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SUMMARY

The three cardinal, statistically consistent, families of non-parametric estimators to the power spec- 15

tral density of a time series are lag-window, multitaper and Welch estimators. However, when estimating
power spectral densities from a finite sample each can be subject to non-ignorable bias. Astfalck et al.
(2024) developed a method that offers significant bias reduction for finite samples for Welch’s estimator,
which this article extends to the larger family of quadratic estimators, thus offering similar theory for bias
correction of lag-window and multitaper estimators as well as combinations thereof. Importantly, this the- 20

ory may be used in conjunction with any and all tapers and lag-sequences designed for bias reduction, and
so should be seen as an extension to valuable work in these fields, rather than a supplanting methodology.
The order of computation is larger than O(n log n) typical in spectral analyses, but not insurmountable in
practice. Simulation studies support the theory with comparisons across variations of quadratic estimators.

Some key words: bias correction, spectral estimation, nonparametric estimation 25

1. QUADRATIC SPECTRAL ESTIMATORS

Denote by {Xt} a stationary zero-mean real-valued stochastic process, discretely observed at interval
∆ and indexed by t ∈ Z . Without loss of generality, here, and in what follows, we assume ∆ = 1. Assume
the power spectral density f(ω) exists, and so for auto-covariance sequence γ(τ) = E[XtXt−τ ],

γ(τ) =
1

2π

∫ π

−π

f(ω)eiωτ dω, f(ω) =
∞∑

τ=−∞
γ(τ)e−iωτ

with τ ∈ Z and ω ∈ [−π, π] is defined in radians. We make the following assumption on {Xt}. 30

Assumption 1. Let {Xt} be a general linear process so that Xt =
∑∞

i=−∞ θiϵt−i with independent and
identically distributed ϵt with E[ϵt] = 0, E[ϵ2t ] = 1, E[ϵ4t ] < ∞, and the regularity condition

∑∞
τ=−∞(1 +

|τ |)|γ(τ)| < ∞, implying f(ω) has a bounded and uniformly continuous derivative.
The predominant task in spectral density estimation is to obtain some estimate of the power spectral den-
sity; herein, we concern ourselves with the case of non-parametric estimation of f(ω). The periodogram 35
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2 L.C. ASTFALCK ET AL.

is the fundamental estimator of the power spectral density, but is statistically inconsistent. Broadly, con-
sistency is resolved by one of three families of non-parametric estimators: lag-windows, multitapers and
Welch estimators. Delineating all non-parametric estimators into one of these three methodologies is not
always obvious; for instance, Bartlett’s estimator may be seen both as a special case of Welch’s estima-
tor or as a lag-window estimator with a triangular lag-sequence. This literature is too vast to adequately40

review here, and we defer the reader to one of the many comprehensive book-length treatments such as
Percival & Walden (2020) and Politis & McElroy (2019) for more detailed information. We find these to
be the categorisations and naming conventions most common in the present literature, but acknowledge
that alternatives exist (for example, see pp.252 Percival & Walden, 2020).

Quadratic spectral estimators describe a generalising family of non-parametric spectral estimators (Per-45

cival & Walden, 1993; Walden et al., 1995; Walden, 2000). Define the complex valued demodulation
process Zt = Xte

iωt, which has corresponding auto-covariance function, γZ(τ) = γ(τ)eiωτ , and power
spectral density fZ(ω

′) = f(ω − ω′), in particular, fZ(0) = f(ω). Given an n-dimensional finite observa-
tion from {Xt}, define X and Z as the column vectors X = (X0, . . . ,Xn−1) and Z = (Z0, . . . ,Zn−1). In
what follows, denote by superscript H the Hermitian transpose and by an overbar the complex conjugate.50

DEFINITION 1. Define a quadratic spectral estimator IQuad(ω) as

IQuad(ω) = ZHQZ =

n−1∑
s=0

n−1∑
t=0

Z̄sQs,tZt (1)

where Qs,t is the (s, t)th element of the real valued and symmetric n× n matrix Q.
Choosing the values of Q determines the properties of the estimator and, as we now demonstrate,

encompasses the periodogram, lag-window, multitaper, and Welch estimators.
Example 1 (Periodogram). The periodogram, In(ω), with the chosen data-taper ht such that55 ∑n−1
t=0 h2

t = 1 may be defined as the squared modulus of the discrete Fourier transform of X,

In(ω) =

∣∣∣∣∣
n−1∑
t=0

htXte
−iωt

∣∣∣∣∣
2

=
n−1∑
s=0

n−1∑
t=0

hshtXsXte
−iω(s−t) =

n−1∑
s=0

n−1∑
t=0

Z̄shshtZt = ZHQZ

The case of ht = n−1/2 corresponds to the choice of ‘no taper’ for the raw periodogram. The periodogram
is therefore a quadratic spectral estimator with values Qs,t = hsht and Q is of unit rank.

Example 2 (Lag-window). Define a lag-window estimator as ILag(ω) =
∑n−1

τ=−n+1(wτ · γ̂)(τ)e−iωτ

where γ̂(τ) =
∑n−|τ |−1

t=0 ht+|τ |Xt+|τ |htXt and {wτ} is the lag-sequence. We may re-write ILag(ω) as60

ILag(ω) =
n−1∑
s=0

n−1∑
t=0

w(s−t)hshtXsXte
−iω(s−t)

so that ILag(ω) is a quadratic spectral estimator where Qs,t = w(s−t)hsht and Q may be up to full rank.
Example 3 (Welch’s estimator). Welch’s estimator is defined IWelch(ω) = M−1

∑M−1
m=0 ImL (ω) where

ImL (ω) is the periodogram calculated from the mth length-L segment of the data. We may therefore define
the ImL (ω) as periodograms calculated from the full length-n observation, so that

ImL (ω) =

∣∣∣∣∣
n−1∑
t=0

hm
t Xte

−iωt

∣∣∣∣∣
2

(2)

where, here, {hm
t } is a length L data taper that has been pre- and post-pended with mLp and n− L(1 +65

mp) zeros, respectively, and p is the degree of segment overlap. From Example 1, we can write (2)
in quadratic form ImL (ω) = ZHQmZ where each Qm is the outer product of {hm

t } with itself. Thus,
IWelch(ω) = ZHQZ is a quadratic spectral estimator where Q = 1

M

∑M−1
m=0 Qm and is of rank-M .

Example 4 (Multitaper). Multitaper estimators are defined as IMulti(ω) =
∑K−1

k=0 dkI
k
n(ω), where∑K−1

k=0 dk = 1 and the Ikn(ω) are periodograms calculated with tapering sequence {hk,t}, defined orthog-70
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Bias correction of quadratic spectral estimators 3

onally over k so that
∑n−1

t=0 hk,thk′,t = 0 for k ̸= k′. Similarly to Example 3, Ikn(ω) = ZHQkZ where
each Qk is the outer product of {hk,t} with itself, and IMulti(ω) = ZHQZ is a quadratic spectral estima-
tor where Q =

∑K−1
k=0 dkQ

k and is of rank-K.

2. STATISTICAL PROPERTIES

Assume Q has tr(Q) = 1, as in all previous examples, and is of rank K for 1 ≤ K ≤ n. If Q is 75

positive semi-definite then IQuad(ω) is guaranteed to be non-negative. It is common to assume pos-
itive semi-definite Q; although, as this excludes certain lag-window estimators (e.g. Politis & Ro-
mano, 1995, described in Example 6) we relax this assumption. The spectral decomposition of Q is
Q = HDHT =

∑K−1
k=0 dkHkH

T

k where H is an orthogonal n×K matrix with columns H0, . . . ,HK−1,
and D is a K ×K diagonal matrix with values d0, . . . , dK−1 such that

∑K−1
k=0 dk = 1 because tr(Q) = 1. 80

The H0, . . . ,HK−1 and d0, . . . , dK−1 are the eigenvectors and eigenvalues of Q, respectively. By defi-
nition, the eigenvectors Hk respect unit square-summability and so are valid tapers. Thus, any quadratic
spectral estimator (1) can be written as

IQuad(ω) =
K−1∑
k=0

dk

∣∣∣∣∣
n−1∑
t=0

hk,tXte
−iωt

∣∣∣∣∣
2

=
K−1∑
k=0

dkI
k
n(ω)

which is identical to the form of the multitaper, but with the tapers defined by the eigenvectors of Q. Defin-

ing Hk
n(ω) =

∣∣∣∑n−1
t=0 hk,te

−iωt
∣∣∣2, the expectation of each Ikn(ω) is E[Ikn(ω)] = (f ∗ Hk

n)(ω). Therefore, 85

E[IQuad(ω)] =

K−1∑
k=0

dkE[I
k
n(ω)] =

(
f ∗ H̄n

)
(ω) (3)

where H̄n(ω) =
∑K−1

k=0 dkHk
n(ω). For all f(ω) aside from white noise, IQuad(ω) is biased for finite n.

As seen in Examples 1–4, H̄n(ω) and thus

bias[IQuad(ω)] = E[IQuad(ω)]− f(ω) =
(
f ∗ H̄n

)
(ω)− f(ω) (4)

are dependent on the appointed tapers and lag-windows. The variance of IQuad(ω) is

var[IQuad(ω)] =
K−1∑
k=0

d2kvar[I
k
n(ω)] + 2

∑
j<k

djdkcov[I
j
n(ω), I

k
n(ω)] =

K−1∑
k=0

d2kvar[I
k
n(ω)] (5)

where the second equality results from cov[Ijn(ω), I
k
n(ω)] = 0 due to the orthogonality across the Hk. The

covariance cov[Ikn(ω), I
k
n(ω + η)], from which var[Ikn(ω)] in (5) is obtained, is calculated as 90

cov[Ikn(ω), I
k
n(ω + η)] =

∣∣∣∣∫ π

−π

H̄k(ω + η − ω′)Hk(ω − ω′)f(ω′) dω′
∣∣∣∣2 +∣∣∣∣∫ π

−π

Hk(ω + η + ω′)Hk(ω − ω′)f(ω′) dω′
∣∣∣∣2︸ ︷︷ ︸

=O(log2 n0/n2
0)

+O(n−1
0 )

(6)

where Hk(ω) =
∑n−1

t=0 hk,te
−iωt and n0 is the number of non-zero elements in {hk,t}. This is an ex-

tension of Theorem 5.2.5 of Brillinger (1975) to a general taper {hk,t} obtained by substituting Equa-
tion (211b) of Percival & Walden (2020). The O(log2 n0/n

2
0) term is obtained in Krogstad (1982) for

hk,t = n−1/2, and extends to the case of a general taper {hk,t} using Lemma 1 of Astfalck et al. (2024).
Assuming var[Ikn(ω)] is constant over k, M−1 =

∑K−1
k=0 d2k is an approximation of the variance reduc- 95

tion in IQuad(ω), as compared to the periodogram, and IQuad(ω) is an
√
M-convergent estimator. When

Q is positive semi-definite, M−1 ≤ 1. In actuality, var[Ikn(ω)] is not precisely constant over k, and so
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4 L.C. ASTFALCK ET AL.

M−1 is not the exact factor of variance reduction; however, it is useful in establishing certain properties
in Remark 1, below. To arrive at a notion of bias-variance trade-off, we require a metric to describe the
effective number of independent observations from the spectral estimator, that is, the effective sample size100

ζ. We seek ζ that is independent of ω and only depends on the parametrisation of the quadratic estima-
tor and not the unknown f(ω). Similarly to how spectral bandwidth is commonly considered (e.g., see
Percival & Walden, 2020), we define ζ for a white noise process with constant f(ω′) as

ζ =
2π∫ π

−π
cor[Iz(ω), Iz(ω + η)] dη

(7)

where Iz(ω) is the spectral estimator IQuad(ω) of a white noise process. This definition of ζ is a re-
expression of the common definitions in the stochastic process literature to the spectral domain, and as we105

will show, is simply the inverse of the effective bandwidth of a spectral estimator. Dividing (6) through by
f(ω′) and combining over the K components yields cor[Iz(ω), Iz(ω + η)] which is calculated

R(η) = M
K−1∑
j,k=0

djdk

∣∣∣∣∣
n−1∑
t=0

hj,thk,te
−iηt

∣∣∣∣∣
2

= cor[Iz(ω), Iz(ω + η)] +O(n−1
0 ). (8)

Substituting (8) into (7) yields ζ = 1/BQuad +O(n−1
0 ), where

BQuad =
1

2π

∫ π

−π

R(η) dη = M

K−1∑
j,k=0

n−1∑
t=0

djdkh
2
j,th

2
k,t. (9)

Equation (9) can be understood as the spectral bandwidth of IQuad(ω), i.e., the integral length scale of the
spectral estimator, and is independent of ω. The effective sample size ζ admits values 1 ≤ ζ ≤ n.110

PROPOSITION 1. Given {Xt} satisfies Assumption 1, and ω ̸= 0,±π, the bias of a quadratic spectral
estimator, IQuad(ω) is of order

bias[IQuad(ω)] = E[IQuad(ω)]− f(ω) = O
(
log ζ

ζ

)
. (10)

Proof. Re-write (4) as bias[IQuad(ω)] =
∑K−1

k=0 dk{E[Ikn(ω)]− f(ω)}, and so O(bias[IQuad(ω)]) is
dominated by maxk[{O{E[Ikn(ω)]− f(ω)}]. The maximum value for E[Ikn(ω)]− f(ω) is achieved when
the number of non-zero elements of {hk,t} are minimised. To maintain a length-n estimator, Equation (9)115

implies a minimum number of non-zero elements in each {hk,t} that scales with ζ ∝ n/K as n grows.
Following Lemma 1 of Astfalck et al. (2024), a taper with a minimum of ζ non-zero elements is bounded
by chζ

−1/2 for some constant ch, and so (10) is established following the result of Fejér (1910). □
Remark 1. To satisfy

∑n−1
t=0 h2

k,t = 1 with increasing n for each {hk,t}, all tapers scale at maxi-
mum hk,t ∝ ζ−1/2. Further, to obtain the minimum of ζ non-zero elements in Proposition 1, the ta-120

pers are ‘non-overlapping’ so that
∑n−1

t=0 h2
j,th

2
k,t = 0 for j ̸= k. As

∑K−1
k=0 dk = 1, each dk ∝ 1/K and

consequently for a quadratic estimator, IQuad(ω), ζM ∝ n as
∑K−1

j,k=0

∑n−1
t=0 djdkh

2
j,th

2
k,t = (Mζ)−1 ∝∑K−1

k=0

∑ζ−1
t=0 (Kζ)−2 = (Kζ)−1 ∝ n−1. By apportioning ζ = O(nα) and M = O(n1−α) the expected

bias-variance trade-off is obtained. As var[IQuad(ω)] = O(M−1), and from Proposition 1, the optimal
value of α with respect to mean-squared-error is α ≈ 1/3, achieved by minimising mse[·] = var[·] +125

bias2[·] in terms of α for n → ∞. Further regularity assumptions on f(ω), or parameterisations of the
hk,t, may reduce the bias in (10) and further lower the optimal value of α, thus allowing for more variance
reduction. We show two instances of this in Examples 6 and 7.

Example 5 (Parameterisation of Bartlett’s estimator). Bartlett’s estimator arises as a special case of
Welch’s estimator and, as in Example 3, is equivalent to a quadratic estimator with dk = 1/K and hk,t is130

a length-L taper with values L−1/2 pre- and post-pended with kL and n− L(k + 1) zeros. Substituting
these values in (9) yields ζ = L and so ML = n with equality, leading to the optimal choice of α ≈ 1/3.
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Bias correction of quadratic spectral estimators 5

Example 6 (Parameterisation of an infinite-order flat-top lag-sequence). Politis & Romano (1995,
1999) specify the infinite-order flat-top lag-sequence for univariate {Xt}, with

w(τ) =


1 |τ | ≤ 1/a

g(τ ; a) 1/a < |τ | ≤ c/a

0 |τ | > c/a

where g(τ ; a) is a continuous real-valued function, defined over τ and parameterised by a, that satisfies 135

g(τ ; a) = g(−τ ; a), g(τ ; 1) = g(τ/a; a), g(1/a; a) = 1 and g(c/a; a) = 0. If f(ω) has r bounded and
continuous derivatives, then bias[IQuad(ω)] = O(ζ−r). Calculated similar to Remark 1 it is asymptoti-
cally optimal to choose α = 1/(2r + 1), where Assumption 1 states r ≥ 1.

Example 7 (Parameterisation of a sinusoidal multitaper). Sinusoidal multitapers are discrete approxi-
mations to minimum bias multitapers, specified with weights dk = 1/K for k ∈ {0, . . . ,K − 1} by 140

hk,t =

(
2

n+ 1

)1/2

sin

{
(k + 1)πt

n+ 1

}
,

see Riedel & Sidorenko (1995). This leads to B[IQuad(w)] = (K + 1)/(n+ 1) (Walden et al., 1995),
thus ζ ∝ n/K, M = K and ζM ∝ n as desired. As shown in Riedel & Sidorenko (1995), the bias of a
Sinusoidal multitaper is O(ζ−2), and therefore suggests an optimal choice of α = 1/5.

Remark 2. Studying the theory of quadratic estimators provides a principled framework with which to
combine classes of non-parametric spectral estimators that are typically siloed. For instance, multitaper 145

estimators based on Slepian sequences with large K are known to re-introduce bias as K increases; but
without increasing K we cannot resolve variance. Often in scientific application there are requirements
for variance to be resolved under some threshold and may require a choice of α that does not neces-
sarily adhere to asymptotic arguments. For example, Welch and multitaper methods can be combined
by segmenting the time-series, calculating multitaper estimates on each segment for some fixed K, and 150

then averaging the segments to resolve variance; see Schmidt (2022) for an example. Such an estimator
remains a quadratic estimator, and so we may obtain the statistical properties as described herein. Histor-
ically, quadratic estimators were predominantly discussed to motivate the use of constructed multitaper
estimators whereby the {hk,t} are specified directly rather than as a consequence of specifying Q.

3. BIAS CORRECTION OF QUADRATIC SPECTRAL ESTIMATORS 155

3.1. Bias correction

Assume a family of bases, such that the power spectral density may be represented as f(ω;ϑ) =∑S−1
s=0 asbs(ω) where bs(ω) is the sth basis function with corresponding auto-correlation function ρs(τ)

obtained via an inverse Fourier transform, and ϑ = (a0, . . . , aS−1). Astfalck et al. (2024) proposed a
methodology to debias Welch’s estimator to f(ω) whereby the bases are intentionally biased, basis coeffi- 160

cients are inferred by fitting the biased bases to the estimate of f(ω) to obtain the âs and a bias corrected
estimate of f(ω) is obtained from

∑S−1
s=0 âsbs(ω). We now present the theory to extend these ideas to the

general class of quadratic spectral estimators, subsuming the methodology of Astfalck et al. (2024).
Define the Fourier frequencies (ω0, . . . , ωn−1) = 2πn−1(−⌊n/2⌋, . . . , ⌈n/2⌉ − 1), the vector bs =

{bs(ω0), . . . , bs(ωn−1)} containing the evaluations of the sth basis over the Fourier frequencies, and 165

the S × n matrix B = (bT
0 , . . . ,b

T

S−1) that stores these evaluations over all S bases. We bias the bases
so that, b̌s(ω) = (bs ∗ H̄n)(ω), where H̄n(ω) defines the bias in IQuad(ω), see (3). We calculate b̌s =
{b̌s(ω0), . . . , b̌s(ωn−1)} via

b̌s(ω) = (bs ∗ H̄n)(ω) = 2× Re

[
K−1∑
k=0

dk

{
n−1∑
τ=0

(
n−τ−1∑
t=0

hk,thk,t+τ

)
ρr(τ)e

−iωτ

}]
− 1 (11)

and further define the S × n matrix of biased bases evaluations as B̌ = (b̌T
0 , . . . , b̌

T

S−1).

Page 5 of 8

http://mc.manuscriptcentral.com/biometrika

Manuscripts submitted to Biometrika

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60

Acc
ep

ted
 M

an
us

cri
pt

D
ow

nloaded from
 https://academ

ic.oup.com
/biom

et/advance-article/doi/10.1093/biom
et/asaf033/8121249 by Im

perial C
ollege of Science Technology and M

edicine user on 29 April 2025



6 L.C. ASTFALCK ET AL.

We model IQuad(ω) =
∑S−1

s=0 asb̌s(ω) + ϵ(ω), where var[ϵ(ω)] = var[IQuad(ω)] and for sufficiently170

large M, the central limit theorem implies that ϵ(ω) may be considered Gaussian. We expect there to be
non-ignorable correlations between the frequencies for certain choices of Q, which is well represented by
R(η) in (8). Different to Astfalck et al. (2024), we specify a circulant correlation matrix W with (i, j)th
values Wi,j = cor[IQuad(ωi), IQuad(ωj)] ≈ R(ωi − ωj) and solve the weighted least squares problem

ϑ̂ = argmin
ϑ

{
(IQuad − B̌Tϑ)TV−1(IQuad − B̌Tϑ)

}
(12)

where IQuad = {IQuad(ω0), . . . , IQuad(ωn−1)}, V = ΓWΓ, and Γ is a diagonal matrix with (i, i)th values175

Γi,i = sd[IQuad(ωi)] approximated by IQuad(ωi). This follows from Theorem 2 of Astfalck et al. (2024)
which may be generalised to this case by bounding the tapers of the quadratic estimator as per Lemma 1 of
Astfalck et al. (2024). The basis coefficients ϑ̂ in (12) are analytically available via the standard weighted
least squares solution, and can be constrained to yield a non-negative estimate of the spectral density via
non-negative least squares solutions. The validity of (12) as a solution is predicated on the appropriate180

assumption of Gaussian ϵ(ω), implying a sufficiently large M. For small M, these assumptions break, and
worse performance in terms of mean-square-error can be observed. In practice, we find M ≈ 16 to be the
minimum advisable value. Especially for short time-series, this choice should be considered as large M
implies a reduction in ζ and so good resolution of the spectral density may be difficult to obtain.

Remark 3. Our methodology is predicated on the availability of H̄n(ω), simply calculated via (3) for all185

quadratic estimators. The ability to extend this methodology to other estimators is similarly predicated on
the ability to calculate H̄n(ω). For instance, McElroy & Politis (2024) propose an estimator to the spectral
density at frequencies near-zero with a better convergence rate, in effect by altering the lag-window to be
symmetric about zero at such frequencies. Therein, H̄n(ω) is obtainable by considering the family of
lag-windows and similarly our methodology can be extended to such estimators.190

3.2. Computation

The computational order of the bias correction of the quadratic estimator is O{max(nS2, nKS log n)},
where S is the number of bases and K is the rank of Q. The first term is the computation required to
calculate the solution to (12) and the second term is the computation required to calculate the b̌s(ω) in
(11). For real-valued data f(ω) is symmetric, to ensure numerical stability, S should scale at maximum195

with half the effective sample size ζ (in practice we find S = ζ/4 works well) so that S = O(nα), where
α has a maximum value of α = 1/3 (see Remark 1) and so O(nS2) = O(n5/3). The matrix V is circulant
and so the inverse in (12) is calculated with order O(n log n) and does not affect the computational order of
(12). For the computation in (11), if K ∝ M = O(n2/3), as in Welch’s estimator and certain multitapers,
then O(nKS log n) = O(n2 log n); if K = n as in lag-windows, O(nKS log n) = O(n7/3 log n). At200

first, these rates may seem large, but they are a result of generalising the theory so as to establish the
statistical properties. Instead, (11) may be computed faster for Welch and lag-window estimates: Welch
estimates follow Astfalck et al. (2024) and have order O(n log n); lag-windows are computed similar to
Equation (9) of Sykulski et al. (2019) with the addition of a lag-sequence and have order O(n5/3 log n). As
opposed to Astfalck et al. (2024) who retain O(n log n), we find a worse-case scenario rate of O(n2 log n),205

corresponding to a multitaper bias correction. Although this is larger than O(n log n), computation of an
O(n2 log n) estimator is still possible for n = O(105) on a modern laptop computer.

3.3. Flexible basis functions

In Astfalck et al. (2024) the bs(ω) were defined as rectangular bases, in effect representing a Rieman-
nian approximation to f(ω). Assumptions on the order of differentiability of f(ω) can inform the bias that210

results from the Riemannian approximation: O(S−1) if f(ω) is of bounded first derivative, and O(S−2) if
f(ω) is of bounded variation. The standard Riemannian basis is a polynomial of order 0 and the integrated
mean squared errors can be improved upon by employing basis functions with increasing polynomial or-
der and thus increasing degrees of differentiability. For instance, the trapezoidal rule has integrated mean
square error O(S−3) and corresponds to a polynomial basis of order 1, and Simpson’s rule has integrated215

mean square error O(S−4) and corresponds to a polynomial basis of order 2.
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Bias correction of quadratic spectral estimators 7

For the sth basis, bs(ω), define ωc
s as the basis centre, δs as the basis width, and assume bs(ω) to

be p-times differentiable. We define ρs(τ), the auto-correlation function that corresponds to bs(ω), as

ρs(τ ;ω
c
s, δs) = {δ−

1
p+1

s sinc(δsτ) exp(iω
c
sτ)}p+1 where sinc(·) is the normalised sinc function. For p =

0, basis bs(ω) is b0s(ω) = rect(ω/δc − ωc), where rect(·) is the rectangular function. Higher orders are 220

obtained via the recursion bps(ω) = (bp−1
s ∗ b0s)(ω) where the bp0(ω), . . . , b

p
S(ω) define a family of p-times

differentiable functions, analogous to p-order B-splines defined over a circular domain. Choosing large p
imposes an assumption on the regularity conditions of f(ω); if p is chosen correctly then an optimal rate
of convergence may be guaranteed. However, if p is overestimated then this may impose an assumption
of smoothness on the underlying function that is inappropriate and so may re-introduce bias. In practice 225

when f(ω) is unknown, p must be estimated; see Politis & Romano (1995), who demonstrate an empirical
methodology to estimate p from the empirical auto-covariance sequence γ̂(τ). If we define δs = δ for all
s, our estimator calculates estimates of the spectral density over an even partition in frequency; whilst
intuitively similar to quadratic estimators this is not a required assumption. Astfalck et al. (2024) provide
an example with unevenly spaced bases with p = 0, and we may extend this idea for p > 0. 230

4. SIMULATION STUDY WITH CANONICAL AR(4) MODEL

We demonstrate our general bias correction technique on lag-window, multitaper and Welch estimates
of the canonical AR(4) model of Percival & Walden (1993), defined as Xt =

∑4
p=1 ϕpXt−p + ϵt where

ϵt ∼ N (0, σ2) and {ϕ1, ϕ2, ϕ3, ϕ4, σ} = {2.7607,−3.8106, 2.6535,−0.9238, 1}. We first present a bias
correction to a single sample of length n = 214 for each of the three estimators, shown in Figure 1. We 235

set p = 1 for the bases, and parameterise each of the three estimators so as to give similar expected bias:
the lag-window estimator uses a modified Daniell of width M = 25; the multitaper estimator specifies the
tapers as K = 25 Slepian sequences with a time-bandwidth parameter of 24; and the Welch estimator sets
L = 29, M = 25, with zero-overlap and employs a Hamming data-taper on each segment. The number
of basis are set as S = n/4M = 27, approximately ζ/4 for each estimator; in effect, this choice of S 240

downscales the effective sample size of the Fourier frequencies by a factor of 2. Estimates are plotted in
Figure 1 by the grey solid lines with their respective expectations, calculated as per (3), plotted with the
grey dashed lines. The bias corrected estimates are all given by the black solid lines, and the true f(ω) of
the AR(4) model is given by the black dashed line. The computational time to bias correct the lag-window
and multitaper estimates was ∼ 200 ms, and ∼ 5 ms for the Welch estimate. In all cases, the debiased 245

estimator provides a better estimate of the true spectrum across all frequencies. Finally, in Figure 2 we
show performance of the bias corrected estimators over a 1000-member ensemble of simulations and as
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Fig. 1: Standard and debiased lag-window, multitaper and Welch estimates of a random AR(4) process. The standard
and debiased estimates are shown by the solid grey and black lines, respectively; the true process spectrum is shown
by the black dashed line and the expectation of the standard estimator by the grey dashed line. Plot insets correspond
to the shaded dotted boxes. Parameterisations of the AR(4) process and the estimators are given in the main text.
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Fig. 2: Estimates of bias (black) and root-mean-squared-error (grey) of the standard (solid) and debiased (dashed) lag-
window, multitaper and Welch estimates as a function of the factor of variance reduction, M. Each graphed point is
obtained by calculating the metric from a 1000 member ensemble, for each frequency, and aggregating over frequency
by the mean log value. Parameterisations of the AR(4) process and the estimators is given in the main text.

a function of M, the factor of variance reduction, with fixed n/M = 29 and S = n/4M = 27 for each
simulation. An R implementation of the code is available at github.com/astfalckl/dquad.
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