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Abstract

In this thesis four techniques which gauge Coulomb branch global symmetry subgroups of

3d N = 4 quiver gauge theories are introduced. This is a challenging problem due to the

quantum corrections of the Coulomb branch, nevertheless each technique developed here is

combinatorial in nature which avoids this issue. Three of the methods are a type of quo-

tient quiver subtraction, involving a subtraction of quiver diagrams, and the fourth is a quiver

polymerisation, which involves combining two quivers or forming a loop in one quiver. These

methods are derived from either 3d mirror symmetry, or through the analysis of Higgs branches

of 6d N = (1, 0) or class S theories using magnetic quivers. Mathematically, Coulomb branches

of 3d N = 4 theories and Higgs branches of theories with eight supercharges are a type of hyper-

Kähler variety called a symplectic singularity. The act of gauging a global symmetry subgroup

corresponds to performing a hyper-Kähler quotient on the moduli space which results in con-

structions for new symplectic singularities. After going through some physics and mathematics

background for the computations involved, the thesis proceeds by developing each of the four

techniques in turn and applying them to a range of physics and mathematical contexts includ-

ing: moduli spaces of instantons, dualities in 4d N = 2 theories, the 6d N = (1, 0) (E6, E6)

conformal matter theory, and nilpotent orbit closures. These results are supported with com-

putation of Hilbert series.
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Chapter 1

Introduction

Symmetries have served as faithful guiding principles in many topics in physics since Noether’s

elegant formulation of the relationship between continuous symmetries and conservation laws

[9]. Quantum field theory (QFT) champions the idea of leveraging symmetries in a problem

to gain understanding, which is a welcome oasis in a desert where many mathematical and

technical challenges in QFT place themselves adversely to physicists. It is no surprise then,

that the best model of the particles and fundamental forces in our Universe to date, the Standard

Model, is a QFT which is packed with various gauge, global, and even higher-form symmetries.

The addition of supersymmetry to quantum field theory, transcends the role of symmetries even

further [10]. In particular, the connection between algebraic geometry and physics becomes even

more apparent. The first to popularise this was Seiberg, when he leveraged holomorphy [11]

to show that the 4d N = 1 superpotential is (usually) not renormalised. This feat was only

possible due to the addition of supersymmetry. As a consequence, problems in supersymmetric

gauge theories can be turned into problems in algebraic geometry with its own arsenal of tools.

The study of moduli spaces of vacua in string theory and supersymmetric gauge theories has

been of historic importance and exemplifies the intimate connection to geometry. Physically, the

moduli space of vacua gives insight into the possible light spectra of particles and residual gauge

theories one can reach through the Brout-Englert-Guralnik-Higgs-Hagen-Kibble mechanism

[12–15] (or “Higgs mechanism” for short). With enough supersymmetry theories do not admit

1
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a superpotential and so computing the classical moduli space essentially becomes a counting

problem. In theories with maximal supersymmetry in d dimensions, one has to account for non-

compact scalars, which come from dimensional reduction of the graviton in eleven dimensions,

and compact scalars, which come from dimensional reduction of the 3-form in eleven dimensions.

The classical moduli space of theories in d dimensions with maximal supersymmetry is given

by the coset construction [16–18]

M32
d = En(n)/Hn (1.1)

where n = 11− d, En(n) is the maximally split real form of the E-sequence member of rank n,

and where Hn is the maximally compact subgroup of En(n) or the R-symmetry of the theory.

For d ≥ 6 the corresponding En(n) groups correspond to classical groups. Some properties of

the moduli space can be summarised through the following formulae relating the number of

non-compact scalars, N , and the number of compact scalars C.

n = 11− d = N (1.2)

dim Hn = C (1.3)

dimM32
d = N + C (1.4)

The moduli space of theories with 16 supercharges still takes the form of a coset. Due to

gravitational anomalies, these theories have either E8 ×E8 or SO(32) gauge symmetry [19], so

they must contain one supergravity multiplet and sixteen vector multiplets. The supergravity

multiplet contains a non-compact scalar and the vector multiplets contain compact scalars.

Through dimensional reduction additional compact scalars arise. The classical moduli space of

a theory in d dimensions, where now d ≤ 10 is [20, 21]

M16
d =



SO(26−d,10−d)
SO(26−d)×SO(10−d)

× R+, 5 ≤ d ≤ 10

SO(22,6)
SO(22)×SO(6)

× SL(2,R)
SO(2)

, d = 4

SO(24,8)
SO(24)×SO(8)

, d = 3

(1.5)

since the supergravity multiplet contains two non-compact scalars in four dimensions, and all
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scalars are compact in three dimensions. Quantum effects were accounted for by use of the U-

duality of string theory [22] in both cases of supergravity theories with 32 and 16 supercharges.

Breaking half of supersymmetry again, to theories with eight supercharges, changes the analysis

greatly. The focus of this thesis lies on gauge theories, supersymmetry is now relaxed enough

to allow for superpotentials but is also strict enough to constrain their form. The moduli space

of vacua is now the space of vevs which minimise the superpotential, these vevs are solutions to

the F-term and D-term equations. This uniquely places theories with eight supercharges in a

“Goldilocks” zone where one has enough control to extract exact results but also be able to study

a range of interesting spaces. In particular, the moduli spaces of vacua are not always symmetric

spaces like they are in cases with more supersymmetry. The moduli spaces of theories with

eight supercharges also separate into different branches. With the restriction to gauge theories,

the only source of scalar fields are in the hypermultiplet, vectormultiplets, and tensor multiplets

(for six dimensions only). The branches of the moduli space refer to subspaces where all but

one source of scalars can acquire non-trivial vev. The Higgs branch, the moduli space of scalars

in the hypermultiplet, is of particular geometric interest as it is a “symplectic singularity” [23].

These moduli spaces and their resolutions have also garnered interest from mathematicians,

they are hyper-Kähler varieties and have applications to representation theory, vertex algebras,

geometric Langlands, and more [24–29]. This thesis will focus on moduli spaces of theories with

eight supercharges and symplectic singularities.

The specific theories studied in this thesis are quiver gauge theories. Quivers encompass the

typical Lagrangian description of a gauge theory into a diagram consisting of circles, squares,

and lines [30]. As mentioned, there is enough supersymmetry so superpotentials are constrained

enough that quivers are mostly equivalent to Lagrangians. The diagrammatic nature of quiv-

ers provides a compact notation for gauge theories but can also make explicit certain global

symmetries of the theory by the combinatorial data in the quiver.

Quiver gauge theories have close ties to string theory constructions of supersymmetric gauge

theories and the two can often be “read off” from each other. The core brane systems that are

most amenable to the study of theories with eight supercharges are the Hanany-Witten brane
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setups [31]. Originally formulated in Type IIB, these simple diagrams encompass many non-

trivial features of 3d N = 4 supersymmetric gauge theories while taking advantage of the entire

web of string dualities. This formalism has been extended to provide descriptions of theories

with eight supercharges in four, five, and six dimensions too [32–34] from the application of

T-duality. The analysis from brane systems is not too reliant on things like the DBI action or

scattering amplitudes which give details about the gauge theory at hand. Much like with quiv-

ers, one will extract information and the physics of the gauge theories from the combinatorial

data encoded in the brane systems.

Supersymmetric gauge theories also enjoy global symmetries which act on operators in the

theory. These global symmetries are also global symmetries for the moduli space of vacua. The

flavour symmetry of a theory is the global symmetry of the Higgs branch for example. The first

two questions that spring to a physicist’s mind when a quantum field theory enjoys a global

symmetry are:

1. What (mixed) anomalies does this global symmetry have?

2. If allowed, how can one gauge this symmetry?

It is the second question that will be most relevant here. In general, the answer is theory

dependent. Usually to gauge global symmetries, one would write down a Lagrangian, couple

background gauge fields to the Noether current for the global symmetry and add a kinetic

term for the gauge fields. However a theory may not admit a known Lagrangian, or additional

massless states can appear at certain points in the moduli space or along RG-flow. The proto-

typical example would be the instanton corrections to the superpotential in 4d N = 1 theories

[35], but violations of the non-renormalisation theorem for theories with eight supercharges [36]

also occur. For example, in four dimensions some theories may have Argyres-Douglas points

[37, 38], in five dimensions massless instantons can appear at infinite coupling [39–41], and in

six dimensions tensionless strings can appear at infinite coupling [42–45]. The examples given

for four, five, and six dimensional theories are all examples of instanton effects in that they

deal with co-dimension four objects in the theory. For 3d N = 4 theories, monopole operators
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appear in the IR which drastically quantum correct the classical Coulomb branch.

Many of these effects have natural interpretation from string theory including being realisable

in Hanany-Witten brane systems. From the brane system one can read off a “magnetic quiver”

[46] which describes the Higgs branches of a theory with eight supercharges as a moduli space of

dressed monopole operators. The magnetic quiver characterises Higgs branches incorporating

these non-trivial effects using only the combinatorial data of brane systems. The magnetic

quiver and related techniques have been remarkably successful in the study of theories with

eight supercharges [47–82, 1, 5, 83–90, 2, 3, 6, 91–98, 7, 99–102, 8, 103, 4, 104–107] in this

regard and the work in this thesis follows this theme.

A computation one can do with magnetic quivers is finding the Hilbert series of the moduli space

of dressed monopole operators. The Hilbert series enumerates the gauge invariant operators in

a theory grading them by the SU(2) R-charge and any weights of the global symmetry algebra.

This includes the additional operators which preclude a description from a Lagrangian. The

Hilbert series from a magnetic quiver can be computed using the monopole formula [108]. The

Hilbert series has an advantage compared to other objects which do similar things, such as

superconformal indices, in terms of being simpler to compute and hence more likely to have

closed form expressions. Furthermore, although in certain limits the superconformal index

becomes a Hilbert series [109], this behaviour is generally not the case. The Hilbert series often

provides information about theories that indices cannot, this makes them an extremely suitable

object to compute in order to study moduli spaces of theories with eight supercharges.

There are also a host of combinatorial techniques on magnetic quivers which probe the under-

lying geometric structure of a moduli space. A significant effort is in understanding the various

phases a theory can undergo through the Higgs mechanism, and their relationships to each

other, which are summarised in a Hasse diagram [110, 47, 49, 75, 83, 6]. Other techniques are

theory dependent such as understanding FI deformations of 3d N = 4 theories [79, 93].

The central topic of this thesis, gauging global symmetries, can also be realised diagrammat-

ically using magnetic quivers. The techniques described here are developed for 3d N = 4

theories but can be applied to magnetic quivers for theories in higher dimensions also. Two
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global symmetries 3d N = 4 theories enjoy are flavour symmetries and the global symmetry

of the Coulomb branch (this may also go by the name of topological symmetry or monopole

global symmetry). Gauging the flavour symmetry of 3d N = 4 theories is largely unproblematic

since there are no gauge anomalies in three dimensions, no parity anomalies for the theories

studied here, and the flavour symmetry is treated classically. On the other hand, the gauging

of Coulomb branch global symmetries is generically rather challenging. Firstly, one distinction

should be made, the Coulomb branch in the UV is an orbifold with its global symmetry being

the maximal torus of the gauge group. In the IR, monopole operators, the source of the chal-

lenge, appear in the spectrum which correct the Coulomb branch and may enhance the Abelian

global symmetry to a non-Abelian symmetry. It is the IR Coulomb branch symmetry that shall

concern this thesis.

In the face of these complications there is still hope, as 3d N = 4 theories enjoy a particularly

interesting and useful duality in the IR which goes by the name of 3d mirror symmetry [111].

This is a duality which relates two 3d N = 4 theories which flow to the same IR fixed point,

up to a swap in certain features such as their Higgs and Coulomb branches, and FI and mass

parameters. Historically, this duality was useful to understand the quantum Coulomb branches

of a theory through the classical Higgs branch of its mirror. This idea will be leveraged once

more in this thesis to extract combinatorial algorithms for gauging Coulomb branch global

symmetries. The commutation of gauging these global symmetries and 3d mirror symmetry

is summarised in Figure 1.1, as well as the corresponding actions on the moduli spaces. The

Higgs branch of theories with eight supercharges are hyper-Kähler and so the action of gauging

flavour symmetry subgroups corresponds to a hyper-Kähler quotient (HKQ) [25]. By 3d mirror

symmetry gauging Coulomb branch global symmetry subgroups should also correspond to a

hyper-Kähler quotient.

The idea of using 3d mirror symmetry captured in Figure 1.1 can also be extended to magnetic

quivers and theories in higher dimensions. This is summarised in Figure 1.2. Inspiration from

the physics of theories in higher dimensions is particularly useful since the methods to gauge

certain flavour symmetries may be extremely constrained either by anomalies or by the specific

construction of the higher dimensional theory in question. In turn, a constraint on how to
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Q

QG

Q∨

Q∨
G

3d mirror

Coulomb
Gauging

Flavour
Gauging

G HKQ
on C(Q)

dim H(Q)
increases by

rank G

G HKQ
on H(Q∨)

dim C(Q∨)
increases by

rank G

Figure 1.1: Left: Gauging a G subgroup of the Coulomb branch global symmetry of a 3d N = 4
theory Q producing QG and the effect on the Higgs and Coulomb branches. Right: Image in
the “3d mirror” showing that the 3d mirrors of Q and QG, Q∨ and Q∨

G respectively are also
related by gauging a G subgroup of the flavour symmetry. The corresponding actions on the
moduli space are also shown.

QM

QM
G

QE

QE
G

Electric-Magnetic Duality

Coulomb
Gauging

Flavour
Gauging

G HKQ
on C(QM)

G HKQ
on H(QE)

Figure 1.2: Left: Gauging a G subgroup of the Coulomb branch global symmetry of a magnetic
quiver QM producing QM

G and the effect on the Coulomb branch. Right: Gauging a G subgroup
of the flavour symmetry of an electric d = 4, 5, 6 theory QE producing QE

G.

realise this gauging through magnetic quivers fixes combinatorial operations precisely.

These techniques can be applied to magnetic quivers for theories in higher dimensions, relating

two different theories by gauging. One can also find relationships between two different moduli

spaces by hyper-Kähler quotients providing new results in mathematics.

Organisation of the Thesis Chapter 2 lays out the necessary physics background regarding

supersymmetric quiver gauge theories in three and six dimensions and their constructions from
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Type IIB and Type IIA string theory.

The mathematics background regarding the common types of symplectic singularity encoun-

tered in this thesis is covered in Chapter 3.

Chapter 4 introduces the first technique to gauge Coulomb branch global symmetries of 3d N =

4 theories. This technique is “quotient quiver subtraction” and gauges SU(n) subgroups of

Coulomb branch global symmetries of quivers with unitary gauge groups. These techniques

are applied to moduli spaces of free fields and nilpotent orbits of exceptional algebras among

others.

In Chapter 5, a similar “quotient quiver subtraction” technique is introduced which gauges Sp(n)

(possibly coupled to a half-hypermultiplet), and SO(n) subgroups of the Coulomb branch global

symmetry of quivers with unitary gauge groups. These are applied to provide new realisations

of some dualities between some 4d N = 2 theories using magnetic quivers.

Chapter 6 introduces “quiver polymerisation” which comes in two types - “chain” and “cyclic”.

The former gauges diagonal SU(n) symmetries in two different quivers and “chains” them to-

gether, the latter gauges a diagonal U(n) in a single quiver by forming a loop. This technique

applies once again to quivers with unitary gauge groups. Notable applications include; hyper-

Kähler quotient constructions of the moduli space of instantons, new relationships between

nilpotent orbits, and a finite coupling phase of the 6d N = (1, 0) (E6, E6) minimal conformal

matter theory.

The last technique included in this thesis is given in Chapter 7 which applies to quivers with

orthogonal and symplectic gauge groups. This is another type of “quotient quiver subtraction”

and gauges SU(2), SU(3), G2, and SO(7) subgroups of the Coulomb branch global symmetry.

There are applications to nilpotent orbits, providing quivers which are “doppelgängers” to

quivers with unitary gauge groups, and also new relationships between nilpotent orbits. A

significant application is in finding a magnetic quiver for the infinite coupling phase of the

6d N = (1, 0) (E6, E6) minimal conformal matter theory and the corresponding Type IIA

brane construction.
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In Chapter 8 are a summary and conclusions of the work presented in this thesis, as well as

some future directions to explore.



Chapter 2

Physics Background

2.1 Introduction

In this Chapter the necessary physics background regarding supersymmetric quiver gauge the-

ories with eight supercharges is reviewed. The review starts with some basic statements about

supersymmetry, supermultiplets, and introduces notation for quivers. The remainder of this

Chapter will take a closer look into some features of 3d N = 4 and 6d N = (1, 0) theories, as

well as their constructions in string theory.

2.2 Supermultiplets

In this thesis the focus will lie on supersymmetric quantum field theories in d = 3 and 6

dimensions with eight supercharges in Minkowski space. Before approaching each of these in

detail, it is worth discussing them in generality first.

These theories enjoy the usual Poincaré spacetime symmetry, generated by translations and

Lorentz transformations, as well as supertranslations generated by supercharges which are

Lorentz spinors. Altogether, the spacetime symmetry of the theory forms a super-Poincaré

algebra. Although these SQFTs have the same amount of supersymmetry, the physics of these

10
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theories varies drastically by dimension.

One obvious way that the physics is different is in the massless field content. Usually in quantum

field theory one starts with massless fields which are thought of as representations of the little

group SO(1, d− 3). However, with the additional constraint of supersymmetry one works with

supermultiplets which are collections of fields with equal numbers of bosonic and fermionic

degrees of freedom. Bosonic fields have integer helicity and fermionic fields have half-integer

helicity. There are various methods to extract supersymmetry multiplets, such as with ladder

operators or through dimensional reduction, but for the purpose of this thesis it is sufficient to

quote the results.

As gravity will be decoupled in the theories we study there are only two main supermultiplets

to consider; the hypermultiplet and the vector multiplet. Particular emphasis will lie on the

bosonic degrees of freedom since these play the most important role in understanding the moduli

spaces of vacua.

In d dimensions the hypermultiplet contains two complex scalars Q, Q̃ and fermions. The

bosonic content of the hypermultiplet is the same for d = 3, 4, 5, 6 with 8 supercharges.

The vector multiplet in d dimensions contains a gauge field A(1), a collection of 6 − d scalars

denoted ϕ1,··· ,6−d and some fermions. All of these fields transform in the adjoint of the gauge

group.

It is important to note that in six dimensions the vector multiplet does not contain a scalar

field. There is an additional supermultiplet in six dimensions which contains a scalar field

called the tensor multiplet. The tensor multiplet contains a 2-form B(2), a scalar field, and

some fermions.

2.3 Quivers

A quiver is one way to represent a gauge theory in d dimensions, it encodes the gauge symmetry,

flavour symmetry, and matter representations in a single diagram consisting of circles, squares,
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and lines [30].

Due to the gauge symmetry and in particular supersymmetry, the interactions between the fields

are heavily restricted. The more traditional way to represent a theory through a Lagrangian

is then almost unambiguous due to these constraints, making quivers almost equivalent to a

Lagrangian description (when it exists). Additional data, such as masses or FI parameters, also

need to be provided but these will not be considered in this thesis. In the case of six dimensions

the number of tensor multiplets will also need to be provided.

The quiver notation is that circular nodes indicate a gauge symmetry, square nodes indicate

a flavour symmetry and lines connecting nodes represent a hypermultiplet. Usually the hy-

permultiplet transforms in the bifundamental representation of the groups it connects, but it

may transform in other representations also. In these cases, the specific representation will be

labelled with additional notation.

An example is the quiver U(n) SQCD with k flavours and one adjoint hypermultiplet, which

is drawn in Figure 2.1. The label n for the gauge node is short-hand for U(n). The adjoint

hypermultiplet is denoted by the loop on the U(n) gauge node.

n

k

Figure 2.1: Quiver for U(n) gauge theory with k flavours and one adjoint hypermultiplet.

2.4 Moduli Spaces of Vacua

The gauge theories being considered here are constructed from massless multiplets. The fields

may gain mass through the Brout-Englert-Guralnik-Higgs-Hagen-Kibble mechanism [12–15] (or

Higgs mechanism for short). The scalar fields in the theory are subject to a potential (which

is heavily constrained by supersymmetry). About the minima of the potential, located at

vacuum expectation values (vev) in field space, the full gauge symmetry is typically broken
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to some subgroup resulting in a new massless effective theory and certain other fields, such as

W-bosons, gaining mass. Due to the Lorentz invariance of the vacuum only scalar fields can

acquire a non-trivial vev and hence one only needs to keep track of scalar fields when studying

moduli spaces of vacua.

There may be more than one vev for the theory as is typical in supersymmetric quantum field

theories. These could be a discrete number of isolated vevs, but another mathematically rich

option is that there may be a continuum of vevs known as the moduli space of vacua.

In this thesis the models that will be studied have moduli spaces of vacua. Even though the

vevs may be continuous it is quite possible for special points on the moduli space to result in

different effective theories.

One central theme in this thesis is in identifying the moduli spaces of vacua for these super-

symmetric theories through a collection of techniques.

2.5 3d N = 4 Quiver Gauge Theories

In three dimensions the minimal spinor is a Majorana spinor of dimension 2
d−1
2 = 2. If there

are N spinors that generate the supersymmetry algebra, there are 2N such real supercharges

with an R-symmetry which is Spin(N ). A theory with 8 supercharges in three dimensions has

3d N = 4 supersymmetry with R-symmetry Spin(4). The Lie algebra isomorphism allows the

R symmetry in 3d N = 4 to be thought of as Spin(4) ⊃ SU(2)H × SU(2)C where the H and C

refer to “Higgs” and “Coulomb” respectively.

The relevant supermultiplets to consider are the hypermultiplets and vector multiplets. The

field content of these supermultiplets are:

• Hypermultiplet: Q, Q̃ (in [1]H) + fermions

• Vector multiplet: A(1) + ϕ1,2,3 (in [2]C) + fermions
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The two complex scalars Q, Q̃ in the hypermultiplet is thought of as transforming in the doublet

of SU(2)H. Furthermore the hypermultiplet may be thought of as a direct sum of a chiral and

anti-chiral 3d N = 2 multiplet, also denoted Q and Q̃.

The vector multiplet contains three non-compact scalars ϕ1,2,3 which transform in the [2]C and

also a gauge field A(1). The gauge field in three dimensions is dual to a compact scalar known

as the dual photon, γ. Specifically, dγ(0) = ∗F (2) where F (2) is the field strength for A(1). In

terms of 3d N = 2 supermultiplets, the 3d N = 4 supermultiplet is a direct sum of a 3d N = 2

vector multiplet and a chiral multiplet denoted Φ.

The fermionic content will not be too relevant in the remaining discussion.

2.5.1 Moduli Space of Vacua

Since the hypermultiplet and vector multiplet contain scalars the full moduli space of vacua for

3d N = 4 theories can be quite rich since these scalars can independently acquire vevs.

By supersymmetry there is always a trivial vev since the ground state must have zero energy.

For simplicity consider first switching off the vevs for scalars in the vector multiplet meaning

that only hypermultiplet scalars can acquire non-trivial vevs. This gives a notion of a Higgs

branch, H, where only SU(2)H acts on it.

Likewise one can switch off the hypermultiplet vevs and allow for non-trivial vector multiplet

vevs. This defines the Coulomb branch, C, where only SU(2)C acts on it.

Finally, both hypermultiplet and vector multiplet vevs may be non-trivial at the same time.

This defines the mixed branch of the theory.

The full moduli space of the theory consists of a union of all of these branches.

M = H ∪ C ∪iMi (2.1)

The physics of each of these branches is quite different due to the different physics of the
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operators in the theory which parametrise each of these spaces.

The Higgs and Coulomb branches will be the main focus of this thesis whereas the mixed

branch will not be discussed in detail here. Treatments of the mixed branch have appeared in

the literature [47, 49].

2.5.2 Higgs Branch

The Higgs branch is parametrised by vevs in the hypermultiplets with vector multiplet vevs

switched off. As a first step it is useful to consider the classical physics of the Higgs branch.

The classical Higgs branch is computed by finding gauge invariant solutions to F-term and

D-term equations which arise from a cubic superpotential. Geometrically, this is the hyper-

Kähler quotient construction for the Higgs branch [25]. In particular, the F-term and D-term

equations play the role of complex and real moment maps respectively. Each hypermultiplet

contains four real scalars which may be thought of geometrically as H ≃ R4. In a theory with

gauge symmetry G and nH hypermultiplets the classical Higgs branch is schematically

Hclassical = HnH///G (2.2)

where the specific action of the hyper-Kähler quotient, denoted by the three forward slashes, is

dependent on the theory in question.

The F-term equation is found from taking derivatives from the superpotential. Supersymmetry

constrains the superpotential to be cubic and it is straightforward to read off the superpotential

from the quiver. Consider the U(n) gauge theory with k flavours, but rewrite the 3d N = 4

vector and hypermultiplets in terms of 3d N = 2 supermultiplets.
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n

k

QQ̃

Φ (2.3)

The supermultiplet representations are summarised in Table 2.1. It may be useful to think of

Q as an n× k matrix, Q̃ as a k × n matrix and Φ as an n× n matrix.

Multiplet U(n) SU(k)

Q [1, 0 · · · , 0](1) [0, · · · , 1]

Q̃ [0 · · · , 1](−1) [1, 0, · · · , 0]

Φ Adj [0, · · · , 0]

Table 2.1: Representations that the chiral multiplets of Q2.3 transform in.

The superpotential is read from the closed loops formed by the arrows in the quiver and the

corresponding F-term is

W = Tr
[
Q̃ · Φ ·Q

]
,

∂W
∂Φ

= QQ̃ = 0 (2.4)

where the trace is taken over the SU(k) flavour indices.

One expression of the Higgs branch is as the set of matrices Q and Q̃ subject to the n2 F-term

relations given by QQ̃ = 0. This is not a physically elegant way to describe the Higgs branch

since Q and Q̃ are not gauge invariant. A more appropriate object is the gauge invariant

“meson” defined as

M = Q̃Q (2.5)

which may be thought of as a k × k matrix.
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The F-term relations affect the nilpotency of M since

M2 = (Q̃Q)(Q̃Q) = Q̃(QQ̃)Q = 0 (2.6)

The classical Higgs branch of U(n) SQCD with k flavours is then

H (Q2.3) =
{
M ∈ M(k,C)|M2 = 0,TrM = 0,RkM ≤ n

}
(2.7)

The treatment of classical Higgs branches for all such quiver theories follows similar steps to

the ones taken above. This may become tedious to solve for more complicated quivers and so

alternative methods such as Hilbert series for the Higgs branch become more tractable, which

will be introduced shortly. The use of Hilbert series also helps with the complication that Higgs

branches can be a union of moduli spaces and it may be possible to identify these constituent

parts through inspection of a Hilbert series [112, 80].

The discussion so far has been about the classical Higgs branch for 3d N = 4 quiver gauge theo-

ries. The quantum Higgs branch is believed to be exactly the same due to a non-renormalisation

theorem [36]. This theorem does not hold if there is some mechanism by which additional mass-

less states can arise in the theory, possibly at special points on the Coulomb/tensor branch. No

such mechanism has been discovered for 3d N = 4 theories so far, but examples for theories in

dimensions 4, 5, 6 with eight supercharges exist.

All of the Higgs branches that appear in this thesis are examples of symplectic singularities. A

few more details about these spaces will be given in Chapter 3.

2.5.3 Higgs Branch Hilbert Series – Weyl Integration

The Hilbert series of a moduli space is a rational function which enumerates gauge invariant

operators parametrising the moduli space and grades them according to their R-charge and the

weights they transform in with respect to the global symmetry of the moduli space. The strategy
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is to take all the basic quarks in the theory, symmetrise them in all allowed combinations (many

of which will not be gauge invariant) and then to project out the gauge invariant combinations.

The plethystics program and Master space program [113–117] gives a systematic way to do this

for the Higgs branch. The first ingredient is the Plethystic Exponential (PE) which is key in

producing the symmetrisations of quarks. The PE of a function f(t, xi) is

PE[f(t, xi)] = exp

( ∞∑
k=1

f(tk, xk
i )− f(0, 0)

k

)
. (2.8)

The inverse of the plethystic exponential is the plethystic logarithm (PL). Although the PL

will not be used in the construction of the Higgs branch Hilbert series, it is worth introducing

it now given the opportunity. The PL is given by

PL[f(t, xi)] =
∞∑
k=1

µ(k) log f(tk, xk
i )

k
, (2.9)

where µ(k) is the Möbius function [118] and is defined for positive integer k as

µ(k) =


+1, If k is square-free with an even number of prime factors

−1, If k is square-free with an odd number of prime factors

0, If k has a squared prime factor.

(2.10)

The computation of the Hilbert series proceeds with the Weyl integration formula

HSH(t;x1, · · · , xr) =

∮
dµGPE

[
χmattert− χG

Adjt
2
]

(2.11)

where G is the gauge group, x1,··· ,r are fugacities for the flavour symmetry, t is a fugacity for

SU(2)H, χmatter is the character of the pseudoreal matter representations (written in terms of

the flavour symmetry and gauge symmetry fugacities) and χG
Adj is the character of the adjoint

representation of the gauge group, written in terms of gauge group fugacities. The dµG denotes
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the Haar measure for the gauge group which is given by the following formula

dµG =
rank G∏
i=1

(
dyi
yi

)( ∏
α∈∆+

(1− yα)

)
(2.12)

where yα refers to a monomial, in terms of G character fugacities, associated to the positive

root α of G1.

The interpretation of the Weyl integration formula follows the hyper-Kähler quotient con-

struction of [25]. The χmattert denotes the quarks, which transform with highest weight 1 under

SU(2)H, and the −χG
Adjt

2 denotes the particular F-term relation, which transforms under weight

2 under SU(2)H. The condition on having χmatter being pseudoreal is a realisation of the hyper-

Kähler quotient construction starting with HnH which has Sp(nH) symmetry and the specific

action of the hyper-Kähler quotient by the gauge group being associated to its embedding in-

side Sp(nH). The commutant of the gauge group inside Sp(nH) is the flavour symmetry of the

theory. Taking the PE of all of these quarks, symmetrises all of the possible hypermultiplet

contributions which may or may not be gauge invariant. Taking the integral over the gauge

group fugacities projects out only the gauge invariant part.

As an example consider the computation of the Higgs branch Hilbert series of the following

quiver Q

1

2

Q =

. (2.13)

This quiver has a U(1) gauge node and flavour symmetry SU(2). There is matter which trans-

forms in the bifundamental representation of the U(1) gauge symmetry and SU(2) flavour

symmetry. This has character χmatter = q(x + 1/x) where q and x are fugacities for U(1) and

SU(2). There is also a U(1) vector multiplet. The character of the “adjoint” of U(1) is trivial.

1In LieArt the positive roots are computed in the so-called AlphaBasis.
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The Haar measure for the U(1) gauge group is dµU(1) = dq/q. Thus

HS [H(Q)] =
∮
|q|=1

dq

q
PE
[
(qx+ q/x+ x/q + 1/qx) t− t2

]
(2.14)

=
1− t4

(1− x2t2)(1− t2)(1− t2/x2)
. (2.15)

This describes the variety C2/Z2, which is consistent with the analysis using the superpotential

H (Q) =


a b

c −a

 , a, b, c ∈ C

∣∣∣∣∣a2 + bc = 0

 (2.16)

Note that the relation a2 + bc = 0 is the defining relation of C2/Z2.

The Hilbert series methods for Higgs branches described above are simplest in gauge theories

which enjoy “complete Higgsing”. Theories with complete Higgsing are gauge theories where

the gauge symmetry is completely broken at generic points on the Higgs branch, the Higgs

branch dimension is computed as dim H = #hypers − #vectors. In contrast, a theory with

incomplete Higgsing has the gauge group broken to only a non-trivial subgroup of the gauge

symmetry. In this case the dimension of the Higgs branch is dim H > #hypers−#vectors.

If the theory enjoys incomplete Higgsing then the form of the Weyl integration is not ap-

plicable due to the incorrect incorporation of the F-term. One may be concerned that the

Weyl integration formula could be incorrectly applied to theories with incomplete Higgsing.

Fortunately, the Weyl integration formula also serves as a diagnostic for theories with incom-

plete Higgsing. If a theory has incomplete Higgsing then the dimension of the Higgs branch

dim H > #hypers − #vectors. The result of the Weyl integration gives the dimension of the

Higgs branch and if one finds that the inequality is satisfied then the theory has incomplete

Higgsing and discard the Hilbert series computation.

General corrections to the Weyl integration for theories with incomplete Higgsing remains and

open problem. The most reliable course of action is to solve the F-term equations directly.

All of the considerations above apply more generally when gauging a global symmetry subgroup
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G of a moduli space M with global symmetry GM. Suppose that GM ⊃ G×GF where GF is

the commutant of G inside GM. Then the Hilbert series of the hyper-Kähler quotient M///G

is also given by the Weyl integration formula

HSM///G(t;x1, · · · , xr) =

∮
dµGHSM(t;x1, · · · , xr; {yi})PE

[
−χG

Adjt
2
]

(2.17)

where the {yi} are the fugacities for G. This Weyl integration formula is the primary check of

the results in the latter Chapters of this thesis.

2.5.4 Coulomb Branch

The Coulomb branch is parametrised by the non-compact scalars in the vector multiplet ϕi=1,2,3

which transform in the adjoint representation of the gauge group G with vevs in the hypermul-

tiplets switched off.

A classical analysis of the Coulomb branch begins with the potential for the scalars in the

vector multiplet takes the form of

V ∼
∑
i<j

Tr[ϕi, ϕj]
2 (2.18)

where the trace is over the gauge group G.

Such a potential is zero only if the ϕ1,2,3 commute with each other. This means that the vevs

take values in the Cartan subalgebra of G. By the adjoint Higgs mechanism, the gauge group

G is broken maximally to the maximal torus U(1)r where r is the rank of the gauge group.

Since gauge fields in three dimensions are dual to compact scalars, the r vector multiplets that

remain after the adjoint Higgs mechanism may also take a vev. Finally, the Coulomb branch is

determined up to equivalent vevs. As the gauge group is broken to the maximal torus, the Weyl

group WG of the gauge group acts on it, leading to equivalences between vevs. The classical

Coulomb branch is therefore

Cclassical =
(
R3 × S1

)r
/WG (2.19)
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Unlike the Higgs branch, the Coulomb branch receives quantum corrections [119, 120]. In the

UV, where the QFT is weakly coupled, the Coulomb branch is the classical Coulomb branch.

In the IR however, the QFT is strongly coupled and additional monopole operators appear

in the low energy spectrum [121]. These are local disorder ’t Hooft monopole operators [122]

defined by the Dirac monopole singularity of gauge fields at the insertion point of the operator

in the Euclidean path integral. An analysis of the IR Coulomb branch based on a Lagrangian

becomes much more challenging.

The modern perspective of the Coulomb branch as a moduli space of dressed monopole operators

[31, 123, 108] provides an alternative avenue for the study of the Coulomb branch. The study

of the (IR) Coulomb branch becomes the counting of all dressed monopole operators.

For 3d N = 4 theories, the Coulomb branch is also a symplectic singularity. Developments in

the mathematics literature prove that Coulomb branches cannot be a union of moduli spaces

[27, 124, 125] unlike Higgs branches.

There is also a notion of complete and incomplete Higgsing for the Coulomb branch, although

this is more subtle to define precisely since the gauge group can only be broken at most to the

maximal torus. A characterisation of complete Higgsing is that the Coulomb branch is a moduli

space with dimension equal to the rank of the gauge group and the converse for incomplete

Higgsing.

2.5.5 Coulomb Branch Hilbert Series – The Monopole Formula

The monopole formula allows for the computation of the Hilbert series of a moduli space of

1/4-BPS monopoles such as the Coulomb branch of 3d N = 4 theories and is presented below,

[108],

HSG(t, z) =
∑

m∈Γ∗
Ĝ
/WĜ

zJ(m)t2∆(m)PG(t
2,m). (2.20)

The interpretation of the formula is to treat the Coulomb branch as a moduli space of monopole

operators dressed by Casimir invariants of the unbroken gauge group in the presence of some
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magnetic flux m. The monopole formula grades the monopole operators by the SU(2) R-charge

∆(m) and the U(1)rank G topological symmetry U(1)rJ . The dressing function PG(t
2,m) counts

the gauge invariants of the unbroken symmetry. This sum is performed over all of the possible

magnetic fluxes for the gauge groups. The Dirac quantisation condition means that the sum

is performed over the weights in the Weyl chamber of the weight lattice of the Langlands dual

gauge group Γ∗
Ĝ
/WĜ.

The R-charge is given by the formula below [123, 126, 127],

∆(m) = −
∑
α∈∆+

|α(m)|+ 1

2

n∑
i=1

∑
ρi∈Ri

|ρi(m)|. (2.21)

where ∆+ is the set of positive roots of the gauge symmetry and ρi are the weights of the

matter-field representations Ri.

The topological symmetry in the UV, U(1)rJ , may get enhanced to a non-Abelian group of rank

r due to the appearance of monopole operators in the IR. The topological fugacities, when

this enhancement occurs, have the interpretation of the simple roots of the non-Abelian global

symmetry algebra. One can use the Cartan matrix to map the simple roots into characters and

hence find the Hilbert series in terms of characters.

The dressing factor is given as

PG(t
2,m) =

∏
i

1

1− t2di(m)
=

∮
dµHPE

[
χH

adjt
]

(2.22)

where the di(m) are the degrees of the Casimir invariants of the gauge group H ⊂ G which is

left unbroken by the magnetic flux m.

As an example consider the computation of the Coulomb branch Hilbert series of the following

quiver Q

1

2

Q =

. (2.23)
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The Dirac quantisation condition for the magnetic charge for the U(1) gauge group constrains

−∞ ≤ m ≤ ∞ for integer charge m. As U(1) is Abelian, it does not have any roots and

therefore the only contribution to the R-charge is from the matter. This gives ∆(m) = |m|.

The dressing function is PU(1)(t
2,m) = 1/(1− t2).

HS [C(Q)] =
∑

−∞≤m≤∞

zmt2|m| 1

1− t2
(2.24)

=
1− t4

(1− t2z)(1− t2)(1− t2/z)
. (2.25)

Upon the variable redefinition z → x2, this results in the same Hilbert series for C2/Z2.

The monopole formula will also be used to compute the moduli space of dressed monopole

operators of magnetic quivers, introduced later, which describe Higgs branches of theories with

eight supercharges.

2.5.6 Non-simply laced edges

The monopole formula can be applied to quivers which contain edges which do not have a

natural field theory interpretation. A common example of this are non-simply laced edges, an

example of such an edge connecting a U(n1) and U(n2) gauge node with multiplicity l is drawn

below

n1 n2

l

(2.26)

The interpretation of such an edge is similar to those encountered in Dynkin diagrams where

the simple roots of U(n1) are longer by a factor of l compared to those of U(n2). In the

conformal dimension formula this factor of l is incorporated by taking the usual contribution of

a hypermultiplet connecting the two gauge nodes and then multiplying every magnetic charge

associated to U(n1) by l.



2.5. 3d N = 4 Quiver Gauge Theories 25

As non-simply laced edges do not have field theory interpretations (yet) it is unclear how to

analyse the Higgs branches of quivers containing these edges. Non-simply laced edges are still

physical in that for some values of l there is a realisation from string theory constructions using

orientifold planes or S-folds [128–131].

2.5.7 “Good”, “Bad”, and “Ugly” Theories

The monopole formula does not always converge if there are monopole operators with negative

conformal dimension. There are three types of theory as identified in [123] which reflect the

values of the conformal dimension of monopole operators and the corresponding effect on the

moduli space.

These theories go by the names – “good”, “bad” and “ugly”.

• A “good” theory is one where all monopole operators have charges ∆ ≥ 1. The Coulomb

branch is a symplectic singularity.

• An “ugly” theory is one where some monopole operators have a charge ∆ = 1/2. There are

free twisted hypermultiplets in the spectrum which contribute free spaces to the Coulomb

branch. If there are also monopole operators with ∆ ≥ 1 then the Coulomb branch is a

product of a free space with a symplectic singularity.

• A “bad” theory is one where at least one monopole operator has a charge ∆ ≤ 0. The

Coulomb branch is smooth.

Throughout this thesis, we will try to forgo the names of “good”, “ugly”, and “bad” and refer

to the first two types as “computable” (in the sense of the monopole formula) and the last as

“incomputable”.

It is also useful to identify when a theory has a computable or incomputable Coulomb branch or

even what possible global symmetry enhancements will be, even before attempting an explicit

computation. For unitary quiver gauge theories there is a simple rule of thumb to determine
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this. Following the notation for Cartan matrices, an adjacency matrix Aij is computed for the

gauge nodes, with any labelling of the gauge nodes. With this labelling of the gauge nodes, the

ranks of the gauge nodes are collected into a vector with components ri as well as any flavours

fi. The excess of each node is determined as

ei =
∑
j

−Aijrj + fi. (2.27)

If the ei ≥ 0 ∀i then the theory is likely to be computable and is called “balanced” when

saturating the inequality. In this case there is likely to be an enhancement of the global

symmetry by the group corresponding to the Dynkin diagram formed by the balanced nodes.

A few more non-trivial Coulomb branch global symmetry enhancements were identified in [64].

If there is at least one ei = −1 then the theory likely to be computable and there may be a free

part to the Coulomb branch. If there is at least one ei < −1 then the theory is incomputable.

This rule of thumb does not always correctly identify the computability of a theory. A more

explicit test, such as by computing the R-charge and checking if negative charge monopole

operators arise, will precisely determine this.

2.5.8 Alternative methods to computing Hilbert series

In certain cases, if the quiver is “star-shaped” there are methods which include gluing Hall-

Littlewood functions and Slodowy slices which tend to be more efficient than using the monopole

formula [132–134]. This is rather laborious machinery to introduce here considering that the

results of the computation are of more interest in this thesis rather than the method of com-

putation. A brief overview on these methods can be found in Appendix C.

2.5.9 Highest Weight Generating Function

The Hilbert series gives a description of the generators and relations that parametrise a moduli

space. However, these can often be complicated expressions and involve symmetrisation of some
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basic gauge invariant operators and their relations.

Instead of using characters of irreps of global symmetries in the Hilbert series, one may trade

these for Dynkin labels. This is the notion of a Highest Weight Generating function (HWG).

The highest weight fugacities µi are introduced with the correspondence to Dynkin labels as,

[n1, · · · , nr]↔ µn1
1 · · ·µnr

r (2.28)

which is also notation that will be adopted for labelling representations.

Thus for a given Hilbert series, the HWG for some compact group with rank r as [135],

HWG(t;µ1 · · · , µr) =
∞∑

k1=0

· · ·
∞∑

kr=0

∫
G

dµGχ([µ
k1
1 , · · ·µkr

r ])∗HS(t;x1, · · · xr)µ
k1
1 · · ·µkr

r . (2.29)

The interpretation of this formula is quite simple. Characters of compact Lie groups are or-

thogonal due to the Peter-Weyl theorem. In the Hilbert series, the coefficients of t are precisely

these characters of the global symmetry. The above formula projects the characters that appear

in the Hilbert series and replaces it with the highest weight fugacities associated to the Dynkin

labels of that representation.

An important distinction is that the HWG is not a Hilbert series. The generators and relations

of the variety cannot be directly read from the HWG. The HWG must be converted into a

Hilbert series in order to do that. The advantage of using the HWG for some analyses is that

it is often simpler than the Hilbert series and many theories which fall into natural families

(perhaps labelled by some parameters) can have a HWG which is also dependent on these

parameters. It is much harder to find a universal expression for the Hilbert series for a family

of theories in general.
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2.5.10 3d Mirror Symmetry

Some pairs of theories may exhibit 3d mirror symmetry [111]. This is an IR duality between two

3d N = 4 gauge theories which flow to the same IR fixed point but exchanges some properties

of these theories. Their Higgs and Coulomb branches are exchanged which is non-trivial as the

physics of Higgs branches is classical and to do with mesons and baryons whereas Coulomb

branch is not classical and the physics is related to dressed monopole operators. This duality

also exchanges the masses and FI parameters of these theories. One way of understanding this

duality is through the exchange of the SU(2)H ↔ SU(2)C factors.

In string theory, 3d mirror symmetry is realised as the action of S-duality on D3, D5, and NS5

Type IIB brane systems [31].

Historically, this duality was particularly useful in studying the Coulomb branches of 3d N = 4

theories since they receive quantum corrections and their dual Higgs branches do not. With

the discovery of the monopole formula, Coulomb branches are just as simple to study as Higgs

branches.

2.5.11 Framed and Unframed Quivers

In any “unframed” quiver gauge theory with unitary gauge groups, i.e. without any flavour

node, there exists an overall centre-of-mass U(1)COM symmetry that is ungauged by the choice

of framing i.e. specification of flavours. This centre-of-mass U(1)COM is the centre of the gauge

group and hence one can consider which parts of the spectrum are invariant under its action.

The electric spectrum is invariant under its action and so one does not need to fix U(1)COM to

use the Weyl integration formula to find the Hilbert series of the Higgs branch (except one also

has to remove a trivial factor of H for the singular part). The magnetic spectrum does depend

on the action of U(1)COM. In the monopole formula this is reflected in the choice of origin

for the system of monopole charges, and such a choice is indeed necessary for the monopole

formula to evaluate without divergence. In modern terminology, the U(1)COM symmetry is a

magnetic zero-form symmetry and its gauging/ungauging is dual to the ungauging/gauging of
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a dual U(1) electric one-form symmetry, this does not affect the electric spectrum but does

affect the magnetic spectrum.

Returning to the monopole formula, as observed in [136], this choice of origin, providing it

is made amongst monopole charges associated with long roots, does not affect the Coulomb

branch calculation in a fundamental manner, since the impact on the refined Hilbert series

can be compensated by a suitable choice of map between topological symmetry fugacities and

global symmetry fugacities. This in turn makes it possible to treat framed unitary magnetic

quivers within equivalence classes represented by an unframed quiver that only contains gauge

nodes, as discussed in [137].

A framed unitary quiver can be converted to its unframed representative as follows.

1. Replace every flavour node of n by a flavour node of 1, increasing the multiplicity of direct

links between it and other nodes by a factor of n to compensate.

2. Redraw the diagram to superimpose all the flavour nodes of 1.

3. Convert the flavour node of 1 to a U(1) gauge node.

The techniques discussed in the latter Chapters of this thesis are diagrammatic in terms of the

quivers and so it is simpler to work with unframed quivers, rather than to pick a framing which

can complicate the application of these techniques.

For quivers with orthogonal and symplectic gauge groups, so called “orthosymplectic” quivers,

the centre symmetry is discrete, typically Z2. Therefore unframed orthosymplectic quivers

are not equivalence classes of framed quivers. The action of the centre discrete symmetry,

similarly does not affect the electric spectrum but does affect the magnetic spectrum. In the

monopole formula this manifests itself as receiving contributions from multiple lattices [138]. In

the examples considered here the centre symmetry is Z2 and all Coulomb branch Hilbert series

computed for unframed orthosymplectic quivers receive contributions from an integer lattice

and a half-integer lattice. Framed orthosymplectic quivers have this discrete symmetry fixed

and only receive contributions from the integer lattice in the monopole formula.
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2.6 6d N = (1, 0) Theories

Let us review some field theory constructions of 6d N = (1, 0) theories. In six dimensions the

minimal spinor is a symplectic Majorana-Weyl spinor which can be left-handed or right-handed.

Each symplectic Majorana-Weyl spinor carries 2
d
2
−1 = 4 real supercharges. Since the spinor

representation in six dimensions is complex, the supercharges transform in the fundamental

representation of Sp(NL) × Sp(NR) where the first factor rotates left-handed spinors and the

second rotates the right-handed spinors. A theory with 8 supercharges in six dimensions has

6d N = (1, 0) supersymmetry where the left-handed spinor is chosen, the R-symmetry is Sp(1).

As mentioned there are three massless supermultiplets that will be used; the hypermultiplet,

vector multiplet, and tensor multiplet. In terms of the massless little group, Spin(4) which

will be treated as SO(4), and the Sp(1)R R-symmetry the fields transform in the following

representations written in terms of Dynkin labels

• Hypermultiplet: [0, 0]SO(4)[1]Sp(1)︸ ︷︷ ︸
Scalars

+ [1, 0]SO(4)[1]Sp(1)︸ ︷︷ ︸
Fermions

• Vector multiplet: [1, 1]SO(4)[0]Sp(1)︸ ︷︷ ︸
Gauge field

+ [0, 1]SO(4)[1]Sp(1)︸ ︷︷ ︸
Fermions

• Tensor multiplet: [2, 0]SO(4)[0]Sp(1)︸ ︷︷ ︸
a.s.d. 2-form

+ [1, 0]SO(4)[1]Sp(1)︸ ︷︷ ︸
Fermions

+ [0, 0]SO(4)[0]Sp(1)︸ ︷︷ ︸
Scalar

There are scalar fields in the hypermultiplet and tensor multiplet but not in the vector multiplet.

This means there is a notion of a Higgs branch and tensor branch but not a Coulomb branch.

Note also that the anti-self-dual 2-form, B(2) that appears in the tensor multiplet causes some

complication with writing down Lagrangians due to the vanishing kinetic term. Although there

are treatments for writing Lagrangians for anti-self-dual forms in QFT [139–143], by working

with quivers one avoids this subtlety.

Furthermore one naïvely would expect six dimensional theories to be non-renormalisable. How-

ever in many cases there is an SCFT UV completion and possibly a string theory construction

which makes these theories sensible in the IR. If there is a string theory construction of a six
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dimensional theory then one may also describe theories which are not conformal such as little

string theories [144–146].

Gauge and gravitational anomalies heavily restrict the gauge theories one can have. A partial

list of the allowed gauge theories is in [147–152].

2.6.1 Tensor Branch

The tensor branch is the moduli space of vacua associated to scalars in the tensor multiplet.

Due to supersymmetry the scalars in the tensor multiplet are not subject to any potential and

can take the value of any real number.

The anti-self-dual 2-form B(2) in the tensor multiplet implies the existence of additional codi-

mension four objects in the spectrum. This is seen through the equations of motion and Bianchi

identity in the presence of sources

d ∗6 H(3) = δ(4) (2.30)

dH(3) = δ(4) (2.31)

In six dimensions these codimension four objects are dyonic strings. The dyonic strings in six

dimensions function similarly to dyonic particles in four dimensions. In particular, there is an

analogue to the BPS bound for dyonic strings where the tension of the string T is proportional

to the vev of the tensor multiplet. An additional consequence of supersymmetry is that the

interaction term between the vector multiplet and tensor multiplet fixes the gauge coupling

1/g2 to be proportional to the vev of the tensor multiplet scalar.

T ∼ ⟨ϕ⟩ ∼ 1

g2
(2.32)

These equivalences make six dimensional physics unique in that there are no free (continuous)

parameters. All of the different phases of the theory can be reached by suitable choice of vev.
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2.6.2 Higgs Branch

The Higgs branch of six dimensional theories is a symplectic singularity but is not classically

exact. The dyonic strings present in six dimensions complicate the analysis when they become

tensionless when a tensor multiplet scalar has trivial vev. This includes a new set of massless

states in the spectrum which changes the Higgs branch. Setting a vev to zero is also equivalent

to setting a gauge coupling to infinity, this means that the usual perturbative QFT techniques

fail.

As mentioned, different phases of six dimensional theories may be accessed by suitable choices

of vev. In terms of the Higgs branch geometry, the most important delineation is in whether

a tensor multiplet scalar has zero or non-zero vev. If all of these vevs are non-zero then the

Higgs branch is a classical moduli space of baryons and mesons. If tensor multiplet vevs are

then set to zero in turn then the Higgs branch changes in some way as each vev is set to zero.

The way the Higgs branch changes depends on the particular theory in question, however

there are “rules of thumb” which indicate what effect takes place based on an F-theory [153]

construction of the gauge theory. The four possible effects discovered so far are [45, 154, 46,

155, 156, 72, 1, 92]

(-1). Small E8 instanton transition

(-2). Discrete group gauging

(-3). Continuous group gauging

(-4). Klein D4 transition

where the labelling refers to the F-theory notation for the self-intersecting curve supporting the

gauge group which goes to infinite coupling.

The main tool to fully understand the quantum Higgs branch of a six dimensional theory is

the magnetic quiver. These are mainly derived through brane constructions and so will be

elaborated upon in Section 2.8.
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2.7 Type IIB Brane Constructions for 3d N = 4 Theories

String theory constructions allow for an additional perspective into the physics of gauge theories.

Throughout this thesis, a low energy limit will be taken so that the effects of gravity can be

neglected which is suitable for the study of gauge theories. Furthermore, the rich web of

dualities in string theory may be utilised to explain various phenomena in gauge theory from a

“top-down” perspective.

The most relevant construction for this work is the Hanany-Witten [31] brane system. This

was originally formulated in Type IIB string theory and gave a construction of 3d N = 4 gauge

theories using NS5,D5, and D3 branes. Simple generalisations of this framework yielded similar

brane systems for gauge theories in four, five, and six dimensions. It is worth seeing in detail

how this construction works with a short review.

The occupation of the NS5,D5, and D3 branes in R10 is summarised in Table 2.2. All three

branes share the x0,1,2 directions, which is where the 3d N = 4 SQFT lives. There are also

directions which are occupied only by some of the branes, the x3,4,5 directions occupied by the

NS5 brane specifies an R3 with SO(3) symmetry which represents the SU(2)C R-symmetry,

similarly the x7,8,9 directions specifies another R3 with SO(3) symmetry which represents the

SU(2)H R-symmetry.

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

NS5 ✓ ✓ ✓ ✓ ✓ ✓
D5 ✓ ✓ ✓ ✓ ✓ ✓
D3 ✓ ✓ ✓ ✓

Table 2.2: Occupation of NS5,D5, and D3 branes in spacetime for Hanany-Witten setup.

The gauge theory that lives on an infinite D3 worldvolume is the 4d N = 4, U(1) super-Yang-

Mills theory. The 4d N = 4 vectormultiplet can be dimensionally reduced to a 3d N = 8

vectormultiplet which decomposes into a 3d N = 4 vectormultiplet and a hypermultiplet.

In the Hanany-Witten brane setup the D3 branes end on NS5 branes or D5 branes and so this

amounts to putting either Dirichlet or Neumann boundary conditions on the 3d N = 4 vector



34 Chapter 2. Physics Background

D3

NS5 (D5)

x6

x3,4,5(7,8,9)

Figure 2.2: D3 brane ending on either an NS5 or D5.

multiplet or hypermultiplet.

As a D3 brane ends on an NS5 (D5) brane, shown in Figure 2.2, there are three moduli

corresponding to the x3,4,5(x7,8,9) directions the D3 brane can occupy in the five brane world

volume. These are the scalar fields in the 3d N = 4 vector multiplet (hypermultiplet). The

moduli coming from the gauge field depends on whether the field strength has Dirichlet or

Neumann boundary conditions. In terms of the brane set up in Figure 2.2, Dirichlet boundary

conditions require that Fµν = 0 on the boundary of the D3 brane and Neumann boundary

conditions require that Fµ6 = 0. The gauge field in 4d dimensionally reduces to a gauge field

aµ in 3d, which is taken to be independent of x6, with field strength Fµν , and to a compact

scalar b which is defined such that ∂µb = Fµ6.

When the D3 ends on an NS5, Neumann boundary conditions are placed on the field strength,

killing b and leaving aµ. Combined with the three moduli corresponding to the position of the

D3 brane in the x3,4,5 direction one finds a 3d N = 4 vector multiplet living on the D3 brane.

If instead, the D3 ends on a D5 brane, Dirichlet boundary conditions are placed on the field

strength, projecting out aµ and leaving b. Combined with the three moduli corresponding to

the position of the D3 brane in the x7,8,9 direction one finds a 3d N = 4 linear multiplet living

on the D3 brane.

Now consider ending the D3 brane from two sides with five branes. In this case there are three

possible options: NS5 branes at either end, D5 branes at either end, or one of each type. For

the purposes of this work, only the zero modes of the low energy spectrum of the theory living

on the D3 worldvolume are taken. In this sense, the brane system does not provide a precise

description of the details of the gauge theory living on the D3 brane worldvolume. Instead

the combinatorial data in the brane system is used to provide a description of the low energy
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Figure 2.3: D3 brane ending between five branes.

physics of the gauge theory on the D3 brane.

When the D3 brane ends between two NS5 branes, as in Figure 2.3a, the supermultiplet living

on the D3 brane is an electric U(1) 3d N = 4 vector multiplet. However, when the D3 brane

ends between two D5 branes, as in Figure 2.3b, with the understanding that one takes only

the zero modes, the supermultiplet living on the D3 worldvolume is an electric 3d N = 4

hypermultiplet. Finally, when the D3 brane ends between an NS5 and a D5 on either side, as

in Figure 2.3c, there is no supermultiplet living on the D3 as there are no position moduli and

all components of the field strength are projected out.

If there are stacks of n D3 branes between five branes then the supermultiplet living on the

D3 worldvolume is an electric U(n) 3d N = 4 vector multiplet if between two NS5, n electric

hypermultiplets if between two D5, and no supermultiplet if between one of each five brane.

To generalise the discussion so far, a pair of simple Hanany-Witten brane systems are shown

in Figure 2.4 with the corresponding electric 3d N = 4 gauge theory that lives on the D3

worldvolume. The massless spectra should be thought of as arising from fundamental strings

which stretch between the D3 branes giving rise to bifundamental matter.

The discussion so far considers the so called “electric spectrum” as it deals with fundamental

strings ending between the D3 branes. The end of the fundamental string is an electric source

for the 1-form gauge field living on the D3 worldvolume. However, one may also consider the

“magnetic spectrum” which comes from D1 ending between the D3 branes. In this case the end

of the D1 is a magnetic source for the 1-form gauge field on the D3 brane worldvolume. In

fact the end of the D1 in the D3 world volume is interpreted as a ’t Hooft Polyakov monopole.

Generally, a Dp brane ending on a D(p+2) brane is interpreted as a ’t Hooft Polyakov monopole.
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Figure 2.4: Simple Type IIB Hanany-Witten brane setup and the corresponding electric quiver
theory that lives on the D3 worldvolume

There is then an associated magnetic supermultiplet that lives on the D3 brane worldvolume.

When the D3 brane ends between two NS5 branes one may also view the supermultiplet living on

the D3 brane as a magnetic (twisted) hypermultiplet. Similarly when the D3 brane ends between

two D5 branes one may view the supermultiplet as a magnetic U(n) (twisted) vectormultiplet.

All of the discussion so far then follows exactly the same logic except with the exchange of the

labels NS5↔ D5 and electric ↔ magnetic.

2.7.1 Brane Creation and Annihilation

Although this Section discusses Type IIB brane systems, it will be constructive to consider a

generic D(p+ 2) brane in either Type IIA or Type IIB in the remainder for p ≥ 3.

A non-trivial effect occurs when an NS5 crosses a D(p + 2) in the Hanany-Witten brane set

up since the worldvolumes of the branes link each other. As the branes cross there is cre-

ation/annihilation of Dp branes as shown in Figure 2.5. A thorough technical argument for the

effect is given in [31].

A consequence of the analysis of [31] is a simple formula for the linking number of the NS5
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Figure 2.5: Depiction of the brane creation/annihilation effect.

brane and D(p+ 2). Usually, the linking number is defined as a flux integral

LNS =

∫
R3

H(3)

2π
(2.33)

LD(p+2) = −
∫
R6−p

G(6−p)

2π
(2.34)

where H(3) is the field strength for the NSNS 2-form and G(6−p) is the field strength for the

RR C(5−p) which is magnetically sourced by the D(p+2). The integrals reduce to the following

simple formulae

LNS =
1

2

(
rD(p+2) − lD(p+2)

)
+ (lDp − rDp) (2.35)

LD(p+2) =
1

2
(rNS5 − lNS5) + (lDp − rDp) (2.36)

where r, l refer to the number of branes, of the type in the subscript, that end on the right or

left (in the x6) direction. The choice of sign for branes ending on the left or right is somewhat

arbitrary so long as there is a relative sign between them. Importantly, the brane transitions

do not change the total linking number of a brane system.

To a given brane system there is an electric phase, where all Dp branes are suspended between

NS5 branes, and a magnetic phase where all Dp branes are suspended between D(p+2) branes.

From each phase, one can read an electric quiver or magnetic quiver respectively. It is through

the brane creation/annihilation effect that one can take a brane system from the electric phase

to the magnetic or vice versa.

The relationship between electric and magnetic quivers, in generic dimensions, is that the Higgs

branch of the electric quiver happens to be equal to the moduli space of monopole operators

of the magnetic quiver. For 3d N = 4 theories the statement is stronger and the electric and
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magnetic quivers are 3d mirror [111]. Two theories, A and B, which are 3d mirror enjoy the

property that

H(A) = C(B) (2.37)

C(A) = H(B) (2.38)

The string theory explanation is due to S-duality in Type IIB swapping D5 and NS5 [31].

2.7.2 Orientifold Planes

Orientifold planes are objects in string theory which incorporate the action of a discrete space-

time symmetry and parity on the worldsheet of fundamental strings. There are four such

orientifold planes; Op−, Op+, Õp−, and Õp+. These four types arise, for p ≤ 5, due to the

possible Z2 × Z2 charges, defined by a (twisted) cohomology, arising from the NS 2-form and

the RR (5 − p)-form, where in Type IIB p = 3, 5. The trivial and non-trivial Z2 arising from

the NS 2-form is denoted by ± respectively and the trivial and non-trivial Z2 arising from the

RR sector is denoted by the lack of a tilde or with tilde. Orientifold planes can still be defined

for p ≥ 6 through the action on Chan-Paton factors and come in the same four types.

When Dp branes are placed in parallel to an Op plane, the electric and magnetic gauge groups

on the Dp worldvolume change due to the way that fundamental strings or D(p − 2) branes

end between the Dp branes and their mirror images. The electric and magnetic gauge groups

as well as the charge of the orientifold planes (in units of D-brane charge), and notation used

throughout this thesis is summarised in Table 2.3 [129]. A further bit of notation is that any

Dp brane numbers will denote the number of full branes on the orientifold.

Orientifold Charge Electric Magnetic Notation

Op− −2p−5 D D
Op+ +2p−5 C B
Õp− 1

2
− 2p−5 B C

Õp+ +2p−5 C C

Table 2.3: Gauge algebra for electric and magnetic BPS states with orientifold planes.
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It shall be important to understand what the electric vector multiplets are in the presence of

each type of O(p+2) plane [130]. The electric vector multiplet when 2n Dp branes pass through

an O(p+2)− plane has gauge group Sp(n). Similarly, the electric vector multiplet when 2n Dp

branes end on an O(p+ 2)+ plane, has gauge group SO(2n). In the presence of an ˜O(p+ 2)+,

the electric vector multiplet for a stack of 2n+1 Dp has SO(2n+1) gauge symmetry. The last

case is when 2n Dp branes pass through an ˜O(p+ 2)−, in which case the resulting gauge group

is Sp(n) with a half-hypermultiplet.

Another kind of orientifold that will be used in this thesis is the ON which incorporates an

orbifold by (−1)FL [157, 128, 158–160]. The ON plane also comes with four possible Z2 × Z2

charges and is S-dual to the O5 plane with the same charge. The ON plane is still a valid object

in Type IIA and is thought of as the T-dual to the ON in Type IIB. There is an electric gauge

algebra on the NS5 brane worldvolume when D1 can end following the same assignment as in

Table 2.3. The electric quiver has gauge nodes arranged in the Dynkin diagram of the electric

gauge algebra on the NS5 brane.

The effect of the O(p + 2) and ON swaps when considering the magnetic quiver. Magnetic

vector multiplets get the Dynkin type ending in the presence of O(p + 2) and have classical

group algebra in the presence of ON.

Finally, due to the combination of actions of the orientifolds as a Klein four-group, if any two

of the Op, O(p + 2), or ON are present in a brane system, then the action of the third is

automatically generated [131].

The brane creation/annihilation effect is also modified in the presence of orientifold planes.

Firstly recall that orientifold Op planes change their type as they pass through a (half) D(p+2)

brane or (half) NS5 brane, flipping the charge of the RR Z2 charge and NS Z2 charge respec-

tively [161, 131, 160]. This effect is responsible for the alternating sequence of orthogonal and

symplectic gauge groups in orthosymplectic quivers. Secondly, any brane creation or annihila-

tion effects must preserve the linking number, which now get additional contributions from the

charge of the orientifold planes.
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LNS =
1

2

(
rD(p+2) − lD(p+2)

)
+ (lDp − rDp) +

(
qLOp − qROp

)
(2.39)

LD(p+2) =
1

2
(rNS5 − lNS5) + (lDp − rDp) +

(
qLOp − qROp

)
(2.40)

Thus for each of the four orientifold planes the transitions are summarised in Figure 2.6.
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Figure 2.6: Summary of brane creation effect in the presence of Op planes. The circle with a
cross indicates an NS5 brane and vertical lines indicate a D(p+ 2) brane.

2.8 Type IIA Brane Construction for 6d N = (1, 0) Theories

Type IIA brane systems with NS5, D8, and D6 branes, possibly with orientifold planes, give

rise to 6d N = (1, 0) gauge theories on the D6 worldvolume.

The spacetime occupation is summarised in Table 2.4. These brane systems may be thought of

as arising from the Type IIB brane systems for 3d N = 4 gauge theories and applying T-duality
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in each of the x3,4,5 directions.

x0 x1 x2 x3 x4 x5 x6 x7 x8 x9

NS5/ON ✓ ✓ ✓ ✓ ✓ ✓
D8/O8 ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓
D6/O6 ✓ ✓ ✓ ✓ ✓ ✓ ✓

Table 2.4: Occupation of NS5,D8, and D6 branes in spacetime for Hanany-Witten setup.

All three branes share the x0,1,2,3,4,5 directions which is where the 6d N = (1, 0) SQFT lives.

There is no longer any direction which is occupied solely by the NS5 brane, this is indicative

of the inexistence of a Coulomb branch in six dimensions. However, the x7,8,9 directions are

occupied solely by D8 branes which defines, as before, an R3 with SO(3) symmetry which

represents the SU(2)H ≃ Sp(1)H R-symmetry.

There are some additional considerations to take when studying these brane systems. Firstly,

in the presence of D8 branes the usual Type IIA string theory gets modified to the massive

Type IIA string theory. The name comes from the fact that there is now a Romans’ mass

term for the NSNS 2-form [162]. In the corresponding supergravity this mass is related to a

cosmological constant which is in turn related to the D8 brane charge. For the purposes of this

thesis, it is important to note that since the D8 brane is codimension one in spacetime it acts

as a domain-wall and the cosmological constant m jumps by one as it crosses a (full) D8 brane

[34, 32].

Secondly, the electric phase of these Type IIA brane systems would require D6 branes to end

between NS5 branes. Naïvely this is problematic as the NS5 brane will not be able to absorb

the RR flux since the end of the D6 brane occupies the same dimensions as the NS5 brane

worldvolume. The solution lies in the fact that the Romans’ mass term can compensate the

RR charge violation. The only constraint is that the net number of D6 branes ending to the

left and right of the NS5 brane is equal to m for the particular D8 interval that the NS5 is

located in. As a corollary, usually in the presence of O6 planes NS5 branes are stuck on the

orientifold. However, in a D8 interval with m = 0 it will be possible to recombine half NS5

on the orientifold and lift them off so that nothing ends on them. This result is crucial when
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transitioning from the electric phase to the magnetic phase of the brane system.

Thirdly, a point about the interpretation of brane systems. The Higgs branch of six dimensional

theories receive non-trivial corrections whenever tensionless strings appear in the spectrum. The

tension of these dyonic strings is proportional to the vev of the scalar in the tensor multiplet.

In the Type IIA brane system this vev is represented by the separation of NS5 branes (and

potentially also their images in an O8). This is sensible since a 6d N = (2, 0) tensor multiplet

lives on the NS5 worldvolume. Hence, the appearance of tensionless strings can be represented

combinatorially by making NS5 branes coincident. The physics of strongly interacting NS5

branes is challenging to describe but the brane system is not supposed to capture this physics.

The brane system only describes the zero modes in the worldvolume theory of the D6 branes.

It is crucial to reiterate that the brane system only provides combinatorial data and that it

should not be taken too literally.

Another peculiar feature of some of these Type IIA brane systems is in the use of negatively

charged D6 branes. Despite their presence in a string background being associated to super-

symmetry breaking [163–165] many consistent results in 6d N = (1, 0) gauge theories can be

computed with their presence [166, 167, 72]. In particular their magnetic quivers, with a set of

brane constructions in [72, 91]. The usual rules of Hanany-Witten brane systems apply as before

regardless of the charge of the D6 branes. This is another case where one uses combinatorial

data of a brane system without trying to make sense of it too literally.

2.8.1 Magnetic Quivers

Now it is time to introduce one of the central physical constructions used in this thesis, the

magnetic quiver.

In these Type IIA brane systems for 6d N = (1, 0) theories there is the electric phase, where

one thinks of fundamental strings ending between D6 and NS5, and the magnetic phase, where

one thinks of D4 ending between D6 and NS5 branes. Again, the D4 branes should be thought

of as ’t Hooft Polyakov monopoles in the D6 worldvolume theory. From each phase of the
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brane system, which are reached by brane creation and annihilation moves, one may read off

the electric quiver and a magnetic quiver. In Type IIB Hanany-Witten brane systems, the

electric and magnetic quivers are 3d mirror, the analogue of this in higher dimensions is that

the Higgs branch of the electric quiver is equal to the moduli space of monopoles defined by the

magnetic quiver. This can be verified explicitly with Hilbert series computations by comparing

the classical Higgs branch of the 6d N = (1, 0) theory with the moduli space of monopoles

of the magnetic quiver computed through the monopole formula. In this sense, the magnetic

quiver is an “auxiliary 3d” theory characterising Higgs branches of higher dimensional theories

with eight supercharges as equivalent to the “Coulomb branch” of the magnetic quiver.

H
(
Qd=4,5,6

)
= C

(
Q3d

M

)
(2.41)

Crucially however, magnetic quivers are intimately tied to the physics of the higher dimensional

theory usually through brane systems and also give descriptions of non-perturbative effects for

which Lagrangian-based Higgs branch constructions are not known.

The magnetic phase of the Type IIA brane systems for 6d N = (1, 0) theories are reached

when D6 end between D8 and not NS5. Therefore to reach the magnetic phase, brane moves

are performed to get the NS5 into a D8 brane interval with zero cosmological constant. From

there, one can move NS5 in the x7,8,9 directions away from the D6 or O6 planes. The rules

for reading magnetic quivers from Type IIA brane systems for 6d N = (1, 0) theories, first

established in [46, 155], are almost identical to those established in the previous sections for

Type IIB brane systems. The only difference is that the fundamental magnetic object, the

D4, ending between a D6 and NS5 gives rise to a magnetic vector multiplet and an adjoint

hypermultiplet instead of a flavour. This is because the D6 (on an interval) and NS5 occupy

the same number of (non-compact) spacetime dimensions. Another rule involves when multiple

NS5 branes coincide in the brane system, this corresponds to tuning a gauge coupling in the 6d

theory to infinity where the Higgs branch may receive a correction. In general a stack of NS5
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branes corresponds to the following in the magnetic quiver,

n n
(2.42)

and this is similar in the presence of O6 planes when the gauge group in the magnetic quiver

is no longer unitary. For example n (half) NS5 branes above an O6− gives an Sp(n) gauge

group with [0, 1, 0, · · · , 0]Sp(n) in the magnetic quiver. When n = 1, the loop on the U(1) con-

tributes a trivial free hypermultiplet, or in the presence of orientifold planes, the antisymmetric

representation Sp(1) is trivial so in either case the loop can be suppressed in the magnetic

quiver.

6d N = (1, 0) Conformal Matter

These rules are illustrated with a simple set of examples considered in [46, 155]. However, this

is also an opportunity to consider a general setup which plays an important role in Chapter 6

and Chapter 7. The general setup is an M-theory background on R7 × C2/ΓADE where ΓADE

is a discrete subgroup of SU(2). The corresponding gauge theory is the 7d N = 1 super-

Yang-Mills with gauge group G = ADE. If one adds N M5 branes to the setup breaking

half of supersymmetry, the background is now R6 × R× C2/ΓADE, with the R6 corresponding

to the M5 worldvolume and R being a direction that M5 are separated along. The M5 act

as domain-walls in the 7d theory giving multiple gauge groups connected by some generalised

notion of bifundamental matter. Taking zero modes along the M5 separation direction results

in the following 6d N = (1, 0) gauge theory referred to as rank N (G,G) conformal matter

[168], which enjoys N − 1 gauge groups each with their own gauge coupling which can be set

to infinity giving many different phases of the Higgs branch. The labels of −2 refer to the
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self-intersection number of the CP1 in the base of the dual F-theory construction.

· · ·

G G

G

−2

G

−2

G

−2

G

−2
N − 1 (2.43)

The case of N = 1, termed minimal conformal matter, is particularly special since the corre-

sponding 6d theory plays the role of “bifundamental matter”. One would expect that the Higgs

branch of such a theory is a moduli space of free hypermultiplets, however this is generically

not the case and the Higgs branch is a non-trivial symplectic singularity.

(A,A) Conformal Matter

The first simple example of reading magnetic quivers starts by taking G = SU(2) and N = 2.

The above 6d N = (1, 0) theory becomes SU(2) gauge theory with four flavours, which is

written as
4

SU(2)

−2 (2.44)

where the −2 refers to the self-intersection number of the CP1 in the base of an F-theory

construction.

In this case, one can take the M-theory background and reduce on a circle which the M5 wraps

to Type IIA. The M5 branes become NS5 branes and the C2/Z2 become two D6 branes. This is

because the Klein Ak singularity in M-theory backgrounds can be thought of as the transverse

space to a stack of k + 1 KK monopoles which become D6 branes in Type IIA.
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C2/Z2

M5 M5 NS5 NS5 D6

(2.45)

The Type IIA brane system on the right hand side has two semi-infinite D6 branes on the left

and right which can end on D8 branes without further breaking supersymmetry. The way the

D6 branes can end on the D8 branes depends on a particular partition of 2 since either both

D6 can end on the same D8 or each D6 can end on one D8 each. Let us take the latter choice,

and also suppose that there are additional D8 branes at infinity which result in the interval in

which the NS5 branes sit to have zero cosmological constant. Upon lifting the NS5 branes away

from the D6 the Type IIA brane system and corresponding magnetic quiver are given below.

1 2 1

1 1

(2.46)

The classical Higgs branch of SU(2) with four flavours is the moduli space of one SO(8) instanton

on C2 or alternatively the minimal nilpotent orbit of SO(8) denoted min.D4, which is also given

by the moduli space of monopoles of the magnetic quiver above which is the affine D
(1)
4 quiver.

The infinite coupling limit of SU(2) with four flavours corresponds to placing the NS5 branes

on top of each other. This is drawn below with the corresponding magnetic quiver.

×2

1 2 1

2

(2.47)

The Higgs branch of SU(2) with four flavours at infinite coupling cannot be computed classically
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due to the tensionless strings in the spectrum. However, the moduli space of monopoles given by

the magnetic quiver identifies the Higgs branch to as a moduli space called the n.min.B3 which

is a nilpotent orbit and will be introduced more formally in Chapter 3. In fact, there is a Z2

quotient acting on the finite coupling Higgs branch which results in the infinite coupling Higgs

branch, which is seen in the brane system by making the two NS5 coincident. The mathematical

relationship between the moduli spaces is also known in the mathematics literature [169].

This construction can be generalised for G = SU(k), with ΓG = C2/Zk and for general N .

Upon reducing the M-theory setup to Type IIA, each M5 brane becomes an NS5 and the

C2/Zk singularity becomes a stack of k D6 branes. Then choosing to end the k semi-infinite

D6 branes on one D8 brane each with additional D8 branes at infinity to make the intervals

containing the NS5 have zero cosmological constant results in the following Type IIA brane

system with all NS5 branes separated.

· · · · · ·

· · ·

1 2 k 2 1

N

(2.48)

From the brane system one reads the following magnetic quiver

1 2
· · ·

k
· · ·

2 1

1 1· · ·

N

(2.49)

There are many possible combinations in which the some of the N − 1 gauge couplings in 6d

can be set to infinity. In the brane system this corresponds to all of the possible ways the

NS5 branes can be coincident or not, which is in one-to-one correspondence with all partitions

ρ = (ρ1, ρ2, · · · , ρj) of N where each element of the partition denotes how many NS5 are
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coincident. The most generic brane system and magnetic quiver is then

×ρ1 ×ρj

· · · · · ·

· · ·

1 2 k 2 1

(2.50)

From the brane system one reads the following magnetic quiver

1 2
· · ·

k
· · ·

2 1

ρ1 ρj· · ·

(2.51)

The minimal conformal matter case with N = 1, gives a magnetic quiver which takes the

following form

1 2
· · ·

k
· · ·

2 1

1

(2.52)

which upon evaluating the Hilbert series with the monopole formula indicates the moduli space

is Hk2 .

(D,D) Conformal Matter

The next natural case to consider is to take N M5 branes on a Klein Dk singularity C2/Dk−2

where Dk−2 is the dihedral group of order 4k − 8. Much of the analysis from the previous

Subsection carries over, except for some additional subtleties. Take first, the case of one M5
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brane on C2/Dk−2, the naïve reduction to Type IIA would be the following

C2/Dk−2

M5
NS5 k D6

− −
(2.53)

where one full NS5 has k D6 branes ending to the left and right on top of an O6− plane.

However an NS5 brane on top an orientifold plane splits into two half NS5 branes. This is

suggestive of the fractionation of the M5 branes and the following picture

C2/Dk−2

1
2
M5 1

2
M5

1
2NS5 1

2NS5 k D6k − 4

− + −
(2.54)

where there are k − 4 D6 branes between the (half) NS5 branes to preserve the cosmological

constant in the interval.

With this additional input, take N M5 branes on C2/Dk−2 and reduce to Type IIA. Upon

ending all D6 branes between the (half) D8 and ensuring that the interval containing the (half)

NS5 has zero cosmological constant, the magnetic phase of the Type IIA brane system is

· · ·

· · ·

· · · · · ·
1 1 2 k 2 1 1

− −̃ − −̃ − − − −̃ − −̃ −

N

(2.55)
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and results in the following magnetic quiver

C0 D1 C1 D2

· · ·
Dk

· · ·
D2 C1 D1 C0

C1 C1· · ·

N

(2.56)

The C0 refers to a trivial group and it does not contribute to computation of moduli spaces so

it can be suppressed, however it is included here to reflect the total number of D8 branes in

the brane system. There are again multiple ways to take the N − 1 gauge couplings to infinity,

corresponding to partitions ρ = (ρ1, ρ2, · · · , ρj) of N . The most generic Type IIA brane system

and corresponding magnetic quiver are

· · ·

· · ·

· · · · · ·

×ρ1

×ρ1

×ρj

×ρj

1 1 2 k 2 1 1

− −̃ − −̃ − − − −̃ − −̃ −

(2.57)

C0 D1 C1 D2

· · ·
Dk

· · ·
D2 C1 D1 C0

Cρ1 Cρj· · ·

(2.58)

where the loops refer to antisymmetric matter.

In this case the minimal conformal matter, N = 1, has the following magnetic quiver

C0 D1 C1 D2

· · ·
Dk

· · ·
D2 C1 D1 C0

C1

(2.59)

evaluation of the Hilbert series for this moduli space indicates that it is not a moduli space of
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free hypermultiplets and is instead a more complicated symplectic singularity. The HWG is

HWG [C (Q2.59)] = PE

[
k−1∑
i=1

µ2it
2i + t4 + µ2k

(
tk−2 + tk

)]
(2.60)

where the µi are highest weight fugacities for SO(4k).

(E,E) Conformal Matter

In this case, there is no known Type IIA brane system to reduce the M-theory setup to.

Instead one relies on F-theory constructions. Take the simplest case of the M-theory setup of

one M5 brane on an E-type Klein singularity which is dual to the F-theory construction of

two intersecting D7 branes which wrap one of two intersecting CP1 in the base of an elliptic

fibration with the singular fibres of type Kodaira type IV ∗, III∗, or II∗ for E6,7,8 respectively.

This elliptic fibration is too singular at the intersection point and so blowups are performed

to reduce the degree of singularity of the fibration. The blowups add additional CP1 in the

base with a finite size which also support gauge groups. The size of these CP1 corresponds to

the gauge coupling in 6d. Therefore, the notion of (E,E) minimal conformal matter is dual to

a particular gauge theory in 6d. The number of gauge groups corresponds to the number of

intervals between the M5 which determines the number of M5 fractions.

For the case of E6, which is considered in Chapter 6 and Chapter 7, the M5 branes fractionate

into four and the dual gauge theory is

Sp(0)

−1

SU(3)

−3

Sp(0)

−1

E6 E6

(2.61)
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Small E8 Instanton Transition

A second non-trivial dictionary between brane systems and magnetic quivers concerns when

(half)NS5 branes are placed on top of O8 planes, the “half” is dropped in the following. Consider

an NS5 brane next to an O8− and eight D8 branes.

O8−

(2.62)

The electric gauge theory is the following

O(16)

Sp(0)

−1 (2.63)

where the Sp(0) refers to a trivial gauge group but with a dynamical tensor multiplet. This is

because there is a non-trivial distance between the NS5 brane and its image in the O8−. The

O(16) flavour symmetry is due to the eight D8 branes on top of the O8− plane. The label −1

refers to the self-intersection number of the CP1 in the base of the F-theory construction.

The NS5 brane is now brought near the O8− plane accounting for D6 brane creation.

O8−

12345678

(2.64)
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When the NS5 brane reaches the O8− plane, it can recombine with its image and the D6 brane

pass through the O8 resulting in the following brane system

O8−

1234563

4

(2.65)

The magnetic quiver is the affine E
(1)
8 quiver

2 4 6 5 4 3 2 1

3

(2.66)

where the two NS5 on the O8− are read as a gauge node in the magnetic quiver. The corre-

sponding electric quiver is

Sp(0)

E8

(2.67)

The Coulomb branch of the magnetic quiver is the moduli space of one E8 instanton on C2

which has dimension 29. The jump in Higgs branch dimension from 0, at finite coupling, to

29, at infinite coupling, is indicative of the gravitational anomaly cancellation condition which

trades a tensor multiplet for 29 hypermultiplets. The affine E
(1)
8 quiver is a sensible magnetic

quiver as the above Type IIA construction is dual to the M-theory background of an M5 brane

next to an M9 wall [170, 171] with an M2 brane ending between them. When the M5 is away

from the M9 there are no massless states. When the M5 is on the wall it is an instanton inside

the M9 with gauge symmetry E8. The theory on the M5 brane is called an E-string theory

since the ends of the M2 are string-like objects.



Chapter 3

Background on Symplectic Singularities

3.1 Introduction

Having introduced the main physics concepts that will appear in this thesis, it is time to rip off

the plaster and delve into the mathematical background that will be needed. This will mostly

encompass a type of moduli space omnipresent when dealing with moduli spaces of theories

with eight supercharges called symplectic singularities. Within symplectic singularities there

are many different constructions of varieties, the most common in this thesis will be orbifolds,

nilpotent orbits, and affine Grassmannian slices. In addition, some Hilbert series divination

will be covered to extract as much information about a moduli space as possible.

This review will be aimed towards physicists and will provide only loose definitions and fo-

cus more on the results of mathematical theorems. The reader is encouraged to look at the

references and those contained within for a formal treatment of these topics.

3.2 Symplectic Singularities

The moduli spaces of vacua that will be encountered in this thesis fall within a family of

geometric spaces called “symplectic singularities”.

54
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Firstly a Poisson variety is one whose coordinate ring has a Poisson bracket on it which satisfies,

skew-symmetry, the Jacobi identity, and Leibniz rule. For some functions f, g, h on the variety

these properties are respectively

{f, g}+ {g, f} = 0 (3.1)

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0 (3.2)

{f, gh} − {f, g}h− g{f, h} = 0 (3.3)

Much like in classical mechanics, the study of Poisson brackets is associated to symplectic

geometry through the duality of the Poisson bracket and antisymmetric (or symplectic) form.

The formal definition of a symplectic singularity was given by Beauville [23] which roughly states

that a symplectic singularity is a hyper-Kähler variety (a variety of even complex dimension)

with a holomorphic symplectic form which can be degenerate at finitely many points, but

extends to a symplectic form on any resolution of this variety.

Poisson varieties admit a foliation into “symplectic leaves” which are sub-varieties of the Poisson

variety and need not be of the same dimension [172]. Symplectic singularities, which are also

Poisson varieties have a similar property [173, 174], they admit a finite stratification which

have partial order. This partial order is captured in an object called a Hasse diagram. In the

physics literature many techniques have been developed to determine the Hasse diagrams of

moduli spaces of theories with eight supercharges [110, 47, 75, 83, 6, 95, 8].

3.3 Poisson Brackets

Before tackling a variety with singularities it will be instructive to consider a space without

singularities. The space C2 can be parametrised by two complex coordinates (z1, z2) with an

overall SO(4) symmetry rotating the four real coordinates.
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The SO(4) symmetry can be split into two factors of SU(2) as

SO(4) ≃ SU(2)R × SU(2) (3.4)

where the first SU(2)R will be interpreted as an R-symmetry in a physical context and the

second SU(2) is the global symmetry of C2.

The holomorphic coordinates (z1, z2) and the corresponding anti-holomorphic coordinates (z̄1,−z̄2)

are acted upon by these two symmetries as shown in Table 3.1.

Weights SU(2)
1 −1

SU(2)R
1 z1 z2
−1 −z̄2 z̄1

Table 3.1: Action of SU(2) and SU(2)R on the holomorphic and anti-holomorphic coordinates
of C2.

The SU(2) global symmetry acts across the columns of the matrix whereas the SU(2)R acts

non-holomorphically down the column of the matrix. The numbers 1 and −1 denote the weight

under which each of the coordinates transforms. Importantly, holomorphic functions on C2 are

associated to the highest weights of SU(2)R.

A way to analyse C2 is to consider the Poisson bracket of holomorphic functions on C2. Given

two holomorphic functions f(z1, z2) and g(z1, z2) the Poisson bracket is defined (in canonical

coordinates) as

{f(z1, z2), g(z1, z2)} =
∂f

∂z1

∂g

∂z2
− ∂f

∂z2

∂g

∂z1
=

∂f

∂zi
Ωij ∂g

∂zj
(3.5)

From this definition it is clear to see that the Poisson bracket is: anti-commuting, bilinear,

obeys the Leibniz property, and the Jacobi identity. The explicit connection to the symplectic

form Ω is also given in these coordinates.

Given the linearity of functions it is sufficient to consider simple monomials of the form za1z
b
2

where a, b ∈ Z≥0, the degree of the monomial is a+b. The degree two monomials are particularly

interesting as the Poisson bracket between them also results in a degree two monomial. In other
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words, the degree two monomials are elements of the Lie algebra which acts on the functions

on the space. This Lie algebra is the global symmetry of the moduli space.

To explicate this, there are three monomials of degree two on C2; z21 , z1z2, z22 . Of the six Poisson

brackets three are of particular relevance

{z21 , z1z2} = 2z21 , {z1z2, z1z2} = 0, {z22 , z1z2} = −2z22 (3.6)

as they clearly form the Lie algebra of SU(2), the global symmetry of the space.

Physically, the coordinates on the space will correspond to chiral operators in the SQFT and

the Poisson bracket is the algebra of these operators.

3.3.1 Example: C2/Zn

The next simplest example is the Klein An−1 singularity. There are again two holomorphic

complex coordinates (z1, z2) which transform under the action of Zn as

(z1, z2)→ (e2πi/nz1, e
−2πi/nz2) (3.7)

Any function on C2/Zn must respect the Zn action so the most lowest degree monomials are

zn1 , z1z2, z
n
2 .

If n ̸= 2 then z1z2 is the only degree two monomial and the Poisson bracket is trivial

{z1z2, z1z2} = 0 (3.8)

indicating that there is a U(1) global symmetry.

If n = 2 then z21 , z1z2, z
2
2 are all degree two functions with the Poisson brackets indicating an

SU(2) global symmetry as before.
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3.4 Hilbert Series

The computation of Poisson brackets is extremely useful in physics to derive precise opera-

tor algebras, the cost is that it becomes extremely complicated to do so for exotic moduli

spaces. Examples of Poisson brackets for moduli spaces of theories with eight supercharges

have appeared in [76, 107].

The general strategy of computing Hilbert series employed in the previous Chapter was to grade

operators under the SU(2)R symmetry and global symmetry and then to count them modulo

gauge invariance. When studying symplectic singularities a similar approach is taken.

3.4.1 Example: C2

The monomials on C2 take the form za1z
b
2 for a, b ∈ Z≥0. Assign two variables t1,2 which counts

the degree of z1,2 in a particular monomial. The Hilbert series is a generating function which

enumerates all of the functions on a variety at all degrees. For this example the Hilbert series

HSC2(t1, t2) is computed as

HSC2(t1, t2) =
∞∑

a,b=0

ta1t
b
2 (3.9)

=
1

(1− t1)(1− t2)
(3.10)

The choice of variable t1,2 is natural but does not make any of the symmetries of C2 apparent.

Recall that z1,2 transform with weight one under SU(2)R and as ±1 under the SU(2) global

symmetry. The following variable redefinition makes this apparent

t1 → tx, t2 → t/x (3.11)

where t is a variable which counts the degree of functions under SU(2)R and x is a variable

which denotes the weight a function transforms with under the SU(2) global symmetry. The
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Hilbert series then becomes

HSC2(t, x) =
1

(1− tx)(1− t/x)
(3.12)

= 1 + (x+ x−1)t+ (x2 + 1 + x−2)t2 +O(t3) (3.13)

where the expression has been expanded up to order t2.

The advantage of such a choice of variables is that the coefficients of t are characters of the

representation of the global symmetry that the holomorphic functions transform in.

3.4.2 Example: C2/Zn

The basic monomials for this variety are zn1 , z1z2, z
n
2 which are subject to the relation (zn1 )(z

n
2 ) =

(z1z2)
n. The relation prevents overcounting of holomorphic functions.

The Hilbert series written in terms of the variables t1,2 is

HSC2/Zn
(t1, t2) =

1− tn1 t
n
2

(1− tn1 )(1− t1t2)(1− tn2 )
(3.14)

but redefining the coordinates to make the symmetries explicit

t1 → tq1/n, t2 → tq−1/n (3.15)

gives a new Hilbert series

HSC2/Zn
(t, q) =

1− t2n

(1− tnq)(1− t2)(1− tn/q)
(3.16)

3.4.3 Hilbert Series Divination

The Hilbert series contains surprisingly more information about a variety than one may expect.

It will be useful to summarise some properties of Hilbert series for particular varieties.
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The first observation is that the coefficient of the t2 term of a refined Hilbert series is the

character of the adjoint representation of the global symmetry, up to some fugacity maps. This

is because the degree two functions on a variety form the Lie algebra of the global symmetry.

In the monopole formula, the zi are fugacities associated to the U(1) topological symmetry of

unitary gauge groups. They have the interpretation of simple roots of the global symmetry

algebra and hence one would have to map these to fugacities of highest weight, typically using

the Cartan matrix of the global symmetry algebra, to fully realise the character of the global

symmetry. If one uses the Cartan matrix, the map between simple root fugacities and weight

fugacities is

zi =
∏
j

x
Aji

j (3.17)

although one may need different maps and there is no general principle to find them. If the

Hilbert series is unrefined then the t2 term is the dimension of the adjoint representation of the

Hilbert series.

A second observation is that the pole of an unrefined Hilbert series at t = 1 is the complex

dimension of the variety. This dimension should be even if the moduli space is to be a symplectic

singularity.

3.5 Nilpotent Orbits

The closures of nilpotent orbits of classical and exceptional Lie algebras are one type of sym-

plectic singularity which will be particularly important in this thesis. A review of this topic

will follow ideas and proofs (not stated here) in [175] and references within. Only statements

of the results will be required here.

Nilpotent orbits of a Lie algebra g are moduli spaces of the orbit of inequivalent elements under

the co-adjoint action of g. The closure of a nilpotent orbit is the union of nilpotent orbits

generated by Lie algebra elements of “lower nilpotency”. The nilpotent orbits of a Lie algebra

g are in one-to-one correspondence with the different possible embeddings G ←↩ SU(2), due
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to theorems of Jacobson-Morozov [176, 177] and Kostant [175]. This embedding is specified

by a homomorphism ρ : G → SU(2). These embeddings of SU(2) into a Lie group G, are

classified by Dynkin [178] in terms of weighted Dynkin diagrams. This gives an equivalence

between weighted Dynkin diagrams and nilpotent orbit closures. The nilpotent orbit closures of

classical groups were classified in the work of Kraft-Procesi [179, 180] and exceptional nilpotent

orbits were classified in the work of Bala-Carter [181, 182].

A simple way to define these embeddings of SU(2) inside G is through characters. The charac-

ters of G are expressed in terms of a set of r = rank G fugacities called Cartan subalgebra (CSA)

fugacities, {x1, · · · , xr}, associated to the weights of G, ρ maps these fugacities to powers of the

CSA fugacity associated to SU(2) denoted x. The specific labelling of x1, · · · , xr is through the

corresponding node in the Dynkin diagram corresponding to that particular (co)weight. Alter-

natively, the action of ρ can be seen in terms of simple roots fugacities {z1, · · · , zr} associated

to the roots of G or equivalently the co-weights of G, ρ then maps these to the simple root

fugacity z for SU(2).

ρ : {x1, · · · , xr} → {xw1 , · · · , xwr}, (3.18)

ρ : {z1, · · · , zr} → {zq1/2, · · · , zqr/2}, (3.19)

where the exponents qi and wj are necessarily related by the Cartan matrix of G:

qi =
∑
j

Aijwj (3.20)

These maps can be used to decompose irreps of G into irreps of SU(2) and this permits the

labelling of nilpotent orbits in any one of a number of equivalent ways [175]:

1. By the Characteristic, or root map, the set of ordered exponents [q1, · · · , qr],

2. By the weight map set of ordered exponents [w1, · · · , wr],

3. By the partition1 which enumerates the dimensions and multiplicity of SU(2) irreps in
1(. . . , nmi

i , . . .) denotes a partition where the superscript mi gives the multiplicity of the dimension ni in the
partition.
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the vector/fundamental of G under the map ρ.

For exceptional nilpotent orbits one can use another labelling of the nilpotent orbits called the

Bala-Carter labelling. The maps between Bala-Carter labels and the characteristic may be

found in [175].

Explicit constructions of some nilpotent orbits as a Higgs branch or Coulomb branch of a

3d N = 4 theory was done in [183–185] using this data. Most notably there are (hyper-Kähler

quotient) Higgs branch constructions of all classical group nilpotent orbit closures also following

work in [179, 180], but only a limited number of Coulomb branch constructions. For exceptional

nilpotent orbits there are no known hyper-Kähler quotient Higgs branch constructions and

again only a limited number of Coulomb branch constructions. However the Hilbert series for

all nilpotent orbits can be computed from the characteristic with the nilpotent orbit localisation

formula regardless if an explicit quiver is known [186, 184].

The systematic Coulomb branch constructions for some nilpotent orbits are limited to orbits

which have the so-called property of height less than 3 [187]. This height is computed as

h =
r∑

i=1

qih
∨
i (3.21)

If h ≤ 2 the Coulomb branch construction is defined by a quiver which forms the Dynkin

diagram of G with U(wi) gauge nodes and qi flavours. In particular, the unframed quiver

for the minimal nilpotent orbits for all semi-simple Lie algebras is the affine Dynkin quiver.

Systematic Coulomb branch constructions for nilpotent orbits of height h ≥ 3 are not known

and cases are found sporadically in the literature.

A typical way of labelling the closures of nilpotent orbits is by group and partition data as

OG

ρ , where the overline clarifies that we are referring to the closure of the orbit. The partition

data allows the nilpotent orbits of G to be organised as a Hasse diagram, and certain orbits in

this poset carry canonical names. These include the minimal orbit min.G, “next to” minimal

orbits n.min.G (where we can use n. multiple times to indicate how far an orbit is from the

minimal), the sub-regular orbit sub.reg.G and the maximal or regular orbit max.G (also termed
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the nilcone N ).

Normal and Non-normal Orbits

Most of the nilpotent orbits that will be encountered in this thesis are “normal” nilpotent or-

bits. These orbits are Calabi-Yau and contain only rational Gorenstein singularities [188], their

Hilbert series have palindromic numerators [189, 183]. A non-normal orbit is one which (anti-

climactically) is not normal, and so their Hilbert series will not have a palindromic numerator.

Higgs branches of theories with eight supercharges can be either normal or non-normal. However

Coulomb branches are always normal [27], and so any quiver construction associated with a

non-normal orbit actually produces its normalisation. The normalisation of a variety is unique

and essentially includes additional functions on the chiral ring required to make the variety

normal. Non-normal nilpotent orbits for classical and exceptional Lie algebras were identified

in [179, 180, 190].

3.6 Slodowy Slices and Intersections

A closely related concept to nilpotent orbits is the notion of a Slodowy slice [191]. To a

given nilpotent orbit, specified by ρ, are transverse spaces formed by the generators of the Lie

algebra g which are not included in the embedding ρ. These spaces are termed Slodowy slices,

or Slodowy intersections if restricted by a superior orbit in the poset. Each such transverse

space within g is defined by a pair of orbits and is notated SG
ρ,σ, where the slice is taken from

σ to ρ. For further background on Slodowy slices and intersections see [133, 134].

The Slodowy slice of an orbit, labelled by data ρ, to the maximal orbit (or nilcone) N is defined

as

SG
N ,ρ := N ∩Oρ. (3.22)

The Slodowy slice to the maximal orbit is by definition trivial and the Slodowy slice to the

trivial orbit is by definition the nilcone. However, for other orbits the Slodowy slice is not
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trivial and in fact they form a partial order by their dimension. This is because the dimension

of the Slodowy slice SG
N ,ρ and the dimension of the orbit Oρ must sum to the dimension of the

nilcone N . This is by definition of the Slodowy slice as a space transverse to Oρ and N . As

the orbits have a partial order then so must the Slodowy slices SG
N ,ρ.

In certain cases, if there is a quiver whose Higgs/Coulomb branch corresponds to SG
ρ,σ then its

Coulomb/Higgs branch may correspond to SG∨

σ∨,ρ∨ where the superscript ∨, denotes a dual group

or partition. This goes by the name of Lusztig-Spaltenstein or also Barbasch-Vogan duality

in the mathematics literature [192, 193], but physically it represents the duality of the electric

and magnetic spectrum of a theory. Typically, this maps spectra associated to a group G to

the Langlands dual group G∨ however for certain theories where the Higgs/Coulomb branch is

an orbit, slice, or intersection inside the G = Cn nilcone then the Coulomb/Higgs branch may

also be in the same Cn nilcone. This goes by the name of metaplectic duality [194], this is also

a type of duality between electric and magnetic spectra if one considers Õ+ planes for example.

3.7 Affine Grassmannian

The affine Grassmannian is another type of algebraic object that shares intimate connections

to brane systems and quiver gauge theories, a limited set of references include [195–201, 28,

202, 203].

To define the affine Grassmannian, one makes some analogies with matrix groups defined over

some field. One can consider such a group and take the right quotient by the same matrix

group defined over its ring of integers. This defines a lattice.

The affine Grassmannian is constructed similarly where we first construct the objects

G((t)) = {M ∈ GL (n,C((t))) , Pj(M) = 0} (3.23)

G[[t]] = {M ∈ GL (n,C[[t]]) , Pj(M) = 0} . (3.24)

The first object, G((t)), is a subgroup of the general linear group, GL (n,C((t))), over the field



3.7. Affine Grassmannian 65

of Laurent series in variable t, C((t)). The elements of G((t)) are subject to some polynomial

constraints Pj(M) for j = 1, · · · , J which are the analogous defining constraints on the matrices

for the groups SL(n,C), SO(n,C), and Sp(n,C) (of rank n). The second object, G[[t]], is a

subgroup of the general linear group, GL (n,C[[t]]), over the field of formal power series (not

necessarily convergent) in variable t, C[[t]]. The elements of G[[t]] are subject to the same

constraints Pj(M).

The field C[[t]] plays the role of the “ring of integers” of C((t)) and so one can define the set of

inequivalent lattices as the affine Grassmannian

GrG = G((t))/G[[t]], (3.25)

where the action of G[[t]] is on the right and corresponds to changes of basis of the lattice.

The left action of G[[t]] gives an orbit of the affine Grassmannian which is parametrised by

some coweight λ of G. The closure of this orbit is given by the union of orbits with coweights

µ ≤ λ.

For any algebraic group G there is a partial order on the coweights where µ ≥ λ if µ− λ ∈ Λ+
0

where Λ+
0 is the positive coroot lattice. Then the transverse slice in the affine Grassmannian

of G from λ to µ is given by the following Coulomb branch

[WG]
µ

λ = C

(
Gauge nodes form finite Dynkin diagram of G

with flavours given by µ and balance given by λ

)
. (3.26)

The information about the flavours and the balance of the gauge nodes is sufficient to determine

the rank of the gauge nodes.

A similar construction for slices in the “double affine Grassmannian” is given as Coulomb

branches of framed affine G-quivers [204, 205]. Physically, the Coulomb branches of these

framed affine quiver typically correspond to the moduli space of G instantons on an A-type

Klein singularity.
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Quotient Quiver Subtraction

4.1 Introduction

A motivation for studying quiver gauge theories is that their graphical nature allows for simple

diagrammatic and combinatorial operations that represent actions on the moduli spaces of

vacua. As a consequence, information about the structure of these moduli spaces can often be

found in an efficient way. The central topic of this thesis is to demonstrate that the gauging of

3d N = 4 Coulomb branch isometry subgroups, which is typically very challenging to do, is no

exception.

Gauging global symmetry subgroups of 3d N = 4 theories can also be viewed geometrically as

actions on the moduli space. The Coulomb branch of a 3d N = 4 theory, is always a symplectic

singularity provided there are no operators with negative conformal dimension. One can con-

sider taking the hyper-Kähler quotient by some subgroup of its global symmetry. Physically,

such a hyper-Kähler quotient is a gauging of the theory that incorporates the action of a mo-

ment map. The study of hyper-Kähler quotients in physics typically appears when discussing

Higgs branches of theories with eight supercharges [24–26] and so this work complements that

by studying hyper-Kähler quotients on Coulomb branches of 3d N = 4 theories. Coulomb

branches have a benefit compared to Higgs branches, in that it is possible to construct moduli

spaces with exceptional group global symmetries directly. Exceptional group symmetries only

66
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arise from Higgs branches when additional quantum effects are accounted for, an example would

be the rank 1 theories with E6,7,8 global symmetry [206–209].

In addition to the progress from the physics side, there are new mathematical results that

can be extracted by studying such gaugings. For example, Kobak and Swann [210] showed

that the hyper-Kähler quotients of classical orbits by continuous symmetry groups are hyper-

Kähler, and provide several such examples, based mainly on hyper-Kähler quotients by low rank

unitary groups, where the resulting space is also a nilpotent orbit. In Section 4.4 examples of

hyper-Kähler quotients of exceptional nilpotent orbits by non-Abelian groups will be studied.

In this Chapter a precise procedure for gauging SU(n) Coulomb branch isometry subgroups

called quotient quiver subtraction is presented. A full list of the rules for SU(n) hyper-Kähler

quotients via quotient quiver subtraction will be provided in Section 4.2, but we can preview

some key features.

In particular, we only work with those magnetic quivers where there is a Dynkin type em-

bedding of SU(n) into the global symmetry GC, and the diagrammatic selection rules avoid

those magnetic quivers where incomplete Higgsing occurs, so that the simple Weyl integration

methods can be applied.

The rules involve the subtraction of a quotient quiver with gauge nodes of the form (1)− (2)−

· · · − (n)− · · · − (2)− (1). Such a quiver has an incomputable Coulomb branch Hilbert series

[123]. Nevertheless, such a quotient quiver can often be subtracted from computable magnetic

quivers that have a corresponding “external leg” to produce valid magnetic quiver(s), whose

Coulomb branches have the correct dimensions for a hyper-Kähler quotient.

A significant feature of the rules is that, in certain cases, they identify that the hyper-Kähler

quotient of a Coulomb branch is a union of Coulomb branches. Methods similar to [80] are

used to evaluate the HS of such unions and to illuminate their underlying structures. This is

particularly interesting as Coulomb branches cannot be unions of moduli spaces [27, 124, 125]

but a hyper-Kähler quotient of a Coulomb branch can.

The SU(n) quotient quiver subtraction algorithm is applied to examples including moduli spaces
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of free fields (reproducing known results), exceptional nilpotent orbits, and to adjacent examples

related to dualities of 4d N = 2 theories.

Organisation of the Chapter In Section 4.2 the rules for SU(n) quotient quiver subtraction

are presented. In Section 4.3 a few warm-up applications of SU(n) quotient quiver subtraction

on magnetic quivers for moduli spaces of free fields are given. These recover known results

about hyper-Kähler quotients on free spaces. In Section 4.4 the rules of SU(n) quotient quiver

subtraction are applied to find hyper-Kähler quotients of exceptional nilpotent orbits. Many

new conjectures for relationships between orbits and/or slices in the affine Grassmannian are

obtained. For low rank cases we check these relationships by computing HS and/or HWGs.

4.2 Method of quotient quiver subtraction for SU(n) hyper-

Kähler quotients

4.2.1 Rules for SU(n) hyper-Kähler quotient by quotient quiver sub-

traction

1 2
· · ·

n
· · ·

j
Q

1 2
· · ·

n
· · ·

2 1
−

Figure 4.1: Schematic drawing of a valid target quiver (top) having a junction and an external
leg. The target quiver for the quotient quiver subtraction must have a leg that starts as
(1)−· · ·− (n). If the quotient quiver (bottom) overlaps a junction node of rank j on the target
quiver, this must align with a node of rank 2 ≤ j on the quotient quiver. The remainder of the
target quiver, denoted Q, can take any “good” or “ugly” form.

When carrying out SU(n) hyper-Kähler quotient by quotient quiver subtraction, it is convenient

to work with unframed quivers throughout. The overall centre of mass U(1) may be fixed at

the end of the algorithm.
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The SU(n) quotient quiver is defined as the unframed quiver (1)−(2)−· · ·−(n)−· · ·−(2)−(1)

and the target quiver as the unitary magnetic quiver for which the SU(n) hyper-Kähler quotient

of its Coulomb branch is desired. The procedure for performing an SU(n) hyper-Kähler quotient

by quotient quiver subtraction is then as follows. At each stage of the procedure there are

selection rules (in bold) that should be applied before continuing.

1. Select a computable unitary magnetic quiver as the target.

Long Framing Rule The target quiver must be framed only on long nodes, otherwise

unframing will give an ambiguous result.

2. Transform the target quiver into its unframed form.

External Leg Rule The unframed target quiver must have at least one external leg

with gauge nodes of (1)− (2)− · · · − (n). For a non-simply laced target quiver, this

leg must correspond to long roots. Multiple legs may give a choice of hyper-Kähler

quotients.

3. Align the quotient quiver against this external leg and subtract its gauge nodes from the

target.

Single Edge Rule The edges of the quotient quiver are simply laced and can only be

subtracted from a section of the target quiver with single edges.

Junction Rule If the quotient quiver extends beyond a junction in the target quiver,

the junction must align with a trailing node of 2 in the quotient quiver, as drawn in

Figure 4.1.

Union Rule If the quotient quiver extends past the junction, then all possible alignments

must lead to valid diagrams.

Adjoint Hypers Rule Any nodes with an adjoint hypermultiplet must survive the quo-

tient quiver subtraction.

4. Restore the original balance of all surviving gauge nodes with a single U(1) gauge node

with appropriate numbers of hypers from the surviving gauge nodes connecting to it.
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Rebalancing Rule The resulting framed quiver(s) must contain no node (gauge or

flavour) with negative rank.

5. If a particular alignment of the quotient quiver breaks the target into disconnected

pieces, then its contribution to the moduli space is the Cartesian product of the Coulomb

branches of these disjoint magnetic quivers.

6. If the target quiver contains a junction, and there are multiple possible alignments of the

quotient quiver, each alignment is taken as yielding a different quiver, and the desired

moduli space is the union of the Coulomb branches of these magnetic quivers.

By way of explanatory comments:

• Recall that the Hilbert series from applying the monopole formula to a simply laced

magnetic quiver is insensitive to the choice of framing, and that for a non-simply laced

quiver, the HS is insensitive to choice of framing amongst long nodes [136]. Quiver

subtraction requires compatible framing, so that the framing on the target quiver and

the quotient quiver need to be aligned before subtraction, if this is possible, by judicious

shifts in framing. Alternatively, one can work with unframed quivers in both cases, and

this is the diagrammatic approach that is simpler for SU(n) quotient quiver subtraction.

• The External Leg Rule requires that an external leg of (1) − (2) − · · · − (n) must be

available for subtraction of the quotient quiver. By construction, this leg has a chain

of n − 1 balanced nodes and so contains the Dynkin diagram of An−1, thereby ensuring

that there is a Dynkin type embedding of SU(n), and permitting comparison with the

result from Weyl integration. The sum of the ranks of the (unframed) quotient quiver

is n2 and so, when it is subtracted, the (quaternionic) dimension of the framed target

quiver’s Coulomb branch is reduced by n2−1 (allowing for the dimension 1 increase from

the initial unframing). This matches with the expectation from Weyl integration for an

SU(n) hyper-Kähler quotient whenever there is complete Higgsing.

• The unframing of the target quiver re-introduces the centre-of-mass U(1) to the global
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symmetry. Thus the subtraction of the SU(n) quotient quiver (of dimension n2) from the

unframed target quiver is consistent with an SU(n) hyper-Kähler quotient.

• The External Leg Rule also requires the external leg to lie within the long roots of the

target quiver. This is because the quotient quiver corresponds to long roots and so cannot

be subtracted from short roots.

• Empirically, we find that quotient quiver subtraction does not match Weyl integration

under violation of the Adjoint Hypers Rule.

• The Single Edge Rule forbids the quotient quiver being aligned against a part of the target

quiver with non-simply laced edges or multiple hypers. This is because quiver subtraction

is undefined in these cases.

• The Rebalancing Rule ensures that the resulting quiver will not have any nodes (gauge or

flavour) with negative rank. This is because magnetic quivers with negative rank nodes

do not have natural interpretations.

• The Junction Rule is an empirical rule for target quivers where the quotient quiver ex-

tends past a junction. If this rule is violated, then we have found that incomplete Higgsing

occurs under Weyl integration and we are unable to validate the result from quiver sub-

traction. Conversely, the requirement that a junction should align with a node of at

most rank 2 on the quotient quiver leads to any alternative resulting quivers having an

intersection related by A-type Kleinian singularities; and this appears to be sufficient to

ensure complete Higgsing.

• The Union Rule ensures that the union of the Coulomb branches of the alternative mag-

netic quivers can be constructed.

• The interpretation of the Coulomb branch of disconnected quivers is the natural one of

a Cartesian product of Coulomb branches. In terms of HS, it is the usual multiplicative

product.

• In a magnetic quiver each gauge node is associated to a different root fugacity, and

the requirement of a Dynkin type embedding fixes a specific labelling of the nodes by
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fugacities. So even if alternative alignments of the quotient quiver are related by outer

automorphism, they represent different moduli spaces, and have to be treated as distinct

components of the union.

• A trivial comment is that if multiple SU(n) hyper-Kähler quotient are to be computed

then one simply does quotient quiver subtraction for each SU(n) in turn. The order in

which this is done may affect the final result.

Some examples that illustrate pathological outcomes from violating the selection rules are

contained in Appendix A.

Whenever alternative magnetic quivers result from quotient quiver subtraction, it remains to

find their union. We compute the Hilbert series for the union of the Coulomb branches of a set

of quivers {Qi}, where i = 1, · · · , n, using the Unions of Cones formula [80]:

HS (C (Q1 ∪Q2 ∪ · · · ∪Qn)) =
∑
i

HS (C (Qi))−
∑

1≤i<j≤n

HS (C (Qi ∩Qj))

+ · · ·+
∑

1≤i1<i2<···<ip≤n

(−1)p−1HS
(
C
(
Qi1 ∩ · · · ∩Qip

))
+ · · · .

(4.1)

The magnetic quivers for the intersections can be found by carrying out Kraft-Procesi quiver

subtractions from each component of the union down to a common quiver.

This decomposition of the union as a signed sum of Coulomb branches is the reason quotient

quiver subtraction provides additional insight into the structure of a hyper-Kähler quotient

compared with Weyl integration. While it is a challenge to decompose a moduli space into its

constituent parts from an HS alone, with quotient quiver subtraction, each alignment directly

identifies the magnetic quiver for each constituent part of the moduli space.

We test our conjecture that the SU(n) hyper-Kähler quotient of the Coulomb branch of the

target quiver corresponds to the union of Coulomb branches from different possible alignments

with many examples in the course of this work. To validate a quotient quiver subtraction, we

compare the results to those from an SU(n) hyper-Kähler quotient by Weyl integration. We do
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NS5

· · · · · ·...

n D3

Figure 4.2: Type IIB brane system for the SU(n) quotient quiver. There are 2n NS5 branes
with 2n− 1 intervals on which D3 branes are suspended.

this using the Dynkin type embedding of SU(n) into GC associated with the external leg, all as

described further in each example.

4.2.2 A physical interpretation of the SU(n) quotient quiver

As mentioned, one cannot compute the Coulomb branch Hilbert series of the SU(n) quo-

tient quiver. However, we can go to the Type IIB Hanany-Witten brane system [31] for the

SU(n) quotient quiver which is drawn in Figure 4.2. It is clear that from the point of view

of the NS5 brane that this is the moduli space of an SU(2n) monopole with magnetic charges

(1, 2, · · · , n, · · · , 2, 1). The moduli space of such a monopole has been found in the mathematics

literature as T ∗SL(n) [211, 212]. The moduli space T ∗SL(n) is smooth and compact and it is at

present unclear how this is connected to the SU(n) hyper-Kähler quotient, a singular operation,

of Coulomb branches which are also singular and non-compact.

An alternative viewpoint is that the SU(n) quotient quiver can be viewed as a cylinder in a

class S theory with algebra An−1
1. The cylinder plays an important role in gauging flavour

symmetries in class S and so it is curious that it appears in the context of 3d N = 4 theories

also.

1We thank Tudor Dimofte for discussions about this point.
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4.3 Moduli Space of Free Fields

We begin with magnetic quivers for some of the moduli spaces of free fields and apply the rules

presented in Section 4.2 to compute the SU(n) hyper-Kähler quotient of the Coulomb branch

using SU(n) quotient quiver subtraction. Additionally, we compare SU(n) quotient quiver

subtraction where the explicit embedding used will be given when studying each example.

4.3.1 Moduli Space of Free Fields SU(2) hyper-Kähler quotient

H2k///SU(2), k ≥ 2

1 2 2
· · ·

2

1

1
k − 1

1 2 1
−

2

1

1

· · ·
2

1

1

k − 3

Figure 4.3: One subtraction of the SU(2) quotient quiver from the magnetic quiver Q4.3 for
H2k to produce the magnetic affine D

(1)
k quiver for min.Dk.

The unframed magnetic quiver Q4.3 for H2k is drawn in the top of Figure 4.3. This quiver

takes the form of the finite Dk+2 Dynkin diagram. The Coulomb branch has an Sp(2k) global

symmetry which can branch as Sp(2k) → SO(2k) × SU(2) global symmetry. Although there

are two ends from which a SU(2) quotient quiver may be subtracted in accordance with the

rules in Section 4.2, consider the possibility drawn in Figure 4.3, which results in the affine

D
(1)
k quiver which is a magnetic quiver for min.Dk. This is written as an operation on moduli

spaces as

H2k///SU(2) = min.Dk, k ≥ 2. (4.2)

This result has been tested explicitly for k = 2, · · · , 6, finding agreement with Weyl integration.
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The result (4.2) is naturally viewed from the Higgs branch perspective by taking a collection of

2k free hypermultiplets with Sp(2k) global symmetry, decomposing them into Sp(1)× SO(2k)

representations where Sp(1) ≃ SU(2) and then gauging the Sp(1).

Sp(2k)

Sp(1)

SO(2k)

Sp(1)

SO(2k)

(4.3)

The resulting quiver is the 3d mirror of the affine D
(1)
k quiver and hence demonstrates quotient

quiver subtraction as a dual operation to gauging flavour symmetry subgroups.

H2k+1///SU(2), k ≥ 2

1 2 2
· · ·

2 1

k

1 2 1
−

12
· · ·

2

1

1 k − 2

Figure 4.4: Subtraction of the SU(2) quotient quiver from the magnetic quiver Q4.4 for H2k+1

to produce the magnetic affine B
(1)
k quiver for min.Bk.

The unframed magnetic quiver Q4.4 for H2k+1 is drawn in the top of Figure 4.4. This quiver

takes the form of the finite Bk+2 Dynkin diagram. The Coulomb branch has Sp(2k + 1) global

symmetry which branches as Sp(2k+1)→ SO(2k+1)×SU(2) global symmetry. There is only

one place from which a SU(2) quotient quiver may be subtracted in accordance with the rules

in Section 4.2. This is shown in Figure 4.4 and results in the magnetic affine B
(1)
k quiver for
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min.Bk. As actions on moduli spaces this is expressed as

H2k+1///SU(2) = min.Bk, k ≥ 2. (4.4)

This result has been tested explicitly for k = 1, · · · , 5, finding agreement with Weyl integration.

The result (4.4) is also naturally viewed from the Higgs branch perspective by taking a collection

of 2k free hypermultiplets with Sp(2k + 1) global symmetry, decomposing them into Sp(1) ×

SO(2k + 1) representations and then gauging the Sp(1). Despite the resulting gauge theory

having a Witten anomaly [213] one can still view this gauge theory as a construction for the

nilpotent orbit closure.

Sp(2k + 1)

Sp(1)

SO(2k + 1)

Sp(1)

SO(2k + 1)

(4.5)

4.4 Exceptional Orbits

We now consider the possible SU(n) hyper-Kähler quotients that one can take from exceptional

orbits using quotient quiver subtraction. Unlike, the classical case, there are no families of

exceptional orbits, so these orbits are considered on a case-by-case basis. Furthermore, these

hyper-Kähler quotients have no known analogue as a Higgs branch hyper-Kähler quotient.

The following results are hence unique and non-trivial tests of the quotient quiver subtraction

algorithm.

The SU(2) hyper-Kähler quotients of min.F4, min.E6, min.E7,and min.E8 are examined. As

well as the SU(3) hyper-Kähler quotient of min.E7 and min.E8 (the latter was first computed

in [72]). Finally the SU(4) hyper-Kähler quotient of min.E8 is studied.

The relevant embedding of SU(n) into the adjoint will be given when studying each example.
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The notation for the embedding uses highest weight fugacities with ν reserved for SU(n) and

µ for global symmetries which are commutants.

4.4.1 Exceptional Orbit SU(2) hyper-Kähler quotient

min.F4///SU(2)

1 2 3 2 1

1 2 1
−

1

22 1

Figure 4.5: Quiver subtraction of the SU(2) quotient quiver from an unframed magnetic quiver
for min.F4 to produce quiver Q4.5.

The affine F
(1)
4 magnetic quiver for min.F4 is shown at the top of Figure 4.5, together with the

subtraction of the SU(2) quotient quiver to result in quiver Q4.5. Note that the subtraction

occurs on the long side, in accordance with the External Leg Rule. The rebalancing is done

with a flavour node as the node that requires rebalancing is on the short side of the quiver.

The Coulomb branch of Q4.5 is n.min.C3. We conclude that:

min.F4///SU(2) = n.min.C3. (4.6)

We have checked this explicitly using the embedding of F4 ←↩ Sp(3)× SU(2), where the funda-

mental of F4 decomposes in the following way:

(µ1)F4
→ µ2

1 + ν2 + µ3ν (4.7)
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1 2 3 2 1

2

1

1 2 1
−

21 2 2

1

1

Figure 4.6: Quiver subtraction of the SU(2) quotient quiver from an unframed magnetic quiver
for min.E6 to produce quiver Q4.6.

min.E6///SU(2)

A magnetic quiver for min.E6 is shown at the top of Figure 4.6, together with the subtraction of

the SU(2) quotient quiver to result in the quiver Q4.6. The Coulomb branch of Q4.6 is n.min.A5.

We conclude that:

min.E6///SU(2) = n.min.A5. (4.8)

There is an embedding of E6 ←↩ SU(6) × SU(2) where the adjoint of E6 decomposes in the

following way:

(µ6)E6
→ µ1µ5 + ν2 + µ3ν (4.9)

We have used this to compute the hyper-Kähler quotient explicitly by Weyl integration and

find agreement with quiver subtraction.

Extended E6 quiver min.E6 ×H2///SU(2)

One can take the affine E6 shown in the top of Figure 4.6 and extend one leg by a further node

of U(2). This is shown in Figure 4.7 with the U(2) node, in between the U(1) and another

U(2) node, having a balance of −1. The Hilbert series of the Coulomb branch of this quiver is
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1 2 3 2 2 1

2

1

Figure 4.7: Magnetic quiver Q4.7 for min.E6 ×H2.

1 2 3 2 2 1

2

1

121
−

1 2 3 2 1

1 1

Figure 4.8: Subtraction of the SU(2) quotient quiver from the unframed magnetic quiver Q4.7

for min.E6 ×H2 to produce the magnetic quiver Q4.8.

computed as

HS [C(Q4.7)] =

1 + 56t2 + 945t4 + 6776t6 + 23815t8 + 43989t10

+ 43989t12 + 23815t14 + 6776t16 + 945t18 + 56t20 + t22


(1− t)4(1− t2)22

. (4.10)

The moduli space is min.E6×H2 and the global symmetry is E6×Sp(2) which is confirmed from

the t2 coefficient of the above HS. One alignment and subtraction of the SU(2) quotient quiver

from Q4.7 is shown in Figure 4.8 to produce quiver Q4.8. The Hilbert series of the Coulomb
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branch of Q4.8 is

HS [C(Q4.8)] =


1 + 6t+ 41t2 + 206t3 + 900t4 + 3326t5 + 10846t6 + 31100t7 + 79677t8

+ 183232t9 + 381347t10 + 720592t11 + 1242416t12 + 1959850t13 + 2837034t14

+ 3774494t15 + 4624009t16 + 5220406t17 + 5435982t18 + palindrome + t36


(1− t2)16(1− t3)4(1 + t+ t2)6

,

(4.11)

the coefficient of the t2 term indicates that the global symmetry of C(Q4.8) is U(6).

We conclude that (
min.E6 ×H2

)
///SU(2) = C(Q4.8). (4.12)

The above result is verified from Weyl integration by integrating over the SU(2) in the global

symmetry of C(Q4.7).

This result realises the Higgs branch side of a set of 4d N = 2 dualities contained in [214, 215,

Table 2 Ex. 15]. In this case the proposed duality is between SU(3) gauge theory with 6 flavours

at infinite coupling and the gauging of the SU(2) in a rank 1 E6 SCFT with a free fundamental

hyper of SU(2).

The Coulomb branch of Q4.7 is exactly the Higgs branch of the latter theory. The gauging

of SU(2) is implemented through the quiver subtraction to produce Q4.8. The quiver Q4.8 is

indeed the 3d mirror for SU(3) with 6 flavours.

min.E7///SU(2)

An unframed magnetic quiver for min.E7 is shown at the top of Figure 4.9, followed by the sub-

traction of the SU(2) quotient quiver to give Q4.9. The Coulomb branch of Q4.9 is n.n.min.D6.

We conclude that:

min.E7///SU(2) = n.n.min.D6. (4.13)
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1 2 3 4 3 2 1

2

1 2 1
−

2

42 3 2 1

1

Figure 4.9: Quiver subtraction of the SU(2) quotient quiver from an unframed magnetic quiver
for min.E7 to produce quiver Q4.9.

We have checked this explicitly using the embedding of E7 ←↩ SO(12)×SU(2) which decomposes

the adjoint as:

(µ1)E7
→ µ2 + ν2 + µ6ν (4.14)

This example realises the Higgs branch side of the 4dN = 2 duality proposed in [214, 215, Table

2 Ex. 7], which claims that Sp(2) with six flavours is dual to the SU(2) gauging of the rank 1

E7 theory. The quotient quiver subtraction in Figure 4.9 explicitly takes the magnetic quiver

for the rank 1 E7 theory and gauges SU(2) through quotient quiver subtraction to produce Q7.1

which is a magnetic quiver for Sp(2) with six flavours.

min.E8///SU(2)

1 2 3 4 5 6 4 2

3

1 2 1
−

1

42 5 6 4 2

3

Figure 4.10: Quiver subtraction of the SU(2) quotient quiver from an unframed magnetic quiver
for min.E8 to produce quiver Q4.10.

An unframed magnetic quiver for min.E8 is given at the top of Figure 4.10 followed by the
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subtraction of the SU(2) quotient quiver to produce Q4.10. The Coulomb branch of Q4.10 is

n.min.E7. We conclude that:

min.E8///SU(2) = n.min.E7. (4.15)

We have checked this explicitly using the Dynkin-type embedding of E8 ←↩ E7 × SU(2) under

which the adjoint of E8 decomposes as:

(µ7)E8
→ µ1 + ν2 + µ6ν (4.16)

4.4.2 Exceptional Orbit SU(3) hyper-Kähler quotient

It is important to note that min.E6 is not amenable to subtraction by the SU(3) quotient quiver

as the junction occurs on a node of rank 3 on the quotient quiver as opposed to a node of rank

2 as required by the Junction Rule.

min.E7///SU(3)

The unframed magnetic quiver for the min.E7 permits two possible alignments for subtraction

of an SU(3) quotient quiver, as shown in Figure 4.11. The resulting quivers Q4.11a and Q4.11b

are magnetic quivers for the nilpotent orbits OA5

(23) and OA5

(3,13), respectively. We conclude that:

min.E7///SU(3) = O
A5

(23) ∪ O
A5

(3,13) (4.17)

The intersection, reached in both cases by an A1 KP transition, is the quiver Q4.11c, which

is a magnetic quiver for n.min.A5. There is an embedding of E7 ←↩ SU(6) × SU(3) which

decomposes the adjoint of E7 as:

(µ1)E7
→ µ1µ5 + ν1ν2 + µ2ν2 + µ4ν1 (4.18)
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1 2 3 4 3 2 1

2

1

2321
−

21 3 2 1

1

(a)

1 2 3 4 3 2 1

2

12321
−

2

2 2 2 1

1

(b)

1 2 2 2 1

1

(c)

Figure 4.11: Both alignments of the SU(3) quotient quiver against min.E7 to produce quivers
Q4.11a and Q4.11b. Their intersection, reached via A1 Kraft-Procesi transitions, is Q4.11c.

and we have used this to compute the hyper-Kähler quotient using Weyl integration and to

verify the above result.

min.E8///SU(3)

The computation of this SU(3) hyper-Kähler quotient was first done in [72] both using a di-

agrammatic quiver subtraction of the SU(3) quotient quiver from affine E
(1)
8 quiver, as repro-

duced in Figure 4.12, and explicitly using Weyl integration. The resulting diagram is not a
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1 2 3 4 5 6 4 2

3

1 2 3 2 1
−

642 4 2

3

1

Figure 4.12: Quiver subtraction of the SU(3) quotient quiver from an unframed magnetic quiver
for min.E8 to produce quiver Q4.12.

magnetic quiver for an E6 orbit, but turns out to be a magnetic quiver for the double cover of

the 21-dimensional orbit of E6. The quiver Q4.12 is also a slice in the affine Grassmannian of

E6 and so we find:

min.E8///SU(3) = Z2 cover OA2

E6
=
[
WE6

][0,0,1,0,0,0]
[0,0,0,0,0,0]

(4.19)

This is explicitly checked using Weyl integration with the embedding E8 ←↩ E6 × SU(3) which

decomposes the adjoint as

(µ7)E8
→ µ6 + ν1ν2 + µ1ν1 + µ5ν2 (4.20)

4.4.3 Exceptional Orbit SU(4) hyper-Kähler quotient

min.E8///SU(4)

Subtraction of the SU(4) quotient quiver from the unframed magnetic quiver for min.E8 has two

possible alignments, as shown in Figure 4.13, which produce quivers Q4.13a andQ4.13b. These are

both slices in the affine Grassmannian of D5, being [WD5 ]
[0,2,0,0,0]

[0,0,0,0,0] and [WD5 ]
[1,0,0,2,0]

[0,0,0,0,0], respectively.

The latter can also be identified as the normalisation of the orbit OD5

(32,22), calculated using the
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1 2 3 4 5 6 4 2

3

1 2 3 4 3 2

1

−

2 4 4 2

2 1

(a)

1 2 3 4 5 6 4 2

3

1 2 3 4 3 2 1
−

2 4 3 2

3 1

(b)

2 4 3 2

2 1

(c)

Figure 4.13: Both alignments of the SU(4) quotient quiver against min.E8 to produce quivers
Q4.13a and Q4.13b. Their intersection, reached via A1 KP transitions, is Q4.13c.

Nilpotent Orbit Normalisation formula [184]. We conclude that:

min.E8///SU(4) = [WD5 ]
[0,2,0,0,0]

[0,0,0,0,0] ∪ [WD5 ]
[1,0,0,2,0]

[0,0,0,0,0] (4.21)

The intersection Q4.13c, related in both cases by an A1 KP transition, is a magnetic quiver whose

Coulomb branch is also a slice in the affine Grassmannian of D5, [WD5 ]
[1,0,1,0,0]

[0,0,0,0,0]. Comparison of

the volumes of the Coulomb branches indicates it is also the double cover of the orbit OD5

(32,14).

This is in accordance with the Springer correspondence and geometric Satake equivalence, as

discussed in [216].
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This identity can be checked explicitly using Weyl integration under the embedding of E8 ←↩

SO(10)× SU(4) which decomposes the fundamental of E8 as:

(µ7)E8
→ µ2 + ν1ν3 + µ5ν3 + µ4ν1 + µ1ν2 (4.22)



Chapter 5

Quotient Quiver Subtraction – Classical

Groups

5.1 Introduction

The previous Chapter introduced SU(n) quotient quiver subtraction which is a combinatorial

procedure for gauging SU(n) subgroups of the (IR) Coulomb branch isometry of quivers with

unitary gauge groups.

In this Chapter the combinatorial method for gauging Sp(n), SO(n), and Sp(n) coupled to a

half-hypermultiplet of Coulomb branch global symmetry subgroups is presented. The derivation

of the rules uses Type IIB brane systems with O5 planes and their S-dual the ON. The use

of brane systems makes the duality between flavour symmetry gauging and Coulomb branch

global symmetry gauging explicit. The resulting algorithms also involve a subtraction of quivers

but also involve changing the graph type to that of Dynkin type B,C, or D.

The prescription for these quotient quiver subtraction algorithms, much like in the previous

Chapter, applies to quivers with a long enough leg of gauge nodes going from (1) − (2) − · · ·

which supports the symmetry being gauged. Furthermore it deals only with cases with complete

Higgsing of the symmetry being gauged.

87
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The Sp(n) and SO(n) quotient quiver subtraction are used to provide alternative checks of

certain 4d N = 2 dualities in [215], with a more direct approach to deriving magnetic quiv-

ers. Further examples provide new relationships between the Higgs branches of certain rank-1

4d N = 2 theories under gauging.

Organisation of the Chapter. Section 5.2 introduces the quotient quiver subtraction pro-

cess for Sp(n) groups, Sections 5.3 and 5.4 repeat the process for SO(2n) and SO(2n+1) groups

respectively. The case of gauging an Sp(n) with the addition of a half hypermultiplet is done

in Section 5.5.

5.2 Sp(n) Quotient Quivers

An extension of the unitary Coulomb branch gauging algorithm given in Chapter 4 involves

classical Lie groups of BCD-type. In the following derivation, the logic of appealing to the

mirror-theory is made clear, alongside its underpinning in brane systems.

N

2N + k

1
· · ·

N
· · ·

N
· · ·

1

1 1

k + 1

←→
(5.1)

Consider the U(N) SQCD with 2N+k flavours in the left hand side of (5.1). Gauging an Sp(n)

subgroup of the flavour symmetry returns the theory Q5.1a in Figure 5.1a with Type IIB brane

system realisation in Figure 5.1b. The gauging of an Sp(n) Coulomb branch global symmetry

is seen through the corresponding 3d mirrors. The 3d mirror theory of Q5.1a is Q5.1c drawn in

Figure 5.1c. The corresponding S-dual brane system is given in Figure 5.1d. Comparing Q5.1c

to the 3d mirror of the U(N) SQCD theory, in the right hand side of (5.1) leads to a candidate

for the quotient quiver, given in (5.2). Figure 5.1c also shows that a second operation, here

termed “splitting”, is necessary in order to correctly realise the gauging. Morally, this is the
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NSp(n)

2N + k − 2n

(a)

O5−
N2n
· · ·

2N + k − 2n

(b)

12
· · ·

NN
· · ·

NNN − 1
· · ·

2n+ 3
2n+ 2

n

n+ 1

11

k + 1

(c)

ON−

12· · ·NN· · ·NNN − 1· · ·2n+ 2n+ 1

n

k + 2

(d)

Figure 5.1: Gauging an Sp(n) flavour subgroup of U(N) SQCD with 2N + k flavours gives
the theory drawn in Figure 5.1a with the corresponding Type IIB brane system drawn in the
electric phase in Figure 5.1b. The 3d mirror theory is drawn in Q5.1c with its corresponding
Type IIB brane system in electric phase drawn in Figure 5.1d.

effect of an ON− plane. Note that the total rank of the quotient quiver (5.2) is n(2n+1), equal

to the dimension of Sp(n) – the splitting operation does not change the rank of the theory. Note

also that rebalancing with an additional U(1) gauge node is not required for Sp(n) gauging.

Sp(n) Quotient Quiver
1 2

· · ·
2n− 1 2n

(5.2)

Formal Statement of the Rule The Sp(n) quotient quiver subtraction procedure gauges an

Sp(n) subgroup of the Coulomb branch symmetry of any generic, framed or unframed unitary

target quiver. The precise rules are given below.

1. Take a target quiver with a long leg of gauge nodes up to at least U(2n) and at least one
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more non-negatively balanced gauge node, denoted U(j). The edge in teal denotes some

generic connection to the rest of the quiver Q, the only restriction is that the long leg

must correspond to long roots of the Coulomb branch global symmetry algebra.

1 2
· · ·

2n j
Q (5.3)

2. Align the Sp(n) quotient quiver against the leg of the target quiver and subtract the ranks

of the quotient quiver from those of the target. This deletes the gauge nodes from U(1)

up to U(2n) in the maximal chain, leaving only U(j). Rebalancing is not required.

1 2
· · ·

2n j
Q

1 2
· · ·

2n
−

j
Q

(5.4)

3. Split the U(j) into two gauge nodes of U(⌈j/2⌉) and U(⌊j/2⌋), which inherit all links and

flavours of the U(j) node in teal.

j
Q

⌊j/2⌋

⌈j/2⌉
Q

Split

(5.5)

Comments Note that the case of Sp(1) quotient quiver subtraction precisely matches that

of the SU(2) quotient quiver subtraction introduced in Chapter 4. Note also that the Sp(n)

quotient quiver is “half” of the SU(2n) quotient quiver, indicating the Z2 which relates the two

groups.

The change in the Higgs branch dimension after performing Sp(n) quotient quiver subtraction

is

∆ dim H =
[
−n2 − (n+ 1)2

]
−

[
2n∑
i=1

i(i+ 1)−
2n+1∑
i=1

i2

]
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= n = Rk (Sp(n)) (5.6)

which is precisely the expected increase in Higgs branch dimension.

The Sp(n) quotient quiver subtraction requires a long leg of gauge nodes of the form (1)− (2)−

· · · − (2n) − (j)− where the U(2n) and U(j) nodes do not have to be balanced. Such a tail

has at least 2n− 1 balanced gauge nodes contributing at least SU(2n) Coulomb branch global

symmetry. The Sp(n) is embedded inside this SU(2n) as

[1, 0, · · · , 0, 1]SU(2n) → [2, 0, · · · , 0]Sp(n) + [0, 1, 0 · · · , 0]Sp(n) (5.7)

This explains the origin of the Sp(n) symmetry that appears in the long leg. There may be an

overall enhancement of the Coulomb branch global symmetry in the starting quiver, in which

case the Sp(n) symmetry being gauged may admit an embedding directly into the enhanced

global symmetry. Nevertheless, the Sp(n) symmetry should be thought of as sourced by the

long leg of gauge nodes.

As mentioned, Sp(1) quotient quiver subtraction is identical to SU(2) quotient quiver subtrac-

tion, with many examples contained within [1]. Non-trivial examples of the algorithm begin

with Sp(2), which requires a quiver with a maximal chain up to U(4) and at least one more

non-negatively balanced gauge node.

5.2.1 min.E8///Sp(2)

Consider Sp(2) quotient quiver subtraction on the affine E
(1)
8 quiver, shown in two steps in

Figure 5.2. The resulting theory is Q5.2, with unrefined Coulomb branch Hilbert series given
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as

HS [C (Q5.2)] =



1 + 36t2 + 812t4 + 12735t6 + 150112t8 + 1375706t10 + 10079822t12

+ 60251599t14 + 298785809t16 + 1245721768t18 + 4415307757t20

+ 13424410658t22 + 35275096941t24 + 80598415736t26 + 160929609663t28

+ 281921275764t30 + 434675562921t32 + 591245656950t34

+ 710641440658t36 + 755494093072t38 + · · ·+ t76


(1− t2)19(1− t4)19

(5.8)

which does not illuminate the identity of the moduli space as a symplectic singularity but does

identify the Coulomb branch global symmetry as SO(11) [64].

1 2 3 4 5 6 4 2

3

1 2 3 4
−

5 6 4 2

3

(a)

5 6 4 2

3

2 6 4 2

33
Split

U(5)

(b)

Figure 5.2: Sp(2) quotient quiver subtraction on the affine E(1)
8 quiver which occurs in two steps.

The first step is shown in 5.2a and involves the subtraction of the Sp(2) quotient quiver from
the maximal leg. The second step, shown 5.2b, is the splitting of the U(5) node into a U(2) and
U(3), producing the resulting quiver Q5.2. Note the emergence of an S2 outer automorphism
between the two U(3) gauge nodes.

The explicit Hilbert series of the hyper-Kähler quotient may be computed with Weyl integration

with the following embedding E8 ←↩ SO(11)× Sp(2) which decomposes the adjoint as

(µ7)E8
→ µ2 + ν2

1 + µ1ν2 + µ5ν1 (5.9)
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where the µ1,2,3,4,5 and ν1,2 are highest weight fugacities for SO(11) and Sp(2) respectively.

The result from Weyl integration confirms that

min.E8///Sp(2) = C (Q5.2) (5.10)

This construction is a realisation of the proposed duality of certain 4d N = 2 theories in [215,

Table 2 Ex. 1] through magnetic quivers. The pertinent example here is that of the Sp(2)

flavour symmetry gauging of the rank 1 E8 SCFT [206–209] being dual to the following quiver

Q5.11

Sp(3)

SO(11)

O(1) (5.11)

where the red edge denotes a “bi-spinor”. In [215, Table 2] this theory is given as Sp(3) with

14 ⊕ 11 · 6. The 11 · 6 unambiguously refers to the 11 half-hypers. However, there are two

14-dimensional representations of Sp(3), the antisymmetric, [0, 1, 0], and “spinor”, [0, 0, 1] (with

the condition that the highest antisymmetric representation of Sp(n) is called the spinor).

Cancellation of the Witten anomaly [213] requires the total Dynkin index of the matter rep-

resentations to be an integer. The eleven half-hypers each contribute T ([1, 0, 0]) = 1/2, the

Dynkin index of the spinor is T ([0, 0, 1]) = 5/2 which gives the desired cancellation, whereas

the Dynkin index for the antisymmetric is T ([0, 1, 0]) = 2 which does not give the required

cancellation. Furthermore, the continuous commutant of Sp(2) inside E8 is SO(11). The spinor

is a pseudoreal representation meaning that there is an additional discrete O(1) flavour sym-

metry. The antisymmetric representation is real meaning that there would be an additional

Sp(1) flavour symmetry which does not fit with the embedding of Sp(2) inside E8.

For the purposes of this work, where the focus lies on magnetic quivers, the duality proposed

in [215] suggests that the Coulomb branch of Q5.2 and the Higgs branch of Q5.11 are the same.



94 Chapter 5. Quotient Quiver Subtraction – Classical Groups

It is straightforward to compute the Higgs branch Hilbert series of Q5.11 to find agreement

H (Q5.11) = C (Q5.2) (5.12)

In particular this makes Q5.2 an example of a magnetic quiver for a rank-3 four dimensional

theory. Magnetic quivers for rank-1 and rank-2 theories were studied in [51, 217]. The O(1) ≃

Z2 flavour symmetry in Q5.11 is expressed in Q5.2 as the Z2 exchanging the two U(3) gauge

nodes.

5.2.2 (min.E6 ×H12)///Sp(2)

There is another proposed duality in [215, Table 2 Ex. 16] which states that the Sp(2) flavour

symmetry gauging of the rank 1 E6 SCFT [206–209] coupled to 12 free hypers is dual to SU(4)

with four fundamental flavours and two antisymmetric.

The electric quiver is given below

SU(4)

U(4)

Sp(2)
∧2

(5.13)
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with the (unrefined) Higgs branch Hilbert series computed as

HS [H (Q5.13)] =



1 + 17t2 + 36t3 + 220t4 + 564t5 + 2192t6 + 5456t7 + 15897t8 + 35388t9

+ 84385t10 + 165040t11 + 330357t12 + 558676t13 + 948191t14 + 1360392t15

+ 1931582t16 + 2222620t17 + 2460927t18 + 1755844t19 + 745362t20

− 1855388t21 − 4328851t22 − 8203044t23 − 10166289t24 − 12396256t25

− 10389664t26 − 8125224t27 − 936407t28 + 4603732t29 + 13037971t30

+ 16246308t31 + 19779930t32 + · · ·+ t64


(1− t2)9(1− t3)12(1− t4)9

(5.14)

The Hilbert series shows that the moduli space has global symmetry U(4) × Sp(2) as ex-

pected. The (quaternionic) dimension of the Higgs branch is 13 from counting dim H (Q5.13) =

#hypers−#vectors. This is not immediately apparent in the Hilbert series above due to neg-

ative terms in the numerator, however the order of the pole of the Hilbert series at t = 1 is

indeed 26 which means that the quaternionic dimension is 13.

The proposed dual to Q5.13 takes the rank 1 E6 theory coupled to 12 free hypers and gauges

Sp(2). In terms of magnetic quivers, the rank 1 E6 theory has a magnetic quiver given by the

affine E
(1)
6 quiver. The coupling of twelve free hypers can be done by the method of quiver

extension [2] which is a form of quiver addition. The quiver extension needed in this example

adds the finite A4 quiver three times to the E
(1)
6 quiver resulting in the following magnetic

quiver for the rank 1 E6 theory coupled to 12 free hypers

1 2 3 4 4 4 2 1

2

1

(5.15)

The Sp(2) gauging proceeds with quotient quiver subtraction shown in Figure 5.3 to produce
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Q5.3. Computation of the Coulomb branch Hilbert series indeed confirms that

C (Q5.3) = H (Q5.13) (5.16)

so Q5.3 is a magnetic quiver for the Higgs branch of the 4d N = 2 theory Q5.13.

This magnetic quiver was proposed in [218] through methods studying the theory Q5.13 as

a class S theory and considering its S-dual frames. It may also be found from the explicit

Type IIA brane system for SU(4) gauge theory with four flavours and two antisymmetric [131].

Quotient quiver subtraction provides an alternative construction for the magnetic quiver.

1 2 3 4 4 4 2 1

2

1

1 2 3 4
−

4 4 2 1

2

1

(a)

4 4 2 1

2

1

2

2

4 2 1

2

1

Split

U(4)

(b)

Figure 5.3: Sp(2) quotient quiver subtraction on the extended affine E
(1)
6 quiver Q5.15 which

occurs in two steps. The first step is shown in 5.3a and involves the subtraction of the Sp(2)
quotient quiver from the maximal leg. The second step, shown 5.3b, is the splitting of the U(4)
node into two U(2) nodes producing the resulting quiver Q5.3.

The arguments above can be employed to generalise the duality proposed in [215, Table 2 Ex.
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16] to a one-parameter family of dualities. Specifically that

H4d


SU(2k)

U(4)

Sp(2)

∧2


= H∞

5d


Sp(k − 1)

SO(4k + 2)

×H6k///Sp(k), k ≥ 2 (5.17)

The magnetic quiver for the 5d theory can be extended by three nodes of U(2k) to incorporate

the H6k producing the following quiver

1 2
· · ·

2k − 1 2k 2k 2k k 1

k

1

(5.18)

Then performing Sp(k) quotient quiver subtraction on Q5.18 is shown in Figure 5.4 to produce

Q5.4 which is precisely what one reads from the Type IIA brane system for the 4d quiver in

(5.17).
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1 2
· · ·

2k − 1 2k 2k 2k k 1

k

1

1 2 2k − 1 2k
−

2k 2k k 1

k

1

(a)

2k 2k k 1

k

1

k

k

2k k 1

k

1

Split

U(2k)

(b)

Figure 5.4: Sp(k) quotient quiver subtraction on Q5.18 which occurs in two steps. The first step
is shown in 5.4a and involves the subtraction of the Sp(k) quotient quiver from the maximal leg.
The second step, shown 5.4b, is the splitting of the U(2k) node into two U(k) nodes producing
the resulting quiver Q5.4.

5.3 SO(2n) Quotient Quivers

The starting point for the analysis is once again the U(N) SQCD with 2N + k flavours given

in (5.1). Gauging an SO(2n) flavour symmetry subgroup (where N ≥ 2n + 1 ensures positive

balance) results in the theory Q5.5a given in Figure 5.5a with Type IIB brane system in Fig-

ure 5.5b. This theory has an SU(2N + k − 2n) flavour symmetry – the commutant of SO(2n)

inside SU(2N + k) – and a Higgs branch of dimension N(N + k) − n(2n + 1). The magnetic

theory is Q5.5c given in Figure 5.5c, alongside its brane system in Figure 5.5d. Comparing

the magnetic theory of the SQCD before (5.1) and after (Figure 5.5c) gauging identifies the

quotient quiver (5.19) and the subtraction prescription, given below.

Note that the total rank of the gauge nodes of the quotient quiver (5.19) is n(2n− 1), the same
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NSO(2n)

2N + k − 2n

(a)

O5+
N2n
· · ·

2N + k − 2n

(b)

12
· · ·

NN
· · ·

NNN − 1
· · ·

2n+ 12n

11

k + 1

(c)

ON+

12· · ·NN· · ·NNN − 1· · ·2n+ 22n+ 12n

k + 2

(d)

Figure 5.5: Gauging an SO(2n) flavour subgroup of U(N) SQCD with 2N + k flavours returns
the theory in Figure 5.5a, realised from the brane system in Figure 5.5b. The magnetic theory
is conjectured to be Figure 5.5c, associated to the brane system in Figure 5.5d, related to that
of Figure 5.5b by brane-creation and S-duality. Comparison to the mirror of the SQCD in (5.1)
leads to the conjectural quotient quiver (5.19).

as the dimension of SO(2n).

SO(2n) Quotient Quiver
1 2

· · ·
2n− 2

2n− 1

(5.19)

Formal statement of the rule The conjectured operation to gauge an SO(2n) subgroup of

the Coulomb branch global symmetry requires a long leg up to at least U(2n) and involves the

following steps.

1. Take a target quiver with a long leg of gauge nodes up to at least U(2n). As in Section
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5.2, the edge in teal denotes some generic connection to the rest of the quiver Q.

1 2
· · ·

2n− 1 2n
Q (5.20)

2. Align the SO(2n) quotient quiver (5.19) against the leg of the target quiver and subtract

the ranks of the quotient quiver from those of the target. This deletes the gauge nodes

from U(1) up to U(2n− 1) in the maximal chain, leaving only U(2n). Rebalancing is not

required.

1 2
· · ·

2n− 1 2n
Q

1 2
· · ·

2n− 1
−

2n
Q

(5.21)

3. All edges connected to the U(2n) gauge node double their non-simply laced-ness – the

U(2n) is the long root.

2n
Q

2n
QLacing (5.22)

Note that SO(2n) quotient quiver subtraction requires a leg of gauge nodes (1)−(2)−· · ·−(2n)−,

sourcing (at least) an SU(2n) factor in the Coulomb branch global symmetry. The SO(2n) being

gauged is embedded in this SU(2n) with discrete commutant, shown below.

[1, 0, · · · , 0, 1]SU(2n) → [0, 1, 0, · · · , 0]SO(2n) + [2, 0, · · · , 0]SO(2n) (5.23)

In the case that the target quiver has enhanced global symmetry, the SO(2n) being gauged

may be embedded directly into that global symmetry. Nevertheless, it remains sourced by the

long leg.
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5.3.1 min.F4///SO(2)

The affine F
(1)
4 quiver has Coulomb branch min.F4. It contains a tail of gauge nodes on the

long side of the quiver which goes as (1)− (2)− (3)− and is suitable for SO(2) quotient quiver

subtraction. This operation is shown in Figure 5.6 and produces Q5.6, with the subtraction of

the quotient quiver in Figure 5.6a and the non-simple lacing in Figure 5.6b.

The refined Coulomb branch Hilbert series of Figure 5.6 is cumbersome. However, the unrefined

Coulomb branch Hilbert series is

HS [C (Q5.6)] =

1 + 14t2 + 168t4 + 854t6 + 3136t8 + 7062t10 + 11991t12 + 13708t14

+ 11991t16 + 7062t18 + 3136t20 + 854t22 + 168t24 + 14t26 + t28


(1− t2)7(1− t4)7

(5.24)

Although this moduli space has no particular name, its Sp(3) symmetry can be confirmed from

the refined Hilbert series (not presented here).

1 2 3 2 1

1
−

2 3 2 1

(a)

2 3 2 1

2 3 2 1

Lacing

(b)

Figure 5.6: SO(2) quotient quiver subtraction on the affine F
(1)
4 quiver occurs in two steps.

The first is shown in 5.6a and involves the subtraction of the SO(2) quotient quiver from the
maximal leg. The second step, given in 5.6b, is the non-simple lacing of the edge connecting
the left U(2) node to the U(3), producing the resulting quiver Q5.6.

The conclusion is that

min.F4///SO(2) = C (Q5.6) (5.25)

which is further verified from an explicit Weyl integration.

The following embedding of F4 ←↩ Sp(3) × U(1) is employed where the fundamental represen-
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tation of F4 decomposes as

(µ1)F4
→ µ1 (q + 1/q) + µ2 (5.26)

where the µ1,2 on the right hand side refer to Sp(3) highest weight fugacities and q is a U(1)

fugacity.

5.3.2 min.E7///SO(4)

The affine E(1)
7 quiver has Coulomb branch min.E7. Its two maximal legs of (1)−(2)−(3)−(4)−

each support an SO(4) quotient quiver subtraction. One such subtraction, shown explicitly in

Figure 5.7, produces Q5.7. Although its refined Coulomb branch Hilbert series is cumbersome,

the unrefined expression is

HS [C (Q5.7)] =

1 + 7t2 + 100t4 + 596t6 + 3531t8 + 13712t10 + 45536t12 + 112650t14

+ 233881t16 + 380039t18 + 519199t20 + 565768t22 + · · ·+ t44


(1− t2)11(1− t4)11

(5.27)

This moduli space, which has no particular name, has SO(6)× SU(2) symmetry, confirmed by

the refined Hilbert series.

1 2 3 4 3 2 1

2

1 2 3
−

2

4 3 2 1

(a)

2 4 3 2 1

2 4 3 2 1

Lacing

(b)

Figure 5.7: SO(4) quotient quiver subtraction on the affine E
(1)
7 quiver occurs in two steps.

The first step, shown in 5.7a, involves the subtraction of the SO(4) quotient quiver from one
maximal leg. The second step, in 5.7b, is the non-simple lacing of the two edges emerging from
the U(4) node.
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The same moduli space arises from Weyl integration and the embedding E7 ←↩ SO(12) ×

SU(2)←↩ SO(6)×SO(6)×SU(2)←↩ SO(4)×SO(6)×SU(2) which decomposes the [0, 0, 0, 0, 0, 1, 0]

of E7 as

(µ6)E7
→
(
µ1 + ν2

1 + ν2
2

)
ρ+ (µ2 + µ3) ν1ν2 (5.28)

Note that the µ, ν, and ρ are highest weight fugacities for SO(6), SO(4), and SU(2) respectively.

The integration is performed with respect to the SO(4) fugacities.

5.3.3 min.E8///SO(4)

Consider again the affine E
(1)
8 quiver, whose maximal leg (1)− (2)−· · ·− (6)− admits an SO(4)

quotient quiver subtraction. This operation, shown in Figure 5.8, produces Q5.8.

The refined Coulomb branch Hilbert series of Figure 5.8 is cumbersome – its unrefined form is

HS [C (Q5.8)] =



1 + 22t2 + 582t4 + 10360t6 + 154981t8 + 1822118t10 + 17548922t12

+ 139175916t14 + 925774625t16 + 5219073951t18 + 25226111030t20

+ 105435301585t22 + 384139161711t24 + 1227840826079t26

+ 3462893979058t28 + 8658011097494t30 + 19269044472299t32

+ 38301892953919t34 + 68192783223365t36 + 108993744295329t38

+ 156680149569483t40 + 202847214133311t42 + 236754481344743t44

+ 249255260007352t46 + · · ·+ t92


(1− t2)23(1− t4)23

(5.29)

This moduli space, which has no particular name as a symplectic singularity, has SO(10) global

symmetry.

Weyl integration straightforwardly constructs the same moduli space under the embedding

E8 ←↩ SO(16) ←↩ ×SU(4) ←↩ SO(10) ←↩ SO(4) × SO(10), which decomposes the adjoint of E8

as

(µ7)E8
→ µ2 + (1 + µ1)ν

2
1 + (µ4 + µ5)ν1ν2 + (1 + µ1)ν

2
2 + ν2

1ν
2
2 (5.30)
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1 2 3 4 5 6 4 2

3

1 2 3
−

3

6 4 254

(a)

3

6 4 254

3

6 4 254

Lacing

(b)

Figure 5.8: SO(4) quotient quiver subtraction on the affine E
(1)
8 quiver occurs in two steps.

The first step is shown in 5.8a and involves the subtraction of the SO(4) quotient quiver from
the maximal leg. The second step, shown 5.8b, is the non-simple lacing of the two edges going
from the U(4) node producing Q5.8.

The µ and ν are highest weight fugacities for SO(10) and SO(4) respectively and the integration

is performed with respect to the SO(4) fugacities.

5.4 SO(2n + 1) Quotient Quivers

The starting point for the analysis is once again the U(N) SQCD with 2N +k flavours given in

(5.1). Gauging an SO(2n + 1) flavour symmetry subgroup results in the theory Q5.9a given in

Figure 5.9a with Type IIB brane system in Figure 5.9b. The magnetic theory is Q5.9c given in

Figure 5.9c, alongside its brane system in Figure 5.9d. Comparing the magnetic theory of the

SQCD before (5.1) and after (Figure 5.9c) gauging identifies the quotient quiver (5.31) and the

subtraction prescription, given below. The total rank of gauge nodes in the quotient quiver is

n(2n+ 1) = dim (SO(2n+ 1)).

SO(2n+ 1) Quotient Quiver
1 2

· · ·
2n− 1 2n

(5.31)
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NSO(2n+ 1)

2N + k − 2n− 1

(a)

Õ5+
N2n+ 1
· · ·

2N + k − 2n− 1

(b)

12
· · ·

NN
· · ·

NNN − 1
· · ·

2n+ 22n+ 1

11

k + 1

(c)

ÕN+

12· · ·NN· · ·NNN − 1· · ·2n+ 32n+ 22n+ 1

k + 2

(d)

Figure 5.9: Gauging an SO(2n + 1) flavour subgroup of U(N) SQCD with 2N + k flavours
returns the theory in Figure 5.9a, realised from the brane system in Figure 5.9b. The magnetic
theory is conjectured to be Figure 5.9c, associated to the brane system in Figure 5.9d, related
to that of Figure 5.9b by brane-creation and S-duality. Comparison to the mirror of the SQCD
in (5.1) leads to the conjectural quotient quiver (5.31).

The gauging algorithm, which is almost identical to the SO(2n) case, is given below for com-

pleteness.

Formal Statement of the Rule

1. Take a target quiver with a long leg of gauge nodes up to at least U(2n+1). The edge in

teal denotes some generic connection to the rest of the quiver Q – the only restriction is

that the long leg must correspond to long roots of the Coulomb branch global symmetry

algebra.

1 2
· · ·

2n 2n+ 1
Q

1 2
· · ·

2n (5.32)
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2. Align end of the SO(2n + 1) quotient quiver against the leg of the target quiver and

subtract the ranks of the quotient quiver from those of the target. This deletes the gauge

nodes from U(1) up to U(2n) in the maximal chain, leaving only U(2n+1). Rebalancing

is not required.

1 2
· · ·

2n 2n+ 1
Q

1 2
· · ·

2n
−

2n+ 1
Q

(5.33)

3. All edges connected to the U(2n+1) gauge node (shown in teal) double their non-simply

laced-ness, with the U(2n+ 1) corresponding to the long root.

2n+ 1
Q

2n+ 1
QLacing

(5.34)

Note that SO(2n + 1) quotient quiver subtraction requires a (1) − (2) − · · · − (2n + 1)− long

leg of gauge nodes, which sources (at least) an SU(2n+1) factor of the Coulomb branch global

symmetry. The SO(2n+ 1) to be gauged is embedded with discrete commutant as follows.

[1, 0, · · · , 0, 1]SU(2n+1) → [0, 1, 0, · · · , 0]SO(2n+1) + [2, 0, · · · , 0]SO(2n+1) (5.35)

This is exactly analogous to the embedding used for SO(2n) quotient quiver subtraction. If the

target quiver has enhanced global symmetry, the SO(2n + 1) being gauged may be embedded

directly into that global symmetry. The origin remains in the gauge nodes in the long leg.

It is important to address the various degeneracies inspired by accidental isomorphisms. The

A1
∼= B1

∼= C1 isomorphism is particularly interesting as it establishes that SU(2) and Sp(1)

quotient quiver subtraction are identical operations. Interestingly, SO(3) quotient quiver sub-

traction, and the B1 embedding in the global symmetry of the long leg is distinct to that for A1

and C1. Explicitly, SO(3) is embedded inside an SU(3) of the long leg whereas SU(2) and Sp(1)

are embedded inside SU(2). For similar reasons the B2
∼= C2 isomorphism does not extend to
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SO(5) and Sp(2) quotient quiver subtraction, both because the resulting quivers are different

and because SO(5) is embedded inside SU(5) and Sp(2) is embedded inside SU(4).

5.4.1 min.E6///SO(3)

The affine E(1)
6 quiver’s (1)−(2)−(3)− long leg is amenable to SO(3) quotient quiver subtraction.

This is shown in Figure 5.10 and returns Q5.10. The refined Coulomb branch Hilbert series is

unwieldy – the unrefined Coulomb branch Hilbert series is

HS [C (Q5.10)] =

1 + 8t2 + 99t4 + 479t6 + 2095t8 + 5355t10 + 11577t12 + 16622t14 + 20072t16

+ 16622t18 + 11577t20 + 5355t22 + 2095t24 + 479t26 + 99t28 + 8t30 + t32


(1− t2)8(1− t4)8

(5.36)

This moduli space, which has no particular name as a symplectic singularity, has SU(3)×SU(3)

symmetry, confirmed at the level of the refined Hilbert series. The same moduli space may be

1 2 3 2 1

2

1

1 2
−

1

2

3 2 1

(a)

1 2 3 2 1

1 2 3 2 1

Lacing

(b)

Figure 5.10: SO(3) quotient quiver subtraction on the affine E
(1)
6 quiver which occurs in two

steps. The first step is shown in Figure 5.10a and involves the subtraction of the SO(3) quotient
quiver from one maximal leg. The second step, shown in Figure 5.10b, is the non-simple lacing
of the two edges going from the U(3) node producing Q5.10.

found through an explicit computation with Weyl integration. This requires the following
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embedding of E6 ←↩ SU(3)× SU(3)× SU(3)←↩ SU(3)× SU(3)× SU(2) which decomposes the

[1, 0, 0, 0, 0, 0] of E6 as

(µ1)E6
→ µ2ν2 + (µ1 + ν1)ρ

2 (5.37)

where the µ, ν, and ρ are highest weight fugacities for SU(3), SU(3), and SU(2) respectively.

The integration is performed with respect to the SU(2) fugacity.

Notice that Q5.10 looks like two affine F
(1)
4 quivers which have been “polymerised” together.

Indeed Q5.10 is related to the product of two minimal F4 orbits with a hyper-Kähler quotient,

through the action of “quiver polymerisation”, a technique discussed in Chapter 6. This yields

the following equalities

min.E6///SO(3) =
(
min.F4 ×min.F4

)
///SU(3) = C [Q5.10] (5.38)

5.4.2 min.F4///SO(3)

The affine F
(1)
4 quiver’s (1)− (2)− (3)− long leg is also amenable to an SO(3) quotient quiver

subtraction. This operation is shown in Figure 5.11 and produces Q5.11, with the subtraction of

the quotient quiver in Figure 5.11a and the non-simple lacing in Figure 5.11b. It is important

in the non-simple lacing step to note that the edge connecting the U(3) and U(2) goes from

multiplicity two to multiplicity four.

The refined Coulomb branch Hilbert series of Figure 5.11 is cumbersome to present, however

the unrefined Coulomb branch Hilbert series is presented as

HS [C (Q5.11)] =
1 + 3t2 + 31t4 + 55t6 + 156t8 + 132t10 + 156t12 + 55t14 + 31t16 + 3t18 + t20

(1− t2)5(1− t4)5

(5.39)

This moduli space has no particular name as a symplectic singularity but it does have SU(3)

symmetry which can be confirmed from the refined Hilbert series (not presented here). The

same moduli space emerges from Weyl integration with the embedding F4 ←↩ SU(3)×SU(3)←↩
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1 2 3 2 1

1 2
−

3 2 1

(a)

3 2 1

3 2 1

Lacing

(b)

Figure 5.11: SO(3) quotient quiver subtraction on the affine F
(1)
4 quiver occurs in two steps.

The first step is shown in Figure 5.11a and involves the subtraction of the SO(3) quotient quiver
from one maximal leg. The second step, shown in Figure 5.11b, is the non-simple lacing of the
two edges going from the U(3) node producing Q5.11. Note that the non-simply laced-ness of
this edge goes from two to four.

SU(3)× SU(2) decomposing the [1, 0, 0, 0] of F4 as

(µ1)F4
→ µ1µ2 +

(
1 + µ2

1 + µ2
2

)
ν2 + ν4 (5.40)

Note that µ and ν are highest weight fugacities for SU(3) and SU(2) respectively. The integra-

tion is performed with respect to the SU(2) fugacity.

This quiver Q5.11 may be thought of as the folding [219] of Q5.10. This is an example of the

commutation of quotient quiver subtraction and discrete operations on quivers, first noted in

[1].

The quiver Q5.11 is also believed to be a magnetic quiver for the 4d N = 2 rank-1 theory

with flavour symmetry SU(3). This theory has been conjectured to be derived from the T 2

compactification with Z4 twist of the 6d N = (1, 0) SU(4) gauge theory with 12 flavours and

an antisymmetric [220]. The SO(3) quotient quiver subtraction in Figure 5.11 is suggestive of

another construction of the Higgs branch of the rank-1 A2 theory

H(T Z2
3 )///SO(3) = min.F4///SO(3) = H(A2) (5.41)

where the T 3 theory enjoys a Z2 twist which changes the Higgs branch from min.E6 to min.F4

[169], seen in the magnetic quiver through folding [219].
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5.5 Sp(n) + 1
2
F Quotient Quivers

NSp(n)

2N + k − 2n

O(1)

(a)

Õ5−
N2n
· · ·

2N + k − 2n

(b)

12
· · ·

NN
· · ·

NNN − 1
· · ·

2n+ 1n

11

k + 1

(c)

ÕN−

12· · ·NN· · ·NNN − 1· · ·2n+ 22n+ 12n

k + 2

(d)

Figure 5.12: Gauging an Sp(n)+ 1
2

flavour subgroup of U(N) SQCD with 2N+k flavours returns
the theory in Figure 5.12a, realised from the brane system in Figure 5.12b. The magnetic theory
is conjectured to be Figure 5.12c, associated to the brane system in Figure 5.12d, related to
that of Figure 5.12b by brane-creation and S-duality. Comparison to the mirror of the SQCD
in (5.1) leads to the conjectural quotient quiver (5.43).

In Sections 5.2, 5.3, and 5.4 a quotient quiver subtraction algorithm was presented to gauge

Sp(n) and SO(n) subgroups of Coulomb branch global symmetries. Key to these derivations

were Type IIB brane systems in the electric phase in the presence of O5∓ and Õ5+.

The final orientifold to complete the quartet is the Õ5−. The starting point for the analysis is

the U(N) SQCD with 2N+k flavours where k is positive, this parametrisation is for convenience

but will not play a role in the resulting quotient quiver subtraction algorithm. Now consider
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coupling a half-hypermultiplet of Sp(n) and gauge the Sp(n) resulting in

N Sp(n)

2N + k − 2n

O(1)

(5.42)

Immediately it is clear that this theory suffers from a Witten anomaly [213] due to the half-

hypermultiplet coupled to Sp(n). As an academic exercise, one may consider the effect of this

operation of gauging Sp(n) with a half-hyper on the magnetic quiver with the aim of this

gauging to construct moduli spaces.

Comparing the magnetic theory of the SQCD before (5.1) and after gauging (Figure 5.12c)

identifies the quotient quiver (5.43) and the subtraction prescription. The Sp(n) + 1
2
F quotient

quiver is

1 2
· · ·

2n− 2

2n− 1 (5.43)

which has total gauge node rank of n(2n−1), which is n short of the expected dimension reduc-

tion of gauging Sp(n) and adding a half-hyper, 2n2. However one should note that the leftmost

gauge node in the quiver shown in Figure 5.12c is U(n) rather than U(2n), this reduction of

the rank by n compensates for the total rank of gauge nodes in the quotient quiver.

Formal Statement of the Rule

1. Take a target quiver with a long leg of gauge nodes up to at least U(2n). The edge in

teal denotes some generic connection to the rest of the quiver Q – the only restriction is

that the long leg must correspond to long roots of the Coulomb branch global symmetry

algebra.

1 2
· · ·

2n− 1 2n
Q

(5.44)
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2. Align end of the Sp(n) + 1
2
F quotient quiver against the leg of the target quiver and

subtract the ranks of the quotient quiver from those of the target. This deletes the gauge

nodes from U(1) up to U(2n− 1) in the maximal chain, leaving only U(2n). Rebalancing

is not required.

1 2
· · ·

2n− 1 2n
Q

1 2
· · ·

2n− 1
−

2n
Q

(5.45)

3. The resulting U(2n) gauge node has its rank halved to become U(n) and all edges in teal

double their non-simply lacedness with the U(n) node being short.

2n
Q

n
Q

n
QHalve rank Double lacing

(5.46)

5.5.1
(
min.E6 ×H

)
///Sp(1)

A simple but non-trivial example of the Sp(1) + 1
2
F quotient quiver subtraction is performed

on the affine E
(1)
6 quiver to produce Q5.13 as shown in Figure 5.13.

The Coulomb branch Hilbert series may be computed exactly, but for brevity the unrefined

Hilbert series is presented here as

HS [C (Q5.13)] =

1 + 17t2 + 20t3 + 117t4 + 180t5 + 392t6 + 592t7 + 701t8 + 872t9

+ 701t10 + 592t11 + 392t12 + 180t13 + 117t14 + 20t15 + 17t16 + t18


(1− t2)18

(5.47)

However the Highest Weight Generating function (HWG), computed from the refined Hilbert

series is given as

HWG [C (Q5.13)] = PE
[
µ1µ5t

2 + µ3t
3 + µ2µ4t

4
]

(5.48)
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(a)

1

2
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2
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Lacing
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Figure 5.13: Sp(1) + 1
2
F quotient quiver subtraction on the affine E

(1)
6 quiver which occurs in

two steps. The first step is shown in Figure 5.13a and involves the subtraction of the Sp(1)+ 1
2
F

quotient quiver from one maximal leg. The second step, shown in Figure 5.13b, is the non-
simple lacing of the U(2) gauge node producing Q5.13.

identifies the moduli space as a Slodowy slice in the E6 nilcone

C (Q5.13) = SE6
3A1,A1

= Z2 Cover OA5

[0,0,2,0,0] (5.49)

The Z2 cover is apparent in the magnetic quiver Q5.13 since the difference between this quiver

and the magnetic quiver for OA5

[0,0,2,0,0], drawn in (5.50), is the non-simply laced edge of multi-

plicity two [136].

1 2 3 2 1

1

(5.50)

This result is verified with Weyl integration with the embedding of Sp(1) inside E6 with com-

mutant SU(6) decomposing the adjoint of E6 as

(µ6)E6
→ µ1µ5 + ν2 + µ3ν (5.51)
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where the µi refer to SU(6) highest weights fugacity and ν refers to the Sp(1) highest weight

fugacity. If an additional fugacity, a, for the O(1) is included, the HWG of the hyper-Kähler

quotient is given as

HWG
[(
min.E6 ×H

)
///Sp(1)

]
= PE

[
µ1µ5t

2 + aµ3t
3 + µ2µ4t

4
]

(5.52)

which explicitly gives the construction

(
min.E6 ×H

)
///Sp(1) = C (Q5.13) = SE6

3A1,A1
= Z2 Cover OA5

[0,0,2,0,0] (5.53)

and as discrete quotients and hyper-Kähler quotients tend to commute, a simple corollary by

gauging the Z2 in H [221]

(
min.E6 × C2/Z2

)
///Sp(1) = SE6

3A1,A1
/Z2 = O

A5

[0,0,2,0,0] (5.54)

which is related to the duality between the Sp(1) gauging of the rank-1 E6 theory coupled to

two free hypermultiplets and SU(3) with six flavours [215, 1].



Chapter 6

Quiver Polymerisation

6.1 Introduction

In this Chapter the gauging of subgroups of the Coulomb branch isometry of a 3d N = 4

quiver gauge theory with unitary gauge groups is further explored. The methods introduced

so far, in Chapters 4 and 5 make use of quotient quivers which seem to be related to one-

and two-punctured spheres (the two-punctured case is commonly known as a cylinder) in class

S. The techniques introduced in this Chapter combine multiple 3d N = 4 quivers together

or introduce loops. This is closely related to gauging flavour symmetries in class S theories

through their magnetic quivers [222, 223]. From the class S perspective, the quiver operation

realises a gluing of two “maximal” or “full” punctures. This can be done to connect two different

Riemann surfaces or to increase the genus of a given Riemann surface by one using cylinders.

The effect is of gauging a diagonal flavour symmetry of the 4d N = 2 theory which is associated

to the maximal punctures. The action on the magnetic quiver is gauging the Coulomb branch

global symmetry. In general, the possible (partial) gluings of class S theories have been well

studied, such as through the “Tinkertoys” programme [218, 224–230] and in [231, 168, 232–

236, 51, 66, 237, 238, 71, 239, 90, 240, 59], however, these do not have a realisation as operations

on quivers in general.

The techniques described in this Chapter, called “chain polymerisation” and “cyclic polymerisa-

115
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tion” on quivers, are inspired by and build on the technique established in [223]. This generalises

the gauging of diagonal SU/U(n) subgroups of the Coulomb branch global symmetry of a wide

range of 3d N = 4 theories. The action on the Coulomb branch can again be understood an-

alytically in terms of hyper-Kähler quotients. The action on the Higgs branch is not precisely

known, however the Higgs branch dimension increases by rank SU/U(n).

The quivers that can be subjected to polymerisation need to satisfy certain conditions. Impor-

tantly, polymerisation requires at least two quiver “legs” of the form (1)− · · · − (n)− · · · .

One use of chain and cyclic polymerisation on magnetic quivers pertains to finding new and

non-trivial relationships between free field theories, nilpotent orbit closures [183, 184], Slodowy

slices [133] and Slodowy intersections [134].

A different application of chain polymerisation is to study the Higgs branch of the worldvolume

6d N = (1, 0) gauge theory of two fractional 1
2
M5 branes [168] probing a Klein E6 singularity.

The fractionation effect is similar to that of NS5 branes splitting on an orientifold plane.

Magnetic quivers have been instrumental in studying the Higgs branches of six dimensional

worldvolume theories of (fractional) M5 branes probing ADE Klein singularities. In the cases

where M5 branes probe AD Klein singularities it is possible to reduce M-theory to Type IIA

and read off the electric and magnetic quiver from the brane system [241, 46, 155]. For the

case of E6,7,8 Klein singularity this is not possible and so other approaches such as through a

dual description from F-theory constrains the form of the electric gauge theory [149, 168]. The

case of interest here is one M5 brane on an E6 Klein singularity; there may be fractionation

to at most four 1
4
M5 branes. If pairs of these 1

4
M5 branes have zero separation, resulting in

two separated 1
2
M5 branes, the gauge theory description is as two rank-1 E-strings coupled to

an SU(3) gauge group with finite coupling. This is constructed from the collapse of a (−3)-

curve supporting SU(3) gauge symmetry. Therefore, the Higgs branch of this theory has a

realisation through magnetic quivers as SU(3) chain polymerisation of two affine E8 quivers.

Similar techniques were used in [86, 90] to find magnetic quivers for certain 6d N = (1, 0)

theories.

Another application of cyclic polymerisation is to give a new construction of the moduli space of
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k SU(N) instantons on C2/Zl. The first construction of instanton solutions for classical gauge

groups on C2 was done by Atiyah-Drinfeld-Hitchin-Manin (ADHM) [24]. An interpretation of

the ADHM solutions was found in Type IIA string theory [242] whose low energy effective the-

ories are the ADHM quivers. The moduli space of instantons is the Higgs branch of the ADHM

quivers. By definition this is a hyper-Kähler quotient construction on the Higgs branch. A later

development by Kronheimer-Nakajima generalised the ADHM construction to find instanton

solutions for k SU(N) instantons on C2/Zl [26]. A result from this work in the context of su-

persymmetric gauge theories was the Kronheimer-Nakajima quiver which gave a Higgs branch

construction for these moduli spaces. The Kronheimer-Nakajima quivers were then interpreted

in Type IIA and in Type IIB string theory [42, 243, 128, 244]. This gave Higgs branch and

Coulomb branch constructions for these moduli spaces through electric and magnetic quivers

respectively. However, the Coulomb branch construction coming from magnetic quivers was as

a moduli space of dressed monopole operators and not as a hyper-Kähler quotient.

Importantly for this Chapter, the A-type Kronheimer-Nakajima quivers for the moduli space of

k SU(N) instantons on C2/Zl consist of gauge nodes forming an affine A-type Dynkin diagram

(a “necklace” of gauge nodes) with flavours attached to the gauge nodes. Therefore a natural

application of cyclic polymerisation is to construct these Kronheimer-Nakajima quivers from

quivers without loops. This gives a Coulomb branch hyper-Kähler quotient construction for

these moduli spaces which is different to the known Coulomb branch construction. In fact,

this construction is dual under 3d mirror symmetry to the Higgs branch hyper-Kähler quotient

construction of these moduli spaces.

Organisation of the Chapter In Section 6.2, the diagrammatic prescription for chain and

cyclic polymerisation is presented. For the corresponding Hilbert series analysis, the relevant

embeddings into the Coulomb branch global symmetry and Weyl integration are also discussed.

The properties of modified Hall-Littlewood functions are discussed to provide an analytical

account of the equivalence between polymerisation and hyper-Kähler quotients over T [SU(n)]

theories. Then, a discussion of the connection of polymerisation to class S theories is presented.

Finally, a brief overview of the Kronheimer-Nakajima quiver and the moduli space of k SU(N)
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instantons on C2/Zl is presented.

In Section 6.3, the method of chain polymerisation is demonstrated. Examples are drawn upon

magnetic quivers for moduli spaces of free fields and nilpotent orbits. Some of the resulting

quivers take the form of Dynkin diagrams for Kac-Moody algebras.

In Section 6.4, the method of cyclic polymerisation is applied to construct the Kronheimer-

Nakajima quivers for the moduli spaces of k SU(N) instantons on C2/Zl. Firstly, for specific

choices of k, N, and l, then generically.

In Section 6.5, cyclic polymerisation is applied to quivers which are of finite and affine ADE

type. A new magnetic quiver for a height 4 nilpotent orbit of SO(7) is found as well as magnetic

quivers for slices in exceptional nilcones.

6.2 Chain and Cyclic Polymerisation

6.2.1 Diagrammatic methods

The diagrammatic techniques of chain polymerisation and cyclic polymerisation are shown

schematically in Figure 6.1 and Figure 6.2 respectively. For simplicity all the quivers are

taken to be unframed. These techniques realise the gauging of a subgroup of the Coulomb

branch global symmetry of a 3d N = 4 quiver theory. The action on the Coulomb branch is

a hyper-Kähler quotient, as will be shown. The geometric action on the Higgs branch is not

systematically known, but the Higgs branch dimension increases by the rank of the subgroup

of the Coulomb branch global symmetry being gauged, as will be shown.

The first technique is chain polymerisation, shown in Figure 6.1, which gauges an SU(n)

subgroup of the Coulomb branch global symmetry. Chain polymerisation requires two com-

putable quivers (in the sense of monopole formula) Q1 and Q2, each containing a leg of

(1) − (2) − · · · − (n)− which supports at least SU(n) symmetry. Each quiver also contains

a background quiver, Q1 and Q2 respectively. These background quivers can be quite general
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1 2
· · ·

n
Q1 Q2

n
· · ·

2 1

g1 g2

n

Q1 Q2

g1 + g2

Figure 6.1: Schematic showing the chain polymerisation of two unframed quivers (assumed to
be computable) with a node of U(n) on a leg to give a single unframed quiver.

and may have a multiplicity of links to the U(n) nodes. The background quivers may even be

disconnected as long as each part is attached to the node of U(n). The gauge node of U(n) in

each leg may also carry any number of adjoint hypermultiplet loops. The polymerisation action

on the quivers superimposes the U(n) nodes and amputates the other nodes of the two legs.

The resulting unframed quiver Q3 contains a single U(n) node connected to the background

quivers Q1 and Q2, along with any adjoint hypermultiplet loops on each of the U(n) nodes. The

action on the Coulomb branch is an SU(n) hyper-Kähler quotient of the product theory. The

rank of the gauge group reduces by n2 − 1 which is consistent with the reduction in Coulomb

branch dimension after polymerisation being dim SU(n) = n2−1. From counting Higgs branch

dimensions, it is clear that the polymerised theory Q3 has a Higgs branch that is greater in

dimension by rank SU(n) = n − 1 compared to the unpolymerised product theory Q1 × Q2.

The only contribution to the difference in Higgs branch dimension comes from the amputation

of (1)− · · · − (n− 1)−:

dim [H(Q3)]− (dim [H(Q1)] + dim [H(Q2)]) =
(
0− n2 + 1

)
− 2

(
n−1∑
i=1

i(i+ 1)−
n∑

i=1

i2 + 1

)

= n− 1

= rank SU(n). (6.1)
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In special cases where both of the starting quivers are 3d mirrors of class S theories, chain

polymerisation at the central node reproduces the action of gluing two Riemann surfaces via

maximal punctures.

1 2
· · ·

n
Q

n
· · ·

2 1

g1 g2

Q

n

g1 + g2

Figure 6.2: Schematic showing the cyclic polymerisation of some generic quiver (assumed good
or ugly) with two external legs of (1)− · · · − (n)−.

Cyclic polymerisation, shown in Figure 6.2, is similar to chain polymerisation in that two

distinct legs are involved. However, in this case, the background quiver Q is common, so that

the polymerisation acts on a single connected quiver Q (although the links from Q to the two

U(n) nodes may differ). As before, each of the U(n) nodes may have adjoint hypermultiplet

loops. The polymerisation action on the quivers superimposes the U(n) nodes in each leg and

removes the other nodes in these legs. The net effect this time is a gauging of a U(n) subgroup

of the Coulomb branch global symmetry, which corresponds to a U(n) hyper-Kähler quotient

on the Coulomb branch. This is consistent with the rank of the gauge group being reduced by

dim U(n) = n2. The polymerised theory Q′ has a Higgs branch that is greater in dimension by

rank U(n) = n compared to the unpolymerised theory Q. Again, the difference in the Higgs

branch dimension comes from the amputated legs:

dim [H(Q′)]− dim [H(Q)] =
(
0− n2 + 1

)
−

(
2

n−1∑
i=1

i(i+ 1)− 2
n∑

i=1

i2 + 1

)

= n
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= rank U(n). (6.2)

In the special case of U(1) cyclic polymerisation the U(1) hyper-Kähler quotient of the Higgs

branch of the polymerised theory is the Higgs branch of the unpolymerised theory. This special

case exists because dim U(1) = rank U(1) = 1. There is no such special case for chain

polymerisation as there is no non-trivial choice of n for which dim SU(n) = rank SU(n).

6.3 Chain Polymerisation Examples

The trivial case of chain polymerisation arises when two star shaped quivers are combined

on their central nodes. The Literature already contains many examples [218, 109]. Here, the

focus is on quivers that are not necessarily star-shaped, and on cases where the nodes being

superimposed under the polymerisation are not generally central nodes. This in turn leads to

the chaining of quivers. The examples presented below yield magnetic quivers for nilpotent

orbit closures or slices in nilcones. Some of the quivers that are constructed take the form of

Dynkin diagrams for some Kac-Moody algebras. This includes the construction for unitary

quivers with B and D type endings at two ends that were first studied from brane systems

with orientifold planes [130]. The string theory construction of [130] is reviewed in Section 2.7.

These quivers take the form of affine or twisted affine Dynkin diagrams.

Quivers that take the form of finite Dynkin diagrams are labelled by the corresponding algebra

and rank. Following the notation of [245], affine Dynkin diagrams are denoted with a super-

script (1), as before, and twisted affine Dynkin diagrams are denoted with a superscript (2).

Additionally, Dynkin diagrams which correspond to generalised Cartan matrices which admit

additive functions1 [246] are denoted with a preceding 1
2

in the label also following the notation

of [245]. This type of Dynkin diagram involves loops on the nodes. The gauge nodes for quivers

that take the form of affine, twisted affine, or “additive” Dynkin diagrams are specified by the

dual Coxeter labels unless otherwise stated.
1This means that the cokernel of the Cartan matrix is non-trivial, i.e. one is able to define non-trivial Coxeter

labels for this Cartan matrix.
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Label Quiver Coulomb Branch Higgs Branch

B
(1)
n

n ≥ 2
2

· · ·
2

· · ·
21 1

1

n

min.Bn −

D
(1)
n

n ≥ 3

1

2
· · ·

2
· · ·

21 1

1

n− 1

min.Dn Dn

D
(2)
n

n ≥ 3 2
· · ·

2
· · ·

21 1
n

min.Dn −

1
2
D

(1)
2n+1

n ≥ 3
2

· · ·
21

1

n

n.min.Bn SCn

N ,(2n−2,12) ×H

1
2
A

(1)
2n−1

n ≥ 1 2
· · ·

2
· · ·

2
n

SC2n

(4,22n−2),(22n) H2 × SC2n

((2n)2),((2n−1)2,12)

1
2
D

(2)
2n+1

n ≥ 2 2
· · ·

2 1
n

ODn

(3,12n−3) −

Table 6.1: Some quivers which take the form of affine, twisted affine, or generalised Dynkin
diagrams. The gauge nodes are specified by the dual Coxeter labels, except for 1

2
A

(1)
2n−1 where

twice the dual Coxeter labels are used. The Coulomb branch and Higgs branch are identified
where possible.

6.3.1 Affine D
(1)
k+p

A magnetic quiver for the product space of H2k ×H2p may be given as a product of the finite

Dk+2 and Dp+2 quivers. An SU(2) chain polymerisation, shown in Figure 6.3, produces the

affine D
(1)
k+p quiver. The resulting action on the Coulomb branch is:

(
H2k ×H2p

)
///SU(2) = min.Dk+p. (6.3)

This is an alternative construction to the one using SU(2) quotient quiver subtraction in Section

4.3.
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1 2
· · ·

2 1

1

k + 1

×

21
· · ·

2 1

1

p+ 1

1

2
· · ·

2
· · ·

21 1

1

k + p− 1

Figure 6.3: SU(2) chain polymerisation of the finite Dk+2 and Dp+2 quivers to produce the
affine D

(1)
k+p quiver.

Turning to the action of SU(2) chain polymerisation on the Higgs branches of these theories; the

Dk+2 and Dp+2 quivers have trivial Higgs branches and the Higgs branch of the D
(1)
k+p quiver is

the Kleinian Dk+p singularity which is of dimension 1. There is an increase in the Higgs branch

dimension by rank SU(2) = 1 as expected.

6.3.2 Affine B
(1)
k+p−1

The product moduli space H2k × H2p−1 has a Coulomb branch construction as the product of

the finite Dk+2 and Bp+1 quivers. The SU(2) chain polymerisation is performed in Figure 6.4

to produce the affine B
(1)
k+p−1 quiver.

The action on the Coulomb branch is:

(
H2k ×H2p−1

)
///SU(2) = min.Bk+p−1. (6.4)

This is also an alternative construction to the one using SU(2) quotient quiver subtraction in

Section 4.3.
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1 2
· · ·

2 1

1

k + 1

×

21
· · ·

2 1

p+ 1

2
· · ·

2
· · ·

21 1

1

k + p− 1

Figure 6.4: SU(2) chain polymerisation of the finite Dk+2 and Bp+1 quivers to produce the
affine B

(1)
k+p−1 quiver.

No statement about the Higgs branch can be made as it is unknown how to compute Higgs

branches of non-simply laced quivers.

6.3.3 Twisted affine D
(2)
k+p−1

1 2
· · ·

2 1

k + 1

×

21
· · ·

2 1

p+ 1

2
· · ·

2
· · ·

21 1

k + p− 1

Figure 6.5: SU(2) chain polymerisation of the finite Bk+1 and Bp+1 quivers to produce the
twisted affine D

(2)
k+p−1 quiver.
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The product moduli space H2k−1×H2p−1 has a Coulomb branch construction as the product of

the finite Bk+1 and Bp+1 quivers. The SU(2) chain polymerisation is performed in Figure 6.5

to produce the twisted affine D
(2)
k+p−1 quiver.

The action on the Coulomb branch is:

(
H2k−1 ×H2p−1

)
///SU(2) = min.Dk+p−1. (6.5)

Although the result as an action on moduli spaces has been seen a few times now, it is derived

from different quivers.

No statement about the Higgs branch can be made as it is unknown how to compute Higgs

branches of non-simply laced quivers.

6.3.4 Additive 1
2D

(1)
2k+2p−1

2
· · ·

2 1

k + 1

Figure 6.6: Unframed magnetic quiver Q6.6 for C2/Z2 ×H2k−1.

2
· · ·

2 1

k + 1

×

21
· · ·

2 1

1

p+ 1p+ 1

2
· · ·

2 1
· · ·

2

1

k + p− 1

Figure 6.7: SU(2) chain polymerisation of Q6.6 with the finite Dp+2 quiver to give the additive
1
2
D

(1)
2k+2p−1 quiver, Q6.7.
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The Coulomb branch of Q6.6 is C2/Z2 × H2k−1, which can be seen from explicit computation

of the Hilbert series. This quiver is of the form of a Dynkin diagram for a generalised Cartan

matrix which admits subadditive but not additive functions2.

The product may be taken with the Dp+2 quiver, whose Coulomb branch is H2p. When followed

by an SU(2) chain polymerisation, as shown in Figure 6.7, this produces another magnetic

quiver Q6.7 for n.min.Bk+p−1. This quiver takes the form of the additive quiver 1
2
D

(1)
2k+2p−1.

The conclusion on the Coulomb branch is that:

((
C2/Z2 ×H2k−1

)
×H2p

)
///SU(2) = n.min.Bk+p−1. (6.6)

The Higgs branch Hilbert series for quiver Q6.6 is easily computed as:

HS [H(Q6.6)] = PE
[
[1]SU(2)t+ [2]SU(2)t

2 − t4
]
. (6.7)

This identifies the Higgs branch as H(Q6.6) = C2/Z2 × H, which is of dimension 2 and is

independent of the number of nodes.

The Higgs branch Hilbert series for the quiver Q6.7 is also computed as:

HS [H(Q6.7)] = PE
[
[1]SU(2)t+ [2]SU(2)t

2 + [1]SU(2)t
2(k+p−1)−1 − t4(k+p−1)

]
. (6.8)

This indicates the Higgs branch is a complete intersection and of dimension 3 [247, 248]. In

fact this Higgs branch can be identified as the product of a Slodowy slice of the GNO dual

group, with a free field, H(Q6.7) = S
Ck+p−1

N ,(2(k+p−2),12) × H. The SU(2) chain polymerisation gives

the expected increase of Higgs branch dimension by rank SU(2) = 1.
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2
· · ·

2 1

k + 1

×

21
· · ·

2

p+ 1

2
· · ·

2
· · ·

2

k + p− 1

Figure 6.8: SU(2) chain polymerisation of Q6.6 with itself to give the additive 1
2
A

(1)
2k+2p−3 quiver,

Q6.8.

6.3.5 Additive 1
2A

(1)
2k+2p−3

The quiver type Q6.6, whose Coulomb branch is C2/Z2×H2k−1, may be SU(2) chain polymerised

with itself as shown in Figure 6.8. This produces an additive quiver 1
2
A

(1)
2k+2p−3, Q6.8. In this

case the gauge nodes are specified by twice the dual Coxeter labels. This quiver is a magnetic

quiver for SC2k+2p−2

(4,22k+2p−4),(22k+2p−4)
. There are insufficient fugacities to give refined expressions for

the Coulomb branch Hilbert series. However, there is agreement at the level of the unrefined

Hilbert series. The conclusion on the Coulomb branch is that:

((
C2/Z2 ×H2k−1

)
×
(
C2/Z2 ×H2p−1

))
///SU(2) = SC2k+2p−2

(4,22k+2p−4),(22k+2p−2)
. (6.9)

Note also that C(Q6.8) = min.Dk+p/(Z2 × Z2), which can be seen from discrete gauging [241,

156, 219, 5]. The Higgs branch Hilbert series for Q6.8 is also easily computed. These do not

have a simple expression as a PE and so the final result is quoted as

H(Q6.8) = H2 × SC2k+2p−2

((2k+2p−2)2),((2k+2p−3)2,12). (6.10)

2If the Cartan matrix admits subadditive functions that are not additive, one cannot define Coxeter labels
by definition. For this reason the labelling of the gauge nodes of Q6.6 is judicious to find additive quivers whose
gauge nodes are labelled by dual Coxeter labels.
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This Higgs branch is of dimension 5 which is consistent with the increase in the Higgs branch

dimension by rank SU(2) = 1.

A particularly interesting point is that the Coulomb branch and the (non-trivial part of) the

Higgs branch of Q6.8 are not dual under the Barbasch-Vogan map. In fact, the Higgs and

Coulomb branch are slices in the same nilcone of a C-type algebra3. This is an example of the

metaplectic Lusztig-Spaltenstein duality [249, 250, 194].

6.3.6 Additive 1
2D

(2)
2k+2p−1

2
· · ·

2 1

k + 1

×

21
· · ·

2 1

p+ 1

2
· · ·

2
· · ·

2 1

k + p− 1

Figure 6.9: SU(2) chain polymerisation of Q6.6 with the finite Bp+1 quiver to give the additive
1
2
D

(2)
2k+2p−1 quiver, Q6.9.

The quiver Q6.6, whose Coulomb branch is C2/Z2 × H2k−1, may be SU(2) chain polymerised

with the finite Bp+1 quiver as shown in Figure 6.9; this produces another quiver Q6.9, which

is the additive quiver 1
2
D

(2)
2k+2p−1. This quiver is a magnetic quiver for ODk+p−1

(3,12k+2p−5). There

are insufficient fugacities to give refined expressions for the Coulomb branch Hilbert series.

However, there is agreement at the level of the unrefined Hilbert series. The conclusion on the

3The partitions in this case are dual under the metaplectic Lusztig-Spaltenstein map, which is the usual
Barbasch-Vogan map with an additional − collapse.
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Coulomb branch is that:

((
C2/Z2 ×H2k−1

)
×H2p−1

)
///SU(2) = ODk+p−1

(3,12k+2p−5). (6.11)

The Higgs branch Hilbert series for Q6.9 cannot be computed due to the non-simply laced edge

so no comment can be made about the Higgs branch.

6.3.7 Two 1
2 M5 branes probing E6 Klein Singularity

Now the topic is switched to demonstrate a different application of chain polymerisation in the

context of 6d theories.

Consider an M-theory background with two 1
2
M5 branes, spanning the directions x0,1,2,3,4,5

and separated along the x6 direction on an E6 Klein singularity which spans the directions

x0,1,2,3,4,5,6. Each 1
2
M5 brane comes from two 1

4
M5 branes with zero separation along the x6

direction. The F-theory dual description of four separated 1
4
M5 branes consists of three curves

with self-intersection numbers −1, −3, −1 where the (−1)-curves support an Sp(0) gauge

group and the (−3)-curve supports an SU(3) gauge group [149, 168, 251]. The meaning of the

Sp(0) gauge group is that there is no vector multiplet but there is a dynamical tensor multiplet.

The F-theory description of the two separated 1
2
M5 branes is derived from collapsing both the

left and right (−1)-curves. In doing so the central (−3)-curve becomes a (−1)-curve, with a

tensor multiplet, which still supports SU(3) gauge symmetry. The gauge coupling for the two

Sp(0) becomes infinite. The gauge coupling for the SU(3) is finite as there is still non-trivial

separation between the two 1
2
M5 branes. However now there is coupling of two copies of

the rank-1 E-string theory to SU(3). The brane system and electric quiver are summarised in

Figure 6.10.

The Higgs branch of this theory can also be realised through magnetic quivers. The magnetic

quiver for the rank-1 E-string theory is the E
(1)
8 quiver. The collapse of a (−3)-curve implies

the gauging of a continuous subgroup of the Higgs branch global symmetry [72]. For this

example, the operation on magnetic quivers is the SU(3) chain polymerisation of two E
(1)
8
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×

1
2
M5

×E6 x6

x7,8,9,10

(a)

Sp(0) SU(3)
−1

Sp(0)

E6 E6

(b)

Figure 6.10: Two 1
2
M5 branes probing an E6 Klein singularity. The directions x0,1,2,3,4,5 are

suppressed. The corresponding electric quiver Q6.10b comes from the F-theory dual description.

quivers, as shown in Figure 6.11. This results in the quiver Q6.11 which is a magnetic quiver

for 6d N = (1, 0) theory coming from two separated 1
2
M5 branes probing E6 Klein singularity.

This magnetic quiver has been known in the physics community for some time but has not

been documented before.

1 2 3 4 5 6 4 2

3×

3 2 145642

3

3

6 4 254345642

3

Figure 6.11: SU(3) chain polymerisation of two E
(1)
8 quivers to produce Q6.11. This quiver is

a magnetic quiver for 6d N = (1, 0) theory for two separated 1
2
M5 branes probing Klein E6

singularity.

The dimension of the moduli space is fifty which is too large to compute exact Hilbert series

with the capabilities of a typical computer. For this reason the unrefined perturbative Hilbert

series and the PL of the HWG are given up to order t10,

HS [C(Q6.11)] = 1 + 156t2 + 13859t4 + 893669t6 + 45609733t8 + 1923636761t10 +O(t11)

(6.12)
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PL [HS [C(Q6.11)]] = 156t2 + 1613t4 − 2915t6 − 627017t8 − 1911458t10 +O(t11) (6.13)

PL [HWG [C(Q6.11)]] = (µ6 + µ′
6)t

2 + (1 + µ1µ5 + µ6 + µ1µ
′
1 + µ5µ

′
5 + µ′

1µ
′
5 + µ′

6)t
4 +O(t6),

(6.14)

where the µi and µ′
i are highest weight fugacities for the two different factors of E6.

It is not clear how to take the SU(3) in the 6d theory to infinite coupling in the magnetic quiver

Q6.11, neither does it imply a reasonable Type IIA brane construction. The naïve brane system,

drawn in Figure 6.12, appears to be a Type I′ background except for the fact that there are only

10 D8 branes in the interval instead of the required 16 for anomaly cancellation. Additionally

the two O8− planes indicate that there is a scale in the problem that one cannot get rid of

which is in contrast with the gauge theory which has a phase where there are no scales. This

theory will be studied further in Chapter 7.

O8−O8−

3 6 5 4 3 4 5 6 3 4

4

Figure 6.12: Naïve Type IIA brane system for Q6.11. The two O8− planes are indicative of a
Type I′ brane system with 16 D8 branes in the interval, this brane system only has 10.

6.4 Cyclic Polymerisation for SU(N) instanton Moduli Spaces

on C2/Zl

The CFHM and Kronheimer-Nakajima quivers, reviewed in Appendix E, are quivers which take

the form of a “necklace” of unitary gauge nodes with some flavours. Here, these quivers are

constructed (in their unframed form) from cyclic polymerisations of various starting quivers.

These starting quivers are drawn from magnetic quivers for the moduli spaces of free fields,

nilpotent orbit closures and slices in the affine Grassmannian of type A.



132 Chapter 6. Quiver Polymerisation

In turn, this provides geometric constructions for the moduli spaces of instantons with special

unitary gauge group on A-type singularities as hyper-Kähler quotients of Coulomb branches.

6.4.1 1 SU(N) instanton on C2

1 1
· · ·

1 1

N + 2

1

1
· · ·

1 1
N − 1

Figure 6.13: U(1) cyclic polymerisation of the finite AN+2 quiver to produce the CFHM quiver
Q6.13.

The starting point is the finite AN+2 quiver, whose Coulomb branch is HN+1. A U(1) cyclic

polymerisation is performed by superimposing a U(1) at one end with the penultimate U(1)

at the other end. This is shown in Figure 6.13 and produces quiver Q6.13, which is a CFHM

quiver (being a special case of the KN quiver).

In terms of the Coulomb branch one finds the following result:

(
H×HN

)
///U(1) =MC2

1,SU(N), (6.15)

where the left-hand-side is written in a way which makes the SU(N) symmetry apparent.

In addition, this result (6.15), can be viewed as the ADHM construction [24] for the moduli

space of 1 SU(N) instanton on C2.

The Higgs branch of the finite AN+2 quiver is trivial and is of dimension 0. The Higgs branch

of Q6.13 is C2/ZN and is of dimension 1. The conclusion on the Higgs branch is:

C2/ZN///U(1) = {0}, (6.16)
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which is confirmed from Weyl integration.

6.4.2 2 SU(N) instantons on C2

1 2
· · ·

2

1

1
N + 1

1

2

· · ·
2 2

N − 1

Figure 6.14: U(2) cyclic polymerisation of the finite DN+4 quiver to produce Q6.14 for N ≥ 1.

The starting point is the finite DN+4 quiver, whose Coulomb branch is H2N+4 for N ≥ 0. The

cases for N ≥ 1 are amenable to a cyclic polymerisation for a U(2) hyper-Kähler quotient.

Doing the U(2) cyclic polymerisation, as shown in Figure 6.14, produces quiver Q6.14, which is

also well known from the CFHM construction [244]. The conclusion on the Coulomb branch is

that:

H2N+4///U(2) =


MC2

2,SU(N), N > 1

Sym2 (C2) , N = 1.

(6.17)

The result (6.17) is confirmed by Weyl integration. It can be viewed as the 3d mirror of the

ADHM construction [24] for the moduli space of 2 SU(N) instantons on C2, which is given

below

Sp(2N + 4)

U(2)

SU(N)

U(2)

SU(N)

(6.18)
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The Higgs branch of the finite DN+4 quiver is trivial and of dimension 0. The Higgs branch

of the CFHM quiver Q6.14 is Sym2 (C2/ZN), which is of dimension 2. There is the expected

increase of the Higgs branch dimension after polymerisation by rank U(2) = 2.

6.4.3 2 SU(N) instantons on C2/Z2

1 2
· · ·

2 1

1

N + 1
1

2

· · ·
2 2

N − 1

Figure 6.15: U(2) cyclic polymerisation of the unframed magnetic quiver QM

(
n.min.AN+3

)
for N ≥ 1 to produce Q6.15.

The starting point is the magnetic quiver, QM

(
n.min.AN+3

)
, for n.min.AN+3 for N ≥ 1.

The U(2) cyclic polymerisation of n.min.AN+3 for N ≥ 1 is shown in Figure 6.15 to produce

quiver Q6.15. This is a Kronheimer-Nakajima quiver whose Coulomb branch is MC2/Z2

2,SU(N). The

conclusion is that,

n.min.AN///U(2) =MC2/Z2

2,SU(N), N ≥ 1. (6.19)

The result (6.19) has been verified with Weyl integration up to N = 4.

From Lusztig-Spaltenstein duality the Higgs branch of the quiver at the top of Figure 6.15 is

SAN+3

N ,(N+2,2), which is of dimension 2. The Higgs branch of the quiver Q6.15 isMC2/ZN

2,SU(2) which is of

dimension 4. There is the expected increase of the Higgs branch dimension after polymerisation

by rank U(2) = 2.

This entire construction also be seen by gauging flavour symmetries from the 3d mirror quiver
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for QM

(
n.min.AN+3

)
which is U(2) with N + 4 flavours. Two U(2) factors of the flavour

symmetry are separated leaving a commutant of SU(N). These U(2) factors are taken to be

diagonal, which is then gauged. The resulting quiver is also a Kronheimer-Nakajima quiver

and is 3d mirror to Q6.15, which can be seen through the exchange of the number of flavour

symmetries and the number of gauge groups in the two quivers.

U(2)

SU(N + 4)

U(2)

SU(N)

U(2)

U(2) U(2)

SU(N)

U(2) U(2)

SU(N)

U(2)
(6.20)

6.4.4 k SU(N) instantons on C2/Zl

1 2
· · ·

k k
· · ·

k k
· · ·

2 1

1

l − l′ l′

N − 1

Figure 6.16: Magnetic quiver Q6.16 for
[
WA2k+N−1

][0k−1,l−l′,0N−1,l′,0k−1]

[0k−1,l−l′−1,0N−1,l′−1,0k−1]
for N ≥ 1 and l >

l′ ≥ 1.

Following the construction of the moduli space of 2 SU(N) instanton on C2/Z2 in Section 6.4.3,

this construction is generalised for the moduli space of k SU(N) instantons on C2/Zl. In this

case, the embedding of Zl into the gauge group SU(N) preserves the gauge group.

The starting quiver is Q6.16. The Coulomb branch of Q6.16 depends on various choices of

l, l′, and N . Firstly, N ≥ 1 otherwise one cannot perform U(k) cyclic polymerisation. If

l = 1 and l′ = 0 the Coulomb branch is Hk2+Nk due to the underbalanced U(k) node on the

right. If l > 1 and l′ = 0 then the Coulomb branch is
[
WA2k−1

][0k−1,l,0k−1]

[0k−1,l−2,0k−1]
× HNk. The

appearance of the free part can be seen from application of the dualisation algorithm on Q6.17a;
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1 2
· · ·

k
· · ·

k
· · ·

2 1

1

l

N + 1

(a)

1 2
· · ·

k
· · ·

2 1

1

l

(b)

Figure 6.17: Magnetic quiver Q6.17a for
[
WA2k−1

][0k−1,l,0k−1]

[0k−1,l−2,0k−1]
× HNk for N ≥ 1. This quiver

specialises Q6.16 to the case l′ = 0. The node of rank k filled in black is “ugly”, with balance −1,
all other nodes are “good”, with non-negative balance. Application of the dualisation algorithm

to Q6.17a yields Q6.17b, which is a magnetic quiver for
[
WA2k−1

][0k−1,l,0k−1]

[0k−1,l−2,0k−1]
.

1 2
· · ·

k k
· · ·

k k
· · ·

2 1

1

l − l′ l′

N − 1
k

...

k

k1

l
N − 1

Figure 6.18: U(k) cyclic polymerisation of Q6.16 to produce quiver Q6.18.

with l ≥ 2 there is a non-trivial part to the moduli space which is given by the Coulomb

branch of Q6.17b,
[
WA2k−1

][0k−1,l,0k−1]

[0k−1,l−2,0k−1]
[202]4. Finally for l > l′ ≥ 1 the Coulomb branch is[

WA2k+N−1

][0k−1,l−l′,0N−1,l′,0k−1]

[0k−1,l−l′−1,0N−1,l′−1,0k−1]
.

The U(k) cyclic polymerisation on Q6.16 produces Q6.18, as shown in Figure 6.18. This quiver

Q6.18 is a Kronheimer-Nakajima quiver [26]. The Coulomb branch is the moduli space of

k SU(N) instantons on C2/Zl, MC2/Zl

k,SU(N). From the different choices of l and l′ the following

4To see this, frame Q6.17b on the top node of U(1). Then remember that the gauge nodes form the finite
Dynkin diagram of A2k−1 and that the top coweight is given by the flavours on each gauge node and the bottom
by the balance of each gauge node.
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conclusions on the Coulomb branch are:

[
WA2k+N−1

][0k−1,l−l′,0N−1,l′,0k−1]

[0k−1,l−l′−1,0N−1,l′−1,0k−1]
///U(k) =MC2/Zl

k,SU(N), l > l′ ≥ 1 (6.21)[
WA2k−1

][0k−1,l,0k−1]

[0k−1,l−2,0k−1]
×HNk///U(k) =MC2/Zl

k,SU(N), l > 1, l′ = 0. (6.22)

Conclusions about the Higgs branch of Q6.17a and Q6.16 are also made. Firstly, since Q6.17a

can be dualised to Q6.17b the Higgs branch of Q6.17b is also the Higgs branch of Q6.17a. This

complication does not arise for Q6.16 for l > l′ ≥ 1. As Q6.17b and Q6.16 are magnetic quivers for

affine Grassmannian slices, the Higgs branch cannot be found from an order inverting duality

as was possible for magnetic quivers for slices in nilcones. Instead, the Coulomb branch of the

3d mirror quiver can be found, which is constructed from the type IIB brane system with a

series of brane moves and S-duality [31]. The 3d mirrors of Q6.17b and Q6.16 are Q6.19a and

Q6.16 respectively, show in Figure 6.19. The Coulomb branch of Q6.19a is
[
WAl−1

][k,0l−3,k]

[0l−1]
and

the Coulomb branch of Q6.19b is
[
WAl−1

][k,0l−l′−2,N,0l
′−2,k]

[0l−l′−1,N,0l
′−1]

. In summary,

H(Q6.17a) = H(Q6.17b) = C(Q6.19a) =
[
WAl−1

][k,0l−3,k]

[0l−1]
, (6.23)

H(Q6.16) = C(Q6.19b) =
[
WAl−1

][k,0l−l′−2,N,0l
′−2,k]

[0l−l′−1,N,0l′−1]
. (6.24)

These moduli spaces are both of dimension k(l−1) and the Higgs branch of Q6.18 is of dimension

kl and so the Higgs branch dimension has increased by rank U(k) = k after polymerisation as

expected.

6.4.5 Generic Kronheimer-Nakajima Quivers

Having constructed specific cases of the Kronheimer-Nakajima quivers, a generic construction

from cyclic polymerisation for any computable Kronheimer-Nakajima quiver is presented.

The starting quiver Q6.20, drawn in Figure 6.20, consists of two legs of gauge nodes up to U(k1)

with the middle of the quiver containing other unitary gauge nodes. All of the gauge nodes in

the middle are connected to the U(1) gauge node at the top with some multiplicity of edges.
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k
· · ·

k

k k

l − 1

(a)

k k
· · ·

k k k
· · ·

k k

k kN

l − l′ − 1 l′ − 1

(b)

Figure 6.19: (a) Magnetic quiver Q6.19a for
[
WAl−1

][k,0l−3,k]

[0l−1]
. This quiver is 3d mirror to Q6.17b.

(b) Magnetic quiver Q6.19b for
[
WAl−1

][k,0l−l′−2,N,0l
′−2,k]

[0l−l′−1,N,0l′−1]
. This quiver is 3d mirror to Q6.16.

1
· · ·

k1 k2

· · ·
kN k1

· · ·
1

1

l1 − l′

l2 lN
l′

Figure 6.20: Unframed linear quiver Q6.20.

1
· · ·

k1 k2

· · ·
kN k1

· · ·
1

1

l1 − l′

l2 lN
l′

k1

1

k2 kN
· · ·

l1

l2 lN

Figure 6.21: Construction of a generic Kronheimer-Nakajima quiver from U(k1) cyclic poly-
merisation.

When framed at the U(1) at the top this quiver becomes linear with flavours on top. The

Coulomb branch of this quiver depends on the particular values of U(ki) and li for i = 1, · · · , N
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so it is difficult to give a generic name to this moduli space.

However, suppose that the ki and li are chosen so that Q6.20 is computable, then the Coulomb

branch is an affine Grassmannian slice of A2k1+N−1. The coweights corresponding to the flavours

and balance are easily computed but not presented here for brevity. If Q6.20 is has a gauge node

with excess −1, then most likely the moduli space consists of a slice in the affine Grassmannian

of Ar for r < 2k1 +N − 1 with a free part.

In either case, U(k1) cyclic polymerisation may be performed as shown in Figure 6.21 to give

the most generic unitary Kronheimer-Nakajima quiver QE.2,(when framed on the central U(1)

gauge node). The conclusion is that:

C (Q6.20) ///U(k1) =MC2/Zl

(k′1,··· ,k′l),(l
′
1,··· ,l′l)

, l =
N∑
i=1

li. (6.25)

This schematic construction generalises to all unitary Kronheimer-Nakajima quivers and hence

gives the construction of all SU instantons on C2/Zl (where l =
∑

i li), for any data specifying

the instanton bundle as a hyper-Kähler quotient on the Coulomb branch.

This should be viewed as the Coulomb branch dual construction to the original ADHM and

Kronheimer-Nakajima constructions on Higgs branches. An additional advantage of the Coulomb

branch construction is in the explication of the relationship between the moduli space of in-

stantons and other geometric objects, such as affine Grassmannian slices, under hyper-Kähler

quotient.

6.5 Cyclic polymerisation of ADE-shaped Quivers

6.5.1 U(1) cyclic polymerisation of AN for N ≥ 2

The U(1) cyclic polymerisation of the finite A-type quiver, discussed in Section 6.4.1, is not the

only way to perform U(1) cyclic polymerisation. The most general U(1) cyclic polymerisation
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1
· · ·

1 1
· · ·

1 1
· · ·

1

L RN − L−R

· · ·1 1

11
· · ·

1 1
· · ·

1

N − L−R

L− 1 R− 1

Figure 6.22: U(1) cyclic polymerisation of the finite AN+2 quiver to produce Q6.22.

of the finite AN quiver involves taking the Lth U(1) gauge node from the left and the Rth U(1)

gauge node from the right and superimposing them. This shown in Figure 6.22, and produces

Q6.22, which depends on the choice of N , L, and R. The quiverQ6.22 is unframed, and if the U(1)

is ungauged at the superimposed nodes, the Coulomb branch is easily read as min.AN−L−R ×

HL+R−2. The conclusion is that:

HN−1///U(1) = min.AN−L−R ×HL+R−2, 1 ≤ L,R ≤ ⌈N/2⌉. (6.26)

For certain choices of L and R the framings that can be applied to Q6.22 give equivalent but

different interpretations of the final moduli space.

For L = R = 1, Q6.22 takes the form of the affine A
(1)
N−2 Dynkin diagram and the Coulomb

branch is min.AN−2. This case is encompassed by (6.26). For the case, L = 1 and R = 2 (or

vice versa, but taking the case as given), Q6.22 takes the form of an affine A
(1)
N−2 Dynkin diagram

with an extension of a U(1) gauge node. This is a known CFHM quiver [244] for the moduli

space of 1 SU(N − 1) instanton on C2 and was studied in Section 6.4.1. For L = 1 and R ≥ 3

(or vice versa), framing Q6.22 at the superimposed U(1), or adjacent to the superimposed U(1),

gives two interpretations of the same moduli space. These are:

HN−1///U(1) = min.AN−1−R ×HR−1 =MC2

1,SU(N−R) ×HR−2, 2 ≤ R ≤ N − 2. (6.27)

The Higgs branch of the finite AN quiver is trivial and of dimension 0. In all cases, the Higgs
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branch of the polymerised quiver is the AN−L−R singularity, which is of dimension 1. The

relationship on the Higgs branch is:

AN−L−R///U(1) = {0}, (6.28)

which can be verified with Weyl integration for all valid choices of L and R.

6.5.2 U(1) cyclic polymerisation of E(1)
6

1 2 3 2 1

2

1

1232

21

Figure 6.23: U(1) cyclic polymerisation of the affine E
(1)
6 quiver to produce Q6.23.

The U(1) cyclic polymerisation of the affine E
(1)
6 quiver, whose Coulomb branch is min.E6,

produces quiver Q6.23 as shown in Figure 6.23. This is an unframed magnetic quiver for the

height two nilpotent orbit closure OD5

(24,12) [183]. The conclusion on the Coulomb branch is that:

min.E6///U(1) = O
D5

(24,12). (6.29)

The Higgs branch of the affine E
(1)
6 quiver is the Kleinian singularity E6, which is of dimension

1. The Higgs branch Hilbert series of Q6.23 is:

HS[H(Q6.23)] = PE
[
t2 + (q + q−1)t4 + t6 + (q + q−1)t8 − t12 − t16

]
, (6.30)

where q is a fugacity for U(1). The Hilbert series above identifies the moduli space as the
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Slodowy slice SD5

N ,(52), which is a complete intersection of dimension 2. The relationship between

orbits and slices of D5 is that of Lusztig-Spaltenstein duality, since the D partitions (52) and

(24, 12) are dual to each other under the Barbasch-Vogan map.

The relationship on the Higgs branch of Q6.23 is that:

SD5

N ,(52)///U(1) = E6. (6.31)

This is verified from Weyl integration and is also identifiable from the Hilbert series 6.30.

6.5.3 U(2) cyclic polymerisation of E(1)
6

1 2 3 2 1

2

1

1232

Figure 6.24: U(2) cyclic polymerisation of the affine E
(1)
6 quiver to produce Q6.24.

The U(2) cyclic polymerisation of the affine E
(1)
6 quiver, whose Coulomb branch is min.E6,

produces quiver Q6.24, as shown in Figure 6.24. From the consideration of the balance of the

gauge nodes, the Coulomb branch global symmetry appears to be SU(4). However, there is an

enhancement of the global symmetry to SO(7) [64].

Applying the monopole formula to Q6.24 and projecting the resulting Coulomb branch Hilbert

series onto highest weight fugacities of SO(7), yields the following HWG:

HWG [C (Q6.24)] = PE
[
µ2t

2 + (µ2
1 + µ2

3)t
4 + µ1µ

2
3t

6 + µ2
2t

8 + µ1µ2µ
2
3t

10 − µ2
1µ

2
2µ

4
3t

20
]
. (6.32)
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This is the HWG for the 7-dimensional orbit of B3, O
B3

(32,1) [183].

A direct embedding is used to verify (6.32) from Weyl integration. This embedding is E6 ←↩

SO(10)× U(1)←↩ SO(7)× SU(2)× U(1) which decomposes the adjoint as

µ6 → µ2 + ν2 + µ1ν
2 + µ3(ν/q + νq) + 1, (6.33)

where the µ6 on the left hand side is for E6, the µ1,2,3 on the right hand side are for SO(7), the

ν is for SU(2) and the U(1) fugacity is q. There is agreement with (6.32) if the Weyl integration

is done w.r.t the SU(2)× U(1).

The conclusion on the Coulomb branch is that,

min.E6///U(2) = O
B3

(32,1). (6.34)

It is worth noting that this orbit is of height 4 and that Q6.24 is a magnetic quiver for it that

was previously unknown.

This quiver Q6.24 is another example of a magnetic quiver whose nodes do not form a balanced

Dynkin diagram, but which nevertheless has a global symmetry enhanced to that of a simple

group and a Coulomb branch which forms an orbit.

The Higgs branch of the affine E
(1)
6 quiver is the Kleinian singularity E6, which is of dimension

1. The Hilbert series of the Higgs branch of Q6.24 is computed as:

HS[H(Q6.24)] = PE
[
[2]SU(2)t

2 + [4]SU(2)t
4 − t8 − t12

]
. (6.35)

This is a complete intersection of dimension 3 and is the Hilbert series for the Slodowy slice

H(Q6.24) = SC3

N ,(23), as tabulated in [133]. The result is another example of Lusztig-Spaltenstein

duality, since the C3 partition (23) is dual to the B3 partition (32, 1) under the Barbasch-Vogan

map. There is the expected increase in Higgs branch dimension by rank U(2) = 2.
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6.5.4 U(1) cyclic polymerisation of E(1)
7

1 2 3 4 3 2 1

2

2

432 3 2

1

Figure 6.25: U(1) cyclic polymerisation of the E
(1)
7 quiver to produce Q6.25.

The U(1) cyclic polymerisation of the E
(1)
7 affine quiver, whose Coulomb branch is min.E7,

produces quiver Q6.25, as shown in Figure 6.25. This is a magnetic quiver for the height two

nilpotent orbit closure n.min.E6.

The conclusion on the Coulomb branch is that,

min.E7///U(1) = n.min.E6. (6.36)

The Higgs branch of the E
(1)
7 quiver is the E7 singularity which is of dimension 1. The Higgs

branch Hilbert series of Q6.25 is:

HS[H(Q6.25)] = PE
[
t2 + (q + q−1)t6 + t8 + (q + q−1)t12 − t18 − t24

]
, (6.37)

where q is a U(1) charge. The above Hilbert series identifies the moduli space as the Slodowy

slice SE6
N ,D5

which is a complete intersection of dimension 2. This is as expected from Lusztig-

Spaltenstein duality since this E6 orbit and slice are dual to each other [252]. The relationship

on the Higgs branch is that:

SE6
N ,D5

///U(1) = E7. (6.38)

This is verified from Weyl integration and is also identifiable from the above Hilbert series.
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6.5.5 U(3) cyclic polymerisation of E(1)
7

1 2 3 4 3 2 1

2

2 4 3

Figure 6.26: U(3) cyclic polymerisation of the E
(1)
7 quiver to produce Q6.26.

The U(3) cyclic polymerisation of the affine E
(1)
7 is shown in Figure 6.26. This produces quiver

Q6.26. From consideration of the balance of gauge nodes, it would appear that the Coulomb

branch global symmetry is SU(3), however yet again there is an enhancement of the global

symmetry, this time to G2 [64]. This can be verified from the Hilbert series. However only the

unrefined Hilbert series is presented for brevity:

HS [C (Q6.26)] =

1 + 6t2 + 40t4 + 149t6 + 470t8 + 1048t10

+ 1927t12 + 2668t14 + 3048t16 + · · ·+ t32


(1− t2)8(1− t4)8

, (6.39)

and the coefficient of the t2 term matches the dimension of the G2 adjoint representation.

This Coulomb branch can be identified as the Slodowy intersection SE7
A3+A2+A1,A2+3A1

. To do

this, either the Hilbert series of the Slodowy intersection can be computed using the formula

in [134, Appendix B] to obtain agreement with (6.39).

The conclusion on the Coulomb branch is,

min.E7///U(3) = SE7
A3+A2+A1,A2+3A1

. (6.40)

The above result is verified using Weyl integration employing the direct embedding of E7 ←↩
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E6 × U(1)←↩ G2 × SU(3)× U(1). This decomposes the fundamental of E7 as,

µ6 → µ2ν1q
−1 + µ2ν2q + ν2

1q + ν2
2q

−1 + q3 + q−3, (6.41)

where on the right hand side the µi and νi are highest weight fugacities for G2 and SU(3)

respectively, and q is a U(1) charge. The Weyl integration is performed w.r.t SU(3)× U(1).

The Higgs branch of the E
(1)
7 quiver is the E7 singularity, which is of dimension 1. The Higgs

branch Hilbert series of Q6.26 has been computed, but for brevity only the unrefined Hilbert

series is presented:

HS[H(Q6.26)] =

(1− t12)

1 + 3t2 + 6t4 + 13t6 + 24t8

+ 29t10 + 29t12 + · · ·+ t24


(1− t4)5(1− t6)4

. (6.42)

The Higgs branch is of dimension 4 but is not a complete intersection. In fact, using Lusztig-

Spaltenstein duality the Higgs branch can be identified as the Slodowy intersection within the

E7 nilcone, H(Q6.26) = SE7
A6,A4+A2

, which is dual to the intersection on the Coulomb branch

[252]. This can be confirmed from the refined Hilbert series. The Higgs branch dimension

increases by rank U(3) = 3 as expected.
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Unframed Orthosymplectic Quotient

Quiver Subtraction

7.1 Introduction

In this Chapter, a quotient quiver subtraction algorithm for orthosymplectic quivers is presented.

The methods are inspired once again by 6d N = (1, 0) gauge theories, and orthosymplectic

quotient quiver subtraction is developed for gauging SU(2), SU(3), G2, and SO(7) subgroups

of the Coulomb branch global symmetry of unframed orthosymplectic 3d N = 4 quivers (i.e.

containing only orthogonal and symplectic nodes). These are found by comparing the magnetic

quiver for Sp(k) gauge theory in six dimensions at infinite coupling with SO(4k + 16) flavour

symmetry1 before and after gauging SU(3), G2, SO(7) subgroups of the flavour symmetry, for

k = 0, 1, 2 respectively. This is exactly the same methodology used to derive the quotient quiver

subtraction in the unitary case for SU(3) in Chapter 4, where there is a unitary magnetic quiver

for the Sp(0) theory before and after gauging. The orthosymplectic quotient quiver subtraction

for SU(2) is derived slightly differently but follows from the Higgsing pattern SO(7) → G2 →

SU(3) → SU(2). The quivers studied here are restricted to unframed orthosymplectic quivers

containing only SO(2n) and Sp(n) gauge nodes.

1Except for the case k = 0 where there is enhancement SO(16)→ E8

147
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Orthosymplectic quotient quiver subtraction shares much in common with its unitary counter-

part. In particular, since the orthosymplectic quotient quivers for SU(2), SU(3), G2, and SO(7)

contain gauge nodes with negative balance, their Coulomb branches are potentially smooth.

Another similarity is the possibility of unions of moduli spaces arising from an ‘overshoot’ at

a ‘junction’ of the starting quiver. There are also notable differences, which will be expanded

upon in Section 7.3. Briefly, the prescription for rebalancing gauge nodes after subtraction

differs between the orthosymplectic and unitary cases. This prescription may explicitly break

the alternating SO− Sp gauge node pattern in some cases.

One successful outcome of unitary quotient quiver subtraction was in its use to derive new

mathematical relationships between nilpotent orbit closures under hyper-Kähler quotients, ex-

amples of this were seen in the previous Chapters. Following this, orthosymplectic quotient

quiver subtraction is also applied to 3d N = 4 quivers whose Coulomb branches are nilpotent

orbit closures. In doing so, previously established relationships found through unitary quotient

quiver subtraction and through polymerisation are realised again using orthosymplectic quivers,

providing a check of orthosymplectic quotient quiver subtraction. Additionally, new orthosym-

plectic doppelgängers to known unitary quivers are found. These quivers are doppelgängers

in the sense that their Coulomb branches and Higgs branches are the same, but also appear

similar in terms of the graph. New relationships between nilpotent orbit closures can be found

using the orthosymplectic quotient quiver subtraction for which a unitary construction is not

yet known.

Benefiting from the physical implications of this algorithm, orthosymplectic quotient quiver

subtraction is also applied to understand certain 6d N = (1, 0) Higgs branches. Magnetic

quivers were originally conceived as auxiliary descriptions of 6d N = (1, 0) Higgs branches of

the worldvolume gauge theories arising from M5-branes on AD Klein singularities [46, 155],

for which the dual Type IIA configuration is crucial. Extension to the case of E6,7,8 Klein

singularities has been a longstanding challenge, not least for the fact that there is no known

dual Type IIA description. However, there do exist descriptions in F-theory [149, 168] from

which an electric quiver may be found in both the finite and infinite coupling limits, although

there is currently no systematic approach. There also exist descriptions of the 6d N = (1, 0)
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worldvolume gauge theory of one and two M5 branes on Klein E6 singularity as a class S theory,

which was derived from compactification on T 2 both without [251, 253] and with magnetic fluxes

[220].

Focusing on the case of a single M5 brane on an E6 Klein singularity, orthosymplectic quotient

quiver subtraction is used to provide an orthosymplectic magnetic quiver for two phases of the

6d N = (1, 0) gauge theory. The first phase is the 6d N = (1, 0) worldvolume theory of two

1
2
M5 branes on a Klein E6 singularity. This theory is not conformal as there is a scale from the

non-trivial vev of the tensor multiplet which is also the (finite) gauge coupling in this case. The

orthosymplectic magnetic quiver is consistent with its unitary doppelgänger derived in Chapter

6.3.7, however only the orthosymplectic magnetic quiver admits a suitable description from a

Type IIA brane system. The second phase is the infinite coupling limit of this 6d N = (1, 0)

theory also known as minimal (E6, E6) conformal matter2. This is believed to be a strongly

coupled SCFT. The (E6, E6) conformal matter phase is related to the finite coupling phase by

a small E8 instanton transition [45, 154]. The orthosymplectic magnetic quiver conjectured for

6d N = (1, 0) (E6, E6) conformal matter is the first of its kind and also admits a description

from a Type IIA brane system.

Organisation of the Chapter The derivation of the SU(3), G2, SO(7) orthosymplectic

quotient quivers and arguments for the SU(2) quotient quiver and why the methodology is not

able to provide more quotient quivers is given in Section 7.2.

The specific rules of the orthosymplectic quotient quiver subtraction algorithm are given in

Section 7.3.

Explicit examples of SU(2), SU(3), G2, and SO(7) orthosymplectic quotient quiver subtraction

are given in Sections 7.4, 7.5, 7.6, and 7.7 respectively, mainly drawing upon nilpotent orbit

closures.

The derivation of magnetic quivers for two phases of the worldvolume theory of one M5 brane

on Klein E6 singularity is given in Section 7.8.
2Hereafter dropping “minimal”.
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7.2 Derivation of Orthosymplectic Quotient Quivers

The starting point for the analysis is the following electric 6d N = (1, 0) gauge theory

Sp(k)

SO(4k + 16)

(7.1)

at infinite coupling, whose corresponding magnetic quiver,

D1 C1

· · ·
Ck+3 Dk+4 Ck+3

· · ·
C1 D1

C1

(7.2)

gives a construction of the Higgs branchH∞(Q7.1) ofQ7.1 as a moduli space of dressed monopole

operators [155].3 The Highest Weight Generating function (HWG) for the moduli space is

reproduced again as

HWG [H∞((7.1))] = PE

[
k+3∑
i=1

µ2it
2i + t4 + µ2k+8

(
tk+2 + tk+4

)]
, (7.3)

where each of the µi are highest weight fugacities for SO(4k + 16).

The objective is now to gauge a subgroup of the flavour symmetry of the electric theory (7.1)

and find its associated magnetic quiver. The magnetic quiver for the gauged theory can be

compared to that of the pregauged theory (7.2) in order to isolate the particular operation on the

magnetic quiver corresponding to the gauging. As 6d N = (1, 0) theories are heavily constrained

by anomalies there are typically very few permissible gaugings which in turn determines the

action on the magnetic quiver precisely.

Anomaly cancellation conditions in six-dimensions leave only a small set of SO(4k+16) flavour
3Note that the SO(4k + 16) global symmetry of H∞(7.1) undergoes enhancement to E8 at k = 0.
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subgroups that admit a consistent gauging, each corresponding to a different value of k. For

k = 0, 1, 2 the possible gaugings are of SU(3), G2, and SO(7) respectively, with SU(2) a special

case discussed in Section 7.2.4.

Although gauging a flavour subgroup is relatively straightforward in the electric theory, the

derivation of a corresponding magnetic quiver requires the introduction of a Type IIA brane

system. 6d N = (1, 0) theories arise as worldvolume theories of D6-branes suspended between

NS5-branes on an orientifold plane with flavour D8-branes. In fact, all such gauge theories

which admit a formal description in Type IIA string theory – including systems with negatively

charged branes – were classified in [166], and explicit brane constructions following this were

given in [72] with exploration of finite and infinite coupling phases. The magnetic phase of such

brane systems involves suspending the D6-branes between D8-branes through a series of brane

moves [31, 129]. Then to find the magnetic quiver of the electric theory at infinite coupling,

one simply merges 1
2
NS5-branes pairwise and moves them off the orientifold plane.

In [72], a set of Type IIA brane configurations involving negatively-charged D6-branes were

studied alongside their corresponding electric and magnetic theories [166, 31, 129] – the fol-

lowing section will derive from these the quotient quivers associated to the gauging of flavour

subgroups.

These six dimensional theories also have a construction in F-theory. However, it is not known

to date how to extract the magnetic quiver from this. It is useful to make connection to the F-

theory construction due to the specific effects on the Higgs branch that are seen from collapsing

various curves of self-intersection.

7.2.1 Gauging SU(3)

Consider first the electric Sp(0) theory, (7.1) with k = 0. Although in other dimensions an Sp(0)

gauge theory is trivial, in six dimensions there is still a dynamical tensor multiplet. The case

k = 0 is special since the expected SO(16) flavour symmetry of (7.1) is enhanced SO(16)→ E8

at infinite gauge coupling, however the HWG (7.3) still holds with the appropriate embedding.
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Gauging an SU(3) subgroup of the E8 flavour symmetry gives (7.4), where the Sp(0) remains

at infinite coupling and the SU(3) is at finite coupling supported on a (−2)-curve.

SU(3)

−2

Sp(0)

E6

(7.4)

To derive the magnetic quiver, first consider an alternative presentation of (7.4) from F-theory

which is amenable to a description in Type IIA. Start with the electric SU(3)×Sp(0) anomaly-

free theory with both gauge groups at finite coupling, given in (7.5).

SU(3)

−3

Sp(0)

−1

O(2)×O(10)

(7.5)

The SU(3) gauge group is supported on a (−3)-curve and the Sp(0) on a (−1)-curve. Collaps-

ing the (−1)-curve corresponds to a small E8-instanton transition and tunes the Sp(0) gauge

coupling to infinity, leaving the rank-1 E-string coupled to SU(3). The self-intersection number

of the (−3)-curve also changes to −2.

This change in the Higgs branch can also be seen through brane systems in Type IIA and from

magnetic quivers. The quiver (7.5) at finite coupling is the D6 brane worldvolume theory of

the following Type IIA brane system

2 10

−2 3

(7.6)
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The collapse of the (−1)-curve, which tunes the gauge coupling of Sp(0) to infinity is realised

in the magnetic phase of the brane system by firstly suspending D6 between D8 branes and

then bringing all four 1
2
-NS5 branes together pairwise and lifting them off the orientifold plane.

Doing this results in the following brane system

1 2 4 3 3 2 2 1 1

(7.7)

from which one is able to read off the following magnetic quiver for the Higgs branch of (7.4)

C1

D4C2D1 C3 D3 C2 D2 C1 D1

C1

(7.8)

as was done in [72]. The bouquet of two C1 gauge nodes attached to the D4 gauge node is

indicative of SU(3) being finitely coupled.

As the 6d theory (7.4) comes from gauging an SU(3) subgroup of the flavour symmetry of

(7.1) (for k = 0), comparing their magnetic quivers (7.8) and (7.2) will realise gauging SU(3)

subgroups of Coulomb branch global symmetries.

The key observation that translates the notion of gauging flavour symmetries in six-dimensions

to the magnetic quiver is a simple and combinatorial one. The two magnetic quivers are related
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by the following quiver subtraction

D1 C1 D2 C2 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1

C1D2C2D2C1D1

−

C1

D4C2D1 C3 D3 C2 D2 C1 D1

C1

.

(7.9)

The following quiver

C1D2C2D2C1D1 (7.10)

is hence proposed as the SU(3) orthosymplectic quotient quiver. In particular one should note

that the C2 gauge node and the C1 gauge node on the right have negative balance [123] and

hence the Coulomb branch is smooth and its Hilbert series is not computable with the monopole

formula [108].

7.2.2 Gauging G2

A similar set of considerations apply to the G2 case. In order to gauge a G2 subgroup of the

flavour symmetry of (7.1), the choice k = 1 must be made to cancel anomalies. The resulting

gauge theory is

G2

−2

Sp(1)

O(1)×O(13)

(7.11)

where again the Sp(1) is tuned to infinite coupling and the G2 is at finite coupling.

As before, the magnetic quiver may be found from a slightly different derivation of (7.11). Take
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the non-anomalous G2 × Sp(1) gauge theory with both gauge groups at finite coupling. The

quiver is

G2

−3

Sp(1)

−1

O(1)×O(13)

(7.12)

which is similar to (7.11) except that in F-theory the Sp(1) is supported on a (−1)-curve and

the G2 is supported on a (−3)-curve. There are two tensor multiplets associated to each gauge

group. The (−1)-curve may be collapsed which tunes the gauge coupling of Sp(1) to infinity.

There is also a small E8 instanton transition as the tensor multiplet associated to the Sp(1)

is lost. The electric theory is again (7.11). Compared to the case of gauging SU(3), which

involved an Sp(0) gauge node, there is non-trivial matter which is coupled.

The Type IIA brane system which gives (7.12) as the D6 brane worldvolume theory is

1 13

2 13

(7.13)

Then the collapse of the (−1)-curve, which tunes the coupling of Sp(1) to infinity, is seen by

moving to the magnetic phase by first suspending D6 branes between D8 and then merging

all four 1
2
-NS5 branes pairwise and lifting them off the orientifold plane. The resulting brane

system is

2 3 5 4 4 3 3 2 2 1 1

(7.14)
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from which one is able to read off the following magnetic quiver

D2 C3 D5 C4 D4 C3 D3 C2 D2 C1 D1

C1 C1

(7.15)

for the Higgs branch of (7.11). The bouquet of C1 gauge nodes attached to the D5 gauge node

is indicative that the G2 gauge node in (7.11) is at finite coupling.

As the 6d theory (7.11) comes from gauging a G2 subgroup of the flavour symmetry of (7.1) (for

k = 1), comparing their magnetic quivers (7.15) and (7.2) will realise gauging G2 subgroups of

Coulomb branch global symmetries.

The two magnetic quivers are related by the following quiver subtraction

D1 C1 D2 C2 D3 C3 D4 C4 D5 C4 D4 C3 D3 C2 D2 C1 D1

C1

D1 C1 D2 C2 D3 C3 D2 C1

−

D2 C3 D5 C4 D4 C3 D3 C2 D2 C1 D1

C1 C1

(7.16)

The following quiver

D1 C1 D2 C2 D3 C3 D2 C1 (7.17)

is hence proposed as the G2 orthosymplectic quotient quiver. This quiver also contains gauge

nodes with negative balance [123], the C3 gauge node and the C1 gauge node on the right. The

Coulomb branch is smooth and its Hilbert series is not computable with the monopole formula

[108] and remains a challenge.
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7.2.3 Gauging SO(7)

A similar set of considerations apply once again to the SO(7) case. In order to gauge a SO(7)

subgroup of the flavour symmetry of (7.1), the choice k = 2 must be made to cancel anomalies.

The resulting gauge theory is

SO(7)

−2

Sp(2)

O(16)

(7.18)

where the Sp(2) is tuned to infinite coupling and the SO(7) is at finite coupling. The red

edge indicates that the hypermultiplet transforms in the bispinor representation when Sp(2) is

treated as Spin(5).

As before, the magnetic quiver may be found from a slightly different derivation of (7.18). Take

the non-anomalous SO(7)×Sp(2) gauge theory with both gauge groups at finite coupling. The

quiver is

SO(7)

−3

Sp(2)

−1

O(16)

(7.19)

which is similar to (7.18) except that in F-theory the Sp(2) is supported on a (−1)-curve and

the SO(7) is supported on a (−3)-curve. There are two tensor multiplets associated to each

gauge group. The (−1)-curve may be collapsed which tunes the gauge coupling of Sp(2) to

infinity. There is also a small E8 instanton transition as the tensor multiplet associated to the

Sp(2) is lost. The electric theory is again (7.18).



158 Chapter 7. Unframed Orthosymplectic Quotient Quiver Subtraction

The Type IIA brane system which gives (7.19) as the D6 brane worldvolume theory is

16

2 4 2

(7.20)

The collapse of the (−1)-curve which tunes the coupling of Sp(2) to infinity is seen in the brane

system by moving to the magnetic phase. This is done by first suspending D6 branes between

D8 and then merging all four 1
2
-NS5 branes pairwise and lifting them off the orientifold plane.

The resulting brane system is

1 3 4 6 5 5 4 4 3 3 2 2 1 1

(7.21)

from which one is able to read off the following magnetic quiver

C1 D3 C4 D6 C5 D5 C4 D4 C3 D3 C2 D2 C1 D1

C1 C1

(7.22)

for the Higgs branch of the 6d theory (7.18). The bouquet of C1 gauge nodes attached to the

D6 gauge node is indicative of the SO(7) gauge node in (7.18) being at finite coupling.

As the 6d theory (7.18) comes from gauging an SO(7) subgroup of the flavour symmetry of

(7.1) (for k = 2), comparing their magnetic quivers (7.22) and (7.2) will realise gauging SO(7)

subgroups of Coulomb branch global symmetries.
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The two magnetic quivers are related by the quiver subtraction shown below

D1 C1 D2 C2 D3 C3 D4 C4 D5 C5 D6 C5 D5 C4 D4 C3 D3 C2 D2 C1 D1

C1

D1 C1 D2 C2 D3 C3 D4 C3 D2 C1

−

C1 D3 C4 D6 C5 D5 C4 D4 C3 D3 C2 D2 C1 D1

C1 C1

(7.23)

The following quiver

D1 C1 D2 C2 D3 C3 D4 C3 D2 C1 (7.24)

is hence proposed as the SO(7) orthosymplectic quotient quiver. This quiver also contains gauge

nodes with negative balance [123], the D4 gauge node and the C1 gauge node on the right. The

Coulomb branch is smooth and its Hilbert series is not computable with the monopole formula

[108] and remains a challenge.

7.2.4 Gauging SU(2)

The SU(2) case differs from the other three in that it is not motivated directly from a six

dimensional theory, but rather by the Higgsing pattern observed between the gauge groups

introduced thus far. After Higgsing SO(7)→ G2 → SU(3), the next gauge group to be broken

to is SU(2), and applying the intuition gathered from the previous set of examples leads to the

following candidate SU(2) orthosymplectic quotient quiver

D1 C1 D1 C1 (7.25)

Both C1 gauge nodes in this quiver have negative balance [123]. The Coulomb branch is smooth

and its Hilbert series is not computable with the monopole formula [108].
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7.2.5 A comment on other groups

Despite its successes for SU(2), SU(3), G2, and SO(7), the above analysis does not determine

orthosymplectic quotient quivers for any other group. As aforementioned, this is principally

a consequence of the anomaly cancellation conditions in six dimensions, which do not ensure

graph linearity of the 6d quivers. Non-linear quivers also cannot be described by Type IIA

brane systems. The most problematic issue with non-linear quivers for this analysis, is that

one needs to couple additional matter, this is non-trivial to do on magnetic quivers and no

prescription currently exists.

Let this point be illustrated with a specific example of a 6d N = (1, 0) SO(8) gauge theory

on a (−3)-curve. This non-anomalous SO(8) gauge theory enjoys a triality so the gauge node

is coupled to hypermultiplets in the vector, spinor, and co-spinor representations, given in the

following quiver (7.26)

SO(8)

−3

Sp(1) Sp(1)

Sp(1)

V S
C

(7.26)

Suppose one starts with the non-anomalous Sp(1) gauge theory (7.1) and attempts to gauge

an SO(8) subgroup of the SO(20) flavour symmetry. In order to ensure that the SO(8) gauge

group is anomaly free, additional matter must be coupled before/after the action of gauging

SO(8).

Sp(1)

−1

SO(20)

Sp(1)

−1

SO(8)

−3

Sp(1)

Sp(1)

SO(12)

S
C

(7.27)
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The obstruction of the analysis used in the previous cases of SU(3), G2, and SO(7) to the above

case of SO(8) is that it is not clear how to realise the coupling of additional matter to magnetic

quivers in general. This is essential in the treatment of non-linear 6d quivers.

Non-linearity similarly afflicts all SO(n) gauge theories for n ≥ 8, and as such the techniques

used in this work cannot derive the associated SO(n) quotient quivers.

Quotient quivers for the groups SU(n) for n ≥ 4, Sp(n) for n ≥ 2, and the other exceptional

groups remain a challenge due to a lack of constructions of the 6d theories from branes or other

means and hence there are a lack of magnetic quivers.

7.3 Method of Orthosymplectic Quotient Quiver Subtrac-

tion

In this Section, the method for orthosymplectic quotient quiver subtraction is explicitly de-

scribed. The orthosymplectic quotient quiver subtraction is similar in spirit to the unitary

quotient quiver subtraction in Chapter 4. In fact some quirks of the unitary quotient quiver

subtraction are shared with the orthosymplectic quotient quiver subtraction.

Consider the subtraction of a quotient quiver from some target quiver. The method proceeds

as:

1. Align the quotient quiver against a maximal leg of the target quiver, permitting the

quotient quiver to go one node beyond a junction. Ensure that D-type nodes are aligned

and C-type nodes are aligned.

2. Subtract the ranks of the nodes of the quotient quiver from the target quiver, ensuring

that all nodes have positive rank and have positive (or zero) imbalance.

3. Rebalance only the nodes which do not participate in the subtraction with a gauge node

of C1.
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4. If the quotient quiver has gone one node past a junction, the result is the union of all of

the possible alignments.

Although there is much similarity with the unitary and orthosymplectic quotient quiver sub-

traction, there are some differences. In the unitary case, all gauge nodes retain their balance

after subtraction, however in the orthosymplectic case, only the gauge nodes not participating

in the subtraction retain their balance. In particular, the balance of each of the remaining

gauge nodes in the maximal leg of the target quiver generally changes after subtraction.

Another difference is that the orthosymplectic quotient quivers can only be subtracted from

maximal legs on the target quiver. In the unitary case, only a leg of (1)−· · ·− (n)− is required

to subtract a unitary SU(n) quotient quiver.

In the unitary case, rebalancing can be done with a U(1) gauge node. In the orthosymplectic

case, even though there are D-type and C-type nodes, rebalancing is always done with a C1

gauge node. This may explicitly break the alternating pattern of D-type and C-type gauge

nodes in the quiver.

When the result of the quotient quiver subtraction gives a union, the intersection may easily

be found through the Kraft-Procesi transition quiver subtraction [254, 255, 110]. To date there

is no systematic method of realising the Kraft-Procesi transition on orthosymplectic magnetic

quivers. In the cases where a union arises, the typical slice to the intersection is an A1 transition

which corresponds to Kraft-Procesi subtraction of the following quiver

C1 C1 (7.28)

where the edge represents a full hypermultiplet. The Coulomb branch Hilbert series of this

quiver is not computable with the monopole formula.

The gauge nodes not participating in the Kraft-Procesi subtraction are again rebalanced with

a C1 gauge node.
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7.4 Examples of SU(2) Orthosymplectic Quotient Quiver

Subtraction

7.4.1 min.E7///SU(2)

The orthosymplectic quiver with Coulomb branch min.E7, given at the top of Figure 7.1,

presents one of the simplest examples on which to test SU(2) orthosymplectic quotient quiver

subtraction. This example is chosen first as the moduli space of min.E7 is well understood and

additionally, the orthosymplectic magnetic quiver is star-shaped and constructed using fixtures

of D3. There is a unitary counter-part due to the Lie algebra isomorphism D3 ≃ A3 and hence

there can be comparison to the unitary case.

Performing the SU(2) quotient quiver subtraction as in Figure 7.1 results in Q7.1, whose

Coulomb branch Hilbert series is

HS [C (Q7.1)] =

(1 + t2)2

1 + 36t2 + 590t4 + 4853t6 + 21516t8 + 52933t10 + 71802t12

+ 52933t14 + 21516t16 + 4853t18 + 590t20 + 36t22 + t24


(1− t2)28

.

(7.29)

This is the same Hilbert series as for n.n.min.D6. Hence the conclusion is that

min.E7///SU(2) = n.n.min.D6. (7.30)

This result is in fact already known from the unitary quotient quiver subtraction studied in

Section 4.4.1, which gives (7.31) as the resulting unitary magnetic quiver for n.n.min.D6.

2

42 3 2 1

1

(7.31)

Both the unitary and orthosymplectic magnetic quiver for n.n.min.D6 are star-shaped quivers,
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and consist of slices in SU(4), or equivalently, SO(6) glued together. The isomorphism A3 ≃ D3

maps the partition data as in Table 7.1, which gives a further check between the orthosymplectic

and unitary quotient quiver subtraction.

D1 C1 D2 C2 D3 C2 D2 C1 D1

C1

D1

D1 C1 D1 C1

− D1

C1

D3C1D1

C1

C2 D2 C1 D1

Figure 7.1: Subtraction of the SU(2) orthosymplectic quotient quiver from the orthosymplectic
magnetic quiver for min.E7 to produce Q7.1.

Orthosymplectic Fixture Partition of 6 Unitary Fixture Partition of 4

C1 − [D3] (22, 12) (1)− [4] (2, 12)

D1 − C1 − [D3] (3, 13) (2)− [4] (22)

D1 − C2 − [D3] (32) (1)− (2)− [4] (3, 1)

D1 − C1 −D2 − C2 − [D3] (5, 1) (1)− (2)− (3)− [4] (4)

Table 7.1: The orthosymplectic fixtures of SO(6) alongside the corresponding fixture for SU(4).

The SU(2) orthosymplectic quotient quiver subtraction shown in Figure 7.1 provides another

realisation of the Higgs branch side of the 4d N = 2 duality proposed in [214]. This duality says

that Sp(2) with 6 flavours at infinite coupling is dual to the SU(2) flavour symmetry gauging

of the rank 1 E7 SCFT.

This is the second time this result has been realised using quotient quiver subtraction; the first
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with unitary quivers, Section 4.4.1, and the second with orthosymplectic quivers in Figure 7.1.

Due to the isomorphism A3 ≃ D3, the Higgs branch of Q7.1 is SD6

N ,(7,5) which is the Spaltenstein

dual to n.n.min.D6. This is seen with the computation of the Higgs branch Hilbert series

HS [H(Q7.1)] = PE
[
2t4 + t6 + 2t8 + t10 − t16 − t20

]
, (7.32)

which matches the Hilbert series of SD6

N ,(7,5).

7.4.2 min.E6///SU(2)

The next simplest example is the SU(2) quotient quiver subtraction on the magnetic quiver

for min.E6. This is shown in Figure 7.2 to produce Q7.2, where rebalancing the gauge nodes

introduces a loop into Q7.2. The Higgs branch dimension increases by rank SU(2) = 1 after

SU(2) quotient quiver subtraction as expected.

D1 C1 D2 C2 D2 C1 D1

D1

D1 C1 D1 C1

−

D1

C1D1 D2 C1 D1

C1

Figure 7.2: Subtraction of the SU(2) orthosymplectic quotient quiver from the orthosymplectic
magnetic quiver for min.E6 to produce Q7.2.

The Coulomb branch Hilbert series is

HS [C (Q7.2)] =
(1 + t2)2(1 + 17t2 + 119t4 + 251t6 + 119t8 + 17t10 + t12)

(1− t2)16
(7.33)
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which exactly matches that of n.min.A5, and verifies that

min.E6///SU(2) = n.min.A5. (7.34)

The above result is also known from the unitary quotient quiver subtraction in Section 4.4.1

which gives (7.35) as the resulting unitary magnetic quiver for n.min.A5

1 2 2 2 1

1

(7.35)

In fact, the Higgs branch Hilbert series of Q7.2 is computed as

HS [H (Q7.2)] =
1 + t4 + t6 + t8 + t12

(1− t2)(1− t4)2(1− t6)
(7.36)

which is the same Hilbert series as for SA5

N ,(4,2) which is the Spaltenstein dual to n.min.A5. The

Higgs branch dimension increases by rank SU(2) = 1 after SU(2) quotient quiver subtraction

as expected.

The orthosymplectic SU(2) quotient quiver subtraction in Figure 7.2 thus gives a novel or-

thosymplectic quiver with a gauge node loop which is a doppelgänger to the unitary quiver

(7.35). This is because they have the same Coulomb branch and the same Higgs branch.

7.4.3 n.min.A5///SU(2)

The quiver Q7.2, the magnetic quiver for n.min.A5, resulting from an orthosymplectic SU(2)

quotient quiver subtraction on min.E6 may itself be the starting point for a further orthosym-

plectic SU(2) quotient quiver subtraction. In this case, there are two alignments of the SU(2)

quotient quiver along the long leg of Q7.2 shown in Figure 7.3a and Figure 7.3b resulting in
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Q7.3a and Q7.3b respectively. Their intersection is Q7.3c, where the rule of subtracting (7.28)

(not shown) discussed in Section 7.3 is used.

The Coulomb branch Hilbert series of Q7.3a is

HS[C(Q7.3a)] =
1 + 5t2 + 14t4 + 14t6 + 5t8 + t10

(1− t2)10
, (7.37)

from which the Coulomb branch is identified as C(Q7.3a) = OA3

(3,1). For Q7.3b, the Coulomb

branch Hilbert series is

HS[C(Q7.3b)] =
1 + 11t2 + 57t4 + 170t6 + 324t8 + 398t10 + · · ·+ t20

(1− t2)5(1− t4)5
, (7.38)

from which the Coulomb branch can be identified as C(Q7.3b) = [WD4 ]
[0,1,0,2]

[0,0,0,2]. The intersection of

Q7.3a and Q7.3b is conjectured to be Q7.3c. There is no established method of quiver subtraction

for Kraft-Procesi transitions therefore Q7.3c was found by subtracting (7.28). The Coulomb

branch Hilbert series for Q7.3c is

HS[C(Q7.3c)] =
(1 + t2)2(1 + 5t2 + t4)

(1− t2)8
, (7.39)

which identifies the Coulomb branch as C(Q7.3c) = O
A2

(22).

Therefore the conclusion is that

n.min.A5///SU(2) = O
A3

(3,1) ∪ [WD4 ]
[0,1,0,2]

[0,0,0,2], (7.40)

In particular the unitary doppelgängers to Q7.3a, Q7.3b, and Q7.3c are (7.41), (7.42), and (7.43)

respectively. The orthosymplectic doppelgänger Q7.3c to (7.43) follows from the Lie algebra

isomorphism U(1) ≃ D1 and SU(2) ≃ Sp(1), however the orthosymplectic doppelgängers Q7.3a

and Q7.3b to (7.41) and (7.42) are non-trivial.
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D1

C1D1 D2 C1 D1

C1

D1C1D1C1
D1

C1 C1D1 D1

−

(a)
D1

C1D1 D2 C1 D1

C1

C1

D1 C1 D1

D1C1D1

D1 C1

−

(b)

C1D1 D1

D1

(c)

Figure 7.3: Both alignments of the SU(2) quotient quiver against Q7.2 to produce Q7.3a and
Q7.3b. Their intersection is Q7.3c.
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1 2 2

1

(7.41)

1 2 1

11

(7.42)

1 2 1

1

(7.43)

This can be verified with computation of the Higgs branch Hilbert series for each quiver. Unlike

the Coulomb branch Hilbert series, the Higgs branch Hilbert series admits partial refinement

since each quiver has a pair of bifundamental hypers between two gauge nodes, contributing a

factor of Sp(1) to the global symmetry. Additionally, the quivers Q7.3a andQ7.3b contain a larger

loop of gauge nodes and therefore there is an invariant associated to them which contributes

an additional factor of U(1) to the global symmetry. It is unknown how to give a fugacity to

this U(1). Firstly for Q7.3a,

HS[H(Q7.3a)] = PE
[(
[2]Sp(1) + 1

)
t2 + 2[1]Sp(1)t

3 − t6 − t8
]
, (7.44)

where the Dynkin label is a shorthand for the character of the given Sp(1) representation. With

guidance from Spaltenstein duality, the Hilbert series for SA3

N ,(2,12) – the Spaltenstein dual of

OA3

(3,1) – is

HS
[
SA3

N ,(2,12)

]
= PE

[(
[2]Sp(1) + 1

)
t2 + (q + 1/q)[1]Sp(1)t

3 − t6 − t8
]
, (7.45)

where q is a U(1) fugacity. This produces the same Hilbert series as H(Q7.3a) in the limit q → 1.

The Higgs branch Hilbert series of Q7.3b may also be partially refined although the resulting
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Hilbert series is not a complete intersection. The unrefined Hilbert series is given as

HS[H(Q7.3b)] =

1 + 3t2 + 2t3 + 6t4 + 4t5 + 10t6 + 6t7 + 9t8

+ 6t9 + 10t10 + 4t11 + 6t12 + 2t13 + 3t14 + t16


(1− t2)(1− t3)2(1− t4)(1− t5)2

(7.46)

There is no simple analogue of Spaltenstein duality for slices in the affine Grassmannian, how-

ever it is simple to check that the Higgs branch Hilbert series of (7.42) matches.

Finally, for Q7.3c the Higgs branch Hilbert series is computed as

HS
[
SA3

N ,(2,12)

]
= PE

[
[2]Sp(1)t

2 + [2]Sp(1)t
4 − t6 − t8

]
, (7.47)

which is the same Hilbert series as for SA3

(22), the Spaltenstein dual of OA3

(22). The Higgs branch

dimension increases by rank SU(2) = 1 after SU(2) quotient quiver subtraction as expected.

The novelty of the SU(2) orthosymplectic quotient quiver subtraction in Figure 7.3 is in the

discovery of orthosymplectic doppelgängers to (7.41), (7.42), and (7.43) which are Q7.3a, Q7.3b,

and Q7.3c respectively. It is also interesting to note that the alternating SO/Sp gauge node

structure typical of orthosymplectic quivers is not present in Q7.3a and Q7.3b.

7.4.4 min.E8///SU(2)

The SU(2) orthosymplectic quotient quiver may be subtracted from the orthosymplectic mag-

netic quiver for min.E8, as shown in Figure 7.4, to produce Q7.4.
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D1 C1 D2 C2 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1

D1 C1 D1 C1

D1 C1 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1 C1

−

Figure 7.4: Subtraction of the SU(2) orthosymplectic quotient quiver from the orthosymplectic
magnetic quiver for min.E8 to produce Q7.4.

The Coulomb branch Hilbert series is

HS [C (Q7.4)] =

(1 + t2)2


1 + 79t2 + 3161t4 + 75291t6 + 1158376t8 + 12099785t10

+ 88650725t12 + 465895118t14 + 1783653576t16 + 5026645901t18

+ 10497603729t20 + 16309233956t22 + 18885794304t24 + · · ·+ t48


(1− t2)52

(7.48)

which confirms the Coulomb branch as n.min.E7.

This is again consistent with the unitary quotient quiver subtraction studied in Section 4.4.1

which gives the following unitary magnetic quiver for n.min.E7

1

42 5 6 4 2

3

(7.49)

The Higgs branch Hilbert series of Q7.4 is computed as

HS [H (Q7.4)] = PE
[
t4 + t8 + t10 + t12 + t16 + t18 − t28 − t36

]
(7.50)

which is the same Hilbert series as SE7

N ,[2,2,0,2,0,2,2] (Bala-Carter label E7(a2)) which is Spaltenstein
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dual to n.min.E7.

The orthosymplectic quotient quiver subtraction hence gives a new orthosymplectic doppel-

gänger to (7.49).

7.4.5 min.E8/// (SU(2)× SU(2))

All of the examples so far have recovered known results from either Type IIA string theory,

class S theories, and in particular from unitary quotient quiver subtraction. It is now time

to explore the differences between unitary and orthosymplectic magnetic quivers. In doing so,

results which can be obtained from orthosymplectic quivers, but not from unitary quivers (at

present), are discussed.

The unitary and orthosymplectic minimal E-type quivers share the same Coulomb and Higgs

branches but they are far from identical. Take for example the affine E
(1)
8 quiver (7.51), which

is the unitary magnetic quiver for min.E8.

1 2 3 4 5 6 4 2

3

(7.51)

This has one long leg of gauge nodes of the form (1) − (2) − · · · − (6)−, making it amenable

to one subtraction of either an SU(2), SU(3), or SU(4) unitary quotient quiver. In contrast,

the orthosymplectic magnetic quiver for min.E8 has two long legs exchanged under an S2

outer automorphism symmetry, and is hence amenable to the subtraction of an SU(2) or SU(3)

orthosymplectic quotient quiver on either long leg. The action on the Coulomb branch is the

hyper-Kähler quotient by G×G′ where G and G′ are either SU(2) or SU(3).

The discussion below will focus on min.E8/// (SU(2)× SU(2)) for now with gaugings involving

SU(3) studied in the next Section. The subtraction of two SU(2) orthosymplectic quotient

quivers from each leg of the orthosymplectic magnetic quiver for min.E8 is shown in Figure 7.5

to produce quiverQ7.5. From counting the ranks of the gauge nodes, the Coulomb branch of Q7.5
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D1 C1 D2 C2 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1

D1C1D1C1D1 C1 D1 C1

D1 C1 D3 C3 D4 C3 D3 C1 D1

C1

C1

C1

−−

Figure 7.5: Subtraction of two SU(2) orthosymplectic quotient quivers from each long leg of
the orthosymplectic magnetic quiver for min.E8. The result is quiver Q7.5.

has dimension 23 which precludes an exact computation of its Coulomb branch Hilbert series.

Nevertheless, the unrefined perturbative Hilbert series may be computed and is presented here

up to order t10 together with its PL.

HS [C(Q7.5)] = 1 + 66t2 + 2706t4 + 79651t6 + 1810160t8 + 33147464t10 +O
(
t11
)

(7.52)

PL [HS [C(Q7.5)]] = 66t2 + 495t4 − 3135t6 − 64636t8 + 884156t10 +O
(
t11
)

(7.53)

The t2 term is 66 is indicative of an SO(12) global symmetry. The only other generator, at

order t4, appears to transform in the ∧4 ([1, 0, 0, 0, 0, 0]D6) indicating that the moduli space is

not a slice in the affine Grassmannian. But otherwise it is difficult to identify the moduli space

exactly.

To compare, the unrefined Hilbert series for min.E8/// (SU(2)× SU(2)) can be computed ex-

actly and is evaluated as

HS
[
min.E8/// (SU(2)× SU(2))

]
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=



1 + 43t2 + 1418t4 + 31351t6 + 521884t8 + 6691001t10 + 68405360t12 + 569379869t14

+ 3933117266t16 + 22876102070t18 + 113436359067t20 + 484431480383t22

+ 1797063507391t24 + 5832469898724t26 + 16662719682327t28 + 42117041766495t30

+ 94593877569560t32 + 189460950668991t34 + 339409608683291t36 + 545161969037398t38

+ 786610379435045t40 + 1021071962986483t42 + 1193603944481102t44

+ 1257280044576400t46 + · · ·+ t92


(1− t2)23(1− t4)23

(7.54)

= 1 + 66t2 + 2706t4 + 79651t6 + 1810160t8 + 33147464t10 +O
(
t11
)
, (7.55)

which matches the Coulomb branch Hilbert series of Q7.5 up to order t10.

The Hilbert series (7.54) was evaluated using the embedding of E8 ←↩ SO(12)× SU(2)× SU(2)

which decomposes the fundamental as

(µ7)E8
→ µ2 + ν2 + ρ2 + µ5ν + µ6ρ+ µ1νρ, (7.56)

where on the right-hand side the µi, ν, and ρ are highest weight fugacities for SO(12), SU(2),

and SU(2) respectively.

This verifies that

C (Q7.5) = min.E8/// (SU(2)× SU(2)) , (7.57)

where it is worth reiterating that such a result has not been seen using unitary quivers.
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7.5 Examples of SU(3) Orthosymplectic Quotient Quiver

Subtraction

7.5.1 min.E7///SU(3)

Similar to the SU(2) quotient quiver subtraction, the orthosymplectic magnetic quiver for

min.E7 also admits an SU(3) quotient quiver subtraction with two alignments, as shown in

Figure 7.6. The resulting quivers are Q7.6a and Q7.6b, whose intersection is Q7.6c, which is the

same as Q7.2, whose Coulomb branch is n.min.A5.

The Coulomb branch Hilbert series for Q7.6a is given in (7.58), which identifies C(Q7.6a) = O
A5

(23).

HS [C (Q7.6a)] =
(1 + t2)3(1 + 14t2 + 72t4 + 133t6 + 72t8 + 14t10 + t12)

(1− t2)18
(7.58)

For Q7.6b, the Coulomb branch Hilbert series in (7.59) similarly identifies C(Q7.6b) = O
A5

(3,13).

HS [C (Q7.6b)] =
(1 + t2)(1 + 16t2 + 136t4 + 416t6 + 626t8 + 416t10 + 136t12 + 16t14 + t16)

(1− t2)18

(7.59)

Taking the intersection of C(Q7.6b) and C(Q7.6a) hence leads to (7.60), which is consistent with

the result from the unitary quotient quiver subtraction in Section 4.4.2.

min.E7///SU(3) = O
A5

(23) ∪ O
A5

(3,13) (7.60)

In particular, the unitary doppelgängers to Q7.6a and Q7.6b are (7.61) and (7.62) respectively.

1 2 3 2 1

1

(7.61)
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D1 C1 D2 C2 D3 C2 D2 C1 D1

C1

D1

C1

D2C2D2C1D1

− D1

C1

C2D1 D2 C1 D1

(a)

D1 C1 D2 C2 D3 C2 D2 C1 D1

C1

D1

C1D2C2D2C1D1

−

D1

C1

D1 C1 D2 C1 D1

C1

(b)

D1 C1 D2 C1 D1

C1

D1

(c)

Figure 7.6: Two alignments of the SU(3) quotient quiver against the magnetic orthosymplectic
quiver for min.E7 producing Q7.6a and Q7.6b. Their intersection is Q7.6c.
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1 2 2 2 2

1

(7.62)

Computations of the Higgs branch Hilbert series give further evidence for this claim. The Higgs

branch Hilbert series of Q7.6a can be computed with refinement of the Sp(1) rotating the two

bifundamental hypermultiplets between the C1 and C2 gauge nodes. This gives

HS [H(Q7.6a)] = PE
[
[2]Sp(1)t

2 + [2]Sp(1)t
4 + [2]Sp(1)t

6 − t8 − t10 − t12
]

(7.63)

where the Dynkin label is a shorthand for the character of the given representation. This is the

same Hilbert series as for SA5

N ,(32) which is the Spaltenstein dual to OA5

(32).

The Higgs branch Hilbert series of Q7.6b may also be computed with refinement of the Sp(1)

symmetry rotating the two bifundamental hypermultiplets between the C1 gauge nodes. This

gives

HS [H(Q7.6b)] = PE
[
[2]Sp(1)t

2 + 2[1]Sp(1)t
5 − t10 − t12

]
(7.64)

The Hilbert series of SA5

N ,(4,12), the Spaltenstein dual to OA5

(3,13), is given as

HS
[
SA5

N ,(3,13)

]
= PE

[
[2]Sp(1)t

2 + (q + 1/q) [1]Sp(1)t
5 − t10 − t12

]
, (7.65)

where q is a U(1) fugacity. This Hilbert series in the limit q → 1 matches that of the Higgs

branch of Q7.6b. The Higgs branch dimension increases by rank SU(3) = 2 after SU(3) quotient

quiver subtraction as expected.

The SU(3) quotient quiver subtraction in Figure 7.6 hence provides new constructions for

OA5

(23) and OA5

(3,13) from the orthosymplectic magnetic quivers Q7.6a and Q7.6b respectively. It is

interesting to note that neither of these quivers preserve the alternating SO − Sp pattern of

gauge nodes typical of orthosymplectic theories.
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7.5.2 min.E8///SU(3) and min.E8/// (SU(3)× SU(3))

The subtraction of the SU(3) orthosymplectic quotient quiver against the orthosymplectic mag-

netic quiver for min.E8 to produce quiver Q7.7 is shown in Figure 7.7. This is confirmed in

[72].

D1 C1 D2 C2 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1

D1 C1 D2 C2 D2 C1

−

C1

D4C2D1 C3 D3 C2 D2 C1 D1

C1

Figure 7.7: Subtraction of the SU(3) orthosymplectic quotient quiver from the orthosymplectic
magnetic quiver for min.E8.

As mentioned in Section 7.4.5, since the orthosymplectic magnetic quiver for min.E8 contains

two long legs, a further SU(2) or SU(3) quotient quiver subtraction can be done.

For the case of doing a further SU(3) quotient quiver subtraction, the result is shown in Fig-

ure 7.8 producing Q7.8.

C1

D4C2D1 C3 D3 C2 D2 C1 D1

C1

D1C1D2C2D2C1

−

C1

D4C2D1 C2 D1

C1 C1

Figure 7.8: Subtraction of the SU(3) orthosymplectic quotient quiver from the orthosymplectic
magnetic quiver for min.E8///SU(3). This gives min.E8///SU(3) × SU(3) as a moduli space
of dressed monopole operators.
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The Coulomb branch Hilbert series for both Q7.7 and Q7.8 are given in [72] with further dis-

cussion of the appearance of these quivers as magnetic quivers for six dimensional theories.

Here the Higgs branch Hilbert series of Q7.7 is presented. One subtlety to address in the

magnetic quivers is the appearance of ∧2
(
[1]Sp(1)

)
hypermultiplets on the C1 gauge nodes in

the bouquet. In the Type IIA brane system these hypermultiplets come from D4 branes ending

on the same NS5. These hypermultiplets are typically suppressed since they do not contribute to

the monopole formula and the Coulomb branch Hilbert series. In the Higgs branch Hilbert series

each ∧2
(
[1]Sp(1)

)
contributes a factor of H. These will be ignored in the following computations.

The Higgs branch Hilbert series of Q7.7 is computed as

HS [H (Q7.7)] =
(
1 + 3t12 + 2t14 + 2t24 + 3t26 + t38

)
PE
[
2t4 + t6 + t8 + t10 + t12

]
(7.66)

This Hilbert series does not elucidate the moduli space. However, it is known that the Coulomb

branch of Q7.7 is the double cover of OE6

[0,0,0,0,0,2] (Bala-Carter label A2) [72]. One may expect

that the Higgs branch is related to the dual slice to this orbit which is SE6

N ,[2,0,2,0,2,0] (Bala-Carter

label E6(a3)) whose Hilbert series is

HS
[
SE6

N ,[2,0,2,0,2,0]

]
= PE

[
2t4 + 3t6 + 2t8 + t10 + t12 − t16 − t18 − t24

]
(7.67)

The volumes of the moduli spaces may be compared as

Vol [H (Q7.7)]

Vol
[
SE6

N ,[2,0,2,0,2,0]

] = lim
t→1

HS [H (Q7.7)]

HS
[
SE6

N ,[2,0,2,0,2,0]

] =
1

2
(7.68)

which suggests that H (Q7.7) = SE6

N ,[2,0,2,0,2,0]/Z2. This suggests that the Hilbert series (7.66)

can be written as the Z2 group average of (7.67). The even contribution to this average is

(7.67) itself whereas the odd contribution to the group average is

HS
[
SE6

N ,[2,0,2,0,2,0]

]−
= PE

[
2t4 − t6 + t10 + 3t12 + t18 − t24 − t36

]
(7.69)

The above Hilbert series has negative terms in the expansion which is allowed since it should
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not be thought of as a standalone object.

The two C1 gauge nodes in the bouquet of Q7.7 may be discretely gauged and gives the following

quiver

C2

D4C2D1 C3 D3 C2 D2 C1 D1

∧2

(7.70)

whose Coulomb branch is OE6

[0,0,0,0,0,2]. The Higgs branch is of dimension 4 so it is not the

SE6

N ,[2,0,2,0,2,0] which is of dimension 3. Instead, the Higgs branch should be related to the

SE6

N ,[2,1,0,1,2,1] (Bala-Carter label A5) which is a slice from a non-special orbit whose Hasse diagram

contains the special piece SE6

N ,[2,0,2,0,2,0] on top.

The Higgs branch Hilbert series is presented as

HS [H ((7.70))] =
(
1 + t12 + [1]Sp(1)t

13 − [1]Sp(1)t
27 − t28 − t40

)
× PE

[
[2]Sp(1)t

2 + [1]Sp(1)t
5 + t8 + [1]Sp(1)t

11 + [2]Sp(1)t
14 − t16 − t24

]
(7.71)

where the Dynkin labels are shorthand for the character of the Sp(1) representation. The

Hilbert series for SE6

N ,[2,0,2,0,2,0] is computed as

HS
[
SE6

N ,[2,0,2,0,2,0]

]
= PE

[
[2]Sp(1)t

2 + [1]Sp(1)t
5 + t6 + [1]Sp(1)t

7 + t8 + [1]Sp(1)t
11 − t16 − t18 − t24

]
(7.72)

Comparison of the volumes of the moduli space gives

Vol [H ((7.70))]

Vol
[
SE6

N ,[2,1,0,1,2,1]

] = lim
t→1, x→1

HS [H (Q7.7)]

HS
[
SE6

N ,[2,1,0,1,2,1]

] =
1

2
(7.73)

where x is a fugacity for the Sp(1). This suggests that H ((7.70)) = SE6

N ,[2,1,0,1,2,1]/Z2. Although

the Z2 group average may in principle be performed through the HWG [219], the particular

form of the HWG is cumbersome to present.
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Instead the odd contribution to the HS is presented as

HS
[
SE6

N ,[2,0,2,0,2,0]

]−
= PE

[2]Sp(1)t2 + [1]Sp(1)t
5 − t6 − [1]Sp(1)t

7 + t8 + [1]Sp(1)t
11 + t12

+
(
[2]Sp(1) − 1

)
t14 − t16 + t18 − t24 − t36

 (7.74)

7.6 Examples of G2 Orthosymplectic Quotient Quiver Sub-

traction

7.6.1 min.E8///G2

Hyper-Kähler quotients of larger groups naturally find application to magnetic quivers de-

scribing moduli spaces of higher dimension – for G2 quotient quiver subtraction, the most

straightforward variety to begin with is min.E8.

Shown in Figure 7.9, the G2 quotient quiver has two possible alignments against the orthosym-

plectic quiver for min.E8, giving two quivers Q7.9a and Q7.9b.

The Hilbert series for the Coulomb branch of Q7.9a is

HS [Q7.9a] =

(1 + t2)

1 + 21t2 + 231t4 + 1498t6 + 6219t8 + 16834t10

+ 30420t12 + 36972t14 + · · ·+ t28


(1− t2)30

, (7.75)

from which the Coulomb branch can be identified as C(Q7.9a) = OF4

[2,0,0,0] (Bala-Carter label

A2). The Hilbert series for the Coulomb branch of Q7.9b is computed as

HS [Q7.9b] =

(1 + t2)

1 + 21t2 + 257t4 + 2018t6 + 9573t8 + 28261t10

+ 53781t12 + 66651t14 + · · ·+ t28


(1− t2)30

, (7.76)

from which the Coulomb branch can be identified as C(Q7.9b) = Normalisation
[
OF4

[0,0,0,2]

]
(Bala-

Carter label Ã2), where the normalisation of the nilpotent orbit closure is computed by the
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D1 C1 D2 C2 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1

C1

D2C3D3C2D2C1D1

D2 C3 D3 C2 D2 C1 D1

C1

−

(a)

D1 C1 D2 C2 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1

C1D2C3D3C2D2C1D1

C1

D2 C2 D3 C2 D2 C1 D1

C1

−

(b)

D2 C2 D3 C2 D2 C1 D1

C1

(c)

Figure 7.9: Two alignments of the G2 quotient quiver against the orthosymplectic quiver for
min.E8 producing Q7.9a and Q7.9b. Their intersection is Q7.9c.

localisation formula [184].

The proposed intersection of the quivers Q7.9a and Q7.9b is Q7.9c, with Coulomb branch Hilbert

series

HS [Q7.9c] =

(1 + t2)

1 + 22t2 + 254t4 + 1773t6 + 7171t8

+ 16619t10 + 22030t12 + · · ·+ t24


(1− t2)28

, (7.77)

from which there is the identification C(Q7.9c) = O
F4

[0,1,0,0] (Bala-Carter label A1 + Ã1).
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The conclusion is hence that

min.E8///G2 = O
F4

[2,0,0,0] ∪ Normalisation
[
OF4

[0,0,0,2]

]
, (7.78)

with the following Hilbert series

HS
[
min.E8///G2

]
=


1 + 22t2 + 278t4 + 2275t6 + 12644t8 + 47792t10 + 121354t12

+ 202670t14 + 217542t16 + 144142t18 + 52945t20 + 6213t22

− 2660t24 − 1199t26 − 208t28 − 20t30 − t32


(1− t2)30

(7.79)

= HS [Q7.9a] + HS [Q7.9b]− HS [Q7.9c] (7.80)

This is verified using Weyl integration and the embedding E8 ←↩ F4 ×G2, in which the funda-

mental of E8 decomposes as

(µ7)E8 ←↩ µ1 + ν1 + µ4ν2, (7.81)

where µi and νi are highest weight fugacities for F4 and G2 respectively.

It is challenging to find constructions of nilpotent orbit closures of height three or more either

as a Higgs branch or a Coulomb branch from unitary or orthosymplectic quivers. The nilpotent

orbits of F4 with characteristics [2, 0, 0, 0] and [0, 0, 0, 2] are of height 4 and the orbit with

characteristic [0, 1, 0, 0] is of height three. It is non-trivial to have found the quivers Q7.9a,

Q7.9b, and Q7.9c whose Coulomb branches are (normalisations of) these nilpotent orbits and are

the first of their kind.

It is also straightforward to compute the Higgs branch Hilbert series of these quivers with

refinement of the global symmetry. The Higgs branch Hilbert series of Q7.9a is computed, with

refinement of the Sp(1) rotating the hypermultiplet between the C1 and C3 gauge node, as

HS [H(Q7.9a)] = PE
[
[2]Sp(1)t

2 + [4]Sp(1)t
8 − t16 − t24

]
(7.82)

where the Dynkin label is short-hand for the character of the given Sp(1) representation. This
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is the same Hilbert series as for SF4

N ,[2,2,0,0] (Bala-Carter label B3) which is the Spaltenstein dual

to OF4

[2,0,0,0].

The Higgs branch Hilbert series of Q7.9b is computed with refinement of the two bifundamental

hypermultiplets between the two C1 gauge nodes.

HS [H(Q7.9b)] = PE
[
[2]Sp(1)t

2 + [1]Sp(1)t
5 + t8 + [1]Sp(1)t

11 − t16 − t24
]

(7.83)

This Hilbert series is the same as for SF4

N ,[1,0,1,2] (Bala-Carter label C3) which is the Spaltenstein

dual to OF4

[0,0,0,2].

The Higgs branch Hilbert series of Q7.9c is computed without refinement.

HS [H(Q7.9c)] = PE
[
2t4 + t6 + t8 + t10 + t12 − t16 − t24

]
(7.84)

This Hilbert series is the same as for SF4

N ,[0,2,0,2] (Bala-Carter label F4(a2)) which is the Spal-

tenstein dual to OF4

[0,1,0,0].

There are no known unitary doppelgängers to these three quivers and remains a challenge to

find them.

7.6.2 (min.E7 ×min.E7)///G2

The magnetic quiver for min.E7 ×min.E7 admits subtraction of the G2 quotient quiver from

the maximal leg. This is shown in Figure 7.10 to produce Q7.10.
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D1 C1 D2 C2 D3 C3 D4 C4 D5 C3 D2 C1 D1

C2

C1D2C3D3C2D2C1D1

−

C2

D5 C3

C1

C3D2 D2 C1 D1

Figure 7.10: Subtraction of the G2 orthosymplectic quotient quiver from the orthosymplectic
magnetic quiver for min.E7 ×min.E7.

The Coulomb branch Hilbert series is computed perturbatively up to order t10 together with

its PL.

HS[C(Q7.10)] = 1 + 42t2 + 1098t4 + 21238t6 + 329230t8 + 4255866t10 + 47097064t12 +O
(
t13
)

(7.85)

PL [HS[C(Q7.10)]] = 42t2 + 195t4 − 196t6 − 6728t8 − 2304t10 + 460312t12 +O
(
t13
)

(7.86)

The t2 coefficient indicates a Sp(3) × Sp(3) global symmetry. This is verified with Weyl inte-

gration using the following embedding of E7×E7 ←↩ Sp(3)×Sp(3)×G2 which decomposes the

fundamental as

µ1E7
+ µ′

1E7
→ µ2

1 + µ′2
1 + 2ν1 + (µ2 + µ′

2)ν2 (7.87)

where the µi and µ′
i are highest weight fugacities for the two Sp(3) and the νi are highest weight

fugacities for the G2 being gauged.

This quiver Q7.10 may also be interpreted as a magnetic quiver for the class S theory specified

by algebra SO(10) on a four punctured sphere with puncture data {(33, 1), (22, 16), (24, 12),

(5, 22, 1)}. This quiver may also be a magnetic quiver for the Higgs branch of the diagonal G2

flavour symmetry gauging of two 4d N = 2 rank-1 E7 SCFTs [224]. In [215, Table 2 Ex. 11]

the diagonal G2 flavour symmetry gauging of two rank-1 E7 theories is proposed to be dual to
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the following theory

SO(8)

Sp(3)

Sp(3)

(7.88)

Computation of the Higgs branch Hilbert series of Q7.88 matches the Hilbert series of the

magnetic quiver in (7.85) to the same order in t.

7.7 Example of SO(7) Orthosymplectic Quotient Quiver Sub-

traction

7.7.1 (min.E7 ×min.E7)///SO(7)

The orthosymplectic magnetic quiver for min.E7 ×min.E7 admits two possible alignments of

the SO(7) orthosymplectic quotient quiver. These are shown in Figure 7.11a and Figure 7.11b

to give Q7.11a and Q7.11b respectively.

The Coulomb branch Hilbert series of Q7.11a is computed perturbatively up to order t10 as

HS [C (Q7.11a)] = 1 + 26t2 + 438t4 + 5385t6 + 52704t8 + 427872t10 +O(t11) (7.89)

PL [HS [C (Q7.11a)]] = 26t2 + 87t4 − 153t6 − 1434t8 + 5124t10 +O(t11) (7.90)

The Coulomb branch Hilbert series of Q7.11b is also computed perturbatively up to order t20 as

HS [C (Q7.11b)] = 1 + 26t2 + 439t4 + 5505t6 + 55520t8 + 466241t10 + 3347718t12 +O(t13)

(7.91)

PL [HS [C (Q7.11b)]] = 26t2 + 88t4 − 59t6 − 1501t8 − 1442t10 + 52349t12 +O(t13) (7.92)
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D1 C1 D2 C2 D3 C3 D4 C4 D5 C3 D2 C1 D1

C2
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D2C3D4C3D3C2D2C1D1

C1

D3C1 C3 D2 C1 D1

C1

−

(a)

D1 C1 D2 C2 D3 C3 D4 C4 D5 C3 D2 C1 D1

C2

C1

D2C3D4C3D3C2D2C1D1
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−
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C1

D3C1 C2 D2 C1 D1

C1

(c)

Figure 7.11: Two alignments of the SO(7) quotient quiver against the orthosymplectic magnetic
quiver for min.E7 ×min.E7 producing Q7.11a and Q7.11b. Their intersection is Q7.11c.
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The Coulomb branch Hilbert series of Q7.11c, which is the intersection of Q7.11a and Q7.11b, is

also computed perturbatively up to order t20 as

HS [C (Q7.11c)] = 1 + 26t2 + 438t4 + 5385t6 + 52505t8 + 421837t10 +O(t11) (7.93)

PL [HS [C (Q7.11c)]] = 26t2 + 87t4 − 153t6 − 1633t8 + 4263t10 +O(t11) (7.94)

The Hilbert series of the union of Coulomb branches is computed as

HS [C (Q7.11a) ∪ C (Q7.11b)] = HS [C (Q7.11a)] + HS [C (Q7.11b)]− HS [C (Q7.11c)]

= 1 + 26t2 + 439t4 + 5505t6 + 55719t8 + 472276t10 + 3441602t12

+O(t13) (7.95)

PL [HS [C (Q7.11a) ∪ C (Q7.11b)]] = 26t2 + 88t4 − 59t6 − 1302t8 − 581t10 + 36486t12 +O(t13)

(7.96)

The result from the unions of the Coulomb branches has an SO(5)2 × SU(2)2 global symmetry

as indicated from the t2 coefficient of the Hilbert series. This is confirmed with Weyl integration

which uses the following embedding of E7×E7 ←↩ SO(5)2× SU(2)2× SO(7) which decomposes

the bifundamental as

µ1E7
+ µ′

1E7
→ ν2 + ν ′2 + µ2

2 + µ2
2
′
+ µ1ρ1 + µ′

1ρ1 + 2ρ2 + νµ2ρ3 + ν ′µ′
2ρ3 (7.97)

where the µi and µ′
i are highest weight fugacities for the two SO(5), ν and ν ′ are highest weight

fugacities for each SU(2), and the ρi are highest weight fugacities for the SO(7) which is gauged.

This result may be viewed as the diagonal flavour symmetry gauging of SO(7) from two 4d N =

1 rank-1 E7 SCFTs realised through magnetic quivers [224].
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7.8 Magnetic Quivers for one M5-brane on E6 Klein Singu-

larity

When an M5-brane probes an E6 Klein singularity there is fractionation to at most four 1
4
M5

branes along the direction the singularity extends [168], as shown in Figure 7.12. The fraction

refers to the three-form flux each fractional M5 brane carries.

×

1
4
M5

× × ×E6 x6

x7,8,9,10

(a)

Sp(0)
−1

SU(3)
−3

Sp(0)
−1

O(10)×O(2) O(10)×O(2)

(b)

Figure 7.12: Four 1
4
M5-branes on an E6 Klein singularity. The directions x0,1,2,3,4,5 are sup-

pressed. The corresponding electric quiver Q7.12b comes from the F-theory dual description.

In general, the light spectrum of the low energy 6d N = (1, 0) field theory changes with the

separation between the fractional M5-branes; as in the case for unitary 6d quivers [241, 75]. In

particular, the Higgs branch of the field theory changes dramatically between finite and infinite

gauge coupling. This is a reflection of the presence of tensionless strings in the spectrum which

changes the Higgs branch. This effect is difficult to see in general. However one can study this

physics through a Type IIA brane system and magnetic quiver. Both of which are perturbative

descriptions and moreover the magnetic quiver is a Lagrangian description.

Unlike the case of M5-branes on A/D Klein singularities, there is no perturbative Type IIA

description for the M-theory background on Klein singularities of E-type. Instead, F-theory

translates the notion of bringing together fractional M5-branes to the collapse of curves of

negative self-intersection [149, 168]. The following section will propose a pair of orthosymplectic

magnetic quivers – and the corresponding Type IIA brane system – whose Coulomb branches

are conjectured to be the Higgs branches of the worldvolume 6d N = (1, 0) theories of two

1
2
M5-branes and one M5-brane on a Klein E6 singularity respectively. The latter is referred to

in the Literature as 6d N = (1, 0) (E6, E6) conformal matter and is believed to be a strongly

interacting SCFT [168].
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7.8.1 Two 1
2M5-branes on E6 Klein singularity

First consider the phase in which the four 1
4
M5-branes on the E6 Klein singularity coincide

pairwise to become two 1
2
M5-branes, represented by the brane system and electric quiver of

Figure 7.13.

×

1
2
M5

×E6 x6

x7,8,9,10

(a)

Sp(0) SU(3)
−1

Sp(0)

E6 E6

(b)

Figure 7.13: Two 1
2
M5 branes on an E6 Klein singularity. The directions x0,1,2,3,4,5 are sup-

pressed. The corresponding electric quiver Q7.13b comes from the F-theory dual description.

This transition removes two of the tensor multiplets and tunes the coupling of both Sp(0)

to infinite coupling, increasing the dimension of the Higgs branch due to tensionless strings

arising. The gauge coupling of the SU(3) in Q7.13b remains finite. The corresponding operation

in F-theory collapses both (−1)-curves and simultaneously collapses the (−3)-curve supporting

the SU(3) gauge symmetry to a (−1)-curve. Moreover, the F-theory picture suggests that the

theory is described by two rank-1 E-strings (each with Higgs branch min.E8) coupled to a

diagonal SU(3) gauge symmetry which remains at finite coupling. From this argument, the

Higgs branch of Q7.13b is thus predicted to be
(
min.E8 ×min.E8

)
///SU(3).

The construction of a suitable magnetic quiver for the Higgs branch of Q7.13b begins with the

min.E8×min.E8 theory of [67], which matches the E8×E8 global symmetry supported by the

two (−1)-curves, and then performing SU(3) quotient quiver subtraction which is illustrated in

Figure 7.14 to give Q7.14.

Although the high rank of the resulting theory Q7.14 makes computation of an exact Hilbert

series challenging, a calculation to order t10 can be made, shown in (7.98), and its PL (7.99).

From this, a conjecture of which representations the generators and relations transform in are

given in (7.100) up to order t6 as well as the PL of the HWG (7.101).
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D1 C1 D2 C2 D3 C3 D4 C4 D5 C5 D6 C6 D7 C4 D2

C3

C1D2C2D2C1D1

−

C1

D4C2D1 C4 D5 C5 D6 C6 D7 C4 D2

C3

Figure 7.14: The subtraction of the SU(3) quotient quiver on the orthosymplectic quiver for
min.E8 ×min.E8 to give Q7.14. This is a magnetic quiver for the 6d N = (1, 0) worldvolume
theory of two separated 1

2
M5 branes on E6 Klein singularity.

HS [C(Q7.14)] = 1 + 156t2 + 13859t4 + 893669t6 + 45609733t8 + 1923636761t10 +O(t11)

(7.98)

PL [HS [C(Q7.14)]] = 156t2 + 1613t4 − 2915t6 − 627017t8 − 1911458t10 +O(t11) (7.99)

PL [HS [C(Q7.14)]] = (ν6 + ν ′
6) t

2 + (ν1ν
′
5 + ν5ν

′
1 + ν6 + ν ′

6 − 1) t4

− (ν1ν
′
5 + ν5ν

′
1 + ν6 + ν ′

6 + ν1ν5 + ν ′
1ν

′
5 + 1) t6 +O(t8) (7.100)

PL [HWG [C(Q7.14)]] = (µ6 + µ′
6) t

2 + (1 + µ1µ5 + µ′
1µ5 + µ1µ

′
5 + µ′

1µ
′
5 + µ6 + µ′

6)t
4

+
(
1 + µ′

1µ2 + µ1µ
′
2 + 2µ3 + 2µ′

3 + µ1µ5 + µ′
1µ5 + µ′

4µ5 + µ1µ
′
5 + µ′

1µ
′
5

+ µ4µ
′
5 + µ6 + µ′

6

)
t6 +O(t8) (7.101)

The νi and ν ′
i in (7.100) are highest weight fugacities for each factor of E6 and are shorthand

for the character of the corresponding representation in the PL of the HS. The µi and µ′
i are

also highest weight fugacities for each factor of E6 and appear in the PL of the HWG (7.101).

The t2 term in (7.99) shows that there is a generator transforming in the adjoint of E6 × E6

which correctly identifies an E6 × E6 global symmetry. The t4 term suggests that there is a

generator in the bifundamental as well as another generator in the adjoint. The relation at t4

sets the second Casimir of each E6 the same. At order t6 relations appear which transform in

the bifundamental, adjoint, singlet, and ν1ν5 + ν ′
1ν

′
5.
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This matches the Coulomb branch Hilbert series of the unitary doppelgänger which is con-

structed through the SU(3) chain polymerisation of two unitary affine E
(1)
8 quivers, derived in

Section 6.3.7. The result is reproduced in (7.102).

3

6 4 254345642

3

(7.102)

It is particularly interesting to note that although the orthosymplectic quiver Q7.14 and its

unitary doppelgänger take the same shape, the unitary quiver has a clear S2 outer automorphism

symmetry whereas the orthosymplectic quiver does not.

One must emphasise that a significant challenge with studying the physics of strongly interact-

ing M5 brane on Klein E6,7,8 singularities is the lack of a perturbative description as a magnetic

quiver or in Type IIA. The problem of finding a magnetic quiver has been addressed with the

derivation of Q7.14 and (7.102). It is challenging to find a consistent brane construction of

(7.102) as was discussed in Section 6.3.7. However, it is straightforward to give a Type IIA

brane system from Q7.14 as shown in Figure 7.15. This time, there is only one O8− plane, and

so even though the brane system only has six full D8 branes, any additional D8 branes for

anomaly cancellation can be thought of as placed at infinity. Importantly, the C1 gauge node

in Q7.14 is interpreted as arising from a D4 brane ending between the NS5 and D6.

O8−

ON−
×2

×2

1 2 4 4 5 5 6 6 7 3

4

− −̃ − −̃ − −̃ − −̃ − −̃ − −̃ −

Figure 7.15: The Type IIA brane system for the magnetic quiver Q7.14. This is a magnetic
quiver for the 6d N = (1, 0) worldvolume theory of two 1

2
M5 branes on a Klein E6 singularity.
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7.8.2 One M5 brane on E6 Klein Singularity – 6d N = (1, 0) (E6, E6)

Conformal Matter

When all four 1
4
M5 brane fractions are taken to be coincident, as shown in Figure 7.16a, the

resulting gauge theory, termed 6d N = (1, 0) (E6, E6) conformal matter, is believed to be a

strongly coupled 6d N = (1, 0) SCFT described by the electric quiver Q7.16b [168].

×
M5

x6

x7,8,9,10

(a)

Sp(0) SU(3) Sp(0)

E6 E6

(b)

Figure 7.16: One M5 brane on an E6 Klein singularity. The directions x0,1,2,3,4,5 are suppressed.
The corresponding electric quiver Q7.16b comes from the F-theory dual description.

Although the two electric quivers Q7.13b and Q7.16b may look similar, the latter results from

shrinking the (−1)-curve in the former to zero size, which in field theory corresponds to tuning

the gauge coupling associated to the SU(3) to infinity. This is known to give a small E8 instanton

transition [45]. In the Type IIA brane system, this is seen by taking an NS5-brane onto the

O8−-plane [154] accounting for any brane creation [31]. The small E8 instanton transition can

also be seen through the magnetic quiver by “sliding off” a C1 gauge node and adding an affine

E
(1)
8 shaped orthosymplectic quiver with node ranks given by the dual Coxeter numbers of E(1)

8

[154]. The resulting brane system is shown in the magnetic phase in Figure 7.17, in the electric

phase in Figure 7.18 and the corresponding magnetic quiver Q7.19 is shown in Figure 7.19. In

particular, Q7.19 is conjectured to be the magnetic quiver for 6d N = (1, 0) (E6, E6) conformal

matter.

Several pieces of evidence support this conjecture. The most basic is the dimension of the

moduli space, which is easily read from Q7.19 to be dim E6 + 1 = 79, as expected. The high

dimension makes it difficult for exact calculation of the Hilbert series under current techniques.

However the first three terms of the HS, can be computed as (7.103) and the PL (7.104). It is

then simple to conjecture representations the generators and relations transform in up to order

t6, which is given in (7.105) and also conjecture a HWG whose PL is given in (7.106). Due to
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O8−

ON−
×4

×4

1 2 4 5 7 8 10 11 13 6

8

− −̃ − −̃ − −̃ − −̃ − −̃ − −̃ −

Figure 7.17: The Type IIA brane system from which the magnetic quiver Q7.19 is read. This
is a magnetic quiver for 6d N = (1, 0) (E6, E6) conformal matter. This configuration can be
obtained from that of Figure 7.15 by moving the NS5-brane onto the O8−-plane.

2 10
O8−

ON0

−2 3

Figure 7.18: The electric phase of the magnetic Type IIA brane system shown in Figure 7.17
from which Q7.19 is read.

C1

D4C2D1 C4 D5 C5 D6 C6 D7 C4 D2

C3

C6

D13C11D10C8D7C5D4C2D1 C8 D4

Small E8 instanton transition

Figure 7.19: The effect of a small E8-instanton transition on the magnetic quiver Q7.14 associ-
ated to the brane system in Figure 7.15 as the NS5-brane is taken onto the O8−-plane. The
resulting quiver Q7.19 is the magnetic quiver for 6d N = (1, 0) (E6, E6) conformal matter.

the balance of the nodes the next term in the Hilbert series is expected to show up at order t8.

HS [C(Q7.19)] = 1 + 156t2 + 13703t4 + 876875t6 +O(t8) (7.103)

PL [HS [C(Q7.19)]] = 156t2 + 1457t4 + 4627t6 +O(t8). (7.104)
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PL [HS [C(Q7.19)]] = (ν6 + ν ′
6) t

2 + (ν1ν
′
5 + ν5ν

′
1 − 1) t4 + (ν6ν

′
6 + 1− ν1ν

′
5 − ν5ν

′
1) +O(t8)

(7.105)

PL [HWG [C(Q7.19)]] = (µ6 + µ′
6) t

2 + (1 + µ1µ5 + µ′
1µ5 + µ1µ

′
5 + µ′

1µ
′
5) t

4

+
(
1 + µ1µ

′
2 + µ2µ

′
1 + µ3 + µ′

3 + µ1µ5 + µ′
1µ

′
5 + µ1µ

′
5 + µ5µ

′
1

+ µ4µ
′
5 + µ5µ

′
4 + µ6µ

′
6

)
t6 +O(t8) (7.106)

The νi and ν ′
i in (7.105) are highest weight fugacities for each E6 and are shorthand for the

character of the given representation. The µi and µ′
i are also highest weight fugacities for each

E6 and appear in the PL of the HWG in (7.106).

The specific representations that appear in (7.105) have simple physical interpretations. The

t2 term identifies a generator transforming in the adjoint of E6 × E6 indicating an E6 × E6

global symmetry. The t4 term is interpreted as a generator transforming in the bifundamental

representation of E6 × E6 with a relation. This relation expresses the equality of the second

Casimir of each E6. At order t6 there are generators transforming in the biadjoint and singlet.

The relations at this order transform in the bifundamental and come from the fact that the

tensor product representation of the adjoint and bifundamental of E6×E6 produce two identical

bifundamentals (among other representations).

It is interesting to note that the magnetic quiver Q7.19 for 6d N = (1, 0) (E6, E6) conformal

matter is star-shaped. Therefore this quiver Q7.19 is also a magnetic quiver for the Higgs branch

of the class S theory specified by algebra SO(26) on a three-punctured sphere with puncture

data given by the following list of partitions of 26, {(38, 12), (92, 7, 1), (132)}. This class S theory

is apparently different to the T 2 compactification of 6d N = (1, 0) (E6, E6) conformal matter

[251] which is also specified by a three-punctured sphere but with algebra E6 and two maximal

and one minimal puncture.
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Conclusion

The gauging of global symmetries is a ubiquitous procedure in the study of quantum field the-

ories. This thesis provides advances in the systematisation of gauging Coulomb branch global

symmetries of 3d N = 4 quiver gauge theories. Lagrangian descriptions are inadequate to anal-

yse the gauging of these symmetries and so quiver combinatorics comes to the rescue, replacing

the notion of gauging with simple diagrammatic procedures. These techniques extend beyond

the remit of 3d N = 4 theories and can be applied to study the gauging of flavour symmetries

of theories with eight supercharges in four, five, and six dimensions and the corresponding ac-

tion on their Higgs branches, through the programme of magnetic quivers. In many cases, the

magnetic quiver also captures non-perturbative effects which correct the classical Higgs branch.

The action of gauging either a Coulomb branch global symmetry of a 3d N = 4 theory or a

flavour symmetry subgroup of a theory with eight supercharges, corresponds to a hyper-Kähler

quotient by that subgroup on the Coulomb branch or Higgs branch respectively. This gives a

geometric result relating the moduli spaces of theories before and after gauging.

This thesis focuses on four such combinatorial techniques:

1. SU(n) quotient quiver subtraction

2. Sp(n), SO(n), and Sp(n) + 1
2
F quotient quiver subtraction

196
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3. Quiver polymerisation

4. Unframed orthosymplectic quotient quiver subtraction

The first three techniques apply to quivers with unitary gauge groups, whereas the last technique

applies to only unframed orthosymplectic quivers. Although, it was not considered in this thesis,

there is also a quotient quiver subtraction on framed orthosymplectic quivers, formulated for

SO(n) and Sp(n) Coulomb branch global symmetry subgroups [7].

Each of the techniques in this thesis has been applied to either derive new results in the topic

of Higgs branches of theories with eight supercharges and symplectic singularities, or provides

novel ways of thinking about established results. These applications, aside from being results

in their own right, are at least a proof-of-concept that gauging Coulomb branch symmetries of

magnetic quivers are a fruitful way to gain insight into the complexities of theories with eight

supercharges. One can hope that the techniques developed both in this thesis and in related

works not covered here will be useful for physicists as another tool in the magnetic quiver

toolbox.

The organisation of the rest of this Chapter takes each of the four techniques in turn and

summarises results derived with the technique and then proposals for future directions are

made.

In Chapter 4 the technique of SU(n) quotient quiver subtraction was presented, which gauges

SU(n) Coulomb branch isometry subgroups of all magnetic quivers with unitary gauge nodes

that respect the selection rules presented in Section 4.2. The procedure involves the subtraction

of the following SU(n) quotient quiver

1 2
· · ·

n
· · ·

2 1 (8.1)

from a target quiver which has been unframed w.r.t. an overall U(1).

For cases where there are multiple permissible alignments of the quotient quiver against the

target quiver, the subtraction generates the hyper-Kähler quotient as the union of the Coulomb
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branches of the alternative resulting quivers. Unions of cones have appeared as Higgs branches

[112, 80] although identifying the constituent cones requires a little more work. Quotient

quiver subtraction gives a direct identification of the corresponding magnetic quiver(s) for the

constituent cones.

The SU(n) quotient quiver subtraction was applied to some moduli spaces of free fields, Section

4.3, which is summarised in Table 8.1. These establish relationships between Hn for n ≥ 4 and

the minimal nilpotent orbits of type B and D for odd and even n respectively. This is in

accordance with [180].

Target Moduli Space SU(2) hyper-Kähler quotient Rank

H2k min.Dk k ≥ 2
H2k+1 min.Bk k ≥ 2

Table 8.1: The moduli spaces Hn and their SU(2) hyper-Kähler quotients. These fall into two
families for even and odd n. These families are labelled by an integer k, with the appropriate
limits on k shown.

Target Moduli Space SU(2) hyper-Kähler quotient

min.F4 n.min.C3

min.E6 n.min.A5

min.E7 n.n.min.D6

min.E8 n.min.E7

Table 8.2: Some classical and exceptional nilpotent orbits and their SU(2) hyper-Kähler quo-
tients. For families of orbits, labelled by their rank k, the limits on k are shown.

Target Moduli Space SU(3) hyper-Kähler quotient

min.E7 OA5

(23) ∪ O
A5

(3,13)

min.E8

[
WE6

][0,0,1,0,0,0]
[0,0,0,0,0,0]

Table 8.3: Some classical and exceptional nilpotent orbits and their SU(3) hyper-Kähler quo-
tients. For families of orbits, labelled by their rank k, the limits on k are shown.

Target Moduli Space SU(4) hyper-Kähler quotient

min.E8 [WD5 ]
[0,2,0,0,0]

[0,0,0,0,0] ∪ [WD5 ]
[1,0,0,2,0]

[0,0,0,0,0]

Table 8.4: Exceptional nilpotent orbits and their SU(4) hyper-Kähler quotients.

The technique of SU(n) quotient quiver subtraction was also applied to magnetic quivers for
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exceptional nilpotent orbits, Section 4.4, with the results summarised in Tables 8.2, 8.3, and

8.4. These establish interesting relationships between classical and exceptional nilpotent orbits

under SU(n) hyper-Kähler quotient and other orbits or affine Grassmannian slices, and include

many results that have not been found in the literature, extending the work of Kobak-Swann

[210].

In Chapter 5 prescriptions for the gauging of Sp(n) (possibly coupled to a half hypermultiplet)

and SO(n) Coulomb branch global symmetry subgroups for 3d N = 4 quivers with unitary

gauge nodes, were introduced. This completes the family of prescriptions to gauging classical

Coulomb branch global symmetry subgroups in unitary quivers as a quiver subtraction.

The quotient quivers roughly take the form of one “half” of the SU(2n) quotient quivers for

gauging Sp(n), SO(2n + 1), Sp(n) + 1
2
F and one “half” of the SU(2n − 1) quotient quiver for

gauging SO(2n). In addition to a quiver subtraction, there is also a changing of the graph type

of the quiver to; type D for gauging Sp(n), type C for gauging SO(2n) or SO(2n+ 1), type B

for gauging Sp(n) + 1
2
F. The Coulomb branch global symmetries correspond to the four types

of O5 planes and the graph-types correspond to the respective S-dual ON plane.

The methods in this Chapter were used to provide new descriptions of Higgs branches of certain

4d N = 2 theories as magnetic quivers and verified relationships between some 4d N = 2

theories under gauging [215], while also conjecturing a new family of dualities based on the

analysis done here.

In Chapter 6 the two related diagrammatic techniques of chain polymerisation and cyclic poly-

merisation on unitary 3d N = 4 quivers are introduced. They are summarised in Figure 6.1

and Figure 6.2 respectively.

In both cases, there is a gauging of a diagonal subgroup of either SU(n) or U(n) of the Coulomb

branch global symmetry sourced by two distinct legs of (1)− (2)− · · · − (n)−.

Both types of polymerisation are generalisations of examples in [223], which approach these

gaugings from a class S perspective and their 3d mirrors. Alternatively, the techniques of chain

and cyclic polymerisation can be thought of as Coulomb branch global symmetry analogues of
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gauging diagonal flavour symmetries.

In Section 6.3, examples of chain polymerisation were presented. One set of examples is in the

construction of affine Dynkin diagram shaped quivers, or generalised Dynkin diagram quivers

through quiver polymerisation. The results are summarised in Table 8.5 (with slightly different

parametrisation).

Initial Chained Initial Initial Chained Chained
Quivers Quiver Coulomb Higgs Coulomb Higgs

Dk+2 ×Dn−k+2 D
(1)
n H2n Trivial min.Dn Dn

Dk+2 × Bn−k+1 B
(1)
n−1 H2n−1 − min.Bn−1 −

Bk+1 × Bn−k+1 D
(2)
n−1 H2n−2 − min.Dn−1 −

Q6.6 ×Dn−k+2
1
2
D

(1)
2n−1 C2/Z2 ×H2n−1 C2/Z2 n.min.Bn−1 SCn−1

N ,(2(n−2),12)

Q6.6 ×Q6.6
1
2
A

(1)
2n−1 (C2/Z2)

2 ×H2n (C2/Z2)
2 ×H2 SC2n

(4,22n−2),(22n) H2 × SC2n

((2n)2),((2n−1)2,12)

Q6.6 × Bn−k+1
1
2
D

(2)
2n−1 C2/Z2 ×H2n−1 − ODn−1

(3,12n−5) −

Table 8.5: SU(2) chain polymerisation of finite D and B type and related quivers. Initial and
chained Coulomb and Higgs branches are shown if known.

chain polymerisation was also applied to find a unitary magnetic quiver for the 6d N = (1, 0)

theory coming from two separated 1
2
M5 branes on an E6 Klein singularity. This came from

the SU(3) chain polymerisation of two E
(1)
8 quivers, which was originally motivated from the

F-theory description. This resulting unitary magnetic quiver does not admit a sensible Type

IIA brane description, neither is the implementation of the small E8 instanton transition in the

magnetic quiver easy to see.

A significant application of cyclic polymerisation, in Section 6.4, is in the construction of the

moduli space of SU(N) instantons on C2 and on C2/Zl, as a Coulomb branch hyper-Kähler

quotient. Both the ADHM and Kronheimer-Nakajima constructions of these moduli spaces can

be realised from polymerised quivers.

Additionally, non-trivial relationships between free moduli spaces, nilpotent orbits, affine Grass-

mannian slices and moduli spaces of instantons were found in this study. Some of these are

tabulated in Table 8.6.

The most general construction was discussed in Section 6.4.5 and provides a counterpart to

the Higgs branch hyper-Kähler quotient construction of the moduli space of SU instantons on
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Initial Cyclic Final Initial Initial Final Final
Quiver Poly. Quiver Coulomb Higgs Coulomb Higgs

AN+2 U(1) Q6.13 HN+1 Trivial MC2

1,SU(N) C2/ZN

DN+4 U(2) Q6.14 H2N+4 Trivial MC2

2,SU(N) Sym2(C2/ZN)

QM

(
OAN+3

(22,1N )

)
U(2) Q6.15 OAN+3

(22,1N ) SAN+3

N ,(N+2,2) MC2/Z2

2,SU(N) MC2/ZN

2,SU(2)

Q6.16 U(k) Q6.18 See text See text MC2/Zl

k,SU(N) MC2/ZN

k,SU(l)

Table 8.6: Table of cyclic polymerisations to produce Kronheimer-Nakajima quivers.

Klein A singularities.

In Section 6.5 cyclic polymerisations were carried out on some finite and affine ADE quivers to

generate quivers with loops or multiple links. These illustrate a variety of relationships between

free fields, nilpotent orbit closures and the moduli spaces of instantons. These are summarised

in Table 8.7 and Table 8.8 respectively.

Initial Cyclic Final Initial Initial Final Final
Quiver Poly. Quiver Coulomb Higgs Coulomb Higgs

AN U(1) Q6.22 HN−1 Trivial min.AN−L−R ×HL+R−2 AN−L−R

DN+4 U(2) Q6.14 H2N+4 Trivial MC2

2,SU(N) Sym2(C2/ZN)

Table 8.7: Table of cyclic polymerisations of finite AN and DN+4 quivers.

Initial Cyclic Final Initial Initial Final Final
Quiver Poly. Quiver Coulomb Higgs Coulomb Higgs

E
(1)
6 U(1) Q6.23 min.E6 E6 OD5

(24,12) SD5

N ,(52)

E
(1)
6 U(2) Q6.24 min.E6 E6 OB3

(32,1) SC3

N ,(23)

E
(1)
7 U(1) Q6.25 min.E7 E7 n.min.E6 SE6

N ,D5

E
(1)
7 U(3) Q6.26 min.E7 E7 SE7

A3+A2+A1,A2+3A1
SE7
A6,A4+A2

Table 8.8: Table of cyclic polymerisations of affine D
(1)
N+4, E

(1)
6 , and E

(1)
7 quivers.

In Chapter 7 the method of orthosymplectic quotient quiver subtraction is introduced. This

is an operation on orthosymplectic magnetic quivers which has the effect of gauging either a

SU(2), SU(3), G2, or SO(7) subgroup of the Coulomb branch global symmetry. The effect on

the Coulomb branch is a hyper-Kähler quotient by the corresponding group. The technique

involves the subtraction of certain orthosymplectic quivers with negatively balanced nodes

called the orthosymplectic quotient quivers which are tabulated in Table 8.9.
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G Unframed Quotient Quiver

SU(2)
D1 C1 D1 C1

SU(3)
C1D2C2D2C1D1

G2 D1 C1 D2 C2 D3 C3 D2 C1

SO(7)
D1 C1 D2 C2 D3 C3 D4 C3 D2 C1

Table 8.9: The set of orthosymplectic quotient quivers introduced in Chapter 7.

The full explanation of the algorithm is in Section 7.3 but it shares much in common with the

SU(n) quotient quiver subtraction in Chapter 4. They both involve subtraction of quotient

quivers which contain gauge nodes of negative balance. Similarly, if the quotient quiver goes

past a junction then the result is a union of the Coulomb branches coming from the different

alignments. In the orthosymplectic case rebalancing of gauge nodes is done with a C1 gauge

node, this breaks the alternating SO − Sp pattern of gauge nodes typically seen in orthosym-

plectic quivers. In all cases studied here, the resulting intersection is found through an A1

Kraft-Procesi (KP) transition [179, 180].

In contrast to the unitary quotient quiver subtraction, where quotient quivers are known

for the entire SU(n) family, identification of orthosymplectic quotient quivers has thus-far

resisted attempts at generalisation beyond the four cases considered here. This is because

they were derived from studying the various flavour symmetry gaugings of the non-anomalous

6d N = (1, 0) Sp(k) electric gauge theory at infinite coupling. The consideration of anomaly

cancellation and requirement of linearity of the electric 6d theory narrows down the possi-

ble flavour symmetry subgroups that can be gauged. In Section 7.2, the orthosymplectic

quotient quivers for SU(3), G2, and SO(7) were derived from comparing magnetic quivers

for these electric theories before and after gauging those flavour symmetry subgroups. The

SU(2) orthosymplectic quotient quiver was conjectured through the natural Higgsing pattern

of SO(7)→ G2 → SU(3)→ SU(2) observed in 6d.

The method of orthosymplectic quotient quiver subtraction was applied to magnetic quivers
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for nilpotent orbit closures in Sections 7.4, 7.5, 7.6, and 7.7. In many cases the result from

orthosymplectic quotient quiver subtraction either matched unitary quotient quiver subtraction

or from quiver polymerisation. This gave orthosymplectic doppelgängers to some known uni-

tary quivers, with both the Coulomb branch and Higgs branch matching. The doppelgängers

which are explicitly checked are summarised in Tables 8.10 and 8.11. Many other unitary dop-

pelgängers were proposed but were not completely checked either due to the large dimension

of the moduli space or because one or both quivers contained non-simply laced edges. New

orthosymplectic quiver constructions for some nilpotent orbits were also found for which there

is no known unitary doppelgänger.
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Unitary Quiver Orthosymplectic Quiver Coulomb Branch Higgs Branch

2

42 3 2 1

1

D1

C1

D3C1D1

C1

C2 D2 C1 D1

n.n.min.D6 SD6

N ,(7,5)

1 2 2 2 1

1
D1

C1D1 D2 C1 D1

C1

n.min.A5 SA5

N ,(4,2)

1 2 2

1 D1

C1 C1D1 D1

OA3

(3,1) SA3

N ,(2,12)

1 2 1

11

D1C1D1

D1 C1

[WD4 ]
[0,1,0,2]

[0,0,0,2] No particular name

1 2 1

1

C1D1 D1

D1

OA2

(22) SA2

N ,(22)

1

42 5 6 4 2

3

D1 C1 D3 C3 D4 C3 D3 C2 D2 C1 D1

C1 C1

n.min.E7 SE7

N ,[2,2,0,2,0,2,2]

Table 8.10: Some unitary quivers and their orthosymplectic doppelgängers.
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Unitary Quiver Orthosymplectic Quiver Coulomb Branch Higgs Branch

1 2 3 2 1

1
D1

C1

C2D1 D2 C1 D1

OA5

(23) SA5

N ,(32)

1 2 2 2 2

1
D1

C1

D1 C1 D2 C1 D1

C1 OA5

(3,13) SA5

(4,12)

2 4 6 4 2

3

1

C1

D4C2D1 C3 D3 C2 D2 C1 D1

C1

OE6

[0,0,0,0,0,2] Double Cover SE6

N ,[2,0,2,0,2,0]/Z2

1

2

3 2 121

2

1

D1

C2

D4C2D1 C2 D1

C1
No particular name No particular name

Table 8.11: Table 8.10 continued.
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The longstanding problem of finding a magnetic quiver for the 6d N = (1, 0) (E6, E6) minimal

conformal matter theory is solved in Section 7.8. Firstly, an orthosymplectic magnetic quiver

for the worldvolume gauge theory of two 1
2
M5 branes on E6 Klein singularity is found. The F-

theory description of this gauge theory is as the diagonal SU(3) gauging of two rank-1 E-strings.

Therefore the derivation of the magnetic quiver Q7.14 comes from application of the SU(3)

orthosymplectic quotient quiver subtraction on the magnetic quiver for min.E8×min.E8. The

Coulomb branch Hilbert series of Q7.14 matches that of the unitary magnetic quiver proposed in

Chapter 6. The difference this time is that one can find a suitable Type IIA brane description

for the orthosymplectic magnetic quiver. This is drawn in Figure 7.15 based off this magnetic

quiver Q7.14. The final step of performing a small E8 instanton transition is now possible and

hence a magnetic quiver for the 6d N = (1, 0) (E6, E6) can be found and is given in Q7.19.

The corresponding brane system in the magnetic and electric phase are in Figure 7.17 and

Figure 7.18 respectively.

The unrefined Hilbert series for both theories is also computed, (7.98) for Q7.14 and (7.103) for

Q7.19, together with the PL (7.99) and (7.104). From this, a conjecture of which representations

the generators transform in was made. The generators up to order t6 are shown in Table 8.12.

Importantly, there is a clear difference in the generators of the Higgs branch between these two

theories. This reflects the presence of tensionless strings as the gauge coupling of the SU(3)

goes from finite to infinite.

R-charge Higgs branch generators (Finite Coupling) Higgs branch generators (Infinite Coupling)

1 (78,1), (1,78) (78,1), (1,78)
2 (27,27), (27,27), (78,1), (1,78) (27,27), (27,27)
3 None (78,78), (1,1)

Table 8.12: The E6 ×E6 representations Higgs branch generators transform in, of the 6d N =
(1, 0) worldvolume theory of two 1

2
M5 branes (finite coupling) and one M5 brane (infinite

coupling) on Klein E6 singularity.

There are further curiosities to note about Q7.19. Firstly, it is a star-shaped quiver and therefore

is a magnetic quiver for the class S theory [222] specified by an SO(26) algebra and a three

punctured sphere specified by partitions {(38, 12), (92, 7, 1), (132)}. This is apparently different

to a result in [251] which showed that the compactification of 6d N = (1, 0) (E6, E6) conformal
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matter on T 2 results in the 4d N = 2 class S theory defined by an E6 algebra and a three

punctured sphere with two maximal and one minimal puncture. There is no known magnetic

quiver for class S theories specified by exceptional algebras. Could Q7.19 be the magnetic for

this class S theory with E6 algebra?

The appearance of the SO(26) algebra does not appear to be a coincidence as it is related to E6

in the following way. There is an embedding of E6 ←↩ F4 through the folding action and also

and embedding of SO(26) ←↩ F4 through the fundamental of F4 since this representation (like

all representations of F4) is real. It remains a challenge to see if this is a general behaviour and

whether magnetic quivers for class S theories specified by exceptional algebras can be found

systematically.

It is worth re-emphasising that the magnetic quiver and Type IIA brane system for 6d N =

(1, 0) (E6, E6) conformal matter conjectured in this paper are the first of their kind, and that

a similar set of magnetic quivers may also exist for the case of (E7, E7) and (E8, E8) but it is

not yet clear how to find these.

Having reviewed the four techniques in this thesis for gauging Coulomb branch global symme-

tries and their applications it is time to suggest future directions.

Future Directions All four of the techniques require legs of a quiver which correspond to

“maximal” punctures. These maximal punctures are not the only type of leg in a quiver which

supports a non-Abelian Coulomb branch symmetry. An obvious future direction would be to

systematise the gauging of non-Abelian Coulomb branch global symmetry subgroups in non-

maximal legs.

The selection rules for which quivers are amenable to the diagrammatic methods for gauging

restrict to cases where one finds complete Higgsing of the symmetry. This restriction allows

for simple checks of the hyper-Kähler quotient through the Hilbert series and Weyl integration

since the F-flat space is a complete intersection. In the case of incomplete Higgsing, the F-flat

space is generically not a complete intersection and its determination requires the computation

of a Gröbner basis which is computationally expensive and technical. It may turn out that the
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diagrammatic methods for gauging still produce the “correct” answer or would require a few

modifications to do so. A future direction would be to check the diagrammatic methods for

cases with incomplete Higgsing. A huge benefit of doing this would be in replacing technical

computations with simple combinatorial methods.

As always, when new prescriptions for any procedure is introduced, one is always looking for

novel applications. A limited few were considered in this thesis mostly in the study of 4d or

6d Higgs branches through magnetic quivers or in the discovery of new relationships between

symplectic singularities. A future direction would be to find new applications of the techniques

developed here.

A challenging direction to look into would be in giving brane interpretations of gauging global

symmetries. However, it is not quite clear how this will be formulated precisely. Many other

quiver techniques that have been developed so far, such as those used in deriving stratification

of the Coulomb branch and Higgs branch, do have interpretations from brane systems and so

it would be useful to tie the gauging of global symmetries into brane systems.
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Appendix A

Violation of Quotient Quiver Subtraction

Rules

Examples of violating the Junction Rule and External Leg Rule presented in Chapter 4 are

considered here. Even though the offending examples result in reasonable quivers, the action

on the moduli as a hyper-Kähler quotient involves incomplete Higgsing. These cases require

further care as the F-flat moduli space is not a complete intersection. It is possible that a more

appropriate analysis, by construction of a Gröbner basis, to deal with incomplete Higgsing

appropriately may find that the result from quotient quiver subtraction works even in cases

with incomplete Higgsing.

A.1 Violation of the Junction Rule

Here we give an example of the incorrect application of quotient quiver subtraction for SU(n)

hyper-Kähler quotient by explicitly breaking the Junction Rule. Recall that this rule prevents

quotient quiver subtraction being performed on cases which result in incomplete Higgsing.

For our example we will take the magnetic quiver for min.E6 and try and take the SU(3) hyper-

Kähler quotient using quotient quiver subtraction. We ignore the Junction Rule and permit

231
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Figure A.1: Both (incorrect) alignments of the SU(3) quotient quiver against the unitary un-
framed magnetic quiver for min.E6 to give quivers QA.1a and QA.1b. Their intersection is trivial.

the junction for the alignment of the SU(3) quotient quiver and target quiver to be located

at the central node of rank 3 of the quotient quiver instead of a node of rank 2. There are

two alignments of the SU(3) quotient quiver and these are related by an outer automorphism,

thus we use colours for each leg of the target quiver to distinguish them. This procedure gives

quivers QA.1a and QA.1b whose Coulomb branch is max.A2. The incorrect application of the

rules of quiver subtraction leads us to believe

min.E6///SU(3)
?
= max.A2 ∪max.A2. (A.1)

It is simple to compute the refined HS and HWG of the union (A.1) however, to show incon-

sistency between Weyl integration and ignorance of the Junction Rule only the unrefined HS

will suffice. We find:

HS
[
max.A2 ∪max.A2

]
= 2× 1 + 2t2 + 2t4 + t6

(1− t2)6
− 1 (A.2)

=
1 + 10t2 − 11t4 + 22t6 − 15t8 + 6t10 − t12

(1− t2)6
(A.3)

There is an embedding of SU(3)× SU(3)× SU(3) into E6 which decomposes the fundamental
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as

(µ6)E6
→ µ1ρ1 + ν1ρ2 + µ2ν2 (A.4)

where the µi, νi, and ρi refer to highest weight fugacities of the three SU(3) factors.

This embedding is also a Dynkin type embedding. After applying this embedding, Weyl inte-

gration can be used to compute the SU(3) hyper-Kähler quotient of min.E6 whose HS we find

to be

HS
[
min.E6///SU(3)

]
=

1 + 9t2 + 43t4 + 81t6 + 20t8 − 89t10 + 53t12 − 11t14 + t16

(1− t2)7
, (A.5)

where the quaternionic dimension of the moduli space is 3.5, indicating that incomplete Higgsing

has occurred. This does not match the prediction from quotient quiver subtraction if we fail

to apply the Junction Rule. We find that the application of the Junction Rule is necessary to

avoid such mismatches that result from incomplete Higgsing.

A.2 Violation of the External Leg Rule

The External Leg Rule requires that the SU(n) quotient quiver must be subtracted from nodes

of the target quiver corresponding to long roots. Here we give an example where this rule is

ignored.

We will attempt to subtract the SU(2) quotient quiver from the family of n.min.Ck quivers.

In order to prevent violation of the Single Edge Rule we require k ≥ 4. The “subtraction” is

shown in Figure A.2 and produces quivers QA.2a and QA.2b. The respective Coulomb branches

are identified as n.min.Ck−2 and min.Ck−2 ×min.A1. So we are lead to conjecture that:

min.Ck///SU(2)
?
= n.min.Ck−2 ∪min.Ck−2 ×min.A1, (A.6)

where the global symmetry of the union (A.6) is Sp(k − 2)× SU(2).

Although it is straightforward to compute the refined HS and HWG of the union (A.6) for
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Figure A.2: Both alignments of the SU(2) quotient quiver against the magnetic quiver for
min.Ck for k ≥ 4 giving quivers QA.2a and QA.2b. Their intersection, reached via A1 KP
transitions, is quiver QA.2c.

particular values of k ≥ 4, calculation of the unrefined HS will suffice to demonstrate the

inconsistency with Weyl integration that arises if the External Leg Rule is ignored. We present

the calculation using Weyl integration and quiver subtraction for the case k = 5, however, we

have also computed up to k = 6.
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We find from quiver subtraction that:

HS
[
n.min.C3 ∪min.C3 ×min.A1

]

=

1 + 15t2 + 135t4 + 625t6 + 1725t8 + 3048t10 + 3686t12

+ 3048t14 + 1725t16 + 625t18 + 135t20 + 15t22 + t24


(1− t2)12(1 + t2)6)

+
(1− t4)

(1− t2)3
(1 + t2)(1 + 10t2 + 41t4 + 10t6 + t8)

(1− t2)10

− (1 + t2)(1 + 10t2 + 41t4 + 10t6 + t8)

(1− t2)10
(A.7)

=

1 + 18t2 + 185t4 + 1004t6 + 3219t8 + 6457t10 + 8438t12

+ 7094t14 + 3653t16 + 934t18 − 11t20 − 66t22 − 13t24 − t26


(1− t2)12(1 + t2)6

(A.8)

There is a Dynkin type embedding of Sp(k)←↩ Sp(k− 1)× Sp(1) which branches the vector of

Sp(k) as:

[1, 0, · · · , 0]Sp(k) → [1, 0 · · · , 0]Sp(k−1) + [1]Sp(1). (A.9)

If the embedding (A.9) is chosen for Weyl integration then the expected global symmetries do

not match as Weyl integration would give a result with Sp(k− 1) global symmetry as opposed

to the union (A.6). A second problem is that this embedding gives incomplete Higgsing as seen

from the HS:

HS
[
n.min.C5///SU(2)

]
=

(1 + t2)(1 + 22t2 + 253t4 + 812t6 + 1058t8 + 392t10 + 36t12)

(1− t2)13
.

(A.10)

This is clearly in disagreement with (A.6) which was obtained using SU(2) quotient quiver

subtraction but ignoring the External Leg Rule. We find that the application of the External

Leg Rule is necessary to avoid such pathological results where incomplete Higgsing occurs.
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Star-shaped Quivers and Connections to

Class S

The chain and cyclic polymerisation techniques introduced in Chapter 6 are related to those

presented in [223] and [218] for star-shaped quivers which are magnetic quivers for class S

theories [222] with regular punctures. For this reason a brief account of class S theories and

their 3d mirrors and their gluing is presented [223]. There is discussion of the incomplete

Higgsing in the class S theories which are not visible in the 3d mirror theories.

A class S theory is a 4d N = 2 SCFT specified by a genus g Riemann surface CN,g with n

punctures labelled by nilpotent orbits of some ADE Lie algebra g. This 4d N = 2 SCFT

comes from compactification of a 6d N = (2, 0) theory specified by the same ADE algebra g

on CN,g with a topological twist.

For the examples herein, the algebra is An−1 with partitions of n labelling the punctures. In

terms of notation, ρi, i ∈ {1, · · · , N} denotes a puncture and also the corresponding partition

of n labelling that puncture. These partitions are exactly the same as those used to define

nilpotent orbits of An−1. The magnetic quiver for a class S theory is a star-shaped quiver with

each leg corresponding to a Tρi [SU(n)] quiver [186], which is also a magnetic quiver for the

Slodowy slice labelled by the very same partition [133]. The common SU(n) flavour symmetry

is gauged leading to a star-shaped quiver with U(n) gauge group at the centre of the star once
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×ρ1

...

×ρN

... g times

(a)

n

Tρ1 · · · TρN

g

(b)

Figure B.1: In Figure B.1a is a punctured Riemann surface CN,g of genus g with n punctures,
ρi, of type An−1. In Figure B.1b is the corresponding 3d mirror which consists of legs which
are the Tρi [SU(n)] glued at the common flavour symmetry. There are g adjoint on the central
U(n) gauge node corresponding to the genus of the Riemann surface.

the overall U(1) is included. Additionally, g adjoint hypermultiplets are added to the central

U(n) gauge node due to the genus g of CN,g. This is illustrated schematically in Figure B.1.

Gluing Maximal Punctures

In class S theories with An−1 Lie algebra, two punctured Riemann surfaces CN1,g1 and CN2,g2 ,

with at least one maximal puncture each, may be joined by a cylinder to form a new Riemann

surface CN1+N2−2,g1+g2 . Without loss of generality let the N th
1 and N th

2 punctures be the maximal

punctures to be joined. The effect on the 4d N = 2 theory is of gauging the diagonal SU(n)

flavour symmetry. The action on the magnetic quiver is the gauging of a diagonal SU(n)

Coulomb branch global symmetry as discussed in [223] which is the same as chain polymerisation

at the central node. This is summarised in Figure B.2. It is possible to also glue together non-

maximal punctures, in which case a subgroup of the SU(n) symmetry is gauged [218] however

this does not have a neat formulation in terms of the magnetic quivers to date.
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One may also take a Riemann surface CN+2,g with at least two maximal SU(n) punctures may

also be glued to itself with a cylinder. The resulting Riemann surface is CN,g+1. The action

on the 3d mirror quiver consists of the amputation of these maximal external legs and the

addition of an adjoint hypermultiplet at the central node of SU(n). This adjoint hypermultiplet

corresponds to a unit increase in the genus of the Riemann surface. This is summarised in

Figure B.3. The cyclic polymerisation introduced in this work is not the same as the action in

Figure B.3.

The cyclic polymerisation introduced in this work gauges a SU(n′) ⊂ SU(n) subgroup of the

symmetry of the puncture.

It is important to reiterate that although for the 4d N = 2 SCFT gauging SU(n′) ⊂ SU(n)

subgroups of the flavour symmetry in general lead to IR free theories1, the focus of this study

is on 3d N = 4 theories.

1We thank Gabi Zafrir for discussion about this point.
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×ρ1

...

×
ρn1−1

... g1 times ×
(1k)

×
(1k)

...g2 times

× ρ′1

...

×
ρ′n2−1

×ρ1

...

×
ρn1−1

... g1 times ...g2 times

× ρ′1

...

×
ρ′n2−1

(a)

k
· · ·

2 1

Tρ1 · · · Tρn1−1

g1
1 2

· · ·
k

Tρ′1 · · · Tρ′n2−1

g2

k

Tρ1

Tρ′1

Tρn1−1

Tρ′n2−1

· · ·

· · ·
g1 + g2

(b)

Figure B.2: In (Figure B.2a) is the gluing of maximal punctures on the Riemann surfaces. In
(Figure B.2b) is the perspective on the 3d mirror quiver, this is the same as chain polymerisation
at the node of U(n).
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×ρ1

...

×ρN

... g times

×
(1k)

×
(1k)

×ρ1

...

×ρN

... g times

(a)

1 2
· · ·

k
· · ·

2 1

Tρ1 · · · TρN

g

· · ·

k

Tρ1 TρN

g + 1

(b)

Figure B.3: In Figure B.3a is the gluing of two maximal punctures on the same Riemann
surface. In Figure B.3b is the corresponding action on the 3d mirror quivers, this differs from
cyclic polymerisation.



Appendix C

Gluing Hilbert Series and Hall-Littlewood

Polynomials

The method of gluing Coulomb branch Hilbert series gives a significant computational advan-

tage when studying quivers that are star-shaped or approximately star-shaped. This Section

will mostly follow notation and conventions from [133, 134, 52, 2].

Consider a star-shaped quiver with a central gauge node of G, with possibly g adjoint hyper-

multiplets and with N legs labelled by partitions ρi = (σ1
i , · · · , σl

i), with σ1
i ≥ · · · ≥ σl

i > 0 ∀i, l.

This is a description of a class S theory on CN,g with algebra G as described in Section B.

The building block for the magnetic quiver involves a family of theories called the Tρ[G] theories.

For a given partition ρi = (σ1
i , · · · , σl

i) one can formulate the ranks of gauge nodes from ρ. If

G = SU(n) then

Tρi [SU(n)] =
σl
i σl

i + σl−1
i

· · · ∑l
m=2 σ

m
i

n

(C.1)
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For a generic G its Higgs branch and Coulomb branch are

H (Tρi [G]) = OG

ρ∨i
, C (Tρi [SU(n)]) = SG∨

N ,ρ∨i
(C.2)

where G∨ is the GNO dual to G and ρ∨i is the dual partition under the Barbasch-Vogan map

[193].

And so the Coulomb branch of the magnetic quiver for the class S theory with algebra G,

can be computed by taking a product of Hilbert series for Slodowy slices corresponding to the

partitions ρ and summing over the magnetic lattice for G.

HSC (QB.1b) (t, {xi}) =
∑
λ

PG
λ (t) t2∆(λ)︸ ︷︷ ︸
central node

(
t−2∆(λ)

)g︸ ︷︷ ︸
adjoint loops

N∏
i=1

HS
[
SG∨

N ,ρ∨i

]
(t,xi, λ)︸ ︷︷ ︸

legs

(C.3)

The notation is as follows: λ defines the partition of magnetic charges for the node of G ac-

cording to the Dirac quantisation condition, PG
λ (t) is the dressing function, ∆(λ) refers to the

contribution to the conformal dimension from matter that transforms in the adjoint represen-

tation of G [52]. The Hilbert series for each Slodowy slice labelled by partition ρi may also

contain fugacities xi for the global symmetry of the slice.

A useful reformulation of the gluing formula turns the sum over the magnetic lattice λ into a sum

over Dynkin labels of G, which will be denoted [n]. The partitions λ, which are partitions for the

magnetic charges of G, are in one-to-one correspondence with irreps of G. Therefore λ may be

replaced by a collection of Dynkin labels [n] for G, with the sum now being over Dynkin labels of

G instead. This change of λ→ [n] will be mostly implicit. However it is useful for pedagogical

purposes to show how the ∆(λ) become explicit functions of the [n] for the specific case of

G = SU(n). Let A be the Cartan matrix of SU(n), then ∆(λ[n]) ≡ ∆[n] = −[n] ·A−1 · 2.

Alternatively, drawing on the Characteristics and weight maps ω of nilpotent orbits, ∆[n] can

be found simply from the weight map of the regular orbit as, ∆[n] = −[n] · ω(reg.) [183, 184].

The advantage of doing this is that the Hilbert series become Hall-Littlewood polynomials

which enjoy orthogonality that can be leveraged in computations. Much of this change in basis
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will be done implicitly, except for the conversion of the Hilbert series of the legs which is given

by

HS
[
SG∨

N ,ρ∨i

]
(t,xi, [n]) = HS

[
SG∨

N ,ρ∨i

]
(t,xi, λ)

HLG∨
(t,xi, [n])

HLG∨
(t,xi, [0])

(C.4)

where the HL refer to the Hall-Littlewood polynomials.

The Coulomb branch Hilbert series formula then takes the form

HSC (QB.1b) (t, {xi}) =
∑
[n]

PG
[n](t) t

2∆[n]︸ ︷︷ ︸
central node

(
t−2∆[n]

)g︸ ︷︷ ︸
adjoint loops

N∏
i=1

t−2∆[n]HS
[
SG∨

N ,ρ∨i

]
(t,xi, [n])︸ ︷︷ ︸

legs

(C.5)

Quivers which are almost star-shaped can also be computed using a similar technique. Instead

of using Tρ[G] theories and gluing together Slodowy slices one deals with generic shapes of

quiver for the leg. The Hilbert series of this generic leg can be computed with the monopole

formula, keeping in the dependency of the magnetic charges of the central node of G. This

dependency on the magnetic charges may also be replaced into a dependency on Dynkin labels

through the localisation formula of [186, 134].



Appendix D

Justification of Quiver Polymerisation

Now that the diagrammatic techniques of chain and cyclic polymerisation have been presented

in Chapter 6, and the relevant embeddings for Weyl integration have been discussed, it remains

to justify the polymerisation techniques. Ultimately, the polymerisation techniques follow from

the orthogonality of modified Hall-Littlewood functions. The formulation is quite general and

will be presented for a group G where G is SU(n)/U(n) for chain and cyclic polymerisation

respectively.

Although the focus in this work is on unitary quivers, the formulation of the arguments easily

generalises to orthosymplectic quivers as well.

D.1 Justifying Chain Polymerisation – Unitary Case

The starting point is the pair of quivers Q1 and Q2 shown in Figure 6.1. Each quiver in the

pair contains a leg which takes the form of (1) − · · · − (n)−. Each leg may have g1 (resp. g2)

adjoint hypermultiplet loops on the U(n) node. The leg is also attached to some background

quiver Q1 (resp. Q2).

The quiver Q1 can be thought of as the theory that results from gauging a diagonal G = SU(n)

flavour symmetry of a T(1n)[G] theory, Q1, and g1 free G adjoint hypermultiplets. The Hilbert
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series takes a form similar to that in (C.5) where one uses the fact that HS
[
SG∨

N ,(1n)

]
(t,y, [n]) =

mHLG
[n](t,y) where mHL is a modified Hall-Littlewood function. A full account of mHL and the

notations used herein are found in [185].

HSC [Q1] (t,y,q1) =
∑
[n]

PG
[n](t) t

∆[n](1−2g1) HSC [Q1] (t,q1, [n]) mHLG
[n](t,y) (D.1)

The Coulomb branch Hilbert series takes the form of The Coulomb branch Hilbert series for

Q2 is found by simply exchanging 1↔ 2 and y↔ y∗.

Chain polymerisation of Q1 and Q2 produces a new quiver Q3. The action on the Coulomb

branch is a hyper-Kähler quotient by the diagonal G in each leg of Q1 and Q2; this gives the

Coulomb branch of Q3. A key assumption is that the hyper-Kähler quotient involves complete

Higgsing of the Coulomb branch global symmetry. With this assumption, the hyper-Kähler

quotient is evaluated using the Weyl integration formula:

Recall the key orthogonality relations between the mHL functions:

∮
G

dµG
mHL(y) mHLG

[m](y
∗, t) mHLG

[n](y, t) =
δ[m][n]

(1− t2)rank GPG
[n](t)

, (D.2)

where dµG
mHL is the modified Hall-Littlewood Haar measure,

dµG
mHL(y) ≡ dµG(y) PE

[(
rank G− χG

adj(y)
)
t2
]
. (D.3)

Substituting (D.2) into (D.3) gives the convenient result:

∮
G

dµG PE
[
−χG

adjointt
2
]
mHLG

[m](y
∗, t) mHLG

[n](y, t) =
δ[m][n]

PG
[n](t)

. (D.4)

Now, the explicit form of the Coulomb branch Hilbert series for Q1 (D.1), and similarly for Q2,

may be substituted into the Weyl integration formula. Upon performing the integration and

using the orthogonality property of the modified Hall-Littlewood functions (D.4), the Coulomb
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branch Hilbert series for Q3 is computed as

HSC [Q3] (t,q1,q2) =
∑
[n]

PG
[n](t) t

2∆[n](1−(g1+g2)) HSC [Q1] (t,q1, [n]) HSC [Q2] (t,q2, [n]). (D.5)

It is clear that the Coulomb branch Hilbert series of Q3 shown in (D.5) is that of the Coulomb

branch of the resulting quiver in Figure 6.1.

D.2 Justifying Cyclic Polymerisation – Unitary Case

Much of the above analysis carries over to the case of cyclic polymerisation, except with some

minor differences.

The starting point is the quiver Q shown in Figure 6.2. This quiver contains two legs of the

form (1) − · · · − (n)− with g1 and g2 adjoint hypermultiplets on each U(n). These legs are

connected, perhaps in different ways, to some background quiver Q.

The Coulomb branch Hilbert series of Q may be computed by gluing the two legs to the

background quiver Q. The embedding requires that the symmetry in each leg is broken to

SU(n) × U(1). Each leg carries a diagonal G = U(n) symmetry with the remaining U(1)

dependence being absorbed into the background quiver Q. The background quiver Q has

fugacities q, which include this remaining U(1) from the legs. Each leg carries conjugate G

fugacities as before. Therefore, the Coulomb branch Hilbert series of Q is computed as:

HSC [Q] (t,y,q) =
∑
λ,λ′

PG
λ (t) PG

λ′ (t) t2∆(λ)(1−g1) t2∆(λ′)(1−g2)

× HSC [Q] (t,q, λ, λ′) HSC
[
T [G](1n)

]
(t,y, λ)HSC

[
T [G](1n)

]
(t,y∗, λ′). (D.6)

The notation is similar, but as there are two gluings involved this time, there is another set of

partitions λ′ for G magnetic charges. The sum over partitions λ and λ′ may be changed to a
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sum over Dynkin labels [n] and [m] of G to get to the following, but equivalent, Hilbert series:

HSC [Q] (t,y,q, q) =
∑

[n],[m]

PG
[n](t) P

G
[m](t) t

∆[n](1−2g1) t∆[m](1−2g2)

× HSC [Q] (t,q, [n], [m]) mHLG
[n](t,y) mHLG

[m](t,y
∗). (D.7)

Cyclic polymerisation takes the quiver Q and produces a new quiver Q′. The hyper-Kähler

quotient action on the Hilbert series is again computed by Weyl integration by G with fugacities

y. The assumption that there is complete Higgsing is made again. The Coulomb branch Hilbert

series of Q′ is:

HSC [Q′] (t,q) =

∮
G

dµG(y)PE
[
−χG

adj(y)t
2
]
HSC [Q] (t,y,q). (D.8)

The integral over G proceeds in a similar fashion to the case of chain polymerisation. The final

result is:

HSC [Q′] (t,q) =
∑
[n]

PG
[n](t) t

2∆[n](1−(g1+g2)) HSC[Q](t,q, [n], [n]). (D.9)

This is the correct form for the Coulomb branch Hilbert series of Q′ as expected from poly-

merisation and the monopole formula.
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Kronheimer-Nakajima Quivers and

Moduli Spaces of Instantons

k1

k2 kN
· · ·

l1

l2 lN

Figure E.1: Most general A-type Kronheimer-Nakajima quiver. The Higgs branch is the moduli
space of instantons MC2/ZN ;SU(l)

(k1,··· ,kN ),(l1,··· ,lN ), where l =
∑N

i=1 li. The Coulomb branch is the moduli

space of instantons MC2/Zl;SU(N)

(k′1,··· ,k′l),(l
′
1,··· ,l′l)

, where the k′
i and l′i are linear functions of the ki and li

respectively.

It will be useful to review the Kronheimer-Nakajima construction for the moduli space of

instantons with special unitary gauge group on an A-type Klein singularity [26] which was

prevalent in Chapter 6. The construction extends the work of Atiyah-Drinfeld-Hitchin-Manin

[24] and results in the Kronheimer-Nakajima quiver shown in Figure E.1. Both the Coulomb

and Higgs branches of these quivers are moduli spaces of special unitary gauge instantons on

A-type Klein singularity, with the ADHM construction as a particular limit of Figure E.1.

A moduli space of instantons is typically described by the gauge group, the singularity, and
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some geometric data of the instanton bundle, such as its rank, the first and second Chern

classes, and the monodromy of gauge fields at infinity. All of this data is encoded in the

Kronheimer-Nakajima quiver, the precise dictionary between quiver data and instanton bundle

data is rather cumbersome, attempts at explicating this dictionary were made in [256–259]. For

this reason, it is sufficient to only refer to the quiver data and not the geometric data.

Despite difficulties with a general and precise dictionary between geometric and quiver data,

there are broad correspondences between the two. For example, the framing of the quiver de-

termines the monodromy of gauge fields at infinity and the balance determines the monodromy

of gauge fields at the origin [257, 256]. Both of these have interpretations in the Type IIB brane

system as linking numbers of NS5 branes and D5 branes respectively.

E.1 Brane Realisations

Instantons can be thought of as solitonic codimension 4 objects. In string theory, one of the

most well-known string theory constructions of instantons is in Type IIA string theory with D2

branes inside D6 brane worldvolume [242] possibly in the presence of orientifold planes. The

low energy effective theories are the ADHM quivers whose Higgs branch is the moduli space of

instantons of type SU, SO, and Sp on C2.

Application of T-duality, transverse to the D2 and in a direction occupied by the D6, followed

by S-duality to the Type IIA brane system gives a Type IIB brane system whose Coulomb phase

corresponds to the same moduli space of instantons. The low energy effective field theories for

moduli spaces of SU, SO, and Sp instantons on C2 are extended Dynkin quivers as found in

[111, 243, 128, 131, 244]. For exceptional gauge groups, which do not have any perturbative

open string formulations, the moduli space of instantons of these gauge symmetries on C2 are

also extended Dynkin diagrams [111, 244].

Importantly, the Kronheimer-Nakajima quivers have constructions in Type IIB string theory

as a system of NS5 and D5 branes with D3 branes on S1 [31]. Here, the action of S-duality on
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this brane system exchanges NS5 and D5 branes. The effect on the quiver is that the number

of gauge nodes and the total number of flavours swaps.

E.2 Special Cases

k

k k
· · ·

l1

l2 lN

N − 1

Figure E.2: The Kronheimer-Nakajima quiver with all gauge nodes the same. The Coulomb
branch is the moduli space of k SU(N) instantons on C2/Zl where l =

∑N
i=1 li.

A particularly special case of the Kronheimer-Nakajima quiver QE.1 is to set all of the gauge

nodes to be the same U(n), resulting in QE.2. In particular, the balance of each gauge node is

given by its framing. This also corresponds to the vanishing of the first Chern class c1 of the

instanton bundle. The second Chern class is c2 = k which is the instanton number. Another

simplification is in finding the residual gauge group broken by the monodromies of the gauge

fields.

In the case where all li > 0, the monodromy of the gauge fields breaks the flavour sym-

metry SU(l) → S
(∏N

i=1 U(li)
)
. The instantons live on C2/ZN and the instanton number

is k. Thus H(QE.2) = MC2/ZN

k,S(
∏N

i=1 U(li))
, where a simplification of the notation used in Fig-

ure E.1 is now possible. The Coulomb branch is easily found from application of S-duality to

the brane system for QE.2, which results in l U(n) gauge nodes in a necklace with framing

(0l1−1, 1, 0l2−1, 1 · · · , 0lN−1, 1). The Coulomb branch of QE.2 is C (QE.2) =MC2/Zl

k,U(1)N−1 .

A further simplification can be made if only one of the U(n) gauge nodes has flavours, say l

flavours, and the others do not. In this case the full SU(l) symmetry is preserved and the Higgs

branch is H(QE.3) =MC2/ZN

k,SU(l). In this case, application of S-duality simply swaps the role of
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k

k k
· · ·

l

N − 1

Figure E.3: The Kronheimer-Nakajima quiver with all gauge nodes the same. The Coulomb
branch is the moduli space of k SU(N) instantons on C2/Zl where l =

∑N
i=1 li.

NS5 and D5 branes and hence the Coulomb branch is C(QE.3) =MC2/Zl

k,SU(N), which simply swaps

N ↔ l.

The Kronheimer-Nakajima quivers give Higgs and Coulomb branch constructions of the moduli

space of SU instantons on A-type singularities. The Higgs branch construction is as a hyper-

Kähler quotient. However, it is important to emphasise that the Coulomb branch construction

here is as a moduli space of dressed monopole operators of the theory QE.1.
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