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ABSTRACT  

The motion of matter under self-gravitational and 

internal pressure forces in Einstein's Theory of General 

Relativity is systernetically investigated. In Chapter 1 

following a brief discussion of the observational tests 

the basic postulates of General Relativity are examined. 

In Chapter 2 the theory of time-like congruences and the 

energy-momentum tensor is described. The field equations 

and Bianchi identities are split into propagation equations 

for the kinematic quantities and their integrability conditions, 

and the theory of Petrov's classification of the Weyl 

tensor is outlined. 

Following these introductory chapters, attention is 

restricted to shear-free normal flows. In Chapter 3 these 
flows are found to be of Petrov type I. It is also shown 

4(4,, 
that all,non-degenerate perfect fluid fields are static and 

that the flow is of degenerate Petrov type if and only if 

the Ricci tensor of the spatial cross-sections has degenerate 

eigenvalues. All exact solutions of the fields equations 

representing a perfect fluid with degenerate Weyl tensor 

are found, the conformally flat ones in Chapter 3 and tLose 
of type D in Chapter 4. It is also shown in Chapter 4 

that all vacuum fields admitting a shear-free normal timelike 

congruence are static. 

Chapter 5  is devoted to perfect fluids with spherical 



planar or hyperbolic symmetry. Three special cases are 

investigated, namely geodesic, shear-free and expansion-

free flows. For the shear-free and expansion-free cases 

the field equations reduce to one ordinary differential 

equation, and for the shear-free case all uniform density 

solutions are obtained as well as some variable density 

soltuions. The spherically symmetrical case with vanishing 

pressure is discussed further in the Appendices where the 

form of the singularity and the propagation of light are 

considered. 
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Summary of Notation  

The following notation will be used unless otherwise 

stated. 

Einstein's summation convention • summation over 

repeated indi3es. 

Time.,-live co-ordinate : 	2c4. 

Signature of metric tensor 101: +2. 

Determinant of metric tensor 
	

3 • 

Range of tensor indices : lower case Latin, 1 to 4; lower 

case Greek, 1 to 3. 

Triad indices : upper case Latin indices, 1 to 3. 

Partial differentiation : V4)6  in 4-dimensional space; V',0,0  

in 3-dimensional space. 

Covariant differention : V44 in 4-dimensional space; X405  
in )-dimensional space. 

Repeated differentiation : 	Vric,‘ ; 
Tetrad component of covariant derivative : 

Differentiation with respect to:- , 
(i) proper time 	: V . 

(ii) co-ordinate time : 	. 

(iii) the argument of a function of one variable : 

Square brackets denote antisymmetrisation 	VEG, kg = 

Round brackets denote symmetrisation : V(d.) 	li(V4.10 VI64) • 
Co-ordinates : Xi 	x, 9 	lk) 	y  

x,4 	t; 7- 

V • 



Two-dimensional metric depending only on 2 in : 	GA. Cr „, 	4.t • 

Christoffel symbols : 

Curvature tensor : 

I-146c. 7: /2: 5"1(11,,i, 4 9col,L — 564,4 

L. = T11,[4,c} 	1747 'Lc F1.'13 
so that the Ricci identity is 

UL 	
; [LI 	k cie‘ I • c. 

Ricci tJnsor : 	

~wb = 	%,.13 
Permutation tensor 

Duality mapping : 

Bivector metric : 

Units chosen so that 

414.1.401 	1Ea.L4.13, -72 iz sot 
'41 4.4 r 44 

V . 

= z 	L 
G- = 1 . 

= C-5) 
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CHAPTER 1 

GENERAL INTRODUCTION  

1.1 General Relativity  

In this thesis the motion of matter under self-

gravitation and internal pressure forces will be 

considered. We shall accept the validity of Einsteinis 

General Relativity theory, as it is perhaps the most 

widely accepted and conceptually simple theory which 

predicts results that are in agreement (to within 

experimental error) with observations. However, we 

make the reservation that if the oblateness of the 

solar isothermals measured by Dicke and Goldenburg 

(1967) does in fact represent a gravitational quadrapole 

moment it would appear that General Relativity is not 

consistent with experiment. It would then be necessary 

to adopt the scalar-tensor theory of Brans and Dicke 

(1961). Nevertheless it seems that the latest radar 

experiments (Schapiro et al., 1968; Anderson et al., 1970 

are in better agreement with General Relativity than 

with the rival scalar-tensor theory. 

It should be noted that as yet all observations 

have been made in the quasi-static, spherically symmet- 



(2) 

-rical, weak external (i.e. vacuum) gravitational 

field of the Sun or the Zarth. Consequently the 

verification of the theory rests solely upon one 

particular solution of the field equations, namely 

the exterior Schwartzschild field. It must therefore 

remain a matter of doubt whether General Relativity is 

any more applicable to more general situations,e.g. to 

interior, strong or non-static fields, than,say, classical 

Newtonian theory. This objection also applies to any 

other relativistic gravitational theory. 

However for want of a better established theory we 

will assume that General Relativity is valid in these 

more general situations and investigate the implications 

of this assumption. In recent months it is possible 

that 'black holes', one of the strong field predictions 

of General Relativity, have been observed. The stellar 

system 6-Auriga which appears to be binary but in 

which only one component is visible has been reported. 

The mass estimat4r., for the invisible component for the 

system is in excess of fourteen solar masses and under 

currently accepted non-relativistic theories of stellar 

structure such massive bodies ought to be visible. It 

appears that the least unlikely explanation (Cameron, 

1971, Stothers, 1971) is that these objects are black holes, 
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that is massive stars which have burnt out all nuclear 

fuel and are unable to support themselves by 

degeneracy pressure and so undergo catastophic and 

irreversible collapse. The light from these bodies 

is strongly red-shifted and eventually becomes trapped 

and cannot escapr, and that is why such bodies are 

called 'black holes'. However this interpretation is 

still uncertain and there are rival explanations (Demarque 

and Morris, 1971). 

Another phenomenon predicted by General Relativity, 

namely gravitational waves, may recently have been 

observed by Weber (1967-70). These gravitational waves 

appear to originate from the Galactic Centre and as 

yet no scalar component has been detected. If these 

results are confirmed they will lead to difficulties 

in the scalar tensor theory in which a scalar component 

is to be expected, but not in General Relativity where 

only quadrul)ole and higher order radiation is to be 

expected. 

1.2 kostulates of Relativity  

I. Space-time is represented as a four-dimensional 

paracompact manifold M of class C2  with a 

piecewise C differential structure. 

1 	 5 II. On the manifold M there is a C piecewise C 
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metric with Lorenzian signature +2. 

The piecewise C4 structure is convenient for a 

physical theory since it allows certain discontinuities 

in the curvature of the space-time which correspond 

to discontinuities that seem physically realistic, 

e.g. density discontinuities and gravitational shock 

waves. All plecewise C4 solutions may be arbitrarily 

closely approximated by C4  or even C oo  solutions. 

In this Thesis we shall consider only local problems 

and we may therefore assume that the structure is C4  

For a manifold satisfying the conditions of I 

a metric as in II will exist if either the manifold 

is non-compact or if it is compact and a certain topological 

condition (the vanishing of the Euler invariant) holds 

(Hawking, 1966) 

Co-ordinates may be chosen so that at a point P 

the metric jzii = fl. , where /Pi.;  is the Minkowski 

metric. Such co-ordinates are called orthonormal. 

Furthermore it is always possible to find orthonormal 

co-ordinates for which 1-1;it(t)=0 and such co-ordinates 

are called inertial. The metric allows us to classify 

vectors (ALZ  into three claimer 	timelike, null or 

space-like, if 	 ca`crc! < 	> o 	respectively. 

In terms of orthonormal co-ordinates at P the null cone 



in the neighbourhood of P is given by 

(x1)2 	(x2)2 4.  (x3)2 	(x )2 = O. 

In order that the above postulates I and II may 

have physical significance it is necessary to relate 

them to physically observable quantities. We therefore 

invoke the following two principles:- 

(a) Local Causality  

Let V be a convex orthonormal co-ordinate neigh-

bourhood of a point (event) P and let q 'be a second 

point c. Then P cannot be causally related to Q. by 

effects confined to V unless there is a C1 non-space-

like curve from P to Q. 

(b) General Covariance 

The laws of physics should be expressible in a form 

that holds good for all reference frames (or co-ordinate 

systems), that is they should be expressible as tensor 

equations with all derivatives being covariant derivatives 

with the symmetric metric connection. 

In order to specify the metric it is necessary 

either to know how matter determines the geometry of 

space-time via field equations or to impose some a priori 

condition on the space-time. In Special Relativity the 

latter course is taken and the Riemann tensor is 

required to vanish. This implies that there exist inertial 



co-ordinates so that over a finite, i.e. non-infinitesimel, 

region the metric has the Minkowski form. In Special 

Relativity matter is described by the energy-momentum 

tensor Tab which is a symmetric 4 by 4 tensor. The 

physical meaning of the components of this tensor is 

given by/ 

( 	

r 
energy current density energy / 1 

density/ 1 

The law of conservation of energy and momentum is given 

by 
ab T 0  b = o 	 (1.2.1.) 

In a non-inertial coordinate system equation (1.2.1.) 

becomes 

Tab m o 	(1.2.2.) 

From this equation it may be deduced that the world-lines 

of small particles without internal structure (charge, 

spin etc.) are time-like gecdesics (Hawking, 1966). 

Consequently we see that Special Relativity cannot 

describe gravitational effects since we know that the 

world-lines of the Planets do not even approximate to 

410= 
amIMI 

pressure 

tensor 

energy 

current 

density  
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geodesiea in Minkowski space. 

The eistence of inertial co-ordinates at a point 

shows that there exist reference frames in which 

gravitational effects over a small enough region are 

negligible. This is known as the Eguivalence Principle. 

It seems reasonable to assume that in an inertial frame 

the local physics of a system is adequately described 

by Special Relativity. In particular, local conservation 

of energy is given by equation (1.2.1.) and in a general 

frame by (1.2.2.). 

In order to complete the theory it isstill necessary 

to specify the way in which the matter determines the 

geometry of space-time. We shall suppose that the field 

equations are tensor equations of the form 

ab 
	

(1„,,(9„1 	 ), ("2.5. )  

where Qabls are functions of the metric tensor and 

its derivatives only. This assumption already excludes 

the scalar-tensor theory of Brans and Dicke. From 

experience, and by analogy with Newtonian theory, we 

would like it to be necessary for the initial values and 

rates of change of the fields to determine the subsequent 

evolution of the system. Consequently we expect dab 

to depend only on derivatives of the metric tensor up 



to the second. It follows from equations (1.2.2. and 3.) 

that qab has vanishing divergence. Under these conditions 

it may be shown that dab must be of the form 

Qab w Y Ga.la + A gab , 

where Y and A are constants and where Gab is the 

Zinstein tensor. This result has long been known if 'dab 

is assumed to be linear in the second derivatives of the 

metric tensor but has been proved in the general case only 

very recently (Lovelock, 1971). 

The constant Y may be determined by demanding, that 

the equations reduce to the Newtonian equations in the 

static weak field limit. It is found that Y. girqc4 

where 
	

is Newton's gravitational constant and c is the 

velocity of light in vacuo. We may choose units so that 

both 	and li1r4 are equal'to unity. Consequently the 

field equations may be written in the form 

nab - z 1~g4,6 + A 1.6 = Tab 	(1.2.5.) 

The cosmological constant 	is a new fundamental 

constant. An upper limit on its magnitude may be obtained 

from observations of the orbits of the outer planets since 
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a large A. would produce observable effects on these 

orbits (Tolman, 1934). 

The constant A 	is often set equal to zero but 

for completeness we shall not do this here. Instead, for 

mathematical convenience we shall absorb A 
	

into the 

energy momentuli, tv.,1,6or, i.e. 

T 	= T t~r 	
.10 — A 1 (1.2.6.) 

The field equations become 

- (1.2.7.) 

1r" c) Vacuum fields, i.e. I matter 	, are characterised 

by the condition 	R0.1, = A5 al , and are consequently 

Einstein spaces. 

It is possible in certain cases to derive equation 

(1.2.5.) from a Lagrangian. We consider the Lagrangian 

R- 2A. L where L is a function of the physical fields 
excluding the gravitational field. By the index A 

we denote any combination of tensor or spinor indices 

either raised or lowered. The equations of the fields 

are obtained (Landau and Lifschitz, 1962) by requiring 
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that the action integral I given by I-- (R- 2 A-L)k5)1 x v   
4  is stationary for all variations of the fields 11  

The equations are 

(it 3 )L) 
)Ate4  

) (.1(--s)L) 

.t4  J o, 	)pa. 
0 

(1.2.8.) 

The gravitational field equations are obtained by varying 

the metric. The energy-momentum tensor is defined as 

the variation of ,k-'3)L 	by the metric tensor and 

the variation of (R-2/05) can be shown to be 

1.6 A10.10) 6 146  
and consequently we obtain the field equations (1.2.5.). 

Alternative field equations may be obtained by this 

method if we replace the Ricci invariant by another 

invariant, e.6. 
T 	4.6 A.   

or some higher order metric invariant. By varying the 

metric fourth or higher order equations are obtained« 

These field equations were first considered by Bddington 

(1923) and subsequently by St4nson (1959) and Buchdahl 

(1948, 1960 and 1970). It may be shown that vacuum field 

equations derived from these other invariants are always 

satisfied by solutions of the equations 	/Rd, zr 0 . It 

is extremely difficult to work with these higher order 

equations in more general situations and there is n 
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compelling reason why they should be preferred to the 

usual field equations and so in this thesis we shall 

consider only Einstein's field equations (1.2.5.). 

Equations (1.2.5.) together with the postulates 

I and II and the rules for physical interpretation 

contain essentially the whole of General Relativity. 

However the equations admit solutDris which possess 

certain global properties which frOn a physical or 

philosophical point of view are undesirable. It is usual 

therefore to eliminate these possibilities 	a priori. 

It is therefore usually assumed that the space-time 

manifold is connected and orientable and that the space-

time metric is time-orientable and satisfies certain 

global causality conditions. 

The conditions are reasonable since if the space-

time were not connected it would be impossible for 

observers in different components to communicate with 

each other. If the Maatifold were not orientable and time-

orientiAde then it would not be possible to distinguish 

globally between say a left and a right hand or between 

future and past. There are in fact a number of possible 

causality assumptions that could be imposed. Among these 

the most important are the chronology and causality  

assumptions that there are no closed future directed time- 
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like or null curves respectively. These two assumptions 

are equivalent to the statement that an observer may not 

travel into (communicate with) his past. 

A number of such global assumptions are essential 

in the singularity theorems of Penrose (1965) and 

Hawking (1966). It Eh.ould be noted that these global 

assumptions are also necessary in Special Relativity 

and other relativistic theories. Examples of flat 

spacei-times which do not satisfy one or more of the 

global assumptions are given by Geroch (19(0). As we 

shall be concerned in this thesis only with local problems 

we shall not consider these global assumptions further. 
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CHAPTER 2 

MATHEMATICAL INTRODUCTION 

2.1 The Kinematics of Time-like  Congruences  

Congruences of time-like curves play an important 

part in the theory of relativity since such congruences 

represent the world-lines of clouds of test-particles or 

the flow lines of a fluid. A number of kinematic 

quantities are defined below which describe the behavf.our 

of the congruence. 

The unit tangent vectors of the congruence form a 

vector field te and this vector field defines a 3 4- 1 

splitting of space ;ime at each point. The projection 

tensor into the infinitesimal three-space orthogonal to 

uf is given by 

* 	t't 0. 14 	. 	
(2.1.1.) 

Since 	1.4.4L(= — 1 , it follows immediately from (2.1.1.) 

that 

k
b 

4.6 IA.  O 	 (2.1.2.) 

In the following a dot I 1 	t1 will represent a 

covariant derivative along teL  , i.e. for any tensor T 
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. -- 	me -;c . In particular ika. is the acceleration 

of a curve of the congruence relative to a geodesic at 

the same point. The acceleration vector is space-like 

since from the equation 	teL4„. - 	we obtain 

ce u 0, r: 0 	 (2.1.3.) 

We consider a curve X.4) Joining two points on 

neighbouring curves of the congruence and construct a 

family of curves ‘,09 by moving each point on the 

curve X00) a proper distance S along the curves of 

the congruence. The tangent vector Z of this family 

of curves measures the separation of corresponding points 

on the two neighbouring curves of the congruence. Such 

a vector field e is said to be a connecting vector 

field. It follows from the definition of MO 	that 

the Lie derivative of Z4  along (4-4  vanishes, i.e. 

Lu,z] 
	

aa.pla 	Z al)  = 	, 	(2.1.4.) 

It follows from equations (Z:.1.3., 4.) that, 

Z (tt' z ,). 	, 

and hence in general if e is orthogonal to LL  at one 
a. 

point on a curve it will not remain so unless IL .1.1 

Eeodesic. 
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We consider instead the part of Za" orthogonal 

to 	Le 	defined by 	= 4.4.6z6 	. This vector 

is the relative position vector in the infinitesimal 

three-space orthogonal to LA-a  of the two points 

joined bythe curve 	. Their relative velocity 

V a.  is given by 

V 4. 1, (21 kl‘• . 	 (2.1.5.) 

From equations (2.1.1., 4) it follows that 

a 	Is 	tia, 	6 
V 
a lb Z.L = v 6 21 	 (2.1.6.) 

where V4.6 r LI LI, ti c .„1. . The tensor Va i, may be 

split into symmetric and skew-symmetric parts, 

Ve.6 	etxle 	430.1 
	

(2.1.7.) 

where 
	

eab = 190b) 	and  Owl, =E.,L1,1 
	. Further 

(l00  may be split into an isotropic and a trace-free 

part, 

3 el, 6 '94.6 = 	+ ,%la 	 A. (2.1.8.) 

where Cr 42-  = 0 	and (9 = irk!) 4. 
	. It follows from 
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equations (2.1.1., 3,6,7,8.)  that 

(40.;10 	4-43-7733 + "S 	 (2.1.9.) 

where (4)41,1.4.6 .1-: ccio  G4-C- 0 and 	iot• .:03„„ 	 • 

In order to see the physical significance of the 

quantities defined above we will follow the analysis of 

Hawking (1966). A vector r will be said to undergo 

Fermi-Walker transport  along a time-like curve with unit 

tangent vector U 	if its Fermi-Walker derivative 

defined by 

Dr  `1‘ _ 
as - Y

• 	 4., 	 4%. 

- 	

- 6 
Y6 	4- 	L( a  .1.10.) 

vanishes. This transport preserves scalar products and the 

vector m4  automatically has vanishing Fermi-Walker 

derivative. If the vector 
	is orthogonal to Lu4  then 

the last term on the right-hand side of (2.1.10.) may be 

omitted and the vector is said to be Fermi-propagated. In 

this case the equation 3/Er =  c) 	, is equivalent to 

or 

O (2.1.11.) 

YL46(4.6] 	c). 	(2.1.12.) 



, 
4e now introduce an orthonormal basis (.e a t  42-4= ..9 

, 

where capital Latin indices run from l to 3, at a point 

and Fermi-propagate this basis along the integral curves 

of Le%  to form an orthonormal basis at each point of the 

curve. We may then express a tensor field along the curve 

in terms of its components with respect to the basis. In 

particular for Zi we have 

Zl 	 A  
= Z 	 (2,1.13.) 

On using equations (2.1.6., 11,13.), equation (2.1.5.) 

becomes 

I 2:4 V 	
-6 

3115 	• 

this equation is linear it follows that 

4 AO 	4 '4  (3 (s) z 160 (2.1.14.) 

1 h 4 	4 	
c 

Is ti where 	= V ic A 6 j 	(2.1.15.) 

and 	0 0 (0) = 	SCs. 

From equation (2.1.14.) we see that 440  represents the 

change in the position vector 217 along the integral 

curves of LAL, 

We will adopt a matrix notation in order to simplify 



at the point S = a 	. Since al a is skew-symmetric 

and ot5
Ts symmetric we obtain:- 

ot = w w J—(v—vt), 

at 

s  
yt) 

e9  

(19) 

the following equations. The 3 x 3 matrix A may be 

expressed uniquely as 

A U-S .1  

where 11.6.1A = T ,  S= S and S (0) 

(2.1.16.) 

The matrix a represents the rotation that neighbouring 

curves have undergone with respect to the Fermi-propagated 

frame, S represents the separation of the curvesi and 

4415 	014. A 	is the fractional change in volume 

of a volume element bounded by curves in the congruence. 

From equations (2.1.15., 16.) is follows that 

d 	01 
z-- a-s 

and 

cr 
	- 3 0 E • 

Hence 	0 and 0 represent respectively the instan- 

teous rates of change of rotation, separation and volume 

at the point $-1. o 	i.e. the vorticity, expansion and 
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the volume expansion, respectively. The trace-free part 

0--  of 	C9 	is the rate of distortion at constant 

volume and hence represents the shear of the flow. 

Reverting to co-ordinate indices and writing 

	

where 	0 and 4il-e,.._ = I , we 

obtain, on using equations (2.1.5.-8.), the following 
equations for the change in magnitude and direction of 2:1 

(49,d6 	 e  cr" 	 (2.1.17.) 

11:1- 
	

[ 414-6 -t-cr  6 — Cra -e- j2" k L" (2.1.18.) 

We may also define the vorticity vector 4)" by 

-= 	2.  ILI. c. d lk 	". 	(2.1.19.) 

Consequently this vector satisfies the equations 

	

Ocoo "-I 6 	14k LC- 
This vector lies along the axis of rotation of the flow 

with respect to the Fermi-propagated frame which may be 

identified with the local inertial frame (Synge, 1960). 

The magnitude of the vorticity, shear and acceleration 

are given by 

wa-b 0.6 J 
0 .1- 

2- ‘' 
2. 

Cr 
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and . 
U. = 

These quantities vanish if and only if the corresponding 

tensors vanish. A congruence is called geodesic tf 

a= O 	If 4.5= 0  it is called normal, and if 

or= C) o then it is said to be a rigid congruence. 

Futhen:,ore, a rigid congruence for which tqc,, ;6.3 = 0  is an 

isometric congruence. An isometric congruence for which 

t.J# 0 is called stational; whereas if 0=0 static. 

We will now consider normal pongruences. The 

equation 0=01s equivalent to (...100  UL.c3= O . It 

follows from (2.1.9.) that 

tIVO, tt ] 	",12 tkcj 	o 

This equation implies that U. is proportional to a gradient 

and hence there exist functions t and V such that 

C4. 	
•• 

V Lk • (2.1.20.) 

Thus the vector U. is orthogonal to the hypersurface 

e=constant. Choosing t as the x-coordinate, we see that 

the metric takes the form 

= P-(x.9Youd(xe)cixtt'atx.4  — Vbclotti, 	(2 1.21.) 
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where Greek indices run from 1 to 3 and dal (Y t") - 1. 
In this co-ordinate system the kinematic quattities are 

given by (Trumper, 1962), 

0- = (zr vIL  set,„ t—s 
= - z(pv)- ‘ 	 (2.1.22. 

= 	v 
where a prime denotes partial differentiation with 

respect to 
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2.2 The  Energy-Momentum Tensor 

As we have seen in Chapter 1, the energy-momentum 

tensor is a symmetric tensor of valence two. It 

represents the energy density, the energy and momentum 

flux, and the stress of the matter. This may be seen 

more clearly if 1:10  is decomposed with respect to a 

time-like vector field 	0. . We obtain (Ehlers, 1961). 

1:6 	/44.U4. 11.6 + 2 cif  (4 	Sal" 	(2.2.1.) 

and 104. are the energy-density and energy-flux of t;ie matter 

with respect to (.11.42.  , i.e. the energy density and flux 

that would be measured by an observer with 4-velocity 

(La . The spatial stress tensor Saix can be split 

into an isotropic and a trace-free part, viz. 

Sal) .24  IC. 4- 	Lad 
	

(2.2.2.) 

where i a 	 . The conservation equations 

become on using equations (2.2.1., 2) 

I.'-f-cnt9+-  Tr"c77,1, 0, 	(2.2.3.) 

11.6( 	arr  a, ‘y)c  1- l<<61,1,4)-4/A4y/ix  t ((Jac  c‘c+119ka.)17=0. (2.2.4.) 
Equation (2.2.3.) is the equation of energy conservation 

where 	 . The quantities p 1..04" Er. Sa6R 6 	Stgq —0 
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and (2.2.4.) the equation of momentum conservation. 

The time-like eigenvector and corresponding eigen-
value of 1, (if they exist) represent respectively the 
dynamical mean velocity (.4,!'p and proper energy.iensity 

I
t)  of the matter, i.e. 

I. = 

(2.2.5.) 

If this vector U.3, is used in the decomposition formula 

(2.2.1.) it follows that  

In the present thesis attention will be confined for 

the most part to one particular form of energy-momentum 
tensor, namely that of a perfect fluid. For a perfect 

fluid the stress tensor S&L is isotropic and so using 

equations (2.2.1., 2.) it follows that 

rt IA&  U 	+ 	11.4.12  (2.2.6.) 

For a perfect fluid the conservation equations (2.2.3,4.) 
become 

and 

}: 	(rt tj3) fh (2.2.7.) 

 

= 0. 	 (2.2.8.) 

In order to describe the local physics of the matter, 
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equations of state relating the quantities 1,J 	ci,Gb• 
etc. 

are required. In particular for a perfect fluid an equation 

of state relating , and 	is needed. If the energy-

momentum tensor (2.2.6.) is derivable from a Lagrangian 

function, the flow is called isentropic and the pressure 

is a function of the energy density only, i.e. 

r(r) 	(Hawking, 1966). 

We list below a number of equations of state that 

are of particular importance. For a perfect gas, the 
v equation of state is /4= t +(I-) 	Y-t j, 

where 	and y are constants with 	I Y .‘ 
The function e 

	
is the rest mass density of the gas 

and it satisfies the conservation equation 

e + e 	=•-• O. 	 (2.2.9.) 

The temperature of the gas is defined by r = oc e 
where a is a constant. A special case of a perfect 

gas is dust, i.e. matter for which the equations of state 

are f ---- 0 and r = C • 

vat ions equations (2.2.8., 9.) are consistent and that 

equation (2.2.7.) implies that LA = 0 	. Thus the 

flow lines of an incoherent fluid (dust) are geodesics 

(Synge 1960). 

Another important case is that of isotropic radiation. 

We note that the two conser- 
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The equation of state is given by r 5r and the 

temperature of the radiation -28 defined by 	E 

where 6 is a constant. Finally, if the equation of 

state rz -ft is valid we will regard the energy-

momentum tensor as representing not matter but rather a 

vacuum field with a non-zero cosmological constant. This 

interpretation is consistent, since the conservation 

equations (2.2.7., 8.) imply that both j, and it are 

:eanstant. If we appeal to equation (1.2.6j and set 

, we obtain 

= -r-matter 	2. 	+ 	— 0.  

It may be seen from equation (2.2.8.) that only 

the volume expansion enters into the energy equation. 

Consequently, if the behaviour of C9 and the equation 

of state of a system are known, the complete thermal 

history of the system can be determined. This form of 

analysis has been used to obtain the thermal history 

of the Universe (Ellis, 1970). however, to determine 

the behaviour of e with time it is necessary to study 

the field equations. 
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2.3 The Field Equations and the Bianchi Identities  

The field equations (1. 2.7. ) become on using the 

decomposition formulae (2.2.1., 2) for the energy-

momentum tensor 

teat = (pt t3r) (,t,u 4- .-1.4144 	t 2 1,(c, (A +71Q „, 	2 . 3 . 1 . 

where units halt been chosen so that the velocity of 

light c is equal to unity and the gravitational constant 

G is equal to ygrr . It is seldom possible to integrate 

the field equations as they stand except in very special 

cases. However in recent years a number of folalisms 

have been developed which enable a large number of exact 

solutions to be obtained. In this thesis we shall use 

the theory of time-like congruences summarised in section 

1 of this chapter to obtain a number of exact solutions 

and theorems on perfect fluids. This method of analysing 

the field equations was developed by Ehlers (1961), 

Kundt and Trumper (1962) and has been used extensively 

by several authors to prove a number of important results 

on vacuum and perfect fluid fields. Essentially the 

method relates the kinematic quantities defined in 

Section 2.1 to the energy-momentum tensor by means of 

the field equations (2.3.1.) and the Ricci identity, 

14  4.4 c, 	i Ltd  R,/ 	. 	 (2.3.2.) 



(2.3.5. 

(28) 

If we multiply this equation by K we outain 

• A 	j R1 0'1.4°4 	0 

4 at 

On projecting by means of L.0.11.6 

(2.1.3., 6.) we find that 

(2.3.3.) 

and using equations 

L't  (v 	al,- L114, 	+- V„jVi 	Lei-0(2.3.k* ) 6 c 	 act,d • 

This equation is essentially the propagation equation of 

\col along le , and from it the equations of propagation 

of the shear, vorticity and volume expansion may be 

obtained. 

On using equations (2.1.7.-9., 23.) and (2.3.1.) we 

see that the trace of equation (2.3.4.) is 

This is the equation of propagation of the volume 

expansion and is known as Raychaudhuri's equation 
(Raychatidhuri, 1955). From this equation we see that 

vorticity produces expansion whilst shear and isotropic 

pressure induce contraction. This effect of isotropic 

pressure is purely relativistic, there being no pressure 
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term in the corresponding Newtonian equation. 

The skew-symmetric part of (2.3.4.) is the equation 

of propagation of vorticity. This becomes, on using 

equations (2.1.7., 8.), 

1:16  i31 — 1,:c6  ztic„;,:ti  4*  2- 41,4 	"1” 3-S (914d 	0, 	(2 . 3 . 6 . ) 

We see that the rate of change of vorticity does not 

depend directly on the Riemann tensor. It is an immediate 

consequence of equation (2.3.6.) that, if the curves are 

geodesic and 4) vanishes at one point on the curves, 

then 6) vanishes everywhere along the curves. 

The symmetric trace-free part of (2.3.4.) is the 

equation of propagation of the shear. On using equations 

(2.1.7., 8.) and (2.3.1., 5.) we obtain 

ckd - Lac!, (.4,(c4-  ao-c< b ÷ (iixi 016 ":lcrit, 

( + z 	+ Li, (.2.(01--er7)-1- ;c (,6  ) 
&c.1, ---=  0. (2.). 

where E-417.  C,, Lc,/ 	and LI-41,t is the W41 

conformal curvature tensor defined by 
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-z vcibl + t si:s46 
(2.3.8.) 

The tensor k:4, is known as the tidal force or the free 

gravitational field and is that part of the gravitational 

field not determined by the local matter distribution. 

It may be seen from equation (2.3.8.) that 41  has the 
properties 

EC' 	= gli•LA-4  = 46.1 = 0 • 	(2.3.9.) .  

The equations (2.3.5.-7.) do not contain all the 

information of the Ricci identity (2.3.2.). On using the 
e:Vm symmetry 	E col] == 0 of the Riemann tensor and 

equation (2.1.9.), we obtain 

14 [a-•,‘ 
	"CtL 14)6g = 0 

or equivalently, 

(2.3.10.) 

If the Ricci identity (2.3.2.) is contracted and then 

projected with 	6 we obtSins n using equation (2.1.9.) 

and (2.3.1.), 

pc, (2.3.11.) 
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On taking the dual of equation (2.3.2.) and then 

multiplying by
.6 

we obtain, on using equations (2.1.9.) 

and (2.3.8., 10., 11.), 

= 	zG. tils) I L:14, [14k: ;+ Cr(c-1145 4-4 14'1; (2.3.12.) 

where ka6 = *Cc.‘ c j  601 IL a and 	4.6 Got is the dual 

of the Weyl tensor. It follows from the definition that 

cc a/  = I 	= Li „ = 4) 

The two tensors r:4.6 and 14,010  contain all the information 

of the Weyl tensor, and together with the Ricci tensor kJ) 

completely determine the Riemann tensor Ztl,„( • The 

tensor E-41 is analogous to the Newtonian tidal force 

but 1.4 	has no Newtonian analogue. 

The Weyl tensor is not completely arbitrary, since 

the Riemann tensor must satisfy the Bianchi identities, 

c‘ 6 u ; e] 	° 
These equations are equivalent (Kundt and Trumper, 1962) 

to the equations 

C ; 
(2.3.13) 

where 

c- [A. 	17 	R.A.1 . (2.3.14.) 



There are twenty independent equations in (2.3.13.) 

These are equivalent to the four equations 

4' - s4 
and the sixteen equations below (Hawking, 1966) :- 

E65.1 

	

6, 	6 Cel t,/ 	17"1  

	

Stlajo0- 	4 ,11k dr tt 	"'C "al j (2.3.15.) 

Lb 14,s  CI  3E a64- 71 p‘60- 	f/A6,4Tcde
a  6  .1,7   

(2.3.16.) 

LtEci 4 11•716) C-I 4  141; C  4E,J3  -3E 

E Gob ci 	[1 4.19 cl. LL`ca  •••••• 
••••• 

c 1.0%  
4(4- 	-c- ) (2.3.17.) 

L'a,1,46  1.4.4 -L.‘eLloc4. Nc4;c+ 1-14168  kcc.,4a14,- - 3 14  (‘teri.) c 

d 	 -14 4-  LI 44.16- 	ZE („119"14 L4-4(.44  = 	“4,46)c.14 L-4-C 	- (2.3.18. 

These equations are similar to Maxwell's equation in 

electromagnetic theory. The decomposition of the Weyl 

tensor into the tensors EA(, and ktis analogas to the 
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decomposition of the electromagnetic field tensor ktio  

into an electric and magnetic field and for this reason 

Ell, and 
	are called respectively the electric 

and magnetic components of the Weya tensor with respect 

to the vector field Le-  . The sixteen integrability 

equations (2.3.15.-18.) replace the eight integrability 

conditions in Newtonian theory. Consequently, the 

general relativistic equations are more restrictive than 

their Newtonian analogues. For instance, it has been shown 

by Ellis (1967) that a shear-free flow of dust in 14-1141.v.4 

relativity theory is either stationary or rigid whereas 

in Newtonian theory there are such flows which are neither 

stationary or rigid. 

On using the decomposition formula (2.2.1., 2.) of 

the energy-momentum tensor, the conservation equations 

(2.2.3., 4.) and the field equations (2.3.1.), the 

following expressions for the source terms can the right-

hand sides of equations (2.3.15.-18.) are obtained:- 

I  01 	c • 	_12c be- 4  +cr 	LL 144) 	Tra1;4.- er64. 	i'L°' 1(2.3.19) 4. 	0,  T0. 	Lt. LA.c.  -3/4,6 a. 4. 

ch. ,1 	.1 2 114-6 cca 	ite lt+P 4),L —'14,1.6.1m  
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rel4IC L it9e. —1(tt+Ocreas —  1rqcga-6; ÷L- Trc,t4-

+ k(cv`ic. + 
I, 

Ira 	 +12". 1,, [Ltacr(̀c,1 46) 4- 

de+ 	, 	a< r  4.(,111 14c)e. 'LI 	'ff — ck.,̀" 6) —  ''.--- 41(1) 	L tj  A-) 4-1-15-49'1". 4  4  
cc& .4 ; 4. c  't- 10 gc Trcif(ze j  i't) + ff c44.(6.Tra) ' F  - (2.3.22.) 

For the case of a perfect fluid, i.e. 	
Y 

0. = l( 	0 

the source terms are greatly simplified. In fact equations 

(2.3.19.-22.) become 

17 " 
tt,02.4 . ) 	(2.3.23.) 

Lb 

4 i+L(9i 
(2.3.21. 

-0- 

z Yaa col 
(2.3.24.) 

(2.3.25.) 
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Le3-01,1,. 
= 0 
	

(2.3.26.) 



2.4 The Petrov Classification  

In Section 2.3 the Wey1 tensor was seen to represent 

the free gravitational field. It has the symmetries 

of the vacuum Riemann tensor, and indeed for a vacuum 

field the two tensors are identical. Gravitational fields 

have been classified by Petrov (1962) who considered the 

canonical forms of the Wey1 tensor. There are a number 

of ways by which the classification may be obtained, 

e.g. the spinor method of Penrose (1965) and the wathod 

of principal null directions (Debever, 1959), (Bel, 1959), 

(Penrose 1960). For the purpose of this thesis the most 

convenient method is that of Jordan, Ehlers and Kundt (1960). 

This method of classification is summarised below. 

The set of bivectors form a six-dimeisional linear 

vector space with a metric ci4locee - 2 cur5  

induced by lcio 	• Any
- 
 tensor 174,,,,4 with the 

symmetries -redo [f 	 E:101.1 	Ltle c J  
may be regarded as a linear transformation on the bivector 

space. In particular the transformation induced by Ca,,,/ 

is symmetrical with respect to the metric l e..11,c 4 
is trace-free and commutes with the duality mapping..;of 

cel 
the bivector space defined by Vco" tr. k114.1 j V . The 

bivector space is isomorphic and isometric to the (-omplex 
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vector space with Euclidean metric. The isomorphism is 

given by 

vQ = 
• Vit4  'L V4 4 

where components are taken with respect to an orthonormal 

tetrad 
	
( of  ) 	pek ) with Le' time-like. The 

transformation of (:3  induced by Ccdpel is given by 

u. ft  = Tol r6  v5 	 (2.4.1.) 

where -Ave E46 
	 Epta  and H 4a being the 

electric' and 'magnetic' components with respect to 4424  

of the Weyl tensor. 

Transformations of the tetrad, i.e. Lorentz trans-

formations, induce transformations in the complex vector 

space. The transformations induced by the proper 

orthochronous Lorentz group are the complex Proper 

rotations. Rotations of the space*like triad induce 

real rotations and space and time reflections map 

into its complex conjugate. The problem of classification 

of the Weyl tensor is therefore equivalent to that of 

finding the canonical forms of symmetric trace-free 

matrices under the group of complex rotations. 

The Weyl tensor is said to be of type I, II or III if 
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the transformation given by Ns  has invariant subspaces 

of dimension one, two or three respectively. 3413  has one 

of the three following normal forms:- 

r
0  0 

 a 
XL 0 

o o 

(-1A+I 	0 o 0  

Z 	0) ar: (0 
0 a 	' 	z 1 0 

 

(2.4.2.) 

 

Type I admits two possible degenerate cases, namel:f 

type D (or Id); 	AL  +0 	and type Idd : 	o 

The fields of type Idd are conformally flat. Type II 

fields with X=0 are called lid or null fields. If the 

field is not of non-degenerate type I, then it is called 

algebraically special. 

The orthonormal tetrads with respect to which ])145 

takes its canonical form are called principal tetrads, 

and their individual vectors pripti Al vectors. The 

eigenvalues L. are invariants with respect to the proper 

Lorentz group group and are mapped into A 	by reflections t, 

of the tetrad. If 	= 0,4 	'A 	, the a's 
4/Qtk  

are called the eigenscalars or principal scalars and 

the i3's the eigenpsuedoscalars. 

If for.some tetrad the 'magnetic' component of C4010d 
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vanishes, then 	PA 	is real. Since PA3 is also 

symmetric it may be diagonalised by means of real rotations 

of the tetrad, and consequently the Weyl tensor is of 
4 a 

type I with vanishing eigenpsuedcscalars. If (4.4) -Eli.=u")   

is a We41 principal tetrad then the electric component of 

the Weill tensor is given by 

	

3 	a 14 

	

A=1 
	ac~ e- a Q R 	 (2.4.3.) 

where 

(2.4.4) 
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CHAPTER 3  

SHEAR-FREE NORMAL CONGRUENCES  

3.1 General Results  

In this chapter space-times admitting a shear-free normal 

congruence of time-like curves will be considered and a number 

of results proved. When the congruence is composed of the 

stream-lines of a perfect fluid it will be shown that the 

assumptions, (1—==0— r , impose strong restrictions on the 

space-time. In fact the space-time is either static or of Petrov 

type I degenerate. This result is not altogether suprising, since 

Trumper 1962) has obtained a similar result for vacuum space-times. 

Furthermore, space-times admitting other special congruences have 

been investigated by a number of authors and these space-times 

were also found to be of a very special nature. For instance, 

Ellis (1967) considered shear-free flows of incoherent matter and 

showed that the space-time is either stationary or the congruence 

is normal. Similar results hold for null congruences. The theorem 

of Goldberg and Sachs (1962) states that a vacuum space-time is 

algebraically special if and only if it admits a shear-free null 

geodesic congruence. 
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We will investigate the restrictions tnat are 

placed on the Weyl tensor by the existence of a shear-

free normal congruence of time-like curves. From 

equation (2.3.12.), since 	4c.6 	1434.6 = 0 	it 

follows that the equation 	14,6  = c) is validso .Thus, as 

was shown in Section 2.4, the tensor 'J 	is 	and 

may be diagonalised by means of a rotation of the space-

like triad. The following theorem is therefore valid. 

Theorem 3.1 

A space-time admitting a shear-free normal congruence 

of time-like curves with tangent vector t °  is of Petrov 

type I with vanishing eigenpsuedoscalers and te' is a 

Weyl principal vector. If (42.:cAa' ) is a principal 

tetrad, then 	E" = 	 4- 6 
oC e 	• 

This theorem has been proved by Ehlers (1961) with 

the additional assumption that either 	0 =C2 	or 

that 1.4, is an eigenvector of the Ricci tensor, but as 

far as I am aware the theorem has not previously been 

proved without these additional assumptions. 

If we now choose ca-ordinates as in equation (2.1.20. 

the metric takes the form (2.1.21.) with Y = 	3‘1) 
.44 y ( A4 

In this co-ordinate system r"- 	v-iv 	- • I IA. 	ar, r-4 
and consequently, 	

(1-4;6, 	V-4  V tc  t 	
(D.1.1.) 

ur ) 
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where a single and double stroke represent respectively 

partial and covariant derivatives taken with the metric 

Pi= 1)-2 )(1.4.v 	. Raychaudhuri's equation 

(2.3.5.) becomes on using equations (2.1.22.) and (3.1.1. ), 

v-1 vitt -3  (r,,)Z-t 3 \r(Pj- i(r-t3r). 

From equation (2.3.11.) it follows that 

	

3$442. 	11. 04, 	)15 
[ = BJ ~+ B u 0. 

or equivalently using equation (2.1.22.) 

	

$r" 	
= 	Pl 1,01 

(3.1.2.) 

(3.1.40 

If 	W 	is a Ricci eigenvector, i.e. 10.= Q , then 

it follows that 

(3.1.5.) 

Equations (3.1.2.) and (3.1.4.) are respectively the (4,4) 

and (ilk ,4) components of the field equations (2.3.1.). 

We now proceed to derive the remaining field equations. 

The second fundamental form of the hypersurface 

t = constant is given by (see equation (A.1.1.) in 

Appendix I), 
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(f)  3 v..) 	 yrw  

(3.1.6.) 

Equation (A.1.5.) then reduces to the following expression 

for the Ricci tensor 

„ 	 L„.„„ 	9 ,,„„. 	 ” 	(3.1.7.) 

	

, 60 	v v,Iv 
where 	is the Ricci tensor of the space cross-sections. 

Hence tne ( /4  ) 	) component of the field equations 

(2.5.1.) becomes with the aid of equation (2.1.22.) 

I 	 2 	itni 0 	tt 	st pylv- 7.(eA- ouv uv 	fv 

In this case the vorticity propagation equation 

(2.3.6.) is 

Lckkt t.LC ;c13 = tifa.0.3 4  u[a la 4  IS jib.  L11,1 = 0. (3.1.9.) 

It is easily seen from this equation and equation (2.1.9.) 

that if 	— 3 0,41461 	C)  

Consequently, there exists a function IL 	such that 

(3.1.10.) 
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and on defining the vector r -ell  tt4. 
	, it follows 

that 

CL 	ab 4lc;(- 4.1. 	(3.1.11.) 

We have shown that the space-time admits a conformal 

Killing vector parallel to le 	From equations (3.1.10.) 

and (2.1.22.) it follows that 

= V ' 1 V 	C9V 	= r 
Consequently, f(x14)iri= 	V 	where f and g are functions 

of integration and, by a suitable redefinition of Y14,5) 

and t, the metric (2.1.21.) becomes 

G-- 	 _de) 	(3.1.12.) 

The converse is also true, If the space-time admits 

a conformal Killing vector 
-eck 

parallel to N 	satisfies the equation (ti 	-3q k 1,1 

lc% then the unit vector OCk  

In particulr if 
	

is a Ricci eigenvector, it follows 
•• 

from (3.1. .) that 	lit«. 463 = 	, i.e. /1.c.. is Fermi 

propagated along. lek. The equation 	a Et  (A 6-3  = co implies 

that 
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and, on integration, 

	

V -- (24A) At) 	(3.1.13.) 

Further if e = 0 	a' 0 	and equation (3.1.11.) 

becomes 

; 	0 
and consequently 	is a Killing vector and the space-

time is static. 

The shear propagation equation (2.3.8.) becomes in 

the, case Cr= -= 0 

Icy( 	 • c 
Tab ou 	‘'`. 	."4  A." 	k 	LA. •

c 
• 

This becomes, on us,Ing equations (2.1.i.), (2.5.4.0  5.) and 

(3.1.9.), 

Eecip - 2 11‘,10 = "ac 	 i4c--  *(ti,-  3r) It 	- 	3.1.14) 

If the co-ordinate system defined in equation (2.1.20.) is 

used we see that the (a,4) components of all the tensors 

in equation (3.1.14.) vanish and consequently the Latin 



indices may be replaced by Greek indices running from 

1 to 3. Zquation (A.1.4.) becomes on using (3.1.6., (.) 

R if - - VV 	+ -0+01)1. 04 if 	--
3 	°I/3 

Equation (3.1.14.) becomes, 

E.,10  — k 	R.v3  fezLis  -41.11-3.0 Ldp 
and on eliminating 	b1  means of the field equations 

(2.3.1.), 

Edis ozis 62  L.?  . (3.1.15.) 

Immediate consequences of thPequation are 

(3.1.16.) 

and 

c f3 Lz  71:c  (3.1.17 . ) 

Ai 	 .16 

where 1) is the trace-free part of ie41 41./3 

Consequently, the Ricci tensor of the space cross-sections, 

t = constant, has equal eigenvalues if and only if the 

tensor 	AE °cis + z 
„— has. In particular for a „co 

perfect fluid the follOwing theorem is valid. 

Theorem  3.2  

The eigenvectors of the Ricci tensor of the space 



cross-sections are Weyl principal vectors and the eigen-

values of the trace-free Ricci tensor are Weyl principal 

scalars, the eigenvalues of the Ricci tensor being 

• 

It follows from this theorem that the Ricci tensor 

has equal eigenvalues if and only if the space-time 

is of degenerate Petrov type. 

3.2 The Integrability Conditions  

From now onwards attention will be restricted to 

the case of a perfect fluid, i.e. 	ilaJa 	c1,4. 	C)  

The investigation and integration of the field equations 

(3.17.8.) are greatly facilitated if use is made of the 

integrability conditions (2.3.15.-18.). This method of 

analysis is equivalent to that used by a number of authors 

(Levi-Civita, 191(-19; Jordan, Ehlers and Kundt, 1960, 

and Barnes,1971) to investigate static space-times but 

it is more direct. Equation (2.3.17.) with the aid of 

equations (2.1.21., 22.) and (2.3.25.) becomes 

(c,) ' - 	-1  131 	= 	Er, v)` 
	

0  . (3.2.1. 

Thus the tensor 	" is independent of the co-ordinate 

t. This result was obtained by Trumper (1962) for vacuum 



' 	) 

space-times admitting a shear-free normal congruence. 

On taking tetrad components of equations (2.3.15.-18.) 

with respect to a Weyl principal tetrad ( 	LC" 
A, 

 

and making making use of equations (2.3.23.-26.) and (2.1.22.) 

we obtain 

r-•A 
	C) 	 (3.2.2.) 

14  . + 	3 	C) 	 (3.2.3.) 

gr(ti ape- L  F.D.E ÷ 2  V -goz 3 )(R €  B)DEV-E=°)(3.2.4.) 

where a dot signifies a tetrad component of a covariant 

derivative. In equation (3.2.4.) there is no sum over 

A and e As,_ is the three-dimensional 

permutation syMbol. On taking tetrad components of the 

covariant derivative of equation (2.4.3.) and suspending 

the summation convention we obtain 

k".../16 • K 	414  4 •K g  AS 4-  (°4 13 —°4 4)Yank- ) 
	 (3.2.5.) 

where Kim  e, 4. 
(0.;13  em 	are the Ricci rotation 

coefficients of the tetrad, K,L,M, running from 1 to 4. 
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Equations (3.2.2.-4.), with the aid of equations 

(3.2.5.), can be shown to be equivalent to the following 

equations:- 

044.4 	g (04 	c14.0 YAD-D 	r(*A 	C31 
	(3.2.60 

0C. A .. Sac 	(04 e  0C 4) )(cot it 
	 Sac 	 . .7 ) 

Yit3(°41 -4.0 Y (04 231 L 31 oz --04) 	(3 2 8.) 4i21/4,_ 3 	L 	• " 

oc 11,c  - 046.c  +.(4,-,45598 -('4c-"Ca)Yht4+2V-IV..kgri-si)=9(3.2.9.) 

where in the last equation A813 and C are unequal. From 

equations (3.2.6., 9.) and (2.4.4.), it follows that 

oc 4,c  + (0,4 - 	Yc 44  V-1  V.c(oc --,45)..+  itt.c.=-_- 0 (3.2.10) 

for A,B,C 	It follows fromequation. (2.1.22.) and (3.2.7.) 

that 

44 AI  - 	1 p6 A  

and on integration 



(3.2.11.) 

We now prove the following theorem. 

Theorem 3.3  

A space-time admitting a shear-free normal congruence 

admits a Weyl principal tetrad such that the space-like 

triad is Fermi-propagated along the time-like vector, e 

Furthermore each space-like vector of the triad is two- 

forming roLth t4. 	. 

Proof 

If the space-time is non-degenerate, i.e. if the otil 

are unequal it follows from equation (3.2.7.) that YAB4 ---= 0  

This is precisely the condition that elt  be Fermi- 

propagated along 	(.4? 	If the field is type D, we may 

take without loss of generality of , = ocz. . It then 

follows from equations (3.2.1.-9.) that 

Y3L2. 	Y13 7-  YI 	7-  Y23 = f3« - 	= 0- (3.2.12. ) 

These equations are preserved by the rotation of the 

vectors gland e, : 

, 	c cs, 	-I- 
	A. 	• An 	

(3.2.13.) 
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- 	SR.& + -2i cos 61  

	

where 0= 0:9(xA 
	

but Y12.4 and I( 2.3 transform 

in the following.  way: 

Y12-4 +- C-9 -4 

Yiza -I- 6 1 . 

Consequently, by a suitable choice 

set equal to zero. 

For the conlormally flat case 

equation (3.1.17.) that fat, =n0 
cross-sections are Einstein spaces 

are therefore of uniform curvature 

of 0 Y I 	I 1  tt 
may be 

it follows from 

. Hence the space 

of dimension 3 and 

) (Eisenhart, 

1949). Consequently there 

that 	p c d 

A t- 	t4 

exist co-ordinates (z '̀ ) such 

and the co-ordinate vectors 

satisfy the required conditions. 

The second part of the theorem follows almost 

immediately. Equation (2.1.9.) implies that tili=0 forA B 

and since Y(K9,1  = 0 	it follows that Y D4 f3) ==C5 

for A L, This is precisely the condition that .e 	and 

lALA" be two forming. 

In the following we will consider tetrads of theorem 3.) 
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and the co-ordinates of equations (2.1.20.-22.) will 

be used. If the vectors 	VI
/14' 

are defined by 

n
41 

=?IzA 	it follows that 
.4. 	V () 

Y  II 	= 	I  (If I 	• stC 	. (3.2.14.) 

Hence the vectors N I, do not depend on time. The 

auxilary metric \Irk., is given by Yr,,,='Z fi k Z 
	Ftv 

and if indices of VlAr.  are raised and lowered by means 

of V 	it follows that 

Ai 

The Ricci rotation coefficients Yllat  may be expressed in 

terms of those of the triad ( 	). We obtain with 

the aid of equation (A.1.8.) 

Y/113 c .- ? r1/16c 

rt v where rin  (sc.  = nii rtitv  ne  Ac... 
	

, a double stroke denoting a 

covariant derivative with respect to the metric Yt,,, • and 

where 1'.$ 	FIX "Ai, 	. We are now able to prove the 

following theorev. 

Theorem .1+  

A space-time admitting a shear-free normal congruence 

contains a Weyl tetrad of hypersurface orthogonal vectors 

ScEli + 2 	? (3.2.15.) 
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if it is either degenerate or if one of the space-like 

triad of vectors is hypersurface orthogonal. 

Proof  

If the space-time is non-degenerate and one of the 

vectors ett is hypersurface orthogonal it follows from 

equation (3.2.8.) that 	and consequently 

‘(12.3 = Y231 = Y3 	------ 	In Theorem 3.3 it was 

proved that Y R a = Y,1 a -=D  , and hence Yki.in  =0 for 

K,L,frt unequal. This is the condition that the tetrad be 

hypersurface orthogonal. For spaces of type L we have 

proved that all YKLet  = O 	except possibly V113 

The tetrad rotation (3.2.13.) with 	= e6e9 preserves 

the equations Y Klf.1  .-7-7 0, ler 	110 Qi  2.'3) whilst 112.3  

transf rams as 

Y113 = 	y12.3 -t- 6-3 / 

or equivalently using (3.2.15.) 

i2.3 	
r12.3 	31,3 • 

All terms in this equation are independant of 1: and so 

may be chosen so that g12.3 	and 1 12,3  	are zero. 

For the conformally flat case the vectors defined in 

theorem 3,3 are also hypersurface orthogonal. 

Theorem 3.4 generalises that of Jordan, Ehlers and 

Kundt (1960) which referred to static vacuum fields. If 
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the conditions of the theorem are satisfied then we may 

choose co-ordinates (x.4 ) so that the metric Y
ru 

 takes 

the form 

Yr, L x /40ix 	(eY' 41,c)L + lite/ ;Lit  (2. Y3cte)i. 	(3.2.16.) 

The co-ordinate vectors are Ricci eigenvectors and the 

vectorsil A and their rotation coefficients are given by 

tt YA 
It A 	ri  14Gc 	o 	, c 16 4 ) 

and 

‘ riA3.3 zr. 	A = 	Y1310- 11  

If equations (3.2.11., 15.) are used to eliminate 6161 

and \Inc 	from equations (3.2.6., 9.), the following 

equations are obtained 

A.4 4 	0A1p) rom  i" 3  4, :a 	(3.2.17.) 

2 	1:.(q A - (se) -t P4(t 	e):, 4-P4  (@,...(33) rc.d  

— V(i•-• A) f,„4  + 2 v"V:, 	0 . (3.2.18.) 
The only terms involving t in equation (3.2.18) are 'P 

and V , and consequently if the space is non-degenerate 

we may deduce that 

_Yog 
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On integrating the following expression is obtained 

PP V--- c(xA) 
The metric (2.1.21.) takes the form 

G = (v1,1( 	Yi„ alxf4013cu 

By suitable redefinitions of 
)t" 
( 	, t and V the metric 

may be expressed in the form 

v ( 	(x.A) cizttolx.v _ 10) . 	(3.2.19.) 

We have proved that the space-time admits a conformal 

Killing vector. Since the Killing vector is also an 

eigenvector of the Ricci tensor equation (3.1.3.) is valid. 

i.e. 
	

V "I -7 11(ac) + "6(0 • 	(3.2.20) 

This result generalises that of Trumper (1962) who 

considered only vacuum fields. 

3.3 Space-times_ admitting a conformal Killing vector  

It has been shown in the last section that a 

non-degenerate space-time admits a conformal Killing 

vector and so it is of interest to investigate these 

space-times further. The analysis of this section is 
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applicable to the degenerate as well as the non-degenerate 

cases. 

From equations (A.1.1.-7.) we See that the Ricci 

tensor ALL of the metric 

oLLA  oix.b  = Ytiv  oix t`olxv  _ 
is given by 

R 414.  (3.3.1.) 

where 4v  is the Ricci tensor of )(ttv 	The Ricci 

tensor Rab  of the metric Q = (AtIS) L  ()( c(xitlx4-01e) 
is related to "e.4.6 in the following way [see equation 

(A.1.10)] 

Ic 

- 20+0 0 13)11,0, +1(A13)1(44-8/1: 34143.3.2 . ) 

where it 	represents a covariant derivative with respect 

to the metric 4  1.0o . Since
t" is independent of t 0  

it follows that for a, b = 1,2,3 the covariant 

derivatives may be replaced by covariant derivatives with 

respect to Yr., 	and for a, b 	4 they may be 

replaced by part y al -- Ifferention with respect to t . 

On using the equations (3.3.1.02.) and the field 

equations (2.3.1.) we may deduce that 
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41 *0 03" Y + 	) 	+BJ2914+,0 Yr" .  00.3. ) ftv 	tiftV 

If this equation is differentiated with respect to t it 

is easily seen that AOf" .is proportiolal to )1/  rti, , 

unless 131= 0 	. It follows from equation (200.) 

that is proportional to V;44 and consequently 

Consequently, the space-sections t constant with metric 

(brl  ) are Einstein spaces and hence are of constant 

curvature K . 

Thus the 

`kfl  
4.1a 

following equations are valid 

--= 	/k 14 ' A er = 2K gP 4,1  
; 

= 2 ttv 	--= i K St:, , 
= 	LK , 

From these equations and (A.1.11.) it is easily verified 

that the metric 	CT 	Y,. otzl'oL,:" cat' 
is conformal' flat. Consequently the space-time itself 

is conformallr flat. 

If however131=C) it follows that the expansion H of 
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the flow lines given by 	313' 	, vanishes. It 

may be deduced from equations (3.1.10.,11.) that the 

conformal Killing vector is in fact a Killing vector and 

consequently the space-time is static. We have therefore 

proved the following theorem. 

Theorem .5  
If the flow-lines of a perfect fluid are parallel 

to a normal conformal Killing vector field, then the flow 

is either static or the Epace-time is conformally flat. 

Corollary 

A non-degenerate perfect fluid field in which the flow 

lines form a normal shear-free congruence is static. 

21,21 Conformally Flat Space-times  

In this Section conformally flat space-times containing 

a perfect fluid will be considered and the general solution 

of the field equations for this case will be obtained. It 

is not necessary to assume that the flow is shear-free and 

normal since the condition C4jac4==o0 implies that 

erz--LJ --= 0 	. This result was first obtained by Kundt 

and Trumper (1962) and follows immediately from equations 

(2.3.16., 17., 24e, 2"„).) since Ea jo -----  14.4.1 
follows from equations (2.3.15., 23.) that 

I 6 
r̀ A. ttlb 

rt--= 42,1-). 

It 

(3.4.1.) 
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Since the flow is normal and shear-free, the analysis 

of Sections 3.1 and 3.2 can be used. As was seen in the 

proof of Tteorem 3.3 the space cross-sections are of 
uniform curvature 10 and hence 'spherical polar' 

co-ordinates ( T0 01 	) may be chosen so that 

(see equations (A.2., 12024,25.) in Appendix I) 

1-1 

c„dx'40/2 = d +/51 	L di+ ""(01924-SW8 df)j, (3.4.2.) 

where o(, 	and a. are all functions of t and where 

( t ) = 4 ac ts . 

Two cases arise depending on whether the expansion 6 

vanishes or not. If Op © it follows from equations 

(2.1.22.) and (3.1.5.) that 

= _0/640) 	
-ffr̀ lit-skr"-2pe:'•(:t  -Es) 
04 	I-  73 I cie 	OP • (3.4.3.) 

From equations (3.1.2., 16.) we obtain the following 

expressions for the density /A and pressure p of the 
4 

matter:- 

12/34. + 3@s  = 3K + 3 9, 	(3.4.4.) 

- OK ÷ ice) - (con3 3  9Ly. 	(3.4.5.) 
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The solution given by equations (3.4.2.-5.) 

reduces to known solutions in certain special cases. 

For the case where 	 644-j, = a 	, it follows from the 

field equations (2,3.1.) that the space-time is an Einstein 

space and being oonformally flat is of constant curvature 

(Eisenhart, 1949). Thus, if 	r= 0 	, the 

space-time is one of the de sitter space-times. 

If the flow is isentropic 1.s. ri30.9 	and 

/Al, 4- 0 it follows from equations (2.1.220#  (2.2.8.) 
and (3.4.1.) that 

= 
	= V VI ot 
	 (3.4.6.) 

Consequently the pressure is uniform and the flow is 

geodesic. On integration and a suitable co-ordinate 

transformation 	, we see that 	. 

We may deduce from equation (3.4.3.) that I" takes the form 

= 	S-10 ( I + 4 K VL-e.49- ) 

where S= llac 	K = 4/110c = constant, and a is a 

constant vector. By a suitable redefinition of the spatial 

co-ordinates we may set a o, and consequently the 

metric takes the form 
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-- 	ci sti) 	i,1-4.4-10cot.34,L6toti) — de 
(1+0(412- ' 	0..7 • ) 

Thus every conformally flat solution representing the 

isentropic flow of a perfect fluid is locally isometric 

to a Friedmann cosmological solution. This result was 

first proved by Kundt and Trumper (1962). 

If a is a constant vector we may redefine the spatial 

co-ordinates so that the metric becomes 

(04  + 	 ( t2, „eve+ 5, w1- , 804) 14 0414/31,41134.izi 	) 

This metric admits a local isometry group which is 

isomorphic to that of the two-dimensional sphere and the 

space in spherically symmetrical. This solution was first 

obtained by Thompson and Whitrow (1967) and was used by 

them to investigate the collapse of spheres of a uniformly 

dense perfect fluid. 

Alternatively, 1.nstead of the form (3.4.2.) we may 

choose co-ordinates so that the spatial metric has the 

form (see equation (A.2.24.) in Appendix I) 
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Itro 	L = {A caste-54 	(4co90 + 	+) s;ftke 4 cceslt 

dot •sivJtiocli.a.) 	
(3.4.2a.) 

-4 
ttv dxt'oixv= il+Bleire t Z C.(eLf 1.312-ar) 442‘ COS+ 

t  do% 4- 61-  de-) 
(5.4.2b.) 

From equations (2.1.22.) and (3.1.5.) it follows that 

V 
., 73 iitIceziociv +13`sitt (ov CICO7L9 (dCOS4 41:$1.4.4)51.1‘1093  

il1C-65L.yr 	51111,6)1f -I-  Ccolke +ca, # 4 1 a s 1:4) siftkel (3.4.3a. ) 

v. 	73 citi+Olieve 4-;. c.19+1•51.4) 	ccoi ♦ Vs11,0  
k+13Ger  + c(e+(•tii,e) +coils +6s,4)63 

	
(3.4.3b. ) 
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From equations (3.1.2,,16) we obtain the following 

expressions for the density itt and pressure 

- .3(w4.%1 	3(a.1-44%--cl 

+ 

--(3K+13e) -(v)13K+1yel‘. 

(3.4.4a.) 

(3.4.4b.) 

(3.4.5.) 

If in equation (3.4.2a., b.) a, b and c are 

proportional to ( 1-0)1  or B, respectively then by means 

of co-ordinate transformations we may set a = b = c = o. 

The metric admits a local isometry group which is isomorphic 

to that of the two dimensional Lobatschewski or Euclidean 

planes and the space possesses hyperbolic, respectively 

planar, symmetry. These solutions are .:)btained by a 

different method in Chapter 5. 

If (!)=. 0 , the above analysis after equation 

(3.4.2.) is not valid. since d!= 0 	it follows from 

(2.1.22.) that 147=0 	and hence oe 	= a2 	0 

Consequently, the metric may be expressed as 
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G- = Q4- 
	%-7

" 01#14- to j Vote, (3.4.9.) 

where K is a constant. Since 	o 	it is easily 

seen from equations (3.1.8., 17) that 

" 	L  V1‘  S ft  1‘,‘ 	v 
(3.4.10.) 

when covariant derivatives are taken with respect to the 

metric 
zr 

=K 41) .fit 1-t(fiet  4- S C9  el L),1 • 

From equation (A.2.20.) in Appendix I we see that 

V 
	

t. K-fir(4(&) 	. 5_49) 	(3.4.11. ) 

where A, B and a are arbitrary functions of time. The 

density and pressure are given by the following expressions:- 

,,) 	 (3.4.12.) 

r 
	

— 1K 4- (AK -43)/V 	 (3.4.13.) 

If 	- 13` = ̂  , the line ,element(3.4.9.) with 
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equation (3.4.11.) is the interior Schwarzschild solution 

in isotropic co-ordinates, whilst for /111;1-1:a -.1r 0 

i.e. 	tk +? = o 	, the solution is one of the de Sitter 

solutions. U' 	= 1( f-) q ( xi), the space-time is 
static, and by a suitable transformation of the form 

ef: t(i) and a rotation of the spatial co-ordinates 

49 , it we see that V may be put in the form 

-1 
( 1 + 	 1341  4 el COS'S) (3.4.14.) 

where A, B and C are constants. This solution was 

found in a different co-ordinate system by Stepanyuk (19(1). 

We now prove that this solution admits a four-parameter 

group of local isometries, 	where 	=43 x 
and 	G73  is isomorphicin the group of a two-dimensional 

space of constant curvature. 

If 	K4 0 	V 	may be rewritten as 

V = 170 + 	K.;`) 1 K49 (1-  44-) ei 
	

(3.4.15.) 

where 
	

ZP = A + 4 K 	and 	= A - 4 Isk 
In the following it is convenient to use Cartesian 

co-ordinates defined by 

tr. ^f $;ki., S It% 	 s 	cog, Z; 3c3= 1%01(9. (3.4.16: ) 
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The space-sections being of constant curvature admit six 

independent Killing vector fields given by (Robertson and 

Noonan, 1968) 

A = (1- (
e4 e, 

6,7) s 	-g 1 	11 11?-- ) 	
r. 

Cnrsc e 34x.r. (3.4.17.) 

04. 
If we consider a four-vector 1/L  such that 1/ 	is a 

Killing vector of the space-sections and 	= c' 
Killing's equations irk,ii)=0 become 	Vioc /s.r-= 0 . 

On using equations (3.4.14.717.) it is easily seen that 

11,4=1,2,3 are Killing vectors of the space-time, 

being given by 

eit 	4,1 % 	•( 	r( 	a. /7 (94 	+C F elf c  

	

) Ll 	I ) 	3 (3.4.1J.) 

where 	F7-= EK 45v K+0 	B -coy. 	0 • 

	

6ince all three vectors 	4 	lie in the two- 

dimensional surface V = constant, t = constant, this 

surface is of constant curvature and the 	4 s 	are 

generators of a group of (local) isometries which is 

isomorphic to the isometry group two-dimensional space of 

constant curvature. If the Killing operators X4 are 

defined by 	)14, _ '_ AL tlz 

it is easily seen from equations (3.4.17., 18.) that 
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their commutation relations are 

[Xi X1-1 	k C20)(3)Kx.;1 -X1)[X3)(1.- 	(3.4.19.) 

If 	and 13 	or >o or 	 and 	K y O p 

we may write 5( A  = (C-7" FtF 19 2" X4  for R = i) 	. The commutation 

relations become 

[ 	1. ) = - x 3 	[ X1,%3 	• 	[ )(3 ,x1 	3.= 

The group isUomorphic to that of the two-dimensional 

sphere and the space-time is spherically symmetrical. 

If K.= o 	and 5=0 , it may be seen from 

equation (3.4.19.) that the group is isomorphic to that 

of the two-dimensional plane. The metric (3.4.9.) with 

(3.4.14) takes the form 

G = 
	dx2 et4L 	_ 4- czyL ,te- 	(3.4.20.) 

This metric is Ilato  the transformation to Minkowski 
co-ordinates being given by 

iE 	AO cosi, (co , E = (z 4- A / C.) Sist0:0 
	

• 

If K4:0 and rt C,K .4: o 	then on dividing Xi 

and 	Xi.  by 	C -1E2e - 	'11- 	we see that the 
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commutation relations become 

[ X,  XL  I 	 [)(,) X3 	I x3 
	X, 

The group is isomorphic to that of the Lobatschewskian 

plane and the space-time is hyperbolically symmetrical. 

If 	i<4.0 and C z+EI- K -=  , the commutation relations 
(3.4.19.) are those of the group of the two-dimensional 

plane, and the space-time possesses planar symmetry. 

In all three cases since the space cross sections are 

of constant curvature we s>a from equation (A.2.15.) that 
co-ordinates (TAI) ) may be chose so that 

= 	foe. — 	ist II. 	"C-2 G.QZ  — 	1-69 Cie/ 
	

(3.4.21.) 

where °tax  is a two-dimensional metric of constant 

curvature a. 	where 04  = 41, C) or -1 . On 
integrating equation (3.4.10.) we obtain 

+ E 	- K -(1-Y7-1  for K# 

for K=0. 

(3.4.22. 
A- -4-.C.7f3 -t- 

 

 

If cquation (3.4.21.) is expressed in isotropic 

co-ordinates we see from equations (A.2.17.-20.) that 

G 
	

F 	(ct-r%_t 4.20(52.1— VL(.1)0(e-, 	(3.4.23.) 
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where 

1 
	

40f c/4 = 4 (./ 

F=.6)^r- l03., V D-+ E,/163-, 	_cav 	0, 	(3.4 .24. ) 

k s) costocyt j  V 	-4-E, tc,J05-4-, -co.( eiC = -L 

In the metric (3.4.21. or 3.4.23.) co-ordinates 6, 10 

may be chosen so that the twoodimensional metric of constant 

curvature a_ takes the form 

c .S22  = 	cclocW)  
where Re) = sj,,,(9, 	sivtLei)  for d=-FI)  0,- i , respectively. 

The pressure and density are given by 

3K f  — 3K + 2DK/V ) for K 6 ,  

and 

r=-- °I y 	5/v 
	for 	K= O. 

The isometry group CT- is complete unless 	13=o 

or 	V 	is constant. This follows since the metric 

invariant p  is not constantly these conditions are valid. 



Consequently, the isometry group acts in the hypersurface 

3, = constant, i.e. 1" = constant and is therefore of 

dimension at most six. Since ?fru  t 	
otherwise 

1).o 0.,- -&=0, the vector U.`" is unique and hence the 

isotropy group is of dimension at most one and acts 

in the surface 1-  . constant, t-  . constant. Consequently 

the complete isometry group is of dimension four. If 

V is constant but 	p+/V` 4 	the dimensions of 

the complete isometry and isotropy group are at most 

seven andthfte respectively since 	tA-a 	is unique. 

In fact the groups are of dimension seven and three 

respectively since the lito element (3.4.9.) becomes that 

of the Einstein Universe. If 	, 1. e. p = o .4 
the space-time is one of the de Sitter spaces or flat 

space and admits a ten-dimensional isometry group. 

It may be noted from the above analysis, that if /1A-rec, • 

i.e. 	0 	, that the space is spherically symmetric. 

Consequently we have proved that all conformally flat 

static perfect fluid fields with non-negative density are 

spherically symmetrical. 

If in equation (3.4.11.) the vector a(t) is given 

by ate) = 	5L0 	where a 0  is a constant vector 

and 	at9 is proportional to 40 K - 4 Zo-) we can show 
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by the same argument used above that the space admits 

a three parameter isometry group and the solution is 

given by equations (3.4.21., 22.) where in equation 

(3.4.22.) A,B,C,D, and El  are arbitrary functions of t 
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CHAPTER 4 

FIELDS OF TYP.:f; D 

4.1 Introduction and the Basic Equations  

In this chapter fields of type D which admit a 

shear-free normal congruence of flow lines will be 

considered and class,tfied. The field equations are then 

solved for each class in twen and all solutions for fields 

of this type are found. In two classes the exact solutions 

cannot be found in closed form and one differential 

equation remains to be integrated. These classes consist 

of the general static and shear-free flows of fluid which 

posses spherical and related symmetries. The method of 

analysis is a generalisation of that used by Jordan, Ehlers 

and Kundt (1960) and Barnes (1971) (see Appendix II) to 

investigate static vacuum and static perfect fluid fields 

respectively. 

The conservation equation (2.2.7 becomes with the 

aid of equations (2.1.21., 22.) 

J 	 V ic,(r 	) . 	(4.1.1.) 

We may deduce from this equation that 



(75) 

fAVI/C1 	
46cyliol  == C). 	(4.1.2.) 

If 	V= V 	it follows from equations (3.1.1., 17.) 

and the equation 	lq-oLte == 0 that L7 	0 , and 

consequently that the space is conformally flat. Hence 

V+ Ai) for fields of type D, and from equation (4.1.2.) 

it may be deduced that 

r 	y  cv, 	r(v, 
	

(4.1.3.) 

Since for type D fields at= ocs=-2oc11 , it is 

easily seen that the integrability equations (3.2.10.) are 

equivalent to the following equations:- 

3,4(y, Coy 9.3  = of  

/ 	3 Loi•-* brt) • c.. 	( Vs 
(4.1.4.) 

(04- 	t 3°4 (la 
	

) 
	

0 

where C.= 	, and the Iss are defined by equation 

(3.2.16.). It follows from equation (3.2.11.) that P 

may be chosen so that whilst preserving 

the form of the metric (2.1.21.). With this choice of 

the integrability conditions (4.1.4.) may be written 
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Yd.. 3 	 r . ) 	 (4.1.5.) 

and 

= Z 	in (04 1/3  V)} •-• (4.1.6.) 

Since ya  = NtrA(x ,k) 	it follows from the above 

two equations that 

oC 	v 	\pot v 4-‘6.3,0), 

•••••••• 

y x.• ,c3-) c_ (  

and 

Y 

(4.1.7.) 

(4.1.8.) 

(4.1.9. ) 

(4.1.10.) 

where Y-1- -' 
13  - 

- 
/ ̀4  /A13 * and where Y and Z are 

arbitrary functions of integration. Consequently, the metric 

may be put in the form 

(4
— L/3 	2.Y ai 	2Y3 

 ot 
s 2-  0  -Is+22  

-" (A‘ (4.1.11.) 
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where 	is a two-dimensional metric involving ›1  

and xi" only. 

The fields may be divided into four classes:- 

I 	r(o 
	

i.e. 	I 04.= O .  

II 
	t& roL31 
	i.e.  r 	° t(1.4.e 	0. 

III 	r = i„((xi  -es , t) 
	

i.e.  tt iCA-e3131t C)itt itt-(43 

/xi xz x3 	i.e. ric04 3/33 o, ft tae 	o . 

This classification is invariant since -e3 is uniquely 

determined whenever to is. The vector IA,  need not be 

uniquely determined if 	0 , but this condition was 

shown in Section `:; - 2 to imply that ix= constant. Consequently 

all fields for which A.4'is not unique belong to class I. 

This classification is a generalisation of that of static 

perfect fluid fields (Barnes 1971). 

It follows from equation (2.1.22.) that the expansion e9 

is given by 

(90 = - 	v)-' 04' 
	

(4.1.11.) 

We will now proceed to investigate the four classes 

defined above, starting with class I. 
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4.2 Fields of Class I OUniform Density)  

Since IL= p4) 	the conservation equatior•“4.1.1.) 

may be integrated to obtain 

(4.2.1.) 

It is easily seen from equations (4.1.8.-10.) that for 

this class 

Yc_ 	l = ,(1.c.', x-') i 	V = 04-'4  y vs ) 	Y3  = Y3  (x5) . 

I3  may be set equal to zero by means of a co-ordinate 

transformation of the form 	3:3  --r: x3(x3) 	, and 
.,1 	Z consequently 	13 a= e. 	. The metric (4.1.11.) 

becomes 

-26( z  
o(. 	AT t e2zdtu) (4.2.2. 

We may subdivide this class into four invariant sub-classes:-

defined as follows:- 

(A) the hypersurface 04 constant contains the pace-like 

eigenblade of the Weyl tensor, i.e. oiC = pe-(x-3±) 

(B) the invariant o4 is constant; 

(C) the hypersurface o(= constant contains the time-like 

eigenblade of the Weyl tensor i.e. oG = 0‹.(3r-lox_1") 



(m 

(D) the hypersurface contains neither eigenblade, 

i.e. 	of = oC (x), 

Subclass A  

The metric (4.2,2.) may be expressed as 

wLiz,t) (te-t z?-00-1- vtodtz, 	(4.2.3.) 

by means of a co-ordinate transformation of the form 

Z = Z @I) 	. The field equations (3.1.2.,4.,8.) 
become on using equation (A.1.12.,13.) 

I 	(1 	WI 33 4.  2‘4.113 	(W13 J-.) V13 

	

N.4 z 	
) - 	

- K 	

w 	 1,4 z 

.4_ W 	''±V`   
W WV (4.2.4.) 

4_ 	133 	13 -I- 	13 
VI33 Vi3W13 2W 	 W -  2W wtA V 	vvsl 	

- 	
zw 

wz 

,+. \NI" 
%At V (4.2.5.) 

j4 3f) 
vi” 	t 2v,1)4:1_(w`vi wit) 

V zv 	w 	(4.2.6.) 
3 = M),3 I 
	 (4.2.7.) 
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where K- 	is the Gaussian curvature of 

clif" . Since all the functions except K in equation 

(4.2.4.) are independent of 30 and X2", it follows 

that K is a constant and ote=1-  is of constant curvature. 

By a suitable scale change of the co-ordinate 'l 	K may 

be set equal to ± ( or 0 and co-ordinates 	c )  

	

(i) 	may be chosen so that 

01.0-2= ct 9 t 4y1:9)42- 
	where 49) -1•SiK 6, 6  skiNe)  for 

K.-.4.11  0,-1)  respectively. The most important case from 

the physical point of view is K = +1. In this case the 

metric is spherically symmetrical. For K = o and K = -1 

the field possesses planar and hyperbolic symmetry, respect-

ively. In the present chapter we will consider only two 

special cases, namely those in which of -= oc(z) 	and 

0L = 04- (t  ). The remaining fields of this subclass 

together with fields of class II (which are similar) will 

be considered in more detail in Chapter 5. 

In the case ot.04.(Z) it follows from tquation (4.1.11.) 

that eq.). 0 and from equation (2.2.8.) that 

rconstant. The metric (4.2.2) may be written, in terms of 
_ 

a curvature co-ordinate 1' defined by /-= 	
t/3, 

in the 

form 

	

G 	WiEr) 4147-  -f t/ cr-L- 	cke, 	(4.2.8.) 



and 

-312. 	1 
ctr)

• 
 

(4.2.10.) 
V ?„ letsj (At) f n(t) 	(IC - Jar. 	ZiNve 

(81) 

The remaining field equations are easily integrated 

and one obtains the following expressions for W and V 

(Barnes, 1971, Appendix II) 

K 	 - 
- rt.  - Wt. (4.2.9.) 

The pressure 0 	is given by equation (4.2.1.) and the 

invariant 04- by 

DL. 	 3 
	

(4.2.11.) 

If 	m = 0 then 04= 0 and the field is conformally 

flat. In this case V is given by 

V 	j(k - rt) 
This solution has previously been obtained in Section 5.4. 

For K = 1 and m = o the solution is the interior 

solution of Schwarzschild (1916) with variable pressure. 

This solution might represent a motionless Schwarzschild 

sphere onto which matter is accreting or being thrown off. 

The case Yit+ 0 is usually ruled out as the metric 

becomes singular at r = o. However the solution may not 



With the aid of equations (A.1. 

••••• •••••• GL 0-2-  0-2-  4 0( 	- -C. (41 )011-1. 
(2.2.12.) 

12.,13.) it is easily seen 

(32 ) 

be valid near the origin. A physical situation in which 

this would be the case is the case of an annular region 

of constant density surrounding a core with a different 

density distribution. If 	4(F) 	is proportional to 

Bt) , V may be made independent of t by means of 

a scale change in t and the field is static. If A =0 

the field is a vacuum field and is the Schwarzschild 

exterior solution with cosmological constant or a 

related solution with planar or hyperbolic symmetry 

(Schwarzsehild„ 1916, Levi-Civita 1917-19). 

If 01=-040 	it follows from equation (2.1.22.) 

that VT--  V(0 	or 	0./. 17-70 	. In the former case the 

metric may be expressed in the form (3.1.12.) and the 

space-time admits a conformal Killing vector parallel 

to the fluid flaw-vector. The analysis of Section 3.3 

shows that the space-time is static (since we are considering 

only Type D space-times). Hence o< = constant in both 

cases and so these fields belong to subclass B. 

Subclass B  

By means of scale changes in the co-ordinates the 

metric (4.2.2.) may be written 



that the field equations (3.1.2.08.) are 

(Jo r), 
2(r -r-) = -V-t 

where K is the Gaussian curvature of oto- . It follows 

from these equations that r +1.4= 0 and K as /A. 

Furthermore it follows from equation (A.1.14.) that 

—( Z13-4 	ZI3 ) is the Gaussian curvature of 

Gt~z = 
	2.2Z etc- . This metric is hence of 

constant curvature K and co-ordinates may be chosen so 

that the metric (4.2.12.) becomes 

G- = 1:(1) cte? 4- P09 	+ z2- — P(z) cit) 	(4.2.13.) 

where $(3) = M 9 09) Sim ke 	and "r(t&' = /4')
1, —rt 

for .4.7,3).=,.o 	and <0 respectively. The invariant 04 

is given by 04 = 	tt • and for k 1= 0 the space- 

time is flat. The other two solutions are static and 

possess a complete six-parameter group of local isometrics. 

The completeness follows from the fact that the maximal 

group of a Type D field is of dimension 6. 

Subclasses C and D  

It is convenient to consider these two cases together. 
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We will introduce a spatial metric Cr 	where ar==04 -Ci 
ti 

= 04 	acr 2-4_ x)9 
The Ricci tensor it,1:4 	of the metric 

(see equation A.1.10). 

ti 
R 	 _LAI)/ __ 

-'73( 	it 4 '3) 	4' 3  - ei( 13 ) „,,. ItY -4(3 p c416  

is given by 

(4.2.14.) 

, so that a = 	+(x) 

where covariant derivatives are made with the metric Cr 

On using equations (3.1.2.) and (A.L.9) it may be deduced 

that the field equations (3 .1.8.) are equivalent to the 

following equations 

Ito? 
f-0 	

uov3 f5 

- 4(141  r i- Tot.  -7-374 

 

-(2... ijj (4.2.15.) ‘7 a 
°O. 

 

It is easily seen from equation (A.1.15.) that, 

owing to thaspecial form of the metric Cr 	second 

covariant derivatives involving the index 3 may be 

replaced by ordinary derivatives and those involving only 

the indices 1 and 2 may be replaced by their respective 

derivatives with respect to the two-dimensional metric 



ot. 
v3  

(35) 

Furthermore irom equation (A.1.13.) it follows that 

.\D 33 ---. (4.2.16.) 

ahere a and b take the values 1 and 2 only and K is 

the Gaussian curvature of dcri". 

From the equations (4.2.15. '.) with 0-- cu and /3=3 

it may be deduced that ( 005  ) 4.1 == C) . Hence 

6'1/ 	. 

-14 Z 
From equation (4.1.11.) it may be deduced, since V -= 	-e- 

that 	X 1,04  0 	and hence 

By redefining the function we see that 

mr )c(x' "td) W2-3, 	• 	(4.2.17.) 

We may deduce from equation (4.2.15,-17.) with Pc= 4% 

and (4= L that 
	

‘1( 
	

is proportional to 	90. 
Consequently, 

c. c) a. to  • 
L (4.2.18.) 

It may be deduced from this equation that the metric 04 1-

is of the form (Jordan, Ehlers and Kundt, 1960) 

ota: 	(c69) 101X1  + 	d . 

Thus the space-time metric is of the form 

1(3  -11: 	)c(),21x.%)  t) 



G ^ (.1( 4 \PM 1.4:1462  01 01  •qd 3L5r -e
2ztx; 

1-'eit23 	(4.2.19.) 

Subclass C  

For this class 	cd = ot (.30/x1) and consequently 

Y constant. This constant may be set equal to zero by 

melatn3 of a translation of the co-ordinate X. From 

equations (3.1.2. 2 8.) it may be deduced that 

V -1 \fix 	It 3 - 	 14.1-  r 
where a = 1, 2. On using equations (A.1.15.116.) with 

V. VI  and the equation Vx .e Z' 	it is easily 

seen that 	r. 	v.".• C:, 

It is unnecessary to integrate the remaining field 

equations, since by means of the complex co-ordinate 
A. 

transformations:- 	x 	)c-1 	4 = ifr, 
= 	(1) 	the metric (4.2.19.) may be put in the form 

of (4.2.8.). Since /4-4- r  ,w o the field equations are 

mapped to the corresponding neld equations of subclass A 

with 	ft.+ 	. Consequently, it may be deduced 

from equations (4.2.1. 2 9.210.) that the solution is 

1. 	_9-61  .(K-1,9,4.4 xl(Azi-- co ke) (4°2'19' )  r x 
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where T(Z) = sinz , Y , sinkz for Kir+1, 0,- I 	respectively. 

The invariant oc is given by 04:7-2,,,,x. . The time-like eigenblade 

of the Weyl tensor is of constant curvature K and the solution is 

static. The solution possesses a complete four-dimensional isometry 

group and a one-dimensional isotropy group and generalises that 

obtained by Jordan, Ehlers and Kundt (1960) to include vacuum solutions 

with non-zero cosmological constant. 

Subclass D 

Only three of the field equations remain to be satisfied:- the 

(3.3) component, the trace of equation (4.2.15.), and Raychaudhuri's 

equation (3.1.2). With the aid of equations (A.1.1.-7.) these three 

equations may be shown to be equivalent to 

x 4-`1) (Ziss  + 	inx))- 2).134  { ix) 	=O 	(4.2.20.) 

0L+IAZIss zs:) 

+ 3  (\II: 4- 	) 

- 2( X+ Y)k 113Sf  Yozu +iro()) 
—2Z 

33  + 	2(x+Y) Yu/Zbde  (4.2.21.) 

and 

(1133 YI3 Z13 
2.7 

t y 	 v 
) /14 	(4.2.22.) 
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I 
respectively. From the equations \r=oi.-y) 4: and (4.2.l.,22.) 

it may be deduced by equating coefficients of X that 

\1111 -‘1 131i 3 YI4Z14, e— 22  "--• 	2—Z  (4.2.23.) 

and 

Y
- 2Z 

14 	= 0. 

Consequently yiu=o and a_ is independent of t. The flow-lines 

are therefore rigid, and since OW =0 , the density/  is constant. 

Equation (4.2.20.) may be rewritten as 

F "(s) ( 	221.131-  Zi;)x 	- -in  x 4 2c°- 4.y1.33  +z(zinfZE.;) y.  (4.2.24.) 

The right-hand side of this equation is the sum of a function of X, 

L.) say, and a function of X3 	and t. On differentiating 

equation (4.2.24.) twice with respect to X it follows that 

L"= 7 	, and hence 

20. x 

where a, b, c and d are constants. On equating coefficients of X 

in equation (4.2.24.), we obtain 

z133 + Zia —3.y+ = 

Consequently, 

2. y,„ 	l 33 	 y 	= 0. 

2-Y 133 	 — 2.b y 	c. 
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and hence 
ti 

123. = 	ay3 - tor-o + Cy 	= GO) ) 
ev 

where 	is a constant. 

If a co-ordinate transformation is made so that 

X3 is replaced by y , the metric becomes 

(xi-y)-l( ics(2.  4 c cli$L 4  51  ki t— t2Z"itt),  r .2.25. 

where f= foo and 45.'0) . Equation (4.2.23.) becomes 

± 1V) 5(Y) 

which on integration gives 

= 
	

(BO 4  A40i45 3".c1/) , 	(4.2.26) 

On substituting equations (4.2.23.,26.) in (4.2.21.) we 

obtain 
ti 

and hence 

— 3 r • (4.2.27.) 

The invariant -4 is given by 

o( = 	0. (+ /)41, 
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and the pressure ID by 

 

 

-tk + 2 4)(x 4e---7  (4.2.28.) 

 

   

If a = o the space-time is conformally flat. If a 

we may set a.= t 	and LT. o by means of the affine 

co-ordinate transformations X;(43 (X i- 	6/4). 
The form of the equations (4.2.25.-29.) is preserved 

and f and 0,‘ are now given by 

-kx) z t. X 3  + c +1/ 	 + y13. 	(4.2.29.) 

Thus the solution for subclass D is given by 

equations (4.2.25.-29.) and it possesses a complete one 

or two-parameter group of isometries. The completeness 

of this group follows from the fact that there exist two 

functionally independent invariants: 

04 	(% -4.11 	/00 + 5(Y), 

where Y = oc, 	. Consequently the trajectories of 

the group are the two-dimensional surface X = constant, 

y . constant and the group is of dimension at most 
three. If it is of dimension three then there must 
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exist a one-dimensional isotropy group, but this is 

impossible since for a type D field the isotropy group 

acts in either the (%)#) - or the (NV ) - surface. 

This solution is a generalisation of the static viume sol-

ution of Jordan, Ehlers and Kundt (1960) to the case of 

perfect fluid of uniform density with rigid normal flow-

lines. If A(t) is proportional to B(t) then the 

field is static and V 	may be made independent of t by 
„,, 

means of a scale change of the form 	( f )s In 

this case the isometry group is of dimension two and abelian, 

otherwise the group is of dimension one. In particular 

if 	0 

and 	4!..7. 

, the field is static 

• 

 

lacuum Solutions  

We note that in subclasses B, C, D those solutions 

with yo 11, = c) 	, i.e. vacuum solutions with 

cosmological constant, are all static. We shall now 

investigate fields of subclass A to see if they also 

possess this property. By 'Titans of co-ordinate transformations 

of the form 	/Z = Z W (,i) and 17:7_ 	the 

metric (4.Z.3.) may be written as 

G-:-- At (R,T)01Z11-Rtcla-z- B2k-T))-e: (4.2.30.) 
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In fact the most general metric possessing hyperbolic 

spherical or planar symmetry may be expressed in this 

form. We may now use ths analysis ofTolman (1934) to 

prove that such fields with J,4-r.=.0 are static. In 

this proof Tolman only considers spherically symmetrical 

fields but in fact the relevant equations are not altered if 

ate" has constant negative or zero curvature and so 

the proof generalises trivially. 

t;onsequently we have proved the result that all type 

D vacuum fields admitting a time-like normal shear-free 

congruence of curves are static. If we recall the results 

of Section 5.4 and Theorem 5.5 we see that the following 

theorem is vali&. 

Theorem 4.1 

A vacuum space-time which possesses spherical, 

hyperbolic or planar symmetry, or which admits a normal 

shear-free congruence of time-like curves, is static. 

This theorem generalises those of Birkhoff (1927) 

and Trurnper (1962) which applied to spherically symmetrical 

and non-degenerate space-times respectively. It should be 

noted that the theorem does not imply that any normal 

shear-free congruence is a static congruence but merely 

that among all such congruences there exists at least 

one that is static. It is clear from the analysis of 
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Jordan, Elhers and Kundt (1960) that the static congruence 

is unique only in the non-degenerate case and in classes 

A and D. In classes B and C and the conformally flat 

case there exist a time-like Isotropy group and so the 

static congruence is not unique. 

4.3 Fields of Classes II-IV  (Non-Uniform Density)  

Class II  

In this class tt = A. (x.3,-0 	with rt 13  0 and 

from equation (4.1.3.) we may deduce that 	V= V60,0 

y = r  (x$,-E) . From equations (1.1.5.,6.) it follows 

on using the above result that d = 0460,0i  4; -= Y3  (x ) 

A.v,1 Y --,-. Y(x0) 4 if1(.10/  x i) . Consequently, the metric (4.1.11. 

may be expressed, after a suitable co-ordinate transformation 

of the form 	= Z(x3) , in a form identical with 

equation (4.2.30. The analysis used in class IA may be 

used to show that ct  r  -1" is of constant curvature. The 

general fields of this class will be considered in more 

detail in Chapter 5 and only field fdr which 04:=r 4z) 

will be considered here. Since 	04= pc(z) 	it follows 

from equationA(4.1.110 that the expansion of the flow-lines 

vanishes and tram equation (2.2.8.) that rt. 	(Z). 

In terms of curvature co-ordinates the metric takes the 

same form as in equation (4.2.8.) and the field equations 
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are easily integrated to give 

VI 2" 	 /.4.6) -rt etr — 2 

-3 
S.  pi er) 4-3 	— Z w. 4- -3,  

In general the remaining field equation cannot be integrated exactly. 

The spherically symmetrical case has been considered by a large 

number of authors Crolman ‘193(i) Bondi 0964), Harrison et. al. 

(lebe) and references therein) and will not be considered further. 

Classes III and IV  

It is convenient to consider these two classes together. For 

both classes the condition tekto foree.41,2 is valid and for class 

III the condition pis-eo Is also satisfied. It follows •r 	equation 

(4.1.2.) that Vic.,4 	. Since the ce-ordinate lines in equation 

z -z-0 R 3  (4.1.11.) are 

where 21,44 is 

from equation 

-7)3 
Ricci eigendirections, it follows that N 

the Ricci tensor of the spatial metric, and consequently 

(3.1.P.) that 	0  = C) On using equation 	1.1 	.) 

we may deduce that 

(\I,3-e- 	 13 4--"F  0 

and 



(4.3,2. ) 

where c = 1, 2 and for simplicity of writing we have 

written 

g 	_ 1/3 	. 	 p's 	t Z 
-V; Y AL 	AL 3  V OC 

	

a 	(4.3.3.) 

From equation (4.1.2.„6.) it follows that 

°4  iv 	= 0 (4.3.4.) 

for b, c 	1, 2. From equation (4.3.1.) it is easily 

seen that 	3  E t  Viz] 	0 	and hence ‘413[1  Y.31z7 -.= 

where the last 13°  is omitted from the antisprimetrisation. 

On integrating this equation we obtain Y3  = Y3  ( .1(15',2.) .10) • 

By means of the co-ordinate transformation ;C: I = X = Rat.'j x1) 

and writing Z = .x3 	we see that Y3  = Y3  (X,  z.) 

It follows immediately from equations (4 .3.4. ) and (4.1.2.) 

that V= V(% z, t-)1  Y= 1.(A, --0/Z=04(Xz and p---7  rt4X1z 	• 
Furthermore it may be deduced from equations 

that 

(4.3.5.) 
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\11 ,e-5 	 V 	hz,o, 	(4.3.6.) 

where 	and L are functions of integration. 

	

If the co-ordinate 	70-= 	is chosen so that 

the 	— and XI.--  lines are orthogonal the metric 

(4.1.11.) takes the form 

CT = 	R'(x ,cfr) c xl- t  ZL(x,c0 ci#9 .4- 25 	—VV-tz, 

As the metric is of type D it follows from cquations 

(3.l.8.,15.) that.R P' 	and 	are propor- v Itf 
tional to .CS 	for

fk 	1)2-  
. Hence it follows that 

ti -3  A l , V I , 
and 

(4.3.7.) 
From these two equations it may be deduced that itl 1  L  v.: O 

and 	Z = 13'09 c0) 	By means of a co-ordinate 

transformation of the form 	4; = 4 (4) 	and 

= i%'( (X) 	, we may set 35 49 = AN , and on 
redefining 	I:. 	+ log AL  , we see that the metric is 

+ 
/ 	- 



) 

of the form 

a = 
	2(3 

( )42' + 09 4  42142,7- - Vtolft-, 	(4.3.8.) 

The equations R 1  Rt 
 

and (4.3.7.) with the aid of 

equation (A.1.1.,5.) are equivalent to 

(\111-C 	(SII .Cg-1(3) 

	
0 

Hence on intregation we obtain 

—2. 	ice. — 2(s 
Vice 	.... i', 4"), 	c) 

r 	
= 140. (4.3'9  ") 

Since 4—# 0 , for otherwise Vii  tm 0 , it follows from 

equation (4.3.9 .) that 

S  0%(z)  f) V + 1.qz 1 	) 	(4.3.10.) 

where and k is a function of integration. 

If /3 	is eliminated from (4.3.1.) with the aid 

of equations (4.1.5.,6.) we obtain 

On eliminating /013  and S from this equation by using 

equations (4.3.3..6.810 .) and (4.1.2.) we obtain the 
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following expression 

V1, c  t3 V(21,3 	- ht,3 - 3( „t) ÷s(zzk3k-k13-44- ikt 	= 0 . 

Since Vo  o , it follows from this equation that 

'2- 
311 	„A. 13-  iz131  113-22(31Z---° 	2k2  o. 

• 

Hence either 

- 2 z i3 	 0 

L=0 	 (s --- ,2Z1.3 	) k 13 -2Z13 k. 	(4.111  .) 

In the former case it is easily seen that equations 

(4.1.6.) and (4.3i0.) imply that 	)flic. 	= 0 	• 

These fields do not belong to classes III and IV but to 

classes I and II and consequently equations (4.3414 ) are 

valid. Since L= 0 , it follows from equations 

(4.3.5.86.) that V." Vil  = (313 	, and hence 

404  

-21= 	.2 az, L--) 

the left-hand side of this equation is independent oft ta-e- 
ti 

may deduce that -j= CO)-J °  . Consequently the mctric 

(4.1.11.) admits a conformal Killing vector and from 

0 

or 

v t 
or equivalently 

(1.1 3 .12 • ) 

Since 



Section 3.3 it follows that the field is static. We 

may choose the /7.- co-ordinate so that 	and all 

the functions in equations(4.3.5. 12.) -  are independent 

of 	1.7 . Furthermore it follows from equations (4.3 .10.11) 

that, after a suit.:,ble scale r_Jiange in the z-co-ordinate, 

we may write ..4f- = 'Of+ k 	, where m and k are 

constants. 

From equations (4.5.644) with 	= o we see that 

V = 	G(x) 	 (4.3 
% 	

.13 .) 

where G is a function of integration and n.(0 	
s kl‘(.0 dm

= .42.  

From equations (4.3.9,,12 ,.13 . 	it follows that 

oo (z) = 	k )k) v4), 

and hence U09 is proportional to Gi-V) 	If the 
V4  co-ordinate transformation 34.= 409) and suitable scale 

changes in the other co-ordinates are made the metric may 

be written in the form 

( 	_ 
= (IttZ) iv• X) 	Ot X, 	r d - X14.+2) 	( . .14  • ) 

where F F(x). 

The field equations (3.1.2.,8.) that are not identically 
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satisfied are found with the aid of equation (A.1.1,5,7,4.) 

to be:- 

• 16y1-1..x.) F" ji-(K+m.x*-3v".x.) F'/x. 

bvt 	•• -FfX- -(P1+ 	t 
(4.3.15 .) 

• — wt (A+ Kt3c) 	wt H.,x. 	Fhc 

— 3 n." 	NA, x)  (4.3.16 

4t 	(4.3.17  .) 

On subtracting (4.3.16  .) from (4.3. 15.) we obtain 

11 	F " F 74 4- b14F-F9 l=" o. 	(j" 	• ) 

On differentiating this equation with respect to z, it 

may be deduced that either 	K t(z) = 0 , or rg+ F'/x- ,---- da-

where a is a constant. In the first case the metric (4.3,14 

is independent of z and consequently so is /A , and the 

field belongs to class III. 

Class III  
Putting h.` = 0 in equation (4.3 8  . ) we obtain 

+ (frt. - 	F'/ 	= a . 



becomes 

F 

where 

Z(Kitol l: ±AAZ + 32f312.) 

C. =-. WILC 
I 
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On integrating we find 

F 	C 	10' 16g C -4- 2. I% kt, X -4- i i•tl" X-) 
	

(4.3. 15) 

where b and c are constants. The pressure and density 

are given by 

y 7--a. Cx z 	
K.+ v„ x)3(1% —1+1x1 	 — 2 Kix) F1  

2.04. C 	k K4- bvt X. QN.+Sm..x.) 	1,2 F, 

and the invariant ok by 

	

04 = - 	x 	X. 

	

C 	 t  (K + ht )3  

Consequently, for m = o we obtain 

X * 4c, 	4, = 	Kit C X-2; F; 6 + Klatt" x- • 0.3.20  •) 

If in o we may set m =±1, by means of the transformations 

	

, f /N4  , 	F7 , 

kilst preserving the form of the metric. Equation (40.19  .) 
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Omitting the tildes, the pressure, density and the 

invariant i4  are given by:- 

2r  = C 	)(AA 	2.(1 T zq) 

2r  -- 	t 	(t  -±3 	— F, 	(4.3.22 •) 

C x.:1" (yt  4- 393  

Clearly the space is conformally flat if 	. 

If Plc+D the metric admits a three-dimensional abelian 

local isometry group. This group is complete since the 

trajectories of the complete group lie in the hypersurface 

X = constant. The isotropY group is of dimension at most 

one since the metric is type D and lies in the surface 

X = constant, () = constant. Since the vector be"' is 

unique as tip t o , it follows that the isotropy group 

is discrete and therefore the complete isometry group is 

of dimension three. 

Class IV 

In this case, since 	Vt. 	t 0 	the equation 

F"-4- Fi/x. 4_0. is valid. On integration we obtain 

	

e- 	I. 	x.. + c_ 	(4.3.23 .) 
where b and c are constants. It may be deduced from 
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equation (4 3.1P.) that 

4- 4.101) 
, 

014.(x. 	F') (4.3.24.) 

where d is a constant. On usLng equations (4.3.22.,24.) we obtain the 

equations d o and mb = o. On integrating the first of equation 

0.3.24.) with d = o we obtain 

hi) 	where Itz) =si% (40,2) z ,Si.‘1,(4-,9z) for 	0)  (4.3 .25 ) 

respectively. The second constant of integration has been set equal 

to zero by means of a translation of z. 

The invarianta is given by 

= 

as can be shown by using the equations mb = o and (A.1.112,,13.). If 

the space-time is not conformally flat, b 116 o and and consequently m 43  0« 

Thus the metric (4.3.14-) is of the form 

F -I A, xt rote 4. 	X 2C1t), 
	 (4.3.26.) 

where F and n are given by equations (4.3.23.,25.). From equations 

(4.3.15.-17.) we obtain the following expressions for the pressure 

p and density/.4 
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2f  = litro) 	) 2
it = ,A11-6, 

where :kw) = IG.1,1 0  f )r 	 respectively. 

The matter satisfies the equation of state ja=14 4R1Tia) • 

A second invariant (functionally independent of oc. ) 

is given by 

yr - _ 	o - 2 L. 441z  149 I-  (I) lo ac. 4- C.) ttlzL  • 

We may use arguments similar to those used in discussing 

class I D to show that the complete local isometry 

group is of dimension two and abelian. 

4.4 Summary of Chapters 3  and 4 

In Chapters 3 and 4 normal, shear-free flows of a 

perfect fluid have been considered. All the flows were 

shown to be of Petrov type I and the non-degenerate fields 

are all static. In Section 3.4 all conformally-flat perfebt 

fluid solutions were obtained and the space cross-sections 

shown to be of uniform curvature. The static solutions 

admit at least a four parameter group of local isometries. 

In Chapter 4 fields of type D are considered and the exact 

solutions found for all cases except class IA and II 

where one differential equation remains to be solved. 

1 
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From the results of Chapters 3 and 4 it may be deduced that 

all Einstein spaces (vacuum fields with a cosmological 

constant) admitting a shear-free normal congruence are 

static. All space times of classes IB and C are Einstein 

spaces. Amongst the true perfect fluid flows, i.e. 

P4- 
r+0, those of classes III and IV are static whilst 

those of class ID are rigid. Therefore only in classes 

IA and II can the expansion of the flow-lines be non-zero. 

These fields are considered further in Section ;) of 

Chapter 5. All rigid and static solutionsof type D are 

displayed below in Table I. The dimensions of the complete 

local isometry and isotropy groups are given in columns 

5 and 6 respectively. If two figures appear in column 5 

the first corresponds to rigid flows and the second to 

static flows. If only one figure occur..; the , flow is static. 

In column 6, the S or T denotes that the isotropy group 

acts in the space like or time-like eigen7surface of the 

Weyl tensor respectively. 
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CHAS 

SPHRRICAL, PL 	 14HYPNRB0 C SYMMETRY. 

5.1 IntroductiOn  

In this Chapter perfect fluid fields which possess a 

three-dimensional isometry group that acts on a two-

dimensional space-like surface will be considered. Since 

the group is three dimensional and acts on two-dimensional 

surfaces, these surfaces must be of constant curvature K 

(Robertson and Noonan, 1968). Con sequentl the field 

possesses spherical, planar 	hyperbolic symmetry for 

K= . I , 	respectively. Co-ordinates (1;6, 

may be chosen so that the metric is of the form 

/I& 16r, 	 +.9169cir (54 

where 4(0) = sin 6,,6, sink 6 for k= ,C; i respective . 

The position of a particle in the fluid is given by 

where 	) B ) 
co-ordinates of the particle at some initial time. 

Provided that the flow-lines do not intersect, i.e. 

are the 
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is invertible, we may use 
	

e3(M)t-) 
	

as t radial.  

co-ordinate. The metric may be rediagonalised by 4 

suitable choice of the coordinate t. The flow ines of ti 
the fluid art given by 	°natant, 0  m constant 

constant and the velocity of the fluid by 

The co-ordinates defined above are 

said to be cp-movies.We  have thus shown that there exist 

co-moving cootordinates such that the metric is of the form 

(5.1.1.). 

The field equations 	2.5.) are (Thompson and 

1967) 

-4( --I" -01  it 	•1 i.e. -7  	v - 2.1 X 441v -A -I  J1 J 

-\ 	t 	1.• ‘1,41'7.14  
% 	r t 	(5010 	) 

.5.1.4 4 111•V'e 	/V** - Yltf), 

4  -L14  /41)+ Ke.-11/ 	4.) 

0,  1411  - t.A1  
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where a prime cad an 	fy differentiation with 

respect to t and r respectively.11t4 	k=o)-1 

L. 01364 C craw. ikeSS4. 1.4.A. 	+ ( 
5Jeskt-,..b.6.4 : 6= g•h%, 491= 	 ) C4 = 	el - 	• 

From equations (2.1.21 fa 0 we obtain the following 

expressions for the kinematic equatities:- 

expan ro () a 0' + 21') -e.--4/2" i 

shea : 	+,  
.1 

5 
aa 	lerat ion: az 	i vge  S ft.  

(5.1.6.) 

As a consequence he conservation equations (2.2.'x.,8,) 

become 

-f 
	 (5.1.9. ) 

tki 
	= 	A'41)(r +it). 
	 O.) 

Following Thompson and Whitrow (1967) we define a function 

bs by 

- 	 3̀1/-v 4 4.  elk 	2 

It follows rom 	ions (5.1.2 4 5.) that 

14 
	

41"e-e-3111z- 
	

(5.1.12.) 
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r 1 , 	 /4. 	(5.1. 3.) 

In the spherically symmetric case, the fun0tian on(rr,9 

has been shown to represent the mass within a radius n' at 

time t by Thompson and Whitrow (1968), Bondi (1969) and 

Cahill and M0Vittie (1969). In vacuo ( r 	 ) it 

is equal to the constant In in equations 

The analysis by hese authors may be extended t* the cases 

of hyperbolic or planar symmetry but in these cases there 

is no clear Newtonian analogue of the mass .  

From equation (5.1.2.,3.,5.) it follows that 

(1 	ViteX1:4:A)te 114 X/2.  

5.1,140 

It is difficult to proceed further without making additional 

simplifying assumptions. We shall consider three such 

assumptions, namely cases where (i) the flow is geodesic. 

(ii) the flow is shear-free or (iii) the expansion of the 

flow-lines is zero. 

5.2 Perfect Fluids with Uniform Pressure  

In case (i) above since the acceleration vectoris zero 

+ 4. K 	4 2/1 '1"1/1-  10/ 14941  
- v 



it follows from equation (2.2.7.) that r y(9 	and 

V- WO 	. By a suitable scale change in th 

co-ordinate t we may sA V= I • From equation (5.1.5.) 

it may be deduced that if 14  # 0  

4d4 4. -v  4. e_ 	R: 	(5.2.1.) 

where 4 SW and 	1 = -e_41/2* 	The case 	/1t./.= 0  

was considered by Kantowakl And Sachs (1966) and Ellis (1967) 

and will not be considered here. From equations (5.1.2.0.1.) 

and (5.2.1.) we obtain the equations 

R" R 	- 	tr) K 	1Zt, 	(5.2.20 

R` z fR 	,((-0 — K, 	
(5.2.3. 

and 

%qv- - r  R.. 	(5.2.4.) 

Equation (5.2.4.) shows learly that 	a uniform positive 

pressure tads to produce contraction. 

If the pressure is zero, it follows from equation (5.1.13.) 

that 1K. v.-. 14, (.4.) 	. Bondi (1947) pointed out, the equations 

(5.112.) and (5.2.3.,4.) with r  = o 	are identical to 

the equations for spherically symmetric motion of a 
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pressureless fluid in Newtonian theory.. The 'radius'  

however cannot be interpreted as the radial 

distance in General Relativity but is instead the radius of 

curvature of the two-surface 'V 	constant, t constant  
The general solution of equation (5.2.3.) was obtained by 

Bondi (1947) for the spherically symmetrical case KI and by 

Ellis 0.967) for the other two cases. 

Since the equations are identical, we expect that 

many Newtonian results have analogues in General Relativity. 

In particular it is shown in Appendix III that the density 

distribution at the moment a singularity forms has a very 

special form. In Appendix IV the radial propagation of 

light in spherically symmetrical dust distributions is 

investigated with special reference to the escape of 

light from collapsing bodies in an otherwise expanding 

universe. 

5.3 Shear Free, Flows  
If the shear of the flow vanishes it follows from 

equation (5.1.7,) that 111= Ai  and the metric (5..1.1..) 

may be put in a form identical with equation (4.2.3.). 

Consequently such fields belong to classes IA or II of 

Chapter 4 or are conformally flat. Spherically symmetrical 

fields of this type have been considered extensively in 

recent years in varying degrees of generality by McVittie 
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(1966), Mait ie and Stabell 
	

). Th eon 
	Whitrow 

(1967, 1968) onnor and Paul (1967), Nariai (1968), 

Vaidya(1968), Bondi (1969) And Faulives(1970). 

Since 	A1 =11  441 = -((4) --e- X aired aft 

suitable change of scale in 111-  we may write £ 	or az. 

The metric 	given by 	= el (1.-.14.4:t  +. 4/6 9--A cte 4 , on 

simplifyine; equation (5.1.1k.) and integrating, we obtain 

rt:1'1/4- +Is 	k = 	'(')'1,11/ 
	) 

where v.e. 1.14  and b is an arbitrary function of 

integration. From equations (5.1.4.) and (5.3.1.)  

follows that 

Z L 	, 	 (5.3.2.) 

On using equations (A.1.12.,13,) we see that the invariant 

a 	is given by 

06- 	3 L(11!,1 
	

3.3.) 

Equation (54,14. 	h the aid or (5.1.6.) beo 

411 	a  

(5.3.4.) 

It follows from equation (5.3.3.) that the ield is 



equation (5.3.2.) is easily integrated to give:- 

4.c K—t, 

'3 
13  - 13 rt CeS tor 	13 siK, 10 .1. lov 

r 

(114) 

conformally flat if and only if b = o. Amongst this, class 

are the uniform density spherically symmetric fields 

considered by Thompson and Whitrow (1967). For b = 

where 4 /1(¢ and B, D(i) are arbitrary functions of 

integration. From equations (5.1,4.) and (5.3.4.) we 

obtain the following expressions for the denSity in the 

three casesoo 

C3' (t) = 12 /11.• 
OEM. Wm, 152-, = 8414, 	3.6.) 

for 	+l i  respec t ive ly. 

In orderto specify the system completely it is 

necessary to impose several boundary conditions. These 

are usually taken to be the configuration of the body 

at some initial time, and the equation of state at a 

given points  usually the toentre 1-= o 	Using these 

boundary conditions, Bondi (1969) has obtained a number 

of conditions for the collapse or the 	of a k,phere 



to occur. The other two des could be anaiys In a similar 

way but as they seem to helm, 	physical applications we 

will not consider this problem here. 

The remaining uniform density solutions are given 

by Lc-41 =13-- constant and belong to type D class IA.  

In this case equation (0.34.) may be integrated with 

the aid of the integrating factor 21,. 	• obtain 

Yiy 1 	C 4 k 41- 
	 (5.Y.7 ) 

where C=a0 is an arbitrary function of integration. 

Equation (54434a.) may be integrated a second time *ad the 

solution any be written in terms of the Weierstrass an 

elliptic fUnctions 10(4) 	The general solution of 

equation. (50.7.) is 

=(
2

Lig 	!-3 P(8+ 10,4)i ) 	8.) 

where B=13(0 i ► an arbitrary function of integrat  

and the inv4riants (Whittaker and Watson 1969) 0 the 

elliptic function are given by,  

33 	C37.1.4  k3), (5.3.9.) 

tions 	.4.) and (5.3.4.,7.) we see that 
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and from equation (5.1.11.) we obtain 

	

2 	2, 	z 11-4. R.3  
The last term on the righ.hand side of this equation is 

the contribution to the mass from the matter of uniform 

density between radii 0 and R, since 

R 	2 	
fiw4A) 

	

3 t,R3 	= 2 Lto  
Consequently we may interpret 	'point-mass '  
at R-0. By a Ipoint-masst  we mean a singularity of the 

same type as that at r m 0 in equations (4.2.8..10.). 
If 	C-= 	p we see from equation (50.10.) that 

µ = 0 and the solution is one of the vacuum fields in 

Section 4.2. 
These metrics are not regular at r - 0 and for 

this reason they have usually been ruled out on physical 

grounds. However the solution might represent an annular 

region surrounding a core with a different density distribution. 

For certain special values of the function C the 

integral of equation (5.3.7.) may be written in terms of  

elementary functions. Since the case K 1, i$.the 
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spherically symmetrical cases, is the most important 

physically we will only consider such fields. There are 

however solutions in the cases K = 0 and K =-1 corresponding 

to these spherically symmetrical solutions. 

For C m. 0 the integral of equation (5.3.7.) is 

= 0;1 04 0  - 
	

(5.3.11.) 

where 	1•Q) is an arbitrary function of integration. 

If 	C 	- 	we obtain 

	

= 	+ zLI,i (o,cv-f)i 
	

(5.3.12.) 

where 	= (40 

We will now consider cases where the density is 

not uniform. These fields belong to class 11 of Chapter 4. 
Equation (5.3.1.) may be written in the form 

x. 	 f 	 (5.3.13.) 

rl 	 where ti = 	= 	S (V* 
	at ,, , (X-) = 	(r) 

and 	v• is a solution of the linear equation 

etitA,v, + 	If kor,  k 	---- constant, 



where 

.••• 
•••• 11- 
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i.e. if IK,r) = s 14 u.-c 	, equation (5.3. .4 may be 

integrated to yield 

ax P03  (5.3.14.) 

where C is an arbitrary f ctio of integration. 

general *elution of equati= 
	

14.) is 

I  ) 	1'1030 OrC) 2) 
	 15.) 

where B is an arbitrary function of :integration and the 

invariants Ot the elliptic function are 43%. = 0, 11--= 

If C = 0, the general ittegral of equation (5.3.14.) may 

be written In terms of elementary functions. It is 

(5.3.16.) 

We consider first the spherically symmetrical case. 

If we take LA.:: 	+ 
	 we obtain the followi equatio • 

, 	,_ 
x. 	b 	, ov 0. 0 	% {'b 104 	(5.3.1 



( 9) 

8.) 

Lc?) = 	Avs(vrz.4 	 (5.3.19.♦ 	) 

Not ail these so 	are distinctl,  ,sines the metric 

is preserved by co..ordina 	rens °mations of the form 

111 	whe 
	

is a constant. The lett 

hand side of equation (5.3.1.) is also preserved by this 

transformation and so solutions of this equation with 

) and = are equivalent There are 

hree distinct forms of the function LM 

2 fA 3.20 ) 

These forms 	bto are given by setting It=o 

$ 
	 44=1 	6= -1 	respectively in 

equations (50 7.-1  ), and the corresponding solutions may 

be obtained by substituting these equations in (50'150 or 

(5.3.16.). The solution with Lo= 'kr and C * 0 was 

first obtained by Faulkes(1970). 

For K CI, i.e. planar symmetry, the corresponding 
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solution is given by equation (5. 	0 16.) 

	

'u-L03.4', 	iltelv I  het) = 	It) 
	

S 	(5 
	

2 

For K = -1 the solution is given 

	

s Zo 	= to. o 	13(4 ) = 
	o tes 	5.3.22•) 

It is possible to obtain further solutions of 

equation (5.3 .) for different forms of the function 4(:5). 

These may be found by applying a transformation of the 

form (5.3.17i.a18.) (5.x.21.) or(5.3.22.) to equation ( 3.1Y ). 

An equation of the form (50 1.) results and a new solution 

is Obtained if L(7) s,  constant in the transformed equation. 

i By means of the substitution x = . tan log .r.  , 

z = 6 04.c.tx!ps  it 	the equation Ttz,,. + 4- Z.  + z Tr 1,-it  

may be written as 

From equa 

equation is 

csk 0+ ele.1- 	vtr.7-,' 

solutlea of this 

(1 	C 3/1 (14 c.‘ 2‘.1) P6 ± 



substitutions Ar = `) 

(lovr 	we obta:  

where the invari ts J. 	are given by . h, 1,711(w LI!: , 	4N  
Consequently, we may obtain the solutions of equation 

K= 	and 	= 6Csl,.fer/1.(4.-#14.91-4-ctrz.  

by means de the substitUtioni 	(2,4 9" # 
and for IC =0 161 	"rili I+ ct i0,1A 	by melts 

of the substitUtions 4= ir a _ x LT log 4r 

If we consider the equation 14/"Z.,.‘,. +-ez,e-z 

and perform tbi transformations .11--.7(!, -00 ',jilt) x 42,01.4+ 
it follows that 

- 	(1,052'3' - 2.4_10 X ht  

From equation (5.3.8.,9.) we may deduce that the solution 

of this equation is 

r 	%.4 I 	
T. I 

2 x( 	x)3 	4' (13 t 	(2c- 2a  9) - 	( 5. 3.24 . ) 

where 	1 2. - 	 b = 	( 2- C. R I-4- ji) 

New solutions of equation (5.3.1.) may be produced 

(5.3.1.) for 

-I 

L3). 

from equation (5.3.24.) 

corresponding to i6r 

By means of- the substitutions 

we obtain the solution 

L*) = RO-4.12.r2r37 
	

. By the 

0  IC= log 	and 1r= 

wo new solutions of (5.3.1.) 
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sal 	
Ycle. K 	0, be) 	A q,014) 	2 4 to 

	

_24,457 	re peatively. 

For the third 	k tr- 	a, solution corresponding 
;$7s. 

to 	100 :-- 	(2. “...1,61,0 	ke.os tscri 	4.(o -41 con 

be obtained from equation (5.3.24.)  by means of the 

substitutions "cc: tan log 4' „ t)-z. 1- cos log 4̀  

The elI. 	funottOn 	oqua iOn (5.3.24.) reduse 

elementary (*Unction for twO postal value* *t the 
on C. r 	Cm 0, it fellows from equations 

(5.3 8.,11. 24.) that 

014)(1-2c3,c)io.-- 	I 

and for C 	—(3,19 -1  

= 	4) ' 21, ( - 	x.)) f+314-: tax 2,4„i•ii 3.26.) 

where 	 c!,(9 	is an arbitrary function of integration. 

e solution (5.3.25..) has previously beenLby Nartai 

(1968) and VISO transformation to the form obtained 
	

Nar 

corresponding 

K 	0, kr) ag 2,-511' A ( and 

is given by 2‘r 

In all too general solutions above there a two 

arbitrary functions of time* In order to specify the 
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system completely one needs to impose boundary conditions. 

Those usually adopted are the specification of the initial 

configuration of the body and the equation of state at 

the centre. The equation of state *trother points is then 

determined by the field equations, and is often not 

physically realistic. This is because there are five 

unknown functions j 	, and V in the field 

equations and five equations to be satisfied (four independan 

field equations and the condition XI 
 

v i 

	
We cannot 

therefore 3:o 	an arbitrary equation of state throuchout 

the body since the system is already completely determined. 

However the exact solutions are useful as they Give 

some insight into the results to be expected from a numerical 

solution of the field equations (5.1.2.-5.) and an equation 

of state, and further more they could also be used to obtain 

estimates of the errors in numerical solutions by comparing 

the numerical and analytic solutions of the same problem. 

Disney et al. (1968) and Crampin et al. (1969) have used 

exact shear-free solutions of the Newtonian equations in 

order to estimate the growth of rounding errors eta. in 

their calculation scheme for solving the full Newtonaian 

equations. This method is much more sensitive than 

integral methods such as conservation of mass. 



(124) 

5.4 Flows with Zero Expansion 

From equation (5.16) we see that flows for which 

the expansion is zero are characterised by the Condition 
Al + 2.1 1 „, _ 

QP• . On integrating this cluation, we 

obtain 

= (4) 42. 11)" 
	

(5.4.1.) 

where f Ia an arbitrary function Of Integra on. By 

means of a scale change of the co-ordinate r we may set 

f 	1. 

On eliminating 	from equation (5.1.5.) with the aid 

of the condition Nifilicze. ,we see that 

3  1+:111 	2.  1; 	V-"t 

If 	111 	equation may be integrated to give 

= 	Ft(t) ft.e.31  

where F is an arbitrary rUnction of integration. If 

F is not constant we may set F = t by means of the 

co-ordinate transformation t= F(&) 

If '7 1 = 0 it follows from equation (5.1.7.) that 

the shear of the flow vanishes and consequently the field 



belongs to classes IA or II of Chapter 4 with 01= KO 

or i$ conformally flat. These fields will not be considered 

further here. 

From the conservation equation (5.1.10.) we see 

that 	= 	and consequently /A.-. /4.61 	. With the 

aid of this equation. and (5.4.1.02.) we ee that 

equation (5,1,11-.) may be written as 

(41-t-e 70. 

By means means of the subs tu ion 4 - Z.. 	we obtain 

-t 4 yY + ;5.4.3.) 

On differentiating this equation with' respect to t and 

using (5.4.1,02 ) we see that equation (5.1 	) is 
identically ssatis fied. 

It is iff ult to integrate equation (5.4.3.) 

owing to its extreme non-linearity. However, if the 

density' 	is constant we may integrate tb equation with 

the aid of the integrating factor 	.r, 	to  
obtain the first integral 

- L 	3ja  — 4 k 	F= 



(3.26) 

where C is an arbitrary function of integration. In 

order to see the physical significance of C we consider 

equation ( 	11.). With the aid of equations (5.4.1.,2) 

we obtain the equation 

itv 131  — Ft" 	st. 	12. 
— 	If&  

and from equat 	(5.4.4.) we see that 

(5.4.5.) 

/A• 	%-w 

Consequently 	- C is the 'point-mass' at 1=b since 

from (5.142.) we see that the term 	t4.31h- is trot.  
contribution to ilipa of the matter lying between radii° and 
(A i& 	From equatiOn (5•1.1).) we obtain the following 

expressions for the pressure, 

r r = cv) 1,5v9-1 (5.4.7.) 

It follows from this equation that vacuum fields 

with cosmological constant are characterised by the 

condition CI=(1  . Hence by Theorem 4.1 these fields are 

static. The field is the Schwarzschild exterior field 

or a related solution, but the co-ordinate system in 
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which it is expressed is a moving system. 

It does not appear possible to integrate equation 

5.4.4.) in terms of elementary or even elliptic functions 

except in very special cases. For example, if to-=(:=11( = o 

the equation is easily integrated, but for this ease 

F 	and the solution represents flat 

space. However it should be possible to obtain solutions 

numerically without too much difficulty for given forms 

D the function C. In such a numerical calculation it 

would be advantageous to use the arbitrariness of 

the 	t -coordinate to set F(e) = t 	or some other 

convenient form. If F is constant, C could be set 

equal to some convenient prescribed function of t without 

loss of generality. 

The solutions for K == 1 represent the collapse 

(explosion) of an incompressible fluid sphere. The 

proper volume of an element of fluid remains constant 

along the flow.olines and as the surface area of the sphere 

decreases (increase) the matter is stretched (compressed 

radially. For K=0, -1 the solution represents an 

analogous situation withPlanar or hyperbolic symmetry. 

Since the solutions do not appear to be physically 

realistic, this problem will not be considered any further 

here. 
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APPENDIX I  

A.1 The,Riemann.and Ricci Tense 

In this Section a number of formulae that are useful 

for calculating the Riemann'and Ricci tensors are listed. 

where 	k= 1,-7 ... and /14,tt = 	PL -I 	the second 

fundamental form of the hypersurface',Je` = constant, is 

given by 70 = d011d4 dx 4 	, Where r v 

For an n.dimenaional Riemannian space With metric 

C; = 	b4)401e01%4  ±(V(x*),:be) 

- v)-' JP.'" " C 

The Riemann tensor is given by 

 

(A.1.2.) 

(A1.3.) 

2" = 

,„ 
\lig 	cr 4 I 

r./ 
where  

e°- 
is the Riemann tensor of the st-I 



dimensional me 	
f" 	

covarilpt derivatives are 

made with 43,44 	and a prime signigies partial 

differentiation with repeat to 	. From the last three 

equations the following expressions for the Ricci tensor 

are obtained 

V-1(  t" T 0110 	61 41 	(AA-.5.) 

k. 
V:;v((Ud 

1;4 	
(Aa.60) 

) V ; 

f in an n-dimensional Riemannian space there 

exist two conformally related metrics q and G such 

that 	V. 	= a 	•, the Riemann Christoffel 

symbols of the two.metrics are related by the following 

equation 

(A.1.8.) 

where ni = v-1( s i v Asv 
j 

The Riemann tensors are related by 

5 	 I..  ti t Oki 

v 	•11. (A.1.9.) 



defined by 

zR s 
12] 0.4-11 k (A.1.1 
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where 

Vat = 41. v tf;  ik - 21VA. V 	k  
and covariant derivatives are made with the metric G. 

The Ricci tensor is given by 

4  (114.'t)V 	 "'I"'  V 1611 jUk. Chi  

CL1  16  The Weyl tensor 
J 

R4, 	 51 
ik 	 D 

From egzations (A. .9.-11 ) it follows that 

L C 

	

Litz. 	vik 
For a three-dimensional Riemannian space with a 

metric 	the form 

1-  = (V/Ox) clerf "1- 1(%•9 01  x-9 

where dares 	is a two-dimensional metric which depends only 

on the co- dinates 	xs' 	the 	20 -line is a 

Ricci eige direction and may be chosen, o that he 2--

and x'— ines are eigendirections. The Ricci ten o 

iven by 

- 	- K _ 1413) 
V 	(4 ) I (A.1.12.) 

3 
et• 

/
13  

VW 	)13  
(A.1.13.) 



cierz.f v(zA)(41,) 
and c1.0:1" is a two-dimensional metric 
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where K is the Gaussian curvature of del  . 

For .a two-dimensional space with metric 1z the 

Riemann and Ricci tensors are given by 
Lz

ik  = zk k;  ski  , = z K. 

Co-ordinates xl  and 	may always be chosen so that the 

metric takes the orthogonal form 

= (w )1" ± (vatzf 
The Gaussian curvature. K is given by 

- (Vw)_(  [(1.1-4 V01, 	
• 
	(A.1.14.) 

For a hree-dimen ional metric of the 	m  

Where 

involving only x! and i" the Riemann-Christoffel 

symbols are given by 

X33 =-vv ) 

r
vb = 	At.- r ' - a i, 	ri3 

/4-3 	, 

Where the PA 
it,... 

of the metric 061-7-  . The Ricci tensor is liven by 

133 	- V-4 
 

\P AM 	 1 
	

(A.1.16.) 

are' the Riemann-Ch s offel symbols 
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K SIt  - 	V 1tt 
SW 
	 (A.1.17.) 

where K is the Gaussian Curvature of dVaand covariant 

derivatives are taken with respect to the metric 44:2*. 



(134) 

Uniform Curvature. 

In Section 3.4.. we need to integrate the equation 

v" 
	

11  VIA 
	

where V-.7 V(46, a #, 9 and where the 
covariant derivatives are taken with respect to the 

three-dimensional metric 

Cr = (de Vo) 04) 1 (A.2.1. 

where 4(9).- 54.491  el  sisj..e? 	k = 4(1 0/ - t 	respectively 

k. being the Gaussian curvature ©f the metric cie4-rWcirs  

= a (4'10 and 	..:e(rlo . since 	f is of this 

form it follows that 

	

f‘(e) - 4"49) ke) = I . 	 (A.2.2.) 

The equations 	0 ate equivalent 
V 	- 	a V IA  UA it 

v 
to the following equations:- 

V 13 	(V, f  4: 4) 0  — 1 (S v  .e..-Pc  V 6  = ei oi ' 	 . 

\141,2.  .., (\iv  .e....°) 	- .2.  r 
	t 1

S ye Ja o V . =  0  y 

vi' qvis, ...--91, — i-'ft.-Es vci, = 0, 111 
V igil,-  Vit l, = .#2,-(3(\i 	- -VI  Vfo - f-'41 Ve)= 

(A.2.3.) 

(A.2.4.) 

(A.2.5.) 

0, 	(A.2.6.) 
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(v„ 04 	- 
li(.44 ki.v)V 	vee 	w. 	(A.2.7. ) 

On integratingequations (A.2.3. 	we obtain the 

equations 

v 	= 	A (4, 4,(-) d) 	0, -L 	Ve = C(e, 4)&4, (A.2.8.) 

A, B and C are functions of integration. 

On taking the second logarithmic derivative. with 

respect to 'sr and * and with respect to e and of both 
the first and second of equations(A.2.8.), we deduce that 

A Et,  4, 	)),t, t), 	#i .1:  Po (sb,  4(49 

where i.,.14a function of + and t . Consequently) 

V4, = )4 400 zjie 	 (A.2.9.) 

From equations (A.2.8 9.) we see that C 	fr(o) ])4, 

Hence 

= 	.c 1  .4 Edo  0, 

and 

(A- 2‘.10.) 

whete E(P,0 is an arbitrary, function. From equations 

(A.2.9.,10.) it follows that 



(1.36) 

c 104,0 .C(0) + Ete, A.2. 1.) 

where F 1 t on arbitrary 
	itin of integrati 

pp elim noting V f 
	tio (A.2.6.) with the 

aid ct(A 2.11.) we obtain 

TOtt 4  r - *if) D 	 Coe  - Vic9  
Noting equation (A.2.2.) 	see that the left and ri ht.hand 

sides of this equation are functions of (1),f and (9,f 

respectively* Consequentipteach is equal to 44%inotion 

of t  pay 4) 	On integrating the resulting equations 

we obtain.  Wmm equations 

- 4(0 cos 4, WO # 4 CIO (69  = 	Re) '4 401(9) 41'0, 

where a,b,c and. . are arbitrary functions of integration,  

and 	5(e) = cosh, i9, cos L0 	 for k = +1, o, -) # respectively. 

From equation (A.2.11.) it follows that 

[(A. cos4 +105(.4) fie) + 4.3(9)1z (3 	rfr, 	(A.2.12.) 

where -Z-#2.:4 
	

absorbed into 	. 

From equations A. 7 12.) we see that 

) 4-4*,  
*-1 * 	„ 044  (5,4(4465+ 4 5 4%4)40 4  5 

	 r. 

0)34 

R. 1-€)  I (Ch. CC:1qt 4 Lit% 11Y" 4 C 
	 0. 
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If at least one of A4b$ or c is non 	we obtain the 

equations 

n1i0"4  
4g-filar" 	4 	0 (A.2.13.) 

(A.2.14.) 

where Tr. ) o for ks0t1 respectively. 

From equations (A.1.12.,13.) we see that equation (A.2.13.) 

is satisfied ir and only if the metric (A.2.1.) is of 

uniform curvature 14(0) . We will now consider the case 

where the metric (A.2.1.) is independent of t and is of 

constant curvature K. We may define a curvature co,-ordinate 

by means of the eqUation 	"2; (44 	• EqUation 

(A.2.1).) becomes-  (14 fitociO4: -= 	. On integrating 

and using equations (A.1.12.-13.) we obtain 

(A.2.15.) 

On using quation (A.2.15.)in eliminate oc from equation 

(A.2.14.) we see that 

Kr)F-Irt  - 



On integratins we obtain the equations 

F = C s DOR,- 	Kto,k*o,  

F 	G 	'PR'' , 	 K.o / It* o 	(A.2.16.) 

= c(zKRy cee 	K<0 	0 

where C 	D are fnnet o. sof time. 

In tews of isotropic co-ordinates 	't 	= 

we see that equation (A.2.13.) possesses the solutions 

= e -e. 	 _1  = et- 	k- 
4 	L k 

= ,k-K) (or 
	

r• Nr 

	 (A.2.17.) 

ez 	= (. k)  cpst.r, .co.e At = -f r  

The second arbitrary constant 	 integration has been 

transformed away by means of a suitable dilation ot the 

co-ordinate. The transformation from curvature 

0 -0 co-ordinates to isotropic co-ordinates is ig= --

and equation (A.2.12.) wit.e the aid of (A. .160 belsomes 

V _..  [(A.0O3 +464 	_Cs.100., 4 CC 

1 i 
 

 

+C firr 61(A.2 .18. 

 



R
a.4.05+ 4-10s;‘,.+) rikkei-c coske 

V =VeLeos+ t Ls4) e #ice+c-}(kkv,,,rri kc-(10-lor  +P, ;64 63.04.2Q) 

We shall hieV consider the most. apnerel form of 

ation V. V(,,,,,(91  , 	t the met 

a= vz te- t Y2 (Jaz 1_4 269)d/0 
is o Miters* curvature 
A.1.;) we see that 

(A.2.21. ) 

wie 	T h. is the Ricci tens 	f 
	

trio cti%,4914.41c9)4) 

	

00variant derivatives t 	with,respect 

to this metrie. From equations (A.1.12..13.) we see that 
A.. 	e•- 	 A. 
I`, = 1Z tt.  = Ar  -.1 

V` 
1.  _ i 

 7

1 'i3 = 0 	V 
la. 
=0l  otherwise. A4242 ) 

lquations (A402 21.,22.) are equivalent te equations (A.2 3 .6.) 
With 	.-:: 4t Qa = I 

	 uation 

v 13 	I I 
It, " 114 + v(1.- -;) = 0. 

Onsequ t 	it follows that V is given 
	A 
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where F satisfies 	i„ F,,, 4 Q•••191.1  F 	= 0, 

where 1-= 1, 0 , *fa 	",o t I 	respectively. The general 

solution of this equation is given by 

F- 	 13 4 	4' , 	 k = 41, 

F = 13l 	fov k =0, 

F 	[g cos 1 y A sa.Ce , 

(A .2.24. ) 

where A and. B are arbitrary function of t. From 

equation (A.2.21.) we see that the'curvature K is 

given by 

k 	Zit - 	(c0.41,t) , 	h. = o, 	(A.2.25.) 

k = 	(j14-131) - 	c") 
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All solutions of Einstein's field equations ..hich represent 

a static perfect fluid are considered and a number of results 

for vacuum fields obtained by Ehlers and Kunat (1962) are 

generalised. In Sections 5 - 7 all such solutions with a 
degenerate Weyl tensor are found explicitly. As is the case 

with vacuum fields of Ehlers and Kundt all the solutions 

obtained are found to admit at least a two-parameter group 

of local isometries. 

;introduction. 

In this paper I shall consider static solutions of Einstein's 

equations 

Rocis  — 	1...c.es  —T oc,s  

Greek indices running from 1 to 4, where Tql  is the energy-

momentum tensor of a perfect fluid. Consequently, 

Tocis, = 
	(+)u 	,P loys 

	 ( 2 ) 

where U e  and 1› are respectively the four-velocity, 
energy-density and the pressure of the fluid. If there exists 

a non-zero cosmological constant A it may be absorbed in the 

tensor 

viz. 	 r matter 
	Y1 	(4) 

= to matter —A 	(3) 

All exact solutions of the equations (1) and (2) which 

have a degenerate Weyl tensor will be obtained by a method 

that generalises that used by Levi-Civita (1917-19) and Ehlers 

and Kunit (1962) (referred to below as E.K.) to analyse 

vacuum fields. 
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2 	eor!irps on Static Space-Times 

We shall appeal to several general theorems on static 

space-times which we list below. The proofs of these theorems 

are to be found in E.K. 

A space-time is called static if it admits a time-like 

Killing vector Ioc which is hypersurfaoe orthogmal, i.e. 

1„ 3 
	

2 11 
	, Itot  ;Is 	= 0• (4) 

If te is the unit vector parallel to r it can be 

shown that 

U,4 14,
a;115 

= 	- 	 ii/S I 	14  De 11/61 7:  ° 	( 5 ) 
t  

where a dot signifies covariant differention along Lt 

Equation (5) means that the integral curves of a4  for a 
normal rigid congruence along which Lta  is Fermi-propagated 

(Synge, 1960). 

Space-times may be classified (Petrov, 1962) by considering 

certain canonical forms of the Weyl tensor defined by 

• Capys 
4)  6 

A)  cep d + 3.0 Ely 	8] 	I „cis yS a 

Tetrad components are taken with respect to an orthonormal 
tetrad of vectors (e , e: , where e: is a time-like vector 

and capital Latin indices run from 1 to 3. We consider the 

canonical forms of the complex tensor 1)14.5  defined by 

14a•E 	UAG 

	

C A4G4 	L 	f14:34) • 

The Weyl tensor is said to be of Petrov type I, II or 

respectively, if 1)Aa  when regarded as a linear transformation 

on a three-dimensional complex vector space has invariant sub-

spaces of dimension 1, 2 or 3 respectively. 
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It may be shown (E.K.) from equation (5) that the vec:Jor 

le is an eigenveotor of R,0 with eigenvalue 
• y 

U. ;V • 

If we choose 	e since Kt,. -**Coors eus= 0 t-11. 
-follows that tee  is a principal vector of the Weyl te:asoz.. 

and., furthermore, that the Weyl tensor is of type I with 

vanishing pseudoscalars. This follows since D 	is real and 

may consequently be diagonalised by a rotation of the space 

like triad. 	. 
If the Weyl tensor is non-degenerate, the principal tet7zad 

is uniquely determined up to reflections and so le is. unique. 
• g 

In the degenerate case, the vector IA. 	, being an eigenvector 

of /46  and consequently of 1:413  , is unique if 121140 • 

if,however, .139-e=101the vector Le need not be unique. 

In E.K. it is shown that co-ordinates may be chose in 

such a way that the metric G takes the form 

2/10.4) - e 	 j 

= 4  where lower case Latin indices run from 1 to 3 and 
U. _cac 

In this co-ordinate system e = 4: a4 and the co-ordinates 

are unique (if te isunique) up to the transformations 

I' Ott.) 	.I = 	I .4. 13 9 	 ( 7 ) 

where 4 and 6 are constants. 

The field equations (1) become 

114, +  
..a! moo. 

• 

9 

(8)  

(9)  

where 	is the Ricci tensor of 346 and 1 signifies a 

covariant derivative with respect to the metric 	1 et6 • 

9 
	 (6) 



It follows from equations (8) and (9) that 

- 	 (Jo) 

The contracted Bianchi identities (the equations of hydro-

static equilibrium) are 

pm 	I & 	e  ) 

where 	signifies ordinary differentiation. it follows 

from equation (11) that 

Pri 
= C) 

o• 111 bl 61- 	14 	 (12) 

and so if U is not constant both jo and c are functions 

of U only. A second consequence of equation (11) is that 

both I, and e  are constant when re. o• From equation M I  

we can interpret solutions with F r 0 as vacuum solutions 
with a cosmological constant. 

It will be convenient to express the metric (6) in the 

form 
TO. 

e-214.( - e2U cI2 
(6) 

Using equation Al in the Appendix with n=3 , V=a714, the 
field equations (8) and (9) become 

__21,1 .1,a6 	(8),  
+ 	2 1 i,„ U,1„ 	_ 2Y0 

i and U I  4  HA. 	= 	
t -.2 11,  : ( r3j3)e. 	; (9)

, 
 

..0  
where 	/rah is the Ricci tensor of lat,  and covariant 

, derivatives are taken with respect to 	3 41, 

Taking tetrad components with respect to a Weyl principal 

tetrad (se: ,er...4 and remembering that the Weyl tensor is 
4 



With the aid of equations 

iLfc 
	41. 

(1), (2) and 

2 n %- 14c - 

(13), we obtain 

c'en S;114 S014 
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f type with ti n.= 0 we obtain 

AG 944 114 

and 
	

(13) 
1:14c 

where the 

Since 

CA4 04.  
3 

E Sc  MA"MC Iv '11  

0,m are the Weyl pricipal scalars. 

Cap 	= 'Row 	 r 	eft 1- 

R A4c4 ;, 	1,4c, K 4 4- 	Ac - el 4 	i 

R 444.= Rote  — 1Z Ac  , we obtain 

Ac 2 lc 	R S. (R 44  — 4') 

we have 

ific 
Using the equation 

• 

or equivalently 
	 (14) 

14e. = 	 M Zvi 'MC 
N 

Where l)tte. is the trace-free part of R'fic . ThUs we see 

that a space-like triad of Weyl principal vectors form an 

eigen-triad of the Ricci tensor of the 3-spaces (t= constant) 

with eigenvalues 	ri • 

3 Integrability Conditions  
In Section 4, in order to solve the field equations (8) 

and (9) we shall need their integrability conditions. 

Using equation (8) we obtain 
ti 

e.rtilc3 	(U(elli4L6 
	- 4 (-e ago d 4-0 - 3 

Eliminating second and third derivatives of 11 by means of 

equations (8), (10) and the Ricci identity, we obtain 

k 4e. 4 

.11,0,1 

LoA 

(J'*.  e) 	uic] 114 Yid.] 	usdk4. Lc , 

ki 4 1.1. 



Using equation (11) and the identity valid for spaces of 

dimension 3, namely RALcd 	t.LeCk44- 
	we obtain 

al)sucj 
	

- (Si;. Gct] ÷ 2 	rio 	s) 

On taking triad components of equation (15) and suspending 

the summation convention, it follows from equation (14) that 

REES.C3 	(air. eeA YSAC (0(V.Ce
)   YCAES 4' ace 8SIIC a(B•C B 	griE8 

and 

2 L ra•cj 	gal3 /Le 6ec 4.204g) 	e  /L a  e+2040 

where Yngc  lw ilia; v13  ee 	are the Ricci rotation 

coefficients of the triad (‹) and where a dot signifies the 

triad component of a covariant derivative. 

The equations above are equivalent to 

(c<i -  az.) 	Yzu (°42. °43) 'w Y212 (64‘3-°41) 	(/6) 

say, and 
6.c,, 01  rim  Afi,c+S17) oc, A.e  - (0e -oec.) Yciin  + 11.c (004-0(8) + 

Using equations (13), (17), we obtain 

*4 A.1 # 	(c4 4 —.4D) Yai), 18) 

The classification of vacuum, non-degenerate fields 

(Jordan, Ehlers and Ku/At, 1960, referred to below as J.E.K.) 

can be extended immediately to non-degenerate perfect fluid 

fields since equation (16) is identical with equation (3.1.16) 

of J.E.K. 

If E=00 then Xv3= )311'1  ;12=0, and so the 

Weyl tetrad is hypersurface orthogonal. If, however, Eso, 
only e= 14,44  of the tetrad is hypersurface orthogonal. 

4 



e4 + 0-c 
(oe - 

3 f 	II = + 	k csa.c+mA 
4- 30C 	c 

	-= 0 

,.se 7) fields 	vzoc2=-10c) we see from 

equations (16) and (17) that Y231 =-4312= 0 and Yelp' Y322 

Hence we can use the result obtained in J.E.K. that, by a 

suitable rotation about e3 	and e, can be made hyper- 

surface orthogonal. Hence, a co-ordinate system can be 

chosen so that 

= (4(4  dx91  W20/342  ÷(€ (33  eix3)2 (elle 
('79) 

In this co-ordinate system, 

	

.12 	SR?  , \IA 	= 0 	fay 

	

a 	 (20) 

and 

Ynssz Roles g‘til 

Conformally-flat fields will be considered in Section 70 

4 Type D Fields  

These fields are characterised by the conditioni 

a = 	04 3  = - 2 oci  = - Z042  

If we choose the space-like triad so that equations (19) and 

(20) hold and specialise equation (17) to degenerate fields, 

we obtain -For c /j  Z.)  .> 

001 	414  (?, •3 	- 0 

We note that U cannot be constant for type D fields, 

since equation (8) implies that the 3-space is an Einstein 

space an.1 hence of constant curvature (Eisenhart, 1949). It 

follows from equation (14) that 044--,-o 	M.t2,1) 	and 
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ccz_E;2.Lie 	j  the pace is conformally flat. 

fin integrating the third of equation (21), we obta.T.m 

e-sttice 311 to  du 	320)1 	22) 

where l= 1:3  and Lo 	is an arbitrary function of mtegration. 

Eliminating cne  from the second and third  of e uations (21 it 

we obtain 

and hence 	q3 

3-c = 9 2 . 

f1:4 

	

23) 

From the first 	equation 21) it follows that 

i  -I 

Taus the metric takes the form 

°t 	
2 ji 2 	-411 e: 	2U 

ati 2 (3 /

er 
2 	+ 	(e) ,o4 .e d 

where do.2  is a twro-dimensional metric form dependent only on 

1:1  and X2  . 
The field may be divided into four classes:- 

_ e  . .0.4...t . 
Z - 	' 

II I 	e = 	01C))  XI) , i..e. 	1F 	cs1 * ° • 	Z I 04 
De: 

--3 	51--  . ° a . 

IV 	t T.. 	(''.°. x', 0 9  ;R* 	t 1  EC t03  4  ° s e, ez" #® 0 ,  
The classification is invariant since RI:4  is iquely 

determined when to isl  that is when ri)*O. The collation. 

T.c) has already been Shown to imply P = constant, anfL 

consequently all fields with pro belong to class I. 



-Lfece-. -mels - OisIonstaensiyJ 

Using the fact that e  is constant in equations (22)  

and (24) and eliminating U from equation (23) by means of 

equation (22), we see that the metric takes the form 

k L.%
22' 

eltt) 	 ( 26) 

The function of 2. before the pie term in the metric 

has been eliminated by a co-ordinate transformation of the 

form: iei(i) . For the case of constant density, equation (11) 

may be integrated to obtain 

• 
	 27 

We note that equation (26) is identical with equation 
-3r 

(3.2.12) of J.E.K. if we put c4=± t 	. Hence we can follow 

J.E.K. in subdividing metrics of the form (26) into the four 

classes:- 

(A) the hypersurface 0( =constant contains the space-like eigen-

blade of the Weyl tensor, i.e. oc= 04110 ; 

(B) the invariant oe is constant; 

(0) the hypersurface a =constant contains the time-like eigen- 

blade of the Weyl tensor, i.e. ex-0040; 

(D) the hypersurface, o  =constant contains neither eigen-blade 

of the Weyl tensor, 1,e.  

att_al 

In this case, by means of the co-ordinate transformation 
Ye 

ae , the metric can be expressed in the form 

G 	z I do.-2 	V2(2) 	
e2uo, 	(28) 

On using 43 and A4 in the Appendix, with Ve- z , the field 



( 	Yu 1) IF1 	1/ 	— J r 	- itP— 	a 

V 3  L 43 	2 V13 
V 	a y u,3 	• 11,1 _ 

s 

(29a)  

(29b)  
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aqvc,ioa.Ls ri,ecom(- 

v U 

	

U2. 	VI3 UIS j334 	3 	V 
+ 2 11:13) 12- ( c+ 3 Jo) I  ( 29c) 

where J( /440 is the Gaussian curvature of 

Since K is the only function in equation (29a) that depends 

on x! and 2e-  it must be constant. By a change in the 

scale of vi we may set Kt j-- 	or;  9 	and choose 

co-ordinates e and 	such that 

Cior2  = di92 	fV9 el 96 a  9 	 ( 30 ) 

where 	RO> = Sin , e) , sink 0 for 	a 

respectively. 

From equations (29a) and (29c), we obtain 

va% 
2 V3 	

$ 

which, when integrated, gives 

v-2 = k 	— (31) 

where vIt is constant. A second consequence of equations 

(29a and c) is the equation, 

v 2  z 4  ( u 3  4 „ v 013) = 03 0 

On using equations (27) and (31) we obtain 

( k- 	z 2vvIE1 Uwe 11 	- $11 z-2Teu  = 
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and, oxi integration, 

k 	ea % --2h12-9[•B 	 (32) 

In general, equation (32) involves elliptic integrals, but 

for WL=0 -,"it becomes 

tL 
	

C f 	 9 
	

(32a) 

whereas for jo4r 0 (i.e. /4=0) equation (32) becomes 

V
.,-1  

• 
	 (32b) 

Using equation A3 we see that the invariant oc is given by 

- 3 04 	- 2 vyk 	. 

If 	= 0 , it follows that 04.= 0 and hence that the space 	is 

conformally flat. Ii 

The metric (28) admits a four-parameter isometry group 

G4  Q-,5 

 

x GI I  and G 3  which acts in the 01, x19 surface contains 
a one-dimensional isotropy subgroup. For l<=1 

	is 
isomorphic to the group of the sphere and the space is spherically 

symmetric. For R=0, G3 	is isomorphic to the isometry 

group of the plane, whereas for k=-1 , G 	is isomorphic 

to the group of the two-dimensional Lobatschewski space. 

If /<-.. 1 and wt=0 the solution is the interior solution 

of Schwarzschild (1916),and if 14:=1 and•  14.0 it is the 

exterior solution of Schwarzchild (1916) with cosmological 

constant. These solutions generalise those obtained in J..E.K. 

(Case A) for vacuum fields to the case of a perfect fluid of 

constant density, 

Case (B)  

The metric (26) becomes in this case 

 

 



eua,-ons 	and A4 with Vlek4=1 , the field eqleations (8) 

become 

Z113 	= 	=.1".(r3y) 

where K is the Gaussian curvature of 04-% 	follows 

from these equations that Jo-T=0 and i<= e • Further 

from equation A2 we note that - (Z133 +42) is the Gaussiam 

curvature of de= det-J2270/tz, and so the space is the 

direct product of two two-dimensional spaces of the same 

constant curvature. In fact the metric is given explicitly 

by 	
Gr = 0191 4.sivtl(ie)ehri- de- siA2(if )Jt 0 

and 	
G.-= del + stnl.'(„f• do) d 	ole%- siALU-oz)tit2 

 
14-( e< o .  

If ro the space-time is flat. The invariant a is give 

by 	a= -% 	. The above solutions all possess a six 

parameter group of (local) isometrCes. If 

space-time is of type D and so the group is complete. 

Cases CO and (RI 

It is convenient to consider these two cases together. 
-Tr ii 

We write a= 	, and introduce a metric G 	by 

e
-(4.rilz) , i. e. Gu= 47%4- 	• On using equation Al 

-(2teZi 
with 11... 3 and V=  	we obtain 

r aL,
6,6 	2r-1-7 	p 	

- (2r)( 2r 1
1c r-kZ)‘ 

I 4-  4 14  e 4-  z 	 - J 1) 3  

where covariant -derivatives are taken with respect to 	and 
Q 

no zne 
K4and Rli, are the Ricci tensors of C' and LT 	respec- 

tively. On substituting the above equation into equation 

we obtain 

R" is 2 t"( 	z) 	
r 	2r -(2r4A2r+7)1G ] 	( 3 ) 

at 4- .e 	— 13 	e 	e 	ke J at • 

This equation differs from the equation (3.2.29) nJ.E.K. by 

and 
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t.e 	Lavolviqg * 	and hence we may use the proof in 

J.E.K. to Skov/ that, in appropriate co-ordinates Pic 	z, 	), 

the metric takes the form: 

G 	(x+Y) 2  [Clete f dot .4. de .e2z-dtz] 
9 
	

(34) 

where X*y= CV  , y.wo  , Z=Z0 and T,,410 

In case 0, since r,3 •=c) , it followthat Y is constant and, 

by a suitable translation of the co-ordinate X 	may be put 

equal to zero. The metric is of the form: 

= 	X -z -C4  d x9-  .. d 	÷da7- - R.2  del 	(35) 

On using equations (8) and (9) we obtain 

U1IX  
e ) NA 3 = A . 1 2 • where 

2.e.7  Using equation A5 with W> 	 X C4  and remembering that e. = 	, 

we obtain 	+ 	° • 

It is unnecessary to integrate the remaining field 

equations, since by means of the complex co-ordinate trans- 
,.  

formation: -*:= )( 0- tt 	f= 10 the metric (35) - 

and field equations may be put in a form identical with that 

of equations (28) and (29) with jc+---o. With the aid of 

equations (31) and (32b) we obtain the following solution, 

G = (K +  2b 1 1 c ..rlif'd-ri. 	4- 21,4.4  - r-') 9!' -1-1( de.  - ct) de) 

where f059 Sivt6,9  (9,stlyte for hc = +1, .0 ,71 respectively. If C 

is to have the correct signature, 	k + 2k,44.4 - r 1->o 
The invariant a is given by 

a = 2 w1.4- 
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The solution has a complete four-dimensional isometry 

group and a one-dimensional isotropy group. The time-like 

eigen-surface of the Weyl tensor ('t=constant,O=canstant) has 

constant curvature K 	This solution generalises that of 

J.E.K. (Case B) to include vacuum solutions with a non-zero 

cosmological constant. 

In case D yic, and X'+0 . Only two of the field 
equations (33) remain to be-integrated. If we put .2,4=3 ancl 

use equation A5 with 1f= I we obtain 
2(xtirle= T2jo.e2r_ -(2r-1-z)(€2.ri-Z)ic 

IIC 	9  

and if we contract (33) we obtain 

r 	 = 3 [ 2 y e2r. de-4z ( 2.z+z)ic 
/ neJ • 

On using equation A6 with 3: zer4(x)and e.:1 we obtain 
41'4  

utZil— 2 (x 4)40 H# zrz° 4.-r) +4(x..112  (yd ÷ 

From the last three equations we obtain 

(z" 42.1')(x+y)1-(2)/"4-2Y1' +.0(x+y) + 301124 
	

(36a) 

and 
	- 	")(x+y) -- y" 

	
(36b) 

In addition, equation (9 ) becomes,with the aid of equation A6, 

(Z"+ZI1)(X +Yr - (Y" + 3Y'Z' e)( x+y) 13(y1“)--: ik+3p) (37) 

From equations (27), (36a) and (37) it can be seen that 

y I/ 	y' z' 	-- 	I-Z 	
• 
	 (33) 

zit 
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(.36b) is equivalent to the equation 

.1"Se „ 2 (Z" -.111 )x = 	-C" x +24" - hy" 	212  "4289Y 

	

(39) 

We note that the right-hand side of this equation is the 

sum of a function of X , 00 say, and a function of 1' 

On differentiating equation (39) twice with resect to X it 
DV 

follows that 	
f 	

1.1%.- 0 , and hence 

a X 3  + Lyz 	cx 4.d 	k = .2(60 	(40 

where ct,h,c and d are constants. 

If we substitute the equations (40) in equation (39) we obta 

z"1-2". - 30 .1. 	0 2y" - (" +z )y 	e- 1y 

Consequently, 

2y 3' 	102  - 2 Ly 

vii  
and hence 

where at is a constant. 

0%. 	+cy 
(4-1) 

If a co-ordinate transformation is made so that 2 is replaced 

by y , then the metric becomes 

= (x+Yr[f401x2  +foie -+ 

From equations (38) and (41) we obtain the equation: 

d4 

( 	
T 

which on integration gives 

= 	+ {M3 's ) • 	(43) 

On substituting equation (43) in equation (36), we obtain, 

with the aid of equation (38), 

and hence 

5( 014 g) 

-P(x) 	1(-)9 
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The inva riant od is given by 

	

ac = 	(x y)
3 
 I  

and so if o. v0 the space is conformally flat. We shall 

assume that ct#0, and then by affine transformations of the 

co-ordinates X and X and a - change of scale of the cc- 

ordinates 	and t we may set a= ±1  and 1.o whilst 

preserving the form of the metric (42). The metric is given 

by equation (42), where flit X3  4-0,X±ei and 	and 	are 

given by equations (43) and (44). There exist two functionally 

independent metric invariants:- 

04= 	t Nt.y) 
3 	\C2  i y" 	t (x3+y 3) 4- C(X+Y). "' 	e 

where Yr .g 04 113  . Thus the trajectories - of the isometry group.  

are the two-dimensional surfaces 	=constant, y =constant. 

Since the metric is type D,the isotropy group acts in either 

the (X,#)-surface or the (y,t)-surface and consequently must 

be discrete. Thus, the complete isometry group is two-

dimensional. From equations (27) and (43), we -see that the 

pressure is given by 

+ 211 3-92 0(4 y)(t+ A in  3-36,611 
	

(45) 

The above solution generalises the solution C in J.E.K. 

to the case of a uniform density perfect fluid and contains 

the solutions in J.E.K. as a special case. 

6 S ace-Times of Glasses III! :Variable Dens 

In case II 	ki= (2))  and from equation (12) it follows 

that Us 1) and hence from equations (22)-(24) we may deduce 

that 
OL = OC(0 9 	0, 3  ..: (?) 3,(z) 9 
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By mean of the co-ordinate transformation 	it follows 

that the metric (25) takes the form 

G 	= 	za eice- .0. Ow 	- 
214a) 	

(46) 

This equation is identical with equation (28) and we may use 

the analysis following equation (28) to show thc.t jerl  is 

of constant curvature K , and consequently takes the form 

(30) and that 

	

V-2  = K 	 (.)52Jq 	4- 2 WI -1  • 	 (47) 

For this metric the invariant oe is given by 

	

r. 	2.42"  + 	Z:3102.  cs(s) ssds . 

The metric (46) admits a four-parameter isometry group with 

a one-dimensional isotropy subgroup. For K4 the space is 

spherically symmetrical. Spherically symmetricalpith non-

constant density have been considered by a number of authors 

(Tolman (939) Wyman (1949), Bondi (1964)) and many of their 

results have trivial generalisations to the other two eases 

(1<-.1c),K=4) obtained above. 

We shall consider classes III and IV together. For these two 

classes emlko for C=1,2 and in class III the condition eis=o 

is also satisfied. The metric is of the form (25) 

_2U( 2V 1,  

where 	0.+ 	and 

Y13 "1r  gla 	-S°̀ 1°4-15013 • 	(24)1 

With the aid of equation A7, the field equations (8)'  become 

when a-3 and b.-1 , 2 

2 -2U 	211 
+ 	de) - 	itz (25)® 
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Elimf.nating Y from this equation with the aid of 

equations (21) and (24) we obtain 

2 	11 1 34, 	th is IA1, ) + 	OC-16413 U113  4- ilL3 atilt) + !pelf  Ulb k 1̀3  0. 

With the aid of equations (12) and (21) we see that 

+ 2 11131116 + 	oz4( c413 ti th 2.414, U13) = 0 . 	( 48) 

One consequence of equations (12) , (21), and (48) is iLat 

Oil Ulu 	1112 /1/31 	9 

and hence 	It= li(f oc;x2) , 	and, by means of the co-ordinate 

transformation 	xi - X = (42e) , we see that 114/N E.). 

Equations (21) and (24)1  imply that 

= a(x tz) 	Y. Y(x92) . 

On choosing e= 	so that the x1.- and 2a2"" lines are 

orthogonal, we see that the metric has the form: 
. 

C= C24 e" ( 13 20c,ode +V(x,4410) + 
	„e-.2u di2.1 e2 de. 

 

The remaining field equations (8)/ become, on using equation A7 

with dal, — tee Y13 a4, I 

2 21/ - u. 	itycl 2. 4 \ oce 	e 	111 +266,3  +Y; + .113 1(13  44413 4d 6413 113) 	
2 
14 

 2a 
 1/ 4( 49 ) 

t 	 2ti cc, 	, and ail 	ice_ 	24.1 (A / 
A. 13  + gee 	+ 1.2  a Ci 2Yt Y 	Y442/rit =4 	0 0-0) 

IS3 • 	)3 	i3 13 	c‘13 I 	Hs 	 )4e, 

A-, 
where 7C I, is the Ricci tensor of 1-(= e."01'61x2-4.r.10.9 	and 

4)1) I.J.2 . For a. 1 	and 1.1 	 4 -14)11  equation (50) is (04 e 	la0 , 

i. e, fill  (.44,e-19 li  =- 0 . Consequently, either A= iciN or 

°Cell= PM . In the latter case equation (50) implies 1114 lla 

is proportional to S4 L , and since 	liu= 0 it fo-  lows that 
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it Ike) and, from equation (12) , that e= eta) 	This 

contradicts the defining equations of classes III, IT . 

Hence it follows that A= 409 . Subtracting the equation (!0) 

with 4.1v:2 from that with a=b .1 , we see that 
tIi 

dea  keel  -") i  614g:11; + 2 	= 0 , A 

which implies that Vi 	f b(x,7) . Since Z. i3(X,s9 s  it 

follows that B4As  = l' -̀'(x) and consequently 13 = 4x).3(1) 

By means of co-ordinate transformations of the form X.' V99 
and (3% 	s  the metric may be put in the form: 

2 U = 	e2 Ytroo  (de  0/4,i) °ca. 4-2u01, ,j_i22adi  
(51) 

where 	tt= 14(cm) , Y=Y6ce) 	and 	egr.,4(X,2) 

In class III we have in addition Us3= 0 and so equations (24) 

and (48) imply that 0(13 = Yiz = 0 • The metric is of the 

form (51) but in this case 	11.= 	Y-YOO and ce = 	. 

The metric (51) admits a two-parameter abelian isometry group 

in class IV and a three-parameter abelian group in class TA:I. 

The metric can be put in the Weyl normal form: 
_2 u I 	2 e (ix + dz) + ez3102] - e2uoltz, 

where 	U.= 14,a) , •=0,E) and S = 4,0 by means of 

co-ordinate transformations of the form g= (()e) „ 

However, it seems easier to integrate the remaining field 

equations if the metric is left in the form (51) . 

If we write 4(1. 7-. ile"and 	V= 04-1.e. 211  in equation (51) 

and use equation A7 with 	r413 V 4  Sit Sept /4,v4,2 • we 
obtain :6 /4 

V e 2(3(3 jj.  4 V.4 §O,1)  St: 4  v-yc3133 _v4(3,3v13 ., 2 ($i) ": 4 V4- 2  ot ki-24sis,, 
V -1  (v4  

8 
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4 -2a V 4. .14 	AV ( k31.33  4 (31; - 	ft, v 
v13 	'F 

Since the metric is of type D and since the Z -direction is 

the distinguished Ricci elgenvector it follows that Ar 

Not, that 	2 =0 , we see that the X- and 0-directions 

are also Ricci eigenvectors and consequently 

Using equation (52) we see that 

-2 
Pis 	to) , Vsi e 	= .5c.a) (53) 

It follows from the field equations (8) that 

U-111 	al 12 	 je t( 1 1 3  
2  9 ( fli 

where the covariant derivatives are taken with respect to 346. 

These equations imply that 

u  ( 4  V 41.1342. )ii  
4 V (313 /41 42-

u 
• 

We note that -c#0 since U,#0 for classes III and IV. 

Equations (53) and (54) imply that 

and 	3 

V Jo, 9 a 	LI 1, 
U13.e 	10) e + 4ta) • (55) 

If we eliminate a from equation (48) we obtain the equation 

1111.3 
	 V4 (ak kiii3  + 2 ili$ 	= 

On substituting equation (55) in this equation and writing 

Ik) - 	we obtain the equation 

liu  Is  31k2 0:1-4  + it s  4- (3,L1+0,4-eui 

Since iiii * 0 , it follows that either 

or 	= 	• 
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ftO 	follows from equations (22), (55) and the 

defixition of V that 

lu 	32to 
f (00 4- di( 4  41- 	• 

Consequently 
S
OA) .e:3(4011.t 	is a function of 7- only and 

hence either t/. 49 or =constant. In eithel. case this 

contradicts the equation defining classes III and IV. it 

follows that the equations I= Ae l=tv&j=0 must be valid. On 

substituting these equations in (54), (55) we see that 

\of= 1144.. 	k 
	

/31 3  = 1113  = k(e) V • 

On integrating these equations, we find that 

2 	= Hoo  at  2L 	U 	-1 
` 	e  k 	PI(e) 

where 	I4 and c00 are arbitrary functions of integration and 

clt From the first of the equations (54) it . 

follows that 

1-1(x) 42)  = - k ç1(x) h) 3 

and hence 1460is proportional to II(X) 	. If we make 

the co-ordinate transformation 	- Y09 and then make 

suitable scale changes in the other co-ordinates, we may write 

the metric in the form 

	

m 	+ xi"{ ride +
p4Z

d - X1.41 	(56) 

where F= F(x) . The field equations (8) and (9) that are 

not identically satisfied are 

(vt•fht4 r —164 0.1 (3•4- NO Fa  4. wi Pvrt h/g F (ft+ kix)se+ t 	r 	, 
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(11.1?- 	wt Ft  + 	900 41 -30.14.q +3te = *19 	(5m) 

(m+ 11/4 Fi  - 3*. n X4 	WO9 h" 3hi 2.74:  *3  j3) o (57°) and. 

On subt•riicting (57b) from (57a) we obtain 

h. I' 	 rib() 	in X( F"- r/g) = 0 	(58) 

It follows, on differentiating equation (58) with respect to 

	

that either 	rtko =0 or F u+P'g =r4a , where a 
is a constant. 

In the first case the metric (56) is independent of a and 

so these cases belong to class III. The remaining solutions 

will be shown to belong to class IV or to be conformally flat. 

In the case where nit=o equation (58) becomes 

(vok. 1,09 	(Yv - wo(,) 	=0 	• 

On integrating we find 

F 	6 	not 	x +. 2. wv x 	x.%) • 	(59) 

where b and C are constants. From the equations (57) we 

obtain the following expressions for the pressure and density 

2 	= C X-1  

The invariant oe is given by 

oL = - 	X 4 (n. w.() 3 

Clearly the space is conformally flat if 	t 	Ytclo 

the metric admits a complete three-dimensional abelian local 

isometry group. The completeness follows from the fact that 

trajectories of the complete group must be contained in the 
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iperea,face)(conetant and so the group -is of dimension 

at most 6. However the isotropy group is of dimension at most 

one since the metric is of type D and acts in the surface 

,f=constant, 4 =constant. Since the vector U is unique it 

follows that the isotropy group is discrete and that the complete 
is 

isometry group4of dimension three. 

If however te*C) ri-F% 4,a . On integration we obtain 
the equation 

F7  20 6L65..X c 	 (60) 

where 6 and c are constants. Prom equation (58) it 

follows that 

	

00 *- a 100 4 d = 0 	$ in CX F " - r9 = 0  • 	(61) 

where 4 is constant. Using equations (60) and (61) we see 

that otz.o and isdszo . On integrating the first of equations 

	

(61) we obtain Kw 1(44(AL) 	, where 	46)..t. cip* +13) 1  2.'6 , sifts.  /6.02- 4-B) 
for lk,0 '; a=0 , a4 0 respectively. 

On using the equation A7 we see. that the invariant of is given 

by 	 pt. = 	 ko KA'  V.1  • 

If the space-time is not conformally flat, 6#o and consequently 

sweo. Thus the metric (56) has the form 

W‘' 	h-21 	+ of 02. + 	xidtt) 

where F= F(x) is given by equation (60). On using equations 

(57) we obtain the following expressions for the pressure and 

energy-density of the matter: 

2 15 = 	 Ira) 	 3 
(62) 
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where TPO bit, 1 	for a#0,a=c) respectively. 

A second (functionally independent of ) invariant is 

given by 	
Ys ac2  0414.4". 	II, 1 x 4-c) h.% X' 4- RI.1(a) . 

Thus we may use arguments similar to those for class ID 

to show that the complete local isometry group is an abelian 

two-dimensional group. It is easily seen from equations (62) 

that the equation of state of the matter is y). c 4-414tia) . 

7 Conformally Flat Space-Times  

In this case Cacfsys=0 and so from equation (13) it follows 

that otnyo for 11=1,2,3 . Prom equation (14) we see that 

liic".1q)and consequently they:space cross-sections k =constant, 

are Einstein spaces of dimension three. Hence the space is of 

constant curvature K = a 	 ( Eisenhart, 1949). Consequently 
we may choose co-ordinates such that the metric takes the form 

= 	K.41-1  cL 	etl(PL91 	e df) 	 V 2  fr, Ode. ( 63 ) 

The field equations (8) and (9) become 

and 

+.3r)s46 

±(-b- lr) 	• 

(64) 

The integration of equations (64) is a long butstraight-

forward calculation and eventually one obtains 

N1(= (tei..4 4- C coil)) ftS41.0 14..COS e &fa K,I9 AA‹ LI 1(0 ( 5 ) 

V = (11 	C coo) v1'sivv9 434-costiL + I # i A fit 	foe Razo 

where il,ta c,D,E.  are all constants, A being given by 

equation (27). By means of a rotation we set •B=C.-.0 in 
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of the metric (63.) 

obtained in a 

Stepanyuk (1968). 

in fact belongsto 

equ,ttion (65) whilst preserving the form 

This solution of the field equations was 

slightly different co-ordinate system by 

It will be shown below that the solution 

class IA with no . 

In the following it will be 

co-ordinates defined by 

1 31C:- 	' -tglAtios- itA0 (66) 

convenient to use Cartesian 

SPn.19 coS 96 	X3 	-rcos6). 

If K=o, equation (63) with equations (65),(66) becomes 

G= 	dx. 	+ di' - e +1.-. 	4 ey 
	

67) 

By means of the co-ordinate transformation i=Z 
	

the metric 

may be expressed as 

G = 	otx7-  + 01)1 * at - 	44% 	- Dihrl 
This metCic is clearly spherically symmetrical. Since  

it folIiintfrom equation (27) that 

2 	1 ( 	 PY41) 

The above analysis is not valid if 14---0 but in this case the 

metric (67) is flat, The transformation to Minkowski co- 

ordinates being given by 1 (Z4,i/D) coa lob • 	(z.4-47) 

k+o it is convenient to rewrite the metric(63) in 
A.. 71  

isotropic - co-ordinates (R)0,0) where R is defined by 'Pr: 11.4'5:7R 0 

We obtain 
-2r 

= 	R) 	* RP?* siKlo 

The space sections being of constant curvature admit six 

independent Killing vector fields given by (Robertson and, 

Noonan, 1968) 

If 

I = (1- 4 	 z X. Sq R1 SAA  + 	12-  
74, 	rct 

I 541 	6 	ae.S,,Lx asc, 	%.• 	- (69) 
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A,,.c 
It is easily verified that the three 4-vectors y 	defined by 

4'  - 1):-  • Ex 	Dr-EKL' 	4" 2 	2 	- 	3 x  3  $ 'IR = 	0 	(70) 
are Killing vectors of the space-time. Since these vectors 

lie in the two dimensional surface V=constant, t=constant, this 

surface is of constant curvature and win, EL cx.A.41.1sis of Seel-fats-o we 
Sae that the metric takes the form 

a :a (0c _ K 	ebri +  436.(e2+ cle) de) -R 	K-4,,pt;(71) 

where Rey. sivo, ts, sivtke )  k 04 41, 	respectively. 

The commutation relations of the operators XA (x4r: V; L., 
are 

[X11 X 11 -(3)1 K +E 2K, X 3  [Xt X31=  X1 [X 3, Xi] 	. (72) 

Hence if V-K+-EAKI )0,21t0•40the group is isomorphic to that of 

the two-dimensional sphere, plane, Lobatschewski space, 

respectively and in the metric (71) ot= 44,0,-1 respectively. 

If 	= 3K? O , we not that 7)2 K+ ele.unless 	FT° 
in which case the metric (63) is that of the Einstein Universe. 

Consequently we have proved -that the only positive density 

conformally flat static perfect fluid solutions are locally 

isomorphic to the interior Schwartzchild solution or one of 

the Einstein or de Sitter Universes. 
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8 Cogolusions 

All degenerate static perfect fluid solutions of Eirtsteints 

equations have been found. Thee are all found to possess at 

least a two-parameter group of local'isometries.  

solutions obtained are displayed below in Table I. The.!471,"tAsao...$ 

Cd0Liin itS a 	ti„,.. co vrtr  Let-e is, lit ekvsi 	a KJ iso t,,,..r.1 	1 re 1.A.pS 	ca.v'e 	1 ,,i et.- hi, 

5- 

 

&v.L l 6 1-49, -a.ci•e J-etj . 	r,.. 	ea I t4.4...w, 	4 	i& 	it etev S e 4.-T 	"Ia.., i....., 
#551-4-or , 	era t+12 ELI 14 

o 4- 
4 igr. w - 5 Lar4 4-4.e 	04 A. a 	lie 3  I 	Li. S oor• 	01-4sr ,... (. .0 el.j , 



Aspendix 

For the reader's convenience we list below a number of 

useful formulae taken from J.E.K. 

If in an "IL—dimensional pseudo—Riemanni#n manifold there 

exist two conformally related metrics G.  and 7  cr where 

It 

\I L& 

M. 	R Lk 

, then 

( 1  vlzh 4 " r"a(N1 2-'1  — 	v - 	60L-.2.) 	 j a 	P 	(Al ) 

44.e 
where covariant derivatives are taken with respect to 

For a two—dimensional metric of the form 

= (vidu9z ± (v d la') 

the following equations are valid:— 

R Lit 	K s 	, 	lel -2K a 
r 
re  

ej 
,11 

where 
	K 	474 [ 	4= (4)12] • 

	(A2) 

For a three—dimensional metric of the form 

G = 	142(e) gle 	Vocs) 4W/.  

where de igg 	 x a two—dimensional metric involving 	and X2  

only, we can choose xs  and xz  so that the co—ordinate 

lines are Ricci eigendirections. Further the equations, 

r i  
1 	Z w LK 4. •1•••%, W 

	

	 eD3 
V /13} 9 n 3 VW .%v a3 =o • (A3) 

Cdr /1,4 V, 

where K is the Gaussian curvature of J 	, are valid. 

For this metric 

rz 3i rr- 
1.3 	13=10  

rfs 
t33 =  

vi3 
V j 	it 112 

and if 	F-  = F(x3) 	then 

c" 	1413 r i c i 
r-  u.1 	siLw d 

.43 I 3
NE  = 	

/ a 
0, I" N3  = V

^2 
 (r 	F vq. (44) 



me-tr 	tiNce for 

G= 4, , 

the Ricci tensor is given by 

1? • = ) 	- Ito; 	4-' 0 R3 	V4  V"  (A5) 

Q 
3  Form 	w this etric e note that, since r i 	r  II fora L ,. 	, 

, where a semi-colon denotes a covariant derivative 

1P",,
- tix_4 where v 

and dak(liw4) 	a it follows that V /up, (vi  
/ 	A 

and if 	
1/44 	

for 	+ 

(v, frY4) fir 	 (A6) 

Finally for a metric of the form 

a-  = 	„ v.” dx1444  01649 dx.Kr, 

where tt,u--1,  4„2,_.......0,1-1 and k . Us 	 9 n fi  the secord 

fundamental form 1) --= dim  diteixv  of the hypersurfaces De' .--constant 

is given by 	climyr - iv4  i-,(31,40 . The Ricci tensor of 

this metric is given by 

V:, - le: $. vA(vvilv- P:) .t 04e, Y 

R " 	\ 14  (61 4  p " DI S pv  ) II , .. ----
r 	 3 	(0) 

and 	frIpt.  = 	( V 	 - .:0.4-dpv  it"  Hy 	g 

where a dot signifies 	 **%. 9 ik e is the Ricci tensor of 

and where covariant derivativ µ s are taken with respect 

1.1szj 

made with 

For a etric of the form 
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r 

(3)  

(4)  

2  2GM(a)  = f(a)— I, 
r 

GM(a) 
r 2  

and hence that 
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ON THE DYNAMICS OF SELF-GRAVITATING SPHERES 

A. Barnes and G. J. Whitrow 

(Received 1969 November 27) 

SUMMARY 

It is shown that the analytical results obtained by M. V. Penston for the 
Newtonian pressure-free collapse of a spherically symmetrical sphere of gas 
can be extended to general relativity. 

Penston (1969) has recently considered the free-fall of matter collapsing under 
its self-gravitational attraction and has obtained analytical solutions for the final 
stages. He has assumed that all the matter is initially at rest and that it collapses 
spherically symmetrically under Newtonian gravitation and negligible pressure. The 
object of the present note is to point out that the same solutions are obtained when 
Newtonian theory is replaced by general relativity. 

The problem of zero-pressure spherically symmetrical collapse in general 
relativity was considered by Datt (1938), and also by Oppenheimer & Snyder (1939) 
who used an internal metric with co-moving coordinates that can be expressed in 
terms of Penston's notation in the form 

ds2  = — e2  dal—r2 dc22+e  dt 2 , 	 (1) 

where r, A, v are functions of a, t, df22  = d02+ sine 0 d02 , and units are chosen so 
that c is unity. Prime symbols will be used to denote differentiation with respect to 
a and dots with respect to t. It follows, for example, from equation (4) of Thompson 
& Whitrow (1967), that the vanishing of the pressure implies that v' = o. Con-
sequently, v is a function of time only, so that by a suitable choice of time-measure-
ment we can arrange that = I. From equation (io) of Thompson & Whitrow 
(1967), it is easily seen that we can write 

eA = r'2If(a), 	 (2) 
where f(a) is an arbitrary function of integration. From equation (7) of the same 
paper, we deduce that 

where M(a) is another arbitrary function of integration, and for comparison with 
Newtonian theory we have introduced G explicitly. From equation (9) of the same 
paper, it can be shown that 

41rPr2r' = M'(a)• 	 (5) 
The function M(a) can be interpreted as the mass within coordinate radius a by 

the following argument based on consideration of the external metric. We first note 
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that, if p = o for a> a3, then, from equation (5), it follows that M(a) = M(as ) for 
a> a,. If we next introduce variables R, T defined by 

and 
	 R = r(a, t), 	 (6) 

41{
1  

dT - 	

1- zGM(a8 )1 

f(a) 	i  dR+  di 	 (7) 1- 2GM(a8 )IR 	\/f(a) 

the minus sign arising before the first term because the system is contracting, the 
metric (I) can be written in the form 

2  - dR ds2  = 	  R2  dC22  + (1- zGM(as )IR) dT 2. 	(8) 1- 2GM(a8 )IR 

Equation (3) ensures that the right-hand side of (7) is a perfect differential, and 
hence (8) can be interpreted as the Schwarzschild external metric. Consequently, we 
can regard M(a) as the mass within coordinate radius a. 

Equation (4) is the same as equation (1) in Penston's paper. Initially all the 
matter is assumed to be at rest, and if the co-moving radial coordinate a is identified 
with the initial value of r we obtain the same parametric solution as is given by 
equation (2) of Penston's paper, namely 

r = a cost 0, 

t 
 = {
-87T  Gp(a)} 112  (0+1 sin 20), 
3 

where p(a) is the mean density (inside a) defined by 

M(a) = 3 asp(a). 

From equations (9), it is easily seen that, if collisions between neighbouring shells 
do not occur, p(a) must be a decreasing function of a. As Penston states, if the 
density has a smooth maximum at the centre, its value for small a would be given by 
a formula of the form 

a2 
p(a) = p(o) (1- A-2  

where A is a constant. He shows that after a time 

t f = 
	

32Gpo)' 
377"  

where po = 15(0) = P( 0), a singularity will develop at the centre of the form 

p cc r  -12/7,  

and we now see that this result also holds in general relativity. In fact, all the results 
in Sections 2-4 of Penston's paper can be regarded as valid in general relativity. 

This extension of the results of Penston's investigation to general relativity is 
analogous to the formal equivalence, discovered by Milne & McCrea (1934), of 
pressure-free world-models in general relativity and in Newtonian theory. In these 

(9) 
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systems, however, the density p is uniform throughout, being a function of the time 
variable only. The common feature of Milne's and McCrea's investigation and of the 
present work is the zero-pressure condition. 
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Abstract. The propagation of light in a spherically symmetric dust distribu-
tion is investigated. A sufficient condition for light to escape from a collapsing 
region to an expanding region of the system is obtained. This corrects the 
1966 result of Raychaudhuri. It is also shown that, contrary to the conclusion 
drawn by Sorn in 1968, no event-horizon other than that associated with the 
Schwarzschild radius occurs. These results are illustrated by some numerical 
calculations for particular models. 

1. Introduction 
The gravitational frequency shift of light radially transmitted from a static source 

to a static observer in the Schwarzschild exterior field has long been known 
(Schwarzschild 1916). Synge (1966) obtained the corresponding result for non-radial 
light waves. More recently the frequency shift of light radiated from a pressure-free 
collapsing sphere has been considered by Faulkner et al. (1964), and also by Banerjee 
(1966 a), who obtained an analytic formula. The generalization of these results for 
non-radial light rays was given by Jaffe (1969). 

The additional effects of cosmological expansion and of the gravitational field of 
matter between the source and the observer have been considered by Raychaudhuri 
(1966) and by Banerjee (1966 b) and by Som (1968). If there are no discontinuities 
in the density, Raychaudhuri concluded that light from the body would be trapped as 
soon as collapse sets in, but this will be shown to be incorrect. Instead, so long as 
light is not transmitted through any matter that has contracted to a radius R < 2M(r), 
where M(r) is the gravitational mass of matter within the co-moving coordinate 
radius r, it will escape. This result holds even if there are discontinuities in density. 
We note that the 2-surfaces (R = constant < 2M(r), r = constant) are closed 
trapped surfaces (Penrose 1965). Thus it appears that no essentially new features 
occur when the expansion of the universe is included in the analysis. 

2. The equations governing a pressure-free system 
In general relativity the metric of a spherically symmetric system may be written 

(Landau and Lifshitz 1962) in terms of co-moving coordinates r, 0, 0 and t in the 
form 

ds2  = dt2  — (R71-1)2  dr2  — woe sina 0 42) 	 (1) 
with 

and 
	 = r2 _ 2M(r)IR 

	
(2) 

= 4-77-pR 2R' 
	

(3) 
where F and M are arbitrary functions of r, p is the energy density of matter and prime 
and dot symbols denote differentiations with respect to r and t respectively. 
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Differentiating equation (2) with respect to t we obtain 

= -MIR2. 	 (4) 

Equations (2)-(4) are identical in form with the Newtonian equations and so we 
interpret M as the active gravitational mass within coordinate radius r. We will 
consider only matter with positive gravitational mass since no matter with negative 
mass has yet been observed. 

The proper distance s from the centre to radius r is a strictly increasing function 
of r and, since s is given by 

s = J T  (R711) dr 

we see that R711  „>„ 0. We deduce from (1) that P is the derivative of R with respect 
to proper distance in the radial direction, and so where 1-‘ < 0 the gravitational field 
is so strong that it begins to close the space: i.e. on hypersurfaces of constant t, the 
area of the 2-surfaces given by r constant decreases as r increases. 

We will assume that r = 0 is a point, i.e. R(0, t) = 0, and from (2) we see that 
M(0) = 0 and P(0) = 1. 

To simplify the analysis below, we write P2  - 1 = f. Integration of equation (2) 
then yields 

2M{(x + x2 )112  - sinh -1(x)112} 
t 

f312 
for f > 0 (5) 

2R312  
t = 	 

3(2M)112  

2M{sin- 1(0)1/2 ( x  x2)112} 

t — 	  
( _f)312 

2Mfr — Sin— 1(x)1/2 ( x  x2)1 12} 

t = 	  
( _f )3/2 

for f = 0 	 (6) 

for f < 0 and R > 0 	(7a) 

for f < 0 and R < 0 	(7b) 

where x = f IR/2M and sin-1  takes its principal value. We have chosen the arbitrary 
function of integration so that the system originates from a singularity at time t = 0, 
i.e. R(r, 0) = 0 for all r. 

When M is constant, we see from equation (3) that p = 0, and hence by Birkhoff's 
theorem that (1) must be the exterior Schwarzschild form. In fact, the coordinate 
transformations 

and 
	 dT = dt/P + dr/(1 - 2M/R)I1  

RSch = R(r, t) 
transform (1) to the usual Schwarzschild form. 

The equations (1)-(7) given above are equivalent to those of Raychaudhuri (1966), 
except that he used (7a) for both positive and negative R which is incorrect. 

We note from (7) that matter with f < 0 expands to a maximum radius 2M/( -f) 
at time T = nMI(-f)312  and then contracts to a singularity at time 2T. We will 
assume that after this time the matter coalesces to form a point-mass at R = 0. 
From (6) we see that matter with f = 0 expands to infinity with R = (9Mt2/2)1I3, 
whilst from (5) it follows that shells with f > 0 expand to infinity with R fil 2t 
for large t. 
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The particular system described by the model depends, of course, on 
f (or I') and M. For instance, if M = 132'3  and f = kr2 , we obtain one of 
the Friedmann universes, whereas Raychaudhuri's example, namely M = Pr3, 
f = — r2{2 exp( — r/r 0 ) — 1}, represents a universe that for large r is asymptotically a 
negatively curved Friedmann universe containing a region (r < ro  In 2) that ulti-
mately contracts. 

3. Restrictions on the solution 
P and M are not completely arbitrary since the first and second fundamental 

forms of any hypersurface, r = constant = b, must be the same whether the hyper-
surface is regarded as embedded in the region r < b or r > b. This ensures that a 
system of admissible coordinates, i.e. one in which the metric tensor is Cl and piece-
wise C3, exists (Robson 1968, Misner and Sharp 1964). The continuity of the first 
fundamental form implies that R(r, t), and hence P, are continuous. Consequently, 
from (2) we see that P2  and M are continuous. The continuity of the second funda-
mental form 0, where 

= RP(d02+sin2  0 (102) 

shows that I' itself is continuous. Continuity of M implies that surface distributions 
of mass do not exist. 

We note that R71-1  0 cannot hold for all t if R' changes sign, and so we must 
find conditions on M and f that ensure that this does not occur. We need the follow-
ing relations: 

M' f' 
R' =

M —Pt M 2f 
— 	for f 0 	(9a) 

and 
M'R 

R' — 
3M + 10M 	

for f = 0 	(9b) 

which follow from (2), (5), (6) and (7); and 

Et = 2R/3 	for f = 0 	 (10a) 
Pt < 2R/3 	for f < 0 	 (10b) 

and 
2R/3 < Pt < R 	for f > 0 	 (10c) 

which follow from (2), (4) and (6). 
It will now be shown that R' > 0 if and only if 

M',0 	and 	3f'  > 0 	for f < 0 	(11a) 
" 

M' 	0 	and 	 f' 0 	for f 0 	(11b) 

but where f' and M' are not simultaneously zero. 
That these conditions are sufficient for f = 0 can be seen immediately from (9b). 

For f > 0, using (9a) and (10c) we have 

R' > 	 > 0. 

For f < 0, a similar argument, using (9a) and (10b), shows that the conditions (11a) 
are sufficient. The condition M' 0 is necessary since from (9), and the fact that 
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Et - IR for small t, we see that R' M'R/3M. For f 0 the necessity of the 
second condition f' 0 follows from the asymptotic behaviour of R' for large, t, 
namely R' ftl2f 112  for f > 0 and R' N  TR2/10M for f = 0. If f < 0, we note 
that collapse back to a singularity occurs after time T = 2irM/( —f)312  and, since 
dT/dr > 0 (for otherwise R would decrease outwards at some stage of the collapse 
sufficiently near the final singularity), the second of the conditions (11a) follows 
directly. 

To obtain necessary and sufficient conditions for R' < 0 we need only reverse 
the inequalities in (11). 

If the conditions (11) do not hold then at some stage of the motion collisions take 
place between neighbouring shells and we can no longer use co-moving coordinates. 
We could try to follow the motion after this point using non-co-moving coordinates, 
but from (3), we note that if M' 0, R' = 0 implies that p is infinite, and so we 
would expect the zero-pressure assumption to be violated. We also note that the 
conditions (11) imply that p is never negative at any stage of the motion. 

We now consider the situation on hypersurfaces with P = 0. If P2  has a zero of 
order n and the metric (1) is non-singular, then R' must have a (permanent) zero of 
order Pz and if p is to be non-singular then so must M'. From equation (9a) for 
consistency we must have 71 2. However, so long as these conditions are satisfied 
there is nothing singular about the hypersurface P = 0 and it cannot be an 'impenet-
rable barrier' as Bondi (1947) stated. For example, in the positively curved Fried-
mann universe we have I' = cos r, f = — sin2  r, M = sin3  r and R = S(t) sin r 
but the hypersurface r = 7r/2 is in no way singular. 

4. The propagation of light 
We consider only light emitted radially, i.e. B = = constant. For light emitted 

outwards, that is r increasing along the ray, we have from (1), putting ds = 0, 

dr P 
dt R' 

and using (2), 
dR 
dt 	r + = ± (P2  — 1 + 2M)1/2  

the positive sign arising when IZ > 0 and negative sign when R < 0. 
We now restrict attention to systems with f < 0 for r < a and f 0 for r a, 

where a is a constant. This class comprises systems which contain a region (r < a) 
that ultimately collapses, surrounded by a region which expands to infinity. We will 
also assume that M and f are bounded, except possibly as r tends to infinity. This 
rules out infinite masses in finite regions of spacetime, and is also a restriction on the 
coordinate systems we use, since it rules out those systems that cover the whole of 
spacetime with a finite range of values of r. 

Consider first the case where P < 0 for some r < a. Since P 1 for r a, it 
follows that there is a neck P = 0 separating regions with P < 0 from the expanding 
background. It follows immediately from (13) that, if a ray from the region r < a 
reaches the neck after collapse has set in, then it can never escape to the expanding 
region since dR/dt < 0. Whether it escapes if it reaches the neck whilst it is expand-
ing will depend on the details of the particular model. 

(12)  

(13)  
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If P > 0 and 12 < 0, we see from (13) that dR/dt < 0 whenever 2M/R > 1. 
Since M' 0, it follows that d(2M/R)/dt 0, and so if at any point on the ray the 
condition 2M/R 	1 holds, then it will continue to hold along the ray. 

We have seen that the light cannot escape from collapsing regions once they have 
passed within their own Schwarzschild radius. 

However if, for r < a, 2M/R < a < 1 along the ray, we have from (13) 

dR 
> 	(r2  — 1 + a)112  > 1—a112  > 0 —

dt 
 

but for the shell r = a (f(a) = 0) it follows from (2) and (16) that 

14a, t) = (4M130113  0 	as 	t —›- co. 

Thus the light ray must eventually overtake the shell r = a and reach the expanding 
region. The condition 2M/R < cc < 1 is not very useful in practice, since, in order 

Figure 1. The results of numerical integra-
tions for light rays in Raychaudhuri's model 
(f = —r2{2 exp( —r/ro) —1} and M r3  
where r o = 1/ln 2 and hence f(1) = 0) are 
shown. For small r a singularity forms after 
a time t = 6.283185 but light emitted from 
the centre is not trapped until after 
t = 6.283183. At r = 0.72 the respective 
values are 63.38 and 62.86. The broken 
lines represent the history of shells with r 
con.tant and the numbers given at the inter-
sections are the values of the red-shift a of 
light from r = 0.72 and received by an 

observer moving with the matter. 

Figure 2. As for figure 1 except that here 
f = _r2 +r20. This model has a smaller 
minimum value of f( — O. 8 54 compared with 
—0.116 in Raychaudhuri's example) and 
light from the centre is trapped after time 
t = 3.04. This is earlier than the point of 
maximum expansion which occurs after a 
time t = 3.141593. The red-shift values 
given refer to light emitted from the centre. 
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to see if it is satisfied, one would need to integrate (numerically) either (12) or (13). 
However, a sufficient condition for a ray to escape is clearly 2M(a)/Rem  < 1 when the 
suffix 'em' denotes the value at the point of emission of the light ray. This last result 
seems to contradict that of Raychaudhuri (1966) who states that a ray would be 
trapped if it met collapsing matter at any point along its path. We illustrate this 
point with numerical integrations (see figures 1-3) for several models including that 

8 

6 

4 

2 

1=16.25 
R=10.72 
z=4980 

0 2 	4 
t 

6 10 

Figure 3. This model contains a region with R' < 0 and a neck at r = 2/3. Light 
emitted from shells with r less than about 0.55 can never escape and the cut-off 
at the neck occurs at about time t = 0.36. Results are shown for several rays 
emitted from r = 0.6. Rays emitted from this radius after a time t = 0.026 are 
trapped. The rays labelled by A, B, C, D, E and F are emitted at times 0.001, 
0.004, 0.011, 0.019, 0.024 and 0.044 respectively. The explicit forms of M and 
F are: 
f = —sin2  3777/2, 	M = sin3  37rr/2, 	 for r < 1/3 
f = —(2 +sin 3irr/2)/3, 	M = (2 —cos 37rr)/3, 	for 1/3 < r < 1/2 
f = —(2 —cos 37rr/2)/3, 	M = (2 —cos 37rr)/3, 	for 1/2 < r <, 2/3 

and 
f = cos 37rr/2, 	M = (2 —cos 37rr)/3 +(r-2/3)3, for 2/3 < r < 1. 

given by Raychaudhuri. A ray emitted from a shell that is expanding may eventually 
meet collapsing matter which is within its Schwarzschild radius and hence the ray 
becomes trapped. For an example of this latter phenomenon one need only consider a 
section of a positively curved Friedmann universe separated from the expanding 
universe by a region of empty space. 

We now consider the question of whether an event-horizon other than that 
associated with the Schwarzschild radius develops. From (9a), (10c) and (12), we 
obtain for f > 0 

From (5) we have 

	

dr 	(1 +f)1/2  
> 	 . 	 (14) 

	

dt 	(111' I3M + f' 12f)R 

	

f1/2  t 	( 	1)1/2 	sinh-1  x12

R  — 
1 +

x 	x 	
(15) 
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and so, unless x —>- 0 along the ray, there exists a positive f3 such that 

R < /3f 1/2 t. 

If, however, x -- 0 along the ray, by expanding (15) as a power series in x, it follows 
that for some )31  > 0 and sufficiently large t 

R  < 	12/3 

From (14) we have 
(m'/3m 	/2f)mir2 dr >  i t dt  

rem 	(1 +f)112 	tem 1311213  

and since the right-hand integral tends to infinity as t 	co and the integrand on the 
left-hand side is non-zero and is bounded, except possibly for large r, it follows that 
r -± co as t 	co. A similar argument proves that r —>- oo as t -- co if R < jef112t. 
Thus no event-horizon develops in the region r > a. This seems to contradict a 
result of Som (1968) who considered the special case where the collapsing body is 
separated from the background by a region of empty space. We merely note than an 
event-horizon would occur if a positive cosmological constant were introduced. 

A further possibility remains: a ray may approach asymptotically the coordinate 
radius a. For such a ray dR/dt must tend to zero, and so it follows from (12) that 
R —> 2M(a) along the ray in such a way that for large t the ray is passing through 
collapsing Matter. We now show there is only one such ray (for given 0, sb and rem) 
and rays which leave at later times cannot escape, whereas those emitted earlier 
escape in a finite time. 

If there were two such rays then all rays emitted at intermediate times would have 
this property, otherwise they would cross one or other of the two rays and the future 
null direction at this event would not be well-defined. If we label two such rays by 
and ii, ri being later than', we have r1(t) > r11(t) and hence (as R' > 0) R1(t) > Rn(t). 

Since for both rays R(t) ---> 2M(a) as t ---> co, it follows that eventually 

dR1(t)/dt < dRu(t)/dt 

and since this holds for all rays between i and ir, then (dR/dt)' < 0. 
However, as t ---> oo, r1(t) 	a, R1(t) ---> 2M(a) and f{r(t)} 0 and so eventually 

—2M1fR > 1. Now, from (9a) and (11a), it follows that by using X < 0 we obtain 

2M\ ' (2M) ' 2Mf' 
	< 0 

fR) 	R R(— f) 

(
-
2M

+f) < 0. 

Using (13) we have 

(dR f  + 2M)1/2  ' > 0  {(1  + f )112}, 	( dt \ ' 

and since this contradicts the condition above, there can be only one such ray. In 
the particular case of a collapsing body surrounded by a region of empty space, this 
ray is emitted as the body passes through its Schwarzschild radius. 

and so 
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5. The frequency shift 
If ua is the four-velocity of the matter and /et  the four-momentum of the radiation, 

then the fractional shift in frequency z of radiation emitted from the matter and 
received by an observer moving with the matter is given by 

aua)emitted 	O 
1 + 	= 

(k 	emitted  

kkaUaLbserved k4  observed 

kak, = 0, 	ka;b  kb = 0 

k4' ± (k4R1 /11)• = 0 	 (16a) 

dk4 	_ k412' 
dr = 

with a negative sign for an outgoing ray and a positive sign for an incoming ray. 
Equation (16) may be integrated analytically in two special cases. The first case 

is the class of isotropic cosmological models where k4  = 1/S(t) with R = rS(t). 
The second case is where M' = 0 (empty space) and here we have 

r -E 	1 	ir  _ \ 1/2 
=  	 (17) 

1-2M112 (1 —2M1R)112 11  + P) 

The first term on the right-hand side of (17) is the usual Schwarzschild red-shift 
factor, whereas the second is due to the motion. Equation (17) is most easily found 
by transforming from the usual Schwarzschild coordinates to co-moving coordinates 
by equation (8). 

In general, however, it is difficult to integrate (16) and one must resort to numeri-
cal integration. Equation (12) was integrated numerically and the red shift estimated 
using 

where ro.)  is the time interval between the arrival of two rays at coordinate radius r. 
The time interval between emission of the rays is assumed small. 

The results for various forms of f and M are given in figures 1-3. 

6. Conclusions 
A general pressure-free system containing both an expanding region and a region 

that ultimately collapses has been considered. It has been found that light rays emitted 
from matter in the collapsing region which meet a closed trapped surface in the 
collapsing region eventually fall back into a singularity and so an event-horizon 
develops and at later times no light rays can pass from the collapsing to the expanding 
region. If, however, a ray does not meet a closed trapped surface then, except for the 
limiting case considered in § 4, it must escape and furthermore it eventually overtakes 
all expanding matter and so no event-horizons develop in the expanding region. 
These results correct those of Raychaudhuri (1966) and Som (1968). 
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Since ka is given by 

we obtain 

and so 

(16b) 

1+ z = 1-observed/remitted 
	 (18) 
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