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Abstract: This work investigates the passivity-based control of a class of underactuated
mechanical systems with series-elastic actuator for which the actuator states are not measured.
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1. INTRODUCTION

A mechanical system is said to be underactuated if its input
matrix is rank-deficient. Among the various approaches
that have been proposed in the literature for these systems,
the Interconnection and Damping Assignment Passivity-
based Control (IDA-PBC) methodology is particularly
advantageous since it offers a physical interpretation of
the control action in terms of energy and dissipation, see
Ortega et al. (2002). IDA-PBC has subsequently been
extended to account for actuator dynamics, including
DC electric motors in Gandarilla et al. (2017), fluidic
actuation in Franco and Astolfi (2022), and high-order
actuator dynamics in Franco and Astolfi (2023). Besides
IDA-PBC, the actuator dynamics can also be accounted
for with the backstepping methodology, see Krstic et al.
(1995). However, this approach does not provide the same
physical interpretation of the control action in terms
of system energy as IDA-PBC, which is convenient for
analysis purposes. In general, the aforementioned works
require the actuator states to be measured, which might
not always be possible in engineering practice. Common
examples include DC motors, where the armature current
might not be measured, or robotic systems with harmonic
drives, where the joint position and the motor position are
represented by different state variables.

Previous works have shown that IDA-PBC can be imple-
mented even if full state feedback is not available. For
instance, an implementation of IDA-PBC without veloc-
ity feedback was proposed for mechanical systems with
constant inertia matrix by employing the dirty derivative
of the position, see Ortega et al. (2002). In addition, a
passive momentum observer was proposed in Ferguson
and McLean (2023) for a class of mechanical systems, and
was incorporated in a control-by-interconnection scheme.
A dynamic extension was employed in Borja et al. (2023)
to replace velocity feedback in IDA-PBC for the case of
potential energy shaping. Finally, in our prior work we
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have proposed an IDA-PBC design with dynamic exten-
sion for a class of underactuated mechanical systems with
first-order actuator dynamics and uncertain coupling, see
Franco and Borja (2024). The former result borrowed the
idea of dynamic extension from the integral IDA-PBC
(iIDA-PBC) methodology, which however aims to reject
additive disturbances, see Donaire et al. (2017); Ferguson
et al. (2017, 2019). Recent extensions of iIDA-PBC have
explored a wider class of disturbances while still relying
on full-state feedback, see Franco (2023); Franco et al.
(2024a,b). In summary, to the best of the authors’ knowl-
edge, an implementation of IDA-PBC for systems with
high-order actuator dynamics, where the actuator states
are not measured, is still unavailable.

This work proposes a new design of IDA-PBC with dy-
namic extensions for a class of underactuated mechanical
systems with series-elastic actuator (SEA) and unmea-
sured actuator states. Stability conditions are discussed,
and the effectiveness of the controller is demonstrated via
simulations on an inertia-wheel pendulum with SEA.

Notation: function arguments are omitted in equations
and are provided in the inline text on first use.

2. PROBLEM SETTING
2.1 Qverview of IDA-PBC

The dynamics of an underactuated mechanical system
with n DOFs and control input v € R™ applied through
the input matrix G (¢) € R™*™, where rank (G) =m <n
for all ¢ € R™, is described in port-Hamiltonian form as

gl 10 I||V.H 0
J-AE e o
The system states are the position ¢ € R"™ and the

momenta p = M(q)¢ € R™. The total mechanical energy
of the system,

H(q,p) = %pTM(Q)‘lp +Q(q), (2)

is the sum of the potential energy Q(q) and the kinetic
energy T'(q,p) = %pTM(q)*lp, where the inertia matrix
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is M(q) = M(q)" = 0. The remaining terms in (1) are
the identity matrix I, the vector of partial derivatives
of H with respect to ¢, V,H, and the vector of partial
derivatives of H with respect to p, V,H. The passive
output of (1) is y = GTV,H. The controller design aims
at stabilizing the prescribed equilibrium (¢q,p) = (¢*,0).
This goal is achieved by using the IDA-PBC control law
urpa = GV (V H — MgM =V Hy + J2V,Hy) 3
~ K,G"V,H,,
where Hi(q,p) = 5p" Ma(q)~'p + Qa(g) > 0 and GT =
(GTG)_lGT, see Ortega et al. (2002). The design param-
eters in (3) are the potential energy 4(g), the inertia ma-
trix Mq(q) = M (q) = 0, the matrix Jo(q, p) = —J5 (g, p),
and the constant matrix K, = K, = 0. To achieve the
regulation goal, the potential energy 2; should admit
a strict minimum in ¢* hence verifying the conditions
Qa(g) > 0,Yg € R™, V,Qq4(q*) = 0 and V2Qq(¢*) > 0.
The control law (3) exists provided that My(q) and Q4(q)
verify for all (¢,p) € R?" the partial differential equations
(PDEs), also known as matching equations,

G (VT — MgM ™'V Ty + JoMy'p) =0,  (4)
Gt (Ve — MgM ™'V, Qy) =0,  (5)
where G+ is defined such that GG = 0 and rank (GL) =
n—m,and Ty = %pTMd(q)_lp. The resulting closed-loop
dynamics is
gl _ 0 MMy | [VqHq (©)
P MM~ Jy, - GK,GT| |VpHa|’
where y; = G'TV,H, is a passive output of (6). Computing
the time derivative of H, along the trajectories of the
closed-loop system (6) yields
Hy=—(V,Hy) (GK,GT)V,Hy <0. (7)
Thus the equilibrium (¢,p) = (¢*,0) is asymptotically
stable for all K, > 0 provided that y; = GTVpHd is
detectable, that is y4 — 0 = (q,p) — (¢*,0), see
Ortega et al. (2002). Moreover, the stability properties are
global if Hy(q,p) is radially unbounded, see Khalil (2002).
The iIDA-PBC methodology builds on the IDA-PBC (3)
with a dynamic extension in order to compensate matched
constant additive disturbances, see Donaire et al. (2017).

2.2 System class

This section defines a class of underactuated mechanical
systems with n = 2 and constant GG. The complete system
dynamics can be represented in port-Hamiltonian form as

0I O 0

e -0 0 0 VW 8
p 1 VW
gl =000 5 ww| | 0 |
@ 00 L K |Llvw ij
J  R,J? a

1 1
W =H-+ 5Ka(cﬂq —0)? + iJw2,

(8)
where 6, w € R denote the angular position and velocity of
the SEA, R,, K.,J € R denote the armature resistance,
the torque constant and the inertia of the DC motor

driving the SEA. The armature inductance is assumed to
be negligible. The spring stiffness of the SEA is K, €

R and represents the coupling between the DC motor
and the mechanical system, see Section 4. The following
assumptions are introduced for control purposes.

Assumption 1 (Energy shaping). The system has n = 2
and constant G. The PDEs (4) and (5) are solvable
with My(q), Jo(q,p) and Qg4(q). The equilibrium ¢* is
assignable, that is GtV ,Q(¢*) = 0, and it is a strict
minimum of Qg, that is Qq(¢) > 0,Yq € R", Qu(q*) =
0,VeQa(q*) = 0,V2Qa(¢*) > 0. The output yg =
GTM;'p of (6) is detectable. The model parameters are
known, and the system states (g, p) are measured.

This assumption summarizes the requirements of the IDA-
PBC methodology, see Ortega et al. (2002). The assump-
tion on n and G is satisfied by various mechanical systems,
including the Acrobot system, the disk-on-disk system,
the ball-on-beam system, and soft robotic manipulators,
see Ryalat and Laila (2016); Arpenti et al. (2024). For
the inertia-wheel pendulum, the PDEs (4) and (5) are
solvable analytically with a constant My and Jy = 0, and
the prescribed equilibrium ¢* = (0, ¢3) corresponds to the
upright pendulum with an arbitrary position of the wheel,
see Section 4.

Assumption 2 (Actuator dynamics). The SEA has second-
order dynamics, where the states § and w are not mea-
sured. The parameters R,, K., J and K, are known.

This assumption is verified by a limited yet relevant class
of actuators that exhibit second-order linear dynamics,
which includes SEA and harmonic drives. The presence
of the actuator dynamics prevents the use of the standard
IDA-PBC control (3) since system (8) is not affine.

3. CONTROLLER DESIGN

The control law is designed for system (8), where an
IDA-PBC controller (3) already exists for the mechanical
subsystem (1), to achieve the regulation goal ¢ = ¢* and
the closed-loop dynamics

. [0 Sz Si3 S Sis Sie ] ALY
g —Slp —S22 Sa3 Saa Sas Sa | | V,Wa
0 —Si3 —Sy3 —S33 Sza S5 Sse VoWa
ol B A —S4y —S1a Sis Sue | | VeWa
2| osh 8k S ~5h e s | |Vels
| —STs —Sa5 —S35 —S4s —Ses —Ses] L' 62" 4

(9)
The storage function Wy(q, p,0,w, (1, (2) is defined as

1 1 2
Wyg= Hg+ §§1T§1 + §K1 (Cl +ozGTpf 9)

1 1 2
+ §§;§2 + §K2 (CZ + BGTP - w) )
where o and (8 are scalar constants, (;,(> are dynamic
extensions that estimate 6 and w, and ¢, o are defined as

(10)

s =G (-V,H+ MM 'V,Hy) + K,G"V,Hy (11a)
~ G LV, Hy— K, (GTg— ¢ —aGTp),
2 = S15VHa + S35V, Ha + (o + BGp)
+ K1 (Ves)sr

The terms Sj; are defined so that the open-loop dynamics
(8) matches the closed-loop dynamics (9), that is

(11b)



486 Enrico Franco et al. / IFAC PapersOnLine 59-19 (2025) 484—489

Sio & M "My, Siz3 2 S12(Ga— Va1 (V) ™),
S14 £ Si6+ S12GB,  Si5 = _Sl2vp§1(VClgl)_l’
Si6 2 (—512Vpe — 515V, 2)(Vepez) ™t
Sog 2 GK,GT —Jy,  Saq 2 Sas — S22GP,
Sag £ So5 — S2aGa + GK, /K,
Sos 2 G (1+ GTSLV 61 + GT855V,61) (V1) ™!

+ G (GPSL Va0 + G290 Vya) (Vaa)
S26 2 (S15Vgs2 + S22 Vpe2 — S25Ve,%2) (V)
Sz3 2 — S5+ SasGar, Sz4 2 Sz — Sz G + 1/ Ko,
Sis 2 (SVe1 + SHVpa) (Ve) ™ = Kn,
S6 2 (14 513V g2 + S95Vps2 — S35V, 62) (Ves2) ™
Siy 2 Kio — Ky, Sis 2 -S4, +5),Ga+ K, /(K1J),
Si6 & — S+ 93,GB + K2 /(JR.K2),
Sss L Sas — SgsGar,  Ssg £ =Sk + S9s G,
Ses 2 Sas — SjeGa,  Ses 2 Sl — S3.GB,

(12)

where G® £ (GLGL")~1GL, while it follows from (11a)
and (llb) that V<1q1 = Ka,vC2§2 = 1,VC1§2 = K]lKg.
The control input is

R, (K2 T T T
v=1\ g (G+BG p)+ Ki(Gt+aG ' p—G q)

JR,
- % (S{4VWa+ Say (VpHa + (Vpsi)s1 + (Vps2)s2))
N JR,

K

e

(815 (Veys1)s1 4+ (Ve 62)2) + S16(Ve,6)s2)
(13)
where S14, 594,545 and Sge are given in (12), ¢, are

given in (11a) and (11b), and the time derivatives of the
dynamic extensions (; and (5 are

(= —Ss55 ((Versi)sr + (Ve s
— SV Wy — Sgs (V, Hy +
(2= — Ses (Ves)st + (Ve

— 816V Wa — Sog (V, Hy +

G2) + S56(Veys)sa (14a)
Vp§1)§1 + (Vp§2)§2) ,
s2) —S66(Ve6)s2 (14b)
Vps1)s1 4+ (Vps2)s2) .

e I P N

Proposition 1 (Target closed-loop dynamics). The system
(8) with Assumptions 1-2 in closed-loop with the con-
trol law (13) and the time derivatives of the dynamic
extensions (14a) and (14b), yields (9) with the storage
function (10) and the parameters (12). The proof is given
in Appendix A.

Proposition 2 (Stability conditions). Consider the system
(8) that satisfies Assumptions 1-2 in closed-loop with the
control law (13), where the time derivatives of the dynamic
extensions are given in (14a) and (14b). Define the scalar
constants K, > 0,a > 0,8 > 0,K; > 0, Ky > 0,K;; >
0,K;0>0,K4>0 such that =2; > 0,22 >0,=24 > 0,25 >
0 and 24Z5 > =3 where

(1]

1= Kn+G" (K./Ky +1/K,) (Ga — V61 /K,)
— (Ga — V61 /K,) 'GK,GT (Ga — V61 /K,),
By = K3 — Ky,

1 1 K, K,
E — 5 ( _ —_— 7ﬁGTG + QGTSQQGﬁa) )

K,
By = (qu)TGﬁGT(qu) ~ GG a/K, — Kny

+ (1/K2 + 1/K; — 2K,G"Ga/K,) G V61,
25 =K, — Ko+ K2/(JR,K») — G GK,GG T 2.
(15)
Then the following claims hold.

C1. The equilibrium point of the closed-loop system (9),
that is (¢,p,0,w, G, G) = (¢%,0,G7¢*,0,GT¢*,0), is
locally asymptotically stable.

C2. Stability properties are global if H,(q,p) is radially
unbounded.

The proof is given in Appendix B.

Remark 1. The proposed controller design builds upon
the IDA-PBC (3) employing the same matrices My, Jo
and scalar function €24. For systems with constant inertia
matrix, such as the inertia-wheel pendulum, the PDE
(4) is solvable with a constant My and with Jo = 0.
Thus V,6 = KUMd_lG — K,aG, which substituted into
(15) yields constant matrices. Consequently, the conditions
=1 > 0,29 > 0,24 > 0,25 > 0 and Z4=5 > Eg can be
evaluated globally in advance, see Section 4. Finally, (¢; +
aG T p) and (¢2 + BGTp) can be interpreted as reduced-
order observers for # and w respectively.

4. SIMULATION RESULTS

Inertia-wheel
pendulum

DC motor
Rotary SEA

Fig. 1. Schematic of the inertia-wheel pendulum actuated
by a SEA, with key model parameters.

The inertia-wheel pendulum with series-elastic actuator
is depicted in Figure 1. The conventional inertia-wheel
pendulum system consists of an unactuated planar in-
verted pendulum with an actuated wheel attached to its
extremity, see Ryalat and Laila (2016). The system has
two degrees-of-freedom; the angular position of the pen-
dulum ¢; and the angular position of the wheel go. Its
dynamics in port-Hamiltonian form is given by (1) with

Q = az(cos(qi)+ 1), the input matrix is G' = [0 1],
while M = | ;— @2 32 is the inertia matrix. The terms
2

a1, as, ag are constant parameters depending on the size of
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the pendulum and of the wheel. The control goal consists
in reaching the prescribed position (g1, g2) = (0,¢3). The
IDA-PBC controller (3) for the inertia-wheel pendulum is

u = y2sin (q1) + Kpv3(q2 — ¢35 + vo0€o(a1 + a2)q1)
(—map1 + mip2)

Yajaz(mims —m3)’

where v = m, Y2 = —azyoaz(mz — ms), and

vs = —eo(a1 +az)ypaz(ms —ms) — (—maaz +ms(a1 +az)),
see Ryalat and Laila (2016). The closed-loop dynamics of
the inertia-wheel pendulum is given by (6) where

1
Qa = —azyocos(q1) + ikp (g2 — 45 +vo€0(ar + 02)Q1)2 )
_ my ma2 —
Mgy = ajaz [m2 mg} , J2a=0,
with my = ZﬁfQ + €9 and the constant tuning parameters

Ky, Ky, mi,m3,e9. The control input for the complete
system is computed with (13). The terms (15) yield
K, (K2 + Ky)myo — K2m2 K,

B K1 K202 ’

o = az(az — a1)(myimg —m3), Ep =K — Ky,
JK,(1+42KK,ap) — Ko(1+ Jp)

3T JKoK, ’

2y = (K,)/K — Kyo? —
E5 = Ky — Ko+ K2/(JK2R,) — K, 8%

(1]

(16)

=y
—1,

Numerical simulations have been performed in MATLAB
using an ODE23t solver with the model parameters a; =
0.0124,as = 0.0025,a3 = 0.4446, and R, = 0.01, K. =
10, K, = 1,J = 0.1, for illustrative purposes. The IDA-
PBC parameters have been set as K, = 10,m; =
0.4,m3 = 5,¢¢ = 1,K, = 0.0002 while § = 2, K; =
0.4, Ky = 0.5, K5 = 2, K4 = 1. In addition, three sets of
the remaining tuning parameters specific to the controller
(13) have been employed for comparison purposes: a =
40, K1 = 100 indicated as ‘Tuning A’, or a = 80, K11 =
200 indicated as ‘Tuning B’, or a = 160,K;; = 400
indicated as ‘Tuning C’. All values verify the stability
conditions of Proposition 2 with the expressions given in
(16). The initial conditions are (g1, g2, ¢1,42,la,C1,C2) =
(0.5,0,0,0,0,0,0,0) while g5 = 2. The system response
is shown in Figure 2: the new controller (13) correctly
achieves the regulation goal while (1, (2 converge to 8 = ¢3
and w = 0 at the equilibrium. Larger values of Kji,«
yield a shorter transient at the cost of higher control effort.
Instead, employing the IDA-PBC controller (3) results in
instability since the actuator dynamics is neglected.

5. CONCLUSIONS

In this work, a new passivity-based controller has been
presented for a class of underactuated mechanical systems
with SEA. The controller extends previous results on IDA-
PBC by proposing a new design of the dynamic extensions
that removes the need to measure the actuator states.
Simulation results on an inertia-wheel pendulum with SEA
indicate that the proposed controller is effective. Future
work will aim to extend the results to a broader class of
systems, including more complex actuator dynamics.

Tuning A
------- Tuning B
Tuning C

Tuning A
------- Tuning B
Tuning C

Joint position g, [rad]
[ |
|
|
|

Joint position g, [rad]
£

-2 0
0 50 100 150 200 0 100 200 300
time [s] time [s]
(a) (b)
=3 Tuning A Tuning A
g Tuning B E 500 O Tuning B
> Tuning C =, i Tuning C
c 3
2 £ 0
8 S
5 =
S Q
3 © 500
=
0 100 200 300 0 50 100 150 200
time [s] time [s]
(c) (d)

Fig. 2. Simulation results for inertia-wheel pendulum with
SEA using the new controller (13) and different tun-
ing parameters: (a) pendulum position ¢;; (b) wheel
position ¢a; (c) motor position 6; (d) control input w.
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Appendix A. PROOF OF PROPOSITION 1

Computing the partial derivatives of Wy(q,p,0,w,(1,(2)
from (10) yields
VWi = Vel + 5V, (7 Mg 'p) + (Vgsi)on + (Vas2)sr
VWi = M;'p+ (Vys)s + Ki1aG (G + oG p - 0)
+ (Vps2)s2 + K2BG (G2 + G Tp - w)

VeWa= — K1 (G +aG'p—0),

VoWag= — Ky (¢ +BGTp—w),

VeWa=Ki (G +aG p—0)+ (Ve + (Ve s2)s,
Ve,Wa = Ks (¢4 BG p — w) + (V¢,0)c. A1)

1

Equating the corresponding rows of (8) and of (9) yields
the matching equations

M_lp = Slgvad + S513VeWy + 514V Wy (A.Qa)
+ S15Ve, Wy + S16V e, Wy,
1
~Ve =5V, (p"M~'p) — K,G(GTq—0) = (A.2b)
- S;rzqud - S22vad + S35V Wy
+ S0V Wq + So5V e, Wa + Sa6V e, Wa,
w= — SV, Wa— SsV, Wy — S33VeWy  (A.2c)

+ 934V Wy + S35V, Wg + S36V e, W,

2
%(GT(] —-0)— éi‘}w + é}u

— SV Wy — S, V, Wy — S, VoW,
— S0V Wa+ S5V, Wa+ Ss6Ve,Wa,
(= — SV Wy — SgsV, Wy — S3:VeWy
— SEVuWa — S55V e, Wa + S56V e, Wa,
Co= — SV Wy — SgsV, Wy — S3sVeWy
— S VuWa — Se5Ve, Wa — Se6 Ve, Wa.

Step 1. Substituting Si3, S14, S15, S16 from (12) and the
partial derivatives of Wy from (A.1) into (A.2a) yields

M~ lp= Slg(M(jlp + (Vpsi)s1 + KiaG (Cl +aGTp— 9))
+ S12((Vps2)s2 + K2BG (& + BG Tp — w))
— S12(Ga — V61 (Veys1) Ky (Cl +aGTp— 9)
— (S16 + S12GB) Ko (42 +B8G p— W)
+ (—=S12Va(Ve,a) DK (G +aGTp—0)
+ (=512Vp1 (V1) ) (Ve s)a + (Ve,s2)s2)
S1s
+ (=512Vps2 — S15V,62) (Ve,62) 1 (Ve,62)52
S16
+ S16K2 (G2 + BGTp— w) .

Refactoring terms cancels (3, (2,¢1,%2,60,w. Substituting
Sig yields M~1p = M‘lMdMglp, which holds for all
Mgy > 0.

= (A2d)

(A.2¢)

(A.2f)

Step 2. Substituting Sas, Sa4 from (12) and the partial
derivatives of Wy from (A.1) into (A.2b) yields

1 _
— V- 5vq (p" M~ 'p) — K,G(G q—0) =

1
— 5% (Vqu + §Vq (p"M;'p) + (Ves1)a + (Vq§2)§2)

— Soo(Mj'p+ (Vysi)s1 + K1aG (G +aGTp —0))

— Su((Vp)e2 + K28G (G2 + G Tp — w))

— (S5 — 822G+ GK, /K1) K1 (1 + G 'p —0)

— (S26 — S22GB) K3 (G2 + BG T p — w)

+ Sos (K3 (Cl +aGTp— 9) + (Vesi)st + (Ve s2)s2)

+ So6(Ko (Cz +BGTp— w) + (Ve,62)92).
Refactoring terms in the former expression cancels 8, w, (5.
Substituting Ses, So¢ yields

— V2 — %Vq (pTM_lp) ~K,G(GTq— ¢ —aGTp) =

— §15(VQq + %Vq (p"M;'p) + (Vgs1)s1 + (Vgs2)s2)
— Soa(M;'p+ (Vpsi)st + (Vps2)s2)
+ G (1+ GTSLV61 + G185V ,61) 61
+ G (GPS,V 61 + G®52V 1) 51
+ So5(Veis2)s2 + (815 V62 + S22V ez — Sa5V e, 62)sa.

Refactoring terms in the former expression cancels ¢,
while multiplying it by G yields ¢; in (11a) on both sides
of the equation. Substituting Sy, S22 and multiplying the
former expression by G- yields the sum of the PDEs (4)
and (5), which are verified by Assumption 1.



Enrico Franco et al. / IFAC PapersOnLine 59-19 (2025) 484-489 489

Step 3. Substituting Sss, S34, S35, S36 from (12) and the
partial derivatives of Wy from (A.1) into (A.2c) yields

= — S (V Hg+ (Vgs1)s1 + (Vgs2)s2)
- 523 ( q 'p+ (Vpsi)s1 + KiaG (Cl +aGTp— 9))
— Sy (Vps2)s2 + K28G (G2 + BGTp — w))
+ (S35 + Sg3Ga) Ky (Cl +aG p— 9)
1
— (S36 - S;;Gﬂ + I(2> K2 (CQ + ﬂGTp — w)

+ ((Sng,qu + S93Vp61) (V<1<1)_1 - K11>(V<1§1)§1

S35
+ S35(K1 (¢ +aGTp—0) + (Ve s2)s2)
+ (14 S5V 462 + S95Vps2 — S35V, 62) 62

S36Vey62
+ S36K2 (2 + BGTp—w),

Refactoring the former expression cancels 6 and w yielding
G2 in (11b) on both sides of the equation.

Step 4. Substituting Sys, Sys from (12) and the partial
derivatives of Wy from (A.1) into (A.2d) yields

a K2 Ke
7(GT D Rud® T R
- S;CI (VeHa+ (Vgsi)s1 + (Vgs2)s2)
Syy (M7 'p+ (Vpsi)s1 + K1aG (G + aG 'p —0))
— S5y (Vps2)s2 + KaBG (& + BGTp — w))
+ 844K (G +aGTp—0)
+ S1a K> (Cz + ﬂGTp —w)

K,

) Ki (G +aGTp—0)

Sas
K2
+ ( Sy + S5,GB +

TR K2>K2 (C2+5G p—- w)

Sae
+ Sis(Veisi)st + (Ve s2)s2) + Sa6(Ve,62)52,

Refactoring terms cancels 6 and w yielding (13).

Step 5. Substituting Ss4, Ss5, Ss56 from (12) and the partial
derivatives of Wy from (A.1) into (A.2e) yields
é = 51T5 (V Hg+ (Vgs1)s1 + (Vgs2)s2)
— S5 (M7 'p+ (Vps1)s1 + K10G (¢ + oG p—6))
— So5 ((Vps2)sz + K28G (G2 + BG Tp — w))
+ Sa5 K (C1 +aG p— 9) + S K> (Cz +B8GTp— w)
—(Sg5 — Sy Ga) K, (G + aGTp— 9)
—(S35 = S35Ga)(Veysi)a1 + (Ve s2)s2)
+ (=555 + 855 GB) (K2 (G2 + BCGTp — w) + (Ve 2)<2),

Refactoring terms cancels 6 and w yielding (14a).

Step 6. Substituting Sgs, Ses from (12) and the partial
derivatives of Wy from (A.1) into (A.2f) yields

é = Si% (V Hg+ (Vgsi)s1 + (Vgs2)s2)
— So (M7 'p+ (Vps1)s1 + K10G (¢ + oG Tp—0))
— S ((Vps2)sa + K28G (G2 + G Tp —w))
+ Sg Ky (G4 aGTp—0) + SigKs (G + BGTp — w)

— (846 — S3sGa) K1 (G + G p - 6)
— (S5 — S96Ga)((Ves1)s1 + (Ve 2)s2)
— (S — S2GB) (K2 (G2 + BGTp — w) + (V,2)62),

Refactoring terms cancels 6 and w yielding (14b) OJ

Appendix B. PROOF OF PROPOSITION 2

The storage function Wy(q,p,0,w, (1, (2) defined in (10) is
positive definite by design. Computing its time derivative
along the trajectories of the closed-loop system (9) yields

Wa= — (V,Wa) " 890V, Wa — (VoWa) ' S35V Wy
— (VoWa) | SuaVuWa — (Ve,Wa) " S5V, Wa
+ (Ve Wa) " Ss6Ve,Wa — (Ve,Wa) " SesVe, Wy

- (chWd) Se6 Ve, Wa.
(B.1)

Substituting the matrices S;; form (12) into (B.1) while
omitting skew-symmetric terms, and recalling that V¢, ¢ =
Ka, VCZCQ = 1, v<1§2 = KHK(% yields

Wy < — (VW) (GK,GT)V, Wy

— (VoWa) " E1VeWy — (Vo Wa) ' EV, Wy (B.2)

Eq B3| [V Wy

— [VaWa Ve, Wi {53 EJ {V@Wd} :
where Z1, 25, E3, 24, 5, Z¢ are scalars defined in (15). It
follows from (12) and (15) that Z; > 0 and 2 > 0 for
sufficiently large K3 > 0 and Ko > K4 > 0. In addition,
=4 > 0 for a sufficiently large K,, > 0 and a sufficiently
small a > 0, while =5 > 0 for a sufficiently small 5 > 0 and
for Ko > 0 such that K4 + K2/(JR.K3) > Kro. Finally,
245 > =2 for sufficiently small «, 3.
C1. It follows from (B.2) that Wy < 0, thus the equilibrium
is stable and all states are bounded. Invoking LaSalle’s
theorem (see Theorem 3.4 in Khalil (2002)), it follows
that the trajectories of (9) converge asymptotically to the
invariant set GTVde =0NV Wy =0NV,Wqg=0nN
VoWa = 0NV, W4 = 0. It follows then from (A.1) that the
invariant set corresponds to GTMd_lp =0,¢1 = 0,50 = 0.
Computing p from (9) within this set yields V,Q4 = 0,
since yq = GTMglp is detectable by Assumption 1, see
Ortega et al. (2002). Since V,Q4(¢*) = 0 by design,
the set corresponds to ¢(; = 0 = GTq¢* and (

= 0. Thus, the equilibrium point (g,p,8,w, (1, 2)
(q*, 0,GT¢*,0,GTq*, 0) is locally asymptotically stable.

C2. To prove the global claim it is sufficient to show that
W, is radially unbounded, see Khalil (2002). To this end,
note that if (¢,p) - co = Hy — o0, then it follows
from (10) that (¢,p) = c0© = Wy — oo. In addition,
0w — co = Wy — oo unless (3,(2 — oco. Finally,
(1,00 =+ 00 = ¢1,52 — oo unless either ¢,p — oo,
while ¢1,60 = 00 = Wy — oco. Thus Wy is radially
unbounded and the stability properties are global [J



