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ABSTRACT

This Thesis is concerned with the application of classical
Galerkin-type finite elements to the simulation of immiscible two-phase
(water/oil) displacements in petroleum reservoirs. The Chapeau
(linear), Quadratic and Hermite Cubic elements have been used in
1 Dimension, while their tensor-product equivalents have been employed

in the 2 Dimensional studies.

The 1 D results are compared with the analytical (Buckley-
Leverett) solution, and an assessment is made of the sensitivity of the
finite element solution to such factors as the grid size, the capacity
matrix and, most important of all, the character of the mobility data
which is reflected in the shape of the fractional mobility (Fw] curve.
By using a variety of data sets, it is shown that the solution is good
when the %w curve has a monotonically decreasing slope, but that it is
very unreliable when the curve is strongly S-shaped. To ensure
numerical stability under all conditions, two possible alternatives

have been investigated:
(1) The use of a modified fw curve, as proposed by Dalen, and

(2) The use of the original fw curve, together with an artifice such
as, either:
(al upstream Gauss-point relative permeabilities, or
(b) a fictitious capillary pressure gradient, as used by

Spivak et al.

A method is presented for estimating the latter, based on the mobility

data.



The 2-Dimensional studies have been conducted on a quarter
five~spot, using a diagonal grid. The pressure distribution compares
favourably with Muskat's analytical solution, except in the neighbour-
hood of wells. The saturation contours generally display the expected
features but vary in internal detail, such as front steepness and the
degree of oscillation, according to the type of finite element being

used.

Finally, the breakthrough oil recoveries are shown to be in
reasonably good agreement with those obtained from semi-analytical

methods, particularly that of Higgins and Leighton.
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CHAPTER 1

An Introduction to the methods for analysing the
performance of Petroleum Reservoirs

A petroleum reservoir is an underground accumulation of
hydrocarbons within the pore spaces of a sedimentary rock. The
hydrocarbons are collectively known as petroleum, while the rock which

contains them is called reservoir rock.

1.1 Reservoir rocks

These consist largely of sandstones and limestones laid down
on the earth's crust millions of years ago by sedimentary processes.

Sedimentary rocks possess two important physical properties:

(a) Porosity (¢}, which is the fraction of the rock volume that
is pore space; and
(b) Permeability (K], which is a measure of the rock’s ability

to transmit fluids.

Thus, when a porous and permeable "reservoir rock”, such as
sandstone, is overlain and sealed by an imperviocus "cap rock” (eg shale],
and has itself a structure that is capable of accommodating and
retaining fluids, this combination of features is called a "trap"” or a

potential reservoir.

1.2 Reservoir fluids

A mixture of hydrocarbons can exist under subsurface conditions

either in the form of free gas, aor as a liquid (called o0il), or both.
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The saline water which often underlies the reservoir is referred to as

an aquifer.

The surfaces of the sand grains show varying degrees of
attraction to the phases they contain, and this preferential
attraction is expressed in terms of the "wettability"” of the porous
medium. Generally, the water phase is more wetting than the oil phase,
which, in turn, is more wetting than the gas,although this sequence
is by no means universal. Due to this phenomenon of wettability, the
migration of hydrocarbons into a water-wet rock does not result in a
complete expulsion, from the pores, of the original water. Instead,
the capillary forces arising from this preferential attraction succeed
in retaining an appreciable portion of the water in the form of films
surrounding the grains. This water is called "interstitial” or
"cornate” water, and the fraction of pore space it occupies the

connate water saturation [SWC].

The compositions of the gas and oil phases (the latter in
particular) are very complex, and detailed thermodynamic calculations
are difficult to perform,and are rarely used. For practical
engineering purposes, however, sufficiently accurate results can be
obtained by adopting a highly simplified concept for their compositions.
The gas phase is treated as a single component which obeys the
imperfect gas law (PV=nZRT). The reservoir oil, on the other hand,

is regarded as being made up of two components:

(a) Stock tank o0il (or dead oill, and
(b) A quantity of gas which is dissolved in this stock tank oil.

This is known as solution gas.

For a given gas/oil system, the amount of gas which is soluble



in each stock tank volume of 0il is a monotonically increasing function
of pressure. The pressure at which all the available gas can be
dissolved is called the saturation pressure, or the Bubble Point
Pressure (Pb] of the system. Furthermore, due to the swelling effect
of the dissolved gas, a unit volume of stock tank o0il occupies a larger
volume under reservoir conditions, and this volume is termed the

"formation volume factor” (BO].

1.3 A review of reservoir production mechanisms

The principal driving force responsible for the subsurface
movement of fluids is the reservoir pressure. Thus, when an outlet
is created, pressure gradients are set up within the porous medium

which cause the fluids to flow towards the well.

A field may be developed by a variety of mechanisms which
differ in the way in which energy is supplied for the extraction of
hydrocarbons. The simplest of these is the Primary (or Depletion)
mechanism)in which the required energy is derived entirely from’
within the reservoir by the expansion of its fluids, particularly the
solution gas. Depending on the amount of gas dissolved in the oil,

recoveries range from a few per cent (if little gas is present) to in

excess of 30 per cent if there is a high GOR and gravity segregation. An

initial gas cap can result in even higher recovery factors because of the

extra energy available for expansion.

A second mechanism occurs if the reservoir is in communication
with a reasonably large aquifer which can respond to oil production by
providing a substantial influx of water into the oil zone, thereby
helping to stabilize the reservoir pressure and displace more oil. This

mechanism is known as "natural water drive”.



The existence of such an aguifer cannot normally be relied
upon. Consequently, it follows that in order to ensure the
maintenance of reservoir pressure, fluids must be injected into the
reservoir from the surface. Gas and water have been used extensively,
water being the more popular because it is both cheap, and easy to
obtain. Presently, many oil fields, particularly the undersaturated
ones, are subjected to powered water injection (ie waterflooding)
early in their lives. The study of multi-phase immiscible flow

therefore forms an integral part of reservoir engineering.

1.4 Reservoir performance analysis

As the subject of petroleum engineering developed into a
science, the need arose to guantify the behaviour of 0il and gas
flelds. By considering the reservoir to be a "tank”, with known
initial contents, engineers in the early part of this century were
able to formulate "material balance” equations,which related the
cumulative volumes of the injected and produced fluids to the change
in the contents of the reservoir. Such eguations were merely an
algebraic statement of the fact that the recovery of ﬁydrocarbons is
the combined effect of the drive mechanisms to which the reservoir is
subject - namely, the expansion of hydrocarbons and connate water,
influx of water from an aquifer, and the displacement by injected
fluids. Although these methods (based on the tank model approach)
were certainly useful, they provided 1little in the way of describing
what was actually happening within the reservoir. The spatial
variation of pressure, and the distribution of fluids, for example,
could not be determined except as gross averages over the whole

reservoir.



The next step was to consider the dynamics of fluid flow in
reservoirs. The theory behind this is simple. It consists of
representing the porous medium by a uniform continuum, and setting up
a partial differential equation (PDE) in space and time (x,y.t), to

express the material balance condition at each point of the flow field.

For single phase flow, the PDE contains a single dependent
variable, namely pressure. Furthermore, the occurrence of time as an
independent variable is governed by the compressibility of the fluid.
Inclusion of the fluid compressibility creates a time-dependent PDE.
If, however, for simplifying reasons, the compressibility 1s omitted,
then the PDE will be time-invariant, and involve the spatial co-
ordinates only. The latter case (i.e. single phase, incompressible

flow) is also known as steady state flow.

Problems involving steady state flow are comparatively easy
to solve. 1 Dimensional flow is trivial)while,in 2 Dimensions, the
application of methods based on potential theory have enabled solutions
to be obtained for a wide range of problems, as is borne out by the

work of Muskat (43).

Considerable progress has also been achieved in solving single
phase, time-dependent problems, despite their greater complexity.
Developments in this area were motivated primarily by the need for
understanding and interpreting transient pressure responses occurring
in the neighbourhood of wells. The governing PDE is often formulated
in radial coordinates (r,t), and, by employing such mathematical tools
as integral transforms and Bessel functions, it has been possible to
generate solutlions in the form of infinite series, which can

subsequently be truncated and simplified to yield elegant results.

This branch of reservoir engineering is known as "Pressure Analysis”.
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The analytical methods available for solving two-phase flow
equations, however, are comparatively few, and limited in scope. The

reasons for this are:

(a) The system is now governed by two simultaneous PDE’'s, each
of which involves the two dependent variables - pressure
and saturation.

(b) These differential equations are strongly non-linear in

saturation.

The single most important contribution to this field has been
the work of Buckley and Leverett (7} who developed an elegant
analytical method for solving the incompressible water/cil displacement
problem in a 1 D system. In 2 Dimensions, however, the problem is
less tractable. The potential theory methods of Muskat could be
applied only under very exceptional circumstances, such as when the
two phases had constant and equal mobilities. Practising engineers
had therefore to be content with adapting the linear Buckley-Leverett
model by combining it with whatever laboratory data that was available
on 2 D water-floods, in order to meet their specific needs. Such was
the general state of affairs until advances in electronics opened up

other possibilities.

1.5 Reservolir Simulation

The advent of high speed digital computers in the 1950's
ushered in a new branch of mathematics known as numerical analysis,
a significant part of which was devoted to obtaining approximate

solutions of both ordinary and partial differential equations. With

this powerful technique, it became a relatively sasy matter to compute,
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with sufficient accuracy, the solutions to differential equations which
had previously defied analysis. All branches of engineering were able
to benefit greatly, and reservoir engineering was no exception. Thus,
the application of numerical methods to solve for the pressure and
saturation distributions in reservoirs gained immense popularity, and

acquired the name of reservoir simulation.

The aim of all numerical models is the same - namely, to
divide the region of interest into a mesh, and to compute the
(approximate) solution to the differential equation at these mesh
points. To do this, the given differential equation is transformed

into a difference equation at each point, so that as many simultaneous

(algebraic) equations are generated as there are mesh points. The
difference equations are such that each mesh point is connected to
some or all of the neighbouring points, depending on the type of
method used for this transformation. Having set up the complete
matrix, the system is then solved by any of several well-known methods
(e.g. Gaussian elimination, successive over relaxation, etc.) to
determine the unknown values at the nodes. If the differential
equation is time-dependent (as is usually the casel), the entire
solution procedure is repeated over successive time-intervals, for as

many time-steps as required.

Numerical simulators are considerably more versatile than
analytical models in that they do away with many of the restrictions
and simplifying assumptions that characterise the latter. The

following features, in particular, can be readily handled by simulators:

(1] Reservoirs having irregular (i.e. non-rectangular) geometry;
(2] Variation in reservoir properties (e.g. porosity, permeability,

thickness etc.) over large areas; and



(3) Multi-phase flow.

There are at least two fundamental numerical techniques on

which simulators can be based. These are:

(a) Finite Difference Method (FDM), and

(b) Finite Element Method (FEM).

These methods differ principally in the approach used far
transforming the continuous differential equation into a discrete

difference equation.

1.5.1 Finite Differences

This method is the older and the most widely known numerical
technique, and it utilizes the Taylor series to approximate the
derivative terms occurring in the differential equation. In conventional
finite difference simulators, the reservoir is divided into rectangular
blocks, and the unknown variables are taken to be the average pressure
and saturation for each block. (These are also called blaock-centred
values). The difference equations for these unknowns turn out to be
equivalent to material balance statements for each phase at each of
the blocks. Thus, for example, the conservation equation for phase n

at block i, takes the form:

Rate of ac cumulation

%?;(?/@hyj T <€Y7L>JQ/P — of Peu&SQ " (rn (l")

where the (qinlj are the rates at which phase n is entering block i
from its neighbouring blocks j, and (qin]I/P is the rate at which the
phase is injected into (or produced from) block i, with the convention

that the injection term is taken as positive. 1In the classical 2 D



-g-

versions, each block is in communication with its adjacent blocks in

the x and y directions (Figure 1.1al, so that each equation is associated
with the pressures and saturations in five blocks. While this "five-
point difference scheme” has been very popular in reservoir simulation,
it has been shown recently (61) that better results can be achieved

by using an alternative "nine-point formula” which allows for diagonal

communication between blocks (Figure 1.1BJ).

The application of finite differences to simulation has
advanced to the stage that most oil companies now have their own
3 dimensional, 3 phase models, constructed with varying degrees of
Sophistication. The fundamentals of this technique are described in

several texts (Crichlow (15), Peaceman (47), and Aziz and Settari (4)).

Despite their great value in reservoir engineering, finite
difference models are not without limitations. The main difficulty
is the phenomenon of "numerical dispersion” which leads to a distortion
of the saturation distribution, so that the "numerical” saturation
profiles often exhibit a considerable amount of spatial smearing, even
when, from theoretical analysis, a steep profile (or "front”) is known
to exist. To control or reduce numerical dispersion, one would have
to resort to the costly operation of using a fine mesh. Furthermore,
with the use of rectangular blocks, the representation of curved
reservoir boundaries and faults becomes difficult, and the nearest
approximation of these can be achieved only by the use of a "stepped
pattern”, as shown in Figure 1.2. These factors have stimulated the
search for alternative numerical techniques in recent years, and have
thus led to the investigation of Variational (or Finite Element)

methods.
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Figure 1.1 Communication between blocks in Finite Difference

Simulators.

(a) 5-point scheme (classical)

(b) 9-point scheme
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Figure 1.2 "Stepped” pattern for approximating a curved reservoir

boundary with a rectangular finite difference grid.
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1.5.2 Finite Elements

In this technigue, the reservoir is divided into a mesh of
finite elements of any desired shape (triangles, rectangles etc.],and
the pressure and saturation are approximated by piecewise polynomials
over these elements. The unknown parameters are once again taken to
be the nodal values, but the transformation from the differential
equation to the difference equation is carried out by integration
processes (as opposed to the Taylor series methods used in finite
differences). The resulting matrices are less sparse than those of
finite differences, and hence the solution procedures are correspondingly

more sophisticated.

The method, therefore, seemed promising for reservoir
simulation from the point of view of accurately representing both the
reservoir boundary, as well as the sharp saturation profiles that
characterize many waterfloods. Although this technique originated
in the field of structural mechanics in the 1960's, its application to
fluid mechanics,and to reservoir simulation in particular,took place
much later, and nearly all the available literature in the latter area

is confined to the past decade.

The object of this thesis is to demonstrate the application
of finite elements to two-phase immiscible (water/oil) displacement in
resérvoirs. The numerical examples that have been considered here are
of a simple character - namely, the 1 D linear displacement model, and
the 2 D "quarter five-spot” model. Throughout this project, attention
has been focussed on the nature of the finite element solution,and the
sensitivity of the method to various factors, rather than on the

construction of a commercially usable model. It is hoped that the
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results presented herein will help to elucidate some of the
characteristic features of this method, and explain the diversity of
opinion prevailing among the many authors, concerning the feasibility

of the finite element method in reservoir simulation.

1.6 Arrangement of Chapters

In Chapter 2, the basic differential equations governing two-
phase immiscible flow in porous media are derived from first principles.
Chapter 3 describes some of the analytical and semi-analytical methods
that are available in the literature (i.e. methods other than simulation),
with special emphasis on those which are used later in the.thesis for
comparing with the finite elément results. Chapter 4 presents the
theory underlying the finite element method, and, beginning with a
broad overview of the field, it proceeds to conecentrate on those elements
which have actually been employed in this study. The chapter also
includes derivations of the appropriate shape functions and matrix
equations, together with a discussion of the solution techniques and
other relevant features of the models. Chapter 5 describes a program
written for contouring 2 O finite element results. This package has
been used for generating all the contour maps shown in this thesis.
Chapter 6 opens with a summary of the work of other authors in this
field, and moves on to discuss the results of this project, and to
compére them with suitable analytiecal results (described in Chapter 3).
Chapter 7 concludes the thesis by listing the inferences that can be
drawn from these results, and by pointing out some of the areas that

still remain to be either explored or developed.
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CHAPTER 2

Basic Equations of Two Phase Flow in Reservoirs

The simultaneous flow of two immiscible phases (oil and

water) through a porous medium is governed by three basic equations:

(1) a transport equation,
(2} an equation of state; and
(3) a continuity (or mass conservation) equation.

These combined equations (written for each phase), together
with the appropriate initial and boundary conditions, have to be

solved, analytically and/or numerically, over the whole reservoir.

2.1 Choice of variables

The reservoir engineer is interested primarily in four unknowns

(or variables) which jointly determine the flow characteristics of

the system. These are:

(1) the oil phase pressure Po ;

(2) the water phase pressure Pw ;

(3) the oil saturation So ; and
(4) the water saturation Sw .

These physical quantities are, however, interrelated.

(a) The saturationssatisfy the volumetric identity :
(b) Since the fluids are immiscible, the pressure in the wetting

phase (usually water) differs from that in the non-wetting phase by an
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amount known as the capillary pressure, Pc’ which is dependent on

the fluid saturations. Thus : +
Pw = Fo — FC(SW) : (2.2)

It follows therefore that only two of the four parameters.are
independent, and, consequently, the choice of a suitable pair is left
to the discretion of the authors. Some authors have chosen, as their
main variables, one pressure and one saturation (e.g, P0 and Sw] [181],
[36], while others have used either the two pressures (P, and P )
[39], or any linearly independent combinations thereof (e.g %(PO+PW)
and %[PU—PW) ) [38]. In the two latter cases, the saturations are
calculated from the pressure difference via the capillary pressure
relationship- (2.2). This approach, however, has the disadvantage
that it cannot be applied to a hypothetical situation where capillary
pressures are either small or absent altogether (thus implying PO=PW).
Moreover, since the fluid distribution within the reservoir is one of
the key items of interesf, it seems desirable to include one of the

saturations as a direct variable.

In our treatment, therefore, we shall adopt P0 and Sw as the
principal unknowns to be solved for. The region of the reservoir to
be simulatedwill be referred to as the domain (), and its boundary
will be denoted by (3Q). The basic flow equations will now be
presented in a 2Z2-dimensional form, for an areal domain of uniform

thickness h.

2.2 Transport equation

By analogy with other transport phenomena, (such as diffusive
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heat - and mass - transfer), the flow of a single fluid through a
porous medium can be guantified by invoking the concept of a
"potential field”. The linear relationship which normally exists
between the volumetric flux vector and the potential gradient is
known as Darcy’'s law:

®X = — KVe (2.3)

1
M

where the potential, ¢, is the pressure, corrected hydrostatically

to an arbitrary datum.

gg = FD — 027 i (2.4)

In these equations:

3
p = average density of fluid (g/cm ) 3
g = gravitational constant 5
%= depth below datum {cm) 3
p = fluid viscosity (cp) 3
3 2
u = volumetric flux (em Am S) )
and .
K = = permeability tensor (Darcy]l.

Kx and Ky are the absolute permeabilities of the porous medium in
the x and y directions, respectively which (for convenience) are
assumsd to coincide. with the principal axes of the rock. For an

isotropic medium, we have:



_18_

When two or more fluids flow simultaneously, however, it
is found that the motion of each fluid is more impeded than if it
alone were present, and that the extent of this departure from Darcy's
law is controlled by the fluid saturations. Thus, in order to make
allowance for the increased resistance of the porous medium,it is
necessary to incorporate into equation (2.3) a saturation dependent
factor Kr (0< Kr-i 1) called the relative permeability. Introduced
originally in the 1940’s, this concept of relative permeability has
come to be regarded as the focal point of displacement theory in

porous media.

With the above modification, the multi-phase version of Darcy's

law takes the form:-

(2.5)

where Ar (= kr/u] is termed the relative mobility of the fluid.
Since the oil and water phases have each their own relative permeability
curves (k. vs S and k_ vs S ), their relative mobilities will also
TO w W w
be different, and hence the modified Darcy equation has to be applied

individually to the two phases - Thus:
o = 41r° /f*b
Mow= Rew /P

hN
r (2.8)

and so the volumetric fluxes are given by:

= — No K V3, ard (2.7)

—

W

Ww = — A KV §w . (2.8)

Pt
a—
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We can also expand the potential gradients in the two fluids (in

terms of the baslc variables po and Sw] by combining the eguations

(2.4) and (2.2):

1
-6
i

° _V_Fo - eo?y 3/ ) | and (2.9)

L=V (k- tuE3) |
= SZ F; - EZ}?; - fihf?‘sz? E

/ : (2.10)
SZE;VJ -—- fiv ?’j?éyi

<
&
I

=Y Fo - FE

’ [ .
where Pc. (=ou:>c/d_5w) is the slope of the capillary pressure curve
with respect to saturation. Finally, substituting equations (2.9)
and (2.10) into (2.7) and (2.8) respectively, we obtain the basic

transport equations for the oil and water phases:

=

IO

= — N K [YF’O - fo%Y%] )1 and (2.11)
v = = klop — K g5, = 6,3 95] [

| &

The relative permeabilities (kro and krw] and the capillary pressure,
Py’ are, in general, strongly non-linear functions of Sw’ and are
derived from laboratory experiments. Figure 2.1 shows a schematic

plot of these quantities for a typical water-wet reservoir rock.

2.3 Equation of State

Due to the compressibility of the fluids and the variation in
pressure over the domain, we need an equation which expresses the
volume of the fluid as a function of pressure. For this purpose, it

is convenient to use the formation volume factor, B, which is defined

as:



_18_

B = = volume of a given mass at reservoir conditions

Vres
VSC volume of the same mass at standard conditions

(2.13)

in which "standard” (or "stock tank”) conditions refer to 1 atmos-
phere and 60°F. B is thus a "normalised” volume, and is used for
representing volume changes within the reservoir which, if thermal
expansion effects are ignored (as is usually the case), will be

attributable entirely to the pressure.

We can therefore write the compressibility as

AV __ 1 4B

S —_ 1 &5
¢ = Vo dp B F: (2.14)

For fluids of constant compressibility, such as water and undersatur-

ated oil, equation (2.14) can be integrated directly to yield:

_CCG’L - P)

B = B;

|l

B: {cA{D

[l

(2.15)

- Bg[l + CAp + & cl(/_\.;>)2+...J

21 )

where [pi, Bi] are arbitrary reference values (at the reservoir

temperature), and

Ap=PF — P
If, in addition, the compressibility is small (so that |cAp|<< 1), the

expansion (2.15) reduces to:

BR=8B.(1+ CAP)Y 216
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Sor

Figure 2.1: Typical relative permeability and capillary pressure

curves for a water wet system (schematic).

N

—
V4

dx

Figure 2.2: A differential element of the domain, used for

deriving the continuity equation.
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Thus, we ultimately have
Bo = Boi_(l -+ COAP) for oue, (2.17)
and BW = BW-L(I + C, AF) for water, (2.18)

2.4 Continuity Equation

This is a differential equation which expresses the fact that
the mass (or, alternatively, volume at standard conditions) of each
phase is conserved throughout the reservoir. It may easily be
derived by considering an infinitesimally small rectangular element

(d2) of dimensions dx, dy and thickness h. (Figure 2.2)

The volume of this element is, clearly,

Any differential change in the fluid mass (generation or elimination)

occurring within this element can be attributed to three causes:

(a) dmt due to transport (i.e. flux - or velocity gradients)
(b) dm8 due to sources or sinks (e.g. wells)
{c) dmC due to change in the "contents" of the element

(e.g. Sw change ete).
We shall consider these terms one by one.

(a) The Divergence Term

As shown in Figure 2.2, let us suppose that the fluid enters
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the element with velocity components [ux s uy] and leaves with
components Hux +du ), (uy + duyJ]. Using the definition of the
formation volume factor B (equation 2.13), we can convert these

velocities to "standard conditions” in the form:

8 B B B/J2 (B B l
The infinitesimal gain in mass acquired by the element over a small time-

interval dt is therefore:

u
dm_= - hd("x) dy dt - h d(y,) dx dt . (2.20)

t
B 5
B

But from elementary calculus we know that

U
a0 =2 1 Colax ana al =2 [ Cpfay  czeen
B B B vyl B

So from the equations (2.20 and (2.21), we obtain: ‘

dm = - ﬁ(?}ﬂ‘%(?)]‘kdxo{}oﬁ l

or

dom, = — _\z(.g‘t) Ao dy dt (2-22)

which is the differential increase in stock tank volume due to the

divergence of the flow field.

(b) Source/Sink term

If fluid is being supplied to (or removed from) the element
by an external source (or sink) of intensity o (expressed in standard
volume per unit reservoir volume per unit time], then the resultant

increase in stock tank volume of the fluid brought about by this
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means over a time interval dt is:

al.ms = oA dx al’j/ oL-(;) | (2.23)

where we have adopted the sign convention that o is positive for

injection and negative for production.

(c) Capacity term

The stock tank volumes of fluid that are contained within the

element is given by:
s ,
é A(’s") ddy .

Hence the infinitesimal quantity of mass released inside the

element due to a change in its contents over a time interval dt is:

dm :’75’£L0L(%)0an(,y/ !

C

\

or dm, = — ‘}64\, ;—E(%) Ao otj,di‘. (2.24)

Since the law of conservation requires the nett increase in

mass to be zero, we have:
OL’WL_t—i— ot.ms—!-a(—rvx.c—_:o (2.25)
and so, combining equations (2.22), (2.23) and (2.24), we finally obtain:

Y% + 75_;?(.%) — c =0 | (2.26)

which is the basic continuity equation.
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Since the numerical models in this thesis are formulated
in terms of "reservoilr units” rather than "standard units”, we
shall expand the above equation {2.26) in order to convert it to the

appropriate form. Thus:

|
- |
52 + 7(3). n+ 2() s Led g

Using the definition of compressibility (equation 2.14), the

terms involving B can be simplified to yield:

l

(5) = Tt = a0 =

(2.28)

@ |
I
’—v-

and

A
2(F) _ A@) ki dsp_car
5y dp ot B*dp ot B ot

Substituting equations (2.28) and (2.28) into (2.27), and

multiplying throughout by B, we get

V-4 4+ cVp-u+ 22 4 qssc.g.il_urg = 0 (.30

which is the equivalent of (2.26) in reserveir units.

In constructing the 1 D numerical models, it was decided to
ignore the term ¢ ¥p . u (which is the one associated with ¥V {i} in
B
equation 2.27). The removal of this non-1linear term was intended

merely to facilitate the programming process, although, in retrospect,

its inclusion would have been desirable at least in the form of an
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ot
in the case of single phase flow, governs the rate of pressure change

"explicit” (right-hand-side) term. The other term ¢ Se¢ {Bb (which

with time) was retained in the continuity equation as the only term

which accounts for compressibility effects.

However, the saturation solutions are relatively insensitive
to the fluid compressibilities, provided they are small (as is the case
with liquids). Therefore, the omission aliﬁded to above has a
negligible effect on the saturation profiles, and consequently we shall

adopt this simplified continuity equation as the basis for further

development.

Hence, the final equations for oil and water are:

950
Z'L—L°+¢E+¢Soco%tt°——d"Bo:R = O

- ° ; | (2.31)
and ‘.
25, 3P ‘ (2.32)
y"&w_*'sbb‘t +?SSWCW at—o’v‘JBw:szoj

in which a further simplifying approximation can be observed, namely that

w2
T ot

2.5 Treatment of well terms

The nature of the source/sink term, o, deserves attention

since, at any point P (xo, yD] of the domain, there are three distinct

possibilities:

(1) If no source or sink exists at P, then obviously ¢ = 0.

(2) If P belongs to a subregion w over which there is a continuous
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(or distributed} flux of material, then o is a finite quantity, and
represents the volumetric intensity of the source. The cumulative
rate of injection (or production} of fluid over this subregion can

be found by direct integration:

9, = Jo*ot.rz_: 4. JJ o (x, %) dx Ol—y/ . (2.33)

W
areal
limits
of w
(3] If P represents a concentrated source (e.g. a well in an

areal model) then, in the vicinity is P, the intensity ¢ assumes a
singularity, which can be expressed in terms of the "Dirac Delta”
function. Thus, if the well rate is g (standard volumes per unit

timel), then:

o = (3/#) {2y %.)], (2:30

It is a well known property of the Delta function that its integral
over any region which contains the singularity is unity. So,

integrating equation (2.34) we obtain:

_\!J-).. o = (’—%) /EL_J‘J. Q[(’—’C—IQ("}“?oﬂdxoly .___1) (2.35)

which verifies the statement that the integral of the source intensity

yields the rate of injection (or production) at the well.

Figure 2.3 illustrates the two types of sources described above.
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Regiom of
DLl:StY(:tg'u.tCOL
Poimt sink -\l;)p proolu.c.‘ﬁéo;. (w,)_
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| <
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(v\j'ectc’o—n. ().
(«) )

Figure 2.3: Illustration of (a)} point source/sink and
(b) distributed scurce/sink configurations, with

respect to the five-spoct example.

Figure 2.4: TIllustration of nc flow boundary condition.
Boundary velocities are in the tangential direction

cnly. Normal component = 0.
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2.8 Boundary conditians

Having defined the  fluid sources within the system, we
need also to specify the conditions prevailing an the boundary af the
daomain. The most commonly used boundary condition in reservoir
simulation 1s that of a "closed” system, which requires that, far
each phase, the flux velocity narmal to the boundary (3R] be zerao.
This condition applies everywhere on the boundary, except at points
where fluid is either entering or leaving £he domain. In vectar

notation, this means

'YLTL(.O :_—,y_\,Tuw — O aon o (2.386)

where n is the unit outward normal (Figure 2.4].

Physically, this "no flow” boundary condition would be the

result of either:

(1) a permeability cut-off, giving K = 0 on the boundary.

ar
(2) the boundary coinciding with a limiting streamline, as is the
case when cansidering the symmetry element of a pattern fload (such

as five-spat].

In the latter situation, we find that, if the reservoir is
harizontal, then the baoundary condition (2.36), together with the

transpart equations (2.11) and (2.12), implies:

IL_T_V_FO — O an aj)_ (2.37)
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and that if, in addition, capillary pressure exists, then:

7_\,T175W__-_o on 2.0, (2.38)

|
1

The incorporation of these constraints into the 2D finite element

models will be dealt with in Chapter 4.

2.7 Initial conditions

Since the differential equations afe time-dependent, it is
necessary that the main variables Po and Sw be known throughout the
domain at time t = O. For horizontal systems, the initialisation
procedure is usually straightforward. Thus, for example, if these
variables are initially constant over the whole reservoir, we simply

have:

F — P_ (initial pressure), and (2.39)
o

S —] _SVJC (connate water saturation) (2.40)

These, in fact, are the initial conditions used for the numerical
models, studied in this thesis. Should a vertical dimension exist,
however, the pressures and saturations would normally be initialised
so as to be consistent with hydrostatic and capillary equilibrium

respectively.

Finally, combining all the foregoing sections, we can briefly

re-state the problem as follows:

Given:

(1) Reservoir dimensions and properties ;

Ax'>A}) 4’)5 ete.



(2)

(3)

(4)

(5)
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Saturation and pressure dependent data;

%érQD iirvv ) R: VS 'S¥v 3 B

OC )BW(:> Co)cw th, :
The boundary - and initial conditions;

The locations and rates of the injection and production

wells; and

The basic equationsof transport, state and continuity,

it is required to determine the variables

Fo(x,y.)t) and Sw(x)y—;t) for all t.
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CHAPTER 3

A Selective Review of Analytical Methods for Waterflood Calculations

In this chapter we shall consider some of the models that
are available for solving problems associated with displacement.
These models are based on analytical or semianalytical techniques
(i.e. methods other than "simulation”, in the strict sense of the
word), and they are presented here to review the development of two-
phase flow theory, and with a view to using some to assess the

accuracy of the simulation models.

3.1 1 Dimensional moving Boundary model

One of the simplest models for describing two-phase flow in
1D is given by Muskat [43a]. This model is based on a piston-type
displacement, and resembles in some ways, the movement of a meniscus
through a capillary tube. The derivation given below is similar to
that of Dawe [18]. The Muskat model is based on the following

assumptions:

(a) Horizontal, immiscible displacement of oil by water in a
linear system of length L and cross-sectional area A.

(b) The pressures at the inlet and outlet are constant.

(c) The displacement is characterised by two regions of uniform
(but different) saturations, separated by a moving interface.
Ahead of the front, the system is at connate water saturation,
and conducts oil only (at superficial velocity uD], while,

behind the front, it is at residual oil saturation, so that



_31_

water alone flows {(at superficial velocity uw].

(d) The fluids are incompressible, and hence we have

Uy = Wy = W = constant

at any point in time.

Let us suppose that, at time t, the "front” is at a pressure
P, and that it has advanced a distance x from- the inlet'end (Figure
3.1). Since we have a constant-velocity single phase flow in each region,
it follows, from Darcy's law, that the pressure varies linearly with

distance on either side of the front. Thus:

w o — — 2. k2 — 5 kAP (3.1)
= r K Ax

The pressure drops occurring in the water - and oil zones are there-

fore:

w

Mrve K

and AF‘O = }:’ — Pz = (A(L—x) . (3.3)
o K

Il

[XFDVJ = P| - P

(3.2)

Addition of these two equations yields the superficial

velocity as a function of the front position, x.

—~ X L= 1 (3.4)
w K /_\F/ [krw + o ]




This velocity can be related to the rate of advance of the front
{dx/dt), by performing a material balance calculation. I the front
moves a distance dx in time interval dt, then the amount of water

received by this newly invaded element is

Cf A [(I —Sor)"'- ch] Ax

and this gquantity must be supplied by the water flowing in from

behind the front, which is

w A dt .

Equating these expressions, we find

Adx _ W . (3.5)

——

dt = @ (1= Swec — Sor

Finally, combining equations (3.4) and (3.5) to eliminate u, and

integrating the resulting equation from (DC= o, t = 0) to
Ce=2x,t=1), we obtain :

L5 +_'_E_ — ! ]xzz KAp +  (3.8)

>\ro 2 >\rvu )WU ¢h("‘.5pvc-_'sor)

which is the relationship describing the progress of the flood front

with time. Furthermore, if we define the mobility ratio (M) of the

displacement as:

M :mobili{y of displacing fluid __ Aew (3.7)
mobility of displaced flwid Mo

and introduce the dimensionless variables

X = 3(,/[_ (3.8)

_ Mo K AP/ 12)
+ = (Mo
and qb(l—-swc Sor) 't (3.9)
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Figure 3.1

The linear, moving-boundary displacement model
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Figure 3.3

Sketch of fw Vs Sw

f = (Arw/Art)
w

ATOo  Arw
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Figure 3.4 Sketch of H vs Sw
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we can express equation (3.6) in the normalised form:

_\__'__| 2 _
X+ 2™ ]x = T. (3.10)
Figure 3.2 illustrates these [X vs T] curves for various mobility
ratios, from which it can be seen that the flood-front acceleratss, or
moves with constant velocity, or decelerates, according as M % 1.

The dimensionless breakthrough time is obtained by putting X = 1, thus:

— A
Tegr = 2[| 4 M] . (3.11)

From a physical viewpoint, this model is realistic for a miscible
flood under a constant pressure differential. Apart from this, how-
ever, it is of limited applicability due to the assumptions on which

it is based.

3.2 Development of the Classical Theory

The formulation of this theory was a direct consequence of
the introduction of the relative permeability concept. The
significant feature of this approach was that it allowed the two fluids

to flow simultaneously at any point, rather than one behind the other,

as in the Muskat model.

3.2.1 Fractional flow equation (Leverett)

The starting point for this theory was the pioneering work
of Leverett [37] who derived an expression for the superficial velocity
of a fluid as a fraction of the total flow stream velocity. The

fractional flow equation for water, for example, may be derived as
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follows:-

Addition of the transport equations (2.11) and (2.12) yields.

/
we == 2 KYp +X P KkUs, + ?’(“ro(’o“”mew)’jY} (3.12)

Ueg = Yo + Uy and Mg = Ao T Apwy

Combining the above equation with (2.12), and eliminating Vpo, we

obtain

— [ Prw + A A Ao A
Wy =W Dro MW CKVS + m rw k Va2, (3.13)
ot Wi + S P. K¥ g(? -6.)k 3.

There are three important factors in this equation.

(1] Fractional mobility

The fractional mobilities of the two phases are denoted by

fw and fo respectively, where

i

fo, = Drw and £ o= Dre = | —F, . (3.14)
rt At

>

substituting for Aro and Arw, we obtain the familiar expression for

fw in terms of the relative permeabilities and viscosities:

fw(5w3 = (&rw [Fw) 3.15
(e 12 + Coom o) o

For moderate viscosity ratios and typical relative permeability curves

(such as shown in Figure 2.1a), a plot of fw VS Sw commonly takes an
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the characteristic "S” shaped profile (i.e. possessing an upward

concavity in its lower regions), beginning at the point

f(S ) =0
W we

and terminating at

f (1-S_ ) = 1
W or

as shown in Figure 3.3, Although an "S shaped” curve need not always

be present, it is encountered in many practical situations, and it cannot
be overemphasised that the shape of the fw curve plays a very important
part in determining the nature of the solution - be it analytical or

numerical. We shall return to this point later.

(2) Capillary pressure term

This is the second term of equation (3.13)

H (Sw) — M_r_w_ PC/ (3.16)

Art
and its role is clearly to enhance the flow of water relative to the
oil, thereby reflecting the preferential attraction of the porous
medium to the wetting phase (imbibition) Figure 3.4 shows a sketch
of this curve for a water-wet system. It shows that the effect of
the capillary pressure term is very pronounced in the lower part of the

saturation range.

(3) Gravity term

The contribution of the hydrostatic gradient to the fluid flow
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is governed by the term:

G\(Sw} = ltilg?(fw—'fo) , (3.17)
rt

and thus, the larger the difference in densities, the greater will be

the effect of gravity in segregating the two fluids.

The capillary and gravity terms are very similar:

(a) they are both proportional to the harmonic mean of the fluid

mobilities [H. M = 2 >\ro>‘rw/(>\r—°+ )\rwj] ;
{b) the capillary gradient [PC"ZSW) is analogous to the hydrostatic

gradient (gdpVz). One important difference, however,

is the fact that Vz is a known variable

which is independent of time,while ESW is an uanknown. Thus
capillary effects are more difficult to handle analytically

than gravity effects. Rewriting equation (3.13) in 1 dimensional
form and defining Fw*'to be the true water-cut (i.e fraction of

water in the flow stream) we have

*
:fw = "Lw/u"t ,

¥ /
or g Xy 2eE (KR gaciE] | oo
r

which is the complete fractional flow equation. In many situations,
the capillary and gravity effects are considered negligible, and the only
significant term is the fractiocnal mobility. Thus, for a horizontal,

non-capillary displacement, equation (3.18) reduces to

jc:f = (krw/}rf) = F,. (3.19)
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3.2.2 Frontal advance eguation (Buckley and Leverettl

Buckley and Leverett [ 7 ] considered the 1 dimensional
incompressible displacement problem, under a constant rate of injection
(as opposed to the constant pressure difference used by Muskat).

This implies that the total superficial velocity u, is invariant in

space and time (Figure 3.5].

The boundary conditions are:

s
i

o= O )
at the nlet (x:o‘) (3.20]

s
Z
I

Ui

s
I

°o— ("' '-Fwe) Ut

Ww,,— JCWC Lt

at the ou,{:|e't(x£= L).(3.21)

I

The initial condition is simply

X (Sw )O) = 0 (Sw > Swec ) . (3.22)

Beginning with equation [2.32])and assuming zero compressibility

the continuity equation for water (in 1D) is:

o cfagSW:—_O

-a,x_ (3.23)

which upon substituting the simplified fracticnal flow equation (3.19)

with ut = constant, becomes:

u st —_—
ax 36
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Since fw is a function of Sw only, we have

df Y oSw
w W W — =
tdﬁu/ I x + ? o+ ) (3.25)

which is a non-linear hyperbolic partial differential equation in
(x,t). It is at this stage that the basic "analytical" and "simulation”
approaches part company. The reason for this is that, by introducing

the identity

(ax> _ _[3Sw ISw
ot Jg T 2t /. OX /¢ ) (3.26)

we can transform the above differential equation from the Eulerian
system Sw[x,t] to the more convenient Lagrangtian system x(Sw,t), from
which the analytical solution follows directly. The transformed
version of equation (3.25) is
BZXL(SVV)-t) _ W jiilg .
It o ? d S, (3.27)

As the right hand side of the above equation is a function of

SW only, each saturation advances with a constant velocity which is
proportional to the slope of the (fw Vs SW} curve at that particular
saturation. Integrating this velocity w.r.t. time from t=o to t=t,

we obtain.
w
t o)
x( p) 55 A Sw (3.28)
We now introduce the dimensionless variables

Fractional distance moved by the
X(Sw)’t) = x@w,ﬂ/L Eaturation Sw in time t :I and(3.23)

w,t Cumulative pore valumes of (3.30)
GLGﬁ) = t lyater injected in time t )

L¢
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Wp= O —> —
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Figure 3.5 The linear, simultaneous-flow model of

Buckley and Leverett.

dfi
dSw
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P o]
R S
$~c SSP
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Figure 3.6 (a) [dfw/dsw VS Sw] and
(b) [Xx vs Sw] profiles, derived from an originally

"S-shaped” fw curve.
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and substitute the initial condition (3.22), arriving at the equation

OLjiv(S}V)
AdSw ) (3.31)

X(sw,t) = a(t)

which is the Buckley-Leverett frontal advance equation. Figure 3.6a
shows a schematic plot of (dfw/dSw) vs Sw for an S shaped fw curve as
shown in Figure 3.3, while Figure 3.6b shows the corresponding graph of

X vs Sw as implied by equation (3.31).

Ironically for this theory, Figure 3.6b, which was expected to
provide the solution to the displacement problem, turned out to be
the very centre of a major controversy. Due to the S-shaped nature of
the fw curve, it follows that pairs of saturation hoints (such as
(P,Q), (R,S) etc., in Figure 3.6a) have the same value of (dfw/dSw]),
and hence also, by equation (3.27), the same velocity of propagation.
Consequently, the saturation profile shown in Figure 3.6b exhibits

two distinct saturations at each point, which is a physical absurdity.

In their paper, Buckley and Leverett [7] recognised this
erroneous situation, and argued that the double valued saturation profile
ought to be replaced by one possessing a saturation discontinuity (or
"front") from a frontal saturation Swf down to the connate water
saturation ch' and that the magnitude of Swf should be determined by
material balance considerations. Since the area enclosed by the
saturation profile against the Sw axis 1s equal to the cummulative
pore-volumes of water injected, it follows that the above construction
is equivalent to truncating the curve by a vertical line BDF (Figure
3.7b) such that

Area ABCDE = Area ABDFE (3.32)

or, simply, Area BCD = Area DEF
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The piston-like profile ABDF is therefore the correct solution
to the displacement problem. The magnitude of the saturation dis-
continuity can be determined by an elegant construction due to Welge

[56], which can be derived as follows:

3.2.3 Determination of front saturation (Welge)

Let Sw_F be the frontal saturation (point B of Figure 3.7a,b),
and let Xf be the distance moved by the front in time t, during which

@ pore-volumes of water have been injected. The water cut and its

. . = . V4 .
derivative at Sw SW_F will be denoted by fwf and wa respectively.

The material balance condition (3.32) requires that

Swf
[X(SW) — X-F] ds,, = O .
(3.33)
Swe
But, from the frontal advance equation (3.31), we know that
Xx(sw) = @(dfu/dsw)
and XDC p— Q‘-lejc . (3.34)

Hence, substituting these into equation (3.33), and bearing in mind that

Fw; is a constant with respect to the integration, we obtain (see Figure

3.73):

dF, (Smh 4
f S
J,[ Sy v ASw © (3.35)

Swi / Swf (3.36)
[ch] — Fy[Sw] =0 .

Swe

I

or,

Swe
which simplifies to the equation

/ f
da“QF - WS

* (3.37)

SWDL - SWG
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We see therefore that the "front” which satisfies the material
balance criterion is determined by the saturation at which the
derivative of the Fw curve has the same slope as the chord which joins
it to the connate water saturation (Figure 3.8) . Obviously this
technique provides a more convenient way of locating Swf than the
trial-and-error process of equating the areas. The Buckley-Leverett
frontal advance equation (3.31), together with Welge's construction
(3.37), is the standard analytical solution used in the petroleum

industry for 1D immiscible displacements, namely:

Qf,
XCSWJt) — " )

Q i% ) Swp€S. £ (1 — So,).(3.38)
w

Swwe € Sw < Swp

3. 3. Method of characteristics

This is a technique employed in the solution of hyperbolic
“partial differential equations, and hence is also applicable to the 1D
displacement problem described by equation (3.25). In 1959, there
appeared a series of papers attempting to analyse and re-interpret
the Buckley?Leverett theory in the light of the method of character-

istics. The most notable was that of Sheldon et al |52].

Basically, a characteristic is a path (in the plane of the
two independent variables) along which the dependent variable takes
on a constant value. Not surprisingly, therefore, the characteristic
of equation (3.25) turns out to be equation (3.27), which shows that
the saturations are propagated along straight-1line characteristics in

in the (t,x) plane, starting from the x-axis (t=0) which represents the
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initial saturations. Sheldon st al, demonstrated that the final

solution depends on two factors:

al the initial saturation distribution, and

b) the shape of the Fw curve.

Let us suppose, for example, that we have a smooth uniformly
decreasing "initial saturation distribution” along the x - axis
(Figure 3.9a). Then, if the Fw curve has a maonotonically decreasing
slope (Figure 3.8b), the characteristics will fan outwards (i.e.
diverge) into the (t, x 1 plane, and hence produce smooth solutions
(Figure 3.3c). If, however, the f, curve has an S shape (Figure 3.8d),
then the characteristics will intersect in due course, and result in
multiple-valued saturations, (Figure 3.8e]). By analogy with super-
sonic flow, the coalescence of characteristics is explained by
invoking the concept of a "shock” or discontinuity. The sequence
of changes that occur to the saturation profile can be described in

three stages.

(1) "Pre-shock” period

Starting with the initial distribution (Figure 3.8a) we can
see that,due to the S shaped fw curve, some of the higher saturations
will travel faster than, and eventually catch up with, the lower ones.
This tendency is evident from the convergent nature of the character-
istics (figure 3.9e), which implies a gradual steepening of the

saturation profile (Figure 3.10a).

(2) Shock formation

The process of steepening continues until the first pair of
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Figure 3.9 Schematic illustration of the method of

(a)
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characteristics. [After Sheldon et al [52] ].

Initial saturation distribution;

Smooth fw curve and (c) corresponding characteristics
diagram;

"S-shaped” fw curve and (e) corresponding characteristics

diagram.
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Figure 3.10 Schematic saturation profiles at successive
stages during a displacement, to illustrate the initiation
growth and propagation of a "shock front”, as deduced from

the method of characteristics. [cf. Figures 3.9 d, e].
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infinitesimally adjacent characteristics meet, thgreby initiating
a discontinuity in the saturation profile (point A of Figures 3.9e,
3.9d and3.10b). Mathematically, this corresponds to the situation
when the saturation gradient [asw/ax] first becomes infinity (or,

equivalently, [8x/asw] = 0)

(3) "Post - shock” period

This period marks the growth and propagation of the "shock”,
as the characteristics on either side of A continue to converge in
pairs. Figures 3.10c,d,e illustrate the profile at a series of
times which denote the arrival of the saturation pairs By B,, C; C; and D,
D0y, respectively (Figure 3.39d). The points of intersection of these
characteristics - A,B,C,D.. etec., - constitute what is known as the
"shock path” (Figure 3.8e). This path eventually becomes asymptotic

to the characteristic corresponding to the Welge tangent W.

Cardwell [8] has presented analytical expressions for

determining the locus of the shock path.

The use of characteristics thus provides a general methaod for
handling 1D immiscible displacements with an arbitrary initial
saturation distribution. The Buckley-Leverett model is, in fact, a
special case of this, in which (due to the initial step-discontinuity
(equation 3.22) ) the shock is initiated at the very beginning (t=0),

and is propagated with a constant magnitude.

3.4 Treatment of Capillary Pressures

Our discussion so far has been confined to the non-capillary
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displacement theory which,as we have seen, has proved amenable to
analytical methods of solution. The introduction of capillary
pressures, however, makes it necessary to combine analytical and

numerical methods, in order to solve the differential equation.

Fayers and Sheldon [25] were among the first to consider this

subject at length, and they approached it with a two-fold objective:

(a) to determine whether saturation discontinuities (i.e shock
fronts) do occur in practice, or whether the capillary forces operating
in reservoirs succeed in preventing the formation of these shocks; and
{b) in the case of the latter, to assess the magnitude of the
"smearing effect” of the capillary pressures on the Buckley-lLeverett
frontal solution. The first part of their technique was to derive
the Lagrangian version of the displacement equation, which is
identical to equation (3.27), with the exception that it is expressed
in terms of the dimensionless variables X and Q [equations 3.28 and

*

3.30], and that it involves the true water-cut Fw as opposed to the

fractional mobility fw. Thus:

%*
3& — _B_Di‘:’_ (3.39)
X ERIW:

in which, if we neglect gravity (but retain capillarity):

* Mo A k o/ aS
4 ro rw LYW, _



= F + C = > (3.41)

where C(Sw) = (3.42)

>\ro>\|"w k F’
(o
)\r% '&f L

is known as the capillary function.

Substituting equation (3.41) into (3.33), and remembering

3Sw (
X 35w

we obtain

that

aX & fy, 4 ) CCSQ
3o 1< 3s. 2X
2Q AS,, 5w (ES:W) : 5. 439

A comparison with equation (3.27} reveals the additional complication
resulting from the insertion of the capillary pressure. To solve this
non-linear differential equation, Fayers and Sheldon [257 used a
finite difference technigue. The saturation range ch to (1 -Sor) was
divided into n fixed intervals (at the nodes Swo to Swnl], and the
fractional distances(Xo to Xn) moved by these nodal saturations were
taken as the unknowns to be solved for, at each time-step.

Consider, for example, the time interval AQ=Qn+1-Qn. To
evaluate the average gradient (3X/3Sw) over this interval, the X's

were interpolated to an intermediate time - level.

— n+i

n
Xi = (1—a) X; + X ) (3.44)

where "a" is a time-centering parameter. With this approximation’
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the difference equation corresponding to (3.43) at a typical node i,

takes the form:

i
(S""L-r v Swl—}’l) Xi

a%
X{_ :(fwé+'/2— va\/‘:_y/;’—)

+ CC—#}’,_(Swi.,.,"SWL) _ C,_'_.!/z(Sw; — sw(_'—l) . (3.45)
(§L'+l - —>ZL) <->_<-L — Y‘:")

The resulting set of equations, together with the appropriate

AQ

boundary conditions, were solved by a combination of the Newton
Iteration method and the tri-diagonal (Thomas) algorithm. Fayers
and Sheldon tested their models on different sets of capillary
pressure curves and flow rates, and the main conclusions which they

drew from these numerical results were:

(1) The presence of capillary pressure prevents the occurrence

of multiple-valued saturations.

(2) The effect of capillarityvaries inversely with the total
flow rate. At moderate to low flow rates, the capillary pressure
tends to smear the "frontal region” guite appreciably, and hence
"shocks" are unlikely to'occur in such situations. At high flow
rates, however, the capillary effect is diminished , and hence the
saturation distribution approaches the Buckley-Leverett "shock”

profile.

Recently, Cheshire and Curtis [11] have analyzed the capillary
displacement problem in 1 dimensional radial co-ordinates through a
novel technigue. By introducing a dimensionless radial distance for

each saturation in the form:

2
X(sw,t) = IT;—_%'—%— 5 (3.46)
t
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they transformed the original partial differential equation into
a non-linear ordinary differential equation of the type:

_ ﬁLiZ _ 4mh . dY
(y fw) C(,Sé —- — ¢ —=

e AS v (3.47)

where X = (d_)’/d_sw) [Cf CCL‘Y\,.3.LI-6J’

and this time-invarient 0.D.E. was solved once and for all by a
suitable numerical algorithm, to generate saturation profiles for
different setsof capillary pressure/rate data. Their results are
consistent with capillary theory, and this method 1is applicable
in 20 cartesian madels provided that it is restricted to

regions close to the injection well where flow is radial.

3.5 Areal Flood Patterns

In the field, waterflooding is often carried out by deploying
the injection and production wells in systematic arrangements, known
as "patterns”. Basically, these consist of repetitions of regular
polygons such that the injectors are located at the verfices {and/
or sides), and the praoducers at the centres. These are termed
"normal” patterns, to distinguish them from "inverted” networks which
refer to the reverse arrangement. The following are typical

flooding networks, and are illustrated in Figure 3.11.

(1) Four-spot  (triangle)
(2) Five-spot (square)
(3) Seven-spot (hexagon)

(4] Nine-spot {square)
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Figure 3.11 Types of flooding networks [Craig [13a] J.
{1 Four spot (2) Five spot (3) Seven spot (4}

(5) Direct line drive (B) Staggered line drive.
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Of these, the five-spot is perhaps the most popular, and
widely studied, pattern. Besides these, there are two further types
of patterns, consisting of alternate parallel rows of injection and
production wells, called "line drives”. Depending on whether the
injection and production rows are directly above each other, or have

an offsetting lateral displacement between them, two varieties can be

recognised.
(5) Direct line drive
(6) "Staggered line drive (Figure 3.11)

Representing the inter-row distance by "d", and the inter-well
spacing along each row by "a", we see that the five-spot is, in fact, a
special case of the staggered line drive, with d=}a. The areal
simulations that have been studied in this thesis are restricted to the
repeated five-spot pattern only. The rest of this chapter, therefore,
will be concerned with methods for calculating the performance of the

quarter five-spot symmetry element.

3.8 Pressure distribution inside a single phase 5 -spot.

For single phase incompressible flow, the continuity equation
reduces to
V.4 =0 (3.48)
which is simply the Laplace equation, with pressure as the only
dependent variable:
2
v'p = O (3.49)
Analytical solutions to this equation can be obtained by

representing the reservoir as an infinite continuum, and the injection



-55-

and production wells as point sources and sinks respectively. The
pressure tends to + » or - © at these points, but is continuous every-
where else. The use of complex variable theory has enabled the
solution to be obtained in the form of pairs of functions (known as
conjugate functions); of which one represents the pressure itself, and

the other the "stream function”. The stream-lines denote the paths

of motion of the fluid particles, beginning and terminating at point-
sources and sinks respectively, or else, at "infinity”. Furthermore,
as would be expected, these stream-lines are orthogoral Fo the equi-
pressure curves (isobars]. We shall now proceed to derive a "series
expansion” for the pressure distribution inside a single-phase five-

spot, following part of the treatise of Muskat [43].

3.6.1 Single Well (in an infinite reservoir)

Since the flow is radially symmetric about the well, it is

convenient to express the differential equation in radial co-ordinates:

—r— dr dr {3.50)

li(rf&ﬁ = O .

Also, the volumetric rate of flow across any radius r is a constant (q),

and is given by Darcy’s law:

— K d
7/__ Z‘ITY"'LF—;L_F .

Integrating equation (3.50) w.r.t. r, and inserting (3.51), we

{3.51)

obtain

r',o_tf — const. = 2t (3.52)
dr 2T Kkh

which, on integrating once more, yields:
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F(”‘) = qj*&""(fz) + const, (3.53)

where ;i = 7'rk (3.54)
4T Kh

is the 'rate' of the well.

Figure (3.12) illustrates the isobars and streamlines for

this radial case.

3.6.2 Infinite line array of wells

Let us consider an array consisting of an infinite number of
production wells each with a constant rate g, placed along the line-
y=d (i.e. parallel to the x=axis) such that the well spgcing is "a”,
and one of the wells lies on the y-axis (Figure 3.13). The co-ordinates

of these wells are therefore:

N =—o0o to +co. (3.55)

(na,d)

~

The pressure at any point P(x,y) due to this array can be
obtained by superimposing the contributions from the individual wells,

as implied by equation (3.53) . Thus, we have:

P(x,4) = 3 i 5%(”‘:) + const. (3.56)

= % i £n[(g~d.)2 + (x—hox)lj + const,(3.57)

from (3.55]). This infinite series can be simplified by a result, shown
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Figure 3.12
Isobars (concentric) and stream-lines (radial) for a single

point sink in an infinite medium.

%
Y
)
v
h
N
y

— 8

Figure 3.13
Schematic diagram showing isobars and stream-lines for an

infinite well array narallel to the x-axis. (After Muskat [43d]).
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in Whittaker and Watson [58](and referred to by Muskat [43b]), which
we shall assume without proof. Using this result, equation (3.57)

becomes:

b(x,4) = ¢ {n [cosk 2‘——‘%—1’9 —~ cos ij—:é + const. (3.58)

As pointed out by Muskat [43c] this expression displays the
following properties which are consistent with physical intuition,
and are revealed in the isobar/stream-line diagram (Figure 3.13)
(a) it satisfies the Laplace eguatiaon ;

(b) it is symmetrical about the well-array (y=d),

since cosh x = cash (-x) ; and

(c) it has a periodicity "a” in the x-direction, as

implied by the cosinz term.

Equation (3.58) will be used as the basic expression in the

derivation of a series solution for the five-spot.

3.6.3 The Five-spot

As shown in Figure 3.14, the five-spot pattern can be viewed
as a combination of two direct line drives, each with a spacing ”d"
between its arrays and "2d” between the wells in each array. The only
difference between the two line drives is that the second is displaced
diagonally from the first (i.e. a distance "d" parallel to the x-axis,
followed by a further "d"” parallel to the y-axis]. With the sign
convention that well °'rates’ are positive or negative according as they

are production or injection wells, we may write down the ’'rates’ and
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co-ordinates of the wells belonging to the two sets, as follows:

Set 1

[(—OM%

and Set 2

e *

{_(%a,ma(.) t=—w to +00}J; m=-w to +‘0(3 59)

e

+ — J—
(:(“Sm v {(“*'ZL a,md) inz=_ot +°°_}]:m=—oo to +00.(3.60)

where a=2d,and the indices m and n refer to the rows and wells
respectively. Substituting these quantities into equation (3.58),
we find that the contributions to the pressure at an arbitrary point
P(x,y) due to a typical row "m" chosen from each of these sets, would

be, respectively
Flm<x)}) :(—l)’mi[fn{c‘,osl\ﬂi;w—- cos ili(}-i'whst] (3.61)

and

b G =137 [/aw{mk momd)_ cos 2TE£ | 4 const.]

= (1) %[ﬁn{coskl}}___) 4 cos z;x}m,\st] (3.62)

Before summing these terms, however, it is necessary to determine
the constants which occur in them, so that the result would be finite,
and physically meaningful. Now, intuitively, it is obvious that
the influence of a linear well-array (e.g. v = md) at a point P(x,y)
will decrease (and eventually vanish) as the array becomes further and
further from P. This implies that the logarithmic term must tend to

a zero limit as |m|+ = . But we also know that cosh x » « as |[x| -+ =,
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and, consequently, it follows that the above requirement of a vanishing
limit cannot be met unless a suitable "constant” is added to this log
term in order to counter the effect of the cosh term. Taking this

constant to be of the form log Cm , we may express the above requirement

as:
0: y) cosh 2T (¢=mmd) | co5 2=

AL R % = = O (a.63)
I'le—->oo Coamn

or, more simply,

' coch 2T(‘(y—’)~\,d) + cos 2T
Lim a a — | (3.88)

[0 Con
But since:

2>

l < | for afl 313

- 27 ||
and  Cosh 2‘rr(%L ) S ] /a'for Large |l |(3:89)
for equation (3.64) to be satisfied, we need
Cpp = L& | /e (3.66)
> -

Substituting these constants into equations (3.61) and (3.62), and

summing the infinite series (with a=2d]) we obtain:

ch) lj} = _S,: E;\m (DC,‘}) + PZM(}C)%")]

35 e g [ ok T — cor T

T lm|

I

i
2 <

) (3.67}
1> »e%r”“‘uzc—l reos L

L, T v ]
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To simplify the natation, we may remaove the terms corresponding tao
m=0 outside the summation, and group the remaining terms in pairs of

positive and negative m, thus:

W\Zo)i‘)iz)IB,..-.-__.)ioo

This re-arrangement finally yields:

(e u)= T Lo | SOsh(my/d) — cos (mx/d)
p "}) 2 co.s‘k(‘rry_/,o +cos CTTX./A)

o o kTLQ}l\OQ—cos-rr:L wskw_cosﬂ
+—?:Z(—‘)MZ%L+[C 4 gall & <)
1

€:2TTTVL

L COSkW—Q———J;MA + cos %—] [Cosl\ﬂ-—&————( +M°(') + cos li‘;]
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which is the series expansion for the five-spot pressure distributioan,
as given by Muskat [43e]. A sketeh of this is shown in Figure 3.15.
Although mathematically this series converges at any point P on the
{x,y) blahe; yet, from a numeriecal view-point, only a finite number of
terms can be summed, and hence, in order to obtain speedy convergence
(i.e. for the least "m"), P should be within the symmetry element
surrounding the origin of co-ordinates (Figure 3.14a). This, however,
is no restriction because, due to the repetition of the pattern in the
(x,y) plane, a knowledge of the pressure distribution in a single
symmetry element suffices to determine the pressure at any other point

of the domain.

Two interesting corollaries may be deduced from equation (3.68).

(1) Substituting x = id, we find that the pressure along the median

line (x = 3d) between injectiaon and production wells is zerao.
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(2) Taking r  (<<d) as the well radius, Muskat [43g] derived
a simple expression for the pressure difference between injection

and production wells:
AP = Pinj - Fp.—ooL

=p(o,d- r) — (o, rw) (Figure 3-14a)

leading to
Ab — gt oL) )
p = oy %(—rw —o0-619 , (3.69)

in Darcy units.

3.7 Breakthrough recovery of five-spot flood

I+ the fractional area contacted by the displacing fluid is

EA (also known as the areal sweep efficiency), and the fractional
recovery of the displaced fluid from the invaded zone is ED (the

displacement efficiency), then the overall recovery efficiency of

the flood at breakthrough is clearly the product of these two

guantities:

(Er)y, = (Badgr * (E»)BT '

(3.70)

With this as the basic equation, we shall now consider some of
the methods that have been developed in the literature for estimating

[ER] 5T from the point of view of both the moving boundary (pistan)

concept, and the simultaneous flow concept.
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3.7.1 Moving boundary approach (ED=1).

This is basically an extension of the 1D model described
in section 3.1 to 2 dimensions, and it involves the tracking of
a moving boundary which sesparates the displaced fluid from the
displacing f1luid. The flow in each region is single phase, and the
mobility ratio of the flood is as defined by equation (3.7).
Clearly, the simplest case arises when the mobilities of the two

fluids are the same (i.e. when M = 1).

(a) Unit mobility ratio

Sinece the mobilities are equal, there will be no discontin-
uity in the pressure gradients across the interface, and the flow
is identical to that of a single phase. Hence, the steady state
pressure distribution derived in section 3.6 holds, and it can be used
as shown by Muskat [43h] to evaluate the time to breakthrough (tBT],
and the recovery efficiency. The occurrence of breakthrough will be
governed by the streamline along which the velocities are greatest,
wh .ich is obviously the straight-line joining the injection and
production wells. et "1" be its length, and »df" the differential
length along it. Then, by Darcy’'s law, the true velocity of fluid

particles along this stream~line is given by:

w — — K_[dp (3.71)
me \de

and so, the time taken to traverse its length is:

£ 14
tor = J % = ‘i”’i" J(_au
o o

(3.72)

dp/de)
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Since (from Figure 3..14a) the pore-volume of the five-spot symmetry

element is
2
v :2AL“¢ )

?

the breakthrough recovery turns out to be

— ?’tBT — 7 ¢ AL
E = = —at
( R)BT VP 2 [2k‘ L (_ ”/d/{) (3.73)

Combining this with the pressure equation (3.868) and performing the

required integration, Muskat [43i] obtained the result:

(ER)BT = (EABBT = 0-72 (3.74)

which has since then been confirmed by several authors as the areal
sweep efficiency for a unit mobility five-spot flood. Recently,

Morel - Seytonx [41] has demonstrated the elegance of complex variable
theory, in the calculation of (EA)BT etc. for various flood patterns

with unit mobility ratio.

(k) Non-unit mobility ratios

In this case, we still have (due to the piston-type displace-

ment): Eler = Ealgr

However, because of the unequal mobilities (which give rise to a
continuously changing pressure distribution) it-becomes almost
impossible to track, by purely analytical means, the movement of the

interface, and hence to determine the areal sweep efficiency.

Experimental and/or numerical methods had to be resorted to in

order that the areal sweep might be correlated with the mobility ratio.
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Potentiometric model studies, which had originally been used for unit
mobility ratio, were extended by Aronofsky [3] to cover a range of
mobility ratios. Slobod and Ceaudle [53] introduced the X-ray shadow-
graph technique and demonstrated its value in determining the areal
sweep. Similar experiments were later performed by Dyes et al[23]
(using miscible fluids) who published a series of charts showing the
areal sweep efficiency (at, and after, breakthrough) as a function of
the mobility ratio, for different flood patterns. Figure 3.1Ba
illustrates their results for the five-spot flood, and confirms the

following properties of EA’ as would be intuitively expected:

(1) the areal sweep increases as the mobility ratio decreases (i.e.

as the displacing fluid becomes less mobilel); (2) for a given

mobility ratio, the areal sweep continues to increase after breakthrough,
as more and more fluid is injected; and (3) the breakthrough areal
sweep for unit mobility ratio is approximately 0.70, which agrees well

with the theoretical value given by equation (3.74).
We may also note that, since miscible floods are characterised
by a sharp, piston-type, interface, the use of miscible fluids in the

above experiments is consistent with the "moving boundary” concept.

3.7 2 Simultaneous immiscible flow

This problem is much more complicated. The recovery at break-
through is still given by equation (3.70), but the displacement
efficiency (ED] is no longer equal to unity. Instead, it is governad
by the average saturation of the displacing fluid in the swept region,
which, in turn, has to be calculated from the 1D Buckley-Leverett theory.

The main difficulty, however, lies in the estimation of EA' This is
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because, despite the correlations between EA and M referred to in

the last section, the basic definition (3.7) of the mobility ratio

poses an obvious ambiguity. Since the displacement now involves a
range of saturations rather than two, fixed, "end-point” saturations,

we are faced with the question as to which saturations should be used
for the evaluation of the mobilities. For the o0il mobility it is
reasonable to use the value in the unswept region (i.e. to evaluate it
at the connate water saturation Swc), although some oil is still flowing
in the invaded zone. On the other hand, the saturation at which the
water mobility should be calculated is open to debate, and three

particular saturations (representative of the whole range) present

themselves as possible candidates. These are:

(1) The maximum water saturation (1-Sor)
(2) The average water saturation (Sw) in the flooded region.

(3) The frontal water saturation Swf.

Craig et al [14] performed X-ray shadowgraph tests with immiscible
fluids, and reported that the use of §Q in the mobility ratioc definition
provided the best agreement between their results and the [EA vs M)
curves cbtained by other authors from miscible flood experiments.

Figure 3.16b shows the correlation of areal sweep vs mobility ratio, as
obtained by Craig et al. In his monograph on waterflooding, Craig
[13b] recommends this approach as the "standard” method for calculating

the breakthrough recovery from an immiscible five-spot flood.  The

basic steps, then, are as follows:

(1 From 10 Buckley-Leverett theory, calculate the average water

saturation [5@) in the flooded region.
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(2) Calculate mobility ratio of the flood:
M = )rw(sw)/km(gwc}

(3) Using this M, determine the breakthrough areal sweep (EA]BT

from Figure (3.16b)

(4) Determine displacement efficiency:
EYgr = (= 5w/ (1= Sor = 5ic)

(5) Finally, compute the breakthrough recovery (ER)BT from

equation (3.701}.

Besides such elementary methods based on experimentally
derived correlations, there are more sophisticated ones which, by
directly combining the Buckley-Leverett theory with a suitable
numerical method, seek to obtain a better representation of the five-

spot flooding process. Some examples of these are:

(a) the method of Sheldon and Dougherty [51,21] which tracks the

propagation of bands of constant saturation; and’more important .

(b) the stream-channel approach of Higgins and Leighton [30]

3.8 Stream channel method of Higgins and Leighton

In this method, the five-spot (see Figure 3.17a) is divided into
four channels, which are isolated from each other by streamlines
corresponding to a unit mobility ratio pressure distribution. Since
the fluids cannot cross these streamlines, it is possible to perform
a Buckley-Leverett analysis separately along each channel. Finally,
the performances of the individual channels are added to obtain the

cumulative performance of the five-spot.
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(a) Division of the quarter five-spot into stream channels
[After Higgins and Leighton [30]]

(b) Electrical analogue of (a);

(c) Electrical analogue of the cells which constitute a

typical channel i.

Figure 3.18
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The displacement is assumed to take place under a caonstant
pressure difference between the injection and production wells.
Physically, therefore, these stream channels may be compared to four
electrical resistances (R;, R, R3, Ry) arranged in parallel between
two points across which a constant voltage difference is maintained.
(Figure 3.17b). An important point to note, hawever, is that, in
applying the 1D Buckley-lLeverett theory, allawance must be made for
the non-unifarm crass-sectian of the channels. Fortunately, this
merely involves (as can easily be shown) replacing the "fractianal
distance X" in the frontal advance equatian (3.38), by the "fractional

pore-volume [Vp) invaded” by a given saturation. Thus :

AFfu .
ASw (3.75)

This direct proportionality between the pore volume invaded
and [dfw/dsw) is taken advantage of in the present method and,
accaordingly, all saturation-dependent quantities (such as Kro’krw ete.,
including Sw itself) are expressed in terms of fw’, instead of as

fanctions of SW. This is perfectly valid since fw’ is monotonic in

the range: [Swf to (1-Sor) ].

3.8.1 Channel representation

Each channel is divided inta N cells of equal volume. In terms
of our electrical analogue, this division is equivalent to replacing
each of the resistances in Figure 3.17b, by N resistances connected
in series [Tl,...,rn). (Figure 3.17c). Pressure differences acraoss
these cells are calculaféd by incorparating a shape factor (G) into
Darcy’s law, so as to take account of the non-rectangular geometry of

the cells. If we consider, for example, a typical cell (of unit
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thickness, and whose plan view is as shown in Figure 3.18), then,

the single phase Darcy equation takes the form:

9, = kK A i%{; = kK —EZ&l;—} Z&t> = k:(kéé) th>

Le (3.76)
where
6:‘ = E’é — é’:(Ll—i- Ll) .
L, L (Lt Ly) (3.77)
4+ 3 3 4

The shape factors for each of the cells, as well as the volumes of

the channels, are tabulated in reference [31].

3.8.2 Analysis of channel performance

The progress of the saturation profile through the channel is
calculated in a series of discrete steps. During the pre-breakthrough
period, each "calculation step” corresponds to the invasion of a new
cell by water, and the consequent arrival of the frontal saturation
[SQF] at the cell boundary. Figure (3.18a) illustrates the saturation
profiles that prevail at the end of the first three steps of the

calculation.

Since the cells have equal volumes, and since volume is prop-
ortional to fw” (equation 3.75), it follows that the cells in the
invaded region occupy equal parts of the range of the fw” axis (Fig.

3 - 19b]). This leads to the following observations:

(1) At any given stage, the fw” axis is divided into as many

equal parts as there are flooded cells g
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(2) The volumetric average of a function over any cell is equal
to the average obtained by integrating the function w.r.t. fw~

in the appropriate interval;

(3) The saturations (and any Sw dependent parameters) at the cell
interfaces (A,B,C etc) can be found by entering the fw’ axis at
the points of subdivision (A”“,B”,C” etc), and reading off the

ordinates from the appropriate graph (Figure 3.19b).

To determine the performance of a channel, we need to calculate,

at each stage, four basic quantities:

(a) Saturation at the producing end (Swe);
(b) Cumulative oil (and/or water) produced (Qo,Qw);

(c) The total flow rate in the channel [qtl; and

(d) The cumulative time (t).

These calculations will now be illustrated for the period before

breakthrough.

3.8.3 Calculations for Pre-breakthrough period

Let us consider the performance of a typical channel i (with
fractional pore volume Vi]' at a stage I, when I cells have been

invaded. From 1D Buckley-Leverett theory, we immediately have:

(a') (SWC)LJI — ch (3.78a)



_75_

(17) (QQL)I = V-L (é‘—\:;—gwc)(l/l\l),) GRW)C)I = . (3.78b)

(c)

(i}

(ii)

By analogy with the electrical model, the total flow rate

in the channel depends on the resistances of the individual
cells. For cells lying in the flooded zone, the resistances
are obtained through ’'volumetric averaging”. The following

sequence of steps outlines the procedure involved.

Relative permeability = /ﬁr

Relative impedance L = l//%ir

Average relative impedance -(:-, = —\/’—J-(:rd,vpz[‘f(dfw)]/ [fd'f]
P .

Average relative permeability:

AR A VANE

Total (two-phase) conductance of an invaded cell:

¢ = K| ke , Ao

T !l e P

Total conductance of uninvaded cell:

C, — K %£r°<f5p¢é)
T e s

Using subscripts (i,j) to denote the channel and cell numbers,

respectively, we have:

Resistance of invaded part of channel:

Ro); = ; [1/Cadi; ]

Resistance of uninvaded part of channel:

(Re), = Z[x/(c{%) ]

J=T+
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8. Finally, from (7}, the total flow rate through channel i

(at stage I) is

_ Ap
(CL{)C)I - (Ra)( + (Rg.\; (3.78c)

where Ap is the fixed pressure difference between the injection and

production wells. Until breakthrough occurs, we clearly have qo = qt.

(d] Cumulative time at the end of stage I is given by :
t. =t 4 9L broduced fetween stages G-1) and(T)
LT L,(I—l) average ol rate O(*Lrihj this interval

(Qo)(:)l’ — (&°> C)(I‘"l)
i-[(‘(/o)(_’)j: + (‘Zc,)c')@:-l)]

We have thus completed the analysis of channel performance

Jcé)(I_') + (3.79)

until breakthrough. The analysis for the post-breakthrough period
follows along much the same lines, with the exception that it takes
into account the changing saturation atthe outflow end, and the amount
of water that is being produced. Finally,.the overall performance of
the five-spot is calculated by a linear combination of the individual

channel performances,

The chief limitations of the Higgins and Leighton method are

as follows:

(1) The channel shapes are based on unit mobility ratio.
(2] The geometry of channels is assumed to be invariant in time.
(3) Since the co-ordinates of the cells have not been published,

it is not possible to plot the saturation distribution inside

the five-spot.



_77..

(4) The method is based on a constant pressure difference between
wells, and is hence not strictly valid for constant-rate

floods.

Despite these large drawbacks, however, the method has been
reported to give reasonably good results in the prediction of waterflood
performance. Finally in a recent paper by Albright et al [1], a
purely analytical solution to the five-spot problem is indicated. The
approach used was to reduce the 2D differential equation to a 1D
(Buckley-Leverett) form by means of a co-ordinate transformation
involving the isobars and streamlines. Although the method seems
promising, more details of the theory would be required before an

assessment of its true potential can be made.
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CHAPTER 4

Principles of Finite Elements and their Application to Two Phase Flow

Much of the theory on which the Finite Element methed is based
is now found in text books con the subject. In his work, Zienkie-
wicz [82] has given what is perhaps the most comprehensive, state-of-
the-art exposition of the technique. The emphasis of various authors
has naturally tended toc be in the direction of their particular fields
of interest. Thus, for example, while Zienkiewicz [82] and Desai and
Abel [18] have approached the subject from the point of view of
structural analysis, Argyris [2] has demonstrated its application to
aeronautics, and Conner and Brebbia [12] have dealt with its use in
Fluid Mechanics problems. The subject has also received its share
of abstract, rigorous treatment in the hands of numerical analysts
and mathematicians, of which Oden [45,46] and Rachfeord [48] are

examples.
Beginning with a somewhat generalised description of the

finite element method, this chapter will move on to consider, in some

detail, the way in which it has been used in this thesis.

4.1 Spatial discretization by finite elements

The starting point for this method is the divisiecn of the flow
domain into an arbitrary number of discrete (usually triangles or polygons
quadrilaterals) known as finite elements (Figure 4.1). The description
of these figures is considerably facilitated by a well-known feature

of Cartesian geometry-namely, that all triangles and quadrilaterals



Figure 4.1

Spatial discretization

by finite elements (a) triangles
and (b) guadrilaterals.

Figure 4.2

Mapping of triangles

and quadrilaterals in the
{x,y) plane onto standard
figures in the (g.n)
plane.

_6é_.
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in the (x,y) plane, whatever their shape or location, can be mapped
uniguely onto "standard” invariant figures in another (&,n) plane.

These standard figures are, respectively:

(1) the right isosceles triangle, with vertices at

(0,0}, (1,0) and (0,1); and

(2} the unit square, whose caorners are at

(0,0), (1,08), (1,1) and (0,1).

Figure 4.2 shows an example of these two types, and also illustrates

some of the internal trajectories in the (x,y) plane, which become

mapped onto lines which are parallel to the § and n axes in the standard
figures. This "one-to-one”" correspondence which exists between the
co-ordinates of points belonging to the original figures (x,y), and those

of the standard figurses (§, n), can be expressed in the form:

x = x(f)'*]) and
$ = $(£,7)

The above transformations will be either linear, or, polynomial in

: (4.1)

€ and n, according as the bounding sides of the original figures (in

the X,y plane) are straight lines or curves. In general, these trans-

formations can be determined without much difficulty, and let us there-

fore assume for the present that they are known. We can thus regard

£ and n as the normalised coordinates (since K, O £ (-g)'rn < | ) of

any point P(x,y) in the (x,y) diagram.

4.2 Approximation of variables

Having discretized the domain by a series of finite elements,
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the chief variables (in this case po and Sw) are approximated, over

each element, by functions which are of known character, and are

defined to be continuous along the inter-element boundaries. Indeed,

it is this piecewise continuous nature of the assumed function that

imparts to the finite element method (FEM) its distinctive character.

Except in the vicinity of sources and sinks, where the use of
sophisticated functions (such as logarithms)} may be warranted, it is
common practice to choose polynomials- (in x and y) to represent the
approximating function. However, since (as described in the previous
section) the co-ordinates (x,y) are themselves polynomials of the
normalised co-ordinates (&, nl), it is more convenient to write the

approximating polynomial directly in terms of & and n.

Clearly, a polymomial in two variables (e.g. & and n) is simply
a linear combination of a finite number of binomial terms (i.e.
products of powers of & and n) which we shall call modes. So, within
a typical finite element, the polynomial approximation can be

expressed as:
Y = Z € fccj)ww = fec (4.2)

where:

Y is the object variable (Po or Swl ;

n = number of polyrnomial modes chosen;
£ = [f1l&gn), oo, fn(E,n]] is the row vector of modes ; and
c = [cl,...., cn]T is the column vector of scalar multipliers.

Figure 4.3 shows a "Pascal triangle” composed of these basic modes, which

have been arranged so that, starting with a zero-degree polynomial at
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the apex (which corresponds to the term unity), each successive row

introduces terms of progressively higher degree.

4.3 Calculation of derivatives

o

Since the polynomial in equation (4.2) is written in terms
of £ and n, the evaluation of partial derivatives of ¥ with respect to
x and y is, ip general, not straightforward, involving the Jacobian
matrix (J) of the transformation from the (£,n) system to the (x,y)
system. To begin with, the first order derivatives (3¥/3x) and (3¥/3y)

can be obtained by a direct application of the chain rile for

differentiation:
2 — 3x 9o 4 3y 2 ; and.
3§ 2§ 9% 5 9Y (4.3)
2 - 9x 2 4 2y 3 .
07 M 9 v 2y
And so, inverting this pair of equations, we have:
2 2x 2y 2
% 2% 2% oF (4.4)

o)

SQ_ 9x_ Y 2
¢ Y o1,
in which the (2x2) matrix enclosed within brackets will be recognised
as the Jacobian matrix [i.e.J (£,n)]. Simplifying the nomenclature, we
may write equation (4.4) as:
-~ 1

_V_x} — _3_' Yj_,,, . (4.5)

If we denote the two rows of_ifl by_j_TX and QTy respectively, then

we can extract (separately) the partial derivatives w.r.t x and y, in

the form:
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aJC - ]
B _ T '
a% “'Jy qu (4.8)

Equation (4.6} can now be used as the basis for generating
higher order partial derivatives w.r.t.x and y. Thus, in general,

—

we have

L+m . € ™
BaxCB;MY :[i;y?"]] l::ng,—vf")] ¥

(4.7)

= (3,7, 6, )y

where D is the resulting scalar differential operator. Substituting

this into equation (4.2}, we have:

L+m

3 a%
axeagmy = glcibﬁ = [Df} c (4.8)

which is’in fact, the generalised form of (4.2), since the latter

corresponds to the special case l=m=0 (i.e. Dz1).

4.4 Degrees of freedom and shape functions

Although equation (4.2} is the basis of our numerical
representation of the unknown function, an alternative (though equivalent)
version of the same equation is usually preferred, because it is not
only more convenient to use, but also permits an easier visualization
of the physical quantity in question. Basically, this involves »

w o

replacing the scalars [ci] in equation (4.2) by n physically meaningful
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parameters connected with the object variable VY. These parameters

are known as degrees of freedom (DOF’s), and consist normally of the

function value Y and/or its derivatives (w.r.t. x and y), defined at

selected points of the element called nodes.

It is worth noting that, in general, a node can accommodate
more than one DOF (e.g. Y and 3¥/3x). Consequently, the number of
nodes belonging to an element will be less than, or equal to, the
number of its degrees of freedom (n), depending on whether or not
"multi-DOF” nodes are present. In the majority of applications,
however, each node has only one DOF associated with it - namely,

the function value Y at that point.

Turning now to equation (4.2), its alternative version may

be derived as follows:

T
Let ze - l:’\"e‘ R “f’ew:l be the vector

containing the n degrees of freedom of the element. Then, for a
typical DOF given by:
L+

E;
Yk. =

¥) (4.9)

which is situated at the node (gi,ni), we have, by using equation

(4.8)

Ye, = [__—‘DLP.C('fc,’)Q]E. ,

(4.10)

where Di = D(g,n,1i,mi) is thq differential operator corresponding
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to Wei, and Di £ (£i,ni) denotes the value of Di T at the node
(Ei,ni). Collecting together all the DOF's (i =1 = n) given.by the

equation (4.10)}, we can write (in vector form):

Ye = Fc (4.11)

where F is an (nxn) matrix, whose rows are given implicitly

R.H.S. of equation (4.10). F can now be inverted to yield:

¢ = f__\ Ve (4.12)

and, on substituting c into the original equation (4.2), we abtain:
— =1
Y - .i:(_fJ‘y))E ] Yo = _N_CIQ . (4.13)

In this equation, Ne will be recognised as the familiar {1 x n) row-
vector containing what are traditionally referred to as the "element

shape functions" or "basis functions”. Furthermore, since

Ne = & F

h) (4.14)

it follows that we now have a systematic procedure for calculating

the shape functions, given:

(a) the polynomial modes ;
(b) the degrees of freedom ; and
(c) the dimensiaonless co-ordinatés (£i,ni} of the nodes.

v

Equation (4.13) is exactly equivalent to (4.2), and is the form often
encountered in classical finite element analysis. By examining it in

some detail, we may deduce the following, more or less intuitive,



-87-

properties of shape functions and DOF's.

(1] The number of DOF's in each element equals the number of
polynomial modes chosen, and each DOF(i) possesses its own

shape function Nei'

(2) Application of the differential operator Di to equation
(4.13) at node (&i,ni) should yield the value of the DOF

(Yei]. Thus :

DLY<3L>"IL)=[~DLNC(76:7L)J Ye = Ve, (4.15)

)
which implies that the term [DN] satisfies the Kronecker Delta

Function :

D; Ne;(F:,M1) = ' - (4.186)
o) Lf Jiﬁ‘b .

This merely re-iterates the well known fact that, for every DOF Wei,
the term Di Nei {or simply the shape function Nei, if 21 = m, = 0)
takes on the value unity at the node (&i,ni) where Yei operates,

and is zero at all other nodes.

(3) When the function Y happens to be constant (=¥c, say) over
the whole element, then the polynomial. "approximation” should reduce

to an "exact"” representation, and so, equation (4.13) should read :

Ne Ye = ¥ - ' | (4.17)

However, in such a case, all the derivatives of Y are zero. We may
therefore remove from the vector Ye those DOF's (if any) which involve

derivatives and set the remaining DOF's equal to the constant wc.
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So, equation (4.17) now becomes

o for Li=m;=0. (4,18
or, simply Z Ne

where the summation (as indicated by the condition 1i =m = 0) is

taken over the non-derivative shape functions (i.e. those corresponding

to the function value only).

4.5 Functional continuity and finite element types

Since, by definition, a polynomial is continuous within the
region in which it is defined, it follows that, in the context of
finite elements, the function value y, gnd all its derivatives,are
continuous inside tHe elements. Howevér, due to the piecewise
nature of the polynomial,. discontinuities can, and do, arise across
the inter-element boundaries (i.e. sides). A finite element
approximation is said to possess c™ continuity if all its partial
derivatives of order upto,and including, m are continuous across the

interfaces (and hence also throughout the domain).

Where partial differential equations of second or lower order
are involved, it normally suffices for the function value alone to be
continuous at all points, thereby placing the finite element in the c®
category. However, in some areas of engineering, such as plate
bending, where fourth order PDE's occur, it is necessary to ensure
the continuity of both the function and its slopes, and hence C1

finite elements have to be employed. c® finite elements are
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alternatively known as Lagrangian elements, while C1 and higher types

are called Hermitian elements. The required minimum continuity will

thus be dictated by the needs of the problem, but in most cases, it

is adequate to use the c® type elements.

In order to maintain functional continuity between neighbouring
elements, it is evidently necessary that the variation of ¥ along the

interface be controlled by parameters common to both elements. Here,

we see yet another advantage which equation (4.13) possesses aver

(4.2). In the latter, the scalars [ci] are set up independently for
each element, which means that special constraining relationships have
to be enforced to obtain the required inter-element continuity. This
complication renders the equation very cumbersome to handle. Equation
{4.13), by contrast, is ideally suited to thié purpose, and provides

a very natural way 0?'dealing with continuity requirements. This is
so, because it allows a great deal of flexibility both in the choice

of the degrees of freedom, and in the positioning of the nodes. We
can easily see that, if nodes are placed along inter-element boundaries,

then they will :

(a) belong to both elements ; and

(b) exercise direct control over the variation of ¥y along this side.

These considerations provide us with the key to determining
the number, and locations, of the DOF’'s that need to be cited on the
interface. Suppose that the highest polynomial! term that occurs
in the approximation is of degree n. Then, as the interface is
approached from within the two elements situated on either side of it,
the variation of Y along the interface will converge to two separate

(1D} polynomials, both of degree n. This implies that if, ¥ is to
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be continuous across the interface, these polynomials. must coincide.
But, we know that a 7D polynomial.. of degree n is uniquely determined
if it is made to pass through (n + 1) points. Hence it follows that
functional continuity will be ensured if (n + 1) DOF's are located
along the side. Two of these are positioned at the extremities (i.e.
vertices), while the remaining (n - 1) DOF’s are distributed regularly
along the interface. These arguments hold equally for triangles and

quadriléterals. (Figure 4.4).

Provided that all the finite elements constituting the dcmain
are of the same type (as is normally the case), we can extend the above
reasoning, and state that all inter-element boundaries will have the
same nodal configuration - a feature which is consistent with the
requirements of symmetry. Figures 4.5, 4.6 and 4.7 illustrate the

locations of the nodes for some of the common types of finite elements.

The nodes on the element boundary do not, however, preclude
the existence of internal nodes which also contribute to the polynomial-
variation inside the element, without affecting the inter-element
continuity. The choice of the nodal system will therefore be deter-
mined by the modes we wish to include in the polynomiall. Onhthe
basis of the choice of polynomial modes, we can distinguish three

broad classes of finite elements (Figures 4.5, 4.6, 4.7].

(1) Complete polynomials. (triangles)

As can be seen from the Pascal-triangle of Figure 4.5a, a

complete polynomial.. of degree "d"” in £ and n can be constructed by



(a.) l (‘6—) A= Figure 4.5 Complete polynomials
OL:,]E < .y] T (Triangles); d= degree

of polynomial.

OL—‘ Figure 4.6 Serendipity family

(Rectangles); d= degree

of polynomial.
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taking all the modes that lie on, and above, the (d + 1) th row.
The total number of modes, n, is

n = —i—(c{.+!)(0{_+ 2.) ; (4.19)

which is also the number of nodes that the element must possess.
Clearly, triangles are the obvious choice for representing complete
polynomials in 2D, since the.required number of nodes is easily
obtained by drawing lines parallel to the three sides, and by placing
the nodes at the intersection points. Linear (Chapgeaul, Quadratic'
and Cubic triangles are shown by the cases d=1,2 and 3 respectively,

in Figure 4.5.

(2] The Serendipity family

These are gquadrilateral . elements, having the usual config-
uration of boundary nodes, but with relatively few internai nodes.
In fact, the latter do not appear until after the cubic element.. Far
each polynomial.. (of degree "d"), they contain not only the complete
set of modes used by the triangles, but also two additional terms

gdn and End, so that the number of nodes per element becomes:
— | . '
n = I(d.-f\)(al-i-a_) + 2. (4.20)

Thus, although powers of (d + 1) occur in the expansion, the poly-
nomial is complete only to the power "d". Figure 4.6 shows the modes
involved, and the corresponding nodal configurations, for this class

of finite slements. Of these, the 8-node (quadratic) element, in
particular, has enjoyed a wide popularity in structural mechanics and

other civil engineering applications. The name "Serendipity” was

introduced by Zienkiewicz [62a], to draw attention to the fact that,
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in earlier days, when finite element theory was being developed, there
was no systematic procedure for deriving the shape functions for this
class of elements, and consequently they were derived by trial and

error.

(3) Tensor product family

These are quadrilateral elements in which the approximating
polynomial,. as the title implies is a product of two 1-dimensional
polynomials in the £ and n directions respectively. If the poly-
nomial is of degree "d" in each direction, then the number of DOF's
per element is given by:

2
T =:(d,i' l)

14.21)

which, for Lagrangian c®) elements)will also represent the number

of nodes. In each element, the nodes are arranged regularly, row-by-
row [ (d+1)x(d+1)], and it can be observed that these elements possess
more internal nodes than the.corresponding serendipity elements.

Figure (4.7a) shows the polynomial . modes involved, while Figures
(4.7b,c and d) illustrate the bilinear (Chapeaul, bigquadratic and
bicubic [CD] tensor product elements, respectively. Figure 4.7e,
however, shows a bicubic element which has C1 continuity, and therefore
belongs to the Hermitian type. We shall now consider briefly the

structure of such elements.

Hermitian elements in 1D

To define a polynomial.. of odd degree (2d+1), we may proceed in

two ways. Since the required number of DOF's is (2d+2), we may either

(1) represent the DOF's entirely by function values at (2d+2) nodes,



Figure 4.7
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placed regularly along the interval; this is the Lagrangian case
(Figure 4.8a).
ar

(2) use only the two "end nodes”, and assign multiple DOF'sy
to them. Each node will thus contain (d + 1) DOF's, which will

consist of the function value and the first "d" derivatives:

[%(% e (%Eé):l (Figure 4.54)

This is the 1D Hermitian element, in which the presence of derivatives
at the "end nodes” ensures that the approximating polynomial has Cd

continuity throughout the domain.

Hermitian elements in 2D

In 2 dimensions, we shall restrict our consideration to
rectangular hermitian elements only (instead of general guadrilaterals),
sa that the sides of the elements are parallel to the x- and y-
co-ordinate axes. By analogy with the 1D hermitian element, only the
four "corner nodes” will be present, and at each node i, the DOF's

will consist of the tensor products of the 1D DOF's. Thus:

< m

_ P >
Y—&L — Bx{ Som YL; = o0 y =0 —=d(4.22a)

s

or, caollectively, for the whole element, we can write

£+m

a .
Y_ﬁ — m;f—;\ - 0] é(’e)m) < 0( L=’_?Lf' (4.22b)
L
?

)

where i is the index covering the four nodes. Due to the tensor

product formulation, all the "single” derivatives:
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£

%};ié . L = | — OL , a;vxd.

x

&.’ ’W\.-——‘l'_>0(,
dy™

will be continuous across the element sides. Furthermore, since
these sides are parallel to the x- and y- axes, it follows that the

"mixed” derivaties
aeﬁ“n«
i (16:#:0 , ™ 7& o )
'd o
2 3:}
will also be continuous from element to element. We can conclude,

therefore, that the tensor product hermitian element of degree (2d + 1)

in each variable, provides complete Cd continuity over the whole domain.

We have thus far considered the properties of three classes
of finite elements, and it is appropriate at this point to make some

comments on the system:

(1) Although it includes most of the "standard” elements, the

classification is by no means a comprehensive one; several
. . . n .
intermediate or "mixed elements have been proposed in the
literature.

(2) Hermitian elements are also available for triangles, besides
the purely rectangular ones considered here. A classic
example of this is the 21 DDF quintic triangular element which
provides C1 continuity.

(3) Rectangular hermitian elements are restricted to odd degree
polynomials in x and y, while Lagrangian elements can take
on any desired polynomial.. Of the variety of elements that
have been presented'only a few have been applied to the
simulation of waterfloods in the present study. These are

as follows:
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1 Oimensional models

(1) Linear (Chapeau) 2 nodes , 2 O0OF's ;
(2} Quadratics 3 nodes , 3 0O0OF’'s ; and
(3) Hermite cubics 2 nodes , 4 QOF's .

2 Oimensional models

(1) Tensor product chapeau (4 nodes , 4 00F's) Fig. 4.7b
(23 Tensor product gquadratics (3 nodes , S O0F's) Fig. 4.7c
(3) Tensor product H. cubics (4 nodes ,16 OOF's) Fig. 4.7e

Moreover, since a regular orthogonal grid was used in the

simulation, the 20 elements were strictly rectangular in shape (rather

than quadrilaterals).

4.6 Calculation of Shape Functions

Using the approach described in section 4.4, the shape functions
for the three (10) elements can now be calculated. Let the terminal
nodes of a typical elementbe i, j respectively, with co-ordinates .’

X;0 xj relative to the origin.

*—

L) p'véc) NEH!

Then, the normalised co-ordinate of a point P{x) is given by

- = X — X{  _ 2C— D¢
= =t = 2X=7¢
Xy — i Ax (4.23)

and the 1 dimensional version of equation (4.4) is:

23 . 1 2 .
ox Ax 9F (4.24)
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4.6.1 Linear (Chapeau) Shape functions

.
[ ]
[

Degrees of freedom

Normalised co-ordinates of nodes : o, I .
Polynomial modes : i = [l _§]
(5,00f = I %]

| o

Substituting the nodal co-ordinates: F =

Finally, from equation (4.14), ~

— -1 _ I O
Ne = £ = [ fr]Ll l

i.e.
T T
Ne | — ¥
,_’\ie = 1o — (4.25)
Ne,, ¥
Also, since Ne + Ne = 1 , we have thus verified equation (4.18)

10 20

which states that the "non-derivative"” shape functions add up to unity.

4.6.2 Quadratic shape functions

¢ * Y J
T
Degrees of freedom ' Ye = [Y’L Yﬁ 7’)]

Normalised nodal co-ordinates : O

A
2
2
Polynomial: modes : ;F = [\ < B
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(5,00 f =1 3 3]

Inserting nodal co-ordinates,

—
! O O
F = 4 L
- } 2 I
| | I
.
And so,
N . | O O
Ne =FF =[1 5 5 ]|-3 4 -
2 -4 2
l.e. T —~ 19T
Ne,o G—3%)(1—2%)
Ne = —
—£ Neso | = | &2 (1—5) (4.25)
Negzq R (25 —1) i
Once again, we see that : N810 + NBZU + NeBU =1,
4,6.3 Hermite cubic shape functions
AC, O j
T
Degrees of freedom t Ve = I:Y" (%% L) "/’J ,(—‘;—‘j—c\]
- J
Normalised nodal co-ordinates : O 3 ‘
Polynomial . modes s f = [I < fz jBJ

p(5,)f=[1 * ¥ T]

D(@,r)fzj[o 23 357

X
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Substituting the appropriate nodal-
co-ordinates for sach DOF.
O
O

-
{ O O
-
F- = O AXx ©)
| | [ l
L 2 3
Hence
l O O o)

-3 —-2Ax 3 ~Ax

i.2.: !— _T . -TT
2 3
Nejo l— 335"+ 2%
—_ Ne 2
Ne = N ' =| sO—5)ax (4.27
2 3
€20 3¢° — 2%
Neay - 52(1— %) Ax
In this case, we have Ne1D + NEZD = 1. It is interesting to note
the dimensionality of sach hermite cubic shape function . Those

associated with the function value ¥ (i.e. Ne10 and NeZD] are found

to be dimensionless, while the shape functions Ne11 and N921, which
correspond to the derivative (3Y/3x}, have the dimensions of length.
This feature is to be expected since the product of any shape function

and the appropriate DOF should have the dimensions of the basic

variable 3.
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The linear, quadratic, and hermite cubic shape functions
(as given by equations 4.25, 4.26 and 4.27) are illustrated in Figures

4.9a,b and c respectively.

4.6.4 2D Tensor product shape functions

To derive a general expressicen for the shape functions of
tensor product rectangular elements,we shall adopt the following
nomenclature, bearing in mind that the £ and n directions coincide with
the x and y directions respectively:—(i, j)= indices for nodes in the
X and y directions;(ni, nj)= number of element nodes in the X and-y

directions,(1, m)= indices of differentiation w.r.t and x and y.

£tm
— d ..
ij{m = DOF —E—,__‘}%«. DC{T ‘H.OOLG ((.,J),
ax 3;
Neijlm = shape function corresponding to wijlmS' d = degree of continuity

(Cd] of the polynomial. Interpolation of the function value Yy at
internal points (such as P, in Figures 10a,b,c) can be carried out in
two stages:

(a) along the nj rows of nodes parallel to the x-axis, to determine

the nj[d+1] "1D, y-directional DOF's” at points such as A,B,C etc.

(b) then, using the above DOF's, interpolate parallel to the y-axis,

along the line AB, to obtain the function value ¥ at P.

The first set of interpolations can be expressed mathematically

ass

K,

=0 =>4 :
Ne , (5) Yijm §: s
t Z=0 J=1-om;. (4.28)

<

m

-~
n
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The second set, which represents summations along the line AB, can

now be written as :

N

n:  d
Y(—f,?]) = z Z Ne’.}'m(?}) ij
J=1 m=o

(4.29)

which, on substituting equation (4.28), becomes

T = Z Z Z Z [N*’— €(_f Nejm(’ﬂ] Y’ijem . (4.30)

J=1 tel meo =0

From this equation it follows that:

Neijlm (g,n) = Ne, ; (g) Nejm (n) (4.31)
which 1s the basic property of the tensor product space - namely, that
the two-dimensional shape functions can be expressed as the products
of the appropriate 1D shape functions. This feature is also found

to be helpful in the evaluation of derivatives

9 (Ne.. — | dNeypo(¥) )
ax( Cujem) T Ax '_GT;—— NeJmC"’]) , and
& ' (4.32)

3}( ﬂbJﬁm} = —3: N-e. £) d'NZJm("])
T p

These derivative terms are necessary for the calculation of

pressure - and saturation gradients during finite element simulations.
It is perhaps worth observing that the 1D shape functions are
independent of the location of the element, since they are expressed

in terms of the local co-ordinates £ (or nJ. The only exceptions to

this, however, are the shape functions associated with derivative DOF's
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(e.g. Ne11 and N821 in equation 4.27) which depend on the lengths

(Ax or Ay) of the element sides.

4,6.5 Global notation

The notation of the basic interpolation formula

¥y = NeYe
{c.f. equation (4.13)), can be changed from an "element” level to a

"global” scale, in the form:

Y = N Y

(4.33)

where ¥ and N are the global vectors containing all the DOF's of the
domain, and their associated shape functions, respectively. Since
equation (4.33) is identical to eguation (4.13), it follows that, at any
point P of the domain, the only "active” terms in the array N will be
the shape functions (Ne) corresponding to the element within which P
lies. All the remaining shape functiﬁns in N will be zero at that
point. We shall use this global representation scheme in the
derivation of the finite element integral equations which will form

the subject of the next two sections. Meanwhile, we note that our

chief variables, pD and Sw, can now be written as

Po = EQ Po
4.7 Weighted residual methods

Having approximated the variables po and Sw by the finite
glement polynomials (equation 4.34), it now remalns to set up a

suitable criterion which will result in the best possible solution to
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the governing partial differential equations 2.31 and 2.32. Basically
the role of such a criterion is to generate a system of simultaneous
difference equations, from which the unknown vectors Po ans Sw can

be determined.

Since a polynomial function cannot, in ‘general, be an exact
solution to a P.D.E, 1t is clear that the resulting residuals Ro and
Rw (in equations 2.31 and 2.32) will be non-zero, at all but a finite
number of points. The best solution, therefore, is one which attempts
to minimise R, in some cumulative sense, over the whole domain. This
is the basis for the class of methods known as "Weighted Residual

Methods”.

Let n. be the total number of DOF's in the system. Each DOF wi
is assigned a weighting function wi(x,y], such that these wi's form a
set of n, linearly independent functions. The weighted-: residual
criterion requires that the product of the
residual R with each of the weighting functions wi, when integrated

over the flow domain Q, should be equal to zero. In other words, the

residual is rendered orthogonal to the space of the weighting functions:

.j WiRdn = 0 t=1—m,. (4.35)
3
Different types of weighted residual methods have been reported in the

literature, of which the following are among the main branches, as

summarised by Zienkiewicz [62b].

(1) Point collocation

In this method, the weighting functions are taken to be the
Dirac Delta function, centred at the nodes where the DOF's operate.

Thus:
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(4.38)

and so

) € (4.37)

Point collocation is therefore a criterion which makes the residual

vanish at the nodal points.

(2 Sub-domain collocation

The wi's, in this case, are set equal to unity over a sub-

region surrounding the relevant node, and are zero everywhere else.

| wtthin the S‘u@-regfcn;

I\

W -

L {4.38)
O c@sew&eres
and the integral relationship is
W: R = = 0 . (= "
J- R Rds > b= " (439
ol Sud-

: region
which shows that this method has a better "averaging” tendency than

the "point\Pollocation" method.

(3) Galerkin

This is perhaps one of the best known methods, in which the

weighting functions are made identical to the shape functions Ni. Thus:

>3
H
P
¢l'|-.
d
1

+t (4.40)

so that the integral equation reads :

JNiRda =0, =
L.

l
.d?
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In vector notation, we can write this as:

—"—
jﬂ- Rdn = 9. (4.41)
S

This Galerkin criterion will now be used to derive the sets of

difference equations +‘orvp[j and Sw.

4.8 Generation of Difference equations (Galerkin)

Following Spivak et al [54], we shall employ the sequential

solution procedure in which, during each time-step, the pressure vector

po  is calculated first, and then, using these new (updated) pressures,
the saturations Sw are determined. In order to do this, however,

the differential equations 2.31 and 2.32 have to be uncoupled, so that
po becomes the predominant unknown of the equation. An inspection of
this pair of equations reveals that po is associated mainly with the
transmissibility term (V.u), whefeas Sw plays a major part in the
capacity term (B3s/3t). The latter can be eliminated by adding these

equations (2.31 and 2.32) to obtain:

Ry = V.u, + ¢(S,c+S,,c)

3P
az ~ (3 Bo+ o, B,,) =0 (4.42)

in which the subscript "t" denotes "total” (=0il + water). Although
equation (4.42) still contains terms involving Sw (e.g. those invalving
compressibilities and relative permeabilities), the main capacity term
is now absent. Consequently, we can treat the saturation terms
explicitly (i.e. at the old time-levell, and regard po as the main

variable in this equation.

4,.8.1 The pressure equation

Applying the Galerkin method to equation (4.42), we obtain:
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J. N1‘R D(Ji. — 52

(4.43)
The three terms involved will be considered individually.
(a) Transmissibility vector
t = | Ny
L = | X (Y. %) da (4.44)
%

Let us consider a typical shape function Ni. From elementary
calculus, it is known that :

-
Ni(y. gt_t) = V .<Né .‘Et) — (YNi) Ke | (4.45)

and hence

S

j NL(Y-.E_%) d.n :Iy.(N(_ ) dn -_j(y Nc)-rgﬂ. ds . (4.46)
L

The first integral on the R.H.S may be transformed by the Divergence
(or Gauss) theorem, which states that the integral of the divergence
of a vector over a closed domain is equaf‘to the integral of the

normal component of the vector taken along the boundary. Thus :

jy.(magt) do = JNL ' We d (3n) , (4.47)
el an
where n is the unit vector along the outward normal. However, due to
the "no flow" boundary condition (described in section 2.6), we know
that:
n Uy = O at all Poi-n_-{:s of Jn.
The value of the integral in equation (4.47) is therefore zero, and

equation (4.46) reduces to:
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-
J' Ny ¥.4edn = - J(_V_Né) Wi ds (4.48)
S S

And so, collecting all such integrals (i = 1 - né] into vector form,

we obtain the simplified version of equation (4.44).

—

t, = — J(EE)TLLJC do . (4.49)
o

The value of Ut at the new time-level (n+1) is

~t - ’ (4.50)

where the A, during this stage, represents the increment with respect
to po (since the saturations are held constant). Combining the

transport equations 2.11 and 2.12, and ignoring gravity, we obtain:

A(L—Lf) - >‘ch EA(YFo)

= — At K Y(AFR)

= — Ay E(Y_N)[AEO] . (4.51)

Finally, substituting equations (4.50) and (4.51) into (4.48), we abtain
the complete expression for the transmissibility vector, at time level

(n+1)

mn+1 ]
| =

t J)rt(y-w)j__’i(yu) dn [Al}] - J(Yi"_’jr 1\0U\--(4.52]

{b) Approximation of time derivative

The temporal gradient of pressure (3pa/3t)} which occurs in
the second term of equation 4.42, is approximated by a finite difference

formula, since finite elements, in this study, are used only for spatial
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discretizatiaon. In order to relate this gradient to the pressures

at the beginning and at the end of the time step, we make use aof the

Mean Value Theorem, which states that the chord-slope between any two
points on a continuous and monotonically varying curve is a weighted

mean of the two "end slopes” (Figure 4.11). Thus:

A P\ ™!
At - ('_9)(2)7) * e(aT)

) (4.53)

where 68 is the weighting factor. Depending on the value assigned to

0, three familiar schemes can be recognised :

(1) © =0 Forward difference (Explicit)
(2) 0 =1} Central difference (Crank-Nichelsan)
(3) 0 =1 Backward difference {(Implicit)

Of these, the explicit scheme is unstable. The central
difference formula is the maost accurate scheme, although it is known
to exhibit some minor temporal oscillations. The Backward difference
scheme 1s stable and smooth, but is thought to be slightly less accurate
than the Central difference formula. In the present study, fhe
Backward difference scheme has been used throughout to avoid time

oscillations.

So, putting © = 1 in equation (4.53), we find:

(Eiﬂa)ﬂxf‘

h:t+l__ th

At

= &N [Ato]

Substituting this into equation 4.42)and performing the Galerkin

at _
{(4.54)

integration (4.43), we abtain
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N
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7
+
Figure 4.11 Approximation of the chord slope by the Mean Value
Theorem.
Figure 4.12 Illustration of (3x?3)
Gausspoint quadrature
X X ) ¢ for a rectangle.
X X X
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Figure 4.14  Numbering of nodes and/or DOF's in a 1D system

consisting of 7 elements.
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t
N
I

\ " . et
n+ j‘ __NTSb CS‘:QO + Sw CW)(EEQ> d.s

= j?ct NN A [A}’o (4.55)

where Ctn is the total fluid compressibility at tn.

(c) Source/sink vector

For the rate terms, the Galerkin procedure yields:

'ts - - J.IETKGF; Bo + G—L,EBM;)OLIL

—_—

L

which , on introducing the point source/sink concept, reduces (as

shown in equation 2.35) to:

E_:L+\: — (‘Lnﬂ-f‘ 1_1:“) = --_‘_Z_:

zo

11

) (4.56)

where go , gw and gt are the global vectors containing the oil, water

and total rates, respectively, expressed at reservoir conditions.

'Having thus expanded the various integral terms, we may now

write the Galerkin equation 4-43, at time level (n+1), in the form:

n+i ntt n+|
£ 8 e w2 o

which, on combining equations 4.52, 4.55 and 4.56, yields the final

set of difference equations for the pressure increments [AEB] :

- .
JArf(y—N) K@N)day + Jf_c?. NN dn [AF]
o R At T T | ©
(4.57)

Su

n\ T N
= % + [@Ee)yulia .
P o I
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This is a matrix equation of the form:

[T+elfar) -,

where the matrix

(4.58)

T

T = (VIV (

_ >‘r'(: yn) k YN)da (4.59)
.

(which we shall call the total transmissibility matrix) plays the

importanf role of determining the pressure distribution during two-phase

flow. If the fluids are assumed to be incompressible, then the matrix

€, disappears, and equation (4.58) simplifies to:

1- [AE?:\ e 1. . (4.60)

4.8.2 The Saturation equation

The difference equations for the saturation vector [ASw] are
obtained by applying the Galerkin procedure to the continuity equation
for water (2.32). The steps involved are very similar to those
described in the previous section. Since saturation is now the
fundamental unknown, all incremental terms (A) are evaluated w.r.t.Sw,

while keeping the pressure unchanged.

At the new time-level (n+1), the individual vectors which make

up the Galerkin equation are as follows:

(1) Water transmissibility vector

+1
t:ﬂ = JL‘J_YY.LL_‘::H)G{_JL :.-—J(yy)-r[ti::-i—ﬁw_tw]o(ﬂ_ (4.81)
S

e
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Using the transport equation for water (2.12)}, we find

A(iw) = - A(%rW)EYFo + K Al:)rw Fc,/ysw]

e P ) Vs, | 45,

(4.62)
/
+ M be K A(TS) .
Substituting this into equation (4.61)}, we obtain:
_t'n.-l-l_— . - , . , o
it} - (—_N) E(NWYPO - (Arw Pc + Arw PC)YSW).N. da
oR
L)MF(VN) k(vw)m} [Asw] JM)T wdn
(4.63)

where “ and " denote the first and second derivatives respectively,

w.r.t. Sw.
(2) Capacity vector
_t‘n.-H 3s -
w —
2 jN ? 51 dn = JZ&% NN d—"-] [ASW],M.SM
N N -
(3] Compressibility vector
ni1 T
3 = J'_N. c}SSchE& do
at
c nti "
= ? W Po _/’ )NNAJ'}_J [EW +A§_w] (4.85)
—f2.
(4] Source/sink vector

|

-t’V\.'fl N nti %_‘_"
# :_j. (LB dn = 7w - (4.66)
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Finally, the Galerkin criterion requires that:

T s+ n+1 ot nt) ~m+)
J N o=t +t +t5 + jﬂ+ = 0

— —_—

and hence, combining equations 4.63 through 4.66, we obtain the set

of difference equations for [ASE]:

T ’
.[/-_\% NNday - JAerc Y—N)T.'S.(E—N-) tjsc""( e ) N don

-ﬂ- A

VE (Vw28 = OB 3 B ) 50 ) N dn | | [A50]

+
———y
—~
1<q
prd

— U +|
e .

which basically has the following structure:
— + €, + [: Sw| = "
I:_Q & ~* EB] A~w] - _ré '— 5.2[5—-!"] (4.68)

where the matrix :
t — (4.69)

is known as the capacity matrix, and is as important to the saturation
distribution as the transmissibility matrix T (equation 4.538) is to the
pressure distribution. Of the remaining mihor matrice% €1 is associated
with the capillary pressure gradient;€p 'involves the compressibility;
and £3 is the "chord-slope” matrix which makes the eqﬁation implicit in

Sw.  However,€3 is also a non-symmetric matrix, and, in all the runs
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described in the present study, it has been ignored, and the equation
treated explicitly in Sw. [To compenséte for this restriction, the
time-steps were prevented from becoming too large]. In addition to
this, if the fluids are incompressible, then equation (4.88) simplifies

to:

[E B E'][Ai""] = . (4.70)

4.8.3 Integration and assembly of matrices

The pressure equation (4.60) and the saturation equation (4.70)

are both of the form:

Ax = b,
where the global matrix A and the R.H.S. vector b involve integrations,
over the whole domain, of matrices (and vectors) associated with shape
functions and reservoir/fluid parameters. Since the shape functions
provide at least c® continuity, and sinceerivatives higher éhan first
order do not appear in any of the Galerkin equations, it may be
concluded that the discontinuities in the integrands across inter-
gelement boundaries are finite, and do not contribute to the final integral.
The global integrals can therefore be expressed as the sum of integrals
carried oﬁt over each element :

j{otﬁ- = Z j:cdﬁ-{ - (4.71)

A elems ‘e
Thus, in the finite element method, the matrices involved are calculated

at the element level, and added into the appropriate locations within
the global matrix. This twin process of "generation” and "assembly"

is repeated until all the elements of the domain have been traversed.-
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Within each element, the required integrations can be
performed either analytically or numerically. The analytical approach
is usually restricted to cases where the integrand does not involve
saturation terms, and where the shape functions are not too complicated
[e.g. the capacity matrices]. Most of the matrices, however, cannot
be tackled in this way due to the occurrence of relative permeabilities
and similar terms, and hence the common practice in finite element
programs 1s to employ numerical integration schemes. These are
formulae which approximate the integral by a weighted sum of the
‘Integrand, evaluated at selected points within the range of integpatimn.

Thus :
i

[ a5 2 3wty

o (=1 (4.72a)

The Gauss-lLegendre guadrature, for example, is well suited to

rectangular finite elements, and the use of "n" integration points (also
called Gauss points) is sufficient to integrate exactly a 1D.pulynmmia1.
of degree (2n-1]. These integration points (£1i) and the corresponding

weighting factors (Wil can be found in standard numerical tables.

Applying equation (4.72a) to a 20 rectangular element, we obtain :

‘ ;L[a‘a(.nug = %AIA}J{:{(?/’?) 43 doy

2
" n
- (4.72b)
= Adxay 3 S WWF(E,),
L= )=1
where h, Ax,Ay are the dimensions of the element.

Figure 4.12 1llustrates a (3 x 3) Gauss-point scheme.
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4.8.4 Solution of matrix equations

Equations (4.60) and (4.70) are solved sequentially, during
each time-step, to obtain the pressure and saturation vectors

respectively. The steps involved can be summarised as follows:-

Suppose that, at time level n, we know Egn and §gﬁ. It is required

1

+
and §ﬁn .

now to determine_ggn 1

1 Pressure solution

n n "
Assemble: I(Sw) and (t" , Sw ) . (see equation 4.80)

—1
Solve: A_)io :[:1-(5_\:\')] 5(}::) E::) (4.73)

nt n
Increment: F — Po + Z&Fb . (4.74)

o —_—

+
These new pressures EEh L are now used for setting up the matrices

for the saturation equation.

2. Saturation Solution

Assemble:

Q_ E,(S_:,‘) .Q.‘h-i _'lz(ffh-r) %_v‘vn) Eeeexi.[fl.m]]

J

Solve:

-1 :
ASw :[_C_" Q(i:vt)] [Lz(:%+') g)] (4.75)

Increment:
n+1 "
Sw = Sw + ASw . (4.76)
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+
Having thus calculated Egp ! and §£n+1’ this procedure is repeated

for all the subsequent time-steps.

4.9 Implementation of Boundary conditions

Since, in the present study, the sides of the quarter five-
spot domain are parallel to the coordinate axes, it follows that the
normal gradients on the boundaries simply reduce to either (3/9x) or
(3/3y]). Let us denote by B.C.1 and B.C.2 the boundary conditions
which prevail along the sides parallel to the x and y axes, respect-

ively.

From equation (2.37) we know that the "no flow” boundary
condition requires the normal pressure gradient to be zero on the

boundary .

CAC = O .
2y

Hence '[4.77]

However, since this condition holds at every point along the line, we also
have:

i[—aﬂ’-] :&_ — o.

9x | Y Iy T (4.78)

Equation (2.38) imposes similar constraints on the saturation, and so,

combining all of these, we can express B.C.1 in the form :

* 2
b = Lo _ 35w _ s,
°%  dxdy 94 Ix 3y

Likewise, B.C.2 is given by

O . (4.79)
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%y _ 3P _ 3Sw _ Sw _

a3x  3xAy T dx T oxdy

(4.80)

~

It may be stated that although B.C.1 and B.C.2 represent "no flow"
conditions, they may equally well have been deduced from consider-

ations of symmetry and smoothness across boundaries.

In the Chapeau and Quadratics models, these boundary
conditions aré implicitly takencare of by the Galerkin formulation
[c.f. equations 4.47, 4.48]’and hence do not have to be introduced
externally. In the Hermite cubics model, however, it was found, after

considerable numerical experimentation, that due to the occurrence of

these derivatives as degrees of freedom, they must be forced to be

zero, as otherwise large oscillations could develop. The enforcement

of such a condition means that, for each boundary OOF (yi) concerned,

the difference equation generated by the Galerkin process should be

replaced by the identity ¢ = 0. Following Zienkiewicz [62c] this can
98

be done quite conveniently by adding a very large number (e.g. 10 ")

to the diagonal term of the relevant equation.

The boundary conditions B.C.1 and B.C.2 are enforced at all
the boundary nodes except those where wells are located. At such
points, the constraints on the pressure gradients are removed, and hence

the boundary condition used at the wells (B.C.3) is simply:

9Sw _ 3Sw _ 3 Sw __ o
ox 2y axdy (4.81)

It is possible that even this restriction may be removed by the use of
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Figure 4.13

ok _ 3R 2Sw _ 375w _
j, - a:ga‘j B\j, axaj
B.c.2
9P _ d P _ 95w 3 Sw — 0
dx x4  9Ix 2> 9y
R.C.3

9 Dx.ag 0 -

B.c.4

Boundary conditions used in the simulation of incompressible, two phase flow in a five-spot.

(B.C.1, B.C.2 and B.C.3 apply to Hermite Cubics only).

-tel-
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"singular” basis functions at the wells.

If the fluids are assumed to be incompressible (as in the
five-spot studies reported here), then it is also necessary to specify
a "fixed pressure” boundary condition, since the transmissibility
matrix. (T) would otherwise become singular. In the case of the five-
spot, one obvious way to do this is to hold the pressure constant (at

its initial value) at the two extremities of the median line:

Fo = P(, for ad{ t, at ]:oi‘nfs O and o’. (4.82)

The various boundary conditions described above are summarised
in Figure 4.13. We shall make three comments regarding the use of

these constraints:

(1) All four boundary conditions were applied to the Hermite
Cubics model, while the Chapeau and the Quadratics models

were subject to B.C.4 only.

(2) The combination given here is what has been developed
from trial-and-error experiments.
(3) No boundary conditions were applied to the 10 models

(where fluid compressibility was taken into account).

4.10 Solution algorithms for the difference equations

In finite element programs it is customary touse "Direct
solution techniques” (i.e. Gaussian elimination, or variations thereof)

to solve the system of equations. Iterative methods)on the other hand,

are of limited scope in this‘field, largely due to the variability of the
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matrix structure. For this reason,some of the popular finite
difference algorithms such as Alternating Direction Implicit Procedure
{ADIP) and Strongly Implicit Procedure (SIP) are difficult to use in

finite element models.

The two most important factors which determine the feasibility

of any solution method are:

(a) storage, and

{b) computer time.

Unlike finite difference models, the storage requirement poses
a severe problem even in small finite element programs. This is
attributable partly to the use of Direct solution methods, and also to
the fact that’due to the presence of a large number of DOF’'s in each
element, and the strong interaction between them, the bandwidth of the
overall (global) matrix tends to be quite large. This leads to a
situation where even relatively small finite element meshes place
unusually high demands on the computer’s central memory, and the entire
matrix cannot normally be accommodated in core. [For example, the
semi-bandwidth of a (3x3) element grid is 3 for finite differences, and
23 for Hermite cubic finite elements ]. To overcome the storage problem

two methods are commonly in use:

(1) Banded solution algorithm

(2] Frontal solution algorithm [Irons [32]].

4,10.1 Comparison of "Banded” and "Frontal” methods

One feature that is common to both methods is that, instead

of assembling the global matrix and then solving it (a procedure which
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would almost be impossible from the point of view of storage), they
combine the processes of assembly and elimination so that, at any
given stage of the operation, the size of the "active"” matrix

reduired for holding the coefficients is considerably smaller than
that of the global matrix. Moreover, the upper-triangular entries
created during the elimination phases are written successively onto

a disk file. Finally, when all the elements of the domain have

been traversed... and the joint process of "assembly” and
"elimination” completed)then the algorithm enters the "Back-sub-
stitution” phase, and calculates the soihtion“vector'by‘readingfoithe

wupper triangular-records (in reverse order) from the disk file.

The banded solution method is strongly dependent on the

ordering scheme used for the DOF’s, since this directly influences
the variation of the bandwidth. A node-labelling algorithm (with)
preferably, the maximum optimising capability) is therefaore necessary

for use in conjunction with the Banded solution method.

The Frontal approach, on the other hand, is entirely
independent of the nodal seguence, and, in fact, the nodes are given
fictitious numbers (aptly termed "nicknames”). The key to its
success lies in a preliminary subroutine (known as the "prefrontal
routine”) which controls the storage reguirements by means of a
sophisticated housekeeping scheme for the matrix. In particular, it
scans the original mesh, element by element, and performs the

following tasks at each stage:

(1) seeks out the "inactive” DOF's for elimination;
(2) records the (empty) rows and columns vacated by the outgoing DOF's.
(3) Admits mew DOF's. as they come in, either by inserting them

into these empty locations (if they are available), or else, by
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augmenting the "active” matrix to create more space.

The principal advantage which the "frontal” method possesses
over the "Banded” method is that it enables changes to the original
mesh, such as insertion or deletion of nodes, to be performed with-

out any difficulty.

In the present study, the finite element models have been
equipped with Banded matrix algorithms because for the simple geometries
studied they are likely to perform faster. These will be described

below:

4.10.2 Banded algorithms for 1D finite elements

Although the storage requirement for any 1D model is so
small that the entire matrix can be held in central memory, the
algorithms developed here are nevertheless based on analternation
of the "assembly” and "elimination"” procedures, as is characteristic

of the banded solution method.

(a) Algorithm for 1D Chapeau model

Figure (4.14a) shows a 1D system consisting of 7 Chapeau
elements, and Figure (4.15a) shows the resulting tri-diagonal global
matrix. The normal procedure, therefore, would be te assemble the
whaole matrix first, and then to solve it by the Thomas Algorithm.

By contrast, the banded solution technique proceeds as follows:-

Assemble matrix for element 1 ;
Eliminate node 1 ;
Assemble matrix for element 2 ;

Eliminate node 2 ;

etc.
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It can thus be seen that, while the global matrix contains
(8x3) entries, the "active” matrix of the banded method contains
only (2x21}. Let A (2x2) and b (2x1) denote the active matrix and
the active R.H.S vector respectively. Suppose, also, that after
the assembly of the ith element (which involves nodes i and i%i),

the structure of these matrices are as follows:

a a b
1 2
(1) A = b= |~ (4.83)
a.3 0\.,_’_ bz
(2} Converting to upper-triangular form {(such that the diagonal
term is unity), we obtain:
...]a- q—‘b
, I a, 4, b, |
/\ = ~1 = -1
— @) (a,— aj2, a,) - (Ez“ Az, bn)
* (4.84)
(3) The coefficients of the top row can be stored in the form:
-1 —1
c. — OLI a5 and. a[(:’:- a, 1’1 (4.85)

L

for use, later, during the back-substitution phase:
v, = d; — S Vi (4.86)

(4] The bottom row is now shifted diagonally upwards to replace

the top row, and the remaining entries are all set to zero. The
vector é is treated likewise:
-\
p 614 - A34 GEL) o ” (bz.__ a3¢17‘b;)

A = | b = (4.87)
O O O
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(5) This is followed by the assembly of the next element (i+1),
and the resulting "element matrices” are added on to A" and b” to

generate the new matrices A and b . At this point the program
returns to step 1, and repeats the complete cycle (1 through 5),

until all the elements have been covered.

(6) Finally, the back-substitution (4.86) is performed.

(b) Algorithm for 1D Quadratics model

In the quadratics model, the presence of internal nodes
(Figure 4.14b) introduces aslight variation into an otherwise simple
matrix structure, and, as illustrated in Figure 4.15b, the "stepped”
profile of the bandwidth gives rise to an alternating tri-and penta-
diagonal pattern. Since each element has 3 nodes, the active matrix

A now has (3x3) entries.

As before, let us consider the state of the matrices after the

assembly of a typical element i, which involves the nodes (2i-1), 2i,

(2i+1).
(1 R g
A = and b =
- Ay Ag &g = by, | .

Since the elimination of nodes is done two at a time, it is
convenient to partition the above matrices so as to separate this pair
of outgoing nodes from the third node (which is still active, and

linked to the next element). Thus:

and 9_ lD|

I\

(4.89)
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where 2, and b1 are submatrices of order (2x2) and (2x1) respectively.

(2]} Conversion of A into upper triangular form yields:

T

|H

cl'-l [a; a |

A® = : and

@) O aq — [a_l ag‘] 9:-"‘ [&3 &‘]T

(4.90])
Ef—‘ by
E’ =
by — [a, Ag | a b,
(3) The coefficients for back-substitution are extracted from the
top two rows of A" and b”, and stored as :
c; = a_f,‘[cc_; GLG]T and d; = 5,-‘5,. (4.91)
(4] Shifting the third row diagonally upwards, and setting all
other terms to zero, we have:
-1 T -
A" = ’—Rq B [RT q'?'] 2 [a3 qf’] & © [and
O
L O O o
— (4.92)
b3 — [R7 Q;] 5;{5,
b = e}
L O
(5) The matrices for the next element (i+1) are now assembled,
and superimposedon A" and b”. - Steps (1) through (5) are repeated

for all elements.
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(6) The final solution is obtained by back-substitution:

Yaio,

= (4.93)
1 =di— ¥
'*1L - 2

| —

{c) Algorithm for 10 Hermite cubics model

Due to the presence of two DOF's at each node, instead of
one (Figure 4.14c), the global matrix for the 10 Hermite cubics model
assumes a block tri-diagonal form, in which each block is a (2x2)
matrix [Figu?e 4.15c). The active matrix_ﬁ)therefore’consists of
four (2x2) matrices, while the active R.H.S. vector b contains two

{2x1) vectors.

ol , A . b,
A = _ and b = - . (4.94)
23 \ Ky Ex

The steps of the solution algorithm are thus identical to those
derived for the Chapeau model jwith the sole exception that the scalars

b, etc., and

a 17 =21

1’ b1 etc., are now repladed by the (2x2]) matrices a

hence the algebraic operations are all matrix operations.

4.10.3 Algorithm for 20 models

On account of the large size and variability of the bandwidth
of 20 matrices, specific algorithms, such as were developed for the 10D
models, are of little use here. Consequently, in the present study,
all three finite element types (Chapeau, Quadratics and H.cubics) are
supported by a single solution-routine (known as GAUSS]. Separate
subroutines are available, however, to provide the necessary interface
between this solution algorithm and the main program. In particular,

they perform the following tasks:
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(a) ordering of the DOF's ; and

(b) analysis of the bandwidth.

For convenience, we shall describe these aspects with reference
to the global matrix (assuming that it is small enough to reside in core).
Having done this, we shall then return to the concept of thelsmaller)
"active" matrix, and describe the application of the banded solution

technique to the 20 problem.

(A) - Ordering scheme for DOF's

A standard row-by-row ordering scheme is employed for all three
elements, and, where multi-DOF nodes occur,the OOF's of each node are
included seguentially béfore proceeding to the adjacent node. Figures
4.16a. b and c show the numbering sequences used for a (3x3) mesh
consisting of the tensor product Chapeau,Quadratics and H.Cubics element5>
respectively, while Figures 4.17a, b and c illustrate the structure of

the corresponding global matrices (A).

(B8] Analysis of bandwidth

In order to economise on storage, the global matrix (A) is
dimensioned as: @ linear array.in’.the program. It is necessary, therefore)
to have a detailed knowledge of the structure of:ﬁ, before we can access
any of its elements, lying either above,or below, or on,the leading

diagonal.

Let us suppose that there are, in all, [nt] degrees of freedom,
and [na] coefficients above the leading diagonal. Since A is struct-
urally symmetric, there will also be [na] coefficients below the

diagonal. In the computer program, the matrix is represented in the
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following manner:

1) Locations [1 to na] contain supra-diagonal terms,

numbered row-by-row;

(2) Locations [(na+1) to 2na] contain sub-diagonal terms,

numbered column by column (i.e. mirror-image of (1) );

(3) Locations [(2na+1) to (2na+nt)] contain the diagonal

terms.

Figure 4.18 shows an enlarged sketch of the first few supra-diagonal

rows of A, for the Chapeau case shown in Figures 4.16a and 4.17a.

The principal.task of the bandwidth analyser is to supply the
program with a "key” index for accessing the contents of A.  This "key”
consists of an integer array L1 [dimensioned to (nt+1]] which gives
the location within A of the first supra-diagonal term of each row.

For example, the information given in Figure 4.18 will be recorded in

L1 as follows:-

L101)

1; L1(2) =86 ; L1(3) = 11 ; L1 (4) = 16 ;

L1(5)

205 veverennee L1(nt—1) =N L1(nt] =n, + 1.

Using this index, we can determine the location (1) which corresponds

to any given pair of DOF’s i and j [i.e. A (1,5)].

(a) If i<j, the location is supra-diagonal, and is given by:
1=11(01)-1+3-1;

{(b) If i > j, then it is sub-diagonal, and

1=L0105) -1 +41i-3+ n, s
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(c) If i=j, it lies on the Leading diagonal :

1 =1+2n
a

One possible pitfall, however, has to be guarded against when
constructing the array L1. This arises whenever there is a decrease
in the column number of the cutermost location of a row. Figure 4.19
shows three consecutive rows of fhe matrix, in which the second row
stops short of the first (at, say, location n). If special provision
is not made, the numbering will proceed normally, as shown in Figure
4.19a, and the locations (n+1) onwards will belong to the third réw.
However, during the elimination phase, it is clear that the coefficients
of the first row which lie outside the limits of the second row, will
descend (as shown by the arrows) into unallocated locations, and will
thus find their way erronéously into the "third row elements”. It
follows, therefore, that whenever there is a drop in the horizontal
co-ordinate of the outermost coefficient, the shorter row must be
extended as far as theendof the previous one, and the intermediate
locations numbered accordingly (Figure 4.19b). An example of this is
encountered in the tensor product guadratics model [Figurev4.18b, 4.17b),
where the presence of rows of internal nodes gives rise to shrinkages

in the bandwidth.

- The bandwidth analyser also performs the task of relating the
local numbers of the DOF's of each element to their global numbers.
This informationlis contained in the array NGL (i,j) where the sub-
scripts 1 and j refer to the numbefs of the element and DOF respectively.

Thus, in Figure 4.16, using element 3 as an example, we have:

(a) For Chapeau [NGL(3,3) 5 5 =1 +4] :

3, 4, 7; 8-
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(b) For Quadratics [NGL(3,j) 5 j = 1> 8] :

5, 6, 7, 12, 13, 14, 18, 20, 21.

(c) For Hermite cubics [NGL(3,3) ; j =1 » 16] :

g, 10, 11, 12, 13, 14, 15, 16, 25, 26, 27, 28, 29,30, 31, 32.

(c) Solution method for 2D systems

The Banded solution method in 2 dimensions consists basically
of a repetition of the threefold process of assembly, elimination and
displacement (or shifting) as described for the 1D models. The only
difference, hqwever, is that these steps are now repeated. after each
row - of elements, rather than after each element. Thus, the sequence

is as follows:

Assembly of 1st row of elements
Elimination of 1st row of nodes (or DDF's)
Assembly of 2nd row of elements
Elimination of 2nd row of nodes (or DOF's)

etc...

Consequently, the active matrix A, and the indexing arrays
L1 and NGL, will refer to a row of elements and their associated
degrees of freedom. The solution technique can best be illustrated
by a series of sketches showing the structure of the active matrix

during various stages of the cycle.

Figure 4.20a shows a sketch of the global matrix for a grid
consisting of 3 rows. The active matrix needed for the assembly

and solution takes on the hexagonal shape shown in Figure 4.20b. The
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steps involved in the solution cycle can be summarised as follows:-

(1)

(2)

(3)

(4]

(5)

After assembling a typical row (i) of elements, the matrix
has the form ABCGEF shown in Figure 4.21a. [The solid lines

enclose the non-zero elements].

Elimination of the outgoing DOF's (A -+G) converts it to

the shape AGCDEF (Figure 4.21b)

The supra-diagonal part AGEF of the eliminated section
(shown cross-hatched in Figure 4.21b) is written to a disk
file as a binary record, for use, later, during back-sub-

stitution.

The active (lower) part GCDE is shifted diagonally upwards
into the area ABGF, and all the remaining locations are cleared

(Figure 4.21c).

Assembly of the next row (i+1) of elements restores the
matrix to its original shape ABCCGEF, and brings us back to step

1.

These steps are repeated for each row, at the completion of

which the solution vector is generated by back-substitution. The

reading of records from a disk file in reverse order may be done in

either of two ways

(a)

(b)

by using the Fortran statement : BACKSPACE, or

If mass storage devices are available (as at Imperial
College), it may be possible to create files, whose records
can be accessed randomly. The latter approach has been used

in the present study.
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4,11 Miscellaneous features

The construction of the finite element models used in this
study has been based on the theory described in the previous sections.
Given below are some of the minor aspects of the programs, not

covered before.

4,11.1 Time-step control

The selection of time-steps is done by means of an-amplification
factor, r, which is defined as the smaller of the ratios of the
maximum allowable changes in pressure and saturation [IApllim and
|ASwllim’ which are specified externally] to the maximum changes that

|as | 7. Thus, the

occurred over the previous time-step [ |Ap| ol max

max’

model will accelerate or decelerate,according as r 2 1

However, two further constraints are applied before the new

time-step is determined. These are:

(a) r is not allowed to exceed 2; and
(b) the final time-step should be less than, or equal to, a

certain pre-assigned maximum value [Atméx]'

These screening procedures can be expressed collectively, in

mathematical notation, as follows:

F o] 1BPln ASulge, 5

0P ook 1AS1)euon

(4.95)

A, = min [”‘%a , At ]
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4,11.2 Calculation of well rates

Since the five-spot studies were confined to an incompressible,

constant-rate displacement, the well rates are given by:

9 =0 -
° _ UC% 'tL\e LHJGLSEFOH. »V{Deej ﬂﬁ“&(

(4.96)

(o]

?/w: — Z«:’nj fiv

%=~ Y f

at the production well.

4.11.3 Graphical representation

The finite element models developed here are equipped with the
necessary subroutines for producing graphical output at the specified

"print-out” times.

For the 1D models, the graphs consist of saturation profiles,
plotted with sufficiently many interpolation points to make them appear
continuous. On each diagram, the analytical (Buckley-Leverett)

solution is superimposed on the "numerical” profile for comparison.

For 20 results, a contouring program has been developed far
printing accurate pressure - and/or saturation maps at the required
times. A description of this contouring package forms the subject

of the next chapter.
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CHAPTER 5

A Contauring Pragram for Finite Element Results

5.1 Introduction and Theory

Results generated fram a 2D Finite Element program can be
analysed in their entirety only when they are presented in the faorm
of a contour map. It is therefore necessary to po;sess a supporting
program which is capable of transforming these raw results into a
reaning ful pictorial output, with as little distortion to the original

results as possible.

Several contouring programs exist at Imperial College. Monro
[40] and Raby [48], for example, have developed two independent packages
for contouring arbitrary data. These general purpose programs, whose

sgurce listings are not normally available, pose two difficulties:

(1) they pfefer a regular grid; and

(2) they employ interpolation polynomiais and/or smoothing
techniques which, in general, are different from the
interpolation used in the finite element program . This
inconsistency between the two interpolation schemes raises thg
cbvious question as to the extent to which such programs are

capable of reproducing the original results.

It was therefore necessary to develop a contouring program,
specially designed for finite element models, and capable of overcoming
these two difficulties. This chapter deals with the theory behind

the development and application of such a program.
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5.1.1 The need for "numerical” contouring

The process of locating contours "analytically” in two
dimensional space is both an arduous and an-expensive task. It
reduces to a repeated application of a root-finding technique such as
the method of "Newton-Raphson”. Inside each finite element, a contour

"¢c" satisfies some polynomial equation

:F(x;;l) - c (5.1)

which cannot normally be written explicitly in the form.

y = glx)

because the complexity of f(x,y) will depend on the type of finite
element that is being used. Furthermore, within each element, a
contour has, in general, three possibilities - namely that it

(a) passes through (or exists) as a single curve;

(b) passes through (or exists) as several curves;

(c) is absent altogether.

An attempt was made by Murphy [42] to develop an "analytical”
contouring package based on the root-finding principle. The
particular finite element chosen by him to demonstrate tﬁese ideas was
the cubic non-conforming triangle of Bazeley et al [5]. Although the
contouring program has a sound theoretical basis, it nevertheless bears

out some of the practical difficulties mentioned above.

The numerical method described below has been found to be a
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simple and systematic way of tracing contours.

5.1.2

(1)

(2)

The principles of "numerical” contouring

We begin with two obvious assertions:

Every continuous curve in space can be approximated by a finite
number of straight-1line segments. This "discrete” curve will
converge to the "continuous” curve, as the number of segments 1is

increased.

A contour will always belong to one of the following two

categories : either

a) a closed curve, lying entirely within the domain, or

b) an open curve, whose ends terminate at the outer boundary

of the domain.

We shall use the terms "CLOSED” and "OPEN" to refer to the above

two cases respectively.

The contouring program divides the original finite element mesh

into numerous subtriangles, and, at each of the resulting vertices (or

subnodes) the function value is calculated by means of the usual finite

element interpolation. We thus have a "finer” secondary mesh consisting

solely of triangles, at whose vertices the function value is known.

The next step is to specify a CHAPEAU (or linear) variation of

the function over each of these subtriangles, and herein lies the essence

of this numerical technique. The Chapeau interpolation means that a

contour :
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(1) can never be entirely within a subtriangle; and

(2] may pass through a subtriangle at most once, the path being

given by a straight line joining two points on the sides of

the subtriangle.

We have thus overcome the problem of multiple oceurrences

mentioned in section 5.1.1.

The contour may now be pursued to its

ends by proceeding from one subtriangle to anocither along these

unique straight-line segments, until the contour either reaches the

outer boundary (OPEN), or returns to whence it started (CLOSED).

This is the basic philosophy underlying the present approach.

Subsequent sections will describe its detailed implementation within

the contouring program, and illustrate the successive steps by means of

an example problem.

5.1.3 Finite Element types

The types of finite elements for which the contouring program

was originally designed are listed in Table 5.1, where NELNUM is the

integer code used for each element .

NELNUM Element type Nodes Degrees of freedom
1 Serendipity Chapeau Rectangle 4 4
2 Serendipity Quadratic Rectangle 8 8
3 Serendipity Cubic Rectangle 12 12
4 Chapeau triangle 3 3
5 Quadratic triangle 6 6
6 Cubic triangle 10 10
7 Hermite cubic Rectangle 4 16
8 Lagrange Quadratic Rectangle 4 9
Table 5.1 Finite element types and their code numbers.
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The program, however, has been tested only on those elements
which have been employed in this thesis - namely, elements 1, 7 and 8.
Clearly, the nodes control the geometry of the elements, while the
degrees of freedom control the variation of the function that is being
approximated over the elements. Figure (5.1) shows the local ordering
sequences used by the program for the nodes, and DOF's of the different
elements. The element sides are ordered in an anticlockwise sense,

commencing with the side which connects nodes 1 and 2 (Figure 5.2a).

All the above informaticon concerning the element properties are
held, in coded form, in an:: array called NPLOT, which is initialised by
a BLOCK DATA statement. The arrays NCYC3 and NCYC4 represent cyclic
rotations of the first three and four integers respectively (Figure 5.2bj.
The example problem chosen to demonstrate the contouring principles consists
of a simple domain with four rectangular elements, within which it is

required to trace three contours, as shown in Figure 5.3.

5.2 Generation of secondary mesh

The task of dissecting the original mesh into a finer one is
assigned to the subroutine SUBDIV. One condition, however, must be met.
The subdivision of each finite element into subtriangles must be such
that all inter-element boundaries [e.g. OE, OF, DG, DHlin Figure 5.3]
are éegmented into the same number of intervals. Let this number be nD
{(=NELDIV in the Program]. It is a measure of the "fineness” of the

contouring subdivisions, and can be varied to Obtain any desired degree

of accuracy.

Rectangular finite elements are first split into [nD X nDJ

smaller rectangles, each of which is then. subdivided intoc 4 triangles.
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-148-

3 12 4 .
Neyeg (o, 8) |23 [ 2 4
NceYcsg(2,0) |4 |1 3

3
!
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Figure 5.2(b): Cyclic permutation arrays NCYC4 and NCYC3.
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If the parent element is a triangle, then the required subdivisions
may be obtained by simply drawing lines parallel to its three sides.
In both cases, 1t is clear that the stipulated condition {(of equal

peripheral divisions) will be satisfied.

Figure 5.4 illustrates the subdivisions for the case ng = 3,

and also shows the resulting subtriangles [nT], subnodes [nN) and the

peripheral divisions [np]. The local numbering scheme used for these

parameters is quite straightforward. As can be seen from the Figure,
the sub-nodes are numbered regularly row-by-row (Figure 5.4b), whilst

the peripheral divisions are counted in an anticlockwise sense, beginning
with side 1 (Figure 5.4c). The subtriangles are taken anticlockwise
within each subrectangle, and this sequence is continued row-by-row
(Figure 5.4a).

<

5.2.1 Subtriangle connectivity data

Having established the secondary mesh,the subroutine SUBDIV
calculates, for each subtriangle i, six related parameters which are
stored in the array NEL (i,B). The first three of these [namely,
NEL(i,1) to NEL(i,3)] contain the subnode numbers of its three vertices
{taken anticlockwise, startingwith the vertex at the centre of the

subrectangle). Thus, subtriangle 19, for example, (in Figure 5.4) has:

NEL(18, 1) = 13
NEL(19, 2) = 17
NEL(19, 3] = 16

Locations NEL(i,4) to NEL(i,6) each contain, in coded form, a pair of

values associated with the three vertices respectively. Each pair is
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made up of:

ta) the number of the opposite subtriangle; and

(b) the serial number (1, 2 or 3) of its facing vertex.

Thus, continuing with subtriangle 18, we have:

NEL(19,4) - (29,1) - 29 * 10 + 1

291

NEL(18,5) - (20,3) » 20 * 10 + 3 203
Caoded

182 pairs.

NEL(19,6) - (18,2) » 18 * 10 + 2

Clearly, a difficulty arises when the subtriangle i lies on
the periphery of the element (e.g. 1 = 22), since NEL (i, 4) would then
refer to a subtriangle lying outside the element boundary (i.e. inside
the neighbouring element). When this occurs, we simply record the
number of the peripheral segment, and make it negative in order to

indicate this situation. Sa, for example, in Fig 5.4, we have:

NEL(22,4) = - 5; NEL(4,4) = - 12 ; etc.
We may summarise the foregoing cperations by stating that the array NEL -
contains information regarding each subtriangle and its immediate
neighbours. Where the subtriangle straddles the element boundary, the
array also records the number of the corresponding peripheral division.
Since Ny is constant over the whole domain, it follows that all the
elements have the same "internal structure" (which has been recorded in

the array NEL), and that these elements communicate with one another via

the same number [nD] of peripheral segments.

5.2.2 Inter-element communication paths

It now remains to assign global numbers to the peripheral segments)

so that the paths of inter-communication beiween neighbouring elements
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can be uniquely determined. This operation is performed jointly by the
subroutines ELSIDE and GRTAPE. The numbering is done sequentially by
running anti-clockwise rourid the boundary of each element, in turn, and
by-passing those segments which have already been numbered. Segments
lying on the outer boundary of the domain are distinguished from internal
segments by adding 1000000 +to their normal values. Figure 5.5 shows
this numbering scheme as applied to our example problem, while Table

5.2 gives the contents of the array (NPERI(i), i = 1-+np] which holds

the peripheral numbers of each element.

The importance of these peripheral segments lies in the fact
that they constitute a finite number of "bridges" through which contours
may pass from one element to another. Furthermore, as was remarked in
section 5.1.2, each bridge caﬁ admit at most only one contour of a

specified value.

5.2.3 Interpolation within secondary mesh

The program next calculates and stores the co-ordinates of the
subnodes, as well as the function values at these points. The shape

functions needed for interpolation are contained in the array BASIS.

Since only rectangular fipnite elements have been used in this
thesis, a simple bilinear (Chapeau) interpolation from the four corner
nodes suffices to determine the co-ordinates of any interna} point.
Thus, at each subnode j, the array locations [BASIS(i,j] :i=1->4]
are reserved for these geometrical (bilinear) shape functions. The
locations i = 5 onwards contain the shape Functio&s of the object

variable that is to be contoured (i.e. po or Sw). If the finite element
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NPERI Element 1 Element 2 Element 3 | Element 4
(1+12)
1 1000001 1000013 21 9
2 1000002 1000014 20 8
3 1000003 1000015 19 7
4 4 1000016 1000022 30
5 5 1000017 1000023 28
6 3] 1000018 1000024 28
7 7 19 1000025 1000031
8 8 20 1000026 1000032
9 9 21 1000027 1000033
10 1000010 3] 28 1000034
11 1000011 5 29 1000035
12 1000012 4 30 1000036
Table 5.2 Global numbers of the peripheral segments of

each element.

if of the Chapeau type, then, clearly, the shape functions of the

variables coincide with the geometrical shape functions. If, on the

other hand, the finite element belongs to the Lagrange quadratic - or

Hermite cubic varieties, then we need an additional 9 (i = 5 - 13),

16 (i = 5 » 20) shape function locations, respectively.

For contouring purposes, the dimensions of the domain are
normalised to the range [0, 1],

Thus if

[XVAL(i), YVAL(i) : 1 = 1 » 4]

or

denote the normalised co-ordinates of the four corner nodes of a typical

element, and
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Figure 5.5: Global numbering scheme for peripheral segments.
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‘example problem shown in Figure 5.3)
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[ZvAL(4); 1 = 1 - NDOF]
represent the elemental degrees of freedom, then, using the shape
functions contained in the array BASIS, we can calculate the normalised
co~-ordinates (xj. yj] and the associated function value (z ], at each

subnode J of the element. Thus:

4
x; = > BAsTs ((,j)* xVAL()

=i

4 .

4, = > BAsTs((,j) % yvaL(d) [ /T
= (5.2)
44 NDo .. ]

y = BasTs (,j) * zvAL({)
(=5

The shape functions are evaluated by calls to the subroutine
BASISF, while the interpolations described above are performed by

subroutines GRTAPE (for yﬁ and yj] and PICKUP (for Zj]

5.3 Contour tracking (inside elements)

As observed in section 5.1.2, the assumption of a Chapeau
variation ensures that the path (if any) of a contour through a subtriangle
consists of a single straight line, connécting two of its sides. This
means that, once a contour is located within a subtriangle, it is possible)
by using the connecting data described in section 5.2.1, to propagate this
contour into the two adjacent subtriangles in the form of two additional
straight-line segments. By continuing this procedure, the two ends of
the contour are advanced, step by step, through successive subtriangles,

until they either meet (to form a closed loop), or reach the sides of the



-156-

element. In the latter case,we record the global numbers of the
peripheral divisions where the ends of the contour terminate.
Figure 5.5 refers to our example problem, and shows, in detail, the

paths of the three contours.

5.3.1 Locating a contour

Before pursuing a contour inside an element, it is first
necessary to test for its existence, and then to locate it in any one
of the subtriangles. To %acilitate this search, the model computes,
beforehand, the local maximum and minimum values assumed by the function
over each subtriangle [ZMAX(i), ZMIN(i) : i = 1 » nT], as well as over
the whole element [ZH and ZL]. Since the Chapeau ;elatiunship permits
the occurrence of maxima and minima only at the nodes of triangles, the
above guantities can easily be determined by running through the function

values at the subnodes [ZVAL (i), i = 1 +nN]

Let us take, for example, a contour z = ZCON. The subroutine

PICKUP. tests for the presence of this contour by checking to see if

ZlLL « ZCON <£ zZH. (5.3)

If the test is positive, it then proceeds to do a systematic scan of all
the subtriangles until it finds one which contains the required contour.
[During this search, the array (NELCOV(i), i = 1 =+ nT] keeps a record

of the subtriangles that have been examined. It is initialised to

zero, and is set equal to unity as the search proceeds]. The contour will

be picked up in the first subtriangle i to satisfy the inequality :

ZMIN\(L) < ZCON < ZMAX (). (5.3a)
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At this point, the search is interrupted, and control is transferred to
subroutine FOLLOW which follows the contour through to its ends, as .
described in the next section. For example, in element 2 of our
hypothetical problem, contour 3 is absent, while contours 1 and 2 will
first be encountered in subtriangles 6 and 15 respectively (Figures 5.6

and 5.4al.

5.3.2 Following a contour

Let i, j, k represent the integers 1, 2, 3 (in any permutation},
and let I, J, K be the corresponding subnode numbers of the subtriangle

IST, in which the contour has been detected;i.e.

NEL(IST,1i} = I ; NEL(IST,j) = J ; etec.

Figure 5.7 shows schematically the layout of IST, together with its

adjacent subtriangles and vertices.

So, given that the contour z = ZCON lies within IST, it is
possible to find an anticlockwise permutation of ijk (i.e. 123, 231 or

312) such that
zvaL(7) > zcoN > zvar(k). (5.4)

From elementary geometry, it now follows that the co-ordinates of the

point P1, where the contour meets the side jk, are given by:

I’F\

(1— #).xvaL(T) + FoxvaL(k) ) and
(5.5)

Yoo = U —£)yvaL(@) + F.yvaL(k)
where

;_‘ ZVAL(T) — ZCoN
ZVAL (7) — zvAL (k)
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With P1 known, we may now advance into the neighbouring
subtriangle ISTI (facing node I), the relevant information concerning
which is extracted from the databank array NEL (Section 5.2.1).

Thus we have:

rsTT = NEL (TsT, (+3)/10

(" = NEL(TsT, (+3) — jo*ITSTI ; and }'(5.51
/. >/
T’ = NeL(zsTx 7). ]

The new subtriangle ISTI is now treated in the same manner as
IST, and the next point P2 is located on one of its two remaining sides,

as follows:

(1) If ZCON > ZVAL (I1I7)

Then P2 lies on the side JI”, while the vertices KJI” form an

anticlockwise trio. The new values taken on by the parameters are:
IST = ISTI ; ) (5.7a)
J = unchanged H } (5.7b)
K=1I" ; and (5.7c)
i = NCYC3 (1,i7). ) {5.7d)
(2) If ZCON < ZVAL(I™)

Then P2 lies on 17K, and JI“K constitute the required anticlock-
wise seqguence. The parameters will be re-set to their new values. as

follows:



-158-

IST = ISTI H (5.8a)
J =1 H {(5.8b)
K = unchanged ; and ? . (5.8c)
i = NCYC3 (2,i7) . J (5.8d)

The program continues to repeat the steps from equation (5.5)
onwards, thereby conducting the contour through successive subtriangles,
and generating the sequence of points P

P ---- etc. (Figure 5.7)

1) 2) 3)
Should the contour arrive back at its starting; point - namely,
the original subtriangle IST - then, it clearly belongs to the "CLOSED"

type, and its complete path is therefore given by the points:

If, on the other hand, the contour reaches one of the sides

of the element after tracing out the points P

1 to Prl fa situation which

will be diagnosed by encountering a "negative” subtriangle - see section
5.2.1), then the program returns to the original subtriangle IST, and
repeats the entire procedure described in this section, but this time in
a clockwise sense. All occurrences of the word "anticlockwise” in the
foregoing discussion will thus be replaced by "clockwiseg and equations
5.7d, and 5.8d will be interchanged. The resulting points Q1 QZ -—--
Qm (Figure 5.7) will constitute the "second half” of the contour,
terminating, as expected, at a peripheral segment. The passage of the
caontour through-the element will thus be represented by the series of

points @

O Qg T8 Oy Py Py oo PL g P
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where Qm and Pn are the two extremities.

5.3.3 Completing the search -

The program returns to the end of section 5.3.1, and resumes
its scan of the remaining subtriangles [from (IST+1) to nT]. Any
subtriangle that has already been covered (indicated by NELCOV(i) # 0)
will be ignored. This continued search enables the program to
discover any further loops or segments of the contour ZCON within the

element, thus ensuring that no section of a contour is missed.

The search for a single contour (z = ZCON) having been
completed, sections 5.3.1 through 5.3.3 are now repeated for the rest
of the contours, before passing on to the next element to repeat.the
entire procedure, all over again. Table 5.3 shows the results

generated for our example problem after traversing all the elements :
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Figure 5.7: The pursuit of a contour from one subtriangle (IST)

to another.
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Figure 5.8: The two "halves” of a contour within an element.
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Subtriangles traversed

Elm | Contour No | Starting First Half ** Second Half**
No. Subtriangle
EL 1 ABSENT
1 2 2 2,8,7,17,18, 2,3,13,
24,23,22, -4* 16, - 11*
-
3 ABSENT

6,12,11,21,22,

EL 1 6 23,33,36,30,29,
2 : 19,20,17,7.,6
2 15 15,25,26,27, -8*| 15,16, -11*
3 ABSENT
1 ABSENT
1,2,8,7,6, 1, - 1*
EL 2 1 12,11,21,22,-5*
3
18,24,23, 18,19,28,
3 18 33,34,-6* 32,31,-8*
EL 4 A|LL CONTO |URS ABSENT

* Peripheral Segment
** One half corresponds to the "anticlockwise” sequence,
and the other to the "clockwise” sequence.

TABLE 5.3 Trajectories of the contour-segments,

5.3.4 Storing the results

The co-ordinates of all the points calculated above are held
in bulk storage arrays XP and YP. However, for book-keeping purposes,
it is convenient to treat each loop (or segment) of contour as a single

basic record, representing, for example, the n points:

[xP(N+l) ) YP(N+‘)J to [XP(NHL), yp(m.“)]_
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To access any particular record in this bulk collection, and
to extract all the relevant details regarding it,we make use of a "key”
array called INDEX. Every five consecutive locations of this array

contain information concerning a single ‘record.

N1 N2 N3 N4 N5

N1 = Serial no. of the contour

NZ2 = Terminal boundary segment of the "first half”

N3 = Terminal boundary segment of "second half”

N4 = Location (within ‘XP,YP) of last point of "first half”
N5 = Location (within XP,YP]) of last point of "second half”.

If the record represents a closed loop, then, obviously :

n
=
[5)]

N4
. (5.9).

[}
=
w

Il
o

and we set N2

since the latter are irrevelant.
From Figures 5.5 and 5.6 (or, equivalently, from Tables 5.2 and 5.3)
it can be verified that, for our example problem, the contents of the

array INDEX will be as shown in Table 5.4

Record No| E1.No| N1] N2 N3 NA | N5
0 — Jol o 0 0 {o
1 1 2 | s 1000011) 8 | 12
2 2 1] o 0 25| 25
3 2 2 [ 21 5 29| 31
4 3 2 | 1000023 |21 40| 41
5 3 3 | 1000024 | 1000026 46| 51

~------la |---[--Nong---f-=---- |

Table 5.4 Contents of the "key” array INDEX (N1 to N5) for example problem.
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The presence of "Record 0" is merely to indicate the beginning
of the Table. Contour 1 exists as a single closed loop, and connects
points 13 to 25. Contour 2, however, is composed of three parts
which involve the groups of points 1 to 12, 26 to 31, and 32 to 41,
-respectively. Contour 3 is confined to element 3, beginning at
peripheral segment 1000024, ending at 1000026, and linking points 42

to 51.

Thus the array INDEX not only provides a directory of addresses
for the points constituting the individual records, but also supplies
vital information regarding the character of the record - i.e. whether
it represents a "closed" curve (in which case, the record is complete),
or whether it is of the "open” type (in which case, it is incomplete,

and its .continuation has to be soughf in another record).

5.4 Assembly of contours

The last major task confronting the model is to piece together
the various disjointed records into a complete, properly - ordered
sequence of points which the plotter can directly join. This. process
consists, in other words, of placing the records of each contour end-
to-end (the ends being indicated by N2 and N3) until they fit into each
other. It is somewhat analogous to the procedure described in
sections 5.3.1 through 5.3.3, except that instead of pursuing the contours

from subtriangle to subtriangle, we now move from element to element.

5.4.1 Arrangement of points within records

Let us consider again the structure of a basic record within

INDEX
NG

N1 [N2 N3 |N4 [N5
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In this sketch, NO represents the end of the previous record, and
thus, we have: NO < N4 < N5.  From the description given in section

5.3.4, we know that:

(1) N2 and N3 represent peripheral segment numbers, which can be

regarded as "1links” joining this record to two others, and that

(2) the points belonging to this record are stored in locations
[(NO+1) to N5] of XP and YP, and consist of two opposing

sequences : (Figure 5.8)

(a) (NO+1) to N4, based on an anticlockwise movement)and

(b) (N4+1) to N5, based on a clockwise movement (c.f. section 5.3.2)

It is apparent,therefore,that before a fresh record can be
added to a chain, one of the two "halves"” of the new record must be
re-sequenced in reverse order. So, given a new record which is to be

inserted at the end (ILINK) of an existing chain, we have two possibilities:

(1) If ILINK = N2,

then the direction of the extension is from N2 to N3, as follows:

(a) N4 to (NO+1) in reverse order, and

(b) (N4+1) to NS5 in normal order; and N3 becomes the open end.
(i.e. the new ILINK)

(2) Conversely, if ILINK = N3, then the sequence of points to be
added is from N3 to N2 :

(a) NS to (N4+1) in reverse order, and

(b) (NO+1) to N4 in normal order; and N2 becomes the new ILINK.
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In either case, the total number of new points that are
added is (N5 - NOJ. The co-ordinates of these points are
extracted from the bulk storage arrays XP and YP, and are transferred
to the arrays XVAL and YVAL, which will eventually represent the

complete and correctly-ordered sequence of points belonging to a

single contour loop.

The rearrangements described above are performed jointly by

the subroutines NULINK and CONECT.

5.4.2 Joining the records

The master subroutine CHAIN controls all the subroutines that
are associated with the manipulation and assembly of records - namely
JIGSAW, NULINK and CONECT. CHAIN itself, however, performs only
the simple task of sifting through the array INDEX, and identifying
those records which pertain to the contour z = ZCON. For ease of
future access, the numbers of the starting locations (N1) of these
records are stored in another array IIDX, which is later set to zero

after the particular record has been analyzed.

The program deals first with OPEN contours. This means that
the chain must begin, and end, on records which involve the outer
boundary of the system. Accordingly, the subroutine JIGSAW scans
these records until it finds one having either N2 or N3 greater than
108. Taking this as the first 1link (ILINK) of the chain to be
constructed, control is then transferred to subroutine NULINK for the

following operations :

(1) NULINK makes a note of the other (loose) énd of the
record, which will become the "next ILINK".

(2) It then calls subroutine CONECT which analyses the present
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record, rearranges the points, and places them in the final arrays

XVAL and YVAL. ‘CONECT also cumulates the number of points

making up the whole chain.

(3] Control is returned to NULINK which then searches among the
remaining records of ZCON, to discover the continuation of the
previous one {(i.e. a record having N2 or N3 equal to the new

ILINK].

By repeating the steps 1 through 3, fresh records are added
onto the chain, one by one, until an ILINK is encountered with a
value greater than 106, thereby indicating the emergence of this
contour at another part of the outer boundary. Since this signifies
the end of the contour in question, the program returns control to

subroutine JIGSAW which proceeds to write out:-

(al the serial number (ICONT) of the contour:
(b} the cumulative number (NPTS) of points involved; and
(c) the co-ordinates of these points (contained in XVAL,YVAL] Jonto a

disk file named TAPE3:
WRITE(3]) ICONT, NPTS, (XVAL(J], YVAL(J), J=1, NPTS].

Each binary record on TAPE 3 therefore represents a complete

succession of points which are to be joined by the plotter.

The entire procedure is then repeated)as many times as required,
to extract all the remaining OPEN curves (z=ZCON], and subsequently,
all the CLOSED curves. In the latter case, the chain begins and ends
on the same ILINK (rather than on an ILINK > 106, which was the

criterion for OPEN contours].
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Finally, control is returned to subroutine CHAIN, which
re-constructs the array IIDX, and repeats all the foregoing operations

for each of the remaining contour-values.

The tracking of contours is now complete, and a sentinel
binary record is inserted to mark the end af TAPE 3. For our
example problem, as expected, three contour loops will be generated,

the final details of which are given in Table 5.5.

Loop Na | Contour No| No of Sequence of points, taken | Type
Points from XP,YP
1 1 13 13 + 25 CLOSED
2 2 28 12 - 9,1 » 8, 31 » 28,
26 +27,41,32 + 40 OPEN
3 3 10 48 ~+ 42, 47 » 51 OPEN
Table 5.5. The contour loops generated by this method for aur

hypothetical prablem.

5.5. Labelling of contours

This aspect may seem unimportant at first sight, but it is
not difficult to imagine the confusion that can arise from unlabelled
contours. The procedure for labelling a contour can be expressed in

two simple steps

(1) The contour is split, in order to create a gap of sufficient
length to accommodate the label, and

(2) the text of the label is printed in this gap, in its proper

orientation.
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In the case of OPEN contours, it is asesthetically desirable
to locate the 1lshel approximately mid-way along the coentour, while,
for CLOSED contours, the position of the label is cbviously immaterial.
The label itself, being a number, consists merely of integer digits,
with or without a decimal Point. Each character to be printed
occupies a square region of height and width equal to "DH" inches.
The scaling factor, "SCALE"”, is used for converting the normalised
co-ordinates [XVAL(i), YVAL(i)] into inches [?3,'§i1 relative to the

plot origin. Thus, we have:

x;, = X\/AL(E)/SCALE) and.

Y. = yvarL ({)/scALE (5.10)

L

for all points "i”, where
SCALE = normalised co-ordinate-units per inch. [1t is
possible to modify the program so as to be able to use different scaling

factors, "SCALEX” and "SCALEY", in the X and y directions, respectively].

5.5.1 Splitting the contour

Figure 5.8 shows, schematically, a contour made up of n points,
such as would be obtained, for example, from a typical record on TAPE 3.

Let the scaled co-ordinates of these points be:
(xé)y_a): L=} —n.
The distance ALi,j (in inches) between any two peints i and j on the

contour is therefore:
— — 2 - -—' 2 '/2
ALL)j—‘[(xi—xj> + (4 - +;) ] , (5.11)

and the cumulative distance, Li' along the contour, from point 1 to

point i, is:
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Figure 5.8:

Sequence of points (P1 to Pn] which make up a typical

(unlabelled)} contour.

Figure 5.10:

LABEL Y —
T kexm ¥
k ™

Creation of a gap in the contour to insert the label.
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L, = Zi AL, . (c>1) . (5.12)

The total length of the contour is thus equal to Ln' If Lrl does not
exceed a certain prescribed minimum length "DMIN" (which is read in

as datal, the contour is considered to be too short, and hence left

unlabelled. If, however, Ln > DMIN, then the program sets about
creating a gap, whose length is approximately "DGAP”. {DGAP is the
recommended gap-length, which is also specified by the user). The

creation of the gap is done as follows:

The mid-point Pm of the contour is taken to be that which falls

Just inside the half-way mark - di.e. the largest m such that:

Once this m has been determined, the points on either side of Pm are
removed alternately, until an adequately large gap is produced. That
is to say, starting at m, the model examines the following sequence

of gap-lengths:

... etc.

ZxL'Yﬂ—l)

until it finds one such that

o~ ) ALM—I,M‘I‘I') ALM~1’M+1 ) AL"""Q,'*"\"'?- .

AL&C > DHAP . (5.13)

The contour has now been divided into two halves [points 1 to k, and

1 to n], and the intervening points,[K+1] to (1-1) inclusive,are

removed from the string to make room for the label (Figure 5.10).
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5.5.2 Insertion of the label

As shown in Figure 5.11, the program restricts the size of
the label to a maximum of four characters. This is adequate for
numbering pressure - and saturation contours in the normal ranée;
Pressures less than 10000 psi require 4 integer digits (e.g. 9993],
while saturations can be expressed by 3 digits and a decimal point

{e.g. 0.52).

In order to print the label, the plotter must be supplied

with two important parameters:

{a) the scaled co-ordinates f;p;yp], in inches, of the lower left
corner (P) of the first character of the string (Figure 5.11J,
and

(b) the angle @, (measured anticlockwise] at which the plotting

D

direction is inclined to the x-axis.

Although these can be calculated by simple geometry, Figure
5.12 shows an embarrassing situation which can arise if sufficient
care 1s not exercised. In Figure 5.12a,the label has been correctly
printed, while that in Figure 5,12b is clearly upside down: The

correct form of the erroneous label is shown in Figure 5.12c.

It is apparent from these figures, therefore, that, for a
label to have the correct orientation, it must always be printed in

the direction of increasing x co-ordinate. This means that its

direction is from:

A o 4
or accorolfnj as [’i&§ x,e:l .
£t kR

(5.14)

~
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Figure 5.11:

Enlarged diagram showing the insertion of a

4-character label between the points k and 2.

(a)

Figure 5.12:

()

Possible orientations of the label:

(b) upside down, {(c) correct

version of (b).

(a) correct,
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From these considerations, it follows that the angle of inclination

9. is given by:

D
0 ) _ _
B, = | or accorALnj as [Xé s x£] :
360 —6 (5.15)
where

:c£ — xXp (5.18]

Let 0O denote whichever of the two points,k or 1, that is closer to P.
From. Figure (5.11) we see that the point P may be reached from 0, first

by moving a distance "DA" in the direction 6., followed by a further

DJ

distance "DN” normal to it [GD - 80), where
DA = L(DS — 4DH)  and
DN = émH. (5.17)

The co-ordinates of P [;ﬁ,'yp) are therefore given (in matrix form)

by:

x x,

= 4 .

T‘}F S sin 6, —cos by DN (5.18)

o)

These newly computed values of f;b ,951 and © together with the

Dl
scaled co-ordinates of the points which constitute the two halves of
the curve, enable the plotter to draw and label the contour, as

desired. These operations are performed by subroutines CONTUR and

CLABEL, for each contour loop recorded on TAPE 3,
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Figure 5.13 The hierarchy of sub-
routines in the Finite Element contouring
program. Access to this package is via

the control subroutine GCNTRL

-S4~



-176-

5.6. Concluding remarks

This contouring package was designed for use in conjunction with
the Microfilm Graphics facility available at Imperial College. This
combination enables contour maps to be produced on 35mm film, from which

slides and/or hard copies can subsequently be made.

The analysis presented in this chapter, however, is practically
independent of the plotting instal;atian. The three most important
"system subroutines” which perform the operations of "plotting” and
"printing” are : PLOT, SYMBOL and NUMBER. Besides these "basic” ones,
several auxiliary subroutines are available in the Imperial College
graphics libraries, as described in references [26], [27]. The

following are the chief advantages of the present model:

(1) it does not introduce any artificial smoothing |,
(2) by increasing Ny (i.e. the fineness of the secondary mesh)
it is possible to pick out (accurately) oscillations,

irregularities etec., however small or localised they may be; and

(3) the model is applicable to finite difference results.

Figure 5.13 presents all the subroutines which make up this package.in

the order of their importance.
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CHAPTER 6

Discussiaon aof Finite Element Results

6.1 Review of past work

The use of finite elements in reservoir engineering prablems
has attracted interest anly in the past few years. Even sao, a
considerable amount of research remains to be done before the methaod
can be brought into widespread use in the oil industry, ar to the
level of popularity that is enjoyed by finite difference simulatars.
Research, in the initial stages, however, has to be directed towards
understanding the characteristic features of this new method, sa that
suitable techniques may be devised for controlling or eliminating

any undesirable features as may arise.

6.1.1 Single phase praoblems

The earliest applications of the F.E.M. were caoncerned with
single phase flow, and the ensuing results were found to be competitive
with, if not superior to, those aobtained from F.0. models. Javandal
and Witherspoon [33] used linear (Chapeau ) triangles to solve for the
pressure distribution in a simple network. Cavendish et al [9]
presented a generalised treatment of the Galerkin technique as applied
to tensor product rectangles, and showed how even the simplest of these -
namely, the bilinear (Chapeaul) element - was capable of yielding an
accurate solution for the pressure. The main prablem which they
caonsidered was the solution of the Laplace eguation within a rectangular
domain containing paoint sources and sinks. Their theory was designed
to introduce the class of tensor product hermitian elements, in particular

the cubic and quintic types, and it also included a rigorous analysis of
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the error-bounds associated with these approximations. Dogruy et al

[20] have successfully demonstrated‘the use of spline functions in
transient single phase problems. More recently, Goldwater et al [28]
have developed a full scale gas reservoir simulator based on the 6-node
quadratic triangular element (see Figure 4.5c) which has been employed

in the simulation of some of the major gas fields in the Southern North
Sea. All the available evidence suggests (as has’also been borne out

by the present author's work), that F.E.M. is well suited to the simul-
ation of single phase flow. The reason for this may lie partly in the
fact that the character of the differential equation for pressure is either
elliptic{for incompressible steady-state flow), or parabolic (for
compressible flow). When more than one fluid is present, however, these

observations no longer apply.

6.1.2 Two phase simulation

Finite element methods have also been applied to two phase
immiscible displacement studies. The results and conclusions that

have been reached appear to be author dependent.

Douglas et al [22] were among the first to simulate 1D water/oil
displacement by finite elements. Using splines as their approximating
polynomials , they concluded from their results that,in terms of comput-
ational effort, the Galerkin method was more efficient than finite
differences. However, an examination of their results also shows that the
saturation profile is quite smooth when it is spatially diffused, but that
it is somewhat oscillatory when it is steeper and more piston-like. This

phenomenon (as will be demonstrated further in this thesis) appears to be
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a characteristic feature of two phase simulation by finite elements.

The results of Douglas et al were matched by those of Lewis
et al [38] who used the 10 quadratic {3 node) element on an identical
set of data. These (latter) authors also reported a radial (coning)
model in which the bilinear (Chapeau) rectangle was employed. The
graphs showing "cumulative o0il recovery vs time” indicated a close
match between the finite element results and the actual field performance.
However, no saturation contour maps were shown by way of illustrating the
distribution of water near the well. Yet another coning model, based
on an alternating direction Galerkin procedure, was described by Kebaili
and Thomas [35] who showed the dependance of cone formation on such
well-known parameters as density difference and production rate. These
authors represented the cone by a single curved interface separating
the oil zone from the bottom water. However, as in the previous case,

saturation contours were not shown.

20 Cartesian simulators have also beeD constructed by several
authors using finite elements. McMichael and Thomas [39] reported the
results obtained from their 2D, 3 phase model with bilinear elements.

The potential- and saturation-maps shown here are smooth and qualitatively
correct,despite the difficulty of assessing the accuracy of the numerical
solutions due to the unavailability of analytical results. One of the
most noteworthy papers in this field is perhaps that of Spivak et al

[54] who applied the Hermite cubic element to 10 and 20 immiscible
displacements. This work was supplemented by a parallel paper by Settari
et al [50] concerning the simulation of miscible displacements,and the
initiation of frontal instabilities (such as viscous fingering) due

to the presence of reservoir heterogeneities. The saturation profiles

and concentration maps presented in these papers were very encouraging,
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and demonstrated the ability of the finite element method to track
sharp fronts. However, there is reason to believe that some of the
conclusions stated are based on inadequate evidence, and are therefore
not universally valid. A case in point is the claim that the
simulation of immiscible flow by finite elements does not require any
artifice whatsoever (e.g. upstream weighting). In many of ths papers,
the eagerness of the authors to popularise the method has led to some

of its limitations being either overlooked or bypassed.

A few other authors, however, have adopted a more cautious and
pragmatic approach in their presentations. While commending the
versatility of the finite element method in general, they have also
identified some genuine difficulties which cannot be overlooked when
making categoric statements about the advantages, or otherwise, of this
technique. Significant among these are Dalen [16,17]), Langsrud
[36] and Faust and Mercer [24]. Dalen’s work was concerned with the
simulation of a 10 displacement using Chapeau elements, and of a 2D
system consisting of Chapeau triangles (e.g. Figure 4.5b). Langsrud's
paper was confined to the 10 problem, and showed results obtained with
Chapeau and Hermite cubics elements, the test data being taken from an
earlier paper by Nolen and Berry [44]. Faust and Mercer were engaged
in a 1D simulation (using Chapeau elements) of a geothermal reservoir,
where the two phases were taken to be steam and water. These papers
collectively demonstrated that the classical Galerkin formulation, by
itself, was inadequate to control the numerical behaviour of saturations.
Dalen and Langsrud both concluded that an upstream weighting scheme was
necessary to prevent saturation overshoots,  and that,unless the capacity
matrix was modified by some process such as lumping, the saturations

were liable to exhibit viclent oscillations as the flood front moved
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through the reservoir.

It is apparent therefore,that considerable differences of
opinion exist among the various authors in this field, regarding the
suitability of applying finite elements to waterflood calculations.

The greater part of the present project has been devoted to exploring
the sensitivity of the finite element solution to several factors, the
most important of these being the mobility data (i.e. the viscosity
ratio and the relative permeability curves of the two fluids). In
subseguent sections we shall present the results of this thesis, discuss
the problem areas in the light of these results, and, where possible,

suggest means for overcoming these.

6.2 Data Sets

The 1D finite element models used in this thesis were applied
to four different sets of mobility data. These vary from a largely
unfavourable mobility ratio at one end of the scale, to a favourable,
near piston-1like displacement at the other, and were consequently thought
to be representative of the wide spectrum of mobility data encountered
in practice. These data sets, together with the sources from which
they are taken, are given in Appendix 1. Figure 6.1 shows the relative
permeability curves for these data sets, while Figure 6.2 illustrates
the corresponding fractional mobility curves fw (which are equivalent
to the fractional flow fw* when capillarity and gravity are ignored).
Figure 6.3 gives the analytical saturation profiles at t=300 days,

based on the non-capillary Buckley=-lLeverett theory which was derived

in Chapter 3.

Data Set 1 yields a (df/dSw) curve which is linear in Sw, and
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Figure 6.1: Relative permeability curves corresponding to the

four data sets.
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Figure 6.2: Fw curves corresponding to the four data sets.
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Figure 6.3c,d: Saturation profiles (at t = 300 days) corresponding

to data sets 3 and 4.
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consequently the analytical saturation profile shows a straight-line
variation with distance. Due to the absence of a "front”, this
profile corresponds, in reservoir engineering terms, to an unfavourable
displacement process. In Data Set 2, the quadratic relative perm-
eability curves, together with an oil-to-water viscosity ratio of 4:1,
produce an fw curve which is mildly S-shaped, thus representing a
moderately favourable displacement, with.a frontal saturation of 0.44.
Data Set 3 is characteristic of a strongly water-wet system, where the
relative permeability to water stays in a very low range. Furthermore,
since the viscosities are equal, they do not counteract the effect of
the relative permeability curves, and hence the resulting fw curve is
found to be strongly S-shaped. The frontal saturation of 0.69 is very
close to the residual oil end of the SW scale, and the displaceﬁént is
therefore almost piston-1like, and very favourable. Data Set 4 consists
of straight-line relative permeabilities and equal viscosities, and was
so chosen in order to generate an fw curve which is linear in Sw. The
constant value of (dfw/dSw) implies that all saturation (from Sw=0 to

Sw=1] move forward with the same velocity, thus producing a perfect

piston-type displacement. In theory, this is analogous to a miscible
flood.
6.3 Factors influencing the finite element solution

As shown by Wilson and Casinader [59], it is possible, from
1 dimensional test nuns, to study the effect of several factors on the
numerical solution. In this thesis, the saturation profiles for each
run are presented in triplets - a,b and c- which denote the Chapeau,
Quadratics and Hermite Cubics respectively. All the 1D runhs, unless
otherwise stated, have been performed with 20 elements, and a maximum

permissible time-step size of 0.5 day, and the graphs are plotted at
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t = 300 days (i.e. when the saturation front has advanced approximately
half way through the reservoir). Also, for the sake of comparison,
the Buckley-lLeverett solution is superimposed on the finite element

solution.

6.3.1 Grid size

When analysing the influence (on the results) of any one parameter,
it is customary to keep all other parameters constant. To study the effect
of grid size, the data set chosen was that of Spivak et al [54] (i.e.
data set 2), together with a constant capillary prossure gradient of
-10psi. The reason for choosing such a capillary pressure is that (as
will be shown later) the numerical solution converges to the analytical
solution, as the number of elements is increased. Conseguently, we may
state that, if the number of elements is varied, while the data set is
kept fixed, then,any changes in the quality of the numerical solution

should reflect the effect of the grid size.

An argument which has often been advanced in favour of using.
high order finite elements (such as hermite cubics)is that it enables
good accuracy to be achieved with relatively few elements. An
examinatioq of Figures Gla, .b,c shows, however, that this is not
necessarily the case. For although the finite element solution has a
continuous variation within each element, the choice of too coarse a
mesh (e.g. 3 elements) can result in a significant deviation from the
true solution. This may be viewed as an attempt to stretch the capab-
ility of the finite element method beyond its limits. As the number of
elements 1is increased, however, the guality of the results also improves,

as expected, [Figures G.2a, b,c; G.3a,b,c] and beyond, say, 15 elements,



-188-

very little improvement is achieved by further grid refinement.

These are obviously trivial observations for a 10 problem, but their
implications cannot be ignored in a 2D situation. Clearly, if a 3-
element grid yields unsatisfactory results on a 1D model, it is
difficult to expect a (3x3) grid (representing, in fhe case of

Hermite cubics, a total of 64 unknowns) to produce good guality results
on a 2D model., Since the assembly of the finite element matrices and
the solution of the relevant equations regquire substantial amounts df
computer time, the apparent difficulties of using coarse meshes may

become a severe limiting factor in 2D finite element analysis.

Figures G.1 through G.3 also reveal some additional features
of the different element types. For example, with a given data set,
the Hermite cubics appear to be the elements which are most prone to
oscillations. The amplitude of these oscillations can be seen to
decrease as the number of elements is increased. Furthermore, in the
Herimte Cubics runs, amidst the peaks and the trooehs which characterise
the oscillatory profile, the nodal values (shown by circles) appear
to fall close to the analytical solution.- In the case of the guad-
ratics, however, where each element has 3 nodes, the maxima and minima
tend to occur at the middle node, and moreover, it is the values at

these middle nodes that lie closest to the analytical solution.

A general feature in all these figures is that, when the dis-
placement process involves the propagation of a front (such as in this
data set), the oscillations that are set up in the numerical solution

exhibit a definite spatial arrangement, as follows:

(a) the waves are approximately symmetric about the adalytical

solution; and
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(b) the amplitude of these waves is small at the injection end,
and increases progressively in the downstream direction,

reaching a maximum just behind the flood front.

This pre-frontal hump is very characteristic of finite element
solutions, and may be regarded as an effort made by the céntinuous
(numerical) solution to match, as claosely as possible, the discontin-
uocus (Buckley-Leverett) soclutiocn. The properties of the wave-train
in the unflooded region are simply a reverse of those in the flooded
region. Thus, beginning with a fairly large amplitude just ahead of
the front, the waves gradually die out in the direction of flow,

oscillating,all the while, about the connate water saturation.

6.3.2 Capacity Lumping

Although solutions which exhibit spatial oscillations are
mathematically valid, yet, from a physical standpoint they are
unacceptable. This difficulty becomes even more serious when it is
recalled that the relative permeabilities, which form the basis of all
two-phase flow, are .themselves strongly dependent on the saturations.
Large undulations ahead of the front, such as seen, for example, in
Figure G.1a, are very undesirable, since they cover a significant part
of the flow domain with alternating positive and negative.saturations.
Some form of smoothing is therefore desirable, if not essential, in aorder
40 cbtain physically meaningful solutions. We have already seen in
the previocus section that increasing the number of elements provides
one means of dampening the oscillatiaons. If, however, the required

smoothing is to be achieved even on coarse meshes, then some other
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practical device must be sought. Two alternatives are here

available

(1) to artificially smooth an oscillatory profile at the end of

each time-step, in such a way as to preserve a material balance; or

(2) to incorporate within the finite element formulation, a standard

artifice which would ensure a smooth saturation profile.

Since the first option has a certain degree of subjectiveness
associated with it, the latter approach seems preferable. Thus, in the
present study, the well-known concept of "Capacity Lumping” has been
employed as a means of controlling the oscillations. This is a
technique which transforms the "element capacity matrix” Ce (cf.
equation 4.69) into a diagonal matrix. Physicélly, the ;}ocess of
lumping is analogous to replacing the "continuous” mass of an element
by a set of "discrete” masses concentrated at its nddes. For Chapeau
and Quadratics elements, the diagonalization of the matrix is achieved
by adding all the off-diagonal terms into the diagonal ones, and then
clearing the remainder of the array. For Hermite cubics, however,
the degrees of freedom (as discussed in section 4.6.3) have different
dimensionalities, and hence, following the method of Langsrud [36], a

partial lumping scheme is used,which reduces the matrix to a block-

diagonal form instead of making it strictly diagonal. Table 6.1 gives

the element capacity matrices (Ce) (in 1D), for the three types of
elements, both before,and after, lumping. Clearly, the symmetry of the

matrices is preserved during lumping.

Figures G.4a, b.c; G.5a,b.c and G.6a,b.c illustrate the

saturation profiles obtained by repeating the earlier runs (shown in
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Figures G.1 through G.3) with a lumped capacity matrix. This
comparison shows the degree of smoothing which can result from using
lumped matrices. The effect is most pronounced for the Hermite cubics,
while the Quadratics seem to be the least affected, and the Chapeau
fall between the two. However, despite the benefits of oscillation -
removal, capacity lumping possesses a disadvantage in that the saturation
profile becomes more smearsd than in the absence of lumping. This,
again, is particularly true of the Hermite cubics and the Chapeau models.

We therefore have two options:

(a) either to leave the capacity matrix unlumped, and obtain an
oscillatory solution which, nevertheless, shows a good frontal

representation,

(b] or to lump the capacity matrix and obtain a smooth, though some-

what "diffused", saturation profile.

Numerical stability can be an important factor in deciding
between these two alternatives. For example, in 2 Dimensions, it was
found(in the present study)that the oscillations caused by the unlumped
matrix on a 3x3 grid were violent enough to undermine the stability of
tQF model. Consequently, it is the author's opinion that lumping could
be even more indispensable in 20 models than in their 10 counterparts.
All the 20 finite element runs reported in this thesis are based on the
lumped matrices. The coefficients of these lumped 2D matrices can be
cbtained by a direct tensor-product extension of the corresponding 10

matrices given in Table 6.1.
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6.3.3 Mobility data

We shall now consider how the character of the mobility data
influences the accuracy of the finite element soclution. In the
absence of capillary and gravity effects, the Buckley-Leverett theory
postulates (as shown in Chapter 3) that the displacement is characterised
by a saturation "front”, the existence and magnitude of which are

determined by the shape of theAfw curve.

In general, the greater the upward concavity (i.e. S-shape) of’
the curve, the higher the value of the frontal saturation, and hence,
the more piston-1like is the displacemené. Such a curve generally
corresponds to a case where the relative mobility of the water is
very small at low water saturations, thereby ensuring that much of the
oll is expelled from the pores of the rock before the water can flow in
appreciable quantities. This , therefore, represents a favourable
displacement.

(DY

in so far as the stability of the numerical sclution is concerned,
however, the opposite trend is observed, and the greater the upward
concavity of the Fw curve, the less satisfactory ﬂo\the results become.
This is because the highly impeded flow of water at low saturaticns
causes the saturations to build up to values far greater than those
predicted by the Buckley-lLeverett theory. At the early stages of the
displacement, the regions near the injector are worst affected, but, as
the simulation proceeds, this erronecus sclution spreads throughout

the domain. Since simulators. maintain a material balance,these

saturaticn overshoots cause the "numerical fraont” to lag behind the
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"analytical front”, and thus yield an erroneously higher oil recovery

at breakthrough.

We shall now use our different data sets to‘substantiate the
foregoing arguments. Attention will be focussed on the overall
convergence of the finite element solution, rather than on the localised
oscillations and near-frontal behaviour, which we have discussed in the

previous sections.

We begin with the graphs G.7a,b,gf which are based on data set 1.
This data set, as we have seen, is designed to give an fw curve which is
always convex upwards, and the resulting linear saturation profile demon-
strates the unfavourable nature of the displacement. The numerical
results,in this case,are seen to be in very good agreement with theory
for all1 three element types. A conspicuous hump occurs rear the foot of
the saturation profile in the Hermite cubics and quadratics runs. This,

however, can be reduced by lumping the capacity matrix.

We next examine the resu}ts of using data set 2, which is also
the one used by Spivak et al'[54]. For this "moderaéely favourable”
displacement, we see that the finite element solutions (Figures G.8a,b,c)
coincide with the analytical solution at high water saturations, but that,
as the front is appfoached, they begin to depart from it by a noticable
extent. The match between the numerical and analytical profiles is

thus poor. !

Our third data set is that of Langsrud [36], which can be
presented as an example of extreme numerical degeneracy. The pronounced
upward concavity of the fw curve results in a front saturation of 0.69,

which, allowing for irreducible saturations of 0.15 at either end (i.e.
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Swc=Sor=0.15), implies that the band of frontal saturations (0.15 to

0.89) occupies 77% of the mobile saturation range (Figure 6.3c). The
u it

numerical solutions for this favourable displacement are found to be

very bad (Figures G.%a,b,c), and show:

(D] a progressive rise in Sw, well above (1-Sgyl); and

(2] the conséquent "retardation” of the "numerical front"”.

All the runs considered in this section (namely, Figures G.7
through G.8) have been performed without the aid of any artifice, and
hence, the effects we have observed above are purely the reactions of
the finite element method to the various mobility data. We are thus
led to the conclusion that, so long as conventional.relative permeability
curves are used, the finite elemént method cannot be relied upon to
give good results. This difficulty necessitates the incorporation of a
suitable artifice, whose nature and extent of usage will have to be

dictated by the character of, the mobility data.

Pseudo capillary pressure and upstream relative permeabilities
7/
are two such "numerical remedies” currently in use. Indeed, any device

which preferentially aids the flow of water relative to the o0il will be

a potential candidate for this purpose.

6.3.4 Pseudo Capillary Pressure <

The role of true capillary pressure in porous media is to

)

provide an additional("imbibing") pressure gradient for the water

phase. By contrast, the role of pseudo capillary pressure in simulators
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is to correct an erroneous solution to the analytical solution.

This obviously means that the effect of real capillary pressure can be
simulated on a computer, only if the numerical solution converges to
the Buckley-leverett solution for the non-capillary displacement
problem. Even so, there is the further complication introduced by
numerical dispersion which makes it difficult to isclate the dispersion

due to genuine capillary effects.

In this section, we shall consider the use of pseudo capillary
pressures, merely as a correcting device for finite element simulators.
Spivak et al, in their paper [54], inserted a pseudo capillary pressure
gradient (pc’] of - 10psi in order toiobtain convergence between their
finite element and Buckley-lLeverett solutions. Thus, although they
claimed that the finite element method does not require an artifice such
as upstream weighting, they were simply using another artifice in its
place, namely, pseudo capillary. pressure gradients. Moreaver, the
value of the gradient must have been based on a trial-and-errar
determination, since the required gradient would be expected to vary
from data set to data set. The effect of pseudo capillary pressure

gradients will now be demonstrated on our data sets.

Since data set 1 does not require any artifice for convergence,
the use of a pseudo capillary gradient of _- 10psi only serves to over-
correct an alréady good answer, and thereby smear the profile even
further (Figures G.180a,b,c). This shows that correcting devices should
only be used where necessary. However, looked at from another angle,‘ g
this "diffused” numerical profile may, in fact, be the correct solution

under a real capillary gradient of -10psi. In the latter case, of

course, the analytical profile shown in these Figures no longer applies.
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The effect of introducing pseudo gradients is best demonstrated
on data set 2. Figures G.11a,b,c; G.12a,b,c; and G.13a,b,c
illustrate the saturation profiles that were obtained with Pc” = - 5,
- 10 and - 20 psi, respectively, and these may be compared with the
corresponding non-capillary solutions (Pc”=0) shown in Figures G.B8a,b,c.
It is evident that, as the slops Pc” is gradually increased, the
saturation-overshoot diminishes, and the finite element solution improves
in quality. At Pc”=-10, both the numerical and analytical solutions
virtually coincide. Higher values of Pc” (such as - 20 and higher)
tend to overcorrect the solution, and cause the "numerical” front to

marginally overtake the "true” front.

For data set 3, where the original discrepancy between the
numerical and Buckley-Leverett solutions is very large (Figures G.9a,
b,c), pseudo gradients of the abpve order of magnitude are found to be
inadequate for convergence (Figures G.14a,b,c), although the results do

show an improvement over the non-capillary solutions.

From the foregoing observations, we may conclude that the required
pseudo capilllary gradient is a function of the mohility data. However,
this gradient is also found to be dependent on the total flow rate in the
system. For example, in the case of data-set 2, when the flow rate is
raised to 100 times the original value, the pseudo gradient of -10 psi
(which was used successfully before) now becomes insffective. (Figures
G.15a, b,c). In a later section, we shall consider a method for obtaining

an approximate estimate of this gradient, based on factors such as the

mobility data and the flow rate.

-~
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6.3.5 Upstream weighting

An alternative tool which is powerful in controlling the
numerical behaviour of saturations is the method of upstream weighting,
which has for long been an essential component of finite difference
models. Conceptually, it means simply that the fluid flow between two
adjacent blocks is determined either by the relative permeability at
the upstream block (single-point weighting [15a]) or by an extrapolated
value of the relative permeabilities-at the two previous upstream blocks
(two-point scheme [55]). 1In its general form, the single point scheme
can be expressed through a mobility weighting factor « (ranging from O

to 1),as follows:

4Lr = « 4ir(&F + (l-— 0<) {E

T down ) (6.1)

and, depending on the choice of « , it can vary from mid-stream

weighting (X = 1) to full upstream weighting (e« = 1].

In finite element formulations, upstream weighting schemes are
not as straightforward as the above, since the satufation-dependent
quantities are evaluated at several Gauss points within each element
{and not merely at the block-centre). To apply upstream weighting in
a 10 finite element model, for example, we need to assign, to each Gauss
point, the relative permeabilities calculated at another point lying
some distance & upstream from it. The choice of & has largely been
arbitrary, and Langsrud [36], after experimenting with different values of
S » has observed that the optimum value for his runs was :intermediate
between mid-stream and fully upstream, and that acceptéble finite
element sqlutions were obtained for awider range of & than with finite

differences.
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Two upstream weighting schemes have been employed in the

10 models of this thesis:

Scheme 1 : wuses the relative permeabilities at the nearest upstream
Gauss-point; and

Scheme 2 : uses these parameters at the upstream node of the element.

The first of these schemes has been used successfully on data
set 3, whose results now show a close resemblance toc the Buckley-

Leverett profile (Figures G.16a,b,c).

Scheme 2 has been used successfully on the Chapeau model
(Figure G.17a), but has proved unsatisfactory with the Quadratics and
Hermite cubics models (Figures G.17 b,c), where a meaningless solution
has been obtained. One possible explanation of this is that the
choice of the upstream node is not suitable for cases where internal
(i.e. middle) nodes are present. This suggestion, however, is purely

speculative.

Another feature that can be cbserved in these runs is that the
Chapeau saturation profile based on the second scheme exhibits a
slightly more "diffused” front than that based on the first. This is
consistent with the fact that scheme 2 involves a greater degree of
upstream weighting than scheme 1. Both schemes, however, are open to

some general criticisms:

(1) As the upstream shift distance S is controlled by the number
of Gauss points and/or the size of the elements (both of which

can be varied at random), the schemes lack a quantitative
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backing,and fail to provide a correlation between fluid flow

data and the artifice of upstream weighting.

(2) Their applicability in 2 dimensions is uncertain. Despite
these shortcomings, the upstream weighting schemes are useful
for 1D models and, as pointed out earlier, scheme 1 seems to

be preferable to Scheme 2.

6.3.6 Modified f curve (Dalen [16a])

We have seen so far that,with conventional Fractionél flow
curves, the behaviour of the finite element solution is unpredictable,
and that, depending on the magnitude of the upward concavity of the
curve, a suitable artifice (such as pseudo capillary gradient or
upstream weighting) must be used to correct the numerical results.
This is, of course,based on the long held assumption that such "S-shaped”
fw curves, usually derived from laboratory core flood experiments,are
correct. We shall now briefly examine the validity of this assumption,

and consider the use of a modified fw curve.

Figure 6.4 is a schematic diagram showing three fractional flow
curves, all of which yield the same Buckley-Leverett solution.
Numerically, however, three such widely differing curves cannot be
expected to produce identicel results. This obvious inconsistency can
only be resolved by conceding that the (lower) part of the fw curve
which is concave upwards is irrelevant to the solution. In chapter 3,
we have already seen, in connection with Welge'é construction, that the

analytical solution does indeed ignore the lower part of the curve.
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Figure 6.4:
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It follows logically, therefore, that if the "S-shaped” portion

cannot be used for analytical solutions, then its use is equally
unacceptable in numerical models. This argument is further consolidated
by Jones and Roszelle [34] who, from their experimental studies, have
concluded that laboratory core flood data, if properly interpreted, will

result in {w curves which are never concave upward.

So, given a curve which hasan upward concavity, the most

plausible way to amend it is to replace it by:

(a) the Welge tangent from Swc to Swf; and
(b) the remainder of the original curve from Swf to (1- Sor).

(Figure 6.5). Thus

sw—'sdc
— =T . f Swe £S5y <5w,
:"_w — I _ — { Sws— Swe wf , W {8.5]
|+ (Mo M)
( / f, , Swp<Sw £ (1=Sor)
where the bars denote the modified curves. .Clearly, if the original

{w curve does not show an upward concavity (as in data set 1), then the

above modification would be unnecessary.

Since the relative permeébilities are input to the numerical
model in the form of a table, we need to calculate the corresponding
modified values [E}D and'Erw] below the flood front saturation. To
do this, we require, at each saturation point on the table, a pair of
simultaneous equations involving F}o and E;w' One of these equations

follows directly from equation (6.5):-

<§; /Y:w) = - ‘ ' (6.6)

£
Fuu
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The second equation may be obtained by assuming a suitable
relationship for the total relative mobility (2 + Xns). For
example, if these quantities are left unchanged from their original

values, thenthe pressure distribution would be largely unaffected by

the modification of the Fw curve. Thus)we may use:
Xro + >‘rw = >\r° + >‘rw (or{g(nmé); (6.7)

And so, from equations (6.8} and (68.7), we can obtain the modified

relative permeabilities :

I

/krw = fhw )rw rw<)‘ro+>\rw) 3?w

(6.8)

and

H

ro f”o->:—ro = FO()‘ro+ >‘rw><l_7_c;) ‘ (6.9)

It is perhaps appropriate to comment on the shape of these modified
relative permeability curves. We know that the modified ?@ curve
always increases monotonically with saturation. However, the total
mobility ( Mo+ Arw ) can decrease with S (and even undergo a

minimum over part of the saturation range). Consequently, the product
of these two curves can cause a lack of smoothness (i.e. irregularities)
in the shapes of the modified E}o and'Frw curves, as implied by
equations (6.8) and (6.9). This phenomenon, however, does not affect
the behaviour of the model, since the saturation distribution is
ultimately governed by the fw curve, and not merely by the individual

relative permeabilities.

The above techniques for modifying the fw curve,and for
calculating an equivalent set of relative permeabilities)were originally

proposed by Dalen [18a], and demonstrated on his finite element models.
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These have also been applied to the different data sets used

in the present study, as shown in the next section.

6.3.7 Velocity dependent upstream weighting

Parallel with the use of the modified ?Q curve, an upstream
weighting scheme, based directly on the Buckley-Leverett equation, was
employed in the 10 runs of this thesis. Thus, if Q is the rate of
injection in pore volumes per unit time, At is the current time-step,
and L is the total length of the reservoir, then the upstream shift-

distance § is given by:

S = (Aa)al %iq (6.10)

Sw
S'may be interpreted as the distance that will be traversed during the
ensuing time-step by the saturation at the point in question. Hence,
there is justification for using this formula, and it alsao removes, to
some extent, the arbitrariness involved in the schemes adopted in

section 6.3.5.

By combining:

(a) the modified ?Q curve,
. /
(b) the lumped capacity matrix; and
(c) the velocity dependent upstream weighting (equation 6.10), good

agreement has been aobtained between the finite element results and

the theoretical saturation profiles for all four data sets

considered in this work. (Figures G.18a,b,c; G.19a,b,c; G.Z0a,

b,c; G.21a,b,c).
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In order to assess the contribution of the modified ?@ curve
towards these successful results, we may examine the magnitude of the
upstream shift implied by equation (6.10). Expressed as a fraction

of the element length [Le],the maximum value which & can take is:

!

S 3
(Se) max - 8L (A-t)mau( "d-fw ) . (6.11)
max

Le I—Q d(.sw

Since the maximum time-step was fixed at 0.5 day, we may evaluate

(Sel for the various data sets:
max

Data Set 1

— ©:.00| X 1000
(SCSMM — = X0'8§ X2 = 0020
Data Set 2

(Slg)hnax = 'Elnglé%fil£lglz X 0'5x 1618 —o0.016

Data Set 3

(8{3 __ ©0:0009%3 X 2000 X0'5 X |1-72.] = 0017
"M ax —_—

loo
Data Set 4 017
(S\\) 0 00167 X (000 X 05 x I.o = O-
€)mox 50

These calculations show that, due to the small time-steps involved)the
maximum upstream shift does not exceed 2% of the element length, and
is thus negligible. We may therefore say that the convergence of the

finite element solutions to the corresponding Buckley-Leverett solutions

is attributable, in large measure, to the use of the modified ?@ curve.

6.3.8 Estimation of pseudo capillary gradients

In section 6.3.4 we saw how a pseudo capillary gradient of -10psi,
determined by trial and error, proved useful in making the numerical

solution match the Buckley-Leverett solution for data set 2, and how the
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same gradient was inadequate to provide the necessary correction in the
case of data set 3. Predicting the required value is obviously a
complicated problem but, nevertheless, by using elementary two-phase
thenry, we can isolate the factors which control it, and thereby arrive

at an estimate of its magnitude.

From Leverett's fractional flow equation (3.18), we know that
the true water cut (fw*) of a two-phase stream (flowing horizontally)
is given by:

~

* Mo A
f, = fw + ro Arw Of

At o>

= £+ A
Wy - W Fo 5 (6.12)
where f is the fractional mobility (Xew /At ), and (BFc/ax] is

the spatial gradient of the capillary pressure.

If, on the basis of the observations made in the previous
section, we suppose that the modified ?@ curve is indeed the correct
one to use in non-capillary simulations, then we may employ the pseudo-
capillary term as a means of correcting the original (S-shaped) fractional
mobility curve fw’ to the ?@ curve. Equation (6.12) shows that, in order
to obtain such a correction exactly, a separate value of (3F¢/ax?]
needs to be calculated at each saturation. We can, however, simplify the

problem, and determine an "average” (though constant) value ( afc,/ax;]a

\Y

which would correct the fw curve to ¥w in an "average”" sense. This

means that, instead of requiring the condition:

% -
f5 — £ = o0 at ever S
W W Ioow, (6.13)

we use the in{:ejrme ezua\;(:(on:
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Swg

J<f\:—£’)d5w = O,
S

we

(6.14)

where the integration is taken aver the frontal saturation range:

S ta S

W e Substituting equation (6.12) inta (6.14), and bearing in

mind that [BPc/axJav is now treated as a ”constant” with respect to the

integration, we abtain :

Swf
. kA )n«(ak) r ]
+ K Aro - _ .
j [-‘Fw (L'(: )sr‘{: ox av fw Dl'gw = O ; {6.15)

from which we deduce that :

wf._
2b. B WU j’ (fw_ w)"ksw

rhd av ( ro )(w)dis
SWC

which, geometrically, is equivalent to the statement:

<§fg _ Uy Area A .

= )
9X /py K Area B (8.17)

where A is the area enclosed between the ariginal and modified fw

(6.18)

curves (Figure 6.6), and B is the area lying under the curve which
represents half the harmonic mean of the relative mobilities (Figure

8.7), in the range S _ta S .
weC wf

In simulators which are not affected excessively by numerical
dispersion, it is possible for the saturation front to be confined
(spatially) to a single slement. Sao, if we express equatiaon (6.17)

in the units of "psi per element length”, we have an estimate of the

effective capillary pressure acting across the front. Thus:
3 we L Area A .
be = |47 t-e - ’DSL /elﬁmenf}
33 v K Area B

(6.18)
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Figure 6.6:

Figure B.7:
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where Le is the element length, and Ut’ Le and K are in Darcy units.

Due to the changing saturation gradients within the reservoir,it is
difficult to relate the average spatial gradient ( ahc/a:t]av given in
equation (6.18) to the required pseudo capillary gradient pc’[Z:d$E/d5hb.
It can be said, at most, that [ch/aac]av is a measure of the required

-

P We shall therefore stop at equation (6.18), and evaluate this

quantity for our data sets, beginning with set 2.

Average pseudo capillary gradient for Data Set 2

U, =3.526x10 " cm/S ; K = 0.158D

Le = 50x30.48 cm; Area A = 0.0321 ; Area B = 0.0151

Hence,

-5
9fe 7] 3528 X 10 "X 50 x 30-4% | |0-032|
90X J oy o159 o:ol51

= 107 bpsi /{femenf,

which turns out to be identical to the valus of -10psi chosen for the

pseudo capillary gradient Fb’ in section 6.3.4.

Average péeudo capillary gradient for data set 3

u, = 1.387x10" % cm/s ; K = 0.500D;
Le = 100x30.48 cm; Area A = 0.1160; Area B = 0.0177.

So,from equation [8.18])

oy
Obe — .y | L387XID X100 X 30-48 || 0-1160
29X /oy ©-5 O-0177

= 8- 4 bsi/element.
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It was observed earlier (from Figures G.14a,b,c) that a pseudao
gradient of -10psi was insufficient to correct the finite element results
for data set 3. These runs were repeated with pc’ = - 80 psi, and
Figures G.22a,b,c show the convergence brought about by this pseudo

gradient.

Data Sets 1 and 4

. For these data sets, the modified fractional flaw curves [?L]
are identical to the original fw curves. Thus, Area A=0, and
consequently, from equation (6.18), [3h:/3JCJaV is also zero. Dur
theory implies)therefore)that pseudo capillary gradients are unnecessary
for these two data sets. We have already demonstrated this for data
set 1 (See Figures G.7a,b,c). The results fordata set 4 (Figures
G.23a,b,c) are also, an the whole, in accordance with this hypothesis,
although the saturation profile does exhibit a slight departure from
the analytical solution , and some localised oscillations.

It is also interesting to note that both these data sets require
no pseudo gradients, despité~ths fact that they lie at oppaosite : .
ends of tha . displeaeement-spectrum — ~the: one
representing an unfavourable displacement, while the other corresponds
to a perfect, piston-like flood. It may be inferred, therefore, that
the requirement of a pseudo capillary gradient is not dictated solely
by the efficiency of the displacement process. It depends, instead,
(as has been shown) on the internal structure of the mobility data-
i.e. the shapes of the original fw curve, and the harmonic mean curve

of the relative mobilities.

To show that the equation proposed for pseudo capillary

pressure was effective in a variety of conditions, the flow rate and
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number of elements have been varied.

Using data set 2, for example, it has already been shown in
section 6.3.4 that PC’ = - 10 psi loses its effectiveness at higher
flow rates. Indeed,at a flow rate of x 100, a PC’ af - 1000 psi should
be required, and this has been found to be true (Figures G.24a,b,c).

(It should be noted that rates of x 100 are being used for comparative

purpases only, and would not exist in practice).

~

-

Equation (6.18) also says that PC should be proportional to

the element length,so that,for a fixed reservoir length,the gradient is
inversely proporticnal to the number of elements. With data set 3, Figures
G22a,b,c illustrated that - 80 psi was required for 20 elements.

Figures G25a,b,c show that - 80 psi is not adequate with 10 elements,

whereas - 160 psi gives good results (Figures G26a,b,c).

These results prove the general applicability of equation (6.18)
in the prediction of pseudo capillary pressure gradients for very
different data sets. It is immediately apparent, however, that the pc‘
value required for satisfactory convergence is,in many cases,so high

that any real capillary effects would be masked.

In concluding the discussion on the 10 ‘results, we may state
that there are two possible ways of overcoming the problem caused by the

sensitivity of the finite element method to the mobility data.

(1) To use the modified ?@ curve, together with the lumped matrix

and theoretical upstream weighting;

(2) to use the original ?w curve, and either :
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al upstream Gauss-point relative permeabilities; or
b) a pseudo capillary pressure gradient, estimated from equation (6.18).
6.4 2 Dimensional Runs

The two dimensional tensor product models were tested on a
quarter five-spot domain, whose properties were as follows: (Spivak

et al [54].)

Area = 1000ft x 1000ft

Thickness = 1ft

Flow rate = 20ft3/day (=0.0002 pore vol/day)
Initial pressure = 6000psi.

Fluid compressibility = O.

The mobility data was taken from data set 2, and the runs were

performed with the following additional features:

(a) modified fw curves
(b) 1lumped capacity matrix; and

(c) boundary conditions, as given in section (4.9).

Neither upstream weighting nor a pseudo capillary gradient was used, and
the maximum time-step was restricted to 30 days. The domain was uniformly
divided into a (5x5) diagonal element grid, so that the number of nodes

and degrees of freedom involved in each of the three cases was as follows:

Chapeau 36 nodes 36 DOF's
Quadratics 121 nodes 121 DDF's

Hermite cubics 36 nodes 144 DDF's
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6.5 Pressure distribution

In the early stages of the displacement, the five-spot domain
is almost entirely filled with oil, and thus the pressure distribution
will be very similar to that for single phase flow. We can, therefore,
compare the numerical results with the steady-state analytical solution
of Muskat (derived in chapter 3), in order to assess the accuracy o?

the finite element approximation.

To calculate the analytical solution, the two infinite series
which occur in equation (3.68) were truncated after 6 terms.
Increasing the number of summation terms to 10 was found to produce
results which matched the 6-term solution to three decimal places
[10-3psil, thereby indicating the rapid rate of convergence of this

logarithmic series.

- By virtue of the symmetry, the analytical solution needs to be
computed only at points lying within a guarter of the domain (the area
I0B shown in Figure 6.8). This partial solution can then be extended
to the remaining areas by taking mirror-images on the appropriate diagonals.
For example, let us consider the points 1,2,3 and 4 (Figure6.8), where
2 is the reflection of 1 on the leading diagonal IOP, while 3 and 4 are
the reflections of 1 and 2,respectively, on the median diagonal AOB.
If, therefore, Py is calculated from the series, we can write down the

remaining pressures directly:

P, =P, ; and

0
1}
e
1]

2P, - P
1

where Pi is the initial pressure (which is preserved alaong AOB during

steady-state, single phase flow].
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The series expansion cannot be used at the injection and
production points (I and P) since they represent singularities. We
may, however, calculate the pressures at an arbitrary well-radius [rw]
surrounding these points. Taking r, = 0.25 ft, we obtain, from

equation (3.868]),

P _ ‘r., . AP —_ Lf‘['go},o(“f'l’1"’2/0'25.)—0.26Y5’]X(9(}/5,615)

prod 0-00I53% X 155 = |

CMJ

= ¥16 psi.
But we also know that

£(Pog + Brad) = P, = 6000 psi.

Combining these two equations, we have :

h“"i = 6000 + FAp = 6408 psi, awd
b = 6000 — AP = 5592 psi.
brod >

Figure G.27 shows the contour map of the analytical solution, while
Figures G.28a,b,c show the pressure distribution obtained from the
Chapeau, Quadratics and Hermite cubics models, respectively, at 30 days.
[To validate the comparison, all four maps have been contoured from the

same set of interpolation points].

It can be seen that, at distances not too close to the wells,
the finite element results are in good agreement with the Muskat solution,
and thus also with one another. The Figures also display the expected
symmetry of the contours about the median diagonal. The contours
gradually change shape from being approximately linear at the centre of
the guarter-five-spot, to being more circular near the wells. Ideally,
of course, they would be perfect circles in the immediate neighbourhood

of the wells.
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By observing the spacing between adjacent contours, we can

gradients:

(1)

(2]

The gradients are fairly small in the central and intermediate
regions of the domain, but rise very rapidly in the vicinity of
the wells, This is so because, as the flow converges towards
the well, the "effective cross-sectional area” available for
fluid transmission decreases, and hence, by Darcy’s Law, larger
pressure gradients are required’ in order to maintain the same

flow rate.

For a given pressure contour, the gradient normal to it is
maximum at the point where it intersects the leading streamline

(I0P), and decreases gradually towards the flanks.

These features are further illustrated by Figures G.29a,b,c and G.30a,b,

c which represent the 1-dimensional pressure profiles taken along the

diagonal 0P, and the flank AP, respectively.

A significant portion of the pressure drop can be seen to occur

very near the wells.

However, it is precisely in these regions that the

/
CHAPEAU(5x5]) QUACRATICS(5x%5) H.CUBICS(5x%5) NUSKAT[PW=O.25 ) F.D
(10x10)
5822 5768 5740 5582 5804

Table 6.2

Pressures (psi) at the production nodes (relative to 6000psi)
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finite element solution departs substantially from the analytical
solution, and exhibits pressure gradients which are much smaller than
would be predicted from theory. Table 6.2, fof example, gives the
pressures at the producing node for the three types of elementsy and
compares them with Muskat's solution at rw = 0.25 ft (which was
calculated earlier). This inaccuracy of the finite element solution
may be explained by recalling the fact that a polynomial approximation
is being sought for a function which, in reality, is known to exhibit
a logarithmic variation. Several authors [54, 28] have demonstrated
that this problem can be overcome by incorporating additional basis
functions near the wells. Such functions are commonly expressed in
radial (instead of x,y) co-ordinates, and are made to possess a
singularity at r = 0, a pdpular version of this being one which involves
the term 1nr. In the present thesis, however, such extra basis
functions have not been successfully programmed, and hence no résults

are presented in this connection.

6.6 Saturation distribution

Figures G.31,.632 . and G33 show saturation contour maps illustrating
the flooding history of the quarter five-spot, using Chapeau, Quadratics
and Hermite cubics respectively. Figures G.34 show the corresponding
results from a nine-point finite difference simulator, constructed by
Mr.T.C. Tan of Imperial College. The latter program is based on the
theory developed by Yanosik and McCracken [61], and is considered to
be superior to the conventional five-point scheme. It is included
here merely to compare it with the finite element models,in terms of
accuracy and efficiency. All simulations were run out to 2880 days
(approximately 8 years), by which time,the water had broken through,

and an appreciable water-cut had developed at the producing well. Contour
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maps are presented at 180-day intervals from t = 0 to t = 720 days, and

thereafter at 360-day intervals until the end of the simulation.

6.6.1 Shapes of Contours during displacement

The overall shape of the contacted regionundergces a continuous
change during the flooding process, and is greatly influenced by the
mobility data. In displacements characterized by medium-range mobility
ratios, we can broadly expect to find three stages of contour develop-
ment. At early times, the contours form circular arcs around the injection
well (Figure 6.8a), but, as the flood front moves away from the injector,
the outermost contours display a progressive change from the circular to
a square-like pattern, with the corner becoming increasingly "pointed”
in the direction of the producer (Figure 6.39bJ. Eventually, as the
breakthrough time draws near, the saturation front shows a definite
elongation (or"cusp”) towards the producing well, bypassing a significant
amount of oil which lies in the peripheral regions of the five-spot

(Figure 6.9c).

These general features are observable in the results of all four
numerical models (Figures G.31 through G.34). The tendancy of the
contours to cusp towards the producing well is an indication of the areal
sweep efficiency of the flood. A closer examination of Figures

G.31.8, G.32.8, G.33.8 and G.34 .8 reveals that- the amount of cusping is

more pronounced in the quadratics model than in the others. For
example, the 50% and 60% saturation contours in Figure G.32.8 show a
preferential elongation in the direction of the producing well’while the

same contours maintain an approximately square-shaped configuration in
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the Chapeau, Hermite cubics and Finite-Difference maps.

6.6.2 Flood front representation

Since the theoretical flood front saturation for data set 2 is
45%, we may use the separation between (say} the 10% and 50% contours
to estimate the relative steepriess of the front, for the different cases.
Table 6.3 shows these inter-contour distances (in mm}, measured along
(a) the leading diagonal, and

(b} the side

of the maps shown in Figures G31.8, G32.8, G.33.8 and G34.8.

Chapeau | Quadratics | H. Cubics | 8-pt F.D

(5 x 5) (5 x 5) (5 x 5) (10 x 10)
Diagonal 74 29 39 55
Side 44 20 25 31
Table 6.3 Distances (mm) between 10% and 50% contours,

at t

2160 days.

It can be seen that the front profile is steepest in the guadratics
model - an observation which is borne out also by the 10 results presented
earlier. A‘noteworthy Féature of thié guadratics modelris its ability to
create, and preserve, a narrow band of frontal satura;ipns, all the way up to

breakthrough... Even after breakthrough, the steepening of the front continues,
as the various ;aturatioms converge on the producing well. Distances as small

as 7 mm (which can be measured on Figure G32.9) indicate the extreme

steepness of the advancing ridge of water. By contrast, the Chapeau
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model exhibits the most "diffused” saturation front of the four models,
while the Hermite cubics and finite difference models take up inter-

mediate positions between the two extremes.

The foregoing remarks concerning the frontal steepness must be
considered, however, against a constant background of numerical

dispersion, which depends on such factors as:

{(a) the grid size
(b) the type of element

(c) the use of lumped capacity matrix, etc.

In the case of the Chapeau model, it is likely that the poor frontal
representation is due to the numerical dispersion resulting from the

coarse (5 x 5) grid.

In terms of accuracy, it is the finite difference model which
appears to match the Buckley-lLeverett flood front closely. The steep
saturation gradient which exists between the 10% and 40% contours (Figure
(G34.8) gives way suddenly to a distinct flattening of the slope between
the 40% and 50% contours, and thus provides a good agreement with the

analytical front saturation of 45%.

Table 6.3 also implies that the saturation fronts are marginally

steeper along the sides, than along  the leading diagonal.

6.6.3 Saturation overshoots

In all three finite element runs, the region immediately surrounding

the injection well is characterized by saturations higher than (1-Sor],
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which are therefore physically meaningless. On the saturation maps,
the occurrence of wsuch overshoots is indicated by the area within the
contour Sw = 1 (e.g. Figures G31.5, G32.5 and G33.5). The finite
difference model, on the other hand, is protected by the"upstream
weighting scheme”, and consequently, the saturations are numerically

"well-behaved”, and never exceed unity.

To understand this phenomenon, we need to consider the way in
which saturation-dependent quantities are evaluated. The finite element
formulation, as we have seen, requires the relative permeabilities to be
determined at a series of Gauss points within each element. This
requirement prevents the nodal saturations from exercising a direct
control over the calculation of transmissibility terms. For example,
even though the water saturation at a node may have reached the maximum
permissible value, it is possible that the internal Gauss points are still
at much lower saturations and hence, the element, as a whole, can
continue to admit more wate?. This leads to a progressive build-up of

saturation at the affected node (Figure 6.10).

The most vulnerable node is obviously the injection node itself,
where the influx of water is concentrated in the form of a Dirac Delta
function (see section 2.5]. The development and propagation of
saturations inside the five-spot can be visualized as an interplay between
the "accumulative” and the "transmissive” properties of the system.
Initially, when the reservoir is saturated with oil, the transmissibility
to water is zero everywhere, and hence the node (I) can utilise only
its "accumulative” capacity to absorb the incoming water. Thus, the

saturation at this node rises very rapidly at early times. Due to the
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polynomial approximation used for Sw’ this build-up of saturation
automatically implies that saturations throughout the element (including
those at the Gauss points) will begin to rise, though at a much slower
rate than node I. In general, the further a point is from I, the

slower will be its rate of saturation increase.

As the system gradually develops an appreciable transmissibility
to water, node I transmits the water in increasing quantities, thereby
causing a decrease in its rate of accumulation. Eventually, when all
the Gauss-points surrounding it have risen to high saturations, the
water flows freely through the element, and hence the rate of increase
of Sw at node I becomes progressively small, tending to an almost static
saturation. The only difficulty, however, is that (as shown in the
Figures]), by the time node I attains this steady-state condition, its
saturation has already risen well above (1-Sor]. Thus, the region of

overshoot (although small} remains throughout the simulation.

In our test runs, it can be seen that the overshoot stops after
approximately 1080 days, and that it affects only a small part of the
element surrounding the injection node. As the saturation front moves
.outwards, the task of distributing the water is shared by several nodes,
and therefore the danger of the initial overshoot being propagated is
generally small, unless of course, the relative permeability data has a
pathological character. (An example of this is the use of the

unmodified fw curve of data set 3).

Even the localised overshcots which surround the injection well,

may be controllable in either of two ways:

(1) By incorporating extra basis functions in the pressure
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approximation (as was mentioned in section 6.5). A

logarithmic function, for example, would provide large

pressure gradients near the well, and thus help to dissipate

the incoming water,and stabilize node I. Spivak et al

[54] have reported that this technique is useful for controlling

the behaviour of saturations.

(2] By replacing the "concentrated” source term (i.e. Dirac
Delta function) by a "distributed” influx of water occurring
over the whole, or part, of the element. This will result
in the "injection-load” being shared by all the nodes of the

element, rather than being borne by a single node.

6.6.4 Saturation oscillations

In the 1 dimensional results (section 6.3.2), weobserved that
the numerical solution always exhibits a certain degree of spatial
Dscillation. This tendency of the finite element method ecarries over
also into the 20 simulations, in spite of the lumping of the capacity
matrix. This is not to say that lumping is of no consequence in 2
dimensions - on the contrary, it has been found to be essential for
the stability of the models. However, it does not succeed in eliminating

the osecillations entirely.

Bf the finite element models, the one which displays the greatest
amount of oscillation is the quadratics model. This can be seen by
comparing)For example, Figures G31.4, G32.4, G.33.4 and G34.4.
Furthermore, it is also the only one which shows oscillations along the
side of the five-spot (e.g. the 70% contour in Figure G32.4), in addition

to the oscillations within the injection element.
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In the Hermite cubics model (Figure G33.4), the 80% contour
exhibits two conspicuous bulb-shaped protrusions. ' These distortions,
however, are damped out with the passage of time, and, at 1440 days
(Figure G33.6), the same contour is much smoother than it was before.
The Chapeau model is perhaps the best among the finite element madels,

with regard to oscillations.

The tendency of the finite element models to oscillate can be
related to the nature of the polynomial approximation that is being used.
For example, the Chapeau model, being a bilinear representation in x
and y, cannot, by definition, display oscillations inside an element.

The guadratic and cubic polynomials, on the other hand, are obviously
capable of developing local maxima or minima (or similar changes in slope)

within the elements.
The nine-point finite difference model yields smooth and rounded
contours throughout the simulation, and hardly any oscillations can be

detected.

6.6.5 Inter-element continuity of cantours

This property is determined by the'degree of continuity of
the polynomials. In the Chapeau and Quadratics models (which possess
c® continuity), distinct "breaks” can be observed along the length of a
contour. (e.g. Figures G31.6 and G32.6). These abrupt changes in the
direction of contours are caused by the discontinuity of saturation
gradients occurring at inter-element boundaries. Once again, it is the
quadratics model which appears to be most sensitive to this phenomenon.
The Hermite cubics model, by virtue of its E1 continuity, yields perfectly

smooth contours, regardless of the presence of inter-element baundaries
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(e.g. Figures G33.6, G33.7 etc). It is perhaps worth mentioning that
the small discontinuities which are recognisable in the Hermite cubics
maps are due entirely to the (somewhat coarse) secondary mesh used by
the contouring package, and are not caused by the approximating poly-

nomial. We can thus see that the aspects of functional continuity, which

were raised in the formulation of the finite element theory (chapter 4),

are fully verified in the 1D and 2D model results.

6.7 Comparison of Breakthrough times and recoveries

In this section, we shall evaluate the breakthrough recovery
for data set 2, using three different methods cited in the literature,
and then compare these values with the recovery efficiency predicted

by the four numerical models.

6.7.1 Guthrie and Greenberger Method [29]

This is st;ictly an empirical formula, developed in 1955, and
relates the recovery efficiency of a natural water drive to such basic
reservoir parameters as porosity, permeability, connate water saturation,
thickness and o0il viscosity. The constants involved were obtained from
statistical correlation studies on several reservoirs:

Eg= 011t + 0.272 log K + 0-256 5,

— 0364 — — o ,
—ouss oy, f ~ 15354 — 0000354
Substituting into this equation, the relevant data for our test problem,
namely :

K=’5-‘?M°L)SWC:O)/AO:[{'CF, (?S'—"O-I and f= | fF,

We obtain the recovery efficiency as:

ER :10'476.

)
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6.7.2 Craig et al Method [14]

This method was described in section 3.7.2, where we also
remarked that the calculation of the mobility ratic of the flood can be
based on any of three possible saturations. For our test problem, these

three values are as follows:

(1) Maximum water saturation
Sw max T ar l
(2) Average water saturation in the flooded regian:

S8, % S0 * [1%[dfw/dsw]st]
=0 + (0.447/0.723) = 0.518
(3) Frontal saturation
SW_F = 0.447

Table 6.4 shows the three corresponding mobility ratios (M), and

the breakthrough areal sweep efficiencies [EA)BT’ as obtained from the

published charts of Craig et al [14] (Figure 3.18b])and of Dyes et al

[23] (Figure 3.18a).

The breakthrough displacement efficiency (ED]BT for our problem

is given by:

—

— sw'“'SWc _
(ED)BT_ — = 0:61%

we  “or
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and so, finally, we can express the breakthrough oil recovery as:

(ER)BT = 0-61§ x (EA)BT

This parameter (ER]BT’ is also listed in Table 6.4, for the three
cases of mobility evaluation. Two obvious features can be deduced from

this Table:

(1) Both correlation charts - i.e. those of Craig et al and of Dyes
et al - give approximately the same areal sweep efficiency at break-

through.

(2) The predicted recovery efficiency is highest when the water
mobility is evaluated at the flood front saturation; least when it is
evaluated at the maximum saturation; and intermediate when the average

saturation (§QJ is used.

S M (Ep gt (Erlat
W Craig et al | Dyes et al Craig et al
SWmax = 1.0 | 4.00{ D0.535 0.54 0.33
Sw = 0.618 | 1.53]| D.63 0.62 0. 39
S = 0.4471 0.801] D.72 0.73 0.44
wT

Table 6.4 Calculation of flood mobility ratio, areal sweep ,and recovery

at breakthrough for test problem. Based on Craig's method (Section 3.7.2)
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6.7.3 Higgins and Leighton Method

A major limitation of this model, as was pointed out in section
3.8,3, is the fact that it is based on a constant pressure difference
between the injection and production wells, rather than on a constant’
rate of displacement. Consequently, the flow rate can show an appreciable

variation during the history of the flood.

In the present test problem, due to the oil/water viscosity
ratio of 4:1, the overall mobility of the system increases as the more
mobile water invades the reservoir. In response to this enhanced
mobility, the displacement rate rises rapidly at sarly times. It
then settles down to a gentle increase until breakthrough, and during
this period we may approximate the rate by a constant "average” value.
Numerical experiments showed that, in this case, the "average”
rate was approximately 50% higher than the initial rate. Thus, for our
problem, the choice of an initial value of 0.00014 PVY/day enabled the
displacement rate to increase, and stabilize, around 0.00020 or 0.00021
PV/day, which was the specified rate of injection. Figure G35 shaws
the variation of flow rate with time, while Table 6.5 shows the
cumulative oil produced from each channel (as a .fraction of the total

reservoir pore-volume), at the times of breakthrough of the four channels.

Clearly, the breakthrough of the five-spot, as a whole, is
governed by the behaviour of Channel 1,which is the one adjacent to the
leading diagonal, and thus also the fastest of all channels. Hence,

the breakthrough oil recovery of the five-spot (from Table 6.5) is given by:

(Ee),. = ©.462 .
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The complete performance of the Higgins and Leighton 5-spot model is

given in Table 6.6.

Breakthrough | Time | Cumulative 0il (Pore Volumes
(days)i CH.1 CH.2 CH.3 | CH.4 Total

CH.1 2326 0.1381 0.135| 0.123| 0.067 {0.462
CH.2 2617 0.143} 0.153} 6.139| 0.076 [.512
CH.3 3305 0.154 | 0.164 | 0.180| 0.097 [0.595
CH. 4 4845 0.169{ 0.182 | 0.201] 0.147 0.699

Table 6.5 Cumulative recovery from each channel (Higgins and Leighton
method).
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6.7.4 Perfarmance of the numerical maodels

Tables 6.7 and 6.8 list the cumulative oil recovery and the
producing water-cut as a function of time for the four numerical models
considered in this thesis. In studying these figures, it has to be
remembered that numerical dispersion, which affects the models to
varylng degrees,usually results in a premature breakthrough of water,
and causes the rise in water-cut at the producing well to be much more
gradual, and spread out over a longer period of time, than would be
theoretically predicted. Nevertheless, the results are fairly consistent
with one another, and an examination of the developﬁent of the water-cut
in these Tables shows that, in all the models, the oil recovery at the
time when significant quantities of water begin to appear, is between

40% and 50%.

If, for the purpose of comparison, we choose fw = 0.1 as the
water -cut indicating breakthrough, then, the times at which this occurs,
and the corresponding oil recoveries, can be obtained by linear inter-
polation from these Tables. These values, together with the semi-
analytical results obtained in the previcus three sections, are tabulated

in Table 6.9.

The Quadratics and the Hermite cubics models, as well as the
9-pt finite difference model, show results which are in good agreement
with those of the "Higgins and Leightoﬁ" and the "Craig et al” methods
(provided that the water mobility in the latter method is ,based on
s =S .). The comparatively early breakthrough and the low recovery
observed in the Chapeau model are’ possibly due to the coarseness of its

grid when compared to the other models.
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Time CHAPEAU QUADRATICS
(Years] PV recov'd [ fw PV recov'd | Tw

4,00 0.287 0.017 | 0.288 0.000
3,25 0.305 0.024 | 0.306 0.000
2,50 0.322 0.032 | 0.324 0.001
3.75 0.340 0.042 | 0.342 0.001
5.00 0.357 0.055 | 0.360 0.001
5,25 0.374 0.069 | 0.378 0.000
5.50 0.391 0.086 | 0.396 0.001
5,75 0.407 0.107 | 0.414 0.004
6.00 0.423 0.130 | 0.432 0.021
6.25 0.438 0.156 | 0.449 0.069
6.50 0.453 0.186 | 0.465 0.164
6.75 0.468 0.220 | 0.479 0.490
7.00 0.482 0.258| 0.486 0.653
7.25 0.495 0.301| 0.492 0.612
7.50 0.507 0.347 | 0.499 0.636
7.75 0.519 0.397 | 0.506 0.672
8.00 0.529 0.450 | 0.511 0.672

TABLE 6.7

0il recovery and producing water-cut for five-spot flood,

Chapeau and Quadratics models.

using
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Time HERMITE CUBICS 9-POINT F.D.
{Years) PV recov'd | fw PV recov'd | fw
4.00 0.288 G0.000 0.288 0.000
4,25 G.306 G.G00 - -
4,50 G.324 G.000 0.324 G.G00
4,75 - 0.342 G.G00 - -
5.00 0.360 G.001 0.360 0.000
5.25 0.378 0.002 - - “ =
5.50 G.396 0.006 0.396 0.000
5.75 G.414 0.015 - -
6.00 G.431 0.029 0.432 0.000
6.25 G.449 06.053 - -
6.50 G. 466 G.090 G.467 0.177
6.75 0.482 G.147 - -
7.00 0.497 . 0.230 G.493 0.364
7.25 0.510 0.338 - -
7.50 G.521 G.460 G.513 0.469
7.75 G.530 0.567 - -
8.00 0.537 0.633 | 0.531 0.536
TABLE. 6.8 0il recovery and producing water-cut for five-spot flood,

using Hermite cubics and 9-point finite difference models.
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Model Breakthrough 0il Recaovery
Time(Days)** At Breakthrough

Chapeau (5x5) 2041 0.385
Quadratics (5x5) 2278 0.454
H. Cubics (5x5) 2355 0.468
8 pt. Finite Diff (10x10) 2261 0.452
Guthris-Greenberger - 0.476*
Craig et al Sw=§a' not calculated 0.39

Sw =Swf not calculated 0.44
Higgins and Leighton 2326 0.462

* ultimate recovery under natural water drive
**  For the numerical models, breakthrough is defined to be at

f = 10%.
W

TABLE 6.8 Comparison of breakthrough times and recoveries, using

different models.

The Cofrelation of Guthrie and Greenberger, being an
empirical one, cannot be taken too seriously, but nevertheless, it is
interesting to note that the predicted recovery is of thg right order of
magnitude. For.Craig's method, the breakthrough times have not been
calculated in the present study, but the recovery figures seem to
indicate (in spite of Craig’s recommendation) that the use of the average
saturation in the floodedregion (in evaluating the water mobility) may
yield too pessimistic an estimate for the breakthrough recovery, and

that a better prediction may be obtained by using the flood front

saturation (S ).
wf
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6.8 Comparison of water-cut profiles

All three finite element models were run out only as far as
8 years, and hence their performance at late times was not determined.
Within the period of simulation, however, the producing water-cut, in
all cases, had risen to above 40% (Tables 6.7 and B.Bj. Figures
G36, G37, G38 and G39 show plots of the producing water-cut, from t=4
to t=8 years, for all the four numerical models. Figure G40 shows the

water-cut trend, as predicted by the Higgins and Leighton method.

As might be expected, these graphs - reflect the relative steep-
ness of the saturation front, for the different cases. In the Chapeau
model, where the front is considerably smeared, the water-cut shows a
slow, but steady, increase over a long period of time. The Quadratics
model, where the front is found to be steepest, shows a sudden and rapid
increase in fw after t = 6 years, indicating the arrival (at the producing
well) of a closely spaced band of frontal saturations. Having risen to
a maximum of 65%, the water-cut then flattens out markedly, and displays
minor oscillations in the interval €t = 7 to t = 8 years. These oscillations
could be partly due to rate-instabilities occurring at the production

node during the post-breakthrough period.

The Hermite cubics model yields a breakthrough time approximately
equal to that of the Quadratics model, and shows an fw profile which is
smooth, and intermediate in steepness between the Chapeau and Quadratics
curves, reaching a water-cut of 53% at the end of 8 years. Further-

more, theﬁFw curve of the Hermite cubics model shows a gentler rise than

that of the 8-point. Finite Difference model shortly after breakthrough,
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but, thereafter, increases rapidly to overtake the latter, and reach a

B83% water-cut at 8 years.

In the Higgins and Leighton model, the water-cut history is
characterised by a series of discrete "jumps” (Figure G40],where each
Jump corresponds to the breakthrough of a new channel. Between these
successive discontinuities, the rate of increase of fw w?th time is much
smaller than in the numerical models. It is inferesting to realise
that, if the number of channels used in this method is increased
indefinitely, then, the resulting fw profile will tend, in the limit, to

a continuous curve.

6.9 Computer time

We shall conclude this chapter with a brief assessment of the
Central Processor Unit (CPU) time taken by the various models. The
final costing formula is, of course, very complicated, and takes into
account all the computer resources used by the program. These include
central memory, CPU time, disk operations, input/cutput routines etec.
As was described in section 4.10.3(C), the solution algorithm for the
2 D model involves the use of a random access binary file, and this,in
turn, increases substantially the real time reguired ta execute the
program. We can, however, use the CPU time as a measure of the
efficiency of the program code, and use this parameter to compare the

speeds of execution of the different models.

The principal variables associated with each model are:

(1) the number of elements; and

{2) the number of time-steps .
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(The number of Gauss points per element is alsoc an important

factor, but since this is governed by the type of finite element that is

being used, and moreover, since the assembly of the matrices is only a

part of the entire scheme, this factor will be omitted in the normalisation

of CPU time]).

For comparative purposes, we shall therefore express the CPU time

in

secs/time~step/slement,

Table 6.10 shows typical values for the models used in this thesis.

Model CPU Elements time- Gauss- | Normalised
time* steps points | CPU time

1D Chapeau 21 20 604 2 1.74x10" 3

1D Quadratics | 46 20 604 3 |3.81x107°
1D H.cubics 53 20 606 3 4.37x10">
2D Chapeau 37 5 x5 125 2 x 2 0.012

2D Quadratics 387 5 x5 184 3 x 3 0.080

2D H.cubics 515 5 x 5 121 3 x 3 0.170

20 9 pt F.D 398 10x10 240** - 0.004

Table 6.10 Comparison of CPU times required by the various

numerical models.
*times are in CDC 6600 seconds.

**astimated minimum number of steps.

These figures reveal the expected trend - namely, that the

CPU time increases as the order of the approximating polynomial increases.

Furthermore,

the time required by the 2D models, is considerably higher

\
than that required by the corresponding 1D models. For example, the
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ratios of computing times (2D to 1D) can be seen to be 7, 21 and 39,
respectively, for the Chapeau, Quadratics and the Hermite cubics models.
By comparison, the 8-point finite difference model is the cheapest

of all the 2D models.
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CHAPTER 7

Conclusions, and Suggestions for further work

The numerical results shown in this thesis are consistent

with the work of other authors in this field, and lead us to the

following conclusions regarding the application of classical (Galerkin)

finite elements to two-phase reservoir simulation.

7.1

Conclusions from 10 results

The finite element method is an accurate and elegant method
for simulating waterfloods, provided that allowance is made

for several important factors.

Despite the continuous nature of the polynomial approximation,
the use of too few elements can lead to poor results. This
statement applies, regardless of the degree of the poly-
nomial. To achieve good results, the number of elements

should be at least 10, preferably in the range 15 to 20.

The saturation profiles obtained from finite element models
show a natural tendency to osclllate, and this tendency is
most pronounced when the displacement is characterised by a
sharp front. In such cases, the oscillations usually begin
some distance upstream of the front; their amplitude
increases gradually, reaching a maximum near the front; and

they progressively diminish on the downstream side of the

front.

Control of these localised oscillations may be achieved by
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the use of a lumped capacity matrix. This has proved to be
particularly effective with the Hermite Cubics model, and to
a lesser extent with the Chapeau model. The response of the
Quadratics model appears to be marginal. It is also observed
that, although capacity lumping dampens the oscillations, it
has the disadvantage of causing the front to become more
smeared. As a general rule, however, the use of capacity
lumping is desirable as a safeguard against severe

oscillations.

The accuracy of the finite element solution is strongly
dependent on the mobility data, and, in particular, on the
shape of the fw curve. With conventional fw curves which
show an upward concavity (i.e. S shape), the numerical
solution cannot be guaranteed to converge to the Buckley-
Leverett solution. If the curve has a uniformly decreasing
slope, then the agreement between the finite element and the
Buckley-Leverett solutions is good. However, as the fw curve
develops an upward concavity, and becomes more and more S
shaped, the numerical solution suffers a progressive
deterioration, and can even become absurd. Three possible
methods are available for overcoming this problem. These
involve, respectively, the use of:

(a)  pseudo capillary gradients;

(b) upstream weighting;

(c) a modified fw curve.

The incorporation of a fictitious capillary pressure gradient
[pc'] can provide the required correction to the finite

element results. The magnitude of this gradient can be
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estimated from four parameters:

(a) the area enclosed between the original Fw curve
and the "Welge tangent”;

(b) the area (from SwC to SWF] lying beneath the curve
which represents half the harmonic mean of the relative
fluid mobilities;

(c) the total superficial flow velocity; and

(d) the absolute permeability.

As with finite differences, the upstream weighting of relativé
permeabilities has proved to be a suitable artifice for finite
elements. A scheme based on the nearest upstream Gauss point
has produced good results with all three finite element models
(Chapeau, Quadratics and Hermite Cubics). An alternative
scheme, involving the upstream node (instead of Gauss points)
also proved satisfactory with the Chapeau model, but had a
very unfavourable effect on the Quadratics and Hermite Cubics

models.

Dalen's method (16a) of modifying the fw curve appears to be
the most logical and least subjective way of ensuring
numerical stability. This approach merely involves replacing
the S-shaped portion of the original Fw curQ; (i.e. between
Swc and Swf] bv the Welge tangent. Together with a lumped
capacity matrix, and a velocity-dependent upstream weighting
scheme, this method has yielded satisfactory results on all

the data sets studied in this thesis. Since the amount of

upstream shift involved in these runs was negligible, the
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success is attributable principally to the modified fw curve,
aided, of course, by the lumped capacity matrix. It is also
interesting to note that the use of such a curve is

perfectly consistent with the Buckley-lLeverett/Welge solution

method. It does, however, lead to numerical dispersion.

Conclusions from 20 results

The finite element method is very stable with respect to the
pressure solution, and has yielded a smooth and symmetrical
pressure distribution within the gquarter five-spot domain.
Except in the vicinity of point sources or sinks, these
numerical results show a good match with Muskat’'s analytical

solution.

Theoretically, the progress of a flood front through a five-
spot would be expected to display a gradual change in the
shape of the saturation contours (i.e. from being circular
near the injection well, to being more elongated (diagonally)
as the producing well is approached). This feature has been

verified in all the finite element models.

In spite of using the modified fw curve, the contour maps
show a small region of saturation overshoot around the
injection well. This undesirable phenomenon is shared by all
three finite element models, and the cause of this is thought
to be partly in the "point-source” formulation used for the
wells. As some authors have indicated, it may be ﬁ;ssible to
prevent these overshoots by employing additional basis
functions to obtain a better representation of the pressure

distribution near the wells.
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Table 7.1 summarizes the observed behaviour of the finite

element models, with regard to the following three aspects:

steepness of flood front;

flooded region; and contour smoothness.

oscillatory behaviour in the

Contours

Chapeau Quadratics H.Cubics
Steepness of minimum maximum intermediate
flood front
giziiiggzggsri;ion best worst intermediate
‘Smoothness of intermediate worst best

TABLE 7.1 Summary of behavicur of finite element models

The computational cost increases. with the-degres of the poly-

nomial, and, particularly, in going from 10 to 20.

The breakthrough recoveries are in broad agreement with the

results from the stream channel model of Higgins and Leighton.

The nine-point finite difference model is cheap, stable and

accurate; and it yields smooth and rounded contours.

In terms of overall performance, the Hermite Cubics model,

despite being expensive, appears to be the most attractive

among the finite element models.

The Chapeau model is a

good substitute, provided a sufficiently fine mesh is used.

The nine-point finite difference model, on the other hand,

is fully competitive with all the finite element models.

Suggestions for further work

As has been mentioned earlier, only a handful of finite
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element types have been studied in this thesis. A considerable amount
of research remains to be done in order toc be able to introduce a wider
variety of elements, as well as to place the existing theory on a much

more firm and stable footing.

The following are some areas which might merit further

attention:

(1) The use of triangular, serendipity, and (eventually)
isoparametfic elements, in the simulation of two phase
flow. (The B8-node rectangular element has already been

used by White (57)].

(2) Introduction of greater refinement into the rectangular
tensor-product family of elements. Recently, some papers
have focussed attention on the control of numerical
dispersion, and the optimisation of the simulation, by
combining the finite element method with such technigues as:
(a) the method of characteristics;

(b) local mesh refinement (10);

(c) the use of different elements in different parts of
the domain (for example, Hermite Cubics in regions
of rapid saturation changes, and Chapeau elements

elsewhere).

(3) Extenslon of the work of Kebaili and Thomas (35), to create

a more detalled coning model.

(4) Extension to 3-dimensional systems - a target which_appears

prohibitive in terms of computing time and storage.

Several obstacles will have to be overcome before any of these

objectives can be fully realised. The numerical difficulties which
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confront the finite element analyst appear to be far greater than in
the field of finite differences, and, consequently, it has to be
admitted that, at this stage, the use of finite elements in two-phase
simulation cannot be approached with the same degree of confidence as
finite differences. However, it is precisely this challenging
sltuation that acts as a stimulant to future work, and reassures the
researcher that, whatever the outcome of his efforts, the knowledge of

having analysed a problem 1s a reward in itself.
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APPENDIX 1
Data Set 1 (Wright et al. [60])
{a) Mobility data
' .
4& = S'l . 4& - 1—+4_ - o e = 0-5¢ l
ro © 5 Rrw ro ) Io W P3
|
ch = Sor = O. F[Figure 6.1a)

{b) Rate data

CL =:(3.(3['78’b/GL (;:IC;-3 P\//aﬂyQ'

{c) Reservoir and other data

¢ =015 K=158md ; A=1ft"

System length L = 1000 ft ; Dip = 0 ;

e

-6
sl s s . S | M
Compressibilities : C, = ¢, = 3 X 10 Ps(,

Data Set 2 (Spivak et al.[54]).

(a) Mobility data

1l

2 2
Reo= S 5 k=S 5 M= tep 5 o, = cp

= S - 0 t (Figure 6.1b)
{b) and (c) as for data set 1.

Data set 3 (Langsrud [36])

{a) Mobility data

Swe = Sor —‘-"-O-IS'S K= }AW: O'5CP;

Relative permeabilities are tabulated overleaf (See also Figure 6.1c).
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{(b) Rate data

g = 70 b/d (=0.0008826 PV/day)

(c) Reservoir and other data

: A 2

0#=0-23K=500md-)‘ A = 1000 ft
System length L = 2000 ft ; Dip = 0 ;
¢ !
Compressibilities: ¢ — _ — Rad
p o = CW—EX’O PSL L

s k k .

W* W ro (F\ﬁl&.fe 6-\C)'

0.15 | 0.0000 | 1.0000
0.20 | 0.0010| 0.7500
0.25 | 0.0040| 0.5880
0.30 | 0.0102| 0.4450
0.35 | 0.0165 | 0.3340
0.40 | 0.0232 | 0.2450
0.45 | 0.0305| 0.1770
0.50 | 0.0392| 0.1200
0.55 | 0.0437 | 0.0724
0.60 | 0.0630| 0.0375
0.65 | 0.0797 | 0.0163
0.70 | 0.1000| 0.0056
0.75 | 0.1244| 0.0020
0.80 | 0.1525| 0.0004

0. 85 0.1870 0.0000
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Data Set 4 (Linear relative permeabilities).

(a) Mobility data

’ﬁ'ro'—"-gD ')’&rwzsw 3 f&o:[kw:o"gc‘f’,i

S

(

! .
we Sor = Q. (Figure 6.1 dJ.

(b) Rate data

9 =0-0297 b/d (=0.0017 pv/day)

(c) as for data set 1
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APPENDIX 2.1

1D MODEL - GENERAL SUBROUTINES
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APPENDIX 2.3

10 MODEL - QUADRATICS SUBROUTINES
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APPENDIX 2.8

GRAPHS AND CONTOUR MAPS
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