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ABSTRACT

The classical theory of polycondensatlon statistics is
generalized to include the two major sources of non-randomness;
~(a) substitution effects arising from the influence
of neighbouring groups on the rate of reaction
of a functionality
(b) intramolecular condensation.
The theory of branching processes is used as é common mathematical
framework and the statistical theory is set out with reference to
f-functional polycondensation. The non-~random model is used to

analyse the two extreme cases of polycondensation, i.e. thermo-
dynamically and kinetically controlled reactions.

The simple equilibrium system POClg/F;Q, is examined and excellent
agreement of nmr data in the literature is obtained. There are
found to be negligible substitution effects and the amount of
cyclization agrees reasonably with that predicted by random-flight
statistics. A#s an example of a kinetically controlled system, the
uncatalysed poiyesterification of pentaerythritol and its homologue,
trimethylol ethane, was studied experimentally at 175°C. The rate
of the reaction was followed in a closed system using a transducer to
measure the pressure of water vapour above the reaction mixture.

The concentration depepdence of the gei pointg was also studied. The
analysis of the results showed the uncatalysed polyesterification to

be third-order. This is masked by the non-random effects which falsely



indicate an apparent 23-order reaction; this situation has probably
deceived previous investigators of related systems. From the
measuremehts of the gel points for mixtures containing éifferent
ratios of polyol to acid, the substitution parameter for each
component and the one cyolization parameter required by theory wers
determined. Finally the experimental rate curves were compared with
the theoretical ones and excellent agreement obtained for the

equivalent mixtures of polyol to acid. Once again the eyclization
parameter was in reasonable agreement with random-flight statisties.

4 small cumulative substitution effect was found on the polyols

which progressively favoured the reaction of free functionalities
according to the number of reacted functionalities already borne by the
unit to which they were attached., '
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CHAPTER 1

INTRCDUCTION

The aim of this work was to make the necessary theoretical
generalizations to the classical schemes for random condensation
reactions (Flory 1953), so as to include in the theory the two
major non-random influences: (i) substitution effects and (ii)
intramolecular (cyclization) reactions. These generalizations
are of importance for the scientific and technological understanding .
of processes and products of several industries (resins, paints, |
varnishes, plastics), and while this work was in progress, other
workers have published parallel attempts to come to grips with
these problems (e.g. Van Wazer 1962, Keller 1962).

The technical need for this work may be exemplified by the
following remarks. Classical ﬁolybondensation theory led to<a
satisfactory account of the gel point phenomenon, which is of great
practical significance. Yet no quantitative applications appear to
have been made to gel.points of éuch industrial systems as phenol - |
" or melamine~formaldehyde resing, and it may safely be surmised that
this could not be done until chemicalvsubstitution and cyclization
effects could be taken into account. Thus the. present work was
started with the aim in mind of providing & basis for a more complete

chemical undefstanding of such important systems.
This study attempts to test kinetic schemes concerning the




reaction mechanism of polycondensation reactions against statistical
quantities which can be measured as a function of conversion. The
work is chiefly concerned with polyfunctional polymerizations and
thus the gel point is one of the most convenient and easily measured
statistical paraﬁeter that can be used to test these schemes. The
earlier wdrk on the calculation of molecular weight distributions
from the mechanism of polymerization wés pioneered by Flory (1953).
. Later studies by Case (1957? 1958, 1959, 1960) extended this work
of Flory on f-functional monomers to mixtures of 'functionalitieg of
unequal reactivity. These authors derive the molecular weight
distributions from probability arguments, but Inoue (1953) uses
the complementary method of solving the appropriate differential
rate equations, In practice, it is often more frmtful to characterize
distributions roughly by averages such as the number average (DPn)
or weight average (DP ) degree of polymerization which are
experimentally acceasible. |
The calculation of statistical quantities from postulated

kinetic mechanisms fits admirably into the general framework of the
stochastic theory oi“ branching processes (Harris 1963) , especially
as developed by Good (1955, 1960, 1963) and applied to polymer
distributions by Gordon (1962). A more general use of the theory
of branching processes to equilibrium statistics of ciustering
pfocesses in the uncondensed phase has recently been published by
Whittle (1965a, 1965b). Chapter 2 briefly describes the principles
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involved and defines the statistical parameters in terms of
generating functions. The method only uses differential caleulus,
and for copolymerization, the elements of matrix algebra. It has
the advantageé over previous statistical methods (Flory 1953;
Stockmayer 1944) of reducing the use of probability theory to
 egsentially one equation, and the summation of algebralc series -
is usually avoided. This 1s because this method does not depend
“on obtaining an explicit algebraic expression for the molecular
weight distribution, although it would, in principle, be able to
do so (cf. Good 1960). But the method gives directly the statistical
parameters which can be experimentally measured. Henee the theory
of branching processes provides a unified method for kinetic and
“‘thermodynamic studies of polymer reactions and for the calculation
- of gtatistical pafameters for theories of physical properties.

The theory of branching processes has already been extended
by Dobson and Gordon (1964) to compute configurational statistics
and to the caiculation of the number and length of active network
‘chains in polymer networks (Dobson and Gordon 1965). The work of
Gordon (1962) is here extended to.take into account deviations from
non-random behaviour in polycoﬁdensation reactions. The classical
model (Flory 1953) postulates that pairs of funetionalities react
‘at randoﬁ to produce links between the f-functional (repeat) units,
Two major sources of deviations are recognized:

(1) Substitution Effects. These consist of chenges in the



Fig. 1.1 Schematic diagram showing arrangement

of links in successive shells about the
| - link A-B in a particuler decamer.

There are 3 first shell, 3 sescond shell

and 2 third shell links.

rate of forming or breaking a link (such as A-B in Fig. (1.1) )

| induced by the presence of other links in the same molecule. 'This
general substitution effect may be controlled thermodynamically or

" kinetically, and links in the first shell (Fig. (1.1) ) are, of
course, expected to exert the strongest effects of this type. These

first shell substitution effects (FSSE) are treated theoretically
in Chapter 3. The substitution effect of a given fuﬁctionality ‘
on others borne on distant units (second shell, third shell, etc.)
'will, fortunately, bé of much smaller magnitude and is neglected in

the treatment. Although general effects on the reaction rates and

equilibria by the fate of other functional groups on the same
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molecule aie usually considered negligible, they must always

oceur in practice. The special case of a linear FSSE, whose
magnitude is proportional to the sum of the number of links already
borze by the two units to be bonded, is treated exactly in

section (3.3).

(11) Cyclization. In linear polycondensation (f=2) the only
opportunity in any x-mer molecule for the formafion of an
intramolecular link arises between the pair of terminal functibnalities
of the chain, The statistical mechanies of this process was derived
exactly, using Gaussian statistics for the chain conformation, by
Jacobson and étockmayer (1950); applications to polydecamethylene
adipate were made by Jacobson, Beckmann and Stockmayer (1950). A
gimilar model, using a discrete state approximation to calculate the
probability of ring closure, was proposed by Carmichael and Kinsinger
(1964) for the polydimethysiloxane system and recently the two modeis
have been tested on this system (Carmichael and Winger 1965), (see
section (4.1) ). In polyfunctional polycondensations (£>2) the
combinatorial proﬁlem of evaluating the numbers and distances of
possible reaction partners for a given functionality to close a ring
with another on the same molecule presents much greater @ifficulty.
Harris (1955) tackled this problem with rather drastically simplified
models. Kilb (1958) used an extension of Flory's method to calculate
the extent of reaction and the concentration dependence of the gel
. point, Hoeve (1956) followed the lines of Jacobson and Stockmayer
(1950) in his contribution to the statistics bf intramolecular



 condensation. The theory of branching processeslprovides the
proper mathematical framework for combinatorial problems and is
used in Chapter 4 to estimate the effect of intramolecular
condensation.

The experiments of Kienle and his co-workers (1939) on the
condensation of glycerol with dibasic acids have shown that..
intramolecular reaction proceeds to an appreciable degree in
competition with intermolecular condensatioﬁ. If egterification
weré exclusively intermolecular, the number of molecules present
should decrease by.one for each ester group formed. Kienle (1939a)

observed that the cryoscopically determined number of particles

decfeased less than the increase in the extent of the egterification;

this discrepancy amounted to about 5% of the total esterification.
Both substitution and eyclization effects become more prominept
the more closely the functionalitieg are spacéd within‘the repeat
units. Publication by Groenweghe, Payne and Van Wazer (1960) of
measurements of statistical farameters in the simple equilibrium
system phosphorus oxychloride/phosphorus pentoxide, in which the
chlorine-funetionalities are directly attached to the same phosphorus
atom in a given unit, is used as a test-case in Chapter 6 for
assessing the rale of deviations from randomness in an equilibrium
polycondensation. .
Finally, the kinetically controlled polyesterification system
. pentaerythritol/adipic acid is studied in detail and the measured

statistical quantities compared with that predicted by the non-random
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model. The kihetics of this polyesterification reaction are
measured by following the evolution of water from the reaction
mixture in a closed system with a pressure transducer. The
construction and method of using this apparatus is discussed and
© details given for following the course of such reactions up to
and past the gel point. In this way conversion-time plots ars
obtained for various mole ratios of alcohol to. acid. A homologue
of pentaerythritol, tr;methylolethane, is also studied in this
apparatus. The concentration dependence of the gel point for
this polycondensation reaction is measured. The data obtainéd are
tested against kinetic reaction schemes (Chapter 8).

This work illnstrate? the use of the £heory of branching
processes in polymer statistics and shows how non;random aeffeets
£it into this.common fremework. By using these models to analyse
the data from both equilibrium and kinetically cont:ollgd
polycondensation, iﬁ is hoped that the calculations can be extended -

with confidence to obther polycondensation systems.
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CHAPTER 2

THE THECRY OF BRANCHING PROCESSES

2.1 JIntroduction

The theory of branching pfocesses stems from the work of
Galton and Watson (1874) on human heridity. They used a simple
model to discuss the probability that a famiiy is still in existence
after a large finite number of generations. The original Galton-
Watson process and its generalizations are connected with work
dating back to Neils #bel (1881) on functicnal equati&ns and the
iteration of,funétions, and with various lines of develﬁpment
in the theory of stochastic processes. More recently the model has
been developed for cascade processes by Good (1955, 1960) and applied
4o the statistics of pqumef distributions by Gordon (1962). .(For.
a general reference see Harris 1963).

The convential approach to,caléulating statistical parameters
is based on distributions guch as molecular welight distributions
(Flory 1953). In the scheme based on the theory of branching'pr;cesses
everything is derived from the so-called link probability distribution
(1pd), which is always closely related to the chemical mechanisms
of synthesis, and which in favourab;e cases 1s open to direct
experimental measurement (section (6.2) ). Repeated use is made

of the enerating function (pgf). This is a function

of the probebility distribution defined so that the coefficient B
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of GL in the Taylor series expansion of the pgf is the probability

. b
for the occurrence of the . event, l.e.

a(8) = Y B¢ o (2.1)

»
1T ¥

where § is a dummy variable. Normalization ofvprobabilities implies

 that

o0

G(1) = ZP.L =1 (2.2)

i»o

- Operating on this dummy variable, the statistical parameters can be

derived from the pgf; +thus, the mean of the distribution is given

by
N oo

[dc}(a)/da]M = G'(1) = XPL.L | >(2.3)

ixo

where the prime denotes differentiation with respect to 8.
The method for the simplest case of a single type of repeat

wit is now described; extension to copolymériza#ion of s differegt
types (8> 1) is to some extent a formal procedure’involﬁing vectorial
‘generating functions and will bs discussed in section (2.5).
2.2 Statement of the Method

‘Having chosen a unitzat random in the system, one ﬁay consider
one of its f - functionalities; if this has a chance ¥ of being reacted
(cross-linked to another unit), then it has a chance (1 ~¥) of not being
reacted. For random polycondensation (whose parameters will be given
a superscript star in~this thesis) this statement exhausts the
combinatorial #heory'required, all the remaining manipulation being of

a general type. Thus the pgf of the number of bonds formed by the
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functionality in question is
# & : '
£(0)=1-y + ¥0 (2.4)

By definition of randomness, the corresponding pgf for all the

f~functionalities on the chosen unit is
4 ® ” )C
F, 0)= 1=y +§ 8) (2.5)

For example, we may consider the etherification of pentaerythritol |
(f = 4). The brobability that a unit chosen at random has 3 cross-
links is merely the coefficient of & in eq. (2.5) when £ is set to
4, This coefficient ig 4(1 - x‘)(x’)ag the term (1 - )*) reflects
the chance that one of the functionalities is free while (X’)a is
the chancs that three of the functionalitiss are cross~linked, the
factor 4 is ths combinatorial term arising from the different
- combinations of 3 cross-links and 1 freé functionality.’

In general, if P; denotes the chance of finding i links (reacted
functionalities) on a randomly chosen unit, then the P; are said to

form the link distribution and its pgf is (cf eq. (2.1) )

r ()= )P4 (2.6)

[3

i.no

From this pgf all the other statistical parameters are derived by
standard formulae (section 2.4).

The general procedure in this work is based~qn the construction
of an engsemble M of graphs or trees. To this end each unit in the

" molecular system is chosen in turn to form the root or zercth
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Fig. 2.1 Schematic representation of poly (pentaerythritol)
molecule as a tree with conventional numbering
of generations. The root of the tree is on the

" zeroth generation; and on the third generation,
a 1s a brother unit of b, but not of c.

generation of one family tree (fig. (2.1) ); the other units in the
same molecula are then unambiguously assigned to the first generation,
second generation, etc. To each x-mer molecule in the molscular

. system there accordingly corresponds x trees in the ensemble; each
such tres has one of its x units as its root. The mean size of the
ensemble is the weight average DF, of the molecular system. 'A.second
ensemble of trees can be formally generated using the generating
functions F, (8), F, (8), F,(8), etc. for the probabilities of the
number of children borne by a unit belonging to the zeroth, first,
gsecond, etc. generation of the ensemble respectively. For random
polycondensation systems the ensembleg M and G are identical and if

one can formulate the generating functions F}(B) these will describe
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the molecular system uniquely and can therefore be used to evaluaie
the statistical parameters of the system.

2.3 The Probability Generating Funchion

The pgf F, (§) of the number of children borne by a ;mit _
belonging to the first generation is completely determined by F, (8)
(the pgf for the offgprings of a unit on the zeroth generation) in
virtue of a consistengy conditions ,

F,(p) = F,*(8) / F,* (1) - | (2.7)

This follows from the manner in which the ensemble is congbructed;
i.e. F,(8) must be the pgf for the number of offsprings borne by
(£~1) functionalities on a unit of which the remaining functionality
is known to be reacted. -
In other words, a given i-gubgtituted monomer unit appears on the
zeroth generationlonce, the first generation i times, each time
producing (i-2) offsprings in the second. This result is illustrétéd
in figure (2.2) for a tetra—functional unit A with three cross-links.

Regarding the higher F,(8) (g>1), their structure depends on
the degree of randomness of the polymerizatiqn and depolymerization
reactions which have produced the system., Fortunately, most practical
cases lead to the following simple state of affairs:

F(8) =F,(8) =F,(8) = . .. L (2.8)

These are cases where the rate of formation or breakage of links is
subject (at most) to a first shell substitution effect (FSSE), (see
section (3.2) ). The random polycondensation reaction does not even

depend on the first shell. The thermodynsmics and kinetios of the
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FSSE are discussed in section (3.3)

Fig. 2.2. Schematic rebresentation of the assignment
\ of a pentamer molecule of a tetrafunctional
monomer in the ensemble of trees. The
" labelled unit A4 bearing three cross-links
~ appears once in the zeroth and thrice in
~ the first generation.

To illusgtrate the use of generating functions and the relationships
between them we can consider a mixture of paraffins. These may be treated
as ensembles of trees in a similar manner; Althougﬁ the relationship |
(eq. (2.7) ) between F, (§) and F, (8) is'universally-valid it is eagily.
demonstrated that F,(p) is independent of F, (@) and hence of F,(8).

Four systems are discussed; 4, 1007 propane; B, equimolar mixture
of ethane and butane; ¢, 100% n-butane; D, equimolar mixture of
propane and n-pentane, The pgf for these systems are shown in

Table (2.1). Although the F, (8) (and hence F, (§) ) are identical



TABIE 2.1

Probability Generabing Functions and Mean Size (DP,)
: for mixtures of Paraffins ' '

A | B G D .
propane :  equimolar mixture n-butane equimolar mixture
ethane & n-butane propane & n—pentane
M I —
. !
!
|
VI ool
Engemble | E |
; : : -
E () 36+ 39 50 + 46" 30+ 36° 39+ 40°
F, (6) 1 +%10 % o+ 10 L +30 3 +%0
F, (6) 1 1 +30 3 +do Y
F, (9) - 1 1 o+ %0
F,g (9) - - - 1
DP,, 3.00 3.60 4,00 4,47
DP,, 3.67 3.67 5,50 5.50
(eq. 2.13)

llbudl

‘91
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for the systems 4-B, and C-D, the F,(4) for 4 and B are not tﬁe
- same although F, (6) for C and D are étill identical. In this‘
latter case the F;(B) differ. The mean size (DP,) for thess
systems is also shown in Table (2.1), together with a value |
computed (eq. 2.13) on the assumption that the f‘,'(a) for g>1
are identical. The agreement in these extreme examples is
surprisingly good considering the crudsumess of this approximation,
which replaces the given systemé by distributions.of'xrmers wifh
X ranging from one to infinity. The approximate validity of this
relationship (eq.‘(2.8) ) between the higher pgf in the presence
of intramolecular reactions in polycondensation is discussed in
section (4.3).

All statistical parameters can, therefore, in principle, be
calculated fromlF;(B) alone for FSSE systems without cyclizatiom,
This link probability generating function forms the keystdne of the
edifice. . 4 '
2.4, §§§§i§§i§§1 Pargmetersg

| The statistical parameters discussed in this section are for
.gysteuns with.at most a first shell substitution effect, i.e. those
systems for which the relationship (eq. (2.8) )-between the higher
pef is valid (the validity of eq. (2.8) in the presence of a FSSE
is discussed in section (3.2) ). The first statistical parameter
to be discussed for any polycondensing units of functionality f is
the mean degres of reaction &, i.e. the fraction.of all functionalities
.which have reacted intermolecularly, and which is a measure of the |

degree of chemical advancement of the polymerization reaction. It



is always given by
X = F,'(1)/f (2.9)

which in the random case (eq. (2.5) ) leads to | | ’ %

e« | (2.10).

Thus the pgf for the offsprings of a unit oh generation g can be
written down for the random reaction using eq. (2.5), (2.7), (2.8),
(2.10)

v f-1 .
Pg (0) = (1 -x+x8) y 821 ‘(2.11)

The number degree of polymerization (bP;)‘can be written doun from

stolchiometry-
DB, = 1/ (1 - £x/2) o ‘ (2.12) S

The weight average degree of polymérization (DB, ) is most easily

formulated in terms of F, (§) and F,(6), though F, (8) can be eliminated

using eq. (2.7), thus:
DP, = 1+ F,1(1)/(1 - F,*(1) ) o (2.13)

This equation is formally deriveé below, but 1s confirmed by simply

expanding the RHS:

DB, = 1+ F,*(1) +F, '(1)F,'(1) + F, (V)] f(l)]z+ ;,
- (2.14)

It is apparent and it can be rigorously proved (Good 1955, Corollary 6)
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that successive terms on the right of eq. (2.14) are merely the
mean number per tree in the ensemble of units on the zeroth, first,
second, etc. generation, respectively. Since the mean size tree
is just the sum of the mean number of units contributed by tﬁe

zeroth, first, second, etec. generations, eq. (2.14) is confirmed.
It is also readily shown that (ef Good 1963, eg. (7) )

P =1 1 (2Rt + 7 + ___ED) )
e = i* 1 @+ r @ € 1-F,() (1-7,1@))
(2.15)

The number fraction of the trees in the ensemble which,cbnsist
of x units is also the weight fraction of x-mer in the corresponding

~ system of molecules and is given (Good 1963) by
. ’-1 1% .2 . X ’
we=x-1 (@) CO[E @] (2.16)

" where (?(Bx;z) denotes the coefficient of Bx-% in the Taylor expansion
of what follows., The,oriéinal form of this equation is derived
(Good 1963) by Lagrange's expansion applied to the weight fraction
generating function whichk is obtained by the iterative process

mw=6n(n@n@n(nnjbk (2.17)
This may be w:itteﬁ
W(p) =6F (u(d) ) (2.18)

in terms of u(@), whichk is a generating function obeying

u(6) = 6F, (w(6) ) | o (2.19)
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It should be noted that by definition the coeffielent of Gxim
W(8) is the weight fraction w, of x-mer, i.e.
W(p) = wa p* | | (2.20)
X~1
The function u(f) has been described.(Dobson and Gordon 1964) as
a pgf of a size distribution in two distinct ways by referring
elther to the engemble of trees or to the original molecular
gystem; \
a) u () is the pgf of the sizes of proper subtrees
of the ensemble.‘ A proper subtree is obtained by
chooging any unit from generations 1, 2, 3, ...
(but not from generation zero) together with all
the descendants of the unit chosen.
b) u(f) is the pgf of the sizes of molecular moleties
produced by splitting a link chosen at random in
the system of molecules.
In gystems subject to. at most a FSSE, there 1s no correlation between
the probabilities of the sizes of the two moleties produced by |
splitting a randomly chosen link,
The weight average degree of polymerization (DP,), the z-average
(DE;) and higher averages are obtained from the welght average
generating function (eq. (2.18) ) by successive differentiations;

P, =[dw(e)/de]6’_1*. (2.21)
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DB, = (d(eaw(s)/as)/a8),_, / (au(0)/ag), (2.22)

For the calculation of DP,, differentiation of eq. (2.18) and
eq. (2.19), followed by elimination of du(9)/d6, which is given

by
au(8)/a8 = 5, (u(0))/ [ 1 -8} (a(8))] (2.23)

between the two resulting equations leads to

au(8)/as = ¥, (u(8)) + [BF, (a(6))E! (u(8)) ] / [1-6% ue))]
: ' (2.24)

Putting both u(f) and 8 equal to unity yields
DR, = 1 + Fr(1)/[1 - F}(1)] - (2.25)

vhich formally derives eq. (2.13). By substituting the generating
function for f~functional polycondensation (eq. (2.11)) into
eq. (2.25), one immediately arrives at the well known formula of

Flory
PP, = (1 +&)/[1 - (£ - 1)«] . (2.26)

Since IP, diverges when E{(l) is vnity (eq. (2.25)), this can be

used as the gel point condition, hence from'eq. (2.26)

« =1/(f - 1) (2.27)

where subscript ¢ will be used to denote the critical value of any

statistical parameter at the gel point.
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Further statistical parameters will be defined in terms
of the pgf F, (0) as the model is developed to include a FSSE
and intramolecular condensation (chapters 3 and 4). In particular
the generating function u(f) will be used in chapter 5 in which

 post—gel parameters are discussed.

/F

.

2.5 Extengion To Copolymerizgtion

The full power of the theory of branching processes becomes
apparent only when cases of copolymerization of different repeatl
units are examined. A full treatment for these cases is gi%en by

Gordon (1962) and it is sufficient here only to give those equations
which will be used in subsequent chapters. As an example, the
polyesterification of pentaerythritol and adipic acid is used. It

is convenient to label the two types of unit as follows

c(CH, OH), HOCO(CH, ), GOCH
Unit 1 Unit 2
The vectorial generating function for the offsprings on the zeroth

generation can be written for the random reaction,

.E(g) = [(1 - %t &192)4’ Q- *‘%91)2]
-IFE @, 5 @] o (2.28)

where a% is the fractional conversion of units of type s. The
cosfficient of (4, )i (91)"; in fo, () is, by definition of the pgf,
the probability that a unit of type s in the zeroth generation of
the molecular tree has i units of type 1 and.j units of type 2 in |
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the following (i.e-. first) generation among its offsprings. Thus

F., (§) deals with the probebilities for various offsprings when
a type 1 unit (pentaerythritol) is present in the zeroth generation;
the absence of a dummy variable 8 in F, (@) (eq. (2.28)) correctly

reflects the knowledge that a pentaerythritol unit in ths zeroth
generation can only give rise to a unit of type 2 (adipic acid) in
the first generation.

The universal relation (eg. (2.7)) between the pgf for units
on the first and those of the zeroth gtill applies to the vectorial

pgf and may be generalized to copolymers:

£ @ = Y5 @/IF @ | (2.29)
T J _

where

£, © = &, @V/as, |  (2.30)

thus using eq. (2.29) on eg. (2.28) we have for the pentaerythritol/

adipic acid system

CE @) =[x 8,), (- e+, b))
=[F @ F @] (2.31)

where the coefficient of (91)L ( 92)3 in g‘w is the probability that a
unit of type s, occurring in the first generation, has i units of
type 1 and j units of type 2 among its offspriné in the following
generation,

The relationship between the vectorial pgf for higher generations
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is subject to the same restrictions as discussed for the
homopolymerization of single types of repeat units in section (2.3),

i.e. to those systems with at most a FSSE and no cyclization.

F (0 =F,0 =F0 (2.32)

is the appropriate genecralization of eq. (2.8) for copolymerization.
The only remaining generalizgtibn that is required here is the

gel point condition which is proved (G2edon 1962) to take the form
i i ‘ '
7 ,SL -y (l),, =0 K (2.33)

I .
where §;is the kronecker delta. For the pentaerythritol/adipic acid

system we have from eq. (2.30), (2.31):

V2 CFL W=, @ =0 (2.34)
/7 Fr (1) =3, (2.35)
W Fo (D)= «, | (2.36)

substituting eq. (2.34), (2.35), (2.36) into eq. (2.33) and solving

we arrive at
30 % = 1 . - (2.37)

ag the gel point condition.
Stoichiometry, of course, determines the relationship between

&, and &,; for the pentaerythritol/adipic acid system we have

2 o = myM, & /miM,y (2.38)
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where m;, M, are the initial weight fractions of the whole system
and molecular weight of the sﬂt type of unit respectively. Thus
¥; can be used as a representative parameter of the progress of the

copolymerizagtion.

o Aree A em 3 {h e g o e Ty g ey TR S e
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CHAPTER 3

STATISTICAL THECRY OF THE SUBSTITUTION EFFECT

3.1 Introduckion
The theory of random f-functional polycondensation is now

generalized to cases in which the rate of forming or breaking s
bond between units A and B is influenced by the number of links
already borne by.A and B (to further units). For instance, when

. two links have already been formed on a given unit, its resulting
 5;substitution pattern may then induce a bias against the formation

of further bonds on the same unit. This particular substitution
effect actually dominates large tracts of the chemistry of phosphorus-
containing polymers, where it has been called the 'anti-branching!
‘rule (Van Wazer 1958). Though often found negligiﬁle in the past,
general effects on the reaction rates and equilibria by the bonds
already formed on a. given unit in a polymerization must always occur
in practice. The influsnces of reacted neighbours may be of steric

or electronic origin.

Links in the first shell (see fig. 1l.1) are, of course,

expected to exert the strongest influence on non-random polycondensation,
these are called first shell gubstitubion effects (FSSE). The
substitution effect of a given reacted functionality on others borne
on distant units (second shell, third shell, ete.) will, fortunately,

~be of much smaller magnitude and is neglected in this. treatment.
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Matula, Groenweghe and Van Wazer (1964) have discussed how the i%
shell substitution effect (called by them Zifi reorganization heat
- order) falls in importance when i increases beyond unity. They
found some evidence for FSSE in the free energy data available for
branched hydrocarbons, and for higher order effects in phosphate
glagses. '

The FSSE will be analysed in terms of the chance of forming
a link between two units which have already acquired i, and 1,
links respectively to (i1 + iz) other units. A special cass of a
linear FSSE whose magnitude is proportional to (i1 + ix) gerves as
" a first approximation to the more general FSSE and is treated in
exact detail in section (3.3). The effect of intramolecular
condensation is neglected in this treatment, but will be included
into the scheme in the next chapter (4). The treatment is once
again set out with reference to f-functional polycondensation.
Homopolymerization of a gingle type of repeat unit is discussed .
for simplicity, since the method of extension to copolymerization
has been discussed (section (2.5)).

The molecular weight aistributions in presence of a substitutién
effect (but not the purely random reaction) depend on the relétive
rates of the forward (bond-forming) and backward (bond-breaking)
reactiong, in addition to their dependence on the extent of regction
&, Only the two extreme cases will be considered:

(1) thermodynamic control (forward and backward

rates equal)
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(11) kinetic control (backward rate negligibls)
A series of papers (Keller 1962, Alfrey and Lloyd 1963, Arends

1963, Keller 1963) on the kinetically controlled FSSE for the
condensation of bifunctional monomers‘have been published. These
are concerned with the sequence of unreacted groups on long=~chain
molecules, each segment of which carries a réactive group.

Firstly the effect of FSSE on the generating function of the
link probability distribution and on the statistical parameters that
have been defined in section (2.4) is discussed.

3.2 The Link Probabilit eratin 0 the Pregence o

g First-Shell Substitution Fffect

The lpgf F, (0) is of course independent of a FSSE as it can be
defined (eq. (2.6)) in terms of the probability (P;) that a unit
chosen at random in the system has 1 links to other units and the
fate of the functionalities on these units has no influence on P;. ~
Similarly from the way that the ensemble is constructed we still
have the relation (eq. (2.7)) ‘ :

F, (8) = F}(8)/Fr(1) | (3.1)
It now only requires for the relation between the higher generations
(eq. (2.8)) . ‘,

F,(0) =F,(8) =F,(8) = . « & (3.2)
to be shown to be gtill valid for FSSE in order that the definitions
of statistical parameters given in chapter 2 to be applicab;e.

Tt is simple to prove that Fg(f) is independent of g (g>1)

when the substitution effect affects at most the firsf shell, The
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gelection of a unit on thé gg;ﬂL genefation implies that there exists
exactly one path of g links back from the selected unit to the
zeroth generation (root). Of these g links only the one linking
the selected unit directly to its parent is relevant to the
chances of finding the selected unit to havg various numbers of
offapring (as in this respeet the other (g - 1) links belong to
| higher shells than the first). Thus the relevant g_priori kmowledge
_ is the same irrespective of g, provided g>1l. For a second shell
substitution effect the scheme is seriously affected, because there
is then a correlation between the probability distribution for tha
number of offsprings of a given unit on any generation (after the
zeroth) and the mumber of brother units it happens to have (see
Fig. (2.1)). (This point is treated by Harris 1963, pp 3-4).
However, in the presence of the second shell gubstitution effect,
the mean size (DP,) of the ensemble is still given correctly by
the generalization of eq. (2.14). ‘

DP, =1 + FI(1) + FYHLFN(1) + B AR (DFIA) + o v .7 (3.3)
even though the correlation between brothers invalidates the
corresponding generalization of eq. (2.17) for the size distribution

. a8 a whole, l.e.

w(8) A oF, {eR [6E, (. . . )]} » - (3.4)
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3.3. Thermodvnsmics of the First Shell Substitution Effect

Iet 4G’ be the standard free energy of a reaction which forms
a specific link between some given x-mer gpecies and some given
y-ner sgpecies. Iet the unit A in the x-mer which is to acquire
the new link already bear i, links, and the unit B concerned in

the y-mer bear already i, links (fig. 3.1).

Fig. 3.1 Local situation for formation of link
A-B between x-mer (containing unit &)
and y-mer (comtaining unit B). Unit A
bears i; = 3 first shell linkg, and
unit B bears 1, = 2 first shell links.

Then
AG® = AG"" + F(i,, i,) (3.5)

expresses the most general FSSE we wish to consider. Here AG**
igs the free energy of forming the same link in absence of a FSSE
(i.e. in the random reaction), and F(i,, i,) is some function, on

the form of which thermodynamics exercises & specific restriction
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now to be deduced. Firstly, it is noted that -
F(O: 0) =0 (3.6)

This means there is no substitution effect in reaction betﬁeen'
unsubstituted species (formation of dimer from two MONOMErs) .
Secondly, for symmetric links (e.g. ether links from two hydroxyls)

we havs
F(i,, 1,) = Fi,, 4,) (3.7)

Extension of the argument to reactions of pairs of dissimilar
functionalities to form unsymmetrical links (e.g. esterification)
is trivial. PFinally, consider two methods of synthesising the
species (fig. 3.1) from its (i, + i, + 2) monomer units by (a)
forming the link between A and B first and then attaching
successively 1, units to A and 1, units to B, and (b) forming first
the attachments of i, units to A, and i, units to B and then making
the A-B link as the last step. |

The total 4G° and total AG** must be identical for both

synthesess Thus

iy i
F(0,0) + ZF(O,k) + ZF(k,O)
k=1

K=1
£1—1 iz‘i ’
= EE:F(o,k) + j;qF(k,O) + F(i, 1) (3.8)
ket K1 -

Using (3.5) and (3.6) this reduces %o

F(i,, i,) = F(i,, 0) + F(1,, 0) (3.9)
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which may be written

F(ig, i) =¥(1,) +7¥(1,) | | (3.10) _
with

¥(0) =0 | (3.11)
Thus eq. (3.5) reduces to |

AG° = AG”T +¥(4,) +¥(1,) (3.12)

That there are no further thermodynamic restrictions of F(i,, i,)

beside (3.10) follows because in terms. of (3.10) the FSSE contribution
to the standard free emergy of forming any species from its
constituent monomer units is given, irregpective of the order in which

the required links are made, by summing the. contributions attributable
to the individusl units: for a uni@ bearing i links in any species
(2 < 1 & £), this contribution is ;i%f(m). Matula, Gréenweghe and
Van Wazer (1964) state that for FSSE (their case P = 2) the heats |
of formation are formed additively from the units; but the above
argument cléarly applies more generally to the free eneréies and to
all extensive property changes of formation.

" By passing from the standard free energy to the equilibrium
constant, the ratio ¢ (i) of the concentrations of units with i links
in the FSSE system to that in the random system (when both are in
equilibrium)‘is seen to be '

i1

$(1) =ep- ) Ya)RT  (¢15£) (3.13)

m=l
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Thus f-1 constants ¢(i) govern the whole of the FSSE on any
equilibrium state arising for a given overall concentration of
functionalities. If we define

$(0) =4(1) =1 | (3.14)

the FSSE is allowed for in F, (8) thus:

-

£
70 =% foya-ndwe’

i=o

(3.15)

with.

i+k=r¢ (3.16)
N, is the normalizer and y a conversion parameter (see section (2.2))
méasuring the degree of advancement of the condensation reaction at

equilibrium. The corresponding lpgf for the random reaction is (cf. eq. (2.5)
: c i | |
F, (8) = i’cci (19 (1-§) 8 = (1- "+ oY (3.17)

Equation (3.15) will be generalized below (eq. (4.3)) to cover the
presence of intra-molecular rcactions. Here it is emphasized that

nothing is changed in the derivation of the (£-1) substitution

parameters of eq. (3.13) if the system conteins cyelic species owing
to intra-molecular condensafion steps.

The linear FSSE is given by

Y(i) =K ' (3.18)
and serves as the first approximation to the general FSSBE and iq

found in section (6.2) to fit the equilibrium system POCL/F, 0.
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From eq. (3.13)

Ki(d - 1)

4(1) = exp == omm (3.19)

Using the abbreviation
N = exp - K/2RT | | (3.20)

eq. (3.19) becomes

$(1) = ¥ (3.21)
Substituting this in eq. (3.15) leads %o
’ k - [ 3
F_(8) = N, i ﬁ:GL faep) w8t - (3.22)

i=0

The equilibrium constant k” for the random bond-forming reaction
between two units A and B bearing already i1, and i, links

2(ig+ i)

respectively (fig. (3.1)) acquires a factor N in presence

of the FSSE to yield the new equilibrium constant:
(3.23)

This follows by considering the changes in the equilibrium
concentrations of the reactants and products when changing the values
of the appropriate cosfficients in eq. (3.22) from unity (random
case) to N (for the FSSE), and noting that
Gl Dig (s Dl 20+ ) (3.22)
N( -1k N'(L" - 1)l

The linear FSSE treatment is analogous to the theory by Bjerrum‘(l957)

for polyvalent inorganic complexes, where the place of the parameter N
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is taken by the reciprocal of the "spreading coefficient" x.
2(iy + 1)
If the FSSE factor N~ ** in the equilibrium constant
is to be divided equally between the forward and backward rate

constants k' and x*’ respectively'we have simply
K=yttt h o (3.25)
e (3.26)
This principle remains essentially unchanged in presence Qf a

cyclization component to.the polycondensation reaction; it is used

in section (4.7).

3.4 Stgtisticgl Pargmeters of Eguilibrijum Systems with FSSE
The lpgf for systems with FSSE (eq. (3.15)) has been derived
in ‘terms of the parameter y, this is used to generate different

degrees of comversion X according to equation (2.9):

X = F1(1)/¢f

‘ £ 1
=w( 5 fo (@ -pp) 1y CED

In principle, y can be eliminated from all formulae in favour of «
using eq. (3.27); in practice it is convenient to calculate all

.other statistical parameters in terms of § and then plot thesa

against X, calculated from eq. (3.27).
The gel point condition (see eq. (2.25))

F}(1) =1 | (3.28)

becomes, in terms of y, using eq. (3.15), (3.1)



34,

£ ; k &Lk

Yo -y dwia-n= Yo -y o1,

im0 } =0 .

and for a linesr FSSE (eq. (3.22))
£
; i1 .
§:ch y. (1 - X;)K'N (- i1 ~ 1)
i=0 -
i kK ii-1 :
=i’cc.t2(¢(1-x,)1\rH )i (3.30)

L=Q

Equation. (3.30) has been solved for various values of £ and N and

the results are plotted as graphs of «, against N in figure (3.2).
This figure (3.2) illustrates that gelation is delayed from the
random value (eq. (2.31)) in a f-functional polycondensation if the
value of the linear FSSE parameter N is less then unity (its random |
value). This case (N < 1) corresponds with an equilibrium in which
branched molecules are relatively less favoured than unbranched
molecules and hence the overall conversion in this equilibrium
mixture must be larger than that of a random equilibrium mixture for
gelation to dccur. It can be seen (fig. (3.2)) that for a
'f—functional monomer a gel point at & = 0.30 corresponds to a value
of N = 1.1 (the random value N = 1.0 corresponds to &« =%).
Substituting this value into eq. (3.20) gives the equilibrium constant
X a value of -115 cals./mole at 300°K, and eq. (3.18), (3.12)

show that this corresponds to a decreagse of 115 cals./mole in the
free energy of the reaction between a monomef and a unit with one

link in comparison with the free energy of a random reaction between



2 o aga

Fig. 3.

inst N for thermodynamically controlled linear

substitution effect.



AL
ppnay pa

PaSabes e

G S

AR

IXEE)

= 3.

£

>

3.3 DP, against « for thermodynamically controlled linear
substitution effect;

Fig



37.

these two molecules. It is apparent that a relatively small (in
the order of a few hundred cals./mole) non-random free snergy
contribution can make a large deviation to the gelation of

polycondensing systems. Fig. (3.2) can, of course, be used to

'con-ipu'be the value of «, knowing the value of N and this value can
- then be checked experimentally.

Similarly the DP,, of f-functional systems containing s FSSE
can be calculated using eé. (2.29), (3.15). Figure (3.3) shows
such a calculation for g tri-functional system, the IP is plotted
against & for values of N = 0.5, 1,0 (random), and 1.5.

3.5 Statistics of the Kinetically Controlled Iinear FSSE
| In the kinetically controlled 1inear subgtitution .effec’lc, a
term (ef. eq. (3.12), (3.18), (3.25))

AGT = k3, + 1,)/2 (3.31).
is added to the free ehergy of activation of forming a bond between
units with i; and i, links respectively, in addition to the free
energy of activation for the random reaction. The corresponding
rate constant is then .

k=k"exp (- Ki/2RT) = K'N° (3.32)
with | | | o

1,+4,=1 | : (3.33)
and where k”* is the rate constant for the random reaction, and N '
is defined as exp( - XKf2RT), (eq. (3.20)).

To caloulate F, (8), it is simpler to operate with the probabilities

. P; of eq. (2.6) than with $(1) of form (3._15). In place of y, P, is
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then the convenient parameter for generating diffefent‘degrees
of conversion, etc. From the law of mass action, the kinetie x
second order fate équations take the form:

- @p, /dt = k'[Ni(f -1i)p, - Nm(f ~1+1) P, ]«

£, | A
YN (£ - 1)B, (3.34)

i=0

where 0 i< fand P, = 0 ,
Eliminating the time,

ap, /ap, = N [§(£ - 4)B, - (£ -1+ 1)&-,]/ R £ (3.35)
The solution which is obtained by the use of the laplace trangform

is outlined in section (3.6), reads (eq. (3.53)):

{i-11/2 ‘ NUf-3rlf |
P, = N £1 - 17 — (3.36)
i £ = 1)! 7—‘(’[(1' - m)N" - (£ = jIN]
Jzo  m=0 .

where the prime in W'denotes oxﬁission of the zero term arising from
m = J. The solution is not valid at the singular points

N=[(£-3)/(¢~n) o (3.37)

Care is required in computation because there are f£(f - 1)/ 2 such

terms. Eq. (3.37) checks against the normalization condition ZPi =1,
We have the following relations from eq. (2.6), (3.1):

F, (0) = f 7,0 (3.38)

F,(8) = ﬁin&eh/fin | | (3.39)
o im0 ' -

A f .
F(1) = i -1 [ i“’i |  (3.40)

is0
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The gel point condition (eq. (3.28)) is then found by equating
the r.h.s. of eq. (3.40) to unity. The evaluation of the P;
according to eq. (3.36) was performed on a computer for appropriate
values of £ and N, as was the processing of the F, () thus
determined (eq. (3.38)) to yield the statistical parameters as
described in Chapter 2. The critical values at the gel point are
presented in terms of plots of «. against ¥ in figure (3.4),
together with a DP, plot (fig. (3.5)) for a trifunctional
condensation, in a form suitable for comparison with the thermo-
dynamically controlled case (fig. (3.2), (3.3)). The substitution
effect on the free energy is postulated (eq. (3.25), (3.26)) to be
equally split between the activation energies of the forward and
backward reactions. A value of N%Lin a kinetically controlled reaction
is therefore best compared with a value of N under equilibrium
condlitions. _ ‘ ,
Iaplace Trangform Solution of the Kinetic Rat pation
The kinetic second order rate equatibns for a system that has
& kinetically controlled lihear FSSE are surmarized (eq. (3.35)):
ar, /@, = il i)P, - (£ -1+ 1)P, ]/Pof (3.41)
Let
" logP, =s ; P =exp-8 = (3.42)
Then eq. (3.41) becomes
. dp, /ds = NH[‘N(f -1)P; - (£ -1+ 1)Pi_1]/f . (3.43)
Defining the Iaplace Transform of P (s) by
3,(z) = [exp(~ 29)P; (s) as TS

o

S ——— i - 5



I
SRR

T v baaas

SISSCECEN SR U -

]
-1
y controlled linear substitution

+
S

4 for kinetieall

against N

Syats ittt

9'0

hesgeio

Fig. 3.4 «,



AT e e S T kWA Ve B - ek

linear substitution

[

=3

PROELES!
o ey os

P, againgt « for kinetlecally controlled

effect;

NI PR BT

5 D

3

Fig.



eq. (3.43) can be written
{1
z{(z) =X [(f -1+1)9 (z) =N~ 1) zi(z)]/f (3.45)
| since P, s © at s =0, The @ifference equation (3.45) may be
~ rearranged to give
i -1 ’ -
[z + (£ - 1)N /f] §(z) =N (£-1+1) 1,1_1(z)/f (3.46)

From eq. (3.45) one obtains by successive iterations

g €-1+1)
# [2 + (£~ 1)8"/¢ ]

q,i(Z) =

(f—i+g)_ X vee X
[+ (-1+187"/¢]

£ x 1 } ' '(3.47)
[+ (£ - 1)N/f] 1 ' |
o 1i-1)/2
i- -1
iz(Z)"'“f 7y i)' :‘[2+N (f-j)/f} (3.48)
since we know that .
g ()= (z+ ) . o (3.e9)

the product term in eq. (3.48) can be decomposed into partial

fractions:
L

7T.[z L (E - j)/f]' z AEES (6 - j)/f] - (3.50)

wo
7=0

§

where

Mgm TV - e - e - j)/f] ' (3.51)

m=9
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(the prime in 7\ denotes omission of the zero term arising from
m = j), By virtue of eq. (3.50) and eq. (3.51), it follows that the
inverse transform of eq. (3.48) can be written in the form

[

ifi-1) /2 1
B £1 exp(_~ sN (£ = §)/£) (3.52)

) £h(e - 1) ﬁ'[N“(f - n)/f - N (£ - el

> m=(
I=o

"’.

or using eq. (3.42):

i i |
ifi- ‘ N (F-7)
p =X bl £ , P, 3l © (3.53)
C (e -1 77[ Y€ -n) = N¥(£ - 5)]

F=o , . ‘

m=o

which is the required result.
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CHAPTER 4
INTRAMOLECULAR CONDENSATION

4,1 Introduction
Early theories of the distribution of molecular species in

condensation polymers (Flory 1953) were severely limited by failure
. to account for cyclic structures formed by inﬁramolecular reactions.
" The first step towards inclusion of these non-random reactions into
a kinetic scheme was taken by Jacobson and Stockmayer (1950), who
congidered the theory of linear systems at equilibrium. Their v
approach to the evaluation of the probability of ring closure was
to assume a Gausalan distribution of end-to=end distances. 4 |
similar treatment of equilibrium bifunctional cyelic distributions |
has recently Beentpubliahed by Carmichael and Kinsinger (1964) in
which the probability of ring closure was caloulated from a detailed
gtructural model for the chain, with fixed bond lengths, fixed bond
angles, and fixed rotational states; ring closure being assumed to
occur when the eﬁd—to~end distance is less than one bond length.
These theories have been tested (Carmichael and Winger 1965)
against experimentally observed cyclic.distributiona in dimethylsiloxaneé.'
It is concluded that both models qualitatively predict the diat;ihntion
- of oyolic species in this system, but neither account quantitatively - |
for the experimental results. . .
The ring-chain equilibrium in polydecamethylene adipate has been
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studied by Beckmann, Jacobson and Stockmayer (1950) and the results
they obtain are in good agreement with the equilibrium theory of
Jacobson and Stockmayer (1950). The chief advantage of the
 Jacobson-Stockmayer formulation is that the ring-chain equilibrium

constant is predicted as a function of ring size. In the discrete
gtate model of Carmichael and Kinsinger (1964) the ring closure

probability must be evaluated for each cyclic species. ‘This‘model
also arbitrarily assumés that ring closure occurs when the end-to-end
distance is less than one bond length. Furthermore, an additional
parameter, the volume occupied by a chain atom, must be calcﬁlated’
and this adds much uncertainty to the.method.

In polyfunctional polycondensation (£ > 2) the combinatorial
problem of evaluating the probability of ring closure presents much
greater difficulty. Harris (1955) tackled the problem of f-functional‘
polycondensation assuming that spatial restrictions allow a chain '
end tc be available for ring closure only to ends within a fixed
distance. However his equations do not reduce to those of Jacobaon
and Stockmayer (1950) or Carmichael and Kinsinger (1964) when £ is-
get to 2. Flory's method for the ealculation of the extent of reaction
at gelation of polymer systems is extended by Kilb (1958) in'an '
approximate manner to include ring formation. All these models
predict that the gel point is dependent upon the dilution of the
gystem, so that athigher dilutions gelation occurs at higher extents
of reaction.. This concentration dependence of the gel point was fira§ :

predicted by Stockmayer (1945) for systéms with can undergo intra-
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molecular condensation. To investigate this prediction Stockmayer
(1945) measured the gel points for the pentaerythritol/adipic acid
system in the presence of various quantities of an inert solvent.
Since ring-formation should be more prevalent at higher dilutions
because of its lower kinetic order compared with intermolecular
condensation (see section (4.7)), he extrapolated the results to a
fictitious infinite concentration (zero volume) to eliminate the
effect of rings and afford a valid comparison with the random value.
The result of this extrapolation was in excellent agreement with the
predicted random value. This'extrapolaéion technique is used in
chapter 7 to explore the behaviour of this polyestef gystem more
fully.

The theory of branching processes provides the proper framework
for the combinatorial problems that arise in considering ring closﬁ?e.
The model with FéSE (chépter 3) is now developed to include cyclization
and later specialized to include a detailed regime of cyclization.

The extension of the scheme to system with cyclization and at most
FSSE is discussed in detail from a thermodynamic approach, the
extension to kinetically controlled systems (section (4.9)) follows
‘gimilar lines. | ‘

The statistical thermodynamic approach, though expressed in
terms of the balance of forward and backward reaction rather than
partition functions, remains basically the same as Jacobson and |
Stockmayer's (1950) treatment for bifunctional systems, to which it
exactly degenerates for £ = 2 (see section (4.7). But while their
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solution depended on feeding into the system of equatioﬁs lmown
| statistical results concerning the molecular weight distribution
(ibid. p.1604, eq. (11) ), we feed in the much simpler link
probability distribution. Conveniencé generally favours the
calculation of statistical averages fia the 1lpd rather than via
the molecular weight distribution (Gordon 1962); in presence of
the approximations necessary when treating cyelization, the édvantage
of the 1lpd is decisive. Thus sxcellent estimates of averéges can
be obtained while the weight fractions of individual species cannot
be calculated reliably except possibly for the simplest structures
such as the dimeric pyrophosphoryl dichloride (see section (6.3)).
Tbe nature of the problem when the lpd ié used stands out
‘clearly. The treatment of branching processes by generating
functions (F,, F, etc.) referring to successive generations discounts
any correlation effects between non-adjacent generations such as
" are clearly involved in the formation of rings, between pairs of
funqtionalities belonging to unita on non~adjacent generations.
(Similar correlation difficulties would arise with systems involving
a second shell or higher substitution effect.) However, most of the
statistical average parameters which can be measured are indepeﬁdent
of the nature of these long-range correlations because they can be
calculated from the lpgf of the members of the zeroth generation
alone without involving the other generationa; (This is true of the
parameters X, o, DB, V,, V,, V,, v, defined later), Other paramsters

like the gel point, or more generally DP , are affected by long-range
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correlations 3 the treatment then becomes approximate, but‘ it is
always asymptotically correct as the degree of cyclization goes
to zero. The experimental gel point in the equilibrium system
POCL,/P, 0, is found (section (6.3)) to be in good accord with the
approximate 'bheory, which is expected to be serviceable qﬁi‘be |
generally. ;
4.2 Derivation of link probability gemerating function

In presence of ring-formation, there mow occurs a fraction }
of the functionalitises which have become engaged pairwise in
ring-forming links; and |

w+x+o=1 ' (4.1)

The symbols w, x, and o will be used as su‘t;scripts to indicate
whether various quantities refer to free functionalities, those
involved in cross-links, or ring~forming links, respectively. In

a ring involving x (repeat) units, there is exactly one o=type link
formed intramolecularly and (x =~ 1) d-type links formed inter-
molecularly. Once the ring is formed, the distinction is'somewh:e.t
artificial because the o-type link bears no special label; the
~artifice 1is used because it simplifies the theory.

The ensemble M is now constructéd precisely as before by using
each unit as the root of one graph. To convert all these ;graphs!
to trees (free from rings), the additional step is taken to split
mentally all the ring forming (o-type) links, as is shown in fig.
(4.1b) and (4.1c). For graphs with morse ‘than one ring, this

reduction to tree-form cannot be unambiguously reversed; 1t is
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Fig. 4.1 Typical molscular tres from trifunctional
monomer with conventional numbering of
generations on the right. (a) absence of
rings; (b) ring-closing links formally
stretched, shown in dotted lines A-B and
Cc-D; (g) ring~closing links formally
split: ring~closing functionalities shown

asg circles

not deducible from fig. (4.1c) how the four o-type functionalities
were paired in the original molecule in fig. (4.1b) (actually 4B,
CD; but it might have been AC, BD, etq.). This ambiguity is of
-no consequence to the theory. l
All gtatistical parameters for the molecular system are again
calculated in terms of the lpgf; +this is now written in more
general terms, uging three qummy variables 6,, 6,, O, so‘that

the coefficient of 6 65 1s the chance of finding i cross-linked,
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Jj ring=-closing, and k free functionalities on a i'andomly chosen °
unit; and

| i+ j+k=¢ (¢.2)
~In the vector notation, @ = (4, 6,, 8,) and & = 1 means
8,=6,=6,=1. For f~functional i)olycondensation systems in
equilibrium, ignoring minor correlation effects (discussed in
section 4.3) which arise from a small fraction of the fused—ring

systems present, the lpgf can be written down exactly:

. £ f-1

£

F,(6) = %, Z:E: 13
w0 I=0

Ses

¢ ) @-gf

i1jlk! :
A+ 3) 8 6 o C o (4.3)
with the normalizer
N, =1/ Z }: o o o -0 g v g) (2.4)

0 =0

To remove an indeterminacy one defines
(17 =1 , wheni=j=0 (2.5)

By factorising out the combinatory term £i/i!jlk!, one may restrict
the proof of (4.3) to showing that the chance of finding that

i gpecified functiocnalities of a unit belong to cross-links,

j specified functionalities to ring-closing links and that

k gpecified functionalities are free, is correctly given by

N, f (@2F (@ -y)* A(d + 3) when the parameters ¥, T, A(1 + §) and

‘N, are properly defined. Now N, is merely the normalizer. The



51.

probabilities for the occurrence of units without ring-closing
links (j = 0) are correctly given by eq. (4.3) by definition of
the substitution parameters 4(i). In particular, since 4(0) =
A1) = 0, yis just the conditional probability that a specified
functionality belongs to & cross-link, given that the other (f - 1)
functionalities on the same unit are known to be free. Next T

is defined so that the coefficlent of 8¢ Gg»Gi;l is correct.

The conditional probability of finding a specified functionality
to belong to a ring-forming link, given that one other specified
functionality on the same unit is known to belong to a crosg-link,
while the other (f - 2) are free, then turns out to be T4(2)/
[Cr+7)8(2) + 1 FXJ. The parameter T tﬁus generally increases
with the degres of cyclization . It remains to show that eq. (4.3)
gives correctly the ratios of probabilities p ’/pw of a gpecified
functionality being ring-closing or free for arbitrary states gf
the other £ ~ 1 functionalities on the same unit. Eq. (4.3) gives

T ‘+') l
p/?, =1y %+;_l)i (4.6)

The constant factor 7/(1 - ¥) on the fight is trivial as long as 

6q. (4.3) refers to a normalized distribution. The factor ‘

41+ 1)1 + j - 1) reflects correctly the assamption that a
ring-closing link exerts the same substitution effect as a crogs~-link,
The absence of further dependence of ;;/ﬁl’ on j reflects the neglect
of correlations which are normally quite small and unknown even as

regards the direction in which they operate. This neglect is further
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discugsed in section (4.3).

The remaining factor i eﬁpresses exactly the remaining
dependence of p‘r/p‘J on i. Certainly this factor is correct when
i = 0, because there is no chance of a ring-closure on a unit free
from cross-links; at least one cross—link is required for the
'cyclic path to return to the unit. More generally, the factor i

is correct, because the cyclic. path closed by the ring-closure

U

Fig, 4.2 Schematic view of a hexafunctional unit
U on gensration zero. The circle denotes a
ring-closing functionality (ef. fig. (4.1¢g)),
the crosses denote crogs—links to units
A, B, C, D on generation one, and E is a free
functionality. The ring closure (whose
formal splitting produced the ring-cloging
functionality shown) goes with equal
probabilities to ons of the sub-trees (not
showﬁ) rooted on 4, B, C, or D.

rebturns to the same wnit yith egual chance along any cross-link
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connecting the unit U to children 4, B ... (fig.'4;2) in the first
generation. The equality of these chances follows because under
the regime of the FSSE no correlation exists between the |
distribution of the total progeny of a given child (say &) and
the number of brothers (B, C, D, ...) which it happens to have.

Two brothers (say A and B) are separated by two links (AU and UB).
Accordingly, it would require at least a gecond shell subgtitution
effect to gererate correlation effects between their progeny which
could invalidate the factor i inm (4.6).

4.3 MMWH%

The absence of any function of j on the right of (4.6) (beside
the subsfitution parameters (i, j)) implies that the relative
chances p, and p, of a given functionality being ring-closing or
free are independent (apart from the FSSE) of the number of ring-
closures already borne by the unit. In the ensemble M derived from
the actual molecular system there would, however, occasionélly be
correlationg which are thus ﬁeglected.' These correlations afféct "
only such units as bear at least two ring-closing links whose two
cyclic paths lead back to the same unit vis the same cross-link.
This gituation arisés only in fused ring structures, and then
generally only rarely, ﬁamely when the ring-closing links of two or
more fused rings occur on the same unit. |

As an example consider the carbon skeleton of naphthalenetQith
the carbon atoms as units. If the links between these C atoms are

made in random sequence, only six out of thirty-five molecules
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synthesised would have one C-atom (out of ten) which bears two
ring-closing links. Thus the neglected correlations would affect
only one kind of member of the zeroth generation, whose proportion
in the absence .of the neglected correlation is 6/350.

The nature of these correletions would depend on the detailed
regime governing the thermodynamics of forming fused rings of
various sizea. The corrslations would be dominated by configurational
effects. The opportunities for a second ring-closure involving é
given unit could increase or decrease owing to the change in
configuration imposed on the molecule by a pre—existing ring closure
on the same unit., |

We conclude from this discussion that even in systems containing
a fairfpfoportion of fused-ring structures, the lpgf (eq. (4.3))
ghould be an excellent approximation to the truth. Without furthery

epproximation, ¥, (8) 1s found from eq. (4.3) (using eq. (3.1)):

JC ;'1 v . +
£1 i T K ATk
= N N 1- 1 X vo Y
F,(0) = X, Z Z L £ 3) 0 6
i=1 j=o (a.7)

Here the normalizer i1z given by

£, Lt A ’ K :
=Y Z £ fad-psar (.8
( j_) tht

i=1 _T:O
Statistical parameters of interest in the application to PCCIS/?QOS
(see section (6.2)) can, for the most part, be obtained from ¥

andh?; alone, and thus are found again withoﬁt further approximation.
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But the gel point, and more generally DP,, used in the gtudy of
.polyﬁsterification (chapters 7, 8), require knowledge of the Ipgf
of all higher generations (%, (8), F, (8) etc.). To this end we

introduce ons approximation,
Fl(@) = E}(@) (X =2, 3, 4 000-) (4-9)

This has been shown to be exsctly true for systems with at most
FSSE (section 3.2) and thus is exactly true for sysﬁems with
cyelizgtion in.the limit z -0, i.e. as cyclization is eliminated
eg. (4.3) then returns to eq. (3.15).
4.4 Summary of tge‘nrogosed model

The model adopted for f—-functional polycondensation with FSSE
and cyclization is contained caompletely in eq. (4.3), (4.7) and (4.9).
This model is specialised below in two respects: +the detailed regime
of eyeclization, not so far specified, 1is particularized to the
random-f1light scheme first derived by Kuhn (1934), and the FSSE is
specialized to the linear case (of eq. (3.18). All the approximations
used arise from neglect of correlations, already partly expounded
above, and further discussed in section (4.5). As a result of this
neglect, the model works with an ensemble G (defined by eq. (4.3),
(4.7) and (4.9)) which is not exactly the same as the true molecular
ensemble M of trees. It is emphasised that there is no further need
for mathematical approximations in calculating statistical parameters
of the model ensemble G, and that the differeﬁces between G and M
disappear asymptotically when the degree of cyclization o goes to zero.
This asymptotic behaviour can be expl&red experimentally by using the

extrapolation procedure to infinite concentration first applied for
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the special case of gel points by Stockmayer (1945) (see section

4,1). The statiétical parameters of G are derived by standard

methods in section (4.5) and introduced in section (4.7) into the-
rate equations which are thereby solved. Before this, the

differences between the ensembles G and M afe.further clarified

in section (4.5). These differences may be congidered as being

of two types: approximations arising in the assumption that'EQ(G)

is independent of g {g> 1) (eq. (4.9)) due to the neglect of

knowledge about the forbears of a given unit; and general correlations
arising from ring-closing links oﬁ a given tree,

4.5 Neglect of other correlstions

A unit X on generation x is Ynown to have a line of x forbears
linking it through its father on generation (x - 1), its grand-father
on (x - 2), back to the zeroth generation (root) of its tree (cf.
fig (4.1)). This knowledge is neglected by eq. (4.9) which assigns
equal probability distributions to the fates of functionalities on
units belonging to any generation except the zeroth, In reality
the (f -~ 1) functionalitics on X which point upwards are more likely
to be found engaged in'ring-formiﬁg liﬁks, the larger the value of x.
This is because the x forbears being known to exist, there are

increased probabilities of finding rings to exist which include some

or all of these x unite. This increasing chance for finding o-~type

links, and more generally the coefficients of F, (), in any case,

converge for large X. .This is because the rate of forming a ring

of size x between a given pair of functionalities goes to zero



57.

strongly as x increases; for the random-flight model, this rate
is O(x'%&). tccordingly there is some x gso large that rings of

size >x can be neglected alitogether: to this approximation

F@) =7, 0 ~7F, 0 ..., ete. (4.10)

\

In effect, our model approximates to the true gel point condition
(38 (6)/36« )@“1 = 1 by using OF, (-@)/3&4)@:1 = 1 as in absence
of ecyclization (eq. (3.28)). |

The purpose of the model is to give reliable estimates of
statistical paremeters (average quantities) for any f at the
highest degrees of cyclization expescted in practice, even in the -
presence of a rgasonable amount of fused ring structures. The model
is not designed to calculate weight fraétions of individual species,
because the neglect in the theory of branching processes of
correlations, affecting pairs of distant generstions, then becomes
more serious, For instance, as each ring contains two ring-closing
functionalities, each tree in the molecular ensemble M must conbain
an even number of such functionalities. However, the ensemble of
trees G generated by the model (eq. (4.3), (4.7), (4.9) contain
a proportion which have an odd number of ring—ciosing functionalities.
Such aesthetic -faults do not seriously affect the statistical
parameters, as shown by the following argument. The ensemble G could
be corrected to correspond much more closely to the molecular
ensemble M by a treatment which leaveé all averages invariant but
produces the desired correlations. Thus let a subtree be defined

as a unit on generation g > 1, together with all its progeny. The
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treatment consists in exchanging pairs of subtrees belonging to
different trees but belonging to the same g. This process is
11lustrated in (4.11) for the complete removal of the simplest
kinds of trees with an odd number of ring-closing functionalities

(1.e. converting two 'ones' to a 'zero! and a 'two!).

Clearly such processes of interchange cannot alter the mean aizé
DP,, of the trees in G; nor, therefore, the gel point. - The

process ieaves invariant the lpgf, and none of the other statistiocal
average quantities defined below in terms of the lpgf are affected
either. This exchange process 1s not proposed for practical use,
nor, therefore, are detailed rules given for carrying it out. The
argument 1s presented merely to give confidence in the calculation
of éverage quantities from an ensemble which has such obvious
faults., Moreover, the weight fractions of small species, such as
the dimeric pyrophosphoryl dichloride (see section (6.3)), which
are gencrated without appeal to long-range correlations between.
units on distant generations, may gtill be calculated from G with
reasonable confidence, bearing in mind that G is exacf in the limit

of zero degree of cyclization.
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4.6 Caloulation of statigtical pasrameterg

The following standard manipulations extract the 'required
gtatistical parameters from the system of equation (4.3), (4.7)
and (4.9); these parameters will be fed into the systeﬁ of rate.
aquations in the next section and lead to their solution. '

The fraction of functionalities engaged in eross-links is

| 3F, (0) | | -
X =[ ' / f (4.12)
' éeac 9" 1
and the fraction engaged in ring-closing bonds is
3T (8)] - .
o =[\ / (4.13)
38, Jo=1 ,

The mean number of cross-links leading from a unit on generation g

to unitgs on g + 1, when g > 0, is

3F, (8) L
a=| : ! (4.12)
36, 10=1 -
The eritical value at the gel point ig given by
ac = 1 ' (4.15)

The mean number of free functionalities borne by a unit on any

generation g > 0 is

3F; (@)
ns=

(4.16)
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The mean number of cross—links borine by a unit known to have at
least one free functionality is

e < (1

JF, ) [07,)

A= (£.17)
'« 88w J 8 -
38y o | W }@__i

Finally, if a Tfree functionality is chosen at random from
those borne by units of the zeroth generaﬁion, the mesn total
number of free functionalities borne by all units of the (i - L)th

generation of the corresponding tree is
n, =Aa ‘n 1=2,3, eess (4.18)

Clearly, within the approximation of the model used, n; is the

mean number of reaction partners available for a free functionality
chosen at random in the molecular system to produce rings of the
gize which involves i units. It is postulated that i £ 1, i.e. two
functionalities borne by the same unit do not close a ring together.
(In the system POC1,/P, 0, examined in chapter 6, this postulate
correctly forbids the formation of 2—membered_rings, i.e. P=0
double bonds). The model can readily be adapted to include the term
i = 1 where appropriate.

Though the general case ig no mors difficult, it is often
appropriate, e.g. in fitting the date on POCL, /B, O.in section (6.3),
to speclalize the treatment to the linear case of the FSSE. The
argument which led from eq. (3.15) to (3.22) in absence of cyclization,

equally transforms the more genmeral equation (4.3), thus:
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f_ $-1
: j R i giie-1) 4 Tk
F(0) =X, E £ yrud’ie -y Mird Tl o3 ) (4.19)
— 1131k] , _

Similarly (4.7) reduces to

£ f-1 ;

Fi(0) = 5, £l y‘ (1) (L -y )kN(WXW'” (4.20)
(1 - 1)3.‘”1{1 -1 5k
=1 Jjro 6 6, 0.

The statistical parameters defined by the equations for a . , :
linear FSSE ((4.19), (4.20), (4.12), (4.13), (4.14), (4.16), (4.17))
for the cases f = 3, 4, 6 are summarized in Appendix A in terms of
y and T . TUse of these equations will be made when treated the
POCL;/P, O; system (chapter 6) and in evaluating the critical gel
parameters for f~functional polycondensation equilibrium systems
with cyclization and FSSE (section (4.7)).

4.7 Equilihrium Gongentrations of Croga-links and Ring-Closing

Links, uging Random-Flight Statistiocg

At equilibrium, rates of cross~link formation and breakage are
equated; assumlng oross-linking to be a second order reaction this
yields

K S, (1=« =0) G, = KIS + KIS} Z(i -1o (4.21)

=i,

where C, is the initial concentration of functionalities. k, and k!
are the rate constants (in absencs of FSSE) for oross~linking and

for breaking oross-links., S, and S} are factors, discussed below,
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| nodifying the rate constants to allow for the FSSE. The fraction
of all funoctionalities which are engaged in links closing rings
of size i units is denoted by ¢;. This set of parameters,
infinite in number, is later cancelled from the treatment. It
will be assumed that the ring size i can vary from 2 to infinity.
In the polyphosphoryl chloride system the existence of rings
involving two units is doubtful; such rings would involve only
four atoms (alternately P and 0). For this reason, a special
calculation will be presented (see table (6.3) and fig (6.2))
assuming that 1 ) 3. Whatever the smallest ring size 1, which is
adnitted, we have

}::oz = ' L (a.22)

The last term in (4.21) arigses from the breakage of all links

(1ying in rings) which were formed bimolecularly (i.e. as cross=-
links). Their formation preceded that of the corresponding ring-
closing link. Tﬁe uge of the same rate constant k' for breaking all
links, whether they lie in rings or not, means that the entropy |
contéibution to the free energy of forming a bond in a ring (rather
than a cross-link) is allocated entirely to the entropy of activation
of the forward (ring-clésing) reaction, leaving the entropy of

| activation of a ring-splitting reactiﬁn equal to that for splitting

a true crosgs-link with production of two molecules. This treatment

seems physically reasonable. Accordingly we also equate the rates
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of ring-closures and splittings in the form:

k, S, (1 -« =0) n.b(iv)-a/z = k's! o (1 - 1) + k'S! ¢; (4.23)

The number of ring atoms per repeat ﬁnit in a ring 1s denoted
by Y in the notation of Jacobson and Stockmayer (1950), who also
uge the ranaom-flight regime for oyoclization embodied in the
factor (ip)-lh' |

The substitution effect parameters S, and S, for bond-forming
reactions, and S} and S! for bond-splitting will now be derived
for the linear FSSE. KHere it is appropriateAto consider the free
energy contributions of the substitution effect equally split
between the activation energies of bond forming and bond splitting
resctions.. By applying (3.25), the correct substitution parameter
Sy multiplying the cross-linking rate constant k, is then seen to
_be the weighted mean of Ni"“"ﬁ 4€3 , where the weightings are
provided by the probabilities that two units, kmown to have at least
one free functionality each (so that they are able to become cross—
linked together), should have in addition i, and i, cross-links
respectively and j, and jz ring-forming links respectively. (It is
recalled that both types of links exert equal substitution éffecté).

This weighted mean is very simply expressed in terms of the lpgf:

2
S, = {[()E/Beu)gu.jle“:-e(gN] / ((A'E/Jéw )@:1); (4.24)
Using (3.26), we f£ind on the same principles that the substitution

parameter S! multiplying the rafe constant for bond splitting is:
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st = {[(am/ae,‘)a”,i"e _—y /E(AE:/AQ,)@.N ,.

X =
-1 -1 2 ‘
= {E (L, 7, §7) . (4.25)
Similar principles also lead to S, and So',

2
S, = {ﬁv(am/a 8 g, =1, 6, = 8, =N ) /Raﬂ/aeu)@.ﬂ} (4.26) -
N . ) ) 2
st = {[(s’f:/ae,) et be 0N/ [(;-5;/,;9,)@:1]; (4.27)

Eq. (4.23) is divided by i to yield the aporoximate equation (which

is exact in the absence of a FSSE):

-3 -
kS, (1l =& =0)n; » /zi 7 ~ k'oSt ,‘ (4.28)

The omitted term ko (S! - SL)/i is practically negligible with
‘respect to k'o;§!, partly because of the factor 1/1i, but |
particularly because of S! and S! differ only very slightly for a
moderate FSSE (see table (6.2)), The neglect of this term makes
it possible to eliminate S!, S!, and k' from what follows. Thus
(4.28) immedistely leads to the simple ring-size distribution

: O’n;, '1'1-5/2 '
o, = = (4.29)

. =52
S

by the use of eq. (4.22)., In particular, the mean number of units

belonging to a ring is

[ 4 a0 .
F= 291 = z nci’a/‘/ Z n;i“/" (4.30)
a -
’ Lxte i-i‘

e e e e e e ——————— e e e
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This equation agrees exactly with the calculation by Jacobson

and Stockmayer (1950) of this quantity (their eq. (9), their

gymbol D,) for bifunctional systems, and generalizes it to -
f-?unctional polycondensation with a moderate FSSE. - The evaluation
of the summations in eq. (4.30) is discussed in Appendix F. 4
dimensionless quantity A, evaluated later from random flight '
statistics (section (4.8)), is defined thuss |

N=k/x JC, | (4.31)
Eq. (4.28) i1s summed over all 4 and the result divided into
eq. (4.21). By means of (4.30) and (4.31) this leads to

N o(l -x =d5,/8, [(x +o)( :Z_:'nii"'" )= o gnii-';/z] (4.32)

At the gel point (denoted by & subseript o) eq. (4.33) simplifies

further. Since at the gel point a, = 1 (eq. (4.15), eq. (4.18) shows * -

that n;, becomes a constant irrespective of i: ,
n,, =n., ‘ (4.33)
Thus at the gel point eq. (4.30) simplifies to:

= i i-;/z/ i i—'i/zr ~ (4.34) X

Accordingly, the summations in (4.32) reduce to numerical values of
the Riemann zeta function which are found from tebles, so that, e.g.,

for i, = 2
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% (l P 0:)8«
>\ ] - (4.35)
A,n S, [0.341x - 1,271 ¢ ] A

A1l the quantities on the right of this equation are defined in
terms of the lpgf I (8) of eq. (4.19) and thus depend only on
£, N, T.andy,. Of these 7 may be eliminated by using the gel

point condition (4.15) in the explicit form

f f"l 1 ’
£ A T Kk
E - (1z,) (- y) N
(L =2)85k! 2
inz .

;h-o

' : 7 kK (iegNi+s~1 .
= i fi Yoey - gt EEEET e
(1 - 1)1kt

(ied}(itg-1)

izl fz8
obtained from eq. (4.14). Thus for fixed f and N, all the varisbles
on the right of (4.35) can be evaluated in terms of ¥, ; and ) -can
then be eliminagted betwqen ., and .. |

This procedure was used to congtruct figures in Appendix ¢ for
£ =3, 4, 6 using the equations set out in Appendix A. It is
confidently suggested that these figures can be used to predict
the extent of cyelization in equilibrium f-functional polycondensations.
The X, axes of these figures (61, 2, C3) correspond to ring-free
systems and the function N(«.) there agrees with the treatment given

in section (3.4) and the graph (3.2).
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4.8 Eyaluation of ) from random=flisht (Gaussian chain) stetigtics
According to the model, which goes back to Kuhn (1934), the

ratio k. /k, (here equal to AC, P'”z) of the rate constant for

oyclization to that for cross-_—linld.ng is obtained from the ratio

of the proi)abilities of finding suitable reaction partners forv a

randomly chosen free .functionality within a small volume surrounding

it. The chance p, that a functionality belonging to a foreign

unit falls within a small cube dx dy dz surrounding a functionality

is proportional to the mean volume assoclated with a functionality.
£, ax dy dz = £/ d - ax dy dz /M | (4.37)

vhere M and d are the molecular weight and density respecti%rely
of the monomer, and N 1s Avogadro's number, Thus

k,dx dy dz = KEN A - ax dy dz / (10,) (4.38)
where K is the reciprocal mean life time of functionality remaining
unreacted when it is inside the cube dx dy dz. Similarly the chance
f, that the end of a random walk falls within this cube is given for

"~ a freely jointed chain by

-3
£ ax dy dz = ax dy dz (2riy [/3) (4.39)
where [ is the mean length of the boﬁds in the walk. Hence

é,(i»)'s/" ax dy dz =Kdx dy dz (2«1»1’/3)'3/” . (4.40)

‘agsuming the reciprocal life time K to be the same as for the cross—

linking reaction. Combining eq. (4.38), (4.40}:

Wk =, (znl‘/a)"/z/ (M)  (4.41)
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‘or substituting for A (eq. (4.31)),

¥ \ '
>\ --[ 3 ] M (4.42)
2m N4 |

Using a rendom walk which preserves the value 4 of all the valence

angles one arrives at

1 h , | -
/\ =[ 3(1 + cos §) M (4.43)
2r0(1 = cos £)) FNIL

By calculating the value of )\ from eq. (4.43) for an equilibrium
f-functional polycondensation and using the observed gel point
(«+ 0z), one can use the graphs (Cl, C2, C3) to evaluate the
substitution parameter N, Alternatively knowing any two of the
three parametfirs A\, N, ( %+ . ) either by experiment or caleulation,
these graphs enable the remaining one to be fixed and thus an estimate
to be made of the FSSE or amount of cyclization ( o) present in the

equilibrium system at the gel point.

4,9 KXinetically Controlled Sygtemg

The treatment is now extended to the more difficult case of.
kinetic control (i.e. zero rate of back reaction). 4s in section
(3.5) the FSSE will be restricted to the linear case, in which the
free energy of activation of forming a link is proportional to the

total number of links already borne by the two units to be bonded.
(In this respect, again no distinction is made between ring-closing

links and intermolecular cross—-links). Thus to the free energy of
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activation of forming a bond in the random reaction, a term

(cf. eq. (3.31))
46T = kv, +v,)/2 |  (4.44)

is added when forming a bond between units with v, and v, links
respactively. The corresponding rate constant is then

k= k" exp(~ K(v, +V, )/2RT)

<VL *y;)

=k N (4.45)

where k" is the rate constant for the random regction, and N is
defined as exp - K/2RT, (eq. (3.20)). Subseripts « and < are given
to k” as follows: k; refers to the random cross-linking reaction,
and k) to intramolecular reaction in the absence of a substitution

effect. The lpgf is written in terms of the normalized probabilities

th that a unit chosen at random has i crogs—links and j ring-closing
bonds - |
£t Lok ‘ :
F (0) = z Z Py O O, 8, (4.46)
FET- I £ ] . ’

where @ is the vector (&, 6,, 8,), and
i+.j+k=f : | (45.47)
The following notation is used for averags quantities |
| £ f-i : ' '
(e, 3, k) = ‘Za ‘jzo P (o3, K) (4.48)

and the standard manipulations (eq. (4.12) to (4.16)) extract the
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required statistical parameters from the 1pgf.

The fraction of functionalities engaged in cross-links is

X = [ém (@)] £ =<1/t (2.29)
395{ @"i

where 1 is the vector (1, 1, 1); and the fraction engaged in ring=

closing bonds is

mt———————

o = |3F. () /f = <3/t | (4.50)
' 390« @‘ﬂ

The mean number of cross-links leading from a unit on generation

g to units on (g + 1), when g > O, is
4 = 3F, (@) = <i(i - 1)/<1> _ (4.51)
26, |6=1
and -the critical value at the gel point is given by
a,=1 (4.52)

The mean number of free functionalitiss borne by a unit on any

generation g > O is

n = F?z © )J = <ik>/is (4.53)
A Bw @:ﬂ ' .

Iet a unit be known to have i cross-links and k free functionalities.
Then the mean number of functionalities available to it for forming a

ring of x units is ikm,, where
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m, =n ﬁ | (4.54)

The smallest ring size, x,, is postulated to be two units, alihough
the model can readily be adapted to include the term x = 1 where
appropriate.
It is postulated that the rate at which a given functionality
closes a ring is proportional to the number i of cross-links borzes
by the unit to which the functionality belongs. The kinetic rate
equations may be written in terms of the rate constant of cross-

linking and cyclization for a second order reaction:

' (i+7) (i+3-1) = i
- = RGN Ry - (N R [ <R

; %, (it} D & 3k 4.55
¢ {ik:ka( o s - (ke tIN By 0 me,‘cx»ﬂ’} (4.55)
ks *7F :

'(For economy of notation, i and j feature as summation indices in
the averages (cf. eq. (4.48)) and ag free indices elsewhere in eq.
(4.55)). C, is the initial concentration of functionalities and
) is number of ring atoms per repeat unit. There are £(£ + 1) + 1
of these equations (4.55), because 0 €1 ¢ £ and 0 < j s’(?-i)(l-éf)

xX
whera Sﬁ is the Kronecker delta. The initial conditions are

p =1; p,,

a0 & 3J

=0fori)>0 - (4.56)

A computer programme to solve this system of differential
equations (4.55) has been written and details are given in Appendix F.

The dimensionlegs quantity A which has been defined as

A=K/, a”/f’c,) (4.57)
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in eq. (4.31) can once again be uséd as a cyclization parameter and
is related to the molecular parameters of the system by eq. (4.43).
Using the gel point condition (eq. (4.52)) « and o have been
evaluated, by solving the differential equation and using eq. (4.49),
(4.50), as a function of ) and 7% for the cases £ = 3, 4, 6. These
plots are shown in Appendix (fig. C4, C5, C6) in a form suitable
for comparison with similar plots (fig. Cl, €2, C3) from the
thermodynamic treatment, The reason for using Nﬂ&as a parameter
in’the kinetic control cases was explained in section (3.5). The

« axes of these figures (C4, C5, C6) correspond to the ring-free
systems and the function N(«.) there égrees with the sdlution of
the differential rate equations (4.55) by Laplace Transforms given
in section (3.6) and with fig (3.4). This gives confidence to the
method of solving these differential equations (4.55) when kzﬁ 0

as outlined in Appendix F.

Tt is shown in fppendix B that the rate equations (4.55) are
consistent with the differential equations for « and o given for
the equilibrium treatment (eq. (4.21), (4.23)), when the backward
rate constant (k') is equated to zero. Thus by differentiating
eq. (4.49) it 1s shown that

da/fdt = ¥y £ {1 -« -«)" cos;c ' ' (4.58)

where

S, = <ch“” / < k> (4.59)

g the substitution parameter for cross-linking (eq. (4.24)).



Similerly one shows that

o0
~3(2

de /dt = k:(l -x =0) A S, Zmz(xf) .

X2,

(4.60)

where
4 = <kid/<k> (4.61)

1s the mean number of cross-links borne by a unit known to have at
least one free functionality (eq. (4.17)), and the substitution

parameter for ring-formation (eq. (4.26)) is
(ir 2 '
S =[can™s  faxs ] (4.62)

| The consistency with the equilibrium case follows by compariné
eq. (4.58) with eq. (4.21) and eq. (4.60) with eq. (4.23).

Like the equilibrium treatment, the kinetic equations (4.55)
are asymp%otically correct as the degree of cyelization goes to zero.
(At least this is so if, for small enough degrees of cyclization,
molecules with more than one fing can be neglected in comparison
with those which have one). The approximations in the kinetic and
equilibrium cases are quite analogous. However, the neglect of
correlations arising from the formation of more than one ring-cloging
link on a given unit is somewhat more serious in.the kinetic.case.

' The reason for this is as follows. The treatment sets the chance of
a glven functionality engaging in a ring=-closure prﬁportional to the
. number of cross-links borne by its unit. This refleets correctly

the equality of the chances of this ring-closure involving a
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funetionglity on any one of the subtrees connected to these cross-
links. If the unit also bears other ring-closures slready, this
may indicate that these subtrees are of a favourable size and
shape forlfurther ring-clogures to be formed, a bias which'is
neglected in the treatment. This bias is less serious in the
equilibrium case, because the bond-splitting reactions will then -

tend to randomise the size and shape of subtrees.
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CHAPTER 5

GENFRALIZATION TO INCIUDE POST-GEL PARAMETERS

'5.1 Introduction
The work of Gordon (1962) has been extended by Good (1963) to

obtain formulase for the weight average and higher average degrees
of polymerization of the sol fraction. A convenient general method
of obtaining all statistical parameters in a form which applies to
the sol fraction after gelation and to the whole system before the
gel point has been published by Dobson and Gordon (1964). This
general method will be briefly discussed and then used (section
"(5.2)) to construct a model for kinetically controlled reactions
after the gel point. |

Using the random case of f-functional polycondensation it
has been shown (section (2.1)) that the lpgf (Fg(8)) for the
offsprings of a unit in the g generation is independent of g for
g > 1, and is thus the same function as F; (9). Starting with an
individual in the first generation, the pgf for the total number of

individuals in the first, second, ... (g + 1) generations is
OF, (oF, (oF; ( ... 8F,(8)))) (5.1)

(see for example Good 1949).
Since F (§)<1 when § < 1, it follows that the expression (5.1)
is a decreasing function of g, for each § (0 < 8 € 1), and therefore

tends to a limit as g - o . This limit is taken to be the definition
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of the function u(h) which was shown in section (2.3) to be the pgf
for the whole tree, starting from one individual in the first

generation. Thus as before (eq. (2.22)):

u(6) = 8F, (8F, (0F; ( eeess)))
= F, (u(6)) - ~ (5.2)

Good (1963) has shown that this functional equation (5.2) has a
unique solution when § = 1 only if Ff(1)<1 (in which case the
 golution 1gu(l) = 1), whereas if F?(l))-l, then there are two
solutions. It should be noted that Ff(1) = 1 is the gel point
condition. One of these solutions is trivial and equal to unity,
whilst the notatlon v is reserved for the other one. Thus the

solution of
W) = F ) - (5.3)

always has unity as one root, but after the gel point the equation
hag another positive root, less than unity. The lowest positive
root (v) is the probability of extinction starting from an individual
in the first or later generations, where extinction means ﬁhat the
| sub-tree rooted on that individual is of finite size, i.e. V is
the chance that all the successors carried on one end of a randomly
chosen link finally become extinct. The probability of extinction
starting from an individual in the zeroth generation is F,(V), which
is the gol fraction S. In any individual instance, V has to be found
by solving V= Fl(v) (eq. (5.3)).

For systems with at most a FSSE the lpgf F, (§) can be generalized
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(Dobson and Gordon 1964) so as to apply the sol fraction after
gelation and to the whole system before the gel point; all
functions and parameters thus generalized ég'given a circumflex (A).
Mathematically the required generalization consists in making the
weight fraction gf for the sizes of a tree conditional on the tree

being finite, and is
F,(8) = F, (VO)/F, (v) - (5.4)

for the coefficient p, of b in F, (v6)/F, (v) is proportional to
ths coefficient of 91 in F,(8) and alsb to v;. But P, is the
chance that a randomly chosen unit has i off-springs, and \# is
the chance that the i children are all roots of finite proper
gub-trees. Thus T, (8) is the pgf of the number of children of
all units in the sol fraction of the original system taken as roots
of an ensemble of trees. Using the standard formulae (section (2.4)),
all other statistical functiong and parameters can be generalized'
by using fL(e) in place of F,(48).
5.2 Pogt-gel Model for Kinetically Controlled Systemg

It is apparent that the model for kinetically controlled
polycondensation with cyclization (section (4.9)) is of no use after
the gel point. It can be seen from the kinetic rate equation (4.55)
that the rate of cyclization is infinite after the gel point, since
the summation of available reaction partners (n,) diverges when the
mean number of functionalities (a) on generations higher than the
zeroth is greater than unity. Esperimental data (see section (7.6))

shows that the polyesterification reaction proceeds gmoothly through
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the gel point. In order to fit this observation we propose a
model for kinetically éontrolled systems in which the number of
reaction partners available to a free fﬁnctionality is restrictead.
Firstly the physical basis of the model is briefly discussed.
After gelation, the path linking two functionalities in s
molecule contains certain links whose successors in one direction

never become extinet, such lirks are called ties, see fig. (5.1).

Fig, 5.1 A typical tree showing the 10 links
radiating from the path linking the
two functionalities 8 and B that form
a ring - closing bond. The remaining
links are shown as dotted lines

A path which radiates t ties contains at least (# -2)/(f - 1)
network junction points as defined in rubber e;asticity theory
(Dobgon and Gordon 1965). A pair of adjacent network junction
points have an end-to-end vector which does not have a Gaussian

length distribution. Instead each such network junction point

e e el T R T e et T e
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performs Gaussian fluctuations about a fixed point (James, 1947).
Thus the points A and B in fig. (5.1) are broadly speaking the
more seriously impeded, as regards colliding to form a ring, the
more network junction points the path A-B contains.

The model postulates that cyclization between a pair of
functionalities is prohibited when there are ;:tléégﬁ m ties
radiating from the path linking them. For a f~functional polycondensation
there are (f - 2)(g + 1) radiating functionalities available for
the formatiom{%@iween a functionality on the zeroth and one of the
g H"generation. Each such radiating functionality has an independent
chance (1 =V) of being a tie if it is a cross-link, where V is the
extinction probability (section (5.1)). Thus the mean number of

expected ties (t,) on a path of (g + 1) links is
t,=(f=-2)(g+L)(1-v)« . (5.5)

A tie generating function T(8) is now constructed

~2)( 4-1)
20) = (1-t +t0) 0 F (5.6)

where

t=(1-v)x (5.7)
The chance of finding m ties is merely the coefficient of p” in
T(8), i.e.

(-2)g+1) AT :
( n )tm(l-t)qlxz g . (5.8)

where (,) is the binomial coefficient x!/(y!(x - y)i).
Incorporating this model into the kinetic rate equation (4.55),

we have:
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by | leg ingel o
- J_%f = k: C, [kN PL,:'r "(k-rl)N Pi-z,j'.] <kN >

'J' .o inde ' iof
k(RN - el Ry ] R

X Z ['m& (xv).zlz zt(x,f)] /<Lk>

XRX,

(5.9)

where -ttt (tafaet) -
=% xe C ffea)(xel) - )
t(x,£) = ( / )tg(l - t) (5.10)

The inclusion of the term t(x,{) removes the discontinuity in the
previous equation (4.55) at the gel point when the function m, is
unity. The summation in eq. (5.9) is discussed and calculated in
Appendix F. This model (eq. (5.9)) is used in tl;.le following section
(5.3) to investigate the change in the amount of cyclizafion (o)
ag m — the maximum number of tieg alloved In the path between two
functionalitieé before cyclization is prohibited, is increased'.
5.3 Application to g Copolvmer System

To illus‘bra'be- the use of this post-gel model, we shall consider
the polyesterification of pentaerythritol and adipic acid. With
reference to section (2.5) we may write down the lpgf in terms of
sPi; » the chance that a unit of type s chosen at random in a
gopolymer system has i cross-links and j ring-closing bonds (eq.
(2.32), (4.46):

F.; (0) = Z Z sy 9@( 9; ew (5-11)
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Following eq. (5.9) we can immediately write down the corresponding
second order rate equations for a two component system in which

- the subscript s refers to quantities perﬁinent to units of type s:

) Ji‘ﬁ'j = kf C°[ R M1w U S (ki*“'quvﬁ-t,:i] <Re Nzw>
£ * ' ie3 N
s ik; [ ke Nzu fi = (k1) N ’ 13’,:&-1] ik, N, 72

S Teeo] [y s

oyl 420

A x~2
Sk | Cili-t) Fip > < ilist) fh:‘)]
Cipg > <iRs>

where. m. =

mx i P. )
N (5.13) -

and t(x,) is the coefficient of §°in T(¢), where (of. eq. (5.6))

. 4. 2
T(§) = (1 = t;+ 0 e (L-t, + t,é)[f ?

(5.14)

and

g, = (1~ V) (5.15)

A similar expression to eq. (5.12) holds for - d( Fi,3 /4t in which
the subseripts 1 and 2 are interchanged. There are of course two

- linear substitution parameters, (N, and N,), one for each component.
' For the pentaerythritol/adipic acid system £, = 4,'f2 = 2 and

thus (eq. (5.14)) _

. i\ ¢ 2 -L

t(x,1) =(£")’°1 (1 -1%,) (5.16)
By integrating (ses Appendix F) eq. (5.12) and the corresponding

rate equation for -J(AJ%j)/Ht and using the relations (eq. (4.49),

(4.50)) o may be computed ag a function of & for different values of
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the post-gel cyclization barameter (m) - the maximum number of
ties allowed to radiate from the path between two functionalities
if cyolization is to be allowed. Such a plot for the pentaerythritol/
adipic acid system is shown in fig. (5.2). This figure shows that
an infinite range in the value oﬂ%{ can be obtained after the gel
point by varying m from 1 to » . It is shown (section (7.6)) that
the polyesterification reaction proceeds smoothly through the gel
point and thus a value of m between 3 and 12 can be chosen ag a
typical post-gél cyclization parameter on the basls of this
'.dbservation. |

This post-gel model can be used to remove the discontinuity
present in the previous model at the gel point. Of course it cannot
be taken too far beyond the gel point since other effects which
influence the cyclization regime soon become .important. For examplé,
Matula, Groenweghe and Van Wazer (1964) discuss the fact that after
- gelation the molecule cannot be accommodated in space and hence

ring closure is imposed by physical crowding.
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CHAPTER 6

APPLICATION TO THE PHOSPHORUS OXYCHLCORIDE/

PHOSPHORUS PENTOXIDE SYSTEM,

6.1 Introduction
Indistinguishable polyfunctional polycondensation systems can

in principle be prepared by synthesis from monomers or by
degradation of infinite networks. The system POCL,/B, Oy, studied
by Groenweghe, Payne and Van Wazer (1960) is of the latter type. -
The P, Oy crystal isvessentially an "infinite" network, but when it
is equilibrated with POC1l;, the Cl becomes distributed over all the
P gtomsin the system, whose original appertainance to POCl; or P, 0y
species thereby becomes irrelevant. The mole ratio R of Cl to P

in the system determines the equilibrium distribution of species,
and in practice it is unlikely that equilibrium will be attained
unless the equilibrium weight avérage molecular weight is finite,
i.é. unless during the equilibration the system formally passes
vthrough its gel-point. The Knetic process whereby the equilibrium
is reached consists of a change in the«moleculér weight distribution
at constant R-+auf This follows because the only reaction mechanism

available causés one bond to break for each one formed, e.g.

g1 geL Qo1 9cl Y ¢.e1
2 P =———0=—F = Pl + P ==—=0=——P —— 0 —PF_ _ (6.1)
cl cl ‘1 Mel ¢l cl

Such reactions were called 'scrambling! reactions by Groenweghe,

Van Wazer and Dickinson (1964). Clearly the equilibrium state of the
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system is identical with that of a simple (albeit hypothetical)
trifunctional polycondensation reaction. Accordingly this state
will now be treated in terms of polycondensaﬁion theory and
nomenclature; in particular the reorganization heat order of the

scrambling reaction 1s just the substitution effect of the

polycondensation.
6.2 The link probsbility generation function

The appropriate case (f = 3) of eq. (4.3) is
F(0) = N =9)0,7 +3y6((1 -y 6,)° « 38(2) 581 - b
Cyber 2280 + £3) y0.(ya)" + 3782 v + 4] (6.2)

is seen to have the four independent parameters ¥, T, 4(2) and 4(3), in
terms of which the whoie equilibriun system is defined. It tﬁrns out
that the data can be fitted as closely as is reasocnable with the
linear FSSE theory of eq. (4.19), which here involves only three

parameters y, T, and N, (see Appendix 4):
F©0) = 5, [((1-5)8) + 378002 - ) &F + 30 g4, )b
Cyber 270) + Noyb ((va) +376@y4 + )] (6.3)

The parameters & and o are derived therefrom using eq. (4.12) and
(4.13). Experimentally, the mechanism for reaching the equilibrium
deseribed above allows values of X + o to be pre-selected; the

stolichiometry demands:
R=3(1-x=0) | I | (6.4)

The kinetic process of attaining the equilibrium state is of no

further interest. The lpgf of eq. (6.3) will now be compared with -
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measurements by Groenweghe, Payne and Van Wazer (1960) at six

values of R lying between the gel point, which occcurs in the

range R = 1.1 to 1.2, and a maximum of R = 2. (At higher values

of R the concentration of triply linked P, to which these calculations
. are sensgitive, becomss too low to be‘reliably measured). These
measurements determine the four concentrations of P atoms with

zero, one, two, or three links respectively, without, however,
distinguishing ring-closing links from cross-links as defined here.

It is therefore appropriate to simplify eq. (6.5) by congidering the

special case obtained by setting & = §, = 1:
3

F (L0 = 5 v 6 | (6.5)

jeo
Thus the seven distinet terms in eq. (6.3) are now reduced to

the four required, as set out in fig. (6.1) in terms of the

nomenclature used by the original authors. The measurements of the

v (defined by eq. (6.5) at the six values of K as provided by Van Wazer
Notation \J/ \V \]‘/‘ . ‘\V
Van Wazer: ortho end .middle' branch
This work: v, v, v v,

Fig. 6.1 Comparison of notations for the states of P-atoms
in the system POC1,/P,0,. Circles denote ring-
cloging functionalities; crosses denote cross
links.

are shown in table (6.1), together with the two available checks



Nmr date for POC1;/P,0, and parameters deduced

Mole ratio R (from ingredients)

Proportions of v,

repeat units v
- (fig. 6.1) v,
from nmr A

Z \) (eq. 6.6)

‘ Z\g q (eq. 6."7)

K, (eq. 6.8)
K; (eq. 6.9)
N (eq} 6.10)

Y (eq. 6.8, 6.9)
T  (eq. 6.8, 6.9)
«  (eq. 4.12, 6.3)
o (eq. 4.13, 6.3)

1.992

0.085

- 0.239

0.308
0.369
1,001
1,962
0.458

0.930

1,088

0.218
0.148

0.271

0.076

TABIE 6.1

1.660

0.155
0.335

0.302

0.209
1,001
1,566
0.417
0.768
1,031
0.325
0.189

0.367 -

0.112

1.492

0.196
0.354
0.297
0.153
1,000
1.407
0.465
0.614
1.078
0.393
0.115
0.438
0.093

1.332

0.218

0.377
0.277

0.129

1,001
1,318
0.425
0.634
1.1
0.417
0.164
0.443
0.118

1,241

0.232
0.379
0.282
0.108
1,001
1.267
0.455
0.515
1,081
0.465
0.075
0.505
0.073

1.200 Mean

0.198
0.389
0.296
0.117
1.000
1.332
0.387
0.519
1,984
0.457
0.139
0.456
0.100

0.435
0. 663
1,049

Standard
Deviation

6.9%
24,14
3.86%

*L8
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arising'from normalization

Z"‘» -t - 68
70
and stoichiometry

3
Zv;} q=R , ' ' 6.7)
31 -
Eq. (6.6) checks well against the data in table (6.1). Eq. (6.7)
‘checks less well but is more sensitive to errors. Taking into

account the normalization condition, there are just three independent
measurements of the v at each R - value to determine the three
unknown parameters y, T, and N by comparing coefficients of (6.3)

and (6.5). The results are also shown in table (6.1). The calculation

was simplified by constructing the homogeneous functions:
X, =v,v,,/vf =N( s+ 6 43 + 3C)/3( v+ 21c) (6.83
and | | | | |
K,o=vv /v = N v+ 2c)/3y, | | (6.9) |

From the last two squations ¥/r was eliminated to yield a cubic

in N
¢ 2
5N - 18N4K¢ - 271\11(15,,)2 + 108K, (K,) = 0" (6.10)

The significant root of this sublc leads to the values of N in
table (6.1) which are analysed in section 6.3.

Calculations were also performed which stem from the aséumption
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of a cyclization regimelbésed on random flight statistics, which

was in no way involved in the caleculations of table (6.1). This

assumption enters in connection with the parameter ) (eq. (4.32))

and hence the mean bond length 1 (eq. (4.43)). Two minor complicating

factors exist.

a)

b)

The'exaét gel-point is not known but is estimated to
lie in the range 1.1 { R, <{1.2. Tabulations are,
therefore, presented below to cover a range of

assumed values of R..

The smallest rings, here those involving two units
(four-membered rings), three units (six-membered ripgs),
and perhaps one or two further members of the series,
may be expected to deviate from strict fandom—flight
gtatistics owing to steric factors_pot lmown in any
detail. The effect of such factors is explored in

table (6.2) and fig. (6.2), without actual departure

from the principle of random flight statistics, but

merely by comparing results for the cases i, = 2 and
i, = 3. These two schemes differ only in that the
latter excludes aitogether the formation of four-
membered rings (i.e. rings involving two units).
Excluded volume effects are neglected for all ring-

sizes.
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Critical Values for f = 3, N= 1.05 from eq. (6.3)

6.4
1.539
1.466

1.397

1.332
1.269
1.210
1.153
1.100
1,049

1,000

Xe

4,12
0.437
0.496
0.504
0.511
0.518
0.524
0.530
0.535
0.540
0.544

Q

) 4013

0.000
0.015
0.G31
0.045
0.059
0.073
0.086

0.098
0.110

0,122

S«

4.24
1.m:8
l.102
1.105
1.108
1.112
1.115
1.118
1.121
1,124
1.127

4.25
0.908
0.904

0.900

0.986
0.893
0.890

0.887

0.884
0.881
0. 879

4,26
1.157
1.159
1.160
1,162

1.164 -

1,165
1.167
1.168
1.170
1.171

4.27
0.952
0.950
0.949
0.948
0.946
0.945

- 0.944

0,942

0.941

0.940
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Fig. 6.2 Comparison of experimental gel point with random-flight theory,

using plots of ) versus the gel point R.. The dotted rectangle represents the
calculated from the

uncertainty in the measured gel point and in the value of

bond lengths and angles in POC1;/P,0,. Plot a: random-flight calculation
with minimum ring-size of six atoms (i, = 3); plot b: same with minimum
ring~size of four atoms (i, = 2). ,
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6.3 Discugsion

The theoretical model here proposed can be tested agalnst the
data on POCl;/P,0, by Groenweghe, Payne and Van thér (1960)
in éeveral ways. Firstly, the lpgf of eq. (6.3), which does not
assume any configurational (e.g. random flight) scheme for the
statistic of cyciization, should lead to a value of N independent
of the mole ratio R of phosphorus to chlorine. Table (6.1) shown
that this test is very satisfactory, since for the six values of
R tabulated N = 1,049 with a standard deviation of only 3.8%.
This is an improvement over the fit achieved by the original authors
of their data to the scheme which neglects the occurrence of
cyclization, even though this involved one more adjustable pafameter.v
By putting Z= O (neglect of cyclization), we see that the functions
K, and K, (eq. (6.8), (6.9)) becoms éonstants; they are, in fact,
chemical equilibrium constants and should be.independent of R. For
the linear FSSE, moreover, the two constants should then be equal
since eq. (6.8) and (6.9) yield, for T= 0, K, = K, = N /3. Since
the measured values are not found to be equal, one can fall back on
the non-linear FSSE, as did the 6riginal authorg; this would

correspond to eq. (6.2) with T= 0 and
k, = A3Y/36(2F - (6.11)
Ky= 4(2)/3 | | (6.12)
However, even on this assumption, bofh K, and X, should still be
thermodynamic éonstants independent of R, and the original authora

noted that K, varied with R. They calculated average values of
K, = 0.490 and K, = 0.657 (including measurements at R = 2.33) and
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respective standard deviations from these values of 32.5 and
22,27, (These figurés are quoted from a later paper by Groenweghe,
Van Wazer and Dickinson (1964), in whi&h the designations of

K, and K, vere accidentally interchanged). The standard deviations
are reduced when the measurements at R‘= 2.33 aré discounted (see
table (6.1)) but they are still larger than that of the single
parameter N used in the model of this work. It is noteworthy that
the allowance made for cyclization not only reduces the calculated
FSSE to much smaller proportions, satisfactorily represented by the
linear approximatipn, but (with only marginal significance)“seems
to change its direction. The mean value of N being larger than
unity, albeit by only about one standard deviations, suggests a
slight preference for the occurrence of branched structures, in '
contradistinction to the inference drawn from the values of Ki and
KZ in assumed asbgence of cyclization.

Accepting the value of N = 1,05 (table (6.1)) at its face
value, leads, via eq. (3.20), to a decrease in the standard free
energy of forming a link of sbout 50 cals/mole in respect of each
link already being carried by either of the units to be joined. On
the othe¥ hand, Groenweghs, Payne and Van Wazer (1960) deduced
effects in the opposite direction of 670 and 920 cals/mole from their
interpretation of the mean values of K; and K, just explained.

Groenweghe, Payne and Van Wazer (1960) also measured, by fwo
concordant methods, the weight fraction w, of the dimer pyrophosphoryl
dichloride O = P(cl)z-; 0 - P = 0(C1l), in an equilibrium mixture

having the same ratio R = 2 as this compound. According to the model
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here advocated, this quantity would be calculated from the following
equation :
w,= 3NN, (1 -0’y . " (6.13)
From table (6.1), y is seen to be 0.218 and the normalizing

cénstants N, and N, are found (using eq. (6.3) and (3.1)) to

be 0,7690 and 0.6179 respectively. Hence w, is calculated to be
11.6% in excellent agreement with experiment, (viz. 12%).

In view of the cautionary remarks in section (4.5), the
successful caleculation of w, is not conclugive supporting evidence
for the model; but it may perhaps be inferred that in cases where
the model is well supported by independent evidence, the weight
fractions of ratﬁer simple species present can be calculated with
reasonable confidence by such‘straightforward means a8 eq. (6.13).

Beside the constancy of N, the trend of increasing y with
decreasing R in table (6.1) is to be expected from the nature of
the model. No clear trend of 7 with R is discernible; nor,

-gatrictly speaking does the model demand any. However, wheh the model
is supplemenﬁed with any reasonable postulates concerning the
cyclization regime, 7 will be expected to incresse withy. It is
concluded that 7 (and hence o) are, in the procedure underlying table -
(6.1), sensitive to small errors in the 3+ The situation is
improved, in this respect, by using the average value of N, viz.
1.05 (table 6.1). When the ciritical conversion R, is kmown in
addition, and eq. (4.15) is employed, ¥ and T, and hence all
gtatistical parameters are accessible at the gel point. Such

calculations are tabulated against R, in table (6.2). Since for
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PCCl,/P, 0, experimentally 1.10 <R, { 1.20, it is seen that the
model yields &, and o, values confined to fairly narrow limits,

say 0,530 + 0.005 and 0.087 + 0,012 respectively., In section 6.4
it is shown that this critical degree of cyclization o corresponds
well with that predicted on the basls of random flight statistics
and the known bond lengths and angles. The critical parameters
for POC1;/P, O ¢ collected in table (6.3) are therefore considered
to be soundly based. The number average degree of polymerization

DP, is found from the formula (eq. (2.16)):
TP, = 1/(1 - 1.5«)  (6.14)

and is in principle measurable for confirmation. The average

number of rings per molecule is calculated thus:

DR,= 1.5 DB, ¢ | (6.15)

TABIE 6.3
Parameters calculated at gel-point for POCL;/F, Oy,
using N = 1,05

«, ‘ , . 0.530 +  0.005
o | 0.087 % 0,011
DB,, (eq. (6.14)) 4.88 + 0,18
DRy, (eq. (6.15)) o6t 00
r (eq. (4.30, i, = 2) 4.73

T (eq. (4.30), 1. = 3) 7.67

e i e e i et nae i+ g e £ 1 4t Sy o o 3 e N A P e 1 = T
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The fact that this, even at the gel point, turns out to be 0.64,
i.e. well below unity, gives further cenfidense in the results of
the model calculations, since the most serious deviations to
be expected would result from substantial amounts of certain
fused-ring structures (section (4.3)) which are among the molecules
with two or more rings.
6.4 Extension to random flight gtatistics

Eq. (4.43) is used in table (6.4) to evaluate ) as a function
of the mean bond angle ;S,jusing the molecular parameters at the
head of the table. The requisite bond angles are known for P, 0,
in the vapour phase, viz. 123'.5°itor P=0-P and lOl.Sofor O—P—O._

TABLE 6.4

Eveluation of A from eq. (4.43) (v=2).
M = 120, d= 1.75 g.nl (estimated), 1 = 1.62 &

£ Y
90 1.03
95 0.79
100 0.61
105 0.7
10 0.35
115 _ 0.27
120 ©0.20

125 0.15
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Assuming that the required mean bond angle in the system P0Cl;/P,0,
lies between 105° and 115°, the table shows that )\ 1lies between
0.47 and 0.27. .

The functional relation between‘A and the gel point R
(= 3(1 = & = o)) 13 found from fig. (6.3) for the case i, = 2.

This figure (6.3) was constructed by the procedure outlined in

section (4.7) and is also shown in an amended form in Appendix C'
(fig. C1).

Since each repeat unit contributes two ring atoms, i, = 2
corresponds to the inelusion of four-membered rings. The result is
plot a in fig. (6.2). 4An analogous calculation was carried out
for 1, = 3, i.e. for the limiting ring size of s;x atoms. The only

change is that equation (4.35) takes the form

ol &= a)sy | (6.16)
A, n_S,[0.164 £ ~ 1.0040:]

and the result is shown as plot b in fig. (6.2). Formally, the

wide gap between the two curves dlsplays the important role of the
assumption concerning four-membered rings. This is further .
illustrated (table (6.3) by the mean ring size (eq. (4.30))

r=4,73 (using i, = 2) and *r = 7.7 (using 1, = 3). Many molecules
with four-membered rings involving phosphorus are known but these

do not include quadruply connected P. Tt is apparent from fig (6:2)
"that the range of )\ values calculated is formally in good agreement

with the assumption of four-membered rings being present nearly in
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the proportions dictated by random flight theory (eqg. (4.29)).
Deviations of the proportions of small rings from randem flight
statisticé are likely to invalidate any quantitative interprefation
of fig. (6.3). Nevertheless, the broad agreement between the gel
point measurement and the random-flight theory of cyclization is
congidered to be strongly significant. The gel point for a
~ olassical random polycondensetion of POC1;/P, 0, would lie at
R. = 1,50, The linear substitution effect here deduced from the
nmr measurements (N = 1.05) would, in the absence of cyclization,
xalse this slightly, viz. to R_ = 1.53. Finally, the cyelization
effect deduced from the nmr measureménts and from random-flight
theory superpose a notable reduction to R, = 1.1 - 1.2 as is found
to occur experimentally. Mbst organic polycondensation systems
have more widely spaced functionalities and are hence expected to
show lower degrees of cyclization. The prgsent model c¢an be applied
to them with eveﬁ grester confidence. Substitution effects‘moré
substantial than that here found may, of course, be expected for
other gystems. ‘In the reaction between melamine and formaldehyde,
this was indeed found to be the case (Gordon, Halliwell and Wilson,
1965), but the data were adequately'fitted on the assumption of
firgt-shell and linear effects only. |

In the remaining chapters of this thesis a kinetically controlled
reaction (the polyesterification of pent;éfythritol and adipic acid)
is considered. It is shown that the model can be used to analyse
different mechanisms for the polymerization reaction as well as

statistical quentities such as the gel point.
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CHAPTER 7

POLYESTERIFICATION

7.1 Introduction

One of the first definiﬁe repoéts of a gtudy of the ;hemical
reaction between a polyhydric alcohol and a polybasic acid
was presented by Smith (1901). However, no exact kinetic studies
of polyesterifipation reactions were made until Kienle and Hovey
(1928) commenced a study of the glycercl/phthalic anhydride reaction.
Concurrently, Carothers (1940) embarked on his classical research
on polyesters. His experiments constitute a landmark in the
development of high polymer ohemistry and he laid down the
experimental foundations for the theoretical developments made later
by Flory (1953), Stockmayer (1944) and others. Carothers showed
.that the physical properties of the product of any polymerization
depended on the functionality of the monomers, ana»that the basic
chemical reaction which occurs when a polyhydrie alcohol and a
polybasic acid react is the same as that for a monohydric a;cohol
and a monobasgic acid.

The formal kinetics of a three dimensional polycondensation -
are very difficult to analyze, and Kienle and his co~workers'(1939,
1940, 1941) goon found that no kinetic equafion would cover the
whole process. The kinetics of polyesterification are discussed in
detail in section'(8.2). Mogt of the published work deals with the

glycerol-dibasic acid reaction, where there is the added complication



1ol,

of the different reactivity of the‘secondary hydroxyl group.

(Gordon (1962) has set out the lpgf for the glycerol/adipic acid
reaction, taking into sccount this different reactivity). The
course of these polyesterifications is usually followed up to the
gel point by titration of the carboiyl grbups; after gelation this
method cannot be used owing to partial inéolubility. Kienle and
.his co-workers (1939, 1940, 1941) pursued the course of the reaction
" through the gel point by measuring the rate of water evolution

in a graduated collecting tube. They found that water evolution
continues smoothly through the gel point and beyond, with no
suggestion of discontinuity in the rate arising from the formation
of a gel. This observation is verified in this work (section (7.6))
where the course of the reaction is followed in a sealed system with
a pressure transducer.

‘ Gelation in polyfunctional polymerization is taken to be a
manifestation of the formation of an "infinite™ network (wall-to=-wall
structure),'thus the gel point should coincide with the point ét

| which & (the extent of reaction) reaches its ceritical value as
specified by eq. (2.27). The results of all the work of these
polyesterifications (Flory 1953) is that in every case the observed
gel point is reached at higher than the theoretical extent of
reaction, This is due to the failure of the earlier theqries to
take inte account iﬁtramolecular condensation as demonstrated by
Stockmayer (1945). By measuring the extent’ of reaction at the gel

point of the reaction between pentasrythritol and adipic acid in
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the presence of varying amounts of diluent and extrapolating

the results to infinite concentration (where the intramolecular .
condensation is suppressed), Stockuayer (1945) found that the extent .
of regetion in the hypothetical system without eyclization agreed
within experimental error with that predicted by the rahdom—cross-
linking model. . This dilution technique has been used in this work
(section (7.6)) to study mixtures of different ratios of polyol

to acid.

Now that a model has been proposed (section (4.9)) for
kinetically controlled reactions with intramolecular and substitution
non-rﬁndom effects, a detailed study of the pentaerythritol/adipic.
acid reaction was undertaken to investigate the applicability of
this model to polyesterification reactions. 4 similar study was
made with 1,1, 1~ trimethylol ethane, a homologue of pentaerythritol.

The majority of the kinetic data were obtained at 175°G. The variation
| of temperature is, in fact, not of great interest here; the cross=-
linking and cyclization reaction are expected to have the same
activation energies, and all statistical parameters (e.g. the gel
point) will then be invariant once the time scale is adjusted to the
temperature chosen. iAt 175’0 it was found that the rate of
etherification of pentaerythritol was negligible (section (7.6)) and
that the gel times for the uncatalysed polyesterification for mixtures
of pentaerythritol and adipic acid lay in a ;onvenient range of 35
to 120 mimtes. |

The apparatus used in this study is described in section (7.3)

and the results are presented in section (7.6). A detailed analysis
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and discussion of the polyesterification reaction is given in
Chapter 8. Firstly the pentaerythritol/adipic acid reaction is -
briefly reviewed. |

Th Petaev Itol/Adipi iReé

The first paper dealing in particular with the pentéerythritol
(PE) - adipic acid (AA) reaction was published by Cornish (1948).
This paper, which contalns a comprehengive literature survey,
states the problems to be tackled and.suggests how Kienle's (1939)
apparatus can be modifiled to study this reaction. No experimental
data are presented, in fact the only experimental reéults are given
by Fiory (1941), Stockmayer (1945) and Walker and Mackay (1951).
In all these cases an ‘'equivalent' mixture of PE and A4 was used,.
i.e. 1 mole PE and 2 moles A4. Using the random model the gel point
condition (eq. (2.37)) predicts a gel ﬁoint at = 1/{3 = 0.577.
Flory (1941) reports a value of 0.605, Stockmayer (1945) a value of
0.63, and Walker and Mackay (1951) a value of 0.650. In each case
the observed gel point is higher than the random value (0.577),
indicating the presence of intramolecular condensation. 1In this
work (section (7.6)) a mean value of 0.623 was observed. The reaction
was studied by Stockmayer (1945) at three different temperatures
(viz. 130", 155", 184°C) with and without the addition of p-toluens’
sulphonic acid as a catalyst, the gel point was observed to be 0.63
in all cases. The reason for the discrepancy between these studies
is unclear. Impurities such as di-, tri-, and polypentaerythritol,

all of ﬁhich have a higher functionality than PE itself, would tend
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to cause premature gelation. This might explain the relatively
lower gel point obtained by Flory (1941) since his PE contained
49.6% hydroxyl content against the theoretical figure of 50.0%.

In the work of Walker and Mackay (1951), the experiments were
conducted in an open vessel and thus any loss of adipic acid would
lead to an erroroneously high result of the gel point as the acid
value of the reaction mixture was used to calculate the extent

of reaction. The value of the critical extent of reaction of

0.623 in this work (section (7.6)) was found independently from
measurements of the amount of water evolved (pressure transducer)
and by titration of the carboxyl group content of the reaction
mixture.
| Price, Gibbs and Zimm (1958) studied the extent of reaction

at gelation of mixtures of adipyl chloride and trimethylol ethane
(TME)'using sym-tetraehloroethane as a solvent. A bulk polymerization
of an equivalent mixture of TME and adipic acid was found to gel at
a conversion of 0.723, which is to be compared with a valus of 0,719
obgerved in this work (section (7.6)) and a value of 0.707

(eq. (2.38)) for the random-cross-linking model.

There has not béen any detailed study of the kinetics of the
condensation of polyfunctional alcohols and'dibasic acids, although
there have been several papers (e.g. Flory 1937, 1939; Davies and
Hill 1953) on polyesterification reactions between dibasic acids and
.glycols. These studies will be discussed in section (8.1) with

reference to polyfunctional alecchols,
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7.3 Apparatus for gtudving the Polyegterification Reaction
A furnace has been designed to work in the range 20° - 400’0,

controllable to +0.01°C. Basically the furnace consists of a 1OF
diameter aluminium cylinder, 14" high. & 3" dia. hole runs through
the axis of this cylinder, and two windows 6" x 2" allow observations
to be mads of apparatus in this air space. Aluminium ingerts are
used to vary the size of these windows to suit the experiment

being conducted, The furnace contains four heating circuits, two
'ring' heaters in the body of the aluminium block and two wound-
around the outside of the cylinder, one abm}e ‘and one below the
windowa. The 'ring' heaters each consist of ~15' 'THERMOCOAX!
heating element, type IN.I 10 (supplied by Research and Control
Ingtruments Itd., London, W.C.l) looped vertically at a fixed
distance (24" and 4") from the centre of the oylinder, these

heaters have a resistance of ~55 ohms (20°C). The two outer heaters
are of Nichrome wire and have a‘reaiaf-ance of ~ 60 ohms (20’0), |
these two heaters are maiﬁly used ag boosters to enable the furnace
‘temperature to be raised quickly. Provision 1is made for rapid
- cooling by a system of water channels drilled through the block.
Other holes allow temperature sensing elements to be inserted into
the furnace. The whole block is thermally insulated with asbestog=~
glass. Plugs, to which different pleces of apparatus can be attached,
close the top of the air aspace, whilat an axial shaft which projects
into the furnace from underneath carrles a magnet used as a magnsetioc

gtirrer. )
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For these polyeaterification gtudies the block is thermostatted
at 1'75.0’0. A constant voltage of 120 v. is applied to the inner
ring;-heater whilst a voltage of 75 v. is switched into thé outer
ring circuit by a relay (Electromethods 213 B) which is operated

by a mercury contact thermometer (Electrical Thermometers Ltd.)

‘ having a scale of 0.1°C. = 0.1 mm. which is placed in the block,

This contact thermomeﬁer allows a switching differential of 0.0J,‘G'.,
as monitored by a thermistor (SIC type F15) (the temperature
variation of the furnace is shown later in fig. (7.4)); absclute
temperatures are measured by a N.P.L. certified thermometer.

The rate of esterification is measured by following the rate
of evolution of water in a sealed reaotion vessel by means of a
pressurée transducer. This transducer (Consolidated Electrodynamics
type 4-316) (fig. (7.1a)) 1s designed to measure a differential
pressure of + 100 om. Hg and can work up to a temperature of 300°C.
The sensing elements of this variable-resistance type transducer
are unbonded strain gauges conmnected in a four-arm bridge. Pressure
againgt the dlaphragnm pfoducea a displacement of the sensing elements,
changing the resistance of the active arms and causing an output
proportional to the applied pressure. 4 voltage of 5 volis is
applied to the bridge circuit by a Solartron Power Supply Type A4S 974
and this corresponds to an output of + 10 mv. for a pressure
‘differential of + 100 om. Hg. The reference side of the transducer
18 sealed off under a presgure of 4 om. of dry nitrogen. 4n adapter
(fig. (7.1b)) 1s clamped with an 10'~ring to the measuring side of

the transducer and a glass-to-matal seal is brazed to this adapter
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so that the glass reaction vessel can easily be sealed to this
unit. The output from the transducer is displayed on a Graphispot
type GR VAT recorder (Makers: SEFRAM, Paris; supplied by D-Mac,
Guildford, Surrey). This recorder contains a galvanometer to whicﬁ
the output is connected, and the pen carriage automaticaily follows
any deflection of a light spot by the galvanometer mirror. By the
use of shunts this recorder has 10 sensitivity ranges from 1000 to
0.25 nV for full scale deflection. For most of this work the ranée
of 5 mV full scale deflection 1is used. 4 calibration curve for the
transducer at 24° and 175°C. is shown in Fig. (7.2), and this ig
used to convert the recorder readings directly t6 absolute pressure.
The main disadvantage of the transdu;:er ig that it has a _'thermal
zero shift of -0.01% full range/°C although the thermal sensitivity
shift is less than +0.001 & FR/°C, (see fig. (7.2)). The combined
non-linearity and hysteresis is + 0.16% FR, and the calibration
curve remained unaltered over a period of 2 years, it was checked
every 3 months.

The resction vessel is shown in fig. (7.1c) and is described
in detail in section (7.4). It is found that when the reaction
vessel and transducer are lowered into the furnace it takes a long
time {~10 mins) for the reaction vessel to come into equilibrium
with the temperature of the air space. - It is also found that although
the block remainsg constant at 175.0 + 0.03'0., the air space has a
stable vertical gradient of ~0.2°C./inch. To. overcome thesé problems

a small heater coil (H, fig. (7.lc)) is placed around the bottom of
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the reaction vessel and this is used to raiss the tempersture of
the reaction vessel to that of the block.

4 proportional control operates this heater, so that the
reaction vesgsel temperature is automatically kept at the block
tempersture over a period of several days. The voltage difference
between two thermocouples, one in the galuminium block, the other
(T) strapped to the side of the reaction vessel, is fed into a
microvoltmeter (Pys Nanoammeter type 11360). The amplifier of
this instrument delivers a current proportional to the defection
of the meter into an external circuit. A4 current of Ilmd. can be
obtained for an input of 1oo,¢v., i.e. a thermocouple temperature
difference~of 0.25‘@. This current is further amplified by a factor
of 500 before passing into the 10 ohm heater coil around the reaction
vessel. In this way the current flowing in the heater circuit is
proportional to the temperature difference between the reaction vessel
and the block. 4 simplified circuilt dlagram of the second D.C.
amplifier is shown in fig. (7.3), bssically it consists of two
directly coupled germanium transistors. A diode in the input side
renders the circuit inoperative if the temperature of the reaction
vegssel exceeds that of the block. The 'set zero'! potentiometer allows
a constant current to flow through the heater when the thermocouples
are balanced. The actual circuit used includes means of supplying
& large current to the heater, so that the feaction vessel may be
rapidly heated to the required temperature; provision ig also made
for a larger constant current to be supplied to the heater than the

simplified circuit diagram (fig. (7.3)) shows.
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Performance of Amplifier

Gain 500
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Full Seale Outpub ' 14,
Specified Source Resistance >3 Ka
Input Resistance 750 A

. Load Resistance 01N

(0C 35 passes constant 0.3 4.)
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Figure (7.4a) shows that the temperature variation of the
reaction vessel at 175.0 C. was + 0.04 C. over a period of
240 mins. Fig (7.4b) shows the temperatﬁre variation of the block
for comparison. This figurs (7.4a) was obtained by placing a
thermistor in the reaction vessel and making it one arm of a ‘ A
Wheatstone bridge circuit. The out—offbalance current flowing in
the circuit is presented on the recorder. Over a pericd of days
the temperature control is certainly better than + 0.100.

As well as the ancillary thermocouple (f) and heater (H), a
tube (W) is pleced against the resction vessel (fig. (7.lc)). This
allows water to be slowly dropped upon the bottom of the reaction
veggel in order to delay commencement of the resction until the
transducer has reached the temperesture of the block (as measured
by another thermocouple fixed to the'transducer). Bquilibrium is
seen by a constant reading from the transducer, this reading is taken
as 'zero! pressure for the experimental run (see fig. (7.5)). The
procedure for performing these runs is described in section (7.5).
7.4 Materials

Pentaerythritol was obtained from Eastman Kodak Co. and was
purified by recrystallization from 0.005 N HCl; m.p. 261-262°C.
The percentage of hydroxyl groups (acetylation method, Ogg, Pprter,
Willits 1945) is 49.997, theoretical 50.00%. |

Adipic ascid was obtained from B.D.H. and recrystallized from
water, m.p. 152.500., % carboxyl ground found to be 61.53%,

theoretical 61.63%.
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Trimethylol ethane (2 ~ hydroxy methyl - 2 = methyl - propane - L.
3 - diol) was obtained from Eastman Kodak Co, and purified by - |
two recrystallizations from 50/50 acetone/water mixture; m.p. 201‘0.,
analysis gave 42.42% OH. theoretical 42.45%, )
Diomethoxytetraglycol (1, 2 - Bis (2 - methoxyethoxy) ethane)
which is used as a diluant, was obtained from Eastman Kodak Co.
and purified by distillation, b.p. 167 C./5 cm. Hg.
The reaction mixtures are made up by accurately weighing out
finely ground acid and polyol and intimately miﬁing these in a
mortar, this batch (~4g.) is then uged for the whole of the kinetic
rung for that proﬁortion of acid to aleohol. The gauivalence of a
mixture is caloulated from the lmown weights of acid and alecohol,
and checked by acid-base titration of samples from the batch. The
.equivalence, E, 1s defined as the rat;o of moles of ~COOH to moles
of -CH in the mixtufe. The symbols ,C, and 0, dencte the concentration
in moles/g. of ~OH and of ~COOH respectively; thus, E= G,/ C..
The gxtent of reaction (f) 15 defined as the fractional conversion
of hydroxyl groups when the acid is in excess in a mixture, and vice .
versa, i.e. whenE> 1, f= f .= g ; and wvhenE <1, f=4,, = £

We have that o
f =ER - | (D)
ad po= %oy B (7.2)
g = (3 + 02) : o (7.3)
7.5 Erogedurg

The reaction vessel is shown in fig. (7.lc). An accurately
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weighed amount ( ~100 mg) of the reaction mixture, together with
the magnetio stirrer, is placed in the bottom half of the reaction
vessel which is then gealed off at point C. It is then sealed to
the pressure transducer and connected to a vacuum line (via the
side arm B). A heater is wound around the transducer asgembly and
the top half of the reaction vessel and this seoﬁion baked af 200°C.
under a high vacuum ( <10ﬁ;mm. Hg) for several hours (usually
overnight). The heater is then removgd and the gystem flushed
with argon before the break seal (S) is broken. It 1s necessary to
have a pressure of ~50 cm, Hg of argon in the system when bresking
the seal (S), otherwise the gas rushing out of the lower part of
the reaction vessel carries with it aéme of the reaction mixture
which may then be deposited in the side-arm., The whole system is
now punped down to ~10  mm. Hg and left for several minutes before.
being filled with argon to a pressure of 5 mm. Hg and being sealed
at point B, It was found that if the break-seal (S) was not
"incnrporated, gome of the monomer was lost during the long pumping
period, leading to irreproducible results.

The thermocouple (T) and heater are now placed around tﬁe vessel
and also a thermocouple is strapped to the Yransducer. The top part
of the assembly is pre-heated by means of & heater wrapped around
the plug to which the transducer-reaction vessel agsembly is attaohed;
The complete apparatus is then lowered into the furnace. The lower
part of the reaction vessel is cooled by thé water spray (W) until

the transducer has reached thermal equilibrium (recorder reading
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constant) and then rapidly heated (in undger 1 min.) to 17500.
Zero time‘ia taken to be the time at which ﬁhe reaction vesgel o

melts, this coinciding to a pressure increase displayed on the

recorder. The proportional controller maintéins the reaction‘

vessel at 175.0° +0,04°C. A button magnet is brought directly

underneath the vessel and rotated at 65 r.p.m. in order to stir

the reaction mixture. The reaction is observed through a window

(1" x 1) in the block with the aid of a telescope. During the:
initial part of the reaction the melt is seen to bubble vigorously;
a8 the reaction proceeds the melt becomes mére viscous and the
bubbles take longer to rise. The gel point is taken to be the point
at which the bubbles cease to rise and the melt remains a 'blown-up'
visco-glastic solid; however at this point the stirrer then oscillates;
but it is obaerved that the oscillatory motion 1s transmitied
throughout the whole of the gel. The difference in conversion from
the observed gel point and that at which the stirrer becomes
gtationary is —Vi%. Figure (7.5) shows the recorder trace for a
typical run. The initial fluctuations' in the output are dus to the
cooling of the reaction vessel before the transducer reaches thermal
equilibrium, - The boost heater to raise the temperature of the reaction
vvessel to the furnace temperature was switched on a blip 4. The .
reaction starts at blip B on the trace, which corregponds to the
reaction vessel attaining a temperature of 175 C. and the reaction
mixture melting. The insert shows that part of the trace at which
gelation occurred and illustrates the smooth transition through this
reglon. Blip C denotes the point (taken to be the gel point) at
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which the bubbles in the melt ceasge to rise,‘and blip D corresponds
to the point at which the stirrer becomes stationary.

The reaction vessel is left in the furnace for s perio& of
10-15 times the gel time before the apparatus is removed. When
the resctlon vessei has cooled, it is out open at point A on the
caplllary side arm and the volume measured with a gas burette.
The gas burette consists of a bulb of kmown volume (previously
calibrated with mercury) which has a tap at each end. The burette
is connected to the reaction vessel via the capillary éide arm and
the whole system evacuated, the pressure being recorded with the
transducer. The tap (&) nearest the reaction vessel is closed and
the burette allowed to attain atmospheric pressure before the tap (B),
is closed; tap (4) is new opened and the new .pressure of the system
recorded. This procedurs is repeated about 8 times.

let V; be the volume of the reaction vessel together with that
of the connection with the gas burette up to tap (4), and Vz.be the -
volume of the gas burette between taps (A) and (B). If P, is
atmospherio pressure and P; the pressure of the system after 1

increments of gas have been admitted:-

RV, +BV, =P, (v, +V,) (7.4)

or letting V,/V, =V . - (7.5)
1 1-¢

B, =P = (B =P,V (1+7V) (7.6)

thus a plot of log (Pw - Py ) against i has a slope of log (V/(1 + V)),

and kmowing V, and the volume of the connectlon from the gas burette

¥
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to the reaction vessel, the required volume of the reaction vessel
can ezsily be calculéted. A typleal volume calibration plot
is shown in fig. (7.6).
The reaction vegsel volume together with the known mass of
stariing material is used to caleulate the theoretical pressure
in the reaction vessel that would be attained if the reaction
proceéded to 1007 conversion. Thus the extent of reaction can be
presented as a function of time. The volume of the reaction vessel
used in this work is ~40 c¢.c., and using ~ 100 mg. of reacilon
mixture this corresponds to a maximum pressure of ~500 mm. Hg at 17500.
The concentration dependence of the gel point due to ring
formatlon is investigeted by measuring the gel polnt of mixtures of
polyol and acid in the presence of an inert solvent, dimethoxytetragiycol.
The procedure ig as outlined above, except that the transducer is
not used. The reaction vessel is sealed as before to a bulb so that
the final volume is ~50 c.c., after evacuating, the epparatus is
filled with argon at ~20 cm. Hg. The run is performed in the same
manner using the proportionai controller to maintain the'correct

temperature of the reaction vessel, At gelation the apparatus'is
removed from the furnace and quickly quenched to freeze the reaction.

The bottom part of the reactlon vessel is cut off and placed in a
flask containing 50 ml. of SQ/SOIethanol/benzene mixture. This
golution is refluxed for 15 hours before cooling. The contents of
the flask are now titrated for carboxyl groups with /10

tetrabutylammonium hydroxide in isopropancl to a phenolphthalein end
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point. This value of the carboxyl content immedistely gives the
extent of reaction. It is found that sodium or potassium
hydroxide lead to the precipitation of a polymer salt and hence
fading end points. The only other solvent found suitable for these
polyesters was dimethyl formamide, but partial hydrolysis of

this solvent leads to irreproducible regults. If the reaction is
allowed to continue past the gel point, substantially only the sol
fraction will be titrated, hence care must be taken fo gtop the
reaction at the onset of gelation,

This titration technique was also used to check the calculation
of the exbent of reaction as measured by the transducer. The runs
were performed with the transducer, but the reaction qguenched at
some time before gelation and the reaction mixture titrated.

The calculétion of the dilution of the system necessitated the
determination of the demnsity of the polymer and solvent at 175°C.
The density of dimethoxytetraglycol was found using a specific
 gravity bobtle to be 0.9928 g./ul. at 17.5° and 0.8396 g./ml. at 175 C.
2 density gradient column was set up in order to measure the density
of the polymer. A series of glass floats (containing nickél to
make them magnetic and manoeuverable) ~1 mm. in diameter were
conssructed with densities in the range 0.9 - 1.5 g./ml. Each float
is calibrated by measuring its balance point in liquids of known
densities, so that its density is known to t 0.00001 g./ml. The
method of consiruction of these floats is described in detail by
Dobson (1965). in equivalent mixture of FE/AA was reacted to

gelation and the density of this polymer was measured using the
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dengity gradient tube in the temperatu&e range'l5a - 9500., as
shown in fig. (7.7). Extrapolation of this plot to 175°C. gives
a figare of 1.095 + 0.005 g./ml., for thé density of this polymer.
The density of the monomers was measured in a simple dilatometer

conéis%ing of a bulb and a precision capillary tube. The volume of

the dilatometer, calibrated with mercury, was ~ 0.5 cc. The
density of adipic acid was measured in the range 170" - 220’0. and
at 175 C. is 1.093 g./cc., the change in density in this range is
-0.0008 g./cc./ C. Similarly the density of trimebhylol ethane
Qas extrapolated to a value of 0.960 g/cc. from measurements in
the range 210a— 260°C. in which the dengity change is -0.00074 g/cc./‘b.
Owing to decomposition it was only possible to measure the density
of penteerythritol at just above its melting point, i.e. at 260°C
it was found to be 1.08 g/cc, Assuning the same density temperature
coefficient as trimethylolethane the extrapolated value at 175 C. is
1.14 g/ce.
7.6 Results

Preliminary work was aimed at measuring the kinetics of
etherification of pentaerybthritol. This reaction was catalysed with
p-toluene sulphuric acid and studied in the rangs 195’- 230°C. This
single component polycondensation is, of course, easier to treat
statistically than a two component gystem, It was observed that
although runs performed under identical conditions were reproducible,
however at different catalyst concentrations and different temperatures,
the gel points were not at the same fractional conversion. The reaction

products were always coloured dark brown and bhad a characteristic
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odour. It was also observed that when the reaction was allowed
to continue for many times the gel time, the pressure in the system
did not level off at a pressure corresponding to 1007, but continued

40 increass.

‘

" When pure pentaerybthritol is heated at temperatures above
200°C. in vacuo it was found that it slowly decomposed evolving
‘gases with a mean molescular weight of 32, and no gelation was
observed, although the final pressure corresponded to an extent of
reaction, based on the assumption that etherification was occuring
and only water was being evolved, of greater than 100%. The
products of this reaction had the same colour and characteristic
odour as those of the catalysed reaction. Mass spectra and Infra
red snalysis of the prqducts of this décomposition reaction showed the
presence of aliphatic saturated and unsaturated aldehydes (e.g.
acetaldehyde, «-mothyl acrolein). This preliﬁinary work showed that
pentaerythritol was thermally unstable above 200 C. and unsuitable
for etherifica?ion gtudies which require higher temperatures than
polyesterification reactions. As no gelation was observed in the
‘uncatalyeed experiments, it cannot be assumed that etherification is
the primary reaction in this thermal decomposition df PE. The ;
presence of carbonyl groups in the reaction products shows that
C - C and C ~ O bonds are being broken, and this will have a
pronounced effect on polymer chains and hence will cause a delay in
gelation in the catalysed polyetherification reaction. In preliminary
work in these laboratories, this delay had previously been atiributed

solely to intramolecular condensation.
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These studies were a natural prologue to the investigation
of the polyesterification reaction, and showed that at 175°C. the
rate of etherification of PE catalysed by acids can be neglected |
in comparison with the rate of esterification. Runs performed
with pure pentaerythritol, adipic acid, or trimethylolethane all
showed negligible increase in pressure in the apparatus when left for
periods of a day (the maximum time any polyesterification run was '
studied) at 175 C.

As a check on the method of measuring pressure to calculate
the extent of reaction, s series of runs were performed in which the
mixture was quenched at varying extents of reaction before the gel
point. The reaction mixture was then titrated for carboxyl groups
(section (7.5)). The extent of reaction calculated from the 7
pressure reading and from the titration is compared in table (7.1);
the excellent agreement shows that the pressure technique can‘be

used with confidence for following the course of the reaction.

TABIE 7,1

Comparison of conversions as measured by transducer and titration.

Method . Extent of Reaction (f)

pressure 0.235 0.478  0.537  0.610  0.624 "
$itration . 0.236 0.482  0.540  0.608  0.624°

(* gel point)
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To test the reproducibility of the experiments, two mixtures

of the same equivalence were prepared and the rate curves (extent
of resction (@) againgt reduced time - gel time taken to be unity)
of these mixtures at 175 C. were virtually identical (fg. (7.éa, b)).
Ancther run was performed at 170°C. and the kinetic curve (fig.
(7.8¢)) was again superposable on the plot for the same mixture

at 175°C. (£ig. (7.8a)).

Various experiments were performed to confirm that under the
experimental conditions used the polyesterifiéation is kinetically
controlled, i.e. that the backward rate constant is negligible.

By increasing the quantity of startihg material in the reaction
vessel the pregsure of water vapour in the gystem at any stage of
the reaction is proportionally increased above the normai conditions.
Doubling the amount of starting material left the rate curve
unchanged (fig. (7.9a, ¢). A series of runs were carried out in
which varying amounts of water were added to the system before the
reaction vessel was sealed off., Even when the initial water vapour
pressure is similar to the maximum pressure in the normal experimente
(4.e. ~50 em, Hg), the kinetic curve is still superposable on the
mean rate curve for that mixture (fig. (7.9 b, e¢)). 4 similar
experiment with an equivalent mixture (E = 1) of TME/AL at 175°
-with an initial water pressure of 32 cm. Hg is compared with the

mean of the kinetic data for the same mixture under normal conditions

in table (7.2).
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TABLE 7,2

Comparison of conversion/time data for an equivalent .
mixture of T™ME/AA at 175°C. TME refers to mean of
4 runs performed under normal conditions (see table

7.6), TME/W refers to a run with an initial water
pressure of 32 cm, Hg.

TIME CONVERSION (4)

' TME T™E/W
0.05 0.0% 0.105
0.10 0.191 0.211
0.15 0277 | 0.289
0.20 | 0.350 0.361
0.30 0.459 0.465
0,40 0.535 0.540 -
0.50 0589 0.593
0.65 : 0,647 0,650
0.80 | 0.685 0.686
1.00 - 0.719 0.721
GEL TIME L
(mins.) 58 60

From these results it 1s assumed that under the normal
_experimental conditions used in this work (section (7.5)), the

polyesterificatidn is irreversible up to the region of the gel
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point. The forward reaction canndt be driven to 1007 conversion

(see below) in a reasoneble time, but this is attributed to

the onset of diffusion control when the free functionalities
attached to the gel become isolated from each other, rather than
~to irreversibility. |

A series of runs (between 3 and 6) were performed under normal

conditions with esch of 5 different mixtures of PE/AA and 3

mixtures of TMB/AA, all at 175.0°C. The experimental conditions,

gel point data and final conversions of these runs are summarized

in table (7.3). in arithmetic mean of the gel point and gel time
(and standard deviations) for each mixture, which wili be used in
the subsequent analysis (aection (8.3)), is shown in table (7.4).
Since the main interest lies in the region up to the gel point,

in order to compare the kinetic curves of each run of a given
mixture, a series of points ( ~100) was taken from the recorder chart
for each run. A polynomial was fitted to these points on a computer
and this polynomial was then used to calculate the extent of reaction
( Pealc) at 50 fixed intermediate reduced times (the gel point

being as always at time unity). The difference between the experimental
and calculated extent of reaction at the observed time values is
gshown in fig. (7.10) for a typical run. The mean of the calculated
extent of reaction for each run at these 50 time values was used to
éonstruct a mean kinetic curve for each mixture. The kinetic data
of each run are tsbulated in Appendix E, whilst these mean curves

-are presented in tables (7.5), (7.6). The extent of reaction of a



Run No.

PE/1
. PE/2
PE/3

PE/5
PE/6
PE/7
PE/8
PE/9

PE/10
PE/11

PE/12
PE/13
PE/14
PE/15
PE/16
PE/17
PE/18
PE/19
PE/20.
PE/21
PE/22
PE/23

Equ iv.

1.00
1.00
1.00
1.00
1.00
1.00
0.50
0.50
0.50

0.75
0.75

0.75
1.50
1.50
1.50
1.50
1.50
1.50
2.00
2.00
2.00
2.00
2.00

Prax
(mm. Hg)

TABIE 7.3
Summary of experimental data, 17500.

Gel time (g)
(mins.)

Gel conv. -

Pentaerythritol/Adipic acid

466

580
528
518
695
514
560
547
521

500
604

521

465
462
472
527
570
517
470
414
462
478
442

38.0
35.0
30.0
28.0
34.0
35.0
112.0
119.0
133.0

40.5
41,0

4l1.5
31.0
36.0
38,0
33.0
34.0
38.0
46,0
53.0
54,0
58.0
63.0

0.634
0.624

0.622 .

0.625
0.619

. 0.617

0.796
0.801
0.809

0.683
0.679

0.676

0.742

0,719

0.741
0.730

0.744
0.743
0.877

0,866

0.872
0.862
0.860

Final Conv,
(time 5 20tg)

0.93
0.87

0.89

0,90

0.87
0.91
0.89
0.88
0.93
0.93

0095 ’

0.94

0.96

0.93
0.97
0.95
0.96
0.92
0.98
0.98
0.94
0.93
0.93

. 130,
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TABLE (o)
Run No. Equiv. Ppgx Gel time (tg) Gel conv. TFinal Conv,
(mm. Hzg) (mins.) (time >20tg)

Trimethylolethane/Adipic acid

TME/1  1.00 486 - 55.5 0.717 ' 0.88

TME/2 1,00 510 60,0 0.718 0.89
TME/3, 1,00 607 57.0 0.719 0.90
TME/4 1.00 544 58.0 0.723 : 0.89
T™E/5 0.67 553 124.0 0.863 0.97
T™E/6 0.67 497 112.0 0.854 0.96
TUE/7 0.67 488 115.0 0.850 0.96
T™E/S 0.67 510 118.0 0,862 . 0.97
TME/9 0.67 . 503 108.0 0,862 0.96
T™ME/10 0,67 470 135.0° 0.856 0,95
TME/11  1.50 504 71.0 © 0.872 0.97
mE/12 150 503 86.0 0.860 0.96
™E/13  1.50 496 87.0 . 0.866 0.95
T™E/ 14 1.50 479 80.0 0.869 0.97
TME/15 1.50 523 73.5 0.870 0.94

TME/16 1.50 499 68.5 ’ 0.872 0.92
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TABLE 7.4 .

Gel point data, 175°C.
Pentaerythritol/Adipic acid

Equiv. (E) Random (") Conversion (£ ) Time (ming.)

0,50 0.816 0.802 (+0.006) 111 (+8,0)
0.75 0.667 0,680 (+0.001) 41 (+0.5)
1.00 0.577 0,623 (+0.006) 33 (z1.5)
1.50 0.707 0.737 (+0.010) 35 (33.0)
2.00 0.816 0,867 (#0.007) 55 (+6.0)

Trimethylol ethane/Adipic acid

0.67 0.866 0,858 (+0.005) 119 (+2.0)
1,00 0.707 0.719 (+0.003) 58 (+ 10)
1.50 0.866 0.868 (:0.005) 78 (48.0)

representative run from each mixture of PE/AA and TME/AL is tabulated
up to 20 times the gel time in table (7.7), (7.8).

Al;hhough points can be read off the recorder chart to +0.1 mm,
eorresponding to +0,00(R in 'Q‘“P » the error of + 1 mm. in both the
initial zero point and in the gel point leads to an estimated
experimental error of. :0.064 in the absolute values of the extent of

reaction ( ﬁuf ).
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Mean kinetic data up to the gel point (tiﬁe unity) for PE/AA at 175°C.

TIME

n.00
0.01
" 0.02
1 0.03
0.04
0.05
D|06
0.07
0.08

0.09.

0.11

0.12

0013
0.14
0.15
0.1¢
017

0.18

0.19
0.20
0,22
0.24
0-26
D.28
D.3n
0.32
0.34
0.36

© 0.3R

"0.40

0.4?

0:44

0.46

0.48

0050

0,53

0.56

0.59

0.62

0.65

0068

0.71

0.74

Dl77

0‘80

N.Be4

0088

0.92

D.96

1.00

0.50

0.0001
0.0471
N.00328
fl413R2
f.1705
0.2175
N,2523
0,2841
0.3133
0.3401

0.3649

0.3878
0.4001
N.4290

N,4476

N.4650
il.4814
0.4967
0.5112
N.5246
N.5376
0.5611
n.,5820
N.6006
0.6172
0.6320
0.6570
0.6678
N.6775
0.6865
N.6949

n,7097

0.7400
Ne71A9

: 0'7234

0.7323
Ne7404
0.7476
N.7541
N.76n1
N.7655
0.77n6

0.7754.
N.7708; °
"0.7839"

0.78R5
Ne79023
00,7959
0.,7904

Ne8OP4.

TABLE 7.5

0.75

0.00N0
f.0100
n.0377
N.085A%2
N.0744
00624
0.14n2
N.1272
N.1439
. 0.1600
‘001755
; 001905
0.2049
Ns21R9Y
L N,2304
. N.2455
c Na25R83

N.2707

NePR27
- 2044
i n.30R6
0.3275
0.34R0
Ne36738
03883
0.40738
N.4183
0,4335
N.4479
N.46106
0.4747
N.4871

N.49RE "

0.5100
0.5205
0.53n05
. 0.5445
| 0:5577
I D.5701
T 0.5817
N.5976

N.6026"

Ne6119
0.6206
N.62RO

EQUIVALENCE (E)

1.00

6.00n0
NaN14§
feN2R1
0.0420
f.0555
NeG6RY
0.0817
n.noab
n.1p72
Nelicd
1374
0.1449

. 0 -1572

0.16Q4
NJ1814
0.1031
N.2046
Nn,2157
0.2246
0.2372
N.2475
N.2673
N.2RA2
NeR042
0.3214
N.3379

0.3536

0,6367 -

H.64al
N.6547
N.6636
" 0.6715
L 0.6797

0.36R86
0.3R29

N.30ad

f.4002
Ne4214
Ne43IRD
Ne4439
N.4544
N.4b44d
Ned7R7
0.4921
f.5048
N+H1AE
NeB281
0.53R7

0054“&

D.55R0
N.5670
0.5756
N.5866
N.5669
0.60A5
0.6156
N.6234

150

0.,0000

0.0183
N.N322
NeNd4nl
0.0639
f.0706
0.DORE
06,1106

0.1257

D.1406
Nn.1551
N.1604
N.1834
Ne1972
i.2107
00,2240
n,2370
N.2408
0.2695
N.2748
0.2870

0.3106

0.3333
N.3551
N.37R9
N.3658
N.44149
N.4331
0.4504

T0.4669
0.462%

n.511¢2
0.524%4
N.5369

. N.54R8

nN.5657
0.5816
0.5947
N.6111

n.6247

N.6375

‘ N.k405

N.66N06
0.6711
0.6810
N.6936
D.7056
0.7166
0.7248
0.7367

134.

2,00

{
i 0.00600
: D.n?q4
; 0.0503
f NeN748
N.N903
n.1237
D142
D.1726
0.1067
n.22n4
N,2435
i N.26A0
| N.PR78
N.30R8
0e3200
F hel4p4
N.3670
P N.3850
N,40923
N.4400
D.4352
N.46410
0.4646
N.5219
0.5470
D.57n2
N.5945
feAl11
Ne.6201
N.AASH
0. 6614 7
C N.AT7BG
" N.6B0E
Ne70P4
; 0071431
- 0.725¢
"NeT744L
N.75638
0D.76R3
N.78n4
N.7914
N,Rp014
0.R1N3
. R1R5
DeR2AZ
N.AI34
N.R4&10
N.R400
: 0.R5A4
10.8624
. 0.8675

1
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TABIE 7.6

~ Mean kinetio data up to gel point (time unity) for TME/AL at 175°C.
. TIME EQUIVALENCE (E)
0.67 1.00 - 1,50

| 0,00 0.,00n0  0,0000 | 0.,0000

L 0.01 N.047L = 0.0105 0.0381
0.02 N.,0035 NeN3aY 0.0761
0.03 Ne13R0 0,0581 | 0.11929
0.04 N,18n2 0.0774 | - 0.,1481

F'9.0% 0.2108  0.0945 | D.1816

S 0.06 n.2571 0.1157 0.2134
0.07 0.2948 Na1347 | 0.2436
0.08 0.3243 0.1526 ' 0.,2795
0.09 N.3546 N.1723 ' 0.3000

S n.10 n.3827 0.19n08 . 0.3244
0.11 N.40R9 0.20R9  0.3516

.12 0.4332 | D.2246 0.3757
0.13 N.4558 = 0.2439 0.3986
0.14 0.4768 3 0-26”7 ; 0-4205

S 0.15 N.4943 0.2770 ° 0.4413
0.16 0.5144 029927  0.4610
0.17 Ne5312 | D.3079 . D.4797

t 0-18 0.5470 =~ﬂ.3295 g 0.4973
.D.19 N.5617 "0,3345 | 0.5140
D.20 N.5764 . N,3409 | 0.5268
0.22 N,A0N4 % N.3752 | 0.5589
0.24 0.6225 - D.3984  0.5R49
0.26 N.6420 '+ N.42n0 | 0.6085
0.28 0.6503 * N.4309 ! 0,6299
N.30 0.6747 | N.4588 0.6493
0032 H 0-68g4 . 004750 0.6671

0.34 0.7008 © 0.4924 i 0.6833
0.36  0.7120  0.5076 | 0.6981
0.38 N.7228 . 0,5219 | p.7117

0.40 0.7319 : 0.5351 | p.7241
©0.42  0.7407  0.5475 | 0.7355
0.44 0.7489  0.5500 | 0.7461
0.46 N.7565  0.5607 | 0.7559
0.48 0.7625 ' N.5709 | p.7650
0.50 0.7700  N.5894 | n.7736
C0.53 . 00,7789 | 0.A029 | 0.7854.
U 0.56 n.7870 0.6153 0.7959
: 0.59  D.7947 0.6247 0.8051
0.62 0.8020 ' 0.6371 0.8132
0.65 D.ROR7 | D.h440 0.82n2
0.68 N.8145  N0,6554 0.8245
0.71 0.8105 ! 0.6636 | 0.8321
0.74 0.8241  D.6712 0.8373
0.77 DeB2R7 '~ D.BTRS De8421 .
D.80 N.8336 | N.6848 0.8466
0.84 N.8309 0,692 | 0.8521
0.88 0.8449  0,7000 . 0.8570
0.92 D.8407 ' N.,7048 | 0.8609
0196 018533 E n¢71?7' '008646
1.00° 0.8579 | 0.7191 | 0.8682

W A sm e




TABIE 7.7

Kinetic data for mixtures of PE/A&, 175°C.
(GEL TIME at time unity)

Equivalence (E)

Gel Time (mins.) .

TDE
0.05
0.10
0.20
0.30
0.40
0.50
0.65
0.80
1.00
1.10
1.25
1.50
1.75
2.00
2.50
3,00
4.00
5,00
6.00
8.00
10.0
12,0
15.0
20.0

0.50

(PE/8)
119

0.215
0.352
0.529
0.629
0.684
0.721
0.758
0.782
0.801
0.807
0.822
0.836
0.843
0.854
0.860
0.864
0.871
0.874
0.876
0.877
0.877
0.877

0.75 1.0
(PE/11)  (PE/3)
a4l 30

0.075
0.151
0.287
0.393
0.474
0.532
0.592
0.636
0.679
0.69%
0.720
0,748
0.773
0.790
0.820
0.834
0.864
0.899
0.915
0,931
0.939
0.943
0.945
0.946

0.065
0,129
0.246
0.336
0.410
0.466

1 0.530

0.576
0.622
0.638
0.667
0.695
0.721

0,743

0.773
6.790
0.822
0.841
0,852
0.866
0.877
0.884

0.887 .

0.888

1.5
(FE/18)
34

EXTENT OF REACTION ( ﬁuﬁ)

0.074
0.147

© 0.403

0.489
0.556
0.631
0.688
0.744
6.764
0.792
0.829

0.851

0.869
0.889
0.9
0.912
0.917
0.918
0.919
0.920
0.921
0.922
0.922

1%.

2.0
(PE/21)
54 ‘

0,130
0.247
0.435
0.572
0.661
0.725
0.793
0.839
0.872
0.885
0.899
0.912
0.922

-0.928

0.932
0.935
0.938
0.939
0.940
0.942
0.943
0.943
0.944
0.944
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Kinetic data for mixtures of TME/AA, 175°C.
(GEL TIME at time unity)

Equivalence (E)
(Run No, )
Gel Time (mins.)

TIME
0.0
0.10
0.20
0.30
0.40
0.50
0.65
0.80
1,00
1.10
1.25
1.50
1.75
2,00
2.50.
3.00
4,00
5.00
6.00
8,00
10,0
12,0
15.0
20.0

0.067
(TME/10)
135

EXTENT CF
0.221
0.387
0.577
0.676
0.733
0.771
0.809
0.636
0.856
0.864
0.873
0.888
0.896
0.9@
0.909
0.919
0.927
- 0.935
0.944
0.946
0.947
0.94%7

1.00 1.50
(TME/2) (TME/16)
60 68.5
REACTION ( g,,,)
0. 081 0.190
0.164 0.340
0.322 0.533
0.446 0.647
0.534 0,722
0.592 0.773
0.650 0.825
0.687 0.851
0.718 0.872
0.733 0.876
0.758 0.883
0.773 0.887
0.791 0.891
0.803 0.894
0.832 0.897
0.843 0.900
0.852 0,904
0.859 - 0,907
0,865 0.909
0.876 0.911
0.884 0.913
0.890 0.915
0.893 0.916
0,894 0.916

137.
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The results of the dilution experiment§ in which the gel point
conversion is méasured by titration (section (7.5)) as a function
of the volume of the system are presented for the PE/AA system in
table (7.9) and for the TME/A4 systen invtaﬁle (7.10). The dilution,

D, of the reaction mixture is defined as

D = solvent vol. + polymer vol. o (7.7)
polymer vol,

In ‘fig. (7.11), (7.12) the values of $ are plotted against D
and the least squares line through these points is extrspolated to
zero volume (D = 0). The value obtained at D = O is the critical
extent of reaction (&) in the absence of cyclization and is compared
with the random value (eq. (2.38)) in table (7.11) together with the
standard deviation of the obgerved 4§ from the least squares line and

the coefficient d; of the equation for this line which takes the form -

£ = K+dD . (7.8)
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TABIE 7.
PE/A& dilution results, 175 C.

Equivalence Coy X 10° D . 8
(E) ~ equiv./g. (eq. (7. 7)) ¢
1.0 9.34 1.00 0.624
1.0 8.47 ' 1.13 0.635
1.0 6.97 ‘ 1,44 0.640
1.0 . 6.28 1.64 0,644
1.0 6.21 | 1.66 0.653
1.0 5.88 1.77 0.673
1.0 , 5.13 2.07 0.690
1.0 474 2.26 0.696
1.5 6.96 . 1.00 0.741
1.5 . 5.25 1.43 ‘ 0.777
1.5 5.23 : 1.43 0.759
1.5 4.36 ~ 1,78 0.805
1.5 4.18 1.87 0.805
1.5 4.06 1.93 0.796
2.0 5.55 | 1.00 0.868
2.0 5.6 1.13 : 0.878
2.0 4,86 1.19 0.914
2.0 a7 .21 0.888
2.0 4.71 | 1.23 | 0.890
2.0 4,19 1.42 0.908
2.0 3.96 ' 1.52 0.938

2.0 3.65 - 1.68 0.918



. Bquivalence -

(E)

1.0
1.0
1.0
1.0
1.0

1.5
1.5
1.5
1.5
1.5
1.5

IABLE 7.10

TME/AA dilution results, 175G,

Co x 10° D

equiv./g. (eq. (7.7}
g.84 . 1.00
7.07 1.33
6.32 | 1.52
5.94 1.63
5.24 1,89
6.68 1,00
5.50 1.28
5.16 © 1.39
4,61 1.59
4.27 1.73
3.95 1.90

TABIE 7,11

140.

0,728
0.738
0.759
0.772
0.775

0.868
0.880
0.889
0.905
¢.910
0.912

Ieast gquares data and extrapolated value of « from

Equivalence

(&)

1,00
1,50

2.00

1.00
1.50

fig. (7.11), (7.12)

PE/AL (£ig. (7.11))

&, dy standard
(eq. (7.8)) deviation
© 0.561 0.059 +0.008
0,670 0.070 +0,009
0.790 0.085 +0,013
TME/AL (fig. (7.12))
0.667 0.059 0,006

0.814 0.054 +0.004

«F
(eq. (2.38))
0.577

0.707
0.816

0.707
0.866
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CHAPTER 8

ANALYSIS OF POLYESTERIFICATION RESULTS

-

8.1 Introduction
It is a sufprising fact that despite their great technological

importance many of the principal features of polyesterification
reactions are unresolved by'the published studies of these processes.
Thus, there is uncertainty on such items as the order of the
reaction, and whether this is markedly dependent upon the medium;
the incidence of equilibrium in the condensation; the possibly
determining influence of the rate of removal of water, étc; The
most complete sﬁmmary of earlier published results is given by
Kichler (1951) in an account which indicates the doubtful aspects.
Many experimental studies on the polycondensation reaction between
dibasic acids and glycols have been reportéd by various authors,
among them Menshytkin (1882), Dostal and Raff (1936), Flory (1937,

1939), Rafikov and Korshak (1949), Colonge and Stuchlik (1950),
Davies and Hill (1953), Tang and Yao (1959), and others, but quite

varled results were obtained.

According to Flory (1937), polyesterification in the absence of a
foreign acid, owing to the catalybic effect of the dibasic acid
molecule, is a third-order reaction, Tang and Yao (1959) attempted
" to show that polyesterification is provoked by the catalysis by
- hydrogen ions. When the dibasic acid and the polyol react in an :

equivalent ratio in the presence of a (étrong) foreign acid, the -
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hydrogen ion derives mainly from the catalyst and the polyesferification
is thus a second-order reaction. On the other hand, in the
"uncatalysed” esterification, the hydrogen ions come from the

ionization of the dibasic acid, and the reaction is a 2%-order

reacti&n. When the acid and polyol react in a non-equivalent ratio,

the order of the reaction is more complicated, but their results
were found to be in good agreement with the hydrogen ion catalytic
mechanism., Tang and Yao (1959) also re-examined the data of previous

workers and they were all found to conform to their proposed -
mechanism,

The kinetic equation derived from this hydrogen ion mechaniam -
has recently been eriticized (Wu, Ling and Ma, 1963) on the grounds
that the equilibrium constant for the ionization of the acid is a
function of the extent of reaction. It was assumed in the derivation
of the kinetic equation that it remained constant. If the dielectric
congtant of the reaction medium decreases as a function of conversion,
the electrostatic forces betwesen positive and negative ions are
increased, and the formation of undissociated acid molecules ig favoured.
In the course of thé polyesterification reaction the disappearance
of polar hydroxyl and carboxyl groups replaced by less polar ester

groups will cause the dielectric constant of the reaction medium to.

' £fall with conversion. Wu, Ling and Ma (1963) estimated the ionization
constant from measurements of the conducti;ity of the reaction system.
They found that the equilibrium ionization constant (Kg) of carboxylie
acid group in the system ethylene glycol/adipic acid at 100°C.

decreased 'by three orders of magnitude in the range 0<f < 0.65, and
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when g > 0.65 the conductance of the reaction é&stem is as small

as that in deionized water. By plotting =log (K.) against the
extent of reaction g, they obtained a linear reaschtion. However a
24-order plot ((1 -ﬁ)'#z va t) ofvdata obtained for the reaction

between ethylene glycol and adipic acid at 140°C. is almost linear
up to ~ 807 reaction, after which there is a slight downward

curvature., Clearly, if K, varies by several orders of magnitude
‘ during the reaction such a plot would have a very pronounced
downward curvature, even at low conversions, and hence 1t must be
agsumed that the hydrogen lon is not the catalysing species for the
uncatalysed polyesterification reaction. This is confirmed by the
.pbservdtion that the oonductivity of the system at high extents of
reaction is extremely small, '

In the next section (8.2) the pentaerythritol/adipic acid results
are analyzed with the aim of determining the kinetic order of the
- reaction. The effect of the non-random contributions to the apparent
order of the polyesterification is discussed. Having fixed the order
of the reaction and'incorporatéd it into the differehtial rate
equations, the linear substitution parameters N;, N, are estimated

in section (8.3) from the concentration dependence of the gel points.
Using these values the cyclization parameter ()\) is found by fitting
the experimentally observed gel points for different mixtures. A4s

a check on the values obtained for thege non-random parameters (Kﬁ,
N,» A), the rate curve is computed for each mixture and compared with
the observed rate curves in section (8.4). Before a final discussion
of the results is given the post-gel model is used to compare the

obgserved conversion at several points after the gel polnt with various
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values of the parameter m which is a measure of the effect of the
network on the cyeclization reaction. 4 graph showing how o increases

with « through the whole of the reaction will be presented in
section (8.5). .
8.2 Kinetic order of polyesterification

For a random cross—linkihg reaction, the rate of the
polyesterification proceés can be written for the ntk-order reaﬁtion
normally comtemplated as _

- a [cooH)/at = k[oH) [coom]” (8.1)
where concentrations are expressed as equivalents of the functionai |
groups. By so eipressing the rate, the complicafions of writing a
separate rate equation for the reaction of each molecular species
with every other are avoided. In adopting this procedure we imply
that the reaction is random, i.e. there are no substitution or
eyolization effects. It has been shown (Flory 1939; 1940) that the
course followed by mono- and polygsterifications are similar, and
the rate constant k does not, therefore, apprecisbly change as the
gize of the rescting molecules increases. Analysis of more exact
data here presented shows that there is, nevertheless, a slight
. dependence of this kind in that at least one substitution parameter
deviates significantly form unity. However, before attempting to
analyse deviations from randomneés, one must clearly test how good
a fit is obtainable, in terms of eq. (8.1), i.e. assuming the random
schemg.

8.2.1 Attempted fitting of random condensation kinetics

Ietting the initilal concentrations'of the carboxyl group and of
the hydroxyl group be denoted by C, and C,/E respectively, [COOH] = C,
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and a = (1 -~ E)/E, and substituting these into eq. (8.1), we

obtain:

-1
-aC/at = k (sC, +C) C"

(8.2)

Assuming no volume shrinkage on reaction, the solutions of eq. (8.2)

for n = 2, 2} and 3 can be written down in terms of the extent of

reaction £ (=

n=2:

(a = o)

(a £ o)

n = 2%:
(a
(a

:o)

> o)

(é < o)

n=3:

(a = o)

(a #0).

(., =C)/C,):

1-£)" =krot +1°

log(l +a (1 - g )*) = kaG,t + log(Ll + a)

(- 4 )-3/7.

=1.5kc)* ¢+ 1

@- 87" s @™ b (- g Vo)

= 0.5 kac,;/" t+1+a

= 0.5anle1 t -1+ 0.5(-8).1/2 J.Og-{

(1- Y =2kt +1

-2

-(1 - /9,_).-‘/2 + 0.5 (-a).l/z log[

= ka'Cr t + a - log(l + a)

(2.3)
(8.4)
(8.5)
tan” (a) ™ (8.6)
1-4)" « (-a)‘/z J
(1-p) - (-a)%
A (8.7)

a(l-£)" = logli+a (1-g)") |

1+ (-a)’ ’
1= (-a)"

(8.8)

(8.5)

The rate curves (Table 7.5, 7.6) obtained for different mixtures

of PE/AA and TME/AA at 175°C. are plotted according to eqg. (8.3) - (8.9)

in figs. (8.1) = (8.5).

These plots are used to determine the order

of the reaction and inspection shows that a second-order reaction can



[ARRRRI

Vi

IARRAREERI

arterrret

B
.

AR RS RRER S}

c

175

0,

UNITS

[RRRRRERTE]

1

= L]
B

o [£3]
- =

: - w -

= R B P

B P ey P ot P e : o

e STt o

ooisa Kanel Evane = +

) SV ORI p— - a

e Eiant Fronk REnad beud eomro = o

- (]

z o

z +3

= [1)]

-

e

T .

i S5benctuny : ©

Sesesorves : R

- b



Thets

13!

LmiTIi
-1

dc.

175

IBRINIB B

.o’

CUMTS
=1

i Ry

rrrie it

Epton utd

TILteTt

ARBITRARY

TME/A4, E

Sy

I AR

]

Trpatrt

R , Kinetic data:

[EERRRRAN

5]

[RRERAS

Fig. 8

Bt




T e T

il

frivesierar

EEEEEE

-2

: SR R ST I HESERS i riwuwu

pikEegull

1 3 ; jeee oS i : eteterss JETSL SN : FReol FLnku Rl o}
DRI D

PR DG DO S
L s Aeaad e

[NEIRREARARE SRARRRERER RR

04

t

: - S [eenats : : SEETEICSERRtSehest. T

AERR}

T

i

I

UTUT
ppheugy

ittty

ST : : Ten - : : . S , s s e o

B B e el ; SEai A : I Py ERs i nantied G B Ehatuhie-d hawm nat T

[RERRERESS

DTN

IR fr=te et §eiTiTIi b ITITIIN Y

ARBITRARY - AR 1T RARY uMITS

3

f.a
0.50, 175 °C.

0.8
PF/AA: (a) E =
(b) E = 0.75, 175°C.

-
-

Titgk

[ 274
Fig. 8.3 Kinetic data



biat

Sresiad

AR z

eI ISR
AR SPeDieui M
adied$t B

(LS Puivnl

R

P

PR eest :

Tt babarty

.u...hﬁyw&[.; Syess

Pl VDT

RN

AR EERE]

by s

PRt

RN SRy o budun

T

T # T

e E et e E LR

AERS EA nand) e BRERE A ! o I EAERE R s e S R B LR SR Y Bt

sLNn ArYLISE Y . SLIvn AyvyLigy y

(b) E =2.0, 175°C. -

PE/AA (8) E = 105, 175000

Z

5

4]
Fig. 8.4 Kinetic data



152,

TITITCe

T pre -
LT

FERERTREYS
i
A

jSepnEpeat
[t as

P

iy

BYist FeTRn st

NORSp s P

i

YyLIg

¥

. TME/AA (a) B = 0.67, 175°C.

Fig. 8.5 Kinetic data




153.

be rejected. However it is not easy to distinguish between a 23~

and 3-order reaction and inspection of the plets for the two
equivalent mixtures (fig. (8.1), (8.2)) shows that the results are

best represented by a random 24-order reaction. This finding

agrees satisfactorily with the conclusion ofTang and Yao (1959) based
on their analysis of other polyesterification data. However, the
degree of £it (linearity) of the 24=-order plot is not within
experimental error. Bven if it were, we would regard it as

fortuitous in view of three independently megégrgble effects which,

in theory, all lower the apparent reaction order. These ares:

(1) The inocursion of cyclization reactions, which are superposed

on the crogs-linking reaction underlying eq. (8.1), and which generally
incréase in rate with overall conversion, since large moiecules,
bearing many pendent free functionalities, afford more opportunity

for cyeclization than small molecules.

(i1) One of the two linear substitution paremeters, that for OH groups,
cﬁn be shown to be significantly larger than unity.

(111) ‘The shrinkage occurring as a result of the polyesterification
reaction should also lead to a measurable increase in reaction rate.
 The first two of these effects can be assessed by gel point measurements
and the third by density measurements, amd they must not be neglected
in attempts to £it the kinetic measurements. It will be shovn (section
(8.3)) that when these three factors are built into the scheme, an.
improved £it of the data 1s obtained, provideq the rats of link
formation is taken to be proportional to LOH”COOH]2 rather than

[or] [coor) * . his £inding contradicts the notion of hydrogen ion .
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catalysis and disposes of thé difficulties agsgsociated with variations, E
discussed in section (8.1), in the ionization constant K,. The
copclusion that the kinetics, when suitably corrected for the three
effects mentioned sbove, are basically third-order, can be checkéd
by examining the initial rates, which are not affected by such |
corrections, over a range of the initial composition E of the mixbures.
Moreover, this examination confirms the plausible surmise made by
earlier workers (Flory, 1939) that the overall order of these
reflects an order of unity with respect to OH and an order of two
with respect to COOH.
8.,2.,2. Analysia of inifial rateg for different compositions E
_ Details of the initial rates of all runs performed on PE/AA
and TME/AA are recorded in Table (8.1), (8.2). The values of d«,/dt
shown were obtained as follows. From each run 100 to 120 points
were read from the pressure/time recorder graph (e.g. Fig. (7.5).
Pressure values were converted to conversion (ﬁ) and a leagst-square
fitting of a linear combination of the first sixteen Chebysher polynomials
were performed. The gstandard deviation for this fitting varied within
the range 0.03 and 0.13% for the various runs, (a plot of the difference
between the observed conversion and the conversion calculated using
the Chebysher polynomial has been given in Fig. (7.10)). For each run . }
the Chebyshey polynomial was used to compute the conversion at.SO 5
intermediste times between zero time and the gel time (taken as time l
unity). Thus at these 50 time points relative to the gel time, a
value of the conversion is obtained for each run. A mean of these

values is used as the representative kinetic data for that mixture.
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INITIAL RATE OF POLYESTERIFICATION

Systen E

PE/AA 0.50

PE/ A4 0.75
PE/AA 1,00
 PE/AA 1,50

PE/AA 2.00

TME/AA  0.67
T™E/aA -~ 1,00

T™E/AA 1,50

A & [at
min™ x 10°

2.08;
. 3.61;

3.10;
3.60;
4.60;
4.,40;
4.,90;
5.70;

2.28;
2.95;
3.7;
3.4
5.1;
5.4;

2.10; 2,17
3.90; 2.85

3.10
7.40

4.30

;3 4.40
3 3.60
4,90;
3 5.10

; 4.20

4.00; 4.30

4.25

2.88

; 2.88

2.68; 2.35

2.8;

4,63

4.7;

3.7

4.1
5.7

Mean 4 «4/At
min~* x 10”

2,12
3-45

4.20
4,58

4,63

2,67
3.40

4.93

S T e g e e e e e o 4 -



TABIE 8,2
Rate Constants from initial rates (Table (8.1))

C 4 . 4 kS

SYSTEM E  equiv/g x10° (equiv/g)™ min™ (equiv/g) ™ min® (equiv/g)™ min™ (equiv/g) min~’
: (from ingredients) (2-order) (23-order) "(3-order) ’ (4~order)
PE/M  0.50 7.09 299 35.5 421 ‘ 5950
PE/AA 0.75 8.44 4,09 44,5 484 © 5740
. PE/#A 1.00 9.34 4.50 46,5 482 5150
PE/AA 1,50 10.4 4,49 43,2 424 4070
PE/AA 2,00 11,1 ' 4,17 ' 39.6 376 3380
TME/AA 0.67 7.51 3.55 : 41,0 ‘ 473 6300
TME/AA 1,00 8,84 : 3.85 40,9 435 4920
TME/A4 1.50 . 10,0 4.93 49,3 493 4930
Mean 4,07 _ 42,6 448 : 5055
-Standard Deviation - 0.56 . 4,01 38.2 910
Standard Deviation/Mean % 13.9 941 ~ 853 . 180

"96T
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(It is this mean kinetic curve that is used for a complete fitting
of the kinetics at E = 1 discussed in section (8.4)). These mean
conversion/time results have been recorded previously in Tables
(7.5), (7.6) for‘the different mixtures‘of PE/AA and TME/A&. The
individual kinetic data for each run, together with its standard
deviation from the mean, are tabulated in Appeﬁdix E.

The initial rates, as shown in Table (8.1), were obtained as
A« /At (where o is the fractional conversion of hydroxyl groups)
from the least squares Chebyshev polynomial at points near the origin -
(p< 0.05) where deviations from linearity are found %o be negligible.

Inspection of the tabulated initial A« /At Valués of replicate
runs shows that their reproducibility is only moderate by general
standards for kinetic experiments. However, as shown in Table (8.2),
the mean values of the sets of (from three to six) replicates are
gufficiently accurate to confirm that, over the range of E values
gtudied, the initial rates are proportional to [OH][COGH]Z, since this
assumption leads to minimal values of the standard deviation shown.

Of the four paramsters k. , N,, N, and N (defined in eg. (8.13))
only the first is comnected with the absolute time scale inheremt in
initial rate measurements. The other three concern the statistical
factors, such as degrees of cyoclizetion, critical conversion, etc.,
which are independent of the absolute time scale. The lack of high
reproducibility in the initial rates at constant E, revealed in
Table (8,1), reflects entirely a lack of reproducibility in kY, dee.
in the absolute time scale. This is confirmed by re-sealing all the

rung so that unit time corresponds to their observed gel times, when
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they become superposable to a very marked degree, see Appendix E.
For example for the equivalent (E = 1) mixture of PE/A4 (Table E.1)
the mean of the standard deviation of the six runs from the mean
rate curve is 0.89%. The use of the gel point as a statistical
reference point is, of course, well known (Gordon and Roe, 1956).

It is not surprising that the statistics of the polycondensation
reactions should be so much more accurately reproducible than their
" absolute time scéle. The statistiecs, for instance, depend on absolute
conversions which are independent of temperature, or traces of
adventitious catalysts, and on ratios of rate constants which are
expected to be practically independent of these same variables. (Thus
)" 1s proportional to the ratioc k, /k; , while the N, are ratios of
rate oonstants referring to the real gnd fictitious 'random' system).

Because of the lack of sufficiently reproducible k: thus broughﬁ.

to 1light, no attempt to f£it runa over the whole range of compositions E

to a gingle set of the four parameters can succeed. The parameters
N,, N, and A‘ would merely écquire fluctuations in their attempt to
balance out the scatter in k. , and thege fluctuations would be large

in comparison with the real deviations of N, and N, from unity and N

from zero, i.e. from the values pertaining to the classical random
reaction scheme. '

Fortunately, ﬁowever, it 1s not necessary to £it a single set of
values of all four parameters to all the rate curves. The broad
conalstency of the kinetic and statistical behaviour having once been
demonstrated over the range of compositions, it suffices to extract the

optimum fit for the central composition, (E = 1). This composition is
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the one which previous workers confined their attention (Stockmayer
1945, Walker and Mackay, 1951), and for which the critical
conversions and gel times are easiest to measure. (Gelation occurs

‘at the lowest conversion and the rate at ths gel point is g'& its
maximum at B = 1, Both these factors benefit the accuracy of
measurement). The broad consistency over the whole fange of E

values is attested as follows:

(1) the assumed.proportionality of the initial rates to [OH] [COOH]Z
gives optimum £it over the whole range (Table (8.2)) and the same
scheme gives optimum f£it to the individual rate curve as-a whole

for E = 1 (see section (8.3) below). A .

(11) The best values for N, and N, from the gel point statistics

over the range of compositions also give the optimum fit to the whole
rate curve at E = 1 for FPE/AA. |

(111) The consistency of the statistical behaviour is attested by the
satisfactory verification of the linear relation linking z to 1e
(figs. (8.7), (8.8), see section (8.3));

(iv) The optimum set of the four pasrameters determined (séction (8.4))
for the mean of the PE/AA runs at E = 1 also £it very closely the
whole kinetic behaviour of the mean of the three runs at E = 0,75

(see fig. 8.11), for which the mean time scale happens to agree
clogely, as is evident from the near identity of the k: valuc_as from

the initial rates (484 and 482 ei;uiv.‘z g:z mi.n" resp., sec Table
(8.2)).

4 S S s e e s+ AN et SRy T e e e s A e -
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8.3 Kinetic eguations and Gel Poinks

A third-order reaction scheme may now be incorporated into the
kinetic rate equations (eq. (4.55)) which may be written for a
polyesterification in terms of a(P; ; )/at and d(,P; ; )/dt, where
'subseript 1 refers to unit 1 (polyol, functionality £,) and

subscript 2 refera to unit 2 (acid, functionality £,):

-1

. e H
-d(,P;; )/at = k:{Nz ky B =N (kg + 1) IPL-i.:i}
ITY, a 2
X <N k> (e (o))

v N 21
* k; 1 {N; ’ k, Py - N ’7 (kg + 1) 1PZ,J"-1}
A 0 -3l
<N iy () for Y mu(e) /(ikQ (8.10)
ixx, .

_a similar expression holds for 4 ( ,_PLJ )/dt in which the subscripts

1 and 2 are interchanged. In eq. (8.10) the parameters are defined as:
N, ¢ linear substitution parameter of type s unit
r4

C; : initial concentration of type s functionalities
in mixture of equivalence E ‘

and
ko= (5 -1-3) , (8.11)
The quantity ' | | e/
Lo, <ks i :I,’t,:'r> [ {i(i - 1) 1P£,:'r> <i(i - 1) 1PL/5F>] (8.12)
L sPyr) <i P> <4 Pigd |

represents the mean number of reaction partners available to a fres
functionality on a type s unit for forming a i-ing of x units.

The initial conditions are

sPs, =13 ,PL&' =0 fori)>O

There are [(f‘1 + 1)f,/2 + (£, + 1)f,/2 + 2.} of these simultaneous

T b e Tt iy e 7 e g e o s v —
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first-order differential equations and a computer program to

solve these by step~by-step integration has been written; the
‘method is outlined in Appendix F.  For a given system the parameters
'fi , £,, 9, and G2 are fixed, leaving us with k! , k5, N, N,
which can be adjusted but which should be constant o{%er a range

of initial E values (polyol/acid retio). A& cyclization paramefer
is defined (e.f. eq.' (4.31))

A= x, /ch ‘cl PRy 4 (8.13)
and thus in eq. (8.10) we are left with three parameters to evaluate
for the system, l.e. Xi Ni, N, , apart from a scaling factor for
_the time t. & v

In order to compare mixtures of different equivalence it is
oonvenienf to refer this cyclization parameter ()\[) to that of the
equivalent (B = 1) mixture, i.e. to a Letting the molar volume
-of the equivalent weight of type s unit be V; we have (assuming ideal
mixing): ‘
| ‘ol =E(v+v,) ‘ol /(Vi+BW) (8.14)
and incorporating eq. (8.14) in (8.13) . |

SECy + %) = Nvi +Bw ) o B)
and thus a plot of /\[ against 1/E should be linear.

A correction is now included into the differential rate
equations (eq. (8.10)) to take into account the volume change in the
system due to reaction progress. This 1s, of course, only a minor
correction but 1t included for the sake of completeness. It will
affect the cfoss-linking reaction more than the cyclization reaqtion
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(the former has a factor (G, ) whilst the latter has a factor ("¢, )).
Accordingly, this correction will have ‘only a small effect on the
magnitude of the cy&lization parameter Xg. Assuming the molar

volume of unit 1 (V,) is the same as that of unit 2.(V,), the

mols frac'biori of unmit 1 is

x, = /(1 + £,F/1,) (8.16)
and hence the molar volume of an ideal mixture at conversion
f (=Bp)is

Wf =V’ « k'(moles of bonds formed)
-] i
=V, =-kf f x, , . (8.17)
Iet there be a fractional contraction g in the volume of the system

at 1007 conversion, i.e.

a N
k', x, = 4V, ‘ . | (8.18)
and defining
k' = ¥, /v, - (8.19)
we have .~ '
k' = u(l+£,/f,) ~ (8.20)

In terms of the initial concentfation (’c: ) of carboxyl functionalities,
we havé'at a conversion.’ﬁ1 ‘

(e )=(%})/ (1-x8/(1+2E/5,)) (8.21)

Working tyrough this treatment with values of thé molar volume

of PE and AA, and of the density of the polymer (section (7.5)) results
in a value of u (eq. (8.18)) of 0.18. & value of x=0.15 (k' = 0.45)
(based on an initial assumption of a 15% conﬁraction) has, however,
been used in the subsequent work in which eq. (8.21) is incorporated

as a factor on the right-hand side of the differentisl rate eQuations

B
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(8.10}3 i.e.

- a (P, ;Vat =k, {Ni'"f k, 1?;,; - N;”:-i (k, + 1) 1}%-:,:'} <szf Ry
Xk (T )/[l-k (<> + <:1>)/(1+7QE/F )]
SR R P - N ) B ]
X <k>(C) Z T (xur’/’"/k kD [ 1=K (<5 + <23)
J(14E/4.))]

It is shown (see Zppendix D) that this shrinkage correction factor k’

(8.22)

has only a small effect on the cychzation component ¢ at constant )\
and the effect of k’ on the rate curve is shown later in fig. (8.10).
The gel point condi'bion 1ls seen from eq. (4 52) to be, in terms
of the SP‘ ; 2 « .
(i1 - 1) P d<i(a -1),P;) =<1 B> < 1 PisD> (8.23)

' Thus by solving the differential rate equations (8.22) until this

condition (eq. (8.23) is satisfied and evaluating o, «,, o,, 0z from

the following equations , :
o =<i4B;) /& | | - (8.24)

s =<3 ®3> /5 4 (8.25)-
the extent of reaction ' ,
B o= K+ oo ‘ . (8.26)

at the gel point may 'be computed as a funcuion of )\ R NL, and N,.

As always the results are presented in terms of fi which is the larger

of )8“ and £ , and we always. have | | 4
ﬁid = E ﬂu . . ‘ (8.27)

The above procedure has been performed (see Appendix F for computer
. {



164,

program) for the cases f; = 3, 4 (e.g. TME and PE) and £, = 2 (e.g. AA)
and the results are summarized in Appendix D,

In order to find the value of the two linear substitution
parameters (N,, N,) the results of the conéentrationrdependence of
the gel points (Table (7.9), (7.10)) are used. The extrapolation
of the plots of critical conversion against dilution to zero volume
gives the value of «. (Table (7.11)), i.e. the critical conversion

- in the absence of oyclization. Thils corresponds to the case )f = 0,
and the value of «. as a function of N,, and N, for this case is
given in Appendix D for different mixtures of polyol to acid. Thus
for each'pgir of values of E and &, a plot of N, against N, can be

" constructed and hence the Intersection of such plots for a given'

“systemlgives an estimate to these paramelers. Such plots are given
in fig. (8.6a) for the PE/AA system and in fig. (8.6b) for the ,
TME/AA system. Unfortunately owing to the scatter on the dilution
experiment results and the long extrapolation (fig (7.11), (7.12))
the value of N, and N, deduced from fig. (8.6) can only be used as a
rough guide to their magnitude and these figures obviously do no%
uniquely determine N, and N . However, these figures make it likely
that in both systems, both linear substitution parameters lie in the

range 0.9 € N, N, € 1.6, whilst 1 € N, x N, € 1.6, A value of

N, > 1 is in agreement with the observation that for both systems the
extreme mixture with excess polyol gels earlier than the conversion
predicted even by the random model without cyelization. Since the
dilution experiments confirm the presence of cyclization reactions

in these éystems this observation confirms not only the presence of

Ees e e e h e | et e remnan e s g o h(n e g fa ey e e R -
. - s i v e — o ks —pimn
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a substitution effect on one of the monomers, but that the value of
the substitution parameter of the polyol (N,) is greater than unity.
(A value of N, gregter than unity corresponds to the favouring of
the formation of branched molecules and hence premasture gelatién). -
Much better estimates of N, and N, are obtained when.the
cyclization parameters }\‘ are calculated from the gel points ('_I‘able
7.4) and the values of I\fi and N, are chosen so that the optimum fit
is oi‘atained to eq. (8.15). Working in the range 0.9 € N,, N, & 1.6
we can take a pair of values of N, and N, and compute ‘the value
of A which corresponds to the observed . 4 plot of A against‘l/E
should be linear (eq. (8.15)) and the ratio of the slope %o fhe |
intercept shéuld give the ratio of the equivaient volume of the acid
to polyol, which has been experimentally measured (section (7.5)).
For the PE/AA system the ratio is 2.3, and for the TME/AA system it
is 1.7. Such plots are shown in Fig. (8.7), (8.8) for the two systems,
and the lines drawn obéy the theoretical relationship based on the
measured ratio of the equivalent volumes of polyol to dcid. The valuss
of }\i as a function of N, and N, to fit the observéd /éc’ are recorded
later in Table (8.3), (8.4). From these plots it is estimated that
for the PE/AA system N, = 1.5 + 0,1, N, = 0.9 + 0.1; and for the
TME/AA system N, = 1.5 % 0.1, N, = 1.2 0.1, |

8.3.1 Check of A ngningt random-flight statistics

The value of Xt from the above fitting may now be used to calculate
the mean bond length from random flight statistics (see section (4.8)).
For a mixture containing one mole COOH and one mole OH, the molar |

volume /COOH functionality is 96.5 cc. for the PE/AA system and 108 cc.



169,

for TME/AA, (the molar volumes of the monomers have been given in
section (7.5)), i.e. the mean volume (V) associated with each COOH
functionality is 160 and 180 A° in the PE/AA and TME/4A system

respectively. From eq. (4.43) we have

1=0.5 /3/7n» [v/),}‘/3 ' ‘ (8.28)

for a random walk which preserves a tebrahedral valence angle. Using
‘values of ¥=11; A = 0,15 for PE/AA, A = 0.14 for TME/AA (see
figs. 8.7, 8.8) in eq. (8.28) give 1 = 1,5 and 1.6 A for the fE/AA
and TME/AA systems respectively. These mean bond lengths compare

favourably with the ¢ - C bond length (1.54 1), bearing in mind that
7 out of 1l bonds in a ring are ¢ - C, whilst the remaining 4 are

C' = O which do not preserve the tetrahedral valence angle.,

Excluded volume effects, which have been neglected in the present
theory, would lead to larger apparent bond lengths (loﬁer A"values).
In.solvent free melts, these effects should bé small, and it is
gratifying that both the POCL,/F, Oy (chapter'6) and the polyol/Ad
~gystems yield.apparent bond lengths from the random flight theory
which agree closely with the actual kmown bond lengths;

8.4 Gomparison of theoretical and experimental rete curve for E = 1

The experimental rate curve (Table (7.5)) for the equivalent
mixture (B = 1) is now compared with the calculated rate curve
obtained by integrating the kinetic rate equations (8.22). These
equations are solved by step-by-step integration (see Appendix F) and
and at each step the value of « and ¢ are calculated from eq. (8.24),

(8.25). For a given pair of N, and N, values the value of N 1ig

adjusted to fit the observed mean gel point Qﬁ), an arbitrary value
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w
of k“ is chosen for the calculation, and this is scaled to it

the observed mean gel time, these two critical parameters have
been listed in Table (7.4). The rate equations (8.22) are solved
up to the gel point (eq. (8.23)) and a least-squares polynomial
(order 8) fitted to the resulting 4, (= (x +¢)) versus time curve.
The value of f is then computed from the polynomial at the same
50 time intervals relative to the gel time as used to tabulate.the
experimental mean rate curve. We therefore know the functional

relationships
£ :
Ay =1tk , A, N, N3 E, t) -~ (8.29)

For each mixbure (E fixed) we have the 50 mean measuremenmts of f,,
as a function of time (t) from which to determine the set of unknown
constants (k’ , &, N,, N,). It is customary to search for that set
of constants that will minimise the error square sum (F):

F=\/(i [ ,’{W - AL T )/50, (8.3)°

l'.tL

The results of thig procedure are shown in Table (8.3).for the whole
range of PE/AA compositions studied for différent pairs of N, and N,
values. |
‘It can be seen from Table (8.3) that for the equivalent (B = 1)

‘mixture the best fit is obtained with values of N, = 1.5 and N, = 0.9 °
which are the ceniral vélues of the range estimated for‘these'
parameters from the gel points. of different PE/AA compositions (section
(8.3)). 4 difference plot of the experimental and caleulated curves
using these parameters is shown in Fig. (8.9). This is, of course,

not the least squafes £it to the experimental curve as we have



TABIE 8
"~ FITTING OF PE/AA GEL POINT DATA

E 0.50 0.75 1.00 1.50 2.00
£ 0.8 0.680 0.623 0.737 0.867
%, (mins) 111 41 35 35 55

N, N, kfe? N Pt kle® AT Fue® kw? AT Fept kIe? X

Fule® komw? A Pt
1.0 1.5 .365 .00 5.88 ,591 108 0.77 .638 .199 2.09 .539 .213 1.50 .430 .310 3.03
1.1 1.3 353 .0% 6.30 565 .114 0.55 .600 .190 1,53 501 .200 0.89 .391 .254 4.03
11 1.5 .326 .06¢ 6,95 526 ,140 0.72 .562 ,218 1,10 .469 .226 0.72 .366 .315 4.62
1.2 15 4294 115 7.96 475 171 1,50 504 .236 0.43 417 240 1.42 319 .320 6.05
1.3 11 .317 .123 7.40 .501 144 1.15 ,525 ,194 0,57 .431 151 1.18 .326 .193 5.84
1.3 1.3 289 144 8.26 .62 175 1,79 486 227 0.44 399 .208 1.82 302 267 6.69
1.3 1.5 4268 162 8,86 433 2200 2.25 458 .253 0.68 376 .253 2,30 .285 326 7.24
1.4 0.9 2327 .44 7.06 511 135 0.94 529 171 0.64 .431 0.94 1.00 .324 104 5.67
1.4 11,290 .167 8.26 .459 172 1.82 480 211 0.47 391 165 1.93 .294 .200 6.86
1,4 1.2 276 77 871 441 187 2,18 462 228 0.68 377 J195 2.30 .283 .239 7.30

105 009 le 0184 7085 0470 ) 0161 1.54 0488 0187 0035 0395 .1% 1.66 0295 0112 6-55

1.5 1,0 .28 ,19% 8,50 .445 ,180 2,03 .463 .208 0.59 376 .16 2,18 .28l ,163 7.18
1.5 1.1 .268 207 9.00 .425 197 2.44 444 227 0,92 .360 178 2.60 .270 .208 7.67
1.5 13 .245 .227 9.79  .393 .227 3.05 414 .259 1,37 .336 .23¢ 3.24 .252 .281 8.44
1.6 0,9 .278 .221 8,54 437 184 2.09 .453 .202 0,62 .366 121 2.24 .273 120 7.24
1.6 1,0 .261 232 9,16 414 .203 2.57 .432 .223 1.00 ,349 .158 2.75 .260 171 7.84
1,6 1,1 248 244 9.66 .396 .220 2,97 .414 242 1,31 ,335 191 3,19 .250 .215 8.32
T 1.6 12,237 254 9,99 .38l .235 3.29° .399 .258 1.57 .323 .220 3.49 .241 .253 &.71

*TLT
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superposed the condition that the theoretical curve must fit the
observed gel point; The experimental rate curve is shown in
Fig. (8.10) together with that calculated from (i) the random
crosg~linking model (N, = N, = 1, A= 0); (ii) the ‘cycliza‘hion
model without substitution effect (N, = N, = 1, A= 0.118), (iii)

the non-random model without the shrinkage correction (N, = 1;5, N, = 0.9,

3 = 0,186, k= 0, and (iv) the best fit obtained (v, = 1.5, N, = 0.9,
i 7
X = 0.187, k' = 0.45). In all cases, except (i), the value of £. and

A were chosen so that the gel time and gel conversion agreed with that
observed; in the random-model curve (i) the value of ke was chosen
5o that the gel point ( &) = 0.577) coincided with the observed time
at which this conversion was reached. These curves illustrate the
effect on the non-random contributions on the rate curve and show that
ﬁhe obgerved curve could not be adequately fittéd without their
inclusion.

The relétivély high value of the error square sum (F) of the
non-equivalent mixtures (Table 8.3) compared with F for the case
E = 1 reflects the low valus of Ao compared with that calculated from
the initial rates (Table 8.2) which must be used to fit the observed
mean gel times. It is because of the lack of sufficient reproducibili’ay
of k¢ (and hence of the gel times) that the kinetic curves cannot be
fitted over the whole range of composition E to a single set of the
four parameters ( }z:, )f, N, N) . For the mean of the three runs
at E = 0,75 the value of /(.: happens to agree closely to 'bh&"h found
for the case E = 1, Fig. (8.11) shows a coinparison of the

' experimen'bél and theoretical rate curves (B = 0.75). This figure also
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shows the theoretical rate curve using the same value of k; as
calculated for the optimum fit to the equivalent mixture (N, =
1.5, N, = 0.9).

8.4.1 Fitting of the TME/AA system

Thé comparison of the experimental rate curves for TME/AA
(Table (7.6)) with the theoretical ones was performed in the same
manner as given above for the PE/AA system, and the results are
summarized in Table (8.4). The central values of N, = 1.5 and
N, = 1.2 obtained from the analysis of the critical conmversions in
" section (8.3) are used as representative for comparing the ratg
curve for the equivalent mixture with the theoretical rate curve,
and this is shown in fig. (8.12), together with the 'random"rate
curve. 4 complete analysis over the composition range is not
attempted Because of the lack of reproducibility of ke as'discussed
in section (8.2).

It 1s concluded frﬁm the analysié of the rate curves of fhe
equivalent mixtures that they could not be adequately fitted unless
’both cyeclization and substitution effects are included in the rate
equation., The rate curves of these equivalent mixtures of PE/AA.
and TME/AA can be Tibted within experimenmtal error with this non-
random model, using the values for the non-random paremeters
(Nl, Nl,)f) obtained by fitting the observed gel points.over'a range
of composition E, .

Table (8.5) lists the calculated values of % and ¢ for all the

mixtures using the values of the linear substitution parameters

that were obtained from the énalysis of the eritical conversions
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TABIE 8.4
FITTING OF TME/AA GEL POINT DATA

E 0.67 1.00 A 1.50

g . 0.858 ' 0,720 0.868

E, (mins) 119 57.6 7777
N, N, K N Fyk? Ky ,\t Fxlo* A G A
1.0 1.4 743 011 2,11 840 .090 3.78 545 .120 3.77
1.1 1.4 668 048 1.44 754 106 2,90 484 127 4,81
1.2 1.4 605 .081 1.25 688" 122 2,17 437 134 5.7
1.2 1.5 586 ,088 1,30 664 ,134 1,94 422 156 6.07
1.3 1,1 651 .091 1.32 722 .09 2.54 455 .60 5.34
1.3 1.3 58 .106 1.34 659 .124 1.84 415 117 6.26
1.3 1..5 541 ,119 1,65 613 ,148 1.38 387 .163 6.93 .
1.4 1.0 643 ,112 1.29 ' 710 .094 2.45 444 034 5.48
1.4 1,1 603 .119 1.26 671,110 2,00 420 067 6.07
1.4 1.2 571 ,127 1.43 640 .125 1.64 401 .97 6.59
1.5 0.9 646 ,130 1.31 7086 ,090 2.52 440 .003 5.39
1.5 1.0 600 ,138 1.24 664 ,108 1,98 414 .1 6,12
1.5 1.1 564 .146 1,46 630 .123 1.55 32 .07 6.74
15 1.2 53 ,153 1.7% . 600 .138 1.23 374 104 7.28
1.5 1.3 510 .160 2.06 576 .151 1,00 360 ,130 7.71
L5 L5 473 .174 2.55 538 .175 0.80 336 .177 8,48
1.6 0.9 606 .155 1.20 666 .103-2.10 413 0Ll 5.98
1.6 1.0 564 ,162 1,40 626 ,120 1.58 389 048 6.72
1.6 1.1 530 .170 1.7 594 .136° 1.19 369 .08l 7.35

1.6 1.2 503 .177 2.14 567 .150 10,93 352 111 7.92
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These values are considered soundly based now that

the broad consistency of the kinetic and statistical behaviour has

been demonstrated over the range of compositions,

System
PE/AA
PE/AA
PE/AA
PE/AA

PE/AA

TME/ AL
TME/AL

TME/ AL

E
0.50 :
0.75

1.00

1.50

2.00

0.67
1.00

1.50

8.5 Pogt-gel model

TABLE 8,5
CRITICAL DBEGREES OF CROSS-LINKING AND CYCLIZATTION

N,

1.5

1.5

1.5

1.5

1.5

1.5
1.5
1.5

Nz

0.9
0.9
0.9
0.9

0.9

1.2

o 1l.2
d.2

£

A

0.184
0.161

0.187 .

0.108
0,112

0.153
0.138
0,104

X, .

0,744
0.629
0.565
0.703

0.832

0.811

0.677
0.836

075

" 0.058

0.051

- 0.034

O-CB5

0.047
0.043
0.032

It is interesting to use the values of the non~random parameters

deduced for the equivalent mixture for PE/AA in conjunction with the

post~gel modsel defvelop.ed in chapler 5 to overcome the divergence,

implied by the model, in the rate of cyeclization at the gel point,

which is not, of course, observed.

A parameter m was introduced

which is the maximum number of ties (lines to infinity) allowed to

radiate from the path between two functionalities if cyelization

between them is to be allowed.

It is again emphasised that this is
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a crude model and is only expected to be of service for a small
degree of conversion after the gel point., Figure (8.13) shows

the rate curve for an equivalent mixture of PE/4A (run no. PE/3,
see Table (7.7)) together with the theoretical rate curve compubed

for different values of m (eq. (5.12)). The systematic deviations

" of the experimental points from the theoretical curve are due to the

fact that the parameters chosen fit the mean of the rate curves
and not thig curve in particular, This figure illustrates that the
observed rate is best represented by a value of the post-gel
cyclization parameter (m) of unity, il.e. a model tha£ prohibits

cyclization between functionalities which have one or more ties

~radiating from the path linking them.

Figure (8.14) shows a plot of ¢ versus « for this mixture and
illugtrates the mamner in which &'increasesvrapidly near the gel
point, i.e. the rate of cyclization increases when there is a large
number of branched structures and correspondingly many functionalities
in a molecule ajailablé for intramolecular condensation,

8.6 Discussion .

The main outcome of this analysis of the polyesterification
data is a justification of the inclusion of non-random terms into
the differential rate equations. The non-random effects are seen -
to mask the order of the reaction leading some workers (Tang and Yao,
1959) to conclude that the uncatalysed polyesterification is

24-order and catalysed by hydrogen ifons. Our detailed analysis

confirms Floryts (1937) conclusion that it is in fact third-order,
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i.e, catalysed by undissociated acid molecules in the ebsence of
a strong acid catalyst. Barly work on the simple esterification
of acetic acid and methanol in the sbsence of a catalyst (Rolfe and -
Hinsghelwood, 1934) concluded that this reaction was catalysed by
undissociated acetic acid. Similarly Willismson and Hinshelwood
(1934) found that. in the presence of an added stroné acid the
reaction is almost exclusively catalysed by hydrogen lons, i.e. a
second-order reaction. We may therefore speculate concerning the
" mechanism of the uncatalysed polyesterification. A simple scheme
conglgts of three steps: _

R’OH + R.COOH & [R)OH.R.COOH] , (8.31)

[R.OH.R.COOE] + R.COOH %> RIGOGR + [R.COOH.H,0] (8;32)_

[ R.COOH.E,0] %5+ R.COGH + H,0 o (8.33)
The only slow step is (8.32), and the rate eque'ati.on is

alog] = - x_ [r{o.R.coon][ R.COOH]
at -

.- k,K[r/on] [R.coon] | (8.34)

The complex R.OH.R.COCH could be hydrogen bonded, l.e.
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H H
\ \
o H Q- H
/ \ / R /< \ /
R—C.. 0—R —+b —c o + X
\0 cel M ‘\ H/ |
\o_.c,.ﬂ o"",C("'R
i .
o Q

Tt is implied in the kinetic treatment (eq. (8.22)) that
the equilibrium constant K of complex formation 1s merely a factor
in both k: and k: and that K 1s truly constant throughout the
reactions in particular, it is assumed that there is no
substitution effect on K itself (eq. (8.31)), but that all
substitution effects are confined to fhe gtep of (8.32). Since
the substitution parameter (N,) for COOH for the cross-linking
reaction is found to be 1.0 * 0.2 i.e. within experimental error,‘
there 1is practicélly no substitubtion effect (Nz =.l), this treatment
is particularly reasonsble for an intermediate complex of form
[.c00] rather than [R’.COOH.R.OH]. Moreover, the seme kinetio
equations would result if the pre-squilibrium concerned the formation
of a complex,'not between R’.OH and R.COOH (eq. (8.31)), but between
two R.COOH, Instead of eq. (8.32), one would then require this
complex to collide with‘R.OH to form the ester and a hydrated.R.COOH.'
This scheme has the advantage that monocarboxyllc acids are known to
form hydrogen-bonded dimers corresponding to just the kind of complex
4‘here required. No further evidence is here presented to discriminate

between the two schemes just proposed.
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In retrogpeot it is a little disgppointing that dilution
experiments have not achieved accuraoy sufficient to uniquely
determine the linear substitution parameters, although the
extrapolated valus of «. could be used to estimate the magnitude
of these effects. The main difficulty arises in experimentally
determining the gel point to sufficient acéuracsu this is
perticularly difficult in the non-equivalent mixtures in which the
gel point occurs at high conversions where the rate of reaction is
comparatively slow due to the third-order reaction. However, the
gel points were satisfactorily analyzed in terms of the three non-
randon parameters (N,, N, and X ) and the magnitude of the
cyclization parameter is in excellent agreement with that predioted
by rendom flight statistics. The value of the linear substitution
parameter (N,) of the polyol, though small (a value of‘Nl = 1.5
.corresponding +t0 a non-random contribution to the aotivation energy
of 360 caia/mole at 175°G., (eq. (3.20), (4.44)) is significantly
greater than unity. At first sight it is a little suprising that
this is in a direcfion which favours the condensation of
functionalities on units which already bear reacted functionalities.
However, 1t is known that in the solld state pembaerythritol is
hydrogen-bonded (Llewellyn, Cox, & Gbodwin, 1937) ana it is
conceivable that even in the nelt some hydrogen bonds exist which .
must be broken when the first functionality of a unit dondenses, it
| then becomes progressivély eagier for the remaining functionalitiss

_to reaot. This would account for a value of N; greater than unity.




The glight deviation of the linear substitution parameter for
adipic acid from unity (N, = 0.9 to 1.2) in the two systems is
not thought to be significant. '

The excellent fitting of the rate curve for the equivalent
mixtures of the two systems gives confidence to the v:se of the
non-random model to other polycondensatioh systems. Although no
attempt wes made to £it the rate curves for all the non-equivalent’

- mixtures, owing to the irreproducibili*l‘:y of /(: » to a singls set
of the four parameters, the fitting of the E = 0.75 for PE/AA

" with the same paremeters as for the -equivalent (E = 1) mixture is
encouraging.

One proposal for confirmation of the present work by further
research concerns the measurement of ¢ in terms of number average
degrees of polymerization DF, for direct comparison with theoretical
calculations of o, Tables of « and o: as functions of N;, N, and
/\E are given in Appendix D for various mixtures of £, = 4 (e.g. PE),
3 (e.g. TME) and £, = 2 (e.g. AA) monomers. ‘Fig'. (8.14) illustrates
how o varies as the reaction proceeds and such ¢ against « plots
are experimentally accessibls. _

It is concluded that by using the theo:c:y of branching process-
as a common mathematical framework, the classical theory of
polycondensation can be adequately generalized to include the two
ﬁajor gsources of non-randomness, i.e. substitution effects and intra-
molecular condensation., In this thesgls, the two extreme cases of

thermodynamically and kinetically controlled reaotions have been
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satisfactorily treated using the non~random model. The inclusion
of the non-random effects which are independently measured, e.g. .
by gel point determinations, is justified since the data could not

be adequately analysed without reference to such effects.
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Apoendix &
Statistical Pargmeters for Eguilibriuﬁ Controlled
Polveondensation —

The general link probability generating function for a

f~functional polycondensation has been given (eq. (4.19)) as

f_ f-i

AOEE Y

" 1=0 j’:.-o
wnere

Logk
g(i,j,k) 9,( eafew/ (ilj!kl)
. Lo W K. _(i+g)itg-1)
g(i,3,k) = £1y(ir) (I-f) N
The gtatistical parameters that are used in the equilibrium treatment
are defined in terms of I (f)) in section (4.6). They are here

formulated in terms of y, T, and N using eq. (A4.1) and egs. (4.12) -
(4-14)’ (4016)’ (4.17)=

fu= N, f'-l ?— g(i,3,k) / ((i-1)13tk!)
po=w, 3% e(1,3,K) / (L1(-1))
a= 3 ¥ a(i,5k) / ((1-2)3tk)
=N £ F eli,50 / (-1
A= [f_'L 17;30 g(i,3,k) / ((i-1)132Ce-1)1]
/s S oe(1,0,%0) / (131G1)1]

rewriting eqs. (4.3) - (8.7):

0( = XNA /Ni

2
o = (£-1)yeN N, C
a = (£-1)y ¥ N,D

(4.1)

.(A'.z)

(4.3)
(4.4)
(4.5

(a.6)

(4.7)

(A.8)

(4.9)
(4.10
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al
1!

(£-1) (A- )T, E ' (A-ll);
(£-1) yN,E | : (4.12)

fl

The functions N,, N;, N,, C, D, E are listed below in terms of
Ys Ty and N, for the cases £ = 2, 3, 4, 6,

(1) the case £ =2

1/N, = (1_)()7’ + 2x(1-y+2‘yz1\rz) s YN | (4.13) ,
YN, =1-y+ (yez)N ' ‘ o ag
N, =1 . (8.15) |
C =1 (A.la)f
b -1 (2.17) |
E =1 (4.18) |

(11) the case £ = 3: | ' :

1/, = (1-9) + 8yQ-y) + By(1-1) (y» 29)W + ¥(y*+ 6yz + 3O |

(A.19) .
/8, = (1-g) + 2-7) (v =)W+ (e ape » )N | (A.zo)ﬁ
1, = (1-y)" + 27(1-p) + ¢(y+r22)W (a.21) |
C=1-y+(yem)W . < (5.22)
Del-y+ (y+r2a)n? . (4.23) -
E=1-y+ (reo)u’ » (4.24)

(141) +he case £ = 4:

/N, = (ep)* e av-p) » 6x(-s)(ye 20" (4.25)
4y(1-y) (5 Byze BON ¢ y (P 1275« 24yt 2N

& : 2 - 2 . 1 b

1N = (1-y) + 3(1-y¢) (yez )N + 38Q-y) (¥ aye v €N

| (A.26)
(P+Syz + 12yd+ 'r.g)Nm T
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1/, = (1-5) + 3¢(2=y) ¢ 37(1-5) (yr 22)E

+Y(y*+ Byz+ 3 é)Né (4.27)

C = (1-9)" ¢ 2(1~g) (y+ 2)N* + (s*+ dyz+1?)N" (4.28)
= (1= + 2(1-9) (y+ 20)0" « (g% 6yz+ 42N " (4.29)
E= (1-y) + 2(1-9) (y+ 2)N° + ( 7 ayz+DN° © (4.30)

(iv) the case £ = 6:

18, = (1-9) + 65(1-s) + 165y(1-y)(y+ 20)0°
20 y(l—x)g(a’2+ Byz + 51:")1\76 + 15/(1—3/)2()/3-/— 12y% + 247 41?)N'z
67(1-y) (¥ + 20/ + 90+ 80yF + 5N

+ y( y%+ B0r% + 240757 + 540 Y+ 240y 7+ 67 )N - (4.31)
1/, = (1-y) + 5(1-—;/)/'(. y+2 )N+ 10(Q-pf (¢* + dyz + £° )Né

+ 10(1-y) (* + Op% +12 2%+ 2)N"

I

-+

# 5(1-p) (b + 1647 + 54T +B2 2P + )N
+ (y5+ 25¢% + 16032+ 2707 + 80yz* +2°)N”° (4.22)
1N, = (1-5f + 5y(1-y) + 10 y(L-y¥ (v + 22)N°
+ 10¢(-y) (1 6y B32)N +5¢(FPr127% + 24pc™e 42N (L-¥)
# Y(y* + 20 5% + 90 +80y TP+ SN (4.33)
¢ = (-0 + 4=V (rs =)0 + 6(1-y)(¢* + dye+ )N (4.50)
4(1-p) (P+o5% +12¢T+T YN+ (e 161% + BAYE+ 32y )N
(1-9)*+ a(1-¢Y(y+ 2-c)'N4 + 6(1-‘—3')2( g 4 By + 4TF)NT

+

|w)
]

(4.35)
1£ :
+4(1-y) (Prlore 275+ 82 )N +(r*e 204z + 964 +108y7 +16=*)N

A
B = (1_1/)* * 4(1-x)(x+-c)Nz + 6(1-y)(¥*+ 4y +°)N (2 36)‘
4(1_ ¥) (x3+ 95,21 +12 g-cz-n:;)NlL—f-( 3’4+16 v% + BAyT*+ 32 P+ 4 )Nzo ‘
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Avpendix B Comparison of Kinetic Rate Equations 54,552

The

with Bouilibrium Equations (4.21), (4,23)

kinetic rate equation for systems with a linear FSSE

and a cyclization component (eq. 4.55) is

= k.G, [kN 3 -(k+1)N P“ ] ¢ty

+ k:l. [kN P; - Qee )N o 1 Cien" Zm (x2) /<11c> (B.1)

XTX,

Differentiating eq. (4.49):

D-'Qo
et R

{i ap,;/ at >

* bed
~k,Co (IS

. -1
x{ [(£-1NB, - B, + (£=2)N' Dy, + (£30KB, + o0 + N

+2[(£-2)0°P,, - (£-1)NP,, + (£-3)N'B,, - (£-2)N' B, + .. -Nf':P,/;.;.]
+3[(£-3)¥ P, - (£-2)8°DB,, + ('f~l+)N"P';,,- (£-3)8'P, , + .. -Nf'_ B, 13]
+ [-. o * [ ] s * L ] o * * L * Ll * ® o Ll . - .‘ ]
+ [ ‘ -Nf Pf"f,ﬂ];

* - ied -1
ey 5o o) cua™ (<axy ) |

[(£-0)¥ B, + (£-2)%'P, < (£=1)N B, + ... =N By, ]

Z g

4(£-2)N' P, + (£=3)W By = (£-2)W'Prp + ..o = N Bps]
(230 Pye + (£-l)N*Pyy = (£3)WPho + voo - W Bg ]

$-1

+[c . . . » . * e . . * . - . . . . J

+4F] - 2 (5.9

it

-k C <kNi’i> [“ fPa,g" (f 1)NP - (f-a)N - eseveceo ]
et T, G @ (<axsy! o] | B.3)

K*C, ( <1y ¥y ) - (B.4)

I

which, using eq. (4.49), (4.50), (4.59) can be written

ax / at

z .
= k*C, £(1-%-2) S, ' o (B.5)
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The identity between the equilibrium and kinetic rate equations for
eross-linking can be seen by comparing the left hand side of

eq. (4.21) with eq. (B.5).
- 8imilarly differentiating eq. (4.5)

f.de = <j aP,4 / at )
L Lo, <t -
x{ (£-2)8'p, + (£-3)0W P, - (£-2)8° P, + (£-8)N'B,, - .. - N*"P,.z,,]
’ZECf-3)N’ P, + (f-zi-)Nl"Pz,:. - (f—})N; P + (f-s)N;Pm - ee = NHP;.;AJ
+ ft ‘ . R4 . . L] L4 L] . . . . . . . / ]
“if-2f ' _ 4 - N B #4]
Sk Tom eV car”y (cars )
l-d X 5 2
{[(f—a)N"Pq,f - (£=1N P, + 2({£=-3)0" P, - (£-2)N'P,,)
‘* e s 26 o o o ™ (f-1 )1\#.1P!_1)a] -
+2[(£-3W P, - (£-2)W' P, + 2((2-8IN*P,, - (£-3)WPF,,)
. !
' + o ¢ e ¢ o o = (f‘a)l\{ Pf-z"]l
+ [o ; - . .. . ‘o . . . . . -10 J
+ (-4 oo N{Pnf-llg (BV.'6)
f.ds = - kG, <KX (0]
dt

3 ed -1
-kt Y om (x0T ca™y L (<ik> )
[~ (£=VN B, - (£-2)W B, - 2(£-3)NB,, - . + . . ] (B.7)

= kY Zm;(xu)"‘/‘ i (<ik?)’1 Qiwn > (B.8)

which, using eq. (4.49), (4.50), (4.61), (4.62) can be written

o0

do/ dt = k(1 -x-2)AS, > m (x2) , (B.9)

ﬂ'x‘

which, using eq. (4.54), (4.18) gives

o0

do/ at = k(1 ~«=0)8, 2.

a e | (8.10)
The kinetic cyclization rate equation (B.10) is to be compared with
the left hand side of eq. (4.23) which, when summed over all x,

is the forward rate of cyclization.
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‘ Appendix G |

Transformation of the (o, %) to the (4, N) plane for
functionalities £ = 3, 4, 6 in equilibrium controlled systems and
to the (), N*) plane for the same functionalities in kinetically
controlled systems. N and A are the fundamental parameters for
non-rgndom polycondensations. Deviations of N from unity measure
the intensity of the linear first shell substitution effect;
deviations of A from zero measure the tendency to ring formation,

The total critical conversion of functionalities, « + oz, is
directly measurable. The applicability of ‘the model is most firmly

established in the region 44 <a .

TABIE CONTROL FUNCTIONALITY

C.1  Equilibrium
C.2 Equilibrium
C.3 Equilibrium
C.4 Kinetic

C.5 ‘Kinetic

C.6  Kinetic

o B W O bW
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Appendix D ‘Table itical mete

Tables of the critical parameters «.and oz for the kinetically
controlled co-polymerization of f -functionai polyols (f; = 3, 4)
with bi-functional acids (f, = 2) are presented as functions of the
cyclization parameter >\i, the two linear subsgtitution parameters
N,, N; referring to the f, ~functional and bi-functional unit
respectively, and the equivalence (E) of the mixture. The gel times
for both second (t,.) and third (t;.) order reactions are recorded.
The volume shrinkage factor (k') (see eq. (8.20)) is taken to be
0.45 except in Tables (D.4), (D.9) in which it is set to zero. These
tables are based on eq. (8.22); the procedure- for solving these fﬁte
equations ig outlined in Appendix F. |

In the range of N,, N,, and X presented, o is (to the third
décimal place) independent of N, and N, and solely a function of X*

and hence only values of «, ére presented in full.,

TABIE

1,50 - G.45

£, £, E Xt

D.1 4 2 0.50 - 0.45
D2 4 2 - 075 0.5
D.3 4 2 1.00 - 0.45
D.4 4 2 1.00  0.00
D.5 4 2 1.50  0.45
D.6 4 2 2,00 0.45
D.7 3 2 0.67 0.45
D.8 3 2 1.00  0.45
D.9 3 2 1,00 - 0,00
D.10 3 2



f, =4, f, =2, E=0,50; k0, = 1,4 min™, kG

0.81
0.81
0.81

1,00

1.00

1.00
1.44
1.44

1.44

0.81

1.00

1.44

0.81
1.00
1.44
0.81
1.00

144

.; ¢
A= 0,000, &= 0.000

Tae

1.749
1.500
1,171
1.241
1,070
0,842
0,698
0.610
0,494

b,

4,479
3.664
2,646
2.641
2,180
1.588
1,140
0.947
0.704

&e

0.859
0.855
07843
0.823

0.817

0.801
0.746
0.734
0.708

TABIE D,1

*

= 1,292 min™, k' = 0.45

4 ’
V= 0,133, &= 0,041

b

2,049
1.742

1.377

140

1.213
00964
0.767

0,673

0.537

72
6,711
5.489
3.937
3.597
2.945
2,170
1.409

1.176
0.886

Xe

0.863
0.860
0.852
0.829
0.824
0.812

0.755

0.745

- 0.723

.
Y= 0,267, o= 0,083

b

2,558
2,181
1.715
1.650
1.419
1.140
0.854
0.753
0.608

ts

12.80

110.48

5.595
4,629
3.391
1.846
1.554
1.168

X

0.867

- 0.865

0.861
0.834
0.831
€.823
0.764
0.757
0.740

*oe



0.81

0.81

0.81

1.00

1,00
1.00
1.44
1,44

1.44

¥

0.81
1.00
1,44
0.81

1.00.

1.44

0.31
1.00

1.44

TABIE D,2

-4, ¢, =2, E=0.75; k.0 =1.230min", K5 (= 1.864 min” , X' = 0.45

X< 0,000, = 0,000
t;‘lt tBL «
1.473 1,951 .0.703

1.259 1.598
0.979 1,165 0.665

0.690

1,080 1.328 0.681
0.931 1.102 0.667
0732  0.815 0.639
! 0.643,‘ 0.697 0.629
0.561 0,587 0,610
0.451 0,444 0.576

¥ 0,111, «= 0.035
b b o~
1.608 2.320 0.708
1.382 1,908  0.697

1,080 1,392

0.674

1.173 1,556 0,688

1.015 1,294 0.675

0.803 0.955
0,694 0.8

0.649

0.639

0.607 0,673 0,622

0,491 0,510

10.590

A= 0,222,

tza t 3¢

o= 0.069

.xc

1,789 2.838  0.713
1.534 2.335 0,703
1.204 1,709 0.68

1,287

1,874 0.694

1.113 1.553 0.683

0.886 1.155

0.755

0.662  0.792
0.606

0.540

0.660

. 0,941 0.649

0.634
0.606

.%Z



0.81
0.81
0.81
1.00

1.00

. 1,00

1.44
1.44

1.44

0.81

I.00

1,44

0.81
1,00

1.44

0.81
1.00

1.44

4, fZ = 2, E=
M= 0.000, <«
| tu t3¢
1.521 1,543
1,289 1.261
10,985 0,910
1,101 1,066
0.944 0,882
0.735 . 0,650
0.653 0.579
0.569 0,488
0.454 0,369

0.609
0.593
0.563
0.595
0.577
0.544

0.558

0.537
0.498

CO

TABIE D.3

= 1,366 min™ , k

z
3

0.614

¥= 0,100, «=0.031
b2 b Ke
1,667  1.791

1.414 1,463  0.599
1.085 1,057 0.570
1,194 1223  0.6(2
1.7 102 0.585
0.804 0.745 0.554
0.706 0,660 0.569
0,616  0.553 0.549
0.494 0.420 0.513

. C, =2.,300min™; k! = 0.45

¥= 0,200, o= 0.062

1,846
1.566

1,207

1.313

1.129
- 0,886

0.772
0.673

0.542

.t'

3¢

2,116
1.728
1.250

1.429

1.179

0.871

0.766

0.644

0.489

0,620
0.6C5
0.578
0.609
0.593
0.564

0.579.

0.561
0.528

*pe



.

TABIE D.A

Pt A A

£, =4, £, =2, E = 1,00 k. C, = 1.366 min™, k) C =2.300 mint; kt = 0,00

Y= 0.000, #=0000  X=0.100, o= 0.033 A= 0200, o= 0.067

N, Ny 1"2:7 L P LK, ' :‘?zc R TR &, t. S T c-(c
0.81 0.8l  1.623 178 0.609  L.79  2.108 0.615 2,019 2.558 0.620
0.1 1,00  1.371 1l.ss  0.593 1.521  1.70 0,599 1,708 2.074 0,606
0.81 1,44 1,03 1,29 0,563 1159 1219 0.571 1,366 1.478  0.579
1,00 081 1169 1217 0595  1.285 1425 060 1,426 1709 0.610
1.00 1.00 1,000 1,000 0,577  1.099 1.168 0.58 1221 1.40L 0.5%
1.00 “1.44 0774 0727 054 0.854 0852 0.55 0,952 1.020  0.565.
1.44 0.81 0.688 0.650 0.558 ~ 0.750 0.753. 0.570 - 0.829 0.8% 0.581
1.44 1.00 0.5%  0.542 0.537 0.653 0,628 0,549 0,723 0.747 0,562

1.44 1,44 0.472 0.406 0.498 0521 0.469 0.513 0578 0.561 0,529

.802 .



0,81

0.81
0.81

1.00

1,00
1.00
1.44
1.44

1'44

£, =4, £, =2, E = 1.50; kj,C, = 1,536 min” , X} G = 2,908 min™, k! = 0.45

0.81
1.00
1.44

- 0.81

1.00

1.44

0.81
- 1,00

1.4

X'= 0,000, &= 0,000

b2
1.890
1.550
1,131
1.308
1,091
0.821
0.745

0.636

0.493

th,
1,485
1,181
0.820
1.001
0.809
0.578
0.539
0.443

0.329

X

0.747

0.718

0.668
0.738

0.707

0.654
0,711
0.675
0.615

TABLE D.5

= 0.133, = 0.042

t'zz-
2,157
1.755

1,467

1.222
0.915
0.833
0.710

0.551

£
1.777
1.39
0.962
1.174

0.941

0.669 .

0,630
6.518
0.379

X
0.754
0.726
0.678
0.748
0,718
0.667
0.726
0.6%
0.634

12 0,267, a.=

B

2,526

2.035

1.461
1,687
1,392
1,035
0,953
0.805
0,620

t3¢

2,192
1,703
1.156
1,424
1.129
0,791
0,762
0.619

0.453

0.084

0.762

0.735
0.688
0.758
0.729
0.680
0.742
0.710

0.655

‘602



TABLIE D.6

£ z

£f,=4,f, =2, E=2.00; k, C, = 1,640 min” , ki, G’ = 3.312 min™, k' = 0.45

X= 0.000, x= 0.000 V= 0,267, 4= 0.053 N= 0,333, 2= 0,10

N, N, te b o« b by w te b, o,
0.81  0,81 2,624 LE7T 0.3 3.410 2.497 0.873 6.097 4.876 0,883
(0,81 1,00 2,019 1.360 0.822 2.8 1756 0,833 3.446  2.585 0,815
0.81 1.44 1,369 0.879 0,755 1.622 1,085 0,767 2.1 1,418 0,781
100 0,81 172 L170 0.859 2,157 1.549 0,871 3.639 2.883 0,884
100 1,00 L35 0.8%2 0817 L8 1123 0.830 2,17 1.600 0.844
100 144 0,962 0.0 0745 116 0.730 0.762 1361 0,930 0.778
144 0.81 0.6 0.609 0.844 1144 0.7%2 0,264 1.835 1,425 0,885
144 100 0755 0482 0.9 0,900 0588 0.818 117  0.828 0,841
144 144 0561 033 0714 0,643 0,400 0,741 0.785 0512 0.768

*01C



TABLE D,

A

N
0.81
0.81
0.81
1,00
1,00

1,00

1l.44
1.44
1.44

N,
0.81

1.00

1.44

10,81

1.00

1,44

0.81
1.00

1.44

127

1,678
1,420
1.09

1,213

1.034

- 0,802

0.725
0,622

0.491

fl = 3, fz=2’E=0.67;k

t;L

3,598
2.923
2.07%
2,195
1,787
1,277

1,005

0.824

0.590

) = 0.000, o= 0.000

X,

0.8%

0.891

0.883
0.870
0,866
 0.855
0.819
0.811

0,793

A“"—. 00120, o= 00036

L2
5,967
4.858
3,452
3.309

2,705

1.936
1,366
1,123
0.813

LJ

L G =2,012 min™, ki, G, =3.704 min", kt = 045

X
0.897
0.895
0.890
0.875
0.872
0.864
0.827
0.822
0.808

4
1'% 0.240, o= 0.073

B

2.757

2.332
1.805
1787
1527
1,203
0,971
0.842

0.672

LF"

15,19
12.35
8,788
6.350
5,204
3.760

2.073

1.714

1.261

.‘{L

0.900

. 0,899

0,897
0.879
0,878
0.874
0.835
0.852
0.822

*TTC



0.81

0.81

0.81

1,00
1.00

1.00
1.44

l.44

1.44

TABLE D.8

- z -1
£, = 3, £, =2, E = 1.00; ki C, = 2,414 min" , kj €. =5.328 min 5 k' = 0.45

0.81
1.00
1.44
0.81
1,00
1,44
0.8l
1.00

1.44

Y= 0,000, &=0,000

te
1,427
1.194
0.903
1,07

0.910

0,695

0,691
0.588

0.456

ti

1,397

1.127
0.791
1.004
0.813
0.577

0,476

0,342

.
0,730
0.719
0.6%

0'720

0.707

0.682

0.694

0.679

0.648

J'= 0,100, &= 0,030

t
1,606
1,348
1.019
1,207
1.0
0.780
0.772
0.659
0.510

LPR
1.720
1.383
0,971

1,225

0.991

0.703
0,712

0.581

0.417

"4

0.734
0.723
0,703
0,725

0.714

0.691
0,703

0,689
0.662

A= 0,200, o= 0,061

t.
1,840
1,544
1.166
1,375
1,161
0.891
0.876
0.749

0.753

b, .
2,194
1.761
1,231
1.553
1.256
0.890

0.899

0.734

0.528

L
0,737
0.728
0.710
0.730

0.721

" 0,700

0.712
0.700
0.676

oz-[z



0.81
0,81

0.81

1.00
1.00
1.00

1.44

1.44

0.81
1,00
1.44
0.81
1,00
l.44
0.81
1.00

1,44

3, £, =2, E=1,00
)= 0,000, 0= 0,000
t:z:. t;c A

1,581 10748 0,730
1322 1.398 0,719
0,990 0,970 0.696
1,184 1,244 0.720
0.998 - 1.000 0.707
0.755 0.699 0,632
0.753 0,713  0.694
0.641 0577  0.679
0,492 0,408 = 0,648

kzx Co =2.414 min”, k  C,

TABIF D.9

2

1 |
M= 0.100, o= 0.034

- % 2¢

1.812
1,515
1,137

1.353
1.140

00864
0,858
0.730

0.562

L

2.236
1,784
1,233
1.580
1.267
0.885
0.901
0.729
0.512

X

(4

0.734
0.724
0.703
0.725
0.714
0.692
0.704
0.690

0.663

= 5.328 min” j k! = 0.00

N= 0.206, o
tze L

2,133 3.007
1,781  2.393
1337 1.649
1,582 2,106
1,332 1.685
1,013 1,173
0.997 1.190
0,850 0.966
0.657 0.683

0.738
0.729
0.711
0.731
0.722
0.702
0.713
0.702

0.678

R



0.81
0,81
0.81
1.00
1.00
1.00

1.44

1.44

1.44

0.81
1.00
1.44
0.81
1.00
1.44

0.81

1.00

l.44

2, E = 1.50; k;, G, = 3.786 min”, k, C

A= 0,000, ot = 0.000

t‘c

1,955

1.523
1,082
1,429
1.129
0,788
0.893
0.719
0.516

\
1.342
1.0
0.638
0.960
0.723
0.471
0.575
0.436

0.285

Ke

0.89%

0.870

0.824
0.893
0.866
0.817
0,384
0.853

0,796

TABLE D,10

Is
A’= 0,133, o= 0,040

LPP
2.493
1.869
1.233
1.803
1372
0,927
1,121
0.870

0.607

2

o

t 5.
1.854
1,316
0.804
1.309
0,940
0.585
0.780
0.532
0.366

= 7,09 min*, k! = 0,45

Ke

0.92
0.877
0.832
0.901
0.875
0.828
0.89
0.868

0,815

A 0,267, <% =

b2
4,071
2,570
1,538
2,882
1,860
1,150
1.750
1.172
0.753

tse
3.460
1,991
1,082
2.383
1,413
0.785
1.410
0.860

0.488

0.079
e
0.908
0.885
0.842
0.908
0.884
0.840
0.907
0.882

0.833

‘P18



Appendix E

Polvegterification Datg

_15.

The following tables give the conversion/time results for

all the polyesterification experiments performed with PE/A4 and

TME/AA at 175°C. The experimental conditions have been given in

Table (7.3) and the method by which these figures are obtained has

been discussed in section (7.6).

The time is scaled to a time of

unity at the gel point. The second column lists the mean of the

observed conversions at the 50 time intervals which were used in the

analysis of the polyesterification data in chapter 8.

The mean gel

time and mean gel conversion have been given in Table (7.4). The

valué of the standard deviation of each run from the mean,

SID. DEV. % = J( 2 (= Fraw,i Y /50) x 100

is listed under each run (ef. eq. (8.29)).

TABIE
E.l
B.2
E.3
E.4
E.5
E.6
E.7
E.8

SYSTEM
PE/A4
PE/AA
PE/AA
PE/AA
PE/AA

TME/ A4

TME/ AA

TME/ A&

EQUIVALENCE

1.00
0.50
0.75
1.50
2.00
1.00
0,67
1.50

(8.1)




oL

0.00
0'01
00‘02

9303‘
0.04 .
0.05
0006‘

0.07
N.08

0.09°

0.10
.11
0.12
0.13
- 0.14
0.15
f0;16
0.17
'0(18

D19

0.20

0.22

AN

- 0.0000

0.0240

"D.0281

0.0420
N.0555

" 0.0687

0.0817

0.0945 |
001072'

fe1108

01324

0.1449

S 0.1814
.13

Q.24 .

0.26
0.28
0.30

S 0.32

0.34
_0.36
"0.38

70.40
0.42

“0.44
0.46

T0.487
.50
Z0.53
"0.56

Z0.59

N.1572
D.16094

0.2046
042157

4_0 2266

0.2372
p.2475

002673‘7

0.3042

" 0.3214,

0.3379

T 0.35367
- 0.3686
0.3829 "
60,3944
S 0.4002
L 0.4214

0.,4330
0.4439

- f.4544

0.62,

c0.65

0.80

SH
0.88

F0.92 ]

0. 96'“

”i 007

T 0.5281 "
TgUe8
T0T7L
nire

T0V77

N.4644

0.4787 -
ww034921

0.5168

0.5387

“TN.5486

0.55R0

0.5670
 0.5756
70,5866 . -

~0.5969
“0.6065

”0 6156
. 0.6234

STD. DBV. %

TABLE E.1

PE/AA, E = l,Ov

PE/4

0

-0

G

0

O .

0

0.
0.
0.
s1261

0.

00
0.

0

0

0

-0

=0
0

0
0.

0.
0

0.
0.
- 0.

-0.
0.
;0.
“UA.
-0

o

0

1

L0000
0.
0

0086

.0211
L0341
0464
.0580
0691 -
L0800
0911 .

1025
1141

1381
1501
1621

.1738
o, .
0.1966

.2076
0.
0.
0,

1853

2184

2290

2500

.2705
0.

2908

.31.05%
0.3294
L3473
3640
3796 -
3942
L4080
4212
4338
4459
4574

4682

4833 -
4971
5101
5227
0.
0.
0
0'
-0
0.

5348
5462

.5565

5658

5746
5834
.5953
0.
0.
0.
’_0

6058
6156

6268
6039‘

194

0

0.
0.
0.

0

00
0.
0.
0.

0

0.
0.
0o

0
0

o

0.

0.
0. _
.0284

o
U

PE/2

N146
0420
0554
0688

0001

L1822

0955

1218
1346
+1473
1597
1718

u‘1956

1087

1838 .

.2071

2185

2296

L2406

2513

0.2721

0.2919

0

0.
0.

0

3443
. 3596

0.3741

0

I

0

0
0

0.
0.
"0

0

0.

0

0.5514
0. ,
5693 1

0

0

0.

0
0.
0.

0.
0
0.
0.
.4584 -

o
5886
5984

4480

+ 4681

.5188
«5413
5606

5778

L6072

O 332

4817 -
4945
5068 -

5304

3280 .

L4009
4135
4256
4371

PE/3

0

0.

0

0.
Q.
g.

0

0.
5

0.
0.

0
0

g.
Uo
0-

0

0.
0.
0.
0.
0.
0.
0.
0.
0.
0.

. 0001
0126

‘0.
0.

0256

0388
0519
0649

0778 .

0906
1034
1161

1541

1908
2026
2140
2251
2359

2662
2849

0.3676

g.
0.
0 .

0

0.
0.

0

)
0.
~ 0.
_0.
0
0.

-0

"‘Ayi. ’ 0 L4

6236 710

0

4458

46843

1288 .
.1415

1665
1788

2464

4346

0.
0.
0.

0.

0
0.
D.
0.
0.
0.
0‘
0.

3027
3197 . .
5362
3521

382?;'}
3967
4101 -
C0.4228.
0.
0.
0.
0.
0

4563

L4806

4941

5403
5408
5588

5676

5763

5070 -
.5191
.5302 -

6166

162257
0.219

0.

0

'0‘
0.
0.
.. 0.
0.
0‘
0.
0.
0.

o
0.

PE/L

0225

L0626
0806
0975

1676
1798

2034
2148
2259
2367

2573

2764
2942
3107
3264
3414
3561
3704
3844

0.3978

0.

0

0.
0.
0'
0.
0.
“0.4850 .
0.
0 .
o,
0.
. 0.
V "-47 0'.
0.
1;0
0.
5875 .
5977
6073 .

0

0

4332

4531
4625
4716

4981
5104
5218
5322
5420
5516
5611

5701

5783

L5881~
g.
0.
0.
ﬂ

5983

6161

62461&

2. 120

0002

0432

1132 .
1278
1417
1549

1918

2471 .

2670

4104
4222

4435

6083 -

216,

PE/S
0.0004
0.0123
0.0246
0.0369
0.0492

0.0613
. 0.0744
0.0873
. 0,1004

0.0734

0.0855
1 0.0978

0.1102

0,1354
0.1481
0.1606
0.1730
0.1852

0.1970
02085
0,2196

0.2303

- 0.2407

0,2601
0.2783
0.2954
0.3116

- 0.3272
0.3422

03566

043704
0.3836

0.3961

0,4081
0.4196

04307
0.4415

0.4519

0.4669
f0.4810

:004941'

0.5063

0.5177

0.5288

D.5395

0.5499

0.5595 .

0.5683

0.5794
0.5904
0.6005 -
0.6100
0.6188

Pr/6

©0.0002

0.0136

- 0,0257
~0.0375

0.0494
0.0617

0.1136
0.1266
0.1394
0.1519

0.1643

0.1759
0.1875
0.1987
0.2097

0.2309

. 0.2412

0.,2613

0.2807
0.2993

0.3171
0.3340

- 0.3500
. 0.3650

10,3927
- 0.4055
0.4176.
0.4291

0.4401
0.4505
0.,4604

0.4745

0.4877

10,5003
0.5122

0.5233

0.5335

0.5430

10,5520

0.5608

0.5696'
0.5806

0.5905

0,6001
0.6082:
0.6168

0.953

,91?3?.



TIME

0170

1046949
44 007027
46 .- 0.7100
0.48  0.7149
0450 70,7234
055 0.7323
0.56:- 0.7404
0.59 0.7476
0,625 0.7541
T0.65 T 0.7601
=0V687T 00,7655
0471 . 0.7706
£0.74 70,7754
0.77  D.7798 .
=0.80 70,7839
, N 0_:7885'

TABLE E.2
PE/AA, E =0.5

MEAN
0.0000

T 0.0471

0.0938

o 0.1382 .
T 0.2175
. 0.2523
i N.2841

0.3133
0.3401
N.3649

- 0.3878
0.4001
~ D.4200

N.4476

 0.4650

0.4814

~0.5112
T0.5248
0.5376

0.6006

 0.6172
046320

D.6452

T n«6570

0.6678

o 0.6775
0.68645

'STD. DEV. %

=

PE/7 PE/8 PE/9
0.0005 =0, p0L9  0.0042
0.0453  0.0517. . 0.0443
0.0926 0.0990 -,0.0897
0.1384 0.1413  0.1347
0.1810 0 1797  0.1778
0.2198" 2146  0.2180
0.2551 "o 2467 0.2551
0.2872- 0.2761 ° 0.2891
N.3165 0.3034 0.3200

- 0.3435 0.3287" 0.3481
0,3685 0.3524 0.3737
"0.3917  0.3746 0.3970
0.4133  0.3956 0.4184
0.4522 0.4343 0.4563
0.4696 . 0.4522-  0.4733 -
0.4858° 0.4693  0.4891
0.5008 . 0.4855 " 0.5039
“0.51474“ 0.5009 0.5179
"0.5277 7 0.5156  (.5312
0.5398 0.5294  0.5437
0.5618 0.5548  0.5668
0.5813 0.57714  0.5876
0.5989 . 0.5966 . 0.6063
- 0.6150 0.6138 0.6228
"0.6296 . 0.6288 . 0.6375
0.6429  0.6422  0.6504 .
0.6550 . 0.6542 - 0.6619
0.6660 0.6652° 0.6721
0.6759  0.6752° . 0.6815. -
0.6850  0.6844 ~“0 6901 _
- 0.6934-70.6929-:-0.6983
070127 7. 7008“H‘0 7060
0.7084 - 0.7081:'°-0.7135
0.7152  0.7149 . 0.7206
0.7215 - 0.7212 - 0.7273
0.7301 " 0.7302 0.7367
0.7377  -0.7384 " 0.7450
0.7444 - 0.7459 . 0.7525
-0.7504° " 0.75257 0.7594
0.7561 0.7583. 0.7657
"0.7616 . 0.7634 T 0.7716 -
0.7667 ~ 0.7681  0.7769
0.7716 . 0.7729 .0.7816 -
0.7760  0.7776  0.7858
- 0,7801 © 0.7819 7 0.7896- ==
0.7847 - 0.7864  0.7944
0.7883. - 0.7898. - 0.7986 .
0.7916 0 7942 o.snls‘ﬂ
L. 0,7%42 0 0.7975 7 .0.8064 %
0. 7064“M 0 8014 . 0.8093° .
0.318 0.657  O. 587

217.



TABLE E.3

PE/AL, E=0,75

218,

TIME FDAN PE/10 PE/11 PE/12
. 0.00 0.0000 ~-0.,0002 =0.0004 0.0004
- 0.01 0 D.0160 0.0213 0.0162. 0.0195
' 0.02  0.0377 0.0420 ° 0.03145  0.0395
0403 . 0.0562 0.0624 0.0462  0.0599 ..
© 0.04  0.0744 0,0825 0.0607 0.0800
~0.05  0.09724 - 0,1024 0.0753 . 0.0995
~0.06 0.2101  0.,1218 0.0902 0.1182
. 0407 0.1272  0,1405 0.1053 °© 0.1359 -
~ 0.08  0.1439 0.1585%  0.1205 0.1526
T 0.09 0.1600 9.1757 -0.1358  0.1683
v 0410 ;0.1755 0.1921 0.1511  0.1833

0.11  0.1905  0.2077  0.1662 0.1975

0.12  0.2049 0.2225 0.1811  0.2111

C0.13  0.2189  0.2367  0.1957 0.2243

S 0.14 0.2324 0.2503 0.2099 0.2370

015 0.2455 0.2634 0.2238  0.2494
0.16 0.2583 0,2760 0.2372  0.2616

017 7 042707 - 0.2681 . 0.2503  0.2735

0418 0.2827 0.2999 0.2630  0.28%2

0419 0042944 0.3112 0 0.2754. 0 0.2966 .

0420 0.3058 0.3221 0.2875 0.3078

. 0422 0.3275 0.3426  0.3107 . 0.3293

- 024 0.3480 0.3617 0.3328  0.3496

- 0.26  0.3673  0.3792° . 0.3538 - 0.3688

_ D.28  0.3853  0.3953 0.3739  0.3868 -

Z:0.30 - 044023 0.4103° 0.3929  0.4037

032 0.4183  0.4243 0.4110  0.4197
£ 0.34 0 0.4335 0.437%  0.4280 - 0.4349

0.36  0.4479  0.4502 0.4441  0.4494
0.38°  n.4616 . 0.4624 - 0.4593 7 0.4631

0.40 0.4747 _0,4742 _0.4736 __ 0.4762 .
£50.42 ¢ 0.4871 .0,4857 0.4871  0.4885 -

0,447 7704988 " 0,4969 T T.4998 ' 0.5000
3?0}46Q}“0 5100 ° 0.5077 - 0.5114 = 0.5108 -

0,48 0.5205  0,5183 " 0.5223.  '0,5210

Z70.50 . 0.5305 0.5286 . 0.5324  0.5305 _

‘0_53 0.5445 0.5436 © 0.5462 0.5438 -

: - 0.5577 0.5580 0.5589 - :0.5563

va_07.5701 ' 0.,5715  0.5706 . 0.5682
O 0.5839 " " 0.5818  0.5795
1 0.5952 ° 0.5924  0.5902
k,o 6119 0.6149 0.6117  0.6091
'“;0,6206 S 0.6241° S 0.6203 _:0.6175
0.6229  0.6330 0.6283  0.6254
=0, ‘0.6387 0.6413 " 0.6359 70 0.6327
. L84 N Dl6461 0,6508 0.6457  0.,6417
=0.88 | 0.6547 0.6590- 0.6550 - 0.6502 ..

0.92 0.6636, 0.6679 0.6642  0.6587 -
£50.96 0 0.6715 0.6754  0.6730° . 0.6662

067097 0.6834  0.6795  0.6762 -
STD. DEV. % 1.025 “1,329 0.kr0



TABLE E.4 219.
PE/AA, E = 1.5

TINE MEAN PE/43 PE/1k PE/15 PE/16 PE/ 47 PE/18
0.00  0s0000 =0,00035 =0.0004 0.0003 -0.0002 0.0004 ~0,0002
0.01  0.01s3 0.,0135 0.0192 0.0170  0.0191 0.0138 0.0150
0.02 0.0322 0,0270 - 0.0369 0.0344 5.0374 0.0278 0.0298
0.03 0.04R”1 0.0403 0.0544 0.0518 - 0.0557  0.0417 0.0444
0«04 0.0639  0.0534 . 0.0721  0.0690° 0.0743 0.0554  0.0590
0.05 0.0706  0.,0663 0.0901  0.0857 0.0929 0.0689  0.0736

. 0.06. 0.0952 0.07%92 0.1080- 0.1022 9.1110  0.0824 0,.0883
~0.07 © 0.1106  0.0920 0.1256  0.1183 0.4285 0.0960  0.1029
. 0.08 . 0.1257 0.1049  0.1427 0.1343 ' 0.1451  0.1096 . 0.1176
0.09 0.1406  0.1180 0.1592  0.1501  0.1608 0.1233  0.1323
Q.10 0.1551 0.1312 . 0.1747 0.1657 0.1755 0.1369  0.1469
0.4694 0.1445 0.18%96  0.1810 N.189% - 0.1505  0,1615
0.18%4 ~ 0.1580 0.2038 0.1962 0.2028 0¢1639 0.1760
0,1972 0.1716  0.2174 0.2111 0.2156 © 0.1771  0.1904
0.2107 - 0.1852  0.2304 0.2258  .0.2280 0.1901 = 0.2047
0.2240 0.1987  0.2430 0.2402  0.2403 ~ 0.2028 0.2189
042370  0.2121 0.2551 0.2542 0.2523 ° 0.2154 0.2330
0+2408  0.2252 0.2669 0.2680 0.2643 0.2278 0.2469
Yo0.18-0.0.2625 0.2381 0.2783  0.2814 0.2761 0.2402 °~ 0.2607
0.19 0.2748  0.2506 0.2894  0.2945 0.2879  0.2525 0.2742
0.20 0.2870  0.2627 0.3001 0.3073  0.2995 0.2648 0.2874
0.22 0.3106  0.2860 0.3207 0.3320 0.3223 0.2896  0,3131
0.24 ©0.3333 0.3080 0.3400 0.3555 0.3443 0.3145 0.3375
~0.26  0.3551  0.,3290 0.3584 0.3778  0.3651  0.3395 0.3606
. 0.28 0.3759 0.3494 0.3760- 0.3989 0.3849 0.3639 0.3822
. 0.30 0.3958  0.3695 0.3931  0.4187 0.4037. 0.3873  0.4026
L 0.32  0.4149 0.3895  0.4099  0.4373 - 0.4215 0.4093  0.4218
_0.34  0.4331%  0.4093 0.4265  0.4546  0.4385  0.4296  0.4399
0436 - 0.4504  0.4286  0.4428  0.4709. .0.4547 0.4481  0,4572
L0 0.4669 7 0.4474  0.4587 " D.4882 0.4703  0.4649 0.4737
0.4825 0.4653  0.4740 -0.5007 . 0.4852 0.4803 ~ 0.4894
. 0.4973 0.4821 0.4885  0.5145  0.4995 0.4947 - 0.5044
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~ Appendix F ' Computer Programg

A problem for which a computer was used is the evaluation of
the function A(x,a) defined by the series

omn

blx,s) = Z <'n"¢ A A (F.1)

n=1
which arises in the expression (eq. (4.19)) for the rate of cyclization.
Truesdell (1945) studied this function and worked out practical
methods for its evaluation. The series (F.l) is rapidly convergent
when x is near o, near 1 it is so sibwly convergent as to be quite
useless for computation. Fortunately another series, first given
by Lindeldf (1905): . | | |

Blxys) = [(L-o)logx) — + s -n)logx)  (F.2)
ig admirably suited for computing values of ;62:;:,5) when x is near 1‘
and s is not an integer; - the more unsuited for numerical work
is the series (F.1l), the better suited is ILindeldf's exbansion (F.2). n
If the terms are grouved in pairs, it is an alternating series when
g and x are real and =27 {log x  o. In eqg. (F.2) the function §(s)
is Riemann's Zeta function and [ (1 - s) is a Gamma~ function, and
we have that

b (1,8) = §(s) - (¥.3)

The entries in table (F.l) were computed by means of the series
(F.1) for values of x < 0.99 and the series (F.2) for values of x
in the range 0.99 { x < 1. | .
In the kinetioc rate equation for the post-gel model (eq. (5.9)),

a simlilar series arises for a polycondensation between f-functional




A Table of the

X
0.050
0.100
0.150
0.200
0.250
0.300
0.350
0.400
0.450
0.500
0,550
0,600
0.650
0.700
0,750
0.800
0.850
0.900
0,910
0.920
0,930
0.940
0.950
0.960
0.970
0.980

0990
0.991
0,992
0.993
0,994
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Functions A(x, 32), ﬁ(x, )

ﬁ (X: 5/2)
0.5
0.1037
0.1587
0.2159
0.2757
0.3383
0.4041
0.4734
0.5468
0.6248
0,7033
0.7982
0.8959
1.0031
1.1226
1.2586
1.4179
1.6144
1.6605

- 1.7008

1.7628
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1.8842
1.9556

. 2.0381

2.1380
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2,2882
2.3060
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Ay 372)
00,0504
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0.3750
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0.4934
0.5550
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0.6838
0.7515
0.8218
0.8950
0.9717
1,0526
1.1390
1.1571
1.1755
1.1943
1.2134
1.2330
1.2531
1.2738
1.2952
1.3175
1.3198
1.3222
1.3245
1.3268



0.995
0.9%
0.997
0,998
0.999
1.000

A(x, 32)

2.3683
2.3934
2.4221
2.4563
2.5013
2.6120

TARIE F.1 (cont.)

lé(x’ ﬁZ")

1.3292
1.3316
1.3340
1.3364
1.3389
1.3414



0. 00
0.05
0.10
0.15
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= 1.0
.9235
.8598
.8334
.8131
7961
7811
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.6556
.6495
.6465

TABIE F.2

A table of the function A(x,%,m)
for f =4, n= 12

1.1
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1.2

11,04
3.795
2.304
1.748
1,467
1.299

1.186

1,103

1.040

.9895

9476 °

.9120
.8813
.8545
.8312
8125
.8033

1.3

30.77
8.419
4,184
2,761
2.108
1.747

1,521

1.366

1.252
1.166

1,097
1.040
.9929
.9535
.9226

.9078

1.4

51.70
14.15
6.547
4,006
2.873
2.266
1.898

1.653
1.480

1.351
1.251
1.171
1.106

1,057

1.034

1.5

62.74
18.85
8.757
5,223
3.634
2.784
2,272
1.937
1.703
1.530
1.399
1.297

1.221

1.186

1.6

62,78
21.33
10.32
6.201

4.277

3.234
2.603

2.189
1.901
1,691
1.534
1.420
1.368

1.7

56.27
21.66
11.09
6.817

4,734
3.574

2.862
2.392

2.064

1.827
1.661
1.585

227.

1.8

47.49
20,52
11,16

7.077
4.989

3.790
3.040
2.538
2.189
1.949
1.843

1.9

38.88
18.65

10,74
7.048

5.065
3.890
3.138
2.632
2.295
2,147



0.55
0.60

0.65

0.70

0.75
0.80
0.85
0.90
0.95
1.00

2.0

75.00
31.44
16,46
10,03
6.812
5.002
3.893
3.173
2.706
2.505

2.1

53456
25.38
14,35
9.193
6.449
4,840
3.831
3.194
2,923

91,77
39.26
24 .57
12,43
8.324
6.1
4.627
3.769
3.409

2.3

60,81
29.49
16.80
10,74
7.488
5.585
4,443
3.972

2.4

94.22
42,26
22,68
13.85
9.3%2
6.733
5.232
4,621

2.5

60.45
30.56
17.81
11.53
8.102
6.150
5.366

TABIE F.2 (cont.)

2.6

86.27
41,07
22.86
14.27
9.730
7.213
6.219

2.7

55.C5
29.25
17.60
11.66
8.442
7.189

2.8

75.54
37.31
21.65
13.93
9.855
8.291

228,

2.9

97.92

47.43
26.55
16.59
11.47
9.537

3.0

60,11
32.46
19.71
13.32
10.94




0.00
0.0
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60

0.65°

0.70
0,75
0.80
0.85
0.90
0.95
1.00

x

1.0

9235
.8343
J7975
#7693
7456
7248
»7060
.6888
6729

6579

6439
6305
6178
6057
5942
5832
<5729
5634
5553
«5492

.5466

1.1

1.845
1.174
1,001
»9120
.8531
8031
L7738
. 7442
.7185
6957
6752
6565
.6393
6235
6090
5960
«5850
5768
5734

1.2

4.124

1.785
1.314
1,113
.9973
.9188
8605
L8143
7762
7438
7156
6907
6685
6487
.6313
6167
H060

6015

TABIE F.3

A Table of the Function A(x,t,m)
' for f =4, m=6 '

1-3 ‘

2.936
1.713
1.634
1.313
1.136
l.el
<939
.8766
.8264
7847
7493
7187
6922
6693
6504
6367
6310

1.4

66.21
6.559
2.842
1,884

1,475

1.249
1,104
1.003
.9261
8655
.8161
7747
7397
S7T1R
.6862
6690
689

1.5

31.33
6.188
3.012
2,029
1.580
1.326
1.163
1,047
962
.8922
.8371
7917
7542
7242
7028
.6941

1"6

17.84
5.470
2.963
2.075
1.629
1.367
1.194
1.071
.9790
9066
.8485
.8014
7644
7383
7277

1.7

73.78
11.49
4.716
2.837
2,047
1.630
1.374
l.22
1.078
.9840
9104
8521
.8068
JT754
7627

229,

1.8

28.54
8.059
4,001
2.635
1,971
1.595
1.356

1.070
9778
9063
8517
.8141
»7990

1.9

86.98
14,98
6.009
3.473
2.417
1.867

'1.538

1.320
1,165
1.051
.9643
.8989
.8545
.8367



.
0,40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1,00

x 2.0
30,52
9.336
4,688
3.005
2.204
1,752
1.467
1.272
1.131
'1.R6
.9487
.8965
8757

2,1
69.23
15.18
6.481
3.786
2.621
2.005
1.634
1.389
1.217
1.092
1.001
942
.9161

2.2

25.93
9.175
4.833
3.140
2.305
1.625
1.520
1.311
1,163
1.056
.9856
9579

2.3

46.68
13.390
6.248
3.789
2.660
2.043
1.665
1.413

1,238

1.114
1.033
l.001

TABLE F.3 (cont.)

2.4

89.30
19.77
8.178
4,604
3.082
2.292
1.825
1.524
1.317
1.174
1.081
1.045

2.5

30,16
10,84
5.629
3.582
2.576
2.003

1.643

1.402
1.237
1.132
1.001

2.6 2.7

47.30 76.47
14.53 19.74
6.926 8.572
4.178 4.888
2.900 3.269
2.200 2.417
1.772 1,912
1.492 1.588
1.304 1.373
1.184 1.239
1.138 1.187

2.8

27.15
10.67
5.735
3.690
2.658
2.063
1.689
1.446
1.295
1.237

230.

2.9 3.0

37.84 53.49
13.36 16.83
6.747 7.957
4.172 4.721
2,923 3.217
2.225 2,401
1.797 1.910
1.521 1,600
1.352 1.412
1,288 1.341
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and bi~functional monomers reacting pariwise and it mey be written

ass:

Sx,t,m) = i {x(n.z')/z{ i ((f-z)'n/z> l':;}-u-b)ﬁ-z)n/l -5’}’“-'3/2} (5.40)

: g
© n%2,4,4,. I=0
where the parameters x, t, m have been defined in section (5.2). The

function A(x,t,m) has been computed using eq. (F.4) for the cases

f=4andm=6 and 12, and the results are shown in tables (F.2), (F.3).

The majority of the computer programs incorporated va section
to solve the kinetic differential equations of the type eq. (4.55).
A basic Ferranti autocode instruction INTSTEP was used to solve these
simultaneous differential equations. By means of this instruction
a single step in a set of n y 1 simultaneous first-order differential
equations of the form | |

gy, =D.(y;) = £.(KT, 5V, eee T,)  (F.5)

‘where 1 = 1, 2, eoe n, may be carried out. Given a value x, of x
and the corresponding values of y;, of the y;, the giﬁeh equations
determine values £, of the first derivatives. Starting from this
combined set of initial values st x = x,, the INISTEP instruction
computes values y; ,,; of the y; at x = x,,; = x,. + h,, where h,
' is the specified gtep-length of the step, and leaves these in place
of the y;r . Assuming that these initial y., from which the step
starts are accurate, the computed values y.;,,;, ; left at the end of the
step are approximate, being subject to a truncation error which depends
partly on h_(O (h,)f) and partly on the local behaviour of the

higher derivatives.
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This step-by-step integration therefore consists of a series
of repetitions of the procedure of a single step, taking the
computed values for one step as the initial values of the next step.
The fourth-order Runge-Xutta procedure foilowed by INTSTEP is given

by the formulae:

X, =x,+h, ‘ : | (F.é)

Virs =Vip *B(fa, +2f, +2f + £, )/6 (F.7)
where ’ i

£ =8 G, I3, ) | (7.8)

£, =1 (x, + h/2, Z(YL,,. + hf; . /2) . (¥7.9)

£, =75 (x,+h/2, Y(y,, +hfyy /2) (F.10)

fL;E, =f(x,+hy, Yy, +hfic ) ' (F.11)
and the range of the summations is 1 =1, 2, ..., i.e. four successive

evaulations of the derivative function f£;(x,y;) have to be performed
for each step. -

The auxiliary sequence that is used to evaluate the derivative
values dP; . /dt at time t incorporates a routine to evaluate the
function A(x,;s). INTSTEP then computes P; ; at time t + At. A flow
diagram for a program to compute the critical parameters of a f-functional |
polycondensation is shown in figure (F.1). &s a check on this
integration method of solving the differential rate equations and to
£ind the optimum step-length, the program was run with the parameter BN
set to zero. This corresponds to a ring free system with FSSEf',‘ whcsse
solution was obtained analytically using laplace Transforms in section
(3.6). The values of «, as a function of N were computed by both

methods and found to agree to five decimal places., The optimum step-
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Fig. F.1 Flow diagram for calculation of P;; as functions
of time, and for the calculation of the critical
parameters (t., &, ). S

READ  INPUT N INITIALIZATION
)c) Ns X, 4k ﬁj =0; fae=l.be0
SET SWiTchH arr”
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length used corresponded to taking ~50 time intervals up to the

gel time., In practice for the post-gel calculations this step-
length was progressively increased after the gel point as the
‘reaction' slowed down. The flow diagram (fig. (F.l)) shows that

for the evaluation of the critical parameters, the step before the
gel point was repeated at a ténth of the original step~length, and the
value of the parameters in this interval extrapolated to the gel
point. This procedure.is necegsary since it is not possible to set
the step-length to be an exact fraction of the gel time, and also
unless a post-gel model is incorporated into the program, the

cyclization series diverges after the gel point.
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