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ABSTRACT
The performance of electronically scanned arrays is affected by
the occurrence of grating lobes and the variation of impedance levels
with element phasing. Both these problems can be controlled in wave-
guide arrays by replacing the sidewalls between adjscent elements with
boundaries which behave as reactive surfaces, and consist of thin

metal (or metal-dielectric) structures.

A threefold purpose has influenced the selection of individual
topics as follows:

(i) To allow further development aﬂd application of the design
technique, underlying concepts are emphasised. In particular,
it is shown that a smooth transition is required between the '
field distributions in a cénvgntional wavegulde array and frece
space. This can be achieved when the reactance of the element
boundaries is tapered ﬁrom zéro to infinity.

(ii) 7o demonstrate.£he potential saving in the number of elements
needed in sectorally scanned arrays, the element pattern control
afforded by the design technique is investigated.  For iinear
arrays, grating lobe radiation can be eliminated in the E~plane
and reduced in the H-plane, (theoretically, as much as required).

(iii) To ensure that practical design difficulties can be solved reali-

stically, the theory is supported by experimental programmes.

The thesis is in two parts for chronological consistency.

Within Chapters 1 - 3, existing methods of phased array design
are reviewed and performance limitations are identified. The current
proposal is then outlined, and a feasibility investigation with a 20

element model array is described and assessed.
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Within Chapters 4 - 7, nulti-mode array structures witﬁ an axial
discontinuity in reactence are analysed by the Wiener-Hopf technigue.
The enalysis is verified eéperimentélly using a waveguide simulator;
and a constraint on the periodicity of practical boundaries is
identified. Finally, a general method of designing en array with a
set of step discontinﬁities in boundary reactance is presented. Numer—

icel optimisation procedures are recommended, and design examples are

included.

(ii1)



ACKNOWLEDGEMENTS

It is o privilege to acknowledge the guidance and encouragement
received jointly from Dr. K. Milne and Professor J. Brown, who have
givén generously of their time to supervise and direct the work described

-

in this thesis.

The consideration and interest shown by colleagues and staff at
Plesse; Radar, Cowes, is also appreciated. In particular, the support
received from Dr. G. H. Bryant, Dr. A. J. Sangster, Mr. C. Wood and
Mr. C. Wigmore is gratefully acknowledged. Valuable assistance with

measurements was given by Mr. K. Wellstead, Mr. A. Richardson and

Mr. P, Nickels as part of their industrial training.

The preparation of this thesis has been a team effort at Plessey
Radar. However, the contributions made by Mrs. C. Attrill, Miss H. Perry,

Mrs. M. Plumbley and Mrs. Y. Jikes have been outstanding.

Finally, the author wishes to record his appreciation of the fin-

ancial support given to this work by the Plessey Compeny.

(iv)



CHAPTER

Section

1.1

1.2

1.2.1
1.2.2
1.2.3
1.2.h

1.3

1.k

CONTENTS

TITLE

Title Page
Abstract

Acknowledgements

A REVIEW OF PHASED-ARRAY THEORY AND PRACTICE
Introduction

The Effects of Mutual Coupling on Array Per—
formance '

The Infinite Array Model

Basic Studies of Mutual Coupling -
Grating Lobe Series

Multi-mode Analyses of Planar Waveguide Arrays

Existing Performance Limitations

v

Thé'Properéies of an "Ideal" Element

Figs, 1.1 to 1l.11

2.1

2.2

2.2.1
2.2.2
2.2.3

2.3

2.3.1
2.3.2

2.k

2.4,1
2.h.2

2.5

2.5.1

PROPAGATION IN INFINITE ARRAYS WITH REACTIVE
ELEMENT BOUNDARIES

Introduction

Propagation in a Region of Constant Boundary
Reactance - H-plane Scan

Derivation of the Characteristic Equation
Solutions of the Characteristic Equation

Further "Modal" Properties
Application to H-plane Scanning Arrays

Development and Utilisation of Mode Charts

Phase Velocity Profiles
Correlation with Related Work

The Concept of an "Ideal Element"

Visualisation as an Artificial Dielectric

Propagation in a Region of Constant Boundary
Reactance - E-plane Scan

Derivation of the Characteristic Equation

(v)

PAGE

ii

iv

11
13
16

22

28
28

30
33
40

L2

43
45

L8

48
51

5e

52



CHAPTER

TITLE
Section
2.5.2 Solutions of the Characteristic Egquation
2.5.3 Further "Modal" Properties
2.6 Application to E-plane Scanning Arrays
2.6.1 Propagétiqn in Linear Arrays of Finite Height
2.6.2 Interpretation of Design Aids
2.7 Extension of the Design Principles - A
General Assessment
2.7T.1 The Planar Array
2.7.2 Broadband Operation
2.7.3 Finite wWall Thickness
APPENDIX 2A
APPENDIX 2B

Figs. 21 to 2.26

w
-
}—I

(5
N

3.2.1
3.2.2
3.2.3
3.2.4
3.2.5

3.3.1
3.3.2

3.k
3.5

3.5.1
3.502

3.6

3.6.1
3.6.2

3.7

EXPERIMENTAL INVESTIGATION WITH A LENS-
EXCITED ARRAY

Introduction

T e MNavenT avotmead
—mee G prenas

Generel Features

Details of Electrical Design
Details of Mechanical Design
Initial Characterisation

Contrcl of Aperture Distribution
Waveguide Array Field Measurements

H-plane Measurements

E-plane Measurements
Element Pattern Measurements
Design of the Reactive Boundaries

Properties of Uniform Gratings

Characteristics of the Element Boundaries
Evaluation of the Modified Array

E-plane Results
H-plane Results

Conclusions

(vi)

PAGE

'54
57
57

57
59

60

61
62
64

66
69
T2

91
9l

94
95
99
loo
lo1

103
104
107
109
116

117
122

127

127
136

138



CHAPTER

/

3

Section

3.7.1
3.7.2

APPENDIX 3A

TITLE

Assessment of Results

Identification of Problems

— Details of the Measuring System used for
Field Tests ”

Figs. 3.1 to 3.56

4,1

b2
h,2.1
h.2,2
h.2.3

h.2.h
k.2.5

4.3
Lok
L.5

APPENDIX LA
APPENDIX 4B
APPENDIX kC

*Figs. 3A1 to 3Ak

CHARACTERISATION OF AN AXIAL SUSCEPTANCE
DISCONTINUITY IN INFINITE ARRAY STRUCTURES

Introduction
H-plane Wiener-Hopf Analysis

Preliminary Definitions
Application of -Boundary Conditions
Factorisation and-Analytic Continuity

Transmission and Refiection Coefficients

‘Discussion of Results

IS

Numerical Calculations of [§} in H-plane
Evanescent Modes

E-plane Wiener-Hopf Analysis

Figs. 4.1 to 4.7

5.1

5.2

5.3
5.4

APPENDIX 5A

H-PLANE MEASUREMENTS USING AN INFINITE-ARRAY
~WAVEGUIDE SIMULATOR

Introduction

Design and Calibration of the Waveguide Simu-

lator
The Effects of Element Boundary Periodicity

Boundary Structures with Smaller Inductive
Susceptance

Figs. 5.1 to 5.19

DESIGN PROCEDURES FOR MULTI-SECTION INFINITE

ARRAY TRANSITIONS

(vii)

PAGE

138
139

142

146
198

201
201
203

203
205
208
212
215

219
221
223

227
229
235

236

aha

2h2

243
248

254

259
261

276



CHAPTER
Section
6.1
6.2
6.3
6.4
S 6.5

TITLE

Introdu;tion

Formulation of Objective Functions
Single-Section Transitiéns
Extension to Multi-Section Transitions

Control of Edge Effects with Dummy Elements

Figs. 6.1 to 6.21

REFERENCES

CONCLUSTIONS

(Total number of pages = 332)

P

(viii)

315
318



CHAPTER 1

A REVIEW OF PHASED~ARRAY THEORY AND PRACTICE

l.1. Introduction

The increasingly sophisticated performence required of modern
radar and aerospace navigational systems has resulted in numerous appli-
cations for electronically sc;nﬁed arrays. Their advantages over mechani-
cally rotated aerials are well known, and include their scanning speed,
multi-function potential and absence of movement. As array structures
with many elements, it also follows that high power transmission can be
achieved using solid state sources, aperture illumination can be pre-
cisely controlled, and near—norﬁal operation can be maintained despite
individual source failures or an adverse environment. Not surprisingly,
the cost of such arrays is arguably their major disadvantage. Detalled
economic comparisons are not attempted in this thesis, but the benefits
to be gained by any significant reduction in the number of elements needed
in an array, and the consequential saving in the circuitry required to
establish the element phasing, will be apparent.

In this thesis, attention is confined to the design of the radia-
ting elements. Related topics in the field of electronic scanning are
discussed in standard references (e.g. 1 to 5). The following review
defines the basic perameters and concepts utilised in subsequent chapters,
and provides a background to existing performance problems. A summary of

recent trends in the analysis of element behaviour is also included.

1.2, The Effects of Mutual Coupling on Array Performance

It is still common practice to design an electronically scanned
array of moderate size and performence by relying on élassical array
theory, which neglects mutual coupling. (Specifically, it is assumed
that the radiation characteristics of an element can be measured in iso-
lation and are unaffected by an array environment.) Where necessary,
this approach can be supported by experimental evidence that "mutual

-1 -



coupling is not a serious problem". In part, this can be justified

by the limitations of existing theoretical models (including their comp-

lexity), and the number and variety of practical radiating elements.
This thesis is concerned with the design of arrays requiring

more accurate control of their radiating properties. For operation at

frequencies above 1GHz, these arrays have usually been developed from

a basic structure of open ended waveguides arranged in a periodic lat-

tice. For such structures, the question of mutual coupling has then

dominated most considerations of radiéting element design. Several impor-
tent trends in analytical approach can be identified (Sections 1.2 to

1.2.4.), which require reference to the following parameters:

(1) The mutual coupling coefficient (Cmn,rs) in a doubly-periodic arrsy
denotes the amplitude and phase of the voltage coupled to the
waveguide terminal of one element (say rs) when the other element
(mn) is excited by a unit voltage. (In a reciprocal structure,
(mn) and (rs) are interchangeable, and for linear arrays, the num-
ber of subscripts is of course halved. The double subscript
representation is preferred in this section to conform with
references cited.) If two elements are electrically isolated,
the corresponding mutual coupling\coefficient is zero. In this
thesis, it is particularly important td distinguish between
"mutual coupling" as defined, and the "forward — or directional -
coupling" in structures whose waveguide terminals cen remain
isolated. |

(ii) The active reflection coefficient (Ra(wl’ wz)) is the voltage
returned to a reference element when an entire array is excited
by voltages of unit amplitude and uniform phase increments
(wl’ wz). In the specific case of a planar array with a rectangu-

lar element lattirce, wl and v, would be associated with the ele-

ment phasing along the x— and y- axes respectively. The func-

tional dependence of Ra on wx and wz during normal scanning opera-

-2 -



(1i) contd...
tions is emphasised by its description as‘"active".

(iii) The element-gain pattern (ge(6,¢)) defines the varia£ions in
power gain of a particular element as a function of the sphe;ical
coordinates (8,¢). The gain must be measured with the element
properly located in its array environment and with all the remain-
ing elements passively terminated in their generator source
impedances., The associatéd element (voltage) pattern, sometimes
designated Eé(e,¢), also describes the polarisation of the spa-—
tial field (2), and is often the most convenient of all the basic

parameters to measure experimentally.

It should be noted that two distinct excitation conditions have
been introduced in these definitions, viz. excitation of a single element

and simultaneous excitation of all elements.

1.2.1. The Infinite Array Model

The above parameters are extremely difficult to calculate in small
arrays (6, 7), where they are strongly influenced by the proximity of the
element (or elements) to an edge. However, a number of simplificastions
follow if an array becomes sufficiently large for the majority of ele-
ments to bé considered part'of an infinite structure. Such elements
must be electrically remote from an edge ~ i.e. their properties should
remain unchanged if the size of the array is increased (by adding more
elements). Despite the residual problem of deciding how many elements in
a 1aige (but finite) practical array should be excluded from representa-
tion in this way, the infinite array model has become a standard analyti—~
cal tool for assessing element behaviour.

In an infinite array, ge(e,¢) need only be defined for one ele-‘
ment, while the mutual coupling coefficients can be designated simply
as Crs’ with element (mn) as an arbitrarily chosen reference in the

continuous structure. With periodic excitation exp(jrw1 + jswz), it
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also follows that the transmission and reflection characteristics

(including Ra(wl, wz)) must be identical for all elements, and that

. o
RGW,¥) = io L Cg» expliry, + jsy,) (1)
The practicel significance of the infinite array model is examined in

Chapter 3, in connection with a modified pattern-multiplication principle

for finite arrays (cf. 2,3). For analytical purposes, an infinite array

is assumed throughout this thesis (see Chapter 2).

1.2.2. Basic Studies of Mutual Coupling

The nature and consequences of mutual coupling can be described
in network terms. In this section, three significant studies at this
basic level are discussed, to illustrate in part one of the motivating
factors for the work described in Chapters 2-6.

As shown ogiginally by Hannan (8), two fundamental relations can
be derived connecting the parameters discussed above. The first relation
emphasises the degradation in gain due to mutual coupling. For an infin-
ite plenar orrey forming a2 single beam, the clemcnt-gain pattern can be

expressed in the form,
(6,6) = h—ﬂ'A-[l-lR (6,4)]27] cos ® (2)
ge * AZ a , L R

where A is the "unit cell" area (40) associated with each element;
the sperical co-ordinate 6 is measﬁred with respect to
broadside;
and the functional dependence of Ra is expressed in modified
form to emphasise the correspondence between the choice of
element phasing and the direction of gain measurement.
Two conditions of array excitation are related by egn.(2), which
is obtained by combining the standard formula for the (directive) gain
of a large, uniformly - excited aperture with the principles of gain
superposition and power conservation in an array of identical elements.

The expression [l - [Ra(9,¢)[2] can be regarded as a definition of
-y -



radiation efficiency when a beam is scanned in the direction (0,¢).
If an array is actually matched at broadsidé, the difference betveen
the measured directivity of an element and a "cos 6" pattern, in a direc-
tion (0,4), is an indication of the active impedance mismatch when a
beam is steered in that direction. [When more than one beam is formed,
(typically as wl and wz -+ ﬂl, eqn.(2) must be modified to account for
the "shared" transmitted power, This involves the replacement of the
term 'l - IRa(6,¢”2J by appropriately defined transmission coefficients,
and is examined in context in Sections 1.4 and 3.3.]

The second relation due to Hannan follows from eqn.(l) and Par-
seval's theorem, viz

T oW - -
-h—b J J IR (v s ¥,)]2 @y, av, = = s=z_m|crsl2 veee (3)
-t -7

The left hand side of this equation defines the power returned to one
generator, averaged over intervals of -7 to +m in element phasing, when
all elements are excited. The right hand side of egn.(3) equals the
power returned to all elements when only one element is excited. The
difference expression [l -~z EICrs|2] can therefore be interpreted as
the element efficiency, i.ef :he ratio of radiated to available power for
single element excitation. Taken together, eagns.(2) and (3) provide a
basis for considering "conditional" and "unconditional" impedance match-
ing of arrays (4), and the concept of an "ideal" element pattern (8).
These topics, which are central to the.design technigue described in
this thesis, are discussed in Section 1l.h.

Another network approach to mutual coupling effects has been deve-
loped by Wasylkwiskyj and Kehn in & series of recent papers (9-12).
Their theory is of particular interest since it demons<irates rigorously
the interrelationships between the properties of an arrasy and its iso-
lated elements. Only & few of their results can be mentioned here.

In common with the standard techniques of circuit analysis, the
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characteristic of an arbitrary antenna (gither an element or an array
of elements) can be defined by basic properties measured at each of its
"ports". Whilst transmission line terminals are easily recognised as
"local" ports, an antenna also has "free-space" ports, which are infin-
ite in number and can be identified in an ordered fashion with a comp-
lete set of cylindrical or spherical free space modes (according to geo-
metry). For a general network specification, it is therefore necessary
to estéblish the free-space scattering characteristics of ‘an antenna in
addition to its radiation pattern (13). Antennas with identical radia-
tion patterns can behave quite differently as scatterers, as shown by the
model in Fig.1l.l. This fact can be used as a basis of classification,
and an antenna can be defined as "minimum scattering" if it becomes
invisible when its local ports are terminated in appropriate reactances
(14). Wasylkwiskyj and Kashn have shown that the properties of an array
(its radiation pattern and mutual coupling effects) can be determined
directly from the radiation pattern of a (representative) isolated ele-
ment, if the element can be described as "minimum scattering". The
array can be finite or infinite in extent - in the latter case, their
results for this class of elements agree with analyses of specific struc-
tures (e.g. an array of small dipoles). When the array elements are not
minimum scattering, the expressions for ﬁutual coupling involve a set of
terms dependent on the scattering properties of the isolated element (11).
The theoretical techniques introduced with this form of network
representation of antennas have been epplied in studies of array "blind-
ness" (12) and in the design of a wide-beam radiating element (15).
[An infinite array can be defined as "blind" - i.e. uneble to transmit
or receive in a particular direction (60,¢0)-if lRa(?o’¢o)I =1 (16) (see
following sections).] For most design purposes, however, the number of
measurements required to accurately e;tqbliéh the radiation and scatter-—
ing properties of an isolated element would be excessive (15).

A basic understanding of mutual coupling effects has also been
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acquired from the many analyses of specific element types and array geo-
metries (cf. Section 1.2.4). Understandably, the results 6f such analy-
ses are normally more convenient to usé in the design and evaluation of
typical arrays than a network theory. However, one general method pro-
posed by Diamond (17) for infinite planar arrays has been used in design
studies of waveguide elements arranged in rectangular and triangular lat-
tices (18). Using the principle that the aperture field distribution and
the radiation pattern (at all real and imaginary angles) form a Fourier
pair (19), Diamond calculates the complex power radiated by an element
within its array environment. The derivation assumes that the electric
or magnetic fields can be specified over an aperture surface - in terms
of the "free space modes" and a complete set of element modes. Standard
design parameters (e.g. ge(6,¢)) can then be obtained for a variety of
element types, including dipoles, slots and open-ended waveguides within
any parallelogram lattice,

A feature common to basic studies of array performance is the
acceptance of element interaction as a design "problem" (requiring
evaluation and some form of compensation). By contrast, any advantages
afforded by closely-spaced interacting elements; particularly in relation
to pattern control, have not been defined. More specifically, it seems
plausible that an array of "highly directive" elements could introduce
sufficient degrees of freedom to shape the element-pattern. This con-
cept 1s examined in Chapter 2, where element interaction in waveguide
arrays is deliberately enhanced, It is conceivable (but not established
here) that a similar principle could bé developed for current-carrying

radiating elements.

1.2.3. Grating Lobe Series

For engineering design purposes, many different approaches have
been devised to estimate the effects of mutual coupling. As analytical
techniques were refined, unjustified'assumptions have been clarified, and

the number of recognised teéhniques has decreased. The "grating lobe
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series" for calculating the active impedance variations in large arrays
is probably the most widely accrediteq of approximate methods. This
method enables two of the principal factors determining array perfor-—
mance to be considered separately. One of these factors is associated
entirely with the choice of radiating element, and the other with the
further effect of the element lattice which is assumedvto be infinite.
A detailed discussion of thé technique and its limitations has been
given by Wheeler (21), while its application to waveguide and dipole
arrays has been demonstrated by Diamond (17) and Stark (22) respectively.

To preface the summary given here, the standard results from
planar array theory which can be illustrated with a "grating lobe dia-
gram" are indicated. (Angular directions of radiation are described
through the alternative co;ordinate systems shown in Fig. 1.2.)

(i) A plane wave exp(-jk.r), with

k=% a_ +k a +k a vese (1)
= X *X Y ~y z ~3z

can not propagate awvay from'the aperture plane z = o unless
ki 3 k; < %2, This condition defines & unit circle on a norma-
lised wave number plane {axes kx/k and ky/k) which divides space
into "visible" and "invisible" regions (or real and imaginary
scan angles).

(ii) With a rectangular element lattice (unit cell dimensions a, b),
the phase increments wx and wy are related to the direction of

propagation (Fig.l.2) through the equations

_ 27ma _ 27ma . -
b, = = -+ cosa =5=.sin 6. cos ¢ kxa eeee (5b)
wy = g%— . COS ay = 2%2 « sin 8, cos ¢$ = kyb eees (5b)

Similar relations can be derived for other element lattices,
(iii) Periodic aperture fields create an infinite set of free-space
grating waves, which occur at angles governed by the element

phasing and lattice geometry. For the specific structure
-8 -



(iii) contd...
considered in (ii) above, grating waves form at angles defined
by

k

it

wn = Kot (2n/a)n, n=t1,*+2 eeee (6a)

k
vy

kyo + (27/b)m, m=+1,%2 cose (6D)
vhere kxo and kyo denote the direction of the main beam. (For
symmetrical arrays, the main beam is always a;éociated with phase

increments which do not exceed 180O in absolute value.)

These details can be brought together in a grating lobe diagram,
as shown in Fig.l.3. The directions of all beams can be shown graphic—
ally with the construction based on egns.(5) and (6), and the occurrence
of any visible (i.e. radiated) grating waves can be recognised immedi-
ately.

To calculate active impedance variations through a grating lobe
series, an appropriate "impedance crater" must first be derived. For a
specific mode of element excitation, this function defines the effective
terminal impedance associated with a single beam formed at any angle
(real or imaginary) in space. Conﬁentionally, it is assumed that the
element is single-moded (e.g. only the TElo mode would be considered in
a rectangular waveguide), and the "crater" is plotted as a series of
impedance (or admittance) contours on normalised wavenumber axes. An
~ example of an admittance crater is given in Fig.l.h4 for a rectangular
waveguide element, Since an infinite number of (grating) waves are
formed when an array is periodically excited, the total admittance (at
a particular scan angle) can be formed by adding together the admit-
tance values at all "beam" positions on the grating lobe diagram. This
is readily accomplished if the grating lobe diagram is overlain with
the admittance crater. Satisfactory engineering estimates of the active
admittance can often be obtained by taking a relatively small number of

terms. (An exception is the infinitesimal dipole element.) A represent-
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ative number of scan conditions must be examined to provide a useful
summary of the overall impedance variations. |

An impedance or admittance crater is characteristic of a specific
element (or, more precisely, a mode of excitation) and is unaffécted by
modifications to the element lattice. The consequences of changing the
wall thickness or the basic drrangement of the elements can therefore be
assessed by substituting a new grating lobe diagram. The calculation of
the impedance crater is also straight forward, although the further con-
cept of an infinite current sheet must be introduced to explain the
technique (17).

The infinite current sheet, which is the limiting case of an
array of closely-spaced small dipoles, demonstrates an impedance varia-
tion over real and imaginary angles given by .

7(k_,k_) 1 - k2
x y = y *v e (7)

2(0,0) 71 - k2 - k2
X Y

where Z(0,0) is its radiation impedance at broadside, and the current
flow is in the y-direction. This result, based on aperture projection
and analytic continuatiorn principles,was first obtained by Wheeler (21).
Since a uniform current sheet does not produce any grating lobes, eqn.(T7)
defines the complete impedance variation. The directivity of a practical
element (e.g. & waveguide horn or slot) is accounted for by multiplying
egn.(7) by the appropriate "mode pattern" i.e. the square of the trans-
form of the mode electric-field distribution. (The possibility of cross-
mode coupling is not considered here - a different impedance variation
"multiplier" must then be used (17).)

The grating lobe series gives an exact result only when the ele-
ments are strictly single moded. The infinitesimal dipole (or its duel,
the infinitesimal slot) is an example of such an element. This element,
however, is also "minimum scattering“ and it is of interest to confirm

that the same results have been obtained by the two methods of analysis
.-lo.-



(10). Although the grating lobe series offers important advantages of
flexibility and numerical simplicity during design, its major limitation
is its inaccuracy when higher-order element modes become significant.

In particular, it gives quite unacceptable results for arrays eihibiting

"blindness" within the limits for an endfire grating wave.

1.2.h, Multi-mode Analyses of Planar Waveguide Arrays

The first multi-mode analysis of an infinite waveguide array
scanned at an arbitrary angle was reported by Farrell and Kuhn (23) 1less
than 8 years ago. (Essentially, solutions are obtained for the modes
existing on each side of the aperture, and the associated electric and
magnetic fields are matched at the aperture plane.) In the intervening
period, this method of analysis has become accepted as the modern stan-
dard (2, 4)., Virtually all of the published work in this Tield has been
carried out in the U.S.A., as part of a co-ordinated effort to develop
practical, high performance planar arrays. Examples of such arrays are
given in the survey papers in reference 5. Some of the advances affor-
ded by recent work on waveguide element design are considered in this
section. (Dipole arrays are affected by the stubs supporting each ele-
ment, and a comparable definition of performance has not yet been
achieved (2),)

Using multi-mode analyses, an arbitrarily-close approximation to
the "exact" solution of the aperture boundary-value problem can be
obtained. Apart from the limitations of the infinite array model,
.excellent agreement between theory and practice is observed. In special
cases, an analytical solution can be obtained in one or two planes of
scan (see Chapter 4)., Generally, however, numerical techniques requir-
ing a digital computer must be adopted. The number of modes (i.e. wave—
guide modes on one side of the aperture, free space (grating) modes on
the other side) affecting the observed characteristics of an array

depends on & complex combination of element type, size and lattice, but

_'.ll-.



the convergence is normally such that about 30 modes are adequate (4).
(Several of the numerical techniques a;e outlined in reference k.)

As distinect from any approximate methods of analysis (including
the grating lobe series), the multi-mode approach has enabled the blind-
ness phenomenon to be predicted accurately. The results presented by
Farrell and Kuhn (Fig.1.5) illustrate -the significance of the higher
order element modes, and the extreme consequences of blindness (within
the grating-wave limits) on the coverage of an array. This effect has
been interpreted in various ways, but a consistent éxplanation has only
recently been proposed by Oliner (16). In a periodically excited array,
blindness can be assoclated with the resonsnce of a higher-order mode
near cut-off. The blindness effect remains a central consideration.in
the design of arrays with wide—angle coverage.

The basic open—ended waveguide element is normally modified to
improve the array performsnce. In particular, a general requirement to
optimise the radiation efficiency has led to the intrcduction of various
element matching networks. Standard examples include:-

(i) dielectric plugs inserted in each waveguide (2k4),
(ii) dielectric sheaths forming a continuous layer over the aperture

(2k),

(iii) conducting fences between elements sbove the aperture (25),
(iv) thinirises partially sealing the waveguide ends (26),

(v) changes in waveguide cross-section near the aperture (27),
and»

(vi) certain combinations of (i) to (v).

(Interelement connection within the feed structure is considered in
Section 1.4,) The interaction between these matching structures and the
eperture can be included in the multi-mode analysis. By assuming a
specific form of network, the element design can be systemmatically

"optimised" by using a more refined computer programme (39). Frequency
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and scanning limits can also be predicted when the minimum radiation
efficiency is specified.

Recent publications indicate that the design of radiating ele-
ments for (interlaced) multi-frequency (28), broad band (29) and circu-
larly polarised arrays (30) is now receiving support. This work extends
the techniques outlined in the previoué paragraphs - e.g, & dual frequ-
ency array has been analysed by multi-mode techniques, taking into

account the mutual coupling between waveguides of different size.

1.3. Existing Performance Limitations

From the foregoing discussions, several performance limitations
imposed, in part, by existing design emphases, can be identified. These
include two problems common to all electronically scanned arrays, viz

(i) the active impedance variations caﬁsed by mutual coupling

between the elements (cf. eqn.(1));

(ii)  the element spacing restriction caused by the occurrence

of grating waves (cf. eqns.(5) and (6));
end another two problems which can be significant in specific applications,
viz (iii) +the control of polarisation;

_and (iv) the constraints on bandwidth.

In the next chapter, a design principle is outlined vhich affords
control of problems (i) and (ii). Problems (iii) and (iv) are not con-
sidered in detail, although the potential value of the design principles
in respect of each should not be discounted (see Section 2.T7). It is
therefore pertinent to examine problems (i) and (ii) against the back-
ground of current design practice.

As already indicated, several techniques affordipg an improved
active impedance match have been developed. Some of these have been
demonstrated in planar arrays, where the achievement of solid-angle
matching is more complicated than matching in a single plane of scan

(see Section 2.7). Particular emphasis has been placed recently on the

...13...



control of blindness at specific angles, using matching networks which
tend to equalise the element efficiency at all angles. (Actual perfor-
mence is related to the coverage limits; element efficiencies of 50% to
70% can be acceptable for wide-angle scanning.) However, in viéw of the
"optimisation" procedures which are now utilised, it appears unreason-
able to expect further significant improvements with present techniques.
For waveguide arrays (both linear and planar), low radiation efficiency
in the E-plane seems a particular problem. In addition, a general
requirement exists for improved matching techniques compatible with
broadband operation (2). The fundamental limits on impedance matching
have not yet been approached (see Section 1.4).

The possibility of allowing grating lobes to radiate, but reduc-
ing their amplitudes to an acceptably low level, appears to have béen
discounted in the mainstream of research activity (2). Standard design
practice is to liﬁit the element spacihg so that any grating wave
remains evanescent at the maximum scan angle. For a linear array, the
resultant element spacing is readily derived from eqns.(5) and (6).

Teking ¢ = O, it follows that

x . x., A _ _
X = EF = sin eo eees (8)
kxn kxo ni ni
and X = -k—+"a— = sin 6°+'—a = sin On eess (9)

Assuming array symmetry about broadside, the dominant grating wave

(n = -1) is then evanescent if

> 1

‘|51n 6_l|

1

< -
1l + sin 6
o,max .

eeee (10)

i.e. if %

(The corresponding phase increment b, is < (from eqn.8).) In the case

of a planar erray, the limitations on element phasing are interdependent,
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and can be appreciated most readily by constructing the maximum-scan

locus on the grating lobe diagram about each unscanned wave (Fig.l.6).
The significance of these accepted limits on element spacing

depends on the proposed coverage, which is influenced by anothef basic

factor. Considering Hannan's general equation for element—-gein, i.e.

4 ' .
.ge(e,q;) =A—‘2T Al- |Ra(6,¢;|2] cos 6 ceee (2)

it is apparent that the overall gain of an arrsy is inherently limited
off broadside by the "cos 6" term, even if a high radiation efficiency
is maintained. This drop in gain corresponds to a reduction in the
effective (or projected) aperture when 6 # O. For most applications,
this effect places an upper limit on 60 of approximately hSo. When the
wide-angle scanning performance of the array is not the determiﬁing
factor, system requirements of 10° to L40° are commonly sﬁecified (e.g.
in navigational systems and in tracking of missile clusters). It there-
fore follows that & significant spatial region remains,uﬁoccupied by the
mein beam c» ony croting lobe when the eloment spacing satisfies the
conditions given above in expn.(lO).(in the case of a linear array) and
illustrated by the unshaded area within the unit circle of Fig.1l.6 (in
the case of a planar array). By allowing grating lobes to radiate,. a
considerable increase in element spacing could be achieved for scanning
limits in the range Jjust discussed. For a linear‘array, the theoretical
limit is

1 ‘ ' vees (11)

2 sin 6
O ,max

& -
5 =

where the maximum phase increment of 7 radians is assumed between ele-
ments. For example, taking eo,max as 300, & 30% reduction in the number
.of elements would be possible if this spacing were adopted in preference
to that defined by expn.(10) (Fig.1.7). (A larger reduction could be

mede in a planar array providing comparable solid-angle coverage,) How-

ever, to realise any of this potential saving without multiple beam



ambiguities, the element pattern must afford suitable emplitude discri-
mination between the main beam and the grating lobes.

These individual performance limitations provide a logicel intro-

duction to the principles of "ideal" behaviour.

1.4. The Properties of an "Ideal" Element

At least two concepts.of an "ideal element" for an infinite planar
array have been proposed (8, 31). One of these, due to Hannan (8), sug-
gests that simultaneous control of the impedance mismatch and grating
lobes should be sought. The second proposal is concerned only with
impedance matching, and has been adopted exclusively in the most recently
published textbook (L4).

In any definition of "ideal" behaviour, two distinct questions
must be considered:-

(a) What charagteristies is it desirable to achieve?
(v) Vhet fundamental constraints must be recognised?

Following the discussion of the previous section, it is argued
here that Hannan's concept should be preferred.

In 1964, Hannan showed that the possibility of eliminating the
active impedance mismatch and the visible grating lobes does not conflict
with power conservation and meximum element-gain requirements (8).

By considering the degrees of freedom afforded by an infinite net-
work of interconnecting circuits in the feed lines, he subsequently sug-
gested that perfect impedance matching could actually be achieved for all
real scanning angles (20). Varon and Zysman pointed out that this model
ignores the interaction between the fields at the array aperture and
within the connecting circuits (32). .In a mathematically rigorous analy-
sis (33), these authorslestablished that perfect impedance matching over
‘s continuous scanning sector is unattainable; although there is no funda-
mental limit on how small the residuai ﬁismatch can be made provided the
initial impedance has a finite real component, This result is consistent

- 16 -



with the limitations on broadband matching of an arbitrary impedance
(34). For "engineering" purposes, however, Hannan's assumption does not
lead to any inconsistencies, since the impedance match can be perfect at
a denumerably infinite number of real scan angles.

The various concepts of an "ideal" element can now be identified
through the network equations given in Section 1.2.2, It suffices
initially to consider a linear erray scanned in "two-dimensional" space.
EA parallel plate structure is an obvious example,] The corresponding
characteristics of a general planar array can then be illustrated
through an appropriate grating lobe diagram. The linear forms of

eqns.(3) and (2) becone

o
o I R, (v ) [2ay, = = |c |? eeee (12)
g (6) = hT“fa [ - [ (8)]2] cos e veee (23)

where gé(e) element-gain per unit wavelength in the y-direction;

unit cell dimension in the x-direction.

and a
'Like eqn.(3), this equation for element-gain does not apply in general
when grating waves radiate (see following paragraphs). Two values of

_élément spacing are considered.

(i) If a/X < 0.5, no grating waves are radiated for any value of
eo,max (cf. eqn.(10)) and complete angular coverage is theoreti-
cally possible (Fig.l.T). However, the main beam alsoc becomes
evanescent when 2ma/A < | wx r < 7, To maintain the principle
of power conservation within this range of element phasing,
[Ra(wx)l must then be unity. Referring to egn.(12), it follows
thet mutual coupling between the array elements can not be
avoided, This is true of any infinite linear arrey if a/A < 0.5.
For an "ideal" array, in the absence of visible grating waves,

the one requirement therefore is to eliminate the active impedance

_17..



(1)

(ii)

contd...

mismatch for all the remaining values of wx ~ 1l.e. O g wal <

- 2ra/X. Such an array is said to be conditionally matched, and

its element-gain pattern is given by

) .
ge(e) = %g' acos 8, 0 g |8] ¢ n/2 coves (1)

This"ideal" requirement creates a situation in which the
radiation efficiency of the array (all elements excited) is unity
when a beam is formed in the visible region, although the element
efficiency must be less than unity, since power is coupled to
adjacent elements if a single element is excited. The desired
performance can only be obtained if the individual mutual coup-
ling coefficients Cr take a specific set of values vwhich satisfy

the equations

-]

I C.. exp(jry ) =0 for 0s |1px| < 2na/A eeo. (152)

Ir=-—o

-]

I C,. exp(jry ) =1 for 2ma/A < |¥

= —00

£ e (15Db)

x|

-

This definition of "ideal" behaviour is generally not disputed.

If a/Xx > 0.5, at least one beam is formed in the visible region
for any element phasing (cf. eqn.(8)), and it follows from

eqn. (12) that there is no fundamental reason preventing a vanish~
ing active reflection coefficient for all element phasing; Under

this condition, the elements must be electrically isolated -

i.eo C =0, r =0, £1, 2, **=° cees (16)

An array with this property is unconditionally matched, and ifs
element efficiency is unity. The distinction between the two
concepts of "ideal elements" arises when 2n(l - a/A) < wal < 7w
if 0.5 < a/Xx < 1, or for all ¥, if a/A > 1, since the presence of
one or more visible grating lobes must be considered. In the

- -18 -



(ii) contda...
absence of any accepted Fechniques for controlling the formation
of grating waves, one concept reduires that the radiated pover
should simply be shared between the main beam and the gréting
lobes (4). The corresponding "ideal" element—gain pattern has
8 "cos 8" shape over the rangé 0 < |e] s.sin_l(k/a - 1) if a/A
éil, but is otherwise undefined. By contrast, Hannan suggests
that all the incident power should pass into the main beam. This'

idea demands a sectoral element—gain pattern of the form

. _ by
ge(e) = 5 acos@ for 0g ]el < eo,max eees (17a)
=0 for 8 oy le| < n/a cess (1TD)
where 6 = s:i.n“1 (JL) the angle for which the phase incre-—
0,max 2a’? P

nment = T,
¢x '

It i

o

elieved that the design tecluigue described in this thesis

4]

provides the first specific example of an array structure in which this
behaviour can be accurately approximated., Consequently,it follows that
the main argument against Hannan's concept — viz its suspected unreali-
sability - should be reconsidered.

In the case of planar arrays, three separate conditions must be
recognised. These can be illustrated on the grating lobe diagram assu-—
ming a square element lattice (Fig.l.8):

(i) If a/A < 0.5, a single beam without grating lobes is formed, but
the match is conditional (i.e. mutual coupling is unavoidable).
(ii) If 0.5 < a/A < 1/¥2, grating waves can now form for some values

of element phasing, whilst the impedance match remains conditi?nal.
(iii) If a/A > 1/V2, the mutual coupling coefficients can theoretically

be zero,

-.19_



Equivalent results have been derived for other element arrange-
ments (20), and an "ideal" element-gein pattern for a potential rectan-
gular lattice is sketched in Fig.l.9.

To conclude this section, two examples of work which can.be asso-
ciated with these principles should be notéd°

In a recent paper, Phelan and Harrison claim significant pattern
control using radiating elements which they describe as "diskpoles" (35).
The elements, which were developed experimentally, consist of dipoles
mounted above a conducting plane, and loaded reactively by a surmount-
ing dise, Using these "diskpoles'" in a planar array, the authors sug—.
gest that a 30% - 50% reduction in the number of array elements is pos— -
sible by allowing grating lobes to radiate. (The saving for the example
shown in their paper appears to be substantially smaller - poséibly
agbout 10% -~ with a minimum grating lobe .suppression of 20dB for main
beam scanning liﬁits of 10°.) Whilst the "diskpole" has several impor-
tant features (e.g. mechanical simplicity and optional linear or circu-
lar polarisation), it must be argued on present evidence that +hc poten-
tial element pattern control, in respect of grating lobes, is inherently
limited.

In the preceding discussion of standard matching techniques (Sec-
tion 1.2.4), the possible use of circuits connecting the element feed-
lines behind the aperture was not considered. However, this technique
has been recognised, and assessed theoretically and experimentally (20,
36, 37, 38). Its principal advantage over other techniques is the |
scan-dependent effect of such circuits on element impedance (Fig.1.10).
A limiting case, of course, is the theoretical model used by Hannan to
establish the possibility of "perfect'" matching (20). The use of trans-
.mission lines behind & conventional arrsay aperture is postulated as a
method of interconnecting remote elements. This format has been invest-
igated for dipole arrays with coaxial feed-lines (36). By restricting

interconnections to adjacent elements only (Fig.l.lla), Amitay has
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demonstrated that a very significant improvement in active match can be

obtained by assuming lumped reactances at a single point in the feed

lines (Fig.l.11b) (37). For a planar arfay of square waveguides, the
calculated radiation efficiency exceeds 95% over a substantial‘portion
of a 45° conical scan sector if all the parameters shown in Fig.l.1ll
are optimised through a computer programme. (This figure drops rapidly,
however, to < T0% in the E-plane.) Sidewall coupling using a single
tuned Bethe-hole between the central element and each of its_immediate
eight neighbours has been investigated experimentally at Bell Telephone

Laboratories (38). Measurements were made on square grid arrays with

as many as 19 X 19 elements. Assuming that the coupling between neigh-

bours can be altered without affecting the rest of the elements, the
measured radiation efficiency exceeds 95% over most of a conical scan
region with eo,max = 45°, and 80% in the E-plane.

The design technique discussed in this thesis can &lso be inter-
preted as a method of providing element interconnection with reactive
circuits. For comparative purposes, two important espects of the work
in references 20, 36, 37 ané 38 should be noted.

(i) The essential ;haracter of the radiating elements remains unalt-—
ered, and the matching circuits are actually used to create a
second discontinuity in the feed lines to cancel the effects at
the aperture plane. This affords no control of the element pat-
tern, and the inherent separation of the two discontinuities

, leads to bandwidth limitations.
(ii) The interconnecting circuits have been represented as lumped

reactances or transmission lines. The possibility of continuously

distributed element coupling has not been discussed.

It is considered that these factors may have affected the viabi-
lity of the connecting circuit technique and it has yet to gain practi-

cal acceptance.
_21..
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CHAPTER 2

PROPAGATION IN INFINITE ARRAYS WITH REACTIVE ELEMENT BOUNDARIES

2.1 Introduction

In this chapter, a theoretical study is made of propagation in
large array structures with reactive element boundaries. For the
purpose of this thesis, it i; valid to regard these boundaries as
extenéions of the conducting sidewalls between the waveguide elements
of conventional array feeds. This interpretation does not restrict the
generality of the analysis, but simply anticipates the proposed
applications. The potential advantages afforded by the use of these
structures in electronically scanned arrays is illustrated by
considering array performance in the two principal planes of scan - viz
the H- and E-planes.

A number of assumptions are made to facilitate the analysis.

(i) The array structure is considered to be of infinite size and
periodically excited (e.g. by a set of coherently phased
oscillators) to permit the application of Floguet's theorem in
the transverse plane. For practical arrays of finite dimensions,
the analysis becomes invalid near an "edge", but otherwise
approximates the nearly uniform behaviour of the bulk of the
elements in a large array (cf. Chapter 1). The problem of
"edge behaviour" is considered in Chapter 3 as part of the
feasibility investigation.

(ii) The element boundaries are assumed to be uniform reactive
surfaces of zero thickness. In later work, it is shown that
practical reactive boundaries (e.g. metallic structures which
modify the fields in their immediate vicinity) are periodic in
the axial direction, and the presenée of axial space harmonics
must be considered. At this stage, it is sufficient to note

that similar assumptions of uniformity have been made previously
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in the analyses of corrugated waveguides (41) and artificial

dielectrics (42). The close relationship between studies in

the latter topic and the current work is demonstrated in

Section 2.k,

(1iii) The properties of each reactive boundary are assumed
invariant as the element spacing is modified. This can only be

" achieved when the reactive coupling between adjacent boundaries

is‘negligible. An element spacing of the order of half a

wvavelength or more would normally be satisfactory. For

practical structures, this assumption is closely linked.with

(ii) above.

(iv) Only those problems which can be solved assuming scalar fields
are analysed in detail in this chapter. For linear waveguide
arrays, the analyses are strictly appropriate to parallel
plate structures only, although the conditions under which this
can be relaxed in each polarisation are explained in the
following sections and in Chapter 3. Yor planar waveguide
arrays with zero wall thickness, the assumptions correspond to
excitation in the H- and quasi E-planes (43).

(v) In the basic analysis of Sections 2.2 and 2.4, axial discon-
tinuities are assumed to be remote from the region in which the
field solutions are obtained. The problem of an axial
discontinuity in the boundary reactance is analysed in Chapter k.

(vi) The structures are assumed to be lossless.

In relation to Chapter 1, this theoretical model immediately
introduces an array structure with inherent element to element
coupling. The following analysis also demonstrates a fundamental
relationship between several performance pérameters vhich are often
taken to be independent (e.g. as degcribed in Section 1.3). This
relationship covers impedance matching, grating lobe formation,

polarisation control and even bandwidth.



2.2 Propagation in a Region:of Constant Boundary Reactance - H-plane

Scan

2.2.1 Derivation of the Characteristic Equation

The theoretical model in Fig. 2.1 shows part of the infiéite
two-dimensional uniformly excited array with co-ordinate axes as shown
and the electric field restricted to the y-direction.

i.e. E = Eyéy cee (1)
The phase increment wh between array elements can be assumed positive
without any loss of generality in view of the symmetry of the field
solutions about the broadside scanning condition (when Yy = 0). As
stated in Chapter 1, it 1s necessary to restrict wh to the range
Iwhl < w to ensure consistent.definition of the dominant and higher
order "modes" of propagation (yet to be described).

The reactive surface between adjacent elements ensures that the
tangential electric field is continuous and, in general, finite across
the boundaries of each unit cell of the array. It is convenient to
characterise the reactive boundaries in teris of their susceplance
(bh) normalised with respect to the plane wave admittance (slu)% of the
medium in which the surfaces are located. This susceptance can be
related to the magnitudes of the tangential electric and magnetic
fields as shown below.

The general vector wave equation for the electric field within

any unit cell of the structure in Fig. 2.1 can be reduced to the scalar

form
2
°E d°E
+ — 4+ w2ueE =0 veeo(2)
ax2 azz y

Since the field Ey is also periodic in the overall structure, separated
solutions of the general form

Ey = {Aexp[—jkx(x~ra)] + Bexp[+jkx(x—ra)]}.exp(-jkzz).exp(-jrwh)“..(3)
can be expected in the unit cell defined by (2r-1)a/2 < x <

(2r+l)a/2, where r is any integer. To satisfy egn.(2), it is
—30-—



necessary that

kx2 + kz2 = k2 = wlue cevao(l)
At this stage, either kx or kz can take an imaginary value, although
complex values (requiring exponential growth in either the posiéive or
negative x-direction) are precluded by the principles of power conser-
vation within an infinite lossless strﬁcture. A and B are unknown
amplitude factors which are not independent of each other, and can be
normalised on the basis of power flow (as shown later).

The only other field components in the structure are Hx and Hz’

which can be obtained directly from Maxwell's equations:

1 oE

x maz ; . .....(Sa)

HZ:WBX . - -..-(‘)_b)

Discrete values for kx’ kz and B/A can be obtained by applying the
boundary conditions to the general solution givén by éqn.(3), and
solving the resal;ing eguabion in cie of the unknowns {(which is chosen
to be kx)' The main'steps in this procedure are supported where
necessary by the detailed analyses given in Appendix 2A.

In the transverse (or x-) direction, the overall structure can
be regarded as a periodically loaded transmission line. The effective
(or composite) propagation constants kXc (kh) in fhis direction are
determined by the imposed excitation of the struéture, and are given by

k. = (§ +2n7)/a 3 = 1,2,3,°°" oo (6)
(It must be emphasised that k_, as defined in eqn.(3), does not
represent a composite propagation constant within the overall
structure, since it is a quantity defined only within a unit cell. By
contrast,.kZ does represent the overall propagation constant in the
z-direction.) With respect to the x-direction, "transverse" field
components Ey and HZ can be cqmpared directly wiph voltage and current

respectively on a.periodically loaded parallel-wire line (Fig. 2.2).
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Continuity of the transmission line voltages at each shunt
susceptance in Fig. 2.2 is directly analogous to the continuity of E_,
which can be expressed explicitly as follows:

Ey|x=(2r+l)a/2—6 = Ey|x=(2r+l)a,/2+6 as § > 0 e (T)

Similarly, the discontinuity in current at x = 2(r+l)a/2 in Fig. 2.2
can be compared with the boundary conditions in terms of Hz’ viz

Hz]x=(2r+l)a/2+6 - Hz|x=(2r+l)a/2—6 = —Jy]x=(2r+1)a/2 as § > O..(8)

The negative sign is required to maintain consistency_with vector
operators. The equivalent reactance of each y—-directed current sheet *
can then be defined in a menner consistent with the transmission line
analogy as follows:
E

=5 |
y x=(2r+l)a/2 eeeo(9)
(Xh is not normalised with respect to (u/e)%.)

Substituting the general solution for Ey (ean.(3)) in eqn.(T)

gives the result

exp(ﬁkxa) -~ exp(yy)

B
] - «..(10)
A exp[j(kxa+wh)]- 1
wvhich can be reduced to the equivalent real forms
B _ cos ¢, - cos(kxa) i 1 - cos(kxa - wh) ‘ 1)
A1 - cos(kxa + wh) cos wh - cos(kxa)
sin[(k.a - v,_)/2]
= x__h .o (12)

sin[(kxa + wh)/2]

as shown in Appendix 2A, Section (i) if L is real.

Substituting the general solution in eqn.(8) and utilising
eqns.(5b),(9) and (10), the characteristic equation governing
propagation within any unit cell of the structure can be obtained.
Retaining the same parameters, it can be shown after some manipulation

(Appendix 2A, Section (ii)) that

-32_



=+ . fifiﬁéiz + cos(k_a) - cos(y, ) =0 (13)
2Xh kx | X h e

By multiplying the first term by a/e on the top and bottom lines, it
follows that the characteristic equation can be expressed in th; form

sin(k_a)
K *—57 —* cos(kxa) - COS(wh) =0 oo o (1h)
X

)
=o-§'—o— = - ‘é
where K =7 + b, and b, (u/e) /%, -
The normalised susceptance bh is shown to be a powerful unifying
parameter in subsequent work. Equation (14) is valid in a free space

region (where b, = 0) and reduces to

h
cos(kxa) = COS(wh) ... (15)
which has positive solutions
ka=2om £ ¢ withn =0, 1, 2, .... ...(16)
Similarly, values for kaasb »io (corresponding to a waveguide
arrey) can be found by solving the reduced equation

sin(k a)
—

=0 . -"(lT)

kxa

which has positive solutions
ka=nm;ns= 1, 2, 3, «ves ...(18)

For other values of by, solutions to egn.(14) can not be
obtained analytically, and must therefore be found numerically. This
is investigated in the next section. All of these forms of the
characteriséic equation are seen to be‘symmetrical in k a. The choice
of positive values only in egns.(16) and (18) resolves any ambiguity
associated with negative values of wh and giyes all the independent
solutions. In the next section, therefore, where wh is alweys assumed
positive, only positive values of k a are of interest.

2.2.2 Solutions of the Characteristic Equation

Teking a/X, bh and y, as parameters, it is now possible to find

_33_



a set of discrete sqlutiqns fqr kxa frqm eqn. (14). These sqlutiqns,
of course, only apply within each unit,cell when all the adjacent
elements of the structure are excited in a uniform periodic fashion.
In particular, the solutions would not hold if only a single elément
were excited at some point within the structure, or if the unit cell
were removed from the array environment. (These restrictions do not
apply to the propagation characteristies of the conventional element
in a waveguide array).

As a preliminary step, it is convenient'to split the solutions
of eqn.(1l4) into two categories, characteriseé:respectively by real
and imaginary values of kx. In the latter case, let

k= Jv, ... (19)
Then two equations in real variables have to be solved for the two
cases, viz:- |

sin(k_a)

Ky — o+ cos(k a) = Fi(ka) = cos(y,) .. -(20)
X

sizh(y.z)
and Kh ———;;E——— + cosh(Yxa) = Fz(Yxa) = cos(wh) «..(21)
For eqn.(21), B/A is complex, and is given by a relation readily
derived from eqn.(1ll), viz

1 - cos(wh). cosh(yxa) - jsin(wh). sinh(Txa)
= cos(wh) - cosh(Txa)

...(22)

>t

Solutions to eqns.(20) and (21) depend on the value assigned to
the phase increment wh, which takes continuously adjustable values

within the range

lo | < 2mig . sin 8 max , .. (23)

for electronic scanning applications, where eo nex is the maximum main
]
beam scan angle with respeet to broadside. Although it is not necessary

to restrict the values of a/A in this section, it can be assumed,
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however, that attention will eventually be focussed on the range

0.5 < a/x < 1.0, where the limits correspond to the TElO and TE20

cut-off conditions respectively in a conventional waveguide feed
element. In Fig. 2.3., standard graphs have been plotted showigg the
variation of 80 with wh for different values of a/X in this range.
Following the discussion in Chapter 1, symmetrical scan limits Bé,max
of less than hso from broadside will be important in later work.

In Figs. 2.4. and 2.5., the functions Fl(kxa) and Fz(yxa) {as
defined in egns.(20) and (21)), have been plotted for representative
values of Kh. It should be noted that a positive value of Kh

corresponds to a negative value of b_ -~ i.e. inductive current sheets,

h

Conversely, a negative value of Kh implies capacitive surfaces. In
view of the inherent limits on cos wh’ viz ~1 € cos wh < + 1, a study
of Figs. 2.4. and 2.5 indicates that the type of reactive surface also
sets important restrictions on the nature of the roots of eqn.{(1h4).
At this point, therefore, the analysis can be simplified by recognising
that all possible solutions of tThe H-plane characterisitlic eyuatlon wusi
fall into one of the following four categories:

(1) kx real and bh inductive

(ii) k_real and b_ capacitive

h

(iii) k, imaginary and b, inductive

(iv) k. imaginary and b, capacitive.

h

These four categories are now considered separately. The

particular case where b = 0 should be excluded.

h - Y
Category (i): Referring to Fig. 2.4., it can be seen that an

infinite number of roots are obtained ﬁhen Kh is positive. For all
values of a/) and wh’ the characteristic equation has discrete first
order roots with one value in each range nm < ka g (n+1)n, where n
can be zero or any positive integer. In common with the propagation

characteristics of a closed cylindrical waveguide, not all of these
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roots correspond to propagating modes in the axial direction. From eqn.

(4), it follows that k, is real only if ka > k.a
je. 212 > xa ‘ ' . (24)
S " Ceee

This additional information is inecluded in Fig. 2.L4., and serves to
emphasise the analogy with the propagation behaviour of closed
waveguides over a frequency band. In subsequent chapters, modes with
kx and kz real will be regarded as propagating, and the remainder with
kx real and kZ imaginary will be termed evanescent. The importance of
this set of modes (where by is inductive) will become evident as the
solutions for the other three categories are examined.

If it is assumed that the value of element spacing a/X lies
within the preferred range of wavegulde sizes, then at least one, and
not more than two, solutions are obtained for which kZ is real. The
conditions determining whether or not the second mode will propagate
axially can be linked with those governing the formation of a visible
grating lobe in free space. For a given value of wh’ a eritical
susceptance bhc can be found which ensures that the second mode is

just cut-off. From egns.(1ll4) and (2L),

2{cos(2r a/1) - cos vy} |
Phe = sin{2r a/A) . ' ---(25)

If bhc =0 (i.e. free space) then the standard condition for the
formation of an end-fire grating lobe is obtained, viz

cos(2r a/A) = cos vy ...(26)
or, in particular,

by = 2n(l - a/}) (cf. Chapter 1)

For given wh and a/A, b o is always inductive if a visible grating lobe

h
vould be formed in free space i.e, if by > 2n(1 - a/A).
Further insight is afforded by considering some specific

examples of the amplitude and phase distributions within the structure

at any plane z = a constant. Taking a/A = 0.7, ¥, = 120° and K =1
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(i.e b, = -0.455), egn.(20) can be solved by.standard numerical
techniques (e.g. Newton's rule). Only a single value of kxa (= 2.4407)
is obtained which satisfies the inequality condition in eqn.{(2k).
With the possible exception (yet to be considered under categor& (11i))
of a solution with kxa imaginary, the structure can therefore be
considered single moded under these canditions. Substituting in
éqn.(ll), or using a previously compiled reference chart such as Fig.
2.6, the value of B/A is found to be 0.225. The amplitude and phase
distribution can then be plotted (Fig. 2.Ta) since all terms in egn.(3)
have been specified.

This field distribution can be compared with the corresponding
dominant mode distribution in an infinite wav;guide array (Fig. 2.7b).
It is evident that the peak to peak variations in both amplitudé and
phase are substantially smaller with the finite susceptance boundaries.
Such a comparison gives the first specific indication of the
connection between the analysis in this chapter and the phased array
problems diccussed in Chapter 1. Anticipating the results to bo-presen-
ted in Chapter 4, it can be appreciated at this stage that the amplitudes
of the grating lobes in free sbace (whether propagating or evanescent)
would be reduced if incident field distributions similar to that in Fig.

2.7a were obtained within a (modified) aerial feed. -

A significant one-to-one relationship can also be demonstrated
between the modes in a region of small inductive susceptance and the
"modes" in free space. The dominant and first higher order modes in
the latter case correspond to the main beam and first grating lobe

"respectively. The basic similarities in the amplitude and phase
distributions can again be i1llustrated with an example.

Taking a/\ = 0.695, Yy, = 140° and b, = -0.4, two propagating

h

modes are obtained having the distributions shown in Fig. 2.8. With
bh = 0, both free space modes,of course, have constant amplitude and
linear phase. The dominant mode distributions for these two values
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Qf bh are nearly the same, while a similar (bu@ not as well matched)
relationship is evident between the two higher order modes.

Further discussion of these modes will be suspended until the
other three categories of solutions have been examined.

Category (ii): With capacitive element boundaries, it is evident

from Fig. 2.4 that a solution for kxa does not necessarily exist in the
range 0 < kxa < m = i.e. in the range of the "dominant" mode using the
classification above. Solutions can always be found for kxa in any
other range given by nm < k as (pn+21)r,n=121,2, 3,... If attention
is restricted to values of a/A > 0.5, and a root of eqn.(20) does exist
with kxa < m, then’kxa + 0 as bh increases to a critical value. This

value does not determine a "cut-off" condition in the normal sense, but

a limit on the range of b, for which fast wave solutions (i.e. kz < k)

h

can be obtained. From eqn.(20), it is seen that
K =cos ¢ -1 | : ...(27)

when kxa = 0. This equation can be expressed as

1l - cos wh

- 1 .
b, = ( - ) o/ ... (28)

From egn.(27), it is evident that no solution can be found, for
any value of Y0 if Kh < - 2. Eqn.(28) indicates that the normalised
susceptance for this limit condition varies inversely with a/A, assuming
wh is fixed. 1In general, therefore, solutions can be obtained with

k a<wif
p's

b, < (ot L o (29)
The amplitude and phase distributions of the two propagating
modes obtained when Kh= -1 (with;a/A_= 0.7 and wh = 1290)’are shown in
Fig. 2.9: The value of kxa for the dominant mode is always < wh when
the current sheets are capacitive, which contrasts with a value always

> Yy (and < ©) for the examples considered under category (i) above.

In view of the restriction imposed by relation (29) and further
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1llustrated by the discussion of category (iv) solutions, H-plane
propagation in aerial structures with capacitive element boundaries
will not be of interest in subsequent. work.

Category (iii): As shown by Fig. 2.5., no solutions of egn.(21)

can be found when b, is inductive, since Fz(yxa) is inevitably > 1 when

Kh > 1. This result is extremely important in the proposed aerial
applications and enhances the significance of category (i) solutions.

"single-moded" or "dual-moded"

It is now apparent that references to
conditions in the discussion of category (i) solutions do not require
qualification.

Category (iv): From Fig. 2.5., it is evident that a single

solution for Y2 can be found for any value of wh when Kh < - 2. For
-2 < Kh <0, a solution can only be found over a restricted range of
wh with & limit value given by Y8 = 0 as bh + 0. From egn.(21),
the corresponding value for Kh is given by
K =1- cos by ...(30)
which is, as expected, the same as eqn.(27) occurring in the discussion
of category (ii).solutions. The condition for a solution Y8 is
different, however, since Kh here must be < 1 - cos wh.
Solutions for Ey obtained from eqn.(21) correspond to slow,
surface-type waves supported on either side of each current surface.
As Kh becomes more negative, these waves become more tightly coupled
to the boundaries, and the complex expression for B/A = exp(jwh). ‘The
single solution obtained with any set of parameters a/A, wh and bh
ensures that the total number of roots of eqn.(lk) is always the same.
From eqn.(30), it is evident that the occurrence of these axial
slow waves cannot be avoided in a structure with capacitive surfaces
when wh is varied symmetrically about zero. 1In an aerial feed, such

propagation would be undesirable, due to the matching problems with the

waveguide feed elements and free space. Simultaneouély,the peak to
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peak variations in the amplitude and phase distributions would be
enhanced rather than reduced.

To conclude this discussion of the various categories of
solutions, it is interesting to confirm that the possibility of T.E. -
type slow waves .on capacitive surfaces only is consistent with well
known results (45).

2.2.3. Further "Modal" Properties

Several properties which will be utilised, either explicitly
or implicitly in subseguent work, are derived below. Initially,
however, the question of a standard nomenclature for identifying the
modes should be considered.

In & region of low susceptance, the close relationship between
the modes as defined in Section 2.2.2 and the space harmonics for an
infinite linear array suggests that the same identification used for
grating lobes miéht be adopted. The dominant mode could then be known
es Ho’ the next mode as H—l’ and the subsequent ones as H+l’ H_2,

H+2 ...... etc. This subscript sequence corresponds, of course, to

the order in which grating lobes propagate as the element spacing in an
array is increased.
As the susceptance becomes numerically large, an alternative

method of classification H., H , based on the similarities

1> Ho» H3 ......

with conventional closed waveguides, also has merit. However, the

disadvantage here lies in the fact that the mode which cuts off at

a/A - §(8 > 0) as b, + -~ » is not strictly the same mode which cuts off

h

at a/A + § as b. » + », even though their field solutions both

h
converge to the same result. (This is further amplified in the next
section).

In general, the convention adopted in this thesis is to refer
to the mode having a solution of the characteristic equation in the
range O < k.asm (or with L imaginary if there is no solution in this
. range) as the "dominant" mode. A solution of eqn.(1lh) in the range
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T < kxa £ 27 then defines the second mode which, like all higher order

modes, exists for any value of b If attention is confined to

B
structures with inductive current sheets, this procedure is
indistinguishable from the classification of parallel plate wavéguide
nmodes.

Within any unit cell, "the axial‘pOWer flow (P) in a propagating
mode can be found by integrating the z-directed component of the

Poynting vector over the range - a/2 < x < a/2, assuming a dimension

"pb" in the y-direction. Then

a/2
P =2ReJd.x (E.x H¥), &
n 2 ~n n Z
~-a/2 (n= integer
defining the mode) ...(31)
a/2
:p- *
5 Re J dx Eynﬂm «..(32)
~a/2’

which, after substitution for Eyn and Hxn from egns.(3) and (5a), and
with (kxa) for the "n"th root given by
1
= 2 _ g2y2
(kxa)n a(k Bn) R (33)
gives the result
2 s —-
ab B B sin(avk? Bi)

P =28 g .a241 + (-B) + 2(-2). .. (34)
noowen non An An (avk?-B2)

(The subscripts indicate a particular solution). The third term

within the outer brackets does not vanish unless

oRTTH = e | o (35)

n
which would imply a conventional waveguide element. In general,
therefore, the component waves An exp [—j(kxnx + kznz)] and Bn
exp[ﬁ(kxnx - kznz)]of a particular mode are not orthogonal.

A normalisation can be introduced at this point which enables
the independent field amplitude factor to be defined in terms of power

flow. ]
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From egn.(34)

3 8 . 2
A = (%%) n }5 .. (36)
1+ (Bn/An)2 + 2(B /A ).sin(ak?-BZ)/(aVk?-82)

for unit power flow in a cross section -a/a <x<af2, 0O<y<hb.

In lossless closed waveguides, general orthogonality relations
can be demonstrated using th; Lorentz reciprocity principle (46). The
vanishing tangential electric field on the guide walls ensures that
these results can be obtained efficiently. However, for arrays with
reactive element boundaries, it can not be assumed that the tangential
electric field is zero around the boundary of each unit cell. 1In
Appendix 2B, therefore, an orthogonality condition is demonstrated for
H-plane modes, from Vhich it can be deduced that the total axial power
flow in any unit.cell of the structure is the sum of the power cérried
by each mode individually.

From energy cbnservation principles, it is obvious that the
power flowing into the“rnth unit cell across the boundary x=(2r -~ 1l)a/2
is equal to the power carried out across the boundary x = (2r + 1)a/2.
This is assumed in Chapter Y4, where the properties of an axial
discontinuity in susceptance can be determined by finding the relative
amplitude and phase of the modes excited on both sides of the
discontinuity. The infinite set of modes form a complete set, and the
tangential field can be accurately approximated in such problems by
considering the first N modes (cf.23, 4T).

2.3 Application to H-plane Scanning Arrays

It is now appropriate to investigate how the.structures
analysed in the previous section could be utilised in the feed of an
electronically scanned array. To facilitate this process, two
graphical aids are developed which will be referred to as '"mode charts"
and "velocity profiles". The discussion in this section is not

.

restricted to structures with constant reactive current sheets. The
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engineering concept of a gradual tr&nsipiqn regiqn is iﬁtrqduced, in
which it is assumed that the analysis of the previous section is valid
if the boundary susceptance changes "sufficiently slowly" in the axial
direction. A major objective in later chapters is to establish ;hat
this qualitative concept implies in terms of axial length.

2.3.1 Development and Utilisation of Mode Charts

"The "mode charts' are design aids which indicate the number of
propagaeting modes, as a function of the three effective parameters a/i,
ph and wh, in a form which is convenient for phased array applications.
The completed charts can be readily appreciated, if the logic behind
their development is considered for a particular mode.

In view of the various categories of solutions noted in Section
2.2.2, it is easier initially to examine the cut-off conditions for the
second mode. As phis mode is characterised by a value of kxa in the
range T < kxa & 2 w, the element spacing to be considered (with kxa =
ka) must be 0.5 < a/X € 1.0. Choosing a/A and. b, as the horizontal
and vertical axcs respecuively, bhe locus of critvical points can be
plotted for a particular value of wh' Por inductive and capacitive

element boundaries, this susceptance is defined by eqn.(25), which is

repeated here
2{cos(2ma/A) ~ cos ¥, }
i.e b __ =

he sin(2wa/)) | ...(25)

and plotted in Fig. 2.10a . assuming = 120°.

. IJ)h = 1ph,max

The region to the left of the locus (which includes, for example,

the point P, in Fig. 2.10a with b, = -1 and a/A = 0.6) defines all

1 h

conditions where the second mode is evanescent. Conversely, the
shaded area, which extends indefinitely to the right of the locus in
Fig. 2.10a, indicates the conditions for propegation when wh = 120°.

In Fig. 2.10b, an alternative method of showing this region is adopted,
with only a confined area of shading iﬁmcdiately adjacent to the locus.

L)

For electronic scanning purposes, all values of wh in the range
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0« wh £ wh,m&x should be cqnsidered. In Fig. 2.10b, a number of loci
are plotted which show the variation in bhc for this second mode as wh
is reduced in discrete steps. The locus most removed from the initial
curve is obtained when wh = 0. The two limiting cases (wh'= 120° ana
wh = 0) effectively define three regiops, viz

i) & region to the left of the locus L. in Fig. 2.10b which

1
is always single moded, '

ii) a region between the loci Ll and L2 which is single or
dual moded as the scan condition i1s changed,

and iii) a region to the right to the locus L, which is always

2
dual moded.

The curvesLl and L2 are sufficient, therefore to summarise these

details in a comprehensive mode chart.

The cut—-off conditions for the first mode can be obtained by
restricting a/A to values less than 0.5, and since eqn.{(25) is also
periodic (in increments of a/A = 1 for a given value of wh), the
cut-off conditions for all the remaining modes can be deduced directly
by shifting all loci, in the range 0 < a/A € 1.0 to the right by n(a/A),
n=1,2,3..... The result is shown in Fig. 2.11a, together with the
dotted lines indicating the crossover conditions (eqn.(28)from fast to
slow wave solutions for the first mode.

On this mode chart, a éihglé moded region can be defined for all
scan angles. In Fig.2.11§, this region has been shaded fof emphasis. If
& conventional waveguide array were operating with a/A = 0.65, thenvthe
addition of an interface structure — with element boundaries of cénstant
inductive susceptance (say bh = =1) forming extensions of the sidewalls -
would maintein these single mode conditions whilst reducing the fluctua-
tions of the periodic incident field sbout a mean value (cf. Fig.2.7).
The first grating wave would always feméin evanescent, since the condition
for an end fire grating lobe is given a/A = 0.667 (when wh,;éx = 120°) as

shown in Fig.2.lla. As another possibility, however, consider a/A now
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increased to 0.75. Then the reduced fluctuations of the incident field .
(if bh remains equel to -1) directly affects the amplitude of the grating
lobe whicﬂ propagates when wh > 900. The extended feed (i.e. & ?egion
"with bh = -1) would again remain single moded. A second mode chart, with

by, max - lSOo, indicates the reduction in the single moded region (for
2
O (i
small by) as wh,max + 180" (Fig.2.11b).
Additional justification for introducing an interface region is
provided by considering next the varistion in axial phase velocity as .a

function of bh.

2.3.2. Phase Velocity Profiles

The concept of a phase velocity profile is introduced as an interim
design aid for examining the dynamic matching problem characteristic of
phased arrays. In leter chepters, more sophisticated methods of analysis

are developed which are anaslogous to modern filter theory. At this stage,

hovever, the simpler approach is preferred, partly for chronological con- °

sistency in the development of Chapters 3 and b,

The axial phase velocity, normalised with respect to the plane

wave velocity, is given by

Vpz _ K ‘
v = k - . -+ (37)
(o] 2z

If it is assumed that the susceptance b_ is tapered "smoothly" from a

h
large inductive value to zero over a length "z $ 2§ 0, with z, >> A
snd &/A > 0.5, then the axial phase velocity for the dominant mode "
changes regularly and without any sbrupt discontinuities within the
transition for any value of wh. For interfacing with a conventional
arrey feed, an initial value of bh < =50 is sufficient to ensure that
the phase velocity is effectively independent of wh and metched to the
dominant mode in waveguide of the same element dimensions. A very

brief review of the design of transmission line tapers is justified

before this information is interpreted, since several analogies will
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then be emphasised.

Analytical design procedures for smoothly tapered waveguide
transformers are available if the ratio of characteristic impedances
at any two positions remains independent of frequency (48). Such
transférmers have been classified as homogeneous (49), and form a
fairly restricted group sincé the H-plane dimension (in rectangular
waveguide) must remain constant. Standard methods of design, based on
linear, exponential and "continuous' binomial (or gaussian)vimpedance
transformations, are easily applied and often acceptable.' The
resulting transformers are comparable in performance with the
corresponding multi-section quarter wavelength devices (50). (An
optimum configuration, developed from a multisection Tchebyscheff
transformer, has also been derived with the reflection coefficient
minimised for a specified bandwidth and length of taper (51).) No
analytical methods are aﬁailable, however, for designing the more
general "inhomogeneous" transformers in multi-section or tapered
pransmission lines (see Chapter 6). One fundamental reason for this
is the multiplicity of theoretical models for line impedance Versus
frequency.

The axial phase velocity can be identified with mode impedance
in the discussion of waveguide tapers, and vice versa in the following
references to arrays with reactively tapered boundaries. (It is
therefore unnecessary to define a characteristic mode impedance in the
latter case.) As shown in Fig. 2.12, the dynamic matching problem in
each unit cell of the array can be summarised by the variation in
terminal phase velocity for different values of Yy In a qualitative
way, it follows that the problems in developing a reactively tapered
"matching transition" are similar in complexity to those encountered
with a particular class of inhomogeneous transformer.

As the length of a smoothly tapered waveguide transformer is

increased, the method of design gradually becomes insignificant, since
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an excellent impedance match is assured (Ref. 48, 50). This principle
also extends to inhomogeneous transformers, and therefore suggests a
method of designing reactively @apered array structures for matching
the waveguide and free space modes. Figure 2.13. shows the susceptance
profile required for a simple linear variation in the dominant mode
phase velocity for different fepresentative values of ¢h’ with a/A

= 0.695 . Assuming that the iength of a particular matching structure
in Fig. 2.13 was sufficient, the non linear velocity profiles at all
scan angles but one would not seriously degrade the impedance match
(Fig. 2.14). For practical arrays requiring a compact transition
structure, the choice of phase velocity profile would naturally become
more crucial.

The occurrence of higher o?der modes has not been considered
gbove, glthough two waveguides linked by a tapered transition are not
always single - moded. If an oversize guide is excited by the lowest
order mode, power transfer into other modes occurs only in the presence

of discontinuities. For example, the TE, mode in rectangular waveguide

2
would be generated by any asymmetrical condition, which could be
introduced simply by mechanical tolerances. However, the second mode
always has an extremely large phase velocity and wavelength in its
initial propagating region, where its generation must be accompanied by
& substantial distortion of the fields associated with the incident

mode. In practice, very significant suppression of a higher order mode
can usually be maintained in a waveguide or transformer over a
relatively short length.

Consequently, the ;econd order mode in & reactively tapered array
structure with 0.5 < a/2 ¢ 1.0 would be suppressed by & smooth and
accurately controlled phase velocity profile in the section where bhc
€ bh € 0. With only the dominant mode incident on the effective aperture

plane (defined by the position where b, = 0), no grating lobes would

h

then be excited., Values of element spacing and scan angle which

would normally result in the formation of a radiated grating wave
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could therefore be adopted, so reducing the number of elements required
to fill a specified array aperture.

In a practical array, it would Be impossible — and unnecessary -
to completely.eliminate the grating lobes. However, by significantly
reducing theif amplitudes, say from approximately -5dB to -25dB or less
in the case of the visible ggating lobe, the normel multiple beam
ambiguity could be resolved in many systems. On a mode chart, the
required reactive taper for this design technique can be represented
by & line such as the one joinihg the points A, B, C in Fig. 2.11a.

2.k Correlation with Related Work

2.4.1 The Concept of an "Ideal Element"

The discussion so far has concentrated entirely on array
structures with all elements excited. In the limit, it has been
concluded that an array with reactively tapered boundaries might be
"perfectly" matched and free of grating lobes. These features imply a
close connection with the concepts of "ideal" performance as specified
by Hannan (8), and the corresponding properties of the effective
"element radiator" (in an arrsy with reactively tapered boundaries) can
be deduced if such performance is assumed. (A "taper" of infinite
length would be required to achieve gomplete im@edance matching. )

This theoretical equivalence between the present design proposal and
the concepts of ideal behaviour as defined-in Section 1.4 will now be
examined.

Hannan's technique of active impedance matching (20) leads to a
netwbrk requirement for an infinite number of connecting circuits. The
present work defines a specific structure which, in the limit, fulfils
this requirement. An unconditionel match is implied, since a/X > 0.5
(Section 1.4). 1In relation to element pattern control and multiple
beam ambiguities, Hannan distinguished between arrays with visible
grating lobes (a/A > 0.5) and those with all grating lobes evanescent

(a/x < 0.5), and suggested finally that no design procedure appears
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practical for the former category (8). As stated in Chapter 1, that
assessment has been endorsed, either explicitly or implicitly, by recent
reviews and textbooks (2, 4, 35). However, the control of all "grating
waves" (whether radiating or evanescent) is assured with the présent
pfoposals, and remains an essential property where impedance matching
alone is required.

The design proposals based on the "periodic structure" analyses
(Sections 2.2 and 2.3) can be interpreted quite generally. As already
shown in part, the transition structure eliminates the abrupt dis-
continuity in boundary conditions which occurs with a conventional
waveguide array at its aperture surface. The amplitude and phase
distributions for the propagating wave are gradually modified within
tﬁis field matching region, in the menner summarised by Fig. 2.15.
Although the analysis has been restricted to a specific example, this
overall design strategy is appropriate, in principle, to a broad class
of arrays. It is illustrated in the next section for a linear E-plane
array.

A corresponding interpretation on an '"element" basis clarifies
several further properties. If only one waveguide were excited in an
array with "ideal" reactively tapered boundaries, progressive forward
coupling to adjacent elements would occur once bh became finite. In
view of the relationship between the conventional mutusl coupling
coefficientg (Cr) and the active reflection coefficient (R(wh)) for a

linear array, viz

“ .
1 2 - 2 '
- J |RCw ) [? ay, = rzw lc..| _ ...(38)
¢h=0
it follows that this coupling must be directional if a/A > 0.5 with no
pover returned to the adjacent, passively—terminéted waveguide feeds

(8) (cf.Section 1.4). At the effective aperture plane, the fields due
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to one excited wavegulde wquld ex?end over an infinite number of
elements. This can be deduced from the Fourier transform relationship
between the tangential zperture field and the (voltage) radiation
pattern, the latter being assumed sectoral with VEEE—E-amplitudé
variation between the scan limits leo,max'= sin-;(k/aa). Since this
radiation pattern cannot be assumed necessarily to have constant phase,
the corresponding aperture distribution is not immediately obtainable
from an inverse Fourier transformation. These distributioné could have
general theoretical significance, however, since they would not be
constant phase, in view of the different path lengths from the common
feed to points on the aperture. With the array operating normally, the
total field in each unit cell (which has been identified as the modal
field and varies as a function of ¢h) can be regarded as a combination
of these individually orthogonal fields whose relative phasing changes
periodically with the angle of scan.

The significance of the theoretical model presented in Section
2.3 iz enheancced when tho full roauge of perfbrmance possibilities is
recognised. As already indicated, it is not necessary to achieve
"perfect matching" or "ccmplete elimination of grating lobes" with an
operational array. Normally, the maximum impedance mismatch and the
minimum grating lobe suppression would be specified as design
parameters, together with the limits of scan. It is a distinctive and
original feature of the present proposal that these requirements could
be achieved gy designing common reactive boundaries of an appropriate
length and susceptance profile. In principle, the design could be
"tailored" according to the specifications, with a further degree of
freedom embodied in the final choice of element spdcing. The various
stages in this process are examined in the following chapters. For a
particular element spacing, it is shown that an increasing pénalty in
overall complexity is incurred as thé system specifications are

tightened. The element spacing, of course, dictates the theoretical
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performance limits.

2.4.2 Visualisation as an Artificial Dielectric

After due allowance for the change in variables and the sub-
stitution of an expression for bh, the characteristic equation éerived
above (eagn.(1l4)) corresponds with the equation given by Brown (eqn.(26)
.of reference 42) in his analysis of the rodded-type artificial
dielectric. This emphasises the relevance of the extensive literature
on the latter subject (e.g. 52, 53) and the eventual character of any
practical interface structure for a waveguide array. Originally,
artificial dielectrics were studied with a view to providing cheaper
and/or lighter materials for microwave devicés (such as lenses). Some
of the more distinctive features of the present analysis are a direct
conseguence of the different application.

In general, the literature on artificial dielectrics has
stressed the analogies with "optical” propagation. For example,
‘effective "ray paths" can be postulated, and the properties of typical
structures can be explained in termc cof =z ccmpozits 2izlcctric—sonctont
tensor. The propagation effects at an interface between an artificial
dielectric and free space can then be predicted from Snell's law and
transmission line theory with reasonable accuracy. Methods of
impedance matching have been developed for microwave lens application
.(42). Wnilst the distinction is not absolute, the current approach
leads to a '""field theory' description of propagation, with the
characteristic equation derived directly from Maxwell's equations for
- & specified set of boundary conditions. As shown in later chapters,
this approach ensures that a detailed description of the fields can be
obtained throughout the structure. However, the flexibility afforded
by the artificial dielectric concept is utilised in the next chapter
to interpret edge effects.

In most analyses of artificial dielectric structures, the

largest unit cell dimension is assumed very much smaller than the
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wavelength. In optical terms, this reduces dispersion to & level where
it can be ignored (5%4). The same assumption does not apply to the
present proposals. Again, the presence here of more than one
propagating "mode" is novel, although the effects of evanescent‘ﬁodes
on the propagation and matching characteristics of an artificial
dielectric have been studied (55). These properties are considered
later in context.

The possibility of creating additional parameters with a design
approach based on artificial dielectrics should not discounted. 1In
this thesis, for example, the reactive boundéries are assumed through-
out to be coplanar with the waveguide sidewalls, and uniform (both in
spacing and susceptance) in the transverse direction. These rest-
rictions should not always be regarded as prerequisites, especially
where g practical array of moderate size, or of non uniform element
spacing, of with strongly teapered amplitude distribution across its

aperture, would be sppropriate.

2.5 Propagation in & Region of Cougteiit bDouidasy dcactaice -

E plane Scan

2.5.1 Derivsation of the Characteristic Equation

As the method of analysis here follows a similar pattern to
that in Section 2.2, the same detailed explanations will not be
repeated. A subscript "e" will be used to identify the parameters with
the plane of scan.

The same theoretical model as shown in Fig. 2.1 can be assumed,
except that Ey = 0 and the representative field is

B=H sy ... (39)

where H_is a scalar quantity defining the complete magnetic field.

With periodic excitation, general solutions of the form

Hy = [@exp{—jkx(x—ra)} + Dexp{jkx(x—ra)}]. exp(-jkzz). exp(—jrwe) . (ko)

are obtained from the reduced wave equation for the region
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(2r-1)a/2 < x < (2r + 1)a/2. The other non zero field components are

R
and 1 9H
Ez = SEE ox ... (b2)
The boundary conditions in each unit cell are given by
E =K
z|x=(2r+1l)a/2+§ z|x=(2r+1)a/2-8 oo (b3)

and
H o, - H =J ,
y|x=(2r+l)a/2+§ y|x=(2r+l)a/2—6 z!x—(2r+1)a/2

_Zz |x=(2r+1)a/2 oo (b)
3X |

as § + 0, As implied by the subscripts, the current flow is now in the
axisl direction. Substituting from egqns.(40) and (42) in eqn.(43), en
analysis similar to that in Appendix 2A, Section (i) gives the result

p - exelitka-y,)]

c- exp(jkxa) - exp(—jwe) coo(b5)
which becomes

D cos(kxa) - cos(we) sin[Kwe - kxa)/2]

c-1- cos(kxa + we) - sin[(lpe + kxa)/gI ... (b6)

when kxa is real.

From the second boundary condition (i.e. egn.(hl)), the characteristic
equation cen then be obtained using egns.(40), (42) and (45). The
derivation is similar to that given in Appendix 2A, Section (ii), and

gives the result

Ke.(kxa). sin(kxa) + cos(kxa) - cos we‘= 0 < (W)
where ’
=L A 1
K, = 1. aL(be) ... (18)
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In the particular case of a two dimensional strip medium, it can be
shown that the characteristic equation reduces to the result derived
by Collin for oblique propagation (56).

2.5.2 Solutions of the Characteristic Equation

The possibility of both real and imaginary solutions for kx must
again be examined. Two real'equations can be assumed, with

k, = jyx (Yx real) ...(19)

in the alternative form of eqn.(47). The equations can be written as

K- (#xa). sin (kxa) + cos(kxa) =4F3(kxa) = cos § ... (49)

XK. (Yxa). sinh(yxa) + cosh(yxa) = Fh(Yxa) = cos Y, ... (50)

The functions F (kxa) and Fh(yxa) are plotted in Figs. 2.16 and 2.17

3
respectively for various representative values of Ke' A number of
significant differences between the modes of propagation in the two
planes of scan now become evident.

Discounting temporarily the plane wave solution when we = 0 and
K, > 0.5, it can be seen from Fig. 2.16 that a single solution for L
is obtained in any range n w < k.a < (n+l)m (n =0, 1, 2, 3 ....) for
all values of be and we.v (Strictly, a second equality sign is needed
in the range O ¢ kxa £ m.,) In addition, one solution corresponding to
a propagating slow wave (i.e. ky, imaginary) can be found under all
conditions of excitation when b, is inductive (Fig. 2.17).

These solutions can again be grouped into different categories.
One demarcation, already mentioned and apparent in Figs. 2.16 and 2.17,
is encountered when Ke = 0.5. If K < 0.5, the slope of the function
F3(kxa) is initially negative (at k.8 = 0+), and a solution of egn.(49)
" with kxa = § (where § is an arbitrarily small quantity) can always be
found if Ve is ;ufficiently small. Such & solution corresponds to the
dominant mode. However, if Ke > 0.5, the slope of F3 (kxa) is initially
positive, and a solutiqn of eqn.(h49) cannot be obtained with kxa = 8§,

although an isolated plane wave solution still exists (with kxa =0
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when we = 0). The dominant fast wave solution for kxa under these con—
ditions is nonzero, continuous with we’ and also in the range 0W<kxa g,
For consistency, therefore, the isolated plane wave solution can be
regarded as the "slow" wave solution when Yo = 0 (kx zero on an imagin-
ary axis —cf. Fig.2.17). Further characteristics of the E-plane modes
when kx is real and imeginary can now be considered separately.

(i) Solutions with k, real. As before, a number of numerical examp-

les have been calculated showing the amplitude end phase distri-

butions. In Fig.2.18, three results showing Hy for the dominant

mode when K = =, K, << 0, and Ke = -1 are given in anticiPation

of the form of the reactively tapered boundaries. The magnetic

field is not continuous across the element boundaries unless

be = 0. However, the gradual reduction of the peak to peak varia-
tions in phase is evident in Fig.2.18. A second series of domin—.
ent mode distributions is shown in Fig.2.19, where positive values
of Ke have been assumed. The result obtained in each unit cell

_ when Kc > 4+ ® is simply the TMi wvaveguide mode, which propagates
only if a/x 2 0.5. Assuming T.E.M. excitation in each waveguide
element, the distributions shown in Fig.2.19. would not be approp-
riate in a field matching transition for a scanning array. A domin-
aent mode reference chart‘showing the value of D/C for different
values of b, end Ke is given in Fig.2.20.
When a/Xx > 0.5, the possibility of a second propagating mode must
agein be considered. From egn.(L49), the general cut-off condition,
which applies for éll values of a/A and is defined by kxa = ka, is

given by

cos(2na/\) = cos{¥e) } ceee (52)

Pec = 2{ sin(2ra/))

vhich is the same result as previously obtained for b although

he’?
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(ii)

the characteris?ic equatiqns in the two planes are not the same
(ef. eqn.(25)). The amplitude and phase distributions for the
second mode are illustrated in Fig. 2.21 for negati#e values of
Ke. This mode becomes the first visible grating wave when Ke
(or be) = 0. As shown below and in Chapter 3, higher order
modes will not be as éignificant in the E-plane as in the
H-plane, and will not be encountered in any practical design
problems.

Solutions with ko imaginary. It is evident from Fig. 2.17 that

the solutions for Y8 tend to zero (for any value of we) as

Ke + 4+ o, This is the limiting case of the slow wa%e solution.
In the range of 0.5 > Ke > 0, the solutions for Y, 2 increase
rapidly in magnitude as Ke + 0, and in the limit, approach
infinity, which corresponds to a true cut-off cqndition in the
z ~ direction. With 0.5 > K_ > 0, the function F, (Yxa) has a
maximum at a value of Y 8 obtained (after differentiating
Fh(Yxa)) from the transcendental equation

tanh(Yxa) K
=1—T -00(53)

Yxa
A complete ahd continuous range of solutions to eqn.(50) can be
found beyond this maximum. Following the agreed convention, the
solution given by Y2 = 0 when Ke < 0.5 and we = 0 should not be
associated with the current category.

The most important result,.from the viewpoint of electronic
scanning, is that slow waves cannot form if be is capacitive
This is agein consistent with the standard restriction on the
formation of propagating TM - type surface waves (L45). For
large inductive values of be’ the single slow-wave mode 1s
loosely coupled to each current sheet. From cqn.(46), D/C can

be written in the form
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1 - cos g cosh(yxa) + j sin by sinh(yxa)

= ... (54)

cosh(Yxa) - cos

Qo

which is clearly complex in general, but tends to unity as

yxa + 0, Conversely, when Ke -+ 0+, the slow waves are tighﬁly
coupled to the current sheets and D/C - exp. (jwe). Further
consideration of these modes is now unnecessary if it is assumed
that be will always be capacitive.

2.5.3 TFurther "Modal" Properties

The idea of describing the independgnt field solutions within
each unit cell of the periodically excited array structure as modes of
propagation can be preserved in E-plane scanning structures. With
cgpacitive current sheets, the dominant mode is a TEM (or TMo) wave in
each parallel plate waveguide (when be ; + ), and the main beam in free
space (when b, = 0). The higher order modes are the TM mode series in
waveguide, and the E-plane grating lobe series in space.

"Modal" properties such as power flow, orthogonality and
completeness will not be derived here. The techniques are analogous
to those demonstrated in Sgction 2.2.3. The power flow (Pn) per wnit

cell of height b for the "n"th propagating mode is given by
p 2 D, sin(aﬁiz—snz)

P = EP.BH. cn2 1 + (ER) + D= ... (55)

noowe n cn avk-Be
n

This equation permits the independent amplitude factor Cn to be
specified in terms of power flow.

2.6 Application to E-plane Scanning Arrays

2.6.1 Propagation in Linear Arrays of Finite Height

The dominant mode in the waveguide feed was identified in the
previous section as T.E.M. However, each element in a practical array
of rectangular waveguides would be excited by the TE01 mode - with the

sinusoidal field variations in the y-direction. 1In a region of finite
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susceptance boundaries, the corresponding linear structure would still
be contained between conducting planes at y = O, b. A general result
first published by Miles (57) simplifies the analysis of such structures

if certain conditions are met. Assuming the equations

Ex = fl(x,z).sin(ﬂy/b) ' ... (56a)
Ey =0 ' | ...(56b)
and EZ = f2(x,z),sin(ﬂy/b) ... (56¢c)

afford a description of any allowable fields in terms of unknown

functions fl and f2, and the effective boundary conditions for f1 and

f2 are the same irrespective of the waveguide height, then these

functions can be found by solving the two dimensional wave equation

Che PUN b Y ,
+ + k2 £, =0 (i 1o0r2). . (57)

9x2 922

and replacing k2 by kz— (v/b) 2. This result leads to the definition of

an effective wavelength (A given by

eff)
A = A J
oI {1 - (a/2p)3)?

for linear waveguide arrays. The significance of this result is
demonstrated in Chapter 3.

Examples of structures which do not comp;y with the assumptions
in éqns. (56a~c) should be noted. For instance, any reactive boundary
which is not uniform in the y-direction could modify the sinusoidal
field distribution. This is conveniently illustrated by the two broad-
wall coupling structures shown in Fig. 2.22, both of which could
'provide fast wave coupling. Only the first structure (Fig. 2.22a) can
be treated by the effective two-dimensional theory. The properties of
the second structure in Fig. 2.22 are more difficult to determine, and
require a variational analysis (58) or experimental measurement. As
another example, it will be seen that the properties at an aperture can

be deduced from the simple theory only if the parallel top and bottom
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plates are continuous in the "free space" region.

The more general designation A will be retained in the following
sections except when specific reference is made to an array of
rectangular waveguides.

2.6.2 Interpretation of Design Aids

A pypical mode chart is given in Fig. 2.23 to emphasisé the
single moded region which is of most significance in the E-plane. An
array with capacitively-tapered element boundaries is required to
provide a field-matching transition which is effective at all scan
angles. It is immediately evident that a basic restriction on element
spacing is dictated by the requirement for a single-moded waveguide
feed. However, as showﬂ in the next chapter, it is not necessary to
contemplate waveguide feeds with mode suppressors to derive any
improved performance in this polarisation. Since the mode chart dées
not include any allowance for finite waveguide heights, a considerable
saving in the number of elements can be assured by a judicious choice.of
waveguide dimensions. This is considered in detail in Chapter 3. .

Phase velocity profiles can be utilised again to study the
impedance matching problems. Several new features are evident if a/A
is assumed to be less than 0.5 in an array with capacitively-tapered
element boundaries (Fig. 2.24). In the H-plane example (Figs. 2.12 to
2.1k), the element spacing automatically exceeded 0.5 and at least one
beam could pg formed for any value of wh < 7. Expressed alternatively,
the terminal phase velocity for the "dominant free space mode" reﬁained
finite in the H-plane. However, with a/A < 0.5 in the E-plane, it is
clear that no beam can form in space when we > 2ra/A and the phase
velocity becomes infinite. Under this condition, all the incident
power supplied by a set of waveguide transmitters would be reflected,
irrespective of the length of any transition region (cf.Section 1.h4).
One immediate consequence 1is that the elements can not be electrically

isolated (ef. eqn.(38)).
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It is also evident frqm the terminal phase velocipy charts
(i.e. Figs. 2.12 and 2.24) that the impedance matching problem is a
more serious limitation in the E-plane when a/X < 0.5, even assgming
we is restricted to values less than 2ra/X. In later chapters, it
will be shown that the major value of reactively tapered boundaries in
the E-plane is their ability.to minimise the active impedance mismatch
over a specified scan sector where we,max < 2ma/A. The result is
anticipated at this stage simply to complete the comparison with
Hannan's ideal model, which required "just the right amounts of
(mutual) coupling to yield zero reflection for all scan angles' (8).
A structure with smoothly tapered capacitive boundaries of infinite
length would fulfil this requirement in principle, and a finite length

structure would approximate it in practice. '

2.7 Extension of the Design Principles — A General Assessment

. Whilst the remainder of this thesis is concerned with the
further development and evaluation of the concepts contained in
Sections 2.2 to 2.6, it is appropriate to conclude this chapter with a
general assessment of related problems involving controlled element
coupling. Three important topics which might be tackled by field
theory methods are considered: the possibility of analysing a planar
array structure, the expectation of achieving broad-band fréquency
performance (say > 10%), and the question of étructures with finite
wall thickness. Detailed analyses are not developed, and are possibly
unjustified at present in the isolated context of electronic scanﬁing.
(Selected aspects could be included in a study of propagation in
"waveguides" with reactive boundaries.) The following summary is
intended oniy as an introduction and it can not be assumed, a priori,
that results leading to the definition of feasible structures would

necessarily be obtained in all cases.

- 60 -



2.7.1 The Planar Array -

A planar array consisting of thin-walled wavegulde elements
arranged in a rectangulear lattice would appear to be a natural extension
of the linear structures already analysed. However, a number of
complications must be accepted if reactive boundaries are contemplated
on all four sidesvof a rectangular unit cell. For scanﬁing at angles 0,
¢ in a spherical co-ordinate system, all 6 field components would be
present in regions of finite susceptance, and the element boundary
conditions would have to allow for non-isotropic surfaces to use all the
potential degrees of freedom. (Only a small number of practical
"reactive surfaces" can be considered polarisation insensitive - they
include sheets of high dielectric constant material, conducting plates
with circular apertures in a square grid and two identical parallel
wire gratings lying at right angles. The second and third are only
"isotropic" when their periodic dimensions are very much less than a
wavelength.) Presupposing the use of periodic boundary structures, the
question of cross-mode coupling in the corners of each unit cell could
become significant.

Nevertheless, the formulation of a field solution, reducing to a
plane wave with predictable polarisation as the element boundaries
vanish, does not appear theoretically unattaineble. (From an economic
viewpoint, the main requirement would be an ability to control grating
lobe radiation - i.e. to reduce the number of elements). Encouragement
for modest scanning requirements is provided by separating the siﬂgle
planar array problem into two linear'array problems. For the waveguide
array shown schematically in Fig. 2.25, it follows that the boundaries
at y =0, +b, +2b, .... could be reactively tapered using the
principles already described, while the waveguide walls at x =0, * a,
+ 2a, ... were tapered beyond‘the plane z = 4. In such a structure,

the z - directed reactive taper must now remain effective for wavefronts
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rotated by a variable angle'(ay) in the y - z plane. Over the
scanning limits of i-ay,max’ the second transition would be required
to maintain controlled coupling and ensure minimal reZlections,
although the surface currents and the direction of maximum taper would
.not in general be perpendicular. For podest values of ay,max (say

< 300) it seems probable that acceptable performance could be achieved
with surfaces having approximately isotropic characteristics at all
angles. In principle, a more soPhisticated approach could eventually
be adopted (if necessary) with controlled non-isotropiec characteristics
at selected values of ay to optimise the scanning performance.

Finally on this topic, it should be pointed out that the
attainment of a modal description of the fields in a general planar
array structure would create a requirement for very extensive numerical
work on boundary discontinuities. As stated in Chapter 1, the integral
equations for a thin walled waveguide array scénned in an arbitrary
direction can not be solved analytically (4). With finite reactive
voundaries, the problem involves at least four more variables. Tﬂe
Weiner-Hopf technique used in Chapter b of'this thesis would not be
applicable, and a field matching technique based on nunerical

procedures would be needed (cf.Section 1.2.4).

2.7.2. Broadband Operation

Over a very wideband (normally at least 30%) it is found that the
reactance of certain practical boundaries varies directly with frequency
in the H-plane, and inversely in the E-plane. (This statement is veri-
fied by examples given in the next chaptef.) Consequently, the factors
Kh and K appearing in the characteristic equations (eqns.(14) and (47))
remain constant, and the values of kx are the same for a given value of
¢ (in either plane). The main differences in a region of finite suscep-
tance arise from the changing value gf k - both the axial velocity and
the efféctive scan angle are affected, and possibly the number of pro-

pagating modes.
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Extending the arguments developed in pfévious sections, it
follows from the assumed susceptance property that a transition
structure with reactively tapered boundaries should exhibit impedance
matching and higher order mode suppression over a broad band. ﬁithout
immediately specifying all the practical limits on bandwidth, this
featureAcan be coﬁtrasted with the almost inﬁerently narrowband
characteristics of phased arrays in which the elements are impedance
matched using a resonant circuit principle. For a given value of ¥,
the phase velocity profile changes smoothly with frequency - e.g. from
a linear to a concave or convex characteristic. To construct Fig. 2.26,
it has been assumed that an H-plane array is required to operate over
a wideband (say > 10%) with eo,max = 30°. Taking a/A = 0.695 as the )
centre frequency element spacing, the variations’ in phase velocity
profiles have then been plotted for a structure having a linear profile

o)

at midband with wh = 90 . Although the change in frequency affects the

phase velocity (and impedance) more when b, is numerically large, a

h
sufficiently long transition structure counld remain well matched,
Further evidence of the potential bandwidth is provided by the
work of Carne and Brown (52), who demonstrated that the properties of
an artificial dielectric structure at different scan angles (with
frequency constant) and at different frequencies (with the scan angle
held constant) are closely linked. Specifically, these authors show
that a structure which is impedance matched over the widest possible
bandwidth at normal incidence offers the best match at oblique angles
of incidence. Their model consists of a periodic structure with
reactive surfaces lying parallel to the interface (or effective
aperture), and with unit cell dimensions assumed small with.respect to
wavelength. This model differs in several respects from the structures
under consideration in this thesis - notably in the absence of any
dispersive limitations. Nevertheless, it is considered that a

corresponding relationship between frequency and scan angle might be
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developed for arrays with reactive boundaries to simplify the design
task. In later chapters, several important results are noted which
could be significant in this respect, and a general method of including
frequency in the design parameters is discussed.

2.7.3 PFinite Wall Thickness

As shqwn in Chapter 3; the question of wall thickness tends to
arise as a practical mechanical detail, and not as an electrical design
paramcter. In a conventional H-plane array, the elements would normally
be as large as practicable to minimise the impedance matching problem
and (by implication) the mutual coupling. In the E-plane (and in planar
arrays), thick walls might prove advantageous. Standard methods of
electrical representation are given in the next chapter.

Coupling structures of finite thickness can be separated into
bwo categories. In later chapters, it is shown that the inevitable
thickness of practicél boundaries does not invalidate the theory given
above, even when it approaches 5% of the element spacing. However,
waveguide structures with an appreciable wall thickness (say > 10%)
must be considered in the second category. For field matching purposes,
it is clear that a free space "mode" (i.e. a plane wave) can only be
approximated within a periodic structure when its boundaries are
electrically vanishing. With thick boundaries, a field discontinuity
at the aperture is inevitable. This suggests that the boundary thick-
ness should be as small as possible near the aperture, and therefore
dimensionally flared if necessary within the transition region. The
assumption of zero-thickness boundaries in earlier sections should
correspondingly be regarded as an array feature which is essential to
realise maximum gain.

The conceptual possibility of reactive structures matching
waveguides of different size (or shépé) to the unit cell dimensions

can be regarded as the ultimate extension of the present proposals.
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However, it would appear more practical for any mechanically flared
region to be contained within conventional closed waveguide elements,

and to concentrate on the techniques already outlined,



APPENDIX 2A

The following derivations are utilised in Section 2.2.1.

(1)

(ii)

Substituting egn. (3) in egn. (7),with z =0 and r = O in'the
region vhere x = (2r + 1)a/2 - §,yields the equation

[a exp{-jky(a/2 - §)} + B exp{jk,(a/2 - §)1]
= [a exp{-jkx(a/é + 8 -al +B exp{jkx(alz + 6 - a)]].exp(—jwh)

and with § = o

then A [exp{-j(kxa/Z —'wh)} - exp(+jkxa/2)]

= B [exp(—jkxa/Z) - exp{j(kxa/Z + wh)]]

Multiplying through by exp(jkxalz) and rearranging gives

exp(jwh) - exp(jkxa)
1-explilka+y )] (cf. eqn. (10)) -

B .
i

exp(jwh) - exp(jkxa) exp(—jwh) + exp(—jkxa)
1 - exp{j(kxa + wh)} ) exp(—jwh) + exp(-jkxa)

i]

1-1+ exP{j(wh - kxa)} - exp{~5(¢h - kxa)}

t

- exp(jwh) + exp(—jwh) + exp(—jkxa) - exp(jkxa)

sin(k*a - wh)

sin wh + sin kxa

sin[(kxa - wh)/2]
sin[(k.a + yy)/2]

"

as stated in egn. (12)

This relation is useful where kxa is resal.

Examining the individual terms in eqn. (8),with z=0and r =0
in the region where x = (2r + 1)a/2 ~ §, and omitting the common
factor exp(—jkzz), the following relations are obtained:-

from eqns. (3) and (5b)
k

= X

Hz|x=a/2+5 Wi [a eXP{'ka(a/Z + 6 - a)l

-B exp{jkx(alz + 6 - a)}]. exp(—jwh) ... (A2)

in the region a/2 < x < 3a/2.
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From eqns. (3) and (5b)

k
- _X . _
Hz|x=a/2—5 "y [ expl Jk (a/2 - 8}

in the region - a/2 < x < a/2.

From eqns. (3) and (9)

-1 . )
'Jy|x=a/2 = Eiz [A exp(—kaa/z) + B exp(gkia/z)] ...(A3)

Combining egns. (Al), (A2) and (A3) in accordance with eqn. (8)
in text leads to the result

k .k
A [%% exp(jk a/2). eXP(‘jwh)-' ;ﬁ exp(~jk a/2) + 3%; exp(—jkxa/2)]

k s k

= X -3 -3 - X : . :

= B [mu exp( kaa/2). exp( th) o exp(gkxa/2) jxh exp(kaalz)]
Substituting eqn.'(lo) for B/A after multiplying through by
exp(—jkxalz) A

X . -
[—% {exp(—jwh) - exp(-jkxa)} + = exp(—jkxa)]

w J?_(h
exp(jy,) - exp(ik a) [k . . ko,
= T exp(jkxa — j¢n) — exp(-kaa) exp(—3¢h) T
ook, ky
i.e. P [exp(jwh) + exp(—j¢h)] i [exp(jkxa) + exp(—jkxa)]

+ 3-lx-h- [exp(-3k 2) = exp(-~y,)]

k
= 4 Eﬁ [exp(—jkxa) - exp(-j¢h) - exp(jwh) + exp(jkxa)]

+ = [exp(jkxa) - exp(j¢h)]

I
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which reduces to

1 S [exp(jkxa) - exp(—jkxa)] - [exp(jkxa) + exp(-jkxa)]
x

W
2Xh Jk

+[exp(jwh) + exp(~jwh)] = 0
whE sin(kxa)
i.e. 2% ia + cos(kxa) = cos Y =0 as stgted.
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APPENDIX 2B

" To establish the orthogonality condition assumed in Section 2 2.3, it is
necessary to prove that

I A&xE H¥ =0ifm#n
yn “xm
-a/2

Substltutlng from eqns. (3) and (5a) in text and integrating, the problem
is to prove that

Bmab 31n[(a/2)( k2—82 - sz—Bé)] \\
n B
" exp[J(B - B )z) - Zf' N
H (a/2) (%kz-sz - /kz-sé) ,/
. sin[(a/2>.(ﬁ;2-s§ + »/kz-s;)] (_B_n_ _m_> }
(a/2).(AZ-82 + AZ-gD)  \*n A
.o (B1)
=0
B. sin[(aVEZ—B? - wh)/2]
where K% = — > ; si=norm .se(B2)
i sinl(a/k “Bf * ljJh)/gl (from eqn (12) in text)
and
sin(av/k2-g2)
a¢£2-s§ = = (from eqn. (14) in text) ...(B3)

Kh cos ¢n - cos(asz-Bg)

sin[(a%kz-si)/Ql. cos[(a¢k2—8§)/2].

sinf(a 2-3% + /2], sinl(a k2—3§ =y, ) /2]

An sbbreviated form is convenient at this stage.

Let (a/E2-s§) = 29,
and ¥, = 2y°

In eqn. (Bl1)

s EE:.EE> ) sin(¢n+ v). sin(¢m+ v7) + sin(¢n— ). sin(¢m— v
An A sin(¢n+ ). sin(¢m+ )
-.n(Bh)
Similarly
E£”+E§ ) sin(¢n— ). sin(¢m+ v7) o+ sin(¢n+ ). sin(¢m— )
A Am sin(¢n+'w’). sin(¢m+ y7)

«e«(BS)
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From eqn. (Bl), it i1s then necessary to prove that

sin(¢n- ¢m) sin(¢n+ ¢m)

(d)n- d)m) . (R-H.S. of expn.

.‘(R.H.S. of expn. (B“))= TG e (B5))
n m

...(B6)
L.H.S. of (B6)

sin(¢m- ¢n) sin(¢n+ ve). sin(¢m+ v) + sin(¢n- V7). sin(¢m— v

Kh ’ sin(¢n+ v7). sin(¢m+ v

=

sin(¢n+ v, sin(¢n— 7). sin(¢m+ v, sin(¢m— v
{sin ¢n. cos ¢ . sin(¢m+ V7). sin(¢m— v°) }

- sin ¢m. cos ¢m. sin(¢n+ v, sin(¢n- v)

Substituting for ¢, end ¢  from eqn. (B3)

1 (sin ¢, cos ¢ = cos ¢ . sin ¢n).

K, T1- T,
+

{sin2(¢n- /IR sin2(¢m- v

sin(¢n+ v, sin(¢n— v, sin(¢mf v). sin(¢mf w'5 } ...(BT)
wvhere T; = sin ¢, COS ¢ - sin(¢m+ v, sin(¢m- V)
and T, = sin ¢ €OS ¢ . sin(¢n+ v, sin(¢n— v

Similarly, the R.H.S. of expn. (B6)

(sin ¢,- cos ¢ + cos ¢ sin ¢n)
T+ Ty

S

sin?($ - ¢7). sin(¢_+ v7). sin(p_- ¢7)
{ n - - .es(BB)
+sin2(p_= ¥*). sin(o+ ¥°). sin(o - w')}

Removing the common factors from eqns. (B7) and (B8) and multiplying
through by (T% - T%), it is required to prove that

(Ty+ T5) (sin ¢, COS ¢ = cos ¢ . sin ¢n). [ sin(¢n- w’).‘sin(¢m— v’)

+ sin(¢n+ v7). sin(¢m+ w‘)]

= (T;- Ty). (sin $ye COS ¢ + cOS ¢ . sin ¢n). [sin(¢n- V7). sin(¢m+ v7)

+sin(¢m+ v, sin(¢m— w’)]
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The L.H.S. can be written as
(Fy~ Fot+ F3- Fy). [sin(¢n- 7). sin(¢m- v°) + s1n(¢n + ¥7). s1n(¢m+ ¥ )]
and the R.H.S. as

(F1+ Fp~ F3- Fy). [sin(¢n— v, sin(¢m+ U)o+ sin(¢n+ v, sin(¢m- w’)]

where F1= T} sin ¢ _cos ¢_, Fp=T) sin ¢ cos ¢ , etc. ««+(B9)

Transposing partially to regroup similar terms gives
| (Fi- Fy) [+ 51n(¢n- v, 51n(¢m- v7) + s1n(¢n+ ve). 51n(¢m+ V)

- s1n(¢n- v ) 51n(¢m+ ¥7) - s1n(¢n+ vo). 51n(¢mf ¥ )] ...(B10O)
as the expression on the L.H.S., which should equal

(Fo- F3) [+ sin(¢n— v). sin(¢m— 7))+ sin(¢n+ v, sin(¢mf ¥°)

+

sin(¢n— v7). sin(¢m+ v7) + sin(¢n+ v7). sin(¢m+ w’)] «..(B11)

Expn. (B10) (F1~ Fy). [sin(¢n- v7) - sin(¢n+ w’)] [sin(¢mf w’)-sin(¢m+ w’ﬂ

(Fy- Fy). b cos ¢, - sin ¥, cos ¢ . sin ¥

where (Fj~ Fy) = sin ¢n. sin S [cos2 ¢ sin(¢m+ v, sin(¢m— v
- cos? e sin(¢n+ v sin(¢n— w”)]

=i

sin ¢ sin o {[cos(2¢n)-+l][cos(2w’) - cos(2¢m)]

-[cos(2¢m)-kl][cos(2w’) - cos(2¢n)]}

n -

sin ¢ sin b [cos(2¢n) - cos(2¢m)]. cos? ¢~

-

i.e. Expn.(B10)=> 2. cos ¢n. sin ¢n. cos ¢m. sin @m. cos? y~, sin? ¢~

[cos(2¢n) - cos(2¢m)]

el

sin(avk2~ Bﬁ). sin(avk?- Bé). sin? Yy
[cos(a/ﬁz— Bi) - cos(avk?~ B;)]

By a parallel procedure, expn. (B11) can bve proved equal to thls last
expression, with _ ;

y = ] » o T - >l -
(F2 F3) 2 cos ¢ . cos ¢m [coo(2¢n) cos(2¢m)]. sin“ ¥
and the remaining factor in expn (B1l)

> L4 sin ¢+ cos ¥, sin ¢ . cos ¥
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CHAPTER 3

EXPERIMENTAL INVESTIGATION WITH A LENS~EXCITED ARRaY

3.1. Introduction

This experimental evaluation of linear array structures had two
major objectives. Firstly, experimental confirmation was required of a
reduction in the periodic flgctuations-of the aperture fields with reac-
tive element boundaries. Secondly, an appreciation was required of the
essential problems to be solved prior to any development of a practical
- array with "reactively tapered" boundaries.

Considerable freedom could be exercised in planning a suitable
approach, As implied by the experimental objectives, however, & number
éf key parasmeters had to be decided empirically to conclude an initial
design. For example, a conceptually simple form of "reactive taper"
was adopted, although it was recognised at the time that the detailed
properties of the boundary must prove significant. Similarly, it was
considered logical to regard more searching questions about the permis-—
sible "rates of taper" in a practical transition, the most appropriate
form of the element boundaries, and the "edge effects" associated with
en array of finite size, as separate design topics to be assessed partly
in the light of initial experimental results. A waveguide model opera-
ting at X-band offered advantages of economy and convenience of mechani-
cal design. However, as two distinct experimental methods have evolved
for studying the performance of phased arrays, it was first necessary to
decide which was more appropriate to a feasibility investigation.

The first experimental method utilizes a relatively small array
and depends on the assumption that any element in a practical array is
affected significantly only by its immediate neighbours. The central
element of the model can therefore be regardgd as typical of the bulk of
the elements in a larger array., Edge effects can be investigated
'directly and only a single model is required for a comprehensive assess-

ment of the performance of a larger practical array.
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However, basic difficulties arise in determining a priori the minimum
number of elements to ensure valid measurements. The mutual coupling
between waveguide horn elements (59) and the active impedance at
moderate scanning angles (60) have been predicted accurately with
models of 10 elements or fewer, whereas the measurement of element
patterns end polarisation effects have required more elements to be
satisfactory (in one case (61), at least 20). For wide angle scanning,
the method is not necessarily accurate (62), and in particular, the

" existence of "blindness” conditions (16) associated with more complex
radiating elements and/or lattice arrangements cannot be recorded,
although finite element pattern "dips" are normally observed (7).

By contrast, the second technique, using closed waveguide struc-
tures, accurately simulates conditions in an infinite array (62). It
was adopted to demonstrate = ;ondition of total "blindness", within the
grating lobe limité, for an array with its aperture covered by a dielec-
tric sheet (63), and has been employed extensively to devise matching
circuits for wide-angle scanning (6L4). Each model requires a very
smell number of elements (or partial elements) and permits the simu-
lated array to be characterised at a single'scan condition (for a given
frequency) usually by the excitation of one waveguide only. Several
models are therefore required to obtain a representative picture of the
overall array performance. The method is applicable to arrays exhibit-
ing planes of lattice symmetry,-and is developed from the principle of
images (62). The measurement procedure usually requires that the array
structures be reciprocal, and many scanning conditions cannot be
examined unless the simulation waveguide is operated in a higher order
mode (for E-plene scenning,a T.M, mode must be used). Conditions cor-
responding to a propegating grating waeve can be investigated when two
separately measursble waveguide modes. are present in the simulation
waveguide (see Chapter 5).

As implied in the title, the first method was preferred, with the
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choice of a 20 element linear array formed by a plano-concave metal-—
plate lens (Fig.3.1). In view of the enhanced coupling sought between
radiating elements, it was considered that an early estimate of edge
effects could prove particularly significant. Secondly, as demonstrated
in the following sections, this method ensured that maximum flexibility
could be maintained, although not without a corresponding increase in
complexity and technical risk.

To minimise development costs, existing equipment and facilities
were used exclusively. In addition, it was necessary to restrict the
manufacturing technique for the lens to fabrication processes available
in an experimental workshop (i.e. standard machiﬁe operations). How-
ever, this afforded one significant advantage, as the replacement of
element "walls" could be conteﬁplated whilst retaining the same lens
structure. A two-stage programme requiring comparative measurements
was therefpre adopted. The lens was fitted initially with conducting
walls to check its operation. In this form, the "reactive taper" can
be considered infinitély abrupt. Subsequently, reactively tapered
boundaries 6f finite length were substituted, to demonstrate the differ—
ence in performance. |

Although several practical proBlems arose from the specific
choice of a léns as the means of ;xciting the model array (see follow-
ing sections), the advantages afforded by this method were considerable
- and included:

(i) overall flexibility,
(ii)  convenience when repetitive measurements at different scanning
angles were required, and

(iii) simplicity of excitation.

An analysis of the design and performance of an asymmetrical
dual-polarised waveguide lens producing two beams (a mein beam and a
grating lobe) is given in Section 3.2,

The experimental results for the waveguide model array are
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presented in Section 3.3. The H-plane results are shown to be in close
agreement with predictions based on an infinite array element pattern,
while the grating lobe attenuation in the E-plane depends on the
included angle between continuous conducting flares. The control of
E-plane element patterns afforded by flares is examined in Section 3.k,

Disregarding the finite size of the model array, a design pro-
cedure for determining the re;ctive boundary dimensions is outlined in
Section 3.5. Limitations imposed by experimental factors and theoreti-
cal uncertainties illustrate several of the design problems.

The measured performance in both polarisations is given in
Section 3.6. Detailed control of the sectoral element pattern is
demonstrated in the E-plane and techniques for rgducing edge effects
are discussed., Results in the H-plane reveal a reduction in grating
weve level at large scan angles, but the overall performance does not
demonstrate the viability of the design concept.

The‘significanée of the experimental programme is assessed in the

final section, with two topics identified for further investigation.

3.2, Lens Development

3.2.1. General Features

A genersl sppreciation of the experimentel model is conveyed by
the schematic diagram given in Fig.3.2. The following features should
be noted:

(i) The lens was not designed td permit symmetricel scanning about
broadside., To provide a direct test of the reactive boundary
proposal, the first requirement was for operation of the "lens"
consistent with the formation of a visible grating lobe over a
portion of its useful scanning range. For design parameters
within the normel limits for a metal plate lens (65, 66, 67),
satisfactory broadside radiation could not be expected. How-
ever, results for wide angle scanning, coupled with element pat-

tern measurements, were sufficient for evaluation purposes.
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(ii)

(iii)

(iv)

3.2.2,

A standard waveguide horn was used to feed the lens. The very
low efficiency of this simple method of excitation was not signi-
ficant. By isolating the concave surface of the lens and the
feed horn within a suitable r.f. sealed "anechoic" enclosure,
external interference and reflections within the feed could be
suppressed. Measurement of the required radiation pattern invol-

ved rotation of the entire rig shown in Fig.3.2. A more efficient

‘arrangement might have utilised a parallel plate feed horn form-

ing an integral section of a single overall device. Apart from
the more serious tolerancing requirements, this_approach would
have limited the scanning flexibility and access to the individual
waveguide elements.

The lens was constructed with square waveéuide elements to permit
measurements in both E and H planes. In addition, only one set

of reactively tapered structures were developed. To utilise

these structures in both polarisations, a number of design restric-
tions were accepted without compromising the experimental objec—
tives (see Section 3.5). The economy resulting from this approach
was significanf.

The general configuration of the lens and feed provided a basis
for a comprehensive set of measurements: The frequency, the num-
ber of excited elements and the effective amplitude tapering of
the aperture fields (by attenuators in the elements) could be
readiiy varied in addition to the key parsmeters indicated above
(viz. scan angle and polarisation). Furthermore, it was intended
that direct and indirect estimates of the impedance match and the
mutual coupling between elements should be obtained, although, as
already stressed, the lens was not intended as a model for the

accurate measurement of major design parameters.

Details of Electrical Design

The lens surface was designed by geometrical optics. Overall,
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this simplified approach was considered adequate in spite of the unusual
limitations illustrated by the following summary.

A suitable ray path geometry for.determining the surface is
shown in Fig.3.3. For either polarisation, the refractive index (n) of

the metal plate region is given by

1 .
n=[1-(x2a)2]2 ceee (1)

where X = free space wavelength;

and a = square waveguide element dimensions, which was required to be

<0.T0T to prevent propagation.of higher order waveguide modes. The other
paremeters, viz., the ratio of focal distance to aperture size (f/D) and
the surface curvature, are constrained by the relation (from Fig.3.3).

OA + BC = OP + nPE ’ : T eees (2)

with the point P(x, y) given by
3 . 2 . .o\3
(w2 + v2)% + (y - v) sinb= (x2 + y2)® + n(u - x) eres (3)

Teking v = u sin 6, sets of curves for P were obtained in terms of n and
u.

The requirement in the experimental lens for a viéible grating
wave effectively eliminates the standard design "trade-off" between the
surface curvature and the refractive index for broadside radiation
(Fig.3.4). Aé shown in Fig.3.5, any decrease in n immediately requires
an increase in 6, since

1 cone (#)

&, L
A" 1 + sin eo

is equivalent, from egn.(1), to
1
sin 8 >2 (1-n?)? -1 eees (5)
A clear distinction between the main beam and the grating lobe
was preferable for eveluation of the reactive boundaries. This implied
| that the phase increment Y should remain substantially less than 180°.

(Whenever ¢ = 1800, a symmetrical duel-beam radiation pattern becomes
| - 96 -



inevitable). With the grating lobe at " “700, and the main beam at

N +30°, two further requirements were fulfilled. Firstly, the grating
lobe was sufficiently remote from end-fire to limit the effects of aper-
ture projection on its emplitude (ecf. Chapter 1). Secondly, since the
critical susceptance for the second H-plane mode would be small, moder—
ate grating lobe suppression could be expected with a transition strue-
ture (cf. Section 2.3).

The value of n was therefore set at 0.67 (i.e. just less than the
practical upper limit of 0.707 for square waveguide) and the correspond-
ing aperture dimension D became 13.5) for 20 elements, ﬁith an allowance
for wall thickness.

Selection of a suitable value for u was anothér compromise. To
meintain an acceptable operating efficiency within the anechoic enclo-
sure and an overall rig of manageable proportions, an upper limit was
clearly necessary. In conflict with these requirements, satisfactory
operation of the lens required u as large as possible to mﬁnimise higher
order reflections at the lens surface. This effect is illustrated in
Fig.3.6, where the useable aperture dimension reduces approximately in
proportion to u. Final design details for a lens operating at a frequ-—
ency of 9.00 GHz are given in Fig.3.7 together with the "optimum" scann-
ing arc for the feed horn. The arc was determined graphically and effec-
tively suppressed quadratic phase errors (65).

. All the practical degrees of freedom were utilised by this design
procedure. (In view of the severe surface curvature, zoning was consi-
dered impractical). Coma'aberration (68) was not expected to be sefious
with the angular offset of the main beam limited to approximately one
beamwidth (ef. (65) ). By ray tracing techniques, a meximum phase error
of n/6 across the array asperture was estimeted for & main beam scannéd
towards broadside by 8° (i.e. from 32° to o4°), Near the limit of this
scanning range, complete grating lobe suppression was ensured, while the

"peak" of the grating lobe beceme invisible for & main beam at 26.2°. It
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was estimated that the maximum phase error due to a 4% increase in fre-
quency (n = 0,700) would be quadratic and between hSo and 60° at the
aperture edges. Although more accuraste methods of analysing the scann-
ing and frequency-limitations of lenses have been developed (65), their
application to this design exercise was not warranted.

The problem of secondary reflections at the concave surface of
the lens (Fig.3.8) was inevitable for practical f/D ratios, in view of
the severe periodicity requirements across the plane radiating aperture.
For the H-plane scan, a better estimate of lens performance can be
obtained directly from published curves of the transmissioﬁ coefficients
for a plane wave incident on an infinite array of parallel plates (69).
(The theoretical solutions for this problem have.been obtained for both
polarisations (70), but these classical papers do not develop the solu-
tion under conditions permitting propagating secondary waves
(cf. Chapter 4)). 1In reference 69, it is shown that satisfactory opera-
tion can be expected (for a single surface lens) in the double reflection
region, with a’modest increase initially in the phase error and a more
severe discontinuity in the amplitude distribution across the plane aper—
ture. However, it must alsoc be concluded that geometrical optics pro-
vide, at best, only a first order estimate of the performance of metal
plate lenses under these conditions. On this basis, it could be argued
that a more accurate approach to the "lens" design was appropriate. This
‘argument was rejected, however, for the following reasons:

(i) With multiple reflections from both surfaces of the lens, accurate
prediction of the overall aperture field would be very difficult.
(ii) A modified concave surface, improving the phase distribution
across the array, would be appropriate to one polarisation only.
(1iii) In view of the severe curvature of the lens surface, significent
- errors would be expected from application of parallel plate theory
for infinite structures.
(iv) The overall performance of the lens was governed in part by other
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(iv) contd...
factors (e.g. mechanical tolerances). It was more appropriate,
therefore, to plan for control of the amplitude and phase within

each individual element.
Subsequent experience justified this strategy.

Apart from transmission and reflection effects at each surfgce of
the lens, the basic amplitude distribution was governed by the feed horn
and its orientation. An available X~band horn providing E énd H plane
33B beamwidths of 11° and 13° respectively was utilised. Fof
"symmetrical"™ illumination of the lené, with this horn, the fields inci-
dent on the extreme elements were down by 4 to 6dB., Phase centre measure-
ments were taken to confirm the validity of the "point source" principle
over the angular limits subtended by the lens. Relative phase constancy
of‘i50 was demonstrated with & microwave bridge, after a sequence of con-
vergent adjustments to getermine an optimum phase centre. For both
polarisations, the experimental results were in satisfactory agreement

with recent theoreticel analyses (71).

3.2.3. Details of the Mechanical Design

The basic principles of the mechanical construction are efident
in photographs of the partially assembled unit (Figs.3.9, 3.10). Channels
with a side clearance of less than O.lmm were milled in the top and bot-
v.tom plates to accommodate the element walls. Although the theoretical
model assumeg zero thickness boundaries between elements, practical con-
siderations dictated & minimum thickness of 0,02\ (i.e. S.W.G.22 plate).
The significance of this finite wall thickness on the properties of a
reactive grating is examined in Section 3.5. Electrical continuity in
the corners of each element was obtained by partially filling the chan-
nels ﬁith silver loaded resin prior to assembly. The excess resin forced
from the channels ﬁy entry of the element boundaries was removed after

hardening, and, as a final precaution, a coat of conducting paint was
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applied 2long all joints. To remove the element wélls, the resin was
first dissolved in a trichlorethylene bath over a period of several days.
As shown in Fig.3.9, the boundaries were made in two sections.
The conducting walls required to achieve the basic lens action were not
removed, and their lengths were sufficient to fit attenuating pads and
phase—éhifters. The major mechanical factors governing the length of
. the regctive tapers were their high cost, the difficulties of assembly
and accumulative tolerances. The method of febricating the reactive
" boundaries was appliceble to a custom requirement only, and was realised
to be inappropriate for batch production. To meintain the required uni-
formity, in the transverse sense, each of the reactive septa was separ—
ately machined in a special jig and all corner fillets were removed by
hand (Fig. 3.11). The design was governed by the narrowest widths of a
practical slit saw (for the maximum finite susceptancé) and & residual
metal strut (for minimun non zero susceptance near the aperture).
A throat length of 6A was adopted for the reactively tapered septa
(see Section 3.5).

.'Supporting ribs of passivated mild steel angle were used to mini-
mise deformation of the top and bottom plates. The vertical flare and
the extension plates were made optional to permit measuring flexibility
with respect to edge effects, matching and verticel plane directivity.
Their significance is examined in subsequent sectioms. Mechanicalvjoints
were mede electrically conducting wherever necessary by using adhesive

r.f. metal tape.

3.2.4, Initial Characterisation

Preliminary evaluation of the lens, as & linear array of radiating
waveguides, proved quite disappointing. The amplitude and phase distri-
butions were measured with & network analyser by clamping a suiteble
transition (Fig.3.11(g)) to each radiating aperture in turn, and termine-
ting all thg remeining elements in matched loads. This technique was not
an exact basis for predicting the radiation pattern, since it implies an
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arrgy factor uwnaffected by mutual coupling variations due to edge effects
and multiple reflections betwéen the two faces of the lens. However, it
was a valid method for assessing toleraﬁces, cross-polarisation and
transmission characteristics of the elliptical surface.

The results for these E and H plane measurements are given in
Figs.3.12 and 3.13 respectively. Superimposed on & systematic phase
error caused by transmission effects at the elliptical surface, random
errors (of 80° maximum in phase) due to waveguide tolerances were almost
an order higher than expected. Dimensional checks revealed variations
in the milled channels exceeding +0.3mm, while their misalignment (bet-
ween top and bottom plates) introduced slight twists in the conducting
walls, so compounding the differences in propagation characteristics of
the waveguide elements. The degree of mode conversion to the cross—
polarised domiﬁant mode was also significant, varying between -25dB and
-8dB in an irregular manner. This effect was attributed to the toler—
ances and the residual resin. in the corners of the wavegulide elements,
and explained anomalous.differences in element "losses" suggested by
single polarisation measurements. Leakage between elements, for measure-
ments of both polarisaticns, was satisfacfory, in the worst case being
-37dB total. At this 1e§el, amplitude and phase errors due to an arbi-
trary siénal are less than +0.12dB and 19.80 respectively. Although
leskage measurements alone did not prove the electrical continuity of the
" wavegulde corners, the experimental evidence implied that the construc-

tion method was satisfactory in this respect.

3.2.5. Control of the Aperture Distribution

To improve the aperture field distribution, it was necessary to
develop simple, non-interacting attenuators and phase—shifters to fit in
each element. Initial tests with slabs of cross linked polystyrene
(er n 2,5) revealed complex cross polarisation effects which were very
sensitive to tolerances (even for balanced configurations of dielectric),
vhile the amplitude of the transmitted mode varied unpredictably. For
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both devices, it was essential to achieve broadband matching and posi-
tive location by means of a sliding fit. The devices illustrated in
Fig.3.11(c) and 3.11(d) fulfilled these requirements.

A standard 64B sttenuator was developed prior to the lens. evalu-
ation as a means of buffering wnwanted refiections between the ends of
each waveguide element. (Subsequent tests showed that this effect was
not significant by comparison.with other limitations of the lens.)
Complete control of the amplitude distribution was obtained by varying
the length of resistive card in this standard design. Each card was
sealed with a thin layer of fibre glass (thickness <0.lmm) to prevent
moisture penetration and warpage. As a compromise between the effect of
toierances and the requirement to prevent excessive attenuation, the card
was supported near the "side wall" of the waveguide parallel to the elec-
tric field. Short léngths of proprietary polyurethane foam, With'accur—
ately milled slots to define the sgparation between the wall and the
card, were used as sﬁpports. In view of_the dimensional variations in
the waveguide elemeﬁts, the net attenuation could be guaranteed only to
the nearest dB. Apart from a small and predictable increase in phase
delay proportional to the length of the resi;tive card, the relative pha-
sing between elements was not affected.

Several methods of achieving phase control were investigated. As
slready indicated, the use of compact dielectric slebs was impractical,
Attempts to provide varisble "phase advance" (e.g. with reduced guide
dimensions) were also unsuccessful, in view of electrical contact prob-
lems and the high V.S.W.R. at resonant lengths. . It was thefefore
decided that only 'phase deiay" control was practicable, with the dielec-—
tric material completely filling the guide. For ease of matching and the
avoidance of higher order modes, & low dielectric constant was essential.
The polyurethane foam (72) used for the attenuator supports appeared
most suitable. Its consistent density, non porosity, low loss tangent
and ease of shaping by machine or hend were all advanfages. The phase
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control per unit length was obviously limited, being l.3°/mm of guide
for the densest materisl available. Single stage A/L4 impedance trans-
formers at each end, easily filed by hand to an acceptable accuracy ,
provided a meesured broadband return loss of less than -25dB, independ-
ent of the overall dielectric length. By trimming the phase-shifters
during final tests of the amp}itude and phase distributions, control of
the incident fields to within a :;00 meximum phase error was achieved
(ef. Fig.3.14). These phase-shifters had no significant effects on the
amplitude distribution or the frequency sensitivity of the leﬁs, and

vere regarded as satisfactory.

3.3. Waveguide Array Field Measurements

The results given in this section and Section 3.4 were recorded
during the first phase of measurements with the lens forming a linear
array of thin-walled, open—ended waveguide elements. In addition to
recording the lens performance, mutual coupling effects were studied
where practicable, although meaningful V.S.W.R. measurements were not
possioie in view oI the cross polarisation etfects. Uetails ot the mea-
suring system and an assessment of the experimental accuracy are given
in Appendix 3A.

A 10dB cosine-on-pedestal envelope was adopted as the targeﬁ
amplitude illumination for the array. The repetitive array factor
obtained in 'sin 6' space, assuming isotropic radiating elements, then
has -204B first sidelobe levels for any constant phase difference bet-
ween the elements (77). Applying-the theory of random érrors for
assumed deviations of 1dB in amplitude and 0.1 radian in phase, corres-
ponding to the repeatability observed with the attenuators and phase
shifters, it is readily shown that the mean interference power is 9.5dB
beléw the desired first sidelobe level (78). The corresponding probabi-
1lity of this sidelobe being degraded by more than 4.5dB is only 16% (T79),
which was considered satisfactory.

To ensure adequate isoletion between the two surfaces of the lens,
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the minimum attenuation in the centre elements was adjusted to be approxi-

mately 63B (i.e. the edge element attenuation became 164B).

3.3.1, H-plane Measurements

For the corrected H-plene amplitude and phase illumination teabu-
lated in Fig.3.1h (Part A), the pattern shown in Fig.3.15 was obtained.
With the main beam at 32° off. broadside, the broader grating lobe
(at -650 in azimuth) is seen to be. approximately 84B down in relative
level,.and substantially higher than the worst sidelobe levels (at -16
dB). As the main beam was scanned towards broadside, the relative
level of the grating lobe decreased steadily, being -15dB with & 270 main
beam., It will be noted, however, from Fig.3.16, that the angle of the
grating lobe maximum (epproximately —720) did'not agree with elementary
predictions (of -8k4°).

The 'discrepancy' can be readily explained. Qualitatively, the
characteristic was due to the effects of the relatively small aperture and‘
the directivity of the individual radiating elements. Quantitatively, it
was found thet the details of the greting lobe ctructurc (relotive lovel,
beamwidth, and angle of -formation) could be predicted accurately By apply-
ing pattern multiplication concepts (2), with all the element patterns
approximated by the invariant result obtained from infinite, planar
arrey analyses (43). As several assumptions were built into this predic-
tion, the method and its validity will be reviewed.

For an infinite, planar. array of thin-walled single-mode waveguide
elements scanned in the H-plane, Wu and Galindo (43) have derived exact
results for the active reflection and transmission coefficients under
conditions permitting a visible grating lobe, by means of a residue cal-
culus approach (see Chapter k). For the geometry and parameters
defined in Fig.3.17, the power transmission coefficients for the main

beam (TO) and the grating lobe (T-l) are given by:
= 2 '
T, 2ao|Ao| /8, ’ cess (6)
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= 2 ess e
v, o= ool |, | (1)

The factor of 2 arises from the integration of the sinusoidal incident
illumination across the element. (The voltage transmission coefficients
Ao end A_1 are given in Fig.3.17.) The symmetrical element gain pattern

ge(e) can be obtained (6) as:

g (8) =T cos 8,for 0 g 8 g arcsin(A/2a)}
e o] ’

T_, cos 6, for arcsin(i/2a) ¢ 0 g w/2; eees (8)

(Since the scan angle 6 = arcsin(A/2a) corresponds to the condition
when by =T, it will be appreciated that the expression for A in eqn.(6)

should be chosen according to the value of ¥, (ef. Fig.3.17).)

Substituting the lens value of 0.693 for a/\, the element pattern
given in Fig.3.18 .is obtained. (For comparison, this figure also shows
the radiation pattern for an "ideal" element (as discussed in Chapter 1)
when a/A = 0.693.) By combining this result, with the numerically calcu-
lated array factor (using data from Figa3.lhA),'the.predicted pattern is
as shown in Fig.3.19. The prediction is seen to be in good agreement
with the measured pattern at all signal levels above —20dB. Using the
same technique for the excitation giving a 27° main beam, it can be shown
that the element pattern taper, at angles close to endfire, causes the
peak of the grating lobe to be displaced towards broadside by |A sin 6]

& 0,0.35, i.e. from 8 = =84° to env —74° (ef. Fig.3.16).

Several details of the lens have been neglected in the derivation
of Fig.3.19 apparently without any significant loss in accuracy. In
particular, the assumption of an infinite planar arrey environment
should be examined. Wu and Galindo (43) suggest that an infinite array
environment can be simulated in the H—planelwhen an element has nine

further elements between it and an edge, although their analyses assume

a/X = 0,57. For larger values of a/), satisfactory agreement should
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therefore be expected for a smaller number of elements, since the coup-
ling between elements becomes weaker. (In magnitude, the coupling

-3/2 . ,
, where s is the separation (43)). For the

becomes asymptotic to s
same magnitude of extreme coupling coefficient, it is found that 6 ele-
ments on either side of the central element would be adequate for a/A =
" 0.693. The difference between the cen£re element patterns of an infin-
ite and a finite array is the.ripple perturbation which reduces in sig-
nificance as the arrasy size increases (43). Experimental results
obtained with the 20 element array are described in Section 3.4, but at
this point it is sufficient to note that the perturbations, of less than
1dB at any angle, enhance slightly the agreement between Fig.3.1l5 and a
modified Fig.3.19.

In other studies of a 9l-element planar array (80), the predic-
“tion of H-plane scaﬁning performeance aséuming an invariant elemen£ pat—
tern has been very accurate to beyond the first sidelobe level. However,
in common with the lens, the illumination at thé edge was 10dB down.,
From the analyses in reference 43, the validity of the pattern multipli-
cation procedure does not extend; in general, to a small arrey with
strong edge illuminatioﬁ. (For the lens, satisfactory agreement was
also obtained with & nearly uniform amplitu@e function, suggesting that
the patterns for the edge elements were substantially similar.)

In the above assessment, the diffraction effects for the linear
. structure (as distinct from a planer one) have elso been ignored. Most
of the experimental results were taken with the vertical aperture
'forméd by 1;50 flares to improve the signal level in the receiver, but
the array patterns were virtually unchanged without flares. The valid-
ity of the planar array analyses for the linear structure in the corres:
ponding plane of scan is consistent with the engineering assumption that
the pattern function can be separated to give F (x,y) = Fl(x). Fz(y).

It should also be noted, however, that the incident fields are invariant

in the vertical dimension within standard waveguide, which corresponds
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with the free space conditions required beyond the aperture plane.

Theoretical confirmation that the thickness (t) of the.element
boundﬁries (t =~ 0,021) can be disregardéd, is'provided by the numerical
results obtained from the analysis of rectangular wvaveguide arrays with
thick walls (81). For the required normalised wall thickness of 0.03
(with respect to the waveguide dimension) the ébsolute change in the
active reflection coefficient.is € 0.02 at all angles of scan for a/A =
© 0.6T.

On the basis of the measurements described above, it was con-
cluded that the action of a linear waveguide arrasy can be accurately pre-
dicted in the H-plane with existing planar arrsy analyses for a/A = 0.7,
and that the edge effects, even for a small array, are of secondary sig-
nificance when moderate sidelobe levels (say > =30dB) are required. The
complementary expectation that the active reflection coefficient ﬁas
small was confirmed qualitatively by the insensitivity of the array fac-
tor to multiple reflections between the two surfaces of the lens in tﬁe

ebsence of isolgting attenusators.

3.3.2. E-Plane Measurements

The effects of mutual coupling on the E-plane scanning characteri-
sties of the lens-array could not be predicted in detail with existing
theories. Although no exact, closed form solution has been developed
for the E-plane radiastion properties of infinite waveguide arrays (82),
the real difficulties were & consequence of the finite size of the array,
and can be apfreciated from known results. For an infinite planar array,
the E-plane element patterns predicted by any of the recognised theories
(ef. Chapter 1 and references 1T, 21, 23, 83) exhibit a complete radia-
tion null in the direction of the main beam when the grating lobe is near
end-fire. Even in a very large array, the exact angle for this condition
of 'blindness' is not easily calculated. The approximate 'grating lobe
series' (Section 1.2.3) predicts & radiation null with the grating lobe

exactly at end-fire, but the multi-mode field matching technique (23)
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indicates that it can occur inside the grating lobe limits even for
relatively simple structures. (As noted in Section 3.1, this same effect
becomes particularly significant in arrays with dielectric loading or
complicated eiement lattices (16), but the specific structufe analysed in
reference 23 has open—ended square wafeguiaes arranged in a square grid
with a wall thickness of only 0.05A%) However, in a small array, further
difficulties are encountered ;s 'deep nulls' (e.g. & 30d4B loss of.signal)
are seldom observed in any plane of scan. The magnitude of the finite
trough in the central element pattern, and the related asymmetry of the
edge effects for the other elements, are analytically indeterminate at
present for practical structures. »

Furthermore, it should be emphasised that all the infinite array
analyses apply to planar'or two dimensional parallél plate structures.
The special_COnditiéns vhich permitted the extension of the H—plaﬁe
theory to the linear model did not epply in the E-plane, where an essen-
tial vector problem wés encountered (L43).  With the separation of the top
and bottom plates ;ontrolling the effective dielectric constant of the
lehs, the resulting discontinuity at the aperture plane (in the third
dimension) had to be recognised as énother parameter of unknown signi-
ficance.‘ In previous experimental studies with linear arrays (59), indi-
vidual waveguide horns were incorporated in the design to improve the
match of the isolated elements, For the E-plane méasurements with the
lens, the detacheble flares (Fig.3.l) afforded az simple method.of improv—
ing the match and assessing any resulting effects on the coupling between
elements. |

Experimental tests with the corrected lens (see Fig.3.ll4, Part B)
revealed a significant effect which does not aépear to have been reported
previously. In the initiasl set of results, recorded with the waveguide
flares incliped at 1;50, relative suppression Qf the grating lobe

exceeded 35dB near end-fire (e.g. in Fig.3.20a, an expected grating lobe

around -80° was non existent)., Scanning the main beam further from
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broadside, the grating lobe increased in reiétifé level to become —~13dB
for a 35° main beam (Fig. 3.20Db). ﬁhen the measurements were repeated
without the flares, the grating lobe was very much enhanced. Typical
patterns, shown in Figs.3.2la and b, be compared directly with the
results in Figs.3.20a and b, as the main Béam angles correspond in both
cases. From these results, it was ev{dent tﬁat useful control of the
element radiation pattern could be introduced in a simple practical man-—
ner which required further investigaﬁion. For convenience, subsequent
element pattern measurements were made in the laboratory anechoic cham-
ber, following direct experimental confirmation that such results, taken
in the 'near field' of the entire array (at a separation of 6m), were
still valid. Details of this work are given in the next section.

The other characteristics obéerved in the E-plane weré not in any
way unusual. After the measurements of the centre élement patterns, it
was demonstrated that the pattern multiplication principle could not be
. applied with the same degree of accuracy in this polarization. Apart
from the differences between the predicted and measured first side lobes
(in both level and angle) the shape of the grating iobe beam (e.g. in
Fig.3.20b) could not be interpreted in detail. These differences were
attributed qualitatively to edge éffects, vhich become more signifigant
in the E-plane in view of the stronger mutual coupling between elements
(59). (In passing, it must therefore be recognised that detailed control
of the sidelobe structure in a small to moderate sized E-plane array
would not be achieved without separate analyses of edge behaviour
ef. Section 3.6.1.) No substantial loss of signal (corresponding to
gsevere reflections at the aperture) was observed at angles near the con-

dition for an end-fire grating lobe.

3.4, Element Pattern Measurements

The measurements in the E-plane are considered first.
The differences between the results shown in Figs.3.20 and 3.21

can be largely explained by the contrasting centre-element patterns
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measured with -and without the flares (Fig.3.22). The remaining elements
were terminated in matched loads for both of these measurements. With-
out the flares, the element pattern was not highly directive, and exhibi-
ted mutual coupling ripples characteristic of a small array. With the
flares, however, a much sharper patte:c_'n wa‘s obtained, although the 3dB
begmwidth was actually greater by spproximately lTo.

In pattern (&) of Fig.3.22, the angles for an end-fire grating
lobe (+26.2°) and the lowest points of the shallow "dips" do not corres-
pbnd exactly. In contrast with previous measurements on a 13 element
E-plene array of waveguide elements (59), the minimum occurs inside the
grating lobe condition. However, by examining the results given in
Fig.3.23, it is apparent that the relative angle of the trough is a func-
tion of frequency. With a smaller element spacing'(e.g. a/A = 0.578 for
the lens, £ = 7.5 GHz), a more distinct trough of 5 to 6dB occurslat
approximately 1500, which is outside the 47° grating lobe condition.

(A degree of asymmetry which is present at all frequencies in Fig.3.23
may have been due to an effective misalignment of fhe lens {including

any element tolerances) or to the unequal numbers (9 and 10) of passively
terminated elements either side of the test element.) Increasing the
frequency from 7.5 GHz, it is seen that the angle of the main element
pattern "dip" moves towards broadside more rapidly than the angle.for the
end-fire grating wave. At 8.5 GHz, with &/ ® 0,65, the angles become
equal. It will also be observed in Fig.3.23 that the megnitude of the
trough reduces with increasing frequency, and at 9.5 and 10 GHz, is
almost imperceptible. Quaiitatively, this variation can be attributed
to a decrease in element -coupling with increasing wavelength separation
(ef. 43), Theoretically, it focuses further interest on the unresolved
questions sbout the overall effect (in particular its final magnitude)

in an infinite linear array, as distinct from the planar array discussed
in the preQious section. From the results it seems reasonable to conclude

that the trough would only become infinite (for an array of square
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waveguide elements)vwhen a/\ approached 0.5, which is also the cut-qff
condition in square guide; while the trends in Fig.3.23 would be repre-
sentative of those in a larger array (cf. 59). (It must be emphasised
thot the results in Fig.3.23 apply to square waveguide elements, which
possibly limits their generality.) .

However, the major effect highlighted by the results in Fig.3.22
is the dependence of the E—pl;ne characteristics on the dimensions and
details of the array normal to the plane of scan. In this context, the
conditions under which two-dimensional E-plane analyses (e.g. reference
84) can be applied to linear arrays should be recognised (cf. Section
2.6.1). To clarify this dependence an early check was made on the mutual
coupling effects in the flared structure. With the "non-radiating" ele-
ments short-circuited by conducting tape to eliminate all coupling, the
pattern remained substantially unchanged. In Fig.3.2Lk, the experimental
result for_:22.5° Tlares shows that the only observable differences (of
less than 2d@B) occurred in the angular range 25° to 559 off broadside.
Tiae third result in Fig.3.24, teken with adjacent elements terminated in
dominant mode "open circuits" at the aperture plane, served to emphasise
that the major effect leading to grating lobe suppression could be
regarded simply as a radiation property of the flare. ' .

(A second interpretation, based on mode theory (Section 2.6), is
developed in Sections 3.5.2 and 3.6. In the remainder of this section,
however, the characteristics of flares are examined without reference to
infinite arrays, to illustrate a number of significant properties for
scanning applications. Considerable emphasis is placed on thé element
pattern control afforded by this relatively simple technique.) |

The experimental results, which contravene the common assumption
about the separasbility of the pattern function in its principal planes,
prompted a theoretical analysis by Chappas (85). The essential problem
was to predict the raaiation pattern of a long conducting wedge excited

from a single waveguide feed, with the electric field parallel to the
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axis of the wedge. To complete the analysis, if was required to calcu-
lete the radistion pattern due to an aperture field which is specified
by its tangential component over & cylindrical surface, This stép was
accomplished numerically using a newly developed technique, applicable
to more general Kirchhloff-Hugyens radiation problems and based on the
reciprocity theorem (85). The pattern predicted from this work for
flares set at 1;50 is given in Fig.3.25 together with the appropriate
experimental result. The small difference in beamwidth is not signifi-
cant considering the experimental tolerances on the measuremént of the
flare angle.

Further experimental results, showing the variation in element
pattern with the angular setting of the flares, are shown in Fig.3.26.
For modést main—beam scanning limits, say_i30°, it is clear that the
most useful suppression of the grating lobe would be obtained with flares
set et angles between :;00 and.i;so. For large flare angles, the element
péttern "cut;off" beyond the:30o scanning limits would not be sufficient
tc mainlain ieasonable suppression of the grating lobe {c.z. 2038 zini-
mum). At smaller flare angles, the "cut-off" rate is satisfactory, but
the presence of prominent sidelobes with peaks approximately 9dB down
for flares set at OO, initially suggests étrong grating lobe radiat{on
for some scanning conditions. Further comment on this result will be
reserved for the discussion in Section 3.6, where the characteristics of
the open, parallel plate radiator will be of particuler interest. For
flare angles exceeding i;o°, the centre element pattern was insensitive
to edge conditions (e.g. to an increase in flare length from 14\ to 251,
or to the presence of conducting tape et each end). In a practical
array, it would be necessary, of course, to consider the radiation
characteristics of the edge elements, which must become asymmetric unless
the flare is extended by several wavelengths.

Two other results are presented in Figs.3,27 and 3.28 to illust-

rate the radiation properties of an aperture formed by simple flares,
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In Fig.3.27, the variation in element pattern as a function of frequency
is seen to be quite small., The ripples on tﬁe 8.5 GHz measurement were
found at a later stage to be the resulf of resonant leskage from the
flexible waveguide feed, and should be di;counted. As expected, the
improvement in the element pattern was é broadband effect, although the
useful scanning limits would.;equire consideration in any practical
application. In Fig.3.28,.the experimentel result is given for the
flares reduced to 22mm strips., For all of the measurements so far des~
cribed, the flares were 150mm wide (cf. Fig.3.1), but as a final test,
this dimension was reduced in 25mm increments for a constant flare angle
of approximately 30°, The changes in the pattern were marginal for
widths exceeding 50mm. (In the theoretical analysis (85),'reflection
and diffraction effects due to the finite width of the flareé'werg not
considered.)

In the above discussion, it has been stressed that the improve-
ment in element pattern was not a consequence of mutual coupling effects
in an array environment. However, special significance can still be
attached to the result for scanning array applications; The conventional
method of avoiding grating lobe anomalies is to0 restrict the element
spacing, which in turn leads to mutual coupling proilems (see lower fre-
quency measurements in Fig.3.24). By reducing the level of grating lobe
radiation with flares, it is possible to reduce not only the number of
" elements required in the array, but also the mutual coupling problems.
From the results given sbove, the improvement in a large linear array
can 5e readily estimated. Consider an E-plane requirement for main beam
scanning to 33.5° limits (sin eo = 0.55), where eny anomalous radiation
must be kept 20dB below the main beam at all angles. Without the use of
flares, an element spacing of less than 0.6L5\ would be needed to ensure
that the grating lobes remain evanescent (c¢f. expn.(10), Chapter 1).

Near the limits of scan, however, the active reflection cﬁeffi-

cient would become quite large, with the beam formed through the element
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pattern trough. From Fig.3.24, the difference in received signal
strength for identical radar targets at broadside and at 33.5o would be
14dB, which might not be acceptable. An element spacing of 0,622 would
be required to reduce this difference to around 8dB. By cdntrast, an
element spacing of 0.693\ could be used in conjunction with flares set
at approximately 18° (Fig.3.26). The reduction in received radar signal,
for a target moved from broadside to the angular scanning limit, wéuld
still be 8 to 9dB.

4An interesting analogy between the proposals for reactively
tapered element boundaries and the effects of the linear flare can be
developed qualitatively (without reference to mode theory). For both
approaches, grating lobe suppression is obtained by causing the aperture
field excited by a single element to extend over many elements. When
81l the elements are then excited, the periodicity of the resultaﬁt aper—
ture field, obtained in any unit cell by combining the orthogonel ele-
ment contributions, ié reduced significantly (cf. Section 2.4.1). This
interpretation immediately precludes the use of individual waveguide
horns to reduce grating lobes. Another common feature is the use of
interface structures which can be regarded conceptually as tapered arti-
ficial dielectrics. The axial phase velocity is modified gradually from
a velue matching the waveguide feed to a value which minimises the dis-
continuity into free space. However, the analogy cannot be completely
consistent unless the effects of element coupling can be reduced with
the linear flare, Since the discontinuity in the walls dividing the ele-
ments is abrupt, (active) impedance matching problems must still be
expected, with the mutual coupling coefficients probably unchanged in
amplitude. The experimental measurements suggested, however, that a
useful effect could be obtained, and an explanation primarily dependent
on phase relationships was therefore required.

In the previous section, the element pattern trough was associ-
ated with increased reflection "losses" in the fully excited array. This
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mismatch occurs in each element when the signals coupled from the other

elements add constructively. For arrays of open-ended waveguides, the

asymptotic phase of the coupling coefficients suggests propagation along
the asperture surface at approximately the free space velocity (86). For
the lens this was essentially confirmsd by element pattern measurements
without the fiares (Fig.3.29). Over the angular range of 0° to 700, the
differences in the pattern dse to mutual coupling influences were largest
between 20° and 40°. With the flares, it will be seen from Fig.3.24 that

the corresponding effects were largest at angles betweeh 300 and 500.

Without the proof afforded by actual measurements, this result suggests .

that the asymptotic phase change corresponds to "fast wave" propagation

between elements, dependent on the dominant mode propagation constant
between the flares (cf. Section 2.6.1). In measurements at lower frequ-
encies with the flares and matched terﬁinations, the sharp elemeni pat-
tern troughs shown in Fig.3.23 were not observed. This might be accoun-
ted for by increasingly fast propagation between the elements, which
would force the mutual coupling troughs beyond the "visible region of
space”.

To conclude this discussion of the E-plane measurements, the
following possibilities should be noted:

(i) As any solution to the matching problem in a linesr waveguide
array must take account of the T.E. incident field distributioh,
the use of flares in conjunction with reactively tapered element
boundaries might afford an overall solution (see Sections 3.5.2
end 3.6.1).

(ii) By using smoothly curved flares, the properties of the "transi-
tion" could be controlled in a more flexible manner to further
improve the element pattern., This might be considered analogous
to finding the optimum reactive taper.

(iii) In non-scanning arrsys where very low wide angle sidelobes are

required, the directivity of the element pattern using flares
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(iii) contd...

could permit a useful reduction in random error tolerances.

Turning briefly to measurements in the H-plane, the small element
pattern ripples associated with a finite-sized array can be seen in
Fig.3.30, The grating lobe condition can be recognised immediately, and,
as implied by the discussion in Section 3.3.1, the pattern agrees closely
with the theoretical result for an infinite array (Figs.3.18 and 3.19).
Similar agreement with planar array theory was observed at other frequ-
encies between 8 GHz and 9.4 GHz. With the flares set at'ilBO, the ripp-

les in the element patterns were not as pronounced.

3.5, Design of the Reactive Boundaries

In this section, the major details considered in the design of the
reactive boundaries are outlined. The associated analysis provides a
background for interpreting the experimental performance of the lens.
However, the section is more significant as an introduction to basic
design problems (see following chapters).

The parallel-strip grating was adopted as the practical approxi-
mation to a continuocus, reactive current sheet. The effective transmis-
sion and reflection coefficients for structures of this form have been
known for many years (87, 88). (A recently published paper contains
even more general results for gratings formed by cylindrical posts (89).)
Slow wave propagation was automatically precluded by this choice of struc-
ture (as required), since the boundary susceptance remained inductive in
the H-plane and capacitive in the (quasi) E-plane (cf. Sections 2.2 and
2.5).

The development of a tapered'reactive boundary, from the data on.
uniform gratings, involved several compromises and assumptions. Concep-
tually, the basic objective was to avoid any abrupt discontinuities in
boundary conditions. However, the implementation of this qualitative
"concept" was governed by the following factors: |
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(i) The same physical boundaries could not provide equivalent elec-
trical characteristics in both polarisations.

(ii) The fabrication technique severely limited the range of suscep-
tances which could be achieved (Section 3.2.3).

(iii) The basis on which an "optimum" coupling profile should be deve-
loped (assuming a large array) was not rigorously defined.

(iv) The length of the reac;ive taper was limited to approximately 6A,
since the possible dominance of "edge effects" in a small array
(aperture dimension 13.5A) could not be completely discounted.

Structural rigidity and manufacturing costs were also considered.

The significance of these factors on the design and potential per-—

formance of the lens is examined in the following sections,

3.5.1. Properties of Uniform Gratings

In reference 87, the properties of uniform gratings formed by
metallic strips are given in terms of equivalent transmission line cir—
cuits. These circuits describe the effects of the structure on propaga-
ting modes only. For the electric field parallel to the strips, the nor-

melised inductance obtained by variational techniques is given by the

relation:
22 B2 2
X, e 31782 [~ (A, + A) + beZAA ]
ca =-% cos 8°¢ 1n(cosec h) +
2d 82 2 82 . 84 6
(1- h)‘ + p2(1+ 5 +-§-)(A+ +A) + 28°A A
W
=% CcOS e‘{F(%’ "'&1"'1" e‘)} . se e (9&)
e .
where B8 = Sin'jif eess (9Db)
. 2-% ’
and A, =[112dsine - @ °°§°)] -1 | veee (9¢)

The paremeters in these equations are defined in Fig.3.31l. Since
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the effective transmission line impedance Z is given by Zo sec 67
(Zo = Vuo/eo) for this polarisation, the normalised susceptance (bh)

introduced in Chapter 2 becomes

b, = '% {F(g’ %’ 9')}-1- “ | : | (94)

By maintaining d/} << 1, say < 0.2, the residual. dependence of b,
on the value of 6" (i.e. within the terms for 8 and A ) almost disappears.
This simplification is essential to retain the overall significance of
- the boundary susceptance as a unifying design parameter. However, the

same condition also restricts the range of b, to values exceeding unity

h
unless wh/d < 0.02; i.e. if A = 30mm, unless w, < O.12mm,vhich borders on
being unrealistic, regérdless of manufacturing technique; In view of the
febrication limits (Section 3.2.3)>and the mechanical role of the element
boundaries within the assembled lens; the minimum practical value for Vi
was O, Tmm.

Conversely, the major difficulty arising from the use of strip
gratings in the E-plane was the limitation on the maximum value of be'
The normelised susceptance in a two-~dimensional equivalent transmission-—
line circuit (Fig.3.32) is given by the relation:

?YE = % cos 8~ [F((—i, %, 9’):’ 7 eees (10)
© where FCQ,';?, 8“) is the same function defined in eqn.(9) except for LA
‘replacing Wy e After substituting YO sec 8° for the line admittance Y,

the normalised susceptance be takes the form:

_hal.,a Ye . '
be -T [F(-X, Te 6 )] eees (11)

As shown in previous work, the thrée—dimensiénal field problem can
be reduced to a two-dimensional form when all field veriations in the
third dimension (e.g. between single ﬁoded parallel plate structures)
remain constant for all components of E or H (Section 2.6.1). Consequ-

ently, the equivalent two-dimensional susceptance of the grating within
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the parallel plate lens structure was obtained by taking the effective

wavelength (Aeff) as:
.
A =

eff J=(n72a)2 _ | - oo (12)

where & = the parsllel plate separastion and element spacing in square
waveguide, . -

(It was necessary to apply the same scaling factor to all two-
dimensional results — e.g. when checking performance by means of the mode

charts.)

Teking __d  _ [i - (A/2a5]%.

eeee (13)

>|o

Aefs

0.67 x 0.2 = 0.1k

at 9 CHz to ensure the susceptance was virtually independent of 67, it
was found from the data in reference 87 that the value of be would not
exceed unity unless wg/d were very small (say <0.05). The minimum velue
of v which could be cut and filed relisbly was found during tests to be
0.5mm (corresponding to w’e/d = 0,08).

Drawing together the meehanical constraints for both polarisations,
it was clear from these initial design estimates that the basic_form of
the reactive boundaries would impose the first limitations. In the
~H-plane, the discontinuity in the inductive susceptance at the aperture
plane would be a significant problem since suitably small conducting
posts were impractical. In the E-plane, a major discontinuity et the
start of the reactive taper would be inevitable, in this case because the
width of the slots eould not be made sufficiently small.

In the analyses given above, no allowance has been made for the
small, but finite, wall thickness of any practical boundary. Although
the wall thickness could possibly prove a useful parameter in the control
of coupling between elements in more eomplicated arrays (see Section

3.6.2) the use of a finite thickness boundary in the lens was dictated
- 119 -
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solely by mechanical considerations. The complementary electrical pro-
perties of the ideal "zero thickness" boundary are nét retained, and in
the general case, at least one extra reactive component must be intro-
duced in the equivalent circuit representation to compensate for the
additional varieble (Fig.3.33). As the grating does not lose its symme-
trical properties, the spandq;d equivalent circuits become T or II net-
works (87). |
With a small thickness (t) of 0.02)\, only a small variation in

- properties would be expected unless the values of W, or We were compar—
gble with t. Using the numerical data in reference 87, this could be
tested in one polarisation. (For the capacitive grating, only normal

incidence appears to have been considered.) The two circuits elements in

Fig.3.33 (Xh1 and Xhz) are given by the following approximate relations:

d
2rr
o

Xhl a .
7 cos 8 [in(

) ) + 0,601(3 - 2 cosze’)b%)z] for a/A << 1

(1%)

%2
Z

a arr 2
I’ cos O 3

where r,s T, are the equivalent radii of posts which need not be ecircu-
lar (when, of course, r, © . % r). Their values for the rectangular
pbsts shown in Fig.3.33 can be obtained from the complete elliptic inte-
gral functions (87). The formulae for X.h1 and Xh2 only apply ﬁth rea-
sonable accuracy to the range ro, r1 £ 0.2 d.

As a limiting case, the propertiés of a grating with t = vy and
d/\x = 0.2 illustrated the significant features. Firstly, it was found
that Xhz << Xh1 (by 15 times in the above calculation) and could be
ignored without serious errors arising. Secondly, the value of 0,18

obtained for Xhl/zo (r = 0.45mm) was substantially smeller than the

o
value of 0.4 for Xh/Zo found by substitution in egn.(9). This result
represented a further limitation on the achievable range of inductive
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susceptance which is independent of 67, With r fixed, it was there-
fore necessary to consider the more general results for susceptance
with d/X > 0.2. Adopting the expressions used in reference 88, the nor-

malised susceptance becomes

b, = - % [1;1(2“(;1_0) +% {r(e%) ;_f(—e’)}]-l eoes (16)
where £(6%) = I -% [(nk/d){(sin 8° + nA/d)ZV— l}“% —1] eeee (17)
n=1l :

With w, =t and d/A g€ 0.4, changes in b, of less than 15% are
obtained for variations of 6 over the range 0 g 6~ < 900. Over the
reduced range of 6” corresponding to scanning the sector 25o to hOo off
broadside, the variation in by is less than 10%.

In an attempt to overcome the inadequate E-plane data, the proper—
ties of capacitive waveguide obstacles of finite thickness were reviewed
using reference 87. For an obstacle thickness about 1.5 times the slot
width, increases in capacitance of 10 - 15% were obtainesd. These results
suggested that & minor increase in the maximum finite susceétance be could
be expected. For design purposes, a figure of 15% was assumed. The
uncertainty associated with this assumption was not a serious limitation,
however, as the meximum susceptance still remained very small (i.e. 0.9).

Finally it was necessary to check whether the effective properties
of an isolated greting would be affected in the array environment. Since

1n_n
n

the attenuation coefficient o, of the th Floquet mode for any of the

periodic gratings shown in Figs.3.31 to 3.33 is given by (cf. refer—
ence 42)
, .
a, = -2;'\11 [(sin 8” £ nr/d)2 - 1]2, eres (18)

the minimum sttenuation between reactive sheets became

exp(-axa) = exp [— 2n0?){(sin 6° - A/d)2 - 1}%] with n=1. .... (19)

- 121 -



With a/X = 0,693 and d/A = 0.2, exp(-axa) << 0,001 for all 8-,
and the coupling could be ignored (cf. reference (42)). Applying the
same attenuation criteria adopted in reference 42, (i.e. minimum attenu-
ation of 46dB) it wes found that d/A should be <0.k for 67 = 90°, and
<0.45 for 8 e = 60°, to prevent any significant change in susceptance.
The former condition would apply in the design of an array scanning
through broadside. For fhé offset scanning lens, the larger spacing of
0.45 could be taken as the upper limit. Further details on this problem
can be found in the standard literature on artificial dielectrics

(e.g. (b2, 53)).

3.5.2. Characteristics of the Element Boundaries

Initial studies of the final boundary requirement were dominated
by the susceptance limits outlined in Section 3.5.1. Representaﬁive
mode charts and axial phase velocity profiles (cf. Sections 2.4 and 2.6)
were developed to provide the design link between array performance and

boundary susceptances be and b Estimates of grating wave suppression

W

were based on information teken from the mode charts, while the phase
velocity>profiles were used to aséess the impedance matching problems.

A phase difference of 132o between array elements, corresponding to the

main‘beém formed at 32° off broadside, was assumed in all calculationms.

The use and limitations of these design aids (reproduced in Figs.3.34
and 3.35) are illustrated in this section. (The procedure ignores the

| finite size of the model array.)

In the.E—plane, with the effective wavelength reduced in accor—
dance with eqn.(12), the element spacing a/Aeff becomes 0,465, The full
line BC in Fig.3.3k4a indicates the range of achievable susceptences (as
calculated in Section 3.5.1), and the dotted line AB shows the initial
discontinuity in susceptence at the interface with the waveguide feed,
The second mode is cut off for all values of be’ in particular be = 0,
It therefore follows that the grating wave can be eliminated in the

E-plane by using a parallel plate region to increase the effective wave-
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length at the "array" aperture — i.e. at the plane where the sidewalls
diséppear. As this can be achieved with a conventidnal waveguide array,
the significance of a distributed reactive taper can only be established
by considering the impedance matching problem.

In the parallel plate region, with be = O,Athe effective angle

of propagation (4) was given by:

. .
b = arcsin('—z—:-.—%’f—f) eees (20)

which equels 520 for a/)\eff = 0,465, Recognising that the capactive
susceptance of strip gratings with L d was virtually zero, the distinc-
tive characteristics of the veloecity profile could then be brought
together, as shown in Fig.3.35a. Thevdbmination of the impedance prob-
lem by the two abrupt discontinuities was immediately apparent. As

shown in Fig.3.35a, values of be >5 would have been required to achieve

a satisfactory reduction of the step from A to B. The change in phase
velocity shown at z = O was calculated for free space propagation in the
x - z plane (y = 0) at 32°, However, by fitting conducting flares to the
lens, this sudden discontinuity could obviously be avoified.

An important condition must be emphasised at this point of the
discussion. The elimination of grating lobes in any E-plane linear array
depends on the provision of an adequate parallel-plate single mode region
with be tending to zero. Therefore, if an effective reactive taper is
" not used, the plane z = zc (at which be disappears) should be remote from
the plane z = 0, to ensure sufficient attenuation of all evanescent
modeé. This effect is directly relevant to the experimental results
already discussed in Section 3.4. In addition, the vector field problem
created by abrupt discontinuities in element boundaries parallel to the
x - z and y - z plenes can now be tackled in two stages, with the possi-
bility of complete analyticel solutions (ef. Section 3.3.2). Near
Z =2, all field variations in the y-direction remain constant as the

boundaries at x = #(2r + 1)a/2 are modified to eliminate the field
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periodicity in the x-direction. As already indicated, this is a scalar
problem (43), with z = z, defining an effective aperture plane. At

z = 0, the edges of the parallel plates can be treated as semi-infinite
270° corners; or in the case of very thin plates, as knife edge.discon~
tinuities., For the general scan condition (¢ # 0), the diffraction
effects associated with oblique incidence can then be specified in terms
of the radiation properties of a two-dimensional parallel plate struc-
ture (57). This diffraction problem can be solved analytically using
the Wiener—Hopf technique (93).

Returning to the discussion of design procedures, the dotted line
options shown in Fig.3.35a summarise graphiéally the degrees of freedom
which were available. As an E-plene boundary with be approaching zero
and d/X = 0.2 corresponded to an H-plane boundary with -bh >> 1, it was
necessary to locate z, at least 3A from the lens aperture, The final
design step, viz the detailed specification of conductor dimensions in
the region ~6) < z < -3\, was governed by two requirements, viz
[:) te "minimize" the active Impedance alsmabch within e speciified

transition length;

and
(ii) to minimise the uncertainty in calculated susceptance "at any

point z".

- Both of these requirements created further design problems. In Sections
2.4 and 2.6, it was suggested that the first requirement could be reali~
sed with an "optimm" phase velocity profile which allowed for the inho-
mogeneous character of the required transition. (A general approach to
this problem of numerical "optimisation" is given in Chapter 6.) For
initial design purposes, however, a linear profile at Ve = 132° was
considered a reasonable "target", with the significance‘of this choice
masked by the initiel discontinuity AB in Fig.3.3ba. Proceeding on this

basis, the dimensions appropriate to a uniform grating could be calculated
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at regular intervals of z. With the limitation on throat length of 3A,

however, significant changes in slot width were implied within distances
comparable to the grating periodicity. 'Several approaches to this prob-
lem were considered, including the possibility of a "linear susceptance"

1

taper or constant increases in slot width "wE adjust7%¢ regular inter—
vals of z., As all procedures had ambiguitiés,lthe supporting arguments
for any of these variations were inconclusive.

It was decided to check whether an appropriate increase in slot
width could be spread uniformly over a distance of 3A. For an axial
phase velocity of 2.21 v, (shown by the point G in Fig.3.35a), the cal-
culated boundary susceptance was 0.4 corresponding to we/d = 0.3 or W, T
2nm. To maintain a linear change in axial phase velocity, this value of
W, was required at z = -4.5A., By increasing each slot width by an aver—
age increment of 0,.25mm (depending initially on the cutting widths of
available slit saws) the nominal value of v, 8tz = -4.5)\. averaged 2.2mm,
which was considered satisfactory. At z = -3A, the slot widtﬁ had
increased to 4.5mm, corresponding to a very small value ofﬁbe. These
details can be recognised in Fig.3.lla.

The set of dominent mode loci shown in Fig.3.36a illustrate the
basic limit on element phasing to avoid complete internal reflection,

i,e. we < 2na/keff. The corresponding freespace scan angle, given by

o,max

0 = arcsin 1/1—(A/2ay)2] ' | oo (21)

was 42° for a&/k = 0.672, i.e. outside the scanning region obtainable
with the experimental rig (cf. Fig.3.2).

The same general technique was used to design the remainder of
the boundaries for H-plane operation. The salient features of the design
problem are illustrated by Fig.3.34b and 3.35b. The most important in the

mode chart was the expection of two propagating waves when -bh was less

than 0.75. To achieve the minimum theoretical improvement in grating

wave suppression afforded by the design concept, it was necessary to
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reduce the inductive susceptance to this critical value for the second
mode, However, by virtue of the discussion in Section 3.5.1, this
could only be attempted by accepting average values 6f a/a > 0.2.

The point D in Fig.3.34b indicates the minimum realisable value

of ~b, with d/A = 0,2, assuming w, = t = 0,Tmm. Calculations of the

h h
incident field distribution and axial phase velocity for this value
suggested that an abrupt discontinuity in susceptance corresponding to
DE would not afford any meaningful improvement in performance over a
standard waveguide array. The decision to use larger values of d/A was
therefore inevitable, although the accompanying complications (in addi-
tion to those already discussed for the region -6\ < z <-31) led +to
considerable uncertainty about performance. These can be summarised as
follows:

(1) Assuming & boundary with d/A > 0.2 could be designed which
afforded a suitable susceptance taper between D and E for wh =
132o (Fig.3.3h$), its effectiveness for other values of wh could
not be assumed. The variation in'bhc for the second mode (repre-
sented by the locus of F in Fig.3.36b) implied a specific, but
experimentally unattainable, requirement for accurate control of
the susceptance "taper" to guarantee a significant reduction
in grating lobe radiation at all angles.

(ii) By increasing the "periodicity" of the boundary from 4/ = 0.2,
to d/A = 0,45, any ability to contrcl the axial velocity profile
was seriously impaired, With an effective throat length of only

3\, analyses of performance based on eqns.(16) and (17) for uni-

form gratings appeared unrealistic.

In terms of impedance matching, the second problem did not appear
especially serious. Judging from the axial phase velocity profile
(Fig.3.35b), it was argued that large deviations from linearity in the
region -3A < z < 0 would be unlikely if a small enough value of bh vas
achieved near the aperture. Further, on comparison of Figs,3.35a and
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3.35b, the small overall change in phase velocity in the H-plane (from
1.5 v, to 1,18 Vb) suggested a matching problem of smaller magnitude
than in the E-plane. (This observation is substantiated by theoretical
results (43).)

Consequently, it was decided to increase the spacing between the
conducting posts from 0.2) at'the point D (Fig.3.35b) to & maximum value
of 0.45)\ (which was consistent with limits derived from egn.(19) in the
vicinity of the aperture. Assuming wh = 132° and the validity of
eqns.(16) and (17), the nominal susceptance around z = —A/2 became -0.5.
However, little confidence could be placed in this calculation, and it
was concluded that the measurement of performance would afford the only

realistic means of evaluation.

3.6. Evaluation of the Modified Array

Initial measurements following the replacement of the lens waveguide
walls with reactive boundaries showed the grating wave completely elimin~-
ated in the E~plane and moderately reduced in the H-plane. However, it
wus evident that the overall radiation characteristics in the E-plane
were sensitive to edge conditions. (As previously indicated; the finite
size of the array was disregarded in the design of the element bound-
aries.) The results analysed in this section provide experimental sup—

port for a design proposal to minimise edge effects in a practical array.

3.6.1. E-plane Results

The absence of grating lobes in the E-plane is illustrated by the
radiation patterns given iﬁ Figs.3.37 and 3.38. The contrast with earlier
results is evident by reference to Figs.3.2la and b. As distinct from
other pattern details, elimination of the grating wave was not affected
by test conditions. However, experimental results similar to those in
Figs.3.37 and 3.38 were not obtained until suitable control of edge
effects had been devised. This was provided by the triangular extension
pletes shown in Figs.3.1 and 3.10. The experimental justification for

- 127 -



their use is examined in the following paragraphs.

Pre;iminary tests without these extension plates demonstrated
the conéequences of uncontrolled edge effects. A typical pattern is
given in Fig.3.39, which shows a major unwantea lobe with its peak ate~
+60° and various smaller lobes (with peaks 10dB to lSdB,below the maxi-
mum signal) between -10° and -80°, These features can be interpreted_
with a simple model.

Consider a semi-infinite parallel plate strﬁcture, with two edges
- at right angles, which supports a propagating T.E. mode incident at an
angle ¢ to the z - axis (Fig.3.40). Its effective refractive index n is

given by standard relation (cf. eqn.(1)..
3
n= [1-(x/28)2] eees (22)

Applying optical principles of refraction and reflection, it can be
shown that two principal waves and two secondary waves would be transmit-
ted (Fig.3.40). With a vanishing boundary susceptance between elements
within the modified lens, this theoretical model becomes sufficiently
representative of edge conditions to predict the formation of the two
lobes at +30° and +63° when ¢ = 48° and n = 0.67. A smaller lobe at
‘300, resulting from internal reflection at the edge and refraction at
the aperture of the array, would also be expected. However, the control
of the aperture fields within the array feed was not sufficient for this
lobe to be evident under all scan conditions, aithough it can be recog-
nised in Fig.3.39. By modifying the scan angle or the amplitude distri-
bution across the lens, a deep null (<-30dB) could also be obtained.
This effect cannot be predicted, of course, with the semi-infinite model
in Fig.3.40. The finite lengths of the edge and the aperture ﬁust also
be recognised to explain other pattern details, such as the beamwidth of
the +60° lobe or the presence of the interference lobes between -SOO and
=707,

To extend the investigation of edge effects, tests were then con-
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ducted with microwave radar absorbent.ﬁaterial (r.a.m,) along the
strongly illuminated edge of the array, as shown in Fig.3.4l.. (Complete
absorption of incident radiation could not be assumed, -but a reduction
in reflected power of 10dB could be achieved by careful positioning of
the r.a.m. (cf. 91). With no other modifications, the characteristic
edge effects were substantially reduced, whilst the required main beam
and its near sidelobes were unaffected. A typical result is shown in
Fig.3.42, which, apart from the r.a.m., vas measured under the same con-—
ditions as Fig.3.39. As a first-order approximation, further tests with
r.a.m. along both edges of the arrsy confirmed that the second edge (see
Fig.3.41) could be disregarded as a source of interference when scaﬁning
o&er the range 20° < eo < 40°, (In the preceding paragraph, this experi-
mental observation has been assumed.)

As the main beam was scanned'from 30° to 200, the edge effects
became less significant. For example, at 60 = 200, it was found that all
spurious lobes were below the -17dB level with the edge allowed to radi-
ate. From the experimental trend, it appeared that broadside patterns
would have been insensitive to edge conditions, assuming that attention
was confined to effects above -25dB. To reach any conclusions about
effects below this level, it was necessary to examine element pattern
characteristics (see below). However, the basic method adopted for the
control of edge effects could be devised directly from an assessment of
the initial array measurements.

The use of passively terminated (or dummy) elements around the
aperture periphery is a poésible method of containing edge effects in
existing high-performance arrsys. However, the provision of such ele-
ments in an operational array with reactive boundaries becomes essential
if two basic characteristics of the lens are retained. These are,
firstly, an emplitude distribution with non-zero edge illumination, and
secondly, the use of a common reactive boundary across the array.
Clearly, the number of such elements would be an important design para-
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meter. As a logical extension of optical principles, it is considered
that the minimum number could be détermined approximately by the
"extreme ray path" locus within the reactively tapered region (Fig.3.L43).
The "extreme ray path' as indicated in Fig.3.43 is defined as the vanish-
ingly smell tube in which "main beem" power from the edge of the wave-
guide feed is propagated through an extended reactive region at maximgm
scan angle. For the purpose of this geometrical opties calculation, the
extended reactive boundary region can be considered as an inhomogeneous
dielectric, with effective refractive index n(z) given (in the E-plane)
by the inverse of the normalised axial phase velocity. For the path
geometry shown in Fig.3.43, the minimum number of dummy elements becomes

the smallest integer N where

z=0
*max_ _ A |
N ?. _(_8-,_./-)\—5. = 'E taIl ¢ az. so v (23)

z=-L
By applying Snell's Law, viz
n(z). sin ¢ = sin 8, eees (2B)

eqn.(23) can be reduced to

z=0
X
max A, dz
== sin B v i eees (25)
(a/2) " a 0,max [ﬁz(z)~ sin? 6 ]z
=1, 0, max

which can be evaluated analytically - if n(z) is approximated by a quad-
ratic (or lower order) function - or numerically. It will be noted that
this model imposes a condition on the assumed direction of propagation at
the beginning of the finite susceptance boundary. In the E-plane, this
direction is normel to the aperture, and the model is consistent with the
restrictions imposed by conducting (waveguide) walls. If a relatively
smell arrey was proposed, it might be more reelistic to take a slightly

larger velue of O (e.g. eo'plus the 10dB beamwidth).

[ ]
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Using this "ray-optics" model, it becomes apparent that several
parameters must be specified before the number of dummy elements can be
estimated. These include the maximum scan angle (eo,max)’ the length of
the reactive taper (L) and the effective susceptance profile. A poten-
tial simplification of these extra elements is afforded by the presence
of a nominally unutilised region, as shown in Fig.3.43. In the correc-
tion of the model array, for example, it was convenient to use the open-
edged triangular extensions instead of complete elements. (Recognising
in addition the limited significance of the reactive boundaries in the
E-plene, it was considered adequate to form a simple parallel-plate
region.) As alréady indicated at the begimning of this section, these
plates were effective in controlling edge effects over the complete scan-
ning range of the lens.

For the measurement of Figs.3.37 and 3.38 attenuators and phase—
shifters were incofporated in each waveguide feed. However, some ambigu-
ity was inevitable using a waveguide adaptor at the aperture plane to
measure amplitude and phase, despite the extensive use of r.a.m, to mini-
mise unwanted reflections within the open array structure.. By implica-
tion, the method of correction assumed that all errors in the aperture
field distribution were caused by the lens surface and the waveguide
feeds. An amplitude taper of approximately 10dB was adopted for the
final measurements (e.g. Figs.3.37 and 3.38), while the nominal devia-
tions from linear phase across the array were <7° for the result in
Fig.3.37. The net control of the radiation pattern was significant, with
the elimination of a main beam coma lobe and the reduction of the first
sidelobe level from -104B to -15dB. However, the final levels remained
substantially higher than any theoretical estimates based on an invariant
element pattern.

For future design purposes, the two basic limitations of this
‘method of pattern prediction must be recognised. Firstly, as shown

below, the assumption of invariant element patterns - despite the
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compensation for gross edge effects - could be quite unjustified. (The
contrast with the earlier discussion of the waveguide array (Section 3.3)
is one of degree rather then principle.) A key parameter in a linear
arrey is the ratio of the aperture length to the reactive taper length.
Secondly, although a practical array would be built to tolerances con-
sistent with the required pe{formance, the use of long reactive tapers
would introduce random errors in the aperture distribution which could
be difficult to identify with a particular elemenﬁa It was not practic—
able to determine the relative significance of these separate factors in
the experimentsl results.

As a final note on the array tests with all elements excited, it
should be recorded that the use of flares did not significantly modify
the radiation patterns in the plane of measurement (cf. Section 3.3).

Element pattern fests in the E-plane provided further insight on
edge behaviour particularly in relation to the "parallel piate flare"
(cf. Section 3.4 and Fig.3.26). The central element pattern shown in
Fig.3.hh illustrates several important features. For electronic scanning
over a limited angular range, the essentially sectoral shape of the
resulﬁ offers, in an enhanced form, the potential advantages already
ascribed to the flares (Section 3.3). The pattern shown in Fig.3.4k was
measured with the triangular extension plates fitted to the lens and
r.a.m, placed along their back edges. Without the r.a.m., the pattern
was virtually unaffected within iﬁoo limits, whilst -18d4B peaks, as indi-
cated in Fig.3.L4, were obtained at approximately jﬁso.

It was noted that tﬁe basic features of this element pattern were
similar to those for a slot radiating into a finite, parallel-plate
region. A numericel solution of the latter problem has been developed
by Wood (92), and confirmed by tests on various single—element models
with ends sesaled by r.a.m. In view of the limited significance of the
E-plane susceptance taper, it seemed reasonable to compare experimental

results for the lens with patterns predicted by this anelysis. A virtuel
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waveguide source, 5\ from the aperture plane, was assumed to calculate
the résults shown in Fig.3.45. The agreement clearly demonstrated that
the major characteristics of the experimental results, (over angular
limits of_isoo), could be attributed to the parallel plate effect. The
smaller diffraction ripples and enhanced cut-off for the larger aperture
(Figs.3.45(a) and (b)) reveal the control of radiation characteristics
afforded by parallel plate structures. Lens measurements at other frequ-—
encies (Fig.3.46) highlighted the control of beamwidth which can be
obtained with the parameter ay/k (a.y = parallel plate separation).

A more detailed examination of edge effects was possible follow-
ing the construction of a parallel plate model with dimensions equal to
the reactive boundary portion of the lens. With symmetricel excitation
of this model, wide angle sidelobes, similar to those‘noted during dis-
cussion of results in Fig.3.26, were evident as expected (Fig.3.LT).

By sealing the edges with r.a.m., the sidelobes were "eliminated",
although the femainder of the pattern was virtually unaffected. On
repeating these tests with the lens, it was found that the edge radia-
tion, at frequencies above 9 GHz, was down by 5 to TdB (Fig.3.L8).

(At lower frequencies, the reactive boundaries became transparent, due to
the decreasing magnitude of a/keff, and no difference was evident at

8 GHz.) For practical purposes, this reduction in edge radiation, due
to the presence of reactive boundaries, was too small, of course, to be
"useful. However, in a practical E-plane array, with a more efficient
susceptance taper, this experimental trend should develop into a signifi-
cant'factor in the reduction of edge radiation. Element pattern control
would be achieved with a smaller aperture dimension.

Conversely, it was concluded that a parallel plate structure
afforded an opportunity to study the worst possible edge effects. The
following results illustrate some of the factors which would require
investigation if the "“extreme ray path" concept were an inadequate design
approximation. A series of tests were conducted with the parallel plate
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feed located near one edge (Fig.3.49). With the edge radiating, complex
diffraction effects were evident at all angles due to the presence of
the virtual line source at right angles to the aperture. By placing
r.a.m. along the edge, the interference was substantially reduced with
an accompanying reduction in gain (over muéh of the scanning sector) for
the extreme element positions., At broadside, the apparent reduction in
element pattern gain remained <1dB with the feed only 1.5\ from the edge.
Although this model (with or without r.a.m.) nominally complied with the
geometrical-optics requirement for broadside radiation, it was clear
from the results that the detailed calculation of side lobe levels (say
for a fixed beam afray of moderate length) would be extremely difficult.
For a broadside array designed to meet a sidelobe specification (e.g.
-40dB at wide angles) a statistical analysis could be considered. By
assigning "random errors" to the array factor (the "errors" increasing
with element proximity to an edge), the minimum required extension of the
parallel plate region beyond the extreme element might be estimated. A
similar procedure could also be envisaged for a scanning array, provided
the "extension" was regarded as additional fo the dummy elements required
by the ray-optics argument. (The problem of edge effects is reconsidered
in Chapter 6 for "multi-section" structures, where each section has con-
stant susceptance.)

Regafdless of the number of dummy elements in a practical array,
it is considered that the use of a suitable absorbent material along the
edges of the parellel plates would be advantageous in most applications.
Control of unwanted leakage would be ensured. (This leakage was not
identifiable in the experimentel results (e.g. Figs.3.37 and 3.38) for
which the edges were deliberately left open.) As shown by the experi-
mental results (e.g. Fig.3.49), the reduction in arrey gain would not be
significant (provided of course dummy elements were included in scanning
arrays). Tests on the lens revealed severe resonance conditions when
conducting tape was applied to the sides (Fig.3.50), and implied that
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s0lid conducting walls should not be contemplated as a method of minimi-
sing leakage.,

To complete this section, it is appropriate to interpret the
action of the E-plene flare in the light of the above results (cf. Sec-
tion 3.4). For the measurements discussed in Section 3.4, the flare
length corresponded to the arrasy aperture. Clearly, the pattern shown
in Fig.3.39 indicates the ba;ic effects which would occur if the flare
angle were reduced almost to zero without compensating for edge effects.
However, as slready noted in Section 3.4, the radiation characteristics
with modest flare angles-(say +10°) vere not significantly affected by
edge conditions. The essential "trade—offs" can be clarified by consi-
dering an infinite waveguide array fitted with contiruous flares
(Fig.3.51). Due to the increasing plate separation, the cut-off region
(and consequently the attenuation) for the higher order mode - i.e. the
grating wave -~ is governed by the flare angle. Within a parallel plate
structure, this regioh normal to the.aperture is unbounded.and attenua-
tion is infinite. However, using a flare, the "ray paths" from each
waveguide element are refracted towards the aperture by an amount depen—
dent on the included angle. Treating the flare as an inhomogeneous
dielectric region, ray path loci can be estimated by the‘method‘explained
above (eqns.(23) to (25)). (Since the flare causes s reduction in phase
velocity normal to the aperture, the ray path loci curve in the oppoéite
sense to thet shown in Fig.3.43.) This effect makes the flare less sen-
sitive to edge effects, and means that the length of a practicél array |
(vith edge compensation) could be smaller. The reduction in length
would be governed (through the flare angle) by the allowed grating wave
levels,

It would not always be necessary, of course, to use é.COnstant
flare angle. In this event, the performance possibilities afforded by a
combination of parallel plates, flares and reactive boundaries could be

examined from whichever practical aspect was most important. Questions
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of match, grating wave suppression, scanning limits, gain reduction
at eo,max’ number of active elements and required edge compensation
would be involved., As already indicated in Section 3.4, the use of
reactive boundaries within the initial portion of the flare could be
advantageous. Referring to the mode chart,:shown in Fig.3.34a, the
"unutilised" region between the line ABC and the second mode boundary

would then be eliminated, since a/A would be increasing as be decrea~

eff
sed. As &n alternative method of utilising this single moded region,

it is interesting to speculate whether the dimension "a" could be increa-
sed as be decreased. This might be achieved if the waveguide walls were
initially thick, and coupling between elements was émplitude (but not
phase) sensitive to wall thickness. As an initial step, it would be

‘necessary to develop the characteristic equations for an infinite array

with suitably defined thick reactive boundaries (cf, Section 2.7.3).

3.6.2. H-plane Results

The measured grating wave suppression in the H~plane 1s summarised
in Fig.3.52. #With the maln beam at 32?, the improvement over the wave-
guide array was only 3dB. (At the time of design, considerably higher
attenuation was anticipated, despite the susceptance limitations dis-
cussed in Section 3.5.2. ‘However, theoretical "estimatés" were based on
a Fourier analysis of the incident reactive-boundary mode. They were
subsequently recognised as unduly optimistic and inconsistent with
results for a waveguide array‘(h3).) The best result, with the main
beam scanned to eo = +39°, is shown in Fig.3.53. However, the failure
to achieve any measurable improvement in relative grating lobe suppres—
_sion at angles between -70° ang -90° (i.e. 26.2° < eo < 309) precludes
a general interpretation of performance based entirely on Chapter 2.

Measurement of the centre element patfern revealed the presence
~ of unexpected "sidelobes" at angles bétwéen 65° and 90° (Fig.3.54).
These sidelobes were not affected by the addition of extension plates or

r.a.m. along the edges of the arrsy. The pattern details (slightly
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different for other elements in view of the mechanical tolerances)

were therefore attributed to the element boundaries. A satisfactory
explanation qf this result must take account of the design approximations
deseribed in Section 3.5.2, in particular the variation of 'bh' with scan
angle and the finite length of the taper. brawing to some extent on
results given in Cheapters 5 apd 6, it is considered that the first of
these approximations imposed the more fundemental limits on performance.
In effect, the result in Fig.3.54 corresponds to a waveguide element
pattern perturbed by a "resonant dip" outside the end-fire grating lobe
condition. As the element boundaries near the lens aperture can be
regarded as a set of non-uniformly spaced inductive poéts, the possibi-
lity of a phase-sensitive increase or decrease in the net forward-
scattered grating wave is at least plausible, if not pfobable. The sug-
gestion,of a sectoral pattern, as distinct from a resonant effect con-
tained within a few degrees of scan, was a more encouraging feature of
Fig.3.5k4. ‘In this respect, an underlyinglperformance similarity with the
'diskpole' radiator discussed in Section 1.4 is evident.

Further tests showed that the three extreme elements were affected
discernibly by edge conditions; but only one pattérn was severely
distorted, possibly by leaky wave radiation (cf. structures shown in
reference 120). The results, with and without r.a.m. t§ absorb the edge
radiation, are shown in Fig.3.55. The major effect of the r.a.m. was to
reduce radiation in a direction about 150 off broadside in the region
‘where lesky waves could propagate. However, the very limited coupling
over most of the taper pre%ented any conclusive definition of edge
behaviour. The extreme "ray path" concept can not be applied, because
of the anomoly as by + - (Fig.3.56). However, the element pattern
results implied that a single dummy element with its "free" edge sealed
with r.a.m. would have been adequate compensation for edge effects.

Overall, it is considered that the combination of design problems,
limited grating wave reduction and uncertain edge behaviour left questims
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about the practicability of the design concept in the H-plane largely
unenswered. In the next section, specific topics for further investiga-

tion are suggested.

3.7. Conclusions
The overall significance of the experimental programme can be

revieved in terms of the experimental objectives.

3.7.1l. Assessment of Results

The first of the objectives was to demonstratevthat a reduction
in the periodic fluctuations of the aperture fieid could be achieved in
both polarisations with.reactive element boundaries.

In the E-plane, the results illustrated how an element spacing

)"l

(a/)) exceeding the normal limit of (1 + sin 6
0,max

can be adopted
without any grating lobe anomalies, by employing a sufficiently small
parallel plate separation leading to.a/leff < 0.5. The reactive bound-
aries are used to reduce the impedance mismatch. In addition, the essen-
tial parameters in shaping the element pattern with conducting flares
have been defined, and an efficient method of containing edge effects,
using the minimum number of dummy elements, has been proposed and
expefimentally confirmed. However, the size of a practicél array (scan~
ning typically to Bo,max n 35°) would still be increased significantly
unless the length of the reactively tapered boundary remained much smal-
ler than the uncompensated aperture dimension. The design technique

" appears most appropriate to large arrays (say 50 elements or more) with
a taéered amplitude illumination.

In the H-plane, discernible grating wave suppression was only
achieved at scan angles exceeding 30°, From the results, it was evident
that a useful reduction in grating wave level (to at least -20d4B with
respect to the main beam) would not be achieved without more rigorous

design procedures. The fundamental difference between the E and H-plane

problem is implicit in this comment. Whereas the element pattern control
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in the E-plane can be guaranteed by a "one mode" condition at the aper;
ture, satisfactory control in the H-plane depends on the effectiveness
of the reactive taper.

Although numerous approximations were required to follow through
the experimental procedure, it is not considered that any single factor
can be isolated as a fundamental limitation on the value of the programme.
For example, the range of su;ceptance values was restricted by the fabri-
cation process, but in the light of experimental results, it is apparent
that the real limitations were imposed by the use of the standard paral-
lel-strip grating. Again, the performance in both polarisations was
affected by the compromise design of the reactive boundaries. However,
the basic questions raised by the design procedure would not have been
altered by the use of separate E and H plane_boundaries. The results
did not conflict with previously formulated theory (Chapter 2) except on
the question of grating wave attenuation'in the H~plane, as explained

in Section 3.6.2.

The second objective of the experimentsl programme was to define
specific problems requiring further study. It is considered that the
problems described in Section 3.5 can be summarised under two priﬁcipai
headings:

(1) Assuming the continued use of be and b, as the unifying design

h
parameters, the intrinsic periodicity of a practical "reactive
boundary" (equivalent to d/A in Section 3.5) should be very much
smaller than the waveguide dimensions (i.e. a/A). In the first
instance, this is necessary to ensure that the properties remain
independent of the angle of "wave incidence" within the structure
(cf. Section 3.6.2). The development of a reactive surface with
low inductive susceptance appears to be the most difficult

requirement. This problem is examined in Chapter 5. In the E-

plane, larger effective values of be could possibly be achieved
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(i) contd...
with narrow slots of reduced length, similar to those in commer—
cial directional couplers (cf. Fig.2.22b). These could be con-
fined to an area remote from the aperture, and used specifically
to reduce the active impedance variations.

(ii) In view of the experimental results, a "design procedure" based
largely on the use of Qode charts and velocity profiles can not
be considered adequate for practical purposes. (This does not
invalidate, of course, the general design "principles" embodied
in Chapter 2.) In particular, the performance limits imposed by
finite length tapers require rigorous definition. This implies an
ability to minimise the active impedance mismatch in an E-plane
array, and the grating lobe rsdiation iﬁ an H-plane array, sub-
Jject to constraints on the lengfh of the tramnsition, for operation
over scan limits Of-ieo,max' Assuming an infinite array, these
requirements are equivalent to minimising the "backward-scattered" |

dominant mode in the E-plane, and the "forward-scattered" second

mode in the H-plane.

As an extension of Chepter 2, it is logical to examine a tfqnsi-
tion in which the susceptence’ is changed at a finite number of discreté
discontinuities. The analogy with standard waveguide transformers can
be preserved, although the section lengths should not be assumed quarter-
‘wavelength (see Chapter 6). The constraint on length can be associated
with a limit én the number of sections of constent boundary susceptence,
with -bh or be decreasing monotonically. As a first step, therefore, a
Wiener—-Hopf analysis for an isolated discontinuity is developed in
Chapter L.

Other problems requiring a basic shift in emphasis can be speci-

fied. In the H-plane, the performance of the modified lens could not be

predicted in detail unless each boundsary were analysed as a set of closely
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spaced scattering posts. It is not immediately apparent, however,
whether any structure with posts separated by 0.3X to 0.5)A could provide
a satisfactory solution. A quantitative approach to edge behaviour
would also be valuable, possibly on the basis of leaky wave radiation.
(For future development purposes, it is considered that the performance
of an array designed in accor@ance with the present proposal could be
controlled satisfactorily with one or more dummy elements and r.a.m.)
Generalisation of the artificial dielectric concept to structures tapered
" in more than one direction could become significant if power absorption

elong the sealed edges has to be reduced.
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APPENDIX 3A

DETATLS OF THE MEASURING SYSTEM USED FOR THE FIELD TESTS

For a valid comparison of the arrsy performance with and without
reactively tapered boundaries, appropriate control of the measuring
accuracy was essential., For tolerancing purposes, a rigorqus requirement
for "one-to-one" comparisons was assumed initially, although the
‘constraints on some paramete;s were subsequently relaxed, to save time,
without Jeopardising the overall assessment. The following summary out-
lines the major considerations, but detailed analyses relevant to all
testing facilities are not reproduced (e.g. 65, T3, T4, T5).

Suitable positioning of the feed horn was achieved with a simple
cantilever sﬁpport providing for adjustments in plan and height and
rotational freedom about two axes through the phase centre (Fig. 3.Al).
Using a plumb-line and a builder's level, the cumulative positional
error, along any axis, could be limited to an estimated +6mm when
required. With this control, potential phase variations in the aperture
plane of the arrey were not serious.- (An error of 6mm tangenﬁial to the
scanning arc produced a beam squint of approximately 0.25°%,)

Within the restricted dimensions of the "aneéhoic" enclosure, it
was not possible to suppress all significant reflections with standard
bloqks of radar absorbent material (latex foam or polystyrene). Aftér
correction of the amplitude and phase distribution, it was therefore
. necessary to leave all the blocks undisturbed. To avoid variations in
surface properties from moisture absorption, each block was sealed in
polythene. The effectiveness of the r.f. screening, formed from continu-
ously bonded sheets of aluminium foil, was checked over the angular
limits of :}OOO in azimuth with the array elements sealed. A complete
loss of detectable signal was achieved with the walls of the enclosure
high enough (2 1.5m) to suppress edge diffraction interference.

In accordance with reciprocity principles and conventional prac-—

ticg, the test array served as the receiving aerial during tests, with
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the receiver installed in the supporting cabin (Fig. 3.A2). A klystron
providing a maximum C.W. output of +22dBm at 9.0 GHz was utiliéed as
the transmitter source, while the mixef and logarithmic i.f, amplifier
from & small commercial radar were the crucial receiver components. At
its design frequency of 9.4 GHz, the minimum detectable signal for this
receiver unit was typically -95dBm with an i.f., bandwidth of 12 MHz.
This performance was not available at 9.00 GHz, due to the use of inher-
ently narrowband adaptors in the r.f. head, but a potential dynamic
range of TOdB below -15dBm (effective logarithmic saturation level) was
achieved. With the i.f. amplifier modified for C.W. operation, the detec-
ted output was applied directly to the Y input of a laboratory pen
recorder with d.c. offset facilities, while an X input proportional to
the azimuth bearing, was derived from a potentiometer controlled by the
cabin turning gear. The'relatively wide bandwidth of 12 MHz eliminated
any serious problems due to differential frequency drift, without the
provision of a.f.c. to the local oscillator (a small X-band klystron).

The main sources of receiver inaccuracy were the receiver noise
and interference at low signal levels, and cabin flutter during rota-
tion. By ﬁrimming the local oscillator before each measurement and cali-
brating all results individually with a rotary vane attenuator, side-
lobe peaks at -20 to -25dB could be reproduced to within 0.25dB, pro;
vided the peak signal was 35dB above the minimm detectable signal. Both
- absolute and differential azimuth bearings could be determined to within
0.5° of arc where required, by avoiding tests under windy conditions and
compénsating for backlash errors in the turning gear. With an additional
penalty of £10dB in sensitivity, the receiver could be operated over s
wide frequency range at X-band.

In common with all conventional test facilities, further limita-
tions on accuracy were imposed by the finite aerial separation and site
reflections (75, 76). For the site geometry shown in Figure A3, the

requirement for substantially uniform amplitude and phase illumination
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of the test aerial (i.e. maximum variations of approximately 0.25d4B
and A/16 respectively) leads to the following minimum range (R) restric-

tion (65):

) :
= 2 2]z ' Al).
R in boa . [(d2 + 2u)? + Lv?] eees (A1)
A
vhere dl,dz = effective apértures of the transmitting and receiving
aerials,
and u, v = dimensions defining the offset of the centre of rotation.

For the relevant example of a 104B cosine-on-pedestal distfibution, the
first sidelobe level is then increased by asbout 0.2dB (77). This was
quite acceptable in view of the increased site interference and pover
limitations at larger aerial separations.

A cassegrain aerial system, with a 0.9m diameter primary reflec-—

.
tor, was utilised as the radiation source in standard elevated range
configuration (Fig. 3,Ah); Substituting into egn.(Al) the values
given in Fig. 3.A3, the required range was approximately 75m. This
separation was used throughout except for a set of E-plane tests Auring
the first phase of measuremehts, vhen an operating range of 204B could
not be obtained from the receiver. (A 104B loss of sensitivity was
traced subsequently and corrected in the detector circuitry, but at the
time the effect was attributed incorrectly to the very low efficiency of
the lens system.) Experimental results, supported by theoretical calcu-
lations of the pattern with quadratic phase errors, indicated that the
relative level of the grating lobe wasvunchanged at this-shorter range,
although near field effects were expected to modify slightly the signi-
ficant sidelobe structure (sidelobe peaks could be in error by approxi-
mately 0.5dB).

Both the transmitting and test aerials were mounted at & height
of 3m above the ground, to achieve adequate suppression of the radiation
from the "image" source (Fig. 3.ALk). Tests with a standard gain horn
were made to ensure that the signal incident on a 2m x 1lm aperture varied

~ - 1hY4 -



essentially in accordance with the directivity of the transmitting
aerial, and were used as & final method of aerial alignment. Measured
patterns for a standard horn, in both polarisations, were correct to
within the limits of resolution given above, and free from significant

azimuth site reflections 304B below the peak of the main beam.
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Fully assembled lens array



- Lf-("[ -

Ottset scanning arc
\for feed horn

% Feed horn, with
Z phase centre at

/ \ lens focal point
' \

20 Element
plano -concave

Elements of
square
waveguide

- /Vcrticcl
Axis of r::::s
rotation
h .
! |
| |
L _J
/
/

Screened —— —

‘free space’
enclosure

Fig,3.2 Schematic details of the scanning array model

w
\

Main
beam *

Grating
beam



.-gf('[..

Take O as origin ‘ :
A as -point (uv)
P as point (xy)

OA co.n be regarded as _i.
the ‘focal distance (f)

Fig. 3.3 Ray-path geometry for g=neration of lens surface

o= Azimuth bearing
of ‘main® beam

Refractive index -

of lens <{

ray paths constrained
PE//AB



=)

Constraint when n<|I, for i /
theoretically realisable / J
surface "is - N3>Ny, >N 50
1,1 14n
D™ 2 [fi-q2 This defines N,
In pratice 058 £ 07 usually
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Fig. 3.11 Components developed for lens evaluation:-

(a) Reactive septum (b)
(d) Waveguide phaseshifter (e)

(g) Adaptor for element measurements

Sliding waveguide termination

Load for absorbing edge radiation

(c)
(f)

Waveguide attenuator

Sliding short-circuit
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(A) H-PLANE n (B) E-PLANE
Element Amplitude |Phase Phase Amplitude | Phase Phase
No. (dB) (degrees) |differ- (dB) (degrees) {differ-
ance er.ce
1 -10.0 +13 - -10.0 0 -
2 -8.4 -122 135° -6.1 134 134
3 ~4.9 +105 133° ~4.5 -269 | 135
4 -2.3 =23 128° -2.1 -404 135
5 -1.8 -162 139° -0.9 -540 136
6 -1.2 +68 130° 0.7 680 | 140
7 -1.8 -70 125° +0.4 -821 141
8 40,7 +157 133° +1.4 -960 139
9 - +0.1 +34 123° +1.8 -1094 134
10 +1.8 -99 133° +3.0 -1230 136
11 +0.7 +124 137° +3.7 -1362 132
12 1.8 -3 127° +3.7 1499 137
13 +1.3 ~137 134° +1.8 ~1637 138
14 +1.4 +94 129° +1.3 -1772 135
15 2.8 -44 138° -1.2 -1910 138
16 +1.3 -174 130° -1.5 -2047 137
17 +1.2 +45 141° -4.0 -2185 138
18 -1.2 -86 131° -6.8 -2320 135
19 -3.8 +145 129° ) ¢ -9.7 —2451 131
20 -9.6 +16 129° ‘ -12.3 -2588 137

Fig,3.1h Measured amplitude and phase {1lumination of the corrected
lens in the H and E planes, for the nominal horn position.
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Fig. 3.17 H-plane scanning characteristics of an infinite planar
arrey, periodically excited by TE;y waveguide mode
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Fig. 3.18 Calculated transmission coefficients and element—

gain pattern in H-plane for infinite waveguide array
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O H-plane centre elerent pattern for waveguide array
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CHAPTER k4

CHARACTERTISATION OF AN AXTAL SUSCEPTANCE DISCONTINUITY IN

INFINITE ARRAY STRUCTURES

.1, Introduction

In this chapter, the network propertigs of an infinite array
¢ ; ; :
structure with en axiél~susceptance discontinuity are derived. The ana-
lysis is an extension of Sections 2.2 and 2.5, in which the modes of pro-
- pagation in a région with constant susceptance boundaries werebdefined.
The same assumptions given in Section 2.1 are invoked, except of course
for the presence of a line'discdnfinuity in boundary susceptance. The
unit cell geometry for either polarisation (i.e. E- or H- plane scan) is
shown in Fig.4k.l, with the axial co-ordinate (z) set to zero in the plane
of the discontinuity. An exact solution of the boundary value problem
defined by Fig.h.1l is obtained in the fcliowing sections, and expressed
in the standard matrix form
[v] = [s] [e] cene (1)
where {g] and [P] characterise respectively the incident and reflected
fields associated with each of the propagating nodes in the two
regions z < 0 and z > 0y
and [§] defines, in amplitude and phase, the reflection and transmis-
stion properties of the discontinuity.
Based on previous anelyses and the intended epplication, (i.e. in array
transitions with step discontinuities in susceptance), the following
constraints can be placed oﬂ the parameters:
(i) The boundary susceptance is restricted to inductive values in the
H-plane and capacitive values in the E-plane,.
(ii) The magnitude of the susceptance is assumed larger in the region
z < 0, corresponding to a discontinuity which, in the limit,
becomes the aperture between & waveguide array and free space.

(1iii) In the E-plane, it suffices to assume values of a/A < 0.5 (cf.
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(i1i) contd.... Section 2.5.1). This ensures that only one propaga-~
_ ting mode can exist either side of z = 0, and [a] ana [] vecome
column matrices having two terms only.

(iv) In the H-plane, an element spacing in the range 0.5 < a/A < 1.0
is assumed. Consequently, at least one, and not more than two
modes, can exist in either regign. Three separate possibilities
-must be considered, corresponding to the potential number of dual
moded regions (i.e. 0, 1, or 2).

In a cascade network with a series of discontinuities spaced less
than a wavelength apart, it is also necessary to consider the effect of
evanescent modes which are just cut-off. This involves an increase in
the order of the scattering matrix. To illustrate this, one of the addi-
tional terms is calculated in Section k.kh. |

The Wiener—~Hopf technique is used throughout this chapter. This
technique was ofiéinally applied by Carlson and Heins (70) to determine
the properties of an interface between free space and an iﬁfinite array
of uniformly-epeaed porallel plaotcos of Infinitociinal Lhichuicss. Oince
that time, numerous pfoblems in electromagnetic wave thebry (and acoust-
ics) have been solved using integral transform and ana’ytic function
theory. Many of these problems are described by Noble in a standard
reference on Wiener—Hopf technique (90), which is also described or used
in more recent engineering texts (94, 95, 96). |

The boundary value problem represented by Fig.li.l can be regarded
as g generalisatioﬁ of the problem considered by Carlson and Heins; and
is idealy suited to analysis by the Wiener-Hopf technique. Howé&er,
other methods of analysis could be applied, including the field matching
technique first described by Berz (97), extended by Wu and Galindo (43)
and now used as the basis of multi~mode technigues described in Section
1.2.4, 1In relation to Fig.L.l1l, this method requires the infinite se{ies
of eigenfunctioh fields in the regions z < O and z > O to be matched in
the plane z = O with the incident mode specified (9%). Using analytic
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function theory, exact solutions can be obtained in specific cases (e.g.
97, 43). By contrast with the normal restrictions on the Wiener-Hopf
technique, this method can still be used to obtain approximate solutions
(e.g. 81) when the unit cell dimensions either side of the discontinuity
cannot be represented as an infinitely thin contour or edge. (Approxi-
mate methods for extending the Wiener-Hopf technique are discussed by
Noble in Chapter 5 of reference 90.)

Where amplitude information will suffice, the problemg considered
in this chapter can also be analysed using momentum and energy conserva-
tion principles (98). The technique, which extends an earlier publica-
tion b& Brown on the electromagnetic momentum concept applied to general
"waveguide" discontinuities (99), yields numerical answers with consider-
ably less analysis, and affords an independent check on the magnitude of

terms in [S] (egn.(1)).

4.2. H-plane Wiener—Hopf Analysis

k.2.,1. Preliminary Definitions

| As an initial problem, consider an infinite array sfructure (with
unit cell as shown in Fig.h4.l) excited periodically by the incident H-
plane mode (¢inc) with remote sources at z = -, The general solution in
this unit cell of the array (where -a/2 < x < a/2) can then be written
in the form:-
Total field = Ingident field + Scattered field; i.e.
$(x,2) = ¢, + J aw. exp(~jvz) [A(w)exp(-ixvkZ-wZ) + B(w)exp(ixrk?-w?)]

- : ceee (2)

vhere the scattered field (¢s) is expressed as an angular spectrum of
plane waves in terms of the complex variable w. The Fourier integral
given in eqn.(2) is defined if the portion of the integrand between
square brackets is analytic in a strip about the real axis and tends to

zero uniformly as IRe wl + o (100). As a temporary expedient to ensure
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this condition, the standard assumption is made that the wavenumber

k is complex, i.e.

k =k - jk, coee (3)
vhere k, and k, are both positive real, and k, is small and can be set
to zero at a later stage. In subsequent work, no complication arises
through branch cuts associated with the isolated multi-valued function
(k2—_w2 %, and the only branch of interest is defined by vk2—wZ = + k
“when w = 0 (see‘Fig.h.Qa)o

The functions A(w) and B(w) in eqn.(2) are unknown, while the
incident field can be written as

> + ' |
= -3 -n2 . 2..02 (5
$. [Al,nexp( ix/i? Bl,n) + Bl’nexp(JxVE 61,nﬂexp(381,nz)

inec
oo ()
where the first and second subscripts specify the mode and the number
« of the reactive boundary region respectively;
the arrows indicate the axisl (or z) direction of ﬁropagation,
and ¢£2:§¥:; is real, lies in the range 0 < avﬁfiﬁf:; ¢ 7, and satis~

fies the characteristic equation

sin(k a)
Kh,n s + cos(kxa) cos y =0 (kx vk Bl,n) vee. (52)

where Kﬁ,n = g.(a/A). (-b, ) | eees (5Db)

h,n
and bh n is the boundary susceptance of the "n"th region (cf. Section
£l

2.2), If the (complex) relation

O - cees (6)

is temporarily assumed for the branch defined above, then all points in
the w plane are mapped by the region Re kx > 0 with the branch cut

‘chosen as shown in Fig.4.2a, For real values of kx in the range
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0. to =, the corresponding locus in the w plane is a hyperbola, which
approaches the real and imaginary axes as k, + O (see Fig.h.2Db).

All solutions of eqn.(S), and consequently all zeros of the complex

function
F(w) = Kh,n Sii:i:%ﬂ;y ) 4 cos(ark?-w2) - cos Yy eees (T)

lie on this hyperbola (under the specified conditions on a/X and bh,n -
cf. Section 2.2). The value of k2 is assumed sufficiently small to
ensure that the distinction between real and imaginary roots in the w
plane when k2 = 0 can be preserved. Although Bl,n does not quite fall
on the real axis (see Fig.h.2),'it remains valid to regard ¢;,0 85 8
propagating mode. Roots of eqn.(7) associated with evanescent modes are
designated jgi’n'below, with the subscript i corresponding to the range

of the real variable kx previously specified in Section 2.3 - i.e. (i-1).

T <kagim.
X

4,2.2. Application of Boundary Conditions

The boundary conditions applied in Section 2.2 are relevant in the
two regions z < 0 and z > 0. Over all z, ¢(x,z) is continuous at

x = -a/2 and x = a/2, and with periodic excitation, it follows that

¢(~-a/2+8,z) = exp(jwh).¢(a/2—6,z) as 6 + O cees (8)

Substituting in eqn.(2), and setting & = O,

[A(w)exp(ja#kz—wz/Z) + B(w)exp(—ja#gz-wz/2)]

= exp(J, ) [A(w)exp(-javk?-w2/2) + B(w)exp(jark?-w?/2)]
cee. (9)
since 500 (-a/2,2) = exp(jwh)o¢inc (a/2,2)
cees (20)°
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and the equality of the integrals implies equality of the integrands.
Using the results in Appendix 2A, the interdependence of A(w) and B(w)

can be expressed in various forms, e.g.

sin[(a/kZ-w2 - y )/2]

B(w) = a(w) -
sin[(afk?-w? + ¢h)/2]

eees (11)

When b = 0, the function given by eqn. (11) has a pole

hon+l Kh,n+1
vhen w is equal to each alternate root of eqn. (7). Consequently, the
various modes obtained from eqn. (2) are specified below in terms of
A(w) if i is odd, and by B(w) if i is even.

The second boundary condition must be applied separetely in the

regions z < O and-z > O, By comparison with eqns (8) and (9) in Chapter

2 and Appendix 2A, the required equation for all z is

1 2 . 3 1
x=-a/2+l =3,/ 8 n =-2,/C
as 6§ + 0 eeee (12)

where Xh must be specified as~Xh’n or xh,n+1 as appropriate. For

z <0, ¢inc satisfies eqn (12), and the scattered field, after substitu-
) 4

tion and some algebraic simpl%pation (cf. Appendix 2A,) can be shown to

setisfy the condition

-]

-—00

Alw). arkZ-w2. Fn(w)

dw. exp(—jwz){'

sin[ (avkZ-w2 + ¢h)/2] eees (13)

where Fn(w) is given by eqn, (7). The function defined by this integral
is proportional to the scattered field Ey along x = a/2, vhich must become

asymptotic to an expression of the form Klexp(-js1 1z) as z + ® (K1
b

n+
being independent ofz). Consequently, it follows from standard transform
theory (eg. 100) that
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Alw). avk?~w2. F_(w)
2t = U(w)(say)

sin (avk?—Z + y,)/2] Ceen (1)

is analytic in the region Im w > Im B .
1,n+1

For the region z > O, b5 does not satisfy eqgn. (12), and the condi-
tion to be satisfied by the total field can be reduced after substitution
to

N2_n2 . -3
Kl . avk B L * F (B n) . expl JBl,nZ)

aIl Peey n+i 1.

sin[(a#kz—Bf nt wh)/zl

I Aw) . ek~ F__ ()
= J,dw exp(-jwz) nti

-—C)

sin[(avk2-w2 + wh)/2]
eees (15)

The transform in the above equation has a pole at w = Bi n associ-
b

ated with the incident field. With partial factorisation to isolate this

singularity, the remainder of the transform becomes analytic in a region

T = T - N 2 ~ 1, 14 a £ .7ra A A - In 4L
7 <-Im ~ 0 gince the scattered field E St C chez on

———a ¥ ~ 5 madL N WAl ey - CE S R e )

asymptotic form K, exp(j81 nz) as z -~ — ©®, This can be expressed by the

s .

equation

A(w) . avk2-w2 .Fn+1(w) | C,
- = L(w)(say)
sin[(avk2-w2 + wh)/al w- 8

i,n

ceee (16)

in the region Im(w) <Im _81 0° where C_ 1s independent of w. Closing
]

h

the line integral on the R.H.S. of eqh. (15) in a. .. “clockwise direction

with a semicircle of infinite radius, the value of Ch is obtained

immediately from the residue theorem, i.e.

2_p2
1 K11n' & B1,n' Fn+1(81,n)

b 2m sin[(a¢k2—8f aF wh)/2]

eees (27)
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By eliminating A(w) from egqns. (1) and (16), it is seen that the

relation
F(w) C
n+1 - h
U(w) F (w) = Llw) + w - B
n 1elt eees (18)
is obtained which holds only in the common strip Im 61 oty S Inw
]
< Im - .
o 'Bl,n

4.2.3. Factorisation and Analytic Continuity

The sequence of analytical steps peculiar to 'the Wiener-Hopf
technique"” must now be considered. To proceed with the analysis, it is
first necessary to decompose the square-bracketed term in eqn. (18)

into the form

Fo(W) Fo (0.F () Flw)

Fn(w) ) F;(W) -F;(w) ) F (w) ceee (19)

where the functions F+ snd F are analytic in upper and lower half-plane
regions which include (at least part of) the common strip sbout the real
axis. (This implies that individual functions, such as F;, be analytic
end non zero in their respective half planes). Since Fn+1(w) and Fn(w)
are both even functions in w with simple zeros (cf. egn. (7)), the
required decomposition can be recognised immediately after applying

the sppropriate form of the Weierstrass factorisation theorem (101),
viz

£ (v) = fe(o)gI;[l—(w/wi)Z] ees. (20)

where the roots are +w.. (The following analysis does not apply in the
special casesof second order roots, e.g. b= = 0 see Section 4,2.5.)
Assuming for illustrative purposes two propagating modes, the individual

functions can then be expressed in the general form
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F (w)

[Fn(O)]% .exp[*xn(w)] (1 w/Bl’n)exp(tw/qlsn).

(1 % w/p, Jexpltw/t, .} IR Jw/e; [ exp(iw/c, n)]
) > i=3 ) L]

.»...(21)

vhere upper and lower signs go together. The exponential factors are
required to ensure algeigraic growth (and uniform convergence) in each
half plane as !wlé-w(see belo%). Normally in engineering problems,
convergeﬁce is .assured by setting §1,n = gI’n (eg. 43, 95) ; however,
& more flexible choice is preferred in the present work, to simplify
the specification of [Xn(w) - Xn+1(w)]'

As i + =, the zeros (ijgi’n) of Fn(w) become independent of Kh,n’

For any finite value of b, , their asymptotic values can be found

h’
analytically from the equation

cos(avk2-w2) = cos ¥y '..'. (22)

Assuming evanescent modes, it follows that

avk? + gi = (i~1)® + wh if i is odd ceees (232)
. vee
=3iq - Yy if i is even , vees (230)
. . o1
iee £, (n/a)i + (wh— m)/a + 0(1 °) for i odd eess (2ha)
2 i_m
(n/e)i + wh/a + O(iﬂl) for i even cees (2bb)
Where bh = ~wo, corresponding to the region n = 0 in Chapter 6,
the zeros are given by
3 > L roi™ as i (25)
i,0 7 & S sees (25

Therefore, for any velue of bh in the range -~ © < bh< 0, the most signi-

ficant term in these asymptotic forms is the same. By choosing

_ . 1 -
Ei,n = Ci,n+1 +i+cd o(i *) as i > ceeo (26)

. + +
(where c is any constant) in the expressions for F;+1(w)/F;(w), it
follows from a result given by Noble (102) that [xn(w)—xn+1(w)] should

be set to zero to ensure algebraic growth in each half plane.
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As a specific example, consider a junction between regions n and

n+1 with one and two propagating modes respectively. Using the results

in the two preceding paragraphs, the functions Fi(w) can be reduced to

[<+]

POV (Fwe ) Fwe, ) T]QF v, )

n+i 1,n+1 2,n+1 A i,nt+
F(w) = . '  i23
T (0) CwEw/e ) - E(l F /e L)

S eees (27)
These functions epproach a.constant value (i.e. O(w°)) as |w| + « in
their respective half planes of analyticity. The regions of analyticity
correspond with those defined for L(w) and U(w). |
Returning to eqn. (18), and substituting eqn. (19), the relation
C: F (w)

h.

—Bl’n ’ .ooo- (28)

U(w).F+(w) = L(w)F (w) +

is obtained. The pele on the R.H.S. can be removed by subtracting the

term Cp F_(B1 n) from both sides, giving the result

[ S - 1.
v- Bl,n
CCF (8 ) CCIF () - F (g )]
U(w) . F () —-—%—:—Eldg~ = L(w).F (w) + b - Y 5 R eeee (29)

1,0 l,n

ney S TR(V) < Im =B s

This equation only applies in the region Im 81’
but the L.H.S. is analytic throughouﬁ the upper half plane, and the
R.H.S. is analytic throughout the- lower half plane. By the principles
of analytic continuation, it therefore follows that both functions are
equal to an entire function h(w) of finite order.

This function can be derived from the asymptotic relations between
the fields (as z #0) and their transforms (as [w| + ») , sometimes known
as the Abelian theorems (103), Specifically, if the behaviour of f(z)

-v=1

is known to be of the form cz® as z - Of,Athen F+(w) N O(w ) as |w| » =

in the upper half plane. With this result, it is possible to put limits on
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the asymptotic behaviour of U(w) in eqn. (29), vhich is the transform of
a quantity proportional to the field Ey along x = a/2. For a conducting
knife~edge at z = 0 (corresponding to one extreme where by = - and

L]

bh Nt 0), the order of field singularity consistent with finite
2
stored energy is cz 2 as z + O (104), TFor a vanishingly small discontinuity

(corresponding to the other extreme where b ), the fields do

h,n M bh,n+1
not become infinite, and therefore take a form czO as z + 0. For the
general discontinuity as defined by Fig. 4.1, it therefore follows that

E ~ czv as z > O+ with - 0.5 < v < O
y x=a/2 LIRS Y (30)

) -y-1 -
vhile U(w) ~ O(w ) >0 as |w| o, Inw> In Bl,n+1 cees (31)

A term by term inspection of the L.H.S. of eqn. (29) now shows that the
polynomial functién h(w) must be indentically equal to zero to comply

with the known asymtotic behaviour of U(w) and Fi(w). [In the present ex-
ample. it is now unnecessary to examine the asymptotic behaviour of the R.H.S.
of eqn. (29) as IWI + ® in the lower half plane, or to invoke the extended
form of Louiville's theorem (cf. 105).] Substituting for h(w) in egn. (29),
Ch F_(Bljn)

V=B o P (w) - Ceee. (32)

3

Ulw) =

and the required expression for A(w) can be found directly from eqns. (1h)
and (19), viz

Alw) = él,n. kz-Bf,n. sin[(afki~? + lph)/'?] .

onj 2y? sin[(aVki-Bf a Y wh)/2]

o+ -
Fn+1(81 Ln) Fl’l(Bl ,n)

T =
v B F o, 00 F () eees (33)

The form of this equation is sufficiently general in respect of w and the
root (B1 n) associated with a particular incident mode, to permit the
]

corresponding relations for A(w) (within a strip including Im w = 0) to be
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recognised without repeating the above analysis for other incident modes

(see below).

h,2.h, Transmission and Reflection Coefficients

The amplitude and phase of any 'mode' in either region (i.e.
z < 0 and 2 » 0) can be obtaingd by substituting eqn. (33) (together
with egqn. (ll))in eqn. (2), and determining the residue associated with
the appropriate pole of A(w). In the region z > 0, the line integral
is closed anticlockwise in the lower half plane, while for z < 0, it is
closed clockwise in the upper half plane; in both cases, by & semicircle
of infinite radius, which can be chosen to pass between the poles near the
imaginary axis.

A simple check can be made on eqn. (33) by finding the scatgered

field in the regién z > 0 introduced by the pole at w = 81 ' By
s .

inspection, the result is “$:n0 8S required, thereby removing this mode

from the total field in the region z > 0.

-
The lowest order reflected mode, characterised by A1 n? is given

by
.Xl 0= 21j [Residue associated with A(w)exp(-jxvk2-w?)exp(-jwz)
at w=-~8_ ]
-1 eees (3ha)
. Lim
=2nj (w+ 8 _).A(w)
W 81,n [ s } eeee (3UD)
1.€0
< , + -
Al,n . Lim (v + Bl,n) Fn+1(81,n) Fn(sl,n)
Kl,n w“sl,n (W - Bl ,n) F:'*'I(W) F-I_I(W) X (3hc)
(The remaining terms in A(w) cancel with w = —81 n')
,n’.

If k, is set to zero, the amplitude of this reflection coefficient

can be reduced to an expression involving only the real zeros Bi n and
3
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Bi,n+1 of Fn(w) and Fn+1(w)' Correspondingly, the phase depends on the

imaglnary zeros JEi’n and Jgi,n+1’ end 1s equal to an infinite series of
terms which converge as i + », Substituting appropriate expressions
based on egn. (21) in eqn., (3kec), and assuming (as a specific example)

one propagating mode in each region, the following result is obtalned

(Appendix bLA)

B - B

K"“= L LaB L exp[{n + 2P, (8, )]
x : . 6 expLaim 2.2'%1n
i,n 1,n+1 1,n eess (35)
where P, 2(u)= :E: arctan £11 — = arctan ET‘E——'
> j=2 i,n i=2 i,n+1 ceee (36)

- The subscripts in P2 2(u) indicate the initial values of i in the
b}
two regions z < O and z > O respectively. Equation (35) defines the
scattering matrix element Sll in egn. (1) if the first element of the

. A
column matrix fal is A -
3

The lowest order transmitted mode is characterised by

o so:] Lim _
KI ,nt1 2mJ w8 [(w B1,n+1) A(W)]

1,n+1

eeee (37)

The corresponding transmission coefficient is then obtained from

sz—Bf 0 sin[(a#kz—ﬁf + wh)/zl

1,041 _ 1,n+1
f2—g2 i Vk2-g2
K:,n K5B) sin{(a/k ln ™ ) /2]
+ -
Lim (W B 61 ,I'H‘l) Fn+1(619n) F (61 sn)
w+B + F_
1,n+1 (W - Bl,n) Fn+1(w) Fn(w) eeve (38)

The steps in the evaluation of the limit term in eqn. (38) are
typical of the procedure when the scattering matrix element Si’j' is

off diagonal (i.,e. i“ sk j°). The emplitude can be expressed in closed

_213_



form by utilising the derivatives F;(w) of the unfactorised functions
Fn(W) when k2 = 0, Appendix LA illustrates the procedure for single

noded regions, viz

A k2-2  sin((a/k-82 4y )/2] 248

1,n'81,n+1_

1.n+1 - 1,0, 1.,nt1
Yo V) . fiZ_a2 [
i1,n Bl,n-u s1r%[(a k Bl,n * ll!h)/E‘] Bl,n+1 * 81 oI
Fd
lylfmzﬁ(%sl’n)i[ ) IBI‘ r(lﬁ(aslm)!l ’ exp[j{Pz 58y, P (8, n+i)}]'
n+1' " 1,n+1 n'"1,n+H »e 12D 3 ?
s e e (39)
‘If Kl nt1 is regarded as the second element of the column matrix
H]

[a], then egn.(39) defines the term S_, in the 2 X 2 scattering matrix

21

for propagating modes.

With proper normalisation of the incident fields and k, set to
zero, it follows ffom standard network theory that the remsining two
terms 812 and 822 in a 2 X 2 matrix can be obtained without further
enalysis of the juncilon. Under condiilons of Gual=-moded propagatlon,
however, it is essentiél to consider more than one incident mode to
define all the elements in the corresponding scattering matrix. Con-
sequently, as relations equivalent to eqn. (33) can be readily deduced
for any incident mode, it is convenient for numerical purposes to retain
unnormalised fields. The interrelationships affordéd by reciprocity
and power conservation can then be utilised to check the final results.
Proceeding on this basis, all terms in the various H-plane scattering
matrices (tabulated in Appendix LB) can be found by noting the following
modifications to eqn. (33):-

(1) ‘ For mode incidence from the R.H.S. in Fig. bL.1, say K:,n+1
K becomes —X

1,n 1 yn+1

and becomes -
Bl,n B1,n+1

-~ o1l -



Y Yi2-p2 sin[ (avk2-v2 + wh)/Q]

1,nt1 1,n%1

2nj Yk 2-w2 sin[(aVk2~Bf o T wh)/2]-
>

i.e.  Alw) =

+ —
1 . Fn+1(-31,n+1) Fn(-Bl,n+1)
wo+ B ¥y, (0) ()

1,nt1 n+1

vene (4O)

(The change of sign occurs because the pole associated with the incident

mode now lies in the upper half plane.)

(ii) TFor elemeﬁts of the scattering matrix involving second modes in
either region, characterisation by B(w) is achieved by substituting

eqn. (11), which applies for any incident mode, with w = B or

i,m

-8 es appropriate. For example, if the second transmitted

i,nt1

mode is required with dominant mode inecidence from the L.H.S.,

then

A(w) becomes B(w) in eqn.(33).

vhile sin[(av/k2—w2 + wh)/Z] becomes sin[(aVEE:;§ - wh)/E]..... (1)
(iii) Combinations of (i) and (ii) can be adopted as appropriate.

The overall pattern can be easily recognised by studying the

terms in the 4% X 4 matrix in Appendix LB.
(For computetional purposes, it should be remembered, of course, that the
roots Bi and Ei are not constant (unless b, = - «), but remain function-

h
ally dependent on wh.)

4,2,5, Discussion of Results

The individuel terms in the scattering matrices are consistent
with the qualitative predictions in Chapters 2 and 3. In particular,
it is clear that the two principal objectives of the design technique -
viz the'minimisation of reflected power for impedance matching, and
the reduction of forward scattered power in the second mode for element

pettern control - can be maintained with small discontinuities in
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boundary susceptence, 1i,e. with Bl,n = 61,n+1 — § where § -+ 0. The use
of these results, within a cascade network constrained by the number
of discontinuities and the extreme values of bh(bh,o = - oo, bh,m = 0),

is examined further in Chapter 6.

The scattering elements obtained for the 2 X 2 and 3 X 3 matrices
in Appendix 4B can be checked against the resulis obtained by Wu and
Galindo (eqn. (11) of reference 43) in the lihiting case of a waveguide
array radiating into free space. A term by term comparison suggests two
possible discrepancies in phase. The first arises from the presence
of a term expl-jau(ln 2)/v] (in & function analogous to P (u) in
eqn. (35)), which does not occur in the present work. However, this
difference is only superficial, and can be clarified by modifying the

factorised expressions for the function

F (v) cos(avk?-w?) - cos 1

m
F {w
o' ) sin(avki—v2)
a/k2~2 (ko)

L)

(For the present discussion, it suffices to have one propagating mode
in each region.) If the function Fm(w) is now factorised into two

sets of "essentially imaginary" roots, i.e.

avki+a? = on(i-1) + Uy (i = 2,3, ...) . eees (b3a)

9

avk24n? = on(i-1) - Yy (i =2,3,h ...)

i,m

while Fo(w) is factorised as before, i.e. in terms of
a/k§+g§ 0= w(i-1) (i =2,3,4 ...) eves (h3c)
b}

it can be shown (usihg the procedures outlined in Section 4.2.3) that
[xo(w) - xm(w)] does not disappear, but becomes [jaw(ln 2)/n]. Conse-

quently,
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F+(w) [F (0)]%
B B . expl-jaw(ln 2)/n]

Frw)  [F,(0)1? (1 - /8, )

(1 - W/Bl,m)

*

o ({1 - jW/ai,m)(l - jW/ni’m)

11

i=p (1 - gw/e; ) vern ()

The complete set of roots a. end n, is equivalent, of course,
i,m i,m

to a complete set Ei o consistent with egqn. (21), but different phase
2

results are obtained in the evaluation of residues (cf. Section 4.2.L4)

(vith v = arealquantity) unless the additional term exp[-jaw(ln 2/7]

is included. Mathematically, the first of the two "discrepancies"

is therefore a direct consequence of the relation implied by eqn. (44),

viz
1= s M- guig )
6 -,'w/g y 2 + expl+jaw(in 2)/v] as I » =,
1i=2 J i,m
' eees (45)
When estimating P2 e(u) numerically, no confusion can occur if
all cases (including those where b, = - « or 0) are considered in the

h

manner outlined in Section k.2.h.

The second discrepancy concerns the sign of the transmission
coefficients 821 and S3l. The results given by Wu and Galindo include
a phase term exp(jn) which does not arise, for example, after sub-
stitution in the ekpression for 821 given by eqgn. (39). To resolve
this genuine discrepancy, experimental checks were made using the
phased-array vaveguide simulator described in Chapter 5. The measure-
ments confirmed (to within 10°) the phase as defined by eqn. (39) and

in Appendix 4B. Wu and Galindostate that their expressions for the

reflection and transmission coefficients, which are not derived in

published work in the case of the H-plane scan, are "referred to Ey",
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as in the present work. However, the use of Hertzian vectors to
describe the total field in reference 43 could be significant. With
the geometry as shown in Fig. 3.17, a Hertzian vector TEx and Hx differ
only by constant factor for scanning in the quasi-E plane, which is

the case analysed step by step in reference 43. However, if the fields
are then described by a TM&'Hertzian vector for an H-plane scan, it is
readily shown that the "constant of proportionality" with Ey takes
~different signs for scattered modes in the-regions z < 0 and z > O,

It is conceivable that this difference may not have been allowed for

in references 43 and 4 (pp 134-135).

The disposition of roots in the w-plane for a particular value
of a/A - say 0.707 — can be appreciated by reference to Fig. 4.3,
which shows the.calculated roots for the waveguide and free space
regions. The roots corresponding to any particular value of bh lie
on the loci as shown, which in turn "stretch" or "contract" as Yy is
varied. Whilst this representation has qualitative merit (particu-
larly in relation to Chapter 2) it is inadequate of course as a
general method of specifying the roots. For this task, and the sub-
sequent calculation of the scattering matrix elements in the general
case of an H-plane susceptance discontinuity, a numericsal analysis
is required. Using the computer programme described in the next section,
(avgmented by numerical tables of power flow) confirmation of power
conservation is readily obtained. (A straight-forward analytical
pro§f can also be developed, although the algebra is quite cumbersome
in the case of a 4 X 4 matrix, The amplitudes of Si’j’ ina3X3
matrix have been obtained independently using momentum principles (98).)
JFinally, it should be noted that the occurrence of phase terms exp(jw)
in the elements of the scattering matrices is such that the re-

lationship between the arguments expected from reciprocity is preserved,
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B.I‘g si,j,=arg Sj,i, ; i’*j‘ se e e (h6)

4.3, Numerical Calculations of [8] in H-plane

A computer programme which calculates all terms in the appropriate
scattering matrix was vwritten in fortran and run on the Honeywell
Mk IX Time Sharing System. The programme affords the normal flexibility
expected for numerical purposes, with all the significant variables
read from a data file. These included the analytical parameters a/},

Y and b , together with the numerical

A
Vo 1‘bh,maux’ bh,n h,n+1

h,min?
variables "CONERR" (which governs the maximum error in the iterative
process of estimating Bi and gi) and "NUM" (which specifies the number
of roots included in the calculation of the arguments). A simple
decision process ensures that the correct form of [8] is chosen for

any particular set of parameters, with the appropriate terms in the

4 X 4 matrix output set to zero when modes become evanescent {(see next
cection)., The wain programme ic constructed in 2 stendard menner ewound
three subroutines, One of these finds the real or imagihary *i'th

root of the general characteristic equation (i.e. Fn(wi)==0), while the

others calculate the amplitude and phase of the scattering matrix

elements (Si’j’) according to the number of real roots.

The efficiency of the subroutine which calculates the roots, and .
the number of times it is called by the main programme (i.e. 2 X NUM)
are the key factors in the control of computing time. Setting
CONERR = 10™* and NUM = 30, and estimating roots according to the

criterion

|F (w.)| < i x CONERR vees (BT)
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the scattering matrix elements Si’j’ could be calculated in amplitude
and phase to + 0.001 and + 0.1° respectively for all finite bh’ and

o

57 < wh < 175°, This accuracy and range can be regarded as a combin-—
ation of extreme cases, with the relaxation condition on the accuracy
of higher roots (expn.(47)) not specified in an optimum manner (see
below). Using Newton's rule (106) with an automatic reset if the
estimate goes out of range, 250 to 800 loops were required to calculate
30 roots in each region. A series of tests revealed that approximately

1000 loops can be executed for 0.15 CRU'S (Computer Resource Units),

with the number of iterations for one root lying in the range 3 to 15,

The number of roots canbe reduced substantially when the susceptance

discontinuity becomes small, For example,with suscepbances b = ~0,83

h,n
and bh nty - é.h, only 8 roots are required to preserve the computa-—
b

tional accuracy quoted above. A smaller saving can be made by relaxing
the value of CONERR, which controls the amplitude accuracy of terms
S. ... under various conditions - e.g. when B andﬁB lie close

N | 1.n 1,nt1
together. For the determination of phase, the imaginary roots can be
found satisfactorily with CONERR ~ 10_3. The relaxation condition
introduced by expn.(47) takes account of this in a very simple way.
However, as the convergence in the vicinity of a root becomes quadratic
using Newton's rule, the overall number of iterations is not signifi-

cantly reduced. Computational time for the other two subroutines,

executed once for any set of parameters, is approximately 0.04 CRU's,

The accuracy of the computer programme was tested initially by

setting b to a large velue, and b to zero. This enabled a

h,n h,n+1

comparison to be made with results published by Wu and Galindo for
a waveguide array (43). The continuous curves for the amplitude and

phase of S,, in Fig. L. L (bh 0 = -1000) cannot be distinguished from
3

1
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those in references U and 43, which are therefore not shown as separate
results. Some of the computational features discussed in the preceding
two paragraphs are conveniently illustrated by Fig. 4.4, The large
discontinuity in susceptance makes it necessary to teke NUM = 30 to
ensure the convergence of P2’2 (Bl,nl With bh,n

difference in amplitude is also apparent, particularly when wh is small,

= 20, & considerable

The choice of a relatively small value of a/X (0.5T1k) has accentuated
this effect, which is due to a quite significant relative difference

in the roots when bh n = =20 and ~1000.
. ]

Figures 4,5 to 4.7 illustrate principal trends in two of the matrix
elements of most interest in cascaded networks (see Chapter 6). The.
element spacing of a/A = 0.695 has been adopted as a value @ore typical
of the element sﬁacing which might be used for sectoral scanning to

v 350. In all these figures the discontinuities in the amplitude

o,max
or phase derivatives can be linked with the occurrence of an additional
propagating mode as wh is increased. The figures provide the numerical

values for the design examples considered in Chapter 6,and some of their

important features are more appropriately discussed in that context.

k. k., Evanescent Modes

The total field in the region of a discontinuity includes contri-
butions from all the poles of A(w), - i.e. the two infinite sets of

evanescent modes (eqn.(33)). These are the poles w = jgi n in the
H)
region z < 0, and w = —jgi n+1 for z > O, With the movement of roots
)

in a multi~section transition during scan (see Fig. 4.3),it is evident
that the field associated with the second mode should be considered,
at planes within a wavelength of the discontinuity, as the corresponding

root approaches the real axis.,
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The various analytical solutions can again be derived from egn.{33).
As an example, consider a structure which supports one propagating mode
in the region z < 0, and two propagating modes for z > O. The non-

caused by the incident mode X is given by

. -
propagating mode B2,n 1,0

B sz—Bf n sin[(ak2+£2 - wh)/E]

2.0 . 2,0

2482 . 1 2on2
Kl n vk +£2 n sin[(avk Bl,n + wh)/2]

2 ]

w—»?éin{ (v - 3t, ) inl(slan)_x«’;(sl,n)
(W"Bl,n) F oo (0) F () )
The phase is readily reduced to the form
>
Argument = P3;¥81,n) - igl arctan(gz’n/Bi,n+l)}-+ arctan(&z’n/ﬁl’n);
cees (L8)

" However, the amplitude does not reduce into a compact expression when
the pole lies on the imaginary axis, as revealed by substitution along
lines similar to Appendix LA, The term

Lim |(w - 3&_ ) £ a -1

wrjE 20| converges as 11-(1 - —35£L)
0 F_{w) i T

n e o0 (hg)

vhich, in general, is a very slowly convergent function., As the evan-

. escent mode is of network interest for a particular application, it is

legitimate to utilise other conditions which would be satisfied by any

practical design. Specifically, the evaluation of eqn.{(l47) would only

be required in structures where any (isolated) susceptance discontinuity

was small - say bh a 1 and Ab, ~ 0.2 to 0.4 (see Chapter 6). Under
3

h

these conditions, £, =+ £

i.n i+ quite rapidly, and quotients of infinite

products (which individually are® slowly convergent) would exhibit
satisfactory convergence for numericel purposes. It is therefore con-

sidered that an amplitude expression of the form
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/kz—sf . sin[(a/k2+s;§ 0 xph)/2]

= .

kZ+g? sin[(a/E2~s§ Lt/

s ool o

ﬁ81;n+1 - Bl,n)(ﬁl,n - 82,n+1) . Zsl,nl Fn+1(81,n)'Fn(81,n)'

2 2
| (81,n+1 + Bl,n)(ﬁl’n + 82’n+1) (B o * &3 .0
2 2 2 2
81,n'£2,n . (61,n+1 " g2,n)(82,n+1 N 62,n) . 1 .
2 2
Bl,nﬂ'ﬁz »nti (81,n * F’z,n) IFnﬂ(gz,n)l

s g
- !:1.___2_2.11_:]
gi,n+1

S
gi,n
eess (50)

could be obtained accurately with 20 to 30 roots in the infinite product.

- This result (derived from egn.(47)) has been partitioned by the larger

" brackets to indicate how the factors

iF:+1(61,n)‘F;(81,n)/(jgz,n - B1,n)l

Lim

and .
W*Jﬁz

e = de, /IEE, G601
n L]

H

have been expressed. The second of these factors has also been multi-

plied in its numerator and denominator by Fn+1(€2,n)'

The remaining terms in a 4 X 4 scattering matrix, which would

probably suffice in all practical designs (because the next mode asso-

ciated with w = —j£3 N4l would attenuate rapidly in the z direction)
’ .

can be obtained in a corresponding form to eqn.(50).

4.5, E-plane Wiener—Hopf Analysis

As in Chepter 2, the E-plane analysis is given in summarised form,

- 223 -



With the incident field Hy in the reference unit cell given by

—ie/i2og2 2 Y ] _:
, o SXp(=ixvk Bl,n) + Dl’nexp(ax k Bl’n) exp( JBl,nZ)

H

eess (51)

the complete solution can be written as

$p(x,2) = ¢inc‘+ J’&w. exp(~jwz)[b(w)éxp(—jxsz—wz) + D(w)exp(jxwkz—wzﬁ
o coee (52)

!/
In eqn.(51), it is reasonable to assume that B, is "essentially real”
bl

'(corresponding to a propagating mode when k. - 0O) although it does not

2

follow automatically that a propagating wave will form in the region
z > 0 vith a/A < 0.5 (ef. E~plene mode chart Fig. 2.23). The boundary

conditions are

2¢ = expkip }QQ for all z

9x x=af2-§ e’dx x=—a/2+8 (53)

, . - = =+ 3¢
end  exp(~j¥_) -¢|x=_a/2+5 ¢lx=a/2~5 weX, 9x

x=a/2-§
eves (54)

in the separate regions z < 0 and z > O (designated by subscripts n and
n+ 1), with § > 0 in both equations. ‘As in the H-plane, these boundary

conditions can be interpreted as constraints on the transforms - viz

D(w) sin[(we - avk2-w2) /2]

c(w) ) sin[(xpe + avk?-w?)/2]

eees (55)
c(w) .Gn(w)
= U(w) (say)
sin[(we + avkZ—w2) /2] eees (56)
in a region of analyticity defined by Im w > Im 81 4y
clw) .G, (w) C
and nt - S = L(w) (say)
sin[(\be + av/k?-w2)/2] W'-Bl,n veee (5T)

in a region of analyticity defined by Im w <-Im B1 o
b}
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where Gn(w) = Ke(a¢k2—w2) sin{avk2-w2) + cos(avk?-w?) - cos Vo

eees (58)
. € (B )
sinl(y, + afi?-2 )/2] | ceen (59)

Following through the Weiner-Hopf procedure, an equation for C(w)
equivalent to eqn. {33) for A(w) can be obtained which holds in the

common strip of analyticity defined by eqns.(56) and (57), and is given

by
¢ sinl(y_ + ahw?) /2] 1 ', (8 .G (B )
C(W) = A== . . . 3 — 2
enj sinl(y_ + a/k=pZ )21 (w=-8 ) Cp (w).G ()

eess (60)

where Gi(w) = [Gn(O)]%(l + w/ﬁl’n).]w_

1=2{(1 + jW/Ei’n)exp(iJW/ci’n)]

eees (61)

with gg , end C% " ﬂ-ﬁ(i-l)w/alz - k%}as i 6, if v > O.
3 9 - PP
. eeee (0Z)

(where be = 0, the roots correspond to the values obtained from

eqn.(23).)

Excluding the condition we = 0 (when the E-plane array is perfectly

matched for any capacitive value of b B = 8 and
e ! 1,0 1,n+2

E. = ) the reflection and transmission coefficients can be
i,n i,nta

obtained as before from the residue theorem after closing the line in-
tegral defining ¢s around the upper and lower half planes respect-
ively. The complete scattering matrix, assuming that the mode character—

remeins propagating, is given in Appendix 4C. The junction

. ->
ised by C1 nt1

]

‘properties when 61 is cut-off are not of practical importance in the

snt1

present work, although the various formulee can obviously be obtained

from eqn.{60).
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With b = <+ and b = 0, the transmission and reflection
€y 211

coefficients in Appendix 4C are again consistent with the results

obtained by Wu and Galindo, after allowing for the different methods

of factorisation (cf. Section 4.2.5). The even function Go(w), obtained

within the waveguide feed where be o= %> is given by
9

Go(w) = (avk2-w?) sin(avk?-w?) eees (63)

For engineering purposes, & computer programme is required for the
general susceptance discontinuity. Several features of the scattering

metrix are discus sed in Chapter 6.
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3

APPENDIX LA

The followirg summary illustrates the derivation of scattering
matrix elements. A single propagating mode is assumed in each region.
Reflection coefficients can be recognised simply by expanding the

appropriate product expression. Taking eqn. (34c) in the text as an

example,
K1,n - Lim (v + Bl,n)(l B B1,n/814n;i-1)(l + Bl,n/81,n).
we—B
£ . 1,n (w-8, J=-w/b ) +w/8 )
= (- jBlgn/Ei,nﬂ)(l + ?BlJn/Ei’n)
it (1= gw/e; )@+ dw/e, )
i _[slml ~ 8 .lo_T (1 - 38 /8 pa (138 /8 )
|8 + 8 o (1438, /ey )= g8 /e )

1,n+1 l,nJ1=2

The infinite product has unit magnitude, and an argument given by
o0

2,2(5 ) = 21§2 [arctan(Bl,n/Ei,n) - arctan(Bl’n/Ei’n+1)]

as stated in the text.

2p

Elements Si‘j’ (i“#3°) cannot be reduced in such an elementary

fashion. Consider an expansion of the limit given in egn. (38) of

“the text, viz

Lim (v - Bl,nﬂ)(l - Blj /8 14n+1)(l 1 n/81,n).
W+Bl’n+1 (w - B1,n)(l - w/Bl’n+ Y(1 + w/B ’n)
e [(1- 38

)(1 T8 )
1 n+1
Jl (1 - JW/E NI JW/E )

The argument of S can be obtained immediately from this expression

21
(epart from the negative sign in eqn. (38)). However, the infinite
product form of the amplitude can ve reduced further by taking the

square root of terms such as

_227_



WwaB 1.0+l
1,n+) -+
Fpe ()
: - 2
Lim I(w 81,n+1) l
W-.B
1 3n+l ’ oo ] )
Frﬁﬂ(o)(l - W/Bl,n+l) lltr[[(l - JW/Ei,n+1)eXP(JW/€i,n+1)] l
) i=2
eees (A1)
- If B1,n+1 and gi,n+1 are real, then factors
(1 - Jel,n+1/£i,n+1) are equal in magnitude to (1 + JBl,n+1/€i,n+1)'

Consequently, by multiplying through by (1 + w/e1 i1
>

eqn. (Al) becomes

w+8le Vo b on ] l_ze _ 2f) it
+ rd
1,n+1 Fn+1(w) 1,n+1 ,Fn+1(81,n+1)'

Similarly, it can be shown that

I[F;(Bl,n)]zl = 281,n IF;(B1,n)|

- B B
+ Ty 1,041 1,0
F 2 — Y 2
l[ n+1(81,n)] I 81,n+1 + B1,n n+1(81,n
) v ;dm 1 _ 81,n+1 - B1,n' 1
1,041 - 2
[F (0] B ntr * Byn IFn(Bl,n_'i-l)I

), the R.H.S. of

eese (A2)

eess (A3)

ceee (Ak)

eee. (A5)

Combining equations (42) to (A5) in eqn. (38) of text, the amplitude

given in egn. (39) of the text is obtained.

The extension of this technique is straight forward when more than

one mode propagates in either region. For example, if region n + 1 is

dual-moded, then

Lim W - 2 2
W=B 81,n+1 - 81Ln+1 . Llantl 2 ,nt1
1,n+1 +
F W F B
n+1( ) ' n+i 1,n+1)I 1,n+l 2,0+
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APPENDIX L4B

The following results are obtained for the H-plane scattering
matrix, by taking the appropriate expressions for A(w) and B(w) (as
defined in the text), and evaluating the residues associated with each

propagating mode (as illustrated in Appendix L4A).

(i) For one propagating mode in each region,
-
Al .n - Sll S12 K; »N
& s s,.| 2
1,n+1 21 22 1.,n+1] 3
where
B -8B
1,n+1 1,n .
g, = —2 2=~ « exp[j{m + 2P, ,(B. )11
2.2
11 B1 ,n+1 + B1,n , ©1Lh
s - _l,nh - 61,n . exp[-j2P (B )]
22 . + B *pld 2,271 ,n+
1,ntl  "1,n

o oy fBy sl KR )] 1R (B) By (Bua) |
el ka-ﬁ?ml Sln[(ﬁ-"l k%~ f'n +LPh)/.2] I Fn (Bt'.,nn) E-.L(ﬁx.nfl)]
2/8_ 8
{61’:+ él:ﬂ T oemlie, (8, )P, L8, N

. = {vy, }‘{Vzl}'e@[jdzlj (fay)

where U21 is the first set of terms bracketed { }

and Vo1 is the second set of terms bracketed { }

then

= 1. ‘o
S5 = Uy V21'e"p[3°‘21]

(ii) For one propagating mode in the region z < O and two propagating

1Y

modes in the region z > O,

- o —

1 T i
1.0 11 512 Sisf|Aon

«
K1,n+1 1521 Sap SosliA)
>
Bont] P 532 Ss3 jﬁz,n+1j ;
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where , |
Sl = (Bl,rm _ Bgn).( Bl]l_ Banit) . exp J 2 P ('pn,n)
Y (B * Bun) (B Bered L2 (Bl

={ ke Boner s sinllalkP=BT + )]
Nkz—— ?,n- sfn[(a‘dkz—gfnu +4’h)/o?]

FH(B!-.NH) FF\/-H (ﬁl,nﬂ)
Fa(Byn) Fasi(Bin)

2

2 Pa,n pﬂ,_ml Klgt,nﬂ‘f' ﬁz,mu)(?l,n - ﬁa-”*')}exp [ }z (ﬁ )—P (
{Bl,n + Pl,ml ~(E,n+1— Bz,nﬂ)( Bl,n + B:?,m-l) .}{ 3hnl ‘a3 h)m{)}]

=WV e lj ] ey

~ then

= l.‘J : Vlz. CXP[J."(IZ]

21 12

SI3 ={ .kz" ﬁz,zru-l_ an[(d. v kZ_ Blfn + \{’h)/g] - Fn(ﬁa,nh) t':-r\{H (5&”4")
‘sz- in an[(a.'\[ke-—- B;;ml - Vh)/a-] Frr(Bl,n) Fn-n (Bl,n)

}.

RELIP ,\/(ﬁ,,m. + o) P~ B.\n)}exp[j{ﬁs(ﬁ ARSI
Bl,n -+ Bé’m] (Pl,n-}( - ﬁz,ml)( 5l,n+l T B‘,”) S o

1

TRITARIS

then |

= " Vs eXP[jo(B]

3l 3

522 = (Bl,nﬂ —+ 5z,n+|). (Bl,nﬂ _ Bl,ﬂ). 'exp [J{Tr .—Q'P2,3(ﬁl,n+l)}]
(B,\n+l - Bz,nﬂ) (Bins + Bin)

S,., {fg_—_ﬁ__ sin[el B2 + y)/2]  [[FalBane) Pt (Bar) }
k*- ::\“ﬂ Sin[(cuuR —F’a,nu - \Ph)/&] Fn(ﬁl,nu) Fr;H(Bl,nﬂ)

aN ﬁ,nﬂ PZ_,!H-I (B;,ml — Bn,n)( Bn~ pz\nﬂ.)g exp[j{—f; 3(P| )~ ]-':3({32 nﬂ)u
ﬁ'»nﬂ - Bz.nﬂ N(Bl,n+l+ﬁl,n)( B,,nn‘-ﬁz,m,) v »oh

{UZSE iVE'S‘& CXP[j °(23]

n

it

fhen | |
532 D_ZB. v23 CXPLJO(Q3]

fl
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ﬁl,ﬂ+l+ B.’ln-H ﬁ!n - BQTH‘ :
333= P’n,nﬂ"' ﬁ.;;,nﬂ Bin t Pan«ri ) exp[J{n' - a@;@;)m.)]]

(iii) For two propagating modes in each region,

_ — - | r. —
X; n S11 51 Sl3 S1y A, ,n
: ) «
| LS -+ So1 S Sa3 Sou || A L4
B B s s s B
2,n 31 32 33 34 2,n
2,n41 | _Sul Syo | Su3 Shh_ _ﬁz,nﬂ
wb,ere

S (Bnﬂ— pm) Bm— ;m-l)(ﬁln Ba,n)
0 (BT Bo) (Bt Basd(Bin ™ Pon)

Bmﬂ sin [(a'“ka ln + q’L /&] ‘ }
’V k ~B;, sin[(afk>-PB +m/a1

( We o B
.iafﬂlrnﬁ,nﬂ \Pln+| Vanﬂ/\’snnn Pln>“')'“ Pan+'AP‘n+Panf

El,n t 'Pl,n«u <f3 3Nl . ﬁ.;an-u)( B!n+l+Bl nXBI n+ ﬁg n_HX Bln - an
'exp[.j{P:j.Z,(Bl,n) - P,3,3(p|,m'-x)}]

exp[ifm + ap, (B )i]

FalBins) . Fou (Buns)
Fr(B,n) - Fai (B)

= {U(a }[ vxa}' exP [jdla,]

then |

= 1, Vi o]

§.= [ l*=B% s [w/k -B +yk]  E (B F (Bn)
'3{ KB, on [0/ =B — y)/2] ANOREACHS

) { 2NBaBin g (B Bad(Bs= B )X(Ba=BowXPBinwi— Bya) }
1 Bin—Bin VBt B X Boant By X Bat By X By T By L)

exp[ 1P, (B, ) + P, (B 1]
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i

(u b { v, exp e ]

S= T Vv Cexp [, ]

S = / ka anﬂ Sln[ N k B + Q’h)/‘;zj] ,\/F (ﬁg'na»LFnzj(Ba,m—l)l}.
14 { k2 — ﬁ‘? sin [ 0.'\( ka :n“— Q’h)/&] l F (ﬁl,ﬂ> FI’H-I ( Bx,n >‘ )
P W PR W W %

ﬁ‘;n + ﬁg’n-f-l (Pl,n.H - ﬁa,nﬂ)( Pg,n-#l.'— ﬁa,n)

Bn * BondBn Bl }
(ﬁx;n B Ba,n)(ﬁl,n-u'{—ﬁl,n)

-eXF;[JI{ P3’3(B|,n) - A%.;,(ﬁa,,n-‘-l)}]

| = {Uu;}{ me ' éxP [J d:q]

$4|= 4. Vm .exp[jo(m]

— (ﬁ, SN ’3.; ni»)( Bl n+|_ Bl n>( B. N+t g,n) . pl-a; P
(5| o ﬁ;}. n+,)( B) SN+ + 51 n)( B, N+ ﬁ;’n) °x [ ‘ J 313(5';"“)]

N+ (Bg_n) F (B& n)
Fn/u (B: n+|) (B;n.“)

R N e S 2 (ol AR )
’ { k* - Pn n. sm[(a-'VRE"ﬁa:n lyh)/o?.] ,\/

{MD, B (B B
B

Bt /\/ <rs, ﬁ.-, o) B
(Bin + B o X Byns™ Ban) }
. (Bl,n - B&,n)( B.1,»’1-}1_*“ B.2,n)

«exp [J {n' + %‘3(5‘;,") - P3‘3<B|,n+|)}]

)
n)

')
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= { ‘u;zz} . { Vaaf - €Xp [J"(aa]

5= T‘J:n ) Vazs exPD“ésl

s - { k2 - ;HH sin [(a,'V k- + q;h)/;z]

l n+i

k* =Bl sinlla¥k™ ﬁ;‘m, 4, /2]

Fr (B (Ba.n+.>u
n+|(ﬁ|,n+l) Fn(ﬁl,nﬁ)

{ gzl/B, el BQ Nl | e ﬁl,n)(pl,mn“ B.:z,n)(B),n “Ba*ml)(Ba,nn_Baﬂ)}
MB. ne t Bn,n)( Bl,n+l+ Ba,n)( Pont P.?,nﬂ)( B.z,m:_ Ba,n)

cexp [j{m - P s(Bina) — P:a,,s(ﬁa,ml)}]
{ g} { Vad o exe[jog,]

H’H-l - p& N+t

_ ! r.
Sa= T 0 Vewr exPLictd]

(ﬁl,n-;-l —ﬁ;zn)(Bgn.H an)(B.n"LBQn). T; ‘
5T, FPan) Pt Pan) (Bun = Par) explilm + 28,2, 1]

}

-{ 2 M%,n 'ﬁ.‘z,n-ﬂ (Blln-n + Balnﬂ)( Bl,n "Ba_nn)( B)‘n+ B&,n)(ﬁ),nﬂ ~ ﬁ.! n)}
ﬁa n + ﬁa N+l (pl’n-u — B;))n-n)( B:.n+’3&,n+lx ﬁ,n" B.‘),n)(Bl,nu +Pa,n)

eXP[J{ 3(ﬁ3 n) - P3’3(52,n+|)}]

[ A (U TN
’

F (B.zn-n) ¢ 8] (Ba n+n)
k3— B, sin [(aVk-p3 . — W)2]

F/ (Ba n) n+ (Ba,n)

={U, b 1V, ) expliv]
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then

= \Z 'exp[yﬂqj
.%3: Lgu 34
~Bun)
omd (B, ,-,.H a’n.,.,)(ﬁ:,n B ﬁa,n“)(ﬁa,n-u - ;) )
‘#4 (B; 4 .'),n+1)( Bx,n + B&,n+l>( B.iz,n+1 2,0

- 23k -

- exp[~j P, 3,3

(B

2N+t

)]



APPENDIX Lc

scattering matrix in the E-plane is given by

The 2 X 2
© s s.. |2
1,n _ 111 12 Cl,n
¢ s s {IC
1,0+ 21 22 c1,n+1
where .. = 1B *1anm C expl32P, )
11 exp[I2P, ,(B, /]
- "1,n 1,n41
S Pin e
855 exp[j{m 2P2,2(81’n+1)}]
1,n 1,n+1

21

s _{Sin[(lpe + ok Bl an /2 . Gt By 0008, ) }
- 2_ 2 - -
51n[(¢e + avk Bl’ﬂ)/EJ Gn+1(81,n+1)Gn(81,n+1)
2/ B ' :
1.0 1,n+) N
. 2o exp[j{P, ,(B. ) - P, ,(B h
{Bl,n.+ B1,n+1 2,271 2,27 1,mH

= {Uel}{VEl}_exp[jaEl] say

1
then S = —
12 Uél
Note that
|12 ]« |S22f -

Vo © explioy, !l

b e e
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Boundary susceptances Boundary susceptances
b or b z< b orb >
h,n of begn for o h,n+1 e,n41for z>0
—_ — — = = —= —=x=a/2

Equivalent network | Number of network

|

c ? ? (Y .
(propogoting modes ! ports depends on
only) ] E)] [5 [ ] | parameters.

o= — — - ~lE -0

O — — - - — —~0

[} I

z=0 S z=0

" n H-glone: EY continuous across boundaries.

H, discontinuity across boundaries < bp.

z .
Hy discontinuity across boundaries « be.

In E-plane: E_ continuous across boundaries.

Flg. 4.1 Reduced boundary value problem in a periodically excited

1hf1n1 e erray structure.

—aald Ldll

(@) ky plane A (b) w plane
Im ky

C
»Rc kx 4 } Re w
- A.'- k=k| "jkz

All points in W plane map
to a single point Reky>o0

[}
I
l
| Hyperbola
for chosen branch 1%
. !
|
|

c for two values
of k2

Fig. 4.2 Loci in w plane corresponding to line ABC in k, plane, as
a function of k2
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A(lmm)/k

Fourth root remains
stationary for all by
when YR =0, th=iJ§3‘o L 2.5

<+

Thrid root remains
stationary for all by
when Yh=T, atuw = £J5,

al/\ = 0707

Roots are denoted by

@ for bh= - (all \Ph)
O for Y= T ‘
x for ¥y = /2 }by =0

Second root rernains 1.0 + for \Ph_" o

stationary for all by

+@ +c-—-——— ——-x——-———‘—-—-—o.o—-————
1
n ‘

when \Ph=0, at w= ’.!'.J‘SI (o]
! All loci start at roots
marked o ]
]
-0-5
First root remains e d
stationary for all by I
when ¥p =T, at w=%p, I
e St 00O— — —a — 05 to_ . ik
Y T . L w
. —_— —000—um————X- \Re
-1’0 -0'5 o : -+
l pI,O
DX
_o.s -
“ Root + . + JS
oots are _.Blor_ i
- 1-04¢

Fig. 4.3 Limits of root loci in w-plane determined by waveguide to
free space discontinuity (Roots offset from axes for clarity)
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a/A =0-5714

L CONERR =10~4
pl'n = 0485k
o3l bp p = ~1000, NUM =30
b~ — e _
Pl,n= 0-557k T~ - Amplitude differences
-~
i bhp=-20 > are caused mainly by
S _
NUM = 20 the choice of by
1
O-2F
Amplitude
of Sy
z 5
‘ﬁn
Ah“ .
O-lF
)ib,’n= 0-487K
\Ph —
30° 60° 90° 1o
o) ) . 1 1 T . \1;
18 o) 0-25 05 A 0-75 0-875
or sin @ —~
\‘\(\”0) Phase differences are caused
X¥~. mainly by the choice of NUM
3~. (the number of roots)
\\ .
120°%
I100F
Phase Terms in brackets indicate
ot Sy 8ot the number of loops (ie. = )
.iterations over L =1lto NUM)
6O°F in the calculation of all roots,
for particular values of ¥
(]
40°F
(190)__
I N
20°
- (308)
0° . 1 [ ) 1 3 3
30° 60° Y 90° 12009 150° 18Q°

Fig. 4.4 Calculated H-plane reflection coefficients for finite sus-—
ceptance to free spazce discontinuity (i.e. b, n+1=0). The
3

continuous curves are indistinguishable from the results for
a vaveguide array as given by Wu and Galindo (references L4 ,i3).
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bh.n - bh,n-H =0
N End-tire GL. .

— o0

O-I5
a/) = 0-695
i
A & -

e Su=ApnlAn
0l F ‘4\“\ (all other inputs

Amplitude " set to zero.)

of 5“ i1

0:05

)
I - 30° 60° 90° 120° 150° 180°

30°F

O° 1 1 1 ] 1 ]
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CHAPTER 5

H-PLANE MEASUREMENTS USING AN INFINITE-ARRAY WAVEGUIDE SIMULATOR

- 5.1. Introduction

The experimental investigation described in this chapter was
undertaken to examine two related topics, viz
(i) the limitations imposea by the periodic character of prgctical

feactive boundaries,

-and

(ii) the requirement for small susceptances in the H-plane.

These topics were highlighted in Chapter 3 (Section 3.7.2, para.{ii)) as
‘basic probiems affecting element pattern control in the H~plane. The_
work described in this chapter makes use of the theoretical results deri-
ved in Chapter 4, and provides the experimental justification for procee-
ding with the analysis of multi-section transitions (in Chapter 6).

The one and a half element C-band waveguide simulator shown in
Fig.5.1 was developed as the primary experimental apparatus. Its trans-—
mission and reflection properties are equivalent to those of. an infinite
array with element phasing wh = 120°, The design and calibration of the
experimental equipment are summarised in Section 5.2. A comparison of
theoretical and measured grating wave suppression for a waveguide array
shows agreement to within 1% at all frequencies.

Subsequently, it is estgblishcd that the grating wave suppression
offered by realisable H~plane boundaries is affected adversely by exial
Floquet modes. Performance consistent'with the theoretical results
obtained in Chapter U4 can be achieved when the boundary éeriodicity
(i.e. d@/X in Figs.3.31 to 3.33) is small in relation to the element separ-—
ation (a/A). The experimental results indicate that d/a should not exceed
a value of 0.25 if satisfactory agreement with theory is required.

This restriction magnifies the practical difficulties in obtaining

small inductive susceptances near the array aperture (cf. Section 3.5.2).
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In the case of boundaries formed from uniformly spaced conducting posts,
the cross-sectional radii required to achieve values of bh n = 1 become
quite unreslistic. Hdwever, a dielectric substrate providing mechanical
support offers the additional advantage (mainly because of its shunt cap-
acitance) of more realistic conductor dimensions. It is shown that the
properties of conducting grids printed on low loss dielectrics such as
alumina can be predicted accurately from the separately known results
for the inductance of the grid and the capacitance of the dielectric
sheet. Boundaries of this construction must remain inductive'overall to
prevent slow wave propagation within_an H-plane array transition. A
bandwidth penalty is incurred as the thickness of the dielectric subst-

rate is increased.

5.2, Design and Calibration of the Waveguide Simulator

Recourse to simulation techniques in closea waveguide structures
was considered necessary to clarify some of the major problems revealed
by the feasibility study with the lens. As indicated in Seection 3.1,
gimulation of an infinite array environment by imaging a small number of
elements in the walls of a waveguide is a standard experimental techni-
que (6k4),

The principal concepts behind the technique were first published
in 1965 by Hannan and Balfour (62), and have been noted in the introduc-
‘tion to Chapter 3. For the one and a half element simulator shown in
Fig.5.1, it suffices to consider an infinite array excited by two sets of
coherent generators with phasings for the "r'th element given by 2nr/3
and (m - 21r)/3. As shown in Fig.5.2, this excitation guarantees a null
field on the planes x = a/2 and -a for all values of boundary suscep-
tance bh. Consequently, the presence of conducting boundaries at these
two planes does not perturb the fields associated with propagating or
evanescent modes of the infinite array. This property permits the reflec-

tion and transmission coefficients, for Y = 1200, to be determined from
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measurements within the resulting closed structure. The two "mainbeams"

and the two "grating waves" become the TE;, and TE;g modes respectively

across the 13 element aperture x = -a to x = a/2 (see Fig.5.2).
The principal experimental requirements and their influence on
the design can be summarised as follows:-—

(i) By contrast with the lens, the simulator was conceived as a pre-
cision device, affording a direct and accurate comparison between
theory and experiment. With the automatic elimination of edge
effects, this objective was achieved by electroforming.all wave-
gulde components and ensuring high standards of mechanical assem-
bly. '

(ii) With interest in the H-plane centred on element pattern control,
dual mode operation in the region beyond the aperture wasvessen-
tial. A "looking out" type simulator (equivalent to a transmit-
ting array (64)) was therefore chosen to avoid eny requirement
for higher—order mode launchers. With the "half" element cut-off
in an initiel region of Infinitc toundory suscer
of the simulator could be achieved quite simply, by apﬁlying the
TE;¢ mode to the "complete" element.

(iii) To enhance the flexibility of the simuletor, the array portion
was cohstructed in two parts separating along the element boundary
(icee x = - a/2 in Fig.5.2). The disassembied feed is shown in
Fig.5.3. The axial flanges, machined from copper bars as match-
ing pairs, were held in contact with their respective mandrels
during the subsequent copper deposition process to become.inte-
gral parts of the final electroformed components. For measure-
ments taken under infinite array conditions, the reactive bound-
ary structures could then be clamped accurately by these flanges
in the manner indicated by Fig.5.3. (As an aid to electricl con-
tinuity, a very thin film of semi~fluid silver resin was applied

to the flanges prior to each assembly of the feed section.)
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(iv) To permit greater design freedom without sacrificing accuracy,
the element boundaries were chemically milled from 0.25mm bery-
1lium copper sheets (see Figs;S.l'and 5.3). Working to modern
commercial standards, this double-sided etching process could pro-
vide conducting "posts" of approximately hexagonal cross—section
(see Fig.5.4). A dimensional accuracy of 0.025mm was maintained
during.manufacture, which was consistent with assembly require-

ments,

The restriction'to a single scan condition (corresponding to
wh = 120° at any frequency) was the most obvious limitation of the one
" and & half element simulator (cf. Section 3.1). However, the additional
complexity and expense of a set of "looking in" type simulators (64) or
a multi-element "looking out" type simulator (107), for examining more
than one scan condition, could not be justified. [It should be noted
that a relatively large number of elements would be needed in & multi-
element structure to eiamine two or three scan conditions with a visible
grating wave, Furthermore, as the novel approach described by Gustincic
(107) - involving the mezsurement of N coupling coefficients in an N elem-
ent simulator —only yields information about the acfive reflection coeffi-
cient, simultaneous excitation of all elements remsins a basic require-
ment when measuring the relative grating wave suppression.]

An element separation of 4L7.78mm (which includes an allowance of
0.25mm for the thickness of the element boundary) was adopted to provide
a normal flange connection with a WR12 waveguide bench. Some of the
resulting characteristies of the simulator are summarised by Fig.5.5,
including the main beam and grating wave angles as a function of frequ-
ency and the theoretical limits of dual beam‘radiation (viz k4,19GHz <
f < 6.3GHz). [In practice, accurate measurements could not be obtained
at the lower end of this band, where the TE,q mode was increasingly diff-

icult to terminate in a broadband loed of reasonable length (see below).]
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The measurement of the main beam and grating vwave amplitudes
was accomplished with a single probe connected to the test channel of a
network analyser. The probe was inéertéd sequentially in each of three
equispaced transverse locations affording positional accuracies, i.e. in
plan and in depth of penetration, of 0.02mm (Fig.5.1). Care was taken
in the design of the probe to prevent ahy significant disturbance of the
fields_witﬁin the simulator. (Field perturbations could not be detected
experimentally.) The measuring technique enabled a phasor diagram to be
constructed showing the amplitude and phase of the TE,q mode relative to

the TE;g mode in the plane of the probe locations. As shown in Fig.5.6,

this "three probe technigue" provided redundant data, which could then
_be used to monitor the measuring accuracy. The probes were sufficiently
remote from the aperture plane discontinuity to ensure that evanescent
grating waves (i.e, the TEno modes, n > 3) had become insignificant.
With all flanges dowelled to preserve the alignment of the waveguide

walls, no cross-mode coupling within a 400mm length of the simulator

P L I~ T FUDU R SRS 3§

Suzdc could To acvacted.

For the evaluation of boundary structures, single mode.oonditions
were maintained within the array feed to minimise the rumber of para—
meters affecting performanceav This lead to an upper limit on frequency
dictated by the critical susceptance for the second mode, i.e.

bhc =2

{cos(2ﬁa/l) + 0.5} e (1)

sin(2ma/A)
which is plotted in Fig.5.7 for a = L47.78mm. Working within this limit,
the expected amplitude of the grating wave relative to the main beam

vas given by

.

B (82 . - 82 )

2,1 _ / ;LI ;_,0 o eees (2)
4, (Bl,o - 82,1)
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with the regions either side of the aperture designated by subscripts

0 and 1. This simple expression can be obtained from the 3 X 3 scatter-
ing matrix given in Appendix'hB, as the ratio of [S31/Ss|. It is deri-
.ved in Appendix 5A.

An alternative form of eqn.(2) can be obtained by noting that

B2 = k2 - (g /) | e (30)
Bg’ = k2 ~ [(21r-lph)/a]2 BRRE (3b)
and (Bl’oa)2 = (ka)? - (kxa)% : eees (3c)

where (kxa)1 is the dominant mode solution of the H-plane characteristic
equation (eqn.(1L), Chapter 2) within the feed region. Substituting in

eqn, (2), it immediately follows that

w+

S [ (k202 -y 2
AJ(2H—¢h)2 - (x a)2

cees (b)

In Fig.S.8, the thecretical relabionsliips Letween tlie eleient LOULGALY
. + > . -
susceptance b, _, (kxa)l’ and IB2 /Al 1Iare given for a frequency of

2] ]
4.375GHz. At any other frequency within the limits defined in Fig.5.7,
it is necessary (in general) to recalculate (kxa)l, to find
N proportional to
frequency, e.g. the parallel wire grid, with r << @ << A (cf. eqn.(16),

IB kll However, for boundary structures with b

Chapter 3) and
SR N - - (5)
h - d n 2'"'r ’ 0 e

-
(kxa)1 is independent of frequency and the ratio |B / I remains con-—

2,1
stant{ For a conventional waveguide array, (kxa)1 = m, and the relative
amplitude of the grating wave is simply v5/7 (0.845) for Wy, = 2n/3.
Preliminary calibration tests at 3.95GHz (i.e. a frequency below
TE, o mode cut—off) indicated that the fields detected at the probe loca-

tions were consistent with single mode theory to an "accuracy" of +0,05dB
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in amplitude and i;o in phase - i.é.'to limits within the specified reso-
lution of the network analyser. Overall calibration of the simulator

for subsequent measurement of lﬁz;l/Kl’i[ was,fhen.accomplished using a
set of wavegulde element bouﬁdaries. The results are given in Fig.5.9
for the frequency range h.ESGﬁz to L.TGHz. Apart from the close agree—
ment between théory and measuremént, the significant feature of Fig.5.9
is the complication caused by the imperfect TEp( mode termination at fre-
quencies below 4.4GHz., The dotted regions of "experimental uncertainty"
correspond to the peak amplitude and phase fluctuations observed at probe
positions 1 and 3 (see Fig.5.6) during sliding load tests. [The combina-
tién load developed for this purpose is shown in Fig.5.1. -Its TE; o
V.S.W.R. was less than 1.0l at all frequencies, for any relative setting
of the two wedges.} At h,25GHz, the TE,, reflection coefficient was
sufficiently small (i.e. < 0.15) to ensure that the coupling between

i ->
B and A1 , &t the aperture remzined undetectable. Using the sliding
]

1
load technigue, it was therefore possible to extend the frequency range

from £ = 4.LGH7 to approximately L.25GHz br eghimeting the "mean" woluc

of the vector field at probes 1 and 3. Below L4.25GHz, however, the
wavelength of the TE,p mode became too long to observe the extremes of
amplitude and phase with the total available length of overmoded guide.

The sliding load technique has been utilised where necessary to

obtain the simulator results given in the next section.

5.3. The Effects of Element Boundary Periodicilty

~ Prior to the simulator tests with periodic boundary structures,
chemically milled samples were produced which coul@ be characterised in
a WR12 waveguide bench. The two configurations exemined initially ere
sketched in Fig.5.10, and are identified below as "parallel-post" or
"inclined-post" structures.
In the case of the parallel-post structures, slotted-line measure-

ments of network susceptance were undertaken for calibration purposes.
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Batches of cross-guide septe with d@ = 23,77mm and 11.88mm (i.e. con-
strained as indicated in Fig.5.10) were tested at discrete freauencies
between 4GHz and S5GHz, and the results compared with the theoretical
values for cylindrical posts of radius r = 0.12mm (cf. eans.(16) and (17)
Chapter 3). With f = 4.375GHz, the measured.spread in the "far field"

susceptances (bh) was less than 4%, as indicated by the following table:-—

Measured values (Upper asnd lower) Theoretical
a/ (limits for batches of 6) value
0.347 ' . -0.80 to -0.8k4 -0.82
0,173 -2,10 to -2.23 -2.1k

Referring to Fig.5.11, it is seen that these (typical) results corres—
ponded to an effective tolerance of +0.02mm on the radii of cylindrical
posts, and confirmed the accuracy of the chemical milling process.
Similar tests with "inclined post" septa indicated that the sus-
ceptance became smaller (for posts of constant average separation and

"radius") as the angle of inclination of the posts GP in Fig.5.10 was

;nnmaaa_nﬂ T waAlad T e FR N {..-.',Jer.l. PR R e S | ™
o o

. 4.
o e eI T -
—_——t Vv n o - v W whiv  deasts a i T v e aaCawe +wi CAddibpddey Wb

L. 375GHz, the variation in average b, for "two-post" septa (d./k = 0.347)

h

was as follows:=—

% n
o° -0.82
14° -0.7h
28° -0.65
Lo° n—0,35}) Measurements made with
0.25mm dia. copper wire
45° A—0.15) clamped between flanges

On the assumption that the unknown susceptance of inclined cylindrical

vire gratings, with
b, = F(A/d, a/r, 8°, eP, A/dp), . eees (6)

might approximate to a relation of the form
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-1

: [ - ]
b = =T e ln sem e (T)
h d _ 21Treff .

with d and dp << A, ep < hS?, and r << d, it was found that a meaningful
effective radius (reff) could be defined to account for all the experi-
mental results. Over the frequency range LGHz to 5GHz, and for septa
with d = 23.77mm and 11.88mm, the various results corresponded with the
characteristics of parasllel post gratings (for each value bf d) as shown

in Fig.5.12. The condition preventing sn overlap of the wires i.e.

d/2>dp tan ep cess (8)

was observed in all the samples evaluated.

As & final series of tests, it was confirmed that the properties
of an individual septum (with d/A < 1/2) were not affected by the presence
of adjacent septa spaced at intervals corresponding to the element spac-—
ing within the simulated array (cf. reference L42).

Parallel and inclined post structures with d = 11.42mm and 22.8Lmm
respectively were cnoéen Tor evaluation a&s element boundaries within the
éimulator (see Fig.5.1). Integral multiﬁles of d for the paféllel post
structure could then be achieved by removing the relatively fine wires as
appropriate from some of the available samples. Detailed experimental
results are given in Figs.5.13 and 5.1k.

The principal effect of element boundary periodicity can be
deduced from the following table, which compares the experimental values

> -+
of |B2 1/A1 1! with theoretical predictions based on eqn.(2) and Fig.5.8.
? 3
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Frequency = L,375GHz

> -+
I8, 1/8; |
DESCRIPTION OF ELEMENT BOUNDARY LT S

' (Network)
Structure ' a/x Measured Theoretical
Susceptance (bh)
1) Conducting sheet - o 0 0.845 0.845
2) Parallel post . 222 0.167  0.66 0.65
3) " " ~0.85 0.333 0.55 0.L8
L4) " " -0.kk 0.5 0.51 0.37
5) felined Poseo) v-0.67 0.333 0.5 0.k
P
6) Inclined post N-0.58 0.333  0.L8 0.42

o
0 =3
(P’T)
(For cases (3) to. (6), an iterative procedure has been adopted to

obtain b, and (kxa)l. For cases (5) and (6), the values of T pp 8TC

ff
based on Fig.S.lQ.)

A discrepancy increasing sharply for d/A > 1/6 is evident between
results in the last two columns. Its explanation lies in the approximate
representation of the boundary structures as "uniform current sheets",

a concept which ignores the space harmonics necessarily associated with
any axial periodicity. Its implications are therefore fundamental for
reactive boundary transitions providing element pattern control.

Two aspects of periodic structure behaviour must be distinguished
‘at this point. The first concerns the propagation characteristics within
a region of coénstant boundary susceptance (cf. Chapter 2). The introduc-
tion of axial periodicity (e.g. through a two dimensional structure of
parallel posts equivalent to an artificial dielectric) does not invalidate
the modal properties identified in Chapter 2 if an effective susceptance
bh can be defined and the boundaries remain decoupled. (These conditions
could be satisfied with relatively large values of d/A (~0.5), as shown
in Section 3.5.2.) As evidence of this, it was found during the simula~
tor tests that the upper frequency limit for single mode propagation
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could be predicted accurately from Fig.5.7, provided an iterative pro-

cess was adopted to find b However, the "fields" associated with an

e
axially propagating mode under these conditions can not be considered an
accurate approximation to tﬁe total field, except for a very narrow strip
down the centre of each element., This is nevertheless sufficient to
define properties normally associated with (single moded) artificial
dielectries, such as wave impedance and propagation velocity (ef. refer-
ences 42, Li),

The second aspect,which embraces the problem highlighted by the
table above, concerns the properties of a susceptance discontinuity in
which the axial periodicity of the béundaries is simultaneously modified.
In this respect, the interface between a region of finite susceptance
and free space poses a severe but crucial test for the theory given in
Chapter 4. The a#ial space hérmonics (or Floquet'modes) associated with
each element boundary become part of the total aperture field, and con-—
sequently affect the grating wave suppression edversely., Their ampli-
tudes can only be contained by reducing d/x (88). Since the achievement
of element pattern control is the ultimate objecﬁive, it follows from the
experimental results given in Figs.5.13 and 5.1L4 that d/\ must be small
(by comparison with a/A) in the vieinity of the aperture. The close
agreement between the experimental and calculated values for |§2’1/Zl’1|
when 4/ = 1/6 indicates that a maximum value of approximately 0.25 for
d/a is acceptable (ef. further results given in next section).

The requirement to keep d/A small was recognised in Chapter 3, but
the reasons given did not emphasise directly the basic restriction now
evident. In the light of Fig.5.13, for instance, it is clear that the
element boundaries in the modified lens (Fig.3.9) were fundamentally
unsuiﬁable near the aperture, where "d/A" increased to ~0.4. The use of
"longer tapers" affording definition of the "susceptance profile" (by
iterative calculations near the aperture), would not have ensured the

desired pattern control, Further clarificetion is provided by re-examin-—
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ing the expressions for the susceptance of parallel-wire grids (88), viz

b, = > [1n(§_%;) + 3{2(67) + f(—e’)ﬂ—l reer (8)

b —i—n)\/d{(sin 9 + nA/a)2 - 1}
=]

LR

LI

where f(67) -1 coee (9)

In earlier work, emphasis was placed on the need to minimise variations
in £(6”) with element phasing. From egn.(9), this requirement (which
was not observed in the boundaries designed for the lens) is equivalent
to keepiné A/@>>sin8” (or d/A<<1) and ensuring that £(6°) + 0. Under
this condition, the amplitude of the "n"th space harmoniec, which is

also proportional to the term

Nt

(n/a){(sin 8~ + n)\/d)z ~ 1} 2, (n=1,%2,++++) eee. (10)

is automatically contained. Physically, of course, the space harmonics
cannot be eliminated with this form 6f element boundary structure, since
the observed "reactance" is a direct consequence of the energy stored

in their fields. The sense in which the array problems created by trans—
verse periodiecity have been replaced by similar problems in the axial
direction appears to be en inhe:eﬁt limitation. The engineering potential
of the proposal outlined in Section 2.4 is therefore dependent on utilis-
ing the greater design freedom available in the axial direction.

To conclude this section, it should be noted that the experimental

results given in Fig.5.13 (particularly for the iarger values of d) could
be predicted more accurately. For example, the analytical technique deve-
loped by Brown and Seeley (108) to explain the phase of reflected and
transmitted waves at the surface of an artificial dielectric could be
extended, For the two dimensional array of parallel posts shown in
Fig.5.15a, an equivalent circuit of transverse coupling networks, inter-
connected by a number of transmission lines, could be formulated
(Fig.5.15b). Assuming a/A ~ 0.7 and d/A ~ 0.3, & minimum of three trans-
mission lines would probably be needed in the analysis, with the coupling

networks characterised accordingly as "6 ports". Independent "modes of



propagation" in the periodic structure, equal to the number of ﬁrans-
mission lines assumed (109), couldbéhen be obtained. Finally, the trans-
mission and reflection coefficients at the interface could be deduced by
a field matching technique if the same number of free space modes were
assumed. (This approach becomes impractical-and unnecessary, of course

- when the recommended constraint on d/a is observed.)

5. Boundary Structures with Small Inductive Susceptance

The problem of realising small values for bh is magnified by the
restriction on d/X diséussed above. In the case of parallel post struc-
tures, the required radii become guite unrealistic. For example, if d/X
= 1/6, a radius of 1076.4 is required to obtain a susceptance (bh) of
-0.5. For the element boundaries considered in the previous section,
this radius would be only 0.5 microns. (With 4/ = 0.1, the correspond-
ing radius would be 5 X 107k microns!)

The "wire" size adopted in the chemically milled samples was 2
compromise between the requirement for low susceptances and the con-
straints imposed by manufacturing accuracies and mechanical handling.
For this reason, the inclined wire structures were developed as part of
en initial programme to achieve smaller susceptances. The results given
in the previous section suggest that this approach has genuine merit,
but insufficient to overcome the problem indicated above.

The basic need for additional parameters in the design of low sus-
ceptance boundaries led to a series of tests with sheets of alumine in
pgrallel with the cross-guide septa as shown in Fig.5.16. By using a
material with a high dielectric constant, the possibility of achieving
smaller values of (inductive) susceptance with highly localised fields
was created.

To interpret the experimental results, the network properties of
a dielectric sheet (thickness t) are required. For the propagation direc-

tions defined in Fig.5.1Ta, it is shown in reference 110 that the norma-
4
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lised input impedance (Zin) at the air-dielectric interface is given by

1
z[1 + than{kt(er—sinZe')2}]
Zin = 1 es s e (ll)
7 + jtan{kt(ai—sinze’)z}

: cos 67
where 7 = - . : eees (12)
(er-sinze‘)f

. h) .
If € >>1 and kt(sr-sinze‘)é is small, it follows that

YAS S

A
and Zin = i L Y (13)
7 + jkt(er-sinze‘)2

.. {cos 9’/jkt(€r-sin29')} ceee (lh)

M9 ¢ {cos e’/jkt(sr-sinze‘)}

A comparison of this expression with the equivalent circuit in Fig.5.17b
indicates that the (unnormalised) susceptance (Bc) of & thin dielectriec

sheet with £,>>1 is accurately approximated by

B, =nJ§§ . kt(er-sinze‘) ' vees (15)
This value was confirmed experimentally in waveguide tests to within 5%
for alumina (er = 9.8) of thicknesses 0.62mm, 1.25mm and 1.8Tmm, despite
the systematic error introduced by mechanical clearances around the
walls.

The tests with alumina sheets and inductive septa mounted together
in the waveguide cross-section revealed that the net susceptance (bh) was
approximately equal to the sum of the individual susceptances of isolated
inductive and capacitive structures, as indicated by the following

experimental results.
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NORMALISED SUSCEPTANCES (f = 4.375GHz)

Inductive septa and

Igdu?tlve §§ppa Dlgle?trlc gheet dielectric sheet
in 1isolation in isolation
mounted together
-0.80 ' +0.53 -0.26
-0.80 - 41,07 +0.28
-2,20 . +1.07 -1.12

With d@/A<<1l for the inductive grid, and € >>1 for the thin capacitive
sheet, a simplified expression for the normalised susceptance of such

structures is obtained from eqns.(3) and (15), viz

.- A _4d |-t L.
by =~ 3 [1n(2 r)] + 2meee, eees (16)

Whilst the separability of the inductive and capacitive contribuﬁions is
not based on a rigorous analysis (e.g. by variational techniques (111)),
the experimental validity of similar formulations has been demonstrated
for thin film bolometers_(ll2)f The assumption of a thin dieiectric
sheet is obviously important. |

in simddator tests, an improvemeni in grating wave suppression
consistent with the calculated reduction in susceptance was oﬁtained.
The experimental results are given in Fig.5.18, while the following table
highlights the agreement with predicted values of lﬁé,l/Zl’ll for small

values of d/fX.

DESCRIPTION OF ELEMENT BOUNDARIES i%z 1/K1 1]
£ Thickness of Eg
a/a = alumina (%) (calculated Calculated Measured
4= (GHz) —=—=————=L
in mm values)

1) 0.167 4.375 0.62 -1.68 0.60 0.61
2) 0,167 4.375 1.25 -1.15 0.53 0.55
3) 0.167  L4.375 1.87 -0.62 0.43 0.L4
L) 0.332 4.35 0.62 -0.34 0.32 0.Lk
5) 0.326  L4.275 0.62 -0.18 0.23 0.3k

(Cases (1) to (4) refer to "parallel-post" boundaries, whilst case (5)

refers to an "inelined-post" boundary.)
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values

(cases

(1)

(2)

The excellent agreement.between theoretical and experimental

of |§2’1/KI’1| for boundaries with tightly coupled reactive fields
(1) to (3) above witb d/A = 0.167) is significant for two reasons.
With an experimental verification of the theory given in Chapter
4, the analysis of a cascade network of "constant susceptance
regions" can be undertaken in the knowledge that element boundary

structures which accurately approximate this behaviour are realis-

able., In particular, the theoretical requirement for small

inductive susceptances (which is established in Chaptef 6) can be
fulfilled (see following paragraphs).

The technical justification is provided for the future develop—
ment of inductive grids printed on dielectric substrates. In the
first instance, the problems arising from this logical extension
of the work described above would relate to manufacturing techno-
logy - e.g; the provision of an electrically satisfactory method
of supporting the substrates within an array configuration. The

implizit cimilarities with microsicrip techuoliogy should te nobed.

The principal advantages afforded by printed circuit technology

include:~

(1)

(ii)

(1ii)

the design freedom required to obtain a complete range of induc—

tive susceptances (in particular, values of b_ > -1) with small

h
a/rs

the ability to specify much smeller radii for the conducting posts
(e.g. 0.0lmm) without serious problems due to manufacturing toler-

ances;

the mechanical support provided by the substrates for the very

" fine conductors;

(iv)

the possibility of economic batch production, especially when
constant values of susceptance are required for a "reactively-

stepped" transition,
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The features (i) and (ii) above are interrelated, and provide
some control of the inherent frequency limitations which are illustrated
by the numerical examples given in Fig.5.19. For example, the retention
of a broad band capability (say > 10%) depends on the use of very fine
conducting tracks and thin dielectric sheets, since obvious limits are

imposed if b, becomes too large at frequencies below fo, or capacitive

h
at frequencies above fo. Further numerical and experimental work is

required to explore these limitations in more detail.
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APPENDIX S5A

The theoretical expressions for the elements Si’j’ of the

scattering matrices given in Appendices 4B and 4C can be simplified

when the region (n + 1) is free space.

In the following derivation,

attention is focussed on the. terms S3; and S,y of the 3 X 3 H-plane

matrix, to show how eqn.(2) in Chapter 5 is obtained.

As in the text,

the two regions are designated below by subscripts 0 and 1.

Referring to Appendix L4B, it is seen that the following sub-

stitutions will be required

/EZZEf—:' | >
k=83 1 >

sin.[(a.n/kz—Bf’1 - wh)/e] -

sin.BaVEE:Egjz - ¢h)/2] -

|Fo(e, )| >
LNCRY >
|F;(e, )] >
1?;(82,1)| >

v, /2 | ....(Al)
(gn - )/a ... (a2)
sin(y, ) ....(A3)
_Sin(?h) eoeo(AL)
Ky .0° sin(y, )/, ....(45)
Kh,o. sin(wh)/(2n - wh) v...(A6)
aB, .- sin(y, ) /¥, «... (A7)
aBZ,{. sin(wh)/(en - wh) «...(28)

It is convenient to reduce the lengthy analytical expressions

for S3; and S;; (in the case of a 3 X 3 matrix) by considering the two

ratios Uy, /Uj3 and Vy3/V;,.

Substituting in accordance with eqns. (Al)

to (A8) as required, and omitting factors which cancel analytically:-

(U3}, Yna TSR

osin(wh)/wh aB

sin(y, )/¥,

1,1

{Uy3} -~ (2n-g )a sin(y,) NKi,osin(¢h)/(23—wh) asz’lsin(wh)/(2n-¢h)
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= " )
{v,,s} \® |

and {V; 5} By o (80" 0) [By, "Byt By )
{VI,Z} Nsl,l (81,0+82,1”\/(81,1 * B1,0)(81,0 - 82,1)

/\/ (82 -82,) - :

=21, 2 ...(A10)
2 2

1,1 (B2 B2 | )

The result given as eqn.(2) in the text follows directly from egns.(A9)

and (A10).
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s - Dual mode sliding load termination
Examples of chemically milled reactive ; \
R . - Ll

boundaries (note alumina subtrates) %

Fig, 5.1 Complete 11 element phased array simulator (overall length 1, 25m)
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Fig.5,2 Portion of an infinite array structure excited by two sets of
generators. The element phasings have been chosen to ensure
field nulls at x = &/2 and x = -a, for all values of z.
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I“O'me. | Etch factor of 1:3 for thin
sheets ot beryllium copper
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Fig.5.4 Cross—section detail of "posts" in reactive grids
formed by chemical milling techniques
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becam radiation.
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Fig.5.5 Radiation characteristies of an infinite array
with ¢, = 120° and a = 47.Tmm
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Fig.5.7 Modified mode chart showing the range of boundary suscep-

tances and frequencies available for simulator meessure-

ments, assuming e single-moded feed and a visible grating

wave (¢, = 120°)

h
- 265 -



For by -~ — oo

Calculated for f=4-375GHz. (kga), —= T

~2-0F Note:-

For boundaries with by, < ~L

freq.>

- .
rgz'llAz’,l remains -
3 “constant within the .
ranges shown in Fig. 5.7 .

.~l-5k
bp
——(‘Ino M v mm e v = am - e - P - s e—-. .- .-
Minimum susceptance
- for single moded feed
= Q5

Curve continues to by =0 at (kxq)l = 2T/3 (2-094)
- (but does not apply in simulator for f = 4:375GHz

(] L [ P
2:4 2:5 2-6 2:7 28

(kxo)' in radians

>
=
-

o6

Theoretical value for by =-1
To XY - ekttt bbbl

o-4f

0.3k

Fig.5.8 Theoretical properties of simulator relating bound-

ary susceptance within feed to wave amplitudes in
free space.,
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Fig.5.10 Details of cross—guide chemically-milled septa deve-
loped to characterise element boundaries

- 268~



o' = 46°

d/,\:O-I73

-2:2

-2:0f .

'I‘O e

| d/7=0-347
'_0'8 B //

-0-6+

| L
e - i 1 L -1 I
0-075 O-l O-125 oI5 o175

———s=radius (r)in mm.
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Fig.5.12 Experimental interpretation of results for inclined wire

gratings as a function of GP with r = 0.12mm, dP = 22,2mn
]
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Fig.5.15 Model for analysing the simulator performance when d
becomes large (say d/a > 0.5) (reference 108).
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CHAPTER 6

DESIGN PROCEDURES FOR MULTI-SECTION IHFINITE ARRAY TRANSITIONS

6.1 Introduction

The purpose of this chapter 1s to outline general design tech-
niques for E- and H-plane multi-section transition structures. Each
section is assumed to consist of a constant susceptance region, with
the same ideal characteristics ascribed to the'boundary struétures as
in Chapters 2 and 4. The susceptances form a monotonic sequence in

. . . . . _ 5
elthe? polarisation (i.e. bh,n < bh,n+1 1n the H-plane, and be,n be,n+1

in the E-plane) with limit values - bh,o = be,o = » and bh;m = be;m f 0.
(As in Chapter 4, the second subscript indicates the number of the .
susceptance region, i.e. m = 0,1,2, ...,m~1, m, where m is finite.)
Although an infinite array is assumed in the analyses, a numerical
procedure is outlined for éstimating the number of dummy elements
required in a practical (finite) array. Analytical and numerical
‘results are given for single-section transitions, while for structures
of 2 or more sections, numerical optimisation techniques are recommended.
The economic feasibility of applying published "parameter oétimisation"
strategies is established (e.g. 113).

The proposed technique can be split into two distinet parts. The
first requires that the results developed in Chapters 2 and L4 be
organised so that an objective function U (which can be some feature of
the element pattern, the active reflection coefficient, or a consistent
coﬁbination of both) is expressed in terms of the design parameters.
These are the boundary susceptance and length of each éection, and (in
principlé at least) the element spacing. In all cases considered, this
objective function is chosen to be the maximum deviation of the response
from "ideal" behaviourhwhen the maxtimum scan angle is spectified to be
less than the theoretical limit. (It must be emphasised that #his

concept of "ideal" behaviour is not identical with that of Hannan (8),
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which can be rega;ded as the extreme case when ?he maximum scan angle
and ?he theoreﬁical limit are equalf Nevertheless, a close and flexibie
relatibnship is preserved by'ﬁhe present fqrmulation which is a natural
consequence of constraining the transition to a finite length.) The
second part requires an optimisation strategy (executed on a high speed
computer) to choose suitably constrained parameters which minimise the
value of the objective function - i.e. parameters which minimise
deviation of the response from the (still unattainable) "ideal" response.
For example, in-the case of an inhomogeneous multi-section waveguide
transformer, such a "minimax" strategy leads to an equi-ripple, minimum
V.S.W.R. response over a specified bandwidth (114). The basic similar—
ities between the design problems for these transformers-and arrays

with reactive element boundaries have already been noted in Section 2.3.2.
. .. Several features peéuliar to the multi-section array structure
appear to preclude the possibility of extending this analogy to cover
approximate methods of design, which are often satisfactory for wa§e—

.
rovem D m dcamyr e P cis o ea

[ 125 LR WA A , -
puses LIALSLISINSTS \Cagesdide gy

o ADproximate Gualyoical bocChoiyues ao
pend on a simplifying relationship; for instance, in Riblet's model (116),
it is assumed that the relative impedance of two waveguides of slightly
different widths is constant over the design bandwidth. In addition,

all theoretical models assume that a first-order correction for "non-
ideal" transmission line junctions is sufficient to account for the effect-
ive shunt susceptance at each discontinuity. It is considered that the
effective "iﬁpedance variétions" in any reactive boundary section opera-
ting near a cut-off condition, and the corresponding changes in the
argumenté of the affected scattering matrix elements, could not be
handled realistically with these trénsmission line concepts. (The
H-plane results given in Figs. 4.4 to 4.7 illustrate how the phase

of terms Si’j’ vary quite rapidly with element phasing in the

vicinity of a cut-off cqnditign: A similar effect is.evident in the
E—plane.(éee following section).)  Approximate techniques are most
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likely to help in setting initial values in the numerical optimisa-
tion.

6.2. Formulation of Objective Functions

Retaining the operating conditions which were recommended in
Chapter 2 during the study of mode charts (Figs. 2.11 and 2.23), the

E- and H~plane element spacings can be taken to be 0 < a/i 0.5

eff <
and 0.5 < a/A < 1.0 respectively. The multi-section E-plane structure,
which then corresponds to a cascade series of two port networks (Fig.

6.1), is considered first.

The E-plane problem can be approached from either of two equiv;
alent viewpoints. Assuming the network shown in Fig. 6.1 -to be loss-~
less, it follqws directly that maximum power transfer into the free
space wave (characterised by El,ﬁ) would be achieved if the insertion

loss were zero over the required scanning range 0 < we < we nax® where
b}

] is less than the theoretical limit 2w a/X ... Alternatively,
e,max eff
this come"ideal" regulrament can be dcduced frcim Lhie previcusly

observed limitations of an E~plane waveguide array (Chapter 3) and
the impedance matching problems at large scan angles. The variation

of lRa(¢e)| for a waveguide array with a/A < 0.5 takes the form

eff

shown in Fig. 6.2 (c.f. Lk3). For the cascade network, it is first

necessary to evaluate ¢ /6 within the range O < ¢ < ¢
_ 1,0 e

1,0 e,max’
. . . . <«
The objective function U can then be defined as Cl O/Ei 0 . As
. ? *imax -
shown subsequently, the choice of we max imposes fundamental restric-
b}

tions on the potential performance of an optimised transition.

Before continuing with a formal derivation of U, it is important

to recall that the other performance characteristic of major interest in
this thesis, viz the control of the radiation patterns to avoid grating
lobes, is readily achieved with conventional rectangular waveguides in the

E-plane using parellel plates and flares (as discussed in Chapter 3). The
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element spacing notation a/A is intended to emphasise that the

eff

actual free-space element separation (a/A) can exceed 0.5. For

rectangular waveguides, a/ tends to 0.5.as the critical condition

eff ~

for the TEll mode is apprqached. Square waveguide elements can be
successfully operated with a/A just less than 0.707, (i.e. a/Aeff < 0.5)
and the corresponding sectoral coverage, beyond the parallel plate
region, approaches ihBO. Whilst this coverage can be easily reduced

by operating with a smaller element spacing (e.g using standard
rectangular wavéguide) it can not exceed h50 (within a single moded
structure with thin walls) unless the height of the elements is
gradually increased within the transition structure (cf. egn.(12) in
Chapter 3 and the E-plane mode charts (Figs. 2.23 and 3.34a)). This
corresponds to placing the reactive boundaries between diverging plates
- i.e. in an appropriate flare (ef. Sections 3.4 and 3.6.1). It should
also be noted that the matching problem between parallel plate
structurcs and free space becomes riore serioﬁs as the required sectoral
coverage is reduced, since the parallel plate region must be operated
nearer to the TE mode cut-off condition. These additional aspects in
the design of practical linear arrays are not included in the following
analysis.

Following standard practice, the junction characteristics given

in Appendix 4C, viz

[ s ¢
1,n 11 12| | ”"1,n
> = -
S
C1,n+1 S21 22 Cl,n+1 eee. (1)

can be expressed in the form of a transmission matrix, with

31,n 1 1 ~S22 1,041

s
[ a |s (s s -s s )IIE L (2)

i,n 11 21 12 11 22 l,nt1}
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Since only the first mode is encountered in the E-plane, the subseript
1 in terms C n etec. can be dropped at this stage for simplicity.
- 3 . . ) .

Furthermore, to distinguish the various junctions, eqn.(1l) can also be

rewritten in the form (cf. Appendix LC)

¢ j0,” L /107 . explilagray/2)|E
Cn - pn.exp(Jan). Un 1 pn n n)/ n
. <
—oZ.ex (a” 0 -p_-exp(ja” c
Eﬁ+1 U_v1-pZ-exp{Jla”407) /2) p, ~exp(jo’) ntr| ... (3)

where o, = magnitude of the term S11 (1.e. the reflection coefficient)
o p N
an 232(81,n+1)

and Un = the real factor U appearing in Appendix LC, _and does not

equal unity because the fields (described by C, and Cn+1) are not
normalised in terms of power flow (ef. Section L4.2.L4).

The reference plane for the fields 3£ and §£ can be moved from

z, to z, dn by the matrix equation
‘ ->
g - 0
35 exp(jB a ) C,
<, = . <= .
¢ 0 exp(-jg d )| |C; veen (B)

reading Bn for 81 0 Combining edns. (3) and (L), the effective trans-
b ]
mission properties for a single section of the structure (see Fig. 6.3)

" ¢an be written as

>, . .
“n exp{~j(0a +a)/2} exp(8,d,) ppexplilor+s d )} [1C
< = 7 . - . e

o Un/l e pexp{jla” Bndn)} exp{j (o +a? Bndn)}

eee. (5)

or more compactly as

(€] = [2]n[Cos] _ vees (6)
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For the network in Fig. 6.1, tﬁé fields [QO] are then related to [Qm] by
a correctly ordered sequence of matrix multiplications implicit in the

relation

veee (T)

[{®]
2
: L]
—A——
o
[}
H
——
3= ]
—_—
=
\-—-'—-J
Q2
R

-5
Sl T2 Tao||%
l.€. =
< «
bo Tel T22 Cm es e (8)

In transmission, Em = 0, and the active reflection coefficient Ra(we)

is given by

iy =0 2%
R(tg) = 3% =~ |
(o) ll R (9)

The objective function U can then be expressed in terms of the design

parameters (¢é) as
u(e,) =max IRa("’e)I .

where

¢e 1s the string [a’dl’be,z’ ..."dn’be,n’..."dm—l’be,m—l] vev. (10)

- The normal interrelationshib between a/}\e and we for

£t

scanning over a specified sector_ieo max could be regarded as a design
2

constraint. The parameters in eqn.(10) do not include be o and be o
3 . 3

which are fixed, or do’ which does not affect U in a lossless structure.

b

The degrees of freedom afforded by this formulation are examined numer—

ically for m = 2 in Section 6.3 and in Section 6.4 when m > 2.

The H-plane design task is more complicated than the E-plane
problem. The equivalent cascade network in Fig. 6.} illustrates that

the number of "ports" at junctions near the aperture is a function of
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Y, with 2, 3 or 4 modes to be considered. To resolve this variable
condition, all junctions could be represented as 4 ports, but this is
unnecessary for regions vhere the second mode is always cut-off and of
negligible amplitude at very short distances from the junction (as in

the E-plane). By selecting a value for the element spacing in advance

(using, for instance, the numerical results given in the next section
as a guide to a "realistic" value within the range (1 + sin 60 max)—l
3

< a/r < (2 sin o, ax)_l), the design task can be split into two parts.

m
3
This division can be made by calculating the critical susceptance. for
the second mode at the maximum scan angle, with the relation derived

in Section 2.2.2, viz

cos(2na/A) - cos(zL-h max)} )
eees (12)

bhc = 2{ sin(2na/A)
and including a section with this susceptance in the transition, (say
the "i"th section). Then the purbose of sections 1, 2, ¢+++ i-1, which
constitute a network of 2 ports, is to maximise the power incident on the
(1 + 1)th section. This defines a partial objective which is analogous
in principle to that in the E-plane, but simpler to achieve in practice,
as shown in the next section. An inspection of the 2 X 2 scattering
matrix given in Appendix 4B reveals that it can be writteﬂ in a similar
form to eqn. (3) above, except for a sign reversal on terms $,, and Sppe
Consequently, a set of equations equivalent to egns.(4) to (9) can again
be obtained, and the corresponding objective U can be expressed in terms

of the parameters (¢, .) as

hl

U(g )= max |R (9, )]s where ¢, = [dl,bh'l,dz,bh'g, di_l,bh'i_l]
eees (12)
For”the cascaded regions (i+l,'i¥2, -°~~; m-1), the simultaneous
operational requirements for element pattern control and high radiation
efficiency lead in principle to the dual task of minimising §2,m and Xi,i'

Fortunately, the constraints on the design ensure that Xl : remains small
3
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for any choice of parameters b and dn (i-1<n<m-=1) and less

h,n
than an upper limit which can be estimated readily (see next section).
It is therefore considered practical to utilise all the degrees of free—

dom to achieve optimum grating lobe suppression, through an objective

function given by

-

U « max Power radiated in the grating lobe
Power radiated in the main beam veee. (13a)
2z 2 @2
B, .17 83 .
< max
llz |2 g2
1,m 1,m veso (13b)
i.e. 3
- l 2 ml B2 m
U .= max-f;—J——————L-
'Al,ml Bz,m eeee (13c)

.'th. -
Ylh in the range 2n(1 ?/k) S s wh,max
where ¢h,max = 21 a/)A sin 90 max and the

a l.) Relation (13b) is

parameters are b d. b ""fbh,m-x’ m-

h,i+1? i+1° h,i+2’
derived from (13a) through the equations for power flow in any mode
(eqn.(34), Chapter 2 with B =X = 0) end the dependence of g (8)
1,m 2,m e

on the power transmission coefficients (eg. eqn.(8), Chapter 3).

The element pattern for a waveguide array with a/A = 0.695
(Fig. 6.5) indicates the two angular sectors of interest for symmetrical
scanning gbout broadside. For relative grating lobe suppression
exceeding 20dB, it is clear from Fig. 6.5 that most of the improvement
(on a "dB scale") afforded by reactive boundaries muét come from a
reduction in the numerator on the RHS of eqn.(13c) rather than any
significant increase in the denominator. (The improvement in main beam
power must be less than 3dB, and would typically be < 2d@B). It could

therefore be argued that an adequate objective function would be

U = mex ,Bz,ml 82,m ' eeee (1k)

[The incident power prevented by a transition structure from radiating
in the grating lobe is retained automatically within the main beam

assuming that Xl i remeins negligible.] The distinction
3
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between eqns.(ch) and (1) would become significant only during the
final stages of parameter optimisation with a "minimax" strategy.
Equation (14) would lead to ah essentially equi-ripple element pattern
in the region arcsin[(k/a)—sineo’max] < |8| < /2, whereas the result
using eqn.(13c) would include an effective compensation for the gain

reduction caused by aperture .projection.

The 4 port network equations in Appendix LB for a single junc-

.tion, given by

ik X 5,3 1t

1,0 1,n+1 2,n 2,nti

-> < < t
B [S]n [A1,n ? A1,n+1 * T2,n? Bz,n+1]

. eee. (15)

-N

(where the superscript t indicates the transpose) can be rearranged in

the form
> > '.t
[Al,n > Ti,n? Bz,n ’ ﬁz,n]
-t
- F?]n [Kl,n+1 Tt ? T2,nh .2,n+1j eees (16)

Due to the different formulae for terms Si’j’ when the mode denoted by

B2 n is cut-off, this transmission matrix is most conveniently obtained
. !

by standard coﬁputer subroutines. (The lengthy analytical expressions
for the elements of this matrix are not needed in following sections,
and are therefore not given.) The reference plane for the_column

. > t .
matrix [Kl n® Xl n? B s §2 n] can be referred to the preceding

3 2 23n 3

junction by premultiplying eqn. (16) by the diagonal matrix

.gxp(jsl ,ndn) . ]
exP(_jBl ,ndn)
exp(Yz,ndn)_
i © eXP(‘YZ’ndn)
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or § as appropriate, and the result, corresponding

where Yz,n = JBZ,n 2,n

to the transmission properties of a single section, has the general

v

form

k- ,i- .85 ,f5-1%=1qr1 % Y , B 3 1t

1,0 1,0 2,n 2,n ~ 'n l,n+1 1,n+2 2,n+1 > T2,n+
eeee (17)
The overall transmission matrix relating the fields in "i"th section
and in free space is then given by the ordered product
m-1
[T°1 = TT [T7]
n=i n ees e (18)
Reverting to a scattering matrix format with
- -> “« . > t' > . - > . <% t
rd = » . B
[Al,i i Al,m > Ta,i 2 Bz,m] [s°] [Al,i > Tim ? 2,1 0 2,m]
eess (19)

and noting that XI = ﬁz i T §2 m o 0 (in a transmitting array), the
H]

3 3

objective function defined by eqn.(13c) can be accurately approximated

-

by the relation

S B .
| hll' 2,m (20)
= — L o - seen S
U(¢h2) ls, }.B 3 where ¢, [di+l,bh’i+1_ dm_l,bh,m_ll
i 21 1,m
eess (20)

over the range 2w(l - a/)) < vy as already indicated. (S~

<
: lph,max 41

and S;l are elements of the matrix defined in eqn.(l9))7 The
approximatiqn arises by ignoring the incident power variations in the
"i"th region wheg U(@hl) is ﬁot identically zero. |

An optimisatiqn approach based on eqns.(12) and (20) does not
include the length of the "i"th section (i.e. the section chosen to give
single moded propagation at wh,max) as a design parameter. As a simple
solution, it would be adequate to choose di so that the evanescent fields
at its 2 junctions are not interacting. For larger values of a/\ (say
a/x > 0.75), it might be considered sufficient to let i = 1, and simply

choose di to reduce the small reflection "losses" between the waveguide
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feed and the region i + 1. The numerical examples given in the following
section provide the necessary background for estimating the acceptability

of the latter approach.

6.3. Single — Section Transitions

The performance of single—section transitions can be considered
without recourse to numerical optimisation strategies. The results
given below provide some initial guidelines for estimating the number
of sections which would be needed to meet performance specifications:

on impedance matching and grating lobe suppression. In the H-plane, the

term "single-section" is strictly inappropriate, since the final struc-

ture would contain 3 regions of finite susceptance. However, by selec~

ting b in accordance with eqn.(1l1), the partitioned structure can be

h,2

analysed readily as 2 "single-section" transitions, with parameters

b and d1 in one case, and bh 5 and 4
1]

in- the other. The E~plane
h,l

3

matching problem is again examined first (Fig. 6.6), for a single value

I
of Gy n

eff”®

Taking a/X as 0,45, the maximum velue of we to avoid complete

eff

intermal reflection at the array aperture is 162° (or 2m.a/A ..). In

eff
Fig. 6.7, an auxiliary axis is included which shows the equivalent scan
angle 60 in free space when this array consists of square waveguide
elements (a/) = 0.673) and parallel plates extending a finite distance
beyond the "aperture" formed by the waveguide elements. The value

chosen for a/X is considered typical of the range which might be

eff

adopted in practice.

3
For the one-section transition, the active reflection coefficient

can be expressed as
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f . a , £ f f.f }
SlleXP(JBldl) + sll(s ST ~8T 8T Jexpl( JBldl) .

R () = 21°12"°11°22
a e . a of .
exp(§B)&)) = 8y, 8ppexp(=ibydy) eeee (21)

where the terms are defined in Fig. 6.6. Using the properties of the jun-
ctions expressed by eqn. (3), the degrees of freedom afforded by be 1
. , s

and d1 can be utilised by setting eqn. (21) to zero at some specified

element phasing w;. The two conditions to be satisfied are given by

a p _ f ,
lslll - |511 cee. (22)
2 B.d =1 + arg(s?) + arg(-Sf ) (23)
ll ll 22 enae e

These equations are analogous with the junction—compensated requirements
for quarter—wavelength impedance matching of waveguide transformers

at a single frequency.

Reference to Appendix 4C shows that the relation between BO, Bl

and B, at w; is specified by the first of the two conditions (eqn. (22)),

with
85 =88 aty =y (2k)
1 02 e e Tre
where BO =k vees (25a)
v° A )2 3 ~
= _|_e, _eff
and B, =k {1 (2“ = ] cees (25b)

The appropriate value of be 1 is then cobtained from the characteristic
H

E-plane equation as

[cos(aVEZ"Bf) - COS(¢;)]
b = D~
e,l . Sin(amf) X (26)

The length of the section can be chosen after the arguments of the

complex terms Sil and Sge have been calculated for junctions with sus-—

ceptance discontinuities of b to b and b tob ..
e,0 e, e,l e,
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This design procedure hes been éarried out (using 8 roots to
estimate the phase of the scattering matrix glements and a modern desk
calculator) with ¥7 = 135° and 8/A_pp = 0,45, to illustrate the pre=
dicted improvement in performance. As implied by the results in

Fig. 6.7, the required value of be bepomes 1.275. The curves labelled

1
b
(2) and (3) in Fig. 6.7 have been obtained at values of v, = 30°, 90°,

120°, 135°, 155°

and (for - curve (2)) 180°. (The active reflec-
tion coefficient for the waveguide array (labelled (1) in Fig. 6.7)
is given in reference 43, and provided a convenient check on numerical

accuracy., )

Figures 6.8a gnd b show the variation with ¢e of two of the
prinecipal terms affecting Ra(we) as dgfined in egn.(21). The argument
of -852 varies less than + 5° from [-arg(Sil)] over the full range of
we’ and the resulting"junction phase effects" (Fig. 6.7) contribute to

an increase in |Ra(we)| where §_ < 120° or > 135°, The relatively
small deviation of Bldl from the quarterwavelength condition at values
of ¢e > 135° tends to preserve the required phase conditions for
impedance matching, with the main limitation arising from the rapid
increase in ISilI as we + 162°, as shown by Fig. 6.7. The net improve-
ment afforded;ghis design is shown in Fig. 6.9.

The significance of w; as the basic "optimisation" parameter
should be noted. To achieve a better radiation efficiency with the
single~section transition at values of we between 150° and 1620, a larger
value of ¢; must be adopted. For example, choosing wé as 1550, the
required susceptance is reduced from the previous.value of 1.275 to

0.53, while the length of the section is increased by approximately L0%.

The major consequences can be appreciated without calculating the jun-

a

f .
11 and Sll diverge

ction phase effects, since the amplitudes of S
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rapidly at values of we below 1550, and the variation in electrical
path length Bldl is more pronounced than in Fig. 6.8b, fhese trends

are illustrated in Fig. 6;10; from which it can be predicted that the
improvement at we = 90O due to the presence of the transition would be
quite negligible. Nevertheless, it could be considered that the re-
sulting variation in !Ra(we)], which must be constrained as shown in
Fig. 6.11, is preferable to that obtained in Fig. 6.9 with wé = 135°,
The design choice afforded by wé is therefore clarified. By choosing

a value of w; close t0 the cut-off condition (i.e. 162° in the present
example), the control over lRa(we)I is confined to a narrower range

(or "band") of scan angles, but.is more significant in terms of the
improvement in radiation efficiency at w; as indicated by -Figs. 6.9 and
6.11. This effect is comparable with the design options for wide angle
matching of radomeé cpnsistiﬁg of sandwiched dielectric sheets or a

single dielectric loaded with periodic metal gratings (52).

Turning to the H-plane problem, the principles outlined in the
previous section are applied to an array with a/A = 0.695, which is
required to scan to sin eo,max = + 6.55. This element spaciné and
maximum Scan angle correspond to a condition lying between the oper—
ating limits examined in Chapter 1 - i.e.

1 esos (278)

1+sin6_
0 ,ex

a
- <
A

for grating waves to remain evanescent, and

1

2 sin 6
0,max

a
A < ssse (27b)
for an element phasing of 7 radians (see Fig. 1.7). The significance of
specifying both eo max and a/) in advance is examined in Section 6.3,

b

For the purpose of the following example, it is sufficient that a/A and

O max should lie between the two conditions given by expns.(27z) & (27b).
b
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With ¢h,max = 137.50, the critical susceptance for the'second
mode becomes — 0.83 on substitution in eqn.(11). This defines the
susceptance of the "i"th sectlon, i.e. with 1 = 2, bh,2 = - 0,83.

The two remaining parts of the design can be undertaken using, in
part, the results given in Figs. 4.5 to 4.7. As the impedance meatch-
ing section can be designed in a manner equivalent to the technigue
already discussed above, the detailed procedure is not repeated. The
active mismatch between the waveguide feed and a region with bh = - 0.83
(in the absence of any intermediate region) is indicated by the curve
labelled (1) in Fig. 4.7. By coﬁtrast with the E~plane problem, the
"insertion loss" over all ¥, would be quite smg;% (< 0,1dB) without
any matching section. Applying conditions equivalent to those given
in egns.(22) to (26), a zero of reflection between regions O and 2,
can be achieved at b, = 60c with a "junction—corrected" quarter wave-—

length section when b, - 3.85 (see curves labelled (2) and (3)

h, 1o

inFig. 4.7). The variation in Bl ldl and the phase correction for

Junotion effzzts cvrer the reguired range of yh are shown in Fig. £.12,

from which it can be established that the insertion loss is reduced

to a negligible level for any element phasing, with the meximum value

of A / 1 O(Al,2 = 0) being 0.025 at Yy max (Fig. 6.13).
In the light of this result, it is difficult to foresee any
engineering requirement for more than one matching section when a/A

exceeds a value of about 0.6. [The initial problem, as defined in

Fig. 4.7 by curve (1) for a/X = 0.695, becomes smaller as a/A increases.]
However, a multi-section matching transition ﬁight be justified if

the element spaciné were required to be in the range 0.5 < a/A < 0.55
(sey), in which event, the problem of grating-wave radiation would be

triviel.
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For tkhe second part of the desigh, an initial qualitative
assessment suggests that an element pattern zero could be achieved
in the grating wave section when region 3 is approximately half a
wavelength for the first mode (Ki,B)“ This conclusion is obtained

by assuming that the forward scattered second mode ( ), generated

B
2,3
at the discontinuity between regions 2 and 3, is relatively small in
amplitude and sufficiently close to cut-off for its wavelength to be
significantly . larger than that of the dominant mode Ki 3° Ignoring

. . 3

" all secondary and higher order reflections within the transition, an

element pattern zero can be introduced when the

additional forward scattered second'mode generated at the aperture
disconﬁinuity (i.e. between regions 3 and L) is equal in dmplitude
" and out of phase Vith the transmittedcomponentofﬁeéy
is represented schematically by the series of “"phasor" diagrams given

This principle

in Fig. 6.1h, where the scattering matrix superscripts "f" and "a"

are reintroduced for reference below.

A detailed examination of computed 4 port scattering matrices

for susceptance discontinuities with Ab, ~ 0.3 to 0.5 and a/A = 0.695
reveals that this quélitative assessment is realistic over a
satisfactory range of wh. The grating wave can then be approximated
by the expression
g f .a . f _a .

= - + LI X I ]
Ba,k = SiygBl3exp(=iBy 5d5) + 858 exp(36) od3) (28)
and the resultant uncertainty estimated subsequently. For gé I to

3

vanish at a particular angle 6° = arcsinf(A/a)(1 - wﬂ/Qw)], it is

necessary to find a combination of by 3 and d3 which renders
?

£ £ ~
Isy, 1Isg3l = Isg; 11sy, | vere (292)
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. . c o . .
+ ) - - =" -
and arg(s, ) arg(s, ) arg(s,, - arg(S, ) =7 - (8, , 82,3)d3

b

....(29b)
for the elément phasing ¢ﬂ‘ -Whilst the degrees of freedom are
sufficient to satisfy these two conditions, the selection of a value

bh'3 to fulfil eqgn.(29a) is extremely complicated on an analytical
b

basis, which can be confirmed by inspecting the amplitude expressions
given in Appendix 4B for individual terms Si’j’. To overcome this

. s . g h il a a
difficulty, the ratios (541/3211 and_lSHI/SHSI can be calculated as
functions of the potential susceptance of region 3 for the proposed
element phasing wﬁ. In :the present example, wﬁ is taken as 132.50,

which is slightly less than wﬂ max (137.5°), for which the conventional
2

grating wave problem is most serious (Fig. 6.5). From Fig. 6.15, it

can be seen that the susceptance b should be -0.4 to satisfy eqn.

h,3

(29a). With the susceptances bh,z’ bh,3 and bh,# all defined, the

junction phase effects included in eqn. (29b) can be obtained, and the
second parameter (ds) specified.
The amplitude and phase of Sfl and S?s are shown in Fig. 6.16,

where the significant variation in the amplitude of S§3 (for vy < by max)
. : 3

can be attributed to the relative difference between B2 3 and B,y as
B>3 > 0. By contrast, the smaller relative differences between the

dominant mode roots B and 81 ensure that terms such as Sz

1,2 81,3 1

3

and Sil are approximately unity (and positive real). Over the range of

L. . . o o
element phasing now of interest {i.e. 109.7 < ¢, < 137.5 ), the term

*n
Sf remains equal to 1.0l * 0.0l in amplitude and O % 0.5° in phase.

21
T a

Consequently, the term 321 Sul’ as a function of wh, is effectively

given by the computed result in Fig. 4.6 with bh 0 = -0.4. In
2
combination with the phase information in Fig. 6.16, the required value

of d3 becomes O.BTAO, which makes 81 3d3 equal to 2520 at wﬂ'
H)
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The resulting variation in the émplitude of eqn.(28) i; the
crucial factor in terms of grating wave suppression at all angles.
and Fig. 6.17 shows the control afforded by the single-section tran-
sition assuming egn.(28). The effective limits on v should be noted
in Fig. 6.17. TFor values of wh > wh,m;x’ the assumption that B2,2
remains evanescent 1s invalidated. Conversely, at wh = 121.50, the
mode B2,3 becomes evanescent, and the exponent -jB
must be replaced by - £

2,3%3

s, With a corresponding adjustment in the .

in eqn.(28)

2,3%3
expression for Sfl;

The element pattern produced by an overall transition with the
above design of regions of 1,2 and 3 is shown in Fig. 6.18 and labelled
(1). The dotted portions indicate the spatial sectors where some un-
certainty exists due to the effects jusf described. A comparison with
the corresponding pattern for a 'rraveguide array (labelled (2) in Fig.
6.18) shows that the minimum gré;ing wave suppression.has been lmproved
from - 6.7dB to around — 19dB. The third result in Fig. 6.18 indi-
cates the performance afforded by a transition which remains single
moded at Vh mex " icee b -1 is determined by eqn.(1l) - when the max-
imum aveilable power is incident on the aperture. Such a transition
is accurately approximated by the above design with region 3 omitted.

It is clear from this set of numerical results that the net grating

"wave suppression is achieved partially by the action of the single moded
regions (which reduce the mean fluctuations of the periodic incident
fields in a fully operative array - cf. Fig. 2.7) and partially by the
dual moded region 3. However, the results confirm that the presence

of the latter region (or more generally, several dual moded regions)

is an essential theoretical requirement if useful grating wave suppression

(say > 20dB) is desired over a significant spatial sector (e.g.

o . e . .
60" < lel < 900). For a specified maximum scan angle 60 max® the pertial
H]
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contribution to the grating wave suppression from the single moded re-

gions decreases as a/A increases.,

_ Three other features of the main result in Fig. 6.18 require
further comment. As the minimum grating wave suppression is possibly
the most significant characteristic, thé uncertainty associated with
the "sidelobe peak" justifies first consideration. The three dotted
lines shown around 6 ~= 750 correspond to the results when
(i) the evanescent mode 32’3 is ignored, which leads to an optimistic
estimate of the minimum gfating wave suppression;

(ii) the term Sil in eqn.(28).is approximated in amplitude and phase
by its cut—off value, which gives a pessimistic result;

(iii) an "estimate" is made which notes the effective constrain£ im-
posed by the pattern labelled (3), where grating wave suppres-—
sion is sacrificed by omitting region 3.

5 apparent that the effects of evanescent modes should be ’

b

Whilst it
included in anv general computer formulation for s multi-section
transition, the net uncertainty of less than 1dB does not warrant the

additional calculation in the present example.

The second feature to note is the significance cf wﬂ as the
essential design parameter in a "single-section" transition. As the
grating wave suppression at wh,max is approaimately =—24dB in the
present case with wﬁ = 132.50, it follows that a slightly smaller value
of wﬁ (possibly 1300) would be a better design choice. With a very
small reduction in the magnitude of bh,3’ the "sidelobe peak" could
then be reduced at the expense of an increase in grating wave radia-
tion at wh,max’ and minimum graﬁing wave suppression of 204B might
be achieved after optimisation. However, thé result in Fig. 6.18 is
_ sufficiently close to the single section optimum to provide the re-

quired guidelines about performance.
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The third effect to be noted is the slight improvement in radia-

tion efficiency afforded by the inclusion of the impedance matching

region, which is only evident over the range 0 < |6| < 26.2° (the

angle for an end-fire grating wave). As already suggested, it could

be sufficient to design the H-plane transition without this interme-

diate section, particularly for larger values of a/A.

To complete this discussion, it is appropriate to review the

principal assumptions in the above derivation.

(1)

(ii)

6.4,

The question of radiation ‘efficiency with one or more dual
moded regions has not been considered explicitly. For the
design outlined above, the dominant mode reflection coefficients
between regions 2 and 3, and 3 and 4, remain < 0.025 for all

vy (cf. Fig. L4.5). Although the'reflected "waves" tend to édd
in phase, the insertion loss remains negligible and approxim-

ately equal (at least over the range ¢ ) to the loss
h

< wh,max
when region 3 is omitted — i.e. for the susceptance discontin-
vity bh,i to bh,m'

Several assumptions are implicit in eqn.(28) and its schematic
interpretation in Fig. 6.14. With only one section, these can
be checked for each of the intercoupling possibilities at the
two discontinuities. However, in a transition with more than
cne dual mcded region or with wh closer to 1800, it would be
essential to adopt the formally correct approach defined by
eqns. (15) to (19). This also obviates the necessity to check
on the effects of multiple reflections as a mode approaches

cut-off, when the electrical path lengths and certain affected

elements Si’j‘ of the terminating junctions vary rapidly.

Extension to Multi-Section Transitions

Utilising a high-speed digital computer, it is evident that the
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performance of a multi-section transition can be analysed acquratély,
and in principle, optimised by adjustment of the design parameters.
The feasibility of the second step is discussed below in the context
of potential engineering specifications, with the formal requirements
being to minimise the appropriate objective functions given in Section

6.2.

.By analogy with the performance options in the design of multi-
section filters, it is necessary to define the term "optimisation"
more precisely. This can be done by utilising the concepts of a
"forbidden band" and "rates of cut-off" which affect the design of
Tchebyscheff equi-ripple networks (117). The well-known trade-off
between passband ripple and stopband attenuation has a direct parallél
in the design of E-and H-plane transitions with a given number 6f_
sections. The theoretical "ideal" for each of the latter, and the prac-
tical possibiliéies afforded by a 3 section transition, are sketched
schemetically in Fig. 6.19. For the E-plane arrsy, an increasing
performance penalty must be accepted within the overatineg section as
the maximum scan angle converges on the 1limit defined by we = 27 a/Aeff.
In the H-plane, the minimum grating wave suppression is reduced as the
desired coverage (or the element spacing) is increased. As shown in
Fig. 6.19, the optimum results need not exhibit zeros, and the inter-
val between the ripple "peéks" woula be weighted by the initial wave-

guide problem.

The number of sections which might be incorporated in a practi-
cal structure is a key factor affecting the feasibility of any numeri-
cal optimisation strategy. In the light of the theoretical results
for single-section transitions, the importance of tolerances and ohmic
losses in practical arrays, and the desirability of contéining the
overall length (normal to the aperture), it is considered that the

.
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number of sections should be restricted to around 3 or L. Iﬁ the
E-plane, the final choice could depend on the conductor losses associ-
ated with the reactive boundany currents, since there would seem
little point in a structure which provided impedance matching, but
attenuated more power over much of the scan sector, than would other—
wise have been reflected. In the H—pléne, the deciding factor could
be the.required tolerances, since mode coupling within each dual-moded
section has been neglected. For either polarisation, these individual

factors are governed by the physical form of the reactive boundaries.

The principal factors governing the feasibility of an optimis-—

ation procedure include:-

(1) the potential improvemenﬁ in performance over an "unoptimised"
design with the same number of sections,

(ii)  the accuracy of "built-in" assumptions;

(iii) the ability to initialisé parameter values realistically;

(iv)  the unit cost of computing the function to be optimised;

(v) the number of parameters in the network;

(vi) the consequences of any parameter constraints;
and

(vii) the availability of efficient optimisation strategies.

Some of these factors are interrelated, but a general conclusion can

be reached in relation to the preseﬁt requirements by considering each

of the above in turn. In the following assessment, constant reference

is made to the set of papers by Bandler (114,118) and Bandler and .

Macdonald (113).

(i) For inhomogeneous waveguide transformers, Bandler has shown that
the optimised performance represents a significant improvement
over that obtained from recognised approximate techniques.

One example compares the response of an optimised 3 section
transformer with that of a S-section transformer designed by

Matthaei, Young and Jones (49 ). Assuming a maximum V.S.V.R.
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(ii)

(1ii)

(iv)

of 1.0k, the optimised design yields an increased bandwidth
despite the smaller number of sections. For reactive boundary
transitions, it is cénsidered that the "optimisation" of
performance would be an essential economic requirement in a

large array. In particular, &any reduction in the number of

. sections (say from 3 to 2} afforded by optimisation routines

“would be of considerable importance.

The reasons for bypassing approximate analytical technigques have
already been discussed in Section 6.1.

In the design of inhomogéneous waveguide networks, the junection
effects are specified approximately (11k). The validity of the
theoretical results 1s enhanced by keeping discontinuities
smell. In a reactive boundary transition, any approximation is
a consequence of the non—ideal boundaries. The achlevement of
effective susceptances bé,n or bh,n which remain constant

with element phasing is a basic requirement to ensure agreement
betweca uhicory and pracoice.

The initialisation of parameters is one of the more difficult
problems, especially in the case of the dual moded H-plane
transition. However, the single section results provide certain
basic guidelines about section lengths and probable susceptance
values. The optimisation strategies considered under (vii) rely
directly on numerical search procedures and have been fun with
"poor engineering estimates" as initial values without serious
cost penalties (see (vii)).

The unit cost of estimating any of the objective functions given
in Section 6.1 is inseparably tied to the time required to

characterise the junctions and perform the matrix manipulations
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(

Vi

for a particular value of element phasing. With the many
opportunities to utilise current or stored values of variables
(such as the roots of the charaéteristic functions), it is con-—
sidered that the average time required to execute these steps for
a 3 section dual-moded H~plane transition should be-quite
acceptable with efficient programming — possibly about 0.1 CRU's
on the Honeywell Mk II System.

With 3 sections, it should be practical to "optimise" all 6
network parameters with a reasonable number of objeétive

function evaluations (say < 103). Apart from Bandler's examples
of 6 parameter optimisation of microwave networks (requiring
1200 to 1300 function evaluations for 5 figure de{inition of
parameter values) related experience on other problems (119)
suggests that significant impr5§ements in performance can ée _
obtained before computing costs exceed benefits. With multi-
section transitions, thé’selection of realistic termination
criteria, based on design tolerances for bn and dn’ would help
to reduce the number of function evaluations required. For

programme development and initial testing, it could be sensible to

choose fixed values of susceptances and to allow variations

only in the length of sections. (This would introduce a major saving,

since the junctions would only need to be characterised once

for each value of y.)

With sensible initial values (as distinct from "good estimates")
and search intervals, it is considered that the parameter
constraints should not introduce any. complications during optim-
isation. For example, any attempt to make bh,n > bh,n+l would
cause’a deterioration in performance. Similarly, the variation
of electrical path lengths with element phasing represents in

general a performance penalty which can only be contained by short-

ening the section lengths. Quarter wavelength sections are
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.(vii)

pherefore better phan ?hree—quarper wavelength sections for
impedance matching. It might be practical to use en essentially
unconstrained stra?egy during optimisatiqn, with occasional
monitqring to check on current parameter values.

The choice of numerical strategies which are efficient (in terms
of convergence) is the most important factor in the present
assessment. Bandler and Macdonald emphasise that a "minimax"
formulation gives rise, in general, to discontinuous partial
derivatiﬁes of the objective function with respect to the net-
work parameters. The optimﬁm set of parameters can then be
difficult (or impossible) to obtain with gradient search routines,
such as the classical steepest descent method. The use of
direct pattern search technique; becomes practical under these
conditions. Two subroutines, designated "Razor Search" and
"Ripple Search", were developed by Bandler and Macdonald to
exploit this possibility, and are described in reference 113
through detailed flowcharts. A .

Whilst it is unnecessary to be committed to these particular
routines, the two tasks which they perform would be essential

in any alternative minimax strategy. The "Razor Search" sub-
routine is a modified version of multi-dimensional pattern
search, which evaluates the consequences of perturbing the net-
work parameters on the objective function. The "Ripple Search"
subroutine is used to define the unimodal regions of the network
response in terms of one variable - e.g. frequency or (for the
present purpose) element phasing, and to find the objective
function without close fixed-interval sampling. These concepts
are illustrated in Fig. 6.20.

Some simplification of these_strategies should be possible to
satisfy the present engineering requirementsT For instance, it

would be unnecessary to specify U to an accuracy which affords
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5 figure definition of the design parameters. Conse@ﬁently,

the smooth peaks of the ripple'pattern shown in Fig.6.20 could

probably be estimated to a sufficient accuracy by interpolation

rather than direct search strategies, such as the Fibonnacci

scheme used by Bandler and Macdonald.

Overall, it is considered that numerical optimisation of multi-
section transitions, along the lines discussed sbove and in Section 6.2,
is both feasible and desirable.

6.5 Control of Edge Effects with Dummy Elements

Although the preceding ahalyéis is based oh the "infinite array"
concept, the proposed form of the transition and method of design
create new tools for specifying the required number of dummy elements
in finite arrays. Assuming a multi-section transition has been designed,
a relatively straight forward use of.suberposition principles would
enable the aperture fields assogiated with a single waveguide element
to be derived. The tcchnigue could replace the approximate E-plane
method investigated in Chanter R for ectimating o enitohlo numbox oF
dunmy elements. (The previous method was not satisfactory for H-plane
transition structures.) |

The principle is summarised schematically in Fig.6.21, and is
applicable to either polarisation. By introducing a set of 2n signal
generators 1n each waveguide feed, with periodic element phasings

-given by
¢ =0, *u/n, £2v/n, *371/0, «v..., t(n - 1)w/n, 7w ....(30)

the net excitation of the (2n - 1) waveguide elements either side of the
reference element is zero. The total aperture field at any point (x, O)
on the aperture could be estimated by summing all the "significant" free

space modes (roots B, 8 or -562 g 2nd the set —jgi n? i = 3,4) for
3 3 .

,m’> "2.m
each value of § in egn.(30). If the analysis assumed only the propagat-

ing mode(s) in region (m - 1), the number of grating waves to be con-
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sidered would be restricted to those of amplitude (at z = 0) comparable
with the first evanescent mode in region (m -~ 1) "incident" on the
aperture discontinuity. The number of modes to be considered would be
governed by the susceptance discontinuity in the aperture plane.

With a suitably large number of generators, the total field
at elements r ~ * n/2 would tend to vanish, while the total field
between these limits could be sampled along the x-axls to predict the
amplitude and phase distributions due to a single element. This
technique would have practical engineering value, rather than any
theoretical significance as a method for predictirg the aperture fields
required to' fulfil Hannan's proposals (8). .

The changes in the element pattgrn caqsed by the gradual
elimination of elements could be estimafed by Fourier transform techniques,
by assuming that all power not Eeaching the aperture was absorbed
(eg. by r.a.m.). This information could then be utilised to assess
the number of dummy elements required. It should he noted that the
above procedure would not require extensive additional programming.

The same principle would enable the mutual coupiing between
the waveguide elements to be determined (eg. in the E-plane, where

a/Aeff < 0.5 and coupling is unavoidable).
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CHAPTER T | -
J - CONCLUSIONS

A nevw technigue fqr'canrqlling the perfqrmance limitapions ﬁf
arrhy antennas (in particular, electronically scanned arrays) has been
described. The central principle is the elimination of the abrupt'
discontinuity in boundary conditiqns wﬁich oceurs at-the aperture
- surface of conventional waveguide arrays, by inserting reactive
surfacés. Control of the grating lobe amplitude and of the impedance
mismétch between the guides and freespace in lineér arrays has been
demonstrated. The problems for E- and H-plane polarisation are
essentially complementary, in the sense that impedance matching is more
difficulf to achieve in the E~plane whereas control of the grating wave
amplitude is more difficult in the H-plane. In both polarisations, the
potential saving %n the number of qleménts needed in a sectorally
scanned array is a major advantége. |

The technique has been presented at two lévels, with an initial
emprocis (in Chapters 2 z2ad 3) on the undcrlyiug primeiples, and a
subsequent emphasis (in Chapters 4, 5 and 6) on practical design details.
In Chapter 2, it is shown that theoretically ideal performance, as
specified by Hannan, could be obtained with infinitely-long "reactive
current sheets" forming extensions to the conducting sidewalls between
adjacent elements. The susceptance of these currént sheets must: be
'tapered monotonically from an infinite value, corresponding to
perfectly conducting walls, to a zero value, correspondiné to free space.
As demonstrated by the experimental results given in Chapter 3, the
periodic character of realizable reactive structures imposes restrictions
in addition to those created by the requirement for a transition region
of finite length. The principal parameters in shaping the E-plane
element pattern are also defined in Chapter 3. In particular, it is

shown that grating waves can be eliminated by introducing a parallel-

pPlate region (beyond the array aperture) which reduces the effective



element separation to a value a/léff < 0.5.

Chapters 4 to 6 lay the foundations for a practical aesign
procedure. Retaining the concept of boundary susceptance as a unifying
parameter, the network properties of E- and H-plane array structures
with an axial reactance discontinuity are obtained. The performance
possibilities for multi-section transitions (with each section
characterised by a constant boundary susceptance and an axial length)
are then established by analysing the eqﬁivalent cascade network.
Caléﬁlated results for simple transitions providing impedance matching
aﬁd grating wave suppreésion are given, and indicate the possibility of
operating with a/A approaching (2 sin 6 )-; in the H-plane, and with

o,max

we,max approaching 2na/leff in the E-plane. Numerical search straﬁegles

are required to optimise the performance of transitions.in which'more ~
than one constant—susceptapce region must be considered at any time,

The theoretical work ?s suppbyﬁed by an experimental evaluation of
structures which achieve the small boundary susceptances required for
H—piane arravs., FEncouraging results are demonstrated for structures
consisging of conducting grids in parallel with a low-loss;dielectric

such as alumina, which could be manufactured by printed circuit |
techniques.

Further developments may be envisaged. For engineering
applications, a programme is required to achieve boundary structures
which could be incorporated in linear arrays with multi-section
~optimised transitions. Questions concerning bandwidth, %olerances;l
conduction logées, power handling and mecbanical strength will arise
during such a programme. Complementing this activity, several topics
have been identified which warrant further research. These include the
possibility of extending the principle to planar arrays (as indicated
in Section 2.7.1), the definition of the aperture field distribution

for a “"theoretically ideal element" (Szction 2.4.1), a detailed analysis

of the mutual coupling between elements (Section 2.6.2) and a more
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detailed analysis of edge radiation in finite array structures

(Sections 3.6 and 6.5).
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