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Abstract

T h i s  t h e s i s  r e p o r t s  a t h e o r e t i c a l  a n a l y s i s  of t h e  i n t e n s e - f i e l d  

e x c i t a t i o n  of m u l t i p h o t o n  a t o m i c  r e s o n a n c e s  by p u l s e d ,  f l u c t u a t i n g  

l a s e r  f i e l d s .

A t i m e - d e v e l o p m e n t  o p e r a t o r  t e c h n i q u e  i s  used t o  d e s c r i b e  t h e  

e x c i t a t i o n  o f  t h r e e  l e v e l  a t o m i c  sys te m s by l a s e r  p u l s e s  of a r b i t r a r y  

shape.  The p u l s e s  a r e  d i v i d e d  i n t o  s m a l l  e l e m e n t s  f o r  which t h e  t im e  

d e v e lo p m e n t  i s  d e s c r i b e d  u s i n g  t h e  f i r s t  te rm  i n  t h e  Magnus e x p a n s i o n .  

When sq u a re  p u l s e s  a r e  d e s c r i b e d  i n  t h i s  way, two photon e x c i t a t i o n  

d re s s e d  s t a t e  r e s u l t s ,  c a l c u l a t e d  p r e v i o u s l y ,  a r e  r e c o v e r e d .  These  

e x h i b i t  Rabi o s c i l l a t i o n s  and p o p u l a t i o n  t r a p p i n g .  The system can be 

used t o  show t h e  S t a r k  s p l i t t i n g s  of  t h e  lo w e r  two l e v e l s  by u s in g  -the  

upper  p u l s e  as a p r o b e .  The a to m ic  l i n e s h a p e s  a r e  found to  be m o d i f i e d  

c o n s i d e r a b l y  when t h e  main p u l s e  i s  a l t e r e d  in  shape .

For a s p e c i f i c  exam ple  of  i n t e n s e  l a s e r  e x c i t a t i o n  of an a to m ic  

s y s te m ,  t h e  r e s o n a n t  e x c i t a t i o n  of t h e  3868 cm” 1 J=3 t o  26558  cm- 1  J=2  

t r a n s i t i o n  i n  u ran iu m  i s  c o n s i d e r e d .  An e x p e r i m e n t  has been r e p o r t e d  

which measures t h e  u pper  s t a t e  p o p u l a t i o n  as a f u n c t i o n  of l a s e r  

i n t e n s i t y .  T h i s  d a t a  i s  r e - a n a l y s e d  t a k i n g  p r o p e r  account  o f  t h e  

a to m ic  D o p p le r  w i d t h ,  l e v e l  d e g e n e r a c i e s ,  t h e  l a s e r ' s  t e m p o r a l  p u l s e  

shape and l a s e r  s h o t - t o - s h o t  i n t e n s i t y  and f r e q u e n c y  v a r i a t i o n s .  The 

e f f e c t s  of l a s e r  p h a s e - f l u c t u a t i o n  b a n d w id th  a r e  a l s o  i n c l u d e d .

I t  i s  known t h a t  windows of z e r o  a b s o r p t i o n  occur  i n  t h e  

p h o t o - e x c i t a t i o n  of a u t o i o n i s i n g  c o n t in u u m  r e s o n a n c e s .  A l a s e r  f i e l d  

can be used t o  i n d u c e  r e s o n a n c e s  in  co nt inuum  s t a t e s ,  termed L a s e r  

Ind uced  Cont inuum S t r u c t u r e  ( L I C S ) . Rec ent  e x p e r i m e n t s  on t h e  use o f  

LICS t o  enhance p h o t o - a b s o r p t i o n  have used i n t e n s e ,  f l u c t u a t i n g  l a s e r  

f i e l d s .  The e f f e c t s  of  l a s e r  phase  f l u c t u a t i o n s  a r e  i n v e s t i g a t e d  

p a y in g  p a r t i c u l a r  a t t e n t i o n  t o  t h e  Fano a b s o r p t i o n  p r o f i l e .  The 

W i e n e r - L 6 vy model i s  used t o  model t h e  f l u c t u a t i o n s  and t h e  e f f e c t s  of  

c r o s s - c o r r e l a t i o n  of t h e  l a s e r  f i e l d s  a r e  i n c l u d e d .  Decay c h a n n e l s  

o m i t t e d  in  e a r l i e r  work on L IC S a re  now i n c l u d e d  and a r e  fo u n d  t o  

m o d if y  t h e  p o p u l a t i o n  t r a p p i n g .
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C h a p t e r  1 

O v e rv ie w

1 . 0  I n t r o d u c t i o n

T h i s  t h e o r e t i c a l  t h e s i s  i n v e s t i g a t e s  some of t h e  r e a l  p r o c e s s e s  

i n v o l v e d  i n  m u l t i p h o t o n  e x c i t a t i o n  o f  atoms by p u ls e d  l a s e r s .  Many 

p r e v i o u s  works use i d e a l i s e d  l a s e r  - f i e l d s  and atoms w i t h  f l a t ,  

m onochrom at ic  p u l s e s  and s i m p l e  two o r  t h r e e  l e v e l  a toms.  L a t e l y ,  more 

e f f o r t  has been put  i n t o  m o d e l l i n g  r e a l ,  r a t h e r  than  i d e a l i s e d ' ,  

s y s te m s .  L a s e r s  a r e  n o t  m onoch ro m at ic  and ban d w id th  i s  i n t r o d u c e d  by 

v a r i o u s  d i f f e r e n t  p r o c e s s e s .  N e i t h e r  have th e y  got  c o n s t a n t  o u t p u t  

pow ers .  These e f f e c t s  c o m p l i c a t e  a t h e o r e t i c a l  a n a l y s i s  bu t  s h o u ld  be 

i n c l u d e d  as t h e y  can have i m p o r t a n t  conseq u en ces .  They can be i n c l u d e d  

in  a g e n e r a l  way by u s i n g  n u m e r i c a l ,  r a t h e r  th an  a n a l y t i c a l ,  

t e c h n i q u e s .  D e s c r i b e d  h e r e  i s  a n u m e r i c a l  t e c h n i q u e  which can i n c l u d e  

t h e  above p r o c e s s e s ,  a l t h o u g h  i n  some c a s e s ,  n o t a b l y  t h e  b a n d w id th  due 

t o  phase f l u c t u a t i o n s ,  i t  i s  n o t  o b v i o u s  which model t o  i n c l u d e .  Of 

c o u r s e ,  t h e  g r e a t e r  t h e  number of  p r o c e s s e s  i n c l u d e d ,  t h e  g r e a t e r  th e  

c o m p u t a t i o n a l  p r o b le m .  In  some cases  t h i s  i s  a l i m i t i n g  f a c t o r  and may 

c a l l  f o r  v a r i o u s  s i m p l i f y i n g  a s s u m p t io n s  t o  be made.

The p r o c e s s e s  t h a t  a r e  d e a l t  w i t h  a f f e c t  both t h e  e x c i t i n g  l a s e r  

f i e l d  and t h e  e x c i t e d  a to m s .  The l a s e r  f i e l d  has v a r i o u s  p a r a m e t e r s  

t h a t  a r e  a s s o c i a t e d  w i t h  i t .  In  g e n e r a l  t h e  i n s t a n t a n e o u s  mean 

f r e q u e n c y  i s  a good p a r a m e t e r  t o  s p e c i f y ,  b e in g  u s e f u l  and f a i r l y  w e l l  

d e f i n e d .  How ever ,  t h i s  w i l l  most l i k e l y  v a r y  in  t i m e  due to  

f l u c t u a t i o n s  in  t h e  o p t i c a l  c a v i t y  l e n g t h  caused by v i b r a t i o n s  and 

h e a t  f l u c t u a t i o n s  e t c .  T h i s  causes a f r e q u e n c y  j i t t e r  w h ic h ,  in  p u ls e d  

l a s e r s ,  causes  each p u l s e  t o  have a d i f f e r e n t  mean f r e q u e n c y .  O th e r  

good p a r a m e t e r s  a r e  t h e  p u l s e  l e n g t h  and shape.  The e f f e c t s  t h a t  th e  

shape has on e x c i t a t i o n  i s  one of t h e  main t o p i c s  and w i l l  be 

e x t e n s i v e l y  c o v e r e d .  The d i f f e r e n c e s  between u s in g  CW and p u l s e d  

l a s e r s ,  w i t h  p e rh ap s  f i e l d s  w i t h  t e m p o r a l  e n v e lo p e s  a p p r o a c h i n g  a 

Gauss ian  s h a p e ,  a r e  i n v e s t i g a t e d  showing t h a t  t h e r e  i s  no ' e q u i v a l e n t '  

f l a t  p u l s e  f o r  most p r o c e s s e s .  A s s o c i a t e d  w i t h  t h e  mean f r e q u e n c y  is  

t h e  w i d t h  of t h e  s p e c t r a l  p r o f i l e .  T h i s  can be hard t o  q u a n t i f y ,  or 

d e f i n e ,  as t h e  shape i s  a l s o  v a r i a b l e .  C o n t r i b u t i n g  t o  t h e  s i n g l e  shot  

s p e c t r a l  p r o f i l e  i s  t h e  t r a n s f o r m  w i d t h ,  which can be c a l c u l a t e d  from
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t h e  te m p o r a l  p r o - f i l e ,  and phase  f l u c t u a t i o n  e f f e c t s .  As t h e  te m p o r a l  

w i d t h  i s  i n c r e a s e d ,  i e  t h e  p u l s e  i s  l e n g t h e n e d ,  so th e  s p e c t r a l  w id th  

d e c r e a s e s  and t h e  p u l s e  becomes more m on o ch ro m at ic .  The phase  

f l u c t u a t i o n  b a n d w id th  i s  caused by p ro c e s s e s  such as c o l l i s i o n a l  

b r o a d e n in g  and n a t u r a l  decay  l i f e t i m e  bandw id th  in  t h e  a c t i v e  atoms of  

t h e  l a s e r .  The n a t u r a l  l i f e t i m e  i s  g e n e r a l l y  much s m a l l e r  th an  any 

o t h e r  b r o a d e n i n g  p r o c e s s e s  and can be i g n o r e d .  The c o l l i s i o n a l  

b r o a d e n i n g  i s  caused by c o l l i s i o n s  between a r a d i a t i n g  atom and o t h e r  

b o d i e s ,  such as w a l l s  and o t h e r  atoms. T h i s  causes a s h i f t  in  th e  

en e rg y  l e v e l s  g i v i n g  r i s e  t o  f l u c t u a t i o n s  in  t h e  f r e q u e n c y  of  th e  

e m i t t e d  r a d i a t i o n .  One way o f  m o d e l l i n g  t h i s  s o r t  o f  p ro cess  i s  to  

assume t h a t  t h e  c o l l i s i o n  i s  i n s t a n t a n e o u s ,  and t h e  o n l y  e f f e c t  i s  to  

a l t e r  t h e  phase i n  some j u m p - l i k e  s t o c h a s t i c  way. T h i s  i s  t h e  random 

t e l e g r a p h  s i g n a l  a p p r o a c h .  The model which i s  t o  be used in  t h i s  

t h e s i s ,  when a p p l i e d ,  i s  t h e  phase  d i f f u s i o n  model .  In  t h i s  t h e  phase  

i s  assumed t o  p e r f o r m  a random w a l k ,  w i t h  th e  phase v e l o c i t i e s  b e in g  

Bauss ia n  w h i t e  n o i s e  p r o c e s s e s .  The c o l l i s i o n s  a r e  e f f e c t i v e l y  

c o n t i n u o u s  so t h a t  t h e  phase i s  c o n s t a n t l y  v a r y i n g  in  a w e l l  d e f i n e d ,  

but  s t o c h a s t i c  way. The a m p l i t u d e  of t h e  f i e l d  w i l l  g e n e r a l l y  

f l u c t u a t e  in  a s t o c h a s t i c  way so t h a t  f o r  a p u l s e d  l a s e r  t h e  peak  

i n t e n s i t y  of  each p u l s e  v a r i e s  f r o m  shot  t o  s h o t .  T h i s  p ro c e s s  can be 

averag e d  by assuming a d i s t r i b u t i o n  f o r  t h e  peak pow ers .

The i r r a d i a t e d  sys tem s g e n e r a l l y  have inhomogeneous b r o a d e n i n g s  

a s s o c i a t e d  w i t h  them,  such as D o p p le r  s h i f t s  and c o l l i s i o n a l  

b r o a d e n i n g .  These can be p a r t i a l l y  e l i m i n a t e d  in  t h e  e x p e r i m e n t a l  

t e c h n i q u e ,  bu t  can a l s o  be i n c l u d e d  in  t h e  t h e o r e t i c a l  m ode l .  

D e g e n e r a t e  m a g n e t ic  s u b - l e v e l s  and o t h e r  i n t e r f e r i n g  l e v e l s  cause th e  

s i m p l e  Rabi o s c i l l a t i o n s ,  t h a t  can be p r e d i c t e d ,  t o  be p a r t i a l l y ,  i f  

not  t o t a l l y ,  d e s t r o y e d .

A l l  of  t h e s e  p r o c e s s e s  make i t  g e n e r a l l y  h a r d ,  i f  no t  i m p o s s i b l e ,  

t o  o b s e r v e  e x p e r i m e n t a l l y  any e f f e c t s  p r e d i c t e d  by t h e o r y .  I t  i s  

t h e r e f o r e  n e c e s s a r y  t o  be a b l e  t o  i n c l u d e  t h e s e  p ro c e s s e s  i n  th e  

t h e o r y  such t h a t  any e f f e c t s  s t i l l  r e m a i n i n g  can be found and th e n  

v e r i f i e d  by e x p e r i m e n t .
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1.1  P la n  of t h e s i s  c h a p t e r s

In c h a p t e r  two t h e  p h y s i c s  of t h e  t i m e  e v o l u t i o n  of m u l t i - p h o t o n  

p r o c e s s e s  i s  i n t r o d u c e d .  The method of s o l u t i o n ,  us in g  a t i m e  

deve lo pm ent  o p e r a t o r  t e c h n i q u e ,  i s  d e s c r i b e d  a lo n g  w i t h  th e  

m a th e m a t ic s  i n v o l v e d .  The method i s  b a s i c a l l y  n u m e r i c a l  so t h a t  many 

f e a t u r e s  can be i n c l u d e d  up t o  t h e  l i m i t  of  computer  t i m e  a v a i l a b l e .

C h a p te r  t h r e e  a p p l i e s  t h i s  method t o  th e  s o l u t i o n  of a t h r e e  l e v e l  

system i r r a d i a t e d  by a p u l s e d  l a s e r .  The e f f e c t s  of t h e  p u l s e  shape on 

t h e  te m p o r a l  e v o l u t i o n  and p o p u l a t i o n  t r a p p i n g  a r e  e x t e n s i v e l y  

i n v e s t i g a t e d .  The e f f e c t s  of t h e  m ot ion  of t h e  atoms due t o  D o p p le r  

e f f e c t s  i s  c a l c u l a t e d  showing t h e  d i f f e r e n c e s  between u s in g  c o -  and 

c o u n t e r - p r o p a g a t i n g  l a s e r  beams t o  e x c i t e  t h e  two t r a n s i t i o n s .

C h a p te r  f o u r  i s  an e x t e n s i v e  r e - a n a l y s i s  of  a p r e v i o u s  e x p e r i m e n t  

c a r r i e d  out  i n  u r a n i u m .  The r e - a n a l y s i s  i n c l u d e s  t h e  p u l s e  shape ,  shot  

t o  s h o t  f l u c t u a t i o n s  in  bo th  t h e  mean f r e q u e n c y  and i n t e n s i t y ,  phase  

d i f f u s i o n  e f f e c t s ,  D o p p le r  e f f e c t s  and a to m ic  s u b l e v e l  d e g e n e r a c y .  New 

r e s u l t s  a r e  o b t a i n e d  f o r  t h e  v a l u e s  of  t h e  f i t t i n g  p a r a m e t e r s .

In  c h a p t e r  f i v e  t h e  e f f e c t s  o f  a p h o t o i o n i s a t i o n  cont inuum a re  

i n t r o d u c e d .  P o p u l a t i o n  t r a p p i n g  can occur  i f  two bound s t a t e s  a re  

c oup le d  s t r o n g l y  t o  t h e  c o n t in u u m  a t  t h e  same p o i n t .  T h i s  i s  due to  

t h e  d e s t r u c t i v e  i n t e r f e r e n c e  o f  t h e  a m p l i t u d e s  in  a s i m i l a r  way to  

t r a p p i n g  in  a t h r e e  l e v e l  sys tem  i n v e s t i g a t e d  in  c h a p t e r  t h r e e .  Aga in  

t h e  e f f e c t s  of p u l s e  shape a r e  i n v e s t i g a t e d  a lo n g  w i t h  t h e  i m p o r t a n t  

e f f e c t s  of t h e  r e l a t i v e  c o h e r e n c e  o f  t h e  e x c i t i n g  beams.

At many p o i n t s  d u r i n g  t h e  t h e s i s  t h e  n u m e r i c a l  model i s  compared to  

e x a c t  a n a l y t i c a l  r e s u l t s  o b t a i n a b l e  f o r  c e r t a i n  s p e c i a l  s e t s  of 

c o n d i t i o n s .  T h i s  i s  t o  g i v e  c o n f i d e n c e  in  t h e  r e s u l t s  p r e d i c t e d  when 

no such a n a l y t i c a l  r e s u l t  i s  p o s s i b l e .

Each c h a p t e r  i s  com prised  o f  s e c t i o n s  w i t h  s u b - s e c t i o n s  e t c .  The 

e q u a t i o n s  and f i g u r e s  a r e  numbered s e q u e n t i a l l y  in  each s e c t i o n ,  such 

t h a t  each e q u a t i o n  i s  numbered " c h a p t e r . s e c t i o n , number" and each  

f i g u r e  " c h a p t e r . s e c t i o n . roman n u m e r a l " .  When r e f e r e d  t o  in  t h e  t e x t ,  

i f  t h e  c h a p t e r  and s e c t i o n  numbers a r e  o m i t t e d  then  t h e  c u r r e n t  

c h a p t e r  and s e c t i o n  a r e  assumed. R e f e r e n c e s  and ap p e n d ic e s  a re  

s u p p l i e d  w i t h  each c h a p t e r  and a r e  p o s i t i o n e d  a t  t h e  end of each  

c h a p t e r .  T h r e e  p u b l i c a t i o n s  r e l e v a n t  t o  t h e  work r e p o r t e d  h e r e  a re  

i n c l u d e d  a t  t h e  end of t h e  t h e s i s .
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CHAPTER 2

Method of s o l u t i o n

2 . 0  I n t r o d u c t i o n

In t h i s  c h a p t e r  t h e  b a s i c  f o r m a l i s m  and method of s o l u t i o n  i s  

d e s c r i b e d .  The sys tem s b e i n g  c o n s i d e r e d  h e re  a r e  th o s e  such as an 

atom,  w i t h  a few r e l e v a n t  bound s t a t e s  and maybe a c o n t in u u m ,  

i n t e r a c t i n g  w i t h  a n e a r  r e s o n a n t  r a d i a t i o n  f i e l d ,  u s u a l l y  t h e  f i e l d  

f rom a l a s e r .  The method of  s o l u t i o n  i s  based upon t h e  c a l c u l a t i o n  of  

a Time D evelopm ent  O p e r a t o r ,  g e n e r a l l y  t i m e  d e p e n d e n t ,  which i s  used  

t o  c a l c u l a t e  t h e  m o d i f i e d  s t a t e  o f  t h e  sys te m .  The c a l c u l a t i o n s  a re  

p e r f o r m e d  n u m e r i c a l l y  and t h e  r e s u l t s  a r e  compared t o  some e x a c t  

a n a l y t i c a l  s o l u t i o n s  o b t a i n a b l e  under  s p e c i a l  c i r c u m s t a n c e s .  The 

method i s  th e n  used t o  c a l c u l a t e  s o l u t i o n s ,  f o r  which an a n a l y t i c a l  

method can no t  be a p p l i e d .  T h i s  c h a p t e r  d e s c r i b e s  t h e  method of 

s o l u t i o n  and fo rm s t h e  e q u a t i o n s  n e c e s s a r y  f o r  t h e  f o l l o w i n g  c h a p t e r s .
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2.1 Time development

The t i m e  d e v e lo p m e n t  of a sy s te m  can u s u a l l y  be w r i t t e n  in  t h e  -form

id  I A ( t )>  = T ( t ) I A ( t )>  2 . 1 , 1
dt

where IA <t ) > r e p r e s e n t s  t h e  s t a t e  o-f t h e  sys te m .  T h i s  can be 

c o n s i d e r e d  t o  be a v e c t o r  i n  an N d im e n s i o n a l  H i l b e r t  s p a c e .  The 

H i l b e r t  space  may be an a m p l i t u d e  space or a space made up -from any 

c o n v e n i e n t  c o m b i n a t i o n  of t h e  a m p l i t u d e s ,  eg t h e  b i l i n e a r  c r a s s  

p r o d u c t s .  One of  t h e  p o s t u l a t e s  o-f quantum mechanics  i s  t h a t  a system  

i s  c o m p l e t e l y  d e s c r i b e d  by i t s  s t a t e  v e c t o r  in  a m p l i t u d e  s p ace .  The 

d im en s io n  of t h e  space depends upon t h e  p rob lem and can be i n f i n i t e ,  

such as when a c o n t in u u m  i s  c o n s i d e r e d ,  but  i s  n e c e s s a r i l y  f i n i t e  f o r  

n u m e r i c a l  c a l c u l a t i o n s .  A p ro b le m  i n v o l v i n g  a cont in u u m  can be red u ced  

t o  a f i n i t e  p ro b lem  by a n a l y t i c a l  e l i m i n a t i o n ,  see f o r  example  

W eisskopf  and Wigner  1930 and Loudon 1983.  T h i s  w i l l ,  of  c o u r s e ,  

r e d u c e  t h e  amount of i n f o r m a t i o n  t h a t  can be c a l c u l a t e d  about  t h e  

sys tem .  In  o r d e r  t o  p e r f o r m  c a l c u l a t i o n s  a c o o r d i n a t e  system i s  

r e q u i r e d  w i t h i n  t h e  H i l b e r t  s p a c e .  T h i s  i s  g e n e r a l l y  c o n s t r u c t e d  f rom  

a s e t  of  e n e r g y  e i g e n s t a t e s ,  u s u a l l y  t h e  u n p e r t u r b e d  s t a t e s .  Thus,  

under  t h e  a c t i o n  of a p e r t u r b a t i o n ,  in  t h i s  case t h e  l a s e r  f i e l d ,  th e  

s t a t e  v e c t o r  i s  moved w i t h  r e s p e c t  t o  t h e  chosen a x e s .  The o b j e c t  i s  

t o  f i n d  t h e  p o s i t i o n  of  t h e  v e c t o r ,  as a f u n c t i o n  of t i m e ,  w i t h  

r e s p e c t  t o  t h e s e  a x e s .  T h i s  g i v e s  t h e  a m p l i t u d e s  t o  be i n  each of  t h e  

u n p e r t u r b e d  s t a t e s  a t  a g i v e n  t i m e .

2 . 1 . 1  Time D evelopm ent  O p e r a t o r

For t h i s  pu rp o se  i t  i s  c o n v e n i e n t  t o  c a l c u l a t e  t h e  Time Development  

O p e r a t o r  U ( t ; t o )  w h ic h ,  g i v e n  I A < t  o > >, e n a b l e s  t h e  c a l c u l a t i o n  of  

1A <t ) > .  T h i s  i s  d e f i n e d  f rom

U < t f t o ) I A ( t o ) > = IA < t ) > .  2 . 1 , 2

The o p e r a t o r  U ( t ; t o )  t h u s  r o t a t e s  t h e  s t a t e  v e c t o r  I A ( t )>  w i t h  r e s p e c t  

t o  t h e  chosen c o o r d i n a t e  s y s te m ,  and i f  i t  i s  not  u n i t a r y  i t  a l s o  

a l t e r s  i t s  l e n g t h .  S u b s t i t u t i o n  of t h i s  i n t o  e q u a t i o n  1 g i v e s
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id_ U<tj to) I A<to) > a T <t) U (t j to) I A (to) >. 
dt

2.1,3

T h i s  y i e l d s  t h e  e q u a t i o n  -far U

i d_ U(t? to) = T(t)U(t? t o ) . 
dt

2 . 1 , 4

As T i s  g e n e r a l l y  t i m e  d e p e n d e n t ,  and does not  commute w i t h  i t s e l f  a t  

d i f f e r e n t  t i m e s ,  t h i s  has a n o n - t r i v i a l  s o l u t i o n .  The g e n e r a l  s o l u t i o n  

i s  due t o  Magnus 1954 and can be found in  W i l l e  1982.

and Ti a T <t * ) -

Assuming t h a t  W has been c a l c u l a t e d  i t  th en  becomes n e c e s s a r y  t o  

c a l c u l a t e  e x p ( W ( t ; t o ) >. T h i s  i s  n o n - t r i v i a l  as a l l  powers of W need t o  

be known. How ever ,  i f  a t r a n s f o r m  i s  made t o  t h e  d i a g o n a l  

r e p r e s e n t a t i o n ,  such t h a t

where D i s  t h e  d i a g o n a l  r e p r e s e n t a t i o n , then  t h i s  can be used to  

s u b s t i t u t e  f o r  W. Thus

U(tjto) -  e x p ( W (t ; t o ) >

where

x - 1 y x » d 2 . 1 , 7

U a exp(W> a exp{X D X " 1} 2 . 1,8
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a X exp<D> X-1 2.1,9

as X X“ l a 1. The e x p o n e n t i a l  o f  t h e  d i a g o n a l  r e p r e s e n t a t i o n  D can be 

c a l c u l a t e d  e a s i l y  as a l l  t h e  powers a re  known. In  m a t r i x  

r e p r e s e n t a t i o n  t h e  e x p o n e n t i a l  o f  a d i a g o n a l  m a t r i x  i s  j u s t  th e  

d i a g o n a l  m a t r i x  of t h e  e x p o n e n t i a l s .

The c a l c u l a t i o n  of W i n v o l v e s  a c o m p l i c a t e d  i n f i n i t e  s e r i e s .  Thus,  

e i t h e r  i t  must be t r u n c a t e d  or a p p r o x i m a t e d .  I f  any of t h e  commutator  

b l o c k s ,  eg C C T i , T 2 ] , T s 3 , a r e  z e r o  f o r  a l l  t i m e s  then  t h a t  te rm  and a l l  

h i g h e r  t e r m s  a r e  z e r o .  T h i s  i s  b ecau se  t h e  h i g h e r  te rm s  a lw ays  c o n t a i n  

t h e  e l e m e n t s  of  t h e  p r e v i o u s  t e r m  commutated w i t h  T a g a i n .  So th e  

s e r i e s  s e l f - t r u n c a t e s .  T h i s  t r u n c a t i o n  o n ly  o cc u rs  f o r  s p e c i a l  forms  

of T. The most t r i v i a l  case  i s  when T i s  t i m e  i n d e p e n d e n t .  Under th e s e  

c i r c u m s t a n c e s  t h e  f i r s t  o r d e r  c o m m u ta to r s ,  CTi , T 2 3, a r e  z e r o  f o r  a l l  

t i m e s .  The s e r i e s  t h e r e f o r e  t r u n c a t e s  l e a v i n g  j u s t  t h e  f i r s t  t e r m .  In 

t h i s  case

N(t|to) » -i(t-to)T. 2.1,10

T h i s  i s  a d e q u a te  f o r  ' t o p - h a t '  p e r t u r b a t i o n s ,  where T i s  th e  

H a m i l t o n i a n  and t h e  R o t a t i n g  Wave A p p r o x im a t io n  has been made, see 

s e c t i o n  3 . 1 . 1 .  However ,  t h e  main o b j e c t  of t h i s  t h e s i s  i s  t o  show th e  

e f f e c t s  of u s in g  p u l s e d  p e r t u r b a t i o n s  which a re  not  c o n s t a n t  and in  

which some s o r t  of  a p p r o x i m a t i o n  i s  r e q u i r e d .

2 . 1 . 2  The I n t e r a c t i o n  r e p r e s e n t a t i o n

W i s  an e x p a n s io n  i n  (t-to)(T-To) and co n verg es  more q u i c k l y  i f  

t h i s  q u a n t i t y  i s  s m a l l .  Thus T must no t  v a r y  much o v e r  t h e  i n t e r v a l  

t-to. T h i s  can be a c h i e v e d  by c a r e f u l  s e l e c t i o n  of t h e  c o o r d i n a t e  

sy ste m .  I t  i s  o f t e n  v e r y  a d v a n ta g e o u s  t o  s e l e c t  a c o o r d i n a t e  system  

t h a t  i s  r o t a t i n g  in  t h e  H i l b e r t  s p a c e ,  such t h a t  w i t h  no p e r t u r b a t i o n  

t h e  c o o r d i n a t e s  of  t h e  s t a t e  v e c t o r  a r e  c o n s t a n t .  T h i s  i s  c a l l e d  the  

I n t e r a c t i o n  r e p r e s e n t a t i o n .  In t h i s  c o o r d i n a t e  f r a m e ,  under  t h e  a c t i o n  

of t h e  p e r t u r b a t i o n ,  t h e  s t a t e  v e c t o r  v a r i e s  o n l y  s l o w l y  and i t  i s  

o n l y  n e c e s s a r y  t o  t a k e  t h e  f i r s t  te rm  in  W(tjto). The I n t e r a c t i o n  

r e p r e s e n t a t i o n  i s  found by making a c o o r d i n a t e  t r a n s f o r m ,  o f t e n
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Unitary, within the Hilbert space. Thus

IA < t ) > ■» I A' ( t )  > => R < t ) IA ( t ) >. 2 . 1,11

T h i s  i s  s u b s t i t u t e d  i n t o  e q u a t i o n  1 t o  o b t a i n  t h e  t r a n s f o r m a t i o n  of  

t h e  o p e r a t o r  T.

i !  < R - M t >  I A' ( t )  >> = T ( t ) R - M t )  IA '  ( t )  > 2 . 1 , 1 2
dt

i d_ R“ 1 ( t ) I A ' ( t ) > + i  R- 1  ( t ) d_ I A ' < t ) > = T < t ) R “ M t )  I A ' < t ) >  2 . 1 , 1 3
dt  d t

i !  I A ' ( t ) > » ( R ( t ) T ( t ) R - M t )  -  i  R ( t ) d_ R_1  ( t ) } I A' ( t )  >. 2 . 1 , 1 4
d t  dt

T h e r e f o r e  T t r a n s f o r m s  l i k e

T ( t ) 4 T ' ( t ) *  R < t ) T ( t ) R “ M t )  -  i R <t ) d_ R " M t ) .  2 . 1 , 1 5
dt

A t r a n s f o r m  such as t h i s  can y i e l d  a T ' ( t )  which v a r i e s  s l o w l y  such 

t h a t  o n l y  t h e  f i r s t  t e r m  in  t h e  Magnus e x p a n s io n  need be used.
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2 . 2  Form ing  t h e  e q u a t i o n

Hav ing  g i v e n  t h e  method o f  s o l u t i o n ,  t h e  means by which t h e  i n i t i a l  

e q u a t i o n  i s  c a l c u l a t e d  must be shown. T hat  i s ,  what a re  T ( t )  and 

I A ( t ) > in  e q u a t i o n  2 . 1 , 1 ?

2 . 2 . 1  S c h r o d i n g e r ' s e q u a t i o n

An o b v io u s  example of  an e q u a t i o n  of t h e  r e q u i r e d  t y p e  i s  

S c h r d d i n g e r ' s  e q u a t i o n

i f !  m t ) >  = H < t ) l ? < t ) > .  2 . 2 , 1
dt

T h i s  i s  a l r e a d y  in  t h e  c o r r e c t  fo rm  t o  be s o lv e d  by t h e  above method.  

However ,  i t  i s  no t  a lw a y s  c o n v e n i e n t  t o  use i t  in  t h i s  fo rm .  In some 

cases i t  i s  n e c e s s a r y  t o  use a d e n s i t y  m a t r i x  f o r m a l i s m ,  d e s c r i b e d  in  

s e c t i o n  2 . 2 . 2 .  In  e q u a t i o n  1 l ? ( t ) >  i s  t h e  s t a t e  v e c t o r  in  t h e  H i l b e r t  

space of t h e  a m p l i t u d e s  and H<t> i s  t h e  H a m i l t o n i a n .  In o r d e r  t o  

p e r f o r m  c a l c u l a t i o n s  i t  i s  n e c e s s a r y  to  w r i t e  down t h e  s t a t e  v e c t o r  

and t h e  H a m i l t o n i a n  in  t h e i r  m a t r i x  r e p r e s e n t a t i o n  w i t h  r e s p e c t  t o  th e  

chosen c o o r d i n a t e  sys te m .  T h i s  i s  p e r fo r m e d  in  s e c t i o n  3 . 3 . 1  of  th e  

n ex t  c h a p t e r ,  where a t h r e e  l e v e l  system i s  s o lv e d  u s in g  t h i s  

t e c h n i q u e .

2 . 2 . 2  The d e n s i t y  m a t r i x

Some phenomena a r e  v e r y  hard  t o  model u s in g  t h e  w a v e f u n c t i o n  

a p p r o a c h .  The most u s u a l  exam ple  of t h i s  in ad e q u a c y  o ccu rs  when 

s p onta neous  e m i s s i o n  w i t h i n  t h e  system i s  a l l o w e d .  Spontaneous  

e m is s io n  of one l e v e l  ou t  of t h e  system i s  i n c l u d e d  by making the  

en erg y  l e v e l s  com plex .  T h i s  i s  an a d e q u a te  model f o r  t h i s  t y p e  of  

d ecay .  However ,  i t  i s  i m p o s s i b l e  to  model r e p o p u l a t i o n  of a l e v e l ,  

equal  t o  t h e  decay of t h e  upper  l e v e l ,  i e  no ne t  l o s s  or g a i n ,  and 

keep t h e  e q u a t i o n s  l i n e a r  CSmith 1 9 7 8 ,  A c k e r h a l t  19813 .  The i n c l u s i o n  

of t h i s  t y p e  of i n t e r n a l  decay  i s  o n l y  p o s s i b l e  i f  t h e  d e n s i t y  m a t r i x  

e l e m e n t s  a r e  used i n s t e a d  of t h e  a m p l i t u d e s .  However ,  t h i s  has the  

d i s a d v a n t a g e  of i n c r e a s i n g  t h e  s i z e  of t h e  p ro b le m .  The e le m e n ts  of 

t h e  d e n s i t y  m a t r i x  a r e  g i v e n  by
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ai *a jPi j 2 . 2, 2

where a A a r e  t h e  a m p l i t u d e s .  Thus,  f o r  a t h r e e  l e v e l  prob lem t h e r e  a r e  

n i n e  d e n s i t y  m a t r i x  e l e m e n t s .  The d i a g o n a l  t e r m s ,  i e  p n  a r e  t h e  

p o p u l a t i o n s  t o  be i n  s t a t e  i i >  and t h e  p h e n o m e n o lo g ic a l  decay i s  easy  

to  model bacause  p o p u l a t i o n s  d e c a y i n g  -From s t a t e  l i >  t o  s t a t e  l j >  can 

be i n s e r t e d  by p u t t i n g

fin •» f i n  -  T p n  2 . 2 , 3 a

f l j j  fij j  + r p n  2 . 2 , 3 b

where r  i s  t h e  decay  c o n s t a n t .  T h is  o b v i o u s l y  keeps t h e  t o t a l  

p o p u l a t i o n  c o n s t a n t  as

Jfiii = 0 .  2 . 2 , 4
i

Knowledge o-f t h e  t i m e  dependence  of t h e  a m p l i t u d e s  at in  te rm s  of  t h e  

o t h e r  a m p l i t u d e s  i s  enough t o  be a b l e  t o  c a l c u l a t e  t h e  t im e  dependence  

of p u .  D i f f e r e n t i a t i o n  o f  e q u a t i o n  2 y i e l d s

f i i j  *  a i * a j  + a i * a j .  2 . 2 , 5

T h e r e f o r e  t h e  e q u a t i o n  f o r  t h e  d e n s i t y  m a t r i x  e le m e n t s  can be w r i t t e n  

in  t h e  same form  as e q u a t i o n  1 and t h e r e f o r e  s o lv e d  u s in g  t h e  method  

p r e v i o u s l y  d e s c r i b e d .  The use of  t h e  d e n s i t y  m a t r i x  approach  i s  d e a l t  

w i t h  i n  c h a p t e r  f i v e  where i t  i s  a p p l i e d  t o  a two l e v e l  system and a 

c o n t in u u m .  In  t h i s  case  t h e  d e n s i t y  m a t r i x  i s  used in  o r d e r  t o  a v e r a g e  

out  some phase n o i s e  e f f e c t s  b e f o r e  t h e  e q u a t i o n s  a r e  s o l v e d .
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2.3 The solution

In e q u a t i o n  2 . 1 , 1  i t  i s  assumed t h a t  t h e  i n t e r a c t i o n  T ( t )  i s  t i m e  

d ep en d en t  which means t h a t  t h e  TDG, U(t;to), i s  a l s o  t im e  d e p e n d e n t .  

T h is  t i m e  dependence i s  re d u c e d  by choos in g  a r o t a t i n g  -frame such t h a t  

t h e  p e r t u r b a t i o n  i s  o n l y  s l o w l y  v a r y i n g .  T h i s  means t h a t  o n l y  t h e  

■ f i r s t  te rm  in  t h e  Magnus e x p a n s i o n  i s  r e q u i r e d  t o  c a l c u l a t e  t h e  TOO, 

so t h a t

fc
U ( t | to) 3 e x p { - i  [ t ' ( t ' ) d t ' > 2 . 3 , 1

F ig  i shows an example o-f a G au ss ia n  p e r t u r b a t i o n  w i t h  i t s  ' b l o c k e d '  

p u l s e  of N 3 20 b l o c k s .

F i g  2 . 3 . i

A G auss ian  p u l s e  and i t s  ' b l o c k e d '  e q u i v a l e n t ,  w i t h  20 b l o c k s .

The ' b l o c k e d '  p u l s e  i s  t h e  a c t u a l  p e r t u r b a t i o n  used in  t h e  s o l u t i o n ,  

and f o r  i n c r e a s i n g  N p r o v i d e s  a good a p p r o x i m a t i o n  t o  t h e  r e a l  p u l s e .  

The f i r s t  te rm  i n  t h e  Magnus e x p a n s io n  i s  t h e  a v e r a g e  v a l u e  of T ' ( t ) ,  

o ver  t h e  i n t e r v a l  to t o  t ,  m u l t i p l i e d  by t h e  t i m e  s t e p ,  t  -  to. T h is  

a p p r o x i m a t i o n  i s  e q u i v a l e n t  t o  s o l v i n g  t h e  e q u a t i o n s  u s in g  t h e  b lo c k e d  

p u l s e ,  which can be done e x a c t l y  as each b lo c k  i s  t i m e  i n d e p e n d e n t .  

The TOO i s  c a l c u l a t e d  f o r  each b l o c k  and i s  then  used t o  o b t a i n  t h e  

s t a t e  of t h e  system a t  t h e  end o f  t h a t  b l o c k ,  g i v e n  t h e  s t a t e  a t  th e  

end of  t h e  p r e v i o u s  b l o c k .  T h i s  p r o c e d u r e  i s  c o n t i n u e d  u n t i l  t h e  end 

of t h e  p u l s e  i s  r e a c h e d .

In t h e  n e x t  c h a p t e r  a t h r e e  l e v e l  system i s  s o l v e d ,  u s in g  th e
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S c h r b d i n g e r  e q u a t i o n ,  i n t e r a c t i n g  w i t h  v a r i o u s  p u l s e  s h ap es ,  i n c l u d i n g  

a Q auss ian  p u l s e .

F i g  2 . 3 . i i

A G auss ian  ' b l o c k e d '  p u l s e  w i t h  400 b l o c k s .

In  some of t h e  exam ples as many as t h r e e  or f o u r  hundred t i m e  s te p s  

a r e  t a k e n  a t  which p o i n t  t h e  b l a c k e d  p u l s e  i s  h a r d l y  d i s t i n g u i s h a b l e  

f rom t h e  r e a l  p u l s e ,  see f i g  i i .

The f o l l o w i n g  c h a p t e r s  d e s c r i b e  exam ples of t h e  use of the  

p r e v i o u s l y  d e s c r i b e d  method when a p p l i e d  t o  two and t h r e e  l e v e l  

systems and a two l e v e l  sys tem  i n t e r a c t i n g  w i t h  a co n t in u u m .
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CHAPTER 3

P u ls e  shape e f f e c t s  i n  a t h r e e  l e v e l  system

3 . 0  I n t r o d u c t i o n

The p r e v i o u s  c h a p t e r  o u t l i n e s  t h e  use of t h e  Time Development  

O p e r a t o r  in  t h e  s o l u t i o n  o f  sys tem s under  t h e  e f f e c t s  of t im e  

dependent  p e r t u r b a t i o n s .  In  t h i s  c h a p t e r  t h i s  method i s  a p p l i e d  to  

v a r i o u s  t h r e e  l e v e l  system s i n  o r d e r  t o  f i n d  t h e  t i m e  d e v e lo p m e n t  of  

t h e  p o p u l a t i o n s  t o  be in  each of t h e  t h r e e  l e v e l s .  E x p e r i m e n t a l l y  th e  

p o p u l a t i o n s  can be o b s e rv e d  i n d i r e c t l y  by l o o k i n g  a t  sp onta neous  decay  

f rom t h e  r e q u i r e d  l e v e l s .  The amount of  r a d i a t i o n  f rom t h i s  decay  i s  

p r o p o r t i o n a l  t o  t h e  p o p u l a t i o n  i n  t h e  d e c a y in g  s t a t e .  T h i s  a l l o w s  th e  

i n s t a n t a n e o u s  p o p u l a t i o n s  t o  be d e t e r m i n e d .  A l t e r n a t i v e l y  th e  

p o p u l a t i o n  i n  t h e  e x c i t e d  s t a t e  may be o b serv ed  by m o n i t o r i n g  

p h o t o i o n i s a t i o n  y i e l d  m easu re m en ts .  T h i s  i s  p o s s i b l e  i f  o n l y  th e  

p o p u l a t i o n  in  t h e  upper  s t a t e  i s  r e q u i r e d ,  o t h e r w i s e  t h e  i o n i s a t i o n  

y i e l d  i n c l u d e s  t h e  p o p u l a t i o n  f rom a l l  of  t h e  h i g h e r  s t a t e s .

The t h r e e  l e v e l  sys tem  has been e x t e n s i v e l y  s t u d i e d ,  see f o r  

example W h i t l e y  and S t r o u d  1 9 7 6 ,  b u t  m o s t ly  under  t h e  i n f l u e n c e  of  

c o n s t a n t  p e r t u r b a t i o n s  or  v e r y  s p e c i a l  f u n c t i o n a l  dep en d en ces ,  f o r  

example Thomas 1983 and r e f e r e n c e s  w i t h i n .  In  t h i s  c h a p t e r  t h e  e f f e c t s  

of  p u l s e  shape on t h e  t e m p o r a l  e v o l u t i o n  of  t h e  p o p u l a t i o n s  a re  

c a l c u l a t e d ,  n u m e r i c a l l y  a n d / o r  a n a l y t i c a l l y .  P o p u l a t i o n  t r a p p i n g  in  

t h r e e  l e v e l  sys tem s has been b o th  p r e d i c t e d ,  Radmore and K n i g h t  1982 

and Swain 19 8 2 ,  and o b s e r v e d ,  G r a y ,  W h i t l e y  and S t ro u d  1978 and 

r e f e r e n c e s  w i t h i n ,  and t h e  e f f e c t s  of th e  p u l s e  shape on t r a p p i n g  are  

i n v e s t i g a t e d  i n  s e c t i o n  3 . 2 . 1 . 3 .  Two-photon  r e s o n a n t  e x c i t a t i o n  can be 

enhanced by t h e  use of c o u n t e r - p r o p a g a t i n g  e x c i t i n g  beams in  the  

p re s e n c e  of D o p p le r  e f f e c t s ,  see Hodgkinson and Wort 1981.  S e c t i o n

3 . 2 . 2  shows r e s u l t s  u s i n g  t h e  TDO method f o r  c o -  and 

c o u n t e r - p r o p a g a t i n g  beams and w i t h  f l a t  and p u ls ed  l a s e r s .  In  s e c t i o n

3 . 3  i m p o r t a n t  p u l s e  shape e f f e c t s  a r e  p r e d i c t e d  in  t h e  o b s e r v a t i o n  of  

S t a r k  s p l i t t i n g s ,  where a two l e v e l  system i s  e x c i t e d  by a p u ls ed  

l a s e r  and a pro be  p u l s e  i s  used t o  e x c i t e  t h e  p o p u l a t i o n  in  the  

combined a t o m / f i e l d  s t a t e s  i n t o  a t h i r d  l e v e l .  Many e x p e r i m e n t s  have  

been c a r r i e d  ou t  on S t a r k ,  o r  A u t 1e r - T o w n e s , e f f e c t s ,  f o r  example Gray  

and S t ro u d  1978 ,  D e l s a r t  e t a l  1981 and F i s k  e t a l  1984 ,  b u t ,  a g a i n ,
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t h e s e  a r e  m o d e l l e d  u s in g  f l a t  p e r t u r b a t i o n s .  Nayfeh and Nayfeh 1979 

a l l o w  s l o w l y  v a r y i n g  p u l s e s  and g i v e  an a n a l y t i c a l  s o l u t i o n  when th e  

m id d le  l e v e l  i s  f a r  o f f  r e s o n a n c e  w h i l s t  G reen la n d  1985 g i v e s  r e s u l t s  

f o r  a r b i t r a r y  p u l s e  shape w i t h  a t o t a l  e n v e lo p e  a r e a  o f  g r e a t e r  than  

1 On.
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3 . 1  S o l v i n g  t h e  t h r e e  l e v e l  system

The t i m e  e v o l u t i o n  and s p e c t r a  of a g e n e r a l  t h r e e  l e v e l  sys te m ,  see  

•fig i ,  can be d e s c r i b e d  by a v a r i e t y  o-f methods.  The s p e c i f i c  method 

used depends upon t h e  v a l u e s  of t h e  p a r a m e t e r s ,  such as t h e  Rabi  

f r e q u e n c i e s ,  d e t u n i n g s  and d e c a y s ,  w i t h  c e r t a i n  s e t s  a l l o w i n g  e x a c t  

a n a l y t i c  s o l u t i o n s  t o  be o b t a i n e d .

F ig  i a  shows a l a d d e r  c o n f i g u r a t i o n  w h i l s t  i b  shows a lambda  

c o n f i g u r a t i o n .  These a r e  m a t h e m a t i c a l l y  i d e n t i c a l ,  a p a r t  . f r o m  s ig n  

c o n v e n t i o n s ,  and so t h e r e  i s  no need t o  d i f f e r e n t i a t e  between t h e  two  

in  any s o l u t i o n .  Each t r a n s i t i o n  i s  e x c i t e d  by a n e a r l y  r e s o n a n t  l a s e r  

f i e l d  which can have e i t h e r  a c o n s t a n t  or  s l o w l y  v a r y i n g  e n v e l o p e .  The 

c o n d i t i o n s  imposed upon t h e  t i m e - s c a l e s  and o t h e r  p a r a m e t e r s  a r e  

d e s c r i b e d  f o r  each p a r t i c u l a r  method of s o l u t i o n .  I 0 > ,  l l >  and I2 >  a r e  

t h e  en e rg y  e i g e n s t a t e s  of t h e  u n p e r t u r b e d  sys tem ,  w i t h  e n e r g i e s  f u 0 , 

f iui and ftU2 r e s p e c t i v e l y .  The l a s e r s  a r e  de tuned  f rom t h e  t r a n s i t i o n  

f r e q u e n c i e s  by amounts d i  s -  Uui and A2 a 02 -  Ui -  Wu2 which  

a r e  assumed t o  be much l e s s  t h a n  t h e  l a s e r  f r e q u e n c i e s  Wi_i and Wi_2 . 

Damping can be i n t r o d u c e d  p h e n o m e n o l o g i c a l l y  by t h e  t r a n s f o r m a t i o n  of 

t h e  e n e r g i e s  f rom r e a l  t o  c o m p le x .  T h is  i s  an a d e q u a te  model f o r  

e f f e c t s  which cause p o p u l a t i o n  l o s s  f rom t h e  sys tem ,  Yo, Yi and y2 , 

such as i o n i s a t i o n ,  bu t  i s  i n a d e q u a t e  f o r  decays w i t h i n  t h e  sys te m ,  

t 10 and Y2 1 , such as sp o n tan eo u s  e m is s io n  f r o m ,  s a y ,  l e v e l  2 t o  1. The 

fo r m e r  case can be m o d e l le d  by k e e p i n g  t r a c k  of t h e  t h r e e  a m p l i t u d e s

a) t h e  l a d d e r  system b) t h e  lambda system

F i g  3 . 1 . i

The two c o n f i g u r a t i o n s  f o r  a t h r e e  l e v e l  sys tem .
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t o  be in  each of t h e  l e v e l s .  The l a t t e r  case r e q u i r e s  t h e  d e n s i t y  

m a t r i x  a p p r o a c h ,  where t h e  n i n e  b i l i n e a r  c r o s s  p r o d u c t s  o-f t h e  

a m p l i t u d e s  need t o  be c a l c u l a t e d .  O b v i o u s l y  th e  fo rm e r  s o l u t i o n  i s  

p r e f e r a b l e  as i t  d e c r e a s e s  t h e  s i z e  of t h e  p ro b le m ;  in  t h i s  case i t  i s  

of o r d e r  t h r e e  compared t o  t h e  o r d e r  n i n e  d e n s i t y  m a t r i x .  In t h i s  

c h a p t e r  t h e  fo r m e r  s o l u t i o n  w i l l  be used so t h a t  o n l y  e x t e r n a l  decays  

a r e  a l l o w e d .

3 , 1 . 1  The H a m i l t o n i a n  in  t h e  S c h r o d i n g e r  P i c t u r e

The method used in  t h i s  c h a p t e r  t o  d e s c r i b e  t h e  e v o l u t i o n  of  t h e  

t h r e e  l e v e l  system i n v o l v e s  t h e  c a l c u l a t i o n  of  t h e  TDO f o r  t h e  

a m p l i t u d e s  t o  be in  each of t h e  t h r e e  u n p e r t u r b e d  en erg y  e i g e n s t a t e s .  

The i n i t i a l  e q u a t i o n  used i s  s i m p l y  S c h r t i d i n g e r ' s  e q u a t i o n

H I ?> » ifid. I ¥ > .  3 . 1 , 1
d t

Thus t h e  method used i s  t h a t  d e s c r i b e d  i n  t h e  p r e v i o u s  c h a p t e r  a p p l i e d  

t o  t h e  H a m i l t o n i a n  and t h e  s t a t e  v e c t o r  i n  a m p l i t u d e  s p a c e .  The 

H a m i l t o n i a n  f o r  t h e  t h r e e  l e v e l  sys tem ,  w i t h  r e s p e c t  t o  t h e  

u n p e r t u r b e d  en e rg y  e i g e n s t a t e s ,  can be w r i t t e n  as

H

 ̂ ft w o — y_o i * E_i 0 

-  y_i o • E_i f  w i -  Mi 2 • £.2 
0 -£J_2 1.E.2 fUi>2

3 . 1 , 2

where j  i s  t h e  d i p o l e  m a t r i x  e le m e n t  between s t a t e s  l i >  and l j > ,  

th u s  jji j  = < i l y j j > .  T h e r e  i s  no l o s s  of g e n e r a l i t y  in  t a k i n g  t o  be 

r e a l ,  so t h a t  j  = j j j i .  I t  i s  assumed t h a t  t h e  -f i e 1 E_i, w i t h

f r e q u e n c y  Ul i , o n l y  c o u p l e s  s t a t e s  I0> and l l > ,  and f i e l d  E_2 ,

f r e q u e n c y  Ui_2 , o n l y  c o u p l e s  s t a t e s  !1> and 12>.  T h i s  i s  t r u e  i f

IOt_ 1 -  Ot_2 l  ̂ 1 / x , where t i s  t h e  s m a l l e s t  t i m e - s c a l e  of t h e  p r o b l e m .  

The i n t e r a c t i o n  e n e rg y  “U..E i s  t h e  en e rg y  of a d i p o l e  £  i n  an 

e l e c t r o m a g n e t i c  f i e l d .  The i n t e r a c t i o n  w i t h  t h e  m ag n e t ic  f i e l d  i s  

i g n o r e d  as i t  i s  s e v e r a l  o r d e r s  of m agn i tude  l e s s  than t h a t  w i t h  t h e  

e l e c t r i c  f i e l d .  The r a t i o  o f  t h e  m ag n i t u d es  of  t h e  i n t e r a c t i o n s  i s  

g iv e n  by t h e  f i n e  s t r u c t u r e  c o n s t a n t  * 1 /1 3 7  CWoodgate 19703. The 

h i g h e r  m u l t i p o l e  te rm s  can be i g n o r e d  i f  t h e  s i z e  of t h e  system i s
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much l e s s  th an  t h e  d i s t a n c e  o ver  which  t h e  H e l d  v a r i e s ,  which i s  j u s t  

t h e  w a v e l e n g t h .  In  t h e  case of o p t i c a l  r a d i a t i o n  and n o r m a l ,  

n o n - R y d b e r g ,  atoms t h e  w a v e l e n g t h  i s  of t h e  o r d e r  of  500 nm, compared  

w i t h  t h e  a to m ic  s i z e  of about  1 nm. P h e n o m e n o lo g ic a l  damping o u t  of  

t h e  system can be i n t r o d u c e d  by making th e  e n e r g i e s  of t h e  s t a t e s  

com plex .  T h i s  i n t r o d u c e s  a decay  o u t  of each s t a t e  p r o p o r t i o n a l  t o  th e  

p o p u l a t i o n  i n  t h a t  s t a t e .  The f i e l d s  a r e  assumed t o  have e n v e l o p e s  

which v a r y  much s l o w e r  t h a n  t h e  c a r r i e r  f r e q u e n c i e s .  In  t h i s  

p a r t i c u l a r  c h a p t e r  none o f  t h e  f i e l d  p a r a m e t e r s  a r e  a l l o w e d  t o  v a r y  

s t o c h a s t i c a l l y .  The f i e l d  i s  g i v e n  by E i ( t )  = E i ( t )  c o s ( u L i t ) ,  where  

Uui i s  c o n s t a n t  and Ei  ( t )  i s  a s u r e  f u n c t i o n .  The H a m i l t o n i a n  can now 

be w r i t t e n  as

U o - i Y o  ~ U i . E i C OS ( Ii)l  i  t ) 
2 ft

\

H 3 f> - jji . E i cos ( u i . i t )  M i - i X i  - i>2 . E2 C0 S (tft_2 t ) 
h 2 ft

' 0 - JJ2 . E2 COS <UL2 t  ) U2 “ i X?
ft 2

3 . 1 , 3

where ^  ■ juoi and JJ2 = JU1 2 . The H a m i l t o n i a n  i s  now t r a n s f o r m e d  t o  a 

r o t a t i n g  f r a m e ,  f o l l o w i n g  t h e  p r e v i o u s  c h a p t e r ,  u s in g  t h e  t r a n s f o r m

T

e x p ( i u u i t ) 0 0

0 1 0

0 0 exp ( - iw i_ 2 t )

3 . 1 , 4

Thus

- f l i  < t )  
2

0 \

H' = fi - Q i < t )  
2 Ai-iXi2

- f l 2 ( t )
2

2
“ i X22 j

3 . 1 , 5

The R o t a t i n g  Wave A p p r o x i m a t i o n  <RWA) has now been made, see f o r  

example S a r g e n t ,  S c u l l y  and Lamb 19 7 4 .  T h is  a l l o w s  t h e  terras v a r y i n g
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a t  t w i c e  t h e  o p t i c a l  f r e q u e n c y  t o  be i g n o r e d  as t h e y  a v e r a g e  ou t  a f t e r  

a few o p t i c a l  p e r i o d s .  The Rabi f r e q u e n c y  [ A l l e n  and E b e r l y  19753 i s  

i n t r o d u c e d  Q i ( t )  3 jji . Et ( t ) / f .  The t r a n s f o r m a t i o n  T i s  u n i t a r y ,  

TTf 3 T +T 3 1,  so t h e  a m p l i t u d e s ,  C' 3 TC, t o  be in  t h e  t r a n s f o r m e d  

e i g e n s t a t e s  T I i  > a re  o n l y  d i f f e r e n t  t o  t h e  o r i g i n a l  a m p l i t u d e s  by a 

phase f a c t o r .  Thus t h e  p r o b a b i l i t i e s  t o  be in  t h e  t r a n s f o r m e d  s t a t e s  

a r e  t h e  same as t h e  o l d ,  C ' +C' 3 C+T t TC 3 C+C.
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3 . 2  The te m p o r a l  e v o l u t i o n  o f  t h e  t h r e e  l e v e l  sys te m .

T h i s  n u m e r i c a l  method of s o l u t i o n  can be used t o  c a l c u l a t e  t h e  

e v o l u t i o n  of t h e  p o p u l a t i o n s ,  as f u n c t i o n s  of t i m e ,  f o r  a g e n e r a l  

t h r e e  l e v e l  sys te m .

3 . 2 . 1  Compar isons w i t h  o t h e r  methods

As a means of  c h e c k i n g  t h e  n u m e r i c a l  r e s u l t s  a few s p e c i a l  cases  

a r e  s o l v e d ,  u s in g  t h e  most a p p r o p r i a t e  method,  and compared w i t h  t h i s  

g e n e r a l  c o m p u t a t i o n a l  s o l u t i o n .  T h r e e  s p e c i a l  cases  a r e  c o n s i d e r e d .  

The f i r s t  i s  a sys tem  i n  which b o th  th e  f i e l d s  a r e  on r e s o n an ce  and 

none of  t h e  s t a t e s  can d e c a y ,  b u t  t h e  f i e l d s  have s i m i l a r ,  s l o w l y  

v a r y i n g  e n v e l o p e s .  The second method i s  a p e r t u r b a t i v e  s o l u t i o n  in  

which bo th  f i e l d s  a r e  c o n s t a n t  and have t o  be weak enough so t h a t  

n e i t h e r  of  t h e  e x c i t e d  l e v e l s  g a i n  any a p p r e c i a b l e  p o p u l a t i o n .  The 

t h i r d  i s  an a n a l y t i c  s o l u t i o n  i n c l u d i n g  d e t u n i n g s  and decays in  which  

t h e  f i e l d s  must be c o n s t a n t .  H o w ever ,  t h e  p e r t u r b a t i v e  c r i t e r i o n  t h a t  

t h e  f i e l d s  must be weak i s  n o t  r e q u i r e d .  T h i s  method i s  e q u i v a l e n t  t o  

t h e  'd r e s s e d  s t a t e s '  model CRadmore and K n ig h t  19821.

3 . 2 . 1 . 1  A n a l y t i c a l  s o l u t i o n  w i t h  no d e t u n i n g  or  decay  and s i m i l a r  

f i e l d  e n v e l o p e s .

The H a m i l t o n i a n  f o r  t h i s  case  i s  g i v e n  by

where 3 a f l i ( t ) .  T h i s  i s  e x a c t l y  s o l u b l e ,  f rom e q u a t i o n  2 . 1 , 6 ,  

because  t h e  H a m i l t o n i a n  commutes w i t h  i t s e l f  a t  a l l  t i m e s .  T h i s  i s  

because  t h e  t i m e  dependence t )  can be f a c t o r e d  out  under  th e  

r e s t r i c t i o n  t h a t  t h e r e  a r e  no d e cays  and t h e  f i e l d s  a r e  on r e s o n a n c e .  

The t i m e  deve lo p m en t  o p e r a t o r  i s  t h e n  g i v e n  by

1 i
h 1

U ( t , t o ) = exp< i f t i ( t ' ) d t ' / 2 i 0 a

1
0 a o / J

T h i s  i s  e v a l u a t e d  by c a l c u l a t i n g  t h e  e i g e n v a l u e s ,  D u ,  and th e  

e i g e n v e c t o r s ,  S i ,  of  t h e  H a m i l t o n i a n .  These a r e  g iv e n  by H 3 SDS- 1  or
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0 1 0

1 0 a

0 a 0 _!/r

, \-a. 1 ____
/T /2T /2l
0 _L zL  

/? /21

/2l /2l

“AvT
1

/r

i i
/2? /? /2l
1 ;ii
/2T

a
m

3 . 2 , 3

where 1 3 1+a2 . S i s  t h e  m a t r i x  of e i g e n v e c t o r s ,  S" 1 i t s  i n v e r s e  and D 

t h e  e i g e n v a l u e s .  So t h e r e f o r e

U<t,to) 3 S e x p l i B <t )D( S ~ 1
j/r )

3 . 2 , 4

where

0(t) 3 [ i M t ' J d t ' / r .
Jt 2

The p u l s e  a r e a  i s  d e f i n e d  as 2 8 ( t m . „ ) / / T ,  and g i v e s  a measure of  th e  

s t r e n g t h  of t h e  p u l s e .  Thus

/ t 0 0 ^

U ( t , t o >  3 S 0 e x p ( i 0 < t ) )  0 S" 1

0

\

0 e x p < - i 0 ( t ) )

a 2 + c o s ( 8 ( t ) )  
1 1

i s i n ( 8 ( t ) )
/ r

- a  + a c o s ( 8 ( t ) )  \
/ 2l  1

3 . 2 , 5

i s i n ( 8 ( t ) ) c o s ( 8 ( t ) ) i a s i  n ( 0 ( t ) )
/ r / r

3 . 2 , 6

- a  + acos < 8 ( t ) ) i a s i n ( 8 ( t ) ) 
1 1 /T

i  + a2 c o s ( 8 ( t ) ) 
1 1

I f  t h e  i n i t i a l  c o n d i t i o n  i s  t h a t  a t  t  3 to a l l  t h e  p o p u l a t i o n  i s  in
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the ground state, then

c '  ( t o ) 3 . 2 , 7

T h e r e f o r e  t h e  p o p u l a t i o n s  a r e  g i v e n  by P ( t )  3 l c ' ( t ) l 2 , so

P ( t )

a2 + cos ( 8  ( t ) ) 
1 1
s i n 2 (B < t ) )

1
- a  + acos <Q ( t ) ) | 2

L i i

3 . 2 , 8

F i g  i a  shows t h e  p o p u l a t i o n s  as f u n c t i o n s  of t i m e  f o r  two f l a t  p u l s e s  

of equal  s t r e n g t h ,  i e  a ■ i and 1 3 2 , and t h e  p u l s e  a r e a  

Qitm«x s 30 r a d s .  The f i n a l  p o p u l a t i o n s  a r e  then

P ( t )  3

/  U  + c o s ( B ( t ) ) ) 2 
4

s i n 2 ( 8 ( t ) )
2

( 1  -  c o s ( 9 ( t ) ) ) 2 

\  4

I 0.021

0 . 2 4 6

0 . 7 3 3

3 . 2 , 9

These r e s u l t s  a g r e e  e x a c t l y  w i t h  t h e  n u m e r ic a l  r e s u l t s .  F i g s  ib  and c 

show t h e  n u m e r i c a l  r e s u l t s  f o r  t h e  e v o l u t i o n  of t h e  same system w i t h  a 

Gaussian  p u l s e  and w i t h  a p u l s e  c o m p r i s i n g  a Gaussian  r i s e  and f a l l  

w i t h  a f l a t  t o p .  The p u l s e s  a r e  a l l  of  th e  same a r e a ,  30 r a d s ,  and a r e  

shown i n  f i g  i i .  The G auss ian  p u l s e  has a p r o f i l e  

exp ( - ( t - t p / 2 )  2 /2<rt 2 ) , where t h e  p u l s e  i s  c u t  o f f  a t  t  3 0 and t p . The 

w id th  <rt e q u a l s  t p / 5 / 2 1 meaning t h a t  t h e  p u l s e  i s  cu t  o f f  a t  

e x p ( - 2 5 / 4 )  *  0 . 0 0 2  of  t h e  peak v a l u e .  The f l a t  topped  G auss ian  i s  f l a t  

between t p / 5  and 4 t p / 5 ,  w i t h  a r i s e  and f a l l  q i v e n  by 

exp ( - ( t - t p / 5 )  2 /2<r£2 ) where f t  = / 2 ,t p / 2 5 .  The f i n a l  p o p u l a t i o n s  f o r  

t h e s e  two cases  can be seen t o  be i d e n t i c a l  t o  t h e  c o n s t a n t  p u l s e  

ca s e .  T h i s  i s  due t o  t h e  p a i r s  o f  p u l s e s  h a v in g  t h e  same shap es .  The
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b) both p u l s e s  Gauss ian

c) both p u l s e s  f 1a t - t o p p e d - G a u s s i a n

F ig  3 . 2 . i

Temporal  e v o l u t i o n  f o r  d i f f e r e n t  p u l s e  sh ap es ,  a l l  w i t h  a re a  3 0 r a d s .
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t e m p o r a l  e v o l u t i o n s  a r e  d i f f e r e n t  because  of  t h e  d i f f e r e n c e  in  th e  

i n s t a n t a n e o u s  Rabi f r e q u e n c i e s .  The maximum Rabi f r e q u e n c y  of th e  

Gauss ian  p u l s e  i s  more th an  t w i c e  t h a t  of t h e  a v e r a g e .

F i g  3 . 2 . i i

The t h r e e  p u l s e  sh ap es :  f l a t ,  G a u ss ia n  and f 1a t - t o p p e d - G a u s s i a n .

Thus a t  t h e  b e g i n n i n g  and t h e  end o f  t h e  p u l s e  no t  much p o p u l a t i o n  

t r a n s f e r  o c c u r s ,  w h i l s t  a t  t h e  peak t h e  p o p u l a t i o n s  a r e  e v o l v i n g  more 

r a p i d l y  t o  com p en sa te .  The dependence  of  t h e  f i n a l  p o p u l a t i o n s  on th e  

p u l s e  a r e a  a l o n e  i s  t r u e  o n l y  i f  t h e r e  a r e  no d e t u n i n g s  or decays  and 

t h e  p u l s e s  a r e  i d e n t i c a l  i n  shape .  [Thomas 1983]

3 . 2 . 1 . 2  The p e r t u r b a t i v e  s o l u t i o n

The second co m p ar iso n  i s  w i t h  t h e  p e r t u r b a t i v e  s o l u t i o n .  T h i s  i s  

v a l i d  f o r  s m a l l  p u l s e  a r e a s  where At « 1 . T h i s  c o n d i t i o n  means t h a t  

t h e r e  i s  no chance of  e i t h e r  of t h e  two upper  l e v e l s  g a i n i n g  enough 

p o p u l a t i o n  t o  a f f e c t  t h e  r a t e  of  p o p u l a t i o n  t r a n s f e r  o u t  o f  t h e  ground  

s t a t e ,  assuming a l l  t h e  p o p u l a t i o n  s t a r t s  in  t h e  ground s t a t e .  The 

H a m i l t o n i a n  in  t h e  r o t a t i n g  f r a m e  i s  g i v e n  by

H' = ft

0 -Ai 0 \
2

-At at - A 2 3 . 2 , 1 0
2 2

0 “ A_2 fil+ &2 i
2 /
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where Qi and Q2 a r e  c o n s t a n t  i n  t i m e ,  to  3 0 and a ,  3 Ai -  i t i / 2  and 

a2 a A2 -  i < t 2 - t i ) / 2 .  From S c h r o d i n g e r ' s e q u a t i o n

if»dC' 3 H 'C*  
dt

3 . 2 , 1 1

Thus

c 6 3 i c I 
2

3 . 2 , 1 2 a

ci ifliCo “ ifticl + iQ_2c2 
2 2

3 . 2 , 1 2 b

and

0 2 i 0.1 c i  
2

i (ai +a2 ) c 2 3 . 2 , 1 2 c

The p e r t u r b a t i o n s  a r e  assumed weak enough so t h a t  t h e  i n i t i a l  s t a t e ,  

Co, i s  n e v e r  n o t i c e a b l y  d e p l e t e d .  Thus c 6 3 1 » c i ,  c£ -for a l l  t i m e  

t  « 1 / f t i ,  Q2 . T h i s  g i v e s

c l  » iQ t  -  i f i i c l  3 . 2 , 1 3
2

g i v i n g

cl  3 fli (1 - exp<- i aat))  
2a,

3 . 2 , 1 4

T h e r e f o r e  t h e  p r o b a b i l i t y  t o  be i n  t h e  m id d le  s t a t e  i s  g i v e n  by 

Pa 3 I c i e x p  ( - i E i t / f > )  I 2 3 l e a l 2 3 I c i l 2 , g i v i n g

P* <t ) 3 f l i 2 t l - 2 e x p ( - ¥ i t / 2 ) c o s < A i t ) + e x p  ( - t i t ) ) .  3 . 2 , 1 5
4 ( A l 2+Xi 2 )

4

Note t h a t  t h e  en e rg y  in  t h e  phase te rm  i s  not  complex and so

29



«e-j2 -|

t  (ps)
a) p e r t u r b a t i v e  s o l u t i o n  showing P, PTPT and PaT

b) s o l u t i o n  u s in g  t h e  TDO method
t  ( j j s )

F ig  3 . 2 . i i i

Temporal s o l u t i o n  u s in g  t h e  p e r t u r b a t i v e  a p p r o x i m a t i o n ,  

Qi 3 Q2 3 10“ 2 Mrads s_ 1 , Ai 3 200 MHz, d2 3 300 MHz, 

t i  = IO tt Mrads s _1  and = 1 OOtt Mrads s _ 1 .
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a d d i t i o n a l  damping i s  n o t  i n t r o d u c e d  a t  t h i s  s t a g e .  S u b s t i t u t i n g  

e q u a t i o n  14 i n t o  e q u a t i o n  12c and making th e  p e r t u r b a t i v e

a p p r o x i m a t i o n  g i v e s

c 2 = i f l i 1 - e x p ( - i & i t ) ) -  i ( & i + a 2 )C 2 3 . 2 , 1 6
4a»

g i v i n g

C 2 3 f l l f l 2

4a»

The - f i r s t  te rm  i n  t h e  s q u a r e  b r a c k e t s  depends upon t h e  two photon  

d e t u n i n g  -from t h e  ground s t a t e  10 > .  T h i s  i s  known as t h e  two photon  

t r a n s i t i o n  te rm  where two p h o to n s  a r e  absorbed v i a  a v i r t u a l  m i d d l e  

s t a t e .  The second te r m  depends on t h e  s i n g l e  photon d e t u n i n g  f rom th e  

m i d d l e  s t a t e  l l >  and i s  known as t h e  s t e p w i s e  t r a n s i t i o n  te rm  where  a 

photon i s  absorb ed  when t h e  sys te m  i s  in  s t a t e  11>.  Due t o  th e  

n e g a t i v e  s i g n  between  them t h e s e  two te rm s can i n t e r f e r e  s t r o n g l y  t o  

pro duce  o s c i l l a t i o n s  l a s t i n g  much l o n g e r  than  t h e  o s c i l l a t i o n s  i n  each 

t r a n s i t i o n  t y p e .  The p o p u l a t i o n  i n  t h e  upper  l e v e l ,  g i v e n  by I c 6 l 2 i s  

shown in  f i g  i i i a  a lo n g  w i t h  t h e  p o p u l a t i o n s  o b t a i n e d  by c o n s i d e r i n g  

o n l y  t h e  two photon  t r a n s i t i o n  PT P T , and t h e  s t e p w i s e  t r a n s i t i o n  PST .

PTPT *  flXi f t 2 ( l - 2 e x p ( - t 3 t / 2 ) c o s (  ( 6 1 * 6 2 ) t ) + e x p  ( - Y 2 t ) ) 3 . 2 , 1 8
1 6 < A i 2 + Y i a / 4 > ( ( 4 1+ 6 2 ) 2 + t 2 2 / 4 )

PST 3 ( f i f l^exp ( - t t t ) ( l - 2 B x p < - ( Y g - * i ) t / 2 ) c o s < A g t )  ■♦■exp ( -  < Y2 -Y 1 ) t ) ) .
16 < A i2 + Y i 2 / 4 ) ( A 2 2 + O f 2 - t 1 ) 2 / 4 )  3 . 2 , 1 9

The v a l u e s  used i n  t h e  f i g u r e  a r e  Qi 3 3 10“ 2 Mrads s - 1 , At 3

200 MHz, ft2 3 300 MHz, Yi 3 10ir Mrads s _1  and t 2 3 1 OOir Mrads s - 1 . I t

can be seen t h a t  t h e  o s c i l l a t i o n s  i n  both  t h e  two photon t r a n s i t i o n s  

and t h e  s t e p w i s e  t r a n s i t i o n s  d i e  o u t  in  a t i m e  of t h e  o r d e r  of 2 / Y 2 

and 2 / ( y 2 + Y i ) r e s p e c t i v e l y .  H o w ever ,  t h e  o s c i l l a t i o n s  in  t h e  r e a l  

s o l u t i o n  c o n t i n u e  f o r  a much l o n g e r  t i m e  due to  t h e  i n t e r f e r e n c e  

betw een t h e  two a m p l i t u d e s .  F i g  i i i b  shows t h e  r e s u l t s  o b t a i n e d  u s in g  

t h e  TDO method.  T h i s  y i e l d s  an i d e n t i c a l  r e s u l t  to  t h e  p e r t u r b a t i v e

( 1 - e x p  ( - i  ( f t i+ f t?)  t ) ) -  exp ( - i S i t )  ( 1 - e x p  ( - i a ? t ) ) 
( ft 1 +ft2 1 ft2

3 . 2 , 1 7
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s o l u t i o n .

3 . 2 . 1 . 3  Dressed  s t a t e s  method

The - f i n a l  co m p ar iso n  i s  w i t h  an a n a l y t i c  method i n v o l v i n g  th e  

d i a g o n a l i s a t i o n  of  t h e  s t a t i o n a r y  H a m i l t o n i a n ,  see f a r  example Radmore 

and K n i g h t  1982 CRK3, who use q u a n t i s e d  f i e l d s  in  t h e  S c h r o d i n g e r  

p i c t u r e  and have a t i m e  i n d e p e n d e n t  H a m i l t o n i a n  f rom t h e  o u t s e t .  In  

t h e  s e m i - c l a s s i c a l  t h e o r y  used h e r e  t h e  e q u i v a l e n t  H a m i l t o n i a n  becomes 

s t a t i o n a r y  o n l y  a f t e r  t h e  RWA has been made and i f  t h e  p u l s e  e n v e l o p e s  

a r e  f l a t .  As t h e  system i s  a t h r e e  l e v e l  system t h e  d i a g o n a l i s a t i o n  of  

t h e  H a m i l t o n i a n  i n v o l v e s  t h e  s o l u t i o n  o f  a complex c u b i c  t o  f i n d  th e  

d ressed  s t a t e  e i g e n e n e r g i e s .  T h i s  i s  s o l u b l e  a n a l y t i c a l l y  and f rom  

t h e s e  t h e  e i g e n v e c t o r s  ( t h e  d r e s s e d  s t a t e s )  and i n v e r s e - e i g e n v e c t o r s  

can be formed e n a b l i n g  an e x a c t  s o l u t i o n  t o  t h e  pro b lem  t o  be f o u n d .  

In  c o n t r a s t  t o  t h e  p e r t u r b a t i v e  s o l u t i o n ,  d e a l t  w i t h  in  t h e  p r e v i o u s  

s e c t i o n ,  t h e  Rabi  f r e q u e n c i e s  can be s t r o n g  enough,  i e  f t t t  k 1,  t o  

cause Rabi f l o p p i n g  betw een  t h e  s t a t e s .  D e tu n in g s  and decays can be 

i n c l u d e d  w i t h  l i t t l e  added c o m p l i c a t i o n .  As in  t h e  p r e v i o u s  s e c t i o n  

t h e  H a m i l t o n i a n  can be w r i t t e n

-0.1 
2

0 — 0.2 
\ 2

w h e re ,  as b e f o r e ,  JJi = Ai -  i Y i / 2 ,  and S2 = A2 -  i  < t 2 - y i  ) / 2 . The 

en e rg y  e i g e n v a l u e s ,  fiXn , a r e  g i v e n  by t h e  s o l u t i o n s  t o  t h e  e q u a t i o n

“0_2
2

3 . 2 , 2 0

(fti+ft*)

d e t  <H' -  f i lX n )  3 0 .  3 . 2 , 2 1

Thus t h e  Xn a r e  g i v e n  by t h e  s o l u t i o n s  t o  t h e  c u b ic

X3 + X2 ( 2 i i + 2 2 ) + X ( g i f f - ( f l *+f l2 ) ) + 0 3 . 2 , 2 2
4 4

where a = ft, + a 2 . A c u b i c  o f  t h e  fo rm
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x 3 + Ax2 + Bx + C 3 0 3 . 2 , 2 3

can be s o l v e d  u s in g  t h e  s u b s t i t u t i o n  

x 3 L + M c o s < N ) .

T h i s  y i e l d s

co 3 3 <N)-M 3 L-t-A)co5 2 (N) -M 3 L 2 + 2 A L ^ B )cos<N)-M L 3 ^AL2 +BH-C) 3 0 .  
M M2 M3

T h i s  i s  e q u a te d  w i t h  t h e  i d e n t i t y

co s 3 (N) -  3 c o s ( N )  -  co s (3 N )  3 0 
4 4

r e s u l t i n g  i n  t h e  t h r e e  e q u a t i o n s

<3L + A) / M 3 0 ,

3L 2 + 2AL + B 3 - 3 H 2 / 4

and

L 3 + AL2 + BL + C 3 -M 3 c o s ( 3 N ) / 4

g i v i n g

L 3 - A / 3  ,

M 3 t 2 ^  ( A2 - 3 B ) ‘ / 3

and

3 . 2 . 2 4

3 . 2 . 2 5

3 . 2 . 2 6

3 . 2 , 2 7 a

3 . 2 , 2 7 b

3 . 2 , 2 7 c

3 . 2 , 2 8 a

3 . 2 , 2 8 b
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N l c o s - 1 t (9 A B -2 A 3- 2 7 C )  
3 2 ( A2 - 3 B ) 3 / 2

3 . 2  , 2 0 c

In t h i s  case

A => -  ( 2 & i  + a 2 ) , 3 . 2 , 2 9 a

B = ( a i a - ( f t \ + Q 2 ) / 4 )  3 . 2 , 2 9 b

and

C «  f l i f i / 4 . 3 . 2 , 2 9 c

So t h e  e i g e n - f r e q u e n c i e s  a r e  g i v e n  by

Xn 3 ( 2 g i + 2:2 ) + + A iA 2 +2:2X + l ( « i 1- + f t 21‘ ) > 1 / 2  x
3 3 4

cos l_ C O S  r

3 2(aiL + A, At ■* SJ* + ^ (JX1 •* ii\) )
3 . 2 , 3 0

The e i g e n s t a t e s  I E n > a r e  c a l c u l a t e d  f rom H ' I E n > = f X n IE n > so t h a t  

(H '  -  ftXn I ) I E n > 3 0 , where t h e  Xn have a l r e a d y  been chosen such t h a t  

d e t ( H '  -  f X n I )  3 0 , l e a d i n g  t o  n o n - t r i v i a l  s o l u t i o n s  f o r  IE n >. The 

I E n > a r e  g i v e n  by

where

0 i ( X n - f t )  / 2

I E n >  3  N n -X„(X„-a)
f l l X n / 2

3 . 2 , 3 1

N„  o < I X n l X Q2X + U X n ^ + Q ^ l X n  -  *  1 11 ~ 1 ' 2 . 3 . 2 , 3 2
4 4

These a r e  t h e  'd r e s s e d  s t a t e s '  of  t h e  p e r t u r b e d  system w i t h  r e s p e c t  to
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t h e  e i g e n s t a t e s  of t h e  u n p e r t u r b e d  sys te m .  The te m p o r a l  e v o l u t i o n  of  

t h e  wave f u n c t i o n  i s  g i v e n  by

a
l¥>  = ] e ne x p ( - i X n t ) I E n > 3 . 2 , 3 3r»*0

where e n a r e  t i m e  i n d e p e n d e n t .  The i n i t i a l  c o n d i t i o n  i s  t h a t  a t  t i m e  

t  = 0 a l l  t h e  p o p u l a t i o n  i s  i n  t h e  ground s t a t e  I 0 > ,  so

< 0 m t = 0 ) >  =« 1 ,  3 . 2 , 3 4 a

< 1 1 v < t ® 0 ) > = 0 3 . 2 , 3 4 b

and

< 2 1 W( t a 0)  > => 0 3 . 2 , 3 4 c

where t h e  phase f a c t o r  has been ig n o r e d  as o n l y  t h e  p o p u l a t i o n s  a re  

b e in g  c o n s i d e r e d .  S u b s t i t u t i n g  f r o m  e q u a t i o n s  3 1 , 3 2  and 33 y i e l d s  t h e  

f o i l  owing

< 0 l ¥ < t » 0 ) > » ] e „ ( l  0 0)  IE„>N n,n=o
X

< 1 1 ¥ ( t s 0 ) > =* JeniO 1 0 ) IEn>Nn
m o

and

<2 I ¥ ( t 3 0 ) > = 2en<0  0 1 ) IE„>N,

g i v i n g

Nofti(Xo-2:) N i Q i < X i - f f )  Nzfta < X2 -ar) \  /  e 0 \  / l

- N o X o ( x 0 - 2r )  - n » x » < X i - f f >  - N 2 x 2 ( x 2 - a : )

Noft.2 X O 
2

N i  ft. 2 X i  
2

T h i s  can be i n v e r t e d  t o  g i v e

3 . 2 , 3 5 a

3 . 2 , 3 5 b

3 . 2 , 3 5 c

3 . 2 , 3 6
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t  ( JJ5)
F ig  3 . 2 . i v

TDO s o l u t i o n  -for co m p a r is o n  w i t h  t h e  'D r e s s e d  S t a t e s '  mo del ,  

ft1 = 8 2 = 1  Mrads s _1 , = 4 2 » i / 4 i r  MHz,

11 = 0 . 0 2  Mrads s - 1  and f 2 = 0.

F i g  3 . 2 . v  t  <ps)

a) P o p u l a t i o n  t r a p p i n g  w i t h  Gaussian  p u l s e s ,  

both a r e a s  a 200 r a d s ,  61  = - 4 2 = 5 / 2 tt MHz ,

1 1 = 2 Mrads s _1  and t 2 = 0 .
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NlN2X X X2 (X x“X2)
ei 3 N 2 N 0 X 2 X 0 (X 2“ X o )

N 0N 1 X o X 1 ( X o ~' X i )

N

where

3 . 2 , 3 7

N 3 ________ **2_________j _Xo"",X 1 ̂  X 1— _X_2̂ '_X2“ X_o
N o N x N 2 0 1S X o X 1X2 l X, X0 X^ X, X0 X^

3 . 2 , 3 8

The a m p l i t u d e s  cA t o  be i n  t h e  u n p e r t u r b e d  e i g e n s t a t e s  ln> a r e  g i v e n  

by cA 3 < n l ? > .  From e q u a t i o n  33 t h i s  can be w r i t t e n

a
cA = ] < n l e me x p < - i X , „ t )  IE m> 3 . 2 , 3 9030

g i v i n g

, 3 . 2 , 4 0 aCo (LiNNoNiNz2
- » M 0t  -iftA.fr,  .

(A0-2 ) + \ A 0 (A,-X j+A0A,A0|£ (a2-2 )

C i  3  - N N 0N 1N 2X 0X j X 2
-t^Aoi -tkAit, » -tJxAxfc. .

(A0~a ) *• Aj06 (A,-Aj+Aol6 (al-2J 3 . 2 , 4 0 b

and

C2 3 O2NN0N1 N 2 X o X i X 2 2 A„e
'tkA0t -LfiAtfc -iAA,fc+ AM e * A«e 3 . 2 , 40c

where X u  3 Xx - Xj. T h i s  i s  an e x a c t  s o l u t i o n ,  l i m i t e d  m a i n l y  by th e  

RWA and t h e  d i p o l e  a p p r o x i m a t i o n ,  f o r  a t h r e e  l e v e l  system d r i v e n  by 

n e a r l y  r e s o n a n t  o p t i c a l  l a s e r  f i e l d s  of c o n s t a n t  a m p l i t u d e .  F ig  i v  

shows t h e  e v o l u t i o n  of t h e  t h r e e  l e v e l s ,  c a l c u l a t e d  u s in g  t h e  TOO 

method,  w i t h  t h e  f o l l o w i n g  p a r a m e t e r s !  £h 3 3 1 Mrad s - 2 ,

Ai 3 A2 3 1 / 4 tt MHz , ¥1 3 0 . 0 2  Mrads s _1 and ¥2 3 0 .  T h i s  i s  t o  be 

compared w i t h  t h e  r e s u l t s  of  RK, who used t h e  'd r e s s e d  s t a t e s '  method.  

A f t e r  a s m a l l  e r r o r  in  t h e  r e s u l t s  of RK was c o r r e c t e d ,  where the  

m i d d l e  s t a t e  p o p u l a t i o n  was d oub ly  damped, t h e  r e s u l t s  were i d e n t i c a l .

The a b i l i t y  of t h e  TDO method t o  cope w i t h  shaped l a s e r  p u l s e s ,  in
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a d d i t i o n  t o  d e t u n i n g s  and d e c a y s ,  i s  used t o  g e n e r a t e  f i g  v a .  Here t h e  

p u l s e  a r e a s  a r e  bo th  200 r a d s ,  d i  = - d 2 3 5 /2ir MHz, h  3 2 Mrads s _1 

and 3 0. T h i s  shows t h e  e f f e c t s  of G a u s s ia n ,  r a t h e r  than  f l a t ,

p u l s e s  on p o p u l a t i o n  t r a p p i n g .  T h i s  i s  t o  be compared w i t h  f i g  vb

t a k e n  f rom RK, which shows t h e  e f f e c t  of h a v in g  a t w o -p h o to n  r e s o n a n t  

system w i t h  decay f rom t h e  m i d d l e  l e v e l .  Under t h e s e  c i r c u m s t a n c e s

p o p u l a t i o n  i s  t r a p p e d  w i t h i n  t h e  sys te m ,  u n a b le  t o  decay v i a  t h e  one

decay c h a n n e l ,  even i f  t h e  sys te m  i s  a l s o  o n e -p h o to n  r e s o n a n t ,  see  

Radmore and K n i g h t  1982.  For  t h e  case  where Si + S2 3 0 ,  i e  t w o - p h o t o n  

r e s o n a n c e ,  t h e  c u b i c  f o r  t h e  d r e s s e d  s t a t e s  e i g e n e n e r g i e s  r e d u c e s  t o  a 

q u a d r a t i c .  Thus t h e  e i g e n f r e q u e n c i e s  a r e  g i v e n  by

\ o 3 0 ,  3 . 2 , 4 1 a

Xi 3 -it + + f i t 2 + 3 . 2 , 4 1 b
2

and

X2 3 - S i  -  /it2 + f l i 2 + f l^2""7. 3 . 2 , 4 1 c
2

The e i g e n s t a t e s  a r e  then  g i v e n  by

I E o >  3 / < f t i 2 + f l2 2 )' j

and

I E 2 > 3 / ( f l i 2  + f l 2 2  + 4 X 2 2 ) '

f i t

- 2 X 2 .

w

3 . 2 , 4 2 a

3 . 2 , 4 2 b

3 . 2 , 4 2 c

38



As b e f o r e ,  t h e  i n i t i a l  c o n d i t i o n  t h a t  a t  t i n e  t  e q u a l s  z e r o  a l l  t h e  

p o p u l a t i o n  i s  in  t h e  ground s t a t e  I 0 > ,  i s  used to  c a l c u l a t e  t h e  

a n p l i t u d e s ,  e n , t o  be i n  t h e  d re s s e d  s t a t e s  I E n >. E q u a t io n  36 becomes

3 . 2 , 4 3

where

Nn 3 / ( f l l 2  + f t2 2 + 4 X n 2 )'  . 3 . 2 , 4 4

T h i s  i s  i n v e r t e d  t o  o b t a i n

eo\

fl 2
/ N 2 ( f t i 2 + f l 2 2 ) < X 2 - X i )

3 . 2 , 4 5

The w a v e f u n c t i o n  i s  th e n  g i v e n  by

l¥> =

_1_____ X2 exp < - i  X i t )

<X2-Xi) Ni2
“ 2 X  i  

Q;
-X^iexp ( - i  X2 t ) 3 . 2 , 4 6

Both of t h e  n o n - z e r o  e i g e n e n e r g i e s ,  Xi and X2 , have r e a l  p a r t s  which  

cause t h e  e x p o n e n t i a l s  t o  decay  t o  z e r o  f o r  l a r g e  t .  Thus as t  •* « t h e  

w a v e f u n c t i o n  becomes
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_ .  t  (ps)
F i g  3 . 2 . v r

b) P o p u l a t i o n  t r a p p i n g  w i t h  - f l a t  p u l s e s ,  p a r a m e t e r s  as in  a.

t  <ps)
F i g  3 . 2 . v i

H ig h e r  power G auss ian  p u l s e s  c a u s in g  e q u i l i b r i u m  b e f o r e  p u l s e  p e a k s ,  

both a r e a s  3 800 r a d s ,  o t h e r  p a r a m e t e r s  as in  F ig  3 . 2 . v .
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3 . 2 , 4 7
/ fl*\=« fl2/(Qi2+Q22> 0 .
\-a'l

The p o p u l a t i o n s  in  t h e  u n p e r t u r b e d  s t a t e s  f o r  l a r g e  t i roes are  

t h e r e f o r e

Po 3 _____Q2 4 , 3 . 2 , 4 8 a
(Qi2+Q22)2

P i  3 0 3 . 2 , 4 8 b

and

P2 3 f l i 2fl22 . 
(Qi2+fl22)2

3 . 2 , 4 8 c

So f o r  e q u a l  Rabi f r e q u e n c i e s ,  Qi 3 fl2 , t h e  f i n a l  p o p u l a t i o n s  a re  

Po 3 P2 3 1 / 4  and Pi 3 0 ,  as seen in  f i g  vb.  In t h e  G auss ian  p u l s e  

c a s e ,  t h e  p o p u l a t i o n  t r a p p i n g  i s  s t i l l  p r e s e n t ,  but  as i n  p r e v i o u s  

c a s e s ,  t h e  te m p o r a l  e v o l u t i o n  i s  changed .  F ig  v i  shows t h e  r e s u l t  of 

i n c r e a s i n g  t h e  G auss ia n  p u l s e  a r e a s  t o  800 r a d s .  E q u i l i b r i u m  i s  

re a c h e d  e a r l i e r ,  even b e f o r e  t h e  p u l s e  has re a c h e d  i t s  p eak .  T h is  

shows t h a t  t h e  p o p u l a t i o n s  have r e a c h e d  e q u i l i b r i u m  w i t h  t h e  f i e l d s .  

The f i e l d s  a r e  s t i l l  v a r y i n g  b u t  t h e  f i n a l  p o p u l a t i o n s  a r e  dependent  

o n l y  on t h e i r  r e l a t i v e  s i z e  which r e m a i n s  c o n s t a n t .

Th ere  i s  v e r y  l i t t l e  r e p o r t e d  e x p e r i m e n t a l  e v i d e n c e  of p o p u l a t i o n  

t r a p p i n g .  T h i s  i n d i c a t e s  t h a t  r e a l  e f f e c t s ,  such as D o p p le r  w i d t h s  and 

b a n d w i d t h s ,  t e n d  t o  d e s t r o y  t h e  c r i t i c a l  b a l a n c e  n e c e s s a r y  f o r  the  

t r a p p i n g .  K a i v o l a  e t a l  1984 r e p o r t  t r a p p i n g  in  a t h r e e - l e v e l  system  

where two c o u n t e r - p r o p a g a t i n g  beams, f rom t h e  same l a s e r ,  a r e  b r o u g h t  

on to  o n e -  and t w o - p h o t o n  r e s o n a n c e  u s in g  a D o p p le r  s h i f t  t e c h n i q u e .  

An a to m ic  beam of  f a s t  Ne2 ° *  i s  e x c i t e d  w i t h  t h e  two 

c o u n t e r - p r o p a g a t i n g  beams r u n n i n g  c o l l i n e a r l y ,  and t h e  f l u o r e s c e n c e  

f rom t h e  m id d le  l e v e l  i s  o b served  as a f u n c t i o n  of t h e  l a s e r  f r e q u e n c y  

and t h e  a to m ic  v e l o c i t y .  A d i p  i n  t h e  f l o u r e s c e n c e  sp ectrum  is
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a) F l a t  p u l s e s
t  <ps)

b) Gau ss ian  p u l s e s
t  <jjs)

F ig  3 . 2 . v i  i i

D o p p le r  e f f e c t s  f a r  c o - p r a p a g a t i n g  p u l s e s ,  

a v e ra g e  Rabi f r e q u e n c i e s  a 3000  Mrads s - 1 , D o p p le r  w i d t h s  = 2500 MHz.
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0 . 0 0  0 . 0  5
t  (ps)

b) S a u s s ia n  p u l s e s

F i g  3 . 2 . ix

D o p p le r  e f f e c t s  f o r  c o u n t e r - p r o p a g a t i n g  p u l s e s ,  

ave ra g e  Rabi f r e q u e n c i e s  = 3000  Mrads s _ 1 , D o p p le r  w i d t h s  3 2500 MHz,
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ob serv ed  c l o s e  t o  t w o - p h o t o n  re s o n a n c e  which can be i n t e r p r e t e d  as 

t r a p p i n g .  T h i s  e x p e r i m e n t  u ses  c o u n t e r - p r o p a g a t i n g  beams t o  red u ce  t h e  

D o p p le r  d i s t r i b u t i o n  in  a way d e s c r i b e d  in  th e  n e x t  s e c t i o n .

3 . 2 . 2  D o p p le r  e f f e c t s

So f a r  t h e  d e t u n i n g s  have been c o n s i d e r e d  t o  be w e l l  d e f i n e d  f o r  

t h e  s y s te m .  However ,  e x p e r i m e n t a l l y  t h i s  i s  no t  u s u a l l y  t h e  c a s e .  A 

sys te m ,  such as an atom or m o l e c u l e ,  i r r a d i a t e d  by a l a s e r  i s  u s u a l l y  

found t o  be moving w i t h  r e s p e c t  t o  t h e  f ram e  in  which t h e  f r e q u e n c y  of  

t h e  l a s e r  beam i s  m easu red .  A s e t  of such s y s te m s ,  in  t h e r m a l  

e q u i l i b r i u m ,  have a v e l o c i t y  d i s t r i b u t i o n  which i s  g iv e n  by t h e  

Boltzm ann d i s t r i b u t i o n .  Thus t h e  d i s t r i b u t i o n  of v e l o c i t i e s  p a r a l l e l  

t o  t h e  l a s e r  beam i s  g i v e n  by a G au ss ia n  d i s t r i b u t i o n .  An atom moving  

w i t h  v e l o c i t y  v in  t h e  d i r e c t i o n  o f  i r r a d i a t i o n  sees an e x t r a  d e t u n i n g  

A 3 v v / c ,  to  f i r s t  o r d e r  i n  v / c  wh ich  i s  c o n s i d e r e d  s m a l l ,  where v i s  

t h e  f r e q u e n c y  of t h e  l a s e r  beam. The a v e r a g e  p o p u l a t i o n  d i s t r i b u t i o n  

i s  th en  g i v e n  by an i n t e g r a l  o v e r  t h e  i n d i v i d u a l  p o p u l a t i o n s  w e ig h te d  

by t h e  Bo l tzm ann d i s t r i b u t i o n .  Thus

For a t h r e e  l e v e l  system w i t h  two l a s e r  beams i t  i s  i m p o r t a n t  t o  

c o n s i d e r  t h e i r  r e l a t i v e  d i r e c t i o n s .  I f  t h e  beams a r e  c o - p r o p a g a t i n g  

then  t h e  tw o - p h o t o n  d e t u n i n g  o f  t h e  upper  l e v e l  f rom t h e  ground s t a t e  

i s  t h e  sum of t h e  two s i n g l e - p h o t o n  D o p p le r  s h i f t e d  d e t u n i n g s .  I f ,  

h o w ever ,  t h e  beams a r e  c o u n t e r - p r o p a g a t i n g  then  i t  i s  t h e  d i f f e r e n c e .  

Thus,  f o r  a tw o - p h o t o n  r e s o n a n t  sys tem ,  where both t r a n s i t i o n s  a re  

e q u a l ,  t h e n  t h e  system r e m a i n s  on tw o - p h o t o n  r e s o n a n c e ,  i n d e p e n d e n t  of  

t h e  r e l a t i v e  v e l o c i t y  of  t h e  sys te m  t o  t h e  beams, p r o v i d e d  t h a t  th e  

beams a r e  c o u n t e r - p r o p a g a t i n g .  F i g  v i i  shows t h e  e f f e c t s  of t h e  s h i f t s  

on an o t h e r w i s e  r e s o n a n t  s y s te m .  F i g s  v i i i a  and b show t h e  te m p o r a l  

e v o l u t i o n  of t h e  t h r e e  l e v e l s  f o r  two c o - p r o p a g a t i n g  f l a t  p u l s e s  and 

G auss ia n  p u l s e s  r e s p e c t i v e l y .  The system becomes d e tu ned  f rom o n e -  and 

tw o -p h o to n  re s o n a n c e  by t h e  D o p p le r  s h i f t s  so not  much p o p u l a t i o n  

t r a n s f e r  t a k e s  p l a c e .  The D o p p l e r  w i d t h  i s  or = 2500 MHz, compared to  

t h e  a v e r a g e  Rabi f r e q u e n c i e s  o f  (1 » 3000 Mrads s - 1 . F i g s  i x a  and b 

show t h e  same system f o r  c o u n t e r - p r o p a g a t i n g  beams. The system i s  back

3 . 2 , 4 9
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in  t w o - p h o t o n  r e s o n a n c e ,  b u t  d e tu n e d  f rom s i n g l e - p h o t o n  r e s o n a n c e ,  so 

p o p u l a t i o n  - f lops m a i n l y  b e tw een  l e v e l s  I0> and 12>.

a) c o - p r o p a g a t i n g  beams b) c o u n t e r - p r o p a g a t i n g  beams

F i g  3 . 2 . v i i

The D o p p le r  s h i f t s  caused  by c o -  and c o u n t e r - p r o p a g a t i n g  beams.

An a n a l y t i c a l  s o l u t i o n  t o  t h e  case where t h e  p u l s e s  a r e  f l a t  and 

c o u n t e r - p r o p a g a t i n g  i s  g i v e n  i n  Hodgkinson  and B r i g g s  1977 ,  where t h e  

t im e  a v e ra g e d  p o p u l a t i o n s  a r e  c a l c u l a t e d .  The h igh  f r e q u e n c y  

o s c i l l a t i o n  i n  t h e  c u r v e s  i s  t h e  r e s i d u a l  s i n g l e - p h o t o n  Rabi  

o s c i l l a t i o n  which i s  l a r g e  due t o  t h e  l a r g e  e f f e c t i v e  d e t u n i n g .  The 

low f r e q u e n c y  f l o p  i s  s i m i l a r  t o  t h e  e f f e c t  seen in  a tw o - p h o t o n  

r e s o n a n t  system w i t h  a f a r  o f f  re s o n a n c e  i n t e r m e d i a t e  s t a t e .  The 

t w o - p h o t o n  Rabi f r e q u e n c y ,  u s i n g  th e  w i d t h s  as t h e  e f f e c t i v e  

d e t u n i n g s ,  i s  g i v e n  by

Dt p  3 fl iQ2/2<r *• 4 5 . 6  MHz. 3 . 2 , 5 0

T h i s  g i v e s  a tw o - p h o t o n  o s c i l l a t i o n  p e r i o d  of around 0 . 0 2  ps.  The 

decay of  t h e  o s c i l l a t i o n  i s  due t o  t h e  dep h as in g  of a l l  t h e  d i f f e r e n t  

o s c i l l a t i o n  f r e q u e n c i e s  due t o  t h e  d i s t r i b u t i o n  i n  th e  d e t u n i n g s .  In 

th e  case of t h e  G a u s s ia n  c o u n t e r - p r o p a g a t i n g  p u l s e s  s i m i l a r  

d i f f e r e n c e s  t o  t h e  p r e v i o u s  f l a t  p u l s e  cases a r e  o b s e r v e d .  T h ere  i s  a 

slow b u i l d  up t o  t h e  o s c i l l a t i o n s  w i t h  a h i g h e r  o s c i l l a t i o n  f r e q u e n c y  

as t h e  p u l s e s  i n c r e a s e  i n  a m p l i t u d e .  The h i g h e r  i n s t a n t a n e o u s  Rabi  

f r e q u e n c y  of  t h e  Gauss ian  p u l s e s  n e a r  t h e  peak causes t h e  D o p p le r  

e f f e c t s  t o  be l e s s  n o t i c e a b l e ,  l e a d i n g  t o  more of an i n c r e a s e  in  th e
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m i d d l e  s t a t e  p o p u l a t i o n .  T h i s  i s  a l s o  a p p a r e n t  in  t h e  c o - p r a p a g a t i n g  

ex amp 1e.
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3 . 3  P o p u l a t i o n s  as - f u n c t i o n s  o f  d e t u n i n g  ( S t a r k  e f f e c t s )

So f a r  in  t h i s  c h a p t e r  t h e  p a p u l a t i o n s  have o n l y  been o b serv ed  as 

■funct ions o-f t i m e .  I t  i s  a l s o  i n t e r e s t i n g  t o  loo k at  t h e  f i n a l  

p o p u l a t i o n s ,  a f t e r  a known t i m e ,  as f u n c t i o n s  of one or more of t h e  

o t h e r  p a r a m e t e r s .  In  t h i s  s e c t i o n  t h e  S t a r k  s p l i t t i n g s  of t h e  lo w er  

two l e v e l s  a r e  i n v e s t i g a t e d  by u s in g  th e  upper  e x c i t a t i o n  as a pro be  

t o  a much s t r o n g e r  lo w e r  i n t e r a c t i o n ,  see f o r  example t h e  r e v i e w s  by 

F e n e u i l l e  1977 and K n i g h t  and M i l o n n i  1980.  The probe  beam i s  scanned  

a c r o s s  a ra n g e  of upper  l e v e l ,  s i n g l e - p h o t o n  d e t u n i n g s  and t h e  upper  

s t a t e  p o p u l a t i o n  i s  e x a m in e d .  As b e f o r e ,  t h e  TDO r e s u l t s  can be 

compared t o  a n a l y t i c a l  methods f o r  s p e c i a l  s e t s  of t h e  p a r a m e t e r s .

3 . 3 . 1  The p ro be  a p p r o x i m a t i o n

For a t h r e e  l e v e l  sy s te m  w i t h  no d e c a y s ,  no lo w er  t r a n s i t i o n  

d e t u n i n g  and a v e r y  weak and c o n s t a n t  upper  l e v e l  c o u p l i n g  a 

s e m i - a n a l y t i c a l  a p p r o x i m a t i o n  i s  p o s s i b l e .  The H a m i l t o n i a n  i s  g i v e n  by

H' ft - f l i < t )  
2

\
0

( t ) 0
2

0 - f l 2
2

A 2
2

3 . 3 , 1

where Q2 i s  a weak ,  i e  Q2 t m« K ft 1,  and c o n s t a n t  probe c o u p l i n g .  From 

S c h r i i d i n g e r ' s e q u a t i o n  t h e  a m p l i t u d e s  can be w r i t t e n

Co s ifl.i ( t )  c l  y 3 . 3 , 2 a
2

c i  = i ( t ) co + i0_2c 2 3 . 3 , 2b
2 2

and

c 2 *  -  i d 2c 2
2

3 . 3 , 2 c
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Q2 i s  assumed t o  be much s m a l l e r  th an  t h e  peak of f t i ( t ) ,  and so t h e  

a m p l i t u d e  c 2 i s  assumed t o  be much l e s s  than  c6 and c i .  E q u a t io n  2 

th e n  becomes

Co i  Q.1 ( t ) c I , 
2

3 . 3 , 3 a

#
c i 3 i ( t ) c 6 

2
3 . 3 , 3 b

and

iA2C2 . 3 . 3 , 3 c

E q u a t i o n s  3a and b a r e  j u s t  t h e  e q u a t i o n s  f o r  a s t r o n g l y  c o u p l e d ,  on 

r e s o n a n c e ,  two l e v e l  system and have t h e  s o l u t i o n ,  f rom e q u a t i o n  3 . 2 , 8  

w i t h  a 3 0 and 1 3 1,

c 6 ( t )  3 c os (0  ( t ) ) 3 . 3 , 4 a

and

c l l t l  3 i s i  n < 8 ( t ) ) 3 . 3 , 4 b

where

8<t) 3
t

f f l i ( t ' ) d t '  . J 3 . 3 , 5

Thus

C2 3 - Q 2 5 i n ( 8 ( t ) )  -  i A 2 C2 

2
3 . 3 , 6

T h i s  can be w r i t t e n  as

48



inQ
x

a) t i  = 0
As (MHz)

rvio
• X

F ig  3 . 3 . i

S t a r k  s p l i t t i n g s  -for two f l a t  p u l s e s ,

Qi 3 1000 Mrads s - 1 , Qs 3 0 . 1  Mrads s _ l , 

Ai 3 ¥s 3 0 and t  3 0 . 1  ps.
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3 . 3 , 7c 2 ( t ) = - e x p  ( - i  A2 t )  0.2 exp ( i  A2 t ' )  s i n  ( 9 ( t ' )  ) d t ' .
2 Ke

For a f l a t  pump p u l s e ,  s w i t c h e d  on f rom t  3 0 t o  t ,  t h i s  becomes

c 2 3 ifl_2 t  e x p ( - i A 2 t )  
4

e x p ( i 6 i t ) s i n c ( 6 i t ) - e x p  < - i 6 2 t ) s i n c ( 6 2 t ) 3 . 3 , 8

where s i n c ( x )  3 s i n ( x ) / x ,  <Sa 3 < f l i + 2 A2 ) / 4  and i 2 3 < f t t - 2 A a ) / 4 .  I f  

fl )) 1 / t  th en  t h e  i n t e r f e r e n c e  between t h e  two s i n e  f u n c t i o n s  i s  

n e g l i g i b l e  and so t h e  p r o b a b i l i t y  can be w r i t t e n  as

P2 ( t )  3 I c i < t ) 12 = (Q^tJ 2 ( s i n e 2 <6 i t ) + s i n c 2 ( 6 2 t ) ) . 3 . 3 , 9
16

The two s i n e  sq u are d  f u n c t i o n s  a r e  c e n t r e d  on A2 3 i f t i / 2 ,  i e  s e p a r a t e d  

by i l l ,  and a r e  of w i d t h  *  1 / t .  F i g  i a  shows t h e  TDO s o l u t i o n  f o r  th e  

case where Ih  3 1 00 0  Mrads s - 1 , 3 0 . 1  Mrads s - 1 , At 3 t i  3 Y2 3 0

and t  3 0 . 1  j j s . The r i p p l e s  in  be tw een  t h e  two peaks a r e  caused by th e

i n t e r f e r e n c e  between  t h e  two t e r m s  i n  t h e  a m p l i t u d e  of c£ .  E q u a t i o n  9 

p r e d i c t s  t h e  c o r r e c t  p o s i t i o n s  and h e i g h t  of t h e  p e a k s ,  *  ±80 MHz and

6 . 2 5  10“ * ,  but  does not  i n c l u d e  t h e  c e n t r a l  i n t e r f e r e n c e  r i p p l e s .  Fig

i b  shows a more r e a l i s t i c  r e s u l t  which  i n c l u d e s  some decay o u t  of th e  

m id d le  l e v e l  w h i c h ,  f o r  Yi 3 lOOir Mrads s _ 1 , smooths out  t h e  r i p p l e s  

p r e s e n t  in  f i g  i a .  A G a u ss ia n  p u l s e  shape can a l s o  be i n c l u d e d  in  

e q u a t i o n  7 so t h a t

t
8 < t ) 3 8 ° [ exp ( - d t _ V 2 ( r 2 ) d t  * 3 8 °  < 1 + e r f  ( t / / 2 V ) )  3 . 3 , 1 0

4

which i s  n o r m a l i s e d  so t h a t  8 (t-><») 3 8 ° .  S u b s t i t u t i n g  t h i s  i n t o  

e q u a t i o n  7 g i v e s

f

c 6 ( t )  3 - e x p f - i A s t l O z f e x p U A z t ' ) s i n { 8 ° U + e r f  < t ' / / 2 r ) )  > d t ' 3 . 3 , 1 1
2 — oo 2

50



COI
a

x

a) U  = 0

rsio
x

b) 11 ~ IOOtt Mrads s _1 <MHz)

F ig  3 . 3 . i i

S t a r k  s p l i t t i n g s  f o r  G a u s s ia n  pump and f l a t  p r o b e ,  

fti a 1000 Mrads s " 1 , s 0 . 1  Mrads s _ l ,

Ai a 3 0 and t  = 0 . 1  ps.
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laiC3
x

IXie»
x

—I200

—t200
= IOOtt l i rads  s~ 1 d2 (MHz)

F ig  3 . 3 , i i i

S t a r k  s p l i t t i n g s  f o r  F - T - G  pump and f l a t  p r o b e ,  

fii  = 1000 Mrads s _ 1 , 0 2 = 0 . 1  Mrads s - 1 ,

A i = Y 2 = 0 and t  = 0 . 1  p s .
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b) 11 » IOOtt Mrads s -1 A2 (MHz )

F ig  3 . 3 . i v

S t a r k  s p l i t t i n g s  f o r  two Gauss ian  p u l s e s ,  

£h 3 1000 Mrads s _ 1 , Q2 3 0 . 1  Mrads s _ 1 , 

Ai 3 t 2 = 0 and t  = 0 . 1  ps.
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F ig  3 . 3 , v

S t a r k  s p l i t t i n g s  -for two F -T -G  p u l s e s ,

(11 = 1000 Mrads s ~ 4 , = 0 . 1  Mrads s - 1 ,

A i  = Y 2 = 0  and t  = 0 . 1  j j s .
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which can be s o lv e d  n u m e r i c a l l y .  T h is  y i e l d s  i d e n t i c a l  r e s u l t s  t o  

th o s e  i n  f i g  i i a  which shows t h e  TDD r e s u l t s  f o r  a Gaussian  pump 

p u l s e ,  of  a r e a  2 8 ( t -» « )  a 100 r a d s  as in  f i g  i a ,  and a f l a t  p r o b e .  The 

o t h e r  p a r a m e t e r s  a r e  as in  f i g  i a .  F ig  i i b  shows t h e s e  r e s u l t s  w i t h  

th e  same decay i n c l u d e d  as i n  f i g  i b .  F ig s  i i i a  and b show t h e  r e s u l t s  

f o r  f l a t  topped  G auss ian  p u l s e s .  W it h  t h e  G auss ian  pump p u ls e  t h e  two 

o u t e r  peaks  a r e  s e p a r a t e d  by more t h a n  f o r  t h e  f l a t  p u ls e  c a s e .  The 

i n s t a n t a n e o u s  Rabi f r e q u e n c y  i s  changing  and t h e  r e s u l t s  a r e  a t i m e  

a v e r a g e  of t h e  peaks as t h e y  move a p a r t  and then  t o g e t h e r  a g a i n .  The 

maximum s e p a r a t i o n  i s  d e t e r m i n e d  by t h e  peak Rabi f r e q u e n c y ,  which f o r  

t h e  G auss ian  of a r e a  100 r a d s  i s  about  450 MHz. The o s c i l l a t i o n s  in  

between t h e  two peaks a r e  caused as t h e  p u l s e  b u i l d s  up and d ecays  

away. I n c l u d i n g  decay f rom  t h e  m i d d l e  l e v e l  t o t a l l y  d e s t r o y s  t h e  S t a r k  

s p l i t t i n g  e f f e c t  and means t h a t  i t  would be u n o b s e r v a b l e  f o r  t h e s e  

p a r a m e t e r s .  The r e s u l t s  f o r  t h e  f l a t  topped Gauss ian  in  f i g s  i i a  and b 

show o u t e r  p e a k s ,  due t o  t h e  lo n g  f l a t  t o p ,  and s m a l l  o s c i l l a t i o n s  in  

b e tw e e n ,  due ,  a g a i n ,  t o  t h e  r i s e  and f a l l  of  t h e  p u l s e .  The w i d t h  of
t

th e  o u t e r  peaks  i s  s l i g h t l y  more t h a n  f o r  t h e  f l a t  p u l s e  case as t h e  

p u l s e  i s  e f f e c t i v e l y  n a r r o w e r  by about  207.. In  t h i s  case i n c l u d i n g  

decay f rom t h e  m id d le  l e v e l  does n o t  q u i t e  d e s t r o y  t h e  s p l i t t i n g s .  An 

a s y m p t o t i c  e x p a n s io n  s o l v i n g  e q u a t i o n  7 can be found in  G r e e n l a n d  

1985.  T h i s  paper  a l s o  d e s c r i b e s  t h e  A i r y  f u n c t i o n  n a t u r e  of t h e  

o s c i l l a t i o n s  between t h e  main peaks  f o r  t h e  ca ses  in  which t h e  pump 

beam i s  r e s o n a n t .  A l l  of  t h e  c a s e s  d e s c r i b e d  so f a r  have had a 

c o n s t a n t  p ro be  p u l s e .  H o w ever ,  i f  good S t a r k  s p l i t t i n g s  a r e  r e q u i r e d  

then  i t  i s  a d v a n ta g e o u s  t o  have t h e  p robe  p u l s e  of t h e  same shape as 

t h e  pump beam. F i g s  i v a  and b show th e  e f f e c t  of h a v in g  a G a u ss ia n  

pro be  and a G auss ian  pump. The S t a r k  s p l i t t i n g  becomes c l e a r e r  and i s  

even o b s e r v a b l e  in  t h e  case  where damping i s  i n c l u d e d .  T h i s  e f f e c t  i s  

caused by t h e  p robe  p r o b i n g  t h e  p o p u l a t i o n  i n  t h e  m i d d l e  l e v e l  more 

when t h e  pump beam i s  s t r o n g e r ,  as t h e y  a r e  now s i m i l a r  in  shap e .  Thus 

a g r e a t e r  c o n t r i b u t i o n  t o  t h e  upper  s t a t e  p o p u l a t i o n  o c c u r s  a t  a 

g r e a t e r  S t a r k  s p l i t t i n g .  F i g s  3 . 3 v a  and b show t h e  same e f f e c t  f o r  

f l a t  topped  Gauss ian  p u l s e s .  A g a i n ,  t h e  s p l i t t i n g s  a r e  much more 

a p p a r e n t  than  in  t h e  case  where t h e  probe i s  f l a t .  I t  i s  t h e r e f o r e  

ad v a n ta g e o u s  t o  have a p ro b e  of t h e  same shape a s ,  and c o i n c i d e n t  

w i t h ,  t h e  pump beam i f  S t a r k  s p l i t t i n g s  a r e  t o  be o b s e r v e d .

I f  t h e  pump beam i s  b r o u g h t  ou t  of r e s o n a n c e  w i t h  t h e  lo w e r
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t r a n s i t i o n  - f requency th e n  t h e  s p l i t t i n g s  a re  s h i f t e d  and become 

a s y m m e t r i c .  T h i s  can be seen f rom  f i g s  v i a , b , c  and d where th e  

d e t u n i n g ,  A i ,  i s  g i v e n  by 0 ,  5 0 ,  100 and 300 MHz r e s p e c t i v e l y .  The 

o t h e r  p a r a m e t e r s  a re  lx - 2 0 0 tt Mrads s - 1 , £h 3 1000 Mrads s ” 1 , Q2 3

0 . 1  Mrads s - 1 , t m«>< 3 0 . 1  ps and bo th  t h e  p u l s e s  a re  f l a t .  I n c l u d i n g  a 

d e t u n i n g ,  a n d / o r  d e c a y ,  cau ses  e q u a t i o n s  3 t o  become

t
Co 3 i ( t ) c 1 , 3 . 3 , 1 2 a

2

c i  = iQ» ( t ) c 6 -  i A1 c 1' 3 . 3 , 1 2 b
2

and

C2 3 i O2 CI — i ( A1  ̂A2 ) c 2 

2
3 . 3 , 1 2 c

w h ere ,  t o  e n a b l e  an a n a l y t i c  s o l u t i o n ,  Ih  i s  r e s t r i c t e d  t o  b e in g  

c o n s t a n t .  These can be s o l v e d  t o  g i v e

c I  ( t ) 3 i e x p  ( - i  A_i t) s i n  t ) 3 . 3 , 1 3
fli  2 2

where Qi i s  t h e  o f f  r e s o n a n c e  Rabi f r e q u e n c y  g iv e n  by

fti 3 ( l b 2 + A i 2 ) 1 / z . 3 . 3 , 1 4

T h i s  i s  t h e  s o l u t i o n  f o r  a f l a t  pump p u l s e ,  o f f  re s o n a n c e  by A i ,  

t u r n i n g  on a t  t i m e  t  3 0 .  S u b s t i t u t i n g  t h e  new form f o r  c i  i n t o  

e q u a t i o n  12c g i v e s  t h e  s o l u t i o n  f o r  c i  as

c i ( t )  3 - e x p ( - i ( A i + A z ) t ) Q a f l i [ e x p < i  ( A2 +A i ) t ' ) s i n ( f l i t ' ) d t ' 3 . 3 , 1 52fli 0 2 2

3 i fl2 t  fli  e x p ( - i ( A !+ A2 ) t ) (e xp  ( i 6 1 1 ) s i n c  ( 6 1 1 ) 
4 Ai

-exp (-i62t)sinc((52t)> 3.3,16



where

&x = <fli+2A2+Ai) 
4

3 . 3 , 1 7 a

and

62 = <fli-2A2-Ai) 
4

3 . 3 , 1 7 b

For Qi » 1 / t ,  and w i t h  Ai r e a l ,  i e  w i t h  no d e c a y ,  t h e  p o p u l a t i o n  can 

be w r i t t e n

P2 ( t )  =* (Q2 t Q i \ 2 ( s i n c a ( 6 i t )  + s i n c 2 U 2 t ) )  . 3 . 3 , 1 8
V 4Qf

These a r e  two s i n e  s q u ared  f u n c t i o n s ,  of  t h e  same h e i g h t ,  c e n t r e d  on

A2 3 < - * i  ± Qi )  • 3 . 3 , 1 9
2

However ,  i f  t h e r e  i s  a l s o  decay f rom t h e  m id d le  l e v e l  t h e  p eaks  are  

a l s o  a l t e r e d  in  h e i g h t  t o  become a s y m m e t r i c .  Assuming, a g a i n ,  t h a t  

fti 1 / t  th en  t h e  two te r m s  a r e  g i v e n  by

P2 <t)
I ft 1 I 2

j  j 2

26 it I
- 2 1 i xt  

1 - e
2 6 z t

3 . 3 , 2 0

So t h e  d e t u n i n g  cau ses  a s h i f t  i n  t h e  peaks w h i l s t  t h e  decay  i s  

p r e d o m i n a n t l y  r e s p o n s i b l e  f o r  t h e  asymmetry .  In  th e  l i m i t  t h a t  fti « Ai 

th en

ft 1 *v A1, 3 . 3 , 2 1 a

6 1 *• (A1 + A2) 
2

3 . 3 , 2 1 b

and
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S t a r k  s p l i t t i n g s  f o r  two F - T - G  p u l s e s  

fit = 1000 Mr ads s " 1 , fl 

U  = 2 0 0 tt Mrads s -1

i i

and an o f f  r e s o n an ce  main beam,  

= 0 , 1  Mrads s ~ 1 , 

and t  3 0 . 1  ps.
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6 2 *• “ A_2 
2

3 . 3 , 2 1 c

and e q u a t i o n  16 r e d u c e s  t o  t h e  w h o l l y  p e r t u r b a t i v e  s o l u t i o n  g i v e n  in  

e q u a t i o n  3 . 2 , 1 7 .  Under t h e s e  c i r c u m s t a n c e s  t h e  r e s o n a n c e s  occu r  at

3 - 6 1  and 0 . 62  3 - 6 1  c o r r e s p o n d s  t o  t h e  two photon t r a n s i t i o n  

re s o n a n c e  and becomes l e s s  a f f e c t e d  by t h e  decay f rom t h e  m id d le  l e v e l  

as 61  i n c r e a s e s .  62  3 0 c o r r e s p o n d s  t o  t h e  s t e p w i s e  t r a n s i t i o n  

re s o n a n c e  and becomes r e l a t i v e l y  more and more d e p l e t e d  as 61 

i n c r e a s e s  c a u s in g  t h e  r e s o n a n c e  t o  widen and d i m i n i s h .  F i g s  v i i a , b , c  

and d show t h e  o f f  r e s o n a n c e  S t a r k  s p l i t t i n g s  f o r  two f l a t  topped  

G auss ian  p u l s e s .  A p a r t  f rom  t h e  p u l s e  shap e ,  t h e  p a r a m e t e r s  a r e  as in  

f i g  v i .  In  t h i s  case . th e  damping i s  to o  g r e a t  t o  a l l o w  t h e  S t a r k  peaks  

to  be o b s e r v e d .

S t a r k  s p l i t t i n g s  have now been ob serv ed  in  e x p e r i m e n t s  by many 

d i f f e r e n t  g r o u p s .  P ic q u d  and P i n a r d  1976 use a sodium a to m ic  beam w i t h  

t h e  3 2 S i / 2 , F3 2 t o  3 2 P3 / 2 , F=3 t r a n s i t i o n  s t r o n g l y  e x c i t e d  and w i t h  a 

probe  f i e l d  s c a n n in g  around t h e  5 2 S i / 2 , Fs 2 l e v e l .  The p o p u l a t i o n  in  

t h e  52 S i / 2 s t a t e ,  which decays  t o  t h e  4P and 3P e x c i t e d  s t a t e s ,  i s  

m o n i to r e d  by t h e  sp o n ta n e o u s  e m i s s i o n  of UV, a t  330 nm, f rom t h e  4P 

s t a t e .  D e l s a r t  and K e l l e r  1976 i n v e s t i g a t e  t h e  dependence of t h e  pump 

power on t h e  s p l i t t i n g ,  showing t h e  f o r m a t i o n  of t h e  d o u b le  peaks  as 

t h e  power of  t h e  s a t u r a t i n g  l a s e r  i s  i n c r e a s e d .  They s a t u r a t e  t h e  1S3 

t o  2 P4 t r a n s i t i o n  in  neon w i t h  a CW dye l a s e r  and measure the  

t r a n s m i s s i o n  of  a weak p ro be  f r o m  a He-Ne l a s e r  tuned  around t h e  2S2 

l e v e l .  Schuda,  S t r o u d  and H e r c h e r  1974 o b s e rv e  t h e  spec trum  of  

r e s o n a n t l y  s c a t t e r e d  l i g h t  a t  r i g h t  a n g l e s  to  a sodium a to m ic  beam. 

The F 3 2 4 3 h y p e r f i n e  component  of t h e  D2 ( 3 2 S i / 2 ,  3 2 P3 / 2  ) l i n e  i s  

s t r o n g l y  e x c i t e d  w i t h  a CM dye l a s e r  and t h e  spectrum  o b serv ed  f o r  

v a r i o u s  d e t u n i n g s .  Hogan e t a l  1978 i o n i s e  t h e  p o p u l a t i o n  in  t h e  4D3 / 2  

l e v e l  of  sodium t o  o b s e r v e  t h e  S t a r k  d o u b l e t  formed by a s a t u r a t i n g  

l a s e r  tuned t o  t h e  3 S a / 2  + 3 P w 2 t r a n s i t i o n  in  sodium v a p o u r .  They 

o b s e rv e  t h e  symmetry  of t h e  two peaks  as t h e  low er  t r a n s i t i o n  l a s e r  i s  

d etu ned  f rom r e s o n a n c e .  In  each case  t h e  e x c i t i n g  p u l s e s  a r e  formed  

s u f f i c i e n t l y  lo ng  such t h a t  any of t h e  p u l s e  shape e f f e c t s  d e s c r i b e d  

h e re  a r e  not  o b s e r v e d .
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3.4 Conclusions

T h i s  c h a p t e r  shows some o f  t h e  e f f e c t s  caused by t h e  e x c i t a t i o n  of  

a t h r e e  l e v e l  system w i t h  p u l s e d  l a s e r s .  The p re d o m in a n t  f e a t u r e s  of a 

n o n - c o n s t a n t  p u l s e  e n v e l o p e  a r e  t h e  i n c r e a s e s  in  both t h e  t r a n s f o r m  

b a n d w id th  and peak power o v e r  f l a t  p u l s e s  of t h e  same a r e a .  The 

i n c r e a s e  in  b a n d w id th  cau ses  s m a l l e r ,  bu t  w i d e r ,  r e s o n a n c e s  w h i l s t  th e  

v a r i a t i o n  in  t h e  Rabi f r e q u e n c y  i s  r e s p o n s i b l e  f o r  t h e  d e s t r u c t i o n  of  

S t a r k  s p l i t t i n g s  which depend upon t h e  i n s t a n t a n e o u s  Rabi f r e q u e n c y .

V a r i o u s  a n a l y t i c a l  models  a r e  compared to  t h e  c o m p u t a t i o n a l  

s o l u t i o n  g i v i n g  good ag reem en t  f o r  t h e  s p e c i a l  ca ses  r e q u i r e d .  T h is  

g i v e s  c o n f i d e n c e  i n  t h e  new phenomena p r e d i c t e d  by t h e  Time 

Development  O p e r a t o r  method f o r  t h e  a n a l y t i c a l l y  i n s o l u b l e  c a s e s .

The i m p o r t a n c e  of t h e  p u l s e  a r e a ,  as measured by t h e  i n t e g r a l  over  

a l l  t i m e  of t h e  Rabi f r e q u e n c y ,  i n  t h e  c a l c u l a t i o n  of t h e  f i n a l  

p a p u l a t i o n  d i s t r i b u t i o n  i s  seen i n  e q u a t i o n  3 . 2 , 8 .  T h is  i s  a more 

f u n d a m e n ta l  p a r a m e t e r  t h a n  t h e  t o t a l  e n e rg y  of t h e  p u l s e  which i s  

p r o p o r t i o n a l  t o  t h e  i n t e g r a l ,  o v e r  t i m e ,  of t h e  i n t e n s i t y ,  or  Rabi  

f r e q u e n c y  s q u a r e d .

C l e a r  a d v a n ta g e s  a r e  seen in  t h e  e x c i t a t i o n  of t h e  upper  l e v e l  by 

u s i n g  c o u n t e r - p r o p a g a t i n g  beams i f  t h e  system i s  i n f l u e n c e d  by D o p p le r  

e f f e c t s ,  see s e c t i o n  3 . 2 . 2 .  Thus ,  even i n  an a to m ic  beam, where th e  

t r a n s v e r s e  D o p p le r  w i d t h s  a r e  r e l a t i v e l y  s m a l l ,  a much l a r g e r  upper  

s t a t e  p o p u l a t i o n  i s  in d u c e d  by e x c i t i n g  t h e  two t r a n s i t i o n s  w i t h  l a s e r  

beams t r a v e l l i n g  i n  o p p o s i t e  d i r e c t i o n s .  T h i s  r e d u c e s  t h e  t w o -p h o to n  

d e t u n i n g  due t o  t h e  D o p p le r  e f f e c t  a l t h o u g h  t h e  s i n g l e - p h o t o n  d e t u n i n g  

f rom t h e  m id d le  l e v e l  r e m a i n s  u n a l t e r e d .

S e c t i o n  3 . 3  shows t h e  a d v a n t a g e  of  u s in g  pump and probe  l a s e r  

p u l s e s  of t h e  same s h a p e ,  i n  o r d e r  t o  see t h e  S t a r k  s p l i t t i n g s  of th e  

lo w er  l e v e l s ,  f o r  c ases  where t h e  p u l s e s  a r e  no t  of c o n s t a n t  

a m p l i t u d e .  I t  a l s o  shows t h e  e f f e c t s  of decay  in  b r o a d e n in g  t h e  S t a r k  

peaks such t h a t  f o r  l a r g e  decays  t h e  i n d i v i d u a l  peaks a r e  not  

r e s o l v a b l e .

Thus p u l s e  shape e f f e c t s  a r e  i m p o r t a n t  in  t h e  bound/bound  

t r a n s i t i o n s  i n v e s t i g a t e d  h e r e .  In  most cases  i t  i s  no t  s u f f i c i e n t  to  

model e x p e r i m e n t s  u s in g  ' e q u i v a l e n t '  f l a t  p u l s e s  i f  t h e  r i s e  and f a l l  

t i m e s  a r e  s i g n i f i c a n t .

The ban d w id th  i n c l u d e d  in  t h i s  c h a p t e r  i s  due t o  t h e  t r a n s f o r m  

w i d t h  of t h e  p u l s e  due t o  i t s  t e m p o r a l  shape .  Anoth er  t e m p o r a l  e f f e c t

hi



i s  t h e  b a n d w id th  caused by f l u c t u a t i o n s  in  t h e  phase .  In t h e  n ex t  

c h a p t e r  t h e  e f f e c t s  of t h i s  s o r t  of  b andw id th  a r e  i n v e s t i g a t e d .  These  

two s o r t s  of b an d w id th  a r e  f u n d a m e n t a l l y  d i f f e r e n t  because of th e  

im p o r ta n c e  of t h e  c o h e r e n c e  of t h e  e x c i t i n g  beam. Ban dwidth  caused by 

p u l s e  shape does not  a f f e c t  t h e  c o h e r e n c e ,  w h i l s t  phase f l u c t u a t i o n  

b andw id th  i s  a measure of t h e  i n c o h e r e n c e .  In t h e  n e x t  c h a p t e r  phase  

f l u c t u a t i o n  b a n d w id th  i s  i n c l u d e d  in  t h e  model as a te m p o r a l  p r o c e s s  

a lo n g  w i t h  t h e  p u l s e  shape .
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CHAPTER 4

A r e a l i s t i c  two l e v e l  system

4 . 0  I n t r o d u c t i o n

The u n d e r s t a n d i n g  of  t h e  i n t e r a c t i o n  of complex atoms w i t h  

r a d i a t i o n  i s  e c o n o m i c a l l y  v e r y  i m p o r t a n t .  The demand -for e f f i c i e n t  

i s o t o p e  s e p a r a t i o n  methods i n  u r a n i u m  i s  c o n s t a n t l y  i n c r e a s i n g  due to  

t h e  r i s i n g  demand f o r  t h e  i s o t o p e s  f o r  use i n  a t o m i c  r e a c t o r s .  The 

c u r r e n t  s e p a r a t i o n  methods,  m a i n l y  d i f f u s i v e  and c e n t r i f u g a l ,  r e l y  on 

t h e  d i f f e r e n t  masses of  t h e  i s o t o p e s .  The r e l a t i v e  masses a r e  so c l o s e  

f o r  t h e  heavy  atoms t h a t  t h e s e  p r o c e s s e s  a r e  v e r y  i n e f f i c i e n t .  The 

a d v a n t a g e  of  l a s e r  i s o t o p e  s e p a r a t i o n ,  where t h e  s e p a r a t i o n  i s  due to  

t h e  d i f f e r e n t  e l e c t r o n  e n e r g y  l e v e l s ,  i s  i n  t h e  s e l e c t i v i t y .  The 

method would n o t  n e c e s s a r i l y  be 100'/. e f f i c i e n t  i n  c o l l e c t i n g  a l l  of  

t h e  r e q u i r e d  s p e c i e s ,  but  t h o s e  t h a t  were c o l l e c t e d  would be a l mos t  

p u r e .  T h i s  i s  i n  c o n t r a s t  t o  t h e  c u r r e n t  methods where a sampl e  i s  

r e p e a t e d l y  p r o c e s s e d  u n t i l  i t s  o v e r a l l  p u r i t y  has r ea c h e d  t h e  r e q u i r e d  

l e v e l .  For  t h e s e  r e a s o n s  i t  i s  v e r y  d e s i r a b l e  t o  a q u i r e  as much 

knowl edge of  t h e s e  complex atoms as i s  p o s s i b l e .

The p r e v i o u s  c h a p t e r  d e a l s  w i t h  t h e  s o l u t i o n s  of  a t h r e e  l e v e l  

system i n t e r a c t i n g  w i t h  a s i m p l e  p u l sed  l a s e r  f i e l d .  These a r e  

i d e a l i s e d  c o n d i t i o n s  where t h e  l a s e r  has no b a n d w i d t h ,  a p a r t  f rom i t s  

t r a n s f o r m  w i d t h ,  and t h e  t r a n s i t i o n s  i n v o l v e d  a r e  n o n - d e g e n e r a t e .

/////\///////
4 2 5 .  74 n i n

i ‘ 2------------------- 26558 c m ’ 1

4 4 0  6 1 tun

I -  3 — "  ' 3668 cm '
j - 6 — 1 0 cin

F i g  4 . 0 . i

The u r an i um l e v e l s  used i n  t h e  e x p e r i m e n t  ( t a k e n  f rom SHJR) . 

U n f o r t u n a t e l y ,  t h e s e  c o n d i t i o n s  a r e  not  a l ways  a t t a i n a b l e  i n  a r e a l
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e x p e r i m e n t .  T h i s  c h a p t e r  d e a l s  w i t h  a s i m p l e r ,  two l e v e l  system but  

i n c l u d e s  many of  t h e  e f f e c t s  f ound i n  r e a l i t y ,  such as m a g n e t i c  

s u b l e v e l  d e g e n e r a c y ,  D o p p l e r  e f f e c t s  and l a s e r  b a n d w i d t h ,  p u l s e  shape  

and f r e q u e n c y  f l u c t u a t i o n s .  E x p e r i m e n t s  have been done on s i m p l e r  two 

l e v e l  systems (see  f o r  exampl e  G r i e n e i s e n ,  K u r n i t  and Szdke 1971 and 

MacGi 1 1 i v r a y , Pegg and S t a n d a g e  1978 where f l u c t u a t i o n s  i n  t h e  

f r e q u e n c y ,  i n t e n s i t y  and phase of  t h e  p u l s e  a r e  u n i m p o r t a n t  or  a r e  

i g n o r e d )  i n  which t h e  e f f e c t s  of  t h e  Rabi  f r e q u e n c y  can been s een .  To 

d e t e r m i n e  w h e t h e r  such e f f e c t s  s u r v i v e  w i t h  more complex atoms and 

l a s e r  p u l s e s  an e x p e r i m e n t  t o  o b s e r v e  Rabi  o s c i l l a t i o n s  i n a two l e v e l  

t r a n s i t i o n  i n  u r an i um was c a r r i e d  o u t  by S c a r l ,  H a c k e l , Johnson and 

Rushf or d  1981 CSHJR3 see f i g  i .  T h i s  c h a p t e r  a t t e m p t s  t o  model  t h e  

e f f e c t s  found i n  t h i s  e x p e r i m e n t ,  e x p l a i n i n g  i n  more d e t a i l  t he  

r e s u l t s  i n  Lauder  and G r e e n l a n d  1984 .
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4 . 1  The E x p e r i m e n t

The s o r t  of  phenomena whi ch need t o  be i n c l u d e d  r e s u l t  m a i n l y  f r om  

d e g r e e s  of  u n c e r t a i n t y  i n  what  i s  known about  t h e  l a s e r  and t h e  

i r r a d i a t e d  sys t em.  E v e r y t h i n g  whi ch i s  a s s i g n e d  a v a l u e ,  eg i n t e n s i t y ,  

p u l s e  l e n g t h  and d e t u n i n g  e t c ,  has a s s o c i a t e d  w i t h  i t  an u n c e r t a i n t y .  

Some of  t h e  u n c e r t a i n t i e s  have  w e l l  d e f i n e d  d i s t r i b u t i o n s  and o n l y  

c o m p l i c a t e  t h e  t h e o r e t i c a l  a n a l y s i s  by f o r c i n g  a d d i t i o n a l  a v e r a g i n g .  

Ot her  p r o c e s s e s  have unknown d i s t r i b u t i o n s  and models have t o  be 

chosen and j u s t i f i e d  so t h a t  t h e  d i s t r i b u t i o n s  can be c a l c u l a t e d .

In t h i s  e x p e r i m e n t  t h e  u r a n i u m  atoms have a v e l o c i t y  d i s t r i b u t i o n  

and,  because  of  t h e  non- *zero J v a l u e s ,  m a g n e t i c  s u b l e v e l s .  These l e a d  

t o  a d e t u n i n g  d i s t r i b u t i o n  because  of  t h e  D opp l e r  e f f e c t  i n  t h e  

c o l l i m a t e d  a t o m i c  beam, and more t h a n  one Rabi  f r e q u e n c y  because  of  

t h e  d i f f e r e n t  e l e c t r i c  d i p o l e  moments between t h e  magne t i c  s u b l e v e l s .  

The l a s e r  f i e l d  i s  p u l s e d  and t h e  shape has t o  be a p p r o x i m a t e d .  Shot  

t o  shot  f l u c t u a t i o n s  i n  t h e  l a s e r  p u l s e  cause t h e  i n t e n s i t y  and mean 

d e t u n i n g  t o  v a r y .  Phase f l u c t u a t i o n s  w i t h i n  a sho t  cause b a n d w i d t h  i n  

a d d i t i o n  t o  t h e  t r a n s f o r m  w i d t h .  A l l  t h e s e  e f f e c t s  a r e  t o  be m o d e l l e d  

i n  t h i s  a n a l y s i s .

The a t o mi c  e f f e c t s ,  t h e  v a r i a t i o n  i n  d i p o l e  m a t r i x  e l e me n t s  bet ween  

t h e  s u b l e v e l s  and t h e  D o p p l e r  e f f e c t ,  a r e  t r e a t e d  i n  s e c t i o n s  4 . 2 . 1  

and 4 . 2 . 2 .  The l a s e r  e f f e c t s ,  p u l s e  shape ,  i n t e n s i t y  f l u c t u a t i o n s ,  

f r e q u e n c y  f l u c t u a t i o n s  and b a n d w i d t h ,  a r e  t r e a t e d  i n  s e c t i o n s  4 . 3 . 1 ,  

4 . 3 . 2 ,  4 . 3 . 3  and 4 . 3 . 4 .

The e x p e r i m e n t a l  s e t up  i s  shown i n  f i g  i .  The a t omi c  uran i um beam 

i s  formed by two s l i t s ,  1 mm w i d e ,  10 mm long and 20 mm a p a r t ,  

c o l l i m a t i n g  t h e  e f f u s i v e  o u t p u t  of  a t u n g s t e n  oven a t  1750 K

- 4 4 0 6 1  nm
Qy C Ukt f f

F i g  4 . 1 . i

The e x p e r i m e n t a l  s e t u p  ( t a k e n  f rom SHJR) .
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c o n t a i n i n g  a u r an i um r h e n i d e  s o u r c e .  The b i s e c t o r  o f  t h e  5 '  a n g l e  

between t h e  l a s e r  beams i s  p e r p e n d i c u l a r  t o  t h e  a t o mi c  beam,  and 

i n t e r s e c t s  a t  a p o i n t  wher e  t h e  a t omi c  d e n s i t y  i s  10*  cm- 3 . Two 

p u l s e d  dye l a s e r s  a r e  used t o  i r r a d i a t e  t h e  a t omi c  beam.  The 4 4 0 . 6 1  nm 

l a s e r  i s  used t o  e x c i t e  t h e  two l e v e l  t r a n s i t i o n  and i s  pumped by a 

M a l e c t r o n  n i t r o g e n  l a s e r  a t  a r e p e t i t i o n  r a t e  of  19 Hz and w i t h  a 

p u l s e  w i d t h  of  around 10 ns FWHM. F i n a l  t u n i n g  of  t h e  e x c i t i n g  l a s e r  

i s  a c h i e v e d  by m a x i m i s i n g  t h e  number of  i ons  d e t e c t e d .  The p u l s e  i s  

passed t h r o u g h  a v a r i a b l e  a t t e n u a t o r  w i t h  d e n s i t y  r a n g e  0 t o  2 ,  t h a t  

i s  t h e  o u t p u t  i n t e n s i t y  i s  v a r i e d  between a f a c t o r  o f  1 and 1 / 1 0 0  of  

t h e  i n p u t  i n t e n s i t y .  Onl y  t h e  c e n t r e  p a r t  of  t h e  beam i s  used so t h a t  

t h e  i n t e n s i t y  i s  n e a r l y  u n i f o r m ,  w i t h i n  ±207. ,  ove r  t h e  i n t e r a c t i o n  

a r e a .

The f i r s t  l a s e r  p u l s e  i s  f o l l o w e d  by a second p u l s e  a t  4 2 5 . 7 4  nm 

which i s  used t o  i o n i s e  t h e  atoms which a r e  l e f t  i n  t h e  upper  of  t he  

two r e l e v a n t  s t a t e s .  T h i s  i s  a m o d i f i e d  M o l e c t r o n  dye l a s e r  pumped by 

a second M o l e c t r o n  n i t r o g e n  l a s e r .  The i n t e n s i t y  i s  10*  Wm- 2  i n a 

5 ns p u l s e  and s a t u r a t e s  t h e  t r a n s i t i o n  f rom t h e  26558  cm-1 l e v e l  t o  

an a u t o i o n i s i n g  l e v e l  i n  t h e  c o n t i n u u m .  The i o n s  a r e  c o l l e c t e d  by a 

G a l i l e o  C h a n n e l t r o n  e l e c t r o n  m u l t i p l i e r  p r o d u c i n g  10*  e l e c t r o n s  per  

i on  d e t e c t e d .  T h i s  o u t p u t  p u l s e  i s  ave r a g e d  over  t h e  10 ps t h a t  i t  

t a k e s  t h e  i o n s  produced t o  be d e t e c t e d ,  and f u r t h e r  ave r age d  o v e r  3 

p u l s e s  by a box c a r  a v e r a g e r .  T h i s  i s  a g a i n  aver age d  over  a t h r e e  

mi nut e  p e r i o d  i n  which t h e  v a r i a b l e  a t t e n u a t o r  r o t a t e s  30 t i m e s  and 

t h e  l a s e r s  p u l s e  around 3500 t i m e s .  Thus t h e  i on  c u r r e n t  can be 

obser ved  as a f u n c t i o n  of  t i m e .  The t i m e  s c a l e  can be c o n v e r t e d  t o  an 

i n t e n s i t y  s c a l e  by u s i n g  t h e  a t t e n u a t o r  i n  c o n j u n c t i o n  w i t h  a l i n e a r  

p h o t o - d i o d e ,  which i s  t hen  c o n v e r t e d  t o  an e l e c t r i c  f i e l d  s c a l e .  The 

f i n a l  g r aphs  a r e  p l o t s  of  t h e  upper  ( 26558  cm- 1 ) s t a t e  p o p u l a t i o n  

a f t e r  t h e  e x c i t i n g  p u l s e  a g a i n s t  t h e  peak e l e c t r i c  f i e l d  of  t h e  p u l s e .
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4 . 2  Mode 1 1 inq t h e  atoms

In t h e  e x p e r i m e n t  of  S c a r l  e t  al  t h e  r e l e v a n t  l e v e l s  i n  t h e  ur an i um  

atom a r e  t h e  J a 3 s t a t e  a t  3868  cm-1 and J=2 s t a t e  a t  26558 cm- 1 . These  

a r e  i r r a d i a t e d  by a p u l s e d  l a s e r  and l a t e r  i o n i s e d ,  t o  an a u t o i o n i s i n g  

l e v e l  i n  t h e  c o n t i n u u m ,  u s i n g  a n o t h e r  p u l s e d  l a s e r .  I t  i s  assumed t h a t  

a l l  t h e  atoms l e f t  i n  t h e  upper  s t a t e  a f t e r  t h e  e x c i t i n g  p u l s e  a r e  

i o n i s e d  so t h a t  t h e  i on  count  c o r r e s p o n d s  e x a c t l y  t o  t he  f i n a l  upper  

s t a t e  p o p u l a t i o n .  The aim of  t h e  e x p e r i m e n t  i s  t o  o b s e r v e  Rabi  

o s c i l l a t i o n s  i n  a complex atom.  T h i s  w i l l  m a n i f e s t  i t s e l f  as an 

o s c i l l a t i o n  i n  t h e  upper  s t a t e  p o p u l a t i o n  as a f u n c t i o n  of  peak l a s e r  

f i e l d .  Rabi  o s c i l l a t i o n s  a r e  u s u a l l y  obser ved  as an o s c i l l a t i o n  i n  

p o p u l a t i o n  of  a l e v e l  a g a i n s t  t i m e  f o r  a f i x e d  Rabi  f r e q u e n c y .  In t h i s  

case t h e  p o p u l a t i o n  i s  o b s e r v e d  a t  a f i x e d  t i m e ,  w h i l s t  v a r y i n g  t he  

Rabi  f r e q u e n c y  by i n c r e a s i n g  t h e  peak f i e l d .

Assuming t h e r m a l  p a p u l a t i o n  o f  t h e  l e v e l s  i n  t h e  oven t hen  the  

r a t i o  of  t h e  number of  atoms i n  t h e  ground s t a t e  t o  t h e  number i n  t he  

e x c i t e d  s t a t e  i s  g i v e n  by e x p < h ( v i-vo)/ kT> : 1 .  For  t h e  l e v e l s  i n v o l v e d ,  

Vi  3 c / \ i  3 7 . 9 7  1 0 14 Hz,  Vo 3 1 . 1 6  1 0 14 Hz ,  and a t e m p e r a t u r e  of

1750 K t h i s  r a t i o  i s  e x p ( 1 7 ) s l .  T h e r e f o r e  t h e  i n i t i a l  p o p u l a t i o n  in  

t h e  e x c i t e d  s t a t e  i s  assumed t o  be z e r o .

The r a t i o  of  t h e  p o p u l a t i o n  i n  t h e  t r u e  ground s t a t e  t o  the  

p o p u l a t i o n  i n  t h e  l o w e r  of  t h e  two r e s o n a n t  l e v e l s  i s  2 0 } 1 .  Thus o n l y  

around 57. of  t h e  u r an i um atoms i n  t h e  beam a r e  used i n  t h e  e x c i t a t i o n .  

However ,  t h i s  i s  ample as i o n  d e t e c t i o n  i s  v e r y  s e n s i t i v e .  P o p u l a t i o n  

decay t i m e s  a r e  e s t i m a t e d  t o  be of  o r d e r  50 ns [ G r e e n l a n d  19851 and 

a r e  t h e r e f o r e  n e g l i g i b l e  when compared t o  t h e  e x c i t i n g  p u l s e  w i d t h  of  

around 5 ns.

4 . 2 . 1  Ma g n e t i c  s u b l e v e l s

The n o n - z e r o  J v a l u e s  l e a d  t o  t h e  l e v e l s  h av i ng  magne t i c  s u b l e v e l s  

of  equa l  e n e r g i e s ,  as t h e  h y p e r f i n e  s t r u c t u r e  i s  not  p r e s e n t  i n  U23a 

because of  t h e  symmetry of  t h e  n u c l e u s .  Thus t h e  l ower  l e v e l ,  J = 3 ,  has 

seven and t h e  upper  l e v e l ,  J= 2 ,  f i v e  s u b l e v e l s .  The p u l s e d  l a s e r  used 

i s  l i n e a r l y  p o l a r i s e d  and so t h e  t r a n s i t i o n s  i nduced,  a r e  6m 3 0 

t r a n s i t i o n s ,  where m l a b e l s  t h e  s u b l e v e l .  Thus t h e  a l l o w e d  t r a n s i t i o n s  

a r e  as shown i n  f i g  i .  The l a s e r  p u l s e  d u r a t i o n  i s  s u f f i c i e n t l y  s h o r t  

and t h e  d e n s i t y  of  atoms s u f f i c i e n t l y  s m a l l  such t h a t  c o l l i s i o n a l  

mi x i ng  between t h e  s u b l e v e l s  can be i g n o r e d .
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F i g  4 . 2 . i

The a l l o w e d  t r a n s i t i o n s  f o r  l i n e a r l y  p o l a r i s e d  l i g h t .

The i n t e r a c t i o n  t i m e  i s  around 5 ns and t h e  beam d e n s i t y  i s  around  

1 0 13 m“ 3 . The a t o mi c  v e l o c i t y  3 / k T / m 1 3 2 102 ms- 1 . Thus i n  5 ns t he  

e f f e c t i v e  volume swept  out  i s  2 i r r2 1 0 " A ^ 1 0 - 2 3  m3 . The d i p o l e  m a t r i x

e l e m e n t  between t h e  l e v e l s  i s  dep e n d e n t  upon t h e  magni t ude  of  m f o r  

t h e  t r a n s i t i o n .  Thus i t  can be seen t h a t ,  assuming a l l  t h e  l o we r  

s u b l e v e l s  a r e  i n i t i a l l y  e q u a l l y  p o p u l a t e d ,  2 / 7  of  t h e  p a p u l a t i o n  can
t

n ever  be e x c i t e d .  F u r t h e r m o r e  t h e  t r a n s i t i o n s  have d i f f e r e n t  Rabi  

f r e q u e n c i e s  a s s o c i a t e d  w i t h  them.  T h i s  i n  i t s e l f  l e a d s  t o  a more 

complex e v o l u t i o n  due t o  t h e  s u p e r p o s i t i o n  of  t h e  d i f f e r e n t  

o s c i l l a t i o n  f r e q u e n c i e s  i n v o l v e d .  T h i s ,  h o wever ,  i s  a s i m p l e  e f f e c t  to  

i n c l u d e  i n  t h e  model  as t h e  r e l a t i v e  d i p o l e  m a t r i x  e l e m e n t s  a r e  w e l l  

known CCondon and S h o r t l e y  1 9 3 5 1 .  I f  /Jo i s  t h e  d i p o l e  m a t r i x  e l e me n t  

f o r  t h e  m 3 0 t r a n s i t i o n  t h e n  t h e  e l e me n t  f o r  t h e  m 3 ±1 t r a n s i t i o n  i s

g i v e n  by jji 3 p o / 8 / 9 1 and t h a t  f o r  t h e  m 3 ±2 i s  g i v e n  by p2 3 j J o / 5 / 9 1.

The m 3 0 d i p o l e  m a t r i x  e l e m e n t  i s  one of  t h e  f i t t i n g  p a r a m e t e r s  of  

t h e  e x p e r i m e n t .

4 . 2 . 2  Do p p l e r  w i d t h s

The atoms a r e  i n  an a t o m i c  beam i r r a d i a t e d  a t  a p p r o x i m a t e l y  r i g h t  

a n g l e s  by t h e  l a s e r  beams.  The t r a n s v e r s e  v e l o c i t y  d i s t r i b u t i o n  i n  t he  

beam i s  l a r g e  enough t o  cause  a s i g n i f i c a n t  d e t u n i n g  d i s t r i b u t i o n  due 

t o  t h e  Do p p l e r  e f f e c t .  Knowl edge of  t h e  geomet r y  of  t h e  beam and t he  

t e m p e r a t u r e  of  t h e  oven a l l o w s  a c a l c u l a t i o n  of  t h e  d e t u n i n g  

d i s t r i b u t i o n ,  so t h a t  t h i s  can be i n c l u d e d  i n  t h e  mode l .  The

t e m p e r a t u r e  of  t h e  atoms i n  t h e  oven i s  g i v e n  t o  be 1750 K, t h e  atoms

a r e  U23a and t h e  c o l l i m a t i n g  s l i t s  a r e  1 mm wide and 2 0  mm a p a r t .  The 

two l a s e r s  a r e  i n c i d e n t  on t h e  beam such t h a t  t h e  b i s e c t o r  of  t h e  5*
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a n g l e  between t h e  two l a s e r  beams i s  normal  t o  t h e  a t omi c  beam. W i t h i n  

t h e  oven t h e  v e l o c i t y  d i s t r i b u t i o n  i s  assumed t o  be a Bol t zmann  

d i s t r i b u t i o n .  That  i s

P(v>< j V y ) 3 _ _ l _ _ e x p < - < v K2 + Vy2 ) / 2<ro2 > 4 . 2 , 1
2 tt(Td 2

where <Td 2 3 kT/m.

oven

- □

slit 
I ai

P'

Y 4
slit

. a-

Q

F i g  4 . 2 . i i

The u r a n i u m beam c o l l i m a t o r .

Onl y  t h e  x and y s p a t i a l  components  a r e  c o n s i d e r e d ,  where x i s  t h e  

a t o m i c  beam a x i s  and y i s  t h e  d i r e c t i o n  of  t h e  l a s e r  beams,  see f i g  

i i .  In t h e  e x p e r i m e n t  t h e  l a s e r  beams were each 2 . 5 *  away f rom t h e  

p e r p e n d i c u l a r  t o  t h e  a t o m i c  beam.  T h i s  i s  assumed n e g l i g i b l e  and both  

l a s e r s  a r e  assumed t o  be p e r p e n d i c u l a r  t o  t h e  beam,  i e  both a l ong  t h e  

y a x i s ;  f o r  t h e  e f f e c t s  of  n o n - p e r p e n d i c u l a r  o b s e r v a t i o n  a n g l e s  see  

G r e e n l a n d ,  Lauder  and Wort  1985 .  Thus i n  t h e  oven t h e  d i s t r i b u t i o n  i s  

g i v e n  by P ( v * , v y ) .  The f l o w  i n t o  r e g i o n  P'  i s  assumed t o  be e f f u s i v e ,  

t h a t  i s  t h e  h o l e  i s  s ma l l  and t h e  r a t e  of  escape of  t h e  atoms i s  s ma l l  

enough such t h a t  t h e r m a l  e q u i l i b r i u m  i n t h e  oven i s  no t  u p s e t .  The 

d i s t r i b u t i o n  i n  t h i s  r e g i o n  i s  w e i g h t e d  by v*  because  t h e  atoms w i t h  a 

l a r g e r  v„ escape a t  a g r e a t e r  r a t e .  T h e r e f o r e

P ' < v M, v y ) -  _ _ l _ _ v He x p < - ( Vx2 + v y 2 ) / 2 t r D2 } v H>0.  4 . 2 , 2
/2iT f d3

The v y dependence i n  r e g i o n  Q, a f t e r  t h e  second s l i t ,  i s  g i v e n  by
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Q ( V y ) dVy 3 I I d y  dv h P ' (vH, vy ) dvy i

3l ~ ̂2 v»-
4 . 2 , 3

Where v s * H < y , v y ) , vf f l n  ( y , v y ) a r e  t h e  maximum and minimum v a l u e s  of  

Vx which w i l l  a l l o w  an atom a t  p o i n t  y ,  i n  t h e  f i r s t  s l i t ,  w i t h  

t r a n s v e r s e  v e l o c i t y  v y t o  t r a v e l  t h r o u g h  t h e  second s l i t .  The s l i t  

w i d t h  a t i s  r e s t r i c t e d  t o  a i  4 a 2 f o r  ease of  c a l c u l a t i o n .  T h i s  

i n c l u d e s  t h e  case  t h a t  i s  r e q u i r e d  where a t = a2 = a ,  and a l s o  a n o t h e r  

s p e c i a l  case where a i  -> 0 ,  i e  a p i n h o l e  s o u r c e .  Thus

V™ = oo 4 . 2 , 4 a

and

f o r  v y >0 4 . 2 , 4 b

f o r  v y <0.  4 . 2 , 4 c

P'  <vH, v y ) v y >0 4 . 2 , 5 a

So t h a t

v|?i n  = Vy L / ( a 2 / 2 - y )

= l v y I L / ( a 2 / 2 + y )

Q ( v y )dVy = dv. M dv,
a i -*i L\\

1 {*.*)

S

For v y < 0 and i f  y •* - y  

t h a t  v y ■> I v y I . Thus

Q ( Vy J dVy =

CO
f

dVy dy dv m P ' ( V x , V y )  v y <0. 4 . 2 , 5 b
a i

^ +9)

t hen t h e  e q u a t i o n s  become i d e n t i c a l p r o v i d e d

A,
J CO

k

dVy 
s l

dy
-A,

dVH P ' ( V „ , Vy
Uv, I

4 . 2 , 6
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Substituting -for P'(Vx,vy) gives

Q<vv ) d v y 3 P <Vy ) dVy
a i i r D2

dy dvx v Mexp ( - V m2 /2(Td 2 } 4 . 2 , 7

3 P ( v v ) d V v dy exp)  - L 2 l v v l 2 ] . 4 . 2 , 8
a i  4  ( ( a 2 / 2 - y ) 2 2iTD2 )

T h i s  i s  now no t  n o r m a l i s e d  as t h o s e  atoms which do not  pass t h r o u g h  

t h e  second s l i t  a r e  l o s t .  Appendi x  4 . A g i v e s  t h e  n o r m a l i s a t i o n  and 

e v a l u a t i o n  of  t h e  i n t e g r a l  t o  g i v e

Q ( V y ) d v y 3 a t P ( V v ) d v v 7( a 2 + a i ) e x p ( - S + 2 ) - ( a 2 - a i ) e x p ( - S - 2 ) 
L ( T + - T - )  / 2 2

+Jt
L I v v I 

a i or 4
e r f ( S - ) - e r f ( S - ) 4 . 2 , 9

where

S± 3 U v v l / 2 1 
Td ( a 2 ± a i )

and 1 + a 2 ± a :
2L

For  t h e  case where a2 3 a i  3 a t h e n  t h i s  r e d u c e s  t o

Q(Vy)dvy 3 aP(Vv)dVv \ e x p ( - S 2 ) + / ? E ( e r f ( 2 ) - 1 ) (  4 . 2 , 1 0
a 1=a2=a L { ( l  + <^)a ) l / 2 - l >

where

2 3 L l V v l .
/2V d 3

For t h e  case  where a i  3 0 ,  a2 3 a i e  a p i n h o l e  s o u r c e ,  t hen  t h i s  

r e d u c e s  t o
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1/2 4 . 2 . 1 1

T h i s  s p e c i a l  case w i t h  a p i n h o l e  s o u r c e  i s  a known r e s u l t  CCorney  

1977]  and f o r  a « L t h e  w i d t h s  a r e  r e l a t e d  by

A more e x t e n s i v e  t r e a t m e n t  a l l o w i n g  -for n o n - z e r o  o b s e r v a t i o n  a n g l e s  

can be found i n  G r e e n l a n d ,  L a u d e r  and Wort  1985.  The t r a n s v e r s e  

v e l o c i t y  g i v e s  r i s e  t o  a f r e q u e n c y  s h i f t  i n  t h e  l a s e r  as seen by t h e  

atom.  T h i s  l e a d s  t o  an a d d i t i o n a l  d e t u n i n g  Av » v v / c  t o  f i r s t  o r d e r  in  

v / c ,  where v i s  t h e  mean l a s e r  f r e q u e n c y .  Thus t h e  d e t u n i n g  

d i s t r i b u t i o n  can be e a s i l y  c o n v e r t e d  t o  a v e l o c i t y  d i s t r i b u t i o n .  For  

t h i s  t r a n s i t i o n  v i s  6 . 8 1  1 0 1*  Hz and so F i g  i i i  shows t h e  t h e o r e t i c a l  

t r a n s v e r s e  D o p p l e r  d i s t r i b u t i o n ,  t h e  p i n h o l e  a p p r o x i m a t i o n  and t he  

d i s t r i b u t i o n  measured i n  SHJR,  a l l  f o r  t h e  same geomet r y  and oven 

t e m p e r a t u r e .

The p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  t he  t r a n s v e r s e  D opp l e r  w i d t h  

of  t h e  r e l e v a n t  t r a n s i t i o n  i n  t h e  atoms i n  t h e  a t omi c  beam.

I t  can be seen t h a t  t h e  p o i n t  s o u r c e  c u t s  down t h e  number of  f a s t  

t r a n s v e r s e  atoms but  t h a t  t h e  FWHM of  t h e  equa l  s l i t  case i s  a c t u a l l y

t d ■* <Td ' = a«TD/2L

0 .0  3 r-

F i g  4 . 2 . i i i
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s l i g h t l y  s m a l l e r .  The t h e o r e t i c a l  d i s t r i b u t i o n  of  16 MHz and t h e  

d i s t r i b u t i o n  quot ed i n  SHJR of  56 MHz d i s a g r e e  by a f a c t o r  of  

f o u r .  T h i s  i n c o n s i s t e n c y  r e m a i n s  u n r e s o l v e d .  The t h e o r y  has been 

compared w i t h  o t h e r  e x p e r i m e n t a l  s t u d i e s  of  a t omi c  t r a n s i t i o n s  i n  

a t omi c  beams b e i n g  d r i v e n  by s i m i l a r  f i e l d s  [ G r e e n l a n d ,  Lauder  and 

Wort  19853 w i t h  good a g r e e m e n t .  However  t h e  v a l u e  of  t h e  D opp l e r  w i d t h  

g i v e n  i n  SHJR i s  used i n  t h e s e  c a l c u l a t i o n s ,  r a t h e r  t han  t h e  p r e d i c t e d  

w i d t h ,  as t h i s  i s  c l a i m e d  t o  be t h e  measured v a l u e .  The a u t h o r s  i n  

SHJR i g n o r e  t h e  Do p p l e r  w i d t h  i n  t h e i r  a n a l y s i s  but  i t  i s  i n c l u d e d  

h e r e  as i t  has a c o n s i d e r a b l e  e f f e c t  on t h e  r e s u l t s .

To i n c l u d e  t h e s e  two e f f e c t s  i n  t h e  model of  t h e  atom,  a w e i g h t e d  

sum over  t h e  d i f f e r e n t  d i p o l e  moments of  t h e  m t r a n s i t i o n s  and an 

i n t e g r a t i o n  w e i g h t e d  by t h e  d i s t r i b u t i o n  must be c a r r i e d  out  over  t h e  

r an g e  of  t h e  Do p p l e r  d e t u n i n g .  These two e f f e c t s  a r e  i n  p r i n c i p l e  easy  

t o  i n c l u d e  as t h e y  j u s t  i n c r e a s e  t h e  amount of  c o m p u t a t i o n .  The 

f o l l o w i n g  s e c t i o n  c o n s i d e r s  t h e  u n c e r t a i n t i e s  i n  t h e  l a s e r  p u l s e s .
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4 . 3  M o d e l l i n g  t h e  l a s e r  H e l d

4 . 3 . 1  P u l s e  shape

The p u l s e  shape i s  m o d e l l e d  as i n  p r e v i o u s  c h a p t e r s  by d i v i d i n g  i t  

i n t o  a number of  b l o c k s .  Because  of  t h e  number of  o t h e r  c a l c u l a t i o n s  

i n v o l v e d ,  such as d e g e n e r a c y  sums and i n t e g r a l s  over  i n t e n s i t y ,  phase  

and d e t u n i n g  f l u c t u a t i o n s ,  t h e  number of  b l a c k s  used can o n l y  be of  

t h e  o r d e r  of  t e n .  However ,  t h i s  i s  c o n s i d e r e d  t o  be an a d e q u a t e

r e p r e s e n t a t i o n  of  t h e  G a u s s i a n  p u l s e  shape f o r  t h i s  a n a l y s i s .  In t he  

e x p e r i m e n t  t h e  i on c o u n t ,  g i v i n g  t h e  upper  s t a t e  p o p u l a t i o n ,  i s  

p l o t t e d  a g a i n s t  t h e  peak l a s e r  f i e l d .  The r e s u l t s  a r e  o b t a i n e d  f r om an 

a v e r a g e  over  a number of  l a s e r  p u l s e s  and so any f l u c t u a t i o n s  i n  t h e  

peak i n t e n s i t y  and mean f r e q u e n c y  need t o  be m o d e l l e d .  A l s o ,  t h e  l a s e r  

has some b a n d w i d t h ,  i n  a d d i t i o n  t o  t h e  t r a n s f o r m  b a n d w i d t h ,  caused by 

random p r o c e s s e s  i n  t h e  w a v e t r a i n .  C o l l i s i o n s  between t h e  atoms i n  t h e  

l a s e r  a m p l i f i e r  medium and o t h e r  d i s t u r b a n c e s  cause t h e  phase of  t h e  

f i e l d  t o  v a r y .  T h i s  w i l l  cause  t h e  w a v e t r a i n  t o  l o s e  c o h e r e n c e  and t he  

bandwi d t h  i s  t h e r e f o r e  i n c r e a s e d .  The m o d e l l i n g  of  t h i s  l o s s  of  

c o h e r e n c e  i s  no t  easy as t h e  e x a c t  p r o c e s s  i s  not  known.

4 . 3 . 2  I n t e n s i t y  f l u c t u a t i o n s

Each p u l s e  i s  assumed t o  be a p p r o x i m a t e l y  Gauss i an  i n  sha p e ,  but  

w i t h  t h e  peak i n t e n s i t y  f l u c t u a t i n g  f rom p u l s e  t o  p u l s e .  The

f l u c t u a t i o n  i s ,  f o r  want  of  a b e t t e r  a p p r o x i m a t i o n ,  assumed t o  f o l l o w  

Gauss i an  s t a t i s t i c s . T h u s  i f  I i s  t h e  peak i n t e n s i t y  of  a p u l s e  and < I >  

i s  t h e  mean peak i n t e n s i t y  a v e r a g e d  over  many p u l s e s ,  then

P ( I ) d l  oc e x p { - ( I - < I > ) 2 / 2 < r i 2 > d I .  4 . 3 , 1

The p u l s e s  a r e  passed t h r o u g h  a v a r i a b l e  a t t e n u a t o r  and t h e  i on  count  

i s  p l o t t e d  as a f u n c t i o n  of  t h e  mean f i e l d .  I t  i s  assumed t h a t  the  

r a t i o  s = cr i / < I > r e m a i n s  c o n s t a n t  - for a l l  a t t e n u a t i o n  v a l u e s .  T h i s  i s  

t r u e  i f  t h e  i n t e n s i t y  f l u c t u a t i o n s  i n i t i a t e  f rom t h e  l a s e r ,  r a t h e r  

t han b e i n g  caused f rom a p r o c e s s  w i t h i n  t h e  a t t e n u a t o r .  The v a l u e  of  s 

i s  no t  measured i n  t h e  e x p e r i m e n t  b u t  i s  used as a f i t t i n g  p a r a m e t e r .  

The d i s t r i b u t i o n  P <I ) d I  can be n o r m a l i s e d  and c o n v e r t e d  t o  a

d i s t r i b u t i o n  i n  t e r ms  of  t h e  on r e s o n a n t  Rabi  f r e q u e n c y ,  where

I « f t o 2 . I t  can t h e n  be i n c l u d e d  i n  t h e  o v e r a l l  model by an a v e r a g i n g

77



integration

P < I ) d I = 2_______________1 exp <-  ( I / <  I > - 1 )  2 d l .  4 . 3 , 2
( 1 + e r f  ( 1 / 5 / 7 ) )  / 2 ?  s < I >  2 s 2

As t h e  i n t e n s i t y  can n o t  become n e g a t i v e  t h e  n o r m a l i s i n g  c o n d i t i o n  i s  

j u s t

P <I ) d I = 1.
o

F i g  4 . 3 . i

The n o r m a l i s a t i o n  f a c t o r ,  F,  as a f u n c t i o n  of s.

In t e r ms  of  t h e  Rabi  f r e q u e n c y  t h e  d i s t r i b u t i o n  i s  g i ven  by

P( f lo)df lo = F e x p ) - ( f lo2 / < f l o 2 > - l ) 2/  df lo2
/ 7 ?  $ ( 2 s 2 <Qo2 >

4 . 3 , 3

where

F a 2 / ( 1  + e r f ( l / s / 7 ) ) .
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The f i r s t  f a c t o r  F i s  i g n o r e d  by t h e  a u t h o r s  SHJR which i s  p e r m i s s i b l e  

i f  s 4 0 . 3  ( see f i g  i ) . H o w e v e r ,  t h e  a u t h o r s  g i v e  t h e  v a l u e  of  s t o  be 

s 3 0 . 7  which l e a d s  t o  a v a l u e  of  F 3 1 . 0 8 .  A l t hough  t h i s  i s  not  

l a r g e ,  t h e  p r o b a b i l i t y  t h a t  t h e  l a s e r  does not  f i r e ,  which can be 

o b t a i n e d  by c o n s i d e r i n g  s h o t s  w i t h  t h e  i n t e n s i t y  I < 0 ,  i s  g i v e n  by 

P ( I < 0 )  3 ( 1 - 1 / F )  which f o r  F 3 1 . 0 8  l e a d s  t o  an e s t i m a t e d ,  l a r g e ,  f a i l  

r a t e  of  87. i n  t h e  l a s e r  f i r i n g .  The v a l u e  of  s found i n  t h e  p r e s e n t  

a n a l y s i s  i s  s 3 0 . 2 .  T h i s  i m p l i e s  a f a i l  r a t e  of  < 10“ *7. which seems 

more r e a l i s t i c .

4 . 3 . 3  F r equency  f l u c t u a t i o n s

In m o d e l l i n g  t h e  atoms a f r e q u e n c y  b r o a d e n i n g  t e r m i s  t o  be 

i n c l u d e d .  T h i s  i s  caused by t h e  Do p p l e r  e f f e c t  and i n t r o d u c e s  a 

f r e q u e n c y  s h i f t  i n  t h e  l a s e r  p u l s e  as obser ved  by t h e  atoms.  To be 

added t o  t h i s  i s  t h e  f r e q u e n c y  j i t t e r .  T h i s  i s  a s h i f t  of  each l a s e r  

p u l s e  around a mean f r e q u e n c y  v a l u e .  I t  i s  commonly obser ved  and 

o r i g i n a t e s  f rom e f f e c t s  such as u n s t a b l e  o p t i c a l  p a t h  l e n g t h s  due t o  

a c o u s t i c  f l u c t u a t i o n s .  I t  i s  assumed t o  be a random s h i f t  and to  

f o l l o w  Gauss i an  s t a t i s t i c s .  I f  A = u -  <a> then

I t  has a l r e a d y  been shown t h a t  a p p r o x i m a t i n g  t h e  f i r s t  s l i t  t o  be a 

p i n h o l e  g i v e s  f a i r l y  good agr e e me n t  w i t h  t h e  e x a c t  c o n d i t i o n  i n  which  

t h e  s l i t s  a r e  e q u a l .  I f  t h i s  a p p r o x i m a t i o n  i s  used t hen  the  

c a l c u l a t i o n s  a r e  s i m p l i f i e d  as t h e  D o p p l e r  d e t u n i n g  d i s t r i b u t i o n  i s  

Gauss i an  and t h e r e f o r e  of  t h e  same t y p e  as t h e  shot  t o  shot  d e t u n i n g  

d i s t r i b u t i o n .  These can t hen  be i n c l u d e d  i n t h e  same a v e r a g i n g  

i n t e g r a l  w i t h  s u i t a b l e  m o d i f i c a t i o n  of  t h e  w i d t h .  Tha t  i s ,  t h e  new 

w i d t h  i s  g i v e n  by t h e  sum i n  q u a d r a t u r e  of  t h e  Dopp l e r  and f r e q u e n c y  

f l u c t u a t i o n  w i d t h s .  Thus

P<A)dA 3 exp dA .
/2?(Ta

4 . 3 , 4

I T2 3 ( T d 2 +  J i 2 4 . 3 , 5

where <rD i s  now t h e  w i d t h  i n  f r e q u e n c y  u n i t s  r a t h e r  t han  v e l o c i t y .



4 . 3 . 4  Bandwi dth

4 . 3 . 4 . 1  Causes of  ban d wi d t h

The shot  t o  shot  v a r i a t i o n  i n  mean f r e q u e n c y  causes  an i n c r e a s e  i n  

l a s e r  b a n d wi d t h  as t h e  b a n d w i d t h  measurement  t a k e s  p l a c e  over  numerous  

s h o t s .  Thus,  so f a r ,  t h e r e  a r e  two causes  of  b a n d w i d t h .  F i r s t l y  t h e r e  

i s  t h e  t r a n s f o r m  b a n d wi d t h  caused by t h e  f i n i t e  l e n g t h  of  t h e  p u l s e .  

The i n t e n s i t y  p r o f i l e  i s  g i v e n  t o  be Gauss i an  w i t h  w i d t h  2 . 1 3  ns.  The 

f i e l d  p r o f i l e  i s  t h e r e f o r e  a l s o  G a u s s i a n ,  w i t h  w i d t h  <rt  3 /2*<irt x. The 

s p e c t r a l  and t e m p o r a l  w i d t h s  of  Gauss i an  i n t e n s i t y  p u l s e s  a r e  r e l a t e d  

by 2<rt I <Tvx 3 1 r ad  (see a p p e n d i x  4 . B ) .  Thus t h e  t r a n s f o r m  l i m i t e d  

w i d t h  of  t h e  i n t e n s i t y  s p e c t r u m  i s  j v x = 1 / ( 2  x 2 . 1 3 )  3 235 M r a d . s - 1 . 

The measured w i d t h  of  t h e  i n t e n s i t y  spect r um i s  g i v e n  t o  be 

487 M r a d . s - 1 . Thus t h e  a c t u a l  w i d t h  i s  about  t w i c e  t h e  t r a n s f o r m  

w i d t h .  T h i s  means t h a t  e x t r a  b a n d w i d t h  has t o  be i n c l u d e d  v i a  shot  t o  

shot  v a r i a t i o n s  i n  f r e q u e n c y  and i n  phase f l u c t u a t i o n s  w i t h i n  each  

p u l s e .  The f o r m e r  p r o c e s s  has a l r e a d y  been d e a l t  w i t h ,  and b e i n g  

inhomogeneous i s  easy  t o  add t o  t h e  t r a n s f o r m  w i d t h .  As both t h e  

t r a n s f o r m  and t h e  inhomogenous b r o a d e n i n g  d i s t r i b u t i o n s  a r e  G a u s s i a n ,  

then t h e y  can be added i n  q u a d r a t u r e .  Thus,  i g n o r i n g  phase  

f l u c t u a t i o n s ,  t h e  r e q u i r e d  s h o t  t o  shot  w i d t h  i s  g i v e n  by

( it1 ) 2 (measur ed)  3 ( i r ^1 ) 2 + < <r v 1 ) 2 4 . 3 , 6

where <rx i s  t h e  w i d t h  of  t h e  power s p e c t r u m.  For  t h e  shot  t o  shot  

w i d t h  era 3 IT*1 as t h e  mean f r e q u e n c y  of  t h e  f i e l d  and power s p e c t r a  

a r e  t h e  same.  For  t h e  t r a n s f o r m  l i n e w i d t h  <rv 3 <rv x/ / ?  f rom t he  

r e l a t i o n  I oc E2 .

4 . 3 . 4 . 2  Phase f l u c t u a t i o n s

Ther e  a r e ,  however ,  o t h e r  i m p o r t a n t  sou r c e s  of  b r o a d e n i n g .  These  

a r e  due t o  f l u c t u a t i o n s  i n  t h e  f i e l d  d u r i n g  a p u l s e .  The l a s e r  f i e l d  

can be g i v e n  i n  t h e  form

E ( t )  3 E o ( t )  cos(<i)v_t + $)  4 . 3 , 7

where E o ( t )  i s  t h e  e n v e l o p e ,  Mt_ t h e  c a r r i e r  f r e q u e n c y  and <j> t h e  phase.  

I f  any of  E o ( t ) ,  uL or 6 f l u c t u a t e s  s t o c h a s t i c a l l y  t hen t h e  power  

spect r um w i l l  a q u i r e  e x t r a  b a n d w i d t h ,  see f o r  exampl e  Wax 1954.  Here  

o n l y  f l u c t u a t i o n s  i n  t h e  phase 6 w i l l  be c o n s i d e r e d ,  t h a t  i s  ut_ i s
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c o n s t a n t  -for each p u l s e  and E o ( t )  i s  a sur e  - f u n c t i o n .  The -form o-f 

f l u c t u a t i o n s  i n  $ ,  t o  be c o n s i d e r e d  h e r e ,  i s  g i v e n  by t h e  phase  

d i f f u s i o n  model (PDM) .  T h i s  i s  wher e  t h e  phase makes a random wa l k  

d u r i n g  t h e  p u l s e  and has been e x t e n s i v e l y  s t u d i e d  CW6dkiewicz 19793 .

200

a) a random wal k b) an a v e r a g e  over  many random w a l k s

F i g  4 . 3 . i i i

A random wal k  of  t h e  phase and t h e  a v e r a g e  over  many of  t h e s e .

Under  many c i r c u m s t a n c e s  i t  i s  a good model f o r  t h e  l a s e r  l i n e s h a p e  

near  t h e  c e n t r e  of  t h e  power s p e c t r u m  CYeh and E b e r l y  1981 ,  Swain  

19823 .  F i g s  i i i a  and b show a r e a l i s a t i o n  of  a random wal k  i n  the  

phase and an a v e r a g e  over  many of  t h e s e  r e a l i s a t i o n s ,  g i v i n g  z e r o .  The 

t h i r d  p i c t u r e ,  f i g  i i i c  i s  a mean s q u a r e  a v e r a g e  g i v i n g  a graph of  

c o n s t a n t  s l o p e ,  t h e  v a l u e  of  t h i s  s l o p e  i s  d e s c r i b e d  s h o r t l y .  T h i s  

t y p e  of  f l u c t u a t i o n  r e s u l t s  i n  a L o r e n t z i a n  power spect r um of  FWHM o f ,  

sa y ,  £ *  ( see  append i x  4 . 0 .  For  t h i s  p r o c e s s  t h e  phase $ obeys t he  

L a n g e v i n  e q u a t i o n  CUhlenbeck and Q r n s t e i n  19303 i n  t h e  l i m i t  t h a t

» •* W

d2 <t> + pdtfr = p F ( t ) ,  4 . 3 , B
d t 2 dt

so t h a t



d<t> 3 F(t) . 
dt

4 . 3 , 9

F i g  4 . 3 . i i i c

The mean s q a r e  o-f t h e  phase  f o r  E*  3 120 MRads s - 1 .

F ( t )  i s  a z e r o  mean Gauss i an  w h i t e  n o i s e  p r o c e s s  such t h a t

< F ( t ) >  3 0 4 . 3 , 1 0 a

and

< F ( t ) F < t ' )  > 3 E*£ ( t - t  ' )  4 . 3 , 10b

where <> i n d i c a t e s  an ensembl e  a v e r a g e .  From e q u a t i o n  9 <fr(t) can be 

w r i t t e n  e x p l i c i t l y  as

$ < t )  3 Jf <t ' ) d t ' .  4 . 3 , 1 1
o

Thus t h e  mean s q u a r e  can be w r i t t e n  as
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< $ < t ) 2 >

fc fe
d t ' d t ” F ( t ' )  F < t ") . 4 . 3 , 1 2

From e q u a t i o n  10b

< 4 > ( t ) 2 > 2̂,6 (t'-t") 4 . 3 , 1 3

= S * t .  4 . 3 , 1 4

Thus t h e  s l o p e  of  t h e  mean s q u a r e  of  t h e  phase i n  f i g  i i i c  i s  j u s t  E * ,  

t h e  FWHM of  t h e  power s p e c t r u m .  In t h e  model  t h e  random wal k  of  t he  

phase w i t h  z e r o  s t e p  l e n g t h  i s  r e p l a c e d  by one w i t h  a s t ep  l e n g t h  of  

one b l o c k .  T h i s  i s  a d e q u a t e  p r o v i d e d  t h a t  Z« ft l / t B , where t B i s  t he  

l e n g t h  of  one b l o c k  of  t h e  p u l s e .  The phase f l u c t u a t i o n s  have t o ,  at  

most ,  i n c r e a s e  t h e  b a n d w i d t h  of  t h e  p u l s e  by a f a c t o r  of  two.  

T h e r e f o r e  E*  i s  of  t h e  o r d e r  of  t h e  t r a n s f o r m  w i d t h  so i t  i s  r e q u i r e d  

t h a t  t B ft t p u i . . .  Thus t h e  number of  b l o c k s  used t o  model t h e  p u l s e  

shape < * 1 0  ) i s  enough t o  model  t h e  phase f l u c t u a t i o n s .  U n f o r t u n a t e l y  

t h e  main pr ob l em i n  m o d e l l i n g  t h e  phase n o i s e  i s  i n  d e c i d i n g  t h e  

amount t o  i n c l u d e .  The a u t h o r s  SHJR quot e  t h e  measured b a n d wi d t h  of  

t h e  i n t e n s i t y  p u l s e  and g i v e  no i n d i c a t i o n  of  t h e  w e i g h t i n g  of  t h e  

e x t r a  ban d wi d t h  as d i s t r i b u t e d  between t h e  shot  t o  shot  f l u c t u a t i o n s  

and t h e  phase n o i s e .  Whereas i t  i s  easy t o  sum t h e  c o n t r i b u t i o n s  f rom  

t h e  shot  t o  shot  f l u c t u a t i o n s  and t h e  t r a n s f o r m  b a n d w i d t h ,  as t he  

w i d t h s  add i n  q u a d r a t u r e ,  t h e  phase n o i s e  h a v i n g  a L o r e n t z i a n  

d i s t r i b u t i o n  cannot  be added i n  t h i s  way.  The power spect r um i s  a 

V o i g t  p r o f i l e ,  t h e  c o n v o l u t i o n  of  a Gauss i an  w i t h  a L o r e n t z i a n  

p r o f i l e .

P (A)dA = dA So d A ' e x p 5 - ( A - A ' ) 2  ̂ 1 4 . 3 , 1 5
2 tt/2?<(T 1 ) 2 i" l 2 (or1 ) 2 ) A ' 2 + E<>2 / 4

where

U 1)2 = U v M ^ U a 1) 2 ,
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(Ta 1 i s  t h e  w i d t h  of  t h e  G a u s s i a n  d i s t r i b u t i o n  of  t h e  shot  t o  shot  mean 

f r e q u e n c i e s ,  (Tv1 i s  t h e  w i d t h  o-f t h e  Gauss i an  d i s t r i b u t e d  i n t e n s i t y  

spect r um due t o  t h e  t r a n s f o r m  w i d t h  and 2 *  i s  t h e  FWHM of t h e  

L o r e n t z i a n  d i s t r i b u t e d  i n t e n s i t y  spect r um due t o  t h e  phase  

f l u c t u a t i o n s ,  f fv1 can be c a l c u l a t e d  f rom t h e  p u l s e  t e mp o r a l  w i d t h ,  but  

t h e  r e l a t i o n  between £«> and cr*1 g i v e n  t h e  t o t a l  s p e c t r a l  w i d t h  i s  har d  

to  c a l c u l a t e  because  of  t h e  V o i g t  p r o f i l e .  Mi nkowski  and Bruck 1935  

g i v e  an a p p r o x i m a t e  r e l a t i o n s h i p  between t h e  FWHM of  t h e  t h r e e  

d i s t r i b u t i o n s .  The d i s t r i b u t i o n  o b s e r v e d  by S c a r l  e t  a l  i s  assumed t o  

have a V o i g t  p r o f i l e  and t h e  w i d t h  g i v e n  i s  assumed to  have been  

c a l c u l a t e d  f rom a FWMH measurement  assuming a Gauss i an  p r o f i l e .  So 2+ 

and (Ta 1 have t o  be chosen t o  add w i t h  a n 1 t o  g i v e  a V o i g t  p r o f i l e  of  

FWHM / 8 1 n 2 '  «rx ( measur e ' d ) .
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4 . 4  Combi ni ng t h e  e f f e c t s

The p r o c e s s e s  t o  be i n c l u d e d  i n  t h e  model have now been d e s c r i b e d ,  

and so now a l l  t h a t  r e m a i n s  i s  t o  put  them t o g e t h e r .  To summar ise so 

f a r ,  t h e  e f f e c t s  t o  be i n c l u d e d  a r e  shot  to  shot  f l u c t u a t i o n s  in  

i n t e n s i t y  and f r e q u e n c y ,  d i f f e r e n t  d i p o l e  s t r e n g t h s  between t he  

magnet i c  s u b l e v e l s ,  e x t r a  d e t u n i n g s  because of  D opp l e r  s h i f t s ,  shaped  

p u l s e s  and s t o c h a s t i c  phase f l u c t u a t i o n s .  Thus i f  c Q ( t )  and C i ( t )  are  

t h e  a m p l i t u d e s  t o  be i n  t h e  l ower  and upper  s t a t e s  r e s p e c t i v e l y ,  then  

t h e  upper  s t a t e  p o p u l a t i o n ,  a f t e r  t h e  p u l s e ,  i s  g i v e n  by

Pi  3 l e i  ( s , i ta , S « , P o ) I 2

where m l a b e l s  t h e  m a g n e t i c  s u b l e v e l ,  and s ,  cr*, 2 *  and jj0 a r e  t he  

f i t t i n g  p a r a m e t e r s .  Her e  C i ( d , j j m, I , t * w )  i s  found by s t e p p i n g  t h r o u g h  

t h e  p u l s e  u s i n g  t h e  t i m e  d e v e l o p m e n t  o p e r a t o r  as i n p r e v i o u s  c h a p t e r s .  

The b r a c k e t s  <> i n d i c a t e  an a v e r a g e  over  t h e  s t o c h a s t i c  phase <J> which  

l e a d s  t o  t h e  e x t r a  b a n d w i d t h  S* .  As t h e  p u l s e  i s  d i v i d e d  i n t o  s t e p s  t o  

model  t h e  p u l s e  shape i t  i s  c o n v e n i e n t  t o  use t h e s e  s t e p s  t o  model  t h e  

s t o c h a s t i c  v a r i a t i o n  i n  pha s e .  Thus d u r i n g  each s t e p  t h e  phase i s  

g i v e n  a new v a l u e  u s i n g  a r o u t i n e  t h a t  models a random wal k  dependent  

upon t h e  e x t r a  b a n d w i d t h  r e q u i r e d .  C a l c u l a t i n g  t h e  upper  s t a t e  

p o p u l a t i o n  i n t h i s  way i s  c o m p u t a t i o n a l l y  t o o  l e n g t h y  t o  a l l o w  a l e a s t  

squ a r e s  f i t  of  t h e  f i t t i n g  p a r a m e t e r s  a n d , s o  an a p p r o x i m a t i o n  i s  a l s o  

used.

4 . 4 . 1  S e m i - a n a l y t i c a l  a p p r o x i m a t i o n

4 . 4 . 1 . 1  S u b s t i t u t i o n  r u l e

The phase f l u c t u a t i o n s  a r e  i n c l u d e d  e x p l i c i t l y  by n u m e r i c a l

a v e r a g i n g .  T h i s  i s  so t h a t  d i f f e r e n t  models can be used f o r  t h e  phase.  

However ,  f o r  t h e  p a r t i c u l a r  model  used so f a r ,  where t h e  f l u c t u a t i o n s  

i n  t h e  phase a r e  assumed t o  be a z e r o  mean Gaussi an  w h i t e  n o i s e  

p r o c e s s ,  a s u b s t i t u t i o n  r u l e  can be a p p l i e d  CWbdkiewicz 1979,  Yeh and 

E b e r l y  1 9 8 1 ] ,  T h i s  s u b s t i t u t i o n  c o n v e r t s  t h e  e q u a t i o n s  of  mot i on  f o r  

t h e  d e n s i t y  m a t r i x  w i t h  s t o c h a s t i c  phase i n t o  c o r r e s p o n d i n g  e q u a t i o n s
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f o r  t h e  aver age d  d e n s i t y  m a t r i x  e l e m e n t s  w i t h  e x t r a  damping t e r m s .  A l l  

o c c u r r e n c e s  of  + i $  a r e  r e p l a c e d  by -S<* /2 .

4 . 4 . 1 . 2  E q u i v a l e n t  p u l s e

To s i m p l i f y  t h e  c a l c u l a t i o n s  and t h e r e f o r e  e n a b l e  a l e a s t  s q u a r e s  

f i t ,  t h e  Gauss i an  p u l s e  i s  a p p r o x i m a t e d  by a f l a t  p u l s e  and t h e  

s t o c h a s t i c  a v e r a g i n g  can t h e n  be a c h i e v e d  a n a l y t i c a l l y  us i ng  t h e  above  

s u b s t i t u t i o n .  T h i s  r u l e  o n l y  works f o r  t h i s  p a r t i c u l a r  model of  l a s e r  

n o i s e  and y i e l d s  t h e  f o l l o w i n g  [ S m i t h  19783

s
< ICi<A,pm , I ,t*><») l2 > a (1 + e x p U n T ) }  4.4,2

where T i s  t h e  l e n g t h  of  t h e  e q u i v a l e n t  c o n s t a n t  l a s e r  p u l s e .  The Yn 

ar e  t h e  t h r e e  r o o t s  of  t h e  e q u a t i o n

H U  + Z * / 2 ) 2 + A 2 } + (Y + E*/2) ipmEr)2 = 0 4.4,3

which i s  t h e  s e c u l a r  e q u a t i o n  o f  t h e  m a t r i x  of  c o e f f i c i e n t s  i n  t h e  

e q u a t i o n  f o r  t h e  d e n s i t y  m a t r i x .  The Xn a r e  g i v e n  by

X1 s ( (jJmEx) 2/2 “ Y2 Y3 ) / ( (Y 2 “ Y1 ) U  3 “ Yi)) 4.4,4

and c y c l i c  p e r m u t a t i o n s  of  t h e  i n d i c e s  f o r  X2 and X 3 .  E t  i s  t h e  

e f f e c t i v e  f i e l d  e n v e l o p e  o f  t h e  f l a t  p u l s e .  T and E t  a r e  o b t a i n e d  by 

r e q u i r i n g  t h a t  t h e  f i r s t  t h r e e  moments <0,  1 and 2) of  t h e  two p u l s e s  

a r e  i d e n t i c a l  f o r  t h e  f i e l d  p r o f i l e s .  In t h e  a n a l y s i s  by SHJR t h e  

f i r s t  t h r e e  moments of  t h e  i n t e n s i t y  e n v e l o p e s  were e q u a t e d .  P r e v i o u s  

c h a p t e r s  show t h a t ,  i n  more i d e a l i s e d  s i t u a t i o n s ,  i t  i s  t h e  a r e a  of  

t h e  f i e l d  e n v e l o p e  t h a t  d o m i n a t e s  i n  c a l c u l a t i n g  t h e  f i n a l  

p o p u l a t i o n s .  Thus i f  t h e  G au ss i an  f i e l d  e n v e l o p e  i s  g i v e n  by

E ° ( t )  = EQ e x p ( - t 2 / 2 f f t 2 ) 4 . 4 , 5 a

and t h e  c o n s t a n t  f i e l d  e n v e l o p e  i s  g i v e n  by

Ec <t ) = Et , - T / 2  < t  < T / 2 4 . 4 , 5 b

= 0 , T / 2  < I t l 4 . 4 , 5 c
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then

and

E° e x p ( - t 2 / 2 ( r t 2 ) d t  = 
-  00

00 zX
E r d t

-Ta

00t
E° t 2 exp <- t 2 / 2 < r t 2 ) d t  

-  00

Ia
ETt 2 dt

„ T
X

4 . 4 , 6 a

4 . 4 , 6 b

The r e a l  ( G a u s s i a n )  p u l s e  and t h e  two a p p r o x i m a t i o n s .

The f i r s t  moment j u s t  c e n t r a l i s e s  t h e  p u l s e s  around t  = 0 .  E q u a t i o n  6a 

g i v e s

E° irt/27 = TEt 4 . 4 , 7 a

and 6b g i v e s

E° i r t 3 / 2 ?  = T3 Et / 1 2 4 . 4 , 7 b

so

T = 2 / 3 V t  = 2 / S i r t 1 = 1 0 . 4 3 5  ns 4 . 4 , 8 a

Et = StU V  Eq 4 . 4 , 8 b
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F i g  i shows t h e  r e a l  G a u s s i a n  p u l s e  shape ,  t h e  s t epped  a p p r o x i m a t i o n  

t o  i t ,  w i t h  30 s t e p s ,  and t h e  e q u i v a l e n t  squar e  p u l s e .  The method 

u s i n g  t h e  H a t  p u l s e  a p p r o x i m a t i o n  and t h e  n o i s e  s u b s t i t u t i o n  r u l e  i s  

used t o  o b t a i n  a b e s t  f i t  t o  t h e  d a t a  g i v e n  i n  SHJR. Then t h e  v a l u e s  

ar e  used i n t h e  f u l l  n u m e r i c a l  model  f o r  compar i son .
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4.5 Results

E q u a t i o n  4 . 4 . i depends upon f o u r  f i t t i n g  p a r a m e t e r s .  However ,  SHJR 

a l s o  measure t h e  t o t a l  b a n d w i d t h  of  t h e  p u l s e s ,  see t a b l e  i .  T h i s  

■fixes a r e l a t i o n s h i p ,  a l t h o u g h  c o m p l e x ,  between E* and Thus t h e  

L o r e n t z i a n  phase d i f f u s i o n  w i d t h  E * ,  t he  Gauss i an  t r a n s f o r m  w i d t h  (Tv1 

and t h e  Gauss i an  i nhomogeneous w i d t h  shoul d  a l l  add t o  g i v e  a 

V o i g t  p r o f i l e  of  FWHM 1 8 2 . 5  MHz.

Pu l s e  shape Power Spect r um Peak Power D e n s i t y

Gaussi  an Gaussi  an? 1 . 5 5  10a Wnr2

5 . 0 2  ns FWHM 1 8 2 . 5  MHz FWHM

T a b l e  4 . 5 . i  

The p u l s e  d a t a .

F i g  i shows t h e  d a t a  and a n a l y t i c a l  f i t  t a k e n  f rom SHJR.

F i g  4 . 5 . i

The e x p e r i m e n t a l  d a t a  and t h e  a n a l y t i c a l  f i t  f rom SHJR.

Ther e  i s  no ment i on  of  how t h e  a b s o l u t e  upper  s t a t e  p o p u l a t i o n  i s  

o b t a i n e d  f rom t h e  i on  count  and i t  i s  t h e r e f o r e  assumed t h a t  t h e  s c a l e  

i s  not  a b s o l u t e .  The b e s t  f i t s  have  t h e r e f o r e  been n o r m a l i s e d  t o  the
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peak of  t h e  d a t a  b e f o r e  t h e  q u a l i t y  of  t h e  l e a s t  squar es  f i t  i s  

c a l c u l a t e d .  Two p a i r s  of  b e s t  f i t s  a r e  shown. Each p a i r  c o m p r i s e s  

f i r s t l y ,  t h e  s e m i - a n a l y t i c a l  f i t ,  which i s  f i t t e d  us i ng  a l e a s t  

s q u a r e s  a l g o r i t h m ,  and s e c o n d l y ,  t h e  f u l l  n u m e r i c a l  s o l u t i o n  u s i n g  t h e  

same p a r a m e t e r s .  The s e m i - a n a l y t i c a l  s o l u t i o n  uses t h e  s u b s t i t u t i o n  

r u l e  t o  model t h e  phase f l u c t u a t i o n s  and a p p r o x i m a t e s  t he  p u l s e  shape  

t o  an e q u i v a l e n t  s q u a r e  p u l s e .  F i g  i i  shows f i t  1 which i n c l u d e s  t h e  

D opp l e r  w i d t h .  The p a r a m e t e r s  a r e  shown i n  t a b l e  i i .  Q i s  t h e  sum of  

t h e  s q u a r e s  of  t h e  d i f f e r e n c e s  between t h e  e x p e r i m e n t a l  and t h e  

s e m i - a n a l y t i c a l  f i t s  and N i s  t h e  f a c t o r  by which t h e  s e m i - a n a l y t i c a l  

f i t  i s  m u l t i p l i e d  t o  a c h i e v e  n o r m a l i s a t i o n  t o  t h e  p eaks .

f i g  4 . 5 . i i

Best  f i t  1 i n c l u d e s  D o p p l e r  w i d t h  and phase f l u c t u a t i o n s ,  

w h i l s t  b e s t  f i t  2 i g n o r e s  both of  t h e s e  

( s o l i d  l i n e  i s  s e m i - a n a l y t i c a l , dashed i s  n u m e r i c a l ) .

F i t  2 i n  f i g  i i  i s  a case  i n  which t h e  D opp l e r  w i d t h  i s  i g n o r e d  and 

t h e  b a n d w i d t h s  a r e  t a k e n  t o  add l i n e a r l y ,  w i t h  no phase f l u c t u a t i o n s .  

These a r e  e s s e n t i a l l y  t h e  same c o n d i t i o n s  as imposed by SHJR and t h e  

r e s u l t s  a r e  c o m p a r a b l e .  The v a l u e s  of  z 0 a r e  d i f f e r e n t  because i n  t h i s  

work t h e  moments of  t h e  f i e l d  r a t h e r  t han  t h e  power e n v e l o p e s  a r e  

f i t t e d .  For  z e r o  b a n d wi d t h  t h i s  i m p l i e s
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zo (SHJR) (2tt/3)1/^Zo (this work) 4.5.1

which i s  s t i l l  a p p r o x i m a t e l y  t r u e  f o r  f i n i t e  b a n d w i d t h .

Zo(pm) s (MHz ) tr a (MHz) Q N

F i t  1 5 . 5 7 0 . 1 3 136 8 0 . 0 6 1 . 1 4

F i t  2 3 . 1 5 0 . 7 3 0 40 0 . 0 0 4 1 . 1 2

T a b l e  4 . 5 . i i

The v a l u e s  o b t a i n e d  f o r  t h e  f i t t i n g  p a r a m e t e r s .

F i g  4 . 5 . i i i

Compar i son of  t h e  b e s t  f i t s  w i t h  t h e  d a t a .

F i g  i i i  shows a compar i son  of  t h e  SHJR d a t a ,  w i t h  t h e  

s e m i - a n a l y t i c a l  b e s t  f i t s .

two
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4.6 Conclusions

The b e s t  - f i t  t o  t h e  d a t a  g i v e n  by SHJR has ,  f rom t a b l e  4 . 5 . i i ,  

z 0 = 5 . 5 7  pm, 2 *  = 136 MHz, <ra = 8 MHz and s = 0 . 1 3 .  The e r r o r  on 

t h e s e  v a l u e s  i s  hard t o  e s t i m a t e .  However ,  v a l u e s  neer  z 0 3 4 . 5  pm, 

2 *  = 95 MHz and s = 0 . 2 3  a l s o  f i t  t h e  d a t a  w e l l ,  but  g i v e  an i n c o r r e c t  

measure of  t h e  l a s e r  b a n d w i d t h .  These v a l u e s  g i v e  a t o t a l  w i d t h  of  

about  150 MHz compared t o  t h e  r e q u i r e d  1 8 2 . 5  MHz. I f  t he  d i s c r e p a n c y  

between t h e s e  two s e t s  of  v a l u e s  i s  c h a r a c t e r i s t i c  of  t h e  e r r o r  t hen  

Zo 3 5 . 6  ± 1 pm, 2 *  = 130 ± 50 MHz,  <rA 3 8 ± 8 MHz and s 3 0 . 1 3  ± 0 . 1 .  

The shot  t o  shot  f l u c t u a t i o n s  i n  d e t u n i n g  a r e  e s s e n t i a l l y  undet er mi ned-  

but  must be l e s s  t han  a b o u t  30 MHz FWHM, or  t h e i r  e f f e c t  on t h e  f i t  

would become i m p o r t a n t .  I t  i s  w o r t h  comment ing t h a t ,  i n  f u t u r e  

e x p e r i m e n t s  of  t h i s  t y p e ,  i t  woul d be v e r y  u s e f u l  t o  have an 

i n d e p e n d e n t  measure of  t h e  q u a n t i t y  s and,  i f  p o s s i b l e ,  a b e t t e r  

q u a n t i f i c a t i o n  of  t h e  l a s e r  b a n d w i d t h .  Tha t  i s ,  t h e  i n t e n s i t y  

f l u c t u a t i o n s  shou l d  be measured e x p l i c i t l y  t o  r e d u c e  t h e  number of  

f i t t i n g  p a r a m e t e r s ,  and t h e  d i s t r i b u t i o n  of  t h e  bandwi d t h  between t h e  

homogeneous and i nhomogeneous p r o c e s s e s  shoul d  be d e t e r m i n e d .  T h i s  can 

be done by measur i ng  t h e  s e p a r a t i o n  of  t h e  p o i n t s  of  i n f l e c t i o n ,  

r a t h e r  t han  t h e  FWHM, of  t h e  l a s e r  l i n e s h a p e .  T h i s  a l l o w s  t h e  

L o r e n t z i a n  (homogeneous)  and Gauss i an  ( i nhomogeneous)  components t o  be 

d e c o n v o l u t e d  s i m p l y  CStoneham 19723 .

I t  has t o  be s a i d  t h a t  t h e  f i t  a c h i e v e d  by t h i s  work does not  

appear  t o  be as good as t h a t  of  SHJR,  but  i t  i s  b e l i e v e d  t h a t  t h e  

v a l u e s  o b t a i n e d  f o r  t h e  f i t t i n g  p a r a m e t e r s  a r e  more c o r r e c t .  The v a l u e  

of s i n  p a r t i c u l a r  a p p e a r s  t o  be more r e a l i s t i c ,  i m p l y i n g  a s h o t  t o  

shot  f l u c t u a t i o n  i n  i n t e n s i t y  of  around 307. FWHM, r a t h e r  than t h e  1657. 

f l u c t u a t i o n  p r e d i c t e d  by SHJR.

F i n a l l y ,  t h e  s e m i - a n a l y t i c a l  model i s  seen t o  g i v e  a good 

r e p r e s e n t a t i o n  of  t h e  n u m e r i c a l  r e s u l t s ,  p a r t i c u l a r l y  f o r  t h e  case  

where t h e  phase d i f f u s i o n  b a n d w i d t h  i s  d o mi n a n t .  In t h i s  case e q u a t i o n

4 . 4 , 3  s i m p l i f i e s  t o  a q u a d r a t i c .

I t  i s  shown h e r e  t h a t  i t  i s  p o s s i b l e  t o  i n c l u d e  phase f l u c t u a t i o n s  

as a t e m p o r a l  e f f e c t  a l o n g  w i t h  t h e  p u l s e  shape .  T h i s  i s  i m p o r t a n t  

because i n  c e r t a i n  c i r c u m s t a n c e s  i t  i s  e a s i e r  t o  model t h e  n o i s e  i n  

t h i s  way r a t h e r  t han  a n a l y t i c a l l y .  The a n a l y t i c a l  s u b s t i t u t i o n  r u l e  

can o n l y  be a p p l i e d  f o r  a v e r y  s p e c i a l  n o i s e  p r o c e s s  and r e q u i r e s  t h e  

d e n s i t y  m a t r i x  f o r m a l i s m .  I f  t h e  p u l s e  shape needs m o d e l l i n g  then
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t h e r e  i s  l i t t l e  e x t r a  work i n v o l v e d  i n  i n c l u d i n g  t h e  l a s e r  n o i s e .  Wi t h  

more t han t h r e e  or  -four l e v e l s  t h i s  e x t r a  work i s  l e s s  than t h e  e x t r a  

work r e q u i r e d  t o  p e r f o r m  t h e  c a l c u l a t i o n s  w i t h  t h e  d e n s i t y  m a t r i x .

In t h e  n e x t  c h a p t e r  a c o n t i n u u m i s  i n c l u d e d  i n  o r d e r  t o  see i f  i t  

has any of  t h e  p r o p e r t i e s  a l r e a d y  i n v e s t i g a t e d  i n bound s t a t e s .  In  

t h i s  c h a p t e r  Rabi  o s c i l l a t i o n s  a r e  seen even w i t h  a d e g e n e r a t e  

t w o - l e v e l  atom e x c i t e d  by a n o i s y  l a s e r ,  so i s  i t  p o s s i b l e  t o  o b s e r v e  

Rabi  o s c i l l a t i o n s  or  p o p u l a t i o n  t r a p p i n g  i f  t h e  bound s t a t e s  a r e  

s t r o n g l y  cou p l e d  i n t o  a con t i nuum?
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4 . A The Do p p l e r  p r o f i l e  i n t e g r a l

C o n s i d e r

I =
.0
dz e x p { - b 2 / ( c - z ) 2 } . 
n

Put  x -  l / ( c - z )  so t h a t  dx 3 d z / ( c - z ) 2 s u b s t i t u t i n g  t h i s  y i e l d s

I =
c-fj
dx e x p < - b 2 x 2 } / x 2

c - ( \

By p a r t i a l  i n t e g r a t i o n  u s i n g  t h e  s u b s t i t u t i o n s

u = e x p ( - b 2 x 2 } and dv = d x / x 2 ,

so t h a t

t h i s  becomes

du 3 - 2 b 2 x e x p { - b 2 x 2 )dx  and v 3 - 1 / x ,

I 3
c - $  c - a

- e x p ( - b 2 x 2 } / x -  2b2 du e x p { - b 2 x 2 }j i _
C - f f  C - f l

g i v i n g

I 3 ( c - A ) e x p\ - b *  l -  < c - B ) e x p ) -fa* s + / ? b
( c - A ) 2J ( < c - B ) 2)

-er - f  \ b /  + er-f \  b
( c - A )  <c-B)

P u t t i n g  b 3 L I v y I /  /?or D f c 3 a2 / 2 ,  A 3

4 . 2 , 8  becomes

- a i / 2  and B 3 a i / 2  e q u a t i o n

I 3 dz exp ) - L 2 I v y I 2

i
( 2 t d 2 <a2 / 2 - z )
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= ( a 2 + a i ) e x p /  - 2 L 2 l v v l 2 ( -  ( a 2 - a i ) e x p ) - 2 L 2 I V y l 2 ( 
2 ( ctd2 ( a 2 + a i ) 2 ) 2 ( t d2 ( a 2 - a i ) 2]

+ fir1 LI  Vvl e r f ! / 2 l l v v l (
(

-  e r f  ) / ? L 1V v 1 (
V 2 v d crd ( a 2 +a i) ] /(td <a 2 - - a i ) J

N o r m a l i s a t i o n  of Q ( v 1✓ ) dy

In t h e  r e g i o n  P'  t h e  d i s t r i b u t i o n  i s  n o r m a l i s e d .  However ,  due t o  

t h e  s l i t  a2 some of  t h e  atoms a r e  s t opped f rom r e a c h i n g  r e g i o n  Q. 

T h e r e f o r e  t h e  new d i s t r i b u t i o n  i n  Q i s  not  n o r m a l i s e d .  Put

N = Q ( v v ) dv-
- oo
00

= f dVv e x p M v y_l_f , <>x 
ai(rD/27 2(td2 )

( a 2 + a t ) e xp)  - 2 L 2 I V v l 2 C -  <a2 - a i ) ex p (  - 2 L 2 Iv  
2 )vD2 ( a 2 + a i ) 2 2 / (Td2 <a2-a!) 2

VF
Uvvl

V D
e r f  f  / ? L I V v  O  -  e r f ( I v v I  ̂

)(Td ( a2 + a i ) \ f <Td ( a 2 - a j  )v

Co n s i d e r

I 3 j e x p { - a 2 x 2 > I x l  e r f f b l x l )  dx
- o o

O O

e x p ( - a 2 x 2 } x e r f f b x )  dx

T h i s  i s  i n t e g r a t e d  by p a r t s  w i t h  t h e  s u b s t i t u t i o n s

u = e r f ( b x )  and dv a 2x e x p ( - a 2 x 2 ) dx
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so that

du 3 2b exp(-b2x2) dx//T and v 3 -exp(-a2x

giving

I
0-0

exp <-a2x2) er-f (bx ) 
a2

+ 2b exp <- (a2+b2

V-o

So

I 3 b
a^a^+b* k

Thus the normalising factor N is given by

N 3 L_I 
a 1

'l + fa2+ai' 12 1/2 _

, 1 21- J
V

2) /a2

) x2)dx

a2-a t~\
. 2L J
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4.B Fourier Transform

The intensity goes like the square of the field, so that 

I (t) oc IE(t) I2 .

Let the field be a carrier wave of frequency uL , modulated in time by 

a Gaussian envelope of width <rt. Thus the field E(t) is given by

E ( t ) 3 Eo cos (U u t ) exp (- t 2 /2o,t 2 ).

The Fourier transform of this is given by

00

E(w) 3 1//2? dtE<t ) exp(iwt)
-00

3 E o / 2 / 2 ? dt exp(-t2/2fft2 + iAt)

where the counter-rotating term has been dropped, and A = u - Thus

E(u) 3 E o / 2 / 2 ? dt exp<-(t//2Vt - iAfft//?)2 - A2<rt2/2).

Put z 3 t//2Vt - iAfft//? so that dz 3 dt//!T<rt. Then

E(u) 3 Eo<rt/2/2' exp (-A2(rt2/2)

- C A Si
/V

dz exp(-z2).
-OO “ i *0̂

In the complex z plane the integral along the line AB, see fig 4.B.i, 

from x 5 -» to +09 is required. There are no poles within ABCD except 

at z->-io9, ie d+oo, which is cancelled by the exponential outside the 

integral. Thus

6 d c 8r  A A A
■  + + .

The integrals AD and BC are zero at infinity, thus

0 c 

3 3 /¥*.
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'I X
complex Z plane

D

A - &GI 5
V2

Fig 4.B.i

The complex Z plane for the transform integral.

So that

E(m ) 3 Eofft exp (-A2<rt;2/2) = Eo exp <-A2/2j a2) .
2

So for the Gaussian envelopes TtJa = 1 rad, or for the intensity 

profiles (Tt1^ 1 = 1/2 rad.
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4.C Spectral Profile of Laser Bandwidth in the PPM Model 

Within the RWA the laser H e l d  is given by 

E <t) a Eo/2 exp(i<Uot + $<t)>) 

so that the Fourier transform is given by

E(u)
00

Eo
2/ 2?

ex p(-i At + i $ (t)) dt
- 09

Now, $(t) is given from the equation 

$<t) = F (t)

where F <t) is a Gaussian white noise process with <F <t)> a 0 and 

<F(t)F(t')> = E*6 (t-t'). Integrating explicitly yields

t
♦ <t> = J f < 1 1 )dti

where it is assumed, without loss of generality, that $(to) = to = 0. 

Thus

<$<t)> =

ti
< F (11)>dt i 0

and

<♦ < t) < t ') >
/t fc

jdtijdta <F(ti)F(t2 )>
o o

/t t

= u dti d 12 6 <ti-t2)

= S^min (t ,t')

so that <$(t)2 > = E*t. 

Therefore
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<exp ( i ( $  ( t  i ) -<J> ( t 2 ) )) > 3 < 1 + i (<{> ( t  i ) ( t 2 ) ) -JL ( ♦  < t  ( t 2 ) ) 2 + .  . . > ,
2

but

and

<<<Mti)-$<t2))2 > a < ^ t i ) 2>+<^(t2)2>-2<^<ti)^<t2 ) >

a S<> I t 1 “ t 2 I •

As F(t) is a Gaussian process then $<t) and $<ti)-$<t2) are also 

Gaussian processes, as they are linearly related. Therefore, all the 

odd order averaged products are zero, and all the even order averaged 

products are related by

<x2"> = (2n)!<x2>n .
2n n!

This can be seen from the recursion relationship between the even 

moments of a Gaussian distribution. If

*0

12n 3 1 x2n exp(-x2) dx = <x2n>
/27 <r J. „  /2i2)

then

I 2 n 3 (2n-l ) <T 2 I 2 < n - l  >

where <x2> 3 <r2 , 

so
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Ian 3 <r2nIo (2n-l) (2n-3) ...3.1.

Io 3 1 and therefore

Ian 3 <2n)!<x2>n 3 <x2">. 
2nn !

So by substitution in the expansion of the exponential it can be seen 

that

Consider the Fourier transform of the intensity profile I(t)

<I(u)> 3 <E(w )*E(m ) > 3 IEol2jdti jdt2<exp <-iA(ti-t2)+i U<ti)-d>(t2))) >
8ir o o

3 !EoJ_2jdti|dta<exp(-iA(ti-ta)-S^lti-tal/2) >
8 IT **0 o

Put K 3 IEo I2/8tt so that

<exp(i<$(ti)-$(t2)))> 3 exp (-E*11i-t2 1/2).

T T

<I(u)> 3 K dtiexp(-iAti)j dt2exp(iAta-E^fti-ta))

) lo 2
T

Tk
3 K dti Cl - exp<-iAti-S«>t/2) 3

o i A + E*/2

+ Cexp<iA(T"ti)~So(T-ti)/2) - 13 
iA - S*/2
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T - T 
iA + E*/2 iA - 2*/2

+ Cexp(-iAT“S»T/2) - 13 
(i A + S <t» / 2) 2

- exp(iAT-S„,T/2) C exp <-i AT + E.nT/2) - 13
(iA - E*/2) 2

_

For T2* » 1 then

<I(u)> K

L
TE* + 

A2+E<t,2/4
2 < E*2/4-A2) 
<A2+E*2/4) 2

■for large T the first term will dominate giving the Lorentzian profile

<I(w)> = I Eo I 2TSd, 1
Bir (A2 + E * 2 /4)
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Chapter 5

Laser Induced Continuum Structure

5.0 Introduction

Ionisation is an important process in that it enables subsequent 

collection of the ionised species. Laser ionisation is especially 

important as the potential tuneability and low bandwidth of the lasers 

can mean high selectivity and excitation rates. These aspects are 

essential in Laser Isotope Separation (LIS) where a particular isotope 

can be preferentially ionised and subsequently separated by the 

application of a constant electric field. The selectivity depends upon 

the different electronic energy levels due to the difference in the 

structure of the nuclei. The different mass, spin and magnetic moment 

all have their effects on the energy levels even though they are 

usually small, see for example Woodgate 1970, This means that the 

difference between the energy levels of the isotopes is also usually 

small. In some cases the difference is less than the natural widths of 

the levels, making them practically indistinguishable. In other cases 

they are small compared with some of the homogeneous broadenings such 

as collisional and Doppler effects. Under these circumstances it is 

possible to arrange for these processes to have a reduced effect by 

decreasing the density and temperature, to reduce the collisional 

broadening, and by using collimated beams, to reduce Doppler effects. 

Once the levels are resolvable it is necessary to have a, preferably, 

tuneable laser of bandwidth small compared to the splitting in order 

to keep the levels resolved. Thus a set of isotopes can be ionised by 

selectively exciting the lower levels with a tuned, low bandwidth 

laser, and then ionised with a laser only capable of ionising the 

previously excited levels. However, in general the couplings from 

bound states to continuum, or ionised, states is small so that the 

final ionisation process is not very efficient. This is because of the 

small overlap between the wavefunctions. Continuum states are not 

bound to the nucleus, by definition, and therefore do not spend much 

time close to the nucleus. In a classical picture they have unclosed 

orbits and only come close to the nucleus on one pass. Bound states 

are continually 'orbiting' and thus interact with each other much more 

strongly. It is therefore important to investigate processes which can
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increase the coupling between bound and continuum states.

Autoionising resonances CFano 1961 and Beutler 1933 and 19351, 

where a bound state above the ionisation threshold is coupled to the 

continuum via the Coulomb interaction, have been investigated and it 

is known that these alter the coupling from other bound states to the 

continuum. These are, however, fixed in both position and shape and 

are therefore of limited use. On the other hand, another bound state 

coupled into the continuum with a laser field, can create identical 

structure but with the advantage that both the position and width of 

the resonance can be altered. The position is fixed by the frequency 

of the embedding laser and the width by its intensity. This process is 

termed Laser Induced Continuum Structure <LICS). Fig i shows an ideal 

separation scheme where three lasers are used to perform the selective 

i oni sati on.

isotope X isotope Y

Fig 5.0.i

Selective enhanced ionisation of isotopes.

Laser a performs the selective excitation of isotope Y using a 

two-photon, counter-propagating Doppler free transition, see chapter 

three. Laser b then couples the excited state into the continuum, 

suitably modified by laser c, to produce the enhanced ionisation.

Autoionising states have been extensively examined both

theoretically, notably Fano 1961, and experimentally, see for example 

the review by Collin 1977 and an early laser experiment using Mgi by 

Bradley, Ewart, Nicholas, Shaw and Thompson 1973. Rz§zewski and Eberly 

1981 and 1983 and Lambropoulos and Zoller 1981 theoretically
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investigate the Fane profile as affected by the intensity of the 

probing laser, the Fano profile is only observed when the probe laser 

is weak. They also include some laser bandwidth effects. Alber and 

Zoller 1983a investigate a specific example of two-photon excitation, 

three-photon ionisation to an autaionising level, also for varying 

laser intensities. Armstrong and Wynne 1975 give a theoretical review 

of, and an experimental study of four-wave mixing with, autoionising 

resonances. Haus, Rz§zewski and Eberly 1983 investigate the effects of 

inhomogeneous processes, such as Doppler profiles, where an average is 

taken over many systems.

Much theoretical work has been done on LICS, for example Armstrong, 

Beers and Feneuille 1975 who form the analogy between laser embedded 

states and autoionising states. Experimental evidence of LICS has been 

observed in a few experiments with Dimov etal 1982a/b and 1983 and 

Pavlov etal 1982 observing enhanced frequency tripling in sodium 

vapour and Hutchinson and Ness 1984 observing structure in xenon. 

Heller etal 1981 observe LICS in the continuum of caesium using a 

frequency doubled rhodamine B dye laser probing the structure induced 

by an Nd:YA6 laser. They observe the the alteration of the 

polarisation of the probe field as a function of the two-photon 

detuning. Alber and Zoller 1983b propose an experiment to selectively 

induce structure into one of the continuum spin channels in the 

photoionisation of alkali atoms. Population trapping, where some of 

the population is not allowed to leave the bound states, in continuum 

processes has been theoretically studied by Coleman and Knight 1982, 

Greenland 1982, Coleman, Knight and Burnett 1982 and Knight, Lauder, 

Radmore and Dalton 1984. In the latter paper the effects of laser 

bandwidth and cross-carrel ations are investigated. Lecomte and 

Luc-Koenig re-interpret data from an experiment by Feneuille etal to 

show that stabilisation of some Stark states in rubidium is possibly 

an observation of population trapping of this type.

In this chapter the effects of pulse shape on the ionisation 

process is described, into both flat and modified continuum states, 

and the effects of laser bandwidths, due to pulse shape effects and 

coherence, is investigated.
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5.1 Decay into a flat continuum

If there is a weak coupling -from a bound state into the continuum 

then Fermi's Golden Rule gives a goad approximation to the decay rate 

out of the bound state, see for example Cohen-Tannoudji etal 1977, If, 

however, the continuum is already coupled to another bound state then 

interference could occur between the different routes allowed.

lc>£>

V

i°>

/f,£>/ / c./ 
ii

V

a) a flat continuum b) an embedded state c) a Fano continuum

Fig 5.1.i

Decay into a flat continuum and a Fana continuum.

Fig ia shows a bound state I0> coupled to the continuum IC,s> via an 

interaction V. For a weak interaction the decay out of state I0> is 

just given by the Golden Rule rate

00

r = 2 j J d € l < C , e m O > l 26<£-£i )
ftJo

= 2*!<CfSiI V I0>I2.
ft 5.1,1

Section 5.1.1 shows that this is also true for strong V and also 

generalises the result to allow for time dependent V, Fig ib shows a 

situation in which another bound state, IB>, is coupled into the 

continuum, close to the original coupling V, by another interaction T. 

This interaction can be either Coulombic as in an autoionising level, 

or dipole as in LICS. This is treated in two ways. In section 5.2 it 

is assumed that V is weak and can thus be treated perturbatively so
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that the Golden Rule can be applied. However, it is necessary to find 

the Fano wavefunction, IF,e> CFano 19613, which is the set of 

eigenstates of the bound state IB>, the continuum state IC,e> and the 

interaction between them. This is like a modified continuum as it also 

includes the bound state. Thus fig ib is equivalent to c. Section 5.3 

makes a similar calculation in which it is assumed that both fields 

are strong such that the perturbative theory cannot be applied. In 

this section trapping is investigated where even though both states 

are coupled strongly into the continuum, and not directly to each 

other, population can be trapped in the bound states. This phenomenon 

is also investigated where the lasers are partially coherent both 

absolutely and relative to each other. The effects of pulse shape on 

the trapping is also investigated.

5.1.1 Decay into a continuum

Fig ia shows a bound state I0> coupled into a continuum IC,s> via a 

coupling V. The wavefunction of the system is given by

I , t > = aQ (t ) +

00t
dsa,(t)IC,f> 

0
5.1,2

where the ao(t) and a,(t) are the amplitudes in the Schrodinger 

picture. The continuum states and the bound state have different units 

due to the normalisation used here. These states are normalised so 

that < i I j > « and <C,filC,gj> = 6 U i-sJ), thus the IC,f> have units 

of inverse root energy. The amplitudes are similarly altered as it is 

required that la,(t)l2 is the population per unit energy at energy e. 
From Schrodinger's equation the equations of motion for the amplitudes 

can be written as

i So ~ (iloSo

co

dsDo.cos(Wut+6)a* 5.1,3a

and

ia, = -fl,oc05(Ui_t+$) ao + w,a, 5.1,3b

where the explicit time dependences are dropped for ease of notation, 

ftWo is the energy of the bound state I0> and ftw = s, Do, is the Rabi 

frequency matrix element given by D0,(t) = <0 1V°(t)IC,s >/ft, where
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V°(t) is the slowly varying envelope of the interaction V(t), Ol is 

the laser frequency and $<t) is the slowly varying phase. Transforming 

to the interaction picture and making the RWA, as in chapter two, 

yields

1 C o dgflo,c«exp (i<$>-i A ,t) 
{ 2

5.1,4a

and

i c -fl,oC0exp <-i $+i A,t) 
2

5.1,4b

where the transform used is Cj 3 ajexpiiujt) and A, 3 u .-Uo-Ul . 

Equation 4b is formally integrated with respect to time, taking 

c,(t=0) 3 0 and co (t30) 3 1, ie all of the population is initially in 

the bound state. This is then substituted into equation 4a to 

eliminate the continuum amplitudes, giving an integro-differential 

equation for Co (t),

C o  ( t ) 3 <t)fl«ott ')exp(-iA«(t-t'H-i <$( t )-$<t '))cQ<t). 5.1,5 
4

Thus C o  depends upon its amplitude at all previous times, ie it is 

non-Markovian, It is not possible to proceed with this analytically 

unless the Markov approximation is made CCohen-Tannoudji etal 1977 and 

Haken 1981] in which it is assumed that C o  only depends upon the 

current value of C o .  This is justified as follows; assume that the 

matrix elements f t » o  are only slowly dependent on s and are of width 

n it. The exponential term, exp (-iA, <t-t')) , is oscillatory in s and of 

period * 2ir/(t-t'). The ds integral is therefore zero unless this 

period is of the order of ir/fc. Thus the only contribution is made when 

t-t' £ 2ttfi/<r . In the Markov approximation Qo* is assumed to be so 

flat in s that cr •* « and the only contribution is at t 3 t'. Hence 

equation 5 becomes



00 t
5.1,6C o • C o deIftp,I 2 

, 4
dt'exp(-id, (t-t')).

The phase term is now lost. This is expected as the continuum has been 

assumed flat so that it does not matter where the bound state is tuned 

to, even if it is varying, as only the bound state population is 

required here. The dt' integral can be approximated by letting it run 

from -« to t, as for lt-t'l > 2irf»/o- the de integral is zero. Thus, 

putting T 3 t-t' the dt' integral becomes

ft
dt'exp <-i A, (t-t'))

- c *

00

dTexp(-iA»T) = -iP(l/A,) + it6 (A»).
o

5.1,7

This last part, in terms of the principal part and delta function, can 

be found in Cohen-Tannoudji etal 1977. So equation 6 becomes

C o

00

-cofde lfto.l2<-i P L + *<S(A,)}
4 J0 A#

5.1,8

giving

C o  =  C o / liP delft.
4A,

T T f i l f t o . i  I 2

4
5.1,9

where eA 3 fUo+Wi.) is the energy at which the laser plus bound state 

is tuned. The complex part contributes to the phase of Co only, and 

therefore does not affect the population, causing an energy shift 

given by

6E 3 fiP
00

deI ftp, 
e 4A,

I2. 5.1,10

The real part, however, is a decay term due to the interaction with 

the continuum. The population in the bound state I0> is given by

Po I C o  I 2 exp (- T<t')dt')
oi

5.1,11

where
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5.1,12r <t) = vft.ifto.1 (t) i2. 
2

This is the dynamic decay 'constant' -for non-constant excitation 

pulses. For a constant interaction this is identical to the decay rate 

predicted by the Golden Rule as V 3 Qfi/2 due to the RWA. The Golden 

Rule predicts a constant rate of loss of population, and for very weak 

interactions this is approximately true, as the bound state does not 

get noticeably depleted. However, for strong interactions the rate 

decreases exponentially as the population decreases likewise. For 

interactions which are not constant the decay rate is simply 

proportional to the instantaneous intensity, ie IQo*(t)l2 , and the 

population remaining in the discrete state is obtained by integrating 

this 1 css.

This problem has been solved assuming that the continuum is 

structureless and the perturbative approximation has been shown to 

give correct results. In the next section a structured continuum is 

discussed where the structure is caused by an embedded bound state.
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5.2 The Fano eigenstates

Figure 5.1.ib shows a bound state IB> embedded in the continuum 

IC,£> by an interaction T. In order to solve -for the decay of state 

I0> into this combination of bound and continuum states it is 

necessary to calculate the eigenstates which diagonalise the 

interaction T between them. These eigenstates are the Fano states, 

IF,e>, and are modified continuum states. The Fano states can be 

expanded in terms of the old states IB> and IC,£> giving

IF,s> bte)IB> +

09V
de 'c is ,s ') I C,s ' >. 5.2,1

The old states IB> and IC,e> are eigenstates of the Hamiltonian Ho 

such that

Ho IB> = E b IB> 5.2,2a

and

H o l C , e >  = e l C ,s>. 5.2,2b

The Fano states are eigenstates of the Hamiltonian including the 

interaction T, such that

H = Ho + T 5.2,3a

and

HIF,s > = slF,s>. 5.2,3b

Pre-multiplying equation 1 by <BIH gives

CQ
(f-EB )b<5) = jds'c(f ,s ')Ts,• 5,2,4

o

where

Tb .* = <BITIC,s '>. 5.2,5

Pre-multipiying by <C,£'IH gives
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<£-£ ' )C(g,£ ' ) = b(g)T*•b . 5.2,6

This can be substituted into equation 4 to give an equation for b(g). 

However, there is a pole at s 3 £' so that l/(£-g') must be written in 

its principal and delta function parts giving

c(£,£') 3 b <£) T, • b + z (s)6<s-s')t 5.2,7

where z(g) is to be determined. Substituting this into 4 gives

< £ - E b ) b < £ )  =  b ( £ ) d f  * I T b *  - I P + Z < £ ) < J ( £ - £ ' ) (  . 5.2,8

In general b(g) is non-zero so that z is given by

z (£) 3 (s - E b (e ) ) , 
ITb.I2

5.2,9

where

Eb (£) 3 Eb + jds ' ITb# '
o

0*3

|dS' (g-g')
5.2, 10

Substituting equations 7 and 9 into 1 gives

00
IF,£> 3 b ( s ) ^IB> + [s - E b Ig ) 3 1 C ,g > +

T b ,
dg ' T . * B P IC.g'>f. 5.2,11
, (g-g')

Finally the normalisation condition <F,g'IF,g> 3 6 (g-g') is used to 

obtain b(g) so that

6 (g'-g) 3 b*(g ')b(g)

00
1 +

dg" IT,..b I2 i_ J L _ _ + z  (g ' )6 <g ' - g " ) n  _ P _ + z  < g ) 6 (g-g")
<£'-£") / (g-g")

. 5.2,12
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This is complicated by the product of two principal parts and the 

treatment of this is dealt with in appendix 5.A which gives

I b < s) I 2 =» ________1_________
IT„b I2 <tt2+z 2 <s ) )

5.2,13a

_______ IT.b I2
I 2 I T , b I 4+ <£“ E b (g) ) 2

5.2,13b

Thus, ignoring the overall phase

IF,g> » 1
C(ttI T . b I 2 ) 2+ ( « “ Eb ( £ ) ) 2 ] 1/ =

T b .  I B>+ U - E b  ( e )) IC,g>+T B  m dg'T.-s P IC,g>[. 5.2,14
o <g-g')

Thus the old discrete state IB> is mixed with the continuum by T to 

produce a modified, or dressed, discrete state lf(g)>, where

lf(g)> « IB> + d g  * T rn ' B  P____I C , g  y  ,

<£“£ ' )
5.2,15

so that

IF , e> = ______________1______________ [t b . I * < s ) >+<6-Eb <s ) ) 1C,£>] .5.2,16
C( i IT#b I2 ) 2 + (5-Eb ( s ) ) 2 31 / 2

This new continuum is no longer flat in s. T*B is assumed, as in 

section 5.1.1, to be fairly constant in £, as it just couples a bound 

state IB> to a flat continuum. Thus the old continuum is modified by a 

factor having a dispersive dependence on s and the modified bound 

state 14(g)> has a square root Lorentzian factor, both centred on 

g = Eb ( s ) . This state can now be probed by a weak interaction V from 

another bound state I0> and the Golden Rule used to calculate the rate 

of decay of the population initially in state I0>. So
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00

r of 2jl
ft
ds6(e-ei)I < 0 I VIF, g > I

J<3
2 5.2,17

giving

r of
(r,iDf>/2)2+(ei-EB(ei))2

ra,iM q(£i)+£i“Ea(£ 5.2,18

where

ro,i = 2 j \ Vo#i I 2 
ft

5.2,19a

is the decay rate from I0> to the old continuum,

Tb# i = 2ir.IV b»iI 2 5.2, 19b
ft

is the decay rate o-f IB> into the old continuum and the Fano q 

parameter CFano 19613, given by,

q(g) = <OIVI*(s) > 5.2,19c
<01 V I C, £ >ttT,b

is the ratio of the transition probability into the modified bound 

state to that into the old continuum. So the ratio of the decay into 

the Fano continuum to the decay into the old continuum is given by

Fof = Iq(gi)+e(s i)12 5.2,20
To.i 1+e2 (£i)

where e(g) is a normalised detuning given by

e (s) = 2 (£-Eb <g ) ) . 5.2,21
ftra .
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Fig i, taken from Knight 1984, shows the ratio of the decay rates for 

various different values of q against the normalised detuning showing 

the famous Fana profile.

MOO IFIEO OETUNING 

Fig 5.2.i

Enhancement in photoionisation rates to a Fano continuum 

as a function of dimensionless detuning.

For large q the coupling to the modified bound state is dominant 

giving an almost Lorentzian profile with a FWHM of 2. For low q the 

coupling to the old continuum dominates giving an asymmetric lineshape 

with a zero at e = -q where the two decay channels destructively 

interfere. The parameter q can be determined by finding the ratio of 

the peak heights, at e = 1/q, to the height at the large e limit. The 

ratio of these two heights is just 1 + q2. From equations 19c and 15 

the Fano parameter can be expanded in terms of the original bound and 

continuum states, to give

q<e) = <01VIB>+ dg'T* - bP/(g-s') <0IVIC,g’>. 5.2,22
<0 IVIC,s >ttT»b

Ordinarily, the coupling from 10>, directly to the bound state IB) 

dominates over that to the continuum. However, under certain 

circumstances the coupling to the continuum can dominate. If the
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interactions T and V are dipole interactions, that is both states I0> 

and IB> are coupled to the continuum by laser -fields, then the 

coupling < 0 lV I B > is not allowed by the dipole selection rule. This 

means that q is determined by the coupling <0IVIC,f'>.

Fig 5.2.ii

Two lasers coupled into a continuum with no direct bound 

state coupling due to the dipole selection rule.

Fig ii shows this situation, where there is no transition allowed -from 

I0> to IB> directly. This would appear to rule out the possibility of 

interference, and therefore a window, as there is only one path from 

I0> to the continuum. Under these circumstances the principal part 

term in q dominates and the two interfering paths are the two-photon 

direct and stepwise routes. This is then similar to the interference 

caused by these two routes in the three level system solved 

perturbatively in chapter three. As the T coupling is due to another 

laser then the structure is potentially adjustable in both position 

and width. The position is set by the laser frequency and the width by 

the intensity. For this case, where there is no single-photon coupling 

between the two bound states, the Fano q parameter is given by the 

ratio of the real to the imaginary part of the two-photon Rabi 

frequency between the two levels [Knight 1980, Milonni and Eberly 

19783,
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q (ft) 5.2,23

where the continuum has caused the Rabi frequency to become complex

!2oq 3
00

L dg,<OtVIC.g,XC. g ,ITlB>. 
x->0 o gi-g'+ix

5.2,24

This can be split into its real and imaginary p a r ts using, from, for 

example, Heitler 1954

L _!__3 P/H “ iTri(x). 5.2,25
X->0- x + ix \x j

This treatment is applicable to cases in which t h e  p r ° b e  interaction, 

V, is weak and does not alter the continuum structure. In the next 

section both interactions are allowed to be strong. This can be 

treated by dressing the two bound states to t h e  continuum states as 

done by Coleman 1983, or by using the TOO method e-fter eliminating the 

continuum. This latter method is used as it also allows the inclusion 

of pulse shapes which the dressed states model is unable to cope with.



5.3 Trapping in LICS

Fig i shows two bound states strongly coupled to a continuum. Here 

it is not applicable to talk of embedding and probe lasers as both 

cause structure in the continuum. The equations of motion for the two 

bound states include the continuum levels.

Fig 5.3.i

Two bound states strongly coupled to a continuum.

In order to find the populations in the bound states using the TDO 

method, the continuum must be eliminated. This is done as in section

5.1 using the Harkov approximation in a similar way.

5.3.1 Pulse shape effects

The equations of motion for the amplitudes to be in the two bound 

states and the continuum are almost identical to those in section 

5.1.1, and are written, in the Schrodinger picture, as

i ao (t) woao(t)-
CO
dsQo* <t)CD5(o*t+$*(t)}a,(t)

dsfto. (t ) C05{0bt + <j>b (t)>a«(t)
o

5.3,1a
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00

i ai< t) 3 u*ai(t)- deflt*(t)cos{o*t+$«(t)>a,<t)
o

- dsftw<t)co5<Ubt+$b<t)>a,(t) 5.3,1b
0

and

i a, (t) 3 u«a« <t)-a0 (t)Cfl«o(t)cos<w*t+$«(t)>+$lio (t)cos<Wbt+$b<t)}]

-ai (t) Cftii (t) cos{<i)*t+$* (t) (t) cos{(dbt+$b (t)) ] 5.3,1c

where the scripts a and b denote the two lasers used, -frequency and 

Mb with phase $.(t) and $b (t) respectively. It is assumed, for the 

moment, that both lasers can ionise either of the bound states. These 

equations are transformed to the Interaction picture, using the 

transform aj -> cj 3 ajexp (iujt); the cosine terms are split into the 

exponential representation and the detunings Atc 3 are

substituted, giving

ico<t)3-jdsc,(t) [ft©* (t) exp <-i A°*t + i <t))+flS»(t)exp(-iAobt + i<j>b<t)>]/2, 

° 5.3,2a

ici <t)3-Jdec,<t) [Qi„(t)exp<-Ul-t«-i<fr.<t) <t)exp ( - U lbt + i<j>b (t)) 3/2

' 5.3,2b

00

and

c« (t)

+ Ci(t')Cft»1(t')exp(iA1*t-i!}><,(t))+fti# (t)exp(iAlbt-i(J)b(t))3f/2

5.3,2c
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where the RWA has been made and the last equation has been explicitly 

integrated to allow for subsequent substitution. Javanainen 1983 

examines the validity of the RWA in bound/free transitions, concluding 

that the approximation is valid under the same circumstances as in 

bound/bound transitions.

a) bl) b 2)

Fig 5.3.ii

The two-photon processes allowed.

c) d) e)

Fig 5.3.ii

The forbidden two-photon processes.

Figs iia and b show the two-photon transitions which are to be 

allowed. Figs c, d and e show those that that are to be forbidden. w«, 

Ub and Wo, wi are sufficiently different that there is a negligible
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coupling for the forbidden processes. This occurs if luo-Oil and 

lu«-Ubl are much greater than the inverse pulse width and the widths 

of the bound states due to other decay processes etc. The 

single-photon decays caused by either laser are still allowed for each 

state. Thus, substituting equation 2c into a and b and eliminating the 

forbidden transitions gives

C o ( t ) 3 - 1

OQ
K rb \
d t d t ' < C o ( t ' )

o o  l
Go.r<t)a.o<t ')exp<-iA°Mt-t ')+i <$«<t)-$. (t'))

+ fto.(t)ftto<t ')exp(-i4°b (t-t ')+i (<J>b(t)-^b(t'))]

+ c i (t ' ) flo« (t) ftt i (t ') exp(-i(4°*t-4lbt')+i($«(t)-$b (t') >j 5.3,3a

and

eO ( A A V '

Ci (t) 3 -lldg dt '< ci <t')
4 o 0 /

<t) x<t ')exp(-i41*(t-t *)+i($.<t)-$«<t'))

+ $h.<t)flti <t')exp(-i4lb<t-t ')+i<$b <t)-$b (t'))

+ co(t') flL<t)a~o(t')exp<-iUlbt-d0-t')+i($b<t)-4u(t'>){ 5.3,3b

Now the Markov approximation is made in an identical way to that in 

section 5.1 giving

Co 3 c0)iP dg 1 flo« 12 - wf»_lQo*®fc I2 
/ 44°- 4

+ iP dgIflo,I2 - ifIfto-* I2 
44°b 4

+ exp (i <$*-$b-A*bt ) 1c i) i P dgfl.t
44.

- Tlffto.'fl.
4

5.3,4a

and
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Cl 3 C i < i P  d g  I f l i  , 1 2 -  TTf I f l w» »

4 6 1 *  4

+ iP dgIfli« I 2 
4 A l *

TTfJfll#'1 I2
4

+ e x p < - i ))Co iP dg flit fl(o
4A* •

TTffli, • flT
4

5 . 3 , 4 b

where

A«b 3 b^ 5.3,5a

gic 3 ftAtc, 5.3,5b

s' 3 M A ° -  + 6 l b ) /2 5.3,5c

and

flo#01*- (t) -V flo* ' (t ) , 5.3,5d

ftlb,/fr (t) * A?.* (t), 5.3,5e

as the continuum is assumed -flat. In a similar way to that used in 

secction 5.1 the decays and energy shifts, due to the transistions in 

fig iib, for levels j 3 0 , 1 are written as

r j (t) 3 TTfjlflj.^ <t> I2 + I fl j < t ) 1

3 rj(t) + r5(t) 5.3,6a

and



oo

6E j  ( t ) ftP ds ? . (t ) I 2 + Iflj, (t) I 2 | 

4 6 J * 4 6 Jb

5 . 3 , 6 b

The transition in fig iia leads ta the decays and energy shifts given 

by

n t )  = irfflo#• <t)flt• i <t ) -v / r © < t )r ? <t )' 
2

5.3,7a

and

6E(t)
00

ftpIdgQS,(t) i(t)
46,

5.3,7b

Equations 4a and b become

/-6 E p -iL o  
ft 2

-Hq+i)
2

- n q +i)
\ 2

-6 E i - i r_i+A*fc’-<6*” b̂) 
ft 2

5.3,8

where the transform

1 0 
0 exp(i <6«"ib“ 6*b )t )

C o  \ 5.3,9

is used to reduce the time dependence of the operator and put the 

equation into a form solvable by the TDQ method. This is an Hermitian 

transform so that the populations in levels I0> and ll> are still 

given by Po 3 Icol2 3 Ic6 l2 and Pi = Icil2 = l c i 12 respectively. The 

Fano q parameter is defined as in equation 5.1,19 remembering that the 

direct transition I0> to ll> is now forbidden, so that

q (£) 3 6E(t) 5.3,10
f t r ( t )/2
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where the time dependences cancel leaving q time independent. In order 

to investigate the continuum structure explicitly, without the 

background radiation, the interactions in fig i i b 2 are forbidden so

and laser b, level ll>. For the moment it is assumed that the pulses 

are constant so that an analytical result can be obtained. This means 

that the energy Stark shifts can be ignored as they only cause a 

constant displacement in the energy levels. As the continuum is 

assumed flat this has no effect on the bound state papulations. 

Equation 8 can now be written

where the phase terms have also been discarded so the lasers are 

assumed perfectly coherent. This is salved analytically to yield

b Athat To = Ti = 0. This means that laser a can only excite level I0>

5.3,11

c6(t) = exp (at) C <g+«') exp <st) + (p-oc') exp <-pt) 3 
2 P

5.3,12a

ci(t) = /Tori (l-iq) exp (oct) Cexp (pt) - exp <-pt) 3 5.3,12b

where

oc = “iTo+IVL -i 4_*b » 
4 2

5.3,13a

«' = -<r0-ri) +i4-b
4 2

5.3,13b

and

oc'2 + 5.3,13c
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a) both pulses flat

Fig 5.3.iii

The Fano profile for different pulse shapes,

To = 0.02tt Mrads s-1, Vi = 2 it Mrads s~l, q = 5 and t = 5 ps.
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T h i s  i s  t he  a n a l y t i c  r e s u l t  -for t h e  a m p l i t u d e s  t o  be i n t h e  bound 

s t a t e s  f o r  two s t r o n g ,  f l a t  l a s e r  p u l s e s  i n d e p e n d e n t l y  c o u p l i n g  two  

bound s t a t e s  i n t o  a f l a t  c o n t i n u u m  w i t h  a t w o - p h o t o n  d e t u n i n g  A * b . A l l  

t h e  p o p u l a t i o n  i s  i n i t i a l l y  i n  s t a t e  10>.  No decay has been i n c l u d e d  

which i s  not  i o n i s a t i o n ,  so t h e  number of  i o n s  produced i s  j u s t

I ( A - b ) 3 1 -  I c i l 2 -  I c 1 1 2 . 5 . 3 , 1 4

5 . 3 . 1 . 1  Probed c o nt i nuum s t r u c t u r e .

F i g  i i i a  shows t h e  i o n s  c r e a t e d ,  as a f u n c t i o n  of  t w o - p h o t o n  

d e t u n i n g ,  f o r  a weak p r o b e  c a s e  ( l a s e r  a i s  t h e  probe)  and f l a t  

p u l s e s .  The p a r a m e t e r s  used a r e  To = 0 . 02tt l i rads s _ 1 , Ti  

3 2tt Mrads s - 1 , q 3 5 ,  and t h e  g r a p h s  a r e  p l o t t e d  a t  t i m e  t  3 5 jjs. 

T h i s  shows t h e  t r a d i t i o n a l  Fano l i n e s h a p e  w i t h  an i on enhancement  and 

window.  The i on y i e l d  a t  t h e  window does not  d e c r e a s e  a l l  t he  way to  

z e r o  as t h e  pr obe  l a s e r  i s  not  i n f i n i t e l y  sma l l  i n  a m p l i t u d e  and 

p e r t u r b s  t h e  cont i nuum s t r u c t u r e  s l i g h t l y .  The p o s i t i o n s  of  t h e  window 

and peak a r e ,  f rom e q u a t i o n s  5 . 2 , 2 0  and 2 1 ,  a t  A* b 3 - T i q / 2  and 

r , y rads s -1 r e s p e c t i v e l y .  F i g  i i i b  shows t h e  i o n i s a t i o n  as a 

f u n c t i o n  of  d e t u n i n g  where t h e  p u l s e s  a r e  Ga u s s i a n .  For t h i s  t h e  

p u l s e s  a r e  chosen t o  be of  t h e  same ener gy  as t h o s e  i n t he  f l a t  p u l s e  

case as i t  i s  t h e  t o t a l  e n e r g y  t h a t  i s  t h e  main f a c t o r  i n  d e t e r m i n i n g  

i o n i s a t i o n .  Thus t h e  i n t e g r a l  o v e r  t i me  of  t h e  i n t e n s i t v  e n v e l o p e s  a r e  

e q u a l i s e d .  T h i s  i s  i n  c o n t r a s t  t a  p r e v i o u s  exampl es  w i t h  p u l s e  shapes  

where t h e  f i e l d  e n v e l o p e  a r e a s  have  been e q u a l i s e d .  T h i s  i s  due t o  t h e  

d i f f e r e n t  p r o c e s s e s  i n v o l v e d  i n  t h e  p o p u l a t i o n  movement .  In t h e  

bound/ bound p r o c e s s e s  t h e  phase  i s  i m p o r t a n t  which i s  p r e s e n t  o n l y  i n  

t h e  f i e l d  e n v e l o p e .  In b o u n d / c o n t i n u u m  t r a n s i t i o n s  t h e  phases a r e  

u n i m p o r t a n t  f o r  f l a t  c o n t i n u a  and ,  f rom e q u a t i o n  5 . 1 , 1 1 ,  t h e  r a t e  of  

decay i s  p r o p o r t i o n a l  t o  t h e  e n e r g y .  In f i g  i i i b  t h e  minimum i s  p a r t l y  

d e s t r o y e d  as d u r i n g  t h e  p u l s e  e v o l u t i o n  i t  moves because of  i t s  

dependence on Vi ,  which i s  t i m e  d e p e n d e n t .  T h i s  i s  s i m i l a r  t o  t he  

e f f e c t  t h a t  p u l s e  shapes have  on S t a r k  s h i f t s ,  as seen i n c h a p t e r  

t h r e e ,  where t h e  two peaks  move d u r i n g  t h e  cou r s e  of  t h e  p u l s e .  For  

t h e  same r eason t h e  peak i s  much b r o a d e r  as t h e  maximum i n t e n s i t y  i s  

about  2 . 8  t i m e s  t h a t  of  t h e  f l a t  p u l s e .  T h i s  means t h e  window moves 

f rom z e r o  out  t o  around 7 MHz and back d u r i n g  t h e  e v o l u t i o n  of  t he  

p u l s e .  In m o d e l l i n g  t h e  f l a t  p u l s e s  t h e  S t a r k  s h i f t s  of  t h e  bound
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The F-ano p r o - f i l e  as t h e  p r obe  power i s  i n c r e a s e d  w i t h  - f l a t  p u l s e s ,  

f i  = 2tt Mrads s _ l  , q = 5 and t  = 5 ps.
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Fig 5.3.v
St r o n g  c o u p l i n g s  w i t h  Gauss i an  p u l s e  shapes ,

To = 2ir Mrads s-1, Ti = 2 tt tirads s-1, q = 5 and t  = 5 ps.
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s t a t e s ,  which a r e  j u s t  c o n s t a n t  e n e r g y  s h i f t s ,  a r e  i g n o r e d .  I n  t he  

Gaussi an  p u l s e  case i t  i s  i n c o r r e c t  t o  do t h i s  as t h e  s h i f t s  are  

dependent  upon i n t e n s i t y .  H owever ,  in e x p e r i m e n t s  p e r f o r med  w i t h  n o b l e  

g ases ,  [Ness  1 9 843 ,  t h e s e  s h i f t s  a r e  measured t o  be an o r d e r  of  

magni t ude  l e s s  t han  t h e  peak t o  window s p a c i n g ,  so t h e y  a r e  not  

i n c l u d e d  h e r e .  These S t a r k  s h i f t s ,  h owever ,  cou l d  be v e r y  i m p o r t a n t  as 

t h e y  cause  t h e  whol e  e n e r g y  a x i s  t o  move over  t he  d u r a t i o n  of  the  

p u l s e .  T h i s  has a g r e a t e r  a v e r a g i n g  e f f e c t  t han  t h a t  caused by t h e  

c h a ng i ng  T ' s  as t h e  peak c o u l d  be pushed over  t h e  d i p  a t  c e r t a i n  

t i m e s .  T h i s  means t h a t  t h i s  a p p r o x i m a t i o n  has t o  be c a r e f u l l y  

v a l i d a t e d  b e f o r e  compar i ng  t o  e x p e r i m e n t a l  r e s u l t s .

5 . 3 . 1 . 2  S t r o n g  f i e l d s  and p o p u l a t i o n  t r a p p i n g

The Fano p r o f i l e  i s  o b t a i n e d  when t h e  probe  l a s e r  i s  v e r y  weak,  

such t h a t  Tot  i 1. H owever ,  i f  t h e  probe  l a s e r  i s  i n c r e a s e d  i n  

s t r e n g t h ,  u n t i l  i t  i s  c o m p a r a b l e  w i t h  t h e  embedding l a s e r ,  the  

p o p u l a t i o n  t r a p p i n g  s t i l l  o c c u r s .  Even f o r  l a r g e  t i m e s  and s t r o n g  

c o u p l i n g s  p o p u l a t i o n  r e m a i n s  t r a p p e d  i n  t h e  bound s t a t e s ,  immune t o  

p h o t o i o n i s a t i o n .  For equal  s t r e n g t h  c o u p l i n g s  t h i s  t r a p p i n g  o c c u r s  at  

t w o - p h o t o n  r e s o n a n c e ,  A * b 3 0. I f  t h e  S t a r k  s h i f t s  a r e  i n c l u d e d  then  

r e a l  t w o - p h o t o n  r e s o n a n c e  o c c u r s  a t  some o t h e r  v a l u e  of  A * b . F i g s  

i v a , b , c  and d show t h e  d e s t r u c t i o n  of  t h e  Fano p r o f i l e  as the  

i n t e n s i t y  of  t h e  ' p r o b i n g '  l a s e r  i s  i n c r e a s e d .  In a l l  cases  

Vi = 2ir Mrads s - 1 , t  3 5 ps and q 3 5.  In a To 3 0.002ir Mrads s-1  

g i v i n g  a Fano p r o f i l e .  b , c  and d have  Yo =0.02ir, 0.2ir and 2tt Mrads s -1  

r e s p e c t i v e l y ,  showing t h a t  as t o  i s  i n c r e a s e d  t o  become equa l  t o  h  

t r a p p i n g  s t i l l  o c c u r s .  For  e q u a l  gammas h a l f  t h e  p o p u l a t i o n  i s  

t r a p p e d .  I f  t h e  gammas a r e  not  e q u a l  then p o p u l a t i o n  t r a p p i n g  o c c u r s  

at  A 3 < r o - r \ ) q / 2  w i t h  r i 2 / ( r o + r i ) 2 o f  t h e  p o p u l a t i o n  t r a p p e d  i n  s t a t e  

I 0>  and r o T i / ( T o + r i ) 2 i n  l l > .  Thus t h e  t o t a l  p o p u l a t i o n  t r a p p e d  i s  

r i / < r o + r » )  as shown i n  a p p e n d i x  5 . B ,  see Coleman and K n i g h t  1982 and 

Beers  e t a l  1975.  Thus f o r  v e r y  s m a l l  To a l l  t h e  p o p u l a t i o n  i s  t r a p p e d  

at  A* b 3 - P i q / 2 ,  t h e  r e s u l t  o b t a i n e d  i n  t h e  p r e v i o u s  s e c t i o n ,  For  

equal  gammas h a l f  t h e  p o p u l a t i o n  i s  t r a p p e d  a t  t w o - p h o t o n  r e s o n a n c e .  

Fi g  v i s  t h e  r e s u l t  of  u s i n g  G a u s s i a n  shaped l a s e r  p u l s e s .  T h i s  shou l d  

be compared t o  f i g  i vd  as ,  a p a r t  f r om t h e  p u l s e  shapes ,  t h e  p a r a m e t e r s  

a r e  i d e n t i c a l .  A g a i n ,  t h e  e n e r g i e s  of  t h e  p u l s e s  a r e  e q u a l i s e d  to  

c a l c u l a t e  t h e  c o r r e c t  peak i n t e n s i t y  v a l u e ,  and t h e  S t a r k  s h i f t s  have  

been i g n o r e d .  T h i s  shows t h a t  t h e  e v o l u t i o n  of  t h e  p o p u l a t i o n s  o f f
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a) both  p u l s e s  f l a t

t  (ps)

F i g  5 . 3 . v i

P o p u l a t i o n  t r a p p i n g  w i t h  d i f f e r e n t  p u l s e  shapes ,

To = 0.02tt Mrads s _ 1 , T i  = 2ir Mrads s _ l , q = 5 and = 0
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r e s o n a n c e  a p p e a r s  t o  be s l o w e r  t h a n  t h a t  f o r  t h e  ' e q u i v a l e n t '  f l a t  

p u l s e  c a s e .  On r e s o n a n c e  t h e  f i n a l  p o p u l a t i o n s  a r e  i d e n t i c a l  t o  t h e  

f l a t  p u l s e  c a s e ,  T h i s  i s  f o r  t h e  same r eason as t h a t  d e s c r i b e d  i n  

s e c t i o n  3 . 2 . 1 . 1  where t h e  t i m e  dependence of  t h e  p u l s e  shapes can be 

t aken  out  of  t h e  TDO m a t r i x ,  p r o v i d e d  t h a t  t h e  p u l s e s  a r e  of  t h e  same 

shape and t h e  system i s  on t w o - p h o t o n  r e s o n a n c e .  However ,  o f f  

r e s o n a n c e  t h e  f i n a l  p o p u l a t i o n s  a r e  d i f f e r e n t .  T h i s  means t h a t  f o r  

unequa l  s i z e d  p u l s e s ,  w h i ch  i m p l i e s  t h a t  t r a p p i n g  occur s  a t  n a n - z e r o  

A* b , t h e  p r e d i c t i o n s  f o r  t h e  f l a t  p u l s e s  case cannot  be r e l i a b l y  used 

f o r  p u l s e d  e x c i t a t i o n s .  F i g  v i a  shows t h e  t e m p o r a l  e v o l u t i o n  f o r  two 

f l a t  p u l s e s ,  where To 3 T i  = 2tt Mrads s - 1 , q = 5 and t h e  system i s  

t w o - p h o t o n  r e s o n a n t .  T h i s  c l e a r l y  shows t r a p p i n g  w i t h  e q u i l i b r i u m  

be i ng  r e a c h e d  w h i l s t  t h e  p u l s e s  a r e  s t i l l  t u r n e d  on,  as shown i n  

Col eman,  K n i g h t  and B u r n e t t  1982 .  F i g  v i b  shows a s i m i l a r  s i t u a t i o n  

w i t h  Ba u s s i a n  p u l s e s .  A g a i n ,  as i n  s e c t i o n  3 . 2 . 1 . 3 ,  t h e  f i n a l  

p o p u l a t i o n s  a r e  i d e n t i c a l  t o  t h o s e  w i t h  f l a t  p u l s e s ,  but  t h e  e v o l u t i o n  

i s  d i f f e r e n t  due t o  t h e  v a r i a t i o n  i n  i n s t a n t a n e o u s  power .  T h i s  

t r a p p i n g  phenomenon sho u l d  be compared t o  t h a t  seen i n  c h a p t e r  t h r e e  

w i t h  t h r e e  bound s t a t e s ,  i n  whi ch t h e  i n t e r m e d i a t e  s t a t e  d e c a y s ,  In 

t h i s  c h a p t e r  t h e  i n t e r m e d i a t e  s t a t e  i s  r e p l a c e d  by a cont i nuum w i t h  

i t s  own i m p l i c i t  d e c a y .  The amount  of p o p u l a t i o n  t r a p p e d  i n  t h e  two 

r e m a i n i n g  bound s t a t e s  i s  t h e  same f o r  both e x a m p l e s ,  f o r  f l a t  p u l s e s  

o n l y ,  as Ti  *  f h 2 ,' but  i n  t h e  c a s e  w i t h  t h e  c o n t i n u u m ,  t h e  l a s e r s  must  

be d e t uned  f o r  t r a p p i n g  t o  o c c u r .

5 . 3 . 2  Coher ence  e f f e c t s

The p r e v i o u s  s e c t i o n  shows t h e  e f f e c t s  of  h av i ng  shaped l a s e r  

p u l s e s .  T h i s  g e n e r a l l y  i n c r e a s e s  t h e  t r a n s f o r m  bandwi d t h  as t h e  p u l s e s  

ar e  e f f e c t i v e l y  n a r r o w e r  t h a n  t h e  ' e q u i v a l e n t '  f l a t  p u l s e s .  However ,  

t h e  c o h e r e n c e  of  t h e  f i e l d s  i s  a l w a y s  m a i n t a i n e d .  T h i s  s e c t i o n  shows 

t h e  e f f e c t  of  i n c o h e r e n t  l a s e r s .  Two e x t r e m e s  o c c u r .  F i r s t l y  t h e  beams 

mi ght  be i n c o h e r e n t  and t o t a l l y  u n c o r r e l a t e d  as i n  two c o m p l e t e l y  

i n d e p e n d e n t  l a s e r s .  Or ,  s e c o n d l y ,  t h e  two l a s e r s  might  be pumped by a 

s i n g l e ,  i n c o h e r e n t  pump i n  whi ch case  t h e y  mi ght  be v e r y  i n c o h e r e n t  

but  m u t u a l l y  c o r r e l a t e d .  Of c o u r s e  a n y t h i n g  i n between cou l d  occur  

where t h e  beams a r e  o n l y  p a r t i a l l y  m u t u a l l y  c o h e r e n t .  E q u a t i o n  8 g i v e s  

t h e  e q u a t i o n  of  mot i on f o r  t h e  a m p l i t u d e s  w i t h  t h e  phase terms $ « ( t )  

and $ b ( t )  i n c l u d e d .  In t h e  p r e v i o u s  s e c t i o n  t h e s e  are  s e t  t o  z e r o  to
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i n v e s t i g a t e  t h e  p u l s e  shape e f f e c t s .  In t h i s  s e c t i o n  t h e s e  t e r m s ,  w i t h  

s u i t a b l e  ass u mp t i o n s  about  t h e i r  n a t u r e ,  a r e  i n c l u d e d  and d e a l t  w i t h  

a n a l y t i c a l l y  i n  o r d e r  t o  i n v e s t i g a t e  t h e i r  e f f e c t  on t r a p p i n g .  In 

o r d e r  t o  a c h i e v e  t h i s  t h e  d e n s i t y  m a t r i x  f o r m a l i s m  i s  used as 

p a r t i a l l y  d e s c r i b e d  i n  c h a p t e r  two.  T h i s  i n c r e a s e s  t h e  c o m p u t a t i o n  

r e q u i r e d ,  n e e d i n g  a f o u r  by f o u r  t i m e  deve l opment  o p e r a t o r .  The r eason  

f o r  t h e  use of  t h e  d e n s i t y  m a t r i x  i s  t h a t  t h e  q u a n t i t i e s  t o  be 

c a l c u l a t e d  a r e  t h e  p o p u l a t i o n s .  These a r e  t h e  a b s o l u t e  s q u a r e s  of  the  

a m p l i t u d e s .  As a s t o c h a s t i c  t e r m i s  b e i n g  i n c l u d e d  t h e  a m p l i t u d e s  a l s o  

become s t o c h a s t i c .  The e x p e c t a t i o n  v a l u e  of  t h e  p o p u l a t i o n s  i s  not  t he  

same as t h e  a b s o l u t e  s q u a r e  of  t h e  e x p e c t a t i o n  v a l u e  of  t he  

a m p l i t u d e s .  That  i s

< p u >  3 < C t c j * >  # < C i ' X c j * > .  5 . 3 , 1 5

T h i s  means t h a t  t h e  q u a n t i t i e s  t o  be ave r a g e d  have t o  be t h e  d e n s i t y  

m a t r i x  e l e m e n t s  and no t  t h e  a m p l i t u d e s .  The d e n s i t y  m a t r i x  e l e m e n t s  

a r e  g i v e n  by

pij 3 Ci'Cj* 5 . 3 , IS

so t h a t

pij 3 Ci'Cj* + CiCj*. 5 . 3 , 1 7

Thus

p O 1

p 1 o

- i ! \

J T ( q - i )
2

2

r ( q- i )  n - q - i  >
2 2

« «"i (rft+Ti 0
2

o - j  < r o + r i ) +A«b- U a - S b )  
2

n - q - i ) Hq - i )
2 2

0

/poo

Po 1
2

r i q - i ) p 1 o
2

- i n  / \P11

5 . 3 , 1 8

where  t h e  S t a r k  s h i f t  t e r m s  have  been d i s c a r d e d  as i n  t h e  p r e v i o u s  

s e c t i o n .  The model used f o r  t h e  n o i s e  p r o c e s s  i n  t h i s  case i s  t h e
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Phase D i f f u s i o n  Model  <PDM) , whi ch assumes t h a t  t h e  phases and $b 

make a random w a l k .  For  t h i s  p r o c e s s  t h e  ' v e l o c i t i e s '  and 5>b a r e  

both z e r o  mean random v a r i a b l e s  w i t h  Gauss i an  s t a t i s t i c s .  I t  i s  shown 

i n  Wddki ewi cz  1979 and Fox 1972 t h a t  an e q u a t i o n  of  t h i s  t y p e  can be  

t r a n s f o r m e d  t o  y i e l d  an e q u a t i o n  of  mot i on f o r  t h e  s t o c h a s t i c a l l y  

a v e r a g e d  d e n s i t y  m a t r i x  e l e m e n t s .  An e q u a t i o n  i n t h e  form

p = CMo + Mi X < t ) 3p,  5.3,19

where Mo and Mi a r e  s u r e  m a t r i c e s  and x ( t )  i s  a s t o c h a s t i c  v a r i a b l e  

w i t h  z e r o  mean and G a u s s i a n  w h i t e  n o i s e  s t a t i s t i c s ,  can be w r i t t e n  i n  

t e r ms  of  t h e  e x p e c t a t i o n  v a l u e  of  p t hus

<p> = CMo + M i 2 Y 3<p>.  5 . 3 , 2 0

x ( t )  i s  g i v e n  by i t s  c o r r e l a t i o n  f u n c t i o n s  and h a v i n g  Gauss i an  

s t a t i s t i c s  i s  d e f i n e d  by t h e  f i r s t  two o n l y ,  Mo and Mi can be a d j u s t e d  

t o  g u a r a n t e e  t h a t  x ( t )  has a z e r o  mean,  i e

< X ( t ) >  = 0 ,  5 . 3 , 2 1 a

and t h e  second o r d e r  c o r r e l a t i o n  - f u n c t i o n  i s  g i v e n  by

< X <t ) X <t  + x ) > = 216 U )  . 5 . 3 , 2 1 b

In t h i s  p a r t i c u l a r  exampl e  x ( t )  ■ i * ( t ) - $ b ( t ) ,  where both and $ b 

a r e  z e r o  mean Gauss i an  w h i t e  n o i s e  p r o c e s s e s .  Thus

< x < t  > x < t + r )>  = < ( $ «  ( t ) - i b ( t ) ) ( i « < t + T ) i b ( t + t ) >

= 2 < Y a + Y b - 2 Y* b )6<T) = 2Y6 <t ), 5.3,22

where Yc i s  t h e  b a n d wi d t h  of  l a s e r  c and i s  t h e  c r oss  s p e c t r a l

bandwi d t h  of  l a s e r s  a and b CDa l t on  and K n i g h t  19823 .  For t o t a l  mutual  

c o r r e l a t i o n  Y = 0 and f o r  no mut ua l  c o r r e l a t i o n  Y = Y« + ¥b . So e q u a t i o n  

18 becomes
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a) 1 = O . O I tt Mrads s~*

F i g  5 . 3 . v i  i

The Fano p r o f i l e  w i t h  u n c o r r e l a t e d  l a s e r s ,  

r0 s 0.02tt Mrads s - 1 , Ti = 2tt Mrads s _ l , q = 5 and t  = 5 ps
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1

F i g  5 . 3 . v i i i

P o p u l a t i o n  t r a p p i n g  w i t h  u n c o r r e l a t e d  l a s e r s  

f o  = Ti  = 2tt Mrads s - 1 , q = 5, <4*b = 0 and Y = tt/8 Mrads s-1.

A * b (MHz)

F i g  5 . 3 . i x

P o p u l a t i o n  t r a p p i n g  a g a i n s t  d e t u n i n g  -for u n c o r r e l a t e d  l a s e r s ,

To 3 Vi - 2tt Mrads s _ 1 , q = 5 ,  Y s tt/ 8 Mrads s ~ 1 and t  = 1 and 5 ps.
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 ̂P oo )

 ̂p o i y  

( p i o y

<Ju>

£ < - q - i )
2
0

£ ( q - i ) £ ( - q - i )
2 2

-  i ( X a + T j J  -  A* b - i Y 0
2

0 - i  ( ro - t -T i ) + A* b- i  Y 
2

£ ( - q - i ) £ ( q - i )
2 2

 ̂P oo )1

X < - q - i ) 2
<  p  O  1  )  

(  p  1  o  }

-  i r i / \ < p 11 >

5.3,23

H q - i
2

where t h e  a n g u l a r  b r a c k e t s  <> i n d i c a t e  a s t o c h a s t i c  a v e r a g e  over  t he  

phase - f l u c t u a t i o n s .  T h i s  e q u a t i o n  i s  now s o l u b l e  u s i n g  t he  TDQ method.  

The p o p u l a t i o n s  i n  s t a t e s  I 0 >  and l l >  and t h e  i on  count  a r e  g i v e n  by

Po 3 ^poo^,  5 . 3 , 2 4 a

Pi 3 < P n > 5 . 3 , 2 4 b

and

I 3 1 -  Pi  -  Po 5 . 3 , 2 4 c

r e s p e c t i v e l y .  F i g  v i i a ,  shows t h e  e f f e c t s  of  a sma l l  c r o s s  c o r r e l a t i o n  

bandwi d t h  f a c t o r  on t h e  Fano minimum.  In t h i s  example t h e  p a r a m e t e r s

a r e  t h e  same as i n  f i g  i i i a  e x c e p t  t h a t  ¥ 3 O . O I tt Mrads s_ 1 . T h i s  has

no g r e a t  e f f e c t  on t h e  p r o f i l e  and even when 1 i s  i n c r e a s e d  t o  

tt/8 Mrads s - 1 , as i n  f i g  v i i b ,  t h e r e  i s  o n l y  a sma l l  d e s t r u c t i o n  of  

t h e  minimum. When t h e  p r o b e  p u l s e  i s  i n c r e a s e d  t h e  p o p u l a t i o n  t r a p p i n g  

phenomenon i s  d e s t r o y e d .  T h i s  i s  as seen i n  f i g u r e ,  v i i i  which shows 

t h e  e f f e c t s  of  a b a n d w i d t h  Y 3 tt/ 8  Mrads s - 1  on t h e  e v o l u t i o n  of  t he  

p o p u l a t i o n s  o t h e r w i s e  i d e n t i c a l  t o  f i g  v i d .  F i g  i x  shows the  

i o n i s a t i o n  as a f u n c t i o n  of  t w o - p h o t o n  d e t u n i n g  f o r  t h e  same

p a r a m e t e r s .  T h i s  c l e a r l y  shows t h e  i n c r e a s e  i n i o n i s a t i o n  where 

t r a p p i n g  was once o b s e r v e d ;  compare t o  f i g  i v a .  Thus o n l y  t h e  r e l a t i v e  

phases of  t h e  two e x c i t i n g  l a s e r s  a r e  i m p o r t a n t  i n  cont inuum  

e x c i t a t i o n .  The i n d i v i d u a l  b a n d w i d t h s  have no e f f e c t  when the

cont i nuum i s  assumed t o  be o t h e r w i s e  f e a t u r e l e s s .
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5 . 4  C o n c l u s i o n s

T h i s  c h a p t e r  shows some of  t h e  e f f e c t s  caused by p u l s e  shapes and

b a n d w i d t h s  when bound s t a t e s  a r e  coup l ed  t o  cont i nuum s t a t e s .  The

f i r s t  s e c t i o n  shows t h a t  t h e  Fermi  Golden Rul e  r e s u l t ,  f o r  a bound

s t a t e  co u p l ed  t o  a f l a t  c o n t i n u u m ,  i s  b a s i c a l l y  c o r r e c t ,  and

g e n e r a l i s e s  t h e  r e s u l t  t o  i n c l u d e  t h e  p u l s e  shape.  The decay r a t e

i nduced  i s  p r o p o r t i o n a l  t o  t h e  i n s t a n t a n e o u s  i n t e n s i t y  and i s

u n a f f e c t e d  by any b a n d w i d t h s .  The n ex t  s e c t i o n  exami nes  t h e  e f f e c t s  on

t h e  Fano p r o f i l e ,  p r o d u c e d  when a bound s t a t e  i s  mixed s t r o n g l y  w i t h

t h e  cont i nuum w h i l s t  b e i n g  p r o b ed  f rom a n o t h e r  bound s t a t e .  I t  i s

shown t h a t  t h e  p r o f i l e  i s  p a r t i a l l y  d e s t r o y e d  by both  bandwi d t h  and

p u l s e  shape e f f e c t s .  As t h e  p o s i t i o n  of  t h e  peak and window a r e

i n t e n s i t y  d e pendent  i t  i s  e x p e c t e d  t h a t  d u r i n g  t h e  c o u r s e  of  a v a r y i n g

p u l s e  t h e  window moves as a f u n c t i o n  of  t w o - p h o t o n  d e t u n i n g .  T h i s

causes  an a v e r a g i n g  e f f e c t  b u t  s t i l l  e n a b l e s  t h e  window and r e s o n a n c e

t o  be o b s e r v e d ,  even f o r  G a u s s i a n  shaped p u l s e s .  Bandwi dth e f f e c t s  a r e

o n l y  a p p a r e n t  when t h e r e  a r e  phase f l u c t u a t i o n s  between t h e  l a s e r s .*
That  i s ,  both l a s e r s  can be i n c o h e r e n t  but  c o r r e l a t e d  and no e f f e c t s  

a r e  seen .  T h i s  s i t u a t i o n  c o u l d  occur  i f  t h e  two l a s e r s  are  

i n t r i n s i c a l l y  c o h e r e n t  but  bo t h  d r i v e n  f rom t h e  same i n c o h e r e n t  l a s e r .  

P o p u l a t i o n  t r a p p i n g  o c c u r s  when t h e  l a s e r s  a r e  of  s i m i l a r  c o u p l i n g  

s t r e n g t h s .  U n l i k e  t h e  t r a p p i n g  o f  c h a p t e r  t h r e e ,  w i t h  t h r e e  bound 

s t a t e s ,  t h e  t w o - p h o t o n  d e t u n i n g  a t  which t h e  t r a p p i n g  occur s  depends  

upon t h e  r e l a t i v e  i n t e n s i t i e s .  Wi t h  t h r e e  bound s t a t e s  t r a p p i n g  a l ways  

o c c u r s  e x a c t l y  on t w o - p h o t o n  r e s o n a n c e .  Cross c o r r e l a t i o n  bandwi dt hs  

d e s t r o y  t h e  t r a p p i n g  when t h e y  become c o mpar ab l e  t o  t h e  p u l se  

i o n i s a t i o n  r a t e s .  The i n t r o d u c t i o n  of  p u l s e  shapes c o m p l i c a t e s  the  

t r a p p i n g  i n  a much g r e a t e r  way t h a n  f o r  t h e  t h r e e  bound s t a t e s  t y p e  o-f 

t r a p p i n g .  I t  i s  shown i n  c h a p t e r  t h r e e  t h a t  t h e  p u l s e  shapes do not  

a f f e c t  t h e  f i n a l  p o p u l a t i o n s  i f  t h e r e  a r e  no d e t u n i n g s  or

p h e n o m e n o l o g i c a l  d e c a y s .  As t h e  cont i nuum t r a p p i n g  r e q u i r e s  a

t w o - p h o t o n  d e t u n i n g  i f  t h e  p u l s e s  a r e  not  i d e n t i c a l  i n  s t r e n g t h ,  the  

t r a p p i n g  d i s a p p e a r s .

Ther e  a r e  few e x p e r i m e n t a l  o b s e r v a t i o n s  of  LICS even though the  

above a n a l y s i s  shows t h a t  p u l s e  shape and bandwi d t h  do not  t o t a l l y  

d e s t r o y  t h e  e f f e c t s .  The most r e c e n t  e x p e r i m e n t a l  e v i d e n c e  i s  from 

H u t c h i n s o n  and Ness 1984 who o b s e r v e  some i nduced cont i nuum s t r u c t u r e  

i n  xenon.  T h i s  e x p e r i m e n t  uses a two photon e x c i t a t i o n ,  t h r e e  photon
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i o n i s a t i o n  p r o c e s s  t o  pr obe  t h e  cont i nuum which i s  m o d i f i e d  by a n o t h e r  

l a s e r .  The probe  l a s e r  i s  k e p t  f i x e d  i n f r e q u e n c y ,  because of  t he  

i n i t i a l  t w o - p h o t o n  e x c i t a t i o n  p r o c e s s ,  and t h e  embedding l a s e r  i s  

scanned a c r o s s  t h e  c o n t i n u u m .  F a n o - l i k e  r e s o n a n c e s  a r e  obser ved  which  

a r e  i n t e r m e d i a t e  between t h e  probe  r e s o n a n c e s ,  w i t h  a window and a 

p e a k ,  and t h e  equal  f i e l d  r e s o n a n c e s ,  w i t h  j u s t  a window.  The l a s e r s  

used i n  t h e  e x p e r i m e n t  a r e  a l s o  p u l s e d ,  t h e  e x a c t  shape i s  not  known 

but  i s  G a u s s i a n - 1 i k e , w h i c h ,  as t h e y  a r e  of  d i f f e r e n t  c o u p l i n g  

s t r e n g t h s ,  c o m p l i c a t e s  any f i t t i n g  of  t h e o r y  t o  d a t a .  The l a s e r s  a r e  

known t o  be n o i s y ,  w i t h  a b a n d w i d t h  around t e n  t i m e s  t h e  t r a n s f o r m  

w i d t h ,  but  t h e  c r o s s  s p e c t r a l  b a n d w i d t h  i s  not  known ( bot h  l a s e r s  a r e  

pumped f rom t h e  same s o u r c e ) .  A f t e r  t h e  r e l a t i v e  c o u p l i n g  s t r e n g t h s  

and c r o s s  s p e c t r a l  b a n d w i d t h s  a r e  found i t  shou l d  be p o s s i b l e  t o  model  

t h i s  e x p e r i m e n t  u s i n g  t h e  above  p r o c e d u r e .
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5 . A P r o d u c t  of  P r i n c i p a l  p a r t s

C o n s i d e r  t h e  p r o d u c t  o-f t h e  two p r i n c i p a l  p a r t s  

P = ___ P________ P .
(g'-g") (g-fi")

From Fano 1972 t h i s  can be w r i t t e n  as

P 1
(g'-g) )<£-£")

P ( + tt2 6 (g-g" ) 6 (g '-g" ) ,
(g'-£") \

which has been p r o p e r l y  r e s o l v e d  i n t o  i t s  p a r t i a l  - f r a c t i o n  and 

s i n g u l a r  t e r m s .  E q u a t i o n  5 . 2 , 1 2  t h u s  becomes

<5 ( g  ' - £ )  3 b * < g ' ) b ( g ) / l  +

OQ
Jde" I T . - : 1 + ir24 <£“£") 6 (£ '--£" )

( g ' - g )  < g - g " )  < g ' - g " )

+ z(s)z(s')6(s'-e" ) < J ( g - g " )

+ z ( g ) 6 < g -  g 11) P + z ( g ' ) i ( g ' - g " ) _ L _  .
< g ' - g " )  < g - g " )

A f t e r  some a l g e b r a  t h i s  g i v e s

i ( g ' - g )  = b * ( g ' ) b ( g )  I T » b I 2 ( tt2 + z ( g ) z ( g ' ) ) 6 ( g ' - g )  

g i v i n g

I b ( g ) 12 = __________ 1_________
I T . b I 2 (ir2 +z < g ) 2 )
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5 . B Trapped p o p u l a t i o n s

From e q u a t i o n s  5 . 3 , 1 2  p o p u l a t i o n  i s  t r a p p e d  i f  t h e  r e a l  p a r t  of  p+oc 

i s  z e r o .  T h i s  i s  i d e n t i c a l  t o  r e q u i r i n g  t h a t  t h e  i m a g i n a r y  p a r t  of one 

of  t h e  d r e s s e d  s t a t e s  e n e r g i e s ,  o b t a i n e d  by d i a g o n a l i s i n g  e q u a t i o n  

5 . 3 , 1 1 ,  i s  z e r o ,  i n  a s i m i l a r  way t o  t h a t  d e s c r i b e d  i n c h a p t e r  t h r e e .  

Thus,  p u t t i n g  p+oc 3 i E / 2 ,  and r e q u i r i n g  t h a t  E i s  r e a l ,  p l a c e s  a 

r e s t r i c t i o n  on t h e  v a l u e s  t h a t  can t a k e .  From e q u a t i o n s  5 . 3 , 1 3

iE 3 -(ro+ri)-iA«b+)(ro-ri)2-(A*b)2 
2 4

-A-b<r0-ri)+rorl(i-iq)2(i/2 •

So t h a t

(r0+ri)+i <a«b+E)1 2 = (To+ri)2
2 4l J

- <A*b)2 -  r Qr i q 2 - i A*b(To - T i )  - 2iqrora. 

E q u a t i n g  r e a l  and i m a g i n a r y  p a r t s  y i e l d s  

E2 + 2EA* b -  T o r i q 2 3 0

and

(To + r i ) E + 2ToA-b + 2qr0r i  3 0.

The l a t t e r  e q u a t i o n  g i v e s

E 3 - 2 r 0 ( q r i + A - b)
(To+rj

which i s  t hen  s u b s t i t u t e d  i n t o  t h e  f o r m e r  e q u a t i o n  t o  g i v e  a q u a d r a t i c  

i n  A* b ,
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0 .u-b)2 - A*bq(r0-ri) + g2(r0-ri)2 =
4

T h i s  has t h e  s o l u t i o n

= o ( T o - T i ) .
2

S u b s t i t u t i n g  t h i s  i n t o  e q u a t i o n s  5 . 3 , 1 2  and t a k i n g  t h e  l i m i t  of  

t i m e  g i v e s

C o ( t - > « )  =  T  i

To+Tx

and

C l  (t-»w) a /Fofi ,
r o+r i

so t h a t  t h e  t r a p p e d  p o p u l a t i o n s  a r e

Po * Ti2
(To+ri)2

and

Pi 3 rpri • 
<r0+ri)2

1 a rge
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C h a p t e r  6 

Summary

6 . 0  C o n c l u s i o n s

T h i s  t h e s i s  i s  c o n c e r n e d  w i t h  t h e  e f f e c t s  of  some of  t h e  r e a l  

p r o c e s s e s  t h a t  occur  i n  l a s e r  e x c i t a t i o n  of  a t o m i c  t r a n s i s t i o n s . The 

main theme i s  t h e  e f f e c t  t h a t  t h e  p u l s e  shape has on t h e  t e m p o r a l  

e v o l u t i o n  of  t h e  e x c i t e d  s y s t e m .  Many h i gh powered l a s e r s  o p e r a t e  in a 

pu l s e d . mo d e  where t h e  t e m p o r a l  w i d t h  of  each p u l s e  i s  of  t h e  same 

o r d e r  as o t h e r  t i m e  w i d t h s  i n  t h e  sys t em.  For  t h e s e  l a s e r s  i t  i s  

e s s e n t i a l ,  i n  most c a s e s ,  t o  model  t h e  l a s e r  shape.  Most of t h e  cases  

d e a l t  w i t h  h e r e  assume t h a t  t h e  t e m p o r a l  shape of  t h e  p u l s e  i s  

G a u s s i a n ,  or  f l a t  topped G a u s s i a n .  The method of  s o l u t i o n  p r e s e n t e d  

h e r e  does not  r e q u i r e  any p a r t i c u l a r  shape and t h o s e  used have been 

chosen f a i r l y  a r b i t r a r i l y ,  a l t h o u g h  i n  many cases  t h e y  a r e  a good 

a p p r o x i m a t i o n  t o  r e a l  l a s e r  p u l s e  shapes.

In c h a p t e r  t h r e e  an ex a mp l e  of  where t h e  p u l s e  shape i s  not  

i m p o r t a n t  i s  g i v e n ,  when a t h r e e  l e v e l  system i s  be i ng  r e s o n a n t l y  

e x c i t e d  by two p u l s e s  of  t h e  same shape.  T h i s  i s ,  however ,  a f a i r l y  

s p e c i a l  c a s e ,  as any d e t u n i n g s ,  D o p p l e r  w i d t h s  or  decays cause the  

shape t o  become i m p o r t a n t .  T h i s  c h a p t e r  a l s o  d e a l s  w i t h  an exampl e  

where t h e  p u l s e  shapes a r e  v e r y  i m p o r t a n t .  T h i s  i s  i n  t h e  o b s e r v a t i o n  

of  S t a r k  e f f e c t s .  I t  i s  shown t h a t ,  i n  o r d e r  t o  see S t a r k  s p l i t t i n g s ,  

t h e  main p u l s e  shoul d  be as f l a t  as p o s s i b l e ,  i n  o r d e r  t o  keep a 

c o n s t a n t  s p l i t t i n g ,  and i t  i s  b e n e f i c i a l  t o  have t h e  probe of  t h e  same 

shape as t h e  main p u l s e .  D o p p l e r  e f f e c t s  a r e  a l s o  i n v e s t i g a t e d  i n  t h i s  

c h a p t e r ,  showing t h a t  f o r  D o p p l e r  w i d t h s  of  t h e  same o r d e r  as t h e  Rabi  

f r e q u e n c i e s  t h e  r e l a t i v e  d i r e c t i o n s  of  t h e  two e x c i t i n g  beams becomes 

v e r y  i m p o r t a n t  CHodgkinson and B r i g g s  19773 .  Thus,  i f  t h e  o b j e c t  i s  to  

e x c i t e  t h e  upper  of  t h e  t h r e e  l e v e l s ,  i t  i s  h i g h l y  adva n t a g e o u s  to  

have t h e  beams c o u n t e r - p r o p a g a t i n g .  T h i s  produces  a t empor a l  e v o l u t i o n  

much l i k e  a damped t w o - p h o t o n  e x c i t a t i o n .  The e v o l u t i o n  i s  damped as 

t he  t w o - p h o t o n  Rabi  f r e q u e n c y  depends on t h e  d e t u n i n g  f rom t h e  m i d d l e  

s t a t e .  T h i s  i s  assumed t o  have a Bol t zmann d i s t r i b u t i o n ,  as the  

D opp l e r  d e t u n i n g  i s  p r o p o r t i o n a l  t o  t h e  v e l o c i t y ,  and so t h e r e  i s  an 

i n f i n i t e  sum of  Rabi  f r e q u e n c i e s  which causes  a damping e f f e c t .  

P o p u l a t i o n  t r a p p i n g  CRadmore and K n i g h t  19823 i s  i n v e s t i g a t e d  wi t h
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shaped p u l s e s  showing t h a t  t r a p p i n g  s t i l l  e x i s t s .  T h i s  i s  because  of  

t h e  r e q u i r e m e n t  t h a t  t h e  f i e l d s  be on t w o - p h o t o n  r e s o n a n c e .  One of  t h e  

main c o n c l u s i o n s  f rom t h i s  c h a p t e r  i s  t h e  i m p o r t a n c e  of t h e  p u l s e  

a r e a ,  t h e  i n t e g r a l  over  t i m e  of  t h e  Rabi  f r e q u e n c y ,  i n  d e t e r m i n i n g  t h e  

e f f e c t  on t h e  i r r a d i a t e d  sy s t e m.  Thus,  two p u l s e s  of  d i f f e r e n t  shape  

have s i m i l a r  e f f e c t s  i f  t h e i r  p u l s e  a r e a s  a r e  e q u a l .  They o n l y  have  

i d e n t i c a l  e f f e c t s  i f  t h e r e  a r e  no d e t u n i n g s  or decays e t c .  T h i s  i s  a 

mare i m p o r t a n t  p a r a m e t e r  t h a n  t h e  p u l s e  e n e r g y .

In c h a p t e r  f o u r  an e x p e r i m e n t  p e r f o r m e d  by S c a r l ,  H a c k e l ,  Johnson  

and Rushf or d  1981 i s  r e - m o d e l e d ,  and shot  t o  shot  phase and i n t e n s i t y  

f l u c t u a t i o n s ,  Do p p l e r  and s u b l e v e l  d e g e n e r a c y  e f f e c t s  a r e  i n c l u d e d .  I t  

i s  f e l t  t h a t  t h e  v a l u e s  o b t a i n e d  f o r  t h e  f i t t i n g  p a r a m e t e r s  a r e  more 

a c c u r a t e  t h a n  t h o s e  found by SHJR,  even though t h e  a c t u a l  f i t  of  t he  

t h e o r y  t o  t h e  e x p e r i m e n t a l  d a t a  does not  appear  t o  be as good.

In c h a p t e r  f i v e  t h e  c o n t i n u u m  i s  e x p l i c i t l y  i n v e s t i g a t e d .  A f l a t  

cont i nuum when c o u p l e d  t o  a bound s t a t e  causes a decay out  of  t he  

bound s t a t e  p r o p o r t i o n a l  t o  t h e  i n s t a n t a n e o u s  i n t e n s i t y  of  t he  

c o u p l i n g .  T h i s  i s  an e xampl e  wher e  t h e  ene r g y  of  t h e  p u l s e  i s  more 

f u n d a m e n t a l  t han  t h e  p u l s e  a r e a ,  which i s  more i m p o r t a n t  i n  

bound/ bound t r a n s i t i o n s .  I f  t h e  c o n t i n u u m i s  not  f l a t ,  such as when a 

bound s t a t e ,  or  a u t o i o n i s i n g  s t a t e ,  i s  coup l ed  i n t o  t h e  cont i nuum  

c l o s e  b y ,  t h e n  windows or  p a p u l a t i o n  t r a p p i n g  phenomena a r e  e v i d e n t .  

The Fano p r o f i l e  i s  i n v e s t i g a t e d  CFano 1 9 6 1 ] ,  where an a u t o i o n i s i n g  

s t a t e  i s  probed f rom a n o t h e r  l e v e l ,  when t h e  probe  l a s e r  i s  i n c r e a s e d  

in s t r e n g t h .  The e f f e c t s  of  p u l s e  shape a r e  a l s o  i n v e s t i g a t e d  and a r e  

shown t o  p a r t i a l l y  d e s t r o y  t h e  windows i n  most c i r c u m s t a n c e s .  T h i s  i s  

because t h e  p o s i t i o n  of  t h e  window i s  i n t e n s i t y - d e p e n d e n t  and t hus  

moves d u r i n g  t h e  c o u r s e  of  a n o n - c o n s t a n t  p u l s e .  However ,  when t he  

p u l s e s ,  probe  and embedd i ng ,  a r e  of  equa l  c o u p l i n g  s t r e n g t h  t h e  

t r a p p i n g  o c c u r s  when t h e  p u l s e s  a r e  t w o - p h o t o n  r e s o n a n t  CColeman and 

K n i g h t  19823 ,  I f  t h e  S t a r k  s h i f t s  of  t h e  bound s t a t e s  a r e  n e g l i g i b l e  

t hen  t h i s  a l l o w s  t h e  t r a p p i n g  t o  become i n d e p e n d e n t  of  p u l s e  shape ,  

and depend o n l y  on t h e  e n e r g y  of  t h e  c o u p l i n g s .  Phase f l u c t u a t i o n s  a r e  

shown t o  be i m p o r t a n t  o n l y  when t h e  l a s e r s  a r e  m u t u a l l y  i n c o h e r e n t  

[ K n i g h t ,  L a u d e r ,  Radmore and D a l t o n  19843 ,  ca u s i n g  dephas i ng and 

d e s t r u c t i o n  of  t h e  t r a p p i n g .
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6.1 Further work

Only p r e l i m i n a r y  r e s u l t s  -for p o p u l a t i o n  t r a p p i n g  w i t h  LICS and 

p u l s e d  l a s e r s  a r e  r e p o r t e d  h e r e ,  and much more work can be done on 

t h i s  s u b j e c t .  I t  i s  shown i n c h a p t e r  f i v e  t h a t  f o r  unequal  pu l se  

s t r e n g t h s  t r a p p i n g  o c c u r s  o f f  r e s o n a n c e .  In c h a p t e r  t h r e e  p o p u l a t i o n s  

c a l c u l a t e d  f o r  c o n s t a n t  e x c i t a t i o n s  can o n l y  be used f o r  pu l sed  

e x c i t a t i o n s  i f  t h e  system i s  r e s o n a n t .  Thus,  t h e  p u l s e  shape is  

i m p o r t a n t  i n  LICS t r a p p i n g .  The e x p e r i m e n t  by Hut c h i n s o n  and Ness 1984 

i n v o l v e s  p u l s e  shapes ,  c o h e r e n c e  e f f e c t s  and a con t i nuum.  T h i s  i s  the  

s u b j e c t  which w i l l  c o n t i n u e  t o  be i n v e s t i g a t e d  as both t h e  t h e o r y  and 

e x p e r i m e n t  a r e  a t  e a r l y  s t a g e s .
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I . Introduction

We consider particles effusing from an oven through a silt of width

aL, collimated by a second slit of width a2 (> a ^  at a distance L. The

geometry is shown in figure I. This is the usual method of producing a

collimated atomic beam. We wish to calculate the velocity distribution of

the particles in the beam along a line of sight which makes and angle $

with the axi3 of the beam. Apart from special cases this problem does not
*

appear to have received much attention in the literature . However the 

precision obtainable with modern lasers implies that the Doppler motion of 

the collimated beam may be the largest source of line broadening in high 

resolution spectroscopy, and it is therefore important to treat it 

properly.

In section II we derive the general expression for the distribution.<
This involves an integral which can only be evaluated in terms of simple 

functions for two limiting cases; first for all lines of sight, provided 

the slit in the oven (a^) is very much smaller than the collimating slit 

(a^), and secondly, for arbitrary slit sizes, provided the direction of 

observation is normal to the beam axis. 3oth these cases are met in 

practice, and they are discussed in sections III and IV. Some comparison 

with experiment is made in section V, and conclusions are drawn in section 

VI.

II. The Velocity Profile
It is convenient to work in polar coordinates. The velocity 

distribution for those atoms effusing out of the oven at point y and moving 

with speed v at angle 9 to the beam axis is (Ramsey 1956)

* A f t e r  t h i s  w o r k  w a s  c o m p l e t e d  o u r  a t t e n t i o n  w as  d r a w n  t o  M i n k o w s k i  a n d  B r u c k  
( 1 9 3 5 )  who h a v e  d e r i v e d  o u r  e q u a t i o n  1 0 .  We t h a n k  O r .  W o o d g a t e  f o r  d r a w i n g  

o u r  a t t e n t i o n  t o  t h i s  w o r k .

1.



p(y>9,v)dy d9 dv =* N v^e V cos9 dy d9 dv (1)

where N is Che normalization, which need noC be explicitly given. At acorn 

moving in this way has a line of sight component v^ given by

v^ * v sin($“9) (2)

where the geometry is shown in figure 2. Normal viewing corresponds Co 

<J>=0.
In order for an atom starting at y Co pass through the second set of 

slits we must have

9 < (y)min 9 < 9 (y)max (3)

where tan 9 = (i a«,-y)/L. and tan 9 . = - (i a0 + y)/L. However this ismax 2 2 J min 2 2 J

not Che only restriction on 9. The effusion velocity v is always positive, 

and therefore equation 2 implies that

9 . < 9 < min(c}>, 9 ) for vT > 0 (4a)min max L

and

<J) < 9 < 9 f o r  v .  < 0  ( 4 b )max L

There is no negative component of velocity unless $ < 9^ . Putting this

together gives an expression for P (v ,$) Che normalized line of slight
Li Li

velocity distribution at angle After some manipulation it may be 

written

2 .



aL/2 -̂9min
V V 0 (0(v ) f d y /(cos<

-a 1/2

1/2 (9max
+  9 ( - v  ) / d y  0 ( 9  ( y ) - * )  /  ( c o s *Li Q13.X _•a, o1/2

((7)
cosx , sin*
J 3 . 2sin x 

*-9
s m  x

(y)max

•)-*)
cosx sin*
, 3 , 2sin x sin ;

2 M  2 2 -v /2cr sin x
)e dx

2 2 7 -v /2 a sin“x
)e dx }/R

(5)

where
2 2

R = /2tc J3{[ l. 2 - t L ]t - [ " ~A * L ]*} ( 6 )

(It is a surprising face that although P^(v^,*) cannot be obtained in
JD

closed form./ dv P (v ,*) can be. It is, of course, independent of *L L u o
since it represents the total number of atoms observed and this does not 
depend upon the direction of observation).

This expression was derived on the assumption that 0 < * < x/2. 

However it is easy to show that P (-v ,-*) = -P(v ,*) and thereforela Li Li
equation 5 can be used for the whole range - rr/2 < * < t r / 2.  Unfortunately 

the integrals cannot, in general, be expressed in terms of simple 

functions. We therefore consider two special cases.

III. Pinhole Source

If a^ << a^ then we may let a^ -** 0 in equation 5. This Is the pinhole 

source approximation. Under this condition the integral in equation 5 can 

be performed (for all *). The limit of equation 6 as > 0 must also be

taken. The final result is



W 40
1 (cos<i>[0

2 2
2 a sin (a+<i>)

/2tc a sina

2 22a sin \.w  .e J0(vL)

+ [l-0(vr)]0(a-*) e 2a2sin2(a-+) ]

vL I | vT ; coc(a+tJ>) | v_ | cotX.
--  e sin<j>[ (erf c( ~ J l ~ a -----erfc(— ^2 q ))e(vL)

v coc(a-ti>) 
[l-0(vL)]0(a-<^)erfc(--- ~pi~a----- )]} ( 7 )

-1 a2where \ = max(0, <*>-ce) and a is defined as a = Can , ie a is Che half

angle subcended by Che collitnaCing slic ac Che source.
In many cases one is inceresced in Che sicuacion chat $ is very small; 

ChaC is, one is accempcing Co view che beam, normally. In Chis case ic is a 

good approximacion Co ignore Che Cerms in sin^, and Cake

2 2\ 1 2a sin (a+$)
vL’4><<̂ ) - /Z, a s'tna e vL, > 0

LT - T1 2a sin (a-^)
71 rc asina v < 0Li ( 8 )

where we assume ChaC < cc. We see ChaC che disCribuCion is asymmecric,
wich a 'sCeep' side for v < 0  corresponding Co a Gaussian full widCh half11



maximum (FWHM) /81n2 a sin(a-$), and a 'shallow' side corresponding Co a 

Gaussian FWHM /81n2 a sin(a+<fr). Overall Che FWHM is therefore

/81n2cr sinacos<£ *

W =■ /81n2 a sina

since $<<L. Thus, Che principle effect of viewing at a small angle Co Che 

beam is Co distort the shoulders rather chan Co move Che peak. If a is 

also small so Chat it is possible Co have a < <J> << 1, Chen there is a range 

of observation angles for which the above discussion does not apply, and 

one has

In Chis case, not only is Che distribution asymmetric, but Che peak is

return to Chis point in section V. We now consider Che ocher case in which 

equation 5 can be further reduced.

IV. Two Slit Collimation

If we limit ourselves to normal viewing (<£̂ 3) then Che integrations 

over slit width and angle can be performed in terms of known functions, Co 

give (caking v to be the velocity normal to the beam direction)

P ( v T a < $  <<!)-=» p L /2tto sina
1

(9)

shifted from v O. Indeed no negative velocities are observed. We shallLi

5.



(10)3 M e

2 -  2 r ~ '  I  -i_____ r ( -  i  j l_____) i
2a S 2a V

- v 2 / 2 a  (r(- i

4 /*  a 2 {( l+S2 r  -  ( l - K T ) 1}^T'

where T(- j,x) is an incomplete gamma function and

a l + a2 a 2 a lS - — ^ --- ; T =» 12L 2L

This distribution has some remarkable features. First putting = a^ =* a 

gives

P (v,a,a,)

2 /9 2 2 2
v|e r(-t, — 7 7 )
___________________ 2a a

4/tc a2(l+a2/L2)J
(LD

Surprisingly if FWHM is taken as a criterion of beam collimation this 

distribution is narrower than the Gaussian which would be obtained by 

letting a^ •> 0. That is, collimation with two equally sized slits is 

better than collimation with a pinhole and a slit.

The value of P (o,a,,a,-) is easily obtained as s I Z

P3(0,aia2) ■ " -  ■ ■ ■ - - r ■ 1 r
/2*a [(1+S2)*-(1+T ;*]l ( 12 )

It is straightforward to show that for a pinhole (â -> o) and L -*> a^

Ps(0,0,a2)
2 2

— I—  (1 + J L — ) whereas P (0,a9,a?) -*• — L— Q . (1 + —
/2ic a a2 8L^ s z  ̂ 7 2 * 0  a2 21/

6.



Thus not only is Che discrtbucion narrower, buc Che probabiliCy of finding 

slow aComs is comparable in Che Cwo cases. (Nocice ChaC since Che flux 

will be larger for Che equal slic case, Che absoluCe number of slow acorns 

will be larger). Finally we muse consider Che behaviour as v * <*>. We 

find

P (v > <*>, a, ,a0) -*S i Z

2 2. L+S2v “ V aiL-v / 2 a  (— 2~> ---r  2 2 2
e 3 O S 3 £  2o2(a^a3)2

/ 2 tc [ ( 1 + S 2 ) ^ - ( 1 + T 2 )^ ]  V S3
(13a)

The pinhole liraic is

P Cv-*0,0fa0 ) ->S L

2 2 1_ a-v /2e
/27tCJ c

(13b)

wich 2 2 I■e =* a2o/(^L + *2'

The exponencial cerm in brackecs in equacion L3a will be negligable unless 

a^ << a^. (For â  =* a^ ic is exaccly zero). If â  << a^ Chen we have

24aiL3v2

cr2a^ ] (14)

which implies ChaC Che second Cerm is only negligible for

2,~ 2 , 1+S . -v / 2 a (— j-)
S

p3(v,al,a2)
a S

/ 2 it [ ( i + s 2 ) * - ( i + r V ]
[i-<

(2'a a2/2L) 2/3(a,L)
(15)



We have written equation L5 in this way because the LHS is the velocity in 

units of the e folding width of the collimated beam. Equation 15 therefore 

provides some limit on the use of the pinhole approximation in the wings of 

the distribution. If equation 15 is satisfied the 2nd term in brackets in 

equation 13a is negligible, and the pinhole asymptotic form, (equation 13b) 

is not obtained.
In summary a beam collimated by two slits of finite width has a more 

complicated velocity profile than the pinhole case. There is an 'umbral' 

region, where the collimation is better than is achieved by a pinhole 

source, and a 'penurabral' where the colliraation is worse (see fig. 3). 
Equation 15 gives some indication of where the transition between these two 

regions lies. We now turn to the experimental situation.

V. Experiment

In figure 4 we plot the velocity distribution for typical experimental 

parameters. It is clear that the pinhole approximation is valid (to the 

plotting accuracy) over a wide range of oven slit sizes. Thus equation 7 

can be used for viewing at non-normal incidence, even for moderate oven 

slit sizes. Unfortunately, the only experiments available so far have been 

performed with a laser with 65 ~ 83 MHz (FWHM) jitter. Provided this is 

much less than the expected Doppler width it Is unimportant, but foe a 

highly collimated beam it can be critical. The precision of the present 

experiments does not warrant an elaborate least squares fitting procedure; 

we are content to demonstrate that the observed profiles are consistent 

with the assumed geometry.

Figure 5a shows the Doppler profile obtained with an oven slit of 1mm, 

a collimating slit of 10mm and a slit separation of 15mm. Ignoring both 
the laser jitter and the possibility of non-normal observation the fit to 
the profile in figure 5a implies a FWHM Doppler profile for the oven of

8.



982 MHz . This in earn implies an oven temperature of L753°K which Ls 

lower than expected. The design temperature of the oven is 2000°C. The 

possibility that atoms in the edge of the atomic beam are not observed for 

some geometric reason must be considered. An oven temperature of 2000°C 

coupled with a measured FWHM of 309 MHz is consistent with a geometry which 

only allows the central 86% of the collimated beam to be observed. We are 
not able to explain the discrepancy between theory and experiment in the 

wings of the distribution.

Figure 5b shows the profile obtained with an oven slit of lmm, a 

coilmating slit of 3ram and a slit separation of 17.5 mm. Also shown is the 
Doppler profile obtained in a cold cathode lamp. It is instantly clear 

that the Doppler profile is not only asymmetric, but also that its peak is 
shifted from the position given by the lamp. Furthermore, the expected 

Doppler width is comparable with the width of the laser jitter. the 

resultant profile is then a convolution of both distributions, ie

P , (v,4>) » fd x P (v-x) P (x,$) (16)
O D S  L  D

where P is the distribution of laser frequencies and ? the Doppler L« U
distribution in the beam (observed at angle £). The measured distribution 

is consistent with the following data: viewing angle $ =* 5°, oven 

temperature T =» 2000°C and P^ the laser frequency jitter is a Gaussian,

FWHM * 83 MHz (standard deviation a ). Under these conditions P isL» t
approximately zero for v < 0 and Gaussian 3 a sin(2<|>) for v > 0 (o_

3 D oven D
is the standard deviation for the final distribution, a the standardoven
deviation for the oven). The convolution integral P , givesoos

*The Doppler profile is given in terms of detuning from line centre. This 
of course reflects the velocity distribution along the line of sight.

9.



2

Pobs e v •)] (17)

which has a shift of ~ 46 MHz and FWHM of L34 MHz. The theoretical and 

experimental distributions are compared in figure 5.

VI. Conclusions
It is unfortunate that only some preliminary experimental profiles 

taken with a noisy laser are available. This has prevented a precise 
comparison between theory and experiment. Nevertheless three important 

results emerge from the study. First, and most importantly, the two slit 

distribution is narrower than the pinhole and slit distribution. Thus it 

is possible to improve count rates, and collimation by increasing the size * 

of the slit in the oven wall. Secondly, the pinhole approximation implies 
that there is a critical angle a. Observation within this angle results in 

all velocities being observed, whereas observation outside the critical 

angle result in only positive velocities. For viewing angle <J> << l the 

major effect of non-normal observation within the critical angle is to 

distort the distribution, without altering its peak position. Thirdly 
observation of this distorted distribution with a laser of finite bandwidth 

leads to a shift in the peak position. We believe that the second and 

third of these effects have been observed. The first effect has not yet 

been seen.

10.
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Figure Captions

Figure I The collimating slits.

Figure 2 The geometry of the emerging beam. The probability of an atom 

emerging from point y with velocity v, in direction 9 is given 

in equation l. The line of sight angle is d>.

Figure 3 The 'urabral’ and 'penumbral* regions. The whole width of slit 

a^ contributes slow atoms to the urabral region. The penumbral 
region contains fast atoms.

Figure 4 The velocity distribution for typical experimental parameters.

What is plotted is the distribution of u = v//2cr where a is the 

standard deviation of the distribution in the oven. Each 

distribution is labelled by the values of a^, a^ and L. It is 

clear that the Gaussian form appropriate for + o is quickly 

reached.

Figure 5 Comparison between the experimental and theoretical
distributions discussed in the text. A. tracing of the original 

oscilliscope photograph and a comparison between this data and 

experiment is shown on a more convenient scale.

(a) The data for a^ = 1mm, a- = 10mm, L=15mm, a = 417 MHz 2 oven
(b) The data for a^ = 1mm, a0 = 3mm, L=17.5mm, a = 475 MHz 2 oven
and a viewing angle of 5°. This distribution has been 

convoluted with the Gaussian distribution of the laser jitter 

(FWHM = 83 MHz).

12 .



O v e n

)/

h' 2• ■' ■ — -
a2X

a. 1 2 a 2 / 2
L*

B e a m

F I G . 1.



F I G . 2 .



O v e n

F I G . 3 .



FIG. L .



(b)

FIG.5.



J. PIlys. B: At. Mol. PIiys. 17 (1984) 3083-3090. Printed in Great Britain

Resonant laser excitation of uranium with a pulsed laser
M A Lauderf and P T Greenland
Theoretical Physics Division, AERE Harwell, Didcot, Oxon, England

Received 3 December 1983, in final form 26 March 1984

Abstract. We consider the resonant excitation of the 3868 cm-1 J -  3 to 26 558 cm-1 J = 2 
transition in uranium. An experiment has already been done by Scarl et al which measures 
the upper-state population as a function of laser intensity. We re-analyse these data taking 
proper account of the laser’s temporal pulse shape. The effect of the laser bandwidth is 
also included in a novel way. We find a fit to the data which gives different values for the 
physical parameters from those found by Scarl et al. We draw some general conclusions 
for experiments of this type.

1. Introduction
In a recent experiment Scarl et al (1981) have considered the resonant excitation of 
the 3868 cm-1 /  = 3 to 26 558 cm-1 J  = 2 levels o f uranium. They used a nitrogen-laser- 
pumped dye laser o f fixed frequency and pulse length to excite the 26 558 cm-1 level. 
This state was then ionised through an autoionising level by a second N 2 pumped 
laser. The ion signal, and hence 26 558 cm-1 state population, was measured as a 
function of exciting laser intensity. The experimental results show clear evidence of 
Rabi oscillations as a function o f field intensity.

Scarl et al (1981) analysed their data by making a series of approximations. They 
assumed, first, that the laser’s true Gaussian temporal pulse shape can be replaced by 
an equivalent const? nt pulse, and, secondly, that the laser bandwidth can be represented 
by an effective detuning. They then obtained a good fit to their data in terms o f two 
parameters, z0, the reduced dipole matrix element for the transition, and s, the width 
of the distribution o f shot-to-shot laser intensity fluctuation.

The purpose of this paper is to re-analyse their data using a more realistic description 
of the laser. Because they use a pulsed laser, and average over many shots we must 
take account of both incoherence due to the variation between different laser shots, 
and incoherence whose source is a stochastic fluctuation during the course of a single 
shot. The effect of the pulse envelope must also be correctly included. An important 
result of the analysis is that by fitting the data of Scarl et al we are able to determine 
what part o f the measured power spectral bandwidth is due to a variation in shot-to-shot 
laser frequency and what component arises from a genuine stochastic broadening of 
the single-shot laser linewidth. In analogy to the terminology used in discussing atomic 
line shapes we call the former source of broadening inhomogeneous, and the latter 
homogeneous.
t  Optics Section, Imperial College of Science and Technology, Prince Consort Road, London SW7, England.
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So far as we are aware, this is the first time that an analysis of laser-induced Rabi 
oscillations including all these effects has been done. Further, since our results are 
different from those of Scarl et al it seems worthwhile to present this analyis.

In § 2 we discuss pulse shape effects. Fortunately the stochastic processes which 
give rise to the laser bandwidth can be treated within the same theoretical framework. 
In § 3 the sources o f inhomogeneous broadening will be considered. These include 
shot-to-shot fluctuations, both in laser frequency and intensity, and the broadening 
due to the residual Doppler width of the atomic beam.

When all the effects are included the solutions described in § 2 take too long to 
form the basis of a least-squares fit. Section 4, therefore, describes an analytic approxi­
mation which we use to extract values for z0, s, etc, from the experimental data. The 
exact results of § 2 are then used to compare theory and experiment in § 5, and are 
somewhat different from those found by Scarl et al  The source of these differences is 
discussed, and some conclusions drawn, in § 6.

2. Upper-state populations with pulsed lasers
The equation of motion of a two level atom excited by a near-resonant pulsed laser 
with field envelope E(t)  can be written (Sargent et al 1974)

./*!(0W 0
'Wo/ \jv*(0

with
V(t) =  d-  E{ t) /h

where d  is the atomic dipole matrix element and A the laser detuning. cn(t) is the 
time-dependent occupation amplitude of level n (=  1, 2), and the rotating-watfe approxi­
mation has been made, implying that the time development of the field envelope is 
much slower than the laser’s optical period. The solution to equation (1) is well known 
under the circumstance that V(t) is time independent, and can be written

where the initial conditions c^O) and c2(0) must be specified. If V(t) is time dependent, 
this is no longer true. However we can take advantage of the fact that equation (2) 
provides an approximate solution for small t and write, (with a slight, but obvious 
change o f  notation)

( c x(t + 8 t ) \ _  f  U  0
U ( «  + Sr)/ !_eXP i \jV *(f) (3)

Thus by dividing the pulse into sections and using (3) to propagate the solution in 
time we are able to solve (1). The exponential in equation (3) is actually the first term 
in the Magnus solution to equation (1) (Wilcox 1967). The requirement that (3) be an 
adequate approximation is that the second term in the Magnus expansion should be 
small in comparison with the first. This implies that 8t must be chosen so that

d Vv ( o » - a < (4)
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which is often a less severe requirement than the perturbative criterion V8t«  1. Figure 
1 shows the pulse envelope and our approximation to it. It may be worth remarking 
that our technique gives the exact solution to the stepped pulse. Provided (4) is satisfied 
this is an acceptable approximation to the real pulse.

Figure 1. How the pulse is divided. The true Gaussian shape (full curve) is approximated 
by the stepped pulse for the numerical calculations. The equivalent flat pulse used in the 
analytical calculations is shown as a broken line.

We have written V(t) as a complex function in (1). If we take
V (0= Vo(0 exp(i(/>(0)

and assume that <f> satisfies the stochastic equation
d 2 <6 d<£

(5)

(6)

where F  is a Gaussian white-noise driving force, so that
(F(t + r ) F ( t ) ) = W 8 ( T ) (7)

then the effect of the stochastic phase </> is to give the laser a bandwidth. If /3 »  1/ to 
where r0 is the pulse length, is a Wiener-Levy process and this bandwidth will 
be Lorentzian, with full width at half maximum of W. Realisations of </>(/) are easy 
to generate from (6) since the differential equation can be solved explicitly (Wax 1954). 
Each realisation appears as a time-dependent phase, and introduces no essential 
difficulties in the solution of (1). In general terms, the time scale for variation in the 
phase is given by the reciprocal o f the bandwidth. In all cases we consider, this is 
comparable to the pulse length, and therefore the pulse partitioning shown in figure 
1 is also adequate for the time dependence of the phase. An average over a large 
number o f realisations of the stochastic phase reproduces the phase diffusion model 
of laser bandwidth. In fact, the number of extra calculations for this averaging is not 
very large, since integrals over inhomogeneous broadenings must be done. If each 
contribution to the numerical quadrature is calculated with a separate realisation of 
(f>, the bandwidth is adequately reproduced.
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3. Inhomogeneous broadening and intensity fluctuations
We consider three sources of inhomogeneous broadening. First, shot-to-shot fluctu­
ations in the laser intensity of exactly the type considered by Scarl et al are included. 
Secondly we assume that there is a shot-to-shot variation in laser frequency. This 
variation contributes to the measured bandwidth. The transverse Doppler motion of 
the atoms must also be included. Scarl et al give a value o f 56 MHz for the variance 
ctd of the Doppler width.

We follow Scarl et al and assume that the shot-to-shot intensity distribution is 
Gaussian, with mean intensity (I)  and width given by 07 = s(I). Here s is a fitting 
parameter. Explicitly the distribution of intensity I  is

(1/(1)-l)2
2 s2

Scarl et al  assume that the normalisation factor 2/(1 + erf(l/W 2)) can be approximated 
by unity. For their value of 5 = 0.7 this introduces an error of —8%. Although this is 
not large, a concommitant prediction is that s = 0.7 implies that the laser fails to fire 
once in twelve shots.

Secondly we include a shot-to-shot fluctuation in laser frequency. We assume that 
the laser frequency fluctuates around the atomic resonance frequency to give any 
particular shot a detuning A. For lack of any other information we assume that this 
detuning is Gaussian distributed with variance o-2. This adds in quadrature to the 
Doppler width, so that the total inhomogeneous detuning is distributed as

P*( A) = -7 exp (-A 2/ 2a i)  (9)
\/2Tra-A

with cr\ =  cr2s +  o-q.
This determines the ion signal in terms of four parameters.

Pi(I) = --------------------------7= —  exPl
n +erfn  /.?\/2YI J I ttctt

4. An analytic model
We have the four fitting parameters z0, W, 07 and s. The observed ion signal N  is 
given by

N(z„, W, <r4, s) =  j  d J f  d A P ,(/)P 4(A)<|c2(z„, W, A, I, r -  co)|2> (10)

where the important arguments of the amplitude c2 have been indicated. The brackets 
( ) indicate that an average over realisations of the stochastic phase <£(/) must be 
made and the bar implies that |c2|2 must also be averaged over the degeneracy of the 
initial level. Since plane-polarised laser light was used this produces no difficulty 
because the magnetic substates of the initial level are completely decoupled from each 
other. Although the procedure described in § 2 is entirely tractable for determining 
the ‘exact’ value of N  given its arguments, it is too difficult to use to extract values of 
these arguments from a least-squares fit to the experimental data. The source of the 
trouble is the calculation of (|c2|2). Consequently we make use o f the well known 
substitution rule for the Wiener-Levy process (Wodkiewicz 1979) which enables us to
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write (Smith 1978)

<U'?,t2> = | ( i  + t K  exp(p„T)j ( I I )

under the assumption that the true Gaussian pulse can be approximated by a constant 
pulse of ellective length T. In equation (11) fx„ are the roots of the cubic

M[(/*+2W)2+A 2]+ 0 * + !W )V jL  = 0 (12a)

and
I t / 2A 2Vm-feM3

' (̂ 2-/A|)(̂ 3-/Al)
with cyclic permutation o f the indices for A2, A3. Finally

(12b)

Vnt = CmEeaz0 (13)
Cm is the (Clebsch-Gordan) coefficient which determines the fraction o f the transition 
strength taken by the magnetic sublevel m. Thus

<hr>=? i <k?r>. (i4)
We determine T  and Ee{l by the requirement that the first three moments (0, 1,2) of 
the field envelope are identical for the Gaussian and equivalent constant pulse. This 
is in contrast to Scarl et al who require that the first three moments of the power 
envelope are identical. Our method has the advantage that the analytic and numerical 
results agree exactly for zero detuning and laser bandwidth. This would not be the 
case had we used the moments of the power envelope. We get

T = 2>/6o-p= 10.435 ns (15a)
Ecn = J  tt/ 6 E 0 (15 b)

where arp is the standard deviation o f the power envelope (2.13 ns) and E0 is the laser’s 
peak electric field. This procedure is sufficiently simple that equation (14) can be used 
as a basis for a least-squares fit. However it is only useful if the approximations 
(equation (15)) are not serious. Figure 2 shows a comparison between the analytic 
approximation and the true numerical result for selected values of the fitting parameters. 
The agreement is quite good in cases where the bandwidth results from phase diffusion, 
but not nearly so good in cases where the bandwidth has an inhomogeneous source. 
Fortunately we find overall the best fit corresponds to the former case.

5. Results
Equation (10) depends upon four parameters. However Scarl et al also measure the 
total bandwidth (see table 1). This fixes a relationship between W  and crs. Unfortu­
nately the way in which the bandwidths add is not simple. Nevertheless, the result of 
convoluting a Gaussian and Lorentzian lineshape is the well known Voigt profile (see, 
e.g., Sobel’man 1972). We require that the Lorentzian phase diffusion width, the 
Gaussian transform width and the Gaussian inhomogeneous width (crs) should all add 
to give a Voigt profile f w h m  182.5 MHz. The best fit then implies that the f w h m  of
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Figure. 2. Comparison between the analytic (full curve) and numerical (broken curve) 
results for the two fits listed in table 2. For clarity of display 0.4 has been added to the 
results for fit 1. The abscissa is the peak electric field (in kVm-1) given by the laser.

Table 1. The experimental parameters.

Pulse shape Power spectrum Peak power density
Gaussian Gaussian? 1.55 x 108 W m-2
5.02 ns fwhm 182.5 MHz fwhm

the phase diffusion width should be 136 MHz. The corresponding value of crs is 8 MHz 
and the other parameters are tabulated in table 2 (fit 1).

In order to compare with the procedure of Scarl et al we also consider the situation 
in which all the bandwidths add linearly and the Doppler width is ignored. A 
least-squares fit to the data gives fit 2 of table 2. This is essentially the result given by 
Scarl et al. We get a somewhat different value for z0 because we have fitted moments 
of the field envelope rather than power envelope. For the zero bandwidth case we 
would find that this implies

z0(Scarl et al) =  (§7r)1/4z0 (this work) (16)
which is still approximately true for the finite bandwidth case. Figure 3 shows the two 
fits, normalised to the experimental data. This is an unusual way of presenting theory;

Table 2. The two fits discussed in the text, where the parameters z0, W, crs and s are defined.
1  is the sum of the squares of the difference between the theoretical fit and experimental
points.

z0 (pm) W (MHz) crs (MHz) s 1
Fit 1 5.57 136 8 0.13 0.06
Fit 2 3.15 0 40 0.73 0.004
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Electric field (kV m"')

Figure 3. Comparison between the two fits and experiment. The experimental points are 
from Scarl et at (1981). The two fits are normalised to experiment at the peak, so that
what is actually plotted is N  x (theoretical result). The values of N  are: fit 1 (----- ),
N  =1.14; fit 2 (----- ), N = 1.12. For these results approximately 16 realisations of the
phase have been used for each point in the inhomogeneous integrations (see § 2). Once 
again, the abscissa is the peak electric field of the laser.

normally one would normalise the experiment to the theory if the experimental 
measurements are not absolute. Scarl et al do not say if their experimental data are 
absolute and we do not assume so. The procedure adopted in figure 3 then displays 
both fits on an equal footingt.

6. Conclusions
The best values consistent with the data given by Scarl et al are z0 = 5.57pm, 
W" = 136 MHz and crs = 8 MHz, s = 0.13. Under these conditions the standard deviation 
per point of the analytic fit is approximately 0.07. The error on the fitting parameters 
is more difficult to estimate. However we find that values near z0 — 4.5, W  = 95, s = 0.23 
also fit the data well, (but are inconsistent with the measured bandwidth of the laser, 
giving a total width of about 150 MHz). If we assume that the discrepancy between 
these values, and our recommended values is characteristic o f  the error we get: 
z0 = 5.57± 1.0pm, W =  136±45 MHz, o-s = 8 ± 8  MHz, s = 0.13±0.1. (The shot to shot 
fluctuations in detuning are essentially undetermined but less than about 30 MHz 
f w h m , or their effect on the fit would be important.)

A few points are worth highlighting. First, an independent measurement o f the 
value of s would be very valuable if  experiments o f this type are repeated. Indeed the 
explicit form of the distribution of shot-to-shot intensity fluctuation should, if possible, 
be determined. In some circumstances this may not be very difficult (Wort 1983). 
Secondly a better characterisation o f the measured laser bandwidth would be desirable. 
If the overall lineshape is indeed a Voigt profile then the separation of the points of 
inflection, rather than the f w h m  enables the Lorentzian and Gaussian components to 
be deconvoluted simply (Stoneham 1972).
t  In the figure caption we give the ratio of experiment to theory.
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Thirdly, we may remark that although our recommended values fit the data less 
well than the values given by Scarl et al we believe that they are more correct. The 
value o f s in particular appears to be realistic, implying a shot-to-shot fluctuation in 
intensity o f about 30% fwhm about the mean, rather than the 165% fluctuation required 
by Scarl et al.

Finally, the analytic model described in § 4 gives a good representation of the 
numerical results, particularly in the case where the phase diffusion bandwidth is 
dominant. It is especially convenient for this case, since equation (12a) reduces to a 
quadratic, for zero detuning.
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Summary

Population initially in a discrete state which is coupled to a smooth continuum 
is usually lost by an irreversible decay. The question arises: can we turn off this 
decay using coherent superposition states to make the atoms transparent to perturba­
tions? We discuss examples of such “population trapping” in laser-induced continuum 
structure and multichannel multiphoton ionization. We also examine the stability of 
trapped states when light field amplitudes and phases fluctuate.

1. Introduction
Population initially in a discrete state |0> which is coupled to a 

smooth continuum \E) by an interaction V0E is usually lost by an ir­
reversible decay at a rate

r _ 27r 
" ~hS W o e \2 8 ( E - E 0). (1.1)

The question arises: can we turn off this decay? In this article we discuss 
the use of coherent superposition states to turn off decay channels and 
to make the atoms transparent to perturbations.

We first consider the three-level lamda system shown in Fig. 1 in 
which a laser field o f frequency coa and amplitude Ea excites a transition 
from 0 to 1, while another laser field o f frequency cjb and amplitude 
E b excites a transition from the other ground state 2 to the common

* Invited lecture presented at the seminar on “Fundamentals of Quantum Optics”, 
in Obergurgl, Austria, 1984.
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Fig. 1. Excitation of three level system by two laser fields

excited state 1. When the fields are two-photon resonant (8a ~ 8b), the 
coherent superposition excited by approximately equal Rabi frequency 
interactions (f2a = d 01E a/h , £2b = d 12E b/h )

\p(t) = (e x p [-  ho0/]|0> -  exp[— /co2f] |2 »
V 2 ( 1.2)

is trapped, immune to photo-excitation [1—22]. The excitation rate R 
is, from Fermi’s Golden Rule

R ~  — \m t ) \ d - ( j E a + E b) \ n \ 2 ~ 0 .  h (1.3)
The atom is transparent simply because the fields induce equal but 
opposite sign transition moments. This is the origin of the so-called 
“dark-line resonances” observed by Orriols and others [2—6, 13]. The 
coherent superposition responsible for this population trapping is ex­
tremely sensitive to the degree of mutual coherence between the two 
laser fields Ea and Eb. Unless the two fields are critically cross-correlated 
so that instantaneous frequency fluctuations preserve two-photon reso­
nance, the superposition slowly dephases and absorbs radiation [15—18].

It has been known for many years that windows o f zero absorption 
occur in the photo-excitation of autoionizing resonances [23]. Such 
windows are caused by interference between different quantum mechani­
cal paths to the same final state [24] and certainly fall into the category 
of coherence-induced transparencies. Indeed the zeros of absorption are 
derived from cancelling transition moments as above. Autoionizing 
resonances are fairly immutable and un-tunable, being created by con­
figuration mixing. A laser field can induce resonances in continuum 
states which behave much as tunable autoionizing resonances o f adjust­
able width [25, 26]. These produce not only resonant enhancements and 
excitation windows but also some interesting power-broadening and AC 
Stark splitting effects which are the intense field manifestation of the 
low field destructive interference [27—36],

A  convenient language in which to describe continuum coupling is 
the Fano theory of autoionization [24]. We have used this to discuss the
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properties of laser-induced continuum structure (LICS). In this article 
where we are interested in the role o f laser fluctuations, we work instead 
in terms o f the undressed states 0 and 1. We do, however, retain much of  
the descriptive language o f Fano theory, especially in the use of a Fano 
^-parameter.

Theoretical activity on LICS and autoionizing resonances in strong 
fields in the last two years has far outstripped experimental work [37—40]. 
The coherence effects responsible for LICS are very sensitive to laser 
fluctuations and especially to the cross-correlations between probe and 
dressing lasers [15—18]. A great deal of theoretical work on the effects 
of stochastic incoherences and spontaneous decay on the continuum 
structure excitation has been reported [41—50], almost all of this on 
autoionizing resonances. Much of this work, especially that on radiative 
decay from an autoionizing state to a non-laser field driven lower state 
can be accounted for by the simple and obvious substitution of a complex 
energy for the energy of the continuum resonance [51]. Inhomogeneous 
broadening has been discussed by Haus et al. [52]; the effect o f further 
continuum absorptions by Andryushin and others [53—55]; the rotating 
wave approximation by Javanainen [56]. The curiously asymmetric AC 
Stark splitting and saturation properties of strongly-excited continuum 
resonances affect up-conversion; harmonic generation ionization losses 
can be minimized by exploiting the population trapping phenomenon 
[57, 58].

2. ICS Model and Master Equation Derivation
In our model o f the effects o f laser fluctuations on LICS, the atom 

has two discrete states |0>, 11> and a continuum of states |/> (see Fig. 2)

o
Fig. 2. Excitation of LICS by two laser fields

of opposite parity to 10), |1>. The atom, initially in the ground state 
|0), interacts with two single mode laser fields a, b of angular frequencies 
aia, co6, polarizations ea, §b and which are initially in coherent states 
|aa>, |a6>. By convention >  coa, the transition frequency to10> 0 ,
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and the frequencies coa, cob are assumed to be sufficiently large that 
photoionization processes from the states |1>, |0> respectively, to con­
tinuum states |/>  well above threshold are possible. The laser frequencies 
will be taken to satisfy approximately the condition o f two-photon 
(Raman) resonance coa + co0 -  . We write olc = Til'2 exp(— in/2),
(c = a, b ), where nc is the mean number o f photons of frequency coc 
(c = a, b ). Ignoring laser fluctuations for the present, the contributions 
from the two laser modes to the corresponding classical electric fields at 
the atom are given by & 0c i c  cos coct, where &0c = 2(hccc/2e0)1/2 X 
X (n j V ) l/2 and where V  is the volume the radiation field occupies. We 
take n J V  to be finite whilst nc -*■  °°, Spontaneous emission
processes are ignored. Laser-induced transitions between different con­
tinuum states are also ignored. Interactions between the atom and the 
laser modes are treated in the electric dipole approximation. The nonzero 
matrix elements o f the electric dipole operator p which connect discrete 
and continuum states only, are assumed real.

The part o f the overall system of most interest to us here is the 
coupled laser-discrete atomic state system. Accordingly, the total Hamil­
tonian (ignoring laser fluctuations) will be written as

H = Hs + H b + V (2.1a)
where

H s  = 2  (heo/ + (na + !)hcua + (nb + i)hoob) X |inan b) {inan b |,
1=0,1 na , nb (2.1b)

H B = S  S  (hw/+ (wa+ 2)hcca + (nfe +i)hco6) X \ f n an b) { f n an b \,
f  n a n b (2.1c)

and
V = -  (m • Ea + ju • Eb) (2 .Id)

with
E c = i (hecc/2e0 V ) 1/2 e c(ac — a^) ,  c = a , b . (2.1e)

The uncoupled energy eigenstates are \inan b) = \ i ) \ n a) \ n b) and |f n an b) 
=  \ f > \ n a) \ n b), where |n) are number states for the mode involved. The 
Hamiltonians Hs , HB describe the free discrete atomic state-laser mode 
system and continuum atomic state-laser mode system. The interaction 
V couples the two separate subsystems.

As in our previous work [15, 16], laser fluctuations are treated via 
a generalized Wiener-Levy phase-diffusion model in which the laser 
spectrum is considered to be Lorentzian. A stochastic term is added to
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the Hamiltonian in the form
/ / s to c h  =  liAta ( 0 « X  +  hnb(t)aiab ( 2 . 2 )

where pa(0 ,  Pb(0 :ire zero-mean Gaussian-Markoff processes which are 
delta-function correlated and which represent stochastic frequency fluc­
tuations. Thus

(PcU)Pd(t')} = 2 A cd 8(t -  t'), c , d  = a, b, (2.3a)
<MC(0 >  = 0. (2.3b)

The quantities A aa, A bb ( > 0 )  are the bandwidths of the two lasers and 
the quantity A ab (= A fea) is the cross-spectral bandwidth (A 2ab <  A aa • A bb) 
which describes correlations between the phase fluctuations of the two 
lasers.

The time-independent Liouville equation for the stochastically-aver­
aged density matrix elements [ 16, 59] {k, l = 0, 1 , / )  are

d i s D
° k n anb ;lm am b jT \ H  +  H  + V , 0 ] k n anb ;lmam b

-  A(na -  ma, nb -  mb)oknattb.lmamb (2.4a)
where

A(pa, p b) = A aapl  + Abbp l  + 2 A abpap b. (2.4b)
The second (non-Hermitian) term in (2.4a) represents the effect of laser 
fluctuations.

Master equations for the density matrix elements Oinanb,jmamb 
(i , j  = 0, 1) describing the discrete atomic state-laser mode subsystem can 
be obtained using projection operator methods developed by one o f us 
[60]. The unperturbed Liouville operator will be given as the sum of  
[Hs + H b , . . . ]  and the non-Hermitian system Liouville operator repre­
senting laser fluctuations. The system-reservoir matrix elements are

Vinanb;fkakb = ~  ^  I Of ‘ Ea + p. • Eb)\fkakb)

^  — h%ifi&ka,na+1 ~  ^ka,na- l)^kb,nb
~  itff(Skb,nb+1 ~  ^kb,nb-l)&ka,na (2.5a)

where the (real) bound-continuum Rabi frequencies are given by
^ f  = < i \ p - i c \ m 0c/h. (2.5b)

In deriving (2.5) we assume that all naka, nakb o f interest are close to 
na, nb respectively, which follows from the proportionately negligible
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spread o f photon numbers associated with fields in coherent states with 
large nc.

In view o f the slow variation o f the above matrix elements with con­
tinuum energy heOf, it follows that the Markoff approximation is valid in 
the evaluation o f relaxation elements. We then find that the stochastical­
ly averaged discrete-atomic-states-laser modes density matrix elements 
satisfy the master equations (ijlm = 0, 1):

d
Oinanb \jm am b i { ^ i j  "h (j la  W1a)C0a + (J l b knb )̂COb

iA(fla ^lb^} înatib\jmamb

+  ^'inanb , jm am b ;lrarb ,m S aSb (Jlrarb -,mSaSb (2.6a) 
IWb

where the weak coupling Markovian relaxation matrix elements are
r,in anb , jm am b ; lrarb , mSaSb

- ' Sfkakb
Vinanb , f k ak b Vlrarb J k ak b

W|/+ (ra -  ka)oja + (rb -  kb)oob + ie■ Sjm&maSaSmbSb

vj m am b , f k ak b v mSaSb , f k akb
ojfm + {ka -  Sa)coa + {kb -  Sb)u>b + ie■e ^il^nara^nbSb j • (2.6b)

These can be further simplified by using the secular, or rotating-wave 
approximation o f the second kind [61]. This restricts terms in the sum 
in Eq. (2.6b) to those for which ojlm + {ra — S a)toa + (rb — S b)oob ~  
~  co,y + (na — ma)cOa + («& — m b)(job. In the present work we also assume 
that co 10 does not approximately equal 2coa, so that the possible direct 
two-photon resonant transition |0> + 2coa —> 11 > via the virtual continu­
um states |/> is not treated here.

The evaluation o f the relaxation constants is tedious, if straightfor­
ward. The present restriction to laser frequencies approximately satisfy­
ing the two-photon resonance condition (coa + cc0) ~  (co6 + co) enables 
us to  inter-relate many o f the relaxation constants. The relaxation 
constants ultimately involve the following quantities (a) yf (c = a , b ; 
i = 0, 1), the rate constant for the ionization o f state |0  due to laser c 
(proportional to the intensity Ic o f laser c), (b) 5c10 (c = a, b ) the Stark 
shift o f transition frequency cc10 due to laser c (also proportional t o / a) 
and (c) eab and Y b which specify off-diagonal relaxations or complex 
two-photon Rabi frequencies [29, 30], (both eab, Y b are proportional 
to y / T j ~b). Explicitly,
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7/ = 7 2 2 5(w/' ~“ /
=  ^  p ( C O /  = CO, +  COc ) ( £ f / ) 2 , (2.7a)

6to = - (/
+ 5 S (

p p+
0 0 /1  +  w c  C O /i — C0c

P P+
COfQ + COc CO/o — COc

p p_ +-------= -  7  ( P (< o /)(^ /)2 ( ----- -4 J \ C O /i +  COc CO /! -  CO,

+ ^ \ dc0f ( p p6J/0 + £Oc £0/0 — COc) , (2.7b)

4 “  \ C O / 1 + C O ft CO /! -  coa /

. \

CO/i + COft £0/]
P P------  + -------

£ 0 /o  +  £Oa £ 0 /o  — £Oft

= M d w / p(w/ ) r o / « / ( -----^ — + ----------- ) .  (2.7c)4 J \ £0/1 +  £Ofc £0/1 — COa j

7°** ~  2  S 5  ( £ 0 / 1  — £Oa )
f

~  ^ 1 / ^ 0 /  5 ( £ O /0  — £O ft)

H " / =
co0 + coa
CO! + COh

(yab)2 ̂  7i 7o •
(2.7d)
(2.7e)

Note that the Stark shift 5^0 (c = a, b) contains both resonant and anti- 
resonant contributions; p(co/) is the continuum density o f  states.

The effective Fano ^-parameter is defined by
q =  eab/(Jiyab) (2.8)

and plays a dominant role in the physics o f LICS. We again note the 
presence of counter-rotating terms in q through eab. Alberand Zoller [62] 
have found such counter-rotating terms can be important when the
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Raman-like coupling responsible for eab contains contributions from low- 
lying discrete states; such low-lying states contribute as intermediate 
states to eab but because they are discrete do not contribute to the con­
tinuum loss yab and can only enhance \q\.

If the density matrix elements in (2.6) are written as ;jna+pa,nb+pb 
it can be seen easily that the sets o f equations involve coefficients that 
do not depend upon n a, n b. They break up into coupled sets, the {nan bpaPb) 
set containing elements o ap, where a = 0 n a nb ; l n a +  l n b — 1, j3 = 
0 na + pa n b + p b ; 1 n a + p a + 1 n b + p b — 1. This corresponds to the 
coupling o f states |0 na n b ) and |1 na + 1 n b — 1> via the continuum 
states | f  n a n b — 1>. The coupled density matrix elements can be written 
in the form

°ijiPaPb) X c(nanb). (2.9)
For example o0nallb. j„a+pa+T, nb+ p b - T  = o01(pap b) X c(nan b). The initial 
conditions along with the choice o f o00(pap b) = Qxp[i(%pair + %pbir)] 
leads to

Oij(paP b \ t =  0) = 0, i j *  0 ,0 , (2.10a)
c(na, nb) = \{na\oia)\2 • \{nb\ab)\2. (2.10b)

The atomic factors Oij{pap b) then satisfy the optical Bloch equations 
(2 . 11):

°00 Aoo,oo (q - ( -  q -  Oi'/rfro o 1
°0l

—  i
(q -  OI'/tTyo A 01,01 0 ( - q - Q i ' / t f y o

°10 ( -  q ~ 0Wrai7o 0 ^ io.io (q - î y/yfyo
On 0 C - q -  OWtiTo (q -  OiVrho A ii,n

(2 . 11)

where
4̂oo,oo = - (£l( Pa Pb) + i A ( p aPh) + /(To + To)), (2.1 la)

^ 4 oi,oi =  -  ^ & (P aP b) +i& (Pa +  \ , P b - l )  +  5 io +  ^  (Ti +  T o +  7 i +  T o )j ,

(2.11b)

4̂ 10,10 = - +/A(pa - l ,pb +1) - 6I0+ l-  (Ti + Jo + 7i + 7o)j ,
(2.11c)

A 11,11 = - ( S l ( P a P b )  + i A ( p a, p b) +  i ( Ti +7i))- (2.1 Id)
The quantity S l { p aPb) and the Stark-shifted detuning are defined by
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^(PaPb) = Pa^a+Pb  CJft, (2.12a)
1̂0 = ( w i + w a ~  Wo ~  Wft) + 5“0 + 5 i0. (2 .12b)

The condition for two-photon resonance will therefore be 5i0 = 0. The 
above Bloch equations allow for |0 n a nb)-+ \ f n a — 1 nb) and 11 na nb)

I f n a nb — 1) ionization decay channels ignored in previous work.
We solve the Bloch equations (2.11) in terms of the right (T/) and 

left (Z/) eigenvectors o f  the matrix A in Eq. (2.11). We write (2.11) as
d- X  = - i A X  (2.13)dt

where the elements ( X x = aoo(0 , 0 ) etc.) are
j X A

X -  x >

\x J
so that AY( = XiY( and A r Zt = A,Z* (where T denotes transpose). We 
check that orthogonalization Z j  Yj = 5/;- and find

X M  = 2  Zj,Xk(0) exp(— i t y )  Yik (2.14)
/*

with initial condition
/1\

* ( 0) = (2.15)

The populations (pa = p b = 0), X 4 = a u (pa = p b = 0) are o f
interest to us here. In Fig. 3 we plot the time-evolution of the popula­
tions o f the discrete states 0 and 1, X x(t) and X 4(t) and the ion proba­
bility Pi -  1 — X x{t) — X 4{t) versus time. We have taken as input values 
those of Fig. 3 o f Ref. [30] [7  ̂ = 2ir, 7 i = 0, 70 = 0, q -  5, 70 = 27t, 
510 = 0 ] but with an uncorrelated laser bandwidth factor

A Aaa + Abb — 2Aab 7t/8.
Whereas when A = 0, half the population is asymptotically trapped in a 
non-interacting superposition state, in the non-zero laser bandwidth case 
we see that the trapping state asymptotically decays away. We have 
systematically explored the effects of the relevant parameters in Eq. 
(2 .11) and will present these results at length elsewhere.
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t ------->
Fig. 3. Time development of bound populations X x and X* of states 0 and 1 and ion 
probability 1 — Xi  - X 4 =Pj  excited by uncorrelated laser fields with parameters

given in the text

Fig. 4. Dependence of ion probability Pj  on detuning 510 for weak probe field at 
times t = 1 and t = 5, other values given in text

In Fig. 4 we plot the ionization probability P j versus detuning 5i0 
for two different times, t  = 1 and t  = 5, for an intense dressing interaction
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Fig. 5. Dependence of ion probability Pj  on detuning 510 for strong coherent probe 
Field at times t  = 1 and t = 5, other values given in text

but weak probe interaction, so that a Fano profile is generated with a 
window of small absorption and a large resonant peak. In Fig. 4, we have 
chosen VJ = 27T, 7 * = 0, 7 o = 0.01 X 27r, 7 o = 0, q = 5, and a very small
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laser bandwidth factor A = 0.005 X 2ir. We note that the small A has 
hardly affected the Fano lineshape; increasing A does begin to destroy 
the Fano minimum although it is comparatively insensitive to A. This is 
not true when the “probe” field becomes as large as the dressing. In 
Fig. 5 we choose a strong, coherent probe and dressing interaction with 
7 i = 2w, 7 i = 0, 7 o = 27t, 7o = 0, <? = 5, A = 0 and see the unusual window 
behaviour replacing the Fano lineshape of Fig. 4 [30]; when the band­
width factor is increased to A = tt/8 , retaining ~ 27r, 7* = 0, 7* = 2ir, 
7 o = 0 and q = 5, we see a rapid decay o f the window commensurate 
with the decay o f the nearly-trapped superposition shown in Fig. 3. 
Experimental work on the effect o f laser bandwidths on LICS has yet 
to be reported.

3. Population Trapping in Two-Channel Two-Photon Ionization
The population trapping mechanism in LICS involves a state o f zero 

width and non-zero energy. The lambda system population trapping 
involves a state o f  zero width but at a zero energy. We have recently 
investigated the general problem of two-channel two-photon ionization 
in which both mechanisms contribute [63]. In Fig. 7 we show the level

scheme appropriate, in which a ground-state |0 > can be excited by a 
laser frequency coa to state |1> or by frequency cob to state |2>. Both 
(intermediate) states |1> and |2 > are coupled to a common photoioniza­
tion continuum. Note that the upper part o f the level scheme involves 
LICS transitions. We have solved the equations of motion for each o f  
the states using Fourier transform methods, and find that the dynamics 
is governed by three dressed state eigen-energies. Population trapping 
occurs when one or more of these dressed states has a vanishing width 
(i.e. decouples from the continuum). In Fig. 8 we plot a representative 
trio o f  eigen-energies Ek as a function o f the detuning of coa from 0010. 
We have plotted Re Ek ± \  Im Ek to indicate the width, with input

Fig. 7. Level scheme for two-channel two-photon ionization
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Fig. 8. Dressed state eigen-energies and widths as a function of detuning in two- 
channel two-photon ionization with parameters given in text

parameters 0 -*  1 and 0 2  Rabi frequencies 0.75 and 1.0, the photo­
ionization rates from 1 and 2 being 1.0, a zero ^-parameter and a resonant 
0 2 excitation. Note the vanishing widths at the resonance anticrossings.
We have discussed the general conditions for trapping in this system at 
length elsewhere [63].
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