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ABSTRACT 

This Thesis is concerned with the application of classical 

Galerkin-type finite elements to the simulation of immiscible two-phase 

(water/oil) displacements in petroleum reservoirs. The Chapeau 

(linear), Quadratic and Hermite Cubic elements have been used in 

1 Dimension, while their tensor-product equivalents have been employed 

in the 2 Dimensional studies. 

The 1 D results are compared with the analytical (Buckley-

Leverett) solution, and an assessment is made of the sensitivity of the 

finite element solution to such factors as the grid size, the capacity 

matrix and, most important of all, the character of the mobility data 

which is reflected in the shape of the fractional mobility (fw) curve. 

By using a variety of data sets, it is shown that the solution is good 

when the fw  curve has a monotonically decreasing slope, but that it is 

very unreliable when the curve is strongly S-shaped. To ensure 

numerical stability under all conditions, two possible alternatives 

have been investigated: 

(1) The use of a modified fw  curve, as proposed by Dalen, and 

(2) The use of the original fw  curve, together with an artifice such 

as, either: 

(a) upstream Gauss-point relative permeabilities, or 

(b) a fictitious capillary pressure gradient, as used by 

Spivak et al. 

A method is presented for estimating the latter, based on the mobility 

data. 



The 2-Dimensional studies have been conducted on a quarter 

five-spot, using a diagonal grid. The pressure distribution compares 

favourably with Muskat's analytical solution, except in the neighbour-

hood of wells. The saturation contours generally display the expected 

features but vary in internal detail, such as front steepness and the 

degree of oscillation, according to the type of finite element being 

used. 

Finally, the breakthrough oil recoveries are shown to be in 

reasonably good agreement with those obtained from semi-analytical 

methods, particularly that of Higgins and Leighton. 
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CHAPTER 1 

An Introduction to the methods for analysing the  
performance of Petroleum Reservoirs  

A petroleum reservoir is an underground accumulation of 

hydrocarbons within the pore spaces of a sedimentary rock. The 

hydrocarbons are collectively known as petroleum, while the rock which 

contains them is called reservoir rock. 

1.1 	Reservoir rocks 

These consist largely of sandstones and limestones laid down 

on the earth's crust millions of years ago by sedimentary processes. 

Sedimentary rocks possess two important physical properties: 

(a) Porosity (0, which is the fraction of the rock volume that 

is pore space; and 

(b) Permeability (K), which is a measure of the rock's ability 

to transmit fluids. 

Thus, when a porous and permeable "reservoir rock", such as 

sandstone, is overlain and sealed by an impervious "cap rock" (eg shale), 

and has itself a structure that is capable of accommodating and 

retaining fluids, this combination of features is called a "trap" or a 

potential reservoir. 

1.2 	Reservoir fluids 

A mixture of hydrocarbons can exist under subsurface conditions 

either in the form of free gas, or as a liquid (called oil), or both. 
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The saline water which often underlies the reservoir is referred to as 

an aquifer. 

The surfaces of the sand grains show varying degrees of 

attraction to the phases they contain, and this preferential 

attraction is expressed in terms of the "wettability" of the porous 

medium. Generally, the water phase is more wetting than the oil phase, 

which, in turn, is more wetting than the gas,although this sequence 

is by no means universal. Due to this phenomenon of wettability, the 

migration of hydrocarbons into a water-wet rock does not result in a 

complete expulsion, from the pores, of the original water. Instead, 

the capillary forces arising from this preferential attraction succeed 

in retaining an appreciable portion of the water in the form of films 

surrounding the grains. This water is called "interstitial" or 

"connate" water, and the fraction of pore space it occupies the 

connate water saturation (S ). 
we 

The compositions of the gas and oil phases (the latter in 

particular) are very complex, and detailed thermodynamic calculations 

are difficult to perform and are rarely used. For practical 

engineering purposes, however, sufficiently accurate results can be 

obtained by adopting a highly simplified concept for their compositions. 

The gas phase is treated as a single component which obeys the 

imperfect gas law (PV= nZRT). The reservoir oil, on the other hand, 

is regarded as being made up of two components: 

(a) Stock tank oil (or dead oil), and 

(b) A quantity of gas which is dissolved in this stock tank oil. 

This is known as solution gas. 

For a given gas/oil system, the amount of gas which is soluble 
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in each stock tank volume of oil is a monotonically increasing function 

of pressure. The pressure at which all the available gas can be 

dissolved is called the saturation pressure, or the Bubble Point 

Pressure (Pb) of the system. Furthermore, due to the swelling effect 

of the dissolved gas, a unit volume of stock tank oil occupies a larger 

volume under reservoir conditions, and this volume is termed the 

"formation volume factor" (B
o
). 

1.3 	A review of reservoir production mechanisms  

The principal driving force responsible for the subsurface 

movement of fluids is the reservoir pressure. Thus, when an outlet 

is created, pressure gradients are set up within the porous medium 

which cause the fluids to flow towards the well. 

A field may be developed by a variety of mechanisms which 

differ in the way in which energy is supplied for the extraction of 

hydrocarbons. The simplest of these is the Primary (or Depletion) 

mechanism ,in which the required energy is derived entirely from 

within the reservoir by the expansion of its fluids, particularly the 

solution gas. Depending on the amount of gas dissolved in the oil, 

recoveries range from a few per cent (if little gas is present) to in 

excess of 30 per cent if there is a high GOR and gravity segregation. An 

initial gas cap can result in even higher recovery factors because of the 

extra energy available for expansion. 

A second mechanism occurs if the reservoir is in communication 

with a reasonably large aquifer which can respond to oil production by 

providing a substantial influx of water into the oil zone, thereby 

helping to stabilize the reservoir pressure and displace more oil. This 

mechanism is known as "natural water drive". 
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The existence of such an aquifer cannot normally be relied 

upon. Consequently, it follows that in order to ensure the 

maintenance of reservoir pressure, fluids must be injected into the 

reservoir from the surface. Gas and water have been used extensively, 

water being the more popular because it is both cheap, and easy to 

obtain. Presently, many oil fields, particularly the undersaturated 

ones, are subjected to powered water injection (ie waterflooding) 

early in their lives. The study of multi-phase immiscible flow 

therefore forms an integral part of reservoir engineering. 

1.4 	Reservoir performance analysis  

As the subject of petroleum engineering developed into a 

science, the need arose to quantify the behaviour of oil and gas 

fields. By considering the reservoir to be a "tank", with known 

initial contents, engineers in the early part of this century were 

able to formulate "material balance" equations,which related the 

cumulative volumes of the injected and produced fluids to the change 

in the contents of the reservoir. Such equations were merely an 

algebraic statement of the fact that the recovery of hydrocarbons is 

the combined effect of the drive mechanisms to which the reservoir is 

subject - namely, the expansion of hydrocarbons and connate water, 

influx of water from an aquifer, and the displacement by injected 

fluids. Although these methods (based on the tank model approach) 

were certainly useful, they provided little in the way of describing 

what was actually happening within the reservoir. The spatial 

variation of pressure, and the distribution of fluids, for example, 

could not be determined except as gross averages over the whole 

reservoir. 
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The next step was to consider the dynamics of fluid flow in 

reservoirs. The theory behind this is simple. It consists of 

representing the porous medium by a uniform continuum, and setting up 

a partial differential equation (PDE) in space and time (x,y,t), to 

express the material balance condition at each point of the flow field. 

For single phase flow, the PDE contains a single dependent 

variable, namely pressure. Furthermore, the occurrence of time as an 

independent variable is governed by the compressibility of the fluid. 

Inclusion of the fluid compressibility creates a time-dependent PDE. 

If, however, for simplifying reasons, the compressibility is omitted, 

then the PDE will be time-invariant, and involve the spatial co-

ordinates only. The latter case (i.e. single phase, incompressible 

flow) is also known as steady state flow. 

Problems involving steady state flow are comparatively easy 

to solve. 1 Dimensional flow is trivial ) while)in 2 Dimensions, the 

application of methods based on potential theory have enabled solutions 

to be obtained for a wide range of problems, as is borne out by the 

work of Muskat (43). 

Considerable progress has also been achieved in solving single 

phase, time-dependent problems, despite their greater complexity. 

Developments in this area were motivated primarily by the need for 

understanding and interpreting transient pressure responses occurring 

in the neighbourhood of wells. The governing PDE is often formulated 

in radial coordinates (r,t), and, by employing such mathematical tools 

as integral transforms and Bessel functions, it has been possible to 

generate solutions in the form of infinite series, which can 

subsequently be truncated and simplified to yield elegant results. 

This branch of reservoir engineering is known as "Pressure Analysis". 
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The analytical methods available for solving two-phase flow 

equations, however, are comparatively few, and limited in scope. The 

reasons for this are: 

(a) The system is now governed by two simultaneous PDE's, each 

of which involves the two dependent variables - pressure 

and saturation. 

(b) These differential equations are strongly non-linear in 

saturation. 

The single most important contribution to this field has been 

the work of Buckley and Leverett (7) who developed an elegant 

analytical method for solving the incompressible water/oil displacement 

problem in a 1 D system. In 2 Dimensions, however, the problem is 

less tractable. The potential theory methods of Muskat could be 

applied only under very exceptional circumstances, such as when the 

two phases had constant and equal mobilities. Practising engineers 

had therefore to be content with adapting the linear Buckley-Leverett 

model by combining it with whatever laboratory data that was available 

on 2 0 water-floods, in order to meet their specific needs. Such was 

the general state of affairs until advances in electronics opened up 

other possibilities. 

1.5 	Reservoir Simulation 

The advent of high speed digital computers in the 1950's 

ushered in a new branch of mathematics known as numerical analysis, 

a significant part of which was devoted to obtaining approximate 

solutions of both ordinary and partial differential equations. With 

this powerful technique, it became a relatively easy matter to compute, 
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with sufficient accuracy, the solutions to differential equations which 

had previously defied analysis. All branches of engineering were able 

to benefit greatly, and reservoir engineering was no exception. Thus, 

the application of numerical methods to solve for the pressure and 

saturation distributions in reservoirs gained immense popularity, and 

acquired the name of reservoir simulation. 

The aim of all numerical models is the same - namely, to 

divide the region of interest into a mesh, and to compute the 

(approximate) solution to the differential equation at these mesh 

points. To do this, the given differential equation is transformed 

into a difference equation at each point, so that as many simultaneous 

(algebraic) equations are generated as there are mesh points. The 

difference equations are such that each mesh point is connected to 

some or all of the neighbouring points, depending on the type of 

method used for this transformation. Having set up the complete 

matrix, the system is then solved by any of several well-known methods 

(e.g. Gaussian elimination, successive over relaxation, etc.) to 

determine the unknown values at the nodes. If the differential 

equation is time-dependent (as is usually the case), the entire 

solution procedure is repeated over successive time-intervals, for as 

many time-steps as required. 

Numerical simulators are considerably more versatile than 

analytical models in that they do away with many of the restrictions 

and simplifying assumptions that characterise the latter. The 

following features, in particular, can be readily handled by simulators: 

(1) Reservoirs having irregular (i.e. non-rectangular) geometry; 

(2) Variation in reservoir properties (e.g. porosity, permeability, 

thickness etc.) over large areas; and 
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(3) 	Multi-phase flow. 

There are at least two fundamental numerical techniques on 

which simulators can be based. These are: 

(a) Finite Difference Method (FDM), and 

(b) Finite Element Method (FEM). 

These methods differ principally in the approach used for 

transforming the continuous differential equation into a discrete 

difference equation. 

1.5.1 	Finite Differences 

This method is the older and the most widely known numerical 

technique, and it utilizes the Taylor series to approximate the 

derivative terms occurring in the differential equation. In conventional 

finite difference simulators, the reservoir is divided into rectangular 

blocks, and the unknown variables are taken to be the average pressure 

and saturation for each block. (These are also called block-centred 

values). The difference equations for these unknowns turn out to be 

equivalent to material balance statements for each phase at each of 

the blocks. Thus, for example, the conservation equation for phase n 

at block i, takes the form: 

Rare o f accttmct,tafcort. 
ofa,se n ~~ O. i ) 

where the (gin)j are the rates at which phase n is entering block i 

from its neighbouring blocks j, and (gin)I/P is the rate at which the 

phase is injected into (or produced from) block i, with the convention 

that the injection term is taken as positive. In the classical 2 D 
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versions, each block is in communication with its adjacent blocks in 

the x and y directions (Figure 1.1a), so that each equation is associated 

with the pressures and saturations in five blocks. While this "five-

point difference scheme" has been very popular in reservoir simulation, 

it has been shown recently (61) that better results can be achieved 

by using an alternative "nine-point formula" which allows for diagonal 

communication between blocks (Figure 1.1b). 

The application of finite differences to simulation has 

advanced to the stage that most oil companies now have their own 

3 dimensional, 3 phase models, constructed with varying degrees of 

sophistication. The fundamentals of this technique are described in 

several texts (Crichlow (15), Peaceman (47), and Aziz and Settari (4)). 

Despite their great value in reservoir engineering, finite 

difference models are not without limitations. The main difficulty 

is the phenomenon of "numerical dispersion" which leads to a distortion 

of the saturation distribution, so that the "numerical" saturation 

profiles often exhibit a considerable amount of spatial smearing, even 

when, from theoretical analysis, a steep profile (or "front") is known 

to exist. To control or reduce numerical dispersion, one would have 

to resort to the costly operation of using a fine mesh. Furthermore, 

with the use of rectangular blocks, the representation of curved 

reservoir boundaries and faults becomes difficult, and the nearest 

approximation of these can be achieved only by the use of a "stepped 

pattern", as shown in Figure 1.2. These factors have stimulated the 

search for alternative numerical techniques in recent years, and have 

thus led to the investigation of Variational (or Finite Element) 

methods. 
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Figure 1.1 	Communication between blocks in Finite Difference 
Simulators. 

Figure 1.2 	"Stepped" pattern for approximating a curved reservoir 
boundary with a rectangular finite difference grid. 



1.5.2 	Finite Elements 

In this technique, the reservoir is divided into a mesh of 

finite elements of any desired shape (triangles, rectangles etc.),and 

the pressure and saturation are approximated by piecewise polynomials 

over these elements. The unknown parameters are once again taken to 

be the nodal values, but the transformation from the differential 

equation to the difference equation is carried out by integration  

processes (as opposed to the Taylor series methods used in finite 

differences). The resulting matrices are less sparse than those of 

finite differences, and hence the solution procedures are correspondingly 

more sophisticated. 

The method, therefore, seemed promising for reservoir 

simulation from the point of view of accurately representing both the 

reservoir boundary, as well as the sharp saturation profiles that 

characterize many waterfloods. Although this technique originated 

in the field of structural mechanics in the 1960's, its application to 

fluid mechanics,and to reservoir simulation in particular took place 

much later, and nearly all the available literature in the latter area 

is confined to the past decade. 

The object of this thesis is to demonstrate the application 

of finite elements to two-phase immiscible (water/oil) displacement in 

reservoirs. The numerical examples that have been considered here are 

of a simple character - namely, the 1 D linear displacement model, and 

the 2 D "quarter five-spot" model. Throughout this project, attention 

has been focussed on the nature of the finite element solution? and the 

sensitivity of the method to various factors, rather than on the 

construction of a commercially usable model. It is hoped that the 
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results presented herein will help to elucidate some of the 

characteristic features of this method, and explain the diversity of 

opinion prevailing among the many authors, concerning the feasibility 

of the finite element method in reservoir simulation. 

1.6 	Arrangement of Chapters  

In Chapter 2, the basic differential equations governing two-

phase immiscible flow in porous media are derived from first principles. 

Chapter 3 describes some of the analytical and semi-analytical methods 

that are available in the literature (i.e. methods other than simulation), 

with special emphasis on those which are used later in the thesis for 

comparing with the finite element results. Chapter 4 presents the 

theory underlying the finite element method, and, beginning with a 

broad overview of the field, it proceeds to concentrate on those elements 

which have actually been employed in this study. The chapter also 

includes derivations of the appropriate shape functions and matrix 

equations, together with a discussion of the solution techniques and 

other relevant features of the models. Chapter 5 describes a program 

written for contouring 2 0 finite element results. This package has 

been used for generating all the contour maps shown in this thesis. 

Chapter 6 opens with a summary of the work of other authors in this 

field, and moves on to discuss the results of this project, and to 

compare them with suitable analytical results (described in Chapter 3). 

Chapter 7 concludes the thesis by listing the inferences that can be 

drawn from these results, and by pointing out some of the areas that 

still remain to be either explored or developed. 
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CHAPTER 2 

Basic Equations of Two Phase Flow in Reservoirs  

The simultaneous flow of two immiscible phases (oil and 

water) through a porous medium is governed by three basic equations: 

(1) a transport equation;  

(2) an equation of state; and 

(3) a continuity (or mass conservation) equation. 

These combined equations (written for each phase), together 

with the appropriate initial and boundary conditions, have to be 

solved, analytically and/or numerically, over the whole reservoir. 

2.1 	Choice of variables 

The reservoir engineer is interested primarily in four unknowns 

(or variables) which jointly determine the flow characteristics of 

the system. 	These are: 

(1) the oil phase pressure 	Po ; 

(2) the water phase pressure Pw ; 

(3) the oil saturation 	So ; and 

(4) the water saturation 	Sw . 

These physical quantities are, however, interrelated. 

(a) The saturations satisfy the volumetric identity : 

So  + Sw = 1 .. (2.1) 

(b) Since the fluids are immiscible, the pressure in the wetting 

phase (usually water) differs from that in the non-wetting phase by an 
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amount known as the capillary pressure, Pc, which is dependent on 

the fluid saturations. 	Thus : 

= 1% - pc (S w) (2.2 ) 

It follows therefore that only two of the four parameters are 

independent, and, consequently, the choice of a suitable pair is left 

to the discretion of the authors. 	Some authors have chosen, as their 

main variables, one pressure and one saturation (e.g, Po  and Sw) [16], 

[36], while others have used either the two pressures (Po  and Pw) 

[39], or any linearly independent combinations thereof (e.g 1(Po+Pw) 

and 1(Po-Pw) ) [38]. 	In the two latter cases, the saturations are 

calculated from the pressure difference via the capillary pressure 

relationship (2.2). 	This approach, however, has the disadvantage 

that it cannot be applied to a hypothetical situation where capillary 

pressures are either small or absent altogether (thus implying Po=Pw). 

Moreover, since the fluid distribution within the reservoir is one of 

the key items of interest, it seems desirable to include one of the 

saturations as a direct variable. 

In our treatment, therefore, we shall adopt P
o 
 and S

w 
 as the 

principal unknowns to be solved for. 	The region of the reservoir to 

be simulated will be referred to as the domain (0), and its boundary 

will be denoted by (81Z). 	The basic flow equations will now be 

presented in a 2-dimensional form, for an areal domain of uniform 

thickness h. 

2.2 	Transport equation  

By analogy with other transport phenomena, (such as diffusive 
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heat - and mass - transfer), the flow of a single fluid through a 

porous medium can be quantified by invoking the concept of a 

"potential field ". 	The linear relationship which normally exists 

between the volumetric flux vector and the potential gradient is 

known as Darcy's law: 

(2.3) 

where the potential, (I), is the pressure, corrected hydrostatically 

to an arbitrary datum. 

= h- e2'3-  (2.4) 

In these equations: 

3 
p = average density of fluid (g/cm ) 

g = gravitational constant 

= depth below datum 	(cm) 

p = fluid viscosity 	(cp) 	; 

3 2 
u = volumetric flux 	(cm /(cm S) ) ; 

and 

k _ kx  0 
o k ,i = permeability tensor (Darcy). 

K and K are the absolute permeabilities of the porous medium in 
x 	y 

the x and y directions, respectively which (for convenience) are 

assumed to coincide-with the principal axes of the rock. For an 

isotropic medium, we have: 
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When two or more fluids flow simultaneously, however, it 

is found that the motion of each fluid is more impeded than if it 

alone were present, and that the extent of this departure from Darcy's 

law is controlled by the fluid saturations. 	Thus, in order to make 

allowance for the increased resistance of the porous medium,it is 

necessary to incorporate into equation (2.3) a saturation dependent 

factor k (0< k < 1) called the relative permeability. 	Introduced 
r — r — 

originally in the 1940's, this concept of relative permeability has 

come to be regarded as the focal point of displacement theory in 

porous media. 

With the above modification, the multi-phase version of Darcy's 

law takes the form:- 

— (kri rL) K Y- 
k 0~ 

(2.5) 

where A 
r 
(= k 

r
/u) is termed the relative mobility of the fluid. 

Since the oil and water phases have each their own relative permeability 

curves (k 	vs S and k 	vs S ), their relative mobilities will also 
ro 	w 	rw 	w 

be different, and hence the modified Darcy equation has to be applied 

individually to the two phases - Thus: 

ro — 4" ro / 1-1-0 

rW — 1?-rw / t'LW 
(2.6) 

and so the volumetric fluxes are given by: 

k 0 fo 	avn d. 

u,w = —. ),rw k D1~,, . 

(2.7) 

(2.8) 



pc'Ysw —   Pw 3-1 

the slope of the capillary pressure curve where 

= 2' Po -  

1,: (-dp',/ds,)1 is 

(2.10) 
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We can also expand the potential gradients in the two fluids (in 

terms of the basic variables po and Sw) by combining the equations 

(2.4) and (2.2): 

E ro 
(p,,i —PWA ) 

o po 

1 and 	(2.9) 

with respect to saturation. 	Finally, substituting equations (2.9) 

and (2.10) into (2.7) and (2.8) respectively, we obtain the basic 

transport equations for the oil and water phases: 

t't'0 — ro k [v_po — l 	~3-1 and 	(2.11) 

,   
	(2.12) 

nrW [51-i'0— DSw - 	- 3-1 

The relative permeabilities (kro and krw) and the capillary pressure, 

pc, are, in general, strongly non-linear functions of Sw, and are 

derived from laboratory experiments. 	Figure 2.1 shows a schematic 

plot of these quantities for a typical water-wet reservoir rock. 

2.3 	Equation of State  

Due to the compressibility of the fluids and the variation in 

pressure over the domain, we need an equation which expresses the 

volume of the fluid as a function of pressure. 	For this purpose, it 

is convenient to use the formation volume factor, B, which is defined 

as: 
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B = Vres 
= volume of a given mass at reservoir conditions 

V 	volume of the same mass at standard conditions 
sc 

(2.13) 

in which "standard" (or "stock tank") conditions refer to 1 atmos-

phere and 60°F. B is thus a "normalised" volume, and is used for 

representing volume changes within the reservoir which, if thermal 

expansion effects are ignored (as is usually the case), will be 

attributable entirely to the pressure. 

We can therefore write the compressibility as 

G 	► oc v ° 
V d~ 	B o~p (2.14) 

For fluids of constant compressibility, such as water and undersatur-

ated oil, equation (2.14) can be integrated directly to yield: 

a = Bi ~GC" —p 

g` --ecA~ 

= BE [I + cAp + 2► c
2(Q02+ . - - J 

 

(2.15) 

1 

 

   

where (pi, Bi) are arbitrary reference values (at the reservoir 

temperature), and 

aI = kJ. — b 

If, in addition, the compressibility is small (so that Ictspl « 1), the 

expansion (2.15) reduces to: 

13= I3(1-1- cps) 
(2.16) 
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Swc ---> Sw  4i 

Sor 
Swc ---> S,)  *--, 

Sor 

Figure 2.1: Typical relative permeability and capillary pressure 

curves for a water wet system (schematic). 

ctx 

Figure 2.2: A differential element of the domain, used for 

deriving the continuity equation. 
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Thus, we ultimately have 

Bo 	BoL (1 -f- Co  Lp) 	-For °it )  (2.17) 

and (3,„, = B  (1  + cw  Ap) for water, 	(2.18) 

2.4 	Continuity Equation  

This is a differential equation which expresses the fact that 

the mass (or, alternatively, volume at standard conditions) of each 

phase is conserved throughout the reservoir. 	It may easily be 

derived by considering an infinitesimally small rectangular element 

(dQ) of dimensions dx, dy and thickness h. 	(Figure 2.2) 

The volume of this element is, clearly, _ 'h. ci.X GL / 	 (2,19)  

Any differential change in the fluid mass (generation or elimination) 

occurring within this element can be attributed to three causes: 

(a) dmt  due to transport (i.e. flux - or velocity gradients) 

(b) dms  due to sources or sinks (e.g. wells) 

(c) dmc  due to change in the "contents" of the element 

(e.g. Sw  change etc). 

We shall consider these terms one by one. 

(a) 	The Divergence Term  

As shown in Figure 2.2, let us suppose that the fluid enters 
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the element with velocity components [ux , uy] and leaves with 

components [Cux + dux) , (uy + duy)]. 	Using the definition of the 

formation volume factor B (equation 2.13), we can convert these 

velocities to "standard conditions" in the form: 

L g 	B 	B 	[3 

The infinitesimal gain in mass acquired by the element over a small time- 

interval dt is therefore: 

dmt 	- h d(Ux) dy dt - h d(Uy) dx dt . 

B 

But from elementary calculus we know that 

(2.20) 

d(Ux) = 8 [CLIx]dx and dCUy) = a 

C 
(Uy) dy 	12.21) ax B 	B ay B 

So from the equations (2.20 and 12.21), we obtain: 

(2..22.) 

or 
dm- -- ax B+   ā (p)] - .„dydt 

dm~= -- v. ā, dx. cty ~t 

which is the differential increase in stock tank volume due to the 

divergence of the flow field. 

(b) 	Source/Sink term 

If fluid is being supplied to (or removed from) the element 

by an external source (or sink) of intensity a (expressed in standard 

volume per unit reservoir volume per unit time), then the resultant 

increase in stock tank volume of the fluid brought about by this 
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means over a time interval dt is: 

(2.23) 

where we have adopted the sign convention that a is positive for 

injection and negative for production. 

(c) 	Capacity term 

The stock tank volumes of fluid that are contained within the 

element is given by: 

x4 
Hence the infinitesimal quantity of mass released inside the 

element due to a change in its contents over a time interval dt is: 

or 

61.711., 	— 	qt-) ocx 

Gt-m, = -- # & 	S cL 4 cL . 
a~ B (2.24) 

Since the law of conservation requires the nett increase in 

mass to be zero, we have: 

cL'Wlt + (A.1,v . + ct = 0 (2.25) 

and so, combining equations (2.22), (2.23) and (2.24), we finally obtain: 

v 	06 a es) 	
CY- 
	

p 	(2.26) 

which is the basic continuity equation. 
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Since the numerical models 	in this thesis are formulated 

in terms of "reservoir units" rather than "standard units", we 

shall expand the above equation (2.26) in order to convert it to the 

appropriate form. 	Thus: 

!(v.~~+v .u.+ as + gs aiā.- 
a 	~B 	g at D- B 

(2.27) 

Using the definition of compressibility (equation 2.14), the 

terms involving B can be simplified to yield: 

verf-c)— 0.̀  6/ Q 	GB-17S-__ p _  
p~-p 	a dp 	e - 

a(B 
— 

o.0*) _ _ , °8 _ c ak . 
•a-~ 	d,p 	at ̂  -Bi. d-i at 	B a-t 

(2.28) 

(2.29) 

Substituting equations (2.28) and (2.29) into (2.27), and 

multiplying throughout by B, we get : 

v. tt + C Vfr. L(. ± 0 a -h c5c ā — B = Q (2.30) 

which is the equivalent of (2.26) in reservoir units. 

In constructing the 1 D numerical models, it was decided to 

ignore the term c Vp . u (which is the one associated with _V ill in 
B 

equation 2.27). 	The removal of this non-linear term was intended 

merely to facilitate the programming process, although, in retrospect, 

its inclusion would have been desirable at least in the form of an 
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"explicit" (right-hand-side) term. 	The other term 	Sc Jap (which 
at 

in the case of single phase flow, governs the rate of pressure change 

with time) was retained in the continuity equation as the only term 

which accounts for compressibility effects. 

However, the saturation solutions are relatively insensitive 

to the fluid compressibilities, provided they are small (as is the case 

with liquids). 	Therefore,the omission alluded to above has a 

negligible effect on the saturation profiles, and consequently we shall 

adopt this simplified continuity equation as the basis for further 

development. 

Hence, the final equations for oil and water are: 

`.c.+hat +•t.socc, — Cō Bo— R = a. (2.31) 

 

āS,,~ C. U-w+ 	 +
S c 	BW — R 	Q I (2.32) 

M: 	14 
 

in which a further simplifying approximation can be observed, namely that 

2.5 	Treatment of well terms 

The nature of the source/sink term, a, deserves attention 

since, at any point P (xo, yo) of the domain, there are three distinct 

possibilities: 

(1) If no source or sink exists at P, then obviously a = 0. 

(2) If P belongs to a subregion w over which there is a continuous 
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(or distributed) flux of material, then a is a finite quantity, and 

represents the volumetric intensity of the source. 	The cumulative 

rate of injection (or production) of fluid over this subregion can 

be found by direct integration: 

W 	 J 	 O 

areal 
limits 
of w 

(2.33) 

(3) 	If P represents a concentrated source (e.g. a well in an 

areal model) then, in the vicinity is P, the intensity a assumes a 

singularity, which can be expressed in terms of the "Dirac Delta" 

function. 	Thus, if the well rate is q (standard volumes per unit 

time), then: 

0-- = (7,/-k)  O [(x— Xb)`v — āo)1•1 (2.34) 

It is a well known property of the Delta function that its integral 

over any region which contains the singularity is unity. 	So, 

integrating equation (2.34) we obtain: 

c] L~~C—cCb~\`~ —~o~~ 	_ 	(2.35) 

which verifies the statement that the integral of the source intensity 

yields the rate of injection (or production) at the well. 

Figure 2.3 illustrates the two types of sources described above. 
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I 

Po l.nt s%r k 
~3 P 

'D OMAIN 

Poi.n.t Source 

Reg (ion. of 
rest,- . u teGL 
productc,o-K. ((J,') 

Rey:on of c( LStri4-4ect 
e ctc o-n. (w) 

Figure 2.3: Illustration of (a) point source/sink and 

(b) distributed source/sink configurations, with 

respect to the five-spot example. 

T 	T 
YL LC  = YL L& = O. 

Figure 2.4: Illustration of no flow boundary condition. 

Boundary velocities are in the tangential direction 

only. Normal component = 0. 
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2.6 	Boundary conditions  

Having defined the fluid sources within the system, we 

need also to specify the conditions prevailing on the boundary of the 

domain. 	The most commonly used boundary condition in reservoir 

simulation is that of a "closed" system, which requires that, for 

each phase, the flux velocity normal to the boundary (30) be zero. 

This condition applies everywhere on the boundary, except at points 

where fluid is either entering or leaving the domain. 	In vector 

notation, this means 

on 	 (2.36) 

where n is the unit outward normal (Figure 2.4). 

Physically, this "no flow" boundary condition would be the 

result of either: 

(1) a permeability cut-off, giving K = 0 on the boundary. 

or 

(2) the boundary coinciding with a limiting streamline, as is the 

case when considering the symmetry element of a pattern flood (such 

as five-spot). 

In the latter situation, we find that, if the reservoir is 

horizontal, then the boundary condition (2.36), together with the 

transport equations (2.11) and (2.12), implies: 

vi="-'.p0  O (2.37) on ā n 
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and that if, in addition, capillary pressure exists, then: 

7t. D Sw  = O on (2.38) 

The incorporation of these constraints into the 2D finite element 

models will be dealt with in Chapter 4. 

2.7 	Initial conditions 

Since the differential equations are time-dependent, it is 

necessary that the main variables b and Sw  be known throughout the 
10 

domain at time t = 0. 	For horizontal systems, the initialisation 

procedure is usually straightforward. 	Thus, for example, if these 

variables are initially constant over the whole reservoir, we simply 

have: 

L.

130 = ? 

sw = swc 

(initial pressure), and 	(2.39) 

(connate water saturation) 	(2.40) 

These, in fact, are the initial conditions used for the numerical 

models, studied in this thesis. 	Should a vertical dimension exist, 

however, the pressures and saturations would normally be initialised 

so as to be consistent with hydrostatic and capillary equilibrium 

respectively. 

Finally, combining all the foregoing sections, we can briefly 

re-state the problem as follows: 

Given: 

(1) 	Reservoir dimensions and properties ; 

L‘') 1S ā-) 	) k -e'c. 
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(2) Saturation and pressure dependent data; 

~'ro ) rw) pc VS Sw j Bo[. ) 8WL, co c,,,,,efc. 

(3) The boundary - and initial conditions; 

(4) The locations and rates of the injection and production 

wells; and 

(5) The basic equationsof transport, state and continuity, 

it is required to determine the variables 

oCx) O )t! a.-.4. Sw(x) -,-t) for all t. 
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CHAPTER 3 

A Selective Review of Analytical Methods for Waterflood Calculations  

In this chapter we shall consider some of the models that 

are available for solving problems associated with displacement. 

These models are based on analytical or semianalytical techniques 

(i.e. methods other than "simulation", in the strict sense of the 

word), and they are presented here to review the development of two-

phase flow theory, and with a view to using some to assess the 

accuracy of the simulation models. 

3.1 	1 Dimensional moving Boundary model  

One of the simplest models for describing two-phase flow in 

1D is given by Muskat [43a]. 	This model is based on a piston-type 

displacement, and resembles in some ways, the movement of a meniscus 

through a capillary tube. 	The derivation given below is similar to 

that of Dawe [18]. 	The Muskat model is based on the following 

assumptions: 

(a) Horizontal, immiscible displacement of oil by water in a 

linear system of length L and cross-sectional area A. 

(b) The pressures at the inlet and outlet are constant. 

(c) The displacement is characterised by two regions of uniform 

(but different) saturations, separated by a moving interface. 

Ahead of the front, the system is at connate water saturation, 

and conducts oil only (at superficial velocity uo), while, 

behind the front, it is at residual oil saturation, so that 
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water alone flows (at superficial velocity uw). 

(d) 	The fluids are incompressible, and hence we have 

trla = lit. w ._ tl. = constant 

at any point in time. 

Let us suppose that, at time t, the "front" is at a pressure 

P, and that it has advanced a distance x from the inlet end (Figure 

3.1). 	Since we have a constant-velocity single phase flow in each region, 

it follows, from Darcy's law, that the pressure varies linearly with 

distance on either side of the front. 	Thus: 

LA' - - )` r. 	= a r (3.1) 

The pressure drops occurring in the water - and oil zones are there-

fore: 

x 
= i — i' — )`r I AJ 

f 	i 	 w K 

a-r<d A po —  — P2 — '— — x) 

~`
C 
 ro K 

(3.2) 

(3.3) 

Addition of these two equations yields the superficial 

velocity as a function of the front position, x. 

k p / 	 + L_ -- x  [r.w 	ro 
(3.4) 
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This velocity can be related to the rate of advance of the front 

(dx/dt), by performing a material balance calculation. 	If the front 

moves a distance dx in time interval dt, then the amount of water 

received by this newly invaded element is 

15 A [ ( I — Sor) 	(7k- 
and this quantity must be supplied by the water flowing in from 

behind the front, which is 

t 1. A ca . 

Equating these expressions, we find 

(3.5) oi.-E 	(1 —'Swc — Sop-) 

Finally, combining equations (3.4) and (3.5) to eliminate u, and 

integrating the resulting equation from (.X.= 0 t = o ) to 

=-E) we obtain : 

L x ±! 	- 	2J=  kLC 	-t (3.6) 
)`ro 	2 	 rw 	Xro 	56 Cl — S►A,c— Sor) 

which is the relationship describing the progress of the flood front 

with time. 	Furthermore, if we define the mobility ratio (M) of the 

displacement as: 

M ;  mobi J i-Ly of o isplacivi9 -Fluid, 	Xrw ►no6i lit/ of displacec( ~r o 

(3.7) 

and introduce the dimensionless variables 

X — Dc / L 

T = 	( )̀ ro AP/L-2)  -  0(1—  Swc — Sor) 

(3.8) 

(3.9) 
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{ 

Figure 3.1 	The linear, moving-boundary displacement model 

0 
w 1.O 	I.5 

	 T 

Figure 3.2 	Plot of fractional length VS dimensionless time 
for various mobility ratios. (Moving boundary model) 

Figure 3.3 	Sketch of fw Vs Sw 

f 
w 

= (Arw/Art) 

H 

S wc 
	 0 

Figure 3.4 Sketch of H vs S
w 

H = Aro Arw Pc' 
Art 
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we can express equation (3.6) in the normalised form: 

(3.10) 

Figure 3.2 illustrates these [X vs T] curves for various mobility 

ratios, from which it can be seen that the flood-front accelerates, or 

moves with constant velocity, or decelerates, according as M 	1. 

The dimensionless breakthrough time is obtained by putting X = 1, thus: 

TBT  = 2[, ÷ 111. (3.11) 

From a physical viewpoint, this model is realistic for a miscible 

flood under a constant pressure differential. 	Apart from this, how- 

ever, it is of limited applicability due to the assumptions on which 

it is based. 

3.2 	Development of the Classical Theory 

The formulation of this theory was a direct consequence of 

the introduction of the relative permeability concept. 	The 

significant feature of this approach was that it allowed the two fluids 

to flow simultaneously at any point, rather than one behind the other, 

as in the Muskat model. 

3.2.1 	Fractional flow equation (Leverett) 

The starting point for this theory was the pioneering work 

of Leverett [37] who derived an expression for the superficial velocity 

of a fluid as a fraction of the total flow stream velocity. 	The 

fractional flow equation for water, for example, may be derived as 
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follows:-  

Addition of the transport equations (2.11) and (2.12) yields. 

u.t 	)t rt  k S7 po + )1/4,,,, N. k Vsw-I- g'(,ro 
(o
+ a 

rW ev+/ ) k7_3- 
(3.12) 

where 

u-t = u-o -f- u-w `rt = X ro -t- >` rw ' 
Combining the above equation with (2.12), and eliminating Vpo, we 

obtain 

u.w —(,)
\
% rw u.t + roXrW rc k vSw -f- Xro rw g.'e  r0)k 23,.(3.13) 
fort 	Xrt 	 rf 

There are three important factors in this equation. 

(1) 	Fractional mobility  

The fractional mobilities of the two phases are denoted by 

fw  and fo  respectively, where 

fw -Nr-  w  
>rt 

ct-v ct. 	f0  = )' ro _ f _ f yv 
	(3.14) 

-' rt 

substituting for Aro and Arw, we obtain the familiar expression for 

fw  in terms of the relative permeabilities and viscosities: 

f S  _ 	(rw/w)   
(rofbo ) 	OZ rw  /Ī &̀w) 

(3.15) 

For moderate viscosity ratios and typical relative permeability curves 

(such as shown in Figure 2.1a), a plot of fw  vs Sw  commonly takes on 
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the characteristic "S" shaped profile (i.e. possessing an upward 

concavity in its lower regions), beginning at the point 

f (S ) = 0 
w wc 

and terminating at 

f (1-S ) = 1 
w 	or 

as shown in Figure 3.3. Although an "S shaped" curve need not always  

be present, it is encountered in many practical situations, and it cannot 

be overemphasised that the shape of the fw  curve plays a very important 

part in determining the nature of the solution - be it analytical or 

numerical. 	We shall return to this point later. 

(2) Capillary pressure term  

This is the second term of equation (3.13) 

H(s.) _ pro rw  ID: ) (3.16) 

and its role is clearly to enhance the flow of water relative to the 

oil, thereby reflecting the preferential attraction of the porous 

medium to the wetting phase (imbibition) Figure 3.4 shows a sketch 

of this curve for a water-wet system. 	It shows that the effect of 

the capillary pressure term is very pronounced in the 1-ower part of the 

saturation range. 

(3) Gravity term  

The contribution of the hydrostatic gradient to the fluid flow 
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is governed by the term: 

GCsw J 	),ro ^~'w ~(1w lo ) > rt 
(3.17) 

and thus, the larger the difference in densities, the greater will be 

the effect of gravity in segregating the two fluids. 

The capillary and gravity terms are very similar: 

(a) they are both proportional to the harmonic mean of the fluid 

mobilities [H. M == 2 >ro>`rw/(X .o + )r-t04)  

(b) the capillary gradient (Pc' VSw) is analogous to the hydrostatic 

gradient (gLpVz). One important difference, however, 

is the fact that Vz is a known variable 

which is independent of time.while OSw is an unknown. 	Thus 

capillary effects are more difficult to handle analytically 

than gravity effects. 	Rewriting equation (3.13) in 1 dimensional 

form and defining fw to be the true water-cut (i.e fraction of 

water in the flow stream) we have 

	

or L = Ī~rw { ±  rok 	aSw 	Ap 	(3.18) 
J w 	ax 	ax } ' 

r~ 	t 

which is the complete fractional flow equation. 	In many situations, 

the capillary and gravity effects are considered negligible, and the only 

significant term is the fractional mobility. 	Thus, for a horizontal, 

non-capillary displacement, equation (3.18) reduces to 

(3.19) 
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3.2.2 	Frontal advance equation (Buckley and Leverett) 

Buckley and Leverett [ 7 ] considered the 1 dimensional 

incompressible displacement problem, under a constant rate of injection 

(as opposed to the constant pressure difference used by Muskat). 

This implies that the total superficial velocity ut  is invariant in 

space and time (Figure 3.5). 

The boundary conditions are: 

and 

Lo = O at the iv, le+ (x = o) 
14-vv= (4-t 

(3.20) 

u,o  = (1 — fv,,e) u t 

u,14 	fw2 u't 
ccE -E k e  o u.± l e1 (x-e.=  L).(321)  

  

The initial condition is simply 

x- (Sw ) o) = O 	(sw 7 Swc) . (3.22) 

Beginning with equation (2.32),and assuming zero compressibility 

the continuity equation for water (in 1D) is: 

a 14-1„, 	 as  -- 	w  = O 
. x. 	?-b (3.23) 

which, upon substituting the simplified fractional flow equation (3.19) 

with ut  = constant, becomes: 

tL.t afw 
+ A 

a sw  = 
X. 

(3.24) 
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Since f 
w 
is a function of S 

w 
only, we have 

df,,,, 	aSw 	 sw _ Et Ai 
 GiSw ax + at 

0 (3.25) 

which is a non-linear hyperbolic partial differential equation in 

(x,t). 	It is at this stage that the basic "analytical" and "simulation" 

approaches part company. 	The reason for this is that, by introducing 

the identity 

(Dx)  
āt sN, 

asw 	asw 
af x 	ax t (3.26) 

we can transfōrm the above differential equation from the Eulerian 

system S 
w
(x,t) to the more convenient Lagrangian system x(Sw,t), from 

which the analytical solution follows directly. 	The transformed 

version of equation (3.25) is 

(3.27) 

As the right hand side of the above equation is a function of 

Sw only, each saturation advances with a constant velocity which is 

proportional to the slope of the (fw vs Sw) curve at that particular 

saturation. 	Integrating this velocity w.r.t. time from to to t=t, 

we obtain. 

X (.5 vi)i) 

	

	o~.Sw ± + x (sue ) o ) . (3.28) 
We now introduce the dimensionless variables 

Fractional distance moved by the 

	

W,±) = x(S.J,±)/L saturation Sw in time t' 	J XCS 	 and(3. 29 ) 

Cumulative pore volumes of 	(3.30) 
aC-e} — 

	

	[water injected in time t 
L 
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Figure 3.5 The linear, simultaneous-flow model of 

Buckley and Leverett. 
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Figure 3.6 (a) 	[dfw/dsw  vs Sw] and 

(b) [X vs Sw] profiles, derived from an originally 

"S-shaped" fw curve. 
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and substitute the initial condition (3.22), arriving at the equation 

x (s„, )±  ) — a (t) d.f,,, (sw) 
 cksw (3.31) 

which is the Buckley-Leverett frontal advance equation. 	Figure 3.6a 

shows a schematic plot of (dfw/dSw) vs Sw  for an S shaped fw  curve as 

shown in Figure 3.3, while Figure 3.6b shows the corresponding graph of 

X vs Sw as implied by equation (3.31). 

Ironically for this theory, Figure 3.6b, which was expected to 

provide the solution to the displacement problem, turned out to be 

the very centre of a major controversy. 	Due to the S-shaped nature of 

the fw  curve, it follows that pairs of saturation points (such as 

(P,Q), (R,S) etc., in Figure 3.6a) have the same value of (dfw/dSw), 

and hence also, by equation (3.27), the same velocity of propagation. 

Consequently, the saturation profile shown in Figure 3.6b exhibits 

two distinct saturations at each point, which is a physical absurdity. 

In their paper, Buckley and Leverett [7] recognised this 

erroneous situation, and argued that the double valued saturation profile 

ought to be replaced by one possessing a saturation discontinuity (or 

"front") from a frontal saturation Swf  down to the connate water 

saturation Swc, and that the magnitude of Swf  should be determined by 

material balance considerations. 	Since the area enclosed by the 

saturation profile against the Sw  axis is equal to the cummulative 

pore-volumes of water injected, it follows that the above construction 

is equivalent to truncating the curve by a vertical line BDF (Figure 

3.7b) such that 

Area ABCDE = Area ABDFE 	 (3.32) 

or, simply, Area BCD = Area DEF 	• 
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Figure 3.7 
	

Modified curves of (a) (dfw/dsw) 

and (b) Sw profile, to produce a "front" satisfying 

the material balance criterion. 

(cc ) 

Figure 3.8 	Welge's "tangent" 

construction to determine the 

"front saturation" S
wf  



3.7a): 

Swf 

Q dfw (Sv,r~ - 
d-sw 	d.sw 

Swc 

or 	 Swf 	 / 	5wf 
 

C 
— d 

f W ~ 	_ fwf 
[sj 

S k„c 	 Swc 

which simplifies to the equation 

0 

f 1f 
Swf -_' Swc 

(3.35) 

(3.37) 

(3.36) 
i 
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The piston-like profile ABDF is therefore the correct solution 

to the displacement problem. 	The magnitude of the saturation dis- 

continuity can be determined by an elegant construction due to Welge 

[56], which can be derived as follows: 

3.2.3 	Determination of front saturation (Welge) 

Let Swf be the frontal saturation (point B of Figure 3.7a,b), 

and let Xf be the distance moved by the front in time t, during which 

Q pore-volumes of water have been injected. 	The water cut and its 

derivative at Sw = Swf will be denoted by fwf and fwf A respectively. 

The material balance condition (3.32) requires that 
Swf 

[x(s) — Xf 1 dsw = 0 . 
5WG 

But, from the frontal advance equation (3.31), we know that 

x (s ) = Q (d_f, / atst ) 

X f 	= a fwf • 

(3.33) 

(3.34) cVTI 

Hence, substituting these into equation (3.33), and bearing in mind that 

fwf is a constant with respect to the integration, we obtain (see Figure 
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We see therefore that the "front" which satisfies the material 

balance criterion is determined by the saturation at which the 

derivative of the fw curve has the same slope as the chord which joins 

it to the connate water saturation (Figure 3.8) . 	Obviously this 

technique provides a more convenient way of locating Swf than the 

trial-and-error process of equating the areas. 	The Buckley-Leverett 

frontal advance equation (3.31), together with Welge's construction 

(3.37), is the standard analytical solution used in the petroleum 

industry for ID immiscible displacements, namely: 

x (s,„ -b ) 

	

~C fwf 	swc Sw s 

	

df,, 	Sw f < Sw < (I Sor),(3.38) 
dsW 

3.3. 	Method of characteristics 

This is a technique employed in the solution of hyperbolic 

partial differential equations and hence is also applicable to the .1D 

displacement problem described by equation (3.25). 	In 1959, there 

appeared a series of papers attempting to analyse and re-interpret 

the Buckley-Leverett theory in the light of the method of character- 

istics. 	The most notable was that of Sheldon et al [52]. 

Basically, a characteristic is a path (in the plane of the 

two independent variables) along which the dependent variable takes 

on a constant value. 	Not surprisingly, therefore, the characteristic 

of equation (3.25) turns out to be equation (3.27), which shows that 

the saturations are propagated along straight-line characteristics in 

in the (t,x) plane, starting from the x-axis (t=0) which represents the 
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initial saturations. 	Sheldon et al, demonstrated that the final 

solution depends on two factors: 

a) the initial saturation distribution, and 

b) the shape of the fw  curve. 

Let us suppose, for example, that we have a smooth uniformly 

decreasing "initial saturation distribution" along the x - axis 

(Figure 3.9a). 	Then, if the fw  curve has a monotonically decreasing 

slope (Figure 3.9b), the characteristics will fan outwards (i.e. 

diverge) into the (t, x ) plane, and hence produce smooth solutions 

(Figure 3.9c). 	If, however, the fw  curve has an S shape (Figure 3.9d), 

then the characteristics will intersect in due course, and result in 

multiple-valued saturations,(Figure 3.9e). 	By analogy with super- 

sonic flow, the coalescence of characteristics is explained by 

invoking the concept of a "shock" or discontinuity. 	The sequence 

of changes that occur to the saturation profile can be described in 

three stages. 

(1) "Pre-shock" period 

Starting with the initial distribution (Figure 3.9a) we can 

see that,due to the S shaped fw  curve, some of the higher saturations 

will travel faster than, and eventually catch up with, the lower ones. 

This tendency is evident from the convergent nature of the character-

istics (figure 3.9e), which implies a gradual steepening of the 

saturation profile (Figure 3.10a). 

(2) Shock formation 

The process of steepening continues until the first pair of 



-46-  

Figure 3.9 	Schematic illustration of the method of 

characteristics. [After Sheldon et al [52] ]. 

(a) Initial saturation distribution; 

(b) Smooth fw curve and (c) corresponding characteristics 

diagram; 

(d) 	"S-shaped" fw curve and (e) corresponding characteristics 

diagram. 
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Figure 3.10 Schematic saturation profiles at suncessive 

stages during a displacement, to illustrate the initiation 

growth and propagation of a "shock front", as deduced from 

the method of characteristics. [cf. Figures 3.9 d, e]. 



-48- 

infinitesimally adjacent characteristics meet, thereby initiating 

a discontinuity in the saturation profile (point A of Figures 3.9e, 

3.9d and3.10b). 	Mathematically, this corresponds to the situation 

when the saturation gradient (3Sw/2x) first becomes infinity (or, 

equivalently, (8x/8Sw) = 0) 

(3) 	"Post - shock" period  

This period marks the growth and propagation of the "shock", 

as the characteristics on either side of A continue to converge in 

pairs. 	Figures 3.10c,d,e illustrate the profile at a series of 

times which denote the arrival of the saturation pairs B1 92, C1 C2 and D1 

D2, respectively (Figure 3.9d). 	The points of intersection of these 

characteristics - A,B,C,D.. etc., - constitute what is known as the 

"shock path" (Figure 3.9e). 	This path eventually becomes asymptotic 

to the characteristic corresponding to the Welge tangent W. 

Cardwell [8] has presented analytical expressions for 

determining the locus of the shock path. 

The use of characteristics thus provides a general method for 

handling 1D immiscible displacements with an arbitrary initial 

saturation distribution. 	The Buckley-Leverett model is, in fact, a 

special case of this, in which (due to the initial step-discontinuity 

(equation 3.22) ) the shock is initiated at the very beginning (t=0), 

and is propagated with a constant magnitude. 

3.4 	Treatment of Capillary Pressures 

Our discussion so far has been confined to the non-capillary 



-49- 

displacement theory which,as we have seen, has proved amenable to 

analytical methods of solution. 	The introduction of capillary 

pressures, however, makes it necessary to combine analytical and 

numerical methods, in order to solve the differential equation. 

Fayers and Sheldon [25] were among the first to consider this 

subject at length, and they approached it with a two-fold objective: 

(a) to determine whether saturation discontinuities (i.e shock 

fronts) do occur in practice, or whether the capillary forces operating 

in reservoirs succeed in preventing the formation of these shocks; and 

(b) in the case of the latter, to assess the magnitude of the 

"smearing effect" of the capillary pressures on the Buckley-Leverett 

frontal solution. 	The first part of their technique was to derive 

the Lagrangian version of the displacement equation, which is 

identical to equation (3.27), with the exception that it is expressed 

in terms of the dimensionless variables X and Q [equations 3.29 and 

3.30], and that it involves the true water-cut fw as opposed to the 

fractional mobility fw. 	Thus: 

* 
a x _ DS, 
aa. — asw 

(3.39) 

in which, if we neglect gravity (but retain capillarity): 

5. 	= S.w ± ~` ro r  	k p , ōsw 

	

> r-E 	ut c a x. (3.40) 
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= f-,,+ c asw X 

~ro 	> r  	k 
L 
i 

where C(5w) = 	 C 
r{ 	Lt.t L 

(3.41) 

(3.42) 

is known as the capillary function. 

Substituting equation (3.41) into (3.39), and remembering 

that 
a sw — /(ax 
DX 	 a S,,,, 

we obtain 

DX __ d.fW 	a —  c(Sw)  -  
aQ 	d.sw + asw 	a 

 

(3.43) 

  

A comparison with equation (3.27) reveals the additional complication 

resulting from the insertion of the capillary pressure. 	To solve this 

non-linear differential equation, Fayers and Sheldon [25] used a 

finite difference technique. 	The saturation range Swc to (1 -Sor) was 

divided into n fixed intervals (at the nodes Swo to Swn), and the 

fractional distances(Xo to Xn) moved by these nodal saturations were 

taken as the unknowns to be solved for, at each time-step. 

Consider, for example, the time interval £Q=Qn+1-Qn. 	To 

evaluate the average gradient (3X/3Sw) over this interval, the X's 

were interpolated to an intermediate time - level. 

n 	n.+ 1 
X = (I— a..) X L + COKE 

(3.44) 

where "a" is a time-centering parameter. 	With this approximation) 
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the difference equation corresponding to (3.43) at a typical node i, 

takes the form: 

(.Swt~ ~~— SW.
-v2) x i 	x~ 	 _ 	) 

oQ 	/ 

-}- C 	Csw C't — Swig 	C ~-  (sW — Sw c - t) 	( 3.45 ) 

(X1:+ - XE 	C --X C. — XZ.- i 

The resulting set of equations, together with the appropriate 

boundary conditions, were solved by a combination of the Newton 

Iteration method and the tri-diagonal (Thomas) algorithm. 	Fayers 

and Sheldon tested their models on different sets of capillary 

pressure curves and flow rates, and the main conclusions which they 

drew from these numerical results were: 

(1) 	The presence of capillary pressure prevents the occurrence 

of multiple-valued saturations. 

(2) 	The effect of capillarity varies inversely with the total 

flow rate. 	At moderate to low flow rates, the capillary pressure 

tends to smear the "frontal region" quite appreciably, and hence 

"shocks" are unlikely to occur in such situations. 	At high flow 

rates, however, the capillary effect is diminished , and hence the 

saturation distribution approaches the Buckley-Leverett "shock" 

profile. 

Recently, Cheshire and Curtis [11] have analyzed the capillary 

displacement problem in 1 dimensional radial co-ordinates through a 

novel technique. 	By introducing a dimensionless radial distance for 

each saturation in the form: 

x(5w ) — r2~- ~  

vt 1. 
(3.46) 
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they transformed the original partial differential equation into 

a non-linear ordinary differential equation of the type: 

	

k
2

Y - k(y f ) d. S2 	
ds 

	

w 	~f 	w (3.47) 

where X = (GL/cL5w ) [c, f. ectn. 3.46]; 
and this time-invarient 0.D.E. was solved once and for all by a 

suitable numerical algorithm, to generate saturation profiles for 

different setsof capillary pressure/rate data. 	Their results are 

consistent with capillary theory, and this method is applicable 

in 20 cartesian models 	provided that it is restricted to 

regions close to the injection well where flow is radial. 

3.5 	Areal Flood Patterns 

In the field, waterflooding is often carried out by deploying 

the injection and production wells in systematic arrangements, known 

as "patterns". 	Basically, these consist of repetitions of regular 

polygons such that the injectors are located at the vertices (and/ 

or sides), and the producers at the centres. 	These are termed 

"normal" patterns, to distinguish them from "inverted" networks which 

refer to the reverse arrangement. 	The following are typical 

flooding networks, and are illustrated in Figure 3.11. 

(1)  Four-spot (triangle) 

(2)  Five-spot (square) 

(3)  Seven-spot (hexagon) 

(4)  Nine-spot (square) 
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Figure 3.11 	Types of flooding networks [Craig [13a] 	]. 

(1) 	Four spot 	(2) 	Five spot 	(3) 	Seven spot 	(4) 	Nine spot 

(5) 	Direct 	line 	drive 	(6) 	Staggered line drive. 
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Of these, the five-spot is perhaps the most popular, and 

widely studied, pattern. 	Besides these, there are two further types 

of patterns, consisting of alternate parallel rows of injection and 

production wells, called "line drives". 	Depending on whether the 

injection and production rows are directly above each other, or have 

an offsetting lateral displacement between them, two varieties can be 

recognised. 

(5) Direct line drive 

(6) Staggered line drive 	(Figure 3.11) 

Representing the inter-row distance by "d", and the inter-well 

spacing along each row by "a", we see that the five-spot is, in fact, a 

special case of the staggered line drive, with d=2a. 	The areal 

simulations that have been studied in this thesis are restricted to the 

repeated five-spot pattern only. 	The rest of this chapter, therefore, 

will be concerned with methods for calculating the performance of the 

quarter five-spot symmetry element. 

3.6 	Pressure distribution inside a single phase 5 -spot. 

For single phase incompressible flow, the continuity equation 

reduces to 

O 
(3.48) 

which is simply the Laplace equation, with pressure as the only 

dependent variable: 

V2 1 	= O 	 (3.49) 

Analytical solutions to this equation can be obtained by 

representing the reservoir as an infinite continuum, and the injection 
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and production wells as point sources and sinks respectively. 	The 

pressure tends to + co or - co at these points, but is continuous every- 

where else. 	The use of complex variable theory has enabled the 

solution to be obtained in the form of pairs of functions (known as 

conjugate functions) of which one represents the pressure itself, and 

the other the "stream function". 	The stream-lines denote the paths 

of motion of the fluid particles, beginning and terminating at point- 

sources and sinks respectively, or else, at "infinity". 	Furthermore, 

as would be expected, these stream-lines are orthogonal to the equi- 

pressure curves (isobars). 	We shall now proceed to derive a "series 

expansion" for the pressure distribution inside a single-phase five-

spot, following part of the treatise of Muskat [43]. 

3.6.1 	Single Well (in an infinite reservoir) 

Since the flow is radially symmetric about the well, it is 

convenient to express the differential equation in radial co-ordinates: 

d r d 	— O  . 
r cir 	d,r 	-- (3.50) 

Also, the volumetric rate of flow across any radius r is a constant (q), 

and is given by Darcy's law: 

----= 2-irr   I, K ___C- 
I/ 	 / ab- • 

Integrating equation (3.50) w.r.t. r, and inserting (3.51), we 

obtain 

r d.... c  o n S ± . — 	li it  
dr 	 2Tr k  

which, on integrating once more, yields: 

(3.51) 

(3.52) 
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(r) = 	(I- ) + cons-E . (3.53) 

where 
	

(3.54) 
4 

is the 'rate' of the well. 

Figure (3.12) illustrates the isobars and streamlines for 

this radial case. 

3.6.2 	Infinite line array of wells  

Let us consider an array consisting of an infinite number of 

production wells each with a constant rate q, placed along the line' 

y=d (i.e. parallel to the x=axis) such that the well spacing is "a", 

and one of the wells lies on the y-axis (Figure 3.13). 	The co-ordinates 

of these wells are therefore: 

14 - — oo to + oo . (3.55) 

The pressure at any point P(x,y) due to this array can be 

obtained by superimposing the contributions from the individual wells, 

as implied by equation (3.53) . 	Thus, we have: 

\ 	 a
(x ~' J = ~i Z.°° L'YL „2 	± cons.* . 

—oo 
(3.56) 

z= ~ 
—00 

 2. 
'Ell- [(V' — 61- )2 -}- (x — 71,0..) ] t Co nut. (3. 5 7 ) 

from (3.55). 	This infinite series can be simplified by a result, shown 
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Figure 3.12  

Isobars (concentric) and stream—lines (radial) for a single 

point sink in an infinite medium. 

Figure 3.13  

Schematic diagram showing isobars and stream-lines for an 

infinite well array parallel to the x-axis. (After Muskat [43d]). 
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in Whittaker and Watson [58](and referred to by Muskat [43b]), which 

we shall assume without proof. 	Using this result, equation (3.57) 

becomes: 

= ""n cosh 21i L_- ) 0.  cos 2īix  + const. (3.58) 0. 

As pointed out by Muskat [43c] this expression displays the 

following properties which are consistent with physical intuition, 

and are revealed in the isobar/stream—line diagram (Figure 3.13) 

(a) it satisfies the Laplace equation ; 

(b) it is symmetrical about the well-array (y=d), 

since cosh x = cosh (-x) ; and 

(c) it has a periodicity "a" in the x-direction, as 

implied by the cosine term. 

Equation (3.58) will be used as the basic expression in the 

derivation of a series solution for the five-spot. 

3.6.3 	The Five-spot 

As shown in Figure 3.14, the five-spot pattern can be viewed 

as a combination of two direct line drives, each with a spacing "d" 

between its arrays and "2d" between the wells in each array. 	The only 

difference between the two line drives is that the second is displaced 

diagonally from the first (i.e. a distance "d" parallel to the x-axis, 

followed by a further "d" parallel to the y-axis). 	With the sign 

convention that well 'rates' are positive or negative according as they 

are production or injection wells, we may write down the 'rates' and 
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co-ordinates of the wells belonging to the two sets, as follows: 

Set 1 

[(_i 1T 	i 	1i a n p(.) , /1.. _- 00 to +001 , m= — ao io +00(
3.59) 

and Set 2 

in+I 
(— 1) 	j 	~V+ t 2 a rno( , vi = - 00 to +ooi- . 1n = - ca to +00.(3.60) 

where a=2d,and the indices m and n refer to the rows and wells 

respectively. 	Substituting these quantities into equation (3.58), 

we find that the contributions to the pressure at an arbitrary point 

P(x,y) due to a typical row "m" chosen from each of these sets, would 

be, respectively : 	 _ 

PI.+.h(c)J') -(-I) 7[1-P. f c°5k 2ir(~-w+c~ 	CoS2āx1 co►,St 	(3.61) 
ol. 	 JJJ 

and 

ThtI _ p 	 r 1)2.m. (x'' ō) _~ I ) ~ 	C,oSk 21C 	Cos  27(X- &) + conSf. 
a. 	a 

TM- 
-en cosi, 	IvIct) + COS 21-1:2--C}.+ConSt. (3.62) 

Before summing these terms, however, it is necessary to determine 

the constants which occur in them, so that the result would be finite, 

and physically meaningful. 	Now, intuitively, it is obvious that 

the influence of a linear well-array (e.g. y = md) at a point P(x,y) 

will decrease (and eventually vanish) as the array becomes further and 

further from P. 	This implies that the logarithmic term must tend to 

a zero limit as ImI} co . 	But we also Know that cosh x -- o as Ixl  
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The repeated five spot pattern, expressed as a combination 
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Schematic diagram of isobars 

and stream-lines in a 

quarter five spot (single 

phase) 
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and, consequently, it follows that the above requirement of a vanishing 

limit cannot be met unless a suitable "constant" is added to this log 

term in order to counter the effect of the cosh term. 	Taking this 

constant to be of the form log cm , we may express the above requirement 

as: 

Cos t-, 2Tf (, — - 1.ā.) t cos 211-z 

~'rn 	►-~ 	ci 	 0. 	 ' 0
(3.63)  

aa 	 C-m 

or, more simply, 

cosh 
2(_-4') 	2lTBC CoS 

(,~( 	 0. 	
0. 	 (3.64) — 

1 "4-' 1— 	C yv~ 

But since: 

for equation (3.64) to be satisfied, we need 

C 	27r l I 'm- I .410. 
— 2 (3.66) 

Substituting these constants into equations (3.61) and (3.62), and 

summing the infinite series (with a=2d) we obtain: 

od 

p Cx 	= 	 ~► 	J-) +- b Cx v-)   L
c0S 

I 1T- 
4

)44 — cos 

d  

(3.67) ro C ~~ ~~ cosk ā 	 ~) t cos 

• z 

z 
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To simplify the notation, we may remove the terms corresponding to 

m=o outside the summation, and group the remaining terms in pairs of 

positive and negative m, thus: 

This re-arrangement finally yields: 

Cr u)1 	cosL(rr-/4 — cos (Ir~c/d) x d 1 
 

Lc°-ck 
(T-Yld.) 

+ Co S (w Ā. ) 

_ oo 	4 
LcosCT'N •►r`z() cos 	

. tcosk-rrcis 
	°i) cos 	J 

e 2TT"~ 

eO ,,,. 	1} [Cos~, Tr (I z ā.) + cos ?] [co s k 
ir 
d 

w+o~.) + co s 211—x-] 

(3.62) 

which is the series expansion for the five-spot pressure distribution, 

as given by Muskat [43e]. 	A sketch of this is shown in Figure 3.15. 

Although mathematically this series converges at any point P on the 

(x,y) plane, yet, from a numerical view-point, only a finite number of 

terms can be summed, and hence, in order to obtain speedy convergence 

(i.e. for the least "m"), P should be within the symmetry element 

surrounding the origin of co-ordinates (Figure 3.14a). 	This, however, 

is no restriction because, due to the repetition of the pattern in the 

(x,y) plane, a knowledge of the pressure distribution in a single 

symmetry element suffices to determine the pressure at any other point 

of the domain. 

Two interesting corollaries may be deduced from equation (3.68). 

(1) 	Substituting x = Id, we find that the pressure along the median 

line (x = Id) between injection and production wells is zero. 



-63- 

(2) 	Taking rw («d) as the well radius, Muskat [43g] derived 

a simple expression for the pressure difference between injection 

and production wells: 

= p. . 	117rod 

KO ) GL- rw ) — (o ~ rw) (Figure 3-14a) 

Q 	[2 \  —o .6N 	(3.69)  7ffi: 

in Darcy units. 

3.7 	Breakthrough recovery of five-spot flood 

If the fractional area contacted by the displacing fluid is 

EA (also known as the areal sweep efficiency), and the fractional 

recovery of the displaced fluid from the invaded zone is ED (the 

displacement efficiency), then the overall recovery efficiency of 

the flood at breakthrough is clearly the product of these two 

quantities: 

(ER) = EA l x E
3' BT 	 1 gT 	 BT 

(3.70) 

With this as the basic equation, we shall now consider some of 

the methods that have been developed in the literature for estimating 

(ER) BT' from the point of view of both the moving boundary (piston) 

concept, and the simultaneous flow concept. 

leading to 
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3.7.1 	Moving boundary approach (E0=1). 

This is basically an extension of the 1D model described 

in section 3.1 to 2 dimensions, and it involves the tracking of 

a moving boundary which separates the displaced fluid from the 

displacing fluid. 	The flow in each region is single phase, and the 

mobility ratio of the flood is as defined by equation (3.7). 

Clearly, the simplest case arises when the mobilities of the two 

fluids are the same (i.e. when M = 1). 

(a) 	Unit mobility ratio  

Since the mobilities are equal, there will be no discontin-

uity in the pressure gradients across the interface, and the flow 

is identical to that of a single phase. 	Hence, the steady state 

pressure distribution derived in section 3.6 holds, and it can be used 

as shown by Muskat [43h] to evaluate the time to breakthrough (t8T), 

and the recovery efficiency. 	The occurrence of breakthrough will be 

governed by the streamline along which the velocities are greatest, 

which is obviously the straight-line joining the injection and 

production wells. 	Let "1" be its length, and -4t- the differential 

length along it. 	Then, by Darcy's law, the true velocity of fluid 

particles along this stream-line is given by: 

U..  

cte 
(3.71) 

and so, the time taken to traverse 	its length is: 

0 	 k o  (- d,fridz ) 
(3.72) 
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Since (from Figure 3.:14a) the pore-volume of the five-spot symmetry 

element is 

V = 2 2L 

the breakthrough recovery turns out to be 

E R 
tBT 
VP 
 dl  

2 GL2 k ~. Jo C- old.-e 
(3.73) 

Combining this with the pressure equation (3.68) and performing the 

required integration, Muskat [43i] obtained the result: 

CERJBT = CEA3T =0•72 (3.74) 

which has since then been confirmed by several authors as the areal 

sweep efficiency for a unit mobility five-spot flood. 	Recently, 

Morel - Seytonx [41] has demonstrated the elegance of complex variable 

theory, in the calculation of 
(EA)BT etc. for various flood patterns 

with unit mobility ratio. 

(b) 	Non-unit mobility ratios  

In this case, we still have (due to the piston-type displace- 

ment): 
(ER)BT 

(E
A
)
BT 

However, because of the unequal mobilities (which give rise to a 

continuously changing pressure distribution) it-becomes almost 

impossible to track, by purely analytical means, the movement of the 

interface, and hence to determine the areal sweep efficiency. 

Experimental and/or numerical methods had to be resorted to in 

order that the areal sweep might be correlated with the mobility ratio. 
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Potentiometric model studies, which had originally been used for unit 

mobility ratio, were extended by Aronofsky [3] to cover a range of 

mobility ratios. 	Slobod and Caudle [53] introduced the X-ray shadow- 

graph technique and demonstrated its value in determining the areal 

sweep. 	Similar experiments were later performed by Dyes et al[23] 

(using miscible fluids) who published a series of charts showing the 

areal sweep efficiency (at, and after, breakthrough) as a function of 

the mobility ratio, for different flood patterns. 	Figure 3.16a 

illustrates their results for the five-spot flood, and confirms the 

following properties of 	as as would be intuitively expected: 

(1) the areal sweep increases as the mobility ratio decreases (i.e. 

as the displacing fluid becomes less mobile); (2) for a given 

mobility ratio, the areal sweep continues to increase after breakthrough, 

as more and more fluid is injected; and (3) the breakthrough areal 

sweep for unit mobility ratio is approximately 0.70, which agrees well 

with the theoretical value given by equation (3.74). 

We may also note that, since miscible floods are characterised 

by a sharp, piston-type, interface, the use of miscible fluids in the 

above experiments is consistent with the "moving boundary" concept. 

3.7. 2 Simultaneous immiscible flow 

This problem is much more complicated. 	The recovery at break- 

through is still given by equation (3.70), but thb displacement 

efficiency (E0) is no longer equal to unity. 	Instead, it is governed 

by the average saturation of the displacing fluid in the swept region, 

which, in turn, has to be calculated from the 1D Buckley-Leverett theory. 

The main difficulty, however, lies in the estimation of EA. 	This is 
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because, despite the correlations between EA  and M referred to in 

the last section, the basic definition (3.7) of the mobility ratio 

poses an obvious ambiguity. 	Since the displacement now involves a 

range of saturations rather than two, fixed, "end-point" saturations, 

we are faced with the question as to which saturations should be used 

for the evaluation of the mobilities. 	For the oil mobility it is 

reasonable to use the value in the unswept region (i.e. to evaluate it 

at the connate water saturation Swc), although some oil is still flowing 

in the invaded zone. 	On the other hand, the saturation at which the 

water mobility should be calculated is open to debate, and three 

particular saturations (representative of the whole range) present 

themselves as possible candidates. 	These are: 

(1) The maximum water saturation (1-Sor) 

(2) The average water saturation (SW) in the flooded region. 

(3) The frontal water saturation Swf. 

Craig et al [14] performed X-ray shadowgraph tests with immiscible 

fluids, and reported that the use of Sw  in the mobility ratio definition 

provided the best agreement between their results and the (EA  vs M) 

curves obtained by other authors from miscible flood experiments. 

Figure 3.16b shows the correlation of areal sweep vs mobility ratio, as 

obtained by Craig et al. 	In his monograph on waterflooding, Craig 

[13b] recommends this approach as the "standard" method for calculating 

the breakthrough recovery from an immiscible five-spot flood. 	The 

basic steps, then, are as follows: 

(1) 	From 10 Buckley-Leverett theory, calculate the average water 

saturation (Sw) in the flooded region. 
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(2) 	Calculate mobility ratio of the flood: 

(3) Using this M, determine the breakthrough areal sweep (EA)BT 

from Figure (3.16b) 

(4) Determine displacement efficiency: 

(ED)BT = (.114/s(.114/— S,/c) / (I — Sor — Swc) . 

(5) Finally, compute the breakthrough recovery (EA)BT from 

equation (3.70). 

Besides such elementary methods based on experimentally 

derived correlations, there are more sophisticated ones which, by 

directly combining the Buckley-Leverett theory with a suitable 

numerical method, seek to obtain a better representation of the five- 

spot flooding process. 	Some examples of these are: 

(a) the method of Sheldon and Dougherty [51,21] which tracks the 

propagation of bands of constant saturation; and,more important: 

(b) the stream-channel approach of Higgins and Leighton [30] 

3.8 	Stream channel method of Higgins and Leighton  

In this method, the five-spot (see Figure 3.17a) is divided into 

four channels, which are isolated from each other by streamlines 

corresponding to a unit mobility ratio pressure distribution. 	Since 

the fluids cannot cross these streamlines, it is possible to perform 

a Buckley-Leverett analysis separately along each channel. Finally, 

the performances of the individual channels are added to obtain the 

cumulative performance of the five-spot. 
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Figure 3.17  

(a) Division of the quarter five-spot into stream channels 

[After Higgins and Leighton [30]] 

(b) Electrical analogue of (a); 

(c) Electrical analogue of the cells which constitute a 

typical channel i. 

Figure 3.18 
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The displacement is assumed to take place under a constant 

pressure difference between the injection and production wells. 

Physically, therefore, these stream channels may be compared to four 

electrical resistances (R1, R2, R3, R4) arranged in parallel between 

two points across which a constant voltage difference is maintained. 

(Figure 3.17b). 	An important point to note, however, is that, in 

applying the 1D Buckley-Leverett theory, allowance must be made for 

the non-uniform cross-section of the channels. 	Fortunately, this 

merely involves (as can easily be shown) replacing the "fractional 

distance X" in the frontal advance equation (3.38), by the "fractional 

pore-volume (V 
P
)invaded" by a given saturation. Thus : 

vP  (s ,-0 = a °afw . 
d. s4,, (3.75) 

This direct proportionality between the pore volume invaded 

and (dfw/dsw) is taken advantage of in the present method and,  

accordingly, all saturation-dependent quantities (such as k ro ,krw etc., 

including Sw  itself) are expressed in terms of fw', instead of as 

functions of Sw. 	This is perfectly valid since fw" is monotonic in 

the range: [Swf to (1-Sor)]. 

3.8.1 Channel representation  

Each channel is divided into N cells of equal volume. 	In terms 

of our electrical analogue, this division is equivalent to replacing 

each of the resistances in Figure 3.17b, by N resistances connected 

in series (T 	r ). (Figure 3.17c). 	Pressure differences across 
1 	n 

these cells are calculated by incorporating a shape factor (G) into 

Darcy's law, so as to take account of the non-rectangular geometry of 

the cells. 	If we consider, for example, a typical cell (of unit 
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thickness, and whose plan view is as shown in Figure 3.18), then, 

the single phase Darcy equation takes the form: 

ti, = kA At- = k L,f.Idl = k(-G)ab A L 	L,e  
(3.76) 

where 

G, 
Lt - 2( L 1 +  Lz) 
L4 	2 (L3  + L 1,-) (3.77) 

The shape factors for each of the cells, as well as the volumes of 

the channels, are tabulated in reference [31]. 

3.8.2 Analysis of channel performance  

The progress of the saturation profile through the channel is 

calculated in a series of discrete steps. 	During the pre-breakthrough 

period, each "calculation step" corresponds to the invasion of a new 

cell by water, and the consequent arrival of the frontal saturation 

(Swf) at the cell boundary. 	Figure (3.19a) illustrates the saturation 

profiles that prevail at the end of the first three steps of the 

calculation. 

Since the cells have equal volumes, and since volume is prop-

ortional to fw' (equation 3.75), it follows that the cells in the 

invaded region occupy equal parts of the range of the fw' axis (Fig. 

3 - 19b). 	This leads to the following observations: 

(1) 	At any given stage, the fw' axis is divided into as many 

equal parts as there are flooded cells i 
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Figure 3.19 

Invasion of successive cells in the Higgins and Leighton method. 

(a) Saturation profiles; (b) Evaluation of saturation - dependent quantities 

at inter-cell boundaries. 
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(2) The volumetric average of a function over any cell is equal 

to the average obtained by integrating the function w.r.t. fw' 

in the appropriate interval; 

(3) The saturations (and any Sw dependent parameters) at the cell 

interfaces (A,B,C etc) can be found by entering the fw' axis at 

the points of subdivision (A',B',C' etc), and reading off the 

ordinates from the appropriate graph (Figure 3.19b). 

To determine the performance of a channel, we need to calculate, 

at each stage, four basic quantities: 

(a) Saturation at the producing end (Swe); 

(b) Cumulative oil (and/or water) produced (Qo,Qw); 

(c) The total flow rate in the channel (qt); and 

(d) 	The cumulative time (t). 

These calculations will now be illustrated for the period before 

breakthrough. 

3.8.3 Calculations for Pre-breakthrough period  

Let us consider the performance of a typical channel i (with 

fractional pore volume Vi), at a stage I, when I cells have been 

invaded. 	From 10 Buckley-Leverett theory, we immediately have: 

Cal (5-we) i — (3.78a) 
S wa 
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(4-) 	vi, (s7^1—Swc.1)\TIN1 (Q, .) 	= O. (3.78b) 

(c) 	By analogy with the electrical model, the total flow rate 

in the channel depends on the resistances of the individual 

cells. 	For cells lying in the flooded zone, the resistances 

are obtained through 'volumetric averaging". 	The following 

sequence of steps outlines the procedure involved. 

1. Relative permeability  r  

2. Relative impedance 	l, = 	i,r 
r / / 

3. Average relative impedance 4 =  
J 	Jl r  /1 

4. Average relative permeability: 

I /7r  = Cf dfw1 [1&J1 

5• 	Total (two-phase) conductance of an invaded cell: 

C6t- 
	zro 	''`rw  

6. 	Total conductance of uninvaded cell: 

C 	k 	
ro(st,,,c) 

	

1r— G 	r̀o 

[1,4 

7. 	Using subscripts (i,j) to denote the channel and cell numbers, 

respectively, we have: 

(i) Resistance of invaded part of channel: 
DC 

(R0.- - zEi/cc.,)••] 
(ii) Resistance of uninvaded part of channel: 
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8. 	Finally, from (7), the total flow rate through channel i 

(at stage I) is 

I  
(Ra) 

(RP) 
(3.78c) 

where Ap is the fixed pressure difference between the injection and 

production wells. 	Until breakthrough occurs, we clearly have qo = qt. 

(d) 	Cumulative time at the end of stage I is given by : 

_ 
	

ai.e proctced 4etweev stages (s-i~ 0.,d (I) 
~_ ----- 

 
 averc ye oit ratte durihq this in-Eerva.e 

o i T — (64) L,(Z  
~ ) (s-0 + 	 rrq 	1 2 L\Yoki + (L )(:)CT-1)] 

We have thus completed the analysis of channel performance 

until breakthrough. 	The analysis for the post-breakthrough period 

follows along much the same lines, with the exception that it takes 

into account the changing saturation atthe outflow end, and the amount 

of water that is being produced. 	Finally, the overall performance of 

the five-spot is calculated by a linear combination of the individual 

channel performances. 

The chief limitations of the Higgins and Leighton method are 

as follows: 

(1) The channel shapes are based on unit mobility ratio. 

(2) The geometry of channels is assumed to be invariant in time. 

(3) Since the co-ordinates of the cells have not been published 

it is not possible to plot the saturation distribution inside 

the five-spot. 

(3.79) 
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(4) 	The method is based on a constant pressure difference between 

wells, and is hence not strictly valid for constant-rate 

floods. 

Despite these large drawbacks, however, the method has been 

reported to give reasonably good results in the prediction of waterflood 

performance. 	Finally in a recent paper by Albright et al [1], a 

purely analytical solution to the five-spot problem is indicated. The 

approach used was to reduce the 2D differential equation to a 10 

(Buckley-Leverett) form by means of a co-ordinate transformation 

involving the isobars and streamlines. 	Although the method seems 

promising, more details of the theory would be required before an 

assessment of its true potential can be made. 
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CHAPTER 4 

Principles of Finite Elements and their Application to Two Phase Flow  

Much of the theory on which the Finite Element method is based 

is now found in text books on the subject. 	In his work, Zienkie- 

wicz [62] has given what is perhaps the most comprehensive, state-of- 

the-art exposition of the technique. 	The emphasis of various authors 

has naturally tended to be in the direction of their particular fields 

of interest. 	Thus, for example, while Zienkiewicz [62] and Desai and 

Abel [19] have approached the subject from the point of view of 

structural analysis, Argyris [2] has demonstrated its application to 

aeronautics, and Connor and Brebbia [12] have dealt with its use in 

Fluid Mechanics problems. 	The subject has also received its share 

of abstract, rigorous treatment in the hands of numerical analysts 

and mathematicians, of which Oden [45,46] and Rachford [49] are 

examples. 

Beginning with a somewhat generalised description of the 

finite element method, this chapter will move on to consider, in some 

detail, the way in which it has been used in this thesis. 

4.1 	Spatial discretization by finite elements  

The starting point for this method is the division of the flow 

domain into an arbitrary number of discrete (usually triangles or polygons 

quadrilaterals) known as finite elements (Figure 4.1). 	The description 

of these figures is considerably facilitated by a well-known feature 

of Cartesian geometry-namely, that all triangles and quadrilaterals 



(6k-) Figure 4.1 	Spatial discretization 

by finite elements (a) triangles 
and (b) quadrilaterals. 

Figure 4.2  Mapping of triangles 
and quadrilaterals in the 
(x,y) plane onto standard 
figures in the (E.n) 
plane. 
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in the (x,y) plane, whatever their shape or location, can be mapped 

uniquely onto "standard" invariant figures in another (E,n) plane. 

These standard figures are, respectively: 

(1) the right isosceles triangle, with vertices at 

(0,0), (1,0) and (0,1); 	and 

(2) the unit square, whose corners are at 

(0,0), (1,0), (11 1) and (0,1). 

Figure 4.2 shows an example of these two types, and also illustrates 

some of the internal trajectories in the (x,y) plane, which become 

mapped onto lines which are parallel to the E and n axes in the standard 

figures. 	This "one-to-one" correspondence which exists between the 

co-ordinates of points belonging to the original figures (x,y), and those 

of the standard figures (E, n), can be expressed in the form: 

I ~ 
x = X C , '' j 	ctii. c 

- 	, ) 
(4.1) 

The above transformations will be either linear, or, polynomial in 

and n, according as the bounding sides of the original figures (in 

the x,y plane) are straight lines or curves. 	In general, these trans- 

formations can be determined without much difficulty, and let us there- 

fore assume for the present that they are known. 	We can thus regard 

and q as the normalised coordinates  (since 0 < OF 11) < 	) 	of 

any point P(x,y) in the (x,y) diagram. 

4.2 	Approximation of variables  

Having discretized the domain by a series of finite elements, 
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the chief variables (in this case po and Sw) are approximated, over 

each element, by functions which are of known character, and are 

defined to be continuous along the inter-element boundaries. Indeed, 

it is this piecewise continuous nature of the assumed function that 

imparts to the finite element method (FEM) its distinctive character. 

Except in the vicinity of sources and sinks, where the use of 

sophisticated functions (such as logarithms) may be warranted, it is 

common practice to choose polynomials (in x and y) to represent the 

approximating function. 	However, since (as described in the previous 

section) the co-ordinates (x,y) are themselves polynomials of the 

normalised co-ordinates (E, n), it is more convenient to write the 

approximating polynomial directly in terms of E  and n. 

Clearly, a polynomial in two variables (e.g. E and n) is simply 

a linear combination of a finite number of binomial terms (i.e. 

products of powers of E and n) which we shall call modes. 	So, within 

a typical finite element, the polynomial approximation can be 

expressed as: 

c. 	(-5,1)  G 
(4.2) 

where: 

'' 	is the object variable (Po or Sw) ; 

n = number of polynomial modes chosen; 

f = [fl(E,n), 	 f 
n 
(i;,n)] is the row vector of modes ; and 

C = [CL 	 cn]T  is the column vector of scalar multipliers. 

Figure 4.3 shows a "Pascal triangle" composed of these basic modes, which 

have been arranged so that, starting with a zero-degree polynomial at 
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the apex (which corresponds to the term unity), each successive row 

introduces terms of progressively higher degree. 

4.3 	Calculation of derivatives 

Since the polynomial in equation (4.2) is written in terms 

of E and p, the evaluation of partial derivatives of `Y with respect to 
x and y is, in general, not straightforward, involving the Jacobian 

matrix (J) of the transformation from the (E,n) system to the (x,y) 

system. 	To begin with, the first order derivatives(DT/8x) and (aW/8y) 

can be obtained by a direct application of the chain rule for 

differentiation: 

a = ?x. a+ a  a 	a.-n.d. 

	

a'c 	a-5 )j-' 	 (4.3) 

a — ax 3 + ax a 

	

37 -- ai arc. 	a-1 a ē 
And so, inverting this pair of equations, we have: 

	

— 	T- a  	
a~ 	 a   (4.4) 

D 
 

ax._ a_ a 

	

-aa- 	_~ 	a'1 _J — a'1— 
in which the (2x2) matrix enclosed within brackets will be recognised 

as the Jacobian matrix [i.e,J (E,n)]. Simplifying the nomenclature, we 

may write equation (4.4) as: 

—I 
Y (4.5) 

If we denote the two rows of 1-1 by jTx and 
jTy 

respectively, then 

we can extract (separately) the partial derivatives w.r.t x and y, in 

the form: 



ca. 

(4.6) 3
~ —J — 1 - 
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Equation (4.6) can now be used as the basis for generating 

higher order partial derivatives w.r.t.x and y. 	Thus, in general, 

we have : 

a
eE YYI 	 Wl _ 	T 

(4.7) 

where D is the resulting scalar differential operator. 	Substituting 

this into equation (4.2), we have: 

e+rn 	 — 
Dpc _1 

cc f~ = [.21] C ) (4.8) 

which isin fact, the generalised form of (4.2), since the latter 

corresponds to the special case 1=m=0 (i.e. D=1). 

4.4 	Degrees of freedom and shape functions 

Although equation (4.2) is the basis of our numerical 

representation of the unknown function, an alternative (though equivalent) 

version of the same equation is usually preferred, because it is not 

only more convenient to use, but also permits an easier visualization 

of the physical quantity in question. 	Basically, this involves  

replacing the scalars [ci] in equation (4.2) by n physically meaningful 
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parameters connected with the object variable T. 	These parameters 

are known as degrees of freedom (DOF's), and consist normally of the 

function value Y' and/or its derivatives (w.r.t. x and y), defined at 

selected points of the element called nodes. 

It is worth noting that, in general, a node can accommodate 

mare than one DOF (e.g. Y' and DT/ax). Consequently, the number of 

nodes belonging to an element will be less than, or equal to, the 

number of its degrees of freedom (n), depending on whether or not 

"multi-DOF" nodes are present. 	In the majority of applications, 

however, each node has only one DOF associated with it - namely, 

the function value 'P at that point. 

Turning now to equation (4.2), its alternative version may 

be derived as follows: 

Let 

 

-te  1T  be the vector 

  

containing the n degrees of freedom of the element. 	Then, for a 

typical DOF given by: 

(4.9) 
Dz. 

which is situated at the node (Ei,ni), we have, by using equation 

(4.8) . 

"Yie= [-1)  	, 21) G )  (4.10) 

where Di = 0(E,11,li,mi) is the differential operator corresponding 
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to Y'ei, and Di f ( i,ni) denotes the value of Di f at the node 

(Ei,ni). Collecting together all the DOF's (i =1 } n) given by the 

equation (4.10), we can write (in vector form): 

Ye F c (4.11) 

where F is an (nxn) matrix, whose rows are given implicitly 

R.H.S. of equation (4.10). 	F can now be inverted to yield: 

C = F 	e. (4.12) 

and, on substituting c into the original equation (4.2), we obtain: 

_ [(-1)F
] ~~ = NQ _Yc- • (4.13) 

In this equation; Ne will be recognised as the familiar (1 x n) row-

vector containing what are traditionally referred to as the "element 

shape functions" or "basis functions". Furthermore, since : 

Ne, = f F-1 — — ) (4.14) 

it follows that we now have a systematic procedure for calculating 

the shape functions, given: 

(a) the polynomial modes ; 

(b) the degrees of freedom ; and 

(c) the dimensionless co-ordinates (Ei,ni) of the nodes. 

Equation (4.13) is exactly equivalent to (4.2), and is the form often 

encountered in classical finite element analysis. 	By examining it in 

some detail, we may deduce the following, more or less intuitive, 
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properties of shape functions and DOF's. 

(1) The number of DOF's in each element equals the number of 

polynomial modes chosen, and each DOF(i) possesses its own 

shape function Ne
i
. 

(2) Application of the differential operator Di to equation 

(4.13) at node (i,ni) should yield the value of the DOF 

(`Yei) . 	Thus : 

,-)L) =[ Vie(— ,1L 	=  ) (4.15) 

which implies that the term [ON] satisfies the Kronecker Delta 

Function : 

Ne (-//, ,'j ) 	
~f J _ ~• 

p 	Lf jc, . 
(4.16) 

This merely re-iterates the well known fact that, for every DOF 

the term Di Nei (or simply the shape function Nei, if Pi = mi = 0) 

takes on the value unity at the node (U,ni) where ''ei operates, 

and is zero at all other nodes. 

(3) When the function T happens to be constant (=I'c, say) over 

the whole element, then the polynomial. "approximation" should reduce 

to an "exact" representation, and so, equation (4.13) should read : 

• (4.17) 

However, in such a case, all the derivatives of Tare zero. 	We may 

therefore remove from the vector `Ye those OOF's (if any) which involve 

derivatives and set the remaining DOF's equal to the constant +c. 
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So, equation (4.17) now becomes : 

  

for 2L  'rn =0. (4.18) 
or, simply 

  

where the summation (as indicated by the condition 0) is 

taken over the non-derivative shape functions (i.e. those corresponding 

to the function value only). 

4.5 	Functional continuity and finite element types  

Since, by definition, a polynomial is continuous within the 

region in which it is defined, it follows that, in the context of 

finite elements, the function value p, and all its derivatives,are 

continuous inside the elements. 	However, due to the piecewise 

nature of the polynomial,:  discontinuities can, and do, arise across 

the inter-element boundaries (i.e. sides). 	A finite element 

approximation is said to possess Cm  continuity if all its partial 

derivatives of order upto,and including, m are continuous across the 

interfaces (and hence also throughout the domain). 

Where partial differential equations of second or lower order 

are involved, it normally suffices for the function value alone to be 

continuous at all points, thereby placing the finite element in the C°  

category. 	However, in some areas of engineering, such as 	plate 

bending, where fourth order PDE's occur, it is necessary to ensure 

the continuity of both the function and its slopes, and hence C1  

finite elements have to be employed. 	C°  finite elements are 
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alternatively known as Lagrangian elements, while C1  and higher types 

are called Hermitian elements. 	The required minimum continuity will 

thus be dictated by the needs of the problem, but in most cases, it 

is adequate to use the Co  type elements. 

In order to maintain functional continuity between neighbouring 

elements, it is evidently necessary that the variation of ik along the 

interface be controlled by parameters common to both elements. 	Here, 

we see yet another advantage which equation (4.13) possesses over 

(4.2). 	In the latter, the scalars [c.] are set up independently for 

each element, which means that special constraining relationships have 

to be enforced to obtain the required inter—element continuity. This 

complication renders the equation very cumbersome to handle. Equation 

(4.13), by contrast, is ideally suited to this purpose, and provides 

a very natural way of dealing with continuity requirements. 	This is 

so, because it allows a great deal of flexibility both in the choice 

of the degrees of freedom, and in the positioning of the nodes. 	We 

can easily see that, if nodes are placed along inter-element boundaries, 

then they will : 	 _ 

(a) belong to both elements ; and 

(b) exercise direct control over the variation of 41 along this side. 

These considerations provide us with the key to determining 

the number, and locations, of the DOF's that need to be cited on the 

interface. 	Suppose that the highest polynomial'. term that occurs 

in the approximation is of degree n. 	Then, as the interface is 

approached from within the two elements situated on either side of it, 

the variation of A along the interface will converge to two separate 

(ID) polynomials, both of degree n. 	This implies that if, ' is to 
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be continuous across the interface, these polynomials must coincide. 

But, we know that a ID polynomial.. of degree n is uniquely determined 

if it is made to pass through (n + 1) points. 	Hence it follows that 

functional continuity will be ensured if (n + 1) DOF's are located 

along the side. 	Two of these are positioned at the extremities (i.e. 

vertices), while the remaining (n - 1) DOF's are distributed regularly 

along the interface. 	These arguments hold equally for triangles and 

quadrilaterals. (Figure 4.4). 

Provided that all the finite elements constituting the domain 

are of the same type (as is normally the case), we can extend the above 

reasoning, and state that all inter-element boundaries will have the 

same nodal configuration - a feature which is consistent with the 

requirements of symmetry. 	Figures 4.5, 4.6 and 4.7 illustrate the 

locations of the nodes for some of the common types of finite elements. 

The nodes on the element boundary do not, however, preclude 

the existence of internal nodes which also contribute to the polynomial,'. 

variation inside the element, without affecting the inter-element 

continuity. 	The choice of the nodal system will therefore be deter- 

mined by the modes we wish to include in the polynomial:.. 	On the 

basis of the choice of polynomial modes, we can distinguish three 

broad classes of finite elements (Figures 4.5, 4.6, 4.7). 

(1) 	Complete polynomials, (triangles) 

As can be seen from the Pascal-triangle of Figure 4.5a, a 

complete polynomial:. of degree "d" in 	and n can be constructed by 
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taking all the modes that lie on, and above, the (d + 1) th row. 

The total number of modes, n, is : 

2(d + 1 )(d.+ 2.) 
(4.19) 

which is also the number of nodes that the element must possess. 

Clearly, triangles are the obvious choice for representing complete 

polynomials in 2D, since the required number of nodes is easily 

obtained by drawing lines parallel to the three sides, and by placing 

the nodes at the intersection points. 	Linear (Chapeau), Quadratic 

and Cubic triangles are shown by the cases d=1,2 and 3 respectively, 

in Figure 4.5. 

(2) 	The Serendipity family  

These are quadrilateral elements, having the usual config-

uration of boundary nodes, but with relatively few internal nodes. 

In fact, the latter do not appear until after the cubic element., For 

each polynomial.. (of degree "d"), they contain not only the complete 

set of modes used by the triangles, but also two additional terms 

do and crtd, so that the number of nodes per element becomes: 

n = L4+ I)(d+1.) + 2 . (4.20) 

Thus, although powers of (d + 1) occur in the expansion 	the poly- 

nomial is complete only to the power "d". 	Figure 4.6 shows the modes 

involved, and the corresponding nodal configurations, for this class 

of finite elements. 	Of these, the 8-node (quadratic) element, in 

particular, has enjoyed a wide popularity in structural mechanics and 

other civil engineering applications. 	The name "Serendipity" was 

introduced by Zienkiewicz [62a], to draw attention to the fact that, 
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in earlier days, when finite element theory was being developed, there 

was no systematic procedure for deriving the shape functions for this 

class of elements, and consequently they were derived by trial and 

error. 

(3) 	Tensor product family  

These are quadrilateral elements in which the approximating 

polynomial, as the title implies is a product of two 1-dimensional 

polynomials in the 	and n  directions respectively. 	If the poly- 

nomial is of degree "d" in each direction, then the number of DOF's 

per element is given by: 

2 
'YL =(d.+ 1 

14.21) 

which, for Lagrangian (C°) elements will also represent the number 

of nodes. 	In each element, the nodes are arranged regularly, row-by- 

row [(d+1)x(d+1)], and it can be observed that these elements possess 

more internal nodes than the corresponding serendipity elements. 

Figure (4.7a) shows the polynomial. modes involved, while Figures 

(4.7b,c and d) illustrate the bilinear (Chapeau), biquadratic and 

bicubic (C°) tensor product elements, respectively. 	Figure 4.7e, 

however, shows a bicubic element which has C1  continuity, and therefore 

belongs to the Hermitian type. 	We shall now consider briefly the 

structure of such elements. 

Hermitian elements in :1D 

To define a polynomial.. of odd degree (2d+1), we may proceed in 

two ways. 	Since the required number of DOF's is (2d+2), we may either 

(1) 	represent the DOF's entirely by function values at (2d+2) nodes, 
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placed regularly along the interval; this is the Lagrangian case 

(Figure 4.Ba). 

or 

(2) 	use only the two "end nodes", and assign multiple DOF's, 

to them. 	Each node will thus contain (d + 1) DOF's, which will 

consist of the function value and the first "d" derivatives: 

?°  PP) (-t-Ttx.) ,  
This is the 1D Hermitian element, in which the presence of derivatives 

at the "end nodes" ensures that the approximating polynomial has Cd 

continuity throughout the domain. 

Hermitian elements in 2D 

In 2 dimensions, we shall restrict our consideration to 

rectangular hermitian elements only (instead of general quadrilaterals), 

so that the sides of the elements are parallel to the x- and y- 

co-ordinate axes. 	By analogy with the 'lD hermitian element, only the 

four "corner nodes" will be present, and at each node i, the DOF's 

will consist of the tensor products of the 1D DOF's. 	Thus: 

Y-e 	H.T. Hwt 1 .? .e 0 	- 44_ (4.22a) 

or, collectively, for the whole element, we can write : 

Ye = 	axe a m 	° < '~~'M,) 	d 	=-1 	(4.22b) 
L 

where i is the index covering the four nodes. 	Due to the tensor 

product formulation, all the "single" derivatives: 
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ā x~ 
in'" 	

14l _ 1 ----, 0( 
o v."' 

will be continuous across the element sides. 	Furthermore, since 

these sides are parallel to the x- and y- axes, it follows that the 

"mixed" derivaties . 

D 	I 	C,e 4O, -m. O) 
axe a , 

will also be continuous from element to element. 	We can conclude, 

therefore, that the tensor product hermitian element of degree (2d + 1) 

in each variable, provides complete Cd continuity over the whole domain. 

We have thus far considered the properties of three classes 

of finite elements, and it is appropriate at this point to make some 

comments on the system: 

(1) 	Although it includes most of the "standard" elements, the 

classification is by no means a comprehensive one; several 

intermediate or "mixed"elements have been proposed in the 

literature. 

(2) Hermitian elements are also available for triangles, besides 

the purely rectangular ones considered here. 	A classic 

example of this is the 21 DOF quintic triangular element which 

provides C1 continuity. 

(3) Rectangular hermitian elements are restricted to odd degree 

polynomials in x and y, while Lagrangian elements can take 

on any desired polynomial— 	Of the variety of elements that 

have been presented,only a few have been applied to the 

simulation of waterfloods in the present study. 	These are 

as follows: 
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1 Dimensional models 

(1) Linear (Chapeau) 2 nodes , 	2 DOF's 	; 

(2) Quadratics 3 nodes , 	3 DOF's 	; and 

(3) Hermite cubics 2 nodes , 	4 DOF's 	. 

2 Dimensional models 

(1) Tensor product chapeau (4 nodes , 	4 DOF's) Fig. 4.7b 

(2) Tensor product quadratics (9 nodes , 	9 	DOF's) Fig. 4.7c 

(3) Tensor product H. cubics (4 nodes ,16 	DOF's) Fig. 4.7e 

Moreover, since a regular orthogonal grid was used in the 

simulation, the 2D elements were strictly rectangular in shape (rather 

than quadrilaterals). 

4.6 	Calculation of Shape Functions  

Using the approach described in section 4.4, the shape functions 

for the three (1D) elements can now be calculated. 	Let the terminal 

nodes of a typical element be i, j respectively, with co-ordinates—

x
1
., x. relative to the origin. 

•	 

 

 

Ocz.) 	P Cx) 

Then, the normalised co-ordinate of a point P(x) is given by 

	

-- x C 	DC _. )C 

	

X.). — XII 
	

L1 x 	 (4.23) 

and the 1 dimensional version of equation (4.4) is: 

a _ a 
a% Ax DI (4.24) 
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4.6.1 	Linear (Chapeau) Shape functions  

•	 

 

• j 

 

Degrees of freedom 	Ye. _ [1?,: ~J 
T 

Normalised co-ordinates of nodes : 	0 5 	I . 

Polynomial modes = D 
(-,o)~ = LI 	11 

C) 
Substituting the nodal co-ordinates: 	F 

I 

Finally, from equation (4.14), 

— Ne = f F 

— 

C' 
i.e. 

rje

io 

e20 

T 	T 

(4.25) 

Also, since Ne10 + Ne20 = 1 , we have thus verified equation (4.18) 

which states that the "non-derivative" shape functions add up to unity. 

4.6.2 	Quadratic shape functions  

•	 

Degrees of freedom 

Normalised nodal co-ordinates : 

Polynomial:. modes 

• j 

 -

r 
=  i, .tk 

 

O i ? i 	. 

f =I I 11 
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1(1, o) f = [I s -5 
2. 

Inserting nodal co-ordinates, 

r- 

 

F _ 
/  O 0  

I 

4 

I 	I 	I 
And so, 

  

Ne - f (~ = [I -5 
-521 

I 0 O -

-3 4- -I 

2 —4 2 

i.e. 

 

_T 	- 

	

Ne,o 	(1-1)(1-2-1) 

	

Ne20 	 - (i- ~) 

	

N~ 3o 	 1 (21 - 1 ) 

T 

 

Ne = 
14.26) 

     

Once again, we see that : Ne10 + Ne20 + Ne30 = 1 . 

4.6.3 	Hermite cubic shape functions  

Degrees of freedom 

Normalised nodal co-ordinates . 

Polynomial. modes 

 ' (-2) 
L a 	a 

0 ; I 

= [I 	
I 	

13 

(I, °) f = ~I 1 
	~2 

j3j 

z 
21 35 1) = Lcto 
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Substituting the appropriate nodal—

co-ordinates for each DOF, 

I 	O 0 0 

F - O Q X 0 	0 

Hence : 

I O 0 0 

-53] 
 O Ax 0 0 

-3 -2Qx 3 -.Qx 

i.e.. 

N.e10 
_T _ 3 _52 + 2.53 

T 

Ne Nen  1(1— 5)2 6,x (4.27 

N e20 312  -- 213  
Ne2j  12C1 _ -) ax 

In this case, we have Ne10  + Ne20  = 1. 	It is interesting to note 

the dimensionality of each hermite cubic shape function . 	Those 

associated with the function value ik (i.e. Ne10  and Ne20) are found 

to be dimensionless, while the shape functions Ne11  and Ne21, which 

correspond to the derivative (2W/8x), have the dimensions of length. 

This feature is to be expected since the product of any shape function 

and the appropriate DOF should have the dimensions of the basic 

variable ii. 
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The linear, quadratic, and hermite cubic shape functions 

(as given by equations 4.25, 4.26 and 4.27) are illustrated in Figures 

4.9a,b and c respectively. 

4.6.4 	2D Tensor product shape functions  

To derive a general expression for the shape functions of 

tensor product rectangular elements, we shall adopt the following 

nomenclature, bearing in mind that the E and n directions coincide with 

the x and y directions respectively:-(i, jA= indices for nodes in the 

x and y directions;(n., n.)= number of element nodes in the x and y 

directions;(l, m)= indices of differentiation w.r.t and x and y. 

alt ,~I 
Li 4. 	° F ax2 

a 
t,i, 	a~ mod e (c: J 

ō 

Neijlm 	
shape function corresponding to ijlm~ d = degree of continuity 

(Cd) of the polynomial. 	Interpolation of the function value i at 

internal points (such as P, in Figures 10a,b,c) can be carried out in 

two stages: 

(a) along the n. rows of nodes parallel to the x-axis, to determine 

the n.(d+1) "1D, y-directional DOF's" at points such as A,B,C etc. 

(b) then, using the above DOF's, interpolate parallel to the y-axis, 

along the line AB, to obtain the function value VP. at P. 

The first set of interpolations can be expressed mathematically 

as: 

J m 	 n 	(4.28) I_ ► .=o 	 J — (--~ i . 
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The second set, which represents summations along the line AB, can 

now be written as : 

	 N 	(71) 'tJm 
=1 '.=o 

(4.29) 

which, on substituting equation (4.28), becomes : 

z [(i)  NQ rn ~~)] ~cJCm " 	(4.30) 

From this equation it follows that: 

Neijlm ( ,ri) = Neil (E) Ne m (rl) 
	

(4.31) 

which is the basic property of the tensor product space - namely, that 

the two-dimensional shape functions can be expressed as the products 

of the appropriate .1D shape functions. 	This feature is also found 

to be helpful in the evaluation of derivatives : 

a 
Dz. 	~-~ 2-m,~ 	

az 	d 5 
	 Ne C J ~) a ct n 

(4.32) 
e-m-) = 	. 	) Lot aci-p,‘ CPI  

cti 

These derivative terms are necessary for the calculation of 

pressure - and saturation gradients during finite element simulations. 

It is perhaps worth observing that the 1D shape functions are 

independent of the location of the element, since they are expressed 

in terms of 	the local co-ordinates 	(or rfi). 	The only exceptions to 

this, however, are the shape functions associated with derivative DOF's 



c 	SW = N SW co L  

po 	.— N 10 
(4.34) 
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(e.g. Ne11 and NeZ1 in equation 4.27) which depend on the lengths 

(Ax or Ay) of the element sides. 

4.6.5 	Global notation  

The notation of the basic interpolation formula 

= Ne /lc 

(c.f. equation (4.13)), can be changed from an "element" level to a 

"global" scale, in the form: 

= N ~ 
(4.33) 

where V! and N are the global vectors containing all the DOF's of the 

domain, and their associated shape functions, respectively. 	Since 

equation (4.33) is identical to equation (4.13), it follows that, at any 

point P of the domain, the only "active" terms in the array N will be 

the shape functions (Ne) corresponding to the element within which P 

lies. 	All the remaining shape functions in N will be zero at that 

point. 	We shall use this global representation scheme in the 

derivation of the finite element integral equations which will form 

the subject of the next two sections. 	Meanwhile, we note that our 

chief variables, po and Sw, can now be written as : 

4.7 	Weighted residual methods  

Having approximated the variables po and Sw by the finite 

element polynomials (equation 4.34), it now remains to set up a 

suitable criterion which will result in the best possible solution to 
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the governing partial differential equations 2.31 and 2.32. Basically 

the role of such a criterion is to generate a system of simultaneous 

difference equations, from which the unknown vectors po ans Sw can 

be determined. 

Since a polynomial function cannot, in 'general, be an exact 

solution to a P.D.E, it is clear that the resulting residuals Ro and 

Rw (in equations 2.31 and 2.32) will be non-zero, at all but a finite 

number of points. 	The best solution, therefore, is one which attempts 

to minimise R, in some cumulative sense, over the whole domain. This 

is the basis for the class of methods known as "Weighted Residual 

Methods". 

Let nt  be the total number of DOF's in the system. Each DOF 

is assigned a weighting function Wi(x,y), such that these W's form a 

set of nt  linearly independent functions. 	The weighted: residual 

criterion requires that the product of the 

residual R with each of the weighting functions Wi, when integrated 

over the flow domain S2, should be equal to zero. 	In other words, the 

residual is rendered orthogonal to the space of the weighting functions: 

JL 

w;.  d. 	= 0 ; 	-n . 
(4.35) 

Different types of weighted residual methods have been reported in the 

literature, of which the following are among the main branches, as 

summarised by Zienkiewicz [62b]. 

(1) 	Point collocation 

In this method, the weighting functions are taken to be the 

Dirac Delta function, centred at the nodes where the DOF's operate. 

Thus: 
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w L = [(pc — ) 	)  
(4.36) 

and so 

t 	(4.37) 

Point collocation is therefore a criterion which makes the residual 

vanish at the nodal points. 

(2) 	Sub-domain collocation 

The Wi's, in this case, are set equal to unity over a sub-

region surrounding the relevant node, and are zero everywhere else. 

wi± rt the su.4-- re.3 on i 
e re . (4.38) 

and the integral relationship is 

J w` R 4S1_ = 	R d._s-t. 7= 0 5 L 	I —> "1-÷ 	(4.39)  
SwPr- 
regiort 

which shows that this method has a better "averaging" tendency than 

the "point collocation" method. 

(3) 	Galerkin 

This is perhaps one of the best known methods, in which the 

weighting functions are made identical to the shape functions Ni. Thus: 

W~ 

so that the integral equation reads : 

NIL  R rk_n_ 0 

N ~ 
(4.40) 
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In vector notation, we can write this as: 

J NT R cLa. = 0. 

This Galerkin criterion will now be used to derive the sets of 

difference equations for pd  and Sw. 

(4.41) 

4.8 	Generation of Difference equations (Galerkin) 

Following Spivak et al [54], we shall employ the sequential  

solution procedure in which, during each time-step, the pressure vector 

po is calculated first, and then, using these new (updated) pressures, 

the saturations Sw are determined. 	In order to do this, however, 

the differential equations 2.31 and 2.32 have to be uncoupled, so that 

po becomes the predominant unknown of the equation. 	An inspection of 

this pair of equations reveals that po is associated mainly with the 

transmissibility term (V.u), whereas Sw plays a major part in the 

capacity term (Ins/8t). The latter can be eliminated by adding these 

equations (2.31 and 2.32) to obtain: 

a Rt  - v . L̂L.t + ( so co  + SW c,N a — ( ō BD + 	Blv) - o (4.42) 

in which the subscript "t" denotes "total" (=oil + water). 	Although 

equation (4.42) still contains terms involving Sw (e.g. those involving 

compressibilities and relative permeabilities), the main capacity term 

is now absent. 	Consequently, we can treat the saturation terms 

explicitly (i.e. at the old time-level), and regard po as the main 

variable in this equation. 

4.8.1 	The pressure equation 

Applying the Galerkin method to equation (4.42), we obtain: 
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N T Rt 0 
(4.43) 

The three terms involved will be considered individually. 

(a) 	Transmissibility vector 

t _ 

 

J NT() 
(4.44) 

Let us consider a typical shape function Ni. 	From elementary 

calculus, it is known that : 

T NL(2. at) 	D .CNI ut) — (!N L ) ~t 
(4.45) 

and hence 

J 

The first integral on the R.H.S may be transformed by the Divergence 

(or Gauss) theorem, which states that the integral of the divergence 

of a vector over a closed domain is equal to the integral of the 

normal component of the vector taken along the boundary. Thus : 

ir v- (NL 12-.t)t) 	_ 

 

jT ( )
Jr 
	

(4.47) 

where n is the unit vector along the outward normal. 	However, due to 

the "no flow" boundary condition (described in section 2.6), we know 

that: 
T IA ut - 0 al c*-& po&h-s of D..0.. 

The value of the integral in equation (4.47) is therefore zero, and 

equation (4.46) reduces to: 
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I (v • 0 . ~l 	- S T~ 	_i d,12. = 
	
~Q N~~ u-t' ct_n' 	 (4.48) 

And so, collecting all such integrals (i = 1 -4- nt) into vector form, 

we obtain the simplified version of equation (4.44). 

f - - f (VNOT Lit 	. 

The value of Ut at the new time-level (n+1) is 

'n.+ I 	-r t.  
Lit = tA-t + l r ut) 3 

(4.49) 

(4.50) 

where the A, during this stage, represents the increment with respect 

to po (since the saturations are held constant). Combining the 

transport equations 2.11 and 2.12, and ignoring gravity, we obtain: 

d e±tl = — )rt ' Ykol 

- Xt.+ k(ZN)[1Ap0] . 
( 4. 51) 

Finally, substituting equations (4.50) and (4.51) into (4.49), we obtain 

the complete expression for the transmissibility vector, at time level 

(n+1) : 

	

t 	= 	a .E O N kr(~ N d-r l 1  
r---~ _`- -~ 	apo  

J1. 

	

(b) 	Approximation of time derivative  

The temporal gradient of pressure (8po/at) which occurs in 

the second term of equation 4.42, is approximated by a finite difference 

formula, since finite elements, in this study, are used only for spatial 



-110- 

diecretization. 	In order to relate this gradient to the pressures 

at the beginning and at the end of the time step, we make use of the 

Mean Value Theorem, which states that the chord-slope between any two 

points on a continuous and monotonically varying curve is a weighted 

mean of the two "end slopes" (Figure 4.11). 	Thus: 

►t t I 	-"I. 	
fo rL 

ifro p° 	= (i—e) 	+ e 
af  (4.53) 

where 0 is the weighting factor. Depending on the value assigned to 

0, three familiar schemes can be recognised : 

0 = 0 Forward difference (Explicit) 

0 = z Central difference (Crank-Nicholson) 

0 = 1 Backward difference (Implicit) 

Of these, the explicit scheme is unstable. The central 

difference formula is the most accurate scheme, although it is known 

to exhibit some minor temporal oscillations. 	The Backward difference 

scheme is stable and smooth, but is thought to be slightly less accurate 

than the Central difference formula. 	In the present study, the 

Backward difference scheme has been used throughout to avoid time 

oscillations. 

So, putting 0 = 1 in equation (4.53), we find: 

litOlv"  ° 	o 
at 	—" 	At 

(4.54) _ 4,t NC°p°1 
Substituting this into equation 4.42,and performing the Galerkin 

integration (4.43), we obtain : 



po 
rt+t 	n. 

• fo — 
~ 	

n 
o = (I 41) lo  + e Po 
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t 

Figure 4.11 	Approximation of the chord slope by the Mean Value 

Theorem. 
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Figure 4.14 	Numbering of nodes and/or DOF's 

consisting of 7 elements. 

in a 1D system 
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:1, 2 + 1 = JN( 50c0 -F- s W 

 

96, 
J 	ct — — N TN dsL (4.55) 

where Ctn is the total fluid compressibility at tn. 

(c) 
	

Source/sink vector  

For the rate terms, the Galerkin procedure yields: 

t  = —  N(Cr; Bo -r cr—w f3 d.sZ 

which , on introducing the point source/sink concept, reduces (as 

shown in equation 2.35) to: 

'n+ l 

±3 ct O f (~ w )=- (4.58) 

where qo , qw and qt are the global vectors containing the oil, water 

and total rates, respectively, expressed at reservoir conditions. 

Having thus expanded the various integral terms, we may now 

write the Galerkin equation 4-43, at time level (n+1), in the form: 

x+I 	 I 	Y++1 

which, on combining equations 4.52, 4.55 and 4.56, yields the final 

set of difference equations for the pressure increments [Apo] 

T 
J rf C D N) k (VIA 	f_t 

NTN d~ 
s2. 	 Js d-t 

T -~ 
f 	- 	~ N ) (A-t cisz 

s2- 

En: IDD (4.57) 
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This is a matrix equation of the form: 

[T . E.][oiq r, 
(4.58) 

where the matrix 

T 	r j r)T 2 N) cisL (4.59) 

(which we shall call the total transmissibility matrix) plays the 

important role of determining the pressure distribution during two-phase 

flow. 	If the fluids are assumed to be incompressible, then the matrix 

s1 disappears, and equation (4.58) simplifies to: 

T [00] _ r. 	 (4.60) 

4.8.2 	The Saturation equation  

The difference equations for the saturation vector [ASw] are 

obtained by applying the Galerkin procedure to the continuity equation 

for water (2.32). 	The steps involved are very similar to those 

described in the previous section. 	Since saturation is now the 

fundamental unknown, all incremental terms (0) are evaluated w.r.t.Sw, 

while keeping the pressure unchanged. 

At the new time-level (n+1), the individual vectors which make 

up the Galerkin equation are as follows: 

(1) 	Water transmissibility vector 

-n+i 	
NTB . ~11.+i 	 T 

t 	= J ( • _w )a_ 1. 	-- 	(4.61) J(VJ)[± Lw] c(it 
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Using the transport equation for water (2.12), we find 

(`w) — — `)%rw) 	k [N rt../VSwJ 

= [w±(Xrw '+Xrti,/ rc )VSW / Asw 

r w k 4 (V SWK 
Substituting this into equation (4.61), we obtain: 

(4.62) 

f(YN)T (()1/4 	— 
.~ 

Art.., Pc -I- Xrw ) D Sw) N dsL 

Li >% rw pc(0 N )Tk (d N) &II [6, 	— j cLi 
~- 	(4.63) 

where ' and " denote the first and second derivatives respectively, 

w.r.t. Sw. 

(2) Capacity vector  

$ NT S —`NT 	Sw,J4t 	 1 
,(4.64) 

(3) Compressibility vector 

'nfi l 

t J. a — 	NT~ sw 
cw at d_a_ 

[$ cw ntl ,, • N 
T kid Sw -1- 11 S,„1 (4.65) 

(4) Source/sink vector 

'Yt. -t' 1 -r 	'} t,+ 

[4.66) 
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Finally, the Galerkin criterion requires that: 

( T 	+I 	TO- I 	-rt+I 	-A.t 1  

J RW d_n_ — tl +t2 +t3 -I- . — ° 

and hence, combining equations 4.63 through 4.66, we obtain the set 

of difference equations for [ASw]: 

+ {.1(yki_TL  ~rw~le — C%rwl'c +arw pc DSw }Nā.n. [45_w] 

= 	 + J CD N )T w d.lt -- 	'"r~n+l bnN et-n7[5]  at 	o 	N 	 (4.67) 

which basically has the following structure: 

C 	E I + 	E31 [ASA = r2 -- Ei* [€ 1 (4.68) 

where the matrix : 

= 4t NTN dsZ 
(4.69) 

is known as the capacity matrix, and is as important to the saturation 

distribution as the transmissibility matrix T (equation 4.59) is to the 

pressure distribution. 	Of the remaining minor matrices e l. is associated 

with the capillary pressure gradient;c2 
	

involves the compressibility; 

and .e3 is the "chord-slope" matrix which makes the equation implicit in 

Sw. 	However,E3 is also a non-symmetric matrix, and., in all the runs 
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described in the present study, it has been ignored, and the equation 

treated explicitly in Sw. [To compensate for this restriction, the 

time-steps were prevented from becoming too large]. 	In addition to 

this, if the fluids are incompressible, then equation (4.68) simplifies 

to: 

[C 	
~~ J L~S~ 	

r2 
(4.70) 

4.8.3 	Integration and assembly of matrices  

The pressure equation (4.60) and the saturation equation (4.70) 

are both of the form: 

A x = b , 

where the global matrix A and the R.H.S. vector b involve integrations, 

over the whole domain, of matrices (and vectors) associated with shape 

functions and reservoir/fluid parameters. 	Since the shape functions 

provide at least C° continuity, and since erivatives higher than first 

order do not appear in any of the Galerkin equations, it may be 

concluded that the discontinuities in the integrands across inter-

element boundaries are finite, and do not contribute to the final integral. 

The global integrals can therefore be expressed as the sum of integrals 

carried out over each element : 

S+ 	= > 	 jr 4: ct 

_n- 	elems - --t 
Thus, in the finite element method, the matrices involved are calculated 

at the element level, and added into the appropriate locations within 

the global matrix. 	This twin process of "generation" and "assembly" 

is repeated until all the elements of the domain have been traversed. 

(4.71) 
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Within each element, the required integrations can be 

performed either analytically or numerically. 	The analytical approach 

is usually restricted to cases where the integrand does not involve 

saturation terms, and where the shape functions are not too complicated 

[e.g. the capacity matrices]. 	Most of the matrices, however, cannot 

be tackled in this way due to the occurrence of relative permeabilities 

and similar terms, and hence the common practice in finite element 

programs is to employ numerical integration schemes. 	These are 

formulae which approximate the integral by a weighted sum of the 

'integrand, evaluated at selected points within the range of integration. 

Thus : 
1 

'YL 

f(1) cl 	 ( 	. 
O 	 L= (4.72a) 

The Gauss-Legendre quadrature, for example, is well suited to 

rectangular finite elements, and the use of "n" integration points (also 

called Gauss points) is sufficient to integrate exactly a 1D polynomial. 

of degree (2n-1). 	These integration points (Ei) and the corresponding 

weighting factors (Wi) can be found in standard numerical tables. 

Applying equation (4.72a) to a 2D rectangular element, we obtain : 

1 
f f d ~.~ _ A. a x o ~- J -KY:7n d,  611  

_n_ 	 o o -e.  

A..6,x Al 	wo4i 	 )17J) ) 
L=1 3=1 

where h, Ax,iy are the dimensions of the element. 

Figure 4.12 illustrates a (3 x 3) Gauss-point scheme. 

(4.72b) 
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4.8.4 	Solution of matrix equations  

Equations (4.60) and (4.70) are solved sequentially, during 

each time-step, to obtain the pressure and saturation vectors 

respectively. 	The steps involved can be summarised as follows:- 

Suppose that, at time level n, we know pon and Swn. It is required 

now to determine pon+1 and Sw
n+1. 

1 	Pressure solution 

'A. 	 11. 	-Y1- 
Assemble: T (5w ) a..-ncl. r, Cpo 	S t" ) 	Csee equation 4.60) 

 —1 
 Apo =LT C../] r2 ( 1:011 ) .':- )  Solve: 

hr ti 	-rt 
Increment: 	ro 	= Po 4-- AK 

(4.73) 

(4.74) 

These new pressures po
n+1 

are now used for setting up the matrices 

for the saturation equation. 

2. 	Saturation Solution 

Assemble: 

C 
	E I (S,,~ ) 0. tc r2~ bo t1' Sw ) (see..(4.70)] 

Solve: 

 ~ S
-1 

p Sw = [c_ — , (W )J  Er2 ( KII-+i
) Sn )J   

Increment: 

(4.75) 

 

S
w +l — Sw + Q SW . (4.76) 
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Having thus calculated pon+1 and Swn+1, this procedure is repeated 

for all the subsequent time-steps. 

4.9 	Implementation of Boundary conditions  

Since, in the present study, the sides of the quarter five-

spot domain are parallel to the coordinate axes, it follows that the 

normal gradients on the boundaries simply reduce to either (Max) or 

(3/Dy). 	Let, us denote by B.C.1 and B.C.2 the boundary conditions 

which prevail along the sides parallel to the x and y axes, respect-

ively. 

B.C.1 

From equation (2.37) we know that the "no flow" boundary 

condition requires the normal pressure gradient to be zero on the 

boundary. 

Hence 
	apo 	0 	 (4.77 ) 

However, since this condition holds at every point along the line, we also 

have: 

a FA:1 _ a
2

fro 	o 
axa. (4.78) 

Equation (2.38) imposes similar constraints on the saturation, and so, 

combining all of these, we can express B.C.1 in the form : 

— 
apo_  abo 	_ asw _ as,,,, 	 —o 

 ax a~  
Likewise, B.C.2 is given by 

(4.79) 



-120- 

310 =  a2 Pc, a351, a2-st„, ax axa~ _ ax — 
axa~ 

N. 
(4.80) 

It may be stated that although B.C.1 and B.C.2 represent "no flow” 

conditions, they may equally well have been deduced from consider-

ations of symmetry and smoothness across boundaries. 

In the Chapeau and Quadratics models, these boundary 

conditions are implicitly taken care of by the Galerkin formulation 

[c.f. equations 4.47, 4.48])and hence do not have to be introduced 

externally. 	In the Hermite cubics model, however, it was found, after 

considerable numerical experimentation, that due to the occurrence of 

these derivatives as degrees of freedom, they must be forced to be 

zero, as otherwise large oscillations could develop. 	The enforcement 

of such a condition means that, for each boundary DOF (#) concerned, 

the difference equation generated by the Galerkin process should be 

replaced by the identity * - 0. Following Zienkiewicz [62c] this can 

be done quite conveniently by adding a very large number (e.g. 1098) 

to the diagonal term of the relevant equation. 

B.C.3 

The boundary conditions B.C.1 and B.C.2 are enforced at all 

the boundary nodes except those where wells are located. 	At such 

points, the constraints on the pressure gradients are removed, and hence 

the boundary condition used at the wells (B.C.3) is simply: 

a sv,, ` ass,, - a2 sw — o . 
ax 	ay. 	axDv, '(4.81 ) 

It is possible that even this restriction may be removed by the use of 
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Figure 4.13 	Boundary conditions used in the simulation of incompressible, two phase flow in a five-spot. 

(B.C.1, B.C.2 and B.C.3 apply to Hermite Bubics only). 
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"singular" basis functions at the wells. 

B.C.4 

If the fluids are assumed to be incompressible [as in the 

five-spot studies reported here), then it is also necessary to specify 

a "fixed pressure" boundary condition, since the transmissibility 

matrix. (T) would otherwise become singular. 	In the case of the five- 

spot, one obvious way to do this is to hold the pressure constant (at 

its initial value) at the two extremities of the median line: 

= 	for c&-ILf , ccf o C-rt.f. 5 0 a--n.d. 0". (4.82) 

The various boundary conditions described above are summarised 

in Figure 4.13. 	We shall make three comments regarding the use of 

these constraints: 

(1) All four boundary conditions were applied to the Hermite 

Cubics model, while the Chapeau and the Quadratics models 

were subject to B.C.4 only. 

(2) The combination given here is what has been developed 

from trial-and-error experiments. 

(3) No boundary conditions were applied to the 1D models 

(where fluid compressibility was taken into account). 

4.10 	Solution algorithms for the difference equations  

In finite element programs it is customary to use "Direct 

solution techniques" [i.e. Gaussian elimination, or variations thereof) 

to solve the system of equations. 	Iterative methods on the other hand )  

are of limited scope in this field, largely due to the variability of the 
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matrix structure. 	For this reason) some of the popular finite 

difference algorithms such as Alternating Direction Implicit Procedure 

(ADIP) and Strongly Implicit Procedure (SIP) are difficult to use in 

finite element models. 

The two most important factors which determine the feasibility 

of any solution method are: 

(a) storage, and 

(b) computer time. 

Unlike finite difference models, the storage requirement poses 

a severe problem even in small finite element programs. 	This is 

attributable partly to the use of Direct solution methods, and also to 

the fact that )due to the presence of a large number of DOF's in each 

element, and the strong interaction between them, the bandwidth of the 

overall (global) matrix tends to be quite large. 	This leads to a 

situation where even relatively small finite element meshes 	place 

unusually high demands on the computer's central memory, and the entire 

matrix cannot normally be accommodated in core. 	[For example, the 

semi-bandwidth of a (3x3) element grid is 3 for finite differences, and 

23 for Hermite cubic finite elements]. 	To overcome the storage problem 

two methods are commonly in use: 

(1) Banded solution algorithm 

(2) Frontal solution algorithm [Irons [32]]. 

4.10.1 	Comparison of "Banded" and "Frontal" methods 

One feature that is common to both methods is that, instead 

of assembling the global matrix and then solving it (a procedure which 
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would almost be impossible from the point of view of storage), they 

combine the processes of assembly and elimination so that, at any 

given stage of the operation, the size of the "active" matrix 

required for holding the coefficients is considerably smaller than 

that of the global matrix. 	Moreover, the upper-triangular entries 

created during the elimination phases are written successively onto 

a disk file. 	Finally, when all the elements of the domain have 

been traversed,_ . and the joint process of "assembly" and 

"elimination" completed then the algorithm enters the "Back-sub-

stitution" phase, and calculates the solution vector by - reading of-F-  the 

:upper triangular-records (in reverse order) from the disk file. 

The banded solution method is strongly dependent on the 

ordering scheme used for the DOF's, since this directly influences 

the variation of the bandwidth. 	A node-labelling algorithm (with 

preferably, the maximum optimising capability) is therefore necessary 

for use in conjunction with the Banded solution method. 

The Frontal approach, on the other hand, is entirely 

independent of the nodal sequence, and, in fact, the nodes are given 

fictitious numbers (aptly termed "nicknames"). 	The key to its 

success lies in a preliminary subroutine (known as the "prefrontal 

routine") which controls the storage requirements by means of a 

sophisticated housekeeping scheme for the matrix. 	In particular, it 

scans the original mesh, element by element, and performs the 

following tasks at each stage: 

(1) seeks out the "inactive" DOF's for elimination; 

(2) records the (empty) rows and columns vacated by the outgoing DOF's. 

(3) Admits new 	DOF's as they come in, either by inserting them 

into these empty locations (if they are available), or else, by 
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augmenting the "active" matrix to create more space. 

The principal advantage which the "frontal" method possesses 

over the "Banded" method is that it enables changes to the original 

mesh, such as insertion or deletion of nodes, to be performed with-

out any difficulty. 

In the present study, the finite element models have been 

equipped with Banded matrix algorithms because for the simple geometries 

studied they are likely to perform faster. 	These will be described 

below: 

4.10.2 	Banded algorithms for 1D finite elements  

Although the storage requirement for any 1D model is so 

small that the entire matrix can be held in central memory, the 

algorithms developed here are nevertheless based on an alternation 

of the "assembly" and "elimination" procedures, as is characteristic 

of the banded solution method. 

(a) 	Algorithm for 1D Chapeau model  

Figure (4.14a) shows a 10 system consisting of 7 Chapeau 

elements, and Figure (4.15a) shows the resulting tri-diagonal global 

matrix. 	The normal procedure, therefore, would be to assemble the 

whole matrix first, and then to solve it by the Thomas Algorithm. 

By contrast, the banded solution technique proceeds as follows:- 

Assemble matrix for element 1 ; 

Eliminate node 1 ; 

Assemble matrix for element 2 ; 

Eliminate node 2 ; 

etc. 
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It can thus be seen that, while the global matrix contains 

(8x3) entries, the "active" matrix of the banded method contains 

only (2x2). 	Let A (2x2) and b (2x1) denote the active matrix and 

the active R.H.S vector respectively. 	Suppose, also, that after 

the assembly of the it h element (which involves nodes i and 

the structure of these matrices are as follows: 

(1) A = L-0.
' 

a-2 

0.3 01 4 
(4.83) 

(2) Converting to upper-triangular form (such that the diagonal 

term is unity), we obtain: 

1 _, 
`t a ~ 2 

_ , O 	(a.q. -- ct.3 a, a2) 

a-1 

b = 0,2 - Q"3 a 1 b ') 
-~ [4.84) 

A 
1 

(3) The coefficients of the top row can be stored in the form: 

(4.85) 

for use, later, during the back-substitution phase: 

= d — C. 	r (4.86) 

(4) The bottom row is now shifted diagonally upwards to replace 

the top row, and the remaining entries are all set to zero. 	The 

vector b is treated likewise: 

 

- (a4 - 0(3 c & 2 ) 	0 

0 	0 

    

!/ 
A 6 

1/ 
_~ 11 

(62- a3a, bil 
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Figure 4.15 	Matrix structures corresponding to the 10 systems given in Figure 4.14. 
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(5) This is followed by the assembly of the next element (i+1), 

and the resulting "element matrices" are added on to A" and b" to 

generate the new matrices A and b . At this point the program 

returns to step 1, and repeats the complete cycle (1 through 5), 

until all the elements have been covered. 

(6) Finally, the back-substitution (4.86) is performed. 

(b) 	Algorithm for 1D Quadratics model  

In the quadratics model, the presence of internal nodes 

(Figure 4.14b) introduces a slight variation into an otherwise simple 

matrix structure, and, as illustrated in Figure 4.15b, the "stepped" 

profile of the bandwidth gives rise to an alternating tri-and penta- 

diagonal pattern. 	Since each element has 3 nodes, the active matrix 

A now has (3x3) entries. 

As before, let us consider the state of the matrices after the 

assembly of a typical element i, which involves 

(2i+1) . 

CL 1 	c Z 	c&3  
(1) 	A 	 and b = 0.S 	cu6  

a. 7 	al, 	0.q  

the nodes 

b1  

62  

b3  

(2i-1), 	2i, 

(4.88) 

Since the elimination of nodesis done two at a time, it is 

convenient to partition the above matrices so as to separate this pair 

of outgoing nodes from the third node (which is still active, and 

linked to the next element). 	Thus: 

and b 

0. T  0.8. ! 0.  a  
(4.89) 
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where 21 and b are submatrices of order (2x2) and (2x1) respectively. 

(2) 	Conversion of A into upper triangular form yields: 

T 
and A' 

0 0 a9 	[0., (-kg] al l [ a3 4.61r 
(4.90) 

b' 
1 

3 
_ C

al a8] Q i _ 

(3) 	The coefficients for back -s ubst tution are extracted from the 

top two rows of A' and b', and stored as : 

(4) Shifting the third row diagonally upwards, and setting all 

other terms to zero, we have: 

A" = 

— 	 T 
61-9 — Cal a8] ̀x' 	( [a3 °̀ 6I 	0 	0 

0 	 O O 

0 	 0 0 

(4.92) r 	 _ 
b3 — [c&~ R. 	al 1 bl 

b" 

  

(5) The matrices for the next element (i+1) are now assembled, 

and superimposed on A" and b". 	Steps (1) through (5) are repeated 

for all elements. 

and 
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(6) 	The final solution is obtained by back-substitution: 

~1 = 	 — 1 

-‘1/2t, 
01 _ 

lk . Ci 
(4.93) 

(c) 	Algorithm for 10 Hermite cubics.model 

Due to the presence of two DOF's at each node, instead of 

one (Figure 4.14c), the global matrix for the 10 Hermite cubics model 

assumes a block tri-diagonal form, in which each block is a (2x2) 

matrix (Figure 4.15c). 	The active matrix A
)
therefore )consists of 

four (2x2) matrices, while the active R.H.S. vector b contains two 

(2x1) vectors. 

       

A 
0.1 

a3 

  

and b = 

 

(4.94) 

  

b2. 

       

        

The steps of the solution algorithm are thus identical to those 

derived for the Chapeau model)with the sole exception that the scalars 

a1 , b1 etc., are now replaced by the (2x2) matrices 21 , b1 etc., and 

hence the algebraic operations are all matrix operations. 

4.10.3 	Algorithm for 2D models 

On account of the large size and variability of the bandwidth 

of 2D matrices, specific algorithms, such as were developed for the 10 

models, are of little use here. 	Consequently, in the present study, 

all three finite element types (Chapeau, Quadratics and H.cubics) are 

supported by a single solution-routine (known as GAUSS). 	Separate 

subroutines are available, however, to provide the necessary interface 

between this solution algorithm and the main program. 	In particular, 

they perform the 'following tasks: 
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(a) ordering of the DOF's ; and 

(b) analysis of the bandwidth. 

For convenience, we shall describe these aspects with reference 

to the global matrix (assuming that it is small enough to reside in core). 

Having done this, we shall then return to the concept of the(smaller) 

"active" matrix, and describe the application of the banded solution 

technique to the 2D problem. 

(A) Ordering scheme for DOF's  

A standard row-by-row ordering scheme is employed for all three 

elements, and, where multi-DOF nodes occur,the DOF's of each node are 

included sequentially before proceeding to the adjacent node. 	Figures 

4.18a. b and c show the numbering sequences used for a (3x3) mesh 

consisting of the tensor product Chapeau,Quadratics and H.Cubics elements, 

respectively, while Figures 4.17a, b and c illustrate the structure of 

the corresponding global matrices (A). 

(B) Analysis of bandwidth  

In order to economise on storage, the global matrix (A) is 

dimensioned as a linear arra y_in.the.program. It is necessary, therefore)  

to have a detailed Knowledge of the structure of A, before we can access 

any of its elements, lying either above,or below, or on,the leading 

diagonal. 

Let us suppose that there are, in all, (nt) degrees of freedom, 

and (na) coefficients above the leading diagonal. 	Since A is struct- 

urally symmetric, there will also be (na) coefficients below the 

diagonal. 	In the computer program, the matrix is represented in the 
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following manner: 

(1) Locations [1 
	

to 	na] contain supra-diagonal terms, 

numbered row-by-row; 

(2) Locations [(na+1) to 2na] contain sub-diagonal terms, 

numbered column by column (i.e. mirror-image of (1) ); 

(3) Locations [(2na+1) to (2na+nt)] contain the diagonal 

terms. 

Figure 4.18 shows an enlarged sketch of the first few supra-diagonal 

rows of A, for the Chapeau case shown in Figures 4.16a and 4.17a. 

The principal task of the bandwidth analyser is to supply the 

program with a "key" index for accessing the contents of A. 	This "Key" 

consists of an integer array L1 [dimensioned to (nt+1)] which gives 

the location within A of the first supra-diagonal term of each row. 

For example, the information given in Figure 4.18 will be recorded in 

L1 as follows:- 

L1(1) = 1; L1(2) = 6 ; L1(3) = 11 ; L1 (4) = 16 ; 

L1(5) = 20; 	 L1(nt-1) = na; L1(nt) = na  + 1. 

Using this index, we can determine the location (1) which corresponds 

to any given pair of DOF's i and j [i.e. A (i,j)]. 

(a) If i<j, the location is supra-diagonal, and is given by: 

1 = L1 (i) - 1 + j - i ; 

(b) If i > j, then it is sub-diagonal, and 

1 = L1(j) 	- 1 + i - j + n
a 
 , 
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(c) 	If i=j, it lies on the Leading diagonal : 

1 = i + 2n . 
a  

One possible pitfall, however, has to be guarded against when 

constructing the array L1. 	This arises whenever there is a decrease 

in the column number of the outermost location of a row. 	Figure 4.19 

shows three consecutive rows of the matrix, in which the second row 

stops short of the first (at, say, location n). 	If special provision 

is not made, the numbering will proceed normally, as shown in Figure 

4.19a, and the locations (n+1) onwards will belong to the third row. 

However, during the elimination phase, it is clear that the coefficients 

of the first row which lie outside the limits of the second row, will 

descend (as shown by the arrows) into unallocated locations, and will 

thus find their way erroneously into the "third row elements". 	It 

follows, therefore, that whenever there is a drop in the horizontal 

co-ordinate of the outermost coefficient, the shorter row must be 

extended as far as the end of the previous one, and the intermediate 

locations numbered accordingly (Figure 4.19b). 	An example of this is 

encountered in the tensor product quadratics model (Figure 4.16b, 4.17b), 

where the presence of rows of internal nodes gives rise to shrinkages 

in the bandwidth. 

The bandwidth analyser also performs the task of relating the 

local numbers of the DOF's of each element to their global numbers. 

This information is contained in the array NGL (i,j) where the sub-

scripts i and j refer to the numbers of the element and DOF respectively. 

Thus, in Figure 4.16, using element 3 as an example, we have: 

(a) 	For Chapeau 	[NGL(3,j) ; j = 1 +4] : 

3, 4, 7, 8. 

4 
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(b) For Quadratics [NGL(3,j) 	j = 1 -> 9] : 

5, 6, 7, 12, 13, 14, 19, 20, 21. 

(c) For Hermite cubics [NGL(3,j) ; j = 1 -> 16] : 

9, 10, 11, 12, 13, 14, 15, 16, 25, 26, 27, 28, 29,30, 31, 32. 

(C) 
	

Solution method for 2D systems  

The Banded solution method in 2 dimensions consists  basically 

of a repetition of the threefold process of assembly, elimination and 

displacement (or shifting) as described for the 1D models. 	The only 

difference, however, is that these steps are now repeated after each 

row of elements, rather than after each element. 	Thus, the sequence 

is as follows: 

Assembly of 1st row of elements 

Elimination of 1st row of nodes (or DOF's) 

Assembly of 2nd row of elements 

Elimination of 2nd row of nodes (or DOF's) 

etc... 

Consequently, the active matrix A, and the indexing arrays 

L1 and NGL, will refer to a row of elements and their associated 

degrees of freedom. 	The solution technique can best be illustrated 

by a series of sketches showing the structure of the active matrix 

during various stages of the cycle. 

Figure 4.20a shows a sketch of the global matrix for a grid 

consisting of 3 rows. 	The active matrix needed for the assembly 

and solution takes on the hexagonal shape shown in Figure 4.20b. 	The 

L 



Figure 4.20 	Schematic diagram showing 
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steps involved in the solution cycle can be summarised as follows:- 

(1) After assembling a typical row (i) of elements, the matrix 

has the form ABCGEF shown in Figure 4.21a. 	[The solid lines 

enclose the non-zero elements]. 

(2) Elimination of the outgoing DOF's (A-}G) converts it to 

the shape AGCDEF (Figure 4.21b) 

(3) The supra-diagonal part AGEF of the eliminated section 

(shown cross-hatched in Figure 4.21b) is written to a disk 

file as a binary record, for use, later, during back-sub-

stitution. 

(4) The active (lower) part GCDE is shifted diagonally upwards 

into the area ABGF, and all the remaining locations are cleared 

(Figure 4.21c). 

(5) Assembly of the next row (i+1) of elements restores the 

matrix to its original shape ABCGEF, and brings us back to step 

1. 

These steps are repeated for each row, at the completion of 

which the solution vector is generated by back-substitution. 	The 

reading of records from a disk file in reverse order may be done in 

either of two ways : 

(a) by using the Fortran statement : BACKSPACE, 	or 

(b) If mass storage devices are available (as at Imperial 

College), it may be possible to create files, whose records 

can be accessed randomly. 	The latter approach has been used 

in the present study. 
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4.11 	Miscellaneous features 

The construction of the finite element models used in this 

study has been based on the theory described in the previous sections. 

Given below are some of the minor aspects of the programs, not 

covered before. 

4.11.1 Time-step control  

The selection of time-steps is done by means of an-amplification 

factor, r, which is defined as the smaller of the ratios of the 

maximum allowable changes in pressure and saturation [I011im and 

IASw I
Jim, which are specified externally] to the maximum changes that 

occurred over the previous time-step [IAPlmax' 
IASwlmax]. 	

Thus, the 

model will accelerate or decelerate,according as r < 1 . 

However, two further constraints are applied before the new 

time-step is determined. 	These are: 

(a) r is not allowed to exceed 2; and 

(b) the final time-step should be less than, or equal to, a 

certain pre-assigned maximum value (Atm.ax). 

These screening procedures can be expressed collectively, in 

mathematical notation, as follows: 

• 
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4.11.2 Calculation of well rates 

Since the five-spot studies were confined to an incompressible, 

constant-rate displacement, the well rates are given by: 

1,0  

LAI 1/cxJ 
c+ f e 	, j ecf i o rt. w-.-te ; 

(4.96] 

 

  

R° 	 fO 	at the production well. 

ctW= — T>- fw  

4.11.3 Graphical representation  

The finite element models developed here are equipped with the 

necessary subroutines for producing graphical output at the specified 

"print-out" times. 

For the 1D models, the graphs consist of saturation profiles, 

plotted with sufficiently many interpolation points to make them appear 

continuous. 	On each diagram, the analytical (Buckley-Leverett) 

solution is superimposed on the "numerical" profile for comparison. 

For 2D results, a contouring program has been developed for 

printing accurate pressure - and/or saturation maps at the required 

times. 	A description of this contouring package forms the subject 

of the next chapter. 
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CHAPTER 5 

A Contouring Program for Finite Element Results 

5.1 	Introduction and Theory  

Results generated from a 2D Finite Element program can be 

analysed in their entirety only when they are presented in the form 

of a contour map. 	It is therefore necessary to possess a supporting 

program which is capable of transforming these raw results into a 

to aningful pictorial output, with as little distortion to the original 

results as possible. 

Several contouring programs exist at Imperial College. Monro 

[40] and Raby [48], for example, have developed two independent packages 

for contouring arbitrary data. 	These general purpose programs, whose 

source listings are not normally available, pose two difficulties: 

(1) they prefer a regular grid; and 

(2) they employ interpolation polynomials and/or smoothing 

techniques which, in general, are different from the 

interpolation used in the finite element program . 	This 

inconsistency between the two interpolation schemes raises the 

obvious question as to the extent to which such programs are 

capable of reproducing the original results. 

It was therefore necessary to develop a contouring program, 

specially designed for finite element models, and capable of overcoming 

these two difficulties. 	This chapter deals with the theory behind 

the development and application of such a program. 



5.1.1 	The need for "numerical" contouring  

The process of locating contours "analytically" in two 

dimensional space is both an arduous and an expensive task. 	It 

reduces to a repeated application 	of 	a root-finding technique such as 

the method of "Newton-Raphson". 	Inside each finite element, a contour 

"c" satisfies some polynomial equation 

T(x , 	= C 	 (5.1) 

which cannot normally be written explicitly in the form. 

y = g()() 

because the complexity of f(x,y) will depend on the type of finite 

element that is being used. 	Furthermore, within each element, a 

contour has, in general, three possibilities - namely that it 

(a) passes through (or exists) as a single curve; 

(b) passes through (or exists) as several curves; 

(c) is absent altogether. 

An attempt was made by Murphy [42] to develop an "analytical" 

contouring package based on the root-finding principle. 	The 

particular finite element chosen by him to demonstrate these ideas was 

the cubic non-conforming triangle of Bazeley et al [5]. 	Although the 

contouring program has a sound theoretical basis, it nevertheless bears 

out some of the practical difficulties mentioned above. 

The numerical method described below has been found to be a 
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simple and systematic way of tracing contours. 

5.1.2 	The principles of "numerical" contouring  

We begin with two obvious assertions: 

(1) Every continuous curve in space can be approximated by a finite 

number of straight-line segments. 	This "discrete" curve will 

converge to the "continuous" curve, as the number of segments is 

increased. 

(2) A contour will always belong to one of the following two 

categories : either 

a) a closed curve, lying entirely within the domain, 	or 

b) an open curve, whose ends terminate at the outer boundary 

of the domain. 

We shall use the terms "CLOSED" and "OPEN" to refer to the above 

two cases respectively. 

The contouring program divides the original finite element mesh 

into numerous subtriangles, and, at each of the resulting vertices (or 

subnodes) the function value is calculated by means of the usual finite 

element interpolation. 	We thus have a "finer" secondary mesh consisting 

solely of triangles, at whose vertices the function value is known. 

The next step is to specify a CHAPEAU (or linear) variation of 

the function over each of these subtriangles, and herein lies the essence 

of this numerical technique. 	The Chapeau interpolation means that a 

contour : 
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(1) can never be entirely within a subtriangle; and 

(2) may pass through a subtriangle at most once, the path being 

given by a straight line joining two points on the sides of 

the subtriangle. 

We have thus overcome the problem of multiple occurrences 

mentioned in section 5.1.1. 	The contour may now be pursued to its 

ends by proceeding from one subtriangle to another along these 

unique straight-line segments, until the contour either reaches the 

outer boundary (OPEN), or returns to whence it started (CLOSED). 

This is the basic philosophy underlying the present approach. 

Subsequent sections will describe its detailed implementation within 

the contouring program, and illustrate the successive steps by means of 

an example problem. 

5.1.3 	Finite Element types  

The types of finite elements for which the contouring program 

was originally designed are listed in Table 5.1, where NELNUM is the 

integer code used for each element . 

NELNUM Element type Nodes Degrees of freedom 

1 Serendipity Chapeau Rectangle 4 4 

2 Serendipity Quadratic Rectangle 8 8 

3 Serendipity Cubic Rectangle 12 12 

4 Chapeau triangle 3 3 

5 Quadratic triangle 6 6 

6 Cubic triangle 10 10 

7 Hermite cubic Rectangle 4 16 

8 Lagrange Quadratic Rectangle 4 9 

Table 5.1 	Finite element types and their code numbers. 
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The program, however, has been tested only on those elements 

which have been employed in this thesis - namely, elements 1, 7 and 8. 

Clearly,the nodes control the geometry of the elements, while the 

degrees of freedom control the variation of the function that is being 

approximated over the elements. 	Figure (5.1) shows the local ordering 

sequences used by the program for the nodes, and DOF's of the different 

elements. 	The element sides are ordered in an anticlockwise sense, 

commencing with the side which connects nodes 1 and 2 (Figure 5.2a). 

All the above information concerning the element properties are 

held, in coded form, in an array called NPLOT, which is initialised by 

a BLOCK DATA statement. 	The arrays NCYC3 and NCYC4 represent cyclic 

rotations of the first three and four integers respectively (Figure 5.2b). 

The example problem chosen to demonstrate the contouring principles consists 

of a simple domain with four rectangular elements, within which it is 

required to trace three contours, as shown in Figure 5.3. 

5.2 	Generation of secondary mesh  

The task of dissecting the original mesh into a finer one is 

assigned to the subroutine SUBDIV. 	One condition, however, must be met. 

The subdivision of each finite element into subtriangles must be such 

that all inter-element boundaries [e.g. OE, OF, OG, OH in Figure,5.3] 

are segmented into the same number of intervals. 	Let this number be nD  

(=NELDIV in the program). 	It is a measure of the "fineness" of the 

contouring subdivisions, and can be varied to obtain any desired degree 

of accuracy. 

Rectangular finite elements are first split into (no  x no) 

smaller rectangles, each of which is then subdivided into 4 triangles. 



Figure 5.2(a) : Local anticlockwise ordering used for element 

sides. 	(Rectangles and triangles). 
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Figure 5.2(b): Cyclic permutation arrays NCYC4 and NCYC3. 
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Figure 5.3: Example problem to demonstrate the principles of 
contouring. 
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If the parent element is a triangle, then the required subdivisions 

may be obtained by simply drawing lines parallel to its three sides. 

In both cases, it is clear that the stipulated condition (of equal 

peripheral divisions) will be satisfied. 

Figure 5.4 illustrates the subdivisions for the case no  = 3 , 

and also shows the resulting subtriangles (nT), subnodes (nN) and the 

peripheral divisions (n ). The local numbering scheme used for these 

parameters is quite straightforward. 	As can be seen from the Figure, 

the sub-nodes are numbered regularly row-by-row (Figure 5.4h), whilst 

the peripheral divisions are counted in an anticlockwise sense, beginning 

with side 1 (Figure 5.4c)". The subtriangles are taken anticlockwise 

within each subrectangle, and this sequence is continued row-by-row 

(Figure 5.4a). 

5.2.1 	Subtriangle connectivity data  

Having established the secondary mesh, the subroutine SUBDIV 

calculates, for each subtriangle i, six related parameters which are 

stored in the array NEL (i,6). 	The first three of these [namely, 

NEL(i,1) to NEL(i,3)] contain the subnode numbers of its three vertices 

(taken anticlockwise, starting with the vertex at the centre of the 

subrectangle). 	Thus, subtriangle 19, for example, (in Figure 5.4) has: 

NEL(19, 1)  = 13 

NEL(19, 2)  = 17 

NEL(19, 3)  = 16 

Locations NEL(i,4) to NEL(i,6) each contain, in coded form, a pair of 

values associated with the three vertices respectively. 	Each pair is 



-151- 

made up of: 

(a) the number of the opposite subtriangle; 	and 

(b) the serial number (.1, 	2 or 3) of its facing vertex. 

Thus, 	continuing with subtriangle 19, we have: 

NEL(19,4) } (29,1) } 29 ' 10 + 	1 = 291 

NEL(19,5) } (20,3) 3  20 * 10 + 3 = 203 
Coded 

NEL(19,6) } (18,2) } 18 * 10 + 2 = 182 pairs. 

Clearly, a difficulty arises when the subtriangle i lies on 

the periphery of the element (e.g. i = 22), since NEL (i, 4) would then 

refer to a subtriangle lying outside the element boundary (i.e. inside 

the neighbouring element). 	When this occurs, we simply record the 

number of the peripheral segment, and make it negative in order to 

indicate this situation. 	So, for example, in Fig 5.4, we have: 

NEL(22,4) = - 5; NEL(4,4) = - 12 ; etc. 

We may summarise the foregoing operations by stating that the array NEL - 

contains information regarding each subtriangle and its immediate 

neighbours. 	Where the subtriangle straddles the element boundary, the 

array also records the number of the corresponding peripheral division. 

Since nD  is constant over the whole domain, it follows that all the 

elements have the same "internal structure" (which has been recorded in 

the array NEL), and that these elements communicate with one another via 

the same number (np) of peripheral segments. 

5.2.2 	Inter-element communication paths  

It now remains to assign global numbers to the peripheral segments)  

so that the paths of inter-communication between neighbouring elements 
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can be uniquely determined. 	This operation is performed jointly by the 

subroutines ELSIDE and GRTAPE. 	The numbering is done sequentially by 

running anti-clockwise round the boundary of each element, in turn, and 

by-passing those segments which have already been numbered. 	Segments 

lying on the outer boundary of the domain are distinguished from internal 

segments by adding 1000000 to their normal values. 	Figure 5.5 shows 

this numbering scheme as applied to our example problem, while Table 

5.2 gives the contents of the array (NPERI(i), i = 1 } n ) which holds 

the peripheral numbers of each element. 

The importance of these peripheral segments lies in the fact 

that they constitute a finite number of "bridges" through which contours 

may pass from one element to another. 	Furthermore, as was remarked in 

section 5.1.2, each bridge can admit at most only one contour of a 

specified value. 

5.2.3 	Interpolation within secondary mesh  

The program next calculates and stores the co-ordinates of the 

subnodes, as well as the function values at these points. 	The shape 

functions needed for interpolation are contained in the array BASIS. 

Since only rectangular finite elements have been used in this 

thesis, a simple bilinear (Chapeau) interpolation from the four corner 

nodes suffices to determine the co-ordinates of any internal point. 

Thus, at each subnode j, the array locations [BASIS(i,j) : i = 1 } 4] 

are reserved for these geometrical (bilinear) shape functions. 	The 

locations i = 5 onwards contain the shape functions of the object 

variable that is to be contoured (i.e. po or Sw). 	If the finite element 
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NPERI 
(1-412) 

Element 1 Element 2 Element 3 Element 4 

1 1000001 1000013 21 9 

2 1000002 1000014 20 8 

3 1000003 1000015 19 7 

4 4 1000016 1000022 30 

5 5 1000017 1000023 29 

6 6 1000018 1000024 28 

7 7 19 1000025 1000031 

8 8 20 1000026 1000032 

9 9 21 1000027 1000033 

10 1000010 6 28 1000034 

11 1000011 5 29 1000035 

12 1000012 4 30 1000036 

Table 5.2 	Global numbers of the peripheral segments of 

each element. 

if of the Chapeau type, then, clearly, the shape functions of the 

variables coincide with the geometrical shape functions. 	If,on the 

other hand, the finite element belongs to the Lagrange quadratic - or 

Hermite cubic varieties, then we need an additional 9 (i = 5 -4 13), or 

16 (i = 5 -4 20) shape function locations, respectively. 

For contouring purposes, the dimensions of the domain are 

normalised to the range [0, 1]. 

Thus if 

[XVAL(i),_YVAL(i) : i = 1 -4  4] 

denote the normalised co-ordinates of the four corner nodes of a typical 

element, and 
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Figure 5.5: Global numbering scheme for peripheral segments. 

CONTOU.R 3 

CONTOLLR 2 

Cl!>Nl"Ou.. R 

Figure 5.6: The passage of contours through subtriangles (see 
-example problem shown in Figure 5.3) 
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[ZVAL(i); i = 1 -- NDOF] 

represent the elemental degrees of freedom, then, using the shape 

functions contained in the array BASIS, we can calculate the normalised 

co-ordinates (x~, y.) and the associated function value (z~), at each 

subnode 	j of the element. 	Thus: 

J _ 	BAsis ()J) 	xvAL(L) 

4 
	 13ASIS 	j) :f: yVAL(() 

(5.2) 
4t ►NDe F ~-~ = > 	BAsts(L,j) ZV/L(C) 

The shape functions are evaluated by calls to the subroutine 

BASISF, while the interpolations described above are performed by 

subroutines GRTAPE (for .x. and y.) and PICKUP [for zj) 

5.3 	Contour tracking (inside elements)  

As observed in section 5.1.2, the assumption of a Chapeau 

variation ensures that the path (if any) of a contour through a subtriangle 

consists of a single straight line, connecting two of its sides. This 

means that, once a contour is located within a subtriangle, it is possible) 

by using the connecting data described in section 5.2.1, to propagate this 

contour into the two adjacent subtriangles in the form of two additional 

straight-line segments. 	By continuing this procedure, the two ends of 

the contour are advanced, step by step, through successive subtriangles, 

until they either meet (to form a closed loop), or reach the sides of the 
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element. 	In the latter case,we record the global numbers of the 

peripheral divisions where the ends of the contour terminate. 

Figure 5.6 refers to our example problem, and shows, in detail, the 

paths of the three contours. 

5.3.1 	Locating a contour 

Before pursuing a contour inside an element, it is first 

necessary to test for its existence, and then to locate it in any one 

of the subtriangles. 	TO facilitate this search, the model computes, 

beforehand, the local maximum and minimum values assumed by the function 

over each subtriangle [ZMAX(i), ZMIN(i) : i = 1 -> nT], as well as over 

the whole element [ZH and ZL]. 	Since the Chapeau relationship permits 

the occurrence of maxima and minima only at the nodes of triangles, the 

above quantities can easily be determined by running through the function 

values at the subnodes [ZVAL (1), i = 1 -KIN] 

Let us take, for example, a contour z = ZCON. 	The subroutine 

PICKUP. tests for the presence of this contour by checking to see if 

Z L. C ZCON  < Z H• 	 (5.3) 

If the test is positive, it then proceeds to do a systematic scan of all 

the subtriangles until it finds one which contains the required contour. 

[During this search, the array (NELCOV(i), i = 1 	nT) keeps a record 

of the subtriangles that have been examined. 	It is initialised to 

zero, and is set equal to unity as the search proceeds]. 	The contour will 

be picked up in the first subtriangle i to satisfy the inequality : 

ZMI N (L) 4 ZCON < Z MAX (c) . (5.3a) 
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At this point, the search is interrupted, and control is transferred to 

subroutine FOLLOW which follows the contour through to its ends, as 

described in the next section. 	For example, in element 2 of our 

hypothetical problem, contour 3 is absent, while contours 1 and 2 will 

first be encountered in subtriangles 6 and 15)respectively (Figures 5.6 

and 5.4a). 

5.3.2 	Following a contour 

Let i, j, k represent the integers 1, 2, 3 (in any permutation), 

and let I, J, K be the corresponding subnode numbers of the subtriangle 

IST, in which the contour has been detected;i.e. : 

NEL(IST,i) = I ; NEL(IST,j) = J ; etc. 

Figure 5.7 shows schematically the layout of IST, together with its 

adjacent subtriangles and vertices. 

So, given that the contour z = ZCON lies within IST, it is 

possible to find an anticlockwise permutation of ijk (i.e. 123, 231 or 

312) such that 

zVAL(T) > zooN 	zvA L(k) . 	 (5.4) 

From elementary geometry, it now follows that the co-ordinates of the 

point P1, where the contour meets the side jk, are given by: 

Pi — (! — f), xVAL(T) + f • XVA L(k) GOVC , 

DC ) .7VA L(7) + f• yvf}L(k) 

where 

s =  Z V /t LD-) — ZCON  
ZV/L(j) — ZVA L (k) 

(5.5) 
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With P1 known, we may now advance into the neighbouring 

subtriangle ISTI (facing node I), the relevant information concerning 

which is extracted from the databank array NEL (Section 5.2.1). 

Thus we have: 

1"ST-T' = NEL (MST, t+3)/IO 

E' = NEL IST, (1-3) - 10 IfISTī i 0.r ( (5.6) 

Ti  = NEL (IST2 , i.') . 

The new subtriangle ISTI is now treated in the same manner as 

IST, and the next point P2 is located on one of its two remaining sides, 

as follows: 

(1) 	If ZCON > ZVAL (I') : 

Then P2 lies on the side JI', while the vertices KJI' form an 

anticlockwise trio. 	The new values taken on by the parameters are: 

IST = ISTI  

J = unchanged 

K = I' 	; and 

i = NCYC3 (1,i'). 

 

(5.7a) 

(5.7b) 

(5.7c) 

(5.7d) 

 

 

   

(2) 	If ZCON < ZVAL(I') :. 

Then P2 lies on I'K, and JI'K constitute the required anticlock- 

wise sequence. 	The parameters will be re-set to their new values, as 

follows: 
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IST = ISTI (5.8a) 

J 	= 	I' 	; (5.8b) 

K = unchanged 	; 	and (5.8c) 

i = NCYC3 	(2,i') (5.8d) 

The program continues to repeat the steps from equation (5.5) 

onwards, thereby conducting the contour through successive subtriangles, 

and generating the sequence of points P1, P2, P3, ---- etc. (Figure 5.7) 

Should the contour arrive back at itsst arting; point - namely, 

the original subtriangle IST - then, it clearly belongs to the "CLOSED" 

type, and its complete path is therefore given by the points: 

P1 P2 P3 	Pn-1 Pn P.1 
• 

If, on the other hand, the contour reaches one of the sides 

of the element after tracing out the points P1  to Pn  (a situation which 

will be diagnosed by encountering a "negative" subtriangle - see section 

5.2.1), then the program returns to the original subtriangle IST, and 

repeats the entire procedure described in this section, but this time in 

a clockwise sense. 	All occurrences of the word "anticlockwise" in the 

foregoing discussion will thus be replaced by "clockwise")  and equations 

5.7d, and 5.8d will be interchanged. 	The resulting points Q1 
Q2 -- 

Qm  (Figure 5.7) will constitute the "second half" of the contour, 

terminating, as expected, at a peripheral segment. 	The passage of the 

contour through the element will thus be represented by the series of 

points : 

Qm Qm-1 	Q2 Q1 P1 P2 	Pn-1 n ' 
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where Qm  and Pn  are the two extremities. 

5.3.3 	Completing the search 

The program returns to the end of section 5.3.1, and resumes 

its scan of the remaining subtriangles [from (IST+1) to nT]. 	Any 

subtriangle that has already been covered (indicated by NELCOV(i) 	0) 

will be ignored. 	This continued search enables the program to 

discover any further loops or segments of the contour ZCON within the 

element, thus ensuring that no section of a contour is missed. 

The search for a single contour (z = ZCON) having been 

completed, sections 5.3.1 through 5.3.3 are now repeated for the rest 

of the contours, before passing on to the next element to repeat the 

entire procedure, all over again. 	Table 5.3 shows the results 

generated for our example problem after traversing all the elements : 



Ori9ina Scdfr-trL.an5-te 	ST . 
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Figure 5.7: The pursuit of a contour from one subtriangle (IST) 

to another. 

Figure 5.8: The two "halves" of a contour within an element. 
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Elm 
No. 

Contour No Starting 
Subtriangle 

Subtriangles 	traversed 

First Half ** Second Half** 

EL 1 ABSENT 

1 2 2 2,8,7,17,18, 

24,23,22, 	-4* 

2,3,13, 

16, 	- 	11* 

3 ABSENT 

EL 
2 

1 

• 

6 
6,12,11,21,22, 
23,33,36,30,29, 
19,20,17,7,6 

2 15 15,25,26,27, 	-9* 15,16, 	-11* 

3 ABSENT 

EL 
3 

1 ABSENT 

2 1 
1,2,8,7,6, 
12,11,21,22,-5* 

1, 	- 	1* 

3 18 
18,24,23, 
33,34,-6* 

18,19,29, 
32,31,-8* 

EL 4 

f 

A LL 	CONTO URS 	ABSENT 

* Peripheral Segment 
** One half corresponds to the "anticlockwise" sequence, 

and the other to the "clockwise" sequence. 

TABLE 5.3 	Trajectories of the contour-segments. 

5.3.4 	Storing the results  

The co-ordinates of all the points calculated above are held 

in bulk storage arrays XP and YP. 	However, for book-keeping purposes, 

it is convenient to treat each loop [or segment) of contour as a single 

basic record, representing, for example, the n points: 

[xPÇN±t), yP(N+ t)] to {XP(N~), xP(N+-h-)] 
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To access any particular record in this bulk collection, and 

to extract all the relevant details regarding it,we make use of a "key" 

array called INDEX. 	Every five consecutive locations of this array 

contain information concerning a single'record. 

N1 N2 I 	N3 1 	N4 N5 

N1 = Serial no. of the contour 

N2 = Terminal boundary segment of the "first half" 

N3 = Terminal boundary segment of "second half" 

N4 = Location (within XP,YP) of last point of "first half" 

N5 = Location (within XP,YP) of last point of "second half". 

If the record represents a closed loop, then, obviously : 

N4 = N5 

and we set N2 = N3 = 0 
• (5.91 

since the latter are irrevelant. 

From Figures 5.5 and 5.6 (or, equivalently, from Tables 5.2 and 5.3) 

it can be verified that, for our example problem, the contents of the 

array INDEX will be as shown in Table 5.4 

Record No El.No N1 N2 N3 N4 N5 

0 — 0 0 0 0 0 

1 1 2 5 1000011 8 12 

2 2 1 0 0 25 25 

3 2 2 21 5 29 31 

4 3 2 1000023 21 40 41 

5 3 3 1000024 1000026 46 51 

---- -- - 4 --- --None------ --- --- --- 
Table 5.4 Contents of the "key" array INDEX (N1 to N5) for example problem. 
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The presence of "Record 0" is merely to indicate the beginning 

of the Table. 	Contour 1 exists as a single closed loop, and connects 

points 13 to 25. 	Contour 2, however, is composed of three part 

which involve the groups of points 1 to 12, 26 to 31, and 32 to 41, 

respectively. Contour 3 is confined to element 3, beginning at 

peripheral segment 1000024, ending at 1000026, and linking points 42 

to 51. 

Thus the array INDEX not only provides a directory of addresses 

for the points constituting the individual records, but also supplies 

vital information regarding the character of the record - i.e. whether 

it represents a "closed" curve (in which case, the record is complete), 

or whether it is of the "open" type (in which case,it is incomplete, 

and its continuation has to be sought in another record). 

5.4 	Assembly of contours  

The last major task confronting the model is to piece together 

the various disjointed records into a complete, properly - ordered 

sequence of points which the plotter can directly join. This process 

consists, in other words, of placing the records of each contour end-

to-end (the ends being indicated by N2 and N3) until they fit into each 

other. 	It is somewhat analogous to the procedure described in 

sections 5.3.1 through 5.3.3, except that instead of pursuing the contours 

from subtriangle to subtriangle, we now move from element to element. 

5.4.1 	Arrangement of points within records  

Let us consider again the structure of a. basic record within 

INDEX 
NO 

N1 I N2 N3 N4 N5 
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In this sketch, NO represents the end of the previous record, and 

thus, we have: NO < N4 < N5. 	From the description given in section 

5.3.4, we know that: 

(1) N2 and N3 represent peripheral segment numbers, which can be 

regarded as "links" joining this record to two others, and that 

(2) the points belonging to this record are stored in locations 

[(N0+1) to N5] of XP and YP, and consist of two opposing 

sequences : (Figure 5.8) 

(a) (N0+1) to N4, based on an anticlockwise movement,and 

(b) (N4+1) to N5, based on a clockwise movement (c.f. section 5.3.2) 

It is apparent )there-Fore,that before a fresh record can be 

added to a chain, one of the two "halves" of the new record must be 

re-sequenced in reverse order. 	So, given a new record which is to be 

inserted at the end (ILINK) of an existing chain, we have two possibilities: 

(1) 	If ILINK = N2, 

then the direction of the extension is from N2 to N3, as follows: 

(a) N4 to (N0+1) in reverse order and 

(b) (N4+1) to N5 in normal order; and N3 becomes the open end. 

(i.e. the new ILINK) 

(2) 	Conversely, if ILINK = N3, then the sequence of points to be 

added is from N3 to N2 : 

(a) N5 to (N4+1) 	in reverse order, and 

(b) (N0+1) to N4 	in normal order; and N2 becomes the new ILINK. 
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In either case, the total number of new points that are 

added is (N5 - NO). 	The- co-ordinates of these points are 

extracted from the bulk storage arrays XP and YP, and are transferred 

to the arrays XVAL and YVAL, which will eventually represent the 

complete and correctly-ordered sequence of points belonging to a 

single contour loop. 

The rearrangements described above are performed jointly by 

the subroutines NULINK and CONECT. 

5.4.2 	Joining the records  

The master subroutine CHAIN controls all the subroutines that 

are associated with the manipulation and assembly of records - namely 

JIGSAW, NULINK and CONECT. 	CHAIN itself, however, performs only 

the simple task of sifting through the array INDEX, and identifying 

those records which pertain to the contour z = ZCON. 	For ease of 

future access, the numbers of the starting locations (N1) of these 

records are stored in another array IIDX, which is later set to zero 

after the particular record has been analyzed. 

The program deals first with OPEN contours. 	This means that 

the chain must begin, and end, on records which involve the outer 

boundary of the system. 	Accordingly, the subroutine JIGSAW scans 

these records until it finds one having either N2 or N3 greater than 

106. 	Taking this as the first link (ILINK) of the chain to be 

constructed, control is then transferred to subroutine NULINK for the 

following operations : 

(1) NULINK makes a note of the other (loose) end of the 

record, which will become the "next ILINK". 

(2) It then calls subroutine CONECT which analyses the present 
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record, rearranges the points, and places them in the final arrays 

XVAL and YVAL. 	'CONECT also cumulates the number of points 

making up the whole chain. 

(3) 	Control is returned to NULINK which then searches among the 

remaining records of ZCON, to discover the continuation of the 

previous one (i.e. a record having N2 or N3 equal to the new 

ILINK). 

By repeating the steps 1 through 3, fresh records are added 

onto the chain, one by one, until an ILINK is encountered with a 

value greater than 106, thereby indicating the emergence of this 

contour at another part of the outer boundary. 	Since this signifies 

the end of the contour in question, the program returns control to 

subroutine JIGSAW which proceeds to write out:- 

(a) the serial number (ICONT) of the contour; 

(b) the cumulative number (NPTS) of points involved; and 

(c) the co-ordinates of these points (contained in XVAL,YVAL)J  onto a 

disk file named TAPES: 

WRITE(3) ICONT, NPTS, (XVAL(J), YVAL(J), J=1, NPTS). 

Each binary record on TAPE 3 therefore represents a complete 

succession of points which are to be joined by the plotter. 

The entire procedure is then repeated as many times as required, 

to extract all the remaining OPEN curves (z=ZCON), and subsequently 

all the CLOSED curves. 	In the latter case, the chain begins and ends 

on the same ILINK (rather than on an ILINK > 106, which was the 

criterion for OPEN contours). 
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Finally, control is returned to subroutine CHAIN, which 

re-constructs the array IIDX, and repeats all the foregoing operations 

for each of the remaining contour-values. 

The tracking of contours is now complete, and a sentinel 

binary record is inserted to mark the end of TAPE 3. 	For our 

example problem, as expected, three contour loops will be generated, 

the final details of which are given in Table 5.5. 

Loop No Contour No No of 
Points 

Sequence of points, taken 
from XP,YP 

Type 

1 1 13 13 ÷ 25 CLOSED 

2 2 28 12 
26 

} 9,1 -> 8, 	31 } 28, 
4-27,41,32 - 40 

OPEN 

3 3 10 46 +42, 	47 -} 51 OPEN 

Table 5.5. 	The contour loops generated by this method for our 
hypothetical problem. 

5.5. 	Labelling of contours  

This aspect may seem unimportant at first sight, but it is 

not difficult to imagine the confusion that can arise from unlabelled 

contours. 	The procedure for labelling a contour can be expressed in 

two simple steps : 

(1) The contour is split, in order to create a gap of sufficient 

length to accommodate the label, and 

(2) the text of the label is printed in this gap, in its proper  

orientation. 
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In the case of OPEN contours, it is aesthetically desirable 

to locate the label approximately mid-way along the contour, while, 

for CLOSED contours, the position of the label is obviously immaterial. 

The label itself, being a number, consists merely of integer digits, 

with or without a decimal Point. 	Each character to be printed 

occupies a square region of height and width equal to "OH" inches. 

The scaling factor, "SCALE", is used for converting the normalised 

co-ordinates [XVAL(i), YVAL(i)] into inches (xi, yi) relative to the 

plot origin. 	Thus, we have: 

pc = X VA L ) / SC A L E a:1ml 

7VRLC)/SCAL.E 
	

(5.10) 

for all points "i", where 

SCALE = normalised co-ordinate-units per inch. 	[It is 

possible to modify the program so as to be able to use different scaling 

factors, "SCALEX" and "SCALEY", in the x and y directions, respectively]. 

5.5.1 	Splitting the contour 

Figure 5.9 shows,schematically, a contour made up of n points, 

such as would be obtained, for example, from a typical record on TAPE 3. 

Let the scaled co-ordinates of these points be: 

) 

The distance ALi,j (in inches) between any two points i and j on the 

contour is therefore: 

_ [(-)2 	 z 16' (5.11) 

and the cumulative distance, Li, along the contour, from point 1 to 

point i, is: 
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Figure 5.9: Sequence of points (P1  to Pn) which make up a typical 

(unlabelled) contour. 
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=NSERT h 

..„----"---a---------., L A 15 E ti,-;:t-',(-----...„---,--- 
k - % - arc 

m 

Figure 5.10: Creation of a gap in the contour to insert the label. 
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(5.12] 

The total length of the contour is thus equal to Ln. 	If Ln does not 

exceed a certain prescribed minimum length "DMIN" (which is read in 

as data), the contour is considered to be too short, and hence left 

unlabelled. 	If, however, Ln > DMIN, then the program sets about 

creating a gap, whose length is approximately "DGAP". 	(DGAP is the 

recommended gap-length, which is also specified by the user). 	The 

creation of the gap is done as follows: 

The mid-point Pm of the contour is taken to be that which falls 

just inside the half-way mark - i.e. the largest m such that: 

Lm < Z Ln . 

Once this m has been determined, the points on either side of Pm are 

removed alternately, until an adequately large gap is produced. That 

is to say, starting at m, the model examines the following sequence 

of gap-lengths: 

~ 	 ~ [~L .m
-2,~+, i AL. -2+z 

until it finds one such that 

AL 	> A P (5.13) 

The contour has now been divided into two halves [points 1 to k, and 

1 to n], and the intervening points,(k+1) to (1-1) inclusive are 

removed from the string to make room for the label (Figure 5.10). 
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5.5.2 	Insertion of the label 

As shown in Figure 5.11, the program restricts the size of 

the label to a maximum of four characters. 	This is adequate for 

numbering pressure - and saturation contours in the normal range. 

Pressures less than 10000 psi require 4 integer digits (e.g. 9999), 

while saturations can be expressed by 3 digits and a decimal point 

(e.g. 0.52). 

In order to print the label, the plotter must be supplied 

with two important parameters: 

(a) the scaled co-ordinates (xp,yp), in inches, of the lower left 

corner (P) of the first character of the string (Figure 5.11), 

and 

(b) the angle 00  (measured anticlockwise) at which the plotting 

direction is inclined to the x-axis. 

Although these can be calculated by simple geometry, Figure 

5.12 shows an embarrassing situation which can arise if sufficient 

care is not exercised. 	In Figure 5.12a,the label has been correctly 

printed, while that in Figure 5,12b is clearly upside down: 	The 

correct form of the erroneous label is shown in Figure 5.12c. 

It is apparent from these figures, therefore, that, for a 

label to have the correct orientation, it must always be printed in 

the direction of increasing x co-ordinate. 	This means that its 

direction is from: 

(5.14) 
0.cco roi.i rl q $2.5 [X.A.  j X Q  

-to t 
or 

to 'Ī2 



C- r) (c) 
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• 

Figure 5.11: Enlarged diagram showing the insertion of a 

4-character label between the points k and Z. 

Figure 5.12: Possible orientations of the label: (a) correct, 

(b) upside down, (c) correct 	version of (b). 



9 
or 

36o — 6 

xo 

    

si'n. BD — cos B, 

 

~N (5.18) 

    

cos e 	sin 03 	A 
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From these considerations, it follows that the angle of inclination 

OD is given by: 

CCCcorokLn9 ct.s [x j x ,e ] 
(5.15) 

where 

   

tan. 

 

(5.16) 

   

    

Let 0 denote whichever of the two points,k or 1, that is closer to P. 

From. Figure (5.11) we see that the point P may be reached from 0, first 

by moving a distance "DA" in the direction OD, followed by a further 

distance "DN" normal to it (OD - 90), where : 

0) A _ z (.D s — 4- H- 
l 

N = 2 	H . 	 (5.17) 

The co-ordinates of P (xp, yp) are therefore given (in matrix form) 

by: 

These newly computed 	values of (xp .yp) and OD, together with the 

scaled co-ordinates of the points which constitute the two halves of 

the curve, enable the plotter to draw and label the contour, as 

desired. These operations are performed by subroutines CONTUR and 

CLABEL, for each contour loop recorded on TAPE 3. 
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Figure 5.13 The hierarchy of sub-

routines in the Finite Element contouring 

program. Access to this package is via 

the control subroutine GCNTRL 

SRECI 	LSREC2 
(INTENSE I 

INEWPAGE I 



-176- 

5.6. 	Concluding remarks  

This contouring package was designed for use in conjunction with 

the Microfilm Graphics facility available at Imperial College. 	This 

combination enables contour maps to be produced on 35mm film, from which 

slides and/or hard copies can subsequently be made. 

The analysis presented in this chapter, however, is practically 

independent of the plotting installation. 	The three most important 

"system subroutines" which perform the operations of "plotting" and 

"printing" are : PLOT, SYMBOL and NUMBER. 	Besides these "basic" ones, 

several auxiliary subroutines are available in the Imperial College 

graphics libraries, as described in references [26], [27]. 	The 

following are the chief advantages of the present model: 

(1) it does not introduce any artificial smoothing S 

(2) by increasing nO  (i.e. the fineness of the secondary mesh) 

it is possible to pick out (accurately) oscillations, 

irregularities etc., however small or localised they may be; and 

(3) the model is applicable to finite difference results. 

Figure 5.13 presents all the subroutines which make up this package.in 

the order of their importance. 
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CHAPTER 6 

Discussion of Finite Element Results  

6.1 	Review of past work  

The use of finite elements in reservoir engineering problems 

has attracted interest only in the past few years. 	Even so, a 

considerable amount of research remains to be done before the method 

can be brought into widespread use in the oil industry, or to the 

level of popularity that is enjoyed by finite difference simulators. 

Research, in the initial stages, however, has to be directed towards 

understanding the characteristic features of this new method, so that 

suitable techniques may be devised for controlling or eliminating 

any undesirable features as may arise. 

6.1.1 	Single phase problems  

The earliest applications of the F.E.M. were concerned with 

single phase flow, and the ensuing results were found to be competitive 

with, if not superior to, those obtained from F.D. models. 	Javandal 

and Witherspoon [33] used linear (Chapeau ) triangles to solve for the 

pressure distribution in a simple network. 	Cavendish et al [9] 

presented a generalised treatment of the Galerkin technique as applied 

to tensor product rectangles, and showed how even the simplest of these - 

namely, the bilinear (Chapeau) element - was capable of yielding an 

accurate solution for the pressure. 	The main problem which they 

considered was the solution of the Laplace equation within a rectangular 

domain containing point sources and sinks. 	Their theory was designed 

to introduce the class of tensor product hermitian elements, in particular 

the cubic and quintic types, and it also included a rigorous analysis of 
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the error-bounds associated with these approximations. 	Dogru et al 

[20] have successfully demonstrated the use of spline functions in 

transient single phase problems. 	More recently, Goldwater et al [28] 

have developed a full scale gas reservoir simulator based on the 6-node 

quadratic triangular element (see Figure 4.5c) which has been employed 

in the simulation of some of the major gas fields in the Southern North 

Sea. 	All the available evidence suggests (as has also been borne out 

by the present author's work), that F.E.M. is well suited to the simul- 

ation of single phase flow. 	The reason for this may lie partly in the 

fact that the character of the differential equation for pressure is either 

elliptic(forincompressible steady-state flow), or parabolic (for 

compressible flow). 	When more than one fluid is present, however, these 

observations no longer apply. 

6.1.2 	Two phase simulation  

Finite element methods have also been applied to two phase 

immiscible displacement studies. 	The results and conclusions that 

have been reached appear to be author dependent. 

Douglas et al [22] were among the first to simulate 1D water/oil 

displacement by finite elements. 	Using splines as their approximating 

polynomials , they concluded from their results that,in terms of comput-

ational effort, the Galerkin method was more efficient than finite 

differences. 	However, an examination of their results also shows that the 

saturation profile is quite smooth when it is spatially diffused, but that 

it is somewhat oscillatory when it is steeper and more piston-like. This 

phenomenon (as will be demonstrated further in this thesis) appears to be 
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a characteristic feature of two phase simulation by finite elements. 

The results of Douglas et al were matched by those of Lewis 

et al [38] who used the 1D quadratic (3 node) element on an identical 

set of data. 	These (latter) authors also reported a radial (coning) 

model in which the bilinear (Chapeau) rectangle was employed. The 

graphs showing "cumulative oil recovery vs time" indicated a close 

match between the finite element results and the actual field performance. 

However, no saturation contour maps were shown by way of illustrating the 

distribution of water near the well. 	Yet another coning model, based 

on an alternating direction Galerkin procedure, was described by Kebaili 

and Thomas [35] who showed the dependance of cone formation on such 

well-known parameters as density difference and production rate. 	These 

authors represented the cone by a single curved interface separating 

the oil zone from the bottom water. 	However, as in the previous case, 

saturation contours were not shown. 

2D Cartesian simulators have also been constructed by several 

authors using finite elements. 	McMichael and Thomas [39] reported the 

results obtained from their 2D, 3 phase model with bilinear elements. 

The potential-and saturation-maps shown here are smooth and qualitatively 

correct,despite the difficulty of assessing the accuracy of the numerical 

solutions due to the unavailability of analytical results. 	One of the 

most noteworthy papers in this field is perhaps that of Spivak et al 

[54] who applied the Hermite cubic element to 1D and 2D immiscible 

displacements. 	This work was supplemented by a parallel paper by Settari 

et al [50] concerning the simulation of miscible displacements,and the 

initiation of frontal instabilities (such as viscous fingering) due 

to the presence of reservoir heterogeneities. 	The saturation profiles 

and concentration maps presented in these papers were very encouraging, 
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and demonstrated the ability of the finite element method to track 

sharp fronts. 	However, there is 	reason to believe that some of the 

conclusions stated are based on inadequate evidence, and are therefore 

not universally valid. 	A case in point is the claim that the 

simulation of immiscible flow by finite elements does not require any 

artifice whatsoever (e.g. upstream weighting). 	In many of the papers, 

the eagerness df the authors to popularise the method has led to some 

of its limitations being either overlooked or bypassed. 

A few other authors, however, have adopted a more cautious and 

pragmatic approach in their presentations. 	While commending the 

versatility of the finite element method in general, they have also 

identified some genuine difficulties which cannot be overlooked when 

making categoric statements about the advantages, or otherwise, of this 

technique. 	Significant among these are Dalen [16,17], Langsrud 

[36] and Faust and Mercer [24]. 	Dalen's work was concerned with the 

simulation of a 10 displacement using Chapeau elements, and of a 2D 

system consisting of Chapeau triangles (e.g. Figure 4.5b). Langsrud's 

paper was confined to the 10 problem, and showed results obtained with 

Chapeau and Hermite cubics elements, the test data being taken from an 

earlier paper by Nolen and Berry [44]. 	Faust and Mercer were engaged 

in a 10 simulation (using Chapeau elements) of a geothermal reservoir, 

where the two phases were taken to be steam and water. 	These papers 

collectively demonstrated that the classical Galerkin formulation, by 

itself, was inadequate to control the numerical behaviour of saturations. 

Dalen and Langsrud both concluded that an upstream weighting scheme was 

necessary to prevent saturation overshoots, and that) unless the capacity 

matrix was modified by some process such as lumping the saturations 

were liable to exhibit violent oscillations as the flood front moved 
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through the reservoir. 

It is apparent )therefore)that considerable differences of 

opinion exist among the various authors in this field, regarding the 

suitability of applying finite elements to waterflood calculations. 

The greater part of the present project has been devoted to exploring 

the sensitivity of the finite element solution to several factors, the 

most important of these being the mobility data (i.e. the viscosity 

ratio and the relative permeability curves of the two fluids). 	In 

subsequent sections we shall present the results of this thesis, discuss 

the problem areas in the light of these results, and, where possible, 

suggest means for overcoming these. 

6.2 	Data Sets 

The 1D finite element models used in this thesis were applied 

to four different sets of mobility data. 	These vary from a largely 

unfavourable mobility ratio at one end of the scale, to a favourable, 

near piston-like displacement at the other, and were consequently thought 

to be representative of the wide spectrum of mobility data encountered 

in practice. 	These data sets, together with the sources from which 

they are taken, are given in Appendix 1. 	Figure 6.1 shows the relative 

permeability curves for these data sets, while Figure 6.2 illustrates 

the corresponding fractional mobility curves fw (which are equivalent 

to the fractional flow fw when capillarity and gravity are ignored). 

Figure 6.3 gives the analytical saturation profiles at t=300 days, 

based on the non-capillary Buckley-Leverett theory which was derived 

in Chapter 3. 

Data Set 1 yields a (df/dSw) curve which is linear in Sw, and 
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Figure 6.1: Relative permeability curves corresponding to the 
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Figure 6.2: fw  curves corresponding to the four data sets. 
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Figure 6.3a,b: Saturation profiles (at t = 300 days) corresponding 

to data sets 1 and 2. 
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Figure 6.3c,d: Saturation profiles (at t = 300 days) corresponding 

to data sets 3 and 4. 
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consequently the analytical saturation profile shows a straight-line 

variation with distance. 	Due to the absence of a "front", this 

profile corresponds, in reservoir engineering terms, to an unfavourable 

displacement process. 	In Data Set 2, the quadratic relative perm- 

eability curves, together with an oil-to-water viscosity ratio of 4:1, 

produce an fw curve which is mildly S-shaped, thus representing a 

moderately favourable displacement, with a frontal saturation of 0.44. 

Data Set 3 is characteristic of a strongly water-wet system, where the 

relative permeability to water stays in a very low range. 	Furthermore, 

since the viscosities are equal, they do not counteract the effect of 

the relative permeability curves, and hence the resulting fw curve is 

found to be strongly S-shaped. 	The frontal saturation of 0.69 is very 

close to the residual oil end of the S 
w 
scale, and the displacement is 

therefore almost piston-like, and very favourable. 	Data Set 4 consists 

of straight-line relative permeabilities and equal viscosities, and was 

so chosen in order to generate an fw curve which is linear in Sw. 	The 

constant value of (dfw/dSw) implies that all saturation (from S w=0 to 

Sw=1) move forward with the same velocity, thus producing a perfect 

piston-type displacement. 	In theory, this is analogous to a miscible 

flood. 

6.3 	Factors influencing the finite element solution 

As shown by Wilson and Casinader [59], it is possible, from 

1 dimensional test nuns, to study the effect of several factors on the 

numerical solution. 	In this thesis, the saturation profiles for each 

run are presented in triplets - a,b and c- which denote the Chapeau, 

Quadratics and Hermite Cubics respectively. 	All the 10 runs, unless 

otherwise stated, have been performed with 20 elements, and a maximum 

permissible time-step size of 0.5 day, and the graphs are plotted at 
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t = 300 days (i.e. when the saturation front has advanced approximately 

half way through the reservoir). 	Also, for the sake of comparison, 

the Buckley-Leverett solution is superimposed on the finite element 

solution. 

6.3.1 	Grid size 

When analysing the influence (on the results) of any one parameter, 

it is customary to keep all other parameters constant. 	To study the effect 

of grid size, the dataset chosen was that of Spivak et al [54] (i.e. 

data set 2), together with a constant capillary pressure gradient of 

-10psi. 	The reason for choosing such a capillary pressure is that (as 

will be shown later) the numerical solution converges to the analytical 

solution, as the number of elements is increased. 	Consequently, we may 

state that, if the number of elements is varied, while the data set is 

kept fixed, then,any changes in the quality of the numerical solution 

should reflect the effect of the grid size. 

An argument which has often been advanced in favour of using. 

high order finite elements (such as hermite cubics)is that it enables 

good accuracy to be achieved with relatively few elements. 	An 

examination of Figures Gla, ,b,c shows, however, that this is not 

necessarily the case. 	For although the finite element solution has a 

continuous variation within each element, the choice of too coarse a 

mesh (e.g. 3 elements) can result in a significant deviation from the 

true solution. 	This may be viewed as an attempt to stretch the capab- 

ility of the finite element method beyond its limits. 	As the number of 

elements is increased, however, the quality of the results also improves, 

as expected, [Figures G.2a, b,c; G.3a,b,c] and beyond, say, 15 elements, 
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very little improvement is achieved by further grid refinement. 

These are obviously trivial observations for a 1D problem, but their 

implications cannot be ignored in a 2D situation. Clearly, if a 3-

element grid yields unsatisfactory results on a 10 model, it is 

difficult to expect a (3x3) grid (representing, in the case of 

Hermite cubics, a total of 64 unknowns) to produce good quality results 

on a 2D model. 	Since the assembly of the finite element matrices and 

the solution of the relevant equations require substantial amounts of 

computer time, the apparent difficulties of using coarse meshes may 

become a severe limiting factor in 2D finite element analysis. 

Figures G.1 through G.3 also reveal some additional features 

of the different element types. 	For example, with a given data set, 

the Hermite cubics appear to be the elements which are most prone to 

oscillations. 	The amplitude of these oscillations can be seen to 

decrease as the number of elements is increased. 	Furthermore, in the 

Herimte Cubics runs, amidst the peaks and the troumhs which characterise 

the oscillatory profile, the nodal values (shown by circles) appear 

to fall close to the analytical solution. 	In the case of the quad- 

ratics, however, where each element has 3 nodes, the maxima and minima 

tend to occur at the middle node, and moreover, it is the values at 

these middle nodes that lie closest to the analytical solution. 

A general feature in all these figures is that, when the dis-

placement process involves the propagation of a front (such as in this 

data set), the oscillations that are set up in the numerical solution 

exhibit a definite spatial arrangement, as follows: 

(a) 	the waves are approximately symmetric about the analytical 

solution; and 
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(b) 	the amplitude of these waves is small at the injection end, 

and increases progressively in the downstream direction, 

reaching a maximum just behind the flood front. 

This pre-frontal hump is very characteristic of finite element 

solutions, and may be regarded as an effort made by the continuous 

(numerical) solution to match, as closely as possible, the discontin- 

uous (Buckley-Leverett) solution. 	The properties of the wave-train 

in the unflooded region are simply a reverse of those in the flooded 

region. 	Thus, beginning with a fairly large amplitude just ahead of 

the front, the waves gradually die out in the direction of flow, 

oscillating,all the while, about the connate water saturation. 

6.3.2 	Capacity Lumping  

Although solutions which exhibit spatial oscillations are 

mathematically valid, yet, from a physical standpoint they are 

unacceptable. 	This difficulty becomes even more serious when it is 

recalled that the relative permeabilities, which form the basis of all 

two-phase flow, are themselves strongly dependent on the saturations. 

Large undulations ahead of the front, such as seen, for example, in 

Figure G.1a, are very undesirable, since they cover a significant part 

of the flow domain with alternating positive and negative saturations. 

Some form of smoothing is therefore desirable, if not essential, in order 

!to obtain physically meaningful solutions. 	We have already seen in 

the previous section that increasing the number of elements provides 

one means of dampening the oscillations. 	If, however, the required 

smoothing is to be achieved even on coarse meshes, then some other 
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practical device must be sought. 	Two alternatives are here 

available : 

(1) to artificially smooth an oscillatory profile at the end of 

each time-step, in such a way as to preserve a material balance; or 

(2) to incorporate within the finite element formulation, a standard 

artifice which would ensure a smooth saturation profile. 

Since the first option has a certain degree of subjectiveness 

associated with it, the latter approach seems preferable. 	Thus, in the 

present study, the well-known concept of "Capacity Lumping" has been 

employed as a means of controlling the oscillations. 	This is a 

technique which transforms the "element capacity matrix" Ce  (cf. 

equation 4.69) into a diagonal matrix. 	Physically, the process of 

lumping is analogous to replacing the "continuous" mass of an element 

by a set of "discrete" masses concentrated at its nodes. 	For Chapeau 

and Quadratics elements, the diagonalization of the matrix is achieved 

by adding all the off-diagonal terms into the diagonal ones, and then 

clearing the remainder of the array. 	For Hermite cubics, however, 

the degrees of'freedom (as discussed in section 4.6.3) have different 

dimensionalities, and hence, following the method of Langsrud [36], a 

partial lumping scheme is used,which reduces the matrix to a block-

diagonal form instead of making it strictly diagonal. Table 6.1 gives 

the element capacity matrices (Ce) (in 10), for the three types of 

elements, both before,and after,lumping. Clearly, the symmetry of the 

matrices is preserved during lumping. 

Figures G.4a, b.c; G.5a,b.c and G.6a,b.c illustrate the 

saturation profiles obtained by repeating the earlier runs (shown in 
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Figures G.1 through G.3) with a lumped capacity matrix. 	This 

comparison shows the degree of smoothing which can result from using 

lumped matrices. 	The effect is most pronounced for the Hermite cubics, 

while the Quadratics seem to be the least affected, and the Chapeau 

fall between the two. 	However, despite the benefits of oscillation - 

removal, capacity lumping possesses a disadvantage in that the saturation 

profile becomes more smeared than in the absence of lumping. 	This, 

again, is particularly true of the Hermite cubics and the Chapeau models. 

We therefore have two options: 

(a) either to leave the capacity matrix unlumped, and obtain an 

oscillatory solution which, nevertheless, shows a good frontal 

representation, 

(b) or to lump the capacity matrix and obtain a smooth, though some-

what "diffused")  saturation profile. 

Numerical stability can be an important factor in deciding 

between these two alternatives. 	For example, in 2 Dimensions, it was 

found(in the present study)that the oscillations caused by the unlumped 

matrix on a 3x3 grid were violent enough to undermine the stability of 

the model. 	Consequently, it is the author's opinion that lumping could 

be even more indispensable in 2D models than in their 1D counterparts. 

All the 2D finite element runs reported in this thesis are based on the 

lumped matrices. 	The coefficients of these lumped 2D matrices can be 

obtained by a direct tensor-product extension of the corresponding 1D 

matrices given in Table 6.1. 
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6.3.3 	Mobility data  

We shall now consider how the character of the mobility data 

influences the accuracy of the finite element solution. 	In the 

absence of capillary and gravity effects, the Buckley-Leverett theory 

postulates (as shown in Chapter 3) that the displacement is characterised 

by a saturation "front", the existence and magnitude of which are 

determined by the shape of the fw  curve. 

In general, the greater the upward concavity (i.e. S-shape) of 

the curve, the higher the value of the frontal saturation, and hence, 

the more piston-like is the displacement. 	Such a curve generally 

corresponds to a case where the relative mobility of the water is 

very small at low water saturations, thereby ensuring that much of the 

oil is expelled from the pores of the rock before the water can flow in 

appreciable quantities. This , therefore, represents a favourable 

displacement. 

In so far as the stability of the numerical solution is concerned 

however, the opposite trend is observed, and the greater the upward 

concavity of the fw  curve, the less satisfactory do the results become. 

This is because the highly impeded flow of water at low saturations 

causes the saturations to build up to values far greater than those 

predicted by the Buckley-Leverett theory. 	At the early stages of the 

displacement the regions near the injector are worst affected, but, as 

the simulation proceeds, this erroneous solution spreads throughout 

the domain. 	Since simulators maintain a material balance these 

saturation overshoots cause the "numerical front" to lag behind the 
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"analytical front", and thus yield an erroneously higher oil recovery 

at breakthrough. 

We shall now use our different data sets to substantiate the 

foregoing arguments. 	Attention will be focussed on the overall  

convergence of the finite element solution, rather than on the localised 

oscillations and near-frontal behaviour, which we have discussed in the 

previous sections. 

We begin with the graphs G.7a,b,c, which are based on data set 1. 

This data set, as we have seen, is designed to give an fw  curve which is 

always convex upwards, and the resulting linear saturation profile demon- 

strates the unfavourable nature of the displacement. 	The numerical 

results)in this case,are seen to be in very good agreement with theory 

for all three element types. A conspicuous hump occurs near the foot of 

the saturation profile in the Hermite cubics and quadratics runs. 	This, 

however, can be reduced by lumping the capacity matrix. 

We next examine the results of using data set 2, which is also 

the one used by Spivak et al [54]. 	For this "moderately favourable" 

displacement, we see that the finite element solutions (Figures G.Ba,b,c) 

coincide with the analytical solution at high water saturations, but that, 

as the front is approached, they begin to depart from it by a noticable 

extent. 	The match between the numerical and analytical profiles is 

thus poor. 

Our third data set is that of Langsrud [36], which can be 

presented as an example of extreme numerical degeneracy. 	The pronounced 

upward concavity of the fw  curve results in a front saturation of 0.69 )  

which, allowing for irreducible saturations of 0.15 at either end (i.e. 
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Swc=Sor=0.15), implies that the band of frontal saturations (0.15 to 

0.69) occupies 77% of the mobile saturation range (Figure 6.3c). 	The 

ti 	 u 
numerical solutions for this favourable displacement are found to be 

very bad (Figures G.9a,b,c), and show: 

(1) a progressive rise in Sw, well above (1-Sor); and 

(2) the consequent "retardation" of the "numerical front". 

All the runs considered in this section (namely, Figures G.7 

through G.9) have been performed without the aid of any artifice, and 

hence, the effects we have observed above are purely the reactions of 

the finite element method to the various mobility data. 	We are thus 

led to the conclusion that, so long as conventional relative permeability 

curves are used, the finite element method cannot be relied upon to 

give good results. 	This difficulty necessitates the incorporation of a 

suitable artifice, whose nature and extent of usage will have to be 

dictated by the character of, the mobility data. 

Pseudo capillary pressure and upstream relative permeabilities 

are two such "numerical remedies" currently in use. 	Indeed, any device 

which preferentially aids the flow of water relative to the oil will be 

a potential candidate for this purpose. 

6.3.4 	Pseudo Capillary Pressure  

The role of true capillary pressure in porous media is to 

provide an additional ("imbibing")  pressure gradient for the water 

phase. 	By contrast, the role of pseudo capillary pressure in simulators 
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is to correct an erroneous solution to the analytical solution. 

This obviously means that the effect of real capillary pressure can be 

simulated on a computer, only if the numerical solution converges to 

the Buckley-Leverett solution for the non-capillary displacement 

problem. 	Even so, there is the further complication introduced by 

numerical dispersion which makes it difficult to isolate the dispersion 

due to genuine capillary effects. 

In this section, we shall consider the use of pseudo capillary 

pressures, merely as a correcting device for finite element simulators. 

Spivak et al, in their paper [54], inserted a pseudo capillary pressure 

gradient (pc') of - 10psi in order to obtain convergence between their 

finite element and Buckley-Leverett solutions. 	Thus, although they 

claimed that the finite element method does not require an artifice such 

as upstream weighting, they were simply using another artifice in its 

place, namely pseudo capillary. pressure gradients. 	Moreover, the 

value of the gradient must have been based on a trial-and-error 

determination, since the required gradient would be expected to vary 

from data set to data set. 	The effect of pseudo capillary pressure 

gradients will now be demonstrated on our data sets: 

Since data set 1 does not require any artifice for convergence, 

the use of a pseudo capillary gradient of_- 10psi only serves to over-

correct an already good answer, and thereby smear the profile even 

further (Figures G.10a,b,c). 	This shows that correcting devices should 

only be used where necessary. 	However, looked at from another angle,l 

this "diffused" numerical profile may, in fact, be the correct solution 

under a real capillary gradient of -10psi. 	In the latter case, of 

course,the analytical profile shown in these Figures no longer applies. 
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The effect of introducing pseudo gradients is best demonstrated 

on data set 2. 	Figures G.11a,b,c; G.12a,b,c; and G.13a,b,c 

illustrate the saturation profiles that were obtained with Pc' _ - 5, 

- 10 and - 20 psi,respectively, and these may be compared with the 

corresponding non-capillary solutions (Pc'=0) shown in Figures G.8a,b,c. 

It is evident that, as the slope Pc' is gradually increased, the 

saturation-overshoot diminishes, and the finite element solution improves 

in quality. 	At Pc'=-10, both the numerical and analytical solutions 

virtually coincide. 	Higher values of Pc' (such as - 20 and higher) 

tend to overcorrect the solution, and cause the "numerical" front to 

marginally overtake the "true" front. 

For data set 3, where the original discrepancy between the 

numerical and Buckley-Leverett solutions is very large (Figures G.9a, 

b,c), pseudo gradients of the above order of magnitude are found to be 

inadequate for convergence (Figures G.14a,b,c), although the results do 

show an improvement over the non-capillary solutions. 

From the foregoing observations, we may conclude that the required 

pseudo capillary gradient is a function of the mobility data. However, 

this gradient is also found to be dependent on the total flow rate in the 

system. 	For example, in the case of data-set 2, when the flow rate is 

raised to 100 times the original value, the pseudo gradient of -10 psi 

(which was used successfully before) now becomes ineffective. 	(Figures 

G.15a, b,c). 	In a later section, we shall consider a method for obtaining 

an approximate estimate of this gradient, based on factors such as the 

mobility data and the flow rate. 
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6.3.5 	Upstream weighting  

An alternative tool which is powerful in controlling the 

numerical behaviour of saturations is the method of upstream weighting 

which has for long been an essential component Of finite difference 

models. 	Conceptually, it means simply that the fluid flow between two 

adjacent blocks is determined either by the relative permeability at 

the upstream block (single-point weighting [15a]),or by an extrapolated 

value of the relative permeabilities at the two previous upstream blocks 

(two-point scheme [55]). 	In its general form, the single point scheme 

can be expressed through a mobility weighting factor oC (ranging from 0 

to 1),as follows: 

-E2 	- 	aC-it r (.,17+- ( — o< 	r d o w,ti ; 	(6. 1 ) 

and, depending on the choice of o. , it can vary from mid-stream 

weighting (o( = 2) to full upstream weighting (Pc= 1). 

In finite element formulations, upstream weighting schemes are 

not as straightforward as the above, since the saturation-dependent 

quantities are evaluated at several Gauss points within each element 

(and not merely at the block-centre). To apply upstream weighting in 

a 1D finite element model, for example, we need to assign, to each Gauss 

point, the relative permeabilities calculated at another point lying 

some distance ' upstream from it. 	The choice of 	has largely been 

arbitrary,and Langsrud [36], after experimenting with different values of 

, has observed that the optimum value for his runs was:intermediate 

between mid-stream and fully upstream, and that acceptable finite 

element solutions were obtained for awider range of 5 than with finite 

differences. 
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Two upstream weighting schemes have been employed in the 

1D models of this thesis: 

Scheme 1 : uses the relative permeabilities at the nearest upstream 

Gauss-point; and 

Scheme 2 : uses these parameters at the upstream node of the element. 

The first of these schemes has been used successfully on data 

set 3, whose results now show a close resemblance to the Buckley-

Leverett profile (Figures G.16a,b,c). 

Scheme 2 has been used successfully on the Chapeau model 

(Figure G.17a), but has proved unsatisfactory with the Quadratics and 

Hermite cubics models (Figures G.17 b,c), where a meaningless solution 

has been obtained. 	One possible explanation of this is that the 

choice of the upstream node is not suitable for cases where internal 

(i.e. middle) nodes are present. 	This suggestion, however, is purely 

speculative. 

Another feature that can be observed in these runs is that the 

Chapeau saturation profile based on the second scheme exhibits a 

slightly more "diffused" front than that based on the first. 	This is 

consistent withthe fact that scheme 2 involves a greater degree of 

upstream weighting than scheme 1. 	Both schemes, however, are open to 

some general criticisms: 

(1) 	As the upstream shift distance g is controlled by the number 

of Gauss points and/or the size of the elements (both of which 

can be varied at random), the schemes lack a quantitative 
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backing and fail to provide a correlation between fluid flow 

data and the artifice of upstream weighting. 

(2) 	Their applicability in 2 dimensions is uncertain. 	Despite 

these shortcomings, the upstream weighting schemes are useful 

for 10 models and, as pointed out earlier, scheme 1 seems to 

be preferable to Scheme 2. 

6.3.6 	Modified fw  curve (Dalen [16a]) 

We have seen so far that}with conventional fractional flow 

curves the behaviour of the finite element solution is unpredictable, 

and that, depending on the magnitude of the upward concavity of the 

curve, a suitable artifice (such as pseudo capillary gradient or 

upstream weighting) must be used to correct the numerical results. 

This is, of course, based on the long held assumption that such "S-shaped" 

fw curves, usually derived from laboratory core flood experiments,are 

correct. 	We shall now briefly examine the validity of this assumption, 

and consider the use of a modified fw curve. 

Figure 6.4 is a schematic diagram showing three fractional flow 

curves, all of which yield the same Buckley-Leverett solution. 

Numerically, however, three such widely differing curves cannot be 

expected to produce identical results. 	This obvious inconsistency can 

only be resolved by conceding that the (lower) part of the fw  curve 

which is concave upwards is irrelevant to the solution. 	In chapter 3, 

we have already seen, in connection with Welge's construction, that the 

analytical solution does indeed ignore the lower part of the curve. 



4*-b~ f 	l/ 
pi 
,II 

-201- 

Figure 6.4: Three (hypothetical) fw curves, which yield the same 

Buckley-Leverett solution. 

Figure 6.5: Modified (fw) curve, based on the Welge tangent. 
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It follows logically, therefore, that if the "S-shaped" portion 

cannot be used for analytical solutions, then its use is equally 

unacceptable in numerical models. 	This argument is further consolidated 

by Jones and Roszelle [34] who, from their experimental studies, have 

concluded that laboratory core flood data, if properly interpreted, will 

result in fw curves which are never concave upward. 

So, given a curve which has an upward concavity, the most 

plausible way to amend it is to replace it by: 

(a) the Welge tangent from Swc to Swf; and 

(b) the remainder of the original curve from Swf to (1- Sor). 

(Figure 6.5). 	Thus : 

= 	1 	
1 ± U,7-ol ), rw / 

where the bars denote the modified curves. ,Clearly, if the original 

fw curve does not show an upward concavity (as in data set 1), then the 

above modification would be unnecessary. 

Since the relative permeabilities are input to the numerical 

model in the form of a table, we need to calculate the corresponding 

modified values (K - and K - ) below the flood front saturation. 	To 
TO 	rw 

do this, we require, at each saturation point. on the table, a pair of 

simultaneous equations involving kro and kam. 	One of these equations 

follows directly from equation (6.5):- 

(i:;) = i T„ 
(6.6) 
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The second equation may be obtained by assuming a suitable 

relationship for the total relative mobility (fro+ %rw)• 	For 

example, if these quantities are left unchanged from their original 

values, then the pressure distribution would be largely unaffected by 

the modification of the fw curve. 	Thus)we may use: 

ro + ~rw = pro -~— 	rw (oro) (6.7) 

And so, from equations (6.6) and (6.7), we can obtain the modified 

relative permeabilities : 

rw — ! w rw = Ī~w ~ro +- >rw) fw (6.8) 

and _ µ X ro 4ro 	l o = f-o 	+ rh/) \ I _ fw) - 	(6.9) 

It is perhaps appropriate to comment on the shape of these modified 

relative permeability curves. We know that the modified fw curve 

always increases monotonically with saturation. 	However, the total 

mobility ().ro + Nr,,) can decrease with Sw (and even undergo a 

minimum over part of the saturation range). Consequently, the product 

of these two curves can cause a lack of smoothness (i.e. irregularities) 

in the shapes of the modified k ro 	r 
and k

w 
curves, as implied by 

equations (6.8) and (6.9). 	This phenomenon, however, does not affect 

the behaviour of the model, since the saturation distribution is 

ultimately governed by the fw curve, and not merely by the individual 

relative permeabilities. 

The above techniques for modifying the fw curve,and for 

calculating an equivalent set of relative permeabilitiesl were originally 

proposed by Dalen [16a], and demonstrated on his finite element models. 
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These have also been applied to the different data sets used 

in the present study, as shown in the next section. 

6.3.7 	Velocity dependent upstream weighting  

Parallel with the use of the modified fw curve, an upstream 

weighting scheme, based directly on the Buckley-Leverett equation, was 

employed in the 1D runs of this thesis. 	Thus, if Q is the rate of 

injection in pore volumes per unit time, At is the current time-step, 

and L is the total length of the reservoir, then the upstream shift-

distance S' is given by: 

(a-t) Qdf~ (6.10 ) 

may be interpreted as the distance that will be traversed during the 

ensuing time-step by the saturation at the point in question. 	Hence, 

there is justification for using this formula, and it also removes,to 

some extent, the arbitrariness involved in the schemes adopted in 

section 6.3.5. 

By combining: 

(a) the modified fw curve. 

(b) the lumped capacity matrix; and 

(c) the velocity dependent upstream weighting (equation 6.10), good 

agreement has been obtained between the finite element results and 

the theoretical saturation profiles for all four data sets  

considered in this work. (Figures G.18a,b,c; G.19a,b,c; G.20a, 

b,c; G.21a,b,c). 
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In order to assess the contribution of the modified f 
w 

curve 

towards these successful results, we may examine the magnitude of the 

upstream shift implied by equation (6.10). 	Expressed as a fraction 

of the element length (Le))the maximum value which 8 can take is: 

( ~2 1 ,~~ _ ~M0.x _ Q L (L)
M (E)reuuc 

 
L e 	1- e  (6.11) 

nn 

	Since the maximum time-step was fixed at 0.5 day, we may evaluate 

(ō )
max 

for the various data sets: 

Data Set 1 

0•001 x 1000 X 0.5- x 2 = 0.020 50 
Data Set 2 

  

— o•oo I x boo() x 0 ,S X I. 6 1 8— p. o l 6 
So 

Data Set 3 

Data Set 4  
_ o ool b 7 X too() x o•S x l'o — 0.o 17 

570 
These calculations show that, due to the small time-steps involved the 

maximum upstream shift does not exceed 2% of the element length, and 

is thus negligible. 	We may therefore say that the convergence of the 

finite element solutions to the corresponding Buckley-Leverett solutions 

is attributable, in large measure, to the use of the modified f w curve. 

6.3.8 	Estimation of pseudo capillary gradients  

In section 6.3.4 we saw how a pseudo capillary gradient of -10psi> 

determined by trial and error, proved useful in making the numerical 

solution match the Buckley-Leverett solution for data set 2, and how the 
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same gradient was inadequate to provide the necessary correction in the 

case of data set 3. 	Predicting the required value is obviously a 

complicated problem but, nevertheless, by using elementary two-phase 

theory, we can isolate the factors which control it, and thereby arrive 

at an estimate of its magnitude. 

From Leverett's fractional flow equation (3.18), we know that 

the true water cut (fw*) of a two-phase stream (flowing horizontally) 

is given by: 

fw -i- k 	>` r o % r'^/ a pc = f w + f — 

	

	 fw uf ~r{ ax (6.12) 

where fw is the fractional mobility ()%rw/Xr4 ) , and ( ' /?Z) is 

the spatial gradient of the capillary pressure. 

If, on the basis of the observations made in the previous 

section, we suppose that the modified 	curve is indeed the correct 

one to use in non-capillary simulations, then we may employ the pseudo-

capillary term as a means of correcting the original (S-shaped) fractional 

mobility curve fw, to the fw curve. 	Equation (6.12) shows that, in 	order 

to obtain such a correction exactly, a separate value of (ō ec / a X ) 

needs to be calculated at each saturation. 	We can, however, simplify the 

problem, and determine an "average" (though constant) value ( at'c / a 
x )av 

which would correct the fw curve to fw in an "average" sense. 	This 

means that, instead of requiring the condition: 

-e-ver y 5~,, 
(6.13) 

w-e (.s.e iti e 	int ejra, 	.e/c( a,-Ei on. : 



Ar-a A 
cav 	k Arec_ 13 ' - ax (6.17) 
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( —) s = 0 
Swc 

(6.14) 

where the integration is taken over the frontal saturation range: 

Swc to Swf. 	Substituting equatioh (6.12) into (6.14), and bearing in 

mind that ('/x)av is now treated as a "constant" with respect to the 

integration, we obtain : 

[ ft's + 	~r~ 
	{rw 

\ax) 	rw ] w L 	
_ J 	c~ S = C~ 	(6.15) 

r 	rev 
Swc 

from which we deduce that : 

L
Swf

a   	(TW f,,,,) dl s w pe 
ax 	k 	( 

Ss'av 	J 
SWG r1r 

which, geometrically, is equivalent to the statement: 

(6.16) 

where A is the area enclosed between the original and modified fw 

curves (Figure 6.6), and B is the area lying under the curve which 

represents half the harmonic mean of the relative mobilities (Figure 

6.7), in the range Swc 
to Swf. 

In simulators which are not affected excessively by numerical 

dispersion, it is possible for the saturation front to be confined 

(spatially) to a single element. 	So, if we express equation (6.17) 

in the units of "psi per element length", we have an estimate of the 

effective capillary pressure acting across the front. 	Thus: 

a rc 	= 14..7 (u--6 Le 	Areck. A 	psL /eteryten.t ) 
ax 	 k 	Area. B 6..v (6.16) 
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Figure 6.6: Calculation of "Area A", to determine the pseudo 

capillary gradient (equation 6.17). 

Figure 6.7: Calculation of "Area B" for the determination of the 

pseudo capillary gradient (equation 6.17). 
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where Le is the element length, and Ut, Le and K are in Darcy units. 

Due to the changing saturation gradients within the reservoirl it is 

difficult to relate the average spatial gradient (aJ' /a x)av given in 

equation (6.18) to the required pseudo capillary gradient pc-(1=4:451„). 

It can be said, at most, that ('/x) 
av 

is a measure of the required 

We shall therefore stop at equation (6.18), and evaluate this 

quantity for our data sets, beginning with set 2. 

Average pseudo capillary gradient for Data Set 2  

Ut =3.528x10-5 cm/S  K = 0.158D 

  

Le = 50x30.48 cm; Area A = 0.0321 ; Area B = 0.0151  

Hence, 	 _ 5 
 I4-.- 3.52$X10 x; SoX30•4 	[0-0321

(1)4!)0.V 	 o-15~ 	 -o(S I 

10 . 7 psi /-ele wt e Pvt. , 

which turns out to be identical to the value of -10psi chosen for the 

pseudo capillary gradient p ' in section 6.3.4. 

Average pseudo capillary gradient for data set 3  

Ut = 1.387x10-4 cm/s ; K = 0.500D; 

   

Le = 100x30.48 cm; Area A = 0.1160; Area B = 0.0177. 

So)from equation (6.18))  

(- 1"c.) 	_~ ,7 	1•3g7XIO x (00 x 3o•43 [0.1i 60] =14.,7
av 	 0.5 	 0.0177 

= S I• 4 	s i /.ete-» e •n.f 

pc 
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It was observed earlier (from Figures G.14a,b,c) that a pseudo 

gradient of -10psi was insufficient to correct the finite element results 

for data set 3. 	These runs were repeated with pc' = - 80 psi, and 

Figures G.22a,b,c show the convergence brought about by this pseudo 

gradient. 

Data Sets 1 and 4 

For these data sets, the modified fractional flow curves (f w) 

are identical to the original fw  curves. 	Thus, Area A=0, and 

consequently, from equation (6.18), (āt'c  i a.X.J av  is also zero. 	Our 

theory implies)therefore,that pseudo capillary gradients are unnecessary 

for these two data sets. 	We have already demonstrated this for data 

set 1 (See Figures G.7a,b,c). 	The results for data set 4 (Figures 

G.23a,b,c) are also, on the whole, in accordance with this hypothesis, 

although the saturation profile does exhibit a slight departure from 

the analytical solution , and some localised oscillations. 

It is also interesting to note that both these data sets require 

no pseudo gradients, despite the fact that they lie at opposite 

ends df the - displaeement-spectrum 	the one 

representing an unfavourable displacement, while the other corresponds 

to a perfect, piston-like flood. 	It may be inferred, therefore, that 

the requirement of a pseudo capillary gradient is not dictated solely 

by the efficiency of the displacement process. It depends, instead, 

(as has been shown) on the internal structure of the mobility data-

i.e. the shapes of the original fw  curve, and the harmonic mean curve 

of the relative mobilities. 

To show that the equation proposed for pseudo capillary 

pressure was effective in a variety of conditions, the flow rate and 
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number of elements have been varied. 

Using data set 2, for example, it has already been shown in 

section 6.3.4 that P 
c 

= - 10 psi loses its effectiveness at higher 

flow rates. 	Indeed) at a flow rate of x 1002
a Pc' of - 1000 psi should 

be required, and this has been found to be true (Fiures G.24a,b,c). 

(It should be noted that rates of x 100 are being used for comparative 

purposes only, and would not exist in practice). 

Equation (6.18) also says that Pc' should be proportional to 

the element length)so that)for a fixed reservoir length the gradient is 

inversely proportional to the number of elements. 	With data set 3, Figures 

G22a,b,c illustrated that - 80 psi was required for 20 elements. 

Figures G25a,b,c show that - 80 psi is not adequate with 10 elements, 

whereas - 160 psi gives good results (Figures G26a,b,c). 

These results prove the general applicability of equation (6.18) 

in the prediction of pseudo capillary pressure gradients for very 

different data sets. 	It is immediately apparent, however, that the pc' 
c 

value required for satisfactory convergence is,in many cases,so high 

that any real capillary effects would be masked. 

In concluding the discussion on the 10'results, we may state 

that there are two possible ways of overcoming the problem caused by the 

sensitivity of the finite element method to the mobility data. 

(1) To use the modified fw  curve, together with the lumped matrix 

and theoretical upstream weighting. 

(2) to use the original fw  curve and either : 
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a) upstream Gauss-point relative permeabilities; or 

b) a pseudo capillary pressure gradient, estimated from equation (6.18). 

6.4 	2 Dimensional Runs  

The two dimensional tensor product models were tested on a 

quarter five-spot domain, whose properties were as follows: (Spivak 

et al [54].) 

Area 	= 1000ft x 1000ft 

Thickness 	= 1ft 

Flow rate 	= 20ft3/day (=0.0002 pore vol/day) 

Initial pressure 	= 6000psi. 

Fluid compressibility = 0. 

The mobility data was taken from data set 2, and the runs were 

performed with the following additional features: 

(a) modified f 
w 

curve; 

(b) lumped capacity matrix; and 

(c) boundary conditions, as given in section (4.9). 

Neither upstream weighting nor a pseudo capillary gradient was used, and 

the maximum time-step was restricted to 30 days. The domain was uniformly 

divided into a (5x5) diagonal element grid, so that the number of nodes 

and degrees of freedom involved in each of the three cases was as follows: 

Chapeau 	36 nodes 	36 DOF's 

Quadratics 	121 nodes 	121 DOF's 

Hermite cubics 	36 nodes 	144 DOF's 
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6.5 	Pressure distribution  

In the early stages of the displacement, the five-spot domain 

is almost entirely filled with oil, and thus the pressure distribution 

will be very similar to that for single phase flow. 	We can,therefore, 

compare the numerical results with the steady-state analytical solution 

of Muskat (derived in chapter 3), in order to assess the accuracy of 

the finite element approximation. 

To calculate the analytical solution, the two infinite series 

which occur in equation (3.68) were truncated after 6 terms. 

Increasing the number of summation terms to 10 was found to produce 

results which matched the 6-term solution to three decimal places 

(10 psi), thereby indicating the rapid rate of convergence of this 

logarithmic series. 

By virtue of the symmetry, the analytical solution needs to be 

computed only at points lying within a quarter of the domain (the area 

IOB shown in Figure 6.8). 	This partial solution can then be extended 

to the remaining areas by taking mirror-images on the appropriate diagonals. 

For example, let us consider the points 1,2,3 and 4 (Figure6.8), where 

2 is the reflection of 1 on the leading diagonal IOP, while 3 and 4 are 

the reflections of 1 and 2,respectively, on the median diagonal AOB. 

If, therefore, p1  is calculated from the series, we can write down the 

remaining pressures directly: 

P2  = P1  ; and 

P3  = P4  = 2Pi  - P1 
i 

where Pi  is the initial pressure (which is preserved along AOB during 

steady-state, single phase flow). 
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The series expansion cannot be used at the injection and 

production points (I and P) since they represent singularities. We 

may, however, calculate the pressures at an arbitrary well-radius (rw) 

surrounding these points. 	Taking rw = 0.25 ft, we obtain, from 

equation (3.69), 

p, 	`f [togfoO il- i
f .210.Zs)-0.26F-dx(No/5.6I5) 

rn~ 	1> roā 	f 

=.

O•OoI 3ō X f,sk x 

= 516 1sl. 
But we also know that 

t bro4 ') 	= 	 ~ = 6000 1)5 . 

Combining these two equations, we have : 

17 z .ni = 6 0 o o+ z v p = 6 4- 0 8 p.s 	a..,.,.~C. 

1prod 	6000 — Z 0 = 5512 1>y (I . 

Figure G.27 shows the contour map of the analytical solution, while 

Figures G.28a,b,c show the pressure distribution obtained from the 

Chapeau, Quadratics and Hermite cubics models, respectively, at 30 days. 

[To validate the comparison, all four maps have been contoured from the 

same set of interpolation points]. 

It can be seen that, at distances not too close to the wells, 

the finite element results are in good agreement with the Muskat solution, 

and thus also with one another. 	The Figures also display the expected 

symmetry of the contours about the median diagonal. 	The contours 

gradually change shape from being approximately linear at the centre of 

the quarter-five-spot, to being more circular near the wells. Ideally, 

of course, they would be perfect circles in the immediate neighbourhood 

of the wells. 
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By observing the spacing between adjacent contours, we can 

deduce, from these Figures, two obvious properties concerning the pressure 

gradients: 

(1) The gradients are fairly small in the central and intermediate 

regions of the domain, but rise very rapidly in the vicinity of 

the wells. 	This is so because, as the flow converges towards 

the well, the "effective cross-sectional area" available for 

fluid transmission decreases, and hence, by Darcy's Law, larger 

pressure gradients are required• in order to maintain the same 

flow rate. 

(2) For a given pressure contour, the gradient normal to it is 

maximum at the point where it intersects the leading streamline 

(IOP), and decreases gradually towards the flanks. 

These features are further illustrated by Figures G.29a,b,c and G.30a,b, 

c which represent the 1-dimensional pressure profiles taken along the 

diagonal OP, and the flank AP, respectively. 

A significant portion of the pressure drop can be seen to occur 

very near the wells. 	However, it is precisely in these regions that the 

CHAPEAU(5x5) QUADRATICS(5x5) H.CUBICS(5x5) 
i 

MUSKAT(rw=0.25 ) F.D 
(10x10) 

5822 5768 5740 5592 5804 

Table 6.2 	Pressures (psi) at the production nodes (relative to 6000psi) 
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finite element solution departs substantially from the analytical 

solution, and exhibits pressure gradients which are much smaller than 

would be predicted from theory. 	Table 6.2, for example, gives the 

pressures at the producing node for the three types of elements, and 

compares them with Muskat's solution at rw  = 0.25 ft (which was 

calculated earlier). 	This inaccuracy of the finite element solution 

may be explained by recalling the fact that a polynomial approximation 

is being sought for a function which, in reality, is known to exhibit 

a logarithmic variation. 	Several authors [54, 28] have demonstrated 

that this problem can be overcome by incorporating additional basis 

functions near the wells. Such functions are commonly expressed in 

radial (instead of x,y) co-ordinates, and are made to possess a 

singularity at r = 0, a popular version of this being one which involves 

the term lnr. 	In the present thesis, however, such extra basis 

functions have not been successfully programmed, and hence no results 

are presented in this connection. 

6.6 	Saturation distribution 

Figures G.31,-G32 and G33 show saturation contour maps illustrating 

the flooding history of the quarter five-spot, using Chapeau, Quadratics 

and Hermite cubics respectively. 	Figures G.34 show the corresponding 

results from a nine-point finite difference simulator, constructed by 

Mr.T.C. Tan of Imperial College. 	The latter program is based on the 

theory developed by Yanosik and McCracken [61], and is considered to 

be superior to the conventional -Five-point scheme. 	It is included 

here merely to compare it with the finite element models> in terms of 

accuracy and efficiency. 	All simulations were run out to 2880 days 

(approximately. 8 years), by which time)the water had broken through, 

and an appreciable water-cut had developed at the producing well. Contour 
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maps are presented at 180-day intervals from t = 0 to t = 720 days, and 

thereafter at 360-day intervals until the end of the simulation. 

6.6.1 	Shapes of Contours during displacement  

The overall shape of the contacted region undergoes a continuous 

change during the flooding process, and is greatly influenced by the 

mobility data. 	In displacements characterized by medium-range mobility 

ratios, we can broadly expect to find three stages of contour develop- 

ment. 	At early times, the contours form circular arcs around the injection 

well (Figure 6.9a), but, as the flood front moves away from the injector, 

the outermost contours display a progressive change from the circular to 

a square-like pattern, with the corner becoming increasingly "pointed" 

in the direction of the producer (Figure 6.9b). 	Eventually, as the 

breakthrough time draws near, the saturation front shows a definite 

elongation (or"cusp") towards the producing well, bypassing a significant 

amount of oil which lies in the peripheral regions of the five-spot 

(Figure 6.9c). 

These general features are observable in the results of all four 

numerical models (Figures G.31 through G.34). 	The tendancy of the 

contours to cusp towards the producing well is an indication of the areal 

sweep efficiency of the flood. 	A closer examination of Figures • 

G.31.8, G.32.8, G.33.8 and G.34.-8 reveals that the amount of cusping is 

more pronounced in the quadratics model than in the others. 	For 

example, the 50% and 60% saturation contours in Figure G.32.8 show a 

preferential elongation in the direction of the producing well while the 

same contours maintain an approximately square-shaped configuration in 
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the calculation of analytical 

five-spot pressure distribution  

(solution is first computed 

inside the shaded region, using 
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to the other parts by symmetry.) 

A 

Ca.) 	 (0 	 Cc) 
early t%rv4es 	L~termed.Lai2 	-n..e.o_r 

4reok.ktroL4_ 

Figure 6.9: Schematic illustration of the shape of the outermost 

saturation contours, at various stages during a five-

spot flood. 
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the Chapeau, Hermite cubics and Finite-Difference maps. 

6.6.2 	Flood front representation  

Since the theoretical flood front saturation for data set 2 is 

45%, we may use the separation between (say) the 10% and 50% contours 

to estimate the relative steepness of the front, for the different cases. 

Table 6.3 shows these inter-contour distances (in mm), measured along : 

(a) the leading diagonal, and 

(b) the side 

of the maps shown in Figures G31.8, G32.8, G.33.8 and G34.8. 

Chapeau 
(5 	x 5) 

Quadratics 
(5 x 	5) 

H. 	Cubics 
(5 	x 	5) 

9-pt F.D 
(10 	x 	10) 

Diagonal 

Side 

74 

44 

29 

20 

39 

25 

55 

31 

Table 6.3 	Distances (mm) between 10% and 50% contours, 
at t = 2160 days. 

It can be seen that the front profile is steepest in the quadratics 

model - an observation which is borne out also by the 10 results presented 

earlier. 	A noteworthy feature of this quadratics model is its ability to 

create, and preserve, a narrow band of frontal saturations, all the way up to 

breakthrough--  Even after breakthrough, the steepening of the front continues, 

as the various saturations converge on the producing well. Distances as small 

as 7 mm (which can be measured on Figure G32.9) indicate the extreme 

steepness of the advancing ridge of water. 	By contrast, the Chapeau 
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model exhibits the most "diffused" saturation front of the four models, 

while the Hermite cubics and finite difference models take up inter-

mediate positions between the two extremes. 

The foregoing remarks concerning the frontal steepness must be 

considered, however, against a constant background of numerical 

dispersion, which depends on such factors as: 

(a) the grid size 

(b) the type of element 

(c) the use of lumped capacity matrix, etc. 

In the case of the Chapeau model, it is likely that the poor frontal 

representation is due to the numerical dispersion resulting from the 

coarse (5 x 5) grid. 

In terms of accuracy, it is the finite difference model which 

appears to match the Buckley-Leverett flood front closely. 	The steep 

saturation gradient which exists between the 10% and 40% contours (Figure 

G34.8) gives way suddenly to a distinct flatteDi0g of the slope between 

the 40% and 50% contours, and thus provides a good agreement with the 

analytical front saturation of 45%. 

Table 6.3 also implies that the saturation fronts are marginally 

steeper along the sides, than along, the leading diagonal. 

6.6.3 Saturation overshoots 

In all three finite element runs, the region immediately surrounding 

the injection well is characterized by saturations higher than (1-Sor)1 



-221- 

which are therefore physically meaningless. 	On the saturation maps, 

the occurrence of such overshoots is indicated by the area within the 

contour S 
w 

= 1 (e.g. Figures G31.5, G32.5 and G33.5). 	The finite 

difference model, on the other hand, is protected by the"upstream 

weighting scheme", and consequently, the saturations are numerically 

"well-behaved", and never exceed unity. 

To understand this phenomenon, we need to consider the way in 

which saturation-dependent quantities are evaluated. 	The finite element 

formulation, as we have seen, re.quires the relative permeabilities to be 

determined at a series of Gauss points within each element. 	This 

requirement prevents the nodal saturations from exercising a direct  

control over the calculation of transmissibility terms. 	For example, 

even though the water saturation at a node may have reached the maximum 

permissible value, it is possible that the internal Gauss points are still 

at much lower saturations and hence, the element, as a whole, can 

continue to admit more water. 	This leads to a progressive build-up of 

saturation at the affected node (Figure 6.10). 

The most vulnerable node is obviously the injection node itself, 

where the influx of water is concentrated in the form of a Dirac Delta 

function (see section 2.5). 	The development and propagation of 

saturations inside the five-spot can be visualized as an interplay between 

the "accumulative" and the "transmissive" properties of the system. 

Initially, when the reservoir is saturated with oil, the transmissibility 

to water is zero everywhere, and hence the node (I) can utilise only 

its "accumulative" capacity to absorb the incoming water. Thus, the 

saturation at this node rises very rapidly at early times. Due to the 
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polynomial approximation used for Sw, this build-up of saturation 

automatically implies that saturations throughout the element (including 

those at the Gauss points) will begin to rise, though at a much slower 

rate than node I. 	In general, the further a point is from I, the 

slower will be its rate of saturation increase. 

As the system gradually develops an appreciable transmissibility 

to water, node I transmits the water in increasing quantities, thereby 

causing a decrease in its rate of accumulation. 	Eventually, when all 

the Gauss-points surrounding it have risen to high saturations, the 

water flows freely through the element, and hence the rate of increase 

of Sw  at node I becomes progressively small, tending to an almost static 

saturation. 	The only difficulty, however, is that (as shown in the 

Figures), by the time node I attains this steady-state condition, its 

saturation has already risen well above (1-S 
or

). 	Thus, the region of 

overshoot (although small) remains throughout the simulation. 

In our test runs, it can be seen that the overshoot stops after 

approximately 1080 days, and that it affects only a small part of the 

element surrounding the injection node. 	As the saturation front moves 

outwards, the task of distributing the water is shared by several nodes, 

and therefore the danger of the initial overshoot being propagated is 

generally small, unless of course, the relative permeability data has a 

pathological character. 	(An example of this is the use of the 

unmodified f
w 

curve of data set 3). 

Even the localised overshoots which surround the injection well, 

may be controllable in either of two ways: 

(1) 	By incorporating extra basis functions in the pressure 
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approximation (as was mentioned in section 6.5). A 

logarithmic function, for example, would provide large 

pressure gradients near the well, and thus help'to dissipate 

the incoming water and stabilize node I. 	Spivak et al 

[54] have reported that this technique is useful for controlling 

the behaviour of saturations. 

(2) 	By replacing the "concentrated" source term (i.e. Dirac 

Delta function) by a "distributed" influx of water occurring 

over the whole, or part, of the element. 	This will result 

in the "injection-load" being shared by all the nodes of the 

element, rather than being borne by a single node. 

6.6.4 	Saturation oscillations 

In the 1 dimensional results (section 6.3.2), we observed that 

the numerical solution always exhibits a certain degree of spatial 

oscillation. 	This tendency of the finite element method carries over 

also into the 20 simulations, in spite of the lumping of the capacity 

matrix. 	This is not to say that lumping is of no consequence in 2 

dimensions - on the contrary, it has been found to be essential for 

the stability of the models. 	However, it does not succeed in eliminating 

the oscillations entirely. 

Of the finite element models, the one which displays the greatest 

amount of oscillation is the quadratics model. 	This can be seen by 

comparing for example, Figures G31.4, G32.4, G.33.4 and G34.4. 

Furthermore, it is also the only one which shows oscillations along the 

side of the five-spot (e.g. the 70% contour in Figure G32.4), in addition 

to the oscillations within the injection element. 
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In the Hermite cubics model (Figure G33.4), the 80% contour 

exhibits two conspicuous bulb-shaped protrusions. 	These distortions, 

however, are damped out with the passage of time, and, at 1440 days 

(Figure G33.6), the same contour is much smoother than it was before. 

The Chapeau model is perhaps the best among the finite element models, 

with regard to oscillations. 

The tendency of the finite element models to oscillate can be 

related to the nature of the polynomial approximation that is being used. 

For example, the Chapeau model, being a bilinear representation in x 

and y, cannot, by definition, display oscillations inside an element. 

The quadratic an,d cubic polynomials, on the other hand, are obviously 

capable of developing local maxima or minima (or similar changes in slope) 

within the elements. 

The nine-point finite difference model yields smooth and rounded 

contours throughout the simulation, and hardly any oscillations can be 

detected. 

6.6.5 	Inter-element continuity of contours 

This property is determined by the degree of continuity of 

the polynomials. 	In the Chapeau and Quadratics models (which possess 

Co  continuity), distinct "breaks" can be observed along the length of a 

contour. 	(e.g. Figures G31.6 and G32.6). 	These abrupt changes in the 

direction of contours are caused by the discontinuity of saturation 

gradients occurring at inter-element boundaries. 	Once again, it is the 

quadratics model which appears to be most sensitive to this phenomenon. 

The Hermite cubics model, by virtue of its C1  continuity, yields perfectly 

smooth contours, regardless of the presence of inter-element boundaries 
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(e.g. Figures G33.6, G33.7 etc). 	It is perhaps worth mentioning that 

the small discontinuities which are recognisable in the Hermite cubics 

maps are due entirely to the (somewhat coarse) secondary mesh used by 

the contouring package, and are not caused by the approximating poly- 

nomial. 	We can thus see that the aspects of functional continuity, which 

were raised in the formtilat'ion of the finite element theory (chapter 4), 

are fully verified in the 10 and 2D model results. 

6.7 	Comparison of Breakthrough times and recoveries  

In this section, we shall evaluate the breakthrough recovery 

for data set 2, using three different methods cited in the literature, 

and then compare these values with the recovery efficiency predicted 

by the four numerical models. 

6.7.1 	Guthrie and Greenberger Method [29] 

This is strictly an empirical formula, developed in 1955, and 

relates the recovery efficiency of a natural water drive to such basic 

reservoir parameters as porosity, permeability,connate water saturation, 

thickness and oil viscosity. 	The constants involved were obtained from 

statistical correlation studies on several reservoirs: 

ER 	O.I I Li- -i' 0.272 Lo io k  + O.256 Swe 

0.136 Logro l o 
_ 1.53$ 	— O.0003$4- . 

Substituting into this equation, the relevant data for our test problem, 

namely : 

15- F w.ci ) Swc — O ) to = c p 	= o. 	'fL.. I -a 
We obtain the recovery efficiency as: 

ER =. 0.476 
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6.7.2 	Craig et al Method [14] 

This method was described in section 3.7.2, where we also 

remarked that the calculation of the mobility ratio of the flood can be 

based on any of three possible saturations. 	For our test problem, these 

three values are as follows: 

(1) Maximum water saturation 

Sw max 	
1 - Sor 	= 1 

(2) Average water saturation in the flooded region: 

w = Swc  + [1/(dfw/dsw)
swf] 

= 0 	+ (0.447/0.723) = 0.618 

(3) Frontal saturation 

Swf  = 0.447  

Table 6.4 shows the three corresponding mobility ratios (M), and 

the breakthrough areal sweep efficiencies 
(EA)BT' 

 as obtained from the 

published charts of Craig et al [14] (Figure 3.16b),and of Dyes et al 

[23] 	(Figure 3.16a). 

The breakthrough displacement efficiency (ED)BT  for our problem 

is given by: 

_  SW Swc _ 
T 	l— Swc—  So 	

O . 6  
B i or 

(E 
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and so, finally, we can express the breakthrough oil recovery as: 

(ER ) 	0. 6 18 x (EA )B--r BT 

This parameter 
(ER)BT' 

 is also listed in Table 6.4, for the three 

cases of mobility evaluation. 	Two obvious features can be deduced from 

this Table: 

(1) Both correlation charts - i.e. those of Craig et al and of Dyes 

et al - give approximately the same areal sweep efficiency at break-

through. 

(2) The predicted recovery efficiency is highest when the water 

mobility is evaluated at the flood front saturation; least when it is 

evaluated at the maximum saturation; and intermediate when the average 

saturation (S 
w
) is used. 

S M (EA)BT (ER)BT 
w Craig et al Dyes et al Craig et al 

Swmax = 1.0 4.00 0.535 0.54 0.33 

Sw = 0.618 1.53 0.63 0.62 0.39 

Swf  = 0.447 0.80 0.72 0.73 0.44 

Table 6.4 Calculation of flood mobility ratio areal sweep ,and recovery 

at breakthrough for test problem. 	Based on Craig's method (Section 3.7.2) 
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6.7.3 	Higgins and Leighton Method  

A major limitation of this model, as was pointed out in section 

3.8.3, is the fact that it is based on a constant pressure difference 

between the injection and production wells, rather than on a constant.  

rate of displacement. 	Consequently, the flow rate can show an appreciable 

variation during the history of the flood. 

In the present test problem, due to the oil/water viscosity 

ratio of 4:1, the overall mobility of the system increases as the more 

mobile water invades the reservoir. 	In response to this enhanced 

mobility, the displacement rate rises rapidly at early times. 	It 

then settles down to a gentle increase until breakthrough, and during 

this period we may approximate the rate by a constant "average" value. 

Numerical experiments showed that, 	in this case, the "average" 

rate was approximately 50% higher than the initial rate. 	Thus, for our 

problem,the choice of an initial value of 0.00014 PV/day enabled the 

displacement rate to increase, and stabilize, around 0.00020 or 0.00021 

PV/day, which was the specified rate of injection. 	Figure G35 shows 

the variation of flow rate with time, while Table 6.5 shows the 

cumulative oil produced from each channel (as a fraction of the total 

reservoir pore-volume), at the times of breakthrough of the four channels. 

Clearly, the breakthrough of the five-spot, as a whole, is 

governed by the behaviour of Channel 1,which is the one adjacent to the 

leading diagonal, and thus also the fastest of all channels. 	Hence, 

the breakthrough oil recovery of the five-spot (from Table 6.5) is given by: 

(ER) 	=— 0-  BT 
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The complete performance of the Higgins and Leighton 5-spot model is • 

given in Table 6.6. 

Breakthrough Time 
(days) 

Cumulative Oil (Pore Volumes=, 
CH.1 CH.2 CH.3 CH.4 Total 

CH.1 2326 0.138 0.135 0.123 0.067 0.462 

CH.2 2617 0.143 0.153 0.139 0.076 0.512 

CH.3 3305 0.154 0.164 0.180 0.097 0.595 

CH.4 4845 0.169 0.182 0.201 0.147 0.699 

Table 6.5 	Cumulative recovery from each channel (Higgins and Leighton 

method). 



TIME(DAYS) WATER-CUT OIL RATE WATER RATE CU^'ULATIVE 	OIL CUHULATIJE 	'WATEf', 

.00000010 C . 00 014000 0 .00000CJO 

180.00000010 C . 00 016950 0 .2789523 J 

360.00000010 C .J0018468 0 .65994287 

540.00000010 D .00 019192 0 .69387546 

720.00060010 0 .06019E63 0 .12885391 

900.00000010 C .06020006 4J .16457493 

1080.00000010 0 .00020285 0 .20084183 J 

1260.06000010 0 .00 020515 0 .23756501 L 

1440.00000010 G .00020715 0 .27467586  

1620.00000010 0 .00020895 0 .31212599 

1800.00000010 0 .00021363 ij .34988962 

1980.00000010 C .0602123C 0 .38795109 

2160.00000010 C .00021413 0 .42632479 .~ 

2340.00000010 .22958660 .06016995 .i:06051365 .46452788  

2520.00000010 .24434593 .00016977 .N10005496 .49568748 ~:233i5 

2700.00000010 .47140148 .61012333 .30J100998 .52192962 .12++698 5'_~ 

2880.00000010 .49126749 .00012135 ..10711716 .5+394341 ..;45161'9 

TABLE 6.6. 	Performance of the five-spot, as predicted by the Higgins and Leighton method. 
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6.7.4 	Performance of the numerical models 

Tables 6.7 and 6.8 list the cumulative oil recovery and the 

producing water-cut as a function of time for the four numerical models 

considered in this thesis. 	In studying these figures, it has to be 

remembered that numerical dispersion, which affects the models to 

varying degrees usually results in a premature breakthrough of water, 

and causes the rise in water-cut at the producing well to be much more 

gradual, and spread out over a longer period of time, than would be 

theoretically predicted. 	Nevertheless, the results are fairly consistent 

with one another, and an examination of the development of the water-cut 

in these Tables shows that, in all the models, the oil recovery at the 

time when significant quantities of water begin to appear, is between 

40% and 50%. 

If, for the purpose of comparison, we choose fw  = 0.1 as the 

water -cut indicating breakthrough, then, the times at which this occurs, 

and the corresponding oil recoveries, can be obtained by linear inter- 

polation from these Tables. 	These values, together with the semi- 

analytical results obtained in the previous three sections, are tabulated 

in Table 6.9. 

The Quadratics and the Hermite cubics models, as well as the 

9-pt finite difference model, show results which are in good agreement 

with those of the "Higgins and Leighton" and the "Craig et al" methods 

(provided that the water mobility in the latter method is,based on 

Sw  = Swf). 	The comparatively early breakthrough and the low recovery 

observed in the Chapeau model are'possibly due to the coarseness of its 

grid when compared to the other models. 
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Time 
(Years) 

CHAPEAU QUADRATICS 
PV recov'd fw PV recov'd fw 

4.00 0.287 0.017 0.288 0.000 

4.25 0.305 0.024 0.306 0.000 

4.50 0.322 0.032 0.324 0.001 

4.75 0.340 0.042 0.342 0.001 

5.00 0.357 0.055 0.360 0.001 

5.25 0.374 0.069 0.378 0.000 

5.50 0.391 0.086 0.396 0.001 

5.75 0.407 0.107 0.414 0.004 

6.00 0.423 0.130 0.432 0.021 

6.25 0.438 0.156 0.449 0.069 

6.50 0.453 0.186 0.465 0.164 

6.75 0.468 0.220 0.479 0.490 

7.00 0.482 0.258 0.486 0.653 

7.25 0.495 0.301 0.492 0.612 

7.50 0.507 0.347 0.499 0.636 

7.75 0.519 0.397 0.506 0.672 

8.00 0.529 0.450 0.511 0.672 

TABLE 6.7 

Oil recovery and producing water-cut for five-spot flood, using 

Chapeau and Quadratics models. 
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Time 
(Years) 

HERMITE CUBICS 9-POINT F.D. 
PV recov'd fw PV recov'd fw 

4.00 0.288 0.000 0.288 0.000 

4.25 0.306 0.000 - - 

4.50 0.324 0.000 0.324 0.000 

4.75 0.342 0.000 - - 

5.00 0.360 0.001 0.360 0.000 

5.25 0.378 0.002 - „- 

5.50 0.396 0.006 0.396 0.000 

5.75 0.414 0.015 - - 

6.00 0.431 0.029 0.432 0.000 

6.25 0.449 0.053 - - 

6.50 0.466 0.090 0.467 0.177 

6.75 0.482 0.147 - - 

7.00 0.497 0.230 0.493 0.364 

7.25 0.510 0.339 - - 

7.50 0.521 0.460 0.513 0.469 

7.75 0.530 0.567 - - 

8.00 0.537 0.633 0.531 0.536 

TABLE. 6.8 	Oil recovery and producing water-cut for five-spot flood, 
using Hermite cubics and 9-point finite difference models. 
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Model Breakthrough 
Time(Days)** 

Oil Recovery 
At Breakthrough 

Chapeau 	(5x5) 2041 0.385 

Quadratics 	(5x5) 2279 0.454 

H. 	Cubics 	(5x5) 2355 0.468 

9 pt. 	Finite Diff (10x10) 2261 0.452 

Guthrie-Greenberger - 0.476* 

Craig et al Sw=Sw not calculated 0.39 

Sw =Swf not calculated 0.44 

Higgins and Leighton 2326 0.462 

* 	ultimate recovery under natural water drive 

** For the numerical models, breakthrough is defined to be at 

f 
w 
= 10%. 

TABLE 6.9 	Comparison of breakthrough times and recoveries, using 

different models. 

The correlation of Guthrie and Greenberger, being an 

empirical one, cannot be taken too seriously, but nevertheless, it is 

interesting to note that the predicted recovery is of the right order of 

magnitude. 	For Craig's method, the breakthrough times have not been 

calculated in the present study, but the recovery figures seem to 

indicate (in spite of Craig's recommendation) that the use of the average 

saturation in the flooded region (in evaluating the water mobility) may 

yield too pessimistic an estimate for the breakthrough recovery, and 

that a better prediction may be obtained by using the flood front 

saturation (S
wf). 
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6.8 	Comparison of water-cut profiles  

All three finite element models were run out only as far as 

8 years, and hence their performance at late times was not determined. 

Within the period of simulation, however, the producing water-cut, in 

all cases, had risen to above 40% (Tables 6.7 and 6.8). 	Figures 

G36, G37, G38 and G39 show plots of the producing water-cut, from t=4 

to t=8 years, for all the four numerical models. 	Figure G40 shows the 

water-cut trend, as predicted by the Higgins and Leighton method. 

As might be expected, these graphs 	reflect the relative steep- 

ness of the saturation front, for the different cases. 	In the Chapeau 

model, where the front is considerably smeared, the water-cut shows a 

slow, but steady, increase over a long period of time. 	The Quadratics 

model, where the front is found to be steepest, shows a sudden and rapid 

increase in fw  after t = 6 years, indicating the arrival (at the producing 

well) of a closely spaced band of frontal saturations. 	Having risen to 

a maximum of 65%, the water-cut then flattens out markedly, and displays 

minor oscillations in the interval t = 7 to t = 8 years. 	These oscillations 

could be partly due to rate-instabilities occurring at the production 

node during the post-breakthrough period. 

The Hermite cubics model yields a breakthrough time approximately 

equal to that of the Quadratics model, and shows an fw  profile which is 

smooth, and intermediate in steepness between the Chapeau and Quadratics 

curves, reaching a water-cut of 53% at the end of 8 years. 	Further- 

more, the f. curve of the Hermite cubics model shows a gentler rise than 

that of the 9-point, 	Finite Difference model shortly after breakthrough, 
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but, thereafter, increases rapidly to overtake the latter, and reach a 

63% water-cut at 8  years. 

In the Higgins and Leighton model, the water-cut history is 

characterised by a series of discrete "jumps" (Figure G40))where each 

jump corresponds to the breakthrough of a new channel. 	Between these 

successive discontinuities, the rate of increase of f 
w 
with time is much 

smaller than in the numerical models. 	It is interesting to realise 

that, if the number of channels used in this method is increased 

indefinitely, then, the resulting fw  profile will tend, in the limit, to 

a continuous curve. 

6.9 	Computer time  

We shall conclude this chapter with a brief assessment of the 

Central Processor Unit (CPU) time taken by the various models. 	The 

final costing formula is, of course, very complicated, and takes into 

account all the computer resources used by the program. 	These include 

central memory, CPU time, disk operations, input/output routines etc. 

As was described in section 4.10.3(C), the solution algorithm for the 

2.0 model involves the use of a random access binary file, and this,in 

turn, increases substantially the real time required to execute the 

program. 	We can, however, use the CPU time as a measure of the 

efficiency of the program code, and use this parameter to compare the 

speeds of execution of the different models. 

The principal variables associated with each model are: 

(1) the number of elements; 	and 

(2) the number of time-steps. 

1 



-237- 

(The number of Gauss points per element is also an important 

factor, but since this is governed by the type of finite element that is 

being used, and moreover, since the assembly of the matrices is only a 

part of the entire scheme, this factor will be omitted in the normalisation 

of CPU time). 

For comparative purposes, we shall therefore express the CPU time 

in 

secs/time-step/element. 

Table 6.10 shows typical values for the models used in this thesis. 

Model CPU 
time*  

Elements time- 
steps 

Gauss- 
points 

Normalised 
CPU time 

10 Chapeau 21 20 604 2 1.74x10-3  

10 Quadratics 46 20 604 3 3.81x10-3  

1D H.cubics 53 20 606 3 4.37x10-3  

20 Chapeau 37 5 x 5 125 2 x 2 0.012 

2D Quadratics 387 5 x 5 194 3 x 3 0.080 

20 H.cubics 515 5 x 5 121 3 x 3 0.170 

2D 9 pt F.D 98 10x10 240** - 0.004 

Table 6.10 Comparison of CPU times required by the various 

numerical models. 

*times are in CDC 6600 seconds. 

**estimated minimum number of steps. 

 

These figures reveal the expected trend - namely, that the 

CPU time increases as the order of the approximating polynomial increases. 

Furthermore, the time required by the 2D models, is considerably higher 

than that required by the corresponding 1D models. 	For example, the 
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ratios of computing times (2D to 1D) can be seen to be 7, 21 and 39, 

respectively, for the Chapeau, Quadratics and the Hermite cubics models. 

By comparison, the 9-point finite difference model is the cheapest 

of all the 2D models. 
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CHAPTER 7 

Conclusions, and Suggestions for further work  

The numerical results shown in this thesis are consistent 

with the work of other authors in this field, and lead us to the 

following conclusions regarding the application of classical (Galerkin) 

finite elements to two-phase reservoir simulation. 

7.1 	Conclusions from 10 results 

1. The finite element method is an accurate and elegant method 

for simulating waterfloods, provided that allowance is made 

for several important factors. 

2. Despite the continuous nature of the polynomial approximation, 

the use of too few elements can lead to poor results. This 

statement applies, regardless of the degree of the poly-

nomial. To achieve good results, the number of elements 

should be at least 10, preferably in the range 15 to 20. 

3. The saturation profiles obtained from finite element models 

show a natural tendency to oscillate, and this tendency is 

most pronounced when the displacement is characterised by a 

sharp front. In such cases, the oscillations usually begin 

some distance upstream of the front; their amplitude 

increases gradually, reaching a maximum near the front; and 

they progressively diminish on the downstream side of the 

front. 

4. Control of these localised oscillations may be achieved by 
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the use of a lumped capacity matrix. This has proved to be 

particularly effective with the Hermite Cubics model, and to 

a lesser extent with the Chapeau model. The response of the 

Quadratics model appears to be marginal. It is also observed 

that,although capacity lumping dampens the oscillations, it 

has the disadvantage of causing the front to become more 

smeared. As a general rule, however, the use of capacity 

lumping is desirable as a safeguard against severe 

oscillations. 

	

5. 	The accuracy of the finite element solution is strongly 

dependent on the mobility data, and, in particular, on the 

shape of the f
w 
curve. With conventional f 

w 
curves which 

show an upward concavity (i.e. S shape), the numerical 

solution cannot be guaranteed to converge to the Buckley-

Leverett solution. If the curve has a uniformly decreasing 

slope, then the agreement between the finite element and the 

Buckley-Leverett solutions is good. However, as the f 
w 

curve 

develops an upward concavity, and becomes more and more S 

shaped, the numerical solution suffers a progressive 

deterioration, and can even become absurd. Three possible 

methods are available for overcoming this problem. These 

involve, respectively, the usq.  of: 

(a) pseudo capillary gradients; 

(b) upstream weighting; 

(c) a modified f 
w 

curve. 

	

6. 	The incorporation of a fictitious capillary pressure gradient 

(pc') can provide the required correction to the finite 

element results. The magnitude of this gradient can be 
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estimated from four parameters: 

(a) the area enclosed between the original f 
w 

curve 

and the "Welge tangent"; 

(b) the area (from Swc  to Swf) lying beneath the curve 

which represents half the harmonic mean of the relative 

fluid mobilities; 

(c) the total superficial flow velocity; and 

(d) the absolute permeability. 

7. As with finite differences, the upstream weighting of relative 

permeabilities has proved to be a suitable artifice for finite 

elements. A scheme based on the nearest upstream Gauss point 

has produced good results with all three finite element models 

(Chapeau, Quadratics and Hermite Cubics). An alternative 

scheme, involving the upstream node (instead of Gauss points) 

also proved satisfactory with the Chapeau model, but had a 

very unfavourable effect on the Quadratics and Hermite Cubics 

models. 

8. Dalen's method (16a) of modifying the fw  curve appears to be 

the most logical and least subjective way of ensuring 

numerical stability. This approach merely involves replacing 

the S-shaped portion of the original fw  curve (i.e. between 

Swc and Swf) by the Welge tangent. Together with a lumped 

capacity matrix, and a velocity-dependent upstream weighting 

scheme, this method has yielded satisfactory results on all 

the data sets studied in this thesis. Since the amount of 

upstream shift involved in these runs was negligible, the 
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success is attributable principally to the modified f
w 
 curve, 

aided, of course, by the lumped capacity matrix. It is also 

interesting to note that the use of such a curve is 

perfectly consistent with the Buckley-Leverett/Welge solution 

method. It does, however, lead to numerical dispersion. 

7.2 	Conclusions from 2D results 

9. The finite element method is very stable with respect to the 

pressure solution, and has yielded a smooth and symmetrical 

pressure distribution within the quarter five-spot domain. 

Except in the vicinity of point sources or sinks, these 

numerical results show a good match with Muskat's analytical 

solution. 

10. Theoretically, the progress of a flood front through a five-

spot would be expected to display a gradual change in the 

shape of the saturation contours (i.e. from being circular 

near the injection well, to being more elongated (diagonally) 

as the producing well is approached). This feature has been 

verified in all the finite element models. 

11. In spite of using the modified fw  curve, the contour maps 

show a small region of saturation overshoot around the 

injection well. This undesirable phenomenon is shared by all 

three finite element models, and the cause of this is thought 

to be partly in the "point-source" formulation used for the 

i 
wells. As some authors have indicated, it may be possible to 

prevent these overshoots by employing additional basis 

functions to obtain a better representation of the pressure 

distribution near the wells. 
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12. 	Table 7.1 summarizes the observed behaviour of the finite 

element models, with regard to the following three aspects: 

steepness of flood front; oscillatory behaviour in the 

flooded region; and contour smoothness. 

Chapeau Quadratics H.Cubics 

Steepness of 
flood front 

minimum maximum intermediate 

Oscillations in 
the flooded region 

best worst intermediate 

'Smoothness of 
Contours 

intermediate worst best 

TABLE 7.1 Summary of behaviour of finite element models 

13. The computational cost increases. with the-degree of the poly-

nomial, and, particularly, in going from 1D to 2D. 

14. The breakthrough recoveries are in broad agreement with the 

results from the stream channel model of Higgins and Leighton. 

15. The nine-point finite difference model is cheap, stable and 

accurate; and it yields smooth and rounded contours. 

16. In terms of overall performance, the Hermite Cubics model, 

despite being expensive, appears to be the most attractive 

among the finite element models. The Chapeau model is a 

good substitute, provided a sufficiently fine mesh is used. 

The nine-point finite difference model, on the other hand, 

is fully competitive with all the finite element models. 

7.3 	Suggestions for further work  

As has been mentioned earlier, only a handful of finite 
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element types have been studied in this thesis. A considerable amount 

of research remains to be done in order to be able to introduce a wider 

variety of elements, as well as to place the existing theory on a much 

more firm and stable footing. 

The following are some areas which might merit further 

attention: 

(1) 
	

The use of triangular, serendipity, and (eventually) 

isoparametric elements, in the simulation of two phase 

flow. (The 8-node rectangular element has already been 

used by White (57)). 

(2) 
	

Introduction of greater refinement into the rectangular 

tensor-product family of elements. Recently, some papers 

have focussed attention on the control of numerical 

dispersion, and the optimisation of the simulation, by 

combining the finite element method with such techniques as: 

(a) the method of characteristics; 

(b) local mesh refinement (10); 

(c) the use of different elements in different parts of 

the domain (for example, Hermite Cubics in regions 

of rapid saturation changes, and Chapeau elements 

elsewhere). 

(3) 	Extension of the work of Kebaili and Thomas (35), to create 

a more detailed coning model. 

(4) 	Extension to 3-dimensional systems - a target which_appears 

prohibitive in terms of computing time and storage. 

Several obstacles will have to be overcome before any of these 

objectives can be fully realised. The numerical difficulties which 
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confront the finite element analyst appear to be far greater than in 

the field of finite differences, and, consequently, it has to be 

admitted that, at this stage, the use of finite elements in two-phase 

simulation cannot be approached with the same degree of confidence as 

finite differences. However, it is precisely this challenging 

situation that acts as a stimulant to future work, and reassures the 

researcher that, whatever the outcome of his efforts, the knowledge of 

having analysed a problem is a reward in itself. 
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APPENDIX 1 

Data Set 1 	(Wright et al. [60]) 

(a) Mobility data  

42 ro So ) '%r'w = 	4-ro ) o = w = O.59' 

Swc=Sor= 0. 
	l(Figure 6.1a) 

(b) Rate data  

ct, = 0- 017 gs b f d. (= l ō 3 P V /day) . 

(c) Reservoir and other data  

= 0. 1 ; k = 1 5 	d. ; A = I -F-€25 
System length L = 1000 ft ; Dip = 0 ; 

Compressibilities . Co = C w = - X I0 
ō 

psi,-  3 

Data Set 2 	(Spivak et al.[54]). 

(a) Mobility data  

IR.z 
	z 

S 	 G 	w 	I cp ro 	) rw S►^~ ) ~o — 	I 5 	— 

SWC = 5or =O. (Figure 6.1b) 

(b) and (c) as for data set 1. 

Data set 3 	(Langsrud [36]) 

(a) Mobility data  

Swc — Sor =0• I5 . IA-0=~w _ 0•5cp  ; 	• 

Relative permeabilities are tabulated overleaf (See also Figure 6.1c). 
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(b) Rate data  

q = 70 b/d (=0.0009828 PV/day) 

(c) Reservoir and other data  

= 0-25 k = 500 fryt a.3  A = 1000 ft 
2 

System length L = 2000 ft ; 	Dip = 0 ; 

Compressibilities: Co 	C 	- 6 	-,, 
o - w-  3  xlp  

s w' k 
rw K 

ro 

0.15 0.0000 1.0000 

0.20 0.0010 0.7500 

0.25 0.0040 0.5880 

0.30 0.0102 0.4460 

0.35 0.0166 0.3340 

0.40 0.0232 0.2450 

0.45 0.0305 0.1770 

0.50 0.0392 0.1200 

0.55 0.0497 0.0724 

0.60 0.0630 0.0375 

0.65 0.0797 0.0163 

0.70 0.1000 0.0056 

0.75 0.1244 0.0020 

0.80 0.1525 0.0004 

0.85 0.1870 0.0000 

(Figu.re 6. 1 c) 
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Data Set 4 	(Linear relative permeabilities). 

(a) Mobility data 

r o— So i 	rt,.) _̀  Sw j t ò 	w 
 0 • 5 cp 

$wc  .= Sor  =, O.  i (Figure 6.1 d) . 

(b) Rate data 

= O.029 7 	(=0.0017 pv/day) 

(c) as for data set 1 
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APPENDIX 2.1 

10 MODEL - GENERAL SUBROUTINES 

N. 
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P~rOGFA" r!A1N(LV?Jr= 1_L. ,OUT=UT=CLE, īAPL5=INPUT,TAP_o=JJTPUT, 
•1TAPE7= ..'_~,TAPEE 2=LuL3) 
COMN+ON/D-/ 06E4'd,-34 ∎1CKV,0iNJ,CWiNJ.- CF 00,ī.WFF.0310T,,AGD S,111, 

irCATUr.,JATU1,C=NO3;,D: dE2.PSP,=PSSW,CJMT,iT_R,JTMAX.LTST=?, 
2DF`!AX,USW's*AX,~A,I=,INJ,1P;OD.LUr:F,LU ST,L.OPGW,_VgRIUSF,LP,LES, 

IN=F 
IP=6 
T;,A VS= : . 
Lr;iNT=0 
RATIC 
LTSTEP 
CALL INIT 
CALL ;::INT (_ ) 

3 =c-ACCI 1,1) SPC= _T,JTMjV,JiMAX 
GJ TO 91C 

IF(LT:;TiP.I0,,) 5r=DT1EN 
.R=AO(IN,2) TIACXT,IT14X,IPRINT,ILUG,ITSUM 

1C TOANS=TOAYS-TPJ=LT 
TDIFF=INLXT-TCAYS 
IF(TOIFF.LT.1.=-u7) GU TO 5 
T PRīr4 T =TDAY:3"b3YC. 

GO TO b 
5 TPPINT=TN~Xī'45o+0;. 
LCE=1 

6 TOIFF=TPINT-CJ1T 
IF(CT.L T. T i11FF) GJ TO 7 
OU'1=UT 
OT=TOIFF 
LFRiNT=1 

7 CU•1T=CU 1T+DT 
DU 8 IT_P=1,IT'IAX 
CALL =AT.S 
DC I:: LVMR=1,2 
CALL ASSIGN 
CALL -=AC3U'~ 
IF(T_TSl1M.EQ.C) ;O T3 1)C 
CALL PRINT (: ) 

11C CONTINUE 
3 CLr4TINUE 

CALL PS1AX 
LTSTEP=LTFT=.P+L 
IF(IPP.iNT. E0.1.JR.LIVT.EQ.1) CALL PF.N+T(LPRINT) 
IF(IEUG.=U.,.) GJ T3 11 
WmITE(Ir,9) CUM+T,)f,Jr1AX,DSWIAX,īT„AX,~PP,LSS 

11 IF(LpRINT. EQ..) GJ T7 12 
IF(AoS(CP,`1AX) .LT.1 . E-=i) DPM NX=1.c-C 6 
IF(A65(DS!Jr;AX)._T.1._-)5) DSWMAX=1.t-..b 
P1=MES(=PSP/OFM4X) 
R2=ABS (JPSSW/ CS4MA)( ) 
k AT IC=Ar1IN 1(R 1, ? 2. 2 . ) 
OT=OT'ATID 
IF(OT.GT.CTr,AX) OT=OT1X 
GO TO 

12 OT=CUM 
LFRINī 
IF(LCE.EQ.1) GO TJ 
GO TO 16 

9GC TCAYS=-1. 
WITE (7) TDAYS 
P=AO(IN,1G,lJ) LGRAH 
IF (LGRAPH. El).C) STOP 
LGRAPH=ALLNJM 
CALL P. OF(N;11,LGR'4'-I) 
STOP 

1 FOrMAī t8F:.C.4) 
2 F3RMAT(F1;..Y,1+I5) 
9 FORMAT(1H,;,4E15.+,5I5/)  

13% FORAī (16I5) 
END 

BLOCK DATA 
COMMON/03/XI (C),W=IGHT(5),S(4,ō/,DS(4,6),;GC(L,, ),JC(i;,5) , 

1DOS (1 `:, 5) , XX (15) , . 4 (15) , INUM 
DATA XX/.5,.211324365,.768675135..1127 .6665,.5,.867298335, 

1.''?6943134L,.33~:i 47d..5ōy99L522,.93C56o156,.:4591C:,77,.3i;765345, 
2.5,.7692346551.)53,J89923/,WW/1.,.5,.5,.27'777776,.44,4, 
'.27777777d,.17,3927423,. 2CC 72577,.326L 72577, •..73Y27+23, .1i8-,6:;443, 
4.239314335,.26444++++,.239314335,..18463,-./ 
=ND 

F 



-250 

~U3t0UTI1J= =.4T=-3. 
CL^^r'C`1 °U(41),PUJ_J(+1).OFOt21 ),DDCOLu(`1),SWI, (4~) ,3t1uLJ(41) 1 

1CSW (21).LiSWOLC( 1)•:.:.1(5r_' ) •CC2(21)•C05(21),C06(21),H(16) 9 1-:-HS(41 , 
2Ti1L=(3), 	(2a.),J=W(2,.i:),SP(4, 	,X 	),Y(y .),FVX, 
:,OVX. FVS'J, J VSW 

r.WINCPI /01/P-;5 SO4 (3) 30)8(31,3WOA (3).VISODA(3),VIISWDh(.;),SWDA( ?,) • 
1°C1JCA(.;, ), ~PKt..04(3J1 .-ciK'WCA(,3,).CRKCLA (C,),DRKWDA(.3+..),=t+W(3,.) 
2OFWW(3: ),G'rJW( 50,3; 4J'4(3 	NUNPVT,NUilSW 

Cc.11—UN/O2 /;.=.FH(2L) 	 Ni•S(C:),OX(2"), DEPTH (-1), 
1~kKC(u1), ;=:KW (+1),)<D(+i),OKW(:.i1,QC(,1),`JW(' ..) 

i,Cyt'CL/J4 /LOi1EAN,~,Ju c ,:N•:I1NJ,CWItJ,,OFa00,CtJPĒ0J, ŪT,i'1OD_ h'1, 
1PUATU", JA i U.`,, C'1~3I, J V~1S:. • trSP, ~PSSW,i~Jili, T_r✓ ,Iit;F.X. L T S- P • 
2OF1.1AX.CSbJ; AX • IN, iD, I N`J• 1Pi0ī,. LUNP, LUFST, Lii1FS1'1, LVAt~,USF  
3N;LNU"•1 :.;F-aV 

00 2 LI=1,NUNi✓VT 
1F (PRF°_F'. LT .Fi_SJa(LI)) 30 TO 3 
CONTINU= 

3 G=L'sA= 	 )/(PR=SDA (LI )-Pr;=:GA(LI-1)) 
SOELT4=1.-DELT 4 
A.E.0=SG=LTA"3WG4(Lī-1} +J=LTA"EODA (LI) 
4:.'.J=SO=LTA+.2t404(_1-1) +)=LTA*BWUA (Li) IS 	 (LI -1) ten= 	..-. ISOL . 	r 

VI e W=JV L 11"yyJ'4J, (Li -1) +DEL A4 VISWDA (L1) 
OU 10 I=1, NODES 
SAT=SW(I) 
Old 	Li=1, NUi`'SW 
IF(SAT.e_T • SWLA(LI)) ",U TO 5 

4 CONTINUE 
5 O_LīA=(.;AT -SWGA(Lī-1) )/(SWDA(LI)-SWDA(LI-1)) 

"BTA=i.-CiLT4 
! K0 (I) =SU _L TA +Yt<]3A (-I-1) +D =LTAf i=F. KODH (LI) 
F,?<W(I)=Sī;ELTA*:Kr1J4(_I-1) +C =LTAf 	 JA (Li) 
JKO(I)=SurLTA 	(LI-1)+OcLTAa0F,K0014 	) 
OK'd (I) =SD ELT K'- ];,Kt.IJ4(LE-1) +O=LTi+}UtiKWGA (LI ) 

10 CONTINUE 
OW( INJ) =QINJ 
FO=FRKJ(IP-0(3)1(AVIS3" a 5O) 
Ft∎J=RRKtJ (T PROC) / ( VI S W*13W) 
FS=QIr1J"=4IMcAN/ (F3*c0M_AN+FNI'Ll4 EAN) 
QO (īP;,O C) =-FS"FJ 
OW( IFFO J) =-F S-P4 
QO (IFr,UO) =QU (P,RDD) ''A ;3J 
01,1 (1PROO) =Q+J (1P203) +A ~V 
OW(INJ)=0W (INJ) 1. 5W1=A.J 
IF (ITER.LT.IThAX) 2ETUZ.N 
CLMFAC=J7 /( ,3643.:•'1.0+) 
CNI;1J=CWINJ+OW(IVJ) C3N AC. 
COPROC=CUPRCD+QJ ( IP \DO) {CJNFAC 
CWPR00=CWPRO0+QW(IPkO0) °CONFAC 
?=TURP: 
=NJ 

SU=KOUTINE PSP'AX 
C0r1PNOti PU (41),PD)_3(+1),DPO(21),UPOCLC (,_';,),:iW(-,1),SWOLO(4i), 

10SW 	,DSWJLD(21),30J.(5. ) ,CO2(211,CGD(21),C,u6 (21 9A(16),NHS(4)• 
2TITL=(3),SWO(2ū;),)FW(2LJ) ,SP (4,3ur),X(90r),Yt5~(,),FVX, 
3OVX,FVSW, DVSW 

COMr`tOiN/J,—■/COP.----AN,341.--8A,QINJICWINJ,CLPk'JD,OWPROC, DT,J07 S,iJtii, 
1PDATUM,DATU1,DEVJ3;,,U~=VWSC,cPS?,EPSsW, CUNT ,T.R,i1MAX,LTSIEF, 
23P1AX 	 NJ, IP7000, LUNP, LIPS T, L_MF'SW, LVAR,USF, LPP,L SS. 
3N_L1.:Ur', Gr.AV 

OS 'Wr A X=:) • 
LSS 
DO 	I=1,NOCE ~ 
0IFF=P0(I) -POOLD(1) 
IF(AES(OP;1AX) .GT•A3S(OI-F)) GO TO 2:D 
OP;1LX=01FF 
LPP=I 

23C Pv3L0 (i )=PO(I) 
DīFF=SW(I) -3WCL0(L) 
IF (AE:;(351WJAX).3T 	(JIFF)) GO TO '{Li: 
OS141"AX=OIFF 
LSS=I 

L+ 0 SWOLO(ī)=SW(I) 
IF( t`'cLNLN.N=.3) 33 T3 3 
0P0OLO(I)=OPO(I) 
DSWrLC(I)=0SW(I) 

300 CL ;' T INU= 
RETURN 
Er r)  r) 
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SU?4OUTIN 	S ` LL4(A7 d,,4FR0NT,0) 
C0:9(+CN =C ( ul),P1J_](+4.),0rO(21),DPOULG(2') ,: W(4i),SWILD(41) , 
ITSW(L11,`iSWJLD(_'1),CDit:ti),CJ2(21),Cu7 (._':),.,UD(Li),A(i5),-.HE(*), 
2TITL-(0),1 0(a ),,;F I(=,1;),SP( 4, ut),X(:),Y(9-3i:),FVX, 
3 ti V X, F T4, 0 1/:i W 
00 	I=1, NFN 
N1=NFW+1-1 
DIFF=SWO(NF= Ct.T) -S'Wi) (:•J1) 
XC=i'F:y('J1) '1 
IF(DIFF.GT ..,.._,,1) SJ TD 12 
Ne(I)=G(k1) 
X(I)=XL; 
IF(XC .GT. 1 .) GO T3 14 

~C ^ON; INU_ 
14 OGY=(1 .-X (1-1));'(Y(I-1)-Y(I))/(X(I)-X(I-i)) 

Y(:)=Y (I-1)-DOY 
X(I)=1. 
I=ī+, 

12 Y(I)=SWO(i) 
X(ī)=X(I-1) 
Y(I+1)-SWD(1) 
X (I+i)=1. 
NF T LL=1+1 
X (NPT(.L+1) =FVX 
X(NFT:iL -2)=GVX 
Y (iiFTE L+1) =FJSW 
Y(NFT_L+2)=GVSW 
CALL F=N(1) 
CALL Li ̀E (X, V,.JDT 3_, 1 , :,, 1) 
CALL P_;J( 1 ) 
RETU-N 
=ND 

SuBF.CLTIN_ SFEM(,VD' 1L,INTF=M,NP>1,DSP,OXICIT,L GFAPH) 
SJO1i°PN P0(u1),POD_D(411,J1= 0(21),GFOŪLL(2I),;;W(4i),SWULD(41), 
IDSW(21),DWOLC(21),DJ1(5'-),CD2( 2i),C05(J1),C05(21),H(16),r.H;,(-), 
2T1TLF(8),SWD(2L ),J=W(?:),SP(4,,:-IL),X(`3u_),Y(`),FVX, 
ZwJX,FVSN,0VS'W 
COMNON/'J2/ AF:EA (2J),47;502:,),POR(20),T;ANS(2~ ),GX(2u),D_PYH(C1), 
1RKKG (4i) , ;,.RKW (41) , JKJ (+1) , GKW (-,1) ,0O t41) ,QW (4i) 
R.:.AO(7) N1,(SW(1),I=1111) 
IF(LGRAPH.E0.3) <_4C(7) (CSW(I),I=1,N1) 
rl1=NOP ,r,L 
IF(LGPAPH.=0.2) V1 =VDP=<L/2 
CU71x=-0 '* 0X (1) /JXTJT 
Ji=1 
r'4 NTF E M=0 
OG 1 4 I=1, NM1 
OCUP X=īJG°`DX(I)/DxTJT 
00 iZ J=J1,' DFE.L+1 
NPTF`M=IPī FEH+1 
GC TC (21.1,3 ,4C),,3?APi 

20 SAT=SP(1,J)+SW(I)*3P(2,J1s- SW(i+1) 
GO TO 5C 

30 I1=2"1-1 
SAT=SP(1,J)}SW(I1)FSF(2,J)'SW(I1+1)+SF(3,J)+SW(I1+2) 
GO TO 53 

40 X1=CX(I) 
SAT=SP(i,J)+SW(I)+.3(3,J) 4 SW(I +1)+ X1 "(SP(2,J)+DSN(I)+SP(L,J)*OSW(I 

1+1)) 
5C CUMX=CUMX+DCUt,X 

Y(! PTF=i1)=jAT 
12 X (NPTF=r1) =CUMX 

14 J1=2 
Y(NPTFE4+i)=FVS'W 
Y (NFTFEit-2)=ŪVSW 
X (NPTc =N+1)=FJX 
X (NP T F_ F1+2)=CVX 
CALL 	_N(+ ) 
CALL LIN=(X,Y,NPT= =M,1,NI,INTF=1'.1 
CALL PEN(1) 
RETURN 
ENO 
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SU3T OUT Iri= °i CF ('J11, _G<4PH) 
Ou'•1h'ON RO(:.i).1:00_)(•1),,,PO(L1),PPC'LL(L-),,•'W(i),SWOLO( 1), 
•OSA(2_).UEWJLC(21),C)1(5C),CJ2(21),OO5 (_1),O06(2.1)04(1;),..'H.:(4), 
LTITL 7 (°.),"--'W?(L..),3=W(2,L),S')(4,3LL3 ,X(J-:),Y(9.=7,FVX, 
3D1X,F VSW,2VSW 
Co''INOJ/D2/.(2.,),AES<(2),PG, (2J).TPANS(c.!,),DX(2~),D_PTH(L.1), 

1K :<J (-1) , <k.'<W (..1) , JKD (,1) , DKW (L 1) , Qū (L 1) ,QW (41) 
GU Tj ..L 

(3X(I).L=1,N91) 
8J0 ūONTI'U'_ 

,IX TūT 
DO 6 I=1,N1 

S JXT:,T=UXTUT+CX1 ) 
L,MLL STtiFT (D) 
CALL .+JKDL FF 
XPAC;r =-...5 
YFAG==-.1.7 E 
XPAGE=a.2= 
YFAGE=9."4 
CALL NL',J2AG_ 
uALL cLUT (2. , 2.375, -3 ) 
DC 	J=1,1!. 
;=AD(5,1i: .C) (TITL=(I),I=1,8) 
IF(TITLi(i).;:G'.3HEVO) 30 TO 12 
CALL SY1b0L(XPAG_,Y P~G=,C.56.TITLE,C.10„) 
YPAGE=YPAG.-1.12 
GO TO 4l 
CALL SY,IBOL(XFAGc, YPAG_,,,.28, TITLL,C ., 3.;) 

YPAGE=Y?AGS-C.91 
4C CONTINUE 
12 i;CNTINU= 

CLL f:0 ;DOFF 
FVX=. 
OVX=1./15. 
FVSW=v. 
DVSW=u.• 
:aūi ,iG1 ) "FA,N=iONT,iNTFEN,NOPF-.L 

r AC(5,1C2::) ORATE 
N3=i 
IF(1.FW.GT. ,:) GO T) 92) 
N3=1 
i' FW=-NFW 

92C CONTINUE 
. EAu(5,132C) (5WD(I),ī=1,NFW) 
=,=A0(S,1)2'2) ()=W(L).1=1,'1FW) 
IF(N3...O.L) GO T7 JTC 
DO 5C I=NFriONTfi,V='d-1 

(SwO(NP'ej)-S1)(I))'`22. 
50 DFW(ī)=(((C.Lc,23.:597.3 +6.L612L444)•6+..._L1295 ,,7'D+377444) 

1' '2G. 
946 CONTINUE 

IF(LGī-APH. E'O.1) 1)'_RL=1 
DG°=1./FLUAT(Nū'_i_) 
X1=-DGP 
DC 10 1=1,NDP=R_+1 
X1=X1+DGP 
X2=1.-X1 
GO TO (11`_',12(L,131,LGjjPi 

11C SF(1,I)=X2 
SP(2,I)=X1 
Go TO 10 

120 X 3=i .-2.*X1 
SP(1,ī)=X24.X3 
SD(2,I)=4.`Xi. X? 
SP l3.I) =-X1`X3 
GC TO 1'J 

130 X3=X14X1 
X-=X2"X2 
SP (:,,I) =X3A(3.-2."X1 ) 
S° (1,I)=1 .-SP(3,I) 
SP(2,I)=XL£X1 
SP (-,I) =-X 31'X2 

16 CONTINUE 
REWIND 7 

2C REAC(7) ;DAYS 
IF(TDAYS.LT...) G) TO 3,: 
O=QFAT='TCAYS 
GO TO 70 
CALL N=WPA G= 
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LL ? J (2•, 	75,-,) 
CALL EY`leOL(, .5,i.. :, .5 ,iiHT_hL(-AY;:,)=,..,il) 
CALL NISIBr;(7.2.1~.'5.;,.56. T J.:YS,..., 2) 

77 63 TINUE 
CALL FACTU (3.73) 
G .L 4X.iS(;. r _.,CCi r~4)Ti0`JAL DISTrāt;Cc(X) 	 _ 	G 
~srLL FACTO- LE.5) 
LALL   
CALL FACT3<(1..) 
CALL SSL cVCiFW,s4 7 J%JT 
~.4 LL SF=11( NTP =R.L ,INTF=1,N`11,O,P,CXTJT„_lit?APFi) 
GO TO 2L 

3C CALL ENPLL T 
,1~ TI)r<rJ 

1.106 Fū;:f ATlSA1)) 
il;16 FO.iiAT(16.15) 
1120 FORt4,AT(sFi:1.4.) 

=ND 

SUD =OUT1tl~ ~N~T 
COM''CN Pu ( 41) ,-JJL ) (L1),Dr0(21),CPuCLD(?i),SW(:.1),SV10LD(L1), 

iDSW(21),OSWL:LL ( 21), CD1 	,CO2(21),CŪS (21)1LOo(Li),ALL6) ,~.HS(T), 
2TITL=N'),L-NO (a0:),)FW 	 ,X(.Thc),Y(yLG),FVX, 
3DVX,FVSt.1,CVSW 
63;1 rON/Ji /P-.E SG4(3), J) A{3),^t:IDA( J ) .V1:30DA(a),VISWDA(3) SW0A( 

IPCWDA (.0) , I~ ;K ODA (?.) , =iKW3A (3:) , DRK.ūDti (AC) ,OE.KWDA  
LDFWJW (?: ),GWW (.3 ), J,WW (3C.) ,NUNPVT,IVU :̀SW 
COMION/02/1 [-.h1tLE1,41. SC(2L) rPOR(2ū),IFANS(2~),OX(2L), DEPTH (Li ), 

1i KU ( 41),-:t4KW(41) ,)K 3 ( +1),DKW(41),QD(::1),QW(4+i) 
36,11~ON /O3/XiC :A WEIGHT(5) •S (4,5),U5(+:.u),SS(1),00(:,;,5), 

1JC. (1E,J) , XX (15; r14(15),1 rJUM 
COMMON /')L / c Jil_ 4N,3W1E4V,QiNJ,LWiNJ,COFP.00,CWPROO,DT,N00- ,UM1, 

IPDATUM,DATU,L113S31):A4SC,EFSP,LPSW,i;UMT,ITtn,1 T MAX,LT STLP, 
2JA9AX, JJW'!AX, ~N, Ir, I NJ, IP :OD, LUMP, LUFST, L~r1PSW,LVAk,USr ,Lr'P ,L 
G ? A'J= '. 434/I L.7 

N_L1J4 
K=an(101,_) NODES. IVM,_J1?,LUPST,jNJ,I-F,OD,LINPSW 
EAD(I:J,4) ?DATUM,DATUI,DENOSC.CENWSC 
EAD (IN,L) 	cFS, =>>SW 

?,=AG(IN,L) OINJ 
OlNJ=OINJ 
USF=1. 
īF (LUPST.Nz:.i,l _I1P:W 
W,;ITE(I 0,1LJC) NiLNJM 
WITE (i r, o) NODES, 3 0 4 T 114, DATUt',CENOSC. 0:NWSC, LPSP, LPSSW 
WRITE (1 	j) 	

.
,LUFST,USF 

W*.ITE(IP,2) 
DO ! ī =' -r ~u 
==AD(IN,L) 	PRESn(I),50D4(I),zWī;A(I),ViSODA(i),VISWDA(I) 
IF(PFESDA (I) .LT.1.) SO TO 5 
Wr?IT_(IP,6) PF'ESJA(I).:ODF, (I),6WGA(I), I. SODA (i),ViSWDA(I) 

ESDA(I) =FrrcESJA(I) /14.7 
3 CONTINUE 
5 NU"1PVT=I-1 

WrITE(I?,7) 
DO 5C I=1, 5C 
' u ('N,L) 	SWDA(I), P ;,LJ)A(I).?.;;KWJA(I),,'.KODA(I) 
IF (SWDM (I) .vT.S. ) G) TJ 9 
W^.ITE(I.P,t) SWD4(L),P AOA(I),r? r(KWDM(1),icī-.KUDA(I) 
PCWOA(ī)=- ,=.CWD4(£)/14.r 

5C CONTINUE 
9 HUN SW=I-1 

Nt,1=N00 =5-1 
iF( FELNUII. EQ.2) N -11=(?1)DE-1 )/2 
REAC(IN,4) 	(PJR(I),I=1.,N11) 
:~EAio(IN,'+) 	(ASSK(I),I=1,11) 
READ (IN,-) 	(AR_A (1)  
READ (IN,c) 	(EX (I),I=1,NM1) 
READ (1.1'40-) 	(J=?TH(I),I=I,NODES) 
K_AC(II40+) 	(SW(i),1=1,NOGES) 
IF(NELNUN.N_.3) G3 TO 2:.J 
R EIAO 	 MD) (I),I=1.'J)D=S) 
EAD(IN,w) 	(03W(1) I=L NODES) 

2':;L CONTINU. 
WEITE (I, IC) 
WrcITE(iP,e) (FDR(I),1=1,NH1) 
WIT= (IP,11) 
W 'IT E(iP,S) (A3SK(I), I=1,`JM1) 
W'ITE(I2,12) 
!J:ITc(1=,i3) ( 4;E5,(I),I=1,N111) 
WFīTE(IP,: ) 
WP,ITE(I°,13) (DX(I),I=2,NM1) 
WRIT5(I?,15) 
WRITE(īi=,i3) (3..-itI),I=1,NODES) 
VITE  
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li =(IN1J"'(TiJ -.)) /a 
JO 29 	=1, I;:ur 
i 1= I 1+ 1 
Xi(I)=AX(I1) 
W`īGHT(i)=WW(I1) 
• ITE (I ,:, l 1, <I (I),WE1hHT(I) 

29 :3ONTIHUE 
IF(t~_L ;UM 	34LL LIi ESH(LUMF) 
iF(INEL:\11∎1.tT(.2) 	UJ,01iN(LU;9P) 

IF(r,_LMUM. =).7) ;ALL CJ3 _SH(LU P) F,.CT=3J.L.8•' 
DD4TUt1=P0A TUN/14. 7 
00 16 I=1,:JUi.PVT 
IF(F0ATU't.LT.7.=c _S0(Lī1) GO TO 17 

ic CGNTINUa 
17 7ELTA=(POATU(:-Pk=»4(LI-1))/( -S3M(LI)-PF,_SOA(L1-1)) 

SDELTA=1. - O =L TA 
3JmEAiv=SO=LT A'6.,D4(LI-L)+U=LTN*L00A(LI) 
.314 1EAN=30:LTA; 3.d0A (_I -1) +'D ELTi 4z WCA (Lī ) 
VU'''EAN=S0=LTA`VISJ74(LI-1)+CELTA 4ViSCOA(LI) 
V'W4LAN=30=ET~ -',V,SeJO 4 (Li-1) +DcLTA;VīSWOA (Li ) 
•J_N0=2_NO'3.0/LUm aV 
CO 15 I=1,NUGt5 
00(1)=C. 
DW (I) _•: . 
SWOLD(I) 	W(I) 
?D(1)=ū=NOGFAV*(1=0 TH(1)-0ATUH) 
PCOLO(I)=PO(I) 
IF(NELNLtt.N=.3) GD TO 18 
o~0 (I) =,7Pū (:) / (14. 7' 3 .; . 48 ) 
DShI(I)=DSW (I) /3.43 
0IOOLl(I)=OPO(I) 
OSwOLO(:) =DSW (I) 

18 GONTINUE 
DO 32 1=1, r,N1 
I1=1 

īF(NELNU-t.R=.2) SD TO 210 
11=2*I-1 
IL=I1+2 

21E CONTIMJ 
Tr:AMIS (I)=A3SK (I) fAREA (I)'3 .46 3C.4E 
DEPTN(I)=(D_PTH(I=)-D='TH(I1) )`GRAV/(CX(I) 3, .4d) 
PUR (I)='0:Z(I)'AE ] (1) "DK (I)*FACT 

32 JX(1)=DX(I)-3L.+5 
00 7C I=1, Wiv:SW 
T 1= :kK03A (I) /V0E 4 V 
T2=RFKW0A (I) /VWME 
F WW(I)=T2/ (T i+T2) 

7% GWW(I)=Ti*T2/(T1+T2) 
D0 Le I=1, (NUt,S'W-1 ) 
DELTA=S WDA (I+11-SeJJA (I1 
OFWW (ī) _ (F'WW (ī+1) -='WW (L)) /DELTA 
OGWW(I)=(GWW(I+i)-GWW(Ī))/DELTA 
D- KWDA(1)= (--.FKrLDA(i+i)-rbKWOA (I))/CELTA 

4C DKKCOA(I)=(NkKDD4(I+1)-:RK00A(I))/DELTA 
OF. KW OA (t4Ut1 SW) =J :<W JA (r(JM S W -1) 
OFKCDA(llUMSW)=D;<O04 (NJ`1S'W-1) 
DFWW (NUASW)=DF'WW(NJ.;SW- .) 
DGWW(t.UMSW)=OGWW!(VJ i W-1) 
CU!iT= . 

COr==0D=;J. 
owPr=00=G. 
RETUkN 

1 F0?t'AT(16I5) 

	

2 FOaNAT(1H:,15H 	TADLE//12X, HFP._.),13X,2HL,U,13X,2H,'9X,6HV 
1ISOIL,9X,EHVIS,IAT/) 

4 FU.',htAT(8F10.4) 
6 FO?J'AT(1H.,oF15.4) 
7 FORMAT(1H:,9H SW Ta5LF1/14X,2HSW,12X13HPCW,12X,3HKRW,12X,3HKk0) 
8 F0KNAT(1H,:2H;fl DF N3)EG=,I+,5X,1EHDATUN PP.ESLUWE =,Fi_ .:.,7H PSI 
1AT,F1C.G,3H FT//17H D:.VSITI^S OIL =,F:L.3,0H WAT_n =,F1t:.3//7H OP 
2MAX=,F1j.4,4H AT`1,7X,7-10SWMAX=,F1U.4/) 

10 FOR.t1AT(1HiJ,1CH'0F,D3ITIES/) 
11 FCkt'AT(1H1,21HD=K1E45i.ITIES( 0AftCY ) /) 
12 FURNAT(1HL,11HAiE S(S0=T)/) 
13 FOR AT(1H,1,oF15.G) 
14 F0īRMAT(1Ho,19HEL;IM=NT _r:NGTHS(FT )/) 
15 FOR;AT(11-47,i6HNJ•4_ DE'THS(FT)/) 
28 F(RrAT( 1H':,1,1 G HjAU3S 0 TS.,8X,7HWEIGHT/) 
3L F0;r,AT(1X,1S,2=15.3) 
130 F0,MAT(1HC,6HLJ1P =,I2,1OX,8HLIMPSW =,12,1JX,7HLUPST =,I2,5H  

15HUSF =,F10.L/) 
lOJO FORMAT(1H ,3HNELN'J1 =.I5) 

END 



-255- 

APPENDIX 2.2 

1D MODEL - CHAPEAU SUBROUTINES 
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' I r.c_'i ( JM P) 
6C1!•CN/J3/XI ( Ī ).W=ISHT(5),S(4,6),DS(4,G),SS(I ,),J0(it,5), 

lops(16,3),XX(15),e44(13),INUN 
i;C 111 1=1,īt'Uh 
S(1,I)=1.-XīCI) 
S(2,I)=XI(I) 
OS(1,I)=-1. 
DS (2,I)=1. 
LJ=L 
DC 112 J=1,2 
OC 	K=1,2 
LJ=LJ+1 
SS (LJ,: )_5 (J, 1) *3 (<, I ) 
0D(LJ,I)=1,5(J.I) *J~(K,E) 

114 0OS(LJ,I)=LS(J,I)r3(K,I) 
112 GCNTINU= 

GJ TD 111 
JO 115 

115 SS(K,I)=L. 
SS(1,11=S(1,I) 
SS('.,I)=S(2,1) 

111 . JI"I INUE 
RL TUc. N 
ENO 

SU3=0urINE UPSTW T (ST,LI,O=LTA,SCELTu,QFFIAC,UGP) 
.3C.1MOP) . 0(-,1),POD_DlL11,0P0(21),CPCJOLC(21),SW(4),SWUL7(41), 
1O5W(21) ,OSWJLC(21),:J1(5)),CO2(21),:,O5(21),CC6(21),M(16),H;,(L), 
2T1TLE(3),SWJ(2C ),JFW(2„L),5P(4,3.JL),X(96.),Y(9„),FUX, 
,īDVX,FVS:I,CVS W 

OMS'ON/`.)1/PRESD4(.5),60)A(3),EWDA(3),VīSOOA (3), VISWOA(3),SWOA(3,.), 
10i,WDA(3J),RkKC)4(3. ),RiKWD A(3C),CRKOCA(3L),CRKWOA(30),FWW(3L), 
EOFWW(32 ), GWW(":),J3WW (3I),NUMPVT,NUNSW 
OFT=SOELTA'DFWW(Lī-1)+DELTA4OFWW(LI) 
USGP=GGP-UFT*CF;A; 
IE=IFIX AUSGP)+1 
IF(IE.LT.1) GO TO 1] 
X1=USG?-FL(AT (IC-L) 
X2=1.-X1 

ST=X2*SW(I ') +X1"SW (IE +1) 
GO TO 2L 

15 ST=SW(1) 
2C .:TURN 

ENO 

SUSk.OUTIt)~ THOlAS(J) 
COMMON P0( 1 ),P J̀OU(41),DPO(21),CPOGLD(2_1),SW(L-1],SWOLD(411, 

1OSW(21),DSWJLE1(21),:Ji(56],CJ2(21),CV:(21),C06(21),A(16),l HS0-0, 
2TITLE(51,SW7(2L;),'JFW(L.:J),SP(4,.7 ),X(9),Y(9•.1,,),FVX, 
3OVX,FVS4,DVSW 
COMNCN/04/LOMI4V, 34 1 =AV, `)1NJ,i,WINJ,:.CFF'..uU,(.,WPr:UO,GT,NOD:S,NM1, 

12CA T Ut", JATUM, D= VOS:., ū_VWSC , ERSP, IPS W, CUt1T, IT~K, I TMAX, L TSTLP, 
2DPMAX,FJSWr,AX,IN,I,INJ, IP:OD,LUriP,LUFST,LIIIPSW,LVAK,UF,L?P,;.SS, 
3N=LF\U`",GRAV 
I=J 
CO1(I)=.A(2)/A(1) 
V1=FHS(1)/A(1) 
A(1)=A(4)-A(3)*C01(I) 
RHS(1)=RHS (2)-A(3) *V1 
GO TO (1t,,2=f.LUAR 

10 PO(I)=V1 
IF((I+1). EO.NOD=S) PJ (VDDES)=RHS (1)/A(1) 
RETURN 

2C SW(I)=V1 
IF((I+1).EO.NODIS) SW(VDDES)=".H5(1)/A(1) 
RETURN 
ENO 
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SUG=OUTINE ACS.j3 
.:04MCN r'0(41),POD-J(41),3PO(21),OP00LG(21),SW(41),SW0LG(K1), 
_JSW(21),J3',JJL'(Li),:J1(:.,),CO2(4.1),C05(,:1),L06(21),A(16),, S(-), 
2TITLE(6), SWS(2:.),]FW(2:),SP(-+,;.,;L),X(9ū.),Y(9),FVX, 
30 VX, F VSW,':JVSW 
C04PON/OL/EOMEAN,341EAN,OINJ, JWINJ,..OPKOD,C4Pr:JD,UT,rNOU~S,Nr11, 

120/AT I,JATUNi,LGV:iS;,DE\VA:;:,'PSP,=P 	W,COOT,ITLR,IĪ'?AX,LiST _P, 
L O,=",1 X, D3WrAX, IN, I, iNi, IP; OD, LUTF, LLPST, L_I 1PSW,LVA.r:.,USF ,LPF',!- 3S, 
171=1-r,U~:, 	AV 
DO it. I=1, W1 
J="I0C) S-1 
GO TO (2G,3L),LVA ? 

2L DC(J)=0(J)-CC1(J)*FJ(J'i) 
GO TO i.1 

3r SN (J) =E W(J)-CU1 (J) *SW (J+1) 
1(: ,0 4TINUE 

P~ TURN 
=F, o 

SU3ROUTIN_ PRINT(_~ Ri'1r) 
Cu'1t"ON r'U(4i).PUJL](+ L),OP0(2i),CPOjLD(21),:,W(1-1),SWOLJ(41), 

I DSW (21) ,OSWOLG(21) , t;J1 (5:i) ,CG2 (21), C05 (21) , C06 (2i) ,A(_6) ,AHS(,,) , 
2TITLE(5), S'WD (2L;),?FW (2,;J) ,SP(4,30u) ,X (y:su) ,Y (9uu) ,FVX, 
3DVX,FVSN,0USW 
COM ON /02/Ai EA (2C),AG3<(2;;),POR(2J),TKa115(2:).DX(26),JEpTR( 141). 

Ir .K0(I),F,RK(•1(,1),D<0(f1),OKW(41),00(4'),0N(4,1) 
' OAt'ON/D4/3Gr EAN,34vI MV,OīNJ,OWINJ,C0FRJU,OWPm00,0T,NODES,NM1, 

1PJATUM, DATO'1, C EV0S3,UcVWS3,EDSP,EPS:;W.OUHT,~Ti=R,1TMAX,LTS3 6, 
2Dr'.iAX,OSW:':AX , IV, I', iti J, IP K OD, LUf1 F, LUPST,LINGSW, LVA rr, USF, LPP,L SS, 
3N_ NUM,GPAV 

W=IT - (jP,i1 
TOAY S= Ur1 T /6 ū4 ] C . 
W'cITE(I',c) TCAYS 
Wr7.ITE(IP,!) 
DU iiC I=1,NODE3 
PS1= (PO (I) +PDATj1) `14.7 
SW1=SW(I) 
001=0O(I)/1.8 2. 
QA1=0W(I)/1.8L 
W~1TE(I-,5) I,PS1,5.41,')D1,QW1 

1:n CONTINUE 
IF(LP:RI4 . EO.,) ETU~c~J 
WRITE(II', 7) CWINJ,3DPJ],3WPROD,LTSTEF 
Ti=TDAYS-3J). 
IF(A: S(T1 ).GT.J.31) RETJRN 
WRITE(7) TOAYS 
WRITE(7) NODE.), (SW(I) ,I=1, N00ES) 
R TU4N 

1 FORMAT(.H0,135(1H-)) 
2 FGRi.AT(iH_,6HTilE =.=15.:,5H DAYS) 
3 FO.RMNT (1H, ,4hNODE, 3X, 71P0 (PSI) . i3X, 2HS496X, yH0O(STf;/0) , 6X, 9HQW (STB_ 
1/D)/) 

5 FOR`,AT(_H 414,Ei5.,3F 1:.5 ) 
7 FoRMAT(iH:. ,-+X,16H3J1 WAT 'rJJ(STG),3X.i7HCUIi OIL Pp.UG(ST6),3X,I7HCU 

IM WAT PO J(STE),1.,X,131TīME-STEPS/1X,3_2D.~,ILL) 
END 

SUcPOUTI(1E aSSIsJ 
CU4NCN r'0(41),PGO_3(-1),OrJ(21),OPC;;LL(L:..),āW(,1),SWOLD(41), 

i.DSW (2I),0SWCL0(j)•:.O1(5'J) ,C0(21) ,L.05 (21) ,L.06(21),A(16),.iHS(4). 
2TīTLE(3), SWD (25Jl43= 4(2„u),SP(4.3.;‘) 9X('Jl,,,),Y(9'Jj),FVX, 
EDVX, F+ISW, DVSW 
OOMMON/01 /P?ES](3).30]4(3),EWDA(3),VI300A(3),VISVIDA(3),SWDN (:;: ), 

iDCWUA (3ū) , PRKCD 4 (3 3) , ` RKWDA (35) , ŪRKGDA (3C) , OR KWUA (3u), F WW (,3;.) , 
2DFWW(3j),GWW(33), J.'W4 (3J),NUMPVf ,NUMSW 
COMMON/02/AKEA(2.;),AJS<(2U),P0(20),TPANS(2.0,0X(EC),D_PTH(41), 

iRaK0(41),clRKW(4L),]<0(+1.),DKW(41).QC(4').OW(41) 
COMMON/D3/XI (5), W=IGH 1(5), S (4, 6) ,OS(4, 6) ,SS(14,5) ,DG(IC,S) , 

1DDS(16,5).XX(15),.04(15 ) ,INU ti 
06M(-IGr./D4/ `i0P1E41,: JlEAV.QINJ,CWINJ,COFROD,CWPROD,DT,NOOLS Nmi, 

100A TU'1, DA TW I DEV03;, DEVWSC , EPSP, EPSS W, CU6T, ITLR,I TNAX, L TS T EP, 
23P l A X ,DSNt1 AX , iN, I P, I N.J, IP ;OD . LUMP, LUPE T, LI MPS W, LVA R,USF , L P F,L SS, 
3NEL NUM, GRA V 
A(1)=C. 
PHS(1)=C. 
DO 29 I=1,NM1 
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OFFAC=uSF'OlNJ'Jī/FJ ;(I) 
I1=I+1 
CC 3 J=2, 

3 4(J)=1, 
ANS (2) =3. 
DX1=DY(I) 
3T?=SW(:) 
DO u II=1,INU ~. 
GGr=FLUAT (1-1)+X1(1I) 
T ;AN=T ANS (I) 4WI,-1T (it) 
PVOL=Pri (1)'WcIGHT(II)/JT 
PT=S(1,II) "C(I)+S(2,1L)"P0CII) 

CPT=(OS(1, 1i)'P1(I)+JJ(2,II).*P0(I.1) ),OX= 
DST=(0S(1, 1I)"SW(I) +D3(2,II) *SW(I1)) /OX:. 
Yr=Sci~.: T+I i;A i j1 
DO E. LI=1, Nurli-VT 
IF(r'F=S c.F.LI.FSJA(L1) ) GO TO E 

5 CŪNTIt,U 
B 0::LTA=PrrE.ī0i. (Li)-° =SO A (LI-1) 

AC=u00=t(I./cv)4(-I))-(1./900ALi-1) )1 /DELTA 
AOEWDP=((1./E:WD4(_I))-(1./EWOA(LI-1)))/D LTA 
J=_LTA = toRaS='r.-P~=S7A(._(-1))/DELTA 
1,__L T A=1.-C_LTA 

āLO=SD_LT 4*:DCA(LI-1) +7=LTA*20DA (.I) 
a = url=SC=LT„* WPG( .-I-1)+J= LTA*EWDA(LI) 
A VI SO=SD=L TA ' VI SOJ4 (-i-1) +f)iLTA* VI SCDA (LI ) 
AVISW=`;O=LTA *VISWD4(_I-1)+0LT A'VīSWDA (Li) 
AC=NO=D.NOSC;/6EJ 
ADENW=DENWSC/AS:d 
CCM°=((1.-ST) 4 Ab3 t ACBODP+ST+A3W4 ADt3WDP1'`PV0L 
ST1=ST 
IFtST.`T..) ST =C. 
IF(LUFST.:.Q.C) 50 TJ 92: 
GO TC (81,;,62'',83:),LU2CT 

810 CONTINUE 
30 921 LI = 1, NUM S W 
IF ( ,T.LT..:WGA (LI)) S;, tD 922 

921 CO'NTINUE 
922 DELTA=(ST-SWCA(_I-1))/(SWJA(LI)-SWŪA(LI-LA) 

S'J=,_TA =1. -DELTA 
CH LL UPSTWT(Sī,,ī,JELT.SDELT4,OFRAC,GGP) 
GO TO 92C 

82C CCNTIN'J 
T==ST 

ST=STP 
STP=STE 
GC TC ā2( 

83G ST=STP 
72i CONTINU= 

DO 7 L I=1, NUMS4 
IF(ST.LT.SWDA(LI)) SO TJ 3 

7 CONTINUE 
8 DELTA=(ST-SW3 (LI-1))/(SWJA(LI)-SWDM(Li-I)) 

SGELTA=1.- 0ELTA 
il';',KO=SOELTA',;.RKODa(,I-1)+ DELTA*KFKOCA(Li) 
AFKW=SDCLTA`F:FKdo4tLI-1)+3=LTA*KRKWDA(Li) 
AJPCOS=(PCWCA(LI)-p;,WO1 (L I -1))/(SWDA(LI)-SWCA(LI-1)) 
TI=TRAN#Ak KU/AVISb 
T2=TRAN*AP.KW/AVISW 
T3=T2*ADPC DS°OOST 
T 4=DEPT H(I )4 (T1* 4J=V0+12'ADENW) 
T5=(Ti+T 2)/DX1 
GO TO (o C,E~1).LVR 

6uC' 00 766 J=1,4 
700 H(J)=A(J)+T54CD(J,IE)+„i4P*SS(J,II) 

T7=T4-T3 
RHS(1)=rHS(I)+T7*D3(1,1I)+COMP*(SS(1,II) *POOLO(I) *SS(2,1I) 4POCLD(I 

11)) 
nHS(2)=2HS(2)+T7'L3S(2.1ī)+CC1P4(SS(3,II)"POOL0(I)+S(4,1i)4FOCLJCl 

11) ) 
GC TO 

6C1 Ci=AVI~W/AVISO 
EI ST-SWCA (LI-1) 
82=ST-SWDA LLI ) 
83=ST-S WOA (L I+1) 
O1=SWDA (L I )-SWD4 (LI+1 ) 
Q2=SWOA(Li+1)-SWJ9 (..I -1) • 
Q3=SWūA (Li -1) -SWD4 (LI ) 
R1=-s2433/(112 03) 
P2=-83*31/(Q3- Q1.) 
R3=-31 4- 32/ (Q1-'02) 
FT=`=1 *-FWW(LI-i)+R2' WA_ī) +rr.3"FWW(LI+1) 
GT= FIa GWW (LI-1) +R2 ̀GWW (LI) +;( 3*GWW (L I +1) 
DFT=C. 
DGT=O. 
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DUW=^. IF(LI~r=S'W.cO._) ,) T) i:5 
DTW=(SJLLTA."0KVIDA(1.i-1)+D=LTA'OEKWDA(L—))/AViSW 
JU: =-T;;ANAOTW'(DPT+aDP;DSFOST-AuENW+DETH(-_)) 

c'~5 Cv "JTINu 
ST=`T1 
TS =TzA:'f GT' Cr;)S/)x1 
rrO=S(1,7.1)'1-LŪ! D(I)+St%,II)"DOOLūtīl) 
T9=P4OL*(1.+AEW*A)irlJ?•(PT-FT3)) 
)C 72: J=1, 

72L A (J)=A(J) +T94 S5(J,ti) +T5*DO(J,ī1)+UUW-'OOS(J,II) 
T5=T1 +12 

I e_ (AflcA J-ADLr:0) x2P 1 H(i) *T?AN 
T1i=UU'FT+Ti+C:uJ ST 	__ 	_ 
FHS(1)=.'H:i(1)+T11~`JS(i,II)+F'JOL+(S3(1,LI)`SWOLD(1)+SC(2,Li) *SWOLD( 
iti)) 	,. 	T- 	t 	. 	; c w 	fi r -,HS(2)=RRHS(2) +Tip 35(2,_1)+PVUL (SSl3, II ) ~W0 L 0(I) SS( ,Ii) SWGLC( 
£1:)) 

4 CC 1TINU_ 
C1=FLQAT(2-LVAR) 
HS(1)=1,=:HS (1)+ū1*:1)(I) i-QW(I) 

1F(11.=3.NOOLSI - -H3(2)=?HS(2)+C1+Q0(Ii)+QW(11) 
CALL THJmAS(ī) 

29 C( ,̀aTINUE 
~c_TU~N 
END 
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APPENDIX 2.3 

1D MODEL - QUADRATICS SUBROUTINES 
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SU2= QUTI;4. OUAD3H (_J"P ) 
;UMMON/D3/ XI (5),'W_ISHT(5) , S (4.6) ,DS(L, ul ,SS(1L ,5) , DD(1c, 5) , 
1o3(16,5). XX(:5),W4( 	j) ,INUM 
O0 111 I=i,INUM 
X1=XI (I) 
XC=i.-Y1 

S(1,I)=X2*X3 

S (2.I)=-X1"X3 
05 (1, I) =4 .'X 1-3. 
0S(2,I)=4. `X.7 
DS (~,1) =4."X.-1. 
LJ=Ji 
DO 112 J=1, H 
00 114 !<=1,3 
LJ=LJ+1 
SS(LJ,i) 	(J,I)+S( <,I) 
JO(LJ.I)=u3(J,1)*DS(<,I) 

114 OGS(LJ,I) =L]. (J,I).SCK.El 
112 CONTINUL.  

īF(LU.1'.L:1.:) 	r) lit 
JO 115 '<=1,-3 

115 SS(K.I)=. 
SS(1,1)=S (1,I) 
S'S1E,I)=t)(2,ī) 
SS(5,I)=`'(3,I) 

111 "ONTIMUE 
r:_TUr N 
ENO 

5U3FOUTIN:. Pr;,INT(L'?ilJT) 
Cor1 C 	P0(4,1),POD_J(44.),DPO(L1),DPOOLU(2_),3W(4_),SWOLD(41), 

10SW (21),OZWJLC(21),:;01(5';) ,G02 (21),i.05 (,_1.) ,_06(21),A(1E),r.WA A), 
2TITLE (8 ), SNO (2i.:) , D= W (2.u) ,SF (4, .i,,,) , X ('JJL) , Y (9•,) , FVX, 
3JVX.EVEN,DVSW 
COMNON/J2/A EA (2C),A33<(2;j),POP(2-1),TFANS(2,,),DX(2L),DEPTH(4i), 

1R=K0(u1),rr,kKW(4l) .UK3(4L) •OKW(41),00(41) ,QW(41) 
,:01rON/24/ ONEAJ,4"?EA V,QiNJ,CWINJ,COFROD,CWFkUJ,OT,NODES,NN1, 
1PDATUN,DATOA,LE ∎ JS;,DE‘IWSG,EPSS',EPSSW,CUNT,ITER,JYAAX,LTSi EP, 
2JPMAX,USW;:AX,1N,I',INJ, 1PROD,LUMP,LUPST,Lī11 SW,,..VA.R,USF,LPI,LSS, 
31ELNUM,~=. AV 
WRITE(TC,1) 
TEAYS=OUriT/36L.13 . 
W ITE(IP,2) TDAYS 
~1FITE(IP,3) 
DO 1CJ ī=1,NODES,? 
PS2=C. 
SW2=C. 
i) 2=0. 
QW2=C. 
PS1= (PCi(I) +PDATJ 1) °- 14,7 
SW1=SW(I) 
001=00(1)/1.b4 
QW1=0W(I) /1.54 
IF(I.EQ.NUUES) 30 TD 110 
PS2= (Q0 (1+1) +FDATJ1)'`1+. 7 
S'W2=SW(I+1) 
002=00(1+1)/1.84 
0W2=0W(I+1)/1.84 

11C Wr.ITE(iP, 5) I,PS1,'Sā,SWl,Sw2,Q01,0Oz,t14(.,QW2 
1E0 CONTINUE 

IF(LPq.1T.5Q.C) RETURN 
WrcITE(I',7) C''WINJ,7,0PRJD,:,WfRUD,LTSīEP 
T1=TCAY.J-3. 
IF(ABS(T1).GT.0.0L) R_īURN 
WRITE(7) TDAYS 
WKITE(7) NODES,(S4(I),I=1,N00ES) 
RETURN 

1 Fr)Ri`'AT(1HC ,135(1H-) ) 
2 FORMAT (1H: ,66HTI:tE =,F15.3,5H DAYS) 
3 FOKI'AT (1H.,'+HNJJE,3X.7i=0(PSI),26X,2HSW,2iX,9HQ0(ST;/D) ,21X,9h0W(S 
1T(7/0)/) 
5 FGF,t<AT(1H 11492=15.2,8715.6) 
7 FOR1 AT(1HL,4X,154:J1 W1T INJ(ST:;),3X,17H000) OIL PROD(ST. ),3X,I7HCU 
1M WAT PROC(STE)110X113-ITIhESTEPS/1X,3E2:;.4,I2C) 
END 
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SU. UUT 4L 

 

THOS(J) 
CJ."SON r'U( 41),P:JO_7(+1),iJr=O(21),Cr'Ū:'LL(21),:;W(4i),SW0`J(4i), 

1'3SW("21),05WOLG(21),:31 	),L02(21),CU~(21),luc(2.1.),A(16),r.H; les), 
ETITLc(, ),SWL(2i;.;),)Fri(2.-!),SP(,,3LC).X(Jtiv),Y19J,;),FVX, 
3OVX,FVSN,OVSW 
CO A''UN/54/O'3i,_AV,'r)'1EA4,aiNJ, ;WINJ,,.Crr!'..JO,CWFr.00,0ī ,NODS,W."1, 
?O 1,' īU:1,:1i;īU'", LE,1D3;,,ū=Vt•IS,YPSD,=PSW,O0AT,. TtR,.1.T hX,_TST_P, 

2OF;IAX, J..;;W 4X , I A. I', I NJ, IPROC. LOr, F, LUFST, L_ FW, LVA..R, USF, LPP I L SJ, 
3N-LNU: 	 V 
~1=J 
I:=ī+1 
OEr-~(1)"M(,)-A121 *4(-+) 
.1=A(5)/D=T 
12=-4(2) /r1 =ī 
L 3=-:; (z. )/P:1 
4=A(1)/OET 

t,01(I)=i.• o(3)-24 (6) 
0C1(I1)=33`„ (=)+:34}4(61 
'/1=7-1'7,HS (1) +_2`-ZHS (? ) 
V2=::3"'CHS(1)+:4`7.H3(2) 
A41)=4(9) - A(ī)*CJ1(I)-4(3)'C01(11) 
KHS(1)=,01 (S)-4(7) •J1-A(i) *V2 
GO TO (1 C, 2.) ,LV12 

1C PC(I)=V1 
?O(11)=V2 
IF((I+2).=0.c,COLS) PD(NODES)=RHS(1)/A(1) 
P_TU^N 

20 SW(I)=V1 
SW(ii)=V2 
IF((i+2). _+).NCO=S) 3W(4OOES)=RHS (1)/A(1) 
RETUFN 
ENO 

SUdr.OUTINE ?ACSJS 
CG1MOt) P0( ,41), OD_ J(41),ūF0(21_),_OPO_OLO("c_'_1),SW(41),SWOLO(41), 

1OJW(21),0.`~NOLU(:L), J1(7' ),332(21),„0i(::),600(21),A(i5), HJ(ti), 
2TITLc(6),S''WO(2 J),JFW(E.ii),SP(4,3L:),X(9L:),Y(91.,;),FVX, 
VDVX, V.)N,D4G1.1 
„U.^1MON/D.:/L Jh a4V, /i1E44,':,ZINJ,CWIIvJ,t:GF,?CU,0WPROO,UT,NOD= J,iJ) i, 

1P,;ATUM,DATUr1,SĒ'JDS;, DE4WL3,-PSP,=PSSW,UONT,IT_.rt,ITMAX,LTST=F, 
20F1AX,USWAX,=V,I,INJ,1P=00,LUhp,LUPST,L_īMFSW,LVAr:,USF,LP ,LES, 
3N=LNUM,G°AV 
N1=OO=S 
no 2 I=I,':M1 
NL=N1-1 
N3=2-1 
GO TO (L, 6), LVAR 

4 PU(r)2)=P0(N2)-;,J1(vc)4 3(N1) 
PC(ti3)=P0(f4S)-;,JL(q?) * 	(V1) 
GO 70 2 

6 SW0'12) =SW(N2)-COIINE) 4.3W(Iii) 
S:•I(N3)=3W(N3)-3J1('13) 4SW(41) 

2 Ni=h+1-2 
h _TUKr, 

SUFTOUTI;i: UPST:iT(ST,Lt,J_LTA,SUELTA,(3FOAC,Gr') 
OCN;MOri r'O( ,T;.),PJO_J(41),Or0(21),DPOOLL(21),SW(41),SWOLC(4.), 

1DSW(21),OSNOLC(21),.,D1(5ū),CO2(L1),C05 (_1),1.U6(21),A(~ō),;.HS(4), 
2TITL2(6),SWD(21,:),JFW(206),SF(L,3 ūL),XUJJ),Y09‘,L),FVX, 
:.DVX,FV::W,OVKW 
Ct)M;1Oi!/J1/P.<ESJM(3),-30J4(:.),S'WO.(3).Vi'3 CA(:,),VIC'W0A(S),SWO (3J), 

1 PCW0A(33),F=.KLDA(3%,), 	 <W::A (3C),OmKOGA(3L),ORKWOA(.i,.),FWW(r.), 
2DFWW (3 C ), GWr1 (3L) , J3'rIW (3 ,) ,NUMPVT,NUMSW 
OFT=30EL TA+7FWW(LI-1)+J=LTA*OFWW(LI) 
USGP=GGP-IJFT' OFA;, 
1E=iFIX (UG) +1 
IF(IE.LT.1) G0 TJ 1C 
x1=USGP-FLOAT (I _-L) 
X2=1.-X1 

51=X2*X3 
S2=L,+Xi+X2 
S3=-X1+X3 

ST=S1"SVI(IE)+524'3W(I=+1)+S3*SW(IE+2) 
GO TO 

10 ST=E:J(1) 
20 r,i TUFN 

END 
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;,OM,NON PO( 41) ,PUO_3(Li),JPO(21),DP0OLL(21) 2:tW(i--1),SWOLO (~il, 
10SW (21) ,USNOLC(?1) , ,.1 ( ; sl ,CO2 (mai) .CGS (21) ,C06 (21),A( 16) . F.H;(4) , 
2TITL ((i ),.iWLi(2u.,),JF 'W(2;: ),SP(4,3u•),X(`.J'_), V (9._L),FVX, 
3BVX,FUSW,JV3W 

,,o,iNO. /JI/Pr E:DA(3),30J4 (3),c 'W9A(3), VISOD4-..(3),VīSWDh( ī1,SWDA(3C), 
(3:) 2.1<1_13.1(. ),,RROIJA(I:1,UPKOOA(3;)'OFKVIOA(3„),FWW(.3u) 9 

2JFWt• 3 )9vWW(2u)9 1;3' 4(3i),NUOPVT,NUS1,1 
C.U u t-• 7Iv/92/A=.t.A(2,),A3S<(2.),PuR(20).Tr:,;)S(2 ),DX(2,:),G=PTH(41), 

1:?FKO (..-1), 4r.{W(41),J<O(:1)•0K'W(:.I),u10( 4-1),Q11(u1) 
L.0 "WON/93/XI (5),W=IGHT(3).S(+,6),DS( 4 .6),SS(1,..,5),UU(1=,5), 

10CS(1E,:)),XX (15), Wf1 (151,T UM 
CCM";ON/D4/BOMEA'4,34ic 4,QiNJ,CWiNJ,Fr.OU,G'OP: GC,CT,440D=S,I;:"1, 
7 OATUm, JATU1„ī.C\1J3" . J;E■1WSC,^PSP, EPSSW,C'J;?T, TEK,ITMAX. LTST _F, 

2ŪF'1AX,DGt•l„gX, IN, I, i NJ, IPFOG, LUu.F,LUPST, L=t;F:_ W,LVA K ,USF, L°.P,L 3S, 
3NL L NUti, GK-A V 
A(1)=_. 
R N S (i ) 
DO 29 1=., fti1 
OF?AC=US F+O NJ'JT/PJR(I) 

I2=I14-1 
13=11+2 
00 3 J=2,9 

3A(J)=L. 
RHS(2)=:21. 
RHS (3) 
CXI=DX(I) 
ST 3=SW(I_ll 
DG 4 iI=1, TAUX 
GGP=FLuAT (1-1)+X1( 	) 
Tr AN=T°.AMS (I ) 'WEIGHT (l I 
PVOL=F,);;(1 )- WLIIGHT (II) (0T 
PT=S(1,11) 'PC (II) +3 (2.II)4 P.0(i2) +S(3,II) *`PO(I3) 
OPT= (DS (1, II) "P3(I 1) +03 (,2: II)-4̀ PO (I2) +DS (3, II) *PO (I3)) /OX1 
ST=S(1,11) *SW(I1) s-S(2.II)-'".SW.(r2)+S(3.1ī) *S41( -.; 3) 
OST=(DS (1,I:)'SW(tL)±3.5(2,.II):SW(I2)+DS(3, ii) '• SW(1- 3))/UX1 
Pr,=S=F.=PT+PJATJ '.1 
DO 5 LI=1, NUh:PVT 
IF(PRES'T.R. LT.PR_S74(LI)) GO TO 6 

5 CONTIhUL 
6 D=L TA=OXE..)CA (Lī) - ~=$D4 (LI-1) 

4030DP=((1./c.OJ4 (LI )) -(1./3004 (LI-1) )) /DELTA 
A03WDF= ((1./tWDA(_I))-(1./EWCA (LI-1)))/JELTu 
DELTA=(PRSaR-P;=S3A(LI -1))/DELTA 
SD ELTA=1 . -Dt.LTA 
AaO=SCELTA".Uf A (LI-1) +:)ELī A4 EODA (LI) 
ASW=SDELTA +īWCO(LI -1)+1)=LTA*ēWJA (LI) 
A VISO=āJELIm'VIS0JA (Li -i)+O.LTA" VISCDA (LI) 
AVISW=S'0_LT.1'VISWD a (_I-1)+DELTAy1S4.1 0i1(LI) 
ADENO=OENOSO/A'0 
AD_I4w=oErIWSC/A34 
COUP=( (1. -ST) FA NDAD3JJP+STA' A6W+ AO6W0P) -'- PVOL 
ST1=ST 
IF (ST.LT._.) 
IF(LUPST, .O.v) SJ T. a22 
GO TO (ilr ,82•.,83,.),_U)ST 

81(' (:O`ITINU_ 
00 921 LI=1, NUMSW iF (ST.L T. SWOA (LI)) S,D TD 922 

921 CONTINUE 
922 0_LTA=(ST -SWDA(_I - f ) ) 7(S'W3A (LI ) -SWDA (LI-1) ) 

SDELTA=1.-C=Lī4 
CALL UPSTWT(ST, Li, DEL T1,SOEELTA,OFRAC.,GGP) 
GO TO 920! 

82C CONTINUE 
ST ==ST 
ST=STP 
STP=STE 
GO TO 92C 

830 ST=STF 
92L CONTINUE 

DG 7 1_I=1,I`+UMSW 
IF(ST.LT.SWOA(Lī)) GO TO 8 



-264+ 

7 C0.4TINU= 
5 OELT 1 _(S -S '.•!Ch(_1 - L1 ) /(SWJA(LI)-SWCA(L:-1)) 

SD-LTA=_.-D_L TA 
A.:Kū=S5=LTA -' 7 LKJ]a (Li-L)+DELTA +r rKu0A(_1) 
P.,mKA=SrOSL 	 (LI-Ll+C =LTA'RE,KWDA( ) 
ACPLOS= (PCW3A (LL) -P;,W04 (Li -1)) / (SWLA (L=) -SVIDA (L-1-1)) 
T1=TgAIN*A=.KO /r4TS3 
T2=Ti- A 9.1"A,K'1/AVISW 
T 3=T 2' AJPC 0. CST 
T-=G=PTH(i )` (T1. 4 AD=NO+T? 44  DENW ) 
T;=(ī1+TLl/OX1 
GO TO (.5uc,3i1),LV4t 

5.30 DG 714 J=1,9 
73C A (J) =A (J )+ T.fUJ (J, iI) +;OMP*5S (J, II ) 

T7=T .-T3 
30 71: J=_L ,3 
I:=3'(J ) 

71C :<HS(J)= FAS(J)+T7'33(J,iI)+COQ•1P+ (SS (iu+1,lO'`PCOLL)(ii)+SS(1.;+2,II)" 
1ac:OLD(I2)+SS (ī0+3, II) ') uJLO(T3) ) 
GO TO + 

031 01=AVIS'.)/A VI SO 
51=ST-SWDA (LI-1) 
F2=ST-SWOA (LT) 
c::;=ST-SwDG. (LI+1) 
01=`WGA (Li ) -S WD4 (LI+1 ) 
Q2=SWDA(LJ.+1) -SWJa (_I-1) 
Q.1'=S4•IDA (Li -1) -SND (LI ) 
1=-ca";13/ (12- 03) 

R2=-334 31/ (C)S."02.1 
1-7;3=-t1'. 32/ (014.02) 	 J •- 
FT=F-1'F;-JW (Li-1) +?2''FWW(L I) +t34 W4i(LI+1) 
GT =r:14 G.J:J(LI-1)- %FSWW( Li) +n_3-LT,WV1(L +1) 
OFT=C. 
OGT 
DuW 
IF(LIMPSW. EQ.1.) GO TO 505 
uT'rJ=(J=LTA' 0 K+JJA(LI -1)+CELTA*ORKWitA(L ))/AViSW 
JUW=-T. :AN+DT W*(J°T+4J0 ;DS' DST-ADENW" Dr_P-ī H(.2) 

605 CCrJTIhUc 
Sī=ST1 
ī 6=TPAry'GT`AIJP;,3S/Dx1 
P10=S (1,1- J.)'PUū_0( i1) +S(2, II) *PCOLG(I2 )+S(3,II) "POOLD (Is) 
Ty=FVOL 4*(1.+AEW*AJ5'WJr'(PT -PTO)) 
00 72C J=1,9 

720 H (J)=A(J)+T9*SS(J,II) +15 4 3D(J,II)+CUW' DOS( J, I1) 
T5=7141- 2 
UU=-T5 *DPI -T3+T; 
Ta =(A0='iw-AOL-II.J) ■'J=:=T-i(1) *T=AN 
T11=UU`FT+T3 +61.14*ST 
OC 73Z J=1,3  
1.0=3"' (J-1) 

731 ;i-(S (J)=aHS(J)'TLI']S (J,iI)+oVOL 4 (SS( IL, 	I)"SWOLD(11)+SS(i:+2, II) 
1+S4OLC( 12) +SS (11+3, II)' S'WOLD (IS) ) 

4 CuNTINU= 
C1=FLOAT(2-L VAR) 
r;HS(1)=;HS(1)+;;1 )J(ii)+OW(I1) 
RHS(2) =PHS (2) +31*13kI21 +OW (I2) 
IF(_I3._Q.i:ODES) tH3(3) =PHS (3)+C1+Q0(F.3)+gW(i3) 
CALL THOMAS(I1) 

29 CO:JTINU= 
17; -TURN 
END 
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APPENDIX 2.4 

1D MODEL - HERMITE CUBICS SUBROUTINES 

; 
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fil_:-.•:i;U':i;= 	U'_ , i ( J ") 
OurC.:C^i/J3/ Xi (i). /4=LG-1 i ( 	105(4,6J ,:+S 	) 

13r1::(+-,7) ,XX (_3),.'1r7(17),I\JM 
DO 111 =1,INU1 
X1=X1(I) 
X4=1,.-X1 
x2=X1"X 

S_• (3,I)=(3. `XL-G• +`X3) 

73• (2,I)=x1'X+'X4 
DS (3,:)=r.,.3"Xi'X. 
DS(1 •1)=-CS(3,1)  9 
	

[ 
S( 2, I)= X T `( 1. u- 3. J, X 1) 

05 ( 4 , I) = X 1 " (3 . Ū' X 1 - 2 • u ) 
JJ=J- 
LJ=i 
DC 112 J=:,.1. 
DO 117 '<= J , 4 
JJ=JJ+1 
3S (J J , I) 	(1 , ī) " - S (K , I ) 

113 ŪU(JJ,1)=JS(J,I)*DS(K,I) 
DO 114 K=1,4 
L_J=LJ+1 

114 DUS (LJ,I) =DS (J,i)''S (K,I) 
112 DCNTīNU= 

IF(LU:'.`'.~0..) VJ TD 111 
SS(1,1)=S (1,1) 
SS(2,1)=S(2,I) _ _ 
SS( s,1) =6(2,I)'(S(,I)-S(4,I)) 
S,(~•,I)=~ (3,I) 

3(1L,I)= ~ (-,I)÷(S(Y.1)-S(2,I)) 
35 (3,I_) ='J •; 
Sz. (4, 1) = 4 • , 
3 (G,I)=?• '~ 
.35(7,I)=G• 3 

111 CC0NTINU 
5(1,6) 
S(2,6)=J.: 
S(3,6)=J.= 
S (4,6)=J. ,, 
- ~TUCN 

SūcP0uT LN = T HC,'“A S (J ) 
,;OMrOr) PCt( 41),f'JJ_0(+11,D°0(21),OPOOLD(21),SW(.~) ,SWOLD(41), 
13Yd(21),1 S 4QLC ( 21),;.D1(54),CO2(21),CLS(J1),i,06(21),A(16)1 kHS(4), 
2TiTLc(ii),Sī•)D(20.,),D = 4(2;::1),SP(4,3LC),X(9;4),Y(9LLII,FVX, 
:.DVX•FViW,DVSW 
CO MON/J4/c3Nc A'I, 3W`:A4,1iNJ,i.W1NJ,CCPīW0,CWP k OD,DT,t)CDII:;,i M1, 

1°0a īUH, uATUt1,6=VDS:, D = VWSG•cPSP, EPSSW•L;UMT ,1TK,ITMAX,_ ISĪ =P, 
2DPvAX,DSW.-ilX,IN,I,INJ,IP?Oū,LUMF,LUPST,LIIPSW,L VA.%,U3F,LPP,LSS, 
3:4=Lt.U ) ,GFAV 

T=J 
11=1+1  
D = T = A (i) * g .. t-..) -4(2)  * 4 ( 31 
E;1=i+(4)/D::1" 
L;2=-A (2)/DEĪ 
3 	A(3)/Dz:ī 
6.,=4 (1) /DLT 
V1=E:1 4- HS (1) + 2` Z HS (2 ) 
V2=z34- ,HS (1) +3+`C-1S C•C) 
GG TO (15 •:,151) LJA= 

15G PO(I)=V1 
DPO (I)=V2 
GO TO 132 

151 SW(ī)=V1 
DSW(I)=V2 

152 IF(I.c').NOOLS) =,EIJRV 
C01(I)=31'A(5)+~2•4(7) 
UO2(1)=31*M(0)+32*4(8) 
005(I)=93*A(5)+.:4 * A(7) 
006(I)=34'4(6)+:4'4(9) 
A(1)=a(13) -A(9)';,a1(ī)-A(13) *C35(I) 
A (2)=A(14)-A(9)';,J2(I)-A(10)*C08(I) 
A (3)=1,t15) -a (11) *:.J1(I) -A(12)+C05(I) 
4( 4)=A(16)-;011) *:.D2(I)-4(12)4C06(I) 
RHS(1)=rHS(3)-4(9)*V1-(1.,;)'V2 
RHS(2)=RHS (4)-4(11) •V1-4(12)*V2 
+?TUFN 
E 'D 
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3U,KGUTI J~ EACSJ; 
CL •1r.Cr 	(+11,0•0(22)90PGGLD (21),LAW(41)96WULO (41) 1 
1DSW(21),ūswoLOfC1),:i1),,,02(21),L05(.:=),LUb(21),A(16),r.HEA4), 

30UX, FVG'W, DV=W 
,Ct1:1ON/JL /''G;'rA N, E4 MEA'1, QI NJ,CW INJ,C OF - U J, CWF =.O3, D ī ,N09:1 -1, "Jh'i , 

yPCATUt.,].,TU.-',i)-V032.,'J=VWS,„cPSR,cī'S-W,L,Uiti, T r,,IT;1A.X,L.7ST _P 
2DP`1i-Y .0.̀:' N:1,X, IV, I?, I NJ, IPROC, LUH P, LUPS T , LI MPSW,LVAK,USF, ,_PF,L:SS, 
7.N =L t;U`:,GR,AV 
GO TO (177,171) LV4-, 

17:3 DO 2 I=1, NM1 
J=NUC",-1 
J1 =J+1 
PG( J)=°J(J)-G`v1(J)*J(J1)-0O2(J) *DF7(J1) 

2 0P0(J)= 0Fu(J)-'3J5(J)•7)3(J..)-CC6(J)'-ff((J,) 
(RETURN 

171 DC 3 T=1,Nt4i 
J=NC DES-I 
J1=J+1 
S W(J)=S '.J(J)-CL1(J)*SW(J1)-CO2(J)°DSW(J1) 

3 DEW (J)=OSW(J)-:35(J) 4̀ 34(J1)-CU5(J) 4DSW(J1) 
RETUr'N 
END 

SU rOL'TIN= UFSTWt (3T,DI,u6LīA,GŪELTL ,GFLAL,GGP) 
CUNt'GN P0(41),PJJ_D(L1),00(21),ūPOOLU(21.),SW(1),SWOLD(41), 

1DSW(21),DSWULD(21),i,J1(b6) ,i,O2 (21),CUE. (21) ,u06(21),A(16),r=,HS(L), 
2TiTL =( 3), G(^l0 (L 	),)F4(2, );SP(4,3JB) ,X (JUL ),Y (9,._ ),FVX, 
30VX, FVS4, DVSW 
CG"1tŪN/J1/P LSJ4(7), 	DA(3),DWDA(3),VISODA(3),ViSNOA(3),SNOA(3',) 
RG1,104(3:) 	(3:),Ki <W3A(3:),DRIKODA 	,Jh:KWDA(3,-),FWW(3_ 1 

20FWW(3ū ),GWW (3u),D3WW(3,:),NU`1PVT,NUMSW 
i,U:1".UN/72/r:;tf,(2.,),<(2]),FUR,(2:),TF,ANS(2, ),ŪX(2_),CLPTH(:.1 ), 
1Rc.KU(1),,=:LKWO.,11,]K3(+1),DKW(-,1),Q3 (L1),Q(.J(,1) 
DFT=SD ;LTA -̀ 17FWW(Lī-il +)ELTA*DFWW(LI) 
USGP=GGP-DFT ̀lF ;4;, 
iF=1FIX (U:,GP) +1 
IF(TE.LT.1) GC TJ 11 
X1=USGP-FLUaT(IE-1) 
XL=X1*X1 
X3=X2~'X i 
S?=X2+X2+X2-X3-X3 
S1=1,-S3 
S4=(X3-X2)''0X(IE) 
S2=(X1-X2- X2+X3) 4JX (IEI 
ST=S1 SW(iE) +S2"OSW (Ic) +j;,*SW(IL+1) r:,1=+DS'y (IE-1) 
GC' TO 2.l 

10 ST =S:4(1) 
2t RETURN 

END 

SUE POLT IN= ASFI3V 
C0.1rON P0(41),P33L3( 1, i),Dr'0(21),DPC,OLC(21),W0,1),SWOLJ(4:.), 

1DSW (21),D:;W'iEO(21) ,331(5C•) ,G02 (21),cc5 (21),CUt. (21),A(16), 	 (4), 
LTITL = (3),3W0(2.G_),Dr-- W(2,C),SP(4,:;wa),X( 9,ii,),Y(9,_ ),FNX, 
3DVX,FVSW, CVSW 
CO"1rON/01/ P;.ESDA (3) , ;,03m(3) , ENDA (3) , V1 300A (3) , V ISWDA (3) , SW CA (3L) , 

1PCWDA(3v),^cr,KUJA(3:k),`<KW34(3 ),D KūDM(J('.),C KWOA(3,.),FWW(3..), 
2OFWW(7J),VW4(I),33WW(E-A,NUMPVT,NUMSW 
C;O ∎i ON/J2/An:,Af2;,),4 sC(2::),EUK(2..), īRANS(2, ),OX(2:,),DcFTHg-.V, 

1RcK0( 41), 	KW (+1),JK3(41),OKW(41),Cl(Lii),QW(41) 
CCMhOr:/03 /XI (j),WcIsHT(Ē),B(4,6) ,D5(4,t,) ,:;5(1.,5),DD(13,5) , 

1DOS (16, 5) , XX (.5) , 44(151, INUM 
CG:ih GN/94/ EOM*A., i3r1'1eH'1, QI NJ, CWīNJ, C CFP,OD, CWER00, DT,NOOLS, NMi , 
1POATU:1,DATUA,DElDS3,DE060,EPSP,EPSSW,CUN ,ITEPi,ITNAX,LTSĪLEF, 
EDPMAX,OGWr1AX,īN,I?,INJ,īPZOG,LUMF,LUF'ST,,.IC;PSW,LVAr.,USF,LrP,L3S, 
;,NELNU'-1,GRA 
DO 1 I=1, L 

1 A(I)=r:. J 
n.HS(1) 
RMNS(2)=..0 
DO 29 I=1, N`J1 
QF RAG=USF}QINJ'JT/'J<(I) 
11=I+1 
00 3 J=5,1.6 

3 A(J)= 00.3  
R,HS(3)=j. _ 
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=HS (4) 
X1=ūX (1) 

JX2=JX1"DX 1 
STP=SW( I) 
DO 4 1I=1,IUUX 
GGP=FLJ T (I-1)*XI(II) 

°VOL=:-02(1)'14 .I;HĪ (II)/CT . 

52=S (2,I1) 'GX1 
33=S (:::,II) 
SL-=S. (c.,1I ) 4.0X1 
91=DS(1,II )/9X1 
02=LS(=,ii) 
0.3 DS (?,11 )/0X1 
0L=DS(4,iI) 
F1=~S(1,::) 
F2=SS(e,II) DX1 
F3-=',.):3(3,11 ) 
F%-=SS (•:, i I l "`CX1 

II ) ` DX2 
F6=SS (',Ii ) 4- 0X1 
Fī =S:i- (7,11 );`CX2 
F6=SS(8,I1) 
F9=5S(-.11)JOX1 
F;. 1=SE( 	,Ii)`DX2 
21=S' 1- Pū(1)+52•JFJ(1.) 1-334-F0(II) tS4'10PO(I1) 
CPT=O1 4 N0(I)+024 DD)(1)t'D3•PC(I1)+jL CFO(I1) 
ST=:;1'SW(I)+SL'DSl'J(I) *334 SW(ī1)  
OST=i 1•āw•J(ī) +r'2 4 cs4(1 J3•SW (II )*DL°DSW(I1) 
Pr%cc E,;=?T +FC A TU`1 
CO 5 LI=1, NJr'FVT 
IF 	LT.F:<:S:JA(LI)) GO TO t) 
CONI U. 

6J=LTA=P:cSDA 	 (~I-1) 
(( J.:;/c.Dū4 (_I)) - (1. C/E0DA (LI- 1) ))/DELTA 

AD-3'r:1313=((S.._/:.WDA(LI))-(I.L/dWOA(Li-1)))/DELTA 
DELTA=(PP=S=F.-PN.ESC4 (._[-1) )/DELTA 
SŪELīA=1...-0z:LT4 
A,.U=SCT-LTA uuL4(_i-I)+DELTA*:ODµ(LI) 
Ac.W=SD=LTA 'WUA(_1-1) *)_LTA 43WDA (Li) 

VISO=SOtLT-k•`VIJJ4 (L1-1)+D_L T A'VISOGA (1I) 
A IISW=SJ~_ T..*VI, 4JA (_I-1) +DELTA 4 V1SWGA (LI) 
AOEt'O=uENO SC/AS J 
xO_r:w= J_rwSc,AEW 
Cu`1F=((1. -ST);a30FūD6)5P+ST*A&W*ADEWOP)tPVOL 
āT1=ST 
IF(ST.LT. .) `T=. 
IF(LUFST._O.L) GO TO 9 
GG TO (31L,321:,53:;),LUDST 

81 CONT INUE 
DO 921 LI=1, NUMSW 
ī F(ST.LĪ. SWJA (L:)) GO T] 922 

921 CUIJT2'•JU= 
922 DcLT=(_ST-34.10µ(_I-1))/(SWiJA(LI)-WDA(L-1)) 

SDELTA=1.-DELTA 
CALL UPTWT(ST,~I,J=LTA,SDELTA,OF'r;AG,GGP) 
GO TO (3211 

82C CONTINUE 
ST_=ST 
Sī=f3To 
STP=STE 
GO TO 92C 

630 ST=STP 
92ū CON TINU 

00 7 L I=1, NUNEW 
IF(ST.LT.SWOA (LI)) 30 TO 8 

7 CONTINUI 
6 DELT4=(cT-SWCA(LI-1l)/(SWDA(LI)-SWOA(LI-1)) 

SOEL TA=1. t. -DELTA 
A--RKC'=SOELTA}FFKJDa (LI-1) +GELīA -11 r.µ00A(ED 
A°.KrI=SDEL TA"- 1- KAD4(Lī-1)+0EL īN'•F.F.KWOA (L_) 
A D°COS=(PGWDA(Li)-':WD1(Lī-1))/(SWGA(LI)-SWDA(LI-1) ) 
TI=TmAN+Ar-,KO/J'=VI S3 
ī2=TRAN'AKKW/AVISAI 
T3=T2+AJ2GDS*CSī 
TL-=OEFT H(ī l* (T1*4)=V:)+12"40ENW) 
T5=11+TZ 
GO TC (Egu',6C1) LJV 

60G A(1)=A(1) -(DU (1,iI)/JX1) 4- T5-SS (1,Iil *CO:-1P 
T13=00(2,II) *T5+S(2,II) *DX14CONF 
A (2)=A(2) -T13 
A(3)=A(3) -T13 
A(5)=A(5)-(JC(3,iI)/DX1)*T5-SS(3,II) *CU1P 
4(6)=4(6) -JD (4,1I) *T5-S (4 .II) *0X1*COr•:P 
A (4) =A(=) -DD (~.II) 0 DX1FT5-SS (3,1I) 4-DX2*COMP 
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A(7)=a(7) -IL (6,_1- ) T5 -3S(61II)+DX14:0h, P 
-Ui. (7,1i) *DXi.*15-SS(7 ,111+E.X y .,U1H 

(17)=A (13)- 	 11)([3(3, 	/JX1) 4 T5-SS (d1 1 I)'Ou:IP 
(1 ,-)=4(--- 	 '`T5 -SS(9,II) 4DX1'CiiIP 
( 1b)=.i(1c)-L:.,(10,ih*0X1*TS-SS(1;:,II) `OX2~LUi1P 

T r =T4-T3 
2=CGAF4 (Fl 4-FūJLD(1.)+='-*GP(,JLE)(i)-rF3*P;)0L9( .1 '- )+PD`JPDDLJ(II) ) 

T13=O0•.,a4. ( F= 4 PC3_3(_) +=S +DP'JOLD(I) 	(ī1)+F7°Dr'L,CJ1...D(lī) } 
T1.4=C.uu*(17 *F=O,:.3(i)+=5:13n00L0(1)+Fc'0JULJ(Ii)+Fu =DPOOLD{!'1)) 
715= W!'==( 	 )+=7`9Pī,OLC(1)+F9rPūAY._9(11)+F-„ -̀ DPL:ULL(I1)) 

L.)-OS(1,1I)wT7-TIE 
;hS (2)=,'HS (c)-3S(E.II)rDX1 4 T7 -T1 
=.1-iS(a)= ,,.H3 (a) -DS(3, II) *T7-T14 
AHS (L.) ?11S(T) -DS(+.i1l 4 LX1?T7 -T15 
GO ,C j 

6[I. C3=>~VISN/AVISC 
:i=FT-5'ADA (_I-:) 

 (LI) 
?3=ST -SADA  
1i=SWnA(L1)-SNJ4 (_I+i) 
02=..diDa (LI +i) -S'WEA(_L-1l 
Q7=S(•PA(Li-1) -S4D4(_I1 
..1=-u2-..3/(02.,- 1.5) 
m2=-63-31/(03- 01) 
R::=-_1+'32/ (Q:'02) 
FT =1cl'FAfJ(Li -1)+-c'-F = WA:ī) +t.74.Fi,01(L i+1) 
GT ==1*GWW (LI-1) +R2*SWW(LI) += 3+GWW(LI+1) 
OFT=;. 
:iGī=C. 
IF(LIMPS4J. =Q, :) 33 1. 0 
OFT=SGCLTA'UFWW( L1-1) +D=LTA*OF'WW (LI) 
DGT=SO:LTA' DGWW (L1-1) +)=LT A "DG'AW (LI) 

635 GCNTIPU= 
::,T=5T1 
U:3=-T5*OPT -T; +T. 
T6= Tc4;4+GT'NGFC7)S 
T7=TP.AN -"O0T'•CST~AJ'25.3 
T.=(44071`61-,a9c('u}'3iPTH(1)' T RAN 
T := FVŪL"A :. 1d+A D3 40 D' (GO(i) - PCOL D(I)) +PVOL 
T1C=(UU-DJFT+T%*3GT -T7)'DX: 
DDI=CG(1,1I)/OX1 
A(1)=r (i) -SS (1, ii) `1- 9+3:*S1cTi..-001*T6 
ÚU1=00 (2, ī I) 
A (2)=6(2) -SS (21 II) *DX1FT9 +D1+S2-̀ T1L-CD1"T6 
A (3)=4(3) -S3 (2,II) *OXī *T9+ 32+;.;1'TiL-DG1 -̀ T6 
001=0C(3,iI) 
A(5)=A(5) -S ( .1I) *T9+D1+ -S3*T1::-G01*T6 

(9) =A(9) -S3 (39 II) =T9 *)3xSi'T1J-0D1' T6 
DDI=OD (-, II) 
A(6)=A(6)-S.J ( L,1I)`3X1,- T9+01zJ=,+Til -ū01-.T6 
A (11)=A (11)-5.A4, II) *U<1*T9+0Y+S1*T1G-J3'_'TE 
A (..)=A(+) - Ss (5, ii) *DX2FT9+02*S2'T.(.-DD  
ii01=t0(6,.1) 
Al7)=N(7) -SS (F,1I)a`3X1wTy+D2*S3+T1:- liC:"T6 
A (1')=A (1 .;)-S'S(b, II) *3<l+T9+03+S2+T1+:-J01+ 1.6 
001=00 (7, si)'- DXi 
A (3)=A(3) -mai (7,II) `CX2"T9+0 2*S4*T1',7-0014 T6 
A (12)=A (1L)-SS(7,īI) *T)(2*T9 +U1*~2*- 1C-OD1* T1 
A (1,7)=A (13)-SS( 	II) *TD+D3 *S3*T1G-30(8,īī) +T6 /OX1 
DO1=UD(`1,1I) 

(14)=A (14)-SS(9, II) *3X1*T9 +0 7. `34 4"T1C -DD1' TF. 
(1E)=A (15)-SE (9,1I) 4- 0(1*ī9+DL+S3`1- 1L -In1= T5 

A (16)=A(16)-S(1.i, II) *)X2*T9+34 *S4+ 1L -D7(:"1I) *DX:+T6 
T11=4UU -4 (FT-DFT`ST) +T 7►S7 +T8+(GT -DG T4 ST) 
T12=PVJL*(F1'SW3LD(L.)*= 2'5SWOLJ(I)+F3 SUOLD(I1)*F4"'DSWOLI(Ii) ) 
T1 3=PVOL" (F2"; WU_ L (I) += 5 "L SWOLO (i) +F 6'SWUL 0 (I ī) +F7*OS VJJL'O (I1) ) 
T14=P VOL` (F3+SWJLJ(1) += S +OSWGLD(I) +F8*3WUL0(I:) +F9 +CSW3LO (II) ) 
T15=PVJL` (F4 4'SW0~9(I) += 7"DSWOLD (1) +F 9-SWOLD(I:)+F1O`OS'AULC (11) ) 
cHS (1)=?HS (1) -D1*T1.ī-TL2 
R HS (2) =RHS (2) -3E1'111-T13 
RHS(3)=nHS(3)-03`T11-TL-

. HS(4)=RH3 (~) -0t*Til -TLī 
1 C 4'JTINUi 

GL. TO (29:],291) LJAR 
29;, $1(9)=A (5) 

(11)=A (6) 
A(1':)=A(7) 
A(1~ )=4(8) 
A(15)=A (:L-) 
RhS(1)=?t1S (1)-)3(1) -)W(I) 
GO TO 292 

291 RHS(1}=RHS (1)-Q'f1(II 
292 CALL THOMAS(I) 
29 CONīINUE 

RHS (I) =HS (1) -OW( V DDC3) 
IF(LV),R.cQ.1) iHS (1) =RiS(1) -DU (NODES ) 
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,,;ALL T Nur1AS(h(.D_S) 

V7v`'C)N ?n l41),P'1J_3( +11,JPO(21),DPOOLū(2.i) •::'r4(-,1),SkIOLt7(-rl), 
1,;sw(C1.),Dt“IJLC:(21), J:;i( 3:'), 	 .:05 (21) 	05(2i)•N(1~),4.H5( -). 
27I'LEC6), 	 .X 	(9.4),FVX, 

JVX, FVSW, JVSW 
COrIMON/JL /AsEA(_.,), ADS<(2t),PO;(2::),TrANS(2-),UX(2 ,J),D PTH(1), 

1-::KU (-1 ), Ī,r,K:J (4 ) , .:K:, (+I) , DKW (*1), CC (-1) ,QW(L1) 
0u" ON/)3/Xi(),d ISHT(5). S (4,6),DS(4.6),SStl,,),DQ(1',5), 

100S(1E- ,-) ,XX (1J),40)(11,INUN 
COM:ION/14/E3OMEAN,341LAN.QiNJ.CWINJ,COPROD,CWPr.00,0T,NODES,NM1, 

1PJA ī Ur•I, JG ī U.i, 	J(;SJ•J=V4SC,CPS.:.PSZW,CUNT,~TLR,ITMAX,L T ST =P, 
20E-AAX.93W 'AX,īN,I, NJ,iP..OD. LLIMP.LUPST • LIMPSW,LVA,USF,LrF,L, 
N=- NUrM, G?.,V 
1=.Iī E(I°,1) 
TDAYE=uU'IT/66- 	 , 
WNITE(I , 2) TCAYS 
4,1,-.īTL(I',3) 
SW1=SW(1) 
DU ;ICI_ I=1,'it".1 
3W2=SW(I+I) 
PPSI=(-'U(1 )+FDATJ1) 
DFS1=C?J(i )` 14.7' z;":, .43 
DSW..=CSW(_ ) 4'7.:.43 

f u1=Q0(I)  
OUi=QW(i) /1.6i- 
WPITE(Ic,5) I.P"SI,OPSL,SW1,DSWi,QO,QW1 
IF(;;E5(3W-3W1) 	03 TO 161. 
3 X1=OX (I) 
DO 5r J=1,IiU"1 
31=E (1,J) 
sa 	(2, )) '':X1 
33=S (:,J) 
S -r=3(+,J) .DXl 
D1= DS(1,J) /OXi 
02=G5 (2,J) 
03=US(3,J)/5X1 
U:=OS(-•,J) 
PPSI=(7,1'Pu(I )+52' )PD (I) +S?' PO (i+1)+SL'DPO (1+1)+PDATUM) `1-.7 
SSW=J1*~t11 +324~SW (i 1 +S3'3W 2+J4 Ū.`W (i +1 ) 
DF.3i= (JI*P0(I)+3E*JPD (►) +73 4'P0 (I+1) +5L*OP0 (T+1) )+14.7 4. 3„ 48 
DSWI=(Dl`Sfti+LL')SW(L)+J3•SW2+DY'DSW Ci  
WrIT=(I',51) FS1,JPSI,SSW,DSWI 

SC CONTiNUE 
18U Sw1=Sw2 
1Cū CONTINUE 

PSI (-'U(NOU =S) -aDA TU;1)'' I-. 7 
JP31=DPO(NODLS) `1+. 7 4'3:, .4.5 
DSWI=CSW(r;DDLI..S)+3~. +3 
QU1=U0 (,IUD _S) /1.5+ 
QW1=0W (,4ODS) /1.54 
W.I T E (Ir3 , `') r1G)=S, PPS1, DPSI, Sw I, GSWI .001,OW1 
IF(LPPINT. EQ.:r_) 	=TUi;J 
Wr:ITE (i °, %) Gw1NJ, ,GFr,DD• C WPROD, Lt ST EF 
T1= DA YS-„ 30 
IF(,—LS (T1 ).GT.u.Gi) K=TUR,J 
W=.ITE(7) TDAY3 
W ,: ITE (7) NOJES, (SW (i) , [ =1, NOD=S) 
WITE(7) (OSW (I) , I=1, 4J 0E5 ) 
RETURN 

1 FuRMAT(1H,j,12' (iH-) ) 
2 FOThiT(1H..,(HTii. =,=15.3,5H DAYS) 
3 FuRr AT (1HL,vHPGDE,^X,7 -110(PSI),4X,11HūPJ(P:ii/FT),13X,2HSW,7X,SHOW 

1 ( /FT) .G,X,'JHOO(T 9/)lQK. -(0W (STc/0)/) 
5 Fu tIA T (IX , I-+, F15. 2. 5F 15. 6 ) 

51 F01-.HAT (,X, iH',= ..S. 2, 3= 1.5.5 ) 
7 FO rAT(lH„-+X,15-!:.J1 v4 T 1NJ(STE),3X,17HCUM OIL P;;OD(ST.r),3X,17HCU 
1M WNT P;OD(3Tc.),1 X,1i-TI4E-ST=FS/lX,3.2L.41iaiu) 

END 
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APPENDIX 2.5 

2D PROGRAM 
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'17) rI'r-'.1 I ''"11"-L 	 .=:i-.= rUTB l1T • 
•T^ PE62=1t.;" 21) 

;Cr l'10•1  
  ' 	

1 3/ \1Y
,
,"Y,:J'-L=t+,:1=L';n ,,N: iU'1,L 11!•!P,LUP2T •14C0 .71O,t:1PM1,"nOF"1,4p)r), 	 T a,' 	 'o} 	P 1♦ur1)-s, 	 DlC•T_   

1 -•L`!ci ,Ff T , -;~u, ,UliĪO,L"t1r!T,IGFST,LT2T=P,0 ,t~+CLD.7U"T.nŪ~ 
7:1 0,Inx, 1 3lJ" ~x 

/NrTrT (17.: ),!"13YC 3 (2,:) , JCYr4 (2,4) ,NF:°ī (2e), C.J. FG (2, 76) 
1 "17L-Y ^ ( 21),"':X ( 13C),",!TX -'11 ,\=L="^ Z , , IrT N:"I,P1Tr~,^1T=:.C7, '1=_9''V,NC'OF (2~ 2, :) 
'-:V'1(:,,' _ 3) 	" LC; !T, TGF'3T, LTLr'1,CTLT" C 7PCT  

r),1 1 ) L ,^tIT • IGF ST, LT1 :"1,  TLI , CTFCT i_ --L -•.•ICTF_T 
: rc, EX (1) 

T F(LC:" t T •I1_• ) :ALL G';'IT'L(_) 
TF(LC )'IT• =')T2) ,('s 7n to 

LL '''\IH(L.LT', ,C.T L T., ) 
G1 70 71 

10 CALL GC'1-"L(2) 2+? - =̀ (LC11'- •:1 =••_) CALL CC'ITP.L(3) 
LL : Fr:=X(2) 

in 0 F('11'( 	2F1 .1.1 
1 1P FrIP'+A-(1.14',3T• , 2Fi_;,.L) 

1L1CK "LATA 
37 191) !!'' _2/OY (L , 31 ) ,n'~X (L , 3,1) ,'.I(X (L , 3, 1), 4ICCX (Li, -:,1) ,WCCY (1~ , `, : ) 

2) ,10nX(1.?' 7,1)•!I1
)l.L~(1F~, ,1),S(1 ∎̀:•1),7( f~),CS( 4•7) ♦S1( 3,2),S2(•2• 

C.n•Ign 1/ 1 3/NY,tJY,N L̀=PI,t1=L\IO 	1'1U"•LtI P,LUPST• NODE 10,"1[):11 •t:OnFN1, 
1 1011-10 ,T r, ,7 8, I9 ,'11OF = , ,JX1,NY10J00=S,NGGFT,NFOW, N?1W2,T3C,~', 211011 , 1'11,! ' ,AP, cCT, NSW, =1UNIū,LCONT,IGFS_,L TST ;r,7r,DTr1L fl,C 	,GU(', 3"17- '1AX • 171'J" AX 

C:1:I"0011/ 1 '/`ICDS,tNCA?r,TPD(5),1)T1N(!=) • DT'1X(F),T?'X(5),TTh'(5),IFT(5) , 
171G(7),=T^ (5),ī?RINT,L7'.INT,KFRINT, 5T"T l,1T'A AX, 'P'_i_LT,Tr4'Y:,T"EXT , 
271-'2-NI-,'•:T'Lr)-,I3l1; z cP SP ,Fr'S''1,I, ITm4.X,Lr''=,ITSUM,LS',-LI'4 

/N'L2T (1=' ),?'CYC1(2,.- )•"(- Yr_4(2,L) •n'r -Ewl(29),:.d1.":(2, ;6) • 1 .171 I-Yn  (75) , "lI X (13'7) • tIIX t1!1 , 'SEL =+1Z, t:nT F'~ lltd TTF.'dTF =CT IJ= LDT V,N DŪF (2 2, 5) 
1CTA ( PL'1T(I ),T=1 1 3f) /2, 1 7 ,1 3,C,L•0.7.1. 4 ,L•L,3, 3,3, 44 , :,C. 2'1,41, -;7, 77', Fc , )R,11-1,125 ,1371 

22.1,2•'•2 .4,2,4 • 3 , 2_•3,1• 7 •1.2.3,?•7,5.8.3,8,7•6•',5,47'_,4,1,2.3,4, 
;,=2,4712_,:.1.1!", 0 •• ,̀ 7 9,7,5,1,2,1,2,2, 2,3, 2,3, 1,3, 1,2,  t4.6 ••6 • 4 •1 • 14 •1,2,3,4,'-, 4,7•q,1~•',1C,8,5•1,2,1,2,2,2,L•2t 1+,3,2,3,1, ',2, 4,2,4 • 7 • 2, .ī ,1/ ,11n0F/7• L-• Z 7Q, 4 ,12,2.3r3.6•~,1C'4,16•T • 9/, 6;1CV1;4 / ?•L ,3,17L,2, 1,3/0CYC7/2,3,'•11 1, 2/ 

'1ATA S.,f2•f1GG
•,24,.) •,l:•,7,/,(72/~•72•71•,1 	•,2•,40,5.7 7]•/0•120•,y •• 

1',/ t 	71/ 1 5C)•, '22•• ,̀1.•1 iT ••'~•♦ 	?•• -7 • 11r:6. 	22.♦4 • , 21 C . ,Z7 ••_ •,C •• 
?r ., .., i., ?1'••-3G.,7./,0IJ`'T/:;./,TRAYS/l./,', 7t•'4X/(7:./,DS'tV- AX/"./, 
3LPTTt1"7 1/, LTST=p/ 3/,LST/1/, LLTM/2/,`JCAR^/~/, KDPINT/1/,K7SLGT/r / 
4, nTnL'1/::.1,.`lf' !:U/2/ 
='ID 

SUBROUTINE PsMAx 
COHt10N ?U(15C),P01(15('),SW(1Fu),SW1(150),SWIT(150),V(50),NGL(5,16) 

1,L1(50),A(320C),I3X10(65),NDUNP(10,3) 
COINON/t13/ NIX ,tlY,NELEM,NELNO,NELN,UM,LUHP,LUPST,NODE1D, N1DM1,NDCFN1, 

1NDOFN,NDOF1D,I6,I8,I9,NDOFE,NX1,NY1,NOOE.S,NDOFT,NPOW,N?0W2,I3:`,M, 
2NM,NM,'1(11,LVAK,FCT,NSW,RUNIO,LCONT,IGFST,LTSTEP,IIT,OTOLD,~ UmT,DUM, 
3DPMAX,DSWMAX 
DPMAX=0. 
DSWMAX=O. 
J=1-NDOFt1 
DO 15 ==1,NODES 
J=J+NDOFN 
J1=J 
DIFF=ABS(PO(J1)-P01(J1)) 
IF(DPMAX.LT.DIFF) DPMAX=DIFF 
RIFF=ABS(SW(J)-SWi(J)) 
IF(DSWMAX.LT.DIFF) DSWMAX=DIFF 

15 CONTINUE 
DO 192 J=1,NDOFT 
P01(J)=P0(J) 
SW1(J)=SW(J) 

192 CONTINUE 
RETURN 
END 
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.3U3R0UTfil;E Y!AItl (L T LIM F CTLI ') 	c 
COMMON a0(

A 
,L ),P01(15:),SW(15''),SW1(1~.;),SW.T(1~.),V(5_),NGL( ~,16) 

1,L1(50 ,A (32:: ),IDX1C (65) , NOUP(1C1,3) 
COi1MOrI/.13/NX,NY,N=LEM, N LNO,r)FLNU'A,LUMP,LUPST,N3DE1D,t)1GM1,NOOFi:1, 

1NOOFt1,NOCF10,16,I8,I9,NOOFE,NX1,NY10i70ES,NOuFT,NU'r1, Piq.CW2,I3r,+', 
2 I,1,'IN, M,11, LVA r , FCT, NSW, <UNI!), LCONT,IGFST,L TST= P, DT, fTOLD, LU"T,i1UM, 
3 0PHAX , DSWM AX 
COMMON/17/NCOS,NCARO,TPD(5),DTMN(F),DTAX( l,T.X(P),GT'(r)JFY (F) , 
1I3G(5),ITS(5),I?RINT,LPF.INT,KPP.INT,OTMIN,CTAX,TPD_LT,TDAVS,T ~ EXT, 
2TPF:INT, KTPLCT, IEUG, =PSP,_PSSW, IT11AX, LC_, I T SUM, LST, LLI •r1 
CALL UPINmS(1C,IDX1:.,61,L ) 
CALL SECOND(TC) 
LTS IEN=+) 
IF(IGFST.:o,O) G0 TO 20C 
CALL T N002 P 
CALL NATBAL(1) 

3 NCARD='ICARO+1 
TPDELT=TPD (t1CA?O) 
JTMI)I=7Tr1N (NCA ~O) 
OT ?fAX=7Tt1X (NCARO) 
TNEXT=TrIX(NCARO) 
ITMAX=ITt1(NCARD) 
IPRINT=IPT (NCARD) 
IBUG= I3G(NCARD) 
ITSUi1=ITS (NCA 1'D) +'r• r• 	T 	- n r ♦ L. 	- 

F(LTSTZP. EQ. C) DT=DTMI N 
10 TDAYS=TDAYS+TPDELT 

TOIFF=TUEXT-TDAYS 
IF(TDIFF.LT.1.E-1C) GO TO 5 
TPRINT=TDAYS"864 G . 
LCE=0 
GO TO 6 

5 TPRīNT=TrICXT486400, 
LCE=1 

6 TDIFF=TPRINT-CUMT 
IF(DT.LT.TDIFF) GO TO 7 
OU'I=OT 
JT=TDIFF 
LPRINT=1 

7 CONTINUE  
00 8 ITER1,ITMAX 
JO 939 LVAR=LST,LLIM 
IF(LVAR.EO.1) CALL MATBAL(2) 
CALL ?ATES 
CALL ASEt1ciL 
£F(LVAR.NE.1) GO TO 940 
CALL r1ATBAL (3) 
IF(KPF;INT.EO.0) GO TO 960 
CALL " IIIT (1) 
KPRINT=O 

960 IF(KT'LOT. E!). C) GO TO 9+C 
CALL T'LOT(1) 
KTPLOT=0 
IF(LCI'IT.NE.1) GO TO 94S 
r2 WINO 7 
CALL GCrITRL(2) 
2=WIN'1 7 

940 CONTINUE 
CALL DACSUB 

939 CONTINUE 
1F(ITSUM.EQ.1) CALL PRINT(0) 

8 CONTINUE 
OTOLD=UT 
CUi1T= CUNT+OT 
LTSTEP=LTSTEP+1 
LTSNE.J=LTSNEW+1 
CALL PS'IAX 
CALL S_CONO(T1) TD1_71 TO 

IF(TD1.LT.CTLIM.AND.LTSNEW.LT.LTLIM) GO TO 2L 
300 CALL TaLOT (2) 	• 

CALL CL`)SMS(1C ) 
RETURN 

200 CONTINUE 
IF(IPRINT.EQ.1.O?.LPRINT.EQ.1) KPPINT=1 
IF(IE3UG.E(1.G) GO TO 11 
WRITE (6,9) CUMT,DT,DPMAX,OSWMAX,ITMAX 

il IF(LPRI:JT.E0.1) GO TO 12 
CALL NEWOT (DT, DTMAX,EPSP, EPSSW,OPMAX, DSWMAX) 
GO TO 6 

12 DT=DUi1 



-274- 

LPPINT 
KTPLOT=1 
IF(LCE.;IE.1) GO TO 10 
GO TO 3 

9 FO?NAT (1HC , 4E15 .4, I5/ ) 
END 

SUBROUT:NE ELVEC(JJ,I7) 
COMMON P0(15C),P01(15C),SW(15C),SW1(15O),SW' T(150),N(5 ),NGE(16) 

1,L1(5, ),A(320 ),IDX1C(65),NDUfP(1C,3) 
COMMON/1/Z1(10,19),Z7(10,11),Z3(16,1'),Z'- (1U,1E),Z5(4.=).ZA(1C), 
1ZB(10),ZO (1r),ZF(L6),ZX(4),ZY(4),CT(L),UCT(),PA1(2,3.3),DPA1 (2,3. 
23),SA1(2,3,3),DSAi(2,3,3),EP(=:,2,3),ES(4,2,3) 
COMMON/d3/NX, NY, N-L= M, NELNO, N= LNUN, LUMP, LiPST, NODE 1D0110N1, NDC FN 1, 

1NDOFN, NOOF1O, I6, I8, Ī9, NOOFE, NX1, NY1, NODES, NOOF T, NFOW, N-tOW2, I3 •:: ,M, 
2,1M,NH, (N1.,LVAP,FCT,NSW,RUNIO,LCONT,IGFST,_TSTEP,DT,DTDLD,CU, T,DU t , 
3DPMAX,OSW`1AX 
D0 110 I3=I', NOD EI D 
I10=(I3-1)4NDOFN+1-NDOF1D 
15=0 
DO 111 12=1,NODEID 
I10=I10+NDOF1O 
I1=NGL(JJ, I10) -1 
DO 112 I6=1,NDOFNI 
15=1_5+1 
DO 113 I4=1,NDOFNI 
I1=11+1 
E°(15,14,13)=P0(I1) 

113 ES(I5,I4,I3)=SW(I1) 
112 CONTINUE 
111 CONTI`UE 
110 CONTINUE 

RETUP. 4 
END 

SUBROUTINE PATES 
CON'1ON PO(150),PO1(15n),SW(15C),SW1(150),SWIT(15O),V(5u),NG_(5,1 6) 

1,L1(50) ,A (3200) ,I0X10 (65) ,NDUt1P(10,3) 
C IMOA/A3/Nx,NY,NELEM,NEL;IO,NTLNUN,LUMP,LUPST,NjDE1O, N1C1,NODFNI, 

1J(DOFN,'10O F17, -5, I8, I9, N0OFE, NXi, NY1, NODES, Nnow T,NkOW, N-:0W2 , ī 3' 0 , 
2r11,101,.1 I1,LVAR,FCT,NSW,RUNIC,LCONT,IGFS T,LTST_P,DT,DTOLC,CUMT,DUM, 
3DPMAX,DSWNAX 

OMMON/'16/NWFIX,LWF(5),HwELS,LW=L(1C,2),CWEL(1.,2),OLImu ),Q0(10) 
1,OW(10),QOP(1C),(1WR(1C),WCUT(1?),DFWDSW(iL),WIB(25) 
COMMON /;18/POATurl, DATUm, SwCO, HT , POP ,A KX, AKY , VC, Vw, V3, V4; V5, ACPCOS, 

13ON,BWA, Cn,CW, DENOSC, DtNb1SC, GPA V 
DO 40 I4=2,(JWELS 
I1=LWEL(I4,1) 
I2=(LWEL(I4,2)-1)"NDOFN+1 
PT=PO(T2) 
CALL 2̀VT (PT,PDATUP1,CO,CW,EO,,;W, 3OM,5WN) 
GO TO (13,20),I1 

20 QTOT=QLI11(IL)"3t-I/±_~WM 
O0R(I4)=0. 
QWR(I4) =OTOT 
OFWDSW(I4)=0. 
GO TO 30 

10 ST=SW(I2) 
IF(ST.GT.1.) ST=1. 
IF(ST.LT.0.) ST=O. 
S0=1.-ST 
CALL Sl_IFUN (ST,SO,VO,VW,V3,V4,V5,SD,TO,TW,FW, DFW,DTW,AOPCD5,1) 
F0=1.-FW 
X1=OLI,1 (T4 )/ ((FO' OM/BO)+ (FWABW'")/[3W) ) 
OFWDS'4(I4) =OFW 
QOR(IL) =-F0"X1 
OWR(I4) =-FW"X1 
OTOT=QOR (I4) +QWR(I4) 

30 Q0 (I4) =')ŪR (I4) / (Cflx1.84) 
QW(I4)=QWR(IL)/(EW'1.84) 
WCUT(I4)=0W(I4)/(O0 (I4)+OW(I4) ) 

40 CONTINUE 
RETURN 
NO 



-275- 

SUDROOTIME "ATSAL (TPOS ) 
CO'I'1ON/;13/NX,r, Y,tiE LEFT,NELNO,1- ELNUN,LUXP,LUPST,NODE1D,`J1Ū+i,N[UF'J1, 

1NDOFI, N10Fin, T,I8, I9, NOOFF, NX1,NY 1, NODES, NDOT, NROW, NT GW2, 13 C .M, 
2;it•':,'It1,i1.'11,LVAP,FCT,NSW,RUNID,LCONT,IGFST ,LTSTEP,UT,iJTOLD,CUPT,DU"', 
3O »1AX, I 1J•1AX 
CV'1'1Oi/ 15/NTOT,NTOT1,NELIM, NELI11,NREF,INUN,GS (7) ,WW(3) ,I:B,LB (2C), 

1I3S,LL3S(5),IFX,LFX(5),I'WPI,LWPI(5,4),DL(ic,2),LT1,DLI (1),\/OL(1), 
2LXX,LYY,LXY(1: ,2),LY(1!)) 

CO,P1O;J/16/AWFIX,L4F(5),NWELS,LWEL(1' ,2),CWEL(10,2),PLI+(1"),QC(1C) 
1,OW(10),Q0k(i^),OWR(1C1),WCUT(i'.:),DFl4DSW(1 ),W.13(25) 

CO' NON/I8/°JATNM,DATUM,.SWCC,NT,POR,r KX,AKY, J0, VW, V3,VL, V5, ADpCDS, 
1DuA,BW'1,CO3Ct•J, DENO SC, DENWSC,GR AV 
GO TO (5,60,7 0),TPOS 

50 DO IC :=1,2C 
10 t4`IB()=C. 

DO ?5  1 =1, NY 
IA=LXY(II,2) 
DO 30 JJ=1,NX 
J=LXY (JJ, 1) 
IEL1=(IA-1)4LXX+J 
WND(i)=W;lC'(i)+VOL(IEL1) *POR*(1.-SWCC)/DOM 
tIMn(2)=WM9 (2) +VOL(IYL1)'pORYSWCC/BW•'1 

30 OrIB(3)=WN3(3)+VOL(IEL1)`POR 
25 COtITTNN7  

RETURN 
60 DO 110 T-=•-, 

110 wr3 (I) =0 . 
DO 80 I=1, NWELS 
I1=LWSEL (I, 1) +1 

90 WHO (L) =Wt' 3 (4) -[it) (1 ) 
A(13(5)=t1MB (5)-fW(I) 
GO TO 82 

1[1.0 WMB (6) =C . 
W;1O(7)=WHA(7)+Ot'I(T) 

80 CONTINUE 
RETURN 

7') JT1=OTOLD/854C0. 
DO 40 T=8,11 

LO dMB(I)=Wr1P(I)+W'16(I-L)"DT1 
FACT=I.8L*864G0. 
t l0(14)=N13(I)+FACT"(W`R(12)-WiB(61)-W`1B(12))/W1B13) 
tJ'43(15) = (W 1t3(2) +FACT" (W`i9 (11) -WMB (9)) -WN16(13))/WME (3) 
SU (=W,t1(L.) +WMP(5) 
IF(SU'1.GT.1.E-06) WME(16) =WN8(5) /SU1 
StJ!1=Wi3(8)+WMR(9) 
IF(SUN.GT .1.E-C6) WM9 (17) =Wi8 (9) /SUM 
W W1(1'3) =ld0G11*EACT*3WN/WMB(3) 
4 3(1J) =WMO(8) *FA;,T"BOH/WMB (3) 
RETUR•'J 
END 

SUBROUTINE SWFUN(ST,SO,V0,VW,V3,V4,V5,SD,TO,TW,FW,OFW,DTW,V6,IFW) 
FD=.7234 
S0=.4472 
TO=SO*SO*V3 
X1=ST*V4 
TW=ST"X1 
OTW=XI+X1 
TTOT=TO+TW 
C1=V4/(TO+TW) 
F W=ST"ST*C i 
DFW=2.1'1/5"SO*5T`C1*C1 
DTW=0. 
IF(ST.GT.SD) FETU?N 
DFW=FD/SO 
FW=OFW'ST 
DTW=OFW'* (3."ST *ST* (V3+V4) + (1.- 4. *ST) ¥V3) 
TW=TTOT"FW 
TO=TTOT-TW 
DTW=0. 
RETURN 
ENn 

SUBROUTINE PVT(PN,PI,CO,CW,80,9W,B0",EWM) 
DELP=PI-PN 
30=B0H» (1.+CO*DELP ) 
t3W=BWNx(1.+CW*DELP) 
RETURN 
END 
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SU'3ROUTINE ELOATA 
COMMON/;13/NX,NY,NELEM, NELNO,NELNUM,LUMP,LUPST, NODE1C, N1DM1 ,NDOFN1. 
1NDOFN,NDOF1D,'6,I8,I9,NDOFE,NX1,NY1,NODES,NOOFT,NROW,NRCW2,I3 0, 
2,T1M, NM, ;111, LVAP, ECT, NSW, RUNI D, LCONT, IGFST,L TSTEP, DT, CTOL D, CUNT , Our, 
3DP'IAX,DSWMAX 
Ci MON/M5/NTOT,NTO'1,NELIM,NELIM1,NREF,INUM,GS(3),WW(3),I,LE (2G), 

11DS,L3S(5) ,IFX,LFX(5),IWPI,LWFI(5,4), DL(1:.,2),LT1, DLi (1),VCL(1), 
2LXX,LYY,LXY(1r,2),LY(10) 
COMi1ON/18/PDATUM,UA T UN, SWCC,HT,POR,AKX,AKY,VO, V'W, V3,V., V5, AUPī.DS, 

13OM,BW`1,CO,CW, OENDSC, DENWSC, GRAV 
I2=FJX 
DO 816 I1=1,2 
LL=1 
DO 811 1=1,12 
DO 812 J=1,LL 
DIFF=OL(I,I1)-DL(J,I1) 
IF(ABS(DIFF).LT.i.E-06) GO TO 814 

812 CONTINUE 
LL=LL+i 
DL(LL,II)=DL(I,I1) 
LXY(I,I1)=LL 
GO TO 811 

ei4 LXY(I,I1)=J 
811 CONTINUE 

I F(I1. EO. 1) LXX=LL 
810 I2=NY 

LYY=LL 
DO 815 I=1,LXX 

815 DL1(I)=DL(I,1) 
LTI=LXX 
DO 816 I=1,LYY 
DO 817 J=1,LT1 
DIFF=DL(I,2)-DL1(J) 
IF(AEfS(i)IFF).LT.1.E-06) GO TO 818 

817 CONTI UUr 
LT1=LT1+1 
DLI(LTI)=0L(I,2) 
LY(I)=LT1 
GO TO 816 

818 LY(I)=J 
816 CONTINUE 

DO 819 I=1,LT1 
819 DLi(I)=0L1 (I)&3C.y8 

DO 775 II=1,LYY 

i=LY( I) 
DO 776 J=1,LXX 
1EL=(1I-i)"LXX+J 

776 VOL(IEL)=HT*DL1(I)"DL1(J) 
775 CONTINUE 

WRITE(6,1000) (LXY(I,1),I=1,NX) 
WRITE(6,1000) (LXY(I,2),I=1,NY) 
WFITE(6,1000) (LY(I),I=1,LYY) 
WRITE(6,1010) (0L1(i),I=1,LT1) 
RETURN 

1000 FORMAT(iHf7,16I8) 
1010 FORMAT(IH0,10F13.4) 

END 

SUBROUTINE NEWOT(DT,DTMAX,EPSP,EPSSW,DPNAX,CSWMAX) 
iF(OPPIAX.LT.1. E-05) DPMAX=1,E- ±6 
iF(DS4NAX.LT.1.E-G6) OSWMAX=1._-C6 
R1=EPSP/DPMAX 
R2=EPSSW/DSWMAX 
RATIO=AMIN1(R1,2,2.) 
OT=DT`RATIO 
IF(OT.GT.DTMAX) DT=DTMAX 
RETURN 
END 
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SODROUTINE POINT (IPOS) 
C01M01 P0(10),P01(154:),SW(15;),SW1G77LSWIT(15:),V(5C),F;G! ( 	 1E;) 

1.,L1(5J),A (3?0C),IDX1C (62) ,NDUt:p(1C,3) 
t:Ot11ON/•13/NX,NY,NELEM.NEEND.N±L IUM,LUMP,LUPST,NODE10,N10;11,Nf ('FN1, 

11JDOFN,i1DOF1D,I6,ItS,I9,N9OFE,NXI,NY1,NOSES,NLCFT,NOW,N C'W2,I3r',';, 
2AM,NM,i1"11,LVA=,FCT,NSW,ANIf),LCONT,IGFST,:TST=P,DT,DTOLO,CU'.T,DU t , 
3JPNAX,JSWr'AX 

ONMON/16/NWFIX,LWF(E),NWELS,LWEL(1C, 2),CWEL (10,2),OLI1(1,:),(10(1C) 
1,nW(1..'),QOR(1: ),Q'r)R(1),WCUT(1)) ,DFw0SW(10),W''B(25) 
CUitNt)1/18/PDATU.1,UATO;1,SWCC,HT,POF,AKX,AKY, V0, VW, V3,V-, V5, ACPCDS, 

1d0'4,8 NIC0,CW,0=UUSC, r1EEAWSC,G~ AV 
OI:1EN3It)N F0(L),FS(L),P°SI(21) 
DATA FP/14.7,448c.5.6,-4;35,136567468,8/,FS/1.,3,,46.,::=4F.,., 

13290324./ 
WKITE(6,1') 
C1=CUNT/36400. 
WP. E(ū,2ū) C1.,WHB(18),WtiL.(19),LTSTEP,RUNIO 
DO 75 I=1,21 

75 PPSI(1)=0. 
00 77 1 2=1,2 
DO 100 I=1,NOOFN 
X1= 

X1=PDATI)M 
I1=(I2-1)4 4+I 
GO TO (70,71,72,73,90,91,92,93),I1 

70 WRITE(6,1) 
GO TO 2J0 

71 WRITE(6,2) 
GO TO 230 

72 WRITE(6,3) 
GO TO 200 

73 WRITE (6,4) 
GO TO 200 

90 WRITE(6 5) 
GO TO '0 

91 WRITE(6,6) 
GO TO 210 

92 WRITE(6,7) 
GO TO 230 

93 WRITE(6,8) 
2C0 NX2=1 

NX3=15 
202 NX3=t11't0 (tlXl,UX3) 

IST1= (NX2-1) ¥NDOFN+I-NROW 
DQ 3C1 J=1,NY1 
IST1=I3T1+NPOW 
IST=I ST1-NOOFN 
NX4=NX3+1-NX2 
DO 3E2 K=1,NX4 
IST=IST+NDOFN 
IF(I2.=Q.1) PPSI(K)=(P0(IST)+X1)"FP(I) 

;F(I .+-(4.2) PPSI(K)=SW(IST)4FS(I) 
3(2 uOtJTiclŪ_ 

iF(I2._1.1) WP.ITE(6,81) (PPSI(K),K=1,NX4) 
IF(I2. =r).2) WPITE(602) (PPSI (K),K=1, NXL) 

301 CONTI!NUE 
IF(NX3._(1.NX1) GO TO 204 
WRITE(6,83) 
NX2=NX3+1 
NX3=NX 3+15 
GO TO 202 

204 COtNTI+NUJE 
100 CONTItJT 
77 CONTINU= 

IF(IPJS.E(1.0.0R.NWELS.E9.1) GO TO 140 
WFITE(6,120) 

120 FORHAT(1H0,6X,4HWELL,6X,4HTYPE,6X14HNOOE,5X,15HOIL RATE(STr/D),3X, 
117IiWAT E? F ATE (STū/D) ,11X, 9HWAT _R CUT) 
DO 130 I=2,NWELS 
I1=I-1 
I2=LWIL(I,2) 
X1=1HP 
IF(LWEL(I,1).E(.2) X1=1HI 
WRITE(6,160) I1,X1,12,Q0(I),0W(I),WCUT(I) 

130 CONTINUE 
WRITE(6,170) WN3(L),WMB(5),W16(16) 
WRITE(6,180) WM3(6),WMB(7) 
WRITE(6,190) WMB(8),WMB(9),Wt1B(17) 
WRITE(6,220) WM3(13),WM9(11) 
WPITE(6,210) WM3(14),Wt15(15) 

140 WRITE(6,10) 
RETURN 
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1 FOP11AT(1H0,7HPO(PSi)/) 
2 FORMAT(1H0,1LHOPX(PSI/10CFT)/) 
3 FORt1A7(1H6„14HDPY(FSI/1]3FT)/) 
4 FORMAT(11-13,23H02P/OXOY(PSI/1i0DCSQFT)/) 
5 FORi1AT (1HC,2HSW/) 
6 FORMAT (1H0,11HDSX(/ 17OFT) /) 
7 FOP.MAT(1HJ,11HDSY(/10FT)/) 
8 FO?MAT(1H+J,2CHD2S/DXOY(/1003CSOFT)/) 

10 FOR'1AT (1HC ,135 (1H-) ) 
20 FORMA; (±H^ ,12HTIME (SAYS) =, F13 .4, 3X, 13HPV INJECTED =, F1 0. , 2X . 13NP 

iV PRODUCED =,F1j.6,2X,12HTIAE-STEPS =,I10,3X,OH-UI 10.=,A1C) 
81 FORHA T (_H ,15F9.2) 
82 FORMAT, (1H ,15F9.5) 
E3 FORMAT(1H0) 
160 FJP,MAT(1H),I1,9X,A1,I1 _,2F21-2.3,F2r.5) 
170 FORMAT(1HC,8X,22HTDTAL PROD RATE(STi_/D),2F2C.3,F2C.5) 
180 FORiAT(1HC,9X,21HTOTAL INJ PAT_(STB/D),2F2C.3) 
190 FOP? 1AT(iHi;,15X,2011:;UMULATIVE PROO(STB),2E2O.6•F20.5) 
220 FU7'1AT(1Hri,1'_X,2CHCUMULATIV_ INJ(STcj),2E2.6) 
210 FORMAT (1HO, 14X,16Hr1ATERIA L 6ALNNCE,2E20.6) 

END 

SUOROOTIW E CUFISTR 
CO 110A ''0(150 ),1301 ( 15O),SW (15~),SW1(15.)),SWIT(150),V(5;:),NGL( 5r 1F) 

1,L1(57),A(320C),I3X10(65),NOUMP(10,3) 
;,J'1MON/13/NX, NY,NELEN, NELHO,NELNUM,LUM0,LUPST,NODE1D,N1DM1.NOC'FN1, 
1NDOFN, JJUF10,I6rI8,I9,NOOFE,NX1,NYI,NODES,NDOFT,NROW,NROW2,I3C,M, 
21M,I1;1, 111,LIA ,FCT,NSW,UNID,LCONT,IGFST,LTSTEP,DT,OTOLD,GU>1T,DUM, 
30P}IAX,_1SWMAX 
CO'IMON/;1F/NTOT, NTOT1, NELIM, NE LIr11, NPEF, iNUM, GS (3) , WW (3) ,I B,LB (2C) , 

1IBS,L'3S(5),IFX,LFX(5),iWPI,LWFI(5,4),DL(1L,2),LT1,OL1(1),VCL(1), 

21t XX LYY,LXY (C,2),LY (iO ) 
~t11~1UJ/1 /iJ'rl IX,LW (5),rJWELS,LWr.L(1,3,2),CWEL(1LL,2),0LIM(1_),QO(10) 

1?0;J(iu),00R(1i.),OWP,(iC),WCUT(IC),OFWDSW(10),C1 B(25) 

iF(LV i .EQ.2) GO TO 105 
I5=M 
I2=Li( :JTOT 1) -1 

C 
C 	PRE3SU-1E MATRIX IS SYMMETPIC. 
C 

DO 106 I4=1,I2 
15=15+1 

106 A(I5)=A(I4) 
C 
C 	 FIXED PRESSURES FOR INCJ'1°RESSIPLE FLCW. 
C 

IF(IFX. E0.1) GO TO 110 
DO 103 I4=2,IFX 
I5=LFX(I4)+MM 

108 A(I5)=A(I5)+.1E+99 
GO TO 110 

C 	 .SATURATION GRADIENTS AT WELLS SET TO ZEKO. APPLIES ONLY TO HEP.M1TE 
C 

105 iF(IBS . E0.1) GO TO 110 
DO 112 I4=2,IES 
ī 5=LBS (I4) +MM 

112 A(I5)=•\(I5)+.1E+99 
C 
C 	 WELL RATES (PROD./INJ.) 
C 

110 IF(IW 1I.r(1.1) GO TO 118 
D0 804 K=2, IWPI 
I1=LW'I (K, 1) 
I3=LW?I(K,3) 
I4=LWPI (K, 4) 
15=13+ 11 
V (I3)= V(I3)+0WR(I4)+FCT*OOR(I4) 
IF(LVMR.EQ.2.ANO.Ii.EO.1) A (I5 ) = A (I5)-OFWDSW(_4)#(00R(I4 )+iWR(I-.)) 

804 CONTINUE 
C 
C 	 30UNDAY DEPIVATIUES SET TO ZERO. (FOP HERMITES ONLY.) 
C 

118 I F (I B . E0 .1) GO TO 122 
DO 124 14=2,IB 
I5=LB(_4)+,IM 

124 A(I5)=A(I51+.1E+99 
122 RETURN 

ENO 
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SU3ROI)TIME TAFJWIT 
001101 PO(iFL),R01(153),SW(15:),SW1(15.3),SWIT(1F,=),V(5l:),NGL(t;,16) 

1,L1(51) ,A (32:,:) ,iDX10 (65) ,NOUP(10,3) 
CO' MON/A3/NX, NY,NELEM, N-7LNO, NELNUM,LUMP, LUPST, NODE1D, N1GM1, MC jRN1, 

lADOFH,NOOF1f1 I6,I8,I9,NOOF=,NXI,NY1,N001S,NCCFT,NROW.NR W2,I3:,", 
2;$1,1i:1, 1'11,LVMP,FCT,NSW, ZUNI'L,LCONT,IGFSī,LTSTEP,Dī,DTOLO,CUMT,DUr, 
3DP9AX,DSWMAX 
„0l0'1/ 15/ NTOT, NTOT1, NEL IM, NEL IM1, NREF, I NUM, G5 (5) , WW( 3) , īLL , Lt, (2+i) , 
1I5S,LR3(5),IFX,LFY(5),IWPI,LWPI(5,4),nL(1;;,2),LTi,GL1(1),VCL(1), 
2LXX,LYY,LXY(19,2),LY(19) 

:1=0 
DO 851 1=1,IY 
I5 
R.EF= (T_-1) -"liO "V4"IP0W 
DJ 852 J=1,NX 
Ki=NPEF+(J-1)4.N10,I1 4- NDOFN 
I3=0 
DO 806 I2=1,NOD_ID 
DO 802 11=1,130  
13=13+1 

802 NGL(J,I3)=K1+I1 
806 r<1=K1+,IROW 
852 CONTINUE 

DO 860 I1=1,NODE10 
JSET=1 
īF(I1.GT.1) JSET=0 
IF(Ii..E0.NO9E1D.AND.I.LT.NY) JSET=1 

C 
DO 862 I2=1,NX 
IF(JSET.E0.1) NP=NROW2 
132=H1011 
IF(I2.:9.NX) I32=NODEID 

DO 87 0 i4= 1,NOQFN 
I5=15+1 
AR=NR-1 

870 L1(I5)=NP. 
868 CONTINUE 
862 CONTINUE  
860 CONTINUE 

C 
T1=L1 (1) 
L1(1)=1 
DO 97 J=2,15 
I2=L1 (,I) 
L1 (J) =L1 (J-1) +I1 

97 I1=112 
C 

I5P1=I5+1 
L1(15P1)=L1(I5)+I1 
11=L1(ISP1)-1 
IF(M.LT.11) 'l=;11 
13=UROIJ `PI1 Dt'1 
IF(I.El.NY) I3=I3+NPOW 
I3P1=:3+1 
īF(NH.LT .I3) Nfl=I3 
CALL 3T?Y (I) 
WRITE( '3) I5,I5P1,T_3,I3P1,NP F, C(NGL(J,K),K=1,NOJFE),J=1,NX), 

i(L1(K),K=1,I521),1B,(LD(K),K=1,I3),IWFI, ((LWFI(J,K),J=1,IWPT_) ,K=1, 
24),IFX, (LFX(K),K=1,1FX) ,Ic S,(LDS(K),K=1,IBS) 
IEL=(T_-1)"NX+1 
WPITE(6,100C) IEL,I5,I5°1,I3,I3P1,NFEF 
DO 880 J=1,NX 

880 WRITE(6,1000) (NGL (J,K) ,K=i,NDOFE) 
WRITC(6,10 ')0) (L1(K),K=1,I5P1) 
WRITE(6,1000) I3,(LB(K),K=1,I?),IWFI,((LWPI(J,K),J=1,īWPI),K=1,4), 

1IFX, (LFX(K),K=1,IFX),IBS, (L5S(K) ,K=1, IBS) 
WRITE(6,1010) 
NOUMP(I,1) =I5*10000+I3P1 
NDUMP (:, 2) =L1 (13P1) -1 
NDUAP(l,3)=NREF 

851 C ONT
M
I NUE 

,1`11=11 11+'JN 
WRITE(6,1000) A,MM,NM,MM1 
RETURN 

10(1 0 FŌRMAT (1H ,27I5) 
1010 FORMAT(1H ,135(1H-)) 

END 
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SUBROUTIN= SFCAP 
COMMUN/H2/CX(L-,3,1),DCX(4,3,1),WCX(4,3,1),WCCX(4,3,1),WCCX( 1 C ,3,1) 

1,WDDX(10,3,1),WDWCX(1t,, ,1),SX(1C,1),S(,-,3),DS(4,3),S1(3,2),S2(~,~ 

2) S3(1 0,Z) ,5G(10 ) ,.Cs(16,,2 ) 4P(16) 
C ONH  PI /NX,NY,N=L=M,N_ILAO,NELNU",LUMP,LUPST,NODE1C,N1 GMi,%00F•,_, 

1FJOOFH,HDOF1[) I5 I.I,T9,tJCOFE,NX1,tl Y1I NOD ES ,NL~L;FT,N~OW,NOW2,?3iL,'1 , 
2?IM,NN,'1'11,LV AP.,FCT,NSW, UNID,_CONT,IGFS?,LTST=P,DT,OiOL O,:U r1T,OU, 
3DPc1AX, DSWM AX 

Or MON/ 15/NTOT,MTOT1,NELIMI NELINI, W _F,INUM, GS (3), WW (3) ,I-„LB (2_) , 
113S,L:3S(5),IFX,LFX(5),IWI, L W'T_( 5, 4 ),DL ( 1C.,2),L ,1, DL1(1), VOL (1), 
2LXX,LYY,LXY(1r.,2),LY(10) 
X1=6. 
X2=3C. 
X3=420. 
14=0 
DO 729 1 C=1,NODE10 
IY=(I J-1) "NDOF 11 
DO 730 I1=1,NODE17) 
IX=(I1-1)4NO0FN1 
IY1=IY 
DO 731 I2=1,NDOFN1 
IY1=IY1+1 
i X1=I X 
DO 732 I3=1, ND OFN1 
I4-=14+1 
1X1=IX1+" 
LS(I4,1)=IX1 

732 LS(I4,2)=IY1 
731 CONTINUE 
730 CONTIN)_ 
729 CONTINUE 

C 

DO 733 I4=1,I6 
DO 734 15=14,16 
;1=I1+1 
12=(14-1)'I6+15 
13=(15-1) '16+14 
LS(I2)=11 

734 LR(I3)=i1 
733 COI1TINU 

C 
LP=LU1P+1 
GO TO (750,751,752),NELNO 

750 DO 753 IS=i,ia 
758 SC(I5)=S1(I5,LP)/X1 

GO TO 753 
751 DO 770 I5=1,I3 
770 SC(I5)=S2(I5,LP)/X2 

GO TO 753 
752 DO 759 I5=1,I8 
759 SC(I5)=S3(I5,LP)/X3 
753 CONTINUE 

DO 720 I=1,INUM 
X1=GS (I) 
X2=1.-X,. 
GO TO (721,722,723),NELNO 

C 
:,"* "CHAPCAU SHAPE FUNCTIONS. 

721 S(1,I)=X2 
S(2,I)=X1 
OS(1,I)=-1. 
03(2,I)=1. 
GO TO 72C 

C*""QUADRATICS SHAPE FUNCTIONS. 
722 X1=GS(I) 	/ 

X2=1.-X1 
X3=1.-2."X1 
3(1,I)=X2"X3 
S (2,I) =4."Xi*X2 
S(3,I)=-X14X3 
D3(1,I)=4.*X1-3. 
03(2,I)=4.4‘X3 
DS(31 I)=4."X11. 
GO TO 720 

i 

r. 
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64"""N_Ri1ITI CUBECS SHAPE FU:iCTI.JNS. 
723 X3=Xi"X1 

X4=X2"X2 
S(3,T-)=X3* (3.-2.*X1) 
3 (1,ī)=1.-S (3, I) 
S(2,I)=X1*X4 
5 (L,I)=-X2-'X3 
DS(3,I)=6.+X1"X2 
DS(l,I)=-PS(3,I) 
DS(2,I)=X2'(1.-3."X1) 
DS (L,'_) =X1Y (3 . `X1 	. ) 

720 CONTINUE 

3°= DL1() 
1,LT1 

X0=1,/1X 
00 712 J=1,INUM 
K3=Q 
W1='"IW(.J) 
DO 7C5 IL-=1, PIODEIJ 
X1=X0 
DO 7C6 I5=1,NDOFN1 
X2=X1 
X1=X1A3X 
K3=K3+1 
CX(K3,J,I)=X1`S(K3,J) 
WCX(K3,J,I)=W1`CX(K3,J,I) 
DCX(K3,J,I)=X2"DS(K3,J) 

706 IOCX (K3, J, I) =b11 *DO X (K3 , J, I ) 
7C5 CONTINUE  

K3=0 
K4=0 
I4=0 
DO 76u I0=1,NOD':1' 
X3=XC 
L)O 761 I1=1, ND3Ftl1 
X3=X3'DX 
L4.=14+1 
X1=WCX (1 4, J, I ) 
X2=I•IDC ((IL,J,T) 
I5=0 
DO 762 I2=1,r40DE1D 
X4=X0 
DO 763 I3= 1, NOOFN1 
X4=XL 4DX 
15=15+1 
K3=K3+1 
:IDWCX (K3, J,I) =X2*CX (I5, J, I ) 
IF(I5.LT.I4) GO TO 763 
K4=K4+1 

C 
C.."`*EVALUATION OF T+=,C,tIS'1ISSIILITt (GN-T-GN) AND C4PA,CITY(N-T-N) iA Tz.X. 

WCCX(K4, J,I)=X1*CX(I5,J,I) 
WDDX(K4,J,I)=X2*DCX (I5,J,I) 
iF(J.`Q.i) SX(K4,I)=X34X44*SC(K4) 

763 CONTINUE 
762 CONTINUE 
761 C ONTI N;Jr 
760 CONTINUE 
712 CONTINUE 
711 CONTINUE 

VIF:ITE(6,1+JO)) (LS(I,1),I=1,NOOFE) 
Wi ITE(6,10(13) (LS(I,2) ,.1.=1,NDOFi) 
WRITE(6, 1000) (LR(I),I=1,I9) 
RETURN 

1000 FŌRHAT(IHO,16I8) 
END 

-- 
SuoRouTIN!: EDDY (II ) 
CO'1MON/t13/NX,NY,NEL`M, r1ELNO,NELNUM,LUMP,LUPST,NODEID, NIOMI, NDOFN1, 

1NDOFNI NOOF/D,T_6,I8, I9, NDOFE,NXI,NYI,NODES, NDOFT,NP.OW, NROW2,I32,M, 
21H,t1H, 111, LVAR,FCT, NSW,i;UNIO,LCONT,IGFST ,LTSTEP,DT,DTOLO, 0Ut.'T,rut , 
3DPTiAX, DSWHAX 
CO'1H0'1/;15/NTOT, rJTOT1,NELIM, NELIMI,N EF,INUM,GS (3) , WW(7) ,I9,L B (2) , 

1ISS,L6S(5),IFX,LFX(5),I'WPI,LWPI(5,4),DL(10,2),LT1,DL1(1),V (1), 
2LXX,LYY, LXY (1^ , 2) , LY (10) 
COMMON/:16/NWFI X, LW F (5) , NW EL S, LWEL (112 , 2) , CW EL (1 0, 2) , QL I M (1 ) , QO (10 ) 



-282- 

1 1 1W(1L),QOR(1i ),OW?(i[),WCUT(1:),OFWD5 (1_ ),W il3(2) 
i5=1 
L3(i)=0 
I'r1PI=1 
DO 903 K=1,,4 

900 L'WPI(1,K)=1 
IFX=1 
LFX (1) =0 
T 17 n - 4 

L3S(1)= G 

IF(N00F11.E0.1) GD TO 774 
13=II T 4-II 
IF(iI.E0.1Y) T4=tIY1 
DO 760 I=I3,I4 
10=1 
IF(I.1 .1.AND.I.NE.NY1) NO=NX 
D0 761 J=1,hX1, t1D 
I1= (I-1) "NROW+ (J-1) *NDOFM+1 
12=0 
Ī5=(1-1) `1X1+J 
JO 780 K=1, 11WELS 
IF(I5.E Q.LWEL(K,2)) GO TO 761 

780 COt1TI'1U7 
I1=(I-=3) 4NROW+(J-1)4NDOFN+1 
IF(J.N_.1.AND.J.NE.NXi) GO TO 762 
I2=I0+1 
LL3(I3)=1.1+1 
1.2=1  

762 1F(I. N1.1.AND.I.N=.NY1) GO TO 763 
I =ID+1 
L3(ID)=1142 
I2=1 

763 1F(=2.E0.J) GO TO 761 
I'3=I0+1 
L0(I(3)=T1+3 

761 C0NTINUE 
760 CONTI U7 

774 I3= (iT_-1) "N10Mi+1 
IL II",I~.D'11 
IF(II.20.NY) I4=I4+1 
DO 772 1=13,1_4 
DO 770 J=1,1X1 
12= (I-1)"NX1+J 
11= ((I2- (I 3-1) *'NX1) -1) "NDOF N+1 

C 
DO 300 K=1,MWFIX 
IF(I2.1E.LWF(K)) GO TO 800 
IFX=IFX+1 
LFX (IFX) =I 1 
GO TO 770 

800 CONTINUE 
C 
C 	PRODUCTION/INJEECTION WELLS. 
C 
790 D0 802 K=1,NWELS 

IF(I2.u=.LWEL(K,2)) GO TO 8C2 
I''PI=I'IPI+1 
LWTI ('_''IPI, 1) =LW EL (K, 1) 
LWPI(IUPI, 2)= (I2-1) *NDOFN+1 
LWPI(IHPI,3)=11 
LWPI(TWPI,4)=K 
GO TO '9L 

802 CONTIt1UF 
GO TO 770 

C 
794 IF(NDOFN1.E0.1) GO TO 770 

D0 765 K=1, (NDOF1-i) 
13S=I RG+1 

765 L 9S (I13S) =I 1+K 
770 CONTINUE  
772 CONTINU 

RETURN 
ENO 

C 



-283- 

SUNr.UrJT'N" TWUD?P 
C0:1MON PO(15^),+'01(153),SW(15G),SW1(l5C),jWiT(i55),V(50),NGL(5,IF) 

1,L1(56) ,A (?2) ,IDX1C (65) , NOU'!P(iC,3) 
i.0100N/ I?/NX,NY,NELEM,NFLNO,NELNUM,LUFP.LUPST,NO0E10,NKF1,NDOFNI, 
1iJDJFtl,'IDDF1D I6,I8,I9,NOOFE,NX1,NY1,NODES,NDOFT,NPUW,N-OW2,I3.' ", 
2'I`1,iJJt, 11,LVAF,FCT,NSW,TUNID,LCONT,īGFST,:TST;~P,OI,DTOLD,CUMT,dUM. 
3DP tAX,')SU'1AX 
C0'1"1ONPI5 /NTOT, NT'1T1,NELIM, NELI:'-11,NPEF, TNUM,GLS (3) , WW (3) ,I ~ , Lc (2G) , 

1YJS,C70S(5),lFXJ FX(5),IWPI,LWPII(5,4),OL(1L ,2),LT1,OL1 (1),VOL(1), 
2LXX,LYY,LXY(10,2),LY(10) 
CO'INON/;IF:/NWFTY,LWF(5),•IW=LS,LW=L(1'_,2),C'WEL(10,2),(;LI1(1 ),Q0(1C) 

1,X4(1)),QCJR(IC),Q'WF,(1!'),WCUT(15),OFW0SW(10),W`,3(25) 
CO'1t1O'I/17/NCDS,'JCA-0,TP0(5),DTr1N(5),DT1X(5) ,TNX(5),ITM(6),IPT (5) , 

1 IBG (5) , ITS (5) , ī°RINT, LPRI NT, KFF,INT,DTNIN, ū T MA X,TPO ELT , TPA YS, T N_X T, 
2TPTUNT,K7PL°T,IDUG,EPSP,=PSSW,IFIAX,LCE,ITSUN,LST,LLTH 
CO 1'1O1J/,18/POATUt1, DATUM, SWCC ,HT,POR,AKX, AKY, VO, VW, V3, V4, V5, ACPCDS, 

I CiO:'1,L.LPt, CO,CW, D=NOSC, DENWSC,G'=.AV 
CO"1NuNiTYSCALE,HEIGHT,NST(2),NCT(2),NDC(2)10 M(2),CMN(2),L3C(1::,2 

1) ,īNF2i(1C, 2),CONTUS(10,2) ,TITLE(8) 
C0.U1O'I/G1/ii-LOT(150),tICYC3(2, 3),NCYC4(2,4),NP_RI(28),COOP(?(2, • 6) , 

iNELTYP(25) ,NIX (130) ,NIX_ND, NELEMZ,NDIMEt1,WTTP,NTrcECT , N . LDI V,NDOF (2 
2,8) 
GRAV= , 43L/ (1L.7*`30 .48) 
READ(5,1000) NX,NY,NWELS,INUt•I,NELNO,LUMP,LUFST,NWFIX 
WRITE (6, 10 20) t1X, i•IY, NWELS, I NUM, NELNO, L UMP, L UPST , NWFIX 
REAO(5,11;10) 	(GS(I),WW(I),I=1,INUM) 
WPITE(6,1G 30) (GS (I),WW(I) ,I=1,INUM) 
REAO(5, 1C 10) 	EPSP,EPSSW 
WRITE (&,1U3G) EPSP,EPSSW 
READ(5 1010) PDATJ1t`,DATUN,SWCC 
W:ITE(';, 1C 30) PDATJM, DATUM, SWCC 
READ(5,1310) HT,POF,AK',AKY 
Wr= I T E (C), 1 G 3C) HT, POF., A KX, A KY 
r?EAD(r3,110) 	J3O i,BWM,GU,C W,JE;JOSC,OErJWSC, VC,VW 
WFITE(G,1C3C) BON,3WM,CO 3DENOSC,DENWEC,V0,VW 
REAP(5,1cJ10) ADPCDS 
WRITE(&,1C3))ADPCDS 
READ(5,1j10 	(DL(I,1),T.=1,NX) 

WRITr- (611030) (0L(I ,1),I=1,NX) 
READ(5,i01'J) 	(DL( _,2),I=1,NY) 
WG'ITE(8,iO3C) (OL(I,2),I=1,NY) 
XWFIX=:IIFI X+1 
LWF(i)=0 
IF(NWFIX.EQ.1) GO TO 200 
F'EAD(5 16 0) 	(LWF(I),I=2,NWFIX) 
WRITE(6,1020) (LWF(I),I=2,NWFIX) 

200 NtJELS='IUELS+1 
LWEL(1,1)=0 
LWEL(112)=0 
I)LIg1(1) =0 . 
IF(rIWELS.EQ.1) GO TO 210 
R Ar1(5,1000) 	(LWEL(I,1),I=2,NWELS) 
WRITE(5,1r20) (LWEL(I,i),I=2,NWELS) 
R-AO(5sG2'00) 	(LW L(I,2),I=2,NWELS) 
WR_ITE(6,1320) (LWEL(T,2),T=2,NW=LS) 
R=AD(5,1C10) 	(QLI'1(I),I=2,NWELS) 
r0RITE(6,103C) (QLI1(I),I=2,NWELS) 

210 CONTINU: 
u 
C 	CONTOU'IPJG SP_CIFICATIONS. 
C 

NTTP= 
REAn(5, 1;30) NELDIV,NST(1) ,NST(2) 
WRITE(6,1023) NELOIV,NST(1),NST(2) 
READ(5,1310) SCALE,HEIGHT 
WRITE (6, 16 30) SCALE,HEIGHT 
DO 10 I=NST(1),rJST (2) 
READ(5,1000) NCT(I),NOC(I) 
WRITE (6, 10 20) NCT (I) , NDC (I ) 
READ(5,13ū0) 	(Lid3 (J,I),J=1,NCT(I) ) 
WFITE(6,1020) (Lr3C (J,ī) ,J=1,NCT(I) ) 
REAO(5;1009) 	(INB1(J,I),J=1,NCT(I)) 
WRITE(0,1020) (INBH(J,I),J=1,NCT(I)) 
PEAO(5,1G10) (CONTUS(J,I),J=1,NCT(I)) 
WRITE(6,1030) (CONTUS(J,I),J=1,NCT(I) ) 
READ(5 1010) D1M(I),DMN(I) 
WRITE(5,1030) DRt•1(I),Dt1N(I) • 

10 CONTINUE 
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DO 303 I=1, NDOFT, NDOFN 
SW (I) =SWCC 

300 SW1(I)=;;WCC 
CALL 0 1ATil 
CALL =L DATA 
CALL JA,JWIT 
CALL SFCAP 
a TUnN 

1000 FORNA (16I5) 
1010 FO.°.'1AT (8F. .L) 
1020 FOP,MA7(tH._,16I5) 
1E30 FORMAT (IHL , 6F1 O .4) 
1040 FORNAT(3A1C) 
1050 FJ.R1AT(1Hr,HAt ) 
1960 FOPJIAT (LF1 Q.4, 4I5) 
1070 F_0p.'lAT(j_H.,4FB,L , I5) 

LND 

SU3ROUTINr i,AC Sl1E 
CO?1MOU P (190),01(i5J),SW(15': ),W1f15Gl,SWIT(15c),V(5J),NGL(5,1F) 

1,L1(50),A(320C),IDX1C(55),NDUMP(1C,3) 
COr1MO;J/:13/NX,NY,NELEM,rd-LtIO,NELNU1,LUF1 P,LUPFT,NODE1D,NiDM1,NOCFN1, 

1NOOFN0110F10,I6,I8,I9,NOOFE,NX1,NY1,N00ZS,NDOFT,NFOw, N;;OWZ•_3E,m, 
2_M,Nti,'1 11,LVAR,FCT ,NSW,RUNIC,LCONT, GFST ,LTSTEP,OT,DTOLO,CUi':T,DU", 
3JPt1AX ,JSWmAX 

CO 1101/ 15/NTOT, NTOT1,NELIM, NELI'"1,N= EF, INUM, GS (3) ,WW (3) ,I',,LB (2:) , 
1I33,L-1C(5),IFX,LFX(5),IWPI,LWPI(5,4),DL(10,2),LT1,UL1(1),VOL(1), 
2LXX,LYY,LXY(10,2),LY(13) 
DO 100 II=1,NY 
IJ=.JY+? -īI 

C 	 READ UPPER TRIANGULAR BLOCKS FOR ROWS IN REVE R SE OROEF. 
C 

rl' C=(_J-1)*3+1 
I3=NDJ 1''(IJ,i)/10:1+10 
I1=NDU'1P(IJ,1) -I3*1 )003 
I2=NDtJ I P (I J, 2 ) 
AREF=r1DUMP (IJ, 3) 
N ELI'1=I 1-1 IF(I3.=r1."IELIN) GO TO 15C I5=0 00 16 1=-11,13 
I5=I5+1 

160 V(I)=V(I5) 
150 CONTINUE 

CALL `z.A0:1S(1 0,L1,l1,NR=C) 
NREC=r1REC+1 
CALL REAONS(10,A,I2,NREC) 

C 

N4 E:C='JR =C+ 1 
CALL REA0,1S(1C,V,NELI'1,"JR=C) 

E 
	 3ACK S13STITUTION FJ'OM (NREF+C!_LIM) TO (N,, EF+1). 

D0 110 I=1, NELIM 
I1=I1-1 
X1=V(I_) 
I2=NR=F+I1 
IF(12.=r1.NDOFT) GO TO 120 
I3=L1(I1) 
14=1_1C:1+1)-1 15=I1 
DO 130 J=I3,IL 
I5=I5+1 

130 X1=Xi-A(J)"V(I5) 
V(I1)='<1 

120 IF(LVA?.EO.2) GO TO 140 
PO(I2)=PO(I2)+V(I1) 
GO TO 110 

147 SW(I2)=SW(I2)+V(It) 
110 CONTI1U=' 
V13 CONTINU 

RETURN 
ENO 
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C 	 .i`=AD TITLE PAGE CONTENT .,.AND WP,ITE TO GRAPHICS FIL .(7). 

JO '20 A=1,10 
READ(,,ICLO) 	(TITLE(I),T_=1,8) 
'.lPITE(6,1C C) (TITLE(I),T_=1,8) 
WITE(7) 	(TITL=(T),I=1,8) 
IF(TITLE (1).E0.3HEiiD) GO TO 320 

220 CONTII IE 
C 
0.....r EA0 DATA WHICH CONTROLS PRINT—OUTS. 

320 DO ?33 7=1,1C 
READ(:3,1 60) TPD(I),DTr''N(I),DTMX(I),TNX(I),ITM(I),IPT(i),RG(I), 

1.TS(I) 
W.ITE(6,177'`) TPD(I),DT:iN(I),PT1X(I),TNX(I),ITf(I)•IRT(I),IIG(I), 

1 ITS(I) 
—IF(TP0(I_) .LT.1 .E-10) GO TO 31 

230 OO~ITIr111L 
310 NODS=7 

READ(5,10LC) RUNID 
WRITE(6,1C5C) RUNII 
GO TO (240,25C,260),N`LUO 

2L0 NDOFMI=1 
NODE10=2 
HEL NUr1=1 
GO TO 270 

250 NDOFN1=1 
'100E10=3 
cJ=L IWN=8 
GO TO 270 

260 NDOFIII=2 
NO0E10=2 
NELNUN=' 

270 COIITINNE 

	INVARIANT PARAMETERS OF THE SYSTEM. 

NELEN =1XxNY 
NZLEMZ=tJ=LEM 
~l1O ,11='JnD Ein-1 
I6=NODEID4t ID OF NI 
19=I6'16 
I8=(IO-16) /2+16 
NDOFN=NOOFN1*NDOFN1 
t1DOF1D=rJODE1DxNDCFN 

NOOFE=NDOFID"NODE10 
NX1=NX N1DM1+1 
NY1=NY"Nim11+1 
iODES='IXI - NY1 
NDOFT=,IODES"NDOFN 
NROW=rIX1"NDOFN 
I30=1JDOF 10 
HRO'W2=NROW"tI1D M1+I30 
DO 33; I=1,NELEN 

330 NELTYO(=)=NELNUM 
C . 	 CONVERSION TO DAROY UNITS. 

DO 28j I=1,NWELS 
DLI "1(I)=QLIM(T)*1.844EWM 
Q0(I)=0. 
QW(I)=7. 
OCR(I)=0. 
OW;(I)='). 

280 WCUT(I)=G. 
PDATU ci=PD AT UM/ 14. 7 
OATUt1= DATU-1 	C .48 
ADPCDS=—ADPCDS/14.7 
HT=HT" 30 . 48 
CO=C0"14.7 
C W=CW"14. 7 
V3=1./VO 
V4=1./VU 
VS=VW"V3 
DO 290 I=1,NDOFT 
P0(I)=0. 
POi(I)=0. 
SW(I) =0. 
SW1(I)=C. 
SWIT(I)=C. 

__ 290 __0O::TI:JU E _. 
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S(J3P:O:JTINE GLO9=(JJ) 
COs1M01 P0(15S),P01(150),SW(15C),SW1(150),SWIT(15G),V(5j),'JGL(5,1E) 

1, L1 (5Q) , A (323L) ,I`]X1C (65) , NOUP(1C 1 7) 
;;J:4.MO 1P11/'_1(l0r1_) ,Z2 (10, l^) , Z3 (16, 10) ,Z4(1G, 16) , Z5(400 , ZA (ii:) , 

1Z3(10),ZD(10),7F(16),ZX(4 ),ZY(.),CT(),DCT(L)rPH1(2t3,3)10P41(2,3, 
23) t SA1(2,3,7 ) , OSA1(2,3,61 tEP(L,2r3),ES( ,4,2,3) 
001101/12/GX0-,311) ,OCX(4-, 3,1),WCX(4,3,1),WOCX('-,3,1),WCCX(1C„3,1) 

1,WODX(1J,3t1),WOWCX(16,7,1) ,SX(16,1) tS(413),OS(4,3),S1(.3,2),S2(6,2 
2) ,'?(1'), 2) ,SC (13) , LS (16 t 2) , L:; (1=1) 
C0'1;'10'J/:1T/NX,1iY,(d _LEM,1 L'IO,NEL;IUM,LUP,LUPST,NODE1O,N10'A1,NDDFN1, 

111')JFN,1I')OF10,I6,I8,19,1IP'OFE,NXI,NY1,NOObS,NJlCr T,nk-0W,N;,C'W2r:3..,, 
Zi1'1,W1, 1 11,LVAR,FCT,NSW,r.UNIO,LCJNT,IGFST,LTETFP,Dī,OTOL7,t:UMT,GUM, 
3ŪPMAX,DSA!1AX 
cOrttlO±l/ 19/HTOT,ATOTl,ll LIM,N=LIM1,NrF,INUM,GS(3) ,WW(3) ,I ,L7 (2L), 

1i'7,S,L'iS(5),IFY,LFX(5),IWPI,LWPI(,1i),OL(iL,2),LT1,DL1(1),VOL(1), 
2L XX,LYY,LXY (1t: ,2) , LY (10 ) 
DO 10) :4=1,NDOFE 
J1=LS (I4, 1) 
.J 2=LS (I 4, 2 ) 
J9=(J1-1)YI6 
J17=(J2-1) xI6 
1GLL1='I1L (JJ,T4) 
NGL1=;JGLL 1-NPEF 
DO 101 I5=I4,NOOFE 
J3=LS(15,1 ) 
Ji.=LS (=5, 2) 
.15=J9+_13 
JO=J1J+J4 
J7=LR(J5) 
JS=LP (16) 
GLL2= IGL(_JJ,TS) 

'lGL2=1GLL2 -NF EF 
:MIFF= IGL2-N(L1 
IF (11DIFF . SO.0) GO TO 11 2 
;ITRUE=L1 (IGL1) -1+'JDIFF 

GO TO 103 
102 N ī RUE= 1 1+NGL1 
103 IF(LVA'?.EO.2) GO TO 104  

A(t1 TRUE)=A (NTF11'I)+Z1(J7,J8) 
GO TO 101 

/04 A2=Z2 (J7,J8) 
A1=7.1(17,J8)+A2 
A(;ITRU )=A(t;TRUE)+A1+Z3(J5,J8)+74(J7,J6) 
V ('IGL1)=V (NGL1)-A2"SWIT(NGLL 2) 
IF(NOIFF.EO.C) GO TO 101 
N ī RUE=A RUE+M 
Jr=(J3-1)*16+J1 
J6=(J4-1) "I6+J2 
A (1JTP(JI)=A (NT°U=)+Ai+73 (J5,J8) +74(J7,J6) 
V (1IGL2) =V (NGL2) -A2"SWIT (NGLL1) 

101 C ONTI '1(J E 
100 V(tIGL1)=V(I1GL1)+Z5(J1,J2) 

RETUP,1 
ENO 

SU.ROUTINE MOVE (II) 
C0400'1 P0(1t?),P01(150),SW(15r),SW1(15O),SWIT(1:),V(5:),NGL(5,16) 

1,L3(50),A(3200),IOX1O (65),NOU(+P(10,3) 
CO 1PI[1'1/ 13/NX,NY,NELEM,N=LNO,NELNUM,LUMP,LUPST,NODE1C,J10MA.,NOOFN1, 

11JOJFN,1')OF1J,16,I8,I9,N1CFE,NX1,NY1,NOD-S,NQcPT,NnOW,NZGW2,T3:',"f 
2,1M,NM, 11,LVAK,FcT,NSW,UIIDtLCONT,īGFST,--TSTEP,0T,DTOLO,CU.VT,OUt, 
3DPMAX, 73WMAX 
COAMON/15/NTOT,NTOT1,NELIM ,NELIA1,NREF,INUM,G3(3),WW(3),I ,LE (2G). 

1I')S,LdS(5),IFX,LFX(5),IWPI,LWPI(5,4),OL(1u,2),LT1,DL1(1),VOL(1), 
2LXX,LYY,LXY(10,2),LY (10) 

NREC= (II-1) * 3+1 
I1=NDU1P(II,1)-(NDUMP(II,1)/1C000) 4.10000 
I2=tJDU'1P(II,2) 
ilELIN=: 1-1 
CALL W?ITMS(10,L1,I1,NREC,-1) 
NREC=i !C+1 
CALL WRITMS(10,A,12,NPEC,-1) 
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;1R C=117C+1 
CALL N,1-MS(I ,'1,tIELīM,NPEC,-1) 
IF(II.:0.1Y) R._TUP11 
I5=0 
'IELI11=I1 
I1=L1 ('IELI"11) 
I2=L1 ('1''OT 1) -1 

C 
DO 840 I3=I1,I2 
I5=I5+1 
751=15+0 
13,1=I 3+i 1 
A(15)=A(73) 

840 A(I511)=A(I3M) 
I5ai=' ;+1 
DJ 844 13=15P1,I2 
131=13+1 
A(13)=).  

844 A(I3M)=J. 

I5=0 
DO 842 I3=NELI11,NTOT 
15=I5+1 
13 P1=13+titi 
15'1 M= T_ 5 +'p1 
A (ī5t1 1) =A (T_ 3NP1) 

842 V(I5)=V(I3) 
I5P1 5+1 
DO 846 I3=15P1, NTDT 
I31'1=I3+:1'1 
A (I7M1) =0. 

846 V(I3)=!). 
RETURN 
AND 

SUBROUTINE GAUSS 
COMMON P0 ( 15G) , P01(150),SW(15C),SW1(153),SW':'T(150),V(50),NGL(5,1E) 

i L1(50),A(320: ),I!X1C(65),NDUI}P(1t,3) 
C OMMON/M3/NX0Y,NE LEM, NELNO,NELNUM,LUMP,LUPST, MODE10, N1 DMI, NDOFNI, 

1NDOFN,NDOF1D,I6 ,I9,I9,NOOFE,NX1,NY1,NODES,NDUFT,NROW,NP.ūW2,T30,M, 
2MM,NM,M'11,LVAP, FCT,NSW,RJNIO,LCONT,IGFST, _ TSTEP,OT,OTO_D,CUMT ,DUM, 
3DPtIAX,OSWMAX 
COM'10tJ/t15/NTOT,NTOTI,NELIM,NELIM1,NREF,TNUM,GS(3),WW(3) ,IP,L6 (2C), 

1IBS,LBS (5) ,IFX,LFX (5) , IWPI, LWPI (5,4) , OL (1L , 2) , LT1, DL1 (1) , VOL(1) , 
2LXX,LYY,LXY(IC,2),LY(10) 
DO 1 I=1, N ELI M 
NC=I+N11 
X1=1./A(N0) 
X2=X1"V(I) 
V(I)=X2 
IF(I.EQ.NTOT) GO TO 1 
L3=0 
J1=L1(I) 
J2=L1(I+1) -1 
J3=J1+M 
J4=J2+i 
DO 2 J=J1,J2 
L 3=L3+1 
X15=NC+L3 
N6=I+L3 
N7=L1(16) +M-1 
X3=X1*A (J) 
A(J)=X3 
J6=M+J 
V (N6)=V(N6)-A (J6) "X2 
L 2=L 3 
00 3 K=J3,J4 
L2=L2-i 
IF(L2) 4,5,6 

4 N9=N7-L2 
GO TO 3 

5 N9=N5 
GO TO 3 

6 J5=N6-L2 
N9=L1 (.J5) -1+L2 

3 A (N9)=A(N9)-A(K)*x3 
2 CONTINUE i COt1TINUE 

RETURN 
END 

C 
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SU3ROUTIME ASEMBL 
COHNO'I P0(150),PO1(15G),SW(15=),SW1(150),SW:T(15C),V(50),NGL(16) 

1,L1(5J) ,A (320 ,) ,IOX10 (6F) ,NDW-IP(10,3) 
COMMON/11/Z1(10,10),Z2(18,10),Z3(16,10),Z4(10,1E),Z5(4,0,ZA(1:_), 
1ZB(10),ZD(1" ),ZF(16),ZX(4),ZY(4),CT(L),DCT(L),PA1(2,3,3),DPA1(2,3, 
23),SA1(2,3,3),DSA1(2,3,3),EP(4,2,3),ES(4,2,Z) 
CO'1MON/'12/CX (L, 3, 1) ,DCX (4, 3,1) , WC X (4, 3, 1) , WOCX (4, 3,1) . WCCX (10 , 7, 1) 

1,WDDX(10,3,1),WDW3X(16,3,1),SX (10,1),S(4,3),DS(4 ,3),S1(3,2),S2(6,2 
2) ,S3(13,2) ,SC (1fl) ,LS (16,2) ,Lk(16) 
GOMMO`(/93/ NX, NY,NELEM, NELNO,NE LNUM,LUMP, LUPST, fu')DL1O, N1 D11, NDOFN1, 

1NOOFN,NDOF10,_6,18,I9,NDOFE,NXI,NYI,NOD=S,NDOFT,NkOW,NROW2,13C,M, 
21t1, NM,'1H1,LVAR, FCT, NSW, hUNID,LCONT,IGFST,_ TST _P,OT,DTO_ D, i,U'1T ,DUM, 
30PMAX, DS H 1 AX 
CO?1MON/:15/NTOT,NTOII,NELIM ,NELD11,NREF,_NUM,GS(:),WW(3) ,L,LE (2C ), 

1I3S,LIC(5),IFX,LFX(5),INPI,LWF1 (5,4),OL(1:,e),L+T1,DL1(1),VOL(1), 
2LXX,LYY,LXY(1',2),LY(10) 
CO?1MO?1/'16/NWFIX,L',1F(5),NWELS,LW=L(i,2),CWEL(_C,2),OLI1 (10),OO(16) 

1,QW(10),OOQ(10),QWR(10),WCUT(10),DFWDSW(1:;),WME(25) 
COMMOtt/M8/PDATUA,DATUM,SWCC,HT,POR,AKX,AKY,VO,VW,V3,V 4,V5,ADPCDS, 

laoM,BWri, Co,CW, DENOSC, DENwsC, GRAV 
FCT=FLiAT (2-LVAR) 
WMB(12) =0. 	. 
WMB(13)=0. 
DZX=O. 
DZY=0. 
DO 130 I=1 0M1 

130 A(I)=0. 
DO 131 I=1 , NM 

131 V(I)=0. 
REWIND 9 
DO 71 IT=1,MY 
READ(9) NTOT,NTOT1,NELIM,NELIM1,NREF, ((NGL (J,K),K=1,NDOFE) ,J=i,NX) 
1,(L1(K),K=1,NTOT1),IB,(LB(K),K=1,IP),.WPI, ((LWP?(J,K),J=1,IWPI),K= 
21,4),IFX,(LFX(K),K=1,IFX),I5S,(LES(K),K=1,I S) 
IA=LXY(II,2) 
=LY(IA) 

I7=1 
DO 72 JJ=1,NX 
J=LXY(JJ,1) 
I EL1= (1A-1)'LXX+J 
ī EL= (II-1)''NX+JJ 
CALL ELVEC(JJ,I7) 
X1=VOL(IEL1) 
W4=AKX'Xl 
W5=AKY'X1 
PVOL= POR4X 1 
WL=PVOL/DT 
DO 73 T4=1,I8 
X1=W0 4.SX (14,I ) 
DO 74 15=1,18 
Z2(I5,I4)=X1`SX(I5,J) 

74 Z1(15,14)=0. 
DO 75 15=1,19 
Z3(15,14)=0. 

75 Z4-(I4,15)=0. 
73 CONTINUE 

DO 76 1+=1,I6 
DO 76 15=1,I6 

76 Z5(I5,I4)=0. 
X YHBO= 0 . 
XYMBW=0. 
DO 77 IY=I,INUI 
DO 78 15=1,11 9. 

78 ZD(15)=0. 
DO 79 I5=1,18 
ZF(I5)=0. 
ZA(I5)=0. 

79 Z3(I5)=0. 
DO 80 15=1,I6 
CT(I5)=CX(I5,IY,I) 
OCT (2 5) =DCX (I5 , I Y, I ) 
ZX(I5)=0. 

80 ZY(I5)=0. 

C 
C 
	INTERPOLATE  I N THE Y DI'ECTI ON. 



-289- 
C 

DO 81 I3=I7,NODE1] 
UO 84 IL=1,NOOFN1 
YP=0. 
DYP=0. 
YS=0. 
DYS=C. 
DO 85 15=1,16 
X1=EP(I_5,I4,I2) 
X2=ES(I5,I4,I3) 
YP=YP+CT(I5)*X1 
DYP=DYP+DCT(TS)1 
YS=YS+CT(I5)"X2 

85 DYS=DYS+OCT(I5)+X2 
PA1(I4,I3,IV)=YP 
DPA1(7,4,I3,IY)=DYP 
SA1(I4,13,IV)=YS 
DSA1(ILL,I3,IY) =nYS 

84 CONTINUE 
81 CONTINU1E 

xr;u0=v . 
X1aOW= 0 . 
DO 86 IX=1,INUM 
PT=13. 
DPX=0. 
DPY=0. 
ST=0. 
DSX=0. 
DSY=C. 
I4=0 

C 
0 	INTERPOLATE IN THE X DIR=CTIOI'J. 
C 

DO 140 I3=1,NODE10 
DO 87 I5=1,NDOFNI 
14=14+1 
X2=CX(I4,IX,J) 
X4=DCX(I4,IX,J) 
PT=PT+X 2"PA1 (I5,I3, IY) 
ST=ST+X2"SA1(i5,I3,IY) 
DPX=DPX+X4aPA1(I5,I3,IY) 
OSX=DSX+XL'iSA1(I5,I3,IY) 
DPY=OPY+X2"DPAI(I5,I3,IY)  
DSY=DSY+X2"OSA1(I5,I3,IY) 	(PLEASE INSERT:) 

87 CONTINUE 
ILO 

 
cONTINIF 	 > pr PT + P3)ATVM 
1, LL '\I7(PT,PuATU`I,CO,CW,EO,BW,3Ut1 , W~ ) 
XNBO=X'1?0+WW(IX) (1.-ST)/B0 
XMDW=XrI[3 W+ WW (I X) ¥ 31 /6W 
IF(ST.GT.1.) ST=1. 
IF(ST.LT.C.) ST=0. 
SO-1.-ST 
CALL SWFUN(ST,SO,VD,VW,V3,V4,V5,SD,TO,TW,FW,OFW,DTW,ADPCOS,C) 
T1=ADPC0S'`TW 
T2=TO"DENOSC+T W'DENWSC 
TSUM=TO+TW 
IF(LVAR.E0.2) GO TO 18 
WS=W4'`TSUP1 
W7=W5'TSUM 
UX=-W4'' (TSUM*OPX+T1"DSX-T2'•`DZX) 
UY=-W5"(TSUt1*DPY+T 1''DSY-T2'`DZY ) 
Wi2=UX 
W13=UY 
GO TO 17 

18 CONNTINUE 
UX=-W4" (DPX+ADPCDS'DSX-DENWSC'DZX) 
UY=-W5"(DPY+ADPCDS*0SY-DENWSC*DZY) 
W12=TW"UX 
W13=TW*UY 
W1G=DTW"UX 
W11=DTW"UY 
W6=WLILT1 
W7=W5*T1 

17 CONTIMU 
DO 88 15=.1,18 
ZA(I5)=ZA(I5)+W6*`WDDX(I,IX,J) 

88 ZE(I5)=ZE(I5)+'W7*WCCX(IS,IX,J) 
D0 89 15=1116 
ZX(I5)=ZX(I5)+W12'WDCX(I5,IX,J) 

89 ZY (I5)=ZY (I5)+W13"`WCX(I5,IX,J) 
IF(LVA'2.EQ.1) GO TO 86 
no 9C 15=1 '9 

90 ZD(I5)=ZD( ~S)+WiC*WDWCX(I5,IX,J) 
DO 91 I5=1,18 

91 ZF(I5)=ZF(I5)+W11'WCCX(IS,IX,J) 
86 CONTINUE 
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XYMFO=XYtiBO+XBO*WW(IY) 
XY1TW=XYnEW+X∎!3N"WW(IY) 
DO 775 I4=1 NDOFNI 
PAi (I-, 1, IV)=PA1 (I4,NODE10,IY) 
DPA1(I4,1, IY) =DPA1 (I4,NOOE1O,IY) 
SA1(I4,1,IY)=SA1(1L,NODE1C,IY) 
DSA1(I42.1,IY)=DSA1(1L,N0'JE1D,IY ) 

775 COLI T I N!)= 
DO 92 14=1,18 
X1=WCCX(T.,IY,!) 
X2=WDDX(I4,IY,I) 
DO 93 15=1,18 

93 Z1(I5, I4) =Z1 (ī 5,T 4) +X1"ZA (I5) +X2*ZE (I S) 
92 CONTINUE 

DO 94 14=116 
X1=WCX (I4, IV, T ) 
X2=WDCX(I4,IY, I) 
DO 95 I5=1,I6 

95 Z5(I5, I4) =Z5(I5,I4)+X2"ZY(I5)+X1"ZX(I5) 
94 CONTINUE  

IF(LVAR.E0.1) GO TO 77 
DO 96 14=1,I8 
X1=WCCX(I4,IY,I) 
DO 97 15=1,19 

97 Z3(I5,I4) =Z3(I5,I4)+X1"ZD(I5) 
96 CONTINUE 

DO 98 I4=1,I9 
X1=WOWCX(IL,IY,I) 
DO 99 15=1,I8 

99 ZL(I5,I4)=Z4(15,I4) +X1"7F(I5) 
98 CONTINUE 
77 CONTINUE  

W-IB(12) =WNB (12) +PVOL'XY! 'R0 
WMR (13) =WMG (13) +PVOL"XY"1BW 
CALL GLOBE (JJ) 
17=2 

72 CONTINUE 
CALL CONSTR 
CALL GAUSS 
CALL MOVE(II) 

71 CONTINUE 
RETURN 
ENO 

SU5RO T1N- CMAIN 
00 1'10'1/.13/NX,NY,NELEM, !iELNO,NELNUM,LUMP,LUPST,NODEID, N1DM1,NDCFN1, 

1;400F11, r170Fir),T6,I9,I9,NOCFE,NX1,NY1,NOKS,NOOFT,NOW, NROWZ,I3"0, 
211,4r1, I'11,LVAP,FCT,NSW,RUNID,LCUNT,IGFSTILTSTEP,DT,DTOL7,C.Umi,DUr, 
3DPNAX,DSWMAX 
CO'1N0'I./ 15/NTOT,rdTOT1,VELIM, N'=LIM1,NPEF,INUM,GS(3),WW(3),I,7,LE(2ī), 

1 i S,L3S(5),IFX,LFx(5),IWPI,LWPI(5,4),OL(1ū,2),LTi,DL1(1),VOL(1), 
LXX,LYY,LXY(1..,2),LV(IU 
COMiOr1/r16/NWFTX,LWF (5) , NWELS,LW=L (1:, 2) ,CW;L tiC,2) ,OLIM (1C) ,f)0 (1C) 

1,1J41(1G),QOF(1,),CIWR(1',),'wCUT(120,0FWOSW(1., ),W"8(25) 
CO 1MO11 /ri9/SCALE,HEIGHT,NST(2),NCT(2),NBC(2),OF-M(2),D`1N(2),L_C(1L,2 

i) ,IlJRr1(10,2),C,ONTUS(1C /2),TITLE(8) 
CO:1M011/G1/NPLOT(15(1),NCYC3(2,2),NCYC4(2,A),NP=RI(28),COORD(2, E), 

1i1kLTYP(25),11IX(13;, ),NIXENO,r1_L-MZ,NDIF'EN0ITTR,NTRECT,NFLDIV,NDOF(2 
2,8) 
NIXENr)=51'NELEMZ 
NIXE1=;II XEND+i 

DXTOT=2. 
DXTOT=O. 
DO 140 I=1,NX 

140 DXTOT=DXTOT+OL,(I,l) 
DO 150 i=1,r!Y 

150 OYTOT=1YTO T+DL (I, 2 ) 
Lil1TYP=-1 
I1TEQ=1 
I3:1=16 
NCOP.=0 
I1=NO:)=1D 
Y1=-DL(1,2)/(DYTOT*FLOAT(N1DM1)) 
C'WEL(1,1)=0. 
CWEL(1,2)=0. 



-2911- 

DJ 12c' I=1, 4Y 
.jy 1=7 L (: , 2) / (JY `OT"FL oA T (i1 D~!1) ) 
IGOR=C 
DO 122 :1=1,1.1  
Y1=Y1 +1 Yl 
12=NODI1D 
X1=-DL(1,1)/(9XTOT*FLOAT(N1D11)) 
DO 124 J=1,IIx 
JX1=DL(J,1)/(PXTOT"FLOAT(N1DM1)) 
DO 126 JJ= 1, 12 
x1=/~ X1+Dx1 
1 COp ICOF +1 
:1CO ;=ACJr+1 
Cn1u)(1,ICO,;)=X1 
COo?P(2,IcoR)=Y1 
IF(NWEL 3.E7.1) GO TO 126 
DO 162 K=2,i4W =LS 
IF(NC0+:.N =.L W =L (K, 2)) GO TO 162 
CWEL(K,1)=X1/SCAL= 
CWEL(K,2)=Y1/SCALE 
GO TO 126 

162 CONTINUE 
126 CONTINUE  
124 I2=N1D11 
122 CONTINUE 

DO 128 K=1,2 
000R0 (K, I C OP.+1) =0 . 

128 COfPO (K, ICO''+2) =SCAL= 
WRITE(7) ICOR, IT,LINTYP,INTE0, (COORD (1,K) ,COORD(2,K) ,K=1, (IC CR +2) 

1) 
123 I1=N1011 

LINTYP=C 
P=0. 
P1=1. 
NPTS=2 	 I 
WRITE(7) I1PTS,T.°M,LINTYP,=NT EO,F",P,P1,P'',FO,PO SCAL I,~CAL= 
4 ITE (7) i~PT S, I 3M, LINTYP, IN T =0,P7, P•-J , PO, P1, P0, PO,SCAL EI, SC% LE 
Y1=0,  
COOQD(1,1)=^. 
COOPD(2,1)=1.:. 
DO 154 J=1,NX 
COOFD(2,J+1)=C. 

154 COORD(1,-J+1)=CDnPD(1,J)+(DL(J,i)/OXTOT) 
ICOR=NX+1 
DO 156 I=1,NY 
I1=Y1+(DL (I,2)/OYTOT) 
ICOR=ICOR+1 
C00RD (2, ICO ) =Y1 
COORD(1,ICun.)=0. 
Ui;.:ITE(7) NPTS 	LINTY P,INT EO, °,Y1,P1,Y1,FO,PO,SGALE,SCAt 

_ l,~ • 
DO 158 J=1,NX 
ICOR=ICOP,+1 
COORD(2,ICOP)=Y1 
X1=X1+(DL(J,1) /DXTOT) 
IF(I.ED.1) WRIT:(7) NPTS,IB,LINTYP,INTEQ,X1,P0,X1,P1,P4,P0,SCALE 

'SCALE 
1,:s8 COORD(1,ICOR)=X1 
156 CONTINUE 

NP7S=-1 

WD EA7) NPTS,IBM,LINTYP,INTEQ,XI,P3 
NI:_ = 
tI1=NIXE1 
DO 162 I=1,NY 
DO 113 J=1,NX 
N 1=N1-1 
NIX (N1) =NI Z7+4 
K1=(I-1)*(NX+1)+J 
NIX(NIZZ+1)=K1 
īF(I.EQ.1.OP.J.EQ.1) NIX(NI7Z+1)=-K1 
NIX(NIZZ+2)=K1 +1 
īF(ī.E1.1.Or.J.=O.NX) NIX(NIZZ+2)=-(K1+1) 
NIX (NIZZ+3)=K1 +NX+1 
IF(I.E(1.IIY.OP.J.E1.1) NIX(NI7_Z+3)=-(Ki+NX+1) 
NIX(NIZZ+4)=Ki+NX+2 IF(I.E1.IIY.O°,.J.E!).NX) NIX(NIZZ+4)=-(K1 +NX+2) 

110 LIIZ_Z=NIZZ+4 
100 CONTINUE 

N=L EI1Z=I1X*NY 
RETURN 

NI) 
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ti 
k 	 ) ,PC1 	 ,),,N1(15,.,),E,A:T (15E, ) v51 ),NGL ( 

) 	( 3 	) 	X 1L, ( 	) 	(•1.1 	3) 
: .1 	/CY (L. / 7, 1 ) 	:-..- X ( 	. 3 	, t./(1 	( 	, 	, 	L A ( 	, 	, 	X ( 1: . 	1) 

A 	( 	-) , 	2 X (1_, 	1) 	( 	( 	-3 ) 	( 	) S1 ( 	) S 	( 	7 '= 
2) 1 2 *,(L.. ,,.1) 	(1_ ) 	(16, 	) 	(1:3) 

1.3/ IX, r•`/, 
 f,Nu4, NR,01:12 ,13C 

_ TST_P,9 	 ,T 
X ,%1,t1,-  

%L0 1111!(/ 	1/ -701- 	 NLL 	':1 1\1-.0.F , 	(3) , 	( 3) 	,L:: ( 	) , 

LLYA,LYY,LXY(1: ,2) 	) 
.0.%/(1.-.10(;,(JT (.111 ,DF;;O -St1(1,:), H1 	(2:..) 

	

1.i0■1/: 7/ /%1,O0-, 	 / L./17-..IN C 	),C.Tri)( 	) ,Ti: X (5) 	I 	( 	,IPT 

1,(JS,..LFE;P, 	17r.;,1-, X, L ,LTLL.I iI  

-J:11 1/ C.: TJM, SVILG, H. 'PG.': ,4KX,4KY VO, VW, I 3, 	VE;7 1 AUPCOS, 
,G-41/ 

CC, L 	, 	Lut-41 	( 	, "CT ( 2) , NOC (a) , E);-..)1 ( 	) ,D).•,(-1( 	) 	LL)C (1.a , 2 
,L) 	(1:1 2) , TIT L,1( 

) 	 Ti 	 LOI V,NOUF (2  
I. 	,2..) 	f ROE 

1%; .‘F(IC.F .;. 	 L2,3'/T.L7 2) 'rsITUF.',1 
( ) 	( ( Ur,' 	( J, I) 1 J=1, 2) ,1=1,,,ODcS) 	( (LWEL ( J, I) 

.L \ L( 111) , J=1, s4t,L1L:;) 	1.'.: 1 11,.4LLL-  'Z, (:,4:-ILTYP (I), IL- 1, 
- - 	 _ 	 - 

3W:T(2) T (r:%_ T (T ) 	(J.) ,L.7.,M(.,.) 	(J.), ( 	71) , 	 iCofi rUS(J,I 
Li 	( 1) 	i lE -zi.ST (1) ,.NST ( 2) ) 

IF (LC.) 	Lt) .2) 	LTt.17 N 
1 . 	.;X 	 -1, LI:. 	(I ) / :=1,Lii) ,T 6,3, 	I NUi-1, 

1 (.( (0X ( 	J, 	K, J 7) ,DCX 	 (K, J, I) ,■<=1,1.6) 	CADV/CA (K, J, 
ts1C. 7, X ( 	,), 1) OIDOX. ( 	,,ji  I)• K=111% ), J= 	ir■U'a 	((EX (K,I ) ,K=1 

3 1 :6 ), ILI (:. ), 1-_-=1,LT1), (GE, (I) , 4V1(3.) 	 (TFO (I )901- MN (I) 
- 	Litf:t1X(1) 	 ( I) ,I3G( ) ITS (I) ,I=1,NCDS) 1.1VIFiX 	(L V/F (I) 

,:=1, .1 IF-7 %'), (r)L.L.i ( 1) 1 1.,0 ( 7  ) ,r):4 ( T) ,5C117 	) 1 0.61.%( 	QI.: ) 	OFWO,SW (I) 
, (PC;(1) ,SW(1),PUI(1) 	Stql I (I 1,I=1,N2,OFT 

J)  
1 .U...,;4t•t. X I  2f-fir-',1i=S-,1%.4,.,_ -fliAX,Lu::,t4C4-'.u,.1.1- S(.11,L -i- STLi' 'UT riN, Or t. AX ,LST 
2 LLI •), LL) IP 	,TPO_T-LT , T Da Y -3, NEX r, 2 -);UT,G- AV,PT)4 TUM, )/TUM, SWtC 
3H-1, 	 ,B0`11 ''.W..1 2.:),CA,Vn,V1-1,430.1.„%/ .3 ,AOP„L/Ei,C;Lti3Sid,0::(/WS%., 
414,:q)Fill, NU :1=1'i, A' 	N5OFN, N.)0F1 	NY 	N .t..011, 	, Nf-s0V■2 ,L X X ,L Y 1.1, 

6) 	( (.(uOttP( I, J) .1=1, UY ) 	1=1, 3) 

2C :- F(L[..i 	=- 0.2) 
)1,7..IT ( -3) NC1O 	( ( JUT';',D ( 	1) J=1, 2) , 	1, NO3 	, 	E.L S, ( ( _ 	( Jj I) I 

1CjiLL(J,7) 1 J=1.1 	,I=1, 2) OILLNUN',:,%2L-:;;;Z, (■cLLTYP( I) , 1=1, NE LF:•^Z) , 

	

X.z■1_1,(H_XC) 	 lit.t,NT -F-,11;t,!-%L71,r1IGHT,NELOI V,r1ST (1) , 

-) 	(1)), _=i1S1-  (1) 91:1-  (2) ) 
( 	i/X, 1,Y 	.1;;Lc.:,1,L -11.1 (VOL ( I 	, 	) 	6,16 	I.91I MUMS 

CR,J, 

3 , I '3) , 0L1( ) ,i= I, LT1 ) 	( I) OVA (I) '1=1 	i,U,$) 	(TP1) 	) ,OTr:IN (I) 
4,JI,IX (I) 9 7. ■.,IX (I )11-7:•1.(i) IJT (I) 9Ic.G(I),ITS(I) li=1,NODS),NVIFIX, 	WF (I) 
,I=:1 ,1 IF :X , 	I ,r10 (1) 9 It"1 (I) , WCUI (I) 	) ()Wm (I ) DFAOSVI (I) 

10(-)F1- , (PC) 	) 'SW ( ) , 	(i) 	) SWIT ( J.),1, WAFT ) 
((t...(.i.,J)  

(3) ::Pr- 	 KTPLOT 	CUMT ,OT 	JI-()._0,0FilAX, 
LPE>P,EPS')V1, TTrImX 	 ,LST, 

2 ,_L1.11 ,....11r:1 LW": T9TPC.J,7 LT, 1- 3AY ._;,T!4-XT ,TF;ciNT,Gr AV, '3D T l.;1 1 jiATU,S4,..:09 
ON, VO, VVI,V3 TV-11V5, 	 DLNWSC 

L,47):JF■11, '10 0-7 	, 	N 	 , NY 1 	, I 	Nu W2 ,L X X ,L YY 
r.uN.LL), (L. XY (1,1) 	NX ) 	(LXY (1,2 ) 1=1, N't ) ( LY (I) ,I=1,LYY 

6) 	 ) ,:=1,!)Y) ,J=1, 3) 
-■10 
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SUBROUTINE TPL OT (T POS ) 
COI1''0.1 i'n(1F13),PO1(15 ),SW (1F ),SW1(15(J),3 NIT (15:3),V(5J),NGL(5,16) 

1,L 1(5C),A(320C),IJX10(6F),NCUMP(ie,?) 
CO'1001J/'i3/ FJX, t1Y, NF LEM, NELNO,NELNUN',LUt P,LU PST,NODE IU. N1 OMl, NffFN1, 

1NDOFN, An0F10, I6,Ih, 19, NOOFE, NX1, NY1,NODIS, NDOFT, NFOW, NZGW2 ,T3: ,M , 
2:1 i,NM, 111,LVAR,FCT„JSW,RUND,LCiNT,IGFST,LTSTEP,DT,GTOLD,CUMT,DUM, 
3D"NAX, _)GW`1AX 
COUNON/15/NTOTOTOT101ELIM,NELINREF,INUM,GS(3) .WW(3) ,I,L6 (2s), 

lI`iS,L6S (`) , I FX, LFX (v) , IWPI, LWPI_ (5,4) , UL (1: 1 2) , LT1, OL1 G l , VOL (1) , 
2LXX,LYY,LXY(Ii.,2),LV(13) 
C0li10'I/t16/NwFTX,LWF(5),NWELS,LW=L(1C,2),CWEL (1G,2),OU` (1G),Q11(1C) 
j0W(1 r.),QOR(1'),QWF(11).WCUT(le) DFWDSW(1C ),W"E(25) 
L0,iM01/'18/RDATUO, DATUM, SWCC,H, ,PU~R.,AKX,AKY,VO. VW, V3.V4, V;, ADPCDS, 

100'1,BW1,CD,CW,JENOSC,OENWSC,GRAV 
CONMON/1q/SCAL=,H=IGHTOST (2),NOT(2), NO ,(2),D:\N(2) ,DriN(2),LC (10,2 

i) I°ICs~I(1^ 	 (1 ,2),CONTUS",2),TITLE(8) 
GO TO ( 1̀ ,6`1,TPOS 

50 CONTINUE 
Cl CUNT/8h4C0. 
W;-CITE(7) C1, WH1B (19) ,WMi3 (19 ) 

DQ LO L11VAP=NST(1),NST(2) 
,_Winn 4 
DO 10 II=1,NY 
I1=LXY(II,2) 
J.-LY(I1) 
DY=DL1(I) 
READ(9) FITOT,I4TOT1,r1ELIM,NELIM1,NREP, ((NGL(J,K),K=1,NDOFE),J=1,NX) 

1, (L1(K) ,K=1,NTOT1) 
DO 20 J.J=1,HX 
J=LXY(JJ,1) 
DX=OL1(J) 
K=0 
DO 30 KK=i,FIDOFEODOFN 
DO 32 LL=1,N0OFN 
GO TO(34,35,36,37),LL 

34 F1=1. 
GO TO 38 

35 F1=DX 
GO TO 38 

36 F1=DY 
• GO TO 38 
37 F1=0X49Y 
38 K=K+1 

K1=rIGL (JJ, K) 
GO TO (42,44),LCVAR 

42 Xi=1:. 
IF(LL.20.1) X1=PDATUM 
V(K)=(X1+PO(K1))*14.71'F1 
GO TO 32 

L4 V(K)=SW(K1)-'F1 
32 COrNTINUE 
30 CONTI'IUE 

WRITE(7) K, (V (KK) , KK=1, K) 
20 CONTINU 
10 CONTINUE 
1.0 CO;1TINU.7 

IF(LCOIIT.NE.1) PETUFN 
60 C1=-1. 

WF:ITE(7) C1,Wr'B (18),WMB(19) 
RETURN 
END 
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