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Abstract— This paper addresses the problem of cooperative
control of ateam of distributed agents with decoupled nonlinear
discrete-time dynamics, which operate in a common environment
and exchange delayed information between them. Each agent is
assumed to evolve in discrete-time, based on locally computed
control laws, which are computed by exchanging delayed state
information with a subset of neighboring agents. The cooperative
control problem is formulated in a receding—horizon framework,
where the control laws depend on the local state variables
(feedback action) and on delayed information gathered from
cooper ating neighboring agents (feedforward action). A rigorous
stability analysis exploiting the input-to—state stability properties
of the receding-horizon local control laws is carried out. The
stability of the team of agents is then proved by utilizing small-
gain theorem results.

I. INTRODUCTION

He design and analysis of decentralized control systems

have been under research investigation for more than
thirty years. Many problems faling into this category have
been addressed with various mathematical tools, while new
theoretical and application issues are arising as a result of cur-
rent trends in distributed systems, such as the increasing size
and complexity of feedback control systems, the availability
of spatially distributed sensors and actuators, and the need to
come up with more autonomous systems.

When dealing with large scale systems, one of key ob-
jectives is to find conditions guaranteeing closed-loop stabil-
ity, while reducing the computational load stemming from
a centralized approach. Starting with the notion of “fixed
modes’ introduced in the 1970s for linear large scale systems
[1], other investigations focused on the structure and size of
interconnections [2]. Following the reasoning of this latter as-
pect, adaptive control [3], and more recently model predictive
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control [4] approaches have been proposed. Specific emphasis
on the structural properties of decentralized controlled large-
scale systems is given in the research work of D’Andrea
and co-workers (see, for instance, [5]), which is used in
severa applications, such as flight formation and distributed
sensors. Studies on topology independent control have also
been recently reported [6].

Another related research direction in decentralized control
considers the problem of controlling a team of dynamically
decoupled cooperating systems. For instance, there have been
some important theoretical results on the stability of swarms
[7], but a considerable number of publications in this area fo-
cus on specific issues related to Uninhabited Autonomoug/Air
Vehicles (UAVs) applications (see, for instance, [8], [9], [10]).

One of the approaches used in this area is based on the
selection of a suitable cost function and its optimization in a
model-predictive control (MPC) framework. MPC is nowadays
a very active research area [11], [12], [13], [14], [15], [16],
[17]. A good survey on this topic can be found in [18].

The cost function used for MPC framework can take into
account several issues, such as collision avoidance and for-
mation constraints, and may reward the tracking of a certain
path. In[19], [20] and [15], the authors consider a two-degrees
of freedom team of UAVs assigned to visit a certain number
of points. The team of UAVs is controlled in a centralized
receding—horizon (RH) framework and by exploiting global
potential functions, the authors prove certain stationarity prop-
erties of the generated trgjectories in the case of two agents
searching for multiple targets. A RH control scheme has also
been proposed in [21], [22], where a centralized problem
is decomposed to alow local computations and feasibility
issues are thoroughly examined; stability is obtained in [21]
exploiting a hierarchical decomposition of the team in suitable
subgraphs with assigned priorities.

Coordination of a large group of cooperating nonlinear
vehicles is considered in [23] and related works, where a
centralized RH problem is decomposed and solved locally.
Convergence to the formation equilibrium point is assured by
guaranteeing frequent updates and a bounded error between
the assumed and the predicted tragjectories, which every agent
computes for itself and it's neighbors in the model predictive
control process.

Towards a broad analysis of the structural properties of



cooperative systems, an Input-to-State Stability (1SS) analysis
has recently been proposed by several authors. In [24], [25]
the concept of Leader to Formation Stability is developed.
A discussion of some of the issues arising in the study of
non-holonomic vehicles using ISS can be found in [26]. ISS
tools have been successfully applied to the specific case of
networked systems with serial communication, where Nesic
and Teel propose a new unified framework for modelling and
analyzing networked control systems [27], [28]. Findly, in
[13], [17] connections are made between 1SS and MPC.

In this paper we consider a cooperative control problem
for a team of distributed agents with nonlinear discrete-time
dynamics. The problem formulation is based on a completely
decentralized RH control algorithm, which is analyzed using
an ISS approach. The proposed scheme generalizes the ap-
proach presented in [29] to a nonlinear framework. Each agent
is assumed to evolve in discrete-time by means of locally
computed control laws, which takes into consideration delayed
state information from a subset of neighboring cooperating
agents. The cooperative control problem is first formulated in
a RH framework, where the control laws depend on the local
state variables (feedback action) and on delayed information
gathered from cooperating neighboring agents (feedforward
action). A rigorous stability analysis is carried out, exploit-
ing the ISS properties of the RH local control laws. The
asymptotic stability of the team of agents is then proved by
utilizing small-gain theorem results. The information flow
among the agents is considered as a set of interconnections
whose size is measured by the weight this information has in
the computation of the control action. Hence, the derived result
confirms that, in this framework, a suitable “interconnection”
boundedness is necessary to guarantee stability.

The paper is organized as follows. Section |1 introduces the
main notations and basic definitions. Section 111 formulates
the multi-agent cooperative control problem in a discrete-time
RH framework. The general stability proofs are presented
and discussed in Section 1V and in the Appendix. Some
simulation results are presented in Section V. The conclusions
are reported in Section V1.

Il. MAIN NOTATIONS AND BASIC DEFINITIONS

This section provides the main notations and definitions®
used in the paper. Let R, R>o, Z, and Z>, denote the
real, the non-negative real, the integer, and the non-negative
integer sets of numbers, respectively. The Euclidean norm is
denoted as | - |. For any discrete-time sequence ¢ : Z>o —
R™, [|6]| = sup{|¢x[} and [|¢]l = sup {|ox]}, where ¢y

k>0 0<k<T

denotes the value that the sequence ¢ takes in correspondence
to the index k. The set of discrete-time sequences 1 taking
values in some subset ¥ C R™ is denoted by My. The
symbol 1d represents the identity function from R to R, while
~1 © ¥2 is the composition of two functions ~; and ~2 from
R to R. Given aset A C R", d(¢, A) £ inf {|n — ¢|,n € A}
is the point-to-set distance from ¢ € R™ to A. The difference
between two given sets A C R™ and B C R"”, with B C A,

1The notations and definitions introduced in the paper are fairly standard
in the literature (see, for instance, [30]).

is denoted as A\B £ {z :x € A,z ¢ B}. Given a closed set
A C R™, 0A denotes the boundary of A.

Definition 2.1 (K-function): A function v : R>o—R>¢ is
of class IC (or a "IC-function”) if it is continuous, positive
definite and strictly increasing. O

Definition 2.2 (Ko.-function): A function v : R>o—R>g
is of class K if it is a K-function and v(s) — +oo as
5§ — 4o00. ]

Definition 2.3 (L-function): A function 8 : R>  xXZ>, —
R>, isof class KL if, for each fixed t > 0, 5(-,t) is of class
IC, for each fixed s > 0, (s, -) is decreasing and 3(s,t) — 0
ast — oo. (|

Definition 2.4 (Upper limit): Given abounded sequence s :
Z>o — R>g, the upper limit is defined as

4

lim s; = inf sup s,
t—oo t>0 >¢

]

Consider the following nonlinear discrete-time dynamic
system

Tep1 = f(ze,we), >0, o =7, 1

where f(0,0) = 0, and where z, € R” and w, € W C R”
are the state and the bounded input of the system, respectively.
The discrete-time state trgjectory of the system (1) with initial
state z and input sequence w = {wy, t > 0} is denoted by
z(t,z,w), t > 0. We have the following further definitions.

Definition 2.5 (Robust positively invariant set): A set = C
R™ is a robust positively invariant set for system (1) if

flz,w) € E, Vo € E and Vw € W. O

Definition 2.6 (0-AS in Z): Given a compact set = C R"
including the origin as an interior point, the system (1) with
wy = 0, Vt > 0issaidto be 0-AS (zero-asymptotically stable)
in =, if = is pogitively invariant for (1) and if there exists a
K L-function § such that

[2(t,7,0)| < B(3],1), ¥t > 0, ¥z €

[

2
O

Definition 2.7 (Regional ISSin Z): Given a compact set
= C R™ including the origin as an interior point, the system
(1) with w € My, is said to be regionaly ISS in Z, if E
is robust positively invariant for (1) and if there exist a X £-
function 8 and a K-function ~ such that

z(t, 7, w)| < B(|z],t) + y([[w])), vt =0, VZ€E. (3

O

Definition 2.8 (AG in Z): Given a compact set = C R"
including the origin as an interior point, the system (1) is said

to have the Asymptotic Gain (AG) property in =, if = isrobust
positively invariant for (1) and if there exists a K, function



~vac such that, for all initial state vectors z € = and al input
sequences w € My, we have

Tim |z(t, 2, w)| < yac(||w]]) .
t—oo

O

Definition 2.9 (LS): The system (1) satisfies the Local Sta-
bility (LS) property, if for each ¢ > 0, there existsa § > 0
such that

|z(t, z,w)| <e, ¥t >0,

for al |z < & and all ||w|| < o. O

Definition 2.10 (UAG in Z): Given acompact set = C R"
including the origin as an interior point, the system (1) with
w € My, sdisfies the Uniform Asymptotic Gain (U AG)
property in =, if = is robust positively invariant for (1) and
if there exists a KC-function ~ such that for each ¢ > 0 and
v >0, 3T = T(e,v) such that

|z(k, 2, w)] <y([|wl]) +¢,
forall z € 2 with |Z| <v,and al k > T. O

In the next section, the cooperative control problem ad-
dressed in the paper will be formulated in general terms,
whereas, in Section |V, the stability properties of the dis-
tributed controlled system will be analyzed and the main
results will be proved.

I1l. PROBLEM FORMULATION

We consider a distributed dynamic system made of a set of
M agents denoted as A £ {A’ : i=1,..,M}. Each agent
A is described by the nonlinear time-invariant state equation:

:riﬂ = fi(xi7ui)7 t>0, xé =z, 4

where, for each i = 1,.., M, #} € R™ denotes the local
state vector and ui € R™' denotes the local control vector
of agent A’ at time ¢, and where we assume that f%(0,0) =
0,7 =1,...,M. We also suppose that the dynamics of all
M agents evolve on the same discrete-time space (that is, the
agents are synchronized).

The state vector xi of each agent A° : i =1,..,M is
constrained to belong to a compact set X, that is,

zie XICR™. (5)

Anaogously, the control vector «! is constrained to take
values in a compact set U?, that is,

ui e Ut cR™. (6)

In open—oop mode, each agent is dynamically decoupled from
the remaining agents and the dynamics of the other agents are
not assumed to be known. The coupling between agents arises
due to the fact that they operate in the same environment and
due to the “cooperative” objective imposed on each agent by
a cost function defined later on.

To achieve some degree of cooperation, each agent A’
exchanges an information vector w! with a given set of

neighboring agents G £ {47 : j € G'}, where G' denotes
the set of indexes identifying the agents belonging to the
set G'. More precisely, the information exchange pattern is
defined as follows. Let us consider a generic time-instant
t; then for each i = 1,..., M, the agent A’ receives from
each neighboring cooperating agent A7 € G’ the value of
its local state vector with a delay of A;; time steps, that is,
agent A° receives the vector z7_ Ay from agent A7 € G°.
To gain some more insight into the information exchange
pattern, refer to Fig. 1, where a simple three—agent example is
shown pictorialy. In this specific example, each agent receives
information from all remaining agents. At each time-instant
t, we group all inputs to agent A’ into a vector w; defined as
wi = col (%{_a,, J € G"). The size of vector w' is equal to
nl = Z n? and clearly
jeaqi

wi € W', (7

where W* denotes the cartesian product of al sets X7, j €

Gi,thatis, W2 11 X7.
JEG?

.2
‘Ct—Agg

Fig. 1. Three agents exchanging delayed state information.

It is worth noting that the above setting allows the investiga-
tion of quite a large class of distributed cooperating dynamic
systems like teams of mobile vehicles, cooperating robotic
arms, routing nodes in communications and/or transportation
networks where agents cooperate to minimize the tota traffic
delay, networks of reservoirs in water-distribution networks,
etc..

For each : = 1,..., M and for given values of the state
vector zi € X* and of the information vector w; € W' at
time-instant ¢, we now introduce the following finite-horizon
(FH) cost function (in general, nonquadratic):

J;‘H(x;wzvd?,tJrN;vdgt_i_N;;_l?ui,tJrNgfl?NévN;)
t+N;’7’71 ]
= 3 [Pkl ) + o' vl df) |
1=t
+h (@i N d?—&-N;;) ;
where, for a generic vector r;, we define 7, £
col (r,...,r,) for both finite and infinite values of . The
positive integers N! and N;, i = 1,...,M denote the
lengths of the so-called control and prediction horizons, re-
spectively, according to the framework proposed in [31]. The



local cost function is composed of two terms. a partial cost
t+N} -1
. o Wi

Z hl(xlza ulza dl ) + h;(xiJrN;;’ dt+N,’§) ’
. I=t . . )
where h* is a transition cost function and A% is a termi-
nal cost function, and a “cooperation” cost term given by
t+Ni—1 ‘ ‘

> ¢'(xfwidi'); the quantities dl, df i=1,...,M

term given by

delnbtte some given vectors of appropriate dimensions. In gen-
eral, the vectors d) are useful to specify some reference value
for some or all components of the local state variables, whereas
the vectors dlql can be used to parametrize the cooperation
between the agents. For example (see aso Section V), if the
agents represent UAV vehicles, then vectors d?l,d?l could
be defined so as to specify given trgjectories to be followed
by each agent and aso given “formation structures’ for the
agents. As will be subsequently clarified, the control variables
uj, L =t,...,t + N} — 1 will be the argument of a suitable
opt|m|zat|on problem whereas the control variables uj, | =
t+Ni ... ’thzZ)_.l will be obtained through some auxmary
control law wu; = r%(x}) . The vector w; denotes the state of
the dynamic system

wi = Awf,l:t,...,t+Ng—2;wiéwz, (8)

w

where Ai £ ai I,; with of, <1 and with I,; denoting
the identity matrix of dimension n?,. The dynamic system (8)
is introduced in order to decrease the “importance” of the
information vector in the FH cost function along the prediction
horizon (e.g., a“forward-forgetting-factor” isintroduced in the
cost function as regards the information vector exchanged at
time-instant ¢). It isworth noting that, at time-instant ¢, vectors
w; can be considered as known external inputs in the cost
function.

In the paper, for the sake of simplicity, we suppose that,
by a suitable change of state coordinates, it is possible to
consider an equivalent formulation where the cost function
(with straightforward re-definitions of the symbols) can be re-
written in the simpler form

JFH(mtvwhut,t-t-Ng—lv Nc’ Np)

t+N] -1 ©)
= > [P+ ¢ @) ] + R
=t
where h*(0,0) =0, ¢*(0,0) =0, and h’( ) = 0. Moreover,
the origin is an interior point of the sets Xl and U*.

Remark 3.1: Beyond alowing for a simpler problem for-
mulation, the reduction of the original FH cost function to the
form (9) will allow for the design of time-invariant control
laws; after a change of coordinates it will also be possible to
carry on the stability analysis with reference to the origin as
equilibrium state of the time-invariant system (see Section V
for some details about the above change of coordinates in a
practical simple case). However, considering the general case
would not involve major conceptua difficulties.

Thelocal control law is designed according to a RH strategy.

In the literature severa different problem formulations can be
found depending on the particular setting. In this paper, we
state the RH control problem according to [31] (see also the
well-known survey paper [18]).

Problem 3.1 (FH Optimal Control Problem): At every
time instant ¢ > 0, for every agent A% i = 1,....M
described by (4), for given control and prediction horizons
lengths N! and N;, for given auxiliary control laws
k%, for gi\(enl transition, cooperation and terminal cost
functions h*, q¢*, h%, for given termina sets X5, and for
given values z; € X' and w; € W* of the state and the
|nf0rmat|on vectors, find the optimal FH control sequence
{ut e ti‘;lv _,} that minimizes cost (9) subject to:

1) the agent’s dynamics (4) with 2! asinitia state and the
vectors wj, I =t,...,t+ N/ —1 given by (8) with w]
as initial condition;

2) the auxiliary control law u} =
Ni,...,t+Ni—-1;

3) theconstraints (5) and (6), thatis 2} € X*, u; € U*, I =
ty...,t+Ni—1;

4) the termmal state constraint x?

H?(x?),l = t+

tJrN7

Clearly, by def|n|t|on the optimal FH control sequence
{ut ey t+N7 1+ solving Problem 3.1 is such that, when
applied to (4), the constraints (5), (6), and the terminal
constraint xHN, € Xf are simultaneously satisfied. Indeed,
the following definition regarding a generic control sequence
ut’HN%1 will be useful in the analysis reported in Section 1V.

Definition 3.1 (Admissible control sequence): Given  an
initial state x%, the sequence utt+N1 , is sad to be an
admissible control sequence for the FH optimal control
Problem 3.1 if its application to (4) under the action of the

auxiliary control law uj = % (z}), | = t+ N, ..., t+ N} —
alows simultaneous satisfaction of (5), (6) and of the terminal
constraint $t+1vz € X}. O

Now, the RH procedure can be described in the usual
way as follows. When the controlled agent A’ is in the
state x! at stage t, the FH optima control Problem 3.1
is solved, thus obtaining the sequence of optimal control

-FH° FH
vectors, {u} ..., Uy Ni— 1} - The first control action of

this sequence becomes the control action wi i generated
A

by the RH local controller at time-ingtant ¢ (i.e., u! s

ut ). This procedure is repeated stage after stage and a
feedback—feedforward control law ~% ;. (x%, w}) is obtained,

as the control vector u¢ e depends on the local current state
2t and on the vector of delayed states w! communicated to
the agent A’ by the cooperating agents G = { A7, j € G'}.
The system (4) under the action of the RH optimal control
law can thus be rewritten as

= [z} wi)

$i+1 £ f7(33:£771l’%H° (‘Ttv ))



which is of the same form of the general system (1) considered
in Section Il. It is worth noting that, from well-known results
on RH control (see, for instance, [18] and the references cited
therein), we have 7%, (0,0) = 0 and hence f%(0,0) = 0,
that is, the origin is an equilibrium state for agent .A° when
wi=0,t>0.

V. STABILITY OF THE TEAM OF COOPERATING AGENTS

The stability analysis of the team of cooperating agents will
be carried out in three main steps. In Subsection 1V-A some
basic results concerning the regional input-to-state stability
properties of genera discrete-time systems of the form (1)
will be stated and proved, following the approach presented
in [17]; the reader is referred to Section Il for the definitions
regarding the regional ISS property. In Subsection 1V-B, the
regiona stability results will be exploited referring to specific
dynamic models (10) of .4%. We will indeed prove that each
agent is regionally 1SS with respect to the input represented
by the delayed incoming information from its neighbors.
Finally the team of cooperating agents will be considered
in Subsection 1V-C as a single dynamic system resulting
from a feedback interconnection of regionally ISS systems.
Showing that both the elements of this interconnection are
endowed with |SS-Lyapunov functions, will result in proving
the asymptotic stability of the team of cooperating agents by
resorting to appropriate small—-gain conditions.

A. Regional ISS results

The regional ISS stability analysis will now be associated
to the existence of a suitable Lyapunov function (in general,
a-priori non smooth) defined as follows.

Definition 4.1 (ISS-Lyapunov function in =): A function
V:R"™ x R" — R>( is an ISS-Lyapunov function in = for
system (1), if:

1) = is acompact robust positively invariant set including

the origin as an interior point;

2) there exist a compact set 2 C = (including the origin

as an interior point) and suitable X -functions a4, as,
oy such that:

V(z,w) > ay(|z]),Vx € E, Vw € W
V(z, w) < az(|z]) + o (|wl),
Ve eQ, YweW

3) there exists a suitable K, -functions a3 and some K-
functions o5, o3 such that:

V(f(z,wy), w2) — V(x,w)
< —as([z]) + o2 (Jwi]) + o3(|wal),
Vo € 2, Ywi,wg € W
4) there exist some suitable K..-functions ¢ and p (p
should be such that (Id — p) is a K..-function, too)
such that the following compact set D C Q (including

the origin as an interior point) can be defined for some
constant ¢ > 0:

D 2{z:d(z,00) > ¢, V(z,w) < b(w),
Ywe W} cCQ,

(11

(12)

(13

(14

where b £ a4_1 op~loay, with ay = ay oagl,gg(s)

min(as(s/2),e(5/2)), @a(s) 2 as(s) +o1(s), 04(s)
(s) + o2(s) + a3(s), and w = mgx{|w| we Wh

L
A

O

A sufficient condition for regional ISS of system (1) can now
be stated.

Theorem 4.1: If the system (1) admits an ISS
Lyapunov function in Z, then it is ISS in = and
tlim d(z(t,z,w),D) =0. O

Proof: Let z € E. The proof will be carried out in three
steps.

Step 1. First, we show that the set D defined in (14) is
robust positively invariant for system (1). From the definition
of @y(s) it follows that as(|z|) + o1 (Jw]) < @a(|z| + |wl).
Therefore, V(xz,w) < @s(|z| + |w|) and hence |z| + |w| >
@, Y(V(z,w)). Moreover (see [13]):

az(|2]) + e(jw]) = as(|2] + [w]) = as(V (2, w))

where ay(s) 2 azoa, (V(z,w)) is a Ks-function. Then,
let us consider system (1) and the state transition from z; to
Te1:
V(f(It, W), wet1) — V(@ we)
< —ay(V(wg, we)) + e(|wel)
+ oo([wi]) + o3(|lwita])
< —au(V(zy, wi)) + 04 (),
Vo € Q, Ywy, wepr € W, VE >0,

(15

where o4(s) = &(s) + o2(s) + o3(s). Let us now assume
that x;, € D. Then V(xy, ,wy,) < b(w); this implies p o
ag(V (e, wy, ) < o4(). Without loss of generality, assume
that (Id — ay) is a Koo-function, otherwise take a “bigger” as
so that a3 < @2. Then

V(f(ze,,we,,), we,41)
< (Id — aq)(V (@, wy, ) + oa()
< (Id — aq)(b(w)) + o4()
= —(Id = p) 0 au(b(@)) + b(w) — p o aa(b(w))
+ o4(W).
From the definition of b, it follows that poay(b(w)) = o4(w)
and, owing to the fact that (Id—p) isa X -function, we obtain

V(f(wtk7wtk)thk+1)
< —(Id = p) 0 as(b(w)) + b(w) < b(w).
By induction one can show that
V(f(@tytj—1, Wyt j—1), We45) < b(w) for Al j € Zxo,
that is x; € D, for al ¢t > t;. Hence D is robust positively
invariant for system (1).

Step 2. Next, we show that the state, starting from Z\D,
tends asymptotically to D. Firstly, if z € Q\D, then

po a4(V(xt,wt)) > 0'4(?,?}).



From the inequality as(|z¢|) + e(Jwi]) > aa(V (zs, we)), we
have

plas(|zi]) +e(lwi])) > oa().
On the other hand, (Id — p) is a K-function, hence
Id(s) > p(s), ¥s >0
then
as(|z:]) +e(@) > az(la]) + e(fwe])
> plas(|z]) + e(lwl))
> 04(W) = (W) + o2() + o3(W)
Vo € Q\D, Yw; € W,
which, in turn, implies that

V(f(JUu wt), wt+1) - V(xtywt)
< —as(|ae]) + o2(w) 4+ o3(w) <0,
th € Q\D, th,wt+1 S Ww.
Moreover, in view of (14), 3¢ > 0 such that Va; € Z\Q,

there exists z; € Q\D such that as(|z2]) < as(|zi]) — ¢
Then from (16) it follows that

(16)

—az(|z1]) + ¢ < —az(|z2|) < —o2(0) — o3(W),
Vxi € E\Q, Vag € Q\D
Then
V(f($t7wt)7wt+1) - V(xt, wt)
< —a3(|ze]) + o2(0) + o3(w)
< —é, Va € E\Q, th7wt+1 S M/,
s0 that there exists T such that
x(Ty,z,w) € Q.

Therefore, starting from =, the state will reach the region €2
in a finite time. If xp, € D, the region D is achieved in a
finite time. Since D isrobust positively invariant, it is true that
limy o0 d(x(t, Z,w), D) = 0. Otherwise, if z, = zp, ¢ D,
poag(V(xg,w)) > o4(w); moreover, from (15) we have

V(f(@e, we), wepr) — V(@e, we)
< —ay(V(zg,wy)) + og()
= —(Id = p) o (V' (2s, wr)) = p o as(V (g, wy))
+ 04(w)
—(Id = p) o g (V (@, wy))
—(Id = p) 0 ag 0 ([a1)
Vay € O\D, Ywy, wiy1 € W,

where the last step is obtained using (11). Then, Ve’ >
O, 3T2(€/) >1T; such that

IAIA

V(Z‘TQ,U)TQ) < e+ b(ﬁ)) . (17)

Therefore, starting from =, the state will arrive close
to D in a finite time and in D asymptotically. Hence
klim d(z(k,z,w),D)=0.

Step 3. Finally, we show that system (1) is regionally 1SS in
E. Given e € Rxg, let R(e) = {z: V(2,w) < e,Yw € W},

Let © £ {z : V(z,w) < &= max e, Vw € W}. Note
R(e)CQ

that € > b(w) and D C ©. Since the region D is reached
asymptotically, the state will arrive in © in a finite time, that
is there exists Ty such that V (xx, wi) < e, Vk > Ty . Hence,
the region O is a robust positively invariant set for the system
(1). Proceeding now as in the Proof of Lemma 3.5 in [30],
we can prove that there exist some K £-function 3 and a K-
function 4 such that

V (24, w) < max{B(V (z0,wo), 1), 4(||wiy|)},
Vit >0, Vo € O, Yw € My
where 4 = a; ' o p~! 0 04. Hence
ar (|24]) < max{B(az(|zo|) + o1 (lwol), £), ¥(|Jwyg )},
< max{f(2az(|zol), t) + B(201(|wol), t),

Allwl)},
Vt > 0,Yz, € O, Yw € My

The last step is obtained considering that B(r + s,t) <
B(2r,t) + 3(2s,t) (see [13]). Then

24| < max{B1(az(|zol), t) + Bi(o1(Jwol), 1),

A%(Hw[t]ﬂ)}, )
< Bi(az(|zol), t) + Br(or(Jwol), t)
) + A1 ([lwgll) ) (18)
< Bi(aa(|zol), t) + Bi(or(|[wyyl]), 0)
+ 1 (fwig I])

< Ba(lzol,t) + A2(|[wigl),
vVt >0, Vo, € ©, Yw € My

where Bl (S, ﬁ) = (Ozfl)oﬂl (28, t) and 62(87 t) £ Bl (Oég(S)7 t)
are KL-functions while 41 (s) £ (a7 ") o 4(s) and 4(s) £
Bi(or([lwgl]), 0) + 41 (|Jwpy||) are K-functions. So, by (18)
the system (1) is 1SS in ©. Theregional 155 property in © is
equivalent to UAG in © and LS (see [32] for the continuous
time and [33] for the discrete time case). Using the fact that
O is achieved in afinite time, UAG in © implies U AG in =.
Then UAG in E and LS imply 1SS in =. [ ]

To sum up, in this subsection an important sufficient condi-
tion for regional 1SS of constrained systems of the form (1) has
been stated and proved. In the next subsection, Theorem 4.1
will be exploited with reference to each agent A° under the
action of the local RH control law.

B. Sability properties of the single agents

Let us consider a generic agent .A' whose dynamics is
described by (4). By exploiting the results proved in Sub-
section IV-A, we will now show that each agent A°, with
1 =1,2,..., M isregionaly ISS with respect to the inputs
represented by the information vectors w! received from
its cooperating agents at each time-step ¢. Clearly, in this
context, we are considering each agent as a“ separate” dynamic
system in the team, in the sense that the input vectors w! are
“external” variables that are assumed not to depend on the



behavior of the other cooperating agents (i.e., at the present
stage, the coupling between the agentsis not directly taken into
account). Let now introduce some further useful assumptions
and definitions.

Assumption 1: A terminal cost function hl a fina con-
straint set Xf, and an auxiliary control law /if are given such
that:

1) XjcC X', Xj closed, 0 € X;

2) H}(x’) e U?, (/ﬁ}(m’) < Lfif ’x’|, Lfif >0, Vzl € X};

3) |fi(a, n;(xi))’ < I |ai], L, >0, Va' € X

4) fl(xz,/i}(xl))e X' Vot EX}; _ '

5 api(|2']) < hYy(x ) < Bpi, ([2"]), Vo' € X, where a:
an ﬁh} are IC —functlons

6) ny(f'(a’ wy(@")) — hy(a') < —hi(a,m}(a)) —
¢(at,b1) + Gi(|ar]), Vai € XE, Vul € WY, where

¢’ is a K-function and @' £ (A%)) Mol i O

Assumption 2: The partial cost function h® is such that
ri(jzt]) < hi(zf,ul), Vo't € X?, Vu' € U® where ' is a
Ko-function. Moreover, h' is Lipschitz with respect to z’
and u’ in X* x U?, with Lipschitz constants denoted as L,
and Lj , respectively. O

Assumption 3: The cooperation cost function ¢* is such that
0 < ¢(at,w?), Vz' € X' Vw' € W'. Moreover ¢' is
Lipschitz with respect to ¢ and w? in X x W*, with Lipschitz
constants denoted as L; and L/,,, respectively. O

Assumption 4: Let X/ denote the set of states
xi of the system (4) for which @} ENi—1
col [k} (23), K (Th41), - - nf( v Dl is an admissible
control sequence for the FH optimal control Problem 3.1
and for which Points 2 and 3 of Assumption 1 are
satisfied. Moreover, suppose’ that L% # 1 and let

Vi(zt wi) & J};H(xi,wg,uiiﬁ%_l,Né,Ng), Q = X",
LZ]}C -1

i \NL _
ﬁh}((L}L)N % (aw) 1

lal), a5 = 1t oy = Li,~%———,
oa(wi]) =

ar =1, as(|zf]) = (L}, + Lj, L, + L) |z}| +

. a%u -1
i (aiu)N; -1 i( i \Ni=1), 4
g, L lwi| + ¢ ((ad,) e Huwj)),

wHquw

(o)~ . |

and o3 = L;wiil. The set W* is such that (14) is
Qo —

satisfied. O

1

The main result can now be stated.

Theorem 4.2 Under Assumptions 1-4, the localy—
controlled agent A, i = 1,...,M, whose closed-oop
dynamics are described by (10) subject to constraints (g)
(6), and (7), is 1SS with robust output admissible set X M

2The very special case LZJ;F = 1 can be trivially addressed by a few
suitable modifications to the proof of Theorem 4.2.

where X" denotes the set of states of system (4) for
which a solution of the FH optimal control Problem 3.1 does
exist. O

Proof:
sequence

First, by Assumption 1, for any = € X}, the

ﬂt'7t+Ng—1 = col [H}(mi), H?ﬂ(l’i-s-l)a ce “;(IiJrNgﬂ)]

is an admissible control sequence for the FH o gn mal control
.M P K
Problem 3.1 (see Definition 3.1). Then X° > X" D
Xf By Theorem 4.1, if system admits an ISS-Lyapunov
function in X", then it is 1SS in X", In this re-
spect, in the following it will be shown that V?(zi, wi) =
T (@, wi,ul', i N NZ) is an 1SS-Lyapunov function
in X", Moreover, in view of Point 5 of Assumption 1 and
Assumptions 2-3
Vl(xszzlf) < J;?H(‘rivwivﬂi,t-&-Né—l’NcivN;)
t+N;—1
< > ALl + Lhulsy (a7) |
=t
H L] + L i1} + B (1 xs )
t+Ni—1

)

so that in view of Point 3 of Assumption 1 and owing to (8),
we have

+L;w|wl\},+ﬁh;<

i
TtrNi

t+N} -1
Z { LZ +Lhu Ky _"_L;)(szc)l—tp?“

ok, ) i} + B ((L%,) N |d])

(Li )N —1

c

L?C -1

fat,wl) <
+Lflw(

( +Lhu Ky + Lz) |xllf|
i )Ni

i () =1 i
+ quwhm + B (L)

.
r|ai])-

Hence there exist two K..-functions 3* and ¢* such that the
following upper bound is verified:

Vi (g, wi) < B'(|lat]) + o' (fwy]),

. . , . 19
Vo, € X' vl € W (19)

The lower bound on Vi(xi w!) is easily obtained using
Assumption 2:

Vi(ay,wp) > r'(|ag)), Yoy € X', Vwp e WH o (20)
Now, in view of Assumption 1, it turns out that
SFH°
“t+1 t+Ni = 2 col (ut+1 t+Ni—1> Kf(xt+N1)) (21)



is an admissible (in general, suboptimal) control sequence for
the FH optimal control Problem 3.1 at time ¢ + 1 with cost

i i A i aTi
JFH(SﬂH-h Wyy1,Ut41,t4+Ni» Ng, Np)

— Vi(zt wi) — hi(g GFHON i
= V*(xt, wy) (xtaut,t ) — q"(zg, wy)

t+N}—1
+ 3 (it ap) + g (i, (4L) T el
I=t+1
—hi(af i) = g, (AL) T w))
+ hi(xiJrN;, ”3”(331+N;))
¢ (@b (40) 7 wi)
+ hic(fi(xi+N;, ”?(Iiﬂv]g))) - hl} (xi_‘_N;)

Noting that, using Assumption 3

¢ (ah (AL) T ) - giad, (A1) w))
¢ (xf, (AL) T wl ) — g, (A1)
< L | (41) 7Y wiy - (A1)

= iy (8,) ™ oy — AL

< iy () (|wi g | + o [wi])

and by using Point 6 of Assumption 1, we obtain

w;)

J}'H (xiJrlv wi+17 at+l,t+NZ; ) Ng7 N;))
<Vi(ajwi) = W (ahup, ) — (2 w))
t+N] -1

T3 L (a) T (| + o [uil)
I=t+1
+ (] (A;>N5‘1

. . . . . . o
< Vil wi) — B (zh,ul, ) —

+ 1 (lwil) + @b (Jwi s ),

il

q'(z}, wy)

where
(i) -1,
i (lwi]) £ awL;w%‘ ¢
p S \Ni-1,
+ 9" ((ah,) " |wi])
2 wooar —1
are K.-functions.

Now, from inequality
Vi(mi+17w§+1) < J%H($i+1awz+1vat+1,t+N§7NZasz;)
it follows that
Vi($i+17wi+1) - Vi(ﬂfia wi)
< —r'(Jze]) + 1 (jwi]) + @3 (Jwiyq ),
Vo, € X*, Vw' € W*.
Finaly, in Vie% 192 the admissible control sequence (21), it
follows that X* is arobust positively invariant set for the

closed loop (10). Therefore, by (20), (19) (22) and Assump-

tion 4, the optimal cost ‘]FH(xbwt?utiiNl L NE N isan

(22)

1 SS Lcyapunov function for the closed-loop system (10) in
X" and hence the closed- loop system is 1SS in X*
l

It is worth noting that, from the perspective of determining
regionally ISS stabilizing control laws, a key aspect is the
design of an auxiliary control law (") such that Assump-
tion 1 holds. In this respect, under slightly more restrictive
hypotheses on the agents' dynamic models and on the FH
cost function, we give the following useful result (the proof is
reported in the Appendix).

Lemma 4.1: Assume that fi € %2, hi(z%,ul) =
2 Qi +ut Riut,qi(xf,wi) < 2t Stz +i(Jwi]) with
Q', R, and S’ being positive definite matrices and v°
being a K-function. Furthermore, suppose that there exists
a matrix K’ such that A%, = A’ + B'K' is stable
with 4t 2 9 ,Biéaf, .Let QP &

Oz’ zi=0;u?=0 ou’ 2i=0;u*=0
B(Q'+ K RIK'+ S;) with 8¢ > 1, and denote by II' the
unique symmetric positive definite solution of the following
Lyapunov equation:

T . . . ~ .
Then, there exist a constant Y* € R, T* > 0 and a

finite integer N, such that for all N, > N, the final set
Xi & {x’ eR™ : 2 Mgt < Ti} satisfies Assumption 1
with k% (z') = K'z', b} = 2t g O

In the next subsection, the stability analysis of the whole team
of agents will be addressed.

C. Sability properties of the team of agents

In this subsection, the coupling effects due to the exchange
of the delayed state information between the cooperating
agents will be taken into account in the context of the stability
analysis of the whole team of agents. In this respect, let
us consider the team A = {A’, i=1,..,M} where each
cooperating agent .A* is controlled by the regionaly ISS-
stabilizing RH control local law solving Problem 3.1 for each

1=1,..., M. Therefore, we can write
x%—‘rl = fl($%7wt1) é fl(‘rtlvryl(a:tlawtl))a
x?—‘rl = f2($?7wt2) é f2(x§772($?th2))a
I%—{-l fM(xi\/Iv M) fM(.CCfV[,"y (xfuvwfw))a

where, for the sake of notational simplicity, we drop the
subscript “RH°” thus denoting by ~* the RH control law
VRH® -

First of all, let us rewrite the team of dynamical systems as
a suitable interconnection of two composite systems. To this
end, let

X, & col(zf,-,aM), Wy £ col (w}, -+ ,w).



Hence the following state equation can be written:

Xip1 = F(X, W), (24)

where

(‘Xtht) £ col f (xt’wt) : 7f1”(xt 7w2{\/[)} '

Vector W, can be easily characterized as the output of
a system describing the delay dynamics of the information
exchange process among the agents. For the sake of simplicity
and without loss of generdlity, we assume that dim (w?) >
1,7 = 1,...,M, that is, we assume that each agent re-
celves at least one delayed state information from another
neighboring agent. First, we set A £ max{A;;,4,j =
1,..,M,i # j}. Then, we introduce the state vector
Zy & col(pt, -, pf, -+, p2), 2 € R"2, where nz £
dim (Z;) and wherethe variables p areintroduced to store the

delayed states; specifically pf,, = X; and pf,, =p; ', 7=
., A . Hence, it follows that
Z_t+1 =AZ +BA&, (25)
Wt = CZt
where
0 0
0 0
A=| 0 2 0 0|
0 A1 )
I° ct
0 C?
B= ,C = ) ,
0 ol
ct=1]Ci(1) Ci(r) -+ CYA) ],
61 (1) 0 0
0 §2(r) 0 0
Ci(r) = 0 §8(7) 0
1] 0 oM(r)
All matrices [, for 7 = 0,...,A — 1 are identity matrices

of dimension n'* x n'*t, where n'®* £ dim(X;) and
§%(7) 2 I is equa to the identity matrix of dimension n’,
i,j =1,....,M, i # j only for = corresponding to the delay
aseociared With the information received by the i-th from the
j-th agent; otherwise 6% (1) = 0, thus there is no replication
of information. It is worth noting that agent .A* does not get
replicated information from agent .47, thus in matrix C' the
matrix 6% () is equal to the identity for only one value of 7.
Summing up, the overall state equation describing the
dynamics of the team of agents can be written as a feedback
interconnection between the systems described by the state
equations (24) and (25). We will now show that an ISS-
Lyapunov function can be defined for each of these systems,
which implies that both will turn out to be regionally ISS.
After this step, the stability properties of the team of agents

will be analyzed by resorting to nonlinear small—-gain theorem
aguments. First, we let # £ W' x ... x WM, 2 &

X' x oo x XM 2% £ Xix .o x XM, gMPC £
f ! !

XU XMYTC DA DLx ... x DM and W £

max{|W| : W € #}. The following intermediate result can

now be proved.

Lemma 4.2: Under Assumptions 1-4, dynamic systems (24)
and (25) are provided with suitable 1SS-Lyapunov functions
V(X W) in 27MPC and VP (Z,) in Rz, respectively.

(]

Proof:
didate

Let us consider the 1SS-Lyapunov function can-

Z
E Vi xt,wt

for system (24).2 From (20) and (19), it follows that

Doriley) S VX)) < B (il + D o' (lwi)
i=1 i=1 i=1

M and thus

Xt» Wt

Clearly |2i| < || and |wi| < W], Vi=1,...,

V(X W) <D B (I2il) + Y o' (Jwil)

11 71

<Zgl X, +Za (W)

< ﬁ(\th) +0(|th)

M
where we set B(lx,)) £ Zﬁ’ E4)) and
|Wt ZO’ |Wt
Moreover
Zkﬁt‘ <Z|Xt M|

M
Then || > - Zmr and || < Zrm Now, recall that,

=1
M

for any K function v, we have ~ Zal < Z’y Ma,)

where a; > 0,i = M are arbrtrarrly chosen pos-
itive scalars). Therefore, considering the K function 77,
for a generic i € {1,...,M}, we have ri(|x;]) <
ri (S ) < S (M) < S ri (M) and

hence

' (|X]/M) <!

| Mo Mo
(332 ) < 3w,
=1 1=1

31t is worth noting that, instead of the above definition of V, a weighted
sum of Lyapunov functions could be used along the reasoning provided in
[34] in the framework of composite systems.



Therefore, letting r (|X;]) 2 r° (|&;|/M) for an arbitrarily
chosen index 4, we showed that

f(‘XtD S V(Xt,VVt), VXt € %, th S W,

V(X W) < B(1X]) + (W),
VX, € Xy, YW e W

(26)
@7

From (22), defining
M

AV £ ZVZ ‘rt+17wt+1) ZVz(wi,wi),

=1 =1
it follows that

AV < — Z

i=1

(z¢]) +ZS"1 |wi]) +Z<P2 (lwi i) -

Moreover

—r* (|%|/M)

Mo ‘ Mo
S et (wi) <> @t (W)
i=1 =1

and

i

‘Wt—‘rl

M
Z @5 (lwigq)
i=1

Then, letting

<2

— M . .
pr(Wil) £ 3 e (W)

=1
and
@2(|Wii1]) £ Z(pé(\W@_lD,
=1
it follows that
AV < =1 (1X%]) + e1(IWVe]) + @2 (IWes1l)
< = (| X)) + @rot (|Wie 1)
VXtE%7 VWEMW,

(29)

where ;01 (s) £ ¢1(s) + pa(s). Therefore, by (26), (27) and
(28), V(X;, W;) is an ISS-Lyapunov function in 2" MFC for
system (24) and hence this system is ISS in 2" MPC,

As far as system (25) is concerned (we recall that this
system describes the effects of the time-delays in the informa-
tion exchange variables), the proof that it is ISS is obviously
trivial since (25) is an asymptotically stable discrete-time
linear system. We only very briefly sketch some parts of the
proof just for the purpose of introducing a few quantities that
will be used subsequently. Following [30], a candidate 1SS
Lyapunov function for system (25) is VP (2,) & 2/ PZ;,
where P is the positive definite solution of the Lyapunov
equation AT PA — P = —(Q for a given symmetric positive-
definite matrix Q. It is immediate to show that

rP(12:]) < VP(20) < B7(12))

where rP(s) £ Apnin(P)s? and BP(s) £ Apax(P)s?
(Amin(P) and Apax(P) denote the minimum and maximum

A

eigenvalues of P, respectively). Moreover, defining AVP £

VDP(2,11) — VP (2,) it is gtraightforward to obtain
AVP < —P(|Zi]) + o7 (1)) (29)
where P (s) L Amin (Q)s? and
2BTPAATPB )
D A T 2
$) = dpax | ——— + B PBs”. |
Sol ( ) ( >\m1n(Q)

Now, recalling from (25) that W, = C Z,, from the proof
of Lemma 4.2, from (28) it follows immediately that the ISS-
Lyapunov function V(X;, W;) satisfies

V(Xis1, Wig1) — V(X Wy)
< —ag(V(Xe, Wh)) + o1 (W) + @2
< —as(V(X, W) + 0u(VP(2))
+ w1 (VP (Z141))
< —au(V(X, W1) + u, (IIVP(2) 15y 11),
VX, € e/szf, VZ € Mgnz

where a4 is defined as in the proof of Theorem 4.2, whereas
011 £ p1+e ou = 10 (P)Th, pug1 £ 2o (rP)7!
and .., (5) £ 0u(s) + pwii(s). Moreover, as far as the
ISS-Lyapunov function V¥ (2;) is concerned, from (29) it
follows that

AVP < —al(VP(2))) + 0B (V (X, W)

where, again, of is defined analogously to the above definition
of ay, whereas 2 £ P o (rP)1.

Analogously to the proof of Theorem 4.1, given e € Rx,
let Re) £{X:V(X,W)<eYWe#}. Let ©£{X:
VX, W) <eée= R(rfr;zg;g e, YW e #}. Note that & > b(WV)
and D C ©. Since the region D is reached asymptotically, the
state will arrive in © in a finite time, that is, there exists Ty
such that V (X, Wi) < e, Vk > Ty . Hence, the region © is
a robust positively invariant set for the system (1). Thanks to
Remark 3.7 in [30], from (30) and (31) it follows that there
exist some KL-functions 3 and 3P such that

V (X, W) < max{ B(V (X, We), k), n (I[VP (2) w113
VXtGE‘),VkEZZo,kEt

(Wetal)

(30)

(31)

(32)

VP(25) < max{B° (VP (2:), k), v2([V (X, V)] },
VX € X, Vk €Ly, k>t

(33)
where we define
nEa;op oy, (34)
and
Y22 (af) toptopl, (35)

with p any K..-function such that (Id — p) € K

Now, the following result about the stability properties of
the team of cooperating agents can be proved. The proof is
a dight modification of the one in [30] and will be reported
here for the sake of clarity and completeness.



Theorem 4.3: Suppose that Assumptions 1-4 are verified.
Moreover, assume that the following small gain condition
holds:

71 072(8) < s. (36)

with ~; and ~» given by (34) and (35) and argument s takes its
values from a suitable subset of R>( according to inequalities
(30)—(33). Then the team of cooperating agents described by
the interconnected dynamic equations (24) and (25) is 0-AS
in 2 MPC xRz, O

Proof:
that

If v, 092(s) < s, from (32) and (33) it follows

V (X, Wy) < max{B(V (X, W), 1),
’Yl(ﬂD(VD<Zt)vt))}7
VXtEG,VkEZZQ,k‘Zt
VP(2y) < max{BP(VP(20),1),
VQ(B(V(XM V_Vt)7t))}7
VXtGG,VkGZZO,th
and hence V (X, Wy,), VP(Z;) are bounded by initial con-
dition. By Lemma 3.13 in [30], an asymptotic gain from
VP (Z;) to V(Xx, Wy) is given by ; whereas an asymptotic
gain from V (X, W) to VP(Z;) is given by ~,. Hence:

klim V (X, W) < klim [044_1 opto gaw(VD(Zk_l))

+agtop Tt opu (VP (20)],
< a4_1 opto (pw(klim VD(Zk_l))

+ 0‘4_1 opto <pu,+1(kILrI;OVD(Zk)).

But
Jim VP(2,) = Jim vP(2)
Hence
klim V(X W) <aglopto gowm(klim VP(2))

=7 (T VP (2)),
<mo ’72(@‘/(/%77/_\/@)-
Again, the assumption that v; o v2(s) < s implies that
@v’?(zk) = EV()@, Wi) = 0.
Thus, the system is 0-AS in 2 MPC x R"=, [

Remark 4.1: It isworth noting that the small—gain condition
(36) may turn out to be conservative in practice as it is
typical of these kind of results. In this respect, it is important
to cite the results by F. Wirth and co-workers [35] where
vector small-gain theorems have been presented). On the other
hand, the generality of the problem makes it rather difficult to
obtain tighter conditions without introducing more restrictive
assumptions on the structure of the agents' dynamics and on
the cost function. Indeed, for special classes of cooperative
control problems, different conditions for the stability of the
team of agents can be obtained. For instance, we recall

that in [14] stability has been shown for formation control
of UAV’s under different hypotheses as the knowledge of
the neighbors dynamics, suitably fast information exchange
and bounded error between the predicted and actuated state
trajectories of each member of the team. As another example,
stability of a set of decoupled systems is ensured in [21], by
assuming the knowledge of feasibility regions and a specific
hierarchical design of the decentralized RH control problem:
the computations are shared by nodes with different priorities,
which can impose their control decisions on the subordinate
neighbors.

Remark 4.2: As expected, in the special case where the
state equation (4) takes on a linear structure, the FH cost
function (9) is quadratic, and no state and control constraints
are present, more specialized and tight results can be found.
In particular, the control law takes on an explicit feedback—
feedforward structure and some interesting properties hold.
The reader is referred to [36] for more details.

V. SIMULATION RESULTS

In this section we will show some simulation results
concerning a team of UAVs moving in R? with nonlinear
dynamics. Such a problem has been selected because of its
reasonable simplicity so as to be able to ascertain the basic
features and properties of the proposed cooperative control
law. A team of M = 3 vehicles will be considered, whose
continuous-time models and data are taken according to [37]:

mi' = —puat + (uly 4+ ul) cos(6"),

mij' = =g’ + (up +uy) sin(6"), (37

JO = — o0 + (uby — ub)r,.
where ¢ = 1,2,3. For simplicity, we assume that al the
members of the team have the same physical parameters: the
mass is m = 0.75 Kg, the inertia is J = 0.00316 K gm?,
the linear friction coefficient is 1 = 0.15 Kg/s and the
rotational friction coefficient is us = 0.005 Kgm?/s and
finaly the radius of the vehicle is r, = 8.9cm. The state
vector of each agent will be from now on denoted as z¢, and
is defined by considering the position and velocity in each
direction of the plane, plus the orientation angle and rotational
velocity 2 £ col (#7,6%, 2%, &% 4", 5"), whereas the control
vector is given by u’ £ col (u},u%). The continuous-time
models (37) are discretized with a sampling time 7" = 0.1s,
thus obtaining suitable discrete-time models, where the state
vectors are denoted by 2! and the control vectors are denoted
by uy.

Remark 5.1: In the following, the simulation trials will
refer to the above approximated discrete-time model for mere
illustration purposes and to show the effectiveness of the pro-
posed cooperative control scheme. However, as shown in [38],
in some cases the control law that stabilizes the approximated
discrete-time model may perform quite poorly when applied
to the exact model. This is clearly an important issue and
we refer the reader to the above reference for more details
and to the works [39], [40] for the general case of control of
nonlinear sampled-data systems. For a MPC algorithm where



the continuous time evolution of the system is explicitly taken
into account, while the optimization is performed with respect
to a piece-wise constant control signal, see [16]. O

The objective of the distributed cooperative controller is
to reach a certain formation following a predefined desired
trajectory, based on leader one, for each UAV. The desired
trajectories have been chosen with constant velocities and null
rotational velocity. At every time instant ¢, each agent solves
alocal Problem 3.1 with FH cost function

t+N} -1

Tew= > (Il =3 +d"|

=t

o + lluj

+lleteng = Zepns + " I (38)
t+N]—1

+ > > Nl —F + a7
I=t jeqGi

where z] represents the desired trgjectory of the leader while
d¥ are the desired distance between agent ¢ and agent j (d** =
0, Vi = 1,...,M). Hence the term z; — d'! represents the
desired trajectory of the i —th UAV. The values of d/ are such
that the three UAV's assume a triangle formation. The term @’
is the control vector necessary in order to maintain each UAV
on the desired trajectory. For the information vector to take
on a constant value within the prediction horizon, we let

) + (Zz_Aij

o= (Ziyr — —Z_pu T A7)

The delays have al been set to AY = A = 5T and
the communication topology is assumed to be stationary.
Specifically, we suppose that the leader does not receive any
information from the other agents (hence S% = 0, Vj € G1).
Moreover agent 2 gets information from the leader and from
agent 3 and, analogoudly, agent 3 gets information from the
leader and from agent 2.

The values of the parameters used for the leader are N! =
N} =5, Q' = 0.1-diag(1,50,1,1,1,1), R' = 0.01 -
d1ag(1 1), and S =0, Vj € G'. The lengths of horizons
N}l Ny ! , though quite small, are indeed sufficient for the
Ieader to show a reasonably good tracking performance as it
starts quite close to the desired trajectory. For the other agents,
we consider the same values of the parameters, that is, we
have N! =10, N} =250, Q" =0.1-diag(1,50,1,1,1,1),
R' = 0.01 - diag (1,1), S = diag(0.1,0.1,1,0.1,1,0.1),
o = 0.96, 7 =2,3. The matrices P* are obtaj ned from the
choice of QZ R’ and S by the auxiliary control law designed
according to Lemma 4.1 using ' = 3 and 5% = 25, =
1,2,3. The FH Optimal Control Problem 3.1 is characterized
by the congtraints .., < ut’ < ume, ume < utz <
uRmaz’ with U’Lmin - 0 uLm,am }5 and
Unae = 6, 1 = 1,2,3, where uf’ (ui’) denotes the
first (second) component of vector ut Moreover the terminal
constraints ||z;, y: — 2/, n < Thi = 1,23,
have been obtained numerfcally accordlng to Lemma 4.1.
The values of Y? are constant along the trajectories and are
respectively Y! = 0.3 and Y? = 1.2, i = 2,3. These values
are not comparable since the matrices P? are different. The
control necessary in order to maintain each UAV on the desired

trjectory is @' = 1, @* = 1. The values of the desired

distances between the agents are the following:
d"? = 16 col(0,0, — sin(7/3) cos(m /4) — 0.5 cos(w/4), 0,
—sin(m/3) cos(mw/4) + 0.5 cos(m/4),0),
d"® =16 col(0,0, — sin(7/3) cos(m /4) + 0.5 cos(7/4), 0,
— sin(n7/3) cos(n/4) — 0.5 cos(7/4),0),
d*" =16 col(0, 0, + sin(7/3) cos(m/4) + 0.5 cos(7/4), 0,
+ sin(7/3) cos(m/4) — 0.5 cos(m/4), 0),
d®® =16 col(0, 0, cos(/4), 0, — cos(w/4), 0),
d*' =16 col(0, 0, sin(/3) cos(w/4) — 0.5 cos(w/4), 0,
+ sin(7w/3) cos(w/4) 4+ 0.5 cos(w/4), 0),
d** = 16¢col(0,0, — cos(m/4), 0, cos(m /4),0) .

Moreover, the initial condition of the desired trgjectory of the
leader is:

'+ @) cos(m/4),0,

) sin(w/4)).

The entire desired leader’ s trgjectory is obtained, starting from

the initial conditions, holding constant the velocities. Finaly,
theinitial conditions of the UAVs are z} = 2}, 22 = 22, 23 =
Z2 +3.8d%3 .

In Fig. 2, the team trajectories are reported in the two-
dimensional space: the objective is to attain a triangle for-
mation along a straight line of 45° as followers of the leader.
The dotted lines depict the actual behavior of the agents. It
is worth noting the cooperative behavior of the agents: in
particular agent 2 (on the left of the leader) even if it starts
on its trajectory (z2 = z3) it moves on the right in order to
reach faster a better (with respect to cost (38)) formation with
agent 3. Without the cooperative term in the cost function the
trajectory of agent 2 would be a straight line.

Zp = col (7/4,0,0, —(u

1
—(a"" + a@*
m

100

80

60

401

Fig. 2. Team trgectories (dotted lines). The front of the vehicleis represented
by the symbol **’ whereas the back of the vehicle is represented by the symbol
)

In Fig. 3, the behaviors of the control variables u’ =
col(ut ,u%) of Agents 2 and 3 are shown. In particular, in
Figs. 3(a) and 3(b) the behaviors of the first component u’
of the control variables are plotted, whereas in Figs. 3(c) and
3(d), the differences u} — i, between the first and the second



components of the control variables are shown. This has been
done to better appreciate the differences between the first and
the second components of the control variables; actually, these
differences are rather small due to the small magnitude of
the variations of the orientation of the two agents. In Fig. 3,
the dashed lines depict the constraints imposed on the control
variables.

0 2 4 6 8 10 0 2 4 6 8 10

Fig. 3. Behaviors of the control variables of Agents 2 and 3. (a) and (b)
behaviors of the first component u’L of the control variables. (c) and (d)
difference u? — uf, between the first and the second components of the
control variables. Dashed lines: control constraints.

VI. CONCLUSIONS

In this paper, we investigate the problem of designing coop-
erative control algorithms for ateam of distributed agents with
nonlinear discrete-time dynamics, and analyzing the stability
properties of the overal closed-loop system. The problem
formulation is based on a decentralized RH control framework,
where the dynamics of the distributed agents are linked by a
cooperative cost function. Each agent uses locally computed
control laws, which take into consideration delayed state in-
formation from neighboring agents. The resulting local control
laws take the form of afeedback—feedforward structure, which
is derived by a nonlinear RH framework.

A key contribution is the general problem formulation,
which allows the systematic derivation of rigorous stability
results. The stability analysis is made possible by combining
the stability properties of the RH local control laws and
ISS arguments. Finaly, the team of cooperating agents is
treated as a single dynamical system resulting from a feedback
interconnection of regionally 1SS systems, thus alowing the
use of small-gain conditions to show asymptotic stability.

Despite the general formulation, there are some important
issues requiring further investigation. Future research efforts
will be devoted towards (i) considering the case where dis-
turbances and uncertainties affect the communication between
the agents of the team and (ii) addressing the robustness issue
by generalizing the methodology to the case where optimality
of the algorithm is not required at each time-stage, and (iii)
considering less conservative small-gain conditions (like, for
instance, vector small-gain results).

APPENDIX

Proof of Lemma 4.1. Owing to the smoothness of «' (")
and the fact that it is a stabilizing control law and recall-
ing that 0 € X*, 0 € U?, it follows that there exists
T¢ € (0,00) such that Points 1, 2, and 3 of Assumption 1
are satisfied for z¢ 'zt < Ti. Point 5 is satisfied with
s (|2 1) = Dnin (1) |22, a0 By (|07]) = Ao (11272,
where Apin (I1*) and Apax (1Y) denote the minimum and the
maximum eigenvalues of II?, respectively. In order to prove
Point 6, letting

Bi(z') 2 fi(at, Kint) — Aljat
the inequality
fi(xi,Kixi)THifi(xi7Kixi) . xiTHixi
< il (Qi +KiTRiKi) #t — gi(a?, wl)
+ 0 (Ju'])

is equivalent to

(39)

207 (27) I ALa’ + @' (2") 1@ (27) + 2 AL, I ALy’
N O < i (Qi —|—KiTRiKi> & — gi(at, wh)
+ " (Jw'])
(40)
Indeed, from (23) it is easy to show that inequality (40) is
equivalent to
207 (2) T AL, 2 + ' (2") T (2)
< szszz i (Qi n KiTRiKi) 2 — qi(a, )
+ 4" (Jw']).
(41)

Now, define L. 2 sup |®'(z')|/|s'|, where B £

r'eB
{a" : |2"| <r} (Once chosenr, L. does exist and takes on a
finite value because f* € 4). Moreover by the assumption
on ¢'(z*,w") and the definition of @ it follows that
I’LTlel o (Qi _|_KiTRiKi) 2 — (o, w)
+oi (|wz’) > xiTszz i (Qi n KiTRiKi) o
— 2 St > Y2t 4> 0.
Then, Vo' € BY, (41) is satisfied if
Vet > {20 || A | + LI P (42)
Hence, since L. — 0 as r — 0, there exists T € (0, Y1)
such that inequality (42) holds V! € X}, which implies that
inequality (39) holds as well. Finaly, there exists N, such that
for al N, > N, V' ¢ X},Vwi e W;
hy(f (!, Ky (2))) — By (")
< i (Qi —|—KiTRiKi> 2
—q' (2", @") + ¢ (Jo'])
<0,



where @' = (A%)

No=1 i so that Point 4 of Assumption 1

is satisfied, too, thus ending the proof. |
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