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Abstract

This thesis reports a theoretical analysis of the intense-field
excitation of multiphoton atomic resonances by pulsed, fluctuating
laser fields.

A time-development operator technique is used to describe the
excitation of three level atomic systems by laser pulses of arbitrary
shape. The pulses are divided into small elements for which the time
dévelopment is described using the first term in the Magnus expansion.
When square pulses are described in this way, two photon excitation
dressed state results, calculated previously, are recovered. These
exhibit Rabi oscillations and population trapping. The system can be
used to shaw the Stark splittings of the lower two levels by using ‘the
upper pulse as a probe. The atomic lineshapes are found to be modified
considerably when the main pulse is altered in shape.

For a specific example of intense laser excitation of an atomic
system, the resonant excitation of the 3868 cm~* J=3 to 26338 cm~* =2
transition in uranium is considered. An experiment has been reported
which measures the wupper state population as a function aof laser
intensity. This data is re-analysed taking proper account of the
atomic Dappler width, level degeneracies, the laser’'s temporal pulse
shape and laser shot-to-shot intensity and frequency variations. The
effects of laser phase-fluctuation bandwidth are also included.

It is known that windows of zero absorption occur in the
photo-excitation of autoionising continuum resonances. A laser field
can be used to induce resonances in continuum states, termed Laser
Induced Continuum Structure (LICS). Recent experiments on the use of
LICS to enhance photo-absorption have used intense, fluctuating laser
fields. The effects of laser phase fluctuations are investigated
paying particular attention to the Fano absorption profile, The
Wiener-Lévy model is used to model the fluctuations and the effects of
cross-correlation of the laser fields are included. Decay channels
omitted in wearlier work on LICS are now included and are found to

modify the population trapping.
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Chapter |

Overview

1.0 Introduction

This theoretical thesis investigates some of the real processes
involved in multiphoton excitation of atoms by pulsed lasers. Many
previous works use idealised laser fields and atoms with flat,
maonochromatic pulses and simple two or three level atoms. Lately, more
geffort has been put into modelling real, rather than idealised,
systems. Lasers are not monochromatic and bandwidth is introduced by
various different processes. Neither have they got constant output
powers., These effects complicate a theoretical analysis but should be
included as they can have important consequences. They can be included
in a general way by wusing numerical, rather than analytical,
techniques. Described here is a numerical technique which can include
the above processes, although in some cases, notably the bandwidth due
to phase fluctuations, it is not obvious which model to include. 0Of
course, the greater the number of processes included, the greater the
computational problem. In some cases this is a limiting factor and may
call for various simplifying assumptions to be made.

The oprocesses that are dealt with affect both the exciting laser
field and the excited atoms. The laser field has various parameters
that are associated with it. In general the instantaneous mean
.frequency is a good parameter to specify, being useful and fairly well
defined. However, this will most likely vary in time due to
fluctuations in the optical <cavity length caused by vibrations and
heat fluctuations etc. This causes a frequency jitter which, in pulsed
lasers, causes each pulse to have a different mean frequency. Other
good parameters are the pulse length and shape. The effects that the
shape has on excitation is one af the main topics and will be
extensively covered. The differences between using CW and pulsed

"lasers, with perhaps fields with ’temporal envelopes approaching a
Gaussian shape, are investigated showing that there is no ’'equivalent’
flat pulse for most processes. Assaciated with the mean frequency is
the width of the spectral profile. This can be hard to quantify, or
define, as the shape is also variable. Contributing to the single shot

spectral oprofile is the transform width, which can be calculated fronm



the temporal profile, and phase fluctuation effects., As the temporal
width 1is increased, ie the pulse is lengthened, so the spectral width
decreases and the pulse becomes more monochromatic. The phase
fluctuation bandwidth 1is caused by processes such as collisional
broadening and natural decay lifetime bandwidth in the active atoms of
the laser. The natural lifetime is generally much smaller than any
other broadening processes and can be ignored. The collisional
broadening is caused by collisions between a radiating atom and ather
bodies, such as walls and other atoms., This causes a shift in the
energy levels giving rise to fluctuations in the frequency of the
enitted radiation. One way of modelling this sort of process is to
agssume that the collision is instantaneocus, and the only effect is to
alter the phase in some jump-like stochastic way. This is the randon
telegraph signal approach. The model which is to be wused in this
thesis, when applied, is the phase diffusion model. In this the phase
is assumed to perform a random walk, with the phase velocities being
Baussian white noise processes. The collisions are effectively
continuous so that the phase is constantly vary{ng in a well defined,
but stochastic way. The amplitude of the field will generally
fluctuate in a stochastic way so that for a pulsed laser the peak
intensity of each pulse varies from shot to shot; This process can be
averaged by assuming a distribution for the peak powers.

The irradiated systems generally have inhomogeneous broadenings
associated with them, such as Dappler shifts and collisional
broadening. These can be partially eliminated in the experimental
technique, but can also be included in the theaoretical madel,.
Degenerate magnetic sub-levels and other interfering levels cause the
simple Rabi oscillations, that can be predicted, to be partially, if
not totally, destroyed. .

All of these processes make it generally hard, if not impossible,
to observe experimentally any effects predicted by theory. It is
therefore necessary to be able to include these processes in the
theory such that any effects still remaining can be found and then

verified by experiment.



1.1 Plan aof thesis chapters

In chapter two the physics of the time evolution of multi-photon
processes 1is introduced. The method of saolution, using a time
development operator technique, is described along with the
mathematics involved. The methad is basically numerical so that many
features can be included up to the limit of computer time available.

Chapter three applies this methed to the solution of a three level
system irradiated by a pulsed laser, The effects of the pulse shape on
the temporal evalution and population trapping are extensively
investigated. The effects of the motion of the atoms due to Doppler
effects is calculated showing the differences between using co- and
counter-propagating laser beams to excite the two transitions,

Chapter four is an extensive re-analysis of a previous experiment
carried out in uranium, The re-analysis includes the pulse shape, shot
to shot fluctuations in both the mean frequency and intensity, phase
diffusion effects, Doppler effects and atomic sublevel degeneracy. New
results are obtained for the values af the fitting parameters.

In chapter five the effects of a photoionisation continuum are
introduced. Population trapping can occur if two bound states are
coupled strongly to the continuum at the same point, This is due to
the destructive interference of the amplitudes in a similar way ta
trapping in a three level system investigated in chapter three. Again
the effects of pulse shape are investigated along with the important
effects of the relative coherence of the exciting beanms.

At many points during the thesis the numerical model is compared to
exact analytical results obtainable for certain special sets of
tonditions. This 1is to give confidence in the results predicted when
no such apalytical result is possihble,

Each chapter is caomprised of sections with sub-sections etc. The
equations and figures are numbered sequentially in each section, such
that each equation is numbered ‘“chapter.section,number® and each
figure ‘“chapter.section.roman numeral”, When refered to in the text,
if the chapter and section numbers are omitted then the current
chapter and section are assumed., References and appendices are
supplied with each chapter and are positioned at the end of each
chapter. Three publications relevant to the work reported here are
included at the end of the thesis.



CHAPTER 2

Method of solution

2.0 Introduction

In this chapter the basic formalism and method of solution is
described. The systems being considered here are those such as an
atom, with a few relevant bound states and maybe a continuunm,
interacting with a near resonant radiation field, usually the field
from a laser. The method of solution is based upon the calculation of
a Time Develaopment Operator, generally time dependent, which is used
to calculate the modified state of the system. The calculations are
performed numerically and the results are compared to same exact
analytical solutions obtainable under special circuﬁstances. The
methaod is then wused to calculate solutions for which an analytical
method can not be applied. This chapter describes the method of

solution and forms the equations necessary for the fallowing chapters.



2.1 Time development

The time development of a system can usually be written in the form

id 1A(E)> = T(L)IA(E)) 2.1,1
dt

where [A(t)> represents the state of the gsystem. This can be
considered to be a vector in an N dimensional Hilbert space., The
Hilbert space may be an amplitude space or a space made up from any
convenient combination of the amplitudes, eg the bilinear cross
products, One of the postulates of quantum mechanics is that a system
is completely described by its state vector in amplitude space. The
dimension of the space depends upon the problem and can be infinite,
such as when a continuum is considered, but is necessarily finite for
numerical calculations. A problem invelving a continuum can be reduced
to a finite problem by analytical elimination, see {or example
Weisskopf and Wigner 1930 and Loudon 1983. This will, of course,
reduce the amount of information that can be calculated about the
system. In order to perform calculations a coordinate system ig
required within the Hilbert space. This is generally constructed fraom
a set of energy eigenstates, usually the wunperturbed states. Thus,
under the actian of a perturbatiaon, in this case the laser field, the
state vector is moved with respect to the chosen axes. The object is
to find the position of the vector, as a function of time, with
respect to these axes, This gives the amplitudes to be in each of the

unperturbed states at a given time,

2,1.1 Time Development Operator

For this purpose it is convenient to calculate the Time Development
Operator U({tjto) which, given 1A(to)>, enables the calculation of
IA(t) >, This is defined from

Uttito) 1Alto) > = 1A(L)), ’ 2.1,2
The operator U(tjto) thus rotates the state vector 1A(t)> with respect

to the chosen coordinate system, and if it is not wunitary it also

alters its length. Substitution of this into equation 1 gives



id Ultito) 1A(to) > = T(E)U(t to) 1A LoD, 2.1,3
dt

This yields the equation for U,

id Ultjto) = T(t)UCtjto). 2.1,4
dt

As T is generally time dependent, and does not commute with itself at
different times, this has a non-trivial solution. The general salution
is due to Magnus 1954 and can be found in Wille 1982,

Ultgto) = exp{Witjto)} 2.1,3
where
t t t,
Wltyto) = ‘iIdt1T1 - LIdt;jdt;tT;,Tzl
to 2%, i,
t t, t,
+int;Idt:jdt;([[T,,TzJ,T3]+[[T3,T2],T,J}.... 2.1,6
4%t to to .

and T, = T(t,).

fAssuming that W has been calculated it then becomes necessary +to
calculate exp{W(tjto)}. This is non-trivial as all powers of W need to
be known. However, if a transform is made to the diagonal

representation, such that

X"t WX=0D 2,147

where D is the diagonal representation, then this can be used to

substitute for W. Thus

U = exp{W} = exp{X D X} 2.1,8
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= X exp(D} X—* 2.1,9

ag X X~* = |, The exponential of the diagonal representation D can be
calculated easily as all the powers are known, In matriy
representation the oexponential of a diagonal matrix 1is just the
diagonal matrix of the exponentials,

The calculation of W involves a complicated infinite series. Thus,
either it must be truncated or approximated., If any of the commutator
blocks, eg [[{T:1,721,Ts], are zero for all times then that term and all
higher terms are zero. This is because the higher terms always contain
the elements of the previous term commutated with T again. So the
series self-truncates., This truncation only occurs for special fornms
of T. The most trivial case is when T is time independent. Under these
circumstances the first order commutators, [(T.,T21], are zero for all
times. The series therefore truncates leaving just the first term. In

this case
Hitjto) = -i(t=-to) T, 2.1,10

This 1is adequate for ‘top-hat’ perturbations, where T 1is the
Hamiltonian and the Rotating Wave Approximation has been made, see
section 3.1.1. However, the main object of this thesis is to show the
effects of using pulsed perturbations which are not constant and in

which some sort of approximation is required.

2,1.2 The Interaction representation

W is an expansion in (t-to) (T-To) and converges mare quickly if
this quantity is small. Thus T must not vary much over the interval
t-to. This can be achieved by careful selection of the caordinate
system. It is often very advantageous to select a coordinate systen
that is rotating in the Hilbert space, such that with no perturbation
the coordinates of the state vector are constant, This is called the
Interaction representation. In this coordinate frame, under the action
of the perturbation, the state vector varies only slowly and it is
only necessary to take the first term in W(tjto). The Interaction

representation is found by making a coordinate transform, often

i1



Unitary, within the Hilbert space. Thus

JACE) > = A’ (t)> = R(t)IA(L) ), 2.1,11

This is substituted into equation | to obtain the transformation of

the operator T.

id (RT*E)IA(E) >} = TILIR™H(E)IA (L)) 2.1,12
dt

id R™*(t) 1A' (t)> + iR-*(t)d IA"(t)> = T(LIR"*(L)IA"(t)> 2.1,13

dt dt
id 1A (t)> = {(R(OE)T(RIR-*(t) = iR(t)d R™*(t)}IA‘ (L)), 2.1,14
dt dt

Therefore T transforms like

T(t) =+ T'(t) = R{L)T(t)R-*(t) - iR(t)d R-*(t), 2.1,135
dt

A transform such as this can yield a T'(t) which varies slowly such

that only the first term in the Magnus expansion need he used,

12



2.2 Forming the equation

Having given the method of solution, the means by which the initial
equation is calculated must be shown. That is, what are T(t) and
{A(t)> in equation 2.1,17

2.2.1 Schrddinger’'s equatian
An obvious example of an equation of the required type is

Schridinger's equation

ihd 18(t)> = H(L)I®(L) >, 2.2,1
dt

This is already in the correct form to be solved by the above method.
However, it is not always convenient to use it in this farm. In same
cases it is necessary to use a density matrix formalism, described in
section 2.2.2. In equation 1 19(t)> is the state vector in the Hilbert
space of the amplitudes and H(t) is the Hamiltonian. In order to
perform calculations it 1is necessary to write down the state vector
and the Hamiltonian in their matrix representation with respect to the
chosen coordinate system. This is performed in section 3.3.1 of the
next chapter, where a three level sgsystem is solved wusing this

technique,

2,2,2 The density matrix

Some phenomena are very hard to model using the wavefunction
approach. The most wusual example of this inadequacy accurs when
spontaneous emission within the system is allowed. Spontaneous
emission of one level out of the system is included by making the
energy levels complex. This is an adequate model for this type of
decay. However, it is impossible to model repopulation of a level,
equal to the decay of the upper level, ie no net loss or gain, and
keep the equations linear I{8Smith 1978, Ackerhalt 19811. The inclusion
of this type of internal decay is only possible if the density matrix
elements are used instead of the amplitudes. However, this has the
disadvantage of increasing the size of the problem, The elements of

the density matrix are given by
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Prs = a1*ay | 2.2,2

where a, are the amplitudes. Thus, for a three level problem there are
nine density matrix elements. The diagonal terms, ie p.. are the
populations to be in state |i> and the phenomenalogical decay is easy
to model bacause populations decaying from state /i) to state |j> can

be inserted by putting
};:4 2 ;‘Ha - Tpus 2.2,3a
Pss * Pys *+ Tpus 2.2,3b

where ' is the decay constant., This obviously keeps the total

population constant as

251, = 0, 2.2,4
Knowledge of the time dependence of the amplitudes a: in terms of the
other amplitudes is enough to be able to calculate the time dependence

of pis. Differentiation of equation 2 yields
,614 = ;1_'35 + ii'é_j. : 2:.2,3

Therefaore the equation for the density matrix elements can be written
in the same form as equation | and therefore solved using the method
previously described. The use of the density matrix approach is dealt
with in chapter five where it is applied to a two level system and a
continuum. In this case the density matrix is used in order to average

put some phase noise effects before the equations are solved.

14



2.3 The solution

In equation 2.1,! it is assumed that the interaction T(t) is time

dependent which means that the TDO, U(tjto)y is also time dependent.
This time dependence is reduced by choosing a rotating frame such that
the perturbation is only slowly varying. This means that only the
firast term in the Magnus expansion is required to calculate the TDQ,
so that

t
Ultyto) = exp(-iJT'(t')dt'} 2.3,1

to

Fig i shows an example of a Baussian perturbation with its ‘blocked’
pulse of N = 20 blocks.

Fig 2.3.1
A Gaussian pulse and its 'blocked’ equivalent, with 20 blocks.

The ‘blocked’ pulse is the actual perturbation used in the solution,
and for increasing N provides a good approximation to the real pulge,
The +first term in the Magnus expansion is the average value of T'(t),
over the interval to to t, multiplied by the time step, t - to. This
approximation is equivalent to solving the equations using the blocked
pulse, which can be done exactly as each block is time independent.
The TDO is calculated for each block and is then used to obtain the
state of the system at the end of that block, given the state at the
end of the previous block., This procedure is continued until the end
of the pulse is reached,

In the next chapter a three level system is solved, using the

15



Schrodinger equation, interécting with various pulse shapes, including

a Gaussian pulse.

Fig 2.3.i1i
A Gaussian ‘blocked’ pulse with 400 blocks.

In some of the examples as many as three or four hundred time steps
are taken at which paint the blocked pulse is hardly distinguishable
from the real pulse, see fig ii.

The following chapters describe examples of the use of the
previously described method when applied to two and three level

systems and a two level system interacting with a continuum.
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CHAPTER 3

Pulse shépe pffects in a three level systenm

3.0 Introductian

The previous chapter outlines the use of the Time Development
Operator in the solution of systems under the effects of time
dependent perturbations. In this chapter this method is applied to
various three lavel systems in order to find the time development of
the populations to be in each of the three levels. Experimentally the
populations can be aobserved indirectly by looking at spontaneous decay
from the required levels. The amount of radiation from this decay is
proportional to the population in the decaying state. This allaows the
instantaneous . populations to be determined. Alternatively the
population in the excited state may be observed by monitoring
photoionisation vyield measurements. This ig possihle if only the
population in the upper state is required, otherwise the ionisation
yield includes the population from all of the higher states.

The three level system has been extensively studied, see for
example Whitley and Stroud 1976, but mostly under the influence of
constant operturbations or very special functional dependences, for
example Thomas 1983 and references within., In this chapter the effects
of pulse shape on the temporal evolution of the populations are
calculated, numerically and/or analytically. Population trapping in
three level systems has been both predicted, Radmore and Knight 1982
and Swain 1982, and observed, G&ray, Whitley and Stroud 1978 and
references within, and the effects of the pulse shape on trapping are
investigated in section 3.2.1.3. Two-photon resonant excitation can be
enhanced by the use of counter-propagating exciting beams in the
presence of Doppler effects, see Hodgkinson and Wort 1981. Section
3.2.2 shows results using the TDO method for co- and
counter-propagating beams and with flat and pulsed lasers, In section
3.3 important pulse shape effects are predicted in the observation of
Stark splittings, where a two level system is excited by a pulsed
laser and a probe pulse is used to excite the population in the
combined atom/field states into a third level. Many experiments have
been carried out on Stark, or Autler-Townes, effects, for example Gray
and Stroud 1978, Delsart etal 1981 and Fisk etal 1984, but, again,

18



these are modelled using flat perturbations, Nayfeh and Nayfeh 1979
allow slowly varying pulses and give an anpalytical salution when the
middle level is far off resonance whilst Greenland {985 gives results

for arbitrary pulse shape with a total envelope area of greater than
107, '
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3.1 Solving the three level systen

The time evolution and spectra of a general three level gystem, see
fig i, can be described by a variety of methods. The specific method
used depends upon the values of the parameters, such as the Rabi
frequencies, detunings and decays, with certain sets allowing exact

analytic solutions to be obtained.

-
i, 12>
el e —g— = — £ Xl A,;
& f B e~An heo, — s
JAY
hoy b2 E, g,
L = T AN
5
E,
a«anN
hid, 10> hua,
f :
a) the ladder system b) the lambda systen
Fig 3.1.1

The two configurations for a three level syastenm,

Fig ia shows a ladder configuration whilst ib shaows a lambda
configuration. These are mathematically identical, apart  from sign
conventions, and so there is no need to differentiate between the two
in any solution. Each transition is excited by a nearly resonant laser
field which can have either a constant or slowly varying envelope. The
conditions imposed upon the time-scales and other parameters are
described for each particular method of solution. 10>, I1> and 12> are
the energy eigenstates of the unperturbed sysfem, with energies &uwo,
fw, and huz respectively. The lasers are detuned from the transition
frequencies by amounts A = w3 - Wo = WLa and Az = w2 - @ - w2 which
are assumed to be much less than the laser frequencies W.: and W.=z.
Damping can be introduced phenomenologically by the transformation of
the energies from real to complex. This is an adequate model for
effects which cause population loss from the system, Yo, ¥ and Y2z,
such as ionisation, but is inadequate for decays within the systenm,
Y10 and Yz:, such as spontaneous emission from, say, level 2 to 1. The

former case can be modelled by keeping track of the three amplitudes
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to be in each of the levels, The latter case requires the density
matrix approach, where the nine bilinear cross products of the
amplitudes need to be calculated. Obviously the faormer solution is
preferable as it decreases the size of the problem; iq this case it is
of order three compared to the order nine density matrix. In this
chapter the former solution will be used so that only external decays

are allowed.

3.1.1 The Hamiltonian in the Schrddinger Picture

| The methad used in this chapter to describe the evolution of the
three level system involves the «calculation of the TDO for the
amplitudes to be in each of the three unperturbed energy eigenstates.

The initial equation used is simply Schrddinger’'s equation

HIT> = ihd 195, 3.1,1
dt

Thus the method used is that described in the previous chapter applied
to the Hamiltonian and the state vector in amplitude space. The
Hamiltonian for the three level system, with respect to the

unperturbed energy eigenstates, can be written as

Ahwo ‘&o;.éz 0
H=|-pio.Ex Hw:1 ~p12.E2 3.1,2
0 -uz1.E2 hu=

. where u; 3. is the dipole matrix element between states li)> and 1j>,
thus psy = <ilglj>, There is no loss of generality in taking p to be
real, so that pgissy = pys. It 1is assumed that the field E,, with
frequency w.i, only couples states 10> and 1>, and field Ea,
frequency uw.=, only couples states I1> and 12>, This is true if
loes - we=20 ¥ 1/t, where t is the smallest time-scale of the problen.
The interaction energy -p.E is the energy of a dipole p in an
electromagnetic field. The interaction with the magnetic field 1is
ignored as it is several orders of magnitude less than that with the
electric field, The ratio of the magnitudes of the interactions is
given by the fine structure constant ~1/137 [Woodgate {9701, The

higher multipole terms can be ignored if the size of the system is

21



much less than the distance over which the field varies, which is just
the wavelength., In the «case of optical radiation and normal,
non-Rydberg, atoms the wavelength is of the order of 500 nm, compared
with the atomic size of about | nm. Phenomenoclogical damping out of
the system can be introduced by making the energies of the states
complex. This introduces a decay out of each state proportional to the
populatien in that state. The fields are assumed to have envelopes
which vary much slower than the carrier f{requencies. In this
particular chapter none of the field parameters are allowed to vary
stochastically. The field is given by Es(t) = E;(t) cos(w.st), where
we: 18 constant and E,.(t) is a sure function. The Hamiltonian can now

be written as

wo-iY¥o ~us.Escos{wcat) 0
2 A
H=4& | -g3.Ejco8(ueat) wa=iY, ~y=2.Ezco8(uL2t) 3.1,3
) 2 h
0 U2, E-cos{wL2t) ) Dz"i¥_2
) 2

where U, = lo: and P> = pi=2. The Hamiltonian is now transformed to a

rotating frame, following the previous chapter, using the transfornm

expliucat) 0 0
T = 0 1 0 ' 3.1,4
0 0 expl-ig =2t)
Thus
-iYo -0, (t) 0
2 2
H' =& -Q,(t) A,-iY, -Q>(t) . 3.1,5
2 2 2
0 ~Q=2(t) (d1+42)-i¥>
2 2

The Rotating Wave Approximation (RWA) has now been made, see for

example Sargent, Scully and Lamb 1974. This allows the terms varying

22



at twice the optical frequency to be ignored as they average oqut after
a few optical periods. The Rabi frequency [(Allen and Eberly 19751 is
introduced Q,(t) = pg,.E,(t)/h. The transfaormation T is unitary,
TTt = T*T =1, so the amplitudes, C' = TC, to be in the transformed
eigenstates Tli> are only different to the original amplitudes by a
phase factor. Thus the probabilities to be in the transformed states
are the same as the ald, C'*C’ = C*T*TC = C*C,
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3.2 The temparal eveolution of the three level system.

This numerical method of salution can be wused to calculate the
evolution of the populations, as functions of time, for a general

three level system.

3.2.1 Comparisons with other methods

As a means of checking the numerical results a few special cases
are solved, using the most appropriate method, and compared with this
general camputational solution. Three special cases are considered.
The first is a system in which both the fields are on resonance and
none of the states can decay, but the +fields have similar, slowly
varying envelopes. The second method is a perturbative solution in
which both fields are constant and have to be weak enough so that
neither of the excited levels gain any appreciéble population. The
third is an analytic solution including detunings and decays in which
the fields must be constant. However, the perturbative criterion that
the fields must be weak is not required. This methad is equivalent to
the ‘dressed states’ model [Radmore and Knight 19821,
3.2.1.1 Analytical solution with no detuning or decay and similar
field envelopes.

The Hamiltonian for this case is given by

0 -1 0
H = Q,(tYh/2( -1 0 -a 3.2,1
0 =-a 0

where Q2(t) = aQ,(t)., This is exactly soluble, from -equation 2.1,6,
because the Hamiltonian commutes with itself at all times. This is
because the time dependence Q,(t) can be factored out wunder the
restriction that there are no decays and the fields are on resonance.

The time development operator is then given by

. 0 1 0
Ult,to) = exp iIQ;(t')dt’/z 1 0 a . 3.2,2
t 0 a o0

This is evaluated by calculating the eigenvalues, D;:, and the

eigenvectors, S;, of the Hamiltonian, These are given by H = SDS~! or
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0 1t 0 -a 1 _1 0 0 0 -3 o _1
1 J2r /2T T /T

1t 0 a |=|] 0 1 =t 0T 0 11 a 3.2,3
7 V7 2r /2 /21
0 a 0 1 a a0 0o~T|| L -t _a
/T /21 /21 21 /2 /21

where 1 = 1+a2, S is the matrix of eigenvectors, 8- its inverse and D

the eigenvalues. So therefore

Utt,to) = Sexp)iB(t)D(s-? 3.2,4
JT

where

t

B(t) = In,(t'>ut'£2.
to 2

The pulse area is defined as 28(tmax)//T, and gives a measure of the

strength of the pulse. Thus

{ 0 0
Ult,to) = S| O expligi{t)) 0 §-1¢ 3.2,5
0 0 expi{~-iB(t))

a2 + cos(8(t)) isin(B8(t)) ~-a + acos(8(t))

1 1 T /2T 1
= isin(8(t)) cos{B(t)) iasin(B(t)) . 3.2,6
/T . /T

-a + acos(8(t)) iasgin(B(t)) 1 + a2casf{B(t))

1 l /T l l

If the initial condition is that at t = to all the population is in
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the ground state, then

c'{to) =10 3. 3.2,7
0
Therefore the populations are given by P(t) = lc'(t)}2, so

az + cos(a(t))Jz
1 1

P(t) = gin2(B(t)) . 3.2,8
1

[-_a + acos(8(t) )]2
1 1

Fig ia shows the populations as functions of time for two flat pulses
of equal strength, ie a =1 and 1 = 2, and the pul se area

Qitmax = 30 rads. The final populations are then

{1 + cos(B(t)))= 0,024
4
Pi{t) = sin2(8(t)) ~ 0.244 . 3.2,9
2
(1 - cog(B(t)))= 0,733
3

These results agree exactly with the numerical results, Figs ib and ¢
show the numerical results for the evolution of the same system with a
Baussian pulse and with a pulse comprising a Baussian rise and fall
with a flat top., The pulses are all of the same area, 30 rads, and are
shown in fig ii. The Baussian pulse has a profile
exp({-(t-t,/2)2/2¢+2), where the pulse is cut off at t = 0 and tp. The
width o equals t,/5/2 meaning that the pulse is cut off at
exp{-23/4) ~ 0.002 of the peak value. The flat topped Gaussian is flat
between t,/5 and 4t,/5, with a rise and fall given by
exp(=(t-t,/5)2/2¢¢2) where ¢ = /2t,/25. The +#inal populations for
these two cases can be seen to be identical to the constant pulse

case. This 1is due to the pairs of pulses having the same shapes. The
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Fig 3.2.i

Temporal evolution for different pulse shapes, all with area 30rads,
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temporal evolutions are different because of the difference in the
instantaneous Rabi frequencies. The maximum Rabi frequency of the

Gaussian pulse is more than twice that of the average,.

LllllllllllllllLl o

Ll it

Fig 3.2.ii

The three pulse shapes: flat, Gaussian and flat-topped-Gaussian.

Thus at the beginning and the end of the pulse not much paopulation
transfer occurs, whilst at the peak the populations are evolving more
rapidly ta compensate, The dependence of the final populations on the
pulse area alone is true only if there are no detunings or decays and
the pulses are identical in shape. (Thomas 19831
3.2.1.2 The perturbative solution

The second comparison is with the perturbative solution. This is
valid for small pulse areas where Qt 1, This condition means that
there is no chance of either of the two upper levels gaining enough
population to affect the rate of population transfer out of the ground
state, assuming all the population starts in the ground state. The

Hamiltonian in the rotating frame is given by

0 '9_1 0
2
H' = & '9_1 E; _"(lz 3-2,10
2 2
0 Q2 B,+&;
2
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where Q. and Q= are constant in time; Yo = 0 and 3, = 4, - iY,/2 and

32 = A2 - i(¥>~Y¥,)/2. From Schrodinger ‘s equation

ihdC’ = H'C". 3.2,11
dt
Thus
€6 = ifaci , 3.2,12a
2
€i = iQ.cé - ifyci + iQzcs 3.2,12b
2 2
and
€4 = iQici - i(&,+2z)cs . 3.2,12c
2

The perturbations are assumed weak enough so that the initial state,
cé, is never noticeably depleted. Thus cé =1 » ¢, c2 for all time
t € 1/Q1, Q2. This gives

C{ = iQ_l = ia):l’. 3!2,13
2
giving
ci = @, (1 - exp(-i&,t)), 3.2,14
23,

Therefore the probability to be in the middle state is given by

Py = lciexp(-iEst/h) 12 = 1c,12 = lcil12, giving
Pia(t) = N,2 (1-2exp(~-¥,t/2)cos({A,t)+exp(-¥,t)). 3.2,15

4(4:2+X:2)
4

Note that the energy in the phase term is not complex and 3o
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b} solution using the TDO method

Fig 3.2.iii
Temporal solution using the perturbative approximation,
Q1 = Q2 = 10~% Mrads s~*', A: = 200 MHz, 4= = 300 MHz,

Y, = 10w Mrads s~* and Y= = {007 Mrads s~*,
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additional damping i3 not introduced at this stage. Substituting
equation 14 into equation 12¢ and making the perturbative

approximation gives

€2 = i@, Q=(l-exp(-i&,t)) - i(8,+B>)cCa 3.2,16
43,

giving

€2 = Q,Q> |{l-exp(-i(B,+82)t)) - exp(-iB,t)(l-exp(-iB_t)) | . 3.2,17
43, (8,+22) . 2

The first term in the square brackets depends upon the two photon
detuning from the ground state 10>, This is known as the two photon
transition term where two photons are absorbed via a virtual middle
state., The second term depends on the single photon detuning from the
middle state 11> and is known as the stepwise transition term where a
photon is absorbed when the system is in state 11>, Due to the
negative sign between them these two terms can interfere strongly to
produce oscillations lasting much longer than the oscillations in each
transition type, The population in the upper level, given by lc2i2 is
shown in fig iiia along with the populations obtained by considering

only the two photon transition P™7, and the stepwise transition P®7,

PTPT = Q% (1-2exp(~Y¥2t/2)cos((4,+42)t) +exp(-Y=t)) 3.2,18
16(A:124Y,2/4) ((A,+482)24Y22/4)

peT = Q:Q;BXD('V:t)(1‘2EXD(‘(Yz‘v1)t/2)CD5(Azt)+EXD('(Vz":)t)).
16(A:2+4Y,2/8) (Ax2+(¥2~Y,)2/4) 3.2,19

The values used in the figure are Q, = Q2 = 10-2 Mrads s~ !, A, =
200 MHz, 42> = 300 MHz, ¥, = 10w Mrads s~*' and Y= = 100y Mrads s-*, It
can be seen that the oscillations in both the two photon transitions
and the stepwise transitions die out in a time of the order of 2/Y>
and 2/(¥2+Y,) respectively. However, the oscillations 1in the real
solution continue for a much longer time due to the interference
between the two amplitudes, Fig iiib shows the results obtained using

the TDO method. This yields an identical result to the perturbative
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solution.
3.2.1.3 Dressed states method

The final comparison is with an apalytic method 1involving the
diaganalisation of the stationary Hamiltonian, see for example Radmore
an& Knight 1982 ([RK]l, who wuse quantised fields in the Schrodinger
picture and have a time independent Hamiltonian from the outset. 1In
the semi-classical theory used here the equivalent Hamiltonian beconmes
stationary only after the RWA has been made and if the pulse envelopes
are flat. As the system is a three level gsystem the diagonalisation of
Ehe Hamiltonian involves the solution aof a complex cubic to find the
dressed state eigenenergies, This is soluble analytically and from
these the eigenvectors (the dressed states) and inverse-eigenvectors
can be formed enabling an exact solution to the problem to be found.
In contrast to the perturbative solution, dealt with in the previous
section, the Rabi frequencies can be strong enough, ie Q.t % 1, to
cause Rabi flopping between the states. Detunings and decays can be
included with little added complication. As in the previous section

the Hamiltonian can be written

0 ‘Q} 0
2
H' = 6 "_‘_1.1 31 "gz 3.2’20
2 2

0 'gg (81+d=)
2

where, as before, A, = 4, - i¥1/2, and 8z = 42 -~ i{¥2~¥1)/2., The

energy eigenvalues, hAA,, are given by the solutions to the equation

det (H' - Al)n) = 0, 3.2,21

Thus the A, are given by the solutions to the cubic

NS 4 A2(2K,+82) + MEE-(Q5+02)) + $E = 0 3.2,22
4 4

where 3 = &, + A-. A cubic of the form
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X3 + Ax2 + Bx + C = 0

can be solved using the substitution

This yields

coa > (N)+(3L+A)cos?(N)+(3L=+2AL+B)coa(N)+(LS+AL=2+BL+C) = 0,

This is equated with the identity

resulting in the three equations

and

giving

and

¥ = L + Mcos(N).

M M=

cos3{N) - 3cos(N) - cos(3N) = 0

4

(3L + A)/M =20,

3L2 + 2AL + B = -3N2/4

L® + ALZ + BL + C = -M3cos(3N)/4

L = -A/3 ,

M = £2/(A%-3B) /3

33

4

HS

3.2,23

3.2,24

3.2,25

3.2,26

3.2,27a

3.2,27b

3.2,27¢c

3.2,28a

3.2,28b



N = lcos~! i(?AB—2A3-27C;\ . 3.2,28c
3 2(A2-3B)3’2J

In this case

A= -(28, + B2) , 3.2,29a
B = (a,a-(n§+92)/4) ‘ 3.2,29b
and
C = 0ja/4, 3.2,29¢

So the eigen-frequencies are given by

Ao = (283 +82) + 2(F) +A:42+482 +3(Q +Q2~)1172
3 3 4

cos)icos [z(-zz?-sz}&az.zshza —%(z.ﬁ?omn?-zz.n:-zim)] . 3.2,30
3 2(BF+ 8.3, + A7 + %(J).."*.ft)) .

The eigenstates |E,> are calculated +from H'IEn> = AAnlEn> so that
(H' = AApI)IEn> = 0, where the A have already been chosen such that
det(H’ - AMnl) = 0, leading to non-trivial solutions for IE,>. The

lEn> are given by

Q1 (Na=8) /2
IEn> = Na| =An(hn-2) 3.2,31
91 Xn/z
where
No = {Ihnl®025+ (IXa124Q0) 10n - By 123-202 3.2,32
4 4

These are the ‘dressed states’ of the perturbed system with respect to

34



the eigenstates of the unperturbed system. The temporal evolution of

the wave function is given by

A
19> = Jeqexp(-ikat) IEqD> 3.2,33

Nnz0

where e, are time independent. The initial condition is that at time

t = 0 all the population ig in the ground state 10>, so

{0i%(t=0)> = {, 3.2,34a

{11¥(t=0)> = 0 3.2,34b
and

{21¥(t=0)> = 0 3.2,34¢

where the phase factor has been ignored as only the populations are

being considered. Substituting from equations 31,32 and 33 yields the

following
2
<01%(t=0)> = Jen(l 0 0)IEn>Nn, 3.2,35a
n=0
2
{11%{(t=0)> = Een(o 1 0)}I1En>Nn 3.2,35b
n=O
and
2
€21¥(t=0)> = Een(o 0 1)IEn>N, 3.2,35¢
nzo
giving
NoQJ(Xo"E) N;g;().;-l') Nzgz(X2"‘E) €o {
2 2 2
“Nodo(ho=8) =Nihi(h1=B) =N2hz2(h2-%) er = O |, 3.2,36
Noflzho Nif2h4 Nzg_zkz ez 0
2 2 2

This can be inverted to give
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TDO solution for comparison with the 'Dressed States’ model,
: = Q2 = | Mrads s=', 4, = 4> = {/4n MHz,
Y1 = 0,02 Mrads s~* and Y2 = Q,

s

T 1

Q 100 200

Fig 3.2.v £ (ps)
a) Population trapping with Gaussian pulses,
both areas = 200 rads, A; = -4z = 5/27 MHz,

Y1 = 2 Mrads 5! and Y2 = 0,

36



8o N)N2X1X2(X1-X2)

ey |= Nz2Noh2ho{Az2—)o) N 3-2,37
ez NoN1hol1 {ho=A1) '
where
N = -2 do=ditdi=datla~do\™* 3.2,38
NoNiNzQ:8hohahz | &, Ao My X, A, M

The amplitudes cn to be in the unperturbed eigenstates {n> are given

by ca = <ni¥>, From equation 33 this can be written

2
Ch = Jnlemexpi{=ilmt) IEm> 3.2,39
n=o
giving
, =Rt ~thAE SuBagE
Co = %‘NN°N‘N2[’\V\V\|1Q (’\o‘z) ‘ALAkoé (/\,-3)*’/\,/\,/\0,3 1(/\2‘3)]’ $.2,40a
~h ot -ithAt <At
ci = -Nuoumzxox,xz[,\na‘ (a=B) * M€ (M=B) + g€ ' (/\L-z)] 3.2,40b
and
~thAk -LhAE -that
€2 = Q2NNoNiNzlodihz| A, e + At + Ay 3.2,40c
2

where sy = My - Ay, This is an exact solution, limited mainly by the
RWA and the dipole approximation, for a three level system Qriven by
nearly resonant optical laser fields of constant amplitude. Fig iv
shows the evolution of the three levels, calculated using the TDO
method, with the following parameters: Q, = Q=2 = | Mrad s-2,
Ay = A2 = 1/4w MHz, ¥, = 0,02 Mrads s~*' and Y- = 0. This is to be
compared with the results of RK, who used the ’'dressed states’ method.
After a small error in the results of RK was corrected, where the
middle state population was doubly damped, the results were identical.

The ability of the TDO method to cope with shaped laser pulses, in
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addition to detunings and decays, is used to generate fig va. Here the
pulse areas are both 200 rads, 41 = =42 = 3/2w MHz, ¥, = 2 Mrads g~*
and ¥2 = 0, This ghows the effects of Gaussian, rather than flat,
pulses on population trapping. This is to be compared with fig vb
taken from RK, which shows the effect of having a two-photan resonant
system with decay from the middle level. Under these circumstances
population 1is trapped within the system, unable to decay via the oane
decay channel, even if the system is also one-photon resonant, see
Radmaore and Knight 1982. For the case where &, + &2 = 0, ie two-photon
resonance, the cubic for the dressed states eigenenergies reduces to a

quadratic. Thus the eigenfrequencies are given by

o = 0, 3.2,41a
N o= =B, + VB Z ¥ 0,2 % Q2 3.2,41b
2
and ‘
Az = -8, = /al22+ 0,2 + 0z% . 3.2,41c

The eigenstates are then given by

i 2
1Eo? =2 V(0,2 + (Q22) Q ' 3.2,42a
-Q,
Q.
IEs> = /{Q12 + Q22 + 4);2) -2\ 3.2,42b
2
and
Q4
1E2> = V(12 4 Q22 + 4A22) | -2h2 | . 3.2,42c
Q2
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As before, the initial condition that at time t equals zero all the
population-is in the ground state 10>, is used to calculate the

amplitudes, en, to be in the dressed states |E.>. Equation 36 becomes

Nofl2 Nafdy Nz2Q, o 1
0 =2Ni A1 -2Na2)2 e = 0 3.2,43
-NoQs Nift= N2Q2 82 0
where
No = VT0:2 * N2 + BR,2) , 3.2,44

This is inverted to obtain

o 1
(Q,24Q22) 272

e, (= “Q2)2 . : 3.2,45
N1 (Q:124+Q22) (Aa=)1)

e2 Qsz
N2(Q:12+022) (Aza=N1)

The wavefunction is then given by

19> =

(1P Q. Q,
Q2 0 | = 1 Azexpt-ikat)[-2x1)| -hiexpl-idzt)| =2)zN. 3.2,46
(Q:4Q2) [{-02 ] (h2=2y) N,2 Q2 | N22 Q2

Both of the non-zero eigenenergies, M and Az, have real parts which
cause the exponentials to decay to zero for large t. Thus as t + « the

wavefunction becomes
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Fig 3.2.vi

Higher power BGaussian pulses causing equilibrium before pulse peaks,

both areas = 800 rads, other parameters as in Fig 3.2.v.
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Q=
19, tsa) = Q2/(0:24Q22) | 0 3.2,47
-,

The populations in the unperturbed states for large times are

therefore
Po = ___ Q2% | 3.2,48a
(R,24Q22)2
P, =2 0 3.2,48b
and
P2 = 2,202 , 3.2,48c¢

(Q12+4Q22)2

So for -equal Rabi frequencies, Q; = Q=, the final populations are
Po = P2 = 1/4 and P; = 0, as seen in fig vb. In the Gaussian pulse
case, the population trapping 1is still present, but as in previous
cases, the temporal evolution is changed. Fig vi shows the result of
increasing the Gaussian pulse areas to 800 rads. Equilibrium is
reached earlier, even before the pulse has reached its peak. This
shows that the populations have reached equilibrium with the fields,.
The fields are still varying but the final populations are dependent
only on their relative size which remains constant. _
There is very little reported experimental evidence of populatian
trapping. This indicates that real effects, such as Doppler widths and
bandwidths, tend to destroy the critical balance necessary for the
trapping., Kaivola etal 1984 report trapping in a three-level systen
where two counter-propagating beams, from the same laser, are brought
onte one- and two-photon resonance using a Doppler shift technique,
An atomic beam  of fast Nezo* is excited with the twa
counter-propagating beams running collinearly, and the fluorescence
from the middle level is observed as a function of the laser freduency

and the atomic velocity., A dip in the +flourescence spectrum is
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Dappler effects for co-propagating pulses,

average Rabi frequencies = 3000 Mrads s~*, Doppler widths = 2300 MHz.
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Doppler effects for counter-propagating pulses,

average Rabi frequencies = 3000 Mrads s—*, Doppler widths = 2500 MHz.
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observed close to two-photon resonance which can be interpreted as
trapping. This experiment uses counter-propagating beams to reduce the

Doppler distribution in a way described in the next section.

3.2.2 Doppler effects

So far the detunings have been considered to be well defined for
the system. Hawever, experimentally this is not usually the case. A
system, such as an atom or molecule, irradiated by a laser is usually
found to be moving with respect to the frame in which the frequency of
the laser beam is measured. A set of such systems, in thermal
equilibrium, have a velocity distribution which is given by the
Boltzmann distribution. Thus the distribution of velocities parallel
to the laser beam is given by a Gaussian distribution. An atom moving
with velocity v in the direction of irradiation sees an extra detuning
4 = yvv/c, tao first order in v/c which is considered small, where v is
the frequency of the laser beam. The average population distribution
is then given by an integral over the individual populations weighted

by the Boltzmann distribution. Thus

oo

Po,1,2 = ;JPO,I,z(A)exp(-AZ/ZWZ)dA . 3.2,49
J2

-0

For a three level system with two laser beams it 1is important to
consider their relative directions. If the beams are co-propagating
then the two-photon detuning of the upper level from the ground state
is the sum of the two single~photon Doppler shifted detunings. I¥f,
however, the beams are counter-propagating then it is the difference.
Thus, for a two-photaon resonant system, where both transitions are
equal, then the system remains on two-photon resonance, independent of
the relative velocity of the system to the beams, provided that the
beams are counter-propagating., Fig vii shows the effects of the shifts
on an otherwise resonant system, Figs viiia and b shaw the temporal
evolution of the three levels for two co-propagating flat pulses and
Gaussian pulses respectively. The system becomes detuned fram one- and
two-photon resonance by the Doppler shifts so not much population
transfer takes place. The Doppler width is ¢ = 2300 MHz, compared to
the average Rabi frequencies of @ = 3000 Mrads s~*., Figs ixa and b

show the same system for counter-propagating beams. The system is back
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in two-photon resaonance, but detuned from single-photan resonance, 3o

population flops mainly between levels 10> and 12>,

YR AN
12) 12
? _ Y QVaVaVa
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Ex *Al +A1
1
1) — B.__?_ - K__?_-
AANNND
E, M
b3
1oy — 10
a) co-propagating beams b) counter-propagating beams

Fig 3.2.vii
The Doppler shifts caused by co- and counter-propagating beams.

An analytical solution to the case where the pulses are flat and
counter-propagating is given in Hodgkinson and Briggs 1977, where the
time averaged populations are calculated, The high frequency
oscillation in the curves is the residual single-phaton Rabi
oscillation which is large due to the large effective detuning, The
low frequency flop is similar to the effect seen in a two-photon
resonant system with a far off resonance intermediate state, The
two-photon Rabi frequency, wusing the widths as the effective

detunings, is given by
Qre 3 Q1Q12/20 ~ 45.6 MHz. 3.2,50

This gives a two-photon oscillation period of around 0.02 ps. The
decay of the oscillation is due to the dephasing of all the different
oscillation frequencies due to the distribution in the deiunings. In
the case of the Gaussian tounter-propagating pulses similar
differences to the previous flat pulse cases are observed. There is a
slow build up to the oscillations with a higher oscillation frequency
as the pulses increase in amplitude. The higher instantaneous Rabi
frequency of the Gaussian pulses near the peak causes the Doppler

effects to be less noticeable, leading to more of an increase in the
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middle state population. This is also apparent in the co-praopagating

example,
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3.3 Populations as functions of detuning (Stark effgcts)

Sa far in this chapter the populations have anly been observed as
functions of time. It is also interesting to look at the f{inal
populatians, after a known time, as functions of one or more of the
other parameters. In this section the Stark splittings of the lower
two levels are investigated by using the upper excitation as a prabe
to a much stronger lower interaction, see for example the reviews by
Feneuille 1977 and Knight and Milonni 1980. The probe beam is scanned
across a range of upper level, single-photon detunings and the upper
state population is examined. As before, the T7DO results can be.

compared to analytical methods for special sets of the parameters.

3.3.1 The probe approximatian
For a three level system with no decays, no lower transition
detuning and a very weak and constant upper level «coupling a

semi-analytical approximation is possible, The Hamiltonian is given by

0 =, () 0
2
H = & ] -0,(t) 0 -Q2 3.3,1
2 2
0 Q2 4z
2

where Q= is a weak, ie Qztmnax § 1, and constant probe coupling., Fron

Schridinger ‘s equation the amplitudes can be written

té = i {t)cyi 3.3,2a
2
€i = i (t)es + iQac2 3.3,2b
2 2
and
€3 = iQ2c{ - id2c3 . 3.3,2c
2
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Q2 is assumed to be much smaller than the peak of Q.(t), and so the
amplitude c2 is assumed to be much less than cé and ci. Equation 2

then beconmes

Cé = ig_l(t)C)’. [} 3'3,3&
2
€i = i, (t)cs 3.3,3b
2
and
s = ifaci - idzch . 3.3,3c
2

Equations 3a and b are just the equations for a strongly coupled, on
resonance, two level system and have the solution, from equation 3.2,8
with a =0and 1 =1,

cé(t) = cos(B(t)) 3.3,4a
and
cil(t) = i sin(8(t)) 3.3,4b
where
t
B(t) = jg;(t')dt' . 3.3,5
t,,z
Thus
€2 = -Q28in(B{t)) - id2cs . 3.3,6
2

This can be written as
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t
ca(t) = -exp(-id:t)Q;Iexp(iAzt')sin(B(t'))dt' . 3.3,7
2 V¢,

For a flat pump pulse, switched on from t = 0 to t, this becomes

€2 = iQat exp(-iAzt)[exp(iélt)sinc(éxt)-exp(-idzt)sinc(éztﬂ 3.3,8
4

where gsinc(x) = sin(x)/x, 6, = (Q,+242)/4 and éd= = (Q,-242)/4. If
2 » 1/t then the interference between the two sinc functions is

negligible and so the probability can be written as

P2(t) = fea(t) 12 = (Qat)2(sinc2(d,t)+sinc2(d2t)) ., 3.3,9
16

The two sinc squared functions are centred on 4> = %Q,/2, ie separated
by 1, and are of width ~ 1/t. Fig ia shows the TDO solution for the
case where @, = 1000 Mrads s~-', Q2> = 0.1 Mrads s=!, 4; = ¥, = ¥ 2 0
and t = 0.1 ps. The ripples in between the two peaks are caused by the
interference between the two terms in the amplitude of c2, Equation 9
predicts the correct positions and height of the peaks, ~ *80 MHz and
6.25 10-%, but does not include the central interference ripples. Fig
ib shows a more realistic result which includes some decay out of the
middle level which, for ¥. = 100w Mrads s~*, smooths out the ripples
present in fig ia. A Gaussian pulse shape can also be included in

equation 7 so that

t

B{t) = B°[exp(-dt’/2«2)dt' = g?(l+er+(t//7%)) 3.3,10
T Ve /2ne 4

which is normalised so that 8(t+=) = 8°, Substituting this into

equation 7 gives

t
calt) = -exp(-iA:t)_Q_;Iexp(idzt')sin{§_°(1+erf(t'//f'r))}dt' 3.3,11
2 Lo 2
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which can be solved numerically. This yields identical results to
those in fig iia which shows the TDO results for a Gausgian pump
pulse, of area 28(t9w) = 100 rads as in fig ia, and a flat probe. The
other parameters are as in fig ia, Fig iib shows these results with
the same decay included as in fig ib. Figs iiia and b show the results
for flat topped Gaussian pulses, With the Gaussian pump pulse the two
outer peaks are separated by more than for the flat pulse case. The
instantaneous Rabi {frequency 1is changing and the results are a time
average of the peaks as they move apart and then together again. The
maximum separation is determined by the peak Rabi frequency, which for
the Gaussian of area 100 rads is about 450 MHz., The ascillatians in
between the two peaks are caused as the pulse builds up and decays
away. Including decay from the middle level totally destroys the Stark
splitting effect and means that it would be unobservable for these
parameters. The results for the flat topped Gaussian in figs iia and b
show outer peaks, due to the long flat top, and small oscillations in
between, due, again, to the rise and fall of the pulse. The width of
the outer peaks is slgghtly more than for the flat pulse case as the
pulse is effectively narrower by about 20%. In this case including
decay from the middle level does not quite destroy the splittings. #An
asymptotic expansion solving equation 7 «can be found in Greenland
1985, This paper also describes the Airy function nature of the
oscillations between the main peaks for the cases in which the punmp
beam is resonant. All of the cases described so far have had a
constant probe pulse. However, if good Stark splittings are required
then it is advantageous to have the probe pulse of the same shape as
the pump beam. Figs 1iva and b show the effect of having a Gaussian
probe and a Baussian pump. The Stark splitting becomes clearer and is
even observable in the case where damping is included. This effect is
caused by the probe probing the population in the middle level more
when the pump.beam is stronger, as they are now similar in shape. Thus
a greater contribution to the upper state population occurs at a
greater Stark splitting. Figs 3.3va and b show the same effect for
flat topped Gaussian pulses. Again, the splittings are much more
apparent than in the case where the probe is flat. It is therefore
advantagepus to have a probe of the same shape as, and coincident
with, the pump beam if Stark splittings are to be observed.

If the pump beam 1is brought out of resonance with the 1ower
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transition frequency then the splittings are shifted and become
asymmetric. This can be seen from figs via,by,c and d where the
detuning, 4, 1is given by 0, 50, 100 and 300 MHz respectively., The
other parameters are ¥, = 200w Mrads s-!', Q, = 1000 Mrads s~*, Q2 =
0.1 Mrads s~ ', thax = 0.1 ps and both the pulses are flat., Including a

detuning, and/ar decay, causes equations 3 to beconme

Cé = iy (t)ecq 3.3,12a
2
€1 = iQ,(t)cs - idicq 3.3,12b
2
and
€z = iQ26] - i{A,+42)c2 3.3,12c
2

where, to enable an analytic solution, @, 1is restricted to being

constant., These can be solved to give

ci(t) = i@, exp(-id,t)sin{dit) 3.3,13
1 2 2

where Qi is the off resonance Rabi frequency given by

Q1 = (Q,2 + A,2)172, 3.3,14

This is the solution for a flat pump pulse, off resonance by 4.,
turning on at time t = 0. Substituting the new form for ci into

equation 12c gives the solutiaon for cz as

t

c2(t) = -exp(-i(A;+Az)t)QzQzIEXp(i(A?+A1)t')5inQQit’)dt' 3.3,158
A 29470 2 2

2 {02t Q4 exp(-i(As+d2)t){expl(idst)sinc(é,t)
4 Qi

-exp(-id=t)sinc(d=t)} 3.3,16
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where

8§, = (R:14242+4,) 3.3417a
4
and
§d2 = (Qi=-24--4,) . 3.3,17b
4

For Q, » t/t, and with 4, real, ie with no decay, the population can

be written

P2(t) = (tam)z(sincz(ht) + sinc2(6a2t)) . 3.3,18
a0

These are two sinc squared functions, of the same height, centred on

4z = (-4, * Qi) . 3.3,19
2

However, if there is also decay from the middle level the peaks are
also altered in height to become asymmetric. Assuming, again, that
Q: » 1/t then the two terms are given by

2 4 |1-g )2 3.3,20

242t

2'e-i(5|+A,)t |2

| |e2-'.d'.t_1
12512 28, t

P2(t) = (taﬂz)
4

So the detuning causes a shift in the peaks whilst the decay is
predaminantly responsible far the asymmetry. In the limit that Q. ¢ 4,
then

Qi ~ 4y, 3.3,21a

d1 ~ (A;:+42) 3.3,21b
2

and
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62 ~ _A_z 3!3,21C

and equation 16 reduces to the wholly perturbative solution given in
equation 3.2,17. Under these circumstances the resonances occur at
4> = -4, and 0. 4> = -4, corresponds to the +two photon transition
resonance and becomes less affected by the decay from the middle level
as 4, increases., 4z = 0 corresponds to the stepwise transition
resonance and becomes relatively more and more depleted as 4,
increases causing the resonance to widen and diminish. Figs viia,b,c
and d show the off resonance Stark splittings for two +flat topped
Gaussian pulses, Apart from the pulse shape, the parameters are as in
fig vi. In this case .the damping is too great to allow the Stark peaks
to be observed.

Btark splittings have now been observed in experiments by many
different groups. Picqué and Pinard 1976 use a sodium atomic beam with
the 328:,2, F=2 to 32Ps,2, F=3 transition strongly excited and with a
probe field scanning around the 52S,,2, F=2 level. The population in
the 528,,2> state, which decays to the 4P and 3P excited states, is
monitored by the spontaneocus emission of UV, at 330 nmy, from the 4P
state. Delsart and Keller {976 investigate the dependence of the pump
power on the splitting, showing the formation of the double peaks as
the power of the saturating laser is increased. They saturate the 1Ss
to 2P, transition in neon with a CW dye laser and measure the
transmission of a weak probe from a He-Ne laser tuned around the 282
level. Schuda, Stroud and Hercher 1974 observe the spectrum of
resonantly scattered 1light at right angles to a sodium atomic beanm,
The F = 2 2 3 hyperfine component of the Dz ( 32S,,2, 3%Px,2 )} line is
strongly excited with a CW dye laser and the spectrum observed for
various detunings., Hogan etal 1978 ionise the population in the 4Ds,2
level of sodium to observe the Stark doublet formed by a saturating
laser tuned to the 38:,2 » 3Pi,2 transition in sodium vapour. They
observe the symmetry of the two peaks as the lower transition laser is
detuned from resonance. In each case the exciting pulses are formed
sufficiently long such that any of the pulse shape effects described

here are not observed.
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3.4 Conclusions

This chapter shows some of the effects caused by the excitation of
a three level system with pulsed lasers. The predominant features of a
non-constant pulse envelope are the increases in both the transform
bandwidth and peak power aver flat pulses af the same area. The
increase in bandwidth causes smaller, but wider, resonances whilst the
variation in the Rabi frequency is responsible for the destruction of
Stark splittings which depend upon the instantaneous Rabi frequency.

Various analytical models are compared to the computatianal
solution giving good agreement for the special cases required. This
gives confidence in the new phenomena predicted by the Time
Development Operator method for the analytically insoluble cases,

The 1importance of the pulse area, as measured by the integral over
all time of the Rabi frequency, in the calculation of the final
population distribution is seen in equation 3.2,8. This is a mare
fundamental parameter than the total energy of the pulse which is
propartional to the integral, over time, of the intensity, or Rabi
frequency squared. ‘

Clear advantages are seen in the excitation of the upper level by
using counter-propagating beams if the system is influenced by Dappler
effects, see section 3.2.2, Thus, even in an atomic beam, where the
transverse Doppler widths are relatively small, a much larger upper
state population is induced by exciting the two transitions with laser
beams travelling 1in opposite directions. This reduces the two-photon
detuning due to the Doppler effect although the single-photon. detuning
from the middle level remains unaltered.

Section 3.3 shows the advantage of wusing pump and probe laser
pulses of the same shape, in order to see the Stark splittings of the
lower levels, for cases where the pulses are not of constant
amplitude. It also shows the effects of decay in broadening the Stark
peaks such that for large decays the individual peaks are not -
resolvable.

Thus pulse shape effects are important in the bound/bound
transitions investigated here. In most cases it is nat sufficient to
model experiments using ‘equivalent’ flat pulses if the rise and fall
times are significant.

The bandwidth included in this chapter is due to the <fransfornm

width of the pulse due to its temporal shape. Another temporal effect
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is the bandwidth caused by fluctuations in the phase. In the next
chapter the effects of this sort of bandwidth are investigated. These
two sorts of bandwidth are fundamentally different because of the
importance of the coherence of the exciting beam. Bandwidth caused by
pulse shape does not affect the coherence, whilst phase +fluctuatiaon
bandwidth is a measure of the incoherence. In the next chapter phase
fluctuation bandwidth is included in the model as a temporal process

along with the pulse shape.
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CHAPTER 4

A realistic two level system

4,0 Introduction

The understanding of the interaction of complex atoms with
radiatian is economically very important. The demand for efficient
isotope aseparation methods in uranium is constantly increasing due to
the rising demand for the isotopes for use in ataomic reactaors. The
current separation methods, mainly diffusive and centrifugal, rely on
the different masses of the isotopes. The relative masses are so close
for the heavy atoms that these processes are very inefficient, The
advantage of laser isotope separation, where the separation is due to
the different electron energy levels, is in the selectivity. The
method would not necessarily be 1004 efficient in cellecting all of
the required species, but those that were collected would be almost
pure. This is in contrast to the current methods where a sample is
repeatedly procesged until its overall purity has reached the required
level. For these reasons it 1is very desirable to aquire as much
knowledge of these complex atoms as is possible,

The previous chapter deals with the solutions of a three level
system interacting with a simple pulsed laser field. These are
idealised conditions where the laser has no bandwidth, apart from its

transform width, and the transitions involved are non-degenerate.

HTINGE L

425.74. amn

| * 2 e 26558 cm " !

44061 nm

| » ) o 3668 ¢

j = 6——————— Ocm'!

Fig 4.0.4

The uranium levels used in the experiment (taken from SHJR).
Unfortunately, these conditions are naot always attainable in a real
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experiment. This chapter deals with a simpler, two level system but
includes many of the effects found in reality, such as magnetic
sublevel degeneracy, Doppler effects and laser bandwidth, pulse shape
and frequency fluctuations. Experiments have been done on simpler two
level systems (see for example Grieneisen, Kurnit and Szdke 197! and
MacGillivray, Pegg and Standage 1978 where {fluctuations in the
frequency, intensity and phase of the pulse are unimportant or are
ignored) in which the effects of the Rabi frequency can been seen. To
determine whether such effects survive with more complex atoms and
laser pulses an experiment to observe Rabi oscillations in a two level
transition in uranium was carried out by Scarl, Hackel, Johnson and
Rushford 1981 ([SHJR] see fig i. This chapter attempts to model the
affects found in this experiment, explaining in more detail the

results in Lauder and Greenland 1984.
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4,1 The Experiment

The sort of phenomena which need to be included result mainly from
degrees of uncertainty in what is known about the laser and the
irradiated system. Everything which is assigned a value, eg intensity,
pulse length and detuning étc, has associated with it an uncertainty.
Some of the uncertainties have well defined distributions and only
complicate the theoretical analysis by forcing additional averaging.
Other processes have unknown distributions and models have to be
chosen and justified so that the distributions can be calculated.

In this experiment the uranium atoms have a velocity distribution
and, because of the non-zero J values, magnetic sublevels, These lead
to a detuping distribution because of the Doppler effect in the
collimated atomic beam, and more than one Rabi frequency because of
the different electric dipble moments between the magnetic sublevels,
The laser field is pulsed and the shape has to be approximated. Shat
to shot fluctuations in the laser pulse cause the intensity and mean
detuning to vary. Phase fluctuations within a shaot cause bandwidth in
addition to the transform width. All these effects are to be modelled
in this analysis.

The atnﬁic effects, the variation in dipole matrix elements between
the sublevels and the Doppler effect, are treated in sections 4.2.1
and 4,2.2, The laser effects, pulse shape, intensity fluctuations,
frequency fluctuations and bandwidth, are treated in sections 4,3.1,
4,3.2, 4,3.3 and 4.3.4,

£140.61 nm
I Qye laser

Varuole )
! attenuator ton A;c;:c
dectector ¢
ol N

|
D 1 mm
Le25.71 nm 3perture
Qye laser

Fig 4.1.i
The experimental setup (taken from SHJR).

The experimental setup is shown in fig i, The atomic wuranium bean
is formed by two slits, {1 mm wide, 10 mm long and 20 mm apart,

tollimating the effusive output of a tungsten oven at 1750 K
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containing a uranium rhenide source. The bisector of the 5' angle
between the laser beams is perpendicular to the atomic beam, and
intersects at a point where the atomic density is 107 cmn=3, Two
pulsed dye lasers are used to irradiate the atomic beam. The 440.61 nn
laser is used to excite the two level transition and is pumped by a
Molectron nitrogen laser at a repetition rate of 19 Hz and with a
pulse width of around 10 nas FWHM, Final tuning of the exciting 1laser
is achieved by maximising the number of ions detected. The pulse is
passed through a variable attenuator with density range 0 to 2, that
is the output intensity is varied between a factor of 1 and 1/100 of
the input intensity. Only the centre part of the beam is used so that
the intensity is nearly uniform, within %220%, over the interaction
area.,

The first laser pulse is followed by a second pulse at 425.74 nn
which is wused to ionise the atoms which are left in the upper of the
two relevant states, This is a modified Molectron dye laser pumped by
a gsecaond Molectron nitrogen laser. The intensity is 10° Wm~2 in a
5 ns pulse and saturates the transition from the 26338 em~! level to
an autoionising level in the continuum., The ions are collected by a
Galileo Channeltron electron multiplier producing 104 electrons per
ion detected. This output pulse is averaged over the 10 ps that it
‘takes the ions produced to be detected, and further averaged over 3
pulses by a box car averager. This is again averaged aover a three
minute period in which the variable attenuator rotates 30 times and
the lasers pulse around 3500 times. Thues the ion current can be
observed as a function of time. The time scale can be converted to an
intensity scale by using the attenuator in conjunction with a linear
photo-diode, which is then converted to an electric field scale. The
final graphs are plots of the upper (26558 cm~!) state population

after the exciting pulse against the peak electric field of the pulse,
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4,2 Madelling the atams

In the experiment of Scarl et al the relevant levels in the uranium
atom are the J=3 state at 38648 cm~* and J=2 state at 24538 cm™'. These
are irradiated by a pulsed laser and later ionised, to an autoionising
level in the continuum, using another pulsed laser. It is assumed that
all the atoms left in the upper state after the exciting pulse are
ionised so that the ion count corresponds exactly to the final upper
state population. The ainm of the experiment 1is to observe Rabi
oscillations in a complex atom. This will manifest itself as an
pscillation in the upper state population as a function of peak laser
field. Rabi woscillations are usually observed as an oscillation in
population of a level against time for a fixed Rabi frequency. In this
case the population is observed at a fixed time, whilst varying the
Rabi frequency by increasing the peak field.

Assuming thermal population af the levels in the oven then the
ratio of the number of atoms ip the ground state to the number in the
excited state is given by exp{h(vi-vo)/kT}:l. For the levels involved,
vy 3 €/N2 =2 7,97 10'% Hzy vo = 1.16 10** Hz, and a temperature of
1750 K this ratio is exp(17):1. Therefore the 1initial population in
the excited state is assumed to be zero.

The ratio of the population in the true ground state to the
population in the lower of the two resonant levels is 20:1. Thus only
around 5% of the uranium atoms in the beam are used in the excitation.
However, this is ample as ion detection is very sensitive. Population
decay times are estimated to be of order 50 ns {Greenland 1985] and
are therefore negligible when compared to the exciting pulse width of

around S ns.

4,2.1 Magnetic sublevels

The non-zero J values lead to the levels having magnetic sublevels
of equal energies, as the hyperfine structure is not present 1in U=23°®
because of the symmetry of the nucleus. Thus the lower level, J=3, has
seven and the upper level, J=2, five sublevels. The pulsed laser used
is linearly polarised and so the +transitions induced. are 4m = 0
transitions, where m labels the sublevel. Thus the allowed transitions
are as shown in fig i, The laser pulse duration is sufficiently short
and the density of atoms sufficiently small such that <collisional

mixing between the sublevels can be ignored.
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The allowed transitions for linearly polarised light.

The interaction time is around 5 ns and the beam density is around
10*3 p-3, The atomic velocity = /kT/m = 2 102 ms-!., Thus in 5 ns the
effective volume swept out is 2wr= 1075 ~10-25 n=, The dipole matrix
element between the levels is dependent upon the magnitude of m for
the transition, Thus it can be seen that, assuming all the lower
sublevels are initially equally populated, 2/7 of the population can
never be excit}d. Furthermore the transitions have different Rabi
frequencies associated with them. This in itself leads to a more
complex evolution due to the superposition of the different
oscillation frequencies involved. This, however, is a simple effect to
include in the model as the relative dipole matrix elements are well
known (Condon and Shortley 19331, If po is the dipole matrix element
for the m = 0 transition then the element for the m = *1 transition is
given by u, = po/§7¢ and that for the m = %2 is given by p2 = pov5/9.
The m = 0 dipole matrix element po is one of the fitting parameters of

the experiment.

4,2.2 Doppler widths

The atoms are in an atomic beam irradiated at approximately right
angles by the laser beams. The transverse velocity distribution in the
beam is large enough to cause a significant detuning distribution due
to the Doppler effect, Knowledge of the geaometry of the beam and the
temperature of the oven allows a calculation of the detuning
distribution, so that this can be included in the model. The
temperature of the atoms in the oven is given to be 17350 K, the atonms
are U=23® and the collimating slits are | mm wide and 20 mm apart. The

two lasers are incident on the beam such that the bisector of the 3°
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angle between the two laser beams is normal to the atomic beam. Within
the oven the velocity distribution is assumed to be a Boltzmann

distribution. That is

Plvuyvy) = 1 exp{-(v,3+vy,2)/20p2} 4,2,1
2102

where ¢p2 = kT/m.

Y
oven slit slit
RS
l . |
P P Q
Fig 4.2.1ii

The uranium beam collimator.

Only the x and vy spatial components are considered, where x is the
atomic beam axis and y is the direction of the laser beams, see fig
ii. In the experiment the laser beams were each 2.5° away from the
perpendicular to the atomic beam. This is assumed negligible and both
lasers are assumed to be perpendicular to the beam, ie both along the
y axisy for the effects of non-perpendicular observation angles see
6reenland, Lauder and Wort 1985. Thus in the oven the distribution is
given by P{v.,vy,). The flow into region P’ is assumed to be effusive,
that is the hole is small and the rate of escape of the atoms is small
enough such that thermal wequilibrium in the oven is not upset. The
distribution in this region is weighted by v. because the atoms with a

larger v, escape at a greater rate., Therefore

P'(vyu,vy) = 1 veerp{=(v,2+v,2}/20p%} v,20. 4,2,2

/27 tpS

The v, dependence in region @, after the second slit, is given by
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? wr&
Qivyldv, = _ijdy[dvx P {vuyVvy) dvy. 4,2,3

- B “31-’ v

Where vae~ (y,vy,), vgt" (y,v,) are the maximum and minimum values of
v. which will allow an atom at point y, in the first slit, with
transverse velocity v, to travel through the second slit. The slit
width a: is restricted to a, { az for ease of calculatian. This
includes the case that is required where a, = a> = &, and alsoc another

special case where a, * 0, ie a pinhole source. Thus

Vglk 3 0 4!2,43
and
vein = v, L/(az2/2~-y) for vy20 4,2,4b
= |vy L/ (az/2+y) far vy<0. 4.2,4c
So that
Y
Q¢vyldv, = glyfdyjdv. P ({vi,yvy) vy 20 4,2,3a
A a1 & Tlw
e
3 e
= gxyjdyfdv. P {viuyvy) v,<0. 4,2,5b
a1 & Ljvgl
CED

For vy < 0 and if y + -y then the equations become identical provided

that v, 2 lv,l. Thus

& )
G{vy,)dv, = glyIdYIde P vuyvy), 4,.2,56
ar & Ll
" (3-y)
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Substituting for P'{v.,vy) gives

as

T <

Qi{vy,ldv, = P(vz)dvyIdy[dvN Viexp{-v.2/20p2} 4,2,7
a100% & e
(-9
‘3:
= P(vz)dvyfdy exp =L2lv, 12 . 4,2,8
a1 SA (az/2-y) 22002

2

This {s now not normalised as those atoms which do not pass thraugh
the second slit are lost., Appendix 4.A gives the normalisation and

evaluation of the integral to give

Q(vyldv, = aiPlvyldv,/lazta )exp(-E+2) ~-(a2-a,)exp(~L-.2)

L{T+-T-) 2 2
+ff lezl[erf(2+)-erf(2_ﬂ 4,2,9
2 a,rd
where
Ez = le!'ﬁ‘ and T: = 1 + 32181 2/172
ro{az*a,) 2L

For the case where a= = a, = a then this reduces to

Q(v,)dv, = aP(v,)dv, exp(-82) + /TwZ(erf(Z)-1) 4,2,10
al=a2=a LOCE+ () ) 172-1)

where

= Liv,l,
/?hpa

For the case where a, = 0, a2z = a 1ie a pinhole source, then this

reduces to
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Qiv,)dv, = _ dvy  exp —vy2(1+ﬂ._2)§ oL[1+a2 ]“2 . 4.2,11
ai1=0,az2a V2T ¢4 2042 az a| 4Lz

This special case with a pinhole source is a known result (Corney

19771 and far a € L the widths are related by
fp * ¢p’ = arp/2L.

A more extensive treatment allowing for non-zero observation angles
can be found in Greenland, Lauder and Wort 1{983. The transverse
velocity gives rise to a frequency shift in the laser as seen by the
atom. This leads to an additional detuning Av = vv/c to first order in
v/ic, where v 1is the mean laser frequency. Thus the detuning
distribution can be easily converted to a velocity distribution. For
this transition v is 6.81 10** Hz and so Fig iii shows the theoretical
transverse Doppler distribution, the pinhole approximation and the
distribution measured in SHJR, all {for the same geometry and oven

temperature,

0,03

0,02}~
APPROXIMATION

Probability/ MH 2z

Oetuning in MHz —=

Fig 4.2.1ii
The probability distributions for the transverse Doppler width

of the relevant transition in the atoms in the atomic beam.

It can be seen that the point source cuts down the number of fast

transverse atoms but that the FWHM of the equal slit case is actually
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slightly smaller. The theoretical distribution of 16 MHz widt\, and the
distribution quoted in SHJR of 956 MHz wulé¢h, disagree by a factor of
four. This inconsistency remains unresolved, The theory has been
compared with other experimental studies of atomic transitions in
atomic beams being driven by similar fields (Greenland, Lauder and
Wort 19851 with good agreement. Hawever the value of the Doppler width
given in SHJR is used in these calculations, rather than the predicted
width, as this is claimed to be the measured value. The authors in
SHIR ignore the Doppler width in their analysis but it is included
here as it has a considerable effect on the results.

To include these two effects in the model of the atom, a weighted
sum over the different dipole moments of the m transitions and an
integration weighted by the distribution must be carried out over the
range of the Doppler detuning. These two effects are in principle eas?
to include as they just increase the amount of computation, The

following section considers the uncertainties in the laser pulses.
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4.3 Modelling the laser field

4,.3.1 Pulse shape

The pulse shape is modelled as in previous chapters by dividing it
into a number of blocks. Because of the number of other calculations
involved, such as degeneracy sums and integrals over intensity, phase
and detuning fluctuations, the number of blocks used can anly be of
the order of ten. However, this is considered to be an adequate
representation of the Gaussian pulse shape for this analysis. In the
experiment the ion count, giving the upper state population, is
plotted against the peak laser field. The results are aobtained from an
average over a number of laser pulses and so any fluctuations in the
peak intensity and mean frequency need to be modelled. Alsa, the laser
has some bandwidth, in addition to the transform bandwidth, caused by
random processes in the wavetrain. Collisions between the atoms in the
laser amplifier medium and other disturbances cause the phase of the
field to vary. This will cause the wavetrain to lose coherence and the
bandwidth is tberefore increased. The modelling of this loss of

coherence is naot easy as the exact process is nat known.

4,3,2 Intensity fluctuations

Each pulse is assumed to be approximately Gaussian in shape, but
with the peak intensity fluctuating from pulse to pulse. The
fluctuation 1is, for want of a better approximation, assumed to follow
Gaussian statistics.Thus if I is the peak intensity of a pulse and <I>

is the mean peak intensity averaged over many pulses, then
P(INdI & exp{-(1-<12>)2/2¢:2}dI. 4,3,1

The pulses are passed through a variable attenuator and the ion count
is plotted as a function of the mean field. It is assumed that the
ratio 8 = ¢1/{I> remains constant for all attenuation values. This ia
true if the intensity fluctuations initiate from the laser, réther
than being caused from a process within the attenuator. The value of s
is not measured in the experiment but is used as a fitting parameter.
The distribution P(I)dI can be normalised and converted to a
distribution in terms of the on resonant Rabi frequency, where

I x Q0%. It can then be included in the overall model by an averaging
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integration

P(Ildl = 2 { exp{-(I/<I>-1}= dI. 4.3,2
(1+erf (1/8V2)) J2u s<I> 252

As the intensity cannot become negative the normalising conditiaon 1is
just

o

IP(I)dI = 1.

-4

-n

Normalising factor F

O- }
N

Fig 4.3.i

The normalisation factor, F, as a function of s.

In terms of the Rabi frequency the distribution is given by

P(Qo)dQo = F expl-(Ro2/<0622-1123 dQo2 4.3,3
/2T ¢ 252 {Ro2>

where
F=2/(1 + erf(1/s/2)),
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The first factor F is ignored by the authors SHJIR which is permissible
if s § 0,3 (see fig i).However, the authors give the value of 5 tao be
g = 0,7 which leads to a value of F = 1,08, Although this 1is not
large, the oprabability that the laser does not fire, which can be
obtained by considering shots with the intensity I ¢ 0, 1is given by
P(I<0) = (1-1/F) which for F = 1.08 leads to an estimated, large, fail
rate of 8% in the laser firing. The value of 8 found in the present
analysis is s = 0,2, This implies a fail rate of < 10~*% which seenms

more realistic.

4,.3.3 Frequency fluctuations

In modelling the atoms a frequency broadening term 1is to be
included. This is caused by the Doppler effect and introduces a
trequency shift in the laser pulse as observed by the atoms. To be
added to this is the frequency jitter. This is a shift of each laser
pulse around a mean f{frequency value. It is commonly observed and
griginates from effects such as unstable aoptical path lengths due to
acoustic fluctuations, It is assumed to be a random shift and to

follow Gauasian statistics. If 4 = 0w - <w> then

4.3,4

P(A)da = expi-_gi
2042

da_ .
2704
It has already been shown that approximating the first slit to be a
pinhole gives fairly good agreement with the exact condition in which
the slits are wequal. If this approximation is wused then the
calculations are simplified as the Doppler detuning distribution is
Gaussian and therefore of the same type as the shot to shot detuning
distribution., These can then be included in the same averaging
integral with suitable modification of the width. That 1is, the new
width is given by the sum in quadrature of the Doppler and fregquency

fluctuation widths. Thus
0-2 - G-DZ + ‘°2 4.3,5

where ¢p is now the width in frequency units rather than velacity,
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4,3.4 Bandwidth
4,3.4,1 Causes of bandwidth

The shot to shot variation in mean frequency causes an increase in
laser bandwidth as the bandwidth measurement takes place over numeraus
shots., Thus, so far, there are two causes of bandwidth, Firstly there
is the transform bandwidth caused by the finite length of the pulse.
The 1intensity profile is given to be Gaussian with width 2.1{3 na. The
field profile is therefore alsao Gaussian, with width ¢¢ = /202, The
spectral and temporal widths of Gaussian intensity pulses are related
by 2c¢’cv® = 1 rad (see appendix 4.B). Thus the transfaorm limited
width of the intensity spectrum is ¢,% = 1/{(2 % 2,13) = 235 Mrad.s™!,
The measured width of the intensity spectrum is given to be
487 Mrad.s~*. Thus the actual width 1is about twice the transform
width. This means that extra bandwidth has to be included via shot to
shot variations in frequency and in phase fluctuations within each
pulse. The former process has already been dealt with, and being
inhomogeneous is easy to add to the transform width. As both the
transform and the inhomogenous broadening distributions are Gaussian,
then they can be added in quadrature. Thus, 1ignoring phase

fluctuations, the required shot to shot width is given by

()2 (measured) = (0a7)2 + (¢ ,1)= 4,3,6

where ¢* is the width of the power spectrum. For the shot to shot
width ra = v4* as the mean frequency of the field and power spectra
are the same., For the transform linewidth ¢, = ¢,%//2 from the
relation I « E=.
4.3.4.2 Phase fluctuations

There are, however, other important sources of broadening. These
are due to fluctuations in the field during a pulse, The laser field

can be given in the form

E(t) = Eoft) cosluct + ¢) 4,3,7

where Eo(t) is the envelope, w. the carrier frequency and ¢ the phase.
I+ any of Eoft), w. or ¢ fluctuates stochastically then the power
spectrum will aquire extra bandwidth, see for example Wax 1954, Here

only fluctuations in the phase ¢ will be considered, that is w. is
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constant for each pulse and Eo(t) is a sure function. The form of
fluctuations in ¢, to be considered here, is given by the phase
diffusion model (PDM). This is where the phase makes a random walk

during the pulse and has been extensively studied (Wédkiewicz 19791.

10 . . . . . . . . . . 10

Phase / rads

2

0 a 0 —
~
~
Q
19)]
[1+]
=
ja"

-10 |
10, 100 200 0 100 200
time / ns time / ns
a) a random walk b) an average over many random walks

Fig 4.3.iii

A random walk of the phase and the average over many of these.

Under many circumstances it is a good model for the laser lineshape
near the centre of the power spectrum ([Yeh and Eberly 1981, Swain
19821, Figs iiia and b show a realisation of a random walk in the
phase and an average over many of these realisations, giving zero. The
third picture, fig iiic is a mean square average giving a graph of
ctonstant slope, the value of this slope is described shortly. This
type of fluctuation results in a Lorentzian power spectrum of FWHM of,
say, Z¢ (see appendix 4,C), For this process the phase ¢ obeys the
Langevin equation ([Uhlenbeck and Ornstein 19301 in the limit that

p')OO

d2¢ + pdg = pF(t), 4.3,8
dt=  dt .

so0 that
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de = F(t), | 4.3,9

dt
50 |
N
n
T
(14
N
~
N
(4]}
n
)
[
0
0 100 200

time / ns

Fig 4.3.iiic

The mean sqare of the phase far Z, = 120 MR;ds 8”1,
Fit) is'a zero mean Gaussién white noise process such that
CF(t)> = 0 4,3,10a
and
SFIRIF(t ) > = Bed(t-t ") 4.3,10b

where <> indicates an ensemble average. From equation 9 ¢(t) can be

written explicitly as

4
pit) = IF(t')dt'. 4,3,11

o

Thus the mean square can be written as
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t t

<Hpit)2d = Idt'[dt" F(t IF(t"), 4,3,12
From equatiaon 10b
t t
(pit)=> = Idt'Jdt" Zod (B -t") 4,3,13
-] 0
2 Lot 4.3,14

Thus the slope of the mean square of the phase in fig iiic is just E,,
the FWHM of the power spectrum., In the model the random walk af the
phase with zero step length is replaced by one with a step length of
one block. This is adequate provided that Z4 € 1/ts, where ts is the
length of one block of the pulse. The phase fluctuations have to, at
most, 1increase the bandwidth of the pulse by a factor of twa.
Therefore £y is of the order of the transform width so it is required
that ts € touisee Thus the number of blocks used to model the pulse
shape ( ~10 ) is enough to model the phase fluctuations. Unfortunately
the main problem in modelling the phase noise is in deciding the
amount to include. The authors SHJR quote the measured bandwidth o4
the intensity pulse and give no indicatian of the weighting of the
extra bandwidth as distributed between the shot to shot fluctuations
and the phase noise, Whereas it is easy to sum the contributions fronm
the shot to shot {fluctuations and the transform bandwidth, as the
widths add in quadrature, the phase noise having a Larentzian
distribution cannot be added in this way. The power spectrum is a

Voigt profile, the convolution of a Gaussian with a Lorentzian

profile.
P(A)dd = _dd Z, jdd‘exp -(A—A‘)zg 1 4,3,15
2n/2wicr) 2 2 2(p%)2 ) A'2+E,2/4
where
(g2)2 = (g F)3+{g,at) 2,
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ra' is the width of the Gaussian distribution of the shot to shot nmean
frequencies, ¢, is the width of the Gaussian distributed intensity
spectrum due to the transform width and Z, 1is the FWHM of the
Larentzian distribuied intensity spectrum due tao the phase
fluctuations, ¢.f can be calculated from the pulse temporal width, but
the relation between &, and ¢.* given the total spectral width is hard
to calculate because of the Voigt profile., Minkowski and Bruck 1935
give an approximate relationship between the FWHM of the three
distributions, The distribution observed by Scarl et al is assumed to
have a VYaigt oprofile and the width given is assumed to have been
calculated from a FWUMH measurement assuming a Gaussian profile., So I,
and ¢, have to be chosen to add with ¢.' to give a Voigt profile of
FWHM /BIn2 ¢*(measured).
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4.4 Combining the effaects

The processes to be included in the model have now been described,
and so now all that remains is ta put them together., To summarise so
far, the effects to be included are shot to shot fluctuations in
intensity and frequency, different dipole strengths between the
magnetic sublevels, extra detunings because of Doppler shifts, shaped
pulses and stachastic phase fluctuations. Thus if co(t) and ci({t) are
the amplitudes to be in the lower and upper states respectively, then

the upper state population, after the pulse, is given by

Pr = lca(8,0a¢8040a)l?

) o -
=3 Ile(I)jdAP(A)(lc;(A,pm,l,t-m)12> 4.4,1
m-37 9 - 00

where m labels the magnetic sublevel, and s, ra, £, and po are the
fitting parameters. Here c,(4,pn,I,t22) is found by stepping through
the pulse using the time development operator as in previous chapters.,
The brackets <> indicate an average over the stochastic phase ¢ which
leads to the extra bandwidth Z,. As the pulse is divided into steps to
model the pulse shape it is convenient to dse these steps to model the
stochastic variation in phase. Thus during each step the phase is
given a new value using a routine that models a random walk dependent
upon the extra bandwidth required. Calculating the upper state
population in this way is computationally too lengthy to allow a least
squares fit of the fitting parameters and so an approximétion is also

used.

4,4,1 Semi-analytical approximation
4.4.1.1 Substitution rule

The phase fluctuations are included explicitly by numerical
averaging. This is so that different models can be used far the phase.
However, for the particular model used so far, where the fluctuations
in the phase are assumed to be a zero mean Gaussian white noise
process, a substitution rule can be applied [Wodkiewicz 1979, Yeh and
Eberly 19811, This substitution converts the equations of motion for

the density matrix with stochastic phase into corresponding equations
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for the averaged density matrix elements with extra damping terms, All
occurrences of ti& are replaced by ~8,/2.
4.4.,1.2 Equivalent pulse

To simplify the galculations and therefore enable a least squares
fit, the Gaussian pulse is approximated by a flat pulse and the
stochastic averaging can then be achieved analytically using the above
substitution. This rule only works for this particular model aof 1éser
noise and yields the following [{Smith 19781

1 .
Clesypmy Iyt30) 12> = (1 + Jhn exp(¥naT)} 4.4,2
where T is the length of the equivalent constant laser pulse. The Y.

are the three roots of the equation
1{(Y + £45/2)2 + A2} + (Y + E4,/2)(pnEx)=2 =0 4,4,3

which is the secular equation of the matrix of coefficients in the

equation for the density matrix. The Mn are given by
Moo= ((pmET)2/2 = Y283) /(Y2 = ¥1) (¥ = ¥,1)) 4,4,4

and cyclic permutations of the 1indices for Az and As. E+ is the
effective field envelope of the flat pulse. T and Ey are obtained by
requiring that the first three moments (0, 1 and 2) of the two pulses
are identical for the field profiles. In the analysis by SHJR the
first three moments of the intensity envelopes were equated. Previous
chapters show that, 1in more idealised situations, it is the area of
the field envelope that dominates in calculating the final
populations. Thus if the Gaussian field envelope is given by

E®(t) = E® exp(-t2/2r¢?) 4,4,5a

and the constant field envelope is given by

EC(t) Er -T/2 <t < T/2 4.4,35b

0, T/2 ¢ Itd 4,4,5c
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then

0 I
JE° pxpl(-t2/2c:2)dt = jETdt 4,4,6ba
- 00 -I
2
and
) 1
IE° t2exp(-t=3/2r.2)dt = IEthdt 4,4,6b
- -I

2

Fig 4.4.1

The real (Gaussian) pulse and the two approximations.

The first moment just centralises the pulses around t = 0. Equation 6a

gives

E® r./27 = TEr 4.4,7a
and 6b gives

E® r+3/2T = T3Ec/12 4.4,7b
S0

T = 2/3¢. = 2/860% = 10,435 ns 4.4,8a

E+ = /n/6 E°® 4.4,8b
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Fig i shaws the real Gaussian pulse shape, the stepped approximation
to it, with 30 steps, and the equivalent square pulse, The method
using the flat pulse approximation and the noise substitution rule 1is
used to obtain a best fit to the data given in SHJR, Then the values

are used in the full numerical model for comparison,
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4.3 Results

Equation 4.4.1i depends upon four fitting parameters. However, GSHJR
also measure the taotal bandwidth of the pulses, see table i. This
fixes a relationship, although complex, between Z, and ¢4, Thus the
Lorentzian phase diffusian width E,, the Gaussian transfaorm width c;‘
and the Gaussian inhomogeneous width ¢a® should all add to give a

. Voigt profile of FWHM 182.3 MHz.

Peak Power Density l

’Pulse shape ' Power Spectrum

Gaussian Gaussian? 1.55 10° Wm—=

3.02 ns FWHM 182.5 MHz FWHM

Table 4.5.i
The pulse data.

Fig i shows the data and analytical fit taken from SHJR.

Upper-state population
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Fig 4.5.i
The experimental data and the analytical fit from SHJR.

There is no mention of how the absolute upper state population is
obtained from the ion count and it is therefore assumed that the scale

is not absolute. The best fits have therefore been normalised to the
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peak of the data before the quality of the least squares fit is
calculated. Two pairs of best fits are shown, Each pair comprises
firstly, the semi-analytical fit, which is fitted using a least
squares algorithm, and secondly, the full numerical solution using the
same parameters. The semi-analytical solution uses the substitution
rule to model the phase fluctuations and approximates the pulse shape
to an equivalent square pulse. Fig ii shows fit ! which includes the
Doppler width. The parameters are shown in table ii., @ is the sum of
the squares of the differences between the experimental and the
semi-apalytical fits and N is the factor by which the semi-analytical

fit is multiplied to achieve normalisation to the peaks.

(=3
@
1

Fit 1.04

b
~
T

<
o

05

Upper-stale population

d i ' 1

H N i
0 50 100 150 200 7SO0 300 3%0
Electric finid (kW m™")

fig 4.5.11i
Best fit | includes Doppler width and phase fluctuations,
whilst best fit 2 ignores both of these

{solid line is semi-analytical, dashed is numerical).

Fit 2 in fig ii is a case in which the Doppler width is ignored and
the bandwidthé are taken to add linearly, with no phase fluctuations.
These are essentially the same conditions as imposed by SHJR and the
results are comparable. The values of zo, are different because in this
work the moments of the field rather than the power envelopes are

fitted. For zero bandwidth this implies
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Zo (SHJIR) = (2w/3)*7%*z0o (this work) 4,5.1

which is still approximately true for finite bandwidth.

’ zZo(pm) a , N ,

5 Lo (MH2) {74 (MHZ)
Fit 1 5.37 0.13 136 8 0.06( 1.14
Fit 2 3.15 0.73 0 40 10.0041 1.12

Table 4.5.11

The values obtained for the fitting parameters.

Upper-state population

Y 50 100 150 200 250 300 350
Electric field (kv m™")

Fig 4.5.iii
Comparison of the best fits with the data.

Fig 1ii shows a comparison of the GSHJR data, with the two

semi-analytical best fits.
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4,6 Coanclusions

The best fit to the data given by SHJR has, from table 4.5.ii,
Zo = 5.37 pm, Z, = 136 MHz, ¢, = 8 MHz and s = 0.13. The error on
these values 1is hard to estimate. However, values neer 2o = 4.5 pm,
€e = 95 MHz and s = 0.23 also fit the data well, but give an incorrect
measure of the laser bandwidth., These values give a total width of
about 130 MHz compared to the required 182.5 MHz. If the discrepancy
between these two sets of values is characteristic of the error then
2o = 3.6 % 1 pmy, Bo = 130 * 50 MHz, ¢, = 8 * 8 MHz and 5 = 0.13 £ 0.1,
The shot to shot fluctuations in detuning are essentially undetermined
but must be less than about 30 MHz FWHM, or their effect on the fit
would become important., It is worth commenting that, in future
experiments of this type, it would be very wuseful to have an
independent measure of the quantity s and, if possible, a better
quantification of the laser bandwidth., That is, the intensity
fluctuations should be measured explicitly to reduce the number of
fitting parameters, and the distribution of the bandwidth between the
homogeneous and inhomogeneous processes should be determined. This can
be daone by measuring the separation of the points of inflection,
rather than the FWHM, of +the 1laser lineshape. This allows the
Lorentzian (homogeneous) and Gaussian (inhomogeneous) components to be
deconvoluted simply [Stoneham 19721].

It has to be said that the fit achieved by this work does not
appear to be as good as that of SHJR, but it is believed that the
values obtained for the fitting parameters are more correct. The value
of 5 in particular appears to be more realistic, implying a shot to
shot fluctuation in intensity of around 30% FWHM, rather than the 1457
fluctuation predicted by SHJR.

Finally, the semi-analytical model is seen to give a good
representation of the numerical results, particularly for the case
where the phase diffusion bandwidth is dominant. In this case equation
4,4,3 simplifies to a quadratic.

It is shown here that it is possible to include phase fluctuations
as a temporal effect along with the pulse shape. This is important
because in certain circumstances it is easier to model the noise in
this way rather than analytically. The analytical substitution rule
can only be applied for a very special noise process and requires the

density matrix formalism. If the pulse shape needs modelling then
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there is little extra work invalved in including the laser noise. With
more than three or four levels this extra work is less than the extra
work required to perform the calculations with the density matrix.

In the next chapter a continuum is included in order to see if it
has any of the praoperties already investigated in bound states. In
this «chapter Rabi oscillations are seen even with a degenerate
two-level atom excited by a noisy laser, so is it possible ta observe
Rabi oscillations or population trapping if the bound states are

strongly coupled into a continuum?
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4,A The Doppler profile integral

Cansider

8
I = fdz exp{-b=/(c-2)2}.
A

Put % = {/(c-2) sa that dx = dz/(c-z)? substituting this yields

P
I = Idx exp{-b3x=}/x2,

-t
c-f

By partial integration using the substitutions
u = exp{-b3x2} and dv = dx/x=,

sa that

du = -2b3x exp{-bZxZ}dx and v = -1/x,

this becomes

- ~L
] -8

[4
I = [-exp(~b2x2}/q - 2b2jdu exp{-b=x2}
L hol B
c-4 c-A
giving

I = (c-A)lexp -p* - {c-Blexp) -b* + Jub| -er# b (+ erf b .
{c-A)=2 (c-B)= (c-A) {c-B)

Putting b = LIvy!/VZ2ep, c = a=2/2, A = -a,/2 and B = a,/2 equation
4,2,8 becomes

&

2
[ = [dz exp “L2ivy 12
-a, 2rp%(az/2~2)%2
2
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= (az+a,lexp/) -2L21v, 12 - (az-aidexp({ -2L%1v, 12
2 foZlaz+tay)=? 2 fp2laz-a1)?

+/Eley![-erf J2Livyl & - ersd VLIvo 1 V1L
2

Fp rplaz+as) tplaz-a;)

Normalisation of Q(v,)dy

In the region P’ the distribution is normalised. However, due to
the slit a» some of the ataoms are stopped from reaching region Q.
Therefore the new distribution in Q@ is not normalised., Put

x

N = 18{v,) dv,
-®

»
r

dv exp{-lv,12 4y
Py a;cijH { 20p* i

2 Tp2(az+a;)?= 2 fp2{azx~ai)

@ Livyt[erf( V2Livy 1 ) - eré( VZLivyl ]
2 To L sz(az+ax)S v fplaz-ai)

(a2+a1)expz =2L2lv, 12 % - (az-al)exp§ -2L21v, 12 %
2

Consider

o0

[ = Iexp{-azxz} Ix) erfi{bixl} dx

-0

-]

= ZIexp(-azxz} %» erf{bx} dx.
Q

This is integrated by parts with the substitutions

u = erf(bx) and dv = 2x exp(-aZx2) dx
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so that

du = 2b exp(-b2x2) dx/vw and v = -exp(~a2x2) /a2

giving
od (2]
[ = - exp(—azxz)erf(bx)] + 2b Jexp(-(a2+b2)x2)dx
a2 1 Jma=,
Az=0
S0
I = b .
az/az+p="

Thus the normalising factor N is given by

N=L)[t + [az+ta)2]r/2 - [1 + [a:-a;')z tez(,
ai 2L 2L
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4,B Faurier Transform

The intensity goes like the square of the field, so that
[{t) « 1E(t)Y1=,

Let the field be a carrier wave of frequency w., modulated in time by

a Gaussian envelope of width ¢e. Thus the field E(t) is given by
E(t) = Eo cosf{uw,t) exp(-t2/2¢:%).

The Fourier transform of this is given by

L

E(w) = {//2% Jth(t) expliut)

Lo

09

= Eo/2/21 Idt expi{-t2/2r:2 + iAt)

o)

where the counter-rotating term has been dropped, and 4 = w - w.., Thus

o
E(w) = Eo/2/2T jdt expi=(t/VDre - 180¢/VD)2 - A2742/2),

Put z = t/V/20. - iAce/Y?2 so that dz = dt//Zre. Then

o -4

T
E(w) = Eofe/2/2 exp(-420:2/2) Idz exp(-22),
-00 =4 A0y

£3

In the complex 2z plane the integral alaong the line AB, see fig 4.B.i,
from x = -o to +®» is required. There are no poles within ABCD except
at z9-im, ie A2*w, which is cancelled by the exponential outside the

integral. Thus

The integrals AD and BC are zero at infinity, thus

c

([

A D
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9 A

complex Z plane
D » C
A -a% S
ST
Fig 4.B.i

The complex I plane for the transform integral,

So that

E{w) = Eore exp(-42ce2/2) = Eo exp(-42/2ra2).
2

So for the Gaussian envelopes refa =1 rad, or for the intensity

profiles celca? = 1/2 rad.
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4,C Spectral Profile of Laser Bandwidth in the PDM Model

Within the RWA the laser field is given by
E(t) = Eo/2 expliluwot + $(t)))
sg that the Fourier transform is given by

o

E(w) = _Eo [exp(-iAt+i¢(t)) gt .
2/21°_ 5

Now, ¢{t) is given from the equation
$(t) = F(t)

where F(t) is a Gaussian white noise process

CFIRIF(t')> = Bpd(t-t’'). Integrating explicitly yields

t
pit) = jF(t;)dtz

-4

with

CF(t)> =0

where it is assumed, without loss of generality, that ¢(to) = to

Thus
t
(p(t)> = [(F(t;))dtx =9
o
and
t ¢
pltIpit ) > = Idtljdtz <F(t,)F(t2)>
[ -]
t t
= ZQ[dtzjdtz d{t~t2)
-4 o
= Semin(t,t’)

so that <$(t)=> = Zet.

Therefore

?9

and

0.



Caxplilo(ti)=¢(tz)))> = <L+ild(ti)=¢(t2))=1(d(ts)=(ta))Z+., .,
. 2

but

{(plta)-9(t2)> = 0
and

Clplta)=9pit2)) 2> 3 {H{t1)20+<p(t2)2=-2¢p 1) p(t2)>

= S¢|t1-t2|-

As F{(t) is a Gaussian process then ¢(t) and ${t.)-¢(t2) are also
Gaussian processes, as they are linearly related. Therefore, all the
odd order averaged products are zero, and all the even order averaged

products are related by

{x2"> = (2n) 1<{x2>",
2" n!

This can be seen from the recursion relationship between the even

moments of a Gaussian distribution. If

I2n = i Ixz" 9*92:&?% da = (%2>
2r ¢ 2¢=

then

I2n =2 (2n-1)0212¢(n-1>

where <x2) = ¢2,

S0
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I2n = cznlo (21’1'1)(2!1‘3)...3.1.
Io = 1 and therefore

Ion = {2n) 1<X2>" = (u=2n),
2"n!

Sd by substitution in the expansion of the exponential it can be seen

that
Cexp(i{g(ti)-¢{t=2))))> = exp(-Tslti-t21/2).

Consider the Fourier transform of the intensity praofile I(t)

T T
{I(u)> = CE(w)*E(u)> = IEolZIdtgjdt2<exp(-iA(t;-tz)+i(Q(tl)-¢(t2))))
8r (-} )
T T
= lEolzjdtIIdtz<exp(-iA(t;-tz)-2¢It1-tz!/2)>
8% o o
Put K = |Eol?2/8n1 so that
T [
{Ifw)> = Kjdt;exp(-idt;) jdtzexp(idtz‘gg(tz‘tz))
o o 2

-+
+Idtzexp(-iAt:-&»(tz-tz))i
¢, 2

T

= Kjdtx {1 - exp(-idt,-E,t/2)1]
0 id + B4/2

+ [exp(iA(T-t,)-8,(T~t4)/2) - 11
i4 - 24/2
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= K T - T + [oxp(-iAT-E,T/2) - 11
iA + B4/2 14 - &4/2 {id + 84/2)%

- exp(iAT-8,T/2) [exp(-i4T+5,T/2) - 13 {.
(14 = B4/2)2

For T2 % 1| then

{If{w)> = K TE, + 2(8,2/4-4%) ,
AZ+E4,2/4 (42+84,2/4)2

for large T the first term will dominate giving the Lorentzian profile

{I(w)> = |Eol3TE, { .
8w (A2+E5,2/4)
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Chapter S

Laser Induced Continuum Structure

5.0 Introduction

Ionisation 1is an important process in that it enables subsequent
collectiaon of the ionised species. Laser ionisation is especially
important as the potential tupeability and low bandwidth of the lasers
can mean high selectivity and excitation rates. These aspects are
eésential in Laser Isotope Separation (LIS) where a particular isotope
can be opreferentially ionised and subsequently separated by the
application of a constant electric field., The selectivity depends upon
the different electronic energy levels due to the difference in the
structure of the nuclei. The different mass, spin and magnetic moment
all have their effects on the energy levels even though they are
usually small, see for example Woodgate 1970. This means that the
difference between the energy levels of the isotopes is also usually
small. In some cases the difference is less than the natural widths of
the levels, making them practically indistinguishable. In other cases
they are small compared with some of the homogeneous broadenings such
as collisional and Doppler effects. Under these circumstances it |is
possible to arrange for these processes to have a reduced effect by
decreasing the density and temperature, to reduce the collisional
broadening, and by using collimated beams, to reduce Doppler effects.
Once the levels are resolvable it is necessary to have a, preferably,
tuneable laser of bandwidth small compared to tﬁe splitting in order
to keep the levels resolved. Thus a set of isotopes can be ionised by
selectively exciting the 1lower levels with a tuned, low bandwidth
laser, and then ionised with a laser only capable of 1ionising the
previously excited levels. However, in general the couplings from
bound states tao cuntinuum; or ionised, states is small so0 that the
final ionisation process is not very efficient, This is because of the
small overlap between the wavefunctions., Continuum states are not
bound to the nucleus, by definition, and therefore do not spend much
time close to the nucleus. In a classical picture they have unclosed
orbits and only come close to the nucleus on one pass. Bound states
are continually ‘orbiting’ and thus interact with each other much more

strongly. It is therefore important to investigate processes which can
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increase the coupling between bound and continuum states.

Autoionising resonances (Fano 196! and Beutler 1933 and 19331,
where a bound state above the ionisation thresheld is coupled to the
continuum via the Coulomb interaction, have been investigated and it
is known that these alter the coupling from other bound states to the
continuum, These are, however, fixed in both position and shape and
are therefore of limited use. On the other hand, another bound state
coupled into the continuum with a laser field, can create identical
structure but with the advantage that both the position and width of
the resonance can be altered. The position is fixed by the frequency
of the embedding laser and the width by its intensity. This process is
termed Laser Induced Continuum Structure (LICS), Fig i shows an 1ideal
separation scheme where three lasers are used to perform the selective

ionisation.

l 'y
= C
! c - ~ASAY
b : A~y ANy
t
A:
- o
a DA~
aann
___‘L _____ TTTAT T
a ~‘}~>
AN
isotope X : isotope Y
Fig 5.0.i

Selective enhanced ionisation of isotopes,

Laser a performs the selective excitation of isotope Y using a
two-photon, counter-propagating Doppler free transition, see chapter
three. Laser b then couples the excited state into the continuum,
" suitably modified by laser c, to produce the enhanced ionisation,
Autoianising states have been extensively examined both
theoretically, notably Fano 1961, and experimentally, see for example
the review by Collin 1977 and an early laser experiment using Mg: by
Bradley, Ewart, Nicholas, Shaw and Thompson 1973. Rzazewski and Eberly
1981 and 1983 and Lambropoulos and Zoller 1981 theoretically
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investigate the Fano profile as affected by the intensity af the
probing laser, the Fano profile is only observed when the probe laser
is weak. They alsao include same laser bandwidth effects., Alber and
Ioller 1983a investigate a specific example of two-photon excitation,
three-phatan ionisation to an autoionising level, also for varying
laser intensities. Armstrong and Wynne 1975 give a theoretical review
of, and an experimental study of four-wave mixipng with, autoionising
resonances. Haus, Rzazewski and Eberly 1983 investigate the effects of
inhomogeneous processes, such as Daoppler profiles, where an average is
taken over many systems,

Much theoretical work has been done on LICS, for example Armstrong,
Beers and Feneuille 1975 who form the analogy between laser embedded
states and autoionising states. Experimental evidence of LICS has been
observed in a few experiments with Dimov etal 1982a/b and 1983 and
Pavlov etal 1982 observing enhanced frequency tripling in sodium
vapaur and Hutchinson and Ness 1984 observing structure in xenon.
Heller etal {981 observe LICS8 in the continuum of caesium using a
frequency doubled rhodamine B dye laser probing the structure induced
by an  Nd:YAB laser, They observe the the alteration of the
polarisation of the probe field as a functian of the two-phaton
detuning. Alber and Zoller 1983b propose an experiment to selectively
induce structure into one of the continuum spin channels in the
photoiopisation of alkali atoms. Population trapping, where sonme of
the populatiaon is not allowed to leave the bound states, in continuum
processes has been theoretically studied by Coleman and Knight 1982,
Greenland 1982, Coleman, Knight and Burnett 1982 and Knight, Lauder,
Radmore and Dalton 1984. In the latter paper the effects of laser
bandwidth and cross-caorrelations are investigated. Lecomte and
Luc-Koenig re-interpret data from an experiment by Feneuille etal to
show that stabilisation of some Stark states in rubidium is poassibly
an observation of population trapping of this type.

In this chapter the effects of pulse shape an the ionisation
process is described, into both flat and modified continuum states,
and the effects of laser bandwidths, due to pulse shape effects and

coherence, is investigated.
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5.1 Decay into a flat continuum

[f{ there is a weak coupling from a bound state into the continuum
then Fermi's Golden Rule gives a good approximation to the decay rate
out of the bound state, see for example Cohen-Tannoudji etal 1977. If,
haowever, the continuum is already coupled to anather bound state then

interference could occur between the different routes allowed,

T fe,€> [Fe)
v v v
10> - 103 - oy — 4
a) a flat continuum b) an embedded state c¢) a Fano continuum
Fig 5.1.1

Decay into a flat continuum and a Fano continuunm.

Fig 1ia shows a bound state 10> coupled to the continuum IC,e> via an
interaction V. For a weak interaction the decay out of state (0> is
just given by the Golden Rule rate

00

r = 21}del<C,elVlO>l26(s-ei)
h'o

= 21<C, e 1V1012,
A 5.1,1

Section 3.1.1 shows that this 1is also true for strong V and also
generalises the result to allow for time dependent V., Fig ib shows a
situation in which another bound state, IB>, is coupled into the
continuum, close to the original coupling V, by another interaction T.
This interaction can be either Coulombic as in an autoionising level,
or dipole as in LICS., This is treated in two ways. In section 5.2 it

is assumed that V is weak and can thus be treated perturbatively so
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that the Golden Rule can be applied. However, it is necessary ta find
the Fano wavefunction, |IF,e> (Fano 19611, which 1is the set of
eigenstates of the bound state IB)>, the continuum state IC,e> and the
interaction between them, This is like a modified continuum as it also
includes the bound state., Thus fig ib is equivalent to c. Section §.3
makes a similar calculation in which it is assumed that both fields
are strong such that the perturbative theary cannot be applied. In
this section trapping is investigated where even though both states
are coupled strongly into the continuumy, and not directly ta each
other, population can be trapped in the bound states. This phenomenon
is also investigated where the lasers are partially coherent both
absolutely and relative to each other. The effects of pulse shape on

the trapping is also investigated.

5.1.1 Decay into a continuum
Fig ia shows a bound state 10> coupled into a continuum IC,e> via a
coupling V. The wavefunctiaon of the system is given by

o0

Iy, t> = aoft) + Idea.(t)lC,e) 5.1,2
0
where the ao(t) and a.(t) are the amplitudes in the Schrddinger
picture. The continuum states and the bound state have different units
due to the normalisation used here. These states are normalised so
that <ilj> = ;4 and <C,&,IC,e5> = 8{s,-¢5), thus the 1C,s> have units
of inverse root energy. The amplitudes are siéilarly altered as it |is
required that lac(t)|l2 is the population per unit energy at energy &,
From Schridinger’'s equation the equations of motion for the amplitudes

can be written as

(]
ido = Wodo - stﬁo.cos(mLt+¢)a. 9.1,3a
o
and
ia, = -Qeocos{u t+dlao + weas 3.1,3b

where the explicit time dependences are dropped for ease of notation,
hvo is the energy of the bound state 10> and hw = ¢, Qo. is the Rabi

frequency matrix element given by Qol.f(t) = <0IVe(t)IC,e>/h, where
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yo(t) 1is the slowly varying envelope of the interaction V(t), w. is
the laser frequency and ¢(t) is the slowly varying phase, Transforming

to the interaction picture and making the RWA, as in chapter two,

yields
[e]
i(’:O = -IdEQOUCQEXp(iQ-iA't) 5|1,4a
A 2
and
iCs = -QuoCorXp(=ip+idt) 5.1,4b
2

where the transform used is cy = asexpl(ivst) and A = Ve-Wo—WL.
Equation 4b is formally integrated with respect to time, taking
te(t=0) = 0 and co(t=0) =1, ie all of the population is initially in
the bound state. This is then substituted into equation 4a tao
eliminate the continuum amplitudes, giving an integro-differential
equatiaon for colt),

® t

Colt)= —Jdejdt’ﬂo.(t)ﬂ.o(t')exp(—ié.(t-t')+i(¢(t)-o(t’))Co(t). 5.1,5
4
] o

Thus co depends upon its amplitude at all previous times, ie it is
non-Markovian, It 1is not possible to proceed with this analytically
unless the Markov approximation is made [Cohen-Tannoudji etal 1977 and
Haken 19811 in which it is assumed that co only depends wupon the
current value of co. This is justified as follows; assume that the
matrix elements Q.0 are only slowly dependent on ¢ and are of width
~ r. The exponential term, exp(-id,(t-t’)), is oscillatory in & and of
period ~ 2w/(t-t’'). The de 1integral 1is therefore zero unless this
period is of the order of ¢/h., Thus the only contribution is made when
t-t* § 2vh/c . In the Markav approximation Qo. is assumed to be so
flat in ¢ that v + @ and the only contribution is at t = t’., Hence

equation S5 becames
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o t

Co = -coIdelQo.lzfdt‘exp(-iA.(t-t’)). 5.1,6
o 4 o

The phase term is now lost. This is expected as the continuum has been
assumed flat so that it does not matter where the bound state is tuned
to, even if it is varying, as only the bound state population 1is
required here. The dt' inteqral can be approximated by letting it run
from -~o to t, as for (t-t'l > 2wh/c the de integral is zero. Thus,

putting T = t-t’ the dt’ integral becomes

t x
Idt'exp(—id.(t—t')) = IdTexp(-id.T) = -iP(1/4.) + wéide).  5.1,7
- . o

This last part, in terms of the principal part and delta function, can

be found in Cohen-Tannoudji etal 1977. So equation & becomes

xR
Eo = -gojdelﬂo.lz{-i Pi + né(a.)? 5.1,8
4 % A,
giving
Eo = Co iPstlQo,tz'- ThlQows 12 9.1,9
44, 4

where €, = hlwotw.) 1is the energy at which the laser plus bound state
is tuned. The complex part contributes to the phase of c¢o only, and

therefore does not affect the population, causing an energy shift

given by
o9
§E = andelno.IZ. 5.1,10
o 44,

The real part, however, is a decay term due to the interaction with

the continuum. The population in the bound state 10> is given by

t .
Po = lcol® = exp(-JF(t‘)dt') S.1411

(<}

where
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F(t) = whlQoss (L) 1=, 3.1,12
2

This is the dynamic decay ‘constant’ for non-constant excitation
pulses. For a constant interaction this is identical to the decay rate
predicted by the Golden Rule as V = Qh/2 due to the RWA. The Golden
Rule predicts a constant rate of loss of population, and for very weak
interactions this 1is approximately true, as the bound state does not
get noticeably depleted. However, far strong interactions the rate
decreases exponentially as the population decreases likewise, For
interactions which are npot constant the decay rate is simply
proportional to the instantaneous intensity, ie IQo.(t}!2, and the
populatian remaining in the discrete state is obtained by integrating
this loss.

This problem has been solved assuming that the continuum is
structureleass and the perturbative approximation has been shawn to
give correct results. In the next section a structured continuum is

discussed where the structure is caused by an embedded bound state.
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5.2 The Fang eigenstates

Figure 5.,1.ib shows a bound state |B> embedded in the continuum
ICye> by an interaction T. In order to solve for the decay of state
{0> into this combination of bound and continuum states it is
necessary to calculate the eigenstates which diagonalise the
interaction T between them. These eigenstates are the Fano states,
IFye>, and are madified continuum states. The Fanao states can be

expanded in terms of the old states IB> and IC,e> giving

xRN

IFye> = ble)IB> + Ids‘c(sis')|c,£’>. 5.2,1

o

The old states 1IB> and (C,e> are eigenstates of the Hamiltonian Ho
such that

HolB> = EnlB> 5.2,2a
and
HO!C,E) = E'C’E)l 5-2,2b

The Fano states are eigenstates of the Hamiltonian including the

interaction T, such that
H = HO + T 5-2’33
and
HIF,e> = elF, &>, 3.2,3b
Pre-multiplying equation | by <BIH gives
(-
{s-Eplb(g) = Ids'c(s,s')Ta,- 5.2,4
o
where
Tee- = <BITIC,&">. 9.2,9

Pre-multiplying by <C,¢’'|H gives
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(e-=g')cle e’') = b(e)Ta-ps 5.2,6

This can be substituted into equation 4 to give an equation for b(e).
However, there is a pole at ¢ = ¢’ so that 1/(g-¢') must be written in
its principal and delta function parts giving

cleg,e’) = b(e)T.-Bg P + z(e)é(s—e')i 5.2,7
(e~¢c")

where z(g) is to be determined. Substituting this into 4 gives

[

(6-Enlble) = b(E)IdEl‘TB"’Z% P + 2(5)6(6-8')§' ) 5.2,8

° {e-¢g")

In general b(e) is non-zera so that z is given by

2(g) = (e-Eple)), 3.249
I Teel?
where
o
Ea(e) = Ep + st'lTB.'l2 P . 5.2,10
o (e-¢')

Substituting equations 7 and 9 into | gives

(2]
IFye> = b(e))IB> + [e-Epnle)liC,e> + Ide’T.-a P ICye' > 5.2,11
Tes o (e-¢g')

Finally the normalisation condition <(F,e"IF,e> = d(s-¢’) 1is wused to
obtain b(g) so that

§(g'-¢g) = b‘(s')b(e){1+
<R

[dE"lT.ualz P +z(eg')8(g"-¢") P +2{e)d(e~e")¢ |, 5.2,12
(g'=¢g") (g=-g")

o}
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This is complicated by the product of two principal parts and the

treatment of this is dealt with in appendix 5.A which gives

ib(e)i=2 = { 5.2,13a
| Tanl2(w2+22(¢g))

lT:BIz . 5.2,13b
12| Tenl*+(e-En(e))?2

Thus, ignoring the overall phase

IF,e> = { X
C(MITanl2)24(e~Ep(e)) 211/

x

Ta.|9>+(e-Eg(e))|C,e>+TB.jds'T.-B P IC,e>]. 5,2,14

Thus the old discrete state IB> is mixed with the continuum by T to

produce a modified, or dressed, discrete state 1%#(¢)>, where

oQ

[$¢e)> = |IB> + Jde‘T.-s P 1C,ye ">, 59.2,195
° (g-¢")
so that
IF,e> = i b@.li(e))+(s-€é(s))IC,eﬂ.S.Z,lb

({1 Tenl®)2+(e~Eple)) 21272

This new continuum 1is no longer flat in . Tes is assumed, as in
section 5.1.1, to be fairly constant in &, as it just couples a bound
state IB> to a flat continuum. Thus the old continuum is modified by a
.factor having a dispersive dependence on ¢ and the modified bound
state l#(g)> has a square root Lorentzian factor, both centred on
¢ = Ep(eg). This state can now be probed by a weak interaction V fronm
another bound state 10> and the Golden Rule used to calculate the rate

of decay of the population initially in state 10>. So
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x

For = Zﬂjdeé(s-sx)|(0|V|F,€>I2, 5.2,17
kv
giving
l'or = Toet Fnes Qe ) +tes~Enleg)l, 5.2,18
(Te1nh/2)2+(e,1-Ep(es))=2 2
where
rO.i = _2_11_|Vo-1|2 5-2’193

)

is the decay rate from 10> to the old continuum,

rBIi = z_n_lvB'ilz 5-2’19b
h

is the decay rate of IB> into the old continuum and the Fano g

parameter (Fano 19611, given by,

qle) = <OIVIE(e) 5.2,19¢
OIVIC,e T Tan

is the ratio of the transition probability into the modified bound
state to that into the old continuum. So the ratio of the decay into

the Fano continuum to the decay into the ald continuum is given by

Tor = |Q(€1)+E(EL)|2 5.2,20
Toes 1+e2(sy)

where e(¢) is a narmalised detuning given by

el(e) = 2(e-Epfe)), 3.2,21
6PB'
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Fig i, taken fram Knight 1984, shows the ratio of the decay rates for
various different values of g against the normalised detuning showing

the famous Fano profile.

T T T
45.00 -~
40.00

35.00 F Tor

o
r.
30.00 + o¢;

25.00 L
20.00
15.00
10.00

5.00

o i
O'OPIO.OO -8.00 -46.00 -4.00 -2.00 0.00 2.00 4.00 4,00 8.00 10.00

MODIFIED OETUNING
Fig 5.2.i
Enhancement in photoionisation rates to a Fano continuunm

as a function of dimensionless detuning.

For large q the coupling to the modified bound state is dominant
giving an almost Lorentzian profile with a FWHM of 2, For low g the
coupling to the old continuum dominates giving an asymmetric lineshape
with a zero at e = -q where the two decay channels destructively
interfere. The parameter q can be determined by finding the ratio of
the peak heights, at e = 1/q, to the height at the large e limit., The

ratio of these two heights is just 1 + q2, From equations 19¢ and 15.

the Fano parameter can be expanded in terms of the original bound and
continuum states, to give

qQlg) = €0IVIB>+ de'T.,-sP/{e-c") <OIVIC,e">, 5,2,22
0IVIC,e>nTem

Ordinarily, the coupling from 10>, directly to the bound state |IB)
dominates over that to the continuum. However, under certain

tircumstances the coupling to the continuum can dominate. If the
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interactions T and V are dipole interactiaons, that is both states 10>
and IB> are coupled to the continuum by laser fields, then the
coupling <0iIVIB> 1is not allowed by the dipole selection rule. This
means that q is determined by the coupling <O0IVIC,e >,

le,e>

i8>
loy

Fig 5.2.11
Two lasers coupled into a continuum with no direct bound

state coupling due to the dipale selection rule.

Fig ii shows this situation, where there is no transition allowed from
10> to 1B> directlf. This would appear to rule out the possibility of
interference, and therefore a window, as there is only one path from
10> ta the continuum. Under these circumstances the principal part
term in q dominates and the two interfering paths are the two-photon
direct and stepwise routes. This is then similar to the interference
caused by these two routes 1in the three level system solved
perturbatively in chapter three. As the T coupling is due to another
laser then the structure is potentially adjustable in both position
and width. The position is set by the laser frequency and the width by
the intensity. For this case, where there is no single-photon coupling
between the twao bound states, the Fano q parameter is given by the
ratio of the real to the 1imaginary part of the two-photon Rabi
frequency between the two levels {Knight '1980, Milaonni and Eberly
19781,
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x

qQles) = [ds'P/(61~e')<O!VIC15'><QQLLLLU£L; 5.2,23
o T<OIVIC,s4>¢C,e41TIB>

where the continuum has caused the Rabi frequency to become complex

o0
Qon = L |de'<0IVIC,&'>¢C,e ' ITIB>. 5.2424
X"OO ) e;-e'+iX

This can be split into its real and imaginary parts using, from, for

example, Heitler 1954

L 1 =F ;) - ind(x). 5.2,25
XA0*" n+iX e

This treatment is applicable to cases in which the probe interaction,
V, is weak and does not alter the continuum structure. In the next
section both interactions are allowed to be strong. This can be
treated by dressing the two bound states to the continuum states as
done by Coleman 1983, or by using the TDO methot after eliminating the
continuum. This latter method is used as it alsg @llows the inclusion

of pulse shapes which the dressed states model is unable to cope with,
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9.3 Trapping in LICS

Fig 1 shows two bound states strongly coupled to a continuum. Here

it is naot applicable to talk of embedding and probe lasers as both
cause structure in the continuum. The equations of motion for the two

bound states include the continuum lavels,

1oy

Fig 5.3.1

Two bound states strongly coupled to a continuum,

In order to find the populations in the bound states wusing the T7TDO
method, the continuum must be eliminated. This is done as in section

9.1 using the Markov approximation in a similar way.

9.3.1 Pulse shape effects

The equations of motion for the amplitudes to be in the twa bound
states and the continuum are almost identical to those in section
9.1.1, and are written, in the Schridinger picture, as

o

jaolt) = woao(t)~Idst.(t)cos{mat+¢.(t)}a.(t)

-]

o0

-IdsQ%.(t)cns(mbt+¢b(t)}a.(t) ’ 9.3,1a

(-]
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00

ia,(t) = mxag(t)-stQ:.(t)cos(m.t+¢.(t)}a.(t)

(o]

o8]

-Idsﬁﬁ.(t)cos(mut+¢b(t)}a.(t) 5.3,1b

o

and
ia.(t) = u.a.(t)-ao(t)tQ:o(t)cos(m.t+o.(t))+Qfo(t)cos(mbt+¢u(t)}J
-a;(t)[Q::(t)cos(m.t+¢.(t))+ﬂf;(t)cos(mbt+¢b(t)}] 9.3,1c

where the scripts a and b denote the two lasers used, frequency wa and
we With phase ¢a(t) and ¢nft) respectively. It 1is assumed, for the
moment, that both lasers can ionise either of the bound states., These
equatiaons are transformed to the Interaction picture, wusing the
transform ajy; 2 cy = ajexpliws,t)y the cosine terms are split into the
exponential representation and the detunings A*'C = w.-0i-uc are
substituted, giving

o
iEo(t)=-Idec.(t)[Q%.(t)exp(—id°‘t+i¢.(t))+Qg.(t)exp(-iA°bt+i¢b(t))i/2,

° ' 5.3,2a

Cad
i51<t)=-Idsc.(t)cn%.(t)exp(-ial-t+i¢.(t))+9¥.(t)exp(—141bt+iob<t))1/2
° 51‘3’2b

and
celt) =
&
i[dt’%:o(t’)[Qio(t')exp(ié°‘t'-i¢a(t’))+Qﬁo(t')exp(id°°t’-iob(t'))J
[=]

+ c:(t‘)[Qt:(t')exp(iA“t-i@.(t))+Q?.(t)exp(ib‘”t-i¢b(t))1}/2

5.3,2¢
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where the RWA has been made and the last equation has been explicitly
integrated ta allow for subsequent substitution. Javanainen 1963
examines the validity of the RWA in bound/free transitions, concluding
that the approximation is valid under the same circumstances as in

bound/bound transitions.

1y .JL_—. [1)3 __._‘L_____
1oy —4_— 1oy

10?

a) bi) b2)

Fig S5.3.ii

The two-photon processes allowed.

—
-
>
-

10) 10y
| c) d) ‘8)

Fig 5.3.ii

The forbidden two-photon processes.
Figs iia and b show the two~-photon transitions which are to be
allowed. Figs c, d and e show those that that are to be forbidden. wa,

Wy and wo, W1 are sufficiently different that there is a negligible
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coupling for the forbidden processes. This occurs if Jluwo-ws!l and
lua=Wul are much greater than the inverse pulse width and the widths
of the bound states due to other decay processes etc, The
single-photan decays caused by either laser are still allowed for each
state, Thus, substituting equation 2c into a and b and eliminating the

forbidden transitions gives

x t
Colt) = -Ljdsjdt'3co(t'){Q%.(t)Qﬁo(t')exp(-iA°‘(t-t')+i(¢.(t)-¢.(t‘))
4b o

+ QZ.(t)niott')exp(-14°=<t-t')+i(¢b<t)-¢b<t')ﬂ

tcalt’) d;,(t)ﬁax(t')exp(-i(A°‘t-d‘°t')+i(0.(t)-¢b(t’))§ 9.3,3a

and
R ¢

&1(t) = -1 dsjdt‘ c.a(t”) Q:.(t)ﬁt;(t’)exp(-ié“(t-t’)+i(¢.(t)-¢.(t’))
4% o

+ Q:-(t)Qta(t‘)exp(-id‘b(t-t‘)+i(ob(t)-¢b(t')ﬂ
b a
+ colt’) Q,.(t)ﬂ.o(t’)exp(-i(A‘Pt-d°‘t')+i(ob(t)-¢.(t’))g 5.3,3b

Now the Markov approximation is made in an identical way to that in

section 5.1 giving

o = ColiP delfba1? - ThIQSaen 12
440 3

+ 1P del06.12 - ThIQo.e |2§
4400 4

+ expli(da-¢n-A22t)}c,)iP deﬁf;ﬂ? - nﬁﬁ%.'ﬁt-a 9.3,4a
44" 4

and



Ci = ciliP delQral? = TAIQ:.e 12
441 4

4 1P delial? - TAIQ1.n |2

44t~ 4
+ exp(-i{pa-dn-44t))1Co)iP délie Qe - ThR1a-R0-o 5.3,4b
44, - 4
where
A=b = Aoa-pib, 3.3,3a
i = Bate, 5.3,5b
€' = h(AC=+A1®)/2 5.3,5¢
and
QCaon (t) ~ Rou-(t), 5.3,5d
Qeere (1) ~ Q5.- (1), | 5.3,5e

as the continuum is assumed flat, In a similar way to that wused in
secction 5.1 the decays and energy shifts, due to the transistions in

fig iib, for levels j = 0, | are written as

Tsit) = g_ﬁimj,;. (£) 12 + 1054 (t)|2§
2

= rt) + rst) 5.3,6a

and
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o

§E4(t) = ﬁPJdeElQ?}(t)lz + lﬂg.(t)lz%. 5.3,6b

A3 4AJb

[+

The transition in fig iia leads tao the decays and energy shifts given

by

POt) = mhRo.- (t) Qe s (t) ~ TB(EITICED 5,3,7a
2
and
(o) .
SE(t) = ap[dsns.(t>9t1(t). 5.3,7b
o 34, -

Equations 4a and b become

) -8Eo-ilo -C(g+i) )
i a2 2 5.3,8
e ~T(q+i)  =8E,-il1+82"-($a-du) | | €1
2 A2

where the transfarm

Co |\ (&) = (1 0 ) o 5.3,9
cs ci 0 expli(dpa-do-42°)t) €,

is used to reduce the time dependence of the operator and put the
equation into a form solvable by the TDO method. This is an Hermitian
transform so that the populations in levels 0> and 11> are still
given by Po = lcol? = Icél2 and P, = lecyal2 = lc{l? respectively., The
Fano q parameter is defined as in equation 5.1,19 remembering that the

direct transition 10> to 1> is now forbidden, so that

qle) = §E(t) 5,3,10
AT (t) /2

125



where the time dependences cancel leaving q time independent. In order
to investigate the continuum structure explicitly, without the
background radiatian, the interactions in fig iib2 are forbidden so
that T5 =TT = 0. This means that laser a can only excite level 10>
and laser b, level I1>, For the moment it is assumed that the pulses
are constant so that an apalytical result can be obtained. This means
that the energy Stark shifts can be 1ignored as they only cause a
constant displacement in the energy levels, As the contipnuum is
assumed flat this has no effect on the bound state papulatians.

Equation 8 can now be written

€o -ilo ~fTol: (g+i) £o
= -i 2 2 9.3,11
Ci -Jrol'; (q+1) 'itx‘*’d‘b [
2 2

where the phase terms have also been discarded so the lasers are

assumed perfectly coherent. This is salved analytically to yield

€o(t) = explat)((p+x'dexpipt) + (p-«'lexp(-pt)] 5.3,12a
2p
cif{t) = VTol'y (1-iglexplxt)lexp(pt) - exp{-pt)] 3.3,12b
4p
where
x = =(To+l'y) -ifd=®, . 5.3,13a
4 2
x' = =(lo=Ty) +ide> 5.3,13b
4 2
and
g = {«'2 . PoT‘x(l-iqP%“z. 5.3,13c
4
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A" (MHz)
a) bath pulses flat

4+2 (MHz)
B) both pulses Gaussian

Fig 5.,3.11ii
The Fano prafile for different pulse shapes,

Fo = 0.02%w Mrads s~*y Ty = 2w Mrads s-', g = 3 and t = § ps,
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This is the analytic result for the amplitudes to be in the bound
states for two strong, flat laser pulses independently coupling two
bound states into a flat continuum with a two-photon detuning 4=°. All
the population is initially in state 10>, No decay has been included

which is not ionisation, so the number of ions produced is just
[(A~®) = 1 - 1eéi2 ~ leyil=, 5.3,14

5.3.1.1 Probed continuum structure.

Fig iiia shows the 1ions created, as a function of two-photon
detuning, for a weak probe case (laser a is the probe) and flat
pulses, The parameters used are o = 0.02w Mrads s~*, T,
= 21 Mrads s~!', q = §, and the graphs are plotted at time t =3 ps.
This shows the traditional Fanoc lineshape with an ion enhancement and
window. The ion yield at the window does not decrease all the way to
zero as the probe laser is not infinitely small in amplitude and
perturbs the continuum structure slightly. The positions of the window
and peak are, from equations 5.2,20 and 21, at A+® = -F;q/? and

ﬁ/Ql rads s~! respectively. Fig 1iiib shows the ionisation as a
function of detuning where the pulses are Gaussian. For this the
pulses are chosen to be of the same energy as those in the flat pulse
case as it is the total energy that is the main factor in determining
ionisation, Thus the integral over time of the intensity envelopes are
equalised. This is in contrast to previous examples with pulse shapes
where the field envelope areas have been equalised. This is due to the
different processes 1involved in the population movement. In the
bound/bound processes the phase is important which is present only in
the field envelope. In bound/continuum transitions the phases are
unimportant for flat continua and, from equation 5.1,11, the rate of
decay is praportional to the energy. In fig iiib the minimum is partly
destroyed as during the pulse evolution it moves because of its
dependence on Ty, which is time dependent. This is similar to the
effect that pulse shapes have on Stark shifts, as seen in chapter
three, where the two peaks move during the course of the pulse, For
the same reason the peak is much broader as the maximum intensity is
about 2.8 times that of the flat pulse. This means the window maves
from zero out to around 7 MHz and back during the evolution of the

pulse. In modelling the +flat opulses the Stark shifts of the bound
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The Fano profile as the probe power is increased with flat pulses,
M, = 27 Mrads s~*, q = 5 and t = 5 ps,
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Fig 5.3.v
Strong couplings with Gaussian pulse shapes,

Flo = 27 Mrads s-!', Ty = 27 Mrads s~!, g = 5 and t = 5 ps,
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states, which are just constant energy shifts, are ignored. 1In the
Gaussian pulse case it 1is incorrect to do this as the shifts are
dependent upon intensity. However, in experiments performed with noble
gases, [Ness 1984], these shifts are measured to be an order of
magnitude less than the peak +to window spacing, so they are not
included here, These Stark shifts, however, could be very important as
they cause the whale energy axis tao mave oaver the duration af the
-pulse, This has a greater averaging effect than that caused by the
changing M's as the peak could be pushed over the dip at certain
times. This means that this approximation has to be carefully
validated before comparing to experimental results.
9.3.1.2 Strong fields and population trapping

The Fano profile is obtained when the probe laser is very weak,
such that Tot &« 1. However, if the probe laser is increased in
strength, until it 1is comparable with the embedding laser, the
population trapping still occurs. Even for large times and strong
couplings population remains trapped in the bound states, immune to
photoionisation. For equal strength couplings this trapping occurs at
two-photon resaonance, 42 = Q, If the Stark shifts are included then
real two-photon resonance occurs at some other value of 4P, Figs
iva,b,c and d show the destruction of the Fana profile as the
intensity of the ‘probing’ laser 1is increased., In all cases
F': = 27 Mrads s-*, t =93 ps and q =35. In aTo = 0.0027 Mrads s—!
giving a Fano profile., b,c and d have Yo =0.02w, 0.2r and 27 Mrads s-*
respectively, shawing that as Yo is increased to became equal to ¥,
trapping still occurs. For equal gammas half the population is
trapped. If the gammas are naot equal then population trapping occurs
at 4 = (Fo=T:)g/2 with T12/(To+l"1)2 of the population trapped in state
10> and Tols1/(To#T1)2 in 11>, Thus the total population trapped 1is
s /{To+l"y) as shown in appendix 5.B, see Coleman and Knight 1982 and
Beers etal 1975. Thus for very small To all the population is trapped
at A«® = -"yq/2, the result obtained in the previous section, For
equal gammas half the population is trapped at two-photon resonance.
Fig v is the result of using.Gaussian shaped laser pulses., This should
be compared to fig ivd as, apart fronm tﬁe pulse shapes, the parameters
are identical. Again, the energies of the pulses are equalised to
calculate the correct peak intensity valde, and the Stark shifts have

been ignored. This shows that the evolution of the populations off
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Fig 5.3.vi

Papulation trapping with different pulse shapes,
Mo = 0,027 Mrads s~*, "y = 27 Mrads s~*, q = 5 and A=«® = 0,
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resonance apbears to be slower than that for the ‘equivalent’ flat
pulse case. On resonance the final populations are identical to the
flat pulse case, This is for the same reason as that described in
section 3.2.1.1 where the time dependence of the pulse shapes can be
taken out of the TDO matrix, provided that the pulses are of the sanme
shape and the system 1is on two-photon resonance, However, off
resonance the final populations are different, This means that for
unequal sized pulses, which implies that trapping occurs at nan-zero
4-®, the predictions for the flat pulses case cannot be reliably used
for pulsed excitations. Fig via shows the temporal evolution for two
flat pulses, where Toe = Iy = 27 Mrads 8-, g = 5 and the aystem is
two-photon resonant. This «clearly shaows trapping with equilibrium
being reached whilst the pulses are still turned on, as shown 1in
Coleman, Knight and Burnett 1982. Fig vib shows a similar situation
with Gaussian pulses. Again, as in section 3.,2.1.3, the final
populations are identical to those with flat pulses, but the evolution
is different due to the variation in instantaneous opower. This
trapping phenomenon should be compared to that seen in chapter three
with three bound states, in which the intermediate state decays, In
this chapter the intermediate state is replaced by a continuum with
its own implicit decay. The amount o population trapped in the two
remaining bound states is the same for both examples, far flat pulses
only, as Iy ~ Q,%, but in the case with the continuum, the lasers must

be detuned for trapping to occur.

5.3.2 Coherence effects

The previous section shows the effects of having shaped laser
pulses. This generally increases the transform bandwidth as the pulses
are effectively narrower than the ‘equivalent’ flat pulses. However,
the coherence of the fields is always maintained. This section shows
the effect of incoherent lasers. Two extremes occur. Firstly the beams
might be incoherent and totally uncorrelated as in two completely
independent lasers. Or, secondly, the two lasers might be pumped by a
single, incoherent pump in which case they might be very incoherent
but mutually correlated. Of course anything in between could occur
where the beams are only partially mutually coherent. Equatiaon 8 gives
the equation of motion for the amplitudes with the phase terms ¢a(t)

and ¢o(t) included. In the previous section these are set to zero to
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investigate the pulse shape effects., In this section these terms, with
suitahle assumptions about their nature, are included and dealt with
analytically in order to investigate their effect on trapping. In
order to achieve this the density matrix <formalism 1is wused as
partially described in chapter two. This increases the computation
required, needing a four by four time development operator. The reason
for the use of the density matrix 1is that the quantities to be
calculated are the populations. These are the absolute squares of the
amplitudes. As a stochastic term is being included the amplitudes alsa
become stochastic. The expectation value of the populations is not the
same as the absolute gsquare of the expectation value of the

amplitudes. That is
$pas> = Laoici*> # {eiXei*d. 5.3,15
This means that the quantities to be averaged have to be the density

matrix elements and not the amplitudes., The density matrix elements

are given by

pas = cich® 5.3,16
sa that
Pis = CiCi® + ciche, 5.3,17
Thus
poo -iTo rig-i) [(-q-i) 0 Poo
2 2
po1 | = =-i| Tlg=-i) ~i(To+T ) =A%+ (pa=bs) O  Ti-g=i)|| pos | 5.3,18
2 2 2
fio Lt=g=i) 0  =i(To*Ty)+A*®-(ha~$n)  Tig-i) || pio
2 2 2
P 0 r(-gq-i) r(q-i) -ir, I
2 2

where the Stark shift terms have been discarded as in the previous

section., The model used for the noise process in this case is the
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Phase Diffusion Model (PDM), which assumes that the phases ¢a. and ¢
make a randam walk. For this process the ‘velocities’ &. and $b are
both zero mean random variables with Gaussian statistics, It is shown
in Wdadkiewicz 1979 and Fox 1972 that an equation of this type can be
transformed to vyield an equation of motion for the stochastically

averaged density matrix elements. An equation in the fornm

p = [Mo + Myx{t)lp, 5.3,19
where Mo and M, are sure hatrices and x(t) is a stochastic variable
with zero mean and Gaussian white noise statistics, can be written in
terms of the expectation value of p thus

<p> = (Mo + M12¥1<p>, 5.3,20
x(t) is given by 1its correlation functions and having Gaussian
statistics is defined by the first two only, Mo and My can be adjusted
to guarantee that Xx(t) has a zero mean, ie

{x(t)> = 0, 5.3,21a
and the second order correlation function is given by

Cx(tix(t+r)> = 2vd8 (1), 3.3,21b

In this particular example X(t) = g.(t)=du(t), where both ¢. and s

are zero mean Gaussian white noise processes. Thus
CXIEIXCE+T)> = <(falt)=gu(t)) (dalt+T)dnlt+r)d
= 2(Yat¥u-2¥ap)d{t) = 2Y8(1), 5.3,22
where Y. is the bandwidth of laser ¢ and Yas is the cross spectral
bandwidth of lasers a and b [Dalton and Knight 19823, For total mutual

correlation v = 0 and for no mutual correlation Y = Y.+Y,, So egquatian

18 becomes
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Fig 5.3.vil
The Fano praofile with uncorrelated lasers,
To = 0,027 Mrads s—*, Ty = 27 Mrads s~*, g = 5 and t = 3 ps.
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Population trapping with uncorrelated lasers
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Fig 5.3.1ix
Population trapping against detuning for uncorrelated lasers,

FTo = T1 = 27 Mrads s~*, g = 9, ¥ = n/8 Mrads s~*' and t = 1 and 3§ ps.
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(pood -iTo Tig-i) F(-g-i) 0 {pood
2 2
(pord | = -if Tg=1) -i (Totly)-A®=iY 0 Ti-g=i)| [ <po1> |5.3,23
2 2 2
(pro) Tl=g=i) 0 =i({To*Ts)+Aae=iy  T(gq=i) || <prod
2 2 2
pand 0 F(-q-i) F(q-i) -iT, TIPS
2 2

where the angular brackets <> indicate a stochastic average over the
phase fluctuatians. This equation is now soluble using the TDQ methad.

The populations in states 10> and |1> and the ion count are given by

Po = {poo?, 9.3,24a

Py = {p11? 5.3,24b
and

I =1-P, - Po 9.3,24c

respectively. Fig viia, shows the effects of a small cross correlation
bandwidth factor on the Fano minimum. In this example the parameters
are the same as in fig iiia except that ¥ = 0.0ir Mrads s~'. This has
no great effect on the profile and even when ¥ is increased to
n/8 Mrads s-*, as in +fig viib, there is only a small destruction aof
the minimum. When the probe pulse is increased the population trapping
phenomenon is destroyed. This is as seen in figure. viii which shaws
the effects of a bandwidth v = w/B Mrads s-! on the evolution of the
populations otherwise identical to fig vid. Fig ix shows the
ionisation as a function of two-photon detuning for the same
parameters., This clearly shows the increase in ionisation where
trapping was once observed; compare to fig iva, Thus only the relative
phases of the two exciting lasers are important in continuun
excitation. The individual bandwidths have no effect when the

continuum is assumed to be otherwise featureless.
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9.4 Conclusions

This chapter shows some of the effects caused by pulse shapes and
bandwidths when bound states are coupled to continuum states. The
first section shows that the Fermi Golden Rule result, for a bound
state coupled to a flat continuum, is basically correct, and
generalises the result to include the pulse shape. The decay rate
induced 1is proportional to the instantaneous intensity and is
unaffected by any bandwidths. The next section examines the effects on
the Fano profile, produced when a bound state is mixed strongly with
fhe continuum whilst being probed from another bound state. It is
shown that the profile is partially destroyed by both bandwidth and
pulse shape effects. As the position of the peak and window are
intensity dependent it is expected that during the course of a varying
pulse the window moves as a function of two-photon detuning. This
causes an averaging effect but still enables the window and resonance
to be observed, even for Gaussian shaped pulses. Bandwidth effects are
only apparent when there are phase fluctuations between the lasers.
That is, both lasers can Qe incoherent but correlated and no effects
are seen. This situation could occur if the two lasers are
intrinsically coherent but both driven from the same incoherent laser.
Population trapping occurs when.the lasers are of similar coupling
strengths, Unlike the trapping of chapter three, with three bound
states, the two-photon detuning at which the trapping occurs depends
upon the relative intensities, With three bound states trapping always
occurs exactly on two-photon resonance. Cross correlation bandwidths
destroy the trapping when they become comparable to the pulse
ionisation rates., The introduction of pulse shapes complicates the
trapping in a much greater way than for the three bound states type of
trapping. It is shown in chapter three that the pulse shapes do not
affect the final populations if there are no detunings or
phenamenological -decays. As the continuum trapping requires 2
two-photon detuning if the pulses are not identical in strength, the
trapping disappears.

There are few experimental observations of LICS even though the
above analysis shows that pulse shape and bandwidth do not totally
destroy the effects. The most recent experimental evidence is fron
Hutchinsan and Ness 1984 who observe some induced continuum structure

in xenon. This experiment uses a two photon excitation, three photon
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ionisation process to probe the continuum which is modified by another
laser, The probe laser 1is kept fixed in frequency, because af the
initial two-photon excitation process, and the embedding laser is
scanned across the continuum. Fano-like resanances are observed which
are intermediate between the probe resonances, with a window and a
peak, and the equal field resonances, with just a window. The lasers
used in the experiment are also pulsed, the exact shape iz not known
but is Gaussian-like, which, as they are of different caupling
strengths, complicates any fitting of theory to data. The lasers are
known to be noisy, with a bandwidth around ten times the transfornm
width, but the cross spectral bandwidth is not known (both lasers are
pumped from the same source). After the relative coupling strengths
and cross spectral bandwidths are found it should be possible to model

this experiment using the above procedure,
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5.A Product of Principal parts

Consider the praoduct of the two principal parts

P = P P :
(g'=-e") (g=g")

From Fano 1972 this can be written as

P = 1 P - P + 126 (e-e")8(s"'-e"),
(e'-¢g) J{g=-e") (g '-g")

which has been properly resolved inta 1its partial fraction

singular terms. Equation 5.2,12 thus becomes

d(g'=¢g) = b“(s’)b(e)il +

o

Ids"lT.nalz [ 1 P - p + w28 {g=-g")é({e ' ~c")
Y bs'-s) (e-g") (g'=¢")

+ 2(g)z(e’')d8(g’ ' -e")d{e~e")

+ 2(e)d{e-c") P + z{eg')6{e'=-c") P .
{g'=g") {e=-¢e")

After some algebra this gives

§€e'=€) = b*(e')b(e) | TenlZ(n3+z(eg)z(e’'))é(s"~¢)

giving

ib(e) 12 = i .
I Tesl2(w3+2(g)2)
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5.B Trapped populatians

From equations 5.3,12 population is trapped if the real part of g+«
is zero. This is identical to requiring that the imaginary part of oane
of the dressed states energies, obtained by diagonalising equation
9.3,11, is zera, in a similar way to that described in chapter three,
Thus, putting g+« = iE/2, and requiring that E is real, places a

restriction on the values that A*® can take. From equations 5.3,13

ik = -(Po+F1)-iA‘“+%fFo-F;)2-(A‘°)?
2 ' 4

-A‘”(To-F1)+FoF1(1-iq)2§"2 :
So that

Yro+r1)+i(a-=+51 2 2 ([otl)2
2 2

- {422)2 = Tol'1g2 - i42P(To - T1) = 2iqlol.
Equating real and imaginary parts yields
E2 + 2EA*® - Tol1q% = 0
and
(To + T1)E + 2TcA*® + 2qTol: = 0.

The latter equation gives

E = -2lofql +42"°)
(Totl1)

which is then substituted into the former equation to give a quadratic

in A=®,
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(A20)2 - A~5q(To-T1) + q2(To-T1)2 = 0,
4

This has the solution

A*° = qilo-T1) .
2

Substituting this into equations 5.3,12 and taking the limit of large

time gives

£5(taw) = Fs
Fotl

and

ci(téa) = JToly
Tot+Ts

sao that the trapped populations are

Pé = ;2
(To+l1) 2

and

Py, = Toly '
{Totly) 2
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Chapter 6
Summary

6.0 Conclusions

This thesis 1is concerned with the effects of some of the real
processes that occur in laser excitation of atomic transistions. The
main theme 1is the effect that the pulse shape has on the temporal
evolution of the excited system. Many high powered lasers operate in a
pulsed mode where the temporal width of each pulse is of the same
order as other time widths in the system. For these lasers it is
essential, in most cases, to model the laser shape, Most of the cases
dealt with here assume that the tempaoral shape of the pulse is
faussian, or flat topped Gaussian. The method of solution presented
here does not require any particular shapé and those used have been
chosen fairly arbitrarily, although in many cases they are a good
approximation to real laser pulse shapes.

In chapter three an example of where the pulse shape is not
impaortant is given, when a three level system is being resonantly
excited by two pulses of the same shape. This is, however, a fairly
special case, as any detunings, Doppler widths or decays cause the
shape to become important, This chapter also deals with an example
where the ﬁulse shapes are very important. This is in the observation
of Stark effects., [t is shown that, in order to see Stark splittings,
the main pulse should be as flat as passible, Vin order to keep a
constant splitting, and it is beneficial to have the probe of the same
shape as the main pulse. Doppler effects are also investigated in this
chapter, showing that for Doppler widths of the same order as the Rabi
frequencies the relative directions of the two exciting beams becomes
very important [Hodgkinson and Briggs 19771. Thus, if the object is to
excite the upper of the three levels, it is highly advantageous to
have the beams counter-propagating. This produces a temporal evolution
much 1like a damped two-photon excitation. The evalution is damped as
the two-photon Rabi frequency depends on the detuning from the nmiddle
state, This 1is assumed to have a Boltzmann distribution, as the
Doppler detuning is proportional to the velocity, and so there is an
infinite sum of Rabi frequencies which causes a damping effect.

Population trapping [(Radmore and Knight 19821 1is investigated with

149



shaped pulses showing that trapping still exists. This is because of
the requirement that the fields be on two-phaoton resonance. One af the
main conclusions from this chapter is the importance of the pulse
area, the integral aover time af the Rabi frequency, in determining the
effect on the irradiated system. Thus, two pulses of different shape
have similar effects if their pulse areas are equal. They only have
identical effects 1if there are no detunings or decays etc., This is a
maore important parameter than the pulse energy.

In chapter four an experiment performed by Scarl, Hackel, Johnson
and Rushford 1981 is re-modeled, and shot to shot phase and intensity
fluctuations, Doppler and sublevel degeneracy effects are included., It
is felt that the values aobtained for the fitting parameters are more
accurate than those found by SHJR, even though the actual fit of the
theory to the experimental data does not appear to be as gooad.

In chapter five the continuum is explicitly investigated. A flat
continuum when coupled to a bound state causes a decay out of the
bound state proportional to the instantaneous intensity of the
coupling. This 1is an example where the energy of the pulse is more
fundamental than the pulse area, which is more important in
baund/bound transitiaons. If the continuum is not flat, such as when a
bound state, or autoionising state, is coupled into the continuum
clase Hy, then windows or population trapping phenaomena are evident.
The Fano profile is investigated [Fano 19611, where an autoionising
state is probed from another level, when the probe laser is increased
in strength. The effects of pulse shape are also investigated and are
shown to partially destroy the windows in most circumstances. This is
because the position of the window is intensity-dependent and thus
moves during the course of a non-constant pulse. However, when the
pulses, probe and embedding, are of equal coupling strength the
trapping occurs when the pulses are two-photon resonant [(Coleman and
Knight 19823, If the Stark shifts of the bound states are negligible
then this allows the trapping to become independent of pulse shape,
and depend only on the energy of the couplings. Phase fluctuations are
shown to be impaortant only when the lasers are mutually incoherent
{Knight, Lauder, Radmore. and Dalton 19841, causing dephasing and
destruction of the trapping.
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4.1 Further work

Only preliminary results for population trapping with LICS and
pulsed lasers are reported here, and much more work can be done on
this subject. It is shown 1in chapter five that for unequal pulse
strengths trapping occurs off resonance. In chapter three populations
calculated for <constant excitations can only be wused for pulsed
excitations if the system 1is resonant. Thus, the pulse shape s
important in LICS trapping. The experiment by Hutchinson and Ness 1984
involves pulse shapes, coherence effects and a continuum. This is the
subject which will‘continue to be investigated as both the theory and

experiment are at early stages,
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L. Introduction

We conslder particles effusing from an oven through a slit of width
a;, collimated by a secound slit of width a, (> al) at a distance L. The
geometry s shown in figure l. This 1s the usual method of producing a
collimated atomic beam. We wish to calculate the velocity distribution of
the particles in the beam along a line of sight which makes and angle ¢
with the axis of the beam. Apart from special cases this problem does not
appear to have received much attention in the 11terature*. However the
precision obtainable with modern lasers implies that the Doppler motion of
the collimated beam may be the largest source of line broadening in high
resolutlon spectroscopy, and it 1s therefore important to treat it
properly.

In section II we deriye the general expression for the distribution.
This involves an integral which can only be evaluated in terms of simple
functioans for two limiting cases; first for all lines of sight, provided
the slit in the oven (al) is very much smaller than the collimating slit
(az), and secondly, for a;bitrary slit sizes, provided the direction of
observation is normal to the beam axis. Both these cases are met ia
practice, and they are discussed in sections I[II and IV. Some comparison
with experiment is made in section V, and coanclusinas are drawn in section

V1.

II. The Velocity Profile

It is convenient to work in polar coordinates. The velocity
distribution for those atoms effusing out of the oven at point y and moving

with speed v at angle 6 to the beam axis is (Ramsey 1956)

*After this work wvas completed our attention was drawn to Minkowski and B;uck
(1935) who have derived our equation 10. We thank Or. Woodgate for drawing
our attention to this wark.



3 ~v%/24°
P(y,8,v)dy d6 dv = N v'e cos8 dy do dv (1)

where N 13 the normalization, which need not be explicitly given. At atom

moving in this way has a line of sight component vy, given by

v o= sin($-9) (2)
where the geometry s shown in figure 2. Normal viewing corresponds to
(b=00

In order for an atom starting at y to pass through the second set of

slits we must have
< 9 <
€] [ (y) 8 3 (y) (3)

1 1
where tan emax = (5 az-y)/L and tan 8, = - (53, * y)/L. However this is
not the only restriction on 8. The effusion velocity v is aiways positive,

and therefore equation 2 implies that

3
emin < 8 < min(9, emax) for v, 0 (4a)
and
< 4t
<8<l for v, <0 (4p)
There is no negative component of velocity unless ¢ < emax' Putting this
together gives an expression for PL(VL,¢) the normalized line of slight

velocity distribution at angle ¢. After some manipulation it may be

written



/2 48 01n ) ~v2/26%s1n%y
CcoSY sind L
P (v, ,0) = [G(VL) [dy [(cosd + Ye dy
Lk --al/2 siny sin 'y
max(O,@-Smax(y)
' - 2
2172 (emax(yiOZi_ cind —vi/Zczsin"x
+9(=v) [dy 3(3_, (¥)-9) [ (cose T - 5 e dy /R
-a o siny siay
1/2
(5)
where
2 2
(a, +a,) \ (a,~a,)
L L S (6)

(Tt {s a surprising fact that although PL(VL,¢) cannot be obtained in

closed Eorm.f de PL(vL,¢) can be. It 1is, of course, iadependent of ¢
o

since it represeats the total aumber of atoms observed and this does not
depend upon the direction of observation).

This expression was derived on the assumption that 0 < ¢ < n/2.
However it is easy to show that PL(—VL,-¢) = 'P(VL,Q) and therefore
equation 5 can be used for the whole range - n/2 < $ < n/2. Uafortunately
the iategrals cannot, in general, be expressed in terms of simple

functioans. We therefore congsider two special cases.

III. Pinhole Source

If a, << a tﬁen we may let a, > O in equatién S. This i{s the pinhole

1 2 1

source approximation. Under this condition the integral in equation 5 can

be performed (for all ¢). The limit of equation 6 as a, > 0 must also be

taken. The final result is



i 0
) S22
P, (v,18) = [cosof (e 2738 (500 o 2SI Rpaqy
poL Y2n o sina
VZ
- L
2 2
+ [1-0(v ) JeCa-s) & 20 %R (am0)
VZ
vl 22 2 |/
v 2 v, cot(a+d) v, [ coth
+ /-% OLI e 29 sino[ (erfe( L}z S )- erfc(——%f—;——))O(VL)
v .cot(a-¢)
- [1~G(VL)]G(a-¢)erfc(l LLZ p )1} (7)
a

where A = max(0,d-a) and a is defined as a = tan ie @ is the half

2

2L

angle subtended by the collimating slit at the source.
In many cases one is ilnterested in the situation that ¢ is very small;

that is, one is attempting to view the beam normally. In this case it is a

good approximation to ignore the terms im sin¢, and take

v2
- L
2 2
A 1 20 sin " {a+s)
PP(VL’¢<<1) 727 o sina - VL') 0
2
5 1 e 20 sinz(a-¢) v. <0 (85
/2r osina L

where we assume that ¢ < a. We see that the distribution i3 asy=mmetric,

with a 'steep' side for VL < 0 corresponding to a Gaussian full width half



maximum (FWHM) /81ln2 < sin(a-4), and a 'shallow' side corresponding to a
Gaussian FWHM v/81n2 ¢ sin(a+d). Overall the FWHM is therefore

/81ln2c sinacosd =

W = /81n2 o sina

since ¢<<l. Thus, the principle effect of viewing at a small angle to the
beam 1is to distort the shoulders rather than to move the peak. 1If « is
also small so that it {s possible to have a2 < $ << 1, then there is a range

of observation angles for which the above discussion does not apply, and

one has
v2 2
_ L L
2 2 2 2
L 1 2¢"sin (atd) _ 20" sin " (¢~a),
Pp(vL @ <9 << ) /2n0 sina (e & J VL)O
€D

In this case, aot only is the distribution asymmetric, but the peak is
shifted from VL#D. Indeed no negative velocities are observed. We shall
return to this point in section V., We now coansider the other case in which

equation 5 can be further reduced.

IV. Two Slit Collimarion
If we limit ourselves to normal viewing ($=0) then the integratioans
over slit width and angle can be performed in terms of known functions, to

give (taking v to be the veloecity normal to the beam direction)



2 2

~v?26% (r(- &, Lo - - L2y
2 2.2 2 2.2
20°S 26T
Ps(v,al,az) = |v‘e 5 7T 73 (10)
G/ o {(1+s7)° - (1+17) 7%}
where T(- %,x) s an incomplete gamma function and
s Ui AU Sl
2L ’ 2L
This distribution has some remarkable features. First putting ay =a, =a
gives
2
-v /20’2 . vzl'..2
!V]e : F(‘t: )
262 2
Ps(v,a,a,) = 5 5] a (1)
bym o"(1+a”/L%)1?

Surprisingly if FWHM is taken as a criterion of beam collimation this
distribution is narrower than the Gaussian which would be obtained by
letting a, + 0. That 1s, collimation with two equally sized slits is
better than collimation with a pinhole and a slit.

The value of Ps(o,al,az) is easily obtained as

a

1
P (0,a,a,) = , - (12)
ST e [asHE-(ethH T
It is straightforward to show that for a pinhole (al+ 0) and L > a,
a 2 a2
P (0,0,a,) » ! ZE.(I +_2 ) whereas P _(0,a,,a,) > 1 g&.(l + 2 ).
s 2 ame 22 8L’ TR ne 32 212



Thus not oanly is the distribution narrower, but the probability of finding
slow atoms ls comparable in the two cases. (Notice that since the flux
will be larger for the equal slit case, the absolute aumber of slow atoms
will be larger). Flnally we amust consider the behaviour as v > =, We

find

2
2 2 l+S2 _ - v a L (3a )
/2a°( 5 —) 5 2 2
S 3 3 Zc (a -a )
e g S T
P (v > = ap,a,) > 7.1 51 v T3
/2n [(1487) f=(1+1%) 7] S
(13a)
The pinhole limit is
2 2
P (v+0,0,a.) > L vi/2 (13b)
s 2 ,
Y2no €
with £ = a c/(dL + a )%

The exponential term in brackets in équacion 13a will be negligable unless

a, << a,. (For a, = a, it is exactly zero). 1If a, << a, then we have

1 2 1 2 1 2
2 2 1+S2 3.2
-v= /25" ( > ) 243 L7v
1
S 3 -
S 2 4
P (v,a,,a,) = < g [l—e g“a ] (14)
ST [(1+s 2y (147 ;;j M 2
which implies that the second term is ouly negligible for
a
v >> 2 (15)

(215 a,/2L) 2/3(a1L)*



We have writtean equation 15 ian this way because the LHS is the velocity fin
units of the e folding width of the collimated beam. Equation |5 therefore
provides some limit on the use of the pinhole approximation in the wings of
the distribution. If equation 15 is satisfied the 2Zad term In brackets in
equation 13a is negligible, and the pinhole asymptotic form, (equatioa 13b)
is not obtained.

In summary a beam collimated by two slits of finite width has a wmore
complicated velocity profile than the pinhole case. There {s an 'umbral'
reglion, where the collimation is better than is achieved by a pinhole
source, and a 'penumbral' where the collimation {s worse (see fig. 3).
Zquation 15 gives some Indication of where the Eransitton between these two

regions lies. We now turn to the experimental situation.

v. Experiment

In figure 4 we plot the velocity distribution for typical experimental
parameters. Lt is clear that the pinhole approximation is valid (to the
plotting accuracy) ?ver a wide range of oven slit sizes. Thus equation 7
can be used for viewing at non-normal incidence, even for moderate oven
slit sizes. Unfortunately, the only gxperimencs available so far have been
performed with a laser with 65 ~ 83 MHz (FWHM) jitter. Provided this is
much less than the expected Doppler width it is unimportant, but for a
highly collimated beam it can be critical. The precision of the prasent
experiments does not warrant an elaborate least squares fitting procedure;
we are content to demonstrate that the observed profiles are consisteat
with the assumed geometry.

Figure 5a shows the Doppler profile obtained with an oven slit of lmm,
a collimating slit of 10mm and a slit separation of 15mm. Ignoring both

the laser jitter and the possibility of noa—-normal observation the fit to

the profile {n figure 5a implies a FWHM Doppler profile for the ovea of



982 MHz*. This in turn implies an oven temperature of 1753°K which s
lower than expected. The design temperature of the oven is 2000°C. The
possibillity that atoms iLn the edge of the atomic beam are not observed for
some geometric reason must be considered. An oven temperature of 2000°C
coupled with a measured FWHM of 309 4Hz is coasistent with a geometry which
only allows the central 86% of the collimated beam to be observed. We are
not able to explain the discrepancy between theory and experiment in the
wings of the distribution.

Figure Sb shows the profile obtained with an oven slit of lmm, a
collmating slit of 3mm and a slit separation of 17.5 mm. Also shown is the
Doppler profile obtained in a cold cathode lamp. It is {nstantly clear
that the Doppler profile is not only asymmetric, but also that its peak is
shifted Erom the position given by the lamp. Furthermore, the expected
Doppler width is comparable with the width of the laser jltter. the

resultant profile is then a convolutioa of both distributions, ie

Pobs(v,cb) = [dx PL(v—x) Po(x,9) (16)

where PL is the distribution of laser frequencies and PD the Doppler

distribution in the beam (observed at angle $). The measured distribution
is consistent with the following data: viewing angle ¢ = 5°, oven
temperature T = 2000°C and PL the laser frequency jltter is a Gaussian,
FWHM = 83 MHz (standard deviation UL). Uander these conditions PP is

approximately zero for v < 0 and Gaussian oy = doven sin(2¢) for v > 0 (cD

is the standard deviation for the final distribuction, doven the standard

deviation for the oven). The coavolutioa integral Pobs gives

e e e e ——— — e e s e e e e e s e D g e D Y ) o e D e e o e e

*The Doppler profile is given in terms of detuning from line ceatre. This
of course reflects the velocity distribution along the line of sight.



(17)

which has a shift of ~ 46 MHz and FWHM of 134 MHz. The theoretical and

experimental distributions are compared in figure 5.

VI. Conclusions

It is unfortunate that only some preliminary experimental profiles
taken with a nolsy laser are available. This has prevented a precise
comparison between theory and experiment. Nevertheless three important
results emerge from the study. First, and most importantly, the ﬁwo slit
distribution is narrower than the pinhole and slit distribution. Thus it
is possible to improve count rates, and collimation by lacreasing the size -
of the slit in the oven wall. Secondly, the pinhole approximation implias
that there Ls a critical angle a. OQbservatcion within this angle resﬁlcs in
all velocities being observed, whereas observation outside the critical
angle result in only positive velocities. For viawing angle ¢ << | the
major effect of aon-normal observation within the critical angle is to
distort the distribution, without altering its peak position. Thirdly
observation of this distorted distribution with a laser of finite bandwidth
leads to a shift in the peak position. We believe that the second and
third of these effects have been observed. The first effect has not yet

been seen.

10.
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Figure Captions

Figure 1

Figure 2

Figure 3

Figure 4

Figure 5

The collimating slits.

The geometry of the emerging beam. The probability of an atom
emerging from point y with velocity v, in diraction 8 is given

in equation l. The line of sight angle is ¢.

The 'umbral' and 'penumbral' regions. The whole width of slit

a, contributes slow atoms to the umbral region. The penumbral

1

region contains fast atoms.

The velocity distribution for typical experimental parameters.

What is plotted is the distribution of u = v//20 where o is the

standard deviation of the distribution in the oven. Each

distribution is labelled by the values of al, a2 and L. It is

clear that the Gaussian form appropriate for a, +» o is quickly

1

reached.

Comparison between the experimental and theoretical
distributioas discussed in the text. A tracing of the original
oscilliscope photograph and a comparison between this data and
experiment is shown on a more coavenient scale.

(a) The data for a, = lmm, a, = 10mm, L=15mm, Ioven 417 MHz

1 2

(b) The data for a; = lam, a,

and a viewing angle of 5°. This distribution has been

1

3am, L=17.5mm, o = 475 MHz
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convoluted with the Gaussian distribution of the laser jitter
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Abstract. We consider the resonant excitation of the 3868 cm™' J =3 to 26 558 cm™" J =2
transition in uranium. An experiment has already been done by Scarl et al which measures
the upper-state population as a function of laser intensity. We re-analyse these data taking
proper account of the laser’s temporal pulse shape. The effect of the laser bandwidth is
also included in a novel way. We find a fit to the data which gives different values for the
physical parameters from those found by Scarl et al. We draw some general conclusions
for experiments of this type.

1. Introduction

In a recent experiment Scarl et al (1981) have considered the resonant excitation of
the 3868 cm™' J =3 to 26 558 cm™~' J =2 levels of uranium. They used a nitrogen-laser-
pumped dye laser of fixed frequency and pulse length to excite the 26 558 cm ™' level.
This state was then ionised through an autoionising level by a second N, pumped
laser. The ion signal, and hence 26 558 cm™' state population, was measured as a
function of exciting laser intensity. The experimental results show clear evidence of
. Rabi oscillations as a function of field intensity.

Scarl et al (1981) analysed their data by making a series of approximations. They
assumed, first, that the laser’s true Gaussian temporal pulse shape can be replaced by
an equivalent conste nt pulse, and, secondly, that the laser bandwidth can be represented
by an effective detuning. They then obtained a good fit to their data in terms of two
parameters, z,, the reduced dipole matrix element for the transition, and s, the width
of the distribution of shot-to-shot laser intensity fluctuation.

The purpose of this paper is to re-analyse their data using a more realistic description
of the laser. Because they use a pulsed laser, and average over many shots we must
take account of both incoherence due to the variation between different laser shots,
and incoherence whose source is a stochastic fluctuation during the course of a single
shot. The effect of the pulse envelope must also be correctly included. An important
result of the analysis is that by fitting the data of Scarl et al we are able to determine
what part of the measured power spectral bandwidth is due to a variation in shot-to-shot
laser frequency and what component arises from a genuine stochastic broadening of
the single-shot laser linewidth. In analogy to the terminology used in discussing atomic
line shapes we call the former source of broadening inhomogeneous, and the latter
homogeneous.

T Optics Section, Imperial College of Science and Technology, Prince Consort Road, London SW7, England.
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So far as we are aware, this is the first time that an analysis of laser-induced Rabi
oscillations including all these effects has been done. Further, since our results are
different from those of Scarl et al it seems worthwhile to present this analyis.

In § 2 we discuss pulse shape effects. Fortunately the stochastic processes which
give rise to the laser bandwidth can be treated within the same theoretical framework.
In § 3 the sources of inhomogeneous broadening will be considered. These include
shot-to-shot fluctuations, both in laser frequency and intensity, and the broadening
due to the residual Doppler width of the atomic beam.

When all the effects are included the solutions described in § 2 take too long to
form the basis of a least-squares fit. Section 4, therefore, describes an analytic approxi-
mation which we use to extract values for z,, s, etc, from the experimental data. The
exact results of § 2 are then used to compare theory and experiment in § 5, and are
somewhat different from those found by Scarl et al. The source of these differences is
discussed, and some conclusions drawn, in § 6.

2. Upper-state populations with pulsed lasers

The equation of motion of a two level atom excited by a near-resonant pulsed laser
with field envelope E(t) can be written (Sargent et al 1974)

() =(,,2 %wn)(cl(t)) |
Nom) v & e O

V()=d- E(1)/h

where d is the atomic dipole matrix element and A the laser detuning. c,(¢) is the
time-dependent occupation amplitude of level n (=1, 2), and the rotating-wave approxi-
mation has been made, implying that the time development of the field envelope is
much slower than the laser’s optical period. The solution to equation (1) is well known
under the circumstance that V(¢) is time independent, and can be written

(50)- et 1)
ex() Pilive A ) N0

where the initial conditions ¢;(0) and c¢,(0) must be specified. If V(¢)is time dependent,
this is no longer true. However we can take advantage of the fact that equation (2)

provides an approximate solution for small ¢ and write, (with a slight, but obvious
change of notation)

c\(t+6t 1/ 0 3V t
( i ))=[expf(, 0 ()>6t](01( )>. 3)

c(t +681) izV¥(@) A c(1)
Thus by dividing the pulse into sections and using (3) to propagate the solution in
time we are able to solve (1). The exponential in equation (3) is actually the first term
in the Magnus solution to equation (1) (Wilcox 1967). The requirement that (3) be an

adequate approximation is that the second term in the Magnus expansion should be
small in comparison with the first. This implies that 8t must be chosen so that

with

dv
V(t)>» ar ot @)
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which is often a less severe requirement than the perturbative criterion VSt <« 1. Figure
1 shows the pulse envelope and our approximation to it. It may be worth remarking
that our technique gives the exact solution to the stepped pulse. Provided (4) is satisfied
this is an acceptable approximation to the real pulse.

Figure 1. How the pulse is divided. The true Gaussian shape (full curve) is approximated
by the stepped pulse for the numerical calculations. The equivalent flat pulse used in the
analytical calculations is shown as a broken line.

We have written V(t) as a complex function in (1). If we take

V(1) = V(1) exp(id (1)) Q)
and assume that ¢ satisfies the stochastic equation

&4 d¢

— —=f8F

B =BF() Q)

where F is a Gaussian white-noise driving force, so that
(F(t+7)F(1)) = Wa(7) M

then the effect of the stochastic phase ¢ is to give the laser a bandwidth. If 8> 1/7,
where 7, is the pulse length, ¢(¢) is a Wiener-Levy process and this bandwidth will
be Lorentzian, with full width at half maximum of W. Realisations of ¢(?) are easy
to generate from (6) since the differential equation can be solved explicitly (Wax 1954).
Each realisation appears as a time-dependent phase, and introduces no essential
difficulties in the solution of (1). In general terms, the time scale for variation in the
phase is given by the reciprocal of the bandwidth. In all cases we consider, this is
comparable to the pulse length, and therefore the pulse partitioning shown in figure
1 is also adequate for the time dependence of the phase. An average over a large
number of realisations of the stochastic phase reproduces the phase diffusion model
of laser bandwidth. In fact, the number of extra calculations for this averaging is not
very large, since integrals over inhomogeneous broadenings must be done. If each
contribution to the numerical quadrature is calculated with a separate realisation of
¢, the bandwidth is adequately reproduced.
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3. Inhomogeneous broadening and intensity fluctuations

We consider three sources of inhomogeneous broadening. First, shot-to-shot fluctu-
ations in the laser intensity of exactly the type considered by Scarl et al are included.
Secondly we assume that there is a shot-to-shot variation in laser frequency. This
variation contributes to the measured bandwidth. The transverse Doppler motion of
the atoms must also be included. Scarl et al give a value of 56 MHz for the variance
oh of the Doppler width.

We follow Scarl et al and assume that the shot-to-shot intensity distribution is
Gaussian, with mean intensity (I) and width given by oy = s{I). Here s is a fitting
parameter. Explicitly the distribution of intensity I is

2 1 ( (I/(I>—1)2)
= — €X —_— .
[1+erf(1/sv2)] V2mo, 2 52

Pi(I) ®

Scarl et al assume that the normalisation factor 2/(1 +erf(1/5v2)) can be approximated
by unity. For their value of s =0.7 this introduces an error of =8%. Although this is
not large, a concommitant prediction is that s =0.7 implies that the laser fails to fire
once in twelve shots.

Secondly we include a shot-to-shot fluctuation in laser frequency. We assume that
the laser frequency fluctuates around the atomic resonance frequency to give any
particular shot a detuning A. For lack of any other information we assume that this
detuning is Gaussian distributed with variance o. This adds in quadrature to the
Doppler width, so that the total inhomogeneous detuning is distributed as

Py(8)=

— —A%/20%
\/2770A exp( [20%) ©)

with o3 =02+ 0}.
This determines the ion signal in terms of four parameters.
4. An analytic model

We have the four fitting parameters z,, W, o, and s. The observed ion signal N is
given by

N(zo, W, 04, 8) = J dI J dAP,(I)Ps(A)|cx(zo, W, A, I, t > 0)?) (10)

where the important arguments of the amplitude ¢, have been indicated. The brackets
{ ) indicate that an average over realisations of the stochastic phase ¢(f) must be
made and the bar implies that |c,|* must also be averaged over the degeneracy of the
initial level. Since plane-polarised laser light was used this produces no difficulty
because the magnetic substates of the initial level are completely decoupled from each
other. Although the procedure described in § 2 is entirely tractable for determining
the ‘exact’ value of N given its arguments, it is too difficult to use to extract values of
these arguments from a least-squares fit to the experimental data. The source of the
trouble is the calculation of (|c,]?). Consequently we make use of the well known
substitution rule for the Wiener-Levy process (Wodkiewicz 1979) which enables us to
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write (Smith 1978)

(les 2>=%(l + )3; An cxp(unT)) (11)

under the assumption that the true Gaussian pulse can be approximated by a constant
pulse of effective length T. In equation (11) u, are the roots of the cubic

pl(p +3 W)+ A +(u +3W) V2, =0 (12a)
and

5V; — MaM3
A =—2" 12b
l (2= )3 = 1) ( )

with cyclic permutation of the indices for A,, A;. Finally

Vm = CmEcIYZO (I 3)

C,, is the (Clebsch-Gordan) coefficient which determines the fraction of the transition
strength taken by the magnetic sublevel m. Thus

—_— 3

(leofy=7 X , ez, (14)
We determine T and E; by the requirement that the first three moments (0, 1, 2) of
the field envelope are identical for the Gaussian and equivalent constant pulse. This
is in contrast to Scarl et al who require that the first three moments of the power
envelope are identical. Our method has the advantage that the analytic and numerical
results agree exactly for zero detuning and laser bandwidth. This would not be the
case had we used the moments of the power envelope. We get

T=2J60,=10.435ns (15a)
Eg= ‘/mEo (15b)

where o, is the standard deviation of the power envelope (2.13 ns) and E, is the laser’s
peak electric field. This procedure is sufficiently simple that equation (14) can be used
as a basis for a least-squares fit. However it is only useful if the approximations
(equation (15)) are not serious. Figure 2 shows a comparison between the analytic
approximation and the true numerical result for selected values of the fitting parameters.
The agreement is quite good in cases where the bandwidth results from phase diffusion,
but not nearly so good in cases where the bandwidth has an inhomogeneous source.
Fortunately we find overall the best fit corresponds to the former case.

5. Results

Equation (10) depends upon four parameters. However Scarl et al also measure the
total bandwidth (see table 1). This fixes a relationship between W and o,. Unfortu-
nately the way in which the bandwidths add is not simple. Nevertheless, the result of
convoluting a Gaussian and Lorentzian lineshape is the well known Voigt profile (see,
e.g., Sobel’'man 1972). We require that the Lorentzian phase diffusion width, the
Gaussian transform width and the Gaussian inhomogeneous width (o) should all add
to give a Voigt profile Fwam 182.5 MHz. The best fit then implies that the FwaM of



3088 M A Lauder and P T Greenland

08

Fit 140.4

Upper-state population
o
£~

0.1+

] 1
0 S0 100 150 200 250 300 35
Electric field (kV m™"

1 1 ! 1 J

Figure.2. Comparison between the analytic (full curve) and numerical (broken curve)
results for the two fits listed in table 2. For clarity of display 0.4 has been added to the
results for fit 1. The abscissa is the peak electric field (in kV m™') given by the laser.

Table 1. The experimental parameters.

Pulse shape Power spectrum Peak power density
Gaussian Gaussian? 1.55x10°* Wm™2
5.02 ns FWHM 182.5 MHz FWHM

the phase diffusion width should be 136 MHz. The corresponding value of o is 8 MHz
and the other parameters are tabulated in table 2 (fit 1).

In order to compare with the procedure of Scarl et al we also consider the situation
in which all the bandwidths add linearly and the Doppler width is ignored. A
least-squares fit to the data gives fit 2 of table 2. This is essentially the result given by
Scarl et al. We get a somewhat different value for z, because we have fitted moments
of the field envelope rather than power envelope. For the zero bandwidth case we
would find that this implies

zo(Scarl et al) = Gm)"/*z, (this work) (16)

which is still approximately true for the finite bandwidth case. Figure 3 shows the two
fits, normalised to the experimental data. This is an unusual way of presenting theory;

Table 2. The two fits discussed in the text, where the parameters z,, W, o, and s are defined.
2 is the sum of the squares of the difference between the theoretical fit and experimental
points.

2, (pm) W (MHz) o,(MHz) s h

Fit 1 5.57 136 8 0.13 0.06
Fit2 3.15 0 40 0.73 0.004
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Figure 3. Comparison between the two fits and experiment. The experimental points are
from Scarl et al (1981). The two fits are normalised to experiment at the peak, so that
what is actually plotted is N X(theoretical result). The values of N are: fit 1 (—),
N=1.14; fit 2 (----), N=1.12. For these results approximately 16 realisations of the
phase have been used for each point in the inhomogeneous integrations (see § 2). Once
again, the abscissa is the peak electric field of the laser.

normally one would normalise the experiment to the theory if the experimental
measurements are not absolute. Scarl et al do not say if their experimental data are
absolute and we do not assume so. The procedure adopted in figure 3 then displays
both fits on an equal footing¥.

6. Conclusions

The best values consistent with the data given by Scarl et al are z,=5.57 pm,
W =136 MHz and o, =8 MHz, s = 0.13. Under these conditions the standard deviation
per point of the analytic fit is approximately 0.07. The error on the fitting parameters
is more difficult to estimate. However we find that values near zy=4.5, W =95, s =0.23
also fit the data well, (but are inconsistent with the measured bandwidth of the laser,
giving a total width of about 150 MHz). If we assume that the discrepancy between
these values, and our recommended values is characteristic of the error we get:
2o=5.57+£1.0 pm, W=136+45 MHz, 0,=8+8 MHz, s=0.13+0.1. (The shot to shot
fluctuations in detuning are essentially undetermined but less than about 30 MHz
FWHM, or their effect on the fit would be important.)

A few points are worth highlighting. First, an independent measurement of the
value of s would be very valuable if experiments of this type are repeated. Indeed the
explicit form of the distribution of shot-to-shot intensity fluctuation should, if possible,
be determined. In some circumstances this may not be very difficult (Wort 1983).
Secondly a better characterisation of the measured laser bandwidth would be desirable.
If the overall lineshape is indeed a Voigt profile then the separation of the points of
inflection, rather than the FWHM enables the Lorentzian and Gaussian components to
be deconvoluted simply (Stoneham 1972).

1 In the figure caption we give the ratio of experiment to theory.
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Thirdly, we may remark that although our recommended values fit the data less
well than the values given by Scarl et al we believe that they are more correct. The
value of s in particular appears to be realistic, implying a shot-to-shot fluctuation in
intensity of about 30% FwHM about the mean, rather than the 165% fluctuation required
by Scarl et al.

Finally, the analytic model described in § 4 gives a good representation of the
numerical results, particularly in the case where the phase diffusion bandwidth is
dominant. It is especially convenient for this case, since equation (12a) reduces to a
quadratic, for zero detuning.
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Summary
Population initially in a discrete state which is coupled to a smooth continuum
is usually lost by an irreversible decay. The question arises: can we turn off this
decay using coherent superposition states to make the atoms transparent to perturba-
tions? We discuss examples of such “population trapping” inlaser-induced continuum
structure and multichannel multiphoton ionization. We also examine the stability of
trapped states when light field amplitudes and phases fluctuate.

1. Introduction

Population initially in a discrete state |0) which is coupled to a
smooth continuum |E) by an interaction Vg is usually lost by an ir-
reversible decay at a rate

2
F0=§;|V0512 8(E — Eo). (L.1)

The question arises: can we turn off this decay? In this article we discuss
the use of coherent superposition states to turn off decay channels and
to make the atoms transparent to perturbations.

We first consider the three-level lamda system shown in Fig. 1 in
which a laser field of frequency w, and amplitude E, excites a transition
from O to 1, while another laser field of frequency w; and amplitude
E, excites a transition from the other ground state 2 to the common

* Invited lecture presented at the seminar on “Fundamentals of Quantum Optics”
in Obergurgl, Austria, 1984.
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Fig. 1. Excitation of three level system by two laser fields

excited state 1. When the fields are two-photon resonant (8, = 6;), the
coherent superposition excited by approximately equal Rabi frequency
interactions (2, = do1 Ea/h, §p = d1,Ep/h)

1
w(t):%(exp[— iwet]10) — expl[— iw,t]12)) (1.2)

is trapped, immune to photo-excitation [1-22]. The excitation rate R
is, from Fermi’s Golden Rule

2
R~ —;1’|<w(t)1c_1-<Ea+Eb)|1>|2:0. (1.3)

The atom is transparent simply because the fields induce equal but
opposite sign transition moments. This is the origin of the so-called
“dark-line resonances’ observed by Orriols and others [2—6, 13]. The
coherent superposition responsible for this population trapping is ex-
tremely sensitive to the degree of mutual coherence between the two
laser fields £, and E}. Unless the two fields are critically cross-correlated
so that instantaneous frequency fluctuations preserve two-photon reso-
nance, the superposition slowly dephases and absorbs radiation [15—18].

It has been known for many years that windows of zero absorption
occur in the photo-excitation of autoionizing resonances [23]. Such
windows are caused by interference between different quantum mechani-
cal paths to the same final state [24] and certainly fall into the category
of coherence-induced transparencies. Indeed the zeros of absorption are
derived from cancelling transition moments as above. Autoionizing
resonances are fairly immutable and un-tunable, being created by con-
figuration mixing. A laser field can induce resonances in continuum
states which behave much as tunable autoionizing resonances of adjust-
able width [25, 26]. These produce not only resonant enhancements and
excitation windows but also some interesting power-broadening and AC
Stark splitting erfects which are the intense field manifestation of the
low field destructive interference [27—36].

A convenient language in which to describe continuum coupling is
the Fano theory of autoionization [24]. We have used this to discuss the



Making Atoms Transparent: Trapped Superpositions 105

properties of laser-induced continuum structure (LICS). In this article
where we are interested in the role of laser fluctuations, we work instead
in terms of the undressed states 0 and 1. We do, however, retain much of
the descriptive language of Fano theory, especially in the use of a Fano
g-parameter.

Theoretical activity on LICS and autoionizing resonances in strong
fields in the last two years has far outstripped experimental work [37—40].
The coherence effects responsible for LICS are very sensitive to laser
fluctuations and especially to the cross-correlations between probe and
dressing lasers [15—18]. A great deal of theoretical work on the effects
of stochastic incoherences and spontaneous decay on the continuum
structure excitation has been reported [41—50], almost all of this on
autoionizing resonances. Much of this work, especially that on radiative
decay from an autoionizing state to a non-laser field driven lower state
can be accounted for by the simple and obvious substitution of a complex
energy for the energy of the continuum resonance [51]. Inhomogeneous
broadening has been discussed by Haus et al. [52]; the effect of further
continuum absorptions by Andryushin and others [S3—55]; the rotating
wave approximation by Javanainen [56]. The curiously asymmetric AC
Stark splitting and saturation properties of strongly-excited continuum
resonances affect up-conversion; harmonic generation ionization losses
can be minimized by exploiting the population trapping phenomenon

[57, 58]
2. ICS Model and Master Equation Derivation

In our model of the effects of laser fluctuations on LICS, the atom
has two discrete states |0), |1) and a continuum of states | f) (see Fig. 2)

Fig. 2. Excitation of LICS by two laser fields

of opposite parity to |0), |1). The atom, initially in the ground state
[0), interacts with two single mode laser fields a, b of angular frequencies
w,, Wp, polarizations €,, €p and which are initially in coherent states
log), o). By convention wp > w,, the transition frequency w;y, >0,
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and the frequencies w,, w, are assumed to be sufficiently large that
photoionization processes from the states |1), |0) respectively, to con-
tinuum states |f) well above threshold are possible. The laser frequencies
will be taken to satisfy approximately the condition of two-photon
(Raman) resonance w, + wq =~ Wy + w,. We write a, = iil’2 exp(— in[2),
(¢ = a, b), where 7, is the mean number of photons of frequency w,
(¢ = a, b). Ignoring laser fluctuations for the present, the contributions
from the two laser modes to the corresponding classical electric fields at
the atom are given by &g, €. cos w,t, where &g, = 2(hw,/2€,)*? X
X (fis/V)*? and where V is the volume the radiation field occupies. We
take #./V to be finite whilst 7, > oo, V' = oo, Spontaneous emission
processes are ignored. Laser-induced transitions between different con-
tinuum states are also ignored. Interactions between the atom and the
laser modes are treated in the electric dipole approximation. The nonzero
matrix elements of the electric dipole operator u which connect discrete
and continuum states only, are assumed real. -

The part of the overall system of most interest to us here is the
coupled laser-discrete atomic state system. Accordingly, the total Hamil-
tonian (ignoring laser fluctuations) will be written as

H=HS+HB+V (21&)
where
S = E Z (hew; + (n, + $)hw, + (1, + $hwy) X lingny) (ingny|,
i=0,1 ng,np (2.1b)

HP =31 )] (s + (g + Db+ (1 + D)) X | frgng) (g,

f ey 2.1¢)
and
V=—(u Ea+p Ep) 2.1d)
with
E,=i(hw,2e,V) 2 E,(a, —al), c=a,b. 2.1e)

The uncoupled energy eigenstates are |ingny) = |i)|n,)|ny) and |fngng)
=|f)|ng)|n,), where |n) are number states for the mode involved. The
Hamiltonians HS, H? describe the free discrete atomic state-laser mode
system and continuum atomic state-laser mode system. The interaction
V couples the two separate subsystems.

As in our previous work [15, 16], laser fluctuations are treated via
a generalized Wiener-Levy phase-diffusion model in which the laser
spectrum is considered to be Lorentzian. A stochastic term is added to
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the Hamiltonian in the form
Ilsmch = h”a(t)a:aa + h“b(’)a;ab (22)

where ua(f), up(t) are zero-mean Gaussian-Markoff processes which are
delta-function correlated and which represent stochastic frequency fluc-
tuations. Thus

<yc(t)“d(t,)> = 2Acd B(t - t,)’ c, d= a, b’ (2.33)
{ue(t') = 0. (2.3b)

The quantities Agq, App (= 0) are the bandwidths of the two lasers and
the quantity Ay, (= A,,) is the cross-spectral bandwidth (A2, < Ay - Ayy)
which describes correlations between the phase fluctuations of the two
lasers.

The time-independent Liouville equation for the stochastically-aver-
aged density matrix elements [16, 59] (k¥,/=0, 1, f) are

d

i
ar Okngnp;lmgmpy = — 7 (HS +HP +V, O lkngnp;tmgmy

- A(”a — Mg, Np — mb)oknanb;tmamb (2.421)
where
A(Da, Pb) = DaaP?% + AppP3 + 2A,5Pals . (2.4v)

The second (non-Hermitian) term in (2.4a) represents the effect of laser
fluctuations.

Master equations for the density matrix elements Oin,ny,jmemp
(i,j =0, 1) describing the discrete atomic state-laser mode subsystem can
be obtained using projection operator methods developed by one of us
[60]. The unperturbed Liouville operator will be given as the sum of
[HS +HB,...] and the non-Hermitian system Liouville operator repre-
senting laser fluctuations. The system-reservoir matrix elements are

1.
vinanb;fkakb =- ﬁ Ona”b |(E : Ea + E . Eb)l.ﬂcakb>

~ — 3E5 (kg ngrt — Okgymg—1)0kp, np
— 3E0(Bky, ny+1 — Siy, np—1)8kg,ng (2.52)
where the (real) bound-continuum Rabi frequencies are given by
£ = (- 8ol 8o/, (2.5b)

In deriving (2.5) we assume that all n.k,, nzk, of interest are close to
n,, Ap respectively, which follows from the proportionately negligible
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spread of photon numbers associated with fields in coherent states with
large 7.

In view of the slow variation of the above matrix elements with con-
tinuum energy hwy, it follows that the Markoff approximation is valid in
the evaluation of relaxation elements. We then find that the stochastical-
ly averaged discrete-atomic-states-laser modes density matrix elements
- satisfy the master equations (ijlm =0, 1):

d

(‘1; Oinanb;jmamb = - i'[wij + (na - ma)wa + (nb - mb)wb

- iA(na — Mg, Np — mb)}oinanb;jmamb

+ E Finanb,jmamb;lrarb,mSaSb Olrgry;mSySp (2.62)
1’a’b

where the weak coupling Markovian relaxation matrix elements are

Finanb yJmgmpslrgry ,mSaSp

&
) Z ( Vingny, fiak b Virgry, fkakp
=_i

8imb Smrs
wirt (rg — kg)w, + (rp — kp)owp +ie 7m " maSam S

Fkakp
¥
+ Vimgmp, fkakp VUmS,Sp, Fkakp
Wrm + (kg — Sa)wa + (kp — Sp)wp +ie

6i16nara6nbsb) . (26b)

These can be further simplified by using the secular, or rotating-wave
approximation of the second kind [61]. This restricts terms in the sum
in Eq. (2.6b) to those for which wy, + (r; — S;)w, + (ry — Sp)wp =~
>~ Wi+ (Mg — my)wg + (1 —my)ws. In the present work we also assume
that w,, does not approximately equal 2w,, so that the possible direct
two-photon resonant transition |0) + 2w, = |1) via the virtual continu-
um states | f) is not treated here.

The evaluation of the relaxation constants is tedious, if straightfor-
ward. The present restriction to laser frequencies approximately satisfy-
ing the two-photon resonance condition (w, + wy) =~ (wp + w) enables
us to inter-relate many of the relaxation constants. The relaxation
constants ultimately involve the following quantities (a) vf (c=a, b;
i=0, 1), the rate constant for the ionization of state |i) due to laser ¢
(proportional to the intensity /. of laser ¢), (b) 8§, (¢ =a, b) the Stark
shift of transition frequency w;, due to laser ¢ (also proportional to /.)
and (c) €*® and y*® which specify off-diagonal relaxations or complex
two-photon Rabi frequencies [29, 30], (both €%?, ¥*® are proportional

to/1.15). Explicitly,
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¢ — m (Y 5
v =5 2, Eip* 8(ws — wo)
“or

g p(wy = w; + we(Ef)?, (2.72)

o= -3 D (oS )
!

twe Wy —we

1 P P )
+— $r)? +
4 2 (EOf) ((&)fo + We Wyrg — We

gdw,«p(wf)(s f)( ]

wfl + We (.1)"‘1 — W,

Jkl

P P
S wy p(wp)(Ee) (w + ) » (2.70)

ot We  Wrg — We

et (e L
- ofs1f
4 Wwrp Wy Wr — Wy

2
f
P
NZZ ( f0+wa+wf0_wb)
I
P P
—\d 288 ( + ) , 2.7
48 wyr plwp)Egrtis RPN —— (2.70)
T
=3 2 Eirkby dleop — wo)
7
m b
~ 3 Z £ rkor 6(wro — wp)
r
o _ [wo t w, " b
~ EP (wf [w, +wb}) 1r&or, (2.7d)
(") ~v§ve. (2.7¢)

Note that the Stark shift 69y (¢ =a, b) contains both resonant and anti-
resonant contributions; p(wy) is the continuum density of states.
The effective Fano g-parameter is defined by

q =€) (2.8)

and plays a dominant role in the physics of LICS. We again note the
presence of counter-rotating terms in g through €°?. Alber and Zoller [62]
have found such counter-rotating terms can be important when the
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Raman-like coupling responsible for €® contains contributions from low-
lying discrete states; such low-lying states contribute as intermediate
states to €*® but because they are discrete do not contribute to the con-
tinuum loss 7?2 and can only enhance |q|.

If the density matrix elements in (2.6) are written as 0, n, ;j ngvp5, 75705
it can be seen easily that the sets of equations involve coefficients that
do not depend upon #,, 1. They break up into coupled sets, the (n,1,p,05)
set containing elements 0.5, where a=0n,ny; 1n,+ 10, — 1, f=
Ong +pany +pp; 1n,+p, +1n, +pp — 1. This corresponds to the
coupling of states |0n,n,) and |1#n, 171, — 1) via the continuum
states |f n, np — 1). The coupled density matrix elements can be written
in the form

0j(PaPp) X €(NaMp). 2.9

For example Oongny; 17555571, 725755=1 = Oo1(PaPb) X €(ngnp). The initial
conditions along with the choice of 0qo(P.ps) = expli(Gpam +3ppm)]
leads to

C’ij(papb;t=0)=0’ 17]71:0, 0, (2103)
c(ng, np) = I(nglo)? * Knplop)|?. (2.10b)

The atomic factors 0;;(p,p5) then satisfy the optical Bloch equations
2.11):

Ooo Aoo,00 @-D5VYiS  (—q- AV 0
o | __; (- Vs Aoio 0 (—q - DAV
010 (—q-DAV7ird 0 Aio,10 (@ - DAVYind
o1 0 (—q—i)%V'ﬂ’Yg (q—i)%V’)’lll'Yg A
.11
where
Aoo,00 = — (QUpabs) +ih(paps) + I(YE + D)), (2.11a)

i
Agr01 = — (Q(papb) TiA(pa+1,pp — 1)+ 850t 7 (i +78 +78 +'Yg)) )
(2.11b)

A0 = — (.Q(papb) +iA(pa —1,pp +1) = 8)0+ % (Of +v6 +18 +7g)) >

(2.11c)
Ain = — (QUpaPs) +id(pa, pp) + 10V + D). (2.11d)
The quantity Q(p,ps) and the Stark-shifted detuning are defined by

Goo
Go1
O10
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QUPabp) = Pawq T Ppwy, (2.12a)
810 = (W) + Wy — wo — wp) + 8 + 8%. (2.12b)

The condition for two-photon resonance will therefore be 8,5 =0. The
above Bloch equations allow for |0n, ny) = |fn, — 1 np) and |1 n, ny)
~ | fng ny — 1) ionization decay channels ignored in previous work.

We solve the Bloch equations (2.11) in terms of the right (¥;) and
left (Z;) eigenvectors of the matrix A in Eq. (2.11). We write (2.11) as

d .
(—I—IX——IAX (2.13)

where the elements (X; = 040(0, 0) etc.) are
X,
X,
X3
X4

so that AY;=NY; and ATZ;=N\;Z; (where T denotes transpose). We
check that orthogonalization Z['Y; = 8;; and find

X=

Xi(£) = ) ZiXi(0) exp(— iNjF) Y (2.14)
ik

with initial condition

X)=

1
0 (2.15)
0 .

0

The populations X| =0y (Pa=pp=0), Xs4=0y (pa=pp=0) are of
interest to us here. In Fig. 3 we plot the time-evolution of the popula-
tions of the discrete states 0 and 1, X{(f) and X4(#) and the ion proba-
bility Pr =1 — X (t) — X4(¢) versus time. We have taken as input values
those of Fig. 3 of Ref. [30] [¥3=2m,v3=0,v3=0, g=5, 75 =2m,
010 = 0] but with an uncorrelated laser bandwidth factor

A= Aaa + Abb — 2Aab = 77/8.

Whereas when A =0, half the population is asymptotically trapped in a
non-interacting superposition state, in the non-zero laser bandwidth case
we see that the trapping state asymptotically decays away. We have
systematically explored the effects of the relevant parameters in Eq.
(2.11) and will present these results at length elsewhere.



112 P. L. Knight, M. A. Lauder, P. M. Radmore, and B. J. Dalton

—~0
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0 1
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Fig. 3. Time development of bound populations X; and X, of states O and 1 and ion
probability 1— X; — X4 =Py excited by uncorrelated laser fields with parameters
given in the text

-s0 -40  -30  -20  -10 0 10 20 30 40 50
- 8 —
10

Fig. 4. Dependence of ion probability P; on detuning 8,, for weak probe field at
times ¢ =1 and ¢ = 5, other values given in text

In Fig. 4 we plot the ionization probability P; versus detuning &,
for two different times, = 1 and ¢ = 5, for an intense dressing interaction
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-50  -40  -30  -20 -10 0 10 20 30 10 50

610

Fig. 5. Dependence of ion probability P; on detuning 8, for strong coherent probe
field at times # = 1 and ¢ = 5, other values given in text
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6IO

Fig. 6. As Fig. 5 but with uncorrelated laser fields

but weak probe interaction, so that a Fano profile is generated with a
window of small absorption and a large resonant peak. In Fig. 4, we have
chosen v% =2, ¥4 =0, 45=0.01 X 27, ¥3=0, g =5, and a very small
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laser bandwidth factor A =0.005 X 27. We note that the small A has
hardly affected the Fano lineshape; increasing A does begin to destroy
the Fano minimum although it is comparatively insensitive to A. This is
not true when the “probe” field becomes as large as the dressing. In
Fig. 5 we choose a strong, coherent probe and dressing interaction with
¥i=2m,v2=0,v5 =27, v8=0,9=>5, A=0and see the unusual window
behaviour replacing the Fano lineshape of Fig. 4 [30]; when the band-
width factor is increased to A =#/8, retaining 7% = 2w, ¥4 =0, 7§ = 2,
v5=0 and g =5, we see a rapid decay of the window commensurate
with the decay of the nearly-trapped superposition shown in Fig. 3.
Experimental work on the effect of laser bandwidths on LICS has yet
to be reported.

3. Population Trapping in Two-Channel Two-Photon Ionization

The population trapping mechanism in LICS involves a state of zero
width and non-zero energy. The lambda system population trapping
involves a state of zero width but at a zero energy. We have recently
investigated the general problem of two-channel two-photon ionization
in which both mechanisms contribute [63]. In Fig. 7 we show the level

Fig. 7. Level scheme for two-channel two-photon ionization

scheme appropriate, in which a ground-state |0) can be excited by a
laser frequency w, to state |1) or by frequency w, to state |2). Both
(intermediate) states |1) and |2) are coupled to a common photoioniza-
tion continuum. Note that the upper part of the level scheme involves
LICS transitions. We have solved the equations of motion for each of
the states using Fourier transform methods, and find that the dynamics
is governed by three dressed state eigen-energies. Population trapping
occurs when one or more of these dressed states has a vanishing width
(i.e. decouples from the continuum). In Fig. 8 we plot a representative
trio of eigen-energies £, as a function of the detuning of w, from wq.
We have plotted Re Ey +4ImE, to indicate the width, with input
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tn
md

Fig. 8. Dressed state eigen-energics and widths as a function of detuning §, in two-
channel two-photon ionization with parameters given in text

parameters 0 > 1 and 0 = 2 Rabi frequencies 0.75 and 1.0, the photo-
ionization rates from 1 and 2 being 1.0, a zero g-parameter and a resonant
0 — 2 excitation. Note the vanishing widths at the resonance anticrossings.
We have discussed the general conditions for trapping in this system at
length elsewhere [63].
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