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A simply supported planar elastic and inextensible
strut subjected to a static axial load and a harmonic
parametric excitation is studied. A variational
formulation leads to a system of nonlinear partial
differential equations that are subsequently
discretized primarily by the first buckling mode
and truncated to cubic order. Steady-state periodic
responses and bifurcations are evaluated using
numerical continuation and verified through finite
element simulations. The analysis identifies five
resonance behaviours, distinguished by their
bifurcation structure, which partitions the static–
dynamic loading parameter plane into regions
associated with each resonance type. The present
work challenges the widely accepted finding that pre-
buckled inextensible struts manifest softening-type
resonance under direct or parametric excitation and
finds that the behaviour is richer than previous work
suggests.

1. Introduction
The axially loaded elastic strut is perhaps the most
studied structural instability problem [1]. Apart from
its usual application as a compression member in civil,
mechanical and aeronautical structures, it has more
recently attracted considerable attention owing to its
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inherent ability to switch elastically between a high fundamental stiffness and a low post-buckling
stiffness. This feature has been demonstrated to be particularly beneficial in energy absorption,
energy harvesting and vibration isolation applications [2–4], the latter involving time-dependent
axial loading and the potential to experience ‘parametric excitation’. The nonlinear resonance
induced from such parametric excitations has been found to be advantageous for broad band-
high power energy harvesting applications [5]. Recently, struts have been incorporated within
metamaterial lattices [6] to facilitate the switching between high and low (or even negative)
stiffnesses, which were instrumental in triggering sequential (or ‘cellular’) buckling [7,8] within
the individual lattice cells, such that a potentially repairable energy absorbing system can be
developed. Dykstra et al. [9] tailored metal struts into a lattice and demonstrated its efficacy
in vibration suppression. Parametric instability and nonlinear oscillations of axially loaded FRP
channel-section columns have also attracted increasing attention in recent years; see, for example
[10]. Across these fields, a unifying theme emerges: the effectiveness of strut-based devices
depends critically on their buckling-induced stiffness nonlinearity and associated nonlinear
resonance behaviours.

Classical linear analyses of the axially loaded strut, culminating in the derivation of
Mathieu’s equation, although invaluable for delineating regions of parametric resonance [11],
cannot capture amplitude-dependent frequency shifts (e.g. softening-type or hardening-type
responses) or modal interactions once deflections grow. To overcome these limitations, nonlinear
formulations have been developed using variational principles [12], momentum balance methods
[13] or the virtual-power approach [14], ranging from approximated intuitive kinematics to
those defined by the more elaborate Cosserat theory [15]. The constitutive component is
typically assumed to be homogeneous and linear elastic, thus nonlinearity enters the system
primarily through large curvatures and coupling among different displacement components.
The resulting coupled systems of partial differential equations have been analysed through
perturbation techniques [16] or modal discretization, which typically reduce the problem to
Duffing–Mathieu-type equations with quadratic and cubic nonlinearities [17].

The relative importance of additional geometric effects has been discussed in [18], which
demonstrates that for short and stocky struts, shear deformation becomes important as do the
effects of mass moments of inertia. For sufficiently slender struts, two principal classes of struts
become significant, either extensible or inextensible struts [15,19]. Extensible formulations [20]
neglect axial inertia and retain stretching as the sole source of nonlinearity; they are commonly
used for post-buckled struts or struts with strong axial restraints (e.g. clamped [16]) and exhibit
a hardening-type resonance peak. By contrast, inextensible formulations neglect axial stretching
but retain axial inertia and the geometric curvature nonlinearities associated with the elastica
[12,21]; they are typically adopted for pre-buckled struts or struts with weak axial restraints (e.g.
simply supported [22] and cantilever struts [23]) and generally produce softening-type frequency
response functions since inertial nonlinearities dominate geometric effects. Moreover, recent
studies have shown that the resonance characteristics of beam-type structures can be altered by
prestressing or axial restraint; see, for instance, [24,25].

Based on inextensible formulations, previous studies on the nonlinear resonance of pre-
buckled struts have primarily focused on cases where the axial load comprises a relatively
small static component (P0) and a harmonic dynamic component with amplitude Pt. For free-
undamped inextensible struts under small P0, the ‘backbone curve’, which describes the evolution
of the natural frequency of a nonlinear system with increasing response amplitude, is typically
reported to be of a softening-type. Consequently, a softening-type resonance peak is observed
when the strut is subjected to direct lateral excitation [12]. In contrast, Fung [26] demonstrated
that when P0 is above 87% of the Euler load PE, a hardening-type backbone curve is expected,
as is the corresponding resonance peak under direct lateral excitation. For the case of parametric
excitation, softening-type responses for P0 < 0.42PE and Pt < 0.21PE have been reported [27], and
for P0 = 0.5PE with Pt < 0.07PE [22]. However, as far as the authors are aware, there are no studies
considering the combined effects of P0 and Pt on the overall resonance characteristics; the current
aim is to address this research gap.
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Figure 1. Simply supported strut of length L under a time-dependent axial and lateral load; flexural curvature κ ≡ θ ′.

Subsequently, the governing equations for a planar, elastic and inextensible strut are derived
using variational principles and discretized primarily with the critical buckling mode, leading
to a system of nonlinear ordinary differential equations (§2). The numerical solution and
verification methodology is outlined in §3. Numerical continuation and path-following methods,
as commonly used in nonlinear analysis (e.g. [28]) are implemented via the continuation toolbox
MATCONT [29] and verified against finite element (FE) simulations conducted in ABAQUS [30].
Section 4 presents the static response and is shown to capture moderately large displacements
well, while the resonance zones of the damped Mathieu’s equation [31] representing the
linearized system are presented. In §5, good agreement between the variational model and FE
is demonstrated for both frequency–response and transmissibility functions. With the response
being classified into five distinct types, an extensive study is then conducted to investigate the
influence of P0 and Pt on the behaviour of the principal parametric resonance peak. In §6a, the
application of the harmonic balance method to the free-undamped system provides the backbone
curve, which enables the identification of where the softening to hardening transition occurs
for the resonance behaviour. The nonlinear response is further investigated through two- and
three-parameter continuation of bifurcation points, including limit point bifurcations of cycles
and various period-doubling bifurcations. The role of generalized period-doubling bifurcations
as transition indicators between different resonance behaviours is demonstrated in §6b, and
their loci are used to delineate distinct response characteristic regions within the P̃0–P̃t space.
Conclusions are drawn in §7 where the practicalities for using buckled struts within structural
isolation systems are briefly discussed.

2. Formulation
The analytical model for strut planar dynamics is formulated based on the approaches outlined
in [1,13]. Figure 1 illustrates the coordinate system and displacement functions of a long, thin,
inextensible strut, where s denotes the coordinate along the strut and primes indicate spatial
derivatives with respect to s. An arbitrary point C when undeflected, moves to point C′ when
deflected, with the lateral displacement being v(s, t), where t is time. The strut is assumed to be
prismatic, made from a homogeneous and isotropic material with Young’s modulus E, density ρ,
cross-section A and second moment of area I.

The Euler–Bernoulli bending theory also assumes that the strut is rigid in shear, consequently
the flexural curvature κ and end shortening � are given as [1]

κ = θ ′ = v′′(1− v′2)−1/2 and �=−u(0, t)+
∫L

0

(
1−

√
1− v′2

)
ds, (2.1)
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where u(0, t) denotes the axial displacement at s= 0 and is zero for the pin end. The axial
displacement function u(s, t) is defined through the inextensible constraint, thus

u′ =
√

1− v′2 − 1. (2.2)

Since the rotational kinetic energy is negligible for a slender strut [18], only the translational
kinetic energy components are considered, comprising the axial and lateral components, Ku and
Kv ; the strain energy of the strut comprises only the bending energy Ub—they are given thus,
with the dot being used to denote differentiation with respect to time t,

Ku =
∫L

0

1
2
ρAu̇2ds, Kv =

∫L

0

1
2
ρAv̇2ds, Ub =

∫L

0

[
1
2

EIv′′2(1− v′2)−1
]

ds. (2.3)

A time-dependent axial load P= P0 + Pt cos Ωt is applied at the slider end and a time-
dependent uniformly distributed lateral load f = f0 + ft cos Ωt (unit: N/m) is applied throughout
the strut length. The static axial load and lateral load intensity amplitudes are P0 and f0,
respectively, whereas the dynamic axial load and lateral load intensity amplitudes are Pt and
ft, respectively, the dynamic forcing circular frequency is Ω , and the ratio between the axial and
lateral loads is αf , hence, f ∝ P. Consequently, the work done by the applied loads, W0 from the
conservative loads and Wt from the non-conservative loads, are given by

W0 =−P0u(L, t)+
∫L

0
f0v ds and Wt =−Pt cos Ωt u(L, t)+

∫L

0
ft cos Ωt v ds, (2.4)

where f0 = αf P0/L and ft = αf Pt/L with f providing an out-of-straightness imperfection.
Linear viscous damping is introduced to eliminate transient responses, improve numerical

stability and to approximate potential sources of energy dissipation. To incorporate damping
within the variational framework, the standard Rayleigh dissipation function Rd is introduced,

Rd =
∫L

0

1
2

cv̇2ds and fd =
δRd

δv̇
= cv̇, (2.5)

where c is the damping coefficient and fd is the generalized damping force density.
The inextensibility constraint is introduced into the system through a Lagrangian multiplier

λ(s, t) [12] and its corresponding functional Λ, which is given as

Λ=
∫L

0

{
λ
[
(1+ u′)2 + v′2 − 1

]}
ds. (2.6)

The governing equation is obtained using the extended Hamilton’s principle [14]; the
stationarity of the action is augmented by the virtual work of the non-conservative forces as

δ

∫ t2

t1

(L+Λ) dt+
∫ t2

t1

∫L

0
fdδv ds dt+

∫ t2

t1

δWt dt= 0, L=K −Π =Ku + Kv −Ub +W0. (2.7)

The variation of the combination of the action and virtual work is simplified through multiple
integrations by parts yielding the following:

δ

∫ t2

t1

(L+Λ) dt+
∫ t2

t1

∫L

0
fdδv ds dt+

∫ t2

t1

δWt dt

=
∫ t2

t1

{
[2λ(1+ u′) δu]L

0 − P δu(L, t)+
[

EI v′′

1− v′2
δv′
]L

0
+
[(
−EI

(
3v′′2v′

(1− v′2)2 +
v′′′

1− v′2

)
+ 2λv′

)
δv

]L

0

+
∫L

0

{[
(1+ u′)2 + v′2 − 1

]
δλ− [ρAü+ 2λ(1+ u′)′

]
δu
}

ds

−
∫L

0

{
ρAv̈ + cv̇ + EI

[
v′′′′

1− v′2
+ 4v′′′v′′v′

(1− v′2)2 +
v′′3(1+ 3v′2)

(1− v′2)3

]
− f + (2λv′)′

}
δv ds

}
dt

= 0. (2.8)
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For the extended Hamilton’s principle to hold, the terms within the temporal integral must
vanish independently. The integrand of the spatial integrals (the final three terms on the right-
hand side of equation (2.8)) must vanish for arbitrary δu, δv and δλ, which is equivalent to their
multipliers vanishing, yielding, respectively, the governing equations for the axial motion and
the lateral motion, alongside the inextensibility constraint. Terms with the Lagrangian multiplier
λ appear within both governing equations. The two terms, [2λ(1+ u′)]′ and (2λv′)′, may both be
considered as the internal constraint force owing to inextensibility.

The initial four terms in equation (2.8) yield the boundary conditions. Since the strut is
assumed to be simply supported, the boundary conditions are thus

u(0, t)= 0, −P+ 2λ[1+ u′(L, t)]= 0, v(0, t)= v(L, t)= 0, v′′(0, t)= v′′(L, t)= 0, (2.9)

where the second expression in equation (2.9) relates the axial force P with the boundary
constraint force 2λ(1+ u′(L, t)) owing to the inextensibility assumption.

The governing equation of the axial motion and the boundary conditions given by
equation (2.9) are incorporated into the governing equations through eliminating the Lagrangian
multiplier. An example of this procedure is illustrated in [12]. The two governing equations are
thus simplified into a single partial differential equation governing lateral motion as follows:

ρAv̈ + cv̇ + ρA
d
ds

[
v′

(1− v′2)1/2

∫L

s
ü ds

]

+ EI

[
v′′′′

1− v′2
+ 4v′′′v′′v′

(1− v′2)2 +
v′′3(1+ 3v′2)

(1− v′2)3

]
+ P

v′′

(1− v′2)3/2 = f , (2.10)

where

ü= d2

dt2

{∫ s

0
[(1− v′2)1/2 − 1]ds

}
. (2.11)

The third term in equation (2.10) originates from axial kinetic energy; it contains the effect of
the axial inertia given in equation (2.11) which is explicitly expressed with v and contributes to
the inertial nonlinearities. The terms multiplied by EI and P, respectively, arise from the bending
energy and external work done, introducing geometric nonlinearities.

The reaction force at the pin end (s= 0) is the difference between the applied axial force and
the integral of the axial inertia force of the strut. Since the definition of the sign between the axial
force and axial displacement is in reverse, the reaction force R is given as

R= P+
∫L

0
ρAü ds. (2.12)

The following scalings are adopted to non-dimensionalize the equations:

s= Ls̃, t= L2

√
ρA
EI

t̃, u= Lũ, v = Lṽ, c=
√

ρAEI
L2 c̃

and P= PEP̃, f = PE

L
f̃ , R= PER̃, Ω =Ωn

√
1− P̃0Ω̃ =Ωn,P0Ω̃ ,

(2.13)

where PE, Ωn and Ωn,P0 are, respectively, the Euler buckling load, the natural frequency of the
first linear lateral vibration mode and the preloaded natural frequency of the first linear lateral
vibration mode defined as

PE = π2EI
L2 , Ωn = π2

L2

√
EI
ρA

, Ωn,P0 =Ωn

√
1− P0

PE
. (2.14)

The governing equations and the reaction force R are first non-dimensionalized with the
scalings given in equation (2.13), then expanded as a power series and truncated at the cubic

Downloaded from http://royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2026.0072/6146837/rspa.2026.0072.pdf
by Imperial College London user
on 17 June 2026

https://royalsocietypublishing.org/journal/rspa


6

https://royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A482:20260072

.................................................................

order, resulting in the following equations, which is typically mentioned in the literature [12,32],

¨̃v + ṽ′′′′ + π2P̃ṽ′′ + c̃ ˙̃v + 1
2

d
ds̃

[
ṽ′

∫ 1

s̃

d2

dt̃2

(∫ s̃

0
ṽ′2ds̃

)
ds̃

]

+ (ṽ′′′′ṽ′2 + 4ṽ′′′ṽ′′ṽ′ + ṽ′′3)+ 3π2

2
P̃ṽ′′ṽ′2 = π2 f̃ (2.15)

and

R̃= P̃− 1
2π2

∫ 1

0

d2

dt̃2

(∫ s̃

0
ṽ′2ds

)
ds̃. (2.16)

Since the initial two boundary conditions, given by equation (2.9), have already been incorporated
into equation (2.10) through the elimination of the Lagrangian multiplier, only the latter two
boundary conditions specified within equation (2.9) associated with v need enforcing. The system
is discretized through assuming motion in its first linear buckling mode, with Q̃(t) being the
normalized mid-point displacement amplitude scaled with L, thus

ṽ = Q̃(t̃) sin π s̃. (2.17)

Substituting equation (2.17) into equations (2.15) and (2.16), then applying Galerkin’s method to
minimize the modal residuals, leads to the following ordinary differential equations (ODEs) for
Q̃(t̃) and the normalized reaction force R̃,

¨̃Q+ c̃ ˙̃Q+ α1(1− P̃)Q̃+ αiQ̃( ˙̃Q2 + Q̃ ¨̃Q)+ (α3 − α3pP̃)Q̃3 = f̃ (2.18)

and
R̃= P̃− αR(Q̃ ¨̃Q+ ˙̃Q2), (2.19)

where

α1 = π4, αi =
π2

48
(8π2 − 9), α3 = π6

2
, α3p = 3π6

8
, αR = 1

4

and ξ = c̃

2π2
√

1− P̃0

, P̃= P̃0 + P̃t cos
(

π2
√

1− P̃0Ω̃ t̃
)

, f̃ = 4παf P̃,
(2.20)

with ξ being introduced as a damping ratio and αf as a normalized imperfection measure.

3. Numerical solution and verification methodology
The vibration of the strut is subsequently analysed using the nonlinear ODE given in

equation (2.18), with the cubic parametric term, α3pP̃t cos(π2
√

1− P̃0Ω̃ t̃)Q̃3, omitted. This
simplification is justified using perturbation techniques [32]; the variable is scaled with a small
parameter ε, and the parametric excitation is typically associated with the ε2 order. Consequently,

the linear parametric term, α1P̃t cos(π2
√

1− P̃0Ω̃ t̃)Q̃, enters at the ε3 order and is balanced by the
cubic nonlinear terms. In contrast, the cubic parametric excitation term appears at the ε5 order
and would need to be balanced by quintic nonlinearities. To maintain truncation consistency, the
cubic parametric term is therefore omitted.

A Nylon sample strut is considered, with a typical damping ratio of 2% [33]. Nylon is
presently used as a representative benchmark for numerical verification rather than as the basis
for a detailed rheological study; accordingly, it is modelled as an effective linear-elastic material
with damping, which is considered to be adequate for the relatively short-duration harmonic
simulations conducted herein. The direct excitation magnitude ratio is set to αf = 5× 10−5 to
ensure its effect is consistent with that of the imperfection in the FE model. Equation (2.18)
is rewritten as a system of first order ODEs, transformed into an autonomous system and
solved using the MATLAB [34] numerical continuation toolbox MATCONT [29]. The limit
cycles are obtained using ODE45, the MATLAB’s in-built fifth-order Runge–Kutta solver, over
a long time (100 excitation periods) that allow transient effects to decay sufficiently. Numerical

Downloaded from http://royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2026.0072/6146837/rspa.2026.0072.pdf
by Imperial College London user
on 17 June 2026

https://royalsocietypublishing.org/journal/rspa


7

https://royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A482:20260072

.................................................................

Table 1. Properties of the sample strut; note that cross-sectional area A= bh and second moment of area I= bh3/12.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

length, L 20 mm Young’s modulus (Nylon), E 2 GPa
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

width, b 1 mm density (Nylon),ρ 1150 kg m−3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

thickness, h 0.5 mm damping ratio (Nylon), ξ 2%
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

continuation of the established limit cycles is first conducted, where a single parameter is varied
while maintaining the periodic orbit. The solution stability is determined through the Floquet
multipliers: if stable, all multipliers, except the trivial one, would have a magnitude under unity;
if unstable, at least one multiplier would have a magnitude above unity. From the bifurcations
obtained from the one-parameter continuation procedure, loci of these bifurcations are then
computed through two-parameter continuation [29].

Finite element (FE) analysis is performed in parallel to verify the results from the analytical
model using ABAQUS [30]. A sample strut with a rectangular cross-section is modelled, whose
geometric and material properties are provided in table 1. The model employs two-dimensional,
three-noded Euler–Bernoulli beam elements with cubic interpolation (element ‘B23’ in the
ABAQUS library). A mesh convergence study is conducted, ensuring that a sufficiently fine mesh
is used, resulting in a total of 20 elements along the strut. The strut incorporates an imperfection
that is affine to the first buckling mode (half-sine wave) in the lateral direction. For the static
buckling analysis, various mid-point magnitudes from 0.1 to 0.01 mm are adopted, as mentioned
in §4a. For dynamic analysis, a mid-point magnitude of 2× 10−4 mm, corresponding to a relative
imperfection amplitude of 10−5 of the total length, is employed. The material is modelled
as being linearly elastic and Rayleigh damping is assumed. For the static buckling analysis,
the Riks arc-length method [35] is adopted to trace the load–displacement path. For dynamic
analysis, an implicit dynamic procedure within ABAQUS is adopted to obtain the steady-state
response of the system under specified excitation frequencies and magnitudes [36]. The ‘transient
fidelity’ setting is selected to minimize numerical damping and ensure a suitable time increment
strategy. The maximum time increment is set to 1/40 of the excitation forcing period. The
total computation time is determined through trial and error (ranging from 0.1 to 2 s) for each
input loading scenario and is chosen to be sufficiently large to capture the system response
completely [37].

4. Preliminary analyses

(a) Nonlinear buckling
Removing all temporal and parametric excitation (P̃t = 0) terms gives the equilibrium equation

P̃0 = Q̃(α1 + α3Q̃2)

Q̃(α1 + α3pQ̃2)+ 4παf
. (4.1)

This is compared against FE simulations; as shown in figure 2a, the current model is shown
to capture the post-buckling geometry up to Q̃= 0.2 (corresponding to P̃0 = 1.06 and end-
shortening equal to 11.3% strut length) very well. This is typically regarded as a moderately
large displacement [38] and within 1% difference with respect to the FE results. For even larger
displacements, the analytical model trend is similar to the FE results, but with evidence of some
numerical divergence. By changing the imperfection measure, αf , the analytical model is able to
capture the effect of the global imperfection within the strut particularly in the neighbourhood
of the buckling load. As shown in figure 2a, for imperfection ratios of 1/200, 1/1000 and 1/2000,
the corresponding values of αf = 1/20, 1/100 and 1/200 provide excellent consistency between the
analytical and FE load–displacement paths.
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Figure 2. (a) Load–displacement function given by equation (4.1) (solid line) and FE (broken line). Different colours correspond
to FE imperfection amplitudes 5/200, 1/1000, 1/2000 and corresponding to αf = 5× 10−2, 1× 10−2, 5× 10−3; the inset
diagram shows a magnified view of (a). (b) Mathieu’s stability chart given by equation (4.2) with P̃0 = 0 and ξ = 0. Black
regions denote the resonance zones; red lines are the boundaries of the resonance zones reproduced from [39]; (c) is identical
to (b) except P̃0 = 0.5; (d) is identical to (b) except P̃0 = 0.9.

(b) Damped Mathieu’s equation
Removing all the nonlinear terms in equation (2.18), a damped linear system under a combination
of direct and parametric excitation is obtained,

¨̃Q+ c̃ ˙̃Q+ α1(1− P̃)Q̃= f̃ . (4.2)

The linear parametrically excited system is typically referred to as Mathieu’s equation [31], while
the graphical representations of the solution stability with respect to parameters are referred to as
stability charts [39]. Here, the direct forcing f̃ has the same frequency as parametric excitation P̃
and has less effect on the stability of the homogeneous solution [40]; consequently, f̃ is neglected
and the homogeneous damped Mathieu’s equation is solved numerically.

With specified parameters, the solution stability is determined by the Floquet multipliers to
verify whether the solution is either bounded or unbounded [39]. Collecting the corresponding
parameter values of unbounded solutions and plotting those in the Ω̃ − P̃t plane yield the stability
charts shown in figure 2b–d. Figure 2b shows the stability chart with zero P̃0 and no damping;
black regions correspond to unbounded (exponential growth) solutions, appearing around
Ω̃ = 2/k (k is a positive integer starting from 1) and are known as resonance zones [39]. The
remaining white regions represent bounded solutions. The main two resonance zones appearing
at Ω̃ = 2 and 1 are the principal and fundamental parametric resonance zones, respectively.
The remaining thinner regions are minor parametric resonance zones for k > 2. The boundaries
of these resonance zones are less distinct owing to numerical limitations; with a sufficiently
fine numerical mesh all resonance zones would extend to lower P̃t values and attach to
the abscissa. The boundaries of these resonance zones, known as transition curves, can be
approximated through combined harmonic balance and perturbation techniques [39]. However,
these approximations are valid only for low P̃t and k. Figure 2b shows an example where the
transition curves of the initial four resonance zones are evaluated with twelfth-order power series.
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Figure 3. Frequency–response function from equation (2.18) and transmissibility with P̃0 = P̃t = 0.3. Solid and dotted lines
denote stable and unstable solutions, respectively. Circle, diamond, cross and square symbols denote LPC, PD, frequency
increasing (forward) sweeping FE results and frequency decreasing (backward) sweeping FE results, respectively. ‘3rd’, ‘3rd, 13’
and ‘7th’ denote single-mode cubic-order, first and thirdmode cubic-order, single-mode seventh-order system stable solutions.
(a) Maximum mid-point displacement Q̃ of the cubic-order system verified against FE solutions. (b) Cubic compared to higher
order and multi-modal systems in the neighbourhood of Ω̃ = 2. (c) Reaction force magnitude transmissibility β of the
cubic-order system verified against FE solutions.

The integer k denotes the resonance zone and classifies them into odd and even zones. In
the odd zones, at least one Floquet multiplier is negative and thus the aperiodic responses are
expected to be double the excitation period, denoted as ‘period-2’. In contrast, in the even zones,
the aperiodic responses have the same period as the excitation, denoted as ‘period-1’. Thus,
period-doubling bifurcation points would be expected around the boundaries of the odd zones
for the nonlinear system; these are discussed in later sections.

Increasing P̃0 expands all resonance zones, as shown in figure 2c,d. Notably, even at P̃0 = 0.9,
a small gap remains between the principal and fundamental resonance zones. The principal
parametric resonance zone has a lower frequency boundary at Ω̃ = 1.26, which corresponds to
the turning point of the period-doubling bifurcation locus discussed in later sections.

For the cases with damping, the resonance zones are detached from the abscissa and unstable
solutions emerge only when P̃t exceeds certain thresholds. As the damping ratio ξ increases, so do
the thresholds. For example, when ξ increases progressively from 0 to 2%, to 5%, and to 10%, the
threshold of the principal resonance zone increases from 0 to 0.08, 0.205 and 0.399, respectively,
while the fundamental resonance zone threshold increases from 0 to 0.395, 0.635 and 0.895.

5. Steady-state analysis

(a) Frequency–response function
The frequency–response function for the mid-point displacement governed by equation (2.18)
under the loading scenario where P̃0 = P̃t = 0.3 is shown in figure 3a. This function comprises
two parts: the period-1 main response branch occupying the whole frequency range and the
period-2 principal parametric resonance (PPR) peak located around twice the natural frequency
(Ω̃ = 2) [41]. These two branches are connected by two period-doubling (PD) bifurcation points
at Ω̃ = 1.786 and 2.203, termed ‘left’ and ‘right’ PDs, respectively.

Downloaded from http://royalsocietypublishing.org/rspa/article-pdf/doi/10.1098/rspa.2026.0072/6146837/rspa.2026.0072.pdf
by Imperial College London user
on 17 June 2026

https://royalsocietypublishing.org/journal/rspa


10

https://royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A482:20260072

.................................................................

Table 2. Definition of the PPR peak behaviour; the curving directions are symbolized thus: (←) leftward, (→) rightward.

resonance behaviour left branch curving direction right branch curving direction

neutral (→) (←)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

softening (←) until an LPC, then (→) (←)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hardening (→) (→)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

neutral-hardening (→) (←) until an LPC, then (→)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

softening–hardening (←) until an LPC, then (→) (←) until an LPC, then (→)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The main response branch contains the fundamental parametric resonance (FPR) peak at
around the natural frequency (Ω̃ = 1). The FPR peak corresponds to the fundamental resonance
zone in Mathieu’s equation. The FPR peak contains two limit point bifurcations of cycles (LPC),
one near the tip at Ω̃ = 0.970 and another one at 0.973. Although the values are close, these
two LPCs indicate that the FPR peak shifts slightly to the lower frequency and exhibits a
softening-type behaviour, defined as where Ω̃ decreases while Q̃ increases.

Apart from the FPR peak, there exist some weak resonance peaks at around Ω̃ = 1/2, 1/3, 1/4
and so on. These are the even period-1 minor parametric resonance (MPR) peaks corresponding
to the even period-1 MPR zones of Mathieu’s equation given in figure 2b–d. The odd MPR peaks
(at Ω̃ = 2/3, 2/5 and so on) are period-2 and do not appear under the current loading scenario.
A higher P̃t value or a tighter numerical tolerance would be required for triggering or capturing
respective PDs of the period-2 MPR peaks.

Next, the focus is upon the PPR peak. On the main response branch, the left and right PDs
appear as the transition from a stable to an unstable solution and interconnected with a period-
1 unstable solution branch. A period-2 solution branch bifurcates from both PDs, constructing
the PPR peak. Owing to the adopted linear viscous damping, the curve is difficult to compute
in a complete form and is therefore presented as two separated branches starting from two PDs,
respectively. The inclusion of cubic damping [42] or an end axial dashpot, which can generate
a Van der Pol oscillator-type nonlinear damping [22], would be able to merge the separated
branches at a reasonable computation cost, but this is left for future work.

The branches emanating from the left and right PDs are referred to as the left and right
branches of the PPR peak, respectively. The left branch curves towards lower frequencies and
initially consists of an unstable solution segment, which restabilizes after reaching an LPC at
Ω̃ = 1.692. The right branch also curves towards lower frequencies but contains only stable
solutions. Consequently, the left and right PDs are subcritical and supercritical, respectively.
The criticality of these two PDs is also shown by the Poincaré maps and bifurcation diagram
presented in §S3 of the electronic supplementary material. Since the complete solution structure
is not available, the analysis primarily focuses on the local response behaviour of the PPR peak
within the range Q̃ < 0.5. Physically, this upper bound corresponds to the mid-point displacement
of the strut not exceeding half of its length (Q̃= 0.5), which is, in fact, a huge deflection.

Five distinct types of resonance behaviour are encountered currently: three basic types,
(i.e. softening, neutral and hardening) and two composite types (i.e. neutral–hardening and
softening–hardening). The behaviour of a PPR peak is classified according to the tendencies of
its left and right branches, as summarized in table 2, where curving rightward (→) denotes the
branch extending towards a higher frequency while curving leftward (←) denotes extending
towards a lower frequency. Consequently, under the current loading scenario, P̃0 = P̃t = 0.3, the
PPR peak exhibits softening behaviour.

The FE results for the sample strut under the same loading scenario are also presented in
figure 3a. The comparison between the analytical and FE results is generally excellent; however,
when Q̃ > 0.2, the analytical model tends to overestimate the response as also shown in figure 3a.
Moreover, the ‘backward’ FE solutions, i.e. those obtained by sweeping the excitation frequency
from high to low values, suggest that the softening behaviour should persist with a large
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amplitude response and extend to lower frequencies, down to Ω̃ ≈ 1.6. In contrast, the current
analytical model exhibits a comparatively gentler softening response and predicts a loss of the
softening characteristic at higher Q̃ values.

Including the higher-order terms within the equation while maintaining the single mode
discretization does not improve the consistency with the FE results at very large displacements,
as shown in figure 3b. The reason being that when the response amplitude is large, where
Q̃= (0.3, 0.4), the assumed single half-sine wave mode for the analytical model becomes less
accurate in describing the deformation shape of the strut. Introducing higher symmetric linear
modes in the discretization (for example, including the first and third modes with a cubic-order
truncation, as shown in figure 3b) is able to improve the comparison with the FE results at
larger deformations; however, the modest improvement is counterbalanced by the significantly
increased system complexity and computation cost. A comparison between the full inextensible
model and a reduced model retaining only geometric nonlinearities is presented in §S4 of the
electronic supplementary material. Under identical loading conditions (P̃0 = P̃t = 0.3), the full
inextensible model exhibits a softening-type response, consistent with the FE results, whereas
the reduced model displays a hardening-type response. This clear discrepancy underscores the
dominant role of inertial nonlinearity in determining the characteristics of the resonance peak.

(b) Transmissibility function
With the periodic solutions of Q̃, ˙̃Q and ¨̃Q obtained through the described numerical continuation
procedure, the corresponding periodic response force R̃ is computed from equation (2.19). The
magnitude ratio transmissibility, denoted as β, is defined as

β = max(R̃)−min(R̃)

2P̃t
, (5.1)

where max(R̃) and min(R̃) represent the upper and lower bounds of R̃, respectively. The graph of
β varying with Ω̃ is shown in figure 3c for the loading scenario P̃0 = P̃t = 0.3.

In the neighbourhood of the PPR frequency, the response force may exceed or fall below
the excitation force, corresponding to amplification (β > 1) or isolation (β < 1), respectively.
Amplification occurs between the LPC at Ω̃1 = 1.692 and the isolation frequency Ω̃2 =
2.088, while isolation is subsequently observed between Ω̃2 and the PD at Ω̃3 = 2.203. The
transmissibility curve exhibits a softening-type characteristic, consistent with the mid-point
displacement response. A smaller amplification region is also observed near the FPR frequency,
Ω̃ = [0.978, 1.002], with a relatively modest effect. Overall, there is good agreement between the
analytical and FE results, except in regions where β > 4. Such discrepancies are also seen in the
mid-point displacement and are attributed to the limitations of the single-mode discretization
used in the analytical model. Notably, amplification and isolation are observed only near the
FPR and PPR frequencies and within a limited frequency band, where the axial inertia force
becomes comparable to the applied axial excitation. Unlike amplification, the isolation effect is
minimal for the present pre-buckled (P̃0 < 1) scenario, but is expected to be more pronounced in
the post-buckled case, which is left for a future investigation.

6. Parametric studies

(a) Natural frequency and backbone curve
The free-undamped system (ξ = 0, P̃t = 0) is analysed using the single-harmonic balance method
to determine the amplitude-dependent natural frequency and the influence of P̃0. The natural
frequency represents the vibration frequency of a conservative system under a perturbation. In
the linear case, the natural frequency is constant, reflecting the invariance of the total energy. In
contrast, a nonlinear system exhibits an amplitude-dependent—therefore an energy-dependent—
natural frequency. The vibration amplitude acts as a correction to the linear natural frequency; the
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resulting functional relationship between amplitude and frequency is typically referred to as the
backbone curve. For small amplitudes, the correction is negligible, and the natural frequency
coincides with that of the linear system. However, as the amplitude grows sufficiently large, the
frequency deviates significantly from its linear value. A positive correlation between amplitude
and frequency yields a hardening-type backbone curve, which manifests as a right-leaning
resonance peak under direct excitation, while a negative correlation indicates a softening-type
backbone curve that leans in the opposite direction [21].

Removing the damping and excitation terms reduces equation (2.18) to

¨̃Q+ π4(1− P̃0)Q̃+ π6

2

(
1− 3P̃0

4

)
Q̃3 + π2(8π2 − 9)

48
Q̃( ˙̃Q2 + Q̃ ¨̃Q)= 0. (6.1)

The single harmonic balance method is adopted and the solution is assumed to be

Q̃= q̃ sin(ωt)= q̃ sin(π2
√

1− P̃0 ω̃t̃), (6.2)

where q̃ is the normalized amplitude and ω is the amplitude-dependent natural frequency.
Substituting this assumed solution into equation (6.1) yields[

−ω̃2q̃+ q̃+ 3π2

8

(
1− 3P̃0/4

1− P̃0

)
q̃3 − π2(8π2 − 9)

96
ω̃2q̃3

]
sin(π2

√
1− P̃0ω̃t̃)

+
[
−π2

8

(
1− 3P̃0/4

1− P̃0

)
q̃3 + π2(8π2 − 9)

96
ω̃2q̃3

]
sin(3π2

√
1− P̃0ω̃t̃)= 0. (6.3)

Through applying Galerkin’s method, the higher harmonic term, i.e. the term with

sin(3π2
√

1− P̃0ω̃t̃) vanishes, leaving only the coefficient of sin(π2
√

1− P̃0ω̃t̃), allowing ω̃ to be
expressed in terms of q̃. Expanding this expression as a power series in q̃ and retaining the first
nonlinear term gives the following approximate solution:

ω̃2 ≈ 1+ 3π2

8

[
1− 3P̃0/4

1− P̃0
− 8π2 − 9

36

]
q̃2 = ω̃0 + ω̃2q̃2, (6.4)

where ω̃0 is the linear natural frequency, which is unity owing to the adopted non-
dimensionalization defined in equation (2.13), and ω̃2 is the coefficient of the quadratic amplitude
term acting as a corrector on ω̃0. Note that ω̃2 = 0 when P̃0 = P̃0,n = (8π2 − 45)/(8π2 − 36)≈ 0.791.

Figure 4a shows the relationship between ω̃2 and P̃0. When P̃0 = 0, ω̃2 =−3.491, implying
the reduction of ω̃ as q̃ increases, which corresponds to the softening-type backbone curve as
shown in figure 4b. Reducing P̃0 causes an increase in |ω̃2|; the backbone curve has a higher
curvature towards lower frequencies implying an enhancement of softening behaviour. On
the contrary, while increasing P̃0 values but below P̃0,n, ω̃2 remains negative but decreases in
magnitude, and the curvature of the backbone curve becomes small. At P̃0,n, ω̃2 = 0 and thus
ω̃= ω̃0, implying that, under quadratic truncation of ω̃, the nonlinearity shows no effect on the
system and the backbone curve becomes a vertical line. When P̃0 > P̃0,n, ω̃2 becomes positive,
and its magnitude increases with P̃0, suggesting that a hardening-type backbone curve emerges,
becoming more pronounced as P̃0 increases further. When P̃0 approaches unity, ω̃2 blows up,
because the preloaded natural frequency Ωn,P0, given in equation (2.14), vanishes and becomes
unsuitable as a non-dimensionalization parameter. Moreover, at the buckling load, the natural
frequency becomes completely dependent on the nonlinearities.

Section S1 of the electronic supplementary material presents the frequency–response functions
of the directly excited nonlinear system for different values of P̃0 and direct excitation amplitude
f̃t. The results indicate that the excitation amplitude has a relatively minor influence on the
characteristics of the resonance peak. Moreover, the backbone curve provides a generally
reliable prediction of the resonance behaviour, although the predicted transition value exhibits
a slight discrepancy that can be reduced by incorporating additional harmonics and higher-order
nonlinear terms in the backbone curve approximation.
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Figure 4. The quadratic corrector and backbone curve. (a) Effect of P̃0 on the coefficient of the quadratic term, ω̃2. (b) Backbone
curve of ω̃ with different colours denoting different P̃0.

(b) Loading parameter effects on principal parametric resonance peak
Analysis of the free-undamped system identified a transition P̃0 value marking the change
between softening and hardening behaviour. For a directly excited nonlinear system, the
excitation amplitude has less influence on the trend of the resonance peak. In this case, the
peak closely follows the backbone curve, and the resonance behaviour is governed solely by
P̃0. In contrast, for a parametrically excited system, the excitation amplitude P̃t also affects the
resonance behaviour and acts in combination with P̃0. The influence of these parameters on the
characteristics of the PPR peak is studied currently through numerical continuation.

(i) Effect of P̃t on frequency–response function

The influence of P̃t on the PPR resonance peak is first examined by varying its magnitude while
keeping P̃0 fixed. Figure 5a,b shows the evolution of the PPR resonance peak for P̃0 = 0.3 as P̃t

increases; the resonance peak is observed to broaden, as indicated by the growing frequency
separation between the two PDs. For P̃t = 0.4, the response is softening-type according to the
definitions given in table 2. An LPC emerges on the left branch connecting with the subcritical left
PD with an unstable solution segment, while the right PD is supercritical. When P̃t is increased to
0.5, the PPR peak continues to exhibit a softening-type response, but the LPC moves towards the
left PD: Q̃ decreases from 0.482 to 0.218, and the frequency difference between the LPC and the
left PD, �Ω̃ , decreases from 0.04 to 0.003. This reduction in �Ω̃ reflects the shrinking frequency
interval over which two stable and one unstable solutions coexist, indicating a reduction of the
softening effect. As P̃t is increased further to 0.6, the response becomes neutral-type, with the LPC
and its associated unstable segment on the left branch disappearing, leaving only stable branches
emanating from both PDs, which are both supercritical.

Further increasing P̃t from 1.0 to 1.1 and 1.2 leads to a transition back from neutral-type to
softening-type behaviour. At P̃t = 1.1, an LPC and its associated unstable segment re-emerge on
the left branch, and the left PD becomes subcritical once again. Increasing P̃t from 1.1 to 1.2 causes
the LPC to move away from the left PD, with Q̃ increasing from 0.085 to 0.127 and �Ω̃ increasing
from 0.002 to 0.008. This indicates an expansion of the frequency interval over which two stable
and one unstable solutions coexist, signifying softening behaviour enhancement.

Figure 5c,d presents the corresponding results for P̃0 = 0.85. As P̃t increases, the resonance
peak broadens, reflected by the growing frequency separation between the two PDs. The right
PD frequency increases monotonically with P̃t, whereas the left PD frequency decreases as P̃t

increases from 0.04 to 0.35, before reversing and increasing again for P̃t = 0.4 and 0.45, which is
referred to as a ‘U-turn’ of the left PD.

For P̃t = 0.04, the response is of a hardening-type. The right branch emanates from a subcritical
right PD and is entirely unstable. A (hardening) LPC is located at unrealistically large response
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Figure 5. Frequency–response function of equation (2.18) in the neighbourhood of Ω̃ = 2 with various P̃t values. Solid
and dotted lines denote stable and unstable solution parts, respectively. Symbols: ‘◦’ and ‘
’ correspond to LPC and PD,
respectively. (a) P̃0 = 0.30, P̃t = {0.40, 0.50, 0.60}; (b) P̃0 = 0.30, P̃t = {1.0, 1.1, 1.2}; (c) P̃0 = 0.85, P̃t = {0.04, 0.06, 0.08};
(d) P̃0 = 0.85, P̃t = {0.35, 0.40, 0.45}; the inset diagrams show a zoomed-in view of the corresponding diagrams; the
arrowed-out numbers in the inset diagrams are�Ω̃ .

amplitudes (i.e. Q̃ > 1), near the tip of the PPR peak and at a frequency higher than the right
PD, and connects this right branch to the stable left branch, which bifurcates from a supercritical
left PD. As P̃t increases to 0.06, the response transitions to neutral–hardening-type. The right PD
becomes supercritical, and the right branch is stable up to a newly emerged (neutral) LPC, beyond
which it becomes unstable. Two LPCs are now present on the right branch of the PPR peak: the
neutral LPC, visible within the Q̃ < 0.5 range, and the hardening LPC located near the tip of the
resonance peak. Increasing P̃t to 0.08 and further to 0.35 preserves the neutral-hardening-type
behaviour. During this range, the neutral LPC moves progressively away from the right PD: Q̃
increases from 0.086 to 0.186 and then to 0.849 (beyond the Q̃ < 0.5 range), while �Ω̃ between the
neutral LPC and the right PD increases from 0.001 to 0.011 and 0.49, respectively.

Further increasing P̃t from 0.35 to 0.4 and 0.45 leads to a transition from neutral-hardening-
type to softening–hardening-type behaviour. It is noteworthy that for large P̃0 and P̃t, the FPR
and PPR peaks broaden and approach each other, although no direct interaction between the two
peaks is observed within the pre-buckled P̃0 range. At P̃t = 0.4, a new (softening) LPC appears on
the left branch, connecting to the subcritical left PD through an unstable solution segment. Three
LPCs are now present: the softening LPC on the left branch, within the Q̃ < 0.5 range, the neutral
LPC on the right branch and the hardening LPC at the tip of the resonance peak, with the latter
two occurring at large Q̃. Increasing P̃t from 0.4 to 0.45 causes the softening LPC to move away
from the left PD (Q̃ increases from 0.115 to 0.169 and �Ω̃ from 0.005 to 0.02), while the neutral
LPC simultaneously moves away from the right PD (Q̃ increases from 0.977 to 1.116 and �Ω̃ from
0.593 to 0.695).
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Figure 6. Loci of PD and LPC in the Ω̃−P̃t plane with (a) P̃0 = 0.3, (b) P̃0 = 0.85. Solid and dotted lines denote supercritical
and subcritical PD loci, respectively. The dashed–dotted line denotes LPC loci. ‘UL’, ‘LL’, ‘HL’ and ‘NL’ stand for upper softening,
lower softening, hardening and neutral LPC loci, respectively.

Table 3. Bifurcation structure of various PPR peaks: Ω̃LPC, Ω̃L and Ω̃R denote the frequencies of the LPC, the left PD and the
right PD; LPD and RPD denote left and right PD; ‘Sub’ and ‘Super’ denote subcritical and supercritical PD.

number and position of LPCs criticality of PDs

resonance behaviour number position LPD RPD

neutral 0 NA Super Super
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

softening 1 Ω̃LPC < Ω̃L Sub Super
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

hardening 1 Ω̃LPC > Ω̃R Super Sub
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

neutral-hardening 2 Ω̃LPC1 = (Ω̃L, Ω̃R); Ω̃LPC2 > Ω̃R Super Super
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

softening–hardening 3 Ω̃LPC1 < Ω̃L; Ω̃LPC2 = (Ω̃L, Ω̃R); Ω̃LPC3 > Ω̃R Sub Super
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The analysis above demonstrates that each type of response behaviour corresponds to a unique
bifurcation structure, characterized by the number and location of LPCs and by the criticality
of the PDs; this classification is summarized in table 3. Two distinct trends emerge: (1) for
lower values of P̃0, increasing P̃t causes the resonance peak initially to exhibit a softening-type
behaviour, then progressively lose these characteristics to become neutral-type, and subsequently
recover softening characteristics, as illustrated by the case P̃0 = 0.3; (2) for values of P̃0 close to
unity, the resonance peak initially displays a hardening-type behaviour, transitioning to neutral-
hardening-type with increasing P̃t, and it ultimately evolves into softening–hardening-type
behaviour, as shown for P̃0 = 0.85.

(ii) Two-parameter continuation in the Ω̃–P̃t plane

The analyses above have shown that the bifurcation structure provides a clear indication of the
behaviour of the resonance peak. To obtain a more complete picture of the influence of P̃t on the
PPR peak, loci of LPC and PD bifurcations are computed via two-parameter continuation using Ω̃

and P̃t as free parameters, while enforcing the relevant singularity conditions and fixing all other
parameters. Similar to the previous section, two representative cases are considered, P̃0 = 0.3 and
0.85, which have been shown above to exhibit distinctly different bifurcation structures.

For P̃0 = 0.3, the PD locus exhibits a rounded ‘V’ shape at low P̃t, with its vertex at s1 (figure 6a).
Below this threshold, no PD bifurcation occurs, corresponding to the disappearance of the PPR
peak. Above s1, the PD locus is found to split into two branches associated with the left and
right PDs. Along the left branch, Ω̃ decreases as P̃t increases, whereas along the right branch it
increases monotonically. This produces a progressive widening of the PPR frequency span with
increasing P̃t.
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At the vertex s1, the first generalized period-doubling point (GPD), also termed as a degenerate
PD, is detected. The positions of s1 and subsequent GPDs are given in figure 6. The GPD is a
codimension-2 bifurcation point on the PD locus where the cubic coefficient of the PD normal
form vanishes. Locally, it signifies two key features: (i) the transition between supercritical and
subcritical PD bifurcations, and (ii) the emergence of a locus of LPC bifurcations of period-
doubled orbits, tangential to the PD locus. Around s1, the supercritical right PD branch transitions
to the subcritical left branch. From the same point, the lower softening LPC locus emanates,
rapidly detaches from the PD locus, and extends towards lower Ω̃ . This indicates the onset of
softening-type behaviour and creates a maximum frequency separation between the PD and
LPC loci, �Ω̃ , just above s1, corresponding to the strongest softening-type behaviour. With
further increase of P̃t, the LPC locus curves back towards the PD locus, reducing �Ω̃ and hence
weakening the softening effect, before reconnecting at s2. Beyond s2, the lower softening LPC
locus terminates, leaving only the PD locus and marking a transition from softening-type to
neutral-type response.

Above s2, the left PD branch remains but switches to being supercritical. This persists until
the branch passes through s3, where the behaviour reverts to subcritical. Beyond s3, a new upper
softening LPC locus emerges, branching away from the left PD locus and extending towards
lower Ω̃ , which signals the transition from a neutral-type back to a softening-type response. As P̃t

increases further, the left PD branch reaches the ‘U-turn’ point b, then curves back with increasing
Ω̃ . Meanwhile, the upper softening LPC locus extends towards lower Ω̃ , increasing �Ω̃ and
enhancing the softening effect. In contrast with the relatively rich behaviour on the left PD branch,
the right PD branch is simpler by remaining supercritical throughout above s1 with no LPC loci
observed.

As shown in figure 6b for P̃0 = 0.85, the loci of PD and LPC bifurcations are organized
qualitatively differently compared to the P̃0 = 0.3 case. Three GPDs are detected on the PD
locus: h1, located at the minimum of the PD locus (analogous to s1 when P̃0 = 0.3); h2, situated
further along the right PD branch; s3, located on the left PD branch, similar to the P̃0 = 0.3
case. At h1, the left PD branch, which is supercritical, connects to the right branch and becomes
subcritical. From this point, a hardening LPC locus emerges, which diverges from the PD locus,
and extends towards higher frequencies, indicating the onset of a hardening-type response.
Although the hardening LPC locus extends to a relatively high P̃t, its numerical continuation
becomes challenging for large P̃t due to the small viscous damping, and thus only the branch near
h1 is shown. Upon reaching h2, the right PD branch switches back to supercritical. From this point,
the neutral LPC locus branches off and extends towards higher P̃t, marking the transition from
hardening-type to neutral–hardening-type behaviour. Unlike the hardening LPC locus, which lies
at higher frequencies compared to the PD locus, the neutral LPC locus is positioned between the
left and right PD branches.

The third codimension-2 point, s3, is identified on the left PD branch for P̃t above h2. Here,
the supercritical left PD branch becomes subcritical and the upper softening LPC locus emerges
from s3, diverging from the left PD branch. Above s3, the hardening, neutral and upper softening
LPC loci coexist, corresponding to a softening–hardening-type resonance peak. With P̃t increasing
further, the left PD branch decreases in frequency until reaching the ‘U-turn’ point b, after which
it curves back with increasing Ω̃ ; the frequency separation between the left PD branch and the
upper softening LPC locus progressively widens. This curving back behaviour of the left PD
branch explains the ‘U-turn’ behaviour of the left PD observed in figure 5d.

(iii) Effect of P̃0 on LPC and PD loci

The analyses above have shown that different P̃0 levels correspond to distinct structures of the
LPC and PD loci within the Ω̃−P̃t plane. In the current section, through fixing different P̃0 values,
the evolution of the LPC and PD loci is investigated to address the combined effect between P̃0
and P̃t on the response behaviour. The effect of P̃0 on PD loci is presented in figure 7a. With P̃0
increasing, the slope of the right PD branch reduces; the ‘U-turn’ point b on the left PD branch
reduces towards lower P̃t; all b values occur at Ω̃ = 1.26, which constrains the PD loci expansion.
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Figure 7. Loci of PD and LPC in the Ω̃−P̃t planewith varying P̃0. In (a), solid lines denote PD loci. In (b)–(d), solid lines denote
LPC loci and dotted lines denote PD loci. (a) Effect of varying P̃0 from−0.9 to 0.9 on PD loci; (b) effect of varying P̃0 from tension
(negative P̃0) to compression (positive P̃0) on GPDs and LPC loci; (c) effect of increasing compressive P̃0 on GPDs and LPC loci;
(d) effect of P̃0 being close to the buckling load on GPDs and LPC loci.

Decreasing P̃0 extends the lower softening LPC locus towards higher P̃t and expands the area
bounded by the lower softening LPC loci and the left PD branch, see figure 7b. For P̃0 being
reduced from 0.3 to 0.1 and−0.1 (where negative P̃0 denotes a tensile static axial load), s1 remains
at approximately constant Ω̃ and shifts slightly to higher P̃t values. In contrast, both s2 and s3
move towards higher P̃t and lower Ω̃ values, reflecting a divergence from s1. At P̃0 =−0.229,
s2 coalesces with s3, causing both bifurcations to vanish. Consequently, the lower and upper
softening LPC loci merge to form a continuous LPC locus, originating from s1 and extending
towards higher P̃t values. This indicates that, for P̃0 <−0.229, only a softening-type PPR peak is
achievable above s1. An example of this configuration is illustrated in figure 7b for P̃0 =−0.3.

Increasing compressive levels of P̃0 produces the opposite trend: the upper softening LPC
extends towards lower P̃t, the lower softening LPC locus shortens and thus reduces the area
bounded by the lower softening LPC loci and the left PD branch, see figure 7c. For P̃0 being
increased from 0.3 to 0.5 and 0.6, s1 retains nearly constant Ω̃ while shifting slightly to lower P̃t

values. Meanwhile, both s2 and s3 shift to lower P̃t and higher Ω̃ values, indicating an approach
towards s1. At P̃0 = 0.758, s2 coalesces with s1, causing both bifurcations to vanish. In this case, the
lower softening LPC locus vanishes, and thus, only the neutral-type response is expected below
s3. An illustrative example is shown in figure 7c with P̃0 = 0.8.

For P̃0 > 0.812, h1 and h2 emerge. For P̃0 increasing further to 0.85, 0.9 and 0.92, see figure 7d,
h1 retains an approximately constant Ω̃ while shifting slightly to lower P̃t values. Owing to
the challenges of numerical solution, only a segment of the hardening LPC locus for P̃0 = 0.85
is presented. Simultaneously, s3 moves towards lower P̃t and higher Ω̃ values, while h2 drifts
towards both higher P̃t and higher Ω̃ values. These reflect s3 approaching towards h1, while h2
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diverges from h1. The merging of s3 and h1 has not been observed within the pre-buckling scenario
considered presently (i.e. P̃0 < 1).

(iv) Three-parameter continuation in the P̃0−P̃t−Ω̃ space

The analyses above have shown that, within the Ω̃−P̃t plane, GPDs appear along the PD loci,
indicating changes in their criticality; each GPD corresponds to the onset of a specific LPC locus.
Consequently, for a given P̃0, these GPDs partition P̃t into several ranges associated with distinct
bifurcation structures—defined by the number and location of LPC loci and the criticality of both
PD branches—which, in turn, correspond to different resonance behaviours, as summarized in
table 3. As P̃0 varies, the GPDs move and interact, reflecting the evolution of these P̃t ranges. To
capture the combined influence of P̃0 and P̃t on the resonance behaviour, it is, therefore, necessary
to investigate the GPD loci within the full P̃0−P̃t−Ω̃ space.

The loci of GPDs are evaluated by allowing P̃0, P̃t and Ω̃ to vary freely, while enforcing both
the non-trivial negative one Floquet multiplier condition (i.e. the PD condition) and the additional
degeneracy condition that the cubic term in the PD normal form vanishes. The resulting loci form
three-dimensional curves in the parameter space, with their projections, respectively, onto the
P̃0−P̃t plane shown in figure 8a. In total, five distinct GPD loci are detected, corresponding to s1,
s2, s3, h1 and h2 from the previous section. These loci partition the parameter space into regions
of distinct resonance behaviour, while their intersections signal the presence of possible higher
codimension bifurcations.

The loci of s1 and s2 merge and terminate at (P̃0, P̃t, Ω̃)= (0.758, 0.042, 1.964). At this
intersection, a higher-order degeneracy, here termed a degenerate GPD (‘dGPD’, denoted as d1), is
detected, corresponding to the additional condition that the quintic coefficient in the PD normal
form also vanishes. This codimension-3 bifurcation marks the disappearance of both s1 and s2,
together with the disappearance of the lower softening LPC loci emanating from them. A second
dGPD (d2) is found at (0.812, 0.020, 2.028), associated with the merging of the h1 and h2 loci. This
higher-order bifurcation corresponds to the simultaneous creation of hardening and neutral LPC
loci, and may, therefore, be interpreted as the onset of hardening behaviour within the system.

The loci of s2 and s3 also merge and vanish at (−0.229, 1.376, 1.450). This point is algebraically
a GPD, i.e. it satisfies the condition of a non-trivial negative one multiplier together with the
vanishing cubic coefficient of the PD normal form. However, the usual feature of a GPD is absent:
the criticality of the PD does not change across this point and no period-doubled LPC branch
emanates. Instead, this point marks the formation of a continuous LPC locus through the merging
of the lower and upper softening loci, accompanied by tangency and eventual detachment of this
locus from the PD loci. Therefore, it is classified as a pseudo-GPD (denoted p), i.e. an algebraic
GPD without the associated change in the dynamics.

Building on the analyses presented in the previous sections, the resonance behaviour can be
classified as follows. The domain enclosed from below by the joint s1, s2 and s3 loci (the ‘yellow’
area in figure 8a) corresponds to the softening-type resonance for P̃0 < d2(P̃0) (where ‘d2(P̃0)’
denotes the P̃0 value of d2). The wedge-shaped region bounded by the h1 and h2 loci (the ‘pink’
area in figure 8a) corresponds to the hardening-type resonance. The remaining regions of the
parameter space are divided into three areas: (1) for P̃0 < d2(P̃0), the neutral-type behaviour is
expected (the ‘cyan’ area in figure 8a); (2) the area enclosed by the s3 and h2 loci with P̃0 > d2(P̃0)
corresponds to the neutral–hardening-type behaviour (the ‘lavender’ area in figure 8a); and (3) the
area above the s3 locus with P̃0 > d2(P̃0) corresponds to the softening–hardening-type behaviour
(the ‘green’ area in figure 8a). FE simulations have been conducted to verify these behavioural
regions and present good agreement with the analytical predictions with the FE frequency-
response results presented in §S2 of the electronic supplementary material. It is noteworthy
that the FE simulations exhibit neutral-type and softening-type responses within the analytically
predicted neutral–hardening-type and softening–hardening-type parameter regions, respectively.
This discrepancy is attributed to the fact that the hardening behaviour in these regions occurs only
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Figure 8. (a) Projection of GPD loci onto the P̃0−P̃t plane. Dotted lines denote P̃0 + P̃t equal to 1 and 0.791; d1 and d2 are
degenerate GPDs and p is a pseudo-GPD. Symbols: ‘◦’, ‘�’ and ‘�’ denote neutral, softening andhardening resonance obtained
by FE simulations; ‘N’, ‘S’, ‘H’, ‘NH’ and ‘SH’ denote the parametric regions of neutral, softening, hardening, neutral-hardening
and softening–hardening behaviour, respectively. (b) Effect of damping ratio ξ on GPD loci.

at very large response amplitudes (Q̃ > 0.3), where achieving steady-state convergence in the FE
simulations becomes increasingly challenging.

Notably, the s3 locus lies entirely above the boundary P̃0 + P̃t = 1, indicating that this branch
corresponds to behaviour under severe axial loading within the post-buckling range for at least
some of the time within a cycle. Comparison with the free-undamped response highlights the
role of parametric excitation. In the absence of excitation, the softening–hardening transition
occurs at P̃0 = 0.791. With excitation, the corresponding condition P̃0 + P̃t = 0.791 serves only as
an approximate boundary. For P̃0 = (0.5, 0.8), this approximation remains accurate; however, for
P̃0 < 0.5, increasing divergence is observed as the s2 locus deviates significantly from the line
P̃0 + P̃t = 0.791. In addition, for P̃0 > 0.8, more complex resonance behaviour is expected instead
of pure hardening-type behaviour.

The effect of damping on the GPD loci is shown in figure 8b. Increasing ξ leads to an increase in
the slope magnitudes of the s1 and h1 loci, while having only a minor influence on the remaining
loci. As a result, higher damping raises the P̃t threshold for the onset of PPR resonance and shrinks
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the parameter regions corresponding to the softening-type and the hardening-type responses
within the P̃0−P̃t space. Moreover, increasing ξ causes a greater separation between d1 and d2.
It is, therefore, postulated that for the undamped case, d1 and d2 would in fact coalesce.

7. Concluding remarks
The present study has investigated the nonlinear resonance characteristics of a pre-buckled
strut subjected to finite static axial loading and harmonic parametric excitation. The governing
equation of the simply supported slender strut was derived under the condition of inextensibility,
truncated to cubic order and discretized primarily using the first buckling mode. The steady-state
response was investigated extensively via numerical continuation techniques and verified with
FE simulations. The backbone curve of the strut obtained through applying the harmonic balance
method on the free-undamped system was shown to be significantly influenced by the static axial
load level P0. A stronger softening effect was expected in tension or at low compression levels of
P0, whereas a weaker softening effect occurred at higher compressive levels. A hardening-type
backbone curve emerged when P0 exceeds approximately 80% of the critical buckling load.

The analysis then focused on the frequency–response function in the neighbourhood of the
principal parametric resonance peak, which is widely adopted in energy harvesting and signal
detection systems, owing to its wide bandwidth and large deflections under small excitations. The
resonance peak was classified as neutral, softening, hardening, neutral–hardening, or softening–
hardening, according to the trend of the resonance curve and the corresponding bifurcation
structure, namely the criticality of period-doubling bifurcation points (PDs) alongside the number
and positions of limit point bifurcations of cycles (LPCs). Two-parameter continuations of
the PD and LPC loci were performed to identify the parameter regions associated with the
principal parametric resonance and to reveal the influence of P̃t on the response type; generalized
PDs (GPDs) were found along the PD loci from which LPC loci of doubled-period emerged
and the criticality of PD transitioned. Consequently, they acted as indicators marking the
transitions in resonance behaviour. Extending the analysis by determining GPD loci identified
five regions, each corresponding to one of the five types of resonance behaviour. This resonance
map provides essential insight for the design of structural isolation, energy harvesting and
signal detection systems, where a judicious choice of dynamical characteristics can enhance
performance over a wider range of excitation frequencies and amplitudes. A natural extension
of the present work would be the relaxation of the linear elasticity assumption to incorporate
more general viscoelastic or hysteretic behaviour, particularly for polymer-based benchmark
structures.
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