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Abstract

The past few decades have seen an explosion in our ability to probe both extrasolar planetary
systems and their progenitors, protoplanetary discs. From surveys in the latter half of the
last century that identified thermal emission generated by circumstellar dust in the spectral
energy distributions of young stellar objects, to recent high resolution observations of dust and
gas substructures that are ubiquitous in these circumstellar discs, we now have a vast pool of
data to analyse and interpret in our quest to answer the extant questions in the field of planet
formation.

In this thesis, I present the work that I have undertaken to tackle some of these questions by
creating self-consistent models of dust evolution in protoplanetary discs. The motivation behind
generating such models is that the physical processes that govern features of disc evolution
are fundamentally inextricably linked. My work has therefore attempted to include the major
physical processes that a↵ect dust in discs, coupling these processes to create self-consistent
simulations whilst also maintaining a level of computational e�ciency that allows calculations
to be run for the desired astrophysical timescales in reasonable computational timescales.

After introducing the field and the relevant physical processes, I outline the numerical
methods that I employ, detailing deviations from the standard disc model that I find by
including additional dimensionality and the coupling of physical processes. I go on to study the
e↵ect of radiation pressure on dust outflows in dispersing, photoevaporating discs, a problem that
fundamentally requires resolving the vertical dimension. Finally I detail my work studying the
dynamics and thermodynamics of molecular condensation fronts, or snowlines, in discs. Through
this work, I have demonstrated that studying protoplanetary discs through a multi-dimensional
approach is vital if we are to develop a complete and robust picture of their structure and
evolution.
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Chapter 1

Introduction

The oldest theories of planet formation date back to Kant (1755), Laplace (1796) and others in
the 18th century. They outlined the ‘nebular hypothesis’ for the formation of the solar system,
which suggested that the sun was born out of a cooling, contracting cloud of material. As
this cloud shrank in size, its rotational velocity increased due to the conservation of angular
momentum. It therefore flattened, leading to the formation of a central object (the sun)
surrounded by concentric rings of material. According to the hypothesis, these rings were what
ultimately condensed to form the planets we know today. Concerted e↵ort to develop and
generalise this theory to stellar systems other than our own began with the advent of modern
astronomical methods and techniques in the 20th century. The past few decades specifically
have seen the study of young planetary systems and their formation environments become a
rapidly evolving field with major interest within the astrophysics community. This is largely
due to an unprecedented wealth of observations that have allowed us to peer into these alien
stellar systems. Protoplanetary discs, the discs of gas and dust that form around young stars,
are the birthplaces of such planetary systems and have, therefore, been subject to extensive
theoretical interest. Many questions relating to their nature have arisen in recent years that
remain at least partly unanswered by current theoretical models.

1.1 Observations of protoplanetary discs

Whilst there existed tentative evidence from early in the last century that white dwarves hosted
circumstellar material (see Farihi, 2016, for a review), the discovery of evidence of circumstellar
material around young stars began in the mid-century, decades before the first resolved images
canonised protoplanetary discs within the field of observational astronomy. First characterised
by Joy (1945, 1949), T Tauri stars (so-called after their prototype, T Tauri) were identified as
an unusual class of star that showed large variability, alongside blue and infrared (IR) excesses
in their spectra compared to main sequence counterparts (e.g. Mendoza V, 1966; Gillett and
Stein, 1971; Strom et al., 1971, 1972). These signatures were initially theorised to be associated
with spherical shells of circumstellar material; a hot (⇠ 104 K) gaseous component responsible
for the UV and blue emission and a cooler (⇠ 102 K) dust component responsible for thermal
IR emission (e.g. Strom et al., 1971; Cohen and Kuhi, 1979). The paradigm shift from spherical
shells to disc-like structures was precipitated by both an array of observational evidence - strong
light polarisation, implying scattering by flattened dust structures (e.g. Elsasser and Staude,
1978); collimated bipolar outflows, implying accretion disc origin (see the review by Lada, 1985);
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CHAPTER 1. INTRODUCTION

and resolved continuum images of a number of young stars that implied disc-like structures
(see e.g. Grasdalen et al., 1984) to name a few - alongside theoretical work such as radiative
transfer models generated for fitting IR excesses (e.g. Kenyon and Hartmann, 1987), at this
point well-documented due to surveys by the Infrared Astronomical Satellite (IRAS) after its
launch in 1983 (e.g. Strom et al., 1989), and work studying viscous accretion discs (Lynden-Bell
and Pringle, 1974; Pringle, 1981). In particular, Lynden-Bell and Pringle (1974) showed how
viscous discs of material, as opposed to shells, could better explain the observed phenomena, as
the disc itself emits thermally in the IR whilst accreting material that shocks onto the stellar
surface generates variable blue emission that peaks in the UV. With the advent of the Hubble
Space Telescope (HST) at the outset of the 1990s, the first direct images of silhouettes of
protoplanetary discs against a bright backdrop of the Orion Nebula (O’dell et al., 1993; O’Dell
and Wen, 1994; McCaughrean and O’Dell, 1996) irrefutably demonstrated that protoplanetary
discs are a direct consequence of the star formation process and are the stepping-stones to the
formation of planetary systems such as our own.

The evolutionary stages of the protostar and circumstellar disc were classified through
studying the spectral energy distributions (SEDs) of objects in star forming regions of the galaxy
(Lada and Wilking, 1984; Lada, 1987). Four classes of young stellar objects (YSOs) are defined:
class 0 sources are heavily obscured with no visible stellar component, class I sources have IR
excess above the stellar component with positive slopes in the SED from the near- to mid-IR,
class II sources have flat or negative slopes however still a significant IR excess, and class III
sources have weak/no IR excess (Williams and Cieza, 2011). Class II & III sources both fall
under the previously defined group of T Tauri stars, which themselves can be separated into
classical T Tauri stars (CTTS) and weak-lined T Tauri stars (WTTS), distinguished by the
strength of their H↵ line emission (see e.g. Mart́ın, 1998). The strength of this line emission is
an accretion indicator (see Kenyon and Hartmann 1990 and refs. within), and therefore CTTS
are thought to be actively accreting whilst WTTS have negligible accretion. Most class II &
III sources fall in the CTTS & WTTS branches respectively. This link gives strong evidence
that the YSO classes demonstrate the stages of stellar and circumstellar material evolution;
class 0/I sources still have large infalling envelopes, whilst class II sources have an accreting,
optically thick protoplanetary disc and have lost their envelope, and finally class III sources
have little-to-no disc remaining and minimal accretion. These four classes are summarised in
Fig. 1.1. Given the associated timescales, which can be estimated based on the observed disc
fractions in star clusters of varying age (see e.g. Haisch et al., 2001), the bulk of planet formation
is thought to occur within the class II phase and the discs around these sources are what are
commonly meant when discussing protoplanetary discs specifically. However, recent theoretical
and observational work has suggested that planet formation may be ongoing during both the
class 0 and I phases, meaning that we may need to more accurately consider their e↵ects on the
class II phase to get a full picture of end-to-end planet formation (see e.g. Tsukamoto et al.,
2017; Yamato et al., 2023; Maureira et al., 2024).

Building a comprehensive picture of protoplanetary discs requires making observations of
both the gas and dust components. Dust grains emit as quasi-blackbodies and therefore generate
continuum emission, whilst gas molecules produce emission lines at wavelengths that depend
on the rotational, vibrational and electronic transitions available to the species. The gas is
mostly composed of molecular hydrogen, which lacks transitions at the cold temperatures found
everywhere in protoplanetary discs apart from the very inner regions, making it essentially
invisible; we therefore study the gas component through significantly less abundant molecules
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CHAPTER 1. INTRODUCTION

Figure 1.1: Classes of young stellar objects (YSOs) based on their spectral energy distributions
(SEDs). The SEDs are plotted as the wavelength-specific flux multiplied by the wavelength, �F�,
against wavelength. Proto-stellar/stellar blackbody components are shown by the dashed lines,
whilst the combined stellar-disc signals are shown by the solid lines. The flux trough at 10 µm
in the class I SED arises due to prominent silicate absorption features at these wavelengths.
This figure was produced based on Figs. 2 & 8 in Lada (1987) & André (1994) respectively.
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that act as tracers of the hydrogen but can be observed predominantly due to their ro-vibrational
transitions that can be excited at relatively low temperatures.

1.1.1 Observations of dust

In recent years, our observational capabilities have increased rapidly due to the advent of a
number of exquisite observational instruments. We have been able to transition from spatially-
unresolved observations of dust (i.e. SEDs) to high-resolution observations that reveal the
radial, azimuthal and vertical structure of dust in protoplanetary discs. Observations made
by interferometers such as the Institut de Radioastronomie Millimetrique (IRAM) Plataeu de
Bure Interferometer (e.g. Dutrey et al., 1996), the Nobeyama Millimetre Array (e.g. Kitamura
et al., 2002), and the Sub-Millimetre Array (SMA) (e.g. Andrews et al., 2009, 2011, 2012)
were able to resolve discs on the 50-100 au scale and set the stage for the Atacama Large
Millimetre/sub-millimetre Array (ALMA), which started taking observations in 2014. ALMA
is an interferometer made up of tens of antennae with long baselines up to ⇠ 15 km (ALMA
Partnership et al., 2015b). The high spatial resolution of ALMA has allowed us to resolve both
the dust and gas components of planet-forming discs. Cold dust grains at the disc mid-plane
emit continuum emission that peaks in the IR at around a millimetre, meaning that ALMA
observations allow us to resolve the dust structure at scales of a few to tens of au depending on
the distance to the star forming region. Observations by ALMA have revealed large amounts of
structure in discs (see e.g. Huang et al., 2018b; Long et al., 2018) which theorists are yet to
comprehensively understand. Whilst ALMA gives us a view of mm-sized grains at the mid-plane,
small grains at higher altitudes in the disc can be studied through their scattered light: either
by leveraging the polarisation of light induced by scattering from dust grains in the polarimetric
di↵erential imaging (PDI) approach employed by instruments such as SPHERE (see e.g. Garufi
et al., 2017; Avenhaus et al., 2018), or by imaging edge-on discs in the optical and near-IR
with instruments such as HST or the James Webb Space Telescope (JWST) (see e.g. Burrows
et al., 1996; Duchêne et al., 2024). This wealth of observational data has allowed theorists
to build and test models of disc structure and evolution, and whilst many observations have
confirmed large parts of our theoretical understanding, many have also exposed deficiencies
- leaving many questions related to protoplanetary discs that are still interesting avenues of
research for theorists to investigate.

ALMA observations have revealed that radial structures that cause deviations in the dust
surface density profile on the order of a few au are ubiquitous features of class II discs (e.g.
ALMA Partnership et al., 2015a; Andrews et al., 2016; Long et al., 2020; Segura-Cox et al., 2020).
An example of such a structured disc can be seen in Fig. 1.2. As these features exist within
the larger structure of the disc, they are referred to as “substructures”. They most commonly
manifest themselves as bright and dark axisymmetric rings in the disc, but non-axisymmetric
features are also observed. There are a wide range of theoretical mechanisms that can lead to
such substructures. The majority focus on processes that can generate local pressure maxima
in the disc that trap dust, as local enhancements in dust density will lead to greater emission
from such regions as the outer regions of the disc are thought to be optically thin. As planetary
companions grow they interact with the disc, with both the disc and planet transferring angular
momentum to one another (Goldreich and Tremaine, 1980). As the planet grows in mass
this process opens a gap in the disc at the planet’s orbital radius, and pressure bumps at the
gap’s edges can trap dust (Rice et al., 2006; Kley and Nelson, 2012). Other mechanisms for
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Figure 1.2: ALMA observations of the dust and gas components of HD 163296. Beam sizes and
10 au scale-bars can be seen in the bottom-left and bottom-right of each image respectively.
Clear substructure can be seen in the bright rings, dark gaps and an asymmetric arc in the dust
continuum emission. Adapted from Andrews et al. (2018) & Öberg et al. (2021) preprints.

creating dust over-densities include various instabilities in the disc such as zonal flows created
by the magnetorotational instability (Johansen et al., 2009), temperature instabilities (Wu and
Lithwick, 2021), gravitational instabilities (Takahashi and Inutsuka, 2014), viscous instabilities
(Dullemond and Penzlin, 2018) and the condensation-fronts of molecular species (Okuzumi et al.,
2016).

Constraints on the dust vertical structure in discs have also been improved through obser-
vations in recent years. Observations of edge-on discs with ALMA have shown that mm-sized
grains are highly settled compared to small grains, as expected by theory (Villenave et al.,
2020, 2022). These observations also found evidence of flaring in mm emission for a class I
source (IRAS 04302) whilst all class II sources exhibited radially flat emission, implying that
dust grains in the outer regions of IRAS 04302 are not fully settled to the mid-plane; this
supports the theory that class I sources are at earlier stages in their evolution than class II
sources. Whilst ALMA allows us to observe the cold mm-sized dust at the mid-planes of discs,
instruments that measure polarisation, such as SPHERE, alongside those that observe in the
optical and near-IR such as HST and JWST give us insight into the spatial structure of small
grains. This is because both areas of observational phase-space probe the scattering of light by
small grains. Fig. 1.3 shows a number of images of the edge-on disc Tau 042021 at wavelengths
of 0.6� 21 µm, revealing a structure composed of two bright nebulae separated by a dark lane
(Duchêne et al., 2024). These nebulae correspond to the upper and lower optical surfaces of the
disc, and their apparent heights and separations are a delicate function of the dust properties
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Figure 1.3: Observations of the edge-on disc Tau 042021. Beam sizes can be seen in the
bottom-left of each image, whilst the observational instrument is indicated in the bottom-right.
The � symbol highlights an uncorrected bad pixel. Adapted from Duchêne et al. (2024) preprint.

in the disc. An exploration of dust models by Duchêne et al. (2024) suggests that 10 µm
grains are well-mixed with the gas while 100 µm grains are settled, an e�ciency of settling also
seen in HH 30 (Tazaki et al., 2025). The images at 7.7 & 12.8 µm also reveal an X-shaped
structure that they infer to be likely associated with scattering from small sub-micron grains
entrained in a photoevaporative wind driven by high energy photons from the central star; this
entrainment is predicted by models of photoevaporation and dust dynamics - see Booth and
Clarke (2021); Franz et al. (2022); Rodenkirch and Dullemond (2022). In concordance with
di↵erent observational methods revealing the heterogeneity of discs, other studies of edge-on
discs have diverged from this picture, with evidence of significantly more e�cient settling in
Oph 163131 (Villenave et al., 2022, 2024).

Observations of dust can also be used to constrain dust disc masses. We assume the disc to
be a thin, homogeneous cylinder of dust with mass density ⇢d, radius RD and thickness �Z,
situated at a distance d from the observer and viewed face-on. If we then assume that the dust
is isothermal at a temperature Td and optically thin at the observed frequency, i.e. ⌧⌫ ⌧ 1, then
the specific intensity received is given by I⌫ = B⌫(Td)⌧⌫ where B⌫ is the Planck function. We
can integrate over the solid angle of the source to find the received flux,

F⌫ =

Z
I⌫ cos ✓d⌦ = 2⇡B⌫⌧⌫

Z
✓D

0

sin ✓ cos ✓d✓, (1.1)

where cos ✓ in the integrand accounts for the projected receiving area and ✓D = tan�1
�
RD
d

�
is

the angle at which a ray from the outer edge of the disc reaches the observer. Integrating and
assuming that d � RD, and therefore that tan ✓ ⇡ sin ✓ ⇡ ✓, we arrive at
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F⌫ =
⇡R

2

D
B⌫⌧⌫

d2
. (1.2)

We can then expand out the optical depth as ⌧⌫ = ⇢d⌫�Z, where ⌫ is the opacity of the
dust. Plugging this in, we find that the numerator includes ⇢d⇡R2

D
�Z, i.e. the total dust mass,

Md. Rearranging then gives us

Md =
F⌫d

2

B⌫(Td)⌫
. (1.3)

One can also arrive at the same result by considering a number of individual dust grains
in a spherical cloud, see Hildebrand (1983). To calculate a mass, we must also choose a dust
temperature and opacity: studies typically choose Td = 20 K, the median temperature found
through the SED fitting of discs in the Taurus region (Andrews and Williams, 2005); and
⌫ = 10(⌫/THz)� cm2 g�1, where the standard choice is � = 1, an opacity law proposed by
Beckwith et al. (1990) that is motivated by both observational and theoretical constraints.
These are very simplifying assumptions, however they allow for homogeneous analysis of the
disc population. The distance to the disc, d, is taken as the distance to the star forming region,
typically constrained by studying the reddening introduced by the cluster to the photometry of
background stars compared to foreground stars with known distances (see e.g. Schlafly et al.,
2014). From such calculations, median dust disc masses in di↵erent regions have been measured
to range from < 1 M� in the oldest regions such as Upper Scorpius at 5-11 Myr (Barenfeld
et al., 2016), to ⇠ 100 M� in the youngest regions such as Perseus at < 1 Myr (Tychoniec
et al., 2018). The median across all measured class II discs sits at ⇠ 1 M� (Andrews, 2020);
these masses should however really be seen as a lower limit, since optically thick regions of the
disc act to conceal mass (see e.g. Beckwith et al., 1990; Ballering and Eisner, 2019; Zhu et al.,
2019) and invoking dust distributions with maximum grain sizes of ⇠cm, a possibility due to
grain growth, significantly reduces the mm opacity - thereby increasing the mass calculated via
Eqn. 1.3 (Birnstiel et al., 2018). Detailed models of dust evolution and planet formation also
demonstrate that using Eqn. 1.3 underestimates the actual simulation mass due to optically
thick regions of dust (see e.g. Pinilla et al., 2020; Savvidou and Bitsch, 2025).

1.1.2 Observations of gas

To arrive at a comprehensive picture of gas structure and evolution in discs, the entire breadth
of the electromagnetic spectrum can be harnessed to study the emission resulting from the
transitions of molecules, atoms and ions. UV & X-ray observations investigate the hot gaseous
material accreting onto the star at the very innermost edge of the disc (Drake et al., 2005;
Ardila et al., 2013; Skinner and Audard, 2022; Micolta et al., 2023) whilst those in the near-
and mid-IR probe excited molecules in the inner disc (Carr and Najita, 2008, 2011; Salyk et al.,
2008, 2025; Pontoppidan et al., 2010; Pascucci et al., 2013; Pontoppidan et al., 2024). The
far-IR was predominantly probed by the Herschel mission and allows the study of hydrides
such as H2O and HD, the latter a very useful tracer for calculating accurate H2 masses (Bergin
et al., 2013; Salinas et al., 2016; van Dishoeck et al., 2021). Dust-to-gas ratios in the discs with
independently measured HD gas and continuum dust masses are generally consistent with the
ISM value of 0.01 (Trapman et al., 2017). The sub-mm/mm regime reveals the structure and
abundance of cold molecular gas - the dominant mass component of the disc - primarily through
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Figure 1.4: Observations of CO and N2H+ in the disc TW Hydra, with the predicted CO
snowline location shown by the dashed red line. Adapted from Qi et al. (2013) preprint.

rotational transitions (Sargent and Beckwith, 1987; Dutrey et al., 1996, 1997; Qi et al., 2003;
Thi et al., 2004; Guilloteau et al., 2013, 2016); since 2014, our observational capabilities in these
wavelengths have vastly increased due to the high spatial resolution a↵orded by ALMA (Öberg
et al., 2015; Huang et al., 2018a; Öberg et al., 2021).

From this plethora of observations, we now have confirmed detections of dozens of molecules,
from simple molecules such as CO (Koerner et al., 1993) and HCN (Dutrey et al., 1997) to
complex organic molecules such as CH3OCH3 (Brunken et al., 2022). Highly resolved ALMA
observations have revealed diverse spatial structure across di↵erent molecules, as can be seen for
HD 163296 in Fig. 1.2. This structure is expected, given the spatial dependence of quantities
such as temperature and the radiation field, upon which the disc chemistry hinges. One such
dependence on temperature is the sharp transition from the ice- to the gas-phase that occurs
at the sublimation temperatures of volatile molecules. At their sublimation temperatures,
gas-phase volatiles will condense onto the surfaces of available dust grains. The spatial contours
corresponding to these transitions are referred to as condensation fronts or snowlines. As the disc
temperature decreases with radius away from the central star, molecules exist in the gas-phase
in the inner disc, then condense at the radius corresponding to their sublimation temperature.
At the mid-plane, for the majority of snowlines, this radius lies closer to the star than at higher
altitudes due to the interior of the disc being cooler than the surface layers. This morphology
changes only for snowlines at radii . a few au (e.g. H2O) where viscous heating dominates
the disc heating (see e.g. Wang et al., 2025). Fig. 1.4 shows observations detailed by Qi et al.
(2013) that constrain the radial location of the CO snowline in TW Hydra through studying
both CO and N2H+. The gas-phase abundances of these species anti-correlate as the presence
of gas-phase CO enhances N2H+ destruction and inhibits its formation; the radial outer edge in
CO and radial inner edge in N2H+ should therefore define the snowline. Qi et al. (2013) find a
radius of ⇠ 30 au, which is in concordance with disc models. However, as previously mentioned,
this snowline radius is a function of height, and the disc altitude associated with the observed
snowline radius in Fig. 1.4 depends on the emitting layer that is being probed, and therefore
the optical depth of the line.

CO is the most abundant tracer molecule, with an abundance of ⇠10�4 relative to hydrogen
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in the ISM (Asplund et al., 2009), and is therefore used to estimate gas masses in discs. As
discussed in relation to dust masses, one requires optically thin emission; the lines of the
main isotopologue, 12CO, are very optically thick (Beckwith and Sargent, 1993), and therefore
emission from more rarefied isotopologues such as C18O and 13CO is leveraged. Observed fluxes
of these species are compared to grids of disc models to estimate the CO gas mass (Williams
and Best, 2014; Miotello et al., 2014, 2016). Measurements of CO gas masses have birthed an
as-yet-unsolved conundrum; when comparing to dust disc masses, we find dust-to-gas ratios that
are typically at least an order of magnitude larger than the canonical ISM value of 0.01(Ansdell
et al., 2016; Miotello et al., 2017). This problem is compounded by the lack of an observed
correlation between CO disc masses and accretion rates; a correlation predicted by Hartmann
et al. (1998) and found for observed dust masses but not for the corresponding CO masses
(Manara et al., 2016). Alongside this, we find that disc mass estimates from CO are lower
than those from HD in the small number of discs where such observational comparisons are
available (Bergin et al., 2013; McClure et al., 2016). These results indicate an underabundance
of CO relative to the ISM abundance. The primary ways to remove CO from the gas phase are
freeze-out in the cool interior (as previously discussed) and photodissociation by high energy
photons in the upper layers of the disc. However, these processes have been accounted for in
the models used for calculating gas masses (Williams and Best, 2014; Miotello et al., 2014,
2016), and underabundances are still observed. Chemical processing alone has been shown
to be inadequate for reproducing the underabundance (Schwarz et al., 2018, 2019). Inclusion
of dust growth and dynamics alongside chemistry (see Kama et al., 2016; Booth et al., 2017;
Booth and Ilee, 2019; Krijt et al., 2018, 2020; Powell et al., 2022; Van Clepper et al., 2022)
has led to the furthest advances in understanding CO depletion. In particular, Krijt et al.
(2020) presented a 2D model (radial and vertical) that included pebble formation and drift
alongside both gas-phase and grain-surface chemical processing of CO. They found that only
the full combination of 2D dust growth, dynamics and chemistry is able to deplete the outer
disc gas-phase CO to the level seen in observed discs. In addition, they found that the radial
drift of icy grains generates a build-up of gas-phase CO interior to the snowline - such a radial
dependence has been observed in some discs (e.g. Zhang et al., 2019). These results highlight the
importance of self-consistently modelling all of the physical processes at play in protoplanetary
discs in order to truly understand and interpret our observational data.

1.2 Disc formation, evolution and structure

Protoplanetary discs are inevitably a direct consequence of star formation. Star formation
occurs in areas of galaxies containing clouds of primarily molecular hydrogen gas. Dense regions
within these molecular clouds collapse when pressure support from the gas is overpowered by
gravity; these collapsing clouds subsequently fragment into dense cores which have sizes on the
order of 0.1 pc (Shu et al., 1987). The inhomogeneity of these cores during collapse inherently
imparts them with non-zero angular momentum which, although small at the initial cloud scale,
spins up the gas as the dimension of the cloud decreases due to the conservation of angular
momentum. Observations of dense cores show that a typical core has a ratio of rotational energy
to gravitational energy of frot ⇡ 0.02 (Goodman et al., 1993). If we assume rigid body rotation
and take this value for a spherical core with a radius of 0.1 pc and a solar mass of material, we

9



CHAPTER 1. INTRODUCTION

arrive at a specific angular momentum of

h =
2
p
5

5

p
frotGM�R ⇡ 8⇥ 1020 cm2 s�1

. (1.4)

For gas in a circular Keplerian orbit around the protostellar core, h =
p
GM?R, and we

therefore find that the characteristic radius of the gas in the disc is ⇠ 300 au. This tells us
that, after collapse, we end up with the formation of a disc of material around the emerging
protostellar core that is centrifugally supported against gravity.

As discussed in section 1.1, these discs are known to be actively accreting, with observations
indicating mass accretion rates of ⇠ 10�8

M� yr�1after ⇠ 1 Myr for T Tauri stars in the class II
phase (Hartmann et al., 1998). The specific angular momentum in a Keplerian disc increases
with orbital radius, meaning that material at a certain radius must lose angular momentum
in order to move radially inwards towards the star and accrete. In the viscous model, we can
understand this removal of angular momentum as a dissipation of energy via friction between
the material residing in adjacent annuli in the disc. The equations that govern evolution of the
disc material are mass conservation,

@⇢

@t
+r · (⇢u) = 0, (1.5)

and momentum conservation,

⇢
Du

Dt
= �⇢r� �rp+r · T , (1.6)

where ⇢ and u are the mass density and velocity of the fluid, � is the gravitational potential, p
is the pressure and T is the viscous stress tensor that is responsible for the transport of angular
momentum that facilitates accretion. D/Dt is the Lagrangian derivative that follows a parcel of
gas and is given by

D

Dt
=

@

@t
+ (u ·r). (1.7)

In an e↵ort to find an evolution equation that is applicable to accretion discs, we can simplify
these equations by making a number of assumptions. The first is that the dynamical timescale in
the disc is much shorter than its lifetime, and therefore the disc is in dynamical equilibrium on
timescales relevant to the disc evolution. We can investigate this by considering perturbations
to test particles in Keplerian orbits at the disc mid-plane (Z = 0), whose equations of motion in
cylindrical coordinates (R,Z,�) are given by

R̈ = �
@�e↵

@R
, Z̈ = �

@�e↵

@Z
, �e↵ = � +

h
2

2R2
, (1.8)

where � = �GM?/r is the gravitational potential due to the star (neglecting disc self-gravity),
r =

p
R2 + Z2 being the spherical radius, and h =

p
GM?R is the specific angular momentum.

Considering the equations of motion for small perturbations �R, �Z at a constant angular
momentum h, through Taylor expansion we find that

�̈R = �
@
2�e↵

@R2

����
Z=0

�R, �̈Z = �
@
2�e↵

@Z2

����
Z=0

�Z, (1.9)
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and therefore that perturbations oscillate about their circular orbits with a squared frequency of
@
2

R
�e↵|Z=0

= @
2

Z
�e↵|Z=0

= ⌦2

K
|
Z=0

= GM?/R
3, i.e. the (squared) mid-plane Keplerian angular

frequency. This means that the timescale over which the disc is a↵ected by dynamical changes
is 1/⌦K - around 1000 yr in the outer, 100 au regions of a typical protoplanetary disc. The
lifetime of the disc, however, is on astrophysical timescales - i.e. millions of years (Meyer et al.,
2007); we are therefore justified in our assumption that the disc is in dynamical force balance on
evolutionary timescales and can be pictured as slowly evolving between steady states, much like
how stars are modelled. Given that the lifetime of the disc is dictated by accretion, a viscous
process, this assumption allows us to separate dynamical processes dictated by pressure from
viscous processes. We can also average our disc over the azimuthal dimension and therefore
assume that the disc is axissymmetric, i.e. the density and velocity are functions of radius
and height only. Assuming that the disc mass is much smaller than that of the protostar, our
gravitational potential is therefore symmetric about the mid-plane and we can assume that the
disc itself follows this same symmetry.

1.2.1 Vertical force balance

In cylindrical coordinates, the full form of the vertical component of momentum conservation is

⇢

✓
@uZ

@t
+ uR

@uZ

@R
+ uZ

@uZ

@Z

◆
= �⇢

@�

@Z
�
@p

@Z
+

1

R

@(RTRZ)

@R
+
@TZZ

@Z
. (1.10)

Dynamical force balance means we can remove the time-dependence and set uZ = 0. We also
use the assumption that uR ⌧ cs given the viscous (and therefore radial) evolution is on much
longer timescales than those associated with pressure variations, allowing us to remove the TRZ

term. We therefore end up with a balance of pressure and gravity - hydrostatic equilibrium -
given by

1

⇢

@p

@Z
= �

@�

@Z
=

GM?Z

r3
= ⌦2

K
Z. (1.11)

Assuming that the sound speed of the gas is given by the isothermal form for an ideal gas,

cs =

r
p

⇢
=

s
kBT

µmH

, (1.12)

where kB is the Boltzmann constant, mH is the mass of a hydrogen atom, and µ the molecular
weight of the gas, we can integrate over a vertical region close to the mid-plane, where ⌦K ⇡

⌦K,mid =
p

GM/R3 and the temperature is vertically isothermal. This gives us a vertical density
structure given by

⇢ = ⇢Z=0 exp


�

Z
2

2H2

�
, (1.13)

where H = cs/⌦K,mid is the isothermal scale height of the disc and ⇢Z=0 is the density at the
mid-plane of the disc (Z = 0). From this scale height, we can define whether a disc can be
considered ‘thin’, i.e. H/R ⌧ 1. This aspect ratio can be written as

H

R
=

cs

⌦KR
=

cs

vK
, (1.14)
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vK being the Keplerian orbital velocity. For a typical protoplanetary disc with a temperature of
a few tens of K across much of the radial extent ⇠ 10� 100 au), we have cs ⇠ 104 cm s�1 and
vK ⇠ 106 cm s�1, meaning we are justified in considering protoplanetary discs to be thin. To
understand the shape of the disc at increasing radius we can calculate the dependence of the
disc aspect ratio, H/R, on R. Ultimately this is controlled by the sound speed, cs, which itself
depends on the temperature profile of the disc, given that cs / T

1
2 . Parameterising the sound

speed as cs / R
�⇣ , we arrive at H/R / R

�⇣+
1
2 . This means that for a temperature profile

shallower than T / R
�1, the disc flares as we move to larger radii, creating a bowl shape. As we

shall see when studying disc heating processes, temperature profiles of T / R
⇠� 1

2 are predicted,
meaning that protoplanetary discs are expected to exhibit flaring. T / R

⇠� 1
2 also fits with the

slopes of SEDs found by observational surveys of protoplanetary discs (see e.g Beckwith et al.,
1990) and temperature profiles inferred from the scattered light images shown in section 1.1.

1.2.2 Radial force balance

The full form of the radial component of momentum conservation is
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, (1.15)

which, with the same assumptions as before, becomes

u
2

�

R
= ⌦2

K
R +

1

⇢

@p

@R
, (1.16)

from which we can arrive at an equation for the azimuthal velocity,

u� = vK (1� ⌘)
1
2 , (1.17)

where

⌘ = �
R

⇢v
2

K

@p

@R
. (1.18)

⌘ accounts for the deviation to Keplerian motion caused by any pressure support the gas may
feel due to pressure gradients. If the pressure gradient is negative then the gas feels outward
support and can orbit at sub-Keplerian velocities and vice versa for a positive gradient. By
substituting p = ⇢c

2

s
, we can gain an order of magnitude estimate of this pressure support:

O

✓
R

⇢v
2

K

@p

@R

◆
=

R

⇢v
2

K

⇢c
2

s

R
=

c
2

s

v
2

k

=
H

2

R2
⌧ 1, (1.19)

where the final inequality comes from being in the thin disc approximation. Pressure support is
therefore negligible for the gas, which can safely be assumed to orbit at the Keplerian velocity
(at least for the purposes of studying global disc evolution - see section 1.3.2 for a description of
how even small deviations from Keplerian velocities have large implications for the dynamics of
dust grains).
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1.2.3 Azimuthal force balance and viscous evolution

The full form of the azimuthal component of momentum conservation is

⇢

✓
@u�

@t
+ uR

@u�

@R
+ uZ

@u�

@Z
+

uRu�

R

◆
=

1

R2

@ (R2
TR�)

@R
+
@T�Z

@Z
, (1.20)

which, removing the first and third terms of the left hand side due to dynamical equilibrium,
can be simplified to

⇢uR

@(Ru�)

@R
=

1

R

@(R2
TR�)

@R
+R

@T�Z

@Z
. (1.21)

Given our assumptions of axissymmetry and thin geometry, we can integrate over Z to
arrive at 1D equations for the evolution. We define the surface density and vertically-averaged
quantities of the disc to be

⌃ =

Z 1

�1
⇢ dZ, (1.22)

Q̄ =
1

⌃

Z 1

�1
⇢QdZ. (1.23)

We can then integrate over Eqn. 1.21, assuming zero shear at the disc surface such that
the T�Z term integrates to zero (i.e. there is no angular momentum loss through the surface),
and additionally substituting for the specific angular momentum h = Ru� and using the
Navier-Stokes form of the stress tensor,

TR� = ⇢⌫R
@

@R

⇣
u�

R

⌘
,= ⇢⌫R

@

@R

✓
h

R2

◆
, (1.24)

to find

⌃ūR

@h

@R
=

1

R

@

@R


⌃⌫̄R3

@

@R

✓
h

R2

◆�
. (1.25)

Given that u� = vK , we can write that h =
p
GM?R and arrive at

⌃ūRvK = �
3

R

@

@R
(⌃⌫̄RvK) = �

3vK

R
1
2

@

@R

⇣
⌃⌫̄R

1
2

⌘
. (1.26)

For mass conservation, integrating over Z gives us

@⌃

@t
+

1

R

@

@R
(R⌃ūR) = 0. (1.27)

where the � and Z components of r · (⇢u) disappear due to axissymmetry and hydrostatic
equilibrium respectively. Eliminating ūR between our equations of mass and angular momentum
conservation, we arrive at

@⌃

@t
=

3

R

@

@R


R

1
2
@

@R

⇣
R

1
2 ⌫̄⌃

⌘�
, (1.28)

which is a di↵usion equation with an associated timescale,
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tvisc ⇠
R

2

⌫̄
. (1.29)

This is the viscous timescale and can be thought of as the timescale for radial motion of
material through the disc. From Eqn. 1.28, the general picture of disc evolution for a non-zero,
positive viscosity is transport of the majority of the disc mass radially inwards, with a small
proportion of the mass carrying angular momentum radially outwards. This leads to a disc that
is accreting mass onto the central body and expanding radially all on the order of a viscous
time, tvisc.

For a steady disc with a constant mass accretion rate, Ṁ , we can set time-derivatives to
zero and integrate over R in our evolution equation to arrive at

⌫̄⌃ =
Ṁ

3⇡

"
1�

✓
Rin

R

◆ 1
2

#
, (1.30)

where we have assumed a zero-torque inner boundary condition and therefore Rin is the radius
where d⌦/dR = 0. This zero-torque boundary condition is chosen because the angular velocity
of the disc must transition from increasing as R ! 0 to decreasing down to the much slower
angular velocity of the star. The region between the stellar surface at R? and Rin is referred to
as the boundary layer (see e.g. Popham et al., 1993; Belyaev and Rafikov, 2012). In classical T
Tauri stars, the disc does not extend throughout the whole of the boundary layer as the stellar
magnetic field disrupts the disc at radii ⇠ 0.01 au, causing material to flow onto the star along
magnetic field lines (Lamzin, 1998; Koldoba et al., 2002).

1.2.4 Nature of the viscosity

In studying disc evolution, we have introduced a viscosity, ⌫. In the case of classical hydrody-
namics this viscosity would be due to collisions between the molecules. We can estimate the
size of this molecular viscosity for the gas in protoplanetary discs by taking the gas velocity as
the sound speed, cs, and taking the distance between collisions to be the mean free path, �,
writing the viscosity as

⌫mol ⇠ �cs. (1.31)

The mean free path is given by � = (n�g)�1 where n is the number density of gas molecules
and �g is the gas collision cross section. For a protoplanetary disc at a radius of a few tens
of au, the sound speed is ⇠ 104 cm s�1 and the number density of gas molecules is ⇠ 1012

cm�3. Taking the gas collision cross section as the size of a hydrogen molecule we arrive at a
molecular viscosity of ⌫mol ⇠ 107 cm2 s�1. This would lead to a viscous timescale of tvisc ⇠ 1012

yr. Given that this is several orders of magnitude larger than the age of the universe, molecular
collisions cannot be the only process that generates viscosity in the disc. The other process that
is thought to increase the “e↵ective” viscosity of the disc is turbulence. Shakura and Sunyaev
(1973) introduced a parameterisation of the viscosity due to turbulent motions of gas parcels
with a dimensionless viscosity parameter, ↵. Using this parameter we can write the viscosity as

⌫ = ↵csH, (1.32)
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where H is the scale height of the disc (Lynden-Bell and Pringle, 1974). In this parameterisation,
the maximum scale and speed of turbulent interactions in the gas are set to the scale height and
sound speed respectively, and ↵ (which has a maximum value of unity) controls the strength of
the turbulent viscosity. Within ↵ are hidden all of the physical mechanisms that are actually
responsible for driving turbulence in the disc. Within this formalism, we can rewrite the viscous
timescale associated with the radial evolution of the gas disc (Eqn. 1.29) as

tvisc ⇠

✓
R

H

◆2 1

↵⌦K

, (1.33)

where we have used Eqn. 1.14 for the aspect ratio of the disc. Given discs live for millions of
years, if disc evolution is governed by viscous processes then for a typical aspect ratio of ⇠ 0.02
we would have ↵ ⇠ 10�3.

Disc observations can be used to constrain ↵ through measuring the turbulent linewidths
(e.g. Hughes et al., 2011) or modelling the vertical structure (e.g. Pinte et al., 2016), and typical
values fall in the range 10�4

� 10�2 (see also Rosotti, 2023, for a review). The main mechanism
suggested to generate this turbulence is the magnetorotational instability (MRI) where weak
magnetic fields that permeate the disc allow small perturbations in density to grow as opposed
to being damped (Balbus and Hawley, 1991). Classical investigations into the MRI found ↵
values that aligned with the observational constraints (Balbus and Hawley, 1998), however it is
now thought that the interiors of protoplanetary discs between ⇠ 0.5� 10s of au may not be
ionised enough to su�ciently couple to the magnetic field to allow the MRI to operate (Gammie,
1996; Bai and Stone, 2013). Other instabilities such as the vertical shear instability (VSI) o↵er
mechanisms to generate turbulence in these “dead zones” where the disc is minimally ionized
(Nelson et al., 2013), however these mechanisms are not necessarily isotropic; for example,
meridional flows may generate stronger turbulence in the vertical dimension compared to the
radial.

Alongside viscous evolution, magneto-hydrodynamical (MHD) winds can carry mass and
angular momentum away from the disc system (Blandford and Payne, 1982; Pudritz and Norman,
1983; Bai and Stone, 2013) to drive accretion. This is in e↵ect relaxing the assumption of T�Z

being zero at the disc surface used in the integration of Eqn. 1.21. Recent work suggests that
MHD winds are potentially the more important process given the existence of the turbulent
dead zone, and there is currently a large amount of study going into the e↵ect of MHD winds
on disc evolution (Tabone et al., 2022; Somigliana et al., 2023; Weder et al., 2023; Coleman
et al., 2024; Pascucci et al., 2025).

1.2.5 Temperature structure

As we have seen, the temperature structure of a disc is important for determining its physical
structure. Disc heating is controlled primarily through two processes:

• Direct irradiation of the upper layers of the disc by the star followed by reprocessing of
this radiation by the disc.

• Internal heating due to the release of gravitational energy as disc material accretes inward
due to viscous processes.

Discs whose temperature profiles are derived mainly from stellar irradiation are referred to
as ‘passive’ discs whilst those that derive the majority of their heating from internal accretion
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(a) (b)

Figure 1.5: Models for calculating passive heating of a disc. (a) shows the simple flat disc model
where the stellar flux incident on a flat patch of disc is calculated. (b) shows the model for a
flared disc; the flaring angle ↵f can be seen along with the surface and interior temperatures, Ts

and Ti, with the boundary of the surface being defined by the points at which the optical depth
to stellar radiation is unity, ⌧⇤ = 1.

processes are ‘active’ discs. Protoplanetary discs do not generally fit into one of the categories.
At early times and small radii they can be described as active whilst at late times and large
radii they are generally passive (Garaud and Lin, 2007).

Passively heated discs

The simplest model we can describe for a disc heated by stellar radiation is a flat disc with no
vertical extent that acts as a perfect blackbody. This is an oversimplification but gives us a
starting point to work from; we will discuss the e↵ects of vertical extent and disc opacity in more
detail later. Fig. 1.5a shows the setup of the simple model. Using a spherical coordinate system
centred on a patch of disc, with the axis along which ✓ = 0 pointing towards the stellar centre,
we integrate over the upper half of the stellar surface to calculate the flux passing through the
upper surface of the patch. The integral we arrive at is

F =

Z ⇡
2

�⇡
2

Z
sin

�1(R⇤
R )

0

I⇤ sin
2
✓ cos� d✓ d�, (1.34)

where R⇤ is the stellar radius and I⇤ is the stellar radiance (power per unit area and projected
solid angle of source) given by �

⇡
T

4

⇤ , � being the Stefan-Boltzmann constant and T⇤ the e↵ective
blackbody temperature of the star. The factors of sin ✓ and cos� are included to ensure only
the components of flux perpendicular to the surface are included in the calculation. Assuming
that the disc then radiates as a blackbody at a temperature Td, we set F equal to �T 4

d
and find

T
4

d
=

T
4

⇤
⇡

2

4sin�1

✓
R⇤

R

◆
�

✓
R⇤

R

◆s

1�

✓
R⇤

R

◆2

3

5 . (1.35)

In order to interpret this result more easily we can assume (R⇤/R) ⌧ 1 and Taylor-expand
to get Td / R

� 3
4 for the majority of the disc away from the stellar surface. This leads to a disc

aspect ratio that has a radius dependence of H/R / R
1
8 , giving the disc the flared, bowl shape
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that was discussed in Section 1.2.1. Quite evidently this breaks down the initial assumption of
a flat disc.

The flat disc produces a spectral energy distribution that is steeper than the majority of
observations (e.g. Rucinski, 1985; Strom et al., 1989; Beckwith et al., 1990). To attempt to solve
this discrepancy, Kenyon and Hartmann (1987) investigated a flared disc temperature model
still assuming that the disc radiated as a blackbody and subsequently Chiang and Goldreich
(1997); D’Alessio et al. (1998); Chiang et al. (2001); Dullemond et al. (2001) developed this into
a more advanced radiative equilibrium model including the e↵ects of opacity. The physical setup
of this model can be seen in Fig. 1.5b. In protoplanetary discs, the majority of the opacity to
continuum radiation is due to dust grains. In the radiative equilibrium model, dust grains in a
surface layer of the disc are heated by direct stellar irradiation. The thickness of this surface
layer is defined as the distance into the disc along rays from the star at which the optical depth
to stellar radiation is unity. The heating and cooling rates of surface dust grains of radius a
irradiated by a star with luminosity L⇤ = 4⇡R2

⇤�T
4

⇤ are given by

q+ = ⇡a
2
"⇤F⇤ = ⇡a

2
"⇤
�L⇤

4⇡R2
= ⇡a

2
"⇤�

✓
R⇤

R

◆2

�T
4

⇤ , (1.36)

q� = 4⇡a2"s�T
4

s
, (1.37)

where "⇤/s is the dust grain emissivity relative to a blackbody at stellar/surface temperatures,
T⇤/s and � is the fraction of the stellar hemisphere visible to the dust grains, set to 1/2 for discs
that extend to the stellar surface, but more commonly set to unity given the truncation of the
inner disc by the stellar magnetic field (Dullemond et al., 2001). Balancing these equations we
find that

Ts =

✓
�"⇤

"s

◆ 1
4
✓
R⇤

2R

◆ 1
2

T⇤. (1.38)

A simplified model of dust grain opacities is that wavelengths of light smaller than the
grain size are well absorbed, whilst the absorption of wavelengths larger than the grain falls o↵
as a power law in wavelength (Bohren and Hu↵man, 1983). From Kirscho↵’s law of thermal
radiation, the grain emissivity is equal to the absorptivity. We can therefore parameterise the
emissivity relative to that of a blackbody by

" =

8
><

>:

1, for � < 2⇡a✓
2⇡a

�

◆�

, for � > 2⇡a
(1.39)

where � is the emissivity index, found to be ⇠ 1 � 2 for the ice-silicate grains typically
found in protoplanetary discs (Chiang et al., 2001). For 0.1 µm sized grains, this change in
emissive behaviour occurs at ⇠ 0.6 µm. As the dust is much cooler than the star, from Wien’s
displacement law we find that the dust emission peaks in the IR whilst the stellar emission is in
the optical, meaning that small dust grains in the surface layer absorb stellar radiation with
a greater e�ciency than they emit their own radiation. From Eqn. 1.38, we can see that this
leads to super-heating of the dust to above the blackbody temperature because the fraction
"⇤/"s is greater than unity.
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The temperature of the interior of the disc is then governed by how well it can absorb the
emission radiated downwards by the surface. In this model we assume the disc interior to be
vertically isothermal (Dullemond et al., 2001). To calculate this we now write the stellar flux
intercepted by a patch of the flared disc as

F⇤ =
�L⇤

4⇡R2
sin↵f , (1.40)

where ↵f is the flaring angle of the disc as shown in Fig. 1.5b. Since only half of this flux
is radiated downwards into the disc by the surface (at least in this thin flared model), we
balance 1

2
 sF⇤ against the emission of the disc interior, Fi =  i�T

4

i
, where  s/i is the fraction

of radiation absorbed or emitted by the interior at the surface/interior temperatures - included
to take into account the optical thickness of the interior to radiation from the surface and its
own radiation - to arrive at

Ti =

✓
↵f� s

2 i

◆ 1
4
✓
R⇤

R

◆ 1
2

T⇤ (1.41)

where sin↵f ⇡ ↵f due to the small angle approximation. To estimate the power law behaviour
of Ti, we first need to find the radial dependence of ↵f . Ignoring the physical size of the star
(i.e. R � R⇤), ↵f can be defined geometrically as

↵f = tan�1

✓
dh

dR

◆
� tan�1

✓
h

R

◆
, (1.42)

where h(R) is the height above the mid-plane that corresponds to the photosphere to stellar
radiation; the first term corresponds to the angle between the mid-plane and the photosphere and
the second term to the angle between the mid-plane and a ray from the star. The photosphere
is defined by the height in the disc where the optical depth to stellar radiation along a ray from
the star is unity. As we are dealing with small angles (i.e. h ⌧ R), we can approximate the
flaring angle as

↵f ⇡ R
d

dR

✓
h

R

◆
. (1.43)

The relationship between the height of the photosphere, h, and the disc scale height, H, is a
subtle but important detail. Given the vertical gaussian structure of the disc (Eqn. 1.13), we
find that

h

H
=


2 ln

✓
⇢0

⇢phot

◆� 1
2

. (1.44)

Numerical methods are required for self-consistently solving for h/H, as ⇢0 and ⇢phot both
depend on the flaring angle (Dullemond et al., 2001). However, the log dependence means that
h/H is very nearly constant with R, with numerical solutions finding values of ⇠ 4� 5 (Chiang
et al., 2001). For this reason, we can assume h / H and use Eqn. 1.14 to find that

↵f / R
d

dR

✓
cs

vK

◆
/ T

1
2
i
R

1
2 . (1.45)

Assuming, for now, that  s/i have no radial dependence, we can substitute for ↵f in Eqn. 1.41

and rearrange to find that Ti / R
� 3

7 . This is significantly shallower than the flat disc model which
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follows given that the flared disc intercepts more stellar flux. In reality, the absorption/emission
factors  s/i are both radially dependent, as the surface density depends on radius, and Ti

dependent, meaning the power-law index of the temperature profile also varies radially. More
detailed numerical modelling that removes the assumptions made here by solving the equations
of vertical structure finds similar results, with Ti / R

⇠� 1
2 in the regions of the discs where stellar

irradiation dominates the heating, i.e. ⇠ a few au (D’Alessio et al., 1998). The model produced
by D’Alessio et al. (1998) can be seen to fit observational data well, as shown by Fig. 1.6.

Actively heated discs

To find the energy dissipated by viscous processes in a disc, we can inner product our equation
for momentum conservation (Eqn. 1.6) with the fluid velocity u:

⇢

2

✓
@|u|2

@t
+ u ·r|u|2

◆
= �u ·r (p+ �) + u · (r · T ) , (1.46)

and rearrange into the form of a conservation equation for the kinetic energy,

⇢

2

@|u|2

@t
+r ·

⇣
⇢

2
u|u|2 � up� u� � u · T

⌘
= � (T ·r)u, (1.47)

where I have made use of the identity r · (u · T ) = u · (r · T ) + (T ·r)u. From this, we can
see that viscosity converts kinetic energy to thermal energy at a rate of energy dissipation per
unit volume of

D = T ·ru = TR�R
@

@R

⇣
u�

R

⌘
=

9

4
⇢⌫

GM?

R3
, (1.48)

where I have assumed that the gas is on circular, Keplerian orbits and made use of Eqn. 1.24.
Assuming this is locally radiated in the disc, we can integrate over Z to find the power emitted
per unit area for each side of the disc and equate that to the flux emitted by the disc assuming
it is optically thick,

�T
4

d
=

9

8
⌃⌫

GM?

R3
. (1.49)

Substituting for ⌃⌫ using Eqn. 1.30 gives us a steady disc temperature profile of

�T
4

d
=

3GM?Ṁ

8⇡R3

"
1�
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Rin

R

◆ 1
2

#
. (1.50)

This means that for an actively heated disc, the temperature profile away from the boundary
layer follows the relation Td / R

� 3
4 . This is the same as the relation for the flat, passive

disc but is significantly steeper than that found for the flared disc, which is inconsistent with
observationally-derived temperature profiles for the majority of the disc outside of the inner
regions, again indicating that flared, passively irradiated discs are required on top of any viscous
heating (Kenyon and Hartmann, 1987).
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Figure 1.6: A spectral energy distribution (SED) computed using a flared disc model (solid black
line) compared to observations of the disc AA Tau (squares with error bars). The contributions
from the stellar component (dotted line) and disc component (dashed line) are shown. An
SED of a purely viscously-heated disc is shown for reference (dot-dashed line). Adapted from
D’Alessio et al. (1998) preprint.
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Figure 1.7: A sketch of the various processes a↵ecting dust grains in protoplanetary discs. These
include dynamical e↵ects, i.e. gravitational settling and radial drift, alongside processes that
a↵ect the dust distribution, i.e. collisions.

1.3 Dust dynamics & growth

Dust grains have very di↵erent properties to gas particles and consequently evolve through
di↵erent dynamical processes, whilst also undergoing inter-grain collisions that a↵ect the grain-
size distribution, as depicted in Fig. 1.7.

1.3.1 Settling

The dust in protoplanetary discs is usually initially assumed to be spatially well-mixed with
the gas at the onset of protoplanetary disc formation from the local molecular cloud, although
recent theoretical work suggests that this assumption may not hold due to dust evolution in the
collapse phase (see e.g. Bate, 2022). However, starting with this assumption, at the outset of disc
formation dust grains will be suspended at all altitudes of the gas disc due to being well-mixed.
As the internal dust grain density is greater than the gas density, the pressure gradients that
provide substantial lift to gas particles against gravity generate negligible acceleration of the
dust grains. Therefore, from an initially well-mixed state, the dust grains begin to settle towards
the disc mid-plane due to gravity (Nakagawa et al., 1986). Against their downward motion they
feel a drag force from the gas and will rapidly reach a terminal velocity. To calculate the drag
force in a simplified form, we can imagine a spherical grain moving at velocity v through a gas
with thermal velocity vth. The momentum exchange from elastic collisions of gas particles on
the grain is �p = �2mg�v where �v is (�vth � v) and (vth � v) for the upwind and downwind
sides respectively, and mg is the mass of a gas particle. The total force on a side can then be
found from F = �p · collisions/second = �png⇡a

2
�v, where a is the grain size, and ng is the

gas number density. Summing over both sides, we find that the overall drag force is given by
4⇡a2⇢gvthv. Removing the simplifying assumptions gives a coe�cient of 4/3 instead of 4. This is
the Epstein drag law (Epstein, 1924), and is applicable as long as the grain size is smaller than
the mean-free-path of the gas particles. In the context of protoplanetary discs, this condition is
fulfilled everywhere apart from for large grains in the dense . 1 au region of the disc. Balancing
this drag against gravity, we arrive at the force balance
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�m⌦2

K
Z =

4⇡

3
a
2
⇢gvthvZ. (1.51)

Substituting for the mass of the grain through the grain size and internal matter density,
⇢m, we arrive at

vZ = �St⌦KZ, (1.52)

where

St =
a⇢m

⇢gvth
⌦K = ts⌦K , (1.53)

is the Stokes number, and ts is the stopping time. The stopping time refers to the time taken for
a dust grain to become coupled to the gas flow due to drag, i.e. ts = m�v/FD; multiplying this
by the Keplerian angular frequency creates a dimensionless number that is unity for grains that
are most a↵ected by gas drag on an orbital timescale, commonly referred to as the dynamical
timescale. Grains with St ⌧ 1 are well-coupled to the gas flow, whilst grains with St � 1 are
negligibly a↵ected by gas drag. At St ⇠ 1, grains experience changes in their momenta on the
dynamical timescale, and gas drag can be seen to dramatically a↵ect their dynamics as the disc
evolves; this is most evident in the radial motion, as described in the following section. For
typical disc conditions, St ⇠ 1 grains are around metre-sized at ⇠ 1 au, falling to mm-sized at
hundreds of au as the gas density decreases.

Grains are supported against their downward settling by turbulent eddies in the gas. We
can estimate the equilibrium scale heights associated with grains of di↵erent Stokes number by
equating the timescales associated with settling, tsett, and di↵usion due to turbulence, tdi↵,

tdi↵ ⇠
H

2

d

⌫
⇠ tsett =

Z

|vZ |
=

1

St⌦K

, (1.54)

and, expanding the viscosity, ⌫, using the alpha formalism (Eqn. 1.32), we arrive at

Hd ⇠ H

r
↵

St
. (1.55)

This tells us that dust grains are vertically stratified according to their Stokes numbers;
small grains with St ⇠ ↵ are well-mixed with the gas, whilst larger grains with St > ↵ form
thinner dust layers at lower altitudes in the disc. This is not inclusive of the e↵ects of grain
growth - an assumption I will explore in this thesis. The vertical stratification of grains is
important both for interpreting observations, where the observation wavelength can determine
which altitude and therefore which grain-size is being probed i.e. large mid-plane grains in
the sub-mm (see e.g. ALMA Partnership et al., 2015a; Birnstiel et al., 2018) or small surface
grains in the optical/near-IR (see e.g. Benisty et al., 2023), and for dust growth/gravitational
instability due to the concentration of grains at the mid-plane (Balsara et al., 2009; Lin, 2019).

1.3.2 Radial drift

One of the most important dynamical e↵ects the gas component has on the dust grains is radial
drift (see Weidenschilling, 1977; Nakagawa et al., 1986). As discussed in Section 1.2.2, for a
standard temperature structure the gas experiences pressure support and therefore orbits at

22



CHAPTER 1. INTRODUCTION

sub-Keplerian velocities; for typical disc values this gives v� ⇡ 0.997 vK , which, whilst being
a negligible deviation when considering the gas dynamics, is important when considering the
gas-dust interaction. As previously mentioned, dust grains do not feel the pressure support and
therefore orbit with Keplerian velocities, causing them to experience a drag force as they move
through the slower rotating gas. This drag causes dust particles to spiral inwards towards the
central star. The dust grains reach radial terminal velocity in short timescales and subsequently
drift inwards; this is radial drift. The radial and azimuthal equations of motion for a dust grain
are given by

dvR,d
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�
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We can rewrite the left-hand side of the azimuthal equation into the angular momentum
form, making use of the chain rule:
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and by making the assumption that the dust particles spiral in towards the star on Keplerian
orbits with specific angular momentum h = RvK =

p
GM?R (which we shall justify when

considering drift timescales), we can write that
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, (1.59)

where we have made use of Eqn. 1.17 to substitute for the azimuthal gas velocity. As a reminder,
⌘ represents the deviation of the gas azimuthal velocity from Keplerian rotation. To find the
terminal radial velocity, we now can substitute for the azimuthal dust velocity in Eqn. 1.56 and
set the left-hand side to zero:
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2 +

1

St
(vR,g � vR,d) , (1.60)

and, removing any terms that are non-linear in vR,d/vK or ⌘ because vR,d/vK , ⌘ ⌧ 1, we arrive
at (Takeuchi and Lin, 2002)

vR,d =
vR,g � ⌘StvK

1 + St2
. (1.61)

From this, we can see that small grains with St ⌧ 1 are well-coupled to the gas flow, with
vR,d ⇡ vR,g, whilst grains with St = 1 experience the largest drift velocity of ⇠ 1

2
⌘vK . The

velocity then linearly decreases as 1/St for grains with St > 1. We can calculate the timescale
associated with radial dust drift via tdr = R/vR,d. Assuming that the gas radial velocity is
negligible and that grains have St < 1, we arrive at

tdr ⇠
1

⌘St⌦K

. (1.62)

This justifies our assumption about dust grains spiralling in on Keplerian orbits, as the drift
timescale is orders of magnitude larger than an orbital time, i.e. tdr � 1/⌦K . For ⌘ =10�3 and
evolved grains with St = 0.1, the drift timescale is in the thousands of years. This implies that
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Figure 1.8: A sketch of the e↵ect a local pressure maximum has on dust. Dust will drift in the
direction of increasing pressure from each side, piling up at the location of the maximum.

if no process impedes the grains, they are lost onto the central star within tens of thousands
of years - orders of magnitude shorter timescales than the viscous lifetime of the gas disc (see
section 1.2.4).

For a disc with a monotonically decreasing radial pressure profile, dust will always drift
inwards. However, local pressure maxima can lead to the trapping of dust. Dust in the region
with a positive pressure gradient will drift outwards, meaning grains will accumulate at the
maximum as shown by Fig. 1.8. Traps can be created by a number of processes including
gap-carving by giant planets (Kley and Nelson, 2012) and various instabilities (e.g. Johansen
et al., 2009; Takahashi and Inutsuka, 2014; Dullemond and Penzlin, 2018; Wu and Lithwick,
2021). Discs with inner holes also feature pressure maxima at the rim of the disc where the gas
density abruptly decreases, leading to large dust pile-ups (Alexander and Armitage, 2007).

1.3.3 Collisional growth & fragmentation

In the ISM, dust grain sizes are limited to less than a micron (Mathis et al., 1977; Clayton et al.,
2003). However, significant growth of dust grains is imperative for planetesimal and subsequent
planet formation. In the significantly denser environment of a protoplanetary disc, the initial
stages of this growth can be facilitated through collisions between grains; such collisions become
very important for shaping the dust distribution. Assuming that the distribution is initially
mono-disperse (single grain size) and that all collisions lead to growth, the rate of mass increase
through collisions can be written as

ṁ = collision rate ·m = �d�vnd ·m = 4⇡a2⇢d�v, (1.63)

where m is the mass of a single grain, �d is the collision cross section, nd & ⇢d the number and
mass density of grains respectively, and �v the relative velocity. This also makes the assumption
that only two-body collisions have non-negligible rates. Changing variables to the grain size, a,
through the chain rule then gives us

ȧ =
⇢d

⇢m
�v, (1.64)
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where ⇢m is the internal matter density of the grain which I have assumed to remain constant
as a function of time; this is a simplification as collisions can lead to compaction of the grains.
We can then calculate the associated growth time through tgrow = a/ȧ. Assuming the relative
velocities are driven by turbulence, we can use the approximation �v ⇡

p
↵Stcs (which stems

from how intermediate-sized grains are more strongly a↵ected by small eddies as they increase
in size, where the velocity associated with such eddies is

p
↵cs; see Ormel and Cuzzi 2007) and

use Eqn. 1.53 to arrive at
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which, using Eqn. 1.55, becomes
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For typical initial dust-to-gas ratios of ⇠ 1%, we can expect significant growth to occur
over the course of a few hundred dynamical times. There are, however, barriers to growth
that limit the maximum size of grains that can be grown via collisions. One of these is set by
the fragmentation of grains caused by destructive collisions - those that happen at velocities
exceeding a fragmentation velocity set by the composition, shape and structure of the grain
(Dominik and Tielens, 1997). Given that the turbulent relative velocity increases with grain
size through the Stokes number, at a certain grain size the collision velocity will exceed this
fragmentation velocity, vfrag, thereby limiting the growth of grains to larger sizes. By setting
�v ⇡

p
↵Stcs = vfrag, we find that the maximum grain size reached before fragmentation limits

growth is given by

afrag ⇠
⌃g

↵⇢m

✓
vfrag

cs

◆2

. (1.67)

Fragmentation velocities used in simulations are derived from experimental data. Silicate
grains are well understood to have fragmentation velocities of ⇠ 1 m s�1 (Blum and Wurm,
2008; Güttler et al., 2010), whilst those of icy grains are less well constrained. Until fairly
recently, studies suggested that icy grains were substantially “stickier” than pure silicates, with
fragmentation velocities of up to several tens of m s�1 (Wada et al., 2009, 2013; Gundlach and
Blum, 2014). Recent studies, however, suggest that these results do not apply at the cold
temperatures found at the mid-planes of protoplanetary discs, and that icy grains will also
fragment for collision velocities greater than ⇠ 1 m s�1 (Gundlach et al., 2018; Musiolik and
Wurm, 2019).

Another barrier to growth is set by the balance between grain growth and radial drift. If
a grain grows large enough that it can radially drift inwards faster than it can grow to larger
sizes, then growth is stunted. Equating the two timescales, Eqns. 1.66 & 1.62, we find that the
maximum grain size reached before radial drift limits growth is given by

adr ⇠
⌃d

|⌘|⇢m
, (1.68)

For radially constant values of the dust-to-gas ratio, ↵, vfrag and ⇢m, along with a power-law
pressure profile, afrag / (⌃d/c

2

s
) whilst adr / (⌃d/c

2

s
)v2

K
, and, given that v

2

K
/ R

�1, adr is
therefore radially steeper than afrag. This means that, in general, the outer disc is limited by
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Figure 1.9: The dust population in simulations of dust growth and dynamics after 1 Myr of
evolution. Dust grows up to the fragmentation limit (solid line) in the inner disc, whilst growth
in the outer disc is limited by radial drift (dashed line). The dash-dotted line indicates an
estimated maximum grain size calculated in their model. Adapted from Birnstiel et al. (2012)
preprint.

drift whilst the inner disc is limited by fragmentation. The transition is magnified as dust
drifts inwards from the outer disc, decreasing the dust-to-gas ratio at large radii and thereby
increasing the growth timescales further (see e.g. Birnstiel et al., 2012). The transition radius
depends on the fragmentation velocity but for standard values is in the range of ⇠ 1� 10 au, as
shown in Fig. 1.9.

In addition to growth and fragmentation, experiments have shown that relatively compact
grains can bounce upon colliding (Hill et al., 2015; Brisset et al., 2017). Bouncing can also
be a barrier to growth, and would lead to a narrow distribution of grains that can neither
grow nor fragment (Zsom et al., 2010). The removal of small grains in simulations with a fully
active bouncing barrier is inconsistent with scattered light observations, but could be reconciled
through small grain production via abrasion or e↵ects related to the vertical structure (Dominik
and Dullemond, 2024).

1.4 Photoevaporation & disc dispersal

Observations show that after several Myr of evolution, protoplanetary discs are dispersed in
much shorter timescales of < Myr (e.g. Kenyon and Hartmann, 1995; Luhman et al., 2010).
This is referred to as the “two-timescale” behaviour of disc evolution. Draining onto the star via
viscous accretion (e.g. Hartmann et al., 1998) cannot reproduce this phenomenon as the disc
properties evolve via a power law over timescales that are on the order of ⇠ 10s of Myr. This
deficiency of the primary disc evolutionary mechanism implies other physical processes must
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strongly impact disc evolution. One such process that shapes the disc is photoevaporation.

1.4.1 The photoevaporation process

Photoevaporation of a protoplanetary disc occurs due to heating of the gaseous upper layers of
the disc by high energy photons. These photons can be from other stars in the local star forming
region, leading to the process of “external” photoevaporation (e.g Adams et al., 2004; Facchini
et al., 2016), or from the host star of the disc itself, leading to “internal” photoevaporation.
The original picture of internal photoevaporation via extreme ultraviolet (EUV) photons was
outlined by Hollenbach et al. (1994). EUV photons are classified as having E > 13.6 eV and are
therefore able to ionise hydrogen. Balancing heating via absorption of these photons against
cooling (predominantly via Lyman alpha photons) produces an atmosphere of ionised hydrogen
that has a temperature of ⇠ 104 K, which corresponds to a sound speed of ⇠ 10 km s�1. By
equating the sound speed to the orbital speed we can estimate the radius at which the gas
becomes gravitationally unbound, the gravitational radius,

Rg =
GM⇤

c2
s

, (1.69)

which corresponds to ⇠ 9 au for a solar mass star and a gas sound speed of 10 km s�1. Hollenbach
et al. assumed that the gas at radii R < Rg is bound to the star whilst the gas at radii R > Rg

escapes as a thermally driven wind at the sound speed, as shown in Fig. 1.10. They calculated
typical mass-loss rates of ⇠ 10�10

M� yr�1, which is significantly smaller than the mass accretion
rate for typical discs (⇠ 10�9

�10�8
M� yr�1). More involved simulations produced by Font et al.

(2004) showed that the wind is actually launched from radii less that Rg and has characteristic
outflow speeds of ⇠ (0.3� 0.4)cs, however these results were not considered to a↵ect the overall
conclusions of the model proposed by Hollenbach et al..

Alternatives to EUV photons are far ultraviolet (FUV) and X-ray photons. FUV photons
can heat the gas via two mechanisms; grain photoelectric heating where dust grains absorb
the FUV photon and emit an energetic electron which transfers heat to the surrounding gas,
and excitation of H2 molecules that leads to heating via collisional de-excitation (Adams et al.,
2004). Work done by Gorti and Hollenbach (2009) showed that FUV heating leads to mass-loss
in the outer disc that peaks at ⇠ 100 au, whilst more recent studies have suggested that they are
also able to drive mass-loss in the inner disc (Wang and Goodman, 2017; Nakatani et al., 2018;
Komaki et al., 2021). The role of X-rays in photoevaporation has also been studied. Owen et al.
(2010, 2012); Picogna et al. (2019) showed that inclusion of X-ray heating generally dominates
over FUV and EUV in the inner disc and can lead to mass-loss rates of ⇠ 10�8

M� yr�1,
comparable to typical accretion rates, however recent work by Sellek et al. (2024) showed that
mass-loss rates are lower when additional molecular cooling pathways are included.

1.4.2 Disc dispersal via photoevaporation

Clarke et al. (2001) showed that coupling the EUV photoevaporation model outlined by
Hollenbach et al. (1994) with disc evolution provided a mechanism for reproducing the two-
timescale behaviour of disc evolution. If the disc is allowed to viscously evolve, the mass
accretion rate decreases as mass is lost onto the central star. Clarke et al. (2001) assumed that
the photoevaporative wind mass-loss rates are constant during disc evolution and therefore there
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Figure 1.10: The simple model of EUV photoevaporation. EUV photons heat up the surface of
the disc to ⇠ 104 K, and a wind escapes from the disc at radii greater than the gravitational
radius Rg.

Figure 1.11: Surface density evolution of a protoplanetary disc (a) with and (b) without inclusion
of EUV photoevaporation adapted from Fig. 1 of Clarke et al. (2001). From the top down the
lines are snapshots at the times t = 0, 13, 14.1, 14.3, 16, 18, 20, 24 and 28 Myr.
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is a time at which the mass accretion and wind mass-loss rates are equal. Their assumption of
constant wind mass-loss relies on the stellar high energy flux being independent of accretion,
which is generally supported by observations (e.g. Alexander et al., 2005; Preibisch et al., 2005).
At the time when the accretion rate equals this wind mass-loss, the wind begins removing
gas from near the gravitational radius, Rg, faster than the exterior disc can replenish it via
inward radial accretion. This inevitably causes a localised reduction in gas surface density that
ultimately creates a gap in the disc, separating the disc into inner and outer regions. As the
inner disc is starved of material from the outer disc, it evolves on its own viscous time (see
Eqn. 1.29) which, given that the inner disc has a radius of ⇠ 5� 10 au, is at least an order of
magnitude smaller than the viscous time for the entire disc. This leads to it draining quickly
onto the central star. Fig. 1.11 shows the simulations made by Clarke et al. (2001) of discs
evolving with and without photoevaporation. Whilst the non-photoevaporating disc evolves
slowly over the course of 10s of Myr, a gap opens in the photoevaporating disc after ⇠ 14
Myr and the inner disc subsequently drains in ⇠ 2⇥ 105 yr. This process has also been found
with more modern models that include the e↵ects of X-rays on photoevaporation (Owen et al.,
2011; Picogna et al., 2019; Ercolano et al., 2023). In addition to the photoevaporative wind
solution, MHD winds may be able to reproduce the two-timescale behaviour if the magnetic flux
through the disc remains constant with time, as this leads to relatively constant mass-loss rates
that lead to rapid depletion of the disc material after a number of Myr as the magnetisation
of the disc rapidly increases in conjunction with the depletion in gas mass (Armitage et al.,
2013; Bai, 2016). The loss of the disc’s inner regions moves it into the class of discs referred
to as ‘transition’ discs; those whose spectral energy distributions (SEDs) lack a hot, near-IR
component, indicating an inner hole in the disc material (see e.g. Strom et al., 1989; Owen and
Clarke, 2012; Ercolano and Pascucci, 2017). Whilst transition discs are a diverse population
best explained by a variety of processes including gap-opening by nascent planets (van der
Marel et al., 2018), grain growth (Dullemond et al., 2001), and dead-zone trapping (Regály
et al., 2012), a small fraction of transition discs are not observed to be accreting and may be
best explained through photoevaporation (Cieza et al., 2010; van der Marel et al., 2016).

Whilst the two-timescale model explains the fast transition between full protoplanetary discs
and transition discs with inner cavities, it also implies that the outer disc will subsequently be
removed solely by photoevaporation. Given that the majority of the disc mass is contained at
large radii, this leads to outer disc dispersal timescales that are comparable to the time taken
for the initial gap to open - i.e. 10s of Myr, as can be seen in Fig. 1.11. The inclusion of X-rays
(Owen et al., 2010) leads to higher photoevaporative mass-loss rates, however the outer disc
(>⇠ 100 au) can still take several Myr to clear (Owen et al., 2011). This suggests there should
be fairly populous class of “relic” discs; discs with large inner cavities with minimal accretion
rates. However, observational surveys of T Tauri stars do not find a significant population with
the correct signatures expected for such discs (Hardy et al., 2015) - illustrated in Fig. 1.12. Work
by Owen et al. (2012, 2013) suggested that an instability termed “thermal sweeping” could
solve the issue of relic discs. Thermal sweeping is a process where an envelope of vertically
expanding gas allows deeper X-ray penetration to the disc mid-plane and therefore subsequently
rapid (103 � 104 yr) clearing of the outer disc. However, Haworth et al. (2016) reevaluated the
criterion for the onset of thermal sweeping and found it to only be e↵ective for discs with large
initial accretion rates and low viscosities, suggesting it is not applicable to a large proportion of
discs.
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Figure 1.12: Probability map of transition discs generated by the photoevaporation models of
Owen et al. (2011) in accretion rate versus inner hole radius space. Disc observations are plotted
as squares and diamonds; note that the simulations predict many non-accreting discs with large
holes which are not seen in the observed population. Adapted from Owen et al. (2011) preprint.

1.5 Importance of multi-dimensional modelling

As evidenced by the preceding sections, protoplanetary discs contain a vast amount of physics;
from dust microphysics on sub-micron scales to fluid and orbital mechanics on 100 au scales.
Understanding this physics requires sophisticated numerical modelling, given the plethora of
physical processes involved. Our understanding of discs has primarily been advanced through the
use of state-of-the-art codes for studying the dynamics and thermodynamics of the gas and dust
that comprise the disc material. 2D and 3D simulations, using codes such as, historically, ZEUS

(Stone and Norman, 1992) and more recently PLUTO (Mignone et al., 2007), FARGO3D

(Beńıtez-Llambay and Masset, 2016) and Athena++ (Stone et al., 2020), have typically been
used to study discs on short, dynamical time-scales, given their computational cost, whilst
simpler 1D models have often been used to study discs on longer, secular time-scales. In terms
of disc thermodynamics and radiative transfer, codes such as MCFOST (Pinte et al., 2006)
and RADMC-3D (Dullemond et al., 2012) are commonly used for calculating temperature
structures of given disc configurations. For dust growth and fragmentation DustPy (Stammler
and Birnstiel, 2022b) is often used, which uses the models described in work such as Brauer
et al. (2008); Birnstiel et al. (2010).

Work done using these models has hugely advanced our understanding of protoplanetary
discs; however, it has become evident that for certain problems, the interplay of each of the
facets of disc physics - dynamics, thermodynamics and the dust size distribution - must be
studied self-consistently over secular time-scales. An example of this can be seen with DustPy

- it cannot be used if the problem depends on the intricacies of the disc vertical structure.
Examples of such problems include temperature instabilities (Watanabe and Lin, 2008; Wu
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and Lithwick, 2021; Fuksman and Klahr, 2022), where 2D temperature solvers have been used
but dust dynamics and growth neglected; and snowline instabilities (Owen, 2020), where 1D
temperature and dynamics solvers have been used. Problems relating to disc dispersal also
require modelling of the vertical and radial structure: the removal of dust from discs via radiation
pressure (Owen and Kollmeier, 2019; Krumholz et al., 2020), which has been studied with both
1D and 2D solvers but without dust growth/fragmentation; and entrainment in photoevaporative
or magnetic winds (Franz et al., 2020; Booth and Clarke, 2021; Hutchison and Clarke, 2021a;
Rodenkirch and Dullemond, 2022), again with 1D and 2D approaches but with dust grain
growth neglected. As we have already discussed in section 1.1, understanding problems relating
to chemical structure e.g. CO depletion, require the coupling of dust and gas dynamics to the
chemistry (Krijt et al., 2020; Van Clepper et al., 2022).

There are a number of specific problems that I tackle in this thesis using multi-dimensional
modelling. One is the nature of the vertical structure of dynamically and collisionally evolving
dust grains, specifically whether collisions are able to significantly a↵ect the standard di↵usion-
settling equilibrium (Takeuchi and Lin, 2002). Another is dust evolution within photoevaporating
discs and whether radiation pressure plays an important role in removing dust during the
dispersal phase, building on work started by Owen and Kollmeier (2019). Finally I build
upon work by authors such as Krijt et al. (2020); Owen (2020) to study the CO snowline in
multi-dimensional discs with evolving dust. Crucially, I couple the ice component of the solids
to the thermodynamics of the disc, and am therefore able to study how snowlines are a↵ected
by and how they themselves a↵ect the temperature structure of the disc.

1.6 GPU computing

Modelling all of the described physical processes in multiple dimensions over viscous timescales
requires state-of-the-art computation. The work presented in this thesis makes significant use of
graphics processing units (GPUs) for parallelisation and acceleration of calculations. During the
advent of video games in the 1990s, GPUs were created to o↵-load the generation of computer
graphics from the central processing unit (CPU) by parallelising pixel-level computations such
as rasterisation (converting a vector image to pixels) and shading (Dally et al., 2021). As
opposed to CPUs, for which design is marshalled by the desire to execute single, serialised tasks
quickly and e�ciently, GPUs are designed to run many small tasks simultaneously, with each
task running on threads with significantly lower performance than a single CPU thread (Lee
et al., 2010). This ability of GPUs to perform parallel computations across thousands of threads
lends itself to scientific problems in which a large number of independent calculations must be
carried out across a grid.

The CUDA programming language was developed by NVIDIA to allow developers to write
code that communicates with the GPU architecture through a number of extensions to traditional
C/C++ code (Nickolls et al., 2008). In the CUDA paradigm, a developer writes serial code that
calls kernels written to run on the GPU. Modern GPUs have a certain number of streaming
multiprocessors (SMs) that are each able to run 1024 threads. Kernel calls are parallelised by
batching the total number of computations into a hierarchy involving blocks of threads that are
run simultaneously, each block filling one SM. Kernel calls replace iterative loops of independent
calculations in conventional, serialised code, with each kernel thread being assigned one loop
iteration; each block and the threads within it then run in parallel to simultaneously complete
as many iterations as there are threads. Fig. 1.13 shows a simple example of a kernel call for
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Figure 1.13: An example kernel call for the multiplication of two 4⇥ 4 matrices, alongside the
hierarchy of blocks and threads within a grid. 2⇥ 2 threads are launched for each block, with
the number of blocks calculated using the size of each matrix dimension (4) divided by the
number of threads in each dimension (2). The overarching system of blocks is called the grid.

matrix multiplication, alongside showing the hierarchy of blocks and threads. When there are
more blocks launched than SMs available on the GPU, the blocks are run serially as SMs become
available until all blocks have executed.

In my work, I run calculations on large grids with spatial dimensions on the order of hundreds
of points in each of the radial and vertical dimensions, alongside a dust grain mass dimension
also on the order of a hundred points. For such calculations I create block and thread hierarchies
that partition the 1024 available threads per block into three dimensions, two spatial and one
grain mass, and create more than enough blocks in each of the three dimensions to generate
a total number of threads that is at least equal to the total number of grid points. This level
of parallelisation a↵orded to me by using GPUs allows for many orders of magnitude of speed
up compared to running serialised nested loop structures on a CPU, and is therefore vital for
studying the physical processes I am interested in over relevant astrophysical timescales. The
advantage made by using GPUs for studying protoplanetary discs specifically was first realised
for the code FARGO3D (Beńıtez-Llambay and Masset, 2016).

1.7 Thesis outline

The work presented in this thesis has the aim of furthering our understanding of protoplanetary
discs through studying the main physical processes a↵ecting dust structure and evolution. In
chapter 2, I outline the numerical methods that I employ to achieve this aim, along with

32



CHAPTER 1. INTRODUCTION

comparisons to state-of-the-art codes. I also detail deviations from the standard model of disc
structure that I have uncovered through resolving the vertical disc dimension and coupling dust
evolution to thermodynamics. In chapter 3, I describe my studies into the e↵ect of radiation
pressure on dust evolution in dispersing, photoevaporating discs - a problem that inherently
requires resolving the vertical dimension. In chapter 4, I detail my studies of the CO snowline in
protoplanetary discs, outlining the methods that I use to incorporate ice-vapour chemistry into
my standard model, describing the impact of including the vertical dimension, and discussing
whether the snowline can be unstable to thermal perturbations in a multi-dimensional disc with
an evolving dust distribution. Chapter 5 summarizes my work’s contributions to the field and
discusses its implications for future research.
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Numerical methodology

In this chapter, I describe the the code that I have developed for studying discs in multiple
dimensions, cuDisc. cuDisc includes 2D multi-fluid dust dynamics coupled to both 2D
temperature evolution and 1D secular gas evolution. Dust and gas can be evolved, whilst
simultaneously evolving the dust grain size distribution and the resulting temperature structure.
This self-consistent calculation means fewer assumptions about the system’s state for a particular
scenario must be made. The code uses a 2D grid in the poloidal plane, meaning that assumptions
about vertical structure in the dust do not have to be made as the structure can be calculated
self-consistently. To allow evolution calculations to be run for significant fractions of the typical
disc lifetime (⇠ Myr) in computationally feasible time-scales, cuDisc utilises GPU acceleration
via the employment of the CUDA language and libraries.

2.1 Grid Structure

cuDisc is a 2D code in the poloidal plane, with axisymmetry adopted about the disc’s rotation
axis. The grid is structured in a fashion that makes certain features of disc physics easier to
calculate; cell interfaces are defined along lines of constant polar angle above the mid-plane,
✓, and constant cylindrical radius, R, as shown in Fig. 2.1. This means that the basis vectors
of the grid coordinate system are spherical radius, r̂, and cylindrical height, Ẑ, although
vector quantities (such as velocity) are dealt with in the standard cylindrical components. This
grid structure allows for ray-tracing from the central star for calculating quantities such as
optical depth whilst also making calculations that require vertical integration easy, such as
computing hydrostatic equilibrium. Cell spacing can be arbitrary in principle, but the standard
implementation is logarithmic in R with a power law in ✓. The individual cell structure is shown
in Fig. 2.2. Physical quantities are stored at cell centres, and edge coordinates are required for
the reconstruction of the cell-centred quantities to the cell interfaces for the advection routine
(see later sections). Cell volumes, Vi,j, and interface areas AR

i,j
& A

Z

i,j
are given by

Vi,j =
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Figure 2.1: The computational grid used in cuDisc. Cell boundaries exist along lines of constant
radius and constant angle above the mid-plane, ✓.

These geometric factors are written in such a way as to avoid divergence as R ! 0. Explicitly,
d(Rn)i = (Re
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)n and d(tan ✓)j = tan ✓e

j+1
� tan ✓e

j
. The Z coordinates are then given

by Z
e

i,j
= R

c

i
tan ✓e

i,j
and Z

c

i,j
= R

c

i
tan ✓c

i,j
. Due to the non-orthogonality of the grid coordinate

bases, when calculating fluxes through interfaces, the dot-product of velocity with the interface
normals must be calculated to only account for the velocity component orthogonal to the
interface.

At each edge of the active cell domain, ghost cells are employed in order to set the boundary
conditions. The conditions along each of the four boundaries can be set independently as either:
outflow, where ghost cell quantities are set by the values in the first adjacent active cell, zero,
where ghost cell quantities are set to floor values, or closed, where ghost cell quantities are set
by the values in the adjacent active cell but with zero flux over the boundary. The default setup
assumes vertical symmetry in the disc about the mid-plane and, therefore, uses a minimum
✓ of 0 with a closed boundary condition and outflow boundary conditions for the three other
boundaries.

2.2 Dynamics Solver

In cuDisc, the dust species are evolved by treating each grain size as a pressureless fluid and
solving their associated advection-di↵usion equations. I employ a second-order finite-volume
Godonuv scheme for solving the set of equations (Stone and Gardiner, 2009). I write the
equations in terms of vector fields of the conserved quantities, Q, their associated fluxes, F (Q),
and any source terms, S. The conserved quantities I am following are mass, momentum in R

and Z, and angular momentum (in �). For this system, these fields are given by

Q
i
=

0

BB@

⇢i

⇢ivR,i

⇢iv�,iR

⇢ivZ,i

1

CCA , (2.4)
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Figure 2.2: The cell structure and indexing implemented in cuDisc. The indices in the R and
Z directions are i and j, respectively.

where ⇢i and vi = (vR,i, v�,i, vZ,i) are the volume density and velocity of dust species i respectively,

F i =

0

BB@

⇢ivi + F di↵,i

vR,i(⇢ivi + F di↵,i)
v�,iR(⇢ivi + F di↵,i)
vZ,i(⇢ivi + F di↵,i)

1

CCA , (2.5)

where the two terms for each conserved quantity are the fluxes generated by advection, ⇢ivi,
and di↵usion, F di↵,i; and

Si =

0

BBBBB@

0
⇢iv

2

�,i

R
� ⇢i⌦2

R + fdrag,i,R + fext,i,R

fdrag,i,�

�⇢i⌦2
Z + fdrag,i,Z + fext,i,Z

1

CCCCCA
, (2.6)

where ⌦ is the Keplerian angular velocity,
p

GM⇤/(R2 + Z2)3/2, and f
drag

and f
ext

are source
terms that arise due to dust-gas drag and any external forces (e.g. radiation pressure). These
source terms are discussed further in the next section (2.2.1). I formulate di↵usion in the
momentum equations as the di↵usive flux acting to di↵use the advective quantities. I do not
currently consider the other terms discussed in recent works, such as Huang and Bai (2022);
these being the advection of the di↵usive flux and the time-dependent di↵usive flux. Di↵usion
related terms arise out of modelling turbulence by writing the density and velocity components
as a short-term average plus a short-term fluctuation, then averaging the resulting equations
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over the short-term, keeping any terms that include correlations between fluctuations (Reynolds
averaging, see e.g. Cuzzi et al. 1993). Note that I solve an azimuthal equation even though
all � derivatives are zero by axisymmetry, as the advection of angular momentum throughout
the (R,Z) plane could be important in some problems; this is sometimes referred to as 2.5D.
Also, note that I write this equation in angular momentum conserving form as this removes the
Coriolis force term, which has been shown to lead to loss of angular momentum conservation
(see e.g. Kley, 1998).

The quantities, Q, are updated by solving the advection-di↵usion equations given by

@Q

@t
+r · F = S. (2.7)

I solve this set of equations in two stages via operator splitting: a transport step where the
advection-di↵usion equations are solved as homogeneous hyperbolic equations and a source
step where the quantities are updated through the source terms. For the transport step, the
equations are integrated over volume to find the flux-conservative form. Discretising this gives
the equation used to evolve a quantity Q in cell i, j to time n+ 1,

Q
n+1

i,j
= Q

n

i,j
�

�t

Vi,j

(FA)
n+

1
2

i,j
, (2.8)

where (FA)i,j is the total area-weighted-flux exiting through the interfaces between cell i, j and
adjacent cells, given by

(FA)i,j = F
R

i+1,j
A

R

i+1,j
� F

R

i,j
A

R

i,j
+ F

Z

i,j+1
A

Z

i,j+1
� F

Z

i,j
A

Z

i,j
. (2.9)

The time index of n+ 1

2
indicates that the fluxes should be calculated at the half time-step to

represent the average flux over the full time-step �t. Following Stone and Gardiner (2009), I
calculate these half-time fluxes in the following manner:

1. The primitive quantities, (⇢i,vi), are reconstructed at both sides of the cell interfaces
from the conserved quantities at cell centres using a first-order donor cell method and a
Riemann solver is used to calculate first-order advective fluxes through each interface at
time n.

2. The di↵usive fluxes at each interface at time n are calculated from the cell-centred
conserved quantities and added to the advective fluxes to get the total area-weighted flux
exiting each cell at time n, (FA)n

i,j
.

3. The conserved quantities are advanced by a half time-step using these fluxes:

Q
n+

1
2

i,j
= Q

n

i,j
�

1

2

�t

Vi,j

(FA)n
i,j
, (2.10)

4. These half-updated quantities are given a half time-step source update (described in detail
in subsection 2.2.1).

5. Primitive quantities at time n+ 1

2
are now reconstructed from these half-updated quantities

using a second-order piecewise linear method with a modified van Leer limiter detailed by
Mignone (2014). These half-time primitive quantities are used to calculate second-order
advective fluxes through each interface at time n+ 1

2
.
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6. The di↵usive fluxes at each interface at time n+ 1

2
are calculated from the half-updated

cell-centred quantities and added to the second-order advective fluxes to get the total

area-weighted flux exiting each cell at time n+ 1

2
, (FA)

n+
1
2

i,j
.

In steps (i) and (v), where the advective fluxes are calculated, the Riemann problem has to
be solved at the cell interfaces. For pressureless fluids, collisions between fluids with di↵erent
velocities lead to “delta shocks”, which travel at the Roe-averaged velocity (Roe, 1981),

v̂ =

p
⇢lvl · n̂+

p
⇢rvr · n̂

p
⇢l +

p
⇢r

, (2.11)

where r and l denote the values of the reconstructed quantities to the left and right of the
interface in question. The reconstructed velocities are dotted with the interface normal, n̂, to
find the velocity orthogonal to each interface; this is important given that I use a non-orthogonal
grid. Numerically, I capture this process according to Leveque (2004) by taking the upwind flux
depending on the sign of the Roe-averaged velocity:

Fadv =

8
>>><

>>>:

Qlvl · n̂ if v̂ > 0

Qrvr · n̂ if v̂ < 0
1

2
(Qlvl · n̂+Qrvr · n̂) if v̂ = 0

0 if vl · n̂ < 0 < vr · n̂,

(2.12)

The di↵usive fluxes are then added to these advective fluxes to find the total flux.

2.2.1 Dust source terms and di↵usion

The source terms given by Eqn. 2.6 include curvature terms, gravitational terms, drag terms
and any other external forces. Drag is caused by dust-gas interactions and is given by

f
drag

= �
⇢

ts
(v � vg), (2.13)

where vg is the gas velocity and ts is the stopping time that conveys how well-coupled dust
grains are to the gas flow; short stopping times imply well-coupled dust grains that are entrained
in the gas flow. For the problems that I intend to study using cuDisc, the largest dust grains
have radii ⇠ cm size, meaning that we are in the regime of Epstein drag. This gives the stopping
time as

ts =
⇢ms

⇢gvth
, (2.14)

where ⇢m is the dust grain internal density, s is the dust grain radius, ⇢g is the gas mass density
and vth is the thermal velocity of the gas, usually given by (8/⇡)1/2cs, where cs is the isothermal
gas sound speed.

Defining Q & P as the conserved quantities and primitive quantities respectively, and Sexp

as the vector of source terms that are solved explicitly (curvature, gravity and external forces),
the full time-step (including source term updates) is given by:

1. Q⇤
i,j

= Qn

i,j
�

1

2

�t

Vi,j

(FA)n
i,j
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2. Q⇤⇤
i,j

= Q⇤
i,j

+
1

2
�tSexp(P

n

i,j
)

3. Q⇤⇤
i,j

! P ⇤⇤
i,j

4. P
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1
2

i,j
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✓
⇢
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i,j
, v⇤⇤

i,j
�

�t/2

�t/2 + ts
(v⇤⇤

i,j
� vg,i,j)

◆

5. Q†
i,j

= Qn

i,j
�

�t

Vi,j

(FA)
n+

1
2

i,j

6. Q††
i,j

= Q†
i,j

+ �tSexp(P
n+

1
2

i,j
)

7. Q††
i,j

! P ††
i,j

8. P n+1

i,j
=

✓
⇢
††
i,j
, v††

i,j
�

�t

�t+ ts
(v††

i,j
� vg,i,j)

◆

where quantities with an asterisk (⇤) or a dagger (†) signify intermediate states. Steps 3 and 7
signify conversions of conserved quantities to primitive quantities. Steps 4 and 8 are the drag
updates to the primitive velocities; these are solved implicitly, since if they were solved explicitly,
then short stopping times would prohibitively limit the length of an explicit time-step. As the
implicit update only includes the drag terms, the Jacobian for the implicit system of equations
is linear and diagonal, meaning the solution has a simple, exact analytic form. Boundary
conditions are set before step 1 and again after step 4.

The di↵usive mass flux discussed in the previous section arises due to the di↵usion of dust
grains via turbulent gas motions. This di↵usive velocity is calculated in a way analogous to
molecular di↵usion (Clarke and Pringle, 1988; Takeuchi and Lin, 2002), where the di↵usive flux
is given by

F di↵,i = �
⇢g⌫

Sci
r

✓
⇢i

⇢g

◆
, (2.15)

where ⌫ is the kinematic viscosity of the disc, and Sci is the Schmidt number, a dimensionless
number that represents the strength of the dust-gas coupling for a given grain. In the calculations
presented in this chapter, Sci is set to unity for all dust species, however the code allows any
choice for the form of Sci, which may vary arbitrarily with both position and dust properties.
Given that I formulate the di↵usion in the momentum equations as the di↵usive flux acting to
di↵use the advective quantities, the di↵usive momentum flux at an interface is given by F di↵,i

multiplied by the left or right advective velocity depending on the sign of the di↵usive flux itself,

Fdi↵,mom =

(
Fdi↵vl · n̂ if Fdi↵ > 0

Fdi↵vr · n̂ otherwise.
(2.16)

These di↵usive fluxes are then added to the advective fluxes defined earlier to give the total
flux.

The time interval �t for each time-step is determined from the Courant-Friedrichs-Lewy
(CFL; Courant et al. 1928) condition:

�tCFL = min
�
�t

adv

CFL
,�t

di↵

CFL

�
, (2.17)

39



CHAPTER 2. NUMERICAL METHODOLOGY

where �t
adv

CFL
& �t

di↵

CFL
are the CFL time-steps for advection and di↵usion respectively, given by

�t
adv

CFL
= C

advmin
�
|dRi/v

s

R,i,j
|, |dZi,j/v

s

Z,i,j
|
�
, (2.18)

where the minimum is over all cells i, j and species s, and

�t
di↵

CFL
= C

di↵min
�
|(dRi)

2
/(⌫i,j/Scs)|, |(dZi,j)

2
/(⌫i,j/Scs)|

�
. (2.19)

Both time-steps have associated Courant numbers, Cadv & C
di↵, which are safety factors set by

default to 0.4 and 0.2, respectively. For most problems studied with cuDisc, di↵usion in the
innermost radial and vertical cells dominates the CFL criterion.

2.2.2 Di↵usion

For both the dust dynamics and the radiative di↵usion problem presented in Section 2.3, I need
to calculate di↵usive fluxes. In general, a di↵usive flux can be written as

F = �Dru, (2.20)

where D is the di↵usion constant and u is the quantity being di↵used.
Calculating the di↵usive flux requires care in cuDisc given the non-orthogonal coordinate

system in use. This is because using the standard di↵erence formulae would give gradients of u
that are not perpendicular to the interface in question and therefore using them directly would
provide incorrect fluxes across the interfaces. To deal with this I need a method that calculates
the 2D gradient of u that I can dot-product with the interface normal to find the flux across the
interface. To this end, I use the second-order accurate, conservative method detailed by Wu
et al. (2012) for di↵usion problems on arbitrary mesh structures. Here, I present this method
specifically for my mesh.

To compute the gradients of u within a cell, Wu et al. introduce interpolation points on
the cell interfaces. The location of these interpolation points and accompanying values of u are
determined through the conditions (i) u must be continuous everywhere and (ii) the flux across
the interface must be continuous, i.e. Dn̂ ·ru must be continuous at the interface, n̂ being the
interface normal vector. In this chapter, I describe how these interpolation points are found; for
readers interested in why these criteria lead to the interpolation points, I refer to the appendix
of Wu et al. (2012). The flux at an interface is built up from one-sided fluxes on each side of an
interface. Take a radial interface � between cells k and l (see Fig. 2.3). The net flux across the
face from the perspective of cell k is given by

F̃� = wk�Fk� � wl�Fl�, (2.21)

where wk� and wl� are weights assigned to the one-sided flux contributions from the cells on
each side of the interface, Fk� and Fl�, where these fluxes are directed out of cells k/l across the
interface �. The weights are defined as

wk� =
µk�

µk� + µl�

, wk� + wl� = 1, (2.22)

where µk� = dk�
Dk

, dk� being the shortest (perpendicular) distance between the cell centre and
the plane of the interface � and Dk the di↵usion constant associated with cell k.
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Figure 2.3: The cell stencil used for calculating di↵usive fluxes over interfaces. The cells are
shown as orthogonal for illustrative ease. The total flux F̃� through the interface � that connects
cells k and l is calculated using the one-sided fluxes, Fk� and Fl�. The same can be said for the
total flux F̃� for interface � but with the one-sided fluxes Fa� and Fl�. The cell colours indicate
which cells are used to construct the one-sided fluxes: cells with yellow for Fk�, cyan for Fl�,
green for Fk�, and red for Fl�.

To include all flux orthogonal to the interface �, the one-sided flux Fk� is calculated by
decomposing the interface normal vector n� into two vectors, vkl and vkm, that point from cell
centre k to the interpolation points on the cell interface in question and the clockwise-adjacent
interface that joins cell k to cell m, as shown in Fig. 2.4. To find the interpolation point vkl, I
first find two vectors that connect cell centre k to the points on the interface that are closest
to cell centres k and l, shown as dvkl,1 and dvkl,2 in Fig. 2.4. vkl is then constructed using a
weighted sum of dvkl,1 and dvkl,2,

vkl = wk�dvkl,1 + wl�dvkl,2. (2.23)

The vector vkm is constructed similarly but with vectors and weights associated with interface
⌧ that connects cells k and m. The interface normal is then decomposed into these two vectors
by solving

cklvkl + ckmvkm = n� (2.24)

for the coe�cients ckl and ckm. These coe�cients allow me to calculate the gradients across the
interface without explicitly calculating the values of u at the interpolation points. The one-sided
flux Fk is then calculated via the weighted sum of these gradients:

Fk� = �Dk [wl�ckl(ul � uk) + wm⌧ckm(um � uk)] . (2.25)
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Figure 2.4: The vector decomposition used for the cell interface normals when calculating
di↵usive fluxes. Green vectors show those that point from cell centre k to the points on the
interface � that are closest to cell centres k and l. The red vector vkl is then constructed via a
weighted sum of the two green vectors. vkm is constructed from vectors for the interface between
cells k and m but are not shown for simplicity.

To calculate the net flux F̃� from Eqn. 2.21, Fl� is constructed similarly to Fk� but from the
perspective of cell l. For polar/height interfaces such as interface � in Fig. 2.3, the process is
the same except that the stencil for constructing one-sided fluxes uses the interface in question
and the anti-clockwise adjacent interface as opposed to clockwise.

2.2.3 Gas

In cuDisc, the 1D viscous evolution equation for gas surface density is solved, and the 2D gas
distribution is calculated through hydrostatic equilibrium. Currently, there is no feedback from
the dust to the gas; however, it may be added in the future. The viscous evolution equation is
given by (Pringle, 1981)

@⌃g

@t
=

3

R

@

@R

✓
R

1/2
@

@R
(R1/2

⌫⌃g)

◆
+ Sg, (2.26)

where Sg represents any source terms (e.g. mass loss via photoevaporative winds). The equation
is solved in two stages via operator splitting; in the first stage, the first term on the right-hand
side is solved as a di↵usion problem using an explicit forward-time-centered-spatial scheme, and
in the second stage, the source terms are solved using explicit Eulerian updates.

The equations I use to calculate the gas velocities are found from viscous theory (see e.g
Urpin, 1984; Balbus and Papaloizou, 1999). These velocities are needed explicitly for their
influence on dust dynamics - they are not used for evolving the gas. The non-standard grid
system in cuDisc involves the use of non-holonomic basis vectors in r̂ and Ẑ. These are
therefore the basis vectors used when taking derivatives on the grid, which means I must rewrite
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the gas equations of motion in this basis. The momentum equation in general coordinates is
given by

⇢


@v̂

i

@t
+ v̂

i

;j
v̂
j

�
= �g

ij

✓
⇢
@�

@xj
+

@p

@xj

◆
+ T

ij

;j
, (2.27)

where gij is the metric tensor and a
i...

;j
represents the covariant derivative. The gravitational

potential, �, is assumed to be only sourced by the central star, and therefore � = �GM?/r.
v̂
i are the tensor velocity components and must be converted to physical components, vi, via

v
i = v̂

i
p
gii. Assuming incompressibility - valid for sub-sonic flow velocities and found to be a

good approximation for turbulent processes that a↵ect dust in protoplanetary discs (Sakurai
et al., 2021) - the stress tensor is given by

T
ij = ⇢⌫

⇢
g
im
@v̂

j

@xm
+ g

jm
@v̂

i

@xm
+

1

2

@gm�

@x↵

�
g
im
g
j� + g

jm
g
i�
�
v̂
↵

�
. (2.28)

The non-holonomic nature of the basis vectors leads to non-zero o↵-diagonal components of
the metric tensor gij and non-symmetry of the metric connection �i

jk
due to torsion. With

coordinates xi = r,�, Z, and where ✓ is the polar angle above the disc mid-plane, the metric
and associated connection are found to be

gij =

2

4
1 0 sin ✓
0 r

2 cos2 ✓ 0
sin ✓ 0 1

3

5 , (2.29)

�r

Zr
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sin ✓

r
, �r

��
= �r, ��

r�
= ��

�r
=

1

r
, �Z

Zr
=

1

r
, �Z

��
= r sin ✓, (2.30)

where all other connection symbols are zero. When making the assumptions that we are in steady
state and that v� � vr � vZ (justified for thin discs as vZ ⇠ (H/r)vr and vr ⇠ (H/r)2↵v�,
where H is the gas scale height; see Urpin 1984), the r-component of Eqn. 2.27 gives me v�

and the �-component gives me vr when making the additional substitution vZ = v
cyl

Z
� vr sin ✓.

Explicitly, these are given by

v� =


GM⇤ cos2 ✓

r
+

r

⇢g

✓
@P

@r
� sin ✓

@P

@Z

◆�1/2
, (2.31)

vR = r cos ✓


@(rv�)

@r
� r sin ✓

@v�

@Z

��1

⇥

⇢
1

⇢g
[r · T ]� � vZ,cyl

@v�

@Z

�
, (2.32)

where the derivatives are performed along the grid directions of spherical r and cylindrical Z.
vZ,cyl is the physical velocity in the Z-direction. I do not include a form for the vertical velocity
due to viscosity here as it depends on assumptions made about the turbulence model (see e.g.
Philippov and Rafikov, 2017); it can also be governed by other processes such as disc winds. For
these reasons, by default (and for the tests in this chapter) the vertical gas velocity is assumed
to be 0. Di↵erent models of vertical gas motions can be included depending on the problem in
question. ✓ is the angle above the disc mid-plane, P is the gas pressure, given by the ideal gas
law, and T is the viscous stress tensor. To calculate [r · T ]�, the r� and Z� components of T
are required. Assuming a Navier-Stokes-like viscosity, these have the forms:

T
r� =

⇢g⌫

cos2 ✓


r
@

@r

⇣
v�

r

⌘
� sin ✓

@v�

@Z

�
, (2.33)
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T
Z� =

⇢g⌫

cos2 ✓


@v�

@Z
� r sin ✓

@

@r

⇣
v�

r

⌘�
, (2.34)

and the tensor divergence in the � direction is explicitly written as

[r · T ]� =
1

r3

@(r3T r�)

@r
+
@T

Z�

@Z
. (2.35)

These derivatives are calculated using finite di↵erencing on the grid variables to calculate
cell-centred values for the gas velocities.

2.2.4 Kinematic viscosity

The kinematic viscosity ⌫ is important for governing the gas’ evolution and dust di↵usion.
It is often parameterised following Shakura and Sunyaev (1973) as ↵csH where H is the gas
scale height, and ↵ is a constant that is used to control the strength of the e↵ective viscosity
generated by turbulent processes. With a constant ↵, this assumes that the viscosity varies
with temperature changes in the disc. However, ↵ need not be assumed constant; it can depend
on other quantities such as ionisation fraction or magnetic field strength (see e.g Jankovic
et al., 2021). A di↵erent way to parameterise the viscosity that removes this variation with
the temperature profile calculated by cuDisc is ⌫ = ⌫0(R/R0), where the linear dependence
on radius comes from assuming a mid-plane temperature profile proportional to R

�1/2. Both
methods of setting the viscosity are available in cuDisc. By default, ⌫0 is calculated assuming
a mid-plane temperature of 100 K at 1 au, but the user can edit this.

2.2.5 Hydrostatic equilibrium

The 2D gas density structure is calculated using the method outlined in Robinson et al. (2024).
We solve the hydrostatic equilibrium equation,

dP

dZ
= �

GM⇤

(R2 + Z2)
3
2

⇢gZ, (2.36)

rewriting the equation using the ideal gas law to obtain

d logP =
GM⇤
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s

d

✓
1

r

◆
, (2.37)

where we have utilised ZdZ/r3 = dr/r2 = �d(1/r), r being the spherical radius, and cs is the
isothermal sound speed. We then take the exponential of Eqn. 2.37 and in each cell i, j calculate

Pi,j
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= exp
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⌧
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1
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, (2.38)

where
D

1

c2s

E

i,j

is the average reciprocal of the sound speed squared,
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The pressure in each cell relative to the cell at j = 0 is then found by multiplicatively scanning
over Z,

Pi,j

Pi,j=0

=
jY

k=1

Pi,k

Pi,k�1

. (2.40)

This method enforces positivity of the calculated pressure. The pressure is then converted to
density and normalised via the gas surface density,

⇢g,i,j =
⌃g,i(RdR)iP

k
!i,kVi,k

!i,j, (2.41)

where !i,j is the unnormalised density and (RdR)i is calculated as (RdR)i = 1

2
d(R2)i =

1

2
[(Re

i+1
)2 � (Re

i
)2].

2.2.6 Dynamics Tests

To demonstrate that the code is second-order accurate, I now show test problems run using 2D
Gaussian pulses with the analytic form

⇢(x, y, t) =
A

t
exp

✓
�
(x� xp(t))2 + (y � yp(t))2

4Dt

◆
, (2.42)

where xp(t) = x0 + vx(t � t0) with an equivalent expression for yp. For these tests, I used
the following parameter choices: A = D = 1, x0 = 30, y0 = 0, t0 = 0.1, vx = 5 and vy = 2.
These pulses were advected in both R and Z directions whilst undergoing di↵usion from t = t0

to t = 1. Cells were logarithmically-spaced in R between 10 and 50 and linearly-spaced in
✓ between �⇡/6 and ⇡/6. Cartesian areas and volumes were used, and the boundaries were
set to outflow conditions. An example run can be seen in Fig. 2.5. The L2 error norm,qP

ij
(⇢ij � ⇢an,ij)2/(N ⇥N), was calculated using the analytic solution, ⇢an compared to the

computed solution, ⇢. Fig. 2.6 shows how this error decreases with number of cells N on a 2D
N ⇥N grid. As shown, the L2 error is proportional to 1/N2, demonstrating that my method is
second-order accurate.

To test my code on disc-related problems, I compared simulated steady-state results to
analytic results given by Takeuchi and Lin (2002). The gas was initialised using their analytic
density and velocity profiles. Three dust species (10 µm, 100 µm and 1 mm) were initialised
as being well-mixed with the gas (i.e. the same density and velocity profiles) with a standard
dust-to-gas ratio of 0.01 applied to the density. In order to study vertical settling, radial fluxes
were set to 0 for comparison with Takeuchi & Lin’s analytic profiles, and the code was run for
100,000 years to ensure a steady-state in the dust, as the settling timescale for the smallest
grains in this set-up was 90,000 years. 300 cells were used in the vertical dimension. Fig. 2.7
shows the computed equilibrium dust-to-gas profiles of the dust species compared to the analytic
solutions, showing strong agreement. A small discrepancy is visible for the smallest grains at
large Z; this is due to my inclusion of the advection of momentum and because I do not make
a thin disc approximation in the gravitational potential (Takeuchi & Lin invoke Z ⌧ R to
simplify the problem). With radial velocities turned on, I also match the analytic profiles for
radial velocity as a function of height, as shown in Fig. 2.8.
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Figure 2.5: Advection-di↵usion of a 2D gaussian pulse using the dynamics routine in cuDisc.
The left and right panels show the initial and final states, respectively. This simulation had a
resolution of 512 ⇥ 512 cells.

Figure 2.6: The L2 error norm for advection-di↵usion of a 2D gaussian pulse using the dynamics
routine in cuDisc. Slopes of 1/N and 1/N2, where the 2D grid has size N ⇥N , are shown for
reference.
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Figure 2.7: Steady-state dust-to-gas ratios as a function of height above the disc mid-plane
(in units of the gas scale height, H) at a radius of 10 au for three dust species. The analytic
solutions given by Takeuchi and Lin (2002) are overplotted for comparison.

Figure 2.8: Steady-state radial velocities as a function of height above the disc mid-plane (in
units of the gas scale height, H) at a radius of 10 au for three dust species. Positive radial
velocities point away from the star. The analytic solutions given by Takeuchi and Lin (2002)
are overplotted for comparison.
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2.3 Temperature solver

Radiative transfer is a complex problem, and various numerical methods can be employed whose
results di↵er depending on the weights attributed to accuracy versus computation time. For
certain problems, calculated temperatures may need to be highly accurate and need not evolve
(e.g. comparing line fluxes to observations), allowing long computation times to be a viable
option. Other problems may not require such high accuracy in the calculation of temperature
but instead may require fast calculation to assess the thermal evolution of a system.

Since the aim of cuDisc is to study the evolution of protoplanetary discs over long timescales
(⇠ 105 yr or longer), we require a fast temperature solver. For this reason, our method uses
a hybrid of ray-tracing and multi-band flux-limited di↵usion as opposed to exact techniques
such as Monte Carlo. I benchmark our solver against RADMC-3D (Dullemond et al., 2012), a
Monte Carlo code that requires longer computation times for more accurate results.

2.3.1 Hybrid ray-tracing + multi-band flux-limited di↵usion

cuDisc uses the method outlined in Robinson et al. (2024). This method is a hybrid radiative
transfer scheme that employs ray-tracing from the star for heating due to stellar radiation and
multi-band flux-limited di↵usion (FLD) for treating re-emitted/scattered radiation. FLD is a
model developed by Levermore and Pomraning (1981) that aims to solve the radiative transfer
problem by treating the transport of radiative energy as a di↵usion problem. The di↵usive flux
is limited to ensure that radiation does not propagate faster than the speed of light. The limiter
is chosen to tend towards the correct physical forms in limits of high and low optical depth. The
following scheme used in cuDisc is based on similar schemes detailed by Kuiper et al. (2010);
Commerçon et al. (2011); Bitsch et al. (2013). In conservative form, the equations governing
the internal energy density, ✏, and radiative energy density in a given wavelength band b, Eb

R
,

are given by

@✏
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where ⇢s is the mass density of species s, b
P,s

is the Planck mean opacity in wavelength band b

for species s, B(T ) = 4�T 4 accounts for radiative cooling, Sheat accounts for heating via stellar
irradiation and viscous processes and S

b

sca
is the scattered stellar radiation. As Eqn. 2.44 is for

a particular wavelength band, a Planck factor f b is included that accounts for the fraction of
total radiated thermal energy that is emitted in the particular band in question. We do not
include advective terms in our formulation. F b is the flux of radiative energy in a given band,
and this term is calculated in flux-limited di↵usion as

F b = �
c�

b

P
s
⇢s

b

R,s

rE
b

R
, (2.45)

where b
R,s

is the Rosseland mean opacity in the given band for species s and �
b the flux-

limiter. In our multi-band scheme, the Planck opacities in Eqns. 2.43 & 2.44 are calculated
using absorption opacities, whilst the Rosseland opacity is calculated using the total opacity,
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absorption plus scattering. The choice of flux-limiter used for cuDisc is that given by Kley
(1989),

�
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Taking the limits of high and low optical depth (
P
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flux tends to the di↵usion limit, F = �(c/3
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)rER, and the free-streaming limit,

F = �cER(rER/|rER|), respectively.
The heating term Sheat is split into stellar heating and viscous heating. The viscous heating

is calculated explicitly as

Svisc =
9

4
↵⇢gc

2

s
⌦, (2.48)

where ↵ parameterises the e↵ective turbulent viscosity of the disc (Shakura and Sunyaev, 1973),
cs is the isothermal sound speed, and ⌦ is the Keplerian angular velocity. Stellar heating in
each cell is calculated via ray tracing from the star using

S⇤ =
X

B

LB

4⇡r2�r
e
�⌧B(1� e

�
P

s ⇢sB,s�r)(1� aB), (2.49)

where the sum is over the wavelength bands used for stellar radiation, LB is the stellar luminosity
in each band, and �r is the (spherical) radial length of the cell. By default, the number of bands
used for stellar heating (⇠ 100) is larger than the number used for the FLD routine detailed
above (⇠ 20) as the heating calculation is computationally cheap. For each wavelength band,
the e

�⌧B term accounts for the flux that has been attenuated (removed through extinction; i.e.
absorption plus scattering opacity) by the material along the radial path between the star and
the cell of interest, whilst (1� e

�
P

s ⇢sB,s�r) accounts for the amount of remaining flux that is
attenuated in the cell. B,s is the extinction of stellar radiation at the centre of each wavelength
band. The term (1� aB) includes the albedo, aB, to take into account the e↵ect of scattering.
The albedo is calculated as the ratio of scattering opacity to total extinction at each wavelength.
The di↵usive flux generated by scattering at each wavelength is therefore given by

Ssca,B =
LB

4⇡r2�r
e
�⌧B(1� e

�
P

s ⇢sB,s�r)aB. (2.50)

This is then binned into the wavelength bins used for the FLD routine and included in Eqn.
2.44.

The internal energy is given by ✏ = ⇢cV T , where ⇢ is the total density of all species and cV

is the specific heat at constant volume, meaning that Eqn. 2.43 can be written in terms of B,
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This allows the system of equations to be set up and solved implicitly for the quantities B

and ER. This method ensures the correct equilibrium is reached for large �t - this being the
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standard case for our simulations. I also note that the Commerçon et al. (2011) linearization
writes B(T ) in terms of T , instead of T in terms of B(T ) as we do. The discretised forms of
Eqns. 2.51 & 2.44 for cell i, j at time-step n are
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D̃
b

kl
is the di↵usion matrix, constructed by summing all terms that apply to cell k, l when

finding F̃�A� (Eqn. 2.21) for each of the four interfaces around cell i, j. The full form of D̃kl is
found by writing out F̃� (Eqn. 2.21) for each interface � about cell i, j and summing all terms
that apply to cell k, l in the 3⇥3 stencil of cells centred on cell i, j. For this exercise, I will
change cell references from the form i, j to the single letter form k, for ease of reading. As an
example, referring to Fig. 2.3, when calculating the fluxes over the interfaces � and �, F̃� and
F̃� respectively, according to Eqn. 2.25 I find

F̃� = �Dkwk� [wl�ckl(ul � uk) + wm⌧ckm(um � uk)] +

Dlwl� [wk�clk(uk � ul) + wp⌫clp(up � ul)] , (2.54)

F̃� = �Dawa� [wl�cal(ul � ua) + wm�cam(um � uk)] +

Dlwl� [wa�cla(ul � ua) + wb✏clb(ub � ul)] , (2.55)

where ⌫, � and ✏ are the interfaces between cells l & p, a & m and l & b respectively.

Taking for example cell m, the value in the di↵usion matrix D̃m is therefore given by the
sum of all terms that are multiplied by um, multiplied by their respective interface areas A, i.e.

D̃m = �Dkwk�wm⌧ckmA� �Dawa�wm�camA�. (2.56)

We time-lag the di↵usion constant in Eqn. 2.45 and the Planck factor, f b (i.e. they are
evaluated at tn instead of tn+1). The system of equations defined by Eqns. 2.52 & 2.53 are solved
using incomplete-LU preconditioning and the Bi-Conjugate Gradient Stabilized (BiCGStab)
solver described in Naumov (2011). The convergence criterion is set by comparing the maximum
fractional residual between the left and right-hand sides of each equation at each iteration to a
user-controlled relative tolerance, set by default to 10�4.
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Figure 2.9: Comparison of mid-plane and surface temperatures calculated by cuDisc and
RADMC-3D for the Pinte et al. (2009) benchmark adapted to have a grain distribution. The
left and right plots show models with total dust masses of 1⇥ 10�2

M� and 10 M�, respectively.

2.3.2 Opacities

Dust absorption and scattering opacities can be set in various ways in cuDisc. Simple, functional
forms that approximate the opacity dependence on grain size and wavelength may be used. I
have also added opacity tables generated using packages such as the DSHARP opacity library
(Birnstiel et al., 2018). If tables are used, cuDisc can interpolate the opacity data to the
user-defined grain sizes and wavelength bins using piecewise-cubic Hermite interpolation (Fritsch
and Carlson, 1980) in both grain size and wavelength space. In general, more wavelength bins
are used for the cheaper stellar heating calculation in Eqn. 2.49 than are used in the FLD scheme.
For conversion between these two wavelength grids, the opacities are binned by calculating the
Planck mean opacity over the range of wavelengths corresponding to each coarse bin - these
partial means result in a better estimate of the temperature in optically thin regions when a
small number of bins are used.

2.3.3 Radiative transfer tests

To test the temperature solver, I ran modified versions of standard benchmark tests used in the
literature for comparing temperature solvers: the Pascucci et al. (2004) and Pinte et al. (2009)
tests. Fig. 2.9 shows the comparison of mid-plane and surface temperatures calculated using
cuDisc and the Monte Carlo radiative transfer code RADMC-3D for the Pinte test, modified
to include a distribution of grain sizes. The density of each grain species i was set by

⇢i(R,Z) = Fi

⌃tot(R)
p
2⇡Hd,i(R)

exp

 
�

Z
2

2H2

d,i
(R)

!
, (2.57)

where Fi is the fraction of the total surface density ⌃tot distributed to each grain size and Hd,i

the scale height for each grain. The grain size distribution was set according to the MRN
(Mathis et al., 1977) distribution with a maximum grain size of 0.5 cm, and the total surface
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density was set according to Pinte et al. (2009) as

⌃tot = ⌃0(R/au)�1.625
, (2.58)

where ⌃0 was set by the total desired disc mass. The scale height for each grain size was set as
the approximate height reached once grains are settled (Dubrulle et al., 1995),

Hd,i = H

s
1

1 + Sti/↵
, (2.59)

where H is the gas scale height, Sti is the grain Stokes number, set simply in this problem as
Sti = 0.05ai(R/au) where ai is the grain radius, and ↵ is the gas turbulence parameter, set to
1⇥ 10�3. The gas scale height was set according to Pinte et al. (2009) as H = 10(R/100 au)1.125

au. The opacities of the dust grains were set using the Birnstiel et al. (2018) tool for calculating
opacities, together with the dielectric constants given by Draine (2003). Scattering was treated
as being isotropic as cuDisc is currently unable to treat anisotropic scattering. Fig. 2.9 shows
the results for two di↵erent total disc masses (1⇥ 10�2 & 10 M�). These masses corresponded
to optical depths from the star to the observer along the mid-plane (✓ = 0) at 0.81 µm of 87
and 8.7⇥ 104, respectively. These values are just over an order of magnitude smaller than the
optical depths for the Pinte test at the same disc masses, as my use of a grain distribution
lowers the overall opacity of the disc due to the presence of large grains. The inner and outer
bounds of the grids were set to (0.1, 400) au in R and (0, ⇡/4) rad in ✓. 150 equally-spaced
cells were used in ✓, whilst the number of cells in R was adapted depending on the disc mass.
For both disc masses, 200 logarithmically-spaced cells were used between 0.15 & 400 au, whilst
to minimise the optical depth in cells very close to the inner edge, I follow the method detailed
by Ramsey and Dullemond (2015) and use 40 & 96 logarithmically-spaced cells between 0.1 &
0.15 au for the lower & higher disc mass respectively. 100 logarithmically-spaced wavelengths
between 0.1 & 3000 µm were used for stellar heating and binned down to 20 bands for the FLD
calculations. Apart from the binned wavelength bands (which are not required), these same
grid structures were used in RADMC-3D for consistency. Resolution tests were performed,
which confirmed that convergence was reached for the grid resolutions quoted here.

I find that my results in the optically thin surface layers are accurate to within a few percent
for the entirety of the disc apart from the very inner region between 0.1 and 0.2 au. At the
mid-plane, the accuracy varies but remains within ⇠20 % for most of the disc - a level of
accuracy high enough for my problems.

2.4 Dust growth and fragmentation

cuDisc uses the method outlined in Robinson et al. (2024). This method is the same as that
outlined in Brauer et al. (2008) but without the vertical integration that they use to convert
the problem to 1D along the disc mid-plane. In this method, the Smoluchowski coagulation
equation (Smoluchowski, 1916) becomes

⇢̇k =
N�1X

i=0

iX

j=0

⇢̇gain,ijk �

N�1X

i=0

⇢̇loss,ik (2.60)
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where dots represent time derivatives, N is the total number of dust species, ⇢k is the density of
the k-th dust species, and ⇢̇gain,ijk and ⇢̇loss,ik are the gains in density due to collision products
of other grains (through coagulation and fragmentation) and losses in density due to collisions
between the k-th dust species and all others respectively. The loss is given by

⇢̇loss,ij = mjninjKij(pcoag,ij + pfrag,ij) (2.61)

where mk is the mass of the k-th grain, Kij is referred to as the kernel, and pcoag,ij and pfrag,ij

are the probabilities of coagulation and fragmentation, which follow

pcoag,ij + pfrag,ij = 1 (2.62)

in the absence of bouncing (as assumed here). The form of this kernel is taken from Birnstiel
et al. (2010) and is given by

Kij = �ij�vij, (2.63)

where �ij is the collision cross-section of the grains and �vij is the relative velocity of the grains,
given by
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2
, (2.64)

where vBM,ij, vturb,ij, and �vlam,ij are the relative velocities due to Brownian motion, gas
turbulence, and laminar dust motion respectively. Here �vlam,ij is the root-mean-square relative
velocity between the dust particles, calculated using the velocities determined by the dynamical
solver. Brownian motion most strongly a↵ects small grains and is given by

vBM,ij =

s
8kBT (mi +mj)

⇡mimj

, (2.65)

where kB is the Boltzmann constant and T the disc temperature. The form of vturb,ij is taken
from Ormel and Cuzzi (2007) and is given by

vturb,ij =
p
↵csVrel,ij, (2.66)

where Vrel,ij is the relative velocity between grains scaled to the eddy velocity
p
↵cs,

Vrel,ij =
q

�V
2

I
+ �V

2
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, (2.67)

where �V
2

I
& �V

2

II
are the relative velocities induced by “slow” class I and “fast” class II eddies,

respectively given by Eqns. 17 & 18 in Ormel and Cuzzi (2007). For computational speed, we
use a quadratic fit to find the Stokes number of the boundary between class I & II eddies for a
given pair of grains, St⇤ (Eqn. 21d in Ormel and Cuzzi (2007)). This fit is accurate to within
2%.

In a collision, grains can coagulate to form more massive grains or fragment to produce a
remnant grain and a set of fragments that are distributed over lower-mass grains. Combining
all of these collision products gives me the density gain for a dust species as

⇢̇gain,ijk = ninjKij [pcoag,ij(mi +mj)Cijk + pfrag,ij(mrem,ijRijk +mfrag,ijFijk)], (2.68)

where Cijk, Rijk and Fijk are the fractions of the mass associated with coagulation products,
remnant products and fragment products that are distributed into bin k, and mrem,ij and mfrag,ij
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are the masses of remnants and fragments produced by the collision. Note to avoid double
counting we replace Kij !

1

2
Kij when i = j.

The particle velocities are assumed to follow a Maxwell-Boltzmann distribution around �vij

to calculate the fragmentation probability. This is a simplified version of the calculations done
by Garaud et al. (2013), who separated the stochastic (turbulent and Brownian) motions from
the laminar motions; we are therefore assuming that stochastic motions are larger than any
laminar relative motions. This should be valid in the disc interior where drift and settling
velocities are low compared to turbulent velocities; however, it could break down in regions of
very low turbulence or in the upper layers of the disc where high velocity wind flows may be
important. This is also the approach taken by Stammler and Birnstiel (2022a). In this way, the
fragmentation probability is given by

pfrag,ij =
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3
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vfrag

�vij

◆2

+ 1

#
exp
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2

✓
vfrag

�vij
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#
. (2.69)

The coe�cients Cijk, Rijk and Fijk add the collision products into the appropriate mass bins.
Since the standard choice of the mass grid is logarithmic, these products do not map directly to
other mass bins and must be split over the two bins on either side of the product mass. Defining
the integers `(m) and u(m) as: m`(m) being the largest mass such that m`(m) < m and mu(m)

being the smallest mass such that mu(m) > m, we may write

Cijk =

8
><

>:

"(mi +mj) k = `(mi +mj)

1� "(mi +mj) k = u(mi +mj)

0 otherwise,

(2.70)

and

Rijk =

8
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"(mrem,ij) k = `(mrem,ij)

1� "(mrem,ij) k = u(mrem,ij)

0 otherwise,

(2.71)

where

"(m) =
mu(m) �m

mu(m) �m`(m)

. (2.72)

The distribution of fragments, Fijk, is calculated following Rafikov et al. (2020). First, we
assume that the number density distribution of fragments is given by a power law,

n(m)dm / m
�⌘dm (2.73)

where n(m)dm is the number of particles per unit volume in the mass range [m,m+ dm] and ⌘
is the fragmentation parameter that controls how fragments are distributed amongst the smaller
mass grains; by default, we take the standard value of 11/6 found in the steady-state solutions
of Dohnanyi (1969); Tanaka et al. (1996). Converting to mass density and integrating over the
bins to find the fraction of mass distributed into each bin gives

Nk(mmax) =
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2�⌘

max � (me

0
)2�⌘

, (2.74)
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where mmax is the mass of the largest fragment (chosen to be the mass of the impactor, i.e. the
less massive particle in the collision) and where m

e

k+1
and m

e

k
are the upper and lower edges of

the k
th mass bin.

We then place each mfrag,ij into the bin l by finding the smallest l such that me

l+1
> mfrag,ij

and setting mmax,ij = m
e

l+1
. From this we arrive at Fijk = Nk(mmax,ij). However, Fijk is not

used directly. Instead, we first determine the total amount of fragments falling into each l-bin
before distributing them according to Nk(me

l+1
). This results in a much more e�cient algorithm,

as outlined in Rafikov et al. (2020).
The proportion of mass ending up as fragments is defined as a multiple of the mass of

the smaller of the two colliding grains. Denoting the more massive particle as the target
with mass, mtar and the smaller as the impactor with mass, mim, we define the �im such that
mfrag,ij = min (�immim,mtar). The remnant mass is then given by

mrem =

(
mtar � �immim for �immim < mtar

0 otherwise,
(2.75)

where �im is a factor controlling the amount of material the impactor can remove relative to
its mass, usually taken to be unity. The fragment mass is then given by the total mass of the
colliding grains minus the remnant mass.

To solve Eqn. 2.60 I use a Bogacki-Shampine 3(2) embedded Runge-Kutta method with error
estimation (Bogacki and Shampine, 1989) that adaptively calculates the time-step required to
meet user-specified relative and absolute tolerances. As default, these are a 1% relative tolerance
and an absolute tolerance of 1⇥ 10�10 multiplied by the sum over all grain densities in a cell.

2.4.1 Coagulation tests

To test the coagulation routine, I produced direct comparisons to the 1D disc evolution code
DustPy using a vertically integrated kernel (Birnstiel et al., 2010), which can be seen in Fig.
2.10. The vertically integrated kernel is used to study the growth and fragmentation of dust
surface densities instead of volume densities and is constructed by dividing the coagulation

kernel (Eqn. 2.63) by
q

2⇡(H2

d,i
+H

2

d,j
), where Hd,i & Hd,j are the scale heights of the dust

grains, assuming a Gaussian vertical density profile. The relative vertical velocity is set according
to the di↵erence in terminal settling velocities of the dust grains in question, taking the dust
grain scale height as its representative height Z above the mid-plane. Each simulation was run
with dynamics turned o↵, at a single radius in the disc, with the same initial conditions. The
simulations were run until a steady-state was reached in the dust grain size distribution. To
compare the two codes, I plot the mass-grid independent densities for each grain, given by

�d(m) = m
@⌃d

@m
. (2.76)

200 grain species were used for both simulations, as this is comparable to the typical amount
used for science calculations. The two codes show strong agreement. The only slight di↵erence
at ⇠ 7⇥ 10�4 cm is due to di↵erent methods used by the two codes to fit the relative turbulent
velocities described in Ormel and Cuzzi (2007). The di↵erence occurs because the approximation
used in DustPy is not continuous in this region.

I also ran tests using a constant kernel, the results of which were consistent with the analytic
solutions.
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Figure 2.10: Comparison of steady-state dust grain size distributions calculated by cuDisc and
DustPy. The simulation parameters used were R = 20 au, T = 36 K, µ = 2.4, ↵ = 10�3 and
vfrag = 100 cm s�1.

2.5 Code structure

The overall time evolution is controlled by the CFL condition on the dust dynamics; typically
constrained by di↵usion in the innermost radial and vertical cells. Gas, temperature and
coagulation updates are then performed when required depending on the evolution time-scales
associated with each physical process. A schematic of the code structure can be seen in Fig. 2.11.
By default, gas surface density updates and subsequent hydrostatic equilibrium calculations are
also performed at each CFL time-step due to their low computational cost. For temperature
calculations, an update is performed on the first time-step of the simulation, and the percentage
change with respect to the initial state is calculated. How often the temperature solver should
be employed is then controlled by choosing a percentage tolerance for temperature updates that
allows the code to calculate the approximate time period that can be allowed to elapse before
the next update is required; by default, this is set to 0.1%. However, this tolerance should be
chosen depending on the expected time-scales of temperature evolution for each specific problem.
Coagulation updates are managed di↵erently, given that the coagulation routine is explicit and,
as such, performs its own sub-steps within each global time-step (i.e. sub-cycling). To control
how often these updates are performed, the final sub-time-step within the coagulation routine
is extracted and used to compare to global time-steps. By default, the coagulation routine is
triggered when one sub-time-step taken from the last coagulation step has elapsed in global
simulation time; however, this can be changed by the user.
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Figure 2.11: The schematic for cuDisc. Dust & gas dynamics are updated every time-step
whilst temperature and coagulation updates are performed when certain conditions are met.
These conditions can be controlled by the user in order to align with the timescales relevant to
the physical problem at hand.
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Parameter Value
↵ 10�3

µ 2.4
vfrag 100, 1000 cm s�1

M⇤ 1 M�
R⇤ 1.7 R�
T⇤,e↵ 4500 K
Mdisc 0.017 M�
⌃0 250 g cm�2

⇢m 1.6 g cm�3

Dust opacities DSHARP mix
(Birnstiel et al., 2018)

Table 2.1: Parameters used for the transition disc simulations detailed in Section 2.6.

2.6 Grain growth in a steady-state transition disc

To show a simple science test case and compare it to other works, I ran simulations of a disc
with an inner hole evolving towards a steady-state, representative of a “transition” disc structure
(e.g. Owen, 2016). The systems are able to reach a steady-state in the dust due to the pressure
trap at the gas disc inner edge, which causes dust to build up until a radial balance is achieved
between drift and di↵usion. To compare to DustPy, one simulation was run with a vertically
isothermal temperature profile set to the mid-plane temperature adopted by DustPy, whilst
one had the 2D temperature solver switched on. I will refer to these simulations as isothermal
and non-isothermal from here on. The gas surface density was set to have a mass within 100
au of 0.017 M� with a power law radial dependence and a sharp exponential cut o↵ at 5 au;
i.e. ⌃g = ⌃0R

�1

au
exp [�(5/Rau)10]. For these tests, the gas surface density was not evolved;

however, the vertical gas density profile was updated for the non-isothermal test to maintain
hydrostatic equilibrium. Radial gas velocities were set to 0, whilst azimuthal velocities were
updated with the temperature to maintain force balance. 150 logarithmically-spaced cells were
used in R between 3 & 20 au, and a total of 150 cells were used in ✓ between 0 & ⇡/4, with 92
linearly-spaced cells between 0 & ⇡/9 with double the resolution of the remaining linearly-spaced
58 cells. This sub-division was used to enhance the resolution at the mid-plane. The viscosity,
⌫, was set according to Shakura and Sunyaev (1973) via ↵csH. The parameters chosen for
each of the simulations are given in Table 2.1. The stellar radiation was assumed to be a
blackbody at the e↵ective temperature given in Table 2.1. Note that simulations were run for
fragmentation velocities of 100 and 1000 cm s�1. For the 100 cm s�1 runs, 100 dust species
with grain sizes logarithmically spaced between 0.1 µm and 0.5 cm were initialised with a size
distribution according to the MRN distribution (Mathis et al., 1977) and spatially distributed
as being well-mixed with the gas at a local dust-to-gas ratio of 0.01. For the 1000 cm s�1 runs,
the mass grid was adjusted to 135 logarithmically spaced grain sizes between 0.1 µm and 20
cm to account for the larger grains present. 100 & 135 mass bins were used respectively to
give mn+1/mn = 1.38 for both sets of simulations. This choice maintains > 7 bins per mass
decade, a requirement for accuracy in the coagulation routine (Ohtsuki et al., 1990). For these
calculations, changes in dust composition throughout the disc due to sublimation were neglected.
In this section I discuss the 100 cm s�1 runs, whilst the 1000 cm s�1 runs are discussed in
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Figure 2.12: Dust profiles for three grain sizes after 1 Myr of evolution for a vertically isothermal
disc (left) and a disc with the 2D temperature solver switched on (right). These runs were set
with vfrag = 100 cm s�1.

Section 2.6.2.
Fig. 2.12 shows the 2D dust density profiles of three grain sizes after 1 Myr of evolution,

at which time the simulations had reached a steady state, for both the isothermal disc and
non-isothermal disc, whilst Fig. 2.13 shows the temperature profile of the non-isothermal disc
after 1 Myr. Dust settling is apparent from the stratification of the di↵erent grains. The
non-isothermal disc also exhibits an increase in the proportion of large grains due to the cool
interior that allows for the coagulation of grains up to larger sizes. This is because the strength
of the gas turbulent velocity is proportional to the sound speed when assuming a Shakura and
Sunyaev (1973) viscosity, and reduced turbulent velocities allow particles to grow larger before
reaching the fragmentation limit. The temperature structure of the non-isothermal disc also
exhibits a super-heated surface layer with temperatures greater than the blackbody equilibrium
temperature; this is due to the small grains that occupy the upper regions of the disc whose
opacities mean they are good absorbers of stellar optical photons, but bad emitters of their
own infra-red photons (see e.g. Chiang and Goldreich, 1997). Above the super-heated layer, the
dust densities drop to the floor value and the temperature is set by the opacities given to the
gas. By default, these opacities are set as the dust-to-gas ratio floor value multiplied by the
opacities of the smallest dust grains, as this leads to a smooth temperature transition in the
upper regions of the disc. In reality, the temperature in the gaseous atmosphere above the dust
disc is controlled by other processes (see e.g. Woitke et al., 2009). In principle, these processes
can be included in the framework if necessary.

Figs. 2.14 & 2.15 compare the vertically integrated dust grain size distributions for the
di↵erent simulations at a radius of 6 au and for the entire disc, respectively. Vertically-integrated
mass-grid independent densities were calculated from the volume densities computed by cuDisc

through

�d(m) =

Z 1

�1
m
@⇢d

@m
dz. (2.77)
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Figure 2.13: Temperature profile after 1 Myr of evolution for a disc with the 2D temperature
solver switched on and vfrag = 100 cm s�1.

Figure 2.14: Vertically-integrated mass-grid independent dust densities at a radius of 6 au for
each vfrag = 100 cm s�1 simulation.
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Figure 2.15: Dust grain size distributions as a function of disc radius for each vfrag = 100 cm s�1

simulation. The fragmentation limit (given by Birnstiel et al. 2012) is over-plotted on each
distribution for reference.

Fig. 2.15 shows that the spatial distribution of dust is very similar for all runs; the maximum
grain size is set by fragmentation throughout the entire disc due to the fairly low choice of 100
cm s�1 as the fragmentation velocity. The non-isothermal run is slightly more peaked at 6 au.
This is because the equilibrium spatial distribution is set by the balance between di↵usion and
radial drift, and, as previously mentioned, the non-isothermal disc has lower turbulence and,
therefore, less di↵usion of the dust out of the dust trap. Fig. 2.14 shows that the simulations
follow very similar distributions up to ⇠ 30 µm, with the non-isothermal run having an overall
higher density across all grain sizes due to the increased surface density at the dust trap. The
DustPy simulation exhibits a much more prominent trough at 30 - 40 µm than the cuDisc

simulations, and the upper cut-o↵ in the size distribution di↵er across the simulations; the
DustPy and non-isothermal runs show similar cut-o↵s whilst the isothermal run is lower.

2.6.1 Vertical structure comparison

To compare the vertical structure, I converted the dust surface densities from DustPy into
2D volume densities by calculating the di↵usion-settling equilibrium in the vertical axis for
each dust grain (see Takeuchi and Lin 2002), as might be done when taking a DustPy output
and calculating a radiative transfer simulation. Fig. 2.16 shows the grain size distributions
at 1, 2 and 3 gas scale heights, where the gas scale height is calculated from the mid-plane
temperatures. This means the scale heights are the same for the isothermal and DustPy runs,
but lower for the non-isothermal run given the cooler interior temperature. It can now be seen
that the upper cut-o↵ grain size for the isothermal and DustPy runs are very similar at the
mid-plane but di↵er at increasing height. This arises because the fragmentation limit sets the
maximum grain size and the fragmentation limit is proportional to gas density. The density
decreases as I move away from the mid-plane in the 2D cuDisc runs, leading to larger Stokes
numbers and, therefore, larger turbulent velocities. This lowers the fragmentation threshold
on grain size. After vertical integration, this leads to the lower cut-o↵ grain size I see in Fig.
2.14. For the non-isothermal simulation, I see a similar result but with the cut-o↵ at larger sizes
due to the cooler interior. After vertical integration, this leads to the larger maximum grain
size seen in Fig. 2.14. There are also fewer particles at high altitudes for the same reason: the
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Figure 2.16: Dust grain size distributions at 1, 2 and 3 gas scale heights above the mid-plane
for each vfrag = 100 cm s�1 simulation. The heights in Z of the plotted gas scale heights in
each plot are di↵erent as they are calculated from the mid-plane temperatures of the cuDisc

runs. For the isothermal simulation, this is the same as DustPy, but for the non-isothermal
simulation, the gas scale heights are lower due to the cooler interior of the non-isothermal disc.

Figure 2.17: The vertical structure of three di↵erent grain sizes at a radius of 6 au for the two
vfrag = 100 cm s�1

cuDisc simulations over-plotted on the calculated DustPy profiles. The
gas scale heights are calculated from the mid-plane temperatures of the respective cuDisc

simulations; as the non-isothermal simulation has a cooler mid-plane, the gas scale height is
lower in the right-hand panel.
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cooler temperature lowers the scale height of the disc, bringing the dust closer to the mid-plane.

The trough in the grain size distribution arises at the particle size where turbulent motions
start to become a strong source of relative velocities between particles. The location of the
trough is dependent on the Reynolds number, which represents the strength of turbulent motions.
In cuDisc, the Reynolds number varies as a function of height because it depends on the gas
density and sound speed; however, in DustPy, it is assumed to be equal to the mid-plane value
everywhere. This causes the trough location to vary as a function of height in cuDisc, leading
to a smearing out of the feature in the vertically integrated density.

Fig. 2.17 shows the density of three di↵erent grain sizes, ⇠ 0.5, ⇠ 50 and ⇠ 150 µm, as
functions of height. The seemingly lower scale height of the 150 µm grains in the cuDisc

runs when compared to DustPy is due to the decrease in the maximum grain size allowed by
fragmentation with height in the cuDisc runs discussed earlier. This decrease in maximum
allowable grain size can be seen by noting that 150 µm is around the peak of the grain size
distribution at the mid-plane in Fig. 2.16 but that at 1 gas scale height, the peak has moved
to ⇠100 µm. This e↵ect is less noticeable for the small grains (i.e. 0.5 µm in Fig. 2.17) as
the small grain distribution is less a↵ected by the change in the upper cut-o↵ grain size. The
non-isothermal vertical profiles are more condensed than DustPy, again due to the cooler
interior temperatures leading to lower scale heights.

The vertical profiles found using cuDisc also show increases in the amount of intermediate
size (10-100 µm) grains away from the mid-plane, with some grain sizes having a higher density
at around a gas scale height than at the mid-plane. To investigate this, I need to look at how the
collision rates vary with height. Whilst the radial velocities of the dust grains increase at higher
heights, the relative radial velocities between these intermediate grains are still significantly
smaller than those induced by turbulence, so the e↵ect on the collision rates is dominated by
turbulent processes. Fig. 2.18 shows the collision rate, Stokes numbers and relative turbulent
velocity of grains with sizes 19 and 24 µm as functions of height for the non-isothermal run. Re is
the Reynolds number that describes the strength of turbulent viscosity over molecular viscosity,
i.e. Re= ⌫t/⌫mol, whilst St⇤ is the Stokes number for the boundary between slow and fast eddies
(class I and class II in the terminology used by Ormel and Cuzzi 2007) for a particular particle.
Slow eddies have turn-over times longer than particle stopping times and induce large-scale
systematic motion in the grains, whilst fast eddies have turn-over times smaller than the particle
stopping times and, therefore, induce stochastic motions in the particles (Völk et al., 1980).
Slow eddies do not drive large relative velocities between similarly sized grains, whereas fast
eddies do (Ormel and Cuzzi, 2007). Close to the mid-plane, the Stokes numbers of the grains
are smaller than the Stokes number associated with the smallest turbulent eddies (Re�1/2),
meaning the particles only experience slow eddies; therefore, the relative velocities are low. As I
move to higher regions of the disc, the particle Stokes numbers are in the intermediate regime,
and particles feel the impact of fast eddies. These stochastic motions lead to larger relative
velocities between similarly sized particles. The densities of the intermediate-sized grains are
enhanced at these heights due to the increase in collision rates in combination with the decrease
in maximum grain size with height discussed previously. Higher up in the disc, settling causes a
decrease in dust density that leads to a sharp decrease in collisions regardless of large turbulent
velocities, counteracting the enhancement seen at around one gas scale height.
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Figure 2.18: Collision rates, Stokes numbers and relative turbulent velocities of two di↵erent
grain sizes, 19 and 24 µm, as a function of height. St⇤ is the boundary between class I and
class II eddies for a particular particle. Its minimum value is equal to the Stokes number of
the smallest eddies, Re�1/2, whilst its maximum value is equal to the Stokes number associated
with the largest eddies (one orbit), 1.

64



CHAPTER 2. NUMERICAL METHODOLOGY

Figure 2.19: Dust grain size distributions as a function of disc radius for each vfrag = 1000 cm s�1

simulation. The dotted line shows the drift limit, whilst the solid and dot-dashed lines show the
limits due to fragmentation induced by turbulence and radial drift respectively (limits are given
by Birnstiel et al., 2012).

2.6.2 Particle sweeping

These results di↵er from those seen by Krijt and Ciesla (2016), who found that small grains
become trapped in the disc mid-plane due to colliding with, and sticking to, larger grains before
vertical mixing can distribute them higher in the disc. This “sweeping-up” of small grains by
large grains decreases the abundance of small grains at high altitudes in regions where particle
collision rates at the mid-plane are high compared to the rate of di↵usion due to turbulent
processes. A reason why I do not see this e↵ect may be that the largest grains in my simulations
are ⇠ 150 µm - these grains are less strongly settled than the cm-sized grains reached in the
Krijt and Ciesla (2016) models, lessening the e↵ect that leads to trapping in the mid-plane.
To investigate this, I ran the same set of simulations with a higher fragmentation velocity of
1000 cm s�1. Fig. 2.19 shows the vertically-integrated density as a function of radius and grain
size for this set of simulations, now with the addition of the approximate drift limit. Both the
cuDisc and the DustPy simulations show very similar dust distributions, with the majority
of the disc exhibiting drift-limited growth and the largest grains in the dust trap reaching
⇠ a few cm. Turning to the vertical structure, Fig. 2.20 shows the density profiles of three
di↵erent dust species from each simulation at the peak of the dust trap (⇠5.7 au) on the top
row and away from the trap (⇠ 10 au) on the bottom row. The cuDisc dust profiles in the trap
clearly exhibit the trapping of smaller grains around the mid-plane, as found by Krijt and Ciesla
(2016). However, the e↵ect is not visible at 10 au, where the isothermal profiles closely follow
the Takeuchi and Lin (2002) analytic profiles calculated from the DustPy densities, and the
non-isothermal profiles di↵er at a few scale heights due to the hot surface layers that increase
the turbulent velocities, lofting the smaller grains to higher heights. The lack of sweeping at
these radii is to be expected if the cause of the e↵ect is the presence of large cm-sized grains,
because here the the maximum grain size is lower due to the disc being in the drift-limited
regime.

Krijt and Ciesla (2016) found that the e↵ect of sweeping should be important in regions
where the collisional timescale of grains is less than the timescale associated with di↵usion
to higher regions of the disc. In terms of disc quantities, this criterion can be written as
↵/(⌃d/⌃g) < 1. Fig. 2.21 shows the radial regions of the discs in both the low and high
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Figure 2.20: The vertical structure of three di↵erent grain sizes for the vfrag = 1000 cm s�1

simulations. The top and bottom rows show the profiles within the dust trap (⇠5.7 au), and
away from the dust trap (⇠ 10 au) respectively. The density of the 0.5 cm grain is at the floor
value at 10 au in all of the simulations due to being above the drift limit. The gas scale heights
are calculated from the mid-plane temperatures of the respective cuDisc simulations.
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Figure 2.21: The regions of the disc within which the Krijt and Ciesla (2016) criterion for
mid-plane trapping of small grains is satisfied, shown as hatched regions, for both the low and
high fragmentation velocity cuDisc simulations.

fragmentation velocity simulations where this criterion is satisfied. In the high fragmentation
velocity disc, the condition is only met around the peak of the dust trap - this concurs with my
findings, as shown in Fig. 2.20. For the low fragmentation velocity case, the condition is satisfied
for the entirety of the disc; but I find no evidence of trapping. I suspect this is due to the
di↵erence in scale height between the largest and smallest grains in the simulations as discussed
above; for the low fragmentation velocity simulation, the di↵erence between the scale heights
of the 0.5 and 150 micron grains is a factor of ⇠ 2, whilst, for the high fragmentation velocity
simulation, the di↵erence in scale height between the 0.5 micron and 1 cm grains is a factor
of ⇠ 80. In the low fragmentation velocity case, this means that any sweeping by the largest
grains does not manifest itself as an appreciable change in the vertical density distribution of
the smaller grains, as the sweeping grains and swept-up grains have similar scale heights. The
e↵ect is noticeable, however, in the high fragmentation velocity case, where the largest grains
are much more settled than the smallest grains.

2.6.3 Di↵usion-settling-coagulation equilibrium

These results indicate that the di↵usion-settling equilibrium profiles (Takeuchi and Lin, 2002) for
the dust vertical structure do not fully describe the dust population in regions where collisions
are important. In these regions, I suspect that a di↵usion-settling-coagulation equilibrium
is established; the form of which varies depending on the fragmentation velocity. For a low
fragmentation velocity of 100 cm s�1, I find enhancements of intermediate-sized dust grains
at ⇠ one gas scale height, whilst for a high fragmentation velocity of 1000 cm s�1, I find that
large grains sweeping up smaller grains in the dust trap leads to the enhancement of small
grains at the disc mid-plane. These findings may have implications for the analysis of observed
disc spectral energy distributions (SEDs) as one must assume a disc structure to estimate
the emission layers of di↵erent-sized dust grains (see e.g. D’Alessio et al., 2006). Scattered
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light images could also be a↵ected, as mid-plane densities calculated from the observed small
grain distribution at large disc heights are dependent on the assumed vertical structure of said
grains. However, my results also demonstrate that if one only cares about overall, general, disc
evolution and not specific problems that require a resolved vertical dimension (e.g. winds or
temperature instabilities caused by vertical structure), the 1D results from DustPy are a good
approximation to the full 2D problem.

2.7 Summary

cuDisc is a new protoplanetary disc code that aims to allow long time-scale calculations of
discs with self-consistently calculated dynamics, thermodynamics and dust grain growth and
fragmentation. Modelling these physical processes alongside one another allows us to answer
important problems in disc physics, such as structure formation due to instabilities and dust
removal. With the use of GPU acceleration, cuDisc enables simulations to run for large
fractions of the disc lifetime, removing the need for running simplified secular models. I have
shown that 2D structure a↵ects the dust spatial and grain size distributions even for simple
systems, such as dust trapped in the pressure bump of a transition disc. This may be important
when analysing SEDs and scattered light images, given the need to assume some model of
grain vertical structure. I also find that for studying overall disc evolution, 1D models can
quite accurately concur with 2D models. More features can and will be added to the code as
I continue to develop it, such as more detailed dust microphysics and ice-vapour chemistry,
making many other problems in disc physics able to be investigated through the use of cuDisc.
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Dust in photoevaporating discs

When furthering the work on disc dispersal discussed in the introduction, Owen et al. (2011)
found that models of internal photoevaporation lead to a tension between the simulations,
which predict a population of non-accreting discs with large inner cavities and still a substantial
mid-IR excess (dubbed “relic” discs), and the observations, which exhibit a scarcity of such
systems (Hardy et al., 2015). Photoevaporation simulations naturally produce the relic disc
population due to the fact that the stellar radiation intercepted by the disc decreases with
radius whilst the outer disc still retains a large proportion of its initial mass, leading to long
timescales associated with the dispersal of the outer disc. The paucity of such systems in the
observed population implies the existence of some additional dispersal mechanism currently
lacking from the photoevaporation models.

The solution to the relic disc problem is currently not understood. One proposed solution is
an instability termed ‘thermal sweeping’ (Owen et al., 2012, 2013), however Haworth et al. (2016)
reevaluated the criterion for the onset of thermal sweeping and found it inapplicable to the
majority of the disc population. The process could, however, be revisited to better understand
its impact on disc dispersal, particularly by including the e↵ect of FUV heating, not included in
the work done by Owen et al. (2013); Haworth et al. (2016). Alternatively, Owen and Kollmeier
(2019) suggested that radiation pressure may be able to remove dust from the disc on shorter
timescales than the gas evolution. This would resolve the problem because the observational
constraints that limit the abundance of relic disc systems are mainly set by observations of the
dust continuum emission. If one were to remove the observable dust component of the disc in
a shorter timescale, this would lead to congruence with the observed relic disc fraction. The
radiation field from the central star exerts an additional force on dust grains in the upper regions
of the disc (Takeuchi and Lin, 2003). This radiation field imparts a purely radial force on any
dust grains that experience direct stellar illumination. Owen and Kollmeier (2019) studied
this process in dispersing discs, finding that dust outflows driven by radiation pressure appear
to be able to remove the observable dust component within the required timescales. In this
work, mass-loss rates of micron-sized grains associated with the radiation pressure outflow were
calculated in a 2D (radial and vertical) region localised to the dust-trap at the inner edge of the
outer disc (the region in which the turnover in the gas pressure leads to the concentration of dust
grains). These mass-loss rates were then included in a 1D disc evolution model that was run for
secular (⇠ million year) timescales. However, some potential issues with this approach were
that the global structure of the disc was not accounted for, and dust growth and fragmentation
were neglected. Without including the entire disc extent, especially the vertical structure, it is
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Figure 3.1: A cartoon depicting the scenario in which dust can be removed from the disc in
a radiation-pressure-driven outflow. Small dust grains suspended above the disc photosphere
are impinged upon directly by stellar radiation, accelerating them into an outflow. These small
grains at the surface must be replenished by fragmentation of large dust grains at the disc
mid-plane.

impossible to know if the outflowing dust actually escapes the disc system or re-enters at larger
radii; a question especially important considering we are dealing with a radial force and a disc
that may exhibit flaring due to the temperature profile.

To investigate this problem further, I improve upon this previous work by using cuDisc

to move to a 2D (radial and vertical) framework for both the entire extent of the disc and for
the entire simulation time needed to evaluate whether radiation-pressure-driven outflows can
remove dust in the timescales required for meeting observational constraints alongside a general
study of dust structure and evolution in such systems. For this study, I add radiation pressure
and the impact of di↵erent photoevaporation models to this framework, allowing me to study a
full picture of disc dispersal.

3.1 Scenario

3.1.1 Radiation-pressure-driven outflows

Fig. 3.1 shows a sketch outlining how a radiation-pressure-driven outflow can form. Stellar
radiation impinges directly upon grains suspended above the photosphere, exerting a force on
them. Small grains inhabit these high altitudes in the disc as they are well-coupled to the
gas and therefore held up against gravitational settling by turbulence (Dubrulle et al., 1995),
and, more importantly in discs with winds, vertical advection due to drag from the wind flow
(Giacalone et al., 2019; Hutchison and Clarke, 2021b; Booth and Clarke, 2021). Large grains, in
contrast, settle to the disc mid-plane.

The ability of radiation pressure to remove dust grains from the dust-trap can be quantified
by comparing it to the gravitational force that acts against outward radial forces. The ratio of
these forces, the � parameter, is given by

�(a) =
1

4⇡GM⇤c

Z 1

0

L⇤(⌫)ext(⌫, a)d⌫, (3.1)

as a function of grain size, a, where L⇤ and M⇤ are the stellar luminosity and mass, and ext is
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Figure 3.2: The � parameter for di↵erent grain sizes and the two stellar types used in my suite
of simulations. The e↵ective temperatures and stellar radii that are appropriate for young stars
of the shown mass can be seen in Table 3.1.

the wavelength- and grain-size-dependent extinction opacity. In this work, I assume a blackbody
stellar spectrum at all wavelengths apart from in the EUV/X-ray, in which the respective
luminosities are varied for my parameter study. For typical dust compositions (i.e. those used
in Birnstiel et al., 2018), the opacity peaks at a ⇠ 0.1 � 1 µm before falling o↵ at a rate of
⇠ a

�1 for larger grains. Fig. 3.2 shows how � varies with grain size for the two stellar masses
I considered in this study (see table 3.1), using Planck mean opacities calculated with the
DSHARP properties using the DSHARP python package (Birnstiel et al., 2018; Birnstiel, 2018).

For a system with no gas, a dust grain initially in a Keplerian orbit would need � � 0.5 to
overcome the gravitational potential and escape the system. However, for systems with gas -
and therefore drag - the additional radial support from radiation pressure can allow dust grains
to orbit with azimuthal velocities that are lower than the pressure-supported gas, meaning the
gas drag now gives the dust grains angular momentum; for a micron-sized grain at a few au with
a � of 0.1 this leads to an outward drift velocity of ⇠ 1000 cm s�1. This is a situation essentially
opposite to the standard inward drift due to the pressure support felt by the gas (Takeuchi and
Lin, 2003). This outward drift means dust grains can be removed from the system for � � 0.1.
Given this, we can see from Fig. 3.2 that grains with radii ⇠ 10 µm are a↵ected by radiation
pressure and can be driven outwards along radial trajectories, as long as they are impinged
upon directly by the stellar radiation.

3.1.2 Dispersing the dust disc

If radiation pressure can drive dust outflows, we then must answer the question of whether
or not these outflows can disperse the dust component of the disc on timescales that fit the
observations. The currently observed disc SED population implies that outer disc dispersal
must occur on timescales that are ⇠ 1� 10 % of the disc lifetime (Hardy et al., 2015). As discs
typically live for a few Myr, the removal of the majority of the dust must occur within a few
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Parameter Value(s)

↵ 2.5⇥ 10�3

µ 2.4
Star: M⇤, T⇤, R⇤ 0.7 M�, 4500 K, 1.7 R⇤, 0.4 M�, 3800 K, 1.1 R⇤

vfrag 5 - 20 m s�1

Grain internal density, ⇢m 1.68 g cm�3 (Birnstiel et al., 2018), 1.19 g cm�3 (Ricci et al., 2010)

Photoevaporation model
X-ray O11 (constant column) (Owen et al., 2011)
X-ray P19 (variable column) (Picogna et al., 2019)

EUV (Font et al., 2004; Alexander and Armitage, 2007)

Table 3.1: The various parameters and their values used in my suite of simulations. The stellar
parameters (T⇤, R⇤) for a given stellar mass were found using the MIST grid of stellar evolution
models (Choi et al., 2016). X-ray O11 & P19 both take X-ray luminosity (LX in erg s�1) as
their input parameter, whilst EUV model takes the EUV ionising flux (� in photons s�1) as its
parameter.

hundred thousand years. There are several conditions that have to be met in order for radiation
pressure outflows to fulfil such constraints. These are:

1. The mass-loss rate of dust from the dust-trap must be large enough to make the disc
optically thin to mid-IR within the observational time constraints.

2. The trajectories of dust grains accelerated at the radius of the dust-trap must point out
of the disc system.

3. The small dust above the disc photosphere must be replenished on timescales fast enough
to not inhibit the mass-loss rate due to radiation pressure.

The mass-loss rates required to meet the first condition depend on the mass of dust within
the optically thick dust-trap at the inner edge of the disc, as this produces large mid-to-far-IR
excesses that are incommensurate with observations of non-accreting transition discs. To remove
this observational component, dust must be removed from the trap until it becomes optically
thin to mid-IR. From my own simulations and previous work (see e.g. Owen and Kollmeier,
2019), the mass of dust in the trap just after inner disc dispersal is typically ⇠ 0.1� 1 M� for a
range of radial drift e�ciencies - combining this with observational constraints of ⇠105 years
gives me required mass-loss rates from the trap of ⇠10�6

M� yr�1.
Fulfilling the second condition essentially depends on the direction of the resultant force

on the dust grains and the disc flaring. Fig. 3.3 shows the forces acting on dust grains above
the disc photosphere. Gravity and radiation pressure both act along the spherically-radial line
connecting the star and the grain, but in opposite directions. The grain also experiences an
outward cylindrically-radial centrifugal force due to its angular velocity. With just these three
forces, a grain would have a resultant force that points at an angle above the mid-plane that is
less than the angle made between the mid-plane and the spherically-radial unit vector, r̂. For a
disc that exhibits no flaring, the disc aspect ratio (H/R) is constant, whilst a flared disc has
an aspect ratio that increases with radius. This means that for a disc with no flaring, the disc
“surface” lies along r̂. All of this means that the resultant force on the grain must point at an
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Figure 3.3: The forces acting on a dust grain suspended above the photosphere of the disc. Due
to the cylindrically-radial centrifugal force on the grain, vertical drag from the photoevaporative
wind is required in order for the resultant force on the grain to point at an angle above the
mid-plane that is greater than the angle made between the mid-plane and the spherically-radial
unit vector, r̂. This is important as the disc surface will lie along r̂ if there is no flaring, and
would be even steeper with radius if the disc exhibits flaring.

angle above the mid-plane that is at least as large as the angle made between the mid-plane
and r̂; otherwise, the grain would “re-enter” the disc at some radial distance away from the
inner rim, stopping it from escaping the disc. Therefore, we need an additional force to keep
the grains above the disc surface. This can be provided by drag from the photoevaporative
wind flow, which I will approximate as being a purely vertical force. In the upper layers of the
disc, where the gas is increasingly tenuous, the velocity of this flow becomes of order the gas
sound speed. For small, well-coupled dust grains, this high-velocity flow exerts a vertical force
that can increase the angle of the resultant force above the mid-plane to greater than r̂. If
this is sustained until dust becomes unbound from the disc system, then we have succeeded in
fulfilling condition (ii). There is also a feature of transition discs that may aid the escape of dust
without the need for large vertical forces; shadowing from the hot inner rim, which can lead to
the aspect ratio actually decreasing with radius in the inner disc. Whether dust can escape the
disc will, therefore, depend heavily on both shadowing and the wind mass-loss profiles.

The third condition relates to the mechanisms that control the supply of small grains that
can be removed by radiation pressure to the surface layers of the disc. These mechanisms are:
fragmentation of large grains in the disc interior and delivery of these fragmentation products to
the surface via di↵usive and advective processes. As small grains are removed from the surface
layers of the disc, the rate at which they must be resupplied must be at least large enough to
fulfil condition (i). This requires the fragmentation rate of the largest grains at the mid-plane
to be su�ciently high to feed the mass-loss rate of small grains from the surface. By writing the
relative velocity due to turbulence as

p
↵Stcs (see Birnstiel et al., 2009), we can approximate

the full form of the fragmentation calculation (presented in Section 5 of Robinson et al. 2024)
to find a simple form for the density production rate of small grains from the largest grains:
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⇢̇frag = 2mln
2

l
�l

p
↵StlcsFs, (3.2)

where nl, �l, Stl and ml are the mid-plane number density, collision cross-section, Stokes number
and mass of the largest-sized grains respectively, ↵ is the dimensionless turbulence parameter
(see Shakura and Sunyaev, 1973), cs the isothermal sound speed, and Fs the fraction of fragments
that are small grains that can enter the outflow. Assuming that 0.1 M� of dust must be lost
from the trap in a timescale of 100,000 years to make the disc optically thin, and using typical
values used in this study, we find that the mid-plane mass volume density (⇢ = mn) of the
largest grains must be greater than ⇠10�15 g cm�3 for collision rates to be large enough to fuel
the surface mass-loss. The small grains now at the mid-plane also need to move up to the
surface layers at a su�cient rate. Using the definition of the viscous timescale, t⌫ = Z

2
/⌫, we

can approximate the rate of surface density transport via di↵usion to be ⇢<µm↵H⌦K , where
⇢<µm is the mid-plane density of sub-micron dust grains and ⌦K the Keplerian angular velocity.
Using the typical parameters used in this study, we find that the mid-plane mass density
of sub-micron-sized grains must be greater than ⇠10�16 g cm�3 in the dust-trap in order for
di↵usion to deliver enough dust to the surface. In addition to di↵usion, advection via drag with
the wind also contributes to the delivery of small dust grains to the surface (Booth and Clarke,
2021), meaning that delivery of dust grains to the surface will not be a limiting factor since for
the grains of importance (< 10 microns), the coupling of the dust to the gas is strong enough
that advection can su�ciently supply the upper layers.

As mass is lost from the disc, these criteria will cease to be fulfilled (and actually may need
to cease being fulfilled, as a dust density of 10�15 g cm�3 would give a surface density in a
dust-trap at 10 au of a few ⇥ 10�3 g cm�2, which would likely be optically thick to mid-IR);
however, we can use them at the outset of the formation of radiation-pressure-driven outflows to
evaluate the expected e�cacy of the outflows in dispersing the dust disc within the observational
time constraints. I will refer back to these criteria when analysing my results.

3.2 Methods

To get a full picture of disc evolution under the influence of radiation pressure and various
photoevaporation models, I evolve the disc from the start of the primordial (class II) phase up
until full dispersal. To achieve this, I split up the evolution into two phases that are modelled
in di↵erent manners. First, I run simpler 1D models of disc evolution for the primordial phase
until the inner disc has drained before switching to a 2D framework for the final period of outer
disc dispersal. I run 1D models for the initial phase as these have been shown to do su�ciently
well for standard discs (Birnstiel et al., 2012; Robinson et al., 2024), and I therefore save on
computational resources, allowing me to complete a full parameter scan.

3.2.1 1D models

For the 1D models, I use the standard approach used by many authors. I evolve the gas by
solving the viscous evolution equation (Pringle, 1981) with an additional source term due to
photoevaporation,
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1
2⌫⌃g

⌘�
� ⌃̇wind, (3.3)
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where ⌃g is the gas surface density, ⌫ the turbulent viscosity, and ⌃̇wind the surface density loss
due to photoevaporation. The equation is solved in two stages via operator splitting; in the first
stage, the first term on the right-hand side is solved as a di↵usion problem using an explicit
forward-time-centered-spatial scheme, and in the second stage, the source term update (i.e. wind
mass-loss) is solved through explicit Eulerian updates. The wind surface density loss rates are
taken from three di↵erent works to allow me to compare the e↵ect of di↵erent photoevaporation
models. I implement both X-ray and EUV models. Given that the 1D simulations run until
gap-opening, I use the primordial (no inner cavity) disc wind profiles. These models and their
respective references can be found in Table 3.1.

For the dust, I use the two-population model detailed by Birnstiel et al. (2012) and solve a
single advection-di↵usion equation for the dust,
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where ⌃d is the total dust surface density and ū is the mass-weighted dust advection velocity.
This velocity is an average over two dust populations; one representing the “small” grains, and
the other the “large” grains. The grain radius representing the large grains is a function of radius,
set as the minimum of the maximum grain sizes allowed by either radial drift or fragmentation
due to turbulence or relative drift velocities, whilst the small grain radius is set as the monomer
size, chosen by me to be 0.1 µm. Sc is the Schmidt number, a dimensionless number that
represents the strength of dust-gas coupling. For more specific details of the model, I refer the
reader to Birnstiel et al. (2012). I solve the dust equation using a second-order finite-volume
Godunov scheme in the manner of Stone and Gardiner (2009), with the second-order primitive
reconstruction performed using a van Leer flux limiter (van Leer, 1974). More detail on this
method can be found in Chapter 2, as I solve the 1D dust equation using the same method used
by the 2D algorithm for cuDisc. To allow the dust to flow through the inner boundary without
unphysical build-ups, I use outflow boundaries for the gas and set the boundary cell densities to
those in the first active cell (to avoid steep positive pressure gradients that lead to dust-trapping)
and set the dust density in the boundary cells to the floor value (1⇥ 10�15 g cm�2). I neglect
dust loss due to wind entrainment in these simulations as other works have argued that this is
small during the primordial phase (Owen et al., 2011).

The turbulent viscosity, ⌫, is chosen to be consistent with the photoevaporation studies that
I am using for my wind profiles. In these, the viscosity is linear with respect to radius, i.e.
⌫ = ⌫0(R/au). This was chosen as the nature of the underlying cause of viscosity is not well
constrained whilst a linear relationship with radius is fairly consistent with observations (see
e.g. Hartmann et al., 1998). In my simulations, ⌫0 is calculated using the ↵ formalism (Shakura
and Sunyaev, 1973), ⌫0 = ↵c

2

s,au
/⌦K,au cm2 s�1, where cs,au is the sound speed at 1 au assuming

a mid-plane temperature of 100 K at 1 au, and ⌦K,au is the Keplerian angular velocity at 1 au.
I use this viscosity for both the 1D and 2D simulations.

I set up each 1D simulation with 500 logarithmically-spaced radial cells between 0.1 and
500 au. I initialise the gas surface density in each 1D simulation with the zero-time self-similar
solution derived by Lynden-Bell and Pringle (1974) with a characteristic radius of 30 au and
an initial gas mass of 0.07 M�. A range of initial conditions for each of the wind mass-loss
mechanisms have been explored in previous works (see e.g. Alexander et al., 2006a; Owen
et al., 2011; Picogna et al., 2019), but I use these initial conditions for all simulations as my
final conclusions are not sensitive to them, and therefore varying them is not important for
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Figure 3.4: A 1D simulation of disc evolution from the time of gap-opening until inner dust disc
drainage. For this run, the gap opened after 3.6 Myr, and the inner dust disc had fully drained
after 48,000 years. The opacity of the lines increases with time, with snapshots at 0, 10, 20, 30,
40 and 48 kyr. The Owen et al. (2011) X-ray photoevaporation model was used for this run,
with an X-ray luminosity of log

10
LX = 30.

my exploration. I initialise the dust surface density as being well-mixed with the gas with a
dust-to-gas ratio of 0.01, i.e. ⌃d(R) = 0.01⌃g(R). An example of a 1D simulation can be seen
in Fig. 3.4, which is essentially a repeat of previous simulations in Owen and Kollmeier (2019).
After the gap opens, the inner dust disc drains in ⇠ 50, 000 years in this particular simulation,
and we can see the expected approximately Gaussian profile of the build-up of dust in the
pressure trap at the outer disc’s inner rim.

3.2.2 2D models

After completion of the 1D models, I use cuDisc (Robinson et al., 2024) to continue the
simulations. I implement the e↵ects of winds and radiation pressure, as detailed in the following
sections.

Photoevaporative winds

As the 2D models commence once the inner disc has drained, I use the wind mass-loss profiles
for discs with inner cavities given by the works listed in Table 3.1. These profiles depend on
the radius of the inner cavity. To calculate the vertical gas velocity, I assume that the surface
density loss is supplied by the vertical flow of gas through the disc (Booth and Clarke, 2021),
and calculate the velocity through mass conservation,

vg,Z =
⌃̇wind

⇢g
. (3.5)
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There are two caveats to this approach. The first is that I overestimate the velocity in the upper
layers of the disc because my calculation of the gas density assumes hydrostatic equilibrium, an
assumption that breaks down in the wind region. However, this does not significantly a↵ect the
drag force on dust grains, which is dependent on the mass flux of gas, ⇢gv, and therefore does
not a↵ect whether dust is entrained. The second is that at the inner rim of the disc, the wind is
launched radially inwards before redirecting vertically upward (Alexander et al., 2006b; Owen
et al., 2010), which is not included in my assumption of a purely vertical wind; the e↵ect of
which is discussed in section 3.3.

Radiation pressure

Radiation pressure is included as an additional source term to the momentum equations and
calculated in the explicit update alongside gravitational and curvature terms. For dust species
k in a given cell, the force exerted per unit volume is given by

f
rad,k

=

Z 1

0

L⇤,⌫

4⇡cr2
e�⌧⇤,⌫⇢d,kext,k,⌫d⌫ r̂, (3.6)

where r is the spherically-radial distance from the star to the cell, c the speed of light, ⇢d,k the
mass density of dust species k, L⇤,⌫ the frequency-specific stellar luminosity, ⌧⇤,⌫ the frequency-
specific total optical depth between the star and the cell and ext,k,⌫ the frequency-specific
extinction in the cell. I cover my choice of opacities in Section 3.2.2. In practice, this integral is
carried out as a sum over the wavelength bins used in the simulation,

f
rad,k

=
X

B

L⇤,B

4⇡cr2
e�⌧⇤,B⇢d,kext,k,Br̂, (3.7)

where B indexes the wavelength bands. The total optical depth to the star in cell ij, ⌧⇤,B,ij, is
calculated via

⌧⇤,B,ij =
l=iX

l=0

X

k

⇢d,ljkext,ljk,B + ⇢g,ljgext,lj,B, (3.8)

where ⇢g,lj and gext,lj,B are the gas mass density and extinction (in wavelength band B) in cell
lj respectively.

Opacities

To calculate grain size and wavelength-specific opacities, I use the Python package for the
DSHARP Mie-Opacity Library (Birnstiel, 2018), detailed in Birnstiel et al. (2018). With this, I
calculate both the absorption and scattering opacities for a wavelength range of 0.1� 105 µm
and a grain size range of 0.1 µm�50 cm. I primarily use the DSHARP grain composition which
includes a 20% mass fraction of water ice, giving an internal grain density of 1.68 g cm�3. For
comparison, I also run some simulations using the composition detailed by Ricci et al. (2010),
which includes a 35% mass fraction of water ice, giving an internal grain density of 1.19 g cm�3.
The optical constants used for the Mie calculations are taken from Henning and Stognienko
(1996); Zubko et al. (1996); Draine (2003); Warren and Brandt (2008).
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Grid parameters and initial conditions

For each 2D simulation, I use a spatial grid with 200 logarithmically-spaced radial cells and
200 vertical cells, spaced according to a power-law, ✓n, with n = 0.75. The power-law spacing
concentrates vertical cells about the mid-plane, allowing me to resolve the well-settled large
dust grains. I use reflecting boundary conditions at the mid-plane, meaning that I can set my
inner vertical boundary to ✓min = 0 (✓ = 0 is defined as the mid-plane in cuDisc), and use an
outflow boundary condition at the outer vertical boundary, setting ✓max = ⇡/6 rad. Both radial
boundaries are set with outflow boundary conditions, with the outer boundary set to 300 au for
every simulation, as by the time of gap-opening in the 1D simulations, the gas surface density
at this radius is at least 4 e-folds lower than the peak value. The radius of the inner boundary
is simulation-dependent and is set to be the radius of the inner cavity of the gas disc from the
completed 1D simulations, minus 0.25 au.

The stellar heating and radiation pressure calculations use 200 logarithmically-spaced
wavelength bins, spanning a wavelength range of 0.1 � 105 µm. These wavelengths, and the
opacities associated with them, are binned into 20 logarithmically-spaced wavelength bands for
the flux-limited-di↵usion (FLD) calculations used for radiative transport of re-emitted thermal
radiation. A constant background temperature of 10 K is applied to provide a baseline radiation
field that bathes the entire disc. I set the relative tolerance of the FLD solver to 10�5.

For the dust, I use a size grid with 150 logarithmically-spaced bins between 0.1 µm and
50 cm, giving me a grid resolution of mn+1/mn = 1.36. This choice ensures that there are at
least 7 bins per mass decade, a requirement for accuracy in the coagulation routine (Ohtsuki
et al., 1990). I set the relative and absolute tolerances for the time-integration of the coagulation
solver to 10�3 and 10�10, respectively. For the fragment distribution power-law exponent (⌘ in
Eqn. 66 in Robinson et al. 2024), I use the standard value of 11/6 (Dohnanyi, 1969; Tanaka
et al., 1996) and I set the factor that controls the amount of material that an impactor can
remove relative to its mass (�im in Eqn. 68 in Robinson et al. 2024) as unity. For dust di↵usion,
I set the Schmidt number to unity. To avoid numerical issues due to division by small numbers,
I use a dust-to-gas ratio floor value of 10�12, and a gas density floor of 10�40 g cm�3. I use a
dust-to-gas ratio floor as opposed to a dust density floor as it avoids spurious dust di↵usion
in regions where the dust is floored. For my fiducial models, I set the dust fragmentation
velocity to 10 m s�1 and use the DSHARP opacities with an associated internal grain density of
1.68 g cm�3.

I only study the dust dynamics up to the the wind base. This is su�cient because grains that
are delivered to the wind base are generally removed from the system (Hutchison and Clarke,
2021b; Booth and Clarke, 2021). I define the wind base, or wind launch surface, as the height
in the disc where the spherically-radial column density of neutral gas to the star is equal to the
maximum neutral column that ionising radiation can penetrate. I set this to the value for X-ray
photons, 1021 cm�2 (Ercolano et al., 2009). To avoid short time-steps due to fast-moving dust
in regions that do not impact my results, I floor any dust that crosses the wind base. Although
the maximum penetrated column can be lower for EUV winds (Hollenbach et al., 1994), this
choice does not a↵ect my results because the wind base is far above the photosphere in the
EUV simulations due to lower initial dust masses at the time of gap-opening. Dust grains on
trajectories that cross the wind base are in a region of very low gas density and experience the
maximum possible radiation pressure force meaning they are certain to leave the system. Thus,
the choice of penetration depth does not a↵ect my results.

I examine the e↵ects of three di↵erent photoevaporation models; the X-ray models of Owen
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Figure 3.5: Surface density loss profiles for the di↵erent photoevaporative models listed in Table
3.1. These profiles are those used in the fiducial 2D simulations detailed in section 3.3, and are
for direct illumination of the outer disc once a gap has opened in the gas and the inner disc has
drained onto the star. The ionising radiation strength is set to the fiducial value for each wind
model; the X-ray luminosity, LX = 1⇥ 1030 erg s�1, for the X-ray O11 and B models, and the
EUV ionising flux, � = 1 ⇥ 1043 photons s�1, for the EUV model. The integrated mass-loss
rates for the three models are 4.9⇥ 10�9, 1.9⇥ 10�8, 5.5⇥ 10�9

M� yr�1 for the X-ray O11,
P19 and EUV models respectively.

et al. (2011) and Picogna et al. (2019) (hereafter X-ray O11 and P19 respectively), whose
strength is controlled by the X-ray luminosity, LX , and the EUV model presented by Font et al.
(2004); Alexander and Armitage (2007), the strength of which is controlled via the EUV ionising
photon flux, �. For my fiducial models, I use a 0.7 M� star (see table 3.1 for the other associated
stellar parameters) and choose values of LX = 1 ⇥ 1030 erg s�1, � = 1 ⇥ 1043 photons s�1.
Whilst this EUV rate is larger than typical EUV fluxes observed in T Tauri stars (Pascucci
et al., 2014) and those used in previous works (see e.g. Alexander et al., 2006a; Alexander and
Armitage, 2007), it is chosen to give similar gas mass-loss rates to the X-ray models. I do this
because, in this study, I aim to understand the conditions necessary for rapid dust removal in
photoevaporating discs and therefore want to compare the e↵ect of di↵erent wind profiles whilst
maintaining realistic disc lifetimes. I also note that recent work by Sellek et al. (2024) concludes
that the O11 and P19 models overestimate gas mass-loss rates by up to around an order of
magnitude; I comment on this when discussing my results. I note that the models by Sellek
et al. (2024) do not currently include discs with inner holes as are studied in this work. Fig.
3.5 shows the surface density loss rates for each wind model in the fiducial simulations. The
integrated mass-loss rates for the three models are 4.9⇥ 10�9, 1.9⇥ 10�8, 5.5⇥ 10�9

M� yr�1

for the X-ray O11, P19 and EUV models respectively. One di↵erentiating feature between the
models is how peaked the mass-loss is at the disc inner rim; the EUV model has a smoother
profile than both X-ray models, being significantly less peaked than the O11 model.
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I choose a fiducial turbulence of ↵ = 2.5⇥ 10�3 to directly compare to previous works that
reproduce observed disc lifetimes (see Owen and Kollmeier, 2019). This value is larger than
recent observational work implies (10�4

�10�3, see Manara et al. 2023; Rosotti 2023 for reviews),
however using a lower value would not a↵ect my qualitative results; this is discussed in section
3.3.2.

To convert from the 1D simulation results to the initial set-up for the 2D simulations, the
following steps are taken:

1. The multi-species 2D dust density distribution is initialised from the 1D dust surface
density by calculating the volume density for dust species k from

⇢d,k(R,Z) = fk
⌃d(R)
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where fk is the fraction of the total dust surface density distributed into size-bin k. The
distribution is set according to an MRN distribution (Mathis et al., 1977) with a sharp
upper exponential cut-o↵ at a grain size set as the minimum of the fragmentation and
drift limits at a radius R in the disc (see Birnstiel et al. 2012 for the forms of these limits).
Hd,k is the scale-height of dust species k, given by

Hd = H

s
1
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, (3.10)

where H is the gas scale height. The dust velocities are initialised in Keplerian orbits with
meridional velocities set according to steady-state drift and settling velocities,
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where ⌘ accounts for the deviation of the azimuthal gas velocity from Keplerian due to
pressure.

2. The initial disc temperature is calculated through a nested iteration process; I calculate
the temperature and update the gas vertical distribution through hydrostatic equilibrium,
iterating this procedure until the root-mean-square error in temperature over the entire
disc drops below 0.01%. I then recalculate the dust distribution according to step (i) and
iterate over this whole procedure until the dust, gas and temperature distributions are all
converged.

3.3 Results: dust mass-loss rates

The combined processes of radiation-pressure-driven dust outflows and global disc evolution
create a complicated picture that hasn’t been studied before. I begin by looking solely at the
features of the dust outflows formed in the inner regions of the disc, and how the mass-loss rates
of dust from the dust-trap depend on di↵erent disc parameters. I use my findings from this
study to understand the evolutionary calculations described in section 3.4.
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To explore how mass-loss rates depend on di↵erent disc parameters, I take my fiducial models
described in section 3.2.2 and modulate each parameter. My fiducial dust surface densities are
those reached at the end of 1D simulations using the fiducial values: these have peak dust-trap
surface densities of 0.041, 0.012 and 0.033 g cm�3 for the X-ray O11, P19 and EUV models
respectively. The respective radii of the gas disc inner rims of each of the fiducial models at the
end of the 1D simulations are ⇠ 2.2, 12 and 0.7 au. The end points of the fiducial 1D simulations
are used as inputs for each 2D simulation. For each parameter, I run 2D simulations for each
fiducial value and for 0.5 ⇥, 2 ⇥ and 5 ⇥ the fiducial values. To isolate the dust evolution,
I turn o↵ the 1D gas surface density evolution - keeping, however, the vertical gas velocities
due to the wind. These 2D models are run for 1000 years without photoevaporative winds or
radiation pressure to relax the system, then run with all forces until a quasi-steady state in
mass-loss is reached.

3.3.1 Outflow characteristics

Fig. 3.6 shows a snapshot of the fiducial X-ray O11 simulation after 10,000 years. From
the density profiles of di↵erently-sized grains, we can see the morphology of the outflow; sub-
micron-sized grains suspended above the photosphere have high velocities and move along
trajectories that point out of the surface of the disc, micron-sized grains above the photosphere
are accelerated, but with trajectories that mostly point back below the photosphere, and mm-
sized grains are confined to the mid-plane due to settling. The temperature profile exhibits a
super-heated disc surface due to the opacity of the small grains that inhabit this region, with
a cool mid-plane governed by the opacity of the mid-plane dust to the re-processed stellar
radiation emitted by the surface layers. The total dust-to-gas ratio shows that the outflow raises
the dust content in the upper layers of the disc to higher concentrations than at intermediate
heights, especially at radii slightly exterior to the dust-trap. I also show the grain size associated
with the peak of the dust density distribution at each location in the disc. The most noticeable
feature of this is the sharp transition from ⇠ 10 µm grains to < 1 µm grains at an altitude
slightly below the photosphere; this is because the dust distribution is double-peaked at these
heights, one peak at the size of the grains in the outflow, and one at the maximum grain size
set by the balance of settling, di↵usion, growth and fragmentation within the disc interior.
At a certain altitude, the grains in the outflow become the dominant grain size, causing the
sharp transition we see in the peak grain-size distribution. This feature of the dust grain-size
distribution is important for the location of the disc photosphere; this is discussed in section 3.5
where Fig. 3.18 shows an example grain-size distribution as a function of height.

Fig. 3.7 shows the photosphere aspect ratios, Hphot/R, for the fiducial simulations of each
wind model, both at the start of the simulation, when no dust has been drawn up into the
wind or a↵ected by radiation pressure, and after 4000 years of evolution. The photosphere is
defined as the surface in the disc at which the optical depth to the star at the peak of the stellar
blackbody spectrum (⇠ 0.6 µm) is unity. The dependence of the aspect ratio on radius gives an
indication of the amount of disc flaring. For reference, the level of flaring for a passively-heated
primordial disc is also shown (Hphot/R / R

2/7, Chiang and Goldreich 1997). Initially, all the
discs have lower altitude photospheres than at later times, and the discs with inner radii < 10 au
exhibit no flaring in the inner regions of the disc. All models have the same level of flaring as
the passively heated disc for radii greater than around 50 au. After the outflow has formed, the
X-ray O11 model has the least amount of flaring, up to around 30 au, compared to the other
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Figure 3.6: A snapshot of the fiducial X-ray O11 model after 10,000 years. The 2D densities
and velocities of 3 di↵erent grain sizes are shown in the first column. To find the photosphere,
the optical depth is calculated at a wavelength of 0.64 µm, the location of the peak of the stellar
blackbody spectrum. From the top down, the second column shows the temperature profile, the
dust-to-gas ratio and the grain size associated with the peak of the dust density distribution at
each location in the disc. The temperature profile is shown up to the wind base, and in this
figure is set to 0 (black) above it to aid the reader. The region above the wind base is also
where the dust density is at the floor value.
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Figure 3.7: Aspect ratios of the photospheres, Hphot/R, for each fiducial wind model simulation.
Dashed lines show the aspect ratios at the start of the simulations, before the outflow has
formed, whilst the solid lines are after 4000 years of evolution.

models; the X-ray P19 model exhibits passively-heated levels of flaring at all radii, whilst the
EUV model shows an initial level of flaring commensurate with passive-heating before flattening
between around 10 and 30 au.

The di↵erence between the initial photospheres and those where the outflow has formed
indicates that the level of flaring in the evolving disc is set by the morphology of the outflow, as
opposed to shadowing due to a pu↵ed-up inner rim. Any e↵ects due to shadowing are removed
by the ability of the wind and radiation pressure to carry dust up to higher altitudes of the
disc. The evolving X-ray O11 model shows less flaring than the X-ray P19 model because the
trajectories are much closer to radial due to reduced drag from the wind, which has a lower
mass-loss rate for the X-ray O11 model. The radial trajectory of the outflow increases the radial
optical depth, reducing the flaring of the photosphere. The increased vertical drag from the wind
in the X-ray P19 model reduces the radial optical depth of the outflow, leading to a larger degree
of flaring. The flaring in the EUV photosphere at radii < 10 au arises because the dust-trap is
more tightly radially confined in comparison to the other models. Fig. 3.8 shows the density
profiles for sub-micron grains each of the fiducial models. In the EUV model, we see a thin
wall of dust rising vertically at the inner edge of the disc before following approximately radial
trajectories after ⇠ 3 au, whilst the other models show a smoother, more radially extended
density profile in the outflow for the first few au. This thin wall in the EUV model is less
optically thick than the outflows at the inner edges of the X-ray models, meaning that the
photosphere is located deeper in the disc. However, the outflow rapidly increases in radial
optical depth as it moves out to ⇠ 10 au, causing the photosphere to flare. Past 10 au, there
is minimal di↵erence in outflow morphologies between the X-ray and EUV models, and the
photospheres exhibit similar levels of flaring.

In reference to criterion (ii) from section 3.1.2, an interesting point to note is that the level
of photospheric flaring is not dictated by shadowing; it is governed by the relative power of
radiation pressure versus vertical drag due to wind, as this controls the structure of small grains
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Figure 3.8: Density profiles of 0.4 µm grains after the outflow has formed for the X-ray O11
and EUV fiducial models. The photosphere (where the optical depth to the peak wavelength of
the stellar blackbody is unity) is shown by the red line.

in the disc surface. So, whilst the amount of flaring in the EUV and X-ray P19 models appears
to potentially be a barrier to dust mass-loss from the disc, as dust can re-enter the disc if the
trajectories do not have enough of a vertical component, it is actually set by the fact that the
trajectories do have enough of a vertical component. The inverse of this applies to the X-ray
O11 model - although the photosphere is less flared up to ⇠ 30 au, this is due to the radial
trajectories of the grains, and we can see from Fig. 3.6 that micron-sized grains have trajectories
that drop below the photosphere, meaning they will not contribute to overall mass-loss from
the disc. I explore the e↵ect of this in my evolutionary calculations detailed in section 3.4.

3.3.2 Dust mass-fluxes

To evaluate and compare the dust outflow for each simulation, I calculate the outwardly radial
mass flux of dust above the interior of the disc at a radius of 1.1 ⇥ Rtrap, with Rtrap being the
radius at which the dust surface density in the trap is at a maximum. I choose a radius slightly
past Rtrap as the flow is steadier here, meaning stabler mass fluxes can be calculated.

Fig. 3.9 shows how the mass fluxes are a↵ected by modulating each parameter. We see that
for the fiducial models, the relative dust mass-fluxes are correlated with the total mass-loss rates
for each wind model (given in Fig. 3.5). This is to be expected, given that larger mass-loss rates
mean larger vertical gas velocities - this increases the drag on grains, increasing the supply of
dust mass to the disc surface. When varying the dust surface density for all photoevaporation
models, I find that increasing the amount of dust available leads to larger mass fluxes; this is
because a larger surface density leads to a larger mass of small dust grains in the surface of the
disc, increasing the mass reservoir available for acceleration. Notice, however, that the increase
is sub-linear, and therefore, more massive discs will take longer to disperse. For the strength of
ionising radiation, I find that all models show a correlation between increasing ionising flux and
increasing mass fluxes. This can again be attributed to the increased wind velocity dragging
a larger proportion of dust from the disc interior up to the surface of the disc. The mass-loss
rates of the X-ray models have a similar dependence on X-ray luminosity that is stronger than

84



CHAPTER 3. DUST IN PHOTOEVAPORATING DISCS

Figure 3.9: The dependence of the radial mass flux of dust above the dust-trap on di↵erent
simulation parameters, namely the total dust surface density, the flux of ionising radiation that
controls photoevaporation, the turbulent ↵ and the fragmentation velocity. The results for each
of the di↵erent wind models are shown for each parameter. Parameter values are normalised to
those used in the fiducial simulations.
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the dependence of the EUV mass-loss rate on EUV photon flux; this is why the correlation is
weaker for the EUV model compared to the X-ray models.

Both the turbulent ↵ and fragmentation velocity a↵ect the limiting maximum grain size set
by fragmentation (Birnstiel et al., 2012),

afrag /
v
2

frag

↵
, (3.12)

but in opposite ways - the e↵ect of this can clearly be seen in the correlations seen for the mass
fluxes of the X-ray models with ↵ and vfrag. A higher ↵ or lower vfrag decreases the maximum
grain size, increasing the fraction of dust mass in small grains. Whilst changing ↵ has the
additional impacts of altering the settling/di↵usion equilibrium and collision timescales, the
impact on the maximum grain size is most important here as the total mass of small grains
has a significant impact on the structure of the system. For small grains, the balance between
di↵usive processes and radial forces due to gas drag is skewed in favour of di↵usion, as they
are well-coupled to the gas and thereby less a↵ected by radial drift. With reduced maximum
grain sizes, the total dust population is less concentrated in the dust-trap, spreading out over
a wider radial region. This pushes the inner rim of the dust disc closer to the inner rim of
the gas disc, which, in conjunction with the increased opacity of smaller grains, moves the
mid-plane photosphere to smaller radii. This, in turn, decreases the mid-plane temperature at
the dust-trap, which lowers the gas scale height, decreasing the gas density at the height of
the photosphere. Reducing the gas density reduces the radial drag on grains that are being
accelerated by radiation pressure, allowing large radial velocities for the grains.

It is these large radial velocities that allow larger mass fluxes when moving to lower maximum
grain sizes due to higher ↵ or lower vfrag. The opposite e↵ect is seen for decreasing ↵ or increasing
vfrag. One deviation from this is seen in the X-ray models is for the X-ray O11 model with the
largest value of ↵, where the viscous spreading is so strong that the dust-trap surface density
falls to a value 7⇥ less than the fiducial model after 10,000 years, as dust is di↵used out of the
inner edge of the disc and into the wind. I do not see this in the X-ray P19 model as the trap is
at larger radii and almost 10 au behind the edge of the gas disc, meaning the increase in viscous
spreading does not force dust out of the inner edge of the disc, and the surface density does not
reduce enough to limit mass-loss rates. The EUV model also diverges from the correlation seen
in the X-ray models. As opposed to the mid-plane photosphere radius decreasing with lower
maximum grain sizes, I find that it follows the opposite correlation, but to a weaker extent.
This is because the disc inner rim in the EUV model is initially much closer to the star, and
therefore the radiation pressure force on the grains is much larger (frad / 1/r2). This especially
a↵ects bottom-heavy grain-size distributions (see Fig. 3.2) and overrides the di↵usive spreading,
pushing the dust, and therefore the photosphere, further out. These results imply that in the
inner disc, radiation pressure dominates over the e↵ects of gas drag and di↵usion, whilst the
opposite is true for large radii. In reference to my choice of fiducial ↵ discussed in section 3.2.2,
I note that these results imply that using smaller values in the range 10�4

�10�3 would not
a↵ect my qualitative results found in the evolutionary calculations described in section 3.4 for
two reasons; that the e↵ect of ↵ on the photosphere plateaus as I move to lower values (as
shown by Fig. 3.9), and that dust is transported to the photosphere by advection from wind
drag as opposed to turbulent di↵usion.

In summary, and in reference to the criteria set out in section 3.1.2, I find that mass-loss
rates from the trap are a few times less than the desired mass-loss rate of 10�6

M� yr�1for the
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fiducial models, however, more massive discs, stronger photoevaporation, more turbulence and
lower fragmentation velocities can increase mass-loss, at least when the inner edge of the disc is
at a few au. However, the relationship between mass-loss and disc mass is sub-linear, meaning
that although mass-rates are larger, the disc will still take more time to clear. Likewise, larger
turbulence will lead to larger mass of dust needing to be cleared, as the gas disc will evolve
faster and therefore gap-opening will occur sooner. This also applies to larger photoevaporation
rates. A similar issue may arise for lower fragmentation velocities, as these mean that more of
the dust mass is in small grains, which drift slowly, leaving more dust mass in the outer disc at
the onset of gap-opening. Stronger photoevaporation may also cause a separate issue by pushing
the inner edge of the outer disc radially outwards at a faster rate, meaning that although there
are large mass-losses via the outflow, the dust-trap will be refilled more quickly by the sweeping
up of dust as the disc inner edge moves outwards.

I also find that the flaring of the disc, which in part controls whether dust can escape the
disc without re-entering, is controlled not by shadowing due to the pu�ng-up of the inner rim,
but by the morphology of the outflow. This is important for the evolution of the system, as the
ability of dust to escape the disc can actually be hindered by the existence of the outflow itself.

A caveat to my results here is that my assumption of purely vertical gas velocities for the
wind (see section 3.2.2) means that the vertical velocities of dust grains at the very inner rim
are exaggerated and that there should also be an inwardly radial component. Reductions in
the vertical velocities could lessen the e↵ect of the dust outflow on the disc photosphere and
reduce dust-mass loss rates. However, I do not think that this would alter my conclusions as the
dust-trap (where the majority of the dust mass resides) is always located at a distance that is
at least 10 gas scale heights behind the inner gas edge, and therefore several au behind, where
the assumption of vertical gas velocities holds. Simulations that include the full 2D gas velocity
solution should be performed in the future to investigate the e↵ect on the results detailed here.

3.4 Results: evolutionary calculations

For the full evolutionary calculations, I perform some additional steps after step (ii) in section
3.2.2 to improve the accuracy of the initial dust profiles, as here I do not only care about the
steady-state dust mass-loss rates but also the time-dependent evolution. These steps are:

1. Given that the actual dust grain distribution has more complex features than the simple
power-law profile of the MRN distribution (see e.g. Birnstiel et al., 2011), I perform a
static, 1D evolution of the dust surface density distribution using a vertically integrated co-
agulation kernel (see Birnstiel et al., 2010), evolving the dust to coagulation-fragmentation
equilibrium. I perform this calculation in 1D because, without dynamics, the dust would
not settle, leading to erroneous results. As this calculation is static and therefore also does
not account for the grain size limit caused by drift, I then apply exponential cut-o↵s to
the distribution in regions of the disc where drift would limit the maximum grain size to
below the fragmentation limit, i.e. ncut(a) = n(a) exp [�(a/ad)3], ad being the drift-limited
maximum grain size. This then requires me to re-normalise the dust surface density in
these regions. Finally, I then re-calculate the 2D dust density distribution using Eqn. 3.9.

2. To relax the entire system before turning on the wind and radiation pressure, I run the
dust dynamics, coagulation and temperature calculation for 1000 years.
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At this stage, I then ramp up the wind and radiation pressure up to their intended strengths
over the course of 100 years. From this point on, the simulations are run until I am able to
establish the e�cacy of dust disc dispersal via radiation pressure outflows; typically a timescale
of 0.5� 1 Myr.

To evaluate the e↵ect of radiation pressure over the full disc evolution across a range of
possible disc configurations, I ran a parameter study in which I varied the stellar type, the dust
fragmentation velocity (vfrag) and the photoevaporation model. The values of these parameters
and others used in the suite of simulations can be seen in Table 3.1. I also varied the strength
of photoevaporation in each model; the X-ray luminosity (LX) for the X-ray models and the
EUV ionising flux (�) for the EUV models. Two-grain internal densities can be seen in the
table - one was used for the majority of my study as it comes from the DSHARP (Birnstiel
et al., 2018) opacity model, whilst the other density was used for simulations where the Ricci
et al. (2010) opacity model was applied.

3.4.1 Fiducial model

The X-ray O11 model was used in the initial study of disc dispersal under the influence of
radiation pressure (Owen and Kollmeier, 2019). For this photoevaporation model, I define my
fiducial simulation as using the 0.7 M� star and having the parameters log

10
LX = 30 and

vfrag = 10 m s�1. Fig. 3.10 shows the evolution of the surface density profiles of both gas and
dust for the fiducial model with and without the e↵ects of radiation pressure. These surface
densities were calculated from the 2D simulations by integrating over the vertical dimension.
For the individual grain sizes, vertically integrated, mass-grid-independent surface densities
were calculated from the volume densities via

�d(m) =

Z 1

�1
m
@⇢d

@m
dz. (3.13)

We can see that the inclusion of radiation pressure does not lead to a significant change
in the evolution of the dust surface density. For both 2D simulations, the initial dust mass
was 1.93 M� and decreased to ⇠ 1.82 M� after 1 Myr, giving time-averaged mass-loss rates
of just above 10�7

M� yr�1, which agrees with the radial mass-loss rates calculated for the
fiducial model in section 3.3.2. Whilst this mass-loss rate is less than the desired 10�6

M� yr�1,
we would still expect to see a more significant reduction in the dust-trap surface density over
the course of 1 Myr, however, the mass in the dust-trap (defined as the region between the
inner edge of the disc and the ‘knee’ in the dust surface density profile, which is at around 6
au for the first time snapshot in Fig. 3.10) actually increases from 0.11 to 0.55 M� over the
course of the photoevaporation and radiation pressure simulation. This evidently does not fit
with observational constraints of removing the observational disc component within ⇠ 10% of
the disc lifetime, and implies that the impact of inward dust drift and the outward motion of
the disc’s inner edge due to photoevaporation refilling the dust-trap means that the required
mass-loss rates need to be higher. For this fiducial model, the loss rate would have to be about
at least five times higher to overcome the refilling, closer to the estimated desired value of
10�6

M� yr�1. The only significant di↵erence visible in the surface density profiles is in the
small grain population, where the inclusion of radiation pressure leads to a shallower and less
steep decrease in density at radii exterior to the trap.

If we compare the 2D density and velocity structures for small grains, we can investigate why
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Figure 3.10: The evolution of dust and gas surface density profiles for the fiducial X-ray O11
configuration with just photoevaporative (PE) e↵ects (top panel) and with both PE and radiation
pressure (RP) e↵ects (bottom panel). Two di↵erent grain sizes are shown, representing small
and large grains. For this simulation, the gas gap opened after ⇠ 3.6 Myr and the inner dust
disc fully drained after another ⇠ 50 kyr. Starting at the end of inner disc drainage, this figure
shows time snapshots at 0 year and then at intervals of 0.2 Myr, ending at 1 Myr of evolution.
The line opacity increases with time.
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Figure 3.11: 2D density and velocity profiles for two di↵erent grain sizes in the fiducial X-ray
O11 model. The left and right columns show simulations with only photoevaporative (PE)
e↵ects and with both PE and radiation pressure (RP) e↵ects respectively. The top and bottom
rows show the profiles for 0.13 & 0.83 µm sized grains respectively. The photosphere, defined as
the surface at which the optical depth to stellar radiation, ⌧⇤, is unity, is shown in red. This
particular snapshot is after 75,000 years of evolution.
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Figure 3.12: The spherically-radial mass flux of grains up to 2 µm in size for the fiducial X-ray
O11 configuration. The x-axis is plotted in units of Z/H, H being the gas scale height set
by the respective mid-plane temperature for each simulation and location. The mass fluxes
are shown for both the model with just photoevaporative (PE) e↵ects and the model with PE
and radiation pressure (RP) e↵ects. The mass fluxes are shown at the mid-plane radius of the
dust-trap, Rtrap, and 2⇥ this value. This snapshot is after 75,000 years of evolution.

the mass-loss rates are not high enough. Fig. 3.11 shows such profiles for ⇠ 0.1 & ⇠ 1 µm grains.
In the purely photoevaporative model, we see the sub-micron-sized dust grains well-coupled
to the gas flow; they move radially inwards due to viscosity and vertically upwards due to the
photoevaporative wind flow. Larger, micron-sized grains are less well-coupled to the gas, moving
vertically upwards only at the very inner edge of the disc where the vertical mass flux of the
photoevaporative wind is largest. In contrast, in the photoevaporation + radiation pressure
model, sub-micron-sized grains are driven along radial trajectories due to radiation pressure.
As discussed in section 3.3.1, we see that the micron-sized grains are also impacted strongly
by radiation pressure, however their trajectories are not away from the disc, but deeper into
the disc interior. We can see the e↵ect of this by looking at the spherically-radial mass flux of
grains up to 2 µm in size through di↵erent regions of the disc. These can be seen for both the
photoevaporation model and photoevaporation + radiation pressure model at the location of the
dust-trap and 2⇥ this radius in Fig. 3.12. The sharp cut-o↵s at low and high heights are caused
by the transition from inward radial drift (negative mass flux) to outward radial motion caused
by photoevaporation/radiation pressure and the flooring of dust that travels above the X-ray
wind base. Whilst radial mass fluxes for the photoevaporation + radiation pressure model are
high at the trap location (comparable to those found in the simulations of Owen and Kollmeier
2019), they reduce by several orders of magnitude further out in the disc. This is due to the
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Figure 3.13: The total mass-loss rate of dust through the wind base for the fiducial X-ray O11
simulation, for both the model with just photoevaporative (PE) e↵ects and the model with PE
and radiation pressure (RP) e↵ects. This snapshot is after 75,000 years of evolution.

re-interception of the disc material decelerating the dust via drag. The dust can then drift
back into the pressure trap as opposed to escaping. Linking back to criterion (ii) from section
3.1.2, this re-interception severely limits dust removal from the disc by radiation-pressure-driven
outflows, regardless of large radial mass fluxes at the trap location.

We can also see the di↵erence caused by the inclusion of radiation pressure by looking at the
mass-loss through the wind base, shown for the two cases with and without radiation pressure in
Fig. 3.13. Without radiation pressure, the wind drags a large mass of dust vertically upwards at
the very inner edge of the disc, whilst with radiation pressure we see that the additional radial
force decreases the flux of dust crossing the wind base, an e↵ect suggested by Booth and Clarke
(2021) in their work on dust entrainment. This means that whilst the addition of radiation
pressure increases the mass of dust that is pushed radially outwards to further radii, it actually
decreases the loss of dust to the wind at the disc inner rim.

3.4.2 Parameter study - mass-loss rates and final masses

In this section, I study whether any regions of parameter space can allow dust to be removed
e�ciently on secular timescales with the evolution of both the dust and gas in the disc. As
previously found in section 3.3.2, the regions of parameter space that lead to the largest mass-loss
rates may also lead to increased disc masses, and therefore longer dispersal times.

X-ray O11 model

Fig. 3.14 shows the time-averaged mass-loss rates and final dust-trap masses 1 Myr after the
time of gap-opening for the X-ray O11 parameter study with the 0.7 M� star. The ages of the
discs at gap-opening were 3.6 & 2.1 Myr for X-ray luminosities of 30 & 30.3, respectively. As
with the fiducial model, in all of the runs, the mass in the dust-trap increased over the course of
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the simulation. This means that none of the parameter choices leads to the removal of the dust
component in the timescales required by observational constraints, as the dust trap remains too
massive and, therefore optically thick, even 1 Myr after gap-opening.

As suspected in section 3.3.2, I find that lower fragmentation velocities and higher X-ray
luminosities lead to larger mass-loss rates but also mean that there is a larger mass in the dust
disc at the onset of gap-opening. This results in the low fragmentation velocity, high X-ray
luminosity case having the largest dust mass remaining 1 Myr after gap-opening even though
the mass-loss rate is largest.

Runs with the 0.4 M� star and a fragmentation velocity of 10 m s�1 produced dust mass-loss
rates of 4.06⇥ 10�7 & 1.16⇥ 10�6

M� yr�1for X-ray luminosities of 30 & 30.3 respectively. The
respective disc ages at the time of gap-opening were 2.9 & 1.6 Myr for these luminosities. Whilst
the mass-loss rates are larger than the rates for the 0.7 M� star, the discs around the 0.4 M�
star also had more dust present at the onset of gap-opening, so 1 Myr after gap-opening, the
simulations had 0.75 & 2.2 M� of dust remaining in the trap. Attempting simulations for the
0.4 M� star at fragmentation velocities of 5 m s�1, I found that at the end of the 1D simulations
the dust-to-gas ratio at the inner edge of the outer disc was greater than unity. This is because
the smaller dust grains, which are less well-coupled to the gas, are less a↵ected by the outwardly
radial force provided by the super-Keplerian gas, and so are able to build up closer to the inner
rim as photoevaporation removes gas and increases the radius of the cavity. This feature was
also observed in the work by Alexander and Armitage (2007). In this regime, the dust would
start to act independently from the gas and would create strong back-reaction e↵ects on the gas,
none of which are included in my model, so I discarded these simulations and did not run 2D
simulations. However, my results for the 0.7 M� star indicate that discs with these parameters
would also not clear on fast enough timescales.

X-ray P19 model

As with the X-ray O11 model, I ran simulations with and without the e↵ect of radiation
pressure for the X-ray P19 model with the 0.7 M� star and the parameters log

10
LX = 30.3

and vfrag = 5 m s�1. The gap opened after 1.5 Myr for this configuration. I find that radiation
pressure again does not aid dust removal much. 0.25 Myr after gap-opening, the total dust masses
remaining in the dust traps were 0.28 & 0.23 M� for the model with just photoevaporation and
with both photoevaporative and radiation pressure e↵ects, respectively. Given that this mass of
dust still constitutes an optically thick trap, I cannot meet the observational constraints. In
contrast to the X-ray O11 model, my 2D simulations end ⇠ 0.3 Myr after gap-opening because
the gas mass-loss rates are higher for the X-ray P19 model (as can be seen in Fig. 3.5), leading
to the inner rim of the disc exiting my grid boundaries in less than 0.5 Myr.

Fig. 3.15 shows the average dust mass-loss rates and final dust-trap masses 0.25 Myr after
gap-opening for the X-ray P19 parameter study with the 0.7 M� star. The ages of the discs
at the time of gap-opening were 3.3, 2.1 & 1.5 Myr for X-ray luminosities of 29.7, 30 & 30.3
respectively. As with the X-ray O11 model, none of the parameter choices reduce the dust-trap
mass enough to meet observational constraints. I did not include runs with fragmentation
velocities of 20 m s�1 as these led to the lowest mass-loss rates for the X-ray O11 model. The
trend in mass-loss rates is the same as for the X-ray O11 models, with higher mass-loss for lower
fragmentation velocities and higher X-ray luminosities. For final dust-trap masses, we see a
similar trend of an increase in final mass for larger X-ray luminosity for a fragmentation velocity
of 10 m s�1. However, for a fragmentation velocity of 5 m s�1 I find that the final mass actually
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Figure 3.14: The time-averaged mass-loss rates and final dust-trap masses for the X-ray O11
parameter study with the 0.7 M� star. The colour-map indicates the mass-loss rates whilst the
numbers in each box indicate the final dust masses, 1 Myr after gap-opening.

decreases when moving from an X-ray luminosity of 30 to 30.3. This is because, although the
higher luminosity simulation starts with more mass due to shorter disc ages at the time of
gap-opening, the mass-loss rate is high enough that in the same time period, it can remove
enough mass to give a final mass lower than the lower luminosity simulation.

For the 0.4 M� star, the same trend as in X-ray O11 was found. Whilst the mass-loss rates
were larger than their 0.7 M� star counterparts (all in the range 5.7⇥ 10�7-1⇥ 10�5

M� yr�1),
the final masses were also all larger (e.g. 1 M� for the 5 m s�1, 30.3 simulation; this with
a mass-loss rate of 1 ⇥ 10�5

M� yr�1). This is because the ages of the discs at the time of
gap-opening were shorter than their 0.7 M� star counterparts; 2.9, 1.9 & 1.4 Myr for X-ray
luminosities of 29.7, 30 & 30.3 respectively.

I also ran models with the X-ray P19 wind model but using the Ricci et al. (2010) opacities
as opposed to the DSHARP opacities, however this change only slightly a↵ected the quantitative
results, with therefore no real e↵ect on the qualitative outcomes of the simulations.

EUV model

For the EUV model, I used values of photon ionising flux of 1⇥ 1043 & 5⇥ 1043 photons s�1.
For the 0.7 M� star, the ages of the disc at the time of gap-opening were 12 & 6.3 Myr for
1 ⇥ 1043 & 5 ⇥ 1043 photons s�1respectively, and for the 0.4 M� star the low flux simulation
had an age > 20 Myr, meaning I discarded it for being too long to match observations, and
the high flux simulation had an age of 6.9 Myr. I was also only able to include simulations
with fragmentation velocities of 10 m s�1, as simulations with 5 m s�1 led to dust-to-gas ratios
greater than unity at the inner rim of the disc. Since large dust-to-gas ratios can lead to dust
clumping via the streaming instability (see e.g. Li and Youdin, 2021), it would be interesting in
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Figure 3.15: The time-averaged mass-loss rates and final dust-trap masses for the X-ray P19
parameter study with the 0.7 M� star. The colour map indicates the mass-loss rates whilst the
numbers in each box indicate the final dust masses, 0.25 Myr after gap-opening.

future work to study if the gas disc inner rim is a prime location for planetesimal formation.

The EUV models were the only models where observational constraints on dispersal were met,
however this was not solely due to the addition of radiation pressure. For the high flux, 0.7 M�
star simulation with just photoevaporation, the mass-loss rate was 2.49 ⇥ 10�6

M� yr�1and
had 0.18 M� of dust remaining in the trap after 0.3 Myr, whilst the simulation with radiation
pressure had respective values of 2.55⇥ 10�6

M� yr�1and had 0.12 M�. The simulation with
radiation pressure having a final dust-trap mass that is around a third less than the final
mass without radiation pressure, whilst only a marginally larger mass-loss rate, indicates that
radiation pressure causes more mass to be moved to larger radii without actually leaving the
disc system. Again, I choose a time cut-o↵ due to the disc’s inner radius leaving the simulation
domain shortly after 0.35 Myr. For the low flux, 0.7 M� star simulation with radiation pressure,
I find that the dust is totally removed whilst the disc inner rim is within the grid, dropping to
less than 5⇥10�3

M� after 0.8 Myr; an time-averaged mass-loss rate of 5.47⇥10�7
M� yr�1. For

the 0.4 M� star, the high flux simulation dropped to 0.1 M� after 0.3 Myr with an time-averaged
mass-loss rate of 3.14⇥ 10�6

M� yr�1.

These mass-loss rates are comparable to the rates found for the other two models; one reason
why the discs can be more successfully cleared is that the initial dust masses at the time of
gap-opening are almost an order of magnitude lower than the initial masses for the other models.
Higher photon fluxes would decrease the lifetime of the disc pre-gap-opening; however, I am
already using atypically large fluxes - anything larger would be very unlikely in real systems.
Also, importantly, the EUV surface-density loss rates are much larger in the direct rather than
the di↵use regime; this can be seen in the fact that the integrated fiducial EUV gas mass-loss
rate is comparable to the fiducial X-ray mass-loss rates (see Fig. 3.5) in the direct regime,
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however, the pre-gap-opening disc lifetime is several times longer. This allows more gas and
dust to be lost onto the star before outer disc dispersal commences.

Evolution summary

In summary, the evolutionary calculations demonstrate that only low mass discs (. 1 M�) can
be e�ciently dispersed via the action of radiation pressure and photoevaporative winds. For
each of the photoevaporative models I find mass-loss rates of between 10�7

�10�6
M� yr�1,

however only in EUV models with atypically large high-energy photon fluxes do I find that the
disc can be dispersed su�ciently quickly. Calculating a representative dispersal timescale from
the ratio of the initial dust disc mass to the mass-loss rate for each simulation can give me a
metric to understand when disc dispersal is e�cient. For the successful EUV simulations, this
timescale is < 0.5 Myr, whilst the X-ray P19 and O11 simulations have timescales of order 1 Myr
and 10 Myr, respectively. The X-ray P19 high photoevaporation rate and low fragmentation
velocity run has a timescale of 0.6 Myr, making it the most e�ciently dispersing disc from the
X-ray runs. I also find that radiation pressure competes with entrainment in the wind and
decreases the dust mass reaching the wind base at the inner rim of the disc by pushing material
out to larger radii.

In the majority of cases, the refilling of the dust trap through radial drift and the outward
motion of the disc’s inner rim means that the required mass-loss rates from the trap need to
be larger by up to an order of magnitude. Looking at my results in comparison to the criteria
for disc dispersal set out in section 3.1.2, this means that the discs are not fulfilling the first
criterion, that the mass-loss out of the trap is su�ciently large. This is despite fulfilling the third
criterion, that the mass-loss is not limited by fragmentation at the mid-plane or transportation
of small grains above the photosphere, as the mid-plane densities of the large, fragmenting dust
grains in each simulation are of the order a few 10�15 g cm�3, greater than the critical value
calculated in section 3.1.2. We can also see from Fig. 3.16, the dust grain-size distributions for
simulations from each wind model, that both the X-ray models show an abundance of small
grains at the trap, indicating they are not over-depleted by the outflow.

Another issue that limits the mass-loss rates relates to the second criterion, which is that the
dust leaving the trap must be able to escape the disc. As discussed earlier, for the X-ray O11
model, from Fig. 3.12, we can see that the radial mass flux at the radius of the trap and at 2⇥
this radius decreases by at least an order of magnitude. This is because the trajectories of the
dust grains above ⇠ µm, which would make up a large proportion of the mass in the outflow,
point at an angle above the mid-plane that is below the angle above the mid-plane made by the
photosphere of the disc. This leads to radiation pressure exerting a weaker force on the grains
and also increased drag with the gas in the disc. Ultimately, these grains then re-enter the disc
interior, settling downwards and drifting inwards towards the disc’s inner edge. This behaviour
is consistent across all of the X-ray O11 simulations. Fig. 3.17 shows these trajectories for
micron-sized grains for the fiducial X-ray O11 simulation, alongside similar trajectories for the
simulations made with the other wind models shown in Fig. 3.16. We see that dust in the X-ray
P19 simulation is launched more e↵ectively than in the X-ray O11 model, with the trajectories
at the very inner edge pointing out of the disc and through the wind base, but that the decrease
in wind drag with radius causes dust to fall back into the disc at larger radii. This again leads
to refilling of the dust-trap as the dust drifts back inwards and the trap location moves outwards
due to photoevaporation. The dust is, therefore, essentially cycled through the disc, moving
from the trap to larger radii before drifting in to repeat the cycle. In the EUV models, we see
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Figure 3.16: The vertically-integrated grain-size distribution with respect to radius for each of
the three wind models. The parameters for each of the models are; X-ray O11: log

10
LX = 30,

vfrag = 10 m s�1, X-ray P19: log
10
LX = 30.3, vfrag = 5 ms�1, EUV: � = 5⇥ 1043 photons s�1,

vfrag = 10 m s�1, all with the 0.7 M� star. For reference, the approximate maximum limits on
grain size due to fragmentation and drift (given by Birnstiel et al. 2012) are over-plotted in
solid white and dashed white respectively. These particular snapshots are after 100,000 years of
evolution.

micron-sized grain outflows that are able to escape the disc by crossing the wind base at the
inner edge of the disc and at larger radii. The combination of a stronger wind and a decreased
initial dust-trap mass leads to a low density, vertically distended small grain dust distribution
and therefore a low-altitude photosphere. This allows more dust to experience strong forces due
to radiation pressure, through which an e�cient outflow can form.

Although one could infer from my results that only an EUV wind driven by atypically
large high-energy photon fluxes could explain the observations, I do not believe that this is
a satisfying conclusion. What is clear, is that the shape of the wind mass-loss profile with
radius is very important, along with the mass of dust in the disc at the time of gap-opening.
Smoother mass-loss profiles that are less peaked at the inner rim (i.e. EUV-like profiles) aid in
preventing infall of dust at larger radii. Better constraints on the shape of X-ray wind profiles
could allow micron-sized grains to escape the disc in the manner found for EUV winds. However,
recent hydrodynamic and thermochemical simulations of X-ray photoevaporation by Sellek et al.
(2024) imply that this is unlikely, as they include additional cooling pathways to those found
in the models of O11 and P19 and find significantly lower temperatures in the wind (driven
predominantly by atomic cooling through neutral collisions), leading to lower gas mass-loss
rates; real systems therefore may have even lower dust mass-loss rates than I have found in this
work.
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Figure 3.17: The outflow of micron-sized grains formed for each of the simulations shown in Fig.
3.16. All models are shown at a snapshot time of 100,000 years.
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Figure 3.18: The dust grain-size distribution with respect to height (grey contours) after
105 years at a radius of 13 au, behind the dust-trap, for the fiducial X-ray O11 simulation.
The red/blue, filled contours show the overall production/destruction rates of grains due to
coagulation and fragmentation. The photosphere, defined as the surface at which the optical
depth to stellar radiation, ⌧⇤, is unity, is shown by the black dashed line, and the levitating
grain size (vZ(Z, a) = 0) is shown by the green dotted line.

3.5 Dust grain-size distribution: ‘levitating’ grains

In addition to mass loss, the inclusion of the vertical dimension in my dust growth and dynamics
simulations allows me to study the e↵ect of winds and radiation pressure on the dust population
in both grain-size distribution and spatial distribution; we have, in fact, already seen that
the flaring surface of the disc is dictated by the outflow. Fig. 3.16 shows the dust grain-size
distribution as a function of radius for three simulations after 105 years, one for each wind
model. As with Fig. 3.10, I plot the vertically-integrated, mass-grid-independent dust surface
density (see eqn. 3.13) for each grain size. The grain-size distributions show that, as expected,
the maximum grain size is set by fragmentation in the region of the dust-trap at the inner edge
of the disc, whilst set by dust drift in the outer parts of the disc.

Another notable feature is the enhancement of micron-sized grains at radii exterior to the
trap seen in all three wind models, most prominently the X-ray P19 model. This enhancement
arises because grains with sizes of around 1�a few µm are ‘levitated’ by the balance between
drag via wind and gravitational settling. Grains much larger than this are too massive and
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Figure 3.19: The magnitudes of the grain velocities at three di↵erent heights for the simulation
shown in Fig. 3.18. Solid lines show the total velocity (magnitude of both Z and R components)
whilst the dashed lines show just the radial velocity. The fragmentation velocity is shown by
the grey dash-dotted line.

have negative vertical velocities at all heights, whilst much smaller grains have positive vertical
velocities at all heights; they are light enough to be dragged up above the photosphere and out
of the disc. The exact size of the levitating grains depends on the wind strength, demonstrated
by the fact that the enhancement is seen at larger grain sizes for the X-ray P19 and EUV wind
models, which have greater wind loss rates in these examples.

We can gain insight into why the density of these grains is enhanced by looking at the
relationship between dust dynamics and growth in the vertical dimension. Fig. 3.18 shows the
vertical dust grain-size distribution at a radius behind the dust-trap for the fiducial X-ray O11
simulation. In the dust density contours, we can see the over-density of grains at around 0.7 µm
that extends to the mid-plane.

The coagulation rates show that small grains grow into large grains around the mid-plane;
they are not replenished, however, because, in this region of the disc, large grains drift radially
inwards before they can grow to sizes larger than the fragmentation threshold. At intermediate
heights (between ⇠ 1� 2 au), the distribution is in equilibrium, where coagulation rates are
low because the relative velocities between grains are small. However, as we reach the upper
layers of the disc, we see that small grains being dragged up from the mid-plane by the wind are
coagulating into levitating, micron-sized grains. Fig. 3.19 shows the magnitudes of the velocities
of di↵erently-sized grains at three di↵erent heights for the simulation shown in Fig. 3.18. For
heights below the photosphere (2.1 au), we see that relative velocities are small until grains reach
sizes of ⇠ 10 µm, whilst for heights just above the photosphere (2.5 au) the relative velocities
between grains < 1µm are large, but then become small until the fragmentation velocity is
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reached for ⇠ 5 µm grains. As shown by the dashed lines, the radial velocity due to radiation
pressure is key in controlling the relative velocities in this region of the disc. Larger relative
velocities (up to the fragmentation velocity) lead to increased collision rates, and therefore
growth rates; the sub-micron grains therefore rapidly grow to micron-sized grains around the
photosphere.

However, as the grains grow into these levitating grains, their growth rates drop as the
relative laminar velocities between themselves and similar-sized grains decrease. This process
leads to the observed enhancement of the levitating grains. Also, these grains are the dominant
opacity source for stellar radiation, which peaks at ⇠ 0.7 µm, and therefore define the height of
the photosphere. As we can see from Fig. 3.18, the size of levitating grains increases with height
above 2 au due to radiation pressure providing additional vertical support against settling. The
grains that make up the enhancement are, therefore, not stationary but slowly being dragged
up. The enhancement region can be thought of as a pile-up, a tra�c-jam-like e↵ect that is aided
by the particulars of the coagulation/fragmentation rates at these heights. As the grains in the
overdense region are slowly dragged up, their velocities quickly become large enough to cause
fragmentation with the other, smaller grains (again, see Fig. 3.19) - this generates the increased
production of 0.1 µm grains above 2.6 au, which are rapidly dragged vertically upwards by the
wind.

I also note that although the over-density of levitating grains is produced at the disc surface,
the enhancement is seen at all heights in the disc, all the way down to the mid-plane. This is
because, although the grains are levitating with near-zero laminar velocities, the local dust-to-gas
ratio where the grains are produced is much larger than at lower heights, so di↵usive processes
carry dust down the gradient of the dust-to-gas ratio - towards the mid-plane.

3.6 Synthetic observations

3.6.1 Spectral energy distributions

Fig. 3.20 shows spectral energy distributions (SEDs) calculated for each of the simulations
shown in Fig. 3.16, one from each wind model. I calculate SEDs using the radiative transfer code
RADMC3D (Dullemond et al., 2012), using all of the dust species and their associated opacities
included in my cuDisc calculations. The SEDs are calculated for an observer inclination of 0� -
i.e. a face-on disc. For reference, I include data points from observations of the non-accreting
transition disc around IRAS 04125+2902 (see Espaillat et al., 2015) which typifies the system I
am attempting to model.

I find that the X-ray models maintain a peak mid-to-far IR flux over their entire evolution
that is too large to be consistent with observations, whilst the EUV model fits the observed
peak after around 0.25 Myr. The X-ray models have all evolved after the time of gap-opening
for at least 10% of the primordial disc lifetime, meaning that the longevity of the mid-to-far
IR flux is incompatible with the population level statistics of disc observations. As the IR
peak is caused by the dust in the trap, this indicates that the X-ray models have too much
dust still in the trap; as discussed in section 3.4, this is primarily due to the fact that, whilst
each of the wind models have similar mass-loss rates, the initial dust mass in the trap for the
X-ray models was larger. The dust mass in the trap for the consistent EUV model is 0.12 M� ,
whilst the X-ray O11 and P19 runs have 0.55 and 0.23 M� respectively. These correspond to
peak dust-trap surface densities of 7.5⇥ 10�4, 1.7⇥ 10�2 and 1.9⇥ 10�3 g cm�2 respectively.
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Figure 3.20: Spectral energy distributions for simulations from each of the di↵erent winds
models. The line opacity increases with time. The snapshot times after gap-opening for each of
these models are; X-ray O11: 0, 0.5 & 1 Myr, X-ray P19: 0, 0.125 & 0.25 Myr and EUV: 0,
0.15, 0.25 & 0.3 Myr. Also plotted in red are observational data for the non-accreting transition
disc around IRAS 04125+2902 (data from Espaillat et al. 2015; van der Marel et al. 2016). All
systems are taken as being at a distance of 140 pc away from the observer, the distance to the
Taurus star-forming region.

This puts a constraint on the surface density of being <10�3 to match observed fluxes, which
corresponds to ⇠ 0.1 M� when the trap is at ⇠ 100 au.

I also notice that the far-IR and mm observations show a larger excess, and therefore a
shallower slope, than any of the models. This component is due to the dust mass that is in the
outer part of the disc (not the trap) and therefore could imply that IRAS 04125+2902 has a
larger mass of dust exterior to the trap than in my models. Espaillat et al. (2015) fit a disc
model with a disc mass that is around an order of magnitude larger than the dust remaining
in my discs and an outer radius to the disc of 50 � 60 au. This implies that whilst the dust
trap must be less optically thick, there should actually be more mass at larger radii; this could
potentially be achieved by smaller fragmentation velocities, as these decrease the rate of radially
inward dust drift. The di↵erence could also be a function of the dust properties (i.e. opacities
and composition), where my chosen properties are not entirely compatible with the conditions
in the observed disc. I speculate that models that are able to fit the mm fluxes may actually be
better for fitting the near-to-mid IR fluxes, as they imply that less material is able to reach the
inner, hotter regions of the disc.

3.6.2 Scattered light

I also produced scattered light images, again using RADMC3D, shown in Fig. 3.21. These were
made by interpolating the vertical dimension to a lower resolution of 80 cells between angles
from the mid-plane of ±⇡/6 rad and making the data 3D by copying the (R,Z) data into 80
equally-spaced azimuthal cells through 0� 2⇡ rad. These can be seen for the three simulations
shown in Figs. 3.16 & 3.20, at a time of 105 years after gap-opening (the same snapshot as
Fig. 3.16).

We see that the EUV disc is already much more optically thin in the disc mid-plane than
the other wind models, as the direct stellar emission is clearly visible. I also note that the
apparent aspect ratio of the discs di↵ers depending on the wind model; the X-ray O11 model
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Figure 3.21: Scattered light images of discs from the three wind models. These false colour
images use the intensity of light at 0.8, 2, and 8 µm for the blue, green, and red channels
respectively. These particular snapshots are after 100,000 years of evolution.

appears flatter than the X-ray P19 model, and the EUV model has a more di↵use appearance
with a less discernable aspect ratio. Whilst the gas scale height aspect ratio, H/R, is similar
for all simulations (0.12 for both X-ray models and 0.14 for the EUV model at 100 au), the
photosphere aspect ratios at 100 au are 0.25, 0.3 and 0.22 for the X-ray O11, P19 and EUV
models respectively. Since the photosphere is a measure of the height of the small dust, it
makes sense that the X-ray O11 model appears flatter than the P19 model given the lower
wind mass-loss rate. The EUV model has the lowest photosphere because the dust is extremely
di↵use in the outflow due to the low dust mass and large wind velocities; this also explains the
di↵use nature of the scattered light image. The EUV model also shows evidence of an X-shaped
structure that is associated with the upper surface of the micron-sized dust grains that are
entrained in the wind, however the true opening angle of this structure is obfuscated by my ✓
domain stopping at angles of ⇡/6.

We can compare my results to those found by Franz et al. (2022) for dust entrainment in
winds. In their work, they used the Picogna et al. (2019) wind model, X-ray P19 in my study,
so it is of no surprise that the disc morphology we see for this model most closely aligns with
their results. However, as my spatial grid does not include angles above the mid-plane that are
greater than ⇡/6 rad, I cannot resolve the cone-shaped features that they observe. However, I
can say that the supply of grains to the wind base will be reduced due to the impact of radiation
pressure, which would reduce the strength of the cone features. Future work that included this
region in my simulations would have to be done to fully understand the impact of radiation
pressure on their results, however I also speculate that the opening angle of the cones would
increase due to the additional radial force on the grains.

3.7 Discussion

Given that, in the majority of cases, initial dust masses are too high and mass-loss rates too low
for e�cient dust removal, the relic disc problem cannot be solved by radiation-pressure-driven
outflows, at least not with current photoevaporation models. This implies that a solution may
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come from the photoevaporation process, and models such as thermal sweeping (Owen et al.,
2012, 2013; Haworth et al., 2016) may need to be revisited. The problem could also potentially
be solved by processes that reduce the total dust mass at the onset of gap opening, for example
sequestration of dust into planetesimals or planets, as the sub-linear relationship seen between
dust mass-loss rates and dust surface density in section 3.3.2 means that lower mass discs can be
dispersed on shorter timescales. This is something that could be added to the models presented
in the work. Although, as seen in section 3.6.1, lower dust masses may lead to mm fluxes that
are too low for observed systems, so some mechanism (e.g. trapping) may meed to be invoked
to keep enough dust mass at large radii.

In this work, I have not accounted for the e↵ects of external photoevaporation from the UV
background present in star-forming regions (see Winter and Haworth (2022) for a review), nor
the di↵erence in gas evolution caused by MHD winds. As opposed to the spreading seen in
viscous discs, both of these processes lead to the reduction of the gas disc outer radius over
time, MHD winds through direct removal of mass and angular momentum (Tabone et al., 2022),
and external photoevaporation through direct removal of mass from the outer disc. In general,
reducing the gas disc’s outer radius would act to drive dust radially inward as the outer pressure
slope steepens (see Sellek et al., 2020), increasing the flux of dust into the dust trap; this would
make it even harder for radiation pressure and wind-driven outflows to remove the optically
thick dust from these discs. External photoevaporation can also remove dust from the outer
disc via entrainment in the outer wind, especially dust below 10� 100 µm (Sellek et al., 2020),
which could substantially truncate the dust at radii . 100 au in most of my simulations (see
Fig. 3.16).

One interesting consequence of the movement of dust from the trap to the outer parts of
the disc is that it could potentially explain the measured overabundance of crystalline dust
grains at radii exterior to the crystalline radius (van Boekel et al., 2005) - the radius where
the disc temperature exceeds ⇠ 800 K, the temperature at which grains are hot enough to
become crystalline. A similar mechanism was invoked by Shu et al. (1996) but with grains
being deposited at larger radii by MHD-driven winds. In my case, it may be possible that the
combination of radiation pressure and either photoevaporative or MHD-driven winds could
transport dust grains either from the hot, inner parts of the primordial disc or up to altitudes
that allow them to be heated su�ciently by stellar radiation to become crystalline, and then
send such grains to large radii in the disc. This problem could be studied by applying my
framework to primordial discs and tracking non-crystalline and crystalline grains as multiple
dust fluids in the disc. This problem has previously been studied in the context of MHD winds
by Giacalone et al. (2019).

Recent hydrodynamic simulations have found that FUV photons can drive photoevaporation
from the inner disc in a manner similar to the X-ray models studied here, where X-rays aid the
heating but do not constitute the dominant driving radiation field (Wang and Goodman, 2017;
Nakatani et al., 2018; Komaki et al., 2021). I did not consider heating by FUV photons for this
work because there are currently no works with mass-loss rate fits for photoevaporating discs with
inner holes. It would be interesting to study the e↵ect of this in future work, as FUV photons
penetrate deeper into the disc atmosphere, moving the wind base closer to the photosphere. I
speculate that this could increase dust mass-loss rates as grains that are accelerated by radiation
pressure above the photosphere could more easily enter the FUV-driven wind and be lost to the
system.

One important feature of my findings is that the photosphere height is defined by levitating
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grains, as discussed in sections 3.5 & 3.6.2. The photosphere is, therefore, defined by the
nature and strength of the wind profile, along with the dust properties. This is important for
interpretations of scattered light observations, which trace the spatial distribution of small dust
grains. Regardless of the strength of the wind, the photosphere will always lie at larger heights
than those that one would calculate for a windless disc. This should be kept in mind when
we measure scale heights and degrees of flaring from scattered light observations, as we could
misinterpret characteristics of the disc such as the settling e�ciency and therefore the degree of
vertical turbulent mixing.

3.8 Conclusions

In this work, I have studied how the addition of radiation pressure to photoevaporating transition
discs a↵ects dust dynamics, in particular, whether dust can be e�ciently removed in a radiation-
pressure-driven outflow. The conclusions that I draw from this work are:

• In general, sub-micron dust grains are launched along trajectories that point out of the
disc system and into the wind, whilst grains larger than a few microns that experience
weakened vertical drag from the wind are pushed radially outwards but deeper into the
disc interior. In systems with lower dust masses or stronger winds, larger dust grains can
be removed in the outflow.

• Radial mass fluxes of the order 10�7
�10�6

M� yr�1are formed above the photosphere
at the radius of the dust-trap. However, the dust trap is also refilled by radial drift of
dust grains from the outer disc and by the sweeping up of dust as the inner rim of the
gas disc is pushed radially outwards due to photoevaporation. In the majority of cases,
the mass-loss rates from the dust-trap are around 5� 10 ⇥ too small to deplete the trap
faster than it can be refilled, leading to the mass in the trap actually increasing as the
system evolves.

• Models with EUV winds have lower dust masses at the time of gap-opening, which leads
to a lower altitude photosphere than the X-ray models. This means larger grains can enter
the outflow, and the mass-loss rates are large enough to deplete the dust-trap in timescales
that fit observations. However, atypically high EUV photon fluxes (⇠1043 photons s�1)
must be invoked. In addition, whilst the near-to-mid-IR flux constraints are met, the dust
masses are too low to match mm fluxes of relic disc observations, implying that either a
mass of dust must be kept at large radii (by dust trapping for example), or that another
mechanism must be actively removing mass from the dust trap for large mass discs.

• Given that most of the parameter space does not lead to e�cient dust removal, the
solution to the relic disc problem must come from processes that reduce the dust disc
mass at the time of gap-opening, e.g. planet formation, or from our understanding of
photoevaporation.

• The shape of the photosphere is governed by the nature of the outflow. Micron-sized grains
that are dragged up to the surface layers of the disc define the height of the photosphere,
and lead to photosphere flaring that is commensurate with that of passively heated discs,
negating any e↵ects of shadowing due to a hot inner rim of the disc.
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• An enhancement of ‘levitating’ micron-sized grains is seen due to high relative velocities
in the surface layers. The size of these grains is set by the strength of the wind.

• Synthetic scattered light images show that the apparent surface of the disc is set by the
height of micron-sized grains, i.e. the photosphere, which is controlled by the properties
of the outflow as opposed to the gas scale height. This may need to be factored in when
interpreting scattered light observations of photoevaporating discs, as the photosphere
height is always higher than the gas scale height. This result warrants further study in
primordial discs as well as transition discs.
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Chapter 4

CO snowline structure and dynamics

As discussed in the introduction, snowlines are important features in discs due to the ways in
which they influence disc chemistry and therefore the spatial structure of di↵erent molecular
species; structure which subsequently feeds into the compositions of forming planets. JWST has
been able to massively increase our ability to examine the atmospheres around exoplanets (e.g.
Beichman and Greene, 2018; Kempton and Knutson, 2024), meaning the relationship between
these atmospheres and their natal discs is an increasingly interesting area of study. Likewise,
ALMA surveys of discs such as MAPS (Öberg et al., 2021) have revealed diverse structure in a
plethora of molecules, which studying snowlines could help us to elucidate. Authors such as
Piso et al. (2015); Booth et al. (2017); Stammler et al. (2017); Booth and Ilee (2019); Krijt et al.
(2018, 2020); Powell et al. (2022) have studied the dynamics and chemistry of the snowlines of
multiple molecules. However, none of these models have coupled the ice-vapour chemistry and
dust dynamics to the disc temperature. Owen (2020) produced a model of the CO snowline
that included thermodynamic coupling and found that the snowline can be unstable to thermal
perturbations. They then showed that if the disc is fed at a certain mass-flux of volatiles, the
snowline will move between positions of stable equilibrium in a limit cycle with a period of
10s of kyr. Two pieces missing from their model were the e↵ects of vertical structure and dust
growth/fragmentation.

In this chapter, I detail the additions that I make to the base cuDisc model to include
ice-vapour chemistry with the goal of studying the CO snowline in a thermodynamically-coupled,
vertically-resolved disc. After comparing my model to previous work, I discuss whether snowlines
are unstable when including the vertical dimension and an evolving grain-size distribution.

4.1 Methods

4.1.1 Ice-vapour chemistry

The ice-vapour chemistry model is based on those detailed by Booth et al. (2017); Owen (2020),
which in turn were based on Hollenbach et al. (2009). I consider adsorption and desorption
of individual molecules from the surfaces of dust grains and construct rates for each of these
processes. The assumption is made that ice-vapour equilibrium is reached when these adsorption
and desorption rates of molecules are in equilibrium, i.e. I assume detailed balance. With this
construction, I solve the following equations for the mass density of vapour and ice,
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@⇢v

@t
=
X

k

(Rth,k �Rad,k) , (4.1)

@⇢i,k

@t
= Rad,k �Rth,k, (4.2)

where ⇢v is the mass density of vapour, ⇢i,k is the mass density of ice condensed onto dust grains
in size-bin k, and the rates are volatile adsorption, Rad,k and thermal desorption, Rth,k. The
rate of volatile adsorption onto grains is given by

Rad,k = ⇡a
2

k
vthnk⇢v, (4.3)

where ak and nk are the radius and number density of grain size k, and vth is the thermal
velocity,

vth =

r
8kBT

⇡mmol

, (4.4)

mmol being the mass of the volatile molecule. The rate of thermal desorption is given by the
Polanyi-Wigner equation (Bergin and Tafalla, 2007),

Rth,k = 4⇡a2
k
NsnkmmolfC,k⌫i exp

✓
�
Tbind

T

◆
, (4.5)

where Ns is the number of adsorption sites per unit area, set by default to 1.5 ⇥ 1015 cm�2

(Aikawa et al., 1996), Tbind is the binding energy of the molecule (derived from the activation
energy, Ea = kBTbind) and ⌫i its vibrational frequency, given by

⌫i =

s
2NskBTbind

⇡2µmolmH

, (4.6)

where µmol is the molecular weight of the molecule. fC,k is the fraction of available CO adsorption
sites that have a CO molecule bonded to them,

fC,k =
⇢i,k

4⇡a2Nsnkmmol + ⇢i,k
. (4.7)

and is used to smoothly interpolate between the zeroth-order rate, when fC,k = 1 and the grains
are completely coated in volatiles, and the first-order rate, when the grains are only partially
coated. A caveat to this method is that it ignores the dependence of the binding energy on the
grain surface properties, i.e. the curvature (important for the sintering of ices on grains, see
Sirono 2011), however this e↵ect is most important for . 0.1 µm grains; such grain sizes are
quickly surpassed as ice condenses onto the smallest grains in my simulations (0.1 µm), as shall
be seen later. This caveat is therefore not important for my general conclusions. Some previous
work has also shown that nucleation of water ice on bare silicate grains requires larger vapour
pressures than that required for ice-coated grains (Ros et al., 2019), however since these e↵ects
have not been studied for CO ice, I do not currently take them into account. Photodesorption
of molecules is not included in the work presented in this chapter, but would be an interesting
and important inclusion for future work. I do not currently include the e↵ect of the release of
latent heat during sublimation, as for CO it has a negligible impact on heating compared to
changes in opacity (see Owen, 2020).
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Parameter Symbol Value

Viscosity ↵ 10�4

Dust-to-gas ratio - 10�2

CO ice internal density ⇢m,CO 0.89 g cm�3

Base dust internal density ⇢m,dust 1.67 g cm�3

Cylindrical radius R 40 au
Gas surface density ⌃g 600(R/au)�1 g cm�2

Temperature T 130(R/au)�
1
2 K

Fragmentation velocity vfrag 100 cm s�1

CO binding energy temperature Tbind,CO 850 K

Table 4.1: Parameters used for the 0D and 1D simulations. The CO binding energy temperature
is assumed to be that of pure CO ice, and is taken from Bisschop et al. (2006).

Eqns. 4.1 & 4.2 are solved using a first-order iterative implicit method. First, I rewrite the
equations in a form where the rates are linearly dependent on the vapour and ice densities, then
discretise them implicitly:

⇢
n+1

v
� ⇢

n

v

�t
=
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�
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, (4.8)
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i,k
, (4.9)

where Ak and Dk are the adsorption and desorption rates in units of molecules s�1. This system
can be solved analytically, and updates to each of the vapour and ice species are calculated
through the following steps:

1. ⇢̃i ⌘
X

k

Dk�t⇢
n

i,k

1 +Dk�t

2. Ã ⌘

X

k

Ak�t

1 +Dk�t

3. ⇢n+1

v
=
⇢
n

v
+ ⇢̃i

1 + Ã

4. ⇢n+1

i,k
=
⇢
n

i,k
+ Ak�t⇢

n+1

v

1 +Dk�t

where ⇢̃i and Ã are intermediate sums. Given that both Ak and Dk depend on the ice mass
density implicitly through the grain radius, ak, and the covering fraction, fC,k, I iterate the
above steps, recalculating the rates at the start of each iteration. Before commencing the next
iteration, grain sizes and internal matter densities are recalculated to incorporate the new ice
mass fractions. Iterations are continued until convergence to a tolerance is achieved in the final
vapour and ice mass densities. The default tolerance is set to 0.1 % in L2 error across the total
spatial and dust species grids.
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Figure 4.1: Grain-size-independent mass densities of ice and dust for ice condensing onto a static
distribution of dust grains. The dashed blue line shows the initial non-icy dust distribution,
whilst the dashed green line is proportional to the total grain surface in a bin, i.e. / nka

2

k
.

Fig. 4.1 shows the equilibrium distribution of icy grains for CO vapour condensing onto an
evolved distribution of dust grains. The parameters for the model are shown in Table 4.1. Plotted
are the grain-size-grid-independent mass densities, ⇢/d ln a, where the a-grid is recalculated as
the grain sizes change due to ice adsorption. As several of the smallest mass bins end up with
very similarly-sized grains, I re-bin the dust and ice densities on a uniformly-spaced logarithmic
mass-grid and recalculate the grain size-grid using the binned densities. The binning is carried
out in the same mass-conserving method used to distribute coagulation products into the correct
bins - see Eqn. 2.72 in chapter 2, section 2.5. To avoid spurious noise in the binned distribution
that arises due to periodicities between the two mass-grids, the re-binned grid uses just over
half the number of simulation mass bins. The seemingly-coarse resolution seen in the plots in
this section is purely for visualisation - the simulation mass-grid is around double the resolution
and is set to the minimum number of bins that fulfils at least seven bins per mass decade,
as required for accuracy in such calculations (Ohtsuki et al., 1990). The ice distribution is
proportional to the total surface area of each grain size bin, nka

2

k
, shown by the dashed green

line. This is because the adsorption rate is proportional to this area, so in the initial stages of
ice adsorption, when desorption rates are negligible in comparison to adsorption rates, the ice
forms a distribution that is proportional to area.

4.1.2 Ice growth

In my growth model, the ice component of each grain is treated as a tracer of the non-ice base
component. As grains collide and mass is transferred between mass bins, the ice is assumed to
also be transferred proportionally according to the ice mass-fraction in each bin. Coagulation
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and fragmentation rates for the ice component of each grain size bin are found by multiplying
the rates for the associated non-ice component by the ice to non-ice density ratio, i.e. (cf.
Eqn. 2.61 & 2.68):

⇢̇i,loss,ij =

✓
⇢i,j

⇢d,j

◆
mjninjKij(pcoag,ij + pfrag,ij), (4.10)

⇢̇i,gain,ijk = ninjKij

⇥
pcoag,ijMi,ij, Cijk + pfrag,ijX̄ij (mrem,ijRijk +mfrag,ijFijk)

⇤
, (4.11)

where Mi,ij is the total coagulating ice mass,

Mi,ij =

✓
⇢i,i

⇢d,i

◆
mi +

✓
⇢i,j

⇢d,j

◆
mj, (4.12)

and X̄ij is the total ice-to-dust ratio,

X̄ij =

⇢i,i

ni
+ ⇢i,j

nj

mi +mj

. (4.13)

This method makes the assumption that the ice and non-ice components are equally mixed
throughout the grain; in reality the ice predominantly forms a mantle around a non-ice core,
however incorporating this physics currently goes beyond the scope of this work. Also, the
inclusion of this piece of physics would only significantly impact fragmentation or abrasion,
which are less important processes at the radius of the CO snowline due to radial drift. The
Stokes numbers calculated in the determination of the grain relative velocities also depend on
the ice mass-fraction through the grain size and internal matter density, which change depending
on the ice fraction of the grains. I keep the mass-grid used in the growth calculations fixed to
the masses of the base dust grains. This means that quantities such as the mass conservation
index, " in Eqns. 2.70 & 2.71, do not have to be recalculated as the total masses of grains change
due to the mass transfer of ice.

Fig. 4.2 shows 0D growth evolution at the disc mid-plane with the same setup as for the
pure adsorption-desorption calculation shown in Fig. 4.1. As there is no dynamics, the dust
distribution is limited by fragmentation rather than radial drift (drift being the limiting factor
in a dynamic disc at this orbital radius). Simulations where the ice-vapour chemistry is and is
not updated after the initial setup are shown. With no subsequent ice-vapour chemistry updates,
we see that the ice becomes equally distributed amongst the mass bins when in coagulation-
fragmentation equilibrium; this is to be expected when following tracers in a dynamic equilibrium
as there is no region of the mass grid that should be preferred - the ice fraction should end up
as constant across the grid. The right panel shows that this equal distribution is skewed by the
introduction of adsorption and desorption of ice; a larger ice fraction is found on the smallest
grains, with a reduction in the ice fraction on intermediate-sized grains. This is because the
adsorption/desorption timescales for ice on the smallest grains are shorter than those associated
with growth via coagulation, as shown by Fig. 4.3, and therefore adsorption and desorption
reach an equilibrium in which coagulation plays no role.

4.1.3 Ice-vapour dynamics

Ice that condenses onto grains in a certain dust mass-bin travels at the velocity of the grains in
that bin. The velocities are calculated using the radius and density of the total grain (ice and
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Figure 4.2: The evolution of the grain-size-independent mass densities of ice and dust in a 0D
model. Calculations with and without ice-vapour chemistry updates are shown in the left and
right panels respectively. The disc temperature at this radius is 20.6 K. Line opacity increases
with time; snapshots are shown at 0 yr, 10 kyr, 50 kyr, 100 kyr & 1 Myr.

Figure 4.3: The timescales associated with the loss of CO molecules from di↵erent grain sizes
due to coagulation and desorption in the 0D model, calculated via mCO/R, where R is the rate
given by Eqn. 2.61 for coagulation and that given by Eqn. 4.3 for adsorption. These rates take
into account the grain-size distribution, and therefore the total surface area is larger for the
smallest grains.
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dust). Using these velocities and the ice density in each bin, I calculate the total ice density-flux
due to advection and di↵usion using the same method described in section 2.2. To conserve
momentum, I update the total momentum of the dust and ice using the sum of the fluxes. The
momentum for each of the components can then be updated using the appropriate mass-fraction.
As the size and internal matter density of the grains in each cell are updated depending on
the local ice mass-fraction, the Stokes numbers are also correctly calculated using these values
during the source step of the dynamics calculation. Advective and di↵usive fluxes are also
calculated for the vapour, where I assume that the vapour travels at the gas velocity. I also
adjust the vapour density when hydrostatic equilibrium calculations are performed for the gas
to maintain a constant vapour column as a function of gas column. The column of either vapour
or gas is calculated through

⇠(Z) = ln

Z
Z

1
⇢ dZ 0

, (4.14)

where the integration is performed from the surface to the mid-plane so as not to lose the small
surface densities due to the limits on floating point precision. The gas column is calculated
before and after the hydrostatic equilibrium update. We now want to calculate new vapour
column values so that the vapour column as a function of the gas column remains constant,
i.e. the gas has moved the appropriate amount of vapour mass with it as it has moved to a
new height. To do this I interpolate on the grid of original vapour and gas column values to
calculate the new vapour column values that lie at the new gas column values, as demonstrated
in Fig. 4.4. This interpolation is given by
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where the superscripts 0 and 1 indicate the original and new column values respectively, Zl is
the altitude that satisfies ⇠0

g
(Zl) < ⇠

1

g
(Zj) < ⇠

0

g
(Zl�1), and d⇠(Zl) = ⇠(Zl�1)� ⇠(Zl). Note that

⇠ increases with decreasing Z since I am integrating from the surface down. The interpolation is
performed in log-log space to increase accuracy given the quasi-exponential forms of the column
densities. The final vapour densities are calculated via

⇢
1

v
=

d exp (⇠1
v
)

dZ
. (4.16)

To ensure mass conservation, the updated vapour densities are renormalised using the initial
total vapour column. Fig. 4.5 shows updated vapour densities calculated using this method for a
distribution of vapour initialised as ⇢v = 0.01⇢g exp[�Z

2
/(5 au)2] after the vertically isothermal

sound speed is decreased by 5%.
To investigate the e↵ects of a dynamical vertical structure on the evolution seen in the 0D

model in Fig. 4.2, I run simulations using the same set-up but including the vertical dimension,
with 100 power-law-spaced cells (✓n, n = 0.75) between ✓ = 0 and ⇡/6 rad. Advective and
di↵usive radial fluxes were set to zero. Fig. 4.6 shows the grain-size distributions at three heights
after 1 Myr of evolution; the mid-plane, 0.5, 1, and 2 gas scale heights, the altitude of the
snowline at this radius. Firstly, we note that the mid-plane has an overall enhancement to the
dust density compared to the 0D model - this is a consequence of the settling of large grains that
increases the mid-plane dust-to-gas ratio over that of the upper layers. This enhancement boosts
coagulation rates, meaning that, from Fig. 4.2, the grain size at which the coagulation timescale
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Figure 4.4: Schematic showing the method used for updating the vapour column during
hydrostatic equilibrium calculations. The left two cartoons show how the column is a↵ected by
a temperature decrease that causes the gas density to increase at lower altitudes. The dashed
lines show the new altitudes of the column values that were initially at the heights Z0 up to Z3.
The black line on the plot on the right shows the initial vapour column as a function of gas
column, whilst the blue line shows the initial vapour column now as a function of the new gas
column. At each Z-value, the gas column has decreased, and the vapour must follow suit. I
then interpolate along the original vapour-gas distribution (black line) to the find the updated
vapour column values that lie at the new gas column values, indicated by the red points.

Figure 4.5: The left panel shows the gas and vapour densities before and after a hydrostatic
equilibrium update where the temperature is decreased. The right panel shows the vapour
column, ⇠v, as a function of the gas column, ⇠g; the red and black points are the initial and
updated values respectively, whilst the blue points show the interim stage where the gas column
has been updated whilst the vapour has not. Given we want the vapour column to be constant
as a function of gas column, we interpolate to find the red values - the updated vapour column.
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Figure 4.6: The grain-size distribution of dust and ice at di↵erent altitudes above the disc
mid-plane. The dust and ice densities are shown by solid and dashed lines respectively.

Figure 4.7: The left and right panels show the ice mass-fraction and minimum grain size at the
mid-plane as functions of height above the mid-plane in gas scale heights, H, respectively. The
line opacity increases with time, with time snapshots at: 0 (faintest), 10, 50, 100 kyr, and 1 Myr
(least faint)

.
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Figure 4.8: The evolution of the both the total CO density and the vapour density as functions
of height above the mid-plane in gas scale heights, H, respectively. The line opacity increases
with time, with time snapshots at: 0, 50, 100 kyr, and 1 Myr.

is equal to that of adsorption decreases, thereby making coagulation able to transfer ice via
collisions for smaller grains. This decreases the ice mass-fraction on the smallest grains compared
to 0D, and increases the ice mass-fraction of the intermediate-sized grains. As we move to higher
altitudes in the disc, the left panel of Fig. 4.7 shows that the total ice mass-fraction increases
until we reach the altitude at which the vapour pressure is low enough that ice no longer forms -
i.e. the vertical snowline. This can be understood by looking at the evolution of CO vapour
over time, shown in Fig. 4.8. A di↵usive flux of vapour is directed towards the mid-plane due to
the depletion at altitudes beneath the vertical snowline (the altitude at which ice forms due to
crossing the vapour pressure threshold). As the vapour decreases in altitude and crosses the
vertical snowline, it is able to condense onto grains. At the same time, growth of icy grains
up to larger sizes leads to the sedimentation of ice to the mid-plane. Once the large grains
have settled, vapour that subsequently di↵uses towards the mid-plane, crossing the vertical
snowline, condenses onto small grains which do not then settle to the mid-plane, leading to an
enhancement in ice mass-fraction at higher altitudes. After 1 Myr, this sequestration of CO at
the mid-plane leads to a depletion of vapour above the snowline which is at a similar level to
that found by Krijt et al. (2020) in their model with pebble drift but no chemistry. Recent work
by Ruaud et al. (2022) has also suggested that chemical models that include correct treatment of
the non-isothermal disc vertical structure can explain CO fluxes in ALMA observations without
the need for CO depletion - it would be interesting to investigate this using my model but
with the temperature solver switched on, as then I would also be able to correctly solve for the
vertical structure. The stable CO vapour density inside the snowline is the equilibrium value
found by balancing Eqns. 4.3 & 4.5:

⇢
eq

v
=

4Nsmmol

vth
⌫i exp

✓
�
Tbind

T

◆
, (4.17)

and is vertically constant due to the vertically isothermal temperature. In addition, as a function
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Species Mass fraction Reference

Organics 0.397 Henning and Stognienko (1996)
Silicates 0.329 Draine (2003)
Water ice 0.2 Warren and Brandt (2008)

FeS 0.074 Henning and Stognienko (1996)

Table 4.2: The base composition used for dust grains, taken from the DSHARP model (Birnstiel
et al., 2018). The references from which the optical constants have been taken are given for
each species.

of height, the dust-to-gas ratio decreases whilst the vapour-to-gas ratio increases, meaning
coagulation rates also decrease relative to adsorption rates; this leads to larger ice mass-fractions
on the smallest grains. One interesting consequence of this is that the minimum grain size
within the vertical extent of the condensed region increases as a function of height before rapidly
decreasing back to the base minimum size at the altitude of the snowline, as shown by the right
panel of Fig. 4.7.

4.1.4 Thermodynamic coupling: CO ice opacities

To couple the ice component of each grain to the thermodynamics of the system, I implement the
opacity model detailed by Cuzzi et al. (2014). This model allows the calculation of absorption
and scattering opacities on-the-fly, as opposed to the use of interpolated opacity tables. It is
an approximation to full Mie theory (Mie, 1908), a method used for calculating the absorption
and scattering e�ciencies of di↵erent media through their interactions with electromagnetic
fields. Each grain is taken to be composed of a number of di↵erent species, each species k with
tabulated optical constants - either a complex dielectric function, ✏k, as a function of wavelength
or complex refractive index, Nk =

p
✏k - and a mass-fraction of the total grain mass, fm,k.

By default, each grain has the same base composition as that used by the DSHARP model
(Birnstiel et al. 2018, see Table 4.2). Given that this chapter focuses on the CO snowline, which
resides in the outer disc at radii > 10 au, I do not update the composition to remove the water
ice component for dust interior to the location of the water snowline at ⇠ 1 � 5 au; this is
an addition that I would be interested in studying if investigating the inner disc in the future.
In addition to this base composition, CO contributes to the overall grain composition with a
mass-fraction given by fm,CO = ⇢i/(⇢d + ⇢i), where ⇢i and ⇢d are the CO ice density and dust
density in a given spatial cell and base dust-grain-mass bin.

The optical constants for CO ice are adapted from the experimental data presented by
Gavdush et al. (2022). The real and imaginary components of the data-derived complex
refractive index, N = n+ ik, can be seen in the red dashed lines in the upper row of Fig. 4.9;
for reference, the real component determines the phase velocity of waves entering the medium,
i.e. scattering, whilst the imaginary component is responsible for absorption of wave energy in
the medium (see Bohren and Hu↵man, 1983). The peaks in the imaginary component can be
modelled as resonant dipole excitations using Lorentz kernels; there are three absorption peaks
at wavelengths of 37, 115, and 200 µm. The data extends from ⇠ 25 µm to 0.2 cm, whilst the
wavelength range used in my simulations is typically 0.1 µm to 1 cm. To extend to the broader
wavelength range, I first extend the imaginary component to short and long wavelengths, then
assume that the real and imaginary components are not independent and can be related using
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Figure 4.9: The optical constants used for CO when calculating opacities. The data (red dashed
line) is taken from Gavdush et al. (2022) and the black line shows the extended optical constants
used for calculations. The optical constants for H2O ice from Warren and Brandt (2008) are
plotted for comparison.

the Kramers-Kronig relations (applicable for media that can be described by a well-defined
complex refractive index):

n = 1 +
2

⇡
P

Z 1

0

⌫
0
k

⌫ 02 � ⌫2
d⌫ 0, (4.18)

where P is the Cauchy principal value that allows the integral to be defined by avoiding the
singularity at ⌫ 0 = ⌫. To extend to the shorter wavelengths, in log-space I linearly extrapolate
the non-resonance background absorption at wavelengths shorter than the peak at 37 µm. For
longer wavelengths, I have made the choice to cut the data at ⇠ 300 µm and use the long
wavelength behaviour of the Lorentz resonance kernel, to wit: 1/�. I have chosen this method of
extension for three reasons: 1) the authors state that di↵raction distortions become significant
at wavelengths . 0.06 cm, 2) extrapolating from the data past the resonance peak at 200 µm
leads to discontinuities and unphysical asymptotic behaviour of the real component, and 3)
extending from the resonance peak using k / 1/� is physically motivated from the Lorentz
oscillator model. The wavelength-extended optical constants used in simulations can be seen
compared to the data in the upper row of Fig. 4.9, whilst the lower row shows the constants
compared to those of water ice for reference.
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Figure 4.10: Grain-size-distribution-averaged absorption and scattering opacities for grains with
and without CO as a part of their composition.

Given a set of species with optical constants and mass fractions, I calculate an e↵ective
dielectric function, ✏ = ✏

0+ i✏
00, using Maxwell-Garnett e↵ective medium theory (EMT) (Maxwell

Garnett, 1904). In this model, I assume that within the heterogeneous medium, di↵erent species
manifest as spherical inclusions within a homogeneous matrix. For simplifying purposes, the
homogeneous matrix is assumed to have ✏ = 1. The composition-averaged optical constants are
then used to calculate absorption and scattering opacities via

a/s =
3Qa/s

4⇢ma
, (4.19)

where the absorption/scattering e�ciencies are given by
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(4.21)

where x = 2⇡a/�. The two forms for Qs account for the transition between the Rayleigh regime
(Qs / x

4) for particles smaller than the wavelength, i.e. x < 1, to the Rayleigh-Gans regime
(Qs / x

2), applicable for particles with x ⇠ 1 and refractive indices of around unity (see van de
Hulst 1957, pp. 179-182) - a reasonable assumption for the mixed-composition grains we deal
with in this work. To account for anisotropic scattering, the scattering e�ciency is modified by
(1� gasym) where gasym is the scattering asymmetry parameter; gasym = 1 corresponds to pure
forward scattering, and negative values to backscatter that increases scattering e�ciency in
comparison to that of isotropic scattering. The e�ciencies are limited to a maximum value of
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unity - this corresponds to the geometric optics regime when the absorption/scattering cross
section is equal to the physical cross section. One limitation of this model is that it does not
capture resonant absorption around 2⇡a/� ⇠ 1 for solid particles as well as full Mie theory,
however this is not an important deviation for the poly-disperse grain-size distributions studied
in this work; such distributions smooth over the oscillatory fluctuations seen in absorption and
scattering properties of mono-disperse particles (Hansen and Travis, 1974). Fig. 4.10 shows
absorption and scattering opacities calculated for grains with the base DSHARP composition
and those with 80% mass in CO ice + 20% DSHARP; an extreme case for an ice mass-fraction
across the total dust distribution as used here, however common for small grains, as shown
in section 4.2. Opacities are averaged over two di↵erent MRN dust distributions, both with
minimum grain sizes of 0.1 µm, one of primordial dust with a maximum grain size of 1 µm and
the other evolved dust with a maximum grain size of 1 cm. Total opacity decreases with the
addition of CO due to it having both fewer and lower amplitude absorption resonances. The
e↵ect of the most prominent CO absorption resonances (at 115 and 200 µm) can be seen in the
absorption opacity.

4.2 Isothermal runs

To compare my 2D model to previous work using 1D evolution, I produce a simulation with the
same initial conditions and parameters as the fiducial run in Stammler et al. (2017), a 1D radial
model of the CO snowline including dust growth and dynamics. Fig. 4.11 shows the temporal
evolution of the dust/ice grain-size distribution that I find and can be compared to Fig. 4
of Stammler et al. (2017). To model CO adsorption-desorption they use the Hertz-Knudsen
equation and input the experimentally-derived equilibrium vapour pressure (P eq

v
= ⇢

eq

v
kBT/mmol,

see Eqn. 4.17 for ⇢eq
v
) reported by Leger et al. (1985) as opposed to inputting a binding energy in

the manner that I proceed. The grain-size-independent surface densities of dust and ice that are
plotted are calculated by vertically-integrating the binned densities described in section 4.1.1.
My overall results are broadly in concurrence with those found by Stammler et al. (2017)
(reproduced in Fig 4.12); after 1 Myr the mid-plane snowline is at a radius of ⇠ 45 au and
the minimum grain size there is a few µm. The non-zero surface density of grains below the
mid-plane minimum grain size consists of the material that lies at altitudes above the snowline,
the radial location of which is a function of height. As was seen in Fig. 4.2, the ice distribution
predominantly consists of two populations; one on grains less than a few µm that is due to the
dependence of adsorption on grain surface area, and one on the largest grains in the simulation,
. 0.1 cm, formed through coagulation. The mid-plane snowline can be seen to lie at smaller
radii for the largest grains; this is because these grains have drift timescales over the snowline
region that are shorter than the timescale for desorption of ice (Piso et al., 2015). From Eqn. 4.5,
we can estimate the desorption timescale as

tdes =
a

ȧ
=

⇢ma

Nsmmol⌫i exp
�
�

Tbind
T

� / a. (4.22)

The drift timescale, tdr, is proportional to ⇠ 1/a (see Eqn. 1.62), and therefore tdes/tdr /⇠ a
2.

As shown in Fig. 4.13, I find that grains bigger than ⇠ 0.1 cm have desorption timescales longer
than those of drift, meaning that they are able to travel to shorter radii than those of the smallest
grains before the ice completely sublimates. Fig. 4.14 shows the 2D structure of CO in the disc;
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Figure 4.11: Evolution of the grain-size-independent surface densities of dust and ice including
dynamics. The temperature solver has been switched o↵ and a vertically isothermal temperature
structure applied and kept constant. The solid black line shows grain sizes where St is unity,
whilst the dashed line shows the approximate drift limit. The dotted line indicates the minimum
grain size present at the mid-plane. Rows show advancing time snapshots of 10 kyr, 100 kyr,
500 kyr and 1 Myr.

121



CHAPTER 4. CO SNOWLINE STRUCTURE AND DYNAMICS

Figure 4.12: The grain-size-independent surface densities of dust and ice including dynamics
after 1 Myr produced by the fiducial model of Stammler et al. (2017). The solid black line
shows grain sizes where St is unity, whilst the dashed line shows the approximate drift limit.
The dotted line indicates the minimum grain size present at the mid-plane. The colour-map has
the same scaling as the colour-bar in Fig. 4.11. Adapted from Stammler et al. (2017) preprint.

Figure 4.13: The ratio of timescales related to desorption and drift, tdes/tdr, at the snowline
(45 au) after 1 Myr in the isothermal simulations. The black dashed line marks where this ratio
is unity, i.e. the drift and desorption timescales are equal.
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Figure 4.14: The 2D structure of the snowline after 1 Myr in the isothermal simulations. The
left column shows the ice densities on small and large grains, whilst the right column shows the
total ice and vapour densities. Small grains are lofted to much higher heights than the large
grains and a build-up of vapour can be seen just interior to the mid-plane snowline. Temperature
contours are shown in the top left panel for reference.

the left column shows the distributions of the two dominant ice populations on small and large
grains, whilst the right column shows the total ice and vapour distributions. As the disc is
vertically isothermal, the radial location of the snowline as a function of height is determined
purely by the CO vapour pressure, which, given that the vapour is coupled to the gas, falls o↵
exponentially away from the mid-plane. This allows ice to sublimate at lower temperatures as
we move to higher altitudes. The radial drift of icy solids through the snowline leads to a large
build-up of vapour just interior to the snowline as the ice sublimates. From the left column,
we can see that the two dominant ice populations are strongly spatially distinguished, with
the larger grains existing much closer to the mid-plane due to settling. We can clearly see the
di↵erence in mid-plane snowline location due to drift for the two populations.

The left panel of Fig. 4.15 shows how the ice mass-fraction varies as a function of radius for
di↵erent grain sizes of the base non-icy grain. We can see that the ice mass-fraction is generally
a decreasing function of grain size, apart from in the range of a few to tens of µm, where grain
sizes ⇠ 10 µm are boosted due to coagulation. Around the radius of the mid-plane snowline, the
ice mass-fraction is vastly increased over the initial value of ⇠ 0.125 due to the re-condensing of
CO vapour that di↵uses back over the snowline, a process often referred to as the ‘cold-finger’
e↵ect (see e.g. Stevenson and Lunine, 1988; Cuzzi and Zahnle, 2004; Schoonenberg and Ormel,
2017). The ice mass-fraction is also much larger at larger radii than was found by Stammler
et al. (2017); ⇠ 0.6 compared to ⇠ 0.2 on 1 µm grains at 80 au. The e↵ect of this can be seen
in Figs. 4.11 & 4.12, where the minimum grain size is larger at larger radii in my model due to
the increased ice mass-fraction. This di↵erence is born out of the inclusion of vertical structure,
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Figure 4.15: The left panel shows the ice mass-fractions of di↵erent sized base dust grains as
functions of radius after 1 Myr in the isothermal simulations. The right panel shows the sizes
(solid lines) and respective Stokes numbers (dashed lines) of grains responsible for carrying most
of the ice mass, both vertically-integrated and at the mid-plane.

because, with the 2D structure of the snowline seen in Fig. 4.14, vapour is able to di↵use over
the snowline and condense in the manner investigated in section 4.1.3 at all radii in the disc as
opposed to just the radius of the mid-plane snowline. The right panel of Fig. 4.15 shows the
dominant ice-carrying grain size, given by

ai,carry =

R
a⇢idaR
⇢ida

, (4.23)

at the mid-plane, along with the vertically-integrated counterpart. The respective Stokes
numbers for these grain sizes are also shown. The mid-plane and vertically-integrated values are
similar at the snowline and at large radii, where coagulation up to the largest grains dominates,
however di↵er at intermediate radii in the region where coagulation generates an enhancement of
ice on grains of ⇠ a few tens of µm, because vertical-integration takes into account the reduction
in the large grain population relative to the enhanced small grain population at higher altitudes
due to settling.

4.3 The snowline instability

The snowline instability is similar in nature to the well-known thermal instability of accretion
discs (see Shakura and Sunyaev, 1976; Pringle, 1981). The simple picture of the thermal
instability can be understood by considering the relative changes of the heating and cooling rates
in the disc at a certain radius, q+ and q�, with respect to small changes in the disc’s temperature
at that location. If the cooling rate increases with temperature by a greater amount than the
heating rate, the system will return to equilibrium for any perturbation to the temperature.
However, if the heating rate increases with temperature by a greater amount than the cooling
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rate, a small increase (decrease) in temperature will lead to runaway heating (cooling). The
criterion for a location in the disc to be unstable can be written as (Pringle, 1981)

d log q+
d log Tm

>
d log q�
d log Tm

, (4.24)

where Tm is the mid-plane temperature of the disc. From section 1.2.5, the heating and cooling
rates can be written as

q+ =
1

2
 sF⇤, q� =  i�T

4

m
, (4.25)

where F⇤ is the intercepted stellar flux, given by

F⇤ =
L⇤

4⇡R2
sin↵f , (4.26)

and  s/i account for the fraction of radiation from the surface/interior that is absorbed or
emitted by the interior. If the interior is optically thick to the given radiation, then this fraction
can be well approximated as unity. If we assume that F⇤ does not depend on Tm and that
the interior is optically thick to both surface and interior radiation, then the left-hand-side of
Eqn. 4.24 is zero whilst the right-hand-side is four; the disc is stable. The assumption that F⇤
does not depend on Tm is actually incorrect due to its dependence on the flaring angle, ↵f ; this
dependence, however, is much less steep than T

4

m
in the cooling rate, so can be ignored in this

simplified analysis. If the interior is optically thin however, then the absorption fraction can
be written as  ⇡ ⌧ ⇡ ⌃sol, ⌃sol and  being the total solid surface density and opacity for
the appropriate radiation field. I am ignoring any gaseous contribution to the density as the
opacity of the gas is negligible in comparison to the solids. If the interior is now optically thin
to both surface and interior radiation, we are still left with a stable disc as both heating and
cooling are proportional to ⌃sol. However, if the disc is optically thick to surface radiation
but optically thin to interior radiation, then the cooling rate is proportional to ⌃solT

4

m
whilst

the heating rate isn’t; therefore, if ⌃sol is a steep enough function of Tm, we can overcome the
stabilisation generated by T

4

m
. For a classical thermal instability, this can be found to occur

in systems where there are sudden opacity or viscosity changes (see e.g. Pringle, 1981). In the
snowline instability, the sudden increase/decrease in solids around the sublimation temperature
can act to overcome the stabilisation. If we assume that the opacity remains constant (we know
already that this is not the case, however we can assume that changes in total solid density are
more important), then we can now write Eqn. 4.24 as

d log⌃sol

d log Tm

. �4. (4.27)

If we imagine that we have 50% of our solid mass in CO ice at the snowline, and we perturb
the temperature up by 15%, say from 20 to 23 K, then we cross the sublimation temperature and
all of the CO sublimates. The left-hand-side of Eqn. 4.27 now returns �5; the disc is unstable.
This means that the drop in solid density causes a drop in the cooling rate that is larger than
that of the heating rate, and the temperature then continues to increase, entering a phase of
runaway heating. This runaway heating would manifest in the disc as the snowline rapidly
moving to larger radii as the ice sublimates. Ultimately the snowline will stop moving once it
reaches a radius at which the disc becomes stable; this can either be where the opacity conditions
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Figure 4.16: Cartoon plots demonstrating the boundaries of the unstable region, both in q� Tm

space and Tm �R space, assuming the opacity conditions discussed in the text apply across the
entire unstable region. The left panel plots heating and cooling rates at di↵erent radii in the disc.
Around the snowline temperature, Tsnow, the cooling rate decreases steeply as ice sublimates.
Rin and Rout indicate the radii at the boundaries of the unstable region where there is still
only one equilibrium, whilst Run lies in the unstable region where three equilibria exist, two
stable and one unstable. Stable equilibria are represented by filled black circles and unstable by
unfilled circles. The temperatures in the right panel, Tc and Th, correspond to the equilibrium
temperatures when on the cold and hot branches, whilst Tun is the temperature of the unstable
solution branch.

described above break down, or at the outer unstable boundary radius shown in Fig. 4.16. The
latter boundary is specified by the temperature range over which the ice sublimates along with
the temperature profiles set by the non-icy and icy solid distributions - this is demonstrated
in Fig. 4.16. The opposite will happen for a decreasing temperature perturbation, with the
snowline moving radially inwards until the disc is stable. Fig. 4.16 demonstrates where the
boundaries to the unstable region lie if the opacity conditions are met over the entire region,
both in q�Tm space and Tm �R space. If the opacity conditions break down somewhere within
this region, then they instead will set the boundaries. The simplified criterion given by Eqn. 4.27
does not take into account the sublimation timescale of the ice, i.e. the delay in the response
of the solid surface density to changes in temperature; this could be important if sublimation
timescales are large compared to thermal timescales.

In the unstable region of the disc, there are therefore two possible solution branches for
a single surface density of solids: one a cold state, where the snowline is at the inner stable
equilibrium radius; the other a hot state, where the snowline is at the outer stable equilibrium
radius. Parking ourselves at a radius in the unstable region, we can therefore plot out equilibrium
positions in temperature space by modulating the surface density of solids. At low enough
surface densities, the two solutions should converge to the hot branch solution as the disc
becomes optically thin to the surface radiation; vice versa, at high enough surface densities, the
two solutions should converge to the cold branch solution as the disc becomes optically thick to
the mid-plane radiation. Such a plot can be seen in Fig. 4.17a. Plots such as this that map out
the stable solutions in an unstable system are called S-curves, because including the unstable
equilibrium solutions (the dotted line) connecting the stable branches creates an S-shape (see
e.g. Bell and Lin, 1994).

By considering how the mass-flux of volatiles a↵ects the surface density at the snowline we
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Figure 4.17: Example S-curves in (a) the volatile surface density - mid-plane temperature plane,
⌃vol - Tm, and (b) the volatile surface density - volatile mass-flux plane, ⌃vol - Ṁvol. Adapted
from (Owen, 2020) preprint.

find that an S-curve also exists in the volatile surface density - volatile mass-flux plane. This
can be seen in Fig. 4.17b. The S-curve arises due to the di↵erence in drift speeds for the ice and
vapour states. When in the ice state, the mass-flux depends on the the particle stopping time,
whilst in the vapour state, the mass-flux depends on the viscous ↵. As the particle stopping
time is generally much larger than the viscous ↵, the ice mass-flux is higher than the vapour
mass-flux. This di↵erence leads to their being a “forbidden” region of volatile mass-flux that
is feeding the snowline. If the outer disc supplies the snowline at a mass-flux in this region,
the snowline evolves through a limit cycle. Say the snowline starts in the cold, high mass-flux
state, then the surface density decreases due to mass being removed faster than the forbidden
mass-flux rate can supply mass to the snowline. This is accompanied by a temperature increase
which eventually enters the unstable region, causing the volatiles to quickly sublimate and
the snowline transitions to the hot, low mass-flux state. This low mass-flux state means the
surface density increases and the temperature decreases, until the volatiles condense and the
snowline once again enters the cold, high mass-flux state. The simulations performed by Owen
(2020) showed that the CO snowline moves through 10s of au over 10s of kyr timescales as local
regions in the disc transition between the hot and cold states of the limit cycle. This is an
important result as it implies that snowlines are potentially not the relatively static features of
protoplanetary discs they are commonly thought to be. This is relevant to the possible origins
of the gaps and rings seen in ALMA images of discs (see Fig. 1.2). One reason that previous
authors have dispelled snowlines as the generators of these substructures (see e.g. van der Marel
et al., 2019; Jiang et al., 2022) is that the observed rings do not have spacings that would
correspond to the locations of di↵erent snowlines if the disc had a typical temperature profile.
If the snowlines locations are evolving in time, this line of thought for ruling out snowlines may
be invalid as the lines will not have constant spacings at all times.

Owen (2020) studied the snowline using 1D radial models, without the inclusion of an evolving
grain-size distribution. One limitation to this approach is that temperature perturbations at the
mid-plane a↵ect the vertical structure and therefore could lead to shadowing of the outer disc and
potentially the spawning of more features. The lack of an evolving grain-size distribution also
simplifies the system considerably, as we have already seen how the properties of di↵erent-sized
grains a↵ect their behaviour at and around the snowline. With my model, I am now able to
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investigate the impact that both of these e↵ects – vertical structure and evolving grain sizes –
have on the results found previously. Interestingly, the timescales over which Owen (2020) saw
the snowline limit cycle evolve (10s of kyr) are of the same order as the desorption timescales for
⇠ 0.1�1 cm grains (Piso et al., 2015), which could make studying the full grain-size distribution
very important.

4.3.1 Static equilibrium solutions in 2D

To investigate the theoretical instability in discs with a resolved vertical dimension, I set up a
disc system with only 10 µm dust grains and, starting from either a cold or hot disc, iterate
the temperature and vertical gas and dust structures towards equilibrium solutions. The grid
parameters are: 600 power-law-spaced radial cells (Rn, n = 0.25) between R = 0.3 and 300 au,
and 250 power-law-spaced cells (✓n, n = 0.75) between ✓ = 0 and ⇡/6 rad. Stellar heating
calculations use 200 logarithmically-spaced wavelength bins, spanning a wavelength range of
0.1� 105 µm. These wavelengths, and the opacities associated with them, are binned into 40
logarithmically-spaced wavelength bands for the flux-limited-di↵usion (FLD) calculations used
for radiative transport of re-emitted thermal radiation. A constant background temperature
of 10 K is applied to provide a baseline radiation field that bathes the entire disc. I set the
relative tolerance of the FLD solver to 10�5. The gas is initialised with the Lynden-Bell and
Pringle (1974) self-similar solution with a characteristic radius of 50 au and an initial gas
mass of 0.06 M�. The general disc parameters are: ↵ =10�3, dust-to-gas ratio = 6 ⇥ 10�4.
This low dust-to-gas ratio is necessary because the opacity of 10 µm grains is much larger
than that of large grains (cf. Fig. 4.10), and we require optical depths of ⇠ 1 to the ⇠ 60 K
radiation field emanating from the surface. The CO abundance relative to atomic hydrogen,
CO/H, is set to 8⇥ 10�5, just under the canonical value; this leads to an ice mass-fraction of
⌃i,CO/⌃d+i,CO = 0.75, where ⌃i,CO and ⌃d+i,CO are the surface densities of CO ice and total
solids (dust and ice) respectively. This ice mass-fraction is high compared to other studies
(e.g. Öberg et al., 2021); this is because I approximately maintain the ISM CO abundance
whilst reducing the dust-to-gas ratio. When starting in the hot state, the initial temperature
profile is set to T = 100(R/au)�0.4 K, for which the snowline is at a radius of ⇠ 50 au; for the
cold state, T = 80(R/au)�0.5 K, for which the snowline is at ⇠ 15 au. As the temperature
is iterated from each initial condition slowly towards equilibrium, the gas and dust vertical
profiles are updated respectively through solving for hydrostatic equilibrium and solving for
di↵usion-settling equilibrium (see Eqn. 30 in Takeuchi and Lin 2002). The ice-vapour chemistry
is also evolved to equilibrium at each iteration. As the simulations iterate towards convergence,
the snowlines move radially inwards/outwards for the initially hot/cold discs. If the disc is
unstable, the two snowline solutions lie at the edges of the unstable region in the disc. When
we advance the snowlines from initially hot/cold states, they should therefore stop at the first
equilibrium solution they encounter, thereby locating the two possible solutions.

Fig 4.18 shows two stable equilibrium solutions found through this method, separated by
⇠ 8 au. The drop in mid-plane temperature at the snowline can be understood by examining
the changes in optical depth caused by the increase in solids at the snowline. The left panel of
Fig. 4.19 shows the cumulative optical depth in the cells either side of the radial location of the
mid-plane snowline as functions of height in the disc at two di↵erent radiation temperatures:
that of the mid-plane, at 22 K; and of the surface, at 60 K. The cumulative optical depth at
22 K is found by summing upwards from the mid-plane to the surface, and vice versa for the
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Figure 4.18: 2D ice density and temperature structure of stable equilibrium snowline solutions
in the single-grain size model. Temperature contours (in K) are over-plotted on the density
maps.

Figure 4.19: Cumulative optical depths to mid-plane and surface radiation, ⌧i and ⌧s, as
functions of height. For the optical depth to mid-plane radiation, the column is summed from
the mid-plane up to the surface, and vice versa for the optical depth to the surface. The left
panel shows how the optical depth changes on either side of the snowline, which lies at radius
Rsnow, due to ice condensation a↵ecting the solid mass. The right panel shows the optical depths
at the snowlines when the system has converged to a single equilibrium solution, either hot or
cold.
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depth at 60 K. The optical depth to the surface/interior radiation, ⌧s/i, in a cell is calculated via

⌧s/i = (⇢d + ⇢i,CO)P,s/i�Z, (4.28)

where P is the Planck-averaged opacity, given by

P,s/i =

R
a,⌫B⌫(Ts/i)d⌫R
B⌫(Ts/i)d⌫

, (4.29)

where a,⌫ is the frequency-dependent absorption opacity for the given grain composition. The
Planck average is appropriate to use given we are in a marginally optically thin regime. This is
to show how well the disc at altitudes above the mid-plane absorbs the mid-plane radiation field,
and how well the disc interior absorbs the surface radiation field. As described in section 4.3, the
instability requires the disc interior to at least be more optically thick to the surface radiation
than the disc above the mid-plane is to the mid-plane radiation. The left panel of Fig. 4.19 shows
that at radii just interior to the snowline (i.e. R < Rsnow), the disc mid-plane is optically thick
to the surface radiation, with ⌧s > 1, and the disc above the mid-plane is marginally optically
thin to the mid-plane radiation, with ⌧i ⇠ 0.27. As we move to the next radial cell, exterior
to the mid-plane snowline (i.e. R > Rsnow), we see that the increase in solid density around
the mid-plane due to ice causes an increase in ⌧i. Given that the emissivity of an optically thin
medium is proportional to the optical depth, this increase in depth increases the cooling rate
relative to that of heating (which is optically thick), causing the disc to equilibriate at a cooler
temperature.

From this system of two stable equilibria for a given volatile surface density, I can modulate
the surface density to explore the density range over which the disc is unstable. As the density is
increased, ⌧i will increase, and at some point be large enough that the cooling rate will no longer
respond more sensitively to temperature; at this point we would expect the disc to be globally
stable with only one snowline solution. Likewise, decreasing the density will decrease ⌧s; once
this is also optically thin enough that the heating rate responds as sensitively to temperature
as the cooling, we again expect to see a single snowline solution. Fig. 4.20 demonstrates a
simplified picture of this in terms of the heating and cooling rates.

When I increase/decrease the total surface density of solids (ice + dust) in the simulations,
the inner/outer solution remains in place until the solutions converge and begin to move in
tandem, which follows the simple model shown in Fig. 4.20. The right panel of Fig. 4.19 shows
the optical depths at the snowlines (in the final cell where R < Rsnow; there is therefore no
contribution to the optical depth from the ice) for the systems where the two solutions have
converged to one through decreasing and increasing the total solid surface density. The dotted
lines show the single solution found when the surface density is decreased, i.e. the disc is in
the hot state, whilst the dot-dashed lines show the single cold state solution for an increased
surface density. The solutions converge to the hot equilibrium when the optical depth to the
surface radiation drops below ⇠ 0.2, whilst the solutions converge to the cold solution when the
optical depth to mid-plane radiation surpasses ⇠ 0.3. This implies that, for this setup, when
⌧s, ⌧i . 0.2, they are both optically thin enough for the heating rate to respond more sensitively
to temperature than the cooling rate, and vice versa for ⌧s, ⌧i & 0.3 - i.e. the transition between
optically thick and thin occurs in the optical depth range of 0.2� 0.3..

By converging the disc at a range of surface densities between these limiting values, I can
construct S-curves in both temperature vs. volatile surface density space and volatile mass-flux
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Figure 4.20: Cartoon plots again demonstrating the boundaries of the unstable region, as a
function of total solid surface density, ⌃sol, i.e. optical depth. The upper row depicts the changes
in the system as the surface density is increased (increasing opacity) and the cooling optical
depth increases, decreasing its sensitivity to the mid-plane temperature around Tsnow. Likewise,
the lower row depicts the changes in the system as the surface density is decreased (increasing
opacity) and the heating optical depth decreases, increasing its sensitivity to the mid-plane
temperature around Tsnow. In each case, we see that the equilibria move in temperature (and
therefore radius) space, until ultimately converging.

Figure 4.21: S-curves of stable equilibrium solutions in both mid-plane temperature and volatile
mass-flux vs. volatile surface density space.
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vs. volatile surface density space, like those shown in Fig. 4.17; these can be seen in Fig. 4.21. I
calculate mass-fluxes of ice and vapour, Ṁi and Ṁv, through

Ṁi = 2⇡R⌃ivd, (4.30)

where vd is given by radial drift, Eqn. 1.61, and, from the steady-state solution to the gas
evolution equation, Eqn. 1.30, (ignoring the boundary layer),

Ṁv = 3⇡⌃v⌫ = 3⇡⌃v

↵c
2

s

⌦K

. (4.31)

As these equilibrium solutions are calculated for a single grain size (10 µm) which has St ⌧ 1
for the chosen gas disc mass of 0.06 M�, and would therefore be coupled to the gas - and
therefore ice vapour - flow, we would not see a di↵erence between the hot and cold states in
terms of volatile mass-flux. To yield an appreciable di↵erence in mass-flux in this system, a gas
density that is lower by a factor of ⇠ 100 is required; this is what is shown in Fig. 4.21. As seen
in the isothermal runs, in discs with an evolved dust distribution the majority of the ice mass
at the radial location of the snowline is carried by grains with St ⇠ 0.1, and we would therefore
see this separation in mass-flux for standard values of the gas density. From the right panel of
Fig. 4.21, we can estimate that if we feed the disc with volatiles at a rate between ⇠ 6⇥ 10�12

and 1⇥ 10�11
M� yr�1, then the disc should enter a limit cycle, oscillating between the hot

and cold branches, as seen by Owen (2020).

4.3.2 Dynamic evolution

I now construct simulations to study whether the CO snowline can be unstable in a dynamic
disc, and whether a limit cycle can be established. These simulations have a similar set up to
the equilibrium calculations detailed in the previous section, but with some notable di↵erences.
I use 400 power-law-spaced radial cells (Rn, n = 0.25) between R = 0.3 and 80 au, and 180
power-law-spaced cells (✓n, n = 0.75) between ✓ = 0 and ⇡/6 rad. A full distribution of dust
grains is included, with a resolution of 7 mass-bins per decade, to give 148 bins logarithmically-
spaced between 0.1 µm and 100 cm. To increase the computational e�ciency, I run 1D gas and
dust models in the inner region of the grid, from 0.3 to 10 au, which couple to 2D calculations
in the remaining outer disc. For the dust, I solve the 1D advection-di↵usion equation shown
in Eqn. 3.4 but for each grain size as opposed to one representative size. The radial advection
velocity for a particular grain size is calculated via

vR =
v̄R,g + 2(v�,g � vKSt)

1 + St2
, (4.32)

where v̄R,g is the radial gas velocity vertically-integrated over the dust distribution,

v̄R,g =
1

⌃d

Z 1

�1
⇢dvR,gdZ =

p
1 + St/↵

⌃g

Z 1

�1
⇢gvR,g exp

✓
�

Z
2

2H2

St

↵

◆
dZ, (4.33)

where I have made use of the di↵usion-settling dust scale height given by Eqn. 3.10, and v�,g is
the 1D gas azimuthal velocity. The outer boundary conditions of the 1D grid are set by the
vertically-integrated dust quantities from the 2D grid, whilst the inner boundary conditions
of the 2D grid are set using the inner quantities from the 1D grid expanded in the vertical
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dimension using the normalised vertical dust distribution in the first cell of the 2D grid. In
contrast to the default choice for the other boundaries, di↵usion over the 1D-2D grid boundary
is allowed. Using a 1D inner region significantly speeds up the simulations as the 2D CFL
time-step is governed by di↵usion in the vertical dimension in the mid-plane cell at the smallest
radius, whilst the 1D CFL time-step is governed by di↵usion in the radial dimension, which
is much less constraining. This approach is valid for studying the CO snowline, as it resides
at radii . 20 au, and therefore we do not care about the detailed 2D dynamics in the inner
disc; we simply require it for calculating the correct temperature profile. Expanding the inner
1D densities to 2D for calculating the temperature structure is done in the same fashion as the
static equilibrium calculations; the gas through solving for hydrostatic equilibrium and the dust
through solving for di↵usion-settling equilibrium. The 2D densities at the interface between
inner and outer grids are joined together through a smoothing function taken from Paxton et al.
(2011); defining F = log(R/Rin)/ log(Rout/Rin) and S = [1� cos(⇡F )]/2, the smoothed density
is calculated via

log ⇢smooth = S log ⇢outer + (1� S) log ⇢inner, (4.34)

where ⇢inner is the surface density in the outer, 2D region expanded in the vertical dimension
using the di↵usion-settling equilibrium calculation used in the inner region, whilst ⇢outer is the
actual 2D density profile of the outer region. For this model, Rin = 10 au and Rout = 12 au.
The dust distribution is also smoothed in the inner regions of the 1D grid to avoid a pile-up of
dust that leads to an unstable temperature profile due to shadowing. Using the same smoothing
formalism defined above, the dust densities are smoothed down to a dust-to-gas ratio of 10�6

at 0.3 au, with Rout = 1.2 au. The dust distribution is initiated as an MRN distribution with
a cut-o↵ in grain size at the minimum of the fragmentation and drift limits. To keep a fixed
mass-flux of dust and ice at the outer boundary, the quantities in the outer 5 au are frozen after
20,000 yr. This gives the outer region enough time to reach a quasi-steady state in the dust and
ice distributions. The gas is also kept constant so as to allow a steady-state to be established.

Fig. 4.22 shows the surface density evolution for a simulation in quasi-steady state. This
particular simulation has a viscous parameter of ↵ = 5 ⇥ 10�4. The system has not entered
a limit cycle, and the snowline is creeping radially inward over time due to the build up of
vapour at radii interior to the snowline, as larger vapour densities facilitate higher sublimation
temperatures (see Stammler et al., 2017). The ice mass-fraction is ⇠ 0.7 at the outer radius as
before, but rises to ⇠ 0.85 at the snowline due to the fingering e↵ect of vapour di↵using over
the snowline and re-condensing. The evolution of the mid-plane temperature is also shown in
Fig. 4.22; the temperature drops at the snowline as expected, and this drop follows the inwardly
radial movement of the snowline. At radii just interior to the snowline, the optical depths to
surface and mid-plane radiation are ⌧s ⇡ 1.3 and ⌧i ⇡ 0.24, so from my previous analysis I
would expect this system to have an unstable region and two stable snowline equilibria. Given
the high mid-plane temperature at the snowline, I start with the assumption that the snowline
is on the cold branch, at the inner boundary of the unstable region.

To investigate this, I perturb the ice density at the snowline. As previously discussed, if the
disc is unstable, a decrease in ice density should cause runaway heating and radially outward
movement of the snowline as ice progressively sublimates. Fig. 4.23 shows the evolution of
the final snapshot from Fig. 4.22 after Gaussian decreases in the ice density centred on the
mid-plane snowline (R = 27 au, Z = 0) with amplitudes of 40% and 70% of the total ice density
and standard deviations of 1 and 5 au. After the smaller perturbation, we see the temperature
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Figure 4.22: Surface density evolution of CO ice, vapour and total solids, along with the
mid-plane temperature. The line opacity increases with time, with each time snapshot being
20,000 yr apart.

increase by a factor of 1% up to ⇠ 1.3% after around 100 yr - as we would expect for an unstable
system - however the ice surface density does not decrease substantially further; instead the ice
begins to re-condense and the temperature follows suit, falling back towards the initial state.
The snowline does not move. The larger perturbation induces a larger temperature increase
- from 3% up to 10% after a few hundred years - and the ice density continues to decrease,
with the snowline moving out to ⇠ 32 au in under 1000 yr. This movement is indicative of
an unstable snowline; interestingly however, the snowline does not continue to recede until
stopping at the outer stable equilibrium, but begins to return to its original position. Although
the snowline has exhibited runaway heating and recession, it is ultimately stabilised as with the
small perturbation.

These results are interesting for two reasons: first, the existence of a threshold in the
perturbation amplitude for triggering runaway heating implies a finite-amplitude instability
rather than a linear instability; second, once triggered, runaway heating appears to be stabilised
before the snowline arrives at the outer stable equilibrium position. These results were not
seen by Owen (2020); their models lacked both vertical structure and an evolving grain-size
distribution, meaning that the added complexity from one, or both, of these must be the cause.
Given that I have found two stable equilibria for a single grain-size distribution with resolved
vertical structure, the di↵erences may be predominantly caused by the addition of a time-
dependent grain-size distribution. Fig. 4.24 shows the evolution of the grain-size distribution
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Figure 4.23: Surface density evolution of CO ice, vapour and total solids, along with the
fractional changes in mid-plane temperature, Tm

Tm,0
� 1, and ice surface density, ⌃i

⌃i,0
� 1, for two

perturbations to the ice density at the snowline; the left and right panels show small and large
perturbations respectively. The line opacity increases with time, the snapshots of which are: 0,
16, 41, 110, 270, 690, 1800, and 4500 yr; with the addition of 12,000 and 30,000 yr for the right
panel.
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Figure 4.24: Evolution of the grain-size-independent surface densities of ice and dust after the
large perturbation. The dotted line indicates the minimum grain size present at the mid-plane.
Rows show advancing time snapshots at 0, 41, 430, 1100, and 4500 yr.
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at several time-snapshots after the large perturbation. We can see that there is a time-lag in
the movement of the snowline between small and large grains. This is due to the di↵erence in
desorption timescales for di↵erent grain sizes. From Eqn. 4.22, at the snowline, tdes is 0.2 and
200 yr for 1 µm and 1 cm grains respectively, and therefore this large di↵erence can account for
the O(102) yr time-lag. It is currently unclear whether or not this lag can lead to stabilisation of
the instability. It is unlikely that growth/fragmentation play a role, as we are in a drift-limited
region of the disc where fragmentation will not be able to replenish the population of small, icy
grains that could act to stabilise the system.

Fig. 4.25 shows how we would expect the heating and cooling rates to respond to temperature
changes for both perturbations. The left column plots a quantity termed the instability criterion,
derived from Eqn. 4.24 and given by

d log s

d log Tm

�
d log i

d log Tm

� 4, (4.35)

as a function of decreasing ice surface density as the perturbation causes ice to sublimate. The
absorption factors are given by

 s/i =
�
1� e�⌧s/i

�
. (4.36)

For positive values of the instability criterion, the cooling rate is a less sensitive function
of temperature than the heating rate and the system should be unstable. The right column
shows how the absorption factors themselves respond to the mid-plane temperature. Looking at
the small perturbation, we see that, although the initial perturbation causes a large drop in
cooling rate, the system is not unstable, and the temperature reaches a peak value before once
again decreasing. This is confounding because, although the system is no longer unstable, the
absorption factors imply that the cooling rate should still be less than the heating rate. Once
the temperature begins to drop, the now increasing ice surface density boosts the cooling rate,
making the system more unstable until it returns to the initial state. Only then does the disc
become stable according to the criterion. For the large perturbation, the disc is unstable after
the initial perturbation, and the cooling rate continues to drop along with the surface density.
Initially, the disc heats up rapidly until all of the small ice has sublimated, at which point the
instability criterion is no longer met. The temperature still rises however, as the heating rate is
still larger than the cooling rate as indicated by the absorption factors. But once again, the
temperature ceases to rise and the system ultimately returns to the initial state. Evidently,
these absorption factors are not su�ciently modelling the response of the system to temperature
perturbations, and at the point of temperature inflection are either under-representing the
cooling rate or over-representing the heating rate. Another possibility is that FLD, which is an
approximation to the full radiative transfer problem, is not able to capture the required physics.
Further simulations that isolate the e↵ects of the evolving grain-size distribution are required
to disentangle the various physical processes and understand what leads to stabilisation of the
system.

If the instability is one that requires finite-amplitude perturbations as opposed to being
a linear instability, this may preclude the disc from entering a dynamic limit cycle under the
correct volatile mass-flux conditions, since more drastic changes in temperature or ice surface
density may be required than those caused by an imbalance in mass-fluxes. Instead, we may
expect the instability to be triggered by features of the disc that can cause finite thermal
perturbations, such as young, forming planets (e.g. Chen et al., 2024); dead zones boundaries
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Figure 4.25: Response of the cooling and heating to ice density and temperature changes after
the two perturbations: the upper row for the small perturbation, at a radius of 27.5 au; and the
lower row for the large perturbation, at a radius of 32.4 au. The left columns plots the instability
criterion as a function of the change in ice surface density for both all of the ice and just
small grains, whilst the right column plots the absorption factors as functions of the mid-plane
temperature. The colour of the markers becomes lighter with time after the perturbations.
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(e.g. Hasegawa and Pudritz, 2010); or shadows (Watanabe and Lin, 2008; Wu and Lithwick,
2021; Fuksman and Klahr, 2022, e.g.). Further opacity conditions, levels of ↵-viscosity and rates
of volatile mass-flux must be explored to determine whether limit cycles can be established for
snowlines in 2D discs with evolving dust grain-size distributions.

4.4 Conclusions

My results imply that the coupling of thermal and chemical processes to the dynamics of realistic,
evolving grain-size distributions is crucial to gaining a full understanding of snowline evolution
in discs. The extremely dynamic snowlines of Owen (2020) appear to be subdued in the full
picture; more work must however be done to understand what leads to this mollification. The
inference that the instability may be one of finite-amplitude implies that snowlines may not
enter into periodic dynamic cycles, but may instead be stochastically triggered into transient
periods of rapid dynamism by events in the disc that cause significant enough perturbations.

Aside from the unstable dynamics, I found - as previous authors have, e.g. Stammler et al.
(2017) - that for a fixed temperature profile, the snowline can move in due to vapour deposition
interior to the snowline that increases the sublimation temperature. My simulations of the
snowline instability were performed with a constant mass-flux of dust at the outer boundary,
and therefore have a fixed non-icy temperature structure. In a real disc, assuming the disc is
of an age where the infall of material from the remains of the surrounding molecular cloud is
negligible, this mass-flux is a decreasing function of time as the dust drifts inwards and the
mass reservoir at large radii decreases. Ultimately, this leads to the optical depth of the outer
disc decreasing as a function of time. As the optical depth decreases, the disc is able to heat up,
and this would move the CO sublimation temperature to larger radii. It would be interesting in
further work to study whether a snowline in a realistic disc with a decreasing dust mass-flux
goes through epochs of inward and outward drift depending on the viscosity and optical depth
as functions of radius and time. In addition, coupling this dynamic and thermodynamic system
to the chemical models detailed by authors such as Booth et al. (2017); Krijt et al. (2020) could
give us a full picture of the evolution of the CO snowline and help to elucidate problems such as
the depletion of CO in discs.
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Chapter 5

Summary & outlook

In this thesis, I have explored how our understanding of protoplanetary disc structure and
evolution is a↵ected by studying dust in multiple dimensions. By coupling the dust to the
thermodynamics of the system, I have been able to build a self-consistent model of dust evolution
in protoplanetary discs through which I have studied a number of extant problems in the field.

5.1 Summary

The first questions I looked to investigate with my model related to the e↵ects that an evolving
dust grain-size distribution has on the dust’s spatial structure. Evolving transition discs with
large inner holes to steady state for di↵erent values of the fragmentation velocity, I found that
the vertical dust distribution can exhibit significant deviations from the standard di↵usion-
equilibrium equilibrium commonly assumed (Takeuchi and Lin, 2002). For low fragmentation
velocities of 100 cm s�1, I found that grains with sizes ⇠ tens of µm are enhanced above settling-
di↵usion equilibrium at heights of ⇠ 1 gas scale height due to an increase in collision rates
that arises due to particles feeling the impact of fast turbulent eddies. For large fragmentation
velocities of 1000 cm s�1, I found that small particles become trapped in the mid-plane because
collision rates are large enough that the biggest grains are able to ‘sweep-up’ the small grains
generated by fragmentation before they are able to di↵use to higher altitudes in the disc. This
e↵ect was also reported by Krijt and Ciesla (2016). These e↵ects are important for interpreting
scattered light images, which trace the small grain population in the upper layers of the disc,
as mid-plane densities inferred using settling-di↵usion equilibrium vertical structure would not
correctly model the disc if the dust is in a form of di↵usion-settling-coagulation equilibrium.
Our interpretations of the near- and mid-IR features of SEDs could also be a↵ected, given these
are also dependent upon the small grain population at the disc surface.

A caveat to these conclusions comes in the form of additional processes that can also a↵ect
the small grain population; namely, gas flows generated by photoevaporative winds and radiation
pressure. I investigated these additional processes in my study of dispersing, photoevaporating
discs. Work by Owen and Kollmeier (2019) had suggested that the combination of these
processes generates dust outflows with large mass-loss rates that are able to solve the relic disc
problem in disc dispersal by removing the continuum observational signal of such systems in
short timescales. As this previous work was done using 1D evolution models for the secular
evolution of the disc, a question remained as to whether the same results would be found for
models that included the vertical dimension for the same set of calculations, as the outflows
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that form are inherently 2D structures. To answer this question, I used my 2D model to run
simulations of dust evolution in transition discs under the influence of both radiation pressure
and a variety of photoevaporation prescriptions. I found that whilst large mass-fluxes of dust
were launched from the dust trap at the inner rim of the disc, in the majority of parameter space
the dust mass-loss rates from the disc were not large enough to lead to a depletion of the trap in
timescales required to meet observational constraints. This was because only sub-micron grains
were launched on trajectories that immediately entered the wind and left the system, whilst
micron-sized grains were launched on trajectories that ultimately re-entered the disc at larger
radii. As the inner rim of the gas disc was pushed outwards by photoevaporation, dust from the
outer disc was swept up into the trap at too large a rate for the dust outflow to significantly
deplete the mass in the trap. Only EUV-like wind prescriptions with large wind mass-loss rates
were able to significantly deplete the trap, both due to the increased vertical drag and that the
EUV model leads to later gap-opening and therefore a smaller mass reservoir in the dust trap. I
also found that the height of the disc photosphere is set by the micron-sized grain population
that is enhanced in the upper layers of the disc due to drag from the wind, and that therefore
the photosphere height is related to the wind strength. This can be seen in edge-on scattered
light images, as discs with weaker winds exhibit flatter and less flared scattering surfaces. These
results collectively showed that including vertical structure in self-consistent models of disc
evolution is vital if we are to build a comprehensive and robust picture.

The final feature of disc physics that I have explored is the CO snowline. This work was
again motivated by the need to investigate the e↵ect of vertical structure on previous results
by Owen (2020) that suggested that CO snowlines are highly dynamic structures due to them
being unstable to thermal perturbations in the disc. I added ice-vapour chemistry to the base
model and coupled the ice to the thermodynamics of the system through the calculation of
composition-dependent opacities for the icy dust grains. With this model I have shown that
two stable equilibrium solutions can be found for the CO snowline when the vertical dimension
is included in discs with only a single dust grain-size, implying that the inclusion of vertical
structure is not a barrier to snowlines being unstable to thermal perturbations. Running 2D
dynamics simulations including an evolving, poly-disperse dust grain-size distribution, I have
found that perturbations to the snowlines are stabilised after undergoing an initial phase of
unstable, runaway heating. Given that two equilibrium solutions can be found for a single
grain-size, the implication is that the inclusion of an evolving grain-size distribution adds
additional complexity that is able to stabilise the system. These results have emphasised the
importance of studying processes in discs concurrently, as the interplay between the various
pieces of physics can lead to vastly di↵erent results compared to those found for a process in
isolation.

5.2 Outlook

Looking to the future, there are many avenues down which one could venture to build upon
the findings of this thesis. The first relates to building a comprehensive picture of the vertical
distribution of dust in realistic discs and testing this picture against the flurry of high-resolution
observations of dust structures that the current generation of instruments is ushering in.
Having looked in detail at dust structure in both static discs with no winds and late-stage
photoevaporating discs, it would be interesting to expand this study to both photoevaporating
discs and discs with MHD winds at all stages of their evolution, and generate a parameter study
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of disc models and associated synthetic observations that can be used to try and understand
the array of fascinating observational results that have recently been reported through the use
of JWST (e.g. Duchêne et al., 2024; Villenave et al., 2024; Tazaki et al., 2025). Also, given that
we know many discs feature substructures, most likely generated by mechanisms that create
pressure maxima and therefore dust traps, it would be interesting to include the e↵ects of varying
pressure profiles on my results, given that build-ups of dust a↵ect the temperature structure;
e↵ects which then feedback into the spatial structure of the dust. Alongside substructured discs,
we find a substantial population of compact discs with radii . 30 au (e.g. van Terwisga et al.,
2019; Guerra-Alvarado et al., 2025), implying that many discs do experience e�cient inward
drift of dust grains. Running a parameter study of models to investigate the properties of these
compact discs could also yield interesting implications for the planet formation process.

Another inclusion to the model that could lead to interesting findings is bouncing as an
additional outcome of dust grain collisions - an outcome that is seen in experimental work
(Hill et al., 2015; Brisset et al., 2017). Work by Dominik and Dullemond (2024) to incorporate
bouncing into disc evolution calculations yielded interesting results, showing that the narrow
grain-size distribution generated by an active bouncing barrier has implications both for scattered
light observations due to the diminished small grain population and for dust disc lifetimes due
to a decrease in radial pebble-flux caused by a lack of large grains. Their models did not connect
the disc temperature structure to the the dust distribution; one might expect that standard disc
temperature profiles could be modulated fairly significantly by a bouncing-controlled distribution,
as the lack of sub-micron-sized grains, which are able to exist at higher altitudes due to their low
Stokes numbers, would most likely lower the height and change the shape of the photosphere.
By adding bouncing to my 2D, thermodynamically-coupled model, I would be able to investigate
how such distributions a↵ect the thermodynamics of the system, and how that then feeds back
on the dust evolution. The changes to the small grain population introduced through bouncing
have large observational consequences for both SEDs and scattered light images (see Dominik
and Dullemond, 2024), and these could be explored in more detail with the 2D dust distributions
from my model. Continuing on the line of dust microphysics, in this work I haven’t explored
the e↵ects that treating dust as porous aggregates has on the various systems I have modelled;
dust porosity a↵ects the opacity, and therefore thermodynamics, of the disc (e.g. Kataoka et al.,
2014; Birnstiel et al., 2018) alongside impacting the collisional and dynamical evolution of grains
(e.g. Ormel et al., 2007; Okuzumi et al., 2009; Krijt et al., 2015, 2016; Michoulier et al., 2024).
Incorporating this physics would be an important next step to building a complete picture of
dust evolution with realistic grain microphysics.

There is a lot of scope for development of the snowline model presented in chapter 4. Building
on the isothermal model presented in section 4.2, a parameter study of disc evolution with
thermodynamics switched on could be run. This would impart us with a time-dependent view
of the CO snowline structure in realistic discs, building on the work presented by authors such
as Piso et al. (2015); Booth et al. (2017); Stammler et al. (2017); Booth and Ilee (2019); Krijt
et al. (2018, 2020); Powell et al. (2022), whose models do not include the coupling of dust and
ice to the thermodynamics of the system. Whilst my model includes thermodynamics, it ignores
chemical processes, which the work of those same authors has shown to be extremely important
in shaping the evolution of snowlines. Therefore, an obvious extension would be to include
additional molecules in the calculations and introduce chemical processes that can change the
molecular structure of the disc in a time-dependent fashion. There are still many questions
that remain unanswered in relation to whether snowlines are unstable and, if so, whether this
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instability can manifest as short-timescale, dramatic periods of snowline dynamics as seen by
Owen (2020). To answer these questions, additional simulations that explore the impact of
an evolving dust distribution must be generated. After studying CO, it would be interesting
to apply the same methods to studying other prominent snowlines - such as water, which has
recently been observed in several discs with JWST (Pontoppidan et al., 2024; Banzatti et al.,
2025), and CO2 (e.g. Grant et al., 2023) - and study the e↵ects on disc evolution and the
molecular structure generated by a disc with multiple dynamic snowlines. In addition, recent
observations with JWST have detected molecular ices at high altitudes above their snowlines
Sturm et al. (2024) - it would be interesting to study whether my models can reproduce this
with or without including the e↵ects of winds and radiation pressure.

5.3 Closing remarks

Protoplanetary discs are rich melting pots of physics, and understanding them imparts us with
firm foundations upon which to build and develop our theories of planet formation and evolution.
Through the work presented in this thesis, I have shown that a multi-dimensional view of the
processes involved is required to gain a deep understanding of these complex objects. Looking
to the future, there are still many detailed pieces of physics that can be added to the models I
have presented here, and moving to an even more complete picture of dust and gas evolution in
discs will hopefully elucidate many of the unsolved problems that still remain in the field.
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AppendixA

Permissions

All figures in this thesis taken from journal articles were reproduced with permission, where
appropriate. Details for various journals are listed below.

MNRAS

From the MNRAS website https://academic.oup.com/mnras/pages/rights_and_new_business_
development: ‘You are not required to obtain permission to reuse figures (including tables)
for academic, educational or non-commercial research for the following material provided full
ac- knowledgment is given to the original source including Figure Number, Title of the Article,
Author, Journal Title and Volume or Issue.’ This applies to the following figures:

• Fig. 1.11 reproduces Fig. 1 from Clarke et al. (2001)

144

https://academic.oup.com/mnras/pages/rights_and_new_business_%20development
https://academic.oup.com/mnras/pages/rights_and_new_business_%20development


Bibliography

Adams, F. C., Hollenbach, D., Laughlin, G., and Gorti, U. Photoevaporation of circumstellar
disks due to external far-ultraviolet radiation in stellar aggregates. ApJ, 611(1):360–379, aug
2004.

Aikawa, Y., Miyama, S. M., Nakano, T., and Umebayashi, T. Evolution of Molecular Abundance
in Gaseous Disks around Young Stars: Depletion of CO Molecules. ApJ, 467:684, Aug. 1996.
doi: 10.1086/177644.

Alexander, R. D. and Armitage, P. J. Dust dynamics during protoplanetary disc clearing.
MNRAS, 375(2):500–512, Feb. 2007. doi: 10.1111/j.1365-2966.2006.11341.x.

Alexander, R. D., Clarke, C. J., and Pringle, J. E. Constraints on the ionizing flux emitted by
T Tauri stars. MNRAS, 358(1):283–290, Mar. 2005. doi: 10.1111/j.1365-2966.2005.08786.x.

Alexander, R. D., Clarke, C. J., and Pringle, J. E. Photoevaporation of protoplanetary discs
- II. Evolutionary models and observable properties. MNRAS, 369(1):229–239, June 2006a.
doi: 10.1111/j.1365-2966.2006.10294.x.

Alexander, R. D., Clarke, C. J., and Pringle, J. E. Photoevaporation of protoplanetary discs - I.
Hydrodynamic models. MNRAS, 369(1):216–228, June 2006b. doi: 10.1111/j.1365-2966.2006.
10293.x.
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