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A B S T R A C T   

Microstructurally-sensitive fatigue crack nucleation and subsequently short crack growth were 
observed at an edge-notch in a textured Zircaloy-4 sample with the c-axis aligned perpendicular 
to the viewing surface. To understand the competition between the main crack and the secondary 
crack nucleation at the edge-notch root, a combined experimental and computational investi
gation was conducted to analyse various micro-scale mechanical quantities, including local strain, 
local stress, GND density, and stored energy density. A computational crystal plasticity finite 
element simulation that incorporated grain morphology, crystallographic orientation, and 
loading conditions was found to have good agreement with experimental results from the three- 
point bend fatigue test. The results showed that both the main crack and secondary crack 
nucleation sites had the highest magnitudes of local stored energy density, indicating that this 
factor was both necessary and sufficient for crack nucleation.   

1. Introduction 

Zirconium alloys are extensively utilised in nuclear reactors as fuel claddings and pressure tubes due to their exceptional ductility, 
corrosion high resistance, and low cross-section to thermal neutrons (Nielsen and Wilfing, 2012). The constant power fluctuations in a 
nuclear reactor core result in periodic swelling and shrinking of the fuel pellets, leading to cyclic loads on the zircaloy claddings. As a 
result, fatigue fractures can be a mode of failure for these components. Fatigue crack nucleation is a crucial stage in the formation of 
cracks and is considered to be an incubation process before the crack becomes physically observable. A significant fraction of the total 
fatigue life is taken up by fatigue crack nucleation and subsequently short crack growth (Suresh, 1998; Suresh and Ritchie, 1984), 
making a deep understanding of fatigue crack nucleation imperative for the development of more accurate fatigue life prediction 
methods. 

The mechanism of fatigue crack nucleation in ductile materials has been studied extensively in the past decades. Cyclic loads 
generate dislocations that move due to irreversible slip (Suresh, 1998). The fatigue slip bands lead to ‘roughening’ of the material 
surface (Forsyth, 1953; Cottrell and Hull, 1957; Wood, 1958). After continued cyclic stresses, these dislocations move irreversibly and 
pile up to form persistent slip bands (PSBs) (Stroh, 1954; Tanaka and Mura, 1982; Thompson et al., 1956). Further studies with 
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experimental observations on PSBs show that cyclic strain localisation within PSBs roughens sample surface and acts as fatigue crack 
nucleation site (Brown, 2013; Cheng and Laird, 1981; Ho et al., 2015; Sauzay and Gilormini, 2002). A good review of PSBs formation as 
a precursor to fatigue crack nucleation can be found in Man et al. (2009). 

It has been clear that the highly heterogeneous nature of the development of slip, and its dependence on microstructural features 
such as grain boundaries and crystallographic orientations are associated with fatigue crack nucleation (Castelluccio et al., 2014). 
Dislocations tend to pile up at grain boundaries with larger lattice misorientations, in which the fatigue crack nucleation is more likely 
to occur (Miao et al., 2012). Recent studies on the interaction between grain boundaries and PSBs led to an energy-based criterion of 
PSB structure for fatigue crack nucleation (Sangid et al., 2011). Experimental study by Littlewood and Wilkinson (2012) indicated that 
cracks nucleate at grains with high strain concentration, influenced strongly by the direction of crystallographic c-axis in a Ti-6Al-4V 
alloy. Similarly, microtextured regions which were favourably orientated for basal or prism slip were found to act as crack nucleation 
sites in a titanium alloy (Szczepanski et al., 2013). 

Fatigue crack nucleation criteria have been introduced at differing length scales and for relevant microstructural features (Dunne, 
2014; Pineau et al., 2016). Stress was firstly considered as a fatigue failure criteria in early studies at the macroscopic scale without 
consideration of microstructural features (Fatemi and Socie, 1988). Shanthraj and Zikry (2013) proposed a critical fracture stress as 
fatigue crack nucleation criterion at the microstructural scale. Shear-based parameters such as maximum shear strain were found to 
correlate well with multiaxial fatigue conditions (Przybyla et al., 2013; Przybyla and McDowell, 2011). A critical accumulated slip was 
proposed as fatigue crack nucleation criterion in a nickel-base alloy (Dunne et al., 2007b; Manonukul and Dunne, 2004). Sweeney 
et al. (2013) demonstrated that plastic strain was found to be a necessary but not sufficient condition for fatigue crack nucleation which 
correlated well with nucleation site. 

Mechanistic modelling incorporating fatigue crack nucleation criteria at differing length scales and for relevant microstructural 
features have been addressed using three key modelling techniques: crystal plasticity finite element (CPFE), discrete dislocation 
plasticity (DDP), and molecular dynamics (Dunne, 2014). One of the key challenges is to identify the dominant length scales and 
microstructural features when modelling fatigue in specific materials. At macro- and meso- scales, CPFE is capable of predicting a wide 
range of fatigue behaviours, which takes into consideration the effect of microstructure heterogeneity to quantify the fatigue response 
at the microstructural scale. Manonukul and Dunne (2004) proposed a fatigue crack initiation criterion based on a critical accumulated 
slip by a rate-dependent polycrystal CPFE model, which correctly predicted the fatigue life for both high- and low-cycle fatigue. 
Hochhalter et al. (2010) developed a CP model and they found a non-local nucleation metric could be used to predict the crack 
nucleation in AA 7075-T651 alloy. DDP has the advantage and the potential to capture highly localised slip fields which the crystal 
plasticity approach cannot. A discrete dislocation dynamics model for fatigue crack initiation in a surface grain has been developed by 
Brinckmann and Van der Giessen (2004). Their model considered dislocations as line singularities where they could be generated from 
pre-existing sources, glide and annihilate. However, a remaining limitation of the DDP method is its inability to capture core dislo
cation interactions, and some details of the structure of dislocations such as cells, ladders, veins and stacking faults. 

A stored energy criterion has been proposed as a quantitative assessment of the driver of fatigue crack nucleation (Chen et al., 2018, 
2017; Wan et al., 2014). Subsequent study by Prastiti et al. (2020) employed discrete dislocation and crystal plasticity to determine 
stored energy density and dislocation configurational energy with the aim of identifying fatigue crack nucleation site. This stored 

Fig. 1. (a) Fine-grain microstructure in the as-received Zircaloy-4 plate; (b) ‘Blocky alpha’ microstructure in the heat treated Zircaloy-4 sample; (c) 
schematic of beam samples cutting from Zircaloy-4 plate; (d) pole figures showing strong basal texture in HCP Zircaloy-4. 
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energy density criterion, which has common features with both Griffith fracture energy (Griffith, 1921) and a dislocation-based 
nucleation argument (Stroh, 1954, 1953), unifies the contributions to fatigue crack nucleation from several microstructural quanti
ties including local slip accumulation, local stress, local strain and dislocation density. Chen et al. (2017) successfully applied the 
stored energy density criterion to identify the fatigue crack nucleation site in a group of three-point bend tests on Ni-based single and 
oligo crystals, in which the primary crack nucleation site and also the second nucleation site were unambiguously captured. Wan et al. 
(2016) achieved a good prediction of the fatigue life in a polycrystalline Ni alloy by utilising the stored energy density criterion. Recent 
study by Bergsmo et al. (2022) applied a multi-scale modelling strategy (CPFE-DDP) to assess experimental observation of fatigue 
crack nucleation site at twin boundaries generating high local stored energy density. 

This study provides a direct approach to measure the local stored energy density through experiments and compares the results to 
CPFE modelling in the context of fatigue crack nucleation in a hexagonal close packed (HCP) Zircaloy-4. The study utilises advanced 
characterization techniques including electron backscatter diffraction (EBSD) and in situ high-resolution optical digital image cor
relation (DIC) to address micro-scale quantities including local strain, local stress, geometrically necessary dislocation (GND) density, 
and stored energy density. The objective of this work is to increase the understanding of fatigue crack nucleation in Zircaloy-4 by 
integrating state-of-the-art characterization techniques, specifically in situ DIC, with quantitatively validated CPFE simulations. 

2. Experimental 

2.1. Materials 

The as-received Zircaloy-4 plate was in the form of hot-rolled and recrystallised with fine-grain microstructure (average grain size 
of ~10 μm) as shown in Fig. 1 (a). The fine-grain Zircaloy-4 plate was cut into beam shape samples with nominal dimensions of 12.0 ×
3.2 × 3.0 mm3 by electrical discharge machining. Square section samples were encapsulated in a quartz tube with argon and then heat 
treated at 800◦C for two weeks followed by furnace cooling to generate large grains known as ‘blocky alpha’ shown in Fig. 1 (b). The 
EBSD results show that the fine-grain Zircaloy-4 plate has strong basal texture as the c-axes of hexagonal crystals are aligned with the 
normal direction (ND) (see Fig. 1 (c) and (d)). 

2.2. Fatigue test 

Low-cycle fatigue was applied by three-point bend tests on Zircaloy-4 beam samples with ‘blocky alpha’ microstructures. An edge 
notch was prepared at the bottom centre of the beam sample. The geometries of the beam and notch are shown in Fig. 2 (a) and (b). 
Fig. 2 (c) shows the schematic of three-point bend testing. The distance between two fixed supports was 10 mm. Force-controlled cyclic 
load was applied on the top of the beam with stress-ratio of zero (shown in Fig. 2 (d)). 

Fig. 2. (a) Schematic of edge-notched Zircolay-4 beam sample; (b) optical image showing the geometry of edge notch; (c) 2D schematic of three- 
point bend testing on a Zircaloy-4 beam sample; (d) loading history of three-point bend testing. 
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2.3. In-situ DIC 

Optical DIC technology was utilised to measure the in-plane strain fields. An in-situ DIC setup equipped with a Questar-100 mi
croscope (shown in Fig. 3 (a)) and a versatile scientific camera was utilised with three-point bend fatigue testing on a Shimadzu 
universal testing machine. The details of the arrangement can be found in Xu et al. (2021). Before DIC examination the Zircaloy-4 
sample surfaces were coated with diamond speckles (average 1 μm in size) as shown in Fig. 3 (b). 

A succession of speckle images were simultaneously captured by the camera with an interval time of 0.5 s when the cyclic three- 
point bend testing was going on such that the displacement of the speckles were recorded through individual cycles and over many 
cycles in situ. The speckle pattern pictures were captured in real-time without interrupting the cyclic loading. The interval time (0.5 s) 
is short enough to capture the beam positions at peak load and in the unloaded condition during a full cycle. The obtained image size 
was 1392 × 1040 pixels which corresponds to a resolution of around 1 μm per pixel. The field of view is large enough to allow the 
movement of the region of interest (ROI) to be captured, and cropped later in the image processing. In this way, the images recorded at 
the peak load and in the unloaded condition were able to be extracted out for the strain calculation by an in-house Matlab code using a 
cross-correlation algorithm (Jiang et al., 2016). The cross-correlation algorithm was applied in a two-step process to accurately 
measure the strain: the first step corrected the average rigid body translation and the whole frame rotation of the image within a large 
subset of 256 × 256 pixels. This was followed by the second stage, which used a 64 × 64 pixel ROI in the cross-correlation analysis with 

Fig. 3. (a) Questar-100 microscope; (b) digital image correlation speckles on the Zircaloy-4 sample surface.  

Fig. 4. The multi-scale crystal plasticity models for the three-point bending test for the Zircaloy-4 notched sample: (a) the full-scale model that 
replicates the test sample dimension; (b) the schematic diagram for the boundary and loading conditions imposed on the full-scale model and the 
ROI sub-model; the region for EBSD and DIC characterization is also labelled for reference; (c) the ROI sub-model that contains the EBSD region; (d) 
the sub-model boundary and loading conditions and (e) the remote beam loading conditions imposed on the ROI sub-model. 
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95% overlap. This ensured a high spatial resolution of the strain measurement, estimated to be ~3 μm. The combination of these two 
steps allowed for a precise and thorough analysis of the speckled image, yielding accurate results for the strain measurement. 

2.4. SEM and EBSD 

Materials characterisation was performed using a combination of scanning electron microscope (SEM) and EBSD examination. A 
Zeiss Sigma-300 SEM equipped with a Bruker EBSD detector was applied to scan over the prepared sample surface. The SEM images 
were captured at an acceleration voltage of 5 keV during routine SEM imaging. For EBSD analysis, the SEM was operated at an ac
celeration voltage of 20 keV with the bulk sample tilted 70 degrees from horizontal to ensure proper scanning of the surface. 

3. Simulation 

3.1. Multi-scale three-point bend model 

A multi-scale modelling strategy for the Zircaloy-4 beam was utilized to simulate the notched samples subject to the cyclic three- 
point bending (Liu et al., 2022). A full-scale model that reproduced the dimensions and boundary conditions of the Zircaloy-4 beam 
sample was firstly established by considering the material as a single crystal, in order only to determine appropriate boundary con
ditions for the local micro-scale polycrystal sub-model. This is reasonable because of the strong texture of the polycrystal sample (see 
Fig.1(d)), shown in Fig. 4 (a). This implementation also improves the computational efficiency without losing much accuracy on 
extracting the boundary conditions for the micro-scale model. The force loading was applied over a 3 mm-length along the x-direction 
contact area with a peak pressure σapp = 88 MPa (reflecting the total applied load 800 N in the experimental fatigue test), and the 
displacement constraints in the y-direction were prescribed for both supports (Uy = 0), while the back face of the full-scale model 
sample was constrained along the z-direction (Uz = 0). A region with dimensions 1.0 mm × 0.8 mm near the notch (shown in Fig. 4 (b)) 
was chosen to reflect the EBSD and DIC region of analysis in the experiments. Therefore, the estimated stress distribution was cyclically 
imposed on the corresponding crystal plasticity ROI sub-model that contained the EBSD region, as shown in Fig. 4 (c) and (d). It is 
noted that all the stress components (including shears) generated from the macroscale model are imposed at the sub-model boundaries 
to ensure the faithful boundary conditions for the crystal plasticity ROI sub-model. The distribution of the stress components along the 
three boundaries for the crystal plasticity ROI sub-model are shown in Appendix A. 

3.2. Rate-dependent CPFE modelling 

A strain-rate dependent CPFE framework is adopted for the material description in this study. Only a summary is given here, and 
full details of the framework can be found in Dunne et al. (2007a). The plastic strain rate ε̇p is determined from the shear rate γ̇(i) along 
all active slip systems, which gives: 

ε̇p
=
∑M

i=1
γ̇(i)si ⊗ ni (1)  

where M is the total number of active slip systems (up to 32 for a HCP crystal), and si and ni are the slip direction and normal direction 
vectors of the ith slip system, respectively. The slip rate γ̇(i) along the ith slip system is governed by thermally activated dislocation 
escape from obstacles (such as lattice defect, impurities, inclusions, etc), which is given by 

γ̇(i) = ρssdmb2vDexp
(

−
ΔH
kθ

)

sinh
(

ΔV
kθ
⃒
⃒τ(i) − τ(i)c

⃒
⃒

)

(2)  

where ρssdm is the mobile statistically stored dislocation (SSD) density, b the Burgers vector, vD the frequency of attempted dislocation 
jump over obstacles, ΔH the activation energy with associated activation volume ΔV, k the Boltzmann constant, and τ(i) and τ(i)c are the 
resolved shear stress and critical resolved shear stress on the ith slip system, respectively. The critical resolved shear stress, or intrinsic 
slip system strength, τ(i)c evolves with both SSD and GND density, where the former is related to the plastic strain evolution and the 

Table 1 
HCP Zircaloy-4 material properties for CPFE simulation.  

Parameter (unit) Value Parameter (unit) Value 

E11 (GPa) 98 τ〈a〉c0 (MPa) - prism 153 

E33 (GPa) 123 τ〈a〉c0 (MPa) - basal 204 

G12 (GPa) 35 τ〈c+a〉
c0 (MPa) - pyramidal 532 

G13 (GPa) 32 k (JK− 1) 1.38 × 10− 23 

ν12 0.40 ΔF (eV) 0.31 
ν13 0.24 ΔV 18.8b3 

b (nm) 0.32 ρssdm (μm− 2) 0.01  
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latter to lattice curvature resulting from plastic strain gradients. The strain rate sensitivity of a slip system is governed by the com
bination of ΔH and ΔV (Dunne et al., 2007a). 

A Taylor-based hardening law is adopted for the evolution of shear resistance along the ith slip system: 

τ(i)c = τ(i)c0 + Gsb
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρssd + ρgnd

√
(3)  

where τ(i)c0 is the intrinsic critical resolved shear stress, Gs the shear modulus, and ρssd and ρgnd are the density of statistically stored and 
geometry necessary dislocations respectively. The evolution of SSD density for simplicity is related only to the effective plastic strain p: 

ρ̇ssd = λṗ (4)  

where the coefficient λ controls the slip system isotropic hardening rate. The effective plastic strain rate ṗ is given by: 

ṗ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2
3
ε̇p

: ε̇p

√

(5)  

where ε̇p is the plastic strain rate. 
The components of the GND density tensor are calculated from Nye’s dislocation tensor (Nye, 1953) Λ that originates from the 

lattice curvatures given by the curl of the plastic deformation gradient Fp: 

Λ = ∇× Fp =
∑M

i=1
ρi

Gsb
i ⊗ si + ρi

Getb
i ⊗ ti + ρi

Genbi ⊗ ni (6)  

where ρi
Gs is the screw component, ρi

Get and ρi
Genthe edge components, bi the Burgers vector, si, ti and ni the unit vectors on the ith slip 

system, respectively. 
The full form of solving the GND density tensor ρG is hence given by: 

AρG = Λ (7)  

where Λ is the vectorised Nye dislocation tensor, A is a 9 × (3 × 32) matrix containing the coefficients of the bi ⊗ si, bi ⊗ ti and bi ⊗ ni 

terms. The 96 independent GND components cannot be uniquely solved with the nine equations alone from the term Λ. The scalar GND 
density is hence determined by the L2-norm minimization of the edge and screw dislocation density components of Nye’s tensor 
(Cheng and Ghosh, 2015): 

ρgnd =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑M

i=1
(ρi

Gs)
2
+ (ρi

Get)
2
+ (ρi

Gen)
2

√
√
√
√ (8) 

The dissipated energy density U is given by: 

Fig. 5. SEM image (a) and inverse pole figure (IPF) image along the X-direction (b) showing the crack nucleation sites at the notch root and the 
short crack growth in a heat treated Zircaloy-4 sample with strong basal texture after 1500 cycles;(c) enlarged SEM image of (a). 
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U =

∫

σ : dεp (9)  

and the stored energy density G (Wan et al., 2014) is given as: 

G =
UΔVs

ΔAs
=

∫ ⃒
⃒ξσ : dϵp

⃒
⃒

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
ρssd + ρgnd

√ (10)  

where ξ is the fraction of dissipated energy stored as dislocation structures and estimated to be ~ 0.05 (Kamlah and Haupt). The 
Zircaloy-4 single crystal material properties used in the CPFE modelling are given in Table 1 and taken from Wilson et al. (2018). 

Our gradient-enhanced crystal plasticity framework enables slip accumulation, GND density and SSD density to be determined and 
allows these quantities to be assessed in the context of the experimental microstructural characterisation of fatigue crack nucleation 
and early short crack growth. 

4. Results and discussion 

4.1. Microstructural characterisation 

Zircaloy-4 samples after heat treatment exhibited a ‘blocky alpha’ microstructure with extremely large grain size (> 200 μm), as 
shown in Fig. 5. The c-axes of crystals in the ’blocky alpha’ Zircaloy-4 sample were aligned with the Z-direction, indicating a strong 

Fig. 6. Experimental and simulation strain (xx) distributions at cycle 1, 10, and 100 in the unloaded condition and at peak load of the Zircaloy- 
4 sample. 
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Fig. 7. Experimental and simulation results showing the distributions of stress (xx) in the ROI of the Zircaloy-4 sample at peak load.  

Fig. 8. (a) SEM image showing the crack nucleation sites in the Zircaloy-4 sample; Experimental (b) and simulation (c) results of plastic strain (xx) 
versus angle along path AMA’ in (a); Experimental (d) and simulation (e) results of peak stress (xx) versus angle along path AMA’ in (a). 

W. Wan et al.                                                                                                                                                                                                           



Journal of the Mechanics and Physics of Solids 180 (2023) 105417

9

Fig. 9. (a) Experimental and (b) simulation GND density versus angle along path AMA’.  

Fig. 10. (a) SEM image showing the nucleation sites of the main crack and the secondary crack corresponding to the angle theta; (b) experimental 
and (c) CPFE simulation results of stored energy density versus angle along path AMA’ in the Zircaloy-4 sample. 
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basal texture inherited from the small-grain Zircaloy-4 plate. After 1500 cycles, a main short crack with a length of approximately 100 
μm was observed, with its nucleation site located in Grain 1 and its growth path being transgranular. In addition, a secondary crack was 
detected at the notch root, approximately 50 μm away from the main crack nucleation site (still within Grain 1). The nucleation sites of 
both cracks are marked by white arrows in Fig. 5 (a) and (c). EBSD analysis enables determination of the crystallographic orientation of 
grains around the notch root, where crack nucleation occurs. The resulting grain orientations are depicted as hexagons, as illustrated in 
Fig. 5 (a). 

4.2. Local strain and stress distribution 

In-situ DIC measurement allows the local strain fields near the edge-notch of the Zircaloy-4 beam sample to be determined during 
the cyclic loading. CPFE modelling shows the strain distribution in the ROI focused near the notch root, which provides a full-field 
comparison to the experimental results. As seen in Fig. 6, the experimental and simulation results for strain (xx) at peak load and 
in the unloaded condition at cycle 1, cycle 10 and cycle 100 of the Zircaloy-4 sample match reasonably well. Strain (xx) in both 
experimental and simulation results are concentrated at the notch root and along two straight bands that form a ‘wing’-shaped dis
tribution. The strain (xx) in the unloaded condition, which is the plastic strain ignoring any residual stress, accumulates at the notch 
root as it increases from cycle 1 to cycle 100. 

Stress concentration is expected near the notch root of the Zircaloy-4 sample during three-point bend testing. In-situ DIC mea
surements provide the strains at both fully applied load and in the unloaded state (as well as any other points in the cycle, if desired). 
This facilitates the approximate calculation of the stress distribution from in-situ DIC total strain (at full load in the cycle) and plastic 
strain measurements (at unload in the cycle) by estimating the difference in full-load and unload strain to give elastic strain coupled 
with EBSD measurement of crystallographic orientation (which is required for local anisotropic stiffness matrix determination). 

Samples were cyclically loaded with stress ratio at zero such that the strain obtained in the unloaded condition is approximately 
equal to the plastic strain εp when the residual elastic strain is ignored. The strain measured at the peak load is considered to be the total 
strain εt, which is the sum of the plastic strain εp and the elastic strain εe. Thus, the elastic strain can be extracted from the difference 

Fig. A1. The distributions of stress components along boundaries (A-A’, A’-B’ and B-B’) for CPFE ROI sub-model in the Zircaloy-4 sample.  

Fig. A2. CPFE results showing the activation of slip systems in the Zircaloy-4 sample.  
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between the total strain and the plastic strain: 

εe = εt − εp (11) 

From Hooke’s law, the stress is given by 

σ = Dεe (12)  

where D is the (global) anisotropic stiffness matrix after rotation to account for crystallographic orientation. The rotation matrix is 
determined by Euler angle obtained from EBSD examination as detailed in Appendix B. Although the strain components of εe which 
contain the z-direction are inaccessible by two-dimensional DIC measurement, the stress tensor, σ can be calculated under plane stress 
conditions relevant to the front free surface of the sample, where σzz = σxz = σyz = 0. Thus Equation (12) can be expressed as 

⎛

⎜
⎝

σxx

σyy

σxy

⎞

⎟
⎠ =

⎛

⎜
⎝

D11 D12 D14

D12 D22 D24

D14 D24 D44

⎞

⎟
⎠

⎛

⎜
⎜
⎜
⎝

εe
xx

εe
yy

γe
xy

⎞

⎟
⎟
⎟
⎠

(13) 

Then the stress tensor in plane stress can be written as 

σ =

(
σxx σxy
σxy σyy

)

(14) 

Stress components σxx, σyy and σxy are accessible by using in situ DIC measurement such that we can plot the distribution of σxx, 
which is instructive to represent the stress state in the ROI. Fig. 7 presents a comparison between the distribution of σxx obtained from 
experimental measurement and the results of CPFE modelling. The notch plays the role of stress raiser, affected also by the boundary 
between Grain 1 and Grain 2, which results in stress concentration in both experimental and modelling σxx distribution results. 

Fig. 8 shows the variation in plastic strain (xx), εp
xx (strain in the unloaded condition) and σxx (stress at peak load) along the 

semicircle arc path AMA’ for the Zircaloy-4 sample. Special care must be taken when collecting data near the notch, as the strains 
measured by 2D DIC are unreliable at the notch edge. Therefore, the path AMA’ is defined 10 μm away radially from the notch edge and 
is drawn through angles 0◦ to 180◦. Fig. 8 (a) shows the occurrence of short cracks in cycle 1500, showing the main crack and sec
ondary crack nucleation sites marked by white arrows, which illustrates a noticeable increase in crack opening compared to the sit
uations in cycle 1, 10, and 100. The angles in the figure can only be considered to represent the nucleation sites in a section (as 
indicated by the grey bands in figures (b) to (e)), taking into account the errors due to the crack opening. The main crack is located 
close to the angle of θ1 = 70◦, while the secondary crack nucleation site is close to θ2 = 110◦. 

The εp
xx increases from cycle 1 to cycle 100, as demonstrated by the experimental results in Fig. 8 (b) and the simulation results in 

Fig. 8 (c). The maximum εp
xx recorded at cycle 100 is approximately 0.015 from experiment and 0.012 by simulation. The experimental 

εp
xx reveals two dominant peaks in proximity to the main and secondary crack nucleation sites, with a slight deviation to the left. The 

experimental εp
xx distribution along path AMA’ aligns with the simulation results, both displaying two main peaks corresponding to the 

main and secondary crack nucleation sites, though the correlation is not exact. 
The σxx at peak load obtained by experiments along path AMA’ at cycle 1, cycle 10 and cycle 100 is shown in Fig. 8 (d). The 

simulation results (see Fig. 8 (e)) show reasonable agreement with the experimental results although more fluctuations of peak σxx are 
seen along path AMA’ in experiment. Here, no dominant extreme of peak σxx is found to correlate with the crack nucleation site with 
respect to the angles, θ1 and θ2. Stress and plastic strain were argued to be indicators of crack nucleation site (Shanthraj and Zikry, 
2013; Sweeney et al., 2013), however, as has been stated before in the literature, (plastic) strain is a necessary but not sufficient 
condition for crack nucleation, and stress may well be important but does not uniquely predict crack nucleation, as demonstrated in 
this Zircaloy-4 sample. 

4.3. GND density 

Metallic materials display strong size effects at the micron and sub-micron scales. Attributed to GNDs associated with non-uniform 
plastic deformation, this size effect is especially significant in crack nucleation as the plastic zone adjacent to the crack nucleation site 
may be physically small and contains large spatial gradients of deformation. During cyclic loading on a beam with an edge notch, the 
elastic strain is largely recovered on unload, therefore, the lattice distortion in the unloaded condition is dominated by GND devel
opment. The GND density, which is derived from plastic strain gradient, is closely tied with crystallographic slip activation. <a>
prismatic slip is quantified from CPFE modelling as shown in Appendix C. Detailed microstructure information from EBSD analysis 
(including crystallographic orientation and grain boundary) would refine the GND density calculation by providing detailed mea
surement of lattice curvature, from which the former may be estimated. However, an approximate methodology is proposed to es
timate measurement of the GND density magnitude based on the DIC strain analysis, which is based on that developed for crack-tip 
regions from the plastic strain fields measured in experiments (Xu et al., 2021). 

In this study, the two-dimensional strain field in the unloaded condition is considered to comprise purely plastic contributions, 
considering the elasticity to be fully relaxed. The activated prismatic slip contributes very little to out-of-plane plastic strain (as a result 
of the texture), and are not accessible from the 2D DIC measurement. The plastic strain is given by: 
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εp = εUnload =
[

εp
xx εp

yy εp
xy
]T (15) 

The GNDs carry the lattice curvature (Arsenlis and Parks, 1999) when material deforms inelastically and heterogeneously, and the 
GND density reflects the intensity of the plastic deformation gradient. Pioneering studies (Asaro, 1983; Ashby, 1970; Fleck et al., 1994; 
Fleck and Hutchinson, 1997) provide a one-dimensional estimation of the GND density along a single slip plane, given by: 

ρGND =
1
b

∂γ
∂s

(16)  

where b is the Burgers vector of the slip system, γ the shear strain and s the distance in the slip direction coordinate axis. This is 
generalized from Equation (16) for 2D to estimate the GND density from the incompatible plastic strain gradients available from the 
experimental DIC displacement measurements (to provide Fp) as follows: 

ρGND =
1
b
(∇ × Fp) (17)  

in which Fp is determined from the updated coordinate system. The expanded form of Equation (17) is: 

⎡

⎣
ρxx ρxy
ρyx ρyy
ρzx ρzy

⎤

⎦ =
1
b

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂Fp
xx

∂x
∂Fp

xx

∂y
∂Fp

yy

∂x
∂Fp

yy

∂y
∂Fp

xy

∂x
∂Fp

xy

∂y

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(18) 

By virtue of minimizing the dislocation energy (Kysar et al., 2010), the scalar of effective GND density is given as the sum of the 2nd 

order norm of its components (Cheng and Ghosh, 2015): 

ρGND =

(
∑2

j=1

∑3

i=1
ρij

)1/2

(19) 

The <a> prismatic slip Burgers vector (b = 0.323 nm) is applied. The algorithm for determining the GND density assumes that the 
DIC region is a single phase, single crystal microstructure, and that all slip systems share the same Burgers vector magnitude. 

The GND density along path AMA’ at cycle 1, cycle 10 and cycle 100 has been quantified versus angle and is shown in Fig. 9 for both 
experimental results (a) and simulation results (b). The CPFE modelling results show agreement with the magnitude of the GND density 
estimated in experiments. However, the distribution of GND density in the simulation results show much sharper peaks near the notch 
root. This arises from the localised stress states and from dislocations tending to exit from the sample notch free surface, which is 
analogous to the phenomenon of a dislocation free zone (Chang and Ohr, 1981) that has been both experimentally observed (Wil
kinson et al., 2006) and rationalized in recent crystal plasticity simulations (Xu, 2021). 

GND density has been shown not only to strengthen the mechanical response, but also to be one of the factors determining fatigue 
crack nucleation in ductile materials (e.g. Prastiti et al.,2020), as the GNDs reflects the strain gradients and carries local lattice cur
vature (Arsenlis and Parks, 1999). In the present study, the experimental characterisation and simulation prediction of peak GND 
densities do not show strong correlation with the fatigue crack nucleation sites (indicated as the grey region in Fig. 9) along the notch 
of the specimen, but nonetheless contribute to the distributions of stored energy density. 

4.4. Stored energy density 

Stored energy density is calculated both from the experimental measurements of local stress, plastic strain and GND density, and 
directly within the CPFE model for comparison. For the experimental estimation, it is argued that ρGND≫ρSSD when there is large lattice 
distortion near the notch root, such that the contribution of ρSSD to the total dislocation density can be neglected when a cyclic loading 
with a stress ratio of R = 0 is applied. Therefore, the stored energy density can be calculated approximately by simplifying Equation 10 

G ≈

∫ ⃒⃒ξσ : dϵp
⃒
⃒

̅̅̅̅̅̅̅̅̅̅ρGND
√ (20) 

As the local stress tensor, local plastic strain tensor and GND density have been experimentally measured, the stored energy density 
can be calculated from Equation (20) using these experimental results. Fig. 10 shows the variation of stored energy density along path 
AMA’ as a function of angle (θ). The CPFE simulation results of stored energy density are in reasonably good agreement with the 
experimental results, with three peaks detected along path AMA’ in both the experimental and simulation results (ignoring some small 
peaks) as shown in Fig. 10 (b) and (c). Two significant peaks of stored energy density in the experimental results close to θ1 = 70◦ and 
θ2 = 110◦ indicate the main crack nucleation site and the secondary nucleation site, respectively, suggesting that the stored energy 
density distribution reflects aspects of the observed crack nucleation sites. However, the highest value of stored energy density is 
detected near Point M, where no crack nucleation is observed. 
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The results of the CPFE modelling exhibit a degree of agreement between the stored energy density that aligns relatively closely 
with the values derived from experimental studies, demonstrating an approximate stored energy density of about 0.8 J/m2 proximate 
to the primary crack nucleation site at cycle 100. Although the simulated stored energy density’s maximum, estimated at approxi
mately 1.5 J/m2, surpasses the experimental peak stored energy (1.0 J/m2), it remains within the same order of magnitude. 

5. Conclusions 

A textured Zircaloy-4 sample was tested under cyclic load in which fatigue crack nucleation was examined at the notch root, where 
a main and secondary crack were found to nucleate and grow transgranularly. 

In-situ DIC was used to measure strain distributions near the crack nucleation sites, coupled with EBSD orientation data to facilitate 
calculation of local stresses. CPFE modelling provided comparisons of the distribution and magnitudes of local strain, and stress. A 
deformation-gradient-tensor based method was utilised to calculate the GND density from experimentally measured strains and 
coupling of DIC strain measurement with EBSD crystallographic examination. The CPFE modelling results of GND density capture the 
magnitude of the experimental measurements. 

Stored energy density was determined using both experiment and simulation, with knowledge of local plastic strain, stress and 
dislocation density. The CPFE results for stored energy density were in reasonable agreement with the experimental results. The 
hotspots of both experimental and simulated stored energy densities (with the exception of the central peak value) identify the main 
crack and secondary crack nucleation sites, underscoring the stored energy density as a reliable predictor for fatigue crack nucleation. 

Appendices 

Appendix A. The distributions of the major stress components along the three boundaries for the crystal plasticity ROI sub-model in 
the Zircaloy-4 sample Fig. A1 

Appendix B. Rotation matrices mapping the reference crystal system into the local system for specified crystallographic orientation 
Fig. A2 

The convention of the ZXZ rotation with the Euler angle, (φ1 Φ φ2) is: i) Rotate through φ1 about the z-axis; ii) Rotate through Φ 
about the (new) x’-axis; iii) Rotate through φ2 about the (new) z’’-axis. Simply, this can be expressed as 

R = R(φ2)R(Φ)R(φ1)

where 

R =

⎛

⎝
cosφ2 − sinφ2 0
sinφ2 cosφ2 0

0 0 1

⎞

⎠

⎛

⎝
1 0 0
0 cosΦ − sinΦ
0 sinΦ cosΦ

⎞

⎠

⎛

⎝
cosφ1 − sinφ1 0
sinφ1 cosφ1 0

0 0 1

⎞

⎠

which can be written out as 

R =

⎛

⎝
R11 R12 R13
R21 R22 R23
R31 R32 R33

⎞

⎠

To fulfil the rotation of stiffness matrix, Tσ and Tε are the relevant rotation matrices for the stress and strain column vectors 
respectively with 

σ′ = Tσσ  

ε′ = Tεε  

where 

= R(φ2)R(Φ)R(φ1)

and 

ρGND =

(
∑2

j=1

∑3

i=1
ρij

)1/2 

Appendix C. Activation of slip systems   
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