−1∇qHd


+KvG

⊤∇pHd (11a)

−G†J2∇pHd −Ka

�
G⊤q − ζ1 − αG⊤p


,

ς2 = S⊤
13∇qHd + S⊤

23∇pHd +
�
ζ2 + βG⊤p


(11b)

+KI1 (∇ζ1ς1) ς1.

The terms Sij are defined so that the open-loop dynamics
(8) matches the closed-loop dynamics (9), that is
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is M(q) = M(q)⊤ ≻ 0. The remaining terms in (1) are
the identity matrix I, the vector of partial derivatives
of H with respect to q, ∇qH, and the vector of partial
derivatives of H with respect to p, ∇pH. The passive
output of (1) is y = G⊤∇pH. The controller design aims
at stabilizing the prescribed equilibrium (q, p) = (q⋆, 0).
This goal is achieved by using the IDA-PBC control law

uIDA = G† �∇qH −MdM
−1∇qHd + J2∇pHd



−KvG
⊤∇pHd,

(3)

where Hd(q, p) = 1
2p

⊤Md(q)
−1p + Ωd(q) > 0 and G† =�

G⊤G
−1

G⊤, see Ortega et al. (2002). The design param-
eters in (3) are the potential energy Ωd(q), the inertia ma-
trixMd(q) = M⊤

d (q) ≻ 0, the matrix J2(q, p) = −J⊤
2 (q, p),

and the constant matrix Kv = K⊤
v ≻ 0. To achieve the

regulation goal, the potential energy Ωd should admit
a strict minimum in q⋆ hence verifying the conditions
Ωd(q) ≥ 0, ∀q ∈ Rn, ∇qΩd (q

⋆) = 0 and ∇2
qΩd (q

⋆) ≻ 0.
The control law (3) exists provided that Md(q) and Ωd(q)
verify for all (q, p) ∈ R2n the partial differential equations
(PDEs), also known as matching equations,

G⊥ �
∇qT −MdM

−1∇qTd + J2M
−1
d p


= 0, (4)

G⊥ �
∇qΩ−MdM

−1∇qΩd


= 0, (5)

where G⊥ is defined such that G⊥G = 0 and rank
�
G⊥ =

n−m, and Td = 1
2p

⊤Md(q)
−1p. The resulting closed-loop

dynamics is
q̇
ṗ


=


0 M−1Md

−MdM
−1 J2 −GKvG

⊤

 
∇qHd

∇pHd


, (6)

where yd = G⊤∇pHd is a passive output of (6). Computing
the time derivative of Hd along the trajectories of the
closed-loop system (6) yields

Ḣd = − (∇pHd)
⊤
(GKvG

⊤)∇pHd ≤ 0. (7)

Thus the equilibrium (q, p) = (q⋆, 0) is asymptotically
stable for all Kv ≻ 0 provided that yd = G⊤∇pHd is
detectable, that is yd → 0 =⇒ (q, p) → (q⋆, 0), see
Ortega et al. (2002). Moreover, the stability properties are
global if Hd(q, p) is radially unbounded, see Khalil (2002).
The iIDA-PBC methodology builds on the IDA-PBC (3)
with a dynamic extension in order to compensate matched
constant additive disturbances, see Donaire et al. (2017).

2.2 System class

This section defines a class of underactuated mechanical
systems with n = 2 and constant G. The complete system
dynamics can be represented in port-Hamiltonian form as




q̇

ṗ

θ̇

ω̇


 =




0 I 0 0

−I 0 0 0

0 0 0
1

J

0 0 − 1

J
− K2

e

RaJ2







∇qW

∇pW

∇θW

∇ωW


+




0

0

0

Ke

RaJ
u



,

W = H +
1

2
Ka(G

⊤q − θ)2 +
1

2
Jω2,

(8)
where θ, ω ∈ R denote the angular position and velocity of
the SEA, Ra,Ke, J ∈ R denote the armature resistance,
the torque constant and the inertia of the DC motor
driving the SEA. The armature inductance is assumed to
be negligible. The spring stiffness of the SEA is Ka ∈

R and represents the coupling between the DC motor
and the mechanical system, see Section 4. The following
assumptions are introduced for control purposes.

Assumption 1 (Energy shaping). The system has n = 2
and constant G. The PDEs (4) and (5) are solvable
with Md(q), J2(q, p) and Ωd(q). The equilibrium q⋆ is
assignable, that is G⊥∇qΩ(q

⋆) = 0, and it is a strict
minimum of Ωd, that is Ωd(q) ≥ 0, ∀q ∈ Rn, Ωd(q

⋆) =
0,∇qΩd(q

⋆) = 0,∇2
qΩd(q

⋆) ≻ 0. The output yd =

G⊤M−1
d p of (6) is detectable. The model parameters are

known, and the system states (q, p) are measured.

This assumption summarizes the requirements of the IDA-
PBC methodology, see Ortega et al. (2002). The assump-
tion on n and G is satisfied by various mechanical systems,
including the Acrobot system, the disk-on-disk system,
the ball-on-beam system, and soft robotic manipulators,
see Ryalat and Laila (2016); Arpenti et al. (2024). For
the inertia-wheel pendulum, the PDEs (4) and (5) are
solvable analytically with a constant Md and J2 = 0, and
the prescribed equilibrium q⋆ = (0, q⋆2) corresponds to the
upright pendulum with an arbitrary position of the wheel,
see Section 4.

Assumption 2 (Actuator dynamics). The SEA has second-
order dynamics, where the states θ and ω are not mea-
sured. The parameters Ra,Ke, J and Ka are known.

This assumption is verified by a limited yet relevant class
of actuators that exhibit second-order linear dynamics,
which includes SEA and harmonic drives. The presence
of the actuator dynamics prevents the use of the standard
IDA-PBC control (3) since system (8) is not affine.

3. CONTROLLER DESIGN

The control law is designed for system (8), where an
IDA-PBC controller (3) already exists for the mechanical
subsystem (1), to achieve the regulation goal q = q⋆ and
the closed-loop dynamics




q̇
ṗ

θ̇
ω̇

ζ̇1
ζ̇2



=




0 S12 S13 S14 S15 S16

−S⊤
12 −S22 S23 S24 S25 S26

−S⊤
13 −S⊤

23 −S33 S34 S35 S36

−S⊤
14 −S⊤

24 −S⊤
34 −S44 S45 S46

−S⊤
15 −S⊤

25 −S⊤
35 −S⊤

45 −S55 S56

−S⊤
16 −S⊤

26 −S⊤
36 −S⊤

46 −S65 −S66







∇qWd

∇pWd

∇θWd

∇ωWd

∇ζ1Wd

∇ζ2Wd



.

(9)
The storage function Wd(q, p, θ, ω, ζ1, ζ2) is defined as

Wd = Hd +
1

2
ς⊤1 ς1 +

1

2
K1

�
ζ1 + αG⊤p− θ

2

+
1

2
ς⊤2 ς2 +

1

2
K2

�
ζ2 + βG⊤p− ω

2
,

(10)

where α and β are scalar constants, ζ1, ζ2 are dynamic
extensions that estimate θ and ω, and ς1, ς2 are defined as

ς1 = G† �−∇qH +MdM
−1∇qHd


+KvG

⊤∇pHd (11a)

−G†J2∇pHd −Ka

�
G⊤q − ζ1 − αG⊤p


,

ς2 = S⊤
13∇qHd + S⊤

23∇pHd +
�
ζ2 + βG⊤p


(11b)

+KI1 (∇ζ1ς1) ς1.

The terms Sij are defined so that the open-loop dynamics
(8) matches the closed-loop dynamics (9), that is
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S12 ≜ M−1Md, S13 ≜ S12(Gα−∇pς1(∇ζ1ς1)
−1),

S14 ≜ S16 + S12Gβ, S15 ≜ −S12∇pς1(∇ζ1ς1)
−1,

S16 ≜ (−S12∇pς2 − S15∇ζ1ς2)(∇ζ2ς2)
−1

S22 ≜ GKvG
⊤ − J2, S24 ≜ S26 − S22Gβ,

S23 ≜ S25 − S22Gα+GKa/K1,

S25 ≜ G
(
1 +G†S⊤

12∇qς1 +G†S22∇pς1
)
(∇ζ1ς1)

−1

+ G⊥⊤ (
G⊗S⊤

12∇qς1 +G⊗S22∇pς1
)
(∇ζ1ς1)

−1
,

S26 ≜ (S⊤
12∇qς2 + S22∇pς2 − S25∇ζ1ς2) (∇ζ2ς2)

−1
,

S33 ≜ − S35 + S⊤
23Gα, S34 ≜ S36 − S⊤

23Gβ + 1/K2,

S35 ≜ (S⊤
13∇qς1 + S⊤

23∇pς1) (∇ζ1ς1)
−1 −KI1,

S36 ≜ (1 + S⊤
13∇qς2 + S⊤

23∇pς2 − S35∇ζ1ς2) (∇ζ2ς2)
−1

,

S44 ≜ KI2 −K4, S45 ≜ −S⊤
34 + S⊤

24Gα+Ka/(K1J),

S46 ≜ − S44 + S⊤
24Gβ +K2

e/(JRaK2),

S55 ≜ S⊤
35 − S⊤

25Gα, S56 ≜ −S⊤
45 + S⊤

25Gβ,

S65 ≜ S⊤
36 − S⊤

26Gα, S66 ≜ S⊤
46 − S⊤

26Gβ,
(12)

where G⊗ ≜ (G⊥G⊥⊤
)−1G⊥, while it follows from (11a)

and (11b) that ∇ζ1ς1 = Ka,∇ζ2ς2 = 1,∇ζ1ς2 = KI1K
2
a .

The control input is

u =
Ra

Ke

(
K2

e

Ra
(ζ2 + βG⊤p) +Ka(ζ1 + αG⊤p−G⊤q)

)

− JRa

Ke

(
S⊤
14∇qWd + S⊤

24 (∇pHd + (∇pς1)ς1 + (∇pς2)ς2)
)

+
JRa

Ke
(S45 ((∇ζ1ς1)ς1 + (∇ζ1ς2)ς2) + S46(∇ζ2ς)ς2) ,

(13)

where S14, S24, S45 and S46 are given in (12), ς1, ς2 are
given in (11a) and (11b), and the time derivatives of the
dynamic extensions ζ1 and ζ2 are

ζ̇1 = − S55 ((∇ζ1ς1)ς1 + (∇ζ1ς2)ς2) + S56(∇ζ2ς)ς2 (14a)

− S⊤
15∇qWd − S⊤

25 (∇pHd + (∇pς1)ς1 + (∇pς2)ς2) ,

ζ̇2 = − S65 ((∇ζ1ς1)ς1 + (∇ζ1ς2)ς2)− S66(∇ζ2ς)ς2 (14b)

− S⊤
16∇qWd − S⊤

26 (∇pHd + (∇pς1)ς1 + (∇pς2)ς2) .

Proposition 1 (Target closed-loop dynamics). The system
(8) with Assumptions 1–2 in closed-loop with the con-
trol law (13) and the time derivatives of the dynamic
extensions (14a) and (14b), yields (9) with the storage
function (10) and the parameters (12). The proof is given
in Appendix A.

Proposition 2 (Stability conditions). Consider the system
(8) that satisfies Assumptions 1–2 in closed-loop with the
control law (13), where the time derivatives of the dynamic
extensions are given in (14a) and (14b). Define the scalar
constants Kv > 0, α > 0, β > 0,K1 > 0,K2 > 0,KI1 >
0,KI2 > 0,K4 > 0 such that Ξ1 > 0,Ξ2 > 0,Ξ4 > 0,Ξ5 >
0 and Ξ4Ξ5 > Ξ2

3 where

Ξ1 = KI1 +G⊤ (Ka/K1 + 1/Ka) (Gα−∇pς1/Ka)

− (Gα−∇pς1/Ka)
⊤GKvG

⊤(Gα−∇pς1/Ka),

Ξ2 = KI2 −K4,

Ξ3 =
1

2

(
1

K2
− Ka

K1J
− Ka

K1
βG⊤G+ 2G⊤S22Gβα

)
,

Ξ4 = (∇pς1)
⊤G

Kv

K2
a

G⊤(∇pς1)−GG⊤α/Ka −KI1

+
(
1/K2

a + 1/K1 − 2KvG
⊤Gα/Ka

)
G⊤∇pς1,

Ξ5 = K4 −KI2 +K2
e/(JRaK2)−G⊤GKvGG⊤β2.

(15)

Then the following claims hold.

C1. The equilibrium point of the closed-loop system (9),
that is (q, p, θ, ω, ζ1, ζ2) =

(
q⋆, 0, G⊤q⋆, 0, G⊤q⋆, 0

)
, is

locally asymptotically stable.

C2. Stability properties are global if Hd(q, p) is radially
unbounded.

The proof is given in Appendix B.

Remark 1. The proposed controller design builds upon
the IDA-PBC (3) employing the same matrices Md, J2
and scalar function Ωd. For systems with constant inertia
matrix, such as the inertia-wheel pendulum, the PDE
(4) is solvable with a constant Md and with J2 = 0.
Thus ∇pς1 = KvM

−1
d G − KaαG, which substituted into

(15) yields constant matrices. Consequently, the conditions
Ξ1 > 0,Ξ2 > 0,Ξ4 > 0,Ξ5 > 0 and Ξ4Ξ5 > Ξ2

3 can be
evaluated globally in advance, see Section 4. Finally, (ζ1+
αG⊤p) and (ζ2 + βG⊤p) can be interpreted as reduced-
order observers for θ and ω respectively.

4. SIMULATION RESULTS
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Fig. 1. Schematic of the inertia-wheel pendulum actuated
by a SEA, with key model parameters.

The inertia-wheel pendulum with series-elastic actuator
is depicted in Figure 1. The conventional inertia-wheel
pendulum system consists of an unactuated planar in-
verted pendulum with an actuated wheel attached to its
extremity, see Ryalat and Laila (2016). The system has
two degrees-of-freedom; the angular position of the pen-
dulum q1 and the angular position of the wheel q2. Its
dynamics in port-Hamiltonian form is given by (1) with
Ω = a3 (cos (q1) + 1), the input matrix is G⊤ = [0 1],

while M =

[
a1 + a2 a2

a2 a2

]
is the inertia matrix. The terms

a1, a2, a3 are constant parameters depending on the size of

the pendulum and of the wheel. The control goal consists
in reaching the prescribed position (q1, q2) = (0, q⋆2). The
IDA-PBC controller (3) for the inertia-wheel pendulum is

u = γ2 sin (q1) +Kpγ3(q2 − q⋆2 + γ0ϵ0(a1 + a2)q1)

− Kv
(−m2p1 +m1p2)

a1a2(m1m3 −m2
2)
,

where γ0 = 1
a2(m2−m1)

, γ2 = −a3γ0a2(m2 − m3), and

γ3 = −ϵ0(a1+a2)γ0a2(m2−m3)−(−m2a2+m3(a1+a2)),
see Ryalat and Laila (2016). The closed-loop dynamics of
the inertia-wheel pendulum is given by (6) where

Ωd = − a3γ0 cos (q1) +
1

2
kp (q2 − q⋆2 + γ0ϵ0(a1 + a2)q1)

2
,

Md = a1a2

[
m1 m2

m2 m3

]
, J2 = 0,

with m2 = m1a2

a1+a2
+ ϵ0 and the constant tuning parameters

Kp,Kv,m1,m3, ϵ0. The control input for the complete
system is computed with (13). The terms (15) yield

Ξ1 =
Kv(K
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2
,

σ = a2(a2 − a1)(m1m3 −m2
2), Ξ2 = KI2 −K4,

Ξ3 =
JKa(1 + 2K2Kvαβ)−K2(1 + Jβ)

JK2Ka
,

Ξ4 = (Kaα)/K1 −Kvα
2 − Ξ1,

Ξ5 = K4 −KI2 +K2
e/(JK2Ra)−Kvβ

2.

(16)

Numerical simulations have been performed in Matlab
using an ODE23t solver with the model parameters a1 =
0.0124, a2 = 0.0025, a3 = 0.4446, and Ra = 0.01,Ke =
10,Ka = 1, J = 0.1, for illustrative purposes. The IDA-
PBC parameters have been set as Kp = 10,m1 =
0.4,m3 = 5, ϵ0 = 1,Kv = 0.0002 while β = 2,K1 =
0.4,K2 = 0.5,KI2 = 2,K4 = 1. In addition, three sets of
the remaining tuning parameters specific to the controller
(13) have been employed for comparison purposes: α =
40,KI1 = 100 indicated as ‘Tuning A’, or α = 80,KI1 =
200 indicated as ‘Tuning B’, or α = 160,KI1 = 400
indicated as ‘Tuning C’. All values verify the stability
conditions of Proposition 2 with the expressions given in
(16). The initial conditions are (q1, q2, q̇1, q̇2, Ia, ζ1, ζ2) =
(0.5, 0, 0, 0, 0, 0, 0, 0) while q⋆2 = 2. The system response
is shown in Figure 2: the new controller (13) correctly
achieves the regulation goal while ζ1, ζ2 converge to θ = q⋆2
and ω = 0 at the equilibrium. Larger values of KI1, α
yield a shorter transient at the cost of higher control effort.
Instead, employing the IDA-PBC controller (3) results in
instability since the actuator dynamics is neglected.

5. CONCLUSIONS

In this work, a new passivity-based controller has been
presented for a class of underactuated mechanical systems
with SEA. The controller extends previous results on IDA-
PBC by proposing a new design of the dynamic extensions
that removes the need to measure the actuator states.
Simulation results on an inertia-wheel pendulum with SEA
indicate that the proposed controller is effective. Future
work will aim to extend the results to a broader class of
systems, including more complex actuator dynamics.

(a) (b)

(c) (d)

Fig. 2. Simulation results for inertia-wheel pendulum with
SEA using the new controller (13) and different tun-
ing parameters: (a) pendulum position q1; (b) wheel
position q2; (c) motor position θ; (d) control input u.
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Appendix A. PROOF OF PROPOSITION 1

Computing the partial derivatives of Wd(q, p, θ, ω, ζ1, ζ2)
from (10) yields

∇qWd = ∇qΩd +
1

2
∇q

(
p⊤M−1

d p
)
+ (∇qς1)ς1 + (∇qς2)ς2,

∇pWd = M−1
d p+ (∇pς1)ς1 +K1αG

(
ζ1 + αG⊤p− θ

)

+ (∇pς2)ς2 +K2βG
(
ζ2 + βG⊤p− ω

)
,

∇θWd = −K1

(
ζ1 + αG⊤p− θ

)
,

∇ωWd = −K2

(
ζ2 + βG⊤p− ω

)
,

∇ζ1Wd = K1

(
ζ1 + αG⊤p− θ

)
+ (∇ζ1ς1)ς1 + (∇ζ1ς2)ς2,

∇ζ2Wd = K2

(
ζ2 + βG⊤p− ω

)
+ (∇ζ2ς2)ς2.

(A.1)

Equating the corresponding rows of (8) and of (9) yields
the matching equations

M−1p = S12∇pWd + S13∇θWd + S14∇ωWd (A.2a)

+ S15∇ζ1Wd + S16∇ζ2Wd,

−∇qΩ − 1

2
∇q

(
p⊤M−1p

)
−KaG(G⊤q − θ) = (A.2b)

− S⊤
12∇qWd − S22∇pWd + S23∇θWd

+ S24∇ωWd + S25∇ζ1Wd + S26∇ζ2Wd,

ω = − S⊤
13∇qWd − S⊤

23∇pWd − S33∇θWd (A.2c)

+ S34∇ωWd + S35∇ζ1Wd + S36∇ζ2Wd,

Ka

J
(G⊤q − θ)− K2

e

RaJ
ω +

Ke

RaJ
u = (A.2d)

− S⊤
14∇qWd − S⊤

24∇pWd − S⊤
34∇θWd

− S44∇ωWd + S45∇ζ1Wd + S46∇ζ2Wd,

ζ̇1 = − S⊤
15∇qWd − S⊤

25∇pWd − S⊤
35∇θWd (A.2e)

− S⊤
45∇ωWd − S55∇ζ1Wd + S56∇ζ2Wd,

ζ̇2 = − S⊤
16∇qWd − S⊤

26∇pWd − S⊤
36∇θWd (A.2f)

− S⊤
46∇ωWd − S65∇ζ1Wd − S66∇ζ2Wd.

Step 1. Substituting S13, S14, S15, S16 from (12) and the
partial derivatives of Wd from (A.1) into (A.2a) yields

M−1p = S12(M
−1
d p+ (∇pς1)ς1 +K1αG

(
ζ1 + αG⊤p− θ

)
)

+ S12((∇pς2)ς2 +K2βG
(
ζ2 + βG⊤p− ω

)
)

− S12(Gα−∇pς1(∇ζ1ς1)
−1)K1

(
ζ1 + αG⊤p− θ

)

− (S16 + S12Gβ)K2

(
ζ2 + βG⊤p− ω

)

+ (−S12∇pς1(∇ζ1ς1)
−1)K1

(
ζ1 + αG⊤p− θ

)

+ (−S12∇pς1(∇ζ1ς1)
−1)︸ ︷︷ ︸

S15

((∇ζ1ς1)ς1 + (∇ζ1ς2)ς2)

+ (−S12∇pς2 − S15∇ζ1ς2)(∇ζ2ς2)
−1

︸ ︷︷ ︸
S16

(∇ζ2ς2)ς2

+ S16K2

(
ζ2 + βG⊤p− ω

)
.

Refactoring terms cancels ζ1, ζ2, ς1, ς2, θ, ω. Substituting
S12 yields M−1p = M−1MdM

−1
d p, which holds for all

Md ≻ 0.

Step 2. Substituting S23, S24 from (12) and the partial
derivatives of Wd from (A.1) into (A.2b) yields

− ∇qΩ− 1

2
∇q

(
p⊤M−1p

)
−KaG(G⊤q − θ) =

− S⊤
12

(
∇qΩd +

1

2
∇q

(
p⊤M−1

d p
)
+ (∇qς1)ς1 + (∇qς2)ς2

)

− S22(M
−1
d p+ (∇pς1)ς1 +K1αG

(
ζ1 + αG⊤p− θ

)
)

− S22((∇pς2)ς2 +K2βG
(
ζ2 + βG⊤p− ω

)
)

− (S25 − S22Gα+GKa/K1)K1

(
ζ1 + αG⊤p− θ

)

− (S26 − S22Gβ)K2

(
ζ2 + βG⊤p− ω

)

+ S25(K1

(
ζ1 + αG⊤p− θ

)
+ (∇ζ1ς1)ς1 + (∇ζ1ς2)ς2)

+ S26(K2

(
ζ2 + βG⊤p− ω

)
+ (∇ζ2ς2)ς2).

Refactoring terms in the former expression cancels θ, ω, ζ2.
Substituting S25, S26 yields

− ∇qΩ− 1

2
∇q

(
p⊤M−1p

)
−KaG(G⊤q − ζ1 − αG⊤p) =

− S⊤
12(∇qΩd +

1

2
∇q

(
p⊤M−1

d p
)
+ (∇qς1)ς1 + (∇qς2)ς2)

− S22(M
−1
d p+ (∇pς1)ς1 + (∇pς2)ς2)

+ G
(
1 +G†S⊤

12∇qς1 +G†S22∇pς1
)
ς1

+G⊥⊤ (
G⊗S⊤

12∇qς1 +G⊗S22∇pς1
)
ς1

+ S25(∇ζ1ς2)ς2 + (S⊤
12∇qς2 + S22∇pς2 − S25∇ζ1ς2)ς2.

Refactoring terms in the former expression cancels ς2,
while multiplying it by G† yields ς1 in (11a) on both sides
of the equation. Substituting S12, S22 and multiplying the
former expression by G⊥ yields the sum of the PDEs (4)
and (5), which are verified by Assumption 1.

Step 3. Substituting S33, S34, S35, S36 from (12) and the
partial derivatives of Wd from (A.1) into (A.2c) yields

ω = − S⊤
13 (∇qHd + (∇qς1)ς1 + (∇qς2)ς2)

− S⊤
23

(
M−1

d p+ (∇pς1)ς1 +K1αG
(
ζ1 + αG⊤p− θ

))

− S⊤
23

(
(∇pς2)ς2 +K2βG

(
ζ2 + βG⊤p− ω

))

+ (−S35 + S⊤
23Gα)K1

(
ζ1 + αG⊤p− θ

)

−
(
S36 − S⊤

23Gβ +
1

K2

)
K2

(
ζ2 + βG⊤p− ω

)

+
(
(S⊤

13∇qς1 + S⊤
23∇pς1) (∇ζ1ς1)

−1 −KI1

)
︸ ︷︷ ︸

S35

(∇ζ1ς1)ς1

+ S35(K1

(
ζ1 + αG⊤p− θ

)
+ (∇ζ1ς2)ς2)

+ (1 + S⊤
13∇qς2 + S⊤

23∇pς2 − S35∇ζ1ς2)︸ ︷︷ ︸
S36∇ζ2

ς2

ς2

+ S36K2

(
ζ2 + βG⊤p− ω

)
,

Refactoring the former expression cancels θ and ω yielding
ς2 in (11b) on both sides of the equation.

Step 4. Substituting S45, S46 from (12) and the partial
derivatives of Wd from (A.1) into (A.2d) yields

Ka

J
(G⊤q − θ)− K2

e

RaJ
ω +

Ke

RaJ
u =

− S⊤
14 (∇qHd + (∇qς1)ς1 + (∇qς2)ς2)

− S⊤
24

(
M−1

d p+ (∇pς1)ς1 +K1αG
(
ζ1 + αG⊤p− θ

))

− S⊤
24

(
(∇pς2)ς2 +K2βG

(
ζ2 + βG⊤p− ω

))

+ S⊤
34K1

(
ζ1 + αG⊤p− θ

)

+ S44K2

(
ζ2 + βG⊤p− ω

)

+

(
−S⊤

34 + S⊤
24Gα+

Ka

K1J

)
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S45

K1

(
ζ1 + αG⊤p− θ

)

+

(
−S44 + S⊤

24Gβ +
K2

e

JRaK2

)

︸ ︷︷ ︸
S46

K2

(
ζ2 + βG⊤p− ω

)

+ S45((∇ζ1ς1)ς1 + (∇ζ1ς2)ς2) + S46(∇ζ2ς2)ς2,

Refactoring terms cancels θ and ω yielding (13).

Step 5. Substituting S54, S55, S56 from (12) and the partial
derivatives of Wd from (A.1) into (A.2e) yields

ζ̇1 = − S⊤
15 (∇qHd + (∇qς1)ς1 + (∇qς2)ς2)

− S⊤
25

(
M−1

d p+ (∇pς1)ς1 +K1αG
(
ζ1 + αG⊤p− θ

))

− S⊤
25

(
(∇pς2)ς2 +K2βG

(
ζ2 + βG⊤p− ω

))

+ S⊤
35K1

(
ζ1 + αG⊤p− θ

)
+ S⊤

45K2

(
ζ2 + βG⊤p− ω

)

−(S⊤
35 − S⊤

25Gα)K1

(
ζ1 + αG⊤p− θ

)

−(S⊤
35 − S⊤

25Gα)((∇ζ1ς1)ς1 + (∇ζ1ς2)ς2)

+ (−S⊤
45 + S⊤

25Gβ)(K2

(
ζ2 + βG⊤p− ω

)
+ (∇ζ2ς2)ς2),

Refactoring terms cancels θ and ω yielding (14a).

Step 6. Substituting S65, S66 from (12) and the partial
derivatives of Wd from (A.1) into (A.2f) yields

ζ̇2 = − S⊤
16 (∇qHd + (∇qς1)ς1 + (∇qς2)ς2)

− S⊤
26

(
M−1

d p+ (∇pς1)ς1 +K1αG
(
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))
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(
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(
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))

+ S⊤
36K1

(
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)
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(
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)

−(S⊤
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26Gα)K1

(
ζ1 + αG⊤p− θ

)

−(S⊤
36 − S⊤

26Gα)((∇ζ1ς1)ς1 + (∇ζ1ς2)ς2)

− (S⊤
46 − S⊤

26Gβ)(K2

(
ζ2 + βG⊤p− ω

)
+ (∇ζ2ς2)ς2),

Refactoring terms cancels θ and ω yielding (14b) □

Appendix B. PROOF OF PROPOSITION 2

The storage function Wd(q, p, θ, ω, ζ1, ζ2) defined in (10) is
positive definite by design. Computing its time derivative
along the trajectories of the closed-loop system (9) yields

Ẇd = − (∇pWd)
⊤
S22∇pWd − (∇θWd)

⊤
S33∇θWd

− (∇ωWd)
⊤
S44∇ωWd − (∇ζ1Wd)

⊤
S55∇ζ1Wd

+ (∇ζ1Wd)
⊤
S56∇ζ2Wd − (∇ζ2Wd)

⊤
S65∇ζ1Wd

− (∇ζ2Wd)
⊤
S66∇ζ2Wd.

(B.1)

Substituting the matrices Sij form (12) into (B.1) while
omitting skew-symmetric terms, and recalling that∇ζ1ς1 =
Ka,∇ζ2ς2 = 1,∇ζ1ς2 = KI1K

2
a yields

Ẇd ≤ − (∇pWd)
⊤
(GKvG

⊤)∇pWd

− (∇θWd)
⊤
Ξ1∇θWd − (∇ωWd)

⊤
Ξ2∇ωWd

− [∇ζ1Wd ∇ζ2Wd]

[
Ξ4 Ξ3

Ξ3 Ξ5

] [
∇ζ1Wd

∇ζ2Wd

]
,

(B.2)

where Ξ1,Ξ2,Ξ3,Ξ4,Ξ5,Ξ6 are scalars defined in (15). It
follows from (12) and (15) that Ξ1 > 0 and Ξ2 > 0 for
sufficiently large KI1 > 0 and KI2 > K4 > 0. In addition,
Ξ4 > 0 for a sufficiently large Kv > 0 and a sufficiently
small α > 0, while Ξ5 > 0 for a sufficiently small β > 0 and
for K2 > 0 such that K4 +K2

e/(JRaK2) > KI2. Finally,
Ξ4Ξ5 > Ξ2

3 for sufficiently small α, β.

C1. It follows from (B.2) that Ẇd ≤ 0, thus the equilibrium
is stable and all states are bounded. Invoking LaSalle’s
theorem (see Theorem 3.4 in Khalil (2002)), it follows
that the trajectories of (9) converge asymptotically to the
invariant set G⊤∇pWd = 0 ∩ ∇ζ1Wd = 0 ∩ ∇ζ2Wd = 0 ∩
∇θWd = 0∩∇ωWd = 0. It follows then from (A.1) that the
invariant set corresponds to G⊤M−1

d p = 0, ς1 = 0, ς2 = 0.
Computing ṗ from (9) within this set yields ∇qΩd = 0,

since yd = G⊤M−1
d p is detectable by Assumption 1, see

Ortega et al. (2002). Since ∇qΩd(q
⋆) = 0 by design,

the set corresponds to ζ1 = θ = G⊤q⋆ and ζ2 =
ω = 0. Thus, the equilibrium point (q, p, θ, ω, ζ1, ζ2) =(
q⋆, 0, G⊤q⋆, 0, G⊤q⋆, 0

)
is locally asymptotically stable.

C2. To prove the global claim it is sufficient to show that
Wd is radially unbounded, see Khalil (2002). To this end,
note that if (q, p) → ∞ =⇒ Hd → ∞, then it follows
from (10) that (q, p) → ∞ =⇒ Wd → ∞. In addition,
θ, ω → ∞ =⇒ Wd → ∞ unless ζ1, ζ2 → ∞. Finally,
ζ1, ζ2 → ∞ =⇒ ς1, ς2 → ∞ unless either q, p → ∞,
while ς1, ς2 → ∞ =⇒ Wd → ∞. Thus Wd is radially
unbounded and the stability properties are global □
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Step 3. Substituting S33, S34, S35, S36 from (12) and the
partial derivatives of Wd from (A.1) into (A.2c) yields

ω = − S⊤
13 (∇qHd + (∇qς1)ς1 + (∇qς2)ς2)

− S⊤
23

(
M−1

d p+ (∇pς1)ς1 +K1αG
(
ζ1 + αG⊤p− θ

))

− S⊤
23

(
(∇pς2)ς2 +K2βG

(
ζ2 + βG⊤p− ω

))

+ (−S35 + S⊤
23Gα)K1

(
ζ1 + αG⊤p− θ

)

−
(
S36 − S⊤

23Gβ +
1

K2

)
K2

(
ζ2 + βG⊤p− ω

)

+
(
(S⊤

13∇qς1 + S⊤
23∇pς1) (∇ζ1ς1)

−1 −KI1

)
︸ ︷︷ ︸

S35

(∇ζ1ς1)ς1

+ S35(K1

(
ζ1 + αG⊤p− θ

)
+ (∇ζ1ς2)ς2)

+ (1 + S⊤
13∇qς2 + S⊤

23∇pς2 − S35∇ζ1ς2)︸ ︷︷ ︸
S36∇ζ2

ς2

ς2

+ S36K2

(
ζ2 + βG⊤p− ω

)
,

Refactoring the former expression cancels θ and ω yielding
ς2 in (11b) on both sides of the equation.

Step 4. Substituting S45, S46 from (12) and the partial
derivatives of Wd from (A.1) into (A.2d) yields

Ka

J
(G⊤q − θ)− K2

e

RaJ
ω +

Ke

RaJ
u =

− S⊤
14 (∇qHd + (∇qς1)ς1 + (∇qς2)ς2)

− S⊤
24

(
M−1

d p+ (∇pς1)ς1 +K1αG
(
ζ1 + αG⊤p− θ

))

− S⊤
24

(
(∇pς2)ς2 +K2βG

(
ζ2 + βG⊤p− ω

))

+ S⊤
34K1

(
ζ1 + αG⊤p− θ

)

+ S44K2

(
ζ2 + βG⊤p− ω

)

+

(
−S⊤

34 + S⊤
24Gα+

Ka

K1J

)

︸ ︷︷ ︸
S45

K1

(
ζ1 + αG⊤p− θ

)

+

(
−S44 + S⊤

24Gβ +
K2

e

JRaK2

)

︸ ︷︷ ︸
S46

K2

(
ζ2 + βG⊤p− ω

)

+ S45((∇ζ1ς1)ς1 + (∇ζ1ς2)ς2) + S46(∇ζ2ς2)ς2,

Refactoring terms cancels θ and ω yielding (13).

Step 5. Substituting S54, S55, S56 from (12) and the partial
derivatives of Wd from (A.1) into (A.2e) yields

ζ̇1 = − S⊤
15 (∇qHd + (∇qς1)ς1 + (∇qς2)ς2)

− S⊤
25

(
M−1

d p+ (∇pς1)ς1 +K1αG
(
ζ1 + αG⊤p− θ

))

− S⊤
25

(
(∇pς2)ς2 +K2βG

(
ζ2 + βG⊤p− ω

))

+ S⊤
35K1

(
ζ1 + αG⊤p− θ

)
+ S⊤

45K2

(
ζ2 + βG⊤p− ω

)

−(S⊤
35 − S⊤

25Gα)K1

(
ζ1 + αG⊤p− θ

)

−(S⊤
35 − S⊤

25Gα)((∇ζ1ς1)ς1 + (∇ζ1ς2)ς2)

+ (−S⊤
45 + S⊤

25Gβ)(K2

(
ζ2 + βG⊤p− ω

)
+ (∇ζ2ς2)ς2),

Refactoring terms cancels θ and ω yielding (14a).

Step 6. Substituting S65, S66 from (12) and the partial
derivatives of Wd from (A.1) into (A.2f) yields

ζ̇2 = − S⊤
16 (∇qHd + (∇qς1)ς1 + (∇qς2)ς2)

− S⊤
26

(
M−1

d p+ (∇pς1)ς1 +K1αG
(
ζ1 + αG⊤p− θ

))

− S⊤
26

(
(∇pς2)ς2 +K2βG

(
ζ2 + βG⊤p− ω

))

+ S⊤
36K1

(
ζ1 + αG⊤p− θ

)
+ S⊤

46K2

(
ζ2 + βG⊤p− ω

)

−(S⊤
36 − S⊤

26Gα)K1

(
ζ1 + αG⊤p− θ

)

−(S⊤
36 − S⊤

26Gα)((∇ζ1ς1)ς1 + (∇ζ1ς2)ς2)

− (S⊤
46 − S⊤

26Gβ)(K2

(
ζ2 + βG⊤p− ω

)
+ (∇ζ2ς2)ς2),

Refactoring terms cancels θ and ω yielding (14b) □

Appendix B. PROOF OF PROPOSITION 2

The storage function Wd(q, p, θ, ω, ζ1, ζ2) defined in (10) is
positive definite by design. Computing its time derivative
along the trajectories of the closed-loop system (9) yields

Ẇd = − (∇pWd)
⊤
S22∇pWd − (∇θWd)

⊤
S33∇θWd

− (∇ωWd)
⊤
S44∇ωWd − (∇ζ1Wd)

⊤
S55∇ζ1Wd

+ (∇ζ1Wd)
⊤
S56∇ζ2Wd − (∇ζ2Wd)

⊤
S65∇ζ1Wd

− (∇ζ2Wd)
⊤
S66∇ζ2Wd.

(B.1)

Substituting the matrices Sij form (12) into (B.1) while
omitting skew-symmetric terms, and recalling that∇ζ1ς1 =
Ka,∇ζ2ς2 = 1,∇ζ1ς2 = KI1K

2
a yields

Ẇd ≤ − (∇pWd)
⊤
(GKvG

⊤)∇pWd

− (∇θWd)
⊤
Ξ1∇θWd − (∇ωWd)

⊤
Ξ2∇ωWd

− [∇ζ1Wd ∇ζ2Wd]

[
Ξ4 Ξ3

Ξ3 Ξ5

] [
∇ζ1Wd

∇ζ2Wd

]
,

(B.2)

where Ξ1,Ξ2,Ξ3,Ξ4,Ξ5,Ξ6 are scalars defined in (15). It
follows from (12) and (15) that Ξ1 > 0 and Ξ2 > 0 for
sufficiently large KI1 > 0 and KI2 > K4 > 0. In addition,
Ξ4 > 0 for a sufficiently large Kv > 0 and a sufficiently
small α > 0, while Ξ5 > 0 for a sufficiently small β > 0 and
for K2 > 0 such that K4 +K2

e/(JRaK2) > KI2. Finally,
Ξ4Ξ5 > Ξ2

3 for sufficiently small α, β.

C1. It follows from (B.2) that Ẇd ≤ 0, thus the equilibrium
is stable and all states are bounded. Invoking LaSalle’s
theorem (see Theorem 3.4 in Khalil (2002)), it follows
that the trajectories of (9) converge asymptotically to the
invariant set G⊤∇pWd = 0 ∩ ∇ζ1Wd = 0 ∩ ∇ζ2Wd = 0 ∩
∇θWd = 0∩∇ωWd = 0. It follows then from (A.1) that the
invariant set corresponds to G⊤M−1

d p = 0, ς1 = 0, ς2 = 0.
Computing ṗ from (9) within this set yields ∇qΩd = 0,

since yd = G⊤M−1
d p is detectable by Assumption 1, see

Ortega et al. (2002). Since ∇qΩd(q
⋆) = 0 by design,

the set corresponds to ζ1 = θ = G⊤q⋆ and ζ2 =
ω = 0. Thus, the equilibrium point (q, p, θ, ω, ζ1, ζ2) =(
q⋆, 0, G⊤q⋆, 0, G⊤q⋆, 0

)
is locally asymptotically stable.

C2. To prove the global claim it is sufficient to show that
Wd is radially unbounded, see Khalil (2002). To this end,
note that if (q, p) → ∞ =⇒ Hd → ∞, then it follows
from (10) that (q, p) → ∞ =⇒ Wd → ∞. In addition,
θ, ω → ∞ =⇒ Wd → ∞ unless ζ1, ζ2 → ∞. Finally,
ζ1, ζ2 → ∞ =⇒ ς1, ς2 → ∞ unless either q, p → ∞,
while ς1, ς2 → ∞ =⇒ Wd → ∞. Thus Wd is radially
unbounded and the stability properties are global □


