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ABSTRAGT

Formal derivatione ére given for some of the first and second
order statistical properties of coherent light speckle. Experimental
verifications are offered .for the probability density function of
intensity, the autécorrelation function of inténsity and the Wiener
spectrum. A very large number of measurements were made to obtain
statistically accurete results. The automatic scarming and digitising
system which was used to make the measurements is described in the
Appendix.

Congideration is given to speckle reductidn-techniques generally;
but one method in particular - speckle reduction in the time-
averaged image by moving an aperWe, smaller than the pupil, in the
pupil plane of the imaging lens - 1is selected and analysed in detail.
Exact theoretical descriptions are given to the first and second order
statistieal properties of speckle patterns reduced inv this way. . The
aberrations of thé lens are found t0 have no bearing on any of the

results. ‘

The reduction technique is first consgidered in the context of
speckle patterns formed in the far-field by scattering light from a
diffuse surface. The reduction in this instsnce is effected by moving
an aperture so as to expose different parts of the éca’ctering surface;
the time-averaging is effected by using a detector with a time-constant
which'is much longer than the cycle-time of the movement. For two of
the second order properties, the autocorrelation functioﬁ of intensity
and the ﬁienér spectrum, experimental verification of the theory is
provided, sgain based on a very large number of measurements.

The reduction effect is showm to have the same theoretical
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deseription in both the far-field and the image plane schemes. It is
further shown that the reduction achieved by the technique is

identical to that cbtained by illuminating with partially coherent
light. For the rotating circular aperture with which the aforementioned
verifications were obtained, the equivalent partially ceoherent source

is found to be a quasi-monochromatic incoherent ring source.

Various t&pes of rotating apertures are considered, and our
findings ensable us to0 say something of the likely nature of an optimum
type of rotating aperture, With some aperture types it is found that
a totai reduetion in speckle is accompanied by a total loss of resol-
"ution, but with others the loss of resolution is found to be cnly
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CHAPTER ONE

INTRODUGCTION

Historical

Towards the end of last century, the phenomenon known as
'coronas!, or Fraunhofer rings as they are now referred to, had engaged
the attention of many of the leading scientists of the day. In a paper,*
read to the London Mathematics Society, the Hon, J.W. Strutt, later to
become Lord Rayleigh, described the phenomenon in the following words:
'Coronas are formed whenever, between the eye and the source of light, a
large number of small opaque bodies, regular in size but irregular in
distribution, are to be found.' Rayleigh had chosen to gpeak on this
subject so that he might correct an error in the explanation which had
eariier been given to the phenomenon by Verdet.*?

'Verdet, ! said Rayleigh, 'comes to the conclusion that, the
nunber of partial vibrations being n, the resultant is definitely jn
times greater than each component, provided, of course, that n is a large
‘number.! Rayleigh disagreed with this conclusion, contending instead that
the resultant ampii’cude would tend to no definite value., He emphasised the
point as he continued: 'As to its phase, he is silent; and if asked the
qﬁestion, would, I think, have found it difficult to explain how a resul-
$ant vibration could have a definite amplitude in conjunction with an
indeterminate phase.! _

| Rayleigh had done all but state that the intensity in ‘the eorona
would show fluctuatioﬁ, or speckling as we now call it; but he did not

actually do this, and snstead went on to agree with Verdet, though not for

Rayleigh (1871).

** Yerdet, Legoms &'Optique physique, Vol. i, p.297
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the game reasong, that thére would be no fluctuation. His argument was
in many ways sencible: he simply did not believe that there was sny
light souroe capsble of producing illumination with the required degree
of coherence. In his own wérds, the argument was that *the sun, or other
source of iight, is amply sufficient cause. (that there should be no
fluctuations) . . . » . Verdet shows that the disturbance from the sun
cannot be considered as a system of plane waves over a space greater than
the circle of 1/20 of a millimebre diameter. Between the vibrations at
two points whose mutual distance is much greater than this, there is no
permanent relation of phase."

Nevertheless, only siﬁ years after Rayleigh's remarks, Karl Zxner,
using only a candle flame as a light source, noted a radially fibrous
structure wvhen looking at a glass surface on which he had breathed. Exner
rightly considered that the intensity fluctuations which he saw were the
natural outcome when a number of identical wavetrains with random phase
- differences were compdunded; and he correctly.attributed the radial struc-
ture to the fact that many colours were present in the illumination. These
observations, in the light of Rayleigh'e pronouncements, might well have
settled the dispute as to whether it was in the nature of coronas to show
_speckling; but they did not do so at that time. Indeed, it was not until
some forty years later that the scientific world was to give widespread
acceptance to the idea of speckling, |

During the years of the First Torld War, von Laue (1914,1916,1917)
produced a series of papers dealing with the scattering of light from 2
large number of particles. In these, he gave the form of the probability
density function of intensity when the amplitude, as well as the phase,

shows random variations;* and he also gave what is now recognised as the
correct form for the sutocorrelation function of the fluctuations. But,
Although only credited with showing that the negative exponential
" form applies for the case of equal amplitudes, Rayleigh (1880), on
the last page of his paper, quite clearly states that 'From this we

gee that the law is not altered, even if the components have diff-
~ erent amplitudes.'
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although his theory was sownd and the radial structure observed by him
was only due to the spectral bandwidth of his -so‘urc‘:e, von Laue was
confused into thinking that speckling effects could not he expléined
within the structure of cléssical wave optics., Other scientists of the
day, however, were quick to correct this belief,' and at last
the corona, its speckled nature in particular, was safeiy understood,

For the next forty years, the matter of speckling was almost
totally forgotten. Save for the occasidnal stirring, notably by Ramach-
andran (1943), the world in general and the scientific world in partic-
ular had lost interest in what, perhaps, had never been régarded as more

~than a mere curiousity anyway. At the end of the period, however, the
matter was to retumm :Ln‘a new context, a context in which it was no longer
to be regarded as a curiousity.

On its return, it was heralded by a source of light of a kind which
Rayleigh could not have conceived -~ the LASER, In 1962, just after its
‘invention, Rigden and Gordon observed ‘that there was something very
unusual about the scattered maser light'; they had noticed ‘'a remarkable
granular or pegéry nature not present in ordinary light.'! After this 'first
sighting', there followed a series of short papers on speckle, as it was
soon +0 be termed (01iver,1953; Langmiir,1963;A1len and Jones,1963; Huntly,
.1964) and in these the more obvious properties were recorded. These pa‘pers‘
acted as precurs'ors for a much largei' number which have since sppeared in
the literatu;'e, but it is more appropriate to defer mention of these until
later chapters.

With the invention of the laser, and its subsequent effect upon
the dormant £ield of holography, speckling had returned in a vay which
demanded much more serious attention than it had 'been given in the context

"~ of coronas, Th-is thesis might be considered as a small part of the
response to that demand.

A historical account of this period, and the development in the
understanding of coronas generally, has been given by Hariharan (1972).
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Content

There is a natural spiitting of‘ fhe Thesis into two main parts,
The first of these encompasses Chapters Two and Three, and in these
chapters consideration is given to speckle patterns as obtained through
fixed apertures. In the other part, comprising Chapters Pour to Seven,
congideration is given to speckle patterns in which the fluctuations are
reduced by using moving apertures. But before discussing the content of
eny of these chapbers in detail, it might be profitable to give a brief
indication of the type of speckle patterns which are going to be dealt
with. '

Although casual mention is given to certain other types of sineckle
pattern, our mein interest is with only one type, and this is perhaps the
simplest and most commonly occurring 'I:ype'of speckle pattern - namely,
the pattern obtained by scat‘bering' fully coherent light from a diffuse
object whose surface height fluctuations are greater fhan the light wave-
length, In figure 1.1, a pattern formed in this way is illustrated, snd
this might be recognised as being of the type of pattern around which so
much of the literature has been centred.

A reduced speckle pattern has also been shown in the same figure,

the reduction having been obtained by recording the time-averaged pattern
while moving the sperture through which the speckle was formed. This type
of pattern might not seem to comply with the sort of speckle patterns
which have j\us‘b been defined, but, in the sense that it can be considered
as the incoherent superposition of a very large number of patterns which

do comply, we are Jjustified in listing it as one of the same class.

In Chepters Two and Three, a nurber of the more important statis-
tical properties are derived for speckle pattemé which have been obtained
through fixed-aperture systems. The first order statistics are treated in
Chapter Two, with measures such as the probability density function of
intensity bei;lg obtained; while in Chepter Three the second order statis-

tics are treated, with measures such as the autocorrelation function of



(2) A speckle pattern vroduced in the far-field by light

e rattered from a fixed, circular scattering area.

(b) A reduced speckle pattern produced in the far-field by
rotating a circular sperture o as to expose different areas
of the scattering surface. The radius of the rotation was
some three times greater than the radius of the aperture

iteelf.

Figure 1,1
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intensity being dbtained;"

There is almost no theoretical content of en original kind in
either of these Chapters, so that a reader who is already Pamiliar with
the basic statistical descriptions, and free from doubts as.to their
validity, might be invited to bypass this particular part of the Thesis.
However, if he does have any such doubts, then he may energe from these
Chapters with a greater dégree of confidence, becausze in both Chapters
experimental resulfs are presented which will be found to agree very
closely with the theory.

In Chapter Two, a measured form of the probability density function
of intensity is shown, and in Chapter Three measured forms of the auto-
correlation function of intensity and the Wiener spectrum are shown. In
each case, more than 20,000 intensity measurements were made in producing
the result, and this has enabled statistical accuracy at a level which had
not been obtained previously. In the Appendix, a descri?tion is given to
the automatic scanning and digitising system which was used to carry out
the long measurement sequencies.

The second part of the‘Thesis is entirely devoted to the reduction
of speékle and, in contrast to the first part, most of the theoretical
content is of an original kind. Some introductory remarks are made in
Chapter Four sbout speckle reduction generally but, with the exception of
thig, interest is confined to one method in particular, viz., the reduc-
tion of speckle in the time-averaged image by moving the aperture through
which the speckle is formed.

The description of the reduction technique has been given, deliber-
- ately, in these non—specific terms because there are so many different
arrangements in which the technique can be appliea. It might be useful
at this point to indicate some of these, vhile, at the same time, noting
that the same theoretical description will be shown to apply to all of
them; The fou? main arrangements in which the reduction technique applies

are as follows:
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(1) to speckle formed in an image when en sperture is moved in

the pupil plane of the imaging lens;

(2) in the situation identical to the sbove, but where the

speckle is formed in the reconstructed image of a hologram

while an sperture is moved in the pupil plane of the reconstr-

ucting lens;

(3) in a Fraumhofer plane speckle pattern, produced from a

trans-illuminsted scattering area when an aperture is moved

over its surface;

(4) in the situation identical to (3), but where the speckle

is formed in the reconstructed image of a Fraumhofer plane

hologram while‘ an aperture is moved over the surface of the

hoi.ogram. |

The task of ana]ysing the reduction technique is begun in Chapter
Four when case (5), of those just listed, is investigated. The second
order statistics of the reduced speckle are treated in this chapter and,
in particular, a method 'is indicated by which the autocorrelation function
of intensity may be calculated. Evaluations are made for two cases of a
rotating circular aperture, and in one of these the calculated autocorr-
elation function is compared with the measured function. The agreement
between measuremén‘t and theory is found to be good, and this is somewhat
reassuring in view of the surprising prediction that the 'speckles! will
increase in size as the sperture begins to move..

Case (3) is again considered in Chapter Five, but in this instance
the first order statistics are dealt with. Approximate and exact methods
are indicsted which may be used to calculate the probability density
function of intensity. Some evaluations are shown. for rotating cirdular
apertures, but, because of the complexity entailed in the exact method,
the approximate method only was used to produce them.

In Chaz;ter Six, it iz shown that the theory which was developed

in the two preceeding chapters can also be applied to the reduction of
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speckle in an image - ie., to case (1). The first =nd second order
statistics are dealt with, and it is found that thé aberrations A&')f ;bhe
lens are of no consequence - although we should immediately qualify this
by saying that, if the object is not uniformly illuminated and the same
theory is to continue to apply, then the intensity variations over the
object would have to be slow in comparison to the point spread funetion
of the lens.

Having shown that cases (1) end (3) are both governed by the same
theory, it follows that cases (2) and (4), which might be considered as
holographic counterparts of the aforementioned cases, must also be gov-
erned by the same theory. If a jﬁstific:ation of this claim ig necescary,
then it might suffice to sgy that the image-forming pencils which arise
from the i‘iologram sre sampled by the moving aperture in precisely the
same way as it would sample thé identical image-forming pencils which
would srise directly from the original object.

Chapter Six concludes ﬁtith a brief discussion of epeckle which is
formed in an image when the object has been illuminated partially coher-
ently., This matter arises because of an equivalence theorem, due to
Welford (1971), by which the theory of imaging with a moving aperture is
_shown to be the same as imaging under partially coherent illumination.
Some stetistical results which relate to speckle formed under a certain
type of partially coherent illumination ere compared to scme results
calculated by Dainty (1970) for a closely related type of partial coh-
erence., There is found to be sufficient =imilarity between the two sets
of resulte to sustain the belief that Dainty's theoretical approach and
the approach taken in this Thesis are equivalent._ None-the-less, amuch
more deteiled snalysis is required before this equivalence can be claimed
with any degree of confidence.

In the final chapter, Chapter Seven, an attempt is made to answer
the question: What is ‘the optimm shape of a rotating aperture? Varicus

aperture forms are considered as we try snd answer the question, and the
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performance of each one is assessed in terms of the resolution afforded
by it and the amount of speckle reductiom which it gives. Two .conclusions
are reached, and these are in no way surprising, The first iz that the
aperture rhould 'Be shaped so that, during the movement cycle, equal
exposure is given to all parts of the available pupil; and the second is
that the aperture, if frozen in timé, ghould expose widely separated

regions of the pupil.
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CHAPTER TWO

FIRST ORDER STATISTICS -~ PIXED APERTURES

We start off in this chapter by giving a derivation of the

probability density function of the intenéity in a speckle pattern.

The result, which is found to take the negative exponential form, is
of great im@ortance because it containg all the informetion that might
be requﬁed of the intensity at a pc_>:int, end the intensity of course is
the quantity which is normally of greatest interest. As the derivation
s made, various other prOpérties of the speckle pattern will be digs-
covered, snd not the least important of these will be the fact that the
complex emplitude turns out to be a complex Gaussisn process. But,
although these resulte are important, no less important are the assum-
ptions which nust be made about the scattering surface and the scatter-
ing process.

Not a1l speckle patterns are endowed with the properties which
have just been mentioned; indeed, those which are so endowed belong to
a unique type of speckle pattern, although fortunately it is =a type
‘which occurs most often in practice. In this Thesis, we will deal only
with this unique type of pattern and it is important, therefore, to
discover under what conditions such patterns are produced. Because of
this, the derivation - or rather the requirements and assumptions made
in it - carry as rﬁuch weight as sny resulte obtained from it.

Following the derivation, consideration is given to the probab-
ility density function of intensity, s measured by sn aperture which
has non-infinitesimal dimensions, and which therefore 'sees' intensity
as the integrsted sum over an area. Approximate and exact methods of
obtaining the function are discussed.

The Chapter continues with the Author's contribution in the

area of first order statistice - namely, an experimental verification
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of the negative exponential form. The verification was carried out by
making over 20,000 recordings of intensity in a speckle pattern, using
an sperture much smaller than the size of a 'speckle'.

After the experimental section, a cautionary note is struck
vhen some remarks are made sbout speckle formed in images. The caution
is to the effect that, unless the mmerical aperture of the system is
low, the statistics of the speckle will not be of the usual kind. The
Chapter then concludes with some results taken from the literature
vwhich describe some speciel-case speckle patterms, The ‘special cases!

are produced by adding speckle patterns together in a variety of ways.

The Probability Dengity Punction of Intensity - Derivation

The derivetion,
which is mcdelled closely on the derivation given by Goodmen (1963), is
given for a speckle pattern produced in the far-field by light =cattered
from a diffuse surface; it will not be chown that similar results also
apply to speckle patterns produced by imaging a diffuse surface with a
lens. |

Coherent iilmination ie made to fall on a diffuse surface, and
it is assumed that the scattered light is not depolarised in any way.
The surface is considered as a collection of elementary scattering
points, rendomly distributed over the scattering surface, end randomly
distributed 1n depth sbout the mean level. Suppose now that the
incident illumination is represented by the complex scalar amplitude,

] } . :
Vixg) = l V_(I:ﬁ')l exP[L 9(""3):) 2.1
end sugpose that the amplitude over the scattering surface (Figure 2.1)

just after scattering can be written
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scattering

far-field | area
v | '
{ coherert
illuminaticon

S

Figure 2.1  The production of a speckle pattern in the far-field,

and the coordinate systems used to describe the arrangement,
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) = 2 o, eplin] Slonslon) a

vhere K is the nmnber of scatterers, “<n is the amplitude due to the
xth scatterer and By, is the éhase of the scattered wave.
The following assumptions are now made about the scattering:
(1) The scatterers are randomly distributed over the x-y
| plane w1th uniform probsbility,
(2) The scattered amplitude oy, is a random varisble, and
all scatterers have statistically independent and
identiecally distrifzuted cross-sections,
(3) The phases, B, ere random variables, and each is
statistically independent and uniformly distributed
in the range 0 to 27,
(4) The scattered phase is independent of the scattered
amplitude.,

' The second end third assumptions have been expressed in a way ‘which,
althoué,h ideal mathematically, would seem to exclude eny surfaces likely
to be found in practice. However, they may be relaxed somewhat by allow-
ing correlation to exist between neighbouring scatterers, so long as the
correlation distance is small compared to the total extent of the scatt-
ering surface. The assumption of wmiform probability of phase in the
range O to 2T can be ghowm ta be a realistic assumption when the
surface is rough compared to a light wévelength, and most surfaces seem
to possess this property. |

lsking the usual far-field assumptions (Born and Wolf, 1970,
Chapter 8), it can be shown that a Fourier transform relation holds
between the amplitude in the far-field snd the amplitude in the scatt-

ering region: -
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(X,Y) = ff (x «j exp[ —%(XX«*%}’)] d’;‘d‘jf “ 2.3

Combining Equation 2.2 with this equation gives the complex amplitude

in the far-field:
K .
(y)=) <, exp[iF ]erP[ cuts "ax*fth)]. 2.4
k=1

From Equation 2.4, it is evident that the far-field complex
amplitude is the sum of a large number of randomly phased, randome
‘emplitude phasors. If the number is very large, then the Gentral
Limit Theosrem (Middleton, 1960) may be used to show that V(¥,Y) becomes
a Complex Normal Process. The real and imaginary parts cof this process
are identically distributed with zero mesns snd identical variances, 4%,
and at sny point the real and imaginary parts of the process are statis-
tically independent. Thus, if V(X,Y) is written in terms of its real

and imaginary perts,

v(xY) = vR%LY) +ivy(X1), 2.5

then the joint probability density function of Vg and Vi may be

wiritten

| 2,2\~
P(VFHVI) = 1’],'—;5:2 eXP[’(VRd;VI )] . 2.6

i

5

1]

expression is fundsmental to the first order statistics of the type

f speckle which we congider. The statistics of the intensity and the

[

phase follow directly from it, without any further assumption being
necessary. Let us now see how these quantities can be obtained.

The intensity and the phase can be written in terms of the real
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and imaginary parts of the complex amplitude:

R * 3 2.7
& = ‘han-l (vI/ VR) . - 2.8
From the inverse relations,
1 |
Vg = Ifcose | 2.9
1
and LA I sin€&, 2.10
.the Jacobian, J, may be formed:
oL 5L
avR d \/]:
38 d&
— i
= /2 - 2.11

The Joint Probsbility Density Function P(I,8) is given in terms of

‘P(Vg,Vy) by the probebility transform (Devenport and Root, 1958)

P(I,® J . P(Vp,Vy) . 2.12

By using Equérbitmslz.G, 2.7 and 2.11, this may be written
[ -T
—_— —— 2 .
P(I)6> - ZTT’cﬁZ GXP[ /Jo ] ] 2.13

end by integrating over the appropriate variables, the probability
density functions of the phase and the intensity con be obtained

separately:



p(e) = 2};,. 0= & = 2T

I
O

otherwise; 2.14

1\
A\

PTY = _exp[‘%’z] T=zo

= O  otherwise. L 2.15

It follows that the phase is distributed uniformly in the range
0 to 27 and, as we had anticipated, the intensity has a negative
exponential distribution. Equation 2.15 is the result which we had
sought, but we may gain further insight by considering the first two
moments of the intensity.
The first moment of tf}e intensity - the mesn intensity - is

given by the expression

£T> = TP(I).I.OII

—)

Z
o 5 2.16

il

and this result may be used to rewrite the probability density function
in a more suiteble form:
\
- -L ]
P(T) zT> F P[ <>y . 2.17
‘central
The second/moment of the intensity - the variance - is given by

the éxpression
>

& = jP(I>.Iz. AT — x>t

= <I>1 . 2.18
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The result just obtained is an important result which tells us that
the variance of the intensity is equal to the mean intensity squared or,
alternatively, by taking square roots, the standard devietion of the

intensity is equal to the mean intensity.

The Effect of Aperture Integration

If en attempt were made to measure

the probsbility density function, it would be necessary to make a
series of :'Lntensi'by measurements by sampling the speckle pattern through
a very small aperture. The aperture could not of course be limitingly
small and one thereforé asks what effect its size will have on the
measured function. Goodman v(1965) gave an epproximate answer to this
question =nd we now give this our attentiom,
_.Epp_:c_'ox_izma_‘p_e _E:reitmgnt ;2

' Goodman considered that light which entered the
aperture was made up §f a certain number of independent spatial cells,
the intensity within any one cell being constant and uncorrelated with
that in any other cell, Interpreting this as the spatial anslogue of a
problem dealt with by Rice (1954), Goodman then gave the probsbility

dengity function as being of th‘er Gamma Variate type:

MMl
T -a L
P(x) = = P(er,,%)}.)-[ J I 20

@) otherwise , 2.19

vhere & and M are chosen such that the spproximate distribution has
the seme mean and the same varisnce as the exact distribution. The epprop-
riate choices of & and M are given by the equations

o= I

2.20

mda Q :'<%2 — M{I>‘ 2.21
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A method for caleulating the significent parameter, M, will be
indicated in the next chapter. |

Rice, in considering the measurement of noise power over a
finite time~interval, gives a derivation of Equation 2.19, but he
gives no indication as to how this spproximation will compare with the
true result. This aspect, however, has been treated by Mandel (1959)
who, . 1ike Rice, was concerned ‘?";hthe time doznaih, and, more appropr-
istely, in the speckle domain, by Condie (1966) and Dainty (1970), who
tested the approximate formula against experiment, finding broad

agreement.

Brect Trestment:

In an Appendix to his Thesis, Condie derives a condition
vhich must be satisfied if the garma variate approximation is to be
exact. The econdition which was obtained follow_ed from an exact snalysis,
effected by translating into two dimensions a one-dimensional noise
power problem dealt with by Slepian (1957). Condie was primarily inter-
ested in the Cumulents (Rendall, Vol. 1, 1948), vhich are quantities
related t0 the probability density function; but subsequently, Dainty
(1971) end Barakat (1973), following a similar approach, succeeded in
producing a form for the probability density function itself.

Dainty was first to produce the exact probability density function,
but due to a,_\slight error in his snalysis, his result is incorrect.
Although his approach was similar to that used by Condie, he attributes
the 'oi'igin of the method not to Slepien, but to Kac and Siegert (1947).
The error in his analysis was recently pointed out by Bé,rakat vho, at
the same time, gave what would seem to be the coffect result, Before
giving this result, however, two new functions should first be intro-
duced., These are:

(1) the aperture transmission function, h(X,Y),
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(2) the autocorrelation function of the amplitude, C(X,Y,X',Y').

C(X,Y,X',Y') is a second order property which will be more fully
discussed in the next chapter; for the moment, it will suffice if we

give it its definition in terms of the complex amplitude V(X,Y):
c(X,Y,X',Y') = <V(ELY). 7+ (x1,1') > 2,22

The probability density function, P(I), measured by the aperture
h(X,Y) from 2 speckle pattern whose autocorrelation function is G(X,Y,X',Y'),

can be shown (C@)Baraka'b B 19'75) to be given by

P(I> = }T e)‘P iIt] dt 2,23

where /\ j are the eigenvalues of the Fredholm equation
7 i P ) ) |
’\3 \HX)Y) "'[fC(X)Y,X,Y() h(x,y)“f(xl,y') dx 0‘)’ s 2,24

and vhere \*J()()Y) are a set of orthonormal functions (in terms of

which the amplitﬁde may be expanded) which satisfy the equation

f[hx,y)\{/(XYf(xy)chd/ 2.25

For the moment, no explanation is offered as to how this result arises.

t—.

In Chapter Five, however, a very similar result will be given for the
probability density function of intensity for t:’.me-.averaged speckle, and in
that chapter a proper derivation will be made.

The condition found by Condie for which the gamma variate
solution gives an exact representation may be stated in terms of the
eigenvalues Aj' : The condition requires that the A} should each have
the same value, or al'bemaﬁi'vely the value zero. Barakat has found that
this situation doss occur when the aperture isl much larger than the

-
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distance over which %the aﬁtocorrelation function takes significant
values. In this case, there are a large number of eigenvalues all taking
the same value - confluent eigenvalues - whereas the others, with the
exception of Jjust a few, are all zero., Barakat refers to this case as
the 'short coherence range' case; Goodman would refer to it as a case
where there are a large number of independent correlation cells,

The accufa.cy of Goodman's approximation has never ;been seriouély
doubted when there are a large number of independent correlation cells,
gso that Barakat's result is hardly surprising. It is when the mmber of
correlation cells is small - perhaps only two or three - that doubt

'is introduced. In Figure 2.2, therefore, a comparison is made between
the exact probability density function, calculated by Barakat (1973),
and the. spproximate probability density function, computed using the
gamma variate form. The case dealt with concerns a slit aperture and a
gine sutocorrelation function. The length of the slit and the width of
the sutocorrelation function are such as to give, in Goodmsn'g termine
ology, a small number of independent correlation cells.

The agreement between the three sets of curves is good and this
would tend to support Mandel (1959) snd Bedard (1967) who also consid-
~ered the accuracy of the apprvoximation, albeit in the context of a
noise power pro‘blem.v While it would now be dangerous to infer on the
basis of this one comparison that Goodmsn's approximation will always
be accurate, it does seem that if the autocorrelation function takes on
the sort of shape likely to be found in practice then the aj)proximation

will be good.

Experimental Verifications

Two authors, ¥ Condie (1966) and Dainty (1970),

Remachandrsn (1943), in a most interesting paper, verified that
the intensity fluctuations in a corona obey the negative exponential
"law, but his method, althcugh ingenious, perhaps involves 100
much of the 'humsn element',

~
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.Fi&re 2.2 Comparicsons between the exact and épproxim_ate
probability density functions of intensity for a slit
gperture eand a sinc autocorrelation function. The
exact functions are shown in firm line. o condnels .
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have presented experimenfal evidence to support first order statistics
theory. Condie has shown sixteen cumlative distributions - integrals

of the probability density function - each one baged on 120 megsurements;
and Dainty has shown two probability density functions, each one based
on sbout 2,400 measui'ements. Both authors found their results in agree-
ment with theory, but in either case the st:atistical accuracy was not
high. -

Figure 2.3 displays a measured histogram which incorporates some
23,000 intensity measurements., The speckle patitern on which the measure-
ments were made was produced in an arrangement of the type illustrated
in Figure 2.1, and the recording was carried out automatically using the
scanning and digitising system which is described in the Appendix,

The aperture through which the intensity was sampled was small
in comparison to the size of an taverage speckle', Expressed in terms
of the 'k unit' - a measure introduced by Dainty (1970,1971) - its size
was 07 . Por a circular scattering area, the type used in the ezper-

iment, the k wnit is defined by

X = Diameter of Aperture
61 AD/,

2.26

where A is 'the radius of the scattering area and D is the distance to
the Par—ficld. |

Because of the small size of the sampling aperture, the measured
intensities would be very nearly equal to the ‘point!' ‘intensities, and
hetice we would expect the histogram to show the negative exponential
form. Drawn in firm line against the histogram, therefore, is a negat-
ive exponential reference curve, scaled so as to have the same average
intensity as the measured intensities. \

Except for the first bin in the histogram, .to which some remarks

will shortly be addres'éed, there would seem to be a very good agreement
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Figure 2.3 A measured histogram based on some 23,000 intensity
_ measurements taken from a speckle pattern. Because the

sgmpling aperture was sn_lall in relation to fhe speckle =ize,

the histogram should have the seme form as the negative o

exponential reference curve which is showm.
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between theory and measurement. The error bars, which indicate the
anticipated statistical fluctustion, were caleculated on the basis of
a Poisson distribution of bin height (Rendall, Vol. 2, 1947). Since
they are drasn with a length of twice the standard deviation, the test
for successful verification of the theory is that, if we centre the
appropriate error bar on each bin, then on two occasions in three the
bar should intersect the reference cu.i've.

At the intensity value 4.6 (the mean intensity = 1.0), a X100
scale expansion has been made to show the behaviour beyond thié point
more effectively. Allowing for the fact that 'the error bars are prop-
~ortionally longer in this region, the agreement is no less striking.
Theory tells us that, of 23,000 intensity measurements distributed in
a negativé exponential form, about eight of them would be expected to
1lie beyond the intensity value 8: in fact there were nine. This result
bears out the interesting prediction contained in the negative eﬁ;pon—-
‘ential form that there will be some very intense speckles,

The first bin in the histogram is some 6 per cent lower than
expected and, since the standard deviation is expected to be a mere
-fq per cent, statistical fiuctuation is unlikely to be the céuse. What,
then, is the cause? There are three possible reasons which are now

oonsidered in turn.

Increasing Noise in the Detector:

\\
\

About one third of the &isci‘epancy is
thought to be due to this cause. During the course of the measurements,
it was obszerved tha‘l; the dark current from the detector was continually
inereasing, probably due t0 a gradual rise in the room temperature.
Although the dark current was regularly 'zerced out'!, the net effect
would inevitably be a slight upward biasing of the readings. The average
level of bias was estimated at about 1/4000th of the highest intensities
recorded, and this perhaps speaks for the difficulties in gaining good |

statistics at low brightness levels. For the bin width used, it can
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readlly be zeen that artificially high readings produced in this way

will only have an appreclable effect on the first bin.

Effect of Aperture Integration:

In choosing sn aperture with k-value .07,
no effects due to aperture iﬁtegraticn were anticipated. However, in
the light of Barakat's results (1973), some of which are shown in
Figure 2.2, it seems that the effect of aperture integration at low
brightness levels is rather more severe than Goodmah's approximation
would indicate. .Although no specific calculations have been made, it
| is now thought that as much as one third of the discrepancy may be due
to this effect.

While mentioning Barakat's results, it might be pointed out
>tha‘bvthey would also, in some measure, explain the rather high vaities
found with bins 3 and 4. We need not dwell on this, however, because
the disparity 1n this ins‘bapce ie only of the order of the standard

deviation.

Effect of Depolarisation during Scattering:
About one quarter of a per

cent of the scattered light wes found to be depolarised by the scattering
‘process. If it is assumed that a depolarised component is not correlated
with the raﬁainder, then the observed speckle pattern would be composed
of two incoherently superposing patterns, The probability density funct-
jon in such a situation was given by Burch (1969) as the convolution of
the two separate probability density functions and we now use this result.

If the two contributing patterns have mesn intensities m and
(1 - m), then the two separate probabilty density functions may be

written

i

P(I)‘ L exp[~ %]

end P(I)Nz"llf’m EXP[ ]
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If the necessary convolution is made and the result is normalised to

unity, then the combined probability density function .has the form

p(T) =

exp] Z ] - exel Fm)
=~ 2 m 2.27

If m ie given the value .0025, and this would correspond to the
proportion of ligh{; vhich was actually depolarised in the experiment,
then the probability density function would have the form showvm in
Figure 2.4. The function is drawn as far as the intensity value +2, and
thie corresponds to the width of the first bin in the histogram. Also
shown, in dotted line, is a negative exponential reference curve which
would be appropriate to a speckle pattern in which no depolarisation
had occurred. The difference in the aresas contained by the two curves
woﬁld lead us to expect a lowering in the heigh£ of the first bin by
sebout two per cent. Again, this would account for sbout one third of

the total discrepancy.

Having explained the one serious disparity in the histogram, we
can perhape now place congidersble trust in the theory governing the
first order statistics 'of' speckle. Since the basis of this theory lay
in certain assumptions made sbout the scattering process and, in part-
icular, thé assumption about large numbers of scatterers, all these
assumptions would séan to have been justified. But, as far as large
m.ﬁnbers of scatterers,jﬁst how far can we go in cleiming that this assump-

tion will be realistic?

Speckle Patterns formed in an Tmage .

With speckle formed in the Fraunhofer
plane, it is only necessary to use a scattering area which is large
compared to the lateral dimensions of the surface structure 40 secure

the accuracy of the assumption sbout large numbers of scatterers. With
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Figure 2.4 The effect of a smell amount of depolarisation in
the scattered light (one quarter of a per cent) on the
probability density function of intensity. The effect is

only significant in the low intensity regions.
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speckle formed in the imaée of a diffuse object, however, an additional
factor appears wh-ich can render this assumption totally invalid, We now
devote some attention to this matter.

By referring to to Figure .2.5, we can see that those regions of a
diffuse object which contribute to form the speckled image at a given
point are found by centring the point spread functiocn of the lens on the
corresponding object point. If the numerical aperture of the lens is low,
then the point spread function - only the central part of which is
gignificent - will contain a sufficient number of scattering points to
ensure normal, or Gaussisn, statistics, But if the numerical sperture 1s
not low, then the number of scattering centres will not be sufficient to
produce normal statistics and some other statistical description would
then applj}.

The ai‘ea conta‘n'.nedv by the central part of the point spread function

of a lens (aberration free with a circular aperture) is given spproxim-

ately by the quantity
\ V&
r ( 6 ) |
NA o
where NA is the numerical sperture of the lens. If we now consider thai
the wavefront which emerges from this area is so highly corrugated that
*
the phase totally decorrelates within the distance As ‘then the area
: ' 2
occupied by an effective scatterer is of the order A~. The number of
scatterers contributing to form the image at any particular point is
given by the rafio of these areas, and this reduces approximately to the
nunber |
AV
O
For a microscope used at low power, a typical numerical aperture

. |

Tt is not conceivable that decorrelation could occur in a
distence smaller than A . See, for instance, Suzuki end
Hioki (1966) and Beran and Parrent (1963). :
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Figure 2.5 Thé region of a diffuse object which contributes

to form the speckle at a given point in the image is found
by centring the point spread function of the lens on the

correcsponding object point.



34,

would be zbout 15, and this would imply sbout 50 scatterers contrib-
uting to any one point in 'Ehe image., The type of speckle formed in this
case is quite clearly not the type of interest in this Thesis.

In an experiment where a photographic lens was used to image a
ground glass diffuser, some measurements were made of the varismce in the
speckled image. The numerical sperture in object space was about 075 so
that, assuming that the structure of the diffusing surface was fine
enough, about 200 scatterers were expected to lie within each resolution
cell, When the results were énalysed, the variance wag found to be some
25 per cent higher then 'expected'. This finding is supported in the
- work of Jakeman and Pusey (1973, a and b) who, in scattering light from
| liquid erystals, find high varisnces when the number of seattering

points is small,

To coinple'be this Chapter, we now record the probability density
functions for some interesting cases where light fields are added

together.

Incoherent Addition of Many .'Speckle Pattermns

B Wé have already seen that

‘when two @eckie patterns are added together incoherently the resulting
probability densify function is given by the convolution of the separate
probsbility density functions. When N patterns are incoherently added,
then, by the same srgument, the new probabilty density function will be
the N;-fold convolution of the -separate probability density functions, If
the patterns all have the same mean intensity, then this N—fold convol-
ution will eimply reduce to the gamma variate distribution; but if, on
the other hand, the patterns all have differeht mean intensities, then
the VN-fold convolution could entail some dif‘:"iculf :i.n‘ceg;r‘a‘t::'i.onf(i We may
avoid this procedure, however, by using the gamma variate form to approx-
imate the situation.

¥ B, sawmmina chavacterts ((L Eunclivas The Lxact €oran A MORR

«

éa,s-LLiS obtalined .
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The required probsbility density function can be written in the

usual way:

oIy = 2z exp[-aT]

(M) S

vhere M and a are defined as before in terms of the mean,{T ), and

the varisnce, 51 s Of the distribution to be approximateds
A
y <I> T M
jomnd Sm—— an = S~ )
~ <I~>
 Because of the incoherent addition, both <T>> and 62 cen be quickly

evaluated, ' If the mean and the variance of each separate pattern are

zZ
denoted by <{T 'L> and 5',- » respectively, themn

<I>=<I>+<IT >+ - « LIy

2 2 2
and 62251“"62*""'6N

By now using the relations -
z 2
5{ - <Ii> ?

M and a can be expressed in terms of the mean intensities of each of

the N separate patterns:

¢

2
<IN>) 2.29

M= (KI>+ <T>+ - - :
<L’

<LF + <M+ -

L

| M :
<I‘> + <Il + . *

and Q

\

30

<IN> . 2.

[

If Equations 2.29 and“2.50 are now combined with Equation 2.28, the

required approximstion may be obtained.

’
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Coherent Addition of‘ Speckle Patterns |
| | ' Arohbold et al (1970) make casual
reference to the coherent superposition of two speckle patterns, saying
that 'a third speckle pattern will be produced, differing in detail,
but having the same probability of brightness.' This result is intuit-
ively obvious, but Dainty (1972) considers the matter from a more anal-
ytic stendpoint. He states that since the probability density functions
for the real and imaginary pa;vts of the field are Gaussisn, and the
convolution of a Gaussisn function is iteelf Gaugeisn, then the prob-
ability denegity function of the new field must also be Gaussian, f‘rOm
this of course it follows that the intensity will have the negative

exponential distribution.

N

Addition of Two Partially Coherent Speckle Patterns

The partial coherence
envisaged in this case would be of the type caused by lack of temporal
coherence of the source. For example, if two speckle patterns are prod-

" uced by splitting two bef.ams from the same source, and the one then under-
‘goes a longer optical path traverce than the other, then th_e addition will
be partially coherent in the semse implied. The limiting cases of complete
-coherence snd total incoherence will correspond to the cases where the
optical path differences are much sho:.r'ter end much longer, respectively,
than the coherence length of the source..

Barskat (1973 b) has considered this problem and he gives the

probebility density function of intensity in the form

_ i
P(T) = ZZ5cz50m9 exe| <Iz>("")]

I
|

X erP[(,_Ir) (<§Ez>- <IT,>U

x I°{[(<II-.I>)<I£>]Z[ ! Er] dI'. 2.51
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vhere r (0€r<€1) is the correlation coefficient of the illumination,

< T,> end <I2> are the mesn intensities of the contributing patterns,
and I, is the modified Bessel function of the first kind and order zero
(Gray end NacRobert, 1952). When r +akes the limiting values O snd 1,
the expression reduces to the forms for coherent snd incoherent addition

which have already been indicated.

Uniform Coherent Background Added to a Speckle Pattern

» This matter has
been investigated by several 4authors ( Goodmsn, 1967; Arehbold et al,
1970; Burch, 1870; Vilkomerson, 1971; Dainty, 1972 b ) . If the mean
intensity of the speckle pattern is 1 = m and tﬁe intensity in the
uniform background is m then, according to Burch, the probability

density function may be written

P(I):_!__ QH_)[M] I [@] ’ 2. 52
—m (y=m) oL I-m

where I, is again the modified Bessel function. Schwartz (1971)

identified this distribution as being of the non-central chi squared

type. In FPigure 2.6, the form of this distribution is showm when the

-‘background and the speckle pattern have the same brightness.

Goodman cshowed that the standard deviation in this case is given by

| Y
6 :<IN>[9+Z"§—"> s 2
' N

\
where <IN> is the mean intensity in the speckle pattern and Lp is
the intensity in the uniform background. If k is defined as I%[ NS
then the standard deviation of the fluctuations divided by the mean

intensity in the combined field has been shown by Dainty to be given by

- i
=1 - (2 + l)/i

L4 2.54
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Figure 2.6 The coherent addition of a wniform background
field to a speckle pattern when the mean intensity in the
speckle pattern is equal to the intensity of the uniform

background.
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By plotting £ against ¥, Dainty has illustrated the point that, even
if the speckle component ig much less intense than the uniform component,

the fluctuations in the combined pattern will remain high.

Incoherent Uniform Background Added to a Speckle Pattern
| | The addition in
this cagse has been considered by Burch (1970) and Archbold et al (1970).

According to Burch, the probability density function may be written in
the form

P(I) —‘-—'—E—-—m EKP[ d(%—:—%ﬂ , 2.35

vhere 1 - m 1is the mean intensity in the speckle field and m 1Is the
intensity in the uniform background. The result is perhaps intuitively

obvious. -



CHAPTER THREE

SECOND ORDER STATISTICS -~ FIXED APERTURES

We began the last chapter by »deriving some of the first order
statistical properties of especkle. In this chapter, we shall begin in
a similar manner, except that now attention will be devoted to the second
order properties., The quantity which we shall derive in particular is
the autocorrelation function of intensity and, again, the exposition
will follow the style of Goodman (1963).

The autocorrelation function descri‘bes the average degree of
correlation between the intensities at two point‘s of a prescribed sep-
aration, but, in slightly less analytic terms, it can be considered as
simply a function which indicates the ;size' of a typical speckle in
the pattern. Complementary to the autocorrelation function, is a funcﬁion,
sometimeé known as the power spectrum, but which we shall refer to as
the Wiener spectrum. The term *Wiener spectrum' was first suggested by
Olérk Jones (1955), and it might be considered as the optical analogue
of the term power spectrum which is encountered in electrical theory.

The autocorrelation function =and the Wiener spectrum are rated as having
equal importance in this chapter and, in consequence, any remarks which are
addressed t0 one will tend to be followed by some correspopding remerks,
addressed to the other. A Fourier transform relation exists between the
autocorrelation function and the Wiener spectrum, so that knowledge of

one will imply knowledge of the other, ‘

After a discussion .which ranges over some different aspects of
the two functions and a discussion of those authors who haw're contributed
to the literature in the area generally, our attention will be directed
towards the problem of measurement of the two functiéns. If a measure-

ment were made of either function, a difficulty would ari_se, gimilar to
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that met in the last chapter, in that the measurement would be biased
in some way due to the finite size of the measuring sperture. Fortun-
ately, it is not Gifficult to take account of the biasing in this
instance, and the chapter therefore continues by giving the general
relations befween the true forms of the autocorrelation function and
the Wiener spectrum and those forms which are actually measured through
the aperture, ‘

The sutocorrelation function at zero lag * (or the volume
contained under the Wiener spectrum, since this is an equivalent measure)
is simply the variance, and so the aforementioned relations enable the
measured variance to be given in terms of the measuring apefture. Since
the mean and the variance are all that is reqﬁired to produce a gamma
variate approximation for the probsbility density funchion, the result
which we shall obtain is of some importence in the avea of first order
statisties, |

The remainder of the chaptér is devoted entirely to a presentation
of the Author's contribution in the area of second order statistics -
namely, experimental verifiication of the forms of the autocorrelation
function and the Wiener spectrum for speckle formed in the far-field
from a circular scattering area. A detailed description ig given of the
imethod‘which was used to obtain the results., Included in this deseription,
are items such as the mathematical relations which were used to itranslate
the meagured quantity - intensity - into the desired functions.

The Chapter closes with a discussion of the results. The discussion
includes topics such as stafistical fluctuation errors, errors of a non-
gtatistical nature and ;moothing procedures, the latter being important

in relation to the Wiener spectrum since this function is not ergodic.

'Tag! is a term taken from spectral analysis. In our context
it simply means a distance measured in the speckle pattern.
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The Autocorrelation Funciion of I.ntensitj

- o | | ’fhe autocorrelation funétion,
¢( g.)y) » 1= a function which indicates the average degree of correlation
between the intensities at two points separated by the vect.or distsance

(§,7). e function is formally defined by

B

C(§,) L E M IN> IS 5 50

where the averaging brackets denote the ensemble average.
There are several preliminary remarks which might be made about
the autocorrelation function as it is dispiayed in Equation 3,1:
(1) When the seéa;‘ation,(%,ﬂ), is r-educed to zero, the
function will take its maximum value, and that value
is clearly the variance.
(2) For separations large encugh to cause total decorr—
elation, the function will take the value zero.
(3) The function has been written in a way vhich assumes
no dependence on X or ¥, ie,, a stationarity assumption
has been made. This is an important property which

will emerge naturally in the treatment.

In deriving a mdre specific form for the autocorrelation function
of intensity, it is convenient to begin by considering the autocorrelation
function of complex amplituae,Cv(%,q). A formal definition of this

function is therefore given:

Glhn) = vlxefiren) V). s

where, again, the averaging brackets denote the ensemble average.

By making use of Equation 2.4, the gbove equation can be written
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in more explicit terms:

C(§7) = Z <}°(h! E’-XP[_DL(”‘:A?* 9:a’ﬂ]> >

where the various cross-products have-been omitted since they will
reduce to zero when the averaging process is performed, If the scatterers
are now considered to be packed sufficiently closely on the scattering
area, then the scattered intensity, |°(P:I » can be represented by a
continﬁous function, which we denote by S(X.,Lj), and Bquation 3.3 can

then be written as an integral equation:

Cv(?)'ﬁ = ff 5“)‘5)“/?[%“?*3'])) d:cclg . 5.4

The intensity function, $(%,4), is proportional to the incident intensity
distribution over the scattering area, so that once this distribution is‘
knovn ‘the autocorrelation function of complex amplitude is also knowm,
epart from a xmlltiplicative‘ constant. The autocorrelation function of
intensity is simply related to the autocorrelétion function of complex
- amplitude. By now finding the relation, and combining it with Equation
3.4, wé will produce the required result.

The right hand side of Equation 5.1 can be expanded in terms of

the real and imaginary parts of the complex amplitude:

C(5,7) = <Valx+£ry+7) Va(,y)>
s U (x e §,y07) L 06Y)>
+ et yen) L)
s ety Wloy)y - KIS s
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Because Vp and Vg are real, zero-mesn, Gaussian random variables,

Middleton (1960) states that the following must be true:

Vi3V > = <V V2) < Vo> + Y, V3> <V2 Vi)
+ <V; V4_> <V2 V3> . 3.6

If we use this relation to further expand Equation 3.5 then, by ignoring
2
terms vhich average to zero and cancelling certain terms with "<I> ,

we are left with the form

C67) = 2] Uelxrbiyen) elsy)>
P bt Vel | L e

If a comparison is made between this equation and Equation 3.2, the
autocorrelation function of intensity will be found to be just the squared
modulus of the autocorrelation function of complex smplitude. By combi.ni.ng
this result with Equation 3.4, the required autocorrelation function can
be written as the squared modulus of the Fourier transform of the intensity

distribution over the scattering area:

2

C(%)'?) =. f{ 5(1,45) eXP[%("fJ"‘-"?)] dxdg . 3.8

Since this equation chows no dependence on either X or Y; the auto-
correlation function of intensity, ‘as we had anti_cipated, is stationary.
.The autocorrelation function is defined in terms of an ensemble
average, and, generally, to measure such a function will require an
-average value .to bg found by considering a2 very large number of indep-
endent seattering a;'eéé. ) However, because of the stationarity property,

which is common to 211 speckle patterns considered in this Thesis,
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measurement is a much simpler matter than this.

The statiornarity property allows a double-edged simplification
in the measurement procedure. Pirst, it meesns that we can obtain the
ensemble average directly from a space average, that is, an average
obtained from a sequence of measurements across a single pattern; and
second, it means that the average we finally derive is appropriate to
21l points in the pattern. As a result, we can now think and speak in
terms of space averages in this Thesis, and consider averaging brackets
to mean the space average; but, in any results obtained, always the
ensenble average will be implied. The ensenble average is a much more
 powerful average than the space average.in that it applies not just to
one particular scattering area, but to all scattering areas within the

prescribed family,

Eca};teiing Area:

For a uniformly illuminated, circular scattering area,
a solution of Equation 3.8 will be identical to that obtained by calce-
ulating the point spread function for an aberration free lens with a

circular aperture., This is a well known result, so that we can immed-

iately write

C(%"D = <12 ' 27T A

where A is the radius of the scattering area, D is the distance to
the far-field, Jy is the first order Bessel function, and the normalis-
ation is chosen so that the value of the function at zero lag is equal

to the variance (ef., Equation 2.18).
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The Wiener Spectrum

‘The Tiener spectrum is a function which shows how
the variance in the speckle pattern is distributed with spatial frequency.
Goldfischer (1965), by extending a one-dimensional analysis used by Rice
(1954), showed that in a,Fréunhofer plane pattern the spectrum is given
by the self-convolution of the intensity distribution in the scattering
area. This result is confirmed in that it is essentially the same as
the result given by the Wiener-Ehinchin theorem (Bendat, 1958) whieh,
for a stationary random process, states that the Wiener spectrum is the

Fogrier transform of the autocorrelation function.

The Wiener Spectrum for a Unlformly T1luminated, Clrcular Scatterlng

- S e s e e —~— — — — — — — — — — — s e e —

éyea.

According to Goldfischer, the Wiener spectrum in this case will
have the same form as the optical tranfer function for an aberration free
lens with circular éperture; and according to the Wiener-Khinchin theorem,
the spectrum will have the same form as the two-dimensional Fourier trans-

form of Equation 3.9. Either of these representations enables the spectrum

to be written in the form

Muy)= & 1<z C°5( ey )- S+ J!-— s o ‘ '5.10

w* ¢k tm tm t ’

vhere 1, is the cut-off frequency vhich is given by

t, = %4, 5.11

AD

It can easily be checked that the normalisation of Equation 2,10 is such

that the volume conteined under the function is equal to the veriance.
In some accounts, the Wiener spectrum is shown with a delta

function situated at the origin. This arises when tﬂe spectrum is

produced from an autocorrelation function which has been defined so as
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2 _
to omit the constant term - <I> (ef., Equation 3.1). However, since
there is no great significance in sither including or not including this

‘term, there is no special significance in the delta function,

Autocorrelation Function and Wiener Spectrun for Speckle in an Image

So far our consideration of the autocorrelation function and
the Wiener spectrum has been restricted to speckle patterms formed in
‘the far-field. There is no resl need for this restriction, however,
because the treatment which we have given would also apply to speckle
patterns formed in an image. In general, an expression which is approp-
riate to one écheme will also be appropriate to the other, subject to
the condition that the angular shape of the scattering area as seen in
the far-tield is idenfical to that of the lens pupil, as seen in the
image plane. This might be illustrated by saying that Equations 3.9
and 3.10 can be made appropriate to an imaging case just by redefining
A to be the radius of the lens pupil and D +o be the distance from

the pupil plane to the image plane.

The Relation between the Autocorrelation Function and the Wiener Spectrum

It has already been stated that a two-dimensional Fourier trans-
form relation exizts between the autocorrelation function and the Wiener

spectrum. A formal statement of this is now given:

M) = [[Cltm expl-2miluepd]d . s

Isotropic Speckle Patterns:

When the limiting aperture is circular, there
is no preferred direction in the speckle pattern and the pattern is then
deseribed as isotropic. For such patterns, the autocorrelatiox; funetion

and the Wiener spectrum are radially symmetric functions, and Bracewell
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(1958) has shown that their central sections (which are sufficient to
specify the functions fully) are related via the Hankel transform. i If

the arguments in the respective seetions are r and t, where

t = Ju*ev® ma r o= ,§1+ n*

then the transform can be written

oo

Nt) = 27 [ C(r) IGawte) rdr | 515

o

where J, is the zero order Bessel function of the first kind. Since
the results given in this and later chapters concern only with radially
symmetric functions, Equation 3.13 has more relevance in this Thesis .

then Equetion 3.12,

Authors Concerned with Second Order Statistics

Apart from Goodman, various other éﬁthors have given accounts
relating to the second order statistics of speckle. In the accounts
by Skinner (1964), Golfischer (1965), Suzuki snd Hioki'(1966, a and b),
Tiziani._(1967), and Eliasson and Mottier (1971) , consideration was
given to speckle formed in the Fraunhofer plane, and in each case their
' findings accorded with those of Goodmesn, Enloe (1967), Burckhardt.(1970),
Gabor (1970), Dainty (1970), and Lowenthal and Arsensult (1970') each
considered speckle formed in an image plane, snd all agreed that the
autocorrelation function is in this instance given by the squared modulus
of the Fourier transform of the apertﬁre fanction of the lensj which is of
course a result similar to that for speckle formed in the Fraunhofer
plane. |
Because Goodman's:results were not published, Goldfischer is often
The term 'transmission function' might be more appropriate

than 'aperture function', because the aberrations of the lens
are of no significance, :
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aceredited with being first to give the form of the autocorrelation
function. Although this might not be strictly true, he was
nevertheless first to give the form of the Wiener spectrum. But while
Goldfischer was only concerned with the Fraunhofer plsne, Enloe,
Lowenthal and Arsenault, and Dainty showed that the Wiener spectrum
could be similarly described in an image plane.

Enloe's result is particularly interesting because it contains
e term which takes account of the finite number of scatterers within
the resolution element of the lens, After giving the result, however,
he observes that 'for a truly diffuse surface' this term can be ignored.
The present author would have preferred him to have added the further
proviso that the nume;'ical aperture of the lens should be low.

I;oﬁ'énthal and Arsenault, and Dainty obtained results in agreement
with those of Enloe, .'but the mammer of their derivation was entirely
different. Theze authors considered that speckle in an image is formed
as a result of a linear filtering of complex amplitude, followed by a
square-law detection process. This approach led to a conceptually
simple understanding of speckle, and Dainty put it to profitable use
by giving the form for the Wiener spectrum in the case of speckle formed
‘under partially coherent illumination. His result will be considered

"further in Chapter Six.

Relations between Measured and True Functions

The computation of the true autocorrelation function or the true
Wiener spectrum from those functions which are actually measured by a
finite aperture is carried out in broadly the same way as it would in time

o ‘
series analysis. However, although time series analysis has been
and Tukey,
extensively treated in the literature (Jenkins and Watts, 1969; Blackman/
1959; Bendat and Piersol, 1971), we cannot quote results which are

jwmediately appropriate to our task because this literature deals with

an inherently one-dimensional problem. Nevertheless, a relevant two-
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dimensionai analysis has been carried out in comnection with photogra-
phigé’fanularity by Clark Jones (1955), and we do in fact draw on some
of his results.

When the speckle pattern is seen through a finite aperture whose '

transmittance function h(X,Y) is given by

h(X,Y) 1 inside aperture

0 otherwise,

then the measured autocorrelation function will be the double convol-
ution of h(X,Y) with the true autocorrelation function (Clark Jones).

, Denoting the measured autocorrelation by a suffix, we can write

(s =ﬂﬂc<g-x L py=y) R ROy dxdx"dy'dy",  5.as

By either continuing to follow Clark Jones, or by making use of the
convolution theorem (Bracewell, 1965), the equivalent result for the

Wiener spectrum may be obtained:
N,(”,V) = N(U,v)'H(U,V)l ) 3.15

vhere H(u,v) is the Fourier transform of the aperture function h(X,Y):

—

H{uv) :ffh(x,y) e)(p[-zﬁi(uxwy):) dxdy. 5.16

Later in this chapter, some specific relations will be generated from
Equations 3.14 and 3.15. These will be relevant to a s1it aperture,
the type used throughout this Thesis for the measurement of second

order properties,

The Variance as Seen through a Finite Aperture

In the previous chapter, an spproximate probability density



51,

function was given for speckle as seen through a finite aperture (Equation
2.19), but the form given depended on our knowing the variance, Goodman
(1965) gave expressions for the variance by considering the autocorrelation
function; we now give equivalent expressions by considering -the ﬁiener
spectrun,

The volume contained under the measured Wiener spectrum is, by
the definition of the meaéured spectrum, equal to the measured variance.

Thus, denoting the measured variance by a suffix, we can write

d'z :ffh/'(u,v) du dv . | 3.17

By using Equation 3.15, a more useful expression is obiained for the

measured varisnce:

6'2 =ff Muv) IH(N)V)IZ du dv . .18

The Varisnce as Seen through a Ciroular Aperture for a Speckle Pattern

Produced from s Circular Scattering Ares:

The form of the true spectrum
has already been given for this case (Equation 3.10), and since it has

circular symmetry we may write it in teﬁns of its radial coordinate, t:

N(t) = @[cos"'(-f—) - L |—(I—)} v Bls

an,z 't’::; Tm Tm fm

vhere T = Ju +v »

The measuring aperture in this case is defined by

1 for X2+Yz S_ az

h(X,Y)
0 otherwise , : 3.20

where a is the radius of the measuring aperture. Since h(X,Y)
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has a radially symmetric form, its Fourier transform H(u,v) mst also

be radially syxmnetfic, Whence, we may write

Hi) = DT

— ; 5.91

vhere, as before, t = u?+ v* y and e have normalised to andg,
If Equation 3.18 is expressed in its polar coordinate form, and
Equations 3.19 and 3.21 are combined into it, then, upon writing w = t/t.
m

and carrying out the circular integration, the measured variance can be

written in the form
|

| 2
2 2 - t
o = <D [Teodl) - AT
- mets a w
o}

A more meaningful
relation between the measured varisnce and the aperture size can be
obtained by expressing the cut-off freqﬂency, tm, in terms of k-units.
The k-unit has been defined by Equation 2.26., From that definition, it

follows that ‘f, = +61k /a. Vhence

‘6'2: &Si [cos.'(W)-w)l-wz][Jﬁgi&fO]dwo 3.23

n B> (-61)*
(o}

The dependence of the measured varisnce on the k value may bé apprec-
iated by referring to Dainty (1970) where the ratio <I>2/551 (=M)
is plotted against k. A similar plot is shom in figure 3.1, where M
(ef., Equation 2.20) is again plotted against k. Since the behaviour
for small values of k is interestir‘lg, gome care has been taken to show

this behaviour accura‘l;_ely.
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N I B m e on
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Ll

Figure 3,1 The effective number of independenf speckle patterns,

M, versus the aperture size expressed in k-units.
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Measurement of the Second Order Statisticai Properties

Until recently, there was very little experimental evidence
underlying the second order statistics of speckle., Various suthors
had published accounts offering experimental verification of the theory,
but none could be considered as entirely satisfactory,

In a paper 'by Goldfischer (1965), a qualitative verification was
given of the form of the asutocorrelation function for speckle patterns
vroduced Prom vgri.ou-sly_ shaped scattering areas, His method made use
of two identical photographs bf the speckle pattern,‘ and these, after
they had been suitebly arranged in an optical system, enabled him to
produce an aﬁalégue version of the sutocorrelation function. His
. method isf elegant, and the results shomn by him are in many ways con-
vincing; but to be totally convincing in this instsnce it is necessary
toA fake a quentitative aﬁproach.

Such an épproach was taken by two suthors, namely, von Hohn (1968)
end Dainty (1970). Both made measurements of the Wiener spect:zﬁm,
ﬁsing differing methods, end both found broad agreement with the theory.
In detail, however, their results conflicted with the theory.

The present Author also adopted the quantitative approach
- (McKechnie, 1973), and measurements were obtained for the autocorrelation
function and the Wiener spectrun. Th.e remainder of this Chapter is now
devoted 1‘;0 2 description of the resulis along with an account of the

method used to obtain them,

The speckle patterns upon which measurements were made wvere
formed from uniformly illuminated, circular scattering aress, snd the
patterns were thus endowed with the properties of" stationarity and
isotropy. These two properties, as we have already indicated, allow
importent simplifications in the measurement pro‘cedure. The stationarity

property makes it only necessary to measure space averages, and the
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property of isotropy makes it only hecessary to measure sections through
the functions of interest. |

In general, when the speckle pattern is non-stationai'y and non-
isotropic, the autocorrelation function and the Wiener spectrum will
have asymetrical forms and will take different shapes in different
regions of the patternf The meémrement of such functions would of
éourse be a formidable task, but fortunately it was one which did not
have to be undeftaken. ‘

AYthough the meésuremen’c ?roceaure which was adopted was expected
to yield all relevant information, it had reduced, because of the type of
pattems cmsidered, to the comparitively simple matter of scanning
goross single patterns in a single arbitrary direction. The quantity
which was actually messured during the scans was of course iﬁtensity;
the autocorrelation function and the Wiener spectrum were subsequently
calculated from the measurements.

Since a speckle pattern is an inherently rendom pattern, eny
particular estimate of a quantity derived from it, based on the average
of 2 number of meés.tranen’bs,. will be subject to statistical fluctuation;
the fluct_uation will become less, however, ac more and more measurements
are included in the estimate. 20,000 measurements were entailed in each
-’che result sets given and this has enabled statisticel accuracy on a
level which had not been obtained previously. Ag an example of this
aceuracy, thc\a standard deviation on each of the points marked on the
Wiener spectra is about 3 per cent. But despite their small magnitude
statistical fluctuations remain the overriding source of error and
because of this it is only these errors which are included in the
results. Other error sources Wei'e adjudged to cohtri'bu’be rather less
by comparison so that, although further reference is made tob them in

Such speckle patterns could be cbtained by illuminating an

asymetrical scattering area with polychromatic light, but
these are outside the =cope of this Thesis.

of
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the text, they are not in:iica'ted in the resulte.

The aperture through which the speckle pattern was observed - the
eperture of the photomultiplier - was chosen in the form of a very long,
very narrow slit. In choosing a slit, we followed the choice made by
Clark Jones (1955) who was concerned with measuring the Wiener spectrum
of photographic granularity. The slit, as we shall now see, is a shape
which readily lends itself to the computation_of the quantities we want

from those we actually measure directly.

Relations between the True Punctions and Those Measured by a Slit

To obtain mea;surements from the speckle pattern, the sglit aperture
Vas scenned across the pattern in a direction at right angles to its
length. This is illustrated in Figure 3.2. At regular intervals,
recordings were made of the integrated intensity, I'(X,Y), which pasced
through the slit. The measured autocorrelation function, G'(§,7), is

defined in terms of the intensities so obtained;

C'f‘f>77) = <I'(X+§> y+7)1'(x,y)>_ - <I>1 3.24

Since the scan was made in ome direction only, the /] dependehce in

Equation 3.24 may be dropped without loss of gemerality. Thus,

C‘(ho)\ = <II(X*’§>Y>II(*)Y>>' - <I>2 5.25

The measured sutocorrelation function and the measured Wiener

spectrum are related by the Wiener-Khinchin: theorem:
o0 _
r .
C'(g))?):‘fj N/L-")V) 87‘}’[2"‘(3"“7"8 dUC’\/- 3426

When the argunent 77 iz set to zero, this can be written
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Figure 5.2 The arrangement by which the speckle pattern was

scanned and measured with a £lit aperture.
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C'(k,0) = f[joN'(ujv) clv] exp(2mia ) Ju , 5,2-}

end by using Equation 3.15 this 'becémes
, [ N _
C(%,0) =f [N/%v)) (w9 JVJ exp(2miug) du. s

The measured autocorrelation function, G! (?',O), and the
measured spectrum N'{(u,0), are both one-dimensional functions. The

Wiener-EKhinchin. theorem for this case states that they must be related

by the form
C(§.0) = f W(1,0) explaring) du . s

If Equation 3.29 is now compared with Equation 3.28, the relation
between the measured one-dimensional spectrum and the true two-

dimensional spectrum is readily seen to be

| N’(‘ho) -"-[ /V(U,V)IH(U;‘OIIAV. 15,50

For a'slit of length L and width b, the sperture function can

be written as

hXY) = 1 g-b/z =X < 42
LR S Y= LR

0  otherwise; 5.31

and the correctly normalised transform which derives from this function

can be written
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H(u,v) =  sine(bu). sinc(iv). 3,32

If Equations 3.30 and 3.32 are now combined, and the integration is
carried out, then the true spectrum and the spectrum as measured by

the slit are related in the following way:

N(u,0) = . — N'(u)p) ., 5.35

sinc?(bu) '

vhere the assumption has 'beenq made that the spectrum does not vary
appreciably over the distence in vhich sing® (Iv) takes significant
values. An equivalent way of sté.ti_ng this lagt assumption would be to
- eay that the slit is much longer than the distance over which the auto-
correlation function takes siglnificaz}t'values.

In the results, use was made of Equations 3.25 3.29 and 5.5:5 to
calculate our realisation of _the true spectrum from the measured
int.msitiés. But, to obtain our realiszation of the true sutocorrelation
function, although in principle we need only have used Equations 3.25
and 3.14, this would not ha;re been the simplest way to do it. Wiat was
done instead was to first generate the two-dimensional spectrum from
‘the section and then carry out a two-dimensional Fourier transform on
this. The complexity in doing this was lessened in that, s=ince only
a section through the sutocorrelation function was required, the two-
dimensional transform reduced to the simpler form *

0 <o
C(§,0) = [f N(U,V)d\/ Q)‘P(Zﬁl“(f) du. 5.5
Py ) . ‘ . )

_qo

A further measure shown in the results is the autocorrelstion

Since C(§,0) and N(u,0) are both central sections, they are
equivalent to the radially symmetric functions C(r) and N(t),
and the one could therefore have been generated from the
other by using the Hankel transform {(cf., Equation 3.13).
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function as it would be obtained by a very long slit of zero width.
This particular function is included in the results becauge it is of
gome interest to know the limiting form of the measured autocorrelation
ﬁzﬁc’cion as the =1it is made increasingly longer and narrower. Our
realisation in this instance is got by carrying out a one-dimensional

Fourier transform on the section N(u,0):

CL(f,OS = [N(U,O)QXF(ZT”LUE)OIU» 3.35

Equally, we could have obtained Op,(%,0) by taking a line integral through

the true two-dimensional autocorrelation function:
=Y
G (69 = | Clt,7) dy .  u
‘ . -0

Although Equation 3.35 was used to generate our realisation of GL(E,O)
in preference to Equation 3,36, Equation 3.36 will subsequently allow
a clearer insight.

We now give the JAch:t'ee expressions which were actually used to
create the theoretical reference curves shown in the results; against
"them, our measured cuantities ean be ghecked for cons:';?bency with the

"bheory.

Reference Curves Used in the Results

For the isotropic patterns considered,
it is clear that the measured sectiems, N(u,0), ¢(§,0) end GL(§,O), will
have the same forms as their radially syrmnétric counterparts, N(t), C(r)
and GL(r). Tndeed, the one set of functions can be produced from the
other by simply interchanging the arguments, u with t and § with r. To
be fully general, however, it is the radially symmetric functions which
are now given.

The theoretical Wiener spectrum has already been given in the
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required form (Equation 3.19), but for completeness in this section we

reproduce the earlier result:

N .
_ Q<I> =l ;t/ + + \2
N{f) = W [LOS _(Tm)- _‘E:? “"{_'E-) } . 3.37
m

The theoretical autocorrelation function follows immediately from

Equation 3.9:

3.38

C(;’) _ <I>2[2.J‘,(1rt,,r)f” .

Tt

The form of Equation 3.38 is identical to that of an Airy
pattern and, by virtue of this, Equation 3.36 leads us to expect that
- Op(r) will have a form identical to that of a line spread function. With

the relevant constants includecl,' we can write thie

C (l’) _ 16 <I>2 [H‘(Zﬂt”?r)}
L - : 3

3.59
™ ’—-'t_'m (2171, l"')z ’ ’

vhere L is again the clit length and H, is the first order Struve
function. Since the £1it has zero width, width does not of course
enter into the equation.

| Having established the necessary theoretical framework, let us

now consider the resulis.

Results and Discussion

As background information to the results, we first
list the values taken by the system parsmeters:
Radius of sratbering area A = 30.33 mm.
D@s‘cance between scatterer and far-field R = 1307.0 nm,

Wavelength _ A = .488 microns.
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Slit length L

Slit width b = 12.0 microns.’
Sampling interval = 14.0 microns.

eq., _
The sampling theovem(,Jenkins and Watts, 1969) tells us that we can

distinguish all frequencies present if we sample at twice the frequency
‘of the highest. The highest frequency likely to be present - ie., the
theoretical cut-off frequency, tm, is 0.032 cycles/micron; or, altern-
atively, by taking the reciprocal, the minimum cycle distance is 30.9
mic;'ons. Since our sampling interval is less than half this value, we
have indeed fulfilled the requirements of the sampling theorem. (In a
separate experiment, using a much finer sampling interval, it was
established that there are no frequencies present beyond the cut-off
frequency. )

In Figure 3.3, we see two realisations of Wiener spectra, one
corresponding to a rough diffuser and the other to a muich finer diff-
user. The standard deviation of the surface roughness of each diffuser
is indicated; the fact that both are larger than the wavelength, A , is
necessary to comply with the assumptions made about the scafterer in the
last chapter. '

For each realisation, more than 20,000 measurements were made

“_and this might suggest a very high statistical accuracy. However,
although this is true in a general sense, it 1s a consequence which does
not follow immediately because the Tiener spectrum is not ergodic. The
ergodic property woula apply had we found that by taking the average of
more snd more measurements, the varisnce on our estimate had reduced
without 1limit; the reason why.it does not is now briefly explained.

As we take more and more measurements, both the information
o'bta:fned and the total scan length, T, increase; but, since our frequency
diserimination is given by 2/T, the additional information is spread
into finer and finer frequency ihtervals. The net result of taking more

measurements is, therefore, to make possible an estimation of the Wiener
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spectrun at narrower and narrower frequency intervals: the efficiency

of each estimate in the narrowing interval, however, does not improve.

To overcome this difficulty, we have to adopt smoothing procedures
(Jenkins and Watts). These enable us to0 reduce variance - almost without
Limit - but at the expense of bandwidth.

The technique of smoothing can be stated broadly as one of
averaging the estimates from a set of neighbouring frequency intervals
and then taking this averaged value as representative of the estimate
for the neighbourhood, Mathematically, this can be described as convol-
ving the unsmoothed spectrum with some function, where clearly the
width of this function will govern the degree of smoothing., A function
used in this way is sometimes referred to ags a spec;tral window.

It the spectrum is calculated, as it was in the case, by Fourier
transforming the autocorrelation function, it is more convenient to
carry out smoothing ét the autocorrclation stage. This is done by
multiplying the autocorrelation function by the transform of the spectral
window. Mathematically, the two processes are equivalent so that the
results are identical. The transform of which we speak is referred to
a8 the lag window, * |

The lag window can have any suitable shape and there are many
in common use. Of those listed by Jenkins and Watts, the Parzen windor
was selected because its biasing effect i was expected to be as small,

if not smaller, than the others. The Parzen lag window is defined as

follows:

The terme 'lag window' and ‘spectral window' were intro-
duced by Blackman and Tukey (1958).

** Bias: An unavoidable side-effect of smoothing is that it
introduces distortion - or bias - into the smoothed
estimate. This means that the estimate obtained, although
showing little of the statistical fluctuation present in
the unsmoothed estimate, now takes values which are
different from the true estimate. In general, a greater
degree of smoothing is accompanied by a greater degree
of bias,



65,

i

| |
LR RGNS

‘3
|
= 2(1—'{,) , Y=irl=W
= (o) ) Ilrl > W 3,40

where W debtermines the width of the lag window, A sketch of this
window is chom in Figure 3.4.
The Parzen spectral window, ie., the Fourier transform of the

expression just given, can be written in the form

R - 3w e (), mmtm

The bias introduced by the Parzen window has been shown by Jenkins
and Watts to be given by |
2
B(t) =~ ( _‘537:-) C-L-I-v—i + o(—_—l—3) . 5.43
W d W
It ‘would appear from Equation 3.42 that the bias introduced is propor-
"bional to the second derivative of the spectrum. Since the spectra
shown m Figure 3.3 have only slow gradient changes present in them,
the choice of the Parzen window would seem to be appropriate.

The w:'\.dth of the lag window is. genérally mich more important than
the type of vfindow. This is reflected in Equation 3.42 where we see
that bias is rather sharply dependent on window width. The width
achially used was some 30 lags of the autocorrelafion function and, as
we shall se‘e, the autocorrelation function at this point and beyond
takes on negligible values, To have used a mich narrower window would
have lost valu.able information and, although a finer dégree of smoothing

would have been achieved, this would not have compensated for the
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Figure 3.4 The Parzen lag window.
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significant bias which would be introduced.

The lateral separation of the measured points is governed by the
degree of smoothing. . For the points to give independent estimates
of the spectrum, they must be separated by an amount :c;oughly equal to
the width of the spectral window. To have shown points at finer
intervals than we have them would have meant substantial correlation
between neighbours and the additional information would then be nil.

Follewing Jenkins and Watts, the standard deviation of a specfral

estimate 6(t‘) can be given in terms of the spectral estimate itself:

&(t) = '5‘3:19-:1\7 N(’f)m) 3,43

where W.is the lag window width, T is the total scan length, and
the factor .539 is associated with the Parzen window, Since W is 30
end T is 20,000, our estimate of the standard deviation is given approx-

imately by

&(t) = .03 N(t) o4

The error bars are drawn with a length of twice the standard
_deviation, go that if we centrve each one on the appropriate point below
then on two occasions in three it chould cut the theoretical curve. The
fact that this does seem to happen must surely be taken as a verification
of the theory.

Before leaving the Wiener spectrum, some final remarks should be
made about errors ‘arising from sources other than statistical fluctuation.
The system parsmeters could all be measured with sufficiently high
accuracy and, therefore, they may saf'ely be ig;mofed. There are, however,
two effects of which something more should be said. One is due to
depolarisation occurring during scattering and the other is due to a

combination of the long-term instability of the laser and the non-

Lambertian nature of the scattering.
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Tﬁe proportion of light depolarised during scattering was
meagured to be .25 per cent for the fine diffuser and .5 per cent for
the rougher diffuser,  These values can be shom to reduce the variance
in the resulting patterns by .5 per cent and 1 per cent respectively.
0n the basis of this, we could argue that the reference curve shown in
the Figure should be lowered by .5 per cent to correspond with the
measurements made on the finer diffuser, and by 1 per cent for the rougher
diffuser. In eithéer case, however, the effect is not significant.

Due to a tendency of the diffuser to scatter light into a compar-
itively narrow, forward-pointing cone, the local average of the intensity
in the speckle pattern varied from cne part of the scan to the next. To
minimise the effect of this, the scan was restricted to a region near
the forward-pointing axis, and in this region the intensity was observed
to remain constant to within 1 per cent. The cowbination of this effect
end the long-term variatioms in laéer power, which again were obgerved
at about 1 per cent, would lead us to expect an additional low frequency
component in the spectrum. Although smoothing acts in a way which would
tend to reduce this effect, it may well have made itself apparent in the
relatively poor agreement fomd at zero frequency for the rough diffuser,

In Figure 3.5, we see a realisation of the autocorrelation function
'_for the finer of the two diffusers. The points indicated lie at the lag
intervals at which the intensity was sampled. The theoretical reference
curve was calculated from Equation 3.38. |

It was not necessary to carry out smoothing in this case because
the autocorrelation functiem, unlike the Wiener spectrum, is ergodic.*
This means that as we take more and more measurements it quite naturally
stabilises to its encenble average value. The 20,000 measurements entail-

ed in the reslisation would lead us to expect statistical fIuctuation of

* It does not necessarily follow that the transform of

sn ergodic function is itself ergodic.
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the amounf shom. The error bars have a length of twice the standard
deviation, so that again the test for successful verification of the
theory is thet, if we centre each error bar on the point lying immed-
jately below it, then on two cccasions in three it should cut the reference
curve, | |

The values of the standard deviation, (r) , were caloulated from

the following expression:

,‘5(") = l‘r/fw{[C(S)}i C(S*Y)C(S-V)}' ds 'i, 5.45

This expression derives from é more general expressiom given by Jenkins
and Watts. It will be noticed that no information is required in the
expression, other than the total scar length and the form of the auto-
correlation function; information about smoothing is, as we might have
expected, not required by the expression,

| The sutocorrelation ﬁmc’cicn is shomm out to eight Iag intervals.
The value taken at the e.ighth is seaﬁ to be very small and this ties in
with what was said earlier abcut the lag window widbth: it is clear that
by ignoring the autocorrélation function af'ter the thirtieth lag very
Yittle information is Iost.
| In Figure 3.6, we see a realisation of the autocorrelation
function, again for the finer of the two diffusers, but this time as it
would appear when measured by a very long slit of zero width. The refer-
_ence curve was generated from Equation 3.39, but otherwise precisely the
seme coments apply as were aspplied to the autocorrelation function

of the previous Figure.
It now only remains to say that for the fypé of speckle patterns

concidered the theoi'y presently underlying the second order statisties

is sound, abt lesst to the accuracy we have engaged.
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CHAPTER FOUR

SECCHND ORDER STATISTICS OF REDUCED SPECKLE IN THE FRAUNHOFER PLANE

In this Chapter and, indeed, in all the i-éméining chapters, we
abandon our interest in speckle patterns as it was previously directed,
end instead consider ways and meeng of, if not elimineting the speckle
phenomenon, et least reducing it to within tolersble limits., The
literature gives descriptions ¢f meny different procedures for ensbling
speckle reduction, each method having its own areas of application, its
own merits and demerits, some in competition with one another and others
unique in their behaviour. A brief review of some of these reduction
techniques is given, by wgy of opening the chapter; but the larger part
of the chapter, indeed, the larger part of the remainder of this Thesis,
is cméemed with one method in particular. |

) The method is due to Dainty and Welford (1971) and, as it was
envisaged by these suthors, it concerns speckle reduction in the time-
eversged image vwhen an sperture, smaller then the pupil, is moved in the
-pupil plane of the reconstruction lens, Having deseribed the method in
this way, it might now seem anomalcus tb state that the theory and the
experimental confirmation vhich ie given to it in this chapter, are
based upon reduced speckle patterns produced in the Fraunhofer plane,
the reduction being effected in the time-averaged patlrn by moving an
sperture over the scattering area so that different parts are exposed
at different times. |

The situation which we describe might not. geem to comnect immed-
jately with the situation dealt with by Dainty and Welford, but it is

exactly similar and in Chapter Six the equivalence will be firmly

estsblished. IMnticipating the results of that chepter, the theory which
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is offered ic applicable to gpeckle reduction under four main headings:

(1) to speckle formed in an image when an aperture is moved in

the pupil plane of the imaging lens;

(2) in the situation identical to the sbove, but where the

speckle is formed in the reconstructed image of a hologram
when an aperture is moved in the pupil plane of the reconst-
ructing lens; '

(3) in a Praunhofer plene speckle pattem, produced from a

trans-illuminated scattering area when an aperture is
moved over its surface;

(4) in the situation identical to (3), but where the speckle

is}fomed in the reconstructed image of a Fraunhofer plane
ho]?ogam vwhile an apeﬂ;ure is moved over the surface of
the hologram,

For the moment, consideration is restricted to the second order
statistics of the time-averaged patterns; the first order statistics will
be dealt with in the next chspter. The theory is given only for the
specific case of a rotating, circular aperture; but there .
remains sufficient generality in this case for deductions to be made
~sbout the treatment in a general case =~ 1ie., an arbitrarily shaped
aﬁerbure perfoﬁng some grbitrary cycle of movement.

After the theory has been given, some measured values of the
autocorrelation function and the Wiener spectrum will be compared to
theoretical values. A detector with a time-constant long enough to allow
the aperture t;) make many rotations was used to provide the time-
averaging, but otherwise the method used to measure the two quantities
was exactly simiiar to the method used in the prévious chapter.

In addition to the four applications given, the theory is also
thought to zpply to speckle reduction by illuminating with partially
coherent light. If it does apply in this case, then the specific results

given for the rotating, circular aperture encompass the speckle reductlion
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technique of Cronin and Smith (1973). The moving, coherent source thej
deceribe can be considered as s fixed, incoherent, quési—monochromatic,
ring source, snd such a source produces partially coherent light of a

type dealt with by our results. A fuller conegiderstion of 'i:his_matter

will be given in Chapter Six.

Techniques for Reduecing Speckle

Since speckle is not found with incoh-
erent illumination, it is clear that we may reduce speckle by simply
reducing the coherence of the illumination. There are two possible
ways of doing thisg: one iz to reduce the temporal cohererce, and the
other is to reduce the spatial cocherence. Elbaum et al (1972), George
and Jain (1972), and Golbach (1973) adopted the former method by using
several wavelengths. The latter method, however, has been discussed
rather more widely.

Arsenault and Lowenthal (1970), and Lowenthal et al (1970)
reduced spatisl coherence by using a single moving diffuser to produce
a randaﬁ phase modulation. But, although this technique is effective,
en even more effective technique was used by Tizisni (1967), Schroder
(1971) and Lowenthal and Joyeaux (1971). They made use of two diffusers,
one moving with respect to the ;)ther, and this enabled a more rapid rate of
phase modulation, Another phase-modulation technique, which invdlved
no moving parts, was described by Kiemle and Wolff (1971). Their method
made use of a liquid orystal gate in vhich movement of the orystals
caused the negéssary phase modulation.

Whm a non-diffusing object, for example, a transparency, is
illuminated from behind by a point source and a hblogram is then made of
it, the reconstructed image will contain no specklé. This procedure is
rarely followed, however, becausg the reconstructed ;‘.mage will suffer
from other deéz'ading artifects, arising from dust and imperfections

both on snd in the hologram material and the reconstruction optics.

<
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Rotation of the optical elements (Rirkpatrick and El-Sun, 1956) could
be used to reduce the effects of the latter, but, according to Leith
and Upatneiks (1954), the improvement offered by this means is not
really good enovgh. They offer, instead, a different solution, a
solution in vhich a diffuser is introduced into the illuminating beam,
The diffuser acts successfully in removing the noise due to the
factors mentioned, =nd in other ways too it sets advantageously. The
dynamic range in the reconstructed image is dramatically" improved, and
the hologram can even be broken into smaller pieces, each sepsarate
piece being capable of yielding a complebe reconstruction, albeit one
of reduced resolution. Unfortunately, however, the all-round improvement
which has been created has been bought at significant cost - speckle.
Various suthors (Upatneiks, 1967; Gerritson et al, 1968; Leith
and Upatneiks, 19683 Gebor, 1970; Kato and Okino, 1973) have addressed
themselves to the problem of retaining the diffused illumination. vhile
i'edlzcing the speckle produc‘ed by it. The solutions found are all rather
similar, aznd they ihvole placing an amplitude and/or phase grating in
or nezr the plane of the transparency at the time of recording the
hologram, There are many photographs in the iiterature with show the
_improvement offered by these techniques and their success is indisputable.
However, these methods can only be used with non-diffuse objects and
their success is restricted to a single plane in the object. In any
other plene, the grating will reveal itself as a confuging background
feature of some sort.
When the reconstrﬁcted image is formed from a hologram of a
diffuse object or, for that matter, when we form a direct image of a
diffuse object, the use of phase or amplitude gratings will h;ave no
effect :.n reducing speckle. For this type of situation, other procedures
must be adoPte'd to effect the reduction.
| Martienssen snd Spiller (1967) solved the problem as it arises

in hologrsphy by illuminating the object through a diffuser and then
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forming a. series of holograms of it, the diffuser being moved between
exposures so that éach hologram is given its own individual speckle
pattern. At the reconstruction stage, the different holograms are
successively shown during a time interval which is short in comparison
to the response-time of the detector, and the effect of this is.'bo
cause sn averaging of the speckle. There is no theoretical limit to
the amount of speckle reduction which can be achieved by this method,
and there are no degrading side-effects introduced by the process -
the effect of the process is quite simply to synthesise an image which
in every respect resembles an ineoherent image. |

With Fraunhofer holograms, the type actually considered by
Martienssen and Spiller, the sequence of holograms can be moved econtin-
uously through the reconstructing beam so that accurste location of the
holograms is not a cri‘bica;l part of the procedure. But with image plane
holograms, the movements would have to be discrete and accurately
located, just as in cinematography. If the highest levels of resolution
were sought, inaccuracies in locating the separate holograms would
ul‘bn'ma‘bely' limit 'bﬁe performance, and the limit imposed might well be
considerably less than the theoretical limit of the process, A further
disadvantage of the process, and this applies to both Fraunhofer and
Aimage plene holograms, is that sho;'t duration events, such as occur in
bubble chembers, would be, by the nature of the process, difficult to
record. The disadvantages which have been indicated have practical
rather than theoretical origins, but this does not make them any less
real and it seems, therefore, that alternative solutions to the problem
must be found,

Alternative solutions have been given to the problem by Dainty
and Welford (1971), ven Ligten (1973), and Yu sand Wang (1973). The
golutions given by these authors are all variations on a single theme -
spatial filte:c"ing - -and in evefy case the reduction in speckle is

obtained at the expense of lower resolution. The loss of resolution



77.

is unfortunate, but it seems to bé quite unavoidable, According to
Gabor (1970), had we succeeded in reducing the speckle without losing
resolution, we would have succeeded in breaching the 'information
barrier of optical transmission'. The fact that we have so far failed
iz just another manifestation of the fact that 'Nature always finds a
way of frustrating those who want to break through the information
barrier!.

At this point it is perhaps appropriate to break off the general
discussion and concentrate on the previously mentioned speckle reduction
technique of Dainty and Welford. We start by considering the auto-

correlation funetion in the time-averaged pattern.

Autocorrslation Function for a Rotating Circular Aperturs

Suppose we have a scattering area, illuminated from behind,
which, at any one time T, has a circular part of its area exposed by an
aperture (Figure 4.1). This area will give rise to a speckle pattern in
the far-field, and we denote the intensity in this patterm by I, (X,Y),
the suffix implying the particular time T,. As time progresses, and the
circular sperture moves round, different parts of the scatteriﬁg area
will be exposed (Figure 4.2) and different speckle patterns will result.

There will be an _inf'inite nunber of speckle patterns created, some
corTelated with one another; but, for our purposes, the situation will
be described by a finite, though not necessarily small number N. To
each position of the aperture, there will be associated one of the N
éntensity functions I,(%,Y¥), I(X%) . . . . K .IN(X,Y). If the
scattering area is uniformly illuminated, then each will have the~same
average value vhich we denote <I) .

If the sperture is assumed %o move round with constant angnlar
velocity, then equal weighting can be given to each aperture position

and, immedistely, this enables an expression to be formed for the
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Figure 4.1  The production of a reduced speckle pattern in the
far-field by rotating a circular aperture so as to expose

different regions of the scattering area.
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time~averaged autocorrelation functiony

r%, + 2.7 a2/) EECEEEIEEEE o S 23
. ___<[1,(x. Y1)+ I, (% gNy 7) - (xsm]

X[I,(y,y) +Iz(x,y)+ .. +IN(X,V)]> -<I>2_ 4.1

N

By cross-multiplying terms, Equation 4.1 can be can be expressed in the

Cls,7) ;7’/—2—[ (<I,(x+‘rs,y;r>7)1,~(>l,)’)> - <I>z) M
(<I,(x+§,y+7) Iz(X:Y>> . <I>Z) oo
e [l ne)> <5

The first term in the above equation is the asutocorrelation
function for the aperture as it lies at time T, . There will clearly
be N similar sutocorrelation terms in the expansion., The most often

occurring terms, however, are terms of the type

<L ) Tln)> - <E s

and these recuire some closer serutiny.
Suppose I (X+¥%,¥+7 ) is written in terms of its associated
complex amplitude A (X+%, T+7) and suppose I (X,¥) is written similarly.
: J

Ve may then write

<I Xt ¥, }’* ‘ )\/)> <I>

< \/z(5<+%,y+7).vf(><+%,>'*7) GV = <TF . as



81.

We now make the usual assumption that the seattering surface is rough
compared to the light wavelength. It then follows that the wavefront
emerging from the diffuser will have a statistically uniform distrib-
ution of phase in the range O to 27, =nd following Goodmsn (1963)
the complex amplitude produced in the far-field will form a complex

) disussed
Geussian process. For such a process, a theorem /. hg Reed (1962)

may be used vhich esbles Squation 4.3 to be mritben
Loy Tiky)> - <T> =
| <V (e, y09) v:“<x,y>>lz - <13
)l > M) N> -
= l('\/;(x+"§,y+7) Vf(x,y)>,2 . re

The result we have used folimvs from a more general theorem, the exact
detailes of which need not concern us.

Figure 4.2 shows the aperture positions corresponding to the suffixes
i and j. Enclosed by these aperture positions are three significent areas,
lgbelled a, b and ¢. The complex amplitude, Vi(X+‘g,Y+7 ), can be
‘expressed in terms of two components, one deriving from area a and the other

from area b. Expressing this mathematically,
V,: (X+§>Y*7) = \/iq(X+ %)Yh?) + Vi b()(‘* ‘b)’*’ﬁ >

AL ¥ *
end similarly V;(X,\/) = ng(x'h’) + V@c@;‘/) .

These relations sllow the right-hand side of Equation 4.4 to be written
. ‘ 2
, ¥ &
| [l ) +vislosym] [ Vio o) + Vie 0610 >

and this expands to yield
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|< Vl-a(X‘r‘i)Yf’]) \4: (X,\/) + \/io\(’(*fs))"*?) V&z ('X,Y)

2
* Vib(“&)'*’?) Vst (X,Y) + iy (%25, ¥47) V‘,i (% >’>>l

If the lateral structure size on the diffuser is small enough,
then there will be no correlation between the complex smplitudes
deriving from different areas on the diffuser. It then follows that

the only non-zero term in the above is the temm

s (v v o> |

'i‘he complex smplitude arising at a point, from any given area of the
diffuser;“will remain constant with time so long as the diffuser does
not move.: This suggests that the suffixes i and j, which denote two
different points in time, have, as far as the above term is concerned,

become redundant. The term, therefore, may be more simply expressed:

< Vo (xv %, ¥7) Ve (1Y) >

This form is immediately recognisable (Goodmen, 1963) as the squared
autowrrelalion funchion OF the ,
modulus of the/complex amplitude which arises from area b. Following
Goodman, it can be written as the squared modulus of the Fourier trans-
form of the intensity function which operates in area b. Hence, the

typical cross-correlation term in Equabion 4.2 may be written |
LTy (5 )L (o) > — LT =
2 Z
f/ S(x,4) QXF[‘ZTFi(‘§1+ 73)] dx dy l C s

-— O

vwhere S(x,y) is the intensity function which, in our particulsr case,
takes the form

s(x,y) 1 inside the overlap area

= 0 othervicse,
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In the light of Equation 4.5, the N autocorrelation terms in
Equation 4.2 do not appear to be fundamentally different from the
larger number of ¢ross-correlation terms; ‘they' merely correspond to
cages wherethe overlap is total.

: Gemérally speaking, an evaluation of the autocorrelation function,
6(f,7), would involve samming the N° terms contained in Equation 4,2,
anél each of these terms (cf., Equation 4.5) would entail a two-
dimensional Fourier transform. This would indicate a very large amount
of computation, but for our particular case some simplifications can be

made and it might be instructive to consider these.

S Cmp et P Gewl s Gl e - S

Al

A ‘c]‘.oser look at Equation 4.2 shows
that the terms present in it occur in grcups of N. Each term in a group
arises from the same amount of overlap, the only difference between terms
being that the overlap is located and oriented differently. The
implication of this is that, if the N termes of a group were computed
uging Equation 4.5, each would give rise to the same result except for
a roi;.ation factor. * The effect of this is that we mey account for all
N termg in a group by first meking a single evaluation of Equation 4.5,
using any one of the terms in the group, and then carrying out an
azimuthai integration of the result. Rotation of the one-dimensional
f‘uhction g0 created would produce a radially symmetric function equal
in its effect to the N terms of the group.

The evaluation of Equation 4.5 may, itself, be sﬁ@lified. If the
evalustion is made with that term in the group vwhose inteﬁsity function,
S(x,y), has the x and y axes as axes of symmetry, and we are at liberty

to choose this term, then the Fourier transform will reduce to the form

Vhen the Fourier transforms are first calculated,different
phase shifts will be associated with each term due to the
different locations of the overlaps. “hen the squared
modulus is taken, however, these all disappear.
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4 [/ S(x,4) cos(2mgx) cos (27 4) d'xc’j .

In addition to this, those terms which correspond to no ove-rlap need
notvbe calculated because the result would be zero aryway.

The autocorrelation function now sppears as the sum of N
radially symmefric terms, ‘one for each different amount of overlap,
end it must then, itself, be radially symmebtric. This might have been

expected at the outset, due to the symmetrical nature of the problem.

The Wiener spectrum

The Wiener spectrum of the time-averaged pattern
can be formed directly from the autocorrelation function by carrying
out a two-dimensional Fourier transform. Tn the particular case dealt
with, however, the autocorrelation function is radially symmetric and
thig 'v'villlimply that the Wiener spectrum is also radially symmetric.

A Hankel trensform (Equation 3.15) might then be more appropriate than

the Fourier transform in this instance;

- Experimental Verification

In support of the theory, some measured results
are now compared with predictions made uLsing Equations 4.2 and 4.5. The
case dealt with concerns a circular aperture, rotating sbout a r.adius
3,15 times greater than its own radius. With respect fo Pigure 4.1,
3.15 refers to the ratio /4 which we shall henceforth refer to as the
scamning ratio, R. The diffuser, which was uniformly illuminated by a
laser, was made from .glass, ground on one side. The grinding was t0 a
roughness wﬁich satisfied the theoretical requirements made earlier.

In Figure 4.3, two theoretical curves are showvm. One shows the

sutocorrelation function when the asperture is held stationary - or
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Figure 4.3 The autocorrelation function of intensity for a rotating
circular aperture and, for reference, the autocorrelation function

when the same aperture isz held fixed,



g6,

equivalently, had R been set to zero = and the other shows the
autccorrelation .function when the aperture is ro’catin.g. The vertical
scale in the Figure is in units <I>1, the souare of the mean intensity;
the horizontal scale has normalised units defined by p = Zﬁ% s
where € would be an actual distance measured in the X/& plasne, Since
the value of the autocorrelation function at zero lag is simply the
variance in the speckle pé‘ctern, the height difference between the two
curves indicates ’che reduction in variance effected by the rotating
aperturec. |

Because of its small height, details of the cshape of the
asutocorrelation function for the rota’.cing aperture are obscured. In
Figure 4.4, ’cherefore, the two curves are shown again, the curve for
the stationary aperture (in broken line, this being the convention for
reference curves in this Chapter) now drawm to a false scale so that the
heights of the two curves are made equal. I{; ie immediately apparent
that the sutocorrelation ﬁmction for a rotating aperture is a wider
f‘unc‘cioﬁ than it i; for a stationary aperture, and the implication of
this is that the 'speckles' will appear to increase in size as the
aperture begine to move. The explanation to this behaviour is found
in Bquations 4.2 and 4,5 in that the autocorrelaticn function for a
‘moving 'aperture is the average of many autocorrelation functions, each
one corresponding to one of the many overlap situations illustrated in
Figure 4.2, Since all of these overlepping areas are less than or
equal to the stationary sperture area, their Fourier.transfonns -~ the
squared moduli of which concern us -~ are as wide, or wider, than for
the stationary aperture.

Al=o indicated in Figure 4.4, by crosses, are measured values

7]

of the autocorrelation function when the aperture is moving. The value
shomn were hased on sbout 5,000 intensity measuremnents. The statistical
fluctuation errors appropriate to this number are indicated in the Figure.

The error ‘oa;t's have a length of +twice the standard deviation sgo that, if
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Figure 4.4 Measured and theoretical autocorrelation functions for a

rotating circular aperture; R = 3.15. The theoretical reference
curve, in broken line, is for the same aperture when held fixed;

‘ 2
its true height would correspond to <I>" on the scale shown.
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a bar is centred on the measured value direc’cly below it, then on two .
occasions in three it should cut the theoretical curve.

Figure 4.5 shows, in firm line, the Wiener spectrum for the
rotating aperture case. Set against it, in broken line, is the Wiener
spectrum for the same aperture when held stationary. Again, the latter
curve is araxm to a false scale; its true height would be 1.0 units in
termes of the scale shown. Rotation of the aperture, it seems, hasz 2
gelective effect in reducing the spectrum: the higher frequencies are
more severely reduced than the lower. Also indicated in the Pigure, by
crosges, are measured values of the spectrum for the rotating aperture.
These values were generated from the measured values of the autocorr-
elation function of the previous figure. Again, error bars are showm
which, as in Figure 4;4, have a length of twice the standard deviaticn.

In Figure 4.5, the cut-off frequency is found to be the same for
both the stationary end the Totating apertures, and this is to be
expected. The value of the cut-off frequency, tm » is given in terms
of the quantities shown .in Pigure 4.1:

ZA
tn = 3D

In Figure 4.6, the theoretical autocorrelation function is shown
for the case R = 1. Aéain, the curve for the stationary aperture is
drawn to a false scale; the true height of this curve would be 1.0 on
the scale in the Figure. There appears to be little difference between
the curve for R = 1 in this Figure and that for R = 3.15 in Figure 4.4.
This would suggest that most of the change in the shape of the sutocor-
relation function occurs as R goes from O (a stationary aperture situa-
tion, in effect) to 1.

As R increases beyond the value unity, although the shape of
the sutocorrelation function changes little, the height falls steadily.

The height at zerc lag - the variance - is comparatively gimple %o
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caleulate. Stated in words, it is given by the average of the squares
of the areas encloszed by the Nz overlaps, normalised by dividing by the
fixed asperiturc area and by mltip:ying the result by <T >7'.‘ In Figure
4.7, the variance, caleculated in this way, is plotted against the scaming
ratio, R,

As R becomes larger, the varisnce increasingly begins to reduce
as 1/R. However, sgince the variance is given either by the volume con-
tained under the Wiener spectrum or by the autocorrelation function at
zer0 lag, both the spectrum and the autocorrelation function in this
particular case must ultijnétely reduce in height as 1/R. The only |
factor which could have avoided this situation would have been'for
shape changes 10 have occurred at large values of R, and we have seen
that this does not in faet happen.

In the treatment given by Dainty and Welford (1971), the Wiener
spectrum is re‘asoned to reduce according to the number of independent
positions taken by the aperture as it moves. Vhen R is large enough,
the nunber will clearly begin to increase linearly with R, so that the
prediction might be made that the spectrum will reduce as 1/R, This
agrees with the result just obtained, so that to a first approximation
the treatment given by Dainty and Welford ig correct. A fuller invest-
}iga‘bicn reveals that it will be corz;ect not just in this case, but in
all cases. It is therefore approPriate to draw on their treatment to
provide the gseful rule: Yhen the sperture moves, the values taken by the
autocorrelat.;lon function, the Wiener spectrum snd the variance are each
reduced in a way that is roughly proportionsl to the number of indepen-
dent positions taken by the aperture. Having given the rule, it should
be remarked that since it is only approximate it should be used with care.
Tt does not take into account the chenges in chape of the functions con-
cerned; it merely gives a rough order-of-magnitude ectimate of the size

of the effect. For a more exacf aporeciation, one would have to fall

back on Equations 4.2 and 4.5.
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Application to Partially Coherent Speckle

The justific;;tion -for the claim
mede earlier that the reéults in this Chapter might be applicable to
speckle reduction by using partially coherent illumination stems from
a paper by Welford (1971). In his paper, he demonstrates ( as a
specific case of a more general theorem) the eqtlivalénce of an eccentri-
cally rotatiﬁg, circular aperture acting in a coherently illuminated
optical system and the same pupil, fixed, but acting in an optieal
system illuminated by an incoherent, quasi-monochromatic, ring source.
This result can be interpreted to show that the results which have just
been given can be applied to speckle reduction by using partially coher-
ent illumination, aé produced by a ring source of the type described.

To meke the results appropriate, however, the following new definition
maist now be given to R : R is the fatio of the angle subtended by the
ring source at the object .‘bo the angle subfended by the fixed pupil at
the object. Further remarks on speckle reduction by employing partially
coherent illumination are now deferred until Chapter Six when a more

complete consideration will be given.

‘Toss of Resolution

We said earlier that the reduction of speckle by a
spatial filtering technique is, without exception, acconpanied by a
lowering in resolution. The 1§wering incurred by the .rotating, cireular
aperture can be quentified by comparing the widths of the point spread
functions for the situation where we do employ the .rotatn'.ng aperture
and the situation where we do not employ it. If it is assumed that the
full pupil of the system is circular, =nd if is further assumed that
the rotating sperture mzkes most efficient use of it, then the radius of
the pupil must be given by (P +A ). Since the width of the point sprecad

function of the system is inversely proportional to the radius of the
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pupil, the factor by which resolution is lowered is given by ( p+ A)/A,
end tﬁis may be written as (1 + R ).

If vie refer to Figure 4.7, it will be azpparent that to cause a
total reducticn of the speckle requires R to become infinite, and this
must now imply that the resolution will fall to zero. In Chapter Seven,
types of moving spertures will be considered with vhich total loss of
resoluticn does not follow as a necessary consequence of total speckle

reduction.
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CHAPTER FIVE

FIRST ORDER STATISTICS OF REDUCED SPECKLE IN THE FRAUNHOFER PLANE

In the previous chapter, we considered the second order statisties
of reduced speckle, In this Chapter, we consider the first order
statisties., The treatment is again given AF Fraunhofer speckle patterns,
the sort produced in the arrangement illustrated in Figure 4.1, and
again the results obtained are claimed to have the same wider relevance
as those of the previous chapter. A justification will be given to this
claim in the next chapter. ‘

The specific aim in this Chapter is to produce the form of the
probability density function of intensity and, in fact, two forms of
solution are offered. The first solution iz an approximate solution -
the gemma variate approximafion; the other solution, however, is exact,
closely resembling the solution given in Chapter Two for the probability
‘density function as cbtained with a finite aperture. |

To arrive at the exéct solution, the speckle at a point is eonsid-
ered 0 arise from a Gaussian amplitude-signal, varying in time, end
observed over a finite time intervel by an intensity-sensitive device.
This of course is precisely the problem encountered by so many asuthors
in the context of random noise power (¥ac and Siegert, 1947; Slepian, -~
1958; Thomas, 1969) and we therefore sdopt an spprcech similar to theirs®, Our
analysis; in facf, closely follows ﬁhat given by Slepian; indeed,
departure from his treatment only occurs to the extent that we treast
a complex amplitude whereas ﬁe treated a resl amplitude.

Before sn eveluation can be made, using the exact solution, the
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kemel of the homogeneous- Fredholm equation must first be determined,
The kernel in this instance iz the time-autocorrelation function of
emplitude, and this function describes the average correlation between
the amplitudes at a single point in the speckle pattern when measured

at two different times, A general expression will be derived for the
kernel and, following this, specific forme will be generated which are
sppropriste to rotgting circular apertures and rotating sectpr apertures.
It will be noticeable that the forms tazken by these autocorrelation
functions are not similar to any of the autocorrelation functions
previously encountered, =o that this might be a suitable moment %o
emphasise the point that the time-autocorrelation function is a fundamen-
tally different type of function and should not be confused with the

previous kind.

The Approximate Soluvion

The gamma veriate spproximaticn for the

_ probability density function can be given in the usual form,

M_M—i
p(ry = <& exp(-al) Izo
(M)
= O | 6therwise, 5.1
2
where M :g_g_j? ' 5.2
M
- M 5.3
and a <I>

M is the effective mumber of independent speckle patterns vhich are

produced during the movement cycle of the sperture. Ite value depends
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entirely on the variance in the reduced pattern, and we gaw how to
ecelculate this cquantity m the last chapter., In Pigure 5.1, M is
plotted sgainst the scamning ratio, R, for the case of the rotating,
circular aperture. The curve will be recognised as a reciprocal
version of' the curve shown in Figure 4.7 in which the variance was
plotted against R,

Thé garma veriate approximation, as used here, is usged in the
context of a one-dimensional problem, time being the dimension. It
was in such a context that Bédard et al (1967) considered the accuracy.
of the approximation, and they showed that *by explicit calculation
for three different spectral distributions (kernels) the formula holds
with good accuracy over a wide range of conditions.! It seems that we
might be ":justified in this instsnce in placing a gubsta ntial degree
of trust in the sccuracy of the approximation.

In Figure 5.2, some probability density functions, calculated
using the approximation, ai'e showmn for various rotating, circular
apertures. As R increases, the probability density function narrows,
as we should expect, and increasingly begins to peak around the mesn
intensity position. In the limit, when R has become infinite, the
function would take the form of a delta function, lying exactly on the |
‘mean intensity position; by this time, the speckle would have been

totally reduced.

The Exact Probability Density Funciion

The time-autocorrelation function

of amplitude can be written
#* | {
CT(X)}'-IT)T‘) = V() VIX5t)> 5.4

Tn generzl, the eutocorrelatiom function will have the dependence on

position vhich we have indicated. For the type of speckle patterns
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vhich concern us, however, there is no such dependence, and the auto-

correlation function can be written more simply:

Colte) = <V VIE)>

vhere V(t) and V(t') are amplitudes referring to the same arbitrary
point.

There is né need, as far as the treatment is concerned, to make
any assumption about the autocorrelation function being stationary with
time. However, since the autocorrelation function will be found to be

| stationary for the moving aperture situations which are specifically
dealt with, it is convenient to fnake this stationarity assumption.

Whence, the time-azutocorrelation function takes on the form

() = < VEVED>

If the aperture is considered to move cyclically, with periodicity
Tys end if the detecting device has a response time which is either
i *
equal to T o OF some integer multiple thereof, then the observed

intensity, I, can be expressed ’in the form

T
[ * Z
Ir = :,:;f IV(*), 41‘. 5.7

"r
%

\
As the problem is now presented, we have a Gaussian complex

smplitude process, a time-autocorrelation function for the process -
the kernel, =nd a detection system which responds to the time-integrated
intensity. This closely resembles the noise powér problem considered

by Slepian (1958), as we had previously indicated, and it is therefore

If the response time were to be much longer than T,
then the restriction to integer multiples could be dropped.
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convenient, in deriving the probability density function, to follow
the exposition given by that author, .

Let us expand the complex amplitude, V(%), izito the orthonormal
set of functions, \Vj(t), J=20,1,2,3 ¢ v o v 0 0 o o _ Whence,

we may write

o
- To
vit) = ; ;W (¢) It{= & | 5.8
. , .
Z 3 '
vhere ¢ ::-7; V('f‘)\}/_‘ (’t)dt , 520,1,2,3, . . 5.0
F3
L
z . >
end f \I/(-(f) ‘%(f) dt = 5-‘3 , i,5=0,1,2,3, . 5.10

Tt is convenient in this instance to choose the orthonormal set, \.l/; R
as solutions of the homogeneous Fredholm equation with Gy (t=t') as

kernel, That is, the \’/ 's are chosen such that

-

lo
[} -f !> ,) 1
)\5 \VJ ('t') . —’f CT ('t' -t \]Vs (‘f’ dt » 5.11
=l _
Z
In choosing the \f/} t0 be solutiong of this particular equation, we
have produced a situation, as can easily be showm, wvhere the c:‘_j are
compley !

independent/Gaussian variates with mean zero and variance A .

The charszcteriste function is the Fourier transform of the

probsbility density function. Denoting the Characteristic function

by @(S), we cen write

o0

5(5) = [ P@ ewp ((3T)dT , s

4
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and this may be written in the equivalent form

@(S) lexp (1ST) > . 5,13

If we now use Equationg 5.8 and 5.10, tﬁe intensity, as given by

i

Equation 5.7 can be written
e 2
LY ey -
- J ) 5.14
To s )

and this 2llows another form to be given to Equation 5.13:

o?

@V(S) = <ex§(lST° Z 'Cil )> 5.15

Since +the o

j are independent random variables, this may be

rewritten
- T gl |
@(S) =TT e%P(t )> 5.16
o ,
If a normalised set of eigenvalues, /\3 , are now defined:

'
Ay = :r-:— -, | 5.17

ie., 5.18

then Equation 5.16 can be written as follows:

@(5) -3 fj (1 - -fng)-'- 5.19

If the inverse form of Equation 5,12 is capled with Equation 5.18,
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en expression for the probability density function immediately
follows:

o0

SN e#P(—iSI)dﬁ
P(J—) "zfr_i ﬁ'{l-—.igkg) . 5.90

o

Equation 5,20 is the recuired expression for the probability density
function, but whether it is of any practical use depends on whether
or not we can obtain the eigenvalues, Fortunately, when the kernel
is real and symmetrical - and this condition holds in cases of
interest to us - numerical methode may be brought to bear on the
Fredholm equation and the eigenvalues can be obtained,

In addition to the probability density function, two other
interesting quantities, namely, the mean intensity and the variance,

may be calculated from the eigenvalues:

LIV = Z,; A 5.21
2 ES 2 , ,
end -4 = Zo- Ay . ‘ 5.22

The sutmation, which we notice running from zero to infinity, draws
attention to the Pact that for solutions to be attainable in practice
the eigenvalues would have to show a reasonably fast convergence to

A\
ZEeY'0.

The Time-Autocorrelation Function of Amplitude = the Kernel

Tf we refer back to Figure 4.2, we will see that at the
two instants Ti and Tj there are two circular, partially overlapping
it .
areas indicated, andArould seem that the degree of correlation between

the smplitudes at a point in the far-field, measgred at the timee Ti

and T3s must in some way be related to the scattering area contained
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in the overlsp, Let us now investigate this more closely.
The time-sutocorrelation function of amplitude- (Equation 5.8)

can be written in terms of the times Ti and Tj as follows

CT(T("T;) = <\/'(7’1)V¥(T‘;>> . 5.23

If we consider the anrpliﬁxde at time T; to be composed of two parts,

one from area a, Va, end the other from area b, V., and consider the

'b}
amplitude at time Tj in a similar way, then the above equation becomes

CT(’L _‘-5> = < (vq'*vb)(\/b‘i'vcsb> 5.94

The explicit time dependence has now disappeared, but, of course, time
will =t3il1l affect the si’cuation indirectly because at different times
the aress a, b and ¢ will take different chapes and lie at different
positions on the scattering surface. By decomposing the amplitude
termsg into thelr real and imaginary parts, Equation 5.24 may be

expanded:

G771 = (Wt Yol ) Vo e () >

and by cross-multiplication a further expansion may be made:
- ' 2
CT(T'L -TS) = < [ \‘{JR oR *V:mvcp\ + Vor “'Vbavca
2
+Vox Viz +Var Ver + Vo + Vi Ver
+ 1 (\élvbl’\ t \/cn:\/CR + Vor Vor + VoI ch)
- 1 Vag Voz +VagVez + Vor Vor + Vor VCI):I > . 5.26

In Chapter Tvo, it was found that there is no correlation

between the real and imeginary parts of the field produced from a
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scattering area, If we row combine this result with the obvious
fact that there is no correlation between the amplitudes arising
from two different scattering areas, then only two terms in the
above expansion will remain after the avez_'aging has been carried

out. This allows us to write the equation in the mach reduced form

C(’,: ’To) = <(Vb§ + ngzz)> . N 5,27

The right hand side of this equation is interpreted as the average
intensity which arises from the area of overlap, b, and this can be
ghown to be proportional to the integral of the :'.ntensity distribution

over the overlap area. Ve may therefore write

A}

CT(Ti‘T)_ = // JEY dxdy , 5.28

where S(x,y) is the intensity distridbution in the overlap region which, _

ag previously, is defined by

S(x,¥) 1 inside overlap

= 0 otherwise,

With this definition of S(x,y), GT ie quite clearly stationary for
%
a circular aperture vhich is rotating with constant engular velocity.
If the time difference (T, 'Tj) is denoted more gemerally by T,

then the time-autocorrelation function, correctly normalised to unity,

can be expressed in the following way:

(Overlap area corresponding 0 the time separation T)

Gp(™) = , . 5.20

(Pull area of overlap)

If the intensity distribution, S(x,y), is uniform as
we have assumed, then the stationarity property will depend
only oun the rotation having constant sngular velocity. The
aperture shape is of no consequence.
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The Kernel for a Rotating Circular Anerture

The area of oVerlap, normalised to unity, between two
circular apertures whose centres are separated by the distance e is
given by the well knom form

| 2
2 -'(_e_ _ e _ ( _e_) .
o ZA) 24 ] ! 2A

vhere A 1is the radius of either aperture.

If we now refer to Figure 4.2, and consider that a full rotation
of the aperture is made in time To" then the angle traversed in time T
is given by 21T/T,, ‘and consequently the separation between two

1

aperture positions with the time difference T is given by
e = ZP SiIl(TTT/I'O)

vwhere p , as before, is the radius on which the rotation is made.
If the above results are now combined with Equation 5.29, the

required kernel is given by

G =#eospon()-ron - o) |

0

| T . - )
<. o —_—
for "T I— T SN \R®
= 0 . otherwise, 5.30

vhere R = P/A as 'bez"ore._"L When R is large, it can easily be shown
that the form taken by the kernel (where it is non-zero) is just the
usual fom for the autocorrelation of two circles. This perhaps
jillustrates the point that the time-sutocorrelation functions of this
Chapter are not similar to the antocorrelation functions of the
previous chapters.

¥ Since Egquatwn §-30 ts vreal and cymmetve !, num ercal

techniques can bHR applied to pbitan 0.:.5(:4 values,
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The Xernel for a Rotating Sector Aperture

For a sector aperture (Figure 7.1) there are two separate
cases to be treated according to whether the sector angle, (P , 1=

greater or less than T :

@ ¢=T
C(T) = | - %jf ) mf—-‘?;,’f
= o otherwise; 5.51
(2)1’217‘

G =1 - 2% m=1(-£)

- 2 (l -*-%:—) otherwise 5.52
Tn the former case, the kernel is a triangular-shaped function which
falls to zero on either side, In the latter :case, the kernel is
again trisngular in chape, but the fall-off on either side terminates
on a constant, non-zero level,
No experimental verification haé beén made for the theory
given in this Chapter, but reassurance can be obtained about the
correctness of our general expression for the kernel (Equation 5.29).
By following an argument similar to that used by Goodman (1955), it
can be shown that the variance in a time-averaged pattern can be

expressed in terms of the kernel:

- ‘
2 z 2 : '
é = __;I_;J lCT(T)l o/T. 5.3
Z
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By coubining the above result with Equation 5.29, it becomes apparent

that the varisnce is given by the average of the squares of the areas

enclosed by the overlaps, In the previous chapter, precisely the

same result was obtained and in that chapter experimental verification

was obtained.
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CHAPIER 31X

————— o

REDUCED SPESKLE IN AN IMAGE AND SPECKLE IN PARTIALLY GOHERENT

-

JLIOMIVATION - FIRST AND SECOND ORDER STATISTICS

In the two preceding chapters, theory was foimulated for the
fir.;b and second order statistics of reduced speckle in the Fraunhofer
"plene, and it was stated, though without proof, that the same theory
waes appropriate to reduced speckle in azn image plane., In this
Chapter it is the intention to begin by giving proof to these earlier
claime. |

It is convenient to treat the second order statistics before
treating the first order, and so the statistics are dealt with in this
rather than in the natural order., Having justified our previous claims,
for sberrated as well asunsberrated ontical systems, the same theory
is then shown to apply to speckle reduction 'by using spatially
partially coherent illumination. In showing that the theory can be
applied in this way, we make use of a theorem which is due to Welford
(1971) and this states that 'If the pupil of a coherently illuminated
optical system varies in time, the time-averaged image is equivalent
to that of a system with a certain fixed pupil and partially coherent
illumination.'

The remainder of the Chapter is devoted to a brief discussion
of speckle in partially coherent light snd it should perhaps be
emphasised now that the type of partial coherence ienvisaged would be
of the type produced by an extended, quasi-monochromatic source: the
discussidn ig in no Wa‘L;'y’ relevant to partial coherence in the temporal

Senseo.
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Dainty (1970) produéed a form for the Wiener spectrum for
speckle formed under partially coherent illumination .and he gave his
result in terms of an integral through the transmission cross-
coefficient of the illumination/imaging éyétern. This result, which
we tchall quote, does not ﬁmediétely suggest itself as equivalent to
the result which we shall obtain; but, since there is no reason to
suspect either result as being incorrect, one presumes that an
equivalence could be demonstrated. No attempt has been made to show
such an equivalence, at least ﬁot in the formal sense; but an attempt
is made to show a similarity between the results obtained from the
two aoproaches., By way of doing this, a comparison is made between
two evaluations, one of which was made by Dainty end the other by
the present Author. The two cases deal with slightly aiftorent
types of partial coherence and we do not, therefore, expect the
results to be exactly similar. However, there is sufficient closeness
between the two cases to lead us to expect the game form of result,

and indeed this expectation is fulfilled.

Reduced Speckle in an Tmage - Second COrder Statisties
| Our pul'-pOSe in thie section is to show that the second
order statistical properties of  time-averaged speckle patterns
take the same form in an image, when the sperture is moved in the
pupil plane of the imaging lens, as they did in Chapter Four when
we considered the Fraunhofer plane., The quantity which is actually
dealt with is the autocorrelation function of intensity; it follows
naturally that the same result must then hold for the Wiener spectrum.
The coordinate systems used in the analysis are shown in
Figure 6.1. (X%,Y) refers to the image plsne and (X',Y') to the
object plane, with the seme numbers denoting conjugate points. (%,¥)
refers to the pupil piane. I should be noted that, whereas (X,Y)

‘end (X',Y') are optical coordinates, (x,y) are coordinates which
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moving
aperture

image - pupil
pilane plane
Figure 6,1 The coordinate systems used in the analysis of the

statistics of reduced speckle in an image plane,
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denote actual distances 1n the pupil plane., The object is a coher-
ently illuminated diffuse object with surface height fluctustions
which, as usual, are greater than a wavelength. The average bright-
ness over the object is assumed to be constant, but later we chall
see how this condition can be relaxed.
Mnglysis

Without loss of generality, we again consider a rotating,
circular aperture, =nd associate with each of the N positions taken
by it (cf., Figire 4,2) one of the N intensity functions I, (X,¥).
As before, this 2llows us to write an expression for the time-

© averaged autocorrelation function (cf., Equation 4.1):

- I,(X+§,)/+7)+IZ(X+(_‘(,‘/+ Y )’ ]
cs1) =< ' 7) 8%b)

[I,(X,Y)*-Iz.(x)‘/i;" * ® "'IN(’()Y)> - <I>2.. 6.1

On cross~miltiplication, N2 terms arise, each of which can be written

in the form

Lty T)> - <5

and, by again usging Equation 4.5, thisg can be written

. 2
LV (xe, ) (x,y)>|

vihere Vi (X,Y) ig the complex amplitude distribution in the image
when the aperture takes its i'P positiom.

The form which has just been obtained is the squared modulus
of the cross-correlation function of the ampli’cu&és vhich arise when
the aperture 1lies in its i%® ana 3% positions. Let us ignore the

squared modulus for the moment and find an expression for the cross-

correlation function by itself, in terms of the parameters of the
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optical system.

When the apérture lies in itse ith position, thét is, when its
centre lies at the point (x3,y;), the amplitude at the image point
(X+§ ;Y+7 ) may be written as the convolution of the o;taject'anlplitude

with the point spread function of the system, ie.,

V(e o) = 2Vl 0) K (60X pep-pa)  eun

vhere V(X!,¥}) is the amplitude emerging from the mbh

scatterer in
the object and K; is the point spread function of the system when

the aperture lies in its iV position, Similarly, the smolitude at
the image point (X,Y), when the aperture takes its 300 position can

be written

G06Y) = 2 Vltas)a) K (%4572 -

By combining Equations 6.2 and 6.3, the typical cross-correlation

term can be expressed in the form
| *
<V1(X+§>Yf7) Vj(XJ\/)> =

QA E IR RACS R AN AT

where product terms for which m ¥ n have been omitted since they
will average to zero. |

If the number of seatterers in the object (within the signific-
ant region of the point spresd function) is very large, then the

sumiation in the sbove equation may be replaced by an integral:
.g —
VX Y low> =
[o%2) ]

| f[ T y) K (X y7=v) K Gimr, yoy') X dY's oo



114,

vhere I‘(X',Y') ie the in‘bensit:} distribution over the object which
we had provisionally assumed to be congtant.

Now that Equation 6.5 has been estsbliched, it is perhaps a
| suitsble moment to point out that we can relax our previous demand
end allow IX!,Y') %o vary, subject to the condition that the
varietion is slow in relation to the size of the point spread function,
If the intensity does vary in this way, then, with the exception of
the soaling factor  T{X',¥')" ', this will not materially alter
the result we chall obtain for the sutocorrelation function,

A dependence of any sort bn X' or Y' will of course render

the sutocorrelation function non-stationary, with the result that a
measurement of the space average would tell us nothing of the
encserble »éverage. However, if a space average were Obtained within
a region where T{X',¥') was roughly constent, then the space average
would reflect the ensemble average for that region. Such a region
might be referred to as a stationary patch and, with this terminology,
the condition under whic;‘h our theory will apply is that the station-
ary patch must be as large, or larger, then the point spread function
of the systelm. Having made these remarks, 'Ehe intensity term will
.now be omitted from subsequent equations.

If the wavefront sberration over the pupil of the lens is
W(x,y) then, vhen the aperture takes jte i%h position, the aperture

function can be written as
F(x-x4,5-7;) exp(i7(x,5)),

vhere P is real =nd, in the case of a circular aperture with

radius A, defined by

n
=d
2]
+
d

F(x,y)

otherwise, 6.6

1
O

A Fourier transform relation exists between the aperture
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function and tae amplitude point spread functiwm, Thus,

K(X+§?><‘3Y+7*V') =

JJ [Fesisss0 exeliwia,s]]
e‘]\P[H(X*‘i"X‘)I*(Y*7'yl)'i:” dx dyq o eq
Vxtg, y) G () > =
[ff Clety) Fletos6) expli W)
_er.v[—i,\—[(x#g-X‘)x +(yen-y) 1]] dX'oly'dxc)‘j . 6.8
By now ueing the relabion
Fx-x5,4-9;) ey\p[-ih/(x;cg)] =
ffK;(xfx‘,y—y') e;tp[-i/_\‘—[(xﬁ(')XJr(Y")")‘iﬂ d(c=Vd(y-¥), 6.0

agrayt = a@-x1)a{y-v+),

Equation 6.8 can be greatly simplified:

<Vi(X+§,y+7) vf(x,y)> =
[[F(X-Xi:vﬂ“ﬁ) F(x-%3,4-4;) Q)(FIZ%-&I*'?‘;S]](JIICM‘ 6.10

The noticeable feature of this equation is that the sberrations of
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the system do not enter into it.

Equation G.iO is in a suitable form for use in' the next
section when the f_‘irst order statistics of reduced speckle in an
image are treated, but for the moment the relevsnt quantity_ requirés
the squared modulus to be taken on each side of the Equation. Thus,

ve may write

ST,y ) T 9> - <IS =

fF(L—H.;‘ﬁ"ﬁL)F(x—xj,‘3—3;) e%P%[§x+7ﬂ]d1J3 2. 6.11

The right-hand side of this equation can be stated in words as being
the squared modulus of the Fourier transform of the area éontained

in the overlsp for the ith and jth aperture positions., By now
referring back to Equation 4.5, we will see that an identical result
was given, and the interpretation we muet then make is that the second
order statistics of reduced speckle in an image are precisely the

. same as the second order statistics of reduced speckle in the Fraun-

hofer plane,

Reduced Speckle in sn Image - First Order Statistices

The problem which faces usg can 'bé stated in the same way as
comple

it was in the prefvigus chapter: We have a /Gaussian amplitude signal
vhich varies as the aperture moves and a detection system which
responds to the time-everaged intensity. This of course immediately
suggests the ssme approach as in the last chapter, but whether the
result will come out to be the same will depend on the time-autocorre-
lation function of the amplitude -~ the kernel, i.et usg therefore
derive a form for this quantity.

The time-autocorrelation function vwas previously defined

¥ This applies, o ¢ courae, pula, (¢ +he obiect s well resolved

as Frewous(cs lna{u;attep!.
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(c¢f., Equabion 5.23) for the case vwhere it was stationary both in the
spatial and the temporsl sense ~ that is, there was 1o X/X dependence
and a time-dependence that was a function of (Ti-'l‘j) only. Because

both forms of staticnarity are assumed in the present treatn*.nen’c, * e

again use Equation 5.23 to define the form of ocur kernel:

¢ (T;~T 3 )

v)ve(ry)Y . 6.12

In the previous chapter, we derived an explicit form for the
kernel (Equation 5.28) by working from first prineiples. In this
Chapter, we choose to short-circuit the 'first prineciples' - as we
could have done .in the previous chapter - and produce an explicit
form immediately by setting § and 7 to zero in Equation 6.10.

Thug, we have
CT-T) = ﬁ’?(x'la,x“mF(x-—ls,y%s)dxo)g, 6.13

The integral on the right-hand side of Equation 6.13 represents
the area contained in the overlap for the ith and j¥h aperture positions.
If this result is compared to Equation 5.28, it will be seen as exactly
equivalent, and so we can now infer that the first order statistics of
reduced speckle in an image are identical to those in the Fraunhofer

plaﬁe.

Note on Aberrations

We stated previously that sberrations will not

affect the statistics if the 'stationary pateh’ size is larger than

I c;r(mi—mj) is spatially stationary, then it cennot, strictly, be
spplied to Gases where the object is not uniformly bright. However,

if the X/¥ dependence is slow, as was discussed prévicusly, then

the appropriate probability density function can still be produced
by simply using the scaling factor9<I(X,Y)> . This factor is A
analogous to the factor LI(X,Y)>>" which occurred in the corresponding
situation with the second order statistics.
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the point spresd function, For field-dependent aberrstions, however,
the point spread function will incresse in sigze as we move away from
the exis, with the result that 'tolersbly slow' variations in I(X,Y)

for near-sxizl regions might not be 'slow enough' for off-axis points,

Speckle Reducticn by Partially Coherent Illumination

Welford (1971) gave the general theory of the time-averaged
image when 2 coherently illuminated object is observed through a time-
varying pupil, and he showed fhat the image will héve the same proper-
ties as an image formed by a stationary pupil of a certain shape when
the object is illuminated with partially coherent light. Vhen a
diffuse object gives rise to a speckled image, then the speckle can
be considered as simply the image of that object, and so we expect
speckle patterns in an image to lie within the domain of Welford's
theory.

Since the speckled image will look exactly the ssme in the two
equivalent modes of imagery, the statistics which one might measure
from either mode will also look exactly the same., This must then
enable us to ssy that, if we can confpute the speckle statistics for
-one mode, then these will also apply to speckle formed in the other
mode. We have already seen how to compute the first and second order
@atisticsr of speckle produced through é moving aperture; we therefore
claim that the same theory can be used to compute the statistics of
speckle formed in the equivalent system, when the illuminsgtion is
pertially coherent, Let us now see how the equivalent system may
be found. To do this, we quote the result cbtained by Welford.

We continue to use the coordinates X,Y in the image plane and,
in accordence with Welford, use the coordinates X;,,YO and X§,Y4 in
the object plane , with ‘the came numbers denoting gedmetrically
corresponding points. “ K(X,Y;t) is used to denote the amplitude point

spread function, produced by the time-varying pupil, and Kq(X,Y) is
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used to denote the smplitude point spread function for the stationary
sperture in the equivalent system. If the mutual intensity of the
illumination is Genoted J,, and isoplenatism is assumed, then the

following relation has been shown to be true:
- [ ) | ¥ / f _
JO(X"XO>Y'}/0) Kg[Xo;Yo)K'(Xo)YO) -
| T | X,
: : I,
2‘7—:[ K(Xo))’o;*f‘) K (Xo,)’o,'i‘) 0"‘1‘, 6.14

Thus, according to Welford, 'if we choose a given physically
poseible form of X,, this equation gives the mutual intensity, Jg, of
the illumination which will simulate by partislly coherent illumination
the effect of the time~varying pupil.' If the van Cittert-Zernike
theorem (1934) is now applied, then the required source of illumin-
ation is found to be given by an extended, quasi-monochromatic, incoh-
erent cource, whose brightness distribution is given by the inverse
Fourier transform of J .

Welfofd showed, as an example of his theory, the equivalence of
a rotating, circular aperture and a quasi-monochromatic, incoherent
ring source, and this allows us to claim that the results which were
o'btéined in Chapter Four for the rotating, circular aperture must
also relate to speckle, produced by illuminating with such a ring
source., Shortly, a comparison will be made between an evaluation
given in that chapter and an evaluation given by Dainty (1970), who
would appear to be the only author to have published an account of
speckle formed in partially conerent light. Before making the
comparison, however, we first indicate the theoretical result which
Dainty gave.

Dainty considered* that the imaging of a diffusg object, illumin-
ated by partis;lly coherent light; was ecuivalent to the passage of

resl Caussian noise through a real cuadratic filter. By viewing the



120.

problem in this way, he oﬁtained the iener spectrum in terms of
the transmission cross-coefficient of the optical system. * He gave

the result in a one-dimensional form:
oo
2
N(u): f IT(“uu""h)' duu | 6.15
-l : .

vhere T  denotes the transmission cross-coefficient.

No evaluations of the Wiener spectrum have been made from this
equation or its two-dimensional counterpart, but Dainty did make an
evaluation of the zero frequency value, N(0). In the case dealt with,
the partially coherent illumination was produced from a eircular
source area and the imaging was performed by an aberration free lens
with a circular aperture. The result given by Dainty was a plot of
N(0) against s, the ratio of the angle subtended by the source at the
cbject to the sngle subtended by the pupil at the object. A copy of
Dainty's result is showm in Figure 6.2,

By making the assumption that the form of the Wiener spectrum
is reasonably constant for dif_'ferent values of g, then the plot shown
igs equivalent to a plot of the variance. If we therefore make this
agsunption, and our findings in Chapter Four would tend to justify
’our making it, then we should expect to see a resemblence between the
curve in this figure and the curve shown in Figure 4.7, vhere the
varisnce is plotted against R (analogous to s) for a ring source.

The ma:;.n features of the two Mes are very similar - we do
not expect exact similarity since the source types are not exactly

similar = and this would support the belief that the two methods of

calculation are equivalent.

@

Because only real filters were considered, his result
applies only to aberration free systems.
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Figure 6.2 The reduction in the zero frequency value, N(0),
versus the partial coherence parsmeter, s, for a circular

disc source. (Taken from Dainty, 1970)
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CHAPTER SEVEY

THE 'OPTI}MUM' SHAPE OF A ROTATING APFERTURE

The type of improvement and the degree of impfovernent which a
moving aperture might be recuired to yield could take =0 many diff-
erent forms that a single aperture of a specified shape would not be
expected ‘to perform all of them well, We therefore make no attempt
in this dhapter to discover a specific aperture shape which might be
described as optimum in the sense that it would perform optimally
in any given situation. In zny one particular situation, of course,
the prospect of finding an optimum aperfure x}ould arise, but where
a general consideration is undertaken, such as in this Chapter, the
‘inevi;table result is that no single aperture is selected out.

Instead, therefore, of loocking for one specific aperture type,
. ve analyse the performance of a number of apertures, with perhaps
two aims in view, The first is that we might look to the results for
any suggestion that, for a particular application, one aperture type
might be more suitable than another; and the second, which perhaps
holds greater interest for us, is that by cross-comparing fhe results
for different apertures we might discover pointers as to the likely
nature of an optimum aperture.

Four different types of aperture are congidered. The first of
these is the circular aperture, to which considerable attention has
already been fievoted. The remaining three are the sector aperture,
the bow-tie aperture and the Maltese-cross sperture, each of which

has been illustrated in Figure 7.1l. The performance of the different
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of the sperture, as expressed by the time-averaged point spread
function; and the other, the degree of speckle reduction, as expressed

by the autocorrelation function of intensity.

The Circular Averture

Let us assume that the imaging lens is aberr-
ation free and has a circular pupil, =o that, if we employ the whole
pupil,the point spread function will be an Airy pattem. The resol-
ution of the system, before any reduction in speckle is attempted,
can be thought of in termsbéf the width of this Airy pattern, and
so this fanction is used as a schéme of reference in any statements
that are made sbout resolution.

When a small circular aperture iz made to rotate within the
pupil, the time-averaged point spread function will again be an Airy
pattern, but it will now possess a width which is (1+R) times greater
than the reference pattern. * For large values of R, it is apparent
that resolution will deteriorate in px-opor{ion to R. If we refer 40
Figure 5.1, it will bé observed that the effective number of indep-
endent patterns, ie., the.factor By wpich the variance is reduced,
is also pi0porti0na1 to R wheﬁ R ig large. Both of these tendencies
ere reflected in Figure 7.2 where the resolution obtained - as gauged
by fhe width of the point spread function at half-height - is plotted
against the effective number of independent patterms, M. The conclu-
sion vhich must be drawn from the Pigure ig that to cause a total
reduction in speckle will also cauée a total loss of resolution.

The reduction method which we have just described is, of course,

As before, R is defined as £ /A, vhere L is the radius
on which the ccan is made and A is the radius of the moving
aperture.
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Figure 7.2 The resolution obtained from varioug types of rotating

. apertures, plotted as a2 function of the degree of speckle reduction,
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very inefficient because, for large values of R, only a narrow
annular region of the pupil is sampled. If, instead of moving the
aperture in a circle, we had moved it sbout in some random fashion,
so as to give equal exposure t0 all regions of the pupil, then an
even greater reduction in speckle could have been obtained without
any further loss in resolution. This provides us with our first
pointer, namely, that an optimum aperture should move in a way
which gives equal exposure to all parts of the pupil,

If the whole pupil were used in this way, then the reduction
in speckle would depend on Rz, ie., a number proportional to the
ratio of the area of the whole pupil to that of the moving aperture,
Although the reduction in speckle is certainly greater in this case
than forécircular scan, the implication still remains that a total
loss of resolution must accompany a total reduction in speckle., The
question might now be asked: Is there an aperture form which will
allow a total reduction in spe'ckle without causing complete loss of

resolution?

The Sector Aperture

The amplitude point spread function for sn sberr- .
ation free optical system with a sector aperture (Figure 7.1) has
been given by Mahan et al (1964)., 1If the real and imaginary parts of
the function are denoted Vv, &; (P) and VI(i', e';#) ), where r and &

are polar coordinates and sb is thé sector angle, then we may write

An+l| I: Izn“(r)]

n(n+i) r

Velres9) = 4)[:‘(7@] + 2 ?

n=t

n ’
z (-))m sin(mg) cos(zmo) |, 7.1

" m=1 :
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cO I 'r>
VI(r)3;¥)> = Z 2’1(

ey (2n—-lX2n+l) r

r

m-| '
E - e -
£ (-1) sin(zm-1)% cos(am-i)e- . ra

where Jn is the n®M order Bessel function.
The intensity point spread function can be computed from

Equationes 7.1 and 7.2 by the usual relation

Ifr,e59) = VR(r,&;?)z + Vi(r,&;q))? 7.5

If the sector aperture is made to rotate, then the observed point

spread function will be the time-é_veraged function which we can write
| o |
T (re) = 3= | T(re:0) de&
-(ne 2z ) L(Ne59 y 7.4
o

in Figure 7.3, I,I.(r; ¢) is plotted against r for several
values of § . For a 360° degree sector, the result is the familiar
Airy pattern. For smaller sector angles, the point spread function
widens as we should expect; but, rather surprisingly, it tends towards
a limiting s\hape which is not gignificantly different from the 50
sector chown. | . |

If the widbh at half-height is again adopted as our criterion
for resolution, then there is a progressive deterioration in resolut-
ion as ? is reduced, and this point is illustrted in Figure 7.4. The
deterioration, however, is no longer total, as it was in the case of

the circular aperture.

The time-avex.'aged‘a.utocorrelation function for the rotating
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Figure 7.3 The time-averaged point spread functions for rotating

sector apertures with various angles, q) .



129,

w s oo

A

OPTICAL COORDINATE —

] M It ' 2 N I 2 L 2 {

O

, T : 21T
SECTOR ANGLE CP —_—

) Figure 7.4 The loss of resolution as the sector angle is reduced.
The half~height width of the time-averaged point spread function
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sector aperture will be si;nilar in shape to the time-averaged point
spread function. Normally, however, the autocorrelation function
will be a slightly wider function, the only exceptions to this rule
being when the sector angle takes small values or the value 360°; in
these cases the autocorrelation function will have exactly the same
shape as the pbint spread function. Some typical autocorrelation
functions are illustrated in Figure 7.5.

The curves in Figure 7.5 are 21l drawn with the same height;
but against each curve, the true height - the varisnce -~ is indicated
by a number in brackets. These numbers were calculated from the
relation (vhich is easily shom) comnecting the variesnce to the sector
angle: |
s _

<Ez .— 360 1°5 ) 7.5

vhere ‘P ic measured in degrees., It might be an apprdpriate moment
to again point out that the reduction in variance, although proport-
ional to the number of times tﬁe aperture will 'fit' into the whole
pup’il, is certainly not exactly equal to this number.

' The ef‘fective‘num'ber of independeﬁt speckle patterns produced
by the rotating éector, M, is the réciprocal of the variance, so that
we have

M = -iééq)i.’:f | | | | 7.6
M has been plotfed against ¢ in Pigure 7.6.

It has now been found that, whereas the deterioration in
resolution does have a limit'als the :{ector angle is reduced, there is
no corrééponding 1imit {0 the amount speckle reduction which can be
obtained. A graphical expressic-:n of this is given in Pigure 7.2,

where the resolution limit is plotted against the M value which
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Figure 7.6 The effective number of independent speckle patterns, as
a function of the sperture sngle, for verious types of rotating

apertures,
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corresponds to it. If the curve for the rotating sector aperture
is compared to that for the rotating circular aperture, the noticesble
improvement offered by the former underlines the importance of making

full use of the available pupil area.

The Bow=tie Anerture

The smplitude point spresd function for an aberr-
ation free system with a bow-tie aperture can be deduced from Equations
7.1 and 7.2, Using the previous notation, the real part of the function

ig found to double in magnitude,

o0
T, () 1 2n+ Aj—nu(r)
ulrosp) = 2022 w4 ) |20 ) e

=1
-n
m
Z (=) sin(mp)cos (2me) | | 7.7
m=| : '
vhereas the imaginary part goes to zero,

Ve(resp) = o . | 7.8

The intensity point spread function takes a simpler form in this case:

) |
L(res;e) = Vr(r,258). 7.9

If the bow-tie aperture is made to rotate, the ébserved point spread
function will be the time~averaged function which is given by
Bquation 7.4,

In Figure 7.7, the ’cime—gveraged point spre‘ad f‘unct:ion, IT (r;cP )s
is plotted against r for several values of (P . Por a 180° bow-tie, the
result is sgain an Air;r pattern, as we chould sxpect. For smaller

angles, the function widens, élthough the widening is now less severe
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than it was for the sector aperture (cf‘., Figure 7.3). Again the
point spresd function takes on a limiting shape for small _values of(P .
The half-height widths of the curves in Figure 7.7 alter only

marginally as § is reduced, and this would suggest that the resolution
afforded by the bow-tie sperture is largely independent of the angle.
In contrast, however, the amount of speckle reduction is sharply
dependent on this sngle, as witnessed by Figure 7.8. If we again refer
to Figure 7.2, ive will see how the resolution of the bow-tie aperture
compares with that of other aperture forms, The noticesbly improved
performance of the bow-tie aperture over the sector aperture provides
a further pointer, viz.,, that the area of an optimm sperture should .

be distributed over as broad a base-line as possible.

The Maltese-Cross Aperture

The omplitude point spread function for a
Maltese-cross aperture can be obtained by summing the amplitudes from
two bow-tie apertures which are positioned at right angles to one

snother. Thus,

- ,
| VR(UB;‘?) = 4‘?[3:'—;-2]+ Z i’(’r‘;") j;n;t(r)

n=1

- n —
Z [ I + (——l)m] sin(m¢) cos(zmer) , 7.10
m=|

VI(V,é‘,Q) = o o A

The intensity point spread function is again given by Equation 7.9 and,
vhen the sperture is made to rotate, the time-averaged point spread
funetion is agsin given by Equation 7.4.

In Figure 7.9, ~Ip(r; ¢ ) is plotted against r for several values

of ? . As we should expect, vhen ¢ = 90° the result is an Airy pattern.
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indicated in brackets.
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For smaller angles, the function widens until a limiting distribution
is reached. The widening, however, is now less severé than it was
for the other sperture forme.

The helf‘-Heigh‘b widths of the point spread functions s;ho_w only
marginal change for different values of ? s and this is similar to
the result found with bow-tie apertures. The side-lobes of the
funetions,however, are now' much less pronounced, and this would
suggest an enhanced resolving capacity, even though this is not
indiecated by our resolution ecriterion.

The smount of speckle reduction provided by the aperture varies
in the ssme sort of way as it did for the bow-tie end the sector apertures.
This can be seen by referring to Figure 7.6, The relevant curve in that

figure was calculated from the form

M = qo—q:"—g—- 7.12

Equation 7.12 differs from Equation 7.8 only by the factor 4, and this
factor only arises because a lMaltese-cross aperture of angle ?} occupies
four times the area of a sector aperture with the same angle.

The improved performance of the altese~cross aperture over the
other aperture forms, the bow-tie aperture in particular, enables us
to sharpen the previously given péinter by replacing the word 'base-line!

by ‘'base area'.

From our analysis of specific aperture forms, we have reached

two conclusgions sbout the likely form of an optimum aperture.

l.v Tt should be sheped so that during the movement cycle ecual
exposure is given to all regions of the available pupil.
2. The shape sﬁould be distributed =0 as to cover as wide a

base-area as possible.
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Ifr-the sbove findings were put into practice, the type of
aperture vhich might pe constructed would almost certainly show
gimilarity with the'a_pertures uged by Yu and Vang (19'73). However,
while these authors would be inclined to0 endorse our findings,
Hariharan and Hegedus (1974) would almost certainly wish to refute thenm,
their reason being that 'the use of random masks for spatial division
in the cases studied gives much poorer resolution than simple sub-
 division of the hologram area, because of the serious loss of image
contrast with the random mask,'

| It seems that there 1s a serious conflict of opinion as to what
' comprises an optimum aperture, Some conflict, of course, is inevitable
because an aperture which performs well in one situation might not
give the same high performance in another situation. And perhaps some
of the conflict is due to the fact that our resolution criterion takes
no account of the rveduce'd contrast which would almost certainly result
from the long tails in the point spread functions., 3But, whatever the
reason for the conflict, if seeme clear that a closer investigation of
the matter is reouired before any rigid statement can be made.

The investigation might have to deal 1n glightly more specific
terms than have been dealt with in this Chapter and perhaps, in
pursuing it, statistical detection techmiques (Dainty, 1971) might be
applied. The theoretical descriptions'df time-averaged speckle
petterns which have been given in the foregoing chapters would allow

such an approach to be taken.
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APPEYDIX

THE AUTOMATIC SCANNING AND DIGITISTNG SYSTEM

The automatic gcanning and digitising systen, a diagram for
which hes been shown in Figure A.l, was built specifically to enable
lérge numbers of measurements to be obtained from speckle patterns.
The principle on which the system works is quite simple: A photo-
nnlltiplie;' is made to scan across the speckle field, while, at
repeated intervals, monentary pauses are made, during which the
light intensity is measured and recorded.

The system is fully automatic, with two control boxes being
used to govern the operation. One box econtrols the movemnent of the
photo-miltiplier, while.the other controls the transfer of data from
the digital voltmeter to the paper~itape punch.

The photomuliiplier is mounted on a precision indexing tsble
end movement is brought about by supplying logic pulses to a drive unit
which, in turn, operates a stepper mo%or drive, The specification of

this part of the eygtem falls into four parts:-

1. For each logic pulse supplied the photomultiplier moves
one mieron.

2, By different setfings of a dial-counter, the pulses can
be supplied in sequencies of up to 1,000, ie;, the interval
between measurements can bé varied from one micron up to
1,000 microns,

3. The full travel distance of the teble is some Soms.

(80,000 microns) so that if, for example, a two micron
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Figure A.1

scanning end digitising system.
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sanpling interval wefe chosen, then 40,000 recordings could
be made during a single scan.

4. By throving a switeh, the direction of movement of the
photormiltiplier may be reversed. At either end of travel,
a micro-switch is triggered which inhibits further movement,

unless this is in the reverse direction,

Time allowed for recording is split into two parts. One part allows
| for a time-integration of the signal, and the other part allo-ws for the
sctual punching process.

The integration time can be varied between .1l and 10 seconds by
means of a dial potentiometer, Averaging of the signal during the
period of integration is achieved by coupling one of twelve capacitors
across the outputs of the photomultiplier. The capacitors cover a
six decade range znd the varticular one chosen would couple with the
output impedance to give a time constant of the same order ass the
intepration time which was being allowed. The output impedance is
governed by the range set‘t:'u-lg on the digital volimeter.

The time allowed for punching is approximately constant. Since
the fape punch handles 46 characters per second and there are 10
‘characters to be punched, the complete punching process takes about
.2 seconds,

The features incluci;ed in the data transfer control box are as

follows:-

1. Punching commences when the integration time has elapsed.

2, Characters are punched sequentially. 7Vhen the punch has
completed a chai'acter, it supplies a 'punch ready' signal, =nd thie
is used %o initiate the punching of the next character. In this
way, it is not possible to punch two characters on top of one
another,

3. During punching, the analogue to digital conversion is
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inhibited. Normally, thé conversion occurs 24 times per second.

4., The full punched_ record consiste of 10 characters. The first
gives the sign of the number; the next four give the numbeér actuz1ly
shorm on the digital voltnieter display panel; the next three give
the range ond sensitivity settings on the digital voltmeter; and

the last two, a blank and a rub-out (the blank is optional), indicate
the end of record. The eight relevant characters are subsequently
asserbled into a number by the computer. To do this, the computer,
in_effect, multiplies the number displayed on the digital voltmeter
by 10%*S), Gheve R and § are values indicabing the range and
gensitivity settings (these are in decade ranges).

5. Nomal functioning of the system iz inhibited when either the
digital voltmeter goes over-range or a tape error develops. A tape
error would result if the tape ran out or bécame musually tight.
Display lamps indicate the condition causing the inhibit, After an
error has been corrected, for example, in the case of an over-range
error, by altering the range setting, normal functioning cen be
restarted.

6. Normally, punching of the record is triggered at completion of
the integration time; but an immediate punching of the contents of the
digital voltmeber can be initiated by a push-button switch. This
facility might be used to re-punch a record which had been spoiled
through a tape error developing.

7. Those characters in a spoiled record vhich had actually been
puhched would have t0 be destroyed, This could b_e done by means of
two push-button switches: one, to backspace the tape, and the other
t0 verform the xﬁbbibg—out. Dubbing-out involves punching out all
eight holes across the tape.

8. A display on the control box keeps a runn:l.ng count of the number

of recordings as they are made. A dial counter can be set to halt

the system after a fixed nmumber of recordings.
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9, By throwing a switch on the control box, the tape punch is de-
coupled from the digital voltmeter and set into an 'off iine' mode.
In this mode we can set up and punch out any character of our
choosing, The combination of holes which would give the character
are get be meang of a line of switches. This facility might be
uged t0 indicate on the tape the number of recordings which are

to follow,



145,

REFERENCES

ALLEN, L., end JONES, D.G.C., 1963, Phys. Lett., 7, 321.

ARCHBOLD, E., EINOS, A.E,, and TAYICR, P.A., 1970, ‘'Optical Instrumente

and Teclrmiqﬁes', edited by J. Home Dickson, Oriel Press,
ARSEVAULT, H., and LOWENTHAL, S., 1970, Opt. Comm., 1, 451.
BARAI_{AT,-R'., 1973 a, Optica Acta, 20, 729,
BARAKAT, R., 1973 b, Opt. Comm., 8, 14, -
BED/RD, G., 1967, Fhys. Rev.,151, 1038,

BEDARD, G., CHANG, Jane C., 2znd MANDEL, L., 1967, Phys. Rev. 160, 1496,

BENDAT, J.S., 1958, Principles znd applications of random noise theory,

John Wiley and Sons, New York,

BENDAT, J.S., =nd PIERSOL, A.G., Random data: Analysis and measurement
procedures, Wiley-Interscience, a division of J, Wiley

and Sons, Ine,, London, 1971,
BERAN, M., esnd PARENT, G.B., 1963, Nuovo Cimento, 27, 1049.

BLACKMAN, R,B., and TUKEY, J.W., 1959, The meagurement of power spectra,

Dover Pub,, Inc., New York.
T
BRACEWELL, R., 1956, Austr. J. Fhys., 9,198,

BRACEVELL, R., 1965, The fourier transform and its spplications, NoGraw-

Hill, New York.

BURCH, J.M., 1970, Op'{:ical‘:i.nstmnents and techniques, Ed, J. Home

Dickson, Oriel Press.



14s.

EORN, M., snd WOLF, E., 1970, Principles of optics, 4th Bdition,

Pergemon Press, Oxford.
BURCKEARDE, C.B., 1970, Bell Syst, Tech. J., 49, 309.
ven CITI'ZRT, P.H.,, 1934, Physica, 1, 201.
CLARK JONES, RB,, J.0.S.A. 1955, 45, 799.
CONDIE, M.,A., 1966, Thesis, University of Stanford.
CRONIN, D.J., snd SMITH, A.E., 1973, Optical Eng:meefing, 12, 50.
DAINTY, J.C., 1970, Optica Acta, 17, 761.
DAINTY, J.C., 1971, Optica Acta, 18, 327.
DAINTY, J.C., 1972 a, J.0.S.A, 62, 595L,
DALY, J.C., 1972 b, Thesis, University of London.
DAINTY, J.C., end WELFORD, W.T., 1971, Opt. Cormn., 3, 289,

DAVENPORT, *.B., end ROCT, W.L., 1958, An introduction to the theory

" of random signals and noise, MeGraw-Hill, New York.
ELBAUM, M., GREENEBAUM, M., end KING, M., 1972, Opt. Comm., 5, 171.
ELIASSON, B., snd MOTTIER, F.}., 1971, J.0.S.A., 61, 559,
ENIOE, L.H., 1967, Bell Syst. Tech. J., 46, 1479,
EXNER, K., 18'77, Sitzungsber. Akad. Vien, 78, 52?.-
GABOR, D., 1970, IBM J. Res. Develop, 14, 509.
GEORGE, N., end JAIN, A., 1972, Opt. Comm., 6,253,

GERRTISEY, H.J., HANNAY, W.J., 2nd RAMBERG, E.G., 1968, Appl. Opt., 7, 2301.



147,

GOLBACH, H., 1973, Optik, 37, 45,
GOLDFISCHER, L,I,, 1965, J.0.S.A., 55, 247,

GOODUAN, J.W., 1963, Stsnford University Electronies Labs, Tech Rep.

SEL-63-140 (TR 2303-1).
GOODMIAN, J.W., 1965, Proc. I.E.E.E., 53, 15688.
GOODNAN, J.¥W., 1967, J.0.S.A., 57, 493.

GOULD, G., JACOBS, S.F,, LATOUBREMTE, J.T., NEWSTEIN, M., snd

RABINOVITZ, P., 1964, Appl. Opt. 3, 648L.

GRAY, A.,.=nd MACROBERT, T.M., 1952, A trestise on Bessel Functions and
their applications to physies, 2nd Zdn., Macmillan and Co.,

St. Martin's Street, London,
HARTHARAN, P., 1972, Optica Acta, 19, 791.
HARTHARAN, P., and HDGEDUS Z.S., 1974, Opt. Comm., 10, 238,
von HOEN, D,H., 1968, Optik, 27,353,
HUNTLY, W.H., 1964, I.E.E.E. speétm, 1, 114,
JAKEMAN, E., end PUSEY, P,N., 1973a,J. Fhys. A: Math., Nucl. Gen., 6, 188,
JAKZiAN, E., end FPUSEY, P,N., 1973 b, Fhys.Lett., 444, 456.

JENKINS, G.l4,, and WAITS, D.G., 1969, Spectral analysis and its

applications, Holden-Day, London,
KAG, M., and SIEGERT, A.J.F., 1947, J. Appl. Phys., 18, 383,
KATO, Y., snd OKINO, Y., 1973, fAppl. Opt. 12, 1199.

KENDALL, 11, G., 1948, The advenced theory of statistics, Vol., 1,

Charles Griffin & Co. Ltd., London.



148,

KENDALL, I.G., 1948, The advanced theory of statistice, Vol. 2,

Charles Griffin & Co. ILtd., London,
KI®RLE, H., et WOLF®, U., 1971, Opt. Comm., 3, 26.
KIRKPARTICK, P., end EL~SUM, H.M.A., 1956, J.0.S.A., 46; 825,
LAVQUIR, R.V., 1963, Appl. Phys. Lett., 2, 29,
von LAUE, M., 1914, Sber. Akad. Wise., 44 1144,
von LAUE, M.‘, 1916, Phys. Gesselsch,, Zurich, 18, 90,
von LAUE, M., 1917, Berichte deutsch. Phys. Gesselsch, 19, 19,
LEITH, E.J. and UPATNiEKs, J., 1964, J.0.S.A., 54, 1295,
_IEHTH, E.N, and UPATNiEKs, J., 1968, Appl.Opt., 7, 2085,
ven LIGTE!, R.F., 1973, Appl. Opt., 12, 255,
WENTHAL, S. and ARSENAULT, H., 1970, J.0.S.A., 60, 1478.
LOVETHAL, S and JOYEUx; D., 1971, J.0.S.A., 61, 847.
LOWENTHAL, S., JOYEUX, D, and ARSEWAUIT, H., 1970, Opt. Comm., 2, 184.
MAHAN, A.I., BIOTERLI, C.V. and CANNON, S.M., 1064, J.0.S.A,, 54, 721.
MANDEL, L., 1959, Proc.Phys. Soc., 74, 235.
MARTIENSSEN, W. and SPILLER, S., 1967, Phys. Lett., 244, 126.
MCKECHNIE, T.S., 1973, Optik, 39, 258.

1 IDDLETON, D., 1960, An introduction to statistical commmication

theory, McGraw-Hill, New York.

OLIVER, B.M., 1963, Froc. I.E.E.E., 51, 220L.

RAACHANDRAN, G,N,, 1943, Proc. Ind. Acad. Seci., 4, 18, 190,



149,

RAYLEIGH, Tord, 1871, Proc. Lond., Math, Soc., 3, 267.
RAYLEIGH, Lord, 1880, Phil, Mag., 10, 75.
REED, I.S., 196 , IRE Trens, on Informetion Theory, IT - 8, 194,

RICE, S.0., 1954, Selected pavers on noise and stochastic theory,

Editor: N, Vax, Dover Press, New York.
RIGDEN, J.D. and GORDAY, E.I., 1962, Proc. I.R.E., 50, 2367.
SCHRODER, E., 1971, Opt. Corm., 3, 68.
- SCHWARTZ, G., 1971, Acknowledged by VILKOMERSON, D,, 1971,
SKINIVER, T,J., 1964, Thegis, Boston University.
SLEPIAN, D., 1958, Bell Syst, Tech. J., 37, 163,
SUZUKT, T. =nd HIOKI, R., 1966 a, Jap. J. App. Phys., 5, 807.
SUZUKI, T. ma HIOKT, R., 1986 b, Jep. J. Aop. Phys., 5, 814.
TIZIMNI, H.J., 1967, Thesis, University of London,

THOMAS, J.B., 1968, An introduction to statisical commnication

theory, J. Wiley & Sons, Inc,, London.
UPATNIEKS, Jes 1987, Appl. Opt. 6, 1905.
VERDEL Lecons d'Optique physique, 1.
VILKOMERSGN, D., 19'71, J.0.5.A,., 51, 929,
WELFORD, ¥,T., 1971, Opt. Comm. 4, 275.

YU, P.T.S. and WANG, =.Y., 1973, &ppl. Opt. 12, 1856.



150,

ACKNOWLEDGZRIENTS

The author would like to express his gratitude
to Dr. M,E. Bamett and to Professor W.T.Velford,
not only for the generous and helpful advice which
thej gave towards the research project itself, but
also for the helﬁ and encoursgement which thay gave
in many other ways during the period over which it
wasg conducted.

Gratitude is also due £o Dr. J. C. Dainty and %o
Mr. G, Parry for some very helpful discussions, and
to the Sciance Research Council who provided

finaneial assistance.



