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Abstract

The fundamental functional summary statistics used for studying spatial point pattern
e developed for marked homogeneous and inhomogeneous point processes on the surfac
a sphere. These are extended to point processes on the surface of three dimensiona
nvex shapes given the bijective mapping from the shape to the sphere is known. Thes
nctional summary statistics are used to test for independence between the marginals o
ulti-type spatial point processes with methods for sampling the null distribution develope
d discussed. This is illustrated on both simulated data and the RNGC galaxy point pattern
vealing attractive dependencies between different galaxy types.

rds: Spatial point pattern, convex shape, functional summary statistics, marked point pr

ntroduction

analysis of marked spatial point patterns has focused predominantly on those tha
clidean space Rn, with a rich literature available for modelling and exploratory dat
entral to existing methodologies are the functional summary statistics (van Liesho
y, 1999; van Lieshout, 2006), a generalisation of their univariate counterparts that a
ximity of events of different types to explore if, for example, they are consistent or no
ginal component processes being independent.
any applications, marked point patterns (known as multi-type when the mark-s
) are increasingly being captured on surfaces that are not adequately modelled
ry of a Euclidean space. For example, terrestrial point patterns occur on a sphere (o
ely a spheroid), and in microbiology, researchers are interested in the spatial relati
differently labelled proteins on the bacterial plasma membrane, with the cells
propriately modelled by ellipsoids or capsules (Kumar et al., 2025). In such appli
methodologies that assume the space is Euclidean would give erroneous results due t
y to respect and adapt to the underlying geometry of where the objects or events of i

espondence to e.cohen@imperial.ac.uk
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ances in the modelling and analysis of point patterns in non-Euclidean spaces are res
nivariate (single-type) setting, and have predominantly focused on spheres (Robeson
awrence et al., 2016; Møller and Rubak, 2016; Cuevas-Pacheco and Møller, 201
019) and linear networks (Ang et al., 2012; Rakshit et al., 2017; McSwiggan et al.
et al., 2018; Rakshit et al., 2019). The functional summary statistics were exten
convex bounded shapes in Ward et al. (2021) and non-parametric intensity estimati
ed for Riemannian manifolds in Ward, Battey, and Cohen (Ward et al.).
his paper, we outline how exploratory data analyses can be conducted for marked
es on the surfaces of convex bounded shapes in R3. We develop the marked fun
ry statistics and demonstrate how they can be used to detect interactions between m
nent) processes. As detailed in Ward et al. (2021) for the univariate setting of test
e spatial randomness, simply substituting the Euclidean metric for a more appr
ot a sufficient solution. The surface, in general, does not present the infinite num
ies needed for the analogous notions of stationarity and isotropy, which are requi
the functional summary statistics, e.g. Ripley’s K-function (Ripley, 1977). This p
ed in the marked setting, and therefore our approach builds on that of Ward et al.
ion 2 outlines the necessary preliminary material used throughout the remainder
efore considering arbitrary convex shapes in R3, we first extend the literature by deve
ked functional summary statistics for point patterns on the sphere S2. Section 3 di
ropic setting and then Section 4 extends this to the inhomogeneous setting. Usin
ion, we utilise the Mapping Theorem (Kingman, 1993) in Section 5 to project the
of interest onto S2 and conduct our analyses there, exploiting the infinite isomet

t sphere. Through Sections 3-5, to test for independence between components, we co
thods for sampling from the null distribution of the relevant test statistics. The firs
e of the toroidal shift method of Lotwick and Silverman (1982) that uses random s
the component patterns to induce independence but preserve the marginal distrib
ond method samples inhomogeneous Poisson patterns from the required intensity fu
ped onto the sphere. In Section 6 we consider numerical examples including an ana
ised New General Catalogue and Index Catalogue (RNGC/IC) dataset (Steinicke,
7 provides closing commentary including various avenues for future research.

reliminaries

Geometry

geometric construction follows that of Ward et al. (2021) Let x ∈ R3 such tha
x3)

T and define ||x|| = (x2
1 + x2

2 + x2
3)

1/2 to be the Euclidean norm with the or
oted as 0 = (0, 0, 0)T . Denote a subset of R3 as D = {x ∈ R3 : g(x) = 0},

R is the level-set function of D. We require D be closed and bounded, and defi
= {x ∈ R3 : g(x) < 0}, i.e. the boundary of Dint is D and we refer to Dint as the i
he set Dint is said to be convex if and only if for all x,y ∈ Dint such that x ̸=

3 : z = x + γ(y − x), γ ∈ (0, 1)} ⊂ Dint. We thus define D to be convex if and onl
Dint is convex.
any closed, bounded and convex D with level-set function g, we define g̃ which rear
0, such that x3 = g̃(x1, x2). It may not always be possible to find g̃ explicitly since it m
per function. This issue can be rectified by partitioning D appropriately. For examp
of a sphere with radius 1, then g(x) = x2

1+x2
2+x2

3−1, hence g̃(x1, x2) = ±(1−x2
1−
2
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s not a proper function. In this case we partition the region D into the regions: x3 ≥
(x1, x2) = +(1− x2

1 − x2
2)

1/2, and x3 < 0, for which g̃(x1, x2) = −(1− x2
1 − x2

2)
1/2.

any close, bounded and convex D, we define its geodesic as the shortest path betwe
,y ∈ D such that every point in the path is also an element of D. The geodesic d

ted d : D × D 7→ R+, where R+ is the positive real line including 0. Thus {D, d(·, ·
space. We will frequently need to evaluate integrals over D, which can be done us
imal area element defined as,

dD =

{
1 +

(
∂g̃

∂x1

)2

+

(
∂g̃

∂x2

)2
}1/2

dx1dx2.

me, without loss of generality, that 0 ∈ Dint. In this setting, we then say the spa
. Our methodology can easily be adapted for non-centred spaces by making the appr
ions to bring the origin inside D.

Marked point process on D
efine a marked spatial point process on a closed, bounded and convex D, we ado
n used in the Euclidean construction of Møller and Waagepetersen (2004). Let λ
esgue measure restricted to the surface of the convex shape D, which is endowed w
c distance and Borel σ-algebra B(D). Let M be a Polish space equipped with its
ra B(M). We define the ground process Xg to be a univariate locally finite simple (
coincide) point process on D. Informally, if for each event xi ∈ Xg there exists a
, the resulting process X is a marked point process on D with mark space M.

y, let B(D × M) be the Borel σ-algebra on the product space of D and M and
x ⊂ D×M : |x∩A| < ∞ for all bounded A ∈ B(D×M)}, where | · | denotes card
N to be the σ-algebra generated by the sets {x ∈ Nlf : |x ∩ A| = n} for all bo
D×M) and n ∈ N. Then a marked point process on D with mark space M is a meas
g from some probability space (Ω,F ,P) into the measurable space (Nlf ,N ). The
multi-type point processes arises when M is finite, i.e. M = {1, 2, . . . , k} for k a p

rder to integrate over D×M we require a reference measure over {D×M,B(D×M
pose we take λD⊗ ν to be our reference measure where ν is some suitably chosen re
e on the mark space. Examples of ν can be probability measures over compact sub
a counting measure when M is finite (see e.g. Chiu et al., 2013; Daley and Vere

Intensity measure and function

D×M ∈ B(D×M) then we define NX(D×M) to be the counting measure of X. D

NX(D ×M) =
∑

(x,m)∈X
1{(x,m) ∈ D ×M},

ts the number of points in X with spatial location lying in D and mark in M
tion of NX is denoted the intensity measure: µ(D ×M) = E{NX(D ×M)}. Thro
er we shall make the further assumption that µ is absolutely continuous with resp
which, by the Radon-Nikodyn theorem, implies there exists a unique ρ : D × M
3
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the intensity function of X, such that

µ(D ×M) =

∫

D

∫

M

ρ(x,m)λD(dx)ν(dm).

truction, the ground process Xg has intensity measure µg(D) = µ(D×M) for D ⊂
ny fixed M ⊂ M we have that µ(D×M) ≤ µ(D×M) = µg(D). Therefore µ is abs
ous with respect to µg, and for any fixed M ⊂ M,

µ(D ×M) =

∫

D

Qx(M)µg(dx).

x is a probability measure, interpreted as the probability of a given event x ∈ Xg ha
M . Further, by assumption that µ is absolutely continuous with respect to λD⊗ν w
is absolutely continuous with respect to λD and thus there exists the intensity fu
R+. If we also suppose that Qx is absolutely continuous with respect to ν then

µ(D ×M) =

∫

D

∫

M

fx(m)ρg(x)ν(dm)λD(dx),

x is the density of Qx with respect to ν, and hence ρ(x,m) = fx(m)ρg(x).
ked point process X is homogeneous if ρg(x) = ρ ∈ R+. In this setting, the in
of X is given by ρ(x,m) = fx(m)ρ, where fx is the density of the first order

tion with respect to the reference measure ν over M. We say that X has common
tion if Qx ≡ Q, and hence fx ≡ f , is independent of x. Further to this, if ν coincide
we have that f ≡ 1, giving ρ(x,m) = ρg(x). We also define the unit rate (marked) P
to be a marked process which has a ground Poisson process with intensity one
ere and marks independent of location and independently and identically distribute
lity measure PM over a mark space M. Additionally if PM admits a density pM
to the reference measure ν then the unit rate Poisson process has intensity ρ(x

Higher order moments

er order intensity functions are further defined as densities of factorial moment me
spect to the n-fold reference measure (λD ⊗ ν)n. The nth-order factorial moment m
defined as

α(n)(B1, . . . , Bn) = E


 ∑̸=

(x1,m1),...,(xn,mn)∈X
1 {(x1,m1) ∈ B1, . . . , (xn,mn) ∈ Bn}


 ,

i ∈ B(D×M) (i = 1, . . . , n) and
∑̸= is the sum over pairwise distinct elements. W

α = µ. If α(n) is absolutely continuous with respect to (λD ⊗ ν)n, by Campbell’s f
ists densities ρ(n) : (D×ν)n 7→ R+ such that for any measurable function f : (D×ν)n

∑ ̸=

1,m1),...,(xn,mn)∈X
f{(x1,m1), . . . , (xn,mn)}


 =
4
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∫

D×M
· · ·
∫

D×M
f{(x1,m1), . . . , (xn,mn)}ρ(n){(x1,m1), . . . , (xn,mn)}

n∏

i=1

λD(dxi)ν(d

(n){(x1,m1), . . . , (xn,mn)}
∏n

i=1 λD(dxi)ν(dmi) can be heuristically considered as th
lity of finding events in infinitesimal areas (dxi, dmi) (i = 1, . . . , n). In the present
me the existence of ρ(n) for all n. Generalising the n = 1 case, we define Qx1,...,xn

order mark distributions, and existence of ρ(n) gives ρ
(n)
g the nth-order intensity fun

Again, assuming Qx1,...,xn is absolutely continuous with respect to the n-fold meas
nsity fx1,...,xn : Mn 7→ R+,

ρ(n) {(x1,m1), . . . , (xn,mn)} = fx1,...,xn(m1, . . . ,mn)ρ
(n)
g {(x1,m1), . . . , (xn,mn)} .

to this we say that X is independently marked if for all n ∈ N the densities fx1,...

n as the product of their marginals, i.e. fx1,...,xn(m1, . . . ,mn) =
∏n

i=1 f
xi(mi).

pair correlation function (PCF) of X at two points (x,mx), (y,my) ∈ D×M is defi

g {(x,mx), (y,my)} =
ρ(2) {(x,mx), (y,my)}

ρ(x,mx)ρ(y,my)
.

g is a Poisson process and the markings in X are independent, g {(x,mx), (y,my

x,mx) and (y,my). This model typically serves as a benchmark of no interaction b
When g {(x,mx), (y,my)} is greater than one, this indicates clustering between thes
nd when less than one it indicates inhibition.
nth-order correlation functions ξn for n ∈ N are defined recursively (e.g. White, 197
t, 2006) and based on the nth-order intensity functions. Set ξ1 = 1, then for n ≥ 2,

n∑

k=1

∑

E1,...,Ek

k∏

j=1

ξ|Ej | [{(xi,mi) : i ∈ Ej}] =
ρ(n) {(x1,m1), . . . , (xn,mn)}

ρ(x1,m1) · · · ρ(xn,mn)
,

E1,...,Ek
is the sum over all possible k-sized partitions of the set {1, . . . , n} such that E

Reduced Palm process

summary statistics developed in the present paper are based on the reduced Palm
rked point process X, defined via the Radon-Nikodyn derivative of the reduced Ca
,

C !(A×N) = E


 ∑

(x,m)∈X
1 [{(x,m), X \ (x,m)} ∈ A×N ]


 ,

∈ B(D×M), andN ∈ N , with respect to µ (e.g. Appendix C.2 Møller andWaagepe
In other words, since C ! is absolutely continuous with respect to µ we have by the R
n theorem

C !(A×N) =

∫

B×M

P !
(x,m)(N)µ(dx, dm),

x,m) ∈ D×M, P !
(x,m) is the Radon-Nikodyn derivative dC !/dµ and defines a prob

e called the reduced Palm measure (e.g. Appendix C.2 Møller and Waagepetersen,
uently use P ! (N) as a short hand for P (X ! ∈ N) for N ∈ N . The process
(x,m) (x,m) (x,m)

5



Journal Pre-proof

that fol can be

conside o have
the Cam

where E (2016)

we can 0 as,

(2)

P !
z,M de as the

conditio tly use
P !
x,M(N
In t easure

ν, then

From (2 ect to
P !
(x,m) i

(3)

for mea

2.6

In o ability
generat [0, 1]
be a m er and
Waagep

Further lowing
series is ie and
van Lie

G ,

where w define
the gen
 Jo

ur
na

l P
re

-p
ro

of

lows P !
(x,m) is referred to as the reduced Palm process of X. Heuristically, P !

(x,m)

red the conditional distribution of X given that (x,m) ∈ X. Based on this we als
pbell-Mecke formula

E


 ∑̸=

(x,m)∈X
f {(x,m), X \ (x,m)}


 =

∫

D×M
E!
(x,m)[f {(x,m), X}]µ(dx, dm),

!
(x,m) is the expectation under the measure P !

(x,m). Following Cronie and van Lieshout

also define the ν-averaged Palm measure with respect to M ∈ B(M) where ν(M) >

P !
z,M(N) =

1

ν(M)

∫

M

P !
(x,m)(N)ν(dm), N ∈ N .

fines a probability measure since 0 ≤ P !
(x,m)(·) ≤ 1 and it may be interpreted

nal distribution of X given it has an event at x with mark in M . We frequen
) as a short hand for P (X !

x,M ∈ N) for N ∈ N .
he case of X being a multi-type point process with M = {1, . . . , k} and reference m
for M = {i} for some i ∈ {1, . . . , k}, we have

P !
x,M(N) =

1

ν(i)
ν(i)P !

(x,i)(N) = P !
(x,i)(N).

), and identically to (Iftimi et al., 2019, Appendix A.2), the expectation with resp
s

E!
x,M {f(X)} =

1

ν(M)

∫

M

E!
(x,m) {f(X)} ν(dm),

surable, non-negative functions f .

Generating functional

rder to define upcoming summary functional statistics we make use of the prob
ing functional (pgf) which uniquely characterises a point process X. Let u : D×M 7→
easurable function with bounded support then the pgf G(·) is defined as (Møll
etersen, 2004)

G(u) = E


 ∏

(x,m)∈X
{1− u(x,m)}


 .

to this, given that the nth-order intensity functions exist for all n and that the fol
convergent, the generating functional can be represented as an infinite series (Cron
shout, 2016),

(u) = 1 +
∞∑

n=1

∫

D×M
· · ·
∫

D×M
ρ(n) {(x1,m1), . . . , (xn,mn)}

n∏

i=1

u(xi,mi)λD(dxi)ν(mi)

e take the convention that an empty product is 1. Further to this, using (3) we can
erating functional G!

x,M with respect to P !
x,M as,

G!
x,M(u) =

1

ν(M)

∫

M

E!
(x,m)


 ∏

{1− u(y, n)}


 ν(dm).
(y,n)∈X

6
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ummary statistics for isotropic processes on the sph

Isotropic processes

eeping with the formulation of Møller and Rubak (2016), let O(3) denote the set o
matrices and for O ∈ O(3), let OX = {(Ox,m) : (x,m) ∈ X} be the rotation o
X by O.

ion 1. Point process X on S2 is isotropic if OX and X are identically distributed f
3).

ropy of X implies µ(D × M) = µ(OD × M) for any M ⊂ M, D ⊆ S2 and O ∈
nal invariance further implies µ(D × M) = ηMλS2(D) where ηM is a positive co
ally depending on M . If X is isotropic then so is the ground process Xg which conseq
stant intensity ρg and µ(D ×M) =

∫
D
Qx(M)ρgλS2(dx). Therefore,

0 =

∫

D

ηM −Qx(M)ρgλS2(dx),

ce this must hold for any D ⊆ S2, it follows that ηM = Qx(M)ρg and the mark distri
endent of x. This allows the relaxation of notation to write µ(D ×M) = ρgQ(M)λ
pecial case of isotropic processes on a sphere, we can take the reference measure ν o
≡ Q, which we refer to as the canonical mark measure on the sphere. Applying thi
e isotropic spheroidal counterpart to ν-average Palm measures, as defined for stat
processes in Rn by Cronie and van Lieshout (2016).
is isotropic, then it can be shown that OX !

(x,m) and X !
(Ox,m) are identically distribu

O(3). This is analogous to the equivalent translational result in Møller and Waagep
Moreover defining the origin on S2 to be the North pole, i.e. o = (0, 0, 1)T and Ox

ue rotation orthogonal to the geodesic between x and o such that Oxo = x, then Ox

x,m) are identically distributed. This is the marked version of (Proposition 1 Møll

2016) and can easily be proven under the mild condition of X being absolutely cont
nit rate Poisson over mark space M. Therefore, from (2),

P (X !
o,M ∈ ·) = P

{
OT

x (X
!
x,M) ∈ ·

}
,

ost all x ∈ S2.

Functional summary statistics

functional summary statistics for isotropic marked point processes are an extension o
an counterparts as defined in van Lieshout (2006).

ion 2. Let X be a marked isotropic spheroidal point process with mark space M
M, then

) = P [X ∩ {BS2(o, r)× E} ≠ ∅]
) = P [X !

o,C ∩ {BS2(o, r)× E} ≠ ∅]

) =
1−DCE(r)

E
for FE(r) < 1
1− F (r)

7
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) =
1

λS2(A)ν(C)ν(E)
E


 ∑ ̸=

(x,mx),(y,my)∈X

1
{
(x,mx) ∈ A× C, (OT

xy,my) ∈ BS2(o, r)×
ρ(x,mx)ρ(y,my)

∈ [0, π], and where KCE(·) does not depend on A ⊆ S2.

monly, FE(·) is referred to as the empty space function, and DCE(·) is the cross n
ur distribution function. The cross K-function KCE(·) is a spheroidal and marked
ulti-type cross K-function (e.g. Møller and Waagepetersen, 2004), a multivariate ext
lassical Ripley’s K-function.
er the isotropic assumption and taking the canonical mark measure νQ, we obtain ρ(x
re ρg is the constant intensity of the ground process. Thus, this can replace ρ(x,m
ν with νQ in (7). Furthermore, isotropy implies all four functional summary statist
dent of the typical point o. For example,

FE(r;x) = P [X ∩ {BS2(x, r)× E} ≠ ∅]
= P [OT

xX ∩ {BS2(O
T
xx, r)× E} ≠ ∅]

= P [X ∩ {BS2(o, r)× E} ≠ ∅]
= FE(r),

similar argument holding for DCE(·) and hence JCE(·). The invariance of KC

ical point is shown in Appendix A by representing it as an expectation with resp
uced Palm distribution. It is important to note that in general JCE(·) ̸= JEC(·)
= KEC(·).
ising the Campbell formula together with the isotropy of the process, KCE(·) can be w
ction of the pcf,

ν(C)ν(E)KCE(r) =

∫

C

∫

BS2 (o,r)

∫

E

g{(x,mx), (y,my)}ν(dmx)λS2(dy)ν(dmy)

=

∫

C

∫

BS2 (o,r)

∫

E

g{(o,mx), (y,my)}ν(dmx)λS2(dy)ν(dmy).

as shown in van Lieshout (2006) for the Euclidean setting that the stationary JCE-fu
an infinite series representation. Similarly, it can be shown for istoropic spheroidal m
es that

JCE(r) =
1

ν(C)

{
ν(C) +

∞∑

n=1

(−ρE)
n

n!
JCE
n (r)

}
,

[0, π], where

) =

∫

C

∫
· · ·
∫

{BS2 (o,r)×E}n

ξn+1{(y,m), (Oyx1,m1), . . . , (Oyxn,mn)}

× ν(dm)λS2(dx1)ν(dm1) · · ·λS2(dxn)ν(dmn)

S2. For isotropic process X, and for all n ≥ 1, JCE
n (·) will be independent of the ch

by (9), so will JCE(·). Truncating this series representation at n = 1 gives

JCE(r)− 1 ≈ − 1

ν(C)

∫ ∫ ∫
ξ2((y,my), (x,mx))ν(dmy)λS2(dx)ν(dmx)
C BS2 (o,r) E

8
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= − 1

ν(C)

∫

C

∫

BS2 (o,r)

∫

E

[g{(y,my), (x,mx)} − 1]ν(dmy)λS2(dx)ν(dmx)

= − 1

ν(C)

∫

C

∫

BS2 (o,r)

∫

E

[g{(o,m), (x,mx)} − 1]ν(dm)λS2(dx)ν(dmx)

= −ρEν(E)
[
KCE(r)− λS2{BS2(o, r)}

]
,

e have used (8) in the last line.
ing multiple summary statistics is crucial for drawing strong conclusions about a
. It is stressed in (Baddeley et al., 2015, pp 211, 276, 295) that no single statisti
erises a point process. For example, Baddeley and Silverman (1984) introduce a cell p
hares second-order measures with a completely stationary process (CSR) but diff
espects, highlighting the limitations of second-order measures. Conversely, Bedfo
n Berg (1997) constructed an unmarked process where J(r) = 1 yet differs from
al studies that emphasise the different characterisations offered by the J and K-fun
en provided for point processes on planes (van Lieshout, 2011) and linear networks (M
arifi, 2024). Similar considerations are expected to apply to marked point proces
, underscoring the need to examine multiple summary statistics.
C,E ⊂ M with C ∩ E = ∅, and define XC = X ∩ (S2 × C) and XE = X ∩ (S2 × E
g proposition describes how the functional summary statistics behave under indepe
nd XE, and can be considered marked spheroidal analogues to the multi-type Eu
given by van Lieshout and Baddeley (1999).

sition 1. Let X be a marked isotropic spheroidal point process with mark space M
M such that C ∩ E = ∅ and suppose that XC and XE are independent. For r ∈ [0,

DCE(r) = FE(r),

JCE(r) = 1,

KCE(r) = 2π{1− cos(r)}.

of: See Appendix B.
se functional summary statistics can be interpreted in an analagous manner to the sum
s given in Møller and Waagepetersen (2004) for stationary Euclidean multi-type pro
(r) > 2π{1 − cos(r)} and JCE(r) < 1 then this indicates that points with mark
te around points with marks in E, whilst if KCE(r) < 2π{1 − cos(r)} and J(r) >
pel.
L-function for Euclidean processes benefits from being linearised and having it
abilised. Thus, when examining L(r) − r, positive values are indicative of att
negatives values indicate repulsions (Besag, 1977). The analogous P -function f
spheroidal processes is discussed in Lawrence (2018), where it is suggested to ex
{K(r)}1/2 − [2π{1 − cos(r)}]1/2. An identical transformation can be considered
context for marked spheroidal processes,

PCE(r) = {KCE(r)}1/2 − [2π{1− cos(r)}]1/2,

entres the function around 0, with positive values indicating attraction and negativ
n.
can also extend the I-function of van Lieshout and Baddeley (1999) to the isotropic m
9
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ion 3. Let X be a marked isotropic spheroidal point process with mark space M.
anonical mark measure and {Ai}ki=1 be a partition of M. The I-function for X is

I(r) =
k∑

i=1

νQ(Ai)J
AiAi(r)− JMM(r),

[0, π], FAi(r) < 1 for all i ∈ {1, . . . , k} and FM(r) < 1.

example, when XA1 , . . . , XAk
are all independent of one another, from Theorem 2

t and Baddeley (1996), I(r) ≡ 0 for all r ∈ [0, π]. Furthermore, akin to van Li
suppose we let Ai, Aj ⊂ M such that Ai ∩ Aj = ∅, and define A = Ai ∪ Aj. Then

IAiAj(r) ≡ νQ(Ai)J
AiAi(r) + νQ(Aj)J

AjAj(r)− JAA(r)

s evidence of the relationship, where positive values indicate attraction between X
d negative values indicate repulsion.

Multi-type processes

arked process is called multi-type if the mark space is discrete, i.e. M = {1, ..., k
1, . . . , Xk) be an isotropic multi-type process and define νQ to be the our canonica
e, then the intensity of component process Xi (i = 1, .., k) is ρi = νQ(i)ρg, where ρg
y of the ground process Xg. Taking C = {i} and E = {j}, Definition 4 simplifies to

F j(r) = P [Xj ∩BS2(o, r) ̸= ∅]
Dij(r) = P !

o,i[Xj ∩BS2(o, r) ̸= ∅]

J ij(r) =
1−Dij(r)

1− F j(r)
for F j(r) < 1

Kij(r) =
1

λS2(A)ρiρj
E


 ∑

x∈Xi,y∈Xj

1
{
x ∈ A,OT

xy ∈ BS2(o, r)
}

 ,

r ∈ [0, π] and where Kij(·) does not depend on A ⊆ S2. When i = j, we recov
te summary statistics for Xi.
he multi-type setting it is also of interest to look at dot-type summary statistics.
r the relationship of one specific mark with all marks (van Lieshout and Baddeley
shout, 2011). This is achieved by setting C = {i} and E = M, giving

F •(r) = P [Xg ∩BS2(o, r) ̸= ∅]
Di•(r) = P !

o,i[Xg ∩BS2(o, r) ̸= ∅]

J i•(r) =
1−Di•(r)

1− F •(r)
for F •(r) < 1

Ki•(r) =
1

λS2(A)ρiρg
E


 ∑ ̸=

x∈Xi,y∈Xg

1
{
x ∈ A,OT

xy ∈ BS2(o, r)
}

 ,

or Ki•(·) we use the fact that ρ(y,m) = ρg for isotropic processes under the can
e ν . In keeping with van Lieshout and Baddeley (1999), we use •• to denote the unm
Q

10
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al summary statistic, for example J•• = (1 − D••)/(1 − F •) is the unmarked J-fu
≡ Xg, and D•• is the unmarked nearest neighbour function. From Definition 3,
over the isotropic spheroidal counterpart to the multi-type I-function of van Liesho
y (1999). Noticing that

ρi∑k
i=1 ρi

=
ρgνQ(i)∑k
i=1 νQ(i)ρg

=
νQ(i)ρg

ρg
= νQ(i),

e used the fact that
∑k

i=1 νQ(i) = 1, we obtain

I(r) =
k∑

i=1

ρi∑k
i=1 ρi

J ii(r)− J••(r).

defined for r ∈ [0, π], F •(r) < 1, and F i(r) < 1 for all i ∈ {1, . . . , k}.

Estimating functional summary statistics

owing van Lieshout (2006), suppose that the process is observed on some window W
at λS2(W ) > 0, and that ν = νQ (meaning ρ(x,m) = ρg where ρg is the constant in
round process), then estimators are defined as

D̂CE(r) =
1

ρgλS2(W⊖r)νQ(C)

×
∑

(x,mx)∈X
1{(x,mx) ∈ W⊖r × C}

∏

(y,my)∈X
[1− 1{dS2(x,y) < r,my ∈ E

F̂E(r) =
1

|IW⊖r |
∑

p∈IW⊖r

∏

(x,m)∈X
[1− 1 {dS2(p,x) ≤ r,m ∈ E}] ,

ĴCE(r) =
1− D̂CE(r)

1− F̂E(r)
for F̂E(r) < 1,

K̂CE(r) =
1

ρ2gλS2(W⊖r)νQ(C)νQ(E)

×
∑

(x,mx)∈X

∑

(y,my)∈X\(x,mx)

1{(x,mx) ∈ W⊖r × C, dS2(x,y) ≤ r,my ∈ E},

⊖r is the erosion of W by distance r ∈ R+ and IW⊖r = I ∩W⊖r, where I is a finite
n S2.

sition 2. Let X be a marked isotropic point process on S2. Let C,E ⊂ M suc
= ∅ and suppose that XC and XE are independent. The estimators F̂E(·), D̂CE(
are unbiased, whilst ĴCE(·) is ratio-unbiased when ρg is known.

of: See Appendix C.
e that when the process is completely observed over S2, erosion of the space is not

r can be replaced by S2. Furthermore, it may be that νQ is unknown and must be esti

proach is to use ν̂Q(C) = NX(W × C)/NX(W ×M) as a plug in estimator. Given
lity measure, E[NX(W ×C)] = ρgλS2(W )νQ(C) and E[NX(W ×M)] = ρgλS2(W )νQ

). We conclude that ν̂ (C) is ratio unbiased.
Q

11
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the discrete mark case of M = {1, 2, . . . , k}, let ν be the counting measure. Then
er mark distribution νQ(i) with respect to ν. Let ρi be the constant intensity of
ent then by standard arguments ρi ≡ ρ(x, i) = ρgνQ(i). Taking C = {i} and E

1− D̂ij(r) =
1

ρiλS2(W⊖r)

∑

x∈Xi

1(x ∈ W⊖r)
∏

y∈Xj

[1− 1{dS2(x,y) < r}] ,

1− F̂ j(r) =
1

|IW⊖r |
∑

p∈IW⊖r

∏

x∈Xj

[1− 1{dS2(p,x) ≤ r}] ,

Ĵ ij(r) =
1− D̂ij(r)

1− F̂ j(r)
, for F̂ j(r) < 1,

K̂ij(r) =
1

ρiρjλS2(W⊖r)

∑

x∈Xi

∑

y∈Xj

1{x ∈ W⊖r, dS2(x,y) ≤ r}.

setting, when the discrete mark measure νQ is unknown, we can estimate ρi as ρ̂i = ρ̂

Q̂(i) = NXi
(W )/NXg(W ) and ρ̂g = NXg(W )/λS2(W ). This gives ρ̂i = NXi

(W )/λ
also construct similar estimators for the dot-type estimators of (13) - (17).

Testing for independence

sider the null hypothesis H that states XC and XE are independent. To test this
es of the functional summary statistics, we need to determine whether deviation
eoretical value under H are significant. The typical approach in the Euclidean set
are these estimates against a sample constructed from simulates under the null hyp
endence (Møller and Waagepetersen, 2004; Myllymäki et al., 2017). Simulating fro
omplicated by the fact that its distribution is dependent on the marginal distribut
and XE, which are often unknown.
re are two common approaches used for stationary multi-type processes in Rd, e
an be adapted to the spheroidal setting. The toroidal shift approach developed by L
verman (1982) bootstraps the observed patterns, allowing for the unknown margin
ns to be approximately maintained while breaking dependence though random sh
terns. This can be readily adapted to multi-type spheroidal patterns where we i
ly rotate on the sphere. A restriction to this rotation method is it requires a point p
been observed over all of the sphere.
alternative approach simulates from a specified null model, e.g. Poisson process (e.g.
018). While this imposes additional distribution assumptions on the null hypothesis,
misspecified, previous works (Wiegand et al., 2012; Møller andWaagepetersen, 2004;
018) have used this approach to provide evidence of dependency between componen
pe Euclidean process. Such an approach can be used here, even in the event of a pa
d spheroidal process. We explore both approaches through simulations and a rea
12
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ummary statistics for inhomogeneous processes on

phere

Intensity reweighted isotropic processes

roceed with developing functional summary statistics for inhomogeneous processes
we must assume the process admits isotropic structure once reweighted with resp
y function.

ion 4. Let X be a simple marked processes on S2 whose intensity functions of all
nd define ρ̄E = infx∈S2,m∈E ρ(x,m). If ρ̄ ≡ ρ̄M > 0 and, for all n ≥ 1, (xi,mi) ∈ S
O(3), the nth-order correlation functions are isotropic in the sense

ξn{(x1,m1), . . . , (xn,mn)} = ξn{(Ox1,m1), . . . , (Oxn,mn)},

is intensity-reweighted momented isotropic (IRWMI).

is the isotopy analogue of the intensity-reweighted momented stationary definitio
Lieshout (2011); Cronie and van Lieshout (2016) for inhomogeneity in the Euclide
is also the marked extension of the IRWMI definition in Ward et al. (2021) for unm
dal processes. It should be noted that any isotropic process is immediately IRWMI.
processes include (inhomogeneous) Poisson processes, multi-type processes with in
WMI components, or a ground process that is unmarked IRWMI (in the sense of
021) with events having independent marks.
eaker condition is an analogue of second order intensity reweighted stationary pro
in Cronie and van Lieshout (2016) for marked processes in Euclidean spaces.

ion 5. Let X be a simple marked processes on S2. Let KCE(B) for A,B ⊂ S2 and
efined as

)ν(C)ν(E)KCE(B) = E


 ∑ ̸=

(x,mx),(y,my)∈X

1
{
(x,mx) ∈ A× C, (OT

xy,my) ∈ B × E
}

ρ(x,mx)ρ(y,my)




does not depend on A then X is second-order intensity reweighted isotropic (SOIRW

n be shown using the Campbell formula that an isotropic PCF is sufficient for Defi
ld. By this, we mean g(x,mx,y,my) = g(Ox,mx, Oy,my) for any O ∈ O(3). Cons
(1), it follows that ξ2{(x,mx), (y,my)}+1 = g{(x,mx), (y,my)}, and therefore SO
ker condition than IRWMI.

Inhomogeneous cross K-function

ilar to (Møller and Waagepetersen, 2004, Definiton 4.8), we define an analogous inho
ross K-function for marked point patterns on a sphere.

ion 6. Let X be a marked SOIRWI processes on S2 with intensity function ρ(x,m),
Let C,E ⊂ M, then for r ∈ [0, π],

KCE
inhom(r) = K(BS2(o, r)),

is defined in Definition 5.
13
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following propositions show that the inhomogeneous cross K-function has the same
s their isotropic counterparts under the assumption of independence.

sition 3. Let X be a marked SOIRWI point process on S2 and consider two disjoi
M such that they have positive measure ν. Further assume that XC and XE are in
hen,

KCE
inhom(r) = 2π{1− cos(r)}.

of: Under isotropy of the PCF and using the Campbell formula it can be shown tha

λS2(A)ν(C)ν(E)KCE(B) =

∫

C

∫

B×E

g{(o,mx), (y,my)}ν(dmx)dλS2(y)ν(dmy),

is some arbitrary point in S2. Setting B = BS2(o, r) and noting that by the indepe
tion g{(x,mx), (y,my)} ≡ 1 the proposition holds.
again maintain the heuristic understanding that if KCE

inhom(r) > 2π{1 − cos(r)} th
s that points with marks in C aggregate around points with marks in E, whilst the

m(r) < 2π{1 − cos(r)}. As with the isotropic setting, we can centre KCE
inhom aroun

ring
PCE
inhom(r) = {KCE

inhom(r)}1/2 − [2π{1− cos(r)}]1/2,
e same interpretation as its isotropic counterpart (12).

Inhomogeneous cross nearest neighbour distribution and em
space functions

following definition extends the empty space function FE(r) and cross nearest nei
tionDCE(r) presented in Section 3.2 to inhomogeneous processes. These definitions p
eroidal counterpart to those introduced by Cronie and van Lieshout (2016) for Eu
rocesses.

ion 7. Let X be a marked IRWMI processes on S2 with intensity function ρ(x,m),
Let C,E ⊂ M, and

ur
y,E(x,m) =

ρ̄E1{(x,m) ∈ BS2(y, r)× E}
ρ(x,m)

, y ∈ S2,

r ∈ [0, π],

FE
inhom(r) = 1−G(1− ur

y,E),

DCE
inhom(r) = 1−G!

y,C(1− ur
y,E).

nition 7 implicitly depends on the point y, but Theorem 1 will show that for I
es these functions are independent of the choice of y.
following proposition shows that when the process is isotropic FE

inhom and DCE
inhom c

sotropic setting.

sition 4. Let X be an isotropic spheroidal point process, then FE
inhom(r) and DCE

inhom

in Definition 7 are equal to those in Definition 2.

of: See Appendix D.
14
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Inhomogeneous cross J-function

xtend the J-function to the inhomogeneous setting, note that for marked IRWMI pro
s JCE

n (r) in (9) remain independent of y. Thus, the inhomogeneous J-function
analogously via its series expansion.

ion 8. Let X be a marked IRWMI processes on S2 with intensity function ρ(x,m),
Let C,E ⊂ M The inhomogeneous cross J-function between C and E is defined as

JCE
inhom(r) =

1

ν(C)

{
ν(C) +

∞∑

n=1

(−ρ̄E)
n

n!
JCE
n (r)

}
,

[0, π] where JCE
n (r) is as in (10).

en X is isotropic, it holds that JCE
inhom ≡ JCE by the series representation van Li

urthermore, truncating the series expansion at n = 1 and using (19), we arrive
us identity to (11),

JCE
inhom(r)− 1 ≈ −ρ̄E[K

CE
inhom(r)− λS2{B2

S(o, r)}].

following theorem shows the relationship between FE
inhom, D

CE
inhom and JCE

inhom whils
that the choice of y in Definition 7 is merely a matter of convenience.

m 1. Let X be a marked IRWMI processes on S2. Under the further assumption t
nsity functions of all orders of X exist and that

lim sup
n→∞


 ρ̄E

n!

∫
· · ·
∫

(BS2 (o,r)×E)n

ρ(n)(x1,m1), . . . , (xn,mn)

ρ(x1,m1) · · · ρ(xn,mn)

n∏

i=1

λS2(dxi)ν(mi)




1/n

< 1,

CE
nhom(·), FE

inhom(·) and JCE
inhom(·) are independent of y and

JCE
inhom(r) =

1−DCE
inhom(r)

1− FE
inhom(r)

,

∈ [0, π] for which FE
inhom(r) ̸= 1.

of: See Appendix E which adapts the proof of Theorem 1 in Cronie and van Li

sition 5. Let X be a marked IRWMI point process on S2 and consider two disjoi
M such that they have positive measure ν. Further assume that XC and XE are indep
t the assumptions of Theorem 1 hold. Then,

DCE
inhom(r) = FE

inhom(r)

JCE
inhom(r) ≡ 1.

of: see Appendix F, which adapts the proof of Proposition 2 in Cronie and van Li
15
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Multi-type processes

sider a multi-type IRWMI process X = (X1, . . . , Xk), let ν be the reference measu
rk space M = {1, . . . , k}, and let ρi be the intensity function of Xi. From st
nts, note that ρi(x) = ρ(x, i)ν(i) and when E = {j} that ρ̄E/ρ(x, j) = ρ̄j/ρj(x),

x∈S2 ρj(x). Setting C = {i} and E = {j}, the functional statistics in the multi-type

F j
inhom(r) = 1− E


∏

x∈Xj

[
1− ρ̄j1{x ∈ BS2(y, r)}

ρj(x)

]


Dij
inhom(r) = 1− E!

(y,i)


∏

x∈Xj

[
1− ρ̄j1{x ∈ BS2(y, r)}

ρj(x)

]
 ,

J ij
inhom(r) =

1−Dij
inhom(r)

1− F j
inhom(r)

for F j
inhom < 1

Kij
inhom(r) =

1

λS2(A)
E


 ∑

x∈Xi,y∈Xj

1
{
x ∈ A,OT

xy ∈ BS2(o, r)
}

ρi(x)ρj(y)


 ,

∈ [0, π] and where Kij(·) does not depend on A ⊆ S2.
ing C = {i}, E = {1, . . . , k} and defining ρ̄ = infx∈S2,m∈M ρ(x,m), the dot-type sum
s are

F •
inhom(r) = 1− E


 ∏

(x,m)∈X

[
1− ρ̄1{x ∈ BS2(y, r)}

ρ(x,m)

]


Di•
inhom(r) = 1− E!

(y,i)


 ∏

(x,m)∈X

[
1− ρ̄1{x ∈ BS2(y, r)}

ρ(x,m)

]
 ,

J i•
inhom(r) =

1−Di•
inhom(r)

1− F •
inhom(r)

for F •
inhom < 1

Ki•
inhom(r) =

1

λS2(A)ν(M)
E


 ∑ ̸=

x∈Xi,(y,j)∈X

1
{
x ∈ A,OT

xy ∈ BS2(o, r)
}

ρi(x)ρ(y, j)


 ,

∈ [0, π] and where Kij(·) does not depend on A ⊆ S2.
e care is needed when handling these definitions since the function ur

y,M depends
easure ν through ρ(x,m), and Ki•

inhom depends on it explicitly. If we define ν to
nt weight to all elements of M then ρ̄/ρ(x,m) = ρ̃/ρm(x) is uniquely determined
y functions of each component of X and ρ̃ = infx∈S2,m∈M ρm(x) (see the discussio
n (10) in Cronie and van Lieshout, 2016). Furthermore, if we let ν be the counting m
i•
inhom becomes

Ki•
inhom(r) =

1

λS2(A)k
E


 ∑ ̸=

x∈Xi,(y,j)∈X

1
{
x ∈ A,OT

xy ∈ BS2(o, r)
}

ρi(x)ρj(y)


 .
16



Journal Pre-proof

4.6

In o nd van
Lieshou to the
isotropi hrough
some w

1− D̂

(21)

1− F̂ (22)
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Estimating functional summary statistics

rder to estimate the inhomogeneous functional summary statistics we follow Cronie a
t (2016) to obtain estimates for JCE

inhom whilst estimates for KCE
inhom follow similarly

c setting. Let us suppose that we have observed our spheroidal point process X t
indow W ⊆ S2. Then we can estimate our functional summary statistics as,

CE
inhom(r) =

1

λS2(W⊖r)ν(C)

∑

(x,mx)∈X

1{(x,mx) ∈ W⊖r × C}
ρ(x,mx)

×
∏

(y,my)∈X

[
1− ρ̄E1{dS2(x,y) < r,my ∈ E}

ρ(y,my)

]

E
inhom(r) =

1

|IW⊖r |
∑

p∈IW⊖r

∏

(x,m)∈X

[
1− ρ̄E1{dS2(p,x) ≤ r,m ∈ E}

ρ(x,mx)

]

CE
inhom(r) =

1− D̂CE(r)

1− F̂E(r)
for F̂E(r) < 1

CE
inhom(r) =

1

λS2(W⊖r)ν(C)ν(E)
×

∑

(x,mx)∈X

∑

(y,my)∈X\(x,mx)

1{(x,mx) ∈ W⊖r × C, dS2(x,y) ≤ r,my ∈ E

ρ(x,mx)ρ(y,my)

sition 6. Let X be a marked process on S2. When the assumptions of Theorem
and F̂E

inhom are unbiased whilst ĴCE
inhom is ratio unbiased for known ρ. Furthermore, w

WI, K̂CE
inhom is unbiased for known ρ.

of: see Appendix G that adapts the proof of Lemma 1 Cronie and van Lieshout (20
ost circumstances the intensity function ρ is unknown, requiring a plug-in estimato
hen needed, we deploy the kernel intensity estimator of Ward, Battey, and Cohen
eveloped for point processes on Riemannian manifolds.
ay also be the case that ν is unknown. Stoyan and Stoyan (2000) advocate rep
(C) with ∑

(x,m)∈X∩(B×C)

1

ρ(x,m)
.

mpbell formula shows this is an unbiased estimator for λS2(B)ν(C). Furthermo
(Iftimi et al., 2019, Appendix B) discuss a number of approaches to estimating λS2(B)
h approach recognises

ν̂(C) =
1

λS2(B)

∑

(x,m)∈X∩(B×C)

1

ρ(x,m)

biased estimator for ν(C).
ractice, our analysis can be re-cast in the terms of multi-type processes, for which m
belled with i and marks in E are labelled j. For this discrete mark case of M = {1, .
ν(i)ρi(x) = ρi(x) for i ∈ M. For i, j ∈ M (i ̸= j), the estimators are

1− D̂ij
inhom(r) =

1

λS2(W⊖r)

∑ 1(x ∈ W⊖r)

ρi(x)

∏ [
1− ρ̄j1{dS2(x,y) < r}

ρj(y)

]

x∈Xi y∈Xj

17



Journal Pre-proof

Again, y, and
Cohen

4.7

Con ion 3.5
we cons mary
statistic we can
rotate b mary
statistic where
Cronie

Firs X,

Then fo

We defi

ΞX
O (B

C}
.

We say ctorial
momen

Propo ions of
Theorem C and
XE are m, and

K̂CE
inhom

Pro 2016).
Prop tating

one or b h does
not req utlined
in Sect when
Jo
ur

na
l P

re
-p

ro
of

1− F̂ j
inhom(r) =

1

|IW⊖r |
∑

p∈IW⊖r

∏

x∈Xj

[
1− ρ̄j1{dS2(p,x) ≤ r}

ρj(x)

]

Ĵ ij
inhom(r) =

1− D̂ij(r)

1− F̂ j(r)
for F̂ j(r) < 1

K̂ij
inhom(r) =

1

λS2(W⊖r)

∑

x∈Xi

∑

y∈Xj

1{x ∈ W⊖r, dS2(x,y) ≤ r}
ρi(x)ρj(y)

.

plug-in estimators for ρi and ρj can be computed using the approach of Ward, Batte
(Ward et al.).

Testing for independence

sider again the null hypothesis H that states XC and XE are independent. In Sect
idered random rotations of isotropic patterns to create samples of the functional sum
s from the null. To handle inhomogeneous patterns on the sphere, we will show
oth the component patterns and the intensity function to sample the functional sum
s from the null. This is similar to inhomogeneous processes in the Euclidean setting,
and van Lieshout (2016) translate the pattern and the intensity function.
t consider the random measure ΞX which places mass 1/ρ(x,m) at points (x,m) ∈

ΞX =
∑

(x,m)∈X

δ(x,m)

ρ(x,m)
.

r B × C ∈ B(S2 ×M),

ΞX(B × C) =
∑

(x,m)∈X

1{(x,m) ∈ B × C}
ρ(x,m)

.

ne ΞX
O (B × C), the rotation of ΞX by O ∈ O(3) as

× C) = ΞX(OB × C) =
∑

(x,m)∈X

1{(OTx,m) ∈ B × C}
ρ(x,m)

=
∑

(x,m)∈OTX

1{(x,m) ∈ B ×
ρ(Ox,m)

that ΞX is isotropic if ΞX d
= ΞX

O for any O ∈ O(3), and if X is IRWMI then the fa
t measures of ΞX and ΞX

O are identical for any O ∈ O(3).

sition 7. Let X be a IRWMI marked point process on S2 for which the assumpt
1 hold and let C,E be disjoint subsets of M with strictly positive ν measure. If X

independent and the measure ΞX is isotropic then the estimators D̂CE
inhom, F̂

E
inhom, Ĵ

CE
inho

can be written as a function of (ΞXC ,ΞXE) and (ΞXC ,ΞXE
O )

d
= (ΞXC ,ΞXE).

of: see Appendix H that adapts the proof to (Proposition 4 Cronie and van Lieshout,
osition 7 implies samples can be generated from the null distribution by randomly ro
oth of XC and XE, whilst also rotating the intensity function. Although this approac
uire any assumptions on the marginals, it does, as with its isotropic counterpart o
ion 3.5, require the pattern to be completely observed on the sphere. A curiosity
18
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g inhomogeneous processes with this random rotation method occurs at r = π.
ically, K12

inhom(π) = 4π always, in the inhomogeneous case K̂12
inhom(π) ̸= 4π and

sampling variance due to its dependence on the pattern. For an observed bivariat
X = (X1, X2), suppose that we rotate X1 with a random O ∈ O(3) to give a null si
X1, X2), then by construction K̂12

X̃
(π) = K̂12

X (π). Hence all null simulates will conv
e value at r = π, which does not reflect the true variance of the estimator. Envelop
therefore be treated with caution in this region.
cenarios where the point process is not completely observed or distant interactio
nt we may consider imposing further assumptions on the null (e.g. Poisson) and sa
dent component patterns directly.

ummary statistics for point processes on convex sha

Mapping spatial point processes from D to S2

owing the discussion given by Ward et al. (2021), there are a number of impractical
functional summary statistics directly on a convex shape due to its potential asym
This asymmetry means analogous notions of translation and rotational invariance
defined, which in turn means functional summary statistics cannot be constructed d
we follow the procedure of Ward et al. (2021) that maps the point process from its o
nto the sphere where rotational symmetries can now be utilised to construct well-d
al summary statistics. The following theorem shows that marked point processes on
can be mapped to a point process on the sphere under an appropriately trans
y function.

m 2. Let X be a marked point process on D with intensity function ρ and f : D 7→
ive measurable mapping. Then the point process Y = f(X) ≡ [{f(x),m} : (x,m) ∈
ed point process on S2 with intensity function,

ρ∗(x,m) = ρ{f−1(x),m}|Jf (x)| x ∈ S2,

Jf (x)| is the determinant of the Jacobian of the transformation f .

of: See for example, (Last and Penrose, 2017, Theorem 5.1), which can be adapted
point process setting.
d et al. (2021) suggest using the pragmatic choice of f(x) = x/∥x∥ for the bijective m
the point pattern from D onto S2 as this applicable to all convex shapes. It is p
simpler alternatives when the geometry of the shape permits, for example when D
we may take f(x1, x2, x3) = (x1/a, x1/b, x1/c) as is done in the numerical exam
6. Estimators of the functional summary statistics as given in (21-24) are then com
nstead of ρ we use ρ∗ as given by Theorem 2.
en mapping a point process from our convex shape to the sphere, the assumptions of I
SOIRWI of the resulting process may not hold. However, we will show through simu
e functional summary statistics are still able to capture attractive and repulsive beh
cess. We note that there are some special cases in which the process, when mappe
, is known to be IRWMI and/or SOIRWI. These are:

Poisson process with an independent marking scheme is IRWMI;
19
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multi-type Poisson process with independent components is IRWMI;

multi-type process with independent components is SOIRWI, see e.g (Proposition 4.4
d Waagepetersen, 2004).

attention should be taken for the Poisson case, since this assumption implies th
spheroidal process is IRWMI. This in turn means we can test the hypothesis o

ce using random rotations assuming the process is complete observed, i.e. the P
esis is a subset of the IRWMI hypothesis when using random rotations to simulate fr
othesis.

Computing the functional summary statistics

mplement the spherical summary functional statistics, we need to construct an est
nknown intensity function once the process has been mapped onto S2. Let X be a m
rocess on D with intensity function ρ(x,m) > 0 for (x,m) ∈ D×M with respect to
ark reference measure ν. Suppose we have some estimator ρ̂ of ρ on the original sp
ple we could use the kernel estimator of Ward, Battey, and Cohen (Ward et al.).

orem 2, the intensity function when mapped to S2 is estimated as

ρ̂∗(x,m) = ρ̂(x,m)|Jf (x)|.

the discrete mark case M = {1, 2, ..., k}, we can take our reference measure to
g measure, giving ρ(x, i) = ρi(x) for i ∈ M. Estimates of each ρ∗i can then be con
ally. When the process is assumed homogenous on D, this is ρ̂∗i (x) = NXi

(D)|Jf (x)|/
sing an estimator ρ̂i(x) on D for the inhomogeneous case it becomes ρ̂∗i (x) = ρ̂i(x)|
ing for independence is conducted using the mapped patterns on the sphere, and
s as described in Section 4.7, with again two possible approaches for simulating fro

umerical examples

he following studies, we consider point patterns sampled from a bivariate point p

1, X2) on the surface of an ellipsoid (x1, x2, x3) = {a sin(θ) cos(ϕ), b sin(θ) cos(ϕ), c c
= [0, π) and ϕ ∈ [0, 2π). We set a = b = 0.8 and c to be such that the total surfac
π (c = 1.44 to 3.s.f.). We compute functional summary statistics and use these to p
e of independence between X1 and X2. In each example, the process being anal
geneous with the intensity estimated using the kernel intensity estimator of Ward, B
hen (Ward et al.). The estimated intensity on the sphere is therefore computed as i
x1, x2, x3) = (x1/a, x2/b, x3/c) mapping D to S2.

ach case, K̂12(r) is computed, from which we plot P̂ 12(r) = {K̂12(r)}1/2−{2π(1− cos(

the natural estimator for P 12(r) = {K12(r)}1/2 − {2π(1− cos(r))}1/2, the spheroid
the Euclidean L-function (Besag, 1977) that transforms the K-function to give a v
independent marginal processes. We note that, by construction, K12(r) = K21(r),

nt of a completely observed process over D so are their estimators, as such we only co
hese in the analysis. In the event that the process is only partially observed we fin
= K̂21(r) are equivalent only for small r, whilst for moderate to large r the window
ifferences between the estimators. We also plot estimators for J12(r) and J21(r), w
are not equal to one another.
20
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Independent Poisson Independent LGCP

Attractive LGCP Repulsive LGCP

1: Example realisations of point patterns generated in the numerical examples. Red
ts from X1 and black points are events from X2. For each setting, the point patte
e and the ellipsoid is viewed from the same perspective. The heatmap shows the in
nd X2 in the left and right, respectively for the independent Poisson process examp
ditional GRF in the case of the LGCP examples.

n that point patterns are simulated and observed on the whole surface, we elect
t the random rotation method for sampling the null distribution. The alternative m
ling from the null, simulating independent Poisson processes, is demonstrated in t
ample of Section 6.3. To determine evidence of independence, attraction or repulsi
extreme rank length approach (Myllymäki et al., 2017; Mrkvička et al., 2017) to p
al envelopes and accompanying p-values calculated with 199 samples from the null

Independent Poisson processes on an ellipsoid

ivariate Poisson process with independent marginals is simulated on the surface
using the method of Ward, Battey, and Cohen (Ward et al.). The intensities
l processes are ρ1(x1, x2, x3) = exp{log(6) + x3} and ρ2(x1, x2, x3) = exp{log(6) +
(x1, x2, x3) ∈ D. An example realisation of the pattern, along with heat-maps

y functions, is shown in Figure 1. Figure 2 demonstrates the functional summary st
hin the 95% simulation envelopes, as expected.

Log-Gaussian Cox processes on an ellipsoid

bivariate log-Gaussian Cox process (LGCP) is commonly used to model attracti
e interactions between two or more point processes (Diggle and Milne, 1983; Br
21
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Global envelope test p-value: 0.92
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Global envelope test p-value: 0.9

2: Estimated functional summary statistics P̂ 12(r), Ĵ12(r) and Ĵ21(r) for independen
us Poisson processes. Grey bands depict the 95% global envelopes for the null distri
e rotation method based on 199 simulations. The theoretical value under the null is
e red dotted line. Global envelope test p-values are also provided in the bottom lef
f each plot.

2001; Møller and Waagepetersen, 2004). As such it provides an ideal model with
truct the type of inter-type interactions the summary statistics developed here ar
y. Furthermore, the intensity functions for LGCPs are analytically tractable and
sign and control the inhomogeneity within the numerical examples. On spheres, uni
are discussed in depth by Cuevas-Pacheco and Møller (2018) whilst multivariate LG
d by Jun et al. (2019). Here, we extend the formulation to the ellipsoid D.
efine a bivariate LGCP on D, first define a bivariate Gaussian random field (GRF)
dom function U ≡ (U1, U2) : D × D → R2 is a GRF if for any n ∈ N, x1, . . . ,xn ∈
an ∈ R2,

∑n
i=1 a

T
i U(xi) is normally distributed. For bivariate GRF U , define the bi

field Z : D×D → R2
+ as Z = [exp{U1}, exp{U2}]. Point process X = (X1, X2) is th

ivariate LGCP on D if X given Z = (z1, z2) is a bivariate Poisson process with in

GRF is defined via its mean µi(x) ≡ E{Ui(x)} and auto- and cross-covariance fun
) ≡ Cov {Ui(x), Uj(y)} (i, j = 1, 2). These in-turn completely define the distribution
ntensity functions and pair-correlation functions are given as

ρi(x) = exp

{
µi(x) +

cii(x,x)

2

}
, gij(x,y) = exp {cij(x,y)} ,

ively, for i, j = 1, 2.
imulate a LGCP on the ellipsoid D, we trivially extend to a bivariate setting the pro
d in the Supplementary Material of Ward, Battey, and Cohen (Ward et al.) and
the approach of Cronie et al. (2020) who simulate LGCP on R2 linear networks b
ing over R2 and then restricting the GRF to only those points that coincide wi
etwork. Let Ũ be a bivariate GRF on R3, then defining U(x) = Ũ(x) for x ∈ D,
D. Therefore, to simulate a LGCP on D, we simulate ũ from Ũ , and take realized

1, u2) to be ũ restricted to D. A bivariate Poisson process is then simulated on D
y z = {exp(u1), exp(u2)}.
22
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GCP simulated in this manner will adopt from the original GRF Ũ the required in
ttractive or repulsive properties. We consider bivariate GRFs Ũ with covariance fun
orm

c11(r) = c22(r) = σ2 exp(−r/γ2),

c12(r) = c21(r) = a12σ
2 exp(−r/γ2),

hat since Ũ is a GRF over R3 then r in Equations 28 and 29 refer to the Euclidean d
points. The correlation parameter a12 controls the nature of the dependencies b
X2; positive a12 gives attractive interactions, negative a12 gives repulsive interaction
results in X1 and X2 being independent. Parameters σ2 and γ2 control the overall st
ge of interactions, respectively.
consider three cases, all of which have covariance functions of the form (28) and
= 1 and γ2 = 0.2. In the first example, the mean function for Ũ is µ1(x1, x2,

2, x3) = log(6) + x1, and a12 = 0 to give independence between the two margina
es. In the second example, µ1(x1, x2, x3) = µ2(x1, x2, x3) = log(6) + x2

1, and a12
raction between the marginal point processes. In the third example, we set µ1(x1, x2

x2
2, µ2(x1, x2, x3) = log(6)+x2

1, and a12 = −1, to give repulsion between the margina
es. An example realisation of the pattern, along with heat-maps for the realized in
s, is shown in Figure 1 The computed functional summary statistics, together w
ulation envelopes for the null are shown in Figure 3, displaying the expected behav
se.

Real data example

consider the Revised New General Catalogue and Index Catalogue (RNGC/IC) (Ste
hich maps the sky positions of 10,608 galaxies. This data set has been analysed exte

ious methodological works for point patterns on a sphere (Lawrence et al., 2016; C
and Møller, 2018), but only from a univariate perspective. In these papers, add
ions of each galaxy were ignored to create a single-type point pattern. Here,we ta
marks that label the type (shape) of each galaxy. These marks are hierarchical,
e consider just the first level of that hierarchy which indicates the broad shape o
We further restrict ourselves to a bivariate dataset of the two most common galaxy
6,674 galaxies) and elliptical (1,231 galaxies), as shown in Figure 4a. We follow La
016) and Cuevas-Pacheco and Møller (2018) in removing the Milky Way band, in
are mostly obscured. Furthermore, the data is rotated such that this band is orie
e equator.
as been noted in Cuevas-Pacheco and Møller (2018) that this point pattern is inho
Instead of adopting their approach of applying a thinning procedure to homogen
e treat it as an inhomogeneous point pattern and make use the intensity estim
attey, and Cohen (Ward et al.) to plug into the inhomogeneous versions of the fun

ry statistics, as presented in Section 4.
re 4b plots estimates of the functional summary statistics P 12(·), J12(·) and J21(·)
intervals for the null hypothesis of independence were computed using 199 simul
ependent Poisson processes, each with intensity functions as estimated for the spir
l galaxy point patterns, respectively.
hown, P̂ 12(·) lies significantly above the simulation intervals, and Ĵ21(·) lies signifi
he simulation envelopes. These results are consistent with each other, providing com
23
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Figure 4: RNGC galaxy point pattern analysis.
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e that spiral and elliptical galaxies show attractive dependence, even when account
geneity in the individual processes. Note that Ĵ12(·) also displays behaviour at small
stent with this inference, however the reason why it goes above the simulation inter
istances is unexplained and motivates further analysis.

iscussion

id the exposition, we have elected to restrict the presented work to the surface of
It is worth noting that there is a straight-forward extension to a class of non-convex
e call star-shapes. The set Dint is said to be a star domain if and only if there ex

nt such that for any x ∈ Dint, the line-segment {z ∈ R3 : z = x0 + γ(x− x0), γ ∈ (0
e say Dint is star-shaped at x0. We further define D to be star-shaped if and onl
Dint is a star domain. Note that all convex shapes are star domains.

int is star-shaped at x0, then Dint−x0 is star-shaped at 0. We can therefore assume, w
enerality, that a star domain is star-shaped at 0 ∈ Dint. In this setting f(x) = x/∥
e mapping from D to S2, and Theorem 2 still holds. Analysis can then proceed in th
he complication of working with star-shapes over convex shapes comes form form
atical representations for D and simulating point patterns on it.
omprehensive treatment of the pair correlation function, another widely used sum
for analysing relationships, is beyond the scope of this paper and would require

tudy. Addressing nuances such as edge correction and intensity estimation is parti
nt when working with irregular geometries. Here, we have only discussed minus-sam
stimators for mitigating edge effects. An inevitable consequence of this is the discar
hich becomes more severe for large r, inflating the variance of the estimators in this
h global envelope tests, as used here, naturally adjust for this to preserve type-I
ld expect a reduction in power that would be particularly pronounced when the p
s a low number of points. It would therefore be valuable to explore whether other me
Ripley’s edge correction (Ripley, 1976), could be generalised. Edge effects are esp
nt in this setting due to the complex geometries, which can result in irregular obser
boundaries. A promising approach to consider is that of Burguet and Andrey
mined edge corrections for 3D point processes observed within arbitrary shapes, su
sing local curvature estimates to account for edge effects.
have focused on determining whether aggregation or repulsion occurs between s
ts based on partitions of the mark space. However, it is also important to explo
rks of distinct points relate to each other. This can be examined using mark corr
s (see Chapter 5 Illian et al., 2008). In particular, it would be valuable to general
eighted K-function (Penttinen et al., 1992; Ghorbani et al., 2021) and investigate h
ur is affected when using a non-Euclidean distance metric.
itionally, although our framework applies to a general mark space, special consid
ed for function-valued marks, where for each x ∈ X its associated mark is a fu
ically mapping from (a, b) ⊂ R to R. These marks can also be analysed through
ion functions. Notably, Eckardt and Moradi (2024) provides a recent overview of m
rocesses on linear networks, offering a foundation for extending mark correlation fun
urrent setting for both real-valued and function-valued marks.
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nvariance of KCE to the typical point

resenting KCE(·) as an expectation of the reduced Palm distribution of X usi
ell-Mecke formula,

=
1

λS2(A)ν(C)ν(E)
E


 ∑̸=

(x,mx),(y,my)∈X

1
{
(x,mx) ∈ A× C, (OT

xy,my) ∈ BS2(o, r)×
ρ(x,mx)ρ(y,my)

=
1

λS2(A)ν(C)ν(E)
E


 ∑̸=

(x,mx),(y,my)∈X

1 {(x,mx) ∈ A× C, (y,my) ∈ BS2(x, r)× E}
ρ(x,mx)ρ(y,my)

=
1

λS2(A)ν(C)ν(E)

∫

A

∫

C

E!
(x,m)


 ∑

(y,my)∈X

1 {(y,my) ∈ BS2(x, r)× E}
ρ(x,mx)ρ(y,my)


 ρ(x,m)dν(

nition, KCE(·) is independent of A and hence the integrand must be constant with r
herefore, x can be taken as any point in S2. In particular we can set it to o,

KCE(r) =
1

ν(C)ν(E)

∫

C

E!
(o,m)


 ∑

(y,my)∈X

1 {(y,my) ∈ BS2(o, r)× E}
ρ(y,my)


 dν(m)

=
1

ν(E)
E!

o,C


 ∑

(y,my)∈X

1 {(y,my) ∈ BS2(o, r)× E}
ρ(y,my)


 .

roof of Proposition 1

This proof follows that of (Møller and Waagepetersen, 2004, Proposition 4.5). C
= 1 if DCE(r) = FE(r). We can rewrite DCE as an expectation over the point pro
hen its reduced Palm process X !

o,C . Let our finite reference measure ν over M c
e mark distribution and so under isotropy we have that ρ(x,m) = ρg and A be an ar
f S2 such that λS2(A) > 0 then,

(r) = P [X !
o,C ∩ {BS2(o, r)× E} ≠ ∅]

= P [X !
x,C ∩ {BS2(x, r)× E} ≠ ∅]

=
1

λS2(A)

∫

A

P [X !
x,C ∩ {BS2(x, r)× E} ≠ ∅]λS2(dx)

=
1

λS2(A)ν(C)

∫

A

∫

C

P [X !
x,C ∩ {BS2(x, r)× E} ≠ ∅]λS2(dx)ν(dm)

=
1

ρλS2(A)ν(C)

∫

A

∫

C

P [X !
x,C ∩ {BS2(x, r)× E} ≠ ∅]ρλS2(dx)ν(dm)

=
1

ρλS2(A)ν(C)
E


 ∑

(x,m)∈X
1[(x,m) ∈ A× C, {X \ (x,m)} ∩ {BS2(x, r)× E} ≠ ∅

30) follows by isotropy of X, (31) follows by definition of P !
x,C and (32) by the Cam

theorem. Let us define X = X ∩ (A × C) for A ⊂ S2 and C ⊂ M. Notin
A×C
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(34)

where ( of XC

and XE

To s my)} =
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C P
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For D̂C

E{1−D

}]
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
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∅, (x,m) ∈ XA∩C implies that the event {X \ (x,m)} ∩ {BS2(x, r)×E} ≠ ∅ is equ
{BS2(x, r)× E} ≠ ∅. This expectation can therefore be rewritten as,

DCE(r) = E


 ∑

(x,m)∈XA×C

E
[
1{XBS2 (x,r)×E ̸= ∅}|XC

]



=
1

ρλS2(A)ν(C)
E


 ∑

(x,m)∈XA×C

P{XBS2 (x,r)×E ̸= ∅}




=
1

ρλS2(A)ν(C)
E





∑

(x,m)∈XA×C

FE(r)





=
ρλS2(A)ν(C)

ρλS2(A)ν(C)
FE(r)

= FE(r),

33) follows from the law of iterated expectation and (34) follows from independence
.
how thatKCE(r) = 2π{1−cos(r)} we note that under independence ρ(2){(x,mx), (y,
)ρ(y,my) when mx ∈ C and my ∈ E. The result follows by application of the Ca
and noting that λS2{BS2(o, r)} = 2π{1− cos(r)}.

roof of Proposition 2

Starting with F̂E(·) we have that,

E{1− F̂E(r)} =
1

|IW⊖r |
∑

p∈IW⊖r

E


 ∏

(x,m)∈X
[1− 1{dS2(p,x) ≤ r,m ∈ E}]




=
1

|IW⊖r |
∑

p∈IW⊖r

P [X ∩ {BS2(p, r)× E} = ∅]

=
1

|IW⊖r |
∑

p∈IW⊖r

P [X ∩ {BS2(o, r)× E} = ∅]

= P [X ∩ {BS2(o, r)× E} = ∅]
= 1− FE(r).

E(·), by the Campbell-Mecke Theorem,

ˆCE(r)} = E
{

1

ρgλS2(W⊖r)ν(C)

∑

(x,mx)∈XW⊖r

1{(x,mx) ∈ W⊖r × C}
∏

(y,my)∈X
[1− 1{dS2(x,y) < r,my ∈ E

=
1

∫ ∫
ρgλS2(W⊖r)ν(C) W⊖r C
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E!
(x,m)


 ∏

(y,my)∈X
[1− 1{dS2(x,y) < r,my ∈ E}]


 ρ(x,m)λS2(dx)ν(m

is isotropic, and we have taken the reference measure ν to be the probability measu
have that ρ(x,m) = ρg and so

=
1

λS2(W⊖r)ν(C)

∫

W⊖r

∫

C

E!
(x,m)





∏

(y,my)∈X
[1− 1{dS2(x,y) < r,my ∈ E}]





=
1

λS2(W⊖r)

∫

W⊖r

E!
x,C





∏

(y,my)∈X
[1− 1{dS2(x,y) < r,my ∈ E}]



λS2(dx)

=
1

λS2(W⊖r)

∫

W⊖r

P [X !
x,C ∩ {BS2(x, r)× E} = ∅]λS2(dx)

=
1

λS2(W⊖r)

∫

W⊖r

1− P [X !
x,C ∩ {BS2(x, r)× E} ≠ ∅]λS2(dx)

=
1

λS2(W⊖r)

∫

W⊖r

1− P [X !
o,C ∩ {BS2(x, r)× E} ≠ ∅]λS2(dx)

= 1− P [X !
o,C ∩ {BS2(x, r)× E} ≠ ∅]

= 1−DCE(r).

E(·), unbiasedness follows by application of the Campbell Theorem and the fact th
ce between XC and XE implies ρ(2){(x,mx), (y,my)} = ρ(x,mx)ρ(y,my) when m

∈ E. Ratio-unbiasedness of ĴCE(·) follows by unbiasedness of F̂E(·) and D̂CE(·).

roof of Proposition 4

Starting with DCE
inhom(·), suppose that X is now isotropic and that the reference mea

e canonical mark measure, then DCE
inhom(·) becomes,

CE
inhom(r) = 1−G!

y,C(1− ur
y,E)

= 1− 1

ν(C)

∫

C

E!
(y,m)


 ∏

(x,n)∈X

[
1− ρ̄E1{(x, n) ∈ BS2(y, r)× E}

ρ(x, n)

]
 ν(dm)

e process is isotopic ρ(x,m) ≡ ρ ∈ R+ is a constant and ρ̄E = ρ

= 1− 1

ν(C)

∫

C

E!
(y,m)


 ∏

(x,n)∈X
[1− 1{(x, n) ∈ BS2(y, r)× E}]


 ν(dm)

= 1− 1

ν(C)

∫

C

E!
(y,m)


 ∏

(x,n)∈X
1{(x, n) /∈ BS2(y, r)× E}


 ν(dm)

= 1− 1
∫

E!
(y,m) (1[X ∩ {BS2(y, r)× E} = ∅]) ν(dm)
ν(C) C
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= 1− 1

ν(C)

∫

C

P!
(y,m) [X ∩ {BS2(y, r)× E} = ∅] ν(dm)

= 1− P!
y,C [X ∩ {BS2(y, r)× E} = ∅]

= P!
y,C [X ∩ {BS2(y, r)× E} ≠ ∅] .

is isotropic, this probability does not depend on y and we have

CE
inhom(r) = P!

o,C (X ∩ (BS2(o, r)× E) ̸= ∅)

s precisely (5).
t consider FE

inhom(·). To see why this is an extension of the isotropic F -function gi
sider X to be an istropic spheroidal mark process. Then,

FE
inhom(r) = 1−G(1− ur

y,E)

= 1− E


 ∏

(x,m)∈X

[
1− ρ̄E1{(x,m) ∈ BS2(y, r)× E}

ρ(x,m)

]
 .

e process is isotopic, ρ(x,m) ≡ ρ ∈ R+ is a constant and ρ̄E = ρ. Therefore

FE
inhom(r) = 1− E


 ∏

(x,m)∈X
[1− 1{(x,m) ∈ BS2(y, r)× E}]




= 1− E


 ∏

(x,m)∈X
1{(x,m) /∈ BS2(y, r)× E}




= 1− E (1[X ∩ {BS2(y, r)× E} = ∅])
= 1− P(X ∩ (BS2(y, r)× E) = ∅)
= P[X ∩ {BS2(y, r)× E} ≠ ∅].

is isotropic, this probability does not depend on y, and we have

= P[X ∩ {BS2(o, r)× E} ≠ ∅],

s precisely (4).

roof of Theorem 1

re providing the proof we state and prove the following lemma, similar to a portion
Theorem 1 by Cronie and van Lieshout (2016).

a 1. Let X be a marked point process on S2 that is IRWMI. Then,

E!
(y,a)

[∑ ̸=

(x1,m1),...,(x1,m1)∈X

n∏ 1{(xi,mi) ∈ BS2(y, r)× E}
ρ(xi,mi)

]
ν(da)

}
λ(dy)
i=1
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=

∫ }
λ(dy),

and so and on
the left

Proof.

hr,
}
.

Then b

E


 ∑

(y,a)

= E




= E

[

=

∫

B

ν(da).

By the

=

∫

B

ν(da).

We can

E




),

and hen

We

Proof. nstead
of consi using
the infi
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B

{∫

C

[∫

{BS2 (o,r)×E}n

ρ(n+1){(o, a), (x1,m1), . . . , (xn,mn)}
ρ(o, a)ρ(x1,m1) · · · ρ(xn,mn)

n∏

i=1

λS2(dxi)ν(dmi)

]
ν(da)

the integrand in the curly brackets are almost λS2 everywhere equal, and the integr
hand side is independent of y ∈ S2.

Define the following function h : (S2 ×M)×Nlf 7→ R+,

B{(y, a), ϕ} =
1{(y, a) ∈ B × C}

ρ(y, a)

∑̸=

(x1,m1),...,(x1,m1)∈ϕ

n∏

i=1

1{(xi,mi) ∈ BS2(y, r)× E

ρ(xi,mi)

y taking expectations of hr,B we have,

∈X
hr,B{(y, a), X \ (y, a)}




∑

(y,a)∈X

1{(y, a) ∈ B × C}
ρ(y, a)

∑ ̸=

(x1,m1),...,(x1,m1)∈X\(y,a)

n∏

i=1

1{(xi,mi) ∈ BS2(y, r)× E}
ρ(xi,mi)




∑ ̸=

(y,a),(x1,m1),...,(x1,m1)∈X
1{(y, a) ∈ B × C}

ρ(y, a)

n∏

i=1

1{(xi,mi) ∈ BS2(y, r)× E}
ρ(xi,mi)

]

∫

C

{∫

(BS2 (y,r)×E)n

ρ(n+1){(y, a), (x1,m1), . . . , (xn,mn)}
ρ(y, a)ρ(x1,m1) · · · ρ(xn,mn)

n∏

i=1

λS2(dxi)ν(dmi)

}
λS2(dy)

IRWMI assumption, we can remove the dependency on y to give,

∫

C

{∫

(BS2 (o,r)×E)n

ρ(n+1){(o, a), (x1,m1), . . . , (xn,mn)}
ρ(o, a)ρ(x1,m1) · · · ρ(xn,mn)

n∏

i=1

λS2(dxi)ν(dmi)

}
λS2(dy)

also use the Campbell-Mecke Theorem to obtain,

∑

(y,a)∈X
hr,B{(y, a), X \ (y, a)}




=

∫

B

{∫

C

E!
(y,a)

[∑ ̸=

(x1,m1),...,(x1,m1)∈X

n∏

i=1

1{(xi,mi) ∈ BS2(y, r)× E}
ρ(xi,mi)

]
ν(da)

}
λ(dy

ce the lemma holds.

now commence with the proof of Theorem 1

Our proof is analagous to that of (Theorem 1 Cronie and van Lieshout, 2016) where i
dering Rn we consider S2. We can consider an infinite series expansion of FE

inhom(·) by
nite series representation of the generating functional,

om(r) = G(1− ur
y,E)
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2(dxi)ν(mi).

Using e

(dxi)ν(mi)

}

(dxi)ν(mi)

}
,

where t point
y.

Nex

1−DC
in

where t argu-
ment. F

1−DC
in

a),
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re
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= 1 +
∞∑

n=1

(−1)n

n!

∫

S2×M
· · ·
∫

S2×M

n∏

i=1

ρ̄E1{(xi,mi) ∈ BS2(y, r)× E}
ρ(xi,mi)

ρ(n) {(x1,m1), . . . , (xn,mn)}λS2(dxi)ν(mi),

= 1 +
∞∑

n=1

(−ρ̄E)
n

n!

∫

BS2 (y,r)×E

· · ·
∫

BS2 (y,r)×E

ρ(n) {(x1,m1), . . . , (xn,mn)}
ρ(x1,m) · · · ρ(xn,m)

n∏

i=1

λS

.g. (Chiu et al., 2013, p. 126), the above is equivalent to

= exp

{ ∞∑

n=1

(−ρ̄E)
n

n!

∫

BS2 (y,r)×E

· · ·
∫

BS2 (y,r)×E

ξn((x1,m1), . . . , (xn,mn))
n∏

i=1

λS2

= exp

{ ∞∑

n=1

(−ρ̄E)
n

n!

∫

BS2 (o,r)×E

· · ·
∫

BS2 (o,r)×E

ξn((x1,m1), . . . , (xn,mn))
n∏

i=1

λS2

he final equality is by IRWMI of X. Hence FE
inhom(·) is independent of the arbitrary

t we look at DCE
inhom(·),

E
hom(r) = G!

y,C(1− ur
y,E)

=
1

ν(C)

∫

C

E!
(x,a)


 ∏

(y,m)∈X

{
1− ρ̄E1{(xi,mi) ∈ BS2(y, r)× E}

ρ(xi,mi)

}
 ν(da)

= 1 +
1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!

∫

C

E!
(x,a)

[∑ ̸=

(x1,m1),...,(x1,m1)∈X

n∏

i=1

1{(xi,mi) ∈ BS2(y, r)× E}
ρ(xi,mi)

]
ν(da),

he final equality holds due to local finitedness of X and using an inclusion-exclusion
rom Lemma 1 we have,

E
hom(r) = 1 +

1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!
∫

C

∫

{BS2 (o,r)×E}n

ρ(n+1){(o, a), (x1,m1), . . . , (xn,mn)}
ρ(o, a)ρ(x1,m1) · · · ρ(xn,mn)

n∏

i=1

λS2(dxi)ν(dmi)ν(da)

= 1 +
1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!

∫

C
(∫

{BS2 (o,r)×E}n

n+1∑

k=1

∑

E1,...,Ek

k∏

j=1

ξ|Ej |[{(xi,mi) : i ∈ Ej}]
n+1∏

i=2

λS2(dxi)ν(dmi)

)
ν(d
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x1,m1) = (o, a). Define In =
∫
{BS2 (o,r)×E}n ξn{(x1,m1), . . . , (xn,mn)}

∏n
i=1 λS2(dxi)

l out all terms containing (x1,m1) = (o, a), we obtain

= 1 +
1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!

∑

Π⊂{1,...,n}
JCE
|Π| (r)

n−|Π|∑

k=1

∑

E1,...,Ek ̸=∅,disjoint
∪k
j=1Ej={1,...,n}\Π

k∏

j=1

I|Ej |,

· | denotes cardinality and Pn is the power set of {1, . . . , n}. This can be expressed

E
hom(r) = 1+

1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!
JCE
|∅| (r)

n−|∅|∑

k=1

∑

E1,...,Ek ̸=∅,disjoint
∪k
j=1Ej={1,...,n}\∅

k∏

j=1

I|Ej |+

1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!
JCE
|{1,...,n}|(r)

n−|{1,...,n}|∑

k=1

∑

E1,...,Ek ̸=∅,disjoint
∪k
j=1Ej={1,...,n}\{1,...,n}

k∏

j=1

I|Ej |+

1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!

∑

Π⊂{1,...,n}
Π/∈{∅,{1,...,n}}

JCE
|Π| (r)

n−|Π|∑

k=1

∑

E1,...,Ek ̸=∅,disjoint
∪k
j=1Ej={1,...,n}\Π

k∏

j=1

I|Ej |.

≡ 1 then JCE
0 (r) = ν(C) by construction, and under the convention

∑0
k=1 · = 1, w

1−DCE
inhom(r) = 1+

1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!

n∑

k=1

∑

E1,...,Ek ̸=∅,disjoint
∪k
j=1Ej={1,...,n}

k∏

j=1

I|Ej |+

1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!
JCE
n (r)+

1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!

∑

Π⊂{1,...,n}
Π/∈{∅,{1,...,n}}

JCE
|Π| (r)

n−|Π|∑

k=1

∑

E1,...,Ek ̸=∅,disjoint
∪k
j=1Ej={1,...,n}\Π

k∏

j=1

I|Ej |.

here are
(
n
d

)
ways to select d elements of the set {1, . . . , n}, the second summand

m can be simplified as

E
hom(r) = 1+

1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!

n∑

k=1

∑

E1,...,Ek ̸=∅,disjoint
∪k
j=1Ej={1,...,n}

k∏

j=1

I|Ej |+

1

ν(C)

∞∑ (−ρ̄E)
n

n!
JCE
n (r)+
n=1
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1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!

n−1∑

d=1

(
n

d

)
JCE
d (r)

n−d∑

k=1

∑

E1,...,Ek ̸=∅,disjoint
∪k
j=1Ej={1,...,n−d}

k∏

j=1

I|Ej |.

ng the order of summation and some basic manipulation gives

E
hom(r) = 1+

1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!

n∑

k=1

∑

E1,...,Ek ̸=∅,disjoint
∪k
j=1Ej={1,...,n}

k∏

j=1

I|Ej |+

1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!
JCE
n (r)+

1

ν(C)

{ ∞∑

n=1

(−ρ̄E)
n

n!
JCE
n (r)

}




∞∑

l=1

(−ρ̄E)
l

l!

l∑

k=1

∑

E1,...,Ek ̸=∅,disjoint
∪k
j=1Ej={1,...,l}

k∏

j=1

I|Ej |





,

an be factorised as,

=
1

ν(C)

{
ν(C) +

∞∑

n=1

(−ρ̄E)
n

n!
JCE
n (r)

}



1 +

∞∑

l=1

(−ρ̄E)
l

l!

l∑

k=1

∑

E1,...,Ek ̸=∅,disjoint
∪k
j=1Ej={1,...,l}

k∏

j=

= JCE
inhom(r)G(1− ur

y,E).

ves the identity. Also by IRWMI JCE
inhom(·) is independent of the typical point and

) and DCE
inhom(·).

roof of Proposition 5

proof follows analgously to Proposition 2 of Cronie and van Lieshout (2016) but
of spherical marked point processes. Prior to proving the proposition, it can be sho
pbell formula that when XC is independent of XE then

ρnC+nE{(x1,m1), . . . , (xnC
,mnC

), (x̃1, m̃1), . . . , (x̃nE
, m̃nE

)} =

ρnC{(x1,m1), . . . , (xnC
,mnC

)}ρnE{(x̃1, m̃1), . . . , (x̃nE
, m̃nE

)},

xi,mi) ∈ S2 × C and (x̃i, m̃i) ∈ S2 × E. This identity follows due to uniqueness
er intensity functions.
now provide the proof of Proposition 5.

(1− ur
y,E) = 1 +

1

ν(C)

∞∑ (−ρ̄E)
n

n!

n=1
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∫

C

∫

{BS2 (o,r)×E}n

ρ(n+1){(o, a), (x1,m1), . . . , (xn,mn)}
ρ(o, a)ρ(x1,m1) · · · ρ(xn,mn)

n∏

i=1

λS2(dxi)ν(dmi)ν(

we have

(1− ur
y,E) = 1 +

1

ν(C)

∞∑

n=1

(−ρ̄E)
n

n!
∫

C

∫

{BS2 (o,r)×E}n

ρ(o, a)ρ(n){(x1,m1), . . . , (xn,mn)}
ρ(o, a)ρ(x1,m1) · · · ρ(xn,mn)

n∏

i=1

λS2(dxi)ν(dmi)ν(da

= 1 +
∞∑

n=1

(−ρ̄E)
n

n!
∫

{BS2 (o,r)×E}n

ρ(n){(x1,m1), . . . , (xn,mn)}
ρ(x1,m1) · · · ρ(xn,mn)

n∏

i=1

λS2(dxi)ν(dmi)

= G(1− ur
y,E).

he equality is proven and JCE
inhom(r) ≡ 1 when XC and XE are independent.

roof of Proposition 6

This proof follows analagously to the proof of Lemma 1 by Cronie and van Lieshout
he context of spherical point processes instead of Euclidean ones. The proof of unbias

om(·) holds trivially by taking expectations of the estimator and equating Definitio
F̂E
inhom(·), by taking expectations we have,

E
{
1− F̂E

inhom(r)
}
=

1

|IW⊖r |
∑

p∈IW⊖r

E


 ∏

(x,m)∈X

[
1− ρ̄E1{dS2(p,x) ≤ r,m ∈ E}

ρ(x,mx)

]


=
1

|IW⊖r |
∑

p∈IW⊖r

G(1− ur
p,E).

orem 1, the generating functional is independent of the point p and so,

=
1

|IW⊖r |
∑

p∈IW⊖r

G(1− ur
o,E)

= G(1− ur
o,E),

he unbiasedness of F̂E
inhom(·).

D̂CE
inhom(·), by taking expectations we have,

r)ν(C)E
{
1− D̂CE

inhom(r)
}


 ∑

(x,mx)∈X

1{(x,mx) ∈ W⊖r × C}
ρ(x,mx)

∏

(y,my)∈X

[
1− ρ̄E1{dS2(x,y) < r,my ∈ E}

ρ(y,my)

]
 .
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Campbell-Mecke Theorem,

W⊖r

∫

C

E!
x,mx


 1

ρ(x,mx)

∏

(y,my)∈X

[
1− ρ̄E1{dS2(x,y) < r,my ∈ E}

ρ(y,my)

]
 ρ(x,mx)λS2(d

W⊖r

∫

C

E!
x,mx


 ∏

(y,my)∈X

[
1− ρ̄E1{dS2(x,y) < r,my ∈ E}

ρ(y,my)

]
λS2(dx)ν(dmx)

(C)

∫

W⊖r


 1

ν(C)

∫

C

E!
x,mx


 ∏

(y,my)∈X

[
1− ρ̄E1{dS2(x,y) < r,my ∈ E}

ρ(y,my)

]


λS2(dx)

(C)

∫

W⊖r

G!
x,C(1− ur

x,E)λS2(dx).

1 dictates the generating functional is independent of the typical point x, and so

S2(W⊖r)ν(C)G!
o,C(1− ur

o,E).

ves the unbiasedness of DCE
inhom(·). Ratio unbiasedness of JCE

inhom(·) follows triviall
dness of FE

inhom(·) and DCE
inhom(·), and the assumption that ν is known.

roof of Proposition 7

This proof follows analogously to the proof of Proposition 4 by Cronie and van Li
except here in the context of rotations of spherical point processes. We show th
ors can be written as a function of (ΞXC ,ΞXE). Then, by the independence of XC an

ational invariance of Ξ we have that (ΞXC ,ΞXE)
d
= (ΞXC ,ΞXE

O ) for any O ∈ O(3).
any x ∈ S2, by the local finiteness of X and an inclusion-exclusion argument, we hav

∏

(y,my)∈X

[
1− ρ̄E1[(y,my) ∈ {BS2(x, r)× E}]

ρ(y,my)

]

= 1 +
∞∑

n=1

(−ρ̄E)
n

n!




̸=∑

(x1,m1),...,(xn,mn)∈X

n∏

i=1

1[(y,my) ∈ {BS2(x, r)× E}]
ρ(y,my)




= 1 +
∞∑

n=1

(−ρ̄E)
n

n!
ξ
[n]
XE

{BS2(x, r)},

[n]
XE

{BS2(x, r)} =
∑̸=

(x1,m1),...,(xn,mn)∈X
∏n

i=1

1[(y,my)∈{BS2 (x,r)×E}]
ρ(y,my)

is the factorial powe

ΞXC , and hence is a function of ΞXC . This implies that F̂E
inhom(·) can be writte

of ΞXC since,

1− F̂E
inhom(r) =

1

|IW⊖r |
∑

p∈IW⊖r

∏

(x,m)∈X

[
1− ρ̄E1{dS2(p,x) ≤ r,m ∈ E}

ρ(x,mx)

]

=
1

|IW⊖r |
∑ [

1 +
∞∑

n=1

(−ρ̄E)
n

n!
ξ
[n]
XE

{BS2(p, r)}
]
.

p∈IW⊖r
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e we assume C and E are disjoint, and by the local finiteness ofX, we have λS2(W⊖r)ν
r)} can be written as,

∫

W⊖r×C

(
1 +

∞∑

n=1

−ρ̄nE
n!

ξ
[n]
XE

{BS2(x, r)}
)
ΞXC (dx, dm)

s in the event that ν is known, both F̂E
inhom(·) and D̂CE

inhom(·) can be written as a fu
,ΞXE) and hence F̂E

inhom(·), D̂CE
inhom(·), and ĴCE

inhom(·) are distributionally invariant
s of either ΞXC or ΞXE .
he event that ν is unknown, we can use the estimator (25). In this case it can be rew

∑

(x,m)∈X∩(W⊖r×C)

1

ρ(x,m)
= ΞXC (W⊖r × C).

we still retain rotational distributional invariance of F̂E
inhom(·), D̂CE

inhom(·), and ĴCE
inhom

hermore, note that K̂CE
inhom(·) can be written as,

K̂CE
inhom(r) =

1

λS2(W⊖r)ν(C)ν(E)

∫

W⊖r×C

ΞXE{BS2(x, r)}ΞXC (dx, dm),

ce is distributionally invariant under rotations of either ΞXC or ΞXE . As before,
at ν is unknown we can use the estimator (26) which is a function of Ξ. For exam

ν̂(C) =
1

λS2(W⊖r)

∑

(x,m)∈X∩(W⊖r×C)

1

ρ(x,m)

=
1

λS2(W⊖r)
ΞXC (W⊖r × C).

re

1

λS2(W⊖r)
ΞXC (W⊖r × C)ΞXE(W⊖r × E)

timator for λS2(W⊖r)ν(C)ν(E), and hence still maintains distributional invariance
s of Ξ.
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