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Abstract

The accurate prediction of the crystal structure(s) that an organic molecule can be arranged

into remains an unsolved theoretical problem of significant importance to industries delivering

products in crystalline forms. From a thermodynamic standpoint, polymorphs can be identified

as minima in the free energy landscape, motivating the development of crystal structure pre-

diction (CSP) methods. CSP computational methods aim to determine the most stable crystal

structure and other metastable forms, with the correct order of stability. Despite recent ad-

vances, most state-of-the-art CSP methods rely on lattice energy instead of Gibbs free energy to

rank plausible crystal structures. Methods for evaluating the vibrational free energy of predicted

crystals either employ computationally expensive atomistic DFT-d calculations or utilise force

fields that adopt a rigid body treatment, neglecting intramolecular contributions.

In this thesis, we expand the applicability of the free energy calculation method proposed by

Vasileiadis [1] to organic compounds that exhibit molecular flexibility. The proposed workflow for

computing the Helmholtz free energy of molecular crystals, involves lattice energy minimisation

using an atomistic force field and free energy calculation employing our in-house CrystalDynam-

ics algorithm. The free energy calculation method is based on the harmonic approximation of

lattice dynamics theory. The analytical derivations for the electrostatic expressions contribute

to the development of an efficient yet accurate energy model applicable to a large number of

structures generated in CSP studies. We apply the proposed free energy workflow to refine the

CSP landscapes of three molecules of progressively increasing size and flexibility, as well as a

set of experimental crystal structures of polymorphic flexible molecules with well-characterised

enantiotropic transition temperatures. The workflow presented in this thesis can be utilised as

a final refinement stage for CSP-generated landscapes of flexible molecules, bridging the gap

between static lattice energies computed at 0 K and temperature-dependent free energies.
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Chapter 1

Introduction

1.1 Background and motivation

Organic crystals find numerous applications in pharmaceutical, agricultural, food, explosives

and semiconductors industries [1]. The study of organic crystalline materials also poses an

intriguing challenge for academia as the relation between the structure of a molecule and its

most stable crystal structure is not generally well understood [3], especially as concerns an

interesting phenomenon occurring in crystals, namely polymorphism [4]. Polymorphism refers

to the ability of chemical compounds to exist in different crystalline forms, which are known

as polymorphs. Various physical properties such as solubility, dissolution rate, morphology

and mechanical strength depend on the crystal structure and as a result may vary significantly

between different polymorphs. To date the compound with the largest number of characterised

polymorphs at room temperature is 5-methyl-2-[(2-nitrophenyl)amino]-3-thiophenecabonitrile.

This molecule is commonly referred to as ROY, taking its name from the red (R), orange (O)

and yellow (Y) colours of the experimental polymorphs [5, 6]. The crystal structures of the YN

and OP polymorphs of ROY are shown in Figure 1.1. The crystal structures are taken from the

Crystal Structure Database (CSD) with RefCodes QAXMEH04 and QAXMEH03 for the YN

and OP polymorphs, respectively.

Crystal structure prediction (CSP) is the computational field of research that seeks to ex-

amine the most stable crystal structure of a target molecule(s) using very limited amount of

information. The objective of CSP has been described by Pantelides et al. [7]: “Given the

molecular diagrams for all chemical species (neutral molecule(s) or ions) in the crystal, identify

the thermodynamically most stable crystal structure at a given temperature and pressure, and,

in correct order of decreasing stability, other (metastable) crystal structures that are also likely

to occur in nature.”

CSP can offer valuable insights for structural characterisation by providing putative struc-

tures to interpret experimental results, such as powder X-ray diffraction (PXRD) patterns, and

by aiding in development of experimental protocols for the crystallisation of previously unob-

served polymorphs [8]. Another important potential use of CSP is to examine the relation

between crystal structures and properties, such as solubility, which can affect the bioavailability

of pharmaceuticals delivered in crystalline form. The development of CSP methods thus aims
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Background and motivation

(a) (b)

Figure 1.1: Crystal structures of the (a) YN (QAXMEH04) and (b) OP (QAXMEH03) poly-

morphs of ROY. The unit cell is highlighted by a parallelepiped.

to complement experimental findings by enhancing the understanding of the crystal landscape

of the target compound(s). This understanding can contribute to risk assessments conducted

during drug development or assist in identifying optimal drug formulations and manufacturing

conditions, thereby preventing costly interruptions of supply. A well-known example that has

motivated the development of CSP is the case of ritonavir [9]. Ritonavir, marketed under the

brand name Norvir, has been developed to treat AIDS. The unexpected emergence of a pre-

viously unidentified and notably more stable polymorph of ritonavir led in the withdrawal of

Norvir capsules from the market. The case of ritonavir threatened the supply of the Norvir

life-saving AIDS treatment and resulted in a estimated 100-1000 million USD loss in revenue.

The progress of the CSP methodologies is captured by a series of blinds test [10, 11] organised by

Cambridge Crystallographic Data Centre (CCDC). Current state-of-the art CSP techniques can

effectively model large flexible molecules, salts, hydrates and co-crystals of industrial relevance.

From a thermodynamic standpoint, Gibbs free energy is the appropriate metric governing

polymorphic stability. The determination of the energetically more favourable crystal struc-

ture(s) requires a detailed investigation of the free energy landscape. At a given temperature

and pressure, the most stable crystal structure corresponds to the global minimum in the Gibbs

free energy landscape. Local minima in the Gibbs free energy surface are commonly referred to

as metastable structures. The sets of candidate crystal structures produced in CSP studies are

ranked by increasing energy. However, much of the focus of CSP efforts to date has been on

identifying structures using lattice energy as the stability metric, without considering thermal

and vibrational contributions to free energy. These neglected contributions prohibit the study of

crystalline stability as a function of temperature. The increased computational cost, associated

with the large number of structures generated in CSP studies, requires a method that provides

rapid estimates of the free energy. The work presented in this thesis aims to bridge the gap

between the lattice energies and free energies by employing a lattice dynamics method that takes
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into account molecular flexibility.

1.2 Thesis Scope and Outline

A fundamental hypothesis in CSP is that the outcome of crystallisation is governed by thermody-

namics [12]. Despite advances in accurately modelling interatomic forces, current state-of-the-art

CSP techniques often rely on identifying experimental forms as low-energy minima at 0 K [13, 1].

However, at finite temperatures and pressure, thermodynamics enable the determination of rel-

ative stability and provide a link to experimentally measured properties, such as solubility. This

necessitates moving beyond static energies calculated at 0 K and utilising accurate and efficient

methods required for refining a variety of predicted structures generated in CSP studies. Our

group at Imperial College London has developed a multistage methodology for performing CSP

studies over the past two decades. The initial stage is focused on determining the conforma-

tional degrees of freedom that are treated as flexible and selecting an appropriate energy model.

In the second stage, a global search is conducted to identify candidate crystal structures as

low-energy minima on the lattice energy landscape. This is achieved by employing simplistic

energy models that account for limited flexibility and utilise point charges to model electrostatic

interactions. The third stage involves lattice energy minimisation for the most promising low-

energy structures identified in the previous stage. In this stage, more detailed energy models are

used, incorporating distributed multipole analysis for evaluating electrostatics and allowing for

the treatment of extended molecular flexibility. Finally, in the fourth stage, the free energy is

calculated using the harmonic approximation of lattice dynamics theory, with an energy model

consistent with the one used in the previous stage. Further details of our CSP framework can

be found in Section 3.6.

A methodology for evaluating the free energy of molecular crystals has been developed by

Vasileiadis [14]. This methodology is based on the harmonic approximation of lattice dynamics

theory and has been successfully used in ranking predicted structures generated in CSP studies

of rigid molecules. In this thesis, the existing CSP workflow is extended to incorporate the

evaluation of the free energy of flexible molecules. Our objectives involve examining the impact

of molecular flexibility on the validity of the harmonic approximation and assessing the suitability

of the proposed workflow in determining the stability of CSP-generated structures as a function

of temperature. In addition, we investigate the suitability of the extended CSP workflow to

reproduce the relative stability of experimental polymorphs across a range of temperatures.

The outline of this thesis is as follows. In Chapter 2, we define the free energy of molecu-

lar crystals in the context of chemical thermodynamics and review existing CSP methods used

for generating and ranking predicted structures. Emphasis is placed on the few studies that

have employed free energies as part of their ranking procedure. In Chapter 3, we introduce the

formalism for calculating the free energy of molecular crystals. The utilised energy model is

described in detail and we derive analytical expressions for performing the harmonic approxima-

tion within lattice dynamics theory. In Chapter 4, we describe the CrystalDynamics algorithm
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and implementation. Additionally, we present our CSP workflow for evaluating the vibrational

free energy contributions of flexible molecules. In Chapter 5, we perform full CSP studies for

three compounds; a small rigid molecule, Benzoic acid, which exhibits one flexible degree of free-

dom, and Target XXIX from the 7th blind test. These CSP studies includes global search and

two refinement stages using lattice energy and free energy, respectively. In Chapter 6, we apply

our free energy workflow to a set of polymorphic systems with well-characterised enantiotropic

transition temperatures. The objective is to assess the suitability of our workflow in reproducing

the experimentally determined relative stability. In Chapter 7, we present the main conclusions

of this thesis and provide directions for future studies.
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Chapter 2

Literature Review: CSP and free energy

In this chapter, we initially introduce key concepts necessary to understand this thesis. We

begin by defining the Gibbs free energy for molecular crystals under the chemical thermody-

namics framework. In turn, we describe the multistage approach adopted in CSP and provide

characteristic examples of methodologies that have been successfully employed in CSP studies.

We review alternative existing free energy evaluation methods used either in ranking structures

generated in CSP studies or for determining polymorphic stability. The gaps in the literature

are revealed to provide motivation for the work presented in this thesis.

2.1 Thermodynamic definition of free energy

The aim of this section is to provide a brief description of thermodynamic quantities as well

as other metrics that have been used for ranking structures generated in CSP studies. The

chemical thermodynamics framework provides the formalism for the description of a system by

means of the so-called characteristic function [15, 16]

U = U(S, V ), (2.1.1)

where the internal energy, U , is expressed as a function of its natural variables entropy, S and

volume, V . Equation (2.1.1) can be used as a basis for the evaluation of any other thermody-

namic quantity of interest. In practice, this form of the characteristic function is not widely

used as the natural variables can often be difficult to measure experimentally. For example, the

lack of a method for directly measuring entropy hinders its use. The characteristic function can

be transformed into equivalent forms, which are known as thermodynamic potentials. Thermo-

dynamic potentials fully characterise the state of a system and provide information about its

equilibrium condition. The Legendre transformation is commonly used to derive one thermody-

namic potential from another by expressing the energy in terms of different pairs of conjugate

variables (e.g., entropy and temperature or volume and pressure).

For a pure substance in any state, a suitable thermodynamic potential used as the metric to

determine polymorphic stability at a given temperature, T , and pressure, P , is the Gibbs free

energy, G(T, P ). For a perfect crystal, a Gibbs free energy difference, ∆G(T, P ), is often used

and defined relative to the ground-state energy of an isolated molecule at 0 K, with no thermal
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and zero point motion, as

∆G(T, P ) = ∆U + PV − TS, (2.1.2)

where ∆U is the difference in internal energy with respect to the isolated molecule reference

state, V is the molar volume of the unit cell, and S is the entropy of the bulk crystal. Note

that the entropy of the isolated molecule at 0 K reference state is zero. At a given temperature

and pressure, the most stable crystal structure corresponds to the global minimum in the Gibbs

free energy landscape, while local minima are referred to as metastable structures. The Gibbs

free energy provides a more direct link to practically important and experimentally measurable

properties, such as solubility and specific heat capacity, than the internal energy.

The PV term in equation (2.1.2) can usually be neglected under ambient conditions of

temperature and pressure due to its small contribution to the overall free energy. At atmospheric

pressure, the contribution of the PV term is typically on the order of J/mol, while the Gibbs

free energies are on the order of kJ/mol. This significant difference in magnitude justifies the

common practice of using Helmholtz free energy instead of Gibbs free energy as the stability

criterion. The accurate evaluation of the entropic and thermal contributions for numerous

structures, as generated in CSP studies, can be challenging due to the computational cost and

complexity associated with the calculation of those contributions. To overcome this challenge,

approximations of the free energy are often employed to determine the relative stability of

structures generated in CSP studies. A common approach is to assess relative stability by

considering differences in internal energy by neglecting the PV and TS terms. At 0 K, this

approximation is further simplified to equating the difference in Gibbs free energy between two

crystals to their lattice energy difference. This approximation is justified by the fact that at 0

K, the lattice energy difference is expected to make the biggest contribution to relative stability.

A breakdown of the contributions to internal energy can be found in Section 2.3. The validity of

this assumption is examined in this thesis by assessing the effect of thermal contributions (see

Section 2.3) on the relative stability of CSP generated structures across a range of temperatures.

2.2 Crystal Structure Prediction framework

The main objective of CSP is to produce a ranked list of plausible crystal structures based solely

on the molecular connectivity diagram(s) of the molecule(s) under investigation [7, 11, 17]. The

ranking is achieved by ordering crystal structures in terms of ascending (free) energies. A

number of CSP methodologies have proven to be effective in examining the crystal landscapes

of organic molecules [11]. Successful CSP methodologies have adopted multistage approaches,

usually comprising a candidate generation stage and multiple refinement stages, allowing to

tackle different problems at each stage [1]. The goal of the candidate generation stage is to

generate a sufficient number of diverse crystal structures that will be subsequently used as

starting points in the refinement stages.
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Figure 2.1: A flowchart describing the multistage CSP methodology [1]

The high dimensionality of the crystalline landscapes requires the minimisation of a large

number of structures (hundreds of thousands to millions). The predicted structures are generated

using simplified and computationally-efficient energy models that allow the thorough exploration

of the crystal energy landscape. Our choice to trade off accuracy for efficiency is justified by the

fact that a cheaper energy model, while potentially less effective for ranking, can reproduce the

crystalline geometry with sufficient accuracy. In the 5th blind test [10], calculations performed

with MD simulations using a force field with transferable parameters predicted the experimental

forms with satisfactory geometry reproduction, however performed poorly in terms of energy

ranking. The most promising structures are those identified as having the lowest energy during

the global search stage. Energy cutoffs (thresholds) are applied to narrow down the number of

structures that are fed into the subsequent stages and are refined adopting more accurate but

computationally expensive energy models. The number of the “low” energy structures a that

are fed to the subsequent refinement stages ranges from hundreds to thousands and strongly

depends on the computational cost of the utilised methods. For example, structures within 20

kJ/mol from the global minimum of the CrystalPredictor landscape are typically minimised using

CrystalOptimizer algorithm [18]. More details for the CrystalPredictor and CrystalOptimizer

algorithms can be found in Section 3.6.

The methods employed in the candidate generation stage can be broadly categorised into

biased and unbiased approaches. Unbiased methods involve the generation of numerous initial

structures with the goal of broadly sampling the space of putative crystal structures. Each

initial structure is minimised locally, resulting in a ranked list of potential structures. A notable

characteristic of unbiased methods is the equal allocation of computational effort to both low

and high energy regions of the crystal energy landscape, even though the latter regions are of

less importance. The initial crystal structures are generated by considering a grid in the space
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defining the crystal structures. The sampling of the space of crystal structures can be performed

in a uniform (homogeneous) manner, however non-uniform approaches have been proven to

sample more effectively the phase space. A typical example is the quasi-random sampling based

on Sobol’ sequence [19] as implemented in the CrystalPredictor algorithm [20, 21, 22] and GLEE

[23]. In the CSP workflow of XtalpI [24, 25], the sampling of the space of crystal structures

during the candidate generation stage in performed randomly.

Biased methods seek to explore more promising parts of the energy landscape, by allocating

computational resources closer to minima in the landscape. In Monte Carlo simulated annealing

(MCSA) [26], starting from a random structure a new neighbouring structure in the landscape is

accepted unconditionally if it has lower energy. In contrast, if its energy is higher than the pre-

vious structure, the new structure is accepted using the Metropolis criterion. The temperature

is increasing and decreasing multiple times to allow structures escape local minima. Parallel

tempering is an extension MCSA that offers the exchange of configurations between multiple

MCSA simulations running in parallel. The latter method has been implemented in GRACE

[27] and has demonstrated very good performance in the 5th [10] and 6th [11] CCDC blind tests.

Recently, genetic algorithms have been employed in the candidate generation stage, with algo-

rithms like Gator [28] utilising evolutionary niching [29] to enhance the diversity of sampled

crystal structures.

The most promising structures, identified in the candidate generation stage, are refined using

more detailed energy models. The approaches utilised for CSP refinement can be broadly cate-

gorised into force field and electronic structure methods. A force field is a mathematical model

that describes the potential energy of the system as a function of interatomic positions. Force

fields with transferable parameters assigned to specific atom types have routinely been employed

to model interactions in molecular simulation studies. In CSP, the force fields parameters can be

either tailor-made or transferable. The term tailored-made CSP force field is used throughout

the text to describe force fields parameterised using QM calculations for a specific molecule.

Tailor-made parameters are derived for the molecule(s) of interest using quantum mechanical

(QM) calculations offering increased accuracy at a higher computational cost. For instance,

point charges [30, 25] or multipole moments [31] can be fitted to charge densities obtained from

electronic structures methods. The use of tailor-made parameters aims to maintain the accuracy

of the fitted charge densities, while keeping the computational cost low. Also, the tailor-made

parameters can be used in simulations to evaluate thermodynamic properties using consistent

energy models [24].

In electronic structure methods, on the other hand, the crystal is represented at the level of

nuclei and electrons. A variety of commercial and academic software exist for performing periodic

DFT calculations. The implementations differ mainly on the mathematical representation of the

basis used to describe the charge density, whether plane waves [32], atom-centred Gaussians [33]

or natural atomic orbitals [34]. The success of DFT relies on an accurate approximation of

the exchange-correlation energy based on the electron density of the system. A hierarchy of

existing exchange-correlation functionals has been proposed by Perdew & Schmidt [35]. The
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proposed methods include local density approximations, generalised gradient approximations

(GGAs), meta-GGAs and hybrid functionals, each of which offers a more accurate description of

electronic structure at an increased computational cost. The (semi)local nature of standard DFT

approaches neglects long-range dispersion interactions and this results in poor performance for

molecular crystals. Dispersion corrected density functional theory (DFT-d) has been successfully

applied to address this issue for optimising and ranking structures generated in CSP studies.

Notably, the DFT-d methods proposed by Tkackenko and Shefller [36] and the D3 correction by

Grimme et al. [37] adopt a classical treatment of dispersion as oscillations of multipole moments,

which offers good balance between accuracy and efficiency. Beyond pairwise effects, many body

dispersion (MBD) interactions [38] provide high accuracy energies but are too expensive for

geometry optimisation of molecular crystals. DFT-d methods have gained increased popularity

in recent years. In the 5th blind test [10] just 2 groups employed such methods, with the number

of groups growing to 12 in the 6th blind test [11].

An important consideration in both candidate generation and refinement stages is the treat-

ment of molecular flexibility. Although an atomistic approach allows for a full representation

of molecular flexibility, increased efficiency can be achieved by allowing only some fragments

of the molecules to vary freely, while keeping the rest of the molecular geometry rigid. DFT-

d calculations are performed in an atomistic manner, whereas force field methods may adopt

a fully or partially rigid treatment. Most commonly, a smaller number of degrees of freedom

(DoFs) is treated as flexible in the candidate generation stage. As an example, in the global

search stage of CrystalPredictorII [22, 21], a few flexible DoFs can be treated as optimisation

variables accounting for limited molecular flexibility. The global search in the global lattice

energy explorer (GLEE) algorithm [23] involves the generation of multipole conformers prior

to minimisation, each of which is minimised adopting a rigid-body approach. Force fields can

be also employed in the refinement stages, with DMACRYS [39] and CSO-RM [40] employing

a fully rigid approach, optimising the interactions between molecules using a polarisable and

anisotropic force field. In other force field-based approaches, such as CrystalOptimizer [18]

and CSO-FM the conformational DoFs that are treated as flexible are specified as user-defined

optimisation variables. In this thesis, the CrystalPredictorII algorithm is utilised in the candi-

date generation stage, while the lattice energy minimisation (refinement stage I) is carried out

using either DMACRYS/CrystalOptimizer or CSO-RM/CSO-FM. More details regarding the

CrystOpt/DMACRYS and CSO-RM/FM lattice energy minimisation algorithms can be found

in Section 4.2.1.

As discussed in Section 2.1, the Gibbs free energy is the thermodynamic quantity that governs

the stability relation of pure crystals at finite temperature and pressure. However, consideration

of free energy is not yet widespread in CSP studies due to the often-limited accuracy of the

computed free energy values and the high computational cost of obtaining them. We review

the free energy methods that have been used as part of multistage CSP methodologies in the

remaining of this chapter. The free energy methods used in CSP can be divided into three cate-

gories: Lattice dynamics theory for calculating vibrational free energies, free energy calculation
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methods based on molecular dynamics (MD) simulations and methods that account for disorder

in molecular crystals, which are discussed in Sections 2.3, 2.4 and 2.5, respectively.

2.3 Free energy calculations with lattice dynamics

The vibrational contribution to free energy can be evaluated using the lattice dynamics (LD)

theory that was originally developed by Born and Huang [41]. In this section, we introduce

the approximations used in LD theory and describe the importance of capturing vibrational

contribution to free energy for the case of molecular crystals. We also review existing LD

methods that have been applied to rank CSP generated structures using vibrational free energy

as the criterion determining relative stability.

2.3.1 Approximations in lattice dynamics theory

LD theory [41, 15] provides a formalism for the description of atomic and molecular vibrations

within a crystal lattice. Estimates of both the zero point energy (ZPE) and thermal contributions

to vibrational free energy, Avib(T ), can be obtained from phonon frequencies, including the

effects of both entropy and thermal energy. Within the LD framework, the Gibbs free energy of

a crystal is given by:

∆G(T, P ) = ∆U latt + PV +Avib(T )

= ∆U latt + PV + UZPE + U thermal(T )− TS
(2.3.1)

where ∆U latt is the lattice energy, which is defined as the energy difference between the crystal

and gas states and is discussed in more detail in Section 3.4. Avib collectively denotes the vibra-

tional contributions to free energy. These include the ZPE, UZPE, thermal energy, U thermal(T ),

and entropic contribution to free energy, TS. Note that definition of ∆G(T, P ) given in Equa-

tion (2.3.1) is equivalent with Equation (2.1.2), as for a molecular crystal ∆U is equal to the

sum of ∆U latt, UZPE and U thermal(T ). More details regarding the thermal contributions can be

found in Subsection 3.3.2.

The harmonic approximation (HA) of LD theory was first introduced by Born and Huang

[41]. Within the HA, the potential energy of the crystal is approximated by a quadratic (har-

monic) function using a second-order series expansion around an equilibrium position, typically a

local minimum on the lattice energy hypersurface. This harmonic potential allows the derivation

of analytical expressions for the vibrational free energy and associated thermodynamic quan-

tities based on phonon frequencies. The derivation of the HA equations for molecular crystals

and our CSP force field are described in Chapter 3. The HA is restricted to the evaluation of

thermodynamic properties at constant volume, such as the isochoric heat capacity (CV). The

equilibrium geometry of the unit cell is commonly obtained via a lattice energy minimisation

and remains fixed at all temperatures. The HA is expected to perform better at lower tempera-

tures since at elevated temperature the effects of thermal expansion and anharmonic vibrational
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contributions become more significant. At temperatures above the melting point, the HA is not

applicable as the periodic long-range order of the crystal breaks down.

The quasi-harmonic approximation (QHA) [42, 43, 44, 45] is an extension of the HA that

takes into account the effect of temperature on the geometry and volume of the unit cell. In

the QHA, multiple HA calculations are performed for different unit cell geometries, allowing the

minimisation of ∆G(T, P ) with respect to volume at different temperatures. Each considered

geometry corresponds to same crystal structure or polymorph at different temperatures account-

ing for thermal expansion, which can be either isotropic or anisotropic [46]. QHA facilitates the

evaluation of properties such as the isobaric heat capacity (CP). It is expected that QHA is more

reliable than HA for determining relative stability and evaluating thermodynamic properties.

However, QHA requires knowledge of the dependence of unit cell volume on temperature and

comes with a significant increase in cost as multiple HA calculations have to be performed for

each considered unit cell volume.

An additional extension of LD is the Anharmonic Approximation (AA), in which anhar-

monic contributions to the free energy are taken into account [47, 48, 49]. In most cases, the AA

involves incorporating higher order terms in the expansion series to capture the non-quadratic

shape of the lattice energy minimum. LD is the most widespread approach for computing vi-

brational free energies in CSP studies. Although the anharmonic approximation can provide

more accurate results, HA and QHA are usually preferred due to their relative simplicity and

lower computational cost [47, 50, 14]. In the remainder of this section, we highlight the impor-

tance of including vibrational contributions to free energy. In addition we present those studies

that have performed calculations using the LD theory as part of the CSP multistage procedure,

emphasising the use of HA and QHA in the 6th blind test.

2.3.2 The importance of vibrational free energy in CSP

There have been efforts to quantify the contributions of ZPE and temperature to the enthalpy

and entropy of polymorphs. Nyman and Day [51] have conducted the largest study to date

of rigid-body vibrational free energies. They found that in 9% of the 601 polymorphic pairs

examined, the inclusion of these terms caused a re-ranking of polymorphic stability between 0

K and room temperature. The study also confirmed that the differences in ZPE and isochoric

heat capacities between polymorphs are small, and highlighted the role of entropy as the main

contributor to changes in free energy differences. In a later study [45], the Gibbs free energies

of 864 crystal structures (475 polymorphic pairs) were evaluated between 0 K and the melting

point using both HA and QHA. Approximately 20% of the polymorphic pairs were re-ranked,

highlighting again the importance of temperature effects on polymorphic stability.

Overall, the inclusion of ZPE and thermal contributions is an important consideration if

we are to bridge the gap between computed and experimental crystal structure landscapes. In

recognition of this, free energy contributions have been incorporated within benchmark test sets

such as POLY59 [52] and X23 [53].
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2.3.3 Application of lattice dynamics in CSP

To date, there has been a limited number of studies where free energy contributions have been

included in the refinement stages of CSP. Most commonly, lattice energy is used instead of free

energy as the criterion for determining the relative stability. This approximation is attributed

to the increased computational cost associated with computing free energies for a large number

of structures generated in CSP studies. In most cases, free energies are only calculated for the

most promising structures identified as having the lower lattice energy during an intermediate

refinement stage. In [50], the rigid-body vibrational free energies of the 100 lowest energy

structures of Chloridazon were evaluated using DMACRYS [39] employing the co-prime linear

splitting. In the PhD thesis of Vasileiadis [14], the HA was employed to refine the 200 lowest

energy structures of Tetracyanoethylene and Imidazole using an atomistic force field. In these

studies, the free energy refinements typically resulted in an improved ranking of the experimental

form(s). In [47], the five target molecules of the sixth blind test were revisited, by calculating

the harmonic vibrational free energies at the PBE+TS level of theory. For all cases, except the

polymorphic target XXIII, the vibrational free energies were calculated for 4-8 structures per

molecule, with the experimental forms emerging as the lowest free energy structures. In the case

of target XXIII, the HA was applied to 46 structures while QHA and AA were employed for 9,

suggesting the existence of a yet undiscovered form as the most stable. In a very recent study

[54], a free energy benchmark set has been applied to multiple CSP generated landscapes for

evaluating the stability and solubility of molecular crystals. This study, allowed the evaluation

of the free energy of various compounds at different percentages of relative humidity.

In the 6th blind test [11], 6 out of 25 participating groups performed LD calculations to

rank structures based on free energies in their submitted lists. The groups of Price & coworkers

and Day & coworkers evaluated Helmholtz free energies by adopting a rigid-body treatment

utilising anisotropic force fields. The groups of Pickard & coworker, Boese, and Tkatchenko &

coworkers used DFT-d, while the group of Brandenburg & Grimme utilised HF-3c methods to

perform vibrational free energy calculations within the HA. The number of structures examined

in this context was heavily dependent on the approximations and cost of the underlying lattice

energy models as well as utilised free energy methods. As an example, using rigid-body force

fields, the group of Day & coworkers applied HA on a total of 992 structures using the co-

prime linear splitting method [45, 51]. On the other hand, groups utilising DFT-d [55, 37]

or HF-3c [56] methods were typically able to evaluate harmonic free energies for just a few

structures. The AA was used by the group of Pickard & coworkers to evaluate the ZPE of a single

structure by employing the vibrational self-consistent field theory [49]. In general, the ranking

of the computed polymorphs based on free energy was found to be more accurate, relative

to experimental evidence, compared to lattice energy ranking. The experimental structures

of molecules XXII, XXV and XXVI, were predicted as the global minima in the free energy

landscape by three of the groups using the HA. For Form B of molecule XXIII, Brandenburg &

Grimme predicted the experimental polymorph as the global minimum by including the ZPE in
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the lattice energy.

2.4 Free energy calculations with molecular dynamics

Molecular dynamics (MD) is a molecular simulation technique that allows the study of classical

systems for various thermodynamic ensembles [57]. Under the assumption of ergodic sampling,

the time averages in MD simulations are equivalent to ensemble averages, enabling the calcula-

tion of equilibrium and transport properties. At finite temperature and pressure, MD provides

a natural method for accounting for the effects of anharmonicity, such as thermal expansion

and the temperature dependence of phonon frequencies. The restriction of MD to short time

scales, in combination with the presence of high energy barriers in solid-solid transitions, lim-

its the applicability of conventional MD methods to molecular crystals [57]. To overcome this

limitation, a number of advanced MD methods have been developed for the study of crystalline

materials. Common MD methods used for calculating free energies of molecular crystals include

adiabatic free energy dynamics [58, 59], path-integral MD [60], orthogonal space random walk

[61] and multistate Bennett acceptance ratio (MBAR) [62, 63]. The accuracy of MD simulations

is inherently dependent on the utilised force field. In most cases, force field with transferable

parameters, such as OPLS [64], AMBER [65] and DREIDING [66], are used to quantify the

intramolecular and intermolecular interactions. More accurate force fields have also been pro-

posed, such as AMOEBA [67] that uses multipole moments and accounts for induction effects.

Force fields with transferable parameters perform well for liquids, but are not great for CSP [10].

Tailor-made force fields, fitted to periodic DFT-d calculations [1, 25, 30] perform better in terms

of ranking structures generated in CSP studies in comparison to force fields using transferable

parameters.

MD simulations have been applied to in predicted structures generated in CSP studies only

in a handful of cases [68]. Metadynamics is a powerful method for exploring the free energy

landscape of complex systems based on collective variables (CVs) [69, 70]. The sampling of the

configuration space is enhanced by adding a history-dependent term as a bias potential that is a

function of these CVs. The history-dependent term prevents the system from being trapped in

deep local minima, facilitating the study of transitions between forms. The successful application

of metadynamics to molecular crystals requires the identification of suitable CVs [71, 68, 72].

Metadynamics were applied to refine the CSP-generated landscapes of 5-fluorouracil [73] and

the industrial pigment red (PR179) [74]. In the former case, metadynamics was used to refine

the 60 lowest lattice energy structures, leading to 25% fewer free energy minima at ambient

temperature and pressure. Form II was predicted to be the most stable structure at 0 K and

0 Pa and remained unchanged without undergoing a phase transition during the metadynamics

simulation. Conversely, the experimentally most stable structure, Form I, transitioned into a

disordered structure after just a few metadynamics steps. For PR179, a total of 18 candidate

structures, generated through CSP at 0 K and 0 Pa, were employed as initial configurations for

metadynamics simulations. The most stable form, Form I, emerged as the global minimum in
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both the lattice energy and free energy landscapes. In a very recent study [75], the crystallis-

ability of two sulfonated compounds was investigated using a combined CSP and metadynamics

approach without embedding any prior knowledge of experimental information. Sulflower is

known to be crystallisable, while despite extensive experimental efforts, persulfurated coronene

(PSC) appears only in amorphous form. The CSP study involved structure generation and rigid-

body refinement using CrystalPredictorII [22] and DMACRYS [39], respectively. The effect of

temperature was captured via NPT and NVT MD simulations and well-tempered metadynamics

(WTMD) for the 20 lowest energy structures generated in the CSP study. The experimental

structure of sulflower was predicted as the lowest energy structure that did not transform into an

amorphous form. In contrast for PSC, all the generated crystal structures were found to convert

to disordered systems under small amounts of work indicating that it is not crystallisable. In

addition, for the two sulfonated compounds, the number of plausible polymorphs predicted in

the final landscape was significantly reduced by the application of WTMD. This study is the

first time that the propensity of a compound to crystallise was successfully predicted with an

entirely in silico approach.

In the sixth blind test, only the group of Tuckerman & coworkers carried out MD calculations

[11]. They used a Symmetry adapted perturbation theory (SAPT) DFT-generated force field

to obtain a free energy ranking for 30 structures for molecule XXII using crystal-Adiabatic

Free Energy Dynamics [58]. They found the experimental structure as the fourth lowest energy

structure among the set of thirty. The Einstein Crystal method [76, 77] is another promising

approach for free energy evaluation via thermodynamic integration [57]. In this method, the

ideal Einstein Crystal, in which atoms oscillate around their equilibrium positions via harmonic

springs, is used as a reference state with an analytical free energy expression. Free energy is

then evaluated along a thermodynamic pathway (cycle) that connects this reference state to the

solid of interest via intermediate states. The extended Einstein Crystal method has been used to

evaluate the solubility of both organic and inorganic crystals [78, 79], however to our knowledge

this method has not yet been applied to CSP studies. The Einstein crystal has been used as the

reference state in the workflow of XtalPi [25] with free energy computed using multistage Bennett

Acceptance Ratio (MBAR) [80]. In a recent study [25], the polymorphic molecule XXIII, from

the 6thblind test [11], was revisited using a CSP approach that includes the evaluation of free

energy contributions. The CSP was carried out using Xtalpi’s cloud computing protocol [24].

It was found that the tailor-made force field derived from B3LYP-D* accurately captured the

observed experimental stability.

2.5 Disorder in molecular crystals

In addition to the effects of thermal and vibrational motion on free energy, disorder plays a sig-

nificant role in the stability of experimental crystals. Approximately a quarter of all structures

deposited in the CSD [81] exhibit disorder. In the case of such disordered structures, the role of

configurational entropy contributions to free energy becomes crucial in determining crystalline
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stability. The significance is attributed to the exponential rise in the number of available mi-

crostates within the ensemble of configurations. The distinct static structures generated in CSP

studies might belong to the same ensemble of configurations, often resulting in the identification

of metastable structures as stable forms. The main types of disorder that have been examined

in CSP studies distinguish between static and dynamic disorder. The former refers to cases

where different conformations are adopted by different molecules in the crystalline environment.

Dynamic disorder is related to the motion of the molecules within the crystalline lattice, often

arising from vibrations, rotations or diffusion. From a computational perspective, the modelling

of disorder remains challenging, even with experimental guidance. As a result, there have been

few CSP studies that have assessed the effect of disorder on the ranking of predicted structures.

In a combined experimental and CSP study, both dynamic and static disorder were investigated

for dimethylsulfoxide (DMSO):Carbamazepine solvates [82] using static models of disorder and

molecular dynamics simulations. It was found that in this static system disorder is dominant at

lower temperatures whereas dynamic disorder becomes more dominant above room temperature.

A promising technique for modelling substitutional and orientational static disorder is the

symmetry adapted ensemble technique (SAET) [83]. The importance of configurational free

energy in disordered systems has been highlighted through studies of several organic molecular

crystals, such as caffeine [84], eniluracil & dichloro/dibromobenzene [85]. In CSP studies, SAET

has also been applied alongside experiments for loratadine [86] and gandotinib [87]. For lorata-

dine [86], a CSP study using the GRACE [27] software resulted in the prediction of ordered

Form II as the global lattice energy minimum, in contrast with experimental measurements that

indicated Form I to be the most stable structure. Consideration of isolated-site disorder anal-

ysis and SAET led to the prediction of disordered Form I as the energetically most favourable

polymorph. The appearance of the disordered Form II was attributed to non-equilibrium effects

(frozen-in crystallisation). For gandotinib [87], the experimental study revealed a polymorph-

rich landscape. The CSP study on neat polymorphs predicted an undiscovered polymorph as

the lowest lattice energy structure, while Form I matched a highly populated family of similar

structures and Form II was not found in the CSP search. Consideration of vibrational free

energies, at the PBE(0)-MBD+Fvib level, and SAET led to the conclusion that the structure

predicted as being the most stable is not considerably more stable than Form I. The case of

gandotinib highlights the importance of considering configurational free energy in disordered

systems, and illustrates some of the continuing computational and experimental challenges in

the exploration of solid form landscapes.

2.6 Overview & Summary

So far we have introduced the general multistage CSP methodology and reviewed existing free

energy methods that have been applied in CSP studies. This section aims to address the limi-

tations and approximations of the utilised free energy methods to reveal the gaps in literature

and provide motivation for the work shown in this thesis. As discussed in Sections 2.3.3 and 2.4,
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there is only a handful of cases where free energies have been utilised to rank non-disordered

structures generated in CSP studies. This limited applicability of free energy calculation meth-

ods is attributed to the complexity and computational cost associated with evaluating entropic

contributions and capturing the effect of thermal and vibrational motion on free energy. A

summary of the free energy methods employed in CSP is given in Table 2.1. The free energy

calculations methods applied in CSP can be can decomposed into two categories. Those methods

that compute vibrational free energies using the approximation of lattice dynamics theory (HA,

QHA or AA) and those methods evaluating free energy employing molecular simulations (Meta-

Dynamics and MBAR). In the remainder of this section, we focus on lattice dynamics methods

have been used in CSP studies to highlight gaps in the literature and provide motivation for the

work presented in this thesis.

Table 2.1: Summary of studies that include an evaluation of the free energies of CSP-predicted

structures as part of the ranking procedure. Abbreviations not defined in the text: 6BT: Target

molecules XXII - XXXVI of the 6th blind test, DMA: distributed multipoles analysis, PC: point

charges, MetadD: Metadynamics.

Authors Molecule Method Energy model Flexibility Ref

Price group 6BT (except XXIX) HA DMA No [60]

Day group XXII, XXV HA DMA No [60]

Nyman chloridazon HA DMA No [50]

Vasileiadis imidazole & TCNE HA DMA Yes [14]

Tkatchenko group 6BT HA PBE-TS Yes [60]

Hoja et al. 6BT HA PBE-TS Yes [47]

Hoja et al. XXII QHA & AA PBE-TS Yes [47]

Karamertzanis et al. 5-fluorouracil MetaD PC Yes [73]

Zykova et al. PR179 MetaD PC Yes [74]

Zhang et al. XXIII MBAR PC Yes [24]

Vibrational free energies have been computed using DFT-d for the target molecules XXII to

XXVI of the 6th blind test [11] in the work of Hoja et al. [47] with candidate crystal structures

generated with GRACE [27]. The same procedure has been employed by Tkatchenko’s group

in the 6th blind test [11], with candidate crystal structures provided by the group of Price

and co-workers. The geometry optimisation was performed at the PBE-TS level of theory and

calculated energies were supplemented with single point calculations using MBD corrections and

the PBE0 hybrid functional. Vibrational free energy contributions were calculated at the PBE-

TS level of theory. The computational cost of performing the free energy calculations ranged

from 180 CPU hours to 45,000 CPU hours per crystal structure depending on the unit cell size,

shape and symmetry. Overall, the cost associated with free energy evaluations at the PBE-TS

level of theory was reported to be two to three time larger than that of performing lattice energy
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single point calculations at the PBE0 + MBD level of theory. For all the blind test molecules,

the use of calculated free energies resulted in experimental structures having the lowest energy

among all structures.

Alternatively, vibrational free energies can be calculated using force fields that provide effi-

ciency, allowing the examination of a larger number of structures. The model of intermolecular

interactions using DMA [31] has been successfully applied to a wide range of crystal structures

e.g. by Price and Day groups in the 6th blind test [11] as well as in the PhD thesis of Nyman

[50]. In these mentioned studies, free energies have been computed using DMACRYS adopting

a rigid-body approach that neglects the impact of atomic vibrations in calculated free energies.

In some cases, the effect of flexibility on the calculated lattice energies (instead of free ener-

gies) was taken into account by performing lattice energy minimisations with CrystalOptimizer

[18]. A lattice dynamics method that employs DMA and in principle accounts for molecular

flexibility has been developed by Vasileiadis [14]. Although this method employs an atomistic

treatment, it was applied to refine the CSP landscapes of two rigid molecules imidazole and

tetracyanoethylene (TCNE).

In the work presented in this thesis, we extent the applicability of the method developed by

Vasileiadis to flexible molecules. We examine the effect of using a lattice energy minimisation

algorithm that accounts for molecular flexibility. Our objective is to examine whether the

evaluation of free energies can be incorporated into our CSP multistage approach. In the next

chapter, we derive the lattice dynamics equations for performing with an energy model that

used distributed multipoles.

2.7 Conclusions

The stability of molecular crystals at a given T and P is governed by Gibbs free energy. The

goal of CSP is to identify the most stable form of a compound at a given temperature and

pressure and other forms in order of descending stability. The state-of-the art CSP methods

employ multistage approaches, which involve a candidate generation and multiple refinement

stages. Despite the associated computational cost, lattice energy calculations employing DFT-d

are expected to yield higher accuracy compared to force field methods. Force fields are usually

employed in the candidate generation stages as their efficiency compared to DFT-d methods

allows for a broader exploration of the crystal landscape. The development of customised force

fields, tailored to a specific molecule and level of theory, facilitates the examination of a larger

number of structures while maintaining a high level of accuracy. Two of the most successful

tailor-made force fields use either multipoles moments fitted to isolated-molecule QM calculations

via DMA [39] or point charges fitted to periodic DFT-d [24, 25].

There are very few studies in the literature in which free energies have been employed to rank

predicted structures in CSP generated landscapes. This is attributed to the high computational

cost of capturing entropic contributions for a large number of structures. The existing methods

include atomistic DFT-d calculations or rigid-body LD with anisotropic force fields. The former
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method can provide very accurate results, but is computationally expensive. The anisotropic

force fields can provide the necessary efficiency, but the rigid treatment neglects contributions

arising from intramolecular vibrations. The method adopted in this thesis offers efficiency while

incorporating intramolecular contributions but has so far only been applied to evaluate the free

energy of rigid molecules. Our objective is to extend the applicability of the method to molecules

that exhibit molecular flexibility.
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Chapter 3

Lattice dynamics for a tailor-made CSP force field

In this chapter, we initially present a mathematical description of crystal geometry (Section

3.1) and derive the necessary expressions for performing LD calculations within the HA for

the general case of a potential expressed as a function of the atomic positions in the crystal

(Section 3.2). Next in Section 3.3, we define vibrational contributions to the free energy and

provide analytical expressions for entropy, isochoric heat capacity and thermal energy. We

proceed by describing the specific tailor-made force utilised in the lattice energy and free energy

refinement stages in our work (Section 3.4). The lattice dynamics equations using our tailor-

made force field are then derived from the equations for the general potential. Further details

of the derivations presented in this chapter can be found in the thesis of Vasileiadis [14]. Here,

we summarise the key points of the LD derivations, provide additional details of the derivations

of thermodynamic properties (entropy, isochoric heat capacity and thermal energy). We also

correct some typographical errors in [14] related to the derivation of the electrostatic component

of the dynamical matrix (see Section 3.5) and the unit vector connecting two interacting atoms.

3.1 Mathematical description of molecular crystals

A crystal structure can be described by means of a lattice and a basis, where a lattice refers to a

regular and periodic arrangement of points in space and basis to a group of atoms or molecules

that are assigned to the lattice. The lattice and basis can be represented in a unit cell, which

describes a repeating unit of the crystal without considering any symmetry operations that, when

translated along three dimensions, reproduces the entire crystal structure. As an example, the

unit cells of the YN and OP polymorphs of ROY are shown in Figure 1.1. Without any loss

of generality, the shape of the unit cell geometry is given by a parallelepiped defined by three

lattice lengths (a, b, c) and three lattice angles (α, β, γ). An example of a unit cell is shown in

Figure 3.1.

The unit cell matrix, R, is determined by the three lattice vectors, a, b and c and given by:

R = (a, b, c) =


a b cos γ c cosβ

0 b sin γ c cosα−cosβ cos γ
sin γ

0 0 c
√
w

sin γ

 , (3.1.1)
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Figure 3.1: A typical diagram of a unit cell

where w is the lattice deformation variable [20, 40] given by:

w = 1− cos2 α− cos2 β − cos2 γ + 2 cosα cosβ cos γ. (3.1.2)

The upper triangular form of the unit cell matrix implies that lattice vector a is parallel to the

x-axis, lattice vector b lies on the xy-plane, and lattice vector c forms a right-handed coordinate

system with respect to the other two vectors. The unit cell volume V can be calculated as

V = a · (b× c).

For molecular crystals, the description of atomic positions requires to introduce three dif-

ferent indices, each of which is used to label unit cells, molecules and atoms. Given a unit cell

containing Z molecules, the capital case indices I, I = 1, 2, ..., Z, and J, J = 1, 2, ..., Z, are used

to enumerate the molecules in that unit cell. The total number of atoms inside a molecule is de-

noted by N and lower case indices, i, i = 1, 2, ..., N , and j, j = 1, 2, ..., N , are used to enumerate

atoms in a molecule. A set L of three-dimensional vectors, l, with L = {l} and l ∈ N3, is used

to describe the position of an arbitrary unit cell relative to the reference unit cell lT = (0,0,0)

via translations defined by the elements of l. The infinite set r consists of vectors holding the

coordinates of each atom in the crystal and is defined as

r = {rlIi, l ∈ L, i = 1, 2, . . . N, I = 1, 2, . . . , Z} , (3.1.3)

where rlIi is the vector describing the atomic coordinates of atom i in molecule I and unit cell

l. Due to the periodic structure of the crystal, it is convenient to evaluate the coordinates of an

arbitrary atom i in molecule I in any periodic unit cell l with respect to the atomic position of

the same atom in the reference unit cell

rlIi = r0Ii + lR, (3.1.4)

where r0Ii is the vector describing the position of atom i in molecule I in the reference unit cell.

3.2 Harmonic approximation

In this section, we will derive the harmonic approximation equations for the case of a general

potential, U(r), as a function of the positions of atoms within the crystal r. The crystal lattice
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energy can be approximated using a Taylor series expansion around an arbitrary reference point,

r̃, as:

U(r) ≈ U(r̃) +
∑
l∈L

Z∑
I=1

N∑
i=1

(rlIi − r̃lIi)
T ∂U

∂rlIi

∣∣∣∣
r̃

+
1

2

∑
l∈L

Z∑
I=1

N∑
i=1

∑
l′∈L

Z∑
J=1

N∑
j=1

(rlIi − r̃lIi)
T ∂2U

∂rlIi∂rl′Jj

∣∣∣∣
r̃

(rl′Jj − r̃l′Jj) + ...,

(3.2.1)

where the dots (...) in the last term of the right hand side of Equation (3.2.1) denote higher-order

terms of the expansion series (beyond quadratic terms).

In the harmonic approximation, the expansion point r̃ is chosen to coincide with a local

minimum (equilibrium point) in the lattice energy landscape. The harmonic potential, Uhar, is

thus approximated by a quadratic function using a second-order Taylor series expansion around

this equilibrium position. At those equilibrium position points, the force acting on each atom

is equal to zero and as a result the first-order term in the Taylor series expansion vanishes.

Furthermore, the expansion is truncated at the quadratic term by neglecting higher-order terms

in the series. Uhar provides an approximation of the true potential energy near the equilibrium

position and is given by the following quadratic equation:

Uhar(r) = U(r̃) +
1

2

∑
l∈L

Z∑
I=1

N∑
i=1

∑
l′∈L

Z∑
J=1

N∑
j=1

(rlIi − r̃lIi)
T ∂2U

∂rlIi∂rl′Jj

∣∣∣∣
r̃

(rl′Jj − r̃l′Jj). (3.2.2)

Using the harmonic potential, the forces exerted on each atom, FlIi, in the crystal can be

evaluated from the first derivative of the harmonic potential with respect to the atomic position

vectors

FlIi = − ∂Uhar(r)

∂rlIi

∣∣∣∣
r̃

= −
∑
l′∈L

Z∑
J=1

N∑
j=1

∂2U

∂rlIi∂rl′Jj

∣∣∣∣
r̃

(rl′Jj − r̃l′Jj), ∀lIi, (3.2.3)

where the symbol ∀ implies that the indices take all their permissible values. The equations of

motion, derived from Newton’s second law, are used to obtain the dynamical evolution of the

crystal:

FlIi = mIi
∂2(rlIi − r̃lIi)

∂t2
, ∀lIi, (3.2.4)

where mIi is the mass of atom Ii, which does not depend on the unit cell index as the peri-

odic images of an atom have the same mass. By combining Equations (3.2.3) and (3.2.4), the

equations of motion become:

−
∑
l′∈L

Z∑
J=1

N∑
j=1

∂2U

∂rlIi∂rl′Jj

∣∣∣∣
r̃

(rl′Jj − r̃l′Jj) = mIi
∂2(rlIi − r̃lIi)

∂t2
, ∀lIi, (3.2.5)

At this point, it is convenient to introduce the displacement vector, dlIi = rlIi − r̃lIi, defined as

the difference between the position of atom lIi and its equilibrium position. Note that the partial

derivatives of the displacement vector and atomic position vector can be used interchangeably
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as ∂dlIi = ∂(rlIi − r̃lIi) = ∂rlIi. Substituting dlIi in Equation (3.2.5) yields:

−
∑
l′∈L

Z∑
J=1

N∑
j=1

∂2U

∂dlIi∂dl′Jj

∣∣∣∣
r̃

dl′Jj = mIi
∂2dlIi

∂t2
, ∀lIi, (3.2.6)

The solution of the system of second order differential equations stated as Equation (3.2.6) has

the general form of a harmonic wave [15]:

dlIi = d̃Ii(k)e
i(k·r̃lIi−ω(k)t), (3.2.7)

where d̃Ii(k) is the amplitude of the harmonic wave, which is independent of l as the difference

in the motion of atoms in different unit cells is described by the exponential factor. ω(k) is the

angular frequency, which depends on the reciprocal space (wave) vector, k, taking values in the

reciprocal space defined as

k = ξaa
∗ + ξbb

∗ + ξcc
∗, ξa, ξb, ξc ∈ R, (3.2.8)

where ξa, ξb and ξc are the reciprocal space coordinates and a∗, b∗ and c∗ are the reciprocal

lattice vectors given by:

a∗ = 2π
b× c

a · (b× c)
, b∗ = 2π

c× a

a · (b× c)
, c∗ = 2π

a× b

a · (b× c)
, (3.2.9)

The unknown parameters of the harmonic wave equation, d̃Ii and ω(k), are determined by

substituting the harmonic wave Equation (3.2.7) into Newton’s equations of motion (3.2.6).

The resulting expression reads:

−
∑
l′∈L

Z∑
J=1

N∑
j=1

∂2U

∂dlIi∂dl′Jj

∣∣∣∣
r̃

d̃Jj(k)e
i(k·r̃l′Jj−ω(k)t) = mIid̃Ii(k)e

i(k·r̃lIi−ω(k)t)ω2(k), ∀lIi.

(3.2.10)

After some manipulation involving dividing with
√
mIi, introducing

√
mJj√
mJj

, taking into account

that the terms e−ω(k)t cancel out and rearranging the exponential term, Equation (3.2.10) can

be written in the following equivalent form:

−
∑
l′∈L

Z∑
J=1

N∑
j=1

∂2U

∂dlIi∂dl′Jj

∣∣∣∣
r̃

1
√
mIimJj

√
mJjd̃Jj(k)e

ik·(r̃l′Jj−r̃lIi) =
√
mIid̃Ii(k)ω

2(k), ∀lIi.

(3.2.11)

Next, defining a set of polarisation vectors as e = (e11, e12, ..., e1N , e21, ..., eZN )T , where eIi =
√
mIid̃Ii, yields

−
∑
l′∈L

Z∑
J=1

N∑
j=1

∂2U

∂dlIi∂dl′Jj

∣∣∣∣
r̃

1
√
mIimJj

eJj(k)e
ik·(r̃l′Jj−r̃lIi) = eIi(k)ω

2(k), ∀lIi. (3.2.12)

The next and final step in the derivation involves introducing the dynamical matrix, D(k)

as the mass weighted Hessian matrix of the second-order derivatives of the lattice energy
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with respect to atomic positions (or displacements) multiplied by the exponential phase fac-

tor, eik·(r̃l′Jj−r̃lIi). The dynamical matrix is a 3ZN × 3ZN matrix. The dynamical matrix

elements, DiI,Jj(k), are given by

DiI,Jj(k) = − 1
√
mIimJj

∑
l′∈L

∂2U

∂dlIi∂dl′Jj

∣∣∣∣
d̃

eik·(r̃l′Jj−r̃lIi). (3.2.13)

As mentioned above, the differentiation of the lattice energy with respect to atomic positions

is equivalent with the differentiation with respect to atomic displacements. In addition, the

reference position vector r̃ is replaced with the symbol r to simplify the notation. Furthermore,

due to the invariance of the exponential phase factor to the unit cell, we can focus on the

reference unit cell without any loss of generality. As a result, the exponential phase factor

becomes eik·(rlJj−r0Ii) and the dynamical matrix expression can be rewritten into the following

equivalently expression:

DiI,Jj(k) =
1

√
mIimJj

∑
l∈L

∂2U

∂r0Ii∂rlJj

∣∣∣∣
r

eik·(rlJj−r0Ii). (3.2.14)

The system of equations (3.2.10) can be re-written in matrix notation as

D(k)e = ω2(k)e. (3.2.15)

Equation (3.2.15) describes an eigenvalue problem, wherein a matrix multiplied by a vector is

equal to the same vector multiplied by a set of scalar quantities. The eigenvalues, λn, of the

dynamical matrix are computed via diagonalisation. Since the dynamical matrix is Hermitian

(DT = D∗), it has real eigenvalues. The eigenvalues of the dynamical matrix are related to the

angular, ωn, and radial, νn, phonon frequencies via the following relation

ωn(k) =
√
λn = 2πνn(k) n = 1, 2, ..., 3ZN. (3.2.16)

The signs of the phonon frequencies have a well-defined physical interpretation. Positive eigen-

values correspond to stable structures, whereas negative eigenvalues yield imaginary frequencies

indicating that the structure in unstable.

3.3 Thermodynamic functions

In this section, we derive the harmonic vibrational free energy expression using the Bose-Einstein

distribution of bosons [15]. Additionally, we provide analytical expressions for entropy, heat

capacity and thermal energy.

3.3.1 Vibrational free energy

As shown in the Section 3.2, the harmonic potential is a quadratic function of the atomic

displacements from their equilibrium positions. This quadratic (harmonic) function means that
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atoms lie on potential wells of parabolic shape. The vibrational energy of the harmonic oscillator,

Uvib(ηkn), is derived by adopting a quantum mechanical description.

Uvib =
∑
k

3N∑
n=1

(1
2
+ ηkn

)
ℏωn(k), ηkn ∈ N0, (3.3.1)

where ℏ = h
2π , with h being the Planck constant. In the HA, the oscillators are not coupled,

meaning that the motion in each direction is independent of the others. As can be seen in

Equation (3.3.1), the energy states are separated by ℏωn(k). For ηkn = 0, the lowest energy

state (ground state) is occupied, yielding a non-zero contribution to vibrational energy. This

contribution arises from the quantum mechanical treatment of the harmonic oscillator and is

referred to as zero point energy (ZPE), UZPE. The free energy expression can be derived by

constructing the partition function, QNV T , in the canonical ensemble (NV T ) and evaluating the

free energy using A = −kBT lnQNV T , where kB is the Boltzmann constant [14]. Alternatively,

making use of the fact that phonons are bosons, the free energy expression can be derived using

the Bose-Einstein distribution [15]. The expression describing the vibrational contributions to

the free energy, Avib(T ), is given by:

Avib(T ) =
∑
k

3N∑
n=1

1

2
ℏωn(k) +

∑
k

3N∑
n=1

kBT ln

[
1− exp

(
−ℏωn(k)

kBT

)]
, (3.3.2)

where the first term on the right hand side is the ZPE and we will refer to the second term

as the thermal contributions to the free energy (not to be confused with thermal energy). The

Helmholtz free energy at a given temperature, A(T ), is computed as the sum of the static lattice

energy and vibrational component:

A(T ) = U latt +Avib(T ). (3.3.3)

Since the reciprocal space is continuous, the sum over k, which appears in Equation (3.3.2)

can be expressed as a triple integral along the reciprocal space coordinates ξa, ξb and ξc.

A(T ) = U latt +

∫ 1

0

∫ 1

0

∫ 1

0

3N∑
n=1

{
1

2
ℏωn(k) + kBT ln

[
1− exp

(
−ℏωn(k)

kBT

)]}
dξadξbdξc (3.3.4)

In computational studies, however, the evaluation of k points is performed in a discrete manner.

The triple integral of Equation (3.3.4) is calculated using the Gauss-Legendre quadrature (GLQ)

numerical integration technique. Details of the GLQ can be found in the PhD thesis of Vasileiadis

[14].

The Gibbs free energy, G, can been obtained via the partition function in the isobaric-

isothermal ensemble (NPT ) and is given by the equation below

G(T, P ) = U latt + PV +

∫ 1

0

∫ 1

0

∫ 1

0

3N∑
n=1

{
1

2
ℏωn(k) + kBT ln

[
1− exp

(
−ℏωn(k)

kBT

)]}
dξadξbdξc

(3.3.5)

Note the consistency between Equation (3.3.5) and Equation (2.3.1). In Equation (3.3.5), the

vibrational contributions to free energy (Avib), which are namely, ZPE, thermal energy and
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entropy, are expressed as a function of phonon frequencies, ωn(k). As the temperature rises, the

unit cell’s volume tends to expand due to thermal effects. This expansion significantly influences

the position of the lattice energy minimum. In the harmonic approximation, the volume of

the unit cell is assumed to be kept constant, neglecting the effects of thermal expansion at

temperatures above 0 K. The QHA (see Section 2.3.1) can be utilised to tackle the limitations

arising from the harmonic treatment and provide more accurate values for the Gibbs free energy.

Throughout this thesis, the Helmholtz free energy is used as the metric for determining the

relative stability of crystals at temperatures above 0 K. The Helmholtz free energy is also

referred to as vibrational free energy.

3.3.2 Entropy, heat capacity and thermal energy

The vibrational entropy is calculated as the negative of the first derivative of the Helmholtz free

energy with respect to temperature

S = − ∂A(T )

∂T

∣∣∣∣
V

. (3.3.6)

The derivation involves the differentiation of the thermal contributions to free energy, which are

temperature-dependent. The resulting expression for entropy reads:

S = −kB
∑
k

3N∑
n=1

ln

[
1− exp

(
−ℏωn(k)

kBT

)]
+

1

T

∑
k

3N∑
n=1

ℏωn(k)

 exp
(
−ℏωn(k)

kBT

)
1− exp

(
−ℏωn(k)

kBT

)
 (3.3.7)

As has already been discussed, within the harmonic approximation the volume of the unit

cell is kept constant at its lattice energy minimum value. As a consequence, thermodynamic

quantities can be calculated at constant volume. The isochoric heat capacity or heat capacity

at constant volume, CV , is given by

CV (T ) = T
∂S

∂T

∣∣∣∣
V

. (3.3.8)

Substituting Equation (3.3.7) yields

CV (T ) = kB
∑
k

3N∑
n=1

(
ℏωn(k)

kBT

)2 exp
(
ℏωn(k)
kBT

)
(
1− exp

(
ℏωn(k)
kBT

))2 . (3.3.9)

The thermal energy, U thermal(T ), can be calculated as:

U thermal(T ) =

∫ T

0
CV dT

′

=

∫ T

0
kB

∑
k

3N∑
n=1

(
ℏωn(k)

kBT ′

)2 exp
(
ℏωn(k)
kBT ′

)
(
1− exp

(
ℏωn(k)
kBT ′

))2dT
′.

= kB
∑
k

3N∑
n=1

∫ T

0

(
ℏωn(k)

kBT ′

)2 exp
(
ℏωn(k)
kBT ′

)
(
1− exp

(
ℏωn(k)
kBT ′

))2dT
′.

(3.3.10)
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The integral shown in Equation (3.3.10) is computed based on the following formula:∫ (a
x

)2 e
a
x(

1− e
a
x

)2dx =
a

e
a
x − 1

+ c. (3.3.11)

The final expression for thermal energy is obtained by setting a = ℏωk(k)
kB

and x = T

U thermal(T ) =
∑
k

3N∑
n=1

ℏωn(k)

exp
(
ℏωn(k)
kBT

)
− 1

. (3.3.12)

The addition of Equation (3.3.12) and Equation (3.3.7) multiplied with T yields the thermal

contributions to free energy shown in the last term of the integral in the right-hand side of

Equation (3.3.5).

3.4 Energy model

So far, we have derived the harmonic approximation equations for molecular crystals based

on a general potential, U(r), as a function of interatomic distances, which themselves depend

on the coordinates of each atom in the crystal. As discussed on Section 2.2, force fields are

commonly employed in CSP studies as they offer increased efficiency compared to electronic

structure methods. In this section, we provide a detailed description of the tailor-made CSP

force field used in our lattice energy and free energy refinement stages.

In computational studies, force fields are energy models used to describe the interactions

between atoms. In many force fields, the potential energy, U , is decomposed in contributions

arising from different types of interactions

U = U intra + U inter + Uother (3.4.1)

where U intra, U inter and Uother refer to intramolecular, intermolecular and other interactions,

respectively. U intra captures the contributions arising from the interaction between atoms be-

longing to the same molecule. On the other hand, U inter accounts for interactions between

atoms belonging to different molecules and can be further decomposed into electrostatic, U ele,

and repulsion-dispersion interactions, U rep/dis. The term Uother consists of interactions that have

not been accounted for by U intra and U inter. These interactions can include induction effects,

and many-body contributions among others. We assume that Uother can be neglected and the

force field expression is given by

U = U intra + U inter

= U intra + U ele + U rep/dis.
(3.4.2)

For molecular crystals, the lattice energy, ∆U latt, is defined relative to a reference state. The

the gas phase energy, Ugas, of the isolated molecule is used as the reference state and ∆U latt is

given by.

∆U latt = U intra − Ugas + U ele + U rep/dis

= ∆U intra + U ele + U rep/dis,
(3.4.3)

26



Energy model

where ∆U intra is the intramolecular contribution to lattice energy. As already mentioned, the

parameters used in quantifying interactions in force fields can be either transferable or tailor-

made.

3.4.1 Intramolecular interactions

In our force field, the intramolecular energy refers to the interactions between atoms belonging

to the same molecule. The term gas phase or in vaccuo describes an isolated molecule that

does not interact with any other molecules. The minimum energy conformation of a molecule in

vacuo can be different from the conformation adopted in the crystal, as a result of the proximity

of molecules arranged in the lattice. The molecule in its gas phase is used as the reference state,

with ∆U intra defined as the energy required to deform a molecule from its gas phase conformation

to the conformation adopted in the crystalline environment (∆U intra = U intra − Ugas).

The intramolecular contribution to the lattice energy is calculated via isolated molecule

geometry optimisations using the Gaussian software [88]. For rigid molecules, the molecular

conformation in the gas phase is approximated to be identical to the one in the crystalline phase,

yielding ∆U intra = 0. The geometry of rigid molecules is thus obtained from an unconstrained

geometry optimisation. On the other hand, molecules that adopt different conformations in

vacuo and in the crystal, as a result of packing forces, are known as flexible molecules. Their

crystalline geometry is determined by constrained geometry optimisations. Selected DoFs, which

are treated as flexible during the local and global optimisation, are allowed to vary during the

geometry optimisation.

3.4.2 Pairwise additive potentials

A vector connecting two arbitrary atoms in the crystal describes the difference in positions

between atoms i of molecule I in the the central unit cell (l = 0) and atom j in molecule J unit

cell l. Here we introduce a shorthand of notation, with r0Ii,lJj defined as

r0Ii,lJj = rlJj − r0Ii = r0Jj +R · l− r0Ii. (3.4.4)

We assume that intermolecular interactions are pairwise additive and depend on the differ-

ence in positions between atoms belonging to different molecules. The intermolecular energy is

calculated as

U inter =
1

2Z

+∞∑
l=−∞

Z∑
I=1

Z∑
J=1︸︷︷︸

J ̸=I if l=0

Ni∑
i=1

Nj∑
j=1

U
rep/dis
0Ii,lJj (r0Ii,lJj) + U ele

0Ii,lJj(r0Ii,lJj), (3.4.5)

where r0Ii,lJj = ||r0Ii,lJj || is the magnitude of the vector connecting the pair of atoms (the

distance between them), the factor 1
2 avoids the double-counting of interactions, and the inter-

molecular energy is normalised per molecule in the unit cell (Z). The unit vector connecting

two interacting sites, r̂0Ii,lJj , is given by

r̂0Ii,lJj =
r0Ii,lJj
r0Ii,lJj

. (3.4.6)
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The derivative of r0Ii,lJj with respect to r0Ii is related to the unit vector and can be calculated

by application of the chain rule as:

∂r0Ii,lJj
∂r0Ii

=
∂r0Ii,lJj
∂r0Ii,lJj

∂r0Ii,lJj
∂r0Ii

=
r0Ii,lJj
r0Ii,lJj

∂r0Ii,lJj
∂r0Ii

= −r̂0Ii,lJj . (3.4.7)

A more detailed description and the derivation of the expressions for the second derivatives can

be found in the PhD theses of Vasileiadis [14] and Bowskill [40].

3.4.3 Repulsion-dispersion interactions

Repulsion interactions arise from Pauli’s exclusion principle, which excludes electrons from occu-

pying the same quantum state simultaneously. As atoms move closer to each other, the overlap

between the electron clouds results in a repulsive force that prevents atoms from collapsing into

each other. Repulsion is a short-range force, the magnitude of which increases as the inter-

atomic distance decreases. Contrary to repulsion, dispersion is a long range force that is always

attractive. Dispersion forces originate from instantaneous fluctuations of dipole moments be-

tween atoms. It is a common practice to model repulsion and dispersion (repulsion-dispersion)

interactions using a combined energy model. This choice can be justified for two reasons. Re-

pulsion and dispersion are calculated in a pair-wise additive manner and are usually treated as

isotropic in the sense that they depend on the distance (magnitude) and not in the direction of

the vectors connecting each atom within the crystal. In the context of CSP, the Buckingham

potential [89] is the most popular choice for modelling repulsion-dispersion parameters. The

wide adoption of the Buckingham potential can be attributed to the availability of parameters

fitted to a large set of experimental molecular crystal data performed and available as the FIT

potential [90]. Recently, the Buckingham potential parameters have been refitted to compu-

tational molecular structure data, where the structures have been optimised using DFT-d at

various levels of theory [40]. The expression for the Buckingham potential reads:

U
rep/dis
0Ii,lJj

(
r0Ii,lJj) = Aκ,κ′ exp

(
−

r0Ii,lJj
Bκ,κ′

)
−

Cκ,κ′

(r0Ii,lJj)6
, (3.4.8)

where Aκ,κ′ , Bκ,κ′ and Cκ,κ′ are the Buckingham potential parameters, κ = κ(Ii) and κ′ = κ′(Jj)

are the types of atoms Ii and Jj, respectively. The parameters proposed from Williams [90, 91]

(FIT) are commonly used in our energy model to describe like-like interactions. In the case

of unlike atom-pair interactions, i.e. between two atoms of different types, the Buckingham

potential parameters are given by application of the following mixing rules:

Aκ,κ′ =
√
AκAκ′ , Bκ,κ′ =

2BκBκ′

Bκ +Bκ′
, Cκ,κ′ =

√
CκCκ′ . (3.4.9)

3.4.4 Electrostatic interactions

There are a number of available formulations for the description of the electrostatic interac-

tions, differing in sophistication and complexity. One of the simplest electrostatic models is
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the Coulomb potential, UCoulomb, wherein a point charge is assigned to each atom and the

electrostatic energy depends on interatomic distances as

UCoulomb
0Ii,lJj

(
r0Ii,lJj) =

1

4πϵ0

QIiQJj

r0Ii,lJj
, (3.4.10)

where ϵ0 is the electric permittivity in vacuo, QIi and QJj are the fixed point charges of atoms

i in molecule I and atom j in molecule J , respectively. In our energy models, point charges are

utilised in the CrystalPredictor algorithm, used to conduct the global search stage. The Crystal-

Predictor point charges are parameterised using the ChelpG fitting scheme [92], by conducting

an isolated molecule calculation using the Gaussian software [88].

More detailed models adopt a QM approach that allows for the evaluation of the electron

density at different levels of theory. This description can offer higher accuracy albeit at an

increased computational cost. An attractive balance between efficiency and accuracy is offered

by distributed multipole analysis (DMA) [31], in which permanent multipole moments are fitted

to the charge densities obtained from isolated molecule QM calculations [88] using the GDMA

program [31]. DMA results in an anisotropic potential that depends both on the magnitudes

and the orientations of the vector connecting each pair of interacting atoms. The distributed

multiple moments are obtained by a multipole expansion using a Cartesian or Spherical tensor

formalism. The latter formalism is adopted in the lattice energy and free energy refinement

stages. The expression for the DMA electrostatic energy reads:

U ele
0Ii,lJj(r0Ii,lJj) =

1

4πϵ0

l≤4∑
lIi=0

l≤4∑
lJj=0

∑
kIi∈KIi

∑
kJj∈KJj

[lIilJj ]Q
kIi
lIi

Q
kJj

lJj

S
kIikJj

lIilJj l
(ΩI ,ΩJ , r̂0Ii,lJj)

(r0Ii,lJj)l+1

(3.4.11)

where the factor [lIilJj ] is given by:

[lIilJj ] = (−1)lIi

√
(2lIi + 2lJj + 1)!

(2lIi)!(2lJj)!
(3.4.12)

QkIi
lIi

and Q
kJj

lJj
are the multipole moments of atom i in molecule I and atom j in molecule J ,

respectively. The multipole ranks, lIi and lJj accounts for the order of interaction. The multipole

moments are named after their rank as charges (lIi = 0), dipoles (lIi = 1), quadrupoles (lIi = 2),

octapoles (lIi = 3), and hexadecapoles (lIi = 4). l = lIi + lJj is the combined rank of multipole

interaction between moments QkIi
lIi

and Q
kJj

lJj
. Interactions of a combined rank up to four (l = 4)

are considered in the summation. Each multipole moment of rank lIi has 2lIi + 1 components

taking values in between KIi = {−lIi, lIi − 1, ..., 0, lIi − 1, lIi).

S
kIikJj

lIilJj l
(ΩI ,ΩJ , r̂0Ii,lJj) is the so-called S-tensor describing the orientation-dependence of

multipole moments [93]. ΩI and ΩJ are matrices defining the local axis systems of molecules

I and J , respectively. The unit vector connecting the two interacting sites, r̂0Ii,lJj , is given

by Equation (3.4.6). For charge-charge (monopole-monopole) interactions (l = 0), there is

no orientational dependence as the interaction is isotropic (S00
000 = 0). In this case, Equation

(3.4.11) reduces to the Coulomb potential given by Equation (3.4.10). Analytical expressions
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for S00
101, S

±10
101 , S

00
011, S

0±1
101 , S

00
110, S

±1±1
110 , and S00

111 have been reported by Price and Stone [94] and

S-tensors for higher multipole moments are derived using recurrence relations.

3.5 Dynamical matrix

As discussed in Section 3.4, the lattice energy is decomposed into intramolecular, repulsion-

dispersion and electrostatic contributions. Similarly, we can follow the same breakdown for the

dynamical matrix expression

D = Dintra +Drep/disp +Dele. (3.5.1)

The intramolecular dynamical matrix is calculated by evaluating the phonon frequencies of the

isolated molecules by performing gas phase calculations using GAUSSIAN [88]. The repulsion-

dispersion and electrostatic contributions to the dynamical matrix are derived analytically. We

place particular emphasis on the generalised Ewald summation method used for calculating

the poorly-converging electrostatic energy, as calculated with DMA. In the remainder of this

section, we derive the dynamical matrix expression. This requires the evaluation of the second

derivatives of the components of the lattice energy with respect to atomic positions.

3.5.1 Derivatives of repulsion-dispersion interactions

As mentioned in Section 3.4.3, the repulsion-dispersion interactions are a function of the scalar

distance between any two arbitrary atoms 0Ii and lJj. The derivative of the repulsion-dispersion

energy between any two interacting atoms with respect to the distance is given by:

∂U
rep/dis
0Ii,lJj

∂r0Ii,lJj
= −

Aκ,κ′

Bκ,κ′
exp

(
−

r0Ii,lJj
Bκ,κ′

)
+ 6

Cκ,κ′

(r0Ii,lJj)7
(3.5.2)

In the dynamical matrix expression, shown in Equation (3.2.14), the differentiation of the lat-

tice energy component is performed with respect to the vector connecting the two interacting

atoms. The derivative of the repulsion-dispersion energy with respect to r0Ii,lJj is evaluated by

application of the chain rule

∂U
rep/dis
0Ii,lJj

∂r0Ii
=

∂U
rep/dis
0Ii,lJj

∂r0Ii,lJj

∂r0Ii,lJj
∂r0Ii

=
∂U

rep/dis
0Ii,lJj

∂r0Ii,lJj

∂r0Ii,lJj
∂r0Ii,lJj

∂r0Ii,lJj
∂r0Ii

(3.5.3)

where the terms on the right hand side are given by Equations (3.5.2) and (3.4.7). The second-

order derivative of the repulsion-dispersion interaction with respect to r0Ii is given by

∂2U
rep/dis
0Ii,lJj

∂(r0Ii,lJj)2
=

Aκ,κ′

B2
κ,κ′

exp
(
−

r0Ii,lJj
Bκ,κ′

)
− 42

Cκ,κ′

(r0Ii,lJj)8
(3.5.4)
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3.5.2 Generalised Ewald summation method

The sum shown in Equation (3.4.11) decays poorly due to the inverse relation between U ele

and r0Ii,lJj . In addition the sum is conditionally-convergent as the obtained value depends

on the utilised cutoff. The Ewald summation method [57] can be used to calculate poorly- or

conditionally-convergent sum. The method involves partitioning the electrostatic contribution

into short- and long-range contribution. Short-range contributions converge rapidly and are

summed in the direct space. This contribution in known as the real space contribution, U real.

The long-range contribution is transformed into an equivalent form using a Fourier transform

and the summation is performed in the reciprocal space. This is known as the reciprocal space

summation, U rec. The self-correction term, U self, is introduced to remove contributions that are

double-counted in the real and reciprocal sums. The partitioned electrostatic energy expression

reads:

U ele = U real + U rec + U self. (3.5.5)

The full derivation of the generalised Ewald summation method can be found in the PhD thesis of

Vasileiadis [14]. Here, we provide some key parts of the derivation and introduce terms appearing

in the expression used to evaluate the electrostatic energy through its various contributions. In

the work of Nijboer and De Wette [95], the Ewald summation method is derived by splitting

the lattice energy expression into an equivalent one using an auxiliary function of the form

f(x) = f(x)F(x) + f(x)[1−F(x)], with the auxiliary function defined as

F(r0Ii,qJj) =
Γ(12 + l, απ(r0Ii,qJj)

2)

Γ(12 + l)
, 1−F(r0Ii,qJj) =

γ(12 + l, απ(r0Ii,qJj)
2)

Γ(12 + l)
(3.5.6)

Here, the (complete) Gamma function, Γ(s), is defined as:

Γ (s) =

∫ ∞

0
e−tts−1dt (3.5.7)

and can be regarded as an extension of the factorial for non-integer values of s. s can generally be

any complex number except a negative integer. It is useful to partition Γ(s) into two integrals

from 0 to x and from x to +∞. The lower incomplete gamma function, γ (s, x), and upper

incomplete Gamma function, Γ (s, x), are defined as:

γ (s, x) =

∫ x

0
e−tts−1dt, Γ (s, x) =

∫ ∞

x
e−tts−1dt (3.5.8)

From the definitions, it follows that γ (s, x) + Γ (s, x) = Γ (s). In the context of DMA we are

interested in lattice sums where s = l+ 1
2 and x = απ(r0Ii,lJj)

2. The Ewald summation method

of of Nijboer and De Wette [95] is applied to poorly- or conditionally-convergent sums of the

general form: ∑
l∈L︸︷︷︸

l̸=0 if I=J

S
kIikJj

lIilJj l
(ΩI ,ΩJ , r̂0Ii,lJj)

(r0Ii,lJj)l+1
eik·r0Ii,lJj , (3.5.9)
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The conditionally-convergent part of the electrostatic energy expression, which is given by

Equation (3.4.11), contains the S-tensor over the interatomic distance and exponential fac-

tor, eik·r0Ii,lJj . The evaluation of the lattice energy is performed for k = 0 (wave vector equal to

zero). In the resulting expression, the electrostatic component of the dynamical matrix is par-

titioned into real, reciprocal and self-correction contributions as well as a molecular correction

term.

∑
l∈L︸︷︷︸

l̸=0 if I=J

S
kIikJj

lIilJj l
(ΩI ,ΩJ , r̂0Ii,lJj)

(r0Ii,lJj)l+1
eik·r0Ii,lJj =

=
1

Γ(12 + l)

[ ∑
l∈L︸︷︷︸

l̸=0 if I=J

S
kIikJj

lIilJj l
(ΩI ,ΩJ , r̂0Ii,lJj)Γ

(
1
2 + l, απ (r0Ii,lJj)

2
)

(r0Ii,lJj)l+1
eik·r0Ii,lJj+

+
il22−lπ3/2

V

∑
h

{
||h+ k||l−2 exp

(
−||h+ k||2

4απ

)
S
kIikJj

lIilJj l
(ΩI ,ΩJ , ĥ+k)e−ih·rIi,Jj

}
−

− δI,J(1− δi,j)
S
kIikJj

lIilJj l
(ΩI ,ΩJ , r̂0Ii,lJj)γ

(
1
2 + l, απ (r0Ii,lJj)

2
)

(r0Ii,lJj)l+1
eik·r0Ii,lJj−

− δIiδJjT
0
s

(
lIi, lJj , kIi, kJj ,

1

2

)]
,

(3.5.10)

where δij is the Kronecker delta, which is 1 if the indices i and j are equal, and 0 otherwise. The

first term on the right-hand side of equation (3.5.10) is sampled in the real space and is referred

to as the direct sum. The second term is the reciprocal sum, which is sampled in the reciprocal

space. The remaining two terms on the right-hand side of equation (3.5.10) correspond to the

molecular correction and self-correction both of which are sampled in the real space.

For molecular crystals, the molecular correction term [20] is used to avoid double accounting

of electrostatic interactions between atoms belonging to the same molecule as these interactions

have already been included in the intramolecular part. The self-correction accounts for the

interaction of a charged particle with its periodic images, with its main component, T 0
s , is given

by

T 0
s

(
lIi, lJj , kIi, kJj ,

1

2

)
= lim

r→0

[
S
mIimJj

lIilJj l
(ΩI ,ΩJ , r̂)

γ
(
1
2 + l, απr2

)
rl+1

eik·r

]
= δl02

√
απ, (3.5.11)

where, δl0 implies that the self-correction is 2
√
απ for charge-charge interactions and 0 in any

other case.

3.5.3 Dynamical matrix expression

As already mentioned earlier, the dynamical matrix expression consists of the mass-weighed

Hessian matrix of the second-order derivatives of the lattice energy with respect to atomic
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displacements multiplied with the exponential phase factor, eik·r0Ii,lJj . Referring to Equation

(3.4.11), this requires the second-order derivatives of the S-tensor, which cannot be directly

derived from Equation (3.5.10) due to the presence of the exponential phase factor on the

left-hand side. Instead, we adopt an approach similar to that of Signorini et al. [96] and

differentiate Equation (3.5.10) with respect to r0Ii using the product rule. The resulting equation

is rearranged to yield an expression for the desired term, namely the derivative of S with respect

to r0Ii multiplied by eik·r0Ii,lJj :

∂

∂r0Ii

[
S
kIikJj

lIilJj l
(ΩI ,ΩJ , r̂0Ii,lJj)

(r0Ii,lJj)l+1

]
eik·r0Ii,lJj =

=
∂

∂r0Ii

[
S
kIikJj

lIilJj l
(ΩI ,ΩJ , r̂0Ii,lJj)

(r0Ii,lJj)l+1
eik·r0Ii,lJj

]
− ik

S
kIikJj

lIilJj l
(ΩI ,ΩJ , r̂0Ii,lJj)

(r0Ii,lJj)l+1
eik·r0Ii,lJj

(3.5.12)

The resulting expression for the electrostatic component of the Jacobian matrix reads:

∑
l∈L︸︷︷︸
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where the self-correction term T 1
s

(
lIi, lJj , kIi, kJj ,

1
2

)
is given by:
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)
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1

2

)
. (3.5.14)

Following a similar procedure we differentiate Equation (3.5.13) with respect to r0Ii and

subtract Equation (3.5.13) multiplied by ik. The component of the electrostatic dynamical
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matrix reads:

∑
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where the self-correction term T 2
s
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)
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The expression for T 2
s can be found in Appendix B of the PhD thesis of Vasileiadis [14].

3.6 CSP approach adopted in this thesis

The CSP methodology adopted in this thesis is carried out in a multistage manner. This in-

volves conformational analysis, deterministic global optimisation, lattice energy and free energy

refinement stages. Each stage is discussed separately below.

Conformational analysis: In the first stage, a conformational analysis is conducted to deter-

mine the conformational degrees of freedom (DoFs) that will be treated as flexible in the next

stage (global search). The conformational DoFs are divided into bonds, angles and torsions.

Conformational analysis is carried out through a series of constrained isolated-molecule QM

geometry minimisations. Each DoF under consideration is constrained to various predefined

values, while the remaining DoFs are allowed to vary freely during the gas-phase optimisation.

The goal is to establish a relationship between the minimised isolated-molecule energy and the

values of the DoFs, thus enabling the detection of low-energy regions. For molecules with few

independent degrees of freedom, two-dimensional scans are sometimes conducted (see Section

5.3.1).

LAMs: Local approximate models (LAMs) are used to increase the efficiency of the global

search by reducing the number of QM calculations needed for the evaluation of the electrostatic

34



CSP approach adopted in this thesis

and intramolecular interactions. LAMs are constructed “on the fly”, during the minimisation, by

interpolation using a second-order Taylor series expansion around points for which an isolated-

molecule QM calculation has already been performed. The algorithm uses information from

nearby LAMs thus reducing the number of costly gas phase calculations needed for the lattice

energy minimisation. An initial LAM database is generated by carrying out isolated-molecule

QM calculations with the selected basis at different values of the independent torsions. Uniform

LAMs are created through constrained geometry optimisation of isolated molecules for different

molecular conformations. The independent DoFs are restricted to a grid of discrete values, while

the dependent DoFs are allowed to vary freely. The QM geometry minimisations are carried

out for different combinations of basis sets (e.g. HF, PBE or PBE0) and levels of theory (e.g.

6-31G(d,p), 6-311G(d,p), or 6-311+G(d,p)). Those basis sets that do not provide sufficient

accuracy, as determined by comparison with the results of calculations with the most extended

basis set considered, are eliminated. Those basis sets that yield high accuracy at a comparatively

high computational cost per LAM point are also eliminated. Note that in some cases, the choice

of DoFs that are treated as flexible and their range is based on chemical intuition.

Global search: The next stage involves global search, which is carried out using the Crys-

talPredictor algorithm [97, 21, 22, 7]. The aim of the global search is to generate candidate

structures as low-energy minima in the lattice energy landscape. The structures are generated

based on a quasi-random Sobol’ sequence [19]. The global search stage is carried out with Crys-

talPredictorII [98, 99, 22] version 2.4.4 [97, 21]. Candidate structures are generated using the

61 commonly encountered space groups that account for approximately 97.9% of all the organic

crystal structures found in the CSD [100]. Specifically, the space groups sampled are: P1, P1,

P21, P21/c, P21212, P212121, Pna21, Pca21, Pbca, Pbcn, C2/c, Cc, C2, Pc, Cm, P21/m,

C2/m, P2/c, C2221, Pmn221, Cmc21, Aba2, Fdd2, Iba2, Pnna, Pccn, Pbcm, Pnnm, Pmmn,

Pnma, Cmcm, Cmca, Fddd, Ibam, P41, P43, I4, P4/n, P42/n, I4/m, I41/a, P41212, P43212,

P4221/c, I42d, P31, P32, R3, P3, R3, P3121, P3221, R3/c, R3/c, P61, P63, P63/m, P213,

Pa3, P2221 and Pba2. Each space group is sampled with a relative frequency matching that of

the space group occurrences in the CSD. In the global search stage the electrostatic interactions

are calculated utilising point charges (see Equation (3.4.10)) fitted to isolated-molecule QM cal-

culations [88]. The repulsion-dispersion interactions are modelled with FIT parameters. Each

generated structure is minimised with the aforementioned energy model and all structures are

subsequently processed (clustered) to eliminate duplicate structures generated in global search.

The similarity between two crystal structures is quantified by means of the root mean squared

deviation (RMSDN ) of atomic coordinates between any two assessed structures, where N is the

number of molecules being considered for comparison. The RMSD15 is used to evaluate the

differences in the atomic coordinates between two shells, each containing fifteen (15) molecules,

providing a similarity metric for the packing. RMSD1 is used to compare the differences in

the intramolecular conformations of a single molecule within each compared structure. Lower

RMSD values indicate a better match between the structures, and according to the 6th CCDC
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blind test, two structures can be considered a match for RMSD20 values below 0.8 Å [11]. The

CSD python API [101] is used within the clustering algorithm. The comparisons for clustering

are performed for any pair of structures, with an energy difference below 5 kJ/mol and 0.025

g/cm3. Structures with RMSD15 below 0.8 Å are considered crystallographicaly similar and the

structure with the largest lattice energy is removed. Additionally, the simulated powder X-ray

diffraction (PXRD) patterns are also used to assess the similarity between structures [102]. Re-

garding the PXRD, matching score values closer to one indicate a better similarity between the

compared structures.

Refinement stages In the first refinement stage, the unique lowest energy structures iden-

tified in the global search stage are locally minimised using CrystalOptimizer [18] or CSO-FM

[40]. The local minimisation involves lattice energy minimisation using a more sophisticated

description of the electrostatic interactions, based on the distributed multipole analysis [31].

The energy model used in the first refinement stage is the energy models presented in Section

3.4. In addition to the more detailed description of the electrostatics interactions, the lattice

energy minimisation algorithms account for additional molecular flexibility. More details of the

lattice energy minimisation are given in Section 4.2. In the next chapter, we describe the Crys-

talDynamics algorithm used to evaluate the vibrational free energy of molecular crystals and

assess its suitability to be used as a second refinement stage.

3.7 Summary

In this chapter, we have presented a mathematical formalism for performing free energy calcula-

tions using the harmonic approximation of lattice dynamics theory. A number of approximations

have been considered for the development of the methodology described in this chapter. The

harmonic approximation assumes that the Taylor series expansion is performed around a local

minimum of the lattice energy hypersurface. As a result, the harmonic potential is expressed as

a quadratic function of interatomic distances and the effect of higher order terms in the Taylor

series expansion is neglected. The lattice lattice dynamics equations have been initially derived

for the general case of a potential expressed as a function of the atomic positions in the crystal.

The utilised energy model accounts only for pairwise interactions, i.e. the energy of the crystal is

calculated as the sum of interactions between pairs of atoms neglecting the effect of many body

interactions. In turn, the tailor-made CSP force field used in this thesis has been described

in detail. Our tailor-made force field partitions lattice energy into intramolecular, repulsion-

dispersion and electrostatic interactions. Special emphasis is placed on the poorly-convergent

sums appeared in the electrostatic expression, which is calculated by employing the generalised

Ewald summation method. The analytical derivation of the dynamical matrix expression pro-

vides robustness and efficiency as it allows for the evaluation of phonon frequencies at various

points in the reciprocal space. In the next chapter, we describe the CrystalDynamics algorithm

and apply it to evaluate the vibrational free energy of molecular crystals.
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Chapter 4

Assessment of CSP workflows & local energy

minimisation algorithms

In this chapter, we begin with presenting the CrystalDynamics algorithm that evaluates the

vibrational free energy of molecular crystals. We provide details regarding the implementation,

which is based on the mathematical formulation and methodology described in Chapter 3. The

objective of this chapter is to introduce a reliable workflow, capable of calculating the Helmholtz

free energy of rigid and flexible molecules. Our free energy workflow involves lattice energy min-

imisation using one of the two optimisation algorithms, CrystalOptimizer or Crystal Structure

Optimizer - Flexible Molecules (CSO-FM), followed by vibrational free energy evaluation us-

ing CrystalDynamics. The performance of the two utilised geometry optimisation algorithms is

compared based on their ability to converge tightly to a local minimum in lattice energy. Ad-

ditionally, we assess whether minimised crystal structures satisfy the essential condition of the

harmonic approximation requiring the crystal structure to lie on a local minima in the lattice

energy landscape. First derivatives are utilised to identify the proximity to lattice energy min-

ima, while the sign of phonon frequencies is used to determine the structure’s stability in the free

energy landscape. We also examine the sensitivity of the workflow to numerical parameters and

to assumptions, such as alternative treatments of molecular flexibility and utilisation of LAMs.

The workflow is applied to the two tetracyanoethylene (TCNE) polymorphs, Target XXIX from

the 7th CSP blind test, and the lowest 100 predicted structures of the Benzoic Acid landscape

generated using CrystalPredictor.

4.1 The CrystalDynamics algorithm

The CrystalDynamics algorithm [14] evaluates the Helmholtz free energy of molecular crystals

by employing the harmonic approximation of lattice dynamics theory. The flowchart for com-

puting vibrational free energies is presented in Figure 4.1, where each Box is numbered and

discussed throughout the text. The step-by-step algorithmic procedure is shown in Figure 4.2.

Prior to the free energy calculation, the geometry of the crystal structure must be minimised

using either CrystalOptimizer or CSO-FM lattice energy minimisation algorithms [Box 1]. The

CrystalDynamics algorithm calculates each contribution to lattice energy, as well as first and

second derivatives. The utilised energy model is consistent with the one used in the lattice en-
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ergy minimisation and incorporates intramolecular and intermolecular interactions to the lattice

energy. Isolated-molecule QM calculations [Box 2] are performed with the GAUSSIAN 16 soft-

ware [88] for the evaluation of the intramolecular contribution and its derivatives, as well as the

gas phase electron density. The electrostatic contributions are modelled via a distributed mul-

tipole analysis, with the multipole moments generated using GDMA [31] program [Box 3]. The

repulsion-dispersion interactions, first and second derivatives are calculated using an anisotropic

Buckingham potential [89]. The dynamical matrix is computed as the mass weighted Hessian

matrix of the second order derivatives of the lattice energy multiplied by an exponential phase

factor [Box 4]. Phonon frequencies [Box 5] are obtained from diagonalisation of the dynamical

matrix at various sampled k points and can be plotted using dispersion curves. A histogram

of vibrational states within given frequency ranges is utilised to generate the phonon density of

states (pDOS) from the dispersion curves [Box 6]. The free energy is then evaluated using the

Gauss-Legendre quadrature (GLQ) numerical integration method. The CrystalDynamics algo-

rithm evaluates the vibrational contributions to free energy, namely, entropy, zero point energy

(ZPE) and thermal energy [Box 7].

Figure 4.1: Diagrammatic flowchart of CrystalDynamics algorithm. Names inside parentheses

denote calls to external algorithms. Each box is discussed in the text and Figure 4.2.

The first version of CrystalDynamics was implemented by Manolis Vasileiadis [14] and has

been further extended in this work. The analytical expressions for the electrostatic interactions

and their second derivatives with respect to atomic positions have been validated against the

corresponding expressions implemented in the CrystalDynamics algorithm. In addition, the
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thermodynamic expressions for entropy, isochoric heat capacity and thermal energy have been

derived analytically and implemented in CrystalDynamics. In the remainder of this section, we

initially describe the structure of the input file and then provide details of the implementation.

Finally, we describe the output files and the developed extensions of the code.

CrystalDynamics algorithm

Step 1: Perform a lattice energy minimisation using CrystalOptimizer or CSO-

FM [Box 1]

Step 2: Read the geometry of the crystal structure at the minimum lattice

energy and the input file of CrystalDynamics code

Step 3: Evaluate the repulsion-dispersion interactions, first and second deriva-

tives

Step 4: Evaluate the electron density using GAUSSIAN software. Also call

GAUSSIAN to evaluate the intramolecular interactions, first and second

derivatives wrt atomic displacements [Box 2]

Step 5: Generate multipoles by calling GDMA and evaluate the electrostatic

interaction, first and second derivatives [Box 3]

Step 6: Calculate the dynamical matrix at various k points [Box 4]

Step 7: Diagonalise the dynamical matrix to obtain phonon frequencies [Box 5]

as well as dispersion curves and pDOS [Box 6]

Step 8: Calculate the vibrational contribution to free energy and associated

thermodynamic properties [Box 7]

Figure 4.2: CrystalDynamics algorithm in a step-by-step procedure.

4.1.1 Input file & Supported types of calculation

The code begins by reading the input file named “vibrations.in”. The input file is divided into

7 sections shown in Figure 4.3. The first section contains information regarding the cutoffs of

real, rrealc and reciprocal, krecc , electrostatic interactions. The repulsion-dispersion interactions

are modelled in the real (direct) space with the cutoff given by rdirc . In addition, the Ewald

summation convergence parameter, α, maximum rank of multipole moments, l, and the step

size used in numerical derivatives are specified. The second section is used to define options

related to the isolated-molecule QM calculation. Specifically, the input file includes details of

the level of theory and basis set to be used, a keyword (frequencies) to enable second-derivative

39



The CrystalDynamics algorithm

evaluation, as well as a specification of the numbers of processors and memory to be used

by GAUSSIAN. In the van der Waals interactions section, the FIT or WILLIAMS type of

parameterisation is specified alongside a keyword that enables the execution of lattice dynamics

calculations using parameters specifically developed at the PBE0/6311+G(d,p) level of theory.

Section 4 is related to the settings associated with the free energy calculation, such as the number

of points to be used for the GLQ. Also, the upper, Tmax, and lower, Tmin, temperatures as well

as the temperature increment, Tstep, are specified to indicate the temperature values at which

the thermodynamic properties are to be computed. In section 5, the number of atoms within a

molecule as well as the number of molecules in the asymmetric unit cell and unit cell are defined.

Section 6 is dedicated to specifying settings related to the desired type of calculation. These

settings include the type of calculation to be employed, number of sampled wave vectors for the

density of states, and dispersion curves limits. In the last section, the paths of the executables

of the two external programs (GAUSSIAN and GDMA) used by CrystalDynamics are specified.

Table 4.1 provides a brief summary of the default parameters values used in the CrystalDynamics

algorithm. The crystal geometry is provided via the “crystal.res” file that adopts the format

of the SHELXS convention. This input file contains the values of the cell lengths and angles,

lattice type, symmetry operation elements, unique types of atoms and fractional coordinates of

each atom in the asymmetric unit cell.

Table 4.1: Default parameters values used in the CrystalDynamics algorithm.

Parameter name Parameter symbol Default value

real electrostatic cutoff rrealc 10 Å

reciprocal electrostatic cutoff krecc 0.5 Å−1

repulsion-dispersion cutoff rdirc 30 Å

Ewald convergence parameter α 0.16

combined rank of multipoles moments l 4

functional/basis set - HF/6-31G(d,p)

van der Waals parameterisation - FIT

lower temperature Tmin 0 K

upper temperature Tmax 300 K

increment of temperature Tstep 10 K

Within the framework of the CrystalDynamics implementation, five distinct types of calcu-

lations are available. These types include: (a) Lattice energy, (b) Dispersion curves, (c) Density

of states, (d) Helmholtz free energy and (f) Energy derivatives. The full calculation of the free

energy is conducted by specifying “Helmholtz free energy” as the designated calculation type.

For calculation types (a)-(c), the code is terminated without evaluating the free energy. These

are useful for testing and debugging purposes. The final type of calculation, named “Energy

derivatives”, involves the analytical and numerical evaluation of the lattice energy derivatives
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Section 1: Lattice energy calculation

specify: rrealc , krecc , rdirc α, l, FD step size

Section 2: Quantum mechanics

functional/basis set

processors and memory used by GAUSSIAN

Section 3: van der Waals interactions

FIT or WILLIAMS parametrisation

parameter set derived at specific level of theory

Section 4: Entropy

Tmin, Tmax and Tstep

number of points for the GLQ

Section 5: Asymmetric unit information

Z, Z ′, N

Section 6: Type of calculation

see Figures 4.4 and 4.5

Section 7: Paths of external programs

set paths of GAUSSIAN and GDMA

Figure 4.3: Breakdown of CrystalDynamics input file named “vibrations.in”

and is also useful for validating the analytical derivatives.

4.1.2 Implementation

The code is written in the object oriented FORTRAN 90 programming language making use

of linear algebra package (LAPACK) library. The main program is named “CrystalDynam-

ics.f90” and calls a number of subroutines depending on the desired type of calculation. For

all implemented types of calculation, the code begins by setting the global variables to their

initial values. Next, the two input files are read and the unit cell is constructed. This process is

described in Figure 4.4. The CrystalDynamics algorithm reads the values of the lattice lengths

and angles and uses them to re-construct the size and shape of the unit cell. This is achieved by

the “build unit cell” subroutine. The fractional coordinates, rfractionalIi , of symmetry dependent

molecules are calculated by application of the symmetry operations found in the “crystal.res”

input file. Details of this process can be found in Bowskill’s PhD thesis [40]. The unit cell volume

is evaluated and the matrix representing the unit cell (See Section 3.1) is used in converting the

fractional coordinates into their Cartesian counterparts. In the case that the option “Translate
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all atoms in the unit cell” is enabled, all molecules are placed in the central unit cell. Lastly,

the body-fixed coordinates for each molecule are evaluated trough the “spacefixed2bodyfixed”

subroutine.

1. Call initialise global

2. Call read data

2.1 read input file (.in) and crystal geometry file (.res)

2.2 apply space group considerations

2.3 evaluate rfractionalIi for symmetry dependent atoms

3. Call build unit cell

3.1 Call matrix representation unitcell

calculate R, V and R−1

3.2 Call cart from frac

convert fractional to Cartesian coordinates rIi = RrfractionalIi

3.3 Call report input information

print values on output file (.out)

3.4 Call spacefixed2bodyfixed

evaluate body fixed from space fixed coordinates

Figure 4.4: CrystalDynamics Initial subroutines called for each type of calculation

Once the input information is read and the unit cell containing the molecules is constructed,

the algorithm proceeds by evaluating each lattice energy contribution. A breakdown of the

subroutines called for this type of calculation is given in Figure 4.5. Supercells are created by

replicating the unit cell along the three dimensions and used in the calculation of all inter-atomic

interactions. A more detailed description of supercells is provided in Section 4.2.2. The inter-

atomic distances are calculated for each molecule in the supercell and the repulsion-dispersion

interactions and derivatives are evaluated in a pair-wise manner. An isolated-molecule QM

calculation is performed with GAUSSIAN [88] to obtain the intramolecular first and second

derivatives, as well as the charge density. Multipole moments are generated using GDMA

[31] using the charge density obtained from the isolated-molecule calculation. The electrostatic

interactions and gradients are calculated by employing the generalised Ewald summation method

adopting the spherical harmonics formulation. Once all contributions and derivatives have been

evaluated, the Hessian matrix is constructed and diagonalised to assess whether the structure

lies at a local minimum. For the case of stable structures, the dynamical matrix is sampled and

diagonalised at various k points for the evaluation of phonon frequencies and the generation of
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1. Call rep disp interaction

1.1 evaluate the number of layers that supercell consists

1.2 distance vector for each pair of atoms rij in the unit cell

1.3 evaluate rep-dis interactions and derivatives

2. Call read intra second

2.1 obtain charge density via a single point QM calculation

2.2 submit a frequency calculation for Hessian evaluation

3. Call read multipoles

3.1 read charge density

3.2 generate multipole moments files using GDMA

4. Call electrostatics

4.1 evaluate the direct and reciprocal electrostatics (See Section 4.5.2)

5. Call dynamical matrix

5.1 initialise the dynamical matrix

5.2 construct the dynamical matrix at k=0

5.3 obtain phonon frequencies via diagonalisation

6. Call dispersion curves

6.1 construct and diagonalise the dynamical matrix at various k points

7. Call density of states

7.1 bin dispersion curves with respect to the frequencies

7.2 obtain density of states from the histogram

8. Call hfec (Helmholtz free energy calculation)

8.1 evaluate the vibrational Helmholtz free energy using GLQ

Figure 4.5: CrystalDynamics subroutines for free energy calculation

dispersion curves and pDOS. The thermodynamic properties, including vibrational free energies,

are evaluated using the GLQ. The number of k points to be sampled in each direction by the

GLQ are determined by the user. We have found that 4 or 5 points per direction can capture
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the pDOS accurately, resulting in the evaluation and diagonalisation of the dynamical matrix

with 64 or 125 k points, respectively.

The first section in the output file contains the information provided in the input file. The

code outputs the repulsion-dispersion parameters, as well as fractional and Cartesian coordinates

of all molecules in the unit cell. The next part is dedicated to the output of the QM calculations,

which is used as input for the generation of multipole moments using GDMA. The atom-centred

multipole moments are evaluated for each atom and molecule in the unit cell. The intramolecular

second order derivatives are calculated alongside isolated-molecule ZPE and phonon frequencies.

The last part of the output file contains a breakdown of all lattice energy contributions. Finally,

the sampled dynamical matrices are outputted. For each sampled point, the eigenvalues of

the dynamical matrix are printed to validate that they exhibit positive values. The computed

thermodynamic properties include Helmholtz free energy, entropy, isochoric heat capacity, and

thermal energy.

A number of extensions have been implemented in the CrystalDynamics code to enhance

its capabilities. These extensions include the evaluation of entropy, isochoric heat capacity and

thermal energy. Moreover, numerical second-order derivative and Hessian evaluations have been

integrated into the code. Furthermore, the code now accommodates the treatment of crystals

with up to 99 molecules in the unit cell enabling the analysis of a broader variety of experimental

or theoretical compounds.

4.2 Lattice energy minimisation

The proposed workflow for the free energy evaluation requires a crystal structure that corre-

sponds to a minimum in the lattice energy. This section is dedicated to the generation of such a

structure. We assess a number of available options for performing geometry optimisation with

molecular unit cells. We use DMACRYS [39] as accessed via CrystalOptimizer [18] to opti-

mise unit cells comprised of rigid molecules and Crystal Structure Optimizer - Rigid Molecules

(CSO-RM) [40] wrapped inside CSO-FM for flexible molecules. In the next subsection, the

bilevel lattice energy minimisation problem is formulated. The lattice energy of the minimised

structures is also calculated using CrystalDynamics to compare the consistency between the en-

ergy models employed by the lattice energy minimisation and free energy evaluation algorithms.

4.2.1 Bilevel minimisation of lattice energy

As discussed in Section 3.4. the lattice energy, U latt, can be decomposed into intramolecular,

∆U intra, and intermolecular, U inter, energy contributions. ∆U intra captures the energy required

to deform the molecule from its most stable gas phase conformation. U inter refers to the in-

termolecular energy arising from the interactions between atoms on separate molecules in the

crystal. The lattice energy expression is given by

U latt = ∆U intra(θ) + U inter(X,θ), (4.2.1)
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where vector θ denotes a set of conformational degrees of freedom (DoFs) and vector X col-

lectively denotes the lattice variables (cell angles and lengths) and the rigid body coordinates

(positions of centres of mass and Euler angles) of the molecules in the asymmetric unit cell.

The description of a molecule using atomic coordinates (described in Chapter 3) is equivalent to

the representation utilising conformational DoFs. Details of the transformation between atomic

coordinates (r) and DoFs (θ) can be found in Appendix A of Kazantsev’s PhD thesis [103].

While the two descriptions are equivalent, numerical tolerances may mean that that gradients

may differ between the two coordinates systems following and minimisation

The lattice energy minimisation can be formulated as a bilevel optimisation problem, which

involves optimising the objective function at two levels: an inner and an outer loop [18, 103, 104].

In the inner loop the lattice variables, centres of mass and Euler angles are treated as optimisation

variables to minimise an objective function that consists intermolecular interactions at fixed

values of the DoFs. In the outer loop, the optimisation variables are conformational DOFs

including bonds angles and dihedrals. Using this formalism the minimisation of lattice energy

can be written as:

min
θ,X

U latt = min
θ

[
∆U intra(θ) + min

X
U inter(X;θ)

]
. (4.2.2)

The optimum packing of the molecules in the crystal is thus found by performing a rigid

body optimisation in the inner problem. The solutions obtained from the inner problem are used

to evaluate the objective function of the outer problem. The inner problem is solved for each set

of decision variables generated in the outer problem. In the outer problem, the intramolecular

contributions to the lattice energy are optimised for each conformational DoFs that are treated

as flexible. This is accomplished by performing a constrained gas phase optimisation using

the GAUSSIAN software [88]. For each newly visited conformation in the outer problem, a

new gas phase optimisation is required for the evaluation of the objective function. These

isolated-molecule optimisations are the most computationally expensive step in the minimisation

process. To enhance the efficiency of the calculation, local approximate models (LAMs) [97, 21,

22, 7] are used to reduce the amount of QM calculations needed at the outer loop. LAMs are

constructed “on the fly”, during the minimisation, by interpolation using a second-order Taylor

series expansion around points for which an isolated-molecule QM calculation has already been

performed. The algorithm uses information from nearby LAMs thus reducing the number of

costly gas phase calculations needed for the lattice energy minimisation.

Two different algorithms can be utilised to solve the bilevel optimisation problem described

in equation 4.2.2. For the inner problem, the rigid body optimisation can be conducted us-

ing either DMACRYS [39] or CSO-RM [40]. The algorithm for outer problem is chosen based

on the choice for the inner problem. CrystalOptimizer [18] calls DMACRYS to perform the

geometry optimisation. Alternatively, CSO-FM can be employed in the outer problem, with

CSO-RM as the inner problem algorithm. First and second derivatives of the intermolecular

interactions with respect to DoFs are computed using central finite differences. This implies

that each DoF is perturbed forward and backwards by a finite difference step size specified by
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user. Single point calculations of the intermolecular interactions are carried out to calculate

the energy of the perturbed conformations and estimate the derivatives. The Hessian matrix of

second-order derivatives of the intramolecular interactions with respect to the flexible DOFs is

stored in the database used to construct LAMs. CrystalOptimizer and CSO-FM use the Broy-

den–Fletcher–Goldfarb–Shanno (BFGS) algorithm [105] and the variables for each successive

iteration are determined using line search. CrystalOptimizer has two termination conditions.

The code converges when the calculated gradients are below a user-specified tolerance threshold

or when a lower energy crystal structure cannot be found in the current search direction indicat-

ing termination on negligible displacements. This termination criterion is disabled to generate

input structures fro CrystalDynamics that are lying as close to a true lattice energy minimum

as possible.

4.2.2 Consistency in computed lattice energies

In this section, we examine the differences between the two utilised lattice energy minimisation

algorithms, namely DMACRYS/CrystalOptimizer and CSO-RM/CSO-FM. Both algorithms can

account for extensive molecular flexibility and use distributed multipoles to model the electro-

static interactions. Interactions between multipole moments, with a combined rank of up to

four (l = 4), have been implemented in all lattice energy minimisation algorithms and Crystal-

Dynamics. However there are some differences in the handling of electrostatic interactions in

the reciprocal space.

As mentioned in section 4.2.1, the rigid-body minimisation is carried out using DMACRYS

or CSO-RM. In the DMACRYS program [39], the Ewald summation method is applied to

charge–charge, charge–dipole, dipole-charge and dipole–dipole interactions. The rest of the

electrostatic interactions, up to a combined multipole rank of four, are calculated in the real

space due to fast converging expression derived by Leslie [106]. Contrary in CrystalDynamics,

the generalised Ewald summation method [14] is utilised for all electrostatic interactions be-

tween multipole moments. In addition, DMACRYS is accessed as an external program being

called several times during the CrystalOptimizer optimisation procedure. DMACRYS is called

for the minimisation of the intermolecular energy and for performing single point calculation for

perturbed structures for the evaluation of intermolecular gradients via finite differences. The

file containing the crystal geometry is repeatedly utilised both as input and output yielding

truncation errors in numerical precision. These inconsistencies are not present in the CSO-

FM/CSO-RM minimisation algorithm, where the input file describing the crystal geometry is

read once. In contrast to DMACRYS, CSO-RM is implemented based on the generalised Ewald

summation method described in Section 3.5.2 and in Vasileiadis thesis [14] and is used for all

multipole interactions. A comparison between multipole interaction calculated with DMACRYS

and CSO-RM is shown in Bowskill’s thesis [40]. It was found that the energy contributions dis-

played good consistency, with calculated valued not exceeding 10−3 kJ/mol when using extended

numerical settings.
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We examine whether CSO-RM/CSO-FM and CrystalDynamics yield equivalent contribu-

tions to the calculated lattice energies. Before we proceed to the comparison, we elucidate two

notable inconsistencies between CSO-RM and CrystalDynamics energy models. These are re-

lated to the application of splines and the treatment of periodicity within the two algorithms.

One difference between the CSO-RM and CrystalDynamics energy models is that the former

algorithm makes use of splines [40] in the evaluation of intermolecular contributions to lattice

energy. Splines are used to ensure that the interaction decays smoothly to zero at the cutoff

value. This avoids discontinuities in the interaction energy potential thus improving the robust-

ness of the minimisation procedure. Each intermolecular contribution to the lattice energy is

multiplied with a quintic function for distances between the spline cutoff, xs, and the cutoff

of the relevant interaction, xc. Here, we have introduced a shorthand in notation describing

the cutoffs of real electrostatics, repulsion-dispersion, and reciprocal electrostatics (see Section

4.1.1). These cutoff values have been collectively denoted as xc ∈ {rrealc , rdirc , krecc }. In CSO-RM,

the spline cutoff is calculated through the user-defined spline fraction, ζs, as

xs = (1− ζs)xc. (4.2.3)

The quintic splines are applied at distances closer to xc. The default value is ζs = 0.1, with

lower ζs values resulting in smaller portions of the potential to be splined. In CrystalDynamics,

interactions between atoms with distances beyond the defined cutoff limits are omitted from the

summations. This allows to maintain the integrity of the lattice energy expression, as well as

its first and second derivatives thought the function’s domain. It is expected that reducing the

spline fraction in CSO-RM would lead to more consistent energies between the two algorithms.

Another difference between CSO-RM and CrystalDynamics lies in the handling of periodicity

in both codes. CSO-RM is a lattice energy minimisation algorithm that optimises the position

and orientation of molecules, as well as lattice lengths and angles in the asymmetric unit cell.

This allows to avoid calculating interactions between symmetry-dependent molecules, thus re-

ducing the computational cost. Conversely in CrystalDynamics, the inter-atomic interactions

are calculated for a supercell instead of an asymmetric unit cell. Although the calculation does

not benefit from efficiency reduction, it allows to capture collective modes of vibrations between

molecules belonging to different unit cells. The supercells are generated by replicating the unit

cell in three dimensions. The sizes of the supercells depend on the user specified cutoff val-

ues. rrealc , rdirc and krecc are specified independently resulting in a different number of supercells

constructed for each type of calculation. The number of unit cells to be constructed for each

dimension and direction is evaluated as the nearest integer that is greater or equal to the value

of the fraction between xc and the minimum lattice length of the unit cell. Usage of increased

cutoff values results in an increased supercell size.

We aim to identify the combinations of rrealc and ζs that yield consistent energies between

the two codes. For this reason, we firstly perform lattice energy minimisation with CSO-FM

and then calculate the lattice energies of the optimised structure with CrystalDynamics. The

intermolecular energies are compared, as the final gas phase single point calculation at the end
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of the lattice energy minimisation ensures that the same intramolecular energies are used in

both codes. To perform the comparison, three different spline fractions ζs = {1, 0.1, 0.01} and

three different cutoff values for the direct electrostatics, rrealc = {10 Å, 15 Å, 20 Å} are utilised.

The reciprocal space cutoff and cutoff for repulsion-dispersion interactions are kept constant

at krecc = 0.5 Å−1 and rdirc = 15 Å, respectively. The utilisation of different cutoff values for

the direct electrostatics interactions affects the number of unit cells to be generated in each

dimension and direction. Specifically, the three direct electrostatics cutoff values correspond to

supercells with 2, 3, and 4 unit cells.

Table 4.2: Compounds studied in this Chapter. More details can be found in the relevant

Sections in Chapter 5.

Compound CSD RefCode Section in Thesis

Cubic TCNE TCYETY02 5.1

Monoclinic TCNE TCYETY 5.1

Benzoic Acid BENZAC02 5.2

Molecule XXIX FASMEV 5.3

Table 4.2 provides a brief summary of the molecules examined in Chapter 4. The comparison

is performed for the lowest energy structure of CrystalPredictor landscape of Target XXIX. De-

tails of the candidate generation of Target XXIX can be found in Section 5.3.1. The intermolec-

ular energy is decomposed into: repulsion, U rep, dispersion Udis, charge-charge U elec(l = 0),

charge-dipole and dipole-charge U elec(l = 1), and higher multipole moments U elec(l > 1). A

breakdown of each contribution to the intermolecular energy calculated with CrystalDynam-

ics and CSO-FM is summarised in Table 4.3. It can be observed that altering ζs has a more

significant impact on the dispersion interactions. This can be attributed to the fact that for

the case of non-splined potentials, the dispersion interaction does not decay to zero smoothly.

Irrespective of the chosen rrealc value, a tenfold reduction in ζs consistently leads to a decrease

in the difference between the calculated Udis values obtained from the two codes, by an order

of magnitude. The use of different rrealc values has a relatively minor effect on the computed

electrostatic interactions evaluated with both codes. We can conclude that ζs = 0.1 or ζs = 0.01

can provides adequate consistency. In addition, since the effect of altering the rrealc values is less

prominent on the differences between multipole interaction energies a value of 10 Å is used as

default for both CSO-RM and CrystalDynamics.
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Table 4.3: Comparison of intermolecular energy contributions calculated with CSO-FM and

CrystalDynamics for various real space cutoffs (rrealc ) and splines fractions (ζs). Calculations are

performed for the lowest energy structure of the CrystalPredictor landscape of Target XXIX.

Energies are reported in kJ/mol.

CrystalDynamics CSO-FM Difference CrystalDynamics CSO-FM Difference CrystalDynamics CSO-FM Difference

rrealc = 10 Å, ζs = 1 rrealc = 10 Å, ζs = 0.1 rrealc = 10 Å, ζs = 0.01

U rep 60.9116 60.9122 -0.0007 61.2168 61.2173 -0.0005 61.0831 61.0860 -0.0030

Udis -110.7379 -110.5482 -0.1898 -110.4638 -110.4495 -0.0143 -110.2402 -110.2422 0.0020

U elec(l = 0) -16.5099 -16.5100 0.0001 -16.8940 -16.8941 0.0001 -16.8975 -16.8974 -0.0001

U elec(l = 1) 5.0240 5.0237 0.0003 5.5374 5.5371 0.0003 5.6111 5.6109 0.0003

U elec(l > 0) -24.0498 -24.0510 0.0012 -24.4591 -24.4598 0.0007 -24.4661 -24.4671 0.0010

U inter -90.3861 -90.1969 -0.1892 -90.6001 -90.5861 -0.0140 -90.5207 -90.5206 -0.0001

rrealc = 15 Å, ζs = 1 rrealc = 15 Å, ζs = 0.1 rrealc = 15 Å, ζs = 0.01

U rep 60.5289 60.5278 0.0011 60.5721 60.5711 0.0010 60.4791 60.4813 -0.0021

Udis -109.4833 -109.2946 -0.1887 -109.5332 -109.5167 -0.0164 -109.4278 -109.4292 0.0014

U elec(l = 0) -16.6268 -16.6274 0.0006 -16.6215 -16.6222 0.0007 -16.6188 -16.6193 0.0005

U elec(l = 1) 5.3371 5.3374 -0.0003 5.3131 5.3135 -0.0003 5.3448 5.3451 -0.0003

U elec(l > 0) -24.3552 -24.3544 -0.0008 -24.3454 -24.3445 -0.0009 -24.3350 -24.3346 -0.0004

U inter -89.9364 -89.7486 -0.1878 -89.9280 -89.9124 -0.0156 -89.9025 -89.9018 -0.0006

rrealc = 20 Å, ζs = 1 rrealc = 20 Å, ζs = 0,.1 rrealc = 20 Å, ζs = 0.01

U rep 60.9397 60.9411 -0.0014 61.2177 61.2170 0.0008 -110.2583 -110.2552 -0.0031

Udis -110.6974 -110.5095 -0.1879 -110.4643 -110.4488 -0.0155 61.1137 61.1117 0.0020

U elec(l = 0) -16.5564 -16.5561 -0.0003 -16.8941 -16.8943 0.0002 -16.9300 -16.9303 0.0003

U elec(l = 1) 5.0904 5.0901 0.0003 5.5374 5.5370 0.0003 5.6469 5.6466 0.0003

U elec(l > 0) -24.0982 -24.0992 0.0010 -24.4593 -24.4597 0.0004 -24.5032 -24.5032 0.0000

U inter -90.4124 -90.2238 -0.1886 -90.6001 -90.5858 -0.0143 -90.5779 -90.5770 -0.0008
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4.3 Application of free energy workflow

The goal of this section is to illustrate the use of our workflow in refining structures generated in

CSP studies and pave the way for the sensitivity analysis to be presented in Section 4.4. For a

given set of algorithmic parameters, we perform base calculations to evaluate the vibrational free

energy of TCNE polymorphs. Initially, we assess whether performing flexible-body lattice energy

minimisation using DMACRYS/CrystalOptimizer can provide structures that can be identified

as local minima by CrystalDynamics This is achieved by evaluating the gradients and the second-

derivative matrix of the lattice energy with respect to atomic positions. Next, for structures

emerging as minima in the lattice energy landscape, the dynamical matrix is constructed and

diagonalised at various k points to construct the dispersion curves, which are used to compute

the pDOS. Finally, the vibrational free energy and other thermodynamic properties of the two

TCNE polymorphs are calculated across a range of temperatures.

4.3.1 Lattice energy gradients

We turn our focus on assessing whether the application of our free energy workflow satisfies the

essential condition of the HA. The HA is based on the assumption that the crystal structure

lies at a local minimum in the lattice energy hyper-surface. Given an expansion point that

coincides with a local minimum (equilibrium position), all the gradients of the lattice energy

with respect to the atomic displacements (or equivalently positions) should have values equal

to zero. Gradients of the lattice energy can be also interpreted as forces acting on atoms. The

curvature of a function at a given point is associated with the eigenvalues of the Hessian matrix.

A positive-definite Hessian matrix indicates a local minimum with respect to all dependent

variables. In the case where at least one eigenvalue is negative and the rest are positive, the

structure lies at a saddle point instead of a local minimum.

Table 4.4: Parameters values used in CrystalDynamics algorithm for calculations shown in

Section 4.3.

Parameter name Parameter symbol Default value

real electrostatic cutoff rrealc 15 Å

reciprocal electrostatic cutoff krecc 1.05 Å−1

repulsion-dispersion cutoff rdirc 30 Å

Ewald convergence parameter α 0.08

combined rank of multipoles moments l 4

functional/basis set - M06/6-31G(d,p)

van der Waals parameterisation - FIT

lower, upper and increment of temperature Tmin, Tmax & Tstep 0 K, 400 K & 20 K

number of points for the GLQ - 4
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We apply our workflow to the two structures matching the cubic and monoclinic experimen-

tal forms of TCNE in the CrystalPredictor landscape. Details for the global search and lattice

energy refinement for TCNE can be found in Sections 5.1.2 and 5.1.3. The TCNE molecule

consists of ten atoms (N = 10), which results in 3N − 3 = 27 DoFs in total. These DoFs

correspond to 10 bonds, 9 angles and 8 dihedrals, all of which are treated as variables during

the lattice minimisation using CrystalOptimizer. Both the predicted TCNE polymorphs are

atomistically minimised using CrystalOptimizer. CrystalOptimizer normally has two termina-

tion conditions. The code converges either due to negligible differences in geometry between

successive minimisation steps or when all gradients with respect to θ are less than a user defined

threshold value. We have disabled the option to terminate on negligible displacements to ensure

a tighter convergence to a local minimum in lattice energy. We have used the default threshold

value of 1.14 kJ mol−1 rad−1 for angles and dihedrals and 1.14 kJ mol−1Å−1 for bonds as the

termination criterion for convergence based on satisfactory gradients.

The next step of our free energy workflow involves the application of the CrystalDynam-

ics algorithm. The utilised algorithmic parameters are shown in Table 4.4 and are consistent

with the parameters used in the lattice enrgy minimisation carried out with CrystalOptimizer.

Contrary to CrystalOptimizer, CrystalDynamics uses Cartesian coordinates instead of confor-

mational degrees of freedom (θ). For a crystal containing Z molecules in the unit cell and N

atoms per molecule, there are 3NZ lattice energy gradients with respect to atomic positions

(1 in each direction). The monoclinic form has Z = 3, resulting into 60 gradients with respect

to atomic positions. The distribution of the gradients is plotted using a histogram as shown in

Figure 4.6 for the monoclinic polymorph of TCNE. The lattice energy gradients with respect to

the atomic positions exhibit low absolute values that in all cases do not exceed 1.0 kJ mol−1Å−1.

Most of the peaks are very close to zero indicating that most of the atoms are very close to their

equilibrium positions. Notably, the distribution of gradients is symmetrical around zero. This

symmetrical distribution implies that although the actual values of the gradients have non-zero

values, the sum of all gradients is equal to zero indicating a rigid body minimum. This means

that the atoms inside molecules are not in equilibrium positions, however the molecular centres

of mass lie at a local minimum. As discussed in Section 4.2.1, the inner loop in the lattice

energy minimisation algorithm is performed with DMACRYS as accessed by CrystalOptimizer

[18]. The distribution of the gradients demonstrates that the inner loop minimisation process

has successfully converged.

The second requirement for identifying a local minimum is the existence of a positive def-

inite Hessian matrix. The Hessian matrices of the CrystalOptimizer minimised structures are

evaluated using CrystalDynamics, with eigenvalues computed using the linear algebra package

(LAPACK) library [107] for FORTRAN. The minimised structures exhibit Hessian matrices

with positive eigenvalues, confirming that they lie at a local minimum. Alternatively, the cur-

vature at the local minimum can be identified by calculating the phonon frequencies at k = 0,

where the exponential phase factor is equal to one and the dynamical matrix reduces to the

mass-weighted Hessian matrix (see Equation (3.2.14)). Since the atomic masses always have

51



Application of free energy workflow

Figure 4.6: Histogram of lattice energy gradients with respect to atomic positions per each

direction for the monoclinic form of TCNE (Z=2, N=10) minimised with CrystalOptimizer.

positive values, the eigenvalues of the Hessian matrix share the same sign with the eigenvalues

of the dynamical matrix at k = 0. Therefore stable structures should have dispersion curves

with strictly positive frequencies. We note that Crystal structures of flexible molecules, such as

glycine and have been minimised with CrystalOptimizer but did not display positive phonon fre-

quencies. These negative frequencies indicate an unstable structure, which can be attributed to

the inconsistencies between the two energy models. The dispersion curves describe the phonon

relation with respect to the reciprocal space vector and are discussed in the next section.

4.3.2 Dispersion curves & pDOS

The dynamical matrix is constructed and diagonalised at various k-points to calculate the de-

pendence of phonon frequencies on the reciprocal space vector. The frequencies of the 3NZ

modes of vibration as a function of reciprocal space vector are known as the dispersion curves.

The dispersion curves and free energies for TCNE polymorphs were calculated by Vasileiadis

[14] and compared with available experimental data. Here, we re-evaluate the dispersion curves

to generate the phonon density of states and other thermodynamic properties by employing

our free energy workflow that considers molecular flexibility during the minimisation of lattice

energy.

Figure 4.7 shows the dispersion curves for the low frequency modes along the three com-

ponents of the reciprocal space vector. As discussed at the end of Section 4.3.1 the phonon

frequencies are related to the eigenvalues of the Hessian matrix at k = 0. All phonon frequen-

cies display positive values at k = 0, confirming that the optimised structure is a local minima in

lattice energy. In addition, the phonon frequencies are positive for all sampled k points indicat-

ing that the structure is stable in the free energy landscape. Note that Figure 4.7 displays only

the low frequency modes within 10 THz as these modes are expected to have a more significant
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(a) (b) (c)

Figure 4.7: Dispersion curves of the monoclinic form describing the relation of phonon frequen-

cies along each component of the reciprocal space vector (a) kx, (b) ky and (c) kz for frequencies

less than 10 THz.

impact on vibrational free energy in comparison to their higher frequency counterparts [51]. The

decreased effect of high frequency modes on vibrational free energy is attributed to the form of

the vibrational free energy expression (see Equation (3.3.4)) which tends to zero with increasing

frequency. The dispersion curves along the magnitude of k is shown in Figure 4.8a. Notably,

the three lowest eigenvalues of the Hessian matrix have values very close to zero indicating the

existence of acoustic modes. An acoustic mode of vibration has zero phonon frequency at k = 0

and displays an almost linear dependence on each component of the k vector. These acoustic

modes correspond to the lowest frequency modes of vibrations arising from all atoms vibrating

with the same phase. The rest of the modes have non-zero frequency at k = 0 and are known

as optical modes.

The pDOS is calculated as a histogram of the dispersion curve generated by binning the

frequency. The pDOS of the monoclinic form of TCNE is shown in Figure 4.8b. In the region

below 1 THz, the pDOS also displays a linear trend, which is attributed to the contributions

of the acoustic modes of vibration. At frequencies between 1 and 5.8 THz, the pDOS is more

dense followed by the absence of modes of vibration between 5.8 and 7.4 THz. Two distinct

peaks can be observed at approximately 7.5 and 8.4 THz. The pDOS calculated with Crystal-

Dynamics (Figure 4.8b) has some qualitative similarities with the pDOS calculated using DFT-d

in Schatschneider et al. [2]. In that study harmonic phonon frequencies were evaluated at the

PBE-TS level of theory by employing the density functional perturbation theory (DFPT) as

implemented in CASTEP [108]. Although the DFT-d energy model varies significantly from
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(a) (b)

Figure 4.8: (a) Dispersion curves along the magnitude of reciprocal space vector (b) pDOS of

the monoclinic form of TCNE calculated as a histogram of (a).

the one used in this thesis, the two calculated phonon density of states exhibit certain common

characteristics. In particular, the DFT-d pDOS follows a linear trend in the lowest frequency

region similarly to that obtained from CrystalDynamics. In addition, there are no modes of

vibration within the frequency range of 5.8 and 7.7 THz, which is in good agreement with

the DFT-d pDOS. Knowledge of the pDOS allows the evaluation of thermodynamic properties.

The vibrational free energy and other thermodynamic properties calculated for the two TCNE

polymorphs are presented in the subsequent section.

4.3.3 Free energy & Thermodynamic properties

We turn our focus on evaluating the Helmholtz free energy and other thermodynamic properties

for the two polymorphs of TCNE. As discussed in Section 4.3.1, our free energy workflow is

applied to the two structures generated with CrystalPredictor that are matching the cubic and

monoclinic forms of TCNE. The generated structures are “atomistically minimised” using Crys-

talOptimizer meaning that all bonds, angles and dihedrals are treated as optimisation variables,

and the Helmholtz free energies are computed using CrystalDynamics. The evaluation of the

triple integral appearing in the free energy expression in Equation (3.3.4) is performed using

the Gauss-Legendre quadrature (GLQ) numerical integration method. The relative stability of

TCNE polymorphs is calculated as the free energy difference, ∆∆A, with respect to the cubic

form (see Figure 4.9) as a function of temperature. A positive ∆∆A value, indicates that the
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monoclinic form has higher free energy than the cubic form and thus is less stable. In contrast,

the monoclinic forms is more stable for negative ∆∆A values. Between 0 K and 280 K, the cubic

form has a lower free energy than that of the monoclinic form and thus is predicted to be more

stable. At temperatures above 280 K, the monoclinic polymorph becomes the most stable form

through an enantiotropic transition. The calculated polymorphic stability and enantiotropic

transition temperature are in good agreement with experimental and computational studies as

discussed in more detail in Section 5.1.

Figure 4.9: Calculated relative Helmholtz free energy between the cubic and monoclinic forms

of TCNE, relative to the cubic form, as a function of temperature.

As mentioned in Section 3.3.2, entropy is computed as the negative first derivative of the

Helmholtz free energy with respect to temperature at constant volume. In the free energy

expression, the entropic contributions are represented as the product of entropy and temperature

(TS). Higher entropy results in a lower Helmholtz free energy since both temperature and

entropy are always positive, and the entropic term has a negative sign. It is essential to note

that this is true in the NV T ensemble, where the number of atoms, volume, and temperature

are kept constant. In the NPT ensemble, the Gibbs free energy should be used as the metric

to determine stability, taking enthalpic effects into account. In this thesis, calculations are

performed using the HA, in which the volume of the unit cell is fixed. The QHA can be employed

to account for thermal expansion by performing multiple HA calculations at various unit cell

volumes [45, 44], but this is not investigated here. The entropic contributions, calculated for the

two TCNE polymorphs, are shown in Figure 4.10. The entropy of the monoclinic form is higher

than that of the cubic form over the temperature range between 0 and 400 K. Our calculations

are compared with DFT-d calculations performed at the PBE-TS level of theory [2]. Despite

the smaller difference obtained in comparison to DFT-d, entropy is seen to be the leading factor

in the stabilisation of the monoclinic form at elevated temperatures.

We proceed with our analysis by evaluating the isochoric heat capacity for the two TCNE
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Figure 4.10: Entropic contributions (Entropy multiplied with temperature) of the two poly-

morphs of TCNE as a function of temperature. Open circles indicate the entropic contributions

evaluated using DFT-d at the PBE-TS level of theory [2].

polymorphs. The isochoric heat capacity can be calculated as the derivative of the internal

energy with respect to temperature at constant volume using Equation (3.3.8). The calculated

heat capacities are shown in Figure 4.11. As expected, minor differences between the computed

heat capacities of the two forms are observed. The heat capacities obtained with CrystalDynam-

ics are compared with the heat capacity calculated using the equipartition theorem. Adopting a

classical treatment, the internal energy of a system can be calculated using the equipartition the-

orem. A polyatomic molecule, consisting of N atoms, has 3N coordinates that are decomposed

into 3 translations, 3 rotations and 3N − 6 vibrations. Translational and rotational degrees of

freedom contribute 1/2kBT as they store kinetic energy, whereas vibrations store both kinetic

and potential energy contributing, kBT . The number of atoms in a TCNE molecule is equal to

10, so 3 translations and 3 rotations contribute 3kBT collectively and 24 vibrations contribute

24kBT . The isochoric heat capacity calculated using the equipartition theorem is thus equal to

27kB = 0.224 kJ mol−1 K−1. The determination of this uniform value relies on the consideration

that translations, rotations, and vibrations are all active in the system. As can be seen in Figure

4.11, the heat capacity calculated using the equipartition theorem is in closer agreement with

heat capacities calculated using CrystalDynamics at elevated temperatures.

Thermal energy is computed as the integral of the isochoric heat capacity with respect to

temperature (see Equation (3.3.10)). The thermal energy of the TCNE polymorphs is shown

in Figure 4.12. Similarly to heat capacity, the thermal energy values computed for each form

are fairly similar across the entire temperature range. The thermal energies calculated with

CrystalDynamics are compared with DFT-d calculations [2], demonstrating a close agreement

for the case of the monoclinic form. The value for the cubic form is slightly overpredicted in

comparison to DFT-d. Overall, the impact of thermal energy on polymorphic stability is less
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Figure 4.11: Isochoric heat capacity of the two TCNE polymorphs. Blue line represents the heat

capacity value calculated using the equipartition theorem.

dominant than the entropy This finding is also in agreement with Nyman [51] who found that

differences in the entropy between polymorphs have the biggest impact on stability.

Figure 4.12: Calculated thermal energy for the two TCNE polymorphs. Open circles indicate

the thermal energy evaluated using DFT-d at the PBE-TS level of theory [2].

4.4 Sensitivity of the CSP workflow to algorithmic parameters

In the previous section, we demonstrated the successful application of our workflow to the two

polymorphs of TCNE, which is a fairly rigid molecule. In this section, we apply our free energy

workflow to flexible molecules. This is the first time that CrystalDynamics is used to evaluate
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the free energy landscape of a molecule that exhibits flexibility. In the work of Vasileiadis [14],

the free energy has been evaluated for rigid structures minimised using DMACRYS [39]. Here,

we examine how the number and type of DoFs treated as flexible during the minimisation influ-

ence the computed stability of structures on the free energy landscape. We further investigate

the effect of altering the finite difference step size in calculating the free energies. The workflow

is applied to the 100 lowest energy crystal structures of the Benzoic Acid CrystalPredictor land-

scape using two minimisation schemes that employ different treatments of molecular flexibility.

Lastly, we investigate the impact of performing the lattice energy minimisation, with or without

utilising LAMs, on the calculated free energies of Target XXIX. Further details of the CSP

studies conducted for Benzoic Acid and Target XXIX are shown in sections 5.2 and and 5.3.

4.4.1 Number of flexible DoFs during minimisation

The impact of the number of flexible DoFs is assessed by considering two minimisation schemes.

A minimisation scheme in which all the dihedrals (all torsions) are treated as flexible, as well

as a fully atomistic minimisation (all DoFs) scheme are utilised to evaluate the number of

structures emerging as stable in the free energy landscape. The 100 lowest energy structures

of the CrystalPredictor landscape are locally minimised with CSO-FM employing both the

all torsions and atomistic schemes. Following the minimisation, the vibrational free energy is

calculated for all structures using CrystalDynamics. The Hessian matrices of all the CSO-FM

optimised structures are evaluated to determine whether the minimised structures represent local

minima in lattice energy. Among the structures that emerge as local minima, the dynamical

matrix is sampled at various k points to evaluate the dispersion curves. Structures that exhibit

positive phonon frequencies for each sampled k point are considered stable in the free energy

landscape. In contrast, structures with negative eigenvalues of the dynamical matrix at any

sampled point are considered unstable. We distinguish between two types of unstable structures.

Unstable structures with a negative definite Hessian do not correspond to “true” local minima

indicating a saddle point rather than a minimum in the lattice energy surface. On the other

hand, structures with a positive definite Hessian matrix that have negative phonon frequencies

at any other k point correspond to local lattice energy minima that are not stable in the free

energy landscape.

The Benzoic Acid molecule consists of 15 atoms yielding 12 torsions that are treated as flexi-

ble in the all torsions minimisation scheme. In the atomistic scheme, a total of 39 conformational

DoFs (14 bonds, 13 angles, 12 torsions) were optimised. Quantum mechanical calculations were

performed at the PBE/6-31G(d,p) level of theory alongside FIT parametrisation of the Buck-

ingham potential. A step size of 0.001 rad was used to calculate the energy derivatives with

respect to dihedrals or angles and a step size of 10−5 Å was used for the bonds. These sizes

are the default steps sizes used in the CSO-FM input file and are routinely used in our CSP

studies. The RMSD15 between the experimental (BENZAC02) and the structure minimised

with all torsions treated as flexible is equal to 0.222 Å and the RMSD1 is 0.043 Å. Similarly, the
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values of RMSD15 and RMSD1 for the structure atomistically minimised are 0.209 Å and 0.048

Å. It can seen that the experimental structure is reproduced well by both schemes.

Our findings are summarised in Table 4.5. Out of the 100 structures, 56 emerge as stable

using the all torsions minimisation scheme, whilst 80 structures are stable using the atomistic

treatment. The all-torsion minimisation scheme leads to 30 structures that are not local minima

in the free energy landscape. This number is greatly reduced in the atomistic scheme, to 8. It is

evident that the atomistic treatment greatly increases the number of stable structures emerging

as stable in the free energy landscape. This increase is attributed to the lower number of unstable

structures with negative definite Hessian matrix for the case of atomistic scheme.

The number of structures identified as minima that are unstable in the free energy land-

scape are 13 and 10 for the cases of all torsions and atomistic schemes, respectively. It is worth

comparing a structure that is stable with once scheme and unstable with the other. Of partic-

ular interest, the predicted structure matching the experimental form exhibits positive phonon

frequencies when subjected to the atomistic scheme but is found unstable in the all torsions

scheme. Although the Hessians of both structures are positive-definite, the structure minimised

with all torsions has negative phonon frequencies at the 4th sampled k point. A quantification

of the geometrical differences between the structures optimised with both schemes is performed.

The RMSD15 value is found to be 0.045 Å, and the RMSD1 value is determined to be 0.016 Å,

illustrating that the geometries obtained by the two schemes are very close. This indicates the

high sensitivity of the method and the need of an accurate minimisation model.

Table 4.5: Impact of the number of flexible DoFs on the stability of the 100 lowest energy

structures of Benzoic Acid on the CSO-FM landscape

Flexible Stable Unstable structures with Unstable structures with

DoFs structures negative definite Hessian positive definite Hessian

all torsions 57 30 13

all DoFs 82 8 10

4.4.2 Finite difference step size & LAMs

In the previous sections we have established that the atomistic minimisation provides a greater

number of stable structures in the landscape. Here, we attempt to further increase the number of

stable structures by altering the FD step sizes used for the evaluation of the derivatives of lattice

energy with respect to conformational DoFs. In previous CSP studies [98, 109] performed with

CrystalOptimizer mostly torsions and angles were treated as the DoFs to be treated flexible,

while atomistic minimisation schemes were also considered. In the more recent implementation

of CSO-FM lattice energy minimisation, the FD step size for bonds has not been tested thor-

oughly. In this section, we examine whether altering the default value of the bond FD step size

has an impact on the number of structures emerging as stable in the free energy landscape. To
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make systematic comparisons, the same energy model used in section 4.4.1 is maintained. Local

minimisations with CSO-FM are performed for the 100 lowest energy structures of CrystalPre-

dictor landscape of Benzoic Acid. Bonds step sizes of 10−4 Å, 10−5 Å and 10−6 Å are utilised

to make comparisons. The number of stable and unstable structures is given in Table 4.6. The

use of different bond step sizes has a small impact on calculated lattice and free energies with

differences being below 0.5 and 0.3 kJ/mol, respectively. The number of stable structures with

positive phonon frequencies is very similar for all used FD bond steps. An additional structure

emerges as stable using the shortest bond step of 10−6 Å. This structure is identified as local

energy minima by all bond FD step sizes, however it displays positive phonon frequencies for all

sampled points in the reciprocal space only in the case of the shortest bond size.

Table 4.6: Effect of altering the FD step size for bonds in the landscape of Benzoic Acid.

FD step size (Å) Stable Unstable structures with Unstable structures

for bonds structures negative definite Hessian with positive Hessian

10−4 82 8 10

10−5 82 8 10

10−6 83 8 9

In addition to FD step size for bonds, we assess the sensitivity of the CSP workflow to

the utilisation of LAMs during the lattice energy minimisation. As discussed in Section 4.2.1,

LAMs are employed to increase the efficiency of the lattice energy minimisation algorithm by

reducing the number of quantum mechanical calls. For each converged minimisation, a single

point isolated-molecule calculation is conducted neglecting the influence of nearby LAMs. In

this case, it is expected that the impact of using LAMs will be minimal. The effect of the

utilisation of LAMs on the number of structures emerging as stable structures in the free energy

landscape is performed for Target XXIX from the 7th CSP blind test. More details regarding the

generation of the landscape, lattice energy refinement and free energy evaluation can be found

in Section 5.3. The 100 lowest energy structures from the CrystalPredictor landscape of Target

XXIX are minimised both with and without employing LAMs. The minimisations are carried

out with CSO-FM treating all torsions as the flexible DoFs. A summary of the calculations,

including the breakdown of unstable structures, is provided in Table 4.7. The number of stable

structures with positive phonon frequencies is similar in both cases. Overall, the calculations

can be accelerated by employing LAMs with negligible impact on the calculated free energies.
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Table 4.7: Effect of using LAMs on the number of stable structures in the landscape of Target

XXIX.

LAMs Stable Unstable structures with Unstable structures

used structures negative definite Hessian with positive Hessian

Yes 81 9 10

No 82 8 10

4.5 Conclusions

In this chapter, we have initially presented the CrystalDynamics algorithm, which evaluates

the Helmholtz free energy of molecular crystals. The algorithm employs the HA of LD theory

to calculate the vibrational contributions to free energy and is based on the mathematical

formulation described in Chapter 3. The proposed workflow for performing vibrational free

energy calculations consists of lattice energy minimisation followed by free energy evaluation

using a consistent energy model. We have assessed the performance of different lattice energy

minimisation algorithms to evaluate the Helmholtz free energy of crystals comprised of rigid

or flexible molecules. For rigid molecules, DMACRYS/CrystalOptimizer can provide structures

that emerge as stable. Conversely for flexible molecules, lattice energy minimisation with CSO-

FM/CSO-RM is required to provide structures that display phonons with positive frequencies.

This is the first time that the CrystalDynamics algorithm has been applied to evaluate the free

energy of crystals that exhibit molecular flexibility.

The consistency between the calculated lattice energy contributions across across energy

minimisation and lattice dynamics has been investigated by varying the direct cutoff and spline

fraction values. We have found that intermolecular energy contributions are in good agreement

for lower spline fractions, while altering the direct space cutoff has a relatively low impact on the

differences between the calculated energies. Having established a satisfactory consistency, we

proceeded to validate the essential condition behind the HA. In the HA, the structure must lie at

a local minimum in lattice energy therefore having zero gradients and a positive definite Hessian

matrix. The calculated lattice energy gradients with respect to atomic positions have been

found to exhibit low values and to be within the threshold used as the convergence termination

criterion indicating that the lattice energy minimisation has successfully converged. In addition,

the gradients have been found to yield a symmetrical distribution and their total sum is equal to

zero suggesting that although some atoms are not converged tightly, the centre of mass of each

molecule lies at an equilibrium position. This equilibrium position is identified as a rigid-body

local minimum, as it displays a positive definite Hessian matrix of lattice energy with respect

to atomic positions.

The successful application of the workflow to a rigid molecule has been illustrated for the

two TCNE polymorphs. For both polymorphs, the dynamical matrix has been constructed

61



Conclusions

and diagonalised at various k points to evaluate the phonon frequencies as the square roots

of the eigenvalues. All calculated eigenvalues of the dynamical matrix, across all sampled k

points, were found to exhibit positive values demonstrating that structures are stable in the

free energy landscape. The phonon frequency of each mode of vibration along the reciprocal

space vector has been displayed in the dispersion curves. The pDOS, calculated as a histogram

of the dispersion curves, has been used in evaluating the vibrational free energy and other

thermodynamic properties. The pDOS of the monoclinic form has been compared with the

pDOS obtained from DFT-d calculations. Some distinct characteristics between the pDOS

calculated with CrystalDynamics and the one with DFT-d are found to be similar. However,

the differences in energy models and sampling procedures allowed only a qualitative comparison.

The free energy evaluation of TCNE polymorphs has demonstrated that our workflow predicts

the enantiotropic transition from the cubic to the monoclinic form. The LD approach adopted in

this thesis allows the evaluation of thermodynamic properties, namely entropy, heat capacity and

thermal energy. Our calculations suggest that the entropic contributions have a more significant

impact on polymorphic stability in comparison to thermal energy. This finding is in agreement

with the DFT-d calculation conducted for the same molecule as well as other studies that have

evaluated the entropic contributions of polymorphic molecules.

The evaluation of the eigenvalues of the Hessian matrix and the dynamical matrix at different

k points allows to distinguish between structures that are not local minima and structures that

although lie in local minima are unstable in the free energy landscape as they exhibit negative

phonon frequencies. Two minimisation schemes, differing in the number and types of degrees

of freedom treated as flexible, have been examined. The atomistic minimisation resulted in a

greater number of structures that emerged as stable in the free energy landscape compared to the

all-torsions scheme. Additionally, the sensitivity to algorithmic parameters has been assessed

by altering the bond FD step size in order to obtain the value that produces the larger number

of stable structures. Finally, the usage of LAMs during lattice energy minimisation is shown to

have minimal effect on the obtained phonon frequencies. In the next chapter, we present our

findings for the CSP studies conducted for three molecules of increasing size and flexibility.
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Chapter 5

Free energy for refining CSP landscapes

We perform full CSP studies and apply our workflow for evaluating free energies on three

molecules with increasing molecular flexibility and size. Initially, we evaluate the vibrational

free energy of tetracyanoethylene (TCNE). Our findings are compared with experimental and

computational data in the literature as well as a previous CSP study that has adopted a rigid-

molecule minimisation scheme [14]. Next, we apply our workflow to Benzoic Acid, a molecule

for which only one crystal structure has been reported. The goal of this study, which is the first

application of our LD method to a molecule that exhibits conformational flexibility, is to assess

the suitability our of free energy workflow in calculating the free energy landscape of a non-rigid

molecule. Finally, we present our calculations for Target XXIX, which was part of the CSP

study performed for 7th CCDC blind test. This constitutes a greater challenge for LD due to

the greater degree of molecular flexibility. The presented CSP studies were performed to evalu-

ate the feasibility of incorporating the proposed workflow in our CSP multistage methodology.

Additionally, we assessed the performance of our approach in ranking CSP landscapes across a

range of temperatures using free energy as the stability metric. Our findings demonstrate that

our proposed CSP workflow is applicable to a variety of molecular systems and highlight the

importance of including thermal contributions to lattice energy.

To quantify the impact of the temperature on the ranks, we employed a statistical analysis

by calculating Spearman’s rank correlation coefficient [110] for the free energies landscapes at

5 temperatures (0, 100, 200, 300, and 400 K). Spearman’s rank correlation coefficient, RS , is

a statistical measure that assesses how well the relation between the two sets of variables can

be described by a monotonic equation regardless of whether the relationship is linear. The

Spearman rank correlation coefficient is computed by first ranking the values of each variable,

then calculating the Pearson correlation coefficient on the ranks given by

RS = 1−
6
∑

D2
S

NS

(
N2

S − 1
) , (5.0.1)

where DS is the difference between the rank at the considered temperature and 0 K and NS is

the number of points in the dataset, which in our case is equal to the number of structures that

emerge as stable in the free energy landscape. Pearson’s correlation coefficient describes how

well the relation between the two variables can be represented by a linear equation. Pearson

correlation coefficient values range from -1 to +1. The lowest and highest coefficient values
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indicate that the two examined variables lie on a perfect line with positive or negative slope,

respectively. Coefficient values close to 0 correspond to no linear dependency between the

variables. Spearman’s rank correlation coefficient assesses the monotonicity of the variables by

evaluating the linear relationship of their ranks at different temperatures. Similarly to Pearson

coefficient, Spearman’s rank correlation coefficient also ranges between -1 and 1. Absolute values

at 1 indicate a perfect monotonic relationship, whereas a value close to 0 indicates no monotonic

relationship between the variables in the dataset.

5.1 Tetracyanoethylene CSP study

In Chapter 4, we have shown the application of our free energy workflow to the two polymorphs of

TCNE, with a chemical formula C6N4. In addition, we have examined the workflow’s sensitivity

in altering the FD step sizes for bonds and the usage for LAMs. In this section, we present our

full CSP study on TCNE molecule that involves global search and two refinement stages. The

structure of the CSP study for TCNE is as follows. We begin with providing a brief literature

review on the experimental and computational studies of TCNE crystals. Next, we describe the

candidate generation stage performed with CrystalPredictor. In the last two sections of this

chapter, we refine the landscape generated in the global search stage using lattice energy and

free energy as stability metrics.

TCNE is a planar and rigid molecule used in charge transport carrier applications, such as

organic conductors [111] and molecular magnets [112]. The molecular connectivity diagram of

TCNE is illustrated in Figure 5.1. Four polymorphs of TCNE have been reported, however

only the structures of the two stable forms has been resolved. The stable polymorphs are the

cubic form [113] and the monoclinic form [114] (see Figure 5.2). A third polymorph, commonly

known as form III, is considered metastable and can be observed as an intermediate phase during

the monoclinic to cubic transition under the application of pressure [115]. Another metastable

polymorph, form IV, is reported to be obtained by methylene chloride/ethyl acetate solution

at room temperature [2]. To the best of our knowledge, there have not been studies describing

or reproducing the structure of form IV. The TCNE crystal structures found in the CSD are

deposited under the RefCodes family TCYETY. The cubic form has eight molecules in the unit

cell (Z=8) with RefCodes: TCYETY01, TCYETY02, TCYETY12. The monoclinic form has

two molecules in the unit cell (Z=2) and is deposited under RefCodes: TCYETY, TCYETY03,

TCYETY04 and TCYETY11.

The stability relation between the cubic and monoclinic forms, as a function of temperature

and pressure, has been examined thoroughly in experimental studies. Murgich and Pissanetzky

[116] reported a reversible transition from the cubic to the monoclinic form at 292±0.5 K using

the nuclear quadrupole resonance technique. On the other hand, an irreversible transition from

the cubic at low temperatures to the monoclinic form at high temperatures was found to occur

at 326±2 K and 318±5 K using differential scanning calorimetry (DSC) and neutron diffraction,

respectively [117]. These slight differences in the reported values can be attributed to the
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Figure 5.1: Molecular connectivity diagram of TCNE.

dependency of the transition temperature on the heating rate used in DSC experiments. This

transition was found to be irreversible as the monoclinic form remained stable upon cooling

down to 5 K [118]. The effect of pressure on polymorphic stability has also been examined.

The monoclinic form undergoes a transition to the cubic form via the intermediate form III at

pressures higher than 5 GPa, whereas the cubic form does not undergo a transition for pressures

up to 10.8 GPa [117]. The influence of pressure is less pronounced on the cubic form due to its

smaller volume when compared to the monoclinic form.

In the published literature, the stability of TCNE polymorphs has also been investigated

computationally. Chaplot et al. have performed free energy calculations using the HA [118]

and QHA [119], adopting a semi-rigid treatment that allows for the evaluation of the low fre-

quency modes of vibration. Their force field considered only the repulsion-dispersion interac-

tions, modelled using the Buckingham potential, without taking into account any electrostatic

contributions. Schatschneider et al. [2] have calculated harmonic phonon frequencies at the

PBE-TS level of theory, using the DFPT [120]. Calculations performed with DFT-d suggested

that the enantiotropic transition from the cubic to the monoclinic form occurs at 160 K. A CSP

study for TCNE has been conducted by Vasileiadis [14]. In that study, the molecular confor-

mation was obtained from unconstrained isolated-molecule geometry optimisation and an rigid

body minimisation was conducted with DMACRYS [39]. The free energy were calculated at the

HF/6-31G(d,p) and M06/6-31G(d,p). In the former case, the cubic form was identified as the

global minimum in both the lattice energy and free energy landscapes. The monoclinic form

as the 2nd lowest energy structure at 0 K. The enantiotropic transition from the cubic to the

monoclinic form was found to occur at approximately 74 K. The free energies calculated at the

M06/6-31G(d,p) level of theory ranked the cubic and monoclinic forms, 3rd and 4th, respectively.

The monoclinic form became more stable than the cubic form at 79.5 K, whereas above 276 K

an undiscovered structure becomes the most stable.

Overall, it is generally agreed that the cubic form is more stable than the monoclinic form

at low temperatures and that the order of polymorphic stability changes with increasing tem-

perature. The enantiotropic transition has been reported to occur anywhere between 5 and 328

K. The effect of pressure in polymorphic stability is expected to be negligible at pressures below
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(a) (b)

Figure 5.2: Unit cells of (a) cubic form and (b) monoclinic TCNE polymorphs.

1 GPa. All the computational studies concurred that the enantiotropic transition is caused by

the higher entropy of the monoclinic form at elevated temperatures. In the section below, we

carry out full CSP studies, involving candidate generation with CrystalPredictor, lattice energy

minimisation with CrystalOptimizer and free energy evaluation with CrystalDynamics. The

goal is to perform lattice energy minimisation accounting for molecular flexibility and calculate

free energy using a consistent energy model. Although the impact of flexibility is expected to

be small for the rigid TCNE case, we apply our CSP workflow to assess differences in calculated

free energies and rankings adopting rigid and flexible treatments.

5.1.1 Global Search

The first step of the CSP multistage approach, discussed in chapter 2, involves determining the

conformational degrees of freedom that will be treated as flexible in the candidate generation

stage. For TCNE, a fully rigid treatment is employed throughout the global search stage.

Adopting a fixed molecular geometry can be justified by the planar structure of TCNE and

the presence of triple bonds between the carbon and nitrogen atoms (C N). Adopting a rigid

treatment results in omitting the intramolecular contribution to the lattice energy throughout

the candidate generation stage. The conformation used in the global search stage is obtained

by performing an unconstrained gas phase geometry optimisation of the TCNE molecule at the

PBEPBE/6-31G(d,p) level of theory. The ab initio charge density is also calculated as part of

the gas phase minimisation. The CHELPG [92] method is utilised for fitting point charges at

the above mentioned charge density. A cutoff of 12 Å is used for the electrostatic interactions

quantified via the Coulomb potential. The repulsion-dispersion interactions are modelled via

the Buckingham potential employing a FIT parametrisation [90] with a cutoff of 15 Å. More

details for the global search stage conducted with CrystalPredictor [97, 21, 22, 7] can be found

in Section 3.6.

Half a million initial structures with one molecule in the asymmetric unit cell (Z’=1) are
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generated using pseudo-random Sobol’ point sequencing [19]. The initial crystal structures are

minimised using CrystalPredictor’s energy model resulting in 498,159 stable crystals. The next

step of the search stage involves analysing the stable structures and results into 5,718 unique

structures within 20 kJ/mol from the global lattice energy minimum. These 5,718 structures are

clustered in order to identify crystallographically-duplicate structures belonging to an equivalent

lattice energy minimum. Clustering is performed with COMPACK [121] and further reduces

the number of structures from 5,718 to 1,188. The lowest energy structure within each cluster is

selected as a representative of that particular cluster. The 1,188 clustered structures within 20

kJ/mol of the global minimum of the CrystalPredictor landscape form the final set of structures

generated in the global search stage. The clustered CrystalPredictor landscape is shown in

Figure 5.3.

Figure 5.3: CrystalPredictor landscape for TCNE molecule. Open circles indicate the structures

obtained at the global search stage after performing clustering. The predicted forms that match

the experimental ones are highlighted with a cube and rhombus. The blue line indicates the

20kJ/mol threshold from the global minimum.

Both the experimental forms are predicted as low energy minima in the CrystalPredictor

landscape. The 3rd lowest energy structure matches the cubic form and the 11th lowest energy

structure the monoclinic form. The similarity matching tool of CCDC Mercury [122, 101] are

used to compare the predicted crystals with their counterparts deposited in the CSD (RefCode

family TCYETY). The geometry comparison between experimental and predicted crystals is

summarised in Table 5.1. Accurate geometries for the two forms are generated as the predicted

structures display an average RMSD15 below 0.6 Å. The simplistic energy model of CrystalPre-

dictor is able to identify the two experimental forms within just -2.914 kJ/mol from the global
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Table 5.1: Geometry comparison of the cubic and monoclinic form generated at the CrystalPre-

dictor stage with the experimental TCNE crystal structures in CSD.

Polymorph RefCode R-factor (%) RMSD1 (Å) RMSD15 (Å) PXRD

Cubic

TCYETY01 4.80 0.036 0.118 0.924

TCYETY02 2.70 0.035 0.118 0.925

TCYETY12 4.26 0.032 0.182 0.851

Monoclinic

TCYETY 8.30 0.057 0.393 0.873

TCYETY03 3.50 0.050 0.397 0.871

TCYETY04 2.20 0.054 0.398 0.868

TCYETY11 3.00 0.053 0.395 0.868

minimum in the lattice energy landscape (-71.777 kJ/mol). In the following sections, low en-

ergy structures generated in the global search stage are refined using increasingly sophisticated

models and methods.

5.1.2 Refinement stage I - Lattice energy

The next stage of the CSP study involves refining the lowest energy structures obtained in

the candidate generation stage using more detailed energy models. The refinement stage I is

performed using the CrystalOptimizer algorithm [18], which performs geometry optimisation

of molecular crystals by minimising their lattice energy. In total, TCNE has 27 DoFs: 10

bonds, 9 angles and 8 dihedrals. All DoFs are treated as flexible during the lattice energy

refinement stage. Note that the terms “atomistic” and “fully flexible” are used interchangeably

throughout the text. In the outer loop, finite differences were used for the evaluation of the

intermolecular derivatives. The default values for FD step sizes of CrystalOptimizer are used in

the global search stage. FD step sizes of 0.03 Å, 0.35° and 0.50° are utilised for bonds, angles

and dihedrals, respectively.

Quantum mechanical calculations are employed at the M06/6-31G(d,p) level of theory to

populate the intramolecular and intermolecular LAM database. To model electrostatic inter-

actions, a distributed multipole approach is adopted, considering multipoles up to a combined

rank of four (l = 4). Multipole interactions are calculated with a real space cutoff of 15 Å and a

reciprocal space cutoff of 1 Å-1. Repulsion-dispersion interactions are calculated with Bucking-

ham potential and FIT parameterisation using a 30 Å cutoff. At the end of each minimisation,

a single point energy calculation is performed to obtain the intramolecular and electrostatic gas

phase energies without considering the effect of LAMs.

The 1,188 clustered structures within 20 kJ/mol from the global minimum of the Crystal-

Predictor landscape are refined with CrystalOptimizer [18]. All the locally minimised crystals

are then clustered with COMPACK resulting in 837 unique structures that constitute the final

ranked set of refinement stage I, shown in Figure 5.4. The ranking of the predicted structures
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Figure 5.4: CrystalOptimizer landscape. Open circles indicate minimised crystal structures.

Structures matching the experimental cubic and monoclinic form are highlighted with a rhombus

and a cube symbol. The blue line indicates the 20kJ/mol threshold from the global minimum.

matching the two experimental structures is improved in the CrystalOptimizer landscape. The

global minimum of the CrystalOptimizer landscape is identified as the cubic form with an en-

ergy of -76.663 kJ/mol. Furthermore, the structure ranked 6th, exhibiting an energy of -74.780

kJ/mol, matches the experimental monoclinic form. The geometry comparison between the

structures locally minimised with CrystalOptimizer and experimental forms is performed with

CSD python API [122, 101] and can be found in Table 5.2.

Table 5.2: Geometry comparison between the cubic and monoclinic form at refinement stage I

performed with CrystalOptimizer.

Polymorph RefCode RMSD1 (Å) RMSD15 (Å) PXRD

Cubic

TCYETY01 0.021 0.066 0.969

TCYETY02 0.020 0.066 0.969

TCYETY12 0.022 0.132 0.900

Monoclinic

TCYETY 0.032 0.297 0.909

TCYETY03 0.026 0.302 0.908

TCYETY04 0.029 0.301 0.904

TCYETY11 0.029 0.298 0.905

The energy model of CrystalOptimizer takes into account molecular flexibility and utilises

distributed multipoles, instead of point charges, providing more accurate geometry and ranking

predictions compared to CrystalPredictor. In particular, the rank of the cubic and monoclinic
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forms is improved from 3rd and 11th in the CrystalPredictor to 1st and 6th lowest energy struc-

tures in the CrystalOptimizer landscape. Our findings are in good agreement with the above

mentioned experimental and computational studies that suggest that the cubic form is the most

stable polymorph at 0 K. The monoclinic form is also found at a very low rank and with very

similar energies with the rest of the predicted low energy structures just -1.883 kJ/mol above

the global minimum in lattice energy. Vasileiadis [14] found the cubic and the monoclinic forms

as the 2nd and 6th lowest energy structures, respectively. The improved ranking in our study

can be attributed to the flexible treatment and to usage of extended cutoffs for the evaluation

of the electrostatics and repulsion-dispersion interactions. In the subsequent stage of our CSP

study, we employ vibrational free energy calculations to investigate the transition from the cubic

to the monoclinic form. Additionally, we aim to assess the impact of temperature on the TCNE

lattice energy landscape.

5.1.3 Refinement stage II - Free energy

The vibrational free energies of the 100 lowest energy structures of the CrystalOptimizer land-

scape are evaluated using the CrystalDynamics algorithm. The energy model used for the free

energy evaluation is consistent with the energy model adopted during the lattice energy refine-

ment stage. Vibrational free energy calculations are performed at the M06/6-31G(d,p) level of

theory and with the FIT potential. Out of 100 examined structures, 76 emerged as stable in the

free energy landscape as they displayed positive phonon frequencies along all sampled k points.

The remaining 24 structures that displayed imaginary frequencies were eliminated from the free

energy landscape. In the previous CSP study [14], the lattice energy landscape contained 148

structures (122 with Z’=1, 25 with Z’=2 and 1 with Z’=8) out of which 24% emerged as stable

for calculations carried out with the HF functional. In the remainder of this section, we present

the vibrational free energies and other thermodynamic properties of all structures that displayed

positive phonons frequencies.

At 0 K, the thermal contributions to free energy (entropy and thermal energy) are zero

therefore the free energy of a system is equal to the sum of lattice energy and ZPE. The ZPE

landscape of TCNE is shown in Figure 5.5a. The difference between the ZPE of the forms match-

ing the experimental structures is equal to 0.361 kJ/mol. This difference is in relatively close

agreement with the polymorphic stability study presented in [51], which found that differences

in ZPE calculated using rigid-body phonon frequencies between polymorphs do not exceed the

0.33 kJ/mol in the 95% of polymorphs pairs. The calculated ZPE values fall within a narrow

range for all stable structures in the landscapes, with the difference between the lowest and

highest calculated values being equal to 1.136 kJ/mol. The cubic form has the 4th highest ZPE

energy value, however it remains the global minimum of the free energy landscape at 0 K shown

in Figure 5.5b. Overall, the free energy landscape at 0 K and the lattice energy landscape have

very similar ranking (see Figure 5.5b). This finding is in agreement with the previous CSP study

conducted by Vasileiadis [14] that reported minor ranking alteration due to ZPE contributions.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.5: (a) ZPE energy landscape of TCNE. Free energy landscape at (b) 0 K, (c) 100 K,

(d) 200 K, (e) 300 K and (d) 400 K. Structures shown as red and blue squares represent the

cubic and monoclinic forms, respectively.
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The relatively small differences in ZPE between predicted structures provide justification for the

common approximation to use lattice energy as a metric for ranking stability at 0 K.

The cubic form is identified as the global minimum in free energy at 0 K, (lattice energy and

ZPE). The monoclinic form emerges as the 4th lowest free energy structure. Note that the 2nd

and 5th lowest energy structures in the lattice energy landscape are unstable and therefore are

not considered in the ranking. The free energy landscapes at 0 K, 100 K, 200 K, 300 K and 400

K are shown in Figures 5.5b-5.5f. The cubic form remains the global minimum in free energy

between 0 K and ≈275 K indicating that is the most stable structure at lower temperatures

in line with experiments and the DFT-d study. At 275 K, an enantiotropic transition occurs,

resulting in a change in the stability of the two forms. At 300 K the monoclinic form becomes

the global minimum and the cubic form the 3rd lowest energy structure. At 400 K, another

predicted structure ranked becomes the global minimum and the monoclinic form becomes the

second lowest free energy structure.

We proceed with examining the vibrational contribution that has the biggest impact on the

relative stability across different temperatures. As discussed on Chapter 3, the vibrational con-

tributions to free energy are decomposed into ZPE, S (entropy), and U thermal (thermal energy),

with the latter two depending on temperature. We evaluate the difference in entropic contri-

butions, T∆S, calculated relative to the lowest entropy structure in the free energy landscape.

For TCNE, the structure with lowest entropy is the structure ranked 35th in the CrystalOpti-

mizer landscape The calculated T∆S values at 100 K, 200 K, 300 K and 400 K are shown in

Figures 5.6a-5.6d. Overall, the entropic contributions become more significant with increasing

temperature. At 100 K, the difference between the lowest and biggest calculated T∆S among

all structures in the landscape is 1.756 kJ/mol. At 400 K, that difference increases to 8.883

kJ/mol, indicating the increased effect of temperature on entropic contributions.

In general, the lower density structures have bigger entropic contributions than their higher

density counterparts. This finding is in agreeent with the previous study conducted for TCNE

[14] as well as other studies in the literature [17, 123] that have reported that vibrational entropy

favours the stabilisation of less dense structures. The cubic form of TCNE has the 3rd at 100 K

and 4th lowest entropy values above 200 K. This low entropy leads to the destabilisation of the

cubic form with increasing temperature. As a result, the difference in free energy between the

cubic and monoclinic forms decreases with increasing temperature, yielding the enantiotropic

transition at 275 K.

The other temperature temperature-dependent vibrational contribution is U thermal. Simi-

larly, the difference in thermal energy, ∆U thermal, is calculated relative to the structure having

the lowest U thermal in the free energy landscape. The ∆U thermal values for the 76 stable struc-

tures are shown in Figure 5.6e at 100 K and in Figure 5.6e at 400 K. The rank of entropic

term and thermal energy does not change with increasing temperature. The magnitude of the

above mentioned quantities, however changes with increasing temperature yielding changes in

relative stability and the thermal energy is found to have a lower impact on relative stability

than entropy.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.6: Calculated relative entropic contributions to free energy for the TCNE landscape (a)

100 K, (b) 200 K, (c) 300 K and (d) 400 K. Calculated thermal energy for the TCNE landscape

at (e) 100 K and (f) 400 K. Structures shown as red and blue squares represent the cubic and

monoclinic forms, respectively.
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Figure 5.7: Rank of the 76 structures of the TCNE free energy landscape at various temperatures

relative to their rank at 0 K.

The rank of the stable structures in the free energy landscape at various temperatures is

shown as a parity plot in Figure 5.7 relative to their rank at 0 K. At 100 K, the effect of

temperature on the stability is less significant as the structures in the parity plot are distributed

close to the x=y line. The increase of temperature results in an increasing scatter of the data

on the parity plot. To obtain a metric quantifying the effect of temperature on the ranks

of structures, we calculated the Spearman rank correlation coefficient for each temperature

relative to the ranks at 0 K. The calculated values are summarised in Table 5.3. The RS(T )

values decrease at elevated temperatures indicating that the deviation of the ranks of structures

relative to their rank at 0 K is increased with increasing temperature.

Table 5.3: Spearman rank correlation coefficient at various temperatures relative to 0 K.

100 K 200 K 300 K 400 K

RS(T ) 0.994 0.967 0.925 0.860

RS(T )−RS(0) 0.006 0.033 0.075 0.140
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5.2 Benzoic Acid CSP study

The current section summarises our full CSP study on Benzoic Acid involving global search,

lattice energy and free energy refinements. Benzoic Acid has the chemical formula C7H6O2

and consists of a benzene ring substituted with a carboxyl group (-COOH). The molecular

connectivity diagram of Benzoic Acid is shown in Figure 5.8. The structure of Benzoic Acid

crystals is stabilised by the formation of hydrogen bonds between the carboxylic acid groups

of adjacent molecules. Despite being a compound that has been crystallised widely over the

centuries, only one crystal structure has been observed experimentally [124]. There are 21

crystal structures deposited in the CSD (17 with atomic coordinates) under the family name

BENZAC. This large number of deposited structures represents the collective efforts and studies

dedicated to understanding the properties and behaviour of Benzoic Acid crystals and serves as

an indication that another polymorph is unlikely to be discovered.

Figure 5.8: Molecular connectivity diagram of Benzoic Acid.

To the best of our knowledge, state-of-the art CSP methods have not been applied for

the study Benzoic Acid single-crystals. Benzoic Acid co-crystals with caffeine [125] have been

examined using CSP methods. CSP studies for of benzoic acid derivatives, such as chloro and

methyl ortho-benzoic acids and their co- crystals [126] as well as nitrobenzoic acid derivatives and

benzoic acid isomers [127] have been conducted using CrystalPredictor and CrystalOptimizer.

In the former study, interchanging the chloro and methyl groups yields more stable experimental

forms than their predicted counterparts. In the latter study, the experimental forms are predicted

low in energy in the CSP landscapes, with many cases the experimental structures being the

global minimum.

5.2.1 Global Search

The first step in the candidate generation stage involves the identification of the flexible DoFs

and the generation of LAMs. The LAMs used in the global search stage have been generated in

the work of Sugden et al. [97] using the adaptive LAM algorithm. For Benzoic acid, we treat the

torsion describing the carboxylic group is treated as flexible and the geometry of the benzene

ring is kept rigid to its gas phase conformation. LAMs have been generated at the M06/6-

31G(d,p) level of theory across the full range of 360° with a step of 10°. Point charges, fitted to

the same level of theory, are calculated with a real space cutoff of 12 Å. Repulsion-dispersion

interactions are modelled via the Buckingham potential, employing the FIT parametrisation
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with a cutoff of 15 Å. The global search is performed for one molecule in the asymmetric unit

cell (Z’=1) using CrystalPredictor algorithm and yields 6,807 stable structures within 20 kJ/mol

from the global minimum in lattice energy. Clustering with the CSD python API reduces the

number of structures to 6,304. The clustered CrystalPredictor landscape consists of the final

set of structures generated in the candidate generation stage (See Figure 5.9).

Figure 5.9: CrystalPredictor Z’=1 landscape of Benzoic Acid after clustering. The structure

predicted 52nd in the lattice energy landscape (red square) matches the experimental form with

RefCode BENZAC02.

The structure corresponding to the global minimum in CrystalPredictor landscape is found

to have an energy of -80.419 kJ/mol. The experimental structure is ranked 52nd in the landscape,

with an energy of 3.247 kJ/mol above the global minimum. This suggests that the experimental

structure is found low in energy as it falls within 20 kJ/mol from the global minimum, which is

the usual energy threshold for structures considered in subsequent steps. Structural similarity

analysis was employed to assess the differences in geometry between the experimental and pre-

dicted structures. The RMSD15 between the predicted structure and experimental form with

CSD RefCode BENZAC02 was 0.307 Å and the RMSD1 = 0.043 Å. PXRD pattern similarity

was also found to have a high matching score of 0.965. The CrystalPredictor energy model

provides a satisfactory energy and geometry prediction despite the usage of point charges for

the electrostatic interaction. In the subsequent sections, the set of structures obtained in the

global search stage is refined by calculating the lattice energy with more detailed potentials.

5.2.2 Refinement stage I - Lattice energy

The application of our free energy workflow has been presented in Chapter 4. In this section,

we show calculations performed for the combination of settings that produced the most stable
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structures. We remind the reader that two treatments of molecular flexibility were examined.

An all-torsions as well as a fully atomistic treatment are employed to assess the minimisation

scheme that yields the larger number of structures with positive phonons frequencies in the

free energy landscape. In addition to the number of DoFs treated as flexible, we examine

the effect of varying the step size used for calculating derivatives via FD. It was found that

atomistic treatment in conjunction with FD steps for bonds lengths equal to 10−6 Å produced

the largest number of structures with positive phonon frequencies. The latter step size is used

for bonds lengths, alongside 10−3 rads for angles and dihedrals. In total, the Benzoic Acid

molecule has 39 conformational DoFs, including 14 bond lengths, 13 angles and 12 dihedrals

all of which were treated as flexible during minimisation. Quantum mechanical calculations

were conducted at the PBE/6-31G(d,p) level of theory. A cutoff of 10 Å was utilised for the

direct electrostatic interactions, modelled using DMA up to a combined rank of four (l = 4).

The repulsion-dispersion interactions were quantified with FIT parameterisation using a cutoff

of 15 Å. Refinement using CSO-FM is performed for the 100 lowest energy structures of the

CrystalPredictor landscape generated in the previous stage.

Figure 5.10: Landscape of the 100 lowest energy structures for Benzoic Acid minimised with

CSO-FM. The structure matching the experimental form (BENZAC02) is highlighted with a

red square and.

The landscape minimised using CSO-FM is depicted in Figure 5.10. The structure ranked

3rd is found to match the experimental crystal structure of Benzoic Acid (CSD RefCode BEN-

ZAC02). The structure corresponding to the global minimum in the CSO-FM landscape is found

to have an energy of -86.353 kJ/mol with the experimental structure having an energy differ-

ence of just 0.585 kJ/mol. This improved ranking can be attributed to the usage of a different

functionals in the refinement stage (PBE) compared to the one used in the global search (M06).

In addition, CSO-FM makes use of a more accurate energy model that employs multipoles and

incorporates molecular flexibility. Regarding geometry prediction, the experimental structure
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with CSD RefCode BENZAC02 is found to match the structure ranked 3rd, with an RMSD15 =

0.209 Å and RMSD1 = 0.048 Å. The geometry reproduction of the experimental crystal struc-

ture is improved in comparison to CrystalPredictor, with very minor differences in the molecular

conformation obtained by both algorithms.

5.2.3 Refinement stage II - Free energy

The final stage of the CSP study involves the evaluation of the vibrational contributions to free

energy for all 100 structures in the CSO-FM lattice energy landscape. The free energies are com-

puted using CrystalDynamics employing an energy model that is consistent with the one adopted

in the lattice energy refinement stage (see Section 5.2.2). The application of CrystalDynamics

has been presented in Section 4.4.2, where it was found that 83 structures displayed positive

phonon frequencies across all sampled k points. Here, we present the free energy landscapes

and discuss ZPE, entropy and thermal energy.

The ZPE landscape is shown in Figure 5.11a. Selecting the free energy at 0 K as the stability

ranking criterion by considering ZPE does not alter the lattice energy ranking. Although the

structure matching the experimental form has a high ZPE value, its ranking remains unaffected

at 0 K. The free energy at temperatures between 0 K and 400K are shown in Figures 5.11b-

5.11f. For all structures, the vibrational free energy decreases with increasing temperature. The

three lowest energy structures in the lattice energy landscape are stable as they display positive

phonon frequencies. As mentioned in the previous section, the experimental form was found to

be the 3rd lower energy structure in the CSO-FM lattice energy landscape. The same ranking

is maintained in the free energy landscape across the 0-400 K range.

We evaluate the impact of entropic contribution in relative stability. The differences in

entropic contributions, T∆S at 100 K, 200 K, 300 K and 400 K are shown in Figures 5.12a-5.12d.

The difference between the minimum and maximum calculated T∆S value in the free energy

landscape increases with increasing temperature. Specifically, the difference is 1.064 kJ mol−1

K−1 at 100 K and reaches 4.679 kJ mol−1 K−1 at 400 K. The structure matching the experimental

form exhibits the 3rd lowest entropy at 100 K and the 2nd lowest at higher temperatures. This low

relative entropy indicated a tendency for destabilisation of the experimental structure. Despite

that stabilisation, no difference in ranking is observed for temperature up to the melting point

of Benzoic Acid, which is 396 K [128].

The calculated ∆U thermal at 100K and 400 K are shown in Figures 5.12e-5.12f. The ∆U thermal

difference between the minimum and maximum values for the 100 lowest energy structures are

0.319 and 0.703 kJ/mol for 100 K and 400 K, respectively. Our results confirm the significance

of entropic contributions in crystalline stability at elevated temperatures. Although free energy

does not improve the ranking, in this case, the study shows the feasibility of taking free energy

into account within CSP.

The parity plot of the ranks of the stable structures in the Benzoic acid landscapes at various

temperatures relative to their rank at 0 K is shown in Figure 5.13. The rise of temperature does
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(a) (b)

(c) (d)

(e) (f)

Figure 5.11: (a) ZPE landscape of Benzoic Acid and free energy landscapes at (b) 0 K, (c) 100

K, (d) 200 K, (e) 300 K and (d) 400 K. The predicted structure matching the experimental form

(BENZAC02) is highlighted with a red square.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.12: Entropic contributions of the Benzoic acid landscape at (a) 100 K, (b) 200 K, (c)

300 K, (d) 400 K. Thermal energy for the Benzoic acid at (e) 100 K and (f) 400 K. The predicted

structure matching the experimental form (BENZAC02) is highlighted with a red square.
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Figure 5.13: Rank of the 83 structures of the Benzoic acid free energy landscape at various

temperatures relative to their rank at 0 K.

not affect the rank of the three lowest energy structures including the experimental form, which

is ranked 3rd. The Spearman rank correlation coefficient is calculated for each temperature

relative to the ranks at 0 K and (See Table 5.4). The value of 0.992 calculated for the difference

in rank between 0 K and 100K confirms that the impact of temperature in ranking is negligible

at lower temperatures. At elevated temperatures, the calculated Spearman rank correlation

coefficients are close to 1, indicating that the effect of temperature on the relative stability is

relatively low for the case of Benzoic acid.

Table 5.4: Spearman rank correlation coefficient at various temperatures relative to 0 K for

Benzoic acid.

100 K 200 K 300 K 400 K

RS(T ) 0.997 0.984 0.959 0.935

RS(T )−RS(0) 0.003 0.016 0.041 0.065
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5.3 Target XXIX from 7th CSP blind test

This section provides a summary of the CSP study conducted for Target XXIX of the 7th CSP

blind test organised by CCDC. For Target XXIX, CCDC disclosed the chemical connectivity

diagram alongside the experimental PXRD pattern in the so-called “experimentally assisted

challenge”. The CSP study shown in this section aimed to produce a ranked list of plausible

crystal structures for Target XXIX of the blind test. Here, we report the Z’=1 CSP study

that involves global search and application of our workflow to evaluate the lattice and free

energy landscapes of Target XXIX. Limited Z’=2, 3 and 4 searches have been also carried out

but were incomplete. The experimental structure has three molecules in the asymmetric unit

cell (Z’=3) and was not found in the search. In addition, we present the post-test analysis

of the experimental structure of Target XXIX, after its release with CSD RefCode FASMEV.

This analysis includes local minimisation of the experimental form using the energy models of

CrystalPredictor and CrystalOptimizer, and free energy evaluation using CrystalDynamics.

5.3.1 Global Search

A global search for Target XXIX, with chemical formula C6H4(NH2)(CO2H) or C8H9O2N has

been carried out to generate a list of plausible crystal structures. The molecular connectivity

diagram alongside the three DoFs treated as flexible during the candidate generation stage

are shown in Figure 5.14. This choice was based on chemical intuition in order to generate

sufficient candidate structures at the global search stage. The flexible DoFs include the dihedral

O1-C2-C3-C4 (dih4) of the carboxylic group connected to the benzene, the dihedral H5-C1-

O1-C2 (dih5) describing rotation of the terminal methyl group linked to one of the oxygens,

and the dihedral H1-N1-C8-C7 (dih16) of the amine group linked to the benzene. Initially, an

unconstrained geometry optimisation was carried out using the hybrid PBE0 functional and

three progressively more diffuse basis sets to evaluate the gas phase energy and geometry. The

basis sets used include 6-31G(d,p), 6-311G(d,p) and 6-311+G(d,p). The values of the flexible

dihedrals for the minimised in vacuo conformations can be found in Table 5.5. Isolated-molecule

calculations reveal that similar values of the dihedrals are obtained in the gas phase for various

basis sets and the same level of theory. Consequently, we proceed with LAM generation using the

most diffuse basis set 6-311+G(d,p), which is expected to be more accurate and which remains

affordable despite the higher computational cost.

The next step of the CSP study involves generating LAMs that will be used in the global

search stage. Uniform LAMs are created through constrained geometry optimizations of isolated

molecules, considering various molecular conformations. The flexible DoFs are restricted to a

grid of discrete values, while the rigid DoFs are allowed to vary freely. To generate a com-

prehensive set of LAMs for each flexible DoF, calculations are performed spanning the entire

range of 360°, with a step size of 60°. This ensures a thorough exploration of the conformational

space, enabling the identification of low energy regions. This systematic procedure results in
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Figure 5.14: The molecular connectivity diagram of Target XXIX. The blue arrows represent

the dihedrals: O1-C2-C3-C4 (dih4), H5-C1-O1-C2 (dih5), and H1-N1-C8-C7 (dih16), which have

been treated as flexible during the global search stage.

Table 5.5: Values of flexible dihedrals obtained from atomistic geometry optimisations of TCNE

with the PBE0 functional and three different basis sets

Torsion/Basis Set 6-31G(d,p) 6-311G(d,p) 6-311+G(d,p)

O1-C2-C3-C4 (dih4) 180.4130 180.3371 180.2872

H5-C1-O1-C2 (dih5) -180.8213 -179.2112 -178.8522

H1-N1-C8-C7 (dih16) -8.0871 -8.5269 -8.4391

the creation of 216 uniform LAM points illustrated by 2D heat maps (see Figures 5.15a, 5.15c

and 5.15e). The adaptive LAM generation algorithm [97, 21] was utilised to determine unpop-

ulated conformational regions of low confidence. An intramolecular energy cutoff of 30 kJ/mol

and a maximum LAM energy difference of 5 kJ/mol are used to determine regions requiring

additional sampling. This process suggests the generation of 97 additional adaptive LAM points

(see Figures 5.15b, 5.15d and 5.15f). In total, 313 uniform and adaptive LAM points were used

in the global search stage. Comparing Figures 5.15a and 5.15b reveals that the adaptive LAM

generation algorithm identifies a spurious minimum located around dih4=330° and dih5=150°.

Similarly, a low energy region, around dih4=330° and dih16=40°, disappears with the applica-

tion of adaptive LAM algorithm (see Figures 5.15c and 5.15d). It can be seen from figure 5.15

that the energetically preferable conformations are close to the gas phase values reported in

Table 5.5.

The global search is performed using the CrystalPredictor algorithm [98, 99, 22] version

2.4.4 [97, 21] with LAMs generated at the PBE0/6-311+G(d,p) level of theory. A cutoff of

25 Å was used for the electrostatic interactions modelled with point charges. FIT potential

parameters are used to model the repulsion-dispersion interactions with a cutoff of 25 Å and a

quintic spline [20] cutoff of 22 Å. In total, one million initial crystal structures with one molecule
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(a) (b)

(c) (d)

(e) (f)

Figure 5.15: 2D heat maps for various conformations of molecule XXIX. (a) uniform & (b)

adaptive LAMs for dih4 and dih5, (c) uniform & (d) adaptive LAMs for dih4 and dih16, and

(e) uniform & (f) adaptive LAMs for dih5 and dih16. Calculations were performed at the

PBE0/6-311+G(d,p) level of theory.
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Figure 5.16: CrystalPredictor Z’=1 landscape for molecule XXIX after clustering. The yellow

triangle indicates the locally minimised experimental structure (FASMEV), which has Z’=3 and

was not found in the search. The red and green dashed lines indicate the 10 kJ/mol and 20

kJ/mol thresholds from the global minimum.

in the asymmetric unit cell (Z’=1) are generated using Sobol’ sequencing [19]. All the initial

structures are minimised with CrystalPredictor’s energy model resulting in 16,856 structures

within 20 kJ/mol from the global minimum in lattice energy, with a value of -92.860 kJ/mol.

Clustering with CSD python API [122, 101] further reduced the number of structures to 6,980

structures, which make up the final global search landscape shown in Figure 5.16.

Global searches with up to four molecules in the asymmetric unit cell (Z’=2, Z’=3 and Z’=4)

were performed with the same energy model and LAM database used in the Z’=1 search. The

searches with more than one molecules in the unit cell were incomplete due to the shortage

of computational resources and are not discussed in this thesis. The experimental structure of

Target XXIX (CSD RefCode FASMEV) has Z’=3 and has not been found at the global search

stage. Following the release of the experimental form, we have applied our workflow to asses

the performance of our energy models in reproducing the experimental crystalline geometry.

Additionally, we examine the energy of experimentally minimised form and its rank in the

lattice and free energy landscape. FASMEV is locally minimised with CrystalPredictor using

the same modelling choices as during the blind test. It is found to have a lattice energy value

of -87.860 kJ/mol (see figure 5.16). The calculated lattice energy of the experimental form is

approximately 5 kJ/mol above the Z’=1 CrystalPredictor global minimum and lies within the 20

kJ/mol energy threshold. The lattice energy of FASMEV is very close to the CrystalPredictor

lattice energy minimum, indicating that if this structure had been generated, it would likely

have been refined in the next stage. As far as geometry is concerned, the structure obtained
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after local minimisation of FASMEV is a good match for the experimental structure with an

RMSD20 of 0.194 Å. This value is well below the matching cutoff value of 0.600 Å that was used

in the 6th blind test [11].

5.3.2 Refinement stage I - Lattice energy

Before we proceed to refining the global search landscape, we locally minimise a similar com-

pound to assess the accuracy of the energy model in reproducing the experimental geometry

and stability at 0 K. For this purpose, we performed a polymorphic stability study on An-

thranilic Acid. Target XXIX and Anthranilic Acid are fairly similar, with the former being an

ester while the latter is a carboxylic acid. The difference of Target XXIX is the presence of

a terminal methyl (-CH3) group attached to one of the oxygen atoms. Anthranilic Acid has

three polymorphs, form I (AMBACO07), form II (AMBACO10) and form III (AMBACO08)

all of which have been minimised. CrystalOptimizer was used instead of CSO-FM as the latter

had not been implemented at the time of this study. The three conformational DoFs that were

chosen to be treated as flexible are chosen to match the flexible DoFs in the global search stage.

Quantum mechanical calculations were performed at the PBE0/6-311+G(d,p) level of theory.

Two parameter sets were used to model the repulsion-dispersion interactions. The parameter set

DB2020 PBE0 6-311+G(d,p) that was developed at the PBE0/6-311+G(d,p) functional/basis

set [40] and FIT potential. The geometry reproduction is shown in Table 5.6 and is satisfactory

for all the forms using both sets of repulsion-dispersion interactions. Experimental studies on

Anthranilic Acid polymorphs [129, 130, 131] suggest that form I is the most stable polymorph at

0 K, in agreement with the energy ranking suggested by the chosen level of theory. This study on

Anthranilic Acid polymorphs provides justification to adopt the aforementioned computational

parameters in the subsequent refinement stages.

Figure 5.17: Molecular connectivity diagram of Anthranilic Acid taken from CSD RefCode:

AMBACO08.

Having established the energy model to be utilised, we proceed to refining the 100 lowest

energy structures of the Z’=1 CrystalPredictor landscape of molecule XXIX using CSO-FM.

Quantum mechanical calculations are performed at the PBE0/6-311+ level of theory. Multi-

poles with a combined rank of up to four (l = 4) are derived from gas phase densities using

GDMA [31]. The electrostatic interactions are modelled using a real space cutoff 10 Å and
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Table 5.6: Geometry and energy of the three Anthranilic Acid polymorphs locally minimised with

CrystalOptimizer using two different parameter sets for the repulsion-dispersion interactions.

Form RefCode
FIT DB2020 PBE0 6-311+G(d,p)

RMSD15(Å) U latt (kJ/mol) RMSD15(Å) U latt (kJ/mol)

I AMBACO07 0.184 -100.965 0.235 -90.384

II AMBACO10 0.323 -95.052 0.399 -83.486

III AMBACO08 0.216 -101.155 0.405 -88.127

Figure 5.18: CSO-FM landscape for molecule XXIX containing 100 CSO-FM minimised struc-

tures. The req square indicates the locally minimised experimental structure (FASMEV)

an accuracy of Ewald summation equal to 10−6. Repulsion-dispersion parameters are derived

at the aforementioned level of theory and calculated with a cutoff of 15 Å. An “all torsions”

minimisation is carried out treating a total of 17 torsions as the flexible degrees of freedom. The

landscape was refined utilising LAMs during the minimisation, although upon convergence a

single point isolated-molecule gas phase calculation is performed to cancel the impact of LAMs

on the final list from refinement stage I.

The experimental crystal structure of Molecule XXXI (FASMEV) is locally minimised with

CSO-FM utilising the same energy model with the one described in this section. The RMSD20

between the experimental structure (FASMEV) and its locally-minimised equivalent is 0.193

Å, indicating a close match. The minimised structure is found to lie -8.579 kJ/mol above the

lowest-energy structure in the Z’=1 landscape. We can conclude that the models used in the

global search and local lattice energy minimisation are suitable for Target XXIX and that, had

extensive Z’> 1 searches been completed, the experimental structure would have been very likely

included in the submitted list due to its low rank in and CSO-FM landscape (See Figure 5.18).
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5.3.3 Refinement stage II - Free energy

We employ the CrystalDynamics algorithm to evaluate the vibrational free energy of the 100

lowest energy structures obtained in the lattice energy refinement stage. 79% of structures

emerge as stable in the free energy landscape as they display positive phonon frequencies along

all sampled k points. As mentioned earlier, the experimental structure of Target XXIX (FAS-

MEV) has Z’=3 and was not found in the global search stage. We have evaluated harmonic

phonon frequencies for FASMEV to compare the free energy of the experimental form with the

free landscape of the Z’=1 predicted structures. Prior to the free energy evaluation the experi-

mental crystal structure is locally minimised with CSO-FM treating all torsions as flexible DoFs.

FASMEV, locally minimised with CSO-FM emerges as a stable structure with positive phonons

for all sampled k points.

The ZPE landscapes of Target XXIX is shown in Figure 5.19a alongside the calculated ZPE

value of the locally minimised FASMEV structure. All computed ZPE values are distributed

within 1 kJ/mol, in agreement with distribution reported by Nyman and Day [51]. Minor

reranking can be observed with the inclusion of ZPE to lattice energy landscape to use free

energy at 0 K as the relative stability criterion (see Figure 5.19b). The rest of free energy

landscapes for Target XXIX between 100 K and 400 K are shown in Figures 5.19b-5.19f (including

FASMEV). At 400 K, FASMEV is found to have an free energy of 286.954 kJ/mol, which places

the experimental structure -6.542 kJ/mol above the global minimum in the Z’=1 landscape. We

can conclude that if the the experimental structure had been generated, it would have been

ranked low in energy in the Z’=1 landscape.

The relative differences in entropic contribution (T∆S) are evaluated and are shown in

Figures 5.19b-5.20d. We can observe that in general vibrational contributions tend to stabilise

the less dense structures as these display higher entropic contributions. This finding has also

been reported in the literature [17, 123]. Despite the fact that the experimental form has not

been generated and the free energies have been calculated a posteriori, our findings suggest that

CrystalDynamics algorithm can be used for refining CSP landscapes of compounds exhibiting

molecular flexibility and identify structures with high entropic contributions.

Similarly to the CSP studies on the other molecules presented in this chapter, we assess

the dependence of temperature on relative stability. The rank of the structures that emerges

as stable in the free energy landscape at various temperatures is shown as a parity plot in

Figure 5.21 relative to their rank at 0 K. In addition, we evaluate the Spearman rank correlation

coefficient to assess the effect of temperature on the ranks of structures (see Table 5.7). As

evidenced by both the parity plot and the calculated Spearman rank correlation coefficients the

impact of temperature on the ranks increases with increasing temperature. In comparison to

Benzoic acid, which has a smaller size compared to Target XXIX and and exhibits just one

flexible DoF, we can observe an increasing scatter of the data on the parity plot. This increased

scatter can be attributed to the larger size and flexibility of Target XXIX.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.19: (a) ZPE energy landscape of XXIX. Free energy landscape at (b) 0 K, (c) 100 K,

(d) 200 K, (e) 300 K and (d) 400 K. The red square represents the ZPE and free energy at

various temperatures of the experimental form (FASMEV), which was not found in the CSP

study.
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(a) (b)

(c) (d)

Figure 5.20: Calculated relative entropic contributions to free energy for the landscape of Target

XXIX at (a) 100 K, (b) 200 K, (c) 300 K and (d) 400 K. The red square represents the relative

entropic contributions of the experimental form (FASMEV), which was not found in the CSP

study
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Figure 5.21: Rank of the 79 structures of Target XXIX free energy landscape at various tem-

peratures relative to their rank at 0 K.

Table 5.7: Spearman rank correlation coefficient at various temperatures relative to 0 K for

Target XXIX.

100 K 200 K 300 K 400 K

RS(T ) 0.992 0.960 0.875 0.771

RS(T )−RS(0) 0.008 0.040 0.125 0.229

5.4 Conclusions

In this chapter, we have conducted CSP studies for TCNE, Benzoic Acid and Target XXIX from

the 7th CCDC blind test, using our multistage approach that involves candidate generation and

two refinement stages. The global search stage has been carried out with CrystalPredictor. The

experimental forms of TCNE and Benzoic acid were identified as low energy structures, with sat-

isfactory reproduction in the geometry. In the case of Target XXIX, the experimental structure

(FASMEV) has three molecules in the asymmetric unit cell (Z’=3) and was not generated in

the global search. The local minimisation of the experimental form of Target XXIX placed the

structure low in the energy landscape suggesting that it would have been likely to be included

in subsequent refinement stages.

The first refinement stage involved lattice energy minimisation using either CrystalOptimizer

or CSO-FM. The energy model used in the lattice energy mini..misation stage accounts for

molecular flexibility. In addition, the electrostatic interactions are modelled using multipole

moments instead of point charges. This more accurate energy model results in an improved

ranking in comparison to CrystalPredictor as well as a better geometry reproduction of the

experimental forms. For TCNE, the cubic form was identified as the global minimum and
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the monoclinic as the 6th lowest energy structure. The experimental structure of Benzoic acid

matched the 3rd lowest energy structure of the CSO-FM landscape. The local minimisation of

FASMEV placed the form within 10 kJ/mol from the global minimum in the Z’=1 lattice energy

landscape.

The second refinement stage involved evaluation of the vibrational free energy using Crys-

talDynamics. Our free energy workflow was applied to 100 lowest energy structures generated

during the candidate generation stage. For TCNE, the cubic form was also predicted as the

global minimum in the free energy landscape at 0 K. The enantiotropic transition from the

cubic to the monoclinic form was found to occur at 280 K. Free energy calculations has been

performed for Benzoic acid and Target XXIX. This is the first time that CrystalDynamics algo-

rithm has been utilised to evaluate the free energy of crystals comprised of compounds exhibiting

molecular flexibility. For Benzoic acid, evaluation of Helmholtz free energies did not alter the

rank of the experimental form, which remained the 3rd lowest energy across the whole tempera-

ture range of 0-400 K. The calculated free energies for FASMEV indicated that the experimental

form is ranked among the lowest energy structures in the Z’=1 landscape.

Finally, the stability of crystal structures across different temperatures is assessed in terms of

free energy. The vibrational free energies, ZPE, entropy and thermal energy have been computed

by evaluating phonons frequencies for all sampled points in the reciprocal space. Most of the

examined structures have positive phonon frequencies and emerge as stable highlighting the

applicability of our method to CSP generated landscapes. Overall, the application of our energy

workflow to three molecules with progressively increasing size and flexibility demonstrates that

the inclusion of free energy calculation in CSP is feasible for flexible molecules. In the next

chapter, we assess the performance and limitations of our workflow by applying it to a benchmark

set of molecules with larger sizes and more flexible functional groups.
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Chapter 6

On the use of lattice dynamics to investigate

polymorphic stability

In the current chapter, a polymorphic stability study is conducted by applying our free energy

workflow to crystal structures obtained from the CSD. Given a set of polymorphic structures

that exhibit enantiotropic transitions experimentally, we investigate the effect of ZPE on relative

stability at 0 K. Furthermore, we assess how the calculated relative stability is affected by

temperature using free energy as the stability metric. In turn, we examine whether the harmonic

approximation of lattice dynamics theory can accurately predict the experimentally reported

polymorphic stability and enantiotropic transitions temperatures. To validate our workflow, we

propose a benchmark set consisting of six flexible molecules each possessing well-characterised

enantiotropic transition temperatures. We compare our results with experimental findings as

well as free energy calculations performed with the QHA and MBAR.

6.1 Benchmark set of enantiotropically related polymorphs

To understand the concepts and findings presented in this chapter, we first introduce some

fundamental principles and prerequisites. At a given temperature and pressure, the stability

relationship between two polymorphs is governed by their Gibbs free energy, with the lowest free

energy structure considered to be the most stable. The work term, PV , is often neglected, and

the Helmholtz free energy is used as an approximation of the Gibbs free energy for determining

stability rankings. In the harmonic approximation of lattice dynamics theory, the volume of

the unit cell is kept fixed to its lattice energy minimum value, neglecting the impact of thermal

expansion at elevated temperatures. As a result, the difference in PV between polymorphs is

a function of the differences in the static volumes of each optimised unit cell. For molecular

crystals under ambient conditions, the contribution of the PV term is typically on the order of

J/mol, while the Gibbs free energies are on the order of kJ/mol, justifying the common practice

to use Helmholtz free energy as the stability criterion. Similarly to the previous chapter, we

employ Helmholtz free energy as the metric for assessing the relative stability of polymorphs.

The stability relation between two polymorphs can be either monotropic or enantiotropic. In

cases where the free energy curves of the two polymorphs do not intersect across all temperatures

up to the melting point, the relation between the forms is referred to as monotropic. In a
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monotropic relation, one polymorph is thermodynamically more stable than the other between 0

K and the melting point. On the other hand, an intersection between the free energy curves of the

two polymorphs indicates a change in their stability relation via an enantiotropic transition (see

Figures 6.2c - 6.2f). All the polymorphic transitions discussed in this section are temperature-

mediated, meaning that the transitions occur due to changes in temperature. We remind the

reader that throughout this chapter, the polymorph that is experimentally determined to be the

most stable at low temperatures is referred to as the low-temperature form. In contrast, the

polymorph that is more stable at elevated temperatures is referred to as the high-temperature

form.

We have selected a set of six enantiotropically related polymorphs, comprised of flexible

molecules, to benchmark our free energy workflow against enantiotropic transition temperatures

reported in experimental studies. The selected molecules contain varying numbers and types

of flexible groups, allowing us to thoroughly test and validate the applicability of our method

across a diverse range of crystal structures. Most of the compounds included in the set are

chosen from the work of Dybeck et al. [63]. In that work, the free energies of polymorphic

pairs were calculated using the QHA and MBAR along a pseudo-supercritical path (PSCP),

with interactions quantified using the OPLS force field [132]. Although Dybeck et al. [63]

considered 12 polymorphic pairs (24 crystal structures), not all of them are included in our

benchmark set. Since the application of our methodology to flexible molecules is novel, we chose

to restrict the selected compounds to those containing only Carbon (C), Hydrogen (H), Oxygen

(O), and Nitrogen (N) atoms. Chlorpropamide, Tolbutamide, Resorcinol and Diiodobenzene are

excluded because they contain Sulphur, (S) Deuterium (D), or Iodine (I), atoms. Furthermore,

Cyclopentane and Succinonitrile, are discarded because the structure of one of their polymorphs

is disordered. We also excluded Aripiprazole, which is the largest molecule with 57 atoms, due

to its size.

Figure 6.1: Molecular connectivity diagrams of all compounds included in the benchmark set.
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Table 6.1: Compound names, CSD RefCodes, names of polymorphs, Z/Z’ numbers and enan-

tiotropic transition temperatures of all compounds used in the benchmark set.

Compound RefCode Form Z/Z’ Stable T Stable T Ref

Pyrazinamide
PYRZIN16 IV (delta) 2/1 0-298 K

[133]
PYRZIN20 III (gamma) 2/1 > 428 K

Adenine
KOBFUD I 8/2 0-523 K

[134]
KOBFUD01 II 16/1 > 523 K

Paracetamol
HXACAN II (ortho) 8/1 0-108 K

[135]
HXACAN01 I (mono) 4/1 > 108 K

Piracetam
BISMEV02 III 4/1 0-393 K

[136]
BISMEV03 I 4/1 > 393 K

Theophylline

BAPLOT02 IV 8/2 293-483 K

[137]BAPLOT06 II 4/1 483-541K

BAPLOT04 I 4/1 > 541 K

Carbamazepine
CBMZPN02 III 4/1 0-435 K

[138]
CBMZPN11 I 8/4 > 435 K

The molecules included in our set are Pyrazinamide (C5H5N3O), Adenine (C5H5N5), Parac-

etamol (C8H9NO2), Piracetam (C6H10N2O2), Theophylline (C7H8N4O2) and Carbamazepine

(C15H12N2O). The chemical connectivity diagrams of the selected polymorphs are illustrated in

Figure 6.1. Theophylline is the only compound that is present in our set but was not included

in the molecule set in the work of Dybeck et al [63]. Theophylline is observed in one mono-

hydrate form and four anhydrous forms (I-IV), out of which form III is metastable [139, 140].

The enantiotropic transition temperatures of Theophylline are taken from the work of Khamar

et al [137]. In that work, the polymorphic stability relation of the stable anhydrous forms of

Theophylline was examined using DSC and hot stage microscopy. The monoclinic form IV was

reported to be the most stable polymorph at room temperature. Form II and IV are enan-

tiotropically related, with form II found to be the most stable form between 483 K and 541 K.

The high-temperature form I is considered to be the most stable between 541 K and the melting

point via an enantiotropic transition from form II to form I. The melting points of form I and

form II were reported to be 549 K and 546 K, respectively [140]. In summary, the benchmark

set employed in this study consists of five polymorphic pairs and one triplet corresponding to

fifteen crystal structures. The transition temperatures of the enantiotropically related forms can

be found in Table 6.1 alongside other details, such as CSD RefCodes, names of forms, and Z/Z’

numbers. Note that the low-temperature form is shown on the top row and the high-temperature

form on the bottom row for each compound.

95



Selection of an energy model

6.2 Selection of an energy model

The application of our free energy workflow involves several user-specified settings that can

significantly impact the obtained lattice energy and free energy values. These settings are related

either to the execution of the algorithm or the utilised energy model. We refer to the former

type of user-defined settings as algorithmic parameters. These algorithmic parameters include

energy cutoff values, steps sizes used in finite differences during minimisation, among others. In

this section, we initially present the algorithmic parameters consistently used throughout the

calculations shown in this chapter. Subsequently, we assess the performance of various energy

models to determine which combination of functionals and basis sets can accurately reproduce

the experimental stability of Paracetamol polymorphs at 0 K.

6.2.1 Algorithmic parameter values

A number of algorithmic parameters are employed throughout the application of our free en-

ergy workflow. The lattice energy minimisation of the experimental forms is performed with

CSO-FM and the free energy evaluation of the minimised experimental crystal structures with

CrystalDynamics. In both algorithms, the FIT potential is utilised for the quantification of the

repulsion-dispersion interactions, using a cutoff of rdirc = 10 Å.

Table 6.2: Parameters values used in CSO-FM and CrystalDynamics for the lattice energy

minimisation and free energy evaluation of all experimental structures of benchmark set.

Algorithmic parameter Symbol Value

repulsion-dispersion cutoff rdirc 10 Å

spline fraction ζs 0.1

combined multipole rank l 4

real electrostatic cutoff rrealc 10 Å

reciprocal electrostatic cutoff krecc 0.50 Å−1

Ewald convergence parameter α 0.18

torsions FD step size - 10−3 rads

number of points for the GLQ - 4

In CSO-FM, a spline fraction of ζs = 0.1 is utilised for all intermolecular contributions to lat-

tice energy. Electrostatic interactions are modelled with multipole moments up to hexadecapole,

with a combined multipole rank equal to four (l = 4). A cutoff of rrealc = 10 Å is used consis-

tently in the two algorithms for the evaluation of the electrostatic interactions in the real space.

All CSO-FM lattice energy minimisations are carried out by treating all torsions as the flexible

degrees of freedom employing finite difference step size of 10−3 rads for torsions. The default

values in the CSO-RM/CSO-FM input files are used for the rest of the algorithmic parameters,

such as LAMs validity region and other options related to the minimisation procedure [40]. In
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the CrystalDynamics algorithm, the same real space cutoff for the electrostatics and repulsion-

dispersion interactions cutoff are utilised. The reciprocal space cutoff is chosen as krecc = 0.50

Å−1 with α = −0.18. Four points per direction are used for the Gauss-Legendre quadrature.

The free energies are calculated with a temperature step of 10 K. All the algorithmic parameters

values used in CSO-FM and CrystalDynamics are summarised in Table 6.2 aiming to facilitate

the reproducibility of calculations shown in this chapter. In the next section, we examine the

most suitable energy model to be employed in the lattice energy minimisation and free energy

evaluation stages.

6.2.2 Choosing an energy model: Paracetamol

The reproduction of the experimental relative stability of enantiotropically related forms, using

vibrational free energy as the stability metric, requires two criteria to be met. First, the com-

puted free energy of the low-temperature form should be lower than that of the high-temperature

form at 0 K. Second, an enantiotropic transition can only be observed when the free energy of

the high-temperature form has sufficiently low vibrational contributions relative to the low-

temperature form, leading to a change in relative stability above a certain temperature. In cases

where the first criterion is not met but the second criterion is satisfied, our method is unable

to capture any changes in polymorphic stability. Therefore, it is crucial that the energy model

utilised in the free energy calculation accurately predicts the experimental polymorphic stability

at 0 K.

In this section, we examine how the choice of the energy model impacts the computed lattice

energies and free energies of Paracetamol polymorphs. Paracetamol was specifically chosen due

to its moderate size compared to the other molecules in the set. The experimental forms of

Paracetamol with CSD RefCodes HXACAN01 (form I) and HXACAN (form II) are used as

starting points for minimisation using CSO-FM. Our objective is to identify a combination of

functional/basis set that correctly predicts Paracetamol form II as the most stable polymorph

at 0 K, in agreement with experimental findings [134]. To achieve this, we apply our free

energy workflow to Paracetamol polymorphs using four different levels of theory: B3LYP/6-

31G(d,p), PBE/6-31G(d,p), PBE0/6-311+G(d,p) and M06/6-31G(d,p). We find that the CSO-

FM minimisation of Paracetamol experimental crystal structures at the M06/6-31G(d,p) level

of theory could not converge, with the specific cause of this failure not further investigated. This

leaves three levels of theory. The lattice energies calculated for each level of theory are shown

in Table 6.3. For all combinations of functional/basis sets, form I is incorrectly predicted to be

the more stable than form II using lattice energy as the stability metric. Notably, the smallest

lattice energy difference between the two forms is obtained at the PBE0/6-311+G(d,p) level of

theory. We can conclude that utilising lattice energy as the ranking criterion of Paracetamol

polymorphs at 0 K the experimentally minimised forms is insufficient.

Continuing our analysis, we move on to calculate the free energy of the CSO-FM minimised

structures using the CrystalDynamics algorithm. The vibrational contributions to free energy
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Table 6.3: Lattice energies and Helmholtz free energies at 0 K of the two paracetamol polymorphs

using different levels of theory.

Functional/basis set
∆U latt (kJ/mol) ∆A(0 K) (kJ/mol)

form I form II form I form II

B3LYP/6-31G(d,p) -115.385 -112.056 unstable unstable

PBE/6-31G(d,p) -110.797 -108.177 303.913 306.920

PBE0/6-311+G(d,p) -126.928 -125.799 303.106 302.506

include ZPE, thermal energy and entropy. At 0 K, both the thermal energy and the entropy are

equal to zero. The free energy at 0 K, A(0 K), is thus given as the sum of lattice energy and

ZPE. The computed values of A(0 K) using different combinations of functionals/basis sets are

shown in Table 6.3. Employing the B3LYP/6-31G(d,p) level of theory fails to produce minimised

structures with positive phonon frequencies. Conversely, the minimised structures emerges as

stable for the other two levels of theory. Calculations are performed using PBE/6-31G(d,p)

functional/basis set suggest that form I is more stable, with a free energy difference of -3.007

kJ/mol, in disagreement to the experimental stability. For the case of the PBE0/6-311+G(d,p)

level of theory, the calculated A(0 K) for two polymorphs indicate that form II is more stable.

In summary, the inclusion of ZPE to lattice energy correctly identifies form II having lower

free energy at the PBE0/6-311+G(d,p) level of theory. The aforementioned level of theory is

consistently utilised in the application of our free energy workflow to the rest of the molecules

in the benchmark set.

6.3 Lattice energy minimisation of 13 polymoprhs

So far, we have introduced the compounds within the benchmark set, outlined the algorithmic

parameters, and identified the energy model to be utilised in our free energy workflow. In turn,

we shift our focus to optimising the unit cells of the experimental crystal structures at 0 K

using the CSO-FM lattice energy minimisation algorithm. All lattice energy minimisations are

carried out by treating all torsions as the flexible DoFs. Quantum mechanical calculations are

performed at the PBE0/6-311+G(d,p) level of theory and the FIT potential is used to quantify

the repulsion-dispersion interactions. The algorithmic parameters used in all calculations are

described in Section 6.2.1.

We initially examine the ability of our energy model to replicate the crystalline geometry of

the experimental forms. The differences in the crystalline packing and molecular conformation

are calculated using RMSD15 and RMSD1, respectively (see Table 6.4). In Chapter 5, we used

a threshold of RMSD15 = 0.600 Å, below which we consider two crystal structures to be a

close match. With the exception of form I of Adenine, all computed RMSD15 values are less

than 0.300 Å, indicating a high degree of similarity between the experimental and minimised
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structures. Form I of Adenine has an RMSD15 = 0.399 Å, which is still within the matching

threshold. This slightly higher value can be attributed to the presence of a hydrogen bonded

motif in the crystal structures of Adenine’s form I [134]. For form I, the inclusion of PCM to

mimic the inductive environment might have increased the similarity between the forms, but

this was not attempted to maintain consistency in the energy model applied to all compounds.

The all-torsion minimisation scheme is suitable to replicate the molecular conformation of the

experimental forms, as revealed by the calculated RMSD1 values. Overall, both the crystal

geometries and molecular conformations of the experimental and minimised forms exhibit a

satisfactory degree of similarity for all compounds in the benchmark set.

Table 6.4: Geometry comparison between the experimental structure (see CSD RefCode) and

locally minimised experimental structure with CSO-FM for all 13 structures in the benchmark

set. Lattice energies are calculated at the PBE0/6-311+ level of theory using FIT repulsion-

dispersion parameters.

Compound RefCode Form RMSD15 (Å) RMSD1 (Å) ∆U latt (kJ/mol)

Pyrazinamide
PYRZIN16 IV 0.228 0.014 -98.978

PYRZIN20 III 0.248 0.026 -100.293

Adenine
KOBFUD I 0.399 0.013 -153.408

KOBFUD01 II 0.134 0.022 -143.942

Paracetamol
HXACAN II 0.282 0.061 -125.799

HXACAN01 I 0.316 0.029 -126.928

Piracetam
BISMEV02 III 0.131 0.040 -123.404

BISMEV03 I 0.281 0.112 -121.138

Theophylline

BAPLOT02 IV 0.134 0.020 -127.542

BAPLOT06 II 0.175 0.022 -131.603

BAPLOT04 I 0.173 0.042 -122.358

Carbamazepine
CBMZPN02 III 0.261 0.078 -135.273

CBMZPN11 I 0.191 0.030 -132.714

We turn our focus on assessing whether the lattice energies computed with CSO-FM are

in agreement with the experimental stability at 0 K. The lattice energies of the experimental

structures, minimised with CSO-FM are shown in Table 6.4. We remind the reader, that the

polymorph with CSD RefCode shown on the top row of each compound correspond to the

low-temperature form. The form with the lowest lattice energy is considered to be the most

stable. The calculated lattice energies correctly indicate the experimental polymorphic stability

at 0 K for Adenine, Piracetam and Carbamazepine. The biggest energy difference is calculated

for form I of Adenine. As discussed above, Adenine forms a hydrogen-bonded motif, however

induction effects are not taken into account in our energy models, impacting the calculated lattice
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energies. For Pyrazinamide and Paracetamol, the lattice energies do not reproduce the stability

at 0 K, with an energy difference between the two forms of 1.315 kJ/mol and 1.140 kJ/mol,

respectively. As already mentioned, Theophylline has three polymorphs, with experimental

studies suggesting that form IV is the most stable form at low temperatures. In disagreement

with the experimental stability, the calculated stability relation is form II > form IV > form I,

with form II being the most stable form based on lattice energy. Overall, the lattice energy is a

suitable metric for predicting the correct ranking for half of the compounds in the benchmark

set. In the next section, we employ CrystalDynamics to examine whether including vibrational

free energies contributions can accurately capture the experimental stability at 0 K and elevated

temperatures.

6.4 Free energy evaluation for the 13 polymorphs

In the previous section, we investigated the performance of the CSO-FM lattice energy minimi-

sation in reproducing the experimental polymorphic stability using lattice energy as the stability

metric. Here, we evaluate the vibrational free energy of all compounds in the benchmark set

using the CrystalDynamics algorithm. The three main objectives in this section can be sum-

marised as follows. First, we assess the effect of ZPE on the relative stability at 0 K. Second,

we examine how the calculated relative stability is affected by temperature and whether the

free energy shows the correct trend towards the stabilisation of the high-temperature form at

elevated temperatures. Lastly, we investigate the ability of the HA of lattice dynamics to predict

an enantiotropic transition temperatures in agreement with experimental findings.

From a computational standpoint, the identification of enantiotropic transition is challeng-

ing as accurate energy values are required to reproduce the experimental stability across a wide

range of temperatures. The uncertainty in predicting enantiotropic transition temperatures has

been studied by Abramov et al. [141]. They found that the error associated with transition tem-

peratures calculated through virtual polymorph screening experiments ranges from 50 K to 270

K. The free energies in virtual polymorph screening [142, 143] are evaluated with QHA or PSCP

and electrostatics are modelled via point charges. Despite the differences in the utilised free en-

ergy calculation methods and energy models, we expect a discrepancy between the experimental

and calculated enantiotropic transition temperatures.

6.4.1 Methodology

The polymorphic stability is expressed as the free energy difference, ∆∆A(T ) = ∆Ai(T ) −
∆Aj(T ), between the Helmholtz free energies of forms i and j. Throughout all calculations

shown in this chapter, form j is consistently selected to be as the low-temperature form. In

other words, all ∆∆A values are always calculated relative to the form that is experimentally

more stable at low temperatures. Therefor, a positive free energy difference (∆∆A > 0) indicates

that form j is more stable than form i as it has lower free energy (∆Ai > ∆Aj). Conversely,

∆∆A < 0 indicates that the high-temperature form is more stable. Under our convention, the
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correct reproduction of experimental stability requires ∆∆A to be positive at 0 K. The free

energy difference as a function of temperature for each form is shown in Figure 6.2. The values

of ∆∆A calculated at 0 K and 400 K are also given in Table 6.5. In addition, we also evaluate

the difference in entropy between the forms, T∆S, at 400 K. We adopt the same convention

as described above and T∆S is always calculated relative to the low-temperature form. As a

result, positive T∆S values indicate that the high-temperature form has higher entropy. In the

remainder of this section, we present our findings for each molecule in the benchmark set.

6.4.2 Results

Pyrazinamide: Pyrazinamide Form IV, also known as the delta polymorph, is the most stable

form between 0 K to 298 K. Conversely, form III, also referred to as the gamma form, has

been found to be more stable above 428 K [133]. Our free energy workflow is applied to both

experimental crystal structures of Pyrazinamide, with CSD RefCodes PYRZIN20 (form III)

and PYRZIN16 (form IV). Free energy differences calculated with CrystalDynamics are shown

in Figure 6.2a. The calculated ∆∆A between 0 K and 400 K suggests that form III is more

stable than form IV across the entire temperature range indicating a monotropic relation. This

monotropic relation is in disagreement with experimental studies [133], where form IV was found

to be more stable at low temperatures. At 0 K, the free energy difference at 0 K is around 1.0

kJ/mol. It’s worth noting that if the free energy ranking had been correctly identified at 0 K,

we could have captured the enantiotropic transition as our calculations correctly suggest the

stabilisation of the high temperature form III at elevated temperatures.

Adenine: Adenine is one of the four nucleotide bases found in DNA and is known to exist

in two forms. Experimental findings indicate that form I is the low-temperature polymorph,

while form II becomes more stable above 523 K [134]. Our free energy workflow is applied to

the experimental polymorphs I (KOBFUD) and II (KOBFUD01) of Adenine. The free energy

differences calculated with CrystalDynamics are shown in Figure 6.2b. At 0 K, ∆∆A is positive

indicating that form I is more stable than form II, by more than 8 kJ/mol. The calculated ∆∆A

relative to form I decreases with increasing temperature, correctly identifying the stabilisation

of form II at elevated temperatures. Note that although the free energy curves of Adenine are

displayed until 400 K, we have evaluated the vibrational contributions of both forms up to 2000

K to determine the temperature at which the relative stability between forms changes. The

calculated enantiotropic transition occurs at 1090 K, overestimating the experimental value by

527 K. This overestimation is attributed to the large free energy difference at 0 K. As mentioned

in Section 6.3, the effect of the presence of hydrogen bonded motifs in the crystal structure of

Adenine Form I may not taken into account with sufficient detail in our energy model, which

neglects polarisability.

Paracetamol: We proceed with applying our free energy workflow to the two Paracetamol

polymorphs. The orthorhombic polymorph II (HXACAN) has been found to be the most stable

101



Free energy evaluation for the 13 polymorphs

(a) (b)

(c) (d)

(e) (f)

Figure 6.2: Free energy difference relative to the low-temperature form (∆∆A) vs temperature

for (a) Pyrazinamide, (b) Adenine, (c) Paracetamol, (d) Piracetam, (e) Theophylline and (f)

Carbamazepine.
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form between 0 K and 108 K. At the latter temperature, the monoclinic polymorph I (HXA-

CAN01) becomes the most stable form through an enantiotropic transition [135]. The calculated

free energy differences relative to form II are shown in Figure 6.2c. As discussed on Section 6.2.2,

the lattice energy model cannot predict the correct ranking at 0 K. However, the correct stability

of Paracetamol’s polymorphs is obtained by calculating the free energy at 0 K via the inclusion

of ZPE. The inclusion of ZPE in the lattice energy yields a positive ∆∆A at 0 K, indicating

that form II is the most stable polymorph at low temperatures in agreement with experimental

findings. The calculations show that ∆∆A decreases with increasing temperature and an enan-

tiotropic transition from form II to form I occurs at approximately 180 K. Overall, the stability

relation between the polymorphs of Paracetamol is reproduced well and the calculated transition

temperature is overestimated by around 72 K.

Piracetam: The next molecule in the set is Piracetam, for which form I (BISMEV03) and

form III (BISMEV02) are examined. Form III is the low-temperature form and it undergoes

an enantiotropic transition to form I at 393 K [136]. The CrystalDynamics free energies of the

locally minimised forms of Piracetam also suggest that the stability relationship is enantiotropic

(see Figure 6.2d). At 0 K, the correct relative stability is identified with a ∆∆A value around

1.6 kJ/mol. The free energy difference between the forms drops as the temperature increases

yielding an enantiotropic transition temperature at 300 K. The calculated stability for Piracetam

is in reasonable agreement with the experimental value of 393 K.

Theophylline: Theophylline is the only compound in the benchmark set with three poly-

morphs. Namely, these polymorphs are form I (BAPLOT04), form II (BAPLOT06), and form

IV (BAPLOT02). Experimental studies [137] indicate that at lower temperatures, form IV is

the most stable polymorph, while form II becomes more stable between 483 K and 541 K. At

temperatures above 541 K, form I has been found to be the most stable form. We evaluate

the free energies of the minimised experimental structures using CrystalDynamics. The relative

stability of Theophylline polymorphs is shown in Figure 6.2e. At 0 K, form II has the low-

est ∆∆A and the predicted order of stability is form II > form IV > form I. This calculated

relative stability contradicts the experimental stability (form IV > form II > form I), as form

II is predicted to be more stable instead of form IV. With increasing temperature, the ∆∆A

values between forms I and IV is decreases, signifying a tendency towards the stabilisation of

form I. At 390 K, the relative stability between forms IV and I undergoes a change, with form

II remaining the most stable polymorph (form II > form I > form IV). This change in relative

stability is important as it allows the prediction of the enantiotropic transition from form II

to form I at 420 K. The experimental enantiotropic transition temperature is underestimated

by approximately 120 K. In summary, although our method does not accurately reproduce the

relative polymorphic stability at low temperatures, it correctly identifies the stability of form II

at moderate temperatures and form I at higher temperatures.
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Carbamazepine: The largest molecule included in the benchmark set is Carbamazepine, for

which we examined forms I (CBMZPN11) and III (CBMZPN02). Experimental findings indicate

that form III is the most stable between 0 K and 435 K, while form I becomes more stable above

435 K [138]. The calculated vibrational free energies predict the correct polymorphic stability at

both low and high temperature as well as the stabilisation of form I with increasing temperature

(see Figure 6.2f). The predicted enantiotropic transition occurs around 420 K, which is in

excellent agreement with the experimentally reported value.

Table 6.5: Calculated ∆∆A at 0 K and 400 K and T∆S at 400 K of all compounds in the

benchmark set. The differences are calculated relative to the form that is known experimentally

to be more stable at low temperatures. All reported energies are in kJ/mol.

Compound Forms ∆∆A(0 K) ∆∆A(400 K) T∆S(400 K)

Pyrazinamide III - IV -1.022 -1.525 0.483

Adenine II - I 8.213 5.637 3.269

Paracetamol I - II 0.600 -1.574 2.925

Piracetam I - III 1.609 -0.694 2.754

Theophylline
II - IV 2.599 0.140 -4.011

I - IV -4.462 0.489 4.585

Carbamazepine I - III 1.979 0.101 2.197

Overall discussion The seven experimentally-determined enantiotropic transitions are the

result of a combination of five polymorphic pairs and one polymorphic triplet. In summary, the

vibrational free energies computed using the HA method have proven capable of qualitatively

identifying experimental enantiotropic transitions in five out of seven cases. The two compounds

for which the temperature-dependence of relative stability is not reproduced qualitatively are:

(i) Pyrazinamide, where the high-temperature is wrongly identified as the lowest free energy

form across the whole temperature range and (ii) for Theophylline, where the predicted sta-

bility relation is incorrect at low temperatures although a better stability ranking is found at

higher temperatures. With the exception of Theophylline, the free energies of the compounds of

the benchmark set have been previously calculated using the QHA and MBAR and the OPLS

[132] point charge force field in the work of Dybeck et al. [63]. In that study, in five out of

twelve compounds the high-temperature was falsely identified as the most stable form at 0 K.

For the remaining seven compounds, an enantiotropic transition was identified in just two cases.

Although the QHA is expected to be more accurate than the HA, the vibrational free energies

calculated within our workflow provide better quantitative agreement. This improved agreement

can perhaps be attributed to the more accurate description of lattice energy contributions by our

force field. Specifically, intramolecular energies and charge densities are calculated through gas
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phase QM calculations, and multipole moments are derived from the obtained charge densities.

Conversely, in the OPLS force field, intramolecular energies are described using harmonic po-

tentials, and electrostatics are modelled with point charges, employing transferable parameters

for the evaluation of all interactions.

Besides the performance of the utilized energy models, another important consideration is

the number of points sampled to generate the phonon density of states (pDOS), which provides

a direct link to free energy (see 4.3). In general, DFT-d methods are expected to yield more

accurate lattice energies and geometries, outperforming our force field, which uses distributed

multipole analysis (DMA) for describing electrostatic interactions and the Buckingham potential

to model repulsion-dispersion interactions [11]. However, vibrational free energies calculated

using DFT-d methods [144] typically sample a limited number of points to generate the pDOS

due to the high computational cost. Our method, on the other hand, can sample k-points on the

order of hundreds to thousands, as the analytical expressions allow for a more dense sampling

of the reciprocal space. We conclude that, despite errors associated with calculated lattice

energies, when polymorphic stability is reproduced at 0 K, our free energy workflow is capable

of predicting enantiotropic transition temperatures with quantitative accuracy. Apart from the

utilised energy model, the assumptions of the harmonic approximation (HA) (see Section 2.3.1)

limit its applicability at elevated temperatures. At lower temperatures, the potential well is

expected to be parabolic, ensuring the validity of the HA. However, with increasing temperature,

the effects of thermal expansion and anharmonicity become more pronounced. These effects are

neglected in the HA of lattice dynamics theory, leading to decreased accuracy in the calculated

free energies as temperature rises.

We further analyse the entropic contributions computed for each polymorphic form. As can

be seen in Table 6.2, T∆S (400 K) values, calculated relative to the low-temperature forms,

are always positive. These positive T∆S (400 K) values indicate that the entropy of the high-

temperature forms is greater than that of their low-temperature counterparts for all examined

compounds in the benchmark set. A similar conclusion was drawn in the work of Dybeck et

al., where the high-temperature form of all twelve compounds consistently displayed higher

entropy under elevated temperature conditions, with free energies computed using the QHA

and MBAR. In addition, entropy has the largest effect on the stability relation as the differences

between ∆∆A (0 K) and ∆∆A (400 K) are roughly equal to T∆S (400 K). Overall, we can

conclude that the HA in conjunction with the utilised energy model (see Chapter 4) is capable of

qualitatively and, in some instances, even quantitatively predicting the enantiotropic transition

between polymorphs.

6.5 Conclusions

In this chapter, we have investigated the ability of our free energy workflow to reproduce the

experimental relative stability of polymorphic pairs and predict the enantiotropic transition tem-

peratures. To achieve this, we have introduced a benchmark set consisting of six compounds,
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with varying size and flexibility, all featuring well-characterised experimental enantiotropic tran-

sition temperatures. Among the four examined energy models, PBE0/6-311+G(d,p) was found

to correctly identify the experimental stability of Paracetamol polymorphs and was used through-

out the application of our workflow to the rest of the compounds in the set. The lattice energy

minimisation was carried out with CSO-FM, treating all torsions as the flexible degrees of free-

dom. The reproduction of the geometry was satisfactory for all the compounds in the set, as

evidenced by the calculated RSMD, revealing a close match between the experimental and min-

imised forms. Using lattice energy as the stability metric, the relative stability of only half of

the low-temperature forms was predicted in agreement with experimental data.

Free energy evaluations were performed with CrystalDynamics. All minimised experimental

forms are found to display positive phonon frequencies, confirming their stability in the free en-

ergy landscape. Adding ZPE to the lattice energy correctly reproduces the experimental relative

stability of four out of six polymorphic systems at 0 K. The transitions of Paracetamol, Pirac-

etam, Adenine and Carbamazepine polymorphs as well as the transition between forms II and

I of Theophylline are predicted with variable quantitative agreement. In the case of Piracetam,

the experimental stability is not reproduced at 0 K. The incorrectly calculated stability relation

at 0 K, combined with the predicted tendency towards the stabilisation of the high-temperature

form, prevents any crossing between the free energy curves of two forms. In the case of Adenine,

the large overestimation of the transition temperature can be attributed to polarisability arising

from the presence of hydrogen bonded motifs in the crystal structure of form I, which is not

accounted for in our force field. In the case of Theophylline, although the relative stability at

low temperatures is not accurately predicted, the enantiotropic transition from form I to form

II is correctly identified.

Remarkably, the vibrational free energies calculated for all molecule in the benchmark set

suggest a tendency towards the stabilisation of the high-temperature form as revealed by the

decrease of ∆∆A with increasing temperature. The evaluation of the entropy differences shows

that all high-temperature forms exhibit higher entropy than their low-temperature counterparts.

This observation is in agreement with free energy calculations performed with the QHA and

MBAR [63]. Overall, the number of atoms and types of flexible groups do not have an effect

on performance of our algorithm. We can conclude on the basis of this small set that the HA

in conjunction with our energy model is able to predict the relative stability in agreement with

experiments provided the energy models is sufficiently accurate i.e. predicts the correct stability

order at 0 K and accounts for key intermolecular interactions.
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Chapter 7

Conclusions

7.1 Key contributions

This thesis contributes to the development of an accurate and efficient method for evaluating

the Helmholtz free energy of molecular crystals, particularly suitable for refining CSP generated

landscapes. Building upon Vasileiadis’s work [14], this method is extended to enable the calcu-

lation of free energy of molecules exhibiting conformational flexibility by developing a workflow

that yields consistent and reliable results. The CSP studies, conducted for three molecules of

varying size and flexibility, suggest that the evaluation of the free energy can be incorporated

as a final refinement stage in our CSP multistage approach. As evidenced from the free energy

evaluations of the benchmark set of polymorphic molecules, the computed vibrational free en-

ergy can be utilised to reproduce the relative stability and enantiotropic transition temperatures

in good agreement with experimental studies.

In Chapter 2, we reviewed existing CSP methods that have employed free energies as part of

their ranking procedure. Molecular simulation methods can provide a direct link to properties,

such a solubility, but are restricted by the force field accuracy. As far as vibrational free energies

are concerned, atomistic DFT-d methods can provide accurate results at a higher computational

cost, while rigid-body force field methods achieve better computational performance by neglect-

ing the impact of intramolecular vibrations. The gap in the literature highlighted the need of the

development of an accurate yet efficient free energy calculation method that takes into account

molecular flexibility.

The derivation of key equations necessary to apply the harmonic approximation of lattice

dynamics to models of lattice energy used in our CSP approach has been described in Chapter

3. Our CSP tailor-made force field decomposes the lattice energy interactions into intramolecu-

lar, repulsion-dispersion and electrostatic contributions. The analytical derivation of the second

derivatives of the electrostatic interactions follows this partitioning of the energy. The analyt-

ical derivatives for the electrostatic expressions increases robustness, while maintaining a low

computational cost and enables the application of our lattice dynamics approach to a plethora

of structures generated in CSP studies.

The CrystalDynamics algorithm was presented in Chapter 4. The implementation is based

on the formalism described in Chapter 3. We employ CrystalDynamics to evaluate the Helmholtz
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free energy of molecular crystals that have been previously minimised with CrystalOptimizer

(rigid molecules) or CSO-FM (flexible molecules). The successful application of our workflow

has been demonstarted for the two polymorphs of TCNE. Our method is able to reproduce

the relative stability as a function of temperature and identify the enantiotropic transition

temperature in agreement with experimental and computational studies in the literature. In

addition to free energies, entropy heat capacity and thermal energy have been computed in

agreement with calculations performed with DFT-d.

The method has been successfully applied to three molecules of varying size and flexibility.

For all examined molecules, we observed a satisfactory agreement between the geometry of the

experimental and predicted structures. Our workflow allows for capturing the effect of entropic

contributions on the relative stability of predicted structures. We can conclude that the proposed

approach can be used within CSP studies to rank potential crystal structures using vibrational

free energy as the stability metric.

Our free energy workflow is applied to a set of 13 experimental crystal structures with

well-documented enantiotropic transition temperatures. All structures, minimised with CSO-

FM, displayed positive phonon frequencies. In most cases the relative experimental stability of

polymorphic molecules was reproduced well both at low and high temperatures. For all examined

molecules, the tendency towards the stabilisation of the polymorph that is more stable at high

temperatures was predicted by our free energy calculations. When the utilised energy model

reproduces the experimental stability at 0 K, our method is able to qualitatively identify the

polymorph with larger entropic contributions and thus is capable of predicting reversible changes

in stability of polymorphs as a function of temperature.

7.2 Direction for future studies

In this section we provide suggestions for future investigations and advances of the work shown

in this thesis. An number of advances are possible in the implementation of CrystalDynamics

algorithm. A parallel implementation of the sampling of the dynamical matrix could speed up the

calculations significantly. In addition, the implementation of the free energy calculation inside

the CSO-FM minimisation could minimise the lost numerical accuracy of CrystalDynamics to

read the output geometry file of the lattice energy minimisation algorithm.

In Chapter 6, we performed a comparison of the use of different functionals. In future work,

this comparison can be extended to assess the effect of repulsion-dispersion parameters on the

calculated stability. FIT parameters have been derived from experimental and this results in an

implicit double counting of, leading to quantitatively large errors in the calculated free energies.

As an example, parameters derived at a specific level of theory can be used instead of FIT

parameters.

As highlighted for Adenine, another aspect that becomes important in the case of crystals

with hydrogen bonds is polarisability. Polarisability can be incorporated in our models by

employing calculations that include a polarisable continuous model (PCM) instead of being
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performed in vacuo. As an example, the free of molecules in the benchmark set, shown on

Chapter 6, can be computed using repulsion-dispersion parameters derived at a specific level of

theory and PCM settings.

The lattice dynamics expressions described in Chapter 4 can be used to perform calculation

using the QHA. In QHA, multipole HA calculation are conducted for different unit cell volumes

allowing for the minimisation of free energy with respect to volume and potentially provide a

better estimate of the Gibbs free energy as the volume is not kept fixed. The volumes of the unit

cells can be expanded by scaling the values of unit cell lengths. The expansion can be isotropic

or anisotropic based on the shape of the unit cell.

Another consideration for future work is solubility. The evaluation of solubility requires

the utilisation of a reference state that is consistent between the solid and liquid phases. The

importance of an in silico prediction of solubility has been highlighted in a very recent publication

in Nature [54].
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J Waśniewski, and P Yalamov. LAPACK95 users’ guide. SIAM, 2001.

[108] SJ Clark, MD Segall, CJ Pickard, PJ Hasnip, MIJ Probert, K Refson, and MC Payne.

First principles methods using castep. Zeitschrift für kristallographie-crystalline materials,

220(5-6):567–570, 2005.

118



BIBLIOGRAPHY

[109] M Vasileiadis, AV Kazantsev, PG Karamertzanis, CS Adjiman, and CC Pantelides. The

polymorphs of ROY: application of a systematic crystal structure prediction technique.

Acta Crystallographica Section B: Structural Science, 68(6):677–685, 2012.

[110] J Hauke and T Kossowski. Comparison of values of pearson’s and spearman’s correlation

coefficients on the same sets of data. Quaestiones geographicae, 30(2):87–93, 2011.

[111] PM Usov, H Jiang, H Chevreau, VK Peterson, CF Leong, and DM D’Alessandro. Guest–

host complexes of tcnq and tcne with cu3 (1, 3, 5-benzenetricarboxylate) 2. The Journal

of Physical Chemistry C, 121(47):26330–26339, 2017.
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