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' CHAPTER 5

SPHERICAL, PLANAR, AND HYPERBOLIC SYMMETRY.

~ In this Chapter perfect fluid fields which possess a
three-dimensional lsometry group that acts on a twoe
dimensional space-like surface will be considered. Sinee
the group 18 three dimensional and acts on two-dimensional
surfaces, these surfaces must be of constant curvature K
(Robertson amnd Noonan, 1968).° {:anﬁwmmly the field
possesses spherical, plmw o h#perbalie symmetry fov

K=+t,0, =) - respectively. Co-ordinates (+,6,4¢ ¢)
may be chosen so that the metric is of the form |

\eY), . e, o e d] V&S 4
G v £ JT + < pa +‘9(0)¢l¢) -e Jf) (5&1-1‘-)

where 4(6) = sin 0/ 6, sinh @ fork=1,0-|respectively.
The pesition of a particle in the fluild is given by

LY

~ A ~ As
r:S({-‘,e),aag,cp:qS where '4')@)(;) are the
co~ordinates of the particle at some initial time.
Provided that the flow-lines do not intersect, i.e. if L({ t)
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is invertible, we may use ¥ o= ")("', f‘) as the radial
co-ordinate. The metric may be rediagonalised by u
suitable cholce of the co-ordinate t. The flowelines of
the fluid are given by ~ = gonstant, O = cmwnt, .
$ = constant and the velocity of the fluid by

wr= V2 SQ‘, . The co-ordinates defined above are
said to be gow-moving, We have thus shown that there exist
co-moving cowoOrdinates such that the metric is of the form

(5.1.1.).

The field equations (1.2.5.,) are (Thompson and 'dh:t.’e@mw,
1967)

3,, -5 e_""(Qr;Z Coplv's %’7'2)* %‘.X(ji 7{:""?7\’1‘) "K["g (5.1.2.)

Ny~

j"—' ‘e-v(‘?"'%’fu“"i?‘vl'liv A AT A.-v.

o LY I, BY YRS GO &) R

/4-""2-.3—-“(7_7? +)\"rz) ze 2'7,""1 '7,*17 )""K&?z (5.1.4.)

0= "l.r'l' '174')" '+2'4Z¢l '7"’4 (%1.5-1
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where a prime and an v signify differentiation with ,

respect to T and + respectively. The uru.a..(-.ous for k<o, -I

W\d\‘n’ ‘b'- OLl'MO\(J ‘vf:-w\. &45( u}_ﬂ k'-? 'l" ‘ ij means “" l“' .

subshbubons: 9= 5/;“’4"2: M"-,(_’I’ e L [ - ‘3, P/ a'? .
From equations (2.1.92]1 ., 22 «) We obtaln the following

expressions for the kinematic equatities:-

‘ _V _
expansion: ©® = i(/\,' + 217’) e ’7') (5.1.6.)
~ )
shear: O = % r)[’_l‘)-"e_ , (5.1.7.)
s . 3 .
acceleration:U= 5 v, 5& _ (5.1.8.)

As a consequence the conservation equations (2.2.7.,8.)

become

Y

P

ks e e

Following Thompson and Whitrow (1967) we define a function

"'7_\’.,(]:+,..,), (5f1f9f)

M by

| k= 3 2-\' 2 .3 7_"'“
Bm = 9™ Lhke yre TN sty

It follows from equations (5.1.2.,%.,5.) that

_ ‘SL
L"‘M-c: /"4{«'&'4/)

(5¢1.12.)
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39, |
,l.l.m' = = )o'}{’z / ~ {5.1.13.)
In the spherically symmetric case, the funabioﬁ u«éf,ﬁ)
has been shown to represent the mass within a radius v at
time T by Thompson and Whitrow (1968), Bondi (1969) and
Cahill and MoVittie (1969). In vacuo ( p=pm =o ) 1t

18 equal to the constant m in equations (4.2. 9.,10.)

The analysis by these authors may be extended to the cases
of hyperbolic or planar symmetry but in these cases there

18 no clear Newtonian analggue of the mass . .

From equatiohé (5¢1e24,5¢55.) it follows thaﬁ.
' . ' N
l,.[ ("l,,[x/")‘aoz] 4 (I - «\'/n')(”l:e_"’\) e M

y R L o
"’4—'(’1-3-,\[1 R 21212' /"[(’fl'—-xl)é”z \ V[]::o_ (5.1.14.)

It 15&11’1’10%@11& to praeead further without making addﬂ;iopal |
simplifyi.hg assumptions. We shall consider three such

assumptions, namely cases where (i) the flow is gasd@sic,
(11) the flow is shear-free, or (iii) the expanswn Qf t;he

flow-lines is zero.

B el Perfeet Fluids with Uniform Pressure

In case (1) above since the acceleration vaatar is zero
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it follows from equation (2.2.7.) that p= y(e) ~ and

= VO . By a sultable scale change in the
ca-ordmaw t we may set V— | . PFrom equation (5.1.5.)
it may be deduced that if Y, #0 |

-1 _
& - st - 7R (5.2.1.)
where {< §&) and R = . The case N ,=9o
was considered by Kantowski and Sachs (1966) and Ellis (1967)

and w111 not be cmidamd here. From equations (5.1.2.,11.)
and (5.2.1.) we obtain the equations ' |

IR'R+R™ = feo -k - pRY (5.2.2.)
‘* = Zm. vy — K '
R IR + {tm (5.2.3.)
and
R = -wmRT - gp R (5.2.4,)

Equation (5.2.4.) shmm ‘clearly that " a uniform positive

pressum tands to produce aontrae'cion.

If the mssum is zero, it fmllcms from @quatien (5.1.3.3 )
that M = w(w) . Bondi (1947) p@intec? out, the aquations
(5;112 ) and (5.2.3.,%.) with p=o ané identieal £o
the equamons for spherically symmetric motion of a
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pressureless fluid in Newtonlan theery. . The 'radtus'

(IZ@ ,t)  however cannot be mwr*préﬁad‘ as the jmd‘ml

distance in General Relativity but is instedd the radius of

curvature of the two-surface Y - constant;, t = conséant;

The general solution of equation (5.2.3.) was obtained by

‘Bondi (1947) for the spharieally symmetrical case K=l and by

Ellis (1967) for the other two cases.

Since the equations ara~idant1ea1; we expect that
many Newtonlan rﬁauita have analogues in General Relativity.
In particular it is shown in Appendix III thai the density
distribution at the moment a singulariéy;farﬁa has a very
special form. In Appendix IV the radialrprapagati@n of
light in spherically symmetrical dust distributions}is
investigated with special reference to the escape of
light from a@llapsihg bodies in an otherwise expanding

universge.

5.3 Shear Free PFlows

If the shear of the flow vanishes it follows from
equation (5.1.7.) that %'z A and the metric (5.1.1.)
may be put in a form identical with equation (4.2.3.).
Consequently sueh fields belong to classes IA or II of
Chapter 4 or are conformally flat. spherically symmetrical
fields of this type have been considered extensively in
recent years in varying degrees of generality by McVittie
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(1966), McVittie and Stabell (1967), Thompson and Whitrow
(1967, 1968), Bonnor and Faulkes(1967), Narial {1968),
vaidya (1968), Bondi (1969) and Paulkes(1970).

Since A= '7 47 1[(«) «a'\ and after &

suitable change of seale in Y we may write £7~ vt .o.l

The metriec is given by G-= eﬂ(«f"a(« +clc )-A s On

simplifying equation (5.1.14,) and integrating, we obtain

T +Tyem Ky= bl BCEER

where Y=< A and b 4is an arbitrary function of
integration. From equations (5.1.4.) and (5.3.1.) 1t
follows that

po = 2y | (5.3.2.)

On using equations (A.1.12.,13.) we see that the invariant

& is glven by

o = T by, (5:3.3+)
Equation (5.1.5.) with the ald of (5.1.6.) becomes if
Nt o ’
2 = "/ evy. C (5e34k0)

It follows from equation (5.3.3.) that the field 1is
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conformallyvfiat if and only if b = o. Amongst this class
are the uniform density ayherieally symmetric filelds -
considered by Thompson and Whitrow (1967). For b = o
equation (5.3.2.) 1s easily integrated to give:-

j: A*%’.* Bf ’ Yor K=i,
y
3

where A= A(F and D= B() are arbitrary functions of
1ntegration. From equationﬁ (5 1 4.) and (5,3.§*) we

R + Bloe’v ;- .'gov' K‘-‘-O,,,L-_: (50’“50)

1]

R cos Lta-rl‘-g- Bsin lojf) -Icv k=;l ,

obtain the fallwwing axpr&asiona for the d@n&iﬁy in the
thrae aaaaa:u ‘

! 2, Lt R
po B0 = 8B, =3 < - HNE), (5.3.60)
for K=+, 0,—1 ‘respectively.

In order to speqify the system completely it is
neeassary to imposé several bwundary e@hﬂiti@ns. Thesa_
are ummlly taken to be the aanfigurationv of itha hddy"
at some 1nitié1'tim¢; ‘and the squation of state at a
given point, usually the 'ean#r&’ ¥=0 . Using these.
baﬁn@ary conditions, Bondi (1969) has abtained a number

of conditions for the collapse or the 'bounce' of a sphere
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to ocour. The other two cases could be analysed in & similar
way but as they seem to have no physical applications we
will not consider this problem here.

The remaining uniform density solutions are given
by he) = b= constant and belong to type D class IA.
In this case equation (5.3,1.) may be integrated with
the aid of the mte;;mtma factor 2 Y « Ve obtain

Tyl = Caokyr+hy?, C(5.3.74)
where (=Cl) 1s an arbitrary function of integration.
Equation (5.3.7.) may be integrated a second time and the
solution may be written in terms of the Welerstrassian?

‘elliptic funotions fOz) . The general solution of

equation (5.3.7.) is

.

y = @Y1+ 5 fofpe Qa*)}, (5.3.8.)

where B = Bw iz an arbitrary function of iu‘;ugmtim
and the invariants (Whittaker and Watson 1969) of the
elliptic function are given by

Y2 = w k" A F ‘7'Lz (lc"i*%Ks)‘_”‘(%%g‘)

From equations (S.l.4.) and (5.3.%.,7.) we see that
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M- 3 Ol -3¢ ’ - (5:3.200)

and from equation (5.1.11.) wﬁ obtain -
The last term on the righ~hand side ot this equation is
the aontrihuﬁi@n\ta the mass from the matter of unlform
density between radii O and R, since

O Y A
Consequently we may interpret m( = 5k  as 'point-mass'
at R=0. By & 'point-mass' we mean a singularity of the
same type a8 that at r = 0 in equations (ﬂ.égﬁgﬁl@@);
1t C= § O , we see from equation (5.3.10,) that
# = 0 and the solution is one of the vacuum fields in
Section 4.2,

These matriaﬁ are not regular at r = 0 and for
this reason they have usually been ruled out on physical
grounds., However the solution might represent an annular
region surrounding a core with a different density distribution.

For eéruﬁim.apacial values of the function C the
integral of equation (5.3.7.) may be written in terms of
- elementary functions. Since the aéwa K= 1, ig.the
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spherically symmetfical cases, 1is the most important
physically we will only congider such flelds. There are
however solutlons in the cases K = O and K =-1 corresponding
to these spher'ioallyy symétr‘ic&l golutions.

For C = 0 the integral of equation (5.3.7.} 1is
~1 @
y = b g<(-¢9 (5.3.11.)

where (5= (}(&) is an arbitrary function of integration.
~1
If C = - (’5 L") we obtain

\3 = @‘3)" { l + 34’-’«.‘\1(3{.(03@{)} , (5a:§-12.)

where (= (3(&) .
We will now consider cases where the density is

not uniform. These fields belong to class II of Chapter 4.
Equation (5.3‘1‘, ) may be written in the form

)‘&‘r _ T
..3—-’:1 - | A(x) Y , (5»3-15‘)

x = % S@‘ ug"')" dv | A = bey ws o,

and W 1s a solution of the linear equation

where l5 = wv

'fiuv.,“"v“'r" ku—: o o If n@)zg’iﬂ = constant,
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tie. 1f by = T Auw® , equation (5.3.13.) may be
integrated to yield '

;5{) G A\r’, (5.3.14.)

where C is an arbitrary functlon of integration. The
general solution of equation (5.3.14.) is

v os -(CA")%P(B("):'%(R‘C)L‘I-), - (5.3.15.)

where B is an arbitrary function of integration and the
invariants of the elliptic function are 3,_ = o, ‘),-"-' & .
If C = 0, the general ihtegral of equation (5.3.14%.) may

be written in terms of elementary functions. It is
-
) (B - -D &) p (503.16&)

‘ o ‘
where D= (- ﬂ) * .

We consider first the spherically symmetrical case.
If we take w= av4+be' » We obtain the following equations:-

! = | 2y~ ,
x= 1(1“) (L"""'"t) ) £°'“*° ) x=3 L-) -b«:g—.-o/ (53.17.)
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(av '*'”')-‘ 9 (543.18.)

bey = 2 R<* (aw"-. 9—5’ ) (5.3.19.)

-~ Not all these solutions are distince; since the tha
is preserved by co-ordinate transformations of the form
12= X 2! , where a is a constant. The left-
hand side of equation (5.3.1.) is also preserved by this
transformation and so solutions of this equation with
b= {e and b= f{( *19 are equivalent. There are
three distinct forms of the function b  :-

Lé‘) = %Qf"l = Ln &Y’-f 'Y-) 3‘2’_ qt ar) 343.26.

These forms of L(y) are given by setting A&=0 | b=1 3
c-.——?l s+ b=l H a=] b= -1 respectively in
equations (5.3.17.-18.), and the corresponding solutions may
be obtained by substituting these equations in (5.3.15.) er
(5,§.16.). The solution with L(v)= % RA<¥ and C = 0 was
first obtained by Faulkes (1970). o
For K= €, i.e. planar symmetry, the corresponding
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solution is given by equation (5.3.1% or 16.) with
v logw 2= 1/L be = £A(log) ™" 5.3.21.)
lj;- 03 ) o9 =2 3 . (5'}* .
For K = ~1 the solution is glven by
-5

\3 = V" cos (031' , %X = éo.\s (°3"/ L(*‘)= A%R(CO-'& loa") . (E‘*’,‘}.ﬁﬁ.)

It is possible to obtain further solutions of
equation (5.3.13.) for different forms of the function 409.

These may be found by applying a transformation of the
form (5&}.1?&;1@10) (5030211} o ($.3.2’2¢) to QQ%%&QR {g-ﬁnl}:)l

An equation of the form (5.5%.1.) results and a new solution
is obtained if L@9== constant in the transformed gquation.

By means of the substitution X = £ tan log™ ,

-
z:c'i(h_‘z,g) *ar » the eguation 1"2“_ +¥Z_ +Z= b2*
may be written as
2
5 \~ 5
é——\: = L‘-h'(h- c‘z) N

x‘l

From equations (5.3.8.,9.) we see that the solution of this
equation is ’

= (2 ch)h‘ <|+ c‘x’) : if-; P(B-*- l'au“(c#)) - (}/ (5.3'23.)
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whem the invariants , 93 are given by 9= 2,955 (2€ bt 'g)
Consequently, we may abtain the solutlions of equaticm
' &
(5.3..1.) for = +{ and L(v) Lcﬂ" rfr/{(“" """) +C3 -
by means 6€ the substitutions \32(&'01—"4' )'\T, x=(2¢.) (a.v 41.)" »
- S 57
and for K=o ; Lé') = be “‘/{ le e [og"v} + by means
of the subst;tut:i@ns ‘3=-1r s % = log ~
~ If we consider the equatien YL, T2 -2 = H-z" s
and perform the transformations V'=(avsle~’ )'\, x (2,.,)'@.‘ +L)
it follows that
¥ A=
c)xi. - (1"_)57:. (“'Za.ta&) $ir ’

From equation (5.3. 8.,9.) we may deduce that the solution
of this equation is |

N = (QA)"{“Q_;“L,‘)K%[%P £ 4log (¢ -z.d.)) —J'/ (5.3.24.)

where 9. = 12 9y = "";1(26.’[7"4. _43_).

’

New solutions of equation (5.3.1.) may be produced
from equation (5.3.24.). By means of the substitutions

N vy, %= X" » Wwe obtain the solution
corresponding to K= +(, bey = g(|_“1,.,z)"/l- . By the
substitutions VU = 4 , X = log~y ‘and 1r=5(o3¢ ,

x = I/L"ﬁ* , We obtain ﬁwm new solutions of (5.3.1.)
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. ; -s7 A
corresponding to X = 0, bey 2 ;A(Lﬂ*) (I"'z“k‘"j"")
and K=0, bgyv= 274 ( ‘.o‘;aar —Z-J.) Sh | respectively.

For the third case K= - s+ & 8olution corresponding
...5"_

| to L(-r) A(l!c-sloyr) ﬂt(cos[ogwr- Za.buu.loa +) can -

be obtained from equation (5.3.2%.) by means of the

substitutions x= tan log~ , Y= Vv cos log ¥ .

The elliptic

, funetion in equation {5.3.24, ) reduces
to an elementary function for two special values of the
function C. For € = 0, it follows from equabions
(5.3.8.,11.,24, ) that |

'((,c.. ¢ /A) ( 1-2ab &) {a -elzx'- «L)!"}‘t (553‘.35. )

and for C = -(314‘)" we &hmm

v = 28)7 (2= (1-2b ,,,))%{!*-3!'...?[& loy g,(f'.utﬂ})(ﬁ.a-e&)

where (.,-.- G({j is an armtmry funetion of integration.

fownd
The solition (5.3.25.) has previously been[by Nariai
(1968) and the tramnsformaticn to the form obtained by Nariai

is given by x = (lR) , ‘:) - R\r ' .

In all the general solutions above there are two
arbitrary functions of timey In order to specify the
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system completely one needs to impose boundary conditions.
These usually adopted are the specification of the initial
configuration of the body and the equation of state at

tﬁe centre. The equation of state atrother points is then
determined by the field equations, and 1s often not
physically realistic. This is because there are five

unknown funetions p , s A q and V' in the field
equations aﬁd five equations to be aatisfied (f@ur independant
field equati@mﬁ and the condition )'= 7 )+ We cannot

therefore fmauisa = an arbitrary equation of atatﬁ'thvaughautA

the body siﬁce the system is already completely determined.

However the exact solutions are useful as they give
some insight into the results to be expected from a numerical
solution of the fleld equations (5.1.2.-5.) and an equation
of state, and further more they could also be used to obtain
estimates of the errors ln numerical solutions by comparing
the numerical and analytic solutions of the same problem.
Disney et al. (1968) and Crampin et al. (1969) have used
exact shear-free solutions of the Newtonian equations in
order to estim&%e the grawﬁn of rounding errors ete. in
their calculation scheme for solving the full Newtonalan
equations. This method is much more sensitive than |

integral methods such as conseérvation of mass.
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R Flows with Zero Expansion

From equation (5.16) we see that flows for which |
the expansion is zero are charact&rised by the condition

A' + 7\’1' =© ., On integrating this equation, we
obtain o |

A/\ = (-f(e)g_"l)-z, - ) (5.4.1.)

where f 1s an arbitrary function of integration. By
meﬁgnﬁ of a scale change of the co-ordinate r we may set
£ = 1. | ‘

On eliminating \ from equation (5.1.5.) with the aid
of the condition x‘*l-»z‘—.- o ,We see that

3« g - =

If 41'* o this equation may be integrated to give

3
-e'\' = F"(t) q'?_a 7 o (5&4.2»)

/

where F 1is an arbitmary function of integration. If

‘F 18 not constant wé ma}%‘ set F = t‘, by masans of the

. : ~
co-ordinate transformation €t = F@ .

If94'= © it follows from equation (5.1.7.) that

the shear of the flow vanlshes and consequently the field
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belongs to cikaa%es IA or II of Chapter 4 with o = ocfv)
or 1§ conformally flat. These fields will not be considered

further here,.

From the conservation equation (5.1.10.) we see
that ,4’:0 and consequently m= /u(r) « With the
ald of this equation and (5.4.1.,2.) we see that
equation (5.1.4.) may be written as

( A 7't) O % F e 37 _ ke - -/‘"(v).‘ o

By megha of the substitution t:, = £ 1 we obtain

et BT R kg . (5420

On differentiating this equation with respect to t and
using (5.4.1.,2.) we see that equation (5.1.14.) is
identically satisfied. |

It is difficult to integrate equation ('5.&.3.)_
owing to its extreme henwlmearity. | Hav?wer, if the
density l“' is constant we may intagmt;a the equation with
the ald of the 1ntegraﬁing factor 23 . ‘f’-" to
obtain the first integral

LR R ¥,
§ 31 = g™ - e Qg (k)



(126)

where C is an arbitrary funetien of m’cegra‘aicn, In
order to see the physical aignificanee of C we conslder
equation (5.1.11.). With the aid of equatmna (5.4.1.,2.)
we obtaln the equation

-t -3

g9 Py by = B, G

and from equation (5.4.%.) we see that

m = ;-0/‘ ‘.3311. -5 cH. | - (5.4.6.)
Conseguently ‘ "§ C 1is the point-—maas at Y= o sime
from (5.1:12.) we see that the term 6,~13“' is the
centribu’cion to mue of the mattar lying between radii O and

Y.

4~ . From @quatifm (5;1..13 ) ve ebtain the z‘ollowing

axpreasions for the pressure,
_ , 3 -t -V
prpo= 5CO@M =y CFS . )

It follows from this eguation *éha‘a vacuum flelds -
with cosmological constant are characterised by the
condition C'so | P{eﬁue, by Theorem 4.1 these flelds are
static. The field is the Schwarzschild exterior field

or a related solution, but the co-ordinate system in
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which it is exgressed is a moving system.

It does not appear possible to integr&té equation
(5.4%.4.) 1in terms of elementary or éveﬁ elliptie funetians
except in very speecial cases. For émpla, if ‘/\‘-=C-=K=0
the equation is easily integrated, but fbr this case

r::,c = m = O and the solution represents flat |
space. However 1t should be pessible to obtain solutions
numerically without toe much difficulty for given forms
ﬂ# the funﬁtiahvﬂ} In such a numerical caleulation it
would be advantageous to use the arbitrariﬁa&s of
the € -coordinate to set F@ =€ or some other
convenient form. If F is constant, C could be set
equal to some convenlent prescribed function of ¢ without

loss of genér&lity.

The solutions for K = 1 represent the collapse
(explosion) of an incompressible fluld sphere. The
prcper'éalum@ of an element of fluid remains constant
along the flawﬁlinﬁs'anﬁ a8 the surface area of the sphere

decreases (increascs) the matter is stretched {compressed)

. radially. Por K=0, -l , the solution represents an

‘analogous: situation with;plenar or hyperbaiia symmetry.

Since the solutions do not appear te be physically

realistic, this problem will not be considered any furthey

here.
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APPENDIX T

A,l ‘The ‘Riemann and Ricci Tensors

In this Section a fxumber of formulae that are useful

| for calculating the Riemann and Ricci tensors are listed.

For a,n n-»ciimen&icnal Riema.nnian gspace with metric

c = 3,w("h) olx"plx-" +(V(,‘u) dx ) B

| where }z El i W anc:l /u V= L, ...on-t the second
‘ fundamen’cal form of ’che hyp@rsurface x* = cona‘cant, is
given by ) = al,,w dx? dx? s where |

| . . . . . .

L } . R ) -l } . o

; . | . J"\l = "(/ZV) 3"\’,“ . (Atlcl-)

The Riemann tensor 1s given by

?'We,.f _RM’(‘,,. ¥ 2;({‘,,1“

| (All.e.)
?VW * =  > 29" v ’
A diena (AL.3.)
wy YR v _ v M ;
' 7\) wA = v (i‘l AT Vv m\) "’J,u’l/\ ) (A.1oh,)

. - v ’
where ?l“ e - 1s the Riemann tensor of the ®-1i
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dimensional metric ‘j,vw' , covarigpt derivatives are
made with Y and’ a prime s}gnigies partial
differentiation with repect to x" . From the last three
equations the following expressions for the Ricei tensor

are obtained -
-1 | ! )
Rr: ’Rl‘ = V (V v +JC + "u’:f, (A.1.5.)

?“‘= +v”(4“-<1§ ) o (A.1.6.)

F Hu )
. - S ‘\ |
IRV\“. - _ V_l nVlulw -: a() -T-al le“” (A.l‘?’.‘)

If in an n-dimensional Riemannian’ space there
exist two conformally related metrics G and G such
that V& = G , the Riemann Christoffel
symbols of the two metrics are related by the folllowing.

equation
¢ =i A S o
r‘Jk = r‘)k + H k y . | (A.1.8.)

-1 .
mere R = V(85N SV - T30 VY.
AThe Riemann ﬁamors are related b:y ‘

Ih, i
R V‘?Jk+S“VM (8.1.9.)



b

i

where
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Vih = ll-VV;ilz.’ ZV‘;L_V Jik ,

and covariant derivatives are made with the metric G.

The Ricei tensor is given by
u- 1.-1.‘
? ?h "(k z)V vlk k-)_v 1( ) ij (Ail 10.)

Wi f
The Weyl tensor C- ik is asfmaﬁ by

Wi L
C jk = ? S[ ‘k-‘)é_l)s[,sh] (A.1.11.)

From equations (A.l.9.-11.) it follows that

2l N
C.n = C Sk -
For a ﬁhraewdimenﬁional Riemanniem space with a

metric of the form

G = (Weryde) + Q’(x’) 4= )

where Jcr is a two-dimensional metric which depends only

on the co-ordinates X' X~ , the x® .line is a

Riehi eigenwﬁir@ation and may be choseri so that the x'-

and X"~ lines are eigendirections. The Ricai tensor is

given by

e = (e (4, ),

(A.1.12.)

R .z VJ.,) (Ac1.13.)
3 VW( T[s ) '

L
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where K 1is the Gaussian curvature of o[d'" .
For a two-—dimensianal space with metric 9, j the

Riemann and Ricci tensaras are glven by
he ,
R 2K Y s,‘] ?“ksh/ R=2c.

Co-ordinates x' and x may always be chosen so that the

metric takes the erthaganal form

= Wt 2 (V)T

The Gaussian -curvatum K is given by
P | - -t

For a three~dimensional metric of the farm
G,' = 6[0'1' +* V(x’\)(o(x
where ,\ = 4,2 and ald'» cis a two-’-dimansional metric
involving only x! and x* » the Riemann-Christoffel |

symbols are given by

X _‘-'{ .3 - B ) | _
f',w—l"ﬁ” M=V Vi, (L= -VV'T\, (A.1.15,)

33
r :s = T i [ > = O
o "3 d
where the l", ‘\ are the Riemann-Christoffel symbols

of the metric al.c- . The Ricci tensor is given by

) “ g
R; = -V ¥V Al(k ’Rs* = O (A.1.16.)
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_Rﬁ -—'vKS"v - VT yle

v v,

(A.1.17.)

where K 1s the Gaussian curvature of de" and covariant

derivatives are taken with respect to the metric do™.
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- (VAR VIS (o
A.2 The Bquation Uv 3 w = O and Spaces of

Uniform Curvature.

In Section 3.4..we need to integrate the equation
o ;
v v - %V' 1A S’: = O vwhere V= V(«r, S, f,g and where the
covariant derlvatives are taken with respect to the

three-dimensional metric

G- .a‘.l«"‘ + ,e,(s(a(g’u#’@ .195') , (A.2.1.)

where f(a_)z s(ua, o, sinh® for k=+t, o, ~-{ respectively,

/7
k  being the Gaussian curvature of the metric d@*+f o) d§*,
= w(t) and g-BY. Since f 1s of this

form it follows that

f'@ - Y@ e =1,

= (A.2.2.)
. ! In JERU? TS N | _
i The equatiana V v~ 3 vV MS ;= O a¥e equlivalent
to the following equations:-
i3 « -5 x -
V lll - (vq-&. )G T2 @'-e— VG ‘20, (A'Z‘}.)
1 - —
V iz = (V'VL )# - !7-'. @V‘Q’ v? = o/ (P&-Q.l@.)
b _ Aot - _
V “1-- (vs 2- @) ¢ - S '.e 9 v¢ - ol (A'gﬂal)

[t -2
Vi Vi = o ®(Vee -5 Vgy -§4'Ve) =0, (n.2e6.)



(135)

i " l , _ -

On integrating equations (A.2.3.-5.) we obtain the

equations

Vg o N, 4,040 = B4, V(04,94 (a8

where A, B and C are functions of integratiocn.

On taking the second logarithmic derivative with
respect to ¥ and $ and with respect to & and § of both
the first and second of equations(A.2.8.), we deduce that

Re,d,8) = Dy.92>¢ Bep,9=Dpb.H %o,

where D. is a function of ¢ and¢ . Consequently,

V4, = “:D‘P {® e € (A.2.9.)
From equatiané (A.2.8.,9.) we see that C{, = f'(d’) ])4, . |
Hence, } _ _ |
C = m" - Eo(o’ é') ,
and
_ ' ‘5(5 : T
,V,' @; + o), (A.2.10.)

where £ (9,") is an arbiipary func'éien. From eguations

(A.2.9.,10.) it follows that
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V - { 'D(‘*;") ‘(@) + E'(G, é)}e"t@ + F(,.’ f) , (ﬁ;&.il‘,‘)

where F is an arbitrary function of integration.

On eliminating V from equation (A.2.6.) with the
aid of (A.2.11.) we obtain

. v2 ‘u ) -

-D¢¢ *(‘ —{ ‘F)D = {Ega"{tg_
Noting equation (A.2.2.) we see that the left and right-hand
gides of thia equation are functions of 4),% and &, ¢t
respectively., Consequently each is equal to a function
of t pay, d(f) . On integrating the resulting equations

we obtain the egquations

:D@,t) = aft) cos + bt sin +d® £, = -di) §©) + ‘(9'3(0) +E€Q,
where a,b,c and g are arbitrary functions of integration,

and 3(«9)= cos@, —’z:a‘/ cosl® 5 for Iz=+l) o, -1 » respectively.
From equation {A.2.11.) it follows that

V: ‘-(acosé-&\os(w&);@) +VC3(0)]-¢E@ + F(v, (’) ) (A.2.12.)

where £ 2'® has veen absorbea into f§,H .

From egquations (A.2.7.,12.) we see that

v v..e,"" {F;v - LZ("« *‘(‘4) E(} +(f(5,,, - i;&,,(s,)((aco.ﬁi) 4],‘;“‘”;@)_* C‘}@) 4‘19%1

- é%@{(acoscﬁJﬂiMﬁ)‘f" + Cj"? = O,



(137)

If at least one of a,b, or ¢ is non-zere we obtain the

equatians

(Z'L 6«--« - "5«;/3* ?ﬁ(&-“ + he-i@z o, (A.2.13.)

..

-&£ [ L/, .. g —%@" ‘
| e (":w "7‘<°‘" *P"f)F") - e ve —‘ ° (A.2.14.)

where J= l,0 for k=0, +| respectively.

From equations (A.1.12.,13.) we see that eguation (A.2.13.)
| | is satisfied if and only if the metric (A.2.1.) is of
uniform curvature K (Q « We will now conslder the case
whefe the metric (A.2.1.) is independant of ¢ and is of
constant curvatﬁre K. - we‘mw def’i.ne a curvature co-»,csrc&inate
by means oi"the« equation R = e_'%@(ﬂ‘ '+ Equation
(A.’e.lj;i‘.) bec-dmes{,(\h %R;cg) e."—:k . On integrating
and using equations (A.1.12.-13.) we obtain |
e - h-krR". C (A.2.15.)
On using equation (A.2‘.15. ) eliminate &« from equation
(A.2.14.) we see that

(R - KRVFpe - RR'FR = TeR
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on integrating we obtain the equations
F - C+D(R-kR)* for Kt0, kio

F = C + DRt, '[0” K=O/ k#ol (ﬂ.E»lﬁ.)

C(-lKR)-J +CR -|-D) $o v K<§, k"o/

where C and D are functionBof time.

é

2

L

o
In terrs of isotropic co-ordinates, i.e. +e

we see that eéquation (A.2.13.) possesses the solutions

]
3
+
¥l
x
3
=
o
“
-
"

: 2.17.
2 7—(‘ = ,/(-K) (o.)d' y g-ov ‘l=0)‘ (A 7.)

i\

\
®
)

\/(-K) Cosl‘;,v’ ‘Fov k-:—l'

The second ax*i::mmry constant of 1htegratian has been
transformed away by means of a suitable dilation of the

T c¢o-ordinate. The transformation from curvature
co-ordinates to isotropic co-ordinates is ? -&t@ ,
and equation (A.2.12.) wi‘ch the aid of (A.1.16.) becomes

V -———Lﬂ——m—-—ﬁj——lﬁ(“cﬂ 1bsin gl 5in0 + ccorp v+ ‘L“") +C LvL-I(A.a.lB)

l-i q.Kf
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V: Ba‘o3¢ +Lsfu+) ng;l~6+c CGsLO] S&c[cjf-q;p"“‘a‘{ -l-C) ‘..c kz-(/ (A.i.lg- )

V:[(ﬂ-‘os* +L$;'-+) O+ -%csz+c'] (Iek)‘bj;‘)—'u %"—é K)-kles‘v +P/ ‘;’G'! kzo.(ﬁw@ .Eﬂ)

We shall now consider the most general form of the
function V= V(nr, 8, c},lj such that the metric,
G- VA, (et AN,
is of uniform curvature K{ + On using equation
(As1.10.) we see that | |

; ¥ : ¢ l ¢ |
2k 4 =V R k +V V,uk -l-élv‘“ - Zvl V,l)cgh , (A.2.21.)

A,y .
where K.  1s the Ricei temsor of the metric J:‘u‘(‘l&h&"(@) i{;')
and covariant derivatives are taken with respect
A ~ ~ A
t - = L= e ? i o
/R“ - ‘Q,L = l(k_()’ ‘22 =0 , Rk 0/ ﬁﬁhﬁ?ﬁ&%,(ﬁuﬁg%.)

Equations (A.2.21.,28.) are equivalent tc egquations (A.2.3.-6.)

and the equation

/

13 i ~ ~ v \
V s - V e M V(?:— Rl) =0 - ’ {ﬁ«d’gqg3q}

Consequently, it follows that V is given by (A.2.12.),
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where F satlisfies F..... -F, 4 Q-k)f"F' “Je= o,

where J= | b0, for _h=°,tl , respectively. The general

solution of this equation is given by
F- A . B~* , | “:“"_ k= +l,
R |
F = ‘T[R+B‘oav+.ic(l-°1-r)]’ $o~c }2=O/ (A.E.Qll-.)

F =+~ [4cosle.3v + B s{u(.dﬁ:]) g“’ ‘h=”‘1

where A and B are arbitrary function of t. From

equation (A.2.21,) we see that the curvature X 1s

g;ivan by
K= 4AB - (a%b'<), fov kel
K= 28 -8 - (a%}), for k=0 ([ (a.2.25.)

K = f(nl-l-Bt) "(¢1+Li"cl), Lofk“l.
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STATIC PERFECT PLUIDS IN GENERAL RETATIVITY
A Barnes : ' .
‘epartment ol Mathematics, Imperial College of Science and Technology,
London S.W.7, England
All solutions of Einstein's field equations which represent
5 static perfect fluid are considered and a number of resulis
for vacuum fields obtained by Ehlers and Kundt (1962) are
generaligsed. In Sections 5 - 7 all such soluticus with a
degenerate Weyl tensor are found explicitly. As is the case
with vacuum fields.of Fhlers and Kundt all the solutions

obtained are found to admit at least a two-parameter group

of local isometries,

1 Inbroduction

In this paper I shall consider statiec solutions of Einstein's

equations

’R %Rg.,‘/s = —Tac/s A (1)

=A
Greek indices running from 1 to 4, where .T;ﬁ ig the energy-

momentum tensor of a perfect fluid. Consequently,

Tea = (Pre)ucta = PI<s 2)

where Q&, e and ‘F are respectively the four-velocity,
energy-density and the pressure of the fluid. If there exists
a non-zero cosmological comstant /A it may be absorbed in the

tensor T«(S ’
Vize Jo = Y)Dmatter + A ! (): f’mat*&;er “A - (3)

All exact solutions of the equations (1) and (2) which
have a degenerate Weyl tensor will be obtained by a method
that generalises that used by Levi-Civita (1917-19) and Ehlers
and Kundt (1962) (referred to below as E.K.) to analyse

vacuunm fields,



7 Phaorang on Static Space-Times

We shall appealyto several general theorems on staticA
space~times which we list below. The proofs of thegb theorems
are to be found in E.K.

A gpace~time is called static if i+ admits a time-like

Killing vector Yo which is hypersurface orthogunal, 1. e.
< 2U - L
},‘ | € <o, §(.¢5/3) =0 s X[o( ip s\r] = 0. (4)

If u™ is the unit vector parallel to S“ it can be
shown that

WUt = =1, Mgy = - Uals , UpoueTO L, (5)
where a dot signifies covariant differention along 4~ .
Equation (5) means that the integral curves of «* form a
normal rigid congruence along which d,¢ is Fermi-propagated
(Synge, 1960).

Space~times may be classified (Petrov, 1962) by considering

certain canonical forms of the Weyl tensor defined by

. pe | o
C«,svs = k«pv! * Jupely R g * ?Rf]x/st‘“ :
Tetrad components are taken with respect to an orthonormal
tetrad of vectors (e: . e:) , where e: is a time-like vector
and capital Latin indices run from 1 to 3. We comsider the:

canonical forms of the complex tensor I)ns defined by

:D"B = 'Eﬂ% » LHag = - (Cﬂksa +£*Cﬁh-3k) .
The Weyl tensor 1s said %o be of Petrov type I, II or III,
respeetivély, if 1>A3 when regarded as a linear transformation
on a three-dimensional complex vector space has invarianit sub-

spaces of dimension 1, 2 or 3 reapectiveiy.
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1t may be shown (E.K.) from equation (5) that the: veclor

U* is an elgenvector of R,(/& with eigenvalue llv;y o
If we choose e,:: w* , since H = -'C«ﬁrsuﬁwg:O , 1%
follows that d* is a principal vector of the Weyl teasox
and, furthermore, that the Weyl tensor is of type I with
vanighing pseudoscalars. This follows since Dn'a is real amd
may consequently be diagonalised by a rotation of the space-
like triad (&) .

If the Weyl tensor is non-degenérate, the principal teirad
is uniquely determined up to reflections and so w is urzigue.
In the degenerate case, 'i;he‘vector Th , being an elgeavsuior
of Rd/& and comsequently of T,(ﬁ s 18 unique if Jo+e#0 .
1, however, Pr e-:O,‘the vector U™ mneed not be unique,

In E.K. it is shown that co-ordinates may be chosen in

such a way that the metrie G takes the form

» {6)

S SRR T

where lower case Latin indices run from 1 to 3 and k= xf‘ .
- [ 4
In this co-ordinate system U™ = & 54 and the co-ordinates
N

are tmique (if W is unique) up to the transformations

&= = &@) ; F-absb o, )

where @& and !J are constants.
The field equations (1) become

R + €™ =#lp-e)is . @
e e e RO
e (Qu)' #a = 7 (Q+3P) e (9)

where ﬁ.,], is the Riccl tensor of ﬁ'ab and J siguifies a

covariant derivative with respect to the metric ﬁ'ab .



e

it follows from equations (8) and (9) that
R = -Z¢ . (10)

The contracted Bianchi identities (the equations of hydro-

static equilibrium) are
Pra = “uva(P+e) s (1)

where | signifies ordinary differentiation. It follows
from equation (11) that

Pnaunb]g e Lis =‘o. . - (12)

and so if U is not comstant both f’ and @ are functions
or U only. A second consequence of‘equation (11) is that A
both P and Q are comnstant when Jofe::o . PFrom equation (3),
we can interpret solutions with f“‘ e: QO as vacuum solutions
with a cosmological constant.

It will be convenient to express the metric (6) in the

S 2
— - a | b - 2
G = e (3;5 dx® d x ) 4 dt* . (6)"
‘Using equation A1 in the Appendix with n=3 , Y= e u, the
field equations (8) and (9) become '
! - 2 -4,
Rap + 2Ualle = <pe Jab (&)
' la 22U
and U e - -"T( Q*Sf)e ’ (9)4

I .
where Rap, is the Ricci tensor of ¢, and covariant

derivatives are taken with respect to 3'“|, °
Taking tetrad components with respect to a Weyl prineipal
tetrad (e: ,Q:-..-. LC() and remembering that the Weyl tensor is
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of type I with M, = O , we obtain

Jac = Snc ’ Jun = —1, Jas= ©.
and 3 (13)
Enc = .7 C.m.;c.t, = "" %, Smn Smc s 2 %y =9,
where the ofy are the Weyl pricipal scalars.
. ' - € ]
Since Caﬁ*{{ = ’Recpvf + 3"4/5 elv P Jj * & ij/s'ré' ’
we have “ ,
i i
£oe = - (an, + 'i'jncleh*’ik“ - 7‘;?‘3“)‘

e
Using the equation RA““-: ?M — Rpe @ We obtain

L0 Y 4
Faec = %ZRa - Ra -—Sm..(/e - 5R) :
With the aid of equatione (1), (2) and (13), we ob*ba.z.n
Rac = ’Tegnc ‘édnsmnfmc,

or equivalently (14)

N
where ?nc. is the trace~free part of R,qc . Thus we sse
that a space-like triad of Weyl principal vectors form an
eigen~triad of the Ricci tensor of the 3-spaces (t- camséant)
with eigenvalues - -—-Q— "‘m'

3 Integrability Conditions
In Section 4, in order to solve the field equations (8)

and (9) we =hall need their integrability comditions.
Using equation (8) we obtain

e _ U ~
?afbu,c] = e U(‘eu)"«[b ulc] - (‘ea)ua[‘ac] +%(P‘P)i[53’?]°~ .

Eliminating second and third derivatives of U by means of

equations (8), (10) and the Ricei identity, we obtain
Lagua =-Ranliq ~ 2(p-0) 3 g + 258 py -0 Rt

QLQJ.Q L“L = R

‘H"’
N
[ 3 n 3]
£
’
L ]



Using equation (11) and the identity valid for spaces of
dimen‘sion_B, namely RaL“[ = - ZxLe(ﬁJ- j‘zﬁ'ﬁ“afyw{, we obtain

4 a dt o( a
/ [buc] = L(,J(S[,, PCJ +/ Stc P LJ), - (15)

On taking triad components of equation (415) and suspending
the summation convention, it follows from equation (14) that

ZZ RLB-c] = - (O‘.’aﬁgh) YBRC»'*{?‘;'.‘G(A) chB "“ “g..s&c;db,;Sng "%’ Sn[g Q.CJ"

a o , |
anzl-nm-c] = Spallc (vc+2« 8 - Snel.g (s +2xc)

‘ H g
where Ynsc = ﬁ,u,ve ev ‘ are the Ricci rotation

coefficients of the triad (&j ) and where a dot signifies the
triad component of a covariant derivative.

The equations above are equivalent to
Yer3 (“1 ‘“1) = Va3 (“2445) = Yag, (%3-=) = E, (16)

say, and L |
dﬂcc ""(“R'O‘o) YC-RR + ”.c(w“—xs): + 16- Z‘e.c, O’ 'fm'ﬂ,‘s’c*ﬁ‘i?)

Using equations (13), (17), we obtain

%p.n + § (s ~«tp) Yarp "/ - .,g? A o, = (418)

The olassification of vacuum, non—degener&‘be fields
(Jordan, Ehlers and Kunat » 1960, referred to below as J.E.K, )
can be extended immediately to non-—degenerate perfect fl'aid
fields since equation (16) is identical with equation (3.1.16)
of J.E.K. | o

If E=0O , then Yu-s Y324 = Ysiz—o, and 80 the
Weyl tetrad is hypersurface orthogonal. If, however, & #O,
only ‘ZI‘“:-_- LI:‘ of the tetrad is hypersurface orthogonal.



¥oo tvpe 1) fields (cé4=°ig="'§a¢) we gee from
equations (416) and (17) that Y23,=Y332=O and Yay= yzzz .
Hernce we can use the result obtained in J,.E.KE. tha’t, by a
suitable rotation about €, , € and €, can be made hyper-
surface orthogonal. Hence, a co-ordinate system can be

chosen so that

G - (Bue) s (&) +% L - ()
In this co-ordinate system,

ﬁ: . e 5{‘ s Yage =0 fer AB,c ¥ , (20)

and o N
YHSB = @B‘A = -e,— A @’BJ&S“ .

Conformally-flat fields will be considered in Sectiom 7.

4 Pype D Fields

These fields are characterised by fthe condition§

oL = Ky = --2041: —Zo{z .
If we choose the space~like triad so that equations (49) and
(20) hold and specialise equation (17) to degenerate fields,
we obtain, forc=[,2,
1
(“' _3§)~3 + 5”‘@@-.} =0
L 3 —
+eg)ee 3(93-6"“-6)"

(o(-—%(’).c + 3 U.c =

We note that U cannot be constant for type D fields,
since equation (8) implies that the 3-space is an Einstein
space an’l hence of comsians curvature (Eisenhart, 1949), I3t

follows from equation (414) that oly=0 , M=12,73 and



-

corsaresntly the space 18 conformally flatb.

on integrating bhe third of squation {(Z1), we clbialn
33Uy, 3u 3Z(e) .
o = & gfe Q‘(u) du + 2 5 {22)
where 2= X and _Zcz) is an arbitrary function of integratlon,

Eliminating pee from the second and Shird of s aations (21),

we obbtaln
Bsee = - “-1“«: - 2U..

€s _ s efzu f(a) o

and hence £ {23)
From the first @qua‘tim%(?ﬁ) it fellows that
G = Q@ =2) +Beldx) , B9= =5 {w-%0))y . (20
Thus the metric takes the form
¢ = 28 Ao .{Lz(z),x'ze‘Aa Az - Y s (25)

where do? is a two-dlmensionszl metriec form deperndent oml

1y on
o anda x? .
Tre fields may be divlided into four classesi-
1 e = c::f\s"o.nt
BT g e® - ' Qi %el =0, O %”‘ *o.
IrI e = e(x‘)x") 9 ie, ei[ﬁ, %9] #+ O » Ql"‘ = O s
iv (i Q(’LL x, E)ﬂ e R 4l 0, Qix e::c FO -

" ¢ [
The classification 1s invariant since ,eﬁ is uwnligquely

determined when M~ igs, that is when j:w?qbo . The comdiitiomn

b2}

3»6—:0 has already been shown to imply Q = gongtant, and

consequently all fields with Jme.:ao belong to claass I,
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;. ines of Clusg I {Constant Density)

RIS g

Using the fact that e is constant in equations (22}
and (24) and eliminating U from equation (23) by means of

equation (22), we see that the metric takes the form
- 2/3 22 '
G = 3 ( de? Az* - & y(#) o {26)

Phe function of 2 Dbefore the alz" term in the meiric
has been eliminated by a co-ordinate transformation of the
form: Z-Z(@) . Por the case of constant density, squation (112

may be integrated to obtain
. - U |
‘P+e'= ,ZA.Q . ’ (27)'

We note that equation (26) is identical wi‘éh equation
(3.2.,12) of J.E.K. if we put ot=12 e-SZ" - Hence we can follow
J.E.K. in subdividing metrics of the form (26) into the four
classest-

(A) the hypersurface ™, =constant contalins the space-like elgen-
blade of the Weyl tensor, i.e. o= ol(2) 3

(B) the invariant o is constants

{C) the hypersurface of =constant contains the time-like elgen-
blade of the Weyl temsor, i.e. o=o«flix?)y

{D) the hypersurface, o =constant corntains neither eigen-hlade
of the Weyl tensor, i.e. c<=e<’(xfx;‘z)¢

Case (A) '
In this case, by means of the co-ordinate transformation

-
2=t o, the metric can be expressed in the form
G = 2 de? o Viwde*- ezu@’ A . (28)

On using A3 and A4 in the Appendix, with W=z , the fleld



= Qe

HYLETIULE pecome

L5

5 (S - %) -

(Jo’ e) P) (292)

{29%)

Vs vy - Vede - 2Va)l (o)

V-’( u,as » U.f _ V:seas . Zli.;)s"_z.(e_,,sy) , {(29¢)

where K+ K(%;%fg) is the Gaussian curvature of qla‘*_’?
Since K 1s ‘he only function in eyuation (29a) 'L;lriaﬁ é‘;@p'em@s
o x' ana aﬁ" it pust be comstant. By a change in the
scale of ¥ we may set K;”kﬁif‘;tf 9= 0T O ,“‘a_;nd _choosa

co-ordinates & and @ such that
2
de* = de* + §@d¢* , (50)

where fo)= sm@, @, smh® for K=4+1,0,-]

respectively.

i

From equations (29a) and (29c), we obtain
Kﬁ = VL’;" * "2;%%' = Qe
which, when integrated, gives
V2 = K - -".;QE"'- Zmiis."i . {51)
where M is constant. A second conseguence of equatlions

(29a aund c¢) is the eqguation,

V-zz-i( Ups + Vivas) = lf("*(’

N’
a

On using equations {27) and (31) we obiailn

(K-'g ez‘—ZMZ'i)quu *(%QZ-— ’MZ-z)»Q.u = qu ’



R .

and, on Integration,

-ea = (k - LS(’ZZ -Zmzd) [B quz(K-‘S(’*t"z“‘J)J/z 2).(32)

In general, equation (32) involves elliptie integrals, but

for m=0 it becones

e Cv Bllk-5ew) (32)

whereas for P+Q=° (i.e. A=0) equation (32) becomes

1
g’u = V (32D)

Ueing equation A3 we see that the invariant o is given by
o’ = - Z'M.E-s .

If m=0 , it follows that «=0 and hence that the space is

conformally flat. |

The metric (28) admits a four-parameter isometry group
G—,‘_ﬂG,sz,and G, which acts in the (o4 x*) surface contains
a one-dimensional isotropy subgroup. For K=1 , Cs is
isomorphic to the group of the sphere and the space is spherically
symmetric. For K=o, &, is isomorphic to the isometry
group of the plane, whereas for K=-1, G, "~ is isomorphic
to the group of the twoudimensibnal.Lobatsehewski space.

If K=]1 and m=o +the solution is the interior solution
of Schwarzschild (1916),and if K=1 and A-0 it is the
exterior solufion‘of Schwarzchild (41916) with cosmological
constant. These solutions generalise those obtained in J.E.K.
(Case A) for vacuum fields to the case of a perfeet fluid of
constant density.

Case (B

The metric (26) becomes in this case

G = | 0(0" v dz* - 2—2&*),[[-‘ .
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and A4 with V=W=] , the field egualtions {8)

ﬁ;

"z (p-¢)
and Zis3 *"'Z.: = ()9 (’) .%(e*bf)

where K is the Gaussian curvature of de® e it Tol

Lows
from these squations thal JO+€-O and K= @ . Furiker
from equation AZ we note that -~ (Z.;s +Z ) is the Gausslian
curvature of deot= Jz‘-@zzo[t , and so the space ig %he

direct product of two two-dimensional spaces of the same

constant curvature. In fact the metric is given explicitly
by _ t
G = deo*. Sm"(.lg@)ald? ¢ dz*- sin’(\/(: z) At foe o>
and G = de* + s:nL’(,@e}g) d«f rdz- s:nL‘(J{«e}z)Jt‘ for p<o.

If ?::O the space-time is flat. The imvariant o 18 glivea
by o«=-% e - The above solubtions all possess a sii-
parameter group of (local) isometriles., If pFO She
space=time ig of {type D and sc the group is complede.

Cases (¢) and (D)

It is convenient to cousider these two cases bogelther,
-3 Y '
We write o =*€ | and introduce a meitric & by
i l -[4.’8’+ZZ "
G = ( ) y i.e, G'= do+ dz . On uweing eguaticn AA

with n=3 anda V= 2-(2;—.}2)’ we obtain ) e
| v 2042 | - (2T+Z -(2z+Z ( 2r+2) "
?ak = ﬁa‘a - L {g, ))Ilaia e ¢ e Jab s

11
where covarlant derivatives are taken with respect %o G and
] & té
Ragand 7\)AL are the Riccl tensors of G— and & *’*w‘p@ca
tively. On substituting the above eguation into equuiion (8)

we ¢btain

"‘L ~Ze (e. )u L*e ('2 }nat. {ZJOQ - e = (2?1'2}"]3‘1 .,(%)

This equation differs from the equation (3.2.29) ix J.E.X. by
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Hhe ey Lavelving j:» ., and hence we may use the proof in
J.E.XK., %0 show tha%, in appropriate co-ordinates (X, @, =, ¢ ),

the metric takes the form:

6 = (V) [ £ o fdgr o dn-2Ear]

where X+Ys= @"z ’ ’)/-:5/(3‘) » Z= Z(z) and {= i(X) .
In case C, since T)3=0 , it followsthat Y is constant aund,
by a suitable translation of the co-ordinate X s may be put

equal to zero, The metriec is of the form:
- 2Z ‘
G- XE[#ldxr s gdg® v der- 25l (35)
On using equations (8) and (9) we obtain

_'M u)lx N's
2 (e il “‘Rﬂ: f”(’ , where A= 1,2. 2
4
Using equation A5 with V= X and remembering thas eu =X £,
we obtain J’"" (: = O .

It is unnecessary to integrate the remaining field
equations, since by means of the complex co-ordinate trans-
formation: x= X‘l R (i)':' it . ,?= 4'75 the metric (35)
and field egquations may be put in a form identical with that
of equations (28) and (29) with Pre=o- With the aid of

equations (%4) and (32b) we obtain the followling solution,
- -1 2 2
G = (K+2mf-‘-':,e+ ) de +(;<+zw"~‘--fs¢#)@l¢ » +(de*- o) dt*) |

whers «(-'((9)-.- S$inG, ©,sinh® for K= +1,0,-1 respectively. Iir 6.
is to have the correct signature, K+2M.,,-"— %€f°'>o.

The invariant o ig given by

-3
o= Lwma o



-t e

o

H

denm has a complete four-dimenslonal iszomelry

Wi pr g
g goLn

B

grouy and a one-dimensional isotropy group. The time-like
elgenw-gurface of the Weyl tensor ('f=eonstan‘b,¢ =constarnt) has
constant curvature K o This solution generalises thal of
J,E.X. (Case B) to include vacuum solutions with a non-zero
cosmological constant.

In case D Y'#o and X'+0 . Only two of the field
equations (33) remain to be integrated. If we putl a=b=3 aul
use egquation A5 with V=1 we obtain

2" 2% - 2(xen)tyt s [2peti- e

lic

-(2z+z)( ezr+z)‘ ¢ ]

arnd if we comtract (33) we obtain

L u 42 ~ - * + e
£zt oy - 3 2y - E @)

using equation A6 with 3# =6’Tﬁf(x)and 33’3‘.-) we obbtain

ERB(22) = 2z 2 Yy 2y e ) b ()

From the last three eguations we obtain

(2 .'Z’l)(xwyﬁ(zyuy‘z'_*Q'X"*’) ' 3.(7'1?‘) =P+ (36a)

/] 1 2 2 ] ‘
and (Z'+Z "fi{”)(xﬂl) ~2y"+ 0 o= O, (361)
In addition, equation (9’) becomes,with the aid of equatiom A6,

(Z"*Z‘a)(x =) - (Y 3y'2 P )(xev) +3(y34) = i(f*?)f). (37) -

From equations (27), (36a) and (37) it can be seen that

R L D €



[ - Z(Z2%)x = = 8% ' -4y L 2(2NYY. (a9

We note that the righit-hand side of this equation is the

sumr of a funofion of X , ké@ 8ay, and a function of # .
On differentlating eguation (39) twice with rss.sct to X 1%
follows that ﬁw = Lmz O , and hence

‘C’ﬂxs+LX1+cX+al P L,

1]
™)
7~

o
b4
-
N
A4
P
it
O
g

where a,b, ¢ and d are constants,

If we substitute the equations {40) in equation (39) we oblain
Z+2% -3y «b = 0, 2y'-(2“«2)y= c-by .

Consequently,

2y" BaY? - 2by +c ,

it

Y s us L s 7 (41)
= aY3- byl se¥+d =4y,

and hence
o

w&ére d ~is a constant,
If a co—ordinate transformaition is made so that 2 1is replaced
by Y , then the metric becomes

G= (xa»Y)"z[F'ialx’ +{dg* 3‘101)'*- ezzalt‘] . (42)

From equations (38) and (41) we obtain the equation:
: dZz  _ ~-Z
3w - W E = AT,
which on Integration gives

P = dg(B+ Af{g,(%)ﬁs} . (43)

On substituting equation (43%) in equation (36), we obtain,

with the aid of equation (38),

3(0(40?) +e =0

~and hence L(X) 2 - M,y) .m.% Q . (44)
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Tre invariant o 18 given by
3

anpd 80 1f a=0O the space is conformally flat, We shall

agasume that Q+0, and then by affine transformations of the
.GOmordinates X and Y and a change of scale éf the ¢o=
ordinates ¢ and t we may set & =311 and beo wnils:
preserving the form of the metric (42)., The metric is given
by equation (42), where fot X3 +eXed and 9 and Z are
given by equations (43) and (44). There exist two functiomally

independent metric invariants:-

ety v Tverte () e chon- e,

voere Y*,dvs . Thus the trajectories of the isometry group
are the two-dimensional surfaces X =constant, Y =consiant,
_Since the metric is type D,the isotropy group acts in either
the (X,¢)-surface or the (Y,#)-surface and consequently must
be discrete. Thus, the complete isomeiry group is two-
dimensional. From equations (27) and (43), we see that “%he

pressure 1s given by
I -1 ,
.P = - Q + 2A 3"’(X+y)(3+ Rgg‘%‘ds) . (£5)

The above solution generalises the golution C in J.E.X.
to the case of a uniform density perfect fluld and contains

the selutions ir J.E.X, as a special case,

6 Space-Times of Classes II-IV (Variable Demsity)

In case IT ¢= Q(z) N and from equation (12) i% follows
that U= u(z) and hence from equations (22)-(24) we may deduce
that

o= o), @3 = @y , e = (5(;)4'(5‘1(&1,&1) .
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e6)

By means of the co~ordinate transformation Z-2 it follows
that the metric (25) takes the form
2Uc) .
At (46)

G = 2Zdo* ., Viyde-2

This equation is identical with equation (28) and we may use
the analysis following equation (28) to show %thet Aot is
of constant cﬁrvatgre K , and consequently' takes the form

(30) and that N
V"z= K - i'ii g(s)s’o/s +2mzt (47)

For this metric the invariant o is given by
* = 2mz s 527 Jj Q'(s)'vs‘als .

Tﬁe metric (46) admits a four~parameter isometry group"with

a one-dimensional isotropy subgroup. For K =1 the-space is

spherically symmetrical. Spherically aymmetriea;iggih non=

constant density have been considered by a number of authors

(Tolman (1939) Wyman (1949), Bondi (1964)) and many of their

results have trivial generalisations to the other two cases

(K=o, K=-1) obtained above.

We shall consider classes III and IV together. For thesé two

classes @,#0 for C= 1,2 and in class IIi the condition @Q,3=0

is also satisfied. The metric is of the form (25)
| U 2y 2 -2u 2U
G=e (e do* 4 e Jz’)-— e de, (s

where ¥ = @+u ~and

Yia = ”!s_ -3 (“'.‘3(’)13 . (24)
With the aid of equation A7, the field equations (8) become
when a=3 and b=1,2 ,



=f Bom

Fliminating Y from this equation with the aid of

/
equations (21) and (24) we obtain

2(Uis+ Uy Uyy ) +FL (x.su,“ll.sm) M :T*"'l(uab Qs Us gy)=0

With the aid of equatioms (12) and (21) we see that

ll)s;, +-2bl.3u,,, + ‘Sd-i(“ns Up + ey u'a):—- o . (48)

One consequence of equations (12), (21), and {(48) is that
ulz ulsz = ulz als:z 3
and hence U- U(g(x;xz)’ z) and, by means of the co-ordinate
tranaformation X'= X = {(ix) , we see that ”=(/(X,z) .
Equations (21) and (24)' imply that
ol = ot()(,z) ’ Y= Y(X,z) .
On choosing x*= ¢ , so that the a- and =2*- lines are

orthogonal, we see that ‘the metric has the form:

, « 2w 2 .
G = 2] Y Migpydet + B gy »a2e 2t - e

The remaining field equations (8)' become, on using equatlon AT

with o | .=-o<an,3 5‘1 ’
et (“.12- )

-2
S SRSy I Y R SRR, «.,vwa.fzfe “5\.,<so>

la

Yo *Z(Yus +Y|3 +Y.36€.3+Ms tod “lsyls)d'e Zfz 0\49)

(\r

where 'R , is the Ricei tensor of H= ZY(H dx* BJ?)
4,1.*1,2 « For a=1 and L= 2 equation (50) is (.('de u)
i. e, ﬂ,z(,g e ) =0 . Consequently, either A= AX) o
u . . S pple
xe ( (2) - In the latter caseequation (50) implies ll l{u
a , .
is propoertional to S Lo and since “,f O it fol.lows that
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U “(l} and, from equation (12), that ¢@= e® . This
contradicts the defining equations of classes III, IV ,

Hemce it follows that A- ﬂ(x) . Subtracting the equation (%0)
with a=b=2 from that with a=b=1 , we see that

«e* [(oé".e-) .: e.u )]z] +2 ll"u,i = O,

which implies that B B = f(x ) . Since B-= 'B(x,@, it
follows that B? By = «P‘(x) and consequently "B='E)9 3@3) .
By means of co-ordinate transformations of the form 52* )'(V(X),

o~

and ¢~ (;;(ﬂ s the metric may be put in the forms
- 2 A4 - U,
G‘ = £ zu['ezrﬁ (X)(olx1+o(¢) - -2 zuali:l z Jt s (51)

where U= Uxz) » Y=¥ke) and xx(X2) -

In class III we have in addition u|3=0 and so equations (2"4)0
and (48) imply that 3= Y3 = + The metric is of %he
form (51) but in this case U= UK, Y=Y&) and o ==X .

Phe metric (51) admits a two-parameter abelian isometry group
in class IV and a three-parameter abelian group in elass ITXI.

The metric can be put in the Weyl normal form‘.

G- ‘Zu[ 22?(01’( +¢lz) + ezsehﬁ ] »

where U= Ux,2) , 47'—'7(",2) and &< Sé(,z) , by means of
co-ordinate transformations of the form X= Y()Qz) » Z- i'(x,e) .
However, it seems easier to integrate the remaining field
equations if the metric is left in the form (51).

If we write e@': He _u'and V= o 2a in equation (51)
and use equation A7 with J"v = - Qs V'15 v fov /,,’\,,,1,2 s WE

btai -2
onte nR r = (?ln +V @lzvn) sV (@ln v P!;Voa‘Pp‘)S ! Vl ZQWM'Z(S/M)S
(R,';_ = v? (V-1 (5)3)“ s (52)
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53 4 -2 - .
and ?3 = VieCy, +av { Gras *+ Bys - Vl@’lsvh) .

Since the metric 1s of type D and since the Z ~direction is

53
the distinguished Ricel silgenvector it follows that f;a
i 51
Noting that R 2=0 , we see that the X- and ¢-directions
are also Ricecl eigenvectors and consequently ﬁ; ?’;_ o

Using equation (52) we see that
4 _2¢
Vies - L(*) » Ve © . @ - (53)
_It follows from the field eguations (8) that

(Qu)‘;a. * (eu) l;z s (‘Qu)":u =9,

where the covariant derivatives are taken with respect to ﬁak'
These equations imply that

-2 , ' u 4 U
, Meu ¢ = { , (Vialae- )u’ \4 Bis e (54)

We note that -c+o since “,44—'0 for classes III and IV,
Equations (53) and (54) imply that

V = %—eu + k@, u_.%“, ke s oy (55)
If we eliminate o from equation (48) we obtain the equation
Uns - 5V (UuVis +2UisVia) =0
On substituting equation (55) in this equation and writing

mg)= 9/%, we obtain the equation

Uy [3[’220.'“ + k' (SIMH»A')-@L(] =0 ,

[ 4

Since ll,, $ O , it follows that either

l-.- R'z=m! =0 or kz 1*"'3m“lv~'"-‘="0 -
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v Keo , 4% follows from eguations (22), (55) and the

defirition of V  that

mt = 5 f Q‘(u).asua[a + 2 M .
Consequently j ("(u) esudu is a function of # only and
nence either U= Uz or Q‘meonstént. In e¢ither case this
contradicts the equation defining classes IITI and IV. I%
follows that the equations ‘1'=kI‘-‘M'=0 must be valid, On
substituting these equations in (54), (55) we see that

V= 'Me,u + R ’ ﬁ,s = U, = L(&)v‘ .

On integrating these equations, we find that

8 - Ut k(G m-w)

where Hé() and 4% are arbitrary functions of integration and
h(-z)=.ejkl‘°‘§ . TFrom the first of the equations (54) 4%
follows that

Hp fe = -k § 1 ne) P

and hence H{is proportional to ¢'(x) . If we make
the co-ordinate transformation X= - '/4(") and then make
suitable scale changes in the other co-ordinates, we may write

the metric in the form
- -1 Y
G = (n w9 [ Flie s Fdgte der- S (56)

where F=F(X) . The field equations (8) and (9) that ars
not identically satisfied are

AP im) (1) (2o E = pomets S = E(peg) s (27a)
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- (e mx)m F'os (Zw; -h/x)mF =3(nemx) n” 30" = 'I(JO‘(’) o (57B)
and (m+n/x)h F' = 3maxir - (V\+mx) n 430t = i—(Q+3<P)° (570)

On subtracting (57b) from (57a) we obtain

b+ w(F'sFix) + mx( F'-Fk) =0 . (58)

It follows, on differentiating equation (58) with respeect %o
2 , that either n@=0 or F“F/ix =4a& , where a

is a constant.

In the first case the metric (56) is independent of 2 and

so these cases belong to clags III. The remaining solutions

will be shown to belong to class IV or to be conformally flé,t.

In the case where W'=O equation (58) becomes

F " (n+ »\X) + (n-— MX) FI/X =0 .
On integrating we find
F=b « c(n‘loﬂcx +AmnX + % 'm‘lxz)- D) (59)

where b and € are constants. From the equations (57) we

obtain the following expressions for the pressure and density

2¢P = CX‘z(yumx)s(n—mx) -0-2m.(m-2n/x)F »

-7 3

.ZQ = <X (m»,x) 6n+3mX)~ bwr F R

The invariant o¢ 1is given by
3, 3
ol = = 15 ne X4(n+vu>() .

Clearly the space is conformally flat if»f V\c=—* okl ’ﬁ?’#o
the metric admits a complete three-~-dimensional abelién local

isometry grcﬁpt. The completeness follows from the fact that

trajeetories of the complete group must be contained in the



L

gt

'z.j;}‘z;%ili:‘.:‘lfe:&’T’;f'aﬁ‘:e){3%301“3,53“@8.1&15 and so the group is of dimension

at most 6., However the isotropy group is of dimension at most
one since the metric is of type D and acts in the suri‘aée

X =constant, ¢ =constant. Since the vector &> is unique it
follows that the isotropy group is discrete and that the complete
isometry groupiiof dimension three,

If however W¢o , F'+Fi =42 . On integration we obtain

the equation
F = ax* +Lloﬁ‘x +Cc (60)

where b and ¢ are constants. From equation (58) i

follows that

bnivan) + d =0 s mXFU- F) =0, (61)
where d is constant. Using equations (60) and (61) we see
that d=0 and wmb=o . On integrating the first of equations
(61) we obtain n=R{ , where f6) = 90‘7\#&5?4-3) , 2¢B, sinL(ka)z+BJ
for a»o; a=0, d< O respectively. '

Ozi using the equation A7 we see that the invariant o 18 glven

b
7 % = = FhatX*

If the space~time 18 not conformally flat, _L#o and eonsequeﬁ'lrzly
m=0. Thus the metriec (56) has the form
GNPt 4 Fdgt e de - )

where F= F(x) 1is given by equation (60). On using eguasions
(57) we obtain the following expressions for the pressurs aad

energy~density of the matiter: _
ZP - éﬁlI@) " Ln"‘ X’z s

1 , (62)
- 2€ ~6A ﬂ&) + barx”

W
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vhere L) = (2[,1 for 4+40,8=0 respectively.
A second (functionally independent of « ) invariant is
given by .
Yo bttt = (bloyex +) X7+ AT(R) -
Thus we may use arguments similar to those for class ID
to show that the complete local isometry group is an abelilan
two-dimensional group. It is easily seen from equations (62)

that the equation of state of the matter is }o-—' c +CA*TR) .

7 Conformally Flat Space~Times

In this case C,‘,“;=O and so from equation (43) it follows
that o« y=0 for M=1,2,3 . From equation (14) we see that
?m,“-‘O and consequently the :space cross-sections o =constant,
are Einstein spaces of dimension three. Hence the space is of
constant curvature K= —‘se (Eisenhart, 1949). Consequently

we may choose co-ordinates such that the metric takes the form

G=(-kY" 40 s ot e site dg*) = Vige, $)dt*, (63)

The field equations (8) and (9) become

VEVE = E(ee3p)Sh (64)

an VEVELL = E(er3p) -

The integration of equations (64) is a long butwstraight-

forward calculation and eventually one obtains
V= (%si«ﬁ +Ccn¢) +5in® +Dacos® +E,/(1‘Kv=) +AlK S kto,(¢5)
V = (B $'u\¢ + chﬁ) TSing® ~+D4'Co$&m- + E + éﬂff"- -fu K:O »

where A,B,C,D ,E are all constants, A being given by
equation (27). By means of a rotation we set B=C=0O in



equation (65) whilst preserving the form of the metric (63).
This solution of the field squations was obtained in a
sliehtly different co-ordinate system by Stepanyuk (1968).
It will be shown below that the solution in fact belongs %o
class TA with m-=0 .

In the following it will e convenisnt %o use Carveslan
co§ordinates defined by

. ) ’
x- x?= TSinesing , 4= x* = TSin@cos¢p, Z = x* = ¥cos®, (66)

If K=0, equation {63) with equations (65),(66) becomes

G = 0(3:‘4-01'3‘ + olz® - (Dzi-% A+ 45)1#‘1. (67)
By means of {the co-ordinate transformation Z-2 aTVA,, ghe mesric
may be expressed as
G = derpdg et~ (S £ -DW)AET,
This meﬁ&ic is clearly spherically symmetrical. Since @==3K=c>
it folldws from equation (27) that 4
P = 20 /(44 o E -2/n)

The above analysis i not valid if R=0 but in this case %

e

metric (67) is flat., The transformation to Minkowski co-
ordinates being given by 57'"'*““(2-&5/9) cosl, Dt E =(Z+E/_'p) SinLD#.

If K#0 it is convenien®t %o rewrite the metric (63) in
isotropic co-ordinates (K ©,¢,t) whers R is defined by 7= R(I" %Rj-a

We obtain

-~ _2 . . 3

G- (- 5R) '[azz*. + R{ders siady?) -(+e(-5R)Dewg atf] , )
The space sections being of constant curveture admit six

independent Killing vector fields given by (Robertson and

Noonan, 41968)
o 2l ~a N " a ’ b
fR B (1' %R)SA + 7Kx S ’):n“"easc ngch . (69)
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o
It is ecasily verified that the three 4~vectors ¥, defined:by

021. = “DS:*EK{: ’ 77: = D‘;‘EK;! )‘73:L *;: » ?: =0, ('70)

are Killing vectors of the space-time. Since these vectors
lie in the two dimensional surface V=constant, t=constant, this
surface is of constant curvature and using thai andysis-of Sechion S, tae

see that the metric takes the form
G = (wm K it et %) d) <[4 + B kFUE (71

where )= Smg, O, sinl.e, for « =+1,0, —1’ respectively.
The commutation relations of the operators X, (X4= 7[; %i:“)

are[x“x;} . -(:DzK ;Ezkl)xs ,[X’_,X3]=‘X1,[X3,X1]= - X, . (72)

Hence if D*k +£'kt >0,=_\0,,f(othe group is isomorphic to that of
the two-dimensional sphere, plane, Lobatschewski space,
respectively and in the metric (71) «=+1,0,-1  respectively.
o1 Q=3K>0 , we not that T2K+"51Kzzouﬁless D=F=0
in which case the metric (63) is that of the Einstein Universe.
Consequently we have proved that the only positive density
conformally flat static perfect fluid solutions are locally
isomorphic to the interior Schwartzchild solution or oﬂe of

the Einstein or de Sitter Universes,



o 2 e

8 Coneluplions

All degenerate static perfect fluid solutions of Elnstein’'s
equations have been found., These are all founa to possess at
least a two-parameter group of local isomedries. The -
golutions obtained are displayed below in Table I, The dimensions
of the complete tSomekéj and tsolzmr_;j ‘jifaups e given in Columns
§ and 6 mespeckiaaly . Tu columa 6 Hhe lebler Sor T dewies
Bk He wsoteopy  grewp  webs A spece-bihe  or e -dihs

-@l.stv; - Sur-; -] o-f Ahe ‘ ut 5 ‘ E@.;S;‘;!' . d"-e,sr -4,4 61\1 c(j .



Appendiz
Por the reader's convenience we list below & numbezj o£
useful formulee taken from J.E.K.
If in an M -dimensional pseudo-Riemannifn manifold there
exist two eonfsrmally related metrics G and G where
G=V'G , then y
Rik = Rin - (n-z)V Viik +(n- V"""(V2 “) at Jir 5 (a1)

Vh e | .
where covariant derivatives are taken with respect to G .

For a two-dimensional metric of the form

(Wast)® £ (V d=t)”

the following equations are valid:-
Rn - -KS% , RY u"'ZKS&S .

vhere K= - i/"Tu [ (.YVL:) + Vu)lz] (a2)

For a three-dimensional metric of the form
' 2
G = \J’(x’) de* + ( V(=) Jr:’)

where JG" m a two-dimensional metric involving x! and X*
only, we can choose x? and x° so that the co-ordinate
lines are Ricci eigendirections. Further the eqﬁations,
?‘,‘-"Rt = %‘EK +J\;-(\'!_:,ﬂa)'3] ’ ?3 = (wxis i3y P,\‘"o' (A3)

-fw ,l-* Ve
where K is the Gaussian curvature of do* , are valid.

For this metric
i Ws 3 . 3 Via '
F;:": 5 L3=r‘33=° s ’332 T,.‘r"’i,j”,Z,
and if  F = F(x?) then

Fh = S GF'SS e, Fls VPR, ()

Y



—D0em

Lrio of the Form

G = a(a"‘ + (V{xi) a[xﬂ’)la , ;=12 ,

ol
=
a2

the Rieci temsor is given by

RE - yiyn : i 3,0 |
Ki=V7V Hj "'Kéj s Ka=o0 , R3= V"V . (45}

. o 5
Por this metric we note that, since F‘,.,: ab=a for a,b=12,3,
uui; - u“.j , where a semi-colon denoctes a covariant derivative

T

made with de .

For 2 metric of the form G= 3’“;[2?’ ES A wheré‘ﬂ,vv; L2, e M s

and  ob(q,,) = , it follows fhat V"‘“ﬁ - (vl,wﬁﬁl\)u ,
and if  q,,=0 for PEY

o _ ? » .

. v ll/w = )%‘ (Vl,-u.ﬁ /‘))’4 ) (Aé)

Finally for a metric of the form

G’ = j,,w( xk) dxl“o(iu + (V(xh‘) al:r“)i 9

where mv=42,. .. ... -t and Retd2,.-------sn, the sscond
fundamental form D = "ll‘“‘ dx”' dx’ of the hypersurfaces x" ssonstant
ig given by -ol/m.r - —;:v"' “(3/‘) « The Ri_oci “tensor of

this metric is given by
Ry =R V(v d0) A
K= V(A0S0 s (a7
Ro= VIV -d)edd”,

whers a ot signifies %w ., R%,  is the Ricoi temsor of

?luv’ ard where covariant derivatives are taken with respect to

W -
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ON THE DYNAMICS OF SELF-GRAVITATING SPHERES

A. Barnes and G. ¥. Whitrow

(Received 1969 November 27)

SUMMARY

It is shown that the analytical results obtained by M. V. Penston for the
Newtonian pressure-free collapse of a spherically symmetrical sphere of gas
can be extended to general relativity.

Penston (1969) has recently considered the free-fall of matter collapsing under
its self-gravitational attraction and has obtained analytical solutions for the final
stages. He has assumed that all the matter is initially at rest and that it collapses
spherically symmetrically under Newtonian gravitation and negligible pressure. The
object of the present note is to point out that the same solutions are obtained when
Newtonian theory is replaced by general relativity.

The problem of zero-pressure spherically symmetrical collapse in general
relativity was considered by Datt (1938), and also by Oppenheimer & Snyder (1939)
who used an internal metric with co-moving coordinates that can be expressed in
terms of Penston’s notation in the form

ds? = —é* da?—v2dQ2% + ¢ dt?, (1)

where 7, A, v are functions of a, ¢, dQ2 = d62+ sin2 8 d¢2, and units are chosen so
that ¢ is unity. Prime symbols will be used to denote differentiation with respect to
a and dots with respect to ¢. It follows, for example, from equation (14) of Thompson
& Whitrow (1967), that the vanishing of the pressure implies that »* = 0. Con-
sequently, v is a function of time only, so that by a suitable choice of time-measure-
ment we can arrange that ¢ = 1. From equation (10) of Thompson & Whitrow
(1967), it is easily seen that we can write

e = 72[f(a), (2)

where f(a) is an arbitrary function of integration. From equation (7) of the same
paper, we deduce that

j-20ME@ _ fg)- (3)
and hence that
= GM@) ®

where M(a) is another arbitrary function of integration, and for comparison with
Newtonian theory we have introduced G explicitly. From equation (9) of the same
papet, it can be shown that

4mprtr’ = M'(a). (5)

The function M(a) can be interpreted as the mass within coordinate radius @ by
the following argument based on consideration of the external metric. We first note
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that, if p = o for a> as, then, from equation (5), it follows that M(a) = M(as) for
a>as. If we next introduce variables R, T defined by

R =r(a, 1), (6)
and
A/{I 1= ZGM(as)}
_ f(a) dt
B Y TN/ RV, (O @

the minus sign arising before the first term because the system is contracting, the
metric (1) can be written in the form

2 _ —dR?

= m—m dQ2+(1—2GM(as)/R) dT2. (8)

Equation (3) ensures that the right-hand side of (7) is a perfect differential, and
hence (8) can be interpreted as the Schwarzschild external metric. Consequently, we
can regard M(a) as the mass within coordinate radius a.

Equation (4) is the same as equation (1) in Penston’s paper. Initially all the
matter is assumed to be at rest, and if the co-moving radial coordinate a is identified
with the initial value of » we obtain the same parametric solution as is given by
equation (2) of Penston’s paper, namely

¥ = acos? ,
-1/2
£ = {8?" G,a(a)} (0+1 sin 26), 9)

where 5(a) is the mean density (inside a) defined by
M(a) = 4;5—77 a3p(a).

From equations (g), it is easily seen that, if collisions between neighbouring shells
do not occur, (@) must be a decreasing function of a. As Penston states, if the
density has a smooth maximum at the centre, its value for small 2 would be given by
a formula of the form

) = ) (- %)

where A is a constant. He shows that after a time

where p, = p(0) = p(0), a singularity will develop at the centre of the form
pocr12/7,

and we now see that this result also holds in general relativity. In fact, all the results
in Sections 2—-4 of Penston’s paper can be regarded as valid in general relativity.
This extension of the results of Penston’s investigation to general relativity is
analogous to the formal equivalence, discovered by Milne & McCrea (1934), of
pressure-free world-models in general relativity and in Newtonian theory. In these
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systems, however, the density p is uniform throughout, being a function of the time
variable only. The common feature of Milne’s and McCrea’s investigation and of the
present work is the zero-pressure condition.
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Abstract. The propagation of light in a spherically symmetric dust distribu-
tion is investigated. A sufficient condition for light to escape from a collapsing
region to an expanding region of the system is obtained. This corrects the
1966 result of Raychaudhuri. It is also shown that, contrary to the conclusion
drawn by Som in 1968, no event-horizon other than that associated with the
Schwarzschild radius occurs. These results are illustrated by some numerical
calculations for particular models.

1. Introduction

The gravitational frequency shift of light radially transmitted from a static source
to a static observer in the Schwarzschild exterior field has long been known
(Schwarzschild 1916). Synge (1966) obtained the corresponding result for non-radial
light waves. More recently the frequency shift of light radiated from a pressure-free
collapsing sphere has been considered by Faulkner et al. (1964), and also by Banerjee
(1966 a), who obtained an analytic formula. The generalization of these results for
non-radial light rays was given by Jaffe (1969).

The additional effects of cosmological expansion and of the gravitational field of
matter between the source and the observer have been considered by Raychaudhuri
(1966) and by Banerjee (1966 b) and by Som (1968). If there are no discontinuities
in the density, Raychaudhuri concluded that light from the body would be trapped as
soon as collapse sets in, but this will be shown to be incorrect. Instead, so long as
light is not transmitted through any matter that has contracted to a radius R < 2M(r),
where M(r) is the gravitational mass of matter within the co-moving coordinate
radius 7, it will escape. This result holds even if there are discontinuities in density.
We note that the 2-surfaces (R = constant < 2M(r), r = constant) are closed
trapped surfaces (Penrose 1965). Thus it appears that no essentially new features
occur when the expansion of the universe is included in the analysis.

2. The equations governing a pressure-free system

In general relativity the metric of a spherically symmetric system may be written
(Landau and Lifshitz 1962) in terms of co-moving coordinates 7, 6, ¢ and ¢ in the
form

ds? = dt2 — (R’|T")? dr? — R%(d0? + sin® 0 d¢?) (1)
with . '

R2 =T2-1+2M(r)/R (2)
and

M’ = 47pR2R’ 3)

where I" and M are arbitrary functions of 7, p is the energy density of matter and prime
and dot symbols denote differentiations with respect to 7 and ¢ respectively.

653
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Differentiating equation (2) with respect to ¢ we obtain
R=—-M|R. 4)

Equations (2)—(4) are identical in form with the Newtonian equations and so we
interpret M as the active gravitational mass within coordinate radius . We will
consider only matter with positive gravitational mass since no matter with negative
mass has yet been observed. .

The proper distance s from the centre to radius 7 is a strictly increasing function
of # and, since s is given by

s = f;(R'/l") dr

we see that R'/I' > 0. We deduce from (1) that I'is the derivative of R with respect
to proper distance in the radial direction, and so where I' < 0 the gravitational field
is so strong that it begins to close the space: i.e. on hypersurfaces of constant ¢, the
area of the 2-surfaces given by 7 constant decreases as r increases.

We will assume that » = 0 is a point, i.e. R(0, £) = 0, and from (2) we see that
M(0) = 0 and I'(0) = 1.

To simplify the analysis below, we write I'>—1 = f. Integration_ of equation (2)
then yields :

; 2M{(x+ x2)1/2 —sinh ~1(x)*/2}

= for /> ®

2R312
. - for f =0 A (6)
P 2M{sin-1((xi/:);§x_x2)1/2} for f< 0 and R > 0 (7a)
. ZM{W_Sin—(l—(—x};Sz-l- (x—x2)1/2} fOI‘f <0and R <0 (75)

where # = |f|R/2M and sin™? takes its principal value. We have chosen the arbitrary
function of integration so that the system originates from a singularity at time # = 0,
i.e. R(r, 0) = O for all 7.

When M is constant, we see from equation (3) that p = 0, and hence by BirkhofF’s
theorem that (1) must be the exterior Schwarzschild form. In fact, the coordinate
transformations

d7 = dt/T +Rdr[(1-2M/|R)"
Rgy, = R(r, 1)

transform (1) to the usual Schwarzschild form.

The equations (1)—~7) given above are equivalent to those of Raychaudhuri (1966),
except that he used (7a) for both positive and negative R which is incorrect.

We note from (7) that matter with f < 0 expands to a maximum radius 2M/( —f)
at time 7' = wM/(—f)®/? and then contracts to a singularity at time 27. We will
assume that after this time the matter coalesces to form a point-mass at R = 0.
From (6) we see that matter with f = 0 expands to infinity with R = (9M#?[2)13,
whilst from (5) it follows that shells with f > 0 expand to infinity with R ~ /%
for large .

and
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The particular system described by the model depends, of course, on
f (or T) and M. For instance, if M = Br® and f = kr?, we obtain one of
the Friedmann universes, whereas Raychaudhuri’s example, namely M = fr3,
f = —r%2 exp(—r/ry)—1}, represents a universe that for large r is asymptotically a
negatively curved Friedmann universe containing a region (r < 7, In2) that ulti-
mately contracts.

3. Restrictions on the solution

I and M are not completely arbitrary since the first and second fundamental
forms of any hypersurface, » = constant = b, must be the same whether the hyper-
surface is regarded as embedded in the region < b or r > b. This ensures that a
system of admissible coordinates, i.e. one in which the metric tensor is C* and piece-
wise C?, exists (Robson 1968, Misner and Sharp 1964). The continuity of the first
fundamental form implies that R(r, £), and hence R, are continuous. Consequently,
from (2) we see that I'? and M are continuous. The continuity of the second funda-
mental form ¢, where

i = RI(d6?+sin? 0 dé?)

shows that I itself is continuous. Continuity of M implies that surface distributions
of mass do not exist.

We note that R'/T" > 0 cannot hold for all # if R’ changes sign, and so we must
find conditions on M and f that ensure that this does not occur. We need the follow-
ing relations: '

M/ fl M' 3fl
R = (32— L)R-re(; - ) 0 9
(M f) T for f # (92)
and
M'R f'R?
! = — = 9b
Wi +10M forf=0 (9b)
which follow from (2), (5), (6) and (7); and
Rt =2R[3 forf=0 (10a)
Rt < 2R3 for f< 0 (105)
and
2R[3 < Rt < R for f > 0 (10¢c)

which follow from (2), (4) and (6).
It will now be shown that R’ > 0 if and only if

MI 3 ’
M =20 and M-—-z-ff—ao forf <0 (11a)
M 20 and =0 forfz0 (115)

but where f’ and M’ are not simultaneously zero.
That these conditions are sufficient for f = 0 can be seen immediately from (95).
For f > 0, using (94) and (10¢) we have
R’ > GRt—R)f'|[f > 0.

For f < 0, a similar argument, using (9a) and (105), shows that the conditions (114)
are sufficient. The condition M’ > 0 is necessary since from (9), and the fact that
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Rt ~ 2R for small ¢, we see that R’ ~ M'R[3M. For f > 0 the necessity of the
second condition f’ > 0 follows from the asymptotic behaviour of R’ for large 2,
namely R’ ~ f'#/2f2 for f > 0 and R’ ~ f'R2[/10M for f= 0. If f < 0, we note
that collapse back to a singularity occurs after time T = 2xM/(—f)?? and, since
d7/dr > 0 (for otherwise R would decrease outwards at some stage of the collapse
sufficiently near the final singularity), the second of the conditions (11a) follows
directly.

To obtain necessary and sufficient conditions for R’ < 0 we need only reverse
the inequalities in (11).

If the conditions (11) do not hold then at some stage of the motion collisions take
place between neighbouring shells and we can no longer use co-moving coordinates.
We could try to follow the motion after this point using non—co-moving coordinates,
but from (3), we note that if M’ # 0, R’ = 0 implies that p is infinite, and so we
would expect the zero- pressure assumption to be violated. We also note that the
conditions (11) imply that p is never negative at any stage of the motion.

We now consider the situation on hypersurfaces with I' = 0. If I'? has a zero of
order # and the metric (1) is non-singular, then R’ must have a (permanent) zero of
order }» and if p is to be non-singular then so must M’. From equation (9a) for
consistency we must have n > 2. However, so long as these conditions are satisfied
there is nothing singular about the hypersurface I' = 0 and it cannot be an ‘impenet-
rable barrier’ as Bondi (1947) stated. For example, in the positively curved Fried-
mann universe we have I' = cosr, f = —sin®r, M = Bsin®r and R = S(¢)sinr
but the hypersurface » = #/2 is in no way singular.

4. The propagation of light

We consider only light emitted radially, i.e. 6 = ¢ = constant. For light emitted
outwards, that is r increasing along the ray, we have from (1), putting ds = 0,

dr r

—_—=— 12
d: R’ (12)

and using (2),
dR
dt

2, 112
~T+R= I‘+(I‘2—1+T) o a3)

the positive sign arising when R > 0 and negative sign when R < 0.

We now restrict attention to systems with f < 0 forr < gand f > 0 forr > a,
where a is a constant. This class comprises systems which contain a region (r < a)
that ultimately collapses, surrounded by a region which expands to infinity. We will
also assume that M and f are bounded, except possibly as 7 tends to infinity. This
rules out infinite masses in finite regions of spacetime, and is also a restriction on the
coordinate systems we use, since it rules out those systems that cover the whole of
spacetime with a finite range of values of 7.

Consider first the case where I' < 0 for some » < a. Since I' > 1 for r > a, it
follows that there is a neck I' = 0 separating regions with I' < 0 from the expanding
background. It follows immediately from (13) that, if a ray from the region » < a
reaches the neck after collapse has set in, then it can never escape to the expanding
region since dR/dt < 0. Whether it escapes if it reaches the neck whilst it is expand-
ing will depend on the details of the particular model.



On gravitational collapse against a cosmological background 657

If I' > 0 and R < 0, we see from (13) that dR/d¢ < 0 whenever 2M/R > 1.
Since M’ > 0, it follows that d(2M/R)/dt > 0, and so if at any point on the ray the
condition 2M/R > 1 holds, then it will continue to hold along the ray.

We have seen that the light cannot escape from collapsing regions once they have
passed within their own Schwarzschild radius.

However if, for r < @, 2M|R < « < 1 along the ray, we have from (13)

dz

R >T—(IM2-14+)2 > 1-a? >0

but for the shell = a (f{a) = 0) it follows from (2) and (16) that

R(a, t) = (4M[38)"® >0

as t - 0.

Thus the light ray must eventually overtake the shell » = « and reach t‘he expanding
region. The condition 2M/R < « < 1 is not very useful in practice, since, in order

5

{ L
[20 160

Figure 1. The results of numerical integra-
tions for light rays in Raychaudhuri’s model
(f = —r*{2 exp(—7fro)—1} and M =¢°
where 7o-= 1/ln 2 and hence f(1) = 0) are
shown. For small 7 a singularity forms after
a time ¢ = 6-283185 but light emitted from
the centre is not trapped until after
t = 6-283183. At r = 0.72 the respective
values are 63-38 and 62-86. The broken
lines represent the history of shells with 7
constant and the numbers given at the inter-
sections are the values of the red-shift z of
light from 7 = 072 and received by an
obsetver moving with the matter.

Figure 2. As for figure 1 except that here
f = —»?2+#2°. This model has a smaller
minimum value of f( —0-854 compared with
—0:116 in Raychaudhuri’s example) and
light from the centre is trapped after time
t = 3-04. This is earlier than the point of
maximum expansion which occurs after a
time ¢ = 3-141593. 'The red-shift values
given refer to light emitted from the centre.
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to see if it is satisfied, one would need to integrate (numerically) either (12) or (13).
However, a sufficient condition for a ray to escape is clearly 2M(a)/R., < 1 when the
suffix ‘em’ denotes the value at the point of emission of the light ray. This last result
seems to contradict that of Raychaudhuri (1966) who states that a ray would be
trapped if it met collapsing matter at any point along its path. We illustrate this
point with numerical integrations (see figures 1-3) for several models including that

0 2 4 6 8 10

Figure 3. This model contains a region with R’< 0 and a neck at 7 = 2/3. Light
emitted from shells with » less than about 0-55 can never escape and the cut-off
at the neck occurs at about time ¢t = 0-36. Results are shown for several rays
emitted from » = 0-6. Rays emitted from this radius after a time ¢ = 0-026 are
trapped. The rays labelled by A, B, C, D, E and F are emitted at times 0-001,

0-004, 0-011, 0:019, 0-024 and 0- 044 respectively. The explicit forms of M and

F are:

= —sin? 3mr/2, M = sin® 3n7/2, forr < 1/3

= —(24sin 377/2)/3, M = (2—cos 377)/3, for1/3<r<1/2
J = —(2—cos 377/2)/3, M = (2 —cos 377)/3, for1/2 < r £ 2/3
and
f = cos 3mr/2, M = (2 —cos3wr)/3+(r—2/3)%, for2/3<r<1.

given by Raychaudhuri. A ray emitted from a shell that is expanding may eventually
meet collapsing matter which is within its Schwarzschild radius and hence the ray
becomes trapped. For an example of this latter phenomenon one need only consider a
section of a positively curved Friedmann universe separated from the expanding
universe by a region of empty space.

We now consider the question of whether an event-horizon other than that
associated with the Schwarzschild radius develops. From (9a) (10¢) and (12), we
.obtain for f > 0

I ) i ”
From (5) we have dt - (M'[3SM+f[2f)R
E-() -2 (15)
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and so, unless ¥ — 0 along the ray, there exists a positive 8 such that
R < Bf12s,

If, however, x — 0 along the ray, by expanding (15) as a power series in x, it follows
. that for some B; > 0 and sufficiently large ¢

R < B M2 213,
From (14) we have

ff (M'3M+f 2))M¥2dr ¢ dt
>
Tem (1 +f)1/2 . tem Bltzla

and since the right-hand integral tends to infinity as ¢ — oo and the integrand on the
left-hand side is non-zero and is bounded, except possibly for large 7, it follows that
¥ — o0 as ¢ = co. A similar argument proves that » — o0 as t — oo if R < Bf1/%,
Thus no event-horizon develops in the region r > a. This seems to contradict a
result of Som (1968) who considered the special case where the collapsing body is
separated from the background by a region of empty space. We merely note than an
event-horizon would occur if a positive cosmological constant were introduced.

A further possibility remains: a ray may approach asymptotically the coordinate
radius @. For such a ray dR/d¢ must tend to zero, and so it follows from (12) that
R — 2M(a) along the ray in such a way that for large ¢ the ray is passing through
collapsing matter. We now show there is only one such ray (for given 6, ¢ and 7,,,)
and rays which leave at later times cannot escape, whereas those emitted earlier
escape in a finite time.

If there were two such rays then all rays emitted at intermediate times would have
this property, otherwise they would cross one or other of the two rays and the future
null direction at this event would not be well-defined. If we label two such rays by
1and 11, 11 being later than 1, we have r(f) > r;(f) and hence (as R" > 0) Ry(f) > Ry(?).
Since for both rays R(z) — 2M(a) as ¢ — oo, it follows that eventually

dRy(t)[d < dRy(p)]dt

and since this holds for all rays between 1 and 11, then (dR/d#)" < 0.
However, as t — 00, r(f) - a, Ry(t) - 2M(a) and f{r(¢)} - 0 and so eventually
—2M]|fR > 1. Now, from (9a) and (11a), it follows that by using R < 0 we obtain

ol - G o

(%l-!-f), < 0.

and so

Using (13) we have

R (- A

and since this contradicts the condition above, there can be only one such ray. In
the particular case of a collapsing body surrounded by a region of empty space, this
ray is emitted as the body passes through its Schwarzschild radius.
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5. The frequency shift

If u* is the four-velocity of the matter and £ the four-momentum of the radiation,
then the fractional shift in frequency 2 of radiation emitted from the matter and
received by an observer moving with the matter is given by

4
1ig = (R*ug)emittea _ R emittea

- a T 1a
(k ua)observed k observed

Since k% is given by
Kk, = 0, kR =0

we obtain
R+ (R*R'Ty =0 (16a)
and so
dk* _ R*R’ 16
@ T (162)

with a negative sign for an outgoing ray and a positive sign for an incoming ray.
Equation (16) may be integrated analytically in two special cases. The first case
is the class of isotropic cosmological models where &* = 1/S(¢) with R = rS(2).
The second case is where M’ = 0 (empty space) and here we have

oo TR 1 - R\ .
_1—2M/R_(1—2M/R)1’2(1‘+R) ’ (17

The first term on the right-hand side of (17) is the usual Schwarzschild red-shift
factor, whereas the second is due to the motion. Equation (17) is most easily found -
by transforming from the usual Schwarzschild coordinates to co-moving coordinates
by equation (8). ’

In general, however, it is difficult to integrate (16) and one must resort to numeri-
cal integration. Equation (12) was integrated numerically and the red shift estimated
using

l14+2 = 7observed/7emitted . (18)

where 7, is the time interval between the arrival of two rays at coordinate radius 7.
The time interval between emission of the rays is assumed small.
The results for various forms of f and M are given in figures 1-3.

6. Conclusions

A general pressure-free system containing both an expanding region and a region
that ultimately collapses has been considered. It hasbeen found thatlight rays emitted
from matter in the collapsing region which meet a closed trapped surface in the
collapsing region eventually fall back into a singularity and so an event-horizon
develops and at later times no light rays can pass from the collapsing to the expanding
region. If, however, a ray does not meet a closed trapped surface then, except for the
limiting case considered in § 4, it must escape and furthermore it eventually overtakes
all expanding matter and so no event-horizons develop in the expanding region.
These results correct those of Raychaudhuri (1966) and Som (1968).
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