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ABSTRACT

This thesis is divided into two parts., In the first, some
aspects of electroweak unified gauge theories are studied with particular
view to the models which predict more than one neutral gauge vector bosone.
After a brief review of the "standard" model and "extended" electroweak
models, attention is first focused on reactions in which many neutral
gauge bosons are involved. A model independent analysis is then presented
for multi-neutral boson-exchange processes. In this context, the effects
of weak neutral current(s) on colliding beams of electrons and positrons
are studied. Particular attention is paid to weak—electromagnetic inter-
ference effects which in turn play a significant role in distinguishing
between different electroweak gauge models., This becomes clear when the
results are applied to some electroweak gauge models, It is also shown
that, from the experimental point of view polarised beams are especially
useful for the processes in question.

Finally, in this part the asymmetry in the scattering of longitu-
dinally polarised electrons by nucleons is considered in the context of
electroweak theories that suggest more than one neutral gauge boson.

In part II, we first review the embedding of standard electroweak
and strong interaction group in a larger gauge group in the framework of
the grand unifying hypothesis. The renormalization effects up to the two-
loop level are taken into account for evaluating the electroweak mixing
angle and the grand unifying mass scales of some grand unified theories.
The intermediate stages allowed in some grand unified theories are studied
with a particular emphasis on the models in which the fermionic degrees of
freedom are maximally gauged. It is then shown that apart from the already
proposed methods for the determination of these intermediate stages, an

accurate experimental value of the electroweak mixing angle also plays



a crucial role in determining the possible existence of such intermediate

stages.



CHAPTER I, INTRODUCTION

Quantum gauge field theory seems to provide the appropriate
framework for a dynamical theory of elementary particle interactions.
The local phase invariance of the electrodynamics Lagrangian allows the
construction of a renormilizable quantum field theory that agrees
impressively well with experiment. This phase symmetry is referred to
as a U(I)EH local symmetry, and it determines several significant
features of elctromagnetics:
- a conserved electric charge exists,
- the photon is itself electrically neutral,
- charged particles do not change their identity when they
emit or absorb a photon. That is, an electron that radiates
a photon would not be changed into something.else, it still
remains an electron.
Local phase invariance was generalised to non-Abelian gauge

groups (Yang - Mills - Shaw) /1,2/ that involve several generators ‘I'a

or charges in analogy with electric charge. Associated with each
generator is a vector hoson that couples to a current in a fashion
similar to the photon-electromagnetic current coupling. In Yang-Mills
theories, however, the gauge bosons may carry the charges and particles
may change their identities when emitting or absorbing these gauge
particles. For example, if an electron were to emit a charged boson,
it could be transformed into a nsutrino. The important result is that
the weak and probably the strong interactions are described by Yang-
Mills theories.

At first sight Yang-Mills theories appear to have the feature
that all vector bosons are massless since explicit vector boson mass
terms in the Lagrangian do not have the local symmetry; this is in

analogy to electromagnetics, where the photon is massless because of



the local phase invariance of the Lagrangian and the electrical neutrality
of the state with no particle (the vacuum). The implication is that the
forces should be long range, just as the electric field around a static
charge falls off as 1/r2. However, the fact that weak and strong inter-
actions are short ranged would seem fo obviate the physical relevance
of Yang~Mills theories. It was then realized that a local symmetry of
the Lagrangian does not have to be a symmetry of {the vacuum. If some
charge Ta is spread out throughout empty space (i.e., if the vacuum has
a nonzero average value of some charge Ta)' the vector boson will acquire
an effective mass from its interaction with the vacuum charge. This -
phenomenon is called "spontaneous symmetry breaking.™ Actually, the
vacuum charge does not really "break" the symmetry, but merely "hides"
it, in the sense that some predictions differ from those of the case
where the average vacuum charge is zero /3-7/.
The behaviour of electromagnetic radiation in a plasma provides

a physical model of spontaneous symmetry breaking /8/. An electric
charge is the source of the electromagnetic field, and each electric
charge that is in motion can be described by the field "attached" to it.
The field associated with a charge moving in empty space is that of the
massless photon. However, if the electric charge is then inserted into
plasma, then the electrons:. in the plasma rearrange themselves so as to
gcreen the field of the electric charge. The field falls off more .
rapidly tkran it did in free space; it just corresponds to that of a
massive photon. The photon in empty space has two spin degrees of
freedom, whereas a massive photon has three degrees oflfreedom; the
third degree corresponds to the plasma oscillation. Nevertheless, the
Lagrangian of electromagnetics still has the local symmetry.

o The vacuum charge associated with a spontaneously broken local
symmetry is not observable. However, just as a photon did in plasma,

the vector bosor coupled to the current acquires a mass, Spontaneously

\
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broken local symmetries imply massive vector bosons. A massless vector
boson has two spin degrees of freedom, while a massive one has three;
hence, one degree of freedom has to be taken from somewhere, If this
third degree of freedom is obtained by removing from the theory a scalar
field that appears in the Lagrangian (where the vector boson appear
massless), then the spontaneous symmetry breaking is called the "Higgs—
Kibble mechanism" /6,7;9/-

The vacuum can, in principle, carry an arbitrarily large
average charge associated with a symmetry that is violated; consequently,
the vector boson can have an arbitrary large mass (except that in present
theories the mass should be below the range where quantum gravity effects
are important). In a spontaneously broken gauge theory, the remains of
the local symmetry are the short-range interactions of the massive vector
bosons with the cdnserved currents., Very large boson masses imply very
short—range interactions. This is just the kind of framework that is
needed to describe the weak interactions.,

By extending the local gauge invariance beyond the U(1l) of
electromagnetics, it then became possible to construct sensible models
of weak and elctromagnetic interactions in which the weak bosons acquire
large masses (¢f order 102 Gev) through the Higgs-Kibble mechanism
(Weinberg, 1967;_Sa1am, 1968) /10/. The experimental existence of the
weak charged and neutral currents along with the electromagnetic current
implies a local symmetry group at least as large as the SU(2) x U(1)
gauge group (Glashow, 1959; Salam-Ward, 1964) /11/.

The formulation of Yang-Mills theory of the strong interactions
is realized once the fundamental role of quarks and gluons is recognised.
/Fl/- The present candidate strong interaction theory, quantum chromo-
dynamics /12/ (QCD) is conjectured to give an explanation of quarks and
gluons. In this context the strong interaction gauge group, the colour

group, must be at least as large as SU(3)C. In QCD the SU(3)C is not



broken spontaneously and therefore the associated gauge bosons, the
gluons, are massless, Unlike electromagnetics, the coupling of chromo-
dynamics decreases as momenta increase. Correspondingly, quarks get
closer and freer at shorter distances therefore the theory is "asympto-
tically free". The implication is that at large momenta the strong coup~—
ling is not really sirong and it may be comparable with other interac=—
tions such as electroweak interactions. However, at large distances the
interaction becomes so strong that quarks are all confined to construct
hadrons /Fl/.

Combining the two ideas of electroweak and strong interactions
leads to a unified Yang-Mills theory of electroweak and strong interac-
tions which must have a local gauge symmetry at least as large as SU(3)C
x [su(2) x U(1)]Ew..

So far we have discussed the known interactions, but we have not
mentioned the fundamental particles that make up the currents. 4 signi-
ficant contribution to the currents comes from fundamental spin &
particles (fermions). Fermions may be divided into two categories,
those that carry no SU(3)C (colour) charges are called leptons. The
known spectrum of leptons includes the electron (e~), the muon (p~), the
(7)), and their neutrinos ye,.)n, (and VTJ. Since they are colour
neutral they do not interact strongly, but they do carry the [SU(2) x
U(l)]Ew(flavour) charges and consequently their electroweak interactions
must be observed in the laboratory. The fundamental strongly interacting
fermions who carry both flavour and colour charges are called quarks.
They can exist in three colour states, r(red), y(yellow) and b(blue),
and come in a number of different flavours, such as the u(up), d(down),
s(strange) and c(charm) /F2/.

According to the above charge assignmenis, fermions are grouped
into two different lepton and quark multiplets if the local gauge symmetry

is assumed to be at least as large as the SU(3)C x [su(2) x U(l)]Ew



5

group. Such a theory is often called the "standard" unified theory of
electroweak and strong interactions. However, apart from some
defects, it has three independent coupling constants associated with the
electroweak and strong interactions. These three couplings can be
reduced to only one coupling if one embeds the symmetry structure SU(3)C
x [su(2) x U(l)]Ew into a larger gauge group G. It then turns out that
leptons and quarks can be grouped in the same multiplet of the group GC.
The grand idea of grouping leptons and quarks into the same
multiplet(s) of a gauge group G is the basic assumption that goes under
the structure of "grand" unified.theories (Pati-Salam, 1973) /13/. In
the simplest and minimal scheme of such theories not only leptons and
quarks but also their antiparticles are grouped in the same mulitiplet of
grand unified group G (Georgi-Glashow, 1974) /14/. If such a unifica~
tion is naturally allo#ed, it would have to happen at high energies
since only at high energies can the strong coupling be compared with the
electroweak couplings. It turns out that when the grand unified group
is "simple", all interactions are generated with only one gauge coupling
at superhigh energies (of order 1015 Gev). Since leptons and quarks are
allowed to be represented in the same multiplets of the unifying gauge
group G, there will be interaction transforming quarks and leptons into
each other and thus breaking both baryon and lepton number conservation.
Consequently, the fact that ordinary matter seems pretty stable, that
proton decay has not been seen, should not lead us to the conclusion -
that baryon and lepton conservation are fundamental conservation laws,
To the accuracy with which they have been verified, baryon and lepton
conservation can be explained as dynamical consequences of other symme-
tries, in the same way that strangeness conservation has been explained
within QCD. However, superheavy particles can exist in grand unified
theories, and these particles may have unusual SU(3) or [SU(2) x U(l)]Ew

transformations, and in this case, there is no reason for baryon or



lepton number to be conserved.

This thesis is concerned with the above general notions of -
elementary particles, It is divided into itwo parts: electroweak
gauge theories and grand unified theories.

In Chapter Two, the general aspects of electroweak "unified"
gauge theories are discussed. We start with the Salam<Weinberg descrip-
tion of electroweak phenomena. The quanta of electroweak interactions
and the associated curfents realized through the spontaneous symmetry
breaking phenomena are briefly but carefully analysed. The charges and
masses of elementary particles and the free parameters of the theories
are studied. We go on by considering the "extended" electroweak models,
in fact, these are constructed by enlarging the gauge symmetry SU(2) x
U(1) of the "standard" Salam-Weinberg model to SU(2) x U(1l) x G symmetry
under appropriate conditions. The case for which G = U(l) is discussed
in some detail; at this stage we are more interested in the weak neutral
current structure and the weak neutral gauge particle masses of the model.
This procedure is repeated for a class of "left-right symmetric models™
in which right-handed fields are introduced parallel to all left-handed
fields., The characteristic feature of this class of models are studied
by examining an SU(2)L x SU(2)R x U(1) gauge model and its extension to
a larger SU(2)L x SU(2)R x U(l)L x U(l)R symmetry.

It is then argued in Chapter Three that the multi~gauge boson
models based on the extended or the left—right symmetric models may
explain the low energy behaviour of electroweak phenomena as the stan-
dard model. 1In particular, models with more than one neutral boson
possess the interesting feature that the mass of the lightest neutral
boson is smaller than that of the standard model. It is then interesting
to look for a general formalism that would help to distinguish between
different electroweak models, From the experimental point of view the
+

effects of weak neutral current(s) in reaction ete=— f'f™ are very
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interesting and Chapter Three aims to study this reag¢tion in detail from
the theoretical point of view,

One of the main tasks of the e'e” machines (LEP, SLAC, ...) is
the determination of the coupling of the fundamental fermion (leptons
and quarks) to the weak neutral current(s). When the colliding ete™
beams are unpolarized, the measurement of the angular distribution of the

*e~ and ete™— £ allows the determination of the

reaction eteT—a e
modula of the coupling constants. However, in this kind of experiments
the relative signs of the couplings remain undetermined. To find out
these signs one needs a true parity violation measurement, for example
through the polarization effects.

Measurement of final fermion polarization can be done through
a final state interaction of the fermion which involves a parity viola-
tion. In the Salam—Weinberg model, the final lepton poiarization
effects are proportional to (% - sinzew); the present experimental

prediction of sin26 = 0.23 therefore leads to rather small effects.

W
So the measurement of the final lepton polarization is difficult and
consequently, the maximal information would have to be extracted from
the final state decay, in particular when the final state is a pair of
leptons,

There have been many studies /F3/ on the ete™— ¥t~ reaction.
There are, however, several points to develop. The production cross—
section efeT s £*f™ has already been analysed /15/ in the case of ome
photon and one weak neutral boson exchange, We present a general
description of the ete——s £t~ process in which an arbitrary number of
neutral bosons are involved. Both, initial and final fermion polariza~
tion effects are taken into account in our approach and it is applicable
to any kind of light or heavy fermion at low or high energy. We also

work out the differential cross—section and the asymmetry for the case

in which the initial states are longitudinally polarized in pfhf



pfoduction. The results are then examined # or three neutral bosons
exchange processes,

The parity-violating helicity distribution for pw'p~ pair
production, assuming that the muon state are polarised, are computed.

Finally, we develop our procedure of multi-neutral boson
exchange and apply it to deep inelastic polarized electron-nucleon
scattering. Our treatment of deep-inelastic scaitering is carried out
in the framework of the quark-—parton model.

Chapter Four begins by introducing the strong interactions and
grand unified theories. After a brief review of these fields, the SU(S)
grand unified theory is examined through which we show how strong and
electroweak interactions are generated in this theory. By employing the
minimal Higgs system needed for symmetry breaking in this model, the
masses of gauge bosons and fermions and surviving scalars are worked out.
We carry on by the study of the electroweak mixing angle that may be
applied for any grand unified model, We also discuss the proton lifetime
in the SU(5) model which is needed for the next chapter. The definition
of physical paramenters and the structure of the SU(5) model in this
chapter will fix our notations of Chapter Five and Six.

Chapter Five is devoted to renormalization effects in grand
unified theories. We start by the definition of "effective" physical
parameters, in particular, we are more interested in the effective gauge
couplings in grand unified theories, The effects of superheavy gauge
bosons in these theories and the low energy behaviour of gauge couplings
are studied through.thenhdecoupling theorem”, The main purpose of our
work is the study of effective gauge couplings, the electroweak mixing
angle and the unifying mass scale in grand unified theories up to the
two=loop level, In order to do such radiative corrections, the renorma-
lization group equation technique is employed; it turms out that the

resulting system of differential equations are coupled to each other.
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Two rather different methods are suggested for solving the problem. In
method I, we neglect the off-diagonal contributions to the relevant
differential equations since their contributions are relatively small.
In method II, an iterative technique is used to solve the equations.

For both methods we compute the effective couplings, sin26w
and the unifying mass scale M., It is then verified that the low energy
value of sin29W increases, while the unifying mass scale M decreases
with respect to their cofresponding one=loop results. The results are
applied to the SU(S) model and it is shown that for this model the value
of M does not change by very much and consequently, the proton lifetime
may decrease by a factor of the order of 10 (with respect to one-loop
results).

Finally, we summarize our results and compare them with the
very recent developments in this field which have been reconsidered by
other authors,

In Chapter Six, grand unified models with several intermediate
mass scalars are examined and the work presented in Chapter Five is
developed (up to one-loop approximation) for this type of models. This
is done for the SU(16) "maximal" gauge theory, in which fermionic degrees
of freedom are maximally gauged. When renormalization effects are taken
into account for this model (for the case in which lepton number is
regarded as the fourth colour quantum number) it turns out that two

intermediate stages governed by the symmetries G, = SU(B)I x SU(B)II x

3
U(l)F and G, = SU(2)L x SU(2)R x SU(4)C can naturally coexist if
sin‘o (1) > 1/6 + 5/9 XM | 1t 3o shown that these symetries break

d;(”w)
down at a mass scale of the order of Mk = 104 - lO5 Gev, If neutral

current phenomenology (or any other experiment) predicts sinze(Mw)>>O.206,
then.quark-lepton unification and lefi{-right symmetry simultaneously
break down at MX - 104 Geve

It is then argued that apart from proton decay, n - 1
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oscillation and neutrinoless double /3 decay processes,an accurate expe-
rimental value of sinze(nw) (to a 1074 accuracy) plays a crucial role in

determining the possible existence of such intermediate stages.
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CHAPTER 1I, ELECTROWEAK INTERACTIONS

2.1 Introduction.

The development of our present ideas of weak and electromagnetic
interactions can be traced a long way back into hiséory. Unification of
electricity and magnetism was established in the work of James Clark
Maxwell in 1868. This theory of electric and magnetic fields is today
recognised as the original gauge theory. A new force emerged from the
discovery of radiative nuclei. This new "weak" force was then formulated
by Fermi in 1936, He suggested a point-like four=fermion lepton-hedron
interaction lacking any specific structure or dynamics. Yukawa introduced
the idea of particle exchange as the dynamical origin of interactions.

Interactions can be characterized by their space-time transfor-
mation properties; scalar, pseudow-scalar, vector, axial-vector and tenso-
rial interactions are naturally well defined. It was Sudarshan and
Marshak /16/, Feynman and Gell-lann /17/ and Sakurai /18/ who suggested
that the weak interactions are of the V-A form, responsible for a large
observed parity-violating effects observed in weak interactions. There
existed serious problems with the point-like formulation of weak interac—
tions introduced by Fermi. From the theoretical point of view, the nom—
renormalizability causes the phenomenological description ultimately
to fail at high energies.

It was conjectured /10,11/ that the weak interactions would be
mediated by a massive particle (the intermediate vector boson) which
would dampen the high energy behaviour of weak processes. Since beta
decay processes occurred with charge transfer, the vector boson was
assumed to come in two signs W" and W~. It was then natural to look for
a neutral component of the weak interactions., An early suggestion that

there would be a weak neutral current was published in 1957 by .
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Zel'dovich /19/. He suggested looking for weak-electromagnetic interfe-
rence in polarized electron scattering and in optical rotation of the
plane of linear polarization in heavy atoms.

In 1961 Glashow, pursuing the goal /11/ of unifying the electro—
magnetic and weak interactions, proposed a "partially symmetric! unified
electroweak theory. By a "partial symmetry™ he meant one which was broken
only by explicit mass terms in the Lagrangian. In this scheme, the
symmetry group was SU(2) x U(1) which was also pointed out /11/ as the
correct symmetry of electroweak phenomena by Salam and Ward 1964.

This proposal still left unanswered the question of how the mass
terms were to be treated, and also, in particular, the question of renor—
malizability. It was Weinberg /10/ and independently Salam /10/ who
proposed that the spontaneous symmetry breaking mechanism could provide
the resolution of these difficulties. They proposed that the vector
bosons could acquire masses via the Higgs-Kibble mechanism /6,7/. In
this view it is essential that SU(2) x U(l) symmetry be a local one the
vector field being the quanta of the gauge fields so that, as it was
hoped, enough of the gauge invariance might be "retained" after sponta-
neous symmetry breaking to render the theory renormalizable., Renormali-
zability was then proved /20/ by 't Hooft in 1971 /F4/ .

In 1971 Glashow, Iliopolous and Miani (GIM) extended /21/ the
theory to include couplings of quarks, and invented the charmed quark to
explain the absence of strangeness changing neutral currents. These
steps cleared up the many problems facing the unification of weak and
electromagnetic interactions and left open the predictions of neutral
currents for leptonic and non-strange hadronic processes. In 1974 neutral
currents were first observed in inelastic neutrino scattering in the
Gargamelle bubble chamber at CERN /22/. Parity violation in neutral
currents was observed in 1978 in optical rotation of linearly polarized

laser light in bismuth vapors at Novosibirsk /23/ and in inelastic
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scattering of polarized electrons from hydrogen and deuterium at SLAC/23/.
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2.2 The Salam - Weinberg Theory.

The Salam-Weinberg theory /10/ of electroweak interactions with
the GIM mechanism /21/ is based on the local gauge group SU(2) x U(1l).
Associated with this symmetry are the generators T (a=1,2,3) (weak
isospin) and T°=Y/2 (weak hypercharge). The electric charge is defined
as a linear combination of these generators

Q="T, +3Y. (2.2.1)

3
Associated with the local symmetry are four gauge fields, an
isotriplet WR and an isoscalar ?u' Fermion fields are incorporated into

this model in the following way: first they are decomposed into right—

handed and left-handed components

Y =wp W (2.2.2)

1+ ¥s
2

where o =-£%g5-1# andﬁWLi§£1—7V , [the operators project out the
right and left~handed pieces of the fermion, respectively]. Then, right-
handed fields are assigned to isosinglets, T=0, while lefti-handed fields
transform as members of isodoublets, T=} under weak isospin. [This asymme-
tric assignment leads to the parity violation observed in weak interactions].
Weak hypercharges are given so that the electric charge comes out right.,

The fundamental lepton and quark fields along with their weak isospin and

hypercharge quantum numbers are

(
Ve e " T=wa , Y=- (2.2.3a)
Leptons : J €. M, T4
€r Mg Ta T=0 ., Y=-2 (2.2.3b)
u c b 5
J' .S, b T: 1a ’ Y= /3 (2.2.43)
L L L
Quarks : ¢ i
Ug Ca Lq =0, Y=4/3 (2.2.40)
L dﬁ SR ba T=O ’ Y =-2/3 (2.2.40)
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The primesin (2.2.42) allow for quark mixing and CP violation phases
through the K=M matrix /24/

d ¢ -5 -5,S,
" |Isc X ]
S|=  Ca €CaCy— S, 53¢ C,C35;+ 5;C,e (2.2.5)
’ : 'S
b S8 65C+(s, ze'y €, 835;-C1 S, ¢

where Ci=oos ei and Si=s>.:i.nei and the ei are generalised Cabibbo rota-
tions. We have suppressed quark colour indices in the above discussion.
Each quark comes in three colours as specified by QCD.

The SU(2) L X U(1)y gauge invariant Lagrangian density which
describes the gauge fields and their interactions with matter fields i.e.

scalars and fermions are given by

L= W - LBV, I RO K @

+D TP — b+ Ly (s #) -

where n,v=0,1,2,3 are space-~time indices,@® =1,2,3, is an internal space

index belonging to the SU(2) Lie group algebra with the structure cons—

tant Cabc, and

ol a d abC b c
W= 0, Wy — d,W,. + gC W wy

/e (2.2.7)
B,.p = 3,8, — 9,8, . (2.2.8)
The covariant derivative D}1 is given by
Do= u+49T v_‘v,,- T +i 3'_} B.. (2.2.9)

with g and g' being the two independent gauge coupling constants asso-

ciated with the SU(2) and U(1) groups, respectively. In (2.2.6) "y
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denotes any fermion multiplet (singlet or doublet) and the summation is
over all fermion multiplets. The Lagrangian (2.2.6) contains a complex
scalar doublet made up of a positively charged and neutral component i.e.

¢?

P =|ge (2.2.10)

with quantum numbers T=% and Y=1l, Its self interaction properties and
its interactions with fermionsare given by V(&) and Ll’ respectively.
By means of the Higgs-Kibble mechanism, the scalar doublet ¢ develops a

vacuum expectation value

1
{$>= ol

and the symmetry of the theory thereby breaks down to a local U(1l) inva-

(o]

ol (2.2.11)

riance generated by the electric charge operator Q in (2.2.1), i.e. the

remaining U(1l) gauge invariance is specified as that of electromagnetics.
In this way, three gauge vector bosons acquire masss, while one (identi-
fied as the photon) remains massless. The resulting mass eigenstates and

their masses are
M,yx = gv/y (2.2.13)

while the physical neutral gangs boson %u and the photon fields are

z;" = W,f CNGW —BP Sn 8, - (2.2.14)
A,. = Wfi S;n aw"l‘B,. S;n Bw (2.2.15)
with masses MJ =0 and
) 1. a2
Myo= 5 v( 3%+ 5" (2.2.16)
where Ow is the electroweak mixing angle (Weinberg angle) defined by
tan OW = g'/go (202.17)

The interpretation of %ﬂ as the photon is indeed plausible from the form
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of ?n written in terms of the physical fields

Du =0, =22 M@T('ﬂ +1T)+

Vi sing, 7 swe, T
lach Y
+49S8ing, ( T:;-#—T)A,A +
+i((3case,,)T3—(3'5-?9,.)—{-)2: (2.2.18)

in which {n appears correctly coupled to the conventional charge operator’
given by (2.2.1), which is the unbroken residual symmetry. We also note
that if this interpretation is correct physically, g sin @ will be iden-

tified with the physical charge e, i.e.

g sin @ = e = g'cos @. (2.2.19)
Thus

D, = o 'f'i— + +4 _:(..g__..w- -1

" + fz—s.'ngﬂwf"T' E“ﬁ's.'new u (T,~1T3)

. . ’ ’
+(e(PA,,, +4 P Z;
(2.2.20)

where

e'= e/ sme, Cosp, (2.2.21)

is the strength of weak neutral charge defined through the operator

Q = T3c0520 -%—YsinzOw (2.2.22)
which, in turn, by using Eq. (2.2.1) can be rewritten as
2 ) ,
': - i e e
Q Ty - Qsin Q. (2.2.23)

This basic formula relates the"neutral weak charge"™ Q' to the electro-
magnetic and weak isospin charges Q and T, respectively. Since the weak
isospin charge is only left and electric charge is left and right, Eg.
(2.2.23) can be read as

%
Q'L;R = TZL - ¢""R Sin ew (2.2024)

and more clearly

Q= T — @ sine,, (2.2.252)

and

; 2.2.25b
@ = o ..QR.S;HZG . ( 50)
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For example, take the "up" quark. The weak isospin third compo=

nent is -T3L (up) = 4%, while the electric charge is +2/3; the result is

QU = L - 2 sin’g, (2.2.26a)

and

QQ(UP) = —‘—32' S""zgw . (202.26b)

The values _of the weak neutral charge for all known leptons and quarks

are given in Table (2.2.1)

. 3 ’ [

Semors TR % @ Pa <, P,
£ , L L A '
§J Vo + Ry ol of+ o : -z
S A 2 2

) N * . 2
S| e Tl-xa] -1+, SinG. |-z + Sin%0,, -2"—
% i 2 N BT 2 .2 \ 2 2
S J u,c, t 1 T 3 7 35m9w 35"‘9\/«- 7.,-__55'" 8. -43_.
3 )
R DETEN SRR TR L gl | L1 o2 ;
& d, s, b 3 3173 T tT S, 35'"9w -4t LA Iy

Table (2.2.1). Values of charges of elementary fermion in the SU(2)L x

U(l)L+R standard model,

By substituting 151 from Eqe (2.2.20) in the fermionic kinetic

part of the Lagrangian (2.2.6), we observe that four currents are realised.

Two 'of them are charged left handed, J*, they couple to the gauge fields

W with coupling strength e/sin 8. While the other two currents are

neutral, one is the familiar electromagnetic J:” coupling to the photon
with coupling strength e, and the other one is the "weak neutral current®

Joe =I5 = Jam Sin‘0. (2.2.27)
that couples to the neutral gauge boson Z° with neutral weak coupling
strength e' given by Eq. (2.2.21).

A further consequence of the Higgs-Kibble mechanism is that

three of the four fields in (2.2.10) become the longitudinal components
of the massive vector bosons, while one remains as a neutral physical

scalar field. Its mass is determined through the self interaction terms

[contained in the potential V(¢) in the Lagrangian (2.2.6)]
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Vid)y = A(eTe) - o Pt

~—
—
—

2 uzZ 4Pl °Z
(17741 ) =2 (12T +1€°1) (5.5 28)

N>

by translating (shifting) the field <P(*) by its vacuum expectation value

in order to do perturbation theory around small fields. One sets

(o]
v

hex) )
—_— == (X) — =
va ® ve

‘ (2.2.29)

Substituting for @ (X) in (2.2.28) from (2.2.29), one obtains a mass term
. —%(Azg)h(x) which tells us that the neutral Higgs boson h(x) has arbitrary
mass

M, = a2’ - (2.2.30)

In the Salam~Weinberg model charged leptons and quarks acquire

masses by coupling their left-handed and the right-handed components
through a Higgs scalar isodoublet field (terms contained inl.Y in the
Lagrangian (2.2.6)) which develops a vacuum expectation value. (Mass
terms change chirality, so one must couple.left to right in order to
generate mass) As an example, a general Yukawa coupling of & to (u,d)
quarks is ‘

~Gd $(x) J‘_Jg_(,u 4>(x)ﬁLHR + C‘-C~ (2.2.31)
with no relation between Gd and G, In the case of spontaneous symmetry
breaking §(x) = 3%%%&Qg-and apart from the Yukawa interaction between h(x)
and the fermions, a mass term is generated independently for each fermion
f of the theory which has a right component. The mass term for a typical
4% = f is

- Gy lé__ ffa - C;}%_- Rt (2.2.32)

By a phase transformation on f (and/or fR) one can always make G, real

positive, so that one finally finds

(o
mg = 7= Gy - (2.2.33)



The fermion masses generated by this "Higgs" mechanism are totally arbi-
trary parameters; they are chosen to have the following values / 24/

m,= 0.5 Mey,

m, = 166 M

me = 1784 Mo

My @ 8 Mw My = 3 Mw

m, o 180 My ’ m; = 1250 Mww

My o 45ocMw , Mg ) 16s0e Mew (7)

(2.2.34)
S0 as to agree with phenomenology /F3/ .

20
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2.3 The Physical Parameters in the Standard Model,

The Salam=Weinberg unified gauge theory of electroweak interac—
tions, with three generations (families) of fermions and one Higgs doublet
as was described in section 2,1, is sometimes referred to as the "stan-
dard model"™, It provides us a minimal scheme of the electromagnetic and
weak phenomena in the framework of a gauge theory with spontaneous
symmetry breaking. In such a scheme we are faced with seventeen, theore—
tically unpredicted, parameters. Nine of them are concerned with the
fermion masses (or their nine couplings to the Higgs boson). Four para-
meters come through the unitary matrix (3 angles and one CP violating
phase) which allow us to build the hadronic weak charged currents star-
ting with the mass eigenstate quarks (see Eg. (2.2.31)). Two parameters

X and v (the parameter a can be absorbed in A and v~ ) involved with the
Higgs mechanism; and finally the two gauge parameters g and g'. For

these parameters, only one natural relation

Cos*8,, = Mg (2.3.1)
M2
(obtained from Zgs. (2.2.13) and (2.2.16)) is given; hence, sixteen more
relations are missing and the unknown parameters are, therefore, to be
estimated through a phenomenological apmroach, A constraint on the
parameter e is given by
es= (zmot)w' ' (2.3.2)

where o = (137.035987)—1, the fine structure constant, evaluated at zero
momentum transfer as in Thomson scattering at q2= Q.

Another phenomenological constraint on the parameters of the
theory comes from the muon decay rate which implies

G 3° 1
—_— = —_— = 1710(’ 3 =2 3 (203'3)
VY2 M, 2Mw sn“g, v
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where Gy = 1.166400 x 102 Gev™ is the Fermi constant. From relation

(3.2.3) one finds

37.320
= Gev. (2.3.048)
sin °W
and Eq. (2.3.1) then gives
M. = Eﬁ GeV_ (2o3o4b)
/A
sin 2 Ow

From high energy weak interaction phenomenology (charged and neutral weak

currents, e-d polarization effects) the world average value of sin20

stands /25/ at sin20w = 0.230 £ 0,020 which gives "
81.242) M.w> 74.641 Gev (2.3.52)
and
93.8100 M ) 83.977 Gev. (2.3.5b)

The parameters involved with the Higgs-Kibble mechanism in the
standard model are connected to experimental results through the quantity

¢ which is defined as

jﬁ; rate of neutral currents =148 sinewéosew))( M%o) 2
rate of charged currents '(e/sin®,, 1/M3, (2.3.62)

or

2

= ™ w . (2 o3 6b)
Mo cos*e,,

It is theoretically predicted to be 1 (see Eq. (3.2.1)), while the expe~
rimental result is
fexp = 0.98 £ 0.05. (2.3.7)
The theory can accommodate more than ng;3 generations of
fermions, if they exist, even one can incorporate more than one Higgs
doublet if it is necessary; but the number of parameters would rapidly

increase in any case., There are, of course, some theoretical constraints
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to be fulfilled in adding such extra fields to the theory. In particular
for scalar fields, the uniqueness of the electromagnetic direction

(charge conservation) implies that for any additional scalar system, all
vacuum expectation values have to point in the same SU(2) direction,
which impose constraints on the parameters of the Lagrangian.

The idea of Salam and Weinberg of electroweak interactions
within the context of spontaneous symmetry breaking gaugé theory has
recently been extended in the physics of elementary particles in many
different directions. A rather similar approach by enlarging the symmetry
of SU(Z)L x U(l)Y to other groups which is not yet ruled out (from pheno-

menological point of view) will be analysed in the next section.
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2.4 Extended Electroweak Theories.

Extended elctroweak gauge theories are referred to as theories
that are obtained by enlarging the gauge symmetry SU(2)L x U(l)Y of the
standard model to SU(2)L x U(l)Y x G symmetry where G may in principle
be any simple group. They may in a certain sense also be regarded as a
milti-boson version of the standard Salam—Weinberg theory of electroweak
interactions. Depending on the symmetry breaking properties, there are,
more precisely, two classes of such theories; in the first class the
number of neutral bosons is equal to the number of charged ones, while
in the second class the number of neutral bosons is larger than the
number of charged ones.

The general structure of these theories based on U(1l) x SU(2) x G
has first been analysed /29/ by Georgi and Weinberg, who pointed out that
under appropriate conditions on the symmetry breaking, the low energy
four fermion interaction for neutrino scattering is the same as in the
standard model in spite of the presence of several weak neutral bosons
in addition to a single charged wt as in the standard model. Tt was,
then, shown /30/ that within such a framework one obtains "good" low
energy behaviour also for a charged lepton and quark interaction, provided
one assumes not only neutrinos, but also charged leptons and quarks to be
classified as singlets under G. Moreover, not only several neutral bosons
but also several charged ones may be present/31/.

There also exists a class of "left-right symmetric theories™ in
which right-handed fields, in particular, right-handed neutrinos are
introduced parallel to all left-handed fields. In such schemes parity
is spontaneously violated through the same mechanism which gives mass to
gauge bhosons of the theory /26/. The simplest case happens when the
gauge symmetry SU(2)L x U(l)Y of the standard model is enlarged to the

SU(2)L x SU(Z)R x U(1l) symmetry /27/ that, in turn, can easily be extended
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to models with the SU(2); x su(z)R x U(1)L x U(1), gauge symmetry/28/.

The motivation for the study of sﬁch electroweak models, that
is achieved in the next two subsections, are as follows:

i) In both types of extended ideas discussed above, one can
naturally choose the relevant parameters of the theory in such a way that
the low energy behaviour :of the standard model be fulfilled., It means
that the standard model may not be a unique model that explains the
nature of electroweak phenomena, in particular, when the high energy
behaviour of this model has not yet been tested.

ii) One can verify that in the extended electroweak models
based on the SU(Z)L x U(l)I x G symmetry there exists a neutral boson
whose mass is smaller than the Zo mass of the standard model. While in
the left=-right symmetric models this can occur for some particular values
of the free parameters of the specific model.

iii) The issue of neutrino masses has recently attracted consi-
derable attention because of results coming from two different experiw-
ments /32/ and suggesting a non-zero mass for Ve (in the range of 14 ev¢

m,. £ 46 ev), The left-right symmetric models seem to explain this
effect naturally.

iv) There are some grand unified theories that spontaneously
break down to a low energy symmetry with an electroweak substructure that
is governed by one of the above extended models, It is, therefore, inte-
resting to analyse, both theoretically and phenomenclogically, the low
energy behaviour of such grand unified theories.

In the next two subsections we work out the neutral currents,
the boson masses and analyse the low energy behaviour of two typical
classes of extended electroweak model., This can, in turn, be useful for
the study of some physical processes examined in the same approach in

Chapter Three.
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245 The sxlz)h x U(l)z. x G Models

In this section we discuss a typical class of the extended
electroweak models in which the gauge group is SU(2)L x U(l)Y x G and
in particular the simplest case when G=U(1l) which is special interest in
our procedure. In constructing these models, the following general
assumptions are made:

1) The electric charge operator is defined to be

Q = 'I'i + 1 +r'i"° (2.5.1)
where the generators 'l‘i, 7° = 1Y and "f'ﬁ = 4Y are associated with the
weak isospin SU(2), hypercharge U(l)Y and a new hypercharge I:T-(l)f group,
respectively.

2) All matter fields (fermions and scalars) of the standard
model transform in the usual way under the S(I(2)L x U(l)Y part of the
group SU(Z)L x U(l)Y x L;(l);i:. They are invariant under the new 1?6.)?
group., [Neither fermions nor scalars of the standard model carry the
quantum number of 6(1):1:]

3) Apart from the usual isodoublet scalar field & of the stan—
dard model, an additional scalar filed c’;, (being invariant under the
SU(Z)L group and transforming in a non-trivial way under U(l)Y x IRJI)?
is employed to break the symmetry of the theory down to a U(1l) through
the Higgs-Kibble mechanism. This is the U(1l) which is identified as the
electromagnetic U(1l)g,,.

It follows from the above assumptions that the covariant derivative is
given by

D, = 3}1 + ig'B}l + 1@‘-1‘3’” + igw)l /(\2,.5.2)
where /B;.t = ]?”"f‘o is the new gauge field associated with the new U(l)f!:.'
with the new hypercharge quantum number 3¥ and ern as the usual isotri-

plet of the SU(Z)L group, while ]?!1 is an isoscalar belonging to the

U(l)Y gauge group. Making use of the quantum number assignments of
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assumptions (2) and (3), the quantum number of scalar fields ¢ are
identified as follows

T=%, T=0 and Y =% (2.5.3)
while for the scalar fieldég, we find

T, +1Y + ¥ = q. (2.5.4)
Since this scalar field along with the doublet 4 is assumed to break the
SU(Z)L x U(l)Y x 6215§,symmetny down to the U(1)_,, it then turns out
(due to assumption (2) and (3)) that

y+§5y=0 (2.5.5)
where 4y and 1% are the eigenvalues of T° and ™, There is no additional
assumption, neither any physical constraints, to specify the numerical
values of the U(1) quantum numbers of &, they remain basically unidenti-
fied real parameters in such kind of model and this is, of course, the
first theoretical deviation from the standard S-W model of electroweak
interactions. It is worth mentioning here the original source of the
uncertainty of these quantum numbers in all extended electroweak models
based on the standard model. This difficulty originates from the defini-
tion of the charge operator imposed on the structure of the standard
model at the beginning. To clarify the point, let us recall how the
standard model is constructed. As it was discussed in (2.2), the under-
lying symmetry of this model is SU(2)L x U(l)Y'

Associated with this symmetry are the generators Ta(weak isospin)
and T = 4Y(weak hypercharge). In terms of these generators the electric
charge operator Q is defined by relation (2.2.1), due to which, for any
given fermion with specific electric charge, we can then evaluate the
quantum number Y/2. For example‘the right-handed electron is an isosinglet
(T3=0) hence the quantum number YeR is 2. The left~handed electron is a
member of a weak isodoublet such that Ty= -~ % and consequently YeL= -1,

We observe that the hypercharge quantum number is an already unknown

number that must be fixed by some observation, say the electric charge
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of the particles,

A rather similar situation arises for the scalar fields which -
breaks the symmetry; it is argued that the null component of the scalar
field must develop a non-zero vacuum expectation value due to the Higgs—
Kibble mechanism, since the combination of Ty and T given by Eq. (2.2.1)
is to generate an exact U(l).,, symmetry after breaking the SU(2)L x U(l)Y
symmetry, we find out that the hypercharge quantﬁm number of the scalar
field¢ is T=}. Note that, aithough all matter fields in the theory are’
representations of the weak U(l)Y, we are unable to identify their asso=
ciated hypercharge quantum number directly. Therefore, the definition of
the hypercharge quantum number is itself a primary question (as far as
electroweak gauge theories are concerned), Because of that there are
several possibilities for hypercharge quantum number assignment that, in
turn, leave possible choices for the scalar fields if we would enlarge
the gauge group SU(2)L x U(l)Y to a larger one such as the SU(2)L x U(l)Y
x 6zi)§u This along with the charge quantization problem may become more
clear when the symmetry of electroweak interactions is embedded in a
larger "simple" or "semisimple™ gauge group by applying the idea of grand
unified theories. We will come back to this point in Chapter Four.

We now go back to the study of the case in which the gauge
symmetry is the simplest one i.e. SU(2)L x U(l)Y x 6zi)§'/30/.

Since we are more interested in comparing the neutral boson
masses and the structure of the neutral currents with those of the stan-
dard model, we begin with the kinetic part of the Lagrangian containing
the scalar fieldscp andﬁ;. This can easily be written down by making use

of assumptions (1) and (2) and definition (2.5.2). We have
~t
Ls = Dﬂ‘PfD"'¢ + D¢ D ¢ (2.5.6)
where according to Eq. (2.5.2)

3,.4) = (8, +23,Br- + 13 W) P (2.5.7)
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and

~

DF = (3, +i9B. +1 5 BIP. (2.5.8)

Let the scalar fields develop the following vacuum expectation values

— 1 _|°
() = = v’ (2.5.9)
> —_— —'— > . 2. .10
{$D = (2.5.10)
Then, by substituting these values in (2.5.6) one obtains
Zz ' 2 A_a, ~ ’ 1
L ass = %(SW:'P}B») +3v(38n+38»)
CalPL I
T I Ve (2.5.11)
By introducing a neutral column vector
— B
W}‘ = b/S , (2'5012)
B

the neutral gauge boson mass terms in the Lagrangian can be written as

-]

—_ 3
Lmass = ‘:‘ M w}* ’ (205‘13)

where the mass matrix MZ is given by

2 R 4
™, M P~ L ! 2
R S S
M =|_3 M2 (2.5.14)
3‘ [ [} o 4
‘ 2
-\—‘;,},M: o M,

'v_zdz (2.5:15)

M:‘ = g‘,{}."—j“"& . (205.16)
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Note that in (2.5.11) M, is identical to the charged W mass M
The observable quanta are obtained by transforming the gauge
fields (2.5.12) in such a way that the mass matrix becomes diagonal. Let

the transformed field be

Z, B
= — — 2. .1
ZF— z, | =R :/3 (2.5.17)
21 M B H

which obtains by acting on wn by an orthogonal three—dimensional trans-

formation R. Substituting (2.5.17) in (2.5.13), we find
. S+ 1y SHM
L mass = Z,.(R MR)Z . (2.5.18)

Transformation R has to be determined such that RMZR'r becomes diagonal.
After diagonalizing the mass matrix, the eigenvalues, or the masses of
the neutral gauge bosons are easily calculated. They are /30/ mo2= o,
ml2 and m22, while m12 and m22 satisfy

2 2

i 2
m?""m:’:=("+‘§‘£)”.+{l+———m}r’lf (2.5.19)
2 . -
m'z_ m:' — 31( 3,L+3v, -L+ 3-2.) . (2.5.20)

The fermionic part of the Lagrangian in this model may be written

down as
L, = P By +e z?ﬂwzpﬂ (2.5.21)

in which ¥ =¥"D, is defined by Eg. (2.5.2) through assumptions (1-3).
Substituting the covariant deriva;tive and using these assumptions, the
neutral current interaction is obtained as
R i
L~c = S 3¢ 7; W, | (2.5.22)
i=0,1,2

where the currents
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o =Jy = 1?Lm)x" R Ty (2+5423)
J' = J€ = P €7 T2 P (245.24)
Jo = J% (2.5.25)

are the weak hypercharge current, the third component of the weak isospin
~

current and the U(l)?,hypercharge current, respectively. Note that, since

all fermions are assumed to have the quantum number 3\; = 0, the fermions

do not contribute to J%. By using Egqs. (2.5.23) and (2.5.18) one obtains

L‘NC =2 Wr{ (Z J; RJ« L")
J=o0,,2 tx0,1,2
— " - - M F
= eA T, + Z CARER JeM)Zj (2.5.26)
J=2

in which we have identified the electromagnetic current Jef‘:n s due to the

charge operator (2.5.1), as

]e: =7+ Iy * ],;‘ (2.5.27)

where the coupling strength e and the constant kj are given by

e = (3 + 5 +g*)* (2.5.28)
and
2
M

$5 9%
Z m:, - MI (2.5030)
J=t,a J v
and
2 2 2

3
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~which are obtained from the orthogonality of the R matrix. These sum
rules, in fact, guarantee the correct behaviour of the four fermion
interaction at low energy.

Let us now connect the parameters of the model with the measu-
rable quantities which are chosen to be &, G and the electroweak mixing

F

angle 9 By identifying A,p. in (2.5.27) as the photon the value of e given

w.
by (2.5.28 ) is then fixed. Thus

e= (lmd)m' . (2.5.32)
By comparing the charged boson exchange four fermion interac—

tion with the phenomenological local Fermi interaction, we have the well

known relation

3 _ G
i (2:5:33)

To find the third connection, one may use the effective low=
energy neutral current interaction. Eg. (2.5.26) can be used for obtai-

ning the neutral current four fermion interaction

M= =5 502 )+ij gl ] e

in which we have identified

Iy —RiJem = Tl (2.5.35)

By using the sum rules (2.5.31) and (2.5.30), the effective low-energy

(4.2—» 0) neutral current can be cast into the form

2 2
Hut = = % =1 (Jom) +
- o 2.5.
+3—r7£[[j qzj J-f-C(j“g} (2.5.36)

where



I M4 2 S’ '!'_rzf:' ( | ! ) (2 5 37)
C= L (M) _ ;- -5
2 g e v,im; me s mi o omg

The first term in (2.5.36) is the usual electromagnetic one photon
exchange coﬁtribution, while the second term describes the weak neutral
current behaviour in the qga-O limit. The coefficient ez/g2 of J;m in
the square hracket satisfies .
e?/g%¢1 (2.5.38)

(see Eq. (2.5.28)) and can be used to introduce the Weinberg angle 8,

e’/ = sin (2.5.39)
in agreement with the established convention. From Egs. (2.5.39) and

(2.5433), we obtain the well known relation

MY o nd (2.5.40)
" vZ Gg Sin%e,,

In this way the identities (2.5.32), (2.5.33) and (2.5.39) can

fix the parameters g, g' and g'. While the neutral boson masses my and

m, remain as undetermined parameters. To find more information about
2
these parameters, let us solve Eqs. (2.5.30) and (2.5.31) for fl and f2
They are obtained in terms of the parameters my and m22 (by using
relation (2.5.40) ) as follows
2
3 FGr 2 milselp, -M m,
£ = = ™ - 2 wz W( M' ) ! (2°5‘4l)
\/2’ Mk-ml v
and
2 m¥cos*e -, %
o EGe P TS Bw o M T (2.5.42)
b 5 2 2

33

2
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As pointed out by many authors, from the positivity of f12 and f22 in
Eqs. (2.5.41) and (2.5.42) one finds /28/

2 Mo 2 ’ 2.5,
My e =Mz, (2.5.43)
and
L <
mz < C ,\Zw = MZ. ) (2.5044)
05“0
therefore
MM, & my (2.5.45)

1+e., one of the neutral gauge bosons has to be lighter and the other
ones heavier than the Z° =f the standard model of mass MZo = M%/coszow.
In the standard model the coefficient C in (2.5.36) is absent,
i.e, within extended gauge theories, C=0 implies the standard model. It
was shown in Eq. (2.5.37) that the coefficient C depends on the two para~
meters my and m,. A simpler expression for C can be found by substitu-
ting in Eq. (2.5.37) for f12 and f22 from (2.5.41) and (2.5.42) and using

(2.5.40) and (2.5.39). That is

& Z

4 Mz Ma- :

= -1)(1- . 245446

¢ = Cas' 0, (-7;?: ) mZ ) (245.46)
The coefficient C may empirically be estimated through the data on ete™

pfn_ reaction. For instance, the low energy neutral current Hamiltonian
(with e-p universality) is conventionally written in the model independent

form

2 &
Hye = —'f%:lﬂhxn) *
* /%: { hy (X e+Rd"m)(EXe+PI M)+

Tahw(8¥r e+ myrp) el ¥se+ Gy Yo p) +

han (Ed#¥ce+mY Ysp ) ELY e+ AY Y p) } (2.5.47)
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where the electromagnetic interaction has been included. Comparing with

(2.5.36) and using (2.5.40) and (2.5.39) one finds /33/

hvv = "'—( - 4 S:nzew)z' +4¢C (2.5-488-)
hya = —‘L-( 1= t.s.'n"'ew) (2.5.481))
han = 7 (2.5.480)

The QED cross-section for e+e_—o}1+n';, ete™ is then modified by an elec=
troweak interference term, which is expressed in terms of hw, h'VA and
hAA and thus in terms of C and sinzow. A fit to experimental data yields
. 2
8in Ow and C.
The JADE, MARK J and PLUTO groups at PETRA have analysed their
+ - + = = :
data on e'e—um , e'e in terms of hVV’ h'VA and hAA at energies up to
about 36 Gev and derived /34/ the following bounds (95% confidence level),
¢ £0,033 (JADE) (2.5.492)
¢ £0.027 (MATK J) , (2.5.490)

c £0.06 (rPLUTO) . (2.5.49¢)
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2.6 Left - Right Symmetric Theories

a) The SU(2)L x SU(Z)R x U(l)Y model

It is possible to preserve the successes of the SU(2). x U(1l)
model and enlarging the gauge symmetry to a model based on the left-
right symmetric group like SU(2)L x SU(2)R x U(1). Parity violation
occurs, then, via spontaneous break down of this symmetry. This class
of models is of interest since neutrinons with non~zero mass can be
classified in such models quite naturally. Moreover, there are arguments
for left-right symmetric models coming from grand unification. For
example SO(10) and SU(16) grand unified models may spontaneously break in
many stages to this type of symmetry (see Chapter Six)., Models based on
the symmetry gauge group SU(2)L x SU(2)R x U(l)L+R have three distingui-
shing features /27/ :

1) There exist right-handed matter parallel to all left-handed
matter. In particular, corresponding to the left-handed neutrinos (QLe,
Vﬁu, 95:), there must exist the right-handed neutrinos (P¢. Vi . VI ),
distinct from the associated right-handed antineutrinos.

2) For every left-handed (V-A) -current couplea to a set of
gauge bosons W., there exists within the theory a parallel right-handed

L

(V+4) = current coupled to a distinct set of gauge bosons W_ with equal

R
strength., Associated with the SU(2)Lx SU(2)R substructures, there are

3

two sets of charged gauge bosons W.* and wé and two neutral ones W -~ and

L L
3
WR .

3) The observed distinction between left and right in the
charged current sector, i.e. the dominance of (V-A) over (V+#i) in B -
decay, j decay and m capture is brought about by the spontaneously -

; ; + +,
induced mass splitting between the charged W™ and W '; (Mw; > sz).
Likewise, left-right asymmetry in the neutral current sector must arise

by the spontaneously induced mass asymmetry between the neutral gauge



37

bosons. Such asymmetry in the charged as well as neutral sector must
then disappear asymptotically for energies much bigger than MWE.

Due to the above general considerations, the weak interaction
Lagrangian, in common with strong and electromagnetic interactions, is
invariant under space reflection. Another point is that the observed
parity non-invariance of low energy weak interactions in the class of
models is attributed to the idea that the vacuum state of the theory is
left=right asymmetric.

The electric charge operator in a model based on SU(2)L x SU(Z)R
x U(l)Y symmetry is defined as

Q=T, + T + TYO (2.6.1)

3L 3R
where T, and Ty are the third component of the SU(2)L and SU(2)R
respectively and TY° = 3T generate the U(1); oo Left-handed fermions
transform as SU(2)L doublets, and SU(2)R singlets; while right=handed
fermions transform as SU(2)L singlets and SU(2)R doublets. According to
these transformations and the electric charge of the representations,
leptons carry quentum number Y = -1 and quarks Y = 1/3, where Y/2 is
assumed to be the hypercharge quantum number of U(l)L+R generated by TYO.
It is required that the gauge invariant Lagrangian be invariant under the
discrete symmetry R<—L. This constraint leads to the equality of the
two SU(2)L and SU(2)R gauge couplings g =g =g at the tree level. For the

gauge symmetry of the theory, the covariant derivative is given by
Do=d.+iJwrsig wl+ig’B, (2.6.2)

and therefore the gauge invariant Lagrangian for SU(2)L x SU(2)R x U(1)

gauge group may be written as

+i T LPL +i TRBR, + T(DL, 4{-)+(Di $.) - V()
3 s ~

-((;“,E‘¢g§+h.c.), (2.6.3)
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where
w;:m - 3,.. v_v,';“" - a’, w’n‘.(ﬂ)_‘-s[w:ta)) -w‘;(m] , (2.6.4)
B,, = A8, -9,8B, ; (2.6.5)
Ly =|°e ) L — * (2.6.6)
; T
L 1L
" and
Re =| 92 I y R‘{_= :1 , (2'6'7)
¢ g LR

such that the lepton index 1 runs over l=e,u, T and the quark index takes
the values tq=u,c,t and bq=d,s,b.

In the lagrangian (2.6.3)<bi are the appropriate scalar fields
needed for breakhg the symmetry which will be discussed later. And
finally, the last term in the Lagrangian (2.6.3) is the Yukawa coupling
term which generates the fermion masses. Note that the quantum numbers
assignment implies
and

TRy = Tglq =0 . (2.6.8b)

To break the gauge symmetry and give mass to the gauge bosons at

least three multiplets of scalars are needed /27/ . Thus, one introduces

two doublets %, X, and one (2x2) multiplets ¢, so that

¢t
XL = |0 (2.6.9a)
xf
LR= xo (2060%)
and
¢'o ¢'+
¢= M 2.6.93)
LA (




39

Choosing these scalars, the kinetic part of scalar field in the Lagran-

gian

where

¢ =T,PT,

+ 2T (D#7D"¢ +D.P*D"$ )

D, 6704, = D] DA%, D% D,

(2.6.10)

(2.6.11)

Let the scalar fields develop the following vacuum expectation values

and

(2.6.12a)

(2.6.12Db)

(2.6.12¢)

(2.6.124)

The neutral boson mass matrix and neutral current structure, then, obtain

in the usual way /35/ o We find the neutral boson mass matrix as follows

b 2 17
k +k +AL

~( k%K)

_(kz+k'1')
z ’
K +k,'+ l:’

¥

Gl

After diagonalizing the mass matrix we find /35/

m

2

o}

and

2

N
4| 3
-gAn';_ . (2.6413)
2
gz(xt+)§)
(2.6.14)



L .2
1,2 2,2, =T(k+k'+

1 2 2 .2 /3
m,, = m; 3 ——'—‘AL:'\R ) { (1- €) Seczé'

2 172
+ (t+E) i[(we —(1-€) Seclg) +t.52(,+Tam‘a)] }

(2.6.15)
where
T = IV3 (2.6.16a)
3
A -2
€= k +k , (2.6.16b)
k + kl"+ X‘L ‘l’A R
and .
2 2 2 .2
6 ={ AL AR ) PR —A—"%-A—R-) } (2.6.16¢)
The physical fields are /35/
A = %9_( W2 +w3) +BCosH (2.6.17a)
Z) = Z)cosq -2 sing (2.6.17b)
2t = 2l cosp+ 20 sing (2.6.17¢)
where
2l = 22 (w2 +wh) - B,simo (2.6.18a)
and
Tam i@ = T26 Sech (2.6.19)

(1-€) sk —1+6)

40
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Substituting Wis and B,in terms of the physical field in the
fermion part of the Lagrangian, the neutral current Lagrangian is easily

obtained as follows

- M 39
LNC = eAP‘J:m -+ %_ Z,,‘ JV‘A -+ 7;—. ZJFJV":A (206020)
where
Sa= B X"{ sci-scg (4 - cpe"‘_s.‘.."'g)-g'-—Cos ¢3’}1P§ - (2.6.21)
and

1

M e .2 .
Jv*g Y, 3'"{9&%(-%-}@”" Sin o)+£SonCP 35}7}'5 . (2.6.22)

An interesting case happens when ¢ 0. In this particular case,
Egs. (2.6.17b) and (2.6.17c) reduce to

zl)‘ = Z:: (2.6.23&)
and

Zip= 2, (2.6.23b)

and L. of (2.6.20) are simplified as follows
Lye = €AuTlm — (2030 + 20 35) (2.6.24)

in which Jg and JK correspond to the currents given in (2.6.21) and
(2.6.22) in the limit of ¥—=0.

We observe that in this case the neutral currents conserve parity,
while for a general value of @ parity is violated.

When =0 from Eqs. (2.6.16c) and (2.6.19) we find that A —+Agi

remembering 80 the values of ’\L and ’\R are vacuum expectation values of
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left-handed and right-handed scalar doublets X.L and KR’ we conclude that
parity violation arises as a result of spontaneous breaking of the gauge
symmetry. Indeed, the same mechanism that gives rise to boson and fermion
masses in the theory. 1In this case, the masses of the neutral vector

bosons may be obtained from Bg. (2.6.15) as follows.

m‘%n = %(k"'—t— K*+A*) 1+ €) (2.6.25)
ml - 9,2 .2 2 a
v = T(k + K+ A7)(1-¢) Sec’d (2.6.26)

where '\L =A, = A+ One can show that

2 2
Moz = L (k" k>+a%) (2.6.27)

This along with Eq. (2.6.35) implies that

2 2
mzﬂ > mWL: . (2.6028)

We have discussed the low energy behaviour of the model /35/ and
it can be shown /36/ that it can reproduce the low energy result of the
standard model by rearranging the free parameters of the model /37/,

2

in particular when €-%0 and sin20 —»2 sin Ow.

b) The SU(2)L x SU(2)R x U(l)L x U(l)R model

Another type of left—right symmetry model that can still accom-
modate the data is based on the su(z)L x su(2)R x U(1)L x U(l)R gauge
symmetry group - Gauge models with this gauge group possess one
further neutral gauge boson. Such a structure results from colour flavour
symmetric and left-right symmetric grand unified models.‘ Moreover,
it may be considered as a natural extention of the case (a)s The models

discussed in the literature /28,39,40) give also a mass smaller than M,
: o

in the standard model for the lightest of the three neutral bosons.
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Associated with the subgroup U(l)L x U(l)R are two hypercharge
quantum numbers YL/2 and YR/Z which are the eigenvalues of the generators

TLo and TRo respectively. They contribute to the electric charge operator

o]
3R R

The typical generation of fermions are grouped into multiplets,

Q= Ty + Typ + ?° + T (2.6.29)

characterised by (T3L, Typr Y1 Yﬁ) quantum numbers:
Ve )
e ’ (_2‘1 0, =1, 0)‘
L
Y
e 7 (07 %’r 01 '1)
L P (2.6.30)
u ]
d ’ (’%‘9 Or"3'1 O)
L
u
d R g (o, ”;f'v 0, _|3') .

The scalar fields X0 Xpo ¢1 and ¢, with the quantum number
assignments (%,0,1,0), (0,%,0,1), (0,0,1,~1) and (3,%,0,0), respectively,

develop the following vacuum expectation values:

0
(X)) = s LB> = (2.6.31)
AL(R)
and
k o)
{#) = ) (2.6.32)
o K

to break the underlying symmetry of the theory to the U(l):Mgenerated

by Q,of Eq. (2.6.29). This choice of the scalars and the restrictions

@ = 2%/ Y0 (2.6.33)



lead to an agreement with the SLAC data on parity violation in e=D
scattering /28/.

The neutral sector contains, besides the photon three massive
fields; onhe of them is a pure vector field %E and the other two are pure

axial fields (Zﬁl . zﬁz), such that

zv_ COS_F;( Wi+ wR) — .3%9 (3:.+9R) (2.6.34a)
Zh= = (wh - wh) (2.6.34b)
ZA‘L = ﬁ (BL- BR) (2.6.340)

and here we have suppressed the space~time indices, and @ is defined by

-

Tan @ = g/g' (2.6435)
where g = &L,(r) 27° the SU(2)L(R) and g'= gL(R) are the U(l)L(R) coupling
constants. The mass matrix contains the parameter Q, and the value QA§510
demanded by experiments, guarantees that the mass of the lightest neutral

gauge boson is less than MZ of the standard model. Masses of the heavier

o]
neutral gauge bosons depend weakly on the parameter Qs SO that the

special choice of QAhas only a small influence in the energy range up to

180 Gev /41/.
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CHAPTER IIT., MULTI - NEUTRAL BOSON PROCESSES

3.1 Motivation.

The Salam=Weinberg /10/ unified gauge theory of electroweak
interaction, as it is now called the standard theory, has as its basis the
two twin principles of local gauge invariance and spontaneous symmetry
breaking. These principles are realised through the introduction of
vector bosons and scalar (Higgs) particles, whose couplings to one another
and to the elementary fermions are supposed to lie at the heart of all
weak interaction phenomena.

At the presently available energies the experimental results,
such as the neutrino, and the neutral current experiments /23/ are almost
in agreement with the standard model of electroweak theory. However, as
the experiments are not so accurate, the data does not allow to distin-
guish between the great variety of suggested electroweak gauge models,
Only those have been excluded which conserve parity in electronic neutral
current reactions. Decisive experimental tests are still missing: inves-—
tigation of the high energy behaviour, in particular, production of the
intermediate gauge bosons and the discovery of the Higgs scalars.

In order to distinguish between different models it will be
necessary to perform many different experiments. Among such experiments,
the effects of weak neutral current(s) or the neutral intermediate vector
bosori(s) in reactions eteTaf’f™ (with f being a charged light or heavy
fermion) are important; in particular, when the particle beams are pola-
rized.

The presence of weak neutral current(s) produce characteristic
effects which would be absent or suppressed if the interactions were

purely electromagnetic ones. For sxample, if the possible result of

et-e” scattering is the production of a u*p~ pair, in the framework of
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electroweak models, it can occur through a photon and neutral weak bosons.
The interference effects between electromagnetic and weak interactions
whicﬁ is, indeed a direct result of the wnification of these two forces,
provides contribution to the scattering amplitude which plays a signifi-
cant role in the parity violation question as well as corrections to the
cross-section at present energies,

As we observed in sections (2.5) and (2.6), it is possible that
the structure of the neutral cufrent sector shows up to be more compli-
cated than that of the standard model., For example a specific class of
"extended gauge theories" of the type SU(Z)Lx U(l)Yx G has the same low
energy behaviour as the standard model but predicts more that one weak
neutral current responsible for electroweak interaction. In view of
determining the realistic gauge structure of possible models, it is of
particular interest to compare the predictions of ete”pf'f™ reactions
for different models and experimental measurements.

Alternative models with more than one neutral boson possess the
interesting feature that the mass of the lightest neutral boson is smaller
than that of the standard model. Consequntly, there exists a possibility
to find resonance behaviour in cross sections below the z° mass.
Furthermore, there are also other theoretical reasons for considering
alternative models, Of particular interest are left-right symmetric
modles with spontaneous breakdown of parity invariance. For instance, a
neutrino mass different from zero, which is seriously discussed at
present, seems to be more natural in such nmulti-boson models rather than
in the standard model,

Our present knowledge permits a test of the low energy aspects of
the multi-neutral boson theories. Current efforts are aimed at improving
the precision of the low~energy tests and extending their range to reac-
tions not yet explored. On the high energy side, new machines are in the

making that will attempt to produce the weak quanta or detect their

characteristic effects.
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3.2 .Notations and Definitions

In this section we set up a model independent analysis for deter-
mining the effective interaction Lagrangian, Feynman rules and the nota-
tion which we will use throughout our calculations.

Throughout the calculations the following notation and definitions
are used:

a) 1y, is an appropriate spinor which identifies a fermion (£)

b) The Dirac operators (1+ X;)/Z and (1- XS)/‘? project out the

right- and left-handed pieces of the fermions, respectively

c) Q; is the electric charge of the fermion (f)

a) &y and g, are the vector and axial neutral weak coupling

constants, respectively

e) The chiral neutral weak coupling constants gband g are

related to gv and 8x by:
gy = (gy+ep)/2 (3.2.1a)
g, = (gg=g;)/2 - (3.2.1b)

Subject to the above notations, the neutral current interaction

Lagrangian which is relevant for reactions

et eT—p rt” (3.2.2)

via neutral intermediate vector boson exchange may be written down as

— — — ®
Lue = B35 A"+ B0 200 BLG %2000

EAME A (3.2.3)

=2
J

In which we have introduced the compact notation

[;‘je = X/‘ ( 356 - jﬁ{‘e Xf) ; 3:¢ = -£ . 3/:@ = 0 (3.2-4&)
] / ' o - .2.4b
ni = B3, =395, %) =% Gy=° (3+2.40)
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where j=1,2,34...n and xn, (#=0,1,2,3) is the Dirac matrices. In (3.2.3),
the photon couples to a fermion C@%) through the vector current

IV= L =e B i W (3.2.5)

with strength eQy and Q; is the charge of the fermion f, in units of the

proton charge l. Similarly, the weak neutral intermediate vector boson,

?{3 is defined to couple to a weak (V-A) neutral current

oY)

(J,f)w = {P;r,'..ﬁ '4)5; 334@3’#%’3;}4@;]»351%
_ i i
T MYmy TJeA

(3.2.6)

We now recall the Peynman rules which we use in our calculations.
Our conventions are those of Ref. (36), and the Feynman rules, in analogy

with the standard model, are summarized in Fig. (3.2.1) which, of course,

correspond to the unitary gauge

4 _idme
A NP ‘L‘
9 - By, 42
zY —_————y - - = (S,W Mz)/(q' MJ)
J J
RL
§ > Pt
ra
x i
-
5" n i
__-?3_-,»--- ‘r;f
;‘

Fig. (3.2.1) Feynman rules, in analogy with the standard
model
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The kinematics of the process etfe ™ £16~ is defined in the
centre~of-mass frame for the electron posiiron system where (K+, S+) and
(K_, S_) are the momentum and spin four-vectors of the incoming positron
and electron, respectively, and the final state (f~,f") momentum and spin
four vector are denoted by (K_:_, s;) and (K', S'). The variables of inte-

rest are (E) the energy of the e’ and e~ beams and

= = ' ! el
=K +X =K +K . (3.2.7)
By assuming that the collision takes place in the centre of mass system,

in terms of electron and positron energy beams E, we have

K, = E(1,0,0,4) (3.2.8a)
X_ = £5(1,0,0,-5) (3.2.8b)
where E = K% = k! =k® =K®
A= Ik IIE =1k I/E
= ‘Ez""z’%:-_: -y (3.2.9)

The other parameters involved will be introduced whenever needed.
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3.3 Differential Cross Section

The purpose of this section is to give a general expression for
the cross section and the scattering amplitude of the reaction (3.2.2)
in which an arbitrary number of neutral bosons are involved. The calcu-
lation is first presented for unpolarized beam and then both, initial and
final state polarization effects are taken into account.

Expressions for the cross section are divided into two parts:
first the invariant amplitude 111 which is a Lorentz scalar and in which
physics lies, and second the phase space and kinetic factors. 1In terms

of M1 the expression for the differential cross section is

de -

- 2 -2 S0 A
(zs)"lTﬂ] (amy “dk dKe

[
L AE ag

4 .
ik, th-k,-K),  (5.3.1)

in which we have adopted the notation of Ref. (35). The scattering ampli-
tude rﬂ1l1 is computed by drawing all Feynman graphs for the process in

question. According to our notation we have

2 1 9
[ RN

Fig. (3.3.1) Diagrams contributing in the lowest order to the

- + -
e+é ——f £ process.

Let us first consider the case in which the initial and final

states are both unpolarized. Using the Lagrangian (3.2.3) we find

|Tﬂ , |sn"d"{q’f Tr[({ Mo ) Y (K +m )X]Tr[(ﬁ "’4’3"”"*”’4)3 J
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@5 e2q? v_ P\ Lom
+ LRe }k:)q_m(jf Mf;)j X

[i Me) ¥, (% +m, f}"]-l:((ﬁ:-’”;)é}( +’";)’—"‘]+

v - Fqm
"'""Z T—‘(Sf”—qi) e-’-q - (34— q',,)x
T d M2 M3 M3
’D[(sz-me)l;‘{_,<%_+m;)r§g]T;[m;_m;)l;j (&im;)fij]} , (3.3.2)

where m, and m, are the electron and fermion masses respectively,

F=yortye and K= ¥*k, -
Evaluating the traces in (3.3.2) can be carried out by applying
the trace theorems in Appendix C . In pvarticular (A.16c) is very useful

in reducing the trace of five ¥ matrices, for example

A
Tr G K 8 Y,) =4l €,y KE K2

Simplifying the result for relativistic energies E3>m and neglecting
terms proportional to m2, the purely electromagnetic term (i.e. the first

term) is easily calculated. We find

lm]i _isnta* @f
EM {4

32 (ke () + (g k(oK)
(3.3.3)

while the electroweak term (i.e. the second term) which is the interfe-

rence between electromagnetic and weak interactions is obtained as

2 z 2
1280 o oy ‘ ’ ’ ‘
ITTII Ew T Tq?‘ %fﬁ"{\?feﬁv’;(( Ry ) ez de )+ (g ) k-"‘+))+

_J’ .Z
(3.3.4)

35 gk (0K, ) e k) = Uk ) o)) %

And finally the purely weak interaction scattering amplitude is given by
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hﬂlz ‘anzdz"i“ J qx i g' Y Y
w_ T qf /__{(3ve3vc+3,;e3%)(35;3;‘;*3,{43,&‘5)"

Ik

(¢ kel )0CKD) + Ok O0GK,) + (G )k = (k) 0k

. - - < .o“"clzf
( ie :E+ag Ve)( 345 g;gvf)} 2 2 * (3-305)
(q." k)(‘[-”j)

The total scattering amplitude is obtained by using Eqs. (3+3.5), (3.3.4)

and (3.3.3); for Eq. (3.3.2), one finds

[THI2'= —’i%:—z{((k*\k;)i(k;k:)l){% + P .z%(g L+

L

2

z 3AE.3A.L )

(kpxl) S (g
(&, Ky ) (K, x)

‘l”k

s 2 ’r.?
. < > . - (K ',.)—(k*-k_)"
IR AR E AR AR

J.k) ( k+.)<.,)z+(ﬂ;k'_)z‘

M . =4
(3329:84-\5{39;;)(3 UA-; )) q" } . (3.3.6)
M )(1_ t’l )

The quantity that can be compared with experimental results in
this case (i.e. unpolarized bosons) is the valueR (q7) = dG'/JG"'QED which
is given by

e"-z CLl * -

R(‘iz) = Q:‘.{- ARe. @, z g* 9% +

ey Q:-m. ve “v$

=4 ok ;
e 1 T a y S % aF ar
+Z 2 2 (533 3;‘3*31{2 34‘; )( VJ5 V';+jg§ :5) (353-7)

Z
J-M’,(i‘- My 1y)

The last term in expression (3.3.7) is of the order of g4, i.e. (weak
2

coupling)’ and hence very small., However the second term is a purely

leptonic process and by using the (e-1) universality is proportional to I (3%,) ad

PR ]
Z,(gv"e)z. This may be compared with measurable quantities though it
[97]

does not contain the g, gy terms. When polarization effects are taken

into account the interference between electromagnetic and weak interac-

tions, (i.e. corresponding to the second term in 3.3.7) picks ap terms
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proportional to &8y It is, in fact, this term which makes the polari-—

zation effects so important in e’e™ physics.

To see this let us consider

the case in which both the initial and final states are arbitrarily pola-

rized.

If the initial and final states are polarized, the quantity lTﬂ|2

in (3.3.1) is given by

{ m| —16 n’d‘%“'{ & TfehomaLOr L O K e L0r1,5) 1)

T (K mpy Lo 2204, (K s L0k £)y)

+ARRe. T —5(39’- J""‘x

1 1

Ty [(1;_.”.'):'{ O+ gsg_)g‘(—r\ﬁ me) & (|+Xsﬂ+)’3e"] X

,n;[(n'__ mg) L u+,x,sf)2/,(ﬁ*+m4).'imx,é?)r";;]

+ o £ *at (97— ‘” (3s'x ‘lq

J)k},l ql Hz

xTy [(ﬁ__m,)%(:w;{)lr;i(ﬁ;me;;_'(ux,g') :‘je" ]x

fo[(‘V(_'_- moL i ¥s 8'_)!;'1 (ﬁ;-f’"‘)i (143.2) C: ] }

(3.3.8)

The first term represents the purely electromagnetic effects that is

identified as

2 '
2 -
|Tn|EH__—— n‘a* 1" @ E*E,.,

(33.9)

and the value of E”’ is obtained by noting that the product of the odd

number of ¥ traces is zero., It then reads

E4Y = Te (K IR E0-m b 5" g ¥ o 17K B 1%

Me K £ 3700 e my" % £, 800 - m I3

~m2 AL 80 me BV 2L ) (3+3.98)
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The tensor " is easily computed by using the trace theorems of Appendix

C, we find

Em= q( kXKD = guok k_+ kX kY +
S5 (kM K24 kI k% ) — ks (4K 4 k7 sM)y
Ko (SPSY — GAVSs + SHSh -m e i o
~ ks (SRLo Sk 3] k)

ed}‘ﬁ\)s-ds*n—me"edﬁdok s

+ Mgt -a =nt

€
. 2
-—m, (éctﬂ/h) K, o ‘5"‘/3 —-m, 5av+

—ml(s#s? — gV s, + 8] s:‘)) . (3.3.9b)

The final state fermionic term, E can be obtained in a similar manner,

o
it turns out that the value of E;,, can be constructed by replacing the
quantities of the initial state by the final state, i.e. the unprimed
quantities are changed to primed ones. We will also apply this simple
notation, whenever possible, in our next calculation.

The interference between weak and electromagnetic interactions

is given in the second term of expression (3.3.8). That is

b - -2
I, = v R T4

Kyt 1= M,
(930 VL) gom g E'W""
I o 1€ (3+3.10)

After some computation and cancelling out the terms containing the trace

of odd number of ¥ matrices, the value of E%“f reads

B = gk, Tr (R LAY, -% &L Rs ¥, - meh ¥, £3,¥
~Me BLK Y, mR LY, _m LR ED, &5
_mE Ay, -m Y.

Ipe Tr (- W KX e -%, 8 0 & €1, 8 -m 4

-+

&.éyy +
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tmed XK Y amk € L —m A d Xy

2
_mib Yy emi 4k g, J,) : (3.3.10a)
Using the trace theorems of Appendix ¢ we find

E:ul = 43¢e(k*ﬂ k—v _5,.;, k-r‘ k_ + k-fv k-/‘*'- Sr.s"(k«n-k-"*'
k,,k_,.) +hes (RS, hyyS )+
-k, k_( SmSe—=S,S5_9,.,+ S,yS.n)
+hyS_ (S uk gy —kek g +S k)4

Ml € iny (RESA—STRE ¢ k3 s k1 sB)
/13,:e ( "ed,nm? kd "4 + €anmy “: -Akwk!
i €apuy RISk S Hi€ k] SOh RS
— i €uypy K S, 58kY _m, (K 58, g,k S vk S,

-S k_ f‘g‘.v' - S,k +S_"k_ +S k-5 Kk

LN 44

-5, 7,‘,)-i-m («Ed,.,,,, )y SO 3‘”, , (3.3.10b)
and by changing the electronic variables to the corresponding values of
fermionic ones, the fermionic part contained in the tensor E;"“’;)k of Eq.
(3.3.10a) can be easily built up from Eq. (3.3.10b).

Finally, the purely weak interaction scattering amplitude, the

last terms in Eqe (3.3.8) can be written down in terms of the tensor (vjix

in the following way

9 2 .2 fq.),
Ml = n*a®qe 5= 1 (g8 ‘LM.I)X
syt U=y J

e 1 ( eM_ qfqﬂ) kaw’j’k
qi-m :. 3 ME my 'V eE (343411)
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where W/{S is given by
w.ik —— 5’ 'k J" 3'& ) w' +( 5} s.k +3J.‘ S'K )wl -+
mo ( ve Jve + Jae Ine pav ve JagT Jae dye! Vv

. » - » . » . »
3 J kK __q3 8 4
+(3{'e3:"e‘ giore 52e ) Wﬂv+(3v¢ At 3Ae3ve )an

(3.3.112)
and
Wk = (95, 90y + 93 Ihe) Wi, + 053, 985 + 95, 905) Was +
33, 9% g r ) Wi (G0 N -9, 9k ) WA, -
3v53v; A$ YRS MY $ VA Asd v M (3.3.11’0)

Applying the trace theorems of Appendix C for (343.11), the value of the

W's are easily calculated as
1 .
W,p=14 ( KKy = Gy Ry kb kK tMe € gy ( kfs‘a"

?
- Sfd k.a) —( Sol‘s-\’ﬁ\g}iﬂ Sf. S_+sf|)s_,“)mg) ’

(3+3.11¢)
- 2
W = "(‘ Eupny (Me S SB kG KB) +melk,, Sv-d. ks
LU ERNTN k_+5_w5_”)m:) , (3.3.11d)

R S,
wm,._ 4( S’.s_ ( kﬁ, Ky +k,, k) — S, k_(kms_‘,a-kws_”)
2
—Me 3#9+ ko S*/‘"S-ﬂ - S*‘S- v + Sy S_n)

. 4.4 .4
~-k:s_{ S,k y=Spk_3uy+ ka_,,)qewm( K k4 kC s3) ,(3.3.11e)

4 . M 4 t a
Wi = 4((60,/," k35, kF -k ST e i€,y S5k ST -

of
- S'+,- K )+ M, ( k+)-5w * k-o J Swt"' "‘-,.S.u +k, Sw) :

(3¢3.11F)
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As was mentioned, the values of W' in Eq. (3.3.11b) can easily be cons-
tructed from the values of W through Eqs. (3.3.11c), (3.3.11d), (3.3.1le)
and (3.3.11f).

The expression (3.3.9) may now be symbolically written as

I = | Mipy + |l + I, (3.3.8)

with | T1) %50 anlew and |m|2 given by Bas. (3.3.9), (3.3.10) and
(3.3.11) respectively. This is quite general in the following sense:
i) It is applicable for the processes in which an arbitrary
number of neutral bosons including the photon are exchanged.
ii) It can be applied for heavy and light fermions.
iii) It can be used for the processes in which the initial and
final states are arbitrarily polarized.
There is also no restriction on the coupling g's hence it may be used for
testing the (e-1) universality in purely leptonic reactions. Note also
that if only the initial states are polarized and the final state polari-
zation effects are not desired a factor of 4 must be taken into account.
To see these things more clearly, let us examine the case for
which only the colliding e*e” beams are polarized and involve two neutral
exchange particles, the photon and one weak neutral boson responsible for
electroweak interactions. Such a case, obviously, is useful for those
electroweak gauge models which predict only one massive weak neutral
gauge boson as well as a massless photon. Now after, in addition to the
kinematic variables given in Egs. (3.2.8a) and (3.2.8b), we specify the
spin and momentum four vectors S4 and K; in the centre of mass system as

follows

Sy = P (AY¥Co5B,, SmB,Cosd,, Sin0, Snd, , s8,), (33.122)

SF= P (-A¥GsO., Sin Casd, SinB_Sme.,Gs8,), (3.3.12D)
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K =E(), A'sin0Cosd, A SinBSne, 4Co59) , (343.120)

KX =E(1,~AShoCosd,-Asin0Snd,_Asa) . (3.3.124)

This definition of the coordinate system is shown graphically in Fig.
(3.3.2).

Fige (3.3.2) Definition of coordinate system

In definition (3.3.12) the quantities 5 and ¥ have already been defined

and P+( P ) is the magnitude of the polarization of the positron (electron).
Evaluation of the scattering amplitude |Th)2, in BEqs (3.3.8)

can easily be carried out by substituting the kinematic variables of

(3.3.12) and (3.2.8) for the corresponding quantities in (3.3.8). Inser-

ting the resulting value of [7’r1|2 in (3.3.1) and applying Appendix C one

can then find the angular distribution for the reaction in question as

al
) %%- = gL {-(l+ Cos"‘e)(‘l-#P.,.ECo.SG,CoSe_) Rd +

PP SinD Sinfl, Smo_COS( 26 - F,- ) F, (4 +
20656 ( 1+ P, P.Cosg, Cosg. ) [{(Q°) +

(1+ Cos™B)( Py Cos, + P COSO. ) Fu(q?)+
2COSH(P.COS G, + P.Cosg_) Fs (1Y +

-PP s.‘nzesine,,s.‘ne_Sin(:¢-¢,— +_) Fdfq‘)} (3.3.13)

in which we have neglected the terms of order "/E and the "form factors"

F's are given by

Feah = 1+ 2h 13 Re (9], 91, ) + W e (190, 15195 0814133, 1) , (3.3.14a)
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FAAY) = 1+ 2h(QRe(9he 910 + T (1951 =198 )01 301946, (3.3.14D)

F.'i(‘{z) =2h(Y R¢~(3,'" 5;’:;)+h7"‘[7-)&.(23";e 3};3)R€(23::; 9’;4) ) (3.3.14¢)
z ¢ t gt L a2 * 2 2
Fy(¥) = 2h(IRe-( 3¢ T )+ M () Rer(29,, 900U 3088, 1)  ,  (3.3.14d)
F5ﬁl)=2h(‘f‘)R¢~(3€¢ 35;)+ﬁ1(1’)R¢.(25'"3L)(lghll.,.lg:"‘z) , (3.3.14e)
F(2) = Ah(2) Tm (3l 9hg) 4RI I (29, ) (19151 9) 1), (303:24)
where
~1_2
h(‘iz) — e 1 R (3.3.15)

P My

The angular distribution given by (3.3.13) is consistent with
the result of Ref. (37) when the electron-positron beams are longitudi-
nally polarized. We now summarize some physical interpretations resul-
ting from  Egs. (3.3.13) and (3.3.14). From an observation of Egs.
(3.3.13) and (3.3.14), it is realised that if any measurement of
angular distribution indicates a non-zero value for the form factors F3...
F6 this would imply the existence of a weak neutral current. Secondly,
if the experiments show a non-zero value for the coefficients F4 and F5
parity is not conserved in a world described by the associated electro-
weak theory which identifies the couplings g%f, éAe' Thirdly, if Fy is
non-zero time reversal invariance is violated. 4nd finally, in the
purely leptonic processes if the coefficient Fé is positive (e-l) univer-
sality would be violated for energies M12;>q2. We point out that all
these statements are correct when the effects of higher order (i.e. (weak)2
terms) are neglected.

Similarly, if we neglect the terms of order mq/E in the calcula-
tion of |Tn|2 in Eq. (3.3.8), the angular distribution for arbitrarily
polarized e*e™ beams yield

e _ _a?
dn ~ 16E*

n { (m"'+ A'cos*9)(1+P, P. Cos 8, Cosa, ) Hah+
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. ((/3"'... A') €osd ( P, Cos6, + R Cosg_)) Hyta) +
+ ( ¥ (A% & P, P Cos B, Cose ) Ha(1') +
+{(73™ + A Cos™0) P, 030, + . CosfL) M, () +

+( 201+ PP Cos0,€056.) Cos§ ) Hg () +

+(ﬂ PP Sin 9.Sm9.,,5m9 Cos(3d -, - C#))Hs(‘l)*
A

P, P Sin' GSmG_' Sng.Sin(3d - B,- ))H (4 ’} ’ (3.3.16)

where the form factor H's are given by

HOE) = Y (97, 9% + 95, S5 8%, 95,495 350h i, (.3.172)
Jrh
H(q) = 7‘(3 et 9ie S8 S, 5yt T Wy, (3e3270)

H (q') = 5'— (jvg gve"‘gnc 3/48)( 3v5r 3v} '3M 3,0;) Jk ’ (3.3.170)

Ik

b4
Hh(v

1

Z ( sje S:e*gf?e 3:"e)( 3{:; 3:; "'34:; 3:;”"‘;"(‘12) , (343.174)
Jr
Hstd) = ;‘( e Ime+ Ihe Ine N 33, I+ 325 Ive) h: (), (3.3.17e)
1} . * . % -, »,
He@) = (97, 3o~ 35 35 T 30+ 54 I hyahy (303178
J, K

(95 qk _qi q) F a% .97 g 3.1
H (@) = 5 33, 55~ 9he S50 ) 90, 9%+ 95, SRty C2178)
in

and

hs\ = 16.:}: 5“1‘ . (303.18)
;-

From the above calculations it follows that

i) The form factor H3 (qz) is suppr;e‘ssed by a X'-z factor
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(if m§<Z,E2 the expression (3.3.13) results for j,K=0,1, as expected)
ii) We note that, only the form factors Hl(qz), H3(q2) and

Hs(qz) can be compared with measurable quantities if electronw~positron
beams are unpolarized (this was pointed out in our previous argument in
Eq.(3.3.6) for unpolarized beams). In order to observe parity violating
terms, including the relative signs of &y and a1 longitudinally polarized
beams essentially enhance this effect, as far as the coefficient Hs(qz)
is concerned. We will discuss this point for purely leptonic pair produce
tion in the next section.

ijii) Having both beams longitudinally polarized does not give
more information than one beam longitudinally polarized and the other one
unpolarized. Having Y"ﬂ2 as it was given by (3.3.8) along with rela—
tions (3.3.9), (3.3.10) and (3.3.11) makes it, in principle, possible to
compute the differential -cross section, cross section and symmetry (up to
some coupling constant coefficients) as soon as the kinematic variables
are specified for the reaction e’e——f'f~, We postpone these calcula-
tions until the next section, when we precisely decide which processes
are phenomenologically interesting for the purpose of connecting experi=

mental results with the corresponding ones of electroweak models.
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344 Light Lepton pair production.

In this section light lepton pair production, in particular the
reaction eteT—sp™” is analysed. We are interested in the case for
which only the initial states are arbitrarily polarized.

The most important effects of multi-neutral boson processes in
a typical reaction e’e——1%1" (with 1 being a lepton) come from the
interference between weak and electrmagnetic interactions. In our proce-
dure, these effects have been represented within the amplitude rnnléw of
the expression (3.3.8). It is, in fact, these interference effects that
play a crucial role both from an experimental and theoretical point of
view. From the experimental point of view, the asymmetry caused by inter-
ference effects of electroweak interactions is a measurable quantity.
This, in turn, provides the parity-violating effects in nature and conse=
quently suggests a criterion for distinguishing between many different
classes of Salam=Weinberg type electroweak models.

To make the relationships as simple as possible, we choose the
coupling constants in (3.3.8) to be real, since this precisely coincides
with the structure of the present electroweak gauge models.

The angular distribution for the reaction e+e:——+pfhf is easily

computed through our previous calculations. That is

-2 2
g%:—.(éE) « Z {(lfP,P_COSG,.Co.SQ_)(I-*CaSzG)X
J.k
. . r M > "
(\9\% :e * AIe 342)( 3&,. 3\;'"5;3’;. jﬁn)+

20058( 3¢ Ipe +3he I Ii s Inn+ 35, Svi )P cose, +P 54 )
(P, Cas@,+ RCasE. )(i+ Cas?g) X
(37 37 +3he 3o ) 33, Im +3in I5m) +

2€088 {1+ PP Cos0,C058_ ) (930 9%+ 93e 3



(3J J* +5{r3vkp) + P,P. Sm%g 51;16_, ‘S""e‘aa‘(:¢-¢*-¢_)x

v Vap
(jde\gv.l‘e - 92, Snke)( 33» 3::“ 43;:“ 3:")} hJ (3-4.1)

where

h; ) = h(@) h (1) (3.4.2)
and

(qY —  €rq* .
h(q) = T Y (3.4.3a)
3

hetd) =1 (.4.3b)
In calculating the expression (3.4.1), terms of order m/E have been
neglected.

If the hypothesis of (e-m) universality is held i.e. gie = g,
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Ban=

3 io_ 3 i . )
g, and gy = 8yn = & the angular distribution (3.4.1) becomes simpler;
in particular for three boson exchange processes of reaction e+é:—4jiﬁd-
with arbitrary electron-positron beam polarizations, it reduces to the

following form

2

a6 % 2 2 2 2 2
6E* ( mxx + MMy 5+ mz,zl+ marz,"'mxz;"'mz,zz) (3.4.4)

ax

in which we have separated the electromagnetic contribution Tn;; :

2
My = (14 Cs™)(1+ PR Cos8,Cas6.) + P R Sin'B X

SnB, Snl_Cas(ad -, - ). (3.4.5)

The purely neutral weak terms ‘h?i,zx , contributing to the angular
J
distribution, are:
%

2 2 2 2
z.7; = { (1+P, P Cos @, Cos6.) (1+Gs9)( 97 +97) +

m

- 3
2Cos6(49)97) +
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. . 4, &,
+ PR Sin?9 5m By SinO_ C06(1¢—¢+_c)>_)(35_-.33)}x
~4n4
"EL‘:;T‘ (3.4.6)
2 2
(qQ°-M;)

and

2
2 4
Mz 7, = :{m PP Cas, Coso_) ( (1+Cas0)( 3 93 + 9, 9%
' H
+2cas8( 90 95+ 94 92)°) + (Prcoss,+RGosh_ ) X
(140050 ( 9, 93 +91 92)(IL 9L +9493) + PR Sin'g Sin g X
2 A 2 2 "4cl"
; 2 ‘¢‘¢- ! 1‘3’3‘)—8——"—' oele
Snp_Cos( ¢ + )(3.,3,, aJa (1‘..1',)(1;‘":) (3 4 7)
Finally, the terms containing interference between electromagnetic and
weak amplitudes, responsible for parity-violation effects in e+e7-{ufh_
are given by

2 2, 2,
mnj-——' 1{“1— P+P.CO$9,C056_)((I+6052'9)33 + 26063;,’)1-

(PrCasBy, +P.CosO_)(1+ cosa)™ 33 97 +

- 1‘
( Py P. Sl.n39 Sin By SING_Cas (24—~ 4>_‘,—4"_.)3; } X

el (3.4.8)
- My

If the mass of weak neutral bosons are large with respect to g

the lowest order of angular distribution is practically effective. 1In

this limit formula (3.4.4) reduces to the following form
dG‘_A_,_ dj'

2 L2 .
i = e {((st 8)(1+ P, P Cosg, Cas8_)+ P, P. Sin @ Sin@ SnOX

Cos (2= ¢y~ b.)) +

2,
Y 33(('+W19)(I+ P, P. (050, CosO. + P,P. $in'g Sind,X
J=1,2
. -2 —_— 1.
S coccas-,-9.) L1 5 ) (seusox
- M J=n2



e—lq.?. . -
(1+ P+P.Co§9+6059_)) — t 2, BRI
q' = Mj j:;l
~2,42
2 e~ "q
(( P, Cosg, + R Cas8.)(}+Cas) )?_—;,—;, } . (3.4.9)
J
For transversely polarized electron-positron beams Eg. (3.4.9)
reads
de _ o Cos™0) + PP SinB Cos28) +
Tn = Tees {1100+ R S asg
1 2 .2 e 2q?
Z 93 ((1eCos® + PP Sin'gCos2d) e
J=h2
3. -2.2
5 S tacze) L
. - ™M;
J=n1

(3.4.10)

and consequently when initial beams are transversely polarized the terms

proportional to gng are cancelled.

The total cross-section for the reaction e+e'-—;).1+)1-, via three

bosons, can be easily computed by integrating Eg. (3.4.4). We find

Ceve-—aptne = €y + 62,2, + 62,2, + Syz,+ 6y2,+ 62,2, (3.4.11)

where

2
Eyy = (1+ PP Cos9,Cos0_) L2 &

3e: — CEM (3.4.12)
- by 2 2 .. A
62j2j= 267 a "(( 33+ 35) + 237 392 (334-35)2(9',9_));(
q4
TAZ_ 2 (3.4.13)
(*-H7 )%

and
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- 2
Oz, =2 Semel ({992 +3592) + (30 35+ 939

4
1 2 ' Y .
(9090 + 9 30) ooy (3.4.14)
Finally the term & is given by
¥Z;
& 26207 93 4 qi qF Q!
vz, = 26smd (97 + 9} 97 Plo,00) 5t (3.4.15)
J
where j=1,2 and
P(e*,e_) — P Cos6 4+ +P.Cos 8. .
1+ PP Cosg,Cos8. (3.4.16)

The Eq. (3.4.11) has been normalized with the well-known electromagnetic

cross section GEM"

It is clear, from (3.4.14) how much the polarization factor
P(6+,q_), [in our parameterization and polarization] in general is signi-

+

ficant in e*e”™ physics. In ete™—1% 17, [and particularly in our present

example et

e—su*u"], having transversely polarized electrons and posi—
trons helps to enhance the vectorial coupling constants of the terms in
(3.4.15), so that the total production cross—section in this particular
case (i.e. 9 =06_-= n/2, ¢; = Cy, ¢_ =n) is obviosly independent of the

beam polarization P, The low energy limit of the cross-—section in this

case is easily obtained (3.4.10); we find

% 2
2 ] g2
S ptne = Bt (1+ 2 (D, & ) - (3.4.17)

mE

We notice that if the electron—positron beam is transversely polarized,

in the low energy limit, the contributions of axial coupling constants

are suppressed. Whereas in the same limit, with both beams longitudinally
polarized (QL:= g = 0), the axial coupling constants are enhanced. This

can directly be understood from the term given in Eq., (3.4.10) which
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effectively changes the strength of parity violation in experiments,
Practically, the parity violation terms can be projected out by

measuring the cross-—section with both beams longitudinally polarized and

then repeating the experiment with both polarization reversed ( Q'_ =6 =n).

In this way, the asymmetry

Ae) = (d67d2)p 5,6)= (d67d52)p 1, n)

(3.4.18)
(d6/dn)p 5, 0y +(d67d5)p 4, 1y
is practically measured. Using £q. (3.4.1) one can calculate this quan-
tity for any purely leptonic process e+e7——>1+l-; this quantity in our
example for three vector boson exchange up to the lowest order electromag-

netic and weak terms reduces to

C, (14 Cos?@) + 2C; CosB
2C, Cos@ + Cy(1+Cos520)

Ae) =

Pc¢s.0) (3.4.19)

where the coefficients C are given by

-2 o
C == & F9a g, €232 94 q* (3.4.20)
12 Mll ?L—Mz
- - 2
C, = A el (3.4.21)
3 - 2 F) + g- 1
LCc-M 1°-M,
and
-2 42 g2 2.1 42
Cq-‘- )+ e~ 9.9 " e 51 . (3.4.22)

?'2_ M'& q‘_ M:

An alternative way of measuring the parity violation for ‘the

reaction et

e—su*'”, (via one neutral gauge boson), has been discussed im
/38/, that is, to measure the helicity of the outgoing muon. This can be
investigated, in our approach, directly from relations (3.3.8), (3.3.1)

and (3.3.10), with an appropriate parameterization, which will be done in
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the next section.
Before closing the study of ete™—+1"1", let us point out that
the above discussion can be applied to Bhabha scattering of the ete™——

e*e™ reaction which is also interesting in the study of electroweak inter-

+ + -

action, The diagram contributing, in the tree approximation, to e'e —se

reaction have been shown in Fige. (3.4.1).

N

(
A :Zj
!

/N

Fig. (3.4.1) Diagrams contributing in the lowest order to the Bhabha

scattering.

In this case the invariant amplitude of Eq. (3.3.1) must be

replaced by the following one

1 2
lml’_ T (k.6 ) X Uk, S )T (RS ) ¥ (hs)
e q-,‘ e -+ + pa [4 - - e ! s e + +
_ 1,6
— : 91 !
+ T B s (gt =5 o)
J =1 J J

e ’ I v et _ ’ ’ - . s Y
e w,sI) [0 vtk s,)}_ T Bk, S8 vk, s Uk s)E

Ue(k_ S )= > | B(k_, 5,7 v}(n’,s’)((gf‘-ﬁg) -;—)
5 LA S LA HJ% (_lz_";
2

Ue“"-'S.')’:*&i Up(k_, 5.)} )

(3.423)
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in which the same notation has been used as Eq. (3.3.1) and

q' = K -K' (3.4.24)
We have not calculated the whole detail of computations of cross—section
for this case, but having the relations (3.3.11), (3.3.10) and (3.3.9),
the same method can be followed to evaluate the angular distribution and
the asymmetry defined by (3.4.19) for both transversely and longitudinally
polarised beams, The resulting asymmetry, in this case, seems to be

approximately of the same order of magnitude as the p.+n- pair production.
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3¢5 Final state polarization effects.

In this section, we study the reaction e+e7—-ynfh- for the case
in which the outgoing particles are polarized. If this effect is obser-
vable, it may be regarded as an alternative way for testing the electro-
weak phenomena and consequently another method for distinguishing between
different electroweak models.

We work out a prity-violating helicity distribution for utn”
pair production by assuming that one particle, for example the muon, is
polarized. It is shown that the scattering amplitude, in particular the
Ji- polarization term, picks up some contribution from the interference
of electromagnetic and weak interactions. This suggests that in the

reaction e’eTou*u”, the mean u~ helicity

2
(h') — Imlh-ﬂ Imlh'=-|
] lm|:'='+\+ |Tl'llh'=_, (3.5.1)

could be compared with experimental results /38/.

The quantity || 2 has already been evaluated in section (3.3)
and to complete its calculation, we only need to specify the kinematic
variables. To do so, apart from the definitions (3.2.7), (3.2.8),
(3.3.12¢c) and (3.3.12d), we take the electron and positron spins to be
equal and opposite so that

5, = P+(O,1,0,0) = =S_ (3.5.2)

and for outgoing muon
S.=h (AY, Fsmacase , ¥'smasme, ¥cass) . (3.5.3)

Substituting for the kinematic variables in (3.3.8), (3.3.9),
(3.3.120) and (3.3.11) and using Appendix ¢ and taking the low =

energy limit for j=1,2 we find
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)

2 2 .
Iml = 1614 {:'L.(Hcos*e-::’“s.n"eoasm) -
2 2,2
Y. Ji(1+cas?p - P sintg cosad) =1 4
\j:’oa q"—“}

- Z hl\jj 33 (/i'( 1+ Casy — PJ'S:'n"'g 605;4;)-.7/;@59))(

J::',J-
-2 al 2 -2 -2
e"q y ‘ e "q
'——1’__”% - JZ-,”\S; (2374 Cos8) _—T‘if—ﬁf } R (3+5.4)
7 =),

where P = -P_ = P. Eq. (3+5.4) indicates that the muon helicity h' has

contribution from the g g, term. Applying Eq. (3e5.4) to (3.5.1) yields

the helicity distribution for the m~ muons. This is

2 2.2
: (1+ cosg) = P Sim?9 cos2eb)H
(o= ( )‘1 (3.5.5)
Alacosg) + V (1+ Cos’g-PSné Cosag
where
.. =22
H— _ fqr €9
o ;‘Z:'t,z I Y ‘l‘—HJ’- ’ (3.5.6)
— X e""q""
= q 3.5.7
A = jL:;"l 3,’ QI-NJ?' ) ( 5 )
and
J’, e"zq-z
= L S =T _ .
V= < M E‘lﬂ gv 21 “"1,'a (3.5.8)

The mean value of the muon helicity given by (3.5.5),up to
coupling g's,is a model independent quantity and hence it can be used to
distinguish between different electroweak models by comparing the coeffj- .

cients H, A and V with the experimental ones.
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Using expression (3.5.5) for one boson exchange.processes

one obtains /38/

' 2
' v q
(’1)_: 334

-_— ]..,,.
and Mz, (

2 Cos8

— ) (3.5.9)
1+ Cos™9 - P*Sin“g Cosae
where g", = & gA = 8y and Ml = MZ « For p=0, it then reduces to the
well-known result

’

2
(h)_ o~ Lrleso)l (3.5.10)
- 1+ Cos 2@
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3.6 Deep — inelastic polarized e — N scattering.

The observation of processes involving weak neutral currents
leads one to expect parity-violating effects. Such effects would arise
in lowest order of weak interactions from the interferences of the weak
and electromagnetic amplitudes when either the initial or the final states
is polarized (see Egqs. (3.4.19) and (3.5.5)). The dependence of the scatte-
ring cross section on these effects occur at a level of approximately
7;Gj'%%7 where Gj is a function of coupling constants (see Eq. (2.4.15).
In high energy experiments, where q2 is typically of order a few Gev, the
corresponding parity-violating effects, when only 7° is involved in the
elctroweak processes, are of order a few times 1070 (i.e. d/Hge &
GFqg/And:z 10-5). If there exist a few number of neutral weak bosons
with masses around Mzo their effects do not change the value of 10_5 by
very much, since the strength of parity-violation ( § G’jct!/"';::) is an addi-
tive quantity in our procedure. Consequently, an accurate experiment is
needed to determine the possible existence of the neutral gauge boson(s).
The most accurate experiment that measures parity-violation effects
through the asymmetry for polarized electron-nucleon scattering is now
being undertaken at SLAC.

The study of weak—electromagnetic interference for deep—inelastic
electron-nucleon scattering has been explored previously /39, 40, 41, 42/.
However, here we-.want +to develop this approach for multi-neutral boson
processes. In what follows, we borrow the idea of Ref.(42) and adapt our
method with the context of the usual quark-parton model /43/. The measu~
rable quantity which is studied is the asymmetry in e-N scattering when
the electron beam is longitudinally polarized.

According to our notation of sec. (3.2), the Lagrangian (3.2.3)

can be written as
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Luc = JZ( QP!— LA Z + 3 % »‘L#'LZ ) (3.6.1 )
where
— Tnli+¥s) 6.2
Meq = Smbrds) (3.6.2a)
and
r‘,.,_ —_ i‘(;.;xn . (3.6.2b)
GR and Mt have the same meaning as Eqs. (3.2.4), i.e. we treat -iE;R

and -i{;L as vertices with the strength e and Bre respectively. When
the fermion f is a constituent of hadron, it runs over the quark u,d,e«..
which build up the hadron, in general,

We first calculate the differential cross-sectiondG’Lf and¢£6%f
for the scattering of left and right polarized electrons off the consti-
tuents of nucleon in the framework of the standard quark-parton model,

We then compute d G'L (r)

dg'L(R) Z u{- L(RJ (3.6.3)

by assuming that the parton distribution function Ug is the same for left
and right-handed processe. Since the calculations are done in the high
energy and large momentum transfer regime, we neglect the electron and
quark-parton masses. In this way, by using Eq. (3.6.3) and what we did
in section (3.3), the scattering amplitude for right-handed electron on

right-handed quark of type f is given by

a L. - 2
Il = ‘? Ire A5 (70 5°) Glu (80w (3.6.4)

where j=0' 1, 2, eee and
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b
J

and
MO - Mx = o . (30606)
Inserting ITn|2 in Eq . (3.3.1), the differential cross-section is easl Ty

calculated. We find
2
f‘ _ - . ’ f] . .
=T 9% 3 6|l Iz (3.6.7
J

where (K;,K_) and (Ki,Ki) have already been defined in (3.2.8). 1In a
similar way the differential cross-section for right(left)-handed elecr—on

off left(right)-handed quark of type f are calculated. They are

L

at G;q*) (k'; ke )ik, k)T (3.6.9

R(L)

L(R){

and finally the differential cross-section for left-handed electron of!

left=handed quarks of type f becomes

2
Y f 2 ' s
%% 3 Gy [0k kT, (6

where I in Egqs. (3.6.7), (3.6.8) and (3.6.9) symbolically denotes the
other factors.
Having the structure of differential cross-section of Egs.(3de 7)

and (3.6.8) and (3.6.9), the asymmetry, A, characterized by

Ag) = 35 —d%a (3.6, 1€3)
46, 4d6g

can be calculated, We find
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. . 2 . . 2
A= { Z“&(‘Z 87 Ia; Gah) -‘c; 95, 92,60 +
5 3
P15 95 97 e (Y 95, 95, G
* ZJ.:SRC L j(q'))— 5 Jie Rs Yy ) X

{ 215 81, 9%, GO+ (T ol 3, 6edy’+
J

-1
. . . . . 2
+ v ( ’; 37,92 cj(q’))"w( Y95, 9. 6, )} (3.6,10 b)
J

BEq. (3.6.11) is quite general and all parameters, except & and ¥ can be
compared with the corresponding quantities given by electroweak gauge
models.-which we will separately argue in the next sections. In order to
evaluate Uf and v we employ the quark-parton approach in which the
"distribution function" U-f is usually interpreted as the probability
density of finding a quark of type f with fractional longitudinal momentum
2

N == 1

amy

(3.6.11)

where q is the momentum transfer to the nucleon N, MN the mass of nucleon

and

V= E~-E, (3.6.12)
with E_ and E+ being the energy of initial and final electron respec=-

tively, Defining
V
=2 346413
y=2 (3.6:13)
after some calculation (see App.C ) we find

2
V= gz vy (3.6.14)

It is now straightforward to compute the A(%,y) in e+N-—be+



hadron reaction. For the case in which one photon ¥ and two neutral
bosons are involved, Eq. (3.6.10) reduces to

P )
A — q ° > 5 ;

J=h2

~ 93¢ 9% 90 35,) + v ( I5e 956 33, 87, -

9;. 3;; 333 3;4 )] )} {; U;(’)‘-)[( 3;2 3;;)’:

17

° . ° o 12 . a 2
+(SLC gl.{)"-f- V(g)((SRQSLf) +(3Lg Sf\'i) )] » (3.6.15)

in which we have kept the lowest order <terms of order qzéqz-Mj%, in our

calculation.
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3.7 summaslzo

We presented a general analysis for the multi-neutral boson
exchange processes e+e7——»f+f-. First, unpolarized beams were discussed
which led to the relation (3.3.7) that might be useful for connecting the
experimental results to the corresponding ones in electroweak models.
Then we systematically considered processes in which initial electronic
and final fermionic states were arbitrarily polarized. For this case the
scattering amplitude given by Eq. (3.3.8) is also valid for any kind of
light or heavy fermions at low or high energies. By neglecting the elec—
tron mass m, a rather simple angular distribution formula was obtained in
Eqe (3.3.16). The method was then specialized for the ete™—s1%1” with
1 being any lepton; in particular the reaction e*é-L—»}iﬁi- which is more
interesting in experiments was studied. The angular distribution, the
cross=section and the asymmetry for m pair production,and with arbitrary
electronic beam polarization were worked out. To clarify this method we
have calculated the asymmetry for three wvector boson exchange processes
which was given by Eq. (3.4.20).

When initial electronic beams are transversely polarized for
possibly measuring the final state polarization effects in section (5) we
computed the mean value of the muon helicity and our results were summa—
rized in Eq.(3.5.4).

Deep—inelastic processes can also be studied through our approach
and we have calculated the asymmetry for polarized electron-nucleon scat—
tering in section 6. In this case the results depend on the quark-parton
model that has been shown in Eg. (3.6.15).

e £r™ reaction contain two types of

Our analysis of the e
parameters. The parameters which come into the calculations through the
polarization effects such as g+, o, ¢1 and ¢ , they must be fixed for any

specific experiment. And the second types are the coupling constant g's
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that can be compared with their corresponding values determined through
the Lagrangian of the electroweak model for the tree graphs. TFor example,
if parity is violated in Nature it may be observable in reaction ete

2" through the asymmetry given by

(1+Cas2§) €y + 3Ca CosO
2CyCos@ + (14 Con'8)C,

Al8) = Pto,0)

(3.7.1)

(see Bg. (3.4.21)). In this formula 6 and P(0,0) is to be fixed by expe-
riments and the coefficient C's depend on the couplings of neutral
current (s) to the neutral gauge boson(s). For the standard model they
correspond to the following values. (See Eqs. [3.4.21), (3.4.22), (3.4.23)

and the Table (2.2.1))

C,=C,= 23 (456, -1) (3.7.2)
€y = 23 (3.7.3)
Cy= 11234 s.‘n"ew-:) , (3.7.4)

where we have used Egs. (2.3.3 ) and (2.2.21), and

2 2 geMi -4 ¢
= :.‘11. ~':. = qz.( a -f-)=—°‘£'1$“° 3
U-M; 4Sin'29 M, " 3nd/3 Mo

(37.5)

with MP being the proton mass and GF is the FPermi constant
~
For the model based on the SU(2)L x U(l)Y x U(l)f’gauge symmetry
which was discussed in Chapter-2, the coefficients 'C are given in Egs.

(3¢4.21), (3.4.22) and (3.4.23). The coupling constant g's can easily

be calculated by comparing Egs. (2.5.27) and (3.2.3). One obtains

33=_;J. - (347.6)
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and

3% = 4 a0~ -t} (3.7.7)
J

where j<1,2; f, and f, have been calculated in Egs. (2.5.4) and (2.5.42).
In Egs. (3.7.6) and (3.7.7) the neutral boson masses M, and M, are

specified by the corresponding parameters m, and m

5 introduced in Egs.

(2.5.20) and (2.5.21).

Measurement of parity~violating effects in purely leptonic inter-—
actions such as e+e:—+Ji5i- process is not only of general interest
because it arises from interference between weak and electromagnetic
amplitudes, but particularly because it involves the neutral currents
coupling of the electron in a2 well defined manner. The exact vector and
axial-vector nature of this coupling occupies a central role in determi-

ning the correct electroweak models,
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CHAPTER IV. GRAND UNIFIED THEORIES

4.1 Colour charge

From what was described in part I, we learned that a gauge theory
with spontaneously broken local gauge symmetry provides us with a Unified
Electroweak Gauge Theory, in particular the Salam-Weinberg type of theory
which

i) wunifies electromagnetic and weak interactions

ii) gives rise to a renormalizable theory of weak interactions
iii) 1leads to the correct phenomenology of electroweak processes
(at low energies).

On the other hand, attempts have recently been made to describe
the strong interactions within the context of local gauge symmetry.

After the unsuccessful idea of Yang and Mills in constructing such theory
based on isospin symmetry, the discovery of the present candidate for a
description of strong interactions, quantum chromodynamics /12/, involved
a2 subtle interplay of theory and experiment.

"Deep inelastic" elctron=proton scattering /44/ which means that
a large amount of momentum and energy is transferred from the electron to
the proton was perhaps the first and deepest insight concerning the quese
tion of the constituents of protons and other hadrons.:. In this process
the electromagnetic interaction probes the nucleon in a way that is most
sensitive to its short distance structure, where it appears to be composed
of elementary fermions. These appear to be quarks, the pointlike, frac-—
tionally charged fermions that had been conjectured to be the constituents
of proton. The quark model /45/ has been very successful explaining the
complicated pattern of hadronic states, However, quarks have never been

seen in isolation; they seem to be confined in hadrons in an appropriate

bound state with other quarks and interact rather weakly with each other,
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Chromodynamics is supposed to'give an explanation of this peculiar beha-
vior /12/. It has survived many qualitative tests, but the only quanti-
tative tests so far have examined its short distance structure.

Chromodynamics is a Yang-Mills theory based on the local gauge
symmetry governed by the SU(3) group. The basic charged states are called
colours; and the "chromodynamics" réfers to the analog with electrody-—
namics. The SU(3) of colour (denoted by SU(3)C) has eight generators, and
therefore the strong interactions result from the complicated interaction
of the eight vector bosons with the eight colour currents. The vector
bosons, called "gluons",are electrically neutral and also carry no weak
interaction charges, but they do carry colour charge., Each quark can
exist in one of three colours, and is changed from one colour state to
another upon the emission or absorption of a gluon., It is assumed that
SU(3C) is not broken spontaneocusly and therefore the gluons are massless.
Jf we accept the hypothesis that chromodynamics describes the strong
interactions, then we must explain why it is impossible (or at least very
difficult) to observe isolated colour charges, why the strong interaction
is short ranged, and why the quarks do not interact strongly at short
distances. Answers and conjectures about these questions are based on a
property of the theory cailed "asymptoic freedom" /46/.

The strength or coupling constant for the vector boson—current
interaction must be measured experimentally, The coupling constant
depends on the momentum carried by the gluon, but its dependence on
momentum is a prediction of the theory once it is known at one value of
the momentum. This momentum dependence of the coupling constant is an
important and nontrivial consequence of quantum field theory. (This is
algo true for the fine structure constant of electrodynamics /47/ ). The

strong coupling of, of chromocdynamics decreases as momenta increase. Large

S

momentum transfer processes correspond to the quarks being close together,

Therefore, quarks become more free at shorter distances. This is what
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is meant by asymptotic freedom. Correspondingly, as momenta are
decreased,<xs grows and it is of order unity at a momentum scale of a few
hundred Mev. This corresponds to the quarks being separated by a typical
hadronic length scale of 107! cm. Tt is reasonable to conjecture that
for longer distances the interaction becomes so strong that the colour
charges are all confined inside hadrons. This also means that the gluons
cannot escape and the strong force is short ranged. Over the last few
years the problem of understanding the confinement of colour has absorbed
much effort in theoretical physics. The experimental and theoretical
support for chromodynamics is not yet as firm as that for the SU(2)L x
U(l)Y theory of the electroweak interactions, but it is a viable candidate
for a stong interaction theory. It is assumed here that the strong inter-
actions are described by a local SU(})C.

In view of the present understanding of electroweak and strong
interactions, we may, therefore, summarize the description of elementary
particle interactions by saying it is a Yang=Mills theory based on a
combined symmetry of strong and electroweak interactions i.e. Gel x SU(3)C,

i

2 ini =
where G = SU(2)L x U(l)Y' In the minimal scheme when G_ = SU(Z)L x

W
U(l)Y all interactions (but gravity) are described by G, = SU(3)C x
SU(2)L x U(l)Y symmetry.

In the next section we introduce grand unified theories for the

embedding of G1 in a larger group. In what follows, the minimal scheme o4

grand unified theories is briefly studied in section 3.



4.2 The basic idea of grand unification.

"Grand” unified gauge theories are based on the hypothesis that
quarks and leptons are grouped in the same multiplet of a unifying group
G /13/. This idea can be extended by saying not only (left-handed) quarks
and leptons but their antiparticles may also group in the same multiplet
of the unifying gauge group G /14/.

It then follows that any hypothetical Yang-Mills theory of
electromagnetic, weak and strong interactions must have a local symmetry

G at least as large as G, x SU(3)C

EW
G2 G, x SU(3)C (2.4.1)
where Gp = SU(2)L x U(l)Y' It is assumed that the photon couples to one
of the GEL”currents and, of course, the corresponding U(l) is unbroken.

The simplest proposal that economizes the number of vector bosons
and.also minimizes the number of parameters is to enlarge G so that there
is only one gauge coupling constant /14/ and so that all the elementary
fermions (quarks and leptons) are contained in a few irreducible repre=-
sentation of G.

For simplicity, we begin by assuming that G is a Lie group, that
G contains SU(3)c x SU(2)L x U(l)Y, and that there is only one independent
gauge coupling constant. Thus G rust be "simple", [or semisimple in the
form G x G (G simple) where some global reflection symmetry /13/ cons-.
trains the (unrenormalized) gauge coupling constants of the two simple
factors to be equal. We do not consider this possibility here].

The basic hypothesis that the simple group G contains G, = SU(3)C_
x SU(2)L x U(l)Y implies that all interactions are generated by G, that
quarks and leptons are represented in the same multiplet(s) of G implies
a relation between the fermion charges "charge quantization"., This is

simply because the electric charge operator Q is a generator of G and
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thus traceless; when it acts on any representation of G containing both
quarks and leptons, it gives a relation between quark and lepton charges.,

For example, when G = SU(5), the constraint TrQ = O implies
-3¢+ Pz =0 (1.2.1)

[See Egse (4.3.3) and (4.3.36]. Eq. (4.2.1) not only relates the d quark
and electron charges to each other, it also leads to

Q +Q,_ =0 (442.2)
which is regarded as the observatioh of charge quantization in Nature.

The unifying gauge group G has only one free gauge coupling
constant 8q for all interactions, hence a relationship is expected to be
found between the different "physical" coupling constants g1 8 and g3
associated with the U(l)Y’ SU(2)L and SU(3)C subgroups respectively. They
are equal when G governs the symmetry of the theory, however, the group G
does not remain.;s an exact symmetry since only G = SU(3)C x U(l)EM is
observed as an exact symmetry which, in turn, results from the spontaneous
symmetry breaking of the G, = SU(3)C x SU(2)L x U(l)Y substructure. The
breaking of G down to G; and then to Go implies that the “physical coup—
lings” (i.e. effective gauge coupling constants) 81 8 and &3 evolve
differently with respect to. energy. That is ﬁhy, for different interac-~
tions they have different magnitudes /48/.

A further consequence of quarks and leptons being represented in
the same multiplet(s) of G is a relationship between quark and lepton
masses /50/. At the limit where G governs the symmetry of physical pheno-
mena quark and lepton masses are more or less equal (modulo some possible
Clabsch~Gordon coefficients). However, symmetry breaking properties
modify these "symmetry relations" in an appropriate way i.e. making quarks
heavier than leptons, mainly because quarks have strong interactions and -

leptons do not.

Grand unified theories, in general, group fermions into the same
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multiplet(s) of the gauge group G. Since gauge theories contain vector
bosons linking 211 fermion fields in a multiplet, there will naturally be
some interactions changing quarks into leptons which violate baryon number
(B) and lepton number (L) conservation. This is by far the most amazing
consequence of grand unified theories and most certainly B and L violation
play a central role in the possible inter-—connection between the theories
and cosmology. The gauge bosons causing the B and L violating interac-
tions mediate proton decay; we will study this issue and the above state-—
ments in some detail in the following section.

The above genral arguments are almost valid in any grand unified
model since they all result from the same idea of grouping leptons and
quarks into the same multiplet of a unifying gauge group G. There exist
a wide class of grand unified models currently being still considered in
the literature such as SU(5) /14/, 50(10) /49/, Eg /51/, and su(16) /52/
models, for example, FEach of these models has its own aspects in descri-
bing the nature of elementary physics and they are spontaneously broken
down to the G_ = SU(3)C x U(l)EM exact symmetry in at least two stages
via the Higgs-Kibble mechanism, In the next section we briefly consider

the structure of the SU(5) model.

~
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4.3 The SU(5) MOdel.

a) Fermions in the SU(5) model.

In the SU(5) grand wnified theory /14/, each family of fermions
consists of fifteen two-component spinors (left-handed and right-handed
quarks each with 13 =t—§- and three colours, a left-handed and right-handed
charged lepton and a left-handed neutrino). These are grouped into the

representations 5 and 10 of SU(5) as follows

= (2,1 )+(1,3
2 (2.1)+( I ) (4+3.1)
(V,.¢€) d
and
10 = (1,1 ) +(2,3)4+(1.3 ).
r (4.3.2)
e, (u,d) Uy
In terms of particles, we may thus write (for electron family)
' ~
d,
da
= =1d 4
5 =M 3 (4.3.3)
e
-% ,
and -
o u -4 4 4
~u3 Q u' U; dj
'
0 =We= | W w0 w (4.3.0)

-
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where i = 1, 2, 3 (= r, y, b) denote colour indices and r, y and b refer
to red, yellow and blue charges.

The triangle anomaly number of the representations 5 and 10 are
A[5] = =1 and A[10] = 1 respectively /F5/. Thus the combination of § and
10 representations, for fermions in each family, is anomaly free, which
guarantees the renormalizability of the theory.

The interaction of fermions with the SU(5) gauge boson %n can

immediately be seen through the part of Lagrangian containing the kinetic

term

Linge = ¢ BPU +: T B 80, (4.3.5)

where

B =Y d,.+i9A,) (4.3.6)
)

and 4h is the matrix representation of the SU(5) gauge fields with respect

to the T (being the matrix representing +% in the adjoint representation)

such that
’
L
AH = JJ- Z A: Ta. (4-307)
az=y
or
I xr Yr
? |
a & | X3 Yy
Gt
[} ] b Yb
A, = ﬁ‘{ B.T® . | X } , (4.3.8)
T (S ;a
X" Xy xb i
oy v W
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where the B boson is coupled to the U(l)Y (hypercharge) generator

1 = TY (40309)

Ti=

w - —aaa._ ?

i: L2,3 (4.3.10)

with T Ybeing the Pauli matrices. The eight gluons G;’ are coupled to

the SU(3>)C generators
a = 1, 2, 0008 (4.3.11)

where )**’are the usual Gell-Mann matrices. Finally the gauge bosons X
and Y are coupled to the generators belonging to the coset space SU(S)/
SU(3)C x SU(2)L x U(l)Y. The 12 generators’belonging to this coset space
are constructed from the requirement of orthonormality. They are similar
to the Pauli matricesT,/2 and T,/2 , which couple to Wy and W, in SU{(2).

Substituting in Eq. (4.3.5) for Ipi,'lplo and AJ.I' we find

Lot =-3 98 % ?x"\z"f -gw Y ¥ E 4 -967% F¢"Xq

+(M

3 Tepm, T R
- U KAt eyt ).

Vi (R37 4 _TI els €L YR ) h.c} (4.3.12)

b) Symmetry breaking in the SU(5) model.

The SU(5) model breaks down in two stages /50, 53/.

su(s) —*SU(B)C x su(z)L x U(1)Y—-» su(3)C x U(l)y (443.13)



The minimal Higgs system needed for such symmetry breaking involves an
adjoint 24 = H representation of SU(5) for the "superstrong" breaking and
a fundamental 5 = h, representation for the "weak" breaking. The part of

the Lagrangian containing these scalars is

where ?u is the covariant derivative
DuH= G H+igAL [T H]} (4.3.15)

and the most general gauge invariant potential (up to a cubic term

which is absent if we impose the symmetries h —» <h and H — -H) is

P ol 2,2 ) 4 3t
vrh,u)=_TTrH +7"_(T;H)+_"£T}H_/xhhh

2 -—_— 2 +r 2
+ %(h"h) + %{h’h) T H tf— h Hh ., (4.3.16)

Let us consider the case in which the Higgs fields do not couple to each
other, then the ground state is obtained by minimizing the potential

V(h,H; d =4 = 0). The theory is spontaneously broken if the minimum of
V(h,H) (for particular field configurations h_ and Ho) occur for positive

ld
values of ui and'vi. The minimum is obtained for

kS
:_ py

(W == b (@3.17)

and a field configuration Ho, which after a suitable SU(5) transformation

reads/SO/

o I (4.3.18)
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~/a
where oy, = 3 A4 ( '3"—*:"'% 21)  with A, being a positive parameter. In order
for the SU(3) symmetry to be preserved by the second stage of symmetry
breaking, the vector ho in the 5 dimensional space has to point in a

direction contained in the plane of the two last coordinates. Thus

[~]
]

h:— (-] .
S (4.3.19)

hs

Then, an SU(2) transformation which leaves H  unchanged allows one to

write it as

(4.3.20)

where the parameter v, is given in Eq. (4.3317).
The gauge fields coupled to those Higgs fields which have
non-vanishing expectation values acquire masses. In this way, the gauge

boson mass term in relation (4.3.14) is identified as

T A Map Ao = - L ALALTA([T30][TER])  (a3.21)

with H_ given by Eq. (4.3.18),

The mass matrix thus reads
Mo = 8% ([T%H, J[T% H.])- C (4.3.22)

The 12 generators associated with the gluons, the W's and the B obviously
commute with Ho' These gauge bosons thus remain massless, as they must

do. The masses of the remaining gauge bosons X and Y are easily compﬁted
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from (4.3.22). They are

(4.3.23)

In the same way as for the gauge fields, we may write the Higgs

fields in the adjoint representation as a 5x5 matrix

14
H=yz1 2, H,T*, (4.3.24)

or in terms of the SU(3) x SU(2) x U(1l) decomposition we find

|

"M, Hy
24 . ‘

S ko

H=(Visv, +/Z Hg)Tg+v2| *° He s (4.3.25)

B F. Py

o H L

HY l:ir HY : a

in which all H fields have vanishing vacuum expectation values. They

carry the same charge as the corresponding gauge bosons (see Eq. (4.3.8))
which also belong to the adjoint representation  Such that the 8 coloured
scalars Hg”s, H% and HB are electrically neutral, &: has charge *1 and the
3 complex H, and 3 complex H, ( colour triplets) have charge —4/3 and -1/3

respectively, The 6 colour triplet scalars H, and HY remain massless in

X
the Landam gauge. They can be "gauged away" (in the unitary gauge) and
their 12 degrees of freedom are transferred to the 12 gauge bosons which
become massive (see Eq.(4.3.23)). The 12 physical Higgs bosons Hé} H;
and HB acquire masses which can be computed through the part of the Higgs
potential (see Eq. (4.3.16)) quadratic in these fieldse Using Eg. (4.3.25)

one finds /50/
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2 2

M= % Ve (4.3.26a)
P A 2

My, =V% ' (4.3.260)
bR 2

Mya= (Fh+1anvy, (4.3.26¢))

Finally, we come to the prediction of the SU(5) model for the
fermion masses generated by the second stage of symmetry breaking. The
most general Yukawa couplings of the h Higgs bosons to the fermions take
the following form /50/

A

Ly = 6% (F) %W, )y~ LG €

T »
L W,y €L

lo )&',q
+ h.. (4.3.27)

Since only h5 develops a non-vanishing vacuum expectation value

Vy o1 the first term is readily seen to yield the following mass term
L'y = GV (% Azp +h.c
L h{%s) (s,
B4 Tt . o +
= - G—f_h ( E dg ch + e;e,_)a-h»c . (4.3.28)
2 t

The second fermion mass term of Eq. (4.3.27) is, (see Appendix A)

LzT _ _7,'_5?)'.‘ esa:i"’z(wg)za C’“-l’,_.)ga, +hec
~ r T »
= -Gy 7MY, ClU,),, +he., (4.3.29)
where i, j, k=1, 2, 3. Since tq’lo’kq?‘:y‘;— Uw,, and
e our T
(1"]_9 )‘“" - E(Jm ‘/-I - Elfmc V1 (4.3.30)

we find /F6/
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= —Gu UR U, +hc (4.3.31)

¥

We observe that the second term gives only the U-quarks mass while the
first term given by Eq. (4.3.28) contains both d and e masses. Moreover,
it predicts that the down quark and the electron have the same mass.
This degeneracy is a consequence of the SU(4) invariance of ho' It is,
however, broken by radiative corrections /56, 53/

From the above brief review of the SU(5) grand unified theory,
we observe what really happens when the SU(})C x SU(2)L x U(l)Y gauge
group is embedded in a larger gauge group G = SU(5). The relation
(4.3.12), indeed contains all the information about any specific interac-
tion of the SU(5) gauge bosons with matter. In particular, the first
three terms contain the SU(3)C x SU(2)L x U(l)Y interactions in which the
gauge bosons B, W and G couple to the U(I)Y’ SU(2)L and SU(3)C generators
respectively, By comparing the first term of relation (4.3.12) with

(2.2.6) we observe that the SU(5) unification implies

9= @ 3, (4.3.32)

and consequently, due to the definition of the electroweak mixing angle

(see Eq. 2.2.17) we obtain a prediction for this angle. Since
Tand,, = 973 = V5 (4.3433)

we find

. a _ 3
Sm 8, = 5 (4.3.34)
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On the other hand the photon is supposed to be a combination of B and w3,

that is to say, the electron charge operator is accordingly defined as

Q= Ty, + Ol (4.3.35)

in which Q is given by the 5 in relation (4.3.3) as

-3
-Y3
P = -73 ' (4.3.36)
|
o
This fixes the value of C in Eq (4.3.35), so that /
C=Tr(@PTy) T (T Ty) - (4.3.37)

It then follows from Egs. (4.3.32) and (4.3.35) that

simfe, = T (T T/ T @) = aach) (4.3.38)

or sin29 = 3/8.
W
We will later show that as long as the electric charge operator
is defined by Eq. (4.3.35) , relation (4.3.38) holds for a large class of
grand unified theories (up to the normalization coefficient C)e
As a second consequence, the model also predicts that not only(
weak and electromagnetic interaction are governed by the same coupling

constant g, but also that g is the srtong interaction coupling constant

so that
..4_. = ‘E; ] Sl‘nzew
As g (4.3.39)



Apart from SU(3)C x SU(2)L x U(l)Y interactions which are now
related with each other (in the lagrangian (4.3.12)), there are new inter-
actions (the last term in the bracket of relation (4.3.12)) mediated by
X and Y gauge bosons. We have graphically displayed theif coupling with

fermions in Fig. (4.3.1).

Fig. (4.3.1) The couplings of X and Y gauge bosons of the SU(5) model

with fermions,

We observe [from the diagramsof Fig. (4.3.1) and the Lagrangian (4.3.12)]
that the X's and Y's not only mediate transitions between quarks and
leptons, but also that there are interactions in which X's or I's can
couple to two quarks (we will see later that it is indeed because of this
dual role of the X's or Y's that proton decay is possible). The effective

second order processes generated by diagramsof Fig. (4.3.1) are always of

the type
le—sqq1. (4.3.40)
For example we have processes such as
efe—s wud, efd «—ug, ... (4.3.41a)
e e——s dui e d e— T, e (4.3.41b)
V— udd . v 3 +— Ad, oo (4.3.41c)

where (+..) denotes other possible interactions which may contribute to

the above processes,
In the context of the standard SU(3)C x sU(2), x U(l)Y unified

gauge theory both baryon number (B) and lepton number (L) are conserved.
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[There might be small baryon number violating corrections to the weak

process of muon capture shown in Fig. (4.3.2).

).A
P W
u . d
) u "y N
d d

Fig. (4.3.2) A muon interacts with an up quark in a proton. The

_ ,
neutrino escapes and the proton in the nucleus is changed

into a neutron.

However, in such flavour interactions the proton lifetime is predicted to
be around 16" . 1 /54/. But the Lagrangian (4.3.12) violates both B
and L conservation due to the interactions mediated by X's and Y's (see
Eq. (4.3.41)).. This is one of the peculiar results of embedding Gl in a
larger group like G = SU(5), and accordingly the proton can dec;ay. Fxam—
ples of diagrams contributing to the decay mode p —» e’ are shown in

Fig. (4.3.3).

¢ ¢
d > , > e d - > 4
"X n°
Pqu > 5 > u plu d
u N —_—— u u X e‘
\ L ’
fa d f‘; e’
ne >__---‘
pe u T —d P'J u Y u
LY ne
W : e+ 7 . P u

Fig. (4.3.3) Diagrams contributing to the decay p —ee' + °



In each diagram two quarks fuse to give a lepton and an antiquark which
pairs up with the quark inside the proton to make a pion. The proton

decay rate for such processes are given by /50/

4/(n-angi3)
2 2
" + ) ~ Go m AfR)
(P—.e +n°) 'ﬂst GG'U ‘l( Q:G(") (4-3042)
where R is the proton radius,
2 2
Geu _ J6_ _  3e : (4.3.43)
vz -~ sml T T e
w RIMY - -

mq the quark mass, dg strong coupling, ofg == 3; /4n and ng is the

number of generations. From Eq. (4.3.42) the proton lifetime is esti=-
mated to be
3 4 Ml'
+ ~ -
T, (P—>e™+n®) == 0(io'~ia )ﬁ:'g Ye., (4.3.44)

where Mp is the proton mass., On the other hand, the experimental bound
on the proton lifetime isi})é 3xlo29 years. By comparing this result
with Bq. (4+3.44) it turns out that M, mst be as large as 10%4 gev.

The reqﬁirement of such a large mass (in comparison with the
masses of the order of 100 Gev belonging to the SU(2)L x U(l)Y substruc—
ture causes some difficulty in (many) grand unified theories. In general
the principle inderlying the calculation of MX is the same as that which
solves another problem of grand unified gauge theories. How can a theofy
with a simple gauge group and therefore only one coupling constant simul-
taneously describe the strong interactiéns, whose coupling constant is
large, and the weak and electromagnetic interactions whose coupling cons-
tant is small? We look at these questions in the next section in which
renormalization effects will be taken intb account for grand unified

theories.
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CHAPTER V, RENORMALIZATION EFFECTS IN GRAND UNIFIED THEORIES

S5¢1 Motivation.

In section (2.3) we have discussed some aspects of electroweak
gauge theories, especially we referred to the physical parameters of the
standard model., This chapter aims to look at these parameters, in parti-
cular, the gauge couplings and the value of sin26w in the framewark of
the grand unified theories. |

One of the main motivations in extending ;;e idea of electiroweak
unified theories (along with chromodymamics) to grand unified theories is
that such theories might reduce the number and fix the values of these
parameters, This expectation comes from the fact that the grand unified
theory has only one gauge coupling (associated with the grand unifying
group G) and hence many of the parameters would arise essentially as
group theoretical constants,

In dealing with the question of these parameters, grand unified

. 2
theories, in principle, are ahle to predict a definite value for sin

W
They also partially reduce the number of coupling constants and predict a
relationship between quark and lepton masses. However, some of these
predictions are totally inconsistent with the phenomenology we are fami-
liar with. In particular, the known (i.e. the observed)values of the
coupling constants of the strong and electroweak interactions are vastly
different from and cannot be identified with the coupling constant of the
grand unified gauge group. In the SU(5) model, for example, the value of
sinzew is calculated to be 3/8 (see Eh._4.3.34)) while the experimental
value of 'sin26w is predicted to be around 0.23. The ratio of‘fﬁds=us is
experimentally evaluated to be .: u_=0.071 (see Eq.5.4.41) while the theo-

retical prediction of u is apparently obtained from Eq.- (4.3.39) as

u=0.375. A similar situation arises for the fermion masses; the down
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quark and the electron due to lagrangian (4.3.31) have the same mass but
experimentally we find m; = 15 m, (see Eg. (2.2.34)).

This discrepancy of physical parameters can be understood if one
notices that experiments do not in general observe bare quantities, rather
.they observe amplitudes which are dressed with all possible radiative
corrections, When these higher order corrections are included the effec-
tive value of the physical parameters such as singew, coupling constants
and fermion masses associated with a particular process differ from the
corresponding undressed quantities., Such a dynamical mechanism, the
renormalization effeect, plays a fundamental role-iﬁ grand unified theories.

In this chapter we study the radiative corréctions to the values
of coupling constants and sin26w for higher order contributions to the
beta function (up to two loop). The "effective" physical quantities, in
particular the effective coupling constants are introduced in section 2.
In section 3, these quantities are described in the framework of grand
unified theories along with the "decoupling theorem", for the one loop
beta function., Higher order corrections for the relevant quantities up
to the two loop beta function are worked out in section 4 where we also
introduce two rather different methods for handling the problem, —The
value of the grand unifying mass scale which plays an important role in
distinguishing between different grand unified theories through comparison
with experimental results are estimated. 1In this way the low energy
behaviour of electroweak mixing angle is carefully connected to the measu-
rable quantities. Our procedure is quite general in the sense that it
can be applied to any unified gauge model that is broken spontaneously in
two stages down to the low energy symmetry. The resulting relations are
compared with both the already calculated one loop beta function and the
recent experimental data. Finally section 5 ends this chapter by summing
up the main points of our results. In this section we also compare our

approach with those of other authors who have considered the same problem

subsequently.



101

5¢2 Effective couplings.

Effective coupling constants in any physical theory play a
.significant role in determining parameters of the theory by comparing
these quantities with experimental results. Furthermore, they are in
general different for different interactions and change as we vary the
mass scale (or renormalization point) of the theory so that their beha—
viour is governed by a system of renormalization group equations. The
basic idea underlying the renormalization group équations is as follows
/46,41,55,56,57/ /

A renormalizable field theory, in general, contains two types
of parameters - masses or coupling constants with positive dimensions of
mass (i.e. due to M¥%or X¢§ type terms in the Lagrangian) and dimension-—
less coupling constants (i.e. due to A¢A orinﬁ}%F type terms in the
Lagrangian). If one considers a Green's function for large and spacelike
momenta (so as to exclude any Landau singularities), then one would expect
that the mass terms in the Lagrangian could be neglected. In other words,
the leading asymptotic behaviour of the Green's functions should Se the
same as would be calculated in a massless theory. This can be proved to
any finite order in perturbation theory /57/.

The massless theory contains no dimensional parameters to set
the scale of momenta. Therefore one might expect that the asymptotic
behaviour of the amplitude would be determined by pure dimensional
analysis [this is called canonical scaling]. However, this does not occur
in practice, since the massless theory does contain a hidden dimensional
parameter, This parameter, m, must be introduced in order to perform the
subtractions necessary to renormalize the theory and render it finite.

Due to infrared singularities these subtractions, for the massless theory,

must be performed off shell, say at some 'spacelike momentum p2=-u?. The

subtractions then define the physical coupling constants and the scale of
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the fields (which are determined by the wave-function renormalization
constants). If we change the subtraction point the net effect is to
change the value of the coupling constants and the scale of the fields,
-This fact is expressed by the renormalization group equations.

A change in the subtraction point,n, is equivalent to a change
in the scale of all momenta since m is the only parameter that fixes the
momentum scales, Therefore, one can use the renormalization group to
relate Green's functions for one set of momenta and coupling constants
to Green's function for a scaled set of momenta and different values of
the coupling constants, To do this, one only needs f; know the functions
which determine the change in p. In particular, the asymptotic form of
the amplitudes (for large spacelike momenta) can be related to amplitudes
at some fixed momentum and an effective coupling constant (which would
be determined by performing the subtractions at asymptotic values of the
momenta). The asymptotic value of this effective coupling constant will
determine the ultraviolet behaviour of the theory and it is given by the

zeros of a calculable function-
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53 Effective couplings in grand unified theories.

As mentioned in Sec. (4.3), the most striking prediction of grand
.unified theories is that baryon number, in general, is not conserved. To
ensure the observed level of proton stability, the X-bosons that mediate
the relevant interactions must be at least as heavy as 1014 Gev. Since
the energy scale of electroweak symmetry breaking is believed to be around
102 Gev, there appears in grand unified theories widely different scales
of symmetry breaking. One scale is around 102 Gev and another scale about
1014 Geve This hierarchy of symmetry breaking imposes'§évere‘constraints
on the renormalized parameters in these theories. Once these constraints
are satisfied, the effects of superheavy bosons on low (with respect to M)
energy phenomena are expected to be very small, of the order of some
inverse power of M'v1014. This mechanism is called the decoupling theorem
/58/. Let us briefly state the theorem, since it pléys a very important
role in determining the effective couplings and the values of other para~
meters in grand unified theories.

Consider a theory in which there are two types of fields namely
light and heavy fields. We shall require that both the full theory and
the reduced or light theory (that may be constructed from the full theory
when the heavy fields are decoupled) are renormalizable. The decoupling
theorem applies to processes with only light external particles in the
limit that the heavy mass M becomes very large compared to both the light
mass and the external momenta p2. If in this limit the relevant light
particle quantities calculated to 0(1) from the full theory can also be
calculated from the light theory, (after a suitable redefinition of the
renormalization parameter), then the decoupling theorem is said to be
applicable. The utility of the decoupling theorem is that physical quan-

tities can often be calculated more simply from the light theory than

from the full theory. The validity of this theorem has already been
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established in many theories without spontaneous symmetry breaking /59/,
for example for QED and QCD /59/. The main point of the argument in this
theory is that, to the order of accuracy stated, the contribution of the
-heavy particles is only limited to the ultraviolet region.

In theories with spontaneous symmetry breaking, the situation is
slightly different /60/. In particular, there are two new aspects which
merit discussion:

i) How does the value of M become large?

The particle masses are generally proportinal to gv, where g is
the coupling constant and v is the vacuum expectation value of\SCalar
fields in the theory. This can allow the masses of the particles to get
large by making either the appropriate g or v large. However, for the
case in which the masses of the heavy Higgs fields are extremely large,
the theory is non-renormalizable and the decoupling theorem is not valid
/61/. We do not consider this approach in this note, What we shall be
concerned with is the case where one or more vacuum expectation value
becomes much larger than the other vacuum expectation values.” This is the
limit that usually applies to grand unified theories and in this case the
decoupling theorem is valid /59/.

ii) The heavy mass effects.

A distinctive feature of the theories with spontaneously broken
symmetry is that some coupling terms associated with the &ertices pick up
a term like [l%};+ constant] as a factor which is not suppressed by a l/M2
factor, as would be the case in theories without spontaneous symmetry
breaking /62/.

We now go back to the main aim of this section to discuss the
effective coupling constants in the framework of a grand unified theory.
Qur procedure is based on the renormalization group equations or more

precisely, we study the renormalization effects in grand unified theories

through the renormalization group equation method which in turn is
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approximated by applying the decoupling theorem.

We assume that the gauge group G is spontaneously broken down to
the standard sU(3), x SU(2)L x U(l)Y model such that all vector bosons
and scalar fields which are not part of pure QCD or the Salam-Weinberg
model acquire about the same superheavy mass M » M, (Mw is the mass of
the W-bosons belonging to the SU(2) x U(1l) substructure). In the case of
fermions, we assume that all fermions which are represented in the gauge
group G ha%é fairly light masses. Although our arguments are general and
applicable to a large class of unified gauge theories, in order to be
concrete, in this subsection the SU(5) model is mostly analysédm

Because there exist two very different mass scales,_pvaw and
p~My, the effective couplings g, (), ga(n) and g3(n) associated with the
subgroups U(1), SU(2) and SU(3), respectively evolve quite differently as
n varies from MX to Mﬁ, even though gBCu) = g2(n) = gi(n)/C [the value of
C was given in Eq. (4.3.38)] for m MX. Their behaviour below x ~ MX is
governed by their respective effective beta functions which do not include
contributions from superheavy particles (they decouple) and Aence can

differ appreciably. For any gauge coupling consiant g; in the theory we
have /A8/

a L] L ]
XM .a-'-‘ 3‘. :/3(.(3(_) s (5 3 1)

with/’Si calculated in the effective field theory based on the Gi gauge

group. If all g(n) are small , then/Gi depends only on 8s with /48/

L .2
AIm) = b; 3‘,3(;4) + 0(9%) + .. (5.3.2)

The one loop solution to Eq. (5.3.1) is then obtained as

-2 ’
j‘(ﬂ) = —Jb;-&‘l}l +1"- (5.3.3)
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where bi is given by /46/

lgnt S

o= (4 G- $ETREITE) s

with CQ(G) being the quadratic Casimir operator of the adjoint represen—

tation of the group G

Ci61 50 = T CoapeCure (543.5)
b

, G

[e.2. CZ(SU(N)) = N]. The second and third terms of Eq. (5.3.4) denote
the fermion and Higgs scalar contributions to b, (T(R) is defined as
T,-Ta'l‘b = T(R)g;b, where the 'I‘a are group generators for fermions and
scalars, respectively.) In order to determine the constant of integration

I, in Eq. (5¢3.3) we impose the following boundary condition at p=M

33(#) = 5,(") = 9,01 = 36‘ (5+3.6)

which is valid only in the symmetric limit where the breaking of G can be

neglected. In this way Eq. (5.3.3) reduces to

§7m = 9z o) +zb‘-1ﬂ% =12, (54347)

for p ( M.

It is then argued /48/ that the gauge coupling constants
measured in present experiments can be associated with the values of
gi(n) when pu is some "ordinary" mass of the order of 10 Gev.

Using EqSe(5¢3+7), (4+3.39) and (5.3.4) one -finds

sin’0 = (1+3,02)"l (1+2c2-:‘7 (5+3.82)
S

and



107

Lors . g (1— (H»CL)O(O(;') (5.3.82)
M ni+3c?)
where C is given by (4.3.27), « Ee’ZM’ and oy = g:/zm .

From the above argumenté; we learn that the relation (5.3.8a)
predicts lower values for sin29w than does Eq. (4.3.34). We also find
out that in the context of grand unified theories, at energies well above
the grand unifying mass scale u 2 M where the grand unification is manifest
there is no distinction between strong and electroweak interactions as far
as the effective couplings are concerned. All couplings have the same
strength and the corresponding beta function respects the full symmetry of
the grand unification group. At energies around m~M superheavy particles
of mass MXAJM begin to decouple, and as the energy further decreases we
observe the familiar symmetry of the standard SU(3)C x SU(2)L x U(l)Y
theory. In other words, at energies well below MX one can clearly distin-
guish colour gluons and electrweak gauge particles from the other gauge
bosons, Correspondingly, the effective couplings associated with these
different types of gauge bosons become different, and the/A ~function for
each of them respects only a part of the full symmetry. When these
couplings evolve in the energy scale from M to the ordinary energies, they
become consideraﬁly different from the values at M. The effective coup-
ling constant associated with colour gluons becomes much larger since its
f=function respects the SU(3) symmetry, whereas the U(1l) coupling becomes
smaller [see Eqs. (5.3.7) and (5.3.4)].

From Eq. (5.3.8b) one can estimate the value of M, as promised
in section (4.3), since the value of MX is of the order of M. For reaso-—
nable values of the parametersd ﬁdsfor low values of m, [for example for
0(-1 = 137, o = 0.2 and u~10 Gev], one obtains Mo~v M= 2 x 1016 Gev

which can be comparable with the value of Mx predicted by Eqe. (4.3.44).



108

Eqs. (5.3.82) and (5.3.8b) which are the master results of Ref.
(48) play a fundamental rolé for determining the low energy values
electroweak mixing angle (8) and the grand unifying mass scale M in all
grand unified theories that spontaneously break, in one stage, down to
the G, = SU(3)C x SU(2)L_x U(l)Y symmetry. Because of the potential that
the above procedure has in distinguishing between different specific
grand unified models through the determination of the proton life-time as

well as comparing the low energy value of sin29 with present experiments

W

of neutral current processes, in the next section we shall discuss some

corrections to the above calculations.
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5.4 Higher order corrections

The purpose of this section will be to establish the solution of
the second order renormalization group equations for the effective gauge
coupling constants of grand unified theories. The result is applied to
the SU(5) model for calculating the low energy behaviour of the effective
coupling constants as well as to the value of the electroweak mixing angle
in this model. The proton life-time is then evaluated and the result is
compared with the already obtained estimates of the one loop approximation.

At the one loop level, the diagrams contributing to the (strong)
effective coupling g3 have been shown in Fig. (4.5.1); [note that the

diagrams involving X-gauge bosons and gluons are suppressed ]

Fig. (S5.4.1) Diagrams contributing to the & coupling

Because of this the relation (5.3.1) at the first order (i.e./Gi(gi) =

b.g.3

153 for i=1,2,3) reduces to three independent differential equations

as far as the g's are concerned, These differential equations are then

related to each other by a boundary condition

oy (M) = dy (M) = M) = o) (5.4.1)

that in turn gives Egs. (5.3.82) and (5.3.8b) as the final results.
However, when higher orders in Eg. 5.3.2) are taken into account,

because of the mixed diagrams like those displayed in Fig. (5.3.2)
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Fig. (5.4.2) Diagrams contributing to the off diagonal elements of bij

the beta function calculated in perturbation theory is in the following

form

3 .3 ‘s
A9 = b Fw + 2 b Jim i) i = (5.4.2)

(4D §

where both the coefficients biand bij get contributions from the light
particles ofi the theory. In other words, we assume that the "decoupling
theorem" is also wvalid for the two loop renormalization effects. This

leads us to consider the following system of differential equations

3
3 PR bt
yr .j_;. 3‘,(/") = B( j‘.(l‘*) + ?ﬂhu 3;(“) 3J.(i‘) (5.4.3)

where the coefficients b are to be calculated from *he light particles
contributing to the Feynman diagrams. The coefficients bi are given by
Eq. (5+3.4) while the bij have been already calculated for the Yang-Mills

theory /46/. 1In our notation they correspond to the following matrix

n 3 44
5 5 5
] L iR L
by=i- 5 3
(%) =(55m) (5.4.4)
LIN 3 -
Y ey 26

in which we have neglected the effects of Higgs scalar fields contributing
to the second stage of symmetry breaking; since due to our experience
from the one loop calculations /68/ their effects are very small.

There does not exist a specific exact solution for the differen =

tial equation (5.4.3), hence one essentially needs to employ some
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approximzte method to find a suitable solution. Here we will examine two
methods for finding the solutions for Eqe. (5.4.3), it will then be seen
that each solution has its own advantage to work with.

Method T

In this method we neglect the off diagonal contributions to Eq.
(5.4.3).> The reason why we are interested in making such an approximation
is that the off diagonal contributions have relatively small effects (see

Eqe (5.4.4)); thus we have
3 s
/‘a‘% 3£(F) =b; 9;tm) 4+ b g.t# - (5.4.5)

This equation can be parametrised as follows

i
dp 43, by Jilm) dpim bog d3itm (5.4.6)
=T antE SRR o
b‘. gi(p) b, (b‘. +b,, g.tm) b.- 3,"‘“’

which leads to a solution for dam/m as

-l -2
bic_ P, 1+ bibii Jg M) (544.7)
k¥ a4+ kb g

LMt (qh, _at
= 75 (3;{,4:) 35‘”’)*‘
where p,VMw and the boundary condition which we imposed on this €quation
is
93(M) = JuM)= g (M = g . (5.4.8)
Substituting 3;/1.., =ol, in (5.4.7) we -obtain the value of the unifying

mass scale M up to the two loop beta function as follows

M ' ! !
-, = Fds) exp {g—ng;(ds'“w)- dc("’)} (5.4.9)

where
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2
B bay /2 b,
4nbzz + bz dg(M) )

Fldg) = (
s ( 4t bgy + bydlimy,)

(5.4.10)

Comparing Eq. (5.4.9) with Eq. (5.3.8b) we observe that the two loop
correction to M/Mw is obtained by multiplying the one loop résult by
F(ds) given by Eq. (5.4.10). One can easily check that the quantity

F(aé)_satisfies the following inequality

1 } F(ds) do (5.4.11)

and consequently the value.of the grand unifying mass scale M could
decrease when higher order-corrections in perturbation theory are taken
into account.

We have fixed the value of «, [as that of the one loop result
(o(G = 0.024)] in Eq.(5.4.10) and worked out the quantity F(et) for some

values of o _. The results have been displayed in Table (544.1)

ds O lgo | C-10 O 40| p-200

Flagh ©.658] o.672 | 0+631 | 0.5v7

Table (5.4.1)‘ Values for F(ots) predicted by the SU(5) model for o{y=0.024.

We will come back to the above result for analysing our findings later in
this section. .

It is worthwhile pointing out that Eq. (5.4.5) for i=3 is indeed
the QCD beta function and the solution assAocia.ted. with i=3 in Eq. (5.4.7)
is therefore a solution for the QCD beta function. As far as Eq. (5.4.5)
is ctncerned, unlike the well known results in the literature, in our
procedure the solution given by Eq. (5.4.7) for i=3 is an exact solution
of the QCD renormalization group equation. In fact we believe that there
is no need to use approximation methods for solving the QCD beta function,

it can easily be obtained if we only use the trick applied in Eqe. (5.4.6).

This technique can also be employed to solve Egq.(5.4.5) for higher order
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corrections in QCD (i=3), for instance for the three loop beta function it
‘can be easily seen that two additional logarithmic terms are added to Eq.
(5e¢4.7). However, we do not consider this case in the present work.

To estimate the value of sinzew we make use of By . (5.4.7),

these can be written down as

-2 - -l
3'“4) = SG,'(n)-l- :b,-@n( F(d.)%) ) (5.4.128.)
-2 -2 =) ™M
3, M= oM +2by b Frd) ) (5.4.12b)
and
3;%#) = 3';(M) +2¢:34n( F'!da)%), (5.4.12¢)
where
2
-1 VLR
Fd;) = ((4nbicx bidet) ) = (5.4.13)

Unby + by o' (M)

From Egs. (4.3.39) and (5.4.12b) we find

M ) (5~4014)

. 2 ol(m) - H
Sin e(p)wz-_ ” + E‘Ndlﬂ)}'fl’&'(F(dz)ﬂ .

¢
To find a relation comparable with Eq. (5.4.8&), let us first compute the
value oflng_ in terms of oy, d, and of . " By combining Egs. (5.4.12a),
(544412b) and (5.4.12c) and using Eq. (4.3.39) one obtains

-1 -
d -(1+c*)d, = 8n(|=,c."4: b,.—(l-»cz))&% + 2h,ClnF Yay)

+ 2b, 4 F-'(da) - 2(l+cz)63 on F-('dg)
(5.4.152)
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or

-
' o (m) 2, A
..&._N— = 3 z ('—'(“’C)d )1—
e grn( b cisb, -t14c?)by) o (M)

2by €2 Fl) +2by €n F(dy) =201+ %) b3 In Fidy) (5.4.15b)
-Q(b,cz-r bz—(wc‘)ba)

[The first term in Eq. (5.4.15) contributes to the one loop beta function
and its form is exactly the same as the right hand side of Eq. (5.3.8b) as
is expected. The second term contains the two loop beta function correc-—
tion to the value of % . However, since dl = 3,7'/4na.nd. d, =3:'/4n,a.re not
directly measured, Eq. (5.4.15) is not easily comparable with experimental
results. The only information one obtains is from Eq. (5.4.9) which
corresponds to the decreasing of % for higher order corrections] Substi-
tuting in Eq. (5.4.14) for&%from Eq. (5.4.15b) and using relation

(5¢4.12¢) we find

5'."1)8(%) - 51’1)3 + (b"b:.)cl Am)
" CZB,+’:2—(1+CZ)53 Czb,-rbz_(,,cl)bg oA (m)
2
4nd) A Hd,, d,,a3)
Ch +b,—(1+ch)by (5.4.16)

with H being related to the&'s as follows

- bulby-b b
H— ‘l"Lni'b,dc'. by -b3)/b,

4n by 1 b, d (@)

bl.!. (bg—b, )/ ”l

( 4h |=;:.+‘>de
X

4h b;;_ <+ b‘_ c(;'(”)

bys(bi-b,)/bs ( )
. S5ede1T

( 4"&33* b3 d.G',
4n by 4 by o(;’,”

It can clearly be seen that the first two terms in Eq. (5.4.16) correspond
to the first order corrections to the value of sinze(u) (see Eq. (5+3.8a))

while the third term contains the second order (i.e.two loop beta function)
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correction to sinza(n). As was mentioned the value of &, and &, are not
directly measured and hence unlike the first order corrections to sinzeou)
(see Eq. (5.4.8a». The theoretical prediction of sinze(u) for higher
order (two loop beta function) corrections cannot directly be compared
with the experimental results since the quantity H in Eq. (5.4.16) is a
function of «, and «,. To find out more information about sinzeCu) we,
therefore, need to know more about the H function and to do so we first

substitute for the coefficients b in Eq..(5.4.l7) from Egqse (5.4.4) and

(543+2), then we obtain

s73/21 1a1j20
X

- 2 -1 -t
- ! 13+ 14ndg!M 1= 4ordgtr)
&H— (I6ni) &{( 13+ 14 d”0 -t
+lan d o(m h-4on d, m

209/60

1q -fSand-c:.f") (5.4.18)

g+ o)
8on ds(lll

where the effective couplingsoli are to be evaluated at some scale of the

order of m~M . Relation (5.4.18) together with the fact that

dytm) Y oyom) Yy Ay oim) (5.4.19)

implies
H)1 . " (544.20)

This means that the last term in Eq. (5.4.16) is always positive no
matter what the values Ofcii are, and consequently, it turns out that
with respect to the one loop calculation the value of sinze(u), for higher
corrections, increases up to some approximation which was used in this
method (i.e. method I) by neglecting the off diagonal terms in Eq., (5.4.3).

We would like to emphasize that the above argument about the
value of sinze(u) and the hierarchy strength %%;in higher order correcw
tions,is quite general in the sense that the yalue of sinee(n) seams to
increase in any'grand unified theory that is spontaneously broken to the

SU(3)C x U(l)EM symmetry through the following symmetry breaking pattern
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~ at pr M
G-2EEMM sy, nsUa XUty =T SU KU (5.4,01)

while the wvalue of %% decreases for the second order corrections.
w

Clearly, the value of sin2901) in Eqe (5.4.16) will change accor—
ding to the value of C that of course depends on the group G which governs
the symmetry of the specific grand unified theory. For ¢ - 5/3 [the SU(s)

value] for example, we have
v

dp) ‘°“°“"".&.H
)

L3
Sin GUﬂw =
ogln) 33

L4 s
i > (5.4.22)
where H is given by Eq. (5.4.12). [In deriving Eq. (5.4.22) we have used
Eqs. (5.4.16) and (5.4.4)]

Method IT

As was observed in method I, the logarithmic term appearing in
Eqe (5.4.7) makes it difficult to give numerical values for the physical
parameters, Therefore one is unable to compare these results with the
corresponding experimental ones. The only advantage of such an analysis
is that one clearly sees that the value of sin2é(n) increases when higher
order corrections are taken into account for Eq. (5¢3+82) while for the
same order.of corrections the ratio of the two mass scale or the strength
of hierarchy, M/Mw, decreases up to an approximation in which the off
diagonal terms in the beta function, arising from diagrams with a fermion
loop inside a gauge boson line and a gauge boson from a different subgroup
inside the fermion loop, are neglected. . However, in " Method II " ,
we establish a different approach from that of method I that makes it
possible to predict the numerical values of the physical parameters needed
for comparison with the experimental data.

To start off, let us consider Eq. (5.4.3) that can be rewritten

in the following form
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3
d9;1 2
J%i: la‘.é_"_ +Z l:‘\;J- 3‘(,‘)_&.5‘. )
33m M 3=1 J » (5.4.23)
By integrating both sides of this equation we have
|
— A = bl‘ ‘&“}A -+ I{ +IC (5.4.24)
'75"(#)
where Ic is the constant of integration and Ii is given by
I > Rl '
(=2 ) gw (5.4+25)

To specify the value of IC we 1impose the boundary conditions which have
already been used for the first order corrections, (see Eg. (5.3.61)),

Thus from Eq. (5.4.24) we obtain

I = _ ! -b‘-—&M-r.{M)
S e , (5.4.26)

where Ii(M) is now the constant of integration which hust be computed from
Eqe (5¢4.25). Substituting in (5.4.24) for I, from Eq. (5.4.26) one

finds

-2 -2
g = g, <M)+:b,-,&’£j. ~Ltm) I M0 (5+4.27)

This can be written as

2 | 2 4 2,
gim = b (1+ 3"{"“};”"{“'};*“” ), (5.4.28)

where

2( Itm - T)

= - (5.4+29)
: + 2b; 36&.5—

——
.

——
{

Eq. (5.4.28) is a general solution to the system of differential equations
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(5¢4+23) with the boundary condition (5.4.8). This solution, of
course, depends on the integral (5.4.25). To compute this integral
(5¢4.25) we employ an iterative technique, . Regarding Eq. (5.4.28) as

a solution for gi(u), integral (5.4.25) becomes

3 2
4 R
I‘.(»),-:)___b‘.j{]_\&_z___ LI Gs { z: dn
J=1 |+ab336£“% M l'fﬁbjsa-z.‘!"_. M
2
. 36 s §-o- 35 de } ( :
b ’ «4430
and after calculation we obtain
3 4
Lowh = =3, 2 fa(reaby gl ) + Tm (5.4.31)
J= 2b; #

where the first term is the result of the first integral of (5.4.30) and
I'(n) originates from the other terms and it is assumed that all other
integrals exist and are well defined. By inserting Igﬂfrom Eq. (5.4.31)

in Eq. (5.4.27) we find

3 . 2
3‘2;,,,) = 3'2'”11 +ab. 88 47, _b'_J_,l,,(HJLjS(,zn;-)*'ﬁ-U"
i G TS
(544432)

where the function Fi(n) satisfies a differential equation that can be
obtained by substituting the value of giOu) from Eq. (5.4.32) in Eq.
(5¢4.23) with a boundary condition

F,(M) =0 . (5.4.33)
The same method i.e. the iterative technique can then be applied to solve
the resulting differential equation. It turns out that the effects of
the term which is added to the solution (5.4.32) is too small , so that
at order gé it is at most of the order of g‘. However, we neglect such

terms in our calculation and keep the leading term only. In this way
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Eqs (5.4.32) reads

Y - 3 4 .
M (#4 . M
3‘.(}” = 36-“‘1) -)-2[)(-&-;:-}- Y- ‘QT;‘&‘('-* 2bJ SGe“ F)'

(544434)
J=)

Equation (5.4.34) is our final result for the effective coupling
constant gi(u) as far as the two loop beta function is concerned. Since
gi(M) is sufficiently small, we have neglected the renormalization effects
of gG(M), in other words, we have neglected the renormalization effects iﬁ
the grand unified field theory based on the gauge group G. That is why
we sometimes refer to gG(M) as a constant of integration and to M as the
unifying mass scale( and not the mass of the superheavy gauge bosons of
the grand unified theory in question). It is worth noticing that in some
theories for which there is degeneracy in masses of the superheavy gauge
particles, the value of M in Eq. (5.4.34) may be regarded as the mass of
superheavy particles. We will later discuss that for this case Ig.
(5¢4+34) seems to predict correct values for gi(n). However, practically
we are faced with theories whose superheavy gauge particle masses differ
from each others In the simplest case, in the SU(5) model for exaﬁple,
there exist two sets of superheavy gauge bosons and their masses are
slightly different from each other (dus to the "weak" symmetry breaking of
sU(3) x SU(2) x U(1) to SU(3) x U(1)). For these theories Eq. (5.4.34)
may be used for determining the unifying mass scale M which is nearly of
the order of the superheavy particle masses up to a renormalization that
must be considered in the grand unified theory itself,

Having the ji dependence of the coupling constants in Eq. (5.4.34)
it is, in principle, possible to compare themtwith their corresponding
experimentally measured quantities., It is then due to this comparison
that the parameters of the granq unified theories are specified. From

the phenomenological point of view, the three measurable quantities
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2
dg = &/4n (5.44352)
2
q =e/an (5.4435b)
and
sin2ew = gg/e2 , ' (5+4.38¢)

are usually used for such purposes. The value of ol (the QCD coupling

constant) in (5.4.35a) comes from the analysis of scaling violations in

electroproduction and from charmonium spectroscopy such that for nonw3 Cev
o (ng
ot ()

while the value of d (the QED coupling constant) in (5.4.35b) is conven—

0.320 (electroproduction) (5.4.362)

0.190 (charmonium) (5.4.36Db)

tionally defined at zero momentum transfer as in Thomson scattering at
q2=0, so that
d(e) = (137.135)7". (5.4.37)

Finally, the third quantity, the electroweak mixing angle ew, is presently
measured in neutral current experiments at a scale of the order of_nvaw.

We observe that the quantities which are to be used as input for
Eq. (5.4.34) are measured at quite different scales. However, the
physical parameters, the g's in Eq. (5.4.34),are to be evaluated at the
same scale of the order of the typical masses at which the symmetry of
SU(3)Cx SU(2)L x U(l)Y breaks down. This leads us to choose a suitable
value for p in Eq. (5.4.34) as a fixed point which we take to be Mw, the
mass of the gauge bosons belonging to the SU(2) x U(1l) substructure of
the grand unified theories (we do not distingmish the masses of M, and M,
in our procedure). In this way, only the quantities o and of; must be
evaluated for,n:Mw.

To estimate d(Mw) we use the argument of Ref. (63) in which

d(Mw) is given by the following relation:
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-1 -1 L9 M
d (My) = d (o) ~ 2= L Nw
(Mw) = n .Z*. @5 mg g (5+4438)
where o(0) is given by (5.4.37) and the sum is over all fermions with

quarks counted three times because of their colour (left and right-handed

components are not treated separately). The m_ are fermion masses which

£
are taken to be 1 Gev for the leptons and Mg = mb/3 =~ Mt/q 2~ 1.5 Gev along
with ¥ = 85 Gev, One finds /63/
&l(mw) - &1(0) - (80/3 ) = 128, (5.4.39)

From now on we use the value ofo((Mw) as given by Eq. (5.4.39) in our
calculations though this is only a one loop beta function correction,
This is valid since the effect of two loop beta function on Eq. (5.4.38)
is very small /63/ and therefore negligible.

In order to calculate O(S(M.w) we use Eq. (5.4.7) in which by subs-

- tituting for o(s(M.w) and o (m,) the parameters M and gG(M) are cancelled

out. Thus we find

-
'eﬂd!’ = ! bt . d-l M bas gﬂ 4nb3z+bydstMw) : 4.
= = (o (1o) = oy ( w))+9"a; (4nb33+b,d‘;rp,> ) (5.4.40)
where by and by, are given by (5¢3.4) and (5.4.4) respectively. Substi-
tuting for o(-sl(uo) from Eq. (5.4.36), we obtain
()
o)

Our next task is to apply the values of d(Mw) and ds(Mw) to Eq.

0.142 (electroproduction)  (5.4.41a)

0.115, (charmonium) (5¢4.41b)

(5.4.34) and then along with Eq. (5.4.38) we can estimate the values of
M and sinze(Mw). To do so we choose the conventional combination of Eqe.

(5+4434) for i=1,2 and 3 which gives the folléwing result:

3
o _ 6n { t s c* _any Czb,i-ﬁ—'a,j-(v-rcz)':._,jx
M na+3cy | odimy) As(My) }:.n hj

L X; } , (5.4.42)
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where

™
X; = 1vanbjdg be My, (5+4443)

To see the effects of the third term in Eq. (5.4.42) which is added to
Eqe (5.3.8b) due to higher corrections let us give some estimates for it.

We denote the last term of Eq. (5.4.42) as

3 2 2 .

— €b,;thij-014cHb

aFh,Cyng) = 60| 4ny E2072 2 nx. ), (5.4.00)
H(i1+3c?) j= b; J

where h=M/Mw determines the hierarchy strength of the considered theory

and Ng is the number of gerations that is contained in the b's coeffi-.

cients., Substituting for the b's from Egs. (S.3.4) and Eq. (5.4.4) we

find
(on) ¢ 2 LU A £
le(h,c,nS) = 1,387 X, - X X3 (544445)
where
2
Y, = Lcw’i , (5.4.462)
2
- Bic-as
Yl - —"0__ ’ (504.46b)
Ya 43Cl+35
3= y ’ (5¢4.46c)
and
X, = H%dc,&.gw ) (5.4.47a)
X, = |-3’-"al(,€w£-w ’ (5+4.470b)
x3= l—%-‘da_&»a_ . (504-470)
w

From Eq. (5.4.47c) we learn that the solution given by (5.4.34) is
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meaningful if

G MW >° b (5-40483.)

{ exp 2 dg (5.4.48b)

This constraint provides us with an upper limit on the unifying mass scale
M. Taking o(G = 0,024 fixed by the one loop result one has M/M,, (
1.748 x 1016. Furthermore using Eqs. (5.4.46) and (5.4.47) along with

Eqe (5+4.48b) we find that
1Y F(,Cmy) > 0 . (5.449)

We have worked out the values of F(h,o,ng) for reasonable values of & e

which are displayed in Table (5.4.2).

do | o024 | 0.026] 0.022 | 0.030

F |o0-a96 | 0.935 | 0.a94 | c-933

Table (5.4.2) Values of F‘(h,c,ng) for n=3 c2=5/3 and M ~6.293 x 10%4,

In analogy with Eq. (5.4.15b) that was obiained by "Method I",
Eqe (5.4.42) can be rewritten in the following form

§w= F(h,e,ng) exp {___._“(,if;cl) (of'mw)-(wc‘)d;'mwl)} y  (5.4.50)

where F(h,c,ng) is given by (5.4.45). By using the values of o((Mw)=128
and ds(mw)=o.142 for BEq. (5.4.50) in the case of the SU(5) model, this
yields

M = F(n,cpn) x 2,81 x 1012 Gev. (5.4.51)

while for the same value of a{(Mw) bat for ds(Mw)=°'112 Eqs (5.4.50) reads
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M= P(n,cn) x 5.92 % 104 ¢eo. (5.4.52)
We should perhaps point out that the exponential term in Eg. (5.4.50) is
independent of the value of M, 1In fact, it corresponds to the value of M
for the one loop beta function correction (see Eq. (5.3.8b)) and we have
already shown that the function F(h,c,ng) satisfies the relation (5.4.49).:
This necessarily means that the value of M’/Mw is smaller than this ratio
when it is calculated up to the one loop level., In other words the higher
order corrections (up to two loop) seem to decrease the value of M’,/Mw .
For example if the theoretical results for M’,/Mw is to be compared with

1
d(.) = 0.142, then W/M < 3.524 x 10 3

or if we take O(S(Mw) = 0,115 then
we obtain M/Mw £ T.404 x 10%2 [see Eqs. (5.4.51) and (5.4.51)].
To see the low energy behaviour of the electroweak mixding angle

6, we make use of Eq. (4.3.39) and Eq. (5.4.32) for i=1,2 along with Eq.

(4.3.33) to find the following relation:

- 2 ! gcl 2. otMy)
S ™M = - | — CT) e—Z2
n9(M ) 1+c* {' H-ac"( (rre At Mw)

sy M) 3

- > Z. X, } : (5.4.51)

1+3c” o

where

Z. — [(bii-3by; +2b35)4n i=1, 2,3 (544452)
i -
J
and Xj is given by Eq. (5.4.43).

There are three distinguishable terms in Eq. (5.4.51). The first
term contains '1/(1+02), which is purely a number. It originates from
embedding the standard su(z.)C x 5:11(2)L x U(l)Y. model in a grand unified
theory based on a simple gauge group G (such as SU(5)). In the simplest
example, when G = SU(5) the value of C is given by By. (4¢3¢38) and hence
l/(1+02) = 3/8 « The second term, which is symbolically denoted as

[ sin°0 (M.w) ]‘," reads

. Y - - -
[Stn:'G(Hw)J =—2c'z'(l+cl) '(:+3ch '(l-{uc‘) d(Hw)dsl(Mwb ; (5,4,53)
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which comes from the one loop beta function correction to the gaugé
couplings of grand unified theories. As long as<X(Mw) and dS(Mw) are
compared with their corresponding experimental values, [sinze(NHp]u’for
a specific theory, is a universal quantity [its value for a:l(Mw)=128
and cg(mw)=o.115 is [sin29(Mw)]gLO.168 and for dil(Mw)=128 and a;(mw)=o.142
is [sin2e(Mw)]=-0.177 (for C2=5/3)]. Due to these two terms in

(5+4451), corrections to the value of sinze(wa" up to one loop Feynuman

diagrams for 02=5/3 is formulated as

) oM
Sntemy) = L - % -&:—rﬁ;. , (5.4454)
5

which corresponds to the results obtained in Ref, (48).

Finally, the last term in Eq. (5.4.51), which is symbolically
2}
denoted by [sinze(Mw)] , reads

3 ) c d‘"w)
[Sm O(Mw)] = — Z Z ng ) (544455)

l+3C1

where Zj and Xj are given by Eq. (5.4.52) and (5.4.43) respectively,
Substituting for the b's in Eq. (5.4.52) and Eq. (5.4.43) from (5¢3¢4 )

and (5¢3+4 ) and then using the results for Eq. (5.4.55) one obtains

2 2 n/8 3130 198/4

[s{niemw)] = . £ - d‘"“”«enx Xy X3 s (5.4.50)
1+3C lon

where X, X, and X3 are given in Eq. (5.4.47). The positivity constraint
on X, implies that M /ng 1.748 x 1010 (as was discussed for Fg. (5.4.48a))
It then turns out that for any value of C we have
(D
[S.’n?‘emw)] >/ o . (5+4.60)
It means that for any value of M satisfying relation (5.4.48a) the value

of sin°® in Eqe (5.4.51) increases with respect to the one loop correction,
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For example for those models with 02=5/3 from Eq. (5.4.51) we find that

Su‘nzﬂ (M) =

a1y uas 1)y
L5 At sd(Mu) g, TR0
6 q A(Mw) igo ™

2

. (M)
> Slh 9“‘4,.) \J (5.4061)

(See also Eq. (504054)).0
We have displayed the value of sinze('Mw) and the unifying mass

scale M for some values of ds(Mw) in Table (5.4.3).

d M) SinloM,.) M Tp (Yr)
0-1) 0-209 0-986x10"" ax10?
_w;vli 0.205 Y.059 xlol‘; s'uaao
013 0-203 . o) xm's 2 10>
014 0.202 1.Boo xu'zf ln(los‘
0.15 0-.100 2. omxlc)'s '7)(!03‘
016 c.193 4‘401"83 lx|031
0.\t c.199 -4 :(Ico'f 2x|o31

Table (5.4.3) Values of sinze(M.w), M and 'rp predicted by the SU(5) model

for a range of ds(MW)'

The results presented in Table (5.4.3) have been worked out for the SU(5)
model [for which C2=5/3 and ng=3] through Eqs. (5.4.61), (5.4.50), (5.4.15b)
(5.4.40) and (5+4¢44), The value ofd, has been estimated graphically by
using Eqs. (4.3.61)-anc1 (5.4.5) for each value of o i it is predicted to
be between 0,025 and 0.030,

There are now a number of comments to be made about the above

procedure and results. These we present in section 5.



127

545 Conclusion.
a) We presented /67/ a general procedure for evaluating the low

energy behaviour of the physical parameters of grand unified theories.
In particular, we mainly analysed the question of gauge coupling constants .
and the electroweak mixing angle in the theories for which symmetry brea-
kinngccurs in two stages. It turns out that when the underlying symmetry
group G is "simple™ and the theory contains only one gauge coupling éons—
tant, the. first stage of symmetry breaking takes place at energies around
10%7 Gev (see Table (5.4.3)). At energies well above M~10'2 Gev where
the grand unification is manifest, there is no distinction between strong
and electroweak interactions and all couplings have the same strength. We
have used this as a boundary to our approach which in turn imposes a boun-
dary condition on the relevant differential equations governing the beha-
viour of coupling constants. Although the coupling constant for a
specific grand unified theory is the same for all interactions at energies
above the unifying mass scale MmlO15 Gev, it branches in the lower energy
region in the space of effective coupling constants. In branching the
coupling constant of grand unified theories, the "strong" spontaneous
symmetry breaking seems to play the main role since at energies around M
the superheavy gauge bosons acquire masses of the same order M and they
begin to decouple such that any interaction then is governed by its own
beta function. That is perhaps why the basic mechanism, in radiative
correction in grand unified theories, is the "decoupling theorem" of heavy
particle loops.

When one excludes the contributions of heavy particles from the
relevant heta function for each interaction and applies the renormaliza—
tion group technique for effective parameters, some very interesting

information is obtained such as the order of unifying mass scale, the

relations between effective couplings and particularly the value of the
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electroweak mixing angle (see Eqs. (5¢4+39), (5.4.50) and (5.4.61)).
These findings are more or less consistent with the low energy behaviour
of the theories in question.

b) We would like to point out that the fermionic threshold effects
do not manifest themselves in the one loop corrections for sin26w and the
value of M/Mw . This can be seen from Eqs. (4.5.15b) and (4.5.16) in
which the fermions contribute to the calculations through the coefficient
b's, In Eqe (4.5.15b) these coefficients have been parameterized in the

forni [blC?+b2-(l+C2)b3)-l, where the b, are given by

= , 4 - ! e )e
b’_ —_— Yo (—3773 —ONH) (5 5 13.)
! 11 1 541D
‘J‘ -;—_|_6_n—1- 3 Cz(su“))_%hj_.z- NH) (5 5 )
_ ) ] 4 5¢5e1lc
53__-—- |6n1 (?Cz(suly) - -—3—,’13) ( 5 )

with ﬂg being the number of fermion generations and NH being the number of
SU(2) Higgs isodoublets (see also Eq. (3.5.4))s Using the coefficient

b's from ()a 5.1) we find
( LC +b - ( +Cz '9! )'.: ‘—“'" 2 +Cz L C {Su(?))

z N -
- %'-Cl(.Suu’)-rN,,(-;-fcl—c-)) (5.5.2)

which is indeed independent of ng. A similar situation happens for the
values of b,-b, and (bl-b2) in Eqe. (5.4.16). It means that the fermionic
threshold effects do not influence the value of M/Mw and sin29w when the
first order beta function is considered.

c) We analysed the two-loop effects on the beta function in order
to study the higher order corrections to the coupling constants of the
grand unified theories which in turn leads to a correction to the alec-

troweak mixing angle as well as the unifying mass scale M. To obtain a

solution to the resulting renormalization group equations, two rather



129

different methods were suggesteds In method I we have neglected the off
diagonal contributions to the relevant beta functions; this approximation
seems to be reasonable since o 1 and 0(2 are small and the off diagonal
contributions have also relatively small effects. (See Egs. (5.4.3) and
(5.4.4)). In this case we found a solution for the hierarchy strength
h=M/Mw in terms of o(s and OlG which was given in Eq. (5.4.10). " From Eq.
(5.4.10) we find out that the ratio M/Mw decreases with respect to the
one loop result by a functional factor F(ds)'x-é- (see Table (5.4.1)).
Following method I, we also argued that Eq. (5.4.7) for i=3 may be useful
for calculating the value of ds at the scale of,p.~l\‘[w by comparing our
results with the corresponding experimental value of o(s. The value of
o(s(Mw) was obtained in Eq. (5.4.41). 4e then studied the behaviour of
the electroweak mixing angle ew and came to the conclusion that the low
energy value of sinze(M,'_I) increases with respect to the one loop correc—
tion (see Eq. 5.4.16)). In method II, we established a solution for the
system of differential equations (5.4.23) based on an iterative technique.
Although the resulting relationships for the effective couplings are very
complicated, Egs. (5.4.50) and (5.4.51) give clear results for the beha-
viour of M/I-Iw and sinze(lllw) respectively. According to these Egs. the
value of M/Mw decreases while the low energy value of sin26(b1w) increases
due to our approach which confirm the results of method I. In IExq.
(5.4.50) the value of M/Mw decreases by the functional factor F(h, C,ng)
satisfying the condition 6.4-49)- The value of F(h, C,ng) depends on
three indices h,. C and ng. We have studied the behaviour of F(h,C',ng)
around the value of h = 1014 by fixing ng=3 and 02=5/ 3 and found out that
it does not have significant effects in our procedure. However, it can
basically change the prediction of M/MW through the other indices C and
ne For theories with four generations, for example, the coefficients bi

must be recalculated through Eq. (3.5.4), and the coefficients bij of

BEtse (5¢4+4) must be replaced by
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78 13 176
s s
2l 4
B)=(=)[+5 2 Y.
: 4 5 _2 (5.503)
3o 3

We have checked that for theories with four generations and Cz=5/3 the
condition (5.4.49) does not hold and consequently for models with four
genrations the value of M/Mw increases with respect to the one loop
correction,

d) Method II for ng;3 does not change the value of M/bq (predicted
from the‘one loop correction) by very much. This can be understood from
Table (5.4.2) in which the function F(h,C,ng)Nl. But it does increase
the value of sinze(Mw) by nearly a factor of 1.02/) (see Eq.(5.4.61)).

e) The question of higher order corrections to the values of sin26w
and the grand unifying mass scale M was then‘reconsidered by other authors
/64,65,66/.

In Ref. (64) a similar argument is given for higher order correc—
tions to sinzew and the unifying mass scale M in the SU(5) model. 1In this
work the method which is chosen to handle the problem is the same as that
of method I and it confirms our result that the low energy value of the
electroweak mixing angle increases whereas the value of M decreases with
respect to the one loop correction., The values of M = 1.1 x lO15 Gev,
sinze(Mw) = 0,206 are then suggested to be the best SU(5) model predic-
tions. We have borrowed part of his result exhibited in Table (5.5.1)
to compare with our result of Table (5.4.3). (Note the results in Table

(5¢4.3) have been worked out by using method II in our approach)
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-2
ds'Mw) Sin oM.} ™M TP (Yr)
W aq
LN 0.2ty 2.6xl0 (1ro=-19)x10
) 1
0.13 G- 4.5 x)0 4 (8.2-156)xi6
14 30
0.13 0.203 Y.axl0 (5-4-102)110
15 31
014 0-106 1.1 X110 (26-50)xl0
32
0.5 0lc4 L;x:dr (10-1a)x10
1y 2
016 0202 J.0410 (3.2-61)x10
g N 31
our 0.199 2.6X1l0 (2.0-174)X10

Table (5.5.1) Results borrowed from Ref. (64) for comparing with Teble

(54443) for the SU(5) model.

A detailed discussion on the proton decay and higher order correc—
tions in the SU(5) model has recently been presented /65/ by R.D. Ross.
His approach is very close to method I but he considers threshold effects
near the X superheavy gauge boson masses in the SU(5) model. The final

result predicted for M in this work is
M= M, = 4.2 x 1074 Gev. (5.5.4)

Recently, Weinberg /67/ has suggested a new way of calculating
MX « This method consists of integrating out the heavy fields in the
functional integral to obtain an effective SU(3)C x su(zr)L x U(l)Y inva-
riant gauge theory. The details of this method were then worked out /66/
for the SU(5) model. The author of Ref. (66) constructs an effective
SU(3) x sU(2) x U(1) invariant gauge theory by integrating out the super—
heavy fields from the SU(5) grand unified field theory. He then considers
higher order corrections to the coupling constants of the effective SU(3)
x SU(2) x U(1) gauge invariant theory and finds the following solutions

for the g's
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3;20‘) 3C_rm; + 2b; LL’: + Z, &n (1+:b 3G(M ;L" )
Fer -’Ef;
— A‘-(M“ ,dG) y (505.5)
whereAj.is predicted to be

A;(l-‘, de) = Am+ /\?'(N AP + A:]’d;lﬂ + o (5.506)

and the solution (5.5.5) which is the master relation of that work is

obtained by using the boundary condition

-1 -2
Jitm = G- A (5.5.7)

The predictions of M, and sinze(hq) are the central subject of Ref. (66);

they are given by

15 .9
M, = 1-50X10 AL G, (5.5.8)
and
.2
Sin"@ip) = o096+ 2:9%42 * .00 ,
w ol (") (5'5'9)

where the factor Az’varies from 0.1 to Q.7 and_pJva « (Note that he
uses the same notation as ours.)

Perhaps-at this stage we should make some correspondence between
our findings from method II and the above results which have been very
recently obtained (independently) through the new idea of effective gauge
theories /68/. First of all we note that the index i used for M in Eq.
(5.5.5) originate from the fact that the renormalization effects have
been taken into account for the value of gi in the original (grand unified)
theory. (The boundary condition (5.5.7) also reflects this fact)

Suppose the method II that was presented in our work is correct, then the
solution (5.5.5) for

do M1#) =0 (5.5.10)
P M
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must reduce to our solution (4.5.32). This correspondence is indeed
possible since in this case we can identify the function F (n) in Eq.
(5.4432) as
Fi(M) = -Ai(M , O(G(M)) . (5.5.11)
Note that under the limit (5.5.10) one can drop the index of Mi and the
boundary condition (5.5.7) now reads
g (M= g (5.4. 3)
which is exactly the same boundary condition we used in our approach. We
observe that in this case the solutions (5.4.32) and (5.5.5) are identical,
in other words, method II in our work is also confirmed in Ref. (66).
Eqe (5.5.8) corresponds to the relation (5.4.52) in our work.
Since we have shown that for the SU(5) model F(h,C,ng)nal, our prediction
for the grand unifying mass scale M coincides perfectly with the result
of Ref. (66) for A%'= 0.394 (which is the mean value of A%'= ﬁ‘;—‘31=f’-4)-
Although our results are mostly reproduced in Ref. (66), Eq.
(5¢4.61) seems not to be in good agreement with Eq. (5.5.9). If we use

the same value of parameters that have been used in Eq. (5.5.9) we find

5.'..‘9('4..) = 0-"76+§°—’:% +0.003. (5+5.12)
This value of sinze(Mw) not only quantitatively differs from that of Eq.
(5¢5.9) but also there is a difference in the sign of the third term.

The increasing of sinze(Mw) for higher order corrections in
grand. unified theories, in particular the SU(5) model was one of our
sharp statements resulting from two different methods in section 4. We
have been wnable to include a minus sign in the third term of Eq. (5.5.12).
Furthermore, as was mentioned, method I has been supported in Ref. (64).
f) In the next chapter we begin with the hierarchy problem in grand

unified gauge theories., We will then discuss models with more than two

stages of symmetry breaking and find the reasons why actually we need to



know the value of sinze(mw) to the accuracy described above,
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CHAPTER VI, INTERMEDIATE MASS SCALES

6.1 Motivation.

One of the most disturbing features of grand unified theories is
the existence of two stages of spontaneous symmetry breaking characterised
by radically different mass scales. More precisely, a large local gauge
symmetry G is initially assumed in a Lagrangian, which is then "strongly"
broken by a huge vacuum expectation value i down to a reduced local gauge
symmetry Gl. This symmetry is further broken by another vacuum expecta-
tion value vh(<K VH) into the G = SU(3)C x U(l)EM symmetry. (See chapters
4 and 5). So far there has been no convincing natural explanation of the
enormous ratio -of the superheavy mass to ordinary mass which arises through
such a hierarchy of symmetry breaking.

With regard to this difficulty, two questions may be posed. On
the one hand one may ask how such drastically different scales can be
naturally induced in the theory. To this we have no answer, and perhaps
there is really no answer without further dynamical input or other assump-
tions. However, the question about the possible existence of intermediate
symmetries between grand unifying group G and Go which in turn permits
several intermediate mass scales between 102 Gev and 1015 Gev can posi-
tively be answered., As far as gauge theories are concerned, many grand
unified models (except the SU(5) model) can in principle break the grand
unified symmetry down to the exact G_ = SU(})C x U(l)EM symmetry with more
than two stages. For example, a grand unified theory based on the S0(10)

group, the following routes of symmetry breaking are allowed.
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Fig. (6.1.1) The routes of symmetry breaking for the S0(10) model. The

|

arrows show the possible symmetry breaking from SO(10) to SU(})C x SU(2)L

x U(l)Y which then breaks to the exact SU(3)C x U(l)EM symmetry.

In this chapter, we study grand unified models for which more
than two intermediate mass scales can naturally exist. Apart from the
basic assumptions used in Chapter 5 for one loop beta function correction
the main idea that goes under our approach in this chapter is the assump-
tion that the U(l)Y (hypercharge) generator Ty gets contributions from
the other intermediate stage of symmetry breaking. We apply this idea for
the "maximal"™ unified gauge theory based on SU(16). This chapter is orga-
nised as follows. In section 2 we briefly study the gauge boson structure
of the SU(16) model. In section 3} we discuss the value of sin26w and by
taking into account renormalization effects, the values of the effective

coupling constants and the mass scales of the model are computed. Finally

in section 4 the results of our work are summarized.
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6.2 . The SU(16) model.

The "maximal" unified gauge theory provides us with an elegant
description of quarks and leptons and their interactions /52/. In such
theory with quarks and leptons in one multiplet of the gauge group G, 2
linear combination of bosonic, B, and leptonic, L, quantum numbers as well
as the fermion number F = 3B + L are locally gauged. They are exact
symmetries of the basic Lagrangian and their spontaneous violation arises
when the associated particles acquire mass through spontaneously induced
mixing between gauge particles carrying different B, L and F quantum
numbers,

One of the interesting features of maximal gauging of symmetries
is that several intermediate mass scales lying within the "grand plateau"
between 102 and 1O15 Gev can exist /52/. Here we wish to study the
charactéristic mass scales and the behaviour of the effective gauge coup—
ling constants of these intermediate stages for which the underlying
symmetry of the theory is the G = SU(16) gauge group.

In the SU(16) maximal unifying gauge theory /52/ of weak, elec~
tromagnetic and strong interactions, the fermions are grouped in a lé
dimensional " representation. For the electron family, for

example, the six left-handed quarks, u_, uy y U

v b? r

leptons e and v as well as their charge conjugate fields are represented

d_ , dy ’ db and two

within the same multiplet :
- c [4 <
W= U, uyou, ) d, L dy L4, 85 . dy L dfl et UL upL UL g }
E{‘t,é’;q%é‘} . (6.2.1)

There are various choices of intermediate symmtric stages, that
may exist between G = SU(16) and the low energy Gy = SU(})Cx SU(2)L x'U(l)Y
symmetry group discussed in detail in Ref. (52)., Here we study the follow

wing route,
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SUM16) ——>5Urg)_ X SUB) XU ——> SULL) XSUC2) A SUL2) —b
I iy F (< R L

SUla)stmuLxuw —_ smg)cx U“’gn .

Y (6.2.2)

where the two SU(8)'s operate in the space of the eight fermions and the
eight antifermions and F represents fermion number., Under SU(8)I x SU(8)II
x U(l)F the 16-component objecfs % and ¥ decompose as 16 = (8,1)l +
(1,8)_1 and 16 = (8,1)_l + (1,8)+1 , respectively, while the 255 gauge
particles of SU(16) decompose as : 255 = (l,l)o + (63,1)0+ (1,63)0 +
(8,8)+2 + (8,8)_2 where the subscripts 0, *1, *2 denote the fermion number

F. The P =*2 gauge fields (coupling to the diquark, lepto-antiquark and

dilepton currents) acquire masses at the first step of symmetry breaking.
We specify the characteristic mass scale of this stage of symmetry brea-
king by M. The components with F=0 whose generators belong to the coset
space SU(8)I x SU(S)II x U(l)F / SU(2)R x SU(Z)L x SU(4)C acquire masses
of the order of M, at the second step of symmetry breaking. The 3U(2)R x
SU(2)L x su(4)C symmetry breaks down to the standard SU(3)C x SU(2) x U(1)Y
model at the mass scale MX , the region where the X - leptoquark gauge
particles become massive. The G, = SU(})C x SU(2)L x U(l)Y symmetry does

2

not remain exact, it breaks (at a mass scale of the order of Mw 10° Gev)

down to the su(3)C x U(1)em symmetry (for details see Ref. (52)).
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6.3 Sin28w and effective couplings.

In accordance with the electroweak substructure /10/ Gsw =

SU(2)L x U(I)Y, the unbroken generator, Q, (elecromagnetic charge opera-

tor ) can be written as

Q =Ty + CTy (6.3.1)
in which C is a constant (that will be specified later), TL and TY are
the generators of GEW arising at the fourth step of symmetry breaking.

For the same reason, any generator of the group algebra in the fourth
stage can be written as a linear combination of the SU(2)L x SU(2)R x
SU(4)C generators that govern the symmetry of the third intermediate

stage. Thus the hypercharge U(l)Y generator TY , for example, may be

written as

Y= M1tr tVet1s (6.3.2)

where T__ is the third component of SU(2)R , T

- is the fifteenth (SU(})C

15
singlet) component of the SU(4) and the coefficient C's are easily

calculated as follows:

=TT R TTR), (643.3)
CJ.= T;’(Ty-ns)/ I‘(TST;S); (6.3.4)
C=T(®T)/ T T) - (64345)

In this way, any generator of SU(4)C , in particular those
belonging to the centre of SU(4)c , 2lso may be regarded as a linear
combination of the SU(B)I and SU(8)II generators,such that

To = CfTp + CIITII . (6.3.6)
Note that the SU(Z)L group originates from the second step of symmetry

breaking and the generators TC are a SU(2) singlet. Note also that



the U(l)F generator does not directly contribute to the electromagnetic
charge operator, Q.
In a basis for which the electromagnetic charge operator Q is

given by the 16 x 16 diagonal matrix
¢= (:/3' 2/312/3,0, -'/3 1—'/3 ;-'/3;—1; '/3;'/3,1'/3) 1 )-1/3 )-7/3)—1/3.0)d"qs‘)(6.307)
and the SU(2)L generator T, (embedded in SU(16)) by

-EL='/(l;",,',—',“l-l)-‘)'°)°1°l°)°/°l°'o)-
2 diag,

(6.3.8)

12 Uk 2
the coefficient C's are: C=(5/3), c, = (3/5)and c, = (2/5). Thus the

charge operator reads

P=T, tJ/IT, (6.3.1)

where TY is given by Eq. (6.3.1). This leads to the standard definition

of the electroweak mixing angle as follows:
. 2
Smgew = e"/gu_ . (6+3.9)

Gauge invariance and consistency with Egs. (6.3.1) and (6.3.2)

imply that the photon field is given by

C T

where g' = gl/C and
er=gl+g (6.3.11)

and B is identified as

B ,_.3'( %*@ %‘;_) , (63.12)

with V15 being the gauge boson corresponding to the fifteenth generator

of SU(4)C ) 8op and g, are the gauge coupling constants of SU(2)R and

SU(4)C, respectively, It turns out from Eqs. (6.3.1) and (6.3.2) that

140
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-2, z a1 -2
9, = G I +C; 9,

' (6.3.13)

Substituting in Eq. (6.3.9) for e from Eq. (6.3.12) and using
relation (6.3.13) at the SU(16) symmetric limit we find
. 2
sin"@, _ (1+c2)‘1. | (6+3.14)

This, of course, coincides with the following definition of sinzew

sni8, = T (T T H{(@P) = 1+ (6.3.15)

which may be thought of as a direct consequence of definition (6.3.1).

We observe that in the maximal SU(16) gauge symmetry, the "cano-
nical" electroweak mixing angle, €, has the same value as in the minimal
SU(5) unified gauge theory at the symmetric limit.

Having Eqs. (6.3.9), (6.3.11) and (6.3.13), it is now straight-
forward to take into account the renormalization effects for the U(l)Y ’
SU(2)L and SU(3)C coupling constants. The one loop solution to Eq. (5¢3e1)

yields the following results for 81 1 85 1 and gy

-3 -2

3, {Hw)=36"‘1)+2‘38&£:— +2(-§-b1+%-54)*&_'\25+2L'&M_‘. , (6.3.153.)
I M., M.,

-2 -

J, M) = 3;‘") +2by 4 E‘—*Jb‘&n %E +ab 2R (6.3.15b)
e w

Gy =9t b Ao b, ab, daME | 3b 4 Mx (6.3.15¢)

'3 w "‘36(”)"’29 F"‘F+:[' _f—-]-_x-"zs .;‘._v;; * e

In which M, MF ’ MX and Mw are the characteristic mass scales of the first,
second, third and fourth step of symmetry breaking, respectively. And bN
are given by Eq. (50344 )

In what follows, we first show how the theory predicts the value

of sin2e(Mw), (at low energy), where the physical processes are governed

by the G, = SU(3), x sU(2), x U(1)y symmetry. To do so, we use equations
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(643.11), (6.3.9), (6.3.13) and (6.3.15). We find

Sin"emw)= 3( ba-by) (H— 5(b,-by) AMw)
sb, +3b,~3b; 3(by-by)  XAfMu)

Zh(ba-by)(5b -3ba-2b3) d(Mw) g Mg )
_— )
My

3(b,- b3)
(6.3.16a)
and
-2 Al Mw) M
SwOM.) = % =% Ty = 257 ((hi-b)+ 2 (- b))t B T
(6.3.162)

[These two equations are valid for any unified gauge theory that sponta~-
neously breaks through the route:

G ——SuRIXSULR) 2 UL —— SULL) XSYLLIASU2) ——— SUDxSUIXY )

in which the unbroken U(l) generator is given by Bg. (6.3.1)] After
using Eq. (5e34) for calculating the coefficients b, Egs. (6.3.16) and

(643.17) read

s}n”gmw) =1 5 Ay IBXW) g Me | (6.3.16b)
and
c AtM) 4hd(M
s =1 L 20 w) g, Mx
m 8, = L — 5 2 e &1_';: . (6.3.17b)

In deriving "gs. (6.3.17b) and (6.3.16b) we have neglected the small
effects of the Higgs scalars and [0((Mw) = €M )/en and ds(IVLN) = Jenfan ]
Fgse (6.3.17) and (6.3.16) play a significant role in determining the
value of sin26(Mw); the information that is obtained from these equations
is classified as follows:

a) The first immediate result derives from (6.3.16), that is

-
SmBHL) > ?'_ + _;;%%«)_) (6.3.18)
3 w.

in particular at M, ~80 Gev for o((Mw) =1/128 , ds(Mw) = 0.11 we find
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sinee(l-lw) > 0.206.
Perhaps at this point we should make some correspondénce between our
result and the result of the "minimal" SU(5) sauge model of chapter 5. In
the standard SU(5) model (for the same value of o andds ) we have (see

Eq. (5.3.3a))

AlMp)

Smta(M,,) = =
n"Q{ w) d“(Mw) = 0.206 . (6-3019)

iv3
By comparing this equation with relations (6.3.16b) and (6.3.18), we
observe that in the context of quark lepton-unification, when the baryon,
lepton and , in general, fermion quantum numbers are gauged, the theore-
tical prediction of sinze(Mw) increases with respect to that of the SU(5)
model., [Note that these quantum numbers are not locally gauged in the
Su(5) model] This, in turn, implies the existence of at least two inter—
mediate stages with two quite distinguishable mass scales MF and MX [if
sinze(Mw) > 0.206].

b) There is an upper limit on the value of M, since from Igs.

(6.3.18) and (6.3.17a) we can obtain
My <M, enp 3T (t+c™ o tm,) _d;'mw)) . (6.3.20)

e have presented some values of H32 = MF/MX and H21 = MX/Mw for o

= 128 and for ds(Mw) = 0.11, (as suggested by charmonium spectroscopy)

for a range of sinze(Mw) in Table (6.3.1). We have also calculated the

value of M, and M, by assuming that o'(l (M.w) = 128 and o(s(mw) = 0.121,

suggested by electroproduction experiments for a range of sinze(Mw); this

has been displayed in Table (6.3.2). It is worth noticing that for sinze(“u)
= 0,230, (the average value taken from neutral current experiments)

Qe find MF':fIO5 Gev and M, = 10% gev (see Tables (6.3.1) and (6.3.2)). We

emphasize that the mass scales MX and MF are quite distinguishable, though

they are close to each other. The reason is that the logarithmic terms in

Eqs. (6.3.16b) and (6.3.17b) appear with opposite signs and because of
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that the hierarchy strength H21 decreases as the effective value of sin26
(MW) ranges over 0,206 to 0.242, while for the same value of sin26(Mw) the

strength of H 5 increases.,

3

c) If the neutral current (or any other) experiments at the

scale of Mw(~80 Gev) predict

SintaeM,) =

& M) - (6.3.19)

[which corresponds to the theoretical prediction of the SU(5) model],

then the above calculations (see Egs. (6.3.16) and (6.3.17)) show that if
the SU(16) gauge model is to describe the physics of fermion, the two
intermediate mass scales specified by MF and MX must be very close to each
other i.e. MFA'Mk o In this case a lepton quark unified gauge theory
emerges with a theoretical prediction of sin29(Mw) nearly equal to that of
SU(5); so that lepton—quark unification, left-right symmetry and fermion
number sirmltaneously break down at some mass scale of the order of MXAJ

10° Gev. Since from Fas. (6.3.16) and (6.3.17) we obtain

« 2 ~-_,— i lew) - _S" 2'6(” 6. .21
Sm gtH,) = 2] UMW) T i wﬂsms: ? (6.3.21)
and
(M -1 =t
My = M, exp __3_(_&’( smtecH.) — dth,,) ds(ﬂw))‘ (6.3.22)
3

-1 . - 2 - 2
Hence for of (M) = 128 and & (M) = 0.11 we find: smgm) = SWomM) [o,
= 0,206 and MX e« 1.40 x lO5 Gev, while for the same value ofdwaandcxs(Mw)

=p.tqy and My = J-osxlosG«n

dftw)
alsIM.,)

= 0,14 we obtain Sin’8(Mw) & Sn'EMW]

However, any experiment that gives sinze(Mw)> 1/6 + 5/9
allows intermediate stages with underlying gauge symmetries SU(8)I X
SU(B)II x U(1)F and su(z)L x SU(2)R x 511(4)C to coexist such that M £ M,
{ N%,( M. It is indeed because of these two intermediate stages that the
value of sin29(Mw) is pushed up in accordance with Egs. (6.3.16) and

(6.3.17).
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d) As far as the coefficients b are concerned Eqs. (6.3.16) +and

(643.17) are independent of the number of fermions and the number of gene-
rations., Perhaps this means that fermionic threshold effects do not influ-
ence the above calculations [up to the one loop approximation]. It is

also worthwhile pointing out that the mass scale M is cancelled out in

Egs. (6.3.16) and (6.3.17), it is not directly involved in these equations,
rather it can be determined through the renormalization effects of the
third and second intermediate stages where the symmetries are G, = SU(2)L

x SU(2)R x SU(4)C and G, = SU(8)I x SU(8)II x U(l)F , respectively.

3
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604 Results,.

Quark=lepton unification symmetry gauged in its maximal form, as
was mentioned, permits,in general several intermediate stages in the theory.
In our example of SU(16), there are two such intermediate stages, between
G = SU(16) and the G, = SU(3)C x SU(2)L x U(l)Y symmetries, characterised
by the mass scalars M, and M, as given by Egs. (6.3.17) and (6.3.16). The
determination of Mk and MF depends on the experimental value of sinze(Mw)
and an accurate value of sinze(Mw) determines whether intermediate stages
with symmetries G, and G3 can coexist (see Egs. (6.3.16) and (6.3.17)).

If the experimental prediction of sinze(Mw) coincides with the theoretical
prediction of singe(Mw) in the SU(5) model i.e. singe(Mw) =1/6 + 5/9:‘—{;',7':-':—:
then in the SU(16) model, Eg. (6.3.16b) for I~ W, gives nearly the same
value of sinze(mw) as the SU(5) model. In this case Eq. (6.3.17b) says
that in the context of the SU(16) model, at least two intermediate stages
with the symmetries G2 and G3 very close to each other may exist; that
break down to the SU(})C x SU(2)L x U(l)Y symmetry at a mass scale of the
order of MX~'105 Gev. On the other hand, it was shown (see (6.3.18) and

(63.20)) that the two intermediate stages specified by the G, and G

2 3
broken symmetries can naturally coexist if the experimental value of
sinze(M.w) is larger than 0,206 [foro_ = 0.11 and &~ = 128]. This under-
lies the significant role that an accurate experimental value of sinze(Mw)
would play in distinguishing between different grand unified models.
Lvidently, apart from proton decay, n = n oscillation and neutrinoless
double /3 decay processes, an accurate experimental value of sinQG(Mw) (to a
10-4 accuracy) plays a crucial role in determining allowed intermediate
stages in a specific grand wnified theory.

Finally, if such intermediate stages exist, it is interesting to

Jau}(
study the connection between the effective value of the gauge coupling

constants (and perhaps the value of sinze(mw) if it is well defined) at



147

these intermediate stages for various physical processes allowed by t}{em.
In our procedure, we have used Egs. (6.3.16), (6.3.13) and (6.3.11) to
calculate sinze(Mx) and the effective value of dC(MX) ["colour coupling
constant", dC = gz /4 ] through renormalization effects for the C-3 inva~
riant gauge theory. Forq"l(mw) = 128, ols(rn.w) = 0,11 and sinze(Mw) =
0.230 at M~ 80 Gev we found d (M) = 0,041 and sin’@(t,) = 0,251 while
for of T(,) = 128 and &_(M) = 0.14 and sin8(M) = 0.230 we obtained :

a, (M) = 0,040 and sin29(MX) = 0.252 /F1/.



sema| MylMy, | MMy My Me
3 5 WATTI
0-20Y 1-610x10 l-03q 1.369 10
3 ' s
0.209 1.534x10 s 1:3o0xl0 1-463%10
3 5 3
o. 1 1-404 xlo 1-1%3 I-230x10 1.566x1a
3 5 5
0.215 1293 X106 I« 440 l.o99 xi0 1-583xl10
3 5 S
o.ng b 121410 1,629 1.024Xl0 1.669x10
3 s s
0.12) lLoq ¥Al0 1.843 0.931xl0 1.7 xio
3 b3 5
G224 I.oloio 2.359 0:.859Xlo 1. 8ooxio
2 4 5
G-a2q q.306 X 2.670 .qixi0 1. &66X10
i b 4 s
o-13c g.sh1 X0 3.020 . 186 X10 1-946X10
2z 4 5
0.233 ¥-8494 x10 3.416 6-Toxi0 2.020x10
2 - 4 5
0236 y.amxio 3.865 G-150K10 20210
2 4
0239 6-644x10 4.343 5.69aX10 2.200Xl0

unified gauge symmetry for a range of sinze(Mw)

Table (6.3.1) Values for M, and M, predicted by the SU(16) maximal
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Sm(Ma| Mx /My Mg /My, My Mg
3 5 2 xx) d
0-307 Lgsxilo 1 48% 157310 -3cExl0
3 ] 5
0209 - 751xlo 1-593 l-48qxi0 q-372x10
9 s
0.313 f.G;_;,u(,g {« o2 I~37x10 249 Xe
3 5 5
c.2§ 1.488 xto A-039 1.283xl0 1:376410
3 5 s
c-218 .| 1-369xi0 2.307 l1gaAklo +.683x10
3 5
0.1l 1280 Xto .60 ho'rma7 a.995 xjo
3 Y §y 5
0-.224 161Xlo 2-953 0987110 2.9y X10
3 N 1 5
o.21% I+ 064 Xlo 334 0.9 0q¢jo 3-037x10
3 4 s
0.230 a-4325xlo 3999 g-3n3%10 3.-165x10
p
G233 q.67 ”02 ‘!-2‘76 17.1,,2‘,:' 3.296 x10
0236 : 4 J
: g-356x10 4-837 7.le3xt0 3. 4a4xie
0 > ‘ 4 7
‘239 7.696x10 5 441 6.5423 210 3.5vq x40
2 4
0243 Y.089 xlo 619 §.035xi10 3-7aoxuf

Table (6.3.2) Values for the mass scales Myand Mg predicted by the

SU(16) maximal unified gauge symmetry for a range of

Sin29 (M)
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APPENDIX A

Our definitions concerning fermions and their representations in
Dirac space coincide with Ref. (36). We recall a few properties of Dirac
spinors and the ¥ matrices which are applied for our calculations. Let f

be a fermion spinor. From

4'R= \‘i‘axs‘_s , (Aol)
follows
n 7 1=¥s
$o = $0Z2). (A.2)
The charge conjugate of £ is represented by the spinor
‘fcr: C(;)T; (A°3)

where C is the charge conjugation matrix. It is unitary and satisfies

C*X‘ ¢ = -(3"‘)7: (4.4)
From these definitions, we obtain the following property for the charge
con jugate (fR)c of a right-handed fermion:

(4 )C= C(;R)T‘—-‘ c l;&‘f-T
= =¥ T =¥ (a.5)
= cf = 5 f =14 ).

Therefore, the conjugate of a right-handed fermion is the corresponding

left-handed antifermion (f°) . We choose the matrix C to be

o "‘.‘t)_ : a -1
(o)
!
C: - F-- - - : —_— - - f)_ . ‘ (A06)
6 -1
-7, o I o
1 ¢!
Thus, we have
CT_-. CT—_—: -C . (A‘Y)

From (A.3) and (A.6) we find that the following relationships

hold for two spinors f and f?

AN AL I S 7 (4.8)
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The second equality is due to the fact that fermion fields anticommute,
and for the same reason

FEE = 0 (4.9)
and

P43 4°= Fym o8 . (4.10)

When a fermion f carries an internal space index i and transforms

according to a representation D of a Lie group as

$i — Dy fi (4.11)
then its conjugate (fi)C transforms according to D*. We denote it as fi
and thus

= 405 (Dy )*{i . (A.12)

In our calculation, the ¥ matrices occur repeatedly without refe-
rence to their specific form in any particular representation. The rules
of operation with these matrices are entirely given by the anticommtation
relations

A S 1 L 23“" vz 0902,3)  (4.13)
with & = (1, -1, =1, =1) diag. They are chosen in such a way that
¥ =id°%'5'83=14; - (4.14)
From (A.13) and (A.14) the following theorems can easily be proven. (See
Ref. (36)).
Theorem 1.
The trace of an odd number of ?f matrices is zero.

Theorem 2.

Tr B =Tr ke, 58, =za.b . (A.15)
Theorem 3.

Tr¥s=0 |, (A.16a)

T, xsfw =, (A.16b)

Tr ¥, ABL L= 4 édﬂxs_a‘xﬁac‘r&;’ (A.16c)

LA LY P AR AT AIEPH ¢ “‘“’gb‘f_ (A.16a)

\t6 !
e—)u06'391_'_ sa\m?'rg fs egrfs-gxr+€~16'fjn_ é Jm?),



where €4,y5 is +1 for (¢, A, ¥, &) an even permutation of (0,1,2,3); it

is =1 for odd permutation; and is O if two indices are the same.

Theorem 4.
Y dy*= -a4, (A.17a)
g, XY= 4ab ' (A.17b)
S dBEgy =24 ¥ K, (A.17¢)

L AKEAY = 2( IhEL+ JEALS). (a.17)
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APPENDIX B

This appendix aims to recall some properties related to internal
space, the space of charges, which is supposed to be a Lie group G with
its algebraic structure 2 defined by the Lie bracket

[£% 2%] = ictkexs (B.1)
where t% is the basis of the algebra and Cabc are the structure constants
which satisfy the Jacobi identity. Any element of G close to the identity
can be written as

-1 &N 1> (8.2)
in which the § A"“ are the infinitesimal parameters of the group.

To each representation of G corresponds a representation of its
algebra. Let Ta be the matrix representation ta in the space of represen—

tation to which the vector % belongs. The infinitesimal transformation of

Yreads
[r 3
')‘{Jj——)'q}—l-%glla-l}k YR (Bo3)
or in matrix notation,
Y P -i SuT*Y . (B.4)

Here, T = T and since T is a representation of 2
[T TP =icobeT", (8.5)
With each element t2 of the algebra, the adjoint representation
associates the linear transformation of tb
LIy L 15 IR | (8.6)
The adjoint representation of a simple algebra is irreducible (there is
no subspace of the representation space which is invariant under all
group transformations). Note that the matrix T® associated with t% in
the adjoint representation satisfies by definition,

t‘, \ (T“)bc Ic=-—4:[¢°‘,:bj> (307)

80

(T*% = cobe (8.8)
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For the adjoint representation of a compact "simple" Lie algebra, one
can find a basis, such that
[/

T;U-Jj’ (T Tb) ___.ga& s (Bog)
while for any irreducible representation (R) one finds

; b

TedT*T%) =Cr) &%, (B.10)
For more details and review of the group theory, see Ref. (69) and

references therein.
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APPENDIX C

In this appendix, we present some details of the calculation needed
for Chapter 3. |

a) Calculation of terms like Tfi{fd’{‘ﬁ_d_é’ﬂfr l;x"&.’_aﬂ“ .
In order to calculate such terms, we make use of theorems 2, 3 and 4 to

find
‘ D&*K*Ag,«ﬁ_x_kgﬁf«',x%:x"= ns( Ses{kpkothy k) =S, k(K S,
ok S )4 ok (8,8, 5,5 Go +SeuSn )= Ky S Sk - S,k 8,5, ;.__,»x
( k': K’ - g~ :.;. PR h."_‘) = 32{( s,.s_)(( ey Wk kD) =( ey k )k kL) +
(hepkl )k k:)).._ (S, k) (( ko ko) S k)= (ke ) ko ko) + (ke k_)( S.- k;)) +
Suv i (kg (50k0) = (e 500 K0)) + St kT (ke 8) Ueyrle) -

(kye S YK, k)}} (c.1)

b) Calculations of terms like WY 4 £ ¥ % £4,T X;ﬁ;J"&_'_y%.

By making use of (A.16d) and (A.16c) we obtain

T AR EYABY T EA K8 = e (kfs)efs e,

f oA T A 16T
k’ 5'. k_° S_ éf}“r + k*p S? k- s, é)\)fﬁ‘ -—k_" S”k_ss_,réfvvr5'>x

kK K g %VAM |5{kf$:\kfs_,k"ik"_ie

AVAM
to - € -

SAps
g . A 7. 4 oY A6 Ty ’
k_. S-o- k-J S_ kﬁi k-/3 Gf))“t € A + k-')-s* h- S, k*d k—/! € X

g AVABM }

Avrs

ddnp f G Ty’
€ - kfs  kE ST, k

‘4 €goes
= 32 {-(n_. Ko ks SN Sp-0) + (S, k% ) kg S K KD) 4
(hy- RoMS, R ) (S k") = (S k)( S,k )k, k)4
UG RS, kM, 8) = (Sy- Kol kLIS ky ) +

— (R WS RIS, )+ (S del ) R, k) s,.s._)} =0

(c.2)
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c) Calculation of the traces in terms of the kinematic variables
given by (3.2.9), (3.2.8) and (3.3.12).
1) TR LRy, my by €0 mY 8 Y -md) 5, )FryKke
= 32 {(k; ) k%) + (ki’-k_’)(‘k; k_)
= E (08, ks + (8, KO0k 50) } = 32 { 254 e atcase)
+"f§% g4 (x‘cosg, Cos8_( A" Cos26) + ¥R Cos (X _Cos6, + X _Casq))
(c.3)
where
Xe = SmBy Cosd, Sin @ ( Cosg+ Sind). (c.4)
1) TR A e m Y Ky Lo, -m Yy L haY, m £y £ ¥, )X
Ty Sk ¥R ¥* = 3.:75 {{r KK = Gk )k 50 -
(Sp- W )k k1) 4 (5,0 k) k., k_)} = -3—;54{ P (1-A8"Cos9)x
(-nXCos0. + A Y¥Co56 Cas@ +AX_) = P.{1+AACoSG)(-AX Cosa.
— Y Cs58.CosG -AK.) = Pl l-NACas6)(AECeS By - 13¥ Co58,

Co56 = AX,) 1 P, (1+/3/Cesg) (38 LoS8,+ AV Cos8, 050+ /e'x*)}
- (c.5)

1) T (kK 8, -m R Y Y, e me B YKy, emi N SR L Y,)T, £ 4K A

8.2,
=3:}E- { Ok k08 ) i WO, 0= (5,0 k) =(8 RO K k)
= ?:'%—""{ P(1-AA'Cos@)(-AY Cosg. +/3¥Co5Q_Cos9 + A'X_) +
P (137N Cos9)(-AYCoS G - AY Gos_Cos6 - A'X_) -
Pol1-BRCOSG N AY CosB, - 48 Cas 8,Cos9 - X )+
P.L1+nn’Cos0)(AY Cosé, + A'A’Ca50+ Cos8 +/3'x,)} =

s4e%nn’ { (A "-A'Cal8)(P,Coso, +P.Cas8.) + A Cosp (PXAR X%}
(c.6)
iv) Tr YR OB X, - meh b SX) +my 4,8 K Yy o md s, 5443, )1}4{{ £y,

= 5454/!/:'{ Cos@ (14 P, P.Cos8,.C050_) + PP (cos, x_+ Cas . x )}
¥ R

(c.7)
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FOOTROTES.

k)

F4

QCD was originally introduced by Han and Nambu /70/ in a version
based on the unconfined and integrally charged quarks. This was
developed by Pati and Salam (see Pati and Salam in Ref. (28)).
Fractionally charged quarks were usually assigned parastatistics,
as described by Greenberg /71/. Later it was shown by Fritzsch
and Gell-Mann and Bardeen, Fritzsch and Gell-Mann /12,72/ that the
concept of colour, with isolated particles restricted to colour
singlets, had the same effect as parastatistics, with isolated
particles restricted to bosons and fermions. For this aspect of
QCD, see Ref. (12).

We assume three e, n, v generations.

For a review on e'e  physics, see Ref. (73).

For more details of the historical developments of electroweak
interactions, see Ref. (74).

See, for example, J, Banks, H. Georgi, Phys. Rev. D14 (1976) 1159,
We have neglected the small mixing angles;for the effects of these
mixing angles, see Refs. (50,56).

Details of the calculations will be given in a paper now in

preparation,
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