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ABSTRACT

The calculation of cyclic comvolutions is one of the central
operations in digital signal processing. The Number Theoretic
Transform(NTT) has recently received a great deal of attention for the
computation of cyclic comvolutions, because it is possible to obtain a
transform that imvolves no multiplications and no roundoff errors in
the calculation. However, all NTTs are limited by wordlength and
sequence length constraints. For some of the very promising NTTs,
there is no efficient algorithm for their realisation, and so this
restricts the applications of NTTs as a whole. It is the purpose of
the present research to imvestigate the use of NTTs from the point of

view of designing high-speed, computationally efficient algorithms.

In our study, Number Theoretic Transforms are examined and
expressed in a systematic way, using a polymomial formulation, that
facilitates the computation of the comvolution sum of long sequences
each of length~N in a two-dimensional (or multi-dimensional) form.
This new formulation shows very clearly the structure of the equations

for computing cyclic comvolutions arranged in multi-dimensional form.

Mersenne Number Transforms have the advantage of having a
very efficient arithmetic. However there is no FFT-type algorithm for
the computation, and for this reason little attention has been given
to them. We suggest two ways of implementing MNTs. In our first
design, we comnvert the MNT into a cyclic comvolution form and propose

a simple hardware structure to carry out the fast implementation. 1In



the second approach we arrange the MNT into a recursive filter form
and propose a hardware structure for both serial and parallel
implementations. The former structure requires the simplest hardware
whereas the latter structure can be used to relax the wordlength and

sequence length constraints.

High—-speed and low cost ROMs are now available. We suggest a
new type of Number Theoretic Transform for the computation of
comvolutions using ROMs. This new formulation only requires a small

ROM size and the control of data flow is extremely simple.

The computation of a q-point DFT can always be rearranged in
a length-(q-1) cyclic convolution form, where q is a prime number. By
noting the symmetry property of the NTT, we show that the transformed
results of the W" terms using NIT are alternately zero,
thereby reducing the number of multiplications to less than one
[actually l-é] multiplication per point for the DFT of a real sequence
length-q. This is the smallest number of multiplications‘ that has

ever reported for the computation of DFTs.

Further to the basic formulations in the previous paragraph,
some NIT modules are derived and suggested to form the basic sequence
lengths to compute long DFTs. This leads to the efficient design of
algorithms for the computation of DFTs using the Fermat Number

Transform and the Mersenne Number Transform.
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STATEMNENT OF ORIGINALITY

The following contributions reported in this thesis are

claimed to be original:

(i) The introduction of the use of polynomial formulations for the
computation of cyclic comvolutions of long sequences using Number

Theoretic Transforms[chapter 3]

These formulations lead us to be able to demonstrate:

(a) very clearly the structures of the computations of long
cyclic comvolutions wusing multi-dimensional techniques for
Number Theoretic Transforms[section 3.21],

(b) a new and systematic method for the formulation of the
equations for the computation using multi-dimensional
techniques for one and two-dimensional cyclic
convolutions[sections 3.2 and 3.3] and

(c) the suggestion of using nested NTTs for the computation of

cyclic comvolutions|section3.4].

(ii) The formulation of the conversion of the Mersenne Number
Transforms into cyclic convolutions suitable for high-speed

implementations|[chapter 4]

This formulation leads to:
(a) a new and simple hardware design for the serial

implementation of the MNT ([section 4.2],



- 10 -

(b) a new and simple hardware design for the parallel
implementation of the MNT[section 4.2] and

(c) an extension of these design to other NTTs{section 4.3].

(iii) The suggestion of the arrangement of the Mersenne Number

Transform into recursive filter form[chapter 5]

This suggestion leads to:
(a) a new and efficient serial hardware structure to implement
the MNT[section 5.1],
(b) a new and efficient parallel hardware structure to
implement the MNT[section 5.1],
(c) a method to compute MNTs with transform lengths not being
equal to P or 2P[section 5.2] and
(d) a solution to the problem of the word-length and the

sequence length constraints of the MNT[5.3].

(iv) The development and design of a new class of Number Theoretic

Transforms for cyclic comvolutions using ROM arrays[chapter 6]

This study includes:
(a) a generalisation of point (iii)(a) to any Number Theoretic
Transform with prime sequence length[section 6.1] and
(b) a suggestion for the design of new NITs without

word-length and sequence length constraints[6.2].

(v) The development of the basic formulations for the computation of
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Discrete Fourier Transforms using Number Theoretic

Transforms[chapter 7]

This development gives:
(a) the conditions and basic equations of the computation of
the Discrete Fourier Transforms using Number Theoretic
Transforms|section 7.117,
(b) the properties of the transformed values of
W’ s[section 7.1] and
(c) the least number ;f multiplications that has ever been

reported for the computation of DFTs[section 7.1].

(vi) The study on the computation of Discrete Fourier Transfotrms using

Fermat Number Transforms|[chapter 8]

This includes:
(a) the conjugate property of {wn} for the two-dimensional
formulation[ section 8.1].
(b) the suggestion of 8 basic FNT modules for computing long
DFTs[ section 8.1] and
(c) the discussion on the computation of long DFTs with the

minimum number of operations|sections 8.2 and 8.3].
(vii) The study on the computation of Discrete Fourier Transform using
Mersenne Number Transform[chapter 9]

This includes:

(a) the suggestion of using Mersenne-composite Number



Transforms for the computation of DFTs[section 9.1],

(b) the discussion on the computation of long DFTs using MNTs
with the number of operations 1less than the number of
operations reported beforef[section 9.2] and

(c) the suggestion of wusing the pseudo-Mersenne Number
Transform for the computation of Discrete Fourier

Transforms{ section 9.3].



- 13 -

CHAPTER 1 INTRODUCTION

1.1 Cyclic Convolutions and Discrete Fourier Transforms

In the past few years digital sigml processing(D.S.P.)
techniques[1-10] have been extensively studied because of their
importance in a wide range of applications such as image
processing[11-12], speech processing[13], radar processing[10],
biomedical engineering[3] and many others. The field of digital
signal processing broadly speaking consists of two major subdivisions:
(i) digital filtering and (ii) spectrum analysis wusing the Discrete

Fourier Transform(DFT).

Every 1linear digital filter can be described by the linear
convolution sum. For the implementation of these filters[14-15],
transform techniques have very often been used to carry out the
computation. Most fast comvolution algorithms, such as those based on
Fast Fourier Transform(FFT)[16-17], apply only to periodic functions
and compute cyclic convolutions. Hence, in order to take advantage of
various fast cyclic comvolution algorithms to speed-up the calculation
of digital filtering processes methods like the overlap-add{17] and
overlap-save[17] can be employed to effect the  computations.
Furthermore, the Discrete Fourier Transform (DFT) can also be
converted into a cyclic comvolution form when the transform length, N
is a prime number[18]. It is evident, therefore, that the cyclic
convolution is a very basic and essential operation in digital signal

proecssing.
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It is almost self-evident to state that if an efficient
method for computing the DFT is developed, then there 1is a high
likelihood that the same technique may be used to compute the cyclic
comvolutions and vice versa. There is therefore a parallel
development between the computation of cyclic convolutions and

Discrete Fourier Transforms.

One of the most important events in fast algorithm
development was the introduction of the Fast Fourier Transform(FFT) by
Cooley and Tukey[16-17] in 1965. This algorithm allows a tremendous
saving in the calculation of the Discrete Fourier Transform. It
reduces the number of real multiplications from 4N2, to 2Nlog2N, while
the number of real additions is reduced from 2N2 to 3Nlog2N for
N-point complex DFTs. The same order of reduction 1is also achieved
for the computation of cyclic comvolutions by the FFT algorithm. The
major disadvantages of the FFT algorithm are that (i) it still’
requires quite a large number of multiplications and (ii) the number
of real multiplications per point is almost the same for both real and
complex input data. This last point makes the FFT very inefficient
for calculating the DFT of real input data. The FFT is, however,
still the most popular algorithm for the computations of DFTs and
cyclic comvolutions because of its simplicity of programming and

suitability for general computers.
1.2 Recent Development( 19-22]

In 1975, Winograd[23] showed that the minimum number of

multiplications required to compute the cyclic convolution of two
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length-N sequences is 2N-K, where X is the number of divisors of N
including 1 and N. Agarwal and Cooley[24] used the short convolution
algorithms developed by Winograd[25], and Agarwal and Burrus{26], for
high-speed computation of long comvolutions. This method uses the
Chinese Remainder Theorem(CRT) ([27-28] for mapping one-dimensional
sequences’ into multi-dimensional sequences and is found to be better

than the FFT methods for sequence lengths up to N=420.

With the short cyclic comvolution algorithms as a basis, it
is clear that efficient, short DFT algorithms may also be constructed.
Winograd[25,29-30] made use of Rader’s Theorem([ 18] on DFT of sequences
with lengths equal to prime numbers to construct algorithms for the
computation of Discrete  Fourier Transforms. Compared with
conventional FFT methods, the Winograd Fourier Transform
algorithms(WFTA) require between one-half to one-third of the number
of multiplications needed for comnventional FFTs with a slighly
increased number of additions per point. Kolba and Parks[31] modified
some of Winograd’s short DFT algorithms and made a detailed analysis
of wusing prime factor algorithm(PFA) for the computation of DFTs.
This method requires a relatively larger number of multiplications
compared to the WFTA. However, it is easier to write a general prime
factor DFT program and the computation can be done using 1less memory
than is required for Winograd Fourier Transform Algorithm[31-32].
Both the WFTA and PFA make use of the origimal idea, described by
Good[33-34], of breaking up a one-dimensional transform into a

multi-dimensional transform with prime factors.
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In 1977, Nus;£aumer[35] first suggested the use of Polynomial
Transforms(PT) over the field of polynomials to compute
two-dimensional convolutions. Polynomial transforms can be computed
without multiplications using ordinmary arithmetic, and they convert
multi-dimensional convolutions into one-dimensional convolutions and
polynomial products. The number of multiplications per point lies 1in
the range 2 to 4 for the computation of 12x12 to 120x120
two-dimensional cyclic convolutions(20]. This approach also led to
the development of fast algorithms[35-37] for computing DFTs using
polynomial transforms. The method requires two to four real
multiplications per point for complex input data. However, for the
computation of one-dimensionmal DFTs, one has to comvert the
one-dimensional DFT into a two—-dimensional form and arrange the major
part of the calculation as a two-dimensional comvolution suitable for
the Polynomial Transform. In this case the saving in the number of

multiplications is less than in the two-dimensional case.

It is also interesting to point out that, for the computation
of real input data both the Winograd Fourier Transform and the

Polynomial Transform require approximately half the number of

operations as are needed in the case of complex data.
1.3 Number Theoretic Transforms[38-41]

Both the Winograd Fourier Transform Algorithm and the
Polynomial Tranform make use of number theory{27-28] to develop the
algorithms. An alternmative approach, which also relies heavily on

number theory, is to use Number Theoretic Transforms(NTT). The Number



- 17 -

Theoretic Transform is defined on finite fields or rings of real
integers[38-43]. The transform involves no complex-number
multiplications and has properties similar to those of the Discrete
Fourier Transform. Thus it can be used as a method for fast and error
free calculation of cyclic comvolutions applicable for example to the

implementation of digital signal processors.

0f the various versions of the NIT proposed, the Fermat
Number Transform(FNT) which has been thoroughy investigated by Agarwal
and Burrus[40], and the Mersenne Number Transform(MNT) which was
introduced by Rader{39] are the most promising cases. Since the
transform length N of the Fermat Number Transform must be a power of
two, a fast implementation for it similar to the Fast Fourier
Transform with radix two is possible. For the computation of FNT,
arithmetic operations must be carried out in modulo (2b+1). Usually
a , the root of unity of order N, is taken to be two, or a power of
two., However within the arithmetic operations modulo (2b+1)

% does not simply

multiplication of a number in a register by O«
imvolve shifting the contents of the register by n bits, it is also
necessary to subtract n overflow bits and to take other precautions.
In order to simplify the computation, Agarwal and Burrus[39] made
their implementation of FNT using a b-bit representaion of integers
which can introduce some error into the result. McClellan[44] defined
a new code representation for the integers modulo a Fermat number, Ft’
using a normal binmary weighting with digits +l. McClellan’s approach

was simplified by Leibowitz[45] who proposed the diminished-one

representation to represent the number system wused in FNT. Both
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McClellen’s and Leibowitz’s methods effectively convert the arithmetic
to be similar to, and of the same complexity as, ordimary

ones—complement arithmetic.

Since the transform lengths of the Mersenne Number Transforms
are mnot highly composite, there is no FFT-type algorithm for their
computation, and for this reason little attention has been given to
them. Mersenne Number Transforms have the advantage of being able to
use very efficient arithmetic (which could be in ones-complement
form). For example, the required multiplications by powers of two are
performed by simple bit rotations. One possible method introduced by
Reed and Truong[46-48] of retaining the arithmetic modulo of a
Mersenne Number and of utilising the FFT-type algorithm is to define
the Number Theoretic Transform in a Galois field with roots of unity
being Gaussian integers. Unfortunately, not all the roots of unity of
these complex MNTs are simple and so some general
multiplications{46-49] are required for the computation of the
transform. Nussbaumer([50] suggests an alternative solutioﬁ by
introducing the pseudo-Mersenne Transform. Two-step modulo arithmetic
(on two moduli), in addition to larger word-lengths, have to be used
to carry out the computation. TFurthermore the resultant transform is

not always highly composite.

All Number Theoretic Transforms are restricted by wordlength
and sequence length constraints[38-43,51]. Nussbaumer[50] increases
the sequence length of the MNT from 2P to 8P by observing that the

complex number (14+i) is an element of order 8P in GF(qZ). This



- 19 -

complex MNT produces a four-fold increase in sequence lengths and 1is
more suitable for complex comvolutions, rather than for the
comvolution of real data. Reed and Truong[58] have also proposed to
employ Winograd’s algorithm{23,25] to compute comvolutions wusing
Mersenne Number Transforms with 2 or other real integers as the root
of unity. They restricted their discussion to modhli of Mersenne
primes only and general multiplication operations have to be employed

for the computation of the transforms for long sequence lengths.

Another approach, fundamentally different from the previous
methods, proposed for the solution of the sequence length problem has
been given by Dubois and Venetsanopoulos{52] and Duhamel and
Holmann[53-55]. They choose moduli other than Fermat numbers or
Mersenne numbers for the Number Theoretic Transform. However, the
arithmetic operations needed in those cases are more complicated than
those wused in MNTs and FNTs. Thomas, Larson and Keller[56] have also
defined a generalised Number Theoretic Transform which allows for an
independent choice of transform length and modulus base. However,
this method sacrifices the very important circular convolution
property of the transform. Balla and Antoniou[58] have proposed to
use 3 as the root of unity for Number Theoretic Transforms. This
choice gives sequence 1lengths sufficiently large for practical
applications but this algorithm requires a relatively complicated

ternary arithmetic for its implementation.

Besides the sequence length and wordlength constraints, the

Number Theoretic Transform also requires efficient circuit structures
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and/or arithmetic for its implementation. Coding is one solution to
this problem. Another solution originally suggested by Pollard{59]
and with  hardwares implemented by Jullien, Miller{60-62] and
Nagpal[62] is to use an array of ROMs(Read-Only-Memory) to do the
arithmetic., This method uses a relatively large ROM size[60-63], but

it can be used to implement very high speed digital signmal processors.

1.4 Thesis Structure

The aim of the research presented in this thesis is to
investigate efficient implementation of Number Theoretic Transforms
for computationally efficient Digital Signal Processors. This
includes solutions to the problems mentioned in the previous sections.
The major part of this thesis focuses on our new formulations of NTT
equations to relax the sequence length and wordlength constraints; and
efficient algorithms for the computation of Discrete Fourier
Transforms wusing NITs. High-speed hardware structures are also

proposed for use in Digital Signal Processors.

Chapter 2 of this thesis is devoted to a review of the
theoretical development of Number Theoretic Transforms. This includes
the conditions for the existence of the Number Theoretic Transform and

discussions on the constraints and advantages in using them.

In chapter 3, Number Theoretic Transforms are examined and
expressed in a systematic way, using a polynomial formulation, that
facilites the computation of the comvolution sum of long sequences

each of length-N in two-dimensional (or multi-dimensional) form. This
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new formulation shows very clearly the structure of the computations
of cyclic comwolutions (one- or multi-dimensional) using
multi-dimensional techniques when (i) the factors of N are not

mutually prime and (ii) the factors of N are mutually prime.

To overcome the lack of FFT-types of algorithm for the
computation of Mersenne Number Transform, we suggest two efficient
ways to implement MNTs. In chapter 4, we comvert the MNT into a
cyclic comvolution form and propose a simple hardware structure to
carry out the fast implementation. In chapter 5, we arrange the MNT
into a recursive filter form and propose a hardware structure for both
serial and parallel implementations. The former structure requires
the simplest hardware whereas the 1latter structure can be used to

relax the wordlength and sequence length constraints.

High-speed and low cost ROMs are now available. Chapter 6
give an account pf our new Number Theoretic Transforms suggested for
the computation of comvolutions using ROMs. This new formulation only
requires a small ROM size and the control of data flow 1is extremely

simple.

In chapter 7, we suggest the use of the Number Theoretic
Transforms to compute the Discrete Fourier Transform. By noting the
symmetry of the NIT, we show that the number of multiplications per
point for the DFT for a real sequence length of P is 1less than one
(actually l—%). This is the least number of multiplications that has

ever been reported for the computation of DFTs.
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Further to the basic formulation in chapter 7, chapter 8
shows that in most cases by using Fermat Number Transforms to compute
DFTs is less than that the number of operations in the Winogrand
Fourier Transform Algorithm and the Polynomial Transform. Chapter 9
gives the results of our study using the Mersenne-prime and
Mersenne—-composite Number Transforms to compute DFTs. The number of
multiplications per point remains one and the control of data flow in

this new approach is very simple.

In the final chapter, chapter 10, we discuss the conclusions
of the present research and give some suggestions for further

research.
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CHAPTER 2 REVIEW OF BASIC THEORY

In this chapter, we start our discussion with the development
of the general structure of transforms with the comvolution property
and then present the Number Theoretic Transforms modulo an integer as
a practical scheme for calculating cyclic comvolutions, It is
possible to obtain a Number Theoretic Transform that imvolves no
multiplications and no roundoff errors in the calculation. The ease
of implementation of the transform often depends on the choice of
modulus(M), root of unity(a) and the transform length (N). This
chapter also includes the conditions for the existence of the Number
Theoretic Transform and the discussions on the constraints and

advantages of using NTITs for Digital Signal Processing.

2.1 Circular Comvolution Property

In this section we discuss the essential requirements for
transforms to have the circular comvolution property, as the Discrete
Fourier Transform has. The circular convolution property of a
transform means that the transform of the cyclic comvolution of two
sequences is equal to the product of their individual transforms.

Consider two sequences

b
]

{X(O), X(l),"') X(N_l)}

=2}
[

{h(O), h(l))'O': h(N-l)}

where N = length of the sequences
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For the cyclic comvolution of these two sequences, we can write
y=x®h and

N-1
y(m) = Y x(n)h(m-n) (2.1)

n=0
Where m=0, l ge e ,N—].

The symbol ® means circular convolution. This definition assumes

the sequences are periodically extended with period N.

Consider an NxN non-singular matrix T whose elements are,

tk,n where k,n=0,1,...,N-1 respectively. Let
— —_ — - —_— —_
x(0) h(0) y(0)
x(1) h(1) y(1)
X = .. h=| .. and vy =] ..
ihd I ] Rl

Use matrix T to transform X and h into a new domain and let capital

letters denote the transformed sequences, we obtain

X = Tx
Y =Ty

T is pow defined to have the property that

Y =XxXH 2 .3)
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where X =term by term multiplication

The individual terms in eqn. 2.3 can be written as
Y(k)=X(k)H(k)

N-1

where X(k)=:S tk nx(n) and
n=0

’

N-1
H(k)= Y £, ,h(L)
i=0 ©*
for k=0,l,ooo’N—l

Hence

%gﬁ %if
(k) = t, _x(n) t, .h(R)
n=0 k,n 2=0) k2

N-1 N-1

=y 3 x(mh(D 6o,

n=0 2=0 (2 ..4)

However, Y(k) can also be expressed as

N-1
(k) = mZ:Otk’my(m)
By eqn. 2.1,
N-1 N-1
Wk = ¥t o Y x()h(n-n)
m=0 n=0

Let ¢ =m—-n, where ¢=0,l,...,N~1, we get
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N-1 N-1

k) = ¥ ¥ x(mdh(Wt, o o (2.5)
=0 =0 ’

Eqn. 2 .4 must be equivalent to eqn. 2.5, therefore
tk,“n = tk,ztk,n (2 .6)

where k,Q,n=0,1,...,N-1 respectively

The properties of the t’s give the essential features of the
transforms having the comvolution property, hence it is necessary to

elaborate eqn. 2 .6 in more detail.

(i) It is clear from eqn. 2 .6 that

b1+ T Btk
and tk,Z =t

3

8,3 = fio41 T B

Therefore, in general

(ii) From eqn. 2.6, it is also clear that

Y 040 = Bk, etk,0

Hence

t = 1 (2 08)
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(iii) For the cyclic property of 2+n,

B, i+N = Bk,i

From eqn. 2 .6 again

_ N
“,i%,1
Hence
N
t =
k,1 1
Note that
N
Se,oN = Yk, otnt... - Sk,n
R
N
Interchange n and N,
n
tk,nN also = tk,N
n .
=t 0 (cyclic property)
=1
Therefore
N
t =
k,n 1

This shows that tk n's are Nth roots of unity.
b

(iv) For T to be nonsingular, hence 71 exists, t

k,1

(2.9)

(2.10)

‘s should be
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distinct.

(v) T can mow be written in the following form

- -
0,1 0’1 oee 0’1
2 N-1
Ve gt eer 1
T [ ] o0 LN ] o e 0 o0
2 N-1
Leyo1,1 BN-1,1 ° ty-1,1
N 2 N-1 |
Loy 0p  eee
2 N-1
a a
Loy o) e Oy
o e e LN ] L I ) e e (2.11)
2 N-1
DOy %1 oo %n-1

where O.’s are Nt:h root of unity.

"To make a further development of point (v), eqn. 2.9 shows

that
N
t =
k,1 -1
That is
N
=t
AN



- 29 -

N

t =
N-1,1 L

It is essential that t, 1 s are distinct roots of unity. Note that in
b

= 1, there are only N distinct Nth roots of
N
1,

a certain field, for t? 1
b

unity, where N is the least positive integer such that t 1 =1

For the sake of simplicity and without loss of generality,

let

t =t (2-12)

Let also g = t1 1 and combine eqns. 2 .12 and 2.7. We find
’

In order to transform the result back to the original domain,

we have to find 71, Let t;ln be the elements of T 1 and have the
b}
following form
-1
tk,n = N1 g7k

where k=0,1,...,N-1

To prove the validity of this assumption:

N-1
Since X(k) = ZE t, x(n)
20 k,n

N-1
knx(n)

a
n=0

4 o
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N-1 -1 =9
Now x(n) = ZN a ™ R(R)
=0
N-1 k' N-1
hence X(k) = Z o< Z N-'IOL«SLn X(2)
n=0 9=0
N-1 N-1
X(k) = Y x(8) (WY ol (2 .14)
2=0 n=0

1% (k-2)n
Now consider the term N~ Y o . Due to the circular property,
n=0
the value of (k-¢2) should modulo N.

(i) 1f (k-2) = 0 mod N, then

S

N-1
Therefore N_IZ a(k—z)n = 1 for (k-2)=0
n=0

(ii) If (k-2) # 0 mod N, then

uk_z #1

That is

I, (2 .15)

N-1

Multiply the expression N—]‘Z O(Lk—R,)n by (ak'&—l), hence we
n=0

get,
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N-1
n=0

L (N

=0 for aM=] (2.16)

Since (ak-z-l) # 0, we conclude that

N-1
Y o{khn (2 .17)
=0

for (k-2)#0

1N (k-2)n
Hence from (i) and (ii), it is clear that N Z a plays
n=0
the same role as the Kronecker delta function. That is to say

N-1 1 1if (k=£)=0 mod N
- -
=yt ) olk=n
=0

§
k,2 0 otherwise (2.18)
Therefore eqn. 2 .14 reduces to
N-1 N-1
KK = Y (Nt Y oLm
=0 n=0
= X(k).
Thus the expression for Ek-n is confirmed.
b

At this juncture this proof needs to be examined carefully.



This proof works very well for ordinary arithmetic, however this
argument may not be wvalid for systems wusing special arithmetic
operations, for example, the modulo arithmetic. 1In this case, even
though eqn. 2.16 is true and (ak-g;l) # 0, we still cannot conclude
that eqn. 2 .17 is valid. Some other conditions may have to be imposed
to confirm the )validity of the transform (see below). However, if
there is no simpler means available, one can check the transform

against eqn. 2.18, which is a more rigid condition for its existence.

The following points give a short summary of what we have

discussed so far:

(1) The structure of the elements of the transform matrix T and

. . -=] are given b
its inverse T & y

(a) tk n = akn and
b
-1 _ -1 -kn
(b) tk,n =N o

where n,k=0,1,...,N-1 respectively

(ii) The existence of an NxN transform having the cyclic comvolution
property depends on

(a) the existence of an ¢ that is a root of

unity of order N,

(b) the existence of N ! oand (2.19)
_1N-l m 1 if m=0 mod N
(¢) the validity of N :S o o=
n=0 0 otherwise

Conditions (i) and (ii) are the basic requirements for the

existence of a transform having cyclic comwvolution property. Recall
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the arighmetic systems that we are using, the complex number field

27T
—J—
with the root of wunity, o =-e N may form a transform having the

cyclic convolution property. This 1is the kernel of the Discrete
Fourier Transform and it 1is straightforward to check that the DFT

satisfies all requirements in (i) and (ii).

On the other hand, in a finite field or ring of integers
modulo an integer M, we may also find a transform with cyclic

comvolution property if the system satisfies (i) and (ii).

2 .2 Transforms in a Ring of Integers Modulo an Integer, M

In order to fulfil the requirements in section 2.1 for cyclic

comvolution we may use modulo arithmetic in a ring of integers. Let

M be the base for modulo arithmetic,
N be the order of the transform (the smallest N
to satisfy eqn. 2.20)

o be a root of unity of order N modulo M

Hence aN = 1 mod M, or in the motation of number theory,

<a> =1 (2.20)

Consider mnow eqn. 2,20 and let o and M have the highest

common factor, q. That is

(OL,M)=G.

N

o
Hence M = product....remainder.
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Therefore, we can write

aN = product.M + remainder

(p) (r)

But q is the common factor of o and M, it follow that

¢ o )N = (qM)p +

a1

or (< oa’)NqN'l - M .plq

1]
2}

Hence q must also be a factor of r and the remainder r can never be 1.

This implies that

aN # 1 mod M, if (o ,M) # 1

The implication from this result is that in order to have aN = 1 mod

M, o and M must be relatively prime. That is

(a,M) =1 (2.21)

We have also pointed out that in order to form the imverse

-1

transform, N must exist in mod M. Let us discuss the relationship

of N and M for the existence of N1, Let (N,M) # 1 = q and x be an
integer.
N.
Tx = prOduCt seoc e .remainder
(p) (r)
Nex=M.p + r

q(N’ex = M .p) = ¢

Since q 1is a factor of r, r can never be 1. This implies that there
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is o inverse for N. Hence for the existence of an imverse for N,

(N,M) =1 (2.22)

From eqn. 2.19, it 1is clear that the next condition to be
_1N-1

considered for the existence of the transform is that N :S o™=0 for
n=0

m#0 mod N. For the transform in a ring of integers modulo an integer,

M, and with the root of unity being an integer, this condition can be

simplified to the following form,

(C o"-1),M) =1 (2.23)

for m=1,2 ,¢0.,N=1

Eqn. 2 .23 can be obtained from the fact that the product
N-1

a(k Vn
n

=0
( uk—l—l)'s are relatively prime to M, it is impossible to form a

of ( ak_QLl) and of eqn. 2 .16 is always zero. Hence, if

product of ( ak-l—l) and a number, say x to be a multiple of M, unless

x is a multiple of M. This implies that if all ( ak-z—l)'s are

N-1
relatively prime to M, :E (1(k_2)n

n=0

must be zero.

From the above discussion, it is obvious that for forming a
proper number theoretic transform, { o,M,N} should be chosen on the

ring of integers under the following conditions

\
(1) C(o,M) =1
(ii) (N,M) =1 and (2 .24)
N-1
(iii) <Y o™ = 0>, for 110
n=0 )
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or (iii) can be written as

(iv) (C Q~1),M) =1 (2 25)

The nature of the transform depends very much on the choice of 0, M

and N. Let us derive more characteristics of o, M and N.
Recall that if (o ,M) =1, by Euler’s Theorem[27-28]
(M), _
<a >M =1

where @(M) = Euler’s totient function, which is the number of
integers relatively prime to M. Eqn. 2.20 says that N is the smallest
value to give
N
<a >M =1

Therefore ®(M) must be a multiple of the length, N,

N | o(M) (2.26)

Since every number can be represented by powers of prime

factors of the number, let

r, r r
1 "2
M= p1 p2 ...pz2

N e

Recall < o = 1>M o
r, r T
Therefore gg-l = 0 mod pllplz... pz2

r, r r
1 72
Hence P, P, ...pzzl( aN-l)
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12 T N N
This shows that p1 P, ...pz divides ( a'=-1) and ( a'-1) is also
r,
divisible by pi1 alone, for i=1,2,..., « We can then write
r.
oY = 1 mod P, (2.27)

From the property of Euler’s function[27-281,

T, ri—l
(D(Pi ) = p,

i (Pi‘l)

Therefore, from eqns. 2.27 and 2.26, we get

Ir.
Nlp, (e -1) (2.28)

From eqn. 2 .24, N and M must be mutually prime, clearly N must contain

no p; and N must be a factor of (pi-l); or

Nl(pi-l) (2.29)

where i=1,2 ,...
This implies that
NI(p,-1)

N|(p,-1)

Nl(pg-l)

To achieve the maximum length
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ngCd{(pl"l)s(pz-l)’°",(PQ—1)} (2 -30)

2 .3 Mersenne Number and Fermat Number Transforms

In order to make the Number Theoretic Transform more
attractive, it should be computationally efficient. The transform
should involve only simple arithmetic manipulations. It is desirable
for the power of o, the root of unity to have a simple binary
representation using very few bits. It is obvious that the best
choice of o is 2. To facilitate modulo arithmetic, M should also be
represented by simple binary word. It seems that the best choice of M
is 2 raised to a certain power. However this is contrary to
eqn. 2.24 (i) if we also choose @ to be 2 or powers of 2.
Furthermore, this choice also gives rise to sequence length problem as
shown below. The choice of N depends very much on the choice of a
and M. If o0=2, it is also desirable for N to be a power of 2 so that

FFT-type of algorithms may be used for fast computation.

The following paragraphs describe the characteristics of

various choices of M, o and N.
(i) M=Even

3
If M = an even number, 2 must be one of the pis in M = lini'
i=1
Let Py = 2, therefore pl-l = 1. By eqn. 2.28, N must divide pi—l'
This implies that N|l. Hence the maximum possible transform length is

1. Of course, this is impractical. M must be odd.
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(i) M = 2%

We have emphasized before that M is usually chosen to be an
integer with a simple binmary representation. The simplest odd numbers

are of the form Zkfl. Let us now consider the case, M = Zk—l.

Let k be a composite number and k=PQ, where P 1is a prime

number. Hence M = ZPQ-l. Since

2Py o Py (@ DP L 5(Q2)B, Py,
2P-1)]2F%1)

From eqn. 2.29 it 1is clear that the maximum possible length of the
transform is governed by the possible length of the transform with
base M, where M = ZP—l. In case of choosing @ = 2, the maximum
possible transform 1length is P. In order to get a reasonable

transform length, only prime powers of 2 need to be considered.

Let M = 2P-l, where P = a prime number and & = 2, Numbers of
the form Zk-l are traditiomally called Mersenne numbers, hence this
transform is called a Mersenne Number Transform. Now, define the
Mersenne Number Transform as

N-1 nk
X(k) = Z x(n)2
n=0

where k=0,1 geee ,N_l
To find the transform length N, we may write

M = 2P-1, hence
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P=
<2 Dy

This implies that the length N = P. Hence, we may write

the Mersenne Number Transform pair as

P-1 "
K(k) = <3 x(n)2"y (2.31)
n=0
1P -k
and x(n) = <23 X(K)2TTOy (2.32)

k=0

where n,k=0,1,.¢.,P-1

This transform requires very simple arithmetic operations.
The addition of two numbers modulo M (=2P—1) is simply ones-complement
addition in a P-bit word. This can be implemented very simply by
using a conventional binary full adder of P bits and by folding the
most significant carry bit output back into the least significant
carry bit input. For the negation of a number, we can simply make a
ones—complement of the number (negating all P bits). For the
multiplication of two numbers we may use normal arithmetic adding the
P least significant bits to the P most significant bits to get the

result.

One even more interesting point is that the multiplication of

uk (=2k) by a P-bit word, a , modulo M (=2P—1) just requires a

circular shift of a_ by k bits.

From eqns. 2 .31 and 2 .32, it is clear that both the forward

transform and the inverse transform require no actual multiplication.
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For the computation of c¢yclic comvolutions, the term by term
multiplications of the transformed res&lts of the two sequences under
question are the only multiplications required for the  whole
computation process. Hence the number of operations per point
required for the computation of cyclic comvolution wusing the MNT

becomes:

2(P-1) Mersenne Number Transform additions and

1 Mersenne Number Transform multiplications.

The major drawback of the transform is that the length of the
transform is P, which is a fixed length and may be too short for
certain applications. Furthermore, P is mot a composite number. This
implies that it does not have a FFT-type computatiomal algorithm for

fast transform computation.

The transform length of the Mersenne Number Transform can be

doubled if we choose
_ sl
o = <=2 >M
where n = any number in the set {1,2,...P-1}
In this case
2P

o =1mod M

However this only produces a minor saving using the FFT-type
decomposition. It is easy to check that the choice of o, M and N

satisfies the conditions written in eqn. 2 .24.
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(iii) M=2"+ 1

If k be an odd number, it can be proved by simple
mathematical induction that M (=2k+1) is divisible by 3. Hence,
M = 35S where S is an integer. By eqn. 2.28, Nl(pi-l). Hence the
largest possible transform length is 2 which is not practical. This

shows that k must be even.

Now let k be an even number. The most general for of an even
number is szt, where S 1is an odd number and t is an integer.
Therefore we can write

t
M= 251 = 252

t t
However 22 +1 divides 282 +1. This can actually be seen by simply

using the Remainder Theorem.

2t
Let 2° +1 = 0 and

t t
substitutes 22 = =] into 2Sz +1.

t
Hence 2SZ +1 = (-l)S +1 =0

By eqn. 2 .29 N must divide the factors, [(pl—l),(pz—l),...,(pz—l)] of
St
22 +1. The length of the transform is governed by the length possible

t
for (22 +1). This means that if we consider the transform length to
t
be important, the number (22 +1) is of interest.

t
Since (22 +1) is a Fermat Number number, the transform with

this base is called the Fermat Number Transform.
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For Fermat Number Transforms, M = Ft= 2° +1 and O is usually

chosen to be 2 or a power of 2. We can now write the Fermat Number

Transform pair as

N-1 "
X(k) = <3 x(n) o™, (2 .33)
n=0 t
and
_ lN-1 -nk
x(n) = <§1§ X(k) a g (2 .34)
=0 t

for k,n=0,l,...,N-1

To find the possible values of the transform 1length N, we

recall < aN>F = 1. From eqn. 2.29
t

Nl(Pl'l),(Pz‘l) e ':(pgl-l) of Ft
ALl F, F,, Fy and F, are primes, hence for F_, where t = 1,2,3 or 4

Nl(Ft-l)

t
or N|22

We can therefore have a FNT with a transform length as long as
N =22 .

t
This result seems very desirable since N = 22 is a power of

2 and so a FFT-type computation algorithm can be used to compute the
transform. Furthermore, the length of the transform should also be

more than enough for most applications.
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However, the major restriction comes from a basic property of

t

number theory. After finding N = 22 , Wwe have to choose an 0 which

satisfies the equation oN= 1 mod Ft' In the case, 0 1is actually the

primitive root of Ft and it is defined as the integer which can
generate the largest order. As we mentioned before, the most

desirable value for o, 1is 2. However, if we make a detailed

t
examination of the possible values of o with N = 22 , it shows that 2

is not a primitive root of Ft'
Example 2.1

t

Let t = 2. F = 22 41 =17.

The expected largest order is (Ft-1)=16. If 0 =2, we get:

n 51 22 23 24 25 26 27 28

Residue 2 4 8 16 1513 9 1

This shows that 2 1is not a primitive root of F2. It is a

generator of the cyclic group listed above. I1f a= 3

n 31 32 33 34 35 36 37 38 39
Residue 3 9 10 13 5 15 11 16 14
310 3ll 312 313 314 315 316

8 7 &4 2 2 6 1

2
This shows that 3 is a primitive root of order N (=22 =16)

which is the largest possible transform length.

From the computational point of view, it is better to choose

o equal to 2 and to make the adjustment to N to get the proper
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transform.

t

For o = 2, consider Ft= 22 +1.

Zt
2 + 1= 0 mod Ft

t+1

Let us consider the expression (22 -1).

t+1 t t

27 1y = @+ e -D

(2

2t+l
Hence (2 ~1) is divisible by Ft'

t+l

2% -1) = 0 mod F,

2 = 1 mod Ft (2 .35)

Now g =2 and

2N 1 mod F, (2 .36)

Comparing eqns. 2.35 and 2.36 shows that the order of 2 mod Ft does

not exceed 2t+1.' Hence

(2.37)

for o =2 or a power of 2

Note that if an integer o is of order N, ag will be of

order N if X is an integer. The above result can be seen from the

L 2
following simple identity
N
( 2 oM 2 1 mod Fo.
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Example 2.2

1£ 3% - 1 mod 17, N= 16 and o = 3.

Hence if o= 3%, that is %= 2,

the order is % = Lg
Therefore (32)8= 1 mod 17

= 8.

only & (Fl,Fé,F3,F4) Fermat primes have been found. Fermat

numbers with t larger than four seem to be composite numbers,

Example 2.3

Fs

Fe

641.6700417

1
[\
+
—

1

[}
[\
+
—

I

274177 .67280421310721

However Lucas{27] has proved that every prime factor of a composite Ft

is of the form:

(K.2 t"'2+ 1)

.where K is an integer

By eqn. 2.29

let+2

This shows that the longest possible transform length for the FNT with

composite modulo base, Ft is 2t+2. Note that if & is chosen to be 2,

eqn. 2 .37 is also applicable to the present situation. That is the

1

largest possible transform length is 2t+ for o = 2.

Example 2.3

For F., N =2"= 128 and
5 max
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N__=25%= 256

F6’ max

There are a number of methods by which we can increase the

transform length, N. The simplest method is to choose a better a (of

course this o should have properties similar to 2).

9 2t+1
If we choose a =42, a°=2. Since (2 = 1>, we can
increase the transform length by a factor of 2. That is N = 2t+2.
Example 2 .4
_ _ .o ttl
If M= F,= 17 and o = 2, the transform length is 2 = 8.

2
If we choose a=4/2 = 6, as 62=2 mod 17 then o'®= 1 and the

transform length, N = 16.

To make the ideas contained here clearer an example 1is

included in Appendix A2.1l.

Since, forz%he Fermat Number Transform, N is a power of 2, we

o
may replace W = e N by 2 in the FFT algorithm.

t

Any word definmed modulo a Fermat number Ft= 22 +1 can be

represented as a (2t+l)-bit word. The most significant bit is equal
to 1 only if all other bits are equal to zero. All negative numbers

can be represented by adding Ft to them.

Example 2.5

F2= 17

17-2 = 15

If M

-2

]

For a hardware implementation, negation can be realised by
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complementing all bits of the word, except for the most significant
bit which has to be treated separately; and then add 2 to the result.
Hence, negation requires an addition and a complementation together
with several auxiliary operations in order to deal with the most

significant bit.

The addition is done by an N-bit addition followed by
subtracting the carry bit if the (2t+-2)th bit is equal to zero. The

result is equal to -2 if the (2t+-2)th bit is equal to 1.

For the multiplication of a word by 2d, we may shift the word
d times and then subtract the most significant (Zt—l) bits from the
least significant 2t bits if the (2t+1)th bit of the original word 1is
0. If the (2t+1)th bit of the originmal word is equal to 1, the result
is —2d. For general multiplication, we can obtain the product by

subtracting the higher order (Zt-l) bits of the product register from

the lower order 2t bits of the product register.

This shows that arithmetic modulo a Fermat number 1is

significantly more complex than arithmetic modulo a Mersenne number.

One method to simplify the arithmetic for FNT was introduced
by Agarwal and Burrus{4O0]. They  suggested wusing a 2t-bit
representation of integers which introduces some errors to the
results. A technique for the exact computation of the FNT and its
implementation were described by McClellan[44]. McClellan’s approach
involves normal bimary weighting with digits +1 for the representation

of numbers modulo F . This approach has been simplified by Leibowitz
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whose technique imvolves the representation of numbers modulo F in

diminished-one form. The following paragraphs give a brief discussion

of this method.

To represent all integers in the ring of integers modulo Ft

requires 2%+1 bits. The .additiomal bit is required in order to
t

represent the number 22 = -1 mod Ft' To avoid additions and

multiplications imvolving the additiomal bit, allow the additional bit

t

to be a 1 only when the number to be represented is 0, i.e. 22 =0

mod Ft' This 1is achieved by subtracting 1 from the normal binary
representation of every integer in the ring. The normal
representation and this diminished-l representation are indicated in

Table 2.1 for 2% = 4.

Normal (Negative Binary Diminished-1
Value Value) Representation Value
0 00000 1
1 (-1=16) 00001 (10000) 2 ( 0=0)
2 (-2=15) 00010 (O1111) 3 (-1=16)
3 (-3=14) 00011 (01110) 4 (-2=15)
4 (-4=13) 00100 (O01101) 5 (-3=14)
5 (-5=12) 00101 (01100) 6 (-4=13)
6 (-6=11) 00110 (01011) 7 (-5=12)
7 (-7=10) 00111 (01010) 8 (-6=11)
8 (-8= 9) 01000 (01001) -8 (-7=10)

Table 2.1l: Diminished-1 representation of integers mod F2

After making this code comversion, the arithmetic for mod Ft
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operations 1is shown to be similar to, and as complex as ordinary

ones—complement arithmetic.

Let A and B be two integers in the ring of integers modulo
Ft' Hence the diminished-l representations of these two numbers are
(A-1) and (B-1) mod F_ respectively. Demoting also the 2t least
significant bits (1sb) complement by an overbar, hence

t

A-l =22 - 1 —(a-1)

t
22 41 -4-1

(-a) -1

Thus with this system the negative of a nonzero number in diminished-1

representation is the complement of the 2t 1sb’s.

Example 2.6

F2= 17

00011 = 01100 = 13 mod- 17

If M

Il

=4
If the most significant bit (msb) is 1, the negation is inhibited.
To perform addition of two numbers, consider
(A-1) + (B-1) = (A+B-1) - 1 and
the desired result is
(A+B-1) = [(a~1) + (B=1)] + 1

Since the (2% 1)™® bit of the addends is used only to inhibit
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addition if an addend is zero, addition of nonzero addends involves
only the 2% 1sb’s. The above equations indicate that a 1 must be
added to the sum of two diminished-1 numbers éo provide the correct
result. However, when a carry is generated from the Zt—bit sum, a

residue reduction modulo Ft requires the subtraction of a 1 since

t
22 = -1 mod Ft and no corrective addition is necessary. Hence the

rules for addition in diminished-l1 representation become:

(i) If the msb of either addend is 1, no addition is required.
(1ii)If the msb of both addends are 0, make the addition of the
zt—bits as normal binary addition and add the complemented

carry to the 1lsb of the sum.

Example 2.7

00110 7

+ 01100 13

10010 20 =3 mod 17

00010
Example 2.8
00001 2
+ 00010 3

00011 5 =5 mod 17
\1

00100
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Another important operation for the implementation of FNT is

the multiplication of powers of 2. Consider

(A-1)2 (2A-1) - 1 and

thus (2Aa-1)

(A-1)2 + 1

Therefore, each multiplication by 2 imvolves a left shift,
ignoring the msb, and a corrective addition of a 1. If the bit
shifted out from the (Zt)th position is a zero, it is complemented and
shifted into the 1sb in order to accomplish the adding of a 1. 1If
this bit is a 1, a subtraction of 1 is also required to accomplish a
residue reduction. With the corrective addition of +1, these cancel
out and a 0 is shifted into the lsb. Hence for each multiplication of
2, a left circular shift of the b 1lsb’s is required and the bit
circulated into the 1sb is complemented. For the multiplication of

k

27, k left circular shifts of the b 1sb’s is required and the bits

circulated into the k lsb’s have to be complemented as well.

Example 2.9
6 x2° = 14 (=-3)
0101 6
0101 ) 3~shifts
| 101 complement and circulation
IISI result

We have seen that the basic operations (negation, addition
and multiplication by a power of 2) for the Fermat Number Transform

using the diminished-1 arithmetic are very simple and are similar to
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the ones—-complement arithmetic. However, for general multiplication,

the procedure is more complicated, since

(A-1)(B-1) = A.B - (A+B) + 1

=(A.B-1) - (A+B-1) + 1

and the desired result is

(A.B-1) = (A-1)(B-1) + (A+B-1) -1

Besides the multiplication of (A-1) and (B-1), the term (A+B-1) has to
be added back to get the fimal result. Since for the computation of
cyclic convolution of using FNT the number of general multiplications

required is very small, this is not a serious drawback to the method.

2 .4 Extension of the Dynamic Range

Consider the integer ring, R(0O,l,...,M-1). In order to avoid
the comvolution sum y(k) being outside the range allowed by R it is

necessary to keep

y(m) < (M-1) (2.38)

for positive input data

for positive and negative input data

where y(m)=individual convolution sum

of x’s and h's
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The output dynamic range is defined as

P ~ K
y(m)maX = M-1 =2

for positive input data,
where K:logz(M-l)

and

-1 K

y(m)max = =2
for positive and negative input data,

where K=lo 8 (D-:I;—l

Consider the case with positive and negative input

(2 .40)

(2 ..41)

data, to

achieve the results in eqn. 2.39, limits have to be imposed on

sequences {x(n)} and {h(n)}.

y(m) | < n-1 and
|y | < 5

N-1
y(m) = Y x(n)h(m-n)
n=0
Note that
N-1 N-1
| ¥ x(wnta-n)| ¢ ¥ Ixn) . fn(m-n)]
=0 n=0

Therefore, to avoid overflow

N-1 ' N-1
I Y x(nhim-n) | < ¥ [x(2)].]|n(m-n)] < Mz;l
n=0 n=0

Usually there are upper limits for x(n) and h(n). Let

and h(n) hmax’ therefore

N-1
ZS x(n)h(m-n)

n=0

=
|
—

<

=z

‘Xmathax < 2

x(n) < x
- “ma
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The condition for input dynamic range is

M-1
N'xmathax <3 (2 .42)
if X ax = hmax’ the input dynamic range is
/=1
Xax =V 55 (2 .43)

It 1is clear from eqn. 2 .43 that the maximum allowable input
value, x(n), is restricted. The following paragraphs discuss a method

of increasing the dynamic range of the NTT.

The dynamic range of y(n) can be increased by defining the

Number Theoretic Transform on the ring of integers modulo M, where

2
w=ITw 2 .44)
i=1

for all (Mi,Mj)fl, for i#j

The integer { gives the number of factors of M. All the factors of M
have to be mutually prime. The arithmetic for the comvolution is done
mainly over the constituent rings of integers modulo Mi' The final
results are then reconstructed by wusing the Chinese Remainder

Theorem(CRT) as shown below
% -1
y(m) = <i§lLiLi yi(m) >y (2 .45)

M
where Li- m

i

-1
<IyLly >Mi= 1 and
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yi(k)= the convolution sum mod M

2

This method gives an output dynmamic range of (M-1) = IilMi— 1. In
i=1

order to make the point clear, an example is included in Appendix

A2.2.

2 .5 Pseudo-Number Theoretic Transform

Because of the simplicity of their arithmetic, the FNT and
MNT are the most efficient NITs available for practical
implementation. In order to have a wider choice of sequence lengths
for FNT and to have FFT-type of algorithms for MNT, we can use
pseudo-Number  Theoretic  Transforms. The pseudo-Mersenne Number
Transform{50] is defined modulo an integer, M, which is a factor of

1

the number of the form of M = 25-1, for s = composite; whereas the
pseudo-Fermat Number Transform{51} is defined modulo an integer Ml’
which is a factor of a number of the form of M = 25+ 1, for s # 2t.-
In both cases, M is composite and can always be defined as the product

of two factors (not necessary to be prime)
M=M
it

In this case, if an N length NTT which supports circular comvolution,
can be defined modulo Ml’ this NTT computes the N-length comvolution

y(m) modulo Ml with

N-1

y(m) = <Y n(n)x(m-n) >

n=0 1

1

The arithmetic operations for modulo Ml are wusually difficult.
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However, this problem can be solved by making the computation mainly
using modulo M arithmetic and then adjusting the fimal result modulo
Ml at the last stage,
N-1
y(m) = < Zh(n)x(m-n) >

>
= M, M (2 .46)

The major disadvantage of this method is that all operations modulo M
must be executed on word-lengths longer than that of the final result.
Furthermore, for the pseudo-Fermat Number Transform, the transform
lengths of the resultant NTT is relatively short for o being 2 or a
power of 2., Let us consider only the pseudo-Mersenne Number

Transform.
In this case M is defined as

M=2%-1
for s = a composite number
2 T,
The general form of s is 11&3_1’ where & is the number of prime
factors of s and ri’s ;;é powers of the prime factors. However for

practical cases, s is always either a product of two primes or the

square of a prime. If s is a product of two primes, Py and p,» W€ can

write

PPy

p
1=2 120121

p
- 1@ - K

where K is a constant

and
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P1p2

2 1 mod M or mod a factor of M

We restrict our discussion to the case where the root of

unity is 2 or a power of 2; hence the possible transform lengths are
Py P1

Pys Py and PPy with the roots of unity equal to 2 ~, 2 and 2

respectively., From eqn. 2.25, it is clear that if the transform

length is chosen to be P> the modulus can be defined as

M, - (2 47)

At this stage, we should check the factors of M1 against
eqn. 2.25 for correctness. Further division may be necessary to
divide M1 by factors of Ml’ which is not relatively prime to ( a"-=1),

for m=1,2,...,N-1. On the other hand, if we choose N = PPy the

modulus becomes

M

1 P P
@ -1) @2 2%-1)

In this case the dynamic range is unavoidably shorter than in the

previous case.

Example 2 .10

N a M

1
For M = 234_1, 7 22 @*-1/@2%-1)
14 2 e-n/e?-ne’-n]
M=215_1, 3 27 @P-1)/2°-1)
5 23 @-1)/¢23-1)

15 2 eP-n/1@3-nE3-1]
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and M = 2371, 35 2 @3P-n/e’-ne’-n]

The last set of parameters represents a more practical case.

If s is the square of a prime, P, we can define

M, = — (2.48)

Example 2.12

1f M = 2%9-1, we find that
N=49, o =2 and
M, = 2*-1/e7-1

This last example gives a transform which can be computed with a

2-stage FFT-type algorithm,

2 .6 Complex Number Theoretic Transform

In the previous section, the pseudo-Number Theoretic Trnsform
has been defined to give a 1large choice of sequence lengths for
comvolutions. In some cases the pseudo-NIT may also be computed with
a FFT-type of algorithm. This method does not, however, give a
possible solution to the problem that both the FNT and MNT have
relatively short sequence lengths. In this section, we discuss the
use of complex Number Theoretic Transforms to solve the sequence
length constraint of the NIT. This kind of transforms may also be
defined to have a highly composite sequence length N. Hence a fast

algorithm can be used to compute the transform.

We  begin our discussion of complex Number Theoretic



- 60 -

Transforms with the root of unity being a Gaussian integer, a+jb,

where

(i) the arithmetic is done over the finite field
GF(M?), for M = a prime number and

(ii) <j% = -1, (2 49)

The values of a and b are defined in the field of integers GF(M). We
first restrict our discussion to M equal to an odd prime and then we

extend the theory to a more general situation: M 1is a composite

number.

Now, let wus consider some properties of the powers of the
root of unity over the GF(MZ). Consider
M M ., . M—i M-i
(a+ib)™ = Y cla'b -5+ (2.50)
~ Kk
i=0
where C; are binomial coefficients

the expansion of (a+jb)M and is

defined as

i M!

Ce =TT

Since all binomial coefficients are integers, [i!(M-1)!] must divide
M!. M is now a prime number, hence [i!(M-i)!] must divide (M-1)!,

Eqn. 2 .50 reduces to

(a+ip)™ = at + ™M mod M (2.51)

From Fermat’s theorem, eqn. 2 .50 can be written as
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(a+ip)M = a + M mod M (2.52)

Now let us raise (a+ij) to M power, we get

w?

(a+jb)MF= a+3ji b

Recall the fact that the square of any odd number can always

be expressed as 4k+1l, or we can write

< M2>4= 1 (2.53)

This diophantine equation has only two solutions

<Ml = 1>4

3>

<y =3,

1]

From eqn. 2 .49, we get
(a+jb)M2= a+jb Mod M (2 .54)

Eqn. 2 .54 shows that any NTT defined on the finite field GF(M) must

satisfy the condition

NI(M2 - 1) (2 .55)

At the beginning of our discussion, we did not consider the
conditions for the existence of j. However, in reality, the existence
of j depends on the choice of M for the transform. Since j cannot be

a member of GF(M), eqn. 2 .49 must not be soluble. The nonsolvability
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of eqn. 2.49 1is equivalent to the statement that -1 is a quadratic
nonresidue[27-28] modulo M. By Euler’s criterion, this is further

equivalent to

(-1/M) = (-1)M"D/2_ (2 .56)

where (x/M) is the Legendre symbol

defined by

(x/M) +1, if x is a quadratic
residue mod M, or'

= -1, if x is a quadratic

nonresidue mod M

Recall that M is an odd prime, then

!%— is even, for M = 4k + 1
M_
—El is odd, for M = 4k + 3

Hence from eqn. 2 .56, this imposes a condition for the existence of

the complex NTT,

<M = 3>4 (2.57)

If M is not a prime number, its prime factorisation is given

by

where qi's are primes,
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for ¢ = the number of prime factors of M

For most cases, the values of ris are equal to one. An N-point
complex NIT with the cyclic comnvolution property can be defined in the
complex residue ring of Gaussian integers modulo M provided N-point
transforms can be defined separately in the constituent finite fields.,
We may consider that this follows directly from the Chinese Remainder
Theorem and so this leads to the conditions for the existence of the
transform. It 1is also clear that not all the constituent finite
fields need to be defined on GF(qz) of Gaussian integers. A
constituent field may be defined on a finite field, GF(q) of real
integers. However, at least one of the constituent field must be
defined on a finite field, GF(qz) of Gaussian integers in order to

form a proper complex Number Theoretic Transform.

From the above discussion, we can also deduce the conditions

required for the constituent fields as shown below[59]:

(a) for each prime factor q = 4k + 1 of M,
Nl(q-1) (2.58)

and

(b) for each prime factor q = 4k + 3 of M,

N|(q®-1) (2.59)

Example 2.13
If M = 35, N must divide (5-1) and (7°-1); hence

N =4 is possible. A possible a is 7+15j
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Consider the computation of two complex sequences {a+jb} and
{c+jd} using complex NTT. Let {Ak+jBk:k=0,l,---,N‘1} and
{Ck+jDk;k=0,l,...,N-l} be the transformed results of {a+jb} and {c+jd}
respectively. The term by term products of (Ak+jBk) and (Ck+jDk), for
k=0,1,¢4.,N-1 have to be found before taking the inverse transform.
It can be seen that direct computation of each complex pfoduct

requires 4 multiplications.

Y, +iZ, = (A, C,-B,D,) + j(A,D,+B,C, ) (2 .60)

This figure can be reduced to 3 by computing Y with the following

k
algorithm[64].

Y, = (Ak-Bk)(Ck+Dk) - AD + B C (2.61)
The complex NTT requires three general multiplications per point for
the computation of complex cyclic comvolutions in addition to O

multiplications in the forward and inverse transforms.

Consider now an NIT defined on a ring of integers with ‘each
prime factor, q.= 4k + 1 of the modulus, M. Hence no complex root of
unity can be formed for the Number Theoretic Transform and j must be
an integer in the ring modulo M. Let j = £. Hence eqn. 2 .60 becomes

a real equation as shown below,

Rk = (Ak+ gsk)(ck+ EDk) (2 .62)

In order to seperate Yk and Zk from eqn. 2 .62, let us define an
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auxiliary convolution

U, = (A~ EB,)(C.- ED) (2 .63)

Combining eqns. 2 .62 and 2 .63 gives

¥, =-21- (R +U,) (2 .64)
. _
Zk =2t (Rk Uk) (2 .65)

This shows that, if £ 1is a power of 2, the computation of complex
cyclic comvolution may simply require 2 multiplications per point
using real Number Theoretic Transforms. This makes complex NTITs less
attractive for the computation of of complex cyclic comvolutions than

real NTTs if a suitable real NIT is available.

Because of the simplicity of the arithmetic, the obvious
choices of moduli for complex Number Theoretic Transforms are the
Fermat numbers and the Mersenne numbers. Since

<Ft>4 =1 (2 .66)
for t=1,2,...
This shows that no complex NTT can be defined on modulo base F

t-1
j =\/—1 can be represented in this ring by 2 which is a real

number. It is therefore possible to compute directly a complex

comvolution[65] on modulus Ft by eqns. 2.62-2 .65. However, this gives

no increase in the sequence length of the transform.

Let us examine the situation for Mersenne numbers. In this
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case
P 2k
<2 -l>4 = Q 1>4
where P=2k’+1, an odd prime
That is
@F-1>, = @4 -1, =3 2 .67)

Hence complex Number Theoretic Transforms can be defined, with the
root of unity involving j =4/-1, on the finite ring GF(Mi). Note that
eqn. 2 .67 is true for both Mersenne primes and Mersenne composites.
For the case of Mersenne composites, eqn. 2 .67 shows that at least one

factor of Mp is of the form (4k+3) because the product of (4k+1)’s

modulo 4 always equal to 1.

For Mersenne primes, <Mp>4 = 3, hence from eqn. 2 .55
N|O-1)

That is

NI(MP+1)(MP—1) (2 .68)

Both (M+l) and (M-1) are even numbers and the product of two
consecutive even numbers must be divisible by 8. Hence a 1length 8P

complex NIT may be defined using Mersenne primes.

For Mersenne composites, all factors of Mp of the form (4k+3)
have similar properties as prime Mersenne numbers. All prime divisors

of MP are of the form <qi=t1>8[27]. Hence the prime factors of the
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form (4k+l) of M, are equivalent to the case <q;=+1>g. Therefore a

length 8P complex NIT may also be defined using Mersenne composites.

Nussbaumer[50] observed that (1+j) is a root of unity of
order 8P for complex Mersenne-prime Number Theoretic Transform. From
the above discussion, we extend this idea to Mersenne—-composite Number
Transforms. Hence (l+j) is a root of unity of order 8P for both

Mersenne-prime and Mersenne-composite complex NTITs.

These 1length-8P complex Mersenne Number Transforms are
promising because: (i) they can be implemented with ones-complement
arithmetic; (ii) their sequence length is composite, leading to an
efficient FFT-type implementation; and (iii) the roots of unity are

simple and no general multiplication is required for the transform.

This method requires 3 general multiplications for the
computation of complex cyclic comvolutions and so is not a very

efficient way to calculate cyclic comvolutions of real data.

Reed and Truong[46-47] have also studied the Mersenne-prime
NTIT with roots of wunity being general Gaussian integers. From

eqn. 2 .68, we have

P+1,, P-1_

2Pl Bl (2 .69)
Hence a complex Mersenne-prime Number Theoretic Transform can be
defined with sequence length equal to 2P+l and very efficient radix-2

FFT-type algorithm can be used for the implementation. However, in

this case the roots of unity are not in simple binmary representations
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and so general multiplications are required for the transform.
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2 .7 Appendices

Appendix A2 .1 An Example for the Cyclic Comvolution using FNT

Consider the cyclic comvolution of the sequences

»
1

= {031)3 ,-2}

=1
|

= {2 :090’1}

(a) By direct Calculation

y(0) = 022 + 1.1 +3.0+ (2).0=1
y(1) = 0.0 + 1.2 + 3.1 +(-2).0=5
(b) By Fermat Number Transform
Choose M = F2 =17, for t = 2.
The maximum transform length with powers of 2 as roots of
unity is 2t+1= 8.
-

17

For the present calculation, N = 4 and =4,

The transformation matrix T is given by

e i - —
1 1 1 1 11 11
T=|1 4 4 &3|[={1 & -1 -
1 42 4% 40 1 -1 1 -l
1 43 48 49 1 -4 -1 4
- — L__ —
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Note that 471 = 47144 - 4

EEE 111
Thaa 470 42 43041 4 -
1 472 4% 46 1 -1 1
1 473 46 4'9_ 1 4 -1
Therefore
— mtn TR i B a
111 1| o 2 2
X=Tx=|1 4 -1 1| = 91 =] 9
1-1 1-1]] 3 4 4
|1 -1 s 2| [-15) [2] mea 7
e 3
BE=ThH=|1 4-1-]lo]=]=
1-1 1-1]]o 1
L_1 -4 -1 4_ l_l... _6_ mod 17
B ; 76_
Y=XH=|-18]=]-1
4 4
12 _—5 mod 17

Taking the inverse transform, we have

pr— ——-—1 pr— —

1 1 1 1 6 1
y==41-4 -1 4||l-1|=| 5

1 -1 1-1 4 4

1 4 -1 -4 =5 -4 mod 17

- J e R
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Appendix A2 .2 An Example of the Extension of Dynamic Range by CRT

The dynamic range of y(k) can be increased by choosing two
relatively primes bases, Ma and Mb. We can represent x(n) and h(n) on
these bases respectively and do the comvolution on each of these bases
to obtain two sets of yi(n)'s. By making use of the Chinese Remainder
Theorem, we can then obtain the result. The dynamic range of the
comvolution is (MaMb-l). This method can be generalized by choosing
as many as necessary mutually prime bases, so that the dynmamic range

can reach (Mbe...-l).

]

Let x = {4,0}

h={1,2}

(a) Without using a transform technique,

N-1
y(m) = }:X( n)h(m-n)

n=0
y(0) = x(0)h(0) + x(h(1) = 4.1 + 0.2 =4
y(1) = x(0)h(1) + x(1)h(0) = 4.2 + 0.1 = 8

(b) Using a Number Theoretic Transfrom

(i) Choose Ma = 3 and
Mb =5
The dynamic range = 3x5-1
=14

(ii) The comvolution of x and h over Ma
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1 1

X =x_= s h = h
mod 3 a 0 mod 3 a )

Use an NTIT of a=2, N=2 and M = 3.

N-1 1
Xi = Zx(n)znk = ZX(H)an
n=0 n=0
=x(0)2O + x(1)2k
Hence
x% = 1.1+ 029=1
xi = 1.1+ 02 =1
i = n(0)2° + n(1)2k
Hence
B = 1.1+2.2%2=0
0
H? =1.04+22 =2

where the superscript signifies that the

operation is done over Ma=3

_ A
o= X
Y% =1.0=0
Y? =12 =2
N-1
2= )7 Qv T
m k=0

yg =2[0.1 +2.1] =1
1
]

]

yo =2[0.1 +2.2° 204] =2

(iii) The convolution of x and h over Mb



w

mo

=l

mo

Similarl

we get

That is
Yo
71

To find
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n
d5=xb=-0-

-
d5=Eb=2-|

y, using the NTT with a=4, N=2 and M =5

1

4 mod 5

3 mod 5

the Chinese Remainder Theorem

b
i -1
= [ZykLiLi ] mod MM

i=a
Ma
where L. = and
i Mi
Mi= Ma or Mb
for k=0,1
_.a -1 b -1
B ykLaLa + ykLbLb
_oas o=l b -1
= Yolala  t Yolply

a -1 b -1
ylLaLa + ylLbLb
La’ Lb and their reciprocals,

3x5 _
5 =9

35 _
5 = 3
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[
I

w
]

2 mod 3

=
]

w
1

2 mod 5

Hence Yy = [yiS 2+ yz3 2]

a b
Yy = 10yk+6yk
yg = [10.1 + 6.4] =4  mod 15
2 = {102 +6.3] =8 mod 15
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CHAPTER THREE CYCLIC CONVOLUTION OF LONG SEQUENCES USING

NUMBER THEORETIC TRANSFORM

It has been pointed out in chapter 2 that all Number
Theoretic Transforms are limited by word-length and sequence length
constraints. The normal transform 1length of the MNT is P, for a
modulo base of (ZP-l) and the MNT transform length can be increased to
2P when ¢ =-2. Agarwal and Burrus{40] have pointed out that a more
practical - choice of Fermat number, the modulus, is Fes in which case
M= F5= 232+ l. The corresponding maximum transform length is 128 and

o =ﬁ/§. This length may be too short for certain applications, such

as radar or picture processing.

In this chapter Number Theoretic Transforms are examined and
expressed in a systematic way using polynomial formulations. We first
discuss the relationship between the the circular shift theorem of the
z-transform and the circular shift theorem of the Number Theoretic
Transform. This forms an extremely useful tool for the computation of
cyclic convolutions wusing multi-dimensional techniques. We then
derive some new formulations for the efficient computation of
one-dimensional convolutions in section 3.2 and two-dimensional
comvolutions in section 3.3. This approach leads to our development
of the nested Number Theoretic Transforms for fast cyclic
comvolutions. 1In order to make our discussion clear appendices are

included to give numerical examples.

The contents of the present chapter have been published in
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[67].

3.1 Circular Shift Theorem

Consider the following time-domain sequence

x(n) = { x(0), x(1), +e., x(N-1) }

where N is the length of the sequence

Let M be the base for modulo arithmetic in a Number Theoretic

Transform. The NIT of the sequence x(m) can be written as

N-1
T{x(m} = X(k) = < ¥ x(n) & >
— h\
Where k =0,1,000,N-1
Hence
N-1 Kn
T{x(n-2)} =< :z x(n-2) a >M
n=0
In this last equation, substitute r=n-g, so that
N-1
T{x(o-2)} = < o™ Y x(r) oF >
r=0 !
_ ik

Equ. 3.2 shows that a circular shift of the input sequence gives rise
to a circular shift of the transformed output. This is actually the

Shift Theorem [40] of cyclic comvolution.
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It can be seen from eqns.
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N-1
Z{x(n)} = X(z) = 28 x(n)z"
=0
) N-1 .
2{x(n=0} = z" Y x(n)z
n=0
=2 X(z)

*
Now let us define the z-transform of the same sequence [24]

(3.3)

(3.4)

3.2 and 3.4 that the Shift Theorem for the

NIT and for the z-transorm are related by the following expression

*This

instead of negative powers of z are used in order

presentation using polynomial arithmetic.

2x(z) <—==> o Fx(x)

to

simplify

(3.5)

is the normal z-transform, except that for convenience positive

the
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3.2 One-Dimensional Circular Convolution

Consider the length of a sequence to be N = NINZ’ a composite
number . The one-dimensional =z-transform of this sequence can be

mapped into a two—-dimensional form by making use of the following

equations,
n = N2n1 +n2 (3.6)
where n1 = 0,1,...,N1—1
nz =O,1,-00,N2-1
and
N
z) =z 2 (3.7)

Under these conditions, we can write

x(n) = x

Bty

and eqn 3.3 becomes

N’Z_l Nl_'l n
X(z,zl) = Z Z lzn2

2 2 xn2 0. %1
n,=0 n, =0 1 (3.8)

Notice that (i) the map is unique and cyclic {68] in s, (ii) the map
is wunique also but not cyclic in n, . Similarly, we may define the
two-dimensional transform of the sequence E(m)

= {h(0),h(1),...,h(N-1)} as
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N’l—l Nlml m
H(z,zl) =y 25 h z, 1zmb (3.9)
m,=0 m =0 M om

The cyclic comvolution of x(n) and h(m) can be written as

N-1

y =Y xh (3.10)
L 40 MA°R

Where Q'=0, 1 g0 ,N—l

This can be expressed as a two-dimensional z-transform using eqns. 3.8

and 3.9
Z-INI"l nlnZ
X(z,2 )H(z,2z)) = ( } 3 «x z °)
%,=0 1 =0 n2’1
-1 N, -1
N'Z 1 mlm2

( h z z )
m22=:0 mlz=:o m,my 1

Ny
mod( z -1)
1
szl szl Nyl o
)
n,=0 m,=0 -0 "oy ,n
N, -1
( L N “‘1)] )+,
m,=0 M oo
(3.11)
Ny
mod(z1 -1)

Since n1 and m, are cyclic, the product inside the square bracket

actually corresponds to a cyclic comvolution. Let us define



- 80 -

- N.-1 N.-1

1 n, EE m;
X (z)H_ (z,) = ( X z ) ( h z )
) 1 ™ L n%:o r'2’“11 m1=0 m2’““11
(3.12)
Ny
mod(z1 -1)
where D) >, =0,1,...,N2-1
Hence we may write
-1 -1
X(z,z YH(z,z.) = NZZ NZZ X (z,)H_ (z )Zn2+m2 (3.13)
B Som=0 N Ul
)
kl
Evaluating eqn 3.12 at z =qa ~, so as to obtain the Number

1

Theoretic Transforms of the sequences {x :nb=0,1,..,b5 and
,nl
n1=0,1,..,N1} and {hmz,mlzm2=0,l,..,N2 and n1=0,1,..,N1} with respect

to m, and m and substituting into eqn. 3.13, we obtain

-1 N, -1
X, (2)H, (2) = NES NES X L H o zn?+m2
1 1 n,=0 m,=0 Xy MKy (3.14)
where k1=0,1,...,N1-1,
Nil nlkl
X = < X o >
0 sk =0 %" M
(3.15)
le-l mlkl
H = < h o >
o Ky m. =0 "M M
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At this juncture eqn. 3.14 needs to be examined carefully. It should

be noted that this expression is mot cyclic in n, and m,, and the

%

contribution given by z (z “=z ) has not been taken into account.

12 n
bl ’
Usually z can be expressed as z; "2 m2z 2% where is

o

defined as the integral part of (nz+mz)/ NZ and qnz n, is defined as
]

(n2+m2—Né-)%é’m2). As we have already seen from eqn. 3.5 the term
Py m,
z1 introduces only circular shifts (if @ is a power of 2) to

the transformed sequences of X and H k. ©°F indeed that the
"2 ky Yoy m,

should be multiplied by a

m ok

H
Ty sky sk
However, this modification could be done at a later stage or after the

1
transformed product X

expansion of the polynomial eqn. 3.14 has been computed.

Eqn. 3.14 1is actually a linear comvolution sum of the

sequences {an,k ,n2=0,1,...,Né-1} and {Hmz,k , m1=0,1,...,N2-1} or
1 1

N -1 -1
&) )
z 7)( z
n22=:0 Xnz Ky mzz=o H“‘z’kl
2N, -2

(3.17)

(z)H, (z) = ( )
Xk1 k1

e

W + W Z + .40V z
0)k1 l’kl 2N2_2 ,kl

where k1=0,1,...(N1-1)

A direct implementation of eqn. 3.14 requires N22 multiplications for

N& points. However, we may implement this with a much lower number of

multiplications wusing eqn. 3.17. Two ways for doing so are shown

below.



(i) Lagrange Interpolating Formula
Eqn. 3.17 is a product of two polynomials and indeed the
actual answers to the polynomial multiplication problem are

the coefficients, WO K oW the resulting
3

: . l,kl,....WéNz_z,kl of
product polynomial. These (2N2-1) coefficients of the
(2N2-2)th order polynomial resulting from the product can be
interpolated exactly through (2N2-1) points using the Lagrange
Interpolation Formula (or more precisely, the Cook-Toom

Algorithm [24,69]). By Lagrange Interpolation Formula, it is

meant that,

2N§—2

Y, (z) =W 4+ W Z +oeoW _ z
k) 0k, T "1,k 2N, 2,k
ZNQ-Q
= Y o ,L/(2) (3.18)
20 kl,l i

where (a) the interpolating polynomials

are given by

L(z) = [T 77% (3.19)
and
(b) the interpolating constants are
given by

mkl,i = Xkl(zi>Hk1(zi) (3.20)

fOl’.‘ i=0,1,oc--02N-2
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In the above expression { are distinct

ZO’zl""'ZZNé-Z}
numbers. As shown in eqn. 3.20, this method requires only
(2N2-1) multiplications for the calculation of N2 points, or
2 - 1 ) mnultiplications per point. This method is extremely
useful for small values of Nz, &2 <3 for example, but for
relatively large values of N, the‘interpolating polynomials
become more and more complicated, thereby making it difficult

to apply the Lagrange Interpolation Formula to find the

result.

(ii) A Second Number Theoretic Transform

{X

0,k

As already pointed out before eqn. 3.17 is in fact a
linear comvolution sum of two sequences each of length NZ'
The result of this 1linear comvolution can be found by a
length—(ZNé—l) cyclic comvolution [1-2,26] of two (2N2-1)
sequences formed by appending (N&—l) zeros at the end of the
origimal sequences. For example, the linear convolution of
{Xo,xl,xz} and {hO’hl’hZ} can be found by the cyclic
convolution of {XO’XI’XZ’O’O} and {hO’hl’hZ’O’O}; or 1in
general, it may be found from

»0, 40}

1\___._/

, X yooXy ,0,..0} @ {H ,H ooy
1,k N, -1,k 0,k >,k N, -1,k

(N, -1)zeros (Nz-l)zeros

1

where ® means cyclic comvolution. This cyclic convolution may
be computed using the Winograd short comvolution

algorithms{25] or the Number Theoretic Transform again. The
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former method requires (2(2N2-1)—K) multiplications for N&
points, whereas the latter method requires (ZNé-l)
multiplications for N, points, where K is the number of
divisors of (2N2-1) including 1 and N. In the case of the
Number Theoretic Transform the best transform 1length is
(ZNé-l) which 1is an odd number and so Mersenne Number

Transforms, Pseudo Mersenne Transforms [50] and Pseudo Fermat

Transforms [51] can be used.

M’ (3.21)

where 5 = 0,1,0n00,2N2—2
M’ = the base for modulo arithmetic
§ = the root of unity of the transform

Since the results of the second NTT are the‘ sum of the

products X_, the word-length for M’ should be at

n2’k1Hn2,’k1,
least twice as large as for M. This is the major requirement
that has to be satisfied in order to reduce the number of
multiplications involved in the comvolution. However, this
particular requirement is eliminated if M’ is chosen to be M.
This is possible since the evaluation of eqn. 3.17 is to be
done modulo M. This reduction in modulo length is of great
importance in actual applications. This not only reduces the

word-length of the multiplication but also simplifies some

other processes involved in the transformation. For example,
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the results of the second NTIT have to be reduced to M before

they can be applied to eqn. 3.17.

2N, =2 o
. L

1 .
B LI ) ., HI, S >y
sk 2N, -1 k=0 Xlﬁ’kl K ok MM
(3.22)
where nz’=0,1,co-,(21\5—2)
However, if M’ = M, eqn. 3.22 reduces to
2N, -2
2 —ké ’
1 )
w Vs = < Z I' l’ 6 >
nz,k1 ZNZ—I ké=0 ka’kIHkZ’kl M
(3.23)

Only one reduction is required for this step if we wuse
eqn. 3.23 instead of eqn. 3.22., Simplicity in programming the
software implementation and also simplicity in the
construction of hardware implementations are the consequences
of choosing both moduli to be the same. For example, the
cyclic comvolution of two length 496 ( =31x16) sequences can
be implemented by two length 31 cyclic convolution using a MNT

31_

with a modulo base of M=2 1, =2 and N=31. The number of

multiplications per output point is always less than two.

To make the ideas contained here clearer an example 1is

included in Appendix A3.l

3.3 Two-Dimensional Circular Convolution

In this section we examine the two-dimensional case of the
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cyclic comvolution{71] and derive results parallel to the previous
cases. The basic concepts remain the same and the saving in the

number of multiplications achievable is considerable.

The z-transform  of the two-dimensional sequences
x(n,r)={x(n,r):n,r=0,1,..,N-1} and h(m,s)={h(m,s):m,s,=0,1,..,N~1} can

be written as

!
]
Nal
N

Xz,9) = ) ¥ T (3.24)

H(z,q) = (3.25)

1
!
N

?S
wn
=)
)
N
8

Now if the length N is a composite number, then let N=N1N2 and

n=MNn +n

B
"
2
=]
+
N

where nl,...,Nl—l

L

hence

x(n,r) = x noor .p.° and
M afpafy Ty
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h(m,s) = h
- Ty oM 28y 58y

Also let

X(z’zlstql) =

H(z,z,,q,q;) =

2
X z. qQ "z

R i (3.26)
. Slzmlqszzmz

0 MomyaSyssy 1l (3.27)

On taking the Number Theoretic Transform with respect to (nl’rl) and

(ml’sl) respectively we obtain

N-1 N -l

K, 2, (200 = )
1’71 r§=0 r2=0
N -1 N, -1
By ,zl(Z,q) = };0 Z;o
1 mz._ 52._

where
N, -1
= <
hTyskyn nEEO

1

Nl_
ZS - 8 171 o 1 l>
r1=0 T aBsT) T M
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s, % m,k

(3.29)

kl’gl = O,l,aooo,N -1

1

In the above equations B and o are the roots of wunity of the
transform and wusually B = o. The NIT of the comvolution of the

sequences x(n,r) and h(m,s) can now be written as

X (z,q)H (z,q)
k 521 kl,ﬂ,l

15
NNl T,

1 §-1 s
2 ™
= X q z q "z "]
n22=0 r22=:0 L) ’kl ’21 z‘; ZZ=0 M »Sy ’k Q’
(3.30)

where k1’21 = 0,1,...,(N1—1)

This equation is similar to eqn 3.17 for the one-dimensional

convolution. Direct computation of eqn. 3.30 requires [N§]2=Ng

multiplications for Ng points. However the computation of eqn. 3.30
using the two-dimensional Lagrange Interpolation Formula as before
requires only (2N2-—1)2 multiplications for Ng points. The number of

multiplications per point is then (2-l )2 which is always less than 4.

In order to clarify the idea presented in this section, let

us consider a practical example. If N=256 then we can let N2=2,
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N1=128 and use Fermat number F5 as the base for wmodulo arithmetic,

that is M=F5=232+1. The cyclic comvolution of the sequences

{x(n,r): n,r=0,1,...,255} and {h(m,s): m,s=0,1,...,255} can then be
written as

255

¢}

55
x(n,r)h(u~-n,v-r)

y t—
WY 420 =0

where u,v =0,1,...,255

Hence eqn. 3.30 becomes

Xkl ’Zl(z,q)Hkl ,Ql(z,q)

1 1 T 1 1 s,
_ 2 N 2 ™
(2 X %o r, k20 % 1 DI B sy ey, 0,0 2]
1,=0 T, =0 22510 1,=0 §,=0 225107
where
< . B <1227' 127 r12.1 an1k1>F
T sTyaXye™y i=0 £ =0 T sfysTy Ty 5
127 127 s % m.k
S. k. 0. < h S. o o & ' 1>F
T3Sy %% w =0 §=0 T sy 559 58y 5

and

ki ,2) =0,1,...,127

X H + (X H
0,0,k ,2,70,0,k ,2 ( 0,0,k ,2 70,1,k ,2

+ X H 2
0,1,k1,21 0,0,k,,%,)q + (XO’I’kl’Q1HO’1'k1’21)q

+
( s * %5 0.k, ,2. 81,0,k ,0. 07

X H
1,0,k;,2,70,0,k 1°°1 1’1

1’71

2
+
( de,00%  Fo,0,6 .2 Bk

X H
1’0sk 2 1:0 1°71 1°71

1°71

+ X H + X H
L1,k ,2,70,0,k ,8) 7 0,1,k ,8 71,0,k ,2,
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g 2za+ Koy g By )k g

+ X H
l,O,k 24 O,l,kl, 1 1’ 1 l’ 1

171

2
2 HO,l,k g Jzq + (X

H
11 1’1 .

+ X
1,1,k 1°*1

1,0,k 1,1,k ,2%

U101
2

2
H
1,1,k ,2 0,1,k 0 077

+ )zzq + (X

X H
L1k 0 1,0,k .8

Q q2 +W

1°71

2 2 2
+ W z + W z +W + W
290!k1’g‘1 l’l’kly'q’lq 1’2 ’kl"q'lzq z,l,kl,llz q
2 2
+ Wé’z’kl’glz q (3.31)

9 + W

=W
0,0,k ,%

0,1,k ,%q + W 1,0,k .22

0,2,k 1Y

For a direct implementation of this equation we need to make 24

multiplications. If the two-dimensional Lagrange Interpolation
Formula is used, a total of (22-1)2 (=9) multiplications are enough to
evaluate 22 points., The two-dimensional Lagrange Interpolation

Formula can be written as

2N,-2 2N, -2
W (z,q) = Y X m L. .(z,q) (3.32)
kl’g'l i=0 j=0 kly'Q'lal,J 1]

where mkl’gl’i’j = Xkl,gl(zi,qj)ﬁk ,Ql(zi,qj) (3.33)

1

and Li’j(z,q)

z- q-
IT “o I1 Y (3.34)

u#i z,-z, v#j qj-qv
for 1,j =0,1,...,2, 2

(Zi,qi) are distinct ordered pairs for interpolation. Now let us



choose {-1,0,1} for Z,,9

{(Zi,qj)’ i,j=0,l,2}

- 9] -

3 in eqn. 3.33

= {(-1,-1),(-1 30) ,("1)1) »(0,-1) ,(0,0)3(0,1) :(ls—l) »(1,0),(1,1)}

Eqn. 3.33 gives

m.
kpa2150,0 = 1% 6 ¢ 0 %01,k ,2.7%1,0
1°71 1°71
[H -H -H
0,0,k1,21 0,1,k1,2l 1
=X' 4
0309k132'1 0,0,kl,gfl
9001 - 1%0,0,k..2.7%1,0,k. .2, 1 THg
l’l,, ”1)1 ”1,1
=x' H'
O,I,kl,ll 051,k1,’q’1
m = [X +X -X
ki, %,0,2 [ 0,0,k ,% 70,1,k ,% 71,0
H +H -H
[ 0,0,k ,8 70,1,k ,8 "1
=X’ H’
0,2,k ,2 70,2,k , 8
m = [X -X H
k;52),1,0 { o,o,kl,z1 0,1,k1,21] Ly
=X' H’
1,0,k;,%, 71,0,k , %
= | X H
™e,ep,0,1 " o0,k , 010,06, 0,

g |

+X
2 L1,k , %

ks ®)

+H

1,1 ]

0,k

L i ] 1,21 k

L
11

g B ]

’0’kl’ 1

1,0,k %

K 2]

-X
ks H L, 1’71

1 1

9 1

) _Hl,l,kl, )

’o,k'l) 1

-H ]
1’21 %

0,k 1’71

0,1,k
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=X’ H’
L1,k ,2 1,1,k 2

91+X

+H
, L
1’1

101 0,1,k ,2 ]

H
0,1,k ,2.1 o0,k M

= [X
Metn12 = Ho,0,k 14

=X’ H!
1’2 ’klsg’l 132 ’kl"q'l

1,5L1+x1,0,k AR STE TR

m = X -.X
k. ,2 2,0 = %0,0,k ,2 0,1,k A A

11 1°71

( 1,21+H1,0,k 2. 7Bk, ]

H -H
0’0 k., 2 0,1,k 1°71 1°™1

1M

=X2,O,kl,21H2,0,k1,5Ll

Q,+

+H
L
1’71

1.’ 1 l’o,k Q’ ]

%10,k , 2.1 THo 0,k ol

m = | X
k052,51 [ 0,0,k ¥

X2,1,k1,21H2,1,k1,5Ll

B 22,2 - X

+ + +
s 0,0,k.,2. 0,1,k ,2%%1,0,k ,2 X1,1,k1,l]

1’71 1’71 11 1

2+

H
pph Dbk

[Hy,0,k. 0. 70,1,k , 2.1 ,0,k

]
1’71 1°71 21

1,

=X/ 4 3.35
X2,2,k1,21HZ 2k, (3.35)

The interpolating polynomials Li j(z,q) is obtained from eqn. 3.34
b}

L (z,q) = 1/4 (zzq?‘-zzq—zq2+zq)
0,0,

Ly (2,@) = =172 (22 & -2 ~2q*+2)
bl



LO,Z(z,q) =
Ly olz0) =
L1z =
Ll’z(z,q) =
L oz =
L (2 =

b 2 (20

Hence eqn. 3.32 becomes
— ]

W
0,0,k ,4,

W
0,1,k , 2,

W
0,2,k ,2

W
l,O,kl,,Ql

W
L1k, 0

W
1,2 ’kl’ll

W,
2,0,k ,8

W
2,1,k ,2)

W
2,2,k ,%)

1/4

-1/2

-1/2

1/4

-1/2

1/4

= 1/4
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(z2q2+22q-zq2-zq)

22 2 2
(z"q"-z"q-q"+q)

(z2

2

q 22 -q2+1)

2
(z q2+zzq-q2-q)

2 2
(z"q -22q+zq2-zq)

( z?' q2 -z2+zq2 -z)

(22

1

-1

2,2

q +z q+zq2 +zq)

0-1 0

2 -1 0

My

mkl ,

m
kl’

m

m
kl’

mkl ,
mkl ,
My

1!

m
kl’

1’213030

L
1’ b

klﬁ’q'l’lso

0,1

21,0,2

9/1,1,1

2,1,1,2

21 »2 ,0

21,2,1

21 2 52
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Using eqn. 3.5, eqn. 3.31 can be written as

Y

and

Y
0,0,k ,2,

9,1,k

¥1.0,k

Y
1alak1,21

The result y

T Ty s MyHT

FNT.

y S W
M) sTy»0y,T) = <5g

(Z,q) = (W
kl’ll' 0,0,k

tW ook g B

= W

1°%

124 =

= <

o

W) 0,k , %

21+ Y92,k , 8
10

10t

1’

21 k
1’71 1°71
2

1
+( +w1,2,k 2 B ")z + (W

W
1,0,k ,2 1Y

1

21 kl

1) o} + W o
0,2 ’kl’g'l Z,O,kl,R'l
g +k
|

T 2k, O M

0 +

0,0,k , &

1

<W o >M

+ W
l’o’kl’QI 1,2 ’kl"o"l

W >
1’1’k1’9"1 M

when B = o

can then be found by four length-128

1

[y
~

1

N
~

M

v
K 0 Tkt

0 2,

—
1]

where n =0,l,¢44,127 and

1°F1

n2,r2 =0,1

I3
B k

1,1,k

k

1 1
@ ) HWg )y T IR )q

o )24

1°71

inverse

—(nlk1+r121)

M

From eqn. 3.35,it 1is <clear that the number of multiplications per
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point is 2.25. This example is similar to the omne given by Kraats and

Venetsanopoulos [72], but our derivation 1is much more general and

systematic. It is also interesting to point out that the calculation

of X’ X’ ’ ’ } actually corresponds
0,0,,2 70,2,k 1,2, 7%2,0,k, 2% 2,1,

to a length-4 Hadamard Transform and hence the Fast Hadamard Transform

algorithm [73] can be applied to this cemputation, producing as

’,

intermediate results the required values {X 2
l’oikl’

,X' 2}-
1,2,k 2

1

It should be noted that, as in the one-dimensional case, if
Né is relatively 1large, a second two-dimensiomal NTT can be used
instead of the two-dimensional Lagrange Interpolation Formula. If the

same modulo base is also employed (that is M’=M) then N, is usually

equal to (2N2-1). The number of multiplication per point is then

always less than 4.

3.4 Nested Number Theoretic Transform
1f the factors N1 and N2 of a given sequence 1length are
relatively prime, then one may map the one-dimensional cyclic
comvolution into a two-dimensiomal cyclic comvolution. The map can be
written in a linear form as follows
n=Kn, +
1M R
Burrus [68] shows that the map is cyclic in nl and n, if and only if

K1 = CNé and K2 = DNl' For a unique map, C and Nl ( also D and N& )

have to be relatively prime.

Let n = <N2n1 + N1n2 >N
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where n, = O,...,Nl—l and

n, = 0,...,1\12—1

Hence eqn. 3.8 becomes

51N a n
1
1
Ny
mod(z1 ~-1)
mod(zNé—l)

We can also make the same arrangement for E(n). Eqns 3.15 and 3.16

remain the same as before. But eqn 3.17 becomes

g1 5 .

(2) B (2) = ( Y X z°)C ) H z %)
) K n=0 2% m=0 "2°%
(3.37)
mod(zNZ-l)
Eqn. 3.37 is the cyclic comvolution of the sequences
{X ,X sscevee - } and ) {H ,H ..-..tH - }'
0,k,° %1,k XNZ 1k, 0,k "1,k N, -1,k

This cyclic comvolution sum can be found by any fast cyclic
convolution algorithm, for example the Winograd short comvolution
algorithms[25]. However, we suggest here that this can be done by a
second Number Theoretic Transform. Since Nl and Né are relatively
prime, only one of the two NITs may be calculated with a FNT, the
other NIT can be a Mersenne Transform, Pseudo Mersenne Transform,

Pseudo Fermat Transform or any NTIT with an odd transform length. In

Appendix A3.2 the same set of data as in Appendix A3.1 is used to
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calculate the comnvolution sum of two sequences. It can be seen that
o multiplications are required for the first NTT, and NZXN1(=N)
multiplications are required for the computation of the second NTT.
This method can easily be generalized to compute convolutions of

multi-dimensional sequences. The number of multiplications remains as

one per output point irrespective of the dimension of the sequence.

3.5 Conclusion

We have seen that the computation of the c¢yclic comvolution
sum of two 1length-N sequences using Number Theoretic Transform can
always be done by two-dimensional (or multi-dimensional) techniques.
The NTT can always be applied to the dimension with cyclic
rearrangement. If the factors (Nl’NZ) of N are not mutually prime,

the Lagrange Interpolation Formula or a second NIT can be used to find

N.
i

and NZ are mutually prime , a

the comnvolution sum. This requires (2 - 1 ) multiplications per

point, where i=1 or 2. However, if Nl

nested NTT apéroach can be used to compute the cyclic comvolution sum.
This requires one multiplication per point. For two-dimensional
convolutions, a two-dimensional Lagrange Interpolation Formula or a
second NIT can be wused in the computation to give less than 4
multiplications per point if N, and N& are not mutually prime.

1

However if Nl and NZ are mutually prime , one multiplication per point

is enough for the computation.
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3.6 Appendices

Appendix A3.1 An Example of the Computation of Cyclic Convolutions

using Multi-dimensional techniques

Consider the circular convolution of the sequences
%(n) = {4,0,1,2,3,1} and h(n) = {4,2,5,0,0,1}. Eqn. 3.10 can be

written as

where 2=0,1,..,5
A direct evaluation of this equation gives y(n) = {33,14,26,13,22,24}.

To compute the cyclic comvolution of these two sequences by

eqns. 3.14 to 3.16, let N2=2, N1=3 and
n=n + an
where nb =0,1 (non-cyclic)
n, =0,1,2 (cyclic)

From eqn. 3.7,

hence
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h = h

w
1]
el
]

w

0,2 = % 0,2 =M
*1,0=% =0 B,0=hy
1,0 = %3 =2 B, =03
¥12 = % =1 B2 =hs

Use a Pseudo Mersenne Transform, with

9
M= Ia
27 -1
o= 23 and
N1 =3
Eqn. 3.15 becomes
X 1 1 1
L m, ,0
3 6
X =11 2 2
! Tl
6 12
X 1 2 2 X
L_?Z’Z L_ n2’2
and
p— e— P ——— pr— c— P em—
0.0 1 1 1 4 8
X o |=|1 27 2% 1|=[s8
3
%, {1 2% 23| |3] [
e ’— b e e el R

Similarly,

mod 73
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~ ATl T
Xl,O 3 HO,O 9 Hl,O 3
Xl,l =| 7 HO,l =|44 Hl,l =166
Xl,Z 631, HO,Z 32 Hl,Z 10
4 L 1 Ld L d L
Eqn. 3.17 becomes
1 n, 1 m,
(z)8, (2) = ( ) X z) (Y H z %)
) & =0 2% w0 261
2
=W + W z + W pA
0,k," "1,k 2,k
= (Wo,k + lez ,k ) + Wl,k Z
1 1 1
By eqn. 3.5
3k1
(z)H, (z) = (W + 2 W ) + W z
B e 0,k 2,k Lk (A3.1)

(i) By Lagrange Interpolating Formula

Note that the procedures are mainly used to illustrate the
steps of the implementation and no attempt has been made to optimize
the number of additions. Let zi=—1,0 and 1 for i=0,1,2 in eqn. 3.20.

Hence

- Xl -1

) 1,k

0o~ o,k k) (HO,kl .

1

=]
|

= (X5 4 )(H )
0,k, 770,k

M2 T (XO,kl MRS (HO,kl TR D)

1 1
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and

—_— — — — -

m0,0 (8-3)(9-3) 30

mO,l =[8x9 = 72

Wy 5 (8+3)(9+3) 132

b— ’—J e — s
I3 I3 N ] B H [ ] [ —
Similarly, ml,0 -1122 m2,0 -968
ml’1 =| 25521, m2,1 =| 608
m 7150 3444

1,2 ™2

At NN A R Il B

The interpolating polynomials become (by eqn. 3.19)
_ z2-0 z2-1, _ 1, .2_
LO(Z) = (_1—_5) (3= = E—(z z)
Similarly,

Ll(z) = _(22_1) and

Lz(z) = l/2(zz+z)
Hence, by eqn. 3.18

— - — —_r -

o,k 0 2 Olim o
1 1

W = 1/2| -1 0 1[|m
Lk, ksl
W 1 =2 1l|m

LZ ’kl . — L_kl’.?‘_.

This gives
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— — -T — - — I -
WO,O 72 wO,l 2552 WO,Z 608
wl,O =151, wl,l =14136]), wl’2 =[2206
ool | O [%,1] | 462 W, ,| | 630
L. 4 Ld LU Jd L. 4 L ’J I

and
w0,0 72 WO’1 70 wO,Z 24
W1,o =|51]1, wl,l =481, Wl,z ={ 16
w2 ,0 9 w2 )1 24 w2 2 46

. — pa b — __J — e cd
mod 73 mod 73 mod 73

(ii) By a Second Number Theoretic Transform

Let us use the same M, oo and N for the second NTT.

- O r —r -
X’ 1 1 11X
0,k, 0,k,
’ 3 6
X =1 2 2 X
Lk, 1k,
Xé K 1 26 23 0 mod 73
’1— L S A —
;_r____
1 11t X
0,k,
3
=1 2 X
1k,
1 28 mod 73

Hence
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—' — P — _’ ow— pr— ey —,— r——
XO,O 11 XO,l 65 XO,Z 9
XI,O =32, ] =41 X 9| =| 12
! 54 ‘ ’
Xi,o ° Xé, 68 , 36
beme  cnad — - pu— s e b — b e
Similarly,
HO,O 12 HO,i 37 HO,Z 42
Hl,O =|33], Hl,l =|61{, H1,2 =139
LHz,o 51 18 1] |34 ol s
- - .J L Rl [

Let wfc.z',kl = xl'cz',lel'zz',kl mod 73°

Therefore
w1 Gsl e 10T I
Yoof 1P| |%0,1] [eo]| |w 13
0,2
LS il Ead N RSTY bl O 0T P Y,
%ol 139 1%,1] 1491 1™ 2| |29
L _J . - L .
and
— — — —! o —
W 1 1 W’
0,k, 1 0,k,
_ —3 '6 ’
LA E VE T FR I W
1 ]
% -12/|..
Wz’k1 12 2 wé’kl mod 73
— = - L

Hence
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24

16

46

0,0 |2 o,1f {7° [Y,2
Wol=5t s [0 a]={48]s [
Cz ,0 Lg ol 124 %2

— — — —— e — J

These results are exactly the same as

(L.

Eqn. A3.1 can now be written as

3k

~ 1

Yok, = Mo, T2 >3
1 1 1
Y1,1<1 = Wk ?73
1
This gives us

Y90~ 8
Yy,0 =31
Yo | =
Y | =48
YQ,2 = 48 and
Y1,0 =16

The final results can be obtained by

L

what we

obtained

in



y 1 1 1]y A
% 50 % 0
_ -3 -6
ynz,l =1/311 2 2 Ynz’l
-6 -12
yr’z 2 1 2 2 Yn2 2 mod 73
e — e [ Sy —

Hence
pr— — e cwmy P — e —
Yo,0] |33 Y1,0] |14
yO,l =|26| and yl,l =] 13
0,2| |22 12| |24

The results become

y(n) = { 33,14,26,13,22 ,24 }

Appendix A3.2 An Example of the Nested NTT

Let us now find the comvolution sum of the sequences
x(n) = {4,0,1,2,3,1} and h(n) = {4,2,5,0,0,1} of Appendix A3.1 by a
nested NTT. Let N2=2 and N1=3 and
n = <3n2 + 2r11 >6

where n, =0,1 and

n, =0,1,2

it
~

h, o = h(0) = 4

Hence X = x(0) 0.0
3

0,0
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X1 = x(2) =1 hO,l = h(2) =5
X9 = x(4) =3 h0,2 =h(4) =0
xl,O = x(3) =2 hl,O = h(3) =0
Xl,l = x(5) =1 hl,l = h(5) =1
Xl,Z =x(1) =0 hl,2 = h(l) =2

Again, let us use a Pseudo Mersenne Transform with M = (29—1)/(23—1),

o =23 and N1=3 for the first NTT. This gives

Xo,00 1 8 [%i,0] |3 [®o,0| | ° [%1,0 [ 3
%o,1|=[58]> | X0 1|=[10]+ B0, 1|=[44]s |®).1]=]63
%o2| (19 [®1a| (66| |Hon]| |22 Hl,z-J 7
2

Since Né=2, (z°-1)=0 and eqn. 3.37 becomes

Yk (z) = Hk (z)Xk (z)

1 1 1
= (o, ot B M) * Ko, M1k, ¥1, e o,k 02
= Yo,k1+ Yl,klz
where kl =0,1,2
The second transformation can be done by a FNT with M=F4=216+1, N&:z
16

and o =2 .
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— S
0,k L X0,k
> >l
= < >216+1
p 16
X 1 2 X
Ll,kl 1,k1
— e Sy S —
This gives
rx-' 11 X'_ ;J E(’— i 8-5-
0,0 0,1 0,2
= ’ = > =
X’ 5 X! 48 X7 65490
IREIC] N T BREEE) I A B ) O
Similarly,
—r ] N r.l— r- - —l— o]
HO,O 12 HO, 107 HO, 39
= ’ = ’ -
H’ 6 H! 65518 H’ 25
—l’gj b e —l’_ b J L—l,i _—
Since

Y" 4 ’
- ", . X,
kz’kl Ky sk Tk Ry 0d(2 1o41)
(A3.2)

where ké =0,1

kl =0,1,2
Yé,O = 132 Yi,O = 30
Yé,l = 7276 Yi,l = 64625
Y6,2 = 3315 Yi,Z = 64362

The inverse transform is
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YO,kl 1 1 YO,kl

=< 1/2 > >

16 (216+l) 73
fl,kl 12 Yl,kl
— e -— g
Hence
— — o e g m— — —— -
P [,

YO,O 8 YO,l 43 Yb,Z 48

= ) 1 ’ -
Y 51 Y 6 Y 55

1,0 1,1 1,2

Making the imverse transform of base 73, we get

y0,0 = 33 yl,O = 13
yO,l = 26 yl’1 = 24
yo’2 = 22 yl,2 = 14

This gives the same set of results as given in Appendix A3.1. As shown
in egn. A3.2, the total number of multiplication is 6. In general the
nested Number Theoretic Transform requires only one multiplication per

output.
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CHAPTER FOUR APPROACH TO THE HARDWARE IMPLEMENTATION OF DIGITAL

SIGNAL PROCESSORS USING MERSENNE NUMBER TRANS FORMS

Since the transform lengths of the Mersenne Number Transforms
are mnot highly composite, there is no FFT-type algorithm for their
computation and for this reason little attention has been given to
them. However Mersenne Number Transforms have the advantage of very
efficient arithmetic (which could be in ones-complement form). For
example, the required multiplications by powers of 2 are performed by

simple bit rotationms.

Hitherto, the main concern has been to look for highly
composite transform lengths and most of the implementations rely
heavily on FFT-type algorithms {43-51,74]. These FFT-type algorithms,
no doubt, significantly reduce the number of operations in the
computation of Number Theoretic Transforms. However, because of
recent advances in fabrication technology of electronic devices,
arithmetic wunits are no 1longer the 1limiting factor. The control
section of the realisation 1is probably the 1largest and the most
expensive part. 1f FFT-type algorithms are used for the
implementation of Number Theoretic Transforms, the control of the
process flow is unavoidably more complicated. As shown on the timing
diagram of paper [44] not less than half of the total time spent on
the FNT butterfly is used only for "read" and "write'" operations on

the data.

In this chapter we convert the Mersenne Number Transform into
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a cyclic convolution form and propose simple hardware structures to
carry out their fast implementation. Such realisation structures are
proposed that can make the computation of Mersenne Number Transforms
very fast indeed. This new approach can be extended to other Number

Theoretic Transforms, for instance to Fermat Number Transforms.

The contents of this chapter have been published in [75].

4,1 Mersenne Number Transform and Cyclic Comvolution

Recall the Mersenne Number Transform and its inverse:

P-1

X(k) = <Y x(n) o™ 4.1)
n=0
15t -nk

x(n) = <§k§0x(k) @ (4.2)

where M:ZP—l, a Mersenne number
o=root of unity of order P and is

equal to 2 for this chapter

Eqns. 4.1 and 4.2 can be defined for both prime or composite Mersenne

numbers.

Since the transform length P is a prime number, it is
possible to find a primitive root, g, to generate all nonzero elements
inside the field modulo P. Using the mappings of k--> <gk>P and
n--> <g_n>P, eqn. 1 can be reordered as shown below

pP-1

X(0) = Zx(n) and (4.3)

n=0



- 111 -

K P-1 _ <gk_n>P
X(<g>p) = %(0) + rf\=:1X(<g B, o (444)
for k=1,2,...,P-1
We can write eqn. 4.4 as
X(<g'>0) = %(0) + X' (<g®>) (4.5)
where X’(<gk>P) = PZ_',l:t:(<g-n>f,) a<gk'“>p (4.6)

=1
for k=l ,2 go e ,P—l

Eqn. 4.6 represents a backward circular comvolution of length (P-1).
That is the comvolution

0 1 P-2
{x(g-l),x(g—z),...,x(g-PH)} ®{of,a® ..., a8 } (4.7)

where ® means circular convolution and the

indices and subscripts are modulo P

In terms of matrix notation, we have



’ 1

X' (<g >P)
’ 2

X’ (<g >P)

P-1

X' (Kg" D)

g

By making the substitution of -t =

<gl—l>P <g1-2>P
@ 9.1 @ a9
g™ g~ ">
) P L
P2 P-3
g %> <g" >
a P g P
.

P-1
t=1

which becomes, for MNT coefficients

, 1

X' (<g >P)
v 2

X' (<g >P)

X (<gf 1y

|

P

x(<g—1-1>P x(<g = >

x( <g_2_ >

x(<gp)  x(<g Ty,

PPN

o P xtce™ )

RN P

a P x( <g'2>P)

0
<g™> _
Ae: (<g p+1>P)
N P

<g-t>P

oo x( <g‘P>P) a
.. x(<g'P'1>P) a

<g—P+l
-2P+2
.o x(<g >P)

Note that in this form the square matrix is circulant.

A simple example will illustrate the above

the

a primitive root which can be used to generate the

inside the

written as

field modulo 5.

sequence {x(0),x(1),x(2),x(3),x(4)} where P=5.

steps. Co
In this cas

non-zero el

{x_:0=1,2,3,4} = {x( <g'“>P) in=1,2,3,4}

(4.8)

k-n, eqn. 4.6 can be written as

(4.9)

’p

(4 .10)

nsider
e 2 is

ements

Hence the sequence in eqn. 4.7 can be
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= {x(3),x(4),x(2),x(1)}

and
n 1 2 4 3
{ o8 :n=0,1,2,3} = { o, 0“, o', a”}

This implies that the convolution is now written
{x(3),%(4),x(2),x(1)} @ {al, a?, a", a3}

As stated earlier, we restrict o =2, hence eqns. 4.8 and 4.10 become

P c—

X7 (2) 2l 23 2% 2 | x(3)

)| =122 21 23 24| | x4

X (3) 2% 22 ol 93| | x2)

X7 (1) 23 2% 22 1 | x(1)

SRS — S —— e —
and . _ —_—

3

X (2) x(4) x(2) =x(1) =x(3) 2

| =] x2) x1) x(3) x4 | | 2%

X (3) x(1) x(3) x(4) x(2) 22

X'(lzJ %(3) x(4) x(2) x(1) | |2! 5.1

It is evident from the above equation that the square data matrix is

circulant.

Now 1let us consider the convolution of two sequences,
{X(n):n=0,1,ooo,P-1} and {h(n):n=0,1,oco,P_l},
P-1
y(m) = Y x(n)h(m-n) (4.12)

n=0
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for m=0,l,u.c,P-l

For the computation of eqn. 4.12 using MNT, y(m) can be found from the

Inverse Mersenne Number Transform (IMNT),

IP-l -mk
y(m) = §k§0ﬂk) o (4.13)

for m=0,l,ooc,P-1

The coefficients Y(k) are the products of the term by term
multiplications of corresponding X(k) and H(k), and H(k) is the MNT of

the sequence {h(n):n=0,1,...,P-1}.
Now, let us apply the following mapping to eqn. 4.13
k=-> <gk>P
m=-> <-g"">,
from which we pbtain,

1P—l
y(0) = 5 ¥ ¥(k)
k=0

P-1 <gk-m>
-o 1 P
(<=8 ™) = 3 [¥(0) + Z=:1 1(<g'Sy) @ 1 (ha18)
or
-m 1P-l k <gk_m>P
y (<=7 = 5 X W<gHy) © (4.15)
k=1

for m=1,2,ncn,P—1



If P=5, we obtain

' . <g1-1>P <g2-1>P <gP—2 .
vy (<~-g >P) o. o .o O Y(<g >P)
, " <g1-2>P <g2-2>P <gP—3 )
vy (<=-g >P) o o oo O Y(<g >P)
-P+1 <’ _P>P <g3—P>P <80>P P-1
v/ (<-g >P) o o e O Y(<g >P
(4.16)

- =] - 1
y'(2) 2l 22 2% 3| |we)
y (| =123 2! 22 24| waw
¥y (3) 2% 23 o1 ;2 ¥(3)
v (4) 22 2% 23 21| |wn)
S — - —_— b —
Eqns. 4.8, 4.10 and 4.11 and 4.16 are the four essential

expressions that are used for the hardware design in the next section.

4,2 Hardware Description

Our hardware design for the computation of Mersenne Number

Transform and Inverse Mersenne Number Transform relies mainly on the

fact that the basic equations of the MNT and IMNT can be comverted

into comvolution forms. Fig. 4.1 shows the register arrangement of a

S—-point Mersenne Number Transform unit. The registers wused in this

circuit are D-type registers (or Flip-flops) with tri-state outputs

and data enable input controls such that all inputs and outputs can be
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tied to the same bus.

The multiplication of a power of 2 in MNT arithmetic simply
involves a circular left shift of the data. However, circular shifts
may still be time consuming for very fast implementations of digital
signal processors. In our design, a circular shift is done at the
same time at which the data is added from registers into the
accumulator (not shown on Fig. 4.1). For example, if register 3 is
activated (by output control lines) to send data out to be added into
the accumulator, the input data enable line of register 2 should also
be activated. The contents in registers 3 and 2 should be equal to

the original data multiplied by 22 and 24 respectively. The circular

24_2= 22) when the contents in register 3 are

shift of two bits (
loaded 1into register 2 1is done simply by rearranging (shifting

circularly) the pin connection of register 2 as shown in Fig. 4.1.

This shows that the shifting time is entirely saved.

Suppose that the contents in registers 1,2,3 and 4 are
x(4), x(2), x(1) and x(3) respectively and the accumulator has been
loaded with =x(0) dinitially. The addition of the contents from
register 1 to the accumulator will transfer x(4) to the buffer, the
addition of the contents from register 2 will transfer x(2) to
register 1 and so on. Hence after 4 additions, X(2) will be stored
inside the accumulator. Exactly the same procedure (addition starting
from register 1, register 2, +.., to register 4) is required for
finding other X(k)’s by virtue of the circulant form of the data

matrix. The correctness of the operation may be seen by considering
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eqn. 4.11. The total number of additions for the whole transform is
P2 for a P-point MNT, if the initial 1loading of =x(0) to the
accumulator is taken to be equivalent to one addition. Notice that
the control of data flow is very simple and no scrambling of data is

needed at any intermediate step of the transformation.

The initial setting of the registers can be done by loading
registers 1,2,3 and 4 with x(4), x(2), x(1) and x(3) respectively and
then perform one self read-write (load and store from the same

register) operation to each register individually,

Fig. 4.2 shows a pipeline arrangement of a 5-point comvolver
using Mersenne Number Transform. The upper register set and adder 1
are used for Mersenne Number Transforms. The lower register set and
adder 3 are used for Inverse Mersenne Number Transforms.
Accumulator 2, register B and adder 2 are used for the computation of
the product of H(k) and X(k) by a shift-add technique. After the
first X(k) has been obtained in accumulator 1, it is shifted down into
shift register A which is used to control the addition of H(k) into
accumulator 2. If there is a "one" at the rightmost bit of the shift
register A, H(k) 1is added into accumulator 2 and then shifted to the
left circularly. If there is a zero at the right most bit of the
shift register A, accumulator 2 shifts to the left circularly without
addition. These shift-add operations are done simultaneously with the

MNT unit.

Similarly, immediately after the first product of X(k)H(k)

has been obtained the Imnverse Mersenne Number Transform can be
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started. The circuit for the IMNT is mainly constructed according to
eqn. 4.16. Instead of rotating the input words as shown in the MNT
unit, the result registers (of y’(m)’s) are rotated to the right after
each addition. For example, when the contents of register C3 is added
to register C, the sum will be entered into register 2. Since
rotations are done on the result registers, the multiplications by ke
of the input data is implemented by the multiplication by ZP_m in the
result registers. Similarly to the MNT, the multiplication by powers
of two is done simply by hardware. The initial setting of the result
registers can be done by one self read-write operation to each
register individually. After the 1last X(k) has been calculated,
registers Al to A4 are released from their original use. At the same
time the IMNT unit should also be at the last cycle of its operation.
The data in register C are added to the contents of registers Cl to
C4, the results can then be entered into register Al to A4 in such a

way that non-rotated results are obtained.

Hence it 1is seen that this pipeline comnvolver requires
approximately PZT ns for the computation of a P-point cyclic
comvolution using the Mersenne Number Transform, where T is the time
for one addition. Using 17-bit adders similar to those wused in
. Ref.[44] for which the time for one addition is 21lns, the total
convolution time is approximately 172x21 ns or 7 us for a 17-point
convolution. Notice that the whole design is very simple. It
imvolves only a very simple control unit, 3 adders, 41 registers or

accumnulators, 17 words of ROM or RAM and some buffers.
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4.3 Speed Optimized Comvolver Using Mersenne Number Transform

In the previous section, the Mersenne Number Transform
Comvolver has been built on a pipeline and serial data movement basis.,
Compared with multipliers, adders are much less expensive and so we
may use more adders to construct a parallel processor to speed up the
computation. Fig. 4.3 shows a 17-point Fast Mersenne Number Convolver
using parallel adders. The principle of operation is very similar to
that described in the previous section. Register A holds the input
data which is added into register Bl to Bl7 in parallel. The results
of each parallel addition are stored in the right hand side registers
respectively. This arrangement is equivalent to the shifting of these
sum registers to line up properly for the next addition. After the
last x(n) has been added, the sums are shifted down to registers Cl to
Cl7 and then sent serially to the multiplier for the multiplication of
H(m) ' s. After the first product has been obtained, it is sent to
register A to compute the Inverse Mersenne Number Transform.
Comparing eqn. 4.8 with eqn. 4.16, it is clear that the IMNT and MNT
have essentially the same structure. The only difference is that the
directions of data flow (or equivalently o™ flow) are opposite.
Hence for the IMNT, the results of each parallel addition are stored
in the "left" hand side registers (not shown on the diagram)

respectively.

The convolution time for this design is approximately equal
to the time for 17 additions and 17 multiplications. A fast Mersenne

Number multiplier can be constructed by (i) modifying a commercially
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available multiplier for MNT arithmetic, or (ii) using MSI or LSI to
construct a dedicated MNT multiplier [76,77], or indeed (iii)
fabricating a dedicated 1I1.C. for this purpose. Fig. 4.4 shows a
possible construction of a 17-point MNT multiplier using the

quarter-square multiplier,

_ 1 2 _ _ 2
XmHm = [(Xm + Hm) (Xm Hm) ]
This multiplier requires 86 ns for each multiplication (no attempt has
been made to optimize the speed of the design). Hence the total
execution time for a 17-point comvolution for using this multiplier is

17x(86+21) = 1.8us. Notice that the execution time of the present

design depends mainly on the speed of the multiplier and adders.

4.4 Long Comvolution from Short Convolution

Possible word-lengths for the Mersenne Number Transform
implementation of convolvers using the present techniques are
{,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59,61,67} . These are also
the possible sequence lengths for the MNT’s. However, the sequence
lengths of the MNT can be extended to 2P when -2 is chosen as the root

of unity. In this case

2P-1 nk
X(k) = <3 x(n) a" > (4.17)
n=0
where o = =2 and
P

=
I
N
|

—
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fOI' k = O,l,o..,ZP—l

Eqn. 4.17 can be mapped into a two-dimensional form [68] through the

following mapping
n = <Pn2 + 2n1>2P (4.18)

-1 -1
<{P.P 1<2+2.2 k1>2P (4.19)

=
]

where PP 121 mod 2
=0 mod P
-1_
2 ¢2 —‘1 m.od P

=0 mod 2

for n k = O’l,ooo,P"l

1’71
n2’k2 = 0,1
Hence the two-dimensional form becomes
2~1 P-1 n, k
=X S alnlkz (4.20)
1 4,=0 n,=0 B0y

where o= OLZ and 0y =«

an ., x(<Pn2 + 2n1>2P)

%, k)

Rewrite eqn. 4.20 into vector form

-1 -1
X(<PP Ty + 227k > 0)

1
X, = X (Ax)) 22 (4.21)
2



- 122 -

for k,=0,1

where sz -T
’O

X
k, ,P-1 xnz,P-l
L — S—— om—
- -
0 0
al OLl R Cxl
0 1 -1
Cxl O,l EEEE) al
K-_- ) ee seeoe )
2
0 P-1 (P-1)
al (],1 K] al
We now have
X = Ax, - Ax, (4.23)
for ag =1, azl = -1

K§0 and K§1 represent simply two P-point Mersenne Number
Transforms. Hence the circuits discussed above are suitable for the
implementation of a 2P-length convolution and the total computation

time is approximately twice as long as for the case of a P-length

conmvolution.
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For longer and composite 1lengths, one may transform the

comvolution into a two-dimensional cyclic comvolution form,

B,-1 P -1
y(m, ,m;) = f__: Z: x(n, ,n,)h(m, -0, ,m;-n,)
né—O nl-O

P.P

where N 15

“]2 = 0,1,-..,P2—1

= 0,1,0..,?1-1

and use two different Mersenne Number Transforms to carry out the
computation [67]. This method needs one multiplication per point,
however the price to be paid for wusing this approach is that
arithmetic with double word-lengths has to be used on the second
dimension of the comvolution. On the other hand, one may also use MNT
for the computation on one dimension and use Winograd’s eight short
comvolution algorithms [23-25] for the computation in the other
dimension. This method requires a total of P;M, multiplications for
the whole computation where M2 is the number of multiplications for a
P.-point ecyclic comnvolution wusing Winograd’s short comvolution

2

algorithms.

4,5 Extension to Fermat Number Transforms and other Number Theoretic

Transforms

2

Since nk = % [n? + k* - (n-k)zl, the Mersenne Number

Transform of eqn. 4.1 can be expressed in the following form
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K p-1 e
K = < o X (K o )a 2 >, (4.24)
n=

For the existence of eqn. 4.24, the square root of o should
exist in order to carry out the computation. For Mersenne Number

Transform with a=2, /2 always exists and is given by
P+l
V2 =272

which is in the desirable form of a power of 2.

Similarly, the Inverse Mersenne Number Transform, eqn. 4.13

can also be written as

:E% p-1 :EE SE:E)?
y(m) = <& o’ Zo (v,a?)a? > (4.25)
k=

Similar to eqns. 4.6 and &4.15, eqns. 4.24 and 4.25 represent the

Mersenne Number Transform and the Inverse Mersenne Number Transform in

n? k?

circular comvolution forms. Unlike the multiplications of WZ and w2

in the chirp z-transform [78,79], for which complex multiplications

Ly 5
2

are required, the multiplication of Q and az required in the

above form can simply be implemented by shifts. It is interesting to

note that for actual implementation of the MNT pair, eqns. 4.24 and

e -
4,25 for example, the terms a2 and (12 cancel out. This 1leaves
2 2
o o
2 2

the terms g and o to be implemented. Besides the additional
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n? —mz
shifts have to be used to implement az and a? , another
disadvantage of this formulation 1is that the sequence
~(n-k)®
{ «a 2 tk,n=0,1,...,P-1} in eqn. 4.24 is different in structure
(nk)”
from the sequence { «o 2 :k,m=0,1,...,P=1} 1in eqn. 4.25. Hence

slightly different circuits have to be used for the MNT and the IMNT

in the present form. This disadvantage may be removed by rearranging

eqn. 4.25 as follows

E? .- E? -(m+k)2
- 1 2 2 2 (4.26)
y(m) = < 5 Z=:0 (Y, « ) o >y
~(o-k)*
Hence the sequences { 2 tk,n=0,1,...,P-1} and
~(mtk)?
{ « 2 :k,m=0,1,...,P-1} now have the same structure and can be

generated by the same original sequence but rotating in the opposite

kz

directions respectively. However, the product of az in eqn. 4.24

k?

and QZ in eqn. 4.26 involve mo cancellation effect in this case and

hence some extra-shifts have to be used to compute this part.

The most desirable and attractive feature of this formulation

is that the input sequence and the output sequence are handled in
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their matural order which simplifies the design of the control wunit.
Note also that eqns. 4.24 to 4.26 do not restrict the sequence length
to be a prime number implying that this formulation is also suitable

for other Number Theoretic Transforms.

For example, a Fermat Number Transform pair can be written as

X)) =< o ¥ o(x(mo) et > 4.27)
n=0 t
2 v £ (o’
x(n) = < Lg? Y (X(k) o) ol >5
N k=0 t

for n,k=0,1,...,N-1 and
2t
Ft=z + 1, a Fermat number

where t=1,2,...

If ¢ is chosen as 2, V2 can be represented by [40,28]
1

5 t-2 t-1

o =2 =2 @b
This is mot the simpliest representation of o . It would be better
to choose «a to be 4 or a power of 4 but this will unavoidably
shorten the sequence lengths available for Fermat Number Transforms.
It should be further remembered that arithmetic used for a Fermat
Number Transforms is more complicated than the arithmetic wused in
Mersenne Number Transforms. Hence special arithmetic [44,45] may have

to be used in the computation of Fermat Number Transform thereby
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making the FNT less attractive than the MNT.

4 .6 Conclusion

Because of the 1lack of a FFT-type algorithm for the
computation, the Mersenne Number Transform has received much less
attention compared with the Fermat Number Transform over the last few
years. However the hardware design presented in this chapter shows that
the MNT comvolvers are simpler in structure than the corresponding
case for FNT comvolvers. This is mainly due to the simplicity in MNT
arithmetic and due also to the fact that the MNT can easily be
converted into comvolution form. This feature leads to our design for

the very fast implementation of Mersenne Number Transforms.

The nature of shift-adds in our design has some similarities
to the basic operations in distributed arithmetic [80-85]. However,
in distributed arithmetic a relatively large ROM size has to be wused
to form tables for the calculation. In using multi-dimensional
techniques to evaluate comvolutions (or DFTs), different sets of
impulse response coefficients (or W’s in DFTs) are used for the
computation of short comvolutions (or DFTs), and hence the ROM size
may be too large for a practical implementation. However, for the
approach presented in this chapter the ROM or RAM size required to
store H’s 1is approximately equal to the sequence length of the

comvolution and this is small enough for all practical cases.

Although MSI ICs were used in this paper to illustrate the

speed achievable with the present design, this new implementation
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approach is recommended as a basis for architectures for VISI Digital
Signal Processors. In such a realization, no doubt, the speed of the

computation can further be increased.

Mersenne Number Transforms can be used to implement digital
filters and the Discrete Fourier Transform very effectively [see
chapter 9]. This is due to (i) the fact that MNT provides a means for
constructing Digital Signal Processors without roundoff error, and
(ii) the present design which gives a fast and efficient approach to
compute MNT/IMNT that allows a drastic processing word load reduction

over the FFT-type approach.
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CHAPTER FIVE EFFICIENT IMPLEMENTATION OF CYCLIC CONVOLUTIONS

BY MERSENNE NUMBER TRANSFORMS

The structure discussed in chapter 4 gives rise to simple and
efficient designs for the implementation of the Mersenne Number
Transform. This is not, however, the only possible way to implement
MNTs effectively. Indeed in a completely different approach from the
previous chapter, we comvert the Mersenne-prime and the
Mersenne-composite Number Transforms into recursive filter forms and
propose simple hardware structures to carry out the fast

implementation of circular comvolutions.

Goertzel[86] proposed to realize Discrete Fourier Transforms
using hardware structures of first-order digital filters. Curtis and
Vickenden{87] improved Goertzel’s algorithm to implement the DFT using
a recursive first-order filter section requiring only one complex
multiply. In this chapter, we first suggest modifying these
algorithms to implement Mersenne Number Transforms and propose
hardware structures for their realization. We then extend these
structures to Mersenne Number Transforms with transform lengths other
than P or 2P. We also present the results of our study employing two
efficient methods to compute very long circular comvolutions using

Mersenne Number Transforms.

A brief account of the contents of the present chapter has

been published in [88] whilst an extended version is given in [89].
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5.1 Hardware Designs for Mersenne Number Transforms

The Mersenne Number Transform and its inverse can be defined

in a more general form than eqns. 4.1 and 4.2 as follows:

N-1
X(k) = <Y x(n) o™, (5.1)
n=0
1Nt —nk
x(n) = <ﬁkz=:ox(k) a Oy (5.2)

for k,n=0,1,ooo,N-l

Where M=2P-1, a Mersenne number

The root of unity, o , is usually chosen to be 2 or -2 but it may be
other suitable values as discussed below. Eqns. 5.1 and 5.2 can be
defined for both prime and composite Mersenne numbers where possible

values for P are selected from
{2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59,61,67,---}-

Now 1let us consider N=P, then eqn. 5.1 becomes eqn. 4.1 as
shown below:

P-1

X(k) = <Z x(n) unk} (5.3)
n=0

M

where o =2 and

k =0,1,300,P_l

In this case < aP= 1>M hence ank in eqn. 5.3 can be written as
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<nk>P
o for n= 0,1,+..,P-1. This is because P is a prime number and

so the set of integers inside {<nk>P:n=1,2,---,P-l} is merely a
permutation of the set {1,2,...,P-1}, for k=1,2,...,P-1. This
observation implies that the set of data, {x(n):n=1,2,...,P-1} is
essentially multiplied by the same set of powers of o , permuted by

the expression <nk>P for k = 1,2,...,P-1.

let nk=m for k=1,2,.4.,P-1, from which we may write

immediately
-1
= <mk
n = <m >P
Hence eqn. 5.3 can be written as:

P-1
:S x(n) and (5.4)

n=0

X(0)

[}

-1 )
2 x(<km>p) o (5.5)
m=0

X(k)

for k=]. ,2 geee ,P_l

Since P is a prime number the inverse of k in eqn. 5.5 always exists.
The data set {x(<k_1m>P):m=0,1,...,P-l} is only a permuted version of
the set {x(m):m=0,1,...,P-1} for k = 1,2,.¢.,P-1. This is similar to

the approach of Curtis for the DFT[87]. Hence

X(k)=x(0)+[[...[x((k-l(P-1)>P)u'+x(<k-1(P-2)>P)]a +x(<k‘1(p—3)>P)]u

oot x(<k-l.2>P)]a +x(<k_l.l>P)]a (5.6)
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Eqn. 5.6 can be be implemented by using simple hardware or
assembly language. The essential feature is that the multiplier is of
constant value, o irrespective of the value of X(k) to be evaluated.
For the MNT the simplest form of the constant ¢ for bimary operation
is 2. The value x(<k'1(P-1)>P) is initially loaded into the result
register, the result register is then multiplied by o (just a l-bit
ciucular shift is necessary, if o =2) and then x(<k_1(P-2)>P) is
added into the result register. This process is repeated and finmally

x(0) is added into the result register to form the final result.

The above can be considered as a recursive filter having a

transfer function

Xz = (5.7)

1-z "o
Fig. 5.1 shows a block diagram for the implementation of eqn. 5.7.
The multiplication by 2 in MNT arithmetic is only a one bit circular
shift. However, a circular shift may still be time consuming for very
fast implementations of digital signal processors. The time for the
circular shift could be saved completely by just rearranging (shifting
circularly) the pin connections for the data transfer from the delay

element to the adder in Fig. 5.2.

To exemplify the above, consider the Mersenne Number

11

Transform of length 11. Choose M =2""-1, P=11 and a = 2. Hence

eqne. 5.5 can be written in matrix form:
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—;(l;- F;(0) x(1) x(2) x(3) x(4) x(5) x(6) x(7) x(8) x(9) x(la; —;dj
X(2) | | x(0) x(6) x(1) x(7) %(2) x(8) x(3) x(9) x(4) x(10) x(5){}2
X(3) | [ x(0) x(4) x(8) x(1) x(5) x(9) x(2) x(6) x(10) x(3) =(7) 2%
X(4) | 1x(0) x(3) x(6) x(9) x(1) x(4) =x(7) x(10) =(2) x(5) x(8)||2
X(5) | | x(0) x(9) x(7) x(5) =x(3) x(1) x(10) x(8) x(6) x(4) x(2)|2
X(6) |=[ ®x(0) x(2) x(4) x(6) x(8) x(10) x(1) x(3) x(5) x(7) x(9)|]|2
X(7) | | x(0) x(8) x(5) x(2) x(10) x(7) =(4) x(1) x(9) x(6) x(3)[]2
X(8) | [x(0) x(7) x(3) x(10) x(6) x(2) x(9) x(5) x(1) x(8) x(&4)|]2
X(9) | 1x(0) x(5) x(10) x(&4) x(9) x(3) x(8) x(2) x(7) x(1) x(6) 28

X(10) |x(0) x(10) x(9) x(8) x(7) x(6) x(5) x(&4) x(3) x(2) x()||2

. —d —

Eqn. 5.6 becomes

X(1) = x(0O)+[[.c.[x(10)24+x(9)]2+x(8)]2+...x(2)]2+x(1)].2

X(2) = x(0)+H[[ eeel®(5)2+x(10)] 24+x(4)]2+0eex(1)]2+x(6)] .2

X(10) = x(0)+[[eeelx(1)24+x(2)]24+x(3)]2+.0ex(9)]24+x(10)].2
(5.9)

Both eqns. 5.8 and 5.9 are in the form of recursive filters.

From eqn. 5.8, it 1is «clear that there is a specific
rearrangement of the data vector for a specific component of the
transform. The sequence of data x(<k_1m>P) has to be generated as

shown in the rectangular matrix by the expression

<mk‘1>P for m,k=1,2,...,P-1
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This generation procedure is slightly complicated and time consuming.
Hence it is more convenient to store the eleven x(n)’s in RAM (or
buffered registers) and to store the sequence of the 1locations of
x(n)’s to be accessed in ROM according to the rectangular matrix shown
in eqn. 5.8. The RAM size is ll-words (or P-words, in general) and
the ROM size is 112x4-bit (or szlogzP bits, in general). Fig. 5.3
shows the hardware structure for the. ll-point Mersenne Number
Transform processor. The binary counter is used to latch the ROM to

output addresses of x(n)’s to be added into the adder sequently.

It 1is worth emphasizing that this hardware structure is very
simple, the number of components used is small and the control
complexity is reduced to a minimum, especially when compared with the

FFT-type of algorithms.

For inverse Mersenne Number Transform (IMNT), the situation

is very similar to MNT. Hence for a ll-point IMNT, we have

! 1
x(n) = < 11 Y x(-mn™) a“‘>M
m=0

for n=l,2 ,000,11_1

and
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1) | _;(0) X(10) X(9) K(8) K(7) K(6) X(5) X(4) X(3) x2) x(1)|[29]
x(2) X(0) X(5) X(10) X(4) X(9) X(3) X(8) X(2) X(7) X(1) x(&)||2*
x(3) X(0) X(7) X(3) X(10) X(6) X(2) X(9) X(5) X(1) X(8) x(&)||22
x(4) X(0) X(8) X(5) X(2) X(10) X(7) X(4) X(1) X(9) x(6) x(3)||2>
x(5) X(0) X(2) X(4) X(6) X(8) X(10) X(1) X(3) X(5) X(7) x(9)||2*
x(6) =Tll- X(0) X(9) X(7) X(5) X(3) X(1) X(10) X(8) X(6) X(4) X(2)||2°
x(7) X(0) X(3) X(6) X(9) X(1) X(4) X(7) X(10) X(2) X(5) x(8)|[2°
x(8) X(0) X(4) X(8) X(1) X(5) X(9) X(2) X(6) X(10) X(3) x(||2’
x(9) X(0) X(6) X(1) X(7) X(2) X(8) X(3) X(9) X(4) X(10) x(5)||28
x(10) X(0) X(1) X(2) X(3) X(4) X(5) X(6) X(7) X(8) X(9) X(10)|{2°
I—— - _J 210
(5.1_(;)—

A comparison between eqns. 5.8 and 5.10 reveals that exactly the same
structure as in the forward case (the same RAM, ROM and etc.) can be
used for the imverse Mersenne Number Transform. Note also that for
the computation of comvolutions using Mersenne Number Transform, the
term 11_1 in eqn. 5.10 is usually absorbed inside the computation of
the transform of the coefficients of the system function and so no

extra-multiplication is required.

In the previous paragraphs we have proposed to realize the
Mersenne Number Transform pair in a serial data movement basis.
Adders are, however, much less expensive than multipliers and so we
may use more adders to construct a high speed Mersenne Number
Transform processor for the purpose of high speed digital processing.

The structure of the present implementation allows wus to make a
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parallel realization by dividing the computation of X(k)’s into B
blocks, say for example, as shogn in Fig. 5.4. Each block contains
one adder and computes approximately g X(k)’s hence the speed of the
implementation can be improved by B times at the expense of (B-1)

extra adders and some increase in RAM size.

However, in an optimized case, eqn. 5.1 can actually be

rearranged directly in the form of recursive digital filters as shown

below:
X(k) = x(0) + [[eo.[x(P-1) a5 x(P=2)] ok + x(P-3)] o¥ +
ceex(2)] &5+ x(1)] ok (5.11)
and
-1 1
(z7) = ———ro (5.12)
X 1 oK

for k=0,l,...,P-l

Eqn. 5.12 is similar to Goertzel’s algorithm[87], except that a simple
bimary number o is used instead of the complex number W. The
realization of each X(k) can be considered as a simple recursive
filter with a single integer pole, ak. Now, Q@ =2, the
multiplication of ok means circular shifts by k positions only. As
in our previous case, these circular shifts could be saved completely
by rearranging (shifting circularly) the pin connections for sending
data from the registers to the adders. For computing X(0), no pin

rearrangement is necessary. For computing X(1), the pin connection is

off-set (shifted) by one position circularly; for computing X(2), the
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pin connection is off-set (shifted) by two positions circularly and so
on. Exactly the same circuit can be used to calculate the imverse of
Mersenne Number Transform, except that the results are read in the

reversed order.

Now, let us consider the cyclic comvolution of two sequences,
{x(n):n=0,1,444,N-1} and {h(n):n=0,1,...,N-1},
N-1
y(m) = Y x(n)h(m-n) (5.13)

n=0
fOl’ m=0,1,‘c.,N-l

Let N=P, a prime number. Because of the cyclic convolution property,

the y(m)’s may be calculated using the Mersenne Number Transform:

_ <1P-l -mk
y(m) = <53 X(k)H(K) o

=0 P

for m=0,l,ooo,P_1

where {H(k):k=0,1,...,P-1} and {X(k):k=0,1,...,P-1} are the Mersenne
Number Transformed terms arising from the sequences
{#x(n):n=0,1,440,P~1} and {h(n):n=0,1,...,P-1}. Hence the computation
of y(m)’s can be implemented by our proposed hardware structure.
Fig. 5.5 shows the block diagram of the proposed high speed Mersenne
Number Transform comvolver. Register A holds the imput data which is

added into registers B, to B in parallel. After P-1 additions,

0
{X(k),k=0,1,...,P-1} are then stored inside CO’CI""’CP—I' The

P-1

X(k)’s are then sent serially to the multiplier for the multiplication

by the corresponding H(m)’s. After the first product has been
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obtained (X(O0)H(O) for example), it 1is sent to register A for
computing the inverse Mersenne Number Transform. Hence the whole
operation can be done in a parallel and pipeline form. After P
multiplications, the final product (X(P-1)H(P-1) for example) is sent
into A and after one more addition the convolution sum results

corresponding to y(m)‘s are stored inside register CO’Cl""’CP-l'

The control of data flow in the present design is extremely
simple and the total convolution time is approximately equal to the
time for P multiplications and P additioms. Hence this computation
technique requires just one addition time and one multiplication time

per point for the calculation of a P-point comvolution.

5.2 Sequence Lengths of the Transforms Modulo a Mersenne Number

For a Mersenne Number Trnasform with M = ZP—l and O =2, we
have <2P=1>M hence the sequence length must be P. This implies that
if we want to retain the simplicity of the MNT arithmetic and to have
sequence lengths longer than P (or actually to have sequence lengths

other than P), o has to be chosen to have values other than 2.
Recall eqn. 2.29

N{(p,-1) (5.14)

where pi’s are prime factors of M

for i=1,2,...,1
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Eqn. 5.14 is a necessary condition for N to form a proper MNT with the

convolution property.

If P is an odd prime, it can be shown [27-28] that any

divisor of M:ZP—I is of the form 2kP+1. That is all M,’s of the

Mersenne numbers a{e in the form of 2kiP+1. Hence i

oM, ) = (P;-1) = 2k,P (5.15)
Eqns. 5.14 and 5.15 show that

N[2k,P (5.16)

for i=1,2’...’I

This expression suggests that 2, P and 2P are possible
sequence lengths for Mersenne Number Transform. It is easily checked
that =-1(=M-1), 2 and -2(=M-2) form the roots of unity and satisfy the
three requirements in eqn. 2 .24 for MNT with sequence lengths 2, P and
2P respectively. This 1is true for both Mersenne primes (for
?=3,5,7,13,17,19,31,61,...) and Mersenne composites (for

P=11,23,29,37,41,43,47,53,59,¢04)

If a sequence length of 2P is used, the MNT can be written as

2P-1 y
X(k) = <} x(n) o™, (5.17)
n=0

For the actual implementation of this 2P-MNT wusing our proposed

hardware design, eqn. 5.17 can be simplified as shown below.
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Let us define

P-1 n N
XO(Q,) = <Z x(2n)B M

n=0

P-1 n N
X, (2) = <I§0x(2n+1)3 M

for 2=0,1,:-.,P-1

where B= oc2=4 and

Since

Xy(2) = X (2+rP) and

Xl(SL) X1(2,+rP)

(5.18)

(5.19)

(5.20)

for any integer r it follows that XO(SL) and Xl(l) are periodic

function of period P. Now by substituting eqns. 5.18 and 5.19 into

eqn. 5.17, we obtain

P-1 P-1

n=0

]

<X (k) + X, () uk>M

for k=0,l,oo.,2P—l

P-1 P-1
<JS x(2n) o T+ 28 x(2n+l)
n=0

<Y x@2n) o™ + 0" Y x@) 2™
n=0

(2 n-i-l)k>
M

nk
M

(5.21)

Consider the terms Xo(k) and Xl(k) ak in eqn. 5.21 seperately.
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(i) Since XO(Q) = XO(2+rP) for 2=0,1,+4.,P-1 it follows that all
Xo(k) for k=0,1,+..,2P=-1 can be computed by a length-P MNT as

shown in eqn. 5.18.

(ii)Let us consider Xl(k)ak for k=0,1,...,P-1. Then,

P-1
X (k) o = <Y x2n+1) BP0’
n=0
P+l
But o= -2 = B 2 , therefore
L Pl (ot
X (k) o = <3 x(2n+1)B M
n=0
Let m = (n + 2%}), so that

k Bl mk
X (k) o’ = <ﬂ§0x(2m-P) B >y

“ k Pl nk
That is X (k) o = <rf§ox<2n_P) By (5.22)

where m is a dummy variable

Eqn. 5.22 1is merely a shifted version of a P-point Mersenne
Number Transform. For k=P,P+l,...,2P-1, we notice that

a =-1. Therefore
xl(z) = —X1(2+rP) for 2 =0,1,¢¢+,P-1 and r=odd

hence all Xl(k) for k=0,1,+4+,2P=-1 can be found by a length-P



- 146 -

MNT as shown in eqn. 5.22.

This shows that a total of two P-point Mersenne Number Transforms are
sufficient to compute a length 2P MNT and our basic P-point MNT module
is suitable for this arrangemnt.

For sequence 1lengths other than 2, P and 2P we consider

Mersenne-composite and Mersenne-prime Number Transforms individually,
(i) Mersenne-composites

Eqn. 5.14 states that N must divide w(Pi) for i=1,2,e0¢.,1,
where 1I=the total number of prime factors of M. Table 5.1 lists the
prime factorization of Q(Pi) for some Mersenne numbers of practical
lengths. From this table it is clear that besides 2, P and 2P there
are evidently no other sequence lengths satisfying eqn. 5.14 for most
of the Mersenne-composites. The only exception in this table is that
of 3, which is a prime factor of both 222 and 616318176 for the case
where P=37 and so for practical purpose it is possible to define a
sequence length of 3 for P=37. With the  help of some
multi-dimensional techniques one may compute comvolutions of length
2x3x%x37 with one multiplication per point on the integer ring modulo
(237—1). However, for other Mersenne—-composite Number Transforms some

indirect methods have to be used to increase the sequence lengths.
(ii) Mersenne-primes

For Mersenne-prime Number Transforms, M is a prime number and

hence I=1, or M=M1- In this case all prime factors of ®(M) are

possible prime sequence lengths for the transform. In order to make
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these prime sequence lengths attractive, the root of unity a has to
be chosen to have a very simple binary representation, otherwise some
general multiplications have to be used. If ®(M) = 1%{?21, there are
O(Pi) possible roots of unity of order P, for eachl—possible prime
transform length, Pi' For a 1long sequence we have, therefore, a
larger number of possible roots of unity that could be chosen. -With
the exception of length P or 2P for the MNT, 0 can not be a power of
2. However if we use the proposed recursive form in eqn. 5.6 (see
Fig. 5.1 also) to compute the Mersenne Number Transform, the

implementation can still be simple.
The basic operation in eqn. 5.6 can be written as

Now, o may not be a power of 2. However it has a simple binary form
and so may be decomposed into several words, each of which is simply a
power of two (that is only one bit set in each word). Therefore we

need add only a few adders to the implementation.

For example, for M=217—1 from table 2, a simple o for the
order, N=257 is 16900 (=100001000000100 in binary form). Therefore

(a+ob) can be implemented as

a+ ob

a + 16384b + 512b + 4b (decimal)

a + 100000000000000b + 1000000000b + 100b (binmary) (5.23)

Fig. 5.6 shows an implementation of eqn. 5.23. Three adders are used

in total and the addition time for one computation of the expression
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(a+ab) is just equivalent to the time required for two normal
additions. Simplification of a multiplication can also be done by
observing the repetition in bit pattern of a. For example,
90(1011010, binary) is a root of wunity of order 3 for P=13. The
multiplication of 90 by b can be implemented as [1010b + IOlOObOb].
After 1010 has found,‘IOIOOOO can be obtained quite simply. Hence two
additions are sufficient for the multiplication of 90 by b. On the
other hand, if o contains a series of consecutive ones, we may use

Booth’s multiplication algorithm [90] to simplify the computation.

Table 2 shows some possible simple ‘s and the corresponding
addition times for the computation of (a+ @b) for different prime
sequence lengths. Of course, the addition time for lengths 2 and P is
just the time for one MNT addition (and the overflow bit can always be
taken care of by the next addition), For other prime sequence
lengths, the computation of (a+a b), for most cases, requires two to

three MNT addition times.

5.3 Long Sequence Lengths

For the computation of comvolutions of long sequences, we can
use some multi-dimensional techniques. Since P and 2P are the most
efficient (in terms of simplicity in hardware and computation time)
sequence lengths for the computation of comvolutions using MNT’s, they
can be used as the basic sequence lengths for the implementation.
Usually the wordlength of a system is determined by the dynamic range

required. If the wordlength is determined, the basic sequence length
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which 1is equal to P or 2P is obtained as well. We can then construct
the whole multi-dimensional equation for the computation of

convolutions of long sequences using Mersenne Number Transforms.

In our discussion below, we consider a length-P MNT module as
a basic unit, It consists basically of P adders and P accumulators
built in dedicated hardware or even fabicated on a single chip. The
total time for P-point MNT or IMNT is P addition times or one addition

time per point.

Let the length of the comvolution sequences be a composite

number, N. Set N = NINZ’ where N1 (=P or 2P) is the basic sequence
length of the MNT. We can then map the one-dimensional cyclic

convolution into a two-dimensional comvolution form. The map could be

written in a linear form

n= <Kln1 + K2n2>N . (5.24)

for nl’n§=0’l"°°’N1’N2 respectively.

Burrus[68] showed that if N, and N, are mutually prime, the resultant

sequences may be cyclic in both n, and n, dimensions. On the other

1

1 and Né are not mutually prime, the resultant sequences can

be cyclic only in n or n. Let us consider both of these cases.

hand, if N

(1) (8,71

In this case, the map cannot be cyclic 1in both

dimensions[68]. Choose n, to be cyclic hence a possible choice of Kl
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is N, and K2 is 1. The dimension n, implies a cyclic convolution sum

2

whereas the dimension n, implies a linear comvolution sum. If N1=P,

1

.

the cyclic comnvolution sum can be computed by a P-point MNT (a basic
module, as discussed before). The linear comnvolution sum can either
be computed by the Langrange Interpolating Formula or a second Number
Theoretic Transform. Both of these methods require (2-l )

multiplications per point. Two interesting cases are:
(a) N=4P

In this case, we may put N =2P and N2=2. The length two

1

linear comvolution sum can be calculated by the Lagrange Interpolating
formula which requires 1.5 multiplications per point, whereas the n,

dimension can be calculated by the 2P MNT algorithm as discussed

before.

(b) N=P(P+1), for (P+1l)=4k

In this case, we may write N1=2P and N2=g§1. Hence N2 is not

relatively prime to N n, 1is arranged to be cyclic and n, is

1° 1
non-cyclic. Similar to the previous case, the nl—dimension can be

P+1

computed by 2P-point MNT whereas the 5 linear comvolution sum can be
computed by a length-P MNT (by appending zeros at the end of the B%}

sequence). For' example, if N=992 we may write N1=2P=2x31 and Né=l6.
Hence this 992 point cyclic convolution sum can be computed by 16
62-point MNT in the forward transform, 62 16-point linear comvolution
and 16 62-point imverse MNT in the reverse transform. A 16-point

linear comvolution can always be computed by a 31l-point cyclic
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convolution using the 31-point Mersenne Number Transform pair. Hence
the 31-point MNT module can be used as a basic unit for the
computation in both dimensions. This method requires (Z—i—6

multiplications per point for the computation of a 992-point cyclic

convolution.
(ii) (Nl,N2)=l

In this case, both n, and n, are cyclic. Hence eqn. 5.13 can

be written as
Nz-l Nl-l
y(m, ,m ) = Z_ Z_ x(n, ,n;) h(m, -0, ,m,-n,)
n2—0 n,=0

1 (5.25)

for m2=0,1,...,N2 and

m1=0,1,ooo,N1

If N1=P, the first dimension, n

Eqn. 5.25 becomes

p can be computed by the P-point MNT.

N,z-l P-1

ymymp = X ng(nz,n ) h(m,-n, ,m;~n,)
= n =

27N (5.26)

where N=N,ZP

m2=0,1,...,l\12-1

m1=0,1,ooo,P-1
The second dimesnion, n, can be computed in three different ways:

(a) 1If N2 is a factor of ®(M) = 2P where M is a prime number or if

T
N2 is a factor of all (D(Mi) s where M = gMi’ the N.Z—p01nt cyelic
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conmvolution can be computed by constructing a second Mersenne Number
Transform module with O # 2 as discussed in the previous section.
This requires an increase in the number of adders and the number of
addition times per point increases from 1l to 2 to 3 in this dimension.
The major advantage of this method 1is that the number  of
multiplications per point remains as 1. For example, for a 266-poiﬁt

9

cyclic comvolution, we may choose M;Zl -1 and write N = N3N'2Nl where

Ny =2, N, =7 and N = 19. The time taken for a 19-point MNT inside a
19-point MNT module is 19 MNT addition times. The time taken for the
computation of a 7-point cyclic comvolution using a 7-point MNT module
(parallel design, with 35 adders) 1is 7x3(=21) MNT addition times.

Hence the total time for the cyclic comvolution of two 266 sequences

is

T
"

2[133x2 + 2x7x19 + 2x19x21]ta + 266tm

2660t + 266t
a m

The time for the computation of the transform of
{h(n):n=0,1,...,N-1} is not counted since this can be pre-calculated
before the setting up of the system. Hence the time for computing one

point is
t/point = lOta +t

Using adders similar to those used in Ref. [44,45], the time for one
addition could be 2515 and the time for one multiplication could be

100nS. Hence the execution time per point is approximately equal to
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(10x25 + 100) oS = 350mS

Notice also that the speed for the computation can be increased

further if a pipe-line architecture is used between MNT modules.

Parallel implementation of the MNT modules has been taken as
an example of the technique. However it is clear that serial or
semi-serial implementation of the MNT modules may be more suitable and
efficient for computing comvolutions using the present design if one
wants to use fewer adders. But, in this case, the computation time is

unavoidably longer than the parallel implementation discussed above,

Table 5.3 lists the number of operations for various cyclic
comvolutions  computed by parallel/serial(using one adder only)
implementaions of the MNT modules. Notice that, in the case of the
serial implementation, the number of additions for the present
technique is significantly less than the number of additions(=2(P-1)
per point) for the cyclic comvolution of a similar sequence length
using normal MNT (with o being a power of two, and with the transform
length being a prime number, P). For example, for a 1ll4-point cyclic
comvolution, the number of additions per point is 52.8, which is much
smaller than 2(114-1) = 226. Hence this new technique gives a large
reduction in the number of additions for both serial and parallel
implementations.

N.+1
(b) If N2 S‘lf"’ similar to the case when (Nl’NZ) # 1, we can append

(Nl_Né) zeros at the end of the Né-length sequences, hence the same

basic P-point MNT module can be used to make the computation. The
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N.+1
most efficient situation for this case is that Né =~ where N1=P'

The total number of multiplications per point is (ZNQ—I)/NQ or
(Z—I/Né). For example, a 190-point cyclic convolution can be computed
by a two-dimensional convolution each of length-19 points. The first
dimension requires a total of 19 addition times for the computation of
one 19-point MNT whereas the second dimension requires only 10
addition times for the computation of the MNT since no addition is
required for the appended zeros. However 9 additions have to be used
to form 10 results from the 19 values (results) obtained from the MNT
in the second dimension. Hence the total time for the computation of

a 190-point convolution is
(10xl9x2 + 19xl9x2)ta + 19xl9tm

This implies that the computation time per point is approximately 1.9
multiplication and 5.8 addition times. Using the same numerical
values for ta and tm as before, the computation time per point is
approximately equal to 33515 . Table 5.4 lists some possible sequence
lengths and the corresponding computation times for this technique. A
disadvantage of this method is that this technique requires more than
one multiplication per point. However the major advantage in this
technique 1is that the same MNT module can be used to calculate both
dimensions of the comvolution and the total number of adders to be

used is equal to P.

(c) We may also use MNT for the computation in one dimension and use
other short comnvolution algorithms suggested by Winograd[25], Agarwal

and Cooley[24] in the second dimension. In this case the control of
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data flow is more complicated and the number of multiplications per
point is also 1large. However, this method may give us a greater
choice of sequence lengths and may require a small number of

additions.

5.4 Conclusion

The Mersenne Number Transform uses the éimplest arithmetic
among all Number Theoretic Transforms. However due to the lack of a
FFT-type of algorithm, the MNT has been considered in the past less
attractive compared with the Fermat Number Transform. The approach
presented in this chapter, however, shows that MNT have considerable
desirable features. Indeed a very simple process control of the data
flow has been shown for the proposed MNT hardware modules and it has
been illustrated that the Mersenne Number Transforms are very
efficient for the computation of short and long cyclic comvolutions.
Note also that MSI ICs were used to illustrate the speed achievable
with the present design, both the speed and the design complexity
could be still further dimproved if VISI is wused to make the

implementation.

This chapter and the previous chapter both describe new
design of implementation of the Mersenne Number Transform. The
structures proposed in chapter four use no ROM or RAM and this means
that shorter data access times for their implementation can be
achieved, whereas the structure described in this chapter may be used

to relax the word-length and sequence length constraint of the MNT,
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In the next chapter, we introduce a new NIT which has no sequence
length and word-length constraint and requires a very simple hardware

structure for its implementation.
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Table 5.1

(P )
1

Prime
Factorization

2x3%5

2x32x7
2x32x5x7x13
2x3%x5x17x257
2x33x7x19x73

2
2x3 x7x11x31x151x331

2x11

3
2 x11

2x23

4
2 x5x23x97

3
2 X9
2x19%x29

3 2
2 x3 ®29
2x3x37
25x3x37x167x1039
2x41x163

3
2 x41x59x8501
2x5x43
2x43%x113

2
2x3 x43x2713
2

2x%x5 x47

5
2 x3x47

4
2 x31x47x569

for Mersenne

Numbers,
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10
30

14
42
13
26
78
130
390
546
910
2730
17
34
102
170
510
19
38
114
266
798
31
62
186

Factors
of N

5

2x5
2x3%5

7

2x7
2x3x7

13

2x13
2x3x13
2x5x%13
2x3x5x13
2x3x7x13
2x5%x7x13
2x3x5x7x13
17

2x17
2x3x17
2x5x17
2x3x5%17
19

2x19
2x3x19
2x7x19
2x3x7x19
31

2x31
2x3x31
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Table 5.3

Number of
Multi.
per point

Number of
Additions
per point
(Serial
Imple.)

8.0
10.0
16 .7
12 .0
14.0
23.3
24,0
26.0
35.3
46 .8
56.1
78.2
89.7
99.0
32.0
34.0
48.7
67 .6
82 .3
36 .0
38.0
52 .7
91.1

105.8
60.0
62 .0
87.3

Number of
Addition
times(ta)
per point
(Parallel
Imple.

& N oo BN o &N

10
.10
16
16
16
22

10
10
16

10
10
16

12
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434 2x7x31 1.0 135.7 12
1302 2x3x7x31 1.0 161.1 20
2046 2x3x11x31 1.0 216.4 20
4774 2x7x11x31 1.0 264 .8 20
14322 2x3x7x11x31 1.0 290.2 28

Number of Multiplications, Additions (serial implementation) and
Addition times, t (parallel implementation) for the computation of

a
Cyclic Comvolutions using Multiple MNT modules.
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Table 5.4
Possible Number of Number of
Sequence Factors Multiplications Addition Times
P  Length(N) of N per point (ta) per point
Mer senne—-prime
5 5 5 1.00 2.00
10 2%5 1.00 4.00
15 3x5 1.67 5.33
20 2x2 %5 1.50 8.00
30 3x10 1.67 ' 7.33
7 7 7 1.00 2.00
14 2x7 1.00 4 .00
28 2x2x7 1.50 8.00
28 4x7 1.75 5.50
48 bx14 1.75 7.50
13 13 13 1.00 2 .00
26 2x13 1.00 4.00
52 2x2%13 1.50 8.00
91 7x13 1.86 5.71
182 7x26 1.86 7.71
17 17 .17 1.00 2.00
34 2x17 1.00 4 .00
68 2x2x17 1.50 8.00
153 9x17 1.89 5.78
306 9x34 1.89 7.78
19 19 19 1.00 2.00
38 2x19 1.00 4 .00
76 2x2x19 1.50 8.00
190 10x19 1.90 5.80
380 10x38 1.90 7.80
31 31 31 1.00 2 .00
62 2%x31 1.00 4,00
124 2x2x%31 1.50 8.00
496 16x31 1.94 5.88

992 16 x62 1.94 7.88
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Table 5.4 (Continued)

Mersenne—-composite

11 11 11 1.00 2.00
22 2x11 1.00 4.00

44 2x2x11 1.50 8.00

66 6x11 1.83 5467

132 6x22 1.83 7.67

23 23 23 1.00 2.00
46 2x23 1.00 4.00

92 2x2x23 1.50 8.00

276 12x23 1.92 5.83

552 12 x46 1.92 7.83

29 29 29 1.00 2.00
58 2x29 1.00 4.00

116 2x2x29 1.50 8.00

435 15x29 1.93 5.87

870 15x%58 1.93 7.87

37 37 37 1.00 2.00
74 2x37 1.00 4.00

148 2x2x37 1.50 8.00

703 19x37 1.95 5.90
1406 19x74 1.95 7.90

41 41 41 1.00 2.00
& 2x41 1.00 4.00

164 2x2x41 1.50 8.00

861 21x41 1.95 5.91
1722 21x82 1.95 7.91

43 43 43 1.00 2.00
86 2x43 1.00 4.00

172 2xX2x43 1.50 8.00

946 22x43 1.96 5.91
1892 22 %86 1.96 7.91

47 47 47 1.00 2.00
9% 2x47 1.00 4.00

188 2x2x47 1.50 8.00
1128 243%47 1.96 5.92
2256 24x94 1.96 7.92

Number of Multiplications and Addition times for the
Computation of Cyclic Convolutions using Nested MNT’s (only
the length-P MNT module used)
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- X(k)

x((k—lm >P) + ] zml

Figure 5.1 Block Diagram for the Recursive Implementation of

Mersenne Number Transform
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Figure 5.2 Pin Connection for the Implementation of the Multiplication

by 2 for Mersenne Number Transform Arithmetic
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ADDRESS BUS

2 ROM - RAM
11 x4 BIT 11 WORDS

BINARY
COUNTER ADDER

RESULT
REGISTER

RESULT

Figure 5.3 Hardware Structure for a ll-point Mersenne Number

Transform Processoxr
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INPUT: x(m)'s

| | | |

lst BLOCK 2nd BLOCK Bth BLOCK
ADDER 1 ADDER 2 ADDER B
P-WORD RAM P-WORD RAM ° o P-WORD RAM
2 P2 P2
—_— P R — P _ P
5 X log2 oM 5 X log2 ROM 5 X log2 ROM
e o
P P 2P (B-1)P
X(O)—->X(B 1) X(B) X( B 1) X( B -1) —=X(P-1)

Figure 5.4 Block Diagram for Parallel Implementation of

Mersenne Number Transform
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x(n)
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Figure 5.5 High Speed Parallel Mersenne Number Convolver
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Figure 5.6 Block Diagram for the Implementation of (a+16900b)
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CHAPTER SIX EFFICIENT HARDWARE REALISATION OF NUMBER

THEORETIC TRANSFORM CONVOLVERS USING ROMs

Advances in fabrication technology have produced
high-speed and inexpensive read-only-memories which in turn lead to
further possibilities for designing new and efficient algorithms for
the computation of both long and short cyclic convolutions using NTTs;
this is a point originally suggested by Pollard[59]. Jullien and
Miller[60,61] have also proposed to implement the NIT with a sequence
length of 128 using arrays of ROMs. However, in order to achieve a
reasonable dynamic range, an extension field (together with two finite
fields with real roots of unity), GF(qz) with Gaussian integers as
root of unity has been used. Hence full ‘complex’ calculation has to
be realised for this modulo base. Furthermore, the ROM size required
for this realisation technique is very large. Nagpal, Jullien and
Miller[62] have recently modified this technique by using only moduli
of the form (4k+1), rather than using the second degree Galois field.
However, their method still requires a very large ROM size{60-63] and
a relatively complicated technique for the computation of o (the root

of unity) multiplication has been used.

In this chapter we present the results of our study into
using ROMs to realize NIT convolvers for fast cyclic comvolutions. We
first generalize eqn. 5.6 to suit any Number Theoretic Transfrom with
prime sequence length, P, and suggest using ROM structures to make the
implementation. We then propose a new type of Number Theoretic

Transform for the fast implementation of cyclic comvolutions. This
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new realisation technique gives a very flexible choice of short and
long sequence lengths of the transform. The ROM size required is

reasonably small and is well within practical limits.

6.1 Prime Sequence Length Number Theoretic Transforms

The general equation for a 1length-N  Number Theoretic
Transform and its inverse defined over the field or ring of integers

modulo M can be written as follows:

N-1

X(k) = <Y x(n) a“k>M (6.1)
n=0
lN_l -nk

x(n) = <ﬁk‘§0X(k) a Ty (6.2)

for k,n=0,1,...,N-1

The transform pair of eqns. 6.1 and 6.2 has a circular convolution
property if { a,M,N} are chosen on the ring or field of

integers according to eqn. 2.24.

Let us consider the modulus of eqmns. 6.1 and 6.2 to be a

prime number, gq, i.e. M = q. Let us also choose a prime sequence
length, P. This length-P Number Theoretic Transform pair can now be
written as follows:
P-1
X(k) = <Y x(n) o™ (6.3)

n=0
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lP'-1 -nk
x(n) = <53 x(n) o > (6.4)
k=0

for k.,n=0,l, e o e ,P-l
The relationship between P and q is given by {see eqn. 2.29]:
P |(g-1) ) (6.5)
For example q = 41 and P = 5 form a possible selection of q and P, for

5|40 and both 5 and 41 are prime numbers. In this case one possible

root of unity is 10.
Let nk=m for k=1,2,...,P-1. We can write
-1
= k
n <m >P

Hence eqn. 6.3 can be written as follows:

P-1

X(0) = <Z x(n)> and (6.6)
n=0 q
P-1 . .

X(k) = <3 x(<mk™">5) o> (6.7)
m=0 4

for k=l ,2 geee ,P_l

This 1is the same approach suggested in chapter 5 for the hardware
realisation of Mersenne Number Transforms for fast digital comvolution
and so eqns. 6.6 and 6.7 are the generalization of eqns. 5.4 and 5.5.

Recall also eqn. 5.6:
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2(k)
= x(0) + [[-.-[x(<k'1(P-1)>P)a + x(<k‘1(P-2)>P)]a.+ x(<k‘1(p-3)>P)1a 3

e + x(<k‘1.2>P)]a + x(<k'1.1>P)]a (6.8)

In general, the value of o may not have a simple binary
representation. Hence the multiplication of o in eqn. 6.8 could mean
a general multiplication. However, the multiplier o is of constant
value for the whole set of procedures of eqn. 6.8 and the modulo ¢
multiplication can be carried out using a ROM lookup table. The time
for one multiplication is then equivalent to one ROM access time and

the size of ROM required is only qélogzq?bits. /

Fig. 6.1 shows the hardware structure for the 5-point modulo
41 Number Theoretic Transform processor. The binary counter 1is used
to latch ROM 1 to output addresses of x(n)’s to be multiplied by a in

ROM 2.

Exactly the same circuit can be used for the computation of
the forward and imverse Number Theoretic Transform, except that the
binary counter counts up for the forward transform whilst for the

inverse transform it counts down.

The memory size required for the computation of a P-point
conmvolution with modulo q Number Theoretic Transform by the present

technique is shown below:
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ROM Size
RAM Size for locations ROM Size
for x(n)’s of x(n)’s for «
Pxq-bit szlogZP-bit qxlogzq-bit

Usually, in our design (see below) P is chosen to be much
smaller than q, and so the first and second terms of the above
expression are much smaller than the third term. Furthermore, the
total number of modulo P additions (and also the total number of ROM
access) is equal to 2P(P-1) or the number of modulo P additons per
point is 2(P-1). There are also P modulo-P multiplications (this
means that there is one multiplication per point) for finding the term
by term products of the transformed x(n)’s and the transformed system
function. This multiplication can be computed by a general multiplier

or a modulo P quarter square multiplier[see chapter 4].

Apparently, a practical NTT comvolver can be constructed by

using sufficiently large values of P and q, provided

(i) P and q are prime numbers

(ii) q = NP + 1,

where N is any integer

However, in actual practice, when q is sufficiently 1large for a
practical implementation the ROM size might be too large.
Furthermore, the number of modulo additions per point may also be too

large for 1long sequence lengths, P. In order to solve these
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difficulties, some multi-dimensional techniques and composite modulo
bases are used to construct new NITs for the efficient implementation
of digital convolvers in the next section. Number Theoretic
Transforms, with short modulo base (q), are also suggested to form the

basic modules for our design.

6.2 Practical Number Theoretic Transforms

For a direct implementation of the Number Theoretic

16

Transform, if the modulo base M = q =2, the required ROM size 1is

not less than 64Kxl6-bit; if the modulo base M = q = 220

, the required
ROM size 1is not 1less than 1Mx20-bit. Both cases require a large
amount of ROM, especially the latter case which represents a totally
unacceptable situation. This problem can be resolved by using a
composite modulo base M in which the Number Theoretic Transform 1is
defined on the ring of integers modulo M. The arithmetic for the
comolution is done mainly over the constituent fields of the ring,
rather than directly over the ring of integers itself. The final
results are then reconstructed by using the Chinese Remainder Theorem
(CRT)[see chapter 2]. This technique provides a great reduction in
ROM size. Higher computation speed can also be achieved through the
use of high degree of parallelism and an absence of carry information
requirements. Recall the fact that if M = I%Tqiri, where q; are prime
factors of M and 2 is the number of prime ;;itors of M, then from

eqn. 2.29

N |(qi—l) for all q; (6.9)
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Eqn. 6.9 implies that the transform length N must divide all (qi-l)

hence q; must be of the form

qi = N'ai + 1 (6.10)

for i=1,2 ,000,

where a, is any integer which satisfies eqn. 6.10

The choice of N can significatly affect the number of
operations of the Number Theoretic Transform. Previously,‘the main
concern of other authors has been to look for transform 1lengths of
powers of two[40]. However, if we use look-up tables stored in ROMs
to implement the multiplication by an, where n= 1,2,...,8-1, the ROM
size becomes too large for the practical realisation in most cases.
An altermative approach is to use indices and submodular
decompositions to produce a manageable ROM size and hardware[60-62].
This approch 1is still relatively complicated and extra steps are

necessary to carry out the comversion.

In our design, we use the same basic idea as are discussed in
the previous section. This requires only one ROM access time for each
multiplication by o™, 1In order to reduce the number of operations
for the computation of the transform, N is now chosen to be a
composite number. Consider the case when N is equal to the product of
h prime numbers, Pys PysecesPys that is N = {S&pi. Eqn. 6.1 can be

converted into a multi-dimensionmal form(68],
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P~ ppmlopy-l n.k K
X(kh"f"kZ’kl) = <n55 .o 22 28 x(nh,..,nz,nl)ocl1 la;ka..a:h h

=0 n2=0 n1=0

(6.11)
for kl,kz,..,kh=0,1,..,(pl-l),(pz-l),..,(ph-l) respectively
(N/Pr)
where ar= a , for r=1,2,..4,h
and the mapping is
h
n= <; Ly >y (6.12)
i=1
b -1
k = <i§lLiLi 0, >y (6.13)

where Li= N/pi

This multi-dimensional equation can be implemented by a method similar
to the Winograd Fourier Transform Algorithm(WFTA). Since the length,
pi of each dimension is a prime number, each dimension of eqn. 6.11
can be expressed in a recursive filter form and can be realised by the
hardware structure suggested in the previous section. The total
number of modulo M additions required by this method for the

computation of N-point NIT is

where Ai is the number of Mod. M additions

for length pi NTT
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From the previous section, Ai = pi(pi-l) and so

>
]

h
2 Lipi(py-1)
i=1

h
NZ(pi-l)
i=1

Then the number of modulo M additions per point (A’) for an N-point

cyclic comvolution (including the imverse NTT) becomes

h
A’ = ZZ(pi—l) (6.14)
i=1

If N= P = 31, the number of additions required per point 1is
2x(31-1) = 60. However, if N = P,xp,=35, the number of additions
required per point is 2(4+6) = 20. Hence it is clear from eqn. 6.14
that the number of additions can be reduced if we choose N to be the
product of a large number of small primes? pis. The smallest primes
are {2,3,5,7,11,.04} This idea is used to construct our efficient
NTTs for the rest of this chapter. That is N is chosen to be of the

form

N=r02.305.7.... (6.15)
where r is usually equal to 1

or a small number

Combining eqns. 6.10 and 6.15, we get a general form for the choice of

the modulo bases qa and the transform length N. That is

q; = (ai.2.3.5.7...) + 1 (6.16)
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where ai is a small number

Now let us consider N =210 (=2.3.5.7). In this case

211 (=2-3-5-7+1=q1), 421 (=2.2.3.5.7+l=q2) and 631 (=3.2.3.5.7+1=q3)

are three possible choices of qis. These form four possible choices

of overall moduli for the NTT, that is

M Prime factors Possible a
88831 211x421 17
133141 211x631 48
265651 42 1x631 74
56052361 211x42 1x631 187

The above table also includes some possible choice of a’s for these

NTTs. Note also that in all cases, we should check the choice of

{ a,N,M} against eqns.2.24 and 6.9 for correctness.

Let us consider the NTT with 88831 as the modulo base and 210
as the transform length. 17 is a root of unity for this transform.

Hence the NTT transform pair becomes,

209

_ n
X(k) = <3 x(n) 17 1338831
n=0
209 ok
x(n) = <88408k§0}((k) 17" D ge831

As shown previously, this NIT convolution pair can be implemented in
parallel with arithmetic over Galois fields modulo the primes 211 and

421 respectively. That is
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209 "
X' (k) = <Z_j x(n) 177, 1, (6.17)
n=0
209 ok
xm)=QmZX(m17 > 11 (6.18)
k=0
and
209
X'(k) = <} x(n) 17“k>421 (6.19)
n=0
209
" _ " -
x"(n) = <419r§0x (n) 17 “k>421 (6.20)

The final results can then be reconstructed by the Chinese Remainder

Theorem. Eqns. 6.17 and 6.19 can be written in a multi-dimensional

form as:
Xk, s kq 5k k)
2-1 3-1 5-1 7-1 0k n k
B Y X X x(n,nnm.n) 0‘1110‘;21&0‘:31(30‘444
n,=0 ny=0 1)=0 n,=0 (6.21)
for kb=o,1
k,=0,1,2

k,=0,1,2,3,4
K =0,1,000,6

and
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o= 13015 o= 144 a= 385
a, = 30666 o= 71 a,= 354
0q= 14755 Qq= 196 a3= 20
mod 88830 mod 211 mod 421
The mapping is
n= <105nh + 7On3 + 42n2 + 3On1>210 (6.22)
and k = <105kﬁ + 70k3 + 126k2 + 120k1>210 (6.23)

Let us now find the ROM size required for «°s for this example. The
multiplication by oy is simply a subtraction, and so mo look-up table

is required. Therefore the ROM size required for this NTT becomes

3x211xlog2211 + 3x421xlog2421 bits

=0.633Kx8 + 1.263Kx9 bits

This is small enough for any kind of realisation. In general, the ROM

size required for a’s is

2
(h-l)i§1q1ﬂ0g2 q; bits (6.24)

where h =number of prime factors of N
% =number of prime factors of M

Table 6.1 gives the possible cyclic comvolution 1lengths (and other

details) computed by NTT with modulus M = 56052361 (=211x421x631) and
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in this case the required ROM size is

0.633Kx8 + 1.263Kx9 + 1.893Kx10 bits

A further remark about this table is that the number of additions per
point (for comvolution) refers to the number of additions per point
for the overall modulo base. For a parallel implementation, all
moduli require the same number of additions per point and 2 more
modulo M additons per point are required for the reconstruction of the

results by the CRT.

We have used N = 210 as an example for our discussion. This
does not mean that 210 is the only transform length for the NTT modulo
88831. Actually 210 is the maximum transform length for this NTIT and
the hardware structure works equally well for transform lengths which

divide 210, that is the transform lengths inside the set

{2,3,5,6,7,10,14,15,21,30,35,42,70,105,2 10} .

This gives, therefore, a large set of transform lengths for the same

hardware structure.

The maps in eqns. 6.22 and 6.23 (or in general eqns.6.12 and
6.13) seem complicated. However, for the actual implementation the
mapping of eqn. 6.21 (or eqn. 6,11 in general) can be done simply in a
two-dimensional form; it need not be done in a multi-dimensional form.
The four-dimensionmal NIT in eqn. 6.21 is calculated by 30 1length-7
NTTs, then 42 1length-5 NITs, then 70 length-3 NITs and then 105

length-2 NTTs. For example, for the calculation of the first
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dimension, the mapping for loading data is

n=</n" + 30n1>210
for n’=0,1,...,29

nl=0,1,oco,6
Generally, we can write

n= <Nrn + Rnr>N (6.25)
for nl=0,1’.oo,(R—1)

nr=0,l, oo .,(Nr—l)
where R=N/Nr for rth dimension

The computation can be done in-place and in-order simply by wusing
eqn. 6.25 for the loading of data and using the following equation for

the retrieval of data[91-92]

= ’ -1
k = (Nrn + RR nr>N (6.26)

where <RR—1>N =] for rth dimension
T

In the above example, the mapping for the retrieval of data for the

computation of the first dimension becomes

k = <7n" + 120k1>210

Essentially, eqn. 6.26 means that the unscrambling of data is done
immediately after the computation of each dimension and so the final
mapping becomes eqn. 6.13. An alternative approach to unscrambling
the results is to unscramble the computed NIT at the end of the

computation{91]. However, this requires some extra memory space for
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the procedure.

On the other hand, if we want to have even longer sequence
lengths, we may choose N = 2310 (=2x3x5x7x1l1). In this case the set

of possible transform length is

{2,3,5,6,7,10,11,14,15,21,22 ,30,33,35 ,42 ,55 ,66,70,77,105,

110,154,165,210,231,330,385 ,462 ,770,1155,2310} .

The possible prime modulo bases are

q, = 2311 = 2x3x5x7x11+1
q2 = 4621 = 2x2x3x5x7x11+1
qy = 9241 = 4x2x3x5%x7x11+1

The overall modulo bases can then be 10679131 (=2311x4621), 21355951
(=2311%9241), 42702661 (=4621x9241) or 98685849571 (=2311x4621x9241).

223’ 24’ 225 and 236

These give ouput dynamic ranges of 2 respectively.
The dynamic ranges are very large and the sequecne lengths are long
enough for any kind of application. However, in these cases, the
memory sizes required for the O multiplications are wunavoidably

larger than for the previous cases.

For example, the memory required £for the modulo 10679131

transform is

4[23llxlog22311 + 462 lxlog2462 1] bits

= (9.2Kx12 + 18.5Kx13) bits

This is relatively larger than the previous case, but it still falls
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into the range of practical limits.

Tabling 6.2 1lists some possible modulo bases and other
details for this new approach to the computation of cyclic
comvolutions using NTTs. It can be seen that all the ROM sizes
required are within practical limits and there is a large choice of

modulo bases (or dynamic ranges) and sequence lengths.

6.3 Conclusion

Some basic moduli for constructiong NTTs have been suggested
and used as the basic word-lengths to construct large and practical
word-lengths for cyclic comvolutions. This list of short basic moduli
is by no means exhaustive in that the user may construct other short
moduli to form other long modulo bases as required. It can also be
seen from this chapter that there is a large choice of sequence
lengths for this proposed NTTs., Hence this new Number Theoretic
Transform can relax completely the sequence length and wordlength

constraints of the NTT. *

From the practical point of wview, this method requires a
small number of additions per point and the memory required is much
less than previous reported methods[60-63]. Furthermore, due to the
similarities between modules and because exactly the same processes
are required for different dimensions, the control of data flow is
extremely simple and the whole computation can be done in-place and

in-order.,
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It is also interesting to point out that almost the same
technique can be applied to the computation of DFTs. However, in this
case complex roots of unity have to be used. This causes an increase
in complexity of the control design, but in this case no modulo

arithmetic is required.



Sequence

Length

10
14
15
21
30
35
42
70
105

210

Possible Sequence Lengths for Cyclic Comvolutions computed by

Factors

2x3

7

2x5

2x7

3x5

3x7

2x3x%5

5x7

2x3x7

2x5%7

3x5x%x7

2x3x5x7

Inverse

N—l

28026181
37368241
44841889
46710301
48044881
50447125
52048621
52315537
53383201
54183949
54450865
54717781
55251613
55518529

55785445

- 186 -

Table 6.1

Possible

o

56052360
26380260
33206654
26380261
15870091
14942199
4159531

35991673
11078529
32443488
06767890
31809188
65392 03

34969

187

No. of
Additions per
Point (for

convolution)

10
14
12
16
14
20
18
22
24

26

the NTT with modulus M=56052361 (=211x421x631)

Input
Dynamic

Range

3743

3056

2367

2161

2000

1674

1414

1366

1155

966

984

816

632

516

363



88831

133141

265651

56052361

10679131

21355951

42702661

98685849571

Possible

proposed

Factors

of

M

211
421
211
631
421
631
211
421
631
2311
4621
2311
9241
4621
9241
2311
4621

9241

Moduli

NTT.

Max.

210

210

210

210

2310

2310

2310

2310

for
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Table 6.2

Factors
of Possible
N a N1
2,3,5,7 17 88408
2,3,5,7 48 132507
2,3,5,7 74 264386
2,3,5,7 187 55785445
2,3,5, 3 10674508
7,11
2,3,5, 75 21346706
7,11
2,3,5, 196 42684175
7,11
2,3,5, 2302 9864312 8424
7,11

the

ROM Size
(for

Max.N)

0.633x8
1.263Kx10
0.633Kx8
1.893Kx10
1.263Kx9
1.893KRx10
0.633Kx8
1.263Kx9
1.893Kx10
9.244Kx12
18.484Kx13
9.244Kx12
36 .964Kx14
18.484Kx13
36 .964Kx 14
9.244Kx12
18.484Kx13

36 .964Kx14

Computation of Cyclic Convolutions

Output

Dynamic

Range

216.4

217.0

18.0

225.7

223.3

224.3

25.3

236 l5

using the
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ROM 1
5" x4-BIT

5 WORDS

6-BIT

ROM 2
41x6-BIT

BINARY
COUNTER

6-BIT 6-BIT

RESULT
REGISTER

6-BIT

RESULT

Figure 6.1 Hardware Structure of a Modulo 41, Length-5 NTIT Processor
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CHAPTER SEVEN VERY FAST DISCRETE FOURIER TRANSFORM USING

NUMBER THEORETIC TRANSFORM

The Discrete Fourier Transform plays a key role in Digital
Signal Processing because it can be used as a mathematical tool to
describe the relationship between the time domain and frequency domain
representation of discrete signals. In the previous chapters we have
shown that Number Theoretic Transforms can be used to implement cyclic
corwolutions very effectively. It is the purpose of this and the
following chapters to show that the same basic hardware structures can

be used to implement the Discrete Fourier Transform.

In this chapter it is shown that Number Theoretic Transforms
(NIT) can be used to compute the Discrete Fourier Transform (DFT) very
efficiently. By noting some simple properties of number theory and
the DFT, the total number of real multiplications for a 1length-q DFT
is reduced to (q-1), where q is a prime number. This requires less
than one real multiplication per point. For a proper choice of
transform length and NIT, the number of shift-adds per point is
approximately the same as the number of additions required for FFT
algorithms. In chapters 8 and 9, we expand the ideas presented in
this chapter and discuss the details of the amalysis of wusing the
Fermat Number Transform and the Mersenne Number Transforms to

implement DFTs.

A brief account of the contents of the present chapter has

been presented in [94] whilst a complete account is given in [95].
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7.1 Theory

Let g be a primitive root that generates all nonzero elements
inside the field modulo q. Consider now an N-point Discrete Fourier
Transform,

N-1

(k) = ¥ x(a)Wae (7.1)
=0

where k =0,1,...,N-1 and

If N is a prime number q, then eqn. 7.1 can be reordered[18] in the

following form

q-1
¥(0) = Zx(n) and (7.2)
n=0
k-
Kk _ q-1 - <g n>q
(<g > = x(0) + n;lx(<g n>q)wo (7.3)

for k =l,2 ,oo.,q—l

We can write eqn. 7.3 as

Y<<gk>q) = %(0) + X(<gS) (7.4)
where ke
) k> q-1 -n <g n>q
X(<g Q- nz=jlx(<g > Yo (7.5)

fOl‘ k =l’2’..l’q_1
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Eqn. 7.5 represents a backward circular comvolution of 1length-(q-1).

That is

2

- = - 0 .1 q-
(x(g7H),x(e™),.x(g™ 1 @ WE LB, WE ) (7.6)

whare<3 means circular comvolution and the
subscripts and indices are modulo q

Let us now define

k+1

X = X< ) (7.7)
<gn>q

W= W (7.8)

x_ = X(<g"(“”)>q) (7.9)

for k =0,l,..o,q—2
n =O,l,.no,q'—2

Hence eqns. 7.5 and 7.6 become

q-2
Xk - égéxnwk-n (7.10)

for k=0,l,ooo,q—2 and

{x ,%,,00x 3} ® (W, ,W.,..W .}
0’71 q-2 0’71 q-2 (7.11)
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-

The Number Theoretic Transform can now be applied to compute the

cyclic comvolution sum of these two sequences. Thus we can write

q-z mr

xm = <Z_: X o >M and (7.12)
n=0
q-2 o

wm = <é§%Wn @ n>M (7.13)

for m =0,1,.4.,9-2

The results can then be obtained by the inverse transform of the
products, X’W ’s. That is
m m
q-2 -
R e X o
m m

m=0

M (7.14)

for k. =0,1,on',q-2

Recall that all Wm’s are complex numbers, hence apparently the total

number of multiplications for a real sequence of length-q (to find all

X; é's) for this method is  2(gq-1). However the sequence
0 1 q-2
{Wg ,wg ,..,W% } can actually be written as
0 g‘%l—l(goﬂgl (gq—z'-l->*
{Wg WG s e e, WG G wo)’,,..,w0 } (7.15)

where * denotes complex conjugates.

Therefore the sequence {WO’wl""’wq-Z} can be written as

* % *
{w sWoseo,W sWosWo e, W
0°"1 q—l_1 0’1 q-1

1 a1

2 2

}e (7.16)
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* *
Note also that Real(wn) = Real(wn) and Imag(wn) = —Imag(wn). Hence

R =
eal(W q—l) Real(Wn)
n+ =—
2
Imag(W ;) = -Tmag(W )
nt 5

for n =o,1,..,(3§}—1)

In view of these relationships, eqn. 7.13 can be written as

7! 12
w,=<z W™ 4 Z_.lWo‘mn>
m n=0 n=c-1-—- n M
2
-1 q-1
71 T L (T )m
=< Y W a4 W a >
e q-1 M
=0 n=0 mi-
2
q-1
and since ¢ 2 . -1, we can write
q-1_ q-1_
-ZE ' mn m 2 ' mn
W= < W o + (1) W D
o n=0 n n=0 n+q%} M

On combining eqns. 7.17, 7.18 and 7.19, it is clear that

q-1_
2 ' mn
Real(wm) = Real(< n§0 Wn a >M) for m=even
=0 for m=odd
Imag(wtzl) =0 for m=even
q=1_,
2
=Imag(<2 Z W o0
n=0 n o >M for m=odd

(7.17)

(7.18)

(7.19)

(7.20)

(7.21)
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Eqns. 7.20 and 7.21 are very important 1in practical
implementations. This is not primarily due to the fact that the
number of shift-adds (o multiplications if O is a simple combination
of power of 2) reduces by a factor of 2 for the calculation of Wé'S,
since all W;'s should be pre-calculated for a hardware implementation;
it is due, however, to the fact that the total number of real
nultiplications forming X;Wé's reduces from (2gq-2) to (g-1). This
gives less than one (actually ljé) multiplication per point for the
DFT of a real sequence of length-q. The number of additions required

in this technique is evaluated below.

The shift—-adds required to compute Wé’s are not counted since
these quantities can be pre-calculated and stored in ROM in a hardware
implementation or stored in the program for a software implementation.
The total number  of shift-adds required for transforming
{XO’XI""’Xq—Z} to {Xé,Xi,...,X&_Z} is (q-1)(q=2). However, if we
choose (gq-1) to be highly composite, an FFT-type of algorithm can be
applied to effect the transformation. In particular if (gq-1) is a

power of 2, the number of shift-adds is equal to (q-l)logz(q-l)-

Since the results are complex, two inverse transformations,
one real and one imaginmary, are required. As g and q are relatively

prime, Euler’s Theorem says

(q)
< > =1
8 q

1f <gq‘1>q =1 (7.22)
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then

a-1
<g >q =+ 41 =+l
el
<g 2 > =1 is contradictory with g being a primitive root, because if

q
g is a primitive root then g is of the order ®(q) = q-1, that is q-1

is the least integer such that <gq-1>q = 1.
q-1
Therefore <g 2 >q = =1 (7.23)

Since the sequence {x(n):n=0,1,...,q9-1} is real, recalling the

symmetry of the real and the antisymmetry of the imaginary components

of ng about the horizontal axis one may show, from eqn. 7.1 that:
*
Y(k) = Y (q-k) (7.24)
where k;o,l,...%gl

Substituting eqns. 7.22 and 7.23 into 7.5, we obtain

{x<<g“>q) tk=1,2 ,00,q-1}

-1 -1 a1
-1 5 +1

{X(<gl>q), X(<g2>q),..., X(<g >0 X< ¥ >0, X< 2

>q),

q-1
T

q-1
X(<g >q),..., X(<g >q)}

q-1

2

1 2 1
{X(<g >q), {X(<g >q),..., X(<g >q), X(-1), X(-g >q),

X(-<g2>q),..., X(1)}
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q—l_1 q-1

7 7

1 2 2 1 *
= {X(<g™> cens , >, ,
{X(<g q), X(<g >q), X(<g >q) X(<g q) X(<g >q)

q-1

X(<g2>q)*,‘.., X(<g >q)*} (7.25)

Hence this equation shows that for an actual implementation, only
q-1

{X(<g1>q),x(<g2>q),...,X(<g Z >q)} need be computed, the other half of

X(<gn>q)'s can be found by taking the conjugate of these values.

Furthermore both real and imaginary parts of the sequences
{X;W;’ m=0,1,..,9-2} are alternmately =zero, a length-(gq-1) inverse
transformation can be formed by two length—(ﬂgl) inverse transforms.
Hence the number of shift-adds for the inverse transformation is
Z(S%})(ﬂg}—l) = (q-l)(sgi—l) in general, or is Z(S%})logz(gg}) =
(q-l)[logz(q—l)-ll if (q~1) is a power of 2. Eqn. 7.4 have to be used
to calculate the final results. For the calculation of Y(0), a total
number of (q-1) additions are required. However, the summation of
{x(1),%(2),.00,x(q-1)} has been already obtained in the FNT
transformed results of {xn:n=0,1,...,q-2}. Hence only one extra
addition (the addition of x(0)) is necessary for the computation of
Y(0). Because of the symmetry property of the DFT, gg}additions are

required to compute eqn. 7.4. Hence the overall number of shift-adds

including the additions of x(0) and the additions for Y(0) becomes

(a-D)[210g)(g-D)-1] + 1 + T = 2(q-1)1og, (a-1) - L3 (7.26)

This figure of shift-adds is approximately equal to the number of real

multiplications used in a FFT.
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7.2 An Example

To illustrate the idea 1let wus consider the DFT of the
sequence {x(0),x(1),x(2),x(3),x(4)}, 1i.e. N=gq=5. 1In this case the
number 2 is a primitive root which is used to generate elements inside
the field modulo 5. Hence the mapping for {x(n)} in eqn. 7.5 and

eqn. 7.6 is given by
{x_: n=1,2,3,4} = {x(<g_n>M), in=1,2,3,4}

{x(3),x(4),x(2),x(1)} and

n
1 4
(w8, :n=0,1,2,3} = {WO'W%’Wo’wg}'
Hence eqn. 7.6 becomes

(x(3),%(4),%(2), (D} @ (2w )

{x(3),%(4),%x(2),x(1)} ® {w(l),w%,w *,w%)*} (7.27)

O -

This comvolution sum can be computed by NIT. Now let us use a Fermat

Number Transform (FNT) to make the calculation. Let M=F4=216+1, a =28

and of course N=4. Hence

- - -

X 111 1| =

X! 1 28 a1 28 |k
=< >M

Xé 1 -1 1 -1 x(2)

x(1) (7.28)
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—— — r —
W 11 1 1 rwl
0 0
W 1 28 o1 8 w%
=< >
’ 1*
Wy 1 -1 1 - |y
Wy 1 =28 -1 o8 w%* (7.29)
. [ - L
27T
where WO = e

In order to use modulo arithmetic, the WO terms have to be normalized

to integer values. Multiplying these terms by 90 and rounding off the

results to integers, we obtain

-1 - —_
WO =90 + jo
Wi 0 + j38229
W’ 202 + jo
Wé 0 + j26964

R I ]

This expression may be compared with eqns. 7.20 and 7.21 for

agreement. Hence for the computation of XéWé, m=0,1,2,3 a total

number of four real multiplications is sufficient, This is also the

total number of multiplications required for a 5-point DFT. The total
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number of real shift-adds required is 2(4)log2(4)-(5-3)/2=15,

As we have seen, the length for the NIT is (q-1), where (q-1)
is always an even number. Fermat Number Transforms, Pseudo Mersenne
Transforms, Pseudo Fermat Transforms or any efficient transform with
an even number as the transform 1length are suitable for the
computation. However, for some very promising NITs, the transform
lengths may not be long enough or may not match this requirement. For
example, an excellent choice of q is 257 which is prime and N(=q-1) is
highly composite and it might be possible to use an NIT to effect the
comvolution. The longest transform length (with 4/2 as the root of

unity) for FNT with modulo base F, is 256 [see chapter 2]. Hence F6

6
is a possible choice for the implementation. If one wishes to use a

shorter word-length, F. for example, to effect the implementation the

5
major problem is that the maximum transform length for the FNT with
M=F5=232—1 is 128 for o = 4/2. However this problem may be resolved
by wusing multi-dimensional techniques for convolutions [ see
chapter 3]. Since q is a prime number, it is also possible to combine
Winograd’s short DFTs to carry out the computation of long DFTs using
multi-dimensional formulations. The major disadvantages of the method
using NIT to calculate DFT are that special arithmetic (modulo
arithmetic) and normally relatively large word lengths may have to to

be used for the major part of the calculation, a fact common to all

Number Theoretic Transforms.
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CHAPTER EIGHT COMPUTATION OF DISCRETE FOURIER TRANSFORM

USING FERMAT NUMBER TRANSFORM

The transform length of the Fermat Number Transform is highly
composite (it 1is in fact a power of two) and hence East Fourier
Transform types of algorithm can be used for the computation. In this
respect, it would appear that the FNT is the most prominent candidate
for the computation of DFTs. However, for practical implementations,
nearly all Number Theoretic Transforms are limited by sequence length
constraints. This limits the application of FNTs to a small number of
relatively short DFTs only, or indeed the application of Number
Theoretic Transform for computing the Discrete Fourier Transform is

limited as a whole.

In this chapter, we present the results of our study using
Fermat Number Transform (FNT) to compute Discrete Fourier Transforms
(DFT). Eight basic FNT modules are suggested and used as the basic
sequence lengths to compute long DFTs. The number of multiplications
per point 1is for most cases mot more than one, whereas the number of
shift-adds is for most cases also less than the number of additions in
the Winograd Fourier Transform Algorithm and the Polynomial Transform.
Thus the technique to be presented is very effective in computing )

Discrete Fourier Transforms.

The contents of this chapter have been published in [96].

8.1 Basic Fermat Number Transform Modules
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t t
A Fermat Number is defined as Ft=22 +1, hence Ft-l (=22

) is
highly composite (a power of 2) and if Ft is chosen as the DFT length,
q, then the corresponding (Ft-l)-point cyclic convolution can be

computed by an NIT (in the present case FNT) with a FFT-type

algorithm.

Fermat numbers up to FA’ mamely {3,5,17,257,65537} are all
primes, and these are possible sequence lengths (that is q=Ft, for
t=0,1,2,3,4) for the computation of Discrete Fourier Transforms wusing

NTTs.

For actual implementations, not all Fermat primes that can be
used as sequence lengths are attractive for the computation of DFT.
For example, F4(=65537) is long enough (or perhaps too long) for many
kinds of applications, but there 1is no suitable Fermat Number
Transform (with sequence length = 65537-1 = 65536) available for such
a long sequence length. In the light of this situation, it would seem
that the most attractive transform lengths are Fl(=5)’ F2(=17) and
F3(=257). Table 8.1 lists the number of real operations for four
possible prime (Fermat primes) lengths and four other lengths (to be

discussed below). The number of multiplications(ML) is found by

and the number of shift-adds (with slight modification for length 257,

below) is given by eqn. 7.26

A = 2(a-Dlog,(q-1) - L2 (8.2)



It can be seen from table 8.1 that for a length 257 DFT we

have only a single choice of base (F6) for modulo arithmetic and in
this case the root of unity is 4/2. Agarwal and Burrus [28,40] have

shown that for Fermat Number Transform with modulo base Ft and

t+2

transform length 2 , the root of unity o can be written as

t-2 t-1

a=v2 =22 @ -

In the present case, O V2 =248—216 which requires a two '"ones"
representation in the wordlength. Hence the multiplication by V/2
requires one extra shift-add as compared to the number of shift-adds
for the multiplication by a single power of two. However, in the fast
FNT procedure (FFT-type algorithm), only one stage requires
multiplications by odd powers of o . This fact means that %(q-l)
extra shift-adds are used in the forward FNT transformation and é(q-l)
extra shift-adds for reverse FNT transformation. The resulting
increase in number of shift-adds is of course very small. Thus Fl’ F2

and F3 form three very efficient basic sequence (transform) lengths
for the computation of Discrete Fourier Transform using Fermat Number

Transform.

Returning to the sequence length problem listed in table 8.1,
only a few Fermat primes are suitable for the computation of the DFT
using FNTs. However this problem may be resolved by suitable
multi-dimensional techniques. Consider, the Discrete Fourier
Transform length be a prime number, q as before. Then (q-1) must be a
composite number and let (q—1)=N=N1QZ- The mapping from the

one-dimensional c¢yclic comvolution of eqns. 7.5 and 7.6 into a
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two-dimensional conmvolution, can be written in linear form as follows

where n1=0,l,...,N1—l and

t12=0,1,...,NZ-1

The map(68] is cyclic inm , i = 1or 2, if and only if K, =C
where C 1is an integer. For a wunique map, C and Ni have to be
relatively prime. In order to apply the NTT, or more precisely, the

FNT, to effect the computation, at least one dimension of this

two—-dimensional mapping must be cyclic. Hence eqn. 8.3 is written as

n= <1$n2 + CN,yn; > (8.4)

where Ki is a constant

For this case, (i) the map is unique and cyclic in n, and (ii) the map

1

is unique and not necessarily cyclic in n, .

Theorem

The conjugate structure (see eqn. 7.15) of the array

n
{Wg :n=0,1,.,..q-2} 1is preserved in n; if N1 is even for a
two-dimensional mapping of the array using a map n = <K2nb + CN’2n1>N

where Ké and C are integers, and N&N1 = q-l.

Before giving the proof of this theorem let us consider, for
n
example, a 13-point DFT. Choose g=2, the array {W% :n=0,1,...9=-2}

becomes

1 4 8 6 1% 2% 4k gk 3k Gk
(W W W0 S HE W WO 0™ W W0 W g W
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To transform this cyclic array into a 3x4 two-dimensional array, let

us choose the map n = <4n2 + 3n1>12. Hence

:1 W wl* 8
o " Yo Mo
{wgn- =0,1 2} <=—=> | w2 Wil PF it
0 .1'1— ’ ,oooq 0 O O 0
9 7 9% 7%
Wy whoowt Wl

Each row (dimension nl) of this resultant two-dimensional array
processes the same conjugate structure as the original one-dimensional

array.
Proof:

The map n = <K2n2 + CN2n1>N gives N2 rows of Nl-point cyelic
arrays. The term Kznz, for n, = 0,1,...N2—1 gives a base or an offset
value for finding sets of data for Nl-point cyclic arrays. Thus, this
term does not affect the property of the Nl-point cyclic arrays.
Since the n, map is cyclic, CN’2n1 can be written as <CN2nl>Nl and
actually the set of integers {<CN2n1>N Pony = 0,1,...&2-1} is merely a

1
permutation of the set {O’NQ’ZNZ"“(Nl—l)Nﬁ}mod ye+ However

{<CN’2n1>N in

=O,l,oco,N1"l}
1

1

N

N N
= 10,CN, e e oGO DN, LGN, LG +IN, 5 oe e, CN =D} 0

Nl N N N Nl
{O’CNZ ,""C('z_-l)% ’C—,(C2—+-CN2),...’(C2-+C(2—-1)NZ)}mOd N

I

(8.5)

From eqns. 7.15 and 7.16, it is clear that
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*
W =W (8.6)
<n> N
N <n+f>N

Hence it can be seen from eqns. 8.5 and 8.6 that after substituting
n
eqn. 8.4 into the expression {Wg :n=0,1,...q-2} we have arrays

{w ,W yoee W * * *

,0 ,1 ’ JW W yoee W }

R Lrap R e )
2 2
*
Or W = W' (8.7)
,<n.,> N
i) 1 N1 n, ’<nl+—2-1->N1

n1=0,1,000,N1-1

This completes the proof of the theorem.
Corollary:

n
It is impossible to map {wg :0=0,1,...,9=2} into a
two-dimensional cyclic array (cyclic in both dimensions) with the

conjugate structure preserved in both dimensions.
Proof:

The proof of this corollary can be seen from the fact that
for the mapping from one-dimensional cyclic array into a

two-dimensional cyclic array (in both dimensions), N, and B& should be

1

relatively prime [68]. Hence either N1 or b& can be even. From the

above theorem, it 1is evident that for a cyclic mapping of
n

{wg :tn=0,1,44.,9-2} in both dimensions, only one dimension preserves

conjugate structure. This proves the corollary.

A direct consequence of the conjugate property of the
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two-dimensional mapping is that the results of both real and imaginary
parts of the Fermat Number Transformed sequence of

{w :n,=0,1,.4.,N. -1} would be altermately zero. Hence the total
nb,n1 1 1

number of real multiplications for each Nl-point DFT reduces from 2Nl
to Nl' Similarly, the conjugate structure of X((gk>q) in eqn. 7.25 is
also preserved for this mapping. As in the previous example, if

n = <4n2 + 3n1>12 then k has to map to <4n:Z + 9nl>12 [68]. Therefore

we obtain

{X(2),X(4),X(8) ,X(3),X(6),X(12),X(2),x(4),X(8) ,x{3),x(6),x{12)}

N * *
X(2)  X(10) X(2) x(10)

<> %) x4 ey xu)

X(5) x(12) x(5) x(12)

It is clear that only X(2),X(10),X(6),X(4),X(5) and X(12) need to be
computed, the other X(n) values are merely complex conjugates of these

values.

Since N1 is even, it is most worthwhile to choose N1 as a
power of two so that a FFT-type algorithm may be used. Depending on
whether the second dimension is a cyclic or a linear convolution [67],
Pseudo Fermat Transforms, Pseudo Mersenne Transforms, Mersenne Number

Transforms, the Lagrange Interpolation Formula or any short

convolution algorithm can be used to carry out the computation.

In practical applications, the longest transform length (with
2 or v2 as the root of unity) available for Fermat Number Transform

is 256, but in this case, the modulo base is F6(=264+1). This
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word-length is too 1long for some computers (especially mini- or
micro~-computers) and for some hardware implementations. We therefore
begin our further discussion with a basic sequence length of 64. With
this basic sequence 1length, we can use any of the Fermat Numbers in
{FA’FS’FG} as the modulo base. This gives a flexible choice of
wordlengths and dymanic ranges for various applications. From

eqn. 7.10
q-2

Xk - n=0xn Wk—n (8.8)

for k=0,l,...,q-2

where xk=x( <gk+1>q) (8.9)

Recall N1N2=N=q-l. Let N,=64 and the map of n = <K,m, + N0, >y, and

so eqn. 8.8 becomes
Nz—l 64-1

X W
Xlgz ,kl ) l')22=0 nZ=O n2$n1 kz-nz’kl—nl (8010)
1

The map is cyclic in n hence we may take the Number Theoretic

1’
Transform of eqn. 8.10 with respect to n; (67]. Egn. 8.10 becomes

N, -1

’ = > G 8.11)
X“z’kl n22=o ok kyomy Lk (
64-1 n.k
where X! = < x 1 1>M, (8.12)
¥y 0} =0 hHom
642—:1 nlkl
W' =< W a Do (8.13)
=, 5k n,=0 kmnyHmy M
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%=m1“.”%—1am

M‘=base for modulo arithmetic

if N1 and N2 are not mutually prime eqn. 8.11 1is a 1linear

comvolution sum of the sequences {X" K :n2=0,1,...,N2—1} and
1
{w'" K :n2=0,l,...,Né-l}. On the other hand, this equation can also
71
be arranged as a cyclic comvolution sum if Nl and N& are mutually
prime. For the case of linear convolutions, (2—%&

multiplications per point are required for the computation. This

) [67]

number of multiplications is still relatively largé+ if we use q's as
basic transform lengths for the application of Fermat Number Transform
to DFT. We mow turn our attention to the case with cyclic mapping in

Né. A very simple mapping is n = <N1né + N&n1>q-1 where N.=64. If n,

1

is cyclic then a Number Theoretic Transform can be used again to find
this comvolution sum. However N1 and Né are mutually prime, N1 is
even and if we restrict ourselves to using FNTs only, Number Theoretic

Transforms are not suitable for this dimension.

+ . .

As a typical case if we take N2=2 we require 1.5 multiplications to
compute one point. This would still be a practical proposition, but
the number of multiplications per point is slightly greater than in

the cases to be discussed below.
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Recall the fact that of the wvarious short odd cyclic
comvolution algorithms introduced by Winograd [25] and Agarwal and
Cooley [24], the 1length-3 cyclic comvolution algorithm is the most
efficient in terms of  both the numbers of additions and
multiplications per point needed. In fact only 4 multiplications and
11 additions are required for the computation of 3-point cyclic

convolution sum. Let N, =3 so that equs. 8.10 and 8.11 become

h
3§ 64-1

X = X W

ky kg i,=0 020 20 ky-my sk -ny (8.14)
3-1

X/ = x" W
0k nzz=o Mok gyl .

where k1=0,1,...,63

k2=0,1,2

It is important to recall that the choice of N. and NZ should

1
always agree with our basic design; this means that they must be
chosen such that (g-1) = NlNi or equivalently (NIN2+1) must be a prime
number. In our case, (N1N,2+1) is equal to 193 which is prime with 5

being the minimum primitive root.

Let us now work out the number of operations required to
compute this 193-point DFT. There are 64 3-point cyclic comvolutions
hence overall there are 64x4=256 multiplications. Besides the 64
3-point cyclic convolutions, there are three 64—-point FNT transforms
(forward and reverse), hence by using eqn. 8.2, the total number of
shift-adds (some are simply additions) becomes 64x11 +

3x[2x6410g264—(64—2)/2] -2 = 2913. This method requires 1.33
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multiplications and 16.19 shift~adds per point respectively.
Similarly, length 13(=3x4+1)-point DFT and length 97(=3%32+1)-point
DFT can be computed by using 1.23 (6.69) and 1.32 (13.04)

multiplications (additions) per point respectively.

On the other hand, for systems that can have relatively large
word size (64-bit words for the present case) we may use a length-256
FNT with F6(=264+1) as a modulo base to construct another basic
transform length for the DFT using the FNT. In this case, the DFT
transform length is (256x3+1)=769 which again is a prime number, with
11  being the minimum primitive root. The total number of
multiplications is 256x4=1024 and the total number of shift~adds
becomes 256x11+3x4161-2=15297. The DFT with this sequence length
requires 1.33 multiplications and 19.89 shift-adds per point

respectively.

Length 3-,5-,17-,257-,13-,97-,193- and 769-point DFTs form
eight basic Fermat Number Transform modules and these modules are used
to construct algorithms for computing long Discrete Fourier Transforms

in the next section.

8.2 Prime Factor Implementation

The basic idea in this section arises mainly from the fact
that all eight basic Fermat Number Transform modules obtained so far
are prime in length. Thus any two or more of these modules can form
basic lengths for two- or multi-dimensional rearrangements of Discrete

Fourier Transforms. Furthermore, any one or more of these modules can
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also combine with other short (or long if there happen to be any) DFT

algorithms to compute long Discrete Fourier Transforms.

Now let us examine the multi-dimensional mapping of the DFT
equation. For the sake of simplicity, we consider a simple
two-dimensional case. Let N of eqn. 7.1 be a composite number,
N3N4 =N. Further 1let N3 and N4 be relatively prime so that the
"twiddle factors"'[97] of the multi-dimensionally rearranged DFT

equation can be avoided by the application of the Chinese Remainder

Theorem (CRT) [34,68]. In this case eqn. 7.1 can be written as

-l N, -
3 “3“3 D,k
) - - bl
4 HA-O n3—0 A
27
N
where w3= 3
_2n
N
Se b
WA—- e
and the mapping becomes
n= N3nA + NAn3 (8.17)
k= NN k, + N, N Tk (8.18)

373 4 474 73

_l _
where <N3N3 >N4— 1

<N4N4 >N3 1
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Recall also the fact that both the Prime Factor Algorithm
(PFA) [31] and the Winograd Fourier Transform Algorithm [25]
essentially make wuse of the same multi~dimensional mapping and short
DFT algorithms for their computation. The number of operations per
point becomes rather large for increasing DFT sizes. This is mainly
due to the nmature of multi-dimensional mapping and also due to limited
number of available efficient short DFTs. There are eight efficient
short  DFT algorithms [25,98] which are frequently used, namely
length-2,3,4,5,7,8,9 and 16. Four of these are powers of two and so
only one of these four can appear in the same multi-dimensional
rearranged DFT. However if we add our basic FNT modules to these 8
short DFT algorithms, we have available a much larger choice of
transform lengths and the number of multiplications per point remains

a very small number, even for DFT lengths longer than ten thousand.

Eqn. 8.16 can now be written in the following form suitable

for the Prime Factor Algorithm [31],

N,-1 BFy-=l nky,  nk,

k4’k3 nfzo ngéo XnA,n3w3 4

The two-dimensional transform in eqn. 8.19 may be implemented by first

calculating N, length-N, DFT’s

N3—1
i

Y’ = X (8.20)
™ oy

then calculating N, length-N, DFT’s

3 4



ngl n4k4
Y = Y’ W (8.21)
Ky 2k =0 "3 4

The number of multiplications and additions become

ML = NAM3 + N3M, (8.22)
A= NAy + NjA, (8.23)
where M3(A3) and MA(AA) are
the number of multiplications
(additions) for length N3 and
N4 DFTs respectively
Any one of our eight FNT modules can be used in N3—point

DFT’s and any one of the eight short DFT’s can be used in Nh-pOint
DFT’s, provided that N3 and N4 are relatively prime. However after a
close examination of the eight short DFT algorithms, it becomes clear
that the most efficient lengths are 2 and 4, as they both require only
trivial multiplications, therefore in this case eqn. 8.22 becomes
ML=N4M3. This immediately doubles or quadruples the sequence 1lengths
of the four FNT modules without increasing the number of required
multiplications per point. For ther transform lengths there is an
unavoidable but nevertheless slight increase in the number of

multiplications per point.

Eqn. 8.16 may also be described by the following form
suitable for the computation wusing the Winograd Fourier Transform

Algorithm [25],
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n k
T, - (W% ) wf 4
4 =0 A
(8.24)
. ]
where th’o Yk4,0
xnA,l Yk4,1
i = e 00 ? = 0 o0
n, K,
X Y,
n4,N3-1 kA’N3—1
. — —
0 0 o ]
w3 W3 e 00000 3
N, -1
0 .1 3
w3 W3 ® 6 o 00 0 00 W3
W = e e 0 9 00 00000 0 0 00
0 ““3'1)2
W ® 9 0 60000 0 00 w
3 3

Eqn. 8.24 1is obtained by essentially considering eqn. 8.16 as a

one-dimensional DFT of length N4 with each scalar replaced by a vector

of N3 terms. The number of operations in this case become

ML = M3M4 (8.25)
A= N3A4 + M4A3 (8.26)

However because of the nesting nature of this algorithm, the
trivial multiplicationms (the multiplication of wo) in the basic FNT

modules cannot be ignored in eqn. 8.25. From eqn. 7.2 and 7.4, it 1is
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q-1

clear that there are two trivial multiplications, namely (:S x(n))w0
n=0

0
and x(O)Wg. In order to make a slight simplification of the

computation, let us make a rearrangement of eqn. 7.4

Ky q-1 _ <gk_n>q
W<gS ) = x(0) + rél x(<g “>q)w0
such that k—n>
q-1 <g
< _ - _ q (8.27)
¥( gk>q) nz=:1 [x(<g™ ) - x(0)] Wy

1f eqn. 8.27 is used instead of eqn. 7.4 one Wg multiplication is
saved. The only difference between eqn. 7.4 and eqn. 8.27 is that
x(0) is included before the computation of the cyclic comvolution 1in

eqn. 8.27 whereas x(0) is included after the computation of the cyclic

comvolution in eqn. 7.4.

As shown in Table 8.2, if we include the multiplication of
q-1
(28 x(n))wg in eqn. 7.2, the number of multiplications required for
n=0
the eight basic FNT modules increases slightly.

Let us illustrate this idea with N = 15. Hence N = 15 = 3x5.

Eqn.8.17 become

n= <5nﬁ + 3N3>15

where n3=0,1,2,3,4
n4=0,1,2

i.e.
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*p,0 = *(0) %1,0 = *(3) %, °
xo’1 = x(3) Xl,l = x(8) xz’1 =
XO,Z = x(6) X1,2 = x(11) x2’2 =
xo’3 = x(9) X1,3 = x(14) X .3 =
X4 = x(12) X4 = x(2) o4
Eqn. 8.16 and 8.24 become
3-1  5-1 k. n
Yool T n42=0( n§=§“4’“3w;3 D e
2 n k
) (ﬁin4)w44 ’
4
where
— —_ NN ——
Yka,O n4,0
Yk.a,l na,l
Ykh T 2| 32114 | Fn, 2
Ykﬁ,B xn4,3
Yk4,4 th,a
- _HL_ —
Wy oWy Wl Wy
UL
el d
Wy
W W

and

x(10)
x(13)
x(1)
x(4)

x(7)

(8.28)
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for n, = 0,1,2

Now we may use the 3-point )DFT algorithm (see ref. 25, say for

example), to evaluate eqn. 8:28

wn
1]

joll
|

vy

1}
ol

+
XalIN L

2 1
§0=')'(O+s'1
My = 1.WS§,
ﬁl = (cos:%?—l).w S1 (8.29)
f, = isin2".0 §,
S'3=ﬁo+ﬁl
S—4=§3+1712
S5 =8y - 1

and
?0=ﬁ0
Y1=§4

S
I
0y
w

All three expressions in eqn. 8.29 are actually length-5

DFT’s multiplied by constants and are in the following form

Mk = CON W Sk

where CON is a constant and

k=0,1,2
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Let
o | ]
™k,0 ®k,0
Me,1 %k, 1
Mk = mk,Z and Sk = sk’2
k.3 SK,3
Mk, 4 Sk.,4
I IR
Using the Fermat Number Transform, we obtain
. — r_b —_
.0 W3 oF Sic, 1 Skt Sk 3T Sk
Ty 2 P2
mk,h = CON bk,4 (8.30)
Pe,3 Py,3
M1 b1
where
— — — =ra r ar -
b -1 -1 1
k,2 1 1 1 1 1 1 1 1 W3 1 1 1 1 (Sk,3-sk,0)
b 1 3 2 1
k| = i 1 o a o 1 o7 a” o w% 1] o a o (Sk,A_Sk,O)
b 2 0 2 2 2 X 2
k,3 1 oo o 1l a" o «a wg 1 & o a (Sk,z-sk,o)
bk,l 1 a a2 a3 1 a3 az ul w3 1 o «a al (s, ,-s )
L L ) (. — L.l. L — k,1 k,O_

(8.31)

where X means term by term multiplication.

Notice that, for an actual implementation all coefficients
have to be scaled to integers and they have to be within the allowable
dynamic range [see chapter 2]. The "CON" in eqn. 8.30 and "1/4" in

eqn. 8.31 should be absorbed inside the wés in which case no extra
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multiplication is required, and actually this is the original idea of

the Winograd Fourier Transform Algorithm.

For our discussion so far, we have combined one of our basic
FNT modules with one short DFT algorithm. However in general one may
choose to combine the FNT modules to form a long transform or indeed
any number of short DFT or FNT modules can be combined to form long
DFT transforms using the Prime Factor Algorithm or the Winograd
Fourier Transform Algorithm. The only restriction is that the
sequence lengths of these short DFT algorithms and FNT modules must be

nutually prime,

8.3 Hybrid Implementation

It is seen that both the Prime Factor Algorithm and the
Winograd Fourier Transform Algorithm can combine with eight FNT
modules to compute long DFTs. The PFA is especially efficient for
sequence lengths of 2 and 4. The WFTA is very efficient for length 3
and 8, therefore it is worthwhile to wuse a combination of these

methods to compute very long DFT sequences.

Table 8.3 lists the number of real multiplications and
real additions for various DFT’s computed by this hybrid technique
with 3-point, 5-point, 17-point, 97-point and 193-point FNT modules.
For the cases with 3 or higher dimensions, we consider processing two
sets of real data simultaneously, otherwise a slight increase in the
number of additions is required [see section 9.2 as well]. 1In this

table either F4 or F5 or F6 can be chosen as the modulo base for the
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computation, and this results in a flexible choice of word lengths for
the implementation. Figs. 8.1 and 8.2 give the number of
multiplications and additions for WFTA [25], Polynomial
Transform (PT) [98] and for the present DFT computation technique. As
it can be seen from these figures, the number of multiplications for
WFTA and the Polymomial Transform is between 30 and 90 percent greater
than the corresponding number of wmultiplications for the present
method. On the other hand, the present method also requires between
10 to 20 percent fewer shift-adds than the number of additions in WFTA
and Polynomial Transform for most of the sequence lengths.
Furthermore, for sequence length 680 or above, the number of
shift-adds for the present method is very significantly fewer than the
number of additions for WFTA and PT. Hence the present method is more
useful for long DFT lengths. It is worth pointing out that for
dedicated hardware or microcomputer implementations, the
multiplication time is of the order of ten times, or more slower than

addition, not withstanding the relative costs of such operations.

Table 8.4 1lists the number of real operations required for
various DFT using the 257-point FNT module. In this case, F6 has to
be wused as the modulo base for the computation. It is clear from
Fig. 8.1 that the number of multiplications per point remains constant
and is equal to one for even extremely long DFT sequences. Hence the

present method gives a very efficient way to compute long DFTs.

8.4 Conclusion
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Eight basic FNT modules for computing DFT’s have been
presented and used as the basic transform lengths to compute 1long
Discrete Fourier Transforms. The number of multiplications per point
for most cases is not more than one and the number of shift-adds is
almost equal to (for long sequence lengths, less than) the number of
additions in the Winograd Fourier Transform Algorithm and the
Polynomial Transform. Thus the present technique is very effective

for computing Discrete Fourier Transforms.

Some possible transform lengths based on the eight ba;ic FNT
modules have been 1listed but this listing is no means exhaustive in
that the user may combine different short DFTs to form other transform
lengths as required. Hence this method gives a large class of

transform lengths for computing Discrete Fourier Transforms.

The Fermat Number Transform has already been used to compute
comvolutions effectively. These are mainly implemented through
dedicated hardware, or modules (sometimes with add-on hardware)
written in assembly language for a computer/microcomputer. Hence with
just some slight modifications of these modules, one may compute
Discrete Fourier Transforms using FNTs on the same system. However,
since most computer/microcomputer hardware is not designed to do
modulo Fermat Number arithmetic, it is perhaps desirable to fabricate
digital signmal processor chips with FNT arithmetic which can
facilitate the computation of DFTs and comvolutions using FNTs. The
major problem left to be solved is concerned with the design of the

architecture of the digital signal processor.
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Table 8.1
Number Number
Possible Possible of real of real
DFT Modulo Root of Multiplications Shift-adds
Length  Base Unity ML (per point) A (per Point)
3 FlreensF, 2%, ... 20 2 (0.67) 4(1.33)
5 F F 2 932 4 (0.80) 15 (3.00)
1,...,6 ygc ey L L]
17 FyuFysFo Fy 2500020 16 (0.94) 121 (7.12)
257 F, V2 256 (1.00) 4161 (16.19)
13 F F 2 932 16 (1.23) 87 (6.69)
l’...’6 ,.'., [ ] °
97 F ,F.,F 2922394 12 (1.32) 1265 (13.04)
4’ 5,6 ’2 ’ ’ ° °
193 Fy,Fg 2,22 256 (1.33) 2913 (15.09)
769 F, V2 1024 (1.33) 15297 (19.89)
2t

where Ft =2 + 1

Number of real multiplications and shift-adds for real data

DFT computed by FNT
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Table 8.2
DFT Number of
Length Multiplications
N ,
3 3
5 5
17 17
257 257
13 17
97 129
193 257
769 1025

Number of multiplications (including the multiplications of

Wg) for eight basic FNT modules.
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Table 8.3

Number of Number of
DFT Prime Multiplications Shift-adds
Length Factors per point per point
12 3x4 0.67 3.33

20 4x%5 0.80 5.00

30 2x3x5 1.00 5.33

40 5x8 1.00 625

60 3x4x5 1.00 6.33

120 3x5x8 1.00 7.58
204 3x4x17 1.00 10.45
255 3x5x17 1.00 11.45
408 3x8x17 1.00 11.70
510 2x3x5x17 1.00 12 .45
680 5x8x17 1.00 13 .37
1020 3x4x5x17 1.00 13.45
2040 3x5x8x17 1.00 14 .70
4080 3x5x16x17 1.13 16.08

142 80 3x5x7x8x17 1.29 19.84**
23160 3x5x8x193 1.33 22 .67
39576 3x8x17x97 1.33 24 .74
65960 5x8x17x97 1.33 26441
98940 3x4x5%17%x97 1.33 26 .49
197880 3x5x8x17x97 1.33 27.74
393720  3x5x8x17x193 1.33 29.79**

x%
An additiomal 0.75 shift-adds per point is required for

moduloF4

Number of operations per point for DFTs computed by FNT with

modulo base F, ,F

4 or F6

5
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Table 8.4

Number of Number of

DFT Prime Multiplications Shift-adds
Length Factors per point per point
257 257 1.00 16 .19
514 2x257 1.00 17.19
771 3x257 1.00 17 .52
1028 4x257 1.00 18.19
1542 2x3x257 1.00 18.52
3084 3x4x257 1.00 19.52
3855 3x5x257 1.00 20.52
6168 3x8x257 1.00 20.77
7710 2x3x5x257 1.00 21.52
15420 3x4x5x257 1.00 22 .52
30840 3x5x8x257 1.00 23.77
52428 3x4x17x257 1.00 26.64
104856 3x8x17x257 1.00 27.89
131070 2x3x5x17x257 1.00 28.64
262140 3x4x5x17x257 1.00 29.64
524280 3x5x8x17x257 1.00 30.89

Number of operations per point for DFTs computed by FNT with

modulo base F, only

6
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Figure Captions

Figure 8.1

Number of multiplications per point versus sequence length
for DFTs computed by (i) FNT with modulo base FA’ Fg or F, (o), (ii)
FNT with modulo base F6 only (e®), (iii) Polynomial Transform (&) and

(iv) Winograd Fourier Transform Algorithm (¥).

Figure 8.2
Number of shift-adds (or additions) per point versus sequence
length for DFTs computed by (i) FNT with modulo base Fl»’ FS or

F6 (O), (ii) FNT with modulo base F6 only (e), (iii) Polynomial

Transform (&) and (iv) Winograd Fourier Transform Algoritim (V¥).
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CHAPTER NINE FAST MERSENNE NUMBER TRANSFORMS FOR THE

COMPUTATION OF DISCRETE FOURIER TRANS FORM

Recall the fact that a very simple one’s complement
arithmetic can be used to compute the Mersenne Number Transform. We
have also suggested two different realisation structures for the fast
computation of comvolutions using Mersenne Number Transforms in
chapter 4 and chapter 5 respectively. It is the purpose of the
present chapter to investigate the use of the same hardware structures
for the computation of cyclic comvolution using MNT to compute the

Discrete Fourier Transform.

Reed, Truong[99-101] and Benjauthrit[101] have proposed
hybrid algorithms for computing the Discrete Fourier Transform(DFT) of
certain long sequences. In that technique, the Mersenne-prime Number
Transform was used in conjunction with a Winograd-type algorithm to
compute a DFT. Using this method, with a transform wordlength of 31
or 61 and with real input data, 1.33 or more multiplicationg per point

and a relatively large number of additions are required.

In this chapter we suggest the use of some suitable
Mersenne-composite Number Transforms, instead of Mersenne-prime Number
Transforms as used by Reed, Truong and Benjauthrit[99-101], to compute
Discrete Fourier Transforms. This new approach not only retains the
simplicity of the arithmetic of the MNT, but also allows a large
choice of transform lengths and wordlengths and requires not more than

one multiplication per point for sequences longer than a thousand
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points. The time for computing DFT’s wusing this new approach is
extremely short, especially if a special hardware structure is used
for the implementation. We also show that the number of additions éan
be reduced significantly if Pseudo-Mersenne Number Transforms are used

for the computation of DFT’s.

A brief account of the contents of the present chapter has

been published in [102] whilst an extended version is given in [103].

9.1 Mersenne Number Transforms and Discrete Fourier Transforms

If Mersenne Number Transforms are used to carry out the
computation of eqn. 8.27, a transform 1length of 2P must be used
because (q-1) is an even number, where q is an odd prime. So it is
clear that the necessary condition for wusing Mersenne Number

Transforms to compute DFT’s is given by the following equation:

q=2P+1 (9.1)

where both q and P are prime numbers.

It 1is necessary to check that only some Mersenne Number Transforms
satisfy eqn. 9.1. TFor example, if P=31, then q=2x31+1=63 which 1s a
composite number, hence M=231-1 is not suitable for the present

implementation.

2,3,5,11,23,29,41,53} are possible values of P which satisfy
eqn. 9.1 and the corresponding sequence lengths for the DFT are
{5,7,11,23,47,59,83,107} . However, the wordlength for the first three

possible P’s are too short and have no practical wuse. Hence
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P=11,23,29,41,53 are more practical choices for P and are also the
possible wordlengths for the corresponding Mersenne Number Transforms.
It is interesting to point out that the Mersenne numbers formed by
P=11,23,29,41 and 53 are composite numbers and that the transforms can

actually be called the Mersenne-composite Number Transforms.

Now, let us write eqn. 8.27 as

q-2
Yk = ank—n (9.2)
n=0
for k=0,]., s e ,q—2
where Y, =¥( (gk+l> ) (9.3)
q
xn=x(<g_(n+1)> ) - x(0) (9.4)
q
<gn>q
wn=W0 ) (9 '5)

for n=0,l,...,q—2

Consider the use of the Mersenne-composite Number Transform

to compute eqn. 9.2, we may write

q-2
m
X = <2_: xnan>M (9.6)
n=0
and
_2 o
v = <I‘§Owna n>M (9.7)

fOI’ m=0,1,-.o,q_2
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where 0 =-2, a root of unity of
order (g-1) and
M =2F-1

The results can then be obtained by the inverse transform of the

porducts, X V_"s. That is
m' m
2 -mk
Y= <5 mz=:o XV o Dy (9.8)

for k=0,1,2 ,co',q—z

Substituting eqn. 9.1 into eqns. 9.6 and 9.7 we have

2P-1 0
K o= <Y x_ o >y (9.9)
n=0
and
2P-1 o
v o= <nz=:0 W oo n>M (9.10)

Hence eqn. 9.9 can be implemented by eqns. 4.22 and 4.23. So the
total number of operations required to compute all Xm's is P
additions, P subtractions and two P-point Mersenne Number Transforms.
Similar to the case using the FNT for the computation of DFT, the
method wused to calculate the MNT of Wn’s in eqn. 9.10 is unimportant,
since this result can be calculated before the construction of the DFT
processor. However, it 1is interesting to point out that if a
two-dimensional formulation of eqn. 9.10 using eqns. 4.18 and 4.19 is

used, the transformed results of Wn's corresponding to eqn. 4.22 are

purely real and the transformed results of wn's corresponding to
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eqn. 4.23 are purely imaginary. To see the wvalidity of this
statement, let us recail the fact that: (i) all the real parts of Vm's
in eqn. 9.10 are equal to zero for m=odd and; (ii) all the imaginary
parts of the vm's in eqn. 9.10 are equal to =zero for m=even. The
two-dimensional formulation of eqn. 9.10 corresponding to eqns. 4.22

and 4.23 can be written as

- m,n P-1 m,n
> Py W a bt (9.11)
. 1 “o l,nl 1
1 1
P-1 m,n P-1 m,n
171 171
v, = YW a - W a (9.12)
l’ml n1=0 O’nl 1 n1=0 l’nl 1

-1

Note that E‘.P-1 in eqn, 4.19 is equal to P and 2.2 (=P+1) wused in

eqn. 4.19 1is an even number. Vo,ml's in eqn. 9.11 are the results of
Vm's when m=even in eqn. 9.10 and so all imaginary parts are zero.
Similarly, Vl,ml's in eqn. 9.12 are the results of Vm's when m=odd in
eqn. 9.10 and so all the real parts are zero. Hence the total number

of multiplications required to compute all vam's (in eqn. 9.8) is 2P.

That is, the number of multiplications per point remains (1-%).

Similarly to the MNT, the Inverse Mersenne Number Transform
(IMNT) can be computed with this two-dimensional formulation.

Eqn. 9.8 can be written as

-mlk1 P-1 -mlkl
Yo,k <<I-_1( Z Yo,mom 7 mZ: X m % n
1
(9.13)
P- -m, k P-1 ~-m. k
_ L 11 _ 11
1k < Z= *o,m,"0,m, ™ ml=0X1,rnl"1,n11 o )y
™

(9.14)
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Since all the V s are real and all the V s are imaginary, the
O,m1 l,m1
Y. .’s and Y, ,’s are actually conjugate pairs. That is
0,k 1,k
¥ *
0,k = Y1,k

Thus a total of two length-P Inverse Mersenne Number Transform are
sufficient to calculate a length (2P+1) DFT. Note also that the

factor (———) should be absorbed inside the calculation of V0 m’s and
>

v1 m’s in eqns. 9.13 and 9.14, so no extra operation is required.
b4

Let us consider, for example, the DFT of the sequence
{x(0),x(1),e0.,x(22)}, ise. q=23., In this case 5 is a primitive root
which can be used to generate all non-zero elements inside the field

modulo 23. Hence eqn. 7.6 becomes

{x(14),x(12),x(7),x(6),x(15),x(3),x(19),x(13),x(21),x(18),x(22),x(9),x(11),

x(16),%x(17),x(8),%x(20) ,x(4) ,x(10),x(2),x(5) ,x( 1)} ® {w 5 w2 w10

4 0 .8 .17 .16 . JLF 5% 2% 0% 4* 0% 8% L17% 16
‘F MWy 2Wg »H o W o " ’WS WZ Wy oF w% ’ o UL
11* 9%
wo ’ 0 }

From eqns. 4.21-4.23, we get



- 235 -

— -
1 1 1 1 1 1 1 1 1 1 1

L 92 gh 96 .8 10 o1 L3 .5 L7 59

1 2% 28 gl 95 3 92 6 10 53 57

1 28 21 27 92 58 53 59 ph 510 55

L 28 55 92,10 L7 b L1 ,9 .6 3

E=f1 210 29 28 27 56 55 54 53 52 Ll

1 2l 22 93 p% 93 26 o7 8 59 10
1 23 20 29 gl o8 57 510,20 55,8

1 22 210 9% 59 53 8 52 57,1 6

1 27 23 210 56 52 5,9 3,1 ,8 L

1 29 27 23 3,1 10 58 56,4 52
__ —

§0= [X( 14) ,X(7) )X( 15) 3X( 19) ,X(2 1) ,X(ZZ),X( 11) ,X( 17) ,X(ZO) ,X( 10) ’X(S)]T

= [x(9),x(16),x(8),x(4),x(2),x(1),x( 12),X(6),X(3),X(l3),X(18)]T

1
and
XO = Ax0 + Ax1
Xl = Axo - Ax1
Similarly
- 4 8 .16 9 * 10* 0* 17* 11*.T
Wy = [W W%,WO,WO,W W5 w2 , 0 ’WO ]
~ * 8* 16* 10 O ll T
wp =1 WZ ’o ’()’Wo Moo 0 2Wg oMo 2Wg g WG
and
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W1 = A 0~ Aw1

In order to use modulo arithmetic, the Wg terms have to be normalized

to integers. Multiplying these terms by 10 and rounding off the

results to integers, we obtain

2039 31999
38 31364
990 j 542
264 j 403
1569 31500
WO =| 189 ﬁl =| 11075
1941 j 441
2 i 98
716 31742
571 j 952
89 j1216

It can be seen that the vector WO is purely real and the vector wl is

purely imaginary.

Now, let us find the computation time required to calculate a
q-point [(2P+1)-point] DFT. A length-P MNT module, using a parallel
implementation, forms the basic unit of our design (see chapter 5).
The forward transformation requires two length-P MNTs, P additions and
P subtractions. Hence the time required for this part is
approximately equal to 4xtha, where t_ is the time for one Mersenne

Number addition, assuming that the subtraction time is roughly equal
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to the addition time. We may check that only the time required for
computing two P-point MNT’s is required for the iaverse
transformation, since the addition and subtraction in eqns. 9.13 and
9.14 respectively are not necessary to be carried out for actual
computation. The total number of multiplications is 2P (or q-1).
Thus the computation time per point for this method is approximately
equal to

4xPxt + 2xPxt + 2Pxt
a a m
2P+1

3t + ¢t
a m

where tm is the time for one
Mersenne Number

multiplication

Using adders similar to those used in [44,45], the
computation time, ts for a 23-bit MNT addition is approximately 30mS.
A high speed multiplier can be constructed from ROMs wusing the
technique of quarter-square multiplication. The computation time for
a 23-point MNT multiplication will then be about 120mS. Hence the
total computation time for a 47-point DFT is approximately equal to
46[3x30+120]S = 10uS or 0.2uS per point. The computation time for

finding Y(0) in eqn. 7.2 and for forming [x(<g-(n+1)

>q)-xo] in
eqn. 9.4 are not counted, since they may be found by a very slight
modification of the hardware design. The increase in computation time

is negligibly small. The speed of operations can be improved further

by using a pipeline architecture, at the cost, however, of increasing



- 238 -

the complexity of the control of data flow and of the timing.

9.2 Long Sequence Lengths

Similarly to the case for the FNT, the sequence lengths (q)
of the DFT’s considered so far have been prime numbers. It is
possible to combine the 8, efficient, short DFT algorithms[25,31],
namely of length 2,3,4,5,7,8,9 and 16, to carry out the computation of
Discrete Fourier Transforms using a multi-dimensionmal formulation[67].
The computation can then be simplified by wusing Winograd’s Fourier

Transform Algorithm (WFTA) [25] or the Prime Factor Algorithm[31].

Examples:

(i) Consider the computation of a 94-point DFT.

Let the input function be defined by [47]:

x(n) = 50n, 0<n<5
= 500-50n, 6<n<10
=0, 11<N<93

The two-dimensional rearrangement of the 94-point DFT (for

Prime Factor Algorithm) equation becomes:

2-1 47-1 n k. nk
X kK 25 X n a WB
k»k, =0 n_=0 BTy
a
46 n 46 n k
=X %y o W aa, (—1)kb x, W a
].'1=0 > o= ,na a
a a

(9.15)
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Vi
where W =a 47
a
27T
—J_
W =e 2= -1

b
for k =0,1,...,46
a

k =0,1

and the mapping is

=]
1]

47nb + 2n.a

=
[

47kb + 481(.a

Note that, because of the symmetry property only half of

ka’ka

merely taking the complex conjugates of the computed half

need to be computed, the other half can be obtained by

number of points. Thus the computation of the 94-point DFT
requires two 47-point DFT’s and 47 complex additions. The
total computation time required for this 94-point DFT 1is
approximately equal to 10x2uS + 94x30mS = 23uS. Fig. 9.1
shows the results of the implementation wusing the present

technique.

(ii)For the implementation of a 1128-point DFT, one may also
convert the one-dimensional DFT into a two-dimensional form

suitable for computation using Winograd’s Fourier Transform

Algorithm.
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24-1 47-1

Y = X
ka’kb nggo nszo BTy

27

-j_
where Wa=e 47

27

-j=
_ 24
Wb—e

for k =0,1,...,46

for kb=0,1,...,23

and the mapping is

=]
]

47nb + 24:1.a

=
]

47x23k, + 24x2k
b a

naka nbkb
W W.
a b

Therefore, we can write eqn. 9.16 as:

24-1
¥ = (WX_ ) wnbkb
kb nb=0 b
where
E: —
Ty 50
an,l
an = .o ka =
e

(9.17)



_-0 0 0-1
W W ee oo W
a a a
wo Wl o e e W46
a a a
W = .e ) ee oo oo
0 46 462
w W LN ] oe W
a a a

Essentially eqn. 9.17 is obtained by considering
eqn. 9.16 as a one-dimensional DFT of length-24 with each
scalar replaced by a  vector of 47 elements. Each
multiplication in the 24~point DFT refers to a 47-point DFT.
The 24-point vector DFT can be further split into an 8x3
two-dimensional vector DFT. As in the previous case, the MNT
is used to calculate the 47-point DFT’s and Winograd’s[25]
short DFT algorithms (length-3 and length-8) are used to
calculate the 24-point vector DFT's. For the computation of a
3-point (or 8-point) DFT, 3(or 16) pre-multiplication
additions, 3(or 8) multiplications and 3(or 10)
post-multiplication additions are required. Fith real input
data all operations before the post-multiplication additions
are purely real and the post multiplication additions of the
lst dimension (length-47) may be computed in a similar way to
that discussed in section 9.1 However, for the
post-multiplication additions of the 2nd dimension (length-3,
say for example), the input data are complex, and so complex
additions are required. The input to the third dimension
(length-8) of post-multiplication additions is also complex,

but, because of the symmetrical nature of the real input to
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the DFT, only half ;} the results need to be calculated, the
other half can be obtained from the complex conjugates of the
results of the first half. So, for this dimension, the number
of post-multiplication additions is the same as that required
for processing real data. Therefore the computation of a
1128-point real DFT requires approximately half as many
operations as are required for a complex DFT.since only the
post—multiplicétion additions of the second dimension need
complex arithmetic. However, if we want to compute real data
with just half the number of operations required for complex
data, we can simply use the well-known technique of processing
two sets of real data simultaneously. Notice also that for
the WFTA the mnmultiplications in the 24-point vector
convolutions are actually absorbed inside the multiplications
of the 47-point DFT’'s. Thus only additions are required for
this part of the computation, there .are mno extra
multiplications. . The time required is
47x(8x6+3x26)ta = 178us. The computation time for the 24
47-point DFT’s is approximately 24x10uS = 240uS. Hence the
total computation time for a 1128-point DFT is 418uS, using
adders with a 30nS addition time and a multiplier of 120nS

multiplication time.

Table 9.1 1lists the number of multiplications per point for
some possible DFT lengths computed by this hybrid technique. It can
be seen that the number of multiplications per point remains as 1 even

for sequences longer than one thousand points.
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Moreover, one may also make a full use of our basic MNT
module by a slight modification of the multi-dimensional formulation.

Eqn. 9.1 can be modified as shown below:

q = 2PxM+] (9.18)

In eqn. 9.18 both q and P remain as two prime numbers. P is the word
length of the Mersenne Number Transform to be used. As in the
previous section, the q-point DFT can be comverted into a cyclic
comvolution of length 2PxN. Eqn. 9.2 can be written as

N-1 2P-1

P-
Y = X W
90k %Lo n‘lz‘;o R Tt R (9.19)

where nl ,k1=0,1 yoeee ,2 P-1

nz,k2=0,l,..-,N—l

and the mapping is

n= <Kn§ + an>2PN (9.20)
where K is an integer
The map 1is cyclic in n,, and so we may take the Mersenne Number
Transform of eqn. 9.19 with respect to n,. Eqn. 9.19 becomes
3
Y’ = X" wll (9'21)
2% Ao TN
2P-1 nlk1
where X" =< a > (9.22)
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2P-1 1%
W' =< W o > (9.23)
ky-my kg nlz=0 k=myHmy M

k2=0,1,.-',N-1
m=2F-1

It is important to point out that elements inside the sequence

1 are either entirely real

or entirely imaginary which means that no complex couvolution is

{Ykz,klzk2=0,l,...,N-1} for all values of k
required. If N is relatively prime to 2P, eqn. 9.20 can be written as

n= QPn) + Nnpdy oo

and eqn. 9.21 becomes a cyclic convolution which can be implemented by
Winograd’s short comvolution algorithms[99-101,25]. However, the
control of data flow becomes very simple if we use the Mersenne Number

Transform again. If

N < (P+1) (9.24)

The comvolution sums of eqn. 9.21 can be found by a 1length-2P (or
length-P) cyclic comvolution of two length-2P sequences formed by
appending zeros at the ends of the sequences {X" ,kl:n§=0,l,...,N-l}
and {W" ’klzn2=0,1,...,N—l{. This arrangement can always be done no
matter whether eqn. 9.21 is a cyclic comvolution or a linear

convolution, but the number of multiplications per point 1is
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unavoidably increased.

For example, a length-1013 DFT can be rearranged into a
46x22(=1013-1)-point two-dimensional discrete comvolution sum. The
22-point linear comvolution can be computed by a 46-point MNT module
by appending 24 zeros at the ends of the corresponding sequences. Let
us estimate the operation time required for the computation of the
1013-point DFT. Totally there are 22 46-point forward Mersenne Number
Transforms, 22 46-point Inverse Mersenne Number Transforms and 46
46-point cyclic comvolutions. Using the previous 23-point MNT module
as a basic unit, the total computation time for this 1013-point DFT is

approximately

[2x22x46x%30 + 46x46(3%x30 + 120) + 2x22x46%30] S

= 566uS

It is seen that because of the larger number of
multiplications required, the computation time per point is longer
than in the case of the 1128-point DFT using the hybrid algorithm, but
the control of data flow is extremely simple. Hence this forms a very
efficient algorithm for the computation of long DFT’s. Table 9.2
shows the number of multiplications per point for some possible

sequence lengths.

9.3 DFTs using Pseudo-Mersenne Number Transforms

The Pseudo-Mersenne Number Transform (Pseudo—-MNT) was

introduced by Nussbaumer{50] to relax the word-length and sequence
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length constraints. This transform is defined on the ring of integers
modulo a divisor of M(=2N-1, with N composite) and may have transform
lengths other than N or 2N. Compared with the WMNT, the major
disadvantage of the Pseudo-MNT is that all operations modulo (ZN-l)
must be executed on word-lengths longer than that of the final result.
For the application of this transform to the DFT the sequence lengths
must satisfy eqn. 9.1. On a close examimation of all possible
sequence lengths, the Pseudo-MNT with sequence length 35, modulo base
(235-1)/(31.127) and @ = 2 is most suitable. In this case, the DFT
lengths can either be 71(=2x35+1) or 11(=2%x5+1). Using a
two—dimensional formulation of the 35-point Pseudo-MNT (see
section 9.5, Appendix) the 7l-point DFT can be computed with 1506
additions (21.2 additions per point) and with 71 multiplications (1
multiplication per point). The ll-point DFT can also be computed with
96 additions (8.7 additions per point). Making use of similar
techniques to those described in section 9.2 table 9.3 shows the
number of operations required for different sequence lengths. It is
seen that the number of multiplications per point remains as one, even
for very long sequence lengths whereas the number of additions is much
smaller than that required for the computation of the DFT wusing the
MNT. However, the Pseudo-Mersenne Number Transforms use longer
word-lengths than that used in MNT’s for their operations. They also
have small dynamic ranges and an extra step is needed to reduce from
modulo base (ZN—l) to the actual modulo base for the fimal step of

their operations.
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9.4 Conclusion

We have shown that the Discrete Fourier Transform may be
computed very efficiently by Mersenne-prime or Mersenne-composite
Number Transforms. If Mersenne-composite Number Tranforms are used
the number of multiplications per point is not more than one, even for
sequence lengths longer than one thousand points. The control of data
flow is simple and the design of the control wunit for the present

method is very straightforward.

The techniques presented in this chapter also give a large
choice of wordlengths for the computation of DFT’s. The sequence
lengths can be extended by wusing a hybrid of Winograd’s Fourier
Transform Algorithm and the Mersenne Number Transform, or simply by
using a nested MNT algorithm. The former method requires the shorter
operation time for finding DFT’s whereas the latter method requires
the simpler control un%t. Furthermore, the number of additions can be
reduced significantly if pseudo-Mersenne Number Transforms are used

for the computation of DFTs.
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9.5 Appendix

Number of Additions for DFT’s computed by the MNT

The shift—-adds required for computing the MNT of the W's are
not counted, since these quantities can be precalculated and stored in
a ROM in a hardware implementation or stored in a program in a
software implementation. As it is shown in eqns. 9.13 and 9.14, two
length-P MNT’s and 2P additioms are required for the forward
transformation. From eqns. 9.13 and 9.14, it is also clear that two
length-P MNT’s are required for the inverse transformation. Notice
that the results of the individual summations in eqns. 9.13 and 9.14
are either entirely real or entirely imaginary and so the addition in
eqn. 9.13 and the subtraction in eqn. 9.14 do not need to be computed.
For the calculation of Y(0), a total number of (q-1) additions is

required. However, Y(0) can also be obtained from eqn. 9.9

Y(0) = XO + x(0)

This shows that the computation of Y(0) requires only one extra
addition. Lastly, P additions (2P additions are required, if eqn. 9.4
is used) are required to compute the addition in eqn. 7.3. Hence the
total number of operations required to compute a q-point (2P+1 point)

DFT is

4 P-point MNT + (3P + 1) additions

Now, let us consider the number of additions for cases wusing

length-5 and length-35 Pseudo-Mersenne Number Transforms. The total
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number of additions required for a 5-point Pseudo-MNT is 5x4=20.
Hence the total number of additions required for a ll-point DFT is
4x2 0+3%5+1=96 (or 8.7 additions per point). The implementation of a
35-point Pseudo-MNT can be simplified by arranging the transformation
in a 5x7 two-dimensional form. The number of additiomns 1is given by

eqn. 8.26 and is equal to

5x7x6 + 7x5x4 = 350

Therefore the number of additions for a 71-point DFT 1is

4x350+3x35+1=1506 (or 21,2 additions per point).
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Table 9.1
MNT Word DFT Factors No. of Multi.
Length Length per point
11 23 23 0.96
11 46 2x23 0.96
11 69 3x23 1.00
11 92 4x23 0.96
11 184 8x23 1.00
11 276 3x4x23 1.00
11 552 3x8x23 1.00
11 1104 3x16x23 1.13
11 1380 3x4x5x23 1.20
11 2760 3x5x8x23 1.20
11 5520 3x5x16x23 1.35
23 47 47 0.98
23 94 2x47 0.98
23 141 3x47 1.00
23 188 4xb7 0.98
23 376 8x47 1.00
23 564 3x4x47 1.00
23 1128 3x8x47 1.00
23 2256 3x16x47 1.13
23 280 3x4x5x47 1.20
23 5640 3x5x8x47 1.20
23 11280 3x5x16x47 1.35
29 59 59 0.98
29 118 2x59 0.98
29 177 3x59 1.00
29 236 4x59 0.98
29 472 8x59 1.00
29 708 3x4%59 1.00
29 1416 3x8x59 1.00
29 2832 3x16x59 1.13
29 3540 3x4x5x%59 1.20
29 7080 3x5x8x59 1.20

29 14160 3x5x16x59 1.35



41
41
41
41
41
41
41
41
41
41
41

53
53
53
53
53
53
53
53
53
53
53

83
166
249
332
664
996
1992
3984
4980
9960
19920

107
214
321
428
856
12 84
2568
5136
6420
12840
25680
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83
2x83
3x83
4x83
8x83

3x4x83
3x8x83
3x16x83
3x4x5x83
3x5x8x83
3x5x16x83

107
2x107
3x107
4x107
8x107

3x4x107
3x8x107
3x16x107
3x4x5x107
3x5x8x107
3x5x16x107

Number of Multiplications per
lengths computed by the Hybrid (MNT and WFTA) algorithm.

1 -

point for

0.99
0.99
1.00
0.99
1.00
1.00
1.00
1.13
1.20
1.20
1.35

0.99
0.99
1.00
0.99
1.00
1.00
1.00
1.13
1.20
1.20
1.35

some

possible

DFT
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Table 9.2
Word Sequence Factors . No. of
Length  Length (q-1) Multi,
(@) per point

5 31 3x10 1.61
41 4x10 2 .44

7 43 3x14 2.28
71 5xl4 2.76

11 89 4x22 2,72
199 9x22 2 .43

13 157 6x26 2.15
313 12x26 2.16

17 307 9x34 1.89
443 13x34 2.61

19 381 10x38 1.90
647 17x38 2.23

23 461 10x46 2 .30
1013 22x46 2.09

29 513 9x%58 3.28
1567 27x58 2.15

31 683 11x62 2.81
1861 30x62 2 .07

37 1259 17x74 2.18
2591 3574 2.1

41 1723 21x82 1.95
2953 36x82 2.28

43 1721 20x86 2.15
3613 42 x86 2.05

47 2069 22x94 2.14
4231 4594 2.09

53 2333 22x106 241
5407 51x106 2.08

59 3541 30x118 1.97
6491 55x118 2.15

61 3539 29x122 2.10
7321 60x122 2.03

Possible sequence 1lengths and the number of multiplications
per point for computing DFT’s wusing Nested Mersenne Number

Transforms.



DFT
Length

22
33
44
66
88
132
264
426
568
852
1704
2343
3124
4686
6248
9374
18744

Number
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Table 9.3
Prime No. of No. of
Factors Multi. Shift-adds
per point per point
2x11 1.00 10.18
3x11 1.00 11.18
4x11 1.00 11.18
2x3x11 1.00 12.18
8x11 1.00 12 .43
3x4x11 1.00 13.18
3x8x11 1.00 14 .43
2x3x%71 1.00 24.70
8x71 1.00 24.95
3x4x71 1.00 25.70
3x8x71 1.00 26.95
3x11x71 1.00 32 .88
4x11x71 1.00 32 .88
2x3x11x71 1.00 33.88
8x11x71 1.00 34.13
3x4x11%71 1.00 34 .88
3x8x11x71 1.00 36.13
of operations per point for DFI’s

35
Pseudo-MNT with modulo base M=(2 -1)/(31.127)

computed by
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CHAPTER TEN GENERAL CONCLUSIONS AND SUGGESTIONS FOR

FUTURE RESEARCH

In this thesis we have presented algorithms to apply Number
Theoretic Transforms and to design hardware structures for the
computation of cyclic convolutions and Discrete Fourier Transforms.
It is well-known that a relatively larger word-length than the
word-length required for ordinary arithmetic is needed for Number
Theoretic Transforms. However, in return this allows us an exact

computation of the cyclic comvolution.

Chapter 1 gives an introduction and a historical background
of the present research area. This chapter reflects the importance

and shows the rapid development of this research area.

An over-view of the Number Theoretic Transform was given in
chapter 2. This includes a systematic development of the Number
Theoretic Transform 1leading to the Fermat Number Transform, the
Mersenne Number Transform, the pseudo-Number Theoretic Transform and
the complex Number Theoretic Transform. We have also discussed on the
problems of the dynamic range, word-length and sequence 1length
constraints. It is interesting to point out that whilst most of the
contents of this chapter can be found in the literature, there are
still some points or comments mentioned which have never been
published or mentioned before. For example, the derivation of the
general equations[2 .62-2 .65] for the  computation of complex

comvolutions by real NIT it seems not to have been published before.
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This is also the first time that the use of Mersenne-composite Number
Transforms [pages 66-67] for the computation of complex comvolutions
has been discussed. This chapter is meant to be a reasonable overview

of the state-of-the~art in Number Theoretic Transforms.

Polynomial formulations are used in chapter 3 to provide  a
systematic derivation of the equations for the computation of long
cyclic convolutions using the Number Theoretic Transform. These new
formulations show very clearly the structures of the equations for the
computation of cyclic convolutions rearranged in multi-dimensional
form. The number of multiplications per point is shown to be always
less than 2 when N1 and N& are not mutually prime. This figure is
reduced to one multiplication per point when Nl and Né are mutually
prime and a nested NTT is used. For the comvolution of
two~dimensional arrays, the number of multiplications per point turns

out to be always 1less than 4 when N, and Né are not mutually prime

1
whilst the number of multiplications remains as one per point when Nl
and Né are mutually prime. The methods presented in this chapter are
systematic and general, as opposed to the derivations given by Kraats

and Venetsanopoulos[72].

Because of the lack of FFT-types of algorithm for its
implementation the Mersenne Number Transform has received much less
attention than the Fermat Number Transform. Améng all NTTs, the
Mersenne Number Transform uses the simplest arithmetic for its
implementation. In chapter 4 Mersenne Number Transforms are converted

into cyclic convolutions in which form they are amenable to a simple
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hardware interpretation. This structure 1is especially wuseful for
systems requiring the minimum number of components. We have also
suggested a possible way to extend this implementation to other Number

Theoretic Transforms, in particular to the Fermat Number Transform.

Another major disadvantage of the MNT results from the strong
relationship between the length of the sequences that can be convolved
and the ring in which the transform is defined. 1In chapter 5 we have
proposed a second hardware implementation technique which 1is
fundamentally different from the method discussed in chapter 4. We
have converted the Mersenne-prime and Mersenne-composite Number
Transforms into recursive filter form and suggested simple hardware
structures to carry out the fast implementation of circular
comvolutions. The structures proposed in chapter 4 use no ROM or RAM,
all the work is done in registers and so the data access time is
greatly reduced; whereas the structures in chapter 5 may be used to
compute very long cyclic comvolutions with simply one multiplication
per point. Very fast hardware str;ctures for the parallel
implementation of MNTs have also been proposed and this may form a
basic unit for the computation of 1long cyclic convolvers and the

Discrete Fourier Transform.

Because of advances in fabrication technology, it 1is now
possible to design architectures which are memory intensive. This
means that our study can benefit from the semiconductor revolution.
In chapter 6 we have generalized the recursive formulation of the

Mersenne Number Transform to any Number Theoretic Transform with prime
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sequence length, P, and with modulo base, q, where q is also a prime
number., In this case an architecture based on a ROM look-up table is
suitable for practical implementations. We then propose a new type of
Number Theoretic Transforms which are not restricted by sequence
length and word-length constraints. The efficiency of this structure
depends mainly on the speed of the RAM and ROM for its implementation,

and it also depends on the degree of parallelism used.

In chapter 7, we have derived the general equations for the
computation of the Discrete Fourier Transform using the Number
Theoretic Transform. The results mainly come from the observation of
the properties of the symmetry of the NTT and the DFT. This leads to
the minimum number of multiplications that has ever been reported for
the computation of the Discrete Fourier Transform. This idea forms

the basis of our imvestigation in chapters 8 and 9.

Eight basic FNT modules have been suggested in chapter 8.
These form the basic wunits for the computation of long DFTs using
Fermat Number Transforms. We have also suggested the wuse of hybrid
algorithms wusing the FNT, the WFTA and the Prime Factor DFT for the
computation of DFTs of long sequences. In most cases, this technique
requires fewer number of operations than the number of operations
required for the Polynomial Transform and Winograd’s Fourier Transform
Algorithm. It is interesting to point out that in parallel to this
development, Bhattacharya and Agarwal[l04] have also suggested a
hybrid algorithm using the NTT and other short comvolution algorithms

to compute long cyclic comvolutiouns.
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In chapter 9, we have discussed in detail the computation of
Discrete Fourier Transforms using Mersenne Number Transforms. It is
shown that in the case of Mersenne—composite Number Transforms the
number of multiplications per point for real input data is never more
than one, even £for sequence lengths exceeding one thousand points.
This new approach allows a large choice of word-lengths, and in
addition the control of data flow is extremely simple. We have also
shown that the number of additions can be reduced significantly if the
pseudo-Mersenne Number Transform is used for the computation of the

DFT.

Both chapters 8 and 9 rely on the assumption that a
relatively high efficiency FNT or MNT cyclic convolver exists for the
implementaton. This is possible if the hardware structures suggested
in chapters 4 and 5 or by others{40,43-45] are wused for the

computation of cyclic comvolutions.

1t is also interesting to point out that the cyclic
convolvers suggested in this thesis may be used as a primary module
for constructing the primitives that were suggested by Wu[l05],
Constantinides, Curtis and Wu{106)] for the ALPS (Altermative Low-level

Primitive Structures).

A close examination of the algorithms developed during the
course of this research and the implementation techniques suggested in
consequence reveals that most of our suggested algorithms aim at
reducing the number of operations, particularly the number of

multiplications, and simplifying the control of data flow in practical
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implementations. The state-of-the-art of the fabrication technology
allows us to have very fast multipliers available. However, discrete
multipliers are still very expensive compared with the price of
adders. Furthermore, for VLSI implementations, a large space 1is
always required for a high speed multiplier hence it is very expensive
and difficult to fabricate digital sigmal processor chips with an
array of multipliers. On the other hand, the number of gates and
space required for the adder is relatively small, hence it is always
possible to implement an array of adders [for structures in chapters 4

and 5, say for examples] in a digital signal processor.

The Number Theoretic Transform makes wuse of the Residue
Number System(RNS)[107]. One of the fundamental qualities of the RNS
is its high speed computation which arises from its  parallel
processing of arithmetic operations. An ideal technique for residue
arithmetic is a table-lookup operation, and so new memory technologies
can be expected to improve the speed and price of NIT-based digital
signal processing systems. For example, Phillips announced a GaAs
256-bit RAM that works at 1.5mS. With such units real-time NIT-based

system could achieve very high throughput rates indeed.

We have seen that the Number Theoretic Transform offers a
fast computational tool for the calculation of cyclic comvolutions and
Discrete Fourier Transforms. Much research remains to be done on

different aspects of the NIT and the related areas.

We have emphasised the importance of Mersenne-composite

Number Transforms in this thesis although in previous years
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Mersenne-composite Transforms have rece}ved almost no attention at
all. However, there are still a large number of properties of this
transform left to be discovered. For example, for the modulus M;229—l
Mersenne-composite Number Transform, the modulus, M, can actually be
factorized into three reasonably short prime numbers (233x1103x2089)
and so can be implemented very effectively in parallel. Furthermore,

since <233>,=1, <1103>, =3 and <2089> =1, only one constituent modulo

4 4 4
base requires complex arithmetic for the computation of cyclic
comvolutions using a complex composite-Mersenne Number Transform with

this modulo base. Hence this might form an efficient and practical

way of computing cyclic comvolutions.

Another interesting feature of the Mersenne Number Transform
is that it may be implemented by ones-complement arithmetic. Making
use of this feature as the base of the transform and using distributed
arithmetic[80-85] for the calculation, this might form a new and even
simpler method for the efficient computation of the Mersenne Number

Transform.

The residue arithmetic used in the Number Theoretic Tramnsform
is not usually available in gereral computers and there is also no
VISI digital signal processors dedicated to the computation of residue
number arithmetic. This shows that there is an wurgent need to
investigate the possibilities of making a digital signmal processor for
this application. This includes the design of hardware structures and
instruction sets for the purpose of: (i) parallel processing of data;

(ii) making in-place and in-order maps and (iii) inputting and
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outputting data.

It would also be interesting to investigate the results of
applying the algorithms presented in this thesis to practical
applications. These include one-dimensional and multi-dimensional
signal processing. It 1is expected that the saving in computational
effort could be more significant in multi-dimensional processing than

in the one~dimensional case.

A less certain, but more interesting problem is to
investigate the possibliites of proposing a new transform which
requires only one multiplication per point without using residue

number arithmetic for the computation of cyclic comvolutions.

In conclusion, the research presented in this thesis
indicates that the proposed algorithms from the Number Theoretic
Transforms for the computation of cyclic convolutions are versatile
and efficient techniques for digital signal processing. These provide
a fresh insight into the problem of the design of high efficiency

digital signmal processors.
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