NON-HOMOGENEOUS WAVE EQUATION ON A CONE
SHEEHAN OLVER AND YUAN XU

ABSTRACT. The wave equation (8¢t — c2Az) u(z,t) = e~! f(=,t) in the cone {(z, t) :
llz|| < t,z € R% ¢t € Ry} is shown to have a unique solution if u and its partial
derivatives in x are in L?(e~*) on the cone, and the solution can be explicit given
in the Fourier series of orthogonal polynomials on the cone. This provides a par-
ticular solution for the boundary value problems of the non-homogeneous wave
equation on the cone, which can be combined with a solution to the homogeneous
wave equation in the cone to obtain the full solution.

1. INTRODUCTION
For a fixed constant ¢ > 0, let V¢*1 be the cone in R defined by
VO = {(x,t) : ||z||* < 22, z e REt € Ry ).
Our main result shows that a solution for the non-homogeneous wave equation
(1.1) (O — AL Uz, t) = e " f(a,0),

can be given explicitly in terms of an orthogonal series for a fairly generic function f,
and this solution is unique if U(z,t) = e tu(z,t) and u satisfies a fairly mild condition.
To describe our main result, we define the inner product, for p > —1,

o)y =bu [ flatgl@ )Wz t)dedt,  Wy(a,t) = (Pt — ||lz[*)"e,
\%
where b,, is the constant chosen so that (1,1) = 1. A basis of orthogonal polynomials
with respect to this inner product is given in [20] in terms of the Laguerre and Jacobi
polynomials and spherical harmonics. More precisely, let
]

c2t?

m,j,l n—m

n, 1 2m4-2u-+d i ,m*2'+ﬂ) m—27j
(12) QU (1) = L2m 2 ()2 plom =20 53 (2 B 1) Y (@),
where {Yémdj } is an orthonormal basis of spherical harmonics of degree m — 2j of
d-variables, 0 < j < m/2 and 0 < m < n. Then {QZL’;Z} is an orthogonal basis
of L2(VI+L W,). In particular, the Fourier orthogonal series of f € L2(V4T! e7t) is
given by

o0 n L%J <f Qn,O p>0
n n,0 n _ ' ¥m,j,0
f - Z Z Z me,j,@Qm,j7l’ fmvjvé - n,0 jn70
n=0m=0 j=0 ¢ <Qm,j,€’Qm,j>€>0
The polynomials in (1.2) are in fact well defined when p = —1 (see Section 2 for

details). We can now state our main result.
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2 SHEEHAN OLVER AND YUAN XU

Theorem 1.1. Let f € L*(V4t! et) be a smooth function. The wave equation
(1.3) (On — A;) Uz, t) = e f(a, 1),
has a solution U(z,t) = e tu(x,t), where u is given by

o n %]

(1.4) =D 330N ul Qs t)

n=0m=0 j=0 ¢

with the coefficients uy, ; , determined by

[*
m,jl ’L)' m~+2i,j+14,0°

amJ =0

where am j = (2m —2j +d — 2)/(2m +d — 2) and we assume ago = 1 for d = 2.
Furthermore, the solution is unique if u and O, u are in L2(Va+L ).

The precise condition on the smoothness of f will be given in Section 3, together with
further discussion of our main results and examples. The uniqueness of the solution
holds because of the uniform decaying in ¢ variable in v € L?(V4+! e~*). For example,
if d = 3, then all smooth functions of the form

U, t) = Ll =)+ falt+)], 7= el

satisfy the wave equation (0; — A,)U = 0. These functions, however, do not satisfy
the condition since e!U(z,t) and its first order derivatives are not in L2(VI+! e=1).

Our approach is motivated by spectral methods for solving partial differential equa-
tions on the unit ball. Classical orthogonal polynomials on the unit ball are orthogonal
with respect to the weight function @, (z) = (1 — ||z||*)* for p > —1. Let V¥(w,,) de-
note the space of orthogonal polynomials with respect to w, on the unit ball B?. An
orthogonal basis, denoted by P/ of V(ww,,) can be given explicitly in terms of the
Jacobi polynomials and spherlcal harmonics. These polynomials can be extended to
# = —1 and enjoy an orthogonality with respect to an inner product that contains
derivatives [19]. Spectral-Galerkin methods based on orthogonal polynomials have
been used to solve the Laplace equation or Helmholtz equation on the unit disk or
the unit ball [1, 2, 4, 11, 18]. As it is shown in [11], the Laplace operator maps the
space V4 (w_1) into V¢_,(cy). It turns out that elements of V4(w_;) are orthogonal
polynomials with respect to an inner product that involves derivatives, which arises
naturally from the weak formulation of the differential equation. It is this analogy
that leads us to consider the action of this wave operator on the polynomials Qm I
which turns out to be an element in V, (Ve*! e~*) and satisfies a surprisingly simple
formula. The latter leads us to our main result.

There are a number of implications of these results in the numerical solution of
wave problems. Typically wave problems are solved numerically by truncation of the
domain, at which point one must deal with the introduction of boundary conditions
at the artificially introduced boundary, for example, perfectly matched layers [3]. To
quote [21]*:

IThe reference numbers have been changed to refer to those in this paper.
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There has been significant developments in the treatment of artificial
outer boundaries since the 70s, but there is mo consensus on an optimal
method [9, 10]. Especially the construction of boundary conditions for non-
linear problems is difficult [15].

In [21], it is advocated to solve hyperbolic PDEs on unbounded space-time geometries
by compactification of the geometry by a coordinate transformation. Instead, our
solution approach indicates that it is possible to solve directly, and in closed form,
on the unbounded geometry. As the solution cannot propagate faster than the wave
speed ¢, we are guaranteed to capture the global solution of any inhomogenous wave
problem with compact supported forcing term, provided it can be well-represented in
the proposed orthogonal polynomial basis. This solution technique would serve as a
useful preconditioner for variable-coefficient wave problems, as in those that arise in
iterative solutions of nonlinear wave problems. We note that an efficient Laguerre
transform would be required to make this feasible; we mention recent progress on
fast Jacobi and spherical harmonics transforms based on recurrence relationships of
orthogonal polynomials [17, 14, 16] which may be adaptable to this setting.

One is left with the task of solving the homogeneous wave equation with boundary
conditions in the cone. In one-spatial dimension this can be accomplished trivially
via a traveling wave solution constructed in terms of the boundary data. We leave
the higher-dimensional problem as an open problem, though note that the unified
transform method has proven useful for deriving explicit integral solutions for linear
PDEs in convex geometries [6, 8], including the wave equation on the half-plane [5],
and so may be applicable here.

The paper is organized as follows. In Section 2, we consider the orthogonal structure
on the cone and establish the action of wave operators on the cone. The main result
is discussed and proved in Section 3.

Acknowledgment. The authors would like to thank the Isaac Newton Institute for
Mathematical Sciences, Cambridge, for support and hospitality during the programmes
“Approximation, sampling and compression in data science” and “Complex analysis:
techniques, applications and computations”, where work on this paper was undertaken.
This work is supported by EPSRC grant no EP/K032208/1.

2. ORTHOGONAL POLYNOMIALS ON THE CONE

We discuss orthogonal polynomials on the cone in the first subsection and the action
of the wave operator on a family of polynomials in the second subsection.

Throughout this section we assume ¢ = 1, so that W, (z,t) = (t* — ||z|?*)*e~" and
the cone is defined by Vit = {(z,t) : ||z| <t, z € Rt € R, }. The case ¢ # 1 can
be obtained by a simple dilation z — z/c.

2.1. Cone polynomials. Let V,, (V1 W,) denote the space of orthogonal polyno-
mials of degree n with respect to the inner product (-, -) ., in the introduction. An
orthognal basis of this space can be given in terms of the Laguerre polynomials and or-
thogonal polynomials on the unit ball. First we recall the definition of several families
of orthogonal polynomials.
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The Laguerre polynomials LS are orthogonal with respect to the weight function
t“e~t on R, = [0,00) and they are given by

arpy _ (@t D~ ()i
L) = n! kz:%k;!(oz—kl)kt ’

where (a), = a(a+1)...(a+ k — 1) is the Pochhammer symbol. Its L? norm is

o 1 >~ « 2,00 —t _(Oé+1)n
h”_if(a—&—l)/o L ePeetar = D

The Jacobi polynomials PT(LQ”B ) are orthogonal with respect to the weight function
wa 5(t) = (1—)*(1+t)? on [—1, 1] and, in terms of the Gauss hypergeometric function,

(@B _ @+ Dn —n,n+a+pf+1 1-t
Pn (t) - n 2F1 a+1 ,72 .

With normalization constant ¢, g =1/ f_ll Wa,p(t)dt, its L? norm is given by

(a+ 1B+ 1Dnla+B+n+1)
nla+B+2)pla+B+2n+1)"

p(t)dt =

)

1
hglomﬁ) — ca,ﬁ/ P7(lou/3) (t)P#La”B)(t)wa
—1

Let V4 (w,,) be the space of orthogonal polynomials with respect to
‘U_JH(CL') = (1 - H:L‘||2)“7 p>—1,

on the unit ball BY. When d = 1, the orthogonal polynomial is the Gegenbauer

polynomial C,/;L+%. For d > 1, these orthogonal polynomials are also classical, see [7,
Section 5.2]. In particular, a basis of V¥(ww,) can be given in terms of the Jacobi
polynomials and spherical harmonics. A spherical harmonic Y of d-variables is a
homogeneous polynomial that satisfies AY = 0, where A is the Laplace operator of
R?. They are orthogonal on the unit sphere with respect to the inner product

1
(f,9)gar = — f(©)g(§)do(§),

Wq Jgd—1
where wy is the surface area of S¥~! and do is the Lebesgue measure on the sphere.
For m = 0,1,2,..., let H% be the space of spherical harmonics of degree n in d
variables. It is know that dimH¢ = (n+2171) — ("jﬁ;‘s). For 0 < j < m/2, let
{v,"7% :1 < (< dim H,_5;} be an orthonormal basis of He, ;. Define

_ogiyd=2 .

1) Piwen) = PV @ — )Y ), weB

Then {P])(w,;+) : 0<j<m/2, 1 << dim 2} is an orthogonal basis of V¥(w,,)

[7, (5.2.4)] for d > 1.
We are now ready to define our orthogonal basis of polynomials for the space
Vo (VAL W) on the cone. For 0 < m < n, define

n, 2m+2u+d m pm €z
(2.2) Quts y(w,t) = Ly ()t Py (w#;z),

where P}, is the basis defined in (2.1) for d > 1 and Cﬁf% when d = 1. Using the fact

that Y;"~>™ is homogeneous, we see that this is the same as the expression in (1.2).
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The L? norm of the polynomial can be deduced from the norms of the Laguerre and
the Jacobi polynomials, which gives

(2.3) b / QU (o, 1) PV, (2, )t

(2N+d+1)n+m(ﬂ+1)( Jm— J(N"’m_J_" )
(n—m)lj(p+ %+ Dm—j(p+m+9)

In particular, for ;4 = 0, we obtain

(2.4) B = by / Q0 (1) Petdadt =
yarr

d(d + 1)m+n
@2m+d)(n—m)!’
It should be mentioned that these polynomials are eigenfunctions of a second order
differential operator [20]: Every u € V, (V41 W) satisfies the differential equation

(2.5) [t (A +07) +2(2, V)0 — (2, Vy) + (2u+d+ 1 — )0 u = —nu.

Analytic continuation shows that the polynomials Q" .0 are well-defined if p < —1
and p is not an integer. If u = —k is a negative 1nteger then these polynomials are
well defined for j > k by using the formula [16, (4.22.2)],

(2.6) (Z) P (s) = (jzﬂ) (5'21>kpjﬁf>(s), 1<k<j.

Particularly important for our purpose is that Q)" e is well defined for all j if we

define Pé b ﬁ)( t) = 1. Indeed, using (2.6) and Settlng Bj:==m —2j + %2, we have
Qnio(z,) = L2 ()Y (x),

,—1 ] + ﬁ d— i
Qe gie(@,1) :TJL?LTE 2y ?

(2.7)

<@ = el P (2HE 1) v w2

These polynomials are no longer orthogonal with respect to a weight function in the
L? sense, but they are orthogonal in a Sobolev space. Let us define

(hadg = [ Vub@t) Vaglatidae™ a4 a [ fatgta e dota)

d+1
Vo

where V, is the gradient in = variables, A > 0 is a constant and do is the surface
measure on the surface Vg"'l of the cone. The integral over ¢t ~*e~* is well defined since
the integral contains t?d¢, when writing in coordinates (t£,t), where & € S9! and
t > 0. It is easy to see that this is an inner product in the Sobolev space

(2.8) Wy (V) = {feLQ(Vd“ —t):/ |V$f|26_tdacdt<oo}.
Vd+1

Proposition 2.1. The polynomials Q e are mutually orthogonal with respect to the
inner product (-,-)g.

Proof. By [19], the polynomial Q e can be written as

n,—1 m m pm,—1 X
Qo) = L= Py (),
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where Pﬁ’_l are mutually orthogonal polynomials with respect to the inner product

gy = [ V1@ Va@hdo+a [ F©0(€)an

Sd*l
on the unit ball. Changing variable z = ty, so that V, = t~'V,, it follows that

n—m

n,—1 n',—1 o m—+m ' Ld— — m,—1 pm’,—1
Qi Qi = [ e R ) 2 R e P P
from which the orthogonality of Q oy ; follows readily. (I

We can also write the polynomial Q7 e as a sum of Qm .0 which turns out to have

a fairly simple form of merely six terms w1th rational coefficients. Let a,, ; be defined
as in (2.9).

Proposition 2.2. For 0 <j<m/2 and 0 <m <n,
n,—1 n,0 n,0 n—1,0 n—1,0
Q m,j,l = Qm,j [(Qm,j,é - bmem 2,7—1 5) 2(CZm,j,é - Cm,an,Q’j,Lg)
n—2,0 n—2,0
+(Qm,j,£ - dm,an—z,j—l,z)} :
where

2m —25+d -2
2. =M maTra—a
(2.9) @m.j om+d—2

and we assume ago = 1 when d =2, and

and bypn=Mm—-—m+1)(n—m+2),

Cmn=M+m+d—2)n—m+1) and dp,=M0+m+d—2)(n+m+d-—3).

Proof. Expanding Q”’ ;¢ In terms of {Q
computed from
n,—1
<Qm,j,€’ Qm’ NS Z> d

= "’ t ",0, t)e tdzdt.
hm ,n’ hm’,n’r(d+1) /Vd-HQ ’jE(x )Qm é(x ) o

moj.0}» the coefficients of the expansion can be

By the orthogonality of Yem_Qj, we can assume m — 2j = m’ — 2j’. In particular,
B =m—2j+ % remains unchanged when (m,j) is replaced by (m/,j’). Hence,
separating variables, the integral in the right-hand side becomes a product of two
integrals of one-variable. The first one is

/ PV (292 - 1) PO (202 1),

which can be evaluated by setting s = 272 — 1 and using [12, (18.9.5)]

1.8 _ I8 (pos) (0,6)
P = 55 (B 6) - B Gs))
These lead to two cases, 7' = jor j' = j—1. If j/ = j then m’ = m by m—2j = m’'—25/,
whereas if 7/ = j — 1 then m’ = m — 2. In each case the second integral, given by

1 [ee]
F(d — 1) /0 Li@;diz( )L2m +d(t) tm+m +d —tdt

can be evaluated by applying the identity [16, (5.1.13)]
Ly (t) = Ly (1) — Lty ()
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twice. For m’ = m, we apply the identity for @« = 2m +d — 2. For m’ = m — 2, we
apply the identity for o = 2m +d — 4. In all cases, the integrals involved reduce to the
norm of the Jacobi polynomials or the Laguerre polynomials. We omit the details. [

2.2. Wave operator on the cone polynomials. In this subsection we study the
action of the wave operator on the polynomials Q;Ll;lz We start with the action of
Laplace operator.

Lemma 2.3. For1<j<m/2,
(2.10) A Q)] = —40m — j + DPQITEL L (o0)
Proof. The orthogonal polynomials P (tw_1) satisfies [11, Lemma 3.2]

3
Hence, by (2.2),

APl (w_q1) = —4(m—j+ %)QPJ@I’QE(EHL j>1.

n,— m-+d— m— m T
A, (@i t)] = L2 ary) (7)
= —d(m—j+ 12 LI (O 2P (),
which equals to the right-hand side of (2.10) by (2.2). O
Next we consider the action of 9. For j > 1, we use (2.7) and write

— n,— .7 + B — m m—
1) Qe ) = e L A O H Y Y] ),
where

B) (1) - 25 p(18) (Hllzl?
1.0 = (¢ - el r? (2l 1)),
Applying the Lebnitz rule, we will work out the action of J;; by considering
(212) e [ L2 @,0)] = L2 0 HD) (0, 1)
omtd—1.p 0 1r(8) omtd—2py O 17(8)
- 2Ln—m (t)al—lj—l (:177 t) Ln m (t) 6t2H -1 (I t)
where we have used the fact that the derivatives of the Laguerre polynomials satisfy
d ra o i o
el — " [e ' Lo(t)] = —Lat'(t) and et@ [e ' Lo(t)] = Lo (t).

Lemma 2.4. For 0 <j <m/2,

9 (8 : 2j+1 p(0,8)

a7 (1) =205 + 1)1 P!

S y® 2 pl0:) r’

2
. 1
— 4+ 1) + B+ eI D ( = 1) .
Proof. Setting s = 2% — 1 and 7 = ||z, we can write Hj(-ﬁ)(x,t) as

HD (x,8) = 277521 5(s) with hyg(s) = (1—5)(1+ )PP (s),
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A quick computation shows that, with s = 2:—; -1,

d r? 2
TR (2]52 - 1) = =5 (L4 8)hj5(s),
d? r? 2 , "
i (25 — 1) = — 2 (14 5) (80 5(5) + 201+ 9)AY(5)).
Using the fact that the Jacobi polynomial satisfies ([12, (18.9.17)] and [12, (18.9.5)])
. d _a, . ) ;
(24 + B+ 1)1 =) PP (s) = (1= 8 = (2 + B+ 1)s) P (s)
+20 + DG+ B8P (9),
(25 + B+ VP (s) = (548 + VP (s) = (G + 8P (s),
we can deduce that
_ . —j—2p(0,8)
h;-’m(s) =20+ 1)(1+s)"7 P; (s).

Taking one more derivative and using ([12, (18.9.15)] and [12, (18.9.6)])

d n+oa+ ﬂ + 1 a+1, 1
L P) = e P ),

(n+ L + 1)1+ s)PPHD(s) = (n+ 1) P (s) + (n + B+ 1) P{P)(s),
we can also deduce that
W n(8) = 20+ D(1+5) 77 (@5 + B+ 3) PP () = (i + 8+ DP(s))

Putting these together proves the stated identities. (I

n,—1

m.g.0(Z,t) = 0 whenever the index

In the following, we adopt the convention that @
m or j is a negative integer.

Theorem 2.5. For0 <m <n and 0<j <m/2,

(2.13) €"(0u — Ay) {e’tQZ;;lg(x,t)} = ay,, (Q:‘,;?M(x,t) fbm,nQ’,i;‘iQ,j_l,@(x,t)),
where Gy, ; and by, », are defined in (2.9).

Proof. We prove the case j > 1 by first carrying out the computation of the right-hand
side of (2.12). Using [12, (18.9.6)]

2j
52

the first term in the right-hand side of (2.12) is

1, J
(1— 5P (s) =

0, J 0, 3
(POP5) = POP(s)

; 27 i 0,8, 0,5,
L OH) @) = s P02 (PO () - P(s))
Using Lemma 2.4, the second term in the right-hand side of (2.12) becomes
m+d— 9 j s 2m—+d— j— 0,85
—2L2E () 5 Y (@, 0) = 4L (0 T P (s),
and the third term in the right-hand side of (2.12) gives
m~+d— 82 j - m—+d— j— 0,
L2 (0 5 B (@) =2j(2m o+ d = 3L (072 P ) (s)

—4j(m — j+ 2L (TP (s).
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Collecting the terms involving Pj(o’ﬂ ) in the right-hand of (2.12) and using the identity
2LAT2(t) — 20t LY () + a(a — 1)LE(t) = (n+ 1)(n + 2) L2753 (¢),
which can be easily verified using the explicit formula of the Laguerre polynomials, we

obtain

n—m

J “; ﬂj ta2 e—t2mtd— 2( )H(B;)( )} _ *am,jbm,nLiT:_nd(t)t2j+2pj(3_,fj) (S)
g L2 (01 PO (s) — 4(j + ) (m — j + 452) L2 =2 (012 =2 PP (s),

where a,, ; and b, , are as defined in (2.9). Multiplying by Yenfzj(:c) and using the

definition of Q""" ;0> we conclude that

J+B; .
Tjetaf(t2 - ”tz) tQm Js e(x t) =am ij] [(xvt) amy m an 2,5—1 ()(fvt)
. — n—2,1
—4(m—j+ dTZ)QQm—z,j—l,z(m? t).
The last term in the right-hand side is the action of the Laplace operator by (2.10).
Hence, by (2.11) and (2.12), we have proved the case of j > 1.
The case of j = 0 is simple, since AY,;” = 0 so that
(0 = ) [e7 Q@ 0] = L2y ).

Since Fy’y(z) = Y,"(x) by (2.1), we see that the right-hand side is exactly QZ}M by
(2.2). By am,0 = 1, this proves (2.13) for j = 0. The proof is completed. O

3. WAVE EQUATION

If u(x,t) is the solution of the wave equation (O — Az)u = f, then the function
Uz, t) = u(%,t) satisfies the wave equation (9y —c*A,)U = F where F(x,t) = f(£,t).
Hence, we shall state and work with the case ¢ = 1.

Recall that Wy(x,t) = e~ and the inner product in L2(V4t! e~?t) is

1
I'(d+1)

For f € L?(V*! e~!), its Fourier orthogonal series on the cone is given by

Fado=to [ fatigla.e " dadt, b=

3 > RO
7 ,0 . i ) Vi
f= Z Foni@uie With  f ., = S om0,
. ? 2y e hm7n

where hy, , is given by (2.4). Let ||f|l2 be the norm of f in L%(VI*l e~%). By the
Parseval’s identity,

o n %]
17l =2 > 2 > 1y ePhmn:
n=0m=0 j=0 ¢
We will need to assume that f is smooth so that

L5

(3.1) SIS R Pl < o,
V4

n=0m=0 7=0

S
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which holds under a moderate assumption on f; for example, if f is C? in z-variables.
To be more precise, we let D be the differential operator defined by

D=t*A, — (z,V,) — d(z,V,),

where all derivatives acting on x variables. The operator —D is positive since, as shown
n [20, (3.9)], for all Q™"

m,j,0’
Dnge = —m(m—|—d)QmM,

so that we can define (—D)z as the operator that has the eigenvalue \/m(myg). In
particular, the Parseval’s identity implies, for f € W2(Va+! =), that

[3]
1(=D)Y2f |5 = ZZ¢ (m+d) > S N PR
YA

n=0m=0 7=0

is bounded, which clearly implies (3.1). We define a subspace of L2(VI*! e~t) by
W2(VHL ety .= {f € L2(VAH1,emt) . (D)2 f ¢ L?(Vd+1,e—t)} .

w3

Theorem 3.1. Let f € W?(V4+! e7t). Then the wave equation
(3.2) (O — *AL) Ulz,t) = e ' (2, 1),
has a solution U(z,t) = e tu(x,t), where u € L?(V4tL et is given by

n J dim H'm. 2j

(33) Z Z Z Z um,j éQn ,;11/(3: t)

n=0m=0 j=0
where the coefficients uy, ; , are determined by,
===
1 (n—m)! o
(3.4) U, b = ) Z (n—m — 2i)! me+2i,5-+i,0°

amj =5 m

Furthermore, if u € W3 (V1) defined in (2.8), then the solution is unique.

Proof. We first assume that v is well-defined and given by (3.3) and prove that u is
a solution of (3.2) when the coefficients are given by (3.4). For convenience, we let
L:=¢e"(0y — Ay)e™t. Let u,(z,t) denote the n-th partial sum of u(z,t). By (2.13),
we obtain that

|z ] dimHE, _,;

J

' 0
= Z u?mj,fam;j (Qmj é(‘T t) m an 2,j—1 E(m7t)) :

m=0j=0 (=1

Reshuffling the summation, we obtain

0
Z (am,yum]z am+2,j+1bm+27n“3z+2,j+1,4)Qz,j,e(xvt)v
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denote the n-th partial sum of f; then Lu, = S, f leads to
n A’I’L .
(3:5)  @m U, o — Gm2,j+10mi2.0tn o ji10 = fmje 0<J3< g, 0<m<n,

for each 1 < ¢ < dim H¢ If m =n—1or m=mn, then by, 42, = 0. We obtain

m—2j°
~ ~
Jr—1 . _ Ry .
(3.6) Up_1 0= s << —"21 and  uy, ;= It 0<j< 5.
Qn—1,5 An,j
Furthermore, for m = n —2,n —3,...,1,0, we can deduce u}, it recursively from
rewriting (3.5) as
(B7) = —— (e + Omsagsibmsantiia i), 0<5< 2.
: Umje = 7 Jmje + Omi2ji1bmizntimizjiie), 0S5 <5
m,j

Notice that dimHy, _,; = dim M ) 51 q), so that £ remains fixed for its whole
range, and 0 < j < m/2 is the same as 1 < j+ 1 < (m + 2)/2. It follows that
uy, ;, are completely determined by (3.6) and (3.7) for each fixed n. Furthermore,
using induction if necessary, the recursive relation can be solved explicitly, which is
the formula for uy, ; , given in (3.4). Thus, we have shown that Lu,, = S, f for all n.
Consequently, we conclude that Lu = f in L?(V9t! e~!). Furthermore, if f = 0, then
all f:fl,ﬂ are zero and (3.4) shows that all uy, ;, are zero, so that u = 0. Thus, the
solution is unique.

Next, we show that v € L?(V4*t! e~*). Using Proposition 2.2, we can write u in
terms of Qm .0 8

L

NB

oo n ]
=22
n=0m=0 j=0

n n+1 n+2
S [ (w25 i)
‘
n n+1 n+2 n,0
TOm+2,5+1 (bm+27n“m+2,j+1,z = 2Cmt2,n 41Uy 40 410 T dm+21"+2)um+2,j+1,2>} ng,r

By the relation (3.5), we can further deduce that

L

o3

o n ]
=22
n=0m=0 j=0

Z[(fn,jl ,]Z+fn’j€)
¢
n,0

+amt2,54+1(2m + d) ( —2(n—m)uptl, oy + (20 +d+ 3)“;122,%11)] Qo
where we have used the relations
Cmt2,n+1 = bmi2ns1 = 2m+d)(n—m), dmi2nt2—bmi2ni2 = (2m+d)(2n+d+3).

Thus, by the orthogonality of QZ;?J.W, the boundedness of || f||2 and a.,; < 1, we see
that ||ul|2 is bounded if

L5

oo n 2
DI ‘ 2m + d) ( = 2n —m)up e+ Cntd+ 3)“7n++227j+1,18> ‘ o
n=0m=0 j—0 ¢

S
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is bounded, which is in turn bounded by, after shifting the indices,

ST@m+d—4)@n+d— 1)l hn—on-a.
4

By the Cauchy inequality and a; ,, > 1/2, we see that Uy, ;¢ defined in (3.4) satisfies

|nom | '2 . Ln m |

2
Wl <2 5 G 3 Rt s

Consequently, putting these estimates together, we conclude that
% L’!’L*’IYL J

ull3 < coll fll2 + cAmn Z Z >,

n=1m=0 j=0 <

2

m(m + 24) b
— m+2i,ms

n2

A’I’L
m—+2i,5+4,0

AO'M

where, using the explicit formula of h,, ,, in (2.4), the quantity A, , is given by

| 25 L=
- (n —m)! _ (=(n=m))ai
Am,n = ; (n—m—?i)!(n+m)2i B ; (n+M)2i -

We show that A, , is in fact bounded. Indeed, we observe that
—(n—m), 1 —(n—m), 1
Apn =21 ( (n+m) ;1> +oF ( (n—l—m) ;—1) .
By the Chu—Vandermond identity [12, (15.4.24)],
JF —(n—m),l;1 _ m+m—1)p_m _ntm-—1 <1
n+m (n+m)p—m 2n —1

By the Pfaff transformation [12, (15.8.1)] and Euler’s integral identity [12, (15.6.1)],
we obtain

—(n — 1
2 Fy ( (n m)’l;—l) =2"1F (2n,1,;)
n—+m n+m 2
'n+m ! _ _
:F(n(er)l)/o (1—t)"tm=2(1 —t/2)"tdt < 2,

since 1/(1 —t/2) <2 on [0,1]. Hence, A, ,, is bounded by 3. Thus, using
5 n

) oo L3 5]
> 2 Z R =22 D ZZ i
= ¢ =2 j=i

n=1i=0m

[

(=)

we conclude that

ﬁ
.

J

o0 n
lul® < coll 12 +3e DD m Dy >
n=2m=0 j=0 ¢
which is bounded since ||(=D)Y2f|| is finite.
Finally, we prove that the solution of the wave equation is unique if v € W (V4+1).
We only need to show that if f(x,t) =0 and u € W3 (Ve+1), then the solution is zero.

m]é‘ m,mn»
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The assumption on u shows, by Proposition 2.1, that u has a Fourier orthogonal series
of the form (3.3) since the usual Parseval identity holds in W3 (V+1). Consequently,
by (3.4), u is identically zero. O

A couple of remarks are in order. If f is a smooth function, say, in the Sobolev
space W5 (V4+1) consisting of functions whose r-th derivatives are in L?(V4+1!), then
u in (3.3) is an element in Wj T2 (V4+1),

Our result holds for fairly generic function f. For example, it applies to the function
f given by

f((E,t) :g(xvt)X[a,b](t)7 0<a<b<oo,

which is supported on the compact set {(z,t) : ||z|| < ¢, a < t < b}. Since the
derivatives in D applies only on z variable, the theorem applies if we assume g €
W2(VI+1) | so that (3.3) gives a solution for the non-homogeneous wave equation that
is equal to e~ f(x,t).

Finally, it is worth pointing out that if f is a polynomial, then the solution u for
Lu = f is a polynomial given explicitly by (3.3). We end the paper with one example
for d = 2.

In the spherical coordinates (x1,23) = r(cosé,sinf), the spherical harmonics in
H2 are just trigonometric functions r™ cosnf and r" sinnf. Hence, in the coordinates
(t,z1,22) = (t,trcos,trsinf) € V3, with 0 <r < 1 and 0 < @ < 27, the orthogonal
basis in (1.2) is given by

Q) = L2 2es P45 (I3 s o — 20
m,, 1\ V) = Lnem j 242 J )05
(3.8)
T, _ L2m+2p,+d mP(u,m—Qj-i—%) 2||xH2 . m—2j _2i\s
Qm,j,2(x’t) = Ln—m ()t i ey r sin(m — 27)6.

As an example that illustrates our theorem, we choose f(x1,xa,t) = to? + 12wy + 2123,

Its expansion in terms of the basis {Qm i} is given by
I 50 1 50 1 50 1 30
f= Qo 01T Ql 01t 2070 0,2 §Q2,o,1 - ZQQ,l,l - ZQ&O,l + EQ3,1,1

JF Qoo L+ 2070 0,1 - 12Q7) 0,21 ngg 1% 3:(1),0
15@001 +5Q1°0.1 +30Q1°0.5 + 15Q070 -
Using (3.3) with the coefficients determined by (3.4), we derive
u= Q853 + 5Qeh +2QYa) - 1@kal - Sk - (@bat + LT
P3G - 203 - 12070 h + L@kl QR
—15Q001 +5Q1 01 +30Q1 02 + 15Q50 1,
which, after simplification, gives
u(t, x1,z2) = 8+ 207 + 61y + t2wg + (2 + 2% + dao) + x1(2 + 23).

One can verify right away that indeed (0 — A®))e "ty = et f.
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