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ABSTRACT

The c a l c u l a t i o n  o f c y c l ic  c o n v o lu tio n s  i s  one o f  th e  c e n t r a l  
o p e r a t io n s  i n  d i g i t a l  s ig n a l  p r o c e s s in g .  The Number T h e o re t ic  
Transform (N TT) h as  r e c e n t l y  r e c e iv e d  a g r e a t  d e a l  o f  a t t e n t i o n  fo r  th e  
c o m p u ta tio n  o f  c y c l i c  c o n v o lu t io n s ,  b ecau se  i t  i s  p o s s ib le  to  o b ta in  a 
t ra n s fo rm  t h a t  in v o lv e s  no m u l t i p l i c a t i o n s  and no ro u n d o ff  e r r o r s  i n  
th e  c a l c u l a t i o n .  However, a l l  NTTs a r e  l im ite d  by w o rd len g th  and 
sequence l e n g th  c o n s t r a i n t s .  For some o f th e  v e ry  p ro m isin g  NTTs, 
th e r e  i s  no e f f i c i e n t  a lg o r i th m  f o r  t h e i r  r e a l i s a t i o n ,  and so t h i s  
r e s t r i c t s  th e  a p p l i c a t io n s  o f NTTs a s  a w ho le . I t  i s  th e  p u rp o se  o f 
th e  p re s e n t  r e s e a r c h  to  i n v e s t i g a t e  th e  u se  o f NTTs from  th e  p o in t  o f  
view  o f  d e s ig n in g  h ig h -s p e e d , c o m p u ta t io n a lly  e f f i c i e n t  a lg o r i th m s .

I n  o u r s tu d y , Number T h e o re t ic  T ran sfo rm s a r e  exam ined and 
e x p re sse d  i n  a s y s te m a t ic  way, u s in g  a po lyno m ia l fo rm u la t io n ,  t h a t  
f a c i l i t a t e s  th e  c o m p u ta tio n  o f  th e  c o n v o lu tio n  sum o f lo n g  seq u en ces 
each  o f  le n g th -N  i n  a tw o -d im en sio n a l (o r  m u lt i -d im e n s io n a l)  fo rm . 
T h is  new fo rm u la tio n  shows v e ry  c l e a r l y  th e  s t r u c tu r e  o f  th e  e q u a tio n s  
fo r  com puting c y c l i c  c o n v o lu tio n s  a r ra n g e d  i n  m u lti -d im e n s io n a l  fo rm .

M ersenne Number T ran sfo rm s have th e  a d v a n ta g e  o f h av in g  a 
v e ry  e f f i c i e n t  a r i t h m e t i c .  However th e r e  i s  no FFT -type a lg o r i th m  fo r  
th e  c o m p u ta tio n , and fo r  t h i s  re a s o n  l i t t l e  a t t e n t i o n  has b een  g iv e n  
to  them . We su g g e s t two ways o f  im p lem en ting  MNTs. I n  o u r f i r s t  
d e s ig n ,  we c o n v e r t  th e  MNT in to  a c y c l ic  c o n v o lu tio n  form and p ro p o se  
a s im p le  hardw are s t r u c t u r e  to  c a r r y  o u t th e  f a s t  im p le m e n ta tio n . I n



th e  second ap p ro ach  we a r ra n g e  th e  MNT in to  a r e c u r s iv e  f i l t e r  form 
and  p ro p o se  a hardw are  s t r u c t u r e  fo r  b o th  s e r i a l  and p a r a l l e l  
im p le m e n ta tio n s . The form er s t r u c t u r e  r e q u i r e s  th e  s im p le s t  hardw are  
w hereas th e  l a t t e r  s t r u c t u r e  can  be used to  r e l a x  th e  w o rd len g th  and 
sequence le n g th  c o n s t r a i n t s .

H ig h-sp eed  and low c o s t  ROMs a r e  now a v a i l a b l e .  We su g g e s t a 
new ty p e  o f  Number T h e o re t ic  T ransfo rm  fo r  th e  co m p u ta tio n  o f 
c o n v o lu tio n s  u s in g  ROMs. T h is  new fo rm u la tio n  o n ly  r e q u i r e s  a sm all 
ROM s iz e  and th e  c o n t r o l  o f d a ta  flow  i s  e x tre m e ly  s im p le .

The co m p u ta tio n  o f a q -p o in t  DFT can  a lw ays be re a r ra n g e d  i n  
a l e n g t h - ( q - l )  c y c l i c  c o n v o lu tio n  fo rm , w here q i s  a prim e num ber. By 
n o tin g  th e  symmetry p ro p e r ty  o f  th e  NTT, we show t h a t  th e  tra n s fo rm e d  
r e s u l t s  o f th e  Wn te rm s u s in g  NTT a r e  a l t e r n a t e l y  z e ro ,  
th e re b y  re d u c in g  th e  number o f  m u l t i p l i c a t i o n s  to  l e s s  th a n  one 
[ a c t u a l l y  1 ~ ]  m u l t i p l i c a t i o n  p er p o in t  fo r  th e  DFT o f  a r e a l  sequence 
l e n g th - q .  T h is  i s  th e  s m a l le s t  number o f m u l t i p l i c a t i o n s  t h a t  h as  
e v e r  r e p o r te d  fo r  th e  co m p u ta tio n  o f  DFTs.

F u r th e r  to  th e  b a s ic  fo rm u la tio n s  i n  th e  p re v io u s  p a ra g ra p h , 
some NTT m odules a r e  d e r iv e d  and su g g es ted  to  form th e  b a s ic  sequence 
le n g th s  to  com pute lo n g  DFTs. T h is  le a d s  to  th e  e f f i c i e n t  d e s ig n  o f  
a lg o r i th m s  fo r  th e  co m p u ta tio n  o f DFTs u s in g  th e  Ferm at Number

-  3 -

T ransfo rm  and th e  M ersenne Number T ran sfo rm
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STATEMENT OF ORIGINALITY

The fo l lo w in g  c o n t r ib u t io n s  re p o r te d  i n  t h i s  t h e s i s  a r e  
c la im ed  to  be o r i g i n a l :

( i )  The in t r o d u c t io n  o f th e  use o f p o ly no m ia l fo rm u la tio n s  f o r  th e  
c o m p u ta tio n  o f  c y c l i c  c o n v o lu tio n s  o f  lon g  seq u en ces  u s in g  Number 
T h e o re t ic  T ra n s fo rm s [c h a p te r  3]

These fo rm u la tio n s  le a d  us to  be a b le  to  d e m o n s tra te :
( a )  v e ry  c l e a r l y  th e  s t r u c tu r e s  o f th e  c o m p u ta tio n s  o f  lo n g  
c y c l i c  c o n v o lu tio n s  u s in g  m u lti -d im e n s io n a l  te c h n iq u e s  fo r  
Number T h e o re t ic  T ra n s fo rm s [s e c t io n  3 - 2 ] ,
(b )  a new and s y s te m a t ic  method fo r  th e  fo rm u la tio n  o f th e
e q u a tio n s  fo r  th e  c o m p u ta tio n  u s in g  m u lt i -d im e n s io n a l  
te c h n iq u e s  f o r  one and tw o -d im en sio n a l c y c l ic
c o n v o lu tio n s [  s e c t io n s  3 .2  and 3 .3 ]  and
( c )  th e  s u g g e s t io n  o f u s in g  n e s te d  NTTs fo r  th e  c o m p u ta tio n  o f  
c y c l ic  c o n v o lu t io n s [ s e c t io n 3 .4 ] .

( i i )  The fo rm u la t io n  o f th e  c o n v e rs io n  o f th e  M ersenne Number
T ran sfo rm s in to  c y c l i c  c o n v o lu tio n s  s u i t a b l e  fo r  h ig h -sp e e d
im p le m e n ta tio n s [ c h a p te r  4]

T h is  fo rm u la t io n  le a d s  to :
( a )  a new and sim p le  hardw are  d e s ig n  f o r  th e  s e r i a l  
im p le m e n ta tio n  o f  th e  MNT [ s e c t i o n  4 .2 ] ,
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(b )  a new and s im p le  h ardw are  d e s ig n  fo r  th e  p a r a l l e l
im p le m e n ta tio n  o f  th e  MNT[ s e c t i o n  4 .2 ]  and
(c )  a n  e x te n s io n  o f th e s e  d e s ig n  to  o th e r  NTTs[ s e c t io n  4 .3 ] .

( i i i )  The s u g g e s t io n  o f  th e  a rran g em en t o f  th e  M ersenne Number 
T ransfo rm  in to  r e c u r s iv e  f i l t e r  fo rm [c h a p te r  5]

T h is  s u g g e s t io n  le a d s  to :
( a )  a new and e f f i c i e n t  s e r i a l  hardw are s t r u c tu r e  to  im plem ent 
th e  M N T[section 5 .1 ] ,
(b )  a new and e f f i c i e n t  p a r a l l e l  hardw are s t r u c tu r e  to
im plem ent th e  M N T[section 5 .1 ] ,
( c )  a method to  compute MNTs w ith  tra n s fo rm  l e n g th s  no t b e in g  
eq u a l to  P o r  2 P[ s e c t io n  5 .2 ]  and
(d )  a s o lu t io n  to  th e  problem  o f th e  w o rd - le n g th  and th e  
sequence l e n g th  c o n s t r a i n t s  o f th e  M NT[5.3].

( i v )  The developm ent and d e s ig n  o f  a new c la s s  o f  Number T h e o re t ic  
T ran sfo rm s fo r  c y c l i c  c o n v o lu tio n s  u s in g  ROM a r r a y s [ c h a p te r  6]

T h is  s tu d y  in c lu d e s :
( a )  a g e n e r a l i s a t i o n  o f p o in t  ( i i i ) ( a )  to  any Number T h e o re t ic  
T ransfo rm  w ith  prim e sequence l e n g th [ s e c t io n  6 .1 ]  and
(b )  a s u g g e s t io n  fo r  th e  d e s ig n  o f new NTTs w ith o u t 
w o rd - le n g th  and sequence l e n g th  c o n s t r a i n t s [ 6 .2 ] .

(v )  The developm ent o f th e  b a s ic  fo rm u la tio n s  fo r  th e  co m p u ta tio n  o f
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D is c re te  F o u r ie r  T ran sfo rm s u s in g  Number T h e o re t ic  
T ra n s fo rm s [c h a p te r  7]

T h is  developm ent g iv e s :
( a )  th e  c o n d it io n s  and b a s ic  e q u a tio n s  o f th e  co m p u ta tio n  o f 
th e  D is c r e te  F o u r ie r  T ran sfo rm s u s in g  Number T h e o re t ic  
T ra n s fo rm s [s e c t io n  7 .1 ] ,
(b )  th e  p r o p e r t i e s  o f th e  tra n s fo rm e d  v a lu e s  o f 
W 's [ s e c t io n  7 .1 ]  and
( c )  th e  l e a s t  number o f m u l t i p l i c a t i o n s  t h a t  h as e v e r b een  
r e p o r te d  fo r  th e  co m p u ta tio n  o f  D F T s[sec tio n  7 .1 ] .

( v i )  The s tu d y  on th e  c o m p u ta tio n  o f D is c r e te  F o u r ie r  T ran sfo rm s u s in g  
F erm at Number T ra n s fo rm s [c h a p te r  8]

T h is  in c lu d e s :
( a )  th e  c o n ju g a te  p ro p e r ty  o f {W } fo r  th e  tw o -d im en sio n a ln
fo rm u la tio n !  s e c t io n  8 .1 ] .
(b )  th e  s u g g e s t io n  o f 8 b a s ic  FNT m odules fo r  com puting lo n g  
D F T s[sec tio n  8 .1 ]  and
( c )  th e  d is c u s s io n  on th e  co m p u ta tio n  o f lo n g  DFTs w ith  th e  
minimum number o f o p e r a t io n s ! s e c t io n s  8.2 and 8 .3 ] .

( v i i )  The s tu d y  on th e  c o m p u ta tio n  o f D is c r e te  F o u r ie r  T ran sfo rm  u s in g  
lle rsen n e  Number T ransform ! c h a p te r  9]

T h is  in c lu d e s :
( a )  th e  s u g g e s t io n  o f u s in g  M ersenne-com posite  Number
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T ran sfo rm s fo r  th e  c o m p u ta tio n  o f  D F T s[sec tio n  9 .1 ] ,
(b )  th e  d is c u s s io n  on th e  co m p u ta tio n  o f lo n g  DFTs u s in g  MNTs 
w ith  th e  number o f o p e r a t io n s  l e s s  th a n  th e  number o f 
o p e r a t io n s  re p o r te d  b e fo re [  s e c t io n  9 .2 ]  and
( c )  th e  s u g g e s t io n  o f  u s in g  th e  pseudo-M ersenne Number
T ransfo rm  fo r  th e  c o m p u ta tio n  o f  D is c re te  F o u r ie r
T ran sfo rm s[ s e c t io n  9 .3 ] .
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CHAPTER 1 INTRODUCTION

1.1  C y c lic  C o n v o lu tio n s  and D is c re te  F o u r ie r  T ran sfo rm s

I n  th e  p a s t  few y e a rs  d i g i t a l  s ig n a l  p ro c e s s in g ( D .S .P .)  
t e c h n iq u e s [ 1-10] have b een  e x te n s iv e ly  s tu d ie d  b ecau se  o f  t h e i r  
im p o rta n ce  i n  a w ide ran g e  o f  a p p l i c a t io n s  such  a s  image 
p r o c e s s in g [ 1 1 -1 2 ] , sp eech  p ro c e s s in g [  1 3 ] , r a d a r  p r o c e s s in g [ 1 0 ], 
b io m e d ic a l e n g in e e r in g [ 3] and many o t h e r s .  The f i e l d  o f d i g i t a l  
s ig n a l  p ro c e s s in g  b ro a d ly  sp eak in g  c o n s i s t s  o f  two m ajor s u b d iv is io n s :
( i )  d i g i t a l  f i l t e r i n g  and ( i i )  sp ec tru m  a n a l y s i s  u s in g  th e  D is c re te  
F o u r ie r  T ransfo rm (D F T ).

Every l i n e a r  d i g i t a l  f i l t e r  can  be d e s c r ib e d  by th e  l i n e a r  
c o n v o lu tio n  sum. For th e  im p le m e n ta tio n  o f th e s e  f i l t e r s [ 1 4 -1 5 ], 
t ra n s fo rm  te c h n iq u e s  have v e ry  o f t e n  b een  used to  c a r r y  o u t th e  
c o m p u ta tio n . Most f a s t  c o n v o lu tio n  a lg o r i th m s ,  such a s  th o s e  based  on 
F a s t  F o u r ie r  T ra n sfo rm (F F T )[1 6 -1 7 ] , a p p ly  o n ly  to  p e r io d ic  fu n c t io n s  
and com pute c y c l ic  c o n v o lu t io n s .  H ence, i n  o rd e r  to  ta k e  a d v a n ta g e  o f 
v a r io u s  f a s t  c y c l ic  c o n v o lu tio n  a lg o r i th m s  to  sp eed -u p  th e  c a l c u l a t io n  
o f d i g i t a l  f i l t e r i n g  p ro c e s s e s  m ethods l i k e  th e  o v e r la p - a d d [ 17 ] and 
o v e r l a p - s a v e [ 17] can  be employed to  e f f e c t  th e  c o m p u ta tio n s . 
F u rth e rm o re , th e  D is c r e te  F o u r ie r  T ran sfo rm  (DFT) c a n  a ls o  be 
c o n v e r te d  in to  a c y c l ic  c o n v o lu tio n  form when th e  t ra n s fo rm  le n g th ,  N 
i s  a p rim e num ber[ 1 8 ] .  I t  i s  e v id e n t ,  t h e r e f o r e ,  t h a t  th e  c y c l ic  
c o n v o lu tio n  i s  a v e ry  b a s ic  and e s s e n t i a l  o p e r a t io n  i n  d i g i t a l  s ig n a l  
p ro e c s s in g .
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I t  i s  a lm o s t s e l f - e v id e n t  to  s t a t e  t h a t  i f  a n  e f f i c i e n t  
method fo r  com puting th e  DFT i s  d e v e lo p e d , th e n  th e r e  i s  a h ig h  
l ik e l ih o o d  t h a t  th e  same te c h n iq u e  may be used to  com pute th e  c y c l ic  
c o n v o lu tio n s  and v ic e  v e r s a .  T here  i s  t h e r e f o r e  a p a r a l l e l  
developm ent betw een  th e  c o m p u ta tio n  o f c y c l i c  c o n v o lu tio n s  and 
D is c r e te  F o u r ie r  T ra n sfo rm s .

One o f th e  m ost im p o r ta n t  e v e n ts  i n  f a s t  a lg o r i th m  
developm ent was th e  i n t r o d u c t io n  o f th e  F a s t  F o u r ie r  T ransform (FF T ) by 
Cooley and T u key [16-17] i n  1965. T h is  a lg o r i th m  a llo w s  a trem endous 
sa v in g  i n  th e  c a l c u l a t i o n  o f th e  D is c re te  F o u r ie r  T ran sfo rm . I t  
re d u c e s  th e  number o f r e a l  m u l t i p l i c a t i o n s  from 4 1 ? , to  2Nlog^N, w h ile  
th e  number o f  r e a l  a d d i t i o n s  i s  red u ced  from  21? to  3Nlog^N fo r  
N -p o in t com plex DFTs. The same o rd e r  o f r e d u c t io n  i s  a l s o  a c h ie v e d  
fo r  th e  c o m p u ta tio n  o f  c y c l ic  c o n v o lu tio n s  by th e  FFT a lg o r i th m . The 
m ajor d is a d v a n ta g e s  o f th e  FFT a lg o r i th m  a r e  t h a t  ( i )  i t  s t i l l  
r e q u i r e s  q u i t e  a l a r g e  number o f m u l t i p l i c a t i o n s  and ( i i )  th e  number 
o f r e a l  m u l t i p l i c a t i o n s  p e r p o in t  i s  a lm o s t th e  same fo r  b o th  r e a l  and 
com plex in p u t  d a t a .  T h is  l a s t  p o in t  makes th e  FFT v e ry  i n e f f i c i e n t  
fo r  c a l c u l a t in g  th e  DFT o f r e a l  in p u t  d a t a .  The FFT i s ,  how ever, 
s t i l l  th e  m ost p o p u la r a lg o r i th m  fo r  th e  c o m p u ta tio n s  o f  DFTs and 
c y c l ic  c o n v o lu tio n s  b ec a u se  o f  i t s  s im p l i c i ty  o f  program m ing and 
s u i t a b i l i t y  fo r  g e n e ra l  c o m p u te rs .

1.2 R ecent D evelopm ent! 19-22 ]

I n  1975, W inograd[23] showed t h a t  th e  minimum number o f 
m u l t i p l i c a t i o n s  r e q u i r e d  to  com pute th e  c y c l ic  c o n v o lu tio n  o f  two
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le n g th -N  seq uen ces i s  2N-K, w here K i s  th e  number o f d i v i s o r s  o f N 
in c lu d in g  1 and N. Agarwal and C ooley[24] used th e  s h o r t  c o n v o lu tio n  
a lg o r i th m s  d ev e lop ed  by W inograd[25] ,  and A garw al and B u r ru s [2 6 ] ,  f o r  
h ig h -sp e e d  c o m p u ta tio n  o f  lo n g  c o n v o lu t io n s .  T h is  method u se s  th e  
C hinese  Rem ainder Theorem(CRT) [2 7 -2 8 ] fo r  m apping o n e -d im e n s io n a l 
seq uen ces i n to  m u lt i -d im e n s io n a l  seq u en ces and i s  found to  be b e t t e r  
th a n  th e  FFT m ethods fo r  sequence  le n g th s  up to  N=42 0 .

W ith th e  s h o r t  c y c l i c  c o n v o lu tio n  a lg o r i th m s  a s  a b a s i s ,  i t  
i s  c l e a r  t h a t  e f f i c i e n t ,  s h o r t  DFT a lg o r i th m s  may a ls o  be c o n s t r u c te d .  
W in og rad [2 5 ,29 -3 0 ] made u se  o f R a d e r 's  T heorem [18] on  DFT o f  seq u en ces 
w ith  le n g th s  e q u a l to  prim e numbers to  c o n s t r u c t  a lg o r i th m s  fo r  th e  
co m p u ta tio n  o f D is c re te  F o u r ie r  T ran sfo rm s . Compared w ith  
c o n v e n tio n a l  FFT m etho ds, th e  Winograd F o u r ie r  T ran sfo rm  
algorithm s(W FTA ) r e q u i r e  b etw een  o n e -h a lf  to  o n e - th i r d  o f th e  number 
o f  m u l t i p l i c a t i o n s  needed fo r  c o n v e n tio n a l  FFTs w ith  a s l i g h l y  
in c re a s e d  number o f a d d i t i o n s  p e r p o in t .  Kolba and P a rk s[3 1 ] m o d ified  
some o f  W in o g rad 's  s h o r t  DFT a lg o r i th m s  and made a d e t a i l e d  a n a ly s i s  
o f  u s in g  prim e f a c to r  a lg o rith m (P F A ) fo r  th e  co m p u ta tio n  o f  DFTs. 
T h is  method r e q u i r e s  a r e l a t i v e l y  l a r g e r  number o f m u l t i p l i c a t i o n s  
compared to  th e  WFTA. However, i t  i s  e a s i e r  to  w r i te  a g e n e ra l  prim e 
f a c to r  DFT program  and th e  co m p u ta tio n  can  be done u s in g  l e s s  memory 
th a n  i s  r e q u i r e d  f o r  W inograd F o u r ie r  T ran sfo rm  A lg o r ith m [3 1 -3 2 ] .  
Both th e  WFTA and PFA make u se  o f th e  o r i g i n a l  id e a ,  d e s c r ib e d  by 
Good[3 3 -3 4 ] , o f b re a k in g  up a o n e -d im e n s io n a l t ra n s fo rm  in to  a 
m u lti -d im e n s io n a l  t ra n s fo rm  w ith  prim e f a c t o r s .
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I n  1977, N ussbaum er[35] f i r s t  su g g e s ted  th e  u se  o f  P o lyno m ial 
T ran sfo rm s(P T ) o v e r th e  f i e l d  o f p o ly n o m ia ls  to  com pute 
tw o -d im en sio n a l c o n v o lu t io n s .  P o lyn o m ial tra n s fo rm s  can  be com puted 
w ith o u t m u l t i p l i c a t i o n s  u s in g  o rd in a ry  a r i t h m e t i c ,  and th e y  c o n v e r t  
m u l t i -d im e n s io n a l  c o n v o lu tio n s  i n to  o n e -d im e n s io n a l c o n v o lu tio n s  and 
p o ly no m ia l p ro d u c ts .  The number o f  m u l t i p l i c a t i o n s  p e r p o in t  l i e s  i n  
th e  ran g e  2 to  4 fo r  th e  co m p u ta tio n  o f  12x12 to  12 0x12 0 
tw o -d im en sio n a l c y c l i c  c o n v o lu t io n s [ 2 0 ] .  T h is  ap p ro ach  a l s o  le d  to  
th e  developm ent o f f a s t  a lg o r i th m s [ 35-37] fo r  com puting DFTs u s in g  
p o ly n o m ia l t r a n s fo r m s .  The method r e q u i r e s  two to  fo u r  r e a l  
m u l t i p l i c a t i o n s  p e r  p o in t  fo r  com plex in p u t  d a t a .  However, fo r  th e  
co m p u ta tio n  o f  o n e -d im e n s io n a l DFTs, one has to  c o n v e r t  th e  
o n e -d im e n s io n a l DFT i n to  a tw o -d im en sio n a l form and a r ra n g e  th e  m ajor 
p a r t  o f  th e  c a l c u l a t i o n  a s  a tw o -d im en sio n a l c o n v o lu tio n  s u i t a b l e  fo r  
th e  P o lyn om ial T ran sfo rm . I n  t h i s  c a se  th e  sa v in g  i n  th e  number o f 
m u l t i p l i c a t i o n s  i s  l e s s  th a n  i n  th e  tw o -d im en sio n a l c a s e .

I t  i s  a ls o  i n t e r e s t i n g  to  p o in t  o u t t h a t ,  f o r  th e  co m p u ta tio n  
o f  r e a l  in p u t  d a ta  b o th  th e  W inograd F o u r ie r  T ransfo rm  and th e  
P o lynom ial T ransfo rm  r e q u i r e  a p p ro x im a te ly  h a l f  th e  number o f 
o p e r a t io n s  a s  a r e  needed i n  th e  c a se  o f  com plex d a t a .

1 .3  Number T h e o re t ic  T ra n s fo rm s [38-41]

Both th e  W inograd F o u r ie r  T ransfo rm  A lg o rith m  and th e  
P o lynom ial T ranform  make u se  o f  number th e o ry [2 7 -2 8] to  d ev e lo p  th e  
a lg o r i th m s .  An a l t e r n a t i v e  a p p ro a c h , w hich a ls o  r e l i e s  h e a v i ly  on 
number th e o ry ,  i s  to  u se  Number T h e o re t ic  T ransfo rm s(N T T ). The Number
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T h e o re t ic  T ransform  i s  d e f in e d  on f i n i t e  f i e l d s  o r r in g s  o f r e a l  
i n t e g e r s ! 3 8 -4 3 ]. The tra n s fo rm  in v o lv e s  no complex-number 
m u l t ip l i c a t io n s  and has p r o p e r t ie s  s im i la r  to th o se  o f th e  D is c re te  
F o u r ie r  T ran sfo rm , Thus i t  can  be used a s  a method fo r  f a s t  and e r r o r  
f r e e  c a lc u la t io n  o f  c y c l ic  c o n v o lu tio n s  a p p l ic a b le  fo r  exam ple to  th e  
im p lem en ta tio n  o f d i g i t a l  s ig n a l  p ro c e s s o rs .

Of th e  v a r io u s  v e r s io n s  o f  th e  NTT p ro p o sed , th e  Ferm at 
Number Transform(FNT) which has been  thoroughy  in v e s t ig a te d  by Agarwal 
and B u rru s [4 0 ] , and th e  M ersenne Number Transform(MNT) w hich was 
in tro d u c e d  by R ader[39] a r e  th e  most p rom ising  c a s e s .  S in c e  th e  
tra n s fo rm  le n g th  N o f th e  Ferm at Number T ransform  must be a power o f 
tw o, a f a s t  im p lem en ta tio n  fo r  i t  s im i la r  to  th e  F a s t  F o u r ie r  
T ransform  w ith  r a d ix  two i s  p o s s ib le .  For th e  co m p u ta tio n  o f FNT, 
a r i th m e t ic  o p e ra t io n s  must be c a r r ie d  o u t i n  modulo (2 ^ + 1 ). U su a lly  
a  , th e  ro o t  o f u n i ty  o f o rd e r  N, i s  tak en  to  be two, o r a power o f 
tw o. However w ith in  th e  a r i th m e t ic  o p e ra t io n s  modulo (2^+1) 
m u l t ip l i c a t io n  o f a number i n  a r e g i s t e r  by otn does no t sim ply  
in v o lv e  s h i f t i n g  th e  c o n te n ts  o f th e  r e g i s t e r  by n b i t s ,  i t  i s  a ls o  
n ec e ssa ry  to s u b t r a c t  n o verflow  b i t s  and to  tak e  o th e r  p re c a u t io n s .  
I n  o rd e r  to  s im p lify  th e  co m p u ta tio n , Agarwal and B urru s[3 9] made 
t h e i r  im p lem en ta tio n  o f  FNT u s in g  a b - b i t  r e p r e s e n ta io n  o f in te g e r s  
which can  in tro d u c e  some e r r o r  in to  th e  r e s u l t .  M cC le llan [4 4 ] d e f in e d  
a new code r e p r e s e n ta t io n  fo r  th e  in te g e r s  modulo a Ferm at number, F , 
u s in g  a normal b in a ry  w e ig h tin g  w ith  d i g i t s  +1 . M c C le lla n 's  app ro ach  
was s im p li f ie d  by L e ib o w itz [4 5 ] who proposed  th e  d im in ish ed -o n e  
r e p r e s e n ta t io n  to  r e p re s e n t  th e  number system  used i n  FNT. Both



18 -

M c C le lle n , s and L e ib o w itz 's  m ethods e f f e c t i v e l y  c o n v e r t  th e  a r i th m e t ic  
to  be s im i l a r  t o ,  and o f th e  same co m p le x ity  a s ,  o rd in a ry  
ones-com plem ent a r i t h m e t i c .

S in c e  th e  tra n s fo rm  le n g th s  o f th e  M ersenne Number T ran sfo rm s 
a r e  n o t h ig h ly  c o m p o s ite , th e r e  i s  no F FT -type a lg o r i th m  f o r  t h e i r  
c o m p u ta tio n , and fo r  t h i s  re a s o n  l i t t l e  a t t e n t i o n  has b een  g iv e n  to  
them . M ersenne Number T ran sfo rm s have th e  a d v an tag e  o f b e in g  a b le  to  
u se  v e ry  e f f i c i e n t  a r i th m e t ic  (w hich  co u ld  be i n  ones-com plem ent 
fo rm ). For exam ple, th e  r e q u ir e d  m u l t i p l i c a t i o n s  by pow ers o f two a r e  
perfo rm ed  by sim p le  b i t  r o t a t i o n s .  One p o s s ib le  method in tro d u c e d  by 
Reed and T ruo ng [4 6-48 ] o f r e t a i n i n g  th e  a r i th m e t ic  modulo o f a 
M ersenne Number and o f u t i l i s i n g  th e  F F T -type a lg o r i th m  i s  to  d e f in e  
th e  Number T h e o re t ic  T ransfo rm  i n  a G a lo is  f i e l d  w ith  r o o ts  o f  u n i ty  
b e in g  G au ss ian  i n t e g e r s .  U n fo r tu n a te ly ,  n o t a l l  th e  r o o ts  o f u n i ty  o f 
th e s e  com plex MNTs a r e  sim p le  and so some g e n e ra l  
m u l t ip l i 'c a t io n s [ 4 6 -4 9 ]  a r e  r e q u ir e d  fo r  th e  c o m p u ta tio n  o f  th e  
t r a n s fo r m . N ussbaum er[50] s u g g e s ts  a n  a l t e r n a t i v e  s o lu t io n  by 
in t ro d u c in g  th e  pseudo-M ersenne T ran sfo rm . T w o-step  modulo a r i th m e t ic  
(o n  two m o d u li) ,  i n  a d d i t i o n  to  l a r g e r  w o rd - le n g th s ,  have to  be used 
to  c a r ry  o u t th e  c o m p u ta tio n . F u rth e rm o re  th e  r e s u l t a n t  t ra n s fo rm  i s  
no t a lw ays h ig h ly  c o m p o s ite .

A ll  Number T h e o re t ic  T ran sfo rm s a r e  r e s t r i c t e d  by w o rd len g th  
and sequence le n g th  c o n s t r a i n t s [ 3 8 - 4 3 ,5 1 ] .  N ussbaum er[50] i n c r e a s e s  
th e  sequence le n g th  o f th e  MNT from  2P to  8P by o b se rv in g  t h a t  th e  
com plex number (1 + i)  i s  a n  e lem en t o f o rd e r  8P i n  GF(q ) .  T h is
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com plex MNT p rodu ces a f o u r - f o ld  in c r e a s e  i n  sequence le n g th s  and i s  
more s u i t a b l e  fo r  com plex c o n v o lu t io n s ,  r a t h e r  th a n  fo r  th e  
c o n v o lu tio n  o f  r e a l  d a t a .  Reed and T ruong[58] have a ls o  p ropo sed  to  
employ W in o g rad 's  a lg o r i th m [2  3 ,25 ] to  com pute c o n v o lu tio n s  u s in g  
M ersenne Number T ran sfo rm s w ith  2 o r o th e r  r e a l  i n t e g e r s  a s  th e  ro o t  
o f u n i t y .  They r e s t r i c t e d  t h e i r  d is c u s s io n  to  m oduli o f  M ersenne 
p rim es o n ly  and g e n e ra l  m u l t i p l i c a t i o n  o p e r a t io n s  have to  be employed 
fo r  th e  co m p u ta tio n  o f th e  tra n s fo rm s  fo r  lo n g  sequence l e n g th s .

A nother a p p ro a c h , fu n d a m e n ta lly  d i f f e r e n t  from th e  p re v io u s  
m e th o d s, p roposed  fo r  th e  s o lu t io n  o f th e  sequence l e n g th  problem  has 
b een  g iv e n  by D ubois and V en e tsan o p o u lo s[ 52 ] and Duhamel and 
Holmann[5 3 -5 5 ] .  They choose  m oduli o th e r  th a n  Ferm at numbers o r 
M ersenne numbers fo r  th e  Number T h e o re t ic  T ran sfo rm . However, th e  
a r i th m e t ic  o p e ra t io n s  needed i n  th o se  c a s e s  a r e  more c o m p lica te d  th a n  
th o se  used  in  MNTs and FNTs. Thomas, L a rso n  and K e l l e r [56] have a ls o  
d e f in e d  a g e n e ra l i s e d  Number T h e o re t ic  T ransfo rm  w hich a llo w s  fo r  an  
in d e p e n d e n t c h o ice  o f tra n s fo rm  le n g th  and m odulus b a s e .  However, 
t h i s  method s a c r i f i c e s  th e  v e ry  im p o r ta n t  c i r c u l a r  c o n v o lu tio n  
p ro p e r ty  o f th e  t r a n s fo r m . B a lia  and A n to n io u [5 8 ] have proposed  to  
use 3 a s  th e  ro o t  o f  u n i ty  fo r  Number T h e o re t ic  T ra n sfo rm s . T h is  
c h o ic e  g iv e s  sequence l e n g th s  s u f f i c i e n t l y  l a r g e  f o r  p r a c t i c a l  
a p p l i c a t io n s  b u t t h i s  a lg o r i th m  r e q u i r e s  a r e l a t i v e l y  co m p lica ted  
t e r n a r y  a r i th m e t ic  fo r  i t s  im p le m e n ta tio n .

B es id e s  th e  seq uence  le n g th  and w o rd len g th  c o n s t r a i n t s ,  th e  
Number T h e o re t ic  T ransfo rm  a ls o  r e q u i r e s  e f f i c i e n t  c i r c u i t  s t r u c tu r e s
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a n d /o r  a r i th m e t ic  fo r  i t s  im p le m e n ta tio n . Coding i s  one s o lu t io n  to  
t h i s  p ro b lem . A no ther s o lu t io n  o r i g i n a l l y  su g g e s ted  by P o l la rd [5 9 ]  
and w ith  h a rd w ares  im plem ented by  J u l l i e n ,  M i l l e r [ 60-62] and 
N agpal[62] i s  to  u se  a n  a r r a y  o f  R0Ms(Read-Only-Memory) to  do th e  
a r i t h m e t i c .  T h is  method u se s  a r e l a t i v e l y  l a r g e  ROM s i z e [ 6 0 -6 3 ] , b u t 
i t  can  be used to  im plem ent v e ry  h ig h  speed d i g i t a l  s ig n a l  p r o c e s s o r s .

1 .4  T h e s is  S t r u c t u r e

The aim  o f  th e  r e s e a r c h  p re s e n te d  in  t h i s  t h e s i s  i s  to  
i n v e s t i g a t e  e f f i c i e n t  im p le m e n ta tio n  o f  Number T h e o re t ic  T ran sfo rm s 
fo r  c o m p u ta t io n a lly  e f f i c i e n t  D ig i t a l  S ig n a l  P ro c e s s o r s .  T h is  
in c lu d e s  s o lu t io n s  to  th e  problem s m entioned  i n  th e  p re v io u s  s e c t i o n s .  
The m ajor p a r t  o f  t h i s  t h e s i s  fo c u s e s  on our new fo rm u la tio n s  o f NTT 
e q u a tio n s  to  r e l a x  th e  sequence le n g th  and w o rd len g th  c o n s t r a i n t s ;  and 
e f f i c i e n t  a lg o r i th m s  fo r  th e  co m p u ta tio n  o f D is c r e te  F o u r ie r  
T ran sfo rm s u s in g  NTTs. H ig h-speed  hardw are s t r u c t u r e s  a r e  a ls o  
p ro posed  fo r  u se  i n  D ig i t a l  S ig n a l  P ro c e s s o r s .

C hap ter 2 o f t h i s  t h e s i s  i s  d ev o ted  to  a rev iew  o f th e  
t h e o r e t i c a l  developm ent o f Number T h e o re t ic  T ra n sfo rm s . T h is  in c lu d e s  
th e  c o n d it io n s  fo r  th e  e x is te n c e  o f th e  Number T h e o re t ic  T ransfo rm  and 
d is c u s s io n s  on th e  c o n s t r a i n t s  and a d v a n ta g e s  i n  u s in g  them .

I n  c h a p te r  3 ,  Number T h e o re t ic  T ran sfo rm s a r e  examined and 
e x p re sse d  i n  a s y s te m a t ic  way, u s in g  a po lynom ial fo rm u la t io n ,  t h a t  
f a c i l i t e s  th e  c o m p u ta tio n  o f th e  c o n v o lu tio n  sum o f lo n g  seq uen ces 
each  o f  le n g th -N  i n  tw o -d im en sio n a l (o r  m u lt i -d im e n s io n a l)  fo rm . T h is
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new fo rm u la tio n  shows v e ry  c l e a r l y  th e  s t r u c tu r e  o f  th e  co m p u ta tio n s  
o f c y c l i c  c o n v o lu tio n s  (o n e -  o r  m u lt i -d im e n s io n a l)  u s in g  
m u lti -d im e n s io n a l  te c h n iq u e s  when ( i )  th e  f a c t o r s  o f N a r e  n o t 
m u tu a lly  prim e and ( i i )  th e  f a c t o r s  o f  N a r e  m u tu a lly  p rim e .

To overcom e th e  l a c k  o f F F T -types o f  a lg o r i th m  fo r  th e  
c o m p u ta tio n  o f  M ersenne Number T ran sfo rm , we su g g e s t two e f f i c i e n t  
ways to  im plem ent MNTs. In  c h a p te r  4 ,  we c o n v e r t  th e  tlNT in to  a 
c y c l i c  c o n v o lu tio n  form  and p ro p o se  a s im p le  hardw are  s t r u c tu r e  to  
c a r r y  o u t th e  f a s t  im p le m e n ta tio n . I n  c h a p te r  5 ,  we a r ra n g e  th e  MNT 
in to  a r e c u r s iv e  f i l t e r  form and p ro p o se  a hardw are  s t r u c t u r e  fo r  b o th  
s e r i a l  and p a r a l l e l  im p le m e n ta tio n s . The form er s t r u c t u r e  r e q u i r e s  
th e  s im p le s t  hardw are w hereas th e  l a t t e r  s t r u c tu r e  can  be used to  
r e l a x  th e  w o rd len g th  and sequence le n g th  c o n s t r a i n t s .

H ig h -sp eed  and low c o s t  ROMs a re  now a v a i l a b l e .  C hap ter 6 
g iv e  a n  a c co u n t o f  o ur new Number T h e o re t ic  T ran sfo rm s su g g e s ted  fo r  
th e  c o m p u ta tio n  o f c o n v o lu tio n s  u s in g  ROMs. T h is  new fo rm u la tio n  o n ly  
r e q u i r e s  a sm all ROM s iz e  and th e  c o n t r o l  o f d a ta  flow  i s  e x tre m e ly  
s im p le .

I n  c h a p te r  7 , we su g g e s t  th e  use o f th e  Number T h e o re t ic  
T ransfo rm s to  com pute th e  D is c re te  F o u r ie r  T ran sfo rm . By n o tin g  th e  
symmetry o f th e  NTT, we show t h a t  th e  number o f m u l t i p l i c a t i o n s  p er 
p o in t  fo r  th e  DFT fo r  a r e a l  sequence le n g th  o f P i s  l e s s  th a n  one 
( a c t u a l l y  1 - i ) .  T h is  i s  th e  l e a s t  number o f m u l t i p l i c a t i o n s  t h a t  has 
e v e r been  r e p o r te d  fo r  th e  c o m p u ta tio n  o f  DFTs.
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F u r th e r  to  th e  b a s ic  fo rm u la tio n  i n  c h a p te r  7 , c h a p te r  8 
shows t h a t  i n  m ost c a s e s  by u s in g  Ferm at Number T ran sfo rm s to  com pute 
DFTs i s  l e s s  th a n  t h a t  th e  number o f o p e r a t io n s  i n  th e  W inogrand 
F o u r ie r  T ran sfo rm  A lg o rith m  and th e  P olynom ial T ran sfo rm . C hap ter 9 
g iv e s  th e  r e s u l t s  o f  o u r s tu d y  u s in g  th e  M ersenne-prim e and 
H ersen n e -co m p o site  Number T ran sfo rm s to  com pute DFTs. The number o f 
m u l t i p l i c a t i o n s  p er p o in t  rem a in s one and th e  c o n tro l  o f d a ta  flow  i n  
t h i s  new ap p ro ach  i s  v e ry  s im p le .

I n  th e  f i n a l  c h a p te r ,  c h a p te r  10, we d is c u s s  th e  c o n c lu s io n s  
o f th e  p re s e n t  r e s e a r c h  and g iv e  some s u g g e s t io n s  fo r  f u r t h e r
r e s e a rc h



-  23

CHAPTER 2 REVIEW OF BASIC THEORY

I n  t h i s  c h a p te r ,  we s t a r t  o ur d is c u s s io n  w ith  th e  developm ent 
o f  th e  g e n e ra l  s t r u c t u r e  o f tra n s fo rm s  w ith  th e  c o n v o lu tio n  p ro p e r ty  
and th e n  p r e s e n t  th e  Number T h e o re t ic  T ran sfo rm s modulo an  in t e g e r  a s  
a p r a c t i c a l  scheme fo r  c a l c u l a t in g  c y c l ic  c o n v o lu t io n s .  I t  i s  
p o s s ib le  to  o b ta in  a Number T h e o re t ic  T ransfo rm  t h a t  in v o lv e s  no 
m u l t i p l i c a t i o n s  and no ro u n d o ff e r r o r s  i n  th e  c a l c u l a t i o n .  The e a se  
o f  im p le m e n ta tio n  o f th e  tra n s fo rm  o f t e n  depends on th e  c h o ice  o f  
m odulus(M ), ro o t  o f  u n i ty ( a )  and th e  tra n s fo rm  le n g th  (N) . T h is  
c h a p te r  a ls o  in c lu d e s  th e  c o n d it io n s  fo r  th e  e x is te n c e  o f th e  Number 
T h e o re t ic  T ran sfo rm  and th e  d is c u s s io n s  on th e  c o n s t r a i n t s  and 
a d v a n ta g e s  o f  u s in g  NTTs fo r  D ig i t a l  S ig n a l  P ro c e s s in g .

2 .1  C ir c u la r  C o n v o lu tio n  P ro p e r ty

I n  t h i s  s e c t io n  we d is c u s s  th e  e s s e n t i a l  re q u ire m e n ts  fo r  
t ra n s fo rm s  to  have th e  c i r c u l a r  c o n v o lu tio n  p r o p e r ty ,  a s  th e  D is c r e te  
F o u r ie r  T ran sfo rm  h a s .  The c i r c u l a r  c o n v o lu tio n  p ro p e r ty  o f  a 
tra n s fo rm  means t h a t  th e  tra n s fo rm  o f  th e  c y c l ic  c o n v o lu tio n  o f two 
seq uen ces i s  eq u a l to  th e  p ro d u c t o f t h e i r  in d iv id u a l  t r a n s fo r m s .  
C onsider two seq uen ces

x = {x(0), x(l),..., x(N-l)}

h = {h(0), h(l),..., h(N-l)}

w here N = le n g th  o f th e  seq uen ces
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For th e  c y c l ic  c o n v o lu tio n  o f th e s e  two se q u e n ce s , we can  w r i t e  

y = x ®  h and 

N -l
y(m) = Y j x (n )h (m -n ) ( 2 .1 )n=0

w here m =0,1 , • • . ,N-1

The symbol ®  means c i r c u l a r  c o n v o lu tio n .  T h is  d e f i n i t i o n  assum es 
th e  seq uen ces a r e  p e r i o d i c a l l y  ex ten d ed  w ith  p e r io d  N.

C onsid er a n  NxN n o n -s in g u la r  m a tr ix  T whose e lem en ts  a r e ,
t ,  w here k ,n = 0 , 1 , • . . ,N-1 r e s p e c t i v e l y .  L et k. , n

x(0) h(0) y(0)

x( 1) h(l) y( 1)

X = • • h = • • and y = • •

• •

x(N-l)

• •

h(N-l)

• •

y(N-i)
— —  —

Use m a tr ix  T to  t ra n s fo rm  x and h in to  a new dom ain and l e t  c a p i t a l  
l e t t e r s  d en o te  th e  tra n s fo rm e d  se q u e n c e s , we o b ta in

X = Tx
H = Th (2 .2 )
Y = Ty

T i s  now d e f in e d  to  have th e  p ro p e r ty  t h a t

Y = X X H (2 .3 )
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w here X = term  by term  m u l t i p l i c a t i o n

The in d iv id u a l  term s i n  eq n . 2 .3 can  be w r i t t e n  a s

Y (k)=X (k)H (k)

N -l
w here X (k )= V  t ,  x (n )  and 

n=0 KL,n
N -l

H ( k ) = X t k Ah(A)

f o r  k=0, 1 , . . . ,N-1

Hence

Y(k)
N -l
? n t k »nn=0

N -l 
x (n )  2  

Z=0) t k ,£ h (£ )

N -l N-l
X  x ( n ) h ( £ ) t  n=0 £=0 (2 .4 )

However, Y(k) c an  a ls o  be e x p re sse d  a s

Y(k) “ m=0

By eq n , 2 .1 ,

Y(k)
N -l

k,m
N -l
2  x (n )h (m -n ) 
n=0

L e t £=m -n , w here £=0, 1 , . . . ,N -1 , we g e t



-  26

N -l N -l
Y( k ) = J  2  x ( n ) h ( £ ) t k £ n=0 1=0 ^

(2 .5 )

E qn. 2 .4 m ust be e q u iv a le n t  to  eq n . 2 . 5 ,  th e r e f o r e  

t k ,£ + n  ” t k ,£ t k ,n (2 .6 )

w here k , & ,n=0, 1 , . .  • ,N-1 r e s p e c t i v e l y

The p r o p e r t i e s  o f th e  t ' s  g iv e  th e  e s s e n t i a l  f e a tu r e s  o f th e  
t r a n s fo rm s  h av in g  th e  c o n v o lu tio n  p r o p e r ty ,  hence i t  i s  n e c e s s a ry  to  
e la b o r a t e  eq n . 2 .6  i n  more d e t a i l .

( i )  I t  i s  c l e a r  from  e q n . 2 .6  t h a t

and

^ ,1 + 1  “ t k , l t k , l

t k ,2  = t k , l

t  -  t  = t 3k ,3  k ,2 + l  k , l

T h e r e f o r e ,  i n  g e n e ra l

t .  = t .  . k ,n  k , l

( i i )  From eq n . 2 . 6 ,  i t  i s  a ls o  c le a r  t h a t

\,l+0  t k , 5 ,^ ,0

Hence
t k ,0

(2 .7)

1 (2 .8)
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( i i i )  F or th e  c y c l i c  p ro p e r ty  o f 5,+n,

t k ,i+ N  t k , i

From eq n . 2 .6 a g a in

t k ,i+ N  '  t k , i t k,N
N

" t k , i t k , l
Hence

V  - 1
( 2 .9 )

N ote t h a t

t k,nN t k ,n h n + . . . = t N
k ,n

N

In te rc h a n g e  n and N,

nt , .. a l s o  = t. k,nN  k,N

= t k 0 C c y c lic  p ro p e r ty )

= 1

T h e re fo re
t  = 1 k ,n (2 . 10)

T h is  shows t h a t  t ^  s a r e  Nth r o o ts  o f u n i ty .

( i v )  For f  to  be n o n s in g u la r ,  hence T-  ̂ e x i s t s ,  t  '  s sh ou ld  bek , 1
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d i s t i n c t .

(v )  T can  now be w r i t t e n  in  th e  fo llo w in g  form
1 t

1 t

T =

1 t

2 . N - l
0 , 1 0 , 1 • "  ‘ o . i

2 N - l
1 , 1 " 1 , 1 " •  * 1 , 1

• • • •

2

• • • • •

N - l
N - 1 , 1 t N - l , l > 1 , 1

1 a 2 . . . a ^ 1
0 0 0

1 a , a 2 . . . a N- i
1 1 • 1

• • • • • • • • • •

l a ,  , . a N_1N -l N -l “ * N -l

w here a ' s  a r e Mth  N r<

(2 . 11)

t h a t
To make a f u r t h e r  developm ent o f p o in t  ( v ) ,  eq n . 2 .9  shows

T hat i s

" l , l  = 1

"2 , 1 1
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t N = 1 N -1,1

I t  i s  e s s e n t i a l  t h a t  t ^  ^ 's  a r e  d i s t i n c t  r o o ts  o f u n i t y .  Note t h a t  i n  
a  c e r t a i n  f i e l d ,  fo r  t ^  = 1, th e r e  a r e  o n ly  N d i s t i n c t  Ntk  r o o t s  o f
u n i t y ,  w here N i s  th e  l e a s t  p o s i t i v e  i n t e g e r  such t h a t  t N

1,1 = 1.

For th e  sake o f s im p l i c i ty  and w ith o u t l o s s  o f g e n e r a l i t y ,
l e t

Ck» 1 h . l (2 .1 2 )

L e t a ls o  a  = t^   ̂ and com bine e q n s . 2 .1 2  and 2 . 7 .  We f in d

t .  = t k n , = a kn k ,n  1,1 (2 .1 3 )

I n  o rd e r  to  tra n s fo rm  th e  r e s u l t  back  to  th e  o r i g i n a l  dom ain,
we have to  f in d  T ^ . L e t t ,   ̂ be th e  e lem en ts  o f  T * and have th ek ,n
fo llo w in g  form

t   ̂ -1  -k nk ,n  = N a

w here k=0, 1 , . . . ,N-1

To prove th e  v a l i d i t y  o f t h i s  a ssu m p tio n :

N -l
X(k) = %  t x (n )  

n=0 R ,n

N -l .
= £  c knx (n )  n=0

S in c e
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Now
N -l

x( n) = 2 ] N e t 11 X(£) 
2=0

hence
N -l • N -l .

X(k) = X  “kn X  N_1a_!ln X(&) n=0 £=0

N -l * N -l f
X(k) = (N L£ a (k ~£ )n )

2=0 n=0
(2 .14 )

N -l
Now c o n s id e r  th e  term  N ^n . Due to  th e  c i r c u l a r  p r o p e r ty ,

n=0
th e  v a lu e  o f  ( k - £ )  sh ou ld  modulo N.

( i )  I f  (k -£ )  = 0 mod N, th e n

k-2 ,a  = 1
N -l

T h e re fo re  N- 1 ^  £ ) n  = 1 fo r  (k -2 )= 0
n=0

( i i )  I f  ( k - £ )  ^ 0 mod N, th e n

k-2 , ia  r  l

T hat i s
k-2 . / n a  -1  f  0 (2 .15 )

N -l
M u lt ip ly  th e  e x p re s s io n  N*”1̂  a k by ( ak -^ - l ) ,  hence we

n=0
g e t ,
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n=0

=N_1[ a(k-£)N-l]

= 0 f o r  a N= l (2 .1 6 )

k—?S in c e  ( a  -1 )  ^ 0 , we co n c lu d e  t h a t  

N~1 M, OS
2 ] a ( k ” ^ n = 0  (2 .17 )
n=0

f o r  (k -£ )^ 0
_ ] N— i ( .Hence from ( i )  and ( i i ) ,  i t  i s  c l e a r  t h a t  N ^  p la y s

n=0
th e  same r o l e  a s  th e  K ronecker d e l t a  f u n c t io n .  That i s  to  say

6k,£ n=0
1 i f  ( k - £ ) =0 mod N 
0 o th e rw is e (2 .1 8 )

T h e re fo re  eq n . 2 .1 4  re d u c e s  to

N -l , N -l , ,
X(k) = X x( l ) N_1 E  a(k_Z,)n£=0 n=0

= X(k).

Thus th e  e x p re s s io n  fo r  t .   ̂ i s  c o n firm ed .k , n

At t h i s  ju n c tu r e  t h i s  p ro o f needs to  be exam ined c a r e f u l l y
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T h is  p ro o f w orks v e ry  w e ll  fo r  o rd in a ry  a r i t h m e t i c ,  however t h i s  
argum ent may n o t be v a l i d  fo r  system s u s in g  s p e c ia l  a r i t h m e t i c  
o p e r a t io n s ,  f o r  exam ple, th e  modulo a r i t h m e t i c .  I n  t h i s  c a s e ,  even  
though e q n . 2 .1 6  i s  t r u e  and (a  -1 )  4 0 , we s t i l l  can n o t co n c lu d e  
t h a t  eq n , 2 .1 7  i s  v a l i d .  Some o th e r  c o n d it io n s  may have to  be im posed 
to  c o n firm  th e  v a l i d i t y  o f  th e  tra n s fo rm  ( s e e  b e lo w ). However, i f  
th e r e  i s  no s im p le r  means a v a i l a b l e ,  one can  check  th e  t ra n s fo rm  
a g a in s t  e q n . 2 .1 8 ,  w hich i s  a more r i g i d  c o n d i t io n  f o r  i t s  e x i s t e n c e .

The fo llo w in g  p o in ts  g iv e  a s h o r t  summary o f what we have 
d is c u s s e d  so f a r :

( i )  The s t r u c t u r e  o f th e  e le m e n ts  o f th e  tra n s fo rm  m a tr ix  T and
- - 1  a r e  g iv e n  by i t s  in v e r s e  T

( a )  t  = a ^ n and
( b )  t - ; n = h- v 1”

w here n ,k = 0 , 1 , . . . ,N-1 r e s p e c t iv e ly

( i i )  The e x is te n c e  o f a n  NxN tra n s fo rm  h av ing  th e  c y c l ic  c o n v o lu tio n  
p ro p e r ty  depends on

( a )  th e  e x is te n c e  o f an  a  t h a t  i s  a ro o t  o f 
u n i ty  o f o rd e r  N,

(b )  th e  e x is te n c e  o f N * and (2 .1 9 )

N -i
( c )  th e  v a l i d i t y  o f N-1  ^  a 11111

n=0
1 i f  m=0 mod N 
0 o th e rw is e

C o n d itio n s  ( i )  and ( i i )  a r e  th e  b a s ic  re q u ire m e n ts  fo r  th e  
e x is te n c e  o f a tra n s fo rm  h av in g  c y c l ic  c o n v o lu tio n  p r o p e r ty .  R e c a ll
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th e  a r i th m e t ic  sy stem s t h a t  we a r e  u s in g ,  th e  com plex number f i e l d
.In

"”^Nw ith  th e  r o o t  o f u n i t y ,  a  = e may form a tra n s fo rm  h av in g  th e  
c y c l i c  c o n v o lu tio n  p r o p e r ty .  T h is  i s  th e  k e rn e l  o f th e  D is c r e te  
F o u r ie r  T ran sfo rm  and i t  i s  s t r a ig h t f o r w a r d  to  check  t h a t  th e  DFT 
s a t i s f i e s  a l l  re q u ire m e n ts  i n  ( i )  and ( i i ) .

On th e  o th e r  h an d , i n  a f i n i t e  f i e l d  o r r i n g  o f i n t e g e r s  
modulo a n  in t e g e r  M, we may a l s o  f in d  a t ra n s fo rm  w ith  c y c l i c  
c o n v o lu tio n  p ro p e r ty  i f  th e  system  s a t i s f i e s  ( i )  and ( i i ) .

2 .2  T ransfo rm s i n  a Ring o f I n t e g e r s  Modulo an  I n t e g e r ,  M

I n  o rd e r  to  f u l f i l  th e  re q u ire m e n ts  i n  s e c t io n  2 .1  fo r  c y c l i c  
c o n v o lu tio n  we may u se  modulo a r i th m e t ic  i n  a r in g  o f  i n t e g e r s .  L e t

M be th e  b ase  fo r  modulo a r i th m e t i c ,
N be th e  o rd e r  o f th e  tra n s fo rm  ( th e  s m a l le s t  N 

to  s a t i s f y  eq n . 2 .2 0) 
a  be a r o o t  o f  u n i ty  o f o rd e r  N modulo M

NHence a  = 1 mod M, o r i n  th e  n o ta t io n  o f number th e o ry ,

< “N>m = 1 (2 .2  0)

C o n sid er now eq n . 2 .2  0 and l e t  a  and M have th e  h ig h e s t  
common f a c t o r ,  q . T hat i s

( a  ,M) = q 

aNHence — = p r o d u c t . . . .r e m a in d e r .
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T h e re fo re ,  we can  w r i t e  

Na  = p roduct.M  + rem a in d e r 
(p )  ( r )

But q i s  th e  common f a c to r  o f a  and M, i t  fo llo w  t h a t  

( a') NqN = (q .M ')p  + r  

o r  [ (  a ' ) V  1 -  M' .p ]q  = r

Hence q m ust a ls o  be a f a c to r  o f r  and th e  rem aind er r  can  nev er be 1 . 
T h is  im p lie s  t h a t

a N ^ 1 mod M, i f  ( a  ,M) ^ 1

The im p l ic a t io n  from t h i s  r e s u l t  i s  t h a t  i n  o rd e r  to  have aN = 1 mod 
M, a  and M must be r e l a t i v e l y  p rim e . T hat i s

( a  ,M) = 1 (2 .2 1)

We have a ls o  p o in te d  o u t t h a t  i n  o rd e r  to  form th e  in v e r s e  
t r a n s fo r m , m ust e x i s t  i n  mod M. L et us d is c u s s  th e  r e l a t i o n s h i p
o f N and M fo r  th e  e x is te n c e  o f N ^ . L et (N,M) ^ 1 = q and x be a n  
i n t e g e r .

N .x .—rj— = p r o d u c t ........rem a in d e r
(P ) ( r )

N.x=M.p + r  
q ( N '.x  -  M '.p )  = r

S in c e  q i s  a f a c to r  o f r ,  r  can  never be 1 . T h is  im p lie s  t h a t  th e r e
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i s  no in v e r s e  fo r  N. Hence fo r  th e  e x is te n c e  o f an  in v e r s e  fo r  N,

(N,M) = 1 (2 .22 )

From eq n . 2 .1 9 ,  i t  i s  c l e a r  t h a t  th e  n ex t c o n d i t io n  to  be
- 1 N-1 nmc o n s id e re d  fo r  th e  e x is te n c e  o f th e  tra n s fo rm  i s  t h a t  N £  a =0 fo r

n=0
m^O mod N. For th e  tra n s fo rm  i n  a r in g  o f i n t e g e r s  modulo an  i n t e g e r ,  
M, and w ith  th e  ro o t  o f u n i ty  b e in g  an  i n t e g e r ,  t h i s  c o n d i t io n  can  be 
s im p l i f i e d  to  th e  fo llo w in g  form ,

( (  a m- l ) , M )  = 1

f o r  m=l ,2 , . . .  ,N-1
(2 .2 3 )

Eqn. 2 .2 3 can  be o b ta in e d  from th e  f a c t  t h a t  th e  p ro d u c t 
N -l

o f  ( ^ -1) and £  o f e q n . 2 .1 6  i s  a lw ays z e r o .  H ence, i f
k-£ n=0( a  - l ) ' s  a r e  r e l a t i v e l y  prim e to  M, i t  i s  im p o ss ib le  to  form  a

k-£p ro d u c t o f ( a  -1 )  and a num ber, say  x to  be a m u l t ip le  o f M, u n le s s
k-£x i s  a m u l t ip le  o f M. T h is  im p lie s  t h a t  i f  a l l  ( a  - l ) ' s  a r e

N -i £
r e l a t i v e l y  prim e to  M, ^  a  ' must be z e ro .

n=0
From th e  above d is c u s s io n ,  i t  i s  o b v io u s t h a t  fo r  fo rm ing  a 

p ro p e r  number t h e o r e t i c  t r a n s fo rm , { a,M,N} should  be cho sen  on  th e
r in g  o f i n t e g e r s  under th e  fo llo w in g  c o n d it io n s

\
( i )  ( a,M ) = 1
( i i )  ( N,M) = 1 and (2 .2 4 )

N -l
( i i i )  < £  a = 0> , fo r  t# 0  

n=0
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o r ( i i i )  can  be w r i t t e n  a s

( i v )  ( (  am- l ) ,M )  = 1 (2 .25 )

The n a tu re  o f th e  tra n s fo rm  depends v e ry  much on th e  c h o ic e  o f a , M 
and N. L et us d e r iv e  more c h a r a c t e r i s t i c s  o f a  , M and N.

R e c a ll  t h a t  i f  ( a  ,M) =1, by E u l e r 's  Theorem [27-28]

/  0(M )n < a  v ')> = 1M

w here <D(M) = E u l e r 's  t o t i e n t  f u n c t io n ,  w hich i s  th e  number o f 
i n t e g e r s  r e l a t i v e l y  prim e to  M. Eqn. 2 .2 0  say s  t h a t  N i s  th e  s m a l le s t  
v a lu e  to  g iv e

T h e re fo re  d>(M) m ust be a m u l t ip le  o f th e  l e n g th ,  N,

N I d>(M) (2 .26 )

S in c e  ev e ry  number can  be r e p re s e n te d  by pow ers o f prim e 
f a c to r s  o f th e  num ber, l e t

r l r 2 r o 
M P1 p2 • • • p5,

R e c a ll

T h e re fo re

< a  = 1>M
N . A , r l  r 2 a  -1  = 0 mod p x p x . . .  p *

l
r ,  r,

p xlp 22 • • • po£ k  a N- l )Hence
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r l  r 2 r £T h is  shows t h a t  . .  .p^ d iv id e s
r .

d i v i s i b l e  by p^ a lo n e ,  fo r  i = l , 2 , . . . ,  •
( a ^ -1 )  and ( a N- l )  i s  a ls o  
We can  th e n  w r i t e

Na 1 mod (2 .27 )

From th e  p ro p e r ty  o f E u l e r 's  f u n c t io n [ 2 7 -2 8 ] ,  

(I>(P i 1 ) = ( P ^ l )

T h e re fo re , from e q n s . 2 .2  7 and 2 .2  6 , we g e t 
r .

n |p .1(p1- i) (2 .2 8 )

From eq n . 2 .2 4 ,  N and M m ust be m u tu a lly  p rim e , c l e a r l y  N m ust c o n ta in  
no p^ and N m ust be a f a c to r  o f  ( p ^ - 1 ) ;  o r

N |( p . - 1 )  (2 .2 9 )
w here i= l  ,2 , • • •

T h is  im p lie s  t h a t

N|(Pr l) 

N|(p2 -1)

n K p ^-1 )

To a c h ie v e  th e  maximum le n g th
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N | g cd {C P ̂  1 ) , (  P2 " 1 ) » • • • > ( ) } (2 .30 )

2 .3  M ersenne Number and F erm at Number T ran sfo rm s

I n  o rd e r  to  make th e  Number T h e o re t ic  T ran sfo rm  more
a t t r a c t i v e ,  i t  sh ou ld  be c o m p u ta t io n a lly  e f f i c i e n t .  The tra n s fo rm  
shou ld  in v o lv e  o n ly  sim p le  a r i th m e t ic  m a n ip u la t io n s . I t  i s  d e s i r a b l e  
fo r  th e  power o f a  , th e  r o o t  o f  u n i ty  to  have a s im p le  b in a ry  
r e p r e s e n t a t i o n  u s in g  v e ry  few b i t s .  I t  i s  o b v io u s  t h a t  th e  b e s t  
c h o ice  o f a  i s  2 .  To f a c i l i t a t e  modulo a r i t h m e t i c ,  M sh ou ld  a ls o  be 
r e p re s e n te d  by s im p le  b in a ry  w ord . I t  seems t h a t  th e  b e s t  c h o ic e  o f M 
i s  2 r a i s e d  to  a c e r t a i n  pow er. However t h i s  i s  c o n t r a r y  to
e q n . 2 .24 ( i )  i f  we a ls o  choose  a  to  be 2 o r  pow ers o f 2 . 
F u rth e rm o re , t h i s  c h o ic e  a ls o  g iv e s  r i s e  to  sequence  l e n g th  problem  a s  
shown belo w . The c h o ice  o f N depends v e ry  much on th e  c h o ic e  o f a
and M. I f  a =2 , i t  i s  a ls o  d e s i r a b l e  f o r  N to  be a power o f  2 so t h a t
F FT -type o f a lg o r i th m s  may be used  fo r  f a s t  c o m p u ta tio n .

The fo llo w in g  p a ra g ra p h s  d e s c r ib e  th e  c h a r a c t e r i s t i c s  o f 
v a r io u s  c h o ic e s  o f M, a  and N.

( i )  M=Even

I f  M = a n  even num ber, 2 m ust be one o f th e  p 's  i n  M = / 7 p . . .
1 i - 1 1

L et p^ = 2 , th e r e f o r e  p^-1  = 1 .  By eq n . 2 .2  8 , N m ust d iv id e  p ^ -1 . 
T h is  im p lie s  t h a t  N |1. Hence th e  maximum p o s s ib le  tra n s fo rm  le n g th  i s
1 . Of c o u rs e ,  t h i s  i s  i m p r a c t i c a l .  M must be odd
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( i i )  M = 2 k- l

We have em phasized  b e fo re  t h a t  M i s  u s u a l ly  ch o sen  to  be an
i n t e g e r  w ith  a s im p le  b in a ry  r e p r e s e n t a t i o n .  The s im p le s t  odd numbers

Ic Ica r e  o f th e  form  2 + 1 . L e t us now c o n s id e r  th e  c a s e ,  M = 2 - 1 .

L e t k be a co m p o site  number and k=PQ, w here P i s  a prim e 
num ber. Hence M = 2 P^“ 1 . S in c e

2 PQ-1 = ( 2 P- 1 ) ( 2 (Q" 1)P + 2 (Q_2)P+ . . . + 2 P+ 1) ,

(2 P- 1 ) | ( 2 PQ-1 )

From e q n . 2 .2 9 i t  i s  c l e a r  t h a t  th e  maximum p o s s ib le  le n g th  o f th e  
t ra n s fo rm  i s  governed  by th e  p o s s ib le  l e n g th  o f th e  t ra n s fo rm  w ith

Pb ase  M, w here M = 2 - 1 .  I n  c a se  o f c h o o s in g  ot = 2 , th e  maximum
p o s s ib le  t ra n s fo rm  le n g th  i s  P . I n  o rd e r  to  g e t  a r e a s o n a b le  
t ra n s fo rm  le n g th ,  o n ly  prim e pow ers o f 2 need to  be c o n s id e re d .

PL e t M = 2 - 1 ,  w here P = a prim e number and ot = 2 . Numbers o f
Irth e  form  2 -1  a r e  t r a d i t i o n a l l y  c a l le d  M ersenne num bers, hence  t h i s  

tra n s fo rm  i s  c a l l e d  a M ersenne Number T ran sfo rm . Now, d e f in e  th e  
M ersenne Number T ransform  a s

N -l
X(k) = £  x (n )2  

n=0
w here k=0, 1 , . • . ,N-1

To f in d  th e  tra n s fo rm  le n g th  N, we may w r i te  

M = 2 P- 1 ,  hence
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<2 P 1> ,M

T h is  im p lie s  t h a t  th e  le n g th  N = P . H ence, we may w r i t e  
th e  M ersenne Number T ran sfo rm  p a i r  a s

a d d i t i o n  i n  a P - b i t  w ord . T h is  can  be  im plem ented v e ry  s im p ly  by 
u s in g  a c o n v e n tio n a l  b in a ry  f u l l  ad d e r o f  P b i t s  and by fo ld in g  th e  
m ost s i g n i f i c a n t  c a r ry  b i t  o u tp u t  back  in to  th e  l e a s t  s i g n i f i c a n t  
c a r r y  b i t  i n p u t .  For th e  n e g a tio n  o f a num ber, we can  sim p ly  make a 
ones-com plem ent o f th e  number (n e g a t in g  a l l  P b i t s ) .  For th e  
m u l t i p l i c a t i o n  o f two numbers we may u se  norm al a r i th m e t ic  ad d in g  th e  
P l e a s t  s i g n i f i c a n t  b i t s  to  th e  P most s i g n i f i c a n t  b i t s  to  g e t  th e  
r e s u l t .

P-1
(2 .3 1 )

P-1
and (2 .32 )

w here n ,k = 0 ,l , • • • , P-1

T h is  t ra n s fo rm  r e q u i r e s  v e ry  s im p le  a r i th m e t ic  o p e r a t io n s .
pThe a d d i t i o n  o f  two numbers modulo M (=2 - 1 )  i s  s im p ly  ones-com plem ent

One even  more i n t e r e s t i n g  p o in t  i s  t h a t  th e  m u l t i p l i c a t i o n  o f
If pa  (=2 ) by a P - b i t  w ord , a n> modulo M (=2 -1 )  j u s t  r e q u i r e s  a 

c i r c u l a r  s h i f t  o f a by k b i t s .n

From e q n s . 2 .3 1  and 2 .3 2 ,  i t  i s  c l e a r  t h a t  b o th  th e  fo rw ard  
tra n s fo rm  and th e  in v e r s e  t ra n s fo rm  r e q u i r e  no a c tu a l  m u l t i p l i c a t i o n .
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For th e  co m p u ta tio n  o f  c y c l ic  c o n v o lu t io n s ,  th e  term  by term  
m u l t i p l i c a t i o n s  o f  th e  tra n s fo rm e d  r e s u l t s  o f th e  two seq u en ces  under 
q u e s t io n  a r e  th e  o n ly  m u l t i p l i c a t i o n s  r e q u ire d  f o r  th e  w hole 
co m p u ta tio n  p r o c e s s .  Hence th e  number o f  o p e r a t io n s  p e r p o in t  
r e q u ir e d  fo r  th e  c o m p u ta tio n  o f c y c l i c  c o n v o lu tio n  u s in g  th e  MNT 
becom es:

2 (P -1 )  M ersenne Number T ran sfo rm  a d d i t io n s  and 
1 M ersenne Number T ran sfo rm  m u l t i p l i c a t i o n s .

The m ajor draw back o f th e  t ra n s fo rm  i s  t h a t  th e  le n g th  o f th e  
t ra n s fo rm  i s  P , w hich  i s  a f ix e d  l e n g th  and may be too  s h o r t  fo r  
c e r t a i n  a p p l i c a t i o n s .  F u rth e rm o re , P i s  no t a com posite  num ber. T h is  
im p lie s  t h a t  i t  d oes n o t have a FFT -type c o m p u ta tio n a l a lg o r i th m  fo r  
f a s t  tra n s fo rm  c o m p u ta tio n .

The tra n s fo rm  le n g th  o f th e  M ersenne Number T ran sfo rm  can  be 
doub led  i f  we choose

a  = <-2 n>„M

w here n = any  number i n  th e  s e t  { 1 , 2 , . . . P-1}

I n  t h i s  case

2Pa  = 1 mod M

However t h i s  o n ly  p ro d u ces  a m inor sa v in g  u s in g  th e  FFT -type 
d e c o m p o s itio n . I t  i s  e a sy  to  check  t h a t  th e  c h o ice  o f  a ,  M and N 
s a t i s f i e s  th e  c o n d it io n s  w r i t t e n  i n  eq n . 2 .2 4 .
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(iii) M = 2k+ 1

i f  k be a n  odd num ber, i t  can  be proved  by s im p le  
m a th e m a tic a l in d u c t io n  t h a t  M (=2 +1) i s  d i v i s i b l e  by  3 .  H ence, 
M = 3S w here S i s  an  i n t e g e r .  By eq n . 2 .2 8 ,  N lC p ^ - l) .  Hence th e
l a r g e s t  p o s s ib le  t ra n s fo rm  le n g th  i s  2 w hich i s  n o t p r a c t i c a l .  T h is  
shows t h a t  k m ust be ev e n .

Now l e t  k be an  even  num ber. The m ost g e n e ra l  fo r  o f an  even  
number i s  S 2t , w here S i s  a n  odd number and t  i s  a n  i n t e g e r .  
T h e re fo re  we can  w r i t e

M = 2 k+ l = 2S2 +1 

2 ^ S2 **However 2 +1 d iv id e s  2 + 1 . T h is  can  a c t u a l l y  be se e n  by s im ply
u s in g  th e  Rem ainder Theorem .

2 CL et 2 + 1  = 0 and

2 t  8 2 t  s u b s t i t u t e s  2 = -1  in to  2 + 1 .

Hence 2S2 +1 = ( - 1 ) S + 1 = 0

By eqn . 2 .2 9  N m ust d iv id e  th e  f a c t o r s ,  [ (p  - 1 ) , ( p - 1 ) , . . .  , ( p p- l )  ] o f
2S t 1 1 2 +1. The le n g th  o f th e  t ra n s fo rm  i s  governed  by th e  l e n g th  p o s s ib le

2 ^fo r  (2 + 1 ) .  T h is  means t h a t  i f  we c o n s id e r  th e  tra n s fo rm  le n g th  to
2 tbe im p o r ta n t ,  th e  number (2 +1) i s  o f i n t e r e s t .

S in c e  (2 +1) i s  a Ferm at Number num ber, th e  t ra n s fo rm  w ith
t h i s  b ase  i s  c a l l e d  th e  F erm at Number T ransfo rm
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For Ferm at Number T ra n sfo rm s , M = F = 2 +1 and a  i s  u s u a l ly
ch o sen  to  be 2 o r a power o f  2 .  We can  now w r i t e  th e  Ferm at Number 
T ransfo rm  p a i r  a s

N -l
X(k) = < Y x ( n )  a  >r  (2 .3 3 )

n=0 Ft

2

and
i N-l

* (n )  = x ( k ) -nk . a  >,
k=0

(2 .34 )

f o r  k , n = 0 , l , . . . ,N-1

To f in d  th e  p o s s ib le  v a lu e s  o f th e  t ra n s fo rm  le n g th  N, we
r e c a l l  < a NX, = 1* From e q n . 2 .2 9  

Ft
N |(P 1- l ) , ( p 2 - l ) , . . . , ( p jl- l )  o f Ft

A ll  F ^ , F^ , F^ and F^ a r e  p rim e s , hence fo r  F , w here t  = 1 ,2 ,3  o r  4

Nl(Ft - l )
9 to r  N|2Z

We can  th e r e f o r e  have a FNT w ith  a tra n s fo rm  le n g th  a s  lo n g  a s  
2N = 2 .

2 ^T h is  r e s u l t  seems v e ry  d e s i r a b le  s in c e  N = 2 i s  a power o f 
2 and so a FFT-type co m p u ta tio n  a lg o r i th m  can  be used to  compute th e  
t r a n s fo r m . F u rth e rm o re , th e  le n g th  o f th e  tra n s fo rm  sh ou ld  a ls o  be 
more th a n  enough fo r  m ost a p p l i c a t io n s .
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However, th e  m ajor r e s t r i c t i o n  comes from a b a s ic  p ro p e r ty  o f
2number th e o r y .  A f te r  f in d in g  N = 2 , we have to  choose  a n  a  w hich

Ns a t i s f i e s  th e  e q u a t io n  a  = 1 mod F . I n  th e  c a s e ,  a  i s  a c t u a l l y  th e
p r im i t iv e  ro o t  o f F and i t  i s  d e f in e d  a s  th e  i n t e g e r  w hich can
g e n e ra te  th e  l a r g e s t  o r d e r .  As we m entioned  b e f o r e ,  th e  most
d e s i r a b l e  v a lu e  fo r  a. i s  2 .  However, i f  we make a d e t a i l e d

2 Ce x a m in a tio n  o f th e  p o s s ib le  v a lu e s  o f  a  w ith  N = 2 , i t  shows t h a t  2
i s  n o t a p r im i t iv e  r o o t  o f  F •

Example 2 .1
L e t t  = 2 . F = t

2 t2 +1 = 17.
The ex p e c te d l a r g e s t o rd e r i s  (F  -1 )= 1 6 . I f a = 2 , we g e t :

n 2 i 22 2 3 24 2 5 2 6 2 7 2 8
R esidue 2 4 8 16 15 13 9 1

T h is  shows t h a t  2 i s n o t a p r im i t iv e  ro o t o f F2 . I t  i s  a
g e n e ra to r  o f th e c y c l ic  group l i s t e d  ab o v e . I f a  = 3

n 3 1 :32 33 34 35 36 37 38 3 9
R esid ue 3 9 10 13 5 15 11 16 14

3 10 3 11 3 12 3 13 3 14 3 15 3 16

8 7 4 12 2 6 1

2T h is  shows t h a t  3 i s  a p r im i t iv e  r o o t  o f  o rd e r  N (=2 =16)
w hich i s  th e  l a r g e s t  p o s s ib le  tra n s fo rm  le n g th .

From th e  c o m p u ta tio n a l p o in t  o f v iew , i t  i s  b e t t e r  to  choose 
a  eq u a l to  2 and to  make th e  a d ju s tm e n t to  N to  g e t  th e  p ro p e r
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t r a n s fo r m .

9F or a  = 2 ,  c o n s id e r  F = 2 + 1 .

2 C2^ + 1 = 0 mod F

2 t+1L e t us c o n s id e r  th e  e x p re s s io n  (2 - 1 ) .

2 2 "̂ 2^(2* -1 )  = (2Z + 1 )(2 Z -1 )

2 t+1Hence (2 -1 )  i s  d i v i s i b l e  by F .

t+1
(2 -1 )  = 0 mod F

t+1
= 1 mod F

Now a  = 2 and

2 = 1 mod F

Comparing e q n s . 2 .3 5  and 2 .3 6  shows t h a t  th e  o rd e r  
n o t exceed  2 t + ^ . ’ Hence

N < 2 t+1
f o r  a  =2 o r a power o f 2

Note t h a t  i f  a n  i n t e g e r  a  i s  o f o rd e r  N 
N No rd e r  i f  — i s  a n  i n t e g e r .  The above r e s u l t  can  be

fo llo w in g  sim p le  i d e n t i t y
N

, l-JL N . , „C a  ) = a  = 1  mod F .

(2 .3 5 )

(2 .3 6 ) 

o f 2 mod F̂ _ d oes

(2 .3 7 )

w i l l  be o f 
se e n  from  th e
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Example 2 *2
I f  3 16 = 1 mod 17, N = 16 and a  = 3 .
Hence i f  a  = 3^ , t h a t  i s  Z=  2 ,  
th e  o rd e r  i s  ^  ^  -  g #
T h e re fo re  (3 2 )^= 1 mod 17

Only 4 ^ i >F2 ,F3*^4^ Ferm at p rim es have b een  fo u n d , Ferm at
numbers w ith  t  l a r g e r  th a n  fo u r  seem to  be com posite  num bers.

Example 2 .3
25F = 2L +1 = 641.6700417 
2 6F = 2 +1 = 2 74177.672 8042 131072 16

However L ucas[27 ] h as  p roved  t h a t  ev e ry  prim e f a c to r  o f  a co m p o site  F 
i s  o f th e  form :

(K .2 t+ 2+ 1)
.w here  K i s  an  in te g e r

By eq n . 2 .2 9

N |2 t+2

T h is  shows t h a t  th e  lo n g e s t  p o s s ib le  tra n s fo rm  le n g th  fo r  th e  FNT w ith
t+2com po site  modulo b a s e ,  F i s  2 . Note t h a t  i f  a  i s  ch o sen  to  be 2 ,

e q n . 2 .37 i s  a ls o  a p p l ic a b le  to  th e  p re s e n t  s i t u a t i o n .  T hat i s  th e  
l a r g e s t  p o s s ib le  t ra n s fo rm  le n g th  i s  2 t + *

Example 2 .3
For F N = 2 7= 12 8 and 5 * max

f o r  a  = 2
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Nm ax = 2 256

T here a r e  a number o f m ethods by w hich we can  in c r e a s e  th e  
t ra n s fo rm  l e n g th ,  N. The s im p le s t  method i s  to  choose a b e t t e r  a  (o f  
c o u rse  t h i s  a  sh ou ld  have p r o p e r t i e s  s im i la r  to  2 ) .

t+1
2 = 2 . S in c e  <22 

in c r e a s e  th e  t ra n s fo rm  le n g th  by a f a c to r  o f  2 . T hat i s  N = 2
I f  we choose  a  = \/l, a  = 2 .  S in c e  <2^ = 1>, we can

t+2

Example 2 .4
I f  M = F^= 17 and a  = 2 ,  th e  tra n s fo rm  le n g th  i s  2 t + ^= 8 .

2 16I f  we choose a = ^ 2  = 6 , a s  6 =2 mod 17 th e n  a  = 1 and th e  
tra n s fo rm  le n g th ,  N = 16.

To make th e  id e a s  c o n ta in e d  h e re  c le a r e r  a n  exam ple i s  
in c lu d e d  i n  A ppendix A2 .1 .

S in c e ,  f o r „ th e  Ferm at Number T ran sfo rm , N i s  a power o f 2 , we.In

may r e p la c e  W = e by 2 i n  th e  FFT a lg o r i th m .

2Any word d e f in e d  modulo a Ferm at number F = 2 +1 can  be 
re p re s e n te d  a s  a ( 2 t + l ) - b i t  w ord . The m ost s i g n i f i c a n t  b i t  i s  eq u a l 
to  1 o n ly  i f  a l l  o th e r  b i t s  a r e  eq u a l to  z e ro .  A ll n e g a tiv e  numbers 
can  be re p re s e n te d  by a d d in g  F to  them .

Example 2 .5
I f  M = F2 = 17 

-2 = 17-2 = 15

For a hardw are im p le m e n ta tio n , n e g a tio n  can  be r e a l i s e d  by
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com plem enting  a l l  b i t s  o f  th e  w ord , e x c e p t fo r  th e  m ost s i g n i f i c a n t  
b i t  w hich has to  be t r e a t e d  s e p a r a t e ly ;  and th e n  add 2 to  th e  r e s u l t .  
H ence, n e g a t io n  r e q u i r e s  an  a d d i t i o n  and a com plem en ta tio n  to g e th e r  
w ith  s e v e r a l  a u x i l i a r y  o p e r a t io n s  i n  o rd e r  to  d e a l  w ith  th e  most 
s i g n i f i c a n t  b i t .

The a d d i t i o n  i s  done by a n  N -b it  a d d i t i o n  fo llo w ed  by 
s u b t r a c t in g  th e  c a r ry  b i t  i f  th e  ( 2 L+ 2) b i t  i s  eq u a l to  z e r o .  The 
r e s u l t  i s  eq u a l to  -2 i f  th e  ( 2 t + 2 ) t *1 b i t  i s  eq u a l to  1.

F or th e  m u l t i p l i c a t i o n  o f a word by 2 ^ ,  we may s h i f t  th e  word 
d t im e s  and th e n  s u b t r a c t  th e  most s i g n i f i c a n t  ( 2 1 )  b i t s  from  th e  
l e a s t  s i g n i f i c a n t  2 fc b i t s  i f  th e  ( 2 t + l ) t 1̂ b i t  o f  th e  o r i g i n a l  word i s
0 . I f  th e  ( 2 t + l )  b i t  o f  th e  o r i g i n a l  word i s  eq u a l to  1, th e  r e s u l t  
i s  - 2 ^ .  For g e n e ra l  m u l t i p l i c a t i o n ,  we can  o b ta in  th e  p ro d u c t by 
s u b t r a c t in g  th e  h ig h e r  o rd e r  ( 2 t - l )  b i t s  o f  th e  p ro d u c t r e g i s t e r  from 
th e  low er o rd e r  2 fc b i t s  o f th e  p ro d u c t r e g i s t e r .

T h is  shows t h a t  a r i th m e t ic  modulo a Ferm at number i s  
s i g n i f i c a n t l y  more com plex th a n  a r i th m e t ic  modulo a M ersenne num ber.

One method to  s im p li fy  th e  a r i th m e t ic  fo r  FNT was in tro d u c e d  
by A garw al and B u r r u s [ 4 0 ] . They su g g e s ted  u s in g  a 2 t - b i t  
r e p r e s e n t a t i o n  o f i n t e g e r s  w hich in t ro d u c e s  some e r r o r s  to  th e  
r e s u l t s .  A te c h n iq u e  f o r  th e  e x a c t  c o m p u ta tio n  o f  th e  FNT and i t s  
im p le m e n ta tio n  w ere d e s c r ib e d  by M cC le lla n [4 4 ] .  M c C le lla n 's  ap p ro ach  
in v o lv e s  norm al b in a ry  w e ig h tin g  w ith  d i g i t s  +1 fo r  th e  r e p r e s e n t a t i o n  
o f num bers modulo F ^ . T h is  ap p ro ach  has b een  s im p li f ie d  by L e ib o w itz
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whose te c h n iq u e  in v o lv e s  th e  r e p r e s e n t a t i o n  o f numbers modulo F i n  
d im in ish e d -o n e  fo rm . The fo llo w in g  p a ra g ra p h s  g iv e  a b r i e f  d i s c u s s io n  
o f  t h i s  m ethod .

To r e p r e s e n t  a l l  i n t e g e r s  i n  th e  r in g  o f  i n t e g e r s  modulo F
r e q u i r e s  2^+1 b i t s .  The a d d i t i o n a l  b i t  i s  r e q u i r e d  i n  o rd e r  to

2 ^r e p r e s e n t  th e  number 2 = -1  mod F . To a v o id  a d d i t io n s  and
m u l t i p l i c a t i o n s  in v o lv in g  th e  a d d i t i o n a l  b i t ,  a llo w  th e  a d d i t i o n a l  b i t

2 tto  be a 1 o n ly  when th e  number to  be re p re s e n te d  i s  0 , i . e .  2 = 0
mod F • T h is  i s  a c h ie v e d  by s u b t r a c t in g  1 from th e  normal b in a ry
r e p r e s e n t a t i o n  o f ev e ry  in t e g e r  i n  th e  r i n g .  The norm al
r e p r e s e n t a t i o n  and t h i s  d im in ish e d -1  r e p r e s e n t a t i o n  a r e  in d ic a te d  i n
T ab le  2 .1  f o r  2 11 = 4 .

Normal (N e g a tiv e B inary D im in ished -1
V alue V alu e) R e p r e s e n ta t io n V alue

0 00000 1
1 (-1 = 1 6 ) 00001 (10000) 2 ( 0= 0)
2 (-2  = 15) 00010 (01111) 3 (-1 = 1 6 )
3 (-3 = 1 4 ) 00011 ( o i n o ) 4 (-2  = 15)
4 (-4 = 1 3 ) 00100 (01101) 5 (-3 = 1 4 )
5 (-5 = 1 2 ) 00101 (01100) 6 ( -4  = 13)
6 (-6 = 1 1 ) 00110 (01011) 7 ( -5  = 12)
7 (-7 = 1 0 ) 00111 (01010) 8 (-6 = 1 1 )
8 (-8 =  9) 01000 (01001) -8  (-7 = 1 0 )

T ab le  2 .1 :  D im in ished -1  r e p r e s e n t a t i o n  o f i n t e g e r s  mod

A f te r  m aking t h i s  code c o n v e rs io n , th e  a r i th m e t ic  fo r  mod F
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o p e r a t io n s  i s  shown to  be s im i l a r  t o ,  and a s  com plex a s  o rd in a ry  
ones-com plem ent a r i t h m e t i c .

L e t A and B be two i n t e g e r s  i n  th e  r in g  o f  i n t e g e r s  modulo 
Ft » Hence th e  d im in ish e d -1  r e p r e s e n ta t io n s  o f th e s e  two numbers a r e  
(A - l)  and ( B - l )  mod F r e s p e c t i v e l y .  D eno ting  a l s o  th e  2 t - l e a s t  
s i g n i f i c a n t  b i t s  ( l s b )  com plem ent by an  o v e rb a r ,  h en ce

—  2A- l  = 2 - 1  - ( A - l )

2= 2^ + 1 -  A -  1 

= (-A ) -  1

Thus w ith  t h i s  system  th e  n e g a tiv e  o f a nonzero number i n  d im in ish e d -1  
r e p r e s e n t a t i o n  i s  th e  com plem ent o f  th e  2 t  l s b ' s .

Example 2 .6
I f  M = F2 = 17

-4 = 00011 = 01100 = 13 mod- 17

I f  th e  most s i g n i f i c a n t  b i t  (m sb) i s  1 , th e  n e g a tio n  i s  i n h i b i t e d .

To p erfo rm  a d d i t i o n  o f two num bers, c o n s id e r  

( A - l )  + ( B - l )  = (A +B -l) -  1 and 

th e  d e s ir e d  r e s u l t  i s

(A+B-l )  = [ ( A - l )  + ( B - l ) ]  + 1
i. ^  LS in c e  th e  (2 + 1) b i t  o f th e  addends i s  used  o n ly  to  i n h i b i t
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a d d i t i o n  i f  an  addend i s  z e ro ,  a d d i t i o n  o f nonzero  addends in v o lv e s
o n ly  th e  2 fc l s b ' s .  The above e q u a tio n s  i n d i c a t e  t h a t  a 1 must be
added to  th e  sum o f two d im in ish e d -1  numbers to  p ro v id e  th e  c o r r e c t
r e s u l t .  However, when a c a r r y  i s  g e n e ra te d  from th e  2 t_ b i t  sum, a
r e s id u e  r e d u c t io n  modulo F̂ _ r e q u i r e s  th e  s u b t r a c t io n  o f  a 1 s in c e  
22 = -1  mod F and no c o r r e c t i v e  a d d i t i o n  i s  n e c e s s a ry .  Hence th e

r u l e s  fo r  a d d i t i o n  i n  d im in ish e d -1  r e p r e s e n t a t i o n  become:

( i )  I f  th e  msb o f e i t h e r  addend i s  1, no a d d i t i o n  i s  r e q u i r e d .
( i i )  I f  th e  msb o f b o th  addends a r e  0 , make th e  a d d i t i o n  o f  th e  

2 t - b i t s  a s  norm al b in a r y  a d d i t io n  and add th e  com plem ented 
c a r r y  to  th e  l s b  o f th e  sum.

Example 2 .7
00110 7

+ 01100 13
10010 20 =3 mod 17

00010

Example 2 .8

+
00001
00010
00011
\

2
3
5 =5 mod 17

00100
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A nother im p o r ta n t  o p e r a t io n  fo r  th e  im p le m e n ta tio n  o f FNT i s  
th e  m u l t i p l i c a t i o n  o f pow ers o f  2 . C onsider

(A -l)2  = (2A -1) -  1 and

th u s  (2A -1) = (A -l)2  + 1

T h e re fo re ,  each  m u l t i p l i c a t i o n  by 2 in v o lv e s  a l e f t  s h i f t ,  
ig n o r in g  th e  msb, and a c o r r e c t i v e  a d d i t i o n  o f  a 1. I f  th e  b i t  
s h i f t e d  o u t  from th e  ( 2 t ) t h  p o s i t io n  i s  a z e ro ,  i t  i s  com plem ented and 
s h i f t e d  in to  th e  l s b  i n  o rd e r  to  a c co m p lish  th e  a d d in g  o f  a 1 . I f  
t h i s  b i t  i s  a 1, a s u b t r a c t io n  o f 1 i s  a ls o  re q u ir e d  to  a c co m p lish  a 
r e s id u e  r e d u c t io n .  W ith th e  c o r r e c t iv e  a d d i t i o n  o f  +1 , th e s e  c a n c e l 
o u t and a 0 i s  s h i f t e d  i n t o  th e  l s b .  Hence fo r  each  m u l t i p l i c a t i o n  o f 
2 ,  a l e f t  c i r c u l a r  s h i f t  o f  th e  b l s b ' s  i s  r e q u i r e d  and th e  b i t  
c i r c u l a t e d  in to  th e  l s b  i s  com plem ented. For th e  m u l t i p l i c a t i o n  o f 
2 , k l e f t  c i r c u l a r  s h i f t s  o f th e  b l s b ' s  i s  r e q u ire d  and th e  b i t s  
c i r c u l a t e d  in to  th e  k l s b ' s  have to  be com plem ented a s  w e l l .

Example 2 .9
6 x 2 3 = 14 ( = - 3 )

0101

0101

I
101

1101

6

3 s h i f t s
com plement and c i r c u l a t i o n  
r e s u l t

We have se e n  t h a t  th e  b a s ic  o p e r a t io n s  ( n e g a t io n ,  a d d i t i o n  
and m u l t i p l i c a t i o n  by a power o f  2 )  fo r  th e  Ferm at Number T ransfo rm  
u s in g  th e  d im in ish e d -1  a r i th m e t ic  a r e  v e ry  sim p le  and a r e  s im i l a r  to
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th e  ones-com plem ent a r i t h m e t i c .  However, f o r  g e n e ra l  m u l t i p l i c a t i o n ,  
th e  p ro ce d u re  i s  more c o m p lic a te d , s in c e

B e s id e s  th e  m u l t i p l i c a t i o n  o f (A - l )  and ( B - l ) ,  th e  term  (A +B -l) h a s  to  
be added b ack  to  g e t  th e  f i n a l  r e s u l t .  S in c e  fo r  th e  co m p u ta tio n  o f 
c y c l i c  c o n v o lu tio n  o f  u s in g  FNT th e  number o f  g e n e ra l  m u l t i p l i c a t i o n s  
re q u ire d  i s  v e ry  s m a ll ,  t h i s  i s  n o t a s e r io u s  draw back to  th e  m ethod .

2 .4  E x te n s io n  o f th e  Dynamic Range

th e  c o n v o lu tio n  sum y (k ) b e in g  o u ts id e  th e  ran g e  a llo w ed  by R i t  i s  
n e c e s sa ry  to  keep

( A - D ( B - l )  = A.B -  (A+B) + 1
= (A .B - l) -  (A +B -l) + 1

and th e  d e s ir e d  r e s u l t  i s

(A .B - l ) = (A -1 )(B -1 ) + (A +B -l) -  1

C on sid er th e  in t e g e r  r i n g ,  R (0 ,1 , • • • , M -l) .  I n  o rd e r  to  a v o id

y(m) < (M -l) (2 .3 8 )
f o r  p o s i t iv e  in p u t  d a ta

and (2 .39 )

f o r  p o s i t iv e  and n e g a tiv e  in p u t  d a ta

w here y (m )= in d iv id u a l c o n v o lu tio n  sum
o f x 's  and h 's
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The o u tp u t  dynam ic ran g e  i s  d e f in e d  a s

and

y(m) = M-l = 2 K (2 .40 )max
f o r  p o s i t i v e  in p u t  d a ta ,  
w here K=log2 (M -l)

y(m) max
fo r

M-l „ 0 K 
2

p o s i t iv e  and n e g a tiv e  in p u t  d a t a ,
w here K=log2 ( ^ p )

(2 .4 1 )

C on sid er th e  c a se  w ith  p o s i t i v e  and n e g a tiv e  in p u t  d a t a ,  to  
a c h ie v e  th e  r e s u l t s  i n  e q n . 2 .3 9 ,  l i m i t s  have to  be imposed on 
seq uen ces {x(n)} and { h (n )} .

| y(m) | < and

N -l
y(m) = JT x (n )h (m -n ) 

n=0
Note t h a t

N -l N -l
I X  x (n )h (m -n ) < £  |x ( n) | . |h (m -n) | 

n=0 n=0

T h e r e f o r e ,  to  av o id  o v e rflo w
N -l . N -l
2  x (n )h (m -n ) < £  |x ( n) | . | h(m -n) | < 
n=0 ' n=0

U su a lly  th e r e  a r e  upper l i m i t s  fo r  x (n )  and
and h (n )  < h , t h e r e f o r e  max

N -l
X  x(n )h (m -n ) n=0

< N.x h < -  max max -

h ( n ) .

M-l
2

L et x (n ) < x-  max
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The c o n d i t io n  fo r  in p u t  dynam ic ran g e  i s

N .x h max max (2 .42 )

I f  x = h , th e  in p u t  dynam ic ran g e  i s  ma x ma x

xmax
1 (2 .4 3 )

I t  i s  c l e a r  from  eq n . 2 .43 t h a t  th e  maximum a l lo w a b le  in p u t  
v a lu e ,  x ( n ) ,  i s  r e s t r i c t e d .  The fo llo w in g  p a ra g ra p h s  d is c u s s  a method 
o f in c r e a s in g  th e  dynam ic ran ge  o f th e  NTT.

The dynam ic ra n g e  o f y (n ) can  be in c re a s e d  by d e f in in g  th e
Number T h e o re t ic  T ransfo rm  on th e  r in g  o f i n t e g e r s  modulo M, w here

£
M = 1 7  M. (2 .4 4 )

i = l  1

f o r  a l l  (Mi ,M ^)= l, fo r  i ^ j

The i n t e g e r  £ g iv e s  th e  number o f f a c to r s  o f M. A ll th e  f a c t o r s  o f  M 
have to  be m u tu a lly  p rim e . The a r i th m e t ic  fo r  th e  c o n v o lu tio n  i s  done 
m ain ly  o ver th e  c o n s t i tu e n t  r in g s  o f i n t e g e r s  modulo . The f i n a l  
r e s u l t s  a r e  th e n  r e c o n s t r u c te d  by u s in g  th e  C hinese Rem ainder 
Theorem(CRT) a s  shown below

£ -1
y(m) = < 2 ^ 4 ^  y ^ m )  >M 

i = l

Mw here L .= — l  M.l

c l . l T S .,i  i  M.= 1 andl

(2 .45 )
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y ^ (k )=  th e  c o n v o lu tio n  sum mod Mj_
£

T h is  method g iv e s  a n  o u tp u t  dynam ic ran g e  o f (M -l) = n M .- 1 . In
i = l  1

o rd e r  to  make th e  p o in t  c l e a r ,  a n  exam ple i s  in c lu d e d  i n  A ppendix 
A2 .2 .

2 .5 Pseudo-Number T h e o re t ic  T ransfo rm

B ecause o f th e  s im p l i c i ty  o f t h e i r  a r i t h m e t i c , th e FNT and
MNT a r e  th e most e f f i c i e n t  NTTs a v a i la b l e  fo r p r a c t i c a l
im p le m e n ta tio n . I n o rd e r  to  have a w id er c h o ice  o f sequence le n g th s
fo r  FNT and to  have FFT -type o f  a lg o r i th m s  fo r  MNT, we can  use  
pseudo-Number T h e o re t ic  T ra n sfo rm s . The pseudo-M ersenne Number 
T ran sfo rm [5 0 ] i s  d e f in e d  modulo a n  i n t e g e r ,  M̂  w hich i s  a f a c to r  o f

gth e  number o f th e  form  o f M = 2 - 1 ,  fo r  s = c o m p o site ; w h ereas th e
pseud o-F erm at Number T ra n sfo rm !51] i s  d e f in e d  modulo a n  in t e g e r  ,

s tw hich i s  a f a c to r  o f a  number o f th e  form o f M = 2 + 1, f o r  s 4- 2 . 
I n  b o th  c a s e s ,  M i s  co m p o site  and can  a lw ay s be d e f in e d  a s  th e  p ro d u c t 
o f two f a c to r s  ( n o t  n e c e s sa ry  to  be p rim e)

M =

I n  t h i s  c a s e ,  i f  a n  N le n g th  NTT w hich su p p o r ts  c i r c u l a r  c o n v o lu tio n ,  
can  be d e f in e d  modulo t h i s  NTT com putes th e  N -le n g th  c o n v o lu tio n  
y(m) modulo w ith

N -l
y(m) = < X  h (n )x (m -n ) >n=0 1

The a r i th m e t ic  o p e r a t io n s  f o r  modulo a r e  u s u a l ly  d i f f i c u l t .
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However, t h i s  p roblem  can  be so lv ed  by making th e  c o m p u ta tio n  m ain ly  
u s in g  modulo M a r i th m e t ic  and th e n  a d ju s t in g  th e  f i n a l  r e s u l t  modulo 

a t  th e  l a s t  s t a g e ,
N -l

y(m) = < ^ h ( n ) x ( m - n )  > >
n=0 1 (2 .46 )

The m ajor d isa d v a n ta g e  o f t h i s  method i s  t h a t  a l l  o p e r a t io n s  modulo M 
must be ex ecu ted  on  w o rd - le n g th s  lo n g e r  th a n  th a t  o f th e  f i n a l  r e s u l t .  
F u rth e rm o re , fo r  th e  pseudo-F erm at Number T ran sfo rm , th e  tra n s fo rm  
le n g th s  o f th e  r e s u l t a n t  NTT i s  r e l a t i v e l y  s h o r t  fo r  a  b e in g  2 o r  a 
power o f 2 •  L e t us c o n s id e r  o n ly  th e  pseudo-M ersenne Number 
T ran sfo rm .

I n  t h i s  c a se  M i s  d e f in e d  a s  

M = 2 s -1
fo r  s = a co m po site  number 

r r  r iThe g e n e ra l  form o f s i s  ±Jp. 1 , w here & i s  th e  number o f prim e
i = l  1

f a c t o r s  o f s and r / s  a r e  powers o f th e  prim e f a c t o r s .  However fo r  
p r a c t i c a l  c a s e s ,  s i s  a lw ay s e i t h e r  a p ro d u c t o f two p rim es o r  th e  
sq u a re  o f a p rim e . I f  s i s  a p ro d u c t o f two p rim e s , p^ and > we can  
w r i t e

P lP2S * 1 * I Pi P?
M = 2 - 1  = 2 -  1 = (2 -  1)(2 -  1)K

w here K i s  a c o n s ta n t

and
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p l p22 = 1  mod M o r mod a f a c to r  o f M

We r e s t r i c t  o u r d i s c u s s io n  to  th e  c a se  w here th e  r o o t  o f
u n i ty  i s  2 o r  a power o f  2 ;  hence th e  p o s s ib le  tra n s fo rm  le n g th s  a r e

p2 P 1p ^ , p^ and P |p 2 w ith  th e  r o o ts  o f  u n i ty  eq u a l to  2 , 2  and 2
r e s p e c t i v e l y .  From e q n . 2 .2 5 ,  i t  i s  c l e a r  t h a t  i f  th e  tra n s fo rm  
le n g th  i s  cho sen  to  be p ^ , th e  m odulus can  be d e f in e d  a s

M1 (2 .47 )

At t h i s  s t a g e ,  we shou ld  check  th e  f a c t o r s  o f  a g a in s t  
e q n . 2 .2 5  fo r  c o r r e c tn e s s .  F u r th e r  d iv i s io n  may be n e c e s s a ry  to  
d iv id e  by f a c to r s  o f , w hich i s  n o t r e l a t i v e l y  prim e to  ( a m- l ) ,  
f o r  m = 1 , 2 , . . . , N - 1 .  On th e  o th e r  h and , i f  we choose  N = P^ 2  » t l̂e 
m odulus becomes

(2 -1 )  (2 ^ -1 )

I n  t h i s  c a se  th e  dynam ic ran g e  i s  u n a v o id ab ly  s h o r te r  th a n  i n  th e  
p re v io u s  c a s e .

Example 2 .1 0

For M = 2 14- 1 ,

M =

N a

7 22
14 2
3 2 5
5 2 3

( 2 14- l ) / ( 2 2 - l )
( 2 14- l ) / [ ( 2 2 - l ) ( 2 7- l ) ]
( 2 15- l ) / ( 2 5- l )
( 2 15- l ) / ( 2 3- l )
(2 15- l ) / [ ( 2 3- l ) ( 2 5- l ) ]15 2
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and M = 2 35- l , 35 2 (2 35- l ) / [ ( 2 5- l ) ( 2 7- l ) ]
The l a s t  s e t  o f p a ra m e te rs  r e p r e s e n t s  a more p r a c t i c a l  c a se

I f  s i s  th e  sq u a re  o f a p rim e , p ^ , we can  d e f in e

M M (2 .4 8 )

Example 2 .12
49I f  M = 2 - 1 ,  we f in d  th a t

N = 4 9 , a  = 2 and
= (2 49- l ) / ( 2 7- l )

T h is  l a s t  exam ple g iv e s  a tra n s fo rm  w hich can  be com puted w ith  a
2 - s ta g e  FFT -type a lg o r i th m .

2 .6  Complex Number T h e o re t ic  T ran sfo rm

h as b een  d e f in e d  to  g iv e  a l a r g e  c h o ice  o f seq uen ce  l e n g th s  fo r  
c o n v o lu t io n s .  I n  some c a se s  th e  pseudo-NTT may a ls o  be computed w ith  
a FFT -type o f  a lg o r i th m . T h is  method does n o t ,  how ever, g iv e  a 
p o s s ib le  s o lu t io n  to  th e  problem  t h a t  b o th  th e  FNT and MNT have 
r e l a t i v e l y  s h o r t  sequence l e n g th s .  I n  t h i s  s e c t i o n ,  we d is c u s s  th e  
u se  o f complex Number T h e o re t ic  T ran sfo rm s to  s o lv e  th e  sequence  
le n g th  c o n s t r a i n t  o f th e  NTT. T h is  k ind  o f t r a n s fo rm s  may a ls o  be 
d e f in e d  to  have a h ig h ly  com po site  sequence le n g th  N. Hence a f a s t  
a lg o r i th m  can  be used to  compute th e  tra n s fo rm .

I n  th e  p re v io u s  s e c t io n ,  th e  pseudo-Number T h e o re t ic  T rn sfo rm

We b e g in  our d i s c u s s io n  o f com plex Number T h e o re t ic
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T ran sfo rm s w ith  th e  r o o t  o f u n i ty  b e in g  a G au ssian  i n t e g e r ,  a + jb ,  
where

( i )  th e  a r i th m e t ic  i s  done o v e r th e  f i n i t e  f i e l d  
G F(>?), fo r  M = a prim e number and

( i i )  < j2 = -1>M (2 .4 9 )

The v a lu e s  o f a and b a r e  d e f in e d  i n  th e  f i e l d  o f i n t e g e r s  GF(M). We 
f i r s t  r e s t r i c t  o u r d i s c u s s io n  to  M eq u a l to  a n  odd prim e and th e n  we 
e x ten d  th e  th e o ry  to  a more g e n e ra l  s i t u a t i o n :  M i s  a com p o site
num ber.

Now, l e t  u s  c o n s id e r  some p r o p e r t i e s  o f th e  pow ers o f th e  
r o o t  o f  u n i ty  o v er th e  GF(M^) .  C on sid er

( a + jb ) M = X  C jS iV 1" 1^ " 1 (2 .5 0 )
i=0  K

w here cj1 a r e  b in o m ia l c o e f f i c i e n t s  k
Mth e  e x p a n s io n  o f  (a + jb )  and i s  

d e f in e d  a s

i  M!
Ck = i ! ( M -i)!

S in c e  a l l  b in o m ia l c o e f f i c i e n t s  a r e  i n t e g e r s ,  [ i ! ( M—1 )!]  m ust d iv id e  
M !. M i s  now a prim e num ber, hence [ i ! ( M - i ) ! ]  m ust d iv id e  ( M - l ) ! .  
E qn. 2 .5 0  re d u c e s  to

( a + jb ) ^  = a ^  + j^ b ^  mod M (2 .5 1 )

From F e rm a t 's  th eo rem , eq n . 2 .5 0  can  be w r i t t e n  a s
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( a + jb ) ^  = a + j^ b  mod M (2 .5 2 )

Now l e t  us r a i s e (a + j^ b )  to  M pow er, we g e t 
( a + jb )  = a + j  b

R e c a ll  th e  f a c t  t h a t  th e  sq u a re  o f any odd number can  a lw ays 
be e x p re sse d  a s  4 k + l ,  o r  we can  w r i t e

(2 .5 3 )

T h is  d io p h a n tin e  e q u a t io n  has o n ly  two s o lu t io n s

<H1 = 1>4 

<M2 "  3>4

From eq n . 2 .4 9 ,  we g e t 

M2(a + jb )  = a+ jb  Mod M (2 .5 4 )

E qn. 2 .54 shows t h a t  any NTT d e f in e d  on th e  f i n i t e  f i e l d  GF(M2 ) m ust 
s a t i s f y  th e  c o n d i t io n

Nl(M2 -  1) (2 .55 )

At th e  b e g in n in g  o f o u r d i s c u s s io n ,  we d id  n o t c o n s id e r  th e  
c o n d i t io n s  fo r  th e  e x is te n c e  o f  j . However, i n  r e a l i t y ,  th e  e x is te n c e  
o f  j  depends on th e  c h o ice  o f M fo r  th e  t ra n s fo rm . S in c e  j  can n o t be 
a member o f  GF(M), e q n . 2 .4 9  must n o t be s o lu b le .  The n o n s o lv a b i l i ty
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o f eq n . 2 .4 9  i s  e q u iv a le n t  to  th e  s ta te m e n t t h a t  -1  i s  a q u a d r a t ic  
n o n re s id u e [2 7-28] modulo M. By E u l e r 's  c r i t e r i o n ,  t h i s  i s  f u r t h e r  
e q u iv a le n t  to

(-1 /M ) = ( - l ) (M“ 1 )/2  = -1  (2 .5 6 )

w here (x/M ) i s  th e  L egendre symbol 
d e f in e d  by

(x/M ) = + 1 , i f  x i s  a q u a d r a t ic  
r e s id u e  mod M, o r 

= - 1 ,  i f  x i s  a q u a d r a t ic  
n o n re s id u e  mod M

R e c a ll  t h a t  M i s  an  odd p rim e , th e n  

M-l i s  ev en , fo r  M = 4k + 1

M-l
~2 ~ i s  odd , fo r  M = 4k + 3

Hence from  e q n . 2 .5 6 ,  t h i s  im poses a c o n d i t io n  fo r  th e  e x is te n c e  o f 
th e  com plex NTT,

<M = 3>4 (2 .57 )

I f  M i s  n o t a prim e num ber, i t s  prim e f a c t o r i s a t i o n  i s  g iv e n

£
M = J T q . 1

i - 1  1
w here q ^ 's  a r e  p rim e s ,

by
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f o r  £ = th e  number o f  prim e f a c to r s  o f  M

For m ost c a s e s ,  th e  v a lu e s  o f  r ^ s  a r e  equ a l to  o n e . An N -p o in t 
com plex NTT w ith  th e  c y c l i c  c o n v o lu tio n  p ro p e r ty  can  be d e f in e d  i n  th e  
com plex re s id u e  r i n g  o f  G au ss ian  i n t e g e r s  modulo M p ro v id e d  N -p o in t 
t ra n s fo rm s  can  be d e f in e d  s e p a r a te ly  i n  th e  c o n s t i tu e n t  f i n i t e  f i e l d s .  
We may c o n s id e r  t h a t  t h i s  fo llo w s  d i r e c t l y  from th e  C h in ese  Rem ainder 
Theorem and so t h i s  l e a d s  to  th e  c o n d i t io n s  fo r  th e  e x is te n c e  o f  th e  
t r a n s fo r m . I t  i s  a l s o  c l e a r  t h a t  no t a l l  th e  c o n s t i t u e n t  f i n i t e

9f i e l d s  need to  be d e f in e d  on GF(q ) o f G au ssian  i n t e g e r s .  A 
c o n s t i tu e n t  f i e l d  may be d e f in e d  on a f i n i t e  f i e l d ,  GF(q) o f  r e a l  
i n t e g e r s .  However, a t  l e a s t  one o f th e  c o n s t i tu e n t  f i e l d  must be 
d e f in e d  on a f i n i t e  f i e l d ,  GF(q ) o f G au ssian  i n t e g e r s  i n  o rd e r  to  
form  a p ro p e r com plex Number T h e o re t ic  T ran sfo rm .

From th e  above d is c u s s io n ,  we can  a ls o  deduce th e  c o n d it io n s  
re q u ir e d  fo r  th e  c o n s t i t u e n t  f i e l d s  a s  shown below [59] :

( a )  f o r  each  prim e f a c to r  q = 4k + 1 o f M,
N l ( q - l )  ( 2 . 5 8 )

and
(b )  f o r  each  prim e f a c to r  q = 4k + 3 o f M,

N |(q 2 -1 )  ( 2 .5 9 )

Example 2 .1 3
I f  M = 3 5 , N m ust d iv id e  (5 -1 )  and ( 7 ^ - 1 ) ;  hence 
N = 4 i s  p o s s ib l e .  A p o s s ib le  a i s  7+15j
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C on sid er th e  co m p u ta tio n  o f two complex seq u en ces  {a+jb} and 
{c+jd} u s in g  com plex NTT. L e t {A ^+jB^:k=0, 1 , • • • ,N-1} and 
{Ck+jD^: k=0, 1 , . . . ,N-1} be th e  tra n s fo rm e d  r e s u l t s  o f {a+jb} and {c+jd} 
r e s p e c t i v e l y .  The term  by term  p ro d u c ts  o f  (Ak+jB^) and (Ck+jD^)* ^o r 
k= 0 , 1 , . • . ,N-1 have to  be found b e fo re  ta k in g  th e  in v e r s e  t r a n s fo r m . 
I t  can  be se e n  t h a t  d i r e c t  co m p u ta tio n  o f each  com plex p ro d u c t 
r e q u i r e s  4 m u l t i p l i c a t i o n s .

\ + j z k = (Akc k 'Bk V  + j(A k V Bkck ) ( 2 -60)

T h is  f ig u r e  can  be red uced  to  3 by com puting Y w ith  th e  fo l lo w in gJx
a lg o r i th m [ 6 4 ] .

\  ■  < V Bk>< W  -  AkDk + Bk ck (2 *6 15

The com plex NTT r e q u i r e s  th r e e  g e n e ra l  m u l t i p l i c a t i o n s  p e r p o in t  fo r  
th e  c o m p u ta tio n  o f  com plex c y c l i c  c o n v o lu tio n s  i n  a d d i t i o n  to  ot 
m u l t i p l i c a t i o n s  i n  th e  fo rw ard  and in v e r s e  t r a n s fo r m s .

C on sid er now an  NTT d e f in e d  on a r in g  o f i n t e g e r s  w ith  e a ch  
prim e f a c t o r ,  q-= 4k + 1 o f th e  m odulus, M. Hence no com plex r o o t  o f  
u n i ty  can  be form ed fo r  th e  Number T h e o re t ic  T ran sfo rm  and j  m ust be 
a n  in te g e r  i n  th e  r in g  modulo M. L et j  = £ .  Hence e q n . 2 .6 0  becomes 
a r e a l  e q u a tio n  a s  shown below ,

\  = (Ak+ 5Bk )(C k+ 5Dk ) (2 .6 2 )

I n  o rd e r  to  s e p e r a te  Yk and Zk from eq n . 2 .62 , l e t  u s d e f in e  a n
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a u x i l i a r y  c o n v o lu tio n

Uk = (Ak-  P k )(C k-  5 \ )  (2 .6 3 )

Com bining e q n s . 2 .6 2  and 2 .6 3  g iv e s

Yk = r ( W  <2 -6 4 >

Zk = l £ ( W  ( 2 -65)

T h is  shows t h a t ,  i f  £ i s  a power o f 2 ,  th e  co m p u ta tio n  o f com plex 
c y c l ic  c o n v o lu tio n  may s im p ly  r e q u i r e  2 m u l t i p l i c a t i o n s  p e r p o in t  
u s in g  r e a l  Number T h e o re t ic  T ra n sfo rm s . T h is  makes com plex NTTs l e s s  
a t t r a c t i v e  fo r  th e  co m p u ta tio n  o f o f com plex c y c l ic  c o n v o lu tio n s  th a n  
r e a l  NTTs i f  a s u i t a b l e  r e a l  NTT i s  a v a i l a b l e .

B ecause o f th e  s i m p l i c i ty  o f  th e  a r i t h m e t i c ,  th e  o b v io u s  
c h o ic e s  o f m oduli fo r  com plex Number T h e o re t ic  T ran sfo rm s a r e  th e  
Ferm at numbers and th e  M ersenne num bers. S in c e

<Ft >4 = 1 (2 .6 6 )
fo r  t= l  ,2 , . . .

T h is  shows t h a t  no com plex NTT can  be d e f in e d  on  modulo b ase  F .
2 t - l  1

i - v - i  can  be r e p re s e n te d  i n  t h i s  r in g  by 1L w hich i s  a r e a l  
num ber. I t  i s  t h e r e f o r e  p o s s ib le  to  com pute d i r e c t l y  a com plex 
c o n v o lu tio n [  65 ] on m odulus F by e q n s . 2 .62-2 .6 5 . However, t h i s  g iv e s  
no in c r e a s e  i n  th e  sequence le n g th  o f th e  t ra n s fo rm .

L e t us exam ine th e  s i t u a t i o n  fo r  M ersenne num bers. I n  t h i s
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c a se

p oit'+i<2 -1> . = <2 -1>,4 4

w here P=2k/ + 1 , an  odd prim e

T hat i s
<2 P- l> ,  = < 2 .4 k / - l> ,  = 3 4 4 (2 .67 )

Hence com plex Number T h e o re t ic  T ran sfo rm s can  be d e f in e d ,  w ith  th e  
ro o t  o f u n i ty  in v o lv in g  j  = V ” 1> on th e  f i n i t e  r in g  GF(M^). Note t h a t  
eq n . 2 .6 7  i s  t r u e  fo r  b o th  M ersenne p rim es and M ersenne c o m p o s ite s . 
For th e  c a se  o f M ersenne c o m p o s ite s , e q n . 2 .6 7  shows t h a t  a t  l e a s t  one 
f a c to r  o f  Mp i s  o f  th e  form (4k+3) b ecau se  th e  p ro d u c t o f  ( 4 k + l ) 's  
modulo 4 a lw ays e q u a l to  1.

For M ersenne p r im e s , <Mp>4 = 3 , hence from eq n . 2 .5 5

n | ( m£ - d

T hat i s
N|(Mp+l)(Mp-l) (2.68)

B oth (M+l) and (M -l) a r e  even  numbers and th e  p ro d u c t o f two 
c o n s e c u tiv e  even  numbers must be d i v i s i b l e  by 8 . Hence a le n g th  8P 
com plex NTT may be d e f in e d  u s in g  M ersenne p r im e s .

F or M ersenne c o m p o s ite s , a l l  f a c to r s  o f M̂  o f  th e  form  (4k+3) 
have s im i la r  p r o p e r t i e s  a s  prim e M ersenne num bers. A ll  prim e d i v i s o r s  
o f Mp a r e  o f th e  form <q^=+l>g[27 ] .  Hence th e  prim e f a c to r s  o f th e
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form  (4 k + l)  o f  M a r e  e q u iv a le n t  to  th e  c a se  < q .= + l> Q. T h e re fo re  ar  1 o
le n g th  8P com plex NTT may a ls o  be d e f in e d  u s in g  M ersenne c o m p o s ite s .

N ussbaum er[50] o b se rv ed  t h a t  (1+ j ) i s  a r o o t  o f u n i ty  o f 
o rd e r  8P fo r  com plex M ersenn e-p rim e Number T h e o re t ic  T ran sfo rm . From 
th e  above d i s c u s s io n ,  we e x ten d  t h i s  id e a  to  M ersenne-co m po site  Number 
T ra n sfo rm s . Hence (1 + j)  i s  a r o o t  o f u n i ty  o f  o rd e r  8P f o r  b o th  
M ersenne-prim e and M ersen n e-co m p o site  com plex NTTs.

T hese le n g th -8 P  com plex M ersenne Number T ran sfo rm s a re  
p ro m isin g  b e c a u se :  ( i )  th e y  can  be im plem ented w ith  ones-com plem ent
a r i th m e t i c ;  ( i i )  t h e i r  sequence le n g th  i s  co m p o site , le a d in g  to  an  
e f f i c i e n t  F FT -type im p le m e n ta tio n ; and ( i i i )  th e  r o o ts  o f  u n i ty  a r e  
s im p le  and no g e n e ra l  m u l t i p l i c a t i o n  i s  r e q u i r e d  fo r  th e  t r a n s fo r m .

T h is  method r e q u i r e s  3 g e n e ra l  m u l t i p l i c a t i o n s  fo r  th e  
c o m p u ta tio n  o f  com plex c y c l i c  c o n v o lu tio n s  and so i s  n o t a v e ry  
e f f i c i e n t  way to  c a l c u l a t e  c y c l ic  c o n v o lu tio n s  o f r e a l  d a t a .

Reed and T ruong[4 6-47 ] have a ls o  s tu d ie d  th e  M ersenne-p rim e 
NTT w ith  r o o ts  o f u n i ty  b e in g  g e n e ra l  G au ssian  i n t e g e r s .  From 
eq n . 2 .6 8 ,  we have

n | 2 p+1( 2 p - 1_ i ) (2 .69 )

Hence a com plex M ersenne-prim e Number T h e o re t ic  T ran sfo rm  can  be
P+1d e f in e d  w ith  sequence le n g th  eq u a l to  2 and v e ry  e f f i c i e n t  ra d ix -2  

FFT -type a lg o r i th m  can  be used fo r  th e  im p le m e n ta tio n . However, i n  
t h i s  c a se  th e  r o o ts  o f u n i ty  a r e  n o t i n  sim p le  b in a ry  r e p r e s e n t a t i o n s
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and so g e n e ra l  m u l t i p l i c a t i o n s  a r e  r e q u ir e d  fo r  th e  t r a n s fo r m .
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2 .7 A pp end ices

A ppendix A2.1 An Example fo r  th e  C y c lic  C o n v o lu tio n  u s in g  FNT 

C on sid er th e  c y c l i c  c o n v o lu tio n  o f  th e  sequen ces 

x = { 0 ,1 ,3 ,-2 }  

h -  { 2 ,0 ,0 ,1 }

( a )  By d i r e c t  C a lc u la t io n

y( 0) = 0.2 + 1 .1  + 3 .0
y( 1) = 0 .0  + 1.2 + 3 .1
y(2 ) = 0 .0  + 1 .0  + 3 .2
y (2 ) = 0 .1  + 1 .0  + 3 .0

(b )  By Ferm at Number T ran sfo rm

Choose M = F^ = 17, fo r  t  = 2 .
The maximum tra n s fo rm  le n g th  
u n i ty  i s  2 t  = 8 .

^  ■  ^ 1 7
For th e  p re s e n t  c a l c u l a t i o n ,  N =
The t r a n s f o r m a t io n  m a tr ix  T i s  g iv e n  by

1 i 1 1 1 1 1 1
T = 1 4 42 43 = 1 4 -1 -4

1 42 44 4 6 1 -1 1 -1
1 43 46 4 9 1 -4 -1 4

+ (-2  ) .0  = 1 
+ (-2  ) .0  = 5 
+ ( -2 ) . 1 = 4 
+ ( -2 ) .2 = -4

w ith  pow ers o f  2 a s  r o o t s  o f  

4 and a  =4 .
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Note t h a t  4 - * = 4 ” *4^ = -4

1 i 1 1 1 1 1 1
T "1 = 4 -1 1 4 -1 4~2 4 - 3 = -4 1 -4 -1 4

1 4 '2 4 ’ 4 4 -6 1 -1 1 -1
1 4 ' 3 4 -6 4 - 9 1 4 -1 -4

T h e re fo re

X = T .x  =
1 1 1 1  
1 4 - 1 - 4  
1 - 1  1 - 1  
1 - 4 - 1 4

0
1
3

-2

rL

2 2
n 9 ii 9

4 4
-15 2 mod 17

H = T .h  =

— — —
1 1 1 1 2 3
1 4 -1 -4 0 = -2
1 -1 1 -1 0 1
1 -4 -1 4 1 6 mod 17

Y = X.H =
6

-1 8
4

12 mod 17

T aking th e  in v e r s e  t ra n s fo rm , we have
— —

1 1 1 1 6 1
-4 1 - 4 - 1 4 -1 = 5

1 - 1  1 - 1 4 4
1 4 - 1 - 4 -5 -4

___ ___
mod 17
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A ppendix A2 .2 An Example o f th e  E x te n s io n  o f Dynamic Range by CRT

The dynam ic ran g e  of y (k ) c an  be in c re a s e d  by ch o o sin g  two 
r e l a t i v e l y  p rim es b a s e s ,  M& and M^. We can  r e p r e s e n t  x (n )  and h (n )  on 
th e s e  b a s e s  r e s p e c t i v e l y  and do th e  c o n v o lu tio n  on each  o f th e s e  b a se s  
to  o b ta in  two s e t s  o f  y ^ ( n ) 's .  By making use o f th e  C hin ese  Remainder 
Theorem , we can  th e n  o b ta in  th e  r e s u l t .  The dynam ic ran g e  o f th e  
c o n v o lu tio n  i s  ( f ^ M ^ - l ) .  T h is method can  be g e n e ra l iz e d  by ch o o sin g  
a s  many a s  n e c e s s a ry  m u tu a lly  prim e b a s e s ,  so t h a t  th e  dynam ic ran ge  
can  re a c h

L et x = {A,0} 
h = {1,2}

( a )  W ithou t u s in g  a tra n s fo rm  te c h n iq u e ,
N -l

y(m) = ^ J x (  n)h(m -n) 
n=0

y (0 ) = x (0 )h (0 )  + x ( l ) h ( l )  = 4 .1  + 0.2 = 4 
y( 1) = x( 0 )h ( 1) + x ( l ) h ( 0 )  = 4 .2  + 0 .1  = 8

(b )  U sing  a Number T h e o re t ic  T ran sfrom

( i )  Choose M = 3 and a
Mb = 5

The dynamic ran g e  = 3x5-1
= 14

( i i )  The c o n v o lu tio n  o f x and h o v e r Ma
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1 1
% h „ = h =mod 3 a0 2

x _ = x = mod 3 a

Use an  NTT o f  a = 2 , N = 2  and M = 3 . 
N -l 1

= 5 Z x ( n ) 2 nk = £ x ( n ) 2 nk
n=0

0=x( 0)2 + x ( l ) 2
n=0 
k

He nee
X  ̂ = 1 .1  + 0 .2 °  = 1 
X  ̂ = 1 .1  + 0.2 = 1

H* = h( 0)2 ° + h ( l ) 2 k
Hence

H ^ =  1 .1  + 2 .2 u = 0
H* = 1 .1  + 2 .2 = 2

w here th e  s u p e r s c r ip t  s i g n i f i e s  t h a t  th e
o p e r a t io n  i s  done o v e r M =3

^ 0

l 8!

X3m

a „a 
kx^ . h:

1 .0  = 0
1.2  =  2

N -l
(N3 ) -1  ] ^ Y ?  2 _mk

k=0
— 1 r T»a „0= 2 [ Y  ̂ 2 U + ŶJ 2 *"m]

Hence
Yq = 2 [ 0 . 1 + 2 . 1 ]  = 1
y* = 2 [ 0. 1  +  2 .2 " 1 ] = 2 [ 4 ] = 2

( i i i )  The c o n v o lu tio n  o f  x and h o v e r
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4
* b = _o_

l
h  = 2

mod 5 

*\nod 5

S im i l a r l y ,  u s in g  th e  NTT w ith  oc = 4 ,  N

we g e t

Yq = 4 mod 5 
y j = 3 mod 5

( i v )  By th e  C hinese  Rem ainder Theorem 
b

m0d Ma “ bi=a
w here L .= Ma“b

i  M.l
and

M.= M o r  M. l  a d

f o r  k=0,1

a T -1  , b T -1  
ykLa La

T hat i s
a T -1  . b T -1  

y0 = y0La La + y0V b

y i ■ Awl1 + Aw?
To f in d  L , and t h e i r  r e c i p r o c a l s ,

L = ^ 5  = 5 a 3
t -  3x5S  5

2 and M

3
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iT 1 = 5_1 = 2 mod 3 a
C 1 = 3 " 1 = 2 mod 5 b

Hence yfc = [ y*5 .2 + y^3 .2 ]

yk = 10yk + 6yk

y^ = [1 0 .1  + 6 .4 ]  = 4  mod 15
y^ = [1 0 .2  + 6 . 3 ]  = 8 mod 15
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CHAPTER THREE CYCLIC CONVOLUTION OF LONG SEQUENCES USING
NUMBER THEORETIC TRANSFORM

I t  has b een  p o in te d  o u t i n  c h a p te r  2 t h a t  a l l  Number 
T h e o re t ic  T ran sfo rm s a r e  l im i te d  by w o rd - le n g th  and sequence l e n g th  
c o n s t r a i n t s .  The norm al t ra n s fo rm  le n g th  o f th e  MNT i s  P , f o r  a

pmodulo b ase  o f (2 - 1 )  and th e  MNT tra n s fo rm  le n g th  can  be in c re a s e d  to
2P when a  = - 2 • A garw al and B u rru s [4 0 ] have p o in te d  o u t  t h a t  a more
p r a c t i c a l  • c h o ice  o f Ferm at num ber, th e  m odulus, i s  F<.» i n  w hich c a se  

32M = F^= 2 + 1 .  The c o rre sp o n d in g  maximum tra n s fo rm  le n g th  i s  12 8 and
cl =^2 . T h is  le n g th  may be too  s h o r t  fo r  c e r t a i n  a p p l i c a t i o n s ,  such  
a s  r a d a r  o r p ic tu r e  p ro c e s s in g .

I n  t h i s  c h a p te r  Number T h e o re t ic  T ran sfo rm s a r e  exam ined and 
e x p re s se d  i n  a s y s te m a t ic  way u s in g  p o ly no m ia l f o rm u la t io n s .  We f i r s t  
d is c u s s  th e  r e l a t i o n s h i p  b etw een  th e  th e  c i r c u l a r  s h i f t  theorem  o f th e  
z - t r a n s fo rm  and th e  c i r c u l a r  s h i f t  theo rem  o f th e  Number T h e o re t ic  
T ran sfo rm . T h is  form s a n  e x tre m e ly  u s e fu l  to o l  fo r  th e  co m p u ta tio n  o f 
c y c l i c  c o n v o lu tio n s  u s in g  m u lti -d im e n s io n a l  te c h n iq u e s .  We th e n  
d e r iv e  some new fo rm u la tio n s  fo r  th e  e f f i c i e n t  co m p u ta tio n  o f 
o n e -d im e n s io n a l c o n v o lu tio n s  i n  s e c t io n  3 .2  and tw o -d im en sio n a l 
c o n v o lu tio n s  i n  s e c t io n  3 .3 .  T h is  ap p ro ach  le a d s  to  o u r developm ent 
o f th e  n e s te d  Number T h e o re t ic  T ran sfo rm s f o r  f a s t  c y c l ic  
c o n v o lu t io n s .  I n  o rd e r  to  make o u r d is c u s s io n  c le a r  a p p e n d ic e s  a r e  
in c lu d e d  to  g iv e  n u m erica l ex am p les .

The c o n te n ts  o f th e  p re s e n t  c h a p te r  have b een  p u b lish e d  i n



3 .1  C ir c u la r  S h i f t  Theorem

C on sid er th e  fo llo w in g  tim e-do m ain  sequence

x (n )  = { x ( 0 ) ,  x ( l ) ,  x (N - l)  }
w here N i s  th e  le n g th  o f th e  sequence

L e t M be th e  b ase  fo r  modulo a r i th m e t ic  i n  a Number T h e o re t ic  
T ran sfo rm . The NTT o f th e  sequence x (n )  can  be w r i t t e n  a s

N -l .
T{x( n)} = X(k) = < X  x (n )  a  >.

n=0 M ( 3 .1 )

w here k =0,1 »• • • iN -l

Hence
N -i

T{x(n-& )} = < ^  x (n -£ )  a
n=0

kn >.M

I n  t h i s  l a s t  e q u a t io n ,  s u b s t i t u t e  r=n-& , so t h a t

N -l

( 3 .2 )

Equ. 3 .2  shows t h a t  a c i r c u l a r  s h i f t  o f  th e  in p u t  sequence g iv e s  r i s e  
to  a c i r c u l a r  s h i f t  o f  th e  tra n s fo rm e d  o u tp u t .  T h is i s  a c t u a l l y  th e  
S h i f t  Theorem [40] o f  c y c l ic  c o n v o lu tio n .
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Now l e t  us d e f in e  th e  z - t r a n s fo rm * o f th e  same seq uen ce  [24]

N -l
Z {x(n)} = X (z) = ^  x ( n ) z n 

n=0 ( 3 .3 )

Hence
N -l

Z {x(n-J0}  = z x ( n ) z n
n=0

=z^X( z )

( 3 .4 )

I t  can  be seen  from  e q n s . 3 .2  and 3 .4  t h a t  th e  S h i f t  Theorem fo r  th e  
NTT and fo r  th e  z - tra n s o rm  a r e  r e l a t e d  by th e  fo llo w in g  e x p re s s io n

z l X ( z )  <-----> oĉ kX(k) ( 3 .5 )

* T h is i s  th e  norm al z - t r a n s f o r m , e x c e p t t h a t  fo r  co n v en ien ce  p o s i t i v e  
in s te a d  o f n e g a tiv e  pow ers o f z a r e  used i n  o rd e r  to  s im p li f y  th e  
p r e s e n ta t io n  u s in g  p o lyno m ia l a r i t h m e t i c .



-  7 8

3 .2  O ne-D im ensional C ir c u la r  C o n v o lu tio n

C on sid er th e  le n g th  o f a sequence  to  be N = N , a com po site  
num ber. The o n e -d im e n s io n a l z - t r a n s fo rm  o f t h i s  sequence  can  be 
mapped in to  a tw o -d im en sio n a l form by m aking u se  o f  th e  fo llo w in g  
e q u a t io n s ,

n = + 1̂ ( 3 .6 )

0<

w here = 0 , 1 , . . .  ,1^ -1
^  = 0 , 1 , • • • , ^ 2 "1

and

z i -  z ( 3 .7 )

Under th e s e  c o n d i t io n s ,  we can  w r i t e

x (n )  = x
V n i

and eqn 3 .3  becomes

V 1 V 1
X(z,z1)

n ^ O  n ? 0  ^  ,nl 1

nlz, z
( 3 .8 )

N o tice  t h a t  ( i )  th e  map i s  u n iq u e  and c y c l ic  [68] i n  n ^ , ( i i )  th e  map 
i s  u n iq ue  a ls o  b u t n o t c y c l ic  i n  • S im i l a r ly ,  we may d e f in e  th e  
tw o -d im en sio n a l tra n s fo rm  o f th e  sequence h(m) 
-  {h (0 ) , h ( 1 ) , . . . ,h (N - l)}  a s
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H ( z ,Z l ) V I  V 1
y  y  h

n^=0 m ^O  ^  ,ml 1
ml “ 2 z . z ( 3 .9 )

The c y c l ic  c o n v o lu tio n  o f x (n )  and h(m) can  be w r i t t e n  a s

N -l
y£ Xnh£ -n (3 .1 0 )n=0

w here &=0, 1 , . . . ,N-1

T h is  can  be e x p re sse d  a s  a tw o -d im en sio n a l z - t r a n s fo rm  u s in g  e q n s . 3 .8  
a nd 3 .9

V 1 V 1
< I  I  V1^=0 n x=0 V  1

N, -1  N - ll l  ra. nu
( t  y  h z , 1z 7 >m -n  ^  >mi 11̂ 2 =0 m^=0 l 1

N1mod(z^ -1 )

^ - 1  ^ - 1  N, -1
■ ' X  I  t (  I  V  n z i ” h1 ^ = 0  11)2 = 0  n ,= 0  "2 ’ 1

Nl _1l m,
( 2  V  z , > izn A o  V ml 1

n2+m2

(3 .1 1 )
mod(z -1 )

S in c e  n^ and a r e  c y c l i c ,  th e  p ro d u c t i n s id e  th e  sq u a re  b ra c k e t  
a c t u a l l y  c o rre sp o n d s  to  a c y c l i c  c o n v o lu t io n .  L et us d e f in e
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Nr l N .- li n 1 1 m,
X (z .)H  (z  ) = ( V  x z ) ( V  h z . j 

°2 1 " i  1 n £ o  V n l 1 m ^O  *2 ’ml 1
(3 .1 2 )

mod(z^ - 1 )

w here = 0 , 1 , . . . , ^ - !

Hence we may w r i t e
V 1 N z '1

X(z »z j)H (z  >Zj) Y * > ’ y . > * ‘ ‘  ” - ‘3>

E v a lu a t in g  eqn  3.12 a t  z^= a  , so a s  to  o b ta in  th e  Number
T h e o re t ic  T ran sfo rm s o f th e  seq u en ces {x : iu = 0 , 1 , . . ,N, and

V n l Z L
n^=0, 1 , . . ,N^} and { h ^  ^  t n ^ O , 1 , . .  and n^=0,1 ,  • .  ,N^} w ith  r e s p e c t  
to  n^ and m^, and s u b s t i t u t i n g  in to  e q n . 3 .1 3 ,  we o b ta in

V 1 V 1 ^ +m2
\  (z )H  ( z )  = I  I  X„ k H z k l k l 1^=0 1^=0 ^2 ,k l ^  ' k l ( 3 .1 4 )

w here k = 0 , 1 , . . . , N j - l ,

Mi - i
"2 ,k l n ^ 0  " 2 ,n l

n ka  1 x>M
(3 .1 5 )

N .- l  1,1 m. k,
H u = < Z  h a  1 l>V k l m ^ 0  V ral “

(3 .1 6 )
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At t h i s  ju n c tu r e  e q n . 3 .1 4  needs to  be exam ined c a r e f u l l y .  I t  sh ou ld
be n o ted  t h a t  t h i s  e x p re s s io n  i s  no t c y c l i c  i n  rv and nu » and th e
c o n t r i b u t io n  g iv e n  by z (z  =z^) h a s  no t been  ta k e n  in to  a c c o u n t .

r^+niz V ^  ^  ,n^
U su a lly  z can  be e x p re sse d  a s  z , z w here V i s1 ^2 >m2
d e f in e d  a s  th e  i n t e g r a l  p a r t  o f  ( i^ + n ^ ) /  ^  and i s  d e f in e d  a s
( iv,-hn^-N^ • V ) •  As we have a l r e a d y  se e n  from e q n . 3 .5  th e  term

z^ in t ro d u c e s  o n ly  c i r c u l a r  s h i f t s  ( i f  ot i s  a power o f  2 )  to
th e  tra n s fo rm e d  seq u en ces  o f  X . and H .

V k l V k l
, o r  in d eed  t h a t  th e  

^1 ^ 2  ,m2tra n s fo rm e d  p ro d u c t X , H . sh o u ld  be m u l t ip l ie d  by a
v h  v h

However, t h i s  m o d if ic a t io n  cou ld  be done a t  a l a t e r  s ta g e  o r  a f t e r  th e  
e x p a n s io n  o f th e  p o ly n o m ia l eq n . 3 .1 4  h as  b een  com puted.

Eqn. 3 .14  i s  a c t u a l l y  a l i n e a r  c o n v o lu tio n  sum o f th e  
seq u en ces  (X ^  ^ , 0 2 =0 , 1 , . . . , ^ - ! }  and {H ^ , m^=0, 1 , . . .  ” 1} o r

H>-1 1^-1
X ^ ( Z)Hk ( * )  -  ( X  X * h (  X  v  k

1 1 02=0 V k l nv=0 ^ ,k lm2 ;
A 2 V 2

W0 ,k 1 + Wl , k xZ + ----- W2N2 - 2 , k 1Z
(3 .1 7 )

w here k = o , 1 , . .  . ( N ^ l )

A d i r e c t  im p le m e n ta tio n  o f  eq n . 3 .14  r e q u i r e s  m u l t i p l i c a t i o n s  fo r  
p o i n t s .  However, we may im plem ent t h i s  w ith  a much low er number o f 

m u l t i p l i c a t i o n s  u s in g  eq n . 3 .1 7 .  Two ways fo r  d o in g  so a r e  shown
below
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( i )  L agrange I n t e r p o l a t i n g  Form ula
Eqn. 3 .1 7  i s  a p ro d u c t o f  two p o ly n o m ia ls  and in d eed  th e  

a c tu a l  an sw ers  to  th e  p o ly no m ia l m u l t i p l i c a t i o n  problem  a r e
, . . . .W _ XT „  u o f  th e  r e s u l t i n gth e  c o e f f i c i e n t s ,  Wn u ,W

p ro d u c t p o ly n o m ia l, 
th

O .k, ’ 1 , ^ ’ 2N2 - 2 , k 1
These (2N ^-1) c o e f f i c i e n t s  o f th e

(2 1 ^ -2 )  o rd e r  p o lyno m ia l r e s u l t i n g  from th e  p ro d u c t can  be 
i n t e r p o l a te d  e x a c t ly  th ro u g h  (2N - 1 )  p o in ts  u s in g  th e  L agrange 
I n t e r p o l a t i o n  Form ula ( o r  more p r e c i s e l y ,  th e  Cook-Toom 
A lg o rith m  [ 2 4 ,6 9 ] ) .  By L agrange I n t e r p o l a t i o n  F o rm ula , i t  i s  
mea n t th a  t ,

Yk x( z )  ” 0 , ^  + wl , k 1z + - " W:
2 ^ - 2

2 ^ - 2
-  Ii=0

m. . L . ( z )k x , i  i v (3 .1 8 )

w here ( a )  th e  i n t e r p o l a t i n g  p o ly n o m ia ls  
a r e  g iv e n  by

v z > -  n  z~zi 1  — z.1 j
(3 .1 9 )

and
(b )  th e  i n t e r p o l a t i n g  c o n s ta n ts  a re

g iv e n  by

\ , i  = Xk 1( z i )\ ( z i ) (3 .2  0)

fo r  i= 0 , 1 , ..........2 N-2
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I n  th e  above e x p re s s io n  {zQ, z 1 , . . .  .z^N _2 } a r e  d i s t i n c t  
num bers. As shown i n  e q n . 3 .2 0 ,  t h i s  method r e q u i r e s  o n ly  
(2N ^-1) m u l t i p l i c a t i o n s  fo r  th e  c a l c u l a t i o n  o f ^  p o i n t s ,  o r  
(2 -  -  ) m u l t i p l i c a t i o n s  p e r p o i n t .  T h is  method i s  e x tre m e ly  
u s e f u l  fo r  sm all v a lu e s  o f ^ < 3 fo r  exam ple, b u t  f o r  
r e l a t i v e l y  l a r g e  v a lu e s  o f  N2 th e  i n t e r p o l a t i n g  p o ly n o m ia ls  
become more and more c o m p lic a te d , th e re b y  making i t  d i f f i c u l t  
to  a p p ly  th e  L agrange I n t e r p o l a t i o n  Form ula to  f in d  th e  
r e s u l t .

( i i )  A Second Number T h e o re t ic  T ran sfo rm

As a lr e a d y  p o in te d  o u t b e f o r e  eq n . 3 .1 7  i s  i n  f a c t  a 
l i n e a r  c o n v o lu tio n  sum o f two seq uen ces each  o f  l e n g th  . 
The r e s u l t  o f  t h i s  l i n e a r  c o n v o lu tio n  can  be found by a 
le n g th - ( 2 N ^ - l )  c y c l i c  c o n v o lu tio n  [1 -2 ,2 6 ]  o f two (2 1 ^ -1 )  
seq uen ces form ed by app end ing  (N ^ - l)  z e ro s  a t  th e  end o f  th e  
o r i g i n a l  s e q u e n c e s . For exam ple, th e  l i n e a r  c o n v o lu tio n  o f 
{Xq jXi j X^} and {h ^ jh^ jh ^}  can  be found by th e  c y c l ic
c o n v o lu tio n  o f {Xq , x  ̂ ,x^ ,0 ,0 }  and {h^ ,h^ ,1^ >0,0} ; o r  i n  
g e n e r a l ,  i t  may be found from

{X0 ,k 1 ,Xl , k ] ’ • • :\ - l , k 1 >0 ’ “ Q} ®  {H0 ,k 1 ’Hl , k 1 ’ , *HN2 - l , k ]
(N ^ - l)  z e ro s

1  ______ -
(N2 " l )  z e ro s

w here ®  means c y c l i c  c o n v o lu tio n .  T h is  c y c l ic  c o n v o lu tio n  may 
be computed u s in g  th e  W inograd s h o r t  c o n v o lu tio n
a lg o r i th m s [ 2 5 ] o r  th e  Number T h e o re t ic  T ransfo rm  a g a in .  The
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fo rm er method r e q u i r e s  (2(2N2 - 1 ) - k ) m u l t i p l i c a t i o n s  fo r  
p o i n t s ,  w hereas th e  l a t t e r  method r e q u i r e s  ( 2 ^ - 1 )  
m u l t i p l i c a t i o n s  fo r  p o i n t s ,  w here K i s  th e  number o f 
d iv i s o r s  o f ( 2 ^ - 1 )  in c lu d in g  1 and N. I n  th e  c a se  o f th e  
Number T h e o re t ic  T ransfo rm  th e  b e s t  tra n s fo rm  le n g th  i s  
(2 1 ^ -1 )  w hich i s  a n  odd number and so M ersenne Number 
T ra n sfo rm s , Pseudo M ersenne T ran sfo rm s [50] and Pseudo Ferm at 
T ran sfo rm s [5 1 ] can  be u se d .

2 N, -2
V & L  L  X (3 .2 1 )^  k = < ^  X , 2 >V k l r^=0 V k ]'1

w here = 0 , 1 , . . . .  ,21^-2

M' = th e  b a se  fo r  modulo a r i th m e t ic

6 = th e  r o o t  o f u n i ty  o f th e  tra n s fo rm

S in c e  th e  r e s u l t s  o f th e  second NTT a r e  th e  sum o f th e  
p ro d u c ts  X , , H , , , th e  w o rd - le n g th  fo r  M' sh ou ld  be a t

V k i V k i
l e a s t  tw ice  a s  l a r g e  a s  fo r  M. T h is  i s  th e  m ajor re q u ire m e n t 
t h a t  h as  to  be s a t i s f i e d  i n  o rd e r  to  red u ce  th e  number o f 
m u l t i p l i c a t i o n s  in v o lv e d  i n  th e  c o n v o lu tio n .  However, t h i s  
p a r t i c u l a r  re q u ire m e n t i s  e l im in a te d  i f  M' i s  cho sen  to  be M. 
T h is  i s  p o s s ib le  s in c e  th e  e v a lu a t io n  o f eq n . 3 .1 7  i s  to  be 
done modulo M. T h is  r e d u c t io n  i n  modulo le n g th  i s  o f  g re a t  
im p o rtan ce  i n  a c tu a l  a p p l i c a t i o n s .  T h is  n o t o n ly  re d u c e s  th e  
w o rd - le n g th  o f th e  m u l t i p l i c a t i o n  b u t a ls o  s i m p l i f i e s  some 
o th e r  p ro c e s s e s  in v o lv e d  i n  th e  t r a n s f o r m a t io n .  For exam ple,
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th e  r e s u l t s  o f th e  second NTT have to  be red u ced  to  M b e f o r e
th e y  can  be a p p l ie d  to  e q n . 3 .1 7

W

(3 .2 2 )
w here i ^ = 0 ,l »• • •»

However, i f  M' = M, eq n . 3 .22  re d u c e s  to

W M
(3 .2 3 )

Only one r e d u c t io n  i s  r e q u i r e d  f o r  t h i s  s te p  i f  we u se
e q n . 3 .2 3  in s te a d  o f e q n . 3 .2 2 .  S im p l ic i ty  i n  program m ing th e
s o f tw a re  im p le m e n ta tio n  and a ls o  s im p l i c i ty  i n  th e
c o n s t r u c t io n  o f  hardw are im p le m e n ta tio n s  a r e  th e  co n seq u en ces
o f  ch o o sin g  b o th  m oduli to  be th e  sam e. For exam ple, th e
c y c l i c  c o n v o lu tio n  o f two le n g th  496 ( =31x16) seq u en ces can
be im plem ented by two le n g th  31 c y c l i c  c o n v o lu tio n  u s in g  a MNT

31w ith  a modulo b ase  o f  M=2 - 1 ,  ot =2 and N=31. The number o f 
m u l t i p l i c a t i o n s  p e r o u tp u t  p o in t  i s  a lw ays l e s s  th a n  tw o.

To make th e  id e a s  c o n ta in e d  h e re  c le a r e r  an  exam ple i s  
in c lu d e d  i n  A ppendix A3.1

3 .3  Tw o-D im ensional C i r c u la r  C o n v o lu tio n

I n  t h i s  s e c t io n  we exam ine th e  tw o -d im en sio n a l c a se  o f  th e
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c y c l i c  c o n v o lu t io n [71] and d e r iv e  r e s u l t s  p a r a l l e l  to  th e  p re v io u s  
c a s e s .  The b a s ic  c o n c e p ts  rem a in  th e  same and th e  sa v in g  i n  th e  
number o f m u l t i p l i c a t i o n s  a c h ie v a b le  i s  c o n s id e r a b le .

The z - t r a n s fo rm  o f  th e  tw o -d im en sio n a l seq u en ces 
x ( n , r ) = { x ( n , r )  : n , r = 0 , l , . .  ,N-1} and h ( m ,s ) = { h ( m ,s ) :m ,s ,= 0 , l , . . ,N-1} can  
be w r i t t e n  a s

N -l N -l
X (z ,q )  = 2  T, x ,  r qr z n (3 .2 4 )n=0 r= 0  n ’

s mN -l N -l 
H (z,q ) = y r  h qs z

m=0 s=0 *
(3 .2 5 )

Now i f  th e  le n g th  N i s  a com po site  num ber, th e n  l e t  N=N^n̂  and

n = N_ n, +2 nl + "2

r = N2 r l + r2

m = N.m, +2 ml + “2

hence

s = N2 Sj + s2

w here n . . #>N j- l

> • • • “ 1

x ( n , r )  = x , and
V V r2 * r l
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h (m ,s )  = h
“2 ,ml ,S2 ,S 1

A lso  l e t

z , = z *2

qi 13 q

E qns. 3 .2 4  and 3 .2 5  can  now be w r i t t e n  a s

V 1 V 1 V 1 V 1
X C z .^ .q .q j )  » 2  £  Z  I  V  n r  r  q l Z1 q z1 1^=0 r 2 =0 n 1=0 r x=0 2̂ 9 1* 2 * 1  1 1 (3 .2 6 )

t^ - 1  K^-l N ^-l N ^-l
H(z »z1»q»q1) X  Yt H ^  V ,  m s s ~11^=0 s2 =0 m ^O  s ^ O  ^  »mi> s2 ‘s i

S1 ml S2 m2
q, z, q z (3 .2 7 )

On ta k in g  th e  Number T h e o re t ic  T ran sfo rm  w ith  r e s p e c t  to  ( n ^ , r ^ )  and
(m ^ ,S j)  r e s p e c t i v e l y  we o b ta in

V 1 V 1 r.I
"2=0

I
r 2=0

X r  k £ q ' 2 9 2 ’ 1 ’ 1
and

V 1 V 1 s,I
°2=0

Is2 =0
H , n q '

w W

2 "2 z

2 “2 z

w here

N -1  Nx-1
[ = <( ^  y  x

n*=0 r t= 0  " 2 ,n l , r 2 , r l
*1*1 n l k l s$ a >M

1 ~ "1 (3 .28)
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N -1  Nx-1
h , = < y y h

m2 , s2 »k 1 >£ 1 m ^ o  s ^ O  ,ml ,S 2 , S 1
s ,  m, k.

3 1 1 a  1 i >M
(3 .2 9 )

k^  ̂ — 0 , 1 , . . . .  ,N^-1

I n  th e  above e q u a tio n s  3 and a  a r e  th e  r o o ts  o f u n i ty  o f  th e  
t ra n s fo rm  and u s u a l ly  3 = a .  The NTT o f  th e  c o n v o lu tio n  o f  th e
seq u en ces  x ( n , r )  and h (m ,s ) can  now be w r i t t e n  a s

ht o o ( Z jO

V 1 V 1 r ,  iu V 1 V 1 s , nk
= i I X V r k i 2 i i X X V  s k i q z 1^ = 0 ^ = 0  ^ ’ 2 , k l ’ l n ,= 0  s„=0 ^2 ’ 2m2 =U s2 (3 .3 0 )

w here k , £  = 0 , 1 N. - l )

T h is  e q u a t io n  i s  s im i l a r  to  eqn  3 .1 7  fo r  th e  o n e -d im e n s io n a l
c o n v o lu t io n .  D ire c t  co m p u ta tio n  o f  e q n . 3 .3 0  r e q u i r e s  [N^]^=N^
m u l t i p l i c a t i o n s  f o r  N̂  p o i n t s .  However th e  co m p u ta tio n  o f  eq n . 3 .3 0
u s in g  th e  tw o -d im en sio n a l L agrange I n t e r p o l a t i o n  Form ula a s  b e fo re
r e q u i r e s  o n ly  (2N ^-1)^ m u l t i p l i c a t i o n s  f o r  N̂  p o i n t s .  The number o f

1 2m u l t i p l i c a t i o n s  p er p o in t  i s  th e n  ( 2 - -  ) w hich i s  a lw ays l e s s  th a n  4 .

I n  o rd e r  to  c l a r i f y  th e  id e a  p re s e n te d  i n  t h i s  s e c t i o n ,  l e t
u s c o n s id e r  a p r a c t i c a l  exam ple I f  N=256 th e n  we can  l e t  N^=2 »
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N^=128 and u se  Ferm at number a s  th e  b a s e  f o r  modulo a r i th m e t i c ,
32t h a t  i s  M=F^=2 + 1 . The c y c l ic  c o n v o lu tio n  o f  th e  seq uen ces 

{ x ( n , r ) :  n , r = 0 ,1 , . . .  ,255} and { h (m ,s ) :  m ,s = 0 ,1 , . . .  ,255} can  th e n  be 
w r i t t e n  a s

255 255
y„ = X  T, x ( n , r ) h ( u - n ,v - r )u ,v  n=0 r=0

w here u ,v  = 0 , 1 , . . . , 2 5 5  

Hence eq n . 3 .3 0  becomes

\  1 o ( z »q)
1 1  r  n, 1 1 s0 nu

= l 2 2 Xn r  k l q 2 ] 1 2 2 H s k £ q  * ]n ,=0 r„= 0  ^ ’ 2 ,k l ’ 1 n^=0 sT^O ^ ’ 2 ,k l ’ l*2 ~ '2  
w here

127 127 r £ n k
X , - = < Y  Y  x 8 1 1 a  1 L>

n2 ,r2 , k l , £ l n^=0 rj= 0  V nl ,r2 , r l F!
127 12 7 s i^i  m.k.

h . „ -  < y  y  h g 1 1 a  1 \">2 , s 2 ,k 1>S.1 m" 0 s" 0 >H2 ,m1 ,s 2 , s 1 F5

and
k ,£  = 0 , 1 , . . . ,  12 7

X0 ,0 ,k 1 ,£ 1H0 ,0 , k 1 ,J .1 + (X0 ,0 ,k 1 ,2 1H0 ) l )k 1 )S.1

+ x0 , l , k 1 ,2 1 O .O .k ^ S ^ q  +

+ (Xl , 0 , k 1>4 1H0 , 0 , k 1 ,Jl1 + ^ . O . k j . Z ^ l . O . k ^ i l ^ 2 

+ (Xl , 0 , k l f Jl Hl , 0 , k 1 , ^1)z2 + (X0 )0 , k 1 , i 1Hl , l , k 1>l 1

+ Xl ) l . k 1 , ^ 1H0 ,0 ,k 1 ^ 1 + X0 , l . O . k j
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+  X

+ Xl , l , k 1>X.1H0 ) l , k 1 ) 5.1 )zq + (Xl , 0 , k 1 ,)l1Hl , l , k 1 ,Jl1
2

+ Xl , l > k 1 ,«.1Hl , 0 , k 1 ,* 1)z2q  + (Xl , l , k 1 ,Jt1Hl , l , k 1 ,£ 1)z2q2

= w + w0 ,0 ,k 1 ,£ 1 O . l . k ^ ^ q  + ^ , 2 , ^ , ^  +Wl , 0 , k 1 ,£ 1z

+ V o . k ^ l /  + ^ , 1 , ^ , ^  + W l , 2 , k 1 ,£ 1z^  + ^ >l , k 1#A1
2z q •

+ W. 2 2
2 , 2 , k 1 ,£ 1z q (3 .3 1 )

For a d i r e c t  im p le m e n ta tio n  o f t h i s  e q u a tio n  we need to  make 2
m u l t i p l i c a t i o n s .  I f  th e  tw o -d im en sio n a l L agrange I n t e r p o l a t i o n

2 2Form ula i s  u se d , a t o t a l  o f  (2 -1 )  (= 9 ) m u l t i p l i c a t i o n s  a r e  enough to
2e v a lu a te  2 p o i n t s .  The tw o -d im en sio n a l Lagrange I n t e r p o l a t i o n  

Form ula can  be w r i t t e n  a s

2N2 -2 2N2 -2
^k  & = ^  ^ 4̂ *4 A z >q)V  1 i - 0  j - 0  k l ’ i ’1 , J  1,3

(3 .3 2 )

w here m
V V 1 -3 =  xk 1>^ 1(zi ’qj)Hk1^ 1(zi>qj ) (3-33)

and L± n(z,q)= n  z~zu n  q-qv
’ z i - z u q r qv

(3 .3 4 )

fo r  i , j  = 0 , 1 , . . .  ,2N^-2

^Zi ,c*i^ a r e  d i s t i n c t  o rd e re d  p a i r s  f o r  i n t e r p o l a t i o n , Now l e t  us
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choose { -1 ,0 ,1 }  f o r  , q_. i n  e q n . 3 .3 3

i . j = 0 , 1,2}

= { ( - 1 , - 1 ) , ( - 1 , 0 ) , ( - 1 , 1 ) , ( 0 , - 1 ) , ( 0 , 0 ) , ( 0 , 1 ) , ( 1 , - 1 ) , ( 1 , 0 ) ,  (1 ,1 )}

E qn. 3 .3 3  g iv e s

W 0 ’0 [X0 ,0 )k 1 ,2.1-X0 , l , k 1 ,2.1_Xl )0 ,k 1 ,S.1+Xl >l , k 1 ,il i I

[H0 ,0 ,k 1 ,Jl1' H0 , l , k 1 ,2 1_Hl , 0 , k 1 ,Jt1+Hl >l , k 1 ,2 1]

^ . O . k ^ J l ^ O . O , ^ , ^

“ k ^ . O . l  lX0 , 0 , k 1 .A1-Xl , 0 , k 1 ,S,11 [H0 , 0  ,0 1

X0 , l , k 1 ,)l1H0 , l , k 1 ,2 i

k j . ^ , 0 . 2  = ^ O . O . k j . ^ O . l . k ^ ^ l . O . k ^ ^ l . l . k j , ^ 1 

[H0 , 0 , k 1 ,Jl1+H0 , l , k 1 ,Jl1“Hl , 0 , k 1 ,Jl1-Hl , l , k 1 ,Jl1 

='X0 , 2 , k 1 ,)l1H0 , 2 , k 1 ,Jl1

“k j . i j . l . O  lX0 , 0 , k 1 ,Jl1_X0 , l , k 1 , £ 11 t V o . k ^ ' V l . k ^ j 1

" V o . k ^ S ^ ' l . O . k ^

“ k ^ ^ . l . l  ^ O . O . k j . i j ^ ^ O . O . k j . i j 1
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1,2 l X 0 , 0 , ^ , 2 ^ 0 , 1 , ^ , 2 ^  [ H 0 , 0 , k 1 > 4 1+ H 0 , l , k 1 ,A 1 1

= X 1 , 2 , k 1 ,Jl1H l , 2 , k 1 , ^ 1

S^. 2 ,0 = lX0 , 0 , k 1>Jl1_X0 , l , k 1 , i 1+Xl >0 , k 1>21_Xl ,

(H0 , 0 . k ^  2 ^ 0 , 1 , ^ , 2 ^ 1 , 0 , ^ ,  2 ^ 1 ,  l . k p ^ 1

=X2 , 0 , ^ , 2 ^  . O . k ^

%, « ■ ! , 2 , 1 ^ O . O . k ^ a ^ l . O . k ^ ^ J  [H0 , 0 , k r  2 ^ 1 , 0 , ^ , 2 ^

mk 9 ? 2 **" i£m = [ x0 ,0  , k 1 , 2X+X0 ,1 , k 1 ,2 ^ * 1 ,0  . k j  , 2 ^ 1 , 1  , k 1 , 2 ^  

[H0 , 0 , k 1 ,2 1+H0 , l , k 1 ,2 1+Hl , 0 , k 1 ,2 1+Hl , l , k 1 ,2 1]

=X2 , 2 , k 1 ,2 1H2 ',2 ,k 1 ,2 1 (3 .3 5 )

The i n t e r p o l a t i n g  p o ly n o m ia ls  L. . ( z ,q )  i s  o b ta in e d  from eq n . 3 .3 4j 1

Lo , o , ( z , q) = 1/4 ( z 2 q2 -^ 2 q -zq 2+zq)

Lo , i ( z ,q )  = " 1/2 ( z2 q2 - z2_zq2 + z )
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L0 ,2 ( z >q) = 1/4

Ll , 0 ( z ,q )  =~1/2

L 1 l(*,q) =

Ll )2( z >q ) =“ 1/2

I ^ (0( z ,q )  = 1/4 

\  ^ ( z j q )  = - i /2  

^ ( z , q )  = 1/4

, 2 2X 2 2 N (z  q +z q -zq  -z q )

/ 2 2 2 2 v(z  q -z  q -q  +q)

f 2 2 2 2 . v(z  q - z  -q  +1)

(z  q +z q -q  -q )

, 2 2  2 , 2  x(z  q -z  q+zq -z q )

/ 2 2 2 2 x( z q - z  +zq - z )

, 2 2X 2 x  2 x(z  q +z q+zq +zq)

Hence eq n . 3 32 becomes

W0 , l , k 1 , 4 1

w0 , 2 , ^ , ^

Wl » 0 , k 1 ,Jl1

W. i .1»1»k^ , £^

W. 0 .1 »2 »k^ , £^

W2 , 0 , ^ , ^

W2 . 1 ,  k 1 ,£ 1

W2 . 2 ,  ^ , ^

1/4

h i

h i

0 0 0 4 0 0 0 0 mk £V  i ,0 ,0

0 0 -2 0 2 0 0 0 mk £ 1* 1 ,0 ,1

0 0 2 -4 2 0 0 0 mk £ ,0 ,2

-2 0 0 0 0 0 2 0 mk £ 1 ’ 1 ,1 ,0

0 -1 0 0 0 -1 0 1
%  ■ £i ,1 ,1

2 -1 0 0 0 1 -2 1
V * ! ,1 ,2

2 0 0 -4 0 0 2 0 mk £V * i ,2 ,0

0 1 2 0 -2 -1 0 1 \ izl,2 ,1

-2 1 -2 4 -2 1 -2 1 mk l , £ l ,2 ,2
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U sing eq n . 3 .5 ,  eq n . 3 .3 1  can  be w r i t t e n  a s

k i ,£ r  ,q )  ( ° ’° ’k i > £i 0 ,2 , ^ , ^  + w2>0>k^ a k l

£ ^ ^
+ ”2 , 2 , ^ , ^  6 1 “ )  +<W0 l l , k 1 ,A1+ “ 1)q

+(Wl , 0 , k 1 , £ 1+ ” 1 ,2 , ^ , ^  6 1)z + (Wl , l , k 1 ,A1)zq

and

0 ,0 ,  k ^ , £^

0 >1

\  k j
<W0 , 0 )k1 , ^1+ W0,2 . k j , ^  “ +W2 , 0 , k 1 ,)l1 01

£^+k^
+ W2 ,2 . k ^ ^  “  >M

^1
<W0 , l , k 1 , 2 1+ W2 , l , k 1 , 2 1 “ ^

l , 0 , k 1 ,2 1 <w1>0,k 1 ,2 1+ “  X>M

when 3 = a

The r e s u l t  y can  th e n  be found by fo u r l e n g t h - 128 in v e rs e
V r 2 ’V r l

FNT.

r l 12 7 12 7
n2 , r 2 ,n l , r l = ^128 ^  ^  Yn r  k £k 1=0 £ x=0 n2 , r 2 ,Kl ,J6l

- ( n l k -hr * i)
a  >M

w here n ^ i ^  = 0 , 1 , . . . ,  127 and

^2 > r 2 0 ,1

From eq n . 3 .3 5 , i t  i s  c l e a r  t h a t  th e  number o f m u l t i p l i c a t i o n s  p er
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p o in t  i s  2 .2 5 .  T h is  exam ple i s  s im i l a r  to  th e  one g iv e n  by K ra a ts  and 
V en e tsan o p o u lo s  [ 7 2 ] ,  b u t o ur d e r i v a t i o n  i s  much more g e n e ra l  and 
s y s te m a t ic .  I t  i s  a ls o  i n t e r e s t i n g  to  p o in t  o u t t h a t  th e  c a l c u l a t i o n

° f  t X0 ,0 >k 1, ^ > X0 >2 ) k l , \ ^ , 0 , k 1 ^ 1 *X2 ',2 >k 1 , V  a C tU 3 lly  C° r r e S P0 n d s
to  a le n g th -4  Hadamard T ran sfo rm  and hence th e  F a s t  Hadamard T ran sfo rm  
a lg o r i th m  [73] can  be a p p l ie d  to  t h i s  c o m p u ta tio n , p ro d u c in g  a s  
in te r m e d ia te  r e s u l t s  th e  re q u ir e d  v a lu e s  {X'‘1 0  k & ? k  &  ̂ *

I t  sh ou ld  be no ted  t h a t ,  a s  i n  th e  o n e -d im e n s io n a l c a s e ,  i f  
^  i s  r e l a t i v e l y  l a r g e ,  a second tw o -d im en sio n a l NTT can  be used  
in s te a d  o f th e  tw o -d im en sio n a l L agrange I n t e r p o l a t i o n  F orm ula . I f  th e  
same modulo b a se  i s  a ls o  employed ( t h a t  i s  M'=M) th e n  N  ̂ i s  u s u a l ly  
e q u a l to  ( 2 N ^ - l ) .  The number o f m u l t i p l i c a t i o n  p er p o in t  i s  th e n  
a lw ays l e s s  th a n  4 .

3 .4  N ested  Number T h e o re t ic  T ran sfo rm
I f  th e  f a c t o r s  N  ̂ and o f  a g iv e n  seq uen ce  le n g th  a r e  

r e l a t i v e l y  p rim e , th e n  one may map th e  o n e -d im e n s io n a l c y c l i c  
c o n v o lu tio n  in to  a  tw o -d im en sio n a l c y c l i c  c o n v o lu t io n .  The map can  be 
w r i t t e n  i n  a l i n e a r  form a s  fo llo w s

n = Ki n i + mod N

B u rru s  [68] shows t h a t  th e  map i s  c y c l i c  i n  n^ and i f  and o n ly  i f  
Ki = and = DN^. For a u n iq ue  map, C and N  ̂ ( a l s o  D and ) 
have to  be r e l a t i v e l y  p rim e .

L et n = < ^ n  + >N
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w here = 0 , . . . , ^ - !  and
1*2 ~ 0 j • • • ,11̂  — 1

Hence eq n . 3 .8  becomes

V 1 V 1
X (z ,z  ) = £ X V n Z1 11^=0 n x=0 z , n l

N
mod(z^ -1 )  

mod(z -1 )
We can  a ls o  make th e  same a rran g em en t f o r  h( n ) • 
rem a in  th e  same a s  b e f o r e .  But eqn  3 .1 7  becomes

(3 .3 6 )

Eqns 3 .1 5  and 3 .1 6

X. ( z )  H ( z )  
1 k l

N ,- l  N .-1^ n, z nu
< X  \  k  z  X  V  k z  5=0 ^ 2 * 1  m = 0  1

1 ( 3 .3 7 )*2

mod(z -1 )

E qn. 3 .3 7  i s  th e  c y c l ic  c o n v o lu tio n  o f th e  seq u en ces

{ X0 ,k 1 ,Xl , k 1 } and ( “ o .k !* 11! . ^ ■ \ - u S  '■
T h is  c y c l i c  c o n v o lu tio n  sum can  be found by any f a s t  c y c l ic  
c o n v o lu tio n  a lg o r i th m , fo r  exam ple th e  W inograd s h o r t  c o n v o lu tio n  
a lg o r i th m s [ 2 5 ]•  However, we su g g e s t h e re  t h a t  t h i s  can  be done by a 
second Number T h e o re t ic  T ran sfo rm . S in c e  and N̂  a r e  r e l a t i v e l y  
p rim e , o n ly  one o f th e  two NTTs may be c a lc u la te d  w ith  a FNT, th e  
o th e r  NTT can  be a M ersenne T ran sfo rm , Pseudo M ersenne T ran sfo rm , 
Pseudo Ferm at T ransfo rm  o r any NTT w ith  an  odd tra n s fo rm  le n g th .  I n  
A ppendix A3.2 th e  same s e t  o f  d a ta  a s  i n  A ppendix A3.1 i s  used  to
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c a l c u l a t e  th e  c o n v o lu tio n  sum o f two se q u e n c e s . I t  can  be se e n  t h a t  
no m u l t i p l i c a t i o n s  a r e  r e q u ir e d  f o r  th e  f i r s t  NTT, and N^xN^(=N) 
m u l t i p l i c a t i o n s  a r e  r e q u i r e d  fo r  th e  co m p u ta tio n  o f  th e  second NTT. 
T h is  method c a n  e a s i l y  be g e n e ra l iz e d  to  compute c o n v o lu tio n s  o f 
m u lt i -d im e n s io n a l  se q u e n c e s . The number o f m u l t i p l i c a t i o n s  rem a in s  a s  
one p e r o u tp u t p o in t  i r r e s p e c t i v e  o f th e  d im en sio n  o f th e  se q u e n ce .

3 .5 C o n c lu s io n

We have seen  t h a t  th e  co m p u ta tio n  o f th e  c y c l i c  c o n v o lu tio n
sum o f  two le n g th -N  seq uen ces u s in g  Number T h e o re t ic  T ran sfo rm  can
a lw ay s be done by tw o -d im en sio n a l (o r  m u lt i -d im e n s io n a l)  te c h n iq u e s .
The NTT can  a lw ay s be a p p l ie d  to  th e  d im en sio n  w ith  c y c l ic
re a r ra n g e m e n t .  I f  th e  f a c to r s  ( N ^ , ^ )  o f  N a r e  n o t m u tu a lly  p rim e ,
th e  L agrange I n t e r p o l a t i o n  Form ula o r  a second NTT can  be used to  f in d
th e  c o n v o lu tio n  sum. T h is  r e q u i r e s  (2 -  -  ) m u l t i p l i c a t i o n s  p erN.l
p o i n t ,  w here i= l  o r  2 . However, i f  N  ̂ and a r e  m u tu a lly  p rim e , a 
n e s te d  NTT ap p ro ach  can  be used  to  com pute th e  c y c l ic  c o n v o lu tio n  sum. 
T h is  r e q u i r e s  one m u l t i p l i c a t i o n  p er p o i n t .  For tw o -d im en sio n a l 
c o n v o lu t io n s ,  a tw o -d im en sio n a l L agrange I n t e r p o l a t i o n  Form ula o r a 
second NTT can  be used  i n  th e  c o m p u ta tio n  to  g iv e  l e s s  th a n  4 
m u l t i p l i c a t i o n s  p e r p o in t  i f  N̂  and a r e  n o t m u tu a lly  p rim e .
However i f  N  ̂ and N̂  a r e  m u tu a lly  prim e , one m u l t i p l i c a t i o n  p er p o in t  
i s  enough fo r  th e  c o m p u ta tio n .
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3 .6 A ppend ices

A ppendix A3.1 An Example o f th e  C om putation  o f C y c lic  C o n v o lu tio n s  
u s in g  M u lti-d im e n s io n a l  te c h n iq u e s

w here £ = 0 , 1 , . . , 5

A d i r e c t  e v a lu a t io n  o f t h i s  e q u a tio n  g iv e s  y (n ) = {33,14 ,2 6 ,1 3  ,22 ,2 4 } .

To com pute th e  c y c l i c  c o n v o lu tio n  o f th e s e  two seq u en ces by 
e q n s .  3 .14  to  3 .1 6 ,  l e t  1^=2, N^-3 and

n = n^ + 2n^

C on sider th e  c i r c u l a r  c o n v o lu tio n  o f  th e  seq u en ces
x (n )  = {4 ,0 ,1 ,2  ,3 ,1 }  and h (n ) = {4 ,2 ,5 ,0 ,0 ,1 }  . E qn. 3 .1 0  can  be
w r i t t e n  a s

5

w here rL = 0 ,1  ( n o n - c y c l ic )

n^ = 0 ,1 ,2  ( c y c l i c )

From eqn . 3 .7

2z 1 z

hence

X0 , l  = *2 = 1 h



99

X0,2 = x4 = 3 h0 ,2

&n

Xl , 0 = X1 = 0 h l , 0 = h i

Xl , l = x3 = 2 h l , l = h3

Xl,2 = x5 = 1 h l ,2 = h5

Use a Pseudo M ersenne T ran sfo rm , w ith

M =

a  = 2 2 and

N1 3

Eqn. 3 .1 5  becomes
X
V°
xV 1

X oV 2

1 1 1

1 2 3 2 6

1 2 6 2 12

x
v °

V 1

.2 mod 73

and
--  -- —

5̂ O O 1 1 1 4 8

X0 , l = 1 2 3 2 6 1 = 58

X0 ,2 1 2 6 2 3 3 19

S i m i l a r l y
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x i,o 3 Ho,o 9 V o 3

V
= 7 H0,l

= 44
H l,l

= 66

X l,2 63 > H0,2 32 H l,2 10

Eqn. 3 .1 7  becomes

X. (z )H  ( z )  
k l kl

1 ru 1 nu

= ( 2  \  k Z ) ( 2  \  k '  } i^=0 2̂ * 1 n^»0  ^  ’ 1
2

W0 ,k L+ Wl , k LZ + W2 , k Lz

= (W0 ,k 1+ z l W2 , k 1) + W ! , k 1z

By eq n . 3 .5
3k,

V ‘ ) \ (S ) = (W0 ,k ,+ 2 W2 ,k  > + W l >kl (A 3.1)

( i )  By L agrange I n t e r p o l a t i n g  Form ula

Note t h a t  th e  p ro c e d u re s  a r e  m ain ly  used to  i l l u s t r a t e  th e  
s te p s  o f th e  im p le m e n ta tio n  and no a tte m p t  has been  made to  o p tim iz e  
th e  number o f a d d i t i o n s .  L e t z * - l , 0  and 1 fo r  i = 0 , l ,2  i n  eq n . 3 .2  0 .

‘k j.O  ^ 0 , ^  ” ^ O .k j  "  Hl , k

' k ^ l  = ^ O . k ^ ^ O . k

mk 1 ,2 -  < * 0 ,^  + ^  < * 0 ,^  + H l , k l >

Hence
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and
m0,0 ( 8 - 3 ) ( 9 - 3 ) 30

m
0 , 1 8x9 72

m0,2 ( 8+3 ) (9+3) 132

S i m i l a r l y , _  — |

mi ,o -1122 “2 ,0 -968

ml , l = 2552 > “2 ,1 = 608

ml ,2 7150 *2 ,2 3444

The i n t e r p o l a t i n g  p o ly n o m ia ls  become (b y  e q n . 3 .1 9 )

T , \ _ f z - 0 x , z - l x 1 2  v 
L 0 ^  ^ - 1 - 0 ^  ^ - 1 - 1 ^  “  2 ^ z  - z ')

S im i l a r l y ,

L ^ (z ) = - ( z ^ - 1 )  and 

I ^ ( z )  = 1/2(z2+ z ) 

H ence, by eq n . 3 .1 8

W0 ,k 1

1
o 2 0

V o

Wl , k x = 1/2 -1 0 1
V i

W2 ,k x 1 -2 1 V i
T h is  g iv e s
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and

wo ,o 72 V i 2 552 W0,2 608

Wl ,0 = 51 » Wl , l = 4136 » Wl,2 = 22 06

W2 ,0 9 " 2 ,1 462 W2 ,2 630

—--
wo ,o 72 wo , i 70 W0,2 24

Wl , 0 = 51 > Wl . l = 48 » " l ,2 = 16

W2 ,0 9 _W2,_1 24 W2 ,2 46
mod 73 mod 73 mod 73

( i i )  By a Second Number T h e o re t ic  T ran sfo rm

L et us use th e  same M, a  and N f o r  th e  second NTT.

1 1 1 X0 ,k 1
X

1
1 2 3 2 6

1
0 mod 73

mod 73

H e n c e
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xo,o 11 X0 , l 65 X0,2 9

xi,0 = 32 t xi,l = 41 » Xi,2 = 12

3 , o 54 *£,1 68 *2,2 36
S im i l a r l y ,

- —
Ho,o 12 H0 , l 37 H0,2 42

Hi , 0 = 33 > Hi , l = 61 > H1 ,2 = 39

H2 ,0 55 34 H' 0L2d 15

L e t Wk2' ,k x ,k x mod 73 '

T h e re fo re

wo,o 59 «o,i 69 "o,2 13

WI ,0 = 34 y wi,i = 19 y "1,2 = 30

O 
1

_J!___l

50 W2,l 49 W2,2 29
and

— — —

"o,kl 1 1 1 W0 , k 1

w l , k l = 1 / 3 1 2 ~ 3 2 ' 6
W l >k l

W2 , k l 1 2 ~ 6 2 - ! 2 mod 73

H e n c e
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V o 72 Y i 70 o ^ 
1

24

Y o = 51 9 Wl , l = 48 , Y z = 16

W2 ,0 9 W2 ,1 24 "2 ,2 46

These r e s u l t s  a r e  e x a c t ly  th e  same a s  w hat we o b ta in e d  i n

E qn. A3.1 can  now be w r i t t e n  a s
3k

Y0 , k l = < " 0 , ^  + 2 ”2 , 0 3

Yl , k 1

T h is  g iv e s  us

Y0,0 8

Y1 ,0 51

Y0 ,1 43

Y
1 , 1

48

Y0 ,2 = 48 and

Y1,2 16

The f i n a l  r e s u l t s  can  be o b ta in e d  by
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yv ° •

y V i = 1/3

\  ’2

1

1

1

Hence
— — —  -o*o>> 33 yl,0 14

yo,i = 26 and yl,l = 13

y0,2 22 yl *2 24

The r e s u l t s  become

y (n ) = { 3 3 ,1 4 ,2 6 ,1 3  ,22 ,24 }

A ppendix A3 *2 An Example o f  th e  N ested  NTT

L et u s now f in d  th e  c o n v o lu tio n  sum o f  th e  seq u en ces 
x (n )  = { 4 ,0 ,1 ,2  ,3 ,1 }  and h (n )  = {4 ,2 ,5 ,0 ,0 ,1 }  o f  A ppendix A3.1 by a 
n e s te d  NTT. L e t N^=2 and N^=3 and

n = <3*2 + 2 n ! >6

w here =0 ,1  and 

n^ = 0 ,1 ,2

x0,0 h0,0Hence = x ( 0) = 4 = h (0 ) = 4
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x0 ) i = x (2 )  = l h0 > 1 - h ( 2 ) - 5

x0 ,2  = x (4 )  = 3 h0 ,2  = h (4 )  = 0

x 1(0 = x O ) = 2  h 1>0 = h (3 )  = 0

Xl , l  = x (5 )  = 1 h l , l  = h ( 5 )  = 1

Xl,2  = x (1 )  = 0 h l ,2  = h O )  “ 2

A g a in , l e t  us u se  a Pseudo M ersenne T ran sfo rm  w ith  M =
3a  =2 and N^=3 fo r  th e  f i r s t  NTT. T h is  g iv e s

( 2 9- l ) / ( 2 3 - l ) ,

xo ,o 8 Xl,0 3 H0,0 9 Hl , 0 3
X0,l = 58 9 xl,l = 10 » Ho , i = 44 > Hl . l = 63
V 19 Xl,2 66 H0,2 32 Hl,2 7

— l— —J L_ _ L  _ L. _J
S in c e  N^=2 , (z  -1 )= 0  and eq n . 3 .3 7  becomes

Y ( z )  = H (z)X , ( z )  
1 *1

^ . k ^ l . k ^  + ( ^0,k^Hl ,k^+ Xl , k 1H0 , k ^ :

w here k = 0 ,1 ,2

The second t r a n s fo r m a t io n  can  be done by a FNT w ith  M=F =2 ^ + 1  N =24 2
16a nd a  =2
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T h is  g iv e s

— «— -
X' . 1 10 ,k 1

= <
0 ,k 1

XU X 1 2 16 x i , k l
__ __ W MM

MM f— —
xo,o 11 X0 , l 68 X0,2 85

= j = > =

xi,o 5 x i , l 48 Xi,2 65490

S im i l a r l y ,

S in c e

107 H0,2 39
, =

65518 Hi,2 25
M M

Y'X = h' , x'2 ,^ 1  k ^ ,k x k ^ ,k 1 m od(216+ l )

w here k^ =0 ,1

k =0 ,1 ,2

f t
0 ,0 = 132 Y'1 ,0 = 30

ft
0 ,1 = 72 76 Y'1 ,1 = 64625

ft
0,2 = 3315 Y'1,2 = 64362

(A3 .2 )

The in v e r s e  tra n s fo rm  i s
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Hence

Yo >kl 1 1 Y'0 , ^
= «  1/2

Yl , kl 1 2 - i 6 Y'
—  —

(2 16+ 1) 73

p- —j
Yo ,o 8 Yo , i 43 Y0,2 48

i = j =

Yl , 0 51 V 6 Y1 ,2 55
1— —J

Making th e  in v e r s e  t ra n s fo rm  o f b a se  7 3 , we g e t

0 ,0 = 33 y l , 0 = 13

0 ,1 = 26 y l , l = 24

0,2 = 22 y l , 2 = 14

T h is  g iv e s  th e  same s e t  o f r e s u l t s  as g iv e n  i n  A ppendix A 3 .1 . As shown 
i n  e q n . A3 .2 ,  th e  t o t a l  number o f m u l t i p l i c a t i o n  i s  6 .  I n  g e n e ra l  th e  
n e s te d  Number T h e o re t ic  T ransfo rm  r e q u i r e s  o n ly  one m u l t i p l i c a t i o n  p er 
o u t p u t •
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CHAPTER FOUR APPROACH TO THE HARDWARE IMPLEMENTATION OF DIGITAL
SIGNAL PROCESSORS USING MERSENNE NUMBER TRANSFORMS

S in c e  th e  t ra n s fo rm  le n g th s  o f  th e  M ersenne Number T ran sfo rm s 
a r e  n o t h ig h ly  c o m p o s ite , th e r e  i s  no FFT-type a lg o r i th m  f o r  t h e i r  
c o m p u ta tio n  and fo r  t h i s  re a s o n  l i t t l e  a t t e n t i o n  h as  b ee n  g iv e n  to  
them . However M ersenne Number T ran sfo rm s have th e  a d v a n ta g e  o f  v e ry  
e f f i c i e n t  a r i th m e t ic  (w hich  cou ld  be i n  ones-com plem ent fo rm ). For 
exam ple , th e  r e q u ir e d  m u l t i p l i c a t i o n s  by pow ers o f 2 a r e  perfo rm ed  by 
s im p le  b i t  r o t a t i o n s .

H i th e r to ,  th e  m ain c o n c e rn  has b een  to  lo o k  fo r  h ig h ly  
co m p o site  t ra n s fo rm  le n g th s  and m ost o f  th e  im p le m e n ta tio n s  r e l y  
h e a v i ly  on F FT -type a lg o r i th m s  [4 3 - 5 1 ,7 4 ] .  These F FT -type a lg o r i th m s ,  
no d o u b t,  s i g n i f i c a n t l y  red u ce  th e  number o f o p e r a t io n s  i n  th e  
c o m p u ta tio n  o f Number T h e o re t ic  T ra n sfo rm s . However, b ec a u se  o f 
r e c e n t  adv ances i n  f a b r i c a t i o n  te c h n o lo g y  o f e l e c t r o n i c  d e v ic e s ,  
a r i th m e t ic  u n i t s  a r e  no lo n g e r  th e  l im i t i n g  f a c t o r .  The c o n t r o l  
s e c t io n  o f th e  r e a l i s a t i o n  i s  p ro b a b ly  th e  l a r g e s t  and th e  m ost
e x p e n s iv e  p a r t . I f FFT-type a lg o r i th m s a r e  used fo r th e
im p le m e n ta tio n  o f Number T h e o re t ic T ra n sfo rm s , th e  c o n t r o l o f th e
p ro c e s s  flow  i s  u n a v o id ab ly  more c o m p lic a te d . As shown on  th e  tim in g  
d iag ram  o f p ap er [4 4 ] n o t l e s s  th a n  h a l f  o f  th e  t o t a l  tim e  sp e n t on 
th e  FNT b u t t e r f l y  i s  used o n ly  fo r  " re a d "  and " w r i te "  o p e r a t io n s  on 
th e  d a t a .

I n  t h i s  c h a p te r  we c o n v e r t th e  M ersenne Number T ran sfo rm  in to
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a c y c l i c  c o n v o lu tio n  form and p ro pose  s im p le  hardw are  s t r u c t u r e s  to  
c a r r y  o u t t h e i r  f a s t  im p le m e n ta tio n . Such r e a l i s a t i o n  s t r u c t u r e s  a r e  
p ro po sed  t h a t  can  make th e  co m p u ta tio n  o f M ersenne Number T ran sfo rm s 
v e ry  f a s t  in d e e d . T h is  new ap p ro ach  can  be ex ten d ed  to  o th e r  Number 
T h e o re t ic  T ra n sfo rm s , f o r  in s ta n c e  to  F erm at Number T ra n s fo rm s .

The c o n te n ts  o f  t h i s  c h a p te r  have b een  p u b lish e d  i n  [ 7 5 ] .

4 .1  M ersenne Number T ran sfo rm  and C y c lic  C o n v o lu tio n

R e c a ll  th e  M ersenne Number T ran sfo rm  and i t s  in v e r s e :
P-1

X(k) = x (n )  a n 
n=0 M ( 4 .1 )

,P -1  u
x (n )  = X(k) oTnk>

k=0
pw here M=2 - 1 ,  a M ersenne number

a = ro o t o f u n i ty  o f o rd e r  P and i s  
equ a l to  2 f o r  t h i s  c h a p te r

( 4 .2 )

E qns. 4 .1  and 4 .2  c a n  be d e f in e d  fo r  b o th  prim e o r co m p o site  M ersenne 
numb e r  s .

S in c e  th e  tra n s fo rm  le n g th  P i s  a p rim e num ber, i t  i s  
p o s s ib le  to  f in d  a p r im i t iv e  r o o t ,  g , to  g e n e ra te  a l l  nonzero  e lem en ts  
i n s id e  th e  f i e l d  modulo P . U sing th e  m appings o f  k— > <g and 
n— > <g_n>p , e q n . 1 can  be re o rd e re d  a s  shown below

P-1
X(0) = £  x (n )  and 

n=0 ( 4 .3 )
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k  V  - n  <8k -n >p
x ( < g % )  = x(0) + £ x ( < 8 %  an=l

( 4 .4 )

f o r  k=l ,2 , • • .  ,P -1  

We can  w r i te  eq n . 4 .4  a s

XCXgSp) = x (0 )  + X '(< g k>p) ( 4 .5 )

w here x /(<gk>p)
P-1
X  x ( < g ” n>p)  n=l

( 4 .6 )

f o r  k=l ,2 , . . .  ,P -1

Eqn. 4 .6  r e p r e s e n t s  a backward c i r c u l a r  c o n v o lu tio n  o f le n g th  ( P - 1 ) .  
T hat i s  th e  c o n v o lu tio n

{x( g_ 1 ) ,x ( g”2 ) , . . .  ,x ( g” P+1)} ®
P-2{ or or a1 ( 4 .7 )

w here ®  means c i r c u l a r  c o n v o lu tio n  and th e  
in d ic e s  and s u b s c r ip t s  a r e  modulo P

I n  term s o f m a tr ix  n o ta t io n ,  we have
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X '(< g1>p )
X '(<g2 >p ) 

• •

<g >p 

a 2 - 1  <g >p
a

• •

<g1_2>P <g2 ' p>p 
“ 2 -2 . “  “ 3-P .<g >p <g >p
a  . .  a  

• • • • • •

x(< g_1>p ) 
x(<g"2 >p ) 

• •

• •

X '(<gp_1>p)

• •

. P“ 2 X<g >P
a

• • • • • •

. P-3. . 0.<g >p <g >p 
a . .  a

• •

x « g - p+1>p )
( 4 .8 )

By m aking th e  s u b s t i t u t i o n  o f - t  = k -n , eq n . 4 .6  can  be w r i t t e n  a s

k —(k+tX '( < g V )  = 2  x« g  ( ; >p ) “  ( 4 .9 )t= l  ^

w hich becom es, fo r  MNT c o e f f i c i e n t s

x '( < g 1>p )
x '(< g 2 >p )

x(<g 1 l>? x(<g 1 2 >p . .  x(<g P>p ) 
x(<g 2 1>p x(<g 2 2 >p . .  x(<g P 1>p )

<g " 1>pa
<g >pa

• •

• •

X '(< g p_1>p

• • • •  • • • •

• • • •  • •  • •

(  y  -P . .  f  y  —P -lv  f y  -2 P+2. . x (<g >p ) x(<g >p . .  x(<g >p )

• •

• •

/  -P+1N<g > pa
— — ( 4 .
Note t h a t  i n  t h i s  form th e  sq u a re  m a tr ix  i s  c i r c u l a n t .

A s im p le  exam ple w i l l  i l l u s t r a t e  th e  above s t e p s .  C o n sid er 
th e  sequence { x ( 0 ) ,x ( 1 ) ,x ( 2 ) ,x ( 3 ) ,x ( 4 ) }  w here P=5. In  t h i s  c a se  2 i s  
a p r im i t iv e  r o o t  w hich can  be used to  g e n e ra te  th e  n o n -ze ro  e le m e n ts  
i n s id e  th e  f i e l d  modulo 5 . Hence th e  sequence  i n  e q n . 4 .7  can  be

{xn : n = l ,2 >3 ,4}  = {x( <g_n>p ) :n= l ,2 ,3 ,4 }

w r i t t e n  a s
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= ( x ( 3 ) ,x ( 4 ) ,x ( 2 ) , x ( 1)}

and
{ :n = 0 , l ,2 ,3 }  = { a \ a 2 , , a 3 }

T h is  im p lie s  t h a t  th e  c o n v o lu tio n  i s  now w r i t t e n

{x (3 ) ,x ( 4 ) ,x ( 2 ) , x ( 1)} ®  { a  * , a 2 , a \  a 3 }

As s t a te d  e a r l i e r ,  we r e s t r i c t  a  =2, hence e q n s . 4 .8  and 4 .1 0  become
— — —
X '(2 ) 2 1 2 3 2 4 22 x (3 )
X '(4 ) = 22 2 1 2 3 2 4 x(4 )
X '(3 ) 24 22 2 1 2 3 x(2 )
X '( l ) 2 3 2 4 22 21 x ( l )
_

and
X '(2 ) x(4  ) x(2 ) x( 1) x ( 3 ) 2 3
X '(4 ) = x(2 ) x( 1) x (3 ) x (4 ) 2 4
X '(3 ) x( 1) x(3 ) x (4 ) x(2 ) 22
X '( l ) x (3 ) x (4 ) x (2 ) x( 1) 2 1 (4 .1 1 )

I t  i s  e v id e n t  from th e  above e q u a t io n  t h a t  th e  sq u a re  d a ta  m a tr ix  i s  
c i r c u l a n t •

Now l e t  us c o n s id e r  th e  c o n v o lu tio n  o f two se q u e n ce s , 
{ x (n ) :n = 0 , 1 , . . . ,P-1} and { h ( n ) : n=0, 1 , . . . ,P - 1 } ,

P-1
y(m) = 2  x (n )h (m -n ) 

n=0
(4 .1 2 )
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f o r  m=0, 1 , . . • ,P-1

For th e  c o m p u ta tio n  o f eq n . 4 .12  u s in g  MNT, y(m) can  be found from th e  
In v e r s e  M ersenne Number T ransfo rm  (IMNT),

y(m)
i P—1 ,= ^ Y ( k )  a " mk 
k=0

(4 .1 3 )

f o r  m=0, 1 , . . . ,P -1

The c o e f f i c i e n t s  Y(k) a r e  th e  p ro d u c ts  o f th e  te rm  by term  
m u l t i p l i c a t i o n s  o f  c o r re sp o n d in g  X(k) and  H (k ), and H (k) i s  th e  MNT o f 
th e  sequence  { h (n ) :n = 0 ,1 , . . . ,P -1 } .

Now, l e t  us a p p ly  th e  fo llo w in g  mapping to  eq n . 4 .1 3

k“ > <gk>p

m— > < - g 'm>p

from  w hich  we o b ta in ,
,P -1

y (° )  = I X  Y(k)
k=0 t

P-1 <gk m>
y (< -g "m>p ) = 5  [Y (0) + X  Y(<gk>p ) a  P ] (4 .1 4 )

k=l

o r iP-1 <gk-m>
y 'K - g - ^ , , )  = Y(<gk>p ) a  p (4 .1 5 )

k=l

f o r  m=l ,2 , .  • • ,P -1
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y '( < - g - 1 >p )

y , (< -g _2>p)

y ' ( < - g ’ p+1>p)

. 1-1. . 2 -1 . . P -2.<g >p <g >p <g >p
a a  . . a

. 1-2. . 2 -2 . . P-3.<g >p <g >p <g >p
a a . . a

• • • • • •

• • • • • •  • •

. 2 -P . . 3 -P . . 0.<g >p <g >p <g >p
a  a . .  a

Y(<gL>P)

Y(<g2 >P)

Y(<gP_1>P
(4 .1 6 )

I f  P=5, we o b ta in

y '( 2 ) 2 1 22 2 4 2 3 Y(2)
y '(  l ) = 2 3 2 1 22 2 4 Y(4)
y '( 3 ) 24 2 3 2 1 22 Y(3)
y '( 4 ) 22 24 2 3 2 1 Y( 1)

__ _

E qns. 4 .8 ,  4 .1 0  and 4 .1 1  and 4 .1 6  a r e  th e  fo u r  e s s e n t i a l
e x p re s s io n s  t h a t  a r e  used fo r  th e  hardw are  d e s ig n  i n  th e  n ex t s e c t i o n .

4 .2  Hardware D e s c r ip t io n

Our hardw are d e s ig n  f o r  th e  c o m p u ta tio n  o f  M ersenne Number 
T ransfo rm  and In v e r s e  M ersenne Number T ransfo rm  r e l i e s  m ain ly  on th e  
f a c t  t h a t  th e  b a s ic  e q u a tio n s  o f th e  MNT and IMNT can  be c o n v e r te d  
in to  c o n v o lu tio n  fo rm s. F ig .  4 .1  shows th e  r e g i s t e r  a rran g em en t o f a 
5 - p o in t  M ersenne Number T ran sfo rm  u n i t .  The r e g i s t e r s  used i n  t h i s  
c i r c u i t  a r e  D -type r e g i s t e r s  (o r  F l i p - f l o p s )  w ith  t r i - s t a t e  o u tp u ts  
and d a ta  e n a b le  in p u t  c o n t r o ls  such th a t  a l l  in p u ts  and o u tp u ts  can  be
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t i e d  to  th e  same b u s .

The m u l t i p l i c a t i o n  o f a power o f 2 i n  MNT a r i th m e t ic  sim p ly  
in v o lv e s  a c i r c u l a r  l e f t  s h i f t  o f  th e  d a t a .  However, c i r c u l a r  s h i f t s  
may s t i l l  be tim e consum ing fo r  v e ry  f a s t  im p le m e n ta tio n s  o f d i g i t a l  
s ig n a l  p r o c e s s o r s .  I n  o ur d e s ig n ,  a c i r c u l a r  s h i f t  i s  done a t  th e  
same tim e a t  w hich  th e  d a ta  i s  added from r e g i s t e r s  i n to  th e  
a c cu m u la to r (n o t  shown on  F ig .  4 . 1 ) .  For exam ple, i f  r e g i s t e r  3 i s  
a c t i v a t e d  (by  o u tp u t  c o n t ro l  l i n e s )  to  send d a ta  o u t to  be added in to  
th e  a c c u m u la to r , th e  in p u t  d a ta  e n a b le  l i n e  o f  r e g i s t e r  2 sh ou ld  a ls o  
be a c t i v a t e d .  The c o n te n ts  i n  r e g i s t e r s  3 and 2 sh ou ld  be e q u a l to

A tth e  o r i g i n a l  d a ta  m u l t ip l i e d  by 2Z and 'l> r e s p e c t i v e l y .  The c i r c u l a r
/ A As h i f t  o f  two b i t s  (2 q = 2Z ) when th e  c o n te n ts  i n  r e g i s t e r  3 a r e

lo a d ed  in to  r e g i s t e r  2 i s  done sim p ly  by r e a r r a n g in g  ( s h i f t i n g  
c i r c u l a r l y )  th e  p in  c o n n e c tio n  o f  r e g i s t e r  2 a s  shown i n  F ig .  4 . 1 .  
T h is  shows t h a t  th e  s h i f t i n g  tim e i s  e n t i r e l y  sav ed .

Suppose t h a t  th e  c o n te n ts  i n  r e g i s t e r s  1 ,2 ,3  and 4 a r e  
x ( 4 ) ,  x ( 2 ) ,  x ( l )  and x (3 ) r e s p e c t i v e l y  and th e  a c cu m u la to r h as b een  
lo a d ed  w ith  x (0 )  i n i t i a l l y .  The a d d i t i o n  o f th e  c o n te n ts  from 
r e g i s t e r  1 to  th e  a c cu m u la to r w i l l  t r a n s f e r  x (4 )  to  th e  b u f f e r ,  th e  
a d d i t i o n  o f th e  c o n te n ts  from r e g i s t e r  2 w i l l  t r a n s f e r  x ( 2 ) to  
r e g i s t e r  1 and so o n . Hence a f t e r  4 a d d i t i o n s ,  X (2) w i l l  be s to re d  
in s i d e  th e  a c c u m u la to r . E x a c t ly  th e  same p ro ced u re  ( a d d i t io n  s t a r t i n g  
from  r e g i s t e r  1, r e g i s t e r  2 ,  . . . ,  to  r e g i s t e r  4 ) i s  r e q u i r e d  fo r
f in d in g  o th e r  X ( k ) 's  by v i r t u e  o f th e  c i r c u l a n t  form o f  th e  d a ta  
m a t r ix .  The c o r r e c tn e s s  o f th e  o p e r a t io n  may be seen  by c o n s id e r in g
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e q n . 4 .1 1 .  The t o t a l  number o f  a d d i t io n s  fo r  th e  w hole tra n s fo rm  i s  
P2 fo r  a P -p o in t  MNT, i f  th e  i n i t i a l  lo a d in g  o f x (0 )  to  th e  
a c cu m u la to r i s  ta k e n  to  be e q u iv a le n t  to  one a d d i t i o n .  N o tice  t h a t
th e  c o n t r o l  o f d a ta  flow  i s  v e ry  s im p le  and no sc ra m b lin g  o f d a ta  i s  
needed a t  any in te r m e d ia te  s te p  o f  th e  t r a n s f o r m a t io n .

The i n i t i a l  s e t t i n g  o f  th e  r e g i s t e r s  can  be done by lo a d in g  
r e g i s t e r s  1 ,2 ,3  and 4 w ith  x ( 4 ) ,  x ( 2 ) ,  x ( l )  and x (3 )  r e s p e c t i v e l y  and 
th e n  p erfo rm  one s e l f  r e a d - w r i t e  ( lo a d  and s to r e  from  th e  same 
r e g i s t e r )  o p e r a t io n  to  each  r e g i s t e r  i n d i v i d u a l ly .

F ig .  4 .2  shows a p ip e l in e  a rran g em en t o f a 5 - p o in t  co n v o lv e r 
u s in g  M ersenne Number T ran sfo rm . The upper r e g i s t e r  s e t  and a d d e r 1 
a r e  used  f o r  M ersenne Number T ra n sfo rm s . The low er r e g i s t e r  s e t  and 
a d d e r 3 a r e  used fo r  In v e r s e  M ersenne Number T ra n sfo rm s .
A ccum ulator 2 ,  r e g i s t e r  B and ad d e r 2 a r e  used fo r  th e  c o m p u ta tio n  o f 
th e  p ro d u c t o f  H(k) and X(k) by a s h i f t - a d d  te c h n iq u e .  A f te r  th e  
f i r s t  X(k) h as  b een  o b ta in e d  i n  a c cu m u la to r 1, i t  i s  s h i f t e d  down in to  
s h i f t  r e g i s t e r  A w hich i s  used  to  c o n t r o l  th e  a d d i t i o n  o f  H(k) in to  
a c cu m u la to r 2 .  I f  th e r e  i s  a "one" a t  th e  r ig h tm o s t  b i t  o f  th e  s h i f t  
r e g i s t e r  A, H(k) i s  added in to  ac cu m u la to r 2 and th e n  s h i f t e d  to  th e  
l e f t  c i r c u l a r l y .  I f  th e r e  i s  a ze ro  a t  th e  r i g h t  m ost b i t  o f th e  
s h i f t  r e g i s t e r  A, a c cu m u la to r 2 s h i f t s  to  th e  l e f t  c i r c u l a r l y  w ith o u t 
a d d i t i o n .  These s h i f t - a d d  o p e r a t io n s  a r e  done s im u lta n e o u s ly  w ith  th e  
MNT u n i t .

S im i l a r l y ,  im m ed ia te ly  a f t e r  th e  f i r s t  p ro d u c t o f X (k)H (k)
h as b een  o b ta in e d  th e  In v e r s e  M ersenne Number T ransfo rm  can  be
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s t a r t e d .  The c i r c u i t  fo r  th e  IMNT i s  m ain ly  c o n s t ru c te d  a c c o rd in g  to  
e q n . 4 .1 6 .  I n s te a d  o f r o t a t i n g  th e  in p u t  words a s  shown i n  th e  MNT 
u n i t ,  th e  r e s u l t  r e g i s t e r s  ( o f  y '( m ) 's )  a r e  r o t a t e d  to  th e  r i g h t  a f t e r  
each  a d d i t i o n .  For exam ple, when th e  c o n te n ts  o f  r e g i s t e r  C3 i s  added 
to  r e g i s t e r  C, th e  sum w i l l  be e n te re d  in to  r e g i s t e r  C2• S in c e  
r o t a t i o n s  a r e  done on  th e  r e s u l t  r e g i s t e r s ,  th e  m u l t i p l i c a t i o n s  by 2m 
o f th e  in p u t  d a ta  i s  im plem ented by th e  m u l t i p l i c a t i o n  by 2 i n  th e  
r e s u l t  r e g i s t e r s .  S im i la r ly  to  th e  MNT, th e  m u l t i p l i c a t i o n  by pow ers 
o f  two i s  done s im ply  by h a rd w a re . The i n i t i a l  s e t t i n g  o f  th e  r e s u l t  
r e g i s t e r s  can  be done by one s e l f  r e a d - w r i te  o p e r a t io n  to  each  
r e g i s t e r  i n d i v i d u a l l y .  A f te r  th e  l a s t  X(k) has b een  c a l c u l a t e d ,  
r e g i s t e r s  A1 to  A4 a r e  r e le a s e d  from  t h e i r  o r i g i n a l  u s e .  At th e  same 
tim e th e  IMNT u n i t  shou ld  a ls o  be a t  th e  l a s t  c y c le  o f i t s  o p e r a t io n .  
The d a ta  i n  r e g i s t e r  C a r e  added to  th e  c o n te n ts  o f  r e g i s t e r s  Cl to  
C4, th e  r e s u l t s  can  th e n  be e n te re d  in to  r e g i s t e r  A1 to  A4 i n  such  a 
way t h a t  n o n - r o ta te d  r e s u l t s  a r e  o b ta in e d .

Hence i t  i s  se e n  t h a t  t h i s  p ip e l in e  c o n v o lv e r r e q u i r e s  
2a p p ro x im a te ly  P T ns fo r  th e  co m p u ta tio n  o f a P -p o in t  c y c l i c

c o n v o lu tio n  u s in g  th e  M ersenne Number T ran sfo rm , w here T i s  th e  tim e
fo r  one a d d i t i o n .  U sing 1 7 - b i t  a d d e rs  s im i la r  to  th o s e  used i n
R e f . [44 ] f o r  w hich th e  tim e fo r  one a d d i t i o n  i s  2 1ns, th e  t o t a l

2c o n v o lu tio n  tim e i s  a p p ro x im a te ly  17 x21 ns o r  7 /us f o r  a 1 7 -p o in t 
c o n v o lu t io n .  N o tic e  t h a t  th e  w hole d e s ig n  i s  v e ry  s im p le . I t  
in v o lv e s  o n ly  a v e ry  s im p le  c o n t r o l  u n i t ,  3 a d d e r s ,  41 r e g i s t e r s  o r 
a c c u m u la to rs ,  17 w ords o f ROM o r  RAM and some b u f f e r s .
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4 .3  Speed O ptim ized  C onvolver U sing  M ersenne Number T ran sfo rm

I n  th e  p re v io u s  s e c t i o n ,  th e  M ersenne Number T ran sfo rm  
C onvolver h as b een  b u i l t  on a p ip e l in e  and s e r i a l  d a ta  movement b a s i s .  
Compared w ith  m u l t i p l i e r s ,  a d d e rs  a r e  much l e s s  e x p en s iv e  and so we 
may u se  more a d d e rs  to  c o n s t r u c t  a p a r a l l e l  p ro c e s s o r  to  speed up th e  
c o m p u ta tio n . F ig .  4 .3  shows a 1 7 -p o in t  F a s t  M ersenne Number C onvolver 
u s in g  p a r a l l e l  a d d e r s .  The p r i n c i p l e  o f o p e r a t io n  i s  v e ry  s im i l a r  to  
t h a t  d e s c r ib e d  i n  th e  p re v io u s  s e c t i o n .  R e g is te r  A h o ld s  th e  in p u t  
d a ta  w hich i s  added in to  r e g i s t e r  B1 to  B17 i n  p a r a l l e l .  The r e s u l t s  
o f  each  p a r a l l e l  a d d i t i o n  a r e  s to re d  in  th e  r i g h t  hand s id e  r e g i s t e r s  
r e s p e c t i v e l y .  T h is  a rran g em en t i s  e q u iv a le n t  to  th e  s h i f t i n g  o f  th e s e  
sum r e g i s t e r s  to  l i n e  up p ro p e r ly  fo r  th e  n ex t a d d i t i o n .  A f te r  th e  
l a s t  x (n )  h as b een  ad d ed , th e  sums a r e  s h i f t e d  down to  r e g i s t e r s  Cl to  
C17 and th e n  s e n t  s e r i a l l y  to  th e  m u l t i p l i e r  fo r  th e  m u l t i p l i c a t i o n  o f 
H (m ) 's . A f te r  th e  f i r s t  p ro d u c t has b ee n  o b ta in e d ,  i t  i s  s e n t  to
r e g i s t e r  A' to  com pute th e  In v e r s e  M ersenne Number T ran sfo rm .
Comparing e q n . 4 .8  w ith  e q n . 4 .1 6 ,  i t  i s  c l e a r  t h a t  th e  IMNT and MNT 
have e s s e n t i a l l y  th e  same s t r u c t u r e .  The o n ly  d i f f e r e n c e  i s  t h a t  th e  
d i r e c t io n s  o f d a ta  flow  ( o r  e q u iv a le n t ly  a 11 flo w ) a r e  o p p o s i t e .  
Hence fo r  th e  IMNT, th e  r e s u l t s  o f  each  p a r a l l e l  a d d i t io n  a r e  s to re d  
i n  th e  " l e f t "  hand s id e  r e g i s t e r s  (n o t  shown on th e  d iag ram ) 
r e s p e c t i v e l y .

The c o n v o lu tio n  tim e fo r  t h i s  d e s ig n  i s  a p p ro x im a te ly  equ a l 
to  th e  tim e  f o r  17 a d d i t i o n s  and 17 m u l t i p l i c a t i o n s .  A f a s t  M ersenne 
Number m u l t i p l i e r  can  be c o n s t ru c te d  by ( i )  m o d ify ing  a com m erc ia lly
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a v a i l a b l e  m u l t i p l i e r  fo r  MNT a r i t h m e t i c ,  o r ( i i )  u s in g  MSI o r  LSI to  
c o n s t r u c t  a d e d ic a te d  MNT m u l t i p l i e r  [ 7 6 ,7 7 ] ,  o r  in d eed  ( i i i )  
f a b r i c a t i n g  a d e d ic a te d  I .C .  fo r  t h i s  p u rp o se . F ig .  4 .4  shows a 
p o s s ib le  c o n s t r u c t io n  o f a 1 7 -p o in t  MNT m u l t i p l i e r  u s in g  th e  
q u a r te r - s q u a r e  m u l t i p l i e r ,

X H = M ( x  mm 4 m h ym -  (X -  H ) ]m m

T h is  m u l t i p l i e r  r e q u i r e s  86 ns f o r  each  m u l t i p l i c a t i o n  (no a t te m p t h as 
b een  made to  o p tim iz e  th e  speed  o f  th e  d e s ig n ) • Hence th e  t o t a l  
e x e c u tio n  tim e f o r  a 1 7 -p o in t c o n v o lu tio n  fo r  u s in g  t h i s  m u l t i p l i e r  i s  
17x(86+2 1) -  1 .8 /us. N o tice  t h a t  th e  e x e c u tio n  tim e o f  th e  p r e s e n t  
d e s ig n  depends m a in ly  on th e  speed o f th e  m u l t i p l i e r  and a d d e r s .

4 .4  Long C o n v o lu tio n  from S h o r t  C o n v o lu tio n

P o s s ib le  w o rd - le n g th s  f o r  th e  M ersenne Number T ran sfo rm  
im p le m e n ta tio n  o f  c o n v o lv e rs  u s in g  th e  p re s e n t  te c h n iq u e s  a r e  
{2 ,3 ,5 ,7 ,1 1 ,1 3 ,1 7 ,1 9 ,2 3 ,2 9 ,3 1 ,3 7 ,4 1 ,4 3 ,4 7 ,5 3  ,5 9 ,6 1 ,6 7 } . These a r e  a ls o  
th e  p o s s ib le  sequence le n g th s  fo r  th e  MNT's. However, th e  seq uen ce  
le n g th s  o f th e  MNT c a n  be ex ten d ed  to  2P when -2 i s  cho sen  a s  th e  ro o t  
o f  u n i t y .  I n  t h i s  c a se

2 P-1
X(k) = < V x (n ) 

n=0
nkv a  >M (4 .1 7 )

w here a  = -2

M = 2 P-1

and
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f o r  k = 0 , 1 , . . .  ,2 P-1

Eqn. 4 ,1 7  can  be mapped in to  a tw o -d im en sio n a l form [68] th ro u g h  th e  
fo llo w in g  mapping

n = <Pn^ + 2 n 1>(2P (4 .1 8 )

k = < P .P "1k2 + 2 . 2 " 1k 1>2p (4 .1 9 )

w here PP ^=1 mod 2 
=0 mod P 

2 .2 ~ 1=1 mod P 
=0 mod 2

fo r  n^ = 0 , 1 , . . .  ,P -1
"2,1-2 = 0 ,1

Hence th e  tw o -d im en sio n a l form becomes

^ ^ l  iy=0 £ o  ^  , n l ai

n 'k ,  ^1 1 0t

2 Pw here a^= ot and 0-2 = oi

(4 .2  0)

-1,
,n l  x(<Pn2 + 2 n l >2 P )

■  « < P . P ' \  + 2 J - * k 1>2P)

R ew rite  eq n . 4 .2  0 in to  v e c to r  form

a,V -2 (4 .2 1 )
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f o r  ^ = 0 ,1

w here

X
*2

* 
S
'
'
 

* o
___

___
__

1

o
__
__

1

V 1 x iV 1
• •
• •

V p-i

» X -n = *2
• •
• •

\  >P_1
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“ l ..........

• • • • • •
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• •
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( p -
a l ot ̂  . . . . a l

We now have

X„ = Ax, + Ax^ (4 .2 2 )

X = AXq -  Ax  ̂ (4 .2  3)

fo r  a® = 1» = “ 1

AXq and Ax^ r e p r e s e n t  sim p ly  two P -p o in t  M ersenne Number 
T ra n sfo rm s . Hence th e  c i r c u i t s  d is c u s s e d  above a r e  s u i t a b l e  fo r  th e  
im p le m e n ta tio n  o f  a 2 P - le n g th  c o n v o lu tio n  and th e  t o t a l  co m p u ta tio n  
tim e i s  a p p ro x im a te ly  tw ice  a s  lo n g  a s  fo r  th e  c a se  o f  a P - le n g th
c o n v o lu tio n



123

For lo n g e r  and com po site  l e n g th s ,  one may tra n s fo rm  th e  
c o n v o lu tio n  in to  a tw o -d im en sio n a l c y c l i c  c o n v o lu tio n  fo rm ,

yCn^ ,mx)
V °  n ^ O

w here N = P^p

— 0 ,1 , • • • —1 

= 0 , 1 , • • • ,P j —1

and u se  two d i f f e r e n t  M ersenne Number T ran sfo rm s to  c a r r y  o u t th e  
c o m p u ta tio n  [ 6 7 ] .  T h is  method needs one m u l t i p l i c a t i o n  p er p o in t ,  
however th e  p r ic e  to  be p a id  fo r  u s in g  t h i s  ap p ro a ch  i s  t h a t  
a r i t h m e t i c  w ith  d o u b le  w o rd - le n g th s  has to  be used  on  th e  second 
d im en sio n  o f  th e  c o n v o lu t io n .  On th e  o th e r  hand , one may a ls o  u se  MNT 
fo r  th e  co m p u ta tio n  on one d im en sio n  and use  W in o g rad 's  e ig h t  s h o r t  
c o n v o lu tio n  a lg o r i th m s  [2 3 -2 5 ] f o r  th e  co m p u ta tio n  i n  th e  o th e r  
d im e n s io n . T h is method r e q u i r e s  a t o t a l  o f  P ^ ^  mu l t i p l i c a t i o n s  fo r  
th e  w hole co m p u ta tio n  w here M̂ i s  th e  number o f m u l t i p l i c a t i o n s  fo r  a 

- p o in t  c y c l ic  c o n v o lu tio n  u s in g  W in og rad 's  s h o r t  c o n v o lu tio n  
a lg o r i th m s .

4 .5  E x te n s io n  to  Ferm at Number T ran sfo rm s and o th e r  Number T h e o re t ic  
T ran sfo rm s

1 2  2 2S in c e  nk = — [ n + k -  ( n -k )  ] ,  th e  M ersenne Number 
T ransfo rm  o f e q n . 4 .1  can  be e x p re sse d  i n  th e  fo llo w in g  form
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2lc P-1
X(k) = < a 2 E  ( x (n )  01 >n=U

n - ( n-k)" 
2 a M (4 .2 4 )

For th e  e x is te n c e  o f  eq n . 4 .2 4 ,  th e  sq u a re  r o o t  o f  a shou ld  
e x i s t  i n  o rd e r  to  c a r r y  o u t  th e  c o m p u ta tio n . For M ersenne Number 
T ran sfo rm  w ith  a=2 , 's/l a lw ays e x i s t s  and i s  g iv e n  by

V 2  = 2
P+1
2

w hich  i s  i n  th e  d e s i r a b l e  form o f a power o f 2 .

S im i l a r l y ,  th e  In v e r s e  M ersenne Number T ra n sfo rm , eq n . 4 .1 3  
can  a ls o  be w r i t t e n  a s

-2- P-1 12 / , n2- k  (m -k)
y(m) = < I a 2 £  (Y, a 2 ) a 2 >

k=0 M (4 .2 5 )

S im i la r  to  e q n s . 4 .6  and 4 .1 5 ,  e q n s . 4 .2 4  and 4 .2  5 r e p r e s e n t  th e

M ersenne Number T ran sfo rm  and th e  In v e r s e  M ersenne Number T ran sfo rm  i n
2 i 2n_ k_

c i r c u l a r  c o n v o lu tio n  fo rm s. U n lik e  th e  m u l t i p l i c a t i o n s  o f  and W2

i n  th e  c h irp  z - t r a n s fo rm  [ 7 8 ,7 9 ] ,  fo r  w hich com plex m u l t i p l i c a t i o n s
2 .2ii k_

2 2a r e  r e q u i r e d ,  th e  m u l t i p l i c a t i o n  o f  a  and o r r e q u ir e d  i n  th e

above form can  s im ply  be im plem ented by s h i f t s .  I t  i s  i n t e r e s t i n g  to

n o te  t h a t  fo r  a c tu a l  im p le m e n ta tio n  o f th e  MNT p a i r ,  e q n s . 4 .2 4  and
k2 -k 2
2 24 .2 5  f o r  exam ple, th e  term s a  and a  c a n c e l o u t .  T h is  le a v e s

n -m
2 2th e  te rm s a  and a  to  be im p lem en ted . B es id e s  th e  a d d i t i o n a l
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2 2n -m
s h i f t s  have to  b e 2used  to  im plem ent a and a  2 , a n o th e r

d is a d v a n ta g e  o f t h i s  fo rm u la t io n  i s t h a t th e sequence
- ( n - k ) 2

{ a  2 :k ,n = 0 ,1 , . . . , P - 1 }  i n  e q n . 4 .2 4  i s  d i f f e r e n t i n s t r u c t u r e
(m -k)2

from  th e  seq uence ( a  2 :k ,m = 0, 1 , • . . ,P=1} i n  eq n . 4 .2 5 .  Hence

s l i g h t l y  d i f f e r e n t c i r c u i t s  have to  be used fo r th e  MNT and th e  IMNT

i n  th e  p re s e n t  fo rm . T h is  d is a d v a n ta g e  may be removed by r e a r r a n g in g  

e q n . 4 .2  5 a s  fo l lo w s
2 2 2 m k -(m +k)z

y(m) = < - a 2 X  CY. a 2 ) a  2 > (4 .2 6 )

- ( n -k )29Hence th e  seq uences { a  :k ,n = 0 , 1 , . . . ,P-1} and
-(m +k)22{ a :k ,m = 0, 1 , . . . ,P-1} now have th e  same s t r u c t u r e  and can  be

g e n e ra te d  by th e  same o r i g i n a l  seq uen ce  b u t  r o t a t i n g  i n  th e  o p p o s i te
k2

d i r e c t i o n s  r e s p e c t i v e l y .  However, th e  p ro d u c t o f a  i n  eq n . 4 .2 4
k22and  a  i n  eq n . 4 .2 6  in v o lv e  no c a n c e l l a t i o n  e f f e c t  i n  t h i s  c a se  and 

hence some e x t r a - s h i f t s  have to  be used  to  compute t h i s  p a r t .

The most d e s i r a b l e  and a t t r a c t i v e  f e a tu r e  o f t h i s  fo rm u la tio n
i s  t h a t  th e  in p u t  sequence and th e  o u tp u t  sequence  a r e  h and led  i n
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t h e i r  n a tu r a l  o rd e r  w hich s i m p l i f i e s  th e  d e s ig n  o f th e  c o n t r o l  u n i t .  
Note a ls o  t h a t  e q n s . 4 .2 4  to  4 .2 6  do n o t r e s t r i c t  th e  seq uen ce  l e n g th  
to  be a prim e number im p ly in g  t h a t  t h i s  fo rm u la tio n  i s  a l s o  s u i t a b l e  
fo r  o th e r  Number T h e o re t ic  T ra n sfo rm s .

For exam ple, a Ferm at Number T ran sfo rm  p a i r  can  be w r i t t e n  a s  

k. N -l JL n~k)
X(k) = < a 2 £  ( x ( n )  a 2 ) a  2 > (4 .2 7 )

n=0 * t

x (n )  = < i  a  N
N -lIk=0

- (  n+k)'
(X (k) a  ) a

f o r  n ,k = 0 ,1 , . . . ,N-1 and

Ft =22 t
+ 1, a Ferm at number 

w here t= l  ,2 , . . .

I f  a  i s  ch o sen  a s  2 ,  "V2 can  be re p re s e n te d  by [4 0 ,2 8 ]
J.2a = V 2  = r

t-2 t - 1
( 2 ' -1 )

T h is  i s  n o t th e  s im p l ie s t  r e p r e s e n t a t i o n  o f a  . I t  would be b e t t e r  
to  choose a  to  be 4 o r a power o f  4 b u t t h i s  w i l l  u n a v o id ab ly  
s h o r te n  th e  sequence le n g th s  a v a i l a b l e  fo r  Ferm at Number T ra n sfo rm s . 
I t  shou ld  be  f u r t h e r  remembered t h a t  a r i th m e t ic  used fo r  a Ferm at 
Number T ran sfo rm s i s  more co m p lica te d  th a n  th e  a r i th m e t ic  used i n  
M ersenne Number T ra n sfo rm s . Hence s p e c ia l  a r i th m e t ic  [4 4 ,4 5 ] may have 
to  be used i n  th e  c o m p u ta tio n  o f Ferm at Number T ran sfo rm  th e re b y



m aking th e  FNT l e s s  a t t r a c t i v e  th a n  th e  MNT

4 .6 C o n c lu s io n

B ecause o f  th e  la c k  o f  a FFT -type a lg o r i th m  fo r  th e  
c o m p u ta tio n , th e  M ersenne Number T ran sfo rm  has re c e iv e d  much l e s s  
a t t e n t i o n  compared w ith  th e  Ferm at Number T ran sfo rm  o v e r th e  l a s t  few 
y e a r s .  However th e  hardw are d e s ig n  p re s e n te d  in  t h i s  c h a p te r  shows t h a t  
th e  MNT c o n v o lv e rs  a r e  s im p le r  i n  s t r u c tu r e  th a n  th e  c o rre sp o n d in g  
ca se  fo r  FNT c o n v o lv e r s .  T h is i s  m ain ly  due to  th e  s im p l i c i ty  i n  MNT 
a r i th m e t ic  and due a l s o  to  th e  f a c t  t h a t  th e  MNT c a n  e a s i l y  be 
c o n v e r te d  in to  c o n v o lu tio n  fo rm . T h is  f e a tu r e  le a d s  to  o u r d e s ig n  fo r  
th e  v e ry  f a s t  im p le m e n ta tio n  o f M ersenne Number T ra n sfo rm s .

The n a tu re  o f s h i f t - a d d s  i n  our d e s ig n  has some s i m i l a r i t i e s  
to  th e  b a s ic  o p e r a t io n s  i n  d i s t r i b u t e d  a r i th m e t ic  [8 0 -8 5 ] .  However, 
i n  d i s t r i b u t e d  a r i th m e t ic  a r e l a t i v e l y  l a r g e  ROM s iz e  has to  be used 
to  form  t a b l e s  f o r  th e  c a l c u l a t i o n .  I n  u s in g  m u lti -d im e n s io n a l
te c h n iq u e s  to  e v a lu a te  c o n v o lu tio n s  (o r  DFTs), d i f f e r e n t  s e t s  o f 
im p u lse  re sp o n se  c o e f f i c i e n t s  (o r  W's i n  DFTs) a r e  used fo r  th e  
co m p u ta tio n  o f s h o r t  c o n v o lu tio n s  ( o r  DFTs), and hence th e  ROM s iz e  
may be too  l a r g e  fo r  a p r a c t i c a l  im p le m e n ta tio n . However, fo r  th e  
ap p ro ach  p re s e n te d  i n  t h i s  c h a p te r  th e  ROM o r RAM s iz e  r e q u ir e d  to  
s t o r e  H 's  i s  a p p ro x im a te ly  e q u a l to  th e  sequence l e n g th  o f th e  
c o n v o lu tio n  and t h i s  i s  sm all enough fo r  a l l  p r a c t i c a l  c a s e s .

A ltho ugh  MSI IC s w ere used i n  t h i s  p ap er to  i l l u s t r a t e  th e  
speed a c h ie v a b le  w ith  th e  p re s e n t  d e s ig n ,  t h i s  new im p le m e n ta tio n



a p p ro a ch  i s  recommended a s  a b a s i s  fo r  a r c h i t e c t u r e s  fo r  VLSI D ig i t a l  
S ig n a l  P r o c e s s o r s .  I n  such  a r e a l i z a t i o n ,  no d o u b t, th e  speed o f th e  
c o m p u ta tio n  can  f u r t h e r  be in c r e a s e d .

M ersenne Number T ran sfo rm s can  be used  to  im plem ent d i g i t a l  
f i l t e r s  and th e  D is c r e te  F o u r ie r  T ransfo rm  v e ry  e f f e c t i v e l y  [ s e e  
c h a p te r  9 ]•  T h is  i s  due to  ( i )  th e  f a c t  t h a t  MNT p ro v id e s  a means fo r  
c o n s t r u c t in g  D ig i t a l  S ig n a l  P ro c e s s o rs  w ith o u t ro u n d o ff  e r r o r ,  and 
( i i )  th e  p r e s e n t  d e s ig n  w hich g iv e s  a f a s t  and e f f i c i e n t  ap p ro a ch  to  
com pute MNT/IMNT t h a t  a llo w s  a d r a s t i c  p ro c e s s in g  word lo a d  r e d u c t io n
o v e r th e  F FT -type a p p ro a ch .
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TO DATA BUS

AND

ADDER

F ig u re  4 .1  R e g is t e r  A rrangem ent fo r  a 5 - p o in t  M ersenne
Number T ransform  U n it
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F ig u r e  4 .2  C ir c u i t  Diagram  o f  a C o n v o lv er  u s in g  M ersenne Number T ransform
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F ig u r e  4 .3  F a s t  M ersenne Number C o n v o lv er  u s in g  P a r a l l e l  Adders
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X Hm m

F ig u re  4 .4  17-B IT  MERSENNE NUMBER MULTIPLIER
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CHAPTER FIVE EFFICIENT IMPLEMENTATION OF CYCLIC CONVOLUTIONS 
BY MERSENNE NUMBER TRANSFORMS

The s t r u c tu r e  d is c u s s e d  i n  c h a p te r  4 g iv e s  r i s e  to  s im p le  and 
e f f i c i e n t  d e s ig n s  fo r  th e  im p le m e n ta tio n  o f  th e  M ersenne Number 
T ran sfo rm . T h is  i s  n o t ,  how ever, th e  o n ly  p o s s ib le  way to  im plem ent 
MNTs e f f e c t i v e l y .  Indeed  i n  a c o m p le te ly  d i f f e r e n t  ap p ro ach  from  th e  
p re v io u s  c h a p te r ,  we c o n v e r t  th e  M ersenne-p rim e and th e
M ersenne-co m posite  Number T ran sfo rm s in to  r e c u r s iv e  f i l t e r  form s and 
p ropo se  s im p le  hardw are s t r u c t u r e s  to  c a r ry  o u t th e  f a s t  
im p le m e n ta tio n  o f c i r c u l a r  c o n v o lu t io n s .

G o e rtz e l[8 6 ]  p ro posed  to  r e a l i z e  D is c r e te  F o u r ie r  T ran sfo rm s 
u s in g  hardw are  s t r u c tu r e s  o f  f i r s t - o r d e r  d i g i t a l  f i l t e r s .  C u r t i s  and 
V ickenden[ 87] im proved G o e r t z e l 's  a lg o r i th m  to  im plem ent th e  DFT u s in g  
a r e c u r s iv e  f i r s t - o r d e r  f i l t e r  s e c t io n  r e q u i r in g  o n ly  one com plex 
m u l t ip ly .  I n  t h i s  c h a p te r ,  we f i r s t  su g g e s t m o d ify ing  th e s e
a lg o r i th m s  to  im plem ent M ersenne Number T ran sfo rm s and p ro p o se  
hardw are s t r u c tu r e s  fo r  t h e i r  r e a l i z a t i o n .  We th e n  ex ten d  th e s e  
s t r u c tu r e s  to  M ersenne Number T ransfo rm s w ith  tra n s fo rm  le n g th s  o th e r  
th a n  P o r  2 P . We a ls o  p re s e n t  th e  r e s u l t s  o f  o u r s tu d y  em ploying two 
e f f i c i e n t  m ethods to  com pute v e ry  lo n g  c i r c u l a r  c o n v o lu tio n s  u s in g  
M ersenne Number T ra n sfo rm s .

A b r i e f  a c co u n t o f th e  c o n te n ts  o f  th e  p re s e n t  c h a p te r  has 
been  p u b lish e d  i n  [88] w h i ls t  a n  ex tended  v e r s io n  i s  g iv en  i n  [ 8 9 ] .
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5 .1  Hardware D esig ns fo r  M ersenne Number T ransfo rm s

The M ersenne Number T ran sfo rm  and i t s  in v e r s e  can  be d e f in e d  
i n  a more g e n e ra l  form  th a n  e q n s .  4 .1  and  4 .2  a s  fo l lo w s :

N -l
X(k) = < X x ( n > ( 5 .1 )

N -l
x<n > = 4 2 x (k )  a "nk>

\=0
( 5 .2 )

f o r  k ,n = 0 ,1 , . . . ,N-1
PWhere M=2 - 1 ,  a M ersenne number

The ro o t  o f u n i t y ,  a  , i s  u s u a l ly  cho sen  to  be 2 o r -2 b u t  i t  may be 
o th e r  s u i t a b l e  v a lu e s  a s  d is c u s s e d  b elo w . E q ns. 5 .1  and 5 .2  can  be 
d e f in e d  fo r  b o th  prim e and co m p o site  M ersenne numbers w here p o s s ib le  
v a lu e s  fo r  P a r e  s e le c te d  from

{2 ,3 ,5 ,7 ,1 1 ,1 3 ,1 7 ,1 9 ,2 3  ,2 9 ,31 ,37 ,41 ,43  ,47 ,53  ,5 9 ,6 1 ,6 7 , . . .}  .

Now l e t  u s c o n s id e r  N=P, th e n  eqn . 5 .1  becomes eq n . 4 .1  a s  
shown below :

P-1
X(k) = < £  x (n )  

n=0
nkv a  >M ( 5 .3 )

w here a  =2 and
k = 0 , 1 , . . . ,P -1

p nicI n  t h i s  c a se  < a  = IX , hence aM i n  eq n . 5 .3  can  be w r i t t e n  a s
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<nk>
a f o r  n = 0 , 1 , . . . , P -1 . T h is  i s  b ecau se  P i s  a p rim e number and

so th e  s e t  o f  i n t e g e r s  i n s id e  {<nk>p : n=l ,2 , . . .  ,P-1} i s  m ere ly  a 
p e rm u ta t io n  o f th e  s e t  {1,2 , . . .  ,P -1} , f o r  k=l ,2 , . . .  ,P - 1 . T h is 
o b s e r v a t io n  im p lie s  t h a t  th e  s e t  o f  d a t a ,  { x (n ) : n = l , 2 , . . .  ,P-1} i s  
e s s e n t i a l l y  m u l t ip l i e d  by th e  same s e t  o f powers o f a  , perm uted by 
th e  e x p re s s io n  <nk>p f o r  k = 1 , 2 , . . . , P -1 .

L e t nk = m f o r  k = 1 , 2 , . . . , P -1 , from w hich we may w r i t e  
im m ed ia te ly

n = <mk_1>p

Hence eq n . 5 .3  can  be w r i t t e n  a s :

P-1
X(0) = £  x (n )  and ( 5 .4 )

n=0

X(k) = ^  x (< k  m> ) am 
m=0

( 5 .5 )

f o r  k=l ,2 , . .  • ,P -1

S in c e  P i s  a prim e number th e  in v e r s e  o f  k i n  eqn . 5 .5  a lw ay s e x i s t s .  
The d a ta  s e t  {x(<k” ^m>p ):m =0, 1 , . . . ,P-1} i s  o n ly  a perm uted v e r s io n  o f 
th e  s e t  {x(m ):m =0,1 , . . . ,P-1} f o r  k =  1 , 2 , . . . , P -1 . T h is  i s  s im i la r  to  
th e  ap p ro ach  o f C u r t i s  fo r  th e  D FT[87]. Hence

X (k )= x (0 )+ [[ . . . [ x (< k - 1 (P -1 )> p ) a  +x(<k- 1 (P -2 )> p ) ] a  + x(<k- 1 (P -3 )> p ) ] a  
. . . . +  x (< k - 1 .2>p ) ] a  + x(< k- 1 . l> p ) ] a ( 5 .6 )
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Eqn. 5 .6  can  be be im plem ented by u s in g  sim p le  hardw are  o r 
a ssem b ly  la n g u a g e . The e s s e n t i a l  f e a tu r e  i s  t h a t  th e  m u l t i p l i e r  i s  o f 
c o n s ta n t  v a lu e ,  a  i r r e s p e c t i v e  o f th e  v a lu e  o f X(k) to  be e v a lu a te d .  
For th e  MNT th e  s im p le s t  form o f th e  c o n s ta n t  a  fo r  b in a ry  o p e r a t io n  
i s  2 .  The v a lu e  x(<k ^ (P - l )>  ) i s  i n i t i a l l y  lo ad ed  in to  th e  r e s u l t  
r e g i s t e r ,  th e  r e s u l t  r e g i s t e r  i s  th e n  m u l t ip l i e d  by a  ( j u s t  a 1 - b i t  
c iu c u la r  s h i f t  i s  n e c e s s a ry ,  i f  cl - 2 )  and th e n  x(<k * (P -2 )>  ) i s  
added in to  th e  r e s u l t  r e g i s t e r .  T h is  p ro c e s s  i s  re p e a te d  and f i n a l l y  
x (0 ) i s  added in to  th e  r e s u l t  r e g i s t e r  to  form  th e  f i n a l  r e s u l t .

The above can  be c o n s id e re d  a s  a r e c u r s iv e  f i l t e r  h av in g  a 
t r a n s f e r  fu n c t io n

X(z_ 1 ) ---------( 5 .7 )
l—z a

F ig .  5 .1  shows a b lo c k  d iag ram  fo r  th e  im p le m e n ta tio n  o f  e q n . 5 .7 .  
The m u l t i p l i c a t i o n  by 2 i n  MNT a r i th m e t ic  i s  o n ly  a one b i t  c i r c u l a r  
s h i f t .  However, a c i r c u l a r  s h i f t  may s t i l l  be tim e consum ing fo r  v e ry  
f a s t  im p le m e n ta tio n s  o f d i g i t a l  s ig n a l  p r o c e s s o r s .  The tim e  fo r  th e  
c i r c u l a r  s h i f t  cou ld  be saved c o m p le te ly  by j u s t  r e a r r a n g in g  ( s h i f t i n g  
c i r c u l a r l y )  th e  p in  c o n n e c tio n s  f o r  th e  d a ta  t r a n s f e r  from  th e  d e la y  
e lem en t to  th e  ad d e r i n  F ig .  5 .2 .

To ex em p lify  th e  ab o v e , c o n s id e r  th e  M ersenne Number 
T ransfo rm  o f l e n g th  11. Choose M = 2 ^ - 1 ,  P = 11 and a  = 2 .  Hence 
eq n . 5 .5  can  be w r i t t e n  i n  m a tr ix  form :
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X (l) x (0 ) x ( l ) x(2 ) x (3 ) x ( 4 ) x (5 ) x(6 ) x (7 ) x( 8) x (9 ) x( 10)
X(2) x (0 ) x (6 ) x( 1) x (7 ) x ( 2 ) x( 8) x (3 ) x( 9) x (4 ) x( 10) x (5 )
X(3) x (0 ) x (4 ) x (8 ) x ( l ) x(5 ) x (9 ) x(2 ) x ( 6 ) x( 10) x(3 ) x (7 )
X(4) x (0 ) x (3 ) x (6 ) x (9 ) x ( l ) x (4 ) x( 7) x( 10) x(2 ) x (5 ) x( 8)
X(5) x (0 ) x (9 ) x (7 ) x(5 ) x (3 ) x( 1) x( 10) x (8 ) x(6 ) x(4 ) x ( 2 )
X(6) = x (0 ) x(2 ) x (4 ) x (6 ) x (8 ) x( 10) x ( l ) x (3 ) x (5 ) x (7 ) x( 9)
X(7) x (0 ) x (8 ) x(5 ) x(2 ) x( 10) x (7 ) x(4 ) x( 1) x (9 ) x (6 ) x (3 )
X( 8) x (0 ) x (7 ) x (3 ) x( 10) x (6 ) x ( 2 ) x( 9) x (5 ) x( 1) x (8 ) x (4 )
X(9) x (0 ) x (5 ) x( 10) x(4  ) x( 9) x ( 3 ) x (8 ) x (2 ) x(7 ) x( 1) x (6 )
X(10) x (0 ) x d o : x( 9) x (8 ) x( 7) x (6 ) x ( 5 ) x (4 ) x (3 ) x (2 ) x( 1)

2
2
2
2
2
2
2
2
2
2
2

1
2
3
4
5
6
7
8

9
10

0

( 5 .8 )
Eqn. 5 .6  becomes

X (l)  = x (0 )+ [ [ . .  . [x (  10) .2+x( 9) ] .2+x( 8) ] .2 + . .  .x(2  ) ] .2+x( 1) ] .2 
X(2 ) = x ( 0 ) + [ [ . . . [ x ( 5 ) .2 + x ( 1 0 ) ] .2 + x ( 4 ) ] .2  + . . . x ( l ) ] . 2 + x ( 6 ) ] . 2

• • • • • •  • • •  • • •

X(10) = x ( 0 ) + [ [ . . . [ x ( l ) . 2 + x ( 2 ) ] . 2 + x ( 3 ) ] . 2  + . . .x ( 9 ) ] ; 2 + x ( 1 0 ) ] .2
( 5 .9 )

Both e q n s . 5 .8  and 5 .9  a r e  i n  th e  form o f r e c u r s iv e  f i l t e r s .

From e q n . 5 .8 ,  i t  i s  c l e a r  t h a t  th e r e  i s  a s p e c i f i c  
re a rra n g e m e n t o f th e  d a ta  v e c to r  fo r  a s p e c i f i c  com ponent o f th e  
t r a n s fo r m . The sequence o f d a ta  x(<k ^m>p ) h as  to  be g e n e ra te d  a s  
shown i n  th e  r e c ta n g u la r  m a tr ix  by th e  e x p re s s io n

<mk fo r  m ,k=l ,2 , . . . ,P -1
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T h is  g e n e ra t io n  p ro c e d u re  i s  s l i g h t l y  c o m p lica ted  and tim e  consum ing . 
Hence i t  i s  more c o n v e n ie n t to  s t o r e  th e  e le v e n  x ( n ) 's  i n  RAM (o r  
b u f fe re d  r e g i s t e r s )  and to  s to r e  th e  sequence o f th e  l o c a t i o n s  o f  
x ( n ) 's  to  be a c c e s s e d  i n  ROM a c c o rd in g  to  th e  r e c ta n g u la r  m a tr ix  shown 
i n  e q n . 5 .8 .  The RAM s iz e  i s  11-w ords ( o r  P -w o rd s, i n  g e n e ra l)  and
th e  ROM s iz e  i s  11 x 4 - b i t  ( o r  P x l o g ^  b i t s ,  i n  g e n e r a l ) .  F ig .  5 .3  
shows th e  hardw are  s t r u c t u r e  fo r  th e  1 1 -p o in t  M ersenne Number 
T ransfo rm  p r o c e s s o r .  The b in a ry  c o u n te r  i s  used to  l a t c h  th e  ROM to  
o u tp u t  a d d re s s e s  o f  x ( n ) 's  to  be added in to  th e  ad d e r s e q u e n t ly .

I t  i s  w o rth  em p h asiz in g  t h a t  t h i s  hardw are s t r u c t u r e  i s  v e ry  
s im p le , th e  number o f  com ponents used  i s  sm all and th e  c o n t r o l  
co m p lex ity  i s  red u ced  to  a minimum, e s p e c i a l l y  when com pared w ith  th e  
FFT -type o f a lg o r i th m s .

For in v e r s e  M ersenne Number T ran sfo rm  (IMNT), th e  s i t u a t i o n  
i s  v e ry  s im i la r  to  MNT. Hence f o r  a 1 1 -p o in t  IMNT, we have

i 11-1 ,x (n )  = < H _1 £  X(-mn- 1 ) a “ >M
m=0

fo r  n=l ,2 , . . . , 1 1 - 1
and
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x ( l ) X(0) xuo; X( 9) X( 8) X(7) X(6) X(5) X(4 ) X(3) X(2) X (l) 2 °
x (2 ) X(0) X(5) X(10) X(4) X(9) X (3) X(8) X(2 ) X(7) X (l) X(6) 2 1
x (3 ) X(0) X(7) X (3) X(10) X(6) X(2) X( 9) X(5) X (l) X(8) X(4) 2 2
x (4 ) X(0) X( 8) X(5) X(2 ) X(10) X(7) X(4) X (l) X(9) X(6) X(3) 2 3
x(5 ) X(0) X(2 ) X(4) X(6) X( 8) X(10) X (l) X(3) X(5) X(7) X(9) 2 4
x (6 ) ii X(0) X( 9) X(7) X(5) X(3) X( 1) X(10) X(8) X(6) X (4) X(2 ) 2 5
x(7  ) X(0) X(3 ) X(6) X(9) X (l) X(4 ) X(7) X(10) X(2) X (5) X(8) 2 6
x (8 ) X(0) X(4 ) X(8) X (l) X(5) X( 9) X(2) X(6) X(10) X(3) X(7) 2 7
x( 9) X(0) X (6) X (l) X(7) X (2) X( 8) X(3) X(9) X (4) X(10) X(5 ) 2 8
x( 10) X(0) X (l) X(2 ) X(3) X(4) X(5) X(6) X(7) X(8) X( 9) 'X(10) 2 9

— — — 2 10
(5 .1 0 )

A co m p ariso n  betw een  e q n s . 5 .8  and 5 .1 0  r e v e a l s  t h a t  e x a c t ly  th e  same 
s t r u c t u r e  a s  i n  th e  fo rw ard  c a se  ( th e  same RAM, ROM and e t c . )  can  be 
used fo r  th e  in v e r s e  M ersenne Number T ra n sfo rm . Note a ls o  t h a t  f o r  
th e  c o m p u ta tio n  o f c o n v o lu tio n s  u s in g  M ersenne Number T ran sfo rm , th e  
term  11  ̂ i n  eq n . 5 .1 0  i s  u s u a l ly  a b so rb ed  in s id e  th e  c o m p u ta tio n  o f 
th e  t ra n s fo rm  o f th e  c o e f f i c i e n t s  o f th e  system  f u n c t io n  and so no 
e x t r a - m u l t i p l i c a t i o n  i s  r e q u i r e d .

I n  th e  p re v io u s  p a ra g ra p h s  we have p roposed  to  r e a l i z e  th e  
M ersenne Number T ran sfo rm  p a i r  i n  a s e r i a l  d a ta  movement b a s i s .  
A dders a r e ,  how ever, much l e s s  ex p en s iv e  th a n  m u l t i p l i e r s  and so we 
may u se  more a d d e rs  to  c o n s t r u c t  a h ig h  speed M ersenne Number 
T ransfo rm  p ro c e s s o r  fo r  th e  pu rp o se  o f h ig h  speed d i g i t a l  p r o c e s s in g .  
The s t r u c t u r e  o f  th e  p re s e n t  im p le m e n ta tio n  a llo w s  us to  make a
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p a r a l l e l  r e a l i z a t i o n  by d iv id in g  th e  co m p u ta tio n  o f X ( k ) 's  i n to  B 
b lo c k s ,  say  fo r  exam ple, a s  shown i n  F ig .  5 .4 .  Each b lo c k  c o n ta in s

pone ad d e r and com putes a p p ro x im a te ly  -  X ( k ) 's  hence th e  speed  o f  th e  
im p le m e n ta tio n  can  be im proved by B tim es  a t  th e  exp ense  o f  ( B - l )  
e x t r a  a d d e rs  and some in c r e a s e  i n  RAM s i z e .

However, i n  an  o p tim ize d  c a s e ,  eq n . 5 .1  can  a c t u a l l y  be 
re a r ra n g e d  d i r e c t l y  i n  th e  form o f  r e c u r s iv e  d i g i t a l  f i l t e r s  a s  shown 
b e lo w :

X(k) = x( 0) + [ [ . . . [ x ( P - l )  a k+ x( P -2 ) ] a k + x (P -3 ) ]  a k +
• • .x (2  ) ] a k+ x( 1) ] a k (5 .1 1 )

and

V r l )  = , '-i  k (5-12)1-z a

f o r  k=0, 1 , . . . ,P -1

Eqn. 5 .12  i s  s im i la r  to  G o e r t z e l 's  a lg o r i th m [ 8 7 ] , e x c e p t t h a t  a s im p le  
b in a ry  number a i s  used  in s te a d  o f th e  com plex number W. The 
r e a l i z a t i o n  o f each  X(k) can  be c o n s id e re d  a s  a s im p le  r e c u r s iv e  
f i l t e r  w ith  a s in g le  i n t e g e r  p o le ,  ct . Now, ct = 2 , th e

Ir .m u l t i p l i c a t i o n  o f a  means c i r c u l a r  s h i f t s  by k p o s i t io n s  o n ly .  As 
i n  our p re v io u s  c a s e ,  th e s e  c i r c u l a r  s h i f t s  cou ld  be saved c o m p le te ly  
by r e a r r a n g in g  ( s h i f t i n g  c i r c u l a r l y )  th e  p in  c o n n e c tio n s  fo r  sen d in g  
d a ta  from th e  r e g i s t e r s  to  th e  a d d e r s .  For com puting X (0 ), no p in  
re a rra n g e m e n t i s  n e c e s s a ry .  For com puting X ( l ) ,  th e  p in  c o n n e c t io n  i s  
o f f - s e t  ( s h i f t e d )  by one p o s i t io n  c i r c u l a r l y ;  fo r  com puting X (2 ), th e
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p in  c o n n e c tio n  i s  o f f - s e t  ( s h i f t e d )  by two p o s i t io n s  c i r c u l a r l y  and so 
o n . E x a c t ly  th e  same c i r c u i t  can  be used  to  c a l c u l a t e  th e  in v e r s e  o f 
M ersenne Number T ran sfo rm , e x c e p t t h a t  th e  r e s u l t s  a r e  re a d  i n  th e  
re v e r s e d  o r d e r .

Now, l e t  us c o n s id e r  th e  c y c l i c  c o n v o lu tio n  o f  two se q u e n ce s , 
{ x (n ) :n = 0 , 1 , • . • ,N-1} and { h (n ) :n = 0 , 1 , . . . ,N -1} ,

N -l
y(m) = £  x (n )h (m -n ) (5 .1 3 )

n=0

f o r  m=0, 1 , . . . ,N-1

L e t N=P, a prim e num ber. B ecause o f th e  c y c l ic  c o n v o lu tio n  p r o p e r ty ,  
th e  y (m ) 's  may be c a lc u la te d  u s in g  th e  M ersenne Number T ran sfo rm :

,P -1  ,y(m) = X (k)H (k) a  mk> p
k=0

f o r  m =0,1 , • • • ,P -1

w here { H (k ):k = 0 ,1 , . . . ,P-1} and { X (k ) :k = 0 ,l , . . . ,P -1} a r e  th e  M ersenne 
Number T ransform ed  te rm s a r i s i n g  from th e  seq u en ces  
{ x ( n ) :n = 0 , l , . . . ,P -1} and { h (n ) :n = 0 , 1 , . . . , P—1}. Hence th e  c o m p u ta tio n  
o f  y (m ) 's  can  be im plem ented by o ur p roposed  hardw are s t r u c t u r e .  
F ig .  5 .5  shows th e  b lo c k  d iag ram  o f th e  p roposed  h ig h  speed M ersenne 
Number T ransfo rm  c o n v o lv e r .  R e g is te r  A h o ld s  th e  im put d a ta  w hich i s  
added in to  r e g i s t e r s  to  Bp_^ i n  p a r a l l e l .  A f te r  P-1 a d d i t i o n s ,  
{ X (k ),k = 0 , 1 , . . . ,P-1} a r e  th e n  s to re d  in s id e  Cq , , . . . , Cp_ ^ . The 
X ( k ) 's  a r e  th e n  s e n t  s e r i a l l y  to  th e  m u l t i p l i e r  fo r  th e  m u l t i p l i c a t i o n  
by th e  c o rre sp o n d in g  H (m ) 's . A f te r  th e  f i r s t  p ro d u c t h as  b een
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o b ta in e d  (X(O)H(O) f o r  ex am p le ), i t  i s  s e n t  to  r e g i s t e r  A fo r  
com puting  th e  in v e r s e  M ersenne Number T ran sfo rm . Hence th e  w hole 
o p e r a t io n  can  be  done i n  a p a r a l l e l  and p ip e l in e  fo rm . A f te r  P 
m u l t i p l i c a t i o n s ,  th e  f i n a l  p ro d u c t (X (P - l )H ( P - l)  f o r  exam ple) i s  s e n t  
i n to  A and a f t e r  one more a d d i t i o n  th e  c o n v o lu tio n  sum r e s u l t s  
c o rre sp o n d in g  to  y (m ) 's  a r e  s to re d  i n s i d e  r e g i s t e r  Cq ,C ^ , . . . ,Cp_ ^ .

The c o n t r o l  o f d a ta  flow  i n  th e  p re s e n t  d e s ig n  i s  e x tre m e ly  
s im p le  and th e  t o t a l  c o n v o lu tio n  tim e  i s  a p p ro x im a te ly  eq u a l to  th e  
tim e  fo r  P m u l t i p l i c a t i o n s  and P a d d i t i o n s .  Hence t h i s  co m p u ta tio n  
te c h n iq u e  r e q u i r e s  j u s t  one a d d i t i o n  tim e  and one m u l t i p l i c a t i o n  tim e 
p e r  p o in t  fo r  th e  c a l c u l a t i o n  o f a P -p o in t  c o n v o lu tio n .

5 .2 Sequence L en g th s  o f th e  T ran sfo rm s Modulo a M ersenne Number

pFor a M ersenne Number T rn asfo rm  w ith  M = 2 -1  and ot = 2 , we
phave <2 = 1>^ hence th e  sequence le n g th  must be P . T h is  im p lie s  t h a t  

i f  we w ant to  r e t a i n  th e  s im p l i c i ty  o f  th e  MNT a r i th m e t ic  and to  have 
sequence  l e n g th s  lo n g e r  th a n  P (o r  a c t u a l l y  to  have sequence  le n g th s  
o th e r  th a n  P ) , a  h as to  be ch o sen  to  have v a lu e s  o th e r  th a n  2 .

R e c a ll  e q n . 2 .2 9

N |( p . - 1 )  (5 .1 4 )

w here p ^ 's  a r e  prim e f a c to r s  o f M 

fo r  i= l  ,2 , . . .  ,1
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Eqn. 5 .14  i s  a n e c e s s a ry  c o n d i t io n  fo r  N to  form a p ro p e r  MNT w ith  th e  
c o n v o lu tio n  p r o p e r ty .

I f  P i s  a n  odd p rim e , i t  can  be shown [2 7-2 8] t h a t  any
pd iv i s o r  o f M=2 -1  i s  o f  th e  form 2 k P + l. T hat i s  a l l  M .'s  o f  th el

M ersenne numbers a r e  i n  th e  form o f  2 k .p + l .  Hencel

0 0 1 )  = (P i -1 )  = 2 k ±P (5 .1 5 )

E q n s. 5 .1 4  and 5 .1 5  show th a t

N p k jP  (5 .1 6 )

f o r  i= l  ,2 , . . .  ,1

T h is  e x p re s s io n  su g g e s ts  t h a t  2 ,  P and 2P a r e  p o s s ib le  
sequence le n g th s  f o r  M ersenne Number T ran sfo rm . I t  i s  e a s i l y  checked 
t h a t  -1 (= M -1), 2 and -2(=M -2) form  th e  r o o ts  o f u n i ty  and s a t i s f y  th e  
th r e e  re q u ire m e n ts  i n  e q n . 2 .2 4  f o r  MNT w ith  sequence l e n g th s  2 ,  P and 
2P r e s p e c t i v e l y .  T h is  i s  t r u e  f o r  b o th  M ersenne p rim es ( f o r  
P=3 ,5 ,7 ,1 3  ,1 7 ,1 9  ,3 1 , 6 1 , . . . )  and M ersenne co m p o site s  ( f o r  
P=11 ,2 3 ,2 9 ,3 7  ,4 1,43 , 4 7 , 5 3 , 5 9 , . . . ) .

I f  a sequence le n g th  o f 2P i s  u se d , th e  MNT c a n  be w r i t t e n  a s

2 P - i
X(k) = x (n )  a 11 (5 .1 7 )

n=0

For th e  a c tu a l  im p le m e n ta tio n  o f t h i s  2P-MNT u s in g  o u r p roposed  
hardw are  d e s ig n ,  e q n . 5 .1 7  can be s im p l i f i e d  a s  shown b e lo w .
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L et us d e f in e
P-1 £n

X0U) = <Z x(2n)B M (5 .1 8 )

P-1 £n
X .( JO = < £  x (2n+1) 3 ' m 

n=0

f o r  £ = 0 , 1 , . . . ,P -1

2w here (3 = a  =4 and
< e p>M = i

(5 .1 9 )

S in c e
Xq(£ )  = XQ(£ + rP ) and 

Xx(£ )  = Xx(£ + rP )
(5 .2 0 )

f o r  any i n t e g e r  r  i t  fo l lo w s  t h a t  X^(£) and X^(£) a r e  p e r io d ic  
f u n c t io n  o f p e r io d  P . Now by s u b s t i t u t i n g  e q n s . 5 .1 8  and 5 .1 9  in to  
e q n . 5 .1 7 ,  we o b ta in

X(k) = < ^ x ( 2 n )  a 2nk+ £ x ( 2 n f l )  a (2 n + 1)k >.
n=0 n=0
P-1 2nk  ka  + a

P-1
= x (2 n ) X  x(2 n+1)n=0 n=0
= <XQ(k )  + X j(k ) a S j ,

fo r  k = 0 , l , . . . , 2  P -1

C on sid er th e  term s
V k> and x L(k) a i n  eq n . 5 .2 1  s e p e r a te ly

(5 .2 1 )
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( i )  S in c e  X^( &) = Xq( £+rP) f o r  £ = 0 ,1, • . .  ,P -1  i t  fo llo w s  t h a t  a l l  
Xq(1c) fo r  k= 0 , 1 , . . .  ,2 P-1 can  be computed by a le n g th -P  MNT a s  
shown i n  e q n . 5 .1 8 .

( i i ) L e t  us c o n s id e r  X^(k) a  * f o r  k=0, 1 , . . . ,P - 1 •
P-1

X. ( k) or = < £  x (2 n + l)  B a  > 
n=0

Then,

P+1
But a  = -2 = 8 ^ , 

X j(k ) ak

P+1L et m = ( n + tZ± ) # 

Xx(k )  cxk 

T hat i s  X (k )  a k =

t h e r e f o r e

P-1 ( n f -y -  )k
= < X  x (2 n + l )$  >Mn=0

so t h a t

P - i  ,
= < £  x(2m -P) gmlc>M m=0

P - i  ,
< £  x (2 n -P ) Bn >M 

n=0 (5 .22 )

w here m i s  a dummy v a r ia b le

Eqn. 5 .22  i s  m ere ly  a s h i f t e d  v e r s io n  o f a P -p o in t  M ersenne 
Number T ran sfo rm . For k=P ,P + 1 , . . .  ,2 P -1 , we n o t ic e  t h a t

pa  = - l .  T h e re fo re

X^(£) = -X ^(£+ rP ) f o r  £ = 0 , 1 , . . . , P-1 and r=odd 

hence a l l  X^(k) f o r  k=0, 1 , . . . , 2  P-1 can  be found by a le n g th -P
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MNT a s  shown i n  eq n . 5 .2 2 .

T h is  shows t h a t  a t o t a l  o f two P -p o in t  M ersenne Number T ran sfo rm s a r e  
s u f f i c i e n t  to  compute a le n g th  2P MNT and our b a s ic  P -p o in t  MNT module 
i s  s u i t a b l e  f o r  t h i s  a rra n g e m n t.

F or seq uen ce  le n g th s  o th e r  th a n  2 , P and 2 P we c o n s id e r  
M ersenn e-co m po site  and M ersenne-p rim e Number T ran sfo rm s i n d i v i d u a l ly .

( i )  M ersen n e-co m p o sites

Eqn. 5 .1 4  s t a t e s  t h a t  N m ust d iv id e  <2>(P^) f o r  i = l , 2 , . . . , I ,  
w here I= th e  t o t a l  number o f prim e f a c to r s  o f M. T ab le  5 .1  l i s t s  th e  
p rim e f a c t o r i z a t i o n  o f <D(P^) f o r  some M ersenne numbers o f p r a c t i c a l  
l e n g t h s .  From t h i s  t a b l e  i t  i s  c l e a r  t h a t  b e s id e s  2 ,  P and 2P th e r e  
a r e  e v id e n t ly  no o th e r  sequence l e n g th s  s a t i s f y i n g  e q n . 5 .1 4  fo r  m ost 
o f  th e  M ersen n e -co m p o site s . The o n ly  e x c e p tio n  i n  t h i s  t a b le  i s  t h a t  
o f  3 ,  w hich i s  a prim e f a c to r  o f b o th  222 and 616318176 fo r  th e  c a se  
w here P=37 and so fo r  p r a c t i c a l  p u rp o se  i t  i s  p o s s ib le  to  d e f in e  a 
sequence  l e n g th  o f 3 fo r  P=37. W ith th e  h e lp  o f some
m u lti-d im e n s io n a l  te c h n iq u e s  one may com pute c o n v o lu tio n s  o f l e n g th  
2x3x37 w ith  one m u l t i p l i c a t i o n  p e r p o in t  on th e  i n t e g e r  r in g  modulo 
(2 - 1 ) .  However, fo r  o th e r  M ersen n e-co m p o site  Number T ran sfo rm s some
i n d i r e c t  m ethods have to  be used to  in c r e a s e  th e  seq uen ce  l e n g th s .

( i i )  M ersenne-p rim es

F or M ersenne-prim e Number T ra n sfo rm s , M i s  a prim e number and 
hence  1=1, o r  M=M .̂ I n  t h i s  c a se  a l l  prim e f a c to r s  o f <Z>(M) a r e  
p o s s ib le  prim e sequence le n g th s  f o r  th e  t r a n s fo rm . I n  o rd e r  to  make
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th e s e  prim e seq uence  le n g th s  a t t r a c t i v e ,  th e  r o o t  o f  u n i ty  a  h as to
be cho sen  to  have a v e ry  s im p le  b in a r y  r e p r e s e n t a t i o n ,  o th e rw is e  some

I  r .g e n e ra l  m u l t i p l i c a t i o n s  have to  be u se d . I f  <D(M) = p . 1 , th e r e  a r e
i = l  1

d>(P^) p o s s ib le  r o o ts  o f  u n i ty  o f o rd e r  fo r  each  p o s s ib le  prim e
tra n s fo rm  l e n g th ,  P ^ . For a lo n g  sequence  we h av e , t h e r e f o r e ,  a 
l a r g e r  number o f p o s s ib le  r o o t s  o f  u n i ty  t h a t  cou ld  be c h o se n . -With 
th e  e x c e p tio n  o f le n g th  P o r  2P f o r  th e  MNT, a  can  n o t be a power o f
2 .  However i f  we u se  th e  p roposed  r e c u r s iv e  form i n  e q n . 5 .6  ( s e e  
F ig .  5 .1  a l s o )  to  com pute th e  M ersenne Number T ran sfo rm , th e  
im p le m e n ta tio n  can  s t i l l  be s im p le .

The b a s ic  o p e r a t io n  i n  eq n . 5 .6  can  be w r i t t e n  a s

(a +  a b ) .

Now, a  may n o t be a power o f  2 . However i t  has a s im p le  b in a ry  form  
and so may be decomposed in to  s e v e r a l  w o rd s, each  o f  w hich i s  s im p ly  a 
power o f two ( t h a t  i s  o n ly  one b i t  s e t  i n  each  w o rd ). T h e re fo re  we 
need add o n ly  a few a d d e rs  to  th e  im p le m e n ta tio n .

For exam ple, fo r  M=2 ^ - 1  from  t a b le  2 ,  a s im p le  a  f o r  th e  
o r d e r ,  N=257 i s  16900 (=100001000000100 i n  b in a ry  fo rm ). T h e re fo re  
(a+ ab ) can  be im plem ented a s

a+ ab  = a + 16384b + 512b + 4b (d e c im a l)
= a + 100000000000000b + 1000000000b + 100b ( b in a r y )  (5 .2 3 )

F ig .  5 .6  shows an  im p le m e n ta tio n  o f  eqn . 5 .2 3 .  T hree a d d e rs  a r e  used 
i n  t o t a l  and th e  a d d i t i o n  tim e fo r  one c o m p u ta tio n  o f th e  e x p re s s io n
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(a+  a b )  i s  j u s t  e q u iv a le n t  to  th e  tim e r e q u ir e d  fo r  two norm al 
a d d i t i o n s .  S im p l i f i c a t io n  o f  a m u l t i p l i c a t i o n  can  a ls o  be done by 
o b s e rv in g  th e  r e p e t i t i o n  i n  b i t  p a t t e r n  o f a  . For exam ple, 
90(1011010 , b in a r y )  i s  a r o o t  o f u n i ty  o f  o rd e r  3 f o r  P=13. The 
m u l t i p l i c a t i o n  o f 90 by b can  be im plem ented a s  [1010b + 1010000b]. 
A f te r  1010 has fo u n d , 1010000 can  be o b ta in e d  q u i te  s im p ly . Hence two 
a d d i t io n s  a r e  s u f f i c i e n t  fo r  th e  m u l t i p l i c a t i o n  o f 90 by b .  On th e  
o th e r  hand , i f  a  c o n ta in s  a s e r i e s  o f c o n s e c u tiv e  o n e s , we may u se  
B o o th 's  m u l t i p l i c a t i o n  a lg o r i th m  [90] to  s im p li fy  th e  c o m p u ta tio n .

T ab le  2 shows some p o s s ib le  s im p le  a ' s  and th e  c o rre sp o n d in g  
a d d i t i o n  tim e s  f o r  th e  co m p u ta tio n  o f  (a+  a b )  fo r  d i f f e r e n t  prim e 
sequence l e n g th s .  Of c o u rs e ,  th e  a d d i t io n  tim e fo r  le n g th s  2 and P i s  
j u s t  th e  tim e  fo r  one MNT a d d i t i o n  (and  th e  o v e rflo w  b i t  can  a lw ays be 
ta k e n  c a re  o f by th e  n ex t a d d i t i o n ) .  For o th e r  prim e sequence 
l e n g th s ,  th e  co m p u ta tio n  o f ( a + a b ) ,  fo r  m ost c a s e s ,  r e q u i r e s  two to  
th r e e  MNT a d d i t i o n  t im e s .

5 .3  Long Sequence L eng ths

For th e  co m p u ta tio n  o f c o n v o lu tio n s  o f lo n g  se q u e n ce s , we can  
u se  some m u lti -d im e n s io n a l  t e c h n iq u e s .  S in c e  P and 2P a r e  th e  m ost 
e f f i c i e n t  ( i n  term s o f s im p l i c i ty  i n  hardw are and c o m p u ta tio n  tim e) 
sequence le n g th s  fo r  th e  co m p u ta tio n  o f  c o n v o lu tio n s  u s in g  MNT's, th e y  
can  be used a s  th e  b a s ic  sequence  le n g th s  fo r  th e  im p le m e n ta tio n . 
U su a lly  th e  w o rd len g th  o f a system  i s  d e te rm in ed  by th e  dynamic ran g e  
r e q u i r e d .  I f  th e  w o rd len g th  i s  d e te rm in e d , th e  b a s ic  sequence le n g th
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w hich  i s  eq u a l to  P o r  2 P i s  o b ta in e d  a s  w e l l .  We can  th e n  c o n s t r u c t  
th e  w hole m u lti -d im e n s io n a l  e q u a t io n  fo r  th e  c o m p u ta tio n  o f 
c o n v o lu tio n s  o f lo n g  seq u en ces u s in g  H ersenn e  Number T ra n sfo rm s .

I n  o ur d i s c u s s io n  b elo w , we c o n s id e r  a le n g th -P  MNT m odule a s  
a b a s ic  u n i t .  I t  c o n s i s t s  b a s i c a l l y  o f  P a d d e rs  and P a c c u m u la to rs  
b u i l t  i n  d e d ic a te d  hardw are  o r even  f a b ic a te d  on a s in g le  c h ip .  The 
t o t a l  tim e f o r  P -p o in t  MNT o r  IMNT i s  P a d d i t i o n  tim es  o r one a d d i t i o n  
tim e  p er p o i n t .

L e t th e  le n g th  o f  th e  c o n v o lu tio n  sequen ces be a com p o site  
num ber, N. S e t  N = N̂ N-> , w here N  ̂ (=P o r  2P ) i s  th e  b a s ic  sequence 
l e n g th  o f  th e  MNT. We can  th e n  map th e  o n e -d im e n s io n a l c y c l ic  
c o n v o lu tio n  in to  a tw o -d im en sio n a l c o n v o lu tio n  fo rm . The map cou ld  be 
w r i t t e n  i n  a l i n e a r  form

n = <Kl 0 l  + I ^ > N (5 .2 4 )

f o r  n^ , t^ = 0 , 1 , . . .  ,N^ ,N^ r e s p e c t i v e l y .

B u rru s [6 8 ] showed t h a t  i f  N  ̂ and N̂  a r e  m u tu a lly  p rim e , th e  r e s u l t a n t  
seq u en ces  may be c y c l i c  i n  b o th  n^ and d im e n s io n s . On th e  o th e r  
han d , i f  N  ̂ and N̂  a r e  n o t m u tu a lly  p rim e , th e  r e s u l t a n t  seq u en ces can  
be c y c l i c  o n ly  i n  n^ o r • L e t us c o n s id e r  b o th  o f th e s e  c a s e s .

( i )  ( ^ , ^ ^ 1

I n  t h i s  c a s e ,  th e  map can n o t be c y c l i c  i n  b o th  
d im e n s io n s [6 8 ]•  Choose n^ to  be c y c l ic  hence a p o s s ib le  c h o ic e  o f
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i s  N̂  and i s  1 . The d im en sio n  n^ im p lie s  a c y c l ic  c o n v o lu tio n  sum 
w hereas th e  d im en sio n  n  ̂ im p lie s  a l i n e a r  c o n v o lu tio n  sum. I f  N^=P, 
th e  c y c l i c  c o n v o lu tio n  sum can  be com puted by a P -p o in t  MNT (a  b a s ic  
m odule, a s  d is c u s s e d  b e f o r e ) .  The l i n e a r  c o n v o lu tio n  sum can  e i t h e r  
be com puted by th e  L angrange I n t e r p o l a t i n g  Form ula o r a second Number 
T h e o re t ic  T ran sfo rm . Both o f th e s e  m ethods r e q u i r e  ( 2 ~  ) 
m u l t i p l i c a t i o n s  p e r p o i n t .  Two i n t e r e s t i n g  c a s e s  a r e :

( a )  N=4P

I n  t h i s  c a s e ,  we may p u t N ^ p  and 1^=2. The le n g th  two 
l i n e a r  c o n v o lu tio n  sum can  be c a lc u la te d  by th e  L agrange I n t e r p o l a t i n g  
fo rm ula  w hich r e q u i r e s  1.5 m u l t i p l i c a t i o n s  p e r p o in t ,  w hereas th e  
d im en sio n  can  be c a lc u la te d  by th e  2P MNT a lg o r i th m  a s  d is c u s s e d  
b e f o r e .

(b )  N=P(P+1) ,  fo r  (P + l)= 4 k

P+1I n  t h i s  c a s e ,  we may w r i t e  N^=2P and • Hence N̂  i s  no t
r e l a t i v e l y  prim e to  N^. n^ i s  a rra n g e d  to  be c y c l ic  and i s
n o n - c y c l ic .  S im i la r  to  th e  p re v io u s  c a s e ,  th e  n ^ -d im en sio n  can  be

P+1computed by 2 P -p o in t  MNT w hereas th e  l i n e a r  c o n v o lu tio n  sum can  be
P+1computed by a le n g th -P  MNT (by  app end ing  z e ro s  a t  th e  end o f th e  

s e q u e n c e ) . For' exam ple, i f  N=992 we may w r i t e  N^=2P=2x31 and N̂  = 16 • 
Hence t h i s  992 p o in t  c y c l ic  c o n v o lu tio n  sum can  be com puted by 16 
62- p o in t  MNT i n  th e  fo rw ard  t r a n s fo r m , 62 16- p o in t  l i n e a r  c o n v o lu tio n  
and 16 62- p o in t  in v e r s e  MNT i n  th e  r e v e r s e  t r a n s fo r m . A 1 6 -p o in t 
l i n e a r  c o n v o lu tio n  can  a lw ay s be com puted by a 3 1 - p o in t  c y c l ic
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c o n v o lu tio n  u s in g  th e  3 1 -p o in t  M ersenne Number T ran sfo rm  p a i r .  Hence
th e  3 1 -p o in t  MNT module can  be used  a s  a b a s ic  u n i t  f o r  th e
co m p u ta tio n  i n  b o th  d im e n s io n s . T h is  method r e q u i r e s  (2 -^ 7 )16
m u l t i p l i c a t i o n s  p e r p o in t  fo r  th e  c o m p u ta tio n  o f  a  992- p o in t  c y c l ic  
c o n v o lu tio n .

( i i )  (N1 ,N2 ) = 1

I n  t h i s  c a s e ,  b o th  n^ and n> a r e  c y c l i c .  Hence eq n . 5 .1 3  can  
be w r i t t e n  a s

V 1 V 1- X H x C t ^ . O  hCnu-n, ,m,-n,)

V °  n l =0

fo r  nu = 0 , 1 , . . .  and
(5 .2 5 )

m ^-0 , 1 , . . . ,N^

I f  N^=P, th e  f i r s t  d im en sio n , n^ can  be computed by th e  P -p o in t  MNT. 
E qn. 5 .2  5 becomes

V i  P_1
yCn  ̂ ,m ) = £  hCn^-i^ .m^n.)

1)2=0 n^=0
(5 .2 6 )

w here N=f^P
— 0 , 1 , . . . ,  N2 1 

m^=0,1,...,P—1

The second d im esn io n , 1̂  can  b e  computed i n  th r e e  d i f f e r e n t  ways:
p( a )  I f  N i s  a  f a c to r  o f (P(M) = 2 - 2  w here M i s  a prim e number o r  i f

I
^  i s  a f a c to r  o f  a l l  <D(M^)'s w here M = n«,. th e  N2 - p o in t  c y c l ic
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c o n v o lu tio n  can  be computed by c o n s t r u c t in g  a second M ersenne Number
T ran sfo rm  module w ith  a  4 2 a s  d is c u s s e d  i n  th e  p re v io u s  s e c t i o n .
T h is  r e q u i r e s  an  in c r e a s e  i n  th e  number o f a d d e rs  and th e  number o f
a d d i t i o n  tim es  p e r p o in t  i n c r e a s e s  from  1 to  2 to  3 i n  t h i s  d im en sio n .
The m ajor a d v a n ta g e  o f  t h i s  method i s  t h a t  th e  number o f
m u l t i p l i c a t i o n s  p e r p o in t  rem a in s  a s  1 . For exam ple, f o r  a 2 6 6 -p o in t

19c y c l i c  c o n v o lu tio n ,  we may choose M=2 -1  and w r i te  N = w here

N3 =2 » ^2 = 7 anc* Ni = T^e tim e t a -̂en  f ° r  a 1 9 -p o in t  MNT in s id e  a
1 9 -p o in t  MNT m odule i s  19 MNT a d d i t i o n  t im e s .  The tim e ta k e n  fo r  th e  
co m p u ta tio n  o f  a 7 - p o in t  c y c l ic  c o n v o lu t io n  u s in g  a 7 - p o in t  MNT module 
( p a r a l l e l  d e s ig n ,  w ith  35 a d d e rs )  i s  7x3(=21) MNT a d d i t i o n  t im e s .  
Hence th e  t o t a l  tim e  fo r  th e  c y c l i c  c o n v o lu tio n  o f  two 266 seq u en ces 
i s

t  = 2[ 133x2 + 2x7x19 + 2x19x2 l ] t  + 2 6 6 ta m

= 2 6 6 0 t + 266 ta m

The tim e  f o r  th e  co m p u ta tio n  o f th e  tra n s fo rm  o f 
{ h (n ) :n = 0 , 1 , . • • ,N-1} i s  n o t co u n ted  s in c e  t h i s  can  be p r e - c a lc u la t e d  
b e f o r e  th e  s e t t i n g  up o f th e  sy stem . Hence th e  tim e fo r  com puting one 
p o in t  i s

t / p o i n t  = lO t + t  a m

U sing a d d e rs  s im i la r  to  th o se  used i n  R ef. [4 4 ,4 5 ] ,  th e  tim e fo r  one 
a d d i t i o n  co u ld  b e  2 5rS and th e  tim e fo r  one m u l t i p l i c a t i o n  cou ld  be 
lOOrS . Hence th e  e x e c u tio n  tim e p e r p o in t  i s  a p p ro x im a te ly  eq u a l to
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(10x25 + 100) nS = 350nS

N o tic e  a l s o  t h a t  th e  speed f o r  th e  co m p u ta tio n  can  be in c re a s e d  
f u r t h e r  i f  a p ip e - l i n e  a r c h i t e c t u r e  i s  used b etw een  MNT m o d u les .

P a r a l l e l  im p le m e n ta tio n  o f th e  MNT m odules h as  b ee n  ta k e n  a s  
a n  exam ple o f  th e  te c h n iq u e .  However i t  i s  c le a r  t h a t  s e r i a l  o r  
s e m i - s e r i a l  im p le m e n ta tio n  o f th e  MNT m odules may be more s u i t a b le  and 
e f f i c i e n t  f o r  com puting c o n v o lu tio n s  u s in g  th e  p re s e n t  d e s ig n  i f  one 
w an ts to  u se  few er a d d e r s .  B u t, i n  t h i s  c a s e ,  th e  c o m p u ta tio n  tim e i s  
u n a v o id a b ly  lo n g e r  th a n  th e  p a r a l l e l  im p le m e n ta tio n  d is c u s s e d  a b o v e .

T able 5 .3  l i s t s  th e  number o f  o p e r a t io n s  f o r  v a r io u s  c y c l ic  
c o n v o lu tio n s  computed by p a r a l l e l / s e r i a l i s i n g  one a d d e r  o n ly )
im p le rn en ta io n s o f th e  MNT m o d u les . N o tice  t h a t ,  i n  th e  c a se  o f th e  
s e r i a l  im p le m e n ta tio n , th e  number o f  a d d i t i o n s  f o r  th e  p re s e n t
te c h n iq u e  i s  s i g n i f i c a n t l y  l e s s  th a n  th e  number o f a d d i t io n s ( = 2 ( P -1) 
p e r p o in t )  f o r  th e  c y c l ic  c o n v o lu tio n  o f a s im i la r  seq uen ce  l e n g th  
u s in g  norm al MNT (w ith  a  b e in g  a power o f tw o, and w ith  th e  tra n s fo rm  
le n g th  b e in g  a prim e num ber, P ) .  For exam p le , fo r  a 114- p o in t  c y c l ic
c o n v o lu t io n ,  th e  number o f  a d d it io n s  p e r  p o in t  i s  5 2 .8 ,  w hich i s  much
s m a lle r  th a n  2 (1 1 4 -1 )  = 2 2 6 . Hence t h i s  new te c h n iq u e  g iv e s  a l a r g e  
r e d u c t io n  i n  th e  number o f  a d d i t i o n s  f o r  b o th  s e r i a l  and p a r a l l e l  
impleme n ta  t  io  n s .

Nj+1
(b )  I f  N̂  <— 9 s im i la r  to  th e  c a se  when (N ^ ,!^ )  ^ 1 , we can  append 
(N l” ^ 2 ) z e ro s  a t  th e  end o f th e  \  - l e n g th  se q u e n ce s , hence th e  same 
b a s ic  P -p o in t  MNT module can  be used to  make th e  c o m p u ta tio n . The
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m ost e f f i c i e n t  s i t u a t i o n  fo r  t h i s  c a se  i s  t h a t  N = — , w here N = P .  
The t o t a l  number o f  m u l t i p l i c a t i o n s  p e r p o in t  i s  ( 2 ^ - 1 ) / ^  o r 
(2 -1 /N ^ ) .  For exam ple, a 1 9 0 -p o in t c y c l ic  c o n v o lu tio n  can  be com puted 
by a  tw o -d im en sio n a l c o n v o lu tio n  each  o f le n g th -1 9  p o i n t s .  The f i r s t  
d im en sio n  r e q u i r e s  a t o t a l  o f  19 a d d i t i o n  tim es  fo r  th e  c o m p u ta tio n  o f 
one 1 9 -p o in t  MNT w hereas th e  second d im en sio n  r e q u i r e s  o n ly  10 
a d d i t i o n  tim e s  f o r  th e  c o m p u ta tio n  o f th e  MNT s in c e  no a d d i t i o n  i s  
r e q u i r e d  fo r  th e  appended z e r o s .  However 9 a d d i t io n s  have to  be used 
to  form  10 r e s u l t s  from  th e  19 v a lu e s  ( r e s u l t s )  o b ta in e d  from th e  MNT 
i n  th e  second d im e n s io n . Hence th e  t o t a l  tim e fo r  th e  co m p u ta tio n  o f 
a 1 9 0 -p o in t c o n v o lu tio n  i s

(10x19x2 + 19x19x2) t  + 1 9 x l9 ta m

T h is  im p lie s  t h a t  th e  c o m p u ta tio n  tim e p er p o in t  i s  a p p ro x im a te ly  1 .9  
m u l t i p l i c a t i o n  and 5 .8  a d d i t i o n  t im e s .  U sing th e  same n u m erica l 
v a lu e s  fo r  t^  and t ^  a s  b e f o r e ,  th e  c o m p u ta tio n  tim e p er p o in t  i s  
a p p ro x im a te ly  eq u a l to  3 3 5 rS . T able 5 .4  l i s t s  some p o s s ib le  seq uen ce  
l e n g th s  and th e  c o rre sp o n d in g  c o m p u ta tio n  tim e s  fo r  t h i s  te c h n iq u e .  A 
d is a d v a n ta g e  o f t h i s  method i s  t h a t  t h i s  te c h n iq u e  r e q u i r e s  more th a n  
one m u l t i p l i c a t i o n  p er p o in t .  However th e  m ajor a d v a n ta g e  i n  t h i s  
te c h n iq u e  i s  t h a t  th e  same MNT module can  be used to  c a l c u la t e  b o th  
d im en sio n s  o f th e  c o n v o lu tio n  and th e  t o t a l  number o f a d d e rs  to  be 
used  i s  eq u a l to  P.

( c )  We may a ls o  use MNT fo r  th e  c o m p u ta tio n  i n  one d im en sio n  and use 
o th e r  s h o r t  c o n v o lu tio n  a lg o r i th m s  su g g es ted  by W inograd[25 ] ,  A garw al 
and C ooley[24] i n  th e  second d im en sio n . I n  t h i s  ca se  th e  c o n t r o l  o f
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d a ta  flow  i s  more co m p lica te d  and th e  number o f  m u l t i p l i c a t i o n s  p e r 
p o in t  i s  a ls o  l a r g e .  However, t h i s  method may g iv e  us a g r e a t e r  
c h o ic e  o f sequence le n g th s  and may r e q u i r e  a sm a ll number o f 
a d d i t i o n s .

5 .4  C o n c lu s io n

The M ersenne Number T ran sfo rm  u se s  th e  s im p le s t  a r i th m e t ic  
among a l l  Number T h e o re t ic  T ra n sfo rm s . However due to  th e  l a c k  o f a 
F F T -type o f  a lg o r i th m , th e  MNT has b een  c o n s id e re d  i n  th e  p a s t  l e s s  
a t t r a c t i v e  compared w ith  th e  F erm at Number T ran sfo rm . The ap p ro ach  
p re s e n te d  i n  t h i s  c h a p te r ,  how ever, shows t h a t  MNT have c o n s id e r a b le  
d e s i r a b l e  f e a t u r e s .  In d eed  a v e ry  s im p le  p ro c e s s  c o n tro l  o f th e  d a ta  
flow  h as b een  shown f o r  th e  p roposed  MNT hardw are  m odules and i t  has 
b een  i l l u s t r a t e d  t h a t  th e  M ersenne Number T ran sfo rm s a r e  v e ry  
e f f i c i e n t  fo r  th e  c o m p u ta tio n  o f s h o r t  and lo n g  c y c l i c  c o n v o lu t io n s .  
Note a ls o  t h a t  MSI IC s w ere used to  i l l u s t r a t e  th e  speed a c h ie v a b le  
w ith  th e  p r e s e n t  d e s ig n ,  b o th  th e  speed and th e  d e s ig n  c o m p lex ity  
co u ld  be s t i l l  f u r t h e r  im proved i f  VLSI i s  used  to  make th e  
im p le m e n ta tio n .

T h is  c h a p te r  and th e  p re v io u s  c h a p te r  b o th  d e s c r ib e  new 
d e s ig n  o f  im p le m e n ta tio n  o f th e  M ersenne Number T ran sfo rm . The 
s t r u c t u r e s  p ro po sed  i n  c h a p te r  fo u r  u se  no ROM o r RAM and t h i s  means 
t h a t  s h o r te r  d a ta  a c c e s s  tim es  fo r  t h e i r  im p le m e n ta tio n  can  be 
a c h ie v e d , w hereas th e  s t r u c tu r e  d e s c r ib e d  i n  t h i s  c h a p te r  may be used  
to  r e l a x  th e  w o rd - le n g th  and sequence le n g th  c o n s t r a i n t  o f th e  MNT.
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I n  th e  n ex t c h a p te r ,  we in t ro d u c e  a new NTT w hich has no sequence 
l e n g th  and w o rd - le n g th  c o n s t r a i n t  and r e q u i r e s  a v e ry  s im p le  hardw are 
s t r u c t u r e  fo r  i t s  im p le m e n ta tio n .
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T a b l e  5 . 1

<D(P.) Prim e
F a c t o r iz a t i o n

(A) M ersenne-p rim e 
5
7

13
17
19
31

30 
126 

8190 
131070 
5242 86 

2147483646

2x3x522x3 x7 22x3 x5x7xl3
2x3x5x17x25732x3 x7xl9x73 22x3 x 7 x l1x31x151x331

(B) M ersenn e-com po site
11 22 2x11388 2 x 11
23 46 2x234178480 2 x5x23x97 329 2 32 2 x2 9

1102 2x19x29 3 22 088 2 x3 x2 9
37 222 2x3x37

2^x3x37x167x11616318176
41 13366 2x41x163 32 x 4 1x59x8501164511352
43 430 2x5x43

9718 2x43x11322 099862 2x3 x43x2 713 247 2350 2x5 x47 54512 2 x3x47 41326452 8 2 x31x47x569

Prim e F a c t o r iz a t i o n
r

o f <D(P ) fo r  M erse i
PM = (2 - i )  =nP 1i  i
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T a b l e  5 .2

p <D(M)
Prim e
F a c to r

P o s s ib le
a

Number o f 
A d d it io n  

tim es  fo r  
one (a+  a  b) 
O p e ra tio n

5 30 2 -1 1
3 5 2
5 2 1

7 12 6 2 -1 1
3 19 2
7 2 1

13 8190 2 -1 1
3 90 3
5 1904 3
7 3085 3

id l 1
17 131070 2 -1 1

3 21905 3
5 618 3

17 2 1
257 16900 2

19 5242 86 2 -1 1
3 69492 3
7 272 928 3

19 2 1
73 8482 3

31 2 147483646 2 -1 1
3 634005911 4
7 12 05362 885 4

11 100973744 4
31 2 1

151 66176224 3
331 1090433 3

a  and C om putation  tim e fo r  d i f f e r e n t  sequence le n g th s  o f 
M ersenne Number T ransform s
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T a b l e  5 . 3

p
P o s s ib le  
Sequence 
L ength  N

F a c to r s  
o f N

Number o f 
M u l t i . 
p e r p o in t

Number o f 
A d d it io n s  
p e r p o in t  
( S e r i a l  
I m p le .)

Number o f 
A d d it io n  
t im e s ( t a ) 
p e r p o in t  
( P a r a l l e l  
Im p le •

5 5 5 1.0 8 .0 2
10 2x5 1.0 10.0 4
30 2x3x5 1 .0 16.7 8

7 7 7 1 .0 12 .0 2
14 2x7 1 .0 14.0 4
42 2x3x7 1.0 2 3 .3 8

13 13 13 1 .0 24 .0 2
26 2x13 1 .0 2 6 .0 4
78 2x3x13 1 .0 35 .3 10

130 2x5x13 1 .0 4 6 .8 . 10
390 2x3x5x13 1 .0 5 6 .1 16
546 2x3x7x13 1 .0 78.2 16
910 2x5x7x13 1.0 89.7 16

2730 2x3x5x7x13 1 .0 9 9 .0 22
17 17 17 1.0 32 .0 2

34 2x17 1 .0 3 4 .0 4
102 2x3x17 1 .0 4 8 .7 10
170 2x5x17 1 .0 67 .6 10
510 2x3x5x17 1 .0 82 .3 16

19 19 19 1 .0 3 6 .0 2 .
38 2x19 1.0 3 8 .0 4

114 2x3x19 1.0 52 .7 10
266 2x7x19 1.0 91.1 10
798 2x3x7x19 1 .0 105.8 16

31 31 31 1.0 6 0 .0 2
62 2x31 1 .0 62 .0 4

186 2 x3 x3 1 1 .0 87.3 12



1 6 0  -

434 2x7x31 1.0
1302 2x3x7x31 1 .0
2 046 2x3x11x31 1 .0
4774 2x7x11x31 1 .0

14322 2 x 3 x 7 x l1x31 1 .0

Number o f M u l t i p l i c a t i o n s , A d d it io
A d d it io n  t im e s ,  t  ( p a r a l l e l  im plaC y c lic  C o n v o lu tio n s  u s in g  M u lt ip le  M

135.7 12
161.1 20
216 .4 20
2 6 4 .8 20
2 90.2 28

( s e r i a l im p le m e n ta tio n )  and
a t i o n ) fo r  th e  c o m p u ta tio n  o f

m o d u les .
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T a b l e  5 .4

P o s s ib le Number o f Number o f
S equence F a c to r s M u l t ip l ic a t io n s A d d it io n  Times

P Length(N ) o f  N p er p o in t ( t  ) per p o in tE
Her sen ne-p rim e
5 5 5 1.00 2 .00

10 2x5 1.00 4 .0 0
15 3x5 1.67 5 .33
20 2x2 x5 1.50 8 .00
30 3x10 1.67 7.33

7 7 7 1.00 2 .00
14 2x7 1.00 4 .00
28 2x2x7 1.50 8 .0 0
28 4x7 1.75 5 .5 0
48 4x14 1.75 7 .5 0

13 13 13 1.00 2 .00
26 2x13 1.00 4 .0 0
52 2x2x13 1.50 8 .0 0
91 7x13 1.86 5 .71

182 7x26 1.86 7 .71
17 17 17 1.00 2 .00

34 2x17 1.00 4 .0 0
68 2x2 x l7 1.50 8 .00

153 9x17 1.89 5 .7 8
306 9x34 1.89 7 .78

19 19 19 1.00 2 .00
38 2x19 1.00 4 .0 0
76 2x2x19 1.50 8 .0 0

190 10x19 1.90 5 .8 0
380 10x38 1.90 7 .8 0

31 31 31 1.00 2 .00
62 2x31 1.00 4 .0 0

124 2x2x31 1.50 8 .00
496 16x31 1.94 5 .88
992 16x62 1.94 7 .8 8
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T ab le  5 .4 ( C on tinued)

M ersenn e-co m posite
11 11 11 1.00 2 .0 0

22 2x11 1.00 4 .0 0
44 2x2x11 1.50 8 .0 0
66 6x11 1.83 5 .67

132 6x22 1.83 7 .67
23 23 23 1.00 2 .00

46 2x23 1.00 4 .0 0
92 2x2x23 1.50 8 .0 0

276 12x23 1.92 5 .83
552 12x46 1.92 7 .83

29 29 29 1.00 2 .0 0
58 2x29 1.00 4 .0 0

116 2x2x2 9 1.50 8 .0 0
435 15x29 1.93 5 .8 7
870 15x58 1.93 7.87

37 37 37 1.00 2 .00
74 2x37 1.00 4 .0 0

148 2x2x37 1.50 8 .0 0
703 19x37 1.95 5 .9 0

1406 19x74 1.95 7 .9 0
41 41 41 1.00 2 .00

82 2x41 1.00 4 .0 0
164 2x2x41 1.50 8 .0 0
861 21x41 1.95 5 .9 1

1722 21x82 1.95 7 .91
43 43 43 1.00 2 .00

86 2x43 1.00 4 .0 0
172 2x2x43 1.50 8 .0 0
946 22x43 1.96 5 .9 1

1892 22x86 1.96 7 .91
47 47 47 1.00 2 .00

94 2x47 1.00 4 .0 0
188 2x2x47 1.50 8 .0 0

112 8 24x47 1.96 5.92
2256 24x94 1.96 7.92

Number o f  M u l t ip l ic a t io n s  and A d d it io n  tim es  fo r  th e  
C om putation  o f  C y c lic  C o n v o lu tio n s  u s in g  N ested  MNT's (o n ly  
th e  le n g th -P  MNT module u sed )
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F ig u re  5 .1  B lock  Diagram f o r  th e  R e c u r s iv e  Im p lem en ta tio n  o f
M ersenne Number T ransform
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ig u r e  5 .2 P in  C o n n ec tio n  f o r  th e  Im p lem en ta tio n  o f  th e  M u l t ip l i c a t io n  
by 2 f o r  M ersenne Number T ransform  A r ith m e tic
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F ig u re  5 .3  Hardware S tr u c tu r e  f o r  a 1 1 -p o in t  M ersenne Number
T ransform  P r o c e s s o r
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INPUT: x (m ) 's

1 1 t
1 s t  BLOCK 2nd BLOCK Bth BLOCK

ADDER 1 ADDER 2 ADDER B
P-WORD RAM P-WORD RAM •  • P-WORD RAM

P2 x log^P  ROM P2—  x lo g  P ROM B 2
P2—  x lo g  P ROM B 2

I  I  I
X(0) - X ( |  -1) 2P■x ( -  -1 )

•  •
x(i5=ilZ _X) ■ X(P-l)

F ig u re  5 .4  B lock  Diagram  f o r  P a r a l l e l  Im p lem en ta tio n  o f
M ersenne Number T ransform
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x(n)

Figure 5.5 High Speed Parallel Mersenne Number Convolver
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F ig u re  5 .6  B lock  Diagram f o r  th e  Im p lem en ta tio n  o f  (a+16900b)
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CHAPTER SIX EFFICIENT HARDWARE REALISATION OF NUMBER
THEORETIC TRANSFORM CONVOLVERS USING ROMs

A dvances i n  f a b r i c a t i o n  te c h n o lo g y  have produced  
h ig h -sp e e d  and in e x p e n s iv e  rea d -o n ly -m e m o rie s  w hich i n  tu r n  le a d  to  
f u r t h e r  p o s s i b i l i t i e s  f o r  d e s ig n in g  new and e f f i c i e n t  a lg o r i th m s  fo r  
th e  co m p u ta tio n  o f b o th  lo n g  and s h o r t  c y c l ic  c o n v o lu tio n s  u s in g  NTTs; 
t h i s  i s  a p o in t  o r i g i n a l l y  su g g e s ted  by P o l l a r d [ 5 9 ] . J u l l i e n  and 
M i l l e r [6 0 ,6 1 ] have a ls o  p roposed  to  im plem ent th e  NTT w ith  a sequence 
l e n g th  o f 128 u s in g  a r r a y s  o f ROMs. However, i n  o rd e r  to  a c h ie v e  a 
r e a s o n a b le  dynamic ra n g e ,  a n  e x te n s io n  f i e l d  ( to g e th e r  w ith  two f i n i t e  
f i e l d s  w ith  r e a l  r o o t s  o f u n i t y ) ,  GF(q ) w ith  G au ss ia n  i n t e g e r s  a s  
r o o t  o f  u n i ty  has b een  u s e d . Hence f u l l  'c o m p le x ' c a l c u l a t i o n  has to  
be r e a l i s e d  fo r  t h i s  modulo b a s e .  F u rth e rm o re , th e  ROM s iz e  r e q u ire d  
fo r  t h i s  r e a l i s a t i o n  te c h n iq u e  i s  v e ry  l a r g e .  N ag p a l, J u l l i e n  and 
M i l l e r [62 ] have r e c e n t l y  m o d ified  t h i s  te c h n iq u e  by u s in g  o n ly  m oduli 
o f  th e  form ( 4 k + l) ,  r a t h e r  th a n  u s in g  th e  second d e g re e  G a lo is  f i e l d .  
However, t h e i r  method s t i l l  r e q u i r e s  a v e ry  l a r g e  ROM s i z e [ 60-63] and 
a r e l a t i v e l y  c o m p lica te d  te c h n iq u e  f o r  th e  c o m p u ta tio n  o f  a ( th e  ro o t  
o f u n i ty )  m u l t i p l i c a t i o n  has b een  u se d .

I n  t h i s  c h a p te r  we p re s e n t  th e  r e s u l t s  o f o u r s tu d y  in to  
u s in g  ROMs to  r e a l i z e  NTT c o n v o lv e rs  fo r  f a s t  c y c l ic  c o n v o lu t io n s .  We 
f i r s t  g e n e r a l iz e  eq n . 5 .6  to  s u i t  any Number T h e o re t ic  T ran sfro m  w ith  
prim e sequence l e n g th ,  P , and su g g e s t u s in g  ROM s t r u c t u r e s  to  make th e  
im p le m e n ta tio n . We th e n  p ro p o se  a new ty p e  o f  Number T h e o re t ic  
T ransfo rm  fo r  th e  f a s t  im p le m e n ta tio n  o f c y c l ic  c o n v o lu t io n s .  T h is
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new r e a l i s a t i o n  te c h n iq u e  g iv e s  a v e ry  f l e x i b l e  c h o ice  o f  s h o r t  and 
lo n g  seq uence  le n g th s  o f  th e  t r a n s fo r m . The ROM s iz e  r e q u ir e d  i s  
re a s o n a b ly  sm all and i s  w e ll  w i th in  p r a c t i c a l  l i m i t s .

6 .1  Prim e Sequence L eng th  Number T h e o re t ic  T ransfo rm s

The g e n e ra l  e q u a t io n  fo r  a le n g th -N  Number T h e o re t ic  
T ran sfo rm  and i t s  in v e r s e  d e f in e d  o v e r th e  f i e l d  o r r in g  o f i n t e g e r s  
modulo M can  be w r i t t e n  a s  fo llo w s :

N -l
X(k) = < X  x ( n ) a 11 n=0

, N -l
x (n )  = X(k) a ' >M ( 6 .2 )

k=0

fo r  k ,n = 0 , 1 , . . . ,N-1

The tra n s fo rm  p a i r  o f e q n s . 6 .1  and 6 .2  h as  a c i r c u l a r  c o n v o lu tio n  
p ro p e r ty  i f  { ot,M,N} are ch o sen  on th e  r i n g  o r f i e l d  o f
in t e g e r s  a c c o rd in g  to  eq n . 2 .2 4 .

L e t us c o n s id e r  th e  m odulus o f e q n s . 6 .1  and 6 .2  to  be a 
prim e num ber, q , i . e .  M = q . L et u s a ls o  choose a prim e sequence 
l e n g th ,  P . T h is  le n g th -P  Number T h e o re t ic  T ran sfo rm  p a i r  can  now be 
w r i t t e n  a s  fo l lo w s :

k>M ( 6 . 1)

P-1
X(k) = < 2  x (n )  

n=0
a nk>q ( 6 .3 )
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* P—1 ,
x (n )  = a  n >

k=0
( 6 .4 )

fo r  k ,n = 0 , 1 , . . • ,P -1

The r e l a t i o n s h i p  betw een  P and q i s  g iv en  by [ s e e  e q n . 2 .2 9 ] :

P l ( q - l )  ' ( 6 . 5 )

For exam ple q = 41 and P = 5 form  a p o s s ib le  s e l e c t i o n  o f q and P , fo r  
5 140 and b o th  5 and 41 a r e  prim e num bers. I n  t h i s  c a se  one p o s s ib le  
r o o t  o f u n i ty  i s  10.

L e t nk=m fo r  k=l ,2 , . . . ,P - 1 • We can  w r i te

n = <mk“ ^>

Hence eqn . 6 .3  can  be w r i t t e n  a s  fo llo w s :
P-1

X(0) = x (n )>  and ( 6 .6 )
n=0 q

P - i  ,X(k) = < £  x(<m k"i >p ) 
m=0

mv 
a > ( 6 .7 )

fo r  k=l ,2 , . . .  ,P -1

T h is  i s  th e  same ap p ro ach  su g g e s ted  i n  c h a p te r  5 fo r  th e  hardw are  
r e a l i s a t i o n  o f  M ersenne Number T ran sfo rm s fo r  f a s t  d i g i t a l  c o n v o lu tio n  
and so e q n s . 6 .6  and 6 .7  a r e  th e  g e n e r a l i z a t io n  o f e q n s . 5 .4  and 5 .5 .  
R e c a ll  a ls o  e q n . 5 .6 :
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X(k)
= x ( 0 )  + [[ . . . [ x ( < k - 1 ( p - l ) > p ) a  + x (<k- 1 ( P - 2 ) > p) ] a  + x (<k_1( P - 3 ) > p ) ] a 

. . .  + x( <k * .2 >p) ] a + x( <k *. l>p ) ] a ( 6 . 8 )

I n  g e n e r a l ,  th e  v a lu e  o f  a  may n o t have a s im p le  b in a ry  
r e p r e s e n t a t i o n .  Hence th e  m u l t i p l i c a t i o n  o f  a  i n  e q n . 6 .8  co u ld  mean 
a g e n e ra l  m u l t i p l i c a t i o n .  However, th e  m u l t i p l i e r  a  i s  o f  c o n s ta n t  
v a lu e  f o r  th e  w hole s e t  o f  p ro c e d u re s  o f  e q n . 6 .8  and th e  modulo q 
m u l t i p l i c a t i o n  can  be c a r r i e d  o u t  u s in g  a ROM lookup t a b l e .  The tim e
f o r  one m u l t i p l i c a t i o n  i s  th e n  e q u iv a le n t  to  one ROM a c c e s s  tim e and

/th e  s i z e  o f ROM re q u ir e d  i s  o n ly  q x lo g ^ q !b i t s .

F ig .  6 .1  shows th e  hardw are  s t r u c t u r e  fo r  th e  5 - p o in t  modulo 
41 Number T h e o re t ic  T ransfo rm  p r o c e s s o r .  The b in a ry  c o u n te r  i s  used 
to  l a t c h  ROM 1 to  o u tp u t  a d d re s s e s  o f  x ( n ) 's  to  be m u l t ip l i e d  by a  i n  
ROM 2 .

E x a c tly  th e  same c i r c u i t  can  be used  fo r  th e  co m p u ta tio n  o f 
th e  fo rw ard  and in v e r s e  Number T h e o re t ic  T ran sfo rm , e x c e p t t h a t  th e  
b in a ry  c o u n te r  c o u n ts  up fo r  th e  fo rw ard  tra n s fo rm  w h i l s t  fo r  th e  
in v e r s e  tra n s fo rm  i t  c o u n ts  down.

The memory s iz e  r e q u ire d  fo r  th e  c o m p u ta tio n  o f  a P -p o in t  
c o n v o lu tio n  w ith  modulo q Number T h e o re t ic  T ransfo rm  by th e  p re s e n t
te c h n iq u e  i s  shown below :
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ROM S iz e
RAM S iz e  f o r  l o c a t io n s  ROM S iz e
fo r  x ( n ) 's  o f  x ( n ) 's  fo r  a

P x q -b i t  P  ̂x lo g ^ P - b i t  q x lo g ^ q -b i t

U s u a l ly ,  i n  our d e s ig n  ( s e e  below ) P i s  cho sen  to  be much 
s m a lle r  th a n  q , and so th e  f i r s t  and second term s o f  th e  above 
e x p re s s io n  a r e  much sm a lle r  th a n  th e  t h i r d  te rm . F u rth e rm o re , th e  
t o t a l  number o f  modulo P a d d i t i o n s  (and a ls o  th e  t o t a l  number o f  ROM 
a c c e s s )  i s  e q u a l to  2 P (P -1 ) o r  th e  number o f modulo P a d d i to n s  p er 
p o in t  i s  2 ( P - 1 ) .  T here a r e  a l s o  P m odulo-P m u l t i p l i c a t i o n s  ( t h i s  
means t h a t  th e r e  i s  one m u l t i p l i c a t i o n  p er p o in t)  f o r  f in d in g  th e  term  
by term  p ro d u c ts  o f  th e  tra n s fo rm e d  x ( n ) 's  and th e  tra n s fo rm e d  system  
f u n c t io n .  T h is  m u l t i p l i c a t i o n  can  be computed by a g e n e ra l  m u l t i p l i e r  
o r  a modulo P q u a r te r  sq u a re  m u l t i p l i e r [ s e e  c h a p te r  4 ] .

A p p a re n tly , a p r a c t i c a l  NTT co n v o lv e r can  be c o n s t ru c te d  by 
u s in g  s u f f i c i e n t l y  l a r g e  v a lu e s  o f  P and q , p ro v id ed

(i) P and q are prime numbers

( i i )  q = NP + 1,
w here N i s  any i n t e g e r

However, in actual practice, when q is sufficiently large for a 

practical implementation the ROM size might be too large. 

Furthermore, the number of modulo additions per point may also be too

large for long sequence lengths, P In order to solve these
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d i f f i c u l t i e s ,  some m u lt i -d im e n s io n a l  te c h n iq u e s  and co m p o site  modulo 
b a s e s  a r e  used to  c o n s t r u c t  new NTTs f o r  th e  e f f i c i e n t  im p le m e n ta tio n  
o f d i g i t a l  c o n v o lv e rs  i n  th e  n ex t s e c t i o n .  Number T h e o re t ic  
T ra n sfo rm s , w ith  s h o r t  modulo b a s e  ( q ) ,  a r e  a ls o  su g g e s te d  to  form  th e  
b a s ic  m odules fo r  o ur d e s ig n .

6 .2  P r a c t i c a l  Number T h e o re t ic  T ran sfo rm s

For a d i r e c t  im p le m e n ta tio n  o f  th e  Number T h e o re t ic
1 flT ran sfo rm , i f  th e  modulo b a se  M = q = 2 , th e  r e q u ir e d  ROM s i z e  i s

2 0n o t l e s s  th a n  6 4 K x l6 -b it ;  i f  th e  modulo b a se  M = q = 2 , th e  r e q u ir e d
ROM s iz e  i s  n o t l e s s  th a n  1Mx2 0 - b i t .  Both c a s e s  r e q u i r e  a l a r g e
amount o f  ROM, e s p e c i a l l y  th e  l a t t e r  c a se  w hich r e p r e s e n t s  a t o t a l l y
u n a c c e p ta b le  s i t u a t i o n .  T h is  problem  can  be re s o lv e d  by u s in g  a
co m po site  modulo b ase  M i n  w hich th e  Number T h e o re t ic  T ransfo rm  i s
d e f in e d  on th e  r in g  o f  i n t e g e r s  modulo M. The a r i th m e t ic  f o r  th e
c o n v o lu tio n  i s  done m ain ly  o v er th e  c o n s t i tu e n t  f i e l d s  o f th e  r i n g ,
r a t h e r  th a n  d i r e c t l y  o v e r th e  r in g  o f i n t e g e r s  i t s e l f .  The f i n a l
r e s u l t s  a r e  th e n  r e c o n s t r u c te d  by u s in g  th e  C hinese Rem ainder Theorem
(C R T )[see c h a p te r  2 ] .  T h is  te c h n iq u e  p ro v id e s  a g r e a t  r e d u c t io n  i n
ROM s i z e .  H igher c o m p u ta tio n  speed can  a ls o  be a c h ie v e d  th ro u g h  th e
u se  o f h ig h  d eg re e  o f p a r a l l e l i s m  and an  ab sen ce  o f  c a r r y  in fo rm a tio n

£ r .
r e q u ire m e n ts .  R e c a ll  th e  f a c t  t h a t  i f  M = J Y q . 1 , w here q. a r e  prim e

i= l  1 1
f a c t o r s  o f  M and & i s  th e  number o f  prim e f a c to r s  o f  M, th e n  from 
e q n . 2 .2 9

N I ( q ^ - 1 )  f o r  a l l  q i ( 6 . 9 )



175

Eqn. 6 .9  im p lie s  t h a t  th e  t ra n s fo rm  le n g th  N m ust d iv id e  a l l  (q ^ -1 )  
hence q^ must be o f  th e  form

qi  = Nai  + 1 (6 .1 0 )

f o r  i= l  ,2 , . . . ,
w here a^ i s  any in t e g e r  w hich s a t i s f i e s  eq n . 6 .1 0

The c h o ic e  o f  N can  s i g n i f i c a t l y  a f f e c t  th e  number o f  
o p e r a t io n s  o f  th e  Number T h e o re t ic  T ran sfo rm . P r e v io u s ly ,  th e  m ain 
c o n c e rn  o f o th e r  a u th o r s  h as b een  to  lo o k  fo r  tra n s fo rm  le n g th s  o f 
pow ers o f  tw o [4 0 ] . However, i f  we u se  lo o k -u p  t a b l e s  s to r e d  i n  ROMs 
to  im plem ent th e  m u l t i p l i c a t i o n  by a n , w here n = 1 , 2 , . . . , N - 1 ,  th e  ROM 
s iz e  becomes too  l a r g e  fo r  th e  p r a c t i c a l  r e a l i s a t i o n  i n  m ost c a s e s .  
An a l t e r n a t i v e  ap p ro ach  i s  to  u se  in d ic e s  and subm odular 
d ec o m p o s itio n s  to  p roduce a m anageable ROM s iz e  and h a rd w a re [6 0 -6 2 ] .  
T h is  ap p ro ch  i s  s t i l l  r e l a t i v e l y  c o m p lica te d  and e x t r a  s te p s  a r e  
n e c e s s a ry  to  c a r r y  o u t th e  c o n v e rs io n .

I n  o ur d e s ig n ,  we use th e  same b a s ic  id e a  a s  a r e  d is c u s s e d  i n
th e  p re v io u s  s e c t i o n .  T h is  r e q u i r e s  o n ly  one ROM a c c e s s  tim e  fo r  each
m u l t i p l i c a t i o n  by a 11. I n  o rd e r  to  re d u c e  th e  number o f o p e r a t io n s
fo r  th e  co m p u ta tio n  o f  th e  t r a n s fo r m , N i s  now ch o sen  to  be a
co m po site  num ber. C on sid er th e  c a se  when N i s  equ a l to  th e  p ro d u c t o f

h
h prim e num bers, p ^ , p ^ , . . . , ? ^ *  t h a t  i s  N = ^ p ^ .  E qn. 6 .1  can  be

i = l
c o n v e r te d  in to  a m u lti -d im e n s io n a l  fo rm [6 8 ] ,
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Ph" 1 P2 _1 pl_1 nlkl VhX( , •.., k_ »k, ) ^ x( , iu f n. )ot. cf̂ *"^h

V °  V °  nr ° ( 6 . 11)

f o r  , ##,k h= 0 , l , . . , ( p 1- l ) , ( p 2 - l ) , . . , ( p h- l )  r e s p e c t i v e l y
( N/P )

w here a^= a  , f o r  r = l , 2 , . . . , h

and th e  mapping i s

n = < X  Li ni >i= l N ( 6 . 12)

k '  ni>N (6 .1 3 )

w here L .=  N /p.l  l

T h is  m u lt i -d im e n s io n a l  e q u a t io n  can  be im plem ented by a method s im i la r  
to  th e  W inograd F o u r ie r  T ran sfo rm  A lgorithm (W FTA ). S in c e  th e  l e n g th ,  
p^ o f  each  d im en sio n  i s  a prim e num ber, each  d im en sio n  o f e q n . 6 .1 1  
can  be e x p re s se d  i n  a r e c u r s iv e  f i l t e r  form and can  be r e a l i s e d  by th e  
hardw are  s t r u c t u r e  su g g es ted  i n  th e  p re v io u s  s e c t i o n .  The t o t a l  
number o f  modulo M a d d i t i o n s  re q u ir e d  by t h i s  method f o r  th e  
co m p u ta tio n  o f  N -p o in t NTT i s

h
A = Y l .A. 

i = i  1 1
w here A. i s  th e  number o f  Mod. M a d d i t io n sl

fo r  le n g th  p^ NTT
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From th e  p re v io u s  s e c t io n ,  A  ̂ = p ^ ( p ^ - l )  and so

h
A = X Vi(pi_1)i = l  1 1 1

h
= N l ( p r l )i= l

Then th e  number o f modulo M a d d i t io n s  p er p o in t  (A ' ) fo r  a n  N -p o in t 
c y c l i c  c o n v o lu tio n  ( in c lu d in g  th e  in v e r s e  NTT) becomes

h
A' = 2 X < P ,- -1 )  (6 .1 4 )i=l 1

I f  N = P = 3 1 , th e  number o f a d d i t io n s  r e q u ir e d  p er p o in t  i s  
2 x ( 3 1 - l )  = 6 0 . However, i f  N = p^xp2=35, th e  number o f a d d i t io n s  
r e q u ir e d  p er p o in t  i s  2 (4 + 6 ) = 2 0 . Hence i t  i s  c l e a r  from  e q n . 6 .1 4  
t h a t  th e  number o f a d d i t io n s  can  be red u ced  i f  we choose N to  be th e  
p ro d u c t o f a l a r g e  number o f sm all p r im e s , p ^ s . The s m a l le s t  p rim es 
a r e  { 2 , 3 , 5 , 7 , 1 1 , . . . } .  T h is  id e a  i s  used to  c o n s t r u c t  o u r e f f i c i e n t  
NTTs fo r  th e  r e s t  o f  t h i s  c h a p te r .  T hat i s  N i s  ch o sen  to  be o f  th e  
form

N = r  .2 . 3 . 5 . 7 . . . .  (6 .1 5 )
w here r  i s  u s u a l ly  eq u a l to  1 

o r a sm all number

Combining e q n s . 6 .1 0  and 6 .1 5 ,  we g e t a g e n e ra l  form fo r  th e  c h o ice  o f 
th e  modulo b a s e s  q^ and th e  t ra n s fo rm  le n g th  N. T hat i s

q . = ( a .  .2 . 3 . 5 . 7 . . . )  + 1l  i (6 .1 6 )
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w here a .  i s  a sm a ll number 1

Now l e t  u s c o n s id e r  N = 210 (=2 . 3 . 5 . 7 ) .  I n  t h i s  ca se  
211 (=2 ,3 .5 •7+ l= q 1) , 421 (=2 .2 .3 .5 .7+ l=q2 ) and 631 (=3 .2 .3 .5 .7+ l= q3 ) 
a r e  th r e e  p o s s ib le  c h o ic e s  o f q ^ s . These form  fo u r  p o s s ib le  c h o ic e s  
o f  o v e r a l l  m oduli fo r  th e  NTT, t h a t  i s

M Prim e f a c to r s P o s s ib le
88831 211x421 17

133141 211x631 48
265651 421x631 74

56052361 211x42 1x631 187

The above t a b l e  a ls o  in c lu d e s  some p o s s ib le  c h o ice  o f c l ' s  fo r  th e s e  
NTTs. Note a l s o  t h a t  i n  a l l  c a s e s ,  we shou ld  check  th e  c h o ic e  o f 
{ a,N,M} a g a in s t  e q n s .2 .2 4  and 6 .9  fo r  c o r r e c tn e s s .

L e t us c o n s id e r  th e  NTT w ith  88831 a s  th e  modulo b ase  and 210 
a s  th e  t ra n s fo rm  l e n g th .  17 i s  a r o o t  o f u n i ty  fo r  t h i s  t r a n s fo r m . 
Hence th e  NTT tra n s fo rm  p a i r  becom es,

2 09
X(k) = < X  x (n ) 17 k> 8 8 8 3 1 n=u

209x(n) = <88*08 T x(k) 1 7 'nk>88831
k=0

As shown p r e v io u s ly ,  t h i s  NTT c o n v o lu tio n  p a i r  can  be im plem ented i n  
p a r a l l e l  w ith  a r i th m e t ic  o v er G a lo is  f i e l d s  modulo th e  p rim es 211 and 
421 r e s p e c t i v e l y .  That i s
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X'Ck)
2 09 .

< X x ( n )  17nk>211
n=0

(6 .1 7 )

x ' (n ) 2 09<2 10 Yx'OO 17 
k=0

-n k N
2 1 1 (6 .1 8 )

and

X "(k)
209

< £  x (n )  n ' S  
n=0

(6 .1 9 )

209 ,
x " (n )  = < 4 1 9 ^ X " ( n )  17-tUc>42 x (6 .2 0 )

n=0

The f i n a l  r e s u l t s  can  th e n  be r e c o n s t r u c te d  by th e  C hinese Rem ainder 
Theorem . E q ns. 6 .1 7  and 6 .1 9  c a n  be w r i t t e n  i n  a m u lti -d im e n s io n a l  
form a s :

x u ^ .k j . k j )

2-1
-  IV °

3-1
2̂= 0

5 - 1
2V °

7-1
In^=0

x (n4 ,n 3 ,n 2 nl } CL,
n l kl OL,*2*7 . . “3 ^a a n4 k4

( 6 .2 1 )
f o r  k =0,1 

k3= 0 , l , 2  
^ = 0 ,1 ,2  ,3 ,4 
k ^ O , !  , . . .  ,6

and
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01 r 13015 ar 144 ar 385
“ 2 = 30666 a 2 = 71 V 354
a 3= 14755 ° 3= 196 a 3= 20

“ 4= -1 °4= -1 a 4= -1
mod 88830 mod 211 mod 421

The m apping i s

n = <105 + 70n3 + 4 2 +  30n i >2 10

and k = <105k4 + 70k3 + 12 61^ + 12 0k >21Q

( 6 .2 2 )

(6 .2 3 )

L e t us now f in d  th e  ROM s iz e  r e q u ir e d  fo r  o t's  fo r  t h i s  exam ple. The 
m u l t i p l i c a t i o n  by i s  sim ply  a s u b t r a c t io n ,  and so no lo o k -u p  t a b l e  
i s  r e q u i r e d .  T h e re fo re  th e  ROM s iz e  re q u ire d  fo r  t h i s  NTT becom es

3x211xlog22 11 + 3x42 1x10^42  1 b i t s  
=0.633Kx8 + 1.263Kx9 b i t s

T h is  i s  sm all enough fo r  any k ind  o f  r e a l i s a t i o n .  I n  g e n e r a l ,  th e  ROM 
s iz e  r e q u ire d  fo r  a ' s  i s

l
(h - 1 )  £  q .x lo g , q. b i t s  (6 .2 4 )

i = l  1 Z 1

w here h =number o f prim e f a c to r s  o f N 
& =number o f prim e f a c to r s  o f  M

T ab le  6 .1  g iv e s  th e  p o s s ib le  c y c l ic  c o n v o lu tio n  le n g th s  (an d  o th e r  
d e t a i l s )  com puted by NTT w ith  m odulus M = 56052 361 (=2 11x42 1x631) and
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i n  t h i s  c a se  th e  r e q u ir e d  ROM s iz e  i s

0.633Kx8 + 1.263Kx9 + 1.893KxlO b i t s

A f u r t h e r  rem ark  a b o u t t h i s  t a b l e  i s  t h a t  th e  number o f a d d i t io n s  p e r 
p o in t  ( f o r  c o n v o lu tio n )  r e f e r s  to  th e  number o f a d d i t i o n s  p e r  p o in t  
fo r  th e  o v e r a l l  modulo b a s e .  For a p a r a l l e l  im p le m e n ta tio n , a l l  
m oduli r e q u i r e  th e  same number o f a d d i t io n s  p e r p o in t  and 2 more 
modulo M a d d i to n s  p e r p o in t  a r e  r e q u ir e d  fo r  th e  r e c o n s t r u c t i o n  o f th e  
r e s u l t s  by th e  CRT.

We have used N = 210 a s  an  exam ple fo r  our d i s c u s s io n .  T h is  
does n o t mean t h a t  210 i s  th e  o n ly  t ra n s fo rm  le n g th  fo r  th e  NTT modulo 
88831. A c tu a l ly  210 i s  th e  maximum tra n s fo rm  le n g th  fo r  t h i s  NTT and 
th e  hardw are  s t r u c tu r e  w orks e q u a l ly  w e ll  fo r  tra n s fo rm  le n g th s  w hich 
d iv id e  2 1 0 , t h a t  i s  th e  t ra n s fo rm  le n g th s  in s id e  th e  s e t

{2 ,3 ,5 ,6  ,7 ,1 0 ,1 4 ,1 5  ,2 1 ,3 0 ,3 5  ,42 ,70 ,105  ,2 10} .

T h is  g iv e s ,  t h e r e f o r e ,  a l a r g e  s e t  o f  tra n s fo rm  le n g th s  fo r  th e  same 
hardw are s t r u c t u r e .

The maps i n  e q n s . 6 .22  and 6 .2  3 ( o r  i n  g e n e ra l  e q n s .6 .1 2  and 
6 .1 3 )  seem c o m p lic a te d . However, fo r  th e  a c tu a l  im p le m e n ta tio n  th e  
m apping o f e q n . 6 .2  1 ( o r  eq n . 6 .1 1  i n  g e n e ra l)  can  be done sim ply  i n  a 
tw o -d im en sio n a l form ; i t  need n o t be done i n  a m u lti -d im e n s io n a l  fo rm . 
The fo u r-d im e n s io n a l  NTT i n  e q n . 6 .2 1  i s  c a lc u la te d  by 30 le n g th -7  
NTTs, th e n  42 le n g th -5  NTTs, th e n  70 le n g th -3  NTTs and th e n  105 
le n g th -2  NTTs. For exam ple, fo r  th e  c a l c u l a t io n  o f  th e  f i r s t
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d im en s io n , th e  m apping fo r  lo a d in g  d a ta  i s

n <7n' + 3 0n l>210
fo r  n '= 0 , 1 , . . .  ,29

—0 , ! , • • •  ,6

G e n e ra lly ,  we can  w r i t e

n = <N n ' + Rn >_. (6 .2 5 )r  r  N
fo r  n '= 0 , l , . . .  ,(R -1 )

nj.=0 , 1 , . . . , (  N ^ - l)

w here R=N/N f o r  r t h  d im en sio n  r

The co m p u ta tio n  can  be done in - p l a c e  and in - o r d e r  s im ply  by u s in g  
e q n . 6 .2 5  f o r  th e  lo a d in g  o f  d a ta  and u s in g  th e  fo llo w in g  e q u a t io n  fo r  
th e  r e t r i e v a l  o f d a t a [ 91-92]

k = <N n ' + RR- 1 n >M (6 .2 6 )r  r  N y
w here <RR *> =1 fo r  r t h  d im en sio nNr

I n  th e  above exam ple , th e  mapping fo r  th e  r e t r i e v a l  o f d a ta  f o r  th e  
c o m p u ta tio n  o f th e  f i r s t  d im en sio n  becomes

k = <7n' + 12 0k 1>21Q

E s s e n t i a l l y ,  e q n . 6 .26  means t h a t  th e  u n sc ram b lin g  o f d a ta  i s  done 
im m ed ia te ly  a f t e r  th e  c o m p u ta tio n  o f each  d im en sio n  and so th e  f i n a l  
m apping becom es e q n . 6 .1 3 .  An a l t e r n a t i v e  ap p ro ach  to  u n sc ram b lin g  
th e  r e s u l t s  i s  to  u nscram ble  th e  computed NTT a t  th e  end o f  th e  
co m p u ta tio n [ 91] . However, t h i s  r e q u i r e s  some e x t r a  memory sp ace  fo r
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th e  p ro c e d u re .

On th e  o th e r  hand , i f  we w ant to  have even  lo n g e r  sequence 
l e n g th s ,  we may choose N = 2310 (= 2x3x5x7x11). I n  t h i s  c a se  th e  s e t  
o f  p o s s ib le  t ra n s fo rm  le n g th  i s

{2 ,3 ,5 ,6 ,7 ,1 0 ,1 1 ,1 4 ,1 5  ,2 1,22 ,3 0 ,3 3  ,35 ,42 ,55 ,6 6 ,7 0 ,7 7 ,1 0 5  , 
1 1 0 ,1 5 4 ,1 6 5 ,2 1 0 ,2 3 1 ,3 3 0 ,3 8 5  ,462 ,770 ,1155 ,2310} .

The p o s s ib le  prim e modulo b a s e s  a r e

q x = 2311 = 2x3x5x7x11+1 
= 4621 = 2x2x3x5x7x11+1 

q^ = 9241 = 4x2x3x5x7x11+1

The o v e r a l l  modulo b a s e s  can  th e n  be 10679131 (= 2311x4621), 21355951
(= 2311x9241), 42 7 02 661 (=462 1x9241) o r 98685849571 (=2311x4621x9241).
These g iv e  o u p u t dynam ic ra n g e s  o f 2L , 1L , 2^D and 2 J0 r e s p e c t i v e l y .  
The dynam ic ra n g e s  a r e  v e ry  l a r g e  and th e  sequecne le n g th s  a r e  lo n g  
enough f o r  any  k in d  o f a p p l i c a t i o n .  However, i n  th e s e  c a s e s ,  th e  
memory s iz e s  r e q u ir e d  fo r  th e  a  m u l t i p l i c a t i o n s  a r e  u n av o id ab ly  
l a r g e r  th a n  fo r  th e  p re v io u s  c a s e s .

For exam p le , th e  memory r e q u ir e d  f o r  th e  modulo 10679131 
tra n s fo rm  i s

4 [2 3 1 1x log 22311 + 462 1xlog24621] b i t s  
-  (9 .2Kx 12 + 18.5K xl3) b i t s

T h is  i s  r e l a t i v e l y  l a r g e r  th a n  th e  p re v io u s  c a s e ,  b u t  i t  s t i l l  f a l l s
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i n t o  th e  ran g e  o f  p r a c t i c a l  l i m i t s .

T a b lin g  6 .2  l i s t s  some p o s s ib le  modulo b a s e s  and o th e r  
d e t a i l s  fo r  t h i s  new ap p ro ach  to  th e  c o m p u ta tio n  o f c y c l ic
c o n v o lu tio n s  u s in g  NTTs. I t  can  be se e n  th a t  a l l  th e  ROM s iz e s  
r e q u ir e d  a r e  w i th in  p r a c t i c a l  l i m i t s  and th e r e  i s  a l a r g e  c h o ic e  o f 
modulo b a s e s  ( o r  dynam ic ra n g e s )  and sequence l e n g th s .

6 .3  C o n c lu s io n

Some b a s ic  m oduli fo r  c o n s t r u c t io n g  NTTs have b een  su g g es ted  
and used  a s  th e  b a s ic  w o rd - le n g th s  to  c o n s t r u c t  l a r g e  and p r a c t i c a l  
w o rd - le n g th s  f o r  c y c l i c  c o n v o lu t io n s .  T h is  l i s t  o f s h o r t  b a s ic  m oduli 
i s  by no means e x h a u s tiv e  i n  t h a t  th e  u s e r  may c o n s t r u c t  o th e r  s h o r t  
m oduli to  form o th e r  lo n g  modulo b a s e s  a s  r e q u i r e d .  I t  c a n  a l s o  be 
se e n  from  t h i s  c h a p te r  t h a t  th e r e  i s  a l a r g e  c h o ic e  o f  sequence 
l e n g th s  fo r  t h i s  p ro posed  NTTs. Hence t h i s  new Number T h e o re t ic  
T ransfo rm  can  r e l a x  c o m p le te ly  th e  seq uen ce  le n g th  and w o rd len g th  
c o n s t r a i n t s  o f th e  NTT.

From th e  p r a c t i c a l  p o in t  o f v ie w , t h i s  method r e q u i r e s  a 
sm all number o f  a d d i t i o n s  p e r p o in t  and th e  memory r e q u ir e d  i s  much 
l e s s  th a n  p re v io u s  r e p o r te d  m etho d s[6 0 -6 3 ]•  F u rth e rm o re , due to  th e  
s i m i l a r i t i e s  b etw een  m odules and b ec a u se  e x a c t ly  th e  same p ro c e s s e s  
a r e  r e q u ir e d  fo r  d i f f e r e n t  d im en s io n s , th e  c o n t r o l  o f  d a ta  flow  i s  
e x tre m e ly  s im p le  and th e  w hole co m p u ta tio n  can  be done in - p l a c e  and
in - o r d e r
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I t  i s  a ls o  i n t e r e s t i n g  to  p o in t  o u t t h a t  a lm o s t th e  same 
te c h n iq u e  can  be a p p l ie d  to  th e  co m p u ta tio n  o f DFTs. However, i n  t h i s  
c a s e  com plex r o o t s  o f u n i ty  have to  be u se d . T h is  c a u se s  a n  in c r e a s e  
i n  c o m p le x ity  o f th e  c o n t r o l  d e s ig n ,  b u t  i n  t h i s  c a se  no modulo
a r i th m e t i c  i s  r e q u i r e d
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T ab le  6 .1

No. of
A d d it io n s  p e r In p u t

S equence In v e r s e P o s s ib le P o in t  ( f o r Dynamic
L ength F a c to r s N -1 a c o n v o lu tio n ) Range

2 2 2 8026 1 81 56052360 2 3743
3 3 37368241 2 6 3 802 6 0 4 3056
5 5 44841889 33206654 8 2367
6 2x3 46710301 2 6 3 80261 6 2161
7 7 48044881 15870091 12 2000

10 2x5 50447125 14942 199 10 1674
14 2x7 52 04862 1 4159531 14 1414
15 3x5 52315537 35991673 12 1366
21 3x7 533832 01 11078529 16 1155
30 2x3x5 54183949 32443488 14 966
35 5x7 54450865 06767890 20 984
42 2x3x7 54717781 31809188 18 816
70 2x5x7 55251613 6539203 22 632

105 3x5x7 55518529 34969 24 516
2 10 2x3x5x7 55785445 187 26 363

P o s s ib le  S equence L en g th s fo r  C y c lic  C o n v o lu tio n s  com puted by 
th e  NTT w ith  m odulus M=56052 361 (=2 11x42 1x631)
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T ab le  6 .2

F a c to r s F a c to r s ROM S iz e O utput
o f Max. o f P o s s ib le ( f o r Dynamic

M M N N a N"1 Max.N) Range

88831 211 210 2 ,3 ,5 ,7 17 88408 0.633x8 2 16 *4
421 1.263K xl0

133141 211 210 2 ,3  ,5 ,7 48 132507 0 .633Rx8 2 17 *0
631 1.893K xl0

265651 421 210 2 ,3  ,5 ,7 74 264386 1.2 63Kx9 2 18 .0

631 1.893KxlO
56052 361 211 210 2 ,3  ,5 ,7 187 55785445 0.633Kx8 22 5 .7

421 1 .263Kx9
631 1.893K xl0

10679131 2311 2310 2 ,3 , 5 , 3 10674508 9.244Kxl2 223 .3

4621 7,11 18.484 Kxl3
2 1355951 2311 2310 2 ,3 ,5 , 75 21346706 9.244K xl2 224 .3

9241 7 ,11 36 .964Kxl4
42 7 02 6 61 462 1 2310 2 ,3 ,5 , 196 42684175 18 .484Kxl3 22 5 .3

9241 7,11 36 .964Kxl4
98685849571 2311 2310 2 ,3 , 5 , 2302 9864312 8424 9.244K xl2 2 36 .5

4621 7,11 18.484Kxl3
9241 3 6 .964Kxl4

P o s s ib le  M oduli f o r  th e  C om putation  o f C y c lic  C o n v o lu tio n s  u s in g  th e
p roposed  NTT
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6-B IT

F ig u r e  6 .1  Hardware S tr u c tu r e  o f  a Modulo 4 1 , L en g th -5  NTT P r o c e s s o r
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CHAPTER SEVEN VERY FAST DISCRETE FOURIER TRANSFORM USING 
NUMBER THEORETIC TRANSFORM

The D is c r e te  F o u r ie r  T ran sfo rm  p la y s  a key r o l e  i n  D ig i t a l  
S ig n a l  P ro c e s s in g  b ecau se  i t  can  be used a s  a m a th e m a tic a l to o l  to  
d e s c r ib e  th e  r e l a t i o n s h i p  b etw een  th e  tim e dom ain and freq u en c y  dom ain 
r e p r e s e n t a t i o n  o f d i s c r e t e  s i g n a l s .  I n  th e  p re v io u s  c h a p te r s  we have 
shown t h a t  Number T h e o re t ic  T ran sfo rm s can  be used to  im plem ent c y c l i c  
c o n v o lu tio n s  v e ry  e f f e c t i v e l y .  I t  i s  th e  pu rpo se  o f  t h i s  and th e  
fo llo w in g  c h a p te r s  to  show t h a t  th e  same b a s ic  h ardw are  s t r u c tu r e s  can  
be used to  im plem ent th e  D is c re te  F o u r ie r  T ran sfo rm .

I n  t h i s  c h a p te r  i t  i s  shown t h a t  Number T h e o r e t ic  T ran sfo rm s 
(NTT) can  be  used  to  com pute t h e  D i s c r e t e  F o u r i e r  T r a n s fo r m  (DFT) v e ry  
e f f i c i e n t l y .  By n o tin g  some s im p le  p r o p e r t i e s  o f  number th e o ry  and 
th e  DFT, th e  t o t a l  number o f  r e a l  m u l t i p l i c a t i o n s  f o r  a  le n g th -q  DFT 
i s  reduced  to  ( q - 1 ) ,  where q i s  a prim e num ber. T h is  r e q u i r e s  l e s s  
th a n  one r e a l  m u l t i p l i c a t i o n  p e r p o i n t .  For a p ro p e r  c h o ic e  o f  
t ra n s fo rm  le n g th  and NTT, th e  number o f s h i f t - a d d s  p er p o in t  i s  
a p p ro x im a te ly  th e  same a s  th e  number o f a d d i t io n s  r e q u ir e d  fo r  FFT 
a lg o r i th m s .  I n  c h a p te r s  8 and 9 , we expand th e  id e a s  p re s e n te d  i n  
t h i s  c h a p te r  and d is c u s s  th e  d e t a i l s  o f th e  a n a l y s i s  o f  u s in g  th e  
Ferm at Number T ran sfo rm  and th e  M ersenne Number T ransfo rm s to  
im plem ent DFTs.

A b r i e f  a c co u n t o f th e  c o n te n ts  o f th e  p r e s e n t  c h a p te r  h as 
b een  p re s e n te d  i n  [94] w h i ls t  a com ple te  a c co u n t i s  g iv e n  i n  [ 9 5 ] .
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7 .1  Theory

L et g be a p r im i t iv e  r o o t  t h a t  g e n e ra te s  a l l  nonzero  e le m e n ts  
in s i d e  th e  f i e l d  modulo q . C o n sid er now a n  N -p o in t D is c re te  F o u r ie r  
T ran sfo rm ,

N -l
Y(k) = £ x ( n ) w " k ( 7 .1 )  ■

n=0

w here k = 0 , 1 , . . . , N -l and

WQ =e
.in

” J N

I f  N i s  a p rim e number q , th e n  eq n . 7 .1  can  be re o rd e re d [  18] i n  th e  
fo llo w in g  form

q-1
Y( 0) = V  x( n) and 

n=0

i, q - i  <gk -n >Y ( < g V )  = x (0 )  + £ x ( < g _n> )W qn=l q 0

( 7 .2 )

( 7 .3 )

f o r  k =1,2 , . . .  , q - l

We can  w r i t e  e q n . 7 .3 a s

Y(<gk>q ) = x (0 )  + X(<gk>q ) ( 7 .4 )

w here
k t i  _n <gk" n>X(<8\ >  - %)W0M n=l H

f o r  k =1,2 , . . .  , q - l

( 7 .5 )
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Eqn. 7 .5  r e p r e s e n t s  a backw ard c i r c u l a r  c o n v o lu tio n  o f l e n g t h - ( q - 1 ) . 
T hat i s

{x(g- 1 ) , x ( g - 2 ) , . . x ( g -q+1)} ®  {w® ,W® , ..W® } ( 7 .6 )

w here ®  means c i r c u l a r  c o n v o lu tio n  and th e

s u b s c r ip t s  and in d ic e s  a r e  modulo q

L e t us now d e f in e

*k ■  * < g k+1V ( 7 .7 )

W = Wn n 0
<gn>. ( 7 .8 )

.  .  - ( n+1) v v

xn “ x ( <8 V ( 7 .9 )

f o r  k = 0 , 1 , . . . ,q-2

n ~ 0 ,1 , . . « ,q - 2

Hence e q n s . 7 .5  and 7 .6  become
q-2

*k = I xA-nn=0 (7 .1 0 )

f o r  k = 0 , 1 , . . . , q-2 and

x̂0 ’x l * • *Xq-2^ ®  Ŵ0 ,W1 ’ ’ *Wq-2 ^ (7 .1 1 )
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The Number T h e o re t ic  T ran sfo rm  can  now be a p p l ie d  to  com pute th e  
c y c l i c  c o n v o lu tio n  sum o f  th e s e  two se q u e n c e s . Thus we can  w r i t e

X'm
q-2

= < V x  A ,  nn=0
amn^

M and (7 .1 2 )

W'm
q-2

< V w  a mn>H  n Mn=0 (7 .1 3 )

f o r  m = 0 , 1 , . . . ,q-2

The r e s u l t s  can  th e n  be o b ta in e d  by th e  in v e r s e  tra n s fo rm  o f  th e
p r o d u c ts ,  X 'W " s .  T hat i s  r  ’ m m

i q-2
\  = <5=1 Xm=0

X'W' a  m m
-mk_
i / M (7 .1 4 )

f o r  k = 0 , 1 , . . . ,q-2

R e c a l l  t h a t  a l l  W ' s a r e  com plex num bers, hence a p p a re n t ly  th e  t o t a l
number o f  m u l t i p l i c a t i o n s  fo r  a r e a l  sequence  o f le n g th - q  ( to  f in d  a l l
X^W^i's) fo r  t h i s  method i s  2 ( q - l ) .  However th e  sequence 

0 1 q-2
{Wq ,Wq , . .  } can  a c t u a l l y  be w r i t t e n  a s

0 1 0\*/ L
<wo >wo — -wo (wo)(wol

q-1
g 2 0

-l\*
(7 .1 5 )

w here * d e n o te s  com plex c o n ju g a te s .

T h e re fo re  th e  sequence ( W ^ v ^ , . . . ^  _2 > can  be w r i t t e n  a s
q-

* *
^W0 ,W1 ’ • • ,wq - l  ,W0 ,W1 * ” , W q - l  * (7 .1 6 )

-1 -1
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Note a ls o  t h a t  Real(W ^) = Real(W ^) and ImagCW^) = -ImagCW^).

Real(W . )  = Real(W ). q - i  nn +  T

Imag(W ) = -Imag(Wn )
n +  T-

fo r  n = 0 , 1 , . .

I n  view  o f th e s e  r e l a t i o n s h i p s ,  eq n . 7 .1 3  can  be w r i t t e n  a s

q - i -1
W/ ' = < 5" W a  m nn=0

q-2
mn +

n=q- ^  n >M

V'1 V-1 (rH-'t-bm
<1  Wn a m n + X  W a >Mn=0 n=0 n + ^ —

q-12and s in c e  a = - 1 ,  we can  w r i t e

W'm
9“ l - l

< I  Wn c T  +n=0

q -1 - lT  1
( - D m I  w mn

n=0 n+ a

On com bining e q n s . 7 .1 7 ,  7«18 and 7 .1 9 ,  i t  i s  c le a r  t h a t

2
R eal(W ') = R e a l(<2 Y. W a mn)> ) fo r  m=even m n nn=0

=0 fo r  m=odd

Im ag(W ') ® m = 0
V 1- 1

I w a mn>n=0 "  M

fo r  m=even

fo r  m=odd

Hence

(7 .1 7 )

(7 .1 8 )

(7 .1 9 )

(7 .2 0 )

=Imag( <2
(7.21)
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E q n s. 7 ,2  0 and 7.2 1 a r e  v e ry  im p o r ta n t  i n  p r a c t i c a l
im p le m e n ta t io n s . T h is  i s  n o t p r im a r i ly  due to  th e  f a c t  t h a t  th e
number o f  s h i f t - a d d s  ( a  m u l t i p l i c a t i o n s  i f  ot i s  a s im p le  c o m b in a tio n
o f  power o f  2 ) re d u c e s  by a f a c to r  o f  2 f o r  th e  c a l c u l a t i o n  o f  W ''s ,m
s in c e  a l l  W ^'s shou ld  be p r e - c a lc u la te d  fo r  a hardw are im p le m e n ta tio n ;
i t  i s  d u e , how ever, to  th e  f a c t  t h a t  th e  t o t a l  number o f r e a l
m u l t i p l i c a t i o n s  fo rm ing  X 'W "s  re d u c e s  from  (2 q -2 )  to  ( q - 1 ) .  T h ismm n n
g iv e s  l e s s  th a n  one ( a c t u a l l y  1 - - )  m u l t i p l i c a t i o n  p e r p o in t  fo r  th e

q

DFT o f  a r e a l  sequence o f l e n g th - q .  The number o f a d d i t i o n s  r e q u ire d  
i n  t h i s  te c h n iq u e  i s  e v a lu a te d  below .

The s h i f t - a d d s  r e q u ir e d  to  com pute W '' s a r e  n o t co u n ted  s in c em
th e s e  q u a n t i t i e s  can  be p r e - c a lc u la te d  and s to re d  i n  ROM i n  a hardw are 
im p le m e n ta tio n  o r s to r e d  i n  th e  program  fo r  a so ftw a re  im p le m e n ta tio n . 
The t o t a l  number o f  s h i f t - a d d s  re q u ire d  f o r  tra n s fo rm in g

(X0 ,X1 * * * *,Xq-2^ to  { X ',X i, . . . , X '_ 2 } i s  ( q - l ) ( q - 2 ) •  However, i f  we 
choose  (q -1 )  to  be h ig h ly  c o m p o s ite , a n  FFT-type o f a lg o r i th m  can  be 
a p p l ie d  to  e f f e c t  th e  t r a n s f o r m a t io n .  I n  p a r t i c u l a r  i f  (q -1 )  i s  a 
power o f  2 ,  th e  number o f  s h i f t - a d d s  i s  eq u a l to  ( q - l ) l o g 2 ( q ~ l ) •

S in c e  th e  r e s u l t s  a r e  com plex, two in v e r s e  t r a n s f o r m a t io n s ,  
one r e a l  and one im a g in a ry , a r e  r e q u i r e d .  As g and q a r e  r e l a t i v e l y  
p rim e , E u l e r 's  Theorem say s

< s^(q)> 1

<gq-1 > =
q

i f l (7 .2 2 )
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th e n q - i
<g 2 >q = +  V I  = +1

q-i. 2 .<g > * 1 i s  c o n t r a d ic to r y  w ith  g b e in g  a p r im i t iv e  r o o t ,  b ecau se  i f
g i s  a p r im i t iv e  r o o t  th e n  g i s  o f  th e  o rd e r  d>(q) = q -1 , t h a t  i s  q-1 
i s  th e  l e a s t  i n t e g e r  such  t h a t  <g^_ ^> = 1.q
T h e re fo re

q - i
<g 2 > = -1q (7 .2 3 )

S in c e  th e  seq uen ce  { x (n ) :n = 0 , 1 , . . . ,q - l}  i s  r e a l ,  r e c a l l i n g  th e
symmetry o f th e  r e a l  and th e  a n tisy m m etry  o f  th e  im a g in a ry  com ponents 

nlco f  Wq ab o u t th e  h o r iz o n ta l  a x i s  one may show, from  eq n . 7 .1  t h a t :

Y(k) = Y (q -k ) (7 .2 4 )
w here k=0, 1 , . .  . c£ i

S u b s t i t u t i n g  e q n s . 7.22 and 7 .2 3  in to  7 .5 ,  we o b ta in

{X(<gk> ) :k = l ,2

q-1 -1 q-1 3 ^ + 1
-  {X(<g1>q ) ,  X(<g2 >q ) , . . . ,  x(<g 2 >q ) ,  x(<g 2 >q ) ,  X(<g 2 > ) ,

2=1+ 2
X ( < g 2 > X(<gq-1> )}H H

q - i -1
= {X(<g1>q ) ,  {X(<g2 >q ) , . . . > x ( < g 2 >q ) ,  X ( - l ) ,  X C - g S q ) ,

XC-<g X ( l ) }
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q - i - l q - l
= {X(<g1>q ) > X(<g2 >q ) , . . . ,  x(<g 2 >q) ,  X(<g 2 >q ) ,  X(<g1>q) * ,

q - i
x(<g2 >q ) * , . . . ,  X(<g 2 >q )*} (7.25)

Hence t h i s  e q u a t io n  shows t h a t  fo r  a n  a c tu a l  im p le m e n ta tio n , o n ly
q - i

{X(<gH ) ,X(<g^>q) , • • • ,X(<g ^ > )} need be com puted, th e  o th e r  h a l f  o f 
X(<8n>q ) / s can  be found by ta k in g  th e  c o n ju g a te  o f th e s e  v a lu e s .

F u rth e rm o re  b o th  r e a l  and im ag in ary  p a r t s  o f  th e  seq u en ces
{X 'W ', m=0, 1 , . . ,q - 2 } a r e  a l t e r n a t e l y  z e r o ,  a l e n g t h - ( q - l )  in v e r s e  m m
t r a n s f o r m a t io n  can  be formed by two l e n g th - ( ^ _ i )  in v e r s e  t r a n s fo r m s .
Hence th e  number o f s h i f t - a d d s  fo r  th e  in v e r s e  t r a n s f o r m a t io n  i s
2 ( ^ ) ( ^ - l )  = ( q - D ( ^ p - l )  i n  g e n e r a l ,  o r  i s  2 ( ^ ) l o g 2 ( =
( q - l ) [ l o g ^  ( q - l ) “ l  ] i f  ( q - l )  i s  a power o f  2 . E qn. 7 .4  have to  be used
to  c a l c u l a t e  th e  f i n a l  r e s u l t s .  For th e  c a l c u la t io n  o f  Y (0 ), a t o t a l
number o f  ( q - l )  a d d i t i o n s  a r e  r e q u i r e d .  However, th e  sum m ation o f
{ x (1 ) ,x ( 2 ) , . . . ,x ( q - l ) }  has b een  a l r e a d y  o b ta in e d  i n  th e  FNT
tra n s fo rm e d  r e s u l t s  o f  {x : n=0, 1 , . • . ,q - 2 } . Hence o n ly  one e x t r an
a d d i t i o n  ( th e  a d d i t i o n  o f x ( 0 ) )  i s  n e c e s sa ry  fo r  th e  c o m p u ta tio n  o f  
Y (0 ) . B ecause o f th e  symmetry p ro p e r ty  o f th e  DFT, ^ - ^ a d d i t io n s  a r e  
r e q u ir e d  to  com pute eq n . 7 .4 .  Hence th e  o v e r a l l  number o f  s h i f t - a d d s  
in c lu d in g  th e  a d d i t i o n s  o f  x (0 )  and th e  a d d i t io n s  f o r  Y(0) becomes

(q-l)[21og2 (q-l)-l] + 1 + 3r! = 2(q-l)log2 (q-l) - 3Z§ (7.26)

T h is  f ig u r e  o f  s h i f t - a d d s  i s  a p p ro x im a te ly  eq u a l to  th e  number o f r e a l  
m u l t i p l i c a t i o n s  used  i n  a FFT.
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7 .2 An Example
To i l l u s t r a t e  th e  id e a  l e t  us c o n s id e r  th e  DFT o f  th e  

sequence  { x ( 0 ) ,x ( 1 ) ,x ( 2 ) ,x ( 3 ) , x ( 4 ) } , i . e .  N=q=5. In  t h i s  c a se  th e  
number 2 i s  a p r im i t iv e  r o o t  w hich i s  used to  g e n e ra te  e le m e n ts  i n s id e  
th e  f i e l d  modulo 5 .  Hence th e  mapping f o r  {x(n)} i n  e q n . 7 .5  and 
eq n . 7 .6  i s  g iv e n  by

{xn : n = l ,2 ,3 ,4 }  = {x(<g_n>M) ,  :n = l ,2 ,3 ,4 }

= {x (3 ) ,x ( 4 ) ,x ( 2 ) , x ( 1)} and 

{W® , : 11=0,1,2 ,3} = {Wq ,W^,w£,W ^}.

Hence e q n . 7 .6  becomes

{ x ( 3 ) ,x ( 4 ) ,x ( 2 ) ,x ( l ) }  ®  {wJ,W^,Wg,W^}

{ x ( 3 ) ,x ( 4 ) ,x ( 2 ) ,x ( l ) }  ©  ( 7 .2 7 )

T h is  c o n v o lu tio n  sum can  be computed by NTT. Now l e t  us use a Ferm at 
Number T ran sfo rm  (FNT) to  make th e  c a l c u l a t i o n .  L e t M=F^=2 ^ + 1 ,  & =2 8 
and o f c o u rs e  N=4 . Hence

■ _ —
x o 1 1 1 1 x (3 )

x i 1 2 8 -1  - 2 8 x(4 )
= <

1 - 1  1 - 1 x(2 )

1 - 2 8 -1  2 8 x ( l )
_ _

(7 .2 8 )



1 9 8  -

wo

w;
= <

W2

W3

1 1 1 1

1 2 8 - 1 - 2 8

1 - 1  1 - 1

1 - 2 8 - 1 2 8

W

M
1*w,

i *

w here = e
.2tt

~J 5

(7 .2 9 )

I n  o rd e r  to  u se  modulo a r i t h m e t i c ,  th e  te rm s have to  be n o rm alized  
to  in t e g e r  v a lu e s .  M u lt ip ly in g  th e s e  te rm s by 90 and ro u n d in g  o f f  th e  
r e s u l t s  to  i n t e g e r s ,  we o b ta in

mm _ --  ---
wo -9 0  + jO

wi 0 + j382 2 9

w2 2 02 + jO

W3 0 + j26964

T h is  e x p re s s io n  may be compared w ith  e q n s . 7 .2  0 and 7 .2  1 fo r
a g re e m e n t. Hence fo r  th e  co m p u ta tio n  o f  X 'W ', m = 0 ,l ,2 ,3  a t o t a lmm
number o f  fo u r  r e a l  m u l t i p l i c a t i o n s  i s  s u f f i c i e n t .  T h is  i s  a ls o  th e  
t o t a l  number o f m u l t i p l i c a t i o n s  re q u ir e d  fo r  a 5 - p o in t  DFT. The t o t a l
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number o f  r e a l  s h i f t - a d d s  re q u ire d  i s  2 ( 4 )log£  ( 4 ) - ( 5 - 3 ) /2  = 15 .

As we have s e e n , th e  le n g th  fo r  th e  NTT i s  ( q - 1 ) ,  w here (q -1 )
i s  a lw ay s a n  even  num ber. F erm at Number T ra n sfo rm s , Pseudo M ersenne
T ra n sfo rm s , Pseudo F erm at T ran sfo rm s o r  any e f f i c i e n t  t ra n s fo rm  w ith
a n  even  number a s  th e  tra n s fo rm  le n g th  a r e  s u i t a b l e  f o r  th e
c o m p u ta tio n . However, fo r  some v e ry  p ro m is in g  NTTs, th e  tra n s fo rm
le n g th s  may n o t be lo n g  enough o r  may no t m atch t h i s  r e q u ire m e n t.  For
exam ple , an  e x c e l le n t  c h o ic e  o f q i s  257 w hich i s  prim e and N (=q-1) i s
h ig h ly  com po site  and i t  m igh t be p o s s ib le  to  use a n  NTT to  e f f e c t  th e
c o n v o lu t io n .  The lo n g e s t  tra n s fo rm  le n g th  (w ith  -\/2 a s  th e  r o o t  o f
u n i ty )  fo r  FNT w ith  modulo b ase  F, i s  256 [s e e  c h a p te r  2 ] .  Hence F,b o
i s  a p o s s ib le  c h o ic e  f o r  th e  im p le m e n ta tio n . I f  one w ish e s  to  u se  a 
s h o r te r  w o rd - le n g th , F<- fo r  exam ple, to  e f f e c t  th e  im p le m e n ta tio n  th e  
m ajor problem  i s  t h a t  th e  maximum tra n s fo rm  le n g th  fo r  th e  FNT w ith
M=F^=2:> -1  i s  128 f o r  a  = However t h i s  problem  may be re s o lv e d
by u s in g  m u lt i -d im e n s io n a l  te c h n iq u e s  fo r  c o n v o lu tio n s  [ s e e  
c h a p te r  3 ] .  S in c e  q i s  a prim e num ber, i t  i s  a ls o  p o s s ib le  to  combine
W in o g rad 's  s h o r t  DFTs to  c a r ry  o u t th e  co m p u ta tio n  o f  lo n g  DFTs u s in g
m u lti -d im e n s io n a l  f o r m u la t io n s .  The m ajor d is a d v a n ta g e s  o f th e  method 
u s in g  NTT to  c a l c u l a t e  DFT a r e  t h a t  s p e c ia l  a r i t h m e t i c  (modulo 
a r i th m e t i c )  and n o rm a lly  r e l a t i v e l y  l a r g e  word l e n g th s  may have to  to  
be used  fo r  th e  m ajor p a r t  o f th e  c a l c u l a t i o n ,  a f a c t  common to  a l l
Number T h e o re t ic  T ran sfo rm s
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CHAPTER EIGHT COMPUTATION OF DISCRETE FOURIER TRANSFORM 
USING FERMAT NUMBER TRANSFORM

The tra n s fo rm  le n g th  o f th e  Ferm at Number T ran sfo rm  i s  h ig h ly  
com po site  ( i t  i s  i n  f a c t  a  power o f two) and hence F a s t  F o u r ie r  
T ransfo rm  ty p e s  o f a lg o r i th m  can  be used fo r  th e  c o m p u ta tio n . I n  t h i s  
r e s p e c t ,  i t  would a p p e a r  t h a t  th e  FNT i s  th e  m ost p ro m inen t c a n d id a te  
f o r  th e  co m p u ta tio n  o f DFTs. However, fo r  p r a c t i c a l  im p le m e n ta tio n s , 
n e a r ly  a l l  Number T h e o re t ic  T ran sfo rm s a r e  l im i te d  by sequence l e n g th  
c o n s t r a i n t s .  T h is  l i m i t s  th e  a p p l i c a t io n  o f FNTs to  a sm all number o f  
r e l a t i v e l y  s h o r t  DFTs o n ly ,  o r  in d eed  th e  a p p l i c a t io n  o f  Number 
T h e o re t ic  T ran sfo rm  fo r  com puting th e  D is c r e te  F o u r ie r  T ransfo rm  i s  
l im i te d  a s  a w h o le .

I n  t h i s  c h a p te r ,  we p re s e n t  th e  r e s u l t s  o f o ur s tu d y  u s in g  
Ferm at Number T ran sfo rm  (FNT) to  com pute D is c re te  F o u r ie r  T ran sfo rm s 
(D FT). E ig h t b a s ic  FNT m odules a r e  su g g e s ted  and used  a s  th e  b a s ic  
sequence l e n g th s  to  compute lo n g  DFTs. The number o f  m u l t i p l i c a t i o n s  
p e r  p o in t  i s  f o r  m ost c a se s  n o t more th a n  o n e , w hereas th e  number o f 
s h i f t - a d d s  i s  f o r  most c a se s  a l s o  l e s s  th a n  th e  number o f a d d i t io n s  i n  
th e  Winograd F o u r ie r  T ransfo rm  A lg o rith m  and th e  P o lyn o m ial T ran sfo rm . 
Thus th e  te c h n iq u e  to  be p re s e n te d  i s  v e ry  e f f e c t i v e  i n  com puting 
D is c re te  F o u r ie r  T ra n sfo rm s .

The c o n te n ts  o f t h i s  c h a p te r  have b een  p u b lis h e d  i n  [ 9 6 ] .

8 .1  B asic  Ferm at Number T ran sfo rm  M odules
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2 7A Ferm at Number i s  d e f in e d  a s  Ft =2 + 1 , hence F -1  (=2 ) i s
h ig h ly  co m p o site  (a  power o f  2 )  and i f  F i s  cho sen  a s  th e  DFT l e n g th ,  
q , th e n  th e  c o rre sp o n d in g  (F t - l ) - p o i n t  c y c l i c  c o n v o lu tio n  c a n  be 
computed by a n  NTT ( i n  th e  p re s e n t  c a se  FNT) w ith  a F FT -type 
a lg o r i th m .

Ferm at numbers up to  F ^ , nam ely { 3 ,5 ,1 7 ,2 5 7 ,6 5 5 3 7 }  a r e  a l l  
p r im e s , and th e s e  a r e  p o s s ib le  sequence le n g th s  ( t h a t  i s  q=Ft> fo r  
t = 0 , l , 2 , 3 , 4 )  f o r  th e  c o m p u ta tio n  o f  D is c r e te  F o u r ie r  T ran sfo rm s u s in g  
NTTs.

For a c tu a l  im p le m e n ta tio n s , n o t a l l  Ferm at p rim es t h a t  c an  be 
used  a s  seq uen ce  le n g th s  a r e  a t t r a c t i v e  fo r  th e  co m p u ta tio n  o f  DFT. 
For exam ple, F^(=65537) i s  lo n g  enough ( o r  p e rh a p s  too  lo n g )  f o r  many 
k in d s  o f  a p p l i c a t i o n s ,  b u t th e r e  i s  no s u i t a b l e  Ferm at Number 
T ransfo rm  (w ith  sequence le n g th  = 65537-1 = 65536) a v a i l a b l e  fo r  such  
a lo n g  sequence l e n g th .  I n  th e  l i g h t  o f  t h i s  s i t u a t i o n ,  i t  would seem 
t h a t  th e  m ost a t t r a c t i v e  t ra n s fo rm  le n g th s  a r e  F ^ (= 5 ), f^ ( = 17) and 
F ^ (= 2 5 7 ). T ab le  8 .1  l i s t s  th e  number o f r e a l  o p e r a t io n s  f o r  fo u r  
p o s s ib le  prim e (F erm at p rim es) le n g th s  and fo u r  o th e r  le n g th s  ( t o  be 
d is c u s s e d  b e lo w ) . The number o f  m u lt ip lic a t io n s (M L )  i s  found by

ML = q-1  ( 8 .1 )  
and  th e  number o f  s h i f t - a d d s  ( w ith  s l i g h t  m o d if ic a t io n  fo r  le n g th  2 5 7 , 
below ) i s  g iv e n  by e q n . 7 .26

A = 2( q -O lo g ^  (q-X ) -  S p ( 8 .2 )
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I t  can  be se e n  from  t a b l e  8 .1  t h a t  fo r  a l e n g th  257 DFT we
have o n ly  a s in g le  c h o ic e  o f  b a s e  (F ^ ) fo r  modulo a r i th m e t ic  and i n
t h i s  c a se  th e  r o o t  o f u n i ty  i s  - \ / 2 . Agarwal and B u rru s  [2 8 ,4 0 ] have
shown t h a t  f o r  Ferm at Number T ransfo rm  w ith  modulo b a se  F and

t+2tra n s fo rm  le n g th  2 , th e  r o o t  o f u n i ty  a  can  be w r i t t e n  a s
t-2  0 t - la = V 2  = 2Z (2Z - 1 )

I n  th e  p re s e n t  c a s e ,  a  = V 2 * 2 ^ ® -2 ^  w hich r e q u i r e s  a two "o n es"
r e p r e s e n t a t i o n  i n  th e  w o rd le n g th . Hence th e  m u l t i p l i c a t i o n  by a/2
r e q u i r e s  one e x t r a  s h i f t - a d d  a s  com pared to  th e  number o f s h i f t - a d d s
f o r  th e  m u l t i p l i c a t i o n  by a s in g le  power o f tw o. However, i n  th e  f a s t
FNT p ro ced u re  (F F T -ty p e  a lg o r i th m ) , o n ly  one s ta g e  r e q u i r e s
m u l t i p l i c a t i o n s  by odd powers o f a  • T h is  f a c t  means t h a t  i ( q - l )
e x t r a  s h i f t - a d d s  a r e  used in  th e  fo rw ard  FNT t r a n s f o r m a t io n  and i ( q - l )4
e x t r a  s h i f t - a d d s  f o r  r e v e r s e  FNT t r a n s f o r m a t io n .  The r e s u l t i n g  
in c r e a s e  i n  number o f s h i f t - a d d s  i s  o f c o u rse  v e ry  s m a l l .  Thus F ^ , F  ̂
and F-j form th r e e  v e ry  e f f i c i e n t  b a s ic  sequence ( t r a n s fo rm )  le n g th s  
f o r  th e  co m p u ta tio n  o f D is c r e te  F o u r ie r  T ransfo rm  u s in g  Ferm at Number 
T ran sfo rm .

R e tu rn in g  to  th e  sequence  l e n g th  problem  l i s t e d  i n  t a b le  8 .1 ,  
o n ly  a few Ferm at p rim es a r e  s u i t a b l e  fo r  th e  c o m p u ta tio n  o f  th e  DFT 
u s in g  FNTs. However t h i s  p roblem  may be re s o lv e d  by s u i t a b l e  
m u lti -d im e n s io n a l  te c h n iq u e s .  C o n s id e r , th e  D is c re te  F o u r ie r  
T ransfo rm  le n g th  be a prim e num ber, q a s  b e f o r e .  Then ( q—1) m ust be a 
com po site  number and l e t  ( q-l)=N=N^Nj • The mapping from  th e  
o n e -d im e n s io n a l c y c l i c  c o n v o lu tio n  o f e q n s . 7 .5  and 7 .6  i n to  a



tw o -d im en sio n a l c o n n v o lu t io n , can  be w r i t t e n  i n  l i n e a r  form a s  fo llo w s

n = ( 8 .3 )

w here n = 0 , 1 , . . . ,N^-1 and 
n^ = 0 , 1 , . . . ,  1

The map[68] i s  c y c l i c  i n  n i  = 1 o r 2 , i f  and o n ly  i f  K. = C — rr-l  l  N.l
w here C i s  a n  i n t e g e r .  For a u n iq ue  map, G and have to  be 
r e l a t i v e l y  p rim e . I n  o rd e r  to  a p p ly  th e  NTT, o r more p r e c i s e l y ,  th e
FNT, to  e f f e c t  th e  c o m p u ta tio n , a t  l e a s t  one d im en sio n  o f  t h i s
tw o -d im en sio n a l m apping m ust be c y c l i c .  Hence eq n . 8 .3  i s  w r i t t e n  a s

n = <K2 ^  + C ^ V n ( 8 ' 4 )
w here i s  a c o n s ta n t

For t h i s  c a s e ,  ( i )  th e  map i s  u n iq u e  and c y c l ic  i n  n^ and ( i i )  th e  map 
i s  u n iq ue  and n o t n e c e s s a r i l y  c y c l i c  i n  •

Theorem
The c o n ju g a te  

n
{Wq :n = 0 , 1 , . . .q - 2 } i s

s t r u c t u r e ( s e e  eq n . 7 .1 5 ) o f th e  a r r a y
p re se rv e d  i n n^ i f i s even fo r  a

tw o -d im en sio n a l m apping o f  th e  a r r a y u s in g  a map n = <K2 ^ + CN2 n 1>N
w here and C a r e  i n t e g e r s ,  and = q -1 .

B efo re  g iv in g  th e  p ro o f o f  t h i s  theorem  l e t  us c o n s id e r ,  f o r
n

exam ple, a 1 3 -p o in t  DFT. Choose g=2, th e  a r r a y  {Ŵ  : n=0, 1 , . • .q - 2 }
becom es
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To tra n s fo rm  t h i s  c y c l i c  a r r a y  in to  a 3x4 tw o -d im en sio n a l a r r a y ,  l e t  
u s choose th e  map n = <4a, + 3 n ^ > ^  • Hence

n
{W*> : n = 0 , l , . . . q - 2 }  <----->

Each row (d im e n s io n  n^) o f t h i s  r e s u l t a n t  tw o -d im en sio n a l a r r a y  
p ro c e s s e s  th e  same c o n ju g a te  s t r u c t u r e  a s  th e  o r i g i n a l  o n e -d im e n s io n a l 
a r r a y .

P r o o f :

wo "S <
8*W0

0̂ <

wo wo «r <

The map n = <1^1^ + cH^n^>N g iv e s  rows o f N ^ -p o in t c y c l i c  
a r r a y s .  The term  I^ n ^ , ^o r ^  = § iv es  a b ase  o r  an  o f f s e t
v a lu e  fo r  f in d in g  s e t s  o f d a ta  fo r  N ^-p o in t c y c l ic  a r r a y s .  T hus, t h i s  
term  does n o t a f f e c t  th e  p ro p e r ty  o f th e  N ^ -p o in t c y c l ic  a r r a y s .  
S in c e  th e  n^ map i s  c y c l i c ,  n^ can  be w r i t t e n  a s  and
a c t u a l l y  th e  s e t  o f  i n t e g e r s  : n^ = 0 ,1 , . . . 1 ^ - 1 }  i s  m ere ly  a
p e rm u ta tio n  o f th e  s e t  {0,1^ ,21^ , . .  .(N j-D N ^}  d N» However

<<CN2 nl >N ' ni =0 » ! » • • •
N N N

= {0,CN2>...C(r 1- l ) ^ JC2- i ^ >C(r 1+ l ) ^ >...,C(N1-l)^}mod N

N N
- {o,cn2 ,...,0 (^ -1)^  ,c|,(c|q<;Np).../c|+ c(^ -i)N 2)}n)od N

( 8 .5 )
From e q n s . 7 .15  and 7 .1 6 ,  i t  i s  c l e a r  t h a t
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"<n> -  "  «
N <rt^2>N

(8 .6)

Hence i t  can  be se e n  from e q n s . 8 .5  and 8 .6  t h a t  a f t e r  s u b s t i t u t i n g
n

e q n . 8 .4  i n to  th e  e x p re s s io n  (W  ̂ :n = 0 , 1 , • • .q - 2 } we have a r r a y s

7 2 V(̂l ) °2 ,0 V 1 )
2 2

o r  W = W* XT ( 8 .7 )rr ,<n > ,N ..
7 1 Nx Î » <ni +- i >Ni

1 ^ = 0 ,1 , . . .  ,N^-1

T h is  co m p le te s  th e  p ro o f o f th e  theo rem .

C o ro l la ry :
n

I t  i s  im p o s s ib le  to  map {W® : n=0, 1 , . . . ,q - 2 } in to  a 
tw o -d im en sio n a l c y c l i c  a r r a y  ( c y c l i c  i n  b o th  d im en s io n s) w ith  th e  
c o n ju g a te  s t r u c t u r e  p re se rv e d  i n  b o th  d im en s io n s .

P r o o f :

The p ro o f  o f t h i s  c o r o l l a r y  can  be seen  from th e  f a c t  t h a t
fo r  th e  m apping from o n e -d im e n s io n a l c y c l ic  a r r a y  in to  a
tw o -d im en sio n a l c y c l i c  a r r a y  ( i n  b o th  d im e n s io n s ) , and sh o u ld  be
r e l a t i v e l y  p rim e [ 6 8 ] .  Hence e i t h e r  o r  li, can  be e v e n . From th e
above theo rem , i t  i s  e v id e n t  t h a t  f o r  a c y c l i c  mapping o f  

n
{Wq :n = 0 ,1 , . . . ,q - 2 } i n  b o th  d im e n s io n s , o n ly  one d im en sio n  p re s e rv e s  
c o n ju g a te  s t r u c t u r e .  T h is  p ro v es  th e  c o r o l l a r y .

A d i r e c t  consequence o f th e  c o n ju g a te  p ro p e r ty  o f th e
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tw o -d im en sio n a l m apping i s  t h a t  th e  r e s u l t s  o f  b o th  r e a l  and im ag in ary  
p a r t s  o f th e  Ferm at Number T ransform ed  sequence  o f 
{W_ :n  = 0 . 1 , • • . ,N ,-1} w ould be a l t e r n a t e l y  z e ro .  Hence th e  t o t a lf :n  = 0 , 1 , • • . ,N .-1} w ould be a l t e r n a t e l y  z e ro .  ^ ,n l 1 1
number o f  r e a l  m u l t i p l i c a t i o n s  fo r  each  N ^ -p o in t DFT re d u c e s  from  2N^ 
to  . S im i l a r l y ,  th e  c o n ju g a te  s t r u c tu r e  o f X(<g > ) i n  e q n . 7 .2  5 i s  
a ls o  p re se rv e d  fo r  t h i s  m apping. As i n  th e  p re v io u s  exam ple , i f  
n = <4n^ + 3n^>12 th e n  k has to  map to  <4i^ + 9n^>12 1 6 8 ] . T h e re fo re  
we o b ta in

{X(2 ) ,X (4) ,X (8) ,X (3) ,X (6) ,X( 12 ) ,X(2 ) ,X (4) ,X (8) ,X (3) ,X (6) ,X( 12 )}

X (2) X(10) X(2) X?10)
<— > X(6) X(4) X?6) X?4)

X(5) X( 12 ) X?5) >< 1—• to

I t  i s  c l e a r  t h a t  o n ly  X(2 ) ,X( 10) ,X (6) ,X (4) ,X (5) and X( 12 ) need to  be 
com puted, th e  o th e r  X(n) v a lu e s  a r e  m ere ly  complex c o n ju g a te s  o f  th e s e  
v a lu e s .

S in c e  i s  ev en , i t  i s  most w o rth w h ile  to  choose N  ̂ a s  a
power o f two so t h a t  a FFT -type a lg o r i th m  may be u s e d . D epending on 
w hether th e  second d im en sio n  i s  a c y c l ic  o r a l i n e a r  c o n v o lu tio n  [ 6 7 ] ,  
Pseudo Ferm at T ra n sfo rm s , Pseudo M ersenne T ra n sfo rm s , M ersenne Number 
T ra n sfo rm s , th e  L agrange I n t e r p o l a t i o n  Form ula o r any s h o r t  
c o n v o lu tio n  a lg o r i th m  can  be used  to  c a r r y  o u t th e  c o m p u ta tio n .

I n  p r a c t i c a l  a p p l i c a t i o n s ,  th e  lo n g e s t  tra n s fo rm  le n g th  (w ith
2 o r \ 2  a s  th e  ro o t  o f  u n i ty )  a v a i l a b l e  fo r  Ferm at Number T ransfo rm
i s  2 5 6 , b u t i n  t h i s  c a s e ,  th e  modulo b a se  i s  F ( = 2 ^ + 1 ) .6 This
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w o rd - le n g th  i s  too  lo n g  f o r  some com puters ( e s p e c i a l l y  m in i-  o r  
m ic ro -c o m p u te rs )  and fo r  some hardw are  im p le m e n ta tio n s . We t h e r e f o r e  
b e g in  our f u r t h e r  d i s c u s s io n  w ith  a b a s ic  sequence  le n g th  o f 6 4 . W ith 
t h i s  b a s ic  seq uence  l e n g th ,  we can  u se  any  o f  th e  F erm at Numbers i n  
{F^,F^,F^} a s  th e  modulo b a s e .  T h is  g iv e s  a f l e x i b l e  c h o ic e  o f 
w o rd le n g th s  and dym anic ra n g e s  fo r  v a r io u s  a p p l i c a t i o n s .  From 
eq n . 7 .1 0

q-2
v Y x\  = n k_n

f o r  k=0, 1 , . . . ,q-2 

k+1w here Xfe=X(<g > )

( 8 . 8 )

( 8 .9 )

R e c a l l  L e t N^=64 and th e  map o f n = + tL n .> ^ , a n 8
so e q n . 8 .8  becomes

X
V k i

-1  64-1
X 2 xv niWk2_v krniV °  n1=0

( 8 . 10)

The map i s  c y c l i c  i n  n ^ , hence we may ta k e  th e  Number T h e o re t ic  
T ransfo rm  o f e q n . 8 .1 0  w ith  r e s p e c t  to  n^ [ 6 7 ] .  E qn. 8 .1 0  becom es

V I
x; i = y  x" , w"
\ , k l n^=0 ^  , k l k2 ”n2»k 1

64-1
w here X" = < V  x

* 1  >k l n ^ 0  "2 >nl
nl kL

>M/

( 8 . 1 1 )

( 8 . 12)

64-1
W" 1 = < y  W.

V V k l n^=0 k2 _n2 ,n l
n l \

a (8 .1 3 )
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1*2 =0 , 1 , ^ - 1  and 
M,=b a s e  fo r  modulo a r i th m e t ic

I f  N  ̂ and ^  a r e  n o t m u tu a lly  prim e eq n . 8 .1 1  i s  a l i n e a r
c o n v o lu tio n  sum o f th e  seq u en ces  {XM , : n = 0 , 1 , . . . ,N -1} and

^ 2 * 1  L 1
{W,r :q  = 0 ,1 , ,  • .  ,NL-1} . On th e  o th e r  hand , t h i s  e q u a t io n  can  a ls o  iVi «Ki z l

be a rra n g e d  a s a c y c l ic c o n v o lu tio n  sum i f  N̂  and a r e  m u tu a lly
p rim e . For th e case o f l i n e a r c o n v o lu t io n s ,  ( 2 - i  )

^2
f o r  th e  c o m p u ta tio n .

[67]
m u l t i p l i c a t i o n s p e r p o in t a r e re q u ire d T h is
number o f m u l t i p l i c a t i o n s  i s  s t i l l  r e l a t i v e l y  large"*" i f  we u se  q 's  a s  
b a s ic  tra n s fo rm  le n g th s  fo r  th e  a p p l i c a t io n  o f  Ferm at Number T ran sfo rm  
to  DFT. We now tu r n  our a t t e n t i o n  to  th e  c a se  w ith  c y c l ic  mapping i n

. A v e ry  s im p le  mapping i s  n = < N ^  + N2 n i '>q - l  w^e r e  N]=64 . I f  n> 
i s  c y c l ic  th e n  a Number T h e o re t ic  T ran sfo rm  can  be used a g a in  to  f in d
t h i s  c o n v o lu tio n  sum. However N  ̂ and N> a r e  m u tu a lly  p rim e , N  ̂ i s  
even  and i f  we r e s t r i c t  o u r s e lv e s  to  u s in g  FNTs o n ly ,  Number T h e o re t ic  
T ran sfo rm s a r e  n o t s u i t a b l e  fo r  t h i s  d im en sio n .

+As a ty p i c a l  c a se  i f  we ta k e  ^ = 2  we r e q u i r e  1.5 m u l t i p l i c a t i o n s  to  
compute one p o i n t .  T h is  would s t i l l  be a p r a c t i c a l  p r o p o s i t i o n ,  b u t 
th e  number o f m u l t i p l i c a t i o n s  p e r p o in t  i s  s l i g h t l y  g r e a t e r  th a n  i n
th e  c a se s  to  be d is c u s s e d  below



-  2 0 9

R e c a ll  th e  f a c t  t h a t  o f  th e  v a r io u s  s h o r t  odd c y c l i c  
c o n v o lu tio n  a lg o r i th m s  in tro d u c e d  by W inograd [25] and A garw al and 
C ooley [ 2 4 ] ,  th e  le n g th -3  c y c l i c  c o n v o lu tio n  a lg o r i th m  i s  th e  most 
e f f i c i e n t  i n  te rm s o f  b o th  th e  numbers o f  a d d i t i o n s  and 
m u l t i p l i c a t i o n s  p e r p o in t  n eed ed . I n  f a c t  o n ly  4 m u l t i p l i c a t i o n s  and 
11 a d d i t io n s  a r e  r e q u ir e d  fo r  th e  co m p u ta tio n  o f  3 - p o in t  c y c l ic  
c o n v o lu tio n  sum. L e t N^=3 so t h a t  e q u s . 8 .1 0  and 8 .1 1  become

3-1  64-1
^ ^ 1  iy=0 n ^ O  ^ ’ “ l V V k r nl (8 .1 4 )

3-1
^2 ,k l | = 0  °2 ,k l k2 _n2 ,k l (8 .1 5 )

w here k^= 0 , 1 , .  • .  ,63
^ = 0 , 1,2

I t  i s  im p o r ta n t  to  r e c a l l  t h a t  th e  ch o ice  o f and ti, sh o u ld  
a lw ays a g re e  w ith  o ur b a s ic  d e s ig n ;  t h i s  means t h a t  th e y  must be 
ch o sen  such  t h a t  (q -1 )  = o r e q u iv a le n t ly  (Nj-N^+1) m ust be a prim e
num ber. In  o ur c a s e ,  ( N ^ + l )  i s  eq u a l to  193 w hich i s  prim e w ith  5 
b e in g  th e  minimum p r im i t iv e  r o o t .

L e t us now work o u t th e  number o f o p e r a t io n s  re q u ire d  to  
com pute t h i s  1 9 3 -p o in t DFT. T here  a r e  64 3 -p o in t  c y c l i c  c o n v o lu tio n s  
hence o v e r a l l  th e r e  a r e  64x4=256 m u l t i p l i c a t i o n s .  B e s id e s  th e  64 
3 - p o in t  c y c l ic  c o n v o lu t io n s ,  th e r e  a r e  th r e e  6 4 -p o in t  FNT tra n s fo rm s  
(fo rw a rd  and r e v e r s e ) ,  hence by u s in g  e q n . 8 .2 ,  th e  t o t a l  number o f 
s h i f t - a d d s  (some a r e  sim p ly  a d d i t i o n s )  becomes 64x11 +
3x[2x641og2 6 4 -(6 4 -2  )/2  ] -  2 = 2 9 1 3 . T h is method r e q u i r e s  1.33
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m u l t i p l i c a t i o n s  and 16.19 s h i f t - a d d s  p er p o in t  r e s p e c t i v e l y .
S im i l a r l y ,  l e n g th  13(=3x4+1)- p o in t  DFT and l e n g th  9 7 (= 3 x 3 2 + l)-p o in t  
DFT can  be com puted by u s in g  1.23 (6 .6 9 )  and 1.32 (1 3 .0 4 )
m u l t i p l i c a t i o n s  ( a d d i t i o n s )  p er p o in t  r e s p e c t i v e l y .

On th e  o th e r  h an d , fo r  sy stem s t h a t  can  have r e l a t i v e l y  l a r g e
word s i z e  ( 6 4 - b i t  w ords fo r  th e  p re s e n t  c a s e )  we may u se  a le n g th -2 5 6  

64FNT w ith  F (=2 +1) a s  a modulo b a se  to  c o n s t r u c t  a n o th e r  b a s ic
6

t ra n s fo rm  le n g th  f o r  th e  DFT u s in g  th e  FNT. I n  t h i s  c a s e ,  th e  DFT 
tra n s fo rm  le n g th  i s  (256x3+ 1)=769 w hich a g a in  i s  a prim e num ber, w ith  
11 b e in g  th e  minimum p r im i t iv e  r o o t .  The t o t a l  number o f
m u l t i p l i c a t i o n s  i s  256x4=1024 and th e  t o t a l  number o f s h i f t - a d d s  
becom es 256x11+3x4161-2=15297. The DFT w ith  t h i s  sequence le n g th  
r e q u i r e s  1.33 m u l t i p l i c a t i o n s  and 19.89 s h i f t - a d d s  p e r p o in t  
r e s p e c t i v e l y .

L ength  3 - ,5 - ,1 7 - ,2 5 7 - ,1 3 - ,9 7 - ,1 9 3 -  and 7 6 9 -p o in t  DFTs form  
e ig h t  b a s ic  Ferm at Number T ransfo rm  m odules and th e s e  m odules a r e  used 
to  c o n s t r u c t  a lg o r i th m s  fo r  com puting lo n g  D is c re te  F o u r ie r  T ran sfo rm s 
i n  th e  n ex t s e c t io n .

8.2 Prim e F a c to r  Im p le m e n ta tio n

The b a s ic  id e a  i n  t h i s  s e c t io n  a r i s e s  m ain ly  from  th e  f a c t  
t h a t  a l l  e ig h t  b a s ic  Ferm at Number T ransform  m odules o b ta in e d  so f a r  
a r e  prim e i n  l e n g th .  Thus any two o r  more o f th e s e  m odules can  form  
b a s ic  le n g th s  fo r  tw o - o r m u lti -d im e n s io n a l  re a rra n g e m e n ts  o f  D is c re te  
F o u r ie r  T ra n sfo rm s . F u rth e rm o re , any one o r more o f th e s e  m odules can



a ls o  com bine w ith  o th e r  s h o r t  (o r  lo n g  i f  th e re  happen  to  be an y ) DFT 
a lg o r i th m s  to  com pute lo n g  D is c re te  F o u r ie r  T ra n sfo rm s ,

Now l e t  us exam ine th e  m u lti -d im e n s io n a l  m apping o f th e  DFT
e q u a t io n .  For th e  sake o f s i m p l i c i t y ,  we c o n s id e r  a s im p le
tw o -d im en sio n a l c a s e .  L e t N o f  e q n . 7 .1  be a co m p o site  num ber, 
N^N^=N. F u r th e r  l e t  and N̂  be r e l a t i v e l y  p rim e so t h a t  th e
" tw id d le  f a c to r s "  [97] o f th e  m u l t i -d im e n s io n a l ly  re a r ra n g e d  DFT 
e q u a tio n  can  be av o id ed  by th e  a p p l i c a t io n  o f th e  C hin ese  Rem ainder 
Theorem (CRT) [ 3 4 ,6 8 ] .  I n  t h i s  c a se  eq n . 7 .1  can  be w r i t t e n  a s

n4- i n3- i
Y (8 .1 6 )

4 •

and th e  mapping becom es

n = N3 n4 + (8 .1 7 )

(8 .1 8 )

w here <N_N0 1>XT 3 3 N4
1
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R e c a ll  a l s o  th e  f a c t  t h a t  b o th  th e  Prim e F a c to r  A lg o rith m  
(PFA) [31] and th e  W inograd F o u r ie r  T ransfo rm  A lg o rith m  [25] 
e s s e n t i a l l y  make u se  o f  th e  same m u lti -d im e n s io n a l  mapping and s h o r t  
DFT a lg o r i th m s  fo r  t h e i r  c o m p u ta tio n . The number o f  o p e r a t io n s  p e r 
p o in t  becomes r a t h e r  l a r g e  fo r  in c r e a s in g  DFT s i z e s .  T h is  i s  m ain ly  
due to  th e  n a tu re  o f  m u lt i -d im e n s io n a l  mapping and a l s o  due to  l im i te d  
number o f a v a i l a b l e  e f f i c i e n t  s h o r t  DFTs. T here a r e  e ig h t  e f f i c i e n t  
s h o r t  DFT a lg o r i th m s  [2 5 ,9 8 ] w hich a r e  f r e q u e n t ly  u se d , namely 
l e n g t h - 2 ,3 ,4 ,5 ,7 ,8 ,9  and 16. Four o f th e s e  a r e  pow ers o f  two and so 
o n ly  one o f th e s e  fo u r  can  a p p e a r  i n  th e  same m u lti -d im e n s io n a l  
re a r ra n g e d  DFT. However i f  we add o u r b a s ic  FNT m odules to  th e s e  8 
s h o r t  DFT a lg o r i th m s ,  we have a v a i l a b l e  a much l a r g e r  c h o ice  o f 
t ra n s fo rm  le n g th s  and th e  number o f  m u l t i p l i c a t i o n s  p e r p o in t  rem a in s  
a v e ry  sm all num ber, even  f o r  DFT le n g th s  lo n g e r  th a n  t e n  th o u sa n d .

E qn. 8 .16  can  now be w r i t t e n  i n  th e  fo llo w in g  form s u i t a b le
f o r  th e  Prim e F a c to r  A lg o rith m  [ 3 1 ] ,

V 1 N3-1
V s = V o  ( n ? 0  W

S S .  „ n4 k4) W, (8 .1 9 )

The tw o -d im en sio n a l tra n s fo rm  in  e q n . 8 .1 9  may be im plem ented by f i r s t  
c a l c u la t in g  len g th -N ^  DFT's

n3- i
Y' . = Y  x W
VS n̂O VS 3

S S (8 .2  0)

th e n  c a l c u l a t in g  len g th -N ^  DFT's
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V 1
k4 ,k 3 V Y'n, =0 n4 ’

„ n^
*3 W4

The number o f m u l t i p l i c a t i o n s  and a d d i t io n s  become

ML = + N3M4

A = N A + N~A,4 3 3 4

( 8 .2 1 )

(8 .2 2 )

(8 .2 3 )

w here M0(A_) and M. (A. ) a r e  3 3 4 4
th e  number o f m u l t i p l i c a t i o n s  
( a d d i t i o n s )  fo r  l e n g th  and 

DFTs r e s p e c t i v e l y

Any one o f o u r e ig h t  FNT m odules can  be used i n  N ^ -p o in t 
DFT's and any  one o f  th e  e ig h t  s h o r t  DFT's can  be used  i n  N ^ -p o in t 
D F T 's, p ro v id ed  t h a t  and a r e  r e l a t i v e l y  p rim e . However a f t e r  a 
c lo s e  e x a m in a tio n  o f th e  e ig h t  s h o r t  DFT a lg o r i th m s ,  i t  becomes c l e a r  
t h a t  th e  m ost e f f i c i e n t  l e n g th s  a r e  2 and 4 ,  a s  th ey  b o th  r e q u i r e  o n ly  
t r i v i a l  m u l t i p l i c a t i o n s ,  t h e r e f o r e  i n  t h i s  c a se  e q n . 8.22 becomes 
ML=N4M3 . T h is  im m ed ia te ly  d o u b le s  o r q u a d ru p le s  th e  sequence le n g th s  
o f th e  fo u r  FNT m odules w ith o u t in c r e a s in g  th e  number o f r e q u ir e d  
m u l t i p l i c a t i o n s  p e r p o i n t .  For o th e r  t ra n s fo rm  le n g th s  th e r e  i s  an  
u n a v o id ab le  b u t  n e v e r th e le s s  s l i g h t  in c r e a s e  i n  th e  number o f 
m u l t i p l i c a t i o n s  p e r  p o in t .

Eqn. 8 .16  may a ls o  be d e s c r ib e d  by th e  fo llo w in g  form  
s u i t a b le  fo r  th e  c o m p u ta tio n  u s in g  th e  W inograd F o u r ie r  T ransfo rm  
A lg o rith m  [2 5 ] ,
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V 1
= 1  > »4n4 k4

v °

w here

X =

x v °
'n4>l

H =

"4 >N3-1

W3 W3

W3° W3

w.

V

V °
V 1

V N3_1

w;
w,n3 - i

w.
(N3- i r

(8 .2 4 )

Eqn. 8 .24  i s  o b ta in e d  by e s s e n t i a l l y  c o n s id e r in g  eq n . 8 .16  a s  a 
o n e -d im e n s io n a l DFT o f l e n g th  w ith  each  s c a la r  r e p la c e d  by a v e c to r  
o f te rm s . The number o f o p e r a t io n s  i n  t h i s  c a se  become

ML = MM 3 4 (8 .2 5 )

A = N_A. + M,A0 3 4 4 3 (8 .2 6 )

However b ec a u se  o f th e  n e s t in g  n a tu re  o f t h i s  a lg o r i th m , th e  
t r i v i a l  m u l t i p l i c a t i o n s  ( th e  m u l t i p l i c a t i o n  o f W^) i n  th e  b a s ic  FNT 
m odules can n o t be ig n o re d  i n  eq n . 8 .2  5 .  From eq n . 7 .2  and 7 .4 ,  i t  i s
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q-1 0c l e a r  t h a t  t h e r e  a r e  two t r i v i a l  m u l t i p l i c a t i o n s ,  nam ely ( V  x(n))W ^
0

and x(0)Wq . I n  o rd e r  to  make a s l i g h t  s i m p l i f i c a t i o n  o f  th e  
c o m p u ta tio n , l e t  us make a re a rra n g e m e n t o f eq n . 7 .4

q-1
Y( <gk>Q) = x (0 )  +  x (< g- n >q )W0

k -n s
<8 >,

n=l

such  th a t
q-1 <g k- n>

? ( < § * > )  = X  [x (< g _n> ) -  x( 0 ) ]^ n=l W, (8 .2 7 )

I f  eqn . 8.27 i s  used in s te a d  o f e q n . 7 .4  one wjj m u l t i p l i c a t i o n  i s  
sa v e d . The o n ly  d i f f e r e n c e  b etw een  e q n . 7.4  and e q n . 8.2 7 i s  t h a t  
x (0 )  i s  in c lu d e d  b e f o r e  th e  c o m p u ta tio n  o f  th e  c y c l ic  c o n v o lu tio n  i n  
e q n . 8.27 w hereas x (0 )  i s  in c lu d e d  a f t e r  th e  co m p u ta tio n  o f  th e  c y c l ic  
c o n v o lu tio n  i n  eq n . 7 .4 •

As shown i n  T ab le  8 .2 ,  i f  we in c lu d e  th e  m u l t i p l i c a t i o n  o f
o( V  x(n))W n i n  e q n . 7 .2 ,  th e  number o f  m u l t i p l i c a t i o n s  r e q u ir e d  fo r

n=fo 0
th e  e ig h t  b a s ic  FNT m odules in c r e a s e s  s l i g h t l y .

L e t us i l l u s t r a t e  t h i s  id e a  w ith  N = 15. Hence N = 15 = 3x5 . 
E q n .8 .17  become

n = <5n + 3N0> 1C 4 3 15

w here n ^ = 0 ,l ,2 ,3 ,4
n4= 0 , l ,2

* 0 •
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x
X

X

t>,0

:o,i

0,2

0 ,3
0 ,4

x (0 ) Xl ,0 = x (5 ) * 2 ,0 = x( 10)
x (3 ) Xl , l = x (8 ) *2 ,1 = x ( 13)
x ( 6 ) X1 ,2 = x ( 11) x2 ,2 = x( 1)
x (9 ) X1 ,3 = x ( 14) *2 , 3 = x (4 )
x( 12) X1 >4 = x(2 ) *2,4 -  x (7 )

E qn. 8 .16  and 8 .24  become

k4 ,k3
3 -1  5 -1  n, k.
2  < 2 * n  n ,W3 > « 4  n4 =0 1^=0 4 ,n 3

and

n, k .
n. =0 4

w here mmmm

\ . o X nn4 >0
Y, X
V 1 V 1

Y, „ , x x
n4 n4

\,3 \ ’3
\ , 4

_  _ _  _

W =

»3° W3° «3° «3° »3°
W3° W3 i W3
«3° ^3 W3
W3° W3 W3
«3° W3 ^3 W3

(8 .2 8 )

and
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= e
.In 

" 35

f o r  = 0 ,1 ,2

Now we may use  th e  3 - p o in t  ^DFT a lg o r i th m  ( s e e  r e f .  2 5 ,  say  fo r  
ex am p le ), to  e v a lu a te  e q n . 8 ;28

S , =
S„ =

=0

X1 + *2 
X1
X0 + S" l

Mq = l.W S 0
M. =

«2 =
=

S, =
s r =

( c o s ^ y - l ) . W  S
. . -In -  -j s i n y  .W

«o + fli
S_3 + *>
'3S- -

(8 .2 9 )

and

Yo ■  Mo
Y1 = S_4
^2 '= s

A ll  th r e e  e x p re s s io n s  i n  eq n . 8 .2 9  a r e  a c t u a l l y  le n g th -5  
DFT's m u l t ip l ie d  by c o n s ta n ts  and a r e  i n  th e  fo llo w in g  form

Mk = CON W S k

w here CON i s  a c o n s ta n t  and
k=0,1 ,2
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L et

Mk =

“  —

B O Sk ,0
mk , l Sk , l
\ , 2 and S. = k Sk,2
mk ,3 Sk ,3
“ k ,4 Sk ,4
__ _ —

U sing th e  Ferm at Number T ra n sfo rm , we o b ta in
MM — —
“ k.O W3 ( s k ,0 + s k , l + s k ,2 + sk ,3 + Sk ,4 )
mk ,2 b k,2
mk ,4 = CON b k ,4
mk,3 b k ,3
mk , 1 b k , l
tmmm mmm __ __

(8 .3 0 )

w here

b k ,2

b k ,4 1
4

bk ,3

1 
o' ?? * 1 ^

1 1 1 1
3 2 11 a  a a

, 2 0 2 
1 a a  a

. 1 2  3
1 a a a

1 1 1 1
, 1 2  3
1 a  a  a

. 2 0 2 
1 a  a  a

. 3 2 1
1 a a  a

W3

^3

w?

1 1 1 1
1 2  31 a  a a

2 0 21 a  a a

3 2 11 a  a a

(sk,3"Sk,0)

(sk,4"sk,0)

(sk,2"sk,0)

(sk,rsk,0)

(8 .3 1 )
w here x means term  by term  m u l t i p l i c a t i o n .

N o tic e  t h a t ,  f o r  a n  a c tu a l  im p le m e n ta tio n  a l l  c o e f f i c i e n t s  
have to  be s c a le d  to  i n t e g e r s  and th ey  have to  be w i th in  th e  a l lo w a b le  
dynam ic ran g e  [ s e e  c h a p te r  2 ] .  The "CON" i n  eq n . 8 .3 0  and ” 1 /4 ” in
e q n . 8 .31  sh ou ld  be ab so rb e d  in s id e  th e  W^s i n  w hich ca se  no e x t r a
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m u l t i p l i c a t i o n  i s  r e q u i r e d ,  and a c t u a l l y  t h i s  i s  th e  o r i g i n a l  id e a  o f 
th e  W inograd F o u r ie r  T ran sfo rm  A lg o rith m .

For o u r d i s c u s s io n  so f a r ,  we have combined one o f  o ur b a s ic  
FNT m odules w ith  one s h o r t  DFT a lg o r i th m . However i n  g e n e ra l  one may 
choose to  com bine th e  FNT m odules to  form a lo n g  tra n s fo rm  o r ind eed  
any number o f s h o r t  DFT o r  FNT m odules can  be combined to  form  lo n g  
DFT tra n s fo rm s  u s in g  th e  Prim e F a c to r  A lg o rith m  o r  th e  W inograd 
F o u r ie r  T ran sfo rm  A lg o r ith m . The o n ly  r e s t r i c t i o n  i s  t h a t  th e  
sequence l e n g th s  o f th e s e  s h o r t  DFT a lg o r i th m s  and FNT m odules must be 
m u tu a lly  p rim e .

8 .3  H ybrid  Im p le m e n ta tio n

I t  i s  se e n  t h a t  b o th  th e  Prim e F a c to r  A lg o rith m  and th e  
W inograd F o u r ie r  T ran sfo rm  A lg o rith m  can  combine w ith  e ig h t  FNT 
m odules to  com pute lo n g  DFTs. The PFA i s  e s p e c i a l l y  e f f i c i e n t  fo r  
sequence le n g th s  o f  2 and 4 .  The WFTA i s  v e ry  e f f i c i e n t  fo r  le n g th  3 
and 8 , t h e r e f o r e  i t  i s  w o rth w h ile  to  u se  a co m b in a tio n  o f th e s e  
m ethods to  compute v e ry  lo n g  DFT se q u e n c e s .

T ab le  8 .3  l i s t s  th e  number o f  r e a l  m u l t i p l i c a t i o n s  and 
r e a l  a d d i t i o n s  fo r  v a r io u s  DFT's com puted by t h i s  h y b r id  te c h n iq u e  
w ith  3 - p o i n t ,  5 - p o i n t ,  1 7 - p o in t ,  9 7 -p o in t  and 1 9 3 -p o in t FNT m o du les. 
For th e  c a s e s  w ith  3 o r h ig h e r  d im e n s io n s , we c o n s id e r  p ro c e s s in g  two 
s e t s  o f r e a l  d a ta  s im u lta n e o u s ly ,  o th e rw is e  a s l i g h t  i n c r e a s e  i n  th e  
number o f  a d d i t i o n s  i s  r e q u i r e d  [ s e e  s e c t io n  9.2 a s  w e l l ] .  I n  t h i s  
t a b l e  e i t h e r  F o r Fc o r  F, can  be cho sen  a s  th e  modulo b ase  f o r  th e
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c o m p u ta tio n , and t h i s  r e s u l t s  i n  a f l e x i b l e  c h o ice  o f  word le n g th s  fo r  
th e  im p le m e n ta tio n . F ig s .  8 .1  and 8.2 g iv e  th e  number o f 
m u l t i p l i c a t i o n s  and a d d i t i o n s  fo r  WFTA [ 2 5 ] ,  P olynom ial 
T ransfo rm  (PT) [9 8 ] and f o r  th e  p re s e n t  DFT co m p u ta tio n  te c h n iq u e .  As 
i t  can  be seen  from  th e s e  f i g u r e s ,  th e  number o f m u l t i p l i c a t i o n s  f o r  
WFTA and th e  P o lyn om ial T ran sfo rm  i s  b etw een  30 and 90 p e r c e n t  g r e a te r  
th a n  th e  c o rre sp o n d in g  number o f  m u l t i p l i c a t i o n s  f o r  th e  p re s e n t  
m ethod . On th e  o th e r  h an d , th e  p re s e n t  method a ls o  r e q u i r e s  b etw een  
10 to  20 p e rc e n t  few er s h i f t - a d d s  th a n  th e  number o f a d d i t i o n s  i n  WFTA 
and P olynom ial T ran sfo rm  fo r  most o f  th e  seq uen ce  l e n g th s .  
F u r th e rm o re , fo r  seq uen ce  le n g th  680 o r  ab o v e , th e  number o f 
s h i f t - a d d s  fo r  th e  p r e s e n t  method i s  v e ry  s i g n i f i c a n t l y  few er th a n  th e  
number o f a d d i t io n s  f o r  WFTA and PT. Hence th e  p re s e n t  method i s  more 
u s e f u l  fo r  lo n g  DFT l e n g th s .  I t  i s  w orth  p o in t in g  o u t t h a t  fo r  
d e d ic a te d  hardw are o r m icrocom puter im p le m e n ta tio n s , th e  
m u l t i p l i c a t i o n  tim e i s  o f  th e  o rd e r  o f te n  t im e s , o r  more s lo w er th a n  
a d d i t i o n ,  no t w ith s ta n d in g  th e  r e l a t i v e  c o s t s  o f such o p e r a t io n s .

T ab le  8 .4  l i s t s  th e  number o f  r e a l  o p e r a t io n s  r e q u ir e d  fo r  
v a r io u s  DFT u s in g  th e  2 5 7 -p o in t  FNT m odule. I n  t h i s  c a s e ,  F^ h as to  
be used  a s  th e  modulo b ase  fo r  th e  c o m p u ta tio n . I t  i s  c l e a r  from 
F ig .  8 .1  t h a t  th e  number o f  m u l t i p l i c a t i o n s  p e r p o in t  rem a in s  c o n s ta n t  
and i s  eq u a l to  one f o r  even  e x tre m e ly  lo n g  DFT se q u e n ce s . Hence th e  
p r e s e n t  method g iv e s  a v e ry  e f f i c i e n t  way to  compute lo n g  DFTs.

8 .4  C o n c lu sio n
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E ig h t b a s ic  FNT m odules f o r  com puting DFT's have b een  
p re s e n te d  and used  a s  th e  b a s ic  t ra n s fo rm  le n g th s  to  com pute lo n g  
D is c r e te  F o u r ie r  T ra n s fo rm s , The number o f m u l t i p l i c a t i o n s  p e r  p o in t  
f o r  m ost c a s e s  i s  n o t more th a n  one and th e  number o f  s h i f t - a d d s  i s  
a lm o s t eq u a l to  ( f o r  lo n g  sequence  l e n g th s ,  l e s s  th a n )  th e  number o f 
a d d i t i o n s  i n  th e  W inograd F o u r ie r  T ransfo rm  A lg o rith m  and th e  
P o lyno m ial T ra n sfo rm . Thus th e  p r e s e n t  te c h n iq u e  i s  v e ry  e f f e c t i v e  
fo r  com puting  D is c r e te  F o u r ie r  T ra n sfo rm s .

Some p o s s ib le  tra n s fo rm  le n g th s  b ased  on th e  e ig h t  b a s ic  FNT 
m odules have b ee n  l i s t e d  b u t t h i s  l i s t i n g  i s  no means e x h a u s tiv e  i n  
t h a t  th e  u s e r  may com bine d i f f e r e n t  s h o r t  DFTs to  form o th e r  tra n s fo rm  
le n g th s  a s  r e q u i r e d .  Hence t h i s  method g iv e s  a l a r g e  c l a s s  o f 
t ra n s fo rm  le n g th s  fo r  com puting D is c r e te  F o u r ie r  T ra n s fo rm s .

The Ferm at Number T ran sfo rm  h as a l r e a d y  b een  used  to  compute 
c o n v o lu tio n s  e f f e c t i v e l y .  These a r e  m ain ly  im plem ented th ro u g h  
d e d ic a te d  h a rd w a re , o r  m odules (som etim es w ith  a d d -o n  h ardw are) 
w r i t t e n  i n  assem b ly  lan g u ag e  fo r  a c o m p u te r/m ic ro co m p u te r. Hence w ith  
j u s t  some s l i g h t  m o d if ic a t io n s  o f  th e s e  m odules, one may compute 
D is c r e te  F o u r ie r  T ran sfo rm s u s in g  FNTs on th e  same sy s tem . However, 
s in c e  most co m pu ter/m icrocom pu ter hardw are  i s  n o t d e s ig n e d  to  do 
modulo Ferm at Number a r i t h m e t i c ,  i t  i s  p e rh ap s  d e s i r a b l e  to  f a b r i c a t e  
d i g i t a l  s ig n a l  p ro c e s s o r  c h ip s  w ith  FNT a r i th m e t ic  w hich  can  
f a c i l i t a t e  th e  co m p u ta tio n  o f  DFTs and c o n v o lu tio n s  u s in g  FNTs. The 
m ajo r problem  l e f t  to  be so lv ed  i s  con cerned  w ith  th e  d e s ig n  o f  th e  
a r c h i t e c t u r e  o f th e  d i g i t a l  s ig n a l  p ro c e s s o r .
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T ab le  8 .1

Number Number
P o s s ib le P o s s ib le o f r e a l o f r e a l

DFT Modulo Root o f M u l t ip l ic a t io n s S h i f t - a d d s
L eng th Base U nity ML (p e r  p o in t) A (p e r  P o in t )

3 F i * ■ ■ *>f & 2 2 2 64 L y • • • y U 2 (0 .6 7 ) 4 (1 .3 3 )

5 F 1 ..........F6
32o 9 Jy  • • • y i * 4 (0 .8 0 ) 15 (3 .0 0 )

17 F3 ’F4 ,F5 ’F6

00(NWs•••

CN 16 (0 .9 4 ) 121 (7 .1 2 )

257 F6 V  2 256 (1 .0 0 ) 4161 (1 6 .1 9 )

13 F 1 ’ , “ ,F 6 2 2 32 16 (1 .2 3 ) 87 (6 .69 )

97 f 4 ;F5 ,F6
2 3 4 2 ,2Z ,2 ^ ,2 ^ 12 8 (1 .32  ) 12 65 (1 3 .0 4 )

193 F5>F6 2 ,22 256 (1 .3 3 ) 2913 (1 5 .0 9 )

769 F6 V 2 1024 (1 .3 3 ) 15297 (1 9 .8 9 )

w here F = 22 + 1

Number o f r e a l  m u l t i p l i c a t i o n s  and s h i f t - a d d s  fo r  r e a l  d a ta  
DFT computed by FNT
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T ab le  8.2

DFT
L eng th
N

Number o f 
M u l t ip l ic a t io n s
M3

3
5

17
257

13
97

193
769

3 
5 

17 
257 

17 
12 9 
257 

102 5

Number o f m u l t i p l i c a t i o n s  ( in c lu d in g  th e  m u l t i p l i c a t i o n s  o f 
Wq) fo r  e ig h t  b a s ic  FNT m o d u les .
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T ab le  8 .3

Number o f Number o f
DFT Prim e M u l t ip l i c a t io n s S h i f t - a d d s
L ength F a c to r s p e r p o in t p er p o in t

12 3x4 0.67 3 .3 3
20 4x5 0 .8 0 5 .0 0
30 2x3x5 1.00 5 .3 3
40 5x8 1 .00 6 .2 5
60 3x4x5 1.00 6 .3 3

12 0 3x5x8 1.00 7 .5 8
2 04 3x4x17 1 .00 10.45
255 3x5x17 1.00 11.45
408 3x8x17 1.00 11.70
510 2x3x5x17 1.00 12 .45
680 5x8x17 1.00 13 .37

1020 3x4x5x17 1.00 13.45
2 040 3x5x8x17 1.00 14.70
4080 3x5x16x17 1.13 16.08

142 80 3x5x7x8x17 1.2 9 19.84 **
23160 3x5x8x193 1.33 22 .67
39576 3x8x17x97 1.33 2 4 .7 4
65960 5x8x17x97 1.33 2 6 .4 1
98940 3x4x5x17x97 1.33 2 6 .4 9

197880 3x5x8x17x97 1.33 2 7 .74
•kk39372 0 3x5x8x17x193 1.33 2 9 .7 9

**An a d d i t i o n a l  0 .75 s h i f t - a d d s  p er p o in t  i s  r e q u ire d  fo r
modulo F.4

Number o f o p e r a t io n s  p er p o in t  fo r  DFTs computed by FNT w ith
modulo b ase  F, ,F C o r F,4 5 6
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T ab le  8 .4

DFT
L ength

Prim e
F a c to r s

Number o f 
M u l t ip l i c a t io n s  
p e r p o in t

Number o f 
S h i f t - a d d s  
p er p o in t

257 257 1.00 16.19
514 2x257 1.00 17.19
771 3x257 1.00 17.52

1028 4x257 1.00 18.19
1542 2x3x257 1.00 18.52
3084 3x4x257 1.00 19.52
3855 3x5x257 1.00 20.52
6168 3x8x257 1.00 2 0 .7 7
7710 2x3x5x257 1.00 2 1.52

1542 0 3x4x5x257 1.00 22 .52
30840 3x5x8x257 1.00 2 3 .7 7
5242 8 3x4x17x257 1.00 2 6 .6 4

104856 3x8x17x257 1.00 2 7 .8 9
131070 2x3x5x17x257 1.00 2 8 .6 4
262 140 3x4x5x17x257 1.00 2 9.64
5242 80 3x5x8x17x257 1.00 30 .8 9

Number o f o p e r a t io n s  p e r p o in t  fo r  DFTs computed by FNT w ith  
modulo b ase  F^ o n ly
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F ig u re  C a p tio n s

F ig u r e  8 .1
Number o f m u l t i p l i c a t i o n s  p e r  p o in t  v e r s u s  seq u en ce  l e n g th  

f o r  DFTs com puted by ( i )  FNT w ith  m odulo b a se  F ^ , F^ o r  F^ ( O ) ,  ( i i )  
FNT w ith  m odulo b a se  F^ o n ly  ( •  ) ,  ( i i i )  P o ly n o m ia l T ran sfo rm  ( a ) and 
( i v )  W inograd F o u r i e r  T ra n sfo rm  A lg o r ith m  ( ▼  ) •

F ig u re  8 .2
Number o f  s h i f t - a d d s  ( o r  a d d i t i o n s )  p e r  p o in t  v e r s u s  seq u en ce  

l e n g th  f o r  DFTs com puted by ( i )  FNT w i th  m odulo b a se  F ^ , F^ o r  
*6  ̂ °  )» ( i i )  FNT w ith  m odulo b ase  F^ o n ly  ( •  ) ,  ( i i i )  P o ly n o m ia l 
T ra n sfo rm  ( a ) and  ( i v )  W inograd F o u r ie r  T ran sfo rm  A lg o r ith m  (▼  ) .
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CHAPTER NINE FAST MERSENNE NUMBER TRANSFORMS FOR THE

COMPUTATION OF DISCRETE FOURIER TRANSFORM

R e c a ll  th e  f a c t  t h a t  a v e ry  sim p le  o n e 's  com plement 
a r i th m e t ic  can  be used  to  compute th e  M ersenne Number T ran sfo rm . We 
have a ls o  su g g e s te d  two d i f f e r e n t  r e a l i s a t i o n  s t r u c t u r e s  fo r  th e  f a s t  
c o m p u ta tio n  o f  c o n v o lu tio n s  u s in g  M ersenne Number T ran sfo rm s i n  
c h a p te r  4 and c h a p te r  5 r e s p e c t i v e l y .  I t  i s  th e  p u rp o se  o f  th e  
p re s e n t  c h a p te r  to  i n v e s t ig a t e  th e  u se  o f th e  same h ardw are  s t r u c t u r e s  
fo r  th e  co m p u ta tio n  o f c y c l ic  c o n v o lu tio n  u s in g  MNT to  com pute th e  
D is c re te  F o u r ie r  T ran sfo rm .

Reed, T ru o n g [99-101] and B e n ja u th r i t [  101] have p roposed  
h y b rid  a lg o r i th m s  fo r  com puting th e  D is c re te  F o u r ie r  Transform (D FT) o f 
c e r t a i n  lo n g  se q u e n c e s . I n  t h a t  te c h n iq u e ,  th e  M ersenne-p rim e Number 
T ransfo rm  was used  i n  c o n ju n c tio n  w ith  a W inog rad -type  a lg o r i th m  to  
com pute a DFT. U sing  t h i s  m ethod , w ith  a tra n s fo rm  w o rd le n g th  o f 31 
o r  61 and w ith  r e a l  in p u t  d a t a ,  1 .33 o r more m u l t i p l i c a t i o n s  p e r p o in t  
and a r e l a t i v e l y  l a r g e  number o f a d d i t io n s  a r e  r e q u i r e d .

I n  t h i s  c h a p te r  we su g g e s t th e  u se  o f some s u i t a b le  
M ersenn e-co m posite  Number T ra n sfo rm s , in s te a d  o f M ersenne-p rim e Number 
T ransfo rm s a s  used  by Reed, Truong and B e n ja u th r i t [  9 9 -1 0 1 ] , to  com pute 
D is c r e te  F o u r ie r  T ra n sfo rm s . T h is  new ap p ro ach  not o n ly  r e t a i n s  th e  
s im p l i c i ty  o f th e  a r i th m e t ic  o f th e  MNT, b u t a l s o  a llo w s  a la r g e  
c h o ic e  o f t ra n s fo rm  le n g th s  and w o rd len g th s  and r e q u i r e s  n o t more th a n  
one m u l t i p l i c a t i o n  p e r  p o in t  fo r  seq u en ces lo n g e r  th a n  a thou san d
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p o i n t s .  The tim e  fo r  com puting  DFT's u s in g  t h i s  new a p p ro a ch  i s  
e x tre m e ly  s h o r t ,  e s p e c i a l l y  i f  a s p e c ia l  hardw are s t r u c t u r e  i s  used  
f o r  th e  im p le m e n ta tio n . We a l s o  show t h a t  th e  number o f a d d i t i o n s  can  
be reduced  s i g n i f i c a n t l y  i f  Pseudo-M ersenne Number T ran sfo rm s a r e  used  
f o r  th e  c o m p u ta tio n  o f D F T 's.

A b r i e f  a c co u n t o f  th e  c o n te n ts  o f  th e  p re s e n t  c h a p te r  has 
b ee n  p u b lish e d  i n  [102] w h i l s t  a n  ex tend ed  v e r s io n  i s  g iv e n  i n  [1 0 3 ] .

9 .1  M ersenne Number T ran sfo rm s and D is c re te  F o u r ie r  T ran sfo rm s

I f  M ersenne Number T ran sfo rm s a r e  used  to  c a r ry  o u t  th e  
co m p u ta tio n  o f  e q n . 8 .2 7 ,  a tra n s fo rm  le n g th  o f  2P must be used  
b ecau se  (q -1 )  i s  an  even  num ber, w here q i s  a n  odd p rim e . So i t  i s  
c l e a r  t h a t  th e  n e c e s s a ry  c o n d i t io n  fo r  u s in g  M ersenne Number 
T ransfo rm s to  com pute DFT's i s  g iv e n  by th e  fo llo w in g  e q u a tio n :

q=2 P+1 ( 9 .1 )
w here b o th  q and P a r e  prim e num bers.

I t  i s  n e c e s s a ry  to  check, t h a t  o n ly  some M ersenne Number T ran sfo rm s
s a t i s f y  e q n . 9 .1 .  For exam ple, i f  P=31, th e n  q=2x31+1=63 w hich i s  a

31co m po site  num ber, hence M=2 -1  i s  n o t s u i t a b l e  fo r  th e  p re s e n t  
im p le m e n ta tio n .

{2 ,3 ,5 ,1 1 ,2 3  ,2 9 ,4 1 ,5 3 }  a r e  p o s s ib le  v a lu e s  o f P w hich s a t i s f y  
e q n . 9 .1  and th e  c o rre sp o n d in g  sequence l e n g th s  f o r  th e  DFT a r e  
{ 5 ,7 ,1 1 ,2 3 ,4 7 ,5 9 ,8 3 ,1 0 7 } . However, th e  w o rd len g th  fo r  th e  f i r s t  th r e e  
p o s s ib le  P 's  a r e  to o  s h o r t  and have no p r a c t i c a l  u s e .  Hence
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P=11,23 ,29 ,4 1 ,5 3  a r e  more p r a c t i c a l  c h o ic e s  fo r  P and a r e  a l s o  th e  
p o s s ib le  w o rd le n g th s  fo r  th e  c o r re sp o n d in g  M ersenne Number T ra n s fo rm s . 
I t  i s  i n t e r e s t i n g  to  p o in t  o u t  t h a t  th e  M ersenne num bers form ed by 
P = l l ,23 ,2 9 ,4 1  and 53 a r e  co m p o site  numbers and t h a t  th e  t ra n s fo rm s  can  
a c t u a l l y  be c a l l e d  th e  M ersen n e-co m p o site  Number T ra n s fo rm s .

fo r  n=0, 1 , . . .  ,q-2

C o n sid er th e  use o f  th e  M ersenn e-co m po site  Number T ran sfo rm  
to  compute e q n . 9 .2 ,  we may w r i te

Now, l e t  us w r i t e  eq n . 8.2 7 a s

q-2
( 9 .2 )

f o r  k=0,1 , • • • , q-2

w here Yfc=Y(<gk+1>q ) ( 9 .3 )

-(irt-1) >q ) -  x (0 ) ( 9 .4 )

( 9 .5 )

q-2
( 9 .6 )

and

f o r  m =0,l ,  • • • , q-2

( 9 .7 )
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w here a  =-2 , a r o o t  o f u n i ty  o f 
o rd e r  (q -1 )  and

M =2P-1

The r e s u l t s  c a n  th e n  be o b ta in e d  by th e  in v e r s e  tra n s fo rm  o f  th e
p o r d u c ts ,  X V ' s .  T hat i s  r  * m m

q-2
Y = <— ! y  X V a  "*mk>M k q-1 mm Mm=0

( 9 .8 )

f o r  k=0,1 ,2  , . . .  ,q-2

S u b s t i t u t i n g  eq n . 9 .1  in to  e q n s . 9 .6  and 9 .7  we have
2 P-1

and
X = < Y  X amn>M 

m n=0 n M

2 P-1
vm = < Y wn amn>Mm n Mn=0

( 9 .9 )

(9 .1 0 )

Hence eq n . 9 .9  can  be im plem ented  by e q n s . 4 .22  and 4 .2 3 .  So th e  
t o t a l  number o f  o p e r a t io n s  r e q u ir e d  to  com pute a l l  Xm' s  i s  P 
a d d i t i o n s ,  P s u b t r a c t io n s  and two P -p o in t  M ersenne Number T ra n s fo rm s . 
S im i la r  to  th e  c a se  u s in g  th e  FNT f o r  th e  co m p u ta tio n  o f DFT, th e  
method used to  c a l c u l a t e  th e  MNT o f  W ' s i n  eq n . 9 .1 0  i s  u n im p o r ta n t , 
s in c e  t h i s  r e s u l t  can  be c a lc u la te d  b e fo re  th e  c o n s t r u c t io n  o f th e  DFT 
p ro c e s s o r .  However, i t  i s  i n t e r e s t i n g  to  p o in t  o u t t h a t  i f  a 
tw o -d im en sio n a l fo rm u la tio n  o f e q n . 9 .1 0  u s in g  e q n s . 4 .1 8  and 4 .1 9  i s  
u se d , th e  tra n s fo rm e d  r e s u l t s  o f W ' s c o rre sp o n d in g  to  eq n . 4 .22  a r e  
p u re ly  r e a l  and th e  tra n s fo rm e d  r e s u l t s  o f W ' s c o rre sp o n d in g  to
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e q n . A .23 a r e  p u r e ly  im a g in a ry . To see  th e  v a l i d i t y  o f  t h i s
s ta te m e n t ,  l e t  us r e c a l l  th e  f a c t  t h a t :  ( i )  a l l  th e  r e a l  p a r t s  o f  V ' s
i n  eq n . 9 .1 0  a r e  e q u a l to  ze ro  f o r  m=odd and ; ( i i )  a l l  th e  im ag in a ry
p a r t s  o f th e  V ' s  i n  e q n . 9 .1 0  a r e  eq u a l to  ze ro  fo r  m=even. The r  m
tw o -d im en sio n a l fo rm u la t io n  o f eq n . 9 .1 0  c o rre sp o n d in g  to  e q n s . 4 .22  
and 4 .2 3  can  be w r i t t e n  a s

0 ,m

P-1
■  I. n^=0

W ml nl P-1
a.0 >n “ 1 + y  w.

n7=0 1>nl
m l n l

a. (9 .1 1 )

P-1
V ml nl P-1
W  n ? 0 W° ’nl 0 l  ’  n 5 o Wl’nl ^

ml nl (9 .1 2 )

N ote t h a t  P .P   ̂ i n  e q n . 4 .1 9  i s  eq u a l to  P and 2 .2   ̂ (=P+1) used  i n
e q n . 4 .1 9  i s  a n  even  num ber. Vn ' s  i n  eq n . 9 .1 1  a r e  th e  r e s u l t s  o f0,m 1
V ^ 's  when m=even i n  eq n . 9 .1 0  and so a l l  im ag in ary  p a r t s  a r e  z e r o .
S im i l a r l y ,  V. ' s  i n  e q n . 9.12 a r e  th e  r e s u l t s  o f  V ' s  when m=odd i n  J' 1 ,m^ ^ m
e q n . 9 .1 0  and so a l l  th e  r e a l  p a r t s  a r e  z e ro .  Hence th e  t o t a l  number
o f  m u l t i p l i c a t i o n s  r e q u ir e d  to  compute a l l  X V ' s  ( i n  e q n . 9 .8 )  i s  2 P . 
T hat i s ,  th e  number o f m u l t i p l i c a t i o n s  p e r p o in t  rem ain s ( 1 - - ) .q

S im i l a r ly  to  th e  MNT, th e  I n v e r s e  M ersenne Number T ran sfo rm  
(IMNT) can  be com puted w ith  t h i s  tw o -d im en sio n a l fo rm u la t io n .  
E qn. 9 .8  can  be w r i t t e n  a s

. P-1 -m .k . -m,k..

1
P-1 -m ,k , P-1

I
‘r

-m, k,
1 , = <—,(  y  VA a , 1 1 -  y  X. V, a, 1 l)>
ljkl q_1 m~=0 ° ’m l ° ’m l 1 m ^ O  ljml 1>ml 1

M
(9 .1 3 )

M
(9 .14 )
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S in c e  a l l  th e  Vn ' s  a r e  r e a l  and a l l  th e  V. '  s a r e  im a g in a ry , th e  u,m^ i,m ^
Yn , '  s and Y, ' s  a r e  a c t u a l l y  c o n ju g a te  p a i r s .  T hat i s

\J y  tv ] i  y tv

*Y = Y 0 ,k  * l ,k

Thus a t o t a l  o f two le n g th -P  In v e r s e  M ersenne Number T ran sfo rm  a r e
s u f f i c i e n t  to  c a l c u l a t e  a le n g th  ( 2 P+1) DFT. Note a l s o  t h a t  th e
f a c to r  (— s houl d be ab so rb ed  in s id e  th e  c a l c u l a t io n  o f  V~ ' s  and q-1 0,m
V, ' s  i n  e q n s . 9 .13  and  9 .1 4 , so no e x t r a  o p e r a t io n  i s  r e q u i r e d .1 ,m

L et us c o n s id e r ,  fo r  exam ple, th e  DFT o f th e  sequence  
( x ( 0 ) , x ( 1 ) , . • . ,x ( 2 2 ) } ,  i . e .  q=23. I n  t h i s  c a se  5 i s  a p r im i t iv e  ro o t  
w hich can  be used to  g e n e ra te  a l l  n o n -ze ro  e lem en ts  i n s id e  th e  f i e l d  
modulo 2 3 .  Hence e q n . 7 .6  becomes

{ x (1 4 ) , x ( 1 2 ) ,x ( 7 ) ,x ( 6 ) , x ( 1 5 ) , x ( 3 ) , x ( 1 9 ) , x ( 1 3 ) ,x ( 2 1 ) , x ( 1 8 ) ,x ( 2 2 ) ,x ( 9 ) , x ( 1 1 ), 
x ( 1 6 ) , x ( 1 7 ) ,x ( 8 ) ,x ( 2 0 ) ,x ( 4 ) , x ( 1 0 ) ,x ( 2 ) ,x ( 5 ) , x ( 1)} ®  {wq »Wo ,W0 ,W0 ° * 

tj4 ,20 T78 tt17 t716 tt11 tt9 t71* tt5* t2*  T710* T74* ,20* „8* „17* T716*
W0 * C) ,wo ,wo ,wo ,wo > V wo ,wo ,wo ,wo ,wo ,wo ,wo ,wo ,wo

W^*}w 0 » 0 *

From e q n s . 4 .2 1 - 4 .2 3 ,  we g e t
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1 1 1 i 1 1 1 1 1 i 1

1 22 2 4 2 6 2 8 2 10 2 1 2 3 2 5 2 7 2 9
1 2 4 2 8 2 1 2 5 2 9 2 2 2 6 2 i o 2 3 2 7
1 2 6 2 1 2 7 2 2 2 8 2 3 2 9 2 4 2 10 2 5
1 2 8 2 5 2 2 2 10 2 7 2 4 2 1 2 9 2 6 2 3

1 2 10 2 9 2 8 2 7 2 6 2 5 2 4 2 3 2 2 2 1
1 2 1 2 2 2 3 2 4 2 5 2 6 2 7 2 8 2 9 2 10
1 2 3 2 6 2 9 2 1 2 4 2 7 2 10 2 2 2 5 2 8
1 2 5 2 10 2 4 2 9 2 3 2 8 2 2 2 7 2 1 2 6
1 2 7 2 3 2 10 2 6 2 2 2 9 2 5 2 1 2 8 2 4
1 2 9 2 7 2 5 2 3 2 1 2 10 2 8 2 6 2 4 2 2

x Q= [ x( 1 4 ) ,x ( 7 ) ,x (  1 5 ) ,x ( 19) ,x(2  1 ) ,x ( 2 2 ) , x ( 1 1 ) ,x( 1 7 ) ,x ( 2 0 ) ,x (  1 0 ) ,x ( 5 ) ]T

x 1 = [ x ( 9 ) , x ( 1 6 ) , x ( 8 ) , x ( 4 ) , x ( 2 ) , x ( 1 ) , x ( 1 2 ) , x ( 6 ) , x ( 3 ) , x ( 1 3 ) , x ( 1 8 ) ]T 

and
X. = Ax~ + Ax0 0

X, = Ax~ -  Ax.

S im i la r ly

-  _ r .,1 2 4 8 .16 T79 tt5* ..10* ,20* ..17* ..11* T
wo l V V V V wo ,wo ,wo ,wo ,wo ,wo ,W0 ^
-  _ r .. 1 * ,2* ..4* ..8* ..16* ..9 tt5 ..10 .2 0  ..17 ..1K T

1 t W0 ,W0 ,w0 ,w0 ,W0 ,W0 ,W0 ,W0 ,w0 ,w0 ,W0 1

w0 AWq + Aw^
and
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W = Aw0 Aw1

I n  o rd e r  to  u se  modulo a r i t h m e t i c ,  th e  term s have to  be n o rm a lized  
to  i n t e g e r s .  M u lt ip ly in g  th e s e  te rm s by 10 and ro u n d in g  o f f  th e  
r e s u l t s  to  i n t e g e r s ,  we o b ta in

2 039 j  1999
38 j  1364

990 j  542
264 j  403

1569 j  1500
189 5 i - j  1075

1941 j  441
2 j  982

716 j  1742
571 j  952

89 j  12 16

I t  can  be se e n  t h a t  th e  v e c to r  i s  p u re ly  r e a l  and th e  v e c to r  i s  
p u re ly  im a g in a ry .

Now, l e t  us f in d  th e  c o m p u ta tio n  tim e re q u ire d  to  c a l c u l a t e  a 
q -p o in t  [ ( 2 P + 1 ) - p o in t ] DFT. A le n g th -P  MNT m odule, u s in g  a p a r a l l e l  
im p le m e n ta tio n , form s th e  b a s ic  u n i t  o f  o ur d e s ig n  ( s e e  c h a p te r  5 ) .  
The fo rw ard  t r a n s f o r m a t io n  r e q u i r e s  two le n g th -P  MNTs, P a d d i t i o n s  and 
P s u b t r a c t io n s .  Hence th e  tim e re q u ir e d  fo r  t h i s  p a r t  i s  
a p p ro x im a te ly  e q u a l to  4xP xt , w here t  i s  th e  tim e  f o r  one M ersenne 
Number a d d i t i o n ,  assum ing  t h a t  th e  s u b t r a c t io n  tim e i s  ro u g h ly  eq u a l
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to  th e  a d d i t i o n  t im e . We may check  t h a t  o n ly  th e  tim e re q u ir e d  fo r  
com puting  two P -p o in t  MNT's i s  r e q u ire d  fo r  th e  in v e r s e
t r a n s f o r m a t io n ,  s in c e  th e  a d d i t i o n  and s u b t r a c t io n  i n  e q n s . 9 .13  and
9 .14  r e s p e c t i v e l y  a r e  n o t n e c e s s a ry  to  be c a r r i e d  o u t fo r  a c tu a l  
c o m p u ta tio n . The t o t a l  number o f m u l t i p l i c a t i o n s  i s  2P ( o r  q - 1 ) .  
Thus th e  c o m p u ta tio n  tim e  p e r p o in t  fo r  t h i s  method i s  a p p ro x im a te ly  
eq u a l to

4xP xt + 2 x P x t + 2 P x t _ ______a_________ a________ m
2 P+1

-  3 t  + ta m

w here t  i s  th e  tim e fo r  one m
M ersenne Number 
m u l t i p l i c a t i o n

U sing  a d d e rs  s im i la r  to  th o s e  used  i n  [ 4 4 ,4 5 ] ,  th e  
co m p u ta tio n  t im e , t  , f o r  a 2 3 - b i t  MNT a d d i t i o n  i s  a p p ro x im a te ly  30nS .cL
A h ig h  speed m u l t i p l i e r  can  be c o n s t ru c te d  from ROMs u s in g  th e  
te c h n iq u e  o f q u a r te r - s q u a r e  m u l t i p l i c a t i o n .  The co m p u ta tio n  tim e fo r  
a 2 3 - p o in t  MNT m u l t i p l i c a t i o n  w i l l  th e n  be a b o u t 12OnS. Hence th e  
t o t a l  c o m p u ta tio n  tim e  f o r  a 4 7 - p o in t  DFT i s  a p p ro x im a te ly  eq u a l to  
46[3x30+12 0]nS = lQuS o r  0.2,uS p e r p o in t .  The c o m p u ta tio n  tim e fo r  
f in d in g  Y(0) i n  e q n . 7 .2  and f o r  fo rm ing  [x (< g  i n
eq n . 9 .4  a r e  no t c o u n te d , s in c e  th ey  may be found by a v e ry  s l i g h t  
m o d if ic a t io n  o f th e  hardw are  d e s ig n .  The in c r e a s e  i n  co m p u ta tio n  tim e 
i s  n e g l ig ib ly  s m a ll .  The speed  o f o p e ra t io n s  can  be im proved f u r th e r  
by u s in g  a p ip e l in e  a r c h i t e c t u r e ,  a t  th e  c o s t ,  how ever, o f  in c r e a s in g
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th e  c o m p lex ity  o f th e  c o n t r o l  o f d a ta  flow  and o f th e  t im in g

9.2 Long S equence L en g th s

S im i l a r ly  to  th e  ca se  fo r  th e  FNT, th e  seq uen ce  l e n g th s  (q )
o f  th e  DFT's c o n s id e re d  so f a r  have b een  prim e num bers. I t  i s  
p o s s ib le  to  com bine th e  8 , e f f i c i e n t ,  s h o r t  DFT a lg o r i th m s [ 2 5 ,3 1 ] ,  
nam ely o f l e n g th  2 ,3 ,4 ,5 ,7 ,8 ,9  and 16, to  c a r ry  o u t th e  co m p u ta tio n  o f 
D is c r e te  F o u r ie r  T ran sfo rm s u s in g  a m u lti -d im e n s io n a l  f o rm u la t io n [67] . 
The c o m p u ta tio n  can  th e n  be s im p l i f ie d  by u s in g  W in o g rad 's  F o u r ie r  
T ransfo rm  A lg o rith m  (WFTA) [25] o r  th e  Prim e F a c to r  A lg o r ith m [3 1 ] .

E xam ples:

( i )  C on sid er th e  c o m p u ta tio n  o f a 94- p o in t  DFT.
L et th e  in p u t  fu n c t io n  be d e f in e d  by [4 7 ] :

x (n )  = 50n , 0<n<5
= 5 0 0 -5 0n , 6<n<10
= 0 , 11<N<93

The tw o -d im en sio n a l re a rra n g e m e n t o f th e  9 4 -p o in t  DFT ( f o r
Prim e F a c to r  A lg o rith m ) e q u a tio n  becom es:

(9 .1 5 )
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w here W =e a

-1

f o r  k =0,1  a *
V 0 - 1

» • • • y 46

and th e  mapping i s

n = 4 7 ^  + 2 na

k = 47 + 48ka

Note t h a t ,  b ec a u se  o f  th e  symmetry p ro p e r ty  o n ly  h a l f  o f

m ere ly  ta k in g  th e  com plex c o n ju g a te s  o f th e  com puted h a l f  
number o f  p o i n t s .  Thus th e  c o m p u ta tio n  o f th e  94- p o in t  DFT 
r e q u i r e s  two 4 7 - p o in t  DFT's and 47 com plex a d d i t i o n s .  The 
t o t a l  co m p u ta tio n  tim e  r e q u ir e d  fo r  t h i s  9 4 -p o in t  DFT i s  
a p p ro x im a te ly  e q u a l to  10x2,uS + 94x30rS = 23pS • F ig .  9 .1
shows th e  r e s u l t s  o f th e  im p le m e n ta tio n  u s in g  th e  p re s e n t  
t e c h n iq u e .

( i i ) F o r  th e  im p le m e n ta tio n  o f a 112 8 -p o in t  DFT, one may a ls o  
c o n v e r t  th e  o n e -d im e n s io n a l DFT in to  a tw o -d im en sio n a l form 
s u i t a b l e  fo r  c o m p u ta tio n  u s in g  W in o g rad 's  F o u r ie r  T ran sfo rm  
A lg o rith m .

Y need to  be com puted, th e  o th e r  h a l f  can  be o b ta in e d  by
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2 4 -1  47-1 n k a  k,
Y = Y  Y  x W a a w /b °

y o  n ^ O  V na a b
“J.2*

w here W =e a
47

W =e b
.2 f

~324

f o r  k = 0 ,1 , . . . , 4 6  
f o r  k^=0, 1 , . . .  ,23

and th e  m apping i s

n = 47n^ + 24n^
k = 47x23k + 24x2kb a

T h e r e f o r e ,  we can  w r i t e  e q n . 9 .16  a s :

Y
24-1Z
V ° "b

w here

xv ° \ . o
XV J X ’1

X II • • 

• •

X

II • • 

• •

YV 46 \ m _

( 9 .1 6 )

(9 .1 7 )
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E s s e n t i a l l y  e q n . 9 .17  i s  o b ta in e d  by c o n s id e r in g  
e q n . 9 .16  a s  a o n e -d im e n s io n a l DFT o f le n g th -2 4  w ith  each  
s c a la r  re p la c e d  by a v e c to r  o f  47 e le m e n ts .  Each 
m u l t i p l i c a t i o n  i n  th e  2 4 - p o in t  DFT r e f e r s  to  a 4 7 - p o in t  DFT. 
The 2 4 - p o in t  v e c to r  DFT can  be f u r t h e r  s p l i t  i n to  an  8x3 
tw o -d im en sio n a l v e c to r  DFT. As i n  th e  p re v io u s  c a s e ,  th e  MNT 
i s  used to  c a l c u l a t e  th e  4 7 - p o in t  DFT's and W in o g rad 's[2 5  ] 
s h o r t  DFT a lg o r i th m s  ( le n g th - 3  and le n g th - 8 )  a r e  used to  
c a l c u l a t e  th e  2 4 - p o in t  v e c to r  D F T 's. For th e  c o m p u ta tio n  o f a
3 - p o in t  ( o r  8 - p o in t )  DFT, 3 (o r  16) p r e - m u l t i p l i c a t i o n  
a d d i t i o n s ,  3 (o r  8) m u l t i p l i c a t i o n s  and 3 (o r  10) 
p o s t - m u l t i p l i c a t i o n  a d d i t i o n s  a r e  r e q u i r e d .  W ith r e a l  in p u t  
d a ta  a l l  o p e r a t io n s  b e fo re  th e  p o s t - m u l t ip l i c a t io n  a d d i t io n s  
a r e  p u re ly  r e a l  and th e  p o s t m u l t i p l i c a t i o n  a d d i t i o n s  o f th e  
1 s t  d im en sio n  ( le n g th - 4 7 )  may be computed i n  a s im i la r  way to  
t h a t  d is c u s s e d  i n  s e c t io n  9 .1  However, f o r  th e  
p o s t - m u l t i p l i c a t i o n  a d d i t io n s  o f th e  2nd d im en sio n  ( l e n g th - 3 ,  
say  fo r  ex am p le ) , th e  in p u t  d a ta  a r e  com plex, and so com plex 
a d d i t i o n s  a r e  r e q u i r e d .  The in p u t  to  th e  t h i r d  d im en sio n  
( l e n g th - 8 )  o f p o s t - m u l t ip l i c a t io n  a d d i t i o n s  i s  a l s o  com plex, 
b u t ,  b ecau se  o f  th e  sy m m etrica l n a tu re  o f th e  r e a l  in p u t  to
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th e  DFT, o n ly  h a l f  o f  th e  r e s u l t s  need to  be c a l c u l a t e d ,  th e  
o th e r  h a l f  can  be o b ta in e d  from th e  com plex c o n ju g a te s  o f th e  
r e s u l t s  o f th e  f i r s t  h a l f .  S o , f o r  t h i s  d im en sio n , th e  number 
o f  p o s t - m u l t i p l i c a t i o n  a d d i t io n s  i s  th e  same a s  t h a t  r e q u i r e d  
fo r  p ro c e s s in g  r e a l  d a t a .  T h e re fo re  th e  c o m p u ta tio n  o f  a 
112 8 - p o in t  r e a l  DFT r e q u i r e s  a p p ro x im a te ly  h a l f  a s  many 
o p e r a t io n s  a s  a r e  r e q u ir e d  fo r  a com plex DFT s in c e  o n ly  th e  
p o s t - m u l t i p l i c a t i o n  a d d i t i o n s  o f th e  second d im en sio n  need 
com plex a r i t h m e t i c .  However, i f  we w ant to  com pute r e a l  d a ta  
w ith  j u s t  h a l f  th e  number o f  o p e ra t io n s  re q u ire d  f o r  com plex 
d a t a ,  we can  sim p ly  u se  th e  w ell-know n te c h n iq u e  o f p ro c e s s in g  
two s e t s  o f r e a l  d a ta  s im u lta n e o u s ly .  N o tice  a l s o  t h a t  fo r  
th e  WFTA th e  m u l t i p l i c a t i o n s  i n  th e  2 4 - p o in t  v e c to r  
c o n v o lu tio n s  a r e  a c t u a l l y  ab so rb ed  in s id e  th e  m u l t i p l i c a t i o n s  
o f th e  4 7 -p o in t  D F T 's . Thus o n ly  a d d i t io n s  a r e  r e q u i r e d  f o r  
t h i s  p a r t  o f  th e  c o m p u ta tio n , th e re  • a r e  no e x t r a  
m u l t i p l i c a t i o n s .  . The tim e r e q u ir e d  i s  
4 7x (8x6 + 3 x2 6 )t = 178^S. The c o m p u ta tio n  tim e fo r  th e  24cL
4 7 - p o in t  DFT's i s  a p p ro x im a te ly  24x10^8 = 240^S . Hence th e  
t o t a l  c o m p u ta tio n  tim e  fo r  a 1 1 2 8 -p o in t DFT i s  418/US, u s in g  
a d d e rs  w ith  a 30nS a d d i t i o n  tim e and a m u l t i p l i e r  o f  12 0nS 
m u l t i p l i c a t i o n  t im e .

T ab le  9 .1  l i s t s  th e  number o f m u l t i p l i c a t i o n s  p e r  p o in t  fo r  
some p o s s ib le  DFT le n g th s  com puted by t h i s  h y b rid  te c h n iq u e .  I t  can  
be se e n  t h a t  th e  number o f m u l t i p l i c a t i o n s  p e r p o in t  rem a in s  a s  1 even  
fo r  seq uen ces lo n g e r  th a n  one thousand  p o i n t s .
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M oreover, one may a ls o  make a f u l l  use o f o u r b a s ic  MNT 
module by a s l i g h t  m o d if ic a t io n  o f  th e  m u lti -d im e n s io n a l  fo rm u la t io n .  
Eqn. 9 .1  can  be m o d ified  a s  shown below :

q = 2PxN4-l (9 .1 8 )

I n  eq n . 9 .1 8  b o th  q and P rem a in  a s  two prim e num bers. P i s  th e  word 
le n g th  o f  th e  M ersenne Number T ransfo rm  to  be u s e d . As i n  th e  
p re v io u s  s e c t io n ,  th e  q -p o in t  DFT can  be c o n v e r te d  in to  a c y c l i c  
c o n v o lu tio n  o f  l e n g th  2PxN. Eqn. 9.2 can  be w r i t t e n  a s

Y
V k i

N -l 2 P-1
y y x w.

£ - 0  n^O  V n l V W 11! (9 .1 9 )

w here n^ ,k j= 0 , 1 , . . .  ,2 P-1 
— 0 , 1 , • • • , N— 1

and th e  mapping i s

n <Kd? + ^ l ^ P N
w here K i s  an  in te g e r

(9 .2 0 )

The map i s  
T ransfo rm  o f

c y c l ic  i n  n^ s and so we may tak e  th e  M ersenne Number 
e q n . 9 .1 9  w ith  r e s p e c t  to  n^« E qn. 9 .1 9  becomes 

N -l
I

V °
X" , wv

V k i V ■ "2
(9 .2 1 )

2 P-1 n k
w here X" =< Y  x a  1 i >M

V k l nf=0 V n l M
(9 .22)
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2 P-1 n .k .W" . =< y  W, a 1
k2 ~ n2 *^1 ri^O V V nl M

(9 .2 3 )

^ = 0 , 1 ,  —  ,N-1 

M=2P-1

I t  i s  im p o r ta n t  to  p o in t  o u t t h a t  e lem en ts  i n s id e  th e  sequence  
{Y^ k sk2 . 0 , l f . . . , N - l }  fo r  a l l  v a lu e s  o f  a r e  e i t h e r  e n t i r e l y  r e a l
o r  e n t i r e l y  im ag in ary  w hich means t h a t  no com plex c o n v o lu tio n  i s  
r e q u i r e d .  I f  N i s  r e l a t i v e l y  prim e to  2 P , e q n . 9 .2 0  can  be w r i t t e n  a s

n " < 2 ^  + Nnl>2PxN

and eq n . 9 .21  becomes a c y c l ic  c o n v o lu tio n  w hich can  be im plem ented by 
W in o g rad 's  s h o r t  c o n v o lu tio n  a lg o r i th m s [ 9 9 -1 0 1 ,2 5 ] .  However, th e  
c o n t r o l  o f d a ta  flow  becomes v e ry  s im p le  i f  we u se  th e  M ersenne Number 
T ransfo rm  a g a in .  I f

N < (P+1) (9 .2 4 )

The c o n v o lu tio n  sums o f eq n . 9 .2  1 can  be found by a le n g th -2 P  ( o r
le n g th - P )  c y c l ic  c o n v o lu tio n  o f  two le n g th -2 P  seq u en ces form ed by
ap p end ing  z e ro s  a t  th e  ends o f th e  seq u en ces {X" : rr = 0 , 1 , . . . ,N-1}

"2 * I 2
and {W" , : ru = 0 , 1 , . . .  ,N-1} . T h is  a rran g em en t can  a lw ay s be done no

n2»k 1 2
m a tte r  w h e th er eq n . 9.2 1 i s  a c y c l i c  c o n v o lu tio n  o r a l i n e a r  
c o n v o lu t io n ,  b u t th e  number o f  m u l t i p l i c a t i o n s  p e r p o in t  i s
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u n a v o id ab ly  in c r e a s e d .

For exam ple, a len g th -1 0 1 3  DFT can  be re a r ra n g e d  in to  a 
4 6 x 2 2 (= 1 0 1 3 - l) -p o in t  tw o -d im en sio n a l d i s c r e t e  c o n v o lu tio n  sura. The 
2 2 - p o in t  l i n e a r  c o n v o lu tio n  can be computed by a 4 6 - p o in t  MNT module 
by app end in g  24 z e ro s  a t  th e  ends o f  th e  c o rre sp o n d in g  se q u e n c e s . L et 
us e s t im a te  th e  o p e r a t io n  tim e r e q u ire d  fo r  th e  c o m p u ta tio n  o f  th e  
1 0 1 3 -p o in t DFT. T o ta l ly  th e r e  a r e  22 4 6 - p o in t  fo rw ard  M ersenne Number 
T ra n sfo rm s , 22 4 6 -p o in t  In v e r s e  M ersenne Number T ran sfo rm s and 46 
4 6 -p o in t  c y c l ic  c o n v o lu t io n s .  U sing th e  p re v io u s  2 3 - p o in t  MNT module 
a s  a b a s ic  u n i t ,  th e  t o t a l  c o m p u ta tio n  tim e fo r  t h i s  1 0 1 3 -p o in t DFT i s  
a p p ro x im a te ly

[2x22x46x30 + 46x46(3x30 + 120) + 2x22x46x30] rS 

-  566/uS

I t  i s  se e n  t h a t  b ec a u se  o f th e  l a r g e r  number o f 
m u l t i p l i c a t i o n s  r e q u i r e d ,  th e  co m p u ta tio n  tim e p er p o in t  i s  lo n g e r  
th a n  i n  th e  c a se  o f th e  1 1 2 8 -p o in t DFT u s in g  th e  h y b rid  a lg o r i th m , b u t 
th e  c o n t r o l  o f  d a ta  flow  i s  e x tre m e ly  s im p le . Hence t h i s  form s a v e ry  
e f f i c i e n t  a lg o r i th m  fo r  th e  co m p u ta tio n  o f lo n g  D F T 's. T ab le  9 .2  
shows th e  number o f m u l t i p l i c a t i o n s  p er p o in t  fo r  some p o s s ib le  
sequence l e n g th s .

9 .3  DFTs u s in g  Pseudo-M ersenne Number T ran sfo rm s

The Pseudo-M ersenne Number T ransfo rm  (Pseudo-MNT) was 
in tro d u c e d  by N ussbaum er[50] to  r e la x  th e  w o rd - le n g th  and sequence
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l e n g th  c o n s t r a i n t s .  T h is  tra n s fo rm  i s  d e f in e d  on th e  r in g  o f i n t e g e r s
modulo a d iv i s o r  o f  M (= 2 ^-l, w ith  N c o m p o site )  and may have tra n s fo rm
le n g th s  o th e r  th a n  N o r  2N. Compared w ith  th e  MNT, th e  m ajor

Nd is a d v a n ta g e  o f  th e  Pseudo-MNT i s  t h a t  a l l  o p e r a t io n s  modulo (2 -1 )
m ust be e x ecu ted  on  w o rd - le n g th s  lo n g e r  th a n  t h a t  o f  th e  f i n a l  r e s u l t .
For th e  a p p l i c a t io n  o f  t h i s  t ra n s fo rm  to  th e  DFT th e  sequence le n g th s
m ust s a t i s f y  e q n . 9 .1 .  On a c lo s e  e x a m in a tio n  o f  a l l  p o s s ib le
sequence  l e n g th s ,  th e  Pseudo-MNT w ith  sequence l e n g th  3 5 , modulo b ase  

35(2 —1 ) /(3 1 .1 2 7 )  and  a  = 2 i s  most s u i t a b l e .  I n  t h i s  c a s e ,  th e  DFT
le n g th s  can  e i t h e r  be 71(= 2x35+ l) o r  l l ( = 2 x 5 + l ) .  U sing a
tw o -d im en sio n a l fo rm u la t io n  o f th e  3 5 -p o in t  Pseudo-MNT (s e e  
s e c t io n  9 .5 ,  A ppendix) th e  7 1 -p o in t  DFT can  be com puted w ith  1506
a d d i t io n s  (2 1.2 a d d i t i o n s  p e r p o in t)  and w ith  71 m u l t i p l i c a t i o n s  (1  
m u l t i p l i c a t i o n  p er p o i n t ) .  The 1 1 -p o in t  DFT can  a ls o  be com puted w ith
96 a d d i t i o n s (8 .7 a d d i t i o n s p er p o i n t ) .  Making u se o f s im i la r
te c h n iq u e s  to th o s e d e s c r ib e d i n s e c t io n  9.2 t a b l e  9 .3 shows th e
number o f o p e r a t io n s  r e q u ir e d  fo r  d i f f e r e n t  sequence  l e n g th s .  I t  i s  
se e n  t h a t  th e  number o f  m u l t i p l i c a t i o n s  p e r p o in t  rem a in s  a s  o n e , ev en  
f o r  v e ry  lo n g  sequence le n g th s  w hereas th e  number o f  a d d i t i o n s  i s  much 
s m a lle r  th a n  t h a t  r e q u i r e d  fo r  th e  co m p u ta tio n  o f th e  DFT u s in g  th e  
MNT. However, th e  Pseudo-M ersenne Number T ran sfo rm s u se  lo n g e r  
w o rd - le n g th s  th a n  t h a t  used i n  MNT's f o r  t h e i r  o p e r a t io n s .  They a ls o  
have sm all dynam ic ra n g e s  and an  e x t r a  s te p  i s  needed to  red u ce  from 
modulo b a se  (2 ^ -1 )  to  th e  a c tu a l  modulo b ase  fo r  th e  f i n a l  s te p  o f
t h e i r  o p e ra t io n s
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9 .4  C o n c lu sio n

We have shown t h a t  th e  D is c r e te  F o u r ie r  T ran sfo rm  may be 
computed v e ry  e f f i c i e n t l y  by M ersenne-p rim e o r  M ersenn e-co m po site  
Number T ra n sfo rm s . I f  M ersenn e-co m p o site  Number T ran fo rm s a r e  used 
th e  number o f  m u l t i p l i c a t i o n s  p er p o in t  i s  n o t more th a n  o n e , even  fo r  
sequence le n g th s  lo n g e r  th a n  one th o u san d  p o in t s .  The c o n t r o l  o f d a ta  
flow  i s  s im p le  and th e  d e s ig n  o f  th e  c o n t r o l  u n i t  f o r  th e  p re s e n t  
method i s  v e ry  s t r a ig h t f o r w a r d .

The te c h n iq u e s  p re s e n te d  i n  t h i s  c h a p te r  a ls o  g iv e  a l a r g e  
c h o ic e  o f w o rd le n g th s  f o r  th e  c o m p u ta tio n  o f  D F T 's. The sequence 
le n g th s  can  be ex ten d ed  by u s in g  a h y b rid  o f W in o g rad 's  F o u r ie r  
T ransfo rm  A lg o rith m  and th e  M ersenne Number T ran sfo rm , o r  s im p ly  by 
u s in g  a n e s te d  MNT a lg o r i th m . The fo rm er method r e q u i r e s  th e  s h o r te r  
o p e r a t io n  tim e fo r  f in d in g  DFT's w hereas th e  l a t t e r  method r e q u i r e s  
th e  s im p le r  c o n t r o l  u n i t .  F u rth e rm o re , th e  number o f a d d i t i o n s  can  be 
red u ced  s i g n i f i c a n t l y  i f  pseudo-M ersenne Number T ran sfo rm s a r e  used 
f o r  th e  co m p u ta tio n  o f DFTs.
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9 .5  A ppendix

Number o f A d d it io n s  fo r  DFT's com puted by th e  MNT

The s h i f t - a d d s  re q u ir e d  fo r  com puting th e  MNT o f  th e  W's a r e  
n o t c o u n te d , s in c e  th e s e  q u a n t i t i e s  can  be  p r e c a lc u la te d  and s to r e d  i n  
a  ROM i n  a h ardw are  im p le m e n ta tio n  o r s to re d  i n  a program  i n  a 
so f tw a re  im p le m e n ta tio n . As i t  i s  shown i n  e q n s . 9 .13 and 9 .1 4 , two 
le n g th -P  MNT's and 2P a d d i t i o n s  a r e  r e q u ir e d  f o r  th e  fo rw ard  
t r a n s f o r m a t io n .  From e q n s .  9 .13  and 9 .1 4 ,  i t  i s  a ls o  c le a r  t h a t  two 
le n g th -P  MNT's a r e  r e q u ir e d  fo r  th e  in v e r s e  t r a n s f o r m a t io n .  N o tice  
t h a t  th e  r e s u l t s  o f  th e  in d iv id u a l  sum m ations i n  e q n s . 9 .13  and 9 .14  
a r e  e i t h e r  e n t i r e l y  r e a l  o r e n t i r e l y  im ag in ary  and so th e  a d d i t i o n  i n  
e q n . 9 .13  and th e  s u b t r a c t io n  i n  e q n . 9 .14  do not need to  be com puted. 
For th e  c a l c u l a t i o n  o f Y (0 ) , a t o t a l  number o f ( q—1) a d d i t io n s  i s  
r e q u i r e d .  However, Y(0) can  a ls o  be o b ta in e d  from e q n . 9 .9

Y(0) = XQ + x( 0)

T h is  shows t h a t  th e  co m p u ta tio n  o f  Y(0) r e q u i r e s  o n ly  one e x t r a  
a d d i t i o n .  L a s t ly ,  P a d d i t i o n s  (2P a d d i t i o n s  a r e  r e q u i r e d ,  i f  e q n . 9 .4  
i s  u sed ) a r e  r e q u ir e d  to  com pute th e  a d d i t i o n  i n  eq n . 7 .3 .  Hence th e  
t o t a l  number o f o p e r a t io n s  r e q u ire d  to  compute a q - p o in t  (2 P+1 p o in t )  
DFT i s

4 P -p o in t  MNT + (3P + 1) a d d i t io n s

Now, l e t  us c o n s id e r  th e  number o f  a d d i t io n s  f o r  c a s e s  u s in g  
le n g th -5  and le n g th -3 5  P seudo-M ersenne Number T ra n sfo rm s . The t o t a l
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number o f a d d i t io n s  r e q u ir e d  fo r  a  5- p o in t  Pseudo-MNT i s  5x4=20. 
Hence th e  t o t a l  number o f a d d i t i o n s  re q u ir e d  f o r  a 1 1 -p o in t  DFT i s  
4x20+3x5+1=96 ( o r  8 .7  a d d i t i o n s  p er p o i n t ) .  The im p le m e n ta tio n  o f  a 
3 5 - p o in t  Pseudo-MNT can  be s im p l i f ie d  by a r ra n g in g  th e  t r a n s f o r m a t io n  
i n  a 5x7 tw o -d im en sio n a l fo rm . The number o f a d d i t io n s  i s  g iv e n  by 
e q n . 8 .26  and i s  eq u a l to

5x7x6 + 7x5x4 = 350

T h e re fo re  th e  number o f a d d i t i o n s  fo r  a 7 1 - p o in t  DFT i s  
4x350+3x35+1=1506 ( o r  2 1.2 a d d i t i o n s  p e r p o i n t ) .
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T ab le  9 .1

MNT Word DFT F a c to r s No. o f Mul
L ength L ength p er p o in t

11 23 23 0.96
11 46 2x23 0.96
11 69 3x23 1.00
11 92 4x23 0.96
11 184 8x23 1.00
11 276 3x4x23 1.00
11 552 3x8x2 3 1.00
11 1104 3x16x23 1.13
11 1380 3x4x5x23 1.2 0
11 2760 3x5x8x23 1.20
11 552 0 3x5x16x23 1.35

23 47 47 0 .98
23 94 2x47 0 .98
23 141 3x47 1.00
23 188 4x47 0 .98
23 376 8x47 1.00
23 564 3x4x47 1.00
23 1128 3x8x47 1.00
23 2256 3x16x47 1.13
23 2 82 0 3x4x5x47 1.20
23 5640 3x5x8x47 1.20
23 11280 3x5x16x47 1.35

29 59 59 0.98
29 118 2x59 0 .98
29 177 3x59 1.00
29 236 4x59 0 .98
29 472 8x59 1.00
29 708 3x4x59 1.00
29 14 16 3x8x59 1.00
29 2 832 3x16x59 1.13
29 3540 3x4x5x59 1.2 0
29 7080 3x5x8x59 1.20
29 14160 3x5x16x59 1.35
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41 83 83 0 .9 9
41 166 2x83 0 .9 9
41 249 3x83 1.00
41 332 4x83 0 .99
41 664 8x83 1.00
41 996 3x4x83 1 .00
41 1992 3x8x83 1.00
41 3984 3x16x83 1.13
41 4980 3x4x5x83 1.2 0
41 9960 3x5x8x83 1.20
41 1992 0 3x5x16x83 1.35

53 107 107 0 .99
53 214 2x107 0 .99
53 321 3x107 1.00
53 42 8 4x107 0 .99
53 856 8x107 1.00
53 12 84 3x4x107 1.00
53 2568 3x8x107 1.00
53 5136 3x16x107 1.13
53 642 0 3x4x5x107 1.20
53 12 840 3x5x8x107 1.20
53 25680 3x5x16x107 1.35

Number o f M u l t ip l ic a t io n s  p er p o in t  fo r  some p o s s ib le  DFT 
le n g th s  com puted by th e  H ybrid  (MNT and WFTA) a lg o r i th m .
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T ab le  9 .2

Word Sequenee F a c to r s _ No. o f
L ength L ength (q-1) M u lt i .

(q) p e r p o in t

5 31 3x10 1.61
41 4x10 2 .44

7 43 3x14 2 .2 8
71 5x14 2 .76

11 89 4x22 2 .72
199 9x22 2 .43

13 157 6x26 2 .15
313 12x26 2 .16

17 307 9x34 1.89
443 13x34 2 .61

19 381 10x38 1.90
647 17x38 2 .23

23 461 10x46 2 .30
1013 22x46 2 .09

29 513 9x58 3 .2 8
1567 27x58 2 .15

31 683 11x62 2 .81
1861 30x62 2 .07

37 1259 17x74 2 .18
2591 35x74 2 .1 1

41 1723 21x82 1.95
2953 36x82 2 .2 8

43 172 1 2 0x86 2 .15
3613 42x86 2 .05

47 2 069 22x94 2 .14
4231 45x94 2 .09

53 2333 22x106 2 .41
5407 51x106 2 .08

59 3541 30x118 1.97
6491 55x118 2 .1 5

61 3539 2 9x122 2 .10
732 1 60x122 2 .03

P o s s ib le  sequence le n g th s  and th e  number o f m u l t i p l i c a t i o n s  
p er p o in t  fo r  com puting DFT's u s in g  N ested M ersenne Number 
T ra n sfo rm s .



T a b l e  9 . 3

)FT Prim e No • o f No. o f
len g th F a c to r s M u l t i • S h i f t - a d d s

p e r  p o in t p e r p o in t

22 2x11 1.00 10.18
33 3x11 1.00 11.18
44 4x11 1.00 11.18
66 2x3x11 1 .00 12 .18
88 8x11 1.00 12 .43

132 3x4x11 1.00 13.18
264 3x8x11 1.00 14.43
426 2x3x71 1 .00 2 4 .7 0
568 8x71 1 .00 2 4 .9 5
852 3x4x71 1.00 2 5 .7 0

1704 3x8x71 1.00 2 6 .95
2343 3x11x71 1 .00 32 .88
3124 4x11x71 1.00 32 .88
4686 2x3x11x71 1.00 33 .8 8
6248 8x11x71 1.00 34.13
9374 3x4x11x71 1 .00 34.88

18744 3x8x11x71 1.00 36.13

Number o f o p e r a t io n s  p e r  p o in t  fo r  DFT's computed by
Pseudo--MNT w ith  modulo b ase  M=(2 - 1 ) / ( 3 1 .1 2 7 )
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CHAPTER TEN GENERAL CONCLUSIONS AND SUGGESTIONS FOR 
FUTURE RESEARCH

I n  t h i s  t h e s i s  we have p re s e n te d  a lg o r i th m s  to  a p p ly  Number 
T h e o re t ic  T ran sfo rm s and to  d e s ig n  hardw are  s t r u c t u r e s  f o r  th e  
co m p u ta tio n  o f  c y c l i c  c o n v o lu tio n s  and D is c re te  F o u r ie r  T ra n s fo rm s . 
I t  i s  w ell-k no w n  t h a t  a r e l a t i v e l y  l a r g e r  w o rd - le n g th  th a n  th e  
w o rd - le n g th  r e q u ir e d  f o r  o rd in a ry  a r i th m e t ic  i s  needed fo r  Number 
T h e o re t ic  T ra n sfo rm s . However, i n  r e t u r n  t h i s  a llo w s  u s a n  e x a c t  
c o m p u ta tio n  o f th e  c y c l ic  c o n v o lu t io n .

C hap ter 1 g iv e s  a n  i n t r o d u c t io n  and a h i s t o r i c a l  background 
o f th e  p re s e n t  r e s e a r c h  a r e a .  T h is  c h a p te r  r e f l e c t s  th e  im p o rtan ce  
and shows th e  r a p id  developm ent o f t h i s  r e s e a r c h  a r e a .

An o v e r-v iew  o f  th e  Number T h e o re t ic  T ran sfo rm  was g iv e n  i n  
c h a p te r  2 •  T h is  in c lu d e s  a s y s te m a t ic  developm ent o f  th e  Number 
T h e o re t ic  T ransfo rm  le a d in g  to  th e  Ferm at Number T ra n sfo rm , th e  
M ersenne Number T ran sfo rm , th e  pseudo-Num ber T h e o re t ic  T ran sfo rm  and 
th e  com plex Number T h e o re t ic  T ran sfo rm . We have a ls o  d is c u s s e d  on  th e  
problem s o f th e  dynam ic ra n g e ,  w o rd - le n g th  and seq uen ce  le n g th  
c o n s t r a i n t s .  I t  i s  i n t e r e s t i n g  to  p o in t  o u t t h a t  w h i l s t  m ost o f  th e  
c o n te n ts  o f t h i s  c h a p te r  can  be found i n  th e  l i t e r a t u r e ,  th e r e  a r e  
s t i l l  some p o in ts  o r  comments m entioned  w hich have n ev er b een  
p u b lish e d  o r m en tioned  b e f o r e .  For exam ple, th e  d e r iv a t i o n  o f  th e  
g e n e ra l  e q u a t io n s [ 2 .6 2 -2 .6 5 ]  f o r  th e  c o m p u ta tio n  o f  com plex 
c o n v o lu tio n s  by r e a l  NTT i t  seems n o t to  have b een  p u b lis h e d  b e f o r e .
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T h is  i s  a ls o  th e  f i r s t  tim e t h a t  th e  u se  o f M ersenne-co m po site  Number 
T ran sfo rm s [p a g e s  6 6 -67 ] fo r  th e  c o m p u ta tio n  o f com plex c o n v o lu tio n s  
has b een  d is c u s s e d .  T h is  c h a p te r  i s  m eant to  be a r e a s o n a b le  overv iew  
o f  th e  s t a t e - o f - t h e - a r t  i n  Number T h e o re t ic  T ra n sfo rm s .

P o lyn om ial fo rm u la tio n s  a r e  used  i n  c h a p te r  3 to  p ro v id e ’ a 
s y s te m a t ic  d e r iv a t i o n  o f  th e  e q u a tio n s  fo r  th e  co m p u ta tio n  o f lo n g  
c y c l i c  c o n v o lu tio n s  u s in g  th e  Number T h e o re t ic  T ra n sfo rm . T hese new 
fo rm u la tio n s  show v e ry  c l e a r l y  th e  s t r u c t u r e s  o f  th e  e q u a tio n s  fo r  th e  
co m p u ta tio n  o f  c y c l i c  c o n v o lu tio n s  re a r ra n g e d  i n  m u lti -d im e n s io n a l  
fo rm . The number o f  m u l t i p l i c a t i o n s  p e r p o in t  i s  shown to  be a lw ays 
l e s s  th a n  2 when N  ̂ and a r e  n o t m u tu a lly  p rim e . T h is  f ig u r e  i s  
reduced  to  one m u l t i p l i c a t i o n  p e r p o in t  when N  ̂ and N̂  a r e  m u tu a lly  
prim e and a n e s te d  NTT i s  u s e d . For th e  c o n v o lu tio n  o f 
tw o -d im en sio n a l a r r a y s ,  th e  number o f m u l t i p l i c a t i o n s  p e r p o in t  tu r n s  
o u t to  be a lw ay s l e s s  th a n  4 when N  ̂ and ^  a r e  no t m u tu a lly  prim e 
w h i l s t  th e  number o f  m u l t i p l i c a t i o n s  rem a in s a s  one p er p o in t  when N̂  
and N̂  a r e  m u tu a lly  p rim e . The m ethods p re s e n te d  i n  t h i s  c h a p te r  a r e  
s y s te m a tic  and g e n e r a l ,  a s  opposed to  th e  d e r iv a t io n s  g iv e n  by K ra a ts  
and V en e tsan o p o u lo s[ 72 ] .

B ecause o f  th e  l a c k  o f  F F T -types o f a lg o r i th m  fo r  i t s  
im p le m e n ta tio n  th e  M ersenne Number T ran sfo rm  h as  re c e iv e d  much l e s s  
a t t e n t i o n  th a n  th e  Ferm at Number T ran sfo rm . Among a l l  NTTs, th e  
M ersenne Number T ran sfo rm  u se s  th e  s im p le s t  a r i t h m e t i c  f o r  i t s  
im p le m e n ta tio n . I n  c h a p te r  4 M ersenne Number T ran sfo rm s a r e  c o n v e r te d  
in to  c y c l ic  c o n v o lu tio n s  i n  w hich form  th e y  a r e  am enable to  a s im p le
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hardw are  i n t e r p r e t a t i o n .  T h is  s t r u c t u r e  i s  e s p e c i a l l y  u s e fu l  f o r  
sy stem s r e q u i r in g  th e  minimum number o f  com ponen ts. We have a ls o  
su g g e s ted  a p o s s ib le  way to  ex ten d  t h i s  im p le m e n ta tio n  to  o th e r  Number 
T h e o re t ic  T ra n sfo rm s , i n  p a r t i c u l a r  to  th e  Ferm at Number T ran sfo rm .

A no ther m ajor d is a d v a n ta g e  o f th e  MNT r e s u l t s  from  th e  s t ro n g  
r e l a t i o n s h i p  b etw een  th e  le n g th  o f  th e  seq u en ces t h a t  can  be convolved  
and th e  r in g  i n  w hich th e  tra n s fo rm  i s  d e f in e d .  I n  c h a p te r  5 we have 
p ropo sed  a second hardw are  im p le m e n ta tio n  te c h n iq u e  w hich i s
fu n d a m e n ta lly  d i f f e r e n t  from th e  method d is c u s s e d  i n  c h a p te r  4 .  We 
have c o n v e r te d  th e  M ersenne-p rim e and M ersenn e-co m po site  Number 
T ran sfo rm s in to  r e c u r s iv e  f i l t e r  form and su g g e s ted  s im p le  h ardw are  
s t r u c t u r e s  to  c a r r y  o u t th e  f a s t  im p le m e n ta tio n  o f c i r c u l a r
c o n v o lu t io n s .  The s t r u c tu r e s  p roposed  i n  c h a p te r  4 u se  no ROM o r  RAM, 
a l l  th e  work i s  done i n  r e g i s t e r s  and so th e  d a ta  a c c e s s  tim e  i s  
g r e a t l y  re d u c e d ; w hereas th e  s t r u c t u r e s  i n  c h a p te r  5 may be used  to  
com pute v e ry  lo n g  c y c l ic  c o n v o lu tio n s  w ith  s im p ly  one m u l t i p l i c a t i o n  
p e r  p o in t .  Very f a s t  hardw are  s t r u c tu r e s  f o r  th e  p a r a l l e l
im p le m e n ta tio n  o f  MNTs have a ls o  b een  proposed  and t h i s  may form a 
b a s ic  u n i t  fo r  th e  co m p u ta tio n  o f  lo n g  c y c l ic  c o n v o lv e rs  and th e  
D is c r e te  F o u r ie r  T ran sfo rm .

B ecause o f ad v an ces i n  f a b r i c a t i o n  te c h n o lo g y , i t  i s  now 
p o s s ib le  to  d e s ig n  a r c h i t e c t u r e s  w hich a r e  memory i n t e n s i v e .  T h is  
means t h a t  our s tu d y  can  b e n e f i t  from th e  sem ico n d u c to r r e v o lu t io n .  
I n  c h a p te r  6 we have g e n e ra l iz e d  th e  r e c u r s iv e  fo rm u la tio n  o f  th e  
M ersenne Number T ran sfo rm  to  any Number T h e o re t ic  T ran sfo rm  w ith  prim e
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sequence l e n g th ,  P , and w ith  modulo b a s e ,  q , w here q i s  a ls o  a p rim e 
num ber. I n  t h i s  c a se  a n  a r c h i t e c t u r e  based  on  a ROM lo o k -u p  t a b l e  i s  
s u i t a b l e  fo r  p r a c t i c a l  im p le m e n ta tio n s . We th e n  p ro p o se  a new ty p e  o f  
Number T h e o re t ic  T ran sfo rm s w hich a r e  n o t r e s t r i c t e d  by seq uen ce  
l e n g th  and w o rd - le n g th  c o n s t r a i n t s .  The e f f i c ie n c y  o f  t h i s  s t r u c t u r e  
depends m ain ly  on  th e  speed o f  th e  RAM and ROM fo r  i t s  im p le m e n ta tio n , 
and i t  a ls o  depends on th e  d eg re e  o f  p a r a l l e l i s m  u se d .

I n  c h a p te r  7 , we have d e r iv e d  th e  g e n e ra l  e q u a t io n s  fo r  th e  
co m p u ta tio n  o f  th e  D is c re te  F o u r ie r  T ransfo rm  u s in g  th e  Number 
T h e o re t ic  T ra n sfo rm . The r e s u l t s  m a in ly  come from th e  o b s e r v a t io n  o f  
th e  p r o p e r t i e s  o f th e  symmetry o f  th e  NTT and th e  DFT. T h is  le a d s  to  
th e  minimum number o f m u l t i p l i c a t i o n s  t h a t  h as  ev e r b een  r e p o r te d  f o r  
th e  c o m p u ta tio n  o f  th e  D is c r e te  F o u r ie r  T ran sfo rm . T h is  id e a  form s 
th e  b a s i s  o f o u r i n v e s t i g a t i o n  i n  c h a p te r s  8 and 9 .

E ig h t b a s ic  FNT m odules have b een  su g g e s ted  i n  c h a p te r  8 . 
T hese form  th e  b a s ic  u n i t s  f o r  th e  c o m p u ta tio n  o f  lo n g  DFTs u s in g  
Ferm at Number T ra n s fo rm s . We have a ls o  su g g es ted  th e  u se  o f h y b rid  
a lg o r i th m s  u s in g  th e  FNT, th e  WFTA and th e  Prim e F a c to r  DFT f o r  th e  
co m p u ta tio n  o f DFTs o f lo n g  se q u e n c e s . In  most c a s e s ,  t h i s  te c h n iq u e  
r e q u i r e s  few er number o f  o p e r a t io n s  th a n  th e  number o f  o p e ra t io n s  
r e q u ir e d  fo r  th e  P olynom ial T ran sfo rm  and W in o g rad 's  F o u r ie r  T ran sfo rm  
A lg o r ith m . I t  i s  i n t e r e s t i n g  to  p o in t  o u t t h a t  i n  p a r a l l e l  to  t h i s  
dev e lo p m en t, B h a tta c h a ry a  and A garw al[104] have a l s o  su g g e s ted  a 
h y b rid  a lg o r i th m  u s in g  th e  NTT and o th e r  s h o r t  c o n v o lu tio n  a lg o r i th m s  
to  compute lo n g  c y c l ic  c o n v o lu t io n s .
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In  c h a p te r  9 , we have d is c u s s e d  i n  d e t a i l  th e  co m p u ta tio n  o f  
D is c r e te  F o u r ie r  T ran sfo rm s u s in g  M ersenne Number T ra n sfo rm s . I t  i s  
shown t h a t  i n  th e  c a se  o f M ersenn e-co m po site  Number T ran sfo rm s th e  
number o f m u l t i p i i c a t i o n s  p er p o in t  f o r  r e a l  in p u t  d a ta  i s  n ev er more 
th a n  o n e , even  f o r  sequence le n g th s  ex ceed in g  one thou san d  p o i n t s .  
T h is  new ap p ro ach  a llo w s  a l a r g e  c h o ic e  o f  w o rd - le n g th s ,  and i n  
a d d i t i o n  th e  c o n t r o l  o f d a ta  flow  i s  e x tre m e ly  s im p le . We have a ls o  
shown t h a t  th e  number o f a d d i t i o n s  can  be reduced  s i g n i f i c a n t l y  i f  th e  
pseudo-M ersenne Number T ran sfo rm  i s  used fo r  th e  co m p u ta tio n  o f  th e  
DFT.

B oth c h a p te r s  8 and 9 r e l y  on th e  a ssu m p tio n  t h a t  a 
r e l a t i v e l y  h ig h  e f f i c i e n c y  FNT o r MNT c y c l ic  co n v o lv e r e x i s t s  fo r  th e  
im p lem en ta to n . T h is  i s  p o s s ib le  i f  th e  hardw are s t r u c t u r e s  su g g e s ted  
i n  c h a p te r s  4 and 5 o r  by o t h e r s [ 4 0 ,43-45] a r e  used  f o r  th e  
co m p u ta tio n  o f c y c l ic  c o n v o lu t io n s .

I t  i s  a ls o  i n t e r e s t i n g  to  p o in t  o u t  t h a t  th e  c y c l i c  
c o n v o lv e rs  su g g e s te d  i n  t h i s  t h e s i s  may be used  a s  a p rim ary  m odule 
fo r  c o n s t r u c t in g  th e  p r im i t iv e s  t h a t  w ere su g g e s ted  by W u[105], 
C o n s ta n t in id e s ,  C u r t i s  and Wu[106] f o r  th e  ALPS ( A l t e r n a t i v e  L o w -leve l 
P r im i t iv e  S t r u c t u r e s ) .

A c lo s e  e x a m in a tio n  o f th e  a lg o r i th m s  d ev e lo p ed  d u r in g  th e  
c o u rse  o f t h i s  r e s e a r c h  and th e  im p le m e n ta tio n  te c h n iq u e s  su g g e s ted  i n  
consequen ce  r e v e a l s  t h a t  m ost o f o u r su g g e s ted  a lg o r i th m s  aim  a t  
re d u c in g  th e  number o f  o p e r a t io n s ,  p a r t i c u l a r l y  th e  number o f  
m u l t i p l i c a t i o n s ,  and s im p li fy in g  th e  c o n t r o l  o f d a ta  flow  i n  p r a c t i c a l



-  2 6 0  -

im p le m e n ta tio n s . The s t a t e - o f - t h e - a r t  o f  th e  f a b r i c a t i o n  te c h n o lo g y  
a llo w s  us to  have v e ry  f a s t  m u l t i p l i e r s  a v a i l a b l e .  However, d i s c r e t e  
m u l t i p l i e r s  a r e  s t i l l  v e ry  e x p e n s iv e  compared w ith  th e  p r i c e  o f  
a d d e r s .  F u rth e rm o re , fo r  VLSI im p le m e n ta tio n s , a l a r g e  sp ace  i s  
a lw ays re q u ir e d  f o r  a h ig h  speed  m u l t i p l i e r  hence i t  i s  v e ry  e x p e n s iv e  
and d i f f i c u l t  to  f a b r i c a t e  d i g i t a l  s ig n a l  p ro c e s s o r  c h ip s  w ith  a n  
a r r a y  o f m u l t i p l i e r s .  On th e  o th e r  h an d , th e  number o f g a te s  and 
sp ace  r e q u ir e d  fo r  th e  ad d e r i s  r e l a t i v e l y  sm a ll ,  hence i t  i s  a lw ay s 
p o s s ib le  to  im plem ent an  a r r a y  o f  a d d e rs  [ f o r  s t r u c t u r e s  i n  c h a p te r s  4 
and 5 , say  fo r  exam ples] i n  a d i g i t a l  s ig n a l  p r o c e s s o r .

The Number T h e o re t ic  T ran sfo rm  makes u se  o f  th e  R esidu e  
Number System(RNS)[1 0 7 ]•  One o f  th e  fu n dam en ta l q u a l i t i e s  o f th e  RNS 
i s  i t s  h ig h  speed  c o m p u ta tio n  w hich a r i s e s  from  i t s  p a r a l l e l  
p ro c e s s in g  o f  a r i th m e t ic  o p e r a t io n s .  An id e a l  te c h n iq u e  fo r  r e s id u e  
a r i th m e t ic  i s  a ta b le - lo o k u p  o p e r a t io n ,  and so new memory te c h n o lo g ie s  
can  be ex p ec ted  to  im prove th e  speed and p r ic e  o f  NTT-based d i g i t a l  
s ig n a l  p ro c e s s in g  sy s te m s . For exam ple, P h i l l i p s  announced a GaAs 
2 5 6 - b i t  RAM t h a t  w orks a t  1 .5 n S . W ith such u n i t s  r e a l - t i m e  NTT-based 
system  cou ld  a c h ie v e  v e ry  h ig h  th ro u g h p u t r a t e s  in d e e d .

We have se e n  t h a t  th e  Number T h e o re t ic  T ran sfo rm  o f f e r s  a 
f a s t  c o m p u ta tio n a l to o l  fo r  th e  c a l c u l a t i o n  o f  c y c l ic  c o n v o lu tio n s  and 
D is c r e te  F o u r ie r  T ra n sfo rm s . Much r e s e a r c h  rem a in s  to  be done on 
d i f f e r e n t  a s p e c t s  o f  th e  NTT and th e  r e l a t e d  a r e a s .

We have em phasised  th e  im p o rtan ce  o f M ersenn e-co m po site  
Number T ran sfo rm s i n  t h i s  t h e s i s  a lth o u g h  i n  p re v io u s  y e a rs



-  2 6 1

M ersenne-com po site  T ran sfo rm s have re c e iv e d  a lm o s t no a t t e n t i o n  a t
a l l .  However, th e r e  a r e  s t i l l  a l a r g e  number o f  p r o p e r t i e s  o f  t h i s

2 9tra n s fo rm  l e f t  to  be d is c o v e r e d .  For exam ple, fo r  th e  m odulus M=2 -1
M ersenne-co m posite  Number T ran sfo rm , th e  m odulus, M, can  a c t u a l l y  be 
f a c to r i z e d  in to  th r e e  re a s o n a b ly  s h o r t  prim e numbers (233x1103x2089) 
and so can  be im plem ented v e ry  e f f e c t i v e l y  i n  p a r a l l e l .  F u rth e rm o re , 
s in c e  <2 33>^=1, <1103>^=3 and <2 089>^ = 1 , o n ly  one c o n s t i t u e n t  modulo 
b ase  r e q u i r e s  com plex a r i th m e t ic  f o r  th e  co m p u ta tio n  o f c y c l ic  
c o n v o lu tio n s  u s in g  a com plex com po site -M ersen n e  Number T ran sfo rm  w ith  
t h i s  modulo b a s e .  Hence t h i s  m igh t form  a n  e f f i c i e n t  and p r a c t i c a l  
way o f com puting c y c l i c  c o n v o lu t io n s .

A no ther i n t e r e s t i n g  f e a tu r e  o f th e  M ersenne Number T ransfo rm  
i s  t h a t  i t  may be im plem ented by ones-com plem ent a r i t h m e t i c .  Making 
u se  o f t h i s  f e a tu r e  a s  th e  b a se  o f th e  tra n s fo rm  and u s in g  d i s t r i b u t e d  
a r i t h m e t i c [ 80-85] fo r  th e  c a l c u l a t i o n ,  t h i s  m ight form  a new and even  
s im p le r  method fo r  th e  e f f i c i e n t  co m p u ta tio n  o f th e  M ersenne Number 
T ran sfo rm .

The r e s id u e  a r i th m e t ic  used i n  th e  Number T h e o re t ic  T ran sfo rm  
i s  no t u s u a l ly  a v a i l a b l e  i n  g e r e r a l  com puters and th e r e  i s  a l s o  no 
VLSI d i g i t a l  s ig n a l  p ro c e s s o rs  d e d ic a te d  to  th e  co m p u ta tio n  o f  r e s id u e  
number a r i t h m e t i c .  T h is  shows t h a t  th e r e  i s  a n  u rg e n t  need to  
i n v e s t i g a t e  the, p o s s i b i l i t i e s  o f making a d i g i t a l  s ig n a l  p ro c e s s o r  fo r  
t h i s  a p p l i c a t i o n .  T h is  in c lu d e s  th e  d e s ig n  o f  hardw are  s t r u c t u r e s  and 
i n s t r u c t i o n  s e t s  fo r  th e  p u rpo se  o f :  ( i )  p a r a l l e l  p ro c e s s in g  o f  d a ta ;  
( i i )  m aking i n - p l a c e  and in - o r d e r  maps and ( i i i )  i n p u t t i n g  and
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o u tp u t t in g  d a t a .

I t  would a ls o  be i n t e r e s t i n g  to  i n v e s t ig a t e  th e  r e s u l t s  o f  
a p p ly in g  th e  a lg o r i th m s  p re s e n te d  i n  t h i s  t h e s i s  to  p r a c t i c a l  
a p p l i c a t i o n s .  T hese in c lu d e  o n e -d im e n s io n a l and m u lti -d im e n s io n a l  
s ig n a l  p ro c e s s in g .  I t  i s  e x p e c te d  t h a t  th e  sa v in g  i n  c o m p u ta tio n a l 
e f f o r t  cou ld  be more s i g n i f i c a n t  i n  m u lti -d im e n s io n a l  p ro c e s s in g  th a n  
i n  th e  o n e -d im e n s io n a l c a s e .

A l e s s  c e r t a i n ,  b u t  more i n t e r e s t i n g  p roblem  i s  to  
i n v e s t ig a t e  th e  p o s s i b l i i t e s  o f  p ro p o s in g  a new tra n s fo rm  w hich 
r e q u i r e s  o n ly  one m u l t i p l i c a t i o n  p e r  p o in t  w ith o u t  u s in g  r e s id u e  
number a r i th m e t ic  fo r  th e  co m p u ta tio n  o f  c y c l ic  c o n v o lu t io n s .

I n  c o n c lu s io n ,  th e  r e s e a r c h  p re s e n te d  i n  t h i s  t h e s i s  
i n d i c a t e s  t h a t  th e  p roposed  a lg o r i th m s  from  th e  Number T h e o re t ic  
T ransfo rm s fo r  th e  c o m p u ta tio n  o f c y c l ic  c o n v o lu tio n s  a r e  v e r s a t i l e  
and e f f i c i e n t  te c h n iq u e s  fo r  d i g i t a l  s ig n a l  p r o c e s s in g .  These p ro v id e  
a f r e s h  i n s i g h t  in to  th e  problem  o f th e  d e s ig n  o f h ig h  e f f i c ie n c y  
d i g i t a l  s ig n a l  p r o c e s s o r s .
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