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Abstract

Mechanical Wellbore Stability in Anisotropic Rock Formations

I Gusti Ngurah Beni Setiawan, Department of Earth Science and Engineering

Imperial College London

Wellbore instability in petroleum operations remains a major concern among
operators, due to its significant safety-related issues and economic consequences. This
thesis investigates issues related to the mechanical stability of drilling through the types
of anisotropic rocks that are commonly encountered in petroleum operations. The
contribution of this thesis is two-fold: (1) to present a unified approach through which
the influence of the elastic and strength anisotropy on wellbore stability can be
thoroughly examined, and (2) to propose a new unified semi-analytical solution based on
graphical conformal mapping and complex potential methods to compute the in-plane

stress around an arbitrarily-shaped hole in isotropic or anisotropic materials.

A unified approach to investigate the influence of the elastic and strength anisotropy
on wellbore stability has been developed, that utilises the Lekhnitskii-Amadei
anisotropic elasticity formalism to compute the stresses around an arbitrarily-oriented
circular borehole. Failure is modelled by coupling the Jaeger plane of weakness model to
the fully-triaxial Mogi-Coulomb failure criterion. The model is used to study the safe
drilling mud pressure window, and considerable differences are found between the
predictions of the new model, and predictions that ignore elastic anisotropy when
calculating the stresses. The results underscore the importance of fully accounting for

rock anisotropy and fully-triaxial failure criteria when doing wellbore stability analysis.



A new semi-analytical approach has been proposed to study the stresses around non-
circular holes in isotropic or anisotropic materials. The method requires only the outline
coordinates of the hole, the elastic moduli of the material, and the magnitudes and
directions of the far-field stresses. The proposed method has been applied for two
purposes. Firstly, to model episodic borehole breakout development to track the stress
evolution around the breakout, and to investigate the possibility of estimating the in situ
stress state based on observations of breakout geometry. The method has also been used
to compute the near-wellbore stress around a damaged wellbore whose geometry is

obtained from ultrasonic data.
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Chapter 1 Introduction

1.1. Wellbore stability analysis to minimise drilling non-productive time

The success of hydrocarbon extraction in the last two decades is partially attributed
to the successful implementation of directional drilling technology. The primary objective
of a directional wellbore is to achieve greater exposure to the reservoir rocks, targeting
sweet spots that are unreachable with vertical wellbores, or to produce hydrocarbon
located at a considerable distance from the main offshore platform utilising extended reach
drilling (ERD) technology. These advances have also allowed the utilisation of a single
drilling pad for several deviated wellbores to reach oil pockets in the subsurface which,
in the case of offshore drilling, can significantly reduce operational costs. In other
situations, deviated wellbores are needed in well-control operation to intersect the
problematic wellbore from a safe distance, to provide sufficient hydrostatic pressure by
pumping high-density fluid into the annulus. However, drilling inclined wellbores poses
a greater risk associated with the instability of the wellbore, as compared to drilling

vertical wells.

Wellbore instability can cause a significant amount of operational expenditure to
operators. It has been estimated that at least 10% of wellbore budgets were spent to deal
with unplanned operations due to wellbore instability. This estimate may reach around
one billion dollars annually (Aadnoy & Ong, 2003). An analysis from the Gulf of Mexico

also shows that more than 31% and 41% of non—productive time (NPT) is related to



wellbore stability in non-subsalt and subsalt wells, respectively (Hoyer, 2009). In a
wellbore of 20,000 ft measured depth, these statistics are equivalent to about USD 2.6
million to USD 7.66 million worth of investment (Gala et al., 2010). In shale rocks, the lost-
time and trouble costs for drilling had been estimated to be approximately USD 500
million annually (Van Oort et al., 1996). Thus, the demand for conducting fit-for-purpose
geomechanical modelling has been increasing in recent decades. This mainly stems from
the fact that oil operators must deal with even more complex and challenging drilling
environments such as complex geological settings, tectonically active areas, much deeper
reservoir targets, high pressure-high temperature formations, fractured rocks and a more
sophisticated wellbore design. Therefore, one of the goals for many operators in drilling
optimisation is to minimise the NPT related to wellbore instability by constructing a

robust model to mitigate the potential problems.

The role of geomechanics in minimising excessive drilling costs has been
acknowledged by many researchers. Several authors, such as Caicedo et al. (2010), Hamid
et al. (2016), Moazzeni et al. (2010), Naidu et al. (2016), Ong et al. (2015), Xi et al. (2015),
Zadvornov et al. (2016), reported the benefit of having a pre-drilling geomechanical
model. Their respective drilling challenges have been addressed by means of, but not
limited to, the construction of a robust stress profile, the estimation of the rock elastic and
strength properties, drilling trajectory evaluation, drilling fluid properties optimization,
and casing seat design. For instance, Hamid et al. (2016) used a geomechanical approach
to aid their horizontal well drilling and hydraulic fracturing in a tight carbonate reservoir.
They reported that the NPT, associated with high pore pressure, hole cleaning and stuck
pipe, could be significantly reduced by implementing pre-drill geomechanical modelling
and real-time drilling surveillance. Caicedo et al. (2010) also reported that the stuck pipe
incidents could be eliminated after introducing a geomechanical approach into their

drilling campaign. Their statistic reflects evidence that NPT was primarily associated



with a series of mud loss and pack-offs; however, the root cause of these incidents was
initially unidentified. Through detailed analyses of drilling performance, combined with
integrated geoscience data, they were able to reveal the factors triggering the incidents,
and improved their drilling performance in the subsequent drilling campaign. By
optimising their mud weight design, Naidu et al. (2016) were not just able to drill a
horizontal well safely in the highly stresses depleted tight gas sandstone, but also
successfully obtained a good production rate due to minimum skin effect in the reservoir.
Zadvornov et al. (2016) reported that adjustments to the mud weight design in their initial
drilling program helped them to avoid potential drilling issues associated with a narrow
drilling window, which, if not identified, could have led to severe problems such as
wellbore collapse, blowout, stuck pipe, or even loss of the bottom-hole assembly (BHA) and
the wellbore. Moreover, a 40% NPT reduction was achieved, and the well was completed

twenty days ahead of schedule.

1.2. Literature review of mechanical wellbore stability

McLellan (1996) summarised that the root causes of wellbore instability based on its
origin can be categorised into those associated with controllable or uncontrollable
(natural) factors, as shown in Table 1. Wellbore stability, in principle, requires a proper
balance between these uncontrollable and controllable factors (Cheatham, 1984), which
include wellbore trajectory design and mud weight optimisation to achieve an optimum
outcome (Aslannezhad et al., 2016). In general, factors causing wellbore instability can be
classified into mechanical, chemical, and thermal effects. One of the most common
chemically-induced instability problems is caused by water molecules activity due to a
salinity imbalance between the drilling mud and the formation fluid, i.e. with water
flowing from low-salinity fluid to high-salinity fluid. Water adsorption in shales leads to

swelling and can cause a significant reduction of the rock strength. In impermeable rocks



such as shales, water adsorption can also cause a significant increase in pore pressure
near the wellbore wall and gradually lead to unstable wellbore conditions and failure
that worsen over time (Bol ef al., 1994). In thermally-induced instability, the heating or
cooling of the rocks, due to a temperature difference between the circulated mud and the
in situ condition, will also affect the stability of the wellbore. Cooling of the rocks would
reduce the tangential stress and thus improve the stability of the rocks. The reverse effect
is observed while heating the rocks; for instance, when the circulated mud, having been
heated at the bottom of the well, travels up. The present study is focussed only on the

mechanical aspect of wellbore stability.

Table 1. Primary causes of wellbore collapse (McLellan, 1996).

Uncontrollable factors Controllable factors

Naturally fractured or faulted zones | Well inclination and azimuth
High pore pressures Bottom-hole pressure (mud density)
Weak, low strength rocks Transient pore pressure
High in situ stresses Physico-chemical rock-fluid interaction
High in situ stress difference* Drillstring vibrations

Erosion

Temperature
*Added in this research.

Mechanically-induced wellbore instabilities are related to the drilling process, which
perturbs the local stress equilibrium. During the drilling process, the pre-existing stress
will be redistributed around the wellbore, through which the stresses become
concentrated in the rock adjacent to the wellbore wall. In cases where the stress
concentration is too large for the rock to withstand, the rock around the wellbore will fail.

To overcome this, drilling fluid must be designed to provide sufficient hydrostatic



pressure to carry some of the load previously carried by the excavated rock. Thus, the
stress concentration around the wellbore could be reduced, depending on the amount of
hydrostatic pressure exerted by the drilling fluid in the wellbore. Therefore, it is possible
to optimise the minimum hydrostatic pressure required to minimise, if not to avoid, the
risk of wellbore collapse. This can be achieved by computing the stresses acting around
the wellbore and examining their stability using appropriate failure criteria for a given

type of rock and a given in situ stress state.

Bradley (1979) summarised that, apart from the cost and operational efficiency, the
benefit of having a proper wellbore stability analysis from production and reservoir
quality perspectives are improvement in cement quality and, therefore, sand control
performance, reduced perforation problems due to thick cement sheaths, and better
quality of well-log data. Bradley (1979) grouped mechanically-induced wellbore
instability into the following three categories: (1) hole size reduction due to plastic flow
of the rock into the borehole (flowing shale and salt); (2) hole enlargement due to rock
failing in a brittle manner and falling into the borehole (sloughing shale); and (3)

fracturing due to tensile splitting of the rock from excessive wellbore pressure (Figure 1).

Among other categories, hole enlargement due to borehole collapse is considered as
the most contributing factor in NPT in oil and gas drilling. Thus, managing wellbore
stability requires an integrated knowledge of the mechanism of rock failure, as well as a
comprehensive understanding of the surrounding stress field and near-wellbore stresses

with respect to the configuration of the regional stress field.
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Figure 1. Types of wellbore failure after Bradley (1979).

Bradley (1979) also suggested that to understand problems related to wellbore
instability, geoscientists need to have the following knowledge: (1) the in situ stress prior
the drilling of the wellbore; (2) the extra load carried by the rock after the drilling of the
wellbore; (3) the amount of pressure exerted by the drilling fluid to support the extra load
carried by the surrounding rocks; (4) the rock strength characteristics; and (5) the effect
of drilling fluid on the strength of the rock. For this purpose, Chardac et al. (2005)
proposed a data acquisition program for a reliable geomechanical analysis which
essentially suggested an integration of a multi-disciplinary dataset of petrophysics,
geophysics, reservoir, and geology. The analyses can be either done at the planning stage,

prior drilling the wellbore, or while drilling through the implementation of logging—



while drilling (LWD) technology and real-time data transmission for instantaneous

model updating (see for example Capone et al. (2011)).

1.2.1. Drilling challenges in anisotropic rocks

In wellbore stability modelling, it is common practice to assume that the rock is
isotropic, even though about 75% of drilling footage must deal with inherently
anisotropic shale formations (Gaede et al., 2012). This intrinsic characteristic of anisotropy
may result from various processes such as sedimentation, compaction, diagenesis, and
weathering. Elastic properties such as Poisson’s ratio and Young’s modulus are reported
to show directional properties (Ong & Roegiers, 1995, Wang, 2002). The elastic moduli
could differ by about 50% when measured normal and parallel to the bedding (Ong &
Roegiers, 1995). In tight gas shale, the variation of the elastic modulus can be up to 400%
between the vertical and horizontal directions (Suarez-Rivera et al., 2006). Several studies
have also shown that rock strength varies relative to the orientation of the planes of
anisotropy and the orientation of the major principal stress (Ambrose et al. 2014, Ambrose
& Zimmerman, 2015, Shi et al. 2016, Tien & Kuo, 2001). Ong & Roegiers (1993a) and Ong
& Roegiers (1993b) investigated the influence of anisotropy on wellbore stability, and

revealed its significant impact on breakout pressure calculation.

Aadnoy & Chenevert (1987) used Mohr-Coulomb and Jaeger’s weakness-plane
theory to study the behaviour of an inclined wellbore in laminated rocks. They concluded
that of wellbore breakout limit becomes more sensitive particularly in the range of 10° to
40° for a tectonically relaxed basin. Okland & Cook (1998) experienced wellbore
instability problems in several highly inclined wellbores, which had not been experienced
at lower wellbore inclination. They acknowledged that bedding plane splitting had
caused the instability, rather than a conventional shear failure of the intact rock.

Recommendations were made to avoid drilling parallel to the bedding plane. Aadnoy et



al. (2009) implemented the “plane of weakness” concept to design a deviated wellbore in
the Northeastern British Columbia foothills belt in Canada. The relative angle between
the borehole and the shale bedding plane was investigated and used as a basis to
determine the most stable trajectory while penetrating the problematic zone. Similarly,
Zhang (2013) investigated the effect of bedding planes on wellbore instability, and
concluded that stability of the wellbore behaves differently with the impact of weak
bedding planes. The maximum slip failure locations and directions do not follow those
of the conventional breakout, but rather depend on the intrinsic strength and orientation
of the bedding planes (Zhang, 2013). From their experience with problematic wells, Wu
& Tan (2010) reported that the bedding planes mainly affect wellbores having an
inclination greater than 60° and drilled towards the minimum horizontal stress. They
found that an additional mud weight of approximately 0.25 pounds-per-gallon (ppg) is
necessary to counteract the bedding plane failure against the case without considering
the weak planes. They also concluded that, by considering bedding plane failure, the
wellbore stability modelling of high-angle wells becomes less sensitive to wellbore
azimuth. Narayanasamy et al. (2010) applied a rock failure analysis based on the plane of
weakness concept to explain many unsuccessful drilling of high-inclination wellbores in
Clair oilfield on the UK continental shelf (UKCS). They found through experiences that
wellbores could only be stabilised by increasing the mud weight to a value substantially
above that suggested by a model based on conventional failure criteria. A series of rock
mechanics tests were conducted to define the failure behaviour at various angles to
bedding. Hence, incorporating failure of the bedding plane into the geomechanical model
had helped them to improve the stability of the wellbore. In all of the cases discussed
above, it is obvious that weak bedding plane stability is a complex process and that
general conclusions regarding the critical inclination for the plane of weakness cannot be

drawn, and are case-specific.



The intrinsic anisotropic behaviour of the rocks can influence wellbore stability in
two ways: either by affecting the stress redistribution, or through the rock strength
anisotropy (Gazaniol et al., 1995). Consequently, in view to develop a more general
solution, it is necessary for the modelling of mechanical wellbore stability in anisotropic
rocks to involve the following two aspects: (1) the stress calculation for a borehole in an
anisotropic rock mass, and (2) determination of appropriate stress-related failure criteria
for anisotropic rocks to predict the breakout pressure. In other words, both the elastic and
strength anisotropy must be taken into account in the modelling. The first aspect, related
to the elastic anisotropy of the rocks, can be addressed using the Lekhnitskii-Amadei
solution. Amadei (1983) presented a method to calculate the stress concentration around
arbitrarily oriented boreholes in anisotropic rocks of arbitrary orientation, adopted from
the pioneering work of Lekhnitskii (1963); hence, in this research, the method is referred

to as Lekhnitskii-Amadei.

Aadnoy (1988) implemented the Lekhnitskii-Amadei solution to calculate the limit of
fracturing and breakout pressure of an arbitrarily oriented wellbore in rocks with weak
bedding planes. Ong & Roegiers (1993b) and Ong & Roegiers (1993a) presented the effect
of anisotropy in the wellbore collapse using the Lekhnitskii-Amadei solution. Moreover,
to account for the effect of rock strength anisotropy, a generalised strength criterion of
Tsai and Wu and Drucker-Prager was adopted in their study. Later, they incorporated
poroelastic and thermal effects into the analysis. Similarly, Gupta & Zaman (1999)
presented the sensitivity analysis of several parameters, such as the degree of anisotropy
and far-field stress ratio, to study their impact on wellbore fracturing and breakout limits.
They adopted the minimum normal stress theory for tensile failure, and the Drucker-
Prager criterion for the breakout limit. Yan et al. (2014) applied the Lekhnitskii-Amadei
solution for a wellbore in a shale gas reservoir. In their analysis, the Mohr-Coulomb and

the Jaeger plane of weakness (JPW) criteria were used to calculate the breakout limit of the



intact rock and the bedding plane, respectively. Other authors, e.g. Kanfar et al. (2015b),
Li et al. (2015), Lu et al. (2015), also used a similar approach for their respective problems.
However, in all these applications, except those of Ong & Roegiers (1993b), Ong &
Roegiers (1993a) and Gupta & Zaman (1999), the analyses have been limited to the
condition of conventional triaxial stress state, i.e. the effect of the intermediate stress is

not considered in the failure criterion.

1.2.2. Stress profile around an irregularly-shaped hole

All of the models discussed above have neglected the actual shape of the wellbore;
the fundamental assumption is that the cross-sectional hole geometry is always a perfect
circle. Evaluation of an open hole wellbore stability, open hole hydraulic fracturing and
completion design, may still require information regarding the near-wellbore stress state;
but, that can only be properly done if the definition of the cross-sectional hole geometry
is expanded not only for a circular shape. Moreover, in a more general application, it is
understood that accurate prediction of the stresses around underground openings or
holes in mechanical components is of great importance and is necessary for various
purposes not only in petroleum drilling. Highway tunnels, underground mining, oil and
gas wells, and other engineering designs often require preliminary evaluation to assess
the stability and safety of the structure. In general, for such preliminary studies, the
knowledge of the stress state acting around the structure, coupled with the strength

characteristics of the material, is essential for predicting the potential risk.

All of the above-mentioned problems related to stress computation for a non-circular
geometry can be addressed by means of analytical (or semi-analytical) solutions, or
numerical analysis such as finite element or boundary element methods. Recent advances
in computing capability have enabled such numerical analysis to become the standard

procedure among practitioners and researchers. Nevertheless, analytical solutions are

10



still very useful in providing upfront information about the stress state around openings
in elastic materials. Moreover, analytical solutions offer a great advantage to allow for a
parametric investigation for such preliminary analyses, such as the influence of material

properties or the geometry of the openings.

Several authors have proposed analytical solutions for the calculation of elastic
stresses around holes of various shapes. For instance, Greenspan (1944) investigated
square and ovaloid holes in isotropic plates, to assess the stress concentration around the
hole contour. Daoust & Hoa (1991) proposed a closed-form solution to investigate the
stress around a triangular hole in anisotropic plates typically found in the design of
aircraft windows. Gercek (1997) and Gercek (1991) investigated the stress around an
arched roof with either a flat or parabolic floor; a kind of shapes that are widely used in
mining and civil engineering tunnels. In general, the shape of the hole considered in their
respective solutions involved simplified geometries such as a circle, ellipse, oval, triangle,
square, or other shapes that slightly depart from such standard shapes; this is also true
for the analytical solutions for various shapes of holes given by Lekhnitskii (1968) and

Savin (1961).

In the above-mentioned studies, the stress is calculated using conformal mapping
and the complex displacement potential method developed by Kolosov (1909) and
Muskhelishvili (1953). Conformal mapping facilitates the transformation of any given
hole shape in one domain into a unit circle in another domain by an appropriate selection
of the constants in the mapping function. The solution for the stress components will then

be solved in this circular geometry using complex displacement potentials.

In the practical case of wellbore stability, the geometry of the hole can be extremely
irregular, unlike all of the above-mentioned cases. One such example is reported by

Zoback et al. (1985) from wellbores drilled at the Nevada Test Site and Auburn, New
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York, USA. For such irregularly-shaped holes, the challenge lies in the determination of
the mapping constants that can accurately reproduce the contour of interest, particularly
in the regions associated with high-stress concentration. It is, therefore, necessary to have
an appropriate mapping procedure that is capable of producing an approximated
contour having a minimum misfit with the desired hole shape. One such method is the
Schwarz-Christoffel (SC) integral that applies for polygons. A comprehensive reference on
this method has been written by Driscoll & Trefethen (2002) and supplemented with a
conformal mapping toolkit, i.e. a Matlab®-based program using the SC method. Despite
its robustness, the SC method is mathematically complex. Alternatively, for holes having
a relatively smooth contour with a continuously changing tangent, it is possible to use a
graphical approach proposed by Melentiev (1937) that is mathematically more

convenient.

1.3. Objective

The broad objective of this research is two-fold:

(1) to conduct a study on the impact of rock elastic anisotropy and strength
anisotropy on mechanical wellbore instability and,

(2) to propose a new solution for the calculation of the in-plane stress for an
irregularly-shaped cross-sectional hole commonly observed in petroleum

application such as wellbore with breakouts.

For the case of anisotropic wellbore stability modelling, variations of the near-
wellbore stress with rock elastic anisotropy, the far-field stress state, and the relative
orientation of the wellbore to the bedding plane, are important aspects in examining the
stability of the wellbore and these should be included in any analyses. The focus of the
tirst objective is, therefore, to develop a borehole stability model for circular holes in

anisotropic rocks. In the model, the true-triaxial stress condition and the rock elastic and

12



strength anisotropy are incorporated. The model will be used to determine the breakout
pressure for arbitrary wellbore trajectory and arbitrary rock anisotropy orientation and
to examine the impact of the degree of elastic anisotropy on the near-wellbore stress.
Sensitivity analysis of the breakout pressure with various parameters will also be
evaluated. In summary, by having a better understanding of the behaviour of an
anisotropic rock subjected to a true-triaxial stress state, it is expected that the research
would be able to provide a better and practical approach to aid drilling operations, for
instance, by way of optimising mud weight design and obtaining a more favourable

drilling direction in anisotropic rocks.

The second objective is related to the need for a more general solution regarding the
geometry of the wellbore. Several authors such as Lu et al. (2015), Daoust & Hoa (1991),
Gercek (1997), (1991), Greenspan (1944), Lekhnitskii (1968), Savin (1961), Simha &
Mohapatra (1998) have solved specific problems in two-dimensional elasticity using a
specific mapping function in which the conformal mapping coefficients of the hole are
already known. Mitchell (1966) and Exadaktylos et al. (2003) also presented a numerical
approach to obtain appropriate conformal mapping constants for the stress calculation in
a notched circular hole. Exadaktylos & Stavropoulou (2002) proposed a method to
compute the conformal mapping function for a hole described by numerical values of its
boundary points, and applied it to the solution for the stresses around a pre-stressed
horseshoe-shaped tunnel in isotropic, linear elastic materials. Sobey (1964) implemented
Melentiev’s iterative procedure for a doubly-symmetric hole. Although the above-
mentioned methods are general, in that they can be used for any shape of holes, these
solutions pertain only to isotropic media. Thus, the second objective of the research is to
develop and propose a new method that allows the calculation of the stress around an
arbitrary hole of given contour in isotropic or anisotropic media. The method will allow

the stress components around an arbitrary hole contour can be computed without prior
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knowledge of the conformal mapping constants. The proposed method is also used to
model the wellbore breakout development around a wellbore and to assess if a
correlation between breakout geometry and in situ stress exists. This will answer,
perhaps, the most important question of whether or not the breakout geometry can be
used to infer the magnitude of the in situ stress. Finally, another potential utilisation of
ultrasonic data to obtain the in-plane near-wellbore stress around the wellbore

circumference is also investigated.
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Chapter 2 Rock Anisotropy

This chapter provides a brief review of the fundamental concept of elastic anisotropy,
such as the constitutive relations and material symmetry commonly used for describing
rocks in petroleum applications, and briefly discusses the rock failure criteria applicable
for rocks exhibiting strength anisotropy. The review on the anisotropic elasticity
presented in this chapter is based on the work of Lekhnitskii (1963) and Amadei (1983).
On the rock failure criteria, the work of Al-Ajmi (2006) and Ambrose (2014) is referred to
mainly for the discussion on the Mogi-Coulomb and Jaeger plane of weakness failure
criteria. This chapter lays the foundation for Chapter 3 and Chapter 4 in which a unified
approach in anisotropic wellbore stability model is used to examine the stability of a
wellbore in anisotropic rocks. The theory presented in this chapter will also be used as a
foundation for Chapter 5 in which a new formula for stress computation around an

irregular hole shape in isotropic and anisotropic rocks is proposed.

2.1. Introduction

The term anisotropy is used to describe a deformation behaviour of materials that vary
with direction. Early investigation of such phenomena was motivated by materials such
as wood and crystalline solid that naturally possess anisotropic behaviour (Sadd, 2014).
In geology and petroleum applications, anisotropy may result from various processes
such as sedimentation, compaction, diagenesis, and weathering. Finely laminated

sedimentary rock such as shales is often characterised as an anisotropic medium that
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possesses one axis of symmetry perpendicular to the layering; referred to as wvertical
transversely-isotropic or TIV. In many petroleum applications, it is common practice to
assume that the rock is isotropic, even though about 75% of drilling footage must deal
with inherently anisotropic shale formations (Gaede et al., 2012). Recently, rock
anisotropy has become an important factor in many aspects in geophysical data
processing and unconventional resource developments, e.g. drilling and hydraulic
fracturing of shale gas and shale oil. Neglecting the anisotropic characteristic of shale
resources may lead to inaccurate estimation of fracture geometry and fracture design
optimisation. In oil well drilling, many problems and challenges are attributed to the
anisotropic characteristic of the rocks such as that experienced by Okland & Cook (1998),
Wu & Tan (2010) and Narayanasamy et al. (2010).

2.2. Elasticity of anisotropic rocks

2.2.1. Generalised Hooke's law

In elasticity, a constitutive equation relates the in situ stress oy; and strain
g;j components for anisotropic rocks, is described by the following generalised Hooke’s
law:

&ij = Aijki0n €]

where A4, is the fourth-rank elastic compliance tensor that, using Voigt notation, can be
written as a 6 x 6 matrix with 21 independent stiffness coefficients. The A;jy; coefficients

have definite physical meanings, as can be seen in the following relationship (Lekhnitskii,

1963):

16



where:

ii.

iii.

iv.
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E,, E,, E, are Young’s moduli in the x, y and z directions.

Gyz, Gxz, Gyy are the shear moduli on the yz, xz and xy planes.

Vyxs Vzxr Vzys Vays Vxzs Vyz are the Poisson’s ratio which can be interpreted as follow:
the Poissons ratio v;; represents the ratio of the strain in the j direction to the strain

in the i direction due to a stress parallel with the i direction. Thus, v,, = &4,/&,,

due to a stress acting coincide with the y-axis. For this, the following relation

holds:

(3)

Hij ki is a constant that represents the shear stress in the plane parallel with ij that
induces tangential stress in the plane parallel with ki. For this, the following
relation holds:

Hik,jk _ Hjk,ik

4
Gj Gik
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V. 7;jk represents the shear stress in the plane parallel with ij due to normal stress
on the plane k. While coefficient 7, ;; represents the stretching in the direction of
k due to shear stress on the plane parallel with ij. The following relation holds:
Nijk  Mkij
Wt ol 5
However, due to physical symmetry, the number of independent coefficients can be
reduced which will further simplify the relationship. The constitutive relations of the
following case of elastic symmetry will be briefly discussed in the following sub-sections:
(1) one plane of elastic symmetry (monoclinic); (2) one rotational-axis of elastic symmetry
(transversely isotropic); (3) three orthogonal planes of elastic symmetry (orthotropic); and

(4) complete symmetry (isotropic). The schematic of these material symmetries is shown

in Figure 2.

Rotational axis
a) b) : Plane of symmetry C) d)
7 e Plane of symmetry
] / / [N
' , i

> Plane of symmetry

Figure 2. The schematic of material symmetry. (a) monoclinic material, (b) transversely

isotropic material, (c) orthotropic material and (d) isotropic material.
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2.2.2. One plane of elastic symmetry

A material is said to possess one plane of elastic symmetry if the elastic constants
have the same values for every pair of coordinate systems that are reflected image of one
another with respect to the plane (Amadei, 1983). This material is commonly referred to
as a monoclinic. For instance, if plane xOy is a plane of symmetry, then the following

components of the compliance matrix 4;j; are zero:
Ayi = Ag; = Qg = Age =0 where i=1273

Then, the constitutive relation consists of 13 independent elastic constants and can be

written as
el l _Yyx o Vax 0 0 Mxxy] [7x]
E, Ey E, ny
Eyy 1V 0 o Mvxr||%y
E, E, Gy
Ezz2 l 0 0 nzﬂ 0y,
= & o (6)
e i HUyzxz 0 o
e Gyz ze v
! 0
EXZ G_X'Z O-X'Z
1
| Exy ] I ny 110y |

2.2.3. Three orthogonal planes of elastic symmetry

Materials that possess three orthogonal planes of elastic symmetry that pass through
each point of the material is referred to as orthotropic. Rocks that possess two sets of
fractures oriented 90° to one another can be described as orthotropic materials. The

following components of the compliance matrix 4; i, are zero:
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a4i:a5i:a46:a56:0 where l:1,2;3
Q16 = Az = A36 = Q45 = 0

Hence, the constitutive relation consists of only 9 independent elastic constants and can

be written as

Exx l _ Vy_x _Vax 0 0 0 1[0
E, E, E,
Eyy 1 Y o o o |[|%
E, E,
Ezz7 i 0 0 0 Ozz
E,
= . @
£ — 0 0 ||lo
yz Gy yz
1 0
Exz G_xz Oxz
1
_gxy_ ny- -ny-

There are three Young’s moduli E, = E,, = E,, three shear moduli G, = G,, = Gy, and

three Poisson’s ratio vy, = vy, = Vyy.

2.2.4. One rotational-axis of elastic symmetry

This type of material symmetry can be specified by stating if an axis of symmetry of
order n when the elastic moduli remain unchanged for rotation of 2m/n radians about
the axis. For instance, a hexagonal packing crystalline has n = 6 (60° increment). If the
rotational axis coincides with the z-axis then the material is isotropic within the xOy plane
and the z-axis is said to be the axis of radial elastic symmetry or elastic symmetry of rotation
(Amadei, 1983). The constitutive relation for this kind of material can be described with

the following conditions
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Rocks that possess this type of symmetry are called transversely isotropic or commonly
written as TIL For instance, shale is commonly described as a transversely-isotropic with
a vertical axis of symmetry, or referred to as TIV rocks. The elastic behaviour of shales
can then be described by only five independent elastic constants that form the compliance
matrix Ajjy, i.e. two Young’s moduli (E, and E,,), two Poisson’s ratios (v, and v;,) and one
shear modulus (G,). In other words, the constitutive relation consists of five independent
elastic constants. In matrix form, the relationship in Eq. (2) for TIV rocks can be written

as:

rExx] 1 Vn Vy 0 0 0 Oxx
Ep Ep E,
Eyy 1w 0 0 o |9
Eh Ev
& 1 (0]
zz E_ 0 0 0 zz
= v (8)
Syz G_ O O O-yz
v
1
Exz G_v Oxz
1
eyl L Gplloxy !

where the horizontal shear modulus G, can be expressed in terms of the other two

horizontal elastic moduli using the following relationship (Amadei, 1983),
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En

2(1+vy) ©)

Gh = ny =

The subscripts v and h denote the normal and in-plane direction of the plane of
isotropy, respectively. Thus v, is the vertical Poisson’s ratio characterizing transverse
contraction in the plane of isotropy due to stress acting in the direction normal to it, and
vy, is the horizontal Poisson’s ratio that corresponds to the transverse contraction in the
plane of isotropy due to stress applied also in the plane of isotropy (Lekhnitskii, 1963).
For example, Young’s modulus of shale is often greater when measured in the plane of
bedding than when measured perpendicular to layering. Ambrose (2014) found that the
degree of anisotropy (1), i.e. ratio between the horizontal to vertical Young’s modulus for
Bossier shale and Vaca Muerta shale are 2.88 and 1.62, respectively. It is interesting to
note that van Cauwelaert (1977) and Aadnoy (1988) used three elastic constants instead
five to represent a TIV medium. However, this idea of reducing the number of elastic

constants to three does not seem to have been validated against accurate datasets.

2.2.5. Complete symmetry

This kind of material corresponds to an isotropic case in which all planes and axes
are one of elastic symmetry. The most common practice in petroleum geomechanics is to
treat rocks as isotropic material. In this case, the number of independent elastic property

is further reduced to only two, i.e. Young’s modulus (E') and Poisson’s ratio (v)
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Exx 1 v v 0 0 0 Oxx
E E E
Eyy 1 v Oyy
- -—= 0 0 0
E E
3 1 o.
zZZ — 0 0 0 zZ
E
= L (10)
Eyz E 0 0| %yz
1
Exz E 0 Oxz
1
[ Exy ] G1Loxy
whilst the shear modulus (G) can be calculated from the other two according to:
G = £ 11
T 2(1+v) 1

The implication of these constitutive relations with stability assessment of wellbores
can be substantially affecting the drilling strategy, e.g. the amount of minimum mud
hydrostatic pressure that should be used. A detailed discussion about the influence of
elastic anisotropy on the near-wellbore stress and stability of the wellbore will be
presented in Chapter 3 and Chapter 4. To build a comprehensive wellbore stability model
that incorporated both elastic and strength anisotropy, the failure criteria for the intact

and the weak plane will be discussed in the following section.

2.3. Rock failure criteria

The other aspect of wellbore stability analysis lies in the selection of criteria to predict
the onset of rock failure. Similar to elastic properties, the strength of rocks may also
directional-dependent. In this research, to account for a more general case in practical
application, a true-triaxial rock failure criteria will be discussed in addition to the

standard triaxial failure criteria. And, to incorporate the strength anisotropic behaviour
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of the rocks, the Jaeger’s plane of weakness concept is adopted in this research, thus
enabling the examination of the bedding plane slippage propensity. Thus, the effect of
elastic and strength anisotropy and in situ stress state can be examined and its impact on

wellbore stability can be quantified.

2.3.1. Effect of intermediate principal stress — Mogi-Coulomb failure Criteria

Among other criteria that have been developed by researchers, the Mohr-Coulomb
criterion is perhaps the most commonly used, because of its relatively simple
mathematical formulation. The criterion states that when the maximum shear stress 7,4
on a plane exceeds the shear strength of the rock, i.e. represented by its strength
parameters cohesion (S,) and the coefficient of internal friction (u), failure occurs along
that plane. According to the criterion, the maximum shear stress that the rock can
withstand is linearly correlated with the normal stress g, acting on the plane; this can be

written as:
Tmax = So + Oy (12)

Equation (12) draws a straight line on the o,-7 plane and the angle (¢) that makes

the slope of the line is referred to as the friction angle. The ¢ and p are related by

U =tang (13)

The criterion can also be represented in terms of the maximum and minimum principal

stresses as (Jaeger et al., 2007)

cos @ 1+sing

(14)

= 2§,
% °1—sing U31—sin<p

Despite its popularity among geoscientists, the Mohr-Coulomb criterion neglects the

strengthening effect of the intermediate principal stress, although subsurface rocks are
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often subjected to three unequal in situ stresses. This condition is referred to as to true-
triaxial stress, or polyaxial stress, i.e., when o, > 0, > g3. Mogi (1967) conducted extensive
true-triaxial experiments on several rock types, and showed that the intermediate stress
appears to have an impact on rock strength. His experimental results and observations
led to the development of failure criteria that show the importance of incorporating

intermediate principal stress in rock failure analysis.

Numerous researchers have proposed failure criteria that account for all the three
principal stresses. Colmenares & Zoback (2002) show the applicability of several failure
criteria that commonly used in wellbore stability analysis, such as Drucker-Prager,
Modified Wiebols & Cook and Modified Lade. To demonstrate the significance of the
intermediate principal stress, the Mogi-Coulomb criterion is adopted in this research.
Proposed by Al-Ajmi & Zimmerman (2005), the Mogi-Coulomb criterion is based on
Mogi’s assumption that the critical octahedral stress (7,.) at which failure occurs
depends on the effective mean stress (0, ;). The Mogi-Coulomb criterion can accurately
predict true-triaxial behaviour from traditional triaxial datasets (Al-Ajmi & Zimmerman,

2005). The criterion is written as
Toct = A+ boy, (15)

where, as will be shown, a and b are material constants that can be related to the cohesion
and friction angle of the rocks. For a triaxial test, i.e. when gy > 0, = 03, Al-Ajmi &
Zimmerman (2005) found that the Mogi criterion becomes identical to the Mohr-Coulomb
criterion and hence, the two constants a and b can be directly obtained from the Mohr-

Coulomb parameters. The final form of the Mogi-Coulomb criterion can be expressed as

Tmax = (a %) + (b %) Om,2 (16)
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where a,,, = %(01 + 03). Comparing the above equation with the Mohr-Coulomb

criterion, i.e. Tpyqx = S, COS @, + 0y, Sin @, the parameters a and b can be obtained directly

from the Coulomb strength parameters as follows (Al-Ajmi & Zimmerman, 2005):

2V2 2v2
a= TSO cosp, and b= Tsin(p0 (17)

where S, and ¢, are the cohesion and friction angle of the intact rocks, respectively. Al-
Ajmi & Zimmerman (2005) found that, generally, the Mogi-Coulomb criterion is more
accurate than both Mohr-Coulomb and Drucker-Prager. Their observation was
substantiated by testing the three failure criteria against true-triaxial data sets from a
range of rock types. Similar to Mohr-Coulomb, the linear formulation in the Mogi-
Coulomb criterion makes it relatively easy to be implemented in wellbore stability
analysis, and yet the effect of the intermediate principal stress is considered. In wellbore
stability prediction, they observed that the Mohr-Coulomb criterion leads to a more
conservative design, as it under-estimate the rock strength at the wellbore wall, as

compared to the Drucker-Prager criterion (Al-Ajmi & Zimmerman, 2006).

2.3.2. Effect of strength anisotropy —Jaeger’s “Plane of Weakness” model

Some reservoir rocks, notably shales, are intrinsically anisotropic, and their physical
properties, such as strength and deformability, will depend on the orientation of the rock
with respect to the principal stresses. A simple conceptual model for the shear failure of
laminated rocks such as shales was developed by Jaeger (1960). The Coulomb criterion

for failure along the bedding plane is (Jaeger, 1960)
7| = Sp + 1poy, (18)

where S, and u, are the shear strength and the friction coefficient of a weakness plane.

Jaeger (1960) postulated that for layered, transversely isotropic rocks, failure will occur
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either at stress and at an angle given by the Coulomb criterion, or along a bedding
plane—depending on which value of g, is lower. In this model, the parallel bedding
planes are assumed to be planes of inherent weakness, and failure along such a plane is
governed by a Coulomb-type criterion, with a cohesion and an angle of internal friction
that are different than, and generally lower than, that of other planes within the rock. The

equations that govern the potential failure in terms of principal stress are:

z &) (19a)

T
(Intact rock) o, = 25, tan (Z + %) + 0, tan? (Z + .
25, + 2up03

sin 28, (1 — Up cotﬁp)

(Bedding plane) o, =03+ (19b)

The angle B, is defined as the angle made by the maximum principal stress g; and the
normal of the bedding plane as shown in Figure 3a. For a fixed value of o3, the value of
o, required to cause failure somewhere within the rock will then be equal to the smaller
of the two values given by Egs. (19a) and (19b). The Jaeger’s plane of weakness envelope
for various bedding angles 0° < 8, < 90° is shown in Figure 3b. If the stress given by Eq.
(19b) is the lesser of the two, then failure will occur along a plane of weakness,
corresponding to the “parabolic” arcs in Figure 3. On the other hand, if the stress given
by Eq. (19a) is the lesser, failure will occur along a plane passing through the “intact
rock”, whose normal vector makes an angle f = 45° + ¢ /2, with the direction of o;; these

cases correspond to envelope describes by the horizontal lines in Figure 3b.
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Figure 3. Jaeger’s plane of weakness failure envelope.

Ambrose & Zimmerman (2015), who conducted extensive conventional triaxial rock
mechanics testing on anisotropic shales, found that the data could be fit reasonably well
using Jaeger’s plane of weakness criterion for failure along the bedding planes, and the
Mohr-Coulomb criterion for failure within the intact rock. A case example will be
discussed in Chapter 4 to illustrate the effect of bedding plane on wellbore stability

analysis.
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Chapter 3 Near-Wellbore Stress in

Anisotropic Rocks

3.1. Introduction

The solution for stress calculation of a circular opening for elastic isotropic
homogeneous rocks was first published by Ernst Gustav Kirsch, a German engineer, who
is primarily known for the Kirsch’s equation (Kirsch, 1898). The generalised solution of
the Kirsch equation for nonaligned wellbores and regional stress was presented by
Hiramatsu & Oka (1968) and Fairhurst (1968). In its generalised formulation, the near-
wellbore stress components are calculated as a function of the far-field stresses, the
wellbore geometry (its inclination and azimuth) and the wellbore pressure (mud weight).
The Kirsch equation expressed in a cylindrical polar coordinate system of r-8-z can be
written as

Ox0 + 0yp R2 Ox0 = Oy R% RY\
Op =T<1 +r—‘;’ -5 1+3r—‘:: C0S 20 — 0yy 1+3r—2’ sin 26

R},
— Pw T_Z
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Oyt o RZ\ 0Oyo—oO R; RZ
o, = =222 (1 - —W> 220 (1 +34 - 4r—“2”> cos 26

Rw RO\ . Ry
+0xy’0<1+3r_4_4r_2 sin 260 + p,, Py

Ry Ry
O, = 0z0— U Z(O'x,o - ayjo) r—zcos 20 + 40y, r—zsm 20

Oyo—O R} RZ Ry R
Orp = %(1 —3—4+ ZT—VZV>sir129 + 00 (1 -3+ zr—”2”>cos29
. R,
0z = (—0xz05in0 + 0y, 9c0s0) | 1+ g
. Ry,
Opy = (sz,o cos 6 + gy, sin 9) 1- Py (20)

where r represents the radial distance from the borehole wall, 8 represents the angular
direction around the wellbore measured from the top of wellbore, and z represents the
axial position along the wellbore axis. In the equations above, o, , 0,9 and g, refer to
the far-field stresses. The Kirsch equation implies that the magnitude of the stresses
around a wellbore varies as a function of radial distance (r) and angular position (8). For
anon-aligned wellbore trajectory and far-field stress, the shear stress would be non-zero,
and therefore the circumferential stress (oy), axial stress (g,) and radial stress (o,-) are not

the principal stresses.

The Kirsch equation was derived based on the classical plane strain assumption,
which deals with a situation where the dimension of the body in the longitudinal
direction, ie. along the wellbore axis, is extremely large in comparison with the
dimension of the other two directions, i.e. the wellbore cross-section. It is important to
note that, except for the axial stress (g;), i.e., the normal stress acting along the wellbore
axis, all the other stress components in the Kirsch equation are independent of the
material properties. The axial stress component depends on Poisson’s ratio, due to the

plane strain assumption that is inherent in the Kirsch equation. Furthermore, the classical
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plane strain assumption is introduced to simplify the mathematical formulation. It states
that the displacement components induced by the forces must be such that the
displacements in the x and y directions, i.e. u and v, are functions of x and y alone, and

that the axial displacement w vanishes (Amadei, 1983):

B ow _ B (au N 6W> _ B (aw N 617) 21
faz = T Ve T T\, T ax ) 2 T Ty Tz @1
€22 = Vxz = Vyz = 0 (22)

Consequently, with regards to anisotropic rocks, the classical plane strain
assumption limits the application of the Kirsch equation to the following conditions: (1)
the wellbore axis is parallel to the principal stress direction and (2) the material has a
maximum of one plane of elastic symmetry that is perpendicular to the wellbore axis. In
practice, this limits the solution only for the case of a vertical or horizontal wellbore in
isotropic rocks or a wellbore in transversely isotropic rocks where the bedding is
orthogonal to the hole axis (Kanfar et al., 2015a). Another simplification often made in
mechanics is referred to as ‘plane stress’. This model is applicable to in-plane loading of

thin plates, and is not of much relevance to wellbore stability problems.

3.2. The formulation for three-dimensional elasticity problem in anisotropic rocks

Because of the restricted application of the classical plane strain assumption for
anisotropic rocks, generalised plane strain concept has been proposed by Lekhnitskii
(1963) which served as the basis for the development of the Leknitskii-Amadei solution.
In this section, the formulation for the stress around a circular hole in anisotropic rocks

will be explained based on the work of Lekhnitskii (1963) and Amadei (1983).

To incorporate the anisotropic deformability behaviour of the rocks, Amadei (1983)

presented a method to calculate the stress concentration around arbitrarily oriented
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boreholes in anisotropic rocks of arbitrary orientation, adopted from the pioneering work
of Lekhnitskii (1963). Amadei (1983) addresses the problem of an infinitely long
internally-pressurised wellbore that can take an arbitrary orientation penetrating an
anisotropic rock subjected to arbitrary external stresses. This makes the Lekhnitskii-
Amadei solution relevant to many challenges recently faced by oil and gas practitioners
particularly those dealing with drilling, for instance, through shales and interbedded-

sandstone where the isotropic solution such as Kirsch equation is no longer valid.

In the Lekhnitkii-Amadei solution, the three-dimensional stress state around the
wellbore is calculated by assuming that the wellbore is infinitely long, and the anisotropic

body is subjected to three arbitrary external principal stresses (in situ stress).

Figure 4. The geometry of the problem after Amadei (1983).
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For any problem of elastostatics, the stress, strain and displacement components
must satisfy the following equations: (1) the equilibrium equations, (2) the strain
compatibility equations, (3) the strain displacement relations, (4) constitutive relations
and (5) boundary conditions. The equilibrium equations can be written as:

00, N aaxy N a0,

0x dy 0z X =0

00y N 00y, N doy,
0x dy 0z

+Y=0 (23)

do,, do do
Xz + vz n zz

0x dy 0z
where X,Y,Z are the components parallel to the axes of the body forces per unit volume.
It is assumed that the body forces do not vary along the circular cross-section i.e. Z = 0
and that surface forces do not vary along the generator, i.e. the components of the Eq.

(23) with respect to z-axis are equal to zero, hence the equation of equilibrium can be

further simplified to
0o, 00y,
x T oy +X=0
00y, 00,
ax oy +Y = (24)

The relation of infinitesimal strains and displacement can be written in the following

forms

au_ _ av_ _ow 2e
ox’ vy T ay'gzz_ 0z (25)

gxx
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_ (c’)u N av) . _ (c’)u N GW) . _ (aw 4 6v> 26
Yy = dy Ox PVa = T\, oy ) e T dy 0z (26)

where u, v, w are the displacements in the x, y, z directions, respectively. Note that the
definition of engineering strain is used here where y,, = 2¢,,, for shear strain and y,, =
&xx for normal strain. The strain compatibility equations assume that strains are
compatible if they result in displacement that produces no separation between the small

elements of the body. The six relations between the components of the strain can,

therefore, be written as follow:

dy? * oxz 0x0y
0%y, 0%, 0%y,
0z? dy?  dydz

0%y | 0%y, _ 0%Yzz
0z2 0x2  0x0z

9%e,, 0 [y, O )
2 xx=a< Vx + yxy_ yyz) (27)

dyoz dy dz 0x

0x0z y

%8y _ 0 (Wys  OVxy O
d0x 0z dy

dxdy 0z

dx ady dz

0%e,, 0 <6Vyz L s ayxy>

The boundary condition along the surface of the circular hole can be expressed as

follow:

Oxx COS(1, X) + Oy cos(n, y) = X,
Oxy c0s(n, X) + 0y, cos(n,y) =Y, (28)

Oyz c0s(n, x) + 0y, cos(n,y) = Z,
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where n denotes the unit normal vector of the contour and X,,, Y;, and Z,, are the surface
forces per unit area acting on the surface of the cylinder. For the case of wellbore stability,
these boundary conditions are related to the in situ stress and the mud weight. For
instance, the traction on the borehole wall is the normal traction which is controlled by

the weight of the hydrostatic drilling fluid.

In Eq. (28), the term cos(n, x) and cos(n, y) can be expressed in terms of the arc length

S of the hole contour (Figure 5):

dx

s (29)

cos(n, x) = —% and cos(n,y) =

ya

v

Figure 5. The orientation of the coordinate system attached to the contour of the hole after

Amadei (1983).

The stress around the hole induced by the surface and body forces can be determined

by introducing two stress function F(x,y) and ¥ (x, y) such that
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R ) (30)
92F oY oY
ny__m'o-xz_w'o-yz__a (31)

If the stress components are assumed to be independent of the z-axis then the strain will
also be independent of the z-axis through the constitutive relationship. Hence, the strain
compatibility Eq. (27) can be simplified to only be dependent on x and y. In other words,
only the first, fourth and fifth of Eq. (27) are considered,

0%ey,  0%gy, 0%y,
dy? 0x2  0xdy

(32)

dx ay 0z 0x

2 azgxx _ 0 (0Vxz N any _ aVyz
dyoz 0x

2 azgyy _ d <ayyz any _ a%cz)

0xdz @ dx dz ady

Lekhnitskii (1963) introduced a generalised plane strain concept which states that all
components of displacement are to be identical in all planes perpendicular to the hole

axis, such that

ou _ v _ ow _ 33
dz 9z 0z (33)
aw

Eyy = i 0 (34)

ou ov
Exx = _a H gyy = _@ (35)
_ (au N av) _ _ (au N OW) _ _ (aw N 617) 36
Yoy = dy ox/’ Yer = 7 \57 T ox ) 2 T dy 0z (36)
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and hence, only the axial strain (g,,) vanishes; unlike the classical plane strain in which
the anti-plane strain y,, and y,,, are also zero (see Egs. (21) and (22)). To obtain the exact
solution of the stress concentration in anisotropic rocks, two stress functions F(x,y) and

Y(x,y) are defined, which are related to the stress components by

0°F 0°F 0°F
oY oY
Oxz = _E; Oyz = _a (38)

Inserting Egs. (30) and (31) into the equation of equilibrium, constitutive equations,
and strain compatibility equations, two coupled differential equations, referred as to the
Beltrami-Michell equations, are obtained. The exact solution of the near-wellbore stress
components can be obtained by simultaneously solving the following Beltrami-Michell

equations (Amadei, 1983):

LyF + Ly =0 (39)
LsF + L,y =0 (40)

in which the linear differential operators L,, L3 and L,, which are associated with the

elastic properties of the rocks, can be expressed as:

02 02 02
Ly = Paa 922 2P4s 9xdy + Bss ay? (41)
PE PE PE 3
Ly = _.324ﬁ + (B2s + Bas) 9220y (B1a + Bse) 3y20x + Bis FNE (42)
4 04 4 4 64

Ly = B e 2[26 Iy 2f16 3y30x + (2B12 + Bess) Ix23y2 + B11 3yt (43)
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aij3a;j . .
where f;; = a;; — ;333’ 2, and {ai ]-} are the components of the compliance tensor 4;j; as in

Eq. (1) which corresponds to the rocks elastic property. From the above equations, unlike
the Kirsch equation that is independent of the rock elastic properties, it is obvious that
the Lekhnitskii-Amadei solution explicitly accounts for the elastic properties of the
medium under investigation. Simplifying Eqgs. (39) and (40) in terms of F through

substitution, it can be obtained that
(LyLp — L%)F =0 (44)

and by using the following notation:

(1) = Baa — 2Basit + Pssu® (45)
l3(n) = —P2a + (Bas + Pas)t — (Bra + ﬁse)llz + ﬁ15ll3 (46)
La(1) = Baz — 2Ba6tt — 2P161> + (2B12 + Bee)U* + Priu* (47)

Lekhnitskii (1963) showed that the operator in Eq. (44) can be written as

L ()l (w) = 15(u) =0 (48)

which is a sixth-order differential equation that that has six roots of yu;, (k =1, ...,6). The
six roots are always complex or purely imaginary and three of them are the complex
conjugate of the others (Amadei, 1983). Therefore, in solving the equation, one can ignore
the conjugate roots and only consider the other three roots as the solution of the equation.
It is important to also note that one must use the roots that have positive imaginary parts

in the calculation.

Further, by defining three complex number 4; , wherei = 1,2, 3, as

_ 13(.“1)_ — 13(.“2)_ _ L3 (us)
L)’ ? L(us)’ ? Ly(ps3)

A= (49)

38



Lekhnitskii (1963) showed that the general expressions for the two stress functions F(x, y)

and ¥ (x, y) take the following forms:

F(x,y) = 2Re[F,(z,) + F;(2;) + F5(z3)] (50)
1
W(xy) = 2Re [uF{(2) + Fi(z) + 1 Fi(zs)| (51

where Re takes only the real part of the result in the bracket and Fi(zx) is an analytic
function of the complex variable z, = x + uy. Its derivation with respect to z, can be

expressed by other forms of analytic functions ®; = F;(z), defined as:

1
D, = F1’(Z1)i D, = le(Zz)i D3 = A_Fé(z3) (52)
3

Thus, using the above definition, the function ¥ (x, y) can be expressed as,

Y(x,y) = 2Re[A1P1(z1) + 1, P,(2;) + P3(25)] (53)

and the derivatives of F(x,y) in Eq. (50) with respect to x and y are

oF
% 2Re[®@1(z;) + P,(2;) + A3P3(25)] (54)
oF
E = 2Re[p1P1(21) + pp®,(23) + A3u3P3(23)] (55)

The total induced stress components in an anisotropic body bounded internally with

a circular hole of infinite length, in Cartesian coordinates, can then be obtained as:

aZF A 1A 1A
Oxx,n = a_yz = 2Re[ufd>1(zl) + H%(Dz(zz) + l3u§¢3(23)]

2

0
Gyyn = 5= = 2Re[®y(21) + B} (2) + 5@} (23)]
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0°F
Oxy,n = _m = —2Re[u P (z1) + ppP3(22) + A3u3P3(23)] (56)

al/) Vi 1A !
Oxzh = —E = 2Re[A ;P (21) + A0 P5(25) + us P3(23)]

P ) : .
Oyzn = T ox = —2Re[1,D1(z1) + 1,P3(2;) + P3(z3)]

where ®,(z;) is the derivative of ®,(z;) with respect to z;. Finally, the total stress

components are the sum of the induced stress and the in situ stress:
Oxx = Oxx Oxx,n = Oxx t 2Re[,ufd>£(zl) + ﬂ%q)lz(zz) + /13/1§CI)'3(Z3)]
Oyy = 0y + 0y p = 0y, + 2Re[D](21) + Dy (23) + A3P3(23)]
Oxy = Oxy + Oxyn = Oxy — 2Re[u @1(21) + 12 @5 (22) + A3t3P3(23)] (57)
Oxz = Oxy + Oxz,h = Oyy + 2Re[A ;@1 (21) + Au, @3(22) + pusP3(23)]
Oyz = 0'3% + 0yzn = 0'3‘;‘; — 2Re[1, @] (z;) + 1, P3(2;) + P3(z3)]

in which the stress components g%, a;,‘;,, a,g‘;, Oy, 03‘;‘; are the in situ stress components in
the wellbore coordinate system. The transformation of the stress component from the
Earth coordinate system to the wellbore coordinate system will be detailed in the next
section. The axial stress 0,, can be obtained from the constitutive equation by recalling

the definition of plane strain, i.e. £,, = 0,

1
Ozz = — a (a310xx + a320yy + A340y, + A350x; + a360-xy) (58)
33

To find the stress components around the body the two stress functions F(x,y) and

Y(x,y) must also satisfy boundary conditions. If the boundary condition of Eq. (28) is
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expressed in terms of the two stress functions F(x,y) and (x, y) and using the definition

in Eq. (30), the boundary condition can be written as

ay

d ((’)F) dy 0 ((’)F) dx
as ™"

ay\ay)ds " ox\ay

0 (E)F) dy+ 0 (c’)F) dx v £g
dy\ox/dS = odx\ox/ds " 59

oYydy JyYdx
xds Taxas ~ On

By integrating the above equations with respect to the arc length S, the expressions of the
boundary condition as in Eq. (28) expressed in term of the two stress functions F(x,y)

and Y (x,y) can be obtained:

JoF S

@ = J;) —XndS + Cl

oF S

== f Y,ds + C, (60)
0

S
1/J=—ond5+C3
0

And, if the boundary condition in Eq. (60) is combined with the definition of Egs. (49) to
(51), the general expressions of the boundary conditions that relate the stress functions
with the analytic functions of complex variables ®; (z;), can be derived

s

2Re[CD1(Zl) + d’z(Zz) + 13¢3(Z3)] = f YndS + Cz
0

S

2Re[p @1 (21) + pp®P,(2,) + A3u3P3(23)] = f —XndS + C; (61)
0
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s
2Re[AP1(21) + 1, D,(2,) + P3(23)] = —J Z,dS + C3
0

In summary, as concluded by Amadei (1983), the problem of an anisotropic linear
elastic medium that possesses rectilinear anisotropy of a general form and bounded
internally by a cylindrical inclusion with an arbitrary orientation is reduced to the
determination of three analytic functions of complex variables ®; = F;(z;). These
functions must satisfy the boundary conditions on the surface of the hole. Amadei (1983)
showed that the derivative of the analytic functions of complex variables ®}(z;) can be

expressed as

@} (z)
B -1 (6_11(.112 — ApAsuz) + by (A3 — 1) + 6 A3 (s — .Uz)) 1 62)
- Z1\? 2 Ho — pa + ApA3(py — u3) + A4 A3 (ps — o) $1
Tw (_) -1- Uy
Tw
(Dlz(zz)
B -1 (5_11(11/13#3 — pi1) + by (1 — 24 43) + & A3 (g — !13)) 1 63)
Z5\? 2 a2 — H1 + AaA3(py — pz) + A A3 (ps — up) $2
N
TW
(Dé(z3)
_ -1 (51(12.“1 —Aupp) + 51(11 =) + ¢ (uy — .U1)) 1 (64)
B Z3\? 5 po — g + ApA3(py — p3) + 1 As(us — 1z) &3
Tw (E) -1- U3

where the constants @,, b,, ¢; are obtained from the boundary conditions, and can be

expressed as (Amadei, 1983)

— Tw

a; = o \Pw — (Uy,o - io—xy,o))
7
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= Tw (. .
b, = ?(lpw + (ny,o - lo_x,o)) (65)

- r .
€1 = ?W (Gyz,o - loxz,o)
the expression of ¢, in Eq. (23) are

2o BT

1—ipg

& = ; where k =1,2,3 (66)

where the complex variable z, = x + yp; is the coordinate of the contour of the circular
hole with x = 1, cos 8 and y = 1, sin 8; 1;, and p,, are the wellbore radius and the wellbore

pressure, respectively, and the three complex numbers 4; are defined by Eq. (49).

Validation of the Lekhnitskii-Amadei solution has been carried out by Gaede et al.
(2012) by comparing the predicted stresses with those of finite element simulations.
Gaede et al. (2012) demonstrated that the three-dimensional stress profile calculated from
the Lekhnitskii-Amadei solution and the finite element simulation results show an
excellent agreement at the wellbore wall, and thus validate the application of the
Lekhnitskii-Amadei solution for all special cases of symmetry, ie., transversely
anisotropic, orthorhombic and, even, isotropic. The following section discusses the
coordinate transformation that is necessary in wellbore stability modelling particularly
for the case of a wellbore that is not aligned with one of the principal stresses such as

inclined wellbores.

3.3. In situ stress and rock property coordinate transformation

3.3.1. In situ stress configuration and transformation

In wellbore stability modelling, the vertical stress g, is commonly assumed to be one

of the principal stresses, although a more generalised assumption is sometimes necessary,
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e.g. when drilling in a geologically faulted structure, tilted principal stress is usually
expected. In this research, the orientation of the minimum horizontal stress o, attached
with the earth coordinate system x-y-z, is defined by their angle with respect to the North

along the x-axis (Figure 6).

ZW
N = X Xw
“\ \\‘\ h ’ North Top of hole
/ P oA
East ! Vi
cFZ

| ¢
o A o Dowrﬁ(+) \

Figure 6. The Earth coordinate system (left) and the wellbore coordinate systems (right).

The wellbore can take an arbitrary orientation, and ties up with the Earth coordinate
system by its azimuth a,,, measured from north, and inclination angle 3, measured with
respect to the vertical axis as such a horizontal wellbore is defined by f,, = 90°. Similarly,
the rock property orientation is also attached to the Earth coordinate system by defining
their dip azimuth and dip angle, a;, and B}, respectively (Figure 7). Since the goal is to
evaluate the onset of breakouts at the wellbore wall, it is convenient to transform the in
situ stress components g, to the wellbore coordinate system x,-y,-z,. The transformation

of the in situ stress components g,

op 0 0
0,=|0 oy O (67)
0 0 o



from the Earth coordinate system x-y-z into the wellbore coordinate system x,-y,-z,, can

be achieved using the following matrix operation:

w w w
Oxx Oxy Oxz

_ T T __ w w w
Owes = Rw nyz Oy nyz Rw - ny ny GyZ

[0}"9’( oYy GZ"';J
in which the rotational matrices R,,,, and R,, are defined as

cosa sina O

Ryy, =|—sina cosa 0
0 0 1
[ cos S, Cos a,, cos B, sina,, sin ﬁwl
R, = | —sina,, CoS @, 0 |
l—sin Bwcosa, —sinf, sina, 0 cos ,B’WJ

(68)

(69)

(70)

where « is the azimuth of the minimum horizontal stress measured from north, and «,,

and p,, are the wellbore azimuth and wellbore inclination, respectively. The superscript

T denotes the matrix transpose.

z
Down (+)

Figure 7. The bedding plane local axes and the stress components around the wellbore.
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3.3.2. Material property transformation

The transformation process of the compliance tensor into wellbore coordinate system

requires two 6 x 6 transformation matrices M, and N,, written as (Amadei, 1983):

l%l l%z l%3 l12l13 l13l11 112111
l%l l%z l%3 l23l22 l23l21 l22l21
l%l 132’2 l§3 l33l32 l33l31 l32l31
M, = (71)

2011151 2135055 2133153 l33lpp + U32l53 l33lyg + U31l53 l3qlpn + 13215,

2111131 2l35l15 2133113 l3slys + l3li3 L3zl + 131ly3 31l + 13304

12051131 2115155 2li3lo3 lislay + liglas Lislyg + liglas Liglas + Liplsg )

[ l%l l%z l%3 2112l13 2l13l11 2l12l11
l%l l%z l%?) 2l23l22 2l23l21 2l22l21
l%l l%z 132’3 2l33l32 2l33l31 2l32l31
N, = (72)

l11l21 l32122 l33l23 l33122 + l32123 l33121 + l31l23 l31l22 + l32l21

111131 l32[12 133113 l33ll3 + l32113 l33lll + l3lll3 l31l12 + l32111

-121131 112[22 113123 113l22 + 112123 113121 + llllZ3 l11l22 + l12l21-

The components of the strain transformation matrix M, with respect to wellbore

coordinate system are:

l41 = cos B, cos a,, l,, = cos B, sina,, liz3 =sinf,
l,, = —sina, l,, = cosa,, l,;=0 (73)
l3; = —sin B, cos a,, l3, = —sin B, sina,, l353 = cos B,

while the components for the stress transformation N, can be obtained from the bedding
dip azimuth (a;,) and dip angle (B},), as such 8, = 90° describes a horizontal plane (see

Figure 7), as follow,
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i1 = cos(90° - ﬁbp) COS Apy li, = cos(90° - [)’bp) sinap, lj3 = sin(90° — [)’bp)

121 = —sin App l22 = COS app lz3 =0 (74‘)

l;; = —sin(90° - Bbp) Cos apy l3p = —sin(90° - ,Bbp) sinay, l33= cos(90° - ,Bbp)

Making use of the two transformation matrices in Egs. (71) and (72), the

transformation process for a compliance tensor 4;j;; can be achieved by

A, =M. NI AN, MT (75)

3.4. The near-wellbore stress modelling and validation

The overall workflow to determine the onset of wellbore stability, i.e. breakout
pressure, is shown in Figure 9. Breakout pressure in this report is defined as the minimum
mud pressure to avoid shear failure. Hence, according to this definition, the shear failure
does not occur if the mud pressure is higher than the breakout pressure. Essentially, the
workflow for breakout pressure calculation of an arbitrary wellbore orientation in
transversely isotropic rocks with a vertical axis of symmetry (TIV) can be divided into
three key steps: (1) the transformation of the in situ stress components and the rock elastic
tensor from the Earth coordinate system to the wellbore coordinate system and then (2)
then the calculation of the near-wellbore stress using Lekhnitskii-Amadei solution, and
(3) the calculation and examination of the shear failure of the intact rock and bedding
plane around the wellbore circumference; which will be discussed in Chapter 4. Prior to
the computation of the stability of the wellbore, validation with that of Gaede et al. (2012)
will be first carried out to ensure the Lekhnitskii-Amadei solution is properly translated
into Matlab codes. To validate the Lekhnitskii-Amadei solution, Gaede et al. (2012) used
a commercial finite element solver COMSOL to develop a 3D model that can compute
the stresses around a borehole in an arbitrarily anisotropic medium. To validate our

Matlab code, their finite element simulation results have been digitised using a computer-
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aided software and were used to benchmark the codes for several scenarios including
vertical, deviated and horizontal wellbores in transversely-isotropic rock with a vertical

axis of symmetry (TIV) and tilted-transversely-isotropic (TTI) rocks.

The comparison with that of Gaede et al. (2012) for a TIV (top panel) and TTI (bottom
panel) rocks is shown in Figure 8. The black-dots are the finite element simulation results
digitised from Gaede et al. (2012). The first, second and third columns in Figure 8 are for
the case of vertical, deviated with 45° inclination and horizontal wellbores, respectively.
The red curve shows the tangential stress (oy), purple and blue curve are the radial (o;)
and axial stress (0y) and the shear stress (0y,) is shown by the green curve. For all possible
cases, the results are in excellent agreement with the finite element simulation and, thus,

validate the codes.
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Figure 8. Comparison with the numerical simulation results of Gaede et al. (2012) for a

TIV (top panel) and TTI (bottom panel) rocks. The black-dots are the finite element

simulation results digitised from Gaede et al. (2012).
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A hypothetical case of a vertical wellbore penetrating a TIV rock has also been used
to validate the code. The in situ stress state is assumed to be in the normal fault stress
regime, where 0, > 0y > 0, with a considerable horizontal stress magnitude difference.
The overburden stress (o,,) gradient is assumed to be 1.0 psi/ft, and the maximum (oy)
and minimum horizontal stress (o;,) gradients are 0.85 psi/ft and 0.7 psi/ft, respectively,
at depth of 10,000 ft. The azimuth of the minimum horizontal stress is N 120° E and the
pore pressure gradient is 0.43 psi/ft. The elastic properties of the TIV rocks, listed in Table

2, are adopted from the work of Ambrose (2014) who conducted an extensive triaxial test

on Vaca Muerta shale, indicating a degree of anisotropy (n = %) of 1.62.

Table 2. Elastic properties of Vaca Muerta rock (Ambrose, 2014).

Young’s modulus | Poisson’s ratio | Shear modulus
(MPsi) ) (MPsi)
Vertical 2.40 0.18 1.24
Horizontal 3.88 0.24 1.56
Degree of anisotropy (1) 1.62 1.26

The vertical Poisson’s ratio (v;) in Table 2 characterise transverse contraction in the
plane of isotropy due to stress acting in the direction normal to it, and the horizontal
Poisson’s ratio (v,) corresponds to the transverse contraction in the plane of isotropy due

to stress applied also in the plane of isotropy.
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Figure 9. The workflow to determine the breakout pressure limit at the wellbore wall.

In this special case of anisotropy, when the wellbore axis coincides with the rock axis
of symmetry, the presence of elastic anisotropy would not affect the near-wellbore stress.
This is because the two differential Beltrami-Michell equations, see Egs. (39) and (40),
are no longer coupled (Amadei, 1983). Thus, the Kirsch solution can be used as a
benchmark for the in-plane stress components gy, o, as well as o, if the Poisson’s ratio in
the Kirsch equation is replaced with the vertical Poisson’s ratio (v,) of the anisotropic

rocks. The validated result, shown in Figure 10, shows excellent agreement between the
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near-wellbore stress components modelled using the Leknitskii-Amadei solution and the
Kirsch equation, around the wellbore circumference and up to two wellbore radii into the

formation.

0 —E | ol Iy — = KirSCh|

Normalized Total Stress
- o
[4,]
|

........ LI B 0 B e e e o e ]
0 90 180 270 360
Wellbore circumference (deg.)

T T T T T ™
1 1.2 1.4 1.6 1.8 2
Distance from wellbore wall

Normalized Total Stress
- o
w»
1

Figure 10. The tangential stress (gy) distribution up to two wellbore radii using the
Lekhnitskii-Amadei solution (left) and comparison of the stress components at the
wellbore wall calculated using the Lekhnitskii-Amadei solution (solid curve) and Kirsch
equation (black dash-line) of a vertical wellbore in TIV rocks where the two methods
show an excellent agreement (top and bottom right). The azimuth of the minimum

horizontal stress is N 120° E.

Upon validating the code and to examine the effect of anisotropic elastic property on
the near-wellbore stress distribution, the case was then generalised into an inclined
wellbore penetrating a TIV rock. For a 15° deviated wellbore drilled perpendicular to the

minimum horizontal stress direction, the effect of the elastic anisotropy embedded in the
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Lekhnitskii-Amadei solution is more prominent and, hence, the difference with that of

Hiramatsu-Oka solution is more pronounced (Figure 11).
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Figure 11. Stress components at the wall of a 15° deviated wellbore drilled perpendicular
to the minimum horizontal stress in a TIV rock. For an inclined wellbore, the effect of
elastic anisotropy is more prominent and hence the near-wellbore stress components
from Lekhnitskii-Amadei (solid curves) are different with that of isotropic (Hiramatsu-
Oka) equation (black dash-line). The azimuth of the minimum horizontal stress is N 120°

E. The near-wellbore stress has been normalised with the in situ vertical stress (g;,).

Although, for this case, the tangential stress (oy) difference between the two methods
is approximately 5%, there is more than 13% difference observed on the axial stress (o)
which will alter the magnitude of the breakout pressure. In Figure 12, the magnitude of

the stresses has been normalised with the in situ vertical stress (o,). A detailed
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examination also suggests that there is a phase shift on the peak stress location which will
affect not only the potential breakout location but also, on a broader sense, the optimum

drilling direction.

3.5. Effect of elastic anisotropy on the near-wellbore principal stress

To demonstrate the dependency of the near-wellbore stress on elastic anisotropy, a
parametric study was carried out by varying the degree of anisotropy (7). In Figure 12a,
itis shown that a higher degree of anisotropy appears to induce more stress concentration
compared to the case with a lower degree of anisotropy. The difference with that of the
isotropic case could reach approximately 30% for the highest degree of anisotropy
compared with that of the isotropic case. Figure 12b illustrates the difference of the other
near-wellbore stress components with that of the isotropic case. Recalling that the
intermediate principal stress has an influence on rock strength, the magnitude of the
breakout pressure would be altered if one ignores the presence of the intermediate
principal stress. Moreover, the case shown in Figure 12b emphasizes not only the
importance of considering the intermediate stress, but more importantly, neglecting
elastic anisotropy would also affect the breakout pressure attributed to the reduction of

the tangential stress and axial stress by approximately 5% and 35%, respectively.
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Figure 12. (a) The near-wellbore major principal stress for various degree of anisotropy
(n) of a deviated wellbore with 15° inclination drilled perpendicular to the minimum
horizontal stress in a TIV rock. The difference with that of the isotropic case (black dash-
line) is approximately 25% for the highest degree of anisotropy (red curve). (b) At the
wellbore wall, the difference of the anisotropic near-wellbore stress components with that
of isotropic (Hiramatsu-Oka) solution is approximately 5% and 35% for tangential stress

and axial stress, respectively. The case was run assuming a degree of anisotropy n = 3.0.
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Chapter 4 Wellbore Stability Modelling

4.1. Introduction

This chapter presents a unified approach through which the influence of the elastic
and strength anisotropy on wellbore instability can be thoroughly examined. The stresses
at the wellbore wall are first calculated using the Lekhnitskii-Amadei solution outlined
in Chapter 3, which accounts for elastic anisotropy. Then, shear failure is treated by
combining the Mohr-Coulomb or Mogi-Coulomb criterion for intact rock, with the Jaeger
plane of weakness concept (Chapter 2). By utilising the Mogi-Coulomb criterion for the
intact rock, the developed model accounts for all three principal stresses in predicting the

onset of shear failure.

As described in Chapter 1, many drilling problems can only be addressed by
considering the anisotropic behaviour of the rocks. To demonstrate the influence of the
anisotropic characteristic and the true-triaxial stress state, a hypothetical example has
been presented. The results of the specific case considered here show that rock elastic
anisotropy induces higher stress concentration. As shown in Chapter 3, the difference
compared with the stresses found using the isotropic elastic model, could reach as high
as 25% for the highest degree of anisotropy that might be expected for rocks of practical
interest. As will be shown in the following sections, the strengthening effect of the
intermediate stress, as reflected in the Mogi-Coulomb criterion, reduces the required mud

weight density by approximately 1.0 pounds-per-gallon (ppg). Furthermore, it will be
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demonstrated that the risk posed by bedding slippage, for a wellbore with an inclination
between 15°-50° from the vertical, is masked when an isotropic elastic stress model is
used. In contrast, the fully anisotropic model shows that an extra mud weight of
approximately 4.5 ppg would be required, to avoid bedding plane slippage for the case
under investigation. Although these results apply for a particular choice of strength
properties and elastic properties, they give an indication of the implications of fully
accounting for anisotropy and the effect of the intermediate stress when doing borehole

stability analysis.

4.2. Calculation of breakout pressure and examination of the shear failure limit

The workflow for breakout pressure calculation of an arbitrary wellbore orientation
in transversely isotropic rocks with a vertical axis of symmetry (TTV) can be divided into
three key steps: (1) the transformation of the in situ stress components and the rock elastic
tensor from the Earth coordinate system to the wellbore coordinate system, (2) calculation
of the near-wellbore stress using Lekhnitskii-Amadei solution, and (3) calculation and
examination of the shear failure of the intact rock and bedding plane around the wellbore

circumference.

To incorporate the anisotropic characteristic of the rocks, the Lekhnitskii-Amadei
solution is used to obtain the three-dimensional near-wellbore stress components, after
which, by means of Newton-Raphson technique, the solution of the minimum mud
pressure, and therefore the principal stress components that satisfy the failure criteria,
can be obtained. The solution sought using the Newton-Raphson iteration is obtained by
setting a tolerance of 10™* with an initial value for the mud pressure set to zero. The
highest mud pressure around the wellbore circumference is then taken as the minimum
breakout pressure. Similarly, to determine the slippage onset of the bedding plane, the

near-wellbore stress was projected onto the bedding orientation, after which the
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minimum mud pressure that satisfies the Jaeger’s plane of weakness criterion is
determined. The overall breakout limit is then obtained by contrasting the breakout for
the intact rock with that of the bedding plane. The higher of the two was chosen as the
overall breakout limit. The general workflow describing the procedure is shown in Figure
9. Although conceptually, failures can occur either along the bedding plane or through
the intact rock. In reality, as shown by Ambrose (2014), the failure process involving
bedding plane weakness is complicated that for a certain case it is difficult to distinguish

a rock failure induced by only the bedding plane or only the intact portion of the rocks.

To predict the onset of the wellbore wall instability, upon obtaining the near-wellbore
stress, the principal stress must then be calculated and inserted into the failure criterion.
Acting on a free surface at the wellbore wall, the radial stress (o,), exerted by the
hydrostatic pressure of the drilling mud, is always one of the principal stresses, while the
other two must act on any surface such that the three are perpendicular to each other. For
instance, as clearly shown in Figure 11, the anti-plane shear stress oy, is non-zero, thus
oy and g, are not the principal stresses. Hence, the other two principal stress components
must be obtained from the axial stress (o,), tangential stress (gy) and the shear stress oy,

using the following relationship:

Op12 = > 0z 4 (76)

og + o, + \/02 N (09 + 0,)?

The internal wellbore pressure (p,,) affects the near-wellbore stress as such, for
example, the tangential stress (og) decreases with the increasing (p,,). For instance, if the
Mohr-Coulomb failure criterion is considered, then rearranging Eq. (14) leads to the

following relation

cos 1 + sin
F=o0,— (25 d ‘p> 77

°1—sing a31—sin<p
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in which F is the failure function describing the stability of the rock as a function of the
internal wellbore pressure (p,,), the stress state and the rock strength properties (Figure
13). The principal stress component in the failure criteria in Eq. (77) should be used in
terms of the effective stress in which the effect of pore pressure p, has been subtracted
from the total principal stress. Therefore, the underlining concept in any breakout limit
calculation is to determine the necessary value of the mud pressure p,, to avoid shear
failure that satisfies the chosen failure criterion for a given rock strength and given in situ
stress configuration, as illustrated in Figure 9. The procedure to determine the minimum
mud pressure to avoid breakout is shown in Figure 13. Initially, as the mud pressure (o3)
monotonically increases, the failure function (F) decreases and crosses zero when it
satisfies the failure criterion (Figure 13a). The Mohr circle of this stress state will touch
the failure line as shown in Figure 13b and Figure 13c. To determine the minimum mud
pressure to avoid breakout, the iteration is terminated once the failure function (F)

Crosses zero.
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Figure 13. Relationship between circumferential stress (oy) with the internal wellbore
pressure (p,,). (a) The failure function (F) crosses zero when the Mohr circle of o;-03
touches the failure line. (b) The value of o3 at which F crosses zero is taken as the
minimum mud pressure to avoid breakout (p,,; red curve). (c) The Mohr circle at the
wellbore wall at minimum and maximum breakout pressure. The values in these plots

are presented in ppg.

4.3. Effect of elastic and strength anisotropy on breakout pressure

To demonstrate the importance of incorporating the anisotropic behaviour of the

rocks in wellbore stability modelling, in addition to the in situ stress configuration and
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the rock elastic properties listed in Table 2, the following rock strength was also assumed

(Table 3).
Table 3. Rock strength properties.
Cohesion | Friction angle
) Bedding orientation
(psi) (deg)
Dip angle Dip azimuth (a
Intact rock 1462 30 pangle (fp) | Dip (@ep)
(deg) (N-E)
Bedding plane 850 18 30 0

For a highly inclined wellbore with g,, = 80°, the profile of the breakout pressure as
a function of the degree of anisotropy (1) is shown in Figure 14 for several elastic
anisotropy ratios. It is obvious that the profile of the breakout pressure as a function of
the wellbore inclination using Mohr-Coulomb is less sensitive compared to that of Mogi-
Coulomb criterion for a wellbore with an inclination higher than 45°. With Mogi-
Coulomb, as the wellbore approaches horizontal, i.e. B, = 90°, the gap between the lower
degree of anisotropy with that of a higher degree of anisotropy widens. For a highly
inclined wellbore, as previously illustrated in Figure 12, high elastic anisotropy induces
higher near-wellbore stress and, hence, reduces the deviatoric stress around the wellbore
wall. In other words, since the near-wellbore stress was calculated using the Lekhnitskii-
Amadei solution, the inclusion of the intermediate principal stress in the Mogi-Coulomb
criterion seems to be responsible for reducing the breakout pressure by 0.5 ppg, i.e. the
difference of the normalised breakout pressure of a horizontal wellbore between that

with n = 1.1 and 4.0, in Figure 14.
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Figure 14. Sensitivity of breakout pressure with wellbore inclination for different degree
of anisotropy (). The breakout pressure was calculated using Mohr-Coulomb and Mogi-
Coulomb and has been normalised with the in situ vertical stress. In both cases, the risk
of wellbore collapse increases with the increasing wellbore inclination. The schematic of
the relative orientation between the wellbore and the bedding plane is shown on the

right; please refer to Figures 6 and 7 for the detail definition of the reference frame.

For a given rock characteristic (Table 3), the sensitivity for various bedding
orientations and strengths as a function of wellbore inclination is given in Figure 15.
When the angle of attack is low, i.e. the relative angle between the wellbore axis and the
bedding normal, the influence of weak bedding plane diminishes and, when coincide, it
vanishes. In practical engineering design, this suggests that wells drilled sub-parallel

through a fracture or fault are less stable than those drilled at an oblique angle.
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Figure 15. The sensitivity analysis of bedding dip and bedding plane cohesion with

breakout pressure.

4.4. Sensitivity analysis of breakout pressure

To demonstrate the importance of incorporating elastic anisotropy and rock strength
anisotropy in predicting breakout pressure, four individual figures have been generated
illustrating the variation of the breakout pressure of an inclined wellbore with «,, = 130°
and B,, = 60°. It is important to note that although the rock properties in Table 2 and
Table 3 characterise an anisotropic material, here, for illustration purposes, the
Hiramatsu-Oka equation was also used by treating the rock as an elastically isotropic
material, apart from the Lekhnitskii-Amadei solution, to calculate the near-wellbore
stress. All results are tabulated in Figure 16 and Figure 17. The schematic diagram of the
wellbore and the bedding plane orientations follows the illustrations in Figure 6 and

Figure 7. The white dot and the white triangle in each figure represent the wellbore and
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the bedding orientations, respectively. The black curve in the wellbore inclination and
azimuth sensitivity plot is the breakout pressure of the intact rocks while the red curve
represents that of the bedding plane and the white dot is the assumed mud weight. The
overall breakout limit is determined by taking the highest of the two and shaded as a blue

area in the sensitivity plot.

When the rock was elastically treated as an isotropic material, i.e. the Hiramatsu-Oka
solution was deployed, the preferable drilling direction was found to be at around N 120°
E using Mohr-Coulomb criterion (Figure 16a). A similar trend is observed when the
Mogi-Coulomb true-triaxial failure criterion was used, as shown in Figure 16b; although
the general profile of the breakout pressure is different. However, when the elastic
anisotropic behaviour of the rock is considered, in which the near-wellbore stress is
calculated using the Leknitskii-Amadei solution, the preferable drilling orientation shifts

towards around N 160° E (Figure 17).

For intact rock breakout pressure, shown as a black curve in the wellbore inclination
and azimuth sensitivity plot, the inclusion of the intermediate stress embedded in the
Mogi-Coulomb criterion is responsible for reducing the breakout limit by approximately
1.0 ppg; see for example Figure 16b in which the intact rock breakout is 1.0 ppg less than
that of Figure 16a. It is also obvious that not just the overall minimum breakout pressure
is changing but the preferable drilling direction, represented by the dark blue area, is also

shifted azimuthally.
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Figure 16. Sensitivity analysis of breakout pressure for an inclined wellbore with a,, =
130° and B,, = 60° using Hiramatsu-Oka equation for the near-wellbore stress and (a)
Mohr-Coulomb and (b) Mogi-Coulomb failure criteria. The material property used in this

case is presented in Table 2 and Table 3.
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Figure 17. Sensitivity analysis of breakout pressure for an inclined wellbore with «a,, =

130° and B, = 60° using Lekhnitskii-Amadei solution for the near-wellbore stress and

(a) Mohr-Coulomb and (b) Mogi-Coulomb failure criteria. The material property used in

this case is presented in Table 2 and Table 3.
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Another interesting observation that can be made from the figures is that the risk
posed by the weak bedding plane is masked by the isotropic assumption. For instance,
the blue shaded area in Figure 16a is much less than that of Figure 17a, as such the risk
posed by the bedding slippage for a wellbore with an inclination between 15° - 50° is not
captured when isotropic stress model is used. In contrast, an extra mud weight of
approximately 4.5 ppg is necessary to avoid bedding slippage when the anisotropic
approach is used (Figure 17). In Figure 16, the wellbore instability could be avoided by
increasing the mud weight by at least 2.5 ppg from the current 10.0 ppg, i.e. to push the
white dot in the sensitivity plots higher than the blue shaded area. However, the
anisotropic model shows that at least 14.5 ppg is needed to prevent breakouts. In all cases
in Figure 16 and Figure 17, the weak bedding plane governs the breakout limit for the

given wellbore orientation.

Figure 18 shows the ratio of the breakout pressure with that of the isotropic model
for various degree of elastic anisotropy Ej,/E, and wellbore deviations. The figure can be
used to to investigate the sensitivity of the intact rock critical breakout pressure. As
shown in Figure 18, when the Mohr-Coulomb criterion is considered, the effect of the
elastic anisotropy seems to be negligible for a wellbore with a deviation of less than 40°,
for all elastic anisotropy ratios. One can then define a cut-off ratio, i.e. a ratio below which
anisotropy can be considered as negligible and the rock can be thought as isotropic. For
a breakout cut-off ratio of 5%, it can be seen that rock with E}, /E,, of 2.5 will only influence
the breakout pressure when the wellbore deviation is higher than 70°. However,
according to the Mogi-Coulomb criterion, this 5% cut-off ratio is already observed even
for a 60° wellbore deviation. Moreover, anisotropy will affect the breakout pressure for a
nearly vertical wellbore with 5-10° deviation angle if E}/E, is 2.3 or greater. Thus, it is
reasonable to conclude that Ej, /E,, = 2.3 is the limiting value for which elastic anisotropy

should not be neglected in the near-wellbore stress calculation.
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Figure 18. Sensitivity of the intact rock breakout pressure calculated using Mohr-
Coulomb (left) and Mogi-Coulomb (right) failure criteria, as functions of the elastic
anisotropy ratio (E,/E,) and wellbore inclination. The breakout pressure has been

normalised against the isotropic case.

4.5. Sensitivity of critical bedding plane mud weight

To investigate the implications of using the various models described above in
wellbore stability analysis, the rock properties as shown in Table 4 and Table 5 are used.
Here, the vertical Poisson’s ratio (v,) characterizes transverse contraction in the plane of
isotropy due to the stress acting in the direction normal to the plane, and the horizontal
Poisson’s ratio (vj,) corresponds to the transverse contraction in the plane of isotropy due

to stress applied also in the plane of isotropy (Lekhnitskii, 1963).
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Table 4. Elastic properties chosen for examples.

Young’s modulus | Poisson’s ratio Shear modulus
(MPsi) ¢) (MPsi)
Vertical 2.7 0.27 1.0
Horizontal 3.2 0.34 1.2

At a depth of 10,000 ft, the in situ stress state is assumed to be in normal fault stress

regime, where 0, > gy > o0, with a considerable horizontal stress magnitude difference.

The overburden stress (0,) gradient is taken to be 1.1 psi/ft. The maximum (oy) and

minimum (o) horizontal stresses gradients are 0.87 psi/ft and 0.72 psi/ft, respectively,

and the azimuth of o5, is N 0° E, i.e, aligned with the North, and the pore pressure

gradient is taken to be 0.44 psi/ft. The mud weight is 10 ppg (0.52 psi/ft). A hypothetical

case of an inclined wellbore with an azimuth of N 30°E and inclination of 40° penetrating

the TIV rock has been considered. According to Table 5, it is obvious that the wellbore

intersects the bedding planes from the cross-dip direction, i.e.

perpendicular with the bedding dip azimuth.

Table 5. Strength properties chosen for examples.

Cohesion | Friction angle Beddine orientation
(MPsi) (deg) &
Intact rock 145 »7 Dip angle (B,,,) | Dip azimuth (ay,)
(deg) (N-E)
Bedding plane 0.85 18 15 120

To maintain the stability of the bedding plane alone, for a wellbore drilled towards

N 30°E, the margin for its inclination is limited up to 15°, measured from vertical.

Whereas if the wellbore azimuth is rotated towards the bedding plane up-dip, i.e.
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N 300°E, the margin widens to up to about 30° as shown in Figure 19. This figure also
indicates that the lowest critical bedding plane mud pressure is in the direction
perpendicular to the bedding plane, i.e. azimuth N 300°E with 15° inclination. This
optimum orientation is associated with the lowest shear stress acting on the given
bedding plane. The interaction of all factors involved in determining the onset of the
bedding plane failure as shown in Figure 19 is complicated that one cannot expect a
monotonically increasing trend. This is obvious from the cross-dip case shown in Figure

19 where the slope of the curve becomes less steep at around 45°.

Critical mudweight of the bedding plane

——Cross-dip
—Down-dip
——Up-dip

app = N300°E

N 4 e
L L L B L L L L L L L

0 15 30 45 60 75 90
Inclination (deg.)

Figure 19. Variation of critical bedding plane mud weight (left) and their sensitivity with
wellbore inclination for three drilling azimuths (right). The stress is calculated using

Lekhnitskii-Amadei solution.
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4.6. Wellbore damage prediction and risk quantification

An assessment of the potential instability of a wellbore can also be carried out by
evaluating the limit at which the surrounding rocks can withstand the stresses that exist
at the wellbore wall. This can be achieved by combining two essential pieces of
information: (1) the strength characteristic of the rocks, and (2) the state of stress around
the borehole after drilling. In this research, the true-triaxial Mogi-Coulomb failure
criterion was chosen, which accounts for the effect of all the three principal stress
components. Thus, the Mogi-Coulomb criterion tends to produce a less conservative

failure limit as compared to conventional failure criteria, such as Mohr-Coulomb.

Consider the following case: an inclined wellbore with 60° deviation towards N 30°
E is assumed to penetrate a TIV rock whose horizontal to vertical Young's modulus ratio
is 1.62. The rock is subjected to a vertical in situ stress of 10,000 psi, with 8,500 psi and
7,000 psi maximum and minimum horizontal stress, respectively; the pore pressure is
assumed to be hydrostatic. The plane of isotropic of the TIV rock is tilted towards N 50°
E by 60° with respect to a horizontal plane. While the intact portion of the rock is
characterised by cohesion of 1,462 psi and a 30° angle of internal friction, the cohesion of
the bedding plane is assumed to be only 360 psi, with 18° friction angle. Two drilling
scenarios, using 10.0 ppg and 11.5 ppg mud weight, were simulated to demonstrate the
dependency of the potential failure around the wellbore (Figure 20a and b). The
irregularity shown by the red curve shown in Figure 20a and b corresponds to the
combined effect of breakout initiation failure for the intact rock and bedding plane. As
shown, the support provided by the hydrostatic mud pressure to counter the
concentrated stress around the hole improves the stability of the wellbore, thus, higher
mud weight will correspond to a relatively less damaged wellbore. The potential severity
of the hole enlargement can be obtained by computing the area of the region bounded by

the red curve and compared them with the ideal wellbore size. For instance, the wellbore
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would potentially enlarge by 15% of its original area when the drilling is performed using
a 9.5 ppg of mud weight, whereas an extra mud weight of 11.0 ppg would reduce the
enlargement by 10%. Also, for the case presented here, the 9.5 ppg mud weight is still
insufficient to maintain the stability of the bedding plane. Hence, the outline of the
potential failure initiation in Figure 20a is governed by both the intact rock and bedding
plane; unlike in the case with 11.0 ppg where only the intact rock failure is contributing
to the potential failure. Although higher mud weight seems to correspond to a more in-
gauge hole, i.e., less damage and lower risk, higher mud weight will have an impact on
the reduction of the drilling rate of penetration (ROP), in addition to the risk posed by
the initiation of unplanned fractures around the wellbore. Therefore, the result suggests
that a strategy to use a lower mud weight can still be recommended if accompanied by
an adequate hole cleaning practice to minimise the excessive accumulation of drilling
cutting volume. In other words, a sensible balance between the tolerable wellbore
damage and the hole cleaning capacity must be achieved. For this purpose, an a priori

estimate of the potential damage becomes important.
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Figure 20. Potential hole enlargement during drilling, using (a) 9.5 ppg and (b) 11.0 ppg
mud weight. The hole potentially enlarges by 15% and 5% of its original area for the two
cases, respectively. (c) Variation of the potential failure severity around the wellbore for
various azimuths and inclinations. The white circle in the polar plot shows the inclination
and azimuth of the wellbore, and the white triangle indicates the orientation of the

bedding plane.

To further explore the dependency of wellbore damage with drilling direction,
consider the case of drilling using 9.5 ppg mud weight with various drilling directions,
as illustrated in Figure 20c. The potential failure differs by more than 30° when the
drilling azimuth is directed counterclockwise by 90°, i.e. towards N 120° E, or about the
strike azimuth of the bedding planes. Moreover, for the given drilling azimuth in this
example, although the predicted wellbore damage decreases from 15° to a minimum of
8° for a horizontal wellbore, the risk might still be considered high if the drilling operation

is not accompanied by an adequate hole cleaning strategy. Thus, this approach can be
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used to provide complementary information to design an appropriate mitigation plan for

a given drilling plan in anisotropic formations.

74



Chapter 5 Stress profile of a damaged

wellbore

5.1. Introduction

In this chapter, a new semi-analytical formulation for two-dimensional in-plane
stress computation is proposed. The semi-analytical solution is based on graphical
conformal mapping and complex potential methods that can be used to calculate the in-
plane stress around an arbitrarily-shaped hole in isotropic or anisotropic materials. The
method requires only the outline coordinates of the hole, the elastic moduli of the
material, and the magnitude and direction of the far-field stresses. The hole contour,
whose outline coordinate is known, is conformally mapped into a unit circle using the
successive approximation method proposed by Melentiev (1937). Although Melentiev’s
method is discussed in some detail in the monograph by Kantorovich & Krylov (1958),
there seem to be few if any examples of it being implemented, in the English-language

open literature.

The proposed solution is derived by assuming that the material is anisotropic, and
the body is subjected to a uniaxial far-field tensional or compressional stress. Using the
principle of superposition, the solution can be extended to the more general case of biaxial

loading. Moreover, by taking the two roots of the material characteristic equation to be
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nearly equal, i.e. u; = p,, the solution can be used for isotropic materials. In this regard,

see the discussion given by Gaede et al. (2012).

Comparison with several published results for a wide range of possible shapes, such
as triangles, squares, ovaloids, and ellipses, has been carried out to validate the method.
The method has also been applied to a highly irregular geometry that has been observed
in a breakout of a subsurface borehole. As an example of a non-symmetrical and irregular
shape, an actual wellbore shape reported by Zoback et al. (1985) has been digitised, and
the stress around the wellbore wall has been calculated to identify a region with high-

stress concentration.

The proposed solution is essentially closed-form, in the sense that it can be explicitly
expressed in terms of the mapping coefficients, and parameters that depend only on the
elastic moduli of the materials. With such a degree of flexibility, the method will be useful
to study the effect of hole geometry on the stress distribution around holes in isotropic or
anisotropic materials. In the subsequent sections, the procedure of conformal mapping
using the graphical method proposed by Melentiev will be first discussed. Subsequently,
the theory of complex stress and displacement potentials will be presented as the basis of
the derivation of the proposed semi-analytical solution. Finally, a comparison with

several published results will be presented.

5.2. Conformal mapping and Melentiev’s successive approximation

Conformal mapping can be used to transform a region external to a given hole in
the z-plane into the region external to the unit circle in the ¢-plane. (The mapping can
also be done to the interior of the unit circle in the ¢-plane. In this research, the mapping
will be done from exterior to exterior). Kantorovich & Krylov (1958) provide a detailed

discussion of a graphical approach to conformal mapping that was originally developed
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by Melentiev (1937). Melentiev’s method does not seem to have been used in the English-
language open literature, although Sobey (1964) used it in a report to the UK Ministry of
Aviation in 1964. The procedure ensures that the region outside the unit circle is
conformally mapped onto a simply connected region outside a hole in the z-plane, by an

analytic function of the form

7= Z MY * = mof +my + myE1 + - (78)
k=0

in which my = a, + i are the complex conformal mapping coefficients, and z = x + iy.
The function in Eq. (78) maps the region outside of the unit circle in the ¢-plane into the

region outside of the given contour in the z-plane.

In practice, the method of Melentiev involves mapping the unit circle in the {-plane
onto the given contour in the z-plane. The required calculations, therefore, involve only
points on the two contours, and hence many of the subsequent equations in this section
are only intended to be valid on the unit circle, |{| = 1. However, the structure of Eq. (78)
guarantees that the mapping will be conformal throughout the regions outside of the two
contours. On the circle |£| = 1, the Fourier series of the real and imaginary parts of z can

be written as

(o]

x= z a, cos(1 — k)8 — B, sin(1 — k)8 (79)
k=0

y = Z B cos(1 — k)6 + a; sin(1 — k)6 (80)
k=0
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Figure 21. Conformal mapping of the region outside of a unit circle in the {-plane into the

region outside of a given contour in the z-plane.

Melentiev suggested working with the ratio w = z/¢, rather than with z itself. This

ratio can be written as

Z ©o
w=—=u+iv= ) mgé* (81)
e,

Hence, the expansion of u and v in a Fourier series can be written as (Kantorovich &

Krylov, 1958)

oo

u= Z ay cos kO + By, sin k6 (82)
k=0

v= Z B cos kB — a;, sin k6 (83)
k=0
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(Note that the notation of u and v in this chapter is not denoting displacement as in
Chapter 3.) Since both series contain the same coefficients, it is sufficient to only calculate
one of the functions, u or v. Subsequent steps will, therefore, be based on Eq. (82). Since
in practice the mapping function must be truncated at a finite number of terms, a series

containing (M /2) + 1 terms will be constructed, i.e.,

M/2
z = Z MiElF = moé +my + myE 4 o+ my, ,E170/2) (84)
k=0
which leads to
M/2
z
W=z D e = mg T A Mg e iy M) (85)
k=0

so that on the contour, the real part of w takes the form

M/2
u= Z ay cos kO + By sin k6 (86)

k=0
The total angle 2m of the circle in the ¢-plane is now divided into M equal parts. Sets
of rays are constructed from the origin (Figure 22). By allowing the angle 6 to take on the

values 2n/M ,4n /M, ...,2m, the value of u for each ray can be calculated as follows:

M/2
B <2nk) . <2nk) g7
ul—Zakcosv +ﬁk51n7 (87)
k=0
M/2
Uy = Z ay cos(2mk) + By sin(2mk) (88)
k=0
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z-domain

Figure 22. Construction of rays around the shape in the z-plane.

This set of equations can be solved for the coefficients a; and Sy, as follows

(Kantorovich & Krylov, 1958):

2 2nnk
ak=MZuncos< I ) (89)
n=1
L
ay = MZ Uy (90)
n=1
1 M
Gz =7 ) (~1D"uy (9D
n=1
M
2 ~ (2mnk
B = 72, Unsin (T) (92)
n=1
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M/2

Bo=— Z B (93)
n=1

Although the final coefficient 8/, cannot be computed, for a sufficiently large value

of M, this coefficient can be taken to be zero (Kantorovich & Krylov, 1958).

M

YA
z-domain

Ry

\

Figure 23. A step in the iterative procedure to transfer point Mr(lo) to the contour L.

An iterative process is required to determine the most appropriate values of the
coefficients a; and [ such that the approximated contour is as close as possible to the
desired contour in the z-plane. For instance, assume that some values for {uy, uy, ..., Uy}
have successfully been determined. The coefficients a; and [ can then be calculated from

the equations given above. The v, can then be calculated as

M/2

Z 8 <2nnk> _ (27mk) 94)
vy, = « COS — ay, sin
P! M M

Finally, by using u, and v,, the points {M'y, M, ..., M’} can be constructed as an

approximation to the desired values of {M;, M, ..., My} that lie on curve L in the z-plane
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(Figure 21). However, it will generally not be the case that the initial values of u,, which

can be denoted by {u§0), ugo), ) ul(\,?)}, satisfy the desired condition in the first instance, i.e.

the initial estimated values {MI(O),MZ(O), ...,MIS) )} will slightly depart from the desired

values {M;, M,, ..., My}.

Melentiev (1937) proposed an iterative method to transfer the value M’,, to be
arbitrarily close to the desired position M,,. As illustrated in Figure 23, a line is drawn
from the point M,(lo) to the origin, and the intersection of this line with the curve L is taken
to be the new point M,(ll). The ray O—M,(ll) is then projected onto the ray O—uflo), which

defines the new value, u,gl).

a) b)

Figure 24. Conformal mapping of the region outside a triangular shape in the z-plane into

the region outside the unit circle in the ¢-plane.
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O]

n » can be taken as

To start the computation, the first approximation, u

M

1

ul) = MZ(xk + ) (95)
=1

The v,ﬁ‘” values can then be computed from Eq. (94), thereby locating the initial point,

M,(lo). The misfit between M,S") and the desired value M,, can be quantified as follows:

M

1 . 2
o=~ Z(u;‘“) ~ ") (96)

n=1

Iterations continue until ¢ is less than some tolerance, taken here to be 10°. Figure 24
shows an example of the region outside a triangle conformally mapped into the region
outside the unit circle. The closed curves and quasi-radial lines in the z-plane correspond
to constant values of the angular and radial coordinates in the {-plane. The orthogonality

of these curves in the z-plane shows that the mapping is indeed conformal.

5.3. Formulation of two-dimensional elasticity problem in anisotropic rocks

For a plane problem in elasticity, under the plane stress assumptions of g, = 0,,, = 0y, =

0, the generalised Hooke’s law as in Eq. (2) can be written as

Exx a11 A1z Q167 [Oxx
Eyy| =12 Q2 Q6| |0y (97)
Exy Q16 Q26 Qge) |9xy

where the {a;;} are the elastic compliances of the material. The first two of the equilibrium

equations as in Eq. (23) become:

00, 0Ty 0Ty, doy
—+—+X=0 d —+—4+Y=0 98
0x dy + an 0x * dy + (98)
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and the third equation becomes Z = 0, and the stress component on the long axis 0Z will
also become zero. For a plane problem, the only non-trivial compatibility relation Eq. (27)
is

0%,y N 0%¢y, _ 0%Yxy
dy? d0x? d0xdy

(99)

The equilibrium equations (99) may be satisfied if the Airy stress function is
introduced. The stress components can be written in terms of the Airy stress function
U(x,y), as follows:

02U 02U 02U

Oxx 3y7 ;o Oy = e S Opy = — 9%y (100)

If the constitutive equation is inserted into the compatibility relation, the following

governing fourth-order partial differential equation is obtained:

0*U 0*U o*U o*U 0*U

(2257~ Zazsm + (2ay; + aee)m - ZamW Tang = 0 (101)

The solution to this partial differential equation (PDE) depends on following characteristic

equation,
4_2 3 2 2_2 =0 102
a1 u aiet® + (2a1; + age)t Aol + Ayp = ( )
the four roots of which can be written as
U1 =Yy1+1i61, [ =V1— 161, Uy =V2+10;, [y =Y, — 16, (103)

The roots of the characteristic equation (102) depend on the material’s elastic moduli
through {a;;}, i.e. the elastic compliances of the material. According to Lekhnitskii (1968),
three cases are possible: the roots may be complex and different, they may be complex

and equal, or they may be different and purely imaginary. Some specific examples are
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given by Lekhnitskii (1968), who points out that the case of purely real roots can be ruled
out by energy considerations. Finally, note that to apply this formalism to the problem of

plane strain, it is merely necessary to replace {a;;} in the characteristic equation with ¢;; =

a;; — ai3a3j/a33-

The general solution for the Airy stress function U(x,y) can be written in terms of

two complex potentials, F;(z;) and F,(z,),

U(x,y) = F1(z1) + F5(23) + F1(21) + F5(2;) = 2Re[F,(z,) + F,(z,)] (104)

where z; = x + p;y and Re[F (z)] takes only the real component of the function F(z). Two

new complex potentials that are the derivatives of the original pair are now defined as

¢(z1) = F{(z,) and Y(zz) = F5(z3) (105)

Thus, if we substitute the definition of the general solution Eq. (104) into Eq. (100) and
take into consideration definition Eq. (105), the expression of the stress components

through the two complex functions ¢(z;) and ¥ (z,) can be obtained:

Oxx = oy = 2Re[uf ¢’ (z1) + u3¢' (2,)] (106)
xx ayz 1 1 127 2
2y
Gyy = 5 = 2Re[§'(2) + ' (2)] (107)
0%U
Oxy = — 9xdy = —2Re[u19'(z,) + p2¢’ (z5)] (108)

In addition to the basic characteristic equation (102), the Airy stress function U(x, y)

should also satisfy the boundary condition
Oy COS(1, X) + 0y cos(n, y) = X, (109)

Oxy c0s(N, X) + 0y, cos(n,y) =Y, (110)
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where X,, and Y, are the traction components acting on the hole contour. If the boundary
condition is expressed in terms of the Airy stress function U(x, y) and if the term cos(n, x)

and cos(n, y) is expressed in terms of the arc length S of the hole contour (Savin, 1961):

d dx
cos(n, x) = % and cos(n,y) = -5

then, the boundary condition can be written as

n

aZUdy+ 02U dx _ d <au)
dy2dS 0dxdydS dS\dy

" oxdydS 9x2dS  dS

ox

n

0°U dy 9°Udx  d <au)

By integrating the above equations with respect to the arc length of the hole
contour S, the boundary condition expressed in terms of the stress function U(x,y) can

be obtained (Savin, 1961)

N N

au
—fYnds+C1 and az—ands+C2 (111)
0

ou
dx
where C; and C, are arbitrary real constants. If we substitute the definition in Eqgs. (104)

and (111), the final expressions of the boundary condition as a function of the two

complex functions ¢(z;) and ¥ (z,) can be obtained. These are,

N

2Re[p(2) + ¥(z2)] = — f Yods+C = fy (112)

0

N

2Re[uyb(2) + tap(23)] = — f Xpds+C = fy (113)
0
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where S is a point on the contour, and the C; are constants of integration. The above
definitions are required in the derivation of the new formulation for the stress
computation around an arbitrary hole shape that will be detailed in the next section.
Thus, for the plane problem, the solution for the stress components reduces to the

determination of the two complex potentials ¢(z;) and Y (z,).

5.4. New formulation for two-dimensional problem of an arbitrary hole shape

To find the stresses around an arbitrarily-shaped hole in a medium subject to a given
far-field stress, the two stress potentials defined in Eq. (105) need to be found. First, recall

the mapping function given by Eq. (78), truncated to N terms:

N
7= 0@ = ) mg'k (114)
k=0

The auxiliary variables z; and z, are related to z by (Lu et al., 2015, Savin, 1961,
Ukadgaonker & Rao, 2000)

(1- ill1) 1+ ill1) _
Z+ zZ

Zi=x+puy= > > (115)
and similarly for z,. Substituting Eq. (115) into (114) yields, for j = 1 or 2,
1% _
z; = EZ(I —ipj)a SR+ (14 ip))a &7 + (04 ) Bt "
k=0
+ (1 - B (116)
On the unit circle, where & = e'? and & = e = 1/¢, these relations take the form
L
z; = 52(1 — i) E7F + (14 i) aE A0 + (i + wy) Btk
k=0
(1 — 0)BeE" 0¥ (117)
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Now, recall the boundary conditions Eqgs. (112) and (113). The focus of the present
method is on the problem of a traction-free hole in an infinite body, subjected to a far-
tield state of uniform stress. In this case, X, = Y, = 0. Moreover, although the C; will
influence the displacements, they have no effect on the stresses, and so for the present
purposes, they can be set to 0. Consequently, f; = f, = 0 in the boundary conditions Egs.
(112) and (113). In this case, the two potentials take the following general form (Savin,
1961)

¢(z1) = B*z1 + ¢po(21) and Y(zz) = (B +iC™)zy + Po(2;) (118)

where the potentials having subscript 0 are analytical functions outside of the hole, and

the constants can be expressed in terms of the far-field stresses, as follows (Savin, 1961):

ot (v3 + 63)0y5 + 2y,05y

B = 119
2[(y2 — v1)? + (82 — 62)] o
g 0 =88 = 2nya)afy — 0% — 2005 (120)
2[(y2 —v1)? + (67 — 61)]
o _ 2 =15 + 1 0rF +00) — v (8 + 6Dlogy + [0 + 87) — (03 + 850y (121)

28,[(r2 — 1) + (87 — 81)]

where o0y, 0y;, and oy, are the in situ stress, and y; and §; are related to the material elastic

property as described in Eq. (103).

Substitution of Eq. (118) into Eqgs. (112) and (113) shows that the 0-subscripted

potentials must satisty the following boundary conditions (Savin, 1961):
2Re[po(21) + Po(22)] = —2Re[B 2z, + (B +iC")z,] = f (122)

2Re[p1¢0(21) + 1o (22)] = —2Re[pyB*zy + pp(B™ +iC'")z,] = f) (123)
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Now, by combining Egs. (117) and (122), the first boundary function f can be

expressed, on the hole contour, as

_ N N -
(K1 + K3) Z a 7K 4+ (Ky + K3) Z a §~40
1 k=0 k=0

N N
HE+ KD D B+ By +K)) ) g0
- k=0 k=0 -

in which the constants K; are defined by
Ki =B"(1 = ip) + (B" +iC")(1 = ipp)
K, =B*(1+iu) + (B" +iC™)(1 +iuy)
K3 =B"(u1 + ) + (B" +iC™)(uz + 1)

Ky =B"(uy =) + (B" +iC™)(u — 1)

(124)

(125)
(126)
(127)

(128)

Following the same process, the second boundary function Eq. (123) can be

expressed, on the hole contour, as

_ N N -
(Ks + Kg) z @ §7F + (K5 + Ke) z a §~0-0
k=0 k=0

N N
HE + Ke) D B ™+ (g +Kg) ) fo§ 00
- k=0 k=0 -

in which the constants K; are defined by
Ks = 1 B*(1 — ipg) + up(B™ + iC™) (1 — ipy)
Ko = 1 B*(1 + ipy) + up(B™ + iC™) (1 + ipy)
K7 = iy B*(uqy + 1) + (B +iC™) (up + 1)

Kg = iy B*(uy — 1) + (B +iC™) (up — 1)
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It can be verified that, on the unit circle, both expressions (124) and (129) are purely real,

as required by Eqgs. (122) and (123).

Since z;and z, are each known functions of &, the two 0-subscripted potentials, which
can now be denoted as ¢¢(§) and Yy(§), can be found by contour integration, as
explained on p.155 of Savin (1961), modified to account for the fact that in the current
formulation, the mapping is made from the region outside the unit circle, rather than

inside the unit circle:

t+&dt
$o(§) = m[(#zﬁ fZ)—fT A4 (134)
i +Ede
Yo (§) = mf(mﬁo - f2 )—57"‘/1 (135)
y

where y is the unit circle in the {-plane, and the A; are constants whose values are known,
but which will be ignored here, as they have no influence on the stresses. In the present
formulation, the exterior of the unit circle in the {-plane has been mapped into the region
outside of the physical hole (see Figure 21). Note that Savin (1961) considered a situation
in which the interior of the unit circle in the ¢-plane is mapped into the region outside of
the physical hole. The connection between the two situations is discussed by
Muskhelishvili (1953), p.268. The two approaches are essentially identical, since one can
imagine a two-stage mapping in which the first stage is an inversion, ¢ = 1/s, that first
maps the interior of the unit circle into its exterior. This would merely change the signs
of the power exponents in the mapping function given by Eq. (78), but would not change

the numerical values of the mapping coefficients.

In light of Egs. (124) and (129), the parenthesised terms in Eqs. (134) and (135) are

series that involve terms of the form t", for non-zero integer values of n. Since the relevant
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values of ¢ lie outside the unit circle, the integrals have the following values (England,

2003):

[onftS g [ e 56
14 14

in which n is taken to be a positive integer, and a constant term on the right side of each
integral has been ignored, as they do not contribute to the stresses. Note also that the m;
term in the mapping function (78), which would contribute terms in the integrand
having k —1=n =0, represents a rigid-body translation of the hole contour, and
therefore has no influence on the boundary stresses. Non-zero values of m; that may be
generated by the Melentiev iterative mapping procedure can, therefore, be set to zero,
when computing the stresses. Hence, there is no need to consider the case n = 0 in Eq.

(136).

Substituting f and £ from Egs. (124) and (129) into expressions (134) and (135),
and making use of the integrals in Eq. (136), leads to the following expressions for the

two potentials:

N N
Bo() = Maof ™+ Aafof M+ Ay ) @i 1R+ A, Y fréiE (137)
k=2 k=2
N N
Wo(§) = Asao ™" + Agfos ™ + 4, z a § 7 + Ag Z B " (138)
k=2 k=2
in which the constants A; are given by
Al =—F— K, +K,) — (Ks + K, 139
1T 20 — ) [p2 (K1 2) — (Ks 6)] (139)
Ay = —— [, (Ks + K,) — (K, + K 140
2 2(ty — ) (12 (K3 4) — (K7 8)] (140)
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A3

1 _ _
[up(Ky + K3) — (Ks + Kg)]

T2 — 1)
As = 3oy (s + K = (K7 + K]
AszzafrESMAﬁr+&)—Gﬁ+Ka]
Aézzafrﬁsmgﬁy+m)—ag+xg]
A7 = gy W (a + Ko) = (s + o))
Ag = ———— [ (K5 + Ky) — (K, + Ky)]

B 2(uy — u2)

The stress components can now be calculated as

Uxx = O-;C);’C + 2Re[:u%¢lo(zl) + nu%lplo(ZZ)]

o

yy = Oyy + 2Re[¢'0(z1) + 11"0(22)]

Oxy = Oxy — 2Re[u1¢'o(21) + 21" o(2,)]

(141)

(142)

(143)

(144)

(145)

(146)

(147)

(148)

(149)

in which the derivatives of the potentials can be computed using the chain rule, as

follows:

dpo(§) d§ _ ¢'s(5)
d¢  dz;  w'1(§)

¢'o(z1) =

do(§) d§ _ P'o(®)
¢ dz, w'5($)

Yo(zz) =
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The tangential and radial stress components can be calculated using the following

transformation (Jaeger et al., 2007):
099 — Opr + 20,9 = (Oxy — 0y + 20y, )e? (152)
09 + Opp = Oxx + 0y (153)

where § is the rotational angle from the x-axis to the radial axis r (see Figure 24). For

biaxial tension or compression, the principle of superposition can be used.

5.5. Calculation and validation with known results

The general workflow of the proposed method is as follows. The hole contour, whose
outline coordinates are known in the z-plane, is conformally mapped into the outside of
the unit circle using Melentiev’s successive approximation method, to obtain the
mapping coefficients, my. The characteristic equation (102) is then solved for the
characteristic roots, after which the B and C constants appearing in the stress potentials
can be computed from knowledge of these roots and the far-field stresses, using Egs.
(119) to (121). The potentials are then given by Egs. (137) and (138), and the
derivatives of the two potentials are calculated using Eqgs. (150) and (151). The stress
components can then be calculated using Eqs. (147) and (149), and can be converted into

polar coordinates using Eqgs. (152) and (153).

To demonstrate the robustness of this method, the following section provides
validation by comparing the stress obtained with the proposed method against several
known formulations and published results. The validation covers a wide range of
possible shapes, such as ellipses, triangles, squares, ovaloids, etc., in both isotropic and

anisotropic plates.
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5.5.1. Elliptical hole

For an elliptical hole in an isotropic medium, Jaeger et al. (2007) showed that the stress

concentration around the hole contour is given by the following equation:

» [2ab + (a* — b?) cos 2a — (a + b)? cos 2(a — x)
(a® + b?) — (a? — b?) cos 2y

Og =0 (154)

in which a denotes the angle between the direction of the far-field stress 0 with the x-
axis, and a and b are the lengths of the ellipse’s axes in the x and y directions, respectively.
Figure 25 shows ellipses with a/b = 3/2 and a/b = 2/3. The elliptical coordinate y is
related to the polar coordinate 6 by tan y/tan 6 = a/b (England, 2003).

Savin (1961) gave the following alternative expression for the hoop stress in this

problem:

. [(1 4+ k)?sin®(6 + a) — sin®a —k? cos® a

Og =0 (155)

sinZ@ + k2 cos2 @

in which k = b/a.

Figure 25. Elliptical holes with (a) a/b = 3/2 and (b) a/b = 2/3, showing the mapped

curves that correspond to the lines of constant r and constant 8 in the ¢-plane.
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The conformal mapping constants for an ellipse with a/b = 3/2 that are obtained
using Melentiev’s method, with seven terms in the mapping function, are m, = 0.9976,
my; = 0.0017, m, = 1.999, mz = 0.0002 and m, = mgs = mg = 0.0001. The hoop stresses
that are computed with the present method are compared in Figure 26 to those given by
the analytical expressions (154) and (155), for three different orientations of the far-field
stress. The agreement is extremely good, for all angles around the ellipse, and all three

loading cases.

i o, Jaeger et al.(2007)

4 = =&a
1% /,a—90

X o, Savin (1968)
o o, This study

Stress
NN BN AR A B R

Figure 26. Hoop stress around an elliptical hole having a/b = 3/2, in an isotropic
medium, subjected to a far-field stress acting at an angle a to the x-axis. The hoop stress

is normalised against the far-field stress.

The proposed method can also be tested against results for an elliptical hole in an
anisotropic medium. Savin (1961) considered an anisotropic material with Young's

modulus ratio of E; /E, = 12. For this material, the roots of the characteristic equation are
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p1 = 3.08i and p, = 1.12i. Elliptical holes with a/b = 3 and a/b = 1/3 were considered,
and the far-field stress was taken to be parallel to the x-axis. The normalised hoop stress
is plotted in Figure 27, with the curves showing the values computed by the present
method, and the data points taken from Tables 38 and 39 of Savin (1961). Again, the

agreement is excellent.

a) 257 b) 14 4

7o ] %o
® Savin (1968) 12 ® Savin (1968)

Stress
|
Stress

Figure 27. Normalised hoop stress around elliptical holes in an anisotropic medium,
having (a) a/b = 3 and (b) a/b = 1/3, subjected to a far-field stress parallel to the x-axis.
The curves show the values computed by the present method; the data points are taken

from Savin (1961).

5.5.2. Triangular hole

The distribution of stress around a triangular hole is given by Savin (1961) for the

case of anisotropic materials. The equation of the hole contour was given by

1 1
x=cos€+§c0526, y=—sin9+§sin29 (156)

which corresponds to a triangle that is “pointing towards” the positive x-axis. Using

Melentiev’s approximate method, the conformal mapping constants of this triangle are
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found to be m, = 0.9978, m; = 0.0020, m, = 0.0019, mz = 0.3303, m, = 0.0006, mg =
0.0002 and mg = m; = mg = mg = 0.0001. The stress distributions around the triangular
hole, for the two cases in which the far-field stress is parallel to the x-axis or parallel to
the y-axis, are shown in Figure 28. The results of the present method, shown as solid
curves, are in an excellent agreement with those of Savin, which are shown as dots taken

from Tables 5 and 6 of Savin (1961).

a)

10 7

Stress
Stress

Figure 28. Normalised hoop stress around a triangular hole in an isotropic infinite plate,
when the far-field stress is aligned with the (a) x-axis or the (b) y-axis. The solid curves

are the predictions of the present method; the dots are taken from Savin (1961).

Daoust & Hoa (1991) proposed an analytical solution for a family of quasi-triangular
holes in isotropic or anisotropic materials. The shape of their triangles was controlled by

a shape factor g in which smaller values of € correspond to more rounded corners:
x=cosf+ecos20, y=—sinf + esin26 (157)

The shapes of the triangles for € = 1/4 and € = 1/8 are shown in Figure 29, on the

left. The tangential stresses around the contour are plotted for several values of ¢, with
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the curves showing the predictions of the present method, and the data points taken from
Daoust & Hoa (1991). Note that the curve for e = 1/3 agrees closely with Savin’s result,
which corresponds to this same value of €. Again, the newly computed values agree very

closely with the values taken from the literature.

a) c)

1= /‘
—c=1/4 . e

g |—e=16 7/; ’
e=1/8 r \ g
@ Daoust and Hoa (1991) ¢ = 1/3 L
® Daoust and Hoa (1991) ¢ = 1/4 ? ‘
6 ® Daoust and Hoa (1991) ¢ = 1/6 ° ]
@ Daoust and Hoa (1991) ¢ = 1/8 | ?
®

Stress
e

Figure 29. Quasi-triangular holes described by Eq. (157), for (a) e = 1/4 and (b) € = 1/8.
(c) Normalised hoop stress around the hole, in an isotropic material, when the far-field
stress is aligned with the x-axis, for various values of €. The solid curves are the

predictions of the present method; the dots are taken from Daoust & Hoa (1991).

Daoust & Hoa (1991) also considered an anisotropic plate described by the following
roots of the characteristic equation: u; = 2.3992i and u, = 0.6757i. The tangential stress
along the hole is shown in Figure 30, for the case € = 1/3, and far-field stress aligned with

the x-axis. The agreement is again very good.
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12— ® Daoust & Hoa (1991
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0 45 90 135 180
0

Figure 30. Quasi-triangular hole described by Eq. (157), for € = 1/3, in an anisotropic
material (see text for details), when the far-field stress is aligned with the x-axis. The solid
curves are the values obtained by the present method; the dots are taken from Daoust &

Hoa (1991).

5.5.3. Owaloid hole

Greenspan (1944) presented an analytical solution for an “ovaloid” hole in an infinite
isotropic plate subjected to far-field uniaxial tension. He defined the ovaloid as a square
hole with semi-circles appended at each of two opposing ends, and described its contour

by the following equation:
x = 2.063cos8 —0.079cos 36, y =1.108sin6 + 0.079 sin 30 (158)

Lekhnitskii (1968) also addressed this problem, but used a slightly different equation
for the hole that he described as “ovaloid”, which explains the slightly different stresses
obtained by these two authors. Greenspan showed that when the far-field stress is

parallel to the x-axis, the hoop stress is given by
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4915 — 7.133 cos 260

=g 159
70T 0 [3.723 — 2316 cos 26 + cos 46 (159)
and when the far-field stress is parallel to the y-axis, the hoop stress is given by
e [ 1.079 + 7.517 cos 26 160
70 =% (3723 = 2316 cos 26 + cos 4 (160)

In the present study, the conformal mapping constants of the ovaloid defined in Eq.
(158) are found to be my = 1.5818, m; = 0.0029, m, = 0.4768, m; = —0.0003, m, =
—0.0771 and m5 = —0.0003. The hoop stresses for the two loading cases, according to the
analytic solution of Greenspan (1944) and the present method, are shown in Figure 31.

Again, the agreement is very good.

—_—

0
= = =Greenspan (1944)

Figure 31. (a) Ovaloid hole described by Eq. (158). Normalised hoop stresses when the
far-field stress aligned with the x-axis (b), and with the y-axis (c). Solid curves are the
predictions of the present method, and dashed curves are expressions (159) and (160)

derived by Greenspan (1944).
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5.5.4. Square hole

Stresses around a square hole in an infinite plate subjected to far-field stress have
been studied by many authors, including Greenspan (1944), Lekhnitskii (1968), Savin

(1961). Savin modelled a square hole using two terms of the Schwarz-Christoffel

mapping;:
1 1
x=c030—€c0530, y = —sinH—gsinSH (161)

and showed that the tangential stress around this hole is given by

80 3 9 3
Op = m(g—;cos 2a cos 26 —gsin 2a sin 29) (162)

where again a denotes the angle of rotation from the x-axis to the line of action of the far-

field stress.

Using Melentiev’s method, the conformal mapping constants of this quasi-square
defined by Eq. (161) are found to be my = 0.9975, m; = 0.0012, m, = 0, m3 = —0.0011,
my, = —0.1629, ms = —0.0009, mg = —0.0002 and m,; = —0.0001. The hoop stresses for
the two loading cases of @ = 0° and a = 45°, are shown in Figure 32, according to the

analytic solution of Savin (1961) and the present method.
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c)

%y
= = =Savin (1968)

Figure 32. Stress around a quasi-square hole (a) in isotropic medium, when the external
load is (b) aligned with the x-axis, and (c) rotated by 45° from the x-axis. The solid curves
are the predictions of the present method, and the dashed curves are from the analytical

solution derived by Savin (1961).

Ukadgaonker & Rao (2000) considered terms up to £ 19 in their conformal mapping,
in order to obtain a closer approximation to an actual square. The non-zero coefficients
in their mapping function were (in the present notation) my = 1, my = 1/6, mg = 1/56,
my, = 1/176, myg = 1/384 and m,, = 7/4864. They considered an anisotropic material
whose characteristic roots were y; = 3.6404i and u, = 0.2747i. For the cases of far-field
loading oriented at angles of a = 0°, 45°, and 60°, the hoop stresses are shown in Figure
33, where they are compared with the values obtained by the present method. The
agreement is very good, and the present method is able to capture the high-stress

concentration at the corners.
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30 40 ® Uikadgaonker (2000)

Figure 33. Hoop stress around a square hole, for far-field loadings at angles of a = 0°, 45°,
and 60°, in an anisotropic medium whose characteristic roots are u; = 3.6404i and u, =
0.2747i. The solid curves are the predictions of the present method, and the points are

from Ukadgaonker & Rao (2000).

Ukadgaonker & Rao (2000) also considered more complicated shapes, such as the
distorted quasi-square with truncated corners shown in Figure 34. For the same
anisotropic material as considered in the previous problem, with characteristic roots of
U1 = 3.6404i and u, = 0.2747i, the hoop stresses are shown in Figure 34, for the case of
loading along the x-axis, i.e., @ = 0°. The agreement between their results and those

obtained by the present method is reasonably close.
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Stress

Figure 34. (a) A distorted quasi-square with truncated corners. (b) Normalised hoop
stress around the hole, for a far-field loading oriented in the x-direction, in an anisotropic
medium whose characteristic roots are yu; = 3.6404i and u, = 0.2747i. Solid curves are
the predictions of the present method; dashed curves are from Ukadgaonker & Rao

(2000).

5.5.5. Stress around a non-symmetrical and irreqularly shaped hole

The previous examples all involved holes having some degree of symmetry, and
shapes that were in some sense reasonably “simple”, such as quasi-polygons. However,
this unified methodology that can compute the stresses around an arbitrarily-shaped hole
will perhaps find its greatest usefulness for holes that have very irregularly and rough

shapes.
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Figure 35. (a) Wellbore breakout in an isotropic medium, after Zoback et al. (1985), and (b

and c) the tangential stress around the hole, under uniaxial far-field compression.

One source of such shapes are subsurface boreholes, which are initially drilled as
circular holes, but then often suffer from “breakouts”, in which small regions of rock at
the borehole wall break off (and fall into the borehole, to be swept away by the drilling
fluid) due to local failure, leading to a non-circular shape. The remaining rock can be
treated as elastic as per the assumption of the proposed method, and the method
developed in this paper can be used to compute the new stresses, to check if an
equilibrium shape has been reached. Pre-drilling wellbore stability analysis is often
carried out by assuming a circular wellbore and with the aid of a downhole caliper tool,
and it is known that actual wellbores rarely have the shape of an ideal circle. It is of great
interest for drilling practice to understand the stability of a wellbore by identifying the

region around the wellbore wall that has a high-stress concentration.
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5.5.6. Validity of solution away from the hole contour in isotropic and anisotropic medium

Although the method used to determine the mapping functions was different, the
method used here to determine the complex potentials is very close to that used by
Ukadgaonker & Rao (2000). Their method was criticised by Lu et al. (2015), who claimed
that the potentials ¢ (&) and 1y(§) thus derived will be analytical functions on the hole
contour, but will not be analytical in the region exterior to the contour; see Lu et al. (2015)
for the details of their argument. They concluded that although the computed stresses
will be correct on the hole boundary, the stresses away from the boundary “should not
be correct”, although no evidence was given of this assertion. For isotropic material, to
verify the validity of the stresses computed by the present methodology at points in the
body that are not situated along the hole contour, comparison can be made to the stresses
that were computed numerically by Maugis (1992) who proposed a solution valid for an

elliptical cavity.

Maugis (1992) proposed a closed-form solution to compute the stress components
around an elliptical cavity in isotropic medium. Along the x-axis the equation for g, and

gy are (Eqs.2.123 - 2.126 in Maugis (1992)):

alx| [ b%(a — b)

(a? — b?) (Gafo)yzo =b% + 2 jzlil b2)i/2 :a —2b+ % (164)
and along the y-axis:

(a® - b?) (c%)x:o =—a"+ g ;12|y_| e Ia y;‘i(‘;;_”zz (165)

(a2 — b?) (G“_Zo)xzo = b% + 57 ;lzb;l OUE [a —2b— % (166)
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The major and minor axes of the ellipse are denoted by a and b. Figure 36 to Figure 39

show the stress components up to 3a from the hole boundary of an ellipse with b/a =

[0.2,0.3,0.5,

0.7]. The stress component calculated using Maugis’ closed-form solution is

shown as the black-square in each plot. The o, and g, stress components along the x and

y-axes under uniaxial loading o* parallel with the y-axis in Figure 36 to Figure 39 is

calculated up to 3a from the hole boundary of an ellipse with b/a = [0.2,0.3,0.5,0.7]. At

the hole boundary, the analytical solution of the stress concentration factor (SCF) is

Stress

O'y a
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Figure 36. Stress around elliptical cavity with b/a = 0.2. The exact analytical solution of

the higher stress according to Eq. (167) is a}/%* = 11 at the tip of the long axis.
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Figure 37. Stress around elliptical cavity with b/a = 0.3. The exact analytical solution of

the higher stress according to Eq. (167) is 7}%* = 7.67 at the tip of the long axis.
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Figure 38. Stress around elliptical cavity with b/a = 0.5. The exact analytical solution of

the higher stress according to Eq. (167) is o}'* = 5 at the tip of the long axis.
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Figure 39. Stress around elliptical cavity with b/a = 0.7. The exact analytical solution of

the higher stress according to Eq. (167) is o7%* = 3.88 at the tip of the long axis.

For anisotropic material, to verify the validity of the stresses computed by the
present methodology at points in the body that are not situated along the hole contour,
comparison can be made to the stresses that were computed numerically by Lu et al.
(2015), using commercial finite element software, around a “Reuleaux triangle” hole in
an orthotropic material; see Figures 10 to 12 in Lu et al. (2015), and Figure 40 to Figure 41
in here. This is one of the few, if not the only, examples available in the literature in which
the stresses have been plotted along one of the co-ordinate axes, moving away from a
non-circular hole in an anisotropic material. In this example, the elastic anisotropy was
characterised by u; = 1.3733i and p, = 0.9242i, and the far-field stress state was taken to

be o,y = 10 MPa, g5, = 15 MPa, and a5 = 0 MPa.
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Figure 40. (a) The Reuleaux triangle shape, and (b) the conformal mapping of the hole.
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Figure 41. (a) The hoop stresses around the Reuleaux triangular hole boundary shown in
Figure 40, and (b) the two normal stresses along the x-axis. The symbols are the values

computed in Lu et al. (2015) using finite elements; the curves show the stresses computed

by the present method.
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The hoop stresses along the hole boundary that have been computed using the
proposed method are compared in Figure 41a against those computed numerically in Lu
et al. (2015). The agreement is excellent. The stress components o, and g,,, along the x-
axis, are plotted in Figure 41b. Again, the agreement between the present method and the
numerical calculations of Lu ef al. (2015) is excellent. Furthermore, it should be noted that
the stresses computed by the present methodology converge smoothly to the correct far-
field stresses at distances of roughly five “hole diameters” from the hole boundary,

proving that the present methodology does not become inaccurate away from the hole.
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Chapter 6 Breakout modeling and near-

wellbore stress profiling

This chapter presents the implementation of the method proposed in Chapter 5 for
two purposes. The first objective is to model the wellbore breakout development around
a wellbore. Comparison with a numerical modelling and experimental test by Herrick &
Haimson (1994) has been carried out to validate the successive breakout modelling
process. However, the ultimate goal of the modelling is to assess whether or not there is
a correlation between breakout geometry and in situ stress and if it is possible to infer the

magnitude of the in situ stress from breakout geometry.

The second objective of this chapter is to leverage the value of ultrasonic imaging
tools to obtain near-wellbore stress components. The exercise allows the effect of the
cross-sectional hole geometry to be investigated and its impact on the near-wellbore
stress to be examined. For this purpose, actual ultrasonic data have been used in which a
total of 180 data points were obtained at each depth from the ultrasonic borehole imaging
data; this will give a 2° azimuthal resolution of wellbore circumference that can
sufficiently capture any local irregularities that may exist around the wellbore wall. The
successive breakout modelling and in situ stress estimation from breakout geometry will
be first discussed in the subsequent section followed by the near-wellbore stress profiling

using ultrasonic data.
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6.1. Semi-Analytical Method for Modelling Wellbore Breakout Development

This section discusses the episodic development of a stable breakout, and ultimately
attempts to find a relationship between in situ stress and breakout geometry. Although
the process discuss here reflects an evolution of a successive process, this cannot be
associated with an actual time scale clock. The change in each successive process is only
related to the change in the hole cross-sectional shape from circular to non-circular. As
the modelling of the breakout development requires a method that allows the stress
components to be computed around non-circular holes and irregular hole geometries, the
semi-analytical solution procedure developed Chapter 5 is used. With this method, it is
possible to track the development of the breakout and examine the stability of the
breakout geometry at each episode and, hence, its development can be tracked. Finally,
the relationship between the Mogi-Coulomb failure function and breakout geometry is

established as an alternative method for the estimation of minimum in situ stress.

Borehole breakout, defined as a diametrically opposed elongation along a preferred
direction of an initially circular wellbore resulting from stress-induced rock failure, has
been studied for more than three decades. This phenomenon is often encountered in mine
tunnels and petroleum wellbores, in areas of high in situ stress. Observations of breakout
were reported by Leeman in 1964 at a gold mine in South Africa, and also by Carr in 1974
who observed consistency between the breakout orientation with the least in situ stress
in Yucca Flat, Nevada (Haimson, 2007). Later, Bell & Gough (1979) also observed a strong
correlation between breakout orientation and the direction of the minimum horizontal
stress in Alberta, Canada. To substantiate their observation, Gough & Bell (1982)
proposed a breakout model using the Mohr-Coulomb failure criterion and the Kirsch
equations. Since then, numerous researchers have verified that the concentrated stress
around the wellbore is responsible for the development of the breakout, and that the

orientation of the breakout is parallel to the least principal stress direction. This
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phenomenon has attracted practitioners and researchers to try to use breakout geometry
as a tool to estimate in situ stress orientation and magnitude, due to the abundant

availability of such inexpensive datasets.

Extensive efforts have been made to verify the relation between breakout formations
with in situ stress and whether, in an inverse manner, in situ stress can be inferred from
the breakout geometry. For instance, Plumb & Hickman (1985) concluded that the
direction of the minimum principal stress can be inferred from the elongation detected
by the dipmeter and borehole televiewer. Independently, Zoback et al. (1985) also used
an ultrasonic borehole televiewer and concluded that the failure around the wellbore is
strongly controlled by the magnitude and orientation of the in situ stress field. Plumb
(1990) later concluded that breakout may be used to infer the relative magnitude and
orientation of the near-wellbore stress. Similarly, Mastin (1988) studied the rotation of
breakout orientation in deviated wellbores, which depends on the relative magnitude of
the near-wellbore stress. At the Underground Research Laboratory (URL) in Canada, Read
et al. (1995) observed non-symmetrical breakouts in a borehole that was not aligned with
the principal axis. In conjunction with numerical modelling and microseismic
monitoring, they concluded that the asymmetric breakout appearance is caused by the
influence of the antiplane shear stress. By integrating the results that they obtained from
hydraulic fracturing, borehole televiewer, and numerical modeling, Kim et al. (2017)
proposed an integrated method to estimate the in situ stress. The breakout dimension
from their numerical model for a particular horizontal stress ratio and rock property was
compared with the observation from borehole televiewer to determine the most

appropriate in situ stress.

Several attempts have also been made to understand the mechanism of breakout
formation through laboratory experiments. Lee & Haimson (1993) used cubical

specimens of Lac du Bonnet granite to investigate the micro-mechanism of a ‘dog-eared’
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shaped breakout. They observed a progressive detachment of thin long flakes due to
extensile cracking in two zones aligned with the minimum principal stress direction. A
comprehensive review of breakout micromechanisms in a variety of rock types, e.g.
granites, limestones, and sandstones, was given by Haimson (2007). He concluded that,
depending on the rock type, the microcracks leading to breakout could fail in tensile or
shear openings, extending inter- or intra-granularly producing a dog-eared shape of
breakout; except for a high porosity quartz-rich sandstone which develops a fracture-like

breakout due to grain debonding and compaction along with the least principal stress.

Several researchers have also attempted to model breakout development using
numerical and analytical modelling. The first breakout model was proposed by Gough &
Bell (1982), based on the hypothesis that shear fractures occur at the points of the highest
tangential stress. They adopted the Mohr-Coulomb failure criterion to predict the
successive two conjugate shear fractures tangent to the borehole wall. Their model,
however, is independent of the in situ stress magnitude and only depends on the friction
angle of the rocks. The model was later improved by Zoback et al. (1985) by calculating
the stress around the borehole using the Kirsch equations, and assessing the zone within
which shear fractures occur, according to the Mohr-Coulomb failure criterion. Although
their work was an improvement from that of Gough & Bell (1982), by accounting for the
stress, their predicted breakout geometry is rather shallow and flat-bottomed; it seems

that they were only calculated the initial breakout geometry.

Ever since, numerous researchers have proposed numerical models for a successive
breakout initiation, growth, and stabilization. A comprehensive review of the mechanism
and experimental and modelling results of breakouts was provided by Germanovich &
Dyskin (2000). To capture the episodic breakout development, it is necessary to compute
the stress state to assess their stability at each episode. Such studies have been carried out

by Zheng et al. (1989), who used the boundary element method to model the progressive

115



spalling of thin slabs near the hole wall by extensile splitting; see also Ewy et al. (1987)
and Zheng et al. (1988). Herrick & Haimson (1994) compared breakout geometries
obtained from prismatic specimens of Alabama limestone under a true-triaxial stress state
with numerical simulations considering the scaling effect due to the hole size. Their
numerical model is used to simulate a vertically drilled borehole under constant in situ
stress based on the plane strain linear elastic boundary element method. The extent of the
breakout zone at each step is obtained by comparing the stress around the wellbore with
the Mohr-Coulomb failure criterion. Herrick & Haimson (1994) experimental result is
used in the present paper for verification purposes. Du & Kemeny (1993) considered
heterogeneous and discontinuous rocks with a random distribution of microcracks to
simulate the breakout formation as a result of the interaction and coalescence of the
microcracks in Westerly granite. Considering the strength anisotropy of the rocks, Duan
& Kwok (2016) studied the effect of anisotropy on the initiation, propagation, and pattern
of borehole breakout in shale using discrete element modelling. Sahara et al. (2017)
modelled the evolution and stabilization of borehole breakouts using continuum damage
mechanics (CDM) by considering the changes of the elastic moduli as a result of the

failure around the hole.

Zhang et al. (2018) numerically modelled the successive spalling leading to a stable
breakout, and then inverted the knowledge of the final geometry to obtain the in situ
stress. They concluded that the in situ stress can be effectively obtained from breakout
geometry. Later, Zhang et al. (2019) also investigated the potential misinterpretation of
breakdown pressure from hydraulic fracturing in a borehole with breakout, and
concluded that the difference with that of a perfectly circular wellbore could be as large
as 82%. Using finite-element method, Tan et al. (2019) developed a workflow, which they
referred to as Failure Geometry Stabilization (FGS), to simulate the drilling and breakout

development, progression, and stabilization of shale rocks. The method was validated
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using polyaxial block tests on Wellington shale and Pierre II shale. Although numerical
models such as finite-element and boundary-element have been implemented
extensively for such a problem, analytical solutions can provide the advantage to allow
for a parametric investigation. Recently, Gerolymatou (2019) proposed a method to
analytically model breakout evolution in isotropic materials using conformal mapping.
The same method was then used by Gerolymatou & Petalas (2020) to estimate the
magnitude of in situ stress based on the width and depth of brittle borehole breakouts.
In the same spirit, this research is focused on the implementation of the semi-analytical

procedure laid out in Chapter 5 to model breakout development.

6.1.1. Comparison with measurements of Herrick and Haimson (1994)

To model the successive formation of the breakout, it is necessary for the stress
components to be computed as the boundary evolves at each episode. In the following
examples, the initial hole is assumed to be a circle in a linearly elastic, homogeneous and
isotropic infinite plate. The plate is subjected to three unequal far-field in situ stresses

(Figure 42a).
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Figure 42. (a) Problem definition and (b) the episodic breakout development of rock with
UCS =16,800 psi and ¢ =20° under a far-field stress state of {o,;0y;0n} =
{4,100; 8,500; 3,050} psi.

To initiate the simulation, the stress components around the circular wellbore are
calculated using Eqgs. (147) to (149). The in situ stresses {o,;0y; 0} are applied
instantaneously, i.e. their magnitude is not ramped up during the simulation. In this
work, the value of the in situ stresses are chosen according to the work of Haimson &
Herrick (1994). The rock strength parameter is kept constant throughout the simulation;
unlike in Herrick & Haimson (1994) who applied a scaling factor in their cohesion as the
breakout progresses. The stress components, i.e. the tangential stress, radial stress, and
axial stress calculated at each point around the wellbore, are then inserted into the failure
criteria, e.g., Mohr-Coulomb or Mogi-Coulomb, to examine the stability of the rock. The
zone within which the stress state satisfies the failure criterion is then removed, and the
new outline of the cross-sectional shape is captured. The number of layers to be removed

at each iteration was arbitrarily chosen to be 1/50 of the wellbore radius. By changing
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the element size by a factor of 0.5 of the original size (1/50), will alter the result by less
than 5% from the original size. In the same way, Zheng et al. (1989) arbitrarily chose the
radial thickness of their model to be 1/15 of the wellbore radius and found out that the
difference with the original thickness is not more than 1/15, i.e. approximately 6.7%, of
wellbore radius after changing the thickness of the segment by a factor of 0.5. An iterative
Melentiev conformal mapping procedure is then performed to determine the appropriate
conformal mapping coefficients for the new shape, after which the stress is again
computed. This procedure is repeated until incremental breakout depth is insignificant
as compared with the preceding step; which, in this work, is assumed to be 107°. At this

point, the breakout is said to be at its stable state. The procedure is illustrated in Figure
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Figure 43. Modelling of episodic development of borehole breakouts.
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At each step, the geometry of the forming breakout, i.e. the width of the breakouts
(Bpo) and the tip of the breakouts (r,,), are captured, as shown in Figure 42b. The
relationship between the final breakout geometry and the in situ stress can then be

examined.

The parameters used in the modelling are taken from Herrick & Haimson (1994), who
conducted a breakout initiation experiment on Alabama limestone under true-triaxial
stress; comparison with their experimental results will also be presented here. (Note that
the stresses reported by Herrick & Haimson (1994) were given in MPa, and will be
converted into psi in the present work.) The compressive strength of the Alabama
limestone was 16,800 psi (after taking into account the scale effect of the hole) with a
friction angle of 18° (£2°). The vertical stress (o;,) was 1,015 psi higher than the minimum
horizontal stress (o3,). The experimental result of Herrick & Haimson (1994) resembling
the “cusp” or “dog-eared” shaped of the breakout geometry, as shown in Figure 44a, was

created under a stress state of g, = 4,100 psi and oy = 12,050 psi.

Ioof o = 1.84

Figure 44. (a) The experimental breakout shape observed by Herrick & Haimson (1994);
the modelled breakout geometry using the (b) Mohr-Coulomb and (c) Mogi-Coulomb

failure criteria, respectively.
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The final breakout shape obtained using the present semi-analytical method is shown
in Figure 44b, when the Mohr-Coulomb failure criterion is considered. The breakout tip
extends deep into the formation to a stable position at r3,,/7, = 1.84 , with a breakout
width of 6,, = 88°. If the Mogi-Coulomb failure criterion is used, the final breakout
geometry is relatively narrower and shallower; with r,,/7, = 1.54 and 6,, = 76°, as
shown in Figure 44c. The strengthening effect introduced by the intermediate principal
stress in the Mogi-Coulomb failure criterion is responsible for the less severe breakout
geometry. In Figure 44, the final breakout geometry of the laboratory experiment and
numerical modelling are deep and sharp, with a pointed edge that resembles a “cusp” or
“dog-eared” shaped. The azimuth of the breakout propagation is also parallel to the

direction of the least principal stress.

6.1.2. Ewvolution of wellbore shape and the stress around the hole

Several authors, such as Zheng et al. (1989), Zoback et al. (1985), (2003) and Herrick &
Haimson (1994), observed that the width of the breakout remains constant throughout its
initiation, progression, and stabilization. The breakout width aperture of each growth
episode is relatively smaller than that of the preceding steps, leading to an overall sharp,
pointed-end breakout (Figures 43b and 43c). Shown in Figure 45 is the evolution of the
near-wellbore stress during breakout development of the same rock under a stress state
of {o,;0y; 0} =1{4,060; 7,500; 3,045} psi. This stress state represents one possible
scenario that one may encounter in a real situation. Shown in Figure 45 is the normalised
major principal stress (0y/0,,) around the failed zone increases as the breakout develops.
A detailed examination suggests that, as the breakout tip sharpens and deepens, the
stress concentration becomes more localized around the tip, with increasing magnitude.
In the case considered here, the major principal stress is more than ten-times the vertical

stress (0,) near the tip of the final breakout geometry. The stress state at the tip does
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satisfy failure criterion, however, the size of the failed region is now so insignificant that

the process is considered to have converged.
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Figure 45. An episodic breakout development showing the major principal stress around
the breakout, normalised by the vertical in situ stress (o,). The far-field stress state is

{o,; oy; 00} = {4,060; 7,500; 3,045} psi.

Moreover, there is a strong indication that the stress relaxation around the flank of
the breakout, particularly near the intersection of the failing zone with the circular hole
boundary, is responsible for the relatively constant breakout width throughout the
process. As shown in Figure 46, at the flank of the breakout during this intermediate
breakout formation, particularly near the intersection of the initial hole with the
boundary of the breakouts, the stress becomes less compressive. Around the tip of the
progressing breakout, the major principal stress magnitude is about seven-times of the

applied vertical in situ stress (o), whereas, around the relaxation zone, the magnitude is
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only about 2.5-times of the applied in situ vertical stress and it is enclosed by zones of
relatively higher stress. Consequently, the reduction of the stress concentration causes
the Mohr circle to shrink and, hence, move away from the failure line, which leads to a
more stable structure around the flank. The point indicated by the black circle in Figure
46 corresponds to the purple Mohr circle in the inset at the top right of the figure. The
direct consequences of these phenomena are: (1) although the shear failure propensity
near the tip of the breakout increases, the affected area becomes smaller, and (2) the stress
relaxation around the flank improves the stability of the structure in that the high strain
energy gets localised into a smaller region near the tip, which is responsible for the
relatively constant width as the breakout develops. This observation is consistent with
the observations of Zheng et al. (1989), who concluded that breakout will not widen, but

instead deepens into the formation.

It is now obvious that breakout development has a strong dependence on the stress
state around the hole. Therefore, it is tempting to investigate their relations with the
magnitude of the in situ stress. In practice, estimating the magnitude of the minimum
horizontal stress (0,) can be achieved from a mini-fracturing test or extended leak-off test
(see, for example, White et al. (2002) and Addis et al. (1998)) and the task is arguably more
straightforward than estimating the magnitude of the maximum horizontal stress (oy).
Many efforts have been directed towards finding the relationship between maximum

horizontal stress and breakout geometry, particularly its width.
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Figure 46. The major principal stress (0;) around the breakout normalised by the vertical
in situ stress (o,,). The black-circle indicate the stress relaxation at the flank of the breakout

as it progresses. The figure is a snapshot of a progressing breakout development.

6.1.3. Correlation between in situ stress and breakout geometry

Simulations were also conducted for three different values of the minimum
horizontal stress: o, = {3,045; 4,060; 5075} psi, in each case assuming the same rock
strength properties. The vertical stress (o,,) was set at 1,015 psi higher than the minimum
horizontal stress (0y), while the maximum horizontal stress (o) was varied to cover a
wide range of stresses leading to borehole breakout for the given rock properties. The
correlation between the breakout width (6,,) and depth (r},,) is shown in Figure 47 for
two different failure criteria. The experimental results of Herrick & Haimson (1994) are

also shown as the black squares and grey triangles, respectively, in the same figure.
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Figure 47. The correlation between the breakout width (6,,) and breakout depth (,).

The experimental results of Herrick & Haimson (1994) are shown as the black squares.

As shown in Figure 47, the model predicts the correct trend but not quite the right
slope compared with the experimental results of Herrick & Haimson (1994). It is
important to note that in their numerical modeling, Herrick and Haimsom (1994) used a
rock strength scaling factor for each episode of the breakout progression to mimic the
experimental data. It is, therefore, reasonable that their numerical result produced a
shallower breakout for the same width. Figure 47 is useful for a consistency check of the
method proposed in this research. A more interesting plot for in situ stress estimation is
to see the relation between breakout geometry and in situ stress. For the case considered

here, the correlation of maximum horizontal stress with breakout depth and width from
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the numerical simulation is encouraging, as shown in Figures 48a and 48b, respectively.
As seen, however, the experimental data are more scattered than the numerical
simulations. The slightly scattered result in the numerical simulation is inevitable and
related to the conformal mapping procedure that involves numerical calculations to

approximate the actual shape of the hole boundary.

The following exercise can be done to check the consistency of the experimental data
and the numerical simulations. Consider the left-most point from Herrick & Haimson
(1994) experimental data in Figure 48a. This data point coressponds to breakout depth
(Tho) of 1.2 with an actual maximum horizontal stress (oy) of 7240 psi. If this data point is
titted to the best-fit trendline of the actual experimental data (black line), the estimated
maximum horizontal stress (oy) is 8654 psi; this estimation corresponds to an error of
16%. Much of this error in inherently due to variability of the samples or other factors
related to the experiment itself. If the same data point is now fitted to the Mohr-Coulomb
(blue) and Mogi-Coulomb (red) trendlines, the estimated values are 6635 psi (9.1% error)
and 8430 psi (14.1% error), respectively. This individual exercise will be repeated for all
data points as such their overall RMS error can be estimated. Although it is understood
that the RMS error of the actual trendline (black line) will be less than when the Mohr-
Coulomb and Mogi-Coulomb trendlines are used, the comparison among them will
somehow reflect the accuracy and consistency of the method. The RMS error of the entire
experimental data with respect to the actual best-fit trendline in Figure 48a is 1058.5 psi,
whilst the RMS error for the Mohr-Coulomb and Mogi-Coulomb are 1939 psi and 1480
psi, respectively. Thus, lower RMS error is produced by the Mogi-Coulomb trendline; as

one can also visually see from Figure 48a.

The same exercise can also be done for breakout width as shown in Figure 48b. The
RMS error for the entire dataset based on the actual trendline (black) is 1068 psi. The

Mohr-Coulomb and Mogi-Coulomb trendlines will give a RMS error of 1264 psi and 1605
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psi, respectively. Thus, for the case of breakout width, it seems that Mohr-Coulomb
produces less error than Mogi-Coulomb. Now, it is tempting and seems logical to then
expect that a much better estimation, i.e. less RMS error, can be obtained if one use the
average values of the predicted stress using breakout depth and breakout width. For each
data points, if one then takes the average value of the predicted maximum horizontal
stress from breakout width and breakout depth, then the RMS error of the actual
trendline is 1053 psi. The RMS errors of the Mohr-Coulomb and Mogi-Coulomb

trendlines using this hybrid method are 1536 psi and 1362 psi, respectively.
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Figure 48. The relationship between maximum horizontal stress and (a) the breakout
depth (13,) and (b) the breakout width (8,,) for all minimum horizontal stress variations.
The experimental results from Herrick & Haimson (1994) are also shown, as black

squares.

Now, using the same dataset as in Figure 48, if the same results are grouped

according to the three levels of minimum horizontal stress (0) considered here, a better
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relationship between breakout width and depth with maximum horizontal stress is
obtained (Figure 49). It is reasonable to conclude that, because the laboratory experiment
was also conducted under a true-triaxial stress state, the experimental data lie closer to
that of the Mogi-Coulomb simulation. According to the Mogi-Coulomb failure criterion
givenin Eq. (15), the critical limit at which shear failure occurs depends on the octahedral
shear stress (7,.) and the effective mean stress (o0,,,). As seen in Figure 49, it is
challenging to isolate solely the influence of the maximum horizontal stress from other

factors responsible for the breakout generation.
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Figure 49. Correlation between the maximum horizontal stress (o) with (a-b-c) breakout
depth (1,) and (d-e-f) breakout width (8,,), at several minimum horizontal stress

magnitudes.
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6.1.4. In situ stress estimation based on breakout geometry

Perhaps the most important question to ask at this stage is whether or not the
breakout geometry can be used to infer the magnitude of the in situ stress. By rearranging
Eq. (15), the critical limit at which shear failure occurs can be represented by the Mogi-

Coulomb failure function (Fygc):
FMgC = Toct — A — me,Z (168)

in which the in situ stress and the rock strength properties are embodied within the Mogi-
Coulomb failure function (Fygc). The correlation between the Mogi-Coulomb failure
function with breakout depth (r3,,) and with breakout width (8,,), at several minimum
horizontal stress (0;,) magnitudes, indicates better correlations (Figure 50). Unlike their
correlation with the maximum horizontal stress (Figure 48), the trendlines of the
experimental data from Herrick and Haimson (1994) and simulation are now more

obvious, i.e., the R? of the trendline improves.
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Figure 50. Relationship between the failure function (F;) of Mogi-Coulomb criterion with

(a) breakout depth (r,,) and (b) breakout width (6,,).
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Similarly, if the Mohr-Coulomb failure criterion is used, then the failure function

describing the onset of shear failure (Fyc) can be obtained by rearranging Eq. (12), as

follows:
Fyc=t—3S, — 1o, (169)
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Figure 51. Relation between the Mogi-Coulomb failure function (red) and the Mohr-
Coulomb failure function (blue) with (a) breakout depth (7;,,) and (b) breakout width
(Bpo)- The Mogi-Coulomb and Mohr-Coulomb functions correspond to the right and left

axis, respectively.

From Figure 51, it is reasonable, at this point, to conclude that the Mogi-Coulomb
failure function (Fygc) is better than Mohr-Coulomb in describing the relationship
between breakout geometry and in situ stress. Although the correlation with the
maximum horizontal stress is only implicit, in that the mathematical relation is somewhat

“hidden” within the complicated failure functions formulation, it is conceivable that its

130



magnitude can be estimated if the magnitude of the vertical stress (o,,), the minimum
horizontal stress (g;), and the Coulomb strength parameters (S, and u) are known. In
other words, if the relationship between breakout geometry and the failure function is
known, and if the magnitude of the o0, and o, are also known, then for a given rock

strength, the maximum in situ stress (oy) can be inferred.

Now, considering the Mogi-Coulomb failure function, to quantitatively examine the
applicability of breakout geometry to infer in situ stress for a given breakout width or
depth, Eq. (168) can be expanded by utilising the definition of ¢, , and 7,.. Following

the expansion of o0,,, and 7, in terms of principal stresses in Eq. (168), i.e. 0, =

%(01 + 03) and T, = %\/(01 —03)% + (0, — 03)? + (0, — 03)?, and after some algebraic

manipulation, the following quadratic polynomial can be obtained:
9
of <Z b? — 2) + 0,(20, + 9ab + 9FMng) + (9F131gc + 18Fygca + 9a? — 202)=0  (170)

In the equation shown above, the constants a and b are taken from Eq. (17), and Fyg is
also known from the trendline in Figure 51. For a vertical wellbore, 0, = 0, and in the
case considered here o3 = 0, hence, the only unknown is gy, which is the tangential stress

(0g) at the wellbore wall.

An exercise for a consistency check of the method is shown in Table 6 in which the
breakout geometry obtained from the simulation in this study is used to infer the value
of oy. The RMSE and the percentage difference between the applied (actual) and

predicted oy is calculated using the following formula:

N

(O-H rediction,t - O-H:')Z
RMSE = Z pred tNl : (171)

i=1
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O-Hprediction - O-H
OH

A=

and the results are given in Table 6. If the breakout width is used to estimate the
maximum in situ stress (o), then the overall prediction will have an RMSE of 327.5 psi.
The predictability of the method to infer the actual maximum in situ stress (oy) is also
shown in Figure 51. The scattered observed in Figure 51 is merely due to the numerical
procedure involves in the proposed method. In actual situations, other factors such as
uncertainty of the in situ stress and heterogeneity of the rocks may also influence the
predictability of the method. It is also important to note that the case considered here is
for a vertical wellbore. In the case of a wellbore whose long axis is not coincident with
one of the principal in situ stresses, then the relationship between the near-wellbore stress

and the in situ stress will be more complex.
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Figure 52. Comparison between actual and predicted maximum in situ stress (oy). The
red and blue dots represent the result obtained from breakout width and depth,

respectively. An error bar of £5% is shown for each point.
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Table 6. Calculation of maximum in situ stress (o) from breakout geometry based on the

Mogi-Coulomb failure criteria.

oy prediction (psi)
(Estimated using)
o, Oy Breakout |Breakout a b
width depth
(psi) | (psi) (0p0) (Tpo) (-) (-) Breakout Breakout
width (6,,) A depth (1},,) A
2030 8334 40 1.22 5209.4 0.32 8137 -2.4% 8083 -3.0%
2030 9534 57 1.37 5209.4 0.32 9300 -2.5% 9097 -4.6%
3045 8534 37 1.21 5209.4 0.32 8448 -1.0% 8556 0.3%
3045 9547 55 1.33 5209.4 0.32 9694 1.5% 9361 -1.9%
3045 9534 54 1.33 5209.4 0.32 9621 0.9% 9390 -1.5%
3045 | 11014 68 1.49 5209.4 0.32 10642 -3.4% 10485 -4.8%
4060 8521 27 1.13 5209.4 0.32 8210 -3.6% 8472 -0.6%
4060 9547 52 1.33 5209.4 0.32 9996 4.7% 9866 3.3%
4060 | 10534 64 1.46 5209.4 0.32 10880 3.3% 10779 2.3%
4060 | 11547 73 1.52 5209.4 0.32 11467 -0.7% 11263 -2.5%
4060 | 12040 76 1.62 5209.4 0.32 11687 -2.9% 11914 -1.0%
5075 9041 33 1.20 5209.4 0.32 9146 1.2% 9433 4.3%
5075 | 10041 56 1.43 5209.4 0.32 10800 7.6% 11107 10.%
5075 | 11560 73 1.52 5209.4 0.32 11986 3.7% 11772 1.8%
5075 | 12267 78 1.63 5209.4 0.32 12355 0.7% 12500 1.9%
5075 | 13000 82 1.67 5209.4 0.32 12650 -2.7% 12821 -1.4%
RMSE = 327.5 psi RMSE = 377 psi
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Despite the fact that the results are encouraging, it is important to note that all of the
simulations discussed above are based on the assumption of a constant in situ stress, but
ignore other factors that might also influence the geometry of breakouts, such as drill
pipe, erosion, etc. Unlike in the laboratory, the subsurface is more dynamic, and having a
tully-controlled downhole condition will be challenging, if not impossible. It has been
seen that the stress state around the hole greatly influences the final breakout geometry.
The latest downhole imaging technology, for instance by means of ultrasonic waves or
resistivity impedance, enables practitioners to capture the detailed wellbore features,
including wellbore elongation and enlargement. The final breakout geometry tested
under controlled parameters in the laboratory seems to be very ideal, and is rarely
observed in actual downhole conditions. The actual hole geometry can be extremely
irregular (see for example the breakout shapes presented by Plumb & Hickman (1985),
Zoback et al. (1985), and Huber et al. (1997)) and an ideal cusp or dog-eared shaped
breakout is extremely rare. Fluctuations of wellbore pressure, as well as thermal and
chemical factors, will perturb the stress state near the wellbore wall and, hence, will
influence the final breakout geometry (see for example Valley et al. (2018) and Moore et
al. (2012)). Therefore, the breakout that is used for estimating the in situ stress is only that
produced by the stress-induced phenomena, e.g. one must exclude hole enlargement due

to drill-string vibration or erosion.

6.2. Near-wellbore stress profiling using ultrasonic imaging tools

Borehole imaging plays a central role in reservoir description and characterisation.
Modern borehole imaging tools provide a high-resolution image of the wellbore wall
through optical technologies, electrical resistivity or acoustic reflectivity (Prensky, 1999).
Acoustic-based borehole imaging tools consist of a rotating piezoelectric transducer that

operates at ultrasonic frequency. The transducer measures the traveltime and amplitude
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of the acoustic pulse reflected off the borehole wall. The acoustic traveltime is affected by
the density of the borehole fluid and used to reconstruct the borehole image and
geometry. The ultrasonic borehole imaging tool can provide 360° coverage of open hole

wellbores filled with either water-based or oil-based drilling mud.

Ultrasonic borehole data allows practitioners to detect the presence of fractures and
other geological features, and conduct analysis of wellbore stability phenomena such as
breakout and drilling-induced fractures. Ultrasonic borehole imaging technology has
also been used by many researchers to infer the least principal stress direction, such as
Bagdeli et al. (2019), Huber et al. (1997), Maxwell (2014), McLellan & Cormier (1996),
Plumb (1990), Plumb & Hickman (1985), Schmitt et al. (2012), Valley et al. (2018), Willson
et al. (2007), Zoback et al. (2003), (1985). Zhang et al. (2019) investigated the potential
misinterpretation of breakdown pressure from hydraulic fracturing in a borehole with
breakout and concluded that the difference with that of a perfectly-circular wellbore

could be as large as 82%.

In this research, another potential utilisation of ultrasonic data to obtain the in-plane
near-wellbore stress around the wellbore circumference is investigated. In addition to the
standard geomechanical properties such as the in situ stress and the rock mechanical
properties, the benefit of an ultrasonic data can be further leveraged: (1) to provide
accurate near-wellbore stress computation without making any assumption regarding
the wellbore geometry and (2) to serve as an input for various post-drill wellbore
operations such as hydraulic fracturing, cementing, and perforation where a detailed
knowledge about the near-wellbore stress is crucial. It is anticipated that the results could
potentially improve various designs that require the knowledge of near-wellbore stress.
As detailed in Chapter 5, in which a semi-analytical method is proposed to compute the
in-plane stress for irregularly-shaped holes, the utilisation of the ultrasonic borehole data

does not require any extra processing apart from exporting the wellbore radius produced

135



by the tools. It is envisaged that any downhole measurement tools can also be used if the

wellbore geometry can be reconstructed.

A dataset from the Western Australian Petroleum and Geothermal Information
Management System (WAPIMS) can be used to substantiate the value of the proposed
method. The WAPIMS provides released data and all public information arising out of
petroleum exploration activities within Western Australia’s State jurisdiction (onshore
and State territorial waters) together with Commonwealth offshore activities released
prior to 1 January 2012. The complete dataset can be accessed through

https://wapims.dmp.wa.gov.au/WAPIMS.

A total of 180 data points were obtained at each depth from the ultrasonic borehole
imaging data. This will give a 2° azimuthal resolution of wellbore circumference that can
sufficiently capture any local irregularities that may exist around the wellbore wall. At
each depth, an iterative procedure of conformal mapping is performed to obtain the most
appropriate mapping constants my = a; + if. The in-plane stress can then be obtained.
The process is repeated for each depth. The amount of computation time for each depth
with 180 data points is less than a second, which, in this work was run using a laptop

DELL Inspiron 5459 Intel i5-6200U with 8GB RAM.

To demonstrate the impact of wellbore geometry on the in-plane stress computation,
the following assumption is made regarding the in situ stress around the wellbore: the
vertical in situ stress (o) is assumed to be 10,000 psi with 7000 and 9000 psi for minimum
(o) and maximum (o) horizontal stresses, respectively. The azimuth of the minimum
horizontal stress is parallel to the North. (It is worth noting that a proper geomechanical
analysis should be conducted to obtain the in situ stress state in the area, which in this

exercise was not conducted.)
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The actual hole geometry shown in Figure 53 shows substantial hole enlargement.

The average hole radius over this section is approximately 5 inch with a maximum radius

up to 6 inches in comparison to the actual bit size of 8.5 inches (4.25-inch radius). The area

of the hole enlargement is nearly 40% larger than that of a circular wellbore. Hence, any

stress computation that assumes a circular wellbore, e.g. using the Kirsch equation, would

be erroneous.

-9125

-9130

-9135

-9140 —|

-9145

-9150

-9155

-9160 —

-9165 —

-9170

Radius

58

56

54

5.2

48

46

44

Circular 3
hole 1

inch

area

Figure 53. The actual wellbore geometry reconstructed from the ultrasonic imaging tools.

The irregularities of the wellbore is illustrated by hole geometry at three depth points

shown on the right.

Three depth points have been taken for further stress computation. The hole shape at

these depths is completely irregular. The conformal mapping of the first hole shape is

shown in Figure 54 in which the external region of hole in z-plane is conformally mapped



into the region outside of the unit circle in the ¢-plane. The tangential stress (gy) around
the three holes indicates that the stress concentration is not only controlled by the in situ
stress but also the geometry of the hole. This example emphasizes the importance of

incorporating the actual geometry, wherever possible, in computing the in-plane stress.

Figure 54. The actual hole showing 180 data points around the circumference and the

conformal mapping from the z-plane into ¢-plane.
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Figure 55. The near-wellbore stress components at the wellbore wall of the first hole

geometry. The black-dash curve shows the tangential stress (gy) computed using the

Kirsch equation assuming a circular hole; which should be compared with the red curve.
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Figure 56. The tangential stress (gy) around the holes indicates that the stress

concentration is not only controlled by the in situ stress but also the geometry of the hole.

To further investigate the significance of the hole geometry on the near-wellbore
stress, the stress will be computed along 100 ft of open hole section using the actual
wellbore geometry. The unwrapped profile of the hole geometry is shown in the second
track of Figure 57, which consist of 18,000 data points, i.e. 100 ft of open hole with 180
data points at each depth. Notice that a severe hole enlargement is observed near the
bottom of the wellbore with a maximum radius of 6.0 inch and an average of 4.7 inches,
in comparison with the original 4.25 inch of the drill bit radius. Over this section of the
wellbore, the inclination is around 40° towards N 280° E. A similar process of finding

appropriate conformal mapping coefficients was deployed and repeated at each depth.
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To obtain the near-wellbore stress over this section, the processing time is approximately

120 seconds using only a DELL Inspiron 5459 Intel i5-6200U laptop with 8GB RAM.
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Figure 57. Hole geometry from the ultrasonic data around an inclined section of the
wellbore. The case is assuming an isotropic rock with in situ stress condition {a,,; oy; 03} =

{10,000;9000; 7000}.

The tangential stress around the wellbore corresponds not only with the relative
orientation of the in situ stress, but also the cross-sectional geometry of the wellbore
throughout the open hole section (Figure 58). Detailed analyses on the tangential stress
around the wellbore indicates that the percentage difference of the maximum tangential
stress may reach up to 50% with that of the Kirsch equation (Figure 59). This is mainly
due to the influence of the hole geometry which cannot be captured if one uses the Kirsch
equation. Similarly, the difference of the minimum tangential stress is also substantial,

i.e. approximately 25% with a maximum of 50% over a certain interval.
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Figure 58. (a) The actual wellbore geometry from the ultrasonic data and (b) the
computed tangential stress (gy). The case is assuming an isotropic rock with in situ stress

condition {o,; gy; 0} = {10,000;9000; 7000}.

In practice, many post-drill wellbore operations will require detailed knowledge
about the near-wellbore stress such as sidewall coring, perforation, hydraulic fracturing
and completion design. Although the influence of the near-wellbore stress may be
insignificant as compared to the size of the created fractures, which may reach hundreds
of feet, having an upfront and accurate analysis is still essential during the design stage
of the operation. It is then crucial to consider the actual wellbore geometry in computing

the near-wellbore stress if data availability permits, e.g. through ultrasonic data as shown
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in Figure 58 or other data sources that allow the reconstruction of the actual wellbore

cross-section.
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Figure 59. (a) The computed tangential stress (og) and (b) the percentage difference of oy
with that of the Kirsch equation showing the effect of the wellbore geometry. (c) The
maximum and minimum tangential stress at each depth and the percentage difference
with the Kirsch equation. The case is assuming an isotropic rock with in situ stress

condition {o,; ay; 0,} = {10,000;9000; 7000}.
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Chapter 7 Summary and Recommendations

7.1. Summary

Some reservoir rocks, notably shales, are intrinsically anisotropic, and their physical
properties, such as strength and deformability, will depend on the orientation of the rock
with respect to the principal stresses. For the case of anisotropic wellbore stability
modelling, variations of the near-wellbore stress with rock elastic anisotropy, the far-field
stress state, and the relative orientation of the wellbore to the bedding plane, are
important aspects in examining the stability of the wellbore which should be included in

any analyses.

To comprehensively examine the dependency of the rock anisotropic behaviour and
the wellbore instability propensity, the three-dimensional stress components at the
wellbore wall were calculated using the Lekhnitskii-Amadei solution. With regards to
the effect of elastic anisotropy, it was found that a higher degree of rock elastic anisotropy
appears to induce higher stress concentration. The difference with that of the isotropic
case could reach 25% for the highest degree of anisotropy assumed in the case considered
in this research. The findings emphasize not only that considering intermediate stress is
of great importance, but more importantly, neglecting elastic anisotropy would also affect
the breakout pressure attributed to the reduction of the tangential stress and axial stress

by approximately 5% and 35%, respectively.
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Moreover, the use of Mogi-Coulomb criterion allows the onset of the intact rock shear
failure to be predicted accounting for all three principal stresses. It is demonstrated that
the inclusion of the intermediate stress embedded in the Mogi-Coulomb criterion is
responsible for reducing the breakout limit. By incorporating the anisotropic strength
behaviour using the Jaeger plane of weakness concept, it has been shown that the
influence of weak bedding planes diminishes when the relative angle between the
wellbore axis and the bedding normal is low. In practical engineering design, this
suggests that wells drilled sub-parallel through a fracture or fault are less stable than
those drilled at an oblique angle. In the case considered in this research, the risk posed
by the weak bedding plane might be masked by the isotropic assumption. Thus, it is of
paramount importance to have a more robust modelling approach to improve the drilling
design, for instance, by way of optimizing the mud weight design and obtaining a more
favourable drilling direction considering the strength anisotropy of the rocks. The
wellbore stability model developed in this work can account for both effects, i.e. the intact
rock failure governed by either Mohr-Coulomb or Mogi-Coulomb failure criteria and also

the plane of weakness governed by the Jaeger plane of weakness concept.

The second objective of the research is concerned with the stress calculation around
an arbitrary hole of given contour in isotropic or anisotropic media. In this research, a
new semi-analytical method has also been presented in which the stress distribution
around an arbitrary cross-sectional hole is calculated by coupling the graphical conformal
mapping of Melentiev, with the complex stress potential method of Kolosov-
Muskhelishvili. A new representation of the stress potentials has been proposed which
depends on the conformal mapping constants obtained using Melentiev’s iterative
procedure. The method allows the calculation of the in-plane stress components around
an arbitrary hole for any given contour shape, in isotropic or anisotropic media.

Validation against several known results has been carried out for a wide range of hole
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shapes and anisotropic materials, including non-symmetrical and irregular shape such as
wellbore breakouts. The methodology has also been shown to yield accurate stresses
away from the hole boundary. The method, therefore, provides a unified and accurate
approach for studying the effect of hole geometry on the stress distribution around holes
in isotropic or anisotropic materials, and should be particularly useful for irregularly-
shaped holes that are not symmetrical or quasi-polygonal. In this research, the method
has been used for two purposes: (1) to model the breakout development and then infer
the magnitude of the in situ maximum horizontal stress; and (2) to compute the near-

wellbore stress using ultrasonic imaging tool.

In the breakout development modelling, the semi-analytical method allows the
geometry stabilization and the stress evolution throughout the process to be tracked. The
simulation performed in the current study produced a cusp or dog-eared shaped
breakout, as observed by several researchers. The orientation of the breakout propagation
is consistent with the direction of the least principal stress. It is observed that the stress
at the flank of the breakout, particularly near the intersection of the initial hole with the
boundary of the breakouts, becomes less compressive as the breakout progresses. This
stress relaxation around the flank improves the stability of the surrounding rock, and
hence is responsible for the relatively constant width as the breakout deepens. Moreover,
although the shear failure propensity near the tip of the breakout increases, the affected
area becomes smaller as the breakout tip sharpens and deepens; the stress concentration

becomes more localized around the tip with increasing magnitude.

Perhaps the most important question to ask is whether or not the breakout geometry
can be used to infer the magnitude of the in situ stress. For this purpose, it is found that
the correlation between breakout geometry with in situ stress can be improved if plotted
against the failure function of the Mogi-Coulomb failure criterion. This implies that,

although the correlation is only implicit with the maximum horizontal stress, its
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magnitude can be estimated if the magnitude of the vertical stress, the minimum

horizontal stress, and the Coulomb strength parameters, are known.

The proposed method has also been used to compute the near-wellbore stress around
an actual wellbore geometry utilising ultrasonic data. It provides an accurate near-
wellbore stress profile without making any assumption regarding the wellbore geometry
and could serve as an input for various post-drill wellbore operations such as hydraulic
fracturing, cementing and perforation, where a detailed knowledge about the near-

wellbore stress is crucial.

7.2. Recommendations

The presence of anisotropy will increase the complexity of the computation and
modelling, although many practioners realise that the near-wellbore stress can be
substantially different than that of isotropic rocks as shown in Chapter 3 and Chapter 4.
In addition to that, solutions presented in this research requires additional datasets to
characterize the elastic and strength properties of the rocks, i.e. the vertical and horizontal
elastic property, and also the strength of the weak bedding plane. A comprehensive
report of the technique to obtain such dataset in the laboratory was presented by
Ambrose (2014) who extensively conducted rock mechanics testing on Vaca Muerta shale
and Bossier shale. Given possible practical applications of the methods, it is
recommended to implement the method on actual field data, so that, its consistency with

the actual drilling events can be validated.

In practical wellbore stability analysis, solutions presented in this research would be
more beneficial if one can obtain the continuous profile of the elastic properties from
downhole measurements such as acoustic logging tools. One possible source of data is

the dipole sonic tool, from which the tangential and lateral elastic properties can be
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obtained, e.g. see for instance Walsh et al. (2008) and Chesnokov et al. (2010), or that of
Prioul et al. (2016) who used drill cuttings to determine the anisotropic elastic properties.
However, while the acoustic logging data can provide the continuous value of the elastic
property, obtaining the continuous profile of the rock strength anisotropy is even more
challenging. Most of the methods currently available to estimate the rock strength are
based on an empirical equation that is only adequate for a certain type of rocks, see for
example Khaksar et al. (2009). The ultimate value of the analysis can be achieved if a
continuous profile of the stability curve can be constructed, instead of just a single depth
analysis as presented in this research. Such development would improve the design and
analysis of completion, perforation, hydraulic fracturing, or even wellbore stability
evaluation while realtime data are acquired during drilling. In other words, further
research that can estimate the continuous profile of the anisotropic strength of the rocks
will enhance the applicability of the method —for instance, by developing a method to
find a direct correlation between anisotropic elastic properties with anisotropic strength

of a particular rock.

In Chapter 5, a new semi-analytical method to compute the in-plane stress around
an arbitrarily-shaped hole has been presented. The proposed method allows the in-plane
stress to be computed efficiently without any prior knowledge about the hole shape,
hence, it is suitable for examining the near-wellbore stress after the excavation process;
as long as the cross-sectional geometry of the hole can be reconstructed. The method
presented in this research used ultrasonic data to reconstruct the cross-sectional geometry
of the wellbore. However, it is known that ultrasonic data is rarely acquired and, hence,
it would be interesting to investigate if the wellbore geometry can still be reconstructed
using any standard downhole logging tool; such as a six-arms mechanical caliper.
Development of such algorithms will open up tremendous potential for future

applications of the methods.
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Moreover, the current method is limited for computing the in-plane stress
component. This makes the application of the method for wellbore stability analysis
limited to a vertical wellbore, i.e. if one assumes that the vertical stress is one of the
principal stresses, or any wellbore whose direction coincides with one of the principal
stresses. For wellbore stability analysis, the magnitude of the principal stress is necessary
which, in the case of inclined wellbores, can only be obtained if the anti-plane shear stress
on the wellbore face can be computed, see for instance Eq. (76). This is still not possible
in the present method due to the plane assumption. Further development is necessary to
generalise the formulation as such the anti-plane shear stress can be computed for such

irregular cross-sectional hole shape.
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