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This thesis explores three interconnected topics: Gaussian multiplicative chaos (GMC), ran-
dom planar maps, and random geometric objects in dimensions three and higher. The theory
of GMC constructs random measures by formally exponentiating a log-correlated Gaussian
field scaled by a parameter v > 0. These measures undergo a phase transition at v, = v/2d,
where d > 1 is the ambient dimension. The regime v < ~. is subcritical, v = . is critical,
and v > 7. is supercritical. First, we investigate supercritical GMC measures. Specifically,
we analyse the local structure of x-scale invariant fields around their extremal points and gain a
deeper understanding of the freezing phenomenon in supercritical GMC. We also establish the
universality of supercritical GMC: for general convolution approximations of log-correlated
Gaussian fields, the supercritical chaos measures converge to a nontrivial limit, which de-
pends on the regularisation only through a multiplicative constant. Additionally, we rigorously
prove that subcritical GMC satisfies the multifractal formalism. Next, we study random planar
maps and their connection to Liouville quantum gravity (LQG), a canonical model of fractal
surfaces with random geometry. We focus on the Smith embedding of planar maps, defined
via discrete harmonic functions on the set of primal and dual vertices. We show that if a
sequence of embedded planar maps satisfies an invariance principle assumption, then the a
priori embedding is asymptotically close to an affine transformation of the Smith embedding.
As a consequence, we establish the convergence of the Smith embedding of mated-CRT maps
to LQG. Finally, we extend to higher dimensions certain random geometric objects originally
introduced in the two-dimensional setting. Specifically, we construct the higher-dimensional
analogue of the Liouville Brownian motion and analyse its spectral dimension. Furthermore,
in arbitrary even dimensions, we construct the higher-dimensional analogue of the quantum

cone.
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Chapter 1

Introduction

The theory of Gaussian multiplicative chaos (GMC) studies random measures formally defined by taking
the exponential of a log-correlated Gaussian field. This theory was initially introduced by Kahane in his
seminal paper [Kah85] to provide a rigorous foundation for Mandelbrot’s model of energy dissipation in fully
developed turbulence [Man72]. Since then, it has found applications in a wide range of fields, including
mathematical finance [DRV 12, FFGS22, NR 18], mathematical physics [DS11,RV11], random matrix theory
[BWW 18], and number theory [SW20].

One of the most prominent fields in which the theory of GMC has found applications is Liouville quantum
gravity (LQG). Introduced in the physics literature by Polyakov [Pol81] as a model for constructing a random
geometry on a two-dimensional manifold, the theory of LQG was first made mathematically rigorous in works
by Duplantier and Sheffield [DS11], as well as Rhodes and Vargas [RV11]. Roughly speaking, an LQG
surface is a random surface whose Riemannian metric tensor is obtained by multiplying the Euclidean metric
tensor by the exponential of the Gaussian free field (GFF). Several fundamental objects associated with this
metric tensor have been rigorously defined, including the LQG area measure, the LQG metric distance, and
the Liouville Brownian motion. One of the main reasons why the theory of LQG has attracted significant
attention in recent years is that LQG surfaces are conjectured —and, in some cases, proved — to arise as scaling

limits of random planar maps.

This introduction is structured as follows. In Section 1.1, we provide a brief overview of multiplicative
cascades, which can be seen as the discrete counterpart of GMC. In Section 1.2, we introduce log-correlated
Gaussian fields, which play a fundamental role in this thesis. Section 1.3 is devoted to the theory of GMC
measures, where we outline some of their key properties. In Section 1.4, we present a concise introduction to
the theory of LQG and its connection to random planar maps. Finally, in Section 1.5, we summarise the main
results of this thesis

1.1 Multiplicative cascades

In the series of articles [Man72, Man74a, Man74b], Mandelbrot proposed a simple model, known as multi-
plicative cascades, to describe the dissipation of energy in turbulent fluids. Despite its simplicity, this model

is of significant interest, as it can be viewed as the discrete counterpart of GMC measures.

For simplicity, we restrict our discussion to the construction of multiplicative cascades on binary trees. We
begin by introducing some notation. We define the symbolic space O = U2 ,O,,, where O,, = {0,1}"
denotes the edges of the tree at the n-th level, with the convention that the root Oy is the empty-set. The
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generic 0 € O,, is written as ¢ = 0,03 - - 0, and we write |k = o0y --- 0y, for k € {1,...,n}. Every
0 € O, naturally corresponds to a unique half-open dyadic interval I; of [0, 1]. For 2 € [0, 1] we denote by
I,,(z) the unique such interval that contains z. Finally, for every « € [0, 1], we denote by o(z) the unique
binary string such that /(;)), = In() for all n € IN. Consider a positive random variable X such that
E[X] = 1 and let (Xs)seco be an i.i.d. collection of copies of X. For every n € IN, we define on the interval

[0, 1] the measure p,, given by

Pn(dz) e HXU(m)“fdx. (1.1.1)
k=1

FIGURE 1.1: Densities of p2, p4 and ps for X a log-normal random variable.

Remark 1.1.1. We point out that the condition [E[X] = 1 is the “natural” one. Indeed, we have

n+1 n+1

P[0, 1]) = /[ T1 Xowpde =27 S T Xape

0,1] =1 CED, 11 k=1

and so

E[pn1([0,1)] =27" > ] E [Xop] EIX] = E[p.([0, 1)) E[X].
oe0,, k=1
Therefore, the condition [E[X] = 1 ensures that the expectation of the total mass is kept constant, so that it

does not degenerate or explode.

The following result concerns with the almost sure existence and non-triviality of the weak limit of the sequence

of random measures (P, )neN-

Proposition 1.1.2 ([BSog, Theorem 2.1]). Assume that E[X log, X| < 1. Then, the sequence of measures
(Pn)neN converges almost surely, as n — oo, in the space of non-negative, locally finite measures on [0, 1]

equipped with the topology of vague convergence, to a non-degenerate random measure p.

Many properties of multiplicative cascades are known: existence of moments, power law spectrum and
multifractal behaviour. We refer to [Baroo] and references therein for further details.

Remark 1.1.3. The construction of multiplicative cascades can be easily generalised to the d-dimensional
setting, with d > 2. In this case, the condition for the non-degeneracy of the limiting measure becomes
E[X logy. X] < 1.

Example 1.1.4. We now consider the case of a multiplicative cascade associated with a log-normal random

variable. More precisely, for every v € IR, we define

def Z—1,2
LY Y
X, =e 2V
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where Z is a standard normal random variable. The multiplicative cascade p, associated with X, is the limit

of the approximate measures p,, ,, defined as

n
def _ 1,2 n _1 2
Py (dz) = I | eYZo@k=3Y g = ¥ Lk=1 Zo@ kT3 . Yn e N,
k=1

where (Z)sco is a collection of independent standard normal random variables. An easy computation shows

that the non-degeneracy condition reads

VQ

log 2

<2d,

which, as we will see, is reminiscent of the non-degeneracy condition of GMC measures.

We conclude this subsection with a simple heuristic argument which emphasises the connection between
multiplicative cascades and GMC measures. As a slight abuse of notation, we denote by p,,(z) the density of

the measure p,, at a point « € [0, 1]. Then, by (1.1.1) we have that
Yn('r) déflogpn(x) :ZIOgX(T(;E)|n7 T e [051]
k=1
Therefore, for large n, by the central limit theorem, the random variable Y,, is approximately Gaussian, and it
is almost log-correlated. Indeed, for z, y € [0, 1], letting n, , = max{n € IN : o(z)|n = o(y)|n}, we have

E[Y,(2)Y,(y)] = min(n,ng,y) ,

and so, one can easily check that

. 1
E Y, (2)Y,(y)] = min (n, “logd log|z — y|> +0(1). (1.1.2)

Hence, multiplicative cascades can be roughly seen as the exponential of log-correlated Gaussian fields, i.e.,

as a particular case of GMC measures.

1.2 Log-correlated Gaussian fields

Log-correlated Gaussian fields play a central role in the theory of GMC measures. For d > 1, given a domain
D C RY a log-correlated Gaussian field X on D is formally defined as a centred Gaussian field with a

covariance kernel given by
K(z,y) = E[X(2)X(y)] = ~log|z —y| + g(z,y),  Va,y €D, (1.2.1)

for some continuous function g : D x D — IR. Since the covariance kernel K exhibits a logarithmic divergence
along the diagonal, the random field X cannot be defined as a functional field, meaning a field indexed by
points in the domain D. Instead, it is only well-defined as a distributional field, i.e., a field indexed by test
functions. The existence of a Gaussian process with the given covariance structure follows directly from

Kolmogorov’s consistency criterion.

If D ¢ R? is a bounded domain, the existence of such a stochastic process can also be established through
a direct construction. Specifically, one can verify that I, as defined in (4.2.1), is the kernel of a self-

adjoint, symmetric, and compact operator on L?(IR?). Consequently, by the spectral theorem, there exists



Chapter 1. Introduction 12

a non-increasing sequence (A, )nen Of strictly positive eigenvalues, with the corresponding eigenfunctions
(@ )nen forming an orthonormal basis of Ker(C)* in L?(IR?). This allows the field X to be defined via its

Karhunen-Loeve expansion:

X =3 otV Ann (1.2.2)
n=1

where (o, )nen is a collection of i.i.d. standard normal random variables. It can be proved that the convergence

of the series takes place in the space H~"(D), for any k > 0 (see [JSW20, Proposition 2.3]).

Certain special types of log-correlated Gaussian fields are particularly convenient to study in the context of
GMC and/or possess a canonical structure in some sense. As a result, they play a significant role in this thesis.

Below, we discuss some of these fields.

Two-dimensional zero-boundary GFF An important example of a log-correlated Gaussian field is the
two-dimensional zero-boundary Gaussian free field (GFF). Consider a bounded domain D C IR? with a
harmonically non-trivial boundary, meaning that a standard Brownian motion started from any point x € D
almost surely hits 0D. The zero-boundary GFF on D is the log-correlated Gaussian field whose covariance

kernel is given by the Green’s function Gp of the Laplacian in D with zero-boundary conditions, i.e.,

_10g|x_y|_§1(y)) vaEDa
0, z,y €D,

gD(Iay) g

where G, (y) is the harmonic extension to D of the function on D given by y — — log |z — y|. In this case,

the Karhunen-Loeve expansion takes the form

e 1
X = oy ——=Pn , (1.2.3)
where (@),en is an orthonormal basis of L?(D) consisting of eigenfunctions of —A that vanish on 9D,
and (A,)nen are the corresponding eigenvalues. Indeed, in this case, the operator whose kernel is Gp is
exactly given by —(A/27) 1. One of the key properties of the zero-boundary GFF is that it is conformally
invariant (see [BP24, Section 1.11]). We refer to Figure 1.2 for a simulation of a discrete approximation of the

zero-boundary GFF

The class of x-scale invariant fields Another important class of log-correlated Gaussian fields is the family
of x-scale invariant fields. These are stationary, centred Gaussian fields that naturally admit an approximation
by a martingale and satisfy a specific form of scale invariance known as x-scale invariance (see [RV14a,

Section 2.3]).

Definition 1.2.1. Consider a function & € C>(IR?) that is radial, positive definite, satisfies £(0) = 1, and
|R(z)] < C(1 + |z|)~2 for some C, a > 0 and all z € R%. Let & : R? — R denote the (unique) positive
definite function whose convolution with itself equals &. Let & be a space-time white noise on R% x (0, 00).

We define the x-scale invariant field with seed covariance £ as follows:

X() = /IRd /O°° R(e"(y - ')>€%£(dy,d7“) . (1.2.4)
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Ficure 1.2: Simulation of a discretised version of a two-dimensional zero-boundary GFF. As the mesh-size
tends to zero, this field converges to a continuum zero-boundary GFF.

Furthermore, for any 0 < s < ¢, we introduce the field X, ; on R¢ given by

t
Xsi() & /uzd/ ﬁ(er(y — -))e%é(dy, dr) , (1.2.5)

with the notational convention that X; = Xg ;.

From its definition, it is readily seen that for all s, ¢ > O and z,y € R, it holds that

E[X(z)X(y)] = /OOO R (z —y))dr, E[X(2)Xs(y)] = /0 ) K" (z —y))dr . (1.2.6)

Clearly, IE[X(z)?] = oo, so X can only be realised as a random generalised function.

The whole space log-correlated Gaussian field Another important instance of log-correlated Gaussian field
is the whole-space log-correlated Gaussian field (LGF). For d > 2, let S(IR?) be the Schwartz space with its
usual topology, and denote by S’(IR?) the space of tempered distributions, i.e., continuous linear functionals
on S(IR?). Define Sp(R%) C S(IR?) as the subspace of Schwartz functions ¢ satisfying $(0) = 0, where ¢
denotes the Fourier transform of ¢. We also let S} (IR?) be the topological dual of So(IR%). The homogeneous
Sobolev space of order d/2, denoted by H,4, is the Hilbert space completion of functions f € S(IRY) C S (IR%)
such that & — |£|%/2f(£) € L2(IR%), equipped with the following inner product':

def 1 ~ T
(00)s ¥ Sy Ll P

The whole-space LGF is the canonical Gaussian random variable in the Hilbert space #,. In other words, the
whole-space LGF h is defined as follows

hE> e, (1.2.7)
n=1

Here the choice of normalisation is such that the covariance kernel for the LGF is given by — log|z — y| rather than a multiple of it.
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where o, are i.i.d. centred normal random variables and (@, ),en is an orthonormal basis for the Hilbert
space H4. The sum converges almost surely in the space Sj(IR?). Alternatively, the whole-space LGF is a
random element h € S(')(IRd), i.e., a random distribution defined modulo a global additive constant, whose

law is centred Gaussian with the following covariance:

B[ o)h)] == [ [ togle—slo(apbmdsdy . Vb e SRY.

Remark 1.2.2. If d = 2, the whole-space LGF coincides with the whole-plane GFF, as defined, for instance,
in [DMS21]. However, for d > 2, the whole-space LGF does not coincide with the whole-space GFF, as the

latter is no longer log-correlated.

An important feature of the whole-space LGF is its conformal invariance in every dimension d > 2. More
precisely, if ¢ is a conformal automorphism of R?, then the law of h o ¢ coincides with the law of h (see
[DRSV 17, Proposition 1.2]).

1.2.1  Regularisation of log-correlated Gaussian fields

In the remainder of this thesis, we will focus on exponentiating a log-correlated Gaussian field. As discussed
above, such fields are inherently rough, meaning they can only be rigorously interpreted as random generalised
functions. Consequently, their exponential is, a priori, an ill-posed object. A natural way to handle this issue is
to introduce a family of smooth fields that approximate the log-correlated Gaussian field under consideration,
take their exponentials, and, after a suitable renormalisation, show that we can pass to the limit to remove the
smoothing and obtain a well-defined, non-trivial object. In this section, we introduce the most natural ways to

regularise a log-correlated Gaussian field.

Martingale approximation of a x-scale invariant field For a x-scale invariant field X on R?, as defined in
(1.2.4), the most natural approximation to consider is its martingale approximation (X;);>0, given in (1.2.5).
This nomenclature arises from the fact that (X;);>o is a martingale with respect to the filtration (F;);>0,
where F; = 0(X;s : s €[0,t)). Furthermore, for each fixed z € R, the process (X;());>o has the same

law as a standard Brownian motion. Moreover, as ¢ — oo, the field X; converges almost surely to X in the

—K
loc

space H;_""(IRY) for any x > 0. We refer to [JSW 19, Proposition 4.1 (iv)] for a proof of this fact.

Convolution approximation Let X be a log-correlated Gaussian field defined on a domain D C R? and with
covariance kernel /C of the form (1.2.1). Consider a compactly supported smooth function p : R? — R with
unit mass. For ¢ > 0, we set p(-) = e~?p(e~'-). The convolution approximation (X )¢ of X is defined
as follows

def

Xe =pe x X (1.2.8)

One can easily check that the covariance kernel of the field X, is given by
E[X:(2)Xe(y)] = ((pe ® pe) xK)(2,y),  Va,yeD. (1.2.9)
where here we assume that K(z,y) = 0 for (z,y) € D x D.

Series truncation If X is a log-correlated Gaussian field on a bounded domain D C R?, then it admits the

series representation (1.2.2). Hence, in this setting, it is natural to consider a sequence of regularizing fields
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(X,,)nen obtained by truncating the series (1.2.2). More precisely, for any n € IN, we define:
n
X £ ot v/ M@,
k=1

Similarly, if & is the whole-space LGF defined in (1.2.7), then we can define the sequence (hy,)nen Of

approximating fields by letting

n
def
hy = E L@k
k=1

Spherical average Let h be a whole-space LGF, as introduced in (1.2.7). In the LQG literature, a widely
used approximation is the spherical average approximation —known as the circle average approximation in the
two-dimensional setting — obtained by testing the field h against the uniform probability measure on spheres

with radii shrinking to zero.

One of the key reasons why the spherical average approximation is convenient to work with is the following.
Let 2 € IR? and denote by (h,.(z) — hy1(x))r>0 the recentred spherical average process around z. It can
then be shown that, in dimension d = 2, the process (h.-«(z) — hi(x))ter has the same law as a standard
two-sided Brownian motion (see [BP24, Theorem 1.59]). In any even dimension d > 2, it has the same law
as the integral of a stationary Gaussian Markov process of order (d — 2)/2. We refer to Chapter 6 for more

details.

1.3 Gaussian multiplicative chaos

As we have seen in Section 1.1, the tree structure underlying multiplicative cascades makes them easier to
analyse but also introduces certain lattice effects. For instance, multiplicative cascades satisfy an exact scaling
property only for dyadic intervals and do not exhibit stationary fluctuations. This motivates the development
of a continuum theory of multiplicative cascades. In his seminal 1985 paper [Kah85], Kahane developed a

framework to rigorously define random measures of the form
iy (dz) “=" ¥ X@ g | (1.3.1)

where X is a log-correlated Gaussian field defined on a domain D C R?, with d > 1, v > 0 is a real
parameter, and dx denotes the Lebesgue measure on D. As we have already emphasised, the main challenge in
interpreting the expression in (1.3.1) is that X is a rough Gaussian field that cannot be defined pointwise in D
but only as a random distributional field. However, it is now well understood how to overcome this difficulty.
Specifically, there is a standard approach that involves a sequence of steps: regularisation, renormalisation,

and a limiting procedure.
It is now well-known that the behaviour of the random measure (1.3.1) undergoes a phase transition at

def

Ye = V2.

Following standard convention, we call the regime vy < v/2d subcritical, the borderline case y = v/2d critical,
and the range v > V/2d supercritical. These three different regimes differ in the normalisation needed to
obtain a non-trivial limiting measure, as well as in the qualitative features of the limiting measure (see also

[LRV15] for a more detailed phase diagram including complex values of ).
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1.3.1  Subcritical GMC

Consider a log-correlated Gaussian field X defined on a domain D C R%, with d > 1, and a covariance kernel
of the form (1.2.1). For simplicity, we focus on the convolution approximation (X ).so of X, as defined in
(1.2.8). However, it is important to emphasise that all the results stated in this section are independent of the

specific choice of approximation scheme.

We begin by recalling the following standard result regarding the existence and non-degeneracy of subcritical

GMC measures.

Proposition 1.3.1 ([Ber17, Theorem 1.1]). Fory < v/2d, the sequence of random measures

&YX ()~ E[Xe (2)%] g,

H’y,s(dx) = y (1-3-2)

converges in probability, as € — 0, in the space of non-negative, locally finite measures on D equipped with

the topology of vague convergence, to a non-degenerate random measure L.

Remark 1.3.2. If one applies the same normalisation as in (1.3.2) fory > v/2d, the limiting measure becomes
degenerate. Specifically, for all compact subsets A C D, it holds that lim,_,o {, . (A) = 0 in probability (see
[Pow21, Lemma 2.1] for a proof of this result). We also refer to Remark 1.3.4 below for a heuristic argument
explaining the emergence of the critical threshold v, = v/2d.

Itis a well-known fact that 1, assigns full measure to the set of 'y-thick points of the underlying field X, which

T, = {x €D : lim el —y}. (1.3.3)

¢—0 |log €| B

is defined as follows:

The set 7, consists of points € D where the field X attains unusually large values —of the order of its
variance rather than its standard deviation. It is straightforward to see that for any fixed x € D, we almost
surely have x € 7. Itis also well known (see [RV 14a, Theorem 4.2]) that for y > 0, the Hausdorff dimension
of T, is given by

1
dimg, (75) = (d _ §y2) vo. (1.3.4)

Furthermore, for y > v/2d, we have 7, = (. This follows from the fact that the maximum of the field X, in a
domain of order one is approximately v/2d|log |, up to lower-order terms. In particular, this implies that the
set T sz consists of the extremal points of the field X.

Remark 1.3.3. A heuristic way to justify why points thicker than y are assigned null measure by ., is to

observe that, by the Cameron—Martin theorem (see Lemma A.o.1), for & > 0, it holds that

IE{p,yg({:z: €D : [X¢(x) —ylloge|| > «llog s|})}
Y EIX (a2
:/DIE[eW’Xa(z) Y-E[Xe (2) ]]1{‘)(5(I)—y\log£||>oc|log£\}:|dx
:/ P(|X. (z)| > afloge|)de
D

:O(E“Q/Q)HO, ase — 0.

Sketch of the proof of Proposition 1.3.1. The proof can be divided in two different cases. The first case, known
as the L2-phase, corresponds to the regime in which y < v/d and it is quite simple to treat. The second case,

known as the L'-phase, corresponds to the regime in which v/d <y < v/2d and it is more involved.
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The L2-phase. We fix a smooth continuous supported test function f € C.(D). For ¢ > 0, we have that

2
¥ :/ f(x)f(y)lE[eﬂxe(z>+xs(y)%%ls[xE(w)MxE(y)ﬂdmdy
DxD

[ @y cle)
D
= / f(x)f(y)eWIE[Xs(I)Xa(y)]dxdy
DxD

< / & — y|~ dady,
DxD

so that Ly ¢ (f) is uniformly bounded in L? as long as y < V/d. In fact, one can similarly prove that in this
regime the sequence Ly . (f) is Cauchy in L? and hence converging. It is then standard to lift the convergence
of Wy ¢ (f) for any test function f to a convergence of the sequence of random measures |, . with respect to

the topology of vague convergence.

The L'-phase. The above argument clearly does not apply when y € [\/Zi, \/ﬁ) However, one can still
establish convergence by leveraging the fact that the measure actually “lives” on the set of y-thick points. In
particular, the blow-up of the second moment is caused by points that are “thicker” than vy, but these points
contribute nothing in the L' sense, as they are assigned zero mass?.

More precisely, for o > 0, one can introduce the event G () = {X. — o|log | < 0} and for a continuous

compactly supported test function f € C.(D) consider the quantity

2
E

[ F@te. opatin)
D
¥2 2)2 2
:/ f(x)f(y)IE[eY(Xe(I)Jng(y))*TIE[Xg( )2 4+Xe (y) ]]1G£1“(£)]1G51“(y)]dxdy.
DxD

For z, y € D, the two processes X.-:(z) and X,-:(y) are strongly correlated for ¢ < |loge| and almost
independent for ¢ > | log €|. Using these facts, the Markov property of Brownian motion and Cameron—Martin
theorem (see Lemma A.o.1), one gets the following uniform bound

/ f(x)f(y)IE[ey(x‘(‘”HXE(y))_gﬂa[xf(9”)2+X5(y)z]]lc;syq(x)]lc;sya(y)}dwdy <o — y|%(oc—2v)2—v2 )
DxD

Therefore, taking o« > 7y close to y, one gets that
E

2
v,
5/ o~y % *odady
DxD

whichis finite if and only if y < v/2d. The previous calculations have shown that the measure 1, _ (z)Wy,e(dx)

/ f@) . . ode
D

can be treated as in the L2-phase, and so ithas a limitin L?. To conclude, it suffices to note that jt,, . — 1, wHy,e

converges to zero. ]

For y < v/2d, the subcritical GMC measure L, is almost surely supported on the entire domain D (see, for
instance, [RV14a]). An immediate consequence of the fact that p, assigns full measure to the set of y-thick
points of X and of (1.3.4) is that ., is almost surely atomless and singular with respect to ., for any y # y’.
In particular, for y # 0, p, is singular with respect to the Lebesgue measure. Furthermore, as 'y approaches

Vv 2d, the GMC measure ., is supported on a set whose Hausdorff dimension tends to 0. This implies that

2This is why the regime y € [\/3, V/2d) is sometimes referred to as the “L!-phase”.
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tends to cluster around the maxima of X as <y increases, until it degenerates at y = v/2d. This phenomenon
can be observed in Figure 1.3.

FiGureE 1.3: Consider a discrete GFF on a torus, which we view as a square with boundaries suitably identified.
Fory € (0, 2), consider the measure obtained by exponentiating the discrete GFF multiplied by 'y with respect
to the counting measure on the vertices of the grid. We fix a small threshold & > 0 and proceed as follows:
we divide the square into four equal sub-squares, then divide each of those into four equal sub-squares, and so
on, except that we stop whenever we reach a square where the area is less than 0. In the left picture, y = 0.5;
in the middle picture, Y = 1; and in the right picture, y = 1.5. The squares are coloured according to their
Euclidean size. A similar simulation first appeared in [DS11].

It is well known that for all v < v/2d, the measure K, admits moments of order ¢ < 2d /v?, which in
particular includes all ¢ < 0O (see, for instance, [BP24]). Another important feature of GMC measures is their
multifractal behaviour. More precisely, it can be shown that the moments of ., follow a power-law scaling,
with an exponent given by a nonlinear function &, , known as the power-law spectrum, defined as

1 1
&y (q) = (d + §v2> ¢-5v'¢’,  VgeR. (1.3.5)

More precisely, for all z € D, r € (0, 1], and ¢ < 2d/v?, the following holds

IE[pq, (B(x,r))q] < pény (@)

The case of general reference measures We conclude this section by emphasising that, so far, we have
considered GMC measures of the form (1.3.1), where the base reference measure is the Lebesgue measure on

D. However, given any locally finite Borel measure p on D, we can also rigorously define the measure:
u$ (dl‘) «_» e‘yX(m) p(da:) ,

Indeed, let s be the largest non-negative real number such that

1

Then, by the general theory of GMC measures (see [BP24, Section 3]), for all y < V/2s, the sequence of
regularised measures
2
WO, (d) & e¥Xe (@)= EX @) g )

converges in probability, as ¢ — 0, to a non-degenerate random measure L}, in the space of non-negative,
locally finite measures on D equipped with the topology of vague convergence. This fact will be used, for
instance, in the construction of Liouville Brownian motion, where the measure p corresponds to the occupation
measure of the d-dimensional Brownian motion.
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1.3.2 Critical GMC

Considering the same setup as in the previous section, as noted in Remark 1.3.2, a phase transition occurs
when vy > v2d. In this case, if one considers the sequence of measures defined in (1.3.2), then for any

compact subset A C R?, we have 1, . (A) — 0 in probability as e — 0.

Remark 1.3.4. We outline a heuristic argument for the emergence of the critical threshold y. = v/2d. Recall
that for each fixed € D and ¢ > 0, the random variable X, () is centred normal with variance of order
[log ¢|. Furthermore, recall that the maximum of N > 0 i.i.d. standard normal random variables is about
v2log N. Assuming that D is a domain of order one, a rough picture for the maximum of X, inside D is

obtained by considering ¢~ i.i.d. centred normal random variables with variance of order |log ¢|. In this case,

the maximum is about +/[log €[+/2[log e 4| = v/2d|log ¢|. In particular, the contribution of each peak to the

measure L, . defined in (1.3.2) is about

Ed+y2/26y\/2d|loga\ _ Edfy\/2d+y2/2 _ E(\/Eﬂ//\/i)2
K

and we see that the exponent vanishes precisely when y = v/2d.

The heuristic discussion above suggests that, in order to define a nontrivial limiting measure at the critical
threshold y. = v/2d, the sequence of approximating measures requires an additional “push” in the right

direction. More precisely, we have the following result.
Proposition 1.3.5 ([Pow21, Theorem 2.5]). The sequence of random measures

ve?

Myee(dr) = (—Xe(z) + yellog ] ) e¥e Xe (@)~ BX @) gy (13.7)

converges in probability, along any sequence ¢,, — 0, in the space of non-negative, locally finite measures on

D equipped with the topology of vague convergence, to a non-degenerate random measure |L_.

It is worth emphasising that even in the critical regime, it is now well established that the limiting measure is
independent of the specific regularisation scheme used to approximate the field X (see [JS17,Pow18,JSW19,
Pow21]). The normalisation employed in (1.3.7) is referred to as the “derivative normalisation” since it can

be derived by differentiating the expression on the right-hand side of (1.3.2) with respect to y and evaluating

itaty = v2d.

We also highlight that the construction of critical GMC as “derivative” of subcritical GMC aty = 7. has been
made rigorous. More precisely, the following limit holds in probability in the same topology as in the above
proposition,
lim Hy(d) =2, (dx) .
Y/ Ye Ye =Y
We refer to [Pow21, Theorem 3.1] for a proof of this fact, as well as for a heuristic discussion on why the
factor 2 appears on the right-hand side of the above display. We also refer to [Lac24] for a recent proof of the

convergence of the critical GMC.

Remark 1.3.6. There is also an equivalent deterministic normalisation, called “Seneta—Heyde normalisation”,
which produces the same limiting measure ., up to a deterministic multiplicative constant. More precisely,

the sequence of random measures

WS (dr) = /Jlog efee Xe()-

— B[Xe (2)*] 7 (1.3.8)
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converges vaguely in probability to v2/mp,, as € — 0 [JISW19,Pow21].

1.3.3 Supercritical GMC

The low-temperature or supercritical regime, i.e., y > v/ 2d, is by far the least studied phase of GMC measures.
In this regime, the GMC measure exhibits atomic behaviour under suitable renormalisation, with the locations

and masses of the atoms dictated by the extremal statistics of the underlying log-correlated Gaussian field.

In the continuum setting, the only available mathematical result we are aware of is [MRV 16]. In this article,
Madaule, Rhodes, and Vargas studied a x-scale invariant field X and its martingale approximation (X;)¢>0,
as defined in (1.2.4) and (1.2.5), and proved the convergence of the supercritical GMC measure under an

appropriate normalisation. Before stating this result, we introduce the following notation.

Definition 1.3.7. For y > v, and a non-negative, locally finite Borel measure v on IR?%, we let My [Vv] be the
Poisson point measure on R? x (0, c0) with intensity measure given by v(dz) @ w™(*Y</Y)dw. We also
define the integrated atomic random measure with parameter y and spatial intensity v as the random purely

atomic measure Py [v] on R? given by
Py [v](dz) = / wny [V](de, dw) .
0

With this notation in place, the main result of [MRV 16] can be stated as follows.

Proposition 1.3.8 ((MRV 16, Theorem 2.2]). Fory > v/2d, the sequence of random measure

b ,Y2
Wy (dz) = t3vEa OV /VEVD? yXe(@) =t gy (1.3.9)

converges in law in the space of non-negative, locally finite measures on R?, equipped with the topology of
vague convergence, as t — oo to a nontrivial, purely atomic measure \v,. The limiting measure v, admits

the following representation

My (dz) = ey Py[py](dz) ,
where ¢, is a positive constant and |, the critical GMC.

Remark 1.3.9. In the literature, the supercritical regime of GMC measures is often referred to as the “frozen
phase”. This term can be explained by the fact that the spatial landscape on which points are distributed
remains frozen and corresponds to the critical GMC. The only variation occurs in the height of the atoms,

which changes with the parameter y > v/2d.

Remark 1.3.10. The convergence in Proposition 1.3.8 indicates that the limiting measure W, can be formally
decomposed into two components: the location of the point masses, which is determined by an instance of
the field X through the associated critical GMC measure, and an additional source of randomness that is
independent of X and controls the weight of the point masses. Consequently, this implies that p, ; cannot
converge in probability.

A heuristic derivation We present a heuristic argument to explain the emergence of the limiting measure
described in Proposition 1.3.8. Although this argument does not account for logarithmic corrections, it still
provides useful insight into the origin of the limiting measure. Disregarding log-corrections, the normalised

measure in (1.3.9) can be written as
et(d=v2dy) jyXe (@) g
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It is helpful to introduce an intermediate scale, 0 < s < ¢, and, recalling (1.2.5), decompose X; as
Xt = Xs + Xs,t .

The first field on the right-hand side corresponds to the “large scales field” and is responsible for generating
the critical GMC that determines the location of the point masses, while the second corresponds to the “small

scales field” and governs the weights of the point masses. By construction, we have that
X LXor,  Xap() = Ximy(e™) -

Since X ; has the same law as X;_ scaled by e°, on a domain of order one, it behaves roughly like eds
independent copies of X;_s3. We denote the collection of these independent copies by (Xiis)ie[eds], where
[e?*] = {1,...,e%}, and, for simplicity, we assume that e?* € IN. We recall that, for each i € [e?*], the
maximum IM? of X __ in a domain of order one is about M, = v/2d|t — s|. Furthermore, for all w € R,

thanks to the Gaussian tail bound, we have that

. (My +w)?2
P(M' > M, + w) ~ edt=9) o= S0 g g~ V2dw (1.3.10)

Consequently, thanks to (1.3.10) and by a Gumbel-type argument, we have that the maximum max;¢ cas M?
is of order v/2d|t — s| + V/d/2s. Furthermore, thanks again to (1.3.10), we observe that, for all w € R, it
holds that

eds

__ ds i ~ —V2dw
E Z]l{ﬂv[i_(m+ sy | = €CP(M > M, +Vd/2s +w) ~ eV

i=1

This fact, along with the Poisson limit theorem, implies that the collection of “residual heights” given by

(M (M, + Vd/2s))

i€[eds]

forms a Poisson point process on R with intensity e~ V2w gy, Furthermore, since the correlation length of
X+ is of order e*, the main contribution to the integral of e¥X++(*") comes from points within a distance of

order e~ from the local maximum 2%. These considerations suggest that

et (d=V2dy)+Vd/2ys YXa (%) 1o Py ldz](dz) , (1.3.11)

where we recall the notation introduced in Definition 1.3.7. In particular, the power-law density in the intensity
of the point measure 1, [dx] arises from exponentiating 'y times a Poisson point process with intensity given
by e~ V24w .

To complete the argument and arrive at the desired limiting measure, observe that, using the notation of

Definition 1.3.7, for any non-negative function f : R? — R, we have

FPyV] & Py Y27y

3When parsing this heuristic argument, it may be helpful to keep in mind the decomposition of the unit box shown in Figure 2.2.
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Therefore, we can write
et(d=V2dy) J¥Xe(2) g — H(d—V2dY)+Vd/2ys ;¥ Xs e(2) (e V2dX o ( ds)%ﬁd:ﬂ
~ Py eV 28X @) =45 4] (d) (1.3.12)
~ Pylny](dz)

which explains the origin of the limiting measure in Proposition 1.3.8.

Remark 1.3.11. We emphasise that handling the logarithmic correction in the normalised measure in (1.3.9)
requires a more delicate analysis, which lies beyond the scope of the rough heuristic argument developed
above. Nonetheless, the appearance of the factor t;\/iyfd in the normalisation (1.3.9) should be clear. Indeed,
assuming [Mad1s, Theorem 1.1], the order of each maximum IM?, including the second-order correction,
is V2d|t — s| — log|t — s|. This logarithmic correction also induces a suitable tilting of the spatial

intensity in (1.3.11), Wthh in turn leads to the derivative martingale normalisation of the critical GMC in

(1.3.12).

We conclude this section by emphasising that, to the best of our knowledge, Proposition 1.3.8 is the only
available result on supercritical GMC measures in the continuum. Therefore, several interesting questions
remain open. For instance, it would be valuable to gain a deeper understanding of how the convergence
in Proposition 1.3.8 occurs*. Additionally, if an arbitrary log-correlated Gaussian field is regularised via
convolution approximation, does it lead to the same limiting measure? These questions will be examined in

detail in Chapters 2 and 3.

1.4 Liouville quantum gravity

Over the past few decades, there has been a large amount of interest in the study of random planar maps.
Since the foundational work of Polyakov in the context of bosonic string theory [Pol81], it has been believed
that various types of random planar maps converge, in various topologies, to limiting random surfaces called
LQG surfaces. Roughly speaking, LQG surfaces can be thought of as random two-dimensional Riemannian
manifolds parametrised by a fixed underlying domain D C C and with Riemannian metric tensor given by

eV (dz? + dy?) , (1.4.1)

where y € (0, 2) is a real parameter, hS is a (variant of the) Gaussian free field on D, and dx? + dy? denotes
the Euclidean metric tensor. These surfaces are too rough to be Riemannian manifolds in the literal sense, but
one can still define the area measure, the distance function, and the canonical diffusion associated to the metric
tensor (1.4.1). As usual, in order to make rigorous sense of these objects, one should use a regularisation and
limiting procedure. More precisely, assume we are given a family of continuous functions (h.)eso which

approximate the GFF as ¢ — 0. Then, it possible to make sense of the following objects.

1. The LOG area measure y, ,, obtained as the almost sure limit

2
def . s
Hpy = lim €72 eYhe(2) g2,
’ e—0

4For further details on the precise meaning of “how the convergence occurs”, we refer the reader to Section 1.5.1.
5Although in contrast with the notation used in the previous subsections, in order to align with the notation used in the literature on
LQG, we use the letter h (instead of X) to denote an instance of the Gaussian free field.
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where d?z denotes the Lebesgue measure on the domain D under consideration. We note that this is
just the GMC measure on D C C (although with a slightly different normalisation) associated with the
GFF (see [DS11]).

2. The LQG metric distance d, ,, obtained as the limit in probability of a sequence of approximating metric
distances (see [DDDF20a, DFG 20, GM20, GM21b] and references therein for further details).

3. The Liouville Brownian motion (LBM) By, , which is the “canonical diffusion” associated with the
metric tensor (1.4.1) (see [GRV 16, Ber15]). Specifically, if B is a standard two-dimensional Brownian

motion independent of h, then

2 tAT
By = BF;fy(t) ; Fhy(t) = lim e / evhe(Bogs (1.4.2)

e—0 0

where T denotes the first exit time of B from D.

Remark 1.4.1. The reason why the LBM By, , takes the form (1.4.2) can be explained as follows. Recall that
the goal is to construct the canonical diffusion associated with the metric tensor (1.4.1). Since this metric is
conformally equivalent to the “flat” metric on D, it follows that, after suitable renormalisation, the LBM is

formally defined as the solution of the following SDE:

By = e~ Y Bry. )TV EhBry *10B, | t >0,

maozx, tZO,

where B is a planar Brownian motion started from # € D and independent of h. Therefore, by the Dambis—
Dubins—Schwartz theorem, we can express By, as a time change of another planar Brownian motion B,

independent of h, stopped at its first exit time T from D. More precisely, we have that

Bhy,t = BB, ). s

where (By, ) denotes the quadratic variation of By, .. As one can easily check, this quadratic variation is

given by the left-inverse of the function F, ., as defined in (1.4.2).

An important feature of LQG surfaces is that they satisfy a suitable conformal coordinate change formula.
Suppose we are given two domains D, D C IR? and a conformal map ¢ : D — D between them. Let h be a

GFF on D, and let

o 2
hod+Qlogd], Q€+

def

E:

Then, it is shown in [DS11, GM21a, Ber15] that, almost surely, for any Borel measurable set A C D and for
all z,w € D, the following identities hold,

Hh,y (Cb(A)) = Hﬁ,y(A) ; dh,y (¢(2)7 d)(’ll))) = dﬁ,y('z?w) ; Cb_l(Bh,v) = Eﬁﬂ, 5

where B , is the LBM associated with the field h and a suitable Brownian motion B on D.

1.4.1 Planar maps

A planar map is a graph — multiple edges and self-loops allowed —embedded into the plane C (or the sphere
C U {oo}) in such a way that no two edges cross, viewed modulo orientation-preserving homeomorphisms
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C — C (see Figures 1.4 and 1.5). One can think of a planar map as a discrete random surface, where each

face is equipped with the flat Riemannian metric coming from a polygon in C.

FIGURE 1.4: The first two planar maps are equivalent since there is an orientation-preserving homeomorphisms
mapping one to the other. The third planar map is not equivalent to the first two.

For each n € N, there are only finitely many planar maps with n edges. Therefore, it makes sense to choose a
map uniformly at random, or with probability proportional to the partition function of a statistical mechanics
model on the map. The parameter y in the definition of LQG surfaces is related to the type of random
planar map model under consideration. For example, the case when y = \/% describes the scaling limit of
uniform planar maps, while different values of y correspond to random planar maps sampled with probability
proportional to some additional structure on the map, e.g., Y = v/3 corresponds to the Ising model partition

function.

FIGURE 1.5: A large (random) planar map embedded in IR® using the so-called “isometric embedding”. Under
this embedding, all the edges of the map have approximately the same length. Credit: Nicolas Curien®.

1.4.2 LQG as scaling limit of random planar maps

There are several canonical ways in which one can study the convergence of random planar maps to LQG

surfaces.

As mentioned earlier, LQG surfaces are random metric measure spaces. Similarly, a planar map can also be
interpreted as a metric measure space by equipping it with the counting measure on vertices and the graph
distance. Therefore, a natural approach to studying the convergence of random planar maps to LQG surfaces
is through the Gromov-Hausdorff—Prokhorov distance between metric measure spaces. For instance, this
approach is employed by Le Gall and Miermont in [LG13, Mie13] to prove the convergence of uniformly

sampled random triangulations and quadrangulations of the sphere to the Brownian map, which is equivalent
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to V/8/3-LQG. The equivalence between the Brownian map and v'8/3-LQG was established by Miller and
Sheflield in the series of articles [MS20,MS21a, MS21b,MS21c].

An alternative formulation of the convergence of random planar maps to LQG is through discrete conformal
embeddings of random planar maps. Here, a discrete conformal embedding refers to a particular way of
“drawing” the map in the plane (or the sphere), which is in some sense a discrete analog of the Riemann
mapping. Suppose we have a random planar map with n vertices, along with a discrete conformal embedding of
the map that maps each vertex to a point in C. This embedding creates a natural measure on the plane, with each
vertex given a mass of 1/n. In many settings, it is natural to conjecture that as n tends to infinity, the measure
should converge weakly to the LQG area measure, with the parameter y depending on the particular planar
map model under consideration. Additionally, the random walk on the embedded map is expected to converge
in law to the Liouville Brownian motion [Ber15, GRV16,BG22]. Several precise scaling limit conjectures
for random planar maps toward LQG surfaces were formulated, e.g., in [DS11, DKRV16, She16, DMS21].
However, this very general convergence ansatz has only been rigorously proven in a few specific settings.

One of the challenges in formulating a general scaling limit result for the embedding of random planar maps
is the existence of numerous discrete conformal embeddings that could be regarded as natural in some sense.

We collect here some of the most commonly employed discrete conformal embeddings.

* The circle packing (see [Nac20] for a review), which represents the map as the tangency graph of a

collection of non-overlapping circles.

* The Smith embedding (a.k.a. rectangle packing), which will be the focus of Chapter 5, was introduced by
Brooks, Smith, Stone, and Tutte in [BSST4o0]. It is another popular method of embedding planar graphs,
and it is defined by means of a rectangle tiling of a chosen domain, such as a cylinder, a rectangle, or a
sphere. In this embedding, the vertices of the planar map correspond to horizontal segments, while the
edges correspond to rectangles (see Figure 1.6). Several papers have investigated the properties of the

Smith embedding of planar maps, including [BS96, Geo16,HP17,CG2o0].

* Other examples of discrete conformal embeddings include the Tutte embedding [GMS21], the Cardy—
Smirnov embedding [HS23], and the Riemann uniformisation embedding obtained by viewing the planar
map as a piecewise flat two-dimensional Riemannian manifold where the faces are identified with unit side

length polygons.

FiGURE 1.6: Simulations of the Smith embedding of a large (random) planar map into the sphere $2. A detailed
description of the simulation’s implementation is available in the GitHub repository [BGS23].
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Some cases of the aforementioned conjecture, that LQG describes the scaling limit of random planar maps
under discrete conformal embeddings, have been proven. For example, in [GMS21], Gwynne, Miller, and
Sheffield established the convergence to LQG under the Tutte embedding for a one-parameter family of random
planar maps defined using pairs of correlated Brownian motions, known as mated-CRT maps (see Chapter 5
for a definition of this family of random planar maps). Moreover, in [GMS20], the same authors proved that the
Tutte embedding of the Poisson Voronoi tessellation of the Brownian disk converges to \/8/73-LQG. In [HS23],
Holden and Sun proved that the scaling limit of uniformly sampled triangulations under the Cardy—Smirnov
embedding converges to \/%—LQG. In Chapter 5, we provide a general convergence result for the Smith
embedding of planar maps, which works whenever random walk on both the map and its dual approximate

Brownian motion.

1.5 Summary of main results

In this section, we provide a brief summary of each chapter of this thesis, highlighting the main results. The
discussions and results presented here are stated informally. For precise formulations, we refer the reader to

the statements of the main results in the respective chapters.

The content of this thesis is as follows:

Chapter 2 is based on the preprint [BH25a], a joint work with Martin Hairer.

Chapter 3 is based on the preprint [BH25b], a joint work with Martin Hairer.

Chapter 4 is based on the paper [Ber23].

Chapter 5 is based on the paper [BGS25], a joint work with Ewain Gwynne and Scott Sheffield.

Chapter 6 is based on the preprint [BG25], a joint work with Ewain Gwynne.

1.5.1  How does the supercritical Gaussian multiplicative chaos converge?

As observed in Section 1.3, substantial research in recent years has focused on subcritical and critical GMC
measures. However, in the continuum setting, supercritical GMC measures remain largely unexplored. One of
the main reasons for this is that supercritical GMC measures are not measurable with respect to the underlying
field. Nonetheless, this topic is of great interest due to its deep connections with the extremal theory of

log-correlated Gaussian fields.

Consider a x-scale invariant field X and its martingale approximation (X;);>o, as defined in (1.2.4) and (1.2.5).
As stated in Proposition 1.3.8, Madaule, Rhodes, and Vargas showed that the sequence of random measures
(Hy,t)¢>0, introduced in (1.3.9), converges in law as ¢ — oo to a nontrivial purely atomic measure .
Specifically, this limiting measure can be described as follows. Let 1 [}, ] denote the Poisson point measure
on IR? x [0, oo] with intensity i1y, (dz) @ w™(+Ye/Y) dw, where . denotes the critical GMC associated with
X. If (z;,w;)jen € R? x [0,00] is an arbitrary enumeration of the atoms of 1y [ity.], then there exists a
constant ¢, > 0 such that
Wy (dx) = ¢y Z W;idy, .
JEN
The main objective of Chapter 2 is to develop a deeper understanding of how this convergence occurs. A

natural approach is to consider not just the limit of w, ; as ¢ — oo, but rather the limit of the measure-valued
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process (Ly,¢+5)s>0 ast — 0o. As we will see below —and in more details in Chapter 2 — this procedure gives

rise to a non-trivial limiting process (Vs )s>0, for which we obtain an explicit characterisation.

Remark 1.5.1. A helpful way to interpret the role of the process (Vv s)s>0 is through an analogy with the CLT.
Consider a collection (X,,),en of i.i.d. centred random variables with unit variance, and let S,, “ 22:1 Xk.
The CLT tells us that n~/2S,, converges in law to a standard normal random variable as n — oco. On the
linear time scale, the normalised sums quickly settle into a “stable” distribution. However, if we switch to a
logarithmic time scale, we can capture how the marginals at different times evolve together. More precisely,
for every ¢t > 0, define Y, = [et] 1/ %S|t |. Then, the process (Y¢4s)s>0 converges in the finite-dimensional
sense to a stationary Ornstein—Uhlenbeck process (Us)s>0 as t — oo. Intuitively, this follows since, for fixed

s > 0, it holds that

SLetJ SL€t+SJ *SLetJ ~

—S/2Y _—s\1/2~
e +(1—e Y:,
[et+] [+ ] ¢+ ( ) ¢

where Y7} is an independent copy of Y;. In particular, by taking the limit as ¢ — oo in the display above, we
obtain that for all s > 0,
U, = e *?Ug+ (1 —e)V27,

where Uy and Z are independent standard normal random variables. This is precisely the defining property of

a stationary Ornstein—Uhlenbeck process.
A general framework For any s, ¢ > 0, recalling (1.2.4), the following decomposition holds:
Xips =Xy + Wy, (1.5.1)
where W ; is a field independent of o(X; : s € [0,¢)) and such that
Wei(-) = Wy(eh) with W, =X, . (1.5.2)

Therefore, to address the convergence of ([iy ¢+5)s>0 as t — oo, we introduce a general framework that will
also be instrumental in establishing the universality result for supercritical GMC in Chapter 3. Specifically,
for ¢ > 0 and n € IN, we consider a collection of fields (W1 ¢,..., W, ;) on (R%)™ independent of X; and
such that

(Wii()e o Wae () 2 (Wilel), ..., Woleh) .

where (W1, ..., W,,) is a collection of stationary fields on (R%)™. Then, we consider the measures

wy pi(de) Z Vi@ (dr), Vie{l,...,n}, (1.5.3)
where we recall that p, ; is defined as in (1.3.9). Our goal is to investigate the joint convergence in law (or

more precisely the joint stable convergence) of the measure-valued vector (fty ¢ 1, ..., Hy i) 88t — 00.

Studying the above convergence requires a relatively long and technical detour into the analysis of extremal
points of log-correlated Gaussian fields. Specifically, we need to characterise the local structure of the field
around points where it attains exceptionally large values, comparable to its maximum within a domain of order
one. Indeed, the strong correlation with nearby points suggests that each peak in the field comes with a cluster
of high values. These clusters of high-value points are generally well-separated from each other. By selecting
one of these clusters and identifying as reference point the maximum of the field inside the cluster, our goal is

to describe the “shape” of the field in the vicinity of this reference point.
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In order to achieve this goal, we condition the field X on two events: first, that its value at the origin is
comparable to the maximum of the field within an order-one region; second, that the origin is a “mesoscopic
maximum” within this region. Then, after shifting the coordinate system at this maximum (so that the value
at the origin becomes 0) and after a suitable rescaling, we want to study the “shape of the field” in that region.
This is the content of Theorem 2.A, which describes the law of the field governing the shape of the field X

around a mesoscopic maximum.

We emphasise that in the case of dimension d = 2, a similar investigation has been conducted for the discrete
Gaussian free field (DGFF) in [BL18]. However, their results rely on the fact that the DGFF is defined on
the discrete grid Z2. There, one can condition a field on the origin being the maximum in a bounded region
and then take the limit as the size of the region tends to infinity. In the continuum however, conditioning
the origin to be a maximum even within a bounded region becomes problematic, as such a conditioning is
already degenerate. To address this issue, we introduce a “softer” form of conditioning: we fix an arbitrary
threshold A > 0 and, instead of conditioning on the origin being a mesoscopic maximum, we condition on
the value at the origin being at least as large as the nearest mesoscopic maximum minus A. This conditioning
is non-degenerate within a bounded region as long as A > 0. Theorem 2.A proves that we can then take the
limit as the region size increases to infinity, thus yielding a limiting field %\. Finally, we show the existence
of a unique random field ¥ on IR which is 0 at the origin, takes only negative values, is independent of the
arbitrary threshold A, and such that Yy can be expressed as a randomly shifted version of W. In this sense, we
can consider ¥ as the canonical field describing the shape of the field X from the perspective of a mesoscopic

maximum.

Returning to our original goal of studying the joint convergence of the measures ., ; ; introduced in (1.5.3),
with this result in hand —though not without some technical effort—we establish in Theorem 2.C that the

following joint convergence in law holds as ¢ — oo:

(p’y,t,h DRI H’Y,t,n) = (ny,lv e H'y,n) )

where
Myi(de) £ Zoyijwide, . Vie{l,...,n},
JEN
and (x;,w;) en is an arbitrary enumeration of the atoms of the Poisson point measure 11y, ]. Furthermore,
(Z,,;)jen is a collection of i.i.d. copies of a random variable Z, ;, independent of 1, [t ], and defined as
follows:

Zys Ly [ ey (%) + W) dy

We emphasise that we do have a fairly explicit representation of the constant a, appearing in the above
expression. For further details, we refer to the statement of Theorem 2.C.

To establish the convergence in law of the vector ({ty ¢1,. .., lyt.n), We study the limit as ¢ — oo of its
joint Laplace functional. Roughly speaking, the key observation is that, for each ¢ € {1,...,n}, the shape
field associated with X; + W, ; coincides with the “shifted shape field” ¥ + W;. The proof then reduces to
showing that the contribution of each shifted shape field to the measure can be completely absorbed into the

factor Z ;.

A measure-valued process To conclude, we now aim to close the loop by returning to where we began
our discussion, i.e., the characterisation of the measure-valued process (v s)s>0, Which emerges as the limit

of (Wy t+s)s>0 as ¢ — co. Using the same notation as above, in Corollary 2.D, we show that the process
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(Vy,s)s>0 admits the following characterisation:

JEN
where (W, ; ;) jen is a collection of i.i.d. copies of a random variable W, ,, independent of 1 i, ], and

defined as follows:
W, . = log (/ exp(y‘l’s(x))da:> ) V() EW(e ) + (Wi(e™®) — V2ds) ,
]Rd

where we recall that ¥ denotes the shape field and W is the field introduced immediately below (1.5.1). We
emphasise that the spatial locations of the point masses are fixed once and for all and do not change as s
varies. The only aspect that evolves in the process v, , are the weights of the point masses, whose dynamics
are governed by the process W,,. Moreover, the mass of each atom evolves independently of all the others.
Intuitively, the reason why the mass of each atom evolves independently of the others is that the field W ;

introduced in (1.5.2) becomes asymptotically, as ¢ — oo, a white noise with finite variance.

We conclude by noting that it would be of interest to investigate the properties of the process (Ws)s>o. For
instance, while the process (V.s)s>o is stationary by construction, it would be interesting to prove this

property a posteriori (see Remark 2.2.20 for additional details).

1.5.2 Uniqueness of supercritical Gaussian multiplicative chaos

It is by now well known that subcritical and critical GMC measures are universal in the sense that they do
not depend on the choice of regularisation used [BP24,RV14a, Sha16, Ber17]. However, to the best of our
knowledge, this question remains unsettled in the case of supercritical GMC measures. Indeed, we recall that
[MRV16] only considered the martingale approximation of a x-scale invariant field. Therefore, in Chapter 3,
we aim to investigate whether supercritical GMC measures also exhibit universality in the sense specified
above. Our result confirms that this is indeed the case, up to a multiplicative constant appearing in front of

the limiting measure, which depends on the choice of regularisation.

We consider a log-correlated Gaussian field X defined on a bounded domain D C R?, with d > 1, whose
covariance kernel K takes the form given in (1.2.1). Additionally, we introduce a mollifier p : R? — R satisfy-
ing suitable assumptions (see (A1)—(A2) for precise conditions), and consider the convolution approximation

X(¢)¢ of X as given in (1.2.8). We consider the sequence of random measures (i, (¢))e>0 on D given by
by (o (dz) & llog e| 757 ¢~ (¥/V2=VA)? (YX (0 (@)= G EIX (0 (@)] g

Then, in Theorem 3.A, we prove that there exists a finite constant a, , > 0, depending on 'y and the mollifier

p, such that Ly, (e) CONVerges stably to a measure |1y, defined as:

Hy (dx) = ay,pPy[iy](dz) |

where we recall that P, [i1,, ] is integrated atomic random measure introduced in Definition 1.3.7.

c

6The smoothing parameter ¢ appears in brackets to distinguish the convolution approximation from the martingale approximation that
will be introduced later.
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Strategy of the proof The strategy to prove this result primarily revolves around reducing the proof to the
already established case of the martingale approximation of x-scale invariant fields. To achieve this, we make

use of two key decomposition results.

The first decomposition result, stated in Proposition 3.B, asserts that there exists a x-scale invariant field X*
and a constant a, € (0, 1) such that, by setting ¢, = log(a,e~'), the convolution approximation X{., can be
expressed (in law) as the sum of the martingale approximation X , a field W _ satisfying W;_(-) = W(ete)

for some Gaussian field W, and a Gaussian field Z;, with vanishing variance. In formula, we have:
T =X5 + Wi, + 7, (1.5.4)

where the fields on the right-hand side are all mutually independent.

Remark 1.5.2. Since the field Z;, vanishes in the limit ¢ — 0, the decomposition (1.5.4) roughly indicates
that the convolution approximation of X* equals its martingale approximation plus an independent field that

asymptotically behaves like white noise with finite variance.

Remark 1.5.3. To the best of our knowledge, the decomposition established in Proposition 3.B is new.
Generally speaking, Proposition 3.B can potentially be applied in any situation where a convergence or
tightness result is known for the martingale approximation of a -scale invariant field X*, and one seeks to
extend this result to the convolution approximation. For example, it would be interesting to investigate whether
this result can help in extending the construction of the LQG metric in dimension d = 2 (see [DDG23] for an
overview and further references) to any log-correlated Gaussian field X under the convolution approximation
(X(¢))e>o0- In particular, one would need to verify that the tightness proof in [DDDF20b] remains valid for

the sequence of fields (X} + W¢):>0, where X} and W, are as specified above.

An important consequence of the the decomposition (1.5.4) is that it effectively places us within the framework
of Theorem 2.C, from which we can deduce the convergence of the supercritical GMC constructed using the

convolution approximation of the x-scale invariant field X* introduced above.

The second decomposition result is a special case of [JSW19, Theorem A], and it states that the difference
between two log-correlated Gaussian fields — whose covariance kernels satisfy certain mild regularity assump-
tions —is a Holder continuous Gaussian field. In our setting, let X denote the log-correlated Gaussian field
introduced at the begging of this section, and let X* be a x-scale invariant field for which (1.5.4) holds. Then,
thanks to [JSW 19, Theorem A], we know that X and X* can be coupled in such a way that

X=X"+L,

where L is a centred Gaussian field that is almost surely Holder continuous. Importantly, this decomposition
enables us to transfer the convergence of the supercritical GMC for a x-scale invariant field under convolution
approximation to the convergence of the supercritical GMC for essentially any log-correlated Gaussian field

under the same regularisation.

Remark 1.5.4. We observe that, by employing a strategy similar to the one outlined above, it should be
feasible to extend the main result of [Mad15] to the convolution approximation of any log-correlated Gaussian
field. More precisely, considering the same setting as above with D = [0, 1], we claim that there exists a

constant a, > 0, depending on the mollifier p, such that for all z € R,

3
limP{ sup X (z)— V2d|loge| + ——1log|loge| < z :IE[ex —ape~ V2 0,114 },
lim (me[og]d (e () = V2dlloge| + 7= logllog e ) p(—ap Hy.([0,1]%)
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i.e., the recentred supremum converges in law to a shifted Gumbel random variable (see Remark 3.1.13 for

additional details).

Remark 1.5.5. We also highlight that it would be interesting to explore whether the result of Chapter 3 (and
consequently that of Chapter 2) can be extended to the case where the supercritical GMC is constructed with

respect to a reference measure other than the Lebesgue measure.

1.5.3 Multifractal analysis of Gaussian multiplicative chaos and applications

In Chapter 4, we explore the multifractal properties of subcritical GMC measures. The goal of multifractal
analysis is to finely describe the heterogeneity in distribution of measures whose mass is concentrated in a
highly irregular way. Specifically, for a non-negative, locally finite Borel measure p supported on a domain
D C R%, with d > 1, the singularity spectrum of g is the function d,, : [0, 00) — [0, c0) defined by

o (o) MdimH<{x€D i (B 1) oc}) ,

™0 logr

where dimy, denotes the Hausdorff dimension. A measure p is said to be multifractal if d, () > 0 for multiple

values of o« > 0 within an interval of non-empty interior.

The primary goal of multifractal analysis is to derive an expression for the singularity spectrum of p. To
achieve this, Frisch and Parisi [PF85] introduced the notion of multifractal formalism, a heuristic principle
that provides an explicit connection between the singularity spectrum d, and the L?-spectrum of the measure
p, defined by

def

. log Sup{ziel p(B(zi,T’))q}
To(q) = hm\sgp “ogr
I

, VgeR,

where (B(z;,7))ier is a countable family of disjoint closed balls with radius = centred at x; € D, and the
supremum is taken over all such families. We say that p satisfies the multifractal formalism if the following
equality holds

dp(a) =75 (x) , Va>0,

where 17 is the Legendre transform of T, which is defined by setting

" def .
Tp(oc):qlglg{ocq+’rp(q)}\/0, Ya>0.

Main results In Theorem 4.A, we show that subcritical GMC measures associated with a large class of
log-correlated Gaussian fields in all dimensions satisfy the multifractal formalism. Moreover, we provide
explicit expressions for both the singularity spectrum and the L?-spectrum of these types of measures. This
result was formally stated in [RV 14a, Section 4], but to the best of our knowledge, it has never been rigorously
proved. In order to achieve this result, we perform a careful analysis of the local mass concentration of GMC
measures around thick points of the corresponding underlying field. Moreover, we provide explicit expressions
for the lower singularity spectrum of the multifractal random walk in Theorem 4.B and the Liouville Brownian

motion in Theorem 4.C.
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1.5.4 Scaling limits of planar maps under the Smith embedding

In Section 1.4.2, we mentioned that there are several approaches to studying the scaling limit of planar maps.
In Chapter 5, we focus on the scaling limits of (random) planar maps under a specific embedding known as
the Smith embedding, first introduced by Brooks, Smith, Stone, and Tutte in [BSST40] and later generalised
to infinite planar graphs by Benjamini and Schramm in [BSg6].

We briefly outline the construction of the Smith embedding of a planar map and refer to Chapter 5 for precise
details. Suppose we are given a doubly marked, finite, weighted’ planar map (G, ¢, v, v1), where vg and
vy are the two marked vertices, and ¢ = (c.).ceg is a collection of positive unoriented weights, known as
conductances. Here, £G denotes the set of edges of G. We also denote by ( G , ¢) the weighted dual planar graph
associated with (G, ¢), where the conductance ¢z of a dual edge is given by the resistance of the corresponding

. . ~ _ 71
primal edge, i.e., cc =c_ .

The Smith embedding of the quadruplet (G, ¢, vp,v1) is constructed using a tiling of a finite cylinder by
rectangles —referred to as the Smith diagram — determined by the voltage function h and its discrete harmonic
conjugate to. The function § is the unique function on the set of vertices VG which is discrete harmonic on

VG \ {vo,v1} with boundary conditions given by h(vg) = 0 and h(vy) = 1, i.e.,
h(z) =P, (X hits v1 before vo) , Vo e Vg,

where [P, denotes the law of random walk on (G, ¢) started from x. We denote the strength of the flow induced
by h by setting
n= ) Vh(e),
ec&EGT (vo)
where £G(vg) denotes the set of harmonically oriented edges in £G with tails equal to vg. The function tv is
defined on the set of dual vertices VG and satisfies the discrete Cauchy—Riemann equations associated with b,

i.e., it is a solution of the following equation,
w(E") —w(E7) =ce(h(e") —h(e7)),  Veelg.
We remark that the function tv is only defined modulo nZ and modulo an additive constant that can be fixed

by imposing that tv is equal to zero on a chosen dual vertex.

In the Smith diagram of (G, ¢, vg, v1), each edge e € £G is represented by a rectangle R, each vertex © € VG
by a horizontal line segment H,,, and each dual vertex T € VG by a vertical line segment Vz, as follows:

* The rectangle R, on C, has top and bottom heights given by b at the endpoints of e and left and right
widths determined by to at the endpoints of the dual edge e.

* The horizontal segment H,, is the longest horizontal segment on the boundaries of all rectangles corre-

sponding to edges incident to x.

* The vertical segment V3 is the longest vertical segment tangent to all rectangles corresponding to primal

edges surrounding Z.
We define the Smith embedding S associated to the quadruplet (G, ¢, vp,v1) as the function from VG to
R/MZ x [0, 1] given by
S(z) £ mid(H,), Vze Vg,

7Here, “weighted” means that the graph is equipped with edge conductances.
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where mid(H,,) corresponds to the middle point of the horizontal line segment H,.

Main result Let ((G™, ™, vfy, v]))nenN be a sequence of doubly marked, finite, weighted planar maps, and
((C? ™. ¢"))nen denote their associated weighted dual planar graphs. For each n € IN, assume that G" is given
with an a priori embedding in the infinite cylinder Cy “R /2nZ x R, where the marked vertices v} and
vl are mapped to —oo and 400, respectively. We also assume that the random walks on the primal map
(G™, ¢") and dual map (G", ") converge, in a suitable sense, to a Brownian motion modulo a time change
as n — oco. Under these assumptions, Theorem 5.A establishes that the a priori embedding is asymptotically

close, uniformly over compacts, to an affine transformation of the Smith embedding.

This result is in some ways not surprising, since it is natural to expect that if a random walk (and its
dual) approximate Brownian motion, then discrete harmonic functions (and their conjugate duals) should
approximate continuum harmonic functions. However, showing that this is actually true in the limit, and
that the convergence is to the right continuum harmonic functions is a non-trivial task. More precisely, the

particular statement we obtain is far from obvious a priori, for two main reasons:

* The invariance principle assumptions only concern the behaviour of the random walks in the bulk of the
cylinder. We do not need any hypotheses about how the random walks behave when they get close to the

marked vertices vgy and vT.

* The width coordinate is discrete harmonic but does not admit a simple direct description in terms of the

random walk on (G",¢").

An application of the main result One application of Theorem 5.A is Theorem 5.B, where we establish
the convergence of the mated-CRT map with the sphere topology to LQG under the Smith embedding.
Specifically, we consider the LQG/SLE embedding of the mated-CRT map and show that the assumptions of
Theorem 5.A holds under this embedding. This is essentially sufficient to conclude, since, by construction,
the a priori embedding converges to LQG. Consequently, the Smith embedding also converges to LQG, as it

is asymptotically close to the a priori embedding (modulo affine transformations).

We emphasise that, more broadly, Theorem 5.A reduces the problem of proving convergence to LQG under
the Smith embedding for other types of random planar maps to that of finding a priori embeddings of the map
and its dual, under which the vertex counting measure converges to the LQG measure and the random walk

converges to Brownian motion modulo time parametrisation.

Finally, we remark that one advantage of the version of the Smith embedding described above is that its
definition is particularly natural for random planar maps without boundary. This is in contrast to other
embeddings under which random planar maps have been shown to converge to LQG (such as the Tutte
embedding [GMS21] and the Cardy—Smirnov embedding [HS23]) which are most naturally defined for planar

maps with boundary.

1.5.5 Liouville Brownian motion and quantum cones in dimension d > 2

As observed in Section 1.4, substantial research in recent years has focused on random geometry constructed
by exponentiating the two-dimensional GFF. However, most results in this field remain confined to two
dimensions and have yet to be extended to higher dimensions. This limitation primarily stems from the
critical role of conformal invariance in two-dimensional results, as non-trivial conformal maps do not exist in
higher dimensions. Nevertheless, recent works [Cer22, DGZ24, DSHKS24, DSHKS23] have begun exploring

higher-dimensional analogues of LQG for dimensions d > 2.
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The goal of Chapter 6 is to continue the extension of LQG to higher dimension. Roughly speaking, we aim to

study a conformally flat Riemannian metric tensor on R%, for d > 2, of the following form,
eyh(dx% 4+ dx?l) , (1.5.5)

where v € (0, /2d) is a coupling parameter, dz? + - - - + dz? denotes the Euclidean metric tensor on R%, and
h is the whole-space log-correlated Gaussian field (LGF) on IR? as defined in Section 1.2. In what follows, we
denote by h the whole-space LGF, with the additive constant chosen so that its spherical average over the unit
sphere centred at the origin is zero (see Section 6.2.2 for more details on the spherical average of the LGF).

As in the two-dimensional case, the Riemannian metric tensor in (1.5.5) remains a formal object. The
most straightforward quantity to construct is the area measure py, ., which emerges as the limit ¢ — 0
of e¥°*/ 2eYhe(®) dg, where (he)eso is a collection of regularising fields given by the spherical average
approximation. Suppose that ¢ is a conformal automorphism of R?, then for any Borel subset A C R, it

holds almost surely that

Y, (59

o d
Hn,y ((b(A)) = Hhodp+Qlog |d’|,y (A) , Q def ; +
i.e., we can regard (R?,h) and (R% h o ¢ + Qlog|d’|) as two different parameterisations of the same

d-dimensional manifold, analogously to two-dimensional setting [DS11, Proposition 2.1].

The LBM and its spectral dimension The first part of Chapter 6 focuses on the canonical diffusion associated
with the metric tensor (1.5.5), which is compatible with the coordinate transformation rule (1.5.6). This
diffusion is the higher-dimensional analog of the Liouville Brownian motion (LBM) constructed in [Ber13,
GRV 16] and can be defined as follows.

Consider a d-dimensional Brownian motion (2, F, (By);>0, (Ft):>0, (Pz)zere), which is independent of the
whole-space LGF h defined on a probability space (2, F,TP). For x € (0,2), we define the clock process
(Fh,«(t))1=0 by

e—0

t
Fho(t) = lim 5“2/2/ eche(Bolgs V>0,
0

The convergence of the limit in the right-hand side of the above display falls within the scope of the theory of
subcritical GMC measures, which guarantees that, for all 2 € IRY, the clock process is P, © IP-almost surely
well-defined and non-trivial for all &« € (0,2). Then the LBM is the time-changed Brownian motion defined
as follows

Bh, ot o BF;}“(Q , Vt>0. (1.5.7)
Recall that we want the LBM to be compatible with the coordinate transformation rule (1.5.6), i.e., if ¢ is a
conformal automorphism of IR? that can be expressed as a composition of translations, dilations, and rotations,
then the following should hold:

-1 _ (R B iy
(67 Bh,at)) 50 = (Bhot+Q1oglor], )20 » Bhoo+Qlog|d/|,c,t = Bﬁ;{jq)w,um,w(t) ;

with (By)i>0 = (&7 (B|g¢/|2¢))t=0 and Fhog 0 10g) 0|, the associated clock process, defined with respect to
the field h o ¢ + Qlog|¢d’|. Thanks to the fact that in every dimension d > 2, Brownian motion exhibits

two-dimensional scaling, we will show in Chapter 6 that for this to hold, we need to impose that

%—i—%:@ = x=a(Q)=oa(d,y)=EQ—/Q?—4, (1.5.8)
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where () is as defined in (1.5.6). In particular, in dimension d = 2, we have « = <y, whereas in higher
dimensions, o« becomes a non-linear function of y. Hence, the d-dimensional LBM is defined as the process

introduced (1.5.7) with o related to y as specified in (1.5.8).

So far, we have discussed the construction of LBM starting from a single point. However, to view the LBM as
a diffusion process, we must ensure that the clock process Iy, « is well-defined for all starting points x € RY,
IP-almost surely. The placement of “IP-almost surely” is crucial, as this introduces challenges distinct from the
single-point construction. Nevertheless, we can prove that the LBM can indeed be constructed as a diffusion

process for all Q) > 2.

In particular, for Q) > +/2d, the transition semigroup of the LBM is absolutely continuous with respect to the
GMC measure Wy, «. We denote its density, called Liouville heat kernel (LHK), by (pn,«.¢(-, ))¢>0. Roughly
speaking, the spectral dimension of LBM at 2z € IR? is defined as follows

def QIOgPh,a,t(%x)

o) = tlgr(l) [log ¢|

In Theorem 6.B, we show that if z € IR? is a 3-thick point of the LGF for § € [0, /2d], then

2(d — 2)

0 N S
hal®) =24 57 o2/2—ap’

We observe that for d = 2, the spectral dimension is always 2, regardless of o and 3 (see [RV 14b]).

The higher-dimensional quantum cone field In the second part of Chapter 6, we construct the higher-
dimensional analogue of the quantum cone in arbitrary even dimensions d > 2. We recall that the two-
dimensional quantum cone field—first introduced in [DMS21]—is obtained by appropriately zooming in
around the origin of the whole-plane GFF with a log-singularity at the origin. The d-dimensional analogue is

defined in a similar manner.

One of the main ingredient in the construction of the quantum cone in higher dimension is Theorem 6.A,
where we characterise the spherical average process. Specifically, by leveraging [LSSW16], we show that in
any even dimension d > 2, for all z € R?, the recentred spherical average process (h.—:(z)):cgr® has the

same law as the following process:

0
Stdéf(d—2)/ 625(1—623)%(Bs+t—33)d8, VteR.
where (B;)ser is a standard two-sided Brownian motion. The above representation of the spherical average

process suggests that it behaves as a “smoothed-out” version of a two-sided Brownian motion (see Figure 6.1).

Remark 1.5.6. The identification of the spherical average process is restricted to even dimensions since, in
odd dimensions d > 3, the covariance kernel of the spherical average process does not admit a “simple”
representation. At a high level, this is due to the fact that the whole-space LGF is the standard Gaussian on
the homogeneous Sobolev space of order d/2, where the inner product is defined via the non-local operator
(—A)d/ 2. We emphasise that, similarly, in [Cer22, DSHKS24], the authors also restricted their analysis to
even dimensions d > 2. In contrast, the construction of LBM and the tightness of approximations of the
“Riemannian distance function” for (1.5.5) in [DGZ24] are not restricted to even dimensions, since these

constructions are not reliant on any special exact solvability.

8We recall that, for z € R and ¢ € IR, the quantity h_—:(z) is defined by testing the (normalised) whole-space LGF h against the

uniform probability measure on the sphere centred at = with radius e .
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As in the two-dimensional setting, the quantum cone field is constructed by separately specifying its averages
on spheres centred at the origin and what is left when we subtract these. In particular, we will see that
the homogeneous Sobolev space H 4, introduced in Section 1.2, can be expressed as the direct sum of two
subspaces. The first subspace, denoted by Hg a4, is the closure of functions in & (R?) that are radially
symmetric about the origin, viewed modulo constants. The second subspace, denoted by H g spn, consists of
the closure of functions in S(IR?) that have mean zero on all spheres centred at the origin (see Lemma 6.2.5
for additional details).

The construction of the radial part of the quantum cone proceeds as follows. Consider the whole-space
LGF h, let d > 2 be even, y € (0,v/2d), and B € (—00,Q). For b > 0 a large constant, applying the
coordinate change formula (1.5.6) to the field h — 3 log|-| + b, with respect to the conformal automorphism
R? 5 2+ e~tx, for some ¢ € IR, we obtain the field h** given by

hi* Zh(e ) — Blogle | — Qt+1b.
Thanks to Theorem 6.A, the spherical average process (hif .(0))ser admits the following representation
h'’(0) =Ssr +PBs—(Q—PB)t+b, VseR.

In particular, by taking s = 0 in the previous expression, we get that hi’b(O) =S, — (@ — B)t + b. Since
B € (—o0,Q), the drift term is always negative and so in particular, for each b > 0, there exists almost surely
a smallest o5, € R such that hﬁ’b(O) =0,i.e.,

op Zinf{t e R : S; — (Q — B)t = —b} .
For each b > 0, we define the recentred process (Sp,s)ser by letting
Sb,s = Ss+6b - SGb s VselR.

In Theorem 6.C, we show that the process (S, s ) ser converges in total variation distance to a process (Seo. s ) seR
as b — oo. This allows us to defined the the d-dimensional 3-quantum cone field hY,; as follows:

h* £ h*

rad

+ h:ph )

*
where hZ

is the function that is constant equal to S s + s on each sphere 9B(0,e~*) for s € IR, and hs*ph

is a field independent of h’,; and that has the same law of the projection of the whole-space LGF onto H 4 sph.

In Theorem 6.D, we state that the d-dimensional (3-quantum cone field arises as the local limit of a whole-space
LGF with an additional 3-log singularity at a fixed point in R?. We emphasise that this result follows directly

from our construction of the quantum cone.

Finally, in Theorem 6.E, we show that the law of the d-dimensional quantum cone h* is invariant in law modulo
conformal coordinate change under shifting along the trajectories of the associated LBM. We highlight that
constructing the LBM associated with h* is non-trivial, as we must ensure that it does not remain “stuck” due
to the log-singularity at the origin of the quantum cone field. This possibility is ruled out at the beginning of
Section 6.5.4.
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Chapter 2

How does the supercritical Gaussian

multiplicative chaos converge?

Abstract. In the spirit of [BL18], we study the local structure of x-scale invariant fields —a class of log-correlated
Gaussian fields —around their extremal points by characterising the law of the “shape” of the field’s configuration
near such points. As a consequence, we obtain a refined understanding of the freezing phenomenon in supercritical

Gaussian multiplicative chaos.

2.1 Introduction

The theory of Gaussian multiplicative chaos (GMC) involves the study of random measures that can be
formally expressed as
iy (dz) “=" ¥ X@ | (2.1.1)

where v > 0 is a real parameter representing the inverse temperature of the model, X is a log-correlated
Gaussian field on adomain D C R, and dz denotes Lebesgue measure on D. Since X only exists as a random
Schwartz distribution, regularisation and renormalisation are necessary to show the existence of the measure
K, as defined above [Kah85,DS11,RV14a,Sha16,Ber17].

It is by now well-known that the behaviour of the random measure (2.1.1) exhibits a phase transition at

def

Ye = V2.

Following standard convention, we call the regime vy < 7. subcritical, the borderline case y = 7y, critical,
and the range y > . supercritical. These three different regimes differ in the normalisation needed to obtain
a non-trivial limiting measure, as well as in the qualitative features of the limiting measure (see also [LRV 15]
for a more detailed phase diagram including complex values of ). Notably, in the supercritical regime, the
limiting random measure is not measurable with respect to the underlying field X and is purely atomic. Before
delving into more details and stating our main results, we introduce the family of log-correlated Gaussian
fields we will be working with.

The class of «-scale invariant fields. We consider log-correlated Gaussian fields X on IR? with short-range
correlations, which naturally admit an approximation by a martingale (X;);>o. Here, each X; is a smooth
Gaussian field, and for every z € RY, the process (X;());>o is a standard Brownian motion. Moreover, these
fields satisfy a certain type of scale-invariance called x-scale invariance [RV 14a, Section 2.3]. In a nutshell,
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it states that for any s, ¢ > 0, the fields X; and X, s — X; are independent, and that the latter is equal in law
to the field X, spatially rescaled by a factor e.

The key ingredient in constructing a x-scale invariant field is the so-called seed covariance function & : R —
IR. Throughout this chapter, we impose a stronger set of conditions on £ than those given in Definition 1.2.1.

Specifically, we assume that £ satisfies the following properties:

(K1) Ris positive definite, radial, and £(0) = 1.

(K2) & € C>(R?) and it is supported in B(0, 1).

Remark 2.1.1. The unit ball appearing in (K2) can of course be replaced by any compact subset of R%.

Remark 2.1.2. As a consequence of (K1)—(K2), the Fourier transform Risa probability measure with a
smooth density and admitting moments of all orders. In particular, the Hessian D2£(0) at the origin is strictly
negative definite in the sense that there exists & > 0 such that, for any v € R?, one has (v, D2&(0)v) < —§|v|2.

We write £ : R? — R for the (unique) positive definite function such that the convolution of & with itself
equals R For & a space-time white noise on RY x (0, 00), we consider the x-scale invariant field with seed

covariance R given by

X() = /le /O°° R(e"(y — -))e%é(dy,dr) . (2.1.2)

Furthermore, for 0 < s < ¢, we let X ; be the field on R given by

¢
Xot(-) & /]Rd/ f(e"(y— -))e%a(dy,dr) ) (2.1.3)

with the notational convention that X ; = X;.

For t > 0, the fields X and X; have the following covariance structures, for all z, y € R?,

E[X(z)X(y)] = /000 R(e"(xz —y))dr, E[X:(z)X:(y)] = /0 R(e"(z—y))dr. (2.1.4)

Clearly E[X(z)?] = oo, so X can only be realised as a random Schwartz distribution. The collection of fields
(X4)i>0 is called the martingale approximation of X. Indeed, by construction, (X;);>o is a martingale for the
filtration (F%)¢>0 given by

FrZ2o(Xs : s€[0,0). (2.1.5)

Moreover, as t — oo the field X; converges almost surely to X in the space H (R?) for any x > 0. We refer

to [JSW 19, Proposition 4.1 (iv)] for a proof of this fact.

The three phases of GMC measures. As previously mentioned, GMC measures exhibit three distinct phases
depending on the value of the parameter y > 0 in (2.1.1). Each phase is characterised by the specific form of

renormalisation required to obtain a nontrivial limiting measure.

In the subcritical regime, i.e., when vy < 7., the sequence of random measures
2
Wy o(dz) = Y@ =Tt gy (2.1.6)

converges weakly in probability to a limiting positive random measure ., as ¢ — 0 [Kah85,RV14a, Sha16,
Ber17], which is almost surely nontrivial. It is well-known that w, is almost surely non-atomic, but singular

with respect to Lebesgue measure. Many further properties of these measures concerning, among others,



Chapter 2. How does the supercritical Gaussian multiplicative chaos converge? 39

moments and multifractal behaviour are known [RV14a, Ber23]. An important feature of the measure
is that it is carried by the set of y-thick points. Intuitively, a thick point is a point where the field takes an

unusually large value: one where it is of the order of its variance instead of the order of its standard deviation.

When v > v, a phase transition occurs and if one considers the sequence of measures defined in (2.1.6),
then for any compact subset A C R, it holds that 1, ;(A) — 0 in probability as ¢ — 0. Therefore, in
order to define a nontrivial limiting measure at the critical threshold y., one needs to give the sequence of
approximating measures an extra “push” in the right direction. More precisely, in the critical regime, i.e.,

when v = ., the sequence of random measures

v

Hyet(da) = (=Xi() +ye t)er )5 g (2.1.7)

converges weakly in probability as ¢ — oo to a limiting positive random measure u,, [DRSV14a, DRSV14b,
Pow21], which is non-atomic and has full support. The normalisation used in (2.1.7) is known as the
“derivative normalisation” since it can be obtained by evaluating at y = vy, the derivative with respect to y of

the expression on the right-hand side of (2.1.6).

In the low temperature or supercritical regime, i.e.y > 7., the GMC exhibits atomic behaviour under suitable
renormalisation, with the locations and masses of the atoms dictated by the extremal statistics or near maximum
values of the fields X;. In the continuum, the only available mathematical result we are aware of is [MRV 16],

where Madaule, Rhodes, and Vargas show that for v > ., the sequence of random measures

3y

Wy ¢(dz) = $ 357 Y /VE-VA)? (Y Xe(@) =t g ; (2.1.8)

converges weakly in law as ¢ — oo to a nontrivial purely atomic limiting measure ., whose law was previously
conjectured in [DRSV 14a] and can be characterised explicitly in terms of the law of the critical GMC (see

Proposition 1.3.8 for a precise statement).

Building on Proposition 1.3.8, the main goal of this chapter is to gain a deeper understanding of the convergence
behaviour of supercritical GMC measures as ¢ — co. In particular, we refer to Section 1.5.1 for a brief overview

of the main results presented here.

Acknowledgements. This work grew out of discussions between Martin Hairer and Christophe Garban at the 2023
SwissMAP Workshop in Mathematical Physics. We are also grateful to Michael Aizenman and Rémi Rhodes for interesting

discussions on this topic.

2.2 Main results

We now state the main results of this chapter. In Section 2.2.1, we analyse the structure of a x-scale invariant
field around a mesoscopic maximum. Then, in Section 2.2.2, we present the result concerning the convergence
of the supercritical GMC. Finally, in Section 2.2.3, we discuss the convergence of the measure-valued processes

(Hy t+s)s>0 as t — 00, as discussed in Section 1.5.1.

2.2.1 Local structure of extremal points

We aim to investigate the local structure around points within the domain where the field attains unusually

large values, comparable to its maximum. The strong correlation with nearby points suggests that each peak in
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the field comes with a cluster of high values. These clusters of high-value points are generally well-separated
from each other. By selecting one of these clusters and identifying as reference point the maximum of the

field inside the cluster, our goal is to describe the “shape” of the field in the vicinity of this reference point.

Remark 2.2.1. We will see that the behaviour of X; near a mesoscopic maximum is dominated by its radial
dependence. This in turn behaves like a Brownian motion, with time playing the role of the logarithm of

spatial distance. It is useful to keep this analogy in mind when parsing the results in this section.
In order to make this heuristic precise, we need to introduce some notation.

Definition 2.2.2. For b € (0, c0), we introduce the recentering constant m;, by letting

def 3
my, = V2db — logh . 2.2.1
b 2vad g ( )

Furthermore, we define functions by, : R? - Rand a5 : R - R by

b b
by () = %/ R(e ’z)ds , ap(z) = / (1 —R(e *z))ds , (2.2.2)
0 0

with the definition of a; extended also to the case b = oo.

In [Mad15], Madaule proved that there exists a constant ¢ > 0 such that

sup Xp(z) —my —c= G +logpy, (B(0,1))
z€B(0,1)
in law as b — oo, where G is an independent random variable with standard Gumbel distribution, and 1, is
the critical GMC. Hence, if we aim to describe the shape of the field around a point where the value of the
field is comparable to its maximum, it seems natural to condition the field X; on achieving the value m; + 2
at the origin, for some fixed z € IR, while simultaneously requiring that the origin is a mesoscopic maximum.
We first zoom in around the origin by introducing the rescaled field

Xb() d:d Xb(e_b-) .

We now introduce some Gaussian fields that will play an important role in our analysis.

Definition 2.2.3. For b € R" U {oo}, we let ®; be the centred Gaussian field on R? such that, for all z,
y € RY,
E[®y(2)®y(y)] = ap(x) + ap(y) —ap(z —y) .

Remark 2.2.4. One can easily verify that the field ®;, has the same law as the field X, — Xb(()). In particular,
this implies that the map R? x R? > (z,y) — ap(z) + ap(y) — ay(z — y) defines a valid covariance kernel.

For b € RT U {00}, we let Y} be the Gaussian field on IR? given by
V() = @) — V2dap(-) - (2.2.3)

Remark 2.2.5. As one can easily check, the covariance of the field &, resembles very much the covariance
structure of the DGFF on Z?2 pinned to zero at zero (see [BL18, Equation (2.7)]). Indeed, in this setting, the
covariance takes the same form as for the field @, with a,, : Z2 — R given by the potential kernel of the
simple symmetric random walk started from zero (see [BL18, Equation (2.8)]).
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Now, going back to our previous discussion, a straightforward calculation shows that the field X, conditioned

to take the value my, + z at the origin has the same law as the shifted field
Xo(-) = bo(-) (Xp(0) — (my + 2)) -

In particular, for every z, y € R? sufficiently close (much less than eb) to the origin, we note that, for b > 0

large enough, it holds that

E[(Xp(2) — by (2)X5(0)) (Xo(y) — ho(1)X5(0))] = ap(2) + ap(y) — ap(z —y)

and also

(mp + 2) — (mp + 2)by(z) ~ V2day () .
Therefore, the preceding computations imply that
(Xo () = b () (X (0) — (mp + 2))) — (my + 2) & Bp(-) — V2dap(-) = V3(") -

Hence, recalling Definition 2.2.3, we aim at describing the limit in law as b — oo of the field Y} under the

condition that the origin is close to being a maximum in the ball of radius e’ centred at the origin.

Before doing so, we introduce some additional notation. For & > 0, we set

Ry = {F:C(RY) - R : F(¢) = F(p) whenever dleok) =WVBOK] - (2.2.4)

In other words, R, is the set of (measurable) mappings from C(IR?) to IR that depend on the values of the
input function only inside B(0, k). Furthermore, with a slight abuse of the usual notation, we define

Ch(C(RY) = | RinCP(C(RY)) (2.2.5)

k>0

where C? denotes continuous bounded functions. We can now state our first main result, where we write
Mo,5(f) as a shorthand for sup|, <.» f().

Theorem 2.A. For each A > 0, there exists a continuous random field ?7\ on R? such that, for any function

F € C2.(C(RY)), one has
E[F(T))] = blirgolﬁ[F(Yb) | Mo (Yy) <A] = blirgom[F(Yw) | Mo (Yao) < A] (2.2.6)

We emphasise that the existence of the weak limits in (2.2.6) is part of the statement. We also observe that the

conditioning on the right-hand side of (2.2.6) is singular as b — oco. More precisely, by letting
x=V2/m,

we have the following result.

Theorem 2.B. For each A > 0, there exists a constant c, ) > 0, such that
lim VBIP(Mop(Yoo) < A) = ctCan -
b—o0

Remark 2.2.6. In Section 2.4, we introduce a characterisation of the field ®; in terms of a stochastic integral
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driven by a one-dimensional Brownian motion (B;):>¢ (as a cartoon, think of this as being a smoothened out
version of the field x — — By ||), plus an independent centred Gaussian field, see (2.4.1). In particular, we
will prove a stronger version of Theorems 2.A and 2.B, where we also allow conditioning on the value of B

at time b. We refer to Propositions 2.4.1 and 2.4.2 for the precise statements.

Remark 2.2.7. Although we don’t have an explicit representation for the constant c, », we will see in (2.4.44)
below that it is given by

Cip = kliﬂgo]E[Bk:]l{Bke[kl/e,kwﬁ]}ﬂ{mo,k(Yk.)gx}} ; (2.2.7)

with B and Y} related as in Remark 2.2.6. The exponents 1/6 and 5/6 appearing here are of course unimportant
and could probably be replaced by any values in (0, 1/2) and (1/2, 0o) respectively. We refer to Lemma 2.4.18
for a proof of the fact that ¢, 5 € (0, c0).

We recall that the introduction of a threshold A > 0 in Theorems 2.A and 2.B is necessary due to the continuous
setting in which we are working. In such a context, conditioning on the event that a field, which is zero at the
origin, remains negative is ill-posed. However, it is desirable to define a “canonical” field that captures the

local structure of X around an extremal point, without being arbitrarily dependent on A.

To achieve this, we introduce below a field W,, which is essentially just %\ shifted to move its maximum to
the origin, but under a slightly tilted law. At first glance, it may seem contradictory to define a field that we
claim is independent of A while still denoting it as W,. This notation arises because, from its definition, it is
not immediately evident that W, is indeed independent of the threshold A. However, this independence (albeit

in a slightly weaker sense) will be established a posteriori (see Proposition 2.2.14).

Before defining the field W, for all x € R%, we introduce the shift operator T, : C(R?) — C(IR%) by

T f()=f(-+z)— flx), VfeC(R?). (2.2.8)

Furthermore, in Lemma 2.5.1 below, we define a certain uncountable set A € IR*. Roughly speaking,
A consists of the “good thresholds” A for which the law of the field Y exhibits some desirable prop-
erties. More precisely, these bad values are those values of A such that P(sup,cra Ta(z) =A) >0 or
P({y € R? : Yy(y) = SUP, cRe Ya(z) — A} > 0) > 0 where |-| denotes Lebesgue measure. We emphasise
that we don’t expect any such bad values to exist, i.e., we expect that A = IR*. However, since the field %\
is itself defined by a singular conditioning proving this fact would require additional effort. Since our main
result does not require ruling out the existence of bad values, we will not investigate this fact further. In any

case, we have to exclude at most countably many points, so A is dense.

Definition 2.2.8. For A € A, we let W, be the field on R? uniquely characterised by the fact that, for all
F € C*(C(RY)), B
F(Tm;’f)\)em‘n (@)

E|F(VY E =
[ ( 7‘)] X fle e\/ﬁ%\(w)]l

, (2.2.9)

(Tr (@) T (2) -2 0T

where z, = argmax{Y,(z) : € R%} and the proportionality constant is chosen in such a way that IE[1] = 1.

Remark 2.2.9. The fact that the proportionality constant in the previous definition lies in (0, co) is proved in

Lemma 2.5.6.

We now state the following key “resampling property” of the field f;\, whose proof is given in Section 2.5.2.
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Proposition 2.2.10. For each A € A and for all F € CE_(C(R?)), it holds that

loc

f]Rd F(Tx”f‘h)e@?}\ (z) 1
fmd eV2dY(z)

(T (@)>Ta (2,) -2} 9T

dx

E[F(V))] = E : (2.2.10)

(N (@)2Va(20) -7}
where we recall that x, = argmax{Yy(z) : © € R%}.

Remark 2.2.11. In fact, Proposition 2.2.10 is quite general and applies to a large class of Gaussian fields of the
form ® — na where @ is centred with E[(®(x) — ®(y))?] = a(z — y). In particular, one can replace the field
\?;\ in (2.2.10) by a drifted, conditioned Brownian motion. Specifically, for A > 0 and n > 0, let (Xt)‘ ’“)tG]R
be a two-sided Brownian motion with drift ¢ — —n|t| for ¢ € R, conditioned to remain below A at all times.
When 11 > 0 this is a condition that happens with positive probability, while the case 1 = 0 can be covered by
a limiting procedure, yielding a two-sided three-dimensional Bessel process. Furthermore, consider the set

Ay o {t €R: Xt?"n > supXi"Tl —7\} ,
seR

and let pj r, be the (random) probability measure on A, ,, defined as follows

Am
def enXe

Prn(dt) rean e

Am
fAM en¥ed
Then, if ¢, is a point sampled from the probability measure pj ;,, we have the identity in law

(XZ\J:;* - Xt}\*,n)telR = (Xt}\m)telR ’

which we were unable to find in the existing literature. Note that, in particular, when 1 = 0, the probability

measure pj o is the uniform measure on A, .

Now, returning to our setting, we observe that, thanks to Proposition 2.2.10, an alternative way to characterise

W, is by inverting (2.2.9). More precisely, we have the following result, whose proof is given in Section 2.5.2.

Proposition 2.2.12. For any A € A and for all F € C},.(C(RY)), it holds that

loc

lE[F(?;\)] x E /dF(Tzwx)em\y"(’”)]l{%(z)z_y\}d;v ; (2.2.11)
R

where the proportionality constant is chosen in such a way that E[1] = 1.

Remark 2.2.13. We observe that the fact that the proportionality constant in the previous proposition lies in
(0, 00) follows directly from Definition 2.2.8 of the field W,, together with the fact that the proportionality
constant appearing in that definition lies in (0, 00).

As claimed above, we now state a result that confirms that the field W,, introduced in Definition 2.2.8, is

indeed canonical. Specifically, we have the following result, whose proof is given in Section 2.5.3.
Proposition 2.2.14. For any A, A2 € A, one has Y, i Wi,

Since the law of W, does not depend on A, except possibly for a countable number of “bad” values, we just

write ¥ from now on.
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2.2.2 Stable convergence of supercritical GMC

We now state our main result regarding the convergence of GMC measures. Before proceeding, we fix for the
remainder of this section the set A C R™ introduced in Lemma 2.5.1 below. We also let ¥ denote the field

introduced in Definition 2.2.8, which, as noted in Proposition 2.2.14, has a law that does not depend on A € A.
We begin by introducing the assumptions considered in our next main theorem.

Assumption 2.2.15. For n € N, consider a collection of fields (Wiﬂf)ie[n],tzo on IR? such that:

(W1) Forany t > 0, the collection of fields (W; ¢);c(y) is independent of the o-field F; defined in (2.1.5).

(W2) There exist stationary fields (W;);c[,,] on R? such that, for any fixed ¢ > 0,
law (ot.
(Wi7t(.))ie[n} - (Wl(e ))ZE[n] .
(W3) For0 < s < t and for all #, y € R? such that |z — y| > e~*, it holds that

(Wm(z))ie[n] 1 (Wi,t(y>)ie[n] :

(W4) Forall y > v/2d, it holds that sup, cga > 5, E[e¥Vi(®)] < oo,
For A € A, recalling (2.2.7), we define the constant

d:ef X Cy A
YE[[go €M@ Ly ()5 ayda]

« € (0,00) . (2.2.12)
The subscript A is not included in the notation a, since it turns out that the right-hand side of (2.2.12) does not
actually depend on A € A, as shown in Lemma 2.5.8 below. We are now ready to state our next main theorem,

with the definition of stable convergence provided in Section 2.3.2.

Theorem 2.C. Lety > V/2d and consider the sequence of measures (|Ly 1 )¢>0 defined in (2.1.8). Forn € N,
consider a collection of fields (W t)icn),¢>0 satisfying (W1)—(Wa). For each t > 0 and each i € [n], define
the measure |y 4 ; by

def e'YWi,t(x)

Wy ti(dr) = ty¢(dx) .

Consider the R"™-valued random variable Z, = (Z, ;);c[n] such that, for each i € [n], the i-th component

Z., ; is given by
Z = [ exp(y(¥lo) + Wilw))dy (213)

Let (z;,w;)jen C RYx [0, 00] be an arbitrary enumeration of the atoms of the Poisson point measure 1y, [1ty, ]

c

as introduced in Definition 1.3.7. Consider the collection of measures (1 ;)ic[n) constructed as follows

Wy i(dz) = a)Y* Z Z;jw;d;, , Vie[n],
jEN
where ((Zv i j)ie[n))jen is a collection of i.i.d. copies of (Zi)ic|n), independent of ny[Wy,]. Then, the

sequence of measures (Iy ¢ ;)ic[n] converges o(X)-stably to the collection of measures (ILy ;)ic[n] st — oo.

Remark 2.2.16. Let Z,, be the random variable defined by

z, e /JRd exp(y(‘i’(y)))dy .
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V2d
2y ]

Then, as follows from the proof of Proposition 2.2.19 below, we have [E < 00. In particular, this

implies that Z,, is almost surely finite.

Remark 2.2.17. Theorem 2.C is significantly more general than [MRV 16, Theorem 2.2]. For instance, taking
n =1 and W, . = 0, we not only recover Proposition 1.3.8 but also obtain a relatively explicit representation
for the multiplicative constant appearing in front of the limiting measure. Indeed, the constant ¢ appearing in
[MRV 16, page 646] is given by
Y \/7
c=a*? [Z d/ V]

Remark 2.2.18. We emphasise that the techniques developed in the present chapter can also be applied to
the study of the recentered maximum of log-correlated Gaussian fields over a bounded region. For instance,
under assumptions (K1)—(K2) on the seed covariance function, it is relatively straightforward to obtain a

fairly explicit representation of the constant C* appearing in [Mad15, Theorem 1.1]. More precisely, one has

% X Co A
V2E [0 21O Ly > nda]

As before, the quantity on the right-hand side does not depend on the choice of A € A.

For v > v/2d, we define the constant (3(d,y) by letting

w D= V2d/y)

B(d,y) = \/ﬁ/}/ (2.2.14)

Theorem 2.C is a direct consequence of the following result, the proof of which is given in Section 2.6.4,
where we compute the joint Laplace transform of the collection of measures (kty,¢,;)ie[n]- In what follows, for

a measure v on IR? and a function f : R? — IR, we write v(f) to denote the integral of f against v.

Proposition 2.2.19. Consider the same setting described in Theorem 2.C. Consider the mapping T,
(CH(RY))™ — CF(RY) defined by

N

Tv[fla”'?fn -

(Zf’ /exp ((y)‘f'wz(y)))dy)v] (2.2.15)

Then, for all (@, (fi)ien)) € C2°(RY) x (CH(R))™, the following limit holds

lim E|exp(i(X, ¢)) HGXP<—M,t,z‘(fi))

t—o00
i=1

=IE{GXP(Z'<X7 ©)) exp(—au iy, (Ty[fh---’fn]))} ’

where a, = (d,y)ax > 0 with a, as defined in (2.2.12).

2.2.3 A measure-valued process

As we have already briefly mentioned, an interesting situation where Theorem 2.C can be applied is when the
admissible fields are given by the increments of the martingale approximation of the x-scale invariant field X.
More precisely, we note that for all ¢, s > 0 it holds that

Xips(x) = Xe(z) + W), Vo eR?,



Chapter 2. How does the supercritical Gaussian multiplicative chaos converge? 46

where Wy ;(-) = W (e'-) with W(-) a centred Gaussian field independent of F; and such that
E[W,(z)W,(y)] = / R(e"(z —y))du , Va,y € R?.
0

Fory > v/2d, the measure 1, ;1 can then be rewritten as

3y
by s (dr) = ¥ Wer@) =B +ds (4 4 ) /1) i (de) . (2.2.16)
Furthermore, for any finite collection of non-negative numbers (s1,...,8,) C IRE)", the family of fields

(Wsi,t)ie[n],@o satisfies (W1)—(W4). Therefore, by Theorem 2.C and Kolmogorov’s extension theorem,
there exists a process (V,s)s>0 taking values in the space of non-negative, locally finite measures on R?
such that the collection of measures (V. s, , ..., Vy.s, ) is the o(X)-stable limit of (1y 145, -5 Hy t+s,) @S
t — oo.

Let W denote the field appearing in (2.2.13). For all s > 0, we define the field ¥, on R? by letting
V() =¥(e ) + (Ws(e™®) — V2ds) . (2.2.17)

As a consequence of (2.2.16), we then have the following corollary of Theorem 2.C.

Corollary 2.D. Fory > v2d, consider the R-valued process (W, 5)s>o given by

W, “ og (/ exp(y‘ﬂ(:c))dx) . (2.2.18)
le

Let (zj,w;)jen C R x [0, 00] be an arbitrary enumeration of the atoms of the Poisson point measure My [ly, ]

as introduced in Definition 1.3.7. Consider the collection of measures (V. s)s>0 defined as follows

5
def .
Vys = ay* E eVrsiw;s, Vs>0, (2.2.19)
JEN

where (W, 5 i)s>0)jeN is a collection of i.i.d. copies of (W s)s>0, independent of Ny [y ]. Then, the
collection of measures (L 14s)s>0 converges o(X)-stably in the finite dimensional sense to the collection of

measures (Vo s)s>0 as t — 0.
We conclude this section with a couple of remarks and conjectures.

Remark 2.2.20 (Stationarity modulo tilt). The process (v, s)s>0 introduced in Corollary 2.D is stationary
by construction. Nonetheless, it is desirable to provide an a posteriori justification of its stationarity. Below,
we offer a brief heuristic explanation for why this property should hold.

For s > 0, write 2, = argmax{¥,(z) : = € R4}, Z, = ¥, (x,), and ¥, = W, (z, + -) — ¥, (x,). Fix a finite
collection of non-negative numbers (sq, . .., S,) C ]Rar such that sg < ... < s,, and consider the joint limit
of (Hy,t+s,)ien) as t — oo. Forall (fi)ie(n) € (CF(R?))", their joint Laplace transform is given by the

expression in Proposition 2.2.19 with

N

TYl:flw"vfn -

(Zfl / exp (Y, ())@)vl



Chapter 2. How does the supercritical Gaussian multiplicative chaos converge? 47

v2d

V242, (zn: fi(.>e'y(zsi_zso)/ exp(y‘ivlsi(y))dy>y ] .
i=1 Re

=E

This strongly suggests that the process ({PS)SZO is “stationary modulo tilt” in the sense that, for any
non-decreasing sequence of non-negative times (so,...,s,) C R{, any ¢ > 0, and any function F €
C’((C(R%))™), one has

E[eV270F(V,,,...,¥,,)] = E[eV2P0r (W, 4y, ... Wy 1)) - (2.2.20)
Now, consider the process (p¢):>o given by

o Z Oy @ w47, ® By, Vt>0, (2.2.21)
JEN
where (Z;,¥;)jen is a collection of i.i.d. copies of (Z, W), and (z;,w;);en is an arbitrary enumeration of
the Poisson point process with intensity a, 'y, (dz) ® exp(—v/2dw)dw, where a, is the constant introduced
in (2.2.12). Then, similarly to [RAos5, Proposition 3.1], one can show that (2.2.20) implies that the process
(pt)1>0 is stationary.

Remark 2.2.21 (Full process convergence). For 0 < b < ¢, recalling (2.2.1), we define the measure p; ; on
[0,1]¢ x R x C(RY) as follows

Pt = Z o, ® (SXt(w)—mt Y 6Xt(:r+e*t~)7Xt(Z) ’
T€RT : Xy (z)=sup|, . < b—t Xe(y)

which roughly speaking keeps track of the locations of the maxima, their heights, and the shape of the field
around them. Then, combining the results of the present chapter with the techniques of [BL18], it should not

be too hard to show, analogously to [BL18, Theorem 2.1], the convergence in law

. _ —V3dw
Jim lim ppp = PPP (0, vy, (dz) @ e dw @ v(dd)) ,
where v denotes the law of the field ¥ on C(IRd), and a, is the constant introduced in (2.2.12). Furthermore,

the discussion in the preceding paragraph strongly suggests that

lim lim b =P
b—oo t—00 Pt+ L P

where p is the process introduced in (2.2.21).

2.2.4 Outline

The remainder of the chapter is organised as follows. In Section 2.3, we gather some background material that
will be used throughout the chapter. Section 2.4 focuses on the local structure of extremal points, and contains
the proofs of Theorems 2.A and 2.B. In Section 2.5, we establish key properties of the shape field, including a
suitable resampling property, and prove Propositions 2.2.12 and 2.2.14. Section 2.6 is dedicated to the proof
of Theorem 2.C, which is based on Proposition 2.2.19. The proof of this proposition, in turn, relies on a key
technical result, Proposition 2.6.1, whose proof is given in Section 2.7. We conclude the chapter with two

appendices. In Appendix 2.A, we establish several estimates concerning the probability of a Brownian bridge
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remaining above a slowly growing positive or negative curve. Finally, Appendix 2.B contains the proof of a

technical lemma used in Section 2.7.

2.3 Background and preliminaries

In this section, we collect some preliminary results needed for the proof of our main theorems. In particular,
in Section 2.3.1, we collect some basic and recurrent notation that will be used throughout the chapter. In
Section 2.3.2, we recall some standard results related to convergence in distribution of random measures, and
in particular we briefly introduce the concept of stable convergence. Finally, in Section 2.3.3, we record some
properties of x-scale invariant fields and their martingale approximations.

2.3.1 Basic and recurrent notation

Numbers. We writt N = {1,2,...} and Ny = {0,1,2,...}. We let R = (0,00) and R} = [0, c0).
Without specific mention, the logarithm will be taken with respect to the natural base e. For a € R, we
use |a] to represent the largest integer not greater than a. Given n € IN, we write [n] = {1,...,n} and
[n]o ={0,1,...,n}.

Subsets of Euclidean space. We consider the space R? where d > 1 is a fixed dimension. We let (e, .. ., eq)
be the orthonormal basis of R?. For 2 € R%, we write z = (z1,...,2q) for its coordinates. For r € R and
x € RY, we write B(x,r) for the ball centred at - and with radius r. Furthermore, we write

B, (z) = B(z,e"), (2.3.1)

and we simply write B, for B,.(0). For every Lebesgue measurable set D C IR%, we denote its Lebesgue

measure by |D]|.

Functions and measure spaces. We write C(IR?) (resp. C.(IR%), C*(IR%)) for the space of continuous (resp.
continuous with compact support, continuous and bounded) functions from R to R. We write C (RY) for
the space of positive continuous functions from RR? to IR with compact support. Given a measure v and a

function f, we write v(f) to denote the integral of f against v.

Maxima and related sets. For a subset D C R%, a function f:D —=R,and A > 0 we let

Mp(f) = Sgl}gf(x) , Dp(f)={zeD: f(z) >Mp(f) - A}. (2.3.2)

For D = R%, we simply write M(f) and ID*(f). Additionally, if D = [0, R]? for some R > 0, then we write
Mg (f) (resp. D (f)) in place of Mg gja(f) (resp. D[)E),R]d (f)). Furthermore, when it will be convenient to
do so, we will use the following shorthands,

Mw,r(f) = MIBT(I) (f) ; Di,r(f) = D%,(w)(f) ) (233)

and also, for ro > r1, we set

M, (f) = M, o)\Byy () () s D2y (F) = DR on\p, () () - (2.3.4)
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2.3.2 Topological preliminaries

In this subsection, we collect some results on the convergence of random measures and introduce the concept of
stable convergence, which plays an important role in our main result regarding the convergence of supercritical

GMC measures.

Laplace functionals. It is well known that if 11 is a random point measure on R, then its law is uniquely

characterised by its Laplace functional on the set C. (IR%):
CH(RY) > @ = Elexp(-n(e))] -

We also recall that, if 1 is a Poisson point measure with intensity measure v, then

Eexp[(—n+v(¢))] = exp < /1Rd (1- e‘p(z))v(dx)) .

Remark 2.3.1. For vy > v/2d and a Radon measure v on R?, let Py[v] be the integrated atomic random
measure with parameter y and spatial intensity v as specified in Defnition 1.3.7. Then, in this case, for every
@ € CH(R?), it holds that

E [exp(—Py [V](9))] = eXP<—f3(d»Y) /m @(x)?dV(dfv)> : (2.3.5)

where we recall the definition (2.2.14) of the constant (3(d,y).

Convergence in distributions of random measures. For a locally compact Polish space X, we let M (X)
be the space of non-negative, locally finite measures on X endowed with the topology of vague convergence.
We equip the space of probability distributions on M (X) with the topology of weak convergence. For a
collection (v¢)¢>o of M™(X)-valued random variables, we write v, = v to indicate vague convergence in

distribution as t — oco.

We record here a useful criterion to establish the vague convergence in distributions of M (X')-valued random

variables.

Lemma 2.3.2. Let (Vi)1>0 be a collection of M™ (X)-valued random variables and let v € M (X). If for
all f € CF(X), the following limit holds

tlirgo]E[exp(—vt(f))] =E[exp(—v(f))] , (2.3.6)
then it holds that vi = v as t — oo.
Proof. This is an immediate consequence of the continuity theorem for Laplace transforms, see e.g. [Kal17,

Theorem 4.11]. O

Remark 2.3.3. In what follows, we will be interested in the case X = [n] x IR? which coincides (including
the topology) with the space (M (IR%))™.

Given a locally compact Polish space X and a Hilbert space ) equipped with a dense subspace ), we consider
probability distributions on Y x M™(X). Similarly to before, for a sequence (Y, Vv¢)i>o of Y x M (X)-

valued random variables, we write (Y, v;) = (Y, V) to indicate vague convergence in distribution. We now
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state the following result, which provides sufficient conditions for convergence in distribution on the space

Y x MT(X).

Lemma 2.3.4. Let (Y, V;)>0 be a sequence of Y x M (X)-valued random variables, and let v € M™(X).
Ifforall (@, f) € Vo x CI(X) the following limit holds

Jim E[exp(i(Y, @) exp(—ve(£))] = E[exp(i(Y, @) exp(~v(/))] . (237)
then it holds that (Y,v:) = (Y, V) ast — oo.

Proof. Taking ¢ = 0 in (2.3.7) and using Lemma 2.3.2, we deduce that v; = v. Consequently, the joint
distribution (Y, v;) is tightin ) x M™(X’). Thus, the joint convergence in distribution follows if we can show
the convergence of the finite-dimensional distributions. As both Y and v; are linear forms, the convergence of
the finite-dimensional distributions can be inferred from that of the one-dimensional distributions. Therefore,
it suffices to verify that, for all (@, f) € Vo x CF(X), the following convergence holds

(Y, @), vi(f) = (Y, 0),v(f)) - (2.3.8)

Since the random variable v(f) is almost surely non-negative, it can be readily observed that the joint
convergence in distribution (2.3.8) holds if the corresponding joint Fourier—Laplace transform converges, i.e.
if (2.3.7) holds. O

Remark 2.3.5. In what follows, we will be interested in the case X = [n] x R? and ) = H,_"(IR?), for some

loc
# > 0, in which case we can take Jy = C°(R?).

Stable convergence of random measures. We now recall some facts about stable convergence of random
measures. This type of convergence interpolates to some extent between convergence in law and convergence
in probability. We refer to the monographs [JSo3, HL15] and references therein for more details on stable

convergence in a more general setting.

We consider a collection (vy);>o of M (X)-valued random variables defined on a common probability space
(Q,P) and a M™(X)-valued random variables v defined on a possibly larger probability space. We also fix
a o-algebra X over ().

Definition 2.3.6. We say that v; converges ¥-stably to v € M™T(X) as t — oo, if (Z,v;) = (Z, V) for all

Y -measurable random variables 2.

Remark 2.3.7. If X is the trivial o-algebra, then this coincides with convergence in law. Conversely, if ¥ is
the full o-algebra of the probability space €2 and the limiting random variable is defined on (€, IP), then this

corresponds to convergence in probability.

Given a Polish space ) and a )-valued random variable Y, we have the following result that characterises

o(Y)-stable convergence.

Lemma 2.3.8. Consider the same setting described above. Then v, converges o(Y )-stably to v if and only if
(Y,vy) = (Y,v)ast — oc.

Proof. See for instance [HL15, Exercise 3.11]. O
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2.3.3 Some properties of x-scale invariant fields

Let X be a %-scale invariant field as defined in (2.1.2) and with seed covariance function £ satisfying
assumptions (K1)—(K2). Recalling the covariance structure (2.1.4) of X, we point out that there exists a
smooth function g : R? x R¢ — IR such that, for all z, y € RY,

E[X(2)X(y)] = —log|z — y| + g(z,y) ,

or in other words, X is a log-correlated Gaussian field. Thanks to [JSW19], it is known that a partial converse
is true, i.e., given a log-correlated Gaussian field X with covariance of the form — log|z — y| + g(«,y) for
some function g : R? x R? — R satisfying certain (weak) regularity assumptions, then X can be decomposed
as X = X* 4 L, where X* is a x-scale invariant field, L is a centred Gaussian field with Holder regularity, and

X* and L are jointly Gaussian.

We recall that (X;);>( denotes the martingale approximation of X as defined in (2.1.3). For every t > 0, we

recall the definition (2.1.5) of the o-field F;. The following properties are straightforward to check:
1. For 0 < s < t, the random field X ; is independent from the o-field Fs.
2. For any fixed z € IR?, the process (X;(z))>0 has the law of a standard Brownian motion.

3. For 0 < s < t, the following scaling relation holds
Xot() = Xy_g(e®) . (2.3.9)

We now introduce a field that will play an import role in what follows. We recall that £ is the (unique) positive

definite function such that the convolution of & with itself equals £.

Definition 2.3.9. For £’ a space-time white noise on IR x IR*, we define the field Z., on IR by letting,

202 [ [ @l m) - SR ) ). @3a0)

Furthermore, for 0 < s < ¢, we let Z ; be the field on R given by

O / /IR (e ) — R IR () F € dy,dr) (2.3.11)

with the notational convention that Zg ; = Z;.

We observe that, for any x, y € R% and s, t > 0, it holds that
B [Zoo (%) 200 (y)] = /0 (Re™(z —y)) — Rle "x)R(e Ty))dr , (2.3.12)
SAL
E[Z,@)20)] = [ (867 = v) ~ R8Ty dr (2313)

It is straightforward to check that the field Z;(-) converges weakly in law with respect to the local uniform
topology in C(IR?) to Z(-) as t — oo (see e.g. [Mad15, Proposition 2.4]).

We also record here a decomposition result for x-scale invariant fields originally stated in [DRSV14a] and

which can be proved by standard computation of covariances.
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Lemma 2.3.10 ([DRSV14a, Lemma 16]). For z € R% the field (X¢())i>0.ncre admits the following

decomposition
t
X, (z) = / R (2 — 2)dXo(2) + Zi(x),  Vi>0 ¥z eR:,
0

where (27 (x))t>0 zcra s a centred Gaussian field independent of (X¢(2))i>0 and with the following covari-

ance Sstructure,

Eﬁﬂﬂzﬂw]AS(REWIyDQ@W$ZDﬁ@Wy@DWH Vs,t >0, Va,y € R,

We emphasise that for all ¢ > 0, it holds that Z9(e~*-) = Z,(-), where Z; is the field introduced in Defini-

tion 2.3.9.

2.4 Local structure of extremal points

The main goal of this section is to prove Theorems 2.A and 2.B. We emphasise that the arguments for the proofs
of these two theorems are inspired by and follow similar lines to the proofs of [BL18, Theorems 2.3 and 2.4].

Before proceeding with the proofs, we outline the main ideas behind them. As motivated in Section 2.2.1, our
primary goal is to study the limit as b — oo of the law of the field Y; = ®, — v/2day, introduced in (2.2.3),
under the condition that its supremum on the ball B, is bounded above by some A > 0. As a first step, we note
in Section 2.4.2.1 that the field ®; admits the following “concentric decomposition”:

b b—1 b—1
By () 2 _/0 (1— K(e2)dBy + 3 Zi (@)L jpeny + > Zin(@)Luca,) -
=0 j=0

where (B;)s>0 is @ Brownian motion and, for j € [b — 1], Z; and Z; ;, are defined in Definition 2.3.9 and are

independent of (Bs)s>0.

The key feature of the above decomposition across annuli is that we have good control over the tails of
the fields Z; — m; and Z;; within each annulus A; (see Section 2.4.2.2). In particular, this enables us to
encode the growth of the field Y} into the Brownian motion that drives the stochastic integral appearing in the
above display. More precisely, the condition that the supremum of Y; over B, is bounded above by A > 0
translates into requiring this Brownian motion stay above a polylogarithmic curve (see Lemma 2.4.9). With
this correspondence in place, the proof of the existence and non-degeneracy of the “shape field” follows

through a series of technical steps.

This section is structured as follows. In Section 2.4.1, we introduce the precise setup and state a slightly
stronger version of Theorems 2.A and 2.B. In Section 2.4.2, we explain how to convert the statement about
the supremum of the field being less than A into a condition on the driving Brownian motion to stay above a
polylogarithmic curve. In Section 2.4.3, we collect some technical lemmas that are needed for the proof of the

main theorems, while their proofs are contained in Section 2.4.4.
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2.4.1 Setup and statement of results

Recalling Definition 2.3.9, for b € IN U {oo}, we introduce the field ®; on R? given by

. b
Dy(-) = _/o (1—R(e*-))dBs + Z(-) , (2.4.1)

where (Bj)s>0 is a standard Brownian motion independent of the space-time white noise & used in the
definition of the field Z; introduced in Definition 2.3.9. We observe that the field ®; defined in (2.4.1) is equal
in law to the field introduced in Definition 2.2.3 (which justifies using the same notation), and we also recall
that Y is given by

Y, = &, — V2da, . (2.4.2)

We will carry our analysis in a slightly more general setting than what we specified in the introduction, namely
we allow the field Y} to be perturbed by a suitable “well-behaved” independent field. For b € IN, we consider
an independent random field g;, on R?, which we fix for the reminder of this section and assume to satisfy the

following properties:
(G1) One has g;(0) = 0 almost surely.
(G2) For all j € [b]o, there exists a constant ¢ > 0 such that for alln > 0,

—ce2(b=iy?

P(Mo,;(gs) >m) Se

(G3) There exist constants ¢ > 0 such that for alln > 0,

2

P| sup Mo,(07rm) >n ) Se ™
i,k€[d]

For b € IN, we then define the field V3 4 on R? by

Yog(-) =Vo(-) + 8(") - (2.4.3)

In what follows, given b € IN and z, y € RR, we use the convention that under IP,, , 1, the law of (Bs)se[o,b] is
that of a Brownian bridge from x to y in time b. Furthermore, [E, , ; denotes the expectation with respect to

Ipryy,lr

The main goal of this section is to prove the following two propositions, which are analogous to Theo-

rems 2.A and 2.B, but with the Brownian motion replaced by the Brownian bridge.
Proposition 2.4.1. Foreach A > 0, there exists a continuous random field '?A on R? such that, for any function

F € CP_(C(RY)), and for all u € [b*/*,b%/4], one has

E[F(Ya)] = Jim Eo.us[F(Yig) [Mop(Vog) <A = lim E[F(Yoo) [Mos(Yoc) <Al (2.4.4)

b—o0

Proposition 2.4.2. For A > 0, let ¢, » > 0 be the constant defined as follows

Cop = Jim B[Belyp, o oo Linox(ry<ap]
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then, for all u € [b/*,b3/4), it holds that

. b
lim 71[)0}“71,(]1\/[0’1,(‘“7’9) < )\) = 26*’)\ .

b—oco U

2.4.2 Reduction to a Brownian motion

The main goal of this subsection is to show that the condition that the supremum of Y} 4 over the ball By, is
bounded above by A can essentially be rewritten as a condition on (Bj)¢[o,5) appearing in (2.4.1). The idea is
to use a suitable decomposition across annuli of the field ®;, which will be introduced below. The key feature
of this decomposition is that, for any j € [b — 1], the supremum of the field in the annulus B; 4 \ BB; is given
by the position of the driving Brownian motion at time j (modulo a sign change), plus a remainder term whose
tails we have good control over (see Figure 2.1). Hence, the condition that the supremum of Y, 4 over the ball
B, is bounded above by A can be recast in terms of the requirement that this driving Brownian motion stays

above some polylogarithmic curve.

2.4.2.1 Decomposition across annuli

We begin by defining the following sets

def def

AO:]Bl and Ajlej+1\1Bj, VJEN

With this notation in place, for all b € IN U {oc} and = € 1By, the field @}, in (2.4.1) can be conveniently
rewritten as follows

b b—1 b—1
Dy(x) = —/0 (1 — ﬁ(e_sx))st + Z Zj(x)]l{meAj} + Z Zj,b(x)]]‘{l‘eA]‘} , (2.4.5)
=0 =0

where the fields Z; and Z; ; are as in Definition 2.3.9. For every b € N U {oo} and j € [b — 1], we aim to
control the tails of the suprema of the fields Z; and Z; ; over A;. This will be the content of the next two

lemmas.

2.4.2.2 Controlling the tails

Recall the definition (2.2.1) of the recentering constants m,.

Lemma 2.4.3. There exists a constant ¢ > 0 such that for all j € IN, it holds that

d

Proof. For j € IN andn > 0, the probability in the lemma statement is equivalent to

d

sup Z;j(z) —m;
TEA;

2n>§e“‘, Vn>0.

sup  Zj(elz) —m,
x€B;1\Bo

> n) . (2.4.6)
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On the other hand, since by (K2) the seed covariance function £ is supported in B(0, 1), we have that for all
x,y € By \ By, it holds that

IE[Zj(ejJ;)Zj(ejy)] = /OJ ﬁ(es(x — y))ds .

In other words, the field Z;(e’-) restricted to the annulus By \ By has the same law as the martingale
approximation at level j of a x-scale invariant field with seed covariance kernel K. Hence, if the annulus
B; \ By in (2.4.6) is replaced by the d-dimensional unit box [0, 1]d, then this tightness result follows from
[Aco14, Theorem 1.1]. To deduce the tightness of supremum of (Z;(e’-)) ;en over the annulus B, \ By from
the one over the box [0, 1]%, one can simply note that B; \ By contains and is contained in a box of order

one. O

Regarding the field Z; ;,, we have the following bound on its supremum over annuli of radii smaller than j.

Lemma 2.4.4. There exists a constant ¢ > 0 such that for b € N U {0}, j € [b — 1]o, and | € [j]o, it holds
that

P( sup [Zyp(@)| 2n | S ¥nzo0.
FASY V]
Proof. The result follows by a standard application of Fernique’s majorizing criterion (Lemma A.0.4) and

Borell-TIS inequality (Lemma A.0.3). We only detail the case b = oo, as the case b € IN is completely
analogous. Fix j € IN and [ € [j] and note that the probability in the statement equals

IP< sup |Zj,oo(ela:)2n>.

z€B1\Bg
A simple computation based on (K1) —(K2) yields that, for all x, y € B \ By, it holds that
E[|Zj,00(e'®) — Zj o (e'y)*] < 2/ (1- Re= =0 (g — y))ds S |z —yl* . (2.4.7)
0

Therefore, an immediate application of Fernique’s majorizing criterion (Lemma A.0.4) shows that

E

sup |Zj,oo(€l9€)|] N
z€B1\Bo

for some universal implicit constant. The conclusion then follows by Borell-TIS inequality (Lemma A.0.3)
and thanks to the fact that

sup IE[Zj,OO(elx)Q] :/ (1 _ ﬁ(e—(s—&-]‘—l)xﬁ)ds 5 6_2(j_l) ’
z€B1\ Bo 0

where, once again, we used (K1)—(K2), and the implicit constant is independent of the quantities of interest.

Finally, we remark that the cases j = 0 and j € IN with [ = 0 can be treated similarly. O

Lemma 2.4.5. There exists a constant ¢ > 0 such that for allb € N U {oo} and j € [b — 1], it holds that

3
sup |[V2day(x) —m;| < c+ log(7j) .
$E£j| b( ) _]| — 2@ g(j)
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Proof. Fixb € IN and j € [b— 1]. Then, thanks to (K2), we have that, uniformly over all z € A, there exists

a constant ¢ > 0 such that

|\/ﬁab($) - \/ﬁj‘ =

b
/j (1- ﬁ(e‘sx))ds‘ <c.

The conclusion follows by recalling the exact expression for m; given in (2.2.1). The case b = coand j € IN

can be treated analogously. O

2.4.2.3 Control variables

In what follows, given j € INy and a function f : Rj — RR, we introduce the following notation,

Osc; £ su s)— inf s) .
i(f) sempmf() se[j7j+uf()

For j, k € Ny, we define
N\ de N2
©r(j) = [log(1+ (kv 7))] . (2.4.8)

For b € N U {oo}, we now introduce the control variable K, which will play an instrumental role in our

analysis.
Definition 2.4.6. For b € IN U {00}, we let K, be the smallest & € [b — 1]' such that:
(1) Foreach j € [b— 1]o', it holds that Osc;(B) < ©(j).
(2) Foreach j € [b— 1], it holds that [sup, ¢, Z;(z) — m;| < Ok(j).
(3) Foreach j € [b—1]o and I € [j]o, it holds that sup, 5 |Z;s(2)| < e~ =D/20,(j).
(4) If b # oo, for each j € [b — 1]o, it holds that sup, . [gs(7)| < e~ (0=0)/2@,,(4).
If no such K, exists, then we set K;, = b.

Remark 2.4.7. Foreachb € N, j € [b — 1]g, and [ € [j]o, recalling (2.4.1), we have, for all 2 € By,

b
Yoo(@) = Vyg(o) = = [ (1= R(e0))dB, +Z,(0).
J
Now, on the event {K;, < j}, one has

—(j— N2
sup |Z;(2)| S =72 (log j)

z€lB;
as well as
b b—1
sup / 1— R(e *z)dBs; <elz 1 0sc;(B) < e U™ Z)Ze 9;(i+j)Se U l)(logj)
z€B;|Jj

i=j

Therefore, combining the previous two bounds, we obtain that for all [ € [4]o, on the event {K, < j}, it holds
that

sup Yo,(2) = Vja(@)| S eV (log j)* . (2.4.9)
xeB;

'With a slight abuse of notation, if b = oo, then [b — 1] = N and [b — 1]p = Np.
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Thanks to Lemmas 2.4.3 and 2.4.4, we have the following result concerning the tail behaviour of the control
variables.

Lemma 2.4.8. There exists a constant c > 0 and ko € IN such thatforb € N withb > kg, andu € [bl/47 b3/4],
Po.up(Kp = k) < e 0 Ve {ky,...,b}. (2.4.10)

Similarly, there exists a constant ¢ > 0 and %0 € IN such that
IP(KOO = k) < ¢ Cllog k)® , Vk> EO . (2.4.11)

Proof. We start with (2.4.10). Fix b € N, u € [b/4,b%/4], and let k € [b]. By Definition 2.4.6, the event

{K; = k} is contained in the union of the following events,

b—1 b—1
U{OSCJ‘(B) >0r-1(4)} { sup |gy(z)| > 6_(b_j)/2@k—1(j)} ;
=0

=0 ZDEAJ'

b—1
U{ sup Z;(x) — m;
TEA;

=1

>®k—1(j)}v O U{Sup|Z]b )| > e U020 (j )}

TEMA;

The conclusion then follows since there exists constants c1, co > 0 such that the probabilities of the events
appearing in the unions of the above display are bounded either by c; exp(—c2©y,_1(j)?) (for the ones on the
first line) or by ¢; exp(—c2@j_1(4)) (for the ones on the second line). Summing over j then yields the desired
bound.

Indeed, for the events in the union on the top-left, this follows since for all u € [bl/ 4 b3/ 4], the oscillation
norms Osc;(B) have Gaussian tails uniformly over the probability laws P ,, 5, for all j € [b — 1]. For the
event in the union on the top-right this follows from (G2). Finally, regarding the events in the union on the
bottom-left and bottom-right, this follows by Lemma 2.4.3 and Lemma 2.4.4, respectively. To conclude, we

note that the proof of (2.4.11) proceeds in the same exact way. O

We are now ready to state and prove the following key lemma. For a diagrammatic representation related to

this lemma, we refer to Figure 2.1.

Lemma 2.4.9 (Approximation by a Brownian motion). There exists a constant C > 0 such that for all
be INN{oo}andall j € [b— 1), on the event {K, < b},

sup Yy 4(z) + Bj| < Rk, (J) , (2.4.12)

TCA;

where Ry (j) = C(l + Oy ))

Proof. Letb € N, j € [b— 1], and z € A;. Now, recalling (2.4.5), we can write

b
Yy o(a) = —B; — / (1 - A(e="2))dB, +Z;(x) + Zj(2) — vV2dan(z) + golx) |
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where we used the fact that thanks to (K2), the function R is supported in B(0, 1). In particular, using the
triangle inequality, this implies that

sup Yy 4(z) + B;
QZGAJ'

< sup
TEA;

+ | sup Z;(z) —m;

b
/ (1 — R(e *z))dBs
7 TEA;
+ sup [Z;(x)| + sup |V2day(z) —m;[ + sup |gy(z)| -
TEA; TEA; TEA;

Now, on the event {K; < b}, by Definition 2.4.6 of the control variable K; and by Lemma 2.4.5, there exists
a constant C > 0 such that the last four terms on the right-hand side of the above display are bounded from
above by a quantity of the form C (1 +0x,(J )) Therefore, it remains to check that a similar bound also holds
for the first term. Again, by Definition 2.4.6 of Kp, this follows by a simple computation. Indeed, we have that

b b—1 b—1
sup / (1—R(e *z))dB,| S/t Z e ™ Osc,y(B) < el Tt Z e MOk, (m) ,
S m=j m=j

where the implicit constant is independent of everything else. The quantity on the right-hand side of the above
display can be clearly bounded by a quantity of the form C(1 + ©k, (j)), for some constant C > 0. Hence,

the estimate in (2.4.12) follows. Finally, we note that if b = oo, then the proof is completely analogous. [

We record here some useful inclusions that are immediate consequences of Lemma 2.4.9 and will be used
several times in the remainder of this section. In particular, recalling the notation introduced in (2.3.3) and
(2.3.4), and using the same notation as in the previous lemma, for each A > 0, thanks to (2.4.12), one can see
that for all b € IN and k € [b — 1], the following inclusions hold

b—1
{Kp <} N {Mos(Vog) <A} C [({B; = A —Rx,(5)} (2.4.13)
j=1
b—1
{Kp <0} [(){B; > A+ Rk, (i)} € {Mopr(Vg) <A} (2.4.14)
j=k

Similar inclusions hold also for the field Y,,. Indeed, thanks to (2.4.12), for all b € IN and k € [b — 1], we
have that

b—1
{Koo < 00} N {Mos(Yoe) <A} C ({B; = -A—Rg, (i)}, (2.4.15)
j=1
b—1 B
{Koo <00} N (V{Bj 2 A+ R, (4)} € {MospsVoo) <A} (2.4.16)
j=k

2.4.3 Some technical lemmas

In this subsection we collect some technical results that are need for the proofs of Propositions 2.4.1 and 2.4.2.
Before proceeding, we emphasise that all the following lemmas have an analogous counterpart in [BL18,
Section 4]. We begin with the following lemma, which is a slightly augmented version of [BL18, Lemma 4.20],

adapted to our setting. For its statement, given k € IN, we use the notation

gk déf G((Bs)s§k7 Zoo) .
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—B + Rk<f)
_B,
—B; — Ri(t)

M A .

e

Ficure 2.1: The blue curve represents a standard Brownian motion —B run up to time b. The light blue
region around the Brownian motion is the area enclosed between the curves [0,b] > ¢t — —B; — Ri(t) and
[0,b] © t = —B¢ + Ry(¢) for some 0 < k < b. Roughly speaking, Lemma 2.4.9 states that, with high
probability, for any j € [b— 1], the supremum of the field Y, 4 () in the annulus A lies on the vertical segment
at t = j within the light blue region.

Lemma 2.4.10. There exists a constant ¢ > 0 such that for A > 0, for all b € IN sufficiently large,
u € [b1/4, b3/4], k € [b— 1], and any event A}, € G,

b—1
. u
Po,ub (Kb =k, m {B; > -A-Ri(h)}, Ak) S 3¢ C(logk)z\/ﬁ)o,mb(Ak) . (2.4.17)

i=k

Similarly, there exists a constant ¢ > 0 such that for N > 0, for all b € N sufficiently large, k € [b — 1], and
any event Ay, € Gy,

b—1
IP(KOO =k, ﬂ {B; > -A—Ri(j)}, Ak> < %e—al"gk)z\/lp(Ak) . (2.4.18)

=k

Proof. For simplicity, and without loss of generality, we set A = 1. The proof of this lemma follows a similar
approach to the proof of [BL18, Lemma 4.20]. We start with the proof of (2.4.17). Given b € IN and
k € [b— 1], we let Ej, be the event that the conditions in Definition 2.4.6 hold for all j € [k] (or j € [k]o)
with ©(j), but at least one of these conditions is not satisfied if O () is replaced by @x_1(j). We note that
Ex € Gy and that {K;, = k} C Ey, by definition of K;. Hence, the probability on the left-hand side of (2.4.17)
can be bounded from above by

IEO,u,b

b—1
nEmAklPo,u,b<ﬂ {B; > —1-Rx(j)} ‘ gkﬂ :

j=k
Now, we consider the function C : IRS' — ]Rar given by
() £ C[1 +1log(C + )],

where C is the constant appearing in the definition of Ry, which, without any loss of generality, we can assume
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to be large enough so that C is increasing and concave on IRaL. Then on the event { B, = z} for some z € R,
again by possibly enlarging the constant C in the definition of ¢, thanks to the Markov property of the Brownian
bridge, it holds that

b—1
H’o,u,b<ﬂ {Bj > -1 -R(j)}

b—1
gk) < IPz,u,b—k(ﬂ {Bj 2 _C(])}) :

j=k j=k
Now, thanks to Lemma 2.A.10, we have that
b—1
IPz,u,b—k (m {B] Z _C(.])}> S; IPZ,M,b—k‘ ( G[E)Hbf & (Ba + 2C(k + 5)) Z 0) ) (2419)
i=k T

where the implicit constant is independent of everything else. Since by definition one has Osc;(B) < ©(j)

on the event Ey, for all j € [k]o, we can assume that

z € [=C(k), (k + 1) (log(k +1))7] .

def

We let ar, = (k) V ((k + 1)(log(k + 1))?). Since the probability on the right-hand side of (2.4.19) is

increasing in z € R, we can estimate this probability for z € [ax, 3ax]. It follows from Proposition 2.A.5 that

u
b—k -

sup ]I)Z,u,b_k< inf (Bs+2¢(k+s)) > 0) <al (2.4.20)

ze[ak;’)ak] SE[O,b*k]

We note that the presence of a} instead of aj in the above expression —as one might expect from Propo-
sition 2.A.5—is due to the first summand in the error term (2.A.9). Furthermore, we observe that a direct
application of Lemma 2.A.7 shows that the remaining summands in the error term (2.A.9) can be bounded
uniformly over all k € [b — 1] and z € [ag, 3ax].

Therefore, combining the previous considerations, so far we have proved that on the event Ey, it holds that

b—1
IPO,u,b(ﬂ{Bj > -1 *Rk(j)} | gk) S azbfk .

=k

On the other hand, thanks to Cauchy—Schwartz’s inequality and arguing as in the proof of Lemma 2.4.8, we
have that P(Ex N Ag) < e—c1(logh)® /TPo..5(Ag), for some constant ¢; > 0. Hence, by absorbing the factors
ai and b/ (b — k) inside the exponential, we obtain that there exists a constant co > 0 such that

b—1

. U _cy(lo

IPo,u»b<Kb=’”~’ N{B; = -1 =R} Ak) < 5o 0 [Pows(A) |
j=k

from which the conclusion follows. Finally, the proof of (2.4.18) can be done similarly and hence is omitted.
O

In what follows, we also require the following version of Lemma 2.4.10, where the endpoint of the Brownian

bridge is constrained to be less than b'/4,
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Lemma 2.4.11. Let A > 0 be fixed. There exists a constant ¢ > 0 such that for A > 0, for all b € N
sufficiently large, u € [—A,b'4], k € [b— 1], and any event Ay, € Gy,

b—1
. 1 —c(lo: 2
Po.u b <Kb =k ({B; = -2 =R}, Ak) S (loeB)™\ [IPg u p(Ak) -

=k

Proof. The proof is almost identical to that of Lemma 2.4.8. Therefore, we only highlight the necessary
changes. First, for a fixed A > 0, we note that (2.4.10) in Lemma 2.4.8 also holds uniformly for all
u € [—A,b'/*]. Then, the only thing that needs to be changed is the bound (2.4.20). Indeed, Proposition 2.A.5
can only be applied for u € [b*, 3/] for some ¢ € (0, 1/8). However, we can easily overcome this issue by
using monotonicity and replacing the endpoint v in the probability on the left-hand side of (2.4.20) with u + b*
for some t € (0,1/8). This allows us to apply Proposition 2.A.5, from which we deduce that the probability
on the left-hand side of (2.4.20) is bounded above by a multiple of a3 (u + b*)/(b — k). The conclusion then
follows by proceeding with the remaining part of the argument in the proof of Lemma 2.4.8 and recalling that
u < b/, O

The following lemma is analogous to [BL18, Lemma 4.21] in our setting.

Lemma 2.4.12. There exist constants c1, ca > 0 such that for A > 0, for b € IN large enough and

u e b4, 63/4),
u u
Gy < P, (Mop (Vi) <A) < o . (2.4.21)

(=l

Similarly, there exist constants ¢y, ca > 0 such that for A > 0, for b € IN large enough,

-1 -1
61% < ]P(Mob(yoo) < )\) < 62% . (2.4.22)

Proof. We start with the upper bound in (2.4.21). Thanks to (2.4.13), it holds that

b—1
{Mo(Vy,g) <A} C {Kp=b} U {Kb <b, (){Bj=-A- RKb(j)}} .

Jj=1

Thanks to Lemmas 2.4.8 and 2.4.10, the probability of the event on the right-hand side of the above display is

less than than a multiple of
b—1

%ZB_Cl(lOg k)2 + e—cz(log b)2 ,
k=1
for some constants c1, co > 0. Therefore, the desired bound follows. We observe that the upper bound in

(2.4.22) can be deduced in a similar way.

We now focus on the lower bounds. In particular, we limit ourself to study the lower bound in (2.4.21), since
the one in (2.4.22) can be obtained similarly. For k, b € IN such that k£ < b, let E; be the event that all
conditions in the definition of the control variable K, are satisfied with O(+), except that we do not impose
any requirements on the oscillation bounds for the Brownian motion for time indices up to and including
time k. In particular, the event Ej, is conditionally independent from o((B;)s<x) given o(By). We have the
following lower bound

b—1
Po,ub (Mop(Yog) <A) > Poup <M0,k(yb,g) <A, Eg, ﬂ {B; >N+ Rk(])}) . (2.4.23)
j=k
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where we used the fact that, thanks to Lemma 2.4.9, on the event E?2, it holds that

b—1

n {B; > A+ Ri(j)} € {Mop,e(Vi,g) <A}
j=k

We also observe that thanks to (2.4.9), on the event Ey, there exists a constant ¢ > 0 such that
{Mo k(Yi,g) <A —c(logk)®} € {Mo (Vi) <A} .

Therefore, the right-hand side of (2.4.23) can be lower bounded by the following probability

b—1
IP()yu’b (M(),k(Yk,g) S 7\ — C(lOg k)2, ]'__‘)k7 n {B] 2 )\ + Rk(])}) .
j=k

We note that the first event inside the above probability is conditionally independent from the second and third
events given o(By). In particular, the conditional probability of the first event given {Bj = z}, for some

z > M+ Ry (k), increases as z increases. Therefore, it can bounded from below by a constant ¢; (k) > 0.

Since by definition {K; < k} C Ej, to conclude it suffices to estimate the following probability

b—1
Py b (Kb <k, ﬂ {B; >+ Rk(])}) . (2.4.24)

Jj=k

To this end, by using Lemma 2.4.10, we get that there exist constants cg, cg > 0 such that

b—1
Po,u,b (Kb >k ({B; =A+ RMJ)}) < 026763(logk)2% ’

j=k
and so, the probability in (2.4.24) can be lower bounded by the following sum
bl 2U
Py b ( ﬂ {Bj > A+ Rk(])}> — 626*63(10};1@) 7
j=k

Furthermore, by using the lower bound in (2.A.2) and Lemma 2.A.11, we get that the above probability is

lower bounded by

b—1 b—1
ﬂ’o,u,b<ﬂ {B; > -A-Ri(h)}, ﬂ {B; =X+ Rk(j)}>
j=k

Jj=1

V

b1 b—1 b—1
> Pg up (ﬂ {B; > 0}) - Il)(),u,b(ﬂ {B; > A= Ry(j)}, U {B; <A+ Rk(])})

j=1 =k

v

b—1 b—1
> IPO,u,b <eeu[llf,b] B, > 0) — IPO,u,b (]Q{Bj —A - Rk(])}, U {BJ <A+ Rk(])}>

Jj=k

Z 64%(1 - kiTlG) )

2To be precise, the conclusion of Lemma 2.4.9 holds on the event {K; < k}. However, as one can easily check, on the annulus
By, \ By, only the conditions on the oscillations of the Brownian motion after time k are relevant.
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for some constant ¢4 > 0. Hence, putting everything together, we showed that there exist constants ¢; (k), co,
c3, ¢4 > 0 such that

u _1 e
Po,ub (Mop(Vo,g) <A) > 61(76)3(04(1 —k716) —coe S(Ing)Q) ,
from which the claim follows. O

We finish this subsection with the following lemma.

Lemma 2.4.13. Forallk € N, ¢ > 0, and A > 0, there exists & € (0, ) such that for all b > k sufficiently
large andn € {0, 8}, it holds that

u
Po,up (Mo (Vo) = A =841, Mop(Yig) <A+7) < €y - (2.4.25)

Similarly, for all k € N, € > 0, and A > 0 there exists 5 € (0,\) such that for all b > k sufficiently large and
n € {0, 8}, it holds that

1
]P(Mo,k(YOO) >A=20 +mn, MO,b(Yoo) <A +T|) <e

N

Proof. The strategy for the proof of this lemma is quite similar to the strategy developed for the proof

(2.4.26)

of Lemma 2.4.10. We will provide the proof only for the case 1 = 0, as the case 1 = 6 is completely
analogous. We fix k € IN, ¢ > 0, and A > 0. For § € (0,A/2), we begin by observing that, thanks to
Lemmas 2.4.9, 2.4.10, and 2.A.11, it holds that

|~

Po,u (Moo (Vo,g) = A =8, Mop(Vyg) <A) S kT

o

u
b i

and so, if k& > b/2 the claim follows by taking b > 0 large enough. Hence, from now on, we can focus on the
regime k& < b/2. Thanks to Lemma 2.4.10, by choosing [ > [ for some Iy = lp(¢) > k, we can assume that
we are on the event {K; < [} with K, from Definition 2.4.6. Now, for 5 € (0,A/2), we observe that thanks
to (2.4.13),

{Mox(Vy,g) = A =8, Mop(Voq) <A, Ky <1}

b—1
C {Mo,km,g) eN-28A], ﬂ {Bj > -A-Ri(j)}, Kp < l} . (2.4.27)
j=l

Thanks to (2.4.9), on the event {K; < [}, by possibly taking [ > I for some Iy = l;(¢,d) > ly, we can
assume that the event on the right-hand side in (2.4.27) is contained in

b—1
{Mg 1 (Yig) € A —28,A+25]} { N{B; > -Ar- Rl(j)}} .
j=l

These two events are conditionally independent given o(B;). In particular, on the event {B; = z} for some

z > —A — Ry(1), the first conditional probability is equal to

Po.... (Mo (Vi,g) € [A —28,A 4 28]) .
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Now, thanks e.g. to [PT79, Theorem 3.1], we observe that by choosing 6 = &(¢e, k) € (0,A/4) sufficiently
small, it holds that

sup  Po.i(Mor(Vig) € [A—25,A+28]) <e. (2.4.28)
2>—1-Ry(l)

To be precise, we cannot directly apply [PT79, Theorem 3.1] since Y; 4(0) = 0. However, this issue can be
easily overcome by noting that, by taking ¢ = ((e) > 0 sufficiently small, it holds that

sup Py sup Vig(x) >AN/2| <e,
z>—1-R (1) xz€B(0,0)

To obtain (2.4.28), we note that the variance of the field Y; 4 over the annulus By, \ B(0, {) can be uniformly
lower bounded by a quantity depending on (. Therefore, by [PT79, Theorem 3.1], the density with respect to
the Lebesgue measure of the supremum of the field V; 4 over the annulus By, \ B(0, ¢) is bounded above by a
constant depending on k and {. Hence, (2.4.28) follows by taking & = (¢, k) € (0,A/4) sufficiently small.

The conclusion then follows since by applying Lemma 2.4.10, one has that

b—1
]Po,u,b<ﬂ{Bj > —A— Rz(j)}) < % )

j=l

The proof of the bound (2.4.26) follows a similar approach and it is therefore omitted. O

2.4.4 Asymptotic formulas

Forany A > 0, for b, € IN with b > [, foru € [bl/47 b3/4], and for any function F' € Cllz,c (C(IRd)), we define

the following quantities

H;\(F) = IE[F(YI)BZ]I{BZ6[11/6,l5/0]}]1{11\/lo,z(Yz)g)\}} , (2.4.29)

def

H‘I?’;\"b(F) = IEO,u,b [F(Y})Bl]].{Ble[l1/67l5/6]}]].{M071(’YL)SA}} . (2.4.30)

Proposition 2.4.14. Let F € C} (C(R?)). For any € > 0 there exists lg € IN such that for all | > lo, b > 1
sufficiently large, A > 0, and u € [b1/4, b3/4], it holds that

u

Eo,u,p [F(Yb,g)ﬂ{mo,bm,g)gx}} — 2IH; \(F) A

< e% . (2.4.31)

Similarly, for any ¢ > 0 there exists ly € IN such that for all | > 1y and b > 1 sufficiently large, it holds that

14 1
E[F(To0)T a0y | — HiA(F) ) < e (2432)

Remark 2.4.15. From the proof of Proposition 2.4.14 given below, it follows that for any € > 0 there exists
lp € IN such that for all [ > Iy and b > [ large enough,

[0 8
E{F(Yb)ﬂ{Moﬁb(Yb)g)\}} — lHl’)\(F)% < SE . (2.4.33)

As we will see below, the proof of Theorem 2.A follows exactly the same method as the proof of Proposi-
tion 2.4.1, but using (2.4.33) instead of (2.4.31).
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Before proving Proposition 2.4.14, we state two auxiliary technical lemmas.

Lemma 2.4.16. For any A > 0 and for all u € [b'/*,b%/4), it holds that

b
lim limsup —Po . 5 (B < 17, Mo p(Yo,g) <A) =0,
=0 pyso U
Proof. The proof follows the exact same argument as in the proof of [BL18, Lemma 5.3] (see also [BL18,

Lemma 5.5] for arelated statement about Brownian bridges). Specifically, itrelieson Lemmas 2.4.10,2.A.8,and 2.A.10.
O

Lemma 2.4.17. For any ¢ > 0 there exists lg € IN such that for all | > 1y, b > [ sufficiently large,

x € [1Y/615/9), and w € [b'/*,b3/4], it holds that

U

1P0,wb< ﬁ {B; >0}

j=i+1

2xu
= el — <
Bl {E> b S € b

Proof. The proof follows the exact same argument as in the proof of [BL18, Lemma 5.4] (see also [BL18,
Lemma 5.6] for a related statement about Brownian bridges). In particular, the lower bound follows trivially

from Lemma 2.A.1, while the upper bound follows from Lemmas 2.A.5, 2.A.7, and 2.A.10. O
We now have all the necessary ingredients to prove Proposition 2.4.14.

Proof of Propositon 2.4.14. We will only prove (2.4.31), as the proof of (2.4.32) is completely analogous and,
in fact, simpler.

The proof is based on a sequence of replacements that gradually convert one expectation into the other. We
can and will assume that the function F € C2 (C(IR?)) depends only on the value of the field inside the ball
By, for some fixed kg > 0. For b € IN, [ € [b — 1]p, and k € [l]o, on the event {K, < [}, arguing as in
Remark 2.4.7, we have that

sup | g(2) = V()] S e "2 (logl)? . (2.4.34)
zeBg

Step 1: We start by replacing Y3 g by V; in the argument of F. For k > kg, we recall that on the event {K;, < k},
both Y3 4 and Y; are bounded on By, by a quantity depending only on k. Therefore, for kg < k < I < b,
using the uniform continuity of F on compacts, the bound in (2.4.34), and Lemma 2.4.10, we obtain that for
any € > 0, by taking b > [ both large enough,

Eoyuﬁb[\F(vag) - F(Yl)|]1{Mo,bm,g>9}]l{xbgk}} < 8% : (2.4.35)

Similarly, using the boundedness of F and Lemma 2.4.10, we also have that for any ¢ > 0, by taking £ > 0
large enough, it holds that

IEo,u,b[\F(Yb,g) - F(Yz)|]1{Mo,b(vb,g)g)\}]1{1<b>k}} < E% . (2.4.36)

Hence, (2.4.35) and (2.4.36) imply that, for any ¢ > 0, by taking b > k both large enough, it holds that

u
Eg b {F(Tb,g)]l{IMOYb(Yng)g?\}} —IEg,up [F(Yz)]l{uv[o,b(vb,g)gx}] < €y - (2.4.37)
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Step 2: In this step, we show that for any ¢ > 0, by taking b > [ both large enough, it holds that

u

Eo,u,p {F(’n)ﬂ{MO,b(Yb,g)S)‘}} <2 b

u
H; A (F) + ey - (2.4.38)

To this end, for 6 € (0,A), and ky < k < 1 < b, we define the event E; ; 1, 5 by letting

b
Ep s = {Kp <k} N {Mor(Vog) <A—8} N {B € 1M1} n { N (B> )\+2Rk(j)}} :
j=k+1

For any ¢ > 0, by Lemmas 2.4.10, 2.4.13, 2.4.16, and 2.A.11 for [ > k both large enough and & > 0 small
enough,

. b c

lim sup —1Po, .5 (Ef 1 1.5, Mo,p(Yp,g) <A) < €.

b—oco U

Therefore, so far we proved that, for b > [ both large enough, it holds that

u
Eo,u,b {F(Y})ﬂ{Mo,b(Yb,g)SA}} < Eg +E[F(Y})1{Eb,z,k,5}] : (2.4.39)

Now, we can choose [ > k large enough in such a way that the right-hand side of (2.4.34) is less than & for
J € [k] and less than Ry, (j) for j € {k + 1,...,1} (assuming that the constant C > 0 in the definition of Ry,

in Lemma 2.4.9 is chosen large enough). In this way, on the event {K; < k}, we have that
{Mo (V) <A =38} C {Mor(M) <A},
and also, for j € {k+1,...1},
{B; > A+ 2Rx(j)} € {Mo;11,;(Ys) <A+ Ri()} € {Mog;11;(M) <A}

Therefore, putting these facts together, we get that the expectation on the right-hand side of (2.4.39) is bounded
above by

Eo,ub {F(mH{Bze[llfﬁ,w/ﬂ}ﬂwo,z(Yz)sx}]l{mzzlﬂ{sjzon} :
Since the field Y; is conditionally independent of o((B;)s>;) given o(By), it follows from Lemma 2.4.17,

the boundedness of F, the absolute continuity of the law of the Brownian bridge with respect to that of the

Brownian motion (see Step 4), and Lemma 2.4.12 that

. . b 0,u,b
ZEIEO 1111)11)S()lolp &]Eo’u,b [F (YZ)]I{Bl6[11/6715/6]}]1{11\/[0,1(YL)SA}]I{I’W?=1+1{B]ZU}} — 211—1[,7\ (F) =0 s
thus obtaining (2.4.38).
Step 3: In this step, we show that for any € > 0, by taking b > [ both large enough, it holds that
U U
Eo,u0 [ FO) L nty (00501 | = 27 HIA(F) — €5 (2.4.40)

To get the above inequality, we can proceed similarly to Step 2. For kg < k < [ < b, we define the event Eb, 1k
by letting
D {Ky <k} n{Mop(Yoe) <A}N{B € [11/6’l5/6” .
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Now, we note that, for & > 0, the following trivial lower bound holds true

Eo,u,b {F (Yl)]l{Mo,b(Yb,g)g)\}}
2 IEoyu,b[F(Yl)ﬂ{ﬁb,l,k}ﬂ{mo,km,g>§A+6}]l{m;:kﬂ{gjzfxfzm(j)}}} : (2.4.41)

For any ¢ > 0, by Lemmas 2.4.10, 2.4.13, 2.4.16, and 2.A.11, for £ < [ both large enough and 6 > 0 small
enough,

b

. b ~ .

hbm sup — Py . (Eﬁ)l’k, Mo 1 (Vig) <A+, ﬂ {B; > -A- 2Rk(j)}> <ce. (2.4.42)
— 00 J=kt1

As before, we can choose [ > k large enough in such a way that the right-hand side of (2.4.34) is less than 6
for j € [k] and less than R (j) for j € {k + 1,...,1} (assuming that the constant C > 0 in the definition of
Ry, in Lemma 2.4.9 is chosen large enough). Therefore, on the event {K;, < k}, which is contained in Eb,z,k,
we have that

{Mo 1 (i) <A} C {Mok(Y,q) <A+ 8}

and also, for j € {k+1,...1},
{Moj41,;(V) <A} C{Moj41,;(Vog) <A+ Ri(j)} € {B; = —A—2Rx(j)} .

Therefore, using (2.4.42), for b > [ both large enough, the right-hand side of (2.4.41) can be lower bounded
by

u
IEO,u,b I:F(Yl)]l{BlE[ll/ﬁgls/G]}-ﬂ{MO,l(YL)SA}]I{O;):L+1{BjZO}} — ge .

To obtain (2.4.40), we can apply Lemma 2.4.17 as in Step 2.

Step 4: By combining (2.4.37), (2.4.38), and (2.4.40), we have thus far proven that for any ¢ > 0, by taking
b > [ both sufficiently large,

w u u
IEo,u,b[F(Yb,g)ﬂ{Mo,b(Yb,g)SA} —2H(F) | < e

Therefore, to conclude, it is sufficient to show that we can replace lHlO;\‘ b(F) on the right-hand side of the
previous display by IH; »(F). This is achieved by using the absolute continuity of the law of the Brownian
bridge with respect to the law of the Brownian motion. We recall that for any 0 < [ < b, it holds that

w2 _ (Bj—w)?

=/b/(b—1)e= ™ =2E=1"
o((Bs)sefo.1)) ft )

dPo b
dIP

and so, it holds that

H)V(F) = /b/(b— )E

w2 (Bj-w)?
F(Y})Bl]l{Ble[ll/ﬁ,l5/6]}]l{IMo,z(Yz)Sl}e 2b 2(b—1) ] .

Therefore, using the boundedness of F, the difference |H; \(F) — IH?;\‘ *(F)| is bounded from above by a

constant times
2 (B—w)? ‘|

PP/SE|[1— /b/(b—l)e2 2=
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which can be made arbitrarily small by taking b large enough, uniformly over u € [b'/4,b%/4]. Hence, the
desired result follows. O

Lemma 2.4.18. There exist constants c1, co > 0 such that for any A > 0 and for all | € IN large enough,
c1 < H—Ilﬁy\(l) < cC2.

Proof. By taking F = 1 in (2.4.31), for each ¢ > 0, there exists /[ € IN sufficiently large such that for all
1 > lo and for any b > [ sufficiently large and u € [b/4, b%/4], it holds that

2u U
Po,up (Mo (Vo,g) <) — Hl,)\(l)? < ey

On the other hand, from Lemma 2.4.12, we know that there exist constants c;, co > 0 such that for b > 0 large
enough and u € [b/4,53/4],
U u
Gy < Po.u,b (Mop(Yo,g) <A) < c23 (2.4.43)

and so the conclusion follows readily. O
We are now ready to prove Propositions 2.4.2 and 2.4.1 as well as Theorems 2.A and 2.B.

Proof of Proposition 2.4.2 and of Theorem 2.B. For the proof of Proposition 2.4.2, by taking F = 1 in
(2.4.31), for any ¢ > 0, by taking b > [ both large enough, it holds that

Po,u,p (Mos(Yo,g) < A) = (2H; (1) + 5b(l))% ;

where lim;_, o limsup,_, |e5(!)| = 0. By arguing in the same exact way as in the proof of [BL18, Theo-

rem 2.4], we get that both limits in

b
lim 71[)07%[, (MO,b(Yb,g) S A) = lim 2H‘Ik7}\(1)

b—oco U k—o0
exist and are related as stated. Hence, the conclusion follows by letting
def .
e = lim Hg A (1) (2.4.44)
k— o0

which is positive and finite thanks to Lemma 2.4.18. Finally, the proof of Theorem 2.B follows in exactly the

same way by taking F' = 1 in (2.4.32). O

Proof of Proposition 2.4.1 and of Theorem 2.A. Consider a function F € C?_(C(IR?%)), then by (2.4.31) from
Proposition 2.4.14, the following equality holds

Bo.up [F(Vo.0) Lo (r)<rt]  Hia(F) +E(0)
Pou,b (Mop(Ys,g) < A) H; A1) + (1)

where lim;_, o limsup,_, . |e,(!)] = 0 and lim;_,o limsup,_, . |€5(!)] = 0. The same argument as in the

proof of [BL18, Proposition 5.8] shows that both limits in

hm IEO,u,b[F(Yb,g)ﬂ{Mo,b(Yb,g)SA}] — llm Hl,}\(F)

— (2.4.45)
b—oo P (Mop(Vhg) < A) 1=o0 H; (1) >
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exist and are related as stated. Similarly, using (2.4.33), we note that the same identity as in (2.4.45) holds if
we replace the field Y}, 5 on the left-hand side with V3.

Regarding the limit on the right-hand side of (2.2.6), we note that, thanks to (2.4.32), forall F € Cﬁ)c (C(R?)),

it holds that

E|F(Ys)1
b—00 I[)(MO,b(Yoo) < }\) l— o0 H—Il))\(l)

Since the right-hand side of the above display is equal to the right-hand side of (2.4.45), the two limits coincide.

Finally, it remains to show that there exists a continuous random field Y) on R such that the right-hand
side of (2.4.45) equals E[F(Yy)] for any F € C?(C(IBy)). For each k € IN and for any F € C*(C(By)).
the limit on the left-hand side of (2.4.45) exists. In particular, when F = 1 this limit is 1 by definition.
By [Bogo7, Theorem 8.7.1], this ensures the existence of a probability measure Vi 5 on C(Bj) such that
Y [F(®)], where under P the field ® is distributed

according to v, ». Furthermore, the collection of probability measures (V;“ A)keN is consistent, and so, by the

the right-hand side of (2.4.45) coincides with IE

VA

Kolmogorov extension theorem, there exists a unique probability measure ¥V on C(IR?) whose restriction to
C(By) coincides with vy, 5. Defining Yy as the continuous random field with law v on C (R?), it follows that
forall F € C2.(C(IR?)), the right-hand side of (2.4.45) equals E[F(Y))]. O

2.4.5 Corollaries and applications

In this section, we gather some results that follow as consequences of those presented in earlier sections and
that will be particularly useful later, especially in Section 2.7.

We begin with the following lemma.

Lemma 2.4.19. There exists a constant ¢ > 0 such that for A > 0, for all L > 0 sufficiently large, b > 0
sufficiently large, and u € [b'/*,b3/4),

]P() u b(MO b(Yb g) < A, inf Bs < —L, > 5 EB_C\/Z .
T ’ ’ s€[0,b] b

Proof. For L > 0, we let k = k(L) be the smallest k € [b — 1] such that A + Ry (0) > L/4, where Ry, is
defined in the statement of Lemma 2.4.9. We note that, by possibly taking L > 0 large enough, we have that
ko~ eVL, As usual, we can assume that we are on the event {K; < E} otherwise the conclusion follows
trivially by Lemma 2.4.10. In particular, on the event {K,; < E}, by Lemma 2.4.9 (see also (2.4.13)), it suffices
to estimate the probability of the following event

b—1
{ﬂ {B; > -A—Rz(j)}, ‘Eir[})fb] B, < —L} ) (2.4.47)
j=1 o=

To this end, we start by noticing that thanks to Lemma 2.A.11, there exists a constant ¢ > 0 such that,

b—1 b—1
H’o,u,b<ﬂ{Bj > -A—Rz(i)}, U {B; < )\+Rk(j)}> < %efcﬁ .
i=k

=1
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Hence, we can now assume that we are on the complement of the giant union appearing in the probability on

the left-hand side of the above display, i.e., we need to estimate the probability of the following event

b—1 b—1
{n{BJ > —A— RE(J)}’ Q{B] > AJFRE(])}’ sell[%)fb] B, < —L} . (2.4.48)
j=

J=1

For each j € [b — 1]y, we introduce the process (W7 )¢[;,j41) given by
WiZ((j+1)—s)B;+ (s—j)Bjs1—Bs, Vsel[jj+1].

The process W7 has the law of standard Brownian bridge indexed by times in the interval [, j + 1]. Moreover,
the collection (W7),c(—1, is independent of the values (B;);es),- Now, we note that by definition of k, for

all j € [k]o, it holds that A + Ry(j) < L/2. In particular, this fact implies that, on the first event, the last two

events in (2.4.48) are contained in the following union of events

{CJ{ sup |Wg|zL/2}}u{U{ sup |Wg|z>\+Rk(j)+L}}. (2.4.49)

j=0 s€lii+1] =% s€[j,j+1]
For the first event in (2.4.49), using the independence of the collection (W) ;¢ [,—1j, from the values (B;) je(p), -
the Gaussian tails of the supremum of a standard Brownian bridge, arguing as in the proof Lemma 2.4.10,

there exists a constant ¢ > 0 such that

& b—1
> Pous (ﬂ {B; > -A—Rz(j)}, sup [W!|> L/2> S 2Vl
1—0 j=1 s€l,l+1]

(=

Finally, regarding the second event in (2.4.49), using again the independence mentioned above, and the
Gaussian tails of the supremum of a standard Brownian bridge, we have that thanks to Lemma 2.4.10, there

exists a constant ¢ > 0 such that

b—1 b—1
N Pous| {8 = -A-Re()}. sup [W2A+R(D+L) < e VT,
=% j=1 s€[l,l+1] b

Therefore, by combining all the bounds we have established so far, the claim follows. O

We now state and prove the following results which provides a decay of the field Y} 4 on the event that the

supremum of such a field is bounded by one.

Lemma 2.4.20. ForeachA > 0, for0 < k <k’ <b—1,andu € [61/4, b3/4], by choosing k large enough,
it holds that

k’
. U, 1
Po.ub U sup Yy g(z) > —(logj)? ¢, Mop(Vog) <A| S k776, (2.4.50)
=k TERA; b
k/
1 1
P sup Yy q(z) > —(log7)*t, Mop(Vog) <A | < —=k"16 (2.4.51)
<jg{we£j b,a(2) (log j) } 0,6(Vb,g) ) NG 5
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Similarly, for all k > 0 sufficiently large, one has that

&k

IP(U{ sup Va(z) > —(logj)2}> Ny (2.4.52)

=k TEA;

Proof. We only prove the bound for the Brownian bridge since the bound for the Brownian motion can be
obtained in the same way. As usual, we can assume that we are on the event {K;, < k}, otherwise the

conclusion follows trivially from Lemma 2.4.10. For j € {k,...,b— 1}, thanks to Lemma 2.4.9, it holds that

b—1 b—1
U{ sup Yo g(7) 2 —(logj)?, Ky <k} € | J{B; <A+ 2R(j)} .
=k TeA; j=k

and also
b—1

{Mos(Yig) <A Ky <k} C ({B; = —A—2Rs(j)} .

j=1

The claim follows since by Lemma 2.A.11 it holds that

b—1 b—1

j=1 j=k

Finally, we note that the bound (2.4.52) follows directly from Theorem 2.A by taking the limit as b — oo in
(2.4.51). O

Remark 2.4.21. An immediate consequence of (2.4.52) is that there almost surely exists a (random) £ > 0

such that, for all j > k, the supremum of the field %\ on the annulus A ; is less than —(log j )2.

2.4.6 Tail estimates for near-maximal level sets

In this section, we establish a key result concerning the tail behaviour of the volume of “near-maximal level
sets” |ID37 j(Yb, g)|, for j < b, where here we recall the notation introduced in (2.3.3), as well as the definition
of V34 in (2.4.3). Throughout this section, we assume that the field gy, satisfies (G1) - (G3).

Lemma 2.4.22. There exists 6 = 8(d) € (0,1) such that for any jo > 0 sufficiently large and b > jg
sufficiently large, it holds for any A > 0, j € {jo,...,b}, u € [b*/*,6%/4], andm > 0,

Po,us (D) ;(Vo,g)| ™ =1, Mop(Vog) <A) S (1A~ D) (2.4.53)

u
b
Moreover, for all o € |0, 8), it holds that

IE“’“J’{“Dé,j(Yb,g)I‘(”“)]l{mo,bm.g)sx}} S (2.4.54)

U
7
Remark 2.4.23. As usual, the previous lemma admits a corresponding version for Brownian motions in place
of Brownian bridges. Specifically, if we replace the conditional probability law Py ,, ;, with the unconditional
probability law IP, then the conclusions of the previous lemma remain valid, with the only difference that u/b
is replaced by 1/+/b.

Before proceeding with the proof of Lemma 2.4.22, we state and prove the following auxiliary result concerning

the tail behaviour of the second derivative of the field Zj.
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Lemma 2.4.24. There exists a constant ¢ > 0 such that for any b € N, r € [0,¢€%], i, k € [d], andn > 0,
IP( sup |8Z-2,kZb(a:)] > n) <1A rde=en® | (2.4.55)
o] <r

Proof. Recall that, for x, y € By,

b
IE[aikZb(a:)aikZb(y)] = / (e_4sﬁi7i7k7k(e_s(x —y)) — e_4sﬁi7k(e_sx)ﬁ@k(e_sy))ds ,
0

where, givenn € IN and (j1, ... j,) € [d]™, we write &, . ;, for the n-th derivative of £ along the directions

€41, ---,¢;,. Inparticular, by the smoothness of £ and the fact that it is supported in the unit ball, it holds
E[|07Zo(2) — 07k Zo(y)]?] S|z —ylP AL,

where the implicit constant is independent of b. It follows from Fernique’s majorizing criterion (Lemma A.0.4)

and Borell-TIS inequality (Lemma A.0.3) that, for any 1 > 0 and for some ¢ > 0, one has the bound

IP( sup |8ﬁkZb(x)| >n> S e’ ,

|z—y|<1

uniformly over y. The requested estimate then follows from the union bound. O
Before proceeding with the proof of Lemma 2.4.22, we introduce some notation. For r» > 0, we set

S, & sup |8z27kYb,g (z)|, (2.4.56)
i,k€ld], z€ B(0,r)

where, to simplify the notation, we have omitted the dependence of S, on the parameter b. Furthermore,

recalling the characterisation (2.4.1) of the field @y, for any ¢, k& € [d] and « € BBy, we have

b b
3i2,kYb,g(33) = / e’zsﬁiyk(efsx)st + 8ikZb(x) — \/ﬁ/ e*QSRLk(e*Sm)ds + 8ikgb(x), (2.4.57)
0 0

where we have used the same notation introduced in the proof of Lemma 2.4.24.
The reason why it is useful to look at the second derivative of the field Yy, 4 is due to the following observation.

Remark 2.4.25. Forany A > 0,11 > 0, and 0 < j < b, we observe that the following implication holds
DY, (Vo) ™' >n = Su >an¥?, (2.4.58)

for some suitable constant ¢, depending on A and d. Indeed, if the condition on the right-hand side of the

1

above display is not satisfied then there exists a ball of area at least ™" around the maximum of Y} 4 inside

IB; where Y}, g is greater than its maximal value minus A, which contradict the fact that [ID) ;(Yy,q)| ™' > .
A straightforward consequence of Lemma 2.4.24 is the following result.

Lemma 2.4.26. Let A > 0 be fixed. There exist constants c1, co > 0 such that for anyn > 0, b > j > 0, and

u > —A, it holds that

Po.upb(Ses > nz/d) <1A editergn®? e (2.4.59)
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Proof. Consider the expression (2.4.57) for the second directional derivative of V3 ;. We note that the
deterministic term is bounded by a constant independent of everything else. Moreover, thanks to (G3), the

term 81-27 9 has Gaussian tails uniformly over all 7, k € [d] and « € By,. Furthermore, we also note the field

b b
By >z / 6_28ﬁi’k(6_sx)dB5 — %/ e_zsﬁi,k(e_sm)ds
0 0

has uniform Gaussian tails uniformly over i, k € [d], x € By, and over the probability laws Pg b, for all
b > 0and u > — A. In particular, since the integral multiplying «/b in the above display is bounded uniformly

over i, k € [d] and = € By, using Lemma 2.4.24, we get that there exist constants ¢y, ¢z > 0 such that
II’O%I,(SQJ > nQ/d) <1A editergn®? g —ean®/ ,

thus proving the claim. O

We are now ready for the proof of Lemma 2.4.22.

Proof of Lemma 2.4.22. Formn > 0, we define

mm = lexpm”9)],

so that logr,; =~ n'/9, and we also consider b > j > 0 and u € [b'/*,b3/4). We split the proof into three
distinct cases.

Case 1: We begin by treating the following case:

S

logry > <.

[\V]

Let ¢, > 0 be the constant introduced in Remark 2.4.25. Then, thanks to (2.4.58) and Lemma 2.4.26, there

exists a constant ¢ > 0 such that
Po.u (DY (Vo)™ = 1) < Poup(Ses > ean??) S el (2.4.60)
which, in the regime log r,; > b/2, is trivially bounded by a constant times (u/b)n~2.

Case 2: We now consider the following case:

<lo <b
T - .
>~ gTI 2

Proceeding, as above, thanks to Lemma 2.4.26, it suffices to bound the following probability
Po,u,b(Ses > an??, Mo p(Yig) < A) .

Recalling Definition 2.4.6 of the control variable Ky, on the event K > logry, for b > 0 sufficiently large,

Lemma 2.4.10 provides the following bound

U —¢c(lo 2
Po,up (Mo (Yog) <A, Ky >logry) S 3¢ (logm)

~Y k)
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for some constants ¢ > 0. Hence, we can further restrict ourselves to the event {K; < logr, }. We recall that
on this event, for each [ € [b — 1]o, it holds that Osc;(B) < @i, (I). In particular, this implies that

b b—1
sup / e %R, (e *x)dBs| < 26721 Osc;(B) < (logn)?.
i,k€[d], z€By|J0 =0

Hence, noting that the deterministic term appearing in 97,7} 4 is bounded by a constant independent of b, it
holds that

{Ses > %, K, <logry} € { sup |07 1. Zy(x) + 07 p b (2)] an/d} 2R .
i,k€[d], x€B;

Now, we observe that, for b > 0 sufficiently large, thanks again to Lemma 2.4.10, it holds that

VIP(Ep) . (2.4.61)

Po,us (Kp <logry, Mos(Yog) <A, Eo) S

Sl B~

By Lemma 2.4.26 and (G3), there exist constants c1, co > 0 such that

i 4/d _ 4/d
IP(EO) 5 edi—cin < g~ ,

where the last inequality follows thanks to the fact that j/2 < logr,. Combining the above bound with

(2.4.61) yields the claim in this case.
Case 3: Finally, we consider the following case:
J
0<logr, < 3 (2.4.62)

Arguing as above, and using Lemma 2.4.10, by taking b > 0 sufficiently large, we can restrict ourselves to the

event {K; < logry,}. We observe that, by (2.4.62) and Lemma 2.4.9,

b—1
{Mos(Yog) <A, Ky <logry} C {ﬂ{Bj > —A— 2Rk, (j)}, K < logrn} ) (2.4.63)

Jj=1

Now, recalling (2.4.56), we show that for suitable values of r € (0,ry] and M > (logn)?, we can restrict to

the event {S,. < M}. Indeed, arguing exactly as in the previous case, we have that

{Sr >M, Ky, < logrn} C sup |82kZb(x) + 8Zkgb(x)| >MyEE, .
i,k€ld], z€B(0,r)

By Lemma 2.4.26 and (G3), there exists a constant a > 0 such that
P(E,) S rle=®M" (2.4.64)
By combining this with (2.4.13) and (2.4.17) of Lemma 2.4.10, we find that
Po .5 (Mo s(Vig) <A, Ky < logry, Sy > M) < %\/m.

Hence, recalling (2.4.64), this implies that we can impose finitely many conditions of the type {S, < M}

provided that the parameters 7 and M are such that r%e=M ’ <n~P for some B > 2. In our particular case,
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we can use this to impose

{S,, <en?}  and  {S; < (logn)'}, (2.4.65)

where c) > 0 is the same constant introduced in Remark 2.4.25. Therefore, it remains to show the bound in

the statement for the event
> £ {ID}, (M0l ™ =M, Moy(Yog) <A, Ky < logry, Sy, < enf, 81 < (logn)?} .

We note now that the first condition in (2.4.65) implies that if the maximum is achieved within the ball of
radius 7y, then there is a ball of area at least 1! around that maximum where Yy,g is greater than its maximal
value minus A. This however cannot happen if |ID6‘, ;(Vy.g)|~" > . In particular, since Y} 4(0) = 0, we have
shown that on the event E5 there exists # € R? with |z| > r,, such that Y}, 4(z) > 0. Since we are on the event

{Kj < logry}, thanks to Lemma 2.4.9, there must be some [ > log ry, such that B; < A 4 2Rog -, (1).

Similarly, the condition S; < (logn)* implies that,

E, C {sup@ Y5,4(0)] S %(logn) }

i€[d]

Otherwise, one could find a point z € IR? at distance of order /¢ from the origin such that Yo,0(2) 2

~1/d

n~2/4(logn)*, which implies that the values of Yp,q inside a ball of radius n around z are all positive.

But since we are on the event {IMo 5(Y3,q) < A}, these points are contained in D) ;(Y3,g), leading again to a

contradiction.

Now, we note that, thanks to (K2), it holds that the gradient of £ at the origin is zero, and so 9;Y 4(0) is
independent of B. Combining these considerations with (2.4.63), it follows that

Po, 5 (Es2) SIPo,u,b<su[p}|8 Yy,0(0)] S 177 (logm)? )
icld
(2.4.66)

b—1 b—1
lPOub(ﬂ{Bl> )\*QRlogrn U {Bl<)\+2Rlong()}> :

=1 l=log

We can now apply Lemma 2.A.11 to bound the second probability, showing that for jo > 0 sufficiently large,
b > jo sufficiently large, and for any j € [jo, b], it holds that

Po,us(B2) S bﬂ wdH)Oub(SU[p]la V,g(0)] < _3’(10gﬂ)4> :
i€(d

In order to bound the remaining factor, we note that 9; Y3, 4(0) = 0;Z4(0) + 0;9,(0) and that, by (2.3.13),
b
IE[0:Z(0)9;Z5(0)] = —07,8(0) /0 e 2% ds . (2.4.67)

Since (9;Z(0))icq) are jointly Gaussian, it follows from Remark 2.1.2 and (2.4.67) that

Po ub (sup|8inyg(O) < s) <ed, Vee(0,1], (2.4.68)
i€[d]
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uniformly over b > 0 and u € [b*/4,b%/4]. Therefore, we conclude that (2.4.6) is bounded by some constant
times (u/b)n~"+%) for any & € (0,1/(16d)).

To conclude, we note that (2.4.54) follows immediately from (2.4.53). O

We also need the following version of Lemma 2.4.22, where the end point of the Brownian bridge is taken to
be less than b'/%.

Lemma 2.4.27. Let A > 0 be fixed. There exists 5 = 5(d) € (0, 1) such that for any b > 0 sufficiently large,
it holds for any A > 0, u € [—A,b1/4], andn > 0,

1
Po.up (D] (Vo.g)| ™" =1, Moy(Vog) SA) S —=m~F9) (2.4.69)
Vb

Moreover, for allo € [0, 6), it holds that
1
\/E .

Proof. We do not provide a detailed proof of this lemma, as it closely follows that of Lemma 2.4.22. Instead,

Eo.up {UDS,b(Yb,g)\*(1+°)]1{Mo,bm,g)9}} S (2.4.70)

we outline the necessary modifications to that proof.

First, in the regime logr, > b/2, we can proceed exactly as in the proof of Lemma 2.4.22. Regarding
the regime logr,, < b/2, it suffices to use Lemma 2.4.11 in place of Lemma 2.4.10 to restrict to the event
{Ks < logry}. Similarly, we obtain that the probability on the left-hand side of (2.4.6) is bounded above by
a multiple of b~ /2,/IP(E;), when b > 0 is large enough.

Hence, it remains to bound Py ,, 5(E2) appearing on the left-hand side of the first line in (2.4.66). To this
end, arguing as in the proof of [BL18, Lemma 4.16] and using (2.A.2), we observe that the probability on the
right-hand side of the second line in (2.4.66) can be bounded from above by

b—1
. o . : _ 2 —-5/8
]P(),u,b <JQ{B] > —A 2Rlog 0 (])}) S 11)(),u.,b (6611[})t:b] B, 2 (log b) > 5 b 5

where, to derive the last inequality, we used the fact that u < bL/4, Finally, since we are in the regime
logry < b/2, it follows that b=°/% is at most a multiple of b=1/?n~1/(84) Combining this with the bound

in (2.4.68) completes the proof of (2.4.69). To conclude, we note that (2.4.70) follows immediately from
(2.4.69). 0

Finally, we also have the following result.

Lemma 2.4.28. For A > 0 and for b > 0 sufficiently large, it holds that

pd? ) ifue [b3/4,b2d] 7

Eo,u,5 (DG, (Vo,0)| '] S
[os(Teo)l ] (/b2 ifu> b2

Proof. We begin by recalling that, for » > 0, the quantity S, is defined in (2.4.56). Furthermore, we also
recall that, thanks to Remark 2.4.25, for all 1 > 0, it holds that

Po,up (DY ,(Vo,0)| ™ = 1) < Poup(Ses > exn??)

for some constant ¢, > 0 depending only on A. We divide the proof into two disjoint cases.
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Case 1: We begin by considering the case u € [b%/4,b%%]. In this case, using Lemma 2.4.26, there exist

constants cj, ca, cs > 0 such that, for any b > 0 sufficiently large,

2 oo
Eo.a[[D}(Tog) ] <87+ [ Pous(S > cn)an
b

o0
2 u2/d_ 4/d
,S bd + edb el cam d—n
bd?
)

2 _ 4/d 2
§bd+edb/ e e dn < bt
b

42

Case 2: We now focus on the case u > b>?. Proceeding similarly to the previous case, we obtain that there

exist constants ¢y, cg, c3 > 0 such that, for any b > 0 sufficiently large,

IEO,u,bHIDé\,b(’Y‘b,g)‘il] S (u/b)2d +€db/( e ecl%n2/d,czn4/ddn

S (ufb)* +e® / e < (u/b)2
(u/b)2d

which completes the proof. O

2.5 Resampling property and independence from the threshold

The main goal of this section is to present some results concerning the fields \NG\ and V¥, introduced in
Theorem 2.A and Definition 2.2.8, respectively. In particular, in Section 2.5.1, we prove some key technical
results related to the field Y. Then, in Section 2. 5.2, we establish the “resampling property” of the field Th,
as stated in Proposition 2.2.10, from which Proposition 2.2.12 follows directly. Finally, in Section 2.5.3, we

establish the independence of certain quantities of interest from A. In particular, we prove Proposition 2.2.14.

2.5.1  Some technical results

The main goal of this section is to establish a result concerning the limiting “shape field” Y, introduced in
Theorem 2.A, which will play a crucial role in the proof of some of our main theorems. Specifically, the main

goal of this section is to prove the following lemma.

Lemma 2.5.1. There exists a countable set A° C RT such that for each A, 8 € A = RT \ A€ it holds that
P(M(Yy) =0) =0. (2.5.1)
Moreover, for all \, © € A, it holds that
P([{z € R : Va(z) —M(Vr) = -0} >0) =0. (2.5.2)

Furthermore, for each Ay # Ay € A such that Ay < Aq, the field ?;\2 has the same law of the field %\1
conditioned on the event IM('?)\I) < Ao

Remark 2.5.2. It follows from the proof of Lemma 2.5.1 that we may (and will) assume that, forany A, 0 € A,
the identities (2.5.1) and (2.5.2) hold also with ]M(%\) replaced by Mo,k(%\) for some fixed & > 0.
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In order to prove Lemma 2.5.1, we need to introduce some notation. We begin by defining the following space
X = {(b,¢) : be R U{oo}, ¢ € C(RY, RU{—00})} .

We equip the space X with the pseudometrics dx and dx defined as follows

dx (b1, d1), (ba, b2)) e —e2 4y 27 (1 A sup o [i(2) - ¢2($)|> ;
k=1

EBLNByy Aby

dx ((b1, d1), (b2, d2)) et — el ¢ Supd\Xbl (2)ec®1(®) —xp (z)e®2(@)| |
z€R

def

where ¢ = ¢(d) = v/2/d, and for each b € R U {oc}, X5 : R? — R is a smooth function such that x,(z) = 1

for all || < e and x(z) = O for all |z| > e® + 1.

For each A > 0, we let A, C X be the set defined as follows
AN E{(b,d) € X 1 Mou(d) <A}
Furthermore, we define the collection of measures (vb7 A)b>0 and the measure Voo, as follows
VoA = c*g\\/BLaw[(b, Yy) ][ Ax and Voo A = Law[(oo,?;\)] ,

where -|A, denotes the restriction to the subspace A, and ¢, , is the constant introduced in Theorem 2.B.

Remark 2.5.3. The reason we introduced the “stronger” pseudometric dx is that the boundaries of the set /A
are not disjoint in (X, dx) for different values of A. In contrast, in (X, dx), we have OxAx, N dxAx, = 0 for
any A1, A2 > 0 with A1 # Aq. This fact can be easily checked and will play an important role in what follows.

Lemma 2.5.4. For each A > 0, the collection of measures (Vy, \)p>0o converges weakly in (X, dx) 10 Voo A as

b — oo

Proof. Let (o0, ?;\) be sampled from v, », and with a slight abuse of notation, let (b, ?b, ) be sampled from
vy a. Thanks to Theorem 2.A, we know that v;, ) converges weakly to Vo, » in (X, dx) as b — oco. This fact
implies that we can find a coupling between the sequence ((b, Y3))s>0 and (co, Yy ) such that

bli}rgolE[dx((b,fw\),(oo,%\))] =0. (2.5.3)

Therefore, to obtain the desired result, we need to check that the same limit holds if we replace the pseudometric

dx in the above display with the pseudometric dx. In particular, it suffices to show that

lim IE| sup |Xb(m)eﬁb“(‘”) - ecﬂ(m)| =0
b—oo z€RE

To this end, we let 0 < j < b, and we note that

sup |Xb(l’)€c’?b’)\(m) _ €CVA($)| < sup |ec\?b,x(r) _ €CVA($)| +  sup ‘Xb(x)ec\?b,x(fﬂ) _ ecvx(f)‘ )
r€RY z€B; z€R\B;

The fact that the limit as b — oo of the expectation of the first term on the right-hand side of the above
display goes to zero follows from (2.5.3). Hence, it remains to show that the expectation of the second term
on the right-hand side of the above display also tends to zero as b — oo, followed by j — oco. Thanks to
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Lemmas 2.4.12 and 2.4.20, it holds that

lim lim [E
Jj—00 b—oo

sup eTon(®) | = 0, lim E
2€B, \B; J—00

sup M@ | =0
z€R*\B;

Therefore, recalling that x;(x) = 0 for all || > €’ + 1, it remains to check that

lim [E

b—o0

sup eTon@) | —q (2.5.4)
|z|€leb,eb+1)

In particular, thanks to Lemma 2.4.12, for b > 0 large enough, by recalling the definition (2.4.2) of the field Y}
and since, by (K2), the function £ is supported in B(0, 1), the expectation on the left-hand side of the above
display is bounded above by a multiple of

VBE Sup eCYb(m)]l{lMo,b(Yb)S)\}] < VbE

67C(Bb+mb) sup ech(I)]
)

|z|€[e?,eb+1) |z|€[eb,eb+1
_ \/gec2b/2—\/ﬁcbIE sup ech(z) ) (255)
|z|E€[eb,eb+1)

and thus, we are left with the task of bounding the expectation in the final term of the above display. To achieve
this, we start by noting that, by the Borell-TIS inequality (Lemma A.0.3) and Fernique’s majorizing criterion
(Lemma A.0.4), for any y € R? such that B(y, 1) C R? \ By, it holds that

T12

P{ sup [Zy(z)|>n|Se =, Vn>0.
z€B(y,1)

Consequently, thanks to the union bound, we get that

2
P sup  |Zp(z)| > | St Vn>0. (2.5.6)
|z|€leb,eb+1)

Next, observing that for any non-negative random variable X itholds that E[e** | = 1+c [;* e**IP(X > z)dx,

we can write

E

sup ech(w)] — 1+ C/ ecﬂlp( sup Zb(l') > T]) dn .
0

|z|€le?,eb+1) lz€le?,e®+1)

In particular, for k > 0, using the fact thatn? > 2kn — k2, we have that

0 2 k oo R
/ émﬁAew“”’“%mf{/‘ﬁWn+/mem+WFDfT+ﬁm1
0 0 L

b K2
<k ck ck+b(d—1)— 355
SRt e ’
provided that k& > be. It is natural to choose k such that k?/(2b) = b(d — 1), i.e., k = b+/2(d — 1) which is
indeed greater than be since ¢ = vV2/d < 1/2(d — 1). Therefore, recalling (2.5.6) and combining the previous
observations, we conclude that

E

sup ech(x)‘| < be\/Q(d—l)cb ]

|z|€eb,eb+1)
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Therefore, by plugging the previous bound into (2.5.5), we showed that the expectation in (2.5.4) is bounded

above by a multiple of

E sup eTon(@) | < pBebe(e/2+V/2d-D-V2D o a5 p oo ,
|z|€[eb,eb+1)
where, recalling that ¢ = v2/d, we have used the fact that ¢/2 4+ \/2(d — 1) — v2d < 0. O

We are now ready to prove the following intermediate result.

Lemma 2.5.5. There exists a countable set A° C RY such that, letting A = R \Kc, for each n € N and
A € AN (0,n], it holds that Voo = Voo n|Ax.

Proof. Thanks to Lemma 2.5.4, we know that for each A > 0, the sequence (v} ) )p>0 converges weakly to
Voo a in (X, dx). Moreover, for all n € IN, A € (0, 7], and b > 0, we have that v; = v;, ,,|Ax. We note that
there exists a countable set A, C (0, 7] such that for all A € (0,n] \ A,

t0 Voo n|Ax in (X, HX). Indeed, this follows from the uniqueness of the weak limit and the fact that the sets

s it holds that v;, ) converges weakly
(EXA)\);\G(OJL] are disjoint, implying that v ,, can assign positive mass to at most countable many of them.

Therefore, the conclusion follows by setting A = U K; and noting that a countable union of countable

nelN
sets remains countable. ]

We are now ready to prove Lemma 2.5.1

Proof of Lemma 2.5.1. We begin by observing that an immediate consequence of Lemma 2.5.5 is that for
each A; # Ag € A such that Ay < Ay, the field ?;\2 has the same law of the field ?;\1 conditioned on the event
M(Yy,) < As.

For © > 0, we introduce the set $g 1 C X by letting
So.1 = {(00, ) € X : M(p) =0} .

Since the sets ($g,1)e>0 are disjoint, for all n € IN, there exists a countable set Ki)n C A such that for all
eA \ Kin, it holds that v, ,($e,1) = 0. Indeed, if that were not the case, the measure v ,, would assign
positive measure to uncountable many disjoint sets, which is, of course, not possible. Furthermore, thanks to
Lemma 2.5.5, we know that for each A € AN (0, 7], it holds that Vo, A = Voo,n|Ax. In particular, this implies
that for all A, 0 € A \ U,enAY . it holds that Vo A(Se,1) = 0.

Next, for © > 0, we introduce the set $g » € X C X by letting
So2 = {(00,9) €X : [{z e R : d(z) — M(¢) = —0}| >0}

Consider the mapping ® : X x R? — R defined as ©((b, ¢), ) = ¢(z) —Mo (). Forn € IN and a standard
multivariate normal random variable N(0, I4), let v, ,, be the pushforward of Vo, , ® N(0, I;) under ©,
which is a measure on IRy . We note that there exists a countable set A, ,, C A such that forall @ € A\ A3 ,,, it
holds that v ,,(0) = 0. This is due to the fact that the measure v, ,, can only have at most countable many
point masses. In turn, this implies that for all @ € A \ K;n, it holds that Voo, (Se,2) = 0. Now, we observe
once again that thanks to Lemma 2.5.5, for each A € AN (0, n], it holds that Voo A = Voo,n|Ax. Therefore,
this implies that for all A,0 € K\ Un@NK;’n, it holds that Voo A (Se,2) = 0. Finally, combining the previous
discussions, the conclusion follows by setting A = A\ U"@N(Xin U Xgn) O
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We conclude this section by proving that the proportionality constant appearing in Definition 2.2.8 lies in the
interval (0, 00). Specifically, it suffices to establish the following result.

Lemma 2.5.6. For all A € A, it holds that E[JD*(Yy\)|~!] € (0, 00).

Proof. The fact that IE[JD*(Y3)| 1] > 0 follows immediately from the continuity of the field Yy and from its
almost sure decay at infinity, as implied by Lemma 2.4.20 (see also Remark 2.4.21). Hence, it remains to verify
that E[|ID*(Yy)|~!] < co. To this end, fix 0 < j < b. Then, using Lemma 2.4.22 (see also Remark 2.4.23)
and proceeding exactly as in the proof of Lemma 2.7.12 below, one obtains that

lim_tim sup VB|E[IDY 5 (V) L gy ens] = B[P (00) 17 A L) Eguay ]| = 0.

L—=oo p 500

Since A € A, we have that the set of discontinuities of the mapping C(R?) > ¢ + DY (d)| = A Lis assigned
measure zero by the law of the field %\. Therefore, we are in a position to apply Theorems 2.A and 2.B from

which we can deduce that
Jim ‘ﬂEUID (Vo) Lt (v <ay] = e AB[DG (V) 7] -

By invoking the monotone convergence theorem and Lemma 2.4.22 (see also Remark 2.4.23), the claim

follows by taking the limit as j — oo on both sides of the above expression. O

2.5.2 A resampling property

In what follows, for z € R?, we recall the definition (2.2.8) of the shift operator T,. We begin with the proof of
the “resampling property” stated in Proposition 2.2.10 for the field Yx. We will use the notation introduced in

(2.3.2), (2.3.3), and (2.3.4). Furthermore, we recall that A C IR denotes the set introduced in Lemma 2.5.1.

Proof of Proposition 2.2.10. For b € IN, we recall that Y, = &, — v/2da;, where the field ®, is such that, for
all z,y € RY,
E[®(2)®y(y)] = ap(z) + ap(y) — ap(z —y) ,

and where the function a; is defined as in (2.2.2). In particular, the field ®; is shift invariant in the sense
that T, ®; has the same law as ®;, for every x € R?. Then, by applying the Cameron—Martin theorem (see
Lemma A.0.1), we have that for all F : C(R?) — R and y € RY, it holds that

(I)b fﬂb)]
Oy, + V2dE[®(-) Py (y)] — V2day)e™
Ty Dy V2AED, (), ()] — V2day )P =2d0 )]

T,V + V2dt_a, + V2dE[® (1) Py (y)] — \/ﬁab)eVﬁ%(*de%@}
)emyb(_y)} )

mébw)—zdab(y)}

AAAA/\

Ty Vs (2.5.7)

Now, for each A € A, F € C).(C(R?)), and 0 < k < b, we can write
f]B (Vo)L g, b(Yb)<}\}e\/7d(Yb(z)7Mm’b(

S, €240 Myo O Ty, (s ) —apdy

Yo))1 dx
{Y(2)>Ma,5 (Vo) —A}
E [F (Yb)]l{]MO,b(Tb)g)\}} i — )
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Therefore, using (2.5.7), the expectation on the right-hand side of the previous display is equal to

/IE
By

F(Tsz)]l{lMz,b(Yb)—Yb(—r)gx}em(Yb(_I)_Mo'b(m)]l{Mo,bm)sx}1 dz

Ji,, €2 W= My DLy, (>, ()2} Y

F(Tx’Y‘b)em(Yb(I)—Mo,b(Yb))1{Yb(w

J2d(Y, ™ pos ili dx]l{IMo,b(Yb)g)\} . (2.5.8)
By f]Bk(I)e (Yo () =My 5 ( b))]l{Yb(y)ZIMy,b(Yb)*)\}dy

)>Ma b (Vo) —

We observe that the integral over z inside the expectation in (2.5.8) is bounded above by a positive finite
constant. Indeed, since the function F' is bounded by assumption and the exponential terms are easily

bounded, it suffices to verify that

/ Ton@eme -2y <o
B JBy () LG () >M, 0 (1) ALY

To simplify the notation, we introduce the set Ay = {r € RY : Vy(z) > M, (V) — A}. We note
that there exist a positive number o, that depends only on d and points {z1,...2,,} C IRY such that
By, C U, B(z;,€e¥/2). Consequently, this implies that the quantity on the left-hand side of the previous
expression is bounded above by

Oa ]l Oa ]l
Z/ {z€A\} dr < Z/ {z€A\} de < o, .
=1 B(zvek/2) »/‘]:B)C =1

(z) Liyearydy B(z,ek /2) fB(z,ek/2) Liyeanydy

We now want to take the limit as b — oo in the expectation in (2.5.8) by applying Theorems 2.A and 2.B.
However, the function that assigns to Y} the quantity inside the expectation in (2.5.8) is not a function in

CP.(C(R)). In order to overcome this issue, we proceed in three steps.
Step 1: We can choose 0 < k < j < b sufficiently large such that for all z € By, and all y € By (x) the
following inclusions hold

B; € By, C By, B; C By(x) € By , B; C By(y) € By -

In particular, this implies that on the event {IMg 2, (V3) = Mo ;(V3) } itholds, forall 2 € By andall y € By(z),
that

Mop(Vs) = My (V) = My (V) = Mo ;(V3) -

Hence, since as we have already observed the integral over x in (2.5.8) is bounded above, we have that the

difference
|1E

is bounded by a positive constant times the following probability

F(t,V)eY2d(Me(@)~ Mo (V)

Ly, (@)>M, (1) —A} Al ing roen
B, f efm,(y) 11\/11,1,00,))]1{Y (y)>1My,b<Yb)_>\}dy {Mo,» (Vo) <A}

F(t,Vp)e f(Yb(m)_MO,i(Yb))]l{Y
By fIB (z )er(Yb(y) Mo, (

_E (2)2Mo,; (Ye)—

A}
dzl v, b(n)q}]
YD (v, () > Mo 5 (1) A} 4Y

IP(Mo,25(Y3) # Mo ;(Y3), Mos(Ys) <A) -



Chapter 2. How does the supercritical Gaussian multiplicative chaos converge? 83

By using Lemmas 2.4.9, 2.4.10 and a version of Lemma 2.A.11 for Brownian motions (see e.g. [BL18,

Lemma 4.18]), we have that

lim lim sup JP(M() Qb(Yb) 75 M(] j(Yb) MO b(Yb) < )\) =0.

J70 pco

Step 2: We note that on the event {IMg ; 1./2(Vs) < Mo ;(Ys) — A}, it holds that

F(t,V,)e2 0@ Moy ()

)=>Mo,; (V) —A} de
By, fIBk(z) @m(Yb(y)—Mo,j(Yb))]l{Y

b (1) >Mo,; (V2) A} Y
lek/z F(T$Yb)em(Yb(x)_lMo’j(Yb))1{Yb(x)>]Mg ()= }d.’L‘
fIBk/z 6\/%(71; (y)_MU"j(Yb))]l{Yb(y)ZIMo,j(Yb)—k}dy

Therefore using this fact, we have that the difference

‘IE

F(Tbe)em(Yb (x)—Mo,; (Vb)) q (V3 (2)> Mo, (Ty)—

A}
dr g, (7) <A
By fTBk(x) e\/ﬁ(Yb(y)*Mo,j (Yb))]l{Yb(y)NMo ) )\}dy {Mo,, (Vs }

[ka/Q T, Yb F(Yb(m)i]MU’j(Yb))]l{yb(x)ZIMo,j('Y},)—?\}dx

Lo (7 )sx}]
f]Bk/2 W(Yb(y) M J(Yb))]I{Yb(y)ZIMo,j(Yb)—)\}dy 0,5(Vp

is bounded by a finite positive constant times the following probability
(Mo, 1/2(Ys) > Mo (Vo) = A, Mop(Yy) <A) .
Once again, by using Lemmas 2.4.9, 2.4.10 and [BL18, Lemma 4.18], we have that

lim lim sup \[IP(IMO ik2(Vo) = Mo (V) — A, Mop(V3) <A) =0

k=00 psoo

Step 3: To conclude, we observe that, since F € C?_(C(IR?)), the mapping

f]Bk/z T, d) \/7(4)(95) —Mo, 7(¢))]1{¢(m)>ﬂ\/[0,j(¢)—?\}d$

IRd
CRT) > & f eV2d($(y)—Mo,; ($))
By /2

Lo (y)=Mo ;(9)-A}AY

depends on the values of ¢ inside a compact subsets of R%. Furthermore, since A € A, the set of discontinuities
of the above mapping is assigned measure zero by the law of the field Yy inC (R?) (see Remark 2.5.2). Hence,
by combining (2.5.8) and Steps 1 and 2, by taking the limit as b — oo, and using Theorems 2.A and 2.B, we
obtain that

V2dYa(z)q _ =
E[F(Ty)] = lim lim E Jp,,, EFt NEPNOL G o, (T
00 j—00 V2dY; . . ’
koo fIBk/Ze A(y)]l{YA(y)ZlMo,j(YA)—A}dy

and so the claim follows from the dominated convergence theorem and the monotone convergence theorem. [
We are now ready to prove Proposition 2.2.12.

Proof of Proposition 2.2.12. Let A € A and F € C.,.(C(R?)). By applying the characterisation (2.2.9) of the

field W, to the right-hand side of (2.2.11), we obtain that the claim follows if one can prove that the following
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equality holds
Yo ) eV2dVa (2) ] -
IE[F(%\)] -F Jra F(TmY)\)e~ A )II-{YA(Z')ZM(Y)\)_}\}d:r
f]Rd em'h (:E)]l{?)\ (I)EIM(V)\)f)\}d-T
We note that this is precisely (2.2.10), and thus the claim is established by Proposition 2.2.10. ]

2.5.3 Independence from the choice of threshold

In this section, we verify the independence of certain quantities of interest from the arbitrary threshold A.
Specifically, we begin by proving Proposition 2.2.14, which establishes the independence of the law of the field
W, from A € A. Then, in Lemma 2.5.8, we show that the constant a,, defined in (2.2.12), is also independent
from A € A.

We start by proving Proposition 2.2.14.

Proof of Proposition 2.2.14. Consider A1, Ay € A such that A; < A;. Thanks to Lemma 2.5.1, we have that
the field 7}\2 has the same law as the field %\1 conditioned on the event ]M(%\l) < Ay. Therefore, for any
Fech

b (C(RY)), recalling Definition 2.2.8, we can write

F(t, Yy, )eV2M(T)
fle e\/ﬁﬁxl (w) 1

]E[F(\y?\z)] x E ]I{M(\?AI)SM} ) (2.5.9)

{'?7\1 (93)211\/[(’7}\1 )-M]’daj
where z,, € IR? denotes the point where the field T , achieves its maximum. Now, one would like to apply the
resampling property (2.2.10) of the field 7;\1 to the quantity on the right-hand side. However, we observe that
(C(RY)).
Indeed, this map is neither bounded nor dependent on the values of the input function inside a compact set.

the function that assigns to \~6\1 the quantity inside the expectation in (2.5.9) is not a function in Cf;c

Moreover, note that it is also not continuous. However, since A1, Ay € A, its set of discontinuities has measure

zero under the law of Y}, so this does not pose an issue.

For k > 0, let z, ,, € By denote the point where the field \Nﬁ\l achieves its maximum inside IB;. Then, to

overcome the issues mentioned above, we claim that the following quantity

F(t,, ﬁ)\l)e‘/ﬁMo,k(ﬁl)

V2dYy, () - _
(f]Bk € ml )H{YAl(z)ZMO‘k(Ykl)*AZ}

E

d(ﬂ) v L1 ]l{MU,k(’??\l)S)\Q} (25.10)
converges to the right-hand side of (2.5.9) as & — oo first, and then L — oo. This follows from Theo-
rems 2.A, 2.B and Lemmas 2.4.20, 2.4.22. For brevity, we do not provide the details here, but we note that

similar computations are carried out in the proofs of Lemmas 2.7.12 and 2.7.14 below.

Now, we are in a position to apply the resampling property (2.2.10) of the field %\1 to the quantity on the
right-hand side of (2.5.10) for fixed £ > 0 and L > 0. Proceeding in this manner, performing some algebraic
rearrangements, and then removing the cutoff parameters, it is straightforward to see that the quantity on the
right-hand side of (2.5.9) coincides with E[F(¥,, )], as desired. O

We now argue that the constant a,, defined in (2.2.12), is independent of A € A. To establish this, we first

need to prove the following result concerning the constant c, », defined in (2.2.7).
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Lemma 2.5.7. For any A1, Ay € A such that Ao < Ay, it holds that
Copg = c*))\IIP(IM(%\l) < ?\2) .
Proof. Let A1, A2 € A such that As < A;. Recalling (2.2.7), we have that
Copy = Jim E[Bilyp, epso ko) Limo i (v)<ha) ] -

Hence, for fixed £ > 0, by conditioning on the value of By, the right-hand side of the above display admits
the following representation,

1 e
5Py ok (Mo k(Yao) < Agy Mo g (Vi) < Ay)du , 5.
T e ue 0,k (Mo i (Voo) < Az, Mo i(V) 1)du (2.5.11)

where here we used the fact that A2 < A;. Now, by employing a standard entropic repulsion argument that
have been used several times in Section 2.4 (see e.g. the proof of Lemma 2.4.20), for all u € [k'/, k5/6], one
has that

lim lim sup ﬁlPo,u,k (Mok,; () > A2, Moi(Yi) < A1) =0.

J7X ksoo U

This fact implies that, for 0 < j < £, we can just focus on the following probability
Po,uk (Mo, (Vi) < A2, Moi(Yi) < Ap) .

In particular, since A1, A2 € A (see also Remark 2.5.2), we can apply Propositions 2.4.1 and 2.4.2 with
F(Yi) = L, , (1) <A} to obtain that

5/6
1 k W2
v, = 1im lim Pg (Mg i (V) < Ag, Mo (Vi) <A T2 d
Cx Ao jimkiw 0, ,k( 0,;( k) 2 o,k;( k) 1>\/ﬂ/kl/6 ue U
= C*J\JP(]M(?AI) <A2)
from which the conclusion follows. O

We now have all the necessary ingredients to verify that the constant a,, defined in (2.2.12), is independent of
A € A. More precisely, for A > 0, we let
def X Cy A

Ay N = )
Y B fga 2O 1y g5 _ayda]

then we have the following result.

Lemma 2.5.8. For any A1, Ay € A, it holds that a, x, = @y ,.
Proof. Let A1, As € A such that As < Ay. Then, thanks to Lemma 2.5.7, we have that

OCC*’)\l]P(M(:YV}\l) § )\2)
VE[fra €2 @O L w(p)> -,y de]

Qu g = (2.5.12)
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Now, using Proposition 2.2.12, along with the fact that, by construction, M(¥) = 0, we have that

E[fge €20 fy(a)> 037
E[ fga €20 @1 py(0)> 1z

P(M(Yy,) < A2) =

Hence, substituting the right-hand side of the above display into the expression (2.5.12) for a, »,, the conclusion
follows readily. O

2.6 The joint Laplace functional

The main goal of this section is to prove Proposition 2.2.19 which is the main input for the proof of the stable
convergence result Theorem 2.C. The main ingredient in the proof of this theorem is Proposition 2.6.1 below,
which will be proved separately in Section 2.7. The key idea for the proof is to split the field X into two
independent scales, namely X and X, ¢, for 0 < s < ¢. The former field has strong local interactions, while
the latter one has a strong independence structure. In particular, as we will see, the exponential of the field
X,+ macroscopically behaves like an independent stable random measure that will integrate the exponential

of the field X, thus generating the desired limiting measure.

This section is organised as follows. In Section 2.6.1, we introduce several definitions and state Proposi-
tion 2.6.1, which plays a fundamental role in the proof of Proposition 2.2.19. In Section 2.6.2, assuming
Proposition 2.6.1, we establish the convergence of the “small scales” while conditioning on the “large large
scales”. In Section 2.6.3, we prove the “full” conditional convergence. Finally, in Section 2.6.4, we show how
Proposition 2.2.19 follows directly from the results obtained thus far, and we also prove Theorem 2.C.

2.6.1 Setup and preliminary results

For the reminder of this section, we fix y > v/2d. Forn € IN, we consider a collection of fields (W, ¢) ;¢ [n],6>0
satisfying (W1)—(W4). We recall that we need to prove that for all (@, (fi)ien)) € C°(R?) x (CF(R?))™,
the following limit holds

tlggolE exp(i(X, (p)) H eXp(—Lby,t,z‘(fi))

=1

= IE{exp(i(X, @) exp(—axpy, (Ty[f1,-- -, fn]))} )

where we refer to the statement of Proposition 2.2.19 for the definitions of all the quantities involved.

To simplify the presentation, we assume that the functions (f;);c[,) are all of the form f; = 0;1g 1}« for
some non-negative constants (0;);c[n) < IR(T . The proof developed below works in the general case where
(fi)iem) € (CH(R?))", with minor and straightforward adjustments. In particular, in the general setting, the

unit box [0, 1]% can be replaced by any compact set that contains the supports of all the functions (f;);e[n)-

With a slight abuse of notation, for all ¢ > 0, it is convenient to introduce the function F, ; : R?% — R and the

quantity T, > 0 given by

n
Fyi(e) =) ™o Ty 2B
i=1
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where W denotes the field introduced in Definition 2.2.8, which, as stated in Proposition 2.2.14, has a law
independent of A € A, where A is the set introduced in Lemma 2.5.1. For this reason, we omit the subscript A

when referring to the field W.

In this way, assuming that the function (f;);c[n) are as specified above, we need to prove that the following
limit holds

lim [E [exp(i(X, ®)) exp(—p,y’t(F%t))} =E {exp(i(X, 9)) exp(—Zi*TY iy ([0, 1]d))} . (2.6.2)

t—o0

In order to prove (2.6.2), we introduce a decomposition of the unit box [0, 1]d as follows. For R > 1, we
consider s > 0 such that (e® + 1)(R + 1)~! € IN, and we write

0,1]*= [ J Ai + Br.s , (2.6.3)
1€[T]

where (A;);c[3) and Br s are as described in the caption of Figure 2.2.

fems

Re™*

X

ﬂ:‘

w
= |
[

.

1

FIGURE 2.2: A diagram illustrating the decomposition of the cube [0, 1]¢ used in the proof of Lemma 2.6.3,
in the case d = 2. For R > 1, we suppose that along each edge of the d edges of [0, l]d, there are exactly
(e®* + 1)(R + 1)~ smaller closed boxes, which are drawn in white and that we enumerate by (A4;);c[). for
some J € IN. For each ¢ € [J], the box A; has side length equal to Re™°. The shaded region is the buffer
zone Br s = [0, l]d \ U;e)Ai. By construction, the buffer zone separates the smaller cubes by a distance of
at least e °. A similar figure first appeared in [MRV 16, Figure 1].

The reason why the decomposition (2.6.3) turns out to be useful is due to the short-range correlation properties
of the fields X; and W;. Indeed, since we are assuming that the seed covariance function K satisfies condition
(K2), as we have observed in Section 2.3.3, for 0 < s < ¢, it holds that X, ;(x) and X +(y) are independent
for [z — y| > e™*. Similarly, thanks to (W3), for 0 < s < ¢, we have that (W; (2))ie[n] and (Wi +(y))ie[n)

are independent for |x — y| > e~ *.

As mentioned earlier, the idea is to split the field X into two scales. Roughly speaking, we first focus on
the small scales conditioned on the large scales. More precisely, we consider the sequence of measures
(Hy,s,t)o<s<t O R?, defined as follows,

. .
Ly oo (da) & (¢ — 5) 3V =) (V/VEVD? ¥ X n(@)= % (t=5) g (2.6.4)
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The role of the large scales is played by a deterministic3 function x : R? — IR. Given a function x, we define
the measure p,, by letting
py (dz) = X(x)e’m"(m)dx . (2.6.5)

We now have all the necessary ingredients to state the following key proposition, which is a generalisation of
[MRV16, Proposition 3.2]. The key difference is that we allow F, ; to take the general form given in (2.6.1),
rather than restricting it to be a constant. More importantly, we explicitly identify the multiplicative constant
C'(y) that appears in the statement of [MRV 16, Proposition 3.2]. The proof of this proposition is postponed
to Section 2.7.

Proposition 2.6.1. Fix e > 0, let ', and T, be as in (2.6.1), and consider the constant a, > 0 introduced in
Proposition 2.2.19. Then, for all s > 0 large enough and for all t > s large enough, the following holds. For
any function’y : [0, R]¢ — R such that

. 1 x(@) — x(y)|
min x) > ——Ilogs, max z) <logt, su —_— <1, (2.6.6)
g X = g5 080 I X < loe coctony, 1=
lz—y|<s™*

one has that,

E

exp(— / Fv,t@)e—”(@wt(dwﬂ —1-a.Typx([0,R]?)] < epy ([0, R]Y) .
[0,R]¢

Note that our definition of py includes no analogue of the term —y~!log 0 appearing in [MRV 16, Equa-
tion 3.11]. This is because this term can simply be absorbed into the error term by making s sufficiently

large.

2.6.2 Convergence of the small scales

We are now ready to state and the prove the following result in which, roughly speaking, we compute the
Laplace functional of the measure |, s ; defined in (2.6.4). Before proceeding, we introduce the following

definition.

Definition 2.6.2. We say that a function x : [0,1]¢ — R is scaled-admissible if for all ¢ > 0, there
exists Ry > 1 such that e?* Py (Br,s) < ¢ for all s > 0 sufficiently large and for all R > Ry such that
(e*+1)R+1)"teN.

We have the following key result.

Lemma 2.6.3. Let ¢ > 0. Then, for s > 0 sufficiently large, for t > s sufficiently large, and for any
scaled-admissible function’ : [0,1]¢ — IR in the sense of Definition 2.6.2, such that

| 1 (@) = xW)| _ s
min r) > ——=1logs, max x) <logt, su 7§es/ ’ 26
SN2 G o mn X Sosts e S s @26
|z—y|<e st

3 At this level, we are assuming that we are conditioning on the large scales. That is why, we are thinking of the large scales as being
described by a deterministic function.
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one has that,

E

exp <—eds /[o Ny Fy,t(ﬂf)e_YX(m)ny,s,t(dl')>‘| > exp(—(E* + €)e™ T, py ([0, 1}d)) —¢,

E

exp <—edS /[o » Fy,t(l‘)e_YX(x)uy7s,t(dx)>‘| < exp(—(Zi* —&)e™ Ty py ([0, 1}d)) +e,

where a, > 0 is the constant introduced in Proposition 2.2.19.

Proof. For R > 1, s > 0such that (e* +1)(R+1)~! € IN, we consider the decomposition of the cube [0, 1]¢
given in (2.6.3). We also consider ¢ > s and a function x : [0,1] — R? satisfying conditions (2.6.6). In order

to lighten the notation, we define

def
E.es =E

exp(—eds/[ | Fy,t(x)e_VX(x)u,y}S,t(da:)>1 . (2.6.8)
0,1]4

We write the integral over [0, 1]¢ appearing inside [E(, s 5 as the following sum

/ By o(2)e Xy, o o(da) + / Fy p(2)e Xy, o 4(de)

Br,s Uiea)Ai

and we divide the proof into three main steps. In the first step, we show that the integral over the buffer-zone
can be made arbitrarily small by choosing s > 0 large enough and ¢ > s large enough. In the second step,
we provide, upper and lower bound for the integral over the region given by the union of the small squares.
Finally, in the third step, we show how to combine everything to obtain the desired result. We remark that the

proof strategy follows similar lines to the proof of [MRV 16, Lemma 3.1].

Step 1: In this first step, we show that for any ¢ > 0, there exist R > 1 large enough such that for all s > 0
large enough satisfying (e* + 1)(R + 1)~ € IN, and ¢ > s large enough, it holds that

1-E

exp <ed5/ Fy’t(x)ey"(z)p%s,t(dx)>] <e. (2.6.9)
Br,s

By making the change of variables x — e®x, using the scaling relation (2.3.9), and thanks to (W1) and (W2),
we obtain that the expectation on the left-hand side of (2.6.9) is equal to

exp <—/ F%t_s(x)ew(eSx)uw_s(dx))] :
GSBR)S

Next, we note that there exists J € IN and a sequence of points (xj) jem C R? such that

E

d+2
¢'Br.= |J (¢ +0,1]%), () (z +10,10%) =0, Vi1 #... #jar2 € [J] . (2.6.10)
jel) i=1

Therefore, using the inequality 1 — [, ¢ 3 a; < 3¢5 (1 — a;), whichis valid for (a;) e[ C [0,1], and the

translation invariance of X;_, as well as (W2), we obtain that

exp <_/ Fy,t—s(ﬂi)e”(e'“f”)uy,t—s(dﬂf)ﬂ
e*BRr,s

1-E
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<1—-E

exp <_ Z/ F%ts(l’)ew(esx)liws(dx))l
]G[J] Tl,'j+[0,1]d

=[E|l- H exp (—/ Fy’ts(x)ey)((esz)p/y’tS(dx)>‘|
jeld) o5 021
< Z (1 — E|exp (—/ dF%ts(x)er(:ijre—Sw)M’tS(dg))]) . (2.6.11)
IER) [0.1]

Since by assumption the function x satisfies all the conditions in (2.6.7), one can readily check that the function
X(z; + e~* ) satisfies all the conditions in (2.6.6), for all j € [J]. Therefore, by Proposition 2.6.1, for any
g > 0, forall s > 0 large enough satisfying (e* + 1)(R + 1)~! € IN, and for all t > s large enough, we have
that the expectation in (2.6.11) satisfies the following inequality, for all j € [J],

1-E

exp (—/ Fy’tS(:v)eVX(g”jJresI)uy,tS(dx))} < (ay + E)Tyedspx(e_s_) (z; +[0,1]%) .
[0,1]4

Hence, plugging the right-hand side of the previous expression into (2.6.11), making the change of variables

x +— x; + ez, and using the assumptions (2.6.10) on the sequence of points (z,),c3, we obtain that

1-E

exp (_/ i Fy’tS(x)evx(esw)uy’ts(dxo] < (d+2)(a, + £)TyedspX (BR,S) )
e*BR,s

Since, we are assuming that  is scaled-admissible in the sense of Definition 2.6.2, the quantity e? Px(Br,s)
can be made arbitrarily small by taking s > 0 and R > 1 large enough.

Step 2: In this second step, we show that, for any ¢ > 0, there exist R > 1 large enough such that for all s > 0
large enough satisfying (e* + 1)(R + 1)~ € IN, and ¢ > s large enough, it holds that

E

exp (edS/ ) Fy,t(x)eYX(m)pL%s,t(da:))] > exp(f('d* + €)e™ T, py ([0, l]d))
Uie[a)Ai

E

exp (—eds/ Fy,t(z)GYX(I)Pv,s,t(dx))] < exp(—('d* —&)e®™ T, py ([0, l]d)) +e.
UieaAi

Since the lower bound can be obtained in a similar manner to the upper bound, we just focus on the latter.
We recall that if z, y € [0, 1]¢ belong to two different squares in the decomposition described in Figure 2.2,
then |z — y| > e~* and so X, ;(z) and X ;(y) are independent. Moreover, if z, y are as above, then thanks
to (W3), we also have that (W ¢())ie[n) and (W; +(y))ie[n) are independent. Hence, using this fact, making
the change of variables x — e®z, and preceding in the same manner in the first step, we obtain that

exp (—eds/ F%t(x)ermuy,syt(dac))}
Uiea)Ai

exp (/ Fy,t_s(x)eVX(E_S””)uyyt_S(dx)>] )
esA;

Now, since for each ¢ € [J], the function x(e~*-) on e®A; satisfies all the conditions stated in (2.6.6), by

E

= E
i€[J]

Proposition 2.6.1, we get that for all s > 0 large enough satisfying (e* + 1)(R + 1)~ € IN, and t > s large
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enough, it holds that

E

exp ( / o F%t_s(:zz)eYX(E_SI)p%t_S(dz)>] <1 — (@ — &)Typy(e—s) (e°4)) .

For all ¢ € [J], using the assumptions on the function ¥, we obtain that for sufficiently large s > 0, the

following holds

(@ — €)Typy(e—s) (e°A;) <R G, — )T, < sup zemz> <1.
=€ [log s/ (8v/2d) ,00)

Therefore, using the inequality J[,¢(5(1 — ai) < exp(—>_;c(5 i), which is valid for (a;);e(3) C [0, 1], and
making the change of variables = — e®z, we get that

E

exp (—eds / Fy,t(x)eVX(I)LW,:;,t(d:I:))] - exp(—(ﬁ* —e)e™ Ty py (Uie[j]Ai))
Uie[a)Ai

= exp(—(fi* — s)edSTy(pX([O, 1]d) — Px (BR,S)))

< eXP(_(Ei* - 5)€dsTpr([0> 1]d)) +e,

where, once again, the last inequality is due to the fact that, since by assumption ¥ is scaled-admissible in the
sense of Definition 2.6.2, the quantity e?* Py (Br,s) can be made arbitrarily small by taking s > 0 and R > 1

large enough.

Step 3: In this final step, we show how to combine the previous two steps to obtain the desired result. Thanks

to decomposition (2.6.3) and to the elementary inequality ab > a + b — 1 valid for a, b € [0, 1], we have that

exp (—eds/ Fy,t(x)eyxu)p%s,t(dx)>]
Uiea)Ai

exp (eds/ F%t(x)eVX(z)p%s,t(d:cO] —-1.
Br,s

On the other hand, we also have the trivial inequality

exp (—eds/ F%t(x)e_w(w)uy,s,t(dx)>] :
Uie(a)Ai

Hence, to conclude it suffices to combine Steps 1 and 2. O

E.es) > E

+E

E.es) < E

2.6.3 Convergence of the large scales

The main goal of this subsection is to compute the conditional Laplace functionals of the random measures
(y,t)e>0 conditioned on the o-field F; defined in (2.1.5). Heuristically speaking, we want to get the
expectations appearing in the statement of Lemma 2.6.3 to be of order one, and so we want to absorb some
normalisation factor 7(s) into i, s ;. Proceeding formally for the moment, given a function x : [0,1]¢ — R
satisfying the conditions in the statement of Lemma 2.6.3, we consider the functiony : [0, 1]¢ — IR such that,

for all = € [0, 1]¢,
e YX(@) — p=dsy(5)eYX(@)

)
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so that, by Lemma 2.6.3 withn =1, W; . = 0, and 6; = 1, the following approximate identity holds

exp<— / r(s)em%,s,xdm)
[0,1]¢

for some constant ¢ > 0. Now recalling the definition (2.6.5), it is easily seen that to get something of order

E ~ E [GXP(—CedsPi—log(r(s))/wds/v ([o, 1]d)>} :

one on the right-hand side of the above expression, we need to choose r(s) such that
v3d vad
eds*TQddSr(s)Tw ‘log(e‘dsr(s))‘ ~ 1

which is achieved by setting
r(s) = edsTYsY 25T

In particular, this suggests to define the measure {iy s ; = 7(s)ty, s+ Which is given by

Hy,s,t(dx) = s Ve (t - s)2%76“”’/‘/5“/5)2eVXS‘*(m)_gtda: . (2.6.12)

Given R > 1, 5 > 0, a function X : [0, R]¢ — IR, we define the measure

ef 1
Py.s(d) el = V2dx(x) (\/ d/2+ @ + \;%Z)dx . (2.6.13)

Definition 2.6.4. We say that a function x : [0, 1}d — R is admissible if for all ¢ > 0, there exists Rp > 1
such that py s(Br,s) < ¢ forall s > 0 sufficiently large and for all R > R such that (e® + 1)(R + 1)~ € N.

It is immediate to check that Lemma 2.6.3 for the measure [L, s ; can be stated as follows.

Corollary 2.6.5. Let ¢ > 0. Then, for s > 0 sufficiently large, for t > s sufficiently large, and for any
admissible function'x : [0,1]? — R in the sense of Definition 2.6.4, such that

logs V2ds V2ds _ logs

min ) > , max z) <logt — ,
we[o,l]dx( )= svad 2 ze[o’”dx( ) < log 5 N
— ) (2.6.14)
Sup M)iggyﬂ S 65/3 ,
x,ye[O,l]d, |J) - y|
le—y|<e™®s™!

one has that,

E

exp <—/ Fy7t(a:)e”’X(”)ﬁ,Y,s7t(dx)>] > exp(—(ﬁ* + €)Typy.s ([0, 1]d)) —€, (2.6.15)
[0,1]¢

E

exp <—/ F%t(m)e_”’((m)ﬁ%&t(dx))] > exp(—(?i* —€)Typy,s ([0, 1]d)) +e. (2.6.16)
[0,1]¢

where a, > 0 is the constant introduced in Proposition 2.2.19.

Remark 2.6.6. The previous lemma entails almost directly that the measure L, ,, converges to an integrated
atomic random measure with parameter y and spatial intensity given by the Lebesgue measure dz, i.e, up
to multiplicative constants and recalling the notation introduce in Definition 1.3.7, to Py [dz]. To see this,
it suffices to take the function ¥ to be of constant order. Then, taking first the limit when ¢ — oo and then

the limit when s — oo, the “log corrections” appearing in (2.6.13) vanish, and one can read off the Laplace
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functional associated to measure described above. Since we don’t need this fact in the sequel of the proof, we

refrain from giving further details.
In the next lemma we compute the conditional Laplace functionals of the measures (L ¢)¢>0.

Lemma 2.6.7. There exists a diverging sequence (sy)n>0 0f non-negative real numbers such that, almost

surely,

lim lim [E
n—o00 t—o0

exp (—/[ ] Fv,t(x)u“v,t(dl‘)> ‘]—'SH] = exP(_a*Tvvac([O, 1](1)) 7 (2.6.17)
0,1]¢

where a, > 0 is the constant introduced in Proposition 2.2.19, and (L, is the critical GMC.

Proof. In order to prove the result, we rely on Corollary 2.6.5. In particular, we want to take the function
X : [0,1]% — R in that corollary in such a way that exp(—yx())ily. s ¢(dz) = Wy ¢(dz), which forces us to

take
_logs L V2ds
V2d 2

Now, a simple computation yields that, for x as in (2.6.18),

x() = =X, () (26.18)
pX,S(dx) = P“YC,S(dx) )

where here we recall (2.1.7). For e > 0, s > 0, R > 1such that (e* + 1)(R + 1)~ € IN, and x as in (2.6.18),

we consider the following events

logs 2ds} £ { 19v/2ds logs}

El = { min x(x) >

- max x) < —
z€[0,1]¢ T~ 8V2d 2 we[O,l]dX( )< 2 \/2d
. x(x) = x| _ .
E? = { Z?0p1]d |IE - y|1/3 se /8 ’ E;{R = {vaS(BR’S) < 8} :
|z—y|<e *s™?

We also define the event E, g = N?_, EZ N E* ; and we note that

exp (— /[0,1]4 F%t(a:)kby,t(dﬂc)) exp (‘ /[071][1 Fv,t(x)”fy,t(dx)> Ig, n
exp <— /[0.,1]d Fw(x)llfy,t(d@")) exp (‘ /[071” F%t(a:)u%t(dx)) IE. r

where the second inequality is simply due to the fact that the map x — e~ is bounded by one, for all z > 0.

E 7| >E

|l

Fs

E Fs| <E +1ge

Moreover, we observe that, by definition, on the event E; g, the function x defined in (2.6.18) satisfies the
conditions required in the statement of Corollary 2.6.5. Therefore, for ¢ > 0 as fixed above and for s > 0

sufficiently large, it holds almost surely that

exp< /. Fy,t@mt(dx))
exp ( /. Fy,t@)mdaz))

liminfIE
t—o0

fs] > (exp(— (@ + ) Typy s ((0.1)%)) — ) Te. -

limsup [E

t—o00

E] < (exp((a* —&)Tyhy.s ([0, 1}d)) + 5) Ig, o+ 1, -
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Thanks to [DRSV14a, Theorem 4], the sequence of random measure (1L, s)s>0 converges as s — oo almost
surely to ., in the topology of vague convergence. Furthermore, we can extract positive diverging sequences
($n)nen and (Ry,)nen such that 1g
to [Mad1s, Lemmas 3.1, 3.2, 3.3] (see also [MRV 16, Lemma A.2]), we have that P(E; r) converges to 1 as

converges almost surely to 1 as n — oo. This follows since, thanks

sn,Rn

s, R — oo. In particular, this shows that the following convergences hold almost surely

lim liminfE
n—oo t—o0o

exp ( /[0,1]d Fy,t(l")llv,t(dilf)> ‘fqn] > exp(f(ﬁ* +&)Tymy. ([0, l]d)> -,

exp<— L. F%t(x)p%t(da;))

Therefore, the conclusion follows by arbitrariness of € > 0. 0

lim limsupIE
n—=00 300

fsn] < exp(—(’&* —&)Ty 1y ([0, l]d)) +e.

2.6.4 Stable convergence
The goal of this section is to prove Proposition 2.2.19, from which Theorem 2.C follows immediately.

Proof of Proposition 2.2.19. For n € IN and y > v/2d, we consider the collection of measures (L i)ic[n]
introduced in the statement of Theorem 2.C. We recall that we need to check that, for all (o, ( fi)ie[n]) €
C(R?) x (CF(R?))™, the following holds

exp(i(X, @) H exp(—ky.1i(fi)

i=1

Jim B = E[exp(i{X, 0)) exp(~autty.(Ty)]

where here, to simplify the notation, we have omitted the dependence of T', on ( f;);c[n], and where we recall
that @, = (d,y)as with a, as defined in (2.2.12).

We consider the sequence (s;,),cn introduced in the statement of Lemma 2.6.7. For n € IN, we consider u,

1

exp(i(Xu, @) (H exp(—ty,.,i(fi)) — exp(—asbty, (Tv>)>

i=1

t > 0 such that u < s,, < t, and we note that

E

exp(i(X, ¢)) (H exp(—Hy,1i(fi)) — exp(—auy, (Tv))>

=1

<I|E

+ QIEHexp(iQ(, @) —exp(i(Xu, ¢)) H )

where we simply used the triangle inequality and the fact that the function x — e~” is bounded by 1 for x > 0.
For the term appearing in the second line of the above display, we note that it is equal to

E

)

exp (i(Xu, @) E

n
H eXp(_p'v,t,i(fi)) - eXP(_a*F'% (TY)) ‘ fsn,] ]
i=1
where we used the fact that X, is F; _-measurable since by assumption v < s,,. On the one hand, Lemma 2.6.7

implies that the following convergence holds almost surely

lim lim [E
n—o00 t—00

HCXP(—M,t,i(fi)) ’fsn‘| = exp(—auty (Ty)) - (2.6.19)

i=1
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On the other hand, the martingale convergence theorem implies that the following convergence holds almost

surely

nli_)n;o]E{exp( @y by, ( ‘]—"5 } = [exp(—'d*uyc(Ty)) ’ O'(X)} = exp(—autty (Ty)) . (2.6.20)

Therefore, since the right-hand side of (2.6.19) coincides with the right-hand side of (2.6.20), by the dominated
convergence theorem, we obtain that uniformly over v > 0, it holds that

lim lim
n—o00 t—o0

E exp(i(Xu, (p))]E

[ exp(—ty.ei(fi) — exp(—aapny, (Ty)) ‘}—SRH ‘ =0.

i=1
Thanks to the dominated convergence theorem and the fact that X,, converges to X as u — oo almost surely
in %% (IR%), one has

lim ]EHexp(i(X, (p)) — exp(i(Xu7 (p>) H =0,

U— 00

and so the conclusion follows. O
We now show how the proof of Theorem 2.C follows directly.

Proof of Theorem 2.C. Thanks to Lemma 2.3.8, it suffices to show that the following joint convergence in
distribution holds in H,,*(R?) x (M™*(IR?))™ for some > 0,

(Xa (H’y,t,i)ie[n]) = (X> (H’y,i)ie[n]) .

By Lemma 2.3.4, it suffices to verify that for all (@, (f;)ic[n)) € C°(R?) x (CF(R%))™, it holds that

lim E

t—o0

eXp( X, (P HeXp “’Ytz(fz))

i=1

E [exp(i(X, ¢) Hexp ,i(fi))] .

i=1

Furthermore, by Proposition 2.2.19, it suffices to establish that

E |exp(i(X, )) HGXP( ()| =

=1

[exp( (X, ) exp(fﬁ*p%(Ty))} , (2.6.21)

where, as before, to simplify the notation, we have omitted the dependence of T, on (f;);e[n). Recalling
the definition of the collection of measures (LLy ;);c[, given in the statement of Theorem 2.C, one can use
formula (2.3.5) to check that

B [T exp(-iy.i(0)

thus yielding (2.6.21), which completes the proof. 0

o(X) | = exp(—astty.(Ty)) ,

2.7 Proof of Proposition 2.6.1

The main goal of this section is to prove Proposition 2.6.1, and it is structured as follows. In Section 2.7.1,
we introduce some notation and state Lemmas 2.7.2 and 2.7.4, which are the two main technical lemmas used

in the proof of Proposition 2.6.1. We then show how the proof of Proposition 2.6.1 follows from the two
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aforementioned lemmas and Propositions 2.4.1 and 2.4.2. The remaining part of the section is then devoted
to the proof of Lemmas 2.7.2 and 2.7.4. In particular, in Section 2.7.2, we prove Lemma 2.7.2, while in

Section 2.7.3, we prove Lemma 2.7.4.

2.7.1  Setup and main technical lemmas

Throughout this section, we fix y > v/2d, n € IN, and a collection of non-negative constants (0;);e[n]. For
any z € R, k > 0, and A > 0, we define the (random) function sz :C(RY) — R by

A w 1~ exp(—e ™" [, Fy(y)e"*Wdy)
Fk,w(q)) - A ) (2-7'1)
Dy o ()]

where F, : R? — R is the function given by
Fy(y) “ Z 9,eYWily) (2.7.2)
i=1

We introduce here the main processes and fields that will be used for the reminder of this section:

* Let B’ be a standard Brownian motion and R a three-dimensional Bessel process starting at zero. For any
z > 0, define U, to be a random variable uniformly distributed on the interval [—z, 0], independent of all
other processes. Also, let T, = inf{s > 0 : B’ = U, }. We then define the process

B!, ifs<t,,

def S
Iz =
S

Re, +U,, ifs>T,.

(2.7.3)

« Forb > 0and z > 0, we let g} be the field on R? given by
(o) (o)
gi() = —/ (1 — R(e= 0 N))dI? + Z (™) — \/Qd/ (1— K(e=Ct)))ds, (2.7.4)
0 0
where Z/_ has the same law as the field Z, defined in Definition 2.3.9, and it is independent of the process
r=.

* For b > 0, we recall that Y denotes the field on R? introduced in (2.4.2) and given by

Ty(o) £ —/0 (1= 8(e=*))dB, + Zo(-) — V2dan(-)

where Z is introduced in Definition 2.3.9, B is an independent Brownian motion, and a; is the function

defined in (2.2.2).

Remark 2.7.1. We emphasise that the processes and fields introduced above are all assumed to be mutually
independent. Additionally, given , y € Rand b > 0, we write IP,, ,, ;, for the probability measure under which
(Bs)se[o,p] is a Brownian bridge from z to y in time b, while the other processes/fields are left unchanged.

Moroever, given a function g : R? — IR, we set Vo0 =Vo +g.
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In what follows, for b > 0 and z > 0, we need to consider the field given by the sum of Y} and g;. In order to

lighten the notation, instead of writing the field gi as a subscript of V3, we let
Y=Y+ g (2.7.5)

We also observe that a standard Gaussian tail bound implies that, uniformly over all z > 0, the field g; satisfies
(G1)-(G3).

For A > 0 and A, L, b > 0, we introduce the function § ; , : R x C(R%) — IR given by

A+L
def 1 +

(x—2)2
Fhre(z9) = — eV2e—1)=5; Eq 0| Fpa (M)
o V27h Jo ' ! (2.7.6)

“Linte 0. Bo>0} LMo 41,0 (Vi g) <z—(A+L)} L (Mo, (Vs ) <A} | A -

Moreover, we define the constant C% ; , > 0 by letting

Cﬁ,L,b = 0‘/0 ZIE[S)A\!,L,b(ZygIZ;)]dZ ) (2.7.7)

where we recall that = V2/7t.
We are now ready to state the following key lemma whose proof is given in Section 2.7.2.

Lemma 2.7.2. Forany A > 0, R > 1, and € > 0, there exist 0 < A < L sufficiently large such that there
exists by > 0 and so > 0 sufficiently large, such that for any s > sq satisfying (e* +1)/(R + 1) € N and
any b > by, there exists a sufficiently large T > 0 such that for all t > T and any function : [0,R]¢ — R
satisfying the conditions in (2.6.6), it holds that

E|1—exp (—/[ . Fy,t(x)e_VX(m)uy,t(dx)> — O 1y ox ([0,R)Y) | < € py ([0,R]Y)
0O.R

where we recall that the measure py, is defined in (2.6.5).

Remark 2.7.3. We emphasise that in the statement of Lemma 2.7.2, the conditions (2.6.6) on the function
x : [0,R]¢ — R depends on s.

Thanks to Lemma 2.7.2, to prove Proposition 2.6.1 it suffices to derive an explicit expression for the constant
Cﬁy 1 defined in (2.7.7) as the cutoff parameters are taken to infinity, and then show that this expression
coincides with T, defined in (2.6.1), up to a multiplicative constant. To this end, for A, L > 0and 0 < k < b,
recalling that = v/2/7, we define the constant Cl‘;“z’“;c , by letting

A+L p3/4 w2
Ch s = Oc/ em(w’m/ = (u+ta)
B L/2 pl/4 27th (278)

“Eoub [FQ,I—L,L (%' +”)1{Mo,b<vs+w>9}} dudz ,
where forany z € R, k > 0, L > 0 and A > 0, we define the (random) function Fi‘rL :C(R?) — R by

F?\ ((I)) déf 1- exp(_e*'\/w f]Bk Fy(y)qu)(y)dy) (2 7 9)
bk DY)V Lt | 7
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where we emphasise that the only difference from Fi\,w as defined in (2.7.1), is the presence of the maximum

in the denominator. Note that, with a slight abuse of our previous notation, we have absorbed the expectation

with respect to the field gj** into the expectation Eq 5.

We can now state the second key lemma of this section whose proof is given in Section 2.7.3.

Lemma 2.7.4. Forany A > 0, ¢ > 0, and A > 0, there exists L > 0 sufficiently large, such that there exists
ko > 0 for which, for all k > ko, there exists by > 0 sufficiently large such that for all b > by, it holds that

A A,
ICany— CA?Le\:;f,H <e.

The proof of Proposition 2.6.1 follows by combining Lemmas 2.7.2 and 2.7.4.

Proof of Proposition 2.6.1. LetR > 1land A € A, where we recall that the set A is introduced in Lemma 2.5.1.
For any ¢ > 0, thanks to Lemmas 2.7.2 and 2.7.4, by taking the involved parameters large enough as specified

in the statements of the aforementioned lemmas, we have that

toep(= [ Fy ()
[0,R]?

Hence it suffices to show that when the cutoff parameters are taken to infinity, the limit of the constant Cg’nffwk b

E — N oo ([0, R]Y) | < epy ([0,R)) .

coincides with T, defined in (2.6.1), up to a multiplicative constant. To establish that this is indeed the case,
we rely on Propositions 2.4.1 and 2.4.2.

We observe that for any A, L, k > 0, 2 € [L/2, A+ L], and k € IN, conditional on (W3)ig[n)» the function
FQ“F LL": C (IRd) — R is continuous, bounded, depends on the values of the input field in a bounded set, and
it is such that its set of discontinuities is assigned measure zero by the law of the field Y\ on C (R?). This
last fact follows since we fixed A € A and from Remark 2.5.2. Furthermore, as can be easily verified using
the Gaussian tail bound, the field g7, introduced in (2.7.4), satisfies (G1)—(G3) uniformly over all z > 0.
Therefore, we are in a position to apply Propositions 2.4.1 and 2.4.2, from which we deduce that for any ¢ > 0,
k>0, b > 0 sufficiently large, and u € [b'/4, b%/4], it holds that

u - u
IE07u7b[F£71_L7L (Ygl’+w)]l{Moyb(Y[;u+w)S7\}:| - 26*,)\EIE[F27$_L,L(Y}\)] <eg (2.7.10)

Furthermore, thanks to Proposition 2.2.12, it holds that

E[[gs F;c\,wa,L(Tz‘y)em\y(z)ﬂ{\y(z)z_x}dz]
E[fra €2 Ly o)>_aydz]

IE[FQ,wL,L(?A)] = , (2.7.11)

where, once again, we recall that we omit the subscript A when writing the field ¥, since, thanks to Proposi-
tion 2.2.14, its law does not depend on A € A. Therefore, recalling the definition (2.2.12) of a, and performing

a change of variables in the integral over x in the definition (2.7.8) of Cz’nffwk »» We obtain that

e\/ﬁaﬁm

. A,new
bhm ChLry=0axY
— 00 —L/2

/d Fi\,x,L(Tz‘y)emw(z)]l{wz)zf;\}dz dz . (2.7.12)
R

Recalling the definition of the function F;‘z in (2.7.1) and that of F;‘x 1, in (2.7.9), and using the dominated
convergence theorem along with the monotone convergence theorem, we observe that taking first the limit as

k — oo, then as L — oo and finally as A — oo of the expression on the right-hand side of (2.7.12), we
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. A
conclude that lima 1,k p—00 C'T % » €quals

00 mW(z)ﬂ
V2dz 1— _ =Yz F y'rz‘{/(y)d € {¥(z)=—A} dxd
I ( e’“’( [ e y)) AT

Now, recalling the definition (2.2.14) of the constant (3(d,y), we note that, for all ¢ > 0 and any y > v/2d, it
holds that

axYEE

Therefore, by collecting the previous considerations, using the above identity, and leveraging the independence
between the fields (W;);c[,,) and ¥, as well as the stationarity of the fields (W;);e[,) implied by (W2), we
obtain that

. A,new o~
lim Gy 5, =aE

3 V2d¥(z)

Y A pyiay>—
/ / By (y)e" ™YWy | & D=2 g,
Re \ /R4 ‘D)\(TZW”

A,L,k,b—oo
Vad
=a,E (/ Fy(y)eyw(y)dy> ]
R4
=a. Ty,
where we recall that T\, is defined in (2.6.1), and @, = 3(d,y)a,. Hence, the desired result follows. O

2.7.2 Proof of Lemma 2.7.2

In this subsection, we prove Lemma 2.7.2 by reducing the joint Laplace transform of p, ; to a more manageable
quantity through a series of reduction steps, following the strategy developed in [MRV 16] with some non-
trivial modifications. To streamline this process, we introduce some shorthand notations. We fix for the
reminder of this section R > 1. For a function x : [0,R]9 — IR, we introduce the sequence of measures

(1X ;)e>0 on R? defined as follows,
() £ X ()

where we recall that ., ; is the regularised and normalised supercritical GMC measure as defined in (2.1.8).
For ¢t > 0 and a function x : RY — IR, we introduce the fields Y, and Yf on R?, as well as the constant d; by

setting

def def def 3
Yo(z) £ Xy (z) — V2dt Y (z) = Ye(x) — x(z), 0, = W logt , (2.7.13)

so that the measure u%f’t introduced above can be written as
X
WX (dz) = EYOYE@ 0ty

For A > 0, recalling the definition (2.6.1) of the random function F, ; and the notation introduced in (2.3.2),

only for this section, we let

Gr = exp (—/[ . Fv,t(x)@,t(dwo , MrEMgr(Y)), Di=Di(Y)), (2714
0,R
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and for a subset D C [0, R]%, we use Gp to denote the same quantity as above, but with [0, R]¢ replaced by D.
With this notation in hand, we note that we can write

]l{mE]D;‘l}

E[l -G :IE/ ) (1 — Gr)dm | (27.15)
[1 - Gr] ome DGR 7.15

where here we used the fact that [ID}| is almost surely positive.

2.7.2.1  High value constraint
We start with the following lemma, which essentially states that only the points where the field attains
sufficiently high values contribute to the integral on the right-hand side of (2.7.15).

Lemma 2.7.5. For any A > 0 and ¢ > 0, there exists a constant A > 0 sufficiently large such that for any
s > 0 sufficiently large satisfying (e® + 1)(R + 1)7! € IN, there exists T > 0 sufficiently large such that for
anyt > T andx : [0,R]? — R satisfying the conditions in (2.6.6), it holds that

E

(1—Gr)dm| < epy([0,R]Y) . (2.7.16)

/ Il{meng}IL{Y}(m)—atS—A}
[0,R]¢ D |

Proof. We start by observing that on the event {m € D}, YX(m) — d; < —A}, it holds that
YX(x) =0, < —A+A, Vzelo,R]¢.

Therefore, using this fact, we obtain that

E

R
/ {meDy) |{11§A(\ usa) g _GR)dm]
[0,R]¢ R

/ ]l{me]Dl)i} 1 —exp / F (1‘)]1 X X (dl‘) dm
R 71]) it Y X (z)—0:<— Ky,
[O’ ]d | }ﬁl [O,R}d Y { t ( ) 0:< A+7\} Y,t

1 —exp (‘/ F%t(x)]l{Y}(z)at<A+)\}H§/,t(d$)>] ‘
[0,R]¢

<E

=E

IfF, ;(-) were a deterministic, t-independent function, then the conclusion would follow by a direct application
of [MRV 16, Proposition 4.1]. However, by following the proof of [MRV 16, Proposition 4.1], the same
conclusion holds also in our more general setting by using (W1) and (W4). O

For A > 0, we introduce the quantity

def

Ec,.) =E

1 meDA 1 YX(m)—0,>—A
/ {melr) {ID)‘( Jmoezm ) (1—Ggr)dm| . (2.7.17)
[0.R]4 IDg|

The upshot of Lemma 2.7.5 is that for any € > 0, we can find A > 0 sufficiently large such that for any s > 0
sufficiently large satisfying (e* + 1)(R + 1)~ € N, there exists 7" > 0 sufficiently large such that for any
t > T and : [0,R]? — R satisfying the conditions in (2.6.6),

E|1—exp ( / Fy ()} t(dz))
[0,R]4 ’

- IE(2A7,17) S EpX([OaR}d) .
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Therefore, in what follows we we can just focus on the expectation IE, , ,- for a fixed A > 0.

2.7.2.2 Path constraint

We now want to exclude the points m € [0,R]? such that Y}(m) — 0; > —A with an unlikely path
[0,¢] 2 s = Ys(m). To this end, for A, L, z > 0, we consider the set of functions

oAl & {d) ‘R —R: sup ¢(s) <z, sup &(s)<z+0+L, dt) > 2+, —A} .
s€0,t] SE[t/2,t]

z
0 f #t >
2
Z+0t+L **********************
Z+bt—A *******************
v

FIGURE 2.3: A typical path in StZ’A’L.

Lemma 2.7.6 ((MRV 16, Lemma 5.1]). Forany ¢ > 0 and A > 0, there exists L > 0 sufficiently large such
that for any s > 0 sufficiently large satisfying (e* + 1)(R + 1)~ € IN, there exists T > 0 sufficiently large
such that for any t > T and X : [0, R]? — R satisfying the conditions in (2.6.6), it holds that

P(3m € [0,R]? such that Y} (m) —0; > —A and Y.(m) ¢ Sz((m)’A’L) < epy ([0,R]%) .
Furthermore, it also holds that
P(3m € [0,R]*\ Sr,¢ suchthat Yy (m)—0; > —A) < epy ([0, R]?) ,

where S « [e‘t/Q, R— e_t/Q]d.

Now, for A > 0, we define the following quantities,

def IL{mEIDI)_‘{}IL{Y.(m)es?(m),A,L}
IE(2.7.18) =E ~
IDg|
SR,t, R

(1- GR)dml , (2.7.18)

def ]l{melDﬁ}]l{Yf(m)fatzfA,Y.(m)gSi‘(m)’A’L}
E 2.7.19) — E
(2.7.19) N |ID)\|
R,t R

(1- GR)dm] ) (2.7.19)

e 1 meDA 1 Y} m)—0:>—A
1E<2.7,zo)glE / {meDg} {ID"( )02 }(1—GR)dm , (2.7.20)
[0,R]%\ Sk« /D3|
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so that, using the fact that {Y.(m) € Sf(m)’A’L} C {Y¥(m) — 0, > — A}, we can write
lE(2.7.17) = lE(2.7.18) + IE(247.|9) + 1E(2.7.20) .

Using Lemma 2.7.6, one can easily verify that that for any ¢ > 0 and A > 0, there exists L > 0 sufficiently
large such that for any s > 0 sufficiently large satisfying (e*+1)(R+1)~! € IN, there exists 7' > 0 sufficiently
large such that for any ¢ > T and  : [0, R]¢ — R satisfying the conditions in (2.6.6),

IE(2.7.19) + IE(2,7.20) S pr ([07 R]d) .

Therefore, in what follows we can just focus on the expectation [E, , ,g) for fixed A, L > 0.

2.7.2.3 Localisation near the maximum

For A > 0,0 < b < t/2, and for any m € [0, R]¢, recalling the notation introduced in (2.3.3) and (2.3.4), we

define the localised versions of the quantities in (2.7.14) by setting

Gm;bt = exp _/ Fy,t(m)ui,t(dx) ) Mm,bt = Mm,bt (YZC) ’
By, (m) (2.7.21)

D7, 5, = Dy, (YF)

m,by m,by

where b, = b — t. We also introduce the following quantity

def

Mm»bt+17bt = M7n7bt+17bt (Y}) .
Furthermore, for A > 0, we define the following event

L2, = {3y € [0,R]?\ By, (m) suchthat Y)(y) —d; > —A—A}.

m,by T

A

mn.b, » €verything happens inside By, (m). More precisely,

Roughly speaking, on the complement of the event IL
on the event {YX(m) — 9, > —A} and on the complement of ILQ b, » the maximum of Y over [0, R]? must
be attained inside By, (m). Furthermore, the values of the field Y at points in [0, R]? \ By, (m), are more

than A away from the supremum of YX. Consequently, we have that

" Limemp Loy om)—o,> -4}
{@s, 5,0} D}

1 ]l{melDi‘nybt}]l{Mrm,btJrth—Dt<—A}]l{Yz‘(m)—atZ—A}
= M@, |1D7\ | :

m,by

Remark 2.7.7. The reason why, on the right-hand side of the previous display, we included the seemingly
redundant indicator function of the event {IM,, »,+14, — 0¢ < —A} is due to a technicality in the proof of

Lemma 2.7.9 below. This will be better explained during the course of the proof of that lemma.

Now, by introducing the following quantities,

def

IE(2A7A22) =[E

D, | (1 =Gy, )dm|, (2.7.22)

/ ]l{melDZ\n,bt}]I{Mm,bﬁrlﬁt _at<_A}]l{Y, (m)egx(m-Aly
SR, ¢t m,by
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1 Ayl m),A,L
of {meD} Y. (m)esx (™) 41y
Eyay = E / Taa, ) - D3] (1-Gr)dm| (2.7.23)
SRt R
1 A 1 0,1l
. {meD}, , } {Mumv, 41,0, =0: <= A} L {y (m)es) ™)1y
Eeyap = B / Laa . - DX | :
R,t m,by
(1 —Gmm)dm] , (2.7.24)
1 Ayl
e {meD{} {Y.(m €$§(m)’A’L
IE‘(2.725) il E / ]l{(lfr‘z,bt)c} R {|ID(}‘ |) } (]. — GR) dm‘| N (2725)
R,t R
def ]l{mED?(}]I{Y.(m)ESf(m)’A’L}
IE(2A7A2()) = o IL{(IL;?L,E)()C} |ID)‘| (1 — Gm,bt)dm s (2726)
R,t ) R

one can easily check that,
Ei¢q18 = Eeq2) + Eegzy) — Eeqzp + Eeqzs) — Ecgze) -
We will show that the fist term is dominant by separately bounding the sum of the second and third term (since

both terms are positive, this dominates their difference), as well as the difference between the two last terms.

Lemma 2.7.8. For any A > 0 and € > 0, there exists a constant A > 0 sufficiently large such that for any
s > 0 sufficiently large satisfying (e® + 1)(R + 1)~! € IN, there exists T > 0 sufficiently large such that for
anyt>T,b>0,L>0,andy : [0,R]? — R satisfying the conditions in (2.6.6), it holds that

|IE(2.7.25) - IE(247.26)| S pr([o, R]d) .

Proof. Using the elementary inequality 1 — e~ (“1+42) < (1 — e¢=%1) 4 (1 — e~“2) which is valid for u1,
ug > 0, we note that for all m € Sg 4, it holds that

1—Gr < (1= Gjorja\By, (m)) + (1= Gmp,) -

Hence the claim is proved if we can show that there exists a constant A > 0 sufficiently large such that for any
s > 0 sufficiently large satisfying (e + 1)(R 4+ 1)~! € N, there exists 7' > 0 sufficiently large such that for
anyt >T,b>0,L>0,andy : [0,R]? — R satisfying the conditions in (2.6.6), it holds that

]l{melDﬁ}]l{Y_(m)eStX"")’A’L}

d
E / Liwa,o9 DY (1 —G[O,RW\Bbt(m))dm] < enx ([0,R]) -
SR,t R

A

By bringing the indicator function of the complement of the event Ly,

inside the exponential, the above

expectation can be bounded from above by

1 —exp (‘/ Fv,t(ﬂf)]l{Yf(z)ot<A>\}H§,t(d$)>] ;
[0,R]4

and so the conclusion follows by choosing A > 0 as in Lemma 2.7.5. O

E

Lemma 2.7.9. Forany A > 0, ¢ > 0, and A, L > 0, there exist by, sqg > 0 large enough such that for any
s > sg satisfying (e + 1)(R+1)"! € N and b > by, there exists T > 0 large enough such that for any
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t > T, and : [0,R]? — R satisfying the conditions in (2.6.6), it holds that
IB(o7.25) + Biag2g| < £px ([0, R]d) .

Proof. The proof of this result is similar to the proof of [Mad15, Lemmas 5.1, 5.2]. We only consider the
quantity IE(, ,.,, since IE(, ., can be bounded by following a similar, and in fact simpler, strategy. We
introduce the lattice A, by letting

1
Ay, £ ——ezZ4n[0,R]?.
by 4\/(7 [ }

Using the fact that Sg ; C Uge At,bIBbt,logzl(ac), we note that the quantity inside the expectation I ; .,y can

be bounded from above by

dm

]l{mED:‘mbt M 410, *Dt<*A}1{Y_ (m)esy(m-Aly
]l{lfl,bt} DA, |
SRt

m,by

< 1 Limen), LM 110,00 <= A} Ly (myesim 2y d

= Z {IL::L,bt} ‘]D?\ | m
zE€Ay, By, —10g 4 () m,by

< E m . 7.

- I ]]-{H‘f,bt—log(4/3)}1{3mEBbt710g4(x) such that Y. (m)eSi(( )’A’L} (2 7 27)
TENY,

In order to get the last inequality, one can note that for m € By, _10g4 (z), it holds that

Lm0y 410, =00 <= A Ly X (m)—0,> A1 < LiMy 0, =M, o, 410pcs )} 0

where we refer to Figure 2.4 for a diagram illustrating the sets involved.

7]
7
7
7
7
7
7
7
Y

FIGURE 2.4: The point m is chosen inside the small grey ball By, 10 4(2), and the blue ball represents By, (m).
Since we are on the event {Y¥(m) — 0 > —A}, on the event {M, p,+1,, — 0+ < —A}, the supremum of
the field Y inside the large striped ball must coincide with the supremum of the field Y} inside the shaded
black ball ]Bbt +log(5/4) (x) .

Thus, by letting

—A of
IDz,bt = {y € IBbt—IOg4(x) : Y?(y) 2 Mz,bt+log(5/4) - 7\} )
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we have that*

]I{Mm,btﬂ,bt—°t<—A}]l{Yi<(m)*DtZ*A}ﬂ{mEDi\n.bt}
X ——dm
By, —10g 4 () |1Dm,bt |
1 —A
meD;,
S/ 7{767\ L’bt}dmzl.
By, —log 4 () ‘IDJ.J)J

Now, by following the proof of [Mad15, Lemma 5.1], one can prove that for all A, L > 0,0 < b < ¢/2, and
S Ab*t:

1 1 m
{ILfotflog(zl/B)} {IMEBy, —10g 4 () suchthatY.(m)GS;(( )’A’L}

]l m x(m),A,L
: / to ' e Lam (2.7.28)
By, —10g 4 () m, by —log 2 Tt(m)

where for A, L, z > 0, we set

§f’A’Ld:ef{d):IR8’—>IR: sup d(s) <z+1, sup o(s) <o +z+L+1, cb(t)ZOH—z—A—l},

s€[0,t] sE€t/2,t]
and where
def ]. —t
re(m) =supsr >0 : sup [Ys(z) = Ys(m)| < =3 Ae "
0<s<t,0€B(m,r)N[0,R]? 4

Hence, plugging (2.7.28) into (2.7.27), we obtain that

Il (m),A,L
{Y,(m)eﬁx }
Fer : / E|Tqa . t dm
IEZAH, By, —10g 4 () { m,,bt—logz} Tt(m)
</ E|la ]l{Y-(m)eg“m)-,A,L} .
~ [0,R]4 L by —tog 2} Tt(m) 7

where we used the fact that U, a,, By, —10g4 () C [0, R]? and that there exists a constant o4 € IN such that for
any distinct points 1, ..., £5, € Ap—¢, itholds that Nig[o4] B, _10g4(xi) = (). Finally, as one can easily check,
IE(, ;.4 can be bounded by the same quantity, and so the conclusion follows from [Mad15, Lemma 5.2]. [

2.7.2.4 A renewal result

Combining Lemmas 2.7.5, 2.7.6, 2.7.8, and 2.7.9, we have shown in the previous subsection that for any A > 0
and ¢ > 0, there exist 0 < A < L sufficiently large such that there exists by > 0 and s¢ > 0 sufficiently large,
such that for any s > sq satisfying (e®* + 1)/(R 4+ 1) € IN and any b > by, there exists a sufficiently large
T > 0 such that for all ¢ > T and any function x : [0, R]d — IR satisfying the conditions in (2.6.6), it holds

that
- exp( / Fy,t<x>u;<,t<d:c>)
[0,R]?

4As we mentioned in Remark 2.7.7, the reason we included the indicator function of the event {IM,,, 4, 41,5, — 0t < —A} is due
to a technical reason. Indeed, without this indicator function, we would not be able to bound the integral by one. It is not difficult to
construct a “pathological example” for a possible realisation of the field Y for which the integral becomes arbitrarily large.

E
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Therefore, in what follows, we fix A > 0 and A, L, b > 0, and we study the quantity IE( ;... Given a function
g : R — R, we introduce the fields Y}, and Y, , on RY by letting

Vo(2) = Yo(e™'2) = Yo(0),  Vog(x) = Volx) +g(x) . (2.7.29)

Thanks to translation invariance, the scaling relation (2.3.9), the Markov property at time ¢, = ¢ — b of the
process (Y¢(+)):>0, the assumptions (W1) and (W2), and, for m € Sg, by applying the Cameron—Martin
theorem (see Lemma A.o.1) with density exp(v/2dY, (m) 4 d(t — b)) to the process (Y(m))seo,t,]» We can

rewrite [E(2.7.22) as follows
—V2d 3/2 =A ,
/S € X(m)t / 1E*X(WL) []l{sul)se[o,tb] B <0, SUPse(t/2,tp] BsSDﬁLL}SA»va(Btb — 0t — L"gi(,brn):| dm 5
R,t

where, under P y the Brownian motion (B;),>o is started from —x(m), and recalling the definition

—x(m
(2.7.1) of the function F} , the map F) ; , : R x C(R?) — R is given by

) def ef\/ﬁ(z+L)+deEz [

Fhrs(z9 Ly, (00>~ A-2} L{sup, 0. Y. (0)<0}

. _ (27.30)
im0 T ) 100 <A 13 it (T <0 B v, 0 -2 (Tog } :

where, under P, the field (Y, ())s>0.0ere has the same law of (Y, (x) + 2)s>0.,ere under IP, and

( ng;)m(x))xemd is an independent continuous random field given by

o (@) & / "(1— 8(¢*12))dB, + Zo, (e~x) — V2d / "1 - &(e*Ma))ds — (x(m+ etx) — x(m)) |
0 0

where we recall once again that Z;, is the field introduced in Definition 2.3.9.

Lemma 2.7.10. For any A > 0 and A, L, b > 0, consider the function §f‘47L’b : R x C(R?) — R defined
in (2.7.30). Then, there exist two functions b : R — R* and §, : C(R?) — R¥, possibly depending on the
parameters \, A, L, b, such that:

(1) It holds that
sup h(z) < o0 and h(z) =0(e®) asz— —o0.
z€R

(2) Forany z € Rand g € C(RY) it holds that

Fhro(z9) <b(2)3u(g) -

(3) There exists ¢ > 0 such that for any & € (0,1) and g € C(RY) satisfying

sup lg(z) —g(y)| < 1/4,
z,yER?, |z —y|<ebs

it holds that
Filg) <8710

(4) There exists ¢ > 0 such that for any g1, g2 € C(RY) satisfying

g1 — g2lloc = sup |g1(z) — go(z)| < 1/8,
rER
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it holds that
|§Q,L,b(z7gl) _?A,L,b(zvgﬂ‘ <cllg1 — 92||<1>ésh(z)3*(91) .

Proof. The proof can be found in Appendix 2.B. O

We are now in position to conclude the proof of Lemma 2.7.2, which as we see below follows by [Mad135,

Theorem 5.6].

Proof of Lemma 2.7.2. Thanks to Lemma 2.7.10, we have that for any A > 0 and A, L, b > 0, the function
Fh.Lp i R x C(R?Y) — Rdefined in (2.7.30) is “b-regular” in the sense of [Mad15]. Hence, thanks to [Mad15,
Theorem 5.6], we have that for any e > 0, for any s > 0 sufficiently large satisfying (e® + 1)(R+1)"! € N,
there exists 7' > 0 sufficiently large such that for any t > T and  : [0, R]? — IR satisfying the conditions in
(2.6.6), it holds that

.20 — Ci .y o ([0,R]?)] < epy ([0,R)%)

—A
with the constant C 4 ; , defined as

éi\x,L,b = 0‘/0 ZIE[gz,L,b(*ngi)]dZ )

where we recall once again that «x = \/2/7 and the field g7 is defined in (2.7.4). Hence, in order to conclude,
it suffices to show that for all z > 0 and g € C(IR%) it holds that @ﬁ)hb(fz,g) = SQ’L)b(z,g). To this end,
we begin by observing that, thanks to Lemma 2.3.10, and recalling Definition 2.3.9 as well as (2.2.2), for all
y € R?, it holds that

X b
Yb(y) — 7/ (1 — ﬁ(657by))dY9(0) +Zg(eiby) o \/ﬁ/ (1 - ﬁ(657by))d$
0 0
b
== [0 8V 0+ 2a0) - V).

Hence, by applying the Cameron—Martin theorem (see Lemma A.o0.1) with density exp(v/2dY(0) + db) to
the process (Y(0)) (0,4 using the equality in law (By)scfo.n) = (—Bs)seo,0)» using the fact that P, (B, €
dx) = (2mb)~ 1/ 2¢=(@=2)"/(20) gz and finally the fact that a time reversed Brownian bridge is still a Brownian

bridge but with starting and final point swapped, we obtain that

=A 1 Atk V2d(z—L (z—2)? A
Sarp(—29) = \/T?b/o eV e=" L, {Fb,x—L(Yb,g)
“Linf.c 0,0 Be>01 LMo 4110 (Vs o) <a—(A+L) (Mo o (Vs ) <A |4 -

Therefore, the conclusion follows since the right-hand side of the previous display coincides with 371‘47 L (2, 9)
as desired. O

2.7.3 Proof of Lemma 2.7.4

The main goal of this section is to prove Lemma 2.7.4. As in the previous case, the proof follows a sequence
of reduction steps, allowing us to transition from Cfg_’ Ly O CZ“LeWk »- Each of these reduction steps forms a
lemma within this section. Recalling the definition (2.7.7) of the constant C? ; ,, it is convenient to introduce
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the function G, ; , : C(R%) — IR given by

GA L b( )= = 0‘/0 Zgﬁ,L,b(ng)dZ . (2.7.31)

By plugging the expression (2.7.6) for the function 33‘4’ 1p into the right-hand side of (2.7.31), and doing a

change of variables, we get that the expectation of Gﬁ’ L,b(gg) is equal to

w2

def AL V2d(z—1L) e A +
G .= oc/ eV e / ——(u+2)Eoup|Fp (V)
@73 = & [ . \2mh b= L0 (2.7.32)

]l{Mo,b+1,b(Yl;u+z)SI*(A“:’L)}]I{infSE[O,b] Bsz—z}ﬂ{Mo,b(Yg‘“)gx}} dudz ,

where we recall that Y7 = Y}, + g;, where gj is the field introduced in (2.7.4). As before, with a slight abuse

of our previous notation, we have absorbed the expectation with respect to the field g“”

into the expectation
IEg,.,». In what follows, we will implicitly use the fact — previously noted in the proof of Proposition 2.6.1 — that
the field gj satisfies (G1)—(G3) uniformly over all z > 0. In particular, all the results derived in Section 2.4

remain valid for the field V7 uniformly over all z > 0.

The goal is now to simplify the quantity Gg‘” ;- into a more manageable form through a sequence of reduction
steps. We begin with Lemma 2.7.11, where we show that the integral over v is concentrated around v/b. Next,
in Lemma 2.7.12, we establish that F}, ., can be replaced by its truncation at a large values. Afterward,
in Lemma 2.7.13, we show that the two first two indicator functions on the second line in (2.7.32) can be

removed. Finally, in Lemma 2.7.14, we show that Fb 1, can be replaced by F} g, for some k < b.

2.7.3.1  Reduction steps

We can now begin reducing G(}‘zﬂz) to a more manageable quantity. To this end, we start by defining

_ A+L VE(e-L) b3/4 6_%
G} S oc/ eV2d@—L / u~+ x)Eq 4, {F}‘gk Yute
(2.7.33) o b1/a 27tb( ) 0,u,b | b, L( b ) (27.33)

]1{Mo,m,bmﬁz)gx—(AJrL)}]l{infse[o,b] Bszfx}]l{mo,b(vgﬂ)gx}} dudz
where we emphasise that the only difference between Gé.m and G(}‘zmz) is the domain of integration in the
u variable.

Lemma 2.7.11. ForanyA > 0, ¢ > 0, and A, L > 0, there exists b > 0 sufficiently large such that

A A
IGGrsp — Glganl <€

7.32)

Proof. We begin by observing that the quantity |G GZ‘Z'7'32)\ is bounded above by a multiple of

(2.733)
A+L /5 pl/4 5 Uz
2d(x—L) utx
/0 e . \/—(u + 2)Eo ub [Fb z—L (Y )]I{Mo,b(ysﬂ)g\}} dudx (2.7.34)
At Vad(e-r) [T € i A +
= u+x
+ /O & /bs/4 27‘[b (U + -T)IEO,u,b |:Fb,a:7L (Yb )1{M0,5(Y5+I)S7\}} dud.’l’} . (2735)

Recalling the definition (2.7.1), we have that

Fp . () < [Dp (Vo))
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By using the above estimate, we proceed to bound (2.7.34) and (2.7.35) separately. Starting from (2.7.34),

using Lemma 2.4.27, we obtain that

| A+L

(2.7.34) Sb72 / e‘/ﬁ(w_L)(bl/4 + z)dx
0

and the quantity on the right-hand side can be made arbitrarily small by taking b > 0 sufficiently large.

Regarding (2.7.35), thanks to Lemma 2.4.28, we obtain that

2

A+L o) —% R
2.7.35) < em(m_L)/ = w4 z) (b + (u/b)*Hdudz |
1395 [ [ et 0"+ ()

and, as before, the quantity on the right-hand side can be made arbitrarily small by taking b > 0 sufficiently

large. Hence, the claim follows. O

Thanks to the previous lemma, from now on, we can focus on G instead of G} We now address

(2.7:33) (27.32)°
the fact that the quantity Fjy ., (Y;*™™) is not a priori bounded. The approach to overcoming this issue is

quite straightforward. Specifically, recalling (2.7.9), we show that replacing Faw_ (V) in G(?\z‘733

Fi‘@7 I (%) introduces only a negligible error, provided that L is sufficiently large. More precisely, we

) with

consider
A+L p3/4 _u?
. v T e 206 wd
G()\2,7.36) = 0‘/ eVl L)/ (u+2)Eo,up Fl}y\,sz,L(YbJr )
L/2 br/a V2mh (2.7.36)

Lo 1,00+ <o (A1)} Lintc o, Bszfﬂe}ﬂ{mo,bw,;““)gx}} dudz ,

and we claim the following result.

Lemma 2.7.12. Forany A > 0, ¢ > 0and A > 0, there exist L > 0 sufficiently large, and b > 0 sufficiently
large such that

A A
|G(2A7.36) - G(2~7~33)‘ se.

Proof. We start by addressing the fact that the integral over  from 0 to A + L in G()\2~7~33) can be reduced, up

to a negligible error, to an integral from L/2 to A 4 L. To this end, for 2 € [0, A+ L] and u € [b'/*, b%/4],
we recall that thanks to Lemma 2.4.22, it holds that

UTT U
Eo,ub [FQ,H(\Q - )H{Moyb(vglﬂ)g)\}] S e (2.7.37)

A
(2733

integral over 2 from 0 to A + L replaced by the integral over x from L/2 to A 4+ L can be made arbitrarily

Using the above bound, one can easily see that the difference between G , and the same quantity with the

small by taking L > 0 sufficiently large uniformly over all b > 0.

Now, for # € [L/2, A+ L] and u € [b*/*,b/4], we need to bound from above the following difference,

Eoub ||Fp () — F?,H,L(Yé‘”)I]l{Mo,b(me)g}} . (2.7.38)
To this end, recalling the definition of the function Fi‘w in (2.7.1) and that of Fi‘w 1, in (2.7.9), we note that

() = Fp ()] < (D5, () — L)ﬂ{mgvb(vg‘“)rlzL} '
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Therefore, plugging this into (2.7.38) and using Lemma 2.4.22, there exists 6 = 8(d) € (0, 1) such that

Bouo | [Fam s (G) = Pt () W g ety

< [ Pos (DR, = 0. Moa(T74) < N
L

<3 T 049 5 AL
b/, b

Therefore, the conclusion follows readily from the above bound. O

We now need to show how we can remove the first two indicator functions appearing on the second line of

A . .
G, ; 56)- To this end, we consider

p3/4 2

—a_
2

A def Avk V2d(z—L) e 2
Gl = & / eV / u+x
(2.7.39) L2 pi/4 /727_[11( )

(2.7:39)
“Eo,u,b {Fi\,fo,L(Y;H)]l{u\/[o,b(vbﬂrﬂ)g\}} dudz

and we claim the following lemma.

Lemma 2.7.13. Forany A > 0, ¢ > 0 and A > 0, there exist L > 0 sufficiently large, and b > O sufficiently
large such that

A A
|G(2»7-39) - G(247»36)‘ se.

Proof. We divide the proof in two steps. First, we prove that the indicator function involving the Brownian
motion can be removed. Then, we show that the indicator function concerning the quantity Mg y1,5(Y;")

can also be disregarded.

Step 1: We start by showing how we can remove the indicator function regarding the Brownian motion. To
this end, we fix € [L/2, A+ L] and u € [b'/4,53/4], and we proceed to bound from above the following

quantity,
]Eoﬂhb {Fg,x—L,L(Ylg—i_x)]l{infse[o,b] Bs<—$}]1{JM0‘b(Yg‘+z)§7\}} 5 (2.7.40)
which arises when considering the difference G3,_ ) — G{\ ., ). Since the quantity Fj ;- (V) is by

definition bounded above by L, we can proceed to estimate the following probability

]PO,u,b< inf By < -, M075(Yl;u+w) < 7\) ,
s€[0,b]

for = and u as specified above. By monotonicity, since = > L /2, the probability in the previous display is
bounded above by
Py b ( inf By < —L/2, Mo,(VH") < A) :
s€[0,b]
This probability can be bounded by using Lemma 2.4.19, from which we deduce that is less than a constant
times e*C\/fu/b, for some ¢ > 0.

Step 2: We now show how we can remove the indicator function regarding the quantity M y1,5( V™). Fix
x € [L/2, A+ L] and u € [b'/* b%/4]. Using again the fact that the quantity Fp .1 0 (Y;7"7) is by definition
bounded above by L, we need to estimate the following probability

Po,up (Mops1,6(V ) > 2 — (A+ L)) .
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Thanks to (K2), the seed covariance function R is supported in B(0, 1) and so, recalling the decomposition of
the field @, in (2.4.5), we have that, for all y € R? with |y| > e,

Y (y) = =By + Z(y) — V2db + gpusa(y)

where we recall that Z; is the centred Gaussian field on R? introduced in Definition 2.3.9. In particular,

leveraging again on the fact that £ is supported in B(0, 1), we have that for all z, y € R? with |z|, |y| > €,

s

b
IE[Zb(:z:)Zb(y)} :/0 R P (x—y))ds.

def

In particular, this implies that the scaled field Z;(-) = Z(e®-) restricted to the annulus B \ By has the same
covariance of the martingale approximation at level b of a x-scale invariant field with seed covariance function

f. Therefore, by rescaling space, the event {IMg y+1,5(Ys,4) > « — (A + L)} is equivalent to the event that
{MO,L()(ZIJ + gb7u+w(€b')) —V 2db > Bb +x — (A + L)} .

Therefore, on the events {IMg 1 o(gputa(€’)) < b'/4/2} and {B;, > b'/*}, using the same argument as in
the proof of Lemma 2.4.3, we observe that, there exists a constant ¢ > 0 such that, for any = € [0, A + L] and
w e [BU/4, 3],

P(Mo,1,0(Zs) — V2db > b4 /2 + 2 — (A+ L)) < e—cb i =(A+L))

On the other hand, to treat the event {IMg 1 0(gp,ut(€®)) > b/4/2}, we can use the fact that the supremum
over B \ Bg of gyt (eb~) has uniform Gaussian tails, in order to obtain a similar (stronger) bound.
Finally, the conclusion follows readily by combining the bounds provided in Steps 1 and 2. O

Finally, we need to prove that the function Faw_ L in Gf‘lmg) can be replaced by FQ,I_ 1, for some
0 < k < b. To this end, for 0 < k < b, we define

A+L b3/ w2
G) . = cx/ eV2d(@—L) c u+x
@740 L/2 b1/4 \/27Tb( ) (2.7.41)

. IEO,u,b [FQ,Z*L,L(Y;+w)1{Mo,b(Y:+I)SA}] dudz s

and we claim the following lemma.

Lemma 2.7.14. ForanyA > 0, ¢ > 0and A, L > 0, there exist k > 0 sufficiently large, and b > k sufficiently
large such that
A A
1GGuny — Glyggl <€

Proof. For 0 < k < b, we define the following event

b—1
Epp = U{ sup V' (y) > —alog(j)Q} :

j=k yEAj

for some constant a > 0. By arguing as in the proof of Lemma 2.4.20, and using the fact that the function
Fl)v\,w— 1., is bounded above by L, we note that for any = € [L/2,A + L], b > 0 sufficiently large, and
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u € [b*/*,b3/4), it holds that

u-+x _1Lu
IEO,u,b[Fﬁ,me,L(Yb - )]l{Ek,b}]l{Mo,b(Y;”)gx}} S Lk o

Obviously, the same bound also holds with F .,  (Y;**®) replaced by F ., | (V;'"®). Therefore, we
can focus our attention on the complement of the event Ey, ;. Specifically, we need to estimate the following
expectation

Eo,u,b ['Fl})\,wa,L(YgHFI) - F?c\@—L,L(Yl:HgE)|1{E;7b}]1{1M0,b(y;+1)§)\} : (2.7.42)

By recalling the Definition 2.4.6 of the control variable K;, we can further restrict our attention to the event
{Kp < k}, as the bound on the complement of this event can be obtained by using Lemma 2.4.10. We recall
that Y;'**(0) = 0, and so on the complement of the event Ej p, it holds that [ID} ,(Y,""*)[ = [D} 4 (Y, )]

Therefore, we have that

|FI)J\,I7L,L(Y;L+$) - Fz,fo,L(Ybu+z)|

< L|1-—exp —e‘Y(w‘L)/ Fy(y)evﬂf‘“(y)dy ]
By \ B

Thanks to Lemma 2.4.9, and by choosing a > 0 sufficiently large, we observe that there exists a constant
¢1 = c¢1(a) > 0 such that

b1
Ef, N{K, <k} C ﬂ {B; > c1(logj)*} N{K, <k} .
j=k

Therefore, recalling once again the Definition 2.4.6 of the control variable Ky, on the event Ef ; N {Kp <k},
by using the decomposition (2.4.5) of the field Y; and by choosing the constant a > 0 sufficiently large, we

obtain that there exist constants cg, c3 > 0 such that

b—1
/ Fy(y)eVYé“”(y)dy < Z/ Fy(y)eY(—cz(logj)2+Zj(y)—\/ﬁj)dy
]Bb\]Bk J_k‘ A]'

b—1
< Z o~ Yea(logj)? / FY(ejy) ey(Zj(e-fy)—\/ﬁj—aj)erjdy ’

j=k B1\Bo —

Ky (dy)

where we recall that 0 is defined as in (2.7.13), and we use the notation introduced in (2.6.1). Furthermore,
since thanks to (K2), the function £ is supported in B(0, 1), we observe that on B; \ By, the measure iy ; has
the same law as the measure introduced in (2.1.8) (with ¢ replaced by j), i.e., it is a regularised and normalised
supercritical GMC measure. Hence, applying the previous estimate, we deduce that the quantity in (2.7.42) is
bounded above by

—v(x— - —vc )2 o \TT
LE (1 — exp (e Y(z—L) Z e—Yes(logj) / Fy(eﬂy)pj(dy)> ) ]l{MO,b(Y;+w)§)\gKbSk} .
j:k? IBl\IBO

We observe that the quantity inside the parenthesis in the previous display is independent of (B;)s<p.

Therefore, using (2.4.13) and arguing as in the proof of Lemma 2.4.10, for any & > 0 sufficiently large and
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for b > 0 sufficiently large, the quantity in the previous display is bounded from above by a multiple of

1
u 2

—LE
b

1 —exp( Ze—v z—L-c3(log 5) )/

IBl\]BO

1—eXP<—e‘V'°gj/[B " Fy(ejy)uy,j(dy)ﬂ)

1

[ee] 2
u L .
L(Z] mlog]) :

i=k

Fy (e )uw(dy)ﬂ

[N

_“L(im

Jj=k

where here we used the elementary inequality 1 — e~ 2i=+ % < > ek (1 —e7) valid for (uj);>) C RS,
and the last inequality follows from [MRV 16, Proposition 4.2] applied with x = log j. Strictly speaking, we
cannot directly apply [MRV 16, Proposition 4.2], as the function I, is random. However, by following the
proof of that proposition, we obtain the same conclusion in our more general setting by leveraging assumptions
(W1) and (W4). Thus, the conclusion follows, as the series in the last line of the above display converges to

zero as k — o0. O
We are now ready to prove Lemma 2.7.4.

Proof of Lemma 2.7.4. The claim follows by combining Lemmas 2.7.11, 2.7.12, 2.7.13, and 2.7.14. O

2.A Brownian bridge above a curve

In this appendix, we collect some estimates for the probability of a Brownian bridge staying above a pos-
itive/negative curve, and some “entropic repulsion” estimates. In particular, we are interested in results
analogous to those stated in [BL18, Section 4.2]. We emphasise that in [BL.18, Section 4.2], there are actually
estimates for Brownian bridges but are only limited to the case where the underlying curve is symmetric
about the midpoint of the lifespan of the Brownian bridge. Hence, their techniques for transferring statements
about Brownian motion to statements about the Brownian bridge cannot be applied to our setting. Generally
speaking, the proofs of our results are relatively simple adaptations of the proofs of the results for the Brownian
motion in [BL18, Section 4.2].

2.A.1 Some preliminary results

We collet in this subsection some simple results that are used several times throughout the remaining part of

this appendix. For a continuous function  : ]Rar — IR, we define the stopping time
C Ulginf{s >0: By=((s)}.

We recall that for z, v € IR and b > 0, the law of (Bs>s€[0,b] under P, , ; is that of a Brownian bridge from z

to u in time b. We start with some basic facts about Brownian bridges.

Lemma 2.A.1. Forb > 0and x, uw > 0, it holds that

2zu

Poup(to>b)=1—e "5 | (2.A.1)
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and in particular, we have the following upper and lower bounds,

2 2
v’;“<1_wbu> < Pl > 1) < 220 (A2

Furthermore, it holds that

((b— s)m+su)2
bre 2bs(b—s)

33/2\/27tb(b —3) Lseto)

Proof. The equality (2.A.1) is standard and follows by the reflection principle. The bounds in (2.A.2) follows

Py (o € ds, 19 < b) = yds . (2.A.3)

by the elementary inequalities # — 22 /2 < 1 — e~ < x which are valid for z > 0. To get (2.A.3), it suffices
to note that, for s € [0, b],

Py (o> s, T < b) = / Py (To > 8)Paus (B, € dy) .
0

Since the density P, .., (B € dy) is the same as that of a normal random variable with mean x + s(u — x) /b
and variance s(b — s)/b and by using the exact identity (2.A.1), the result follows by differentiation. O

Lemma 2.A.2. For b > 0, consider M, = inf (o B, and T, = sup{r € [0,b] : B, = My}. Then, for
u > 0, it holds that

(bz—us)?

f — N (u— 2)e -9
IPO w b(Tb e ds, My € dz \/7 (l 83)3/2 ]l{se[o,b]}]l{z<0}d5dz . (2.A.4)

Proof. The proof is inspired by the proof of [BL18, Lemma A.1]. Using the path continuity and the strong
Markov property of the Brownian bridge, along with the exact identity (2.A.1), we note that for any s € [0, b]
and z < 0, it holds that

e—0

Po,us(Ty < s, My < z) = lim Z/ e—kequbr (Tom(hr1)e > b= 7)Poup(Tome € dr)
k€N

= lim Z / e,u—(z—(k+1)e),b— T‘(TO >b_7")IP0ub(Tz ke Gd’l“)

b(Tw € dr)dw

and so the claim follows by using (2.A.3) and by differentiation. 0

Lemma 2.A.3. Letb > 1 and x > 1. Forallu € [0,b%/*] and s € [1,), it holds that

222 8x
Pous(To >s) < ~toa (2.A.5)

Proof. Fixb > 1,z > 1, and u € [0, b3/4]. As we have observed in the proof of Lemma 2.A.1, for any

s € [1,b], by conditioning on the value of the Brownian bridge at times s, we can write

IPx,u,b (TO > 5) = / Ipm,%s (TQ > S)H)z,u,b(Bs c dy) s
0
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where, as one can easily check, the density P, ,, 5 (Bs S dy) is that of a normal random variable with mean

x + s(u — x)/b and variance s(b — s)/b, i.e.,

2
b b uU—
Py up(Bs €dy) =4 =—F— Tos(b—s)\ 7 W
ub(Bs € dy) 2715(19_8)6"9( 2S(b—8)<y (HS b )) ) !

Therefore, for s € [1, b], by letting

(u—x) s(b—)
b b

r=r(s,u,b,x) S+ i

we have that

r 2y 0o
Poua(to>s) < [ (1= ) Posa(Boedn) + [ Prus(Boe ). @.A6)
0 T

where we simply bounded the integrand by one on the second half of the integration interval. By using the
elementary inequality 1 — e™® < z valid for > 0, we have the following bound for the first integral on the
right-hand side of (2.A.6),

r 2o 2or _ 22%  6x
_e — < — 4+ =
/o (1 e )H)z,u,b(Bs € dy) < s = g + s/4

where here we used that u < b/ to bound u/b by 1/s'/4, and s > 1 to bound log(e + s) by 2s/4. Regarding

the second integral on the right-hand side of (2.A.6), we note that it is equivalent to

Therefore, thanks to the fact that > 1, the claim follows by collecting the previous estimates. O

2.A.2 Brownian bridge above a positive curve

Proposition 2.A.4. For . € (0,1/8), let ¢ : Rf — R{ be a continuous and non-decreasing function such
that {(0) > 1 and {(s) = o(s") as s — oo, and let x > ((0). Then, for all b > 1 and u € [b*,b%/4), it holds
that

2

lPa:,u,b(TC > b) > (1 — 5)% R
where

52 ( O p()) |

20 u x
where the function p : ]R(J)r — IR(J)r is defined as follows
p(z) = (x*) 4 222 / @ds + 21:/ %fids : (2.A.7)
4 S z4 S

Proof. We start by noticing that, thanks to (2.A.2), it holds that

IP;c,u,b (TC > b) = ]Pac,u,b (TO > b) - ]P;c,u,b (TC <b< TO)
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U

Z T <1 - b) - II):E,U,Z)(TC S b < TO) 3 (2A8)

and so we can just focus on finding a suitable upper bound for the probability in (2.A.8). Using the strong

Markov property of the Brownian bridge at the stopping time T, and again (2.A.2), we have that

b/2
Py (Te $b < 1p) < / Py (Te € d8)Pe(s) up—s(To > b — ) + Py ¢(v),6/2(To > 0/2)
0

qu [¥? 420(b
< 7“ (5) Py b (e € ds) + xi( )
0

where to obtain the bound in the first line, we observed that the probability that the first time the Brownian
bridge from z to w in time b hits  is after time b/2 is bounded above by the probability that the Brownian
bridge from 2 to {(b) in time b/2 stays above 0. We now focus on the integral in the last line of the above

display. By integrating by parts, we note that

b/2 b/2
/ U(8) Py up (TC IS ds) < ¢(0) +/ C/(S)]Pm’u,b(’fc > s)ds
0 0
< ¢(zh) —|—/ C/(S)H)w7u7b(T0 > s)ds.

Now, using the bound (2.A.5) and the fact that {(s) = o(s'/*) as s — oo (since ¢ € (0,1/8)), we obtain that
b/2 o 2x 8
/x4 C(8)Pyup(to > s)ds < a:/m4 c'(s) <s + 81/4>ds

> 1
§233/4 C(S)<:2+85/4>d5'

Therefore, the conclusion follows by combining all the previous estimates. O

2.A.3 Brownian bridge above a negative curve

Proposition 2.A.5. For v € (0,1/8), let { : Ry — R{ be a continuous and non-decreasing function such
that ¢(0) > 1 and ((s) = o(s") as s — oo, and let x > ((0). Then, for all b > 1 sufficiently large and
u € [b*,b3/4), it holds that

H):rz,u,b('tf& > b) < (1 +'g>2337u R

where

~ 2 nt
5= 4(96 + 4¢(b) + 4p(x)> . (2.A.9)
u ru A

where, recalling the definition (2.A.7) of the function p, the function p : IRg — IRSr is defined as follows

Bla) = pla) + 2L 4 [T o)

T ds . (2.A.10)

The proof of Proposition 2.A.5 is based on the following lemma.

Lemma 2.A.6. For v € (0,1/8), let { : RS — R} be a continuously differentiable and non-decreasing
function such that {(0) > 1 and ((s) = o(s‘) as s — oo. Then, for all b > 1 sufficiently large and



Chapter 2. How does the supercritical Gaussian multiplicative chaos converge? 117

€ [b, b%/4), it holds that

P, (T > b) < 16 ( /C 2)C( CU).

Proof. Recalling the notation introduced in the statement of Lemma 2.A.2, we begin by noting that

Po,ub(T—¢ > b) < Poup(T_c) > b) + Poup(—C(Th) < My < —(0)) . (2.A.11)

The first probability on the right-hand side can be bounded by using (2.A.2) as follows

Po,u,b(T_c(0) > b) < QW < 4%C(0) ;

where here we assumed that b > 1 is taken large enough so that {(0)/u < 1 uniformly over all u € [b, b3/4]
Concerning the second probability on the right-hand side of (2.A.11), using (2.A.4) of Lemma 2.A.2, we have

that

(—bz+us)?

€(0) — T T 2bs(b—s)
Po,ub(—C(T) < My < —((0 \/7/ / Vb= S(Lb ZS)))s/z : dzds

bztus)?

<) oz ( u+z) Sy
\/7// — ) dzds

(bz+us)?

¢(b) (u + Z)@i 2bs(b—s)
\/7/ » O dsdz , (2.A.12)

where here, we assumed that ( is invertible. This is not restrictive since the general case can be obtained by

a standard approximation argument. We now bound the inner integral in (2.A.12) by splitting the interval of

integration around (~1(z) V b/2. We note that,

¥ us 2
T (=)vb/2 Vbz(u + 2)6_% B2+ 2)z [P e 5
ds < 32 08
1(z) ~1(z) S /

(s(b—s)pr = b
< 8(u+ z) z
- b 1(z)
16
< %7Cfl(z) , (2.A.13)

where in order to get the last inequality we used that fact that for b > 1 sufficiently large, it holds that z/u < 1
uniformly over u € [b*,b%/4] and z € [¢(0), {(b)]. Similarly, again by taking b > 1 sufficiently large, we have

that
z us z us 2
/b Vbz(u + z)e (= l) < / Vbz(u + z) gzbb;b—.l) J
ds s
C-1(2)Vb/2 (s(b—s))3/2 b/2 (s( ))3/2
< 23/2(u+z)z me—%d
< 5 ; a7z s

< 27/2\/7?% . (2.A.14)
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Therefore, plugging the estimates (2.A.13) and (2.A.14) into (2.A.12), for b > 1 sufficiently large, it holds that

o(b) 62
Po,up (—C(Ty) < My < —(0 \/7 / ( = 4972 )
u ((2)C(2) ((b)?
< 16E (/0 \/E dz + " ) .

where to go from the first to the second line, we also performed the change of variables z — (= !(z). O

Proof of Proposition 2.A.5. We begin by noting that, thanks to (2.A.2), it holds that

Ipmub(’t C>b)<H)zub(’['0>b)+lpzub(’t0<b<’f C)<2x7u+lpmub(’fo<b<’f C)

Therefore, our task is now to find a suitable upper bound for the probability on the right-hand side of the above

display. To this end, using again (2.A.2), we note that

Poub(To <b<T¢) <Puup(to <b/2, T_¢ >b) + Py g4/2(T_c(0) > b/2)

< Pouafro b2, g > 1) + LD

<1qub(’['0<b/2 T_ C>b)+8%

where to obtain the bound in the first line, we observed that the probability that the first time the Brownian
bridge from z to w in time b hits 0 is after time b/2 is bounded above by the probability that the Brownian
bridge from z to 0 in time b/2 stays above height —((0). Therefore, from now on, we can just focus on the
probability in the last line of the above display. Using the strong Markov property of the Brownian bridge, we

note that
b/2
lpao,u,b (TO < b/2, T_¢ > b) = / Hjo’u’b,S(T,C(SJr.) >b— S)H)m’%b("(o c dS) . (2.A.15)
0

Now, thanks to Lemma 2.A.6, we have that, for all s € [0,b/2], it holds that

Ut ) ts) c<b>2> |

U
P u,b—s —C(s+- b_ S 2—
0,u,b (T o(s+) > S) 3 b (C(S) + z "

and so plugging this estimate into the right-hand side of (2.A.15), we note that

)

Py (T < b/2, T_¢ > b) < 322(
u

b/2 b/2 b /
+/ 8(5)Pyu b (To € ds) +/ Gz +5)C(z+5) 2P, (To € ds)> . (2.A16)
0 0 0 \/2

Regarding the first integral in (2.A.16), we note that by proceeding in the same exact way as in the proof of

Proposition 2.A.4, we get that
b/2
/ U(5)Py s (To € ds) < p(x)
0
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where we recall that the function p is defined in (2.A.7). Regarding the second integral in (2.A.16), by using
(2.A.3), we note that

(bots(u—=))2

/ /b/2 (z+9)C (z+s) bre™ = d5d2<i/°°/°° C(ers)C’(ers)xe*%dez
V2ms\/bs(b—s) “ Vo Jo Vz s3/2

Ok
St e

ds .

where to obtain the last inequality, it is sufficient to follow the calculations in the proof of [BL18, Lemma A.8].
Hence, the claim follows by gathering toghther all the previous estimates. O

Let a, k > 1, and consider the function (g, j : IR(J)r — IR(T given by
Cak(s) Z a(l+[log(1+ & + s)] 2) : (2.A.17)

Lemma 2.A.7. Let a, k > 1 and consider the functions pa i, Pak : [0,00] — RY defined in (2.A.7) and
(2.A.10) with = (4, as in (2.A.17). Then, there exist constants ci, ¢, 1, C2, C3 > 0, depending on a but
not on k, such that

Pur(®) < 1Cuk(0) + caflogle +2%)]°,  Va>1,

and

Pak(x) <C1Cak(0) + 2 + ¢3[log(e + x4)}4 , Va>1.

~ Ca,k(0)2
X

Proof. For a, k > 1, we have that

2alog(1+k+s)
1+k+s

C/a7k(8) = ) Vs > 0.
and so using the elementary inequality log(1 + s)/(1 4+ s) < elog(e + s)/(e + s) and the fact that the

expression on the right decreases for s > 0, we get that

k+s k k+s
log(1+ ) / log(1 + )
ak(s) = ! o(r)d =2 ————=dr +2 ——d
Cai:(9) /0 wo(r)dr+a a/o T r+2a : T r+a

< Cur(0) +2ae/ log(e £1) .

0 e+r

< Ca,k(0) + ealog(e + s)]2

By using the above bound on (, j, and recalling the exact expressions of the functions p, , and p, x, the claims
follow by some elementary calculations. O

2.A.4 Entropic repulsion

Lemma 2.A8. Fora, k> 1, let (1 : ]R'O" — IRS' be the function defined in (2.A.17). There exists a constant
¢ = c(a) > 0 such that for all v € (0,1/8), b > 1 sufficiently large, u € [b*,b%/4], all s € (0,b/2], and all
x> Cai(s)

2
uxr
P inf (B B, < <c——.
0,u,b (relﬁ),b]( r+ Ca,k(r)) >0, Bs < 33) > Cb\/g
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Proof. Fora, k > 1and s € (0,b/2], we let

A8 {Teil[lsfb] (By + Ca(r)) > 0} ,

so that the event in the lemma statement can be written as Ay N {Bs < z}. Using the Markov property of the

Brownian bridge, we note that
Po,up(Ao, Bs <) < ]Eo,u,b[ﬂ{—ca,k(stsgx}H’o,u,b(As’U(Bs))} . (2.A.18)

On the event { B € (—(q,x(s), z]}, the above conditional probability is maximised when {B, = z}. Now,
since s € (0,b/2] and © > (, x(s), Proposition 2.A.5 and Lemma 2.A.7 ensure that there exists a constant
c1 = c1(a) > 0 such that for all b > 1 sufficiently large and u € [b*, b3/4], it holds that

r€[0,b—s] b

)

Po,up(As|Bs = ) = u)x,u’bs< inf (B, + Capys(r)) > 0) < (2.A.19)

To conclude, it remains to estimate the probability of the event in the indicator function on the right-hand side

of (2.A.18). Since = > (, 1 (s), we observe that there exists a constant ¢z > 0 such that

I[)O,u,b(*Ca,k(S) < Bs S SU) S IPO,u,b(|Bs| S l‘) S C2i .

NG
Finally, putting everything together, we showed that there exist a constant c3 = c¢3(a) > 0 such that

’LLI’Z

Po,up (Ao, Bs <) <z

by/s’
and so the claim follows. O

Proposition 2.A.9. For a, k > 1, let (o, : IRS' — IRS' be the function defined in (2.A.17). There exist
constants ¢, = ¢y(a), ¢z = ca(a) > 0 such that for all v € (0,1/8), b > 1 sufficiently large, u € [b*, b4,
and all s € (c2,b/2],

) ) u(k+s)7/16
Po.., f (B, + (, 0, inf (B, —{, 0) <e¢——~— 2.
" << +anlr)) > 0.t C’k<r>><) GV

Proof. Fora, k > 1and s > 0, we define the events

AT = { inf (B, =+ Cax(r)) > 0} ,

ré€(s,b]

so that the probability in the statement can be written as P, ,(Ad \ A5 ). For @ > (4 x(s), we have that

IPO,u,b(AS_) ]PO,u,b(AS_) - ]PO,u,b(Aa_)

Our goal now is to find a suitable lower bound for the probability in the numerator on the right hand-side of
(2.A.20). To this end, we define the event

Al « { inf (B, + Cai(r)) > 0} ;

r€l0,s]
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and we note that
Po,us(Af NA; N{Bs > 2}) = Eoup []I{AJSH{BSEJU}}PO’“)Z’(AS_ ] G((BT)TSS))} .

For any s € (0,b/2], on the event { B; > z}, thanks to Proposition 2.A.4 and Lemma 2.A.7, we have that

there exists a constant ¢; = ¢4 (a) > 0 such that

Pg,u.p (A; } O'((Br)rgs)) > 2Bu (1 - <Ca’k+s(0) + [log(e +=h)J* + ob(1)>> )

b—s T T

Similarly, for any s € (0,b/2], on the event {B, > z}, thanks to Proposition 2.A.5 and Lemma 2.A.7, we

have that there exists a constant ¢co = c¢o(a) > 0 such that

Po.b (A | 0((B)r<s)) < 2B,u (1 ¥ e (Ca,k;s(o) i Ca ots(0)? N log(e + z*)]* +Ob(1)>> |

~“b—s 2 x

Therefore, denoting by & and 5 the two error terms in the previous two displays, we have that

Po,u(Af NA; N{Bs > a}) > 1 %nao,u,b(Ag N{Bs >z}),
_|_

and so

Po.up(A5 NAT N {Bs > a}) _ 1-8Pous(A5 N{B: > 1})

Po...5(A7) T 140 Po...5(A7)
— Po..» (AT N{Bs <
_ 18 () Pous(ds {+ <23)) (2.A.21)
145 IPO,u,b(AO )

Now, by using (2.A.2), we note that, by possibly taking b > 0 large enough depending on % and q, it holds that

Pos () > Posaltosai > 1) > 2Ca7k(0)(ub+ ) (1  Zan(0)(u + ca,k(0)>)
> ka(O) (U + Ca,k(o))

b )
By using this estimate along with Lemma 2.A.8, we obtain that there exists a constant ¢ = c3(a) such that,
forall z > (4 x(s),

Po.ub(A$ N{Bs < x}) e uz?
Pous(d)) " Lan(0)(u+ Car(0)V5
Hence, plugging this estimate back into (2.A.21) and recalling (2.A.20), we get that
Po.ub(Ag \ A7) 1-56 ua? ~ uz?
— G —[(1-¢ <5+6+c .
Po,u5(Ag) 145 % e (0) (u+ Ca i (0))V/5 ? € (0) (u+ Ca i (0))V/5

Thanks to Proposition 2.A.5, Lemma 2.A.7, and by using the fact that (, 1 (s) < Ca.0(8) + Ca,x(0), we have

that there exist a constant ¢4 = ¢4(a) such that

U+ Gak(0))
b )

ak(0
Po (A7) < e 2O
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and so, putting everything together, we obtain that there exist constants ¢5 = ¢5(a), cg = c¢g(a) > 0 such that

2
Po,up(Ag \ A7) < 05ﬂ +c6 Ca (0)(u + Co.(0)

Ve ; (5+10)

If we choose = = c7(k + 5)7/32, for some constant constant c; = c(a) > 0 for which x > {, x(s), one can
check the first term on the right-hand side of the above expression dominates the others as soon as s is larger

than some constant depending on a, and so we have that

B w (k4 5)7/16
Poup(Ag \ A7) < ng% ,

for some constant cg = cg(a). O

2.A.5 Random walk estimates

We collect in this subsection some results that allows us to transfer the statements for Brownian bridge we

obtained in the previous subsection to the case of the random walk.

Lemma 2.A.10. Let {: Rj — IRS' be a non-decreasing concave function. For eachx € R, allb > k > 1 it

holds that

<P, btk ( inf ](BS +2¢(k+s)) > 0) 11 (1 - e—2£(j)2)—2

s€[0,b—k
56[ 5 =k

b
IPac,u,b <ﬂ {Bj > _C(])}

=k

Similarly, for all x € R and all b > k > 1, it holds that

)

By = Z) > IPz,u,b—k( [%)nzf i (Bs + ¢(k+s)) > O) .

b
Px,u,b(ﬂ {Bj > _C(.])}
j=k

Proof. The proof follows exactly the same lines as that of [BL18, Lemma 4.15]. O

Lemma 2.A.11. Fora, k> 1, let Cy - IRS' — ]R[)Ir be the function defined in (2.A.17). There exist constants
c1 = ci(a), ca = ca(a) > 0 such that for all v € (0,1/8), b > 1 sufficiently large, u € [b*,b%/%], and all
ke (02, b/Q},

b—1 b—1
IPO,mb(ﬂ{Bj > _Ca,k:(j)}7 U {Bj < Cak(])}) < Cl%k_l/l(3 .
ji=k

j=1
Proof. Thanks to Lemma 2.A.10, we have that
b—1 b
IPo,u,b<ﬂ{Bj>Cak )} U{B < Cap(y )H( mm)
J=1 Jj=1

< ]Po,u,b< inf (B, 4 Coap(r)) >0, inf (B, — Coar(r)) < 0) .

rel0,b] relk,b]

By observing that the product on the first line is bounded away from zero uniformly in k£ and b, the conclusion

follows from Proposition 2.A.9 with s = k. O
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2.B Proof of Lemma 2.7.10

In this appendix, we verify that, for any A > 0 and A, L, b > 0, the function @ Ly RXC (R?) — IR defined
in (2.7.30) satisfies conditions (1) —(4) of Lemma 2.7.10. To simplify the notation, we prove the case A = 1

and note that the general case, where A > 0, follows with straightforward modifications.

To streamline the presentation, only in this appendix, for any g € C(IR?) and 11 > 0, we let
Dy(n) = {y € By : Vou(y) > Mop(Vog) =M} -
We note that if 0 <11 <13, then Dy(n;) € Dy(n2).

Proof of Lemma 2.7.10. Fix A = 1. We begin by defining the functions h : R — R* and §. : C(R?) — R*

as follows

1/4
1 _
h(z) def e—\/ﬂ(z+L)H)Z+A+L(Yb(O) > 0)1/2 7 . (9) R {Mo,5(Yp,4)<2} ‘| 7

e 8B|D, (1/2)[F A 1

We observe that (1) follows immediately from the definition of ), while (2) is an immediate consequence of

Cauchy—Schwarz inequality. Hence, it remains to verify that (3) and (4) are satisfied.

Regarding condition (3), we fix § € (0,1) and g € C(IR?) such that

sup lg(z) —g(y)| < 1/4. (2.B.1)

z,y€R?, |z —y|<8
We define the random radius r > 0 as the largest radius for which all of the following conditions hold:
1. There exists z € By, for which B(z,7) C By, and Y} 4() = Mo, (Yh.4)-
2. Forall y € B(z,r), it holds that Y, 4 (y) > Mg 4(Vs,4) — 1/2.
For 4 > 0 and letting .S be the volume of the unit ball, we observe that
Flg)t < S78[1/815% + Z STk + 1)ME[L s/ 1)a<e- D, (1/2)|<5/k4}] -
k=[1/6]

For k € IN such that k > [1/8], we note that e~%°|ID,(1/2)| < S/k? implies that r < e®/k < €b5. On this
event, we know that there exists z € By, with [z — 2| < €®/k such that Y}, 4(2) < Mo (Yy,4) — 1/2. In turn,
this implies that

= [Yale ) = Yole ") > £ ~ lofa) — 9(2)]

| —

Yog(x) = Vog(2)| =

In particular, recalling that we are assuming (2.B.1), for all £ € IN such that & > [1/3], it holds that

=

) |

-

zp(e-dbmag(l/zn < /fd> < IP(’” < Z) = P( sup - [Ya(e™ha) = Ya(eTy)|

z,y€By, [z—y|<eb/k
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By [Mad15, Equation (3.10)], we know that there exist constants c;, co > 0 such that the probability on the

right-hand side in the previous display is bounded from above by c; e—cee "k, Hence, we have that

Fe(9)* < ST8[1/873 + Z S78(k+1) 8le< sup [Yo(e™z) = Yo(ePy)| > 1)

k=[1/8] z,y€By, [z—y|<eb/k 4

|‘1/5 8d+61 Z S k+1)8d —coe Pk <5 10d
k=[1/8]

where the implicit constant depends on b.

Finally, regarding condition (4), we fix g1, g2 € C(IR?) such that SUP,ep, . ,191(%) — g2(z)| < 1/8. Then,
thanks to the triangle inequality and Cauchy—Schwarz inequality, we obtain that

|§}4,L,b(2791) - §}4,L,b(za g2)|

‘]111\/[ Y <1 *]IIM T <1|
< e_m(z+L)+deEZ 1y, (05— A1) {Mo 5 ( b,gl),m;g (1){‘ 0,6(Vp,g,)<1} (2.B.2)
1

+ *m(erL)‘de]E 1 1 o ‘]l{ELH} _]l{Egz}| B

e = | Ly >—a-ybom, (%, 4, )<1} ID,, (1)] (2.B.3)

g1

7\/ﬁ(z+L)+deE 1 1 _ 1 1 B

+e z {Yy(0)>—A—-L} {Mo,5(V,95)<1} |Dgl(1)| - |D92(1)| (2. 4)
1/4

+5(2)3.(91)E- [A(g1,92)*] " (2B.5)

where, for g € C(IR%), we set
= = {Mopt1,6(Vo,g) + Yu(0) < —A— L},

and also, for g1, g2 € C(IRd), we let

Alg1, g2) gexp<_/ Fy(y)evm,gl(y)+Yb(0)+L)dy> _exp<_/ Fy(y)evm,gz(y)+Yb<0>+L)dy> )
le ]Bb

We proceed to bound separately (2.B.2), (2.B.3), (2.B.4), and (2.B.5). We will use repeatedly the fact
that, letting & = [|g1 — g2|oo, it holds that Mg ,(V,4,) — Mo (Yig,)| < & and Mo pi2.6.9 (Vo.g1) —
Mo,b+2,6,g5 (Yb791)| <.

Regarding (2.B.2), we have the following bound

LMoo (Frg )<t} ™ LMo (Foy) <1l S Loy (73, el —5,1458]) -

Therefore, using [PT79, Theorem 3.1] as in the proof of Lemma 2.4.13, thanks to the Cauchy—Schwarz

inequality, one obtains that
2B2) S g1 — g2/ 2L°0(2)F(91) -

Regarding (2.B.3), we note that

|]1{Eg1} - ]l{Egz}| < 1{M0Y1,+17h(75791)+Y;,(O)+A+Le[76,6]} :



Chapter 2. How does the supercritical Gaussian multiplicative chaos converge? 125

Therefore, thanks again to [PT79, Theorem 3.1] and using the Cauchy—Schwarz inequality, we have that

2B:3) < llgr — 92l 80(2)Fu (1) -
Regarding (2.B.4), we note that

11
Dy, ()] [Dg, (1)

- [ Yovoum,<i-s o d
a By |ID91(1/2)|2 {lMoﬁb(Yb’gl)fo)gl(y)€[175,1+6]} v

Lintg o (¥ 0p)<1)

where we also used the fact that min{|IDg, (1)], |Dg, (1)|} > |Dy, (1/2)|. Therefore, proceeding similarly to

the above, we obtain that
B4 S g1 — 2] °0(2)F(91) -

~

To conclude, it remains to handle (2.B.5). For this term, it suffices to show that E,[A(g1,g2)*]"/* <

llgr — g2 ||<1,és, which follows from some elementary computations. O
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Chapter 3

Uniqueness of supercritical Gaussian

multiplicative chaos

Abstract. We show that, for general convolution approximations to a large class of log-correlated Gaussian fields,
the properly normalised supercritical Gaussian multiplicative chaos measures converge stably to a nontrivial limit.
This limit depends on the choice of regularisation only through a multiplicative constant and can be characterised
as an integrated atomic measure with a random intensity expressed in terms of the critical Gaussian multiplicative

chaos.

3.1 Introduction and main results

For a domain D C R?, with d > 1, a Gaussian multiplicative chaos (GMC) measure is (formally) a random
measure of the form
iy (dz) “=" eYX@dy | (3.1.1)

where y > 0 is a real parameter, dz denotes the Lebesgue measure on D, and X is a log-correlated Gaussian

field on D. More precisely, X is a centred Gaussian field with covariance kernel K : D x D — IR of the form
’C(Z‘,y) gIE[X(JZ)X(y)] :—10g|l‘—y|+g(l‘,y) ) V%yeDa (3~1~2)

for some continuous function g : D x D — IR. The main difficulty in defining rigorously the measure
(3.1.1) is that, as one can see from (3.1.2), the covariance of X blows up along the diagonal, thus making
X a rough centred Gaussian field that cannot be defined as a functional field, i.e., as a field indexed by
points in the domain D, but only makes sense as a distributional field, i.e., as a linear field indexed by test
functions. To overcome this difficulty, thanks to the seminal work of Kahane [Kah85], there is by now a
standard roadmap which involves a regularisation, renormalisation, and limiting procedure. More precisely,
one first defines a collection of continuous pointwise defined centred Gaussian fields approximating X. One
then defines a sequence of properly renormalised random measures and finally passes to the limit. We refer to
[RV14a,Sha16,Ber17,BP24] for more details on the topic.

It is now well-known that the behaviour of the random measure (3.1.1) undergoes a phase transition at

e EV/2d .
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More precisely, the regime vy < 7y, is called subcritical, the borderline case y = 7. is called critical, and the
range Y > Y. is called supercritical. These three regimes differ both in the normalisation required to achieve

a non-trivial limiting measure and in the features of the resulting measure.

In this chapter, we focus on the supercritical regime, where, to the best of our knowledge, the only existing
mathematical reference in the continuum setting is [MRV 16] where the authors proved the convergence of
a regularised and renormalised version of (3.1.1) to a non-trivial, purely atomic random measure which is
not measurable with respect to the underlying Gaussian field X. More precisely, [MRV 16] establishes this
convergence for a particular class of log-correlated Gaussian fields known as x-scale invariant fields, using a
specific approximation called the martingale approximation. The primary objective of this chapter is to extend
this convergence result to a large class of log-correlated Gaussian fields and their convolution approximations.

3.1.1  Definitions and assumptions

Before stating our main results, we introduce some definitions. We begin by recalling the definition of the
convolution approximation of a general log-correlated Gaussian field X defined on a domain D C R? with a
covariance kernel of the form (3.1.2). Specifically, we consider a mollifier p : R? — R and, denoting by p its

Fourier transform, we assume that it satisfies the following conditions:
(A1) p € C>°(R?) and has unit mass.

(A2) For every nonzero multi-index j = (j1, .. .,ja) € IN& with |j| < d — 1, it holds that 3p(0) = 0, and 9]

attains a local maximum at 0.

Remark 3.1.1. The conditions in (A2) on p are of a purely technical nature. The condition on the derivatives
of p at the origin ensures that the function R? > w + |w|~4(1 — [p(w)|?) is integrable near the origin. The
requirement that |p| attains a local maximum at the origin guarantees that one can find a € (0, 1) small enough
such that 1 — [p(aw)|?> > 0 for all |w| < 1.

Remark 3.1.2. We note that although condition (A2) is crucial for our approach, it is unclear to us whether
it is truly necessary for the conclusion of Theorem 3.A to hold. We also observe that in the case d = 2, if

p € C2°(IRY) is even, non-negative, and has unit mass, then assumption (A2) is satisfied.

Remark 3.1.3. Since the Taylor expansion of p at the origin is determined by the moments of p, it is easy
to use the same argument as in [FH20, Exercise 13.8] to construct even functions p € C3°(IR?) such that
P(w) =1 — |w|*™ + O(Jw|?™*1), thus satisfying both of the assumptions above.

For & > 0, we set p () = ¢~%p(e~'-). We define the convolution approximation X (¢) of X as follows:

X(e) £ pe x X (3-1.3)

One can easily verify that the covariance kernel of the field X, is given by

def

Koy (@,y) = E[X () (2)X(e) ()] = ((pe ® pe) *K)(2,y),  Va,yeD.

We now introduce *-scale invariant fields and their martingale approximations. The key ingredient in con-
structing a x-scale invariant field is the so-called seed covariance function & : R — RR. Throughout this
chapter, we impose a stronger set of conditions on K than those given in Definition 1.2.1. Specifically, we

assume that £ and its Fourier transform & satisfy the following properties:
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(C1) Ris positive definite, radial, and £(0) = 1.
(C2) 8 €C®(R?Y) and |R(z)| < O(1 + |z|)~* for some C, a > 0 and all x € R%.

(C3) Ris supported in B(0,1)', R(0) € (0,00), and /i R(&)dE > dlw| for all |w| < 1 and for some

[&|<|w]
a>0.

Remark 3.1.4. An example of a seed covariance function & : R? — IR satisfying assumptions (C1)—(C3) is
given by the inverse Fourier transform of the (normalised) indicator function of the unit ball. More precisely,
let f: RY — Rand & : R? — R be defined as follows:

S def ]- def ]. .
B___ g - w2y
8@ = B s SO EET [,

Then, R is positive definite since fi is non-negative, it is radial since the inverse Fourier transform of a radial
function, and £(0) = 1. Additionally, & € C>°(IR?) since R has compact support, and one can easily verify
that |R(x)| < (1 + |=|)~(@+1/2 for all € RY. The conditions in (C3) are trivially satisfied.

Remark 3.1.5. We caution the reader against interpreting the seemingly restrictive assumptions (C1)—(C3)
on the seed covariance kernel as a limitation of our approach. As will become evident in the subsequent
sections, it suffices to construct the supercritical GMC under the convolution approximation for a single *-
scale invariant field. This construction then allows us to generalise the result to essentially any log-correlated
Gaussian field. In particular, one may assume throughout the remainder of this chapter that X* is the x-scale

invariant field with seed covariance function as specified in Remark 3.1.4.

We write & : R? — R for the (unique) positive definite function such that the convolution of & with itself
equals &. For & a space-time white noise on R? x IR*, we consider the x-scale invariant field with seed

covariance R given by

X*(.)ﬁ/md /Oooﬁ(er(y—-))edé"a(dy,dr). (3.1.4)

Furthermore, for ¢ > 0, we let X} be the field on R given by

;)% [ [ R 0)eF agay.dn) . G19)

Forall z, y € R% and s, t > 0, it holds that

]E[X*(x)X*(y)] = /OOO ﬁ(er(x — y))dr , IE[X:(x)Xt*(y)} = /OS ﬁ(eT(x - y))dr ) (3.1.6)

The collection of fields (X}):>¢ is called the martingale approximation of X*. Indeed, by construction,

(X})¢>0 is a martingale for the filtration (F;);>¢ given by

F e o(X; : s€(0,1)) . (3.1.7)

—K
loc

Moreover, as ¢t — oo the field X} converges almost surely to X* in the Sobolev space H, " (IR%), for any

Kk > 0. We refer to [JSW 19, Proposition 4.1 (iv)] for a proof of this fact.

Remark 3.1.6. In what follows, for a %-scale invariant field X* and ¢ > 0, we always write X} for the

martingale approximation of X* at level ¢. For the convolution approximation, we always indicate the

!Note that for this to hold, the kernel & must not be compactly supported.
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“smoothing parameter” in brackets, i.e., we write st) to denote the convolution regularisation of X* at level
e > 0.

3.1.2 Main results

Let X be a log-correlated Gaussian field defined on a bounded domain D C IR? with a covariance kernel of
the form (3.1.2), and let (X(,))e0 denote its convolution approximation as defined in (3.1.3). Fory > v/2d

and ¢ > 0, we define the random measure 1, () on D by letting

. 2
Hy. (o) (dz) Z |log s\a%dE—W/ﬂ—ﬂ)zevxm(x)—%m[xmmdm . (3.1.8)

Before stating our main result, we introduce some additional notation.

Definition 3.1.7. Fory > 1/2d and a non-negative, locally finite Borel measure v on IR?, we let Ny [Vv] be the
Poisson point measure on R? x (0, c0) with intensity measure given by v(dx) @ w~1+Y</¥)dw. We also
define the integrated atomic random measure with parameter y and spatial intensity v as the random purely

atomic measure Py [v] on R? given by

P [v](da) / omy V] (de, duw) |

0

In what follows, . denotes the critical GMC associated with X, obtained through the derivative normalisa-
tion? [DRSV14a,]SW19,Pow21]. Furthermore, we also introduce the measure [ by setting

ar (d—Vj2y)g(w.)

L, (dz) & by, (da) (3.1.9)

where g : D x D — R is the function appearing in (3.1.2).

Throughout this chapter, we denote by H*(IR?) the standard L?-based Sobolev space with smoothness index
s € R. Furthermore, given a domain D C R?, we define the local Sobolev space H;,.(D) as the space of
distributions whose pairings with all test functions in C2°(D) belong to H*(IR%).

Referring to Definition 3.2.1 for the notion of stable convergence of a sequence of random measures, we are

now ready to state the main result of this chapter.

Theorem 3.A. Let X be a log-correlated Gaussian field on a bounded domain D C R? with covariance
kernel of the form (3.1.2), where g € H; (D x D) for some s > d. Let p : R? — R be a mollifier satisfying
assumptions (A1) —(Az), and let (X(¢))e>0 be the convolution approximation of X as defined in (3.1.3). For
Y > \/2d, consider the sequence of random measures (My,(e))e>0 on D defined in (3.1.8). Then, there exists a
constant a, o > 0, depending ony and the mollifier p, such that v, (. converges o(X)-stably to a~ o Py[it, ]

along any sequence (€,,)neN converging to 0, where [y, is the measure defined in (3.1.9).

Remark 3.1.8. The convergence in Theorem 3.A indicates that the limiting measure can be formally decom-
posed into two components: the location of the point masses, which is determined by an instance of the field
X through the associated critical GMC, and an additional source of randomness that is independent of X and
controls the weights of the point masses. Importantly, this implies that the sequence L, () does not converge

in probability.

2]t is well-known that this measure does not depend on the particular choice of the approximation scheme used to define it.
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Remark 3.1.9. Stable convergence has been previously used in the theory of GMC. For instance, Lacoin

employed it in [Lac22] for the study of complex GMC.
The proof of Theorem 3.A relies on Theorem 2.C and on the following new decomposition result.

Proposition 3.B. Let p be a mollifier satisfying assumptions (A1) —(Az), and let X* be a x-scale invariant
field whose seed covariance function R satisfies assumptions (C1)—(C3). Then, there exist a constant
a = a(p,R) € (0,1) and a smooth, stationary, centred Gaussian field W, with decaying correlations?, and
independent of Fo, (recall (3.1.7)), such that for any fixed ¢ € (0, a), defining t, = log(ac~"), the following
decomposition holds

fs) = Xi + Wi, +Z4 (3.1.10)

where the fields on the right-hand side of (3.1.10) are all mutually independent, and for all ¢ € (0, a), it holds
that:

1. The field Wy, is such that W, _(-) = W(e's").
2. The field 7., is a smooth, stationary, centred Gaussian field such that lim. _,o E[Z;_(+)?] = 0.

Remark 3.1.10. It is important to emphasise that, in Proposition 3.B, we are not claiming that, for any fixed
x € RY, the law of the process (0,a) > & X{¢)(x) coincides with the law of the process (0,a) > € —
X3, (x) + Wy, (2) + Z¢, (). Rather, we are claiming that for any fixed ¢ > 0, the field (X{,(2)),era has the
same law as the field (X7 (z) + W;_ (2) + Z;, (x)),ega. This is sufficient for our purpose.

Remark 3.1.11. Since the field Z;, vanishes in the limit ¢ — 0, the decomposition (3.1.10) roughly indicates
that the convolution approximation of X* equals its martingale approximation plus an independent field that

asymptotically behaves like white noise with finite variance.

Remark 3.1.12. Although this chapter focuses on the convolution approximation, it is worth emphasising that
the conclusion of Theorem 3.A should also hold for any approximation scheme that admits a decomposition

similar to (3.1.10).

To the best of our knowledge, the decomposition established in Proposition 3.B is new, and we hope that it
will prove useful in other contexts as well. In particular, it would be interesting to explore whether similar
techniques to those employed in the current chapter could be used to extend the main result of [Mad15] as

explained in the next remark.

Remark 3.1.13. Given the close relationship between the extremal theory of log-correlated Gaussian fields
and supercritical GMC, one may ask whether the techniques developed in Chapter 2, along with those in the
current chapter, can be employed to generalise [Mad15, Theorem 1.1] to the convolution approximation of any
log-correlated Gaussian field (see Remark 1.5.4 for a precise conjecture). The answer should be affirmative.

Indeed, analogously to what is done in Chapter 2, one can study for any z € R the following limit:

Jim P (mes[lég]d(Xt*(m) + Wi(z)) — v2dt + 2\/3ﬁ logt < z> ,
where (W;);>0 is a collection of fields satisfying assumptions (W1)—(W4). Once this is done, one can
use Propositions 3.B and 3.2.7 to transfer the result to the convolution approximation of any log-correlated
Gaussian field. Note that in Proposition 3.B, the seed covariance function is required to satisfy assumptions
(C1)—(C3), and is therefore not compactly supported. This issue should be easily overcome, similarly to what
is done in Section 3.4 below, by employing Slepian’s comparison lemma (see [DRSV14a, Lemma 18]).

3By decaying correlations, we mean that lim|;_ | oo E[W(2)W(y)] = 0.
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3.1.3 Outline

The remainder of this chapter is organised as follows. In Section 3.2, we collect preliminary results that will
be used throughout the chapter. In Section 3.3, we prove the main results of this work. Specifically, we begin
with the proof of Theorem 3.A, followed by the proof of Proposition 3.B. In Section 3.4, we show that the
convergence result in Theorem 2.C can be generalised to accommodate fields with infinite-range correlations.
Finally, in Appendix 3.A, we present some results concerning moments and the multifractal spectrum of

supercritical GMC measures.

Acknowledgements. We are grateful to Christophe Garban for interesting discussions during the early stages of this

project.

3.2 Background and preliminaries

In this section, we gather some background material and preliminary results. More precisely, after introducing
some recurring basic notations, we discuss the concept of stable convergence in Section 3.2.2 and state some of
its key properties. Finally, in Section 3.2.3, we present a fundamental decomposition result for log-correlated
Gaussian fields established in [JSW19].

3.2.1 Basic notation

We adopt the convention to let N = {1,2,...} and Ny = {0,1,2,...}. We let Rt = (0,00) and R} =
[0,00). For a domain D C R%, we write C(D) (resp. C.(D)) for the space of continuous (resp. continuous
with compact support) functions from D to R. We write C>°(D) (resp. C2°(D)) for the space of smooth (resp.
smooth with compact support) functions from D to R. We write C (D) for the space of positive continuous
functions from D to IR with compact support. We let M ™ (D) be the space of non-negative, locally finite

measures on D. Given a measure v and a function f, we write v(f) to denote the integral of f against v.

3.2.2 Topological preliminaries

We now recall some facts about stable convergence of random measures. This type of convergence, differently
from the convergence in distribution, is a convergence of the sequence of random variables itself rather than
of the sequence of their distributions. We refer to the monographs [JSo3, HL15] and references therein for

more details on stable convergence in a more general setting.

For a domain D C RY, we equip the space M ™ (D) of non-negative, locally finite measures on D with the
topology of vague convergence. We equip the space of probability measures on M™ (D) with the topology
of weak convergence. For a sequence (V;,)n,en of M™(D)-valued random variables, we write v,, = Vv to

indicate that v,, converges vaguely in distribution to v in M™ (D) as n — oo.

We consider a collection (v,)nen of M (D)-valued random variables defined on a common probability
space (Q,P) and a M™(D)-valued random variables v defined on a possibly larger probability space. We
also fix a o-algebra X over §).

Definition 3.2.1. We say that v,, converges X-stably to v € M1 (D) as n — oo, if (Z,v,) = (Z,V) as

n — oo for all ¥-measurable random variables Z.
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Given arandom variable Y defined on the same probability space as above and taking values in a Polish space

Y, we have the following result that characterises o(Y)-stable convergence.

Lemma 3.2.2. Consider the same setting described above. Then v,, converges o(Y )-stably to v if and only
if (Y,vn) = (Y,v)asn — oo

Proof. See for instance [HL15, Exercise 3.11]. O

We will also need the following lemma.

Lemma 3.2.3. In the setting of Lemma 3.2.2, let Z be a random variable taking values in a Polish space Z,
and suppose that each v,, is conditionally independent of Z given Y. If v,, converges o(Y)-stably to v as
n — oo, then it also converges o(Y, Z)-stably to v as n — oo, and v is conditionally independent of 7 given
Y.

Proof. Let L(Z|Y) denote the conditional law of Z given Y. This is a o(Y)-measurable random variable
taking values in the (Polish) space of probability measures P(Z) endowed with the weak convergence
topology. Since v,, converges o(Y)-stably to v as n — oo, it follows from [HL15, Theorem 3.17 (vii)] that
the pair (v, £(Z]Y)) also converges o(Y)-stably to (v, £L(Z|Y)) as n — oo. In particular, it follows from
[HL135, Exercise 3.11] that we have the following joint convergence in law as n — oo,

(Va, Y, L(Z]Y)) = (v, Y, L(Z]Y)) . (3.2.1)

To verify that v,, converges o(Y, Z)-stably to v as n — o0, it suffices, by [HL15, Exercise 3.12], to check that
for any bounded continuous function F : M*(D) x Y x Z — IR, it holds that

lim E[F(v,,Y,Z)] = E[F(v,Y,Z)] .

n—oo

To this end, we define the function F : M* (D) x ) x P(Z) — Rby

F(p,y, L) & /Z F(py, 2)L(dz)

Thanks to the conditional independence of v,, and Z given Y, and by Fubini’s theorem, we have for any n € IN
that

IE[F(vn,Y,Z)] =E /ZF(VTL,Y,z),C(Z|Y)(dz) = IE[F(\/”,Y,L’(ZW))] .

By (3.2.1), we have that

lim E[F(va, Y, L(Z]Y))] = E[F(v, Y, L(Z[Y))] ,

n—oo
so that the desired result follows immediately. O
In the next lemma, we highlight an important feature of stable convergence. Specifically, the following result
can be viewed as a generalisation of the classical Slutsky’s theorem within the context of stable convergence.

Lemma 3.2.4. Let A C R? be a compact set. Consider a sequence (Vy)nen of MT(A)-valued random
variables and a sequence (W,,)neN of random variables taking values in C(A) (equipped with the topology

of local uniform convergence). For a random variable Y, assume that v,, converges o(Y)-stably to v, and
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b, converges in probability to a o(Y )-measurable C(A)-valued random variable Y. Then it holds that b, v,

converges o(Y)-stably to hv as n — oo.

Proof. The proof of this result follows from [HL 15, Theorem 3.18 (b)] and the continuous mapping theorem
[HL15, Theorem 3.18 (c)]. O

We record here the following useful fact.

Remark 3.2.5. For v > v/2d and a Radon measure v on D, let P, [v] be the integrated atomic random
measure with parameter y and spatial intensity v as specified in Defnition 3.1.7. Then, for every ¢ € C (D),

it holds that
exp<— / m(x)znywdx,dz))]
DxR*
1 — e~ @@z
= exp ( \/DX]RJr W‘V(dl’)dz)

= exp (B(d,v)/ljtp(w)@\'(dx)> ; (3-2.2)

E[exp(—P, (0))] = E

where B(d,y) = I'(1 — v2d/v)/(vV2d/v).
We conclude this section with the following result which will be used in the proof of Theorem 3.A below.

Lemma 3.2.6. For y > V2d and v € M™ (D), let Py[V] be the integrated atomic random measure with
parametery and spatial intensity v as defined in Definition 3.1.7. Let f € C(D) be a non-negative, continuous

function. Then, one has that
FPyV P, (V2]

Furthermore, the same conclusion holds if f € C(D) is a non-negative, random, continuous function indepen-

dent of Ny [V].

Proof. The proof follows by an immediate computation (based on (3.2.2)) of the Laplace functional of the

random measure P, [V]. O

3.2.3 A decomposition result for log-correlated Gaussian fields

In this short section, we recall a key decomposition result for log-correlated Gaussian fields proved in
[JSW19, Theorem A]. Roughly speaking, this general theorem states that given two such fields, under some
suitable mild regularity assumptions on the covariance kernels, there exists a coupling between them in such
a way that their difference is given by a Holder continuous centred Gaussian field.

In our specific setting, this result can be stated as follows.

Proposition 3.2.7. For a domain D C R?, let X be a log-correlated Gaussian field with covariance kernel
of the form (3.1.2) with g € H;, (D x D), for some s > d. Let X* be a *-scale invariant field whose seed
covariance satisfies (C1)—(Cz2). Then, for any bounded domain D' with closure satisfying D' C D, we can
construct copies of the fields X and X* on a common probability space in such a way that the following
decomposition holds on D’

X=X"+1L, (3.2.3)
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where L is a centred Gaussian field which is almost surely Holder continuous on D', and X* and L are jointly

Gaussian.

Proof. This result is an immediate consequence of [JSW19, Theorem A, Lemma 3.4]. In particular, the
fact that the covariance of X* satisfies the assumptions of [JSW19, Theorem A] follows from [JSW1o,
Proposition 4.1 (vi)]. O

3.3 Proof of main results

In this section, we establish our main results. In Section 3.3.1, we first prove the uniqueness result stated in

Theorem 3.A, relying on Proposition 3.B, which will be proved later in Section 3.3.2.

3.3.1 Proof of Theorem 3.A

We fix a log-correlated Gaussian field X on a bounded domain D C R? with covariance kernel of the form
(3.1.2) with g € H{ (D x D), for some s > d. Furthermore, let p : R — R be a mollifier satisfying
assumptions (A1)—(A2) and let (X(a))s>0 be the convolution approximation of X constructed using p,
as defined in (3.1.3). We also fix a %-scale invariant field X* with seed covariance function 8 satistfying
(C1)—(C3), and we denote by (X});>0 its martingale approximation. We let (st))wo be the convolution
approximation of X* constructed using p. Fory > v/2d, we consider the collection of measures (u;’(e)) £>0
on R? defined as follows

W (o) (dz) “ llog S‘237;71a—(y/\/ﬁ_m)zeyxgs)(z)—%l‘ﬁ[x(:)(1)2]dm ) (3.3.1)

Thanks to Proposition 3.2.7, we can (and will) construct copies of X and X* on a common probability space

in such a way that the following decomposition holds:
X=X*"+L, (3:32)

where L is a centred Gaussian field which is almost surely Holder continuous. In particular, an immediate

consequence of (3.3.2) is that, for all ¢ > 0, it holds that
Xy = X{e) + Loy » (3-3:3)

where L) < p. * L. For & > 0, we introduce the random function b, . : D — R by letting

By (o) (2) & YL @ T EX(H @) =X )] (3.3.4)
Thanks to (3.3.3), we observe that we can rewrite the measure W, (.)(dx) defined in (3.1.8) as follows
FLy,(s)(dx) = hy,(s)l’l;7(g)<dx) ) (335)

where the measure p.; () (dx) is defined as in (3.3.1). Hence, to study the convergence of W, (), it suffices to

separately analyse the convergence of b, (. and that of p; (&) In the following lemma, we focus on the latter.
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Lemma 3.3.1. Consider the setting described above. Fory > \/2d, there exists a finite constant a3, , > 0,
depending ony and on the mollifier p, such that the sequence (u:, (s))5>0 defined in (3.3.1) converges o(X*)-
stably to a}, ,Py[1 | along any sequence (€,)nen converging to 0, where |}, denotes the critical GMC

associated with X*.

Proof. We divide the proof into three main parts. In the first step, we set up the framework of the proof. In
the second step, we show how the proof of the convergence of }Q’ (e) Can be reduced to the convergence of
the measure 1, 4, defined in (3.3.7), which is essentially the normalised supercritical GMC constructed from
the field X} plus W;. Finally, in the last step, by referencing Lemma 3.4.1 —stated in Section 3.4 and whose
proof is based on Theorem 2.C — we establish the convergence of 1t ;.

Step 1: In this step, we establish the framework for the remainder of the proof and introduce several definitions.
We begin by recalling that, by Proposition 3.B, there exists a constant a = a(p, &) € (0,1) and a smooth,
stationary, centred Gaussian field W, with decaying correlations and independent of F, (recall (3.1.7)), such
that for any fixed ¢ > 0, defining ¢, = log(ac~!), it holds that

to =X + Wi, + 2y,
where we recall that all the fields on the right-hand side are mutually independent, W;_(-) = W(e’<-), and

Z., is a smooth, stationary, centred Gaussian field with vanishing variance.

We fix a sequence (&,,),cnN converging to 0 and we write ¢,, instead of ¢, . By possibly enlarging the
probability space on which X* is defined, we can (and will) assume that the following fields are also defined
on the same probability space:

(S1) A copy of the field W independent of F.

(S2) A collection of fields (Z¢, )nenN, all mutually independent and independent of everything else, such that

law
Ly, =1y

(S3) A collection of fields (X*™),en Where each X*™ has the same law as X*, and the conditional law of

X*" given Xj + Wy, + Z, coincides with the conditional law of X* given X?En).

We observe that (S3) guarantees that one has the almost sure identity
X{0y = X0, + W, + 2, -

For each n € IN, we define the measure pw, ¢, by

3
&l 43R o=t (Y/V2=VD? ¥ (X[, @)+ We, @) =%t gy

Myt (d) =
Furthermore, we define the random function m;, : R? — IR by setting

. 2
my, (z) o cna—(y/\/ﬁ—\/3)2€yzf,n(x)—y7lE[th ()% 424, (2)?] , (3.3.6)
and we define the measure 1, , ~given by

fy 1, (dz) Z me, (2)py 0, (d) (3-37)

The constant ¢;, in (3.3.6) is the constant converging to 1 asn — oo such that [t,, , = 1y (¢,.)-
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Step 2: With the setup and notation introduced above, to show that u; (e,,) CONverges o (X*)-stably, thanks to
Lemmas 2.3.4 and 3.2.2, it suffices to check that for all (¢, f) € C°(R?) x CH(IR?), it holds that

lim E[exp(i(X*, @) exp(~15, (., () | = E[exp(i(X", @) exp(-155())] - (338)

n— oo
where we set 1, = ay o Py ], with a3, , > 0 the constant specified in the statement. We observe that for

each n € IN, the following equality holds thanks to (S3):

E[exp(i(X", 0)) exp(—1}, (., ()| = E[exp(i(X*", @) exp (-}, (1) ] -

We now proceed to show that

lim ’IE[GXP(MX*’”, ©)) exp (5.0, (1) | = E[exp(i(X", ) exp(~TT}.0, (f))” =0. (339

n—00

The proof of (3.3.9) proceeds in three steps. First, thanks to (S3) and the Cauchy—Schwarz inequality, we
obtain that

1EHexp(i<X*’", 9)) — exp(i(Xz‘éZ), 9)) H =E Hexp(i(X*, 9)) — exp(i(Xzsn), 9)) H
<E[|(X" ) = (X, )]

and, as one can easily check, the quantity on the second line of the above display converges to 0 as n — oo.
Next, thanks again to (S3) and the Cauchy—Schwarz inequality, we have that

IEHexp(i(X’(zz), @) —exp(i(X] , (p))H = ]EHexp(i(an + Wy, + Z,,, 9)) —exp(i(X] (p))H

<E[| Wi + 2. 0) "

and again the quantity on the second line of the above display converges to 0 as n — oco. This follows from the
fact that Wy, (-) = W(e!-), that W has decaying correlations, and from the limit lim,,_,, [E[Z;, (-)%] = 0.
Finally, to complete the proof of (3.3.9), it remains to show that

lim E[[exp(i(X; . 0)) — exp(i(X", 0))|| =0,

n—r oo

which follows immediately from the almost sure convergence of X to X* in H K (RY) as n — oo, for any
K> 0.

Step 3: Having proved (3.3.9), to finish the proof, it remains to check that

lim E[exp(i(X*, @) exp(~T53.., ()] = E[exp(i(X", 0)) exp(~13(1) | (33.10)

n— oo

which is equivalent to the fact that [t} ; converges o(X*)-stably to . We recall that

By, (dz) = my, ()ny ,, (dx) ,

where m,, is the function defined in (3.3.6). Thanks to Lemma 3.4.1, which is stated and proved in Section 3.4
and whose proof is based on Theorem 2.C, we know that 1}, , = converges o(X*)-stably to ¢y, ,Py [} | for

some finite constant ¢}, , > 0, depending ony and the mollifier p*. On the other hand, we have that IE[W,,, ()?]

4The dependence of the constant c3, , on the mollifier p arises from the fact that the constant ¢, in Lemma 3.4.1 implicitly depends
on the law of the field W.
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is a finite constant since the field W is stationary. Moreover, we have that lim,, , », [E[Z;, (-)2] = 0 on R%.
Hence, combining these two facts, we deduce that the random function m,_, converges in probability to a

constant m as n — 0o, with respect to the topology of local uniform convergence in C(IR?). Therefore, thanks

O

*

p— *
v.p = MC

to Lemma 3.2.4, the desired result follows with a P

With Lemma 3.3.1 established, the proof of Theorem 3.A follows from the decomposition (3.3.5) and from
the properties of stable convergence.

Proof of Theorem 3.A. Consider the setting introduced at the beginning of this section, and fix a sequence
(en)nen that converges to 0. We recall that we need to prove that 1, (¢, ) converges o(X)-stably as n — oo
to Wy = avy,p Py [ﬁ%]. Since M™ (D) is endowed with the topology of vague convergence, then Ky, (en)
converges o(X)-stably to i, if and only if p (. y|a converges o(X)-stably to w, |4, for all compact subsets
A C D. Here, Lby,(en)|A (resp. Wiy |a) denotes the restriction of the measures Ky, (en) (resp. i) to A. Hence,
in what follows, we fix a compact subset A C D, and in order to lighten the notation, we simply write ., ()
(resp. p ) instead of Wy (¢, y|a (resp. py|a). Before proceeding, we recall that, thanks to (3.3.5), it suffices to

show the convergence of b (¢,)U (. )(d).

Step 1. Recalling definition (3.3.4), we note that the sequence (b, (e, ))e>0 can be viewed as a collection
of random functions in the space C(A). In particular, there exists a random function l, € C(A) such that
By, (e,) converges as n — oo to b, in probability with respect to the topology of uniform convergence in C(A).
Indeed, we have that L, ) converges as n. — oo to L in probability in C(A), and E[X (., )(z)* — Xl ()°]
converges uniformly in A as n — oco. This is due to the fact that the covariance kernels of both X and X* can
be written as the sum of — log | - — - | and some Hoélder continuous functions g, g* : A x A — IR. In particular,

this implies that
lim sup E[X.,)(2)* = X{,,)(@)°] = (9 - g") (. 2)

n—oo TEA

Therefore, putting everything together, the random function b, : A — IR can be written as follows

2 *
by (z) = eYL(@) =5 (9—-9")(z.x) (3.3.11)

Step 2. Thanks to Lemma 3.3.1, we know that the sequence of random measures (u; (en))nelN converges
o(X*)-stably as n — oo to a} ,Py[u} |, where w3, denotes the critical GMC associated with X*. In
particular, since u;‘/,( en) is conditionally independent of L given X*, thanks to Lemma 3.2.3, we have that
K} (e,,) converges o(X* L)-stably as n — oo to a3, ,Py[u} ]. Furthermore, thanks to the previous step, we
know that b, (., )convergesasn — oo to b, in probability with respect to the topology of uniform convergence
in C(A). Moreover, the random function b, is 0(X*, L)-measurable, and so, thanks to Lemma 3.2.4, we have
that h%(gn)u;’(sn) converges o(X* L)-stably as n — oo to a3}, ,hyPy[W} |. Since o(X) C o(X* L), this

implies that by (e, 1) . ) converges o(X)-stably as n — oo to @}, ,by Py [13 ].

Step 3. To conclude, it suffices to check that there exists a constant a., , > 0, depending on 'y and on the

mollifier p, such that
ay obyPy[uy] = ay o Py, ], (3.3.12)

where [t,,_is the measure defined in (3.1.9). To verify that (3.3.12) holds, we begin by observing that, thanks to
Lemma 3.2.3, b is a random non-negative continuous function that is conditionally independent of Py, [u3, ]
given X*. Therefore, thanks to Lemma 3.2.6, it holds that

hm/v
M

ay,oby Py [0y ] = a3 0Py | -
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On the other hand, arguing in a similar way as in Step 1 (see also the proof of [JSW 19, Theorem 5.4]), we
have that
by, (da) = V2@ —dog )@ r (dr)

where we recall that p,, (resp. 1y ) denotes the critical GMC associated with X (resp. X*). Therefore,
recalling the expression (3.3.11) for the random function b, it holds that

by (@) V5 (dr) = VI E Dy (dr)

Since by (C1) the seed covariance function £ is radial, it holds that the function g* is constant along the

diagonal. Hence, this allows us to conclude that there exists a finite constant b, > 0 such that
V2d _ —
a;, , Py [by /y”;c] =ay o Py[bTL, ] -

Therefore, the conclusion then follows by factoring out the constant b, by using Lemma 3.2.6. O

3.3.2 Proof of Proposition 3.B
We now turn to the proof of Proposition 3.B.
Proof of Proposition 3.B. For all z € R?, we set
K2 (2) 2 B[X], (@)X (0)] . Ki(2) £ B[X] (2)X](0)] -
In order to prove the result, it suffices to prove that the difference between the Fourier transforms of IC&) and

K; can be written as the sum of two non-negative functions satisfying some suitable properties.

We start by fixing a mollifier p satisfying assumptions (A1)—(A2). Since p € C3°(IR?) has unit mass, we
have that its Fourier transform p is a smooth and rapidly decaying function satisfying p(0) = 1. We also fix
a *-scale invariant field X* on R? whose seed covariance function £ satisfies assumptions (C1)—(C3). We
recall that its Fourier transform R is non-negative, radial, and supported in B (0,1).

Step 1. We recall that, for ¢t > 0 and ¢ > 0, we have that, for all z € R4,

K("E)(x) = /000 (p€ * P, * ﬁ(e"-))(x)du , Ki(z) = /0 R x)du ,

where P, (-) = p.(—-). We now fix a positive constant a € (0,1) to be determined later, and for all t > 0, we
set KP (z) = kP

(ae—1) (z). The Fourier transforms of Cf and KC; are given for all w € R? by

o) t
KP(w) = |§(ae*tw)|2/ Rle w)e  Mdu Ki(w) = / Rle ™ w)e  Mdu .
0 0
Now, we consider the function A? : R? — R given by AP (w) £ Kf(w) — K¢(w). A simple computation
yields that
AP (W) =e UK (e 'w) — (1 - [plae”'w)|))K(w), VYweR?,
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where K denotes the Fourier transform of K, ie., K= I%OO. Now, letting e; be the first unit vector of R?, we
can write for all w # 0,
~ lwl

K(w) = / R(e "w)e  Mdu = w|™? R(uer)utdu = |Sd_1|_1\w|_d/ R(E)dE,
0 0 [E]<|w]

where |$91| denotes the (d — 1)-Lebesgue measure of the (d — 1)-dimensional unit sphere. Therefore, if we

let 7 : R? — IR be the function given by
T(w) = / R(&)dE, VYweR?,
[E]<w]

we can then write
Kw) = 18" w| T (w),  YweR\{0}.
Furthermore, considering that £(0) = 1 (and so R has unit mass) and that R is supported in B (0,1), we note

that the function 7 satisfies the following properties

T(w) €1[0,1], Vw € RY, Tw)=1, V|w| > 1, ‘li‘mo|w|7d7‘(w) =S4,
w|—

where ¢ € (0, 00) is such that IE(O) = ¢. With this notation in hand, we can rewrite A? as follows

A () = 18" w4 (T (e 'w) = (1= plae ' w)P)T(w)) ,  Vw e R\ {0}.

Step 2. Now, we consider the function /€w : R — R given by
Kw (@) 2187w (T(w) = (1= [plaw)?)) , Ve e R\ {0}, (3-3-13)

which is an integrable function. In particular, we observe that the integrability at infinity follows from the
rapid decay of p and the fact that 7 (w) = 1 for all |w| > 1. The integrability near the origin follows from the
properties of the function 7 listed in the previous step, and from the fact that p is smooth and p(0) = 1.

Furthermore, we claim that we can find a constant a = a(p, &) € (0,1) such that the function I%W is
non-negative in R%. To see this, we need to split into two cases.

1. If |w| > 1, the fact that Kw (w) is non-negative follows simply by noticing that 7 (w) = 1 for all |w| > 1.

Therefore, the term in the brackets in the definition (3.3.13) of Kw is just equal to |p(aw)|? which is

obviously non-negative.

2. If |w| < 1, we need to leverage on the constant a € (0,1). Thanks to assumption (C3), we have that
T (w) > a|w|?, for all |w| < 1 and for some constant @ > 0. On the other hand, by assumption (A2),
there exists ¢ > 0, only depending on p, such that

Plw)f > 1~ 2led< Y 1)/t + 1/10> Vil <,
JENG, [i|=d
Hence, putting everything together and choosing a <  we obtain that

T(w) = (1= [p(aw)?) = |w|? <a—2ad< Y. 1080/t + 1/10>> ;o V[ <1,

JENG, |j|=d
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which is positive as long as we choose a > 0 small enough.

Finally, recalling once again that 7 (w) = 1 for all |w| > 1, we observe that the rapid decay of the function p

implies that IEW is also rapidly decaying.

Step 3. Now, for a € (0, 1) as specified in the previous step, we introduce the function I/C\Z7t : R? — R defined

as follows
Ezﬂg(w) = |$d_1\_1|w\_d(1 — |5(ae_tw)\2) (1 - T(w)) , VweR? \ {0},

which is an integrable function for a similar reason as explained in Step 2. We recall that p(0) = 1, and
that, by assumption (A2), |p] attains a local maximum at 0. Therefore, by taking a € (0, 1) even smaller if
necessary, we have that 1 — |p(ae~'w)|? > 0 for all |w| < 1 and ¢ > 0. Moreover, since the function 7 takes
values in the interval [0, 1], it follows that the function IEZJ is non-negative. Furthermore, thanks to the fact
that 7(w) = 1 for all |w| > 1, we have that the function Iaz,t is compactly supported on the ball B(0,1).
Finally, since p(0) = 1, we have that I/C\Zyt (w) — 0 as t — oo, uniformly over all w € R

Step 4. For each ¢ > 0, we define the function Ky ¢ : R? — R by letting Ky ¢ (w) = e~ %Ky (e ~'w), where
I%w is the function defined in (3.3.13). Then, as one can easily verify, we can write the function ﬁf as the

following sum
AP (w) = Kwi(w) + Kz4(w), VweRL (3.3-14)

Thanks to Steps 2 and 3, both terms on the right-hand side of the above expression are non-negative for
a suitable choice of the constant a € (0,1). Letting Ky ; be the inverse Fourier transform of /Ew,t, it is
easily seen that Ky ¢(z) = Kw(etx), where Ky is the inverse Fourier transform of ﬁw. Moreover, Kw
is a smooth, decaying function since its Fourier transform is integrable and has rapid decay. Furthermore,
the function vy is even. Therefore, by Bochner’s theorem, it serves as the covariance kernel of a smooth,

stationary, centred Gaussian field W with decaying correlations.

Similarly, we let Kz, ; be the inverse Fourier transform of /EZ,I. We note that Kz ; is smooth since its Fourier
transform is compactly supported. Furthermore, since Iez,t(w) — 0ast — oo for all w € RY by the
dominated convergence theorem, we have that Ky ;(0) — 0 as t — co. Moreover, for each ¢t > 0, the function
Kz is even. Hence, by Bochner’s theorem once again, it is the covariance kernel of a smooth, stationary,

centred Gaussian field Z;, satisfying lim;_, o, [E[Z(-)?] = 0.

To conclude, we observe that the decomposition (3.1.10) follows directly from (3.3.14) by taking the inverse

Fourier transform. O

3.4 The case of infinite-range correlations

The main goal of this section is to extend the convergence result in Theorem 2.C to the setting in which the
fields may exhibit infinite-range correlations. To be more precise, the setting we consider is as follows. Let X*
be a x-scale invariant field with seed covariance function £ satisfying assumptions (C1)—(C2), and denote by
(X})¢>0 its martingale approximation. Note that in this section, we drop assumption (C3). We also consider a
smooth, stationary, centered Gaussian field W with decaying correlations, independent of F, (recall (3.1.7)).

For each ¢ > 0, we define W,(-) = W(e!-). We define the sequence of measures ( 1y ¢)e>o as follows

W (de) = §3vka O/ VA=VA oY (X} (2)+ W)=t g (3.4.1)
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With this notation in place, we are now ready to state the main result of this section.

Lemma 3.4.1. Fory > V/2d, there exists a finite constant ¢}, > 0 such that the sequence (u;,t)bo defined
in (3.4.1) converges o(X*)-stably to ¢, Py[uy | as t — oo, where W, denotes the critical GMC associated
with X*.

We begin by noting that the convergence of the measure p , would follow directly from Theorem 2.C,
provided that the seed covariance function R of the field X* and the covariance of the field W are compactly
supported. Therefore, the goal of this section is to extend this convergence also to the case where £ is not
compactly supported and W satisfies the assumptions mentioned above. The strategy first involves introducing
a collection of fields that approximate X* and W with finite-range correlations. Then, by removing the cutoff

and applying Kahane’s convexity inequality (see Lemma A.0.2), we show how we can obtain the desired result.

The remainder of this section is organised as follows. In Section 3.4.1, we introduce suitable collections of
fields with finite-range correlations that approximate X* and W. Then, in Section 3.4.2, we show how to

remove the cutoff and obtain the desired result using Kahane’s convexity inequality.

3.4.1 A collection of fields with finite-range correlations

We begin by introducing the fields that will be the focus of this section. To this end, we consider a non-negative,
radial function ¢ € CZ°(IR?) whose support is contained in B(0,1/2) and satisfies [, ¢ (z)?dz = 1. We
then define the function x : R? — IR by setting

x(@) Z(pxo)(z), VreR?.

Under the above assumptions on @, it is easily seen that x € C2°(IR?) is non-negative, radial, with support
contained in B(0, 1), and such that x(0) = 1. Furthermore, for 5 > 0, we define x5(-) = x(8-), so that x5
converges to 1 over compact subsets of R? as & — 0. With this notation in hand, we introduce the following

collections of fields.

¢ Let & be the seed covariance function of the field X* defined in (3.1.4). For every 6 > 0, we define the
function s : R —» R by letting, for all x € RY,

() = A(z)xs () ,
which is a positive definite kernel as it is the product of two positive definite functions. We let 85 : R — R

be the function such that the convolution with itself equals K5. Let & be the space-time white noise on
R? x RT used in the definition (3.1.4) of X*. We define the field X*° by letting

X602 [ R ) ey (342
re Jo
Furthermore, for 0 < s < ¢, we let X} be the field on R? given by

t
X::?()g/md/ Rs(e"(y—))e? &(dy, dr)

with the convention that the subscript s is dropped when s = 0. By definition, the seed covariance function

R satisfies all the conditions stated in (C1)—(C2) with the further property that &5 has compact support.
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For all 0 < s < ¢, the field X‘;:f has the following covariance structure,

t
E X7 (2)X52 (y)] = / Rs(e"(x—y))dr, Vz,yeR:. (3.4.3)

*,0,8

For 0 < s < ¢, we also introduce the field X}>"’" (note that s appears in the superscript), defined by letting
X () EXIO)+ X0 (34.4)

We observe that, by construction, the two fields on the right-hand side of the above display are independent.

 For each > 0, we define the field W as the stationary, centred Gaussian field with covariance kernel
given by
E[Ws(2)Ws(y)] = E[W(@)W(y)|xs(x—y), Va,yeR?,

which is still a valid covariance kernel as it is the product of two positive definite functions. Furthermore,

for every t > 0, we define W? as the stationary, centred Gaussian field with covariance kernel given by

IE[VV%S (a:)VV,i3 (y)] = JE[VV23 (etx)Wé(ety)] , Va,yeRe.

We now state and prove the following result which guarantees that X* and W? are “good approximation” of
X3+ and Wy, respectively.

Lemma 3.4.2. For any € > 0 there exists 6 > 0 small enough such that, for all x, y € Reand 0 < s < t, it
holds that

E[X5 (@)X ()] < B[X:,(2)XE, ()] < BIX5(@)X5 (v)] + ¢, (3.4.5)
E[W¢(2)W(y)] < E[W,(2)W,(y)] < E[WE(2)WE(y)] + . (3-4.6)

Proof. Since all the fields involved are stationary, we can, without loss of generality, set y = 0 for simplicity.
We start by proving that the inequalities in (3.4.5) are satisfied. The fact that for all 0 < s < t and z € R?
it holds that E[X}} (z)X}}(0)] < E[X},(2)XZ,(0)] follows trivially from the fact that 0 < xs(z) < 1
for all z € R?. Hence it remains to prove that for any ¢ > 0, we can find & > 0 small enough such that
E[X;,(z)X;,(0)] <E [X:f ()XT 6(0)] + ¢. Recalling (3.1.6) and (3.4.3), we note that

[E[XZ(@)X2,(0)] — E[XZ) (2)X1/ (0)]| < /0 wlﬁ(erw) — s (e"x)|dr .

At this point, the conclusion follows by applying the exact same strategy as in the proof of [MRV 16, Lemma 6.2].

We now prove that the inequalities in (3.4.6) are satisfied. To this end, we note again that the inequality
E[W2(z)W?(0)] < E[W,(x)W,(0)] follows trivially from the fact 0 < xs(z) < 1 for all z € R”. Hence it

remains to prove that forany & > 0, we can find § > 0 small enough such that E[W, (z)W;(0)] < E[W2(z)W(0)] + ¢.
Thanks to the decay of correlations of the field W, we can find R > 0 large enough, only depending on ¢,

such that |E[W (z)W(0)]| < ¢, for all |x| > R. Hence, if |x| > R, then for all ¢ > 0,

‘sllguRuE[wt(x)Wt(O)} — E[W} (z)W7 (0)]| = Is&pR\IE[wt(x)wtm)] [T —xs(z)| <e.

On the other hand, uniformly over || < R, it holds that x5(z) — 1 as 8 — 0. Therefore, in this case, the
conclusion follows from the fact that the covariance kernel of W is uniformly bounded on R?. O
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3.4.2 Removing the cutoff

For each § > 0 and 0 < s < ¢, we define the measure pi%3:° on R? by letting

B *,8, 2 *,8,
whsd (de) = tavea tOV/VEVA? oy (X798 @)+ WE (@)= 5 BIX 0 @) ] g (3.4.7)

where we recall that the field X?S’é is defined in (3.4.4). Furthermore, we recall that uj, denotes the critical

GMC measure associated with X*. We have the following key result which is a consequence of Chapter 2.

Lemma 3.4.3. Fory > v/2d and & > 0, consider the sequence of random measures (ui;’ft’é )o<s<t introduced

in (3.4.7). Then, there exists a finite constant c;’é > 0 such that u*5°

vi3® converges o(X*)-stably to ¢, sPy (13, ]

ast — oo, followed by s — oo.

Proof. This is a consequence of the proof of Theorem 2.C. To be precise, we recall that the field X}>*% is
given by the following sum
X:’s’é _ X; + X*,é

s,t

where the first term on the right-hand side corresponds to the “large scales field” and the second term to
the “small scales field”. The only subtlety is that the large scales field does not have compactly supported
covariance. However, the proof of Theorem 2.C (see Section 2.6 for more details) remains valid in this more
general setting. Indeed, at no point in the proof do we rely on the large scales field having compactly supported

covariance, whereas it is crucial that the small scales field does. O

In what follows, in order to lighten the notation, we let

*

W =y Py, =Py, (3.4.8)

for some constant ¢, (that will be identified with the limit as 5 — 0 of ¢, ;).

Now, thanks to Lemma 3.2.2 and Lemma 2.3.4, the convergence in Lemma 3.4.3 holds if and only if, for all
(¢, f) € Cc(RY) x CF(RY),
Jim tlggolE[CXP(MX*AM)eXp(—ui’,i’é(f))} = IE[GXP(MX*,@))eXp(—u?f’(f))} : (3-4.9)

Therefore, in order to prove Lemma 3.4.1, we have to replace u;’j*é by pj ; and u;vé by W in both sides of

the above convergence. To do so, we divide the proof in two main lemmas. Specifically, in Lemma 3.4.4, we
show that the limit of }Q’t as t — oo coincides with the limit of @’5 as & — 0. Then, in Lemma 3.4.5, we
compute the limit of 1}® as & — 0.

Lemma 3.4.4. For anyy > \/2d and for any (@, f) € C.(R?) x CF(R?), it holds that
tlggolE[eXp(i(X*,@)eXp(—u;,t(f))] = ggI})TE[eXP(MX*?@)eXp(—u?f’(f))} ,

where both limits exist and are nontrivial, and where we recall that |\, , is defined in (3.4.1), and u;’é in
(3.4.8).
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Proof. We fix (@, f) € C.(R?) x CF(IR?). For 0 < s < t and & > 0, by definition of the measure u:5® in
(3.4.7) and the field X**® in (3.4.4), we have that

uest(f) = 1357t Y/ V2=V f(x)ev<x_:<z>+xz:f<z>+wf(z)%%ﬁ[xzmmxz;f<z>21dz ’
R4

where we recall that the field X7 and X:f are independent. We observe that, thanks to Lemma 3.4.2, for all
x,y € RY, it holds that

E[X2 (2)X50 ()] + B[W2 (2)W} ()] < B[X%,(2)X5, ()] + E[W(2)W(y)] .

87

where we recall that the fields X;’f and W? are independent. Therefore, for 0 < u < s < t, we can apply
Kahane’s convexity inequality (Lemma A.0.2) with respect to the conditional expectation given F; (recall

definition (3.1.7)) with the function R*™ > x > ¢~ to obtain that

E |exp(i(X, )) exp(— 1552 ()] < Eexp(i(X:, 9)) exp(—1,,(f))] -

In particular, from the above inequality, we can deduce that

E[exp(i(X", 0)) exp(—u5:5°(£) | < Elexp(i(X", 9)) exp(—1..())]

(3-4.10)

+2E Hexp(i(X*, ¢)) —exp(i(X%, @) H .
Similarly, for any ¢ > 0, thanks again to Lemma 3.4.2, we know that for & > 0 small enough and for all z,
y € R?, it holds that

E[X: (@)X3,(y)] + E[Wo(2)We(y)] < B[XI7 (2)X0) (1)) + E[W] ()W (y)] + e

Hence, letting A/ be a standard normal random variable and by applying Kahane’s convexity inequality

(Lemma A.0.2) as above, we obtain that

Y2

E[exp(i(X", 0)) exp(~1}..())] < E[exp(i(X", ) exp(—e?VN 7 y58(p)) |

. . (3.4.11)
+ 2IE Hexp(z(X*, (p)) - exp(z(XZ7 (p>) H .

Now, we observe that the sequence of random measures (H:},t)tzo is tight under the topology of vague

convergence, and every converging subsequence is nontrivial (see [DRSV 14a, Proposition 10] whose proof is

not reliant on the seed covariance function being compactly supported). In particular, by taking the limit as

t' — oo along a subsequence in (3.4.10), we obtain that

lim E[exp(i(X*, 9)) exp(—u;t,(f))} >E [exp(i(X*, 9)) exp(—p:;{’(f))} , (3.4.12)

t/—o0

where we also took the limits as s — oo and ©w — o0 in (3.4.10) and we applied Lemma 3.4.3 along with the
fact that X,, converges almost surely to X in H,,*(R?) for any x > 0.

Proceeding in the same manner, by taking the limit as ¢ — oo along the same subsequence in (3.4.11), for

any ¢ > 0, we get that

lim E [exp(i<X*, ®)) eXp(—ui,t/(f))}

t'—o0
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<E [exp(i(X*, 9)) exp(76YﬁN7y72£H;’5(f))}

< E{eXP(MX*, @) exp(—(1 - C)u?f’(f))} + H’(ewwfga <1- C) . (3413)

In particular, by taking the lim sup;_, in (3.4.12), and the liminfs_,( followed by the lim,_,¢ in (3.4.13), we
obtain that

limsuplE[GXP(MX*,@))CXP(—ué’é(f))} < lim IE[eXP( (x*, <o>)e><p(—u§,tf(f))} ,

50 t'—o0
liminf E exp(i(X*, @)) exp(~15;°(/) | > Jim E[exp(i(X", @) exp(~(1 = O ' u3.0 (/)] -

Therefore, by arbitrariness of ¢ > 0, we get that

lim IE[eXp( <X*,<P>)6Xp(—u§,t/(f))} = gig%)IE[eXp(i<X*7<o>)eXp(—ui’f’(f))} 7

t'—o0
and since the subsequence along which we took the limit was arbitrary, the desired result follows. O

Lemma 3.4.5. For anyy > \/2d, there exists a finite constant ¢, > 0 such that, for any (@, f) € C.(RY) x
CH(RY), it holds that

glg})IE[eXp( <X*,@>)6Xp(*u;’5(f))} = IE[GXP(MX*’@))eXp(*u;(f))} ,

where we recall that the constant ¢, appears in the definition (3.4.8) of the measure |13,

Proof. Recalling (3.4.8), we note that it suffices to prove that lims_,q c; 5 = ¢ for some positive ¢, > 0.
This fact follows immediately from Lemma 3.4.4. O

We are finally ready to prove Lemma 3.4.1, whose proof follows immediately by combining Lemmas 3.4.4
and 3.4.5.

Proof of Lemma 3.4.1. We recall that it suffices to prove that for all (o, f) € C.(R?) x CI(R?),

Jlim E [eXp(i<X*7 ) eXp(*u;,t(f))} =E [exp(i<X*7 ) eXP(*PQ(f))} - (3-4.14)
By using the triangle inequality, for any ¢ > 0 and & > 0, we have that

‘E{eXP(MX*, 0)) exp(_u;,t(f))} - IE{eXP(MX*, 0)) ew(—ui(f))”

< ‘]E{exp(i(X @) exp(—u . (f) } [exp( (X", @) CXP(—H;’é(f))H

)
+ ‘E{exp(i<X*7@>) p(—1y°(f) )} [eXP( (x* 7@>)6Xp(*u;(f))H :

Therefore, the conclusion follows by a direct application of Lemmas 3.4.4 and 3.4.5. 0

3.A  Moments of supercritical GMC

In this appendix, we gather some properties concerning the existence of moments and the multifractal spectrum

of supercritical GMC measures, which follow directly from their definition. We emphasise that the results



Chapter 3. Uniqueness of supercritical Gaussian multiplicative chaos 146

presented in this appendix are not used anywhere in the present chapter but are recorded here for future
reference.

In what follows, we consider the same setting as specified in Theorem 3.A. In particular, for y > +/2d, we let

1, denote the supercritical GMC, i.e.,
Wy = a%p?’y[ﬁ%] )
where we recall that [t is the critical GMC defined in (3.1.9).
Proposition 3.A.1 (Positive moments). Fory > \/2d and for any A C D non-empty, bounded and open, the
random variable ., (A) posses finite moments of order q € (0,+/2d /).

Proof. Lety > +/2d and fix a set A C D as in the proposition statement. We note that for every x > 0 and

q € (0,1) it holds that

1 o dz
z9 = _m/o (1 — exp(—zx))ﬁ . (3-A.1)

Hence, for ¢ € (0,v/2d/7y), thanks to (3.A.1) and (3.2.2), there exists a constant ¢ > 0 such that

By ()] = 5y [ (1= Elexo(—s, ()] 215

___ 1 [Tq exp(—czV2d/vy _dz
g [ (=l ()

Therefore, performing a change of variables, one obtains that

_ yeVEa T (—yq/v2d)

E A4 E[L (A)Ye/V2d ,
and the result now follows thanks to the fact that yg/+v/2d < 1 and from [Pow21, Theorem 2.11]. 0

Proposition 3.A.2 (Negative moments). Fory > /2d any for any A C D non-empty, bounded and open, the

random variable v, (A) posses finite moments of every order q¢ < 0.

Proof. Lety > v/2d and fix a set A C D as in the proposition statement. We recall that for every > 0 and
q > 0 it holds that

> d
I'(q) = xq/ exp(—zx) :q . (3.A.2)
0 z

Hence, if we fix ¢ > 0, thanks to (3.A.2) and (3.2.2), there exists a constant ¢ > 0 such that

1 o dz
E A7 = — E - A
(A 7] = s [ Elexp (o (4] 55
=T /0 IE[exp( cz u%(A))} g
Therefore, performing a change of variables, one obtains that
_a1_ YD(ya/V2d -
Bluy (4)71] = LOIN2D gy y-varved]
V2de =il (g)

and the result now follows from [Pow21, Theorem 2.11]. O
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Proposition 3.A.3 (Multifractal spectrum). Fory > v2d and for any q < V/2d/v, there exists a constant
cq > 0 such that for any A C D non-empty, bounded and open, it holds that

E[uy (rA)?] 20 cgrtr(@
where &(q) = V2dyq —v*q? /2, and the implicit constant depends only ony and A.

Proof. The result follows from the proofs of the previous two propositions and the known multifractal spectrum

for critical GMC measures (see [Pow21, Theorem 2.11]). O
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Chapter 4

Multifractal analysis of Gaussian

multiplicative chaos and applications

Abstract. Let (1, be a subcritical Gaussian multiplicative chaos measure associated with a general log-correlated
Gaussian field defined on a domain D C R?, with d > 1. We find an explicit formula for its singularity spectrum
by showing that 1, satisfies the multifractal formalism, i.e., we prove that its singularity spectrum is almost surely
equal to the Legendre transform of its L?-spectrum. Then applying this result, we compute the lower singularity

spectrum of the multifractal random walk and of the Liouville Brownian motion.

4.1 Introduction and main results

The main goal of this chapter is to prove that subcritical Gaussian multiplicative chaos (GMC) measures
associated with a large class of log-correlated Gaussian fields in all dimensions satisfy the multifractal
formalism. This has been formally stated in [RV14a, Section 4], but to the best of our knowledge, it has
never been proved rigorously. In order to achieve this result, we perform a careful analysis of the local mass
concentration of GMC measures around thick points of the corresponding underlying field. Moreover, using
this result, we provide an explicit expression for the lower singularity spectrum of the multifractal random
walk (MRW) and of the Liouville Brownian motion (LBM). Before entering into the details of the main results,

we briefly review the theory of GMC and of multifractal analysis of measures.

4.11 GMC

Given a domain D C R?, with d > 1, the theory of GMC, originally developed by Kahane [Kah85], aims to
define rigorously random measures of the form

Wy (dz) “=” eYX@) dyg | (4.1.1)

where dx denotes the Lebesgue measure, y > 0 is a real parameter, and X is a log-correlated Gaussian field

on D, i.e., a centred Gaussian field whose covariance kernel can be formally written as
E[X(z)X(y)] = —log|z —y| +g(z,y),  Va,y€D,

where g : D x D — R is continuous. Since the covariance kernel of X has a logarithmic divergence along
the diagonal, we cannot define the field X pointwise. However, we can make rigorous sense of X by viewing

it as a random Schwartz distribution. Therefore, the definition of (4.1.1) is non-trivial as, a priori, we cannot
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exponentiate a random generalised function. In order to interpret (4.1.1) rigorously, we need to approximate
X via a regularising procedure which involves a suitable collection of regularised random fields (X; ). >o. The

GMC measure associated with X is then given by the limit of the sequence of approximating measures
1,,2 2
Wy (dz) = Y Xe (@) =3V EXc ()] 10

As long as the parameter 1 is strictly less than the critical value v/2d, which is usually called the subcritical
regime, it is well-known [Ber17,Kah85,RV 10b] that the sequence (IL, . )e>o converges weakly in probability
towards a non-degenerate measure |L,. Moreover, it is known that |1, is almost surely non-atomic, but singular
with respect to the Lebesgue measure. Many further properties of such measures concerning, among others,

moments and multifractal behaviour are known. We refer to Section 4.2 for more details.

4.1.2 Multifractal analysis

The purpose of multifractal analysis is to finely describe the heterogeneity in distribution of measures whose
mass is concentrated in a highly irregular way. For p a non-negative finite measure supported on a domain

D C R4, d > 1, we introduce the local Holder exponent (or local dimension) of p at z € D by letting

e .1 B(z,
dim, (x) @ i 2P\ T)) p(B(z,7))
r—0 logr

)

provided the limit exists, where B(z, r) denotes the closed ball centred at « with radius . Then the irregularity

on the mass concentration of p can be described via the dimension of the sets

Ep() Z{z €D : dimy(z) =}, Va>0.
In particular, we say that p is a multifractal measure if the sets E,(«) have positive Hausdorff dimensions
for different values of o > 0 belonging to an interval with non-empty interior. Hence, if p is a multifractal

measure, then the collection of sets (E,(«)) >0 produces a decomposition of D into a family of subfractals.

The main objective of multifractal analysis is to compute the size of E,(«), i.e., to find an expression for the
singularity spectrum of p, which is the function d,, : [0, 00) — [0, c0) defined by

o (e0) 2 dimy (B (00)) |
where dimy denotes the Hausdorff dimension. To this end, Frisch and Parisi [PF85] introduced the notion
of multifractal formalism, which is a heuristic principle used to establish an explicit connection between the
singularity spectrum d, and the L?-spectrum of the measure p. We define the L?-spectrum of p by

0 Jim sup log sup {32, 0(B(zi, 1))}
r—0 —logr

To(q) ,  Vg€ER,
where (B(z;,7))ier is a countable family of disjoint closed balls with radius = centred at z; € D, and the
supremum is taken over all such families. We say that p satisfies the multifractal formalism if the following
equality holds

dp (o) = Tp () - (4.1.2)
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Here, Ty, refers to the Legendre-Fenchel transform of T, which is defined by setting
def .
. = inf .
T, (o) (;gm{ocq—l—’tp(q)}\/o

We emphasise that a rigorous mathematical version of multifractal formalism was initially developed in [Olsg5]

and we refer to it for further details.

In order to investigate the local regularity of functions, or in our case of paths of stochastic processes, we
adopt a similar approach. More precisely, if I C IR is an interval and f : I — R?, d > 1, is a given function,
we define the lower local Holder exponent (or lower local dimension) of f at x € I by setting

w o clogl|f(e+r) — flz—1)|

dim, () = lig&lf logr

and we define the sets in which f has lower local Holder exponent « > 0 as
Ef() = {x el : dim;(z) = o} .

As in the case of measures, we are interested in finding an explicit expression for the lower singularity spectrum
of f, which is the function d : [0, 00) — [0, 00) defined by

dy (o) £ dimy (Ej (o) -

4.1.3 Main results

We are now ready to state the main results of this chapter.

4.1.3.1  Multifractal analysis of GMC

Ford > 1,1let D C R be a simply connected bounded domain. Consider a log-correlated Gaussian field
X on D, and for y2 < 2d, let ., denote the associated subcritical GMC measure. The following theorem
establishes that p, satisfies the multifractal formalism in the sense of (4.1.2). More precisely, we state the
following result.

Theorem 4.A. Fory? < 2d, the GMC measure \L, satisfies the multifractal formalism. More precisely, for
o > 0 it holds that

A5 el ) ()]
dy, () = T}, () = Y V2 V2 (4.1.3)
0, otherwise |
almost surely. Moreover, the L9-spectrum of W, is given by
_E'/}»ly (Q—)q 3 lfq € (_OO,q_] )
T, (@) =S d =&, (q) ifq€lg- a4, (4.1.4)
=&y, (a4+)a, ifq € [g4,00) ,

almost surely, where q+ =4y 2d/y and &, , is the power law spectrum of \L, as defined in (4.2.5).
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Remark 4.1.1. We emphasise that the range of values of o > 0 for which the set E, («) is non-empty
increases with y. This is a consequence of the well known fact that when y gets closer to the critical value
V' 2d, the concentration of mass of u, becomes more and more clustered and so it gives rise to a larger

spectrum of singularities.

The strategy of the proof of Theorem 4.A is inspired by the multifractal analysis of multiplicative cascades
carried out in [Bargg]. On the one hand, the upper bound for duy, i.e., the inequality duy < T;y, follows
from the general theory of the multifractal analysis of measures. On the other hand, the lower bound is more
involved to prove and it is based on the following heuristic. For y? < 2d, it is known that the GMC measure

I, is carried by the set of y-thick points of the underlying field X which is defined by

7;d:ef{:v€D : Slig}]z(i)(?gzy} , (4.1.5)
where (X, )¢ is a suitable regularisation of X. The key to our proof is to study the local mass concentration
of w, around thick points of X. More precisely, following the idea of [RV14a, Theorem 4.1], we show that
there exists a non-random exponent «, > 0 such that p, has local dimension «, at points in 7, for all
q? < 2d/vy*'. Consequently, this implies that L, has local Holder exponent «, on a set of full j1,,-measure.
This fact, together with some known properties of GMC measures, is enough to prove the lower bound for
dy,,ie., the inequality d,,, > T’;V. More precisely, as will become apparent in the course of this chapter, the
strategy of the proof is to relate the singularity spectrum d,,., and the Legendre transform of its L spectrum
Ty, to a third quantity, ., (see (4.3.2)), referred to as the “structure function”, for which we have an explicit

representation.

4.1.3.2 Multifractal analysis of MRW

The MRW has been first introduced in [BDMo1] as a stochastic volatility model, and it can be simply defined
as follows. Fix a time 7" > 0 and let d > 1, then the d-dimensional MRW Z,, is defined for v? < 2as

def

Zyt = By, (0.4) > te 0,77,

where [, is a GMC measure on [0,7] and B is an independent d-dimensional Brownian motion. In the
next result, we find the relation between the lower singularity spectrum of the paths of Z., and the singularity

spectrum of w,. More precisely, we introduce for o« > 0 the set
def .
Ey, (o) = {t e [0,7] : dim, (1) =a} ,
where dim;_(t) is the lower local dimension of Z, at ¢ € [0, 7] defined by

del . . 1 Z r _Z —7r
dim, (£)  liminf 281 Zv.tir = Zyaorl
Y r—0 logr

We want to compute the Hausdorff dimension of EZy () for each o > 0, i.e., we are interested in finding an

explicit expression for the lower singularity spectrum d; : [0,00) — [0, 00) defined by

def

dy, () £ dimy (B, («)) .

'We emphasise that ¢y can be readily inferred through a heuristic scaling argument. For instance, we refer the reader to [RV14a,
Equation (4.7)].
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In particular, we want to find the relation between d; («) and dy., (). This is exactly the content of the

following theorem.

Theorem 4.B. Lety? < 2 and d > 1. Then, for « > 0, the lower singularity spectrum of the d-dimensional
MRW 7., is given by
)]

+

=

S

dmw=Mﬁw=1xﬁ%+®a zMngg?(

0, otherwise ,

almost surely.

4.1.3.3 Multifractal analysis of LBM

The LBM has been simultaneously defined in [Ber15, GRV16] as the canonical planar diffusion associated
with the Liouville quantum gravity metric tensor. In this chapter, we will consider the d-dimensional LBM,
for d > 2. More precisely, let D C R? be a simply connected bounded domain, let B be a d-dimensional
Brownian motion started inside D, and let X be an independent log-correlated Gaussian field on D. Then the
LBM B, on D can be formally defined for y? < 4 as

tAT

By, = B4y E, (1) = / eYX(Ba) =3V EX(B:)] g5 t>0,
Y 0

where T is the first exit time of B from D. As we will see in Section 4.5, adapting the original definition

of planar LBM to higher dimensions is a straightforward task. Then, we focus on computing the lower

singularity spectrum of the paths of B,,. More precisely, we are interested in the lower singularity spectrum

dg. : [0,00) — [0, 00) defined by

v

QBV(“) = dimH(EBy(“)) )

where Ep (oc) denotes the set of times at which B, has lower local dimension equal to « > 0, i.e.,

Ep, (o) 2 {t € [0.Fy(v)] : dimp (1) =

where

o 10g|Byisr — By
dimg_(t) = liminf 0g Byt vir| )
Y r—0 logr

Theorem 4.C. Let y? < 4 and d > 2. Then, for & > 0, the lower singularity spectrum of the LBM B, is
given by

(o p) eV n) (i)

0, otherwise ,

dg, (0) =

almost surely.

def

Along the proof of the Theorem 4.C, we show that the measure v,, defined by v ([s, t]) = Fy (t) — F (s), for

s <t € [0,T], satisfies the multifractal formalism and we compute its singularity spectrum.



Chapter 4. Multifractal analysis of Gaussian multiplicative chaos and applications 153

4.1.4 Outline

The reminder of this chapter is structured as follows. In Section 4.2, we collect some definitions and results
that are used in the rest of the chapter. More precisely, we start by recalling the definition of log-correlated
Gaussian field, and we prove a lemma concerning the fluctuations of its convolution approximation. Then we
recall some known properties of GMC measures, we collect some facts about the Hausdorff dimension, and
finally we state some general results on multifractal analysis of measures. In Section 4.3, we state precisely
our main result and we perform its proof. Sections 4.4 and 4.5 are devoted to computing the lower singularity
spectrum of the MRW and of the LBM, respectively. In Appendix 4.A, we prove Proposition 4.3.2, which is
the main step of the proof of our main result. Finally, Appendix 4.B contains the proof of the finiteness of

positive moments of the measure involved in the definition of the LBM.

Acknowledgements. We thank Martin Hairer for his constant support and guidance. We thank an anonymous referee

for many helpful comments on an earlier version of the content of this chapter.

4.2 Preliminaries

In this section, after introducing the basic notation, we collect some definitions and results on log-correlated

Gaussian fields, on the theory of GMC, on the Hausdorff dimension, and on multifractal analysis of measures.

Basic notation

We let N £ {1,2,3,...}. Ford > 1, we use R? to indicate the d-dimensional Euclidean space. If @ and b
are two quantities, we use a < b to denote the statement a < Cb for some constant C' > 0 independent from

the parameters of interest. Given a subset D C IR%, we denote by D its closure and by 9D its boundary.

4.2.1 Log-correlated Gaussian fields

Given a simply connected bounded domain D C R?, withd > 1, a log-correlated Gaussian field X on D is a

Gaussian field whose covariance kernel takes the form

K(z,y) = —log|z — y|[ + g(=,y) , r,yeD, (4.2.1)

where g € C(D x D). We adopt the convention to extend the covariance kernel K to R? x IRY by setting
K(z,y) = 0 whenever (x,y) € D x D. Moreover, for (4.2.1) to be a covariance kernel, we need to require
that it is symmetric and non-negative semi-definite. Since the covariance kernel /C has a singularity on the
diagonal, the field X does not make literal sense as a pointwise defined Gaussian field, but it can be rigorously
interpreted as a random Schwartz distribution. This random generalised function can be characterised by the
property that, for any compactly supported test function ¢ € C'°(IR?), the pairing (X, ¢) produces a centred

Gaussian random variable with variance

E[(X, $)(X, §)] = / O(2)K(x, 9)d(y)dzdy .

R? x R4

The existence of this stochastic process follows from a direct construction. Indeed, it can be easily verified that
IC, as defined in (4.2.1), is the kernel of a self-adjoint Hilbert—Schmidt operator on L? (le). In particular, this
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operator is symmetric and compact, so by the spectral theorem there exist a non-increasing sequence (A, )neN
of strictly positive eigenvalues and corresponding eigenfunctions (¢, ), en that form an orthonormal basis of
Ker(K)* in L?(IR?). Then the field X can be defined via its Karhunen-Logve expansion

X(I) = Z “n\/)Tnd)n 5

neN

where (o, )nen is a collection of i.i.d. standard normal random variables. Note that the functions ¢,, are
supported on the domain D. It can be proved that the convergence of the above series takes place in the space
H~"%(D), for any > 0. We refer to [JSW20, Section 2] for more details.

In order to give a meaning to GMC measures, we need to define the exponential of a random Schwartz
distribution. This is done through a regularisation and limiting procedure. The most general and natural way
to obtain a regularisation of X is through the so-called convolution approximation. If we let p € C2°(IR%) be
non-negative, radially symmetric, with compact support and unit mass, then the e-convolution approximation
of the field X is defined by

Xe =X *pe (4.2.2)

where p. (-) = e ~%p(e'-). As we have observed above, X € H~"(IR%) for any x > 0, and so the convolution
X« p, is actually well-defined. Moreover, it is easy to check that the regularised field X is a centred Gaussian

field with covariance kernel given by

Ke(z,y) = ((pe ® pe) *K)(z,y),  Va,yeD.

The following properties of the convolution approximation (X.).~o are well known (see e.g. [JSW2o,

Lemma 2.8]):

(P1) for Lebesgue-almost every (z,y) € D x D,

lim K (,y) = K(=,1)

(P2) there exists a finite constant X > 0 such that,

sup sup |E[X,(2)Xe (y)] +log (lz —y[ +€)| < K,
O0<e’'<e z,yeD

(P3) forall ¢ > 0, the map D > 2 — X, (z) is almost surely continuous.

We emphasise that for particular types of log-correlated Gaussian fields there are some other natural approx-
imations having properties (P1)—(P3). For example, if X is a two-dimensional Gaussian Free Field (GFF),
then one can use the regularisation obtained through the circle average around each point in the domain (see
[DS11]).

Before proceeding, we state and prove a lemma that allows us to control the exponential moment of the
fluctuations of the convolution approximation of log-correlated Gaussian fields. This lemma is used in the
proof in the proof of Proposition 4.3.2 below. We emphasise that a similar result for the two-dimensional GFF

is established in [Aru20, Lemma 4.2].

Lemma 4.2.1. Ford > 1, let D C R% be a simply connected bounded domain. Consider a log-correlated

Gaussian field X on D with covariance kernel (4.2.1) and let (X; )0 be its convolution approximation, as
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defined in (4.2.2). Then there exists a finite constant C' > 0 such that,

sup sup [E [6SUP'“€B<*'»"‘> X=X < ¢,
re(0,1] z€D,

where D, = {x € D : dist(x,0D) < r}.

Proof. Fixr € (0,1] and 2 € D,.. Consider the centred Gaussian field (X7 (u))y,c (a,r) defined by
X2 (u) = X, (u) — X, (2) , u € B(z,r),

and the random variable Q) given by

Q" E sup X%(u).
u€B(z,r)

The variance of the field (X7 ())ye B(2,r) can be uniformly bounded in r € (0, 1] and 2 € D,.. Indeed, for v,
v € B(x,r), thanks to property (P2), there exists a finite constant X > 0 such that

E[X? (u)X}(v))] < —log(|lu —v| +7) +log(lu — z| +7) + log(|v — | + r) — logr + 4K
< —2logr +2log2r + 4K
=2log2+ 4K , (4.2.3)

where the last inequality is due to the fact that |u — 2| < r and |v — 2| < r. Thanks to property (P3), we know
that the the field X7 is almost surely continuous and so we can apply Borell-TIS inequality (see Lemma A.0.3)
to obtain that B

P(1Q7 — E[QF]] > t) < 2¢ *5r (4.2.4)

for all t > 0, where 02, = SUP, e p(ar) E [X7(u)?]. We claim that both o7 . and E[Q¢] can be uniformly
bounded in x and . For o2

x,r?

this follows easily from (4.2.3). For [E[Q*], we can apply Fernique’s majorizing
criterion (see Lemma A.0.4). Indeed, doing computation similar to the one in (4.2.3), and using the properties
of the convolution approximation (see also [JSW20, Lemma 2.8]), one can easily verify that there exists a
constant A > 0, independent of = and r, such that

=l

E[|X%(u) — X2 (0)2] = E[|X,(u) - X,(v)[2] < A=Y Yu,v € B(z,r).

r
Therefore, applying Lemma A.o0.4 to the field (X7 (u))yecB(a,r). One can readily obtain the desired uniform
upper bound. Hence, from (4.2.4), it follows that there exist finite constants ag, a; > 0, independent of = and
r, such that

(t—ag)?

P(QF >t) <2 2

Finally, observing that for any non-negative random variable X it holds that E[e™X] = 1 + fo P(X > t)dt,
we have that

(t—ag)?

E [em] =1 —|—/ e'P(QF > t)dt < 1 —|—/ 2’ Fer dt <00,
0 0

uniformly in x and r, which concludes the proof. O
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4.2.2 Properties of GMC

We recall here the main properties of GMC measures that we need in the following sections. For d > 1, let
D C R? be a simply connected bounded domain. Consider a log-correlated Gaussian field X defined on D

with covariance kernel (4.2.1) and let (X, ).~ be its convolution approximation as defined in (4.2.2).

We start by recalling the following standard result concerning the existence and the non-degeneracy of GMC

measures.

Proposition 4.2.2 ([Ber17, Theorem 1.1]). If y? < 2d, then the sequence of approximating measures

iy e (dr) = e¥Xe (@) =3 EXe ()% gy
converges in probability, as ¢ — 0, in the space of non-negative, locally finite measures on D equipped with

the topology of vague convergence, to a non-degenerate random measure L.

For y? < 2d, it can be easily verified that the random measure ., is almost surely supported on the whole
domain D (see [RV14a]). On the other hand, u, gives full measure to the set of y-thick points 7, defined
in (4.1.5). It is known that the Hausdorft dimension of 7, is equal to d — v? /2 (see [RV14a, Theorem 4.2]).
Immediate consequences of this fact are that W, is almost surely atomless, and that v, is singular with respect
to . for any y # v’ In particular, for y # 0, p, is singular with respect to the Lebesgue measure. We also
observe that when y? gets closer to 2d, the measure 1, is carried by a set whose Hausdorff dimension gets

closer to 0. In particular, this means that p, tends to cluster as v? increases, until it degenerates at y? = 2d.

We have the following standard result concerning the existence of uniform bounds on positive and negative
moments of GMC measures.

Proposition 4.2.3 ([RV 14a, Theorems 2.11 and 2.12]). Lety? < 2d and q < 2d/v?. Then for any non-empty
compact set A C D it holds that

‘ q
sup E K/ eyxi(x)hzm[xﬂ(m)z]daz> } <00,
e>0 A

An important feature of GMC measures is their multifractal behaviour. More precisely, it can be shown that
the moments of |, have a power law behaviour in which the exponents can be expressed through a non-linear
function &, , called the power law spectrum, which is defined by

1 1
&, (q) := <d + 2y2) q— §y2q2 , VgeR. (4.2.5)

More formally, we have the following proposition.

Proposition 4.2.4 ([RV14a, Theorem 2.14]). Let y? < 2d and q < 2d/v?. Then there exists a finite constant
C > 0 such that for all x € D and r € (0, 1] it holds that

E[uy (B(z, 7)) < Crom (@

Finally, we state below a result on the local modulus of continuity of GMC measures which is an easy
consequence of Proposition 4.2.4.
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Proposition 4.2.5. Let v2 < 2d and € > 0. Then, almost surely, there exist finite constants Cy, Cy > 0 such
that for all x € D and r € (0, 1] it holds that

CHT(VE+Y/V§Y4£ < uy(B(xaT» < CET(VE*Y/VEVA£

Proof. A proof of the upper bound is given in [GRV 16, Theorem 2.2] in the case d = 2. However, the proof
can be easily adapted to all dimensions. The lower bound can be proved similarly. Indeed, we assume for
simplicity that D = (—1,1)% and let « = (v/d 4 v/v/2)?. For n € N, we write &, = 2-"Z% 0 (~1,1)? for
the lattice 27" Z% restricted to the open box (—1,1)?. Thanks to an union bound, Markov’s inequality, and

Proposition 4.2.4, it holds for each n € IN, € > 0, and ¢ < 0 that

2€%,

< 3 2 IR (B(=,27))

ZEX,

v (m;n oy (B(,27) < 2”“‘“)) - (ma" o (B(z,27)1 > 2”““”)
zZ€2n

< gnge—n(&uy (q)—d—aq) ,

where the implicit constant does not depend on n. If we chose ¢ = —+/2d/7y, then one can easily check that
Epy (¢) — d — g = 0. Therefore, thanks to the Borel-Cantelli lemma, we have that it almost surely exists a
finite constant C' > 0 such that

min (1, (B(z,27") > 27t VnelN.

ZEY,

To conclude, it is sufficient to notice that for all z € (—1,1)? and r € (0, 1], there existn € N and z € ¥,
such that 27" < r < 27" and B(z,27"" 1) C B(z,r). O

4.2.3 Hausdorff dimension

We collect here the definition and some properties of the Hausdorff dimension that we need in the sequel. We

refer to [Falg7] for further details.

Definition 4.2.6. Let D C R%, d > 1, and s € R. We define the s-dimensional Hausdorff measure of D by

(D) £ Jim H;(D) ,

where
H3(D) = inf{ Z diam(U,,)® : (Up)nen is a d-cover ofD} ) 5€(0,1].
neN

The Hausdorff dimension of D is defined by the following equivalent formulas
dimy (D) = inf{s > 0 : H*(D) = 0} = sup{s > 0 : H*(D) = o0},

with the convention that dimy, () = 0.

Note that 0 < dimy (D) < d for any D C R?% d > 1. Moreover, from the definition of Hausdorff
dimension, it immediately follows that if H*(D) < oo, then dimy (D) < s. Furthermore, the Hausdorff
dimension enjoys monotonicity and countable stability, i.e., dimy (D) < dimg(D’) for any D C D', and

dimy, (UpenDy) = sup,, o dimy (D,,) for any collection of subsets (D, ) nen-
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Other useful properties of the Hausdorff dimension are collected in the following proposition.

Proposition 4.2.7 ([Jac18, Proposition 2.15]). Let f : [0,00) — R be a continuous and increasing function.
ConsiderasetD C [0, 00) and assume there exist finite constants C, R, o > O such that | f(z+7)— f(x—7r)| <
Cr* forallr € [0, R) and x € D. Then it holds that

dimy ((D)) <~ dims (D)

We conclude this subsection with the following result.

Proposition 4.2.8 ([Falg7, Proposition 2.3]). Let p be a non-negative finite Radon measure on R? supported
on a simply connected bounded domain D C R%, d > 1. Let E C D such that p(E) > 0. For each x € E,
we let dim, () to be the local dimension of p at x as defined in (4.2.10) below. If dim,(x) = s forallx € E,
then dimy (E) = s.

4.2.4 Multifractal analysis of measures

We collect here some general facts about multifractal analysis of measures. Let p be a non-negative finite
Radon measure on R%, d > 1, which may be random or non-random, supported on a simply connected
bounded domain D C R?.

Definition 4.2.9. The L?-spectrum of p is the function T, : IR — IR defined by

ef 10 su . B Ti, T q
To(q) = lim sup £5up Z:G{OZ(T (2i,7))
r—

) geR, (4.2.6)

where (B(z;,7))ier is a countable family of disjoint closed balls with radius = centred at z; € D, and the
supremum is taken over all such families. Moreover, the Legendre—Fenchel transform of the L?-spectrum T,
is the function 73, : [0, 00) — [0, 00) defined by

() = inf {ag +7p())} VO, ae[0,00). 4.2.7)

We have the following classical result concerning the L?-spectrum.
Proposition 4.2.10 ([LN9o, Section 3]). The L9-spectrum T, is a decreasing convex function with t,(1) = 0.
Moreover, dom(t,) = {g € R : T,(q) < 00} = R if and only if

Jim sup loginfyep{p(B(z, 7))} o

r—0 log r

We collect here some notation. For o > 0, we introduce the sets E,, (), U, (o) and B, (o) defined by

def

Eo(x) ={z €D : dimy(z) = a} , (4.2.8)
Up(@ 2 {zeD:dimy(@) <o}, B Z{reD:dmpe)2a),  429)

where

. w . logp(B(z,r))
dim, (x) = Tlgr}) log 1 , (4.2.10)
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)

R | B(zx, — v 1 B(x,

dim (z) = 11m1nfM ; dim,, () = lim sup log p(B(z, 1))
g’ r—=0 logr r—0 logr

which are called the local dimension, the lower local dimension and the upper local dimension of p at z,

respectively.
Definition 4.2.11. The singularity spectrum of p is the function d,, : [0, 00) — [0, c0) defined by

def

dp (o) = dimy (Ep () , o € [0,00) . (4.2.11)

We have the following fundamental result.
Proposition 4.2.12. For o > 0, it holds that dimy; (U, (o) N By («)) < 75 (x).

A proof of Proposition 4.2.12, in a slightly different setting, can be found in [BMP92, Theorem 1]. However,
the proof we provide here is a simple generalisation of [BJ10, Proposition A.1]. The proof is based on
Besicovitch’s covering theorem (see [Falg7]).

Lemma 4.2.13 (Besicovitch’s covering theorem). Consider a set E C R and for each x € E fix a number
rz > Osuchthatsup,c p v, < 0o. Then there exists aninteger 04, depending only on the dimension d, for which
there exist countable subfamilies By, ..., Bs, of {B(x,r.) : ® € E} such that E C Ujeqy,.. 0,3 UBes, B
and B, is a collection of disjoint sets for each i € {1,...,04}.

Proof of Proposition 4.2.12. Fix o > 0. By definition (4.2.7) of Ty, it is sufficient to prove that
dimy (U, («) NBp(x)) < {oeg +To(q) } VO, VgeR. (4.2.12)

Without loss of generality, we can assume that T,(q) < oo, for all ¢ € R. We split the proof into two parts.
In the first part we prove inequality (4.2.12) for ¢ > 0, while in the second part we prove inequality (4.2.12)

for ¢ < 0.

Case ¢ > 0: Define 5, = (ot + €)q + To(q) + ¢, for e > 0 fixed. Using the notation introduced in
Subsection 4.2.3, it is sufficient to show that sup ¢ 1 H3" (U, (x) NBy(a)) < oo. By definition, for every
z € U, (o) N By(e), there exists a decreasing sequence (', )nen converging to 0 such that

p(B(x,rpm)) > rdthe, VneN.

z,n

Fix & € (0,1], then for each z € U, () N B, («), we choose n, such that r,,, € (0,8). For each m € IN,
we let
F,= {z e Uy() NBp(a) : 27" <7y, < 27t

Thanks to the Besicovitch’s covering theorem (see Lemma 4.2.13), there exists a positive integer o4 such that
for every m € IN, we can find o4 disjoint subsets I, 1, ..., Fp, o, of Iy, such that each F;, ; is at most

countable, the balls B(z, 75 ,,, ) With centres at « € F,,, ; are pairwise disjoint and

(((B(x, Tx,nm))meFm,j)je{l _____ Ud}) .
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is a 8-cover of U () N B, (). Then we have that

— o Od
ng,a(gp(“)me((x)) < Z Z Z rgjtjcntﬁ)q-l-’rp@)-l-e

meN j=1zcF,, ;

= Z i Z O(B(x, 7y, ))IrTe(Fe

meN j=1z€F,, ;

I
SJ Z Zd Z p(B(xa2_m+1))q2_m(Tp(Q)+£) 7

mEN j=1 2€F,, ;

where the implicit constant does not depend on m. We observe that, for all ;7 € 1,..., 04, the family
(B(z,27™))zer,, , can be divided into two countable families of disjoint closed balls with centres in D.

Hence, by definition of 7, for m large enough, we get

> p(Bla, 27 g2/

TEFm,

which implies that sup,¢ g 1 ’H?"S (U, () N By () < 00, and so the conclusion follows by arbitrariness of

e>0.

Case ¢ < 0. Define s, . = (ot —€)g + Tp(q) + &, for e > 0 fixed. As before, it is sufficient to show
that sups¢ g 1 ’Hi“ (U, (x) NBp(x)) < co. By definition, for every = € U, (x) N By (o), there exists a
decreasing sequence (U )nen converging to 0 such that

P(B(m,uzy)) <ud©, VneN.

z,n

Proceeding similarly to the previous case, we get

s (Up() NBp() £ D0 D0 D e(Blr, 272 (@9,

meN j=1xEF,, ;

where the implicit constant does not depend on m, and by definition of T, for m large enough, we get

> e(Blw,27m))t g et

€,

which implies that sups¢ g 1) Hi“ (Up () N Bp(ax)) < o0, and so the conclusion follows once again by
arbitrariness of ¢ > 0. 0
Since B, (o) € U, («) N By (), an immediate consequence of Proposition 4.2.12 is the following corollary.
Corollary 4.2.14. For & > 0, it holds that d, (o) < T:;((X).

In particular, Corollary 4.2.14 implies that to prove the validity of the multifractal formalism for a non-negative
Radon measure p, we only need to prove the bound d, () > T, (e) for all o > 0.
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4.3 Multifractal analysis of GMC

We now turn to the multifractal analysis of GMC measures, i.e., to the proof of Theorem 4.A. For d > 1,
let D C R? be a simply connected bounded domain. Consider a log-correlated Gaussian field X on D with
covariance kernel (4.2.1) and let (X, )¢¢ be its convolution approximation, as defined in (4.2.2). For every

v? < 2d, consider the GMC measure i, on D associated with X, as defined in Proposition 4.2.2.

Remark 4.3.1. Since the GMC measure W, is almost surely a non-negative finite Radon measure supported
on a simply connected bounded domain, Proposition 4.2.10 implies that the L7-spectrum T,,., is a decreasing
convex function and T, (1) = 0. Moreover, thanks to the lower bound in Proposition 4.2.5, one can easily

verify that dom(t,,,) = RR.
We have the following key result, whose proof is deferred to Appendix 4.A.

Proposition 4.3.2. Let y? < 2d and ¢*> < 2d/y®. For wgy-almost every x € D, the GMC measure |

satisfies

tim 08 BT (1 - CI> v,
r—0 logr 2

almost surely.

Remark 4.3.3. Roughly speaking, since for ¢*> < 2d/y? the measure W, is carried by the set of gy-thick

points of X, Proposition 4.3.2 implies that around such points the measure ., has local dimension equal to

1
g :=d+ (2 - q) 2. (4.3.1)

Thanks to Corollary 4.2.14, we already know that, for o > 0, it holds almost surely that d,,, (o) < T:ly (o).
Therefore, to prove the validity of the multifractal formalism for i, it suffices to show that for o > 0 the
lowerbound dy., («) > 7}, (o) holds almost surely. We start with the following lemma which is an immediate

consequence of Proposition 4.3.2.

Lemma 4.3.4. For Y2 < 2d, it holds almost surely that dHy (ot1) = otq, where & is as in (4.3.1) with ¢ = 1.
Furthermore, almost surely, if E C D is such that dimy (E) < o, then w, (E) = 0.

Proof. Forxz € E, (o), it obviously holds that dim,, () = &;. Furthermore, thanks to Proposition 4.3.2,
we know that p, (E, (o)) > 0 almost surely. Therefore, the first part of the lemma follows from Propo-
sition 4.2.8. Concerning the second part of the lemma, we proceed by contradiction. Consider a subset
E C D with dimy (F) < o and such that y, (E) > 0. Thanks to Proposition 4.3.2, we know that the subset
By, (o) is of full py-measure, and so we have that w, (E N E, (1)) = wy (£) > 0. Moreover, since for
allz € ENE, (o) it holds that dim,,  (x) = o, then Proposition 4.2.8 and the monotonicity of Hausdorff
dimension imply that
dimy (E) > dimy (ENE, (1)) = o

which is clearly a contradiction. O

Now, we introduce the structure function (1)ILLY associated with i, which is defined by

del 1 1
Gy, (@) =d—Ey () = §v2q2 — (d - 2v2) g+d, q€R, (4.3.2)
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where we recall that Euy is the power law spectrum of (1, defined in (4.2.5). A direct computation shows that

the Legendre-Fenchel transform of ¢, can be written as follows

1/d—a 1 \2
*(a)=[d—= + vy a>0.
d’uy() (d 2( Y 2))\/0, 0

The following two lemmas provide a lower bound for d,, (o) in terms of ¢, (q), for all q* < 2d/vy?, and

an upper bound for T, (¢) in terms of ¢, (¢), for all ¢ € R, respectively.

Lemma 4.3.5. Let y* < 2d and q* < 2d/*. Then it holds almost surely that d,, (ag) > &7, (etg), where
&g is as defined in (4.3.1).

Proof. On the one hand, thanks to Proposition 4.3.2, we know that the set E, (o) is almost surely of full
Wgy-measure. On the other hand, Lemma 4.3.4 implies that p,, cannot give positive measure to a set of
HausdorfF dimension strictly less than d — ¢>y? /2. Therefore, it should hold almost surely that

1 *
dy, (ag) = d — §q2y2 = d)uy(“q) )

where the last equality can be checked directly. O

Lemma 4.3.6. Fory? < 2d, it holds almost surely that Ty, (¢) < by, (q) forallq € R.

Proof. Thanks to Remark 4.3.1, the function T, : R — IR is convex and hence continuous. Therefore, it is
sufficient to prove that for all ¢ € RR, it holds almost surely that T, (q) < ¢, (¢). For simplicity, we assume
that D = (—1,1)?. We split the proof into two parts. In the first part we focus on ¢ > 2d/y?, while in the
second part we focus on ¢ < 2d/v2.

Case ¢ > 2d/y?. Since 2d/y? > 1, the conclusion in this case is trivial. Indeed, since Ty, is a decreasing
function and T, (1) = 0 (see Remark 4.3.1), it holds almost surely that T, (¢) < 0 < ¢, (¢), where the
last inequality can be checked directly.

Case ¢ < 2d/y>. Forn € N, we write ¥, = 2~"~1Z¢ N (—1,1)¢ for the lattice 2~" ' Z restricted to the
open box (—1,1)%. Then for each n € IN and ¢ > 0, by Markov’s inequality and Proposition 4.2.4, we have
that

P ( > y(B(z,27M) > 2"<¢w<q>+€>> <27 @Y TR [y (B(2,27"))]

zZEX, zEX,
< 9=y () g—nEuy (@)gnd _ g—ne

b

where the implicit constant does not depend on n. Hence, it holds that
> P ( S hy(Blz, 27t = 20y <q>+€>> <0,
n€eN zEX,

and so, thanks to the Borel-Cantelli lemma, we have that it almost surely exists a finite constant C' > 0

independent of n such that

>y (B(z,27M) < C2MPy @) -y eN. (4.3.3)
ZEX,
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Let (B(x;,7))icr be a countable family of disjoint closed balls with radius r € (0, 1] centred at z;; € (—1,1),
and fix n € IN such that 27" < 7 < 271, We observe that there exists a finite constant o4 > 0 depending
only on the dimension d, such that every ball B(z;, r) is contained in the union of at most ¢4 balls of the form
B(zij, 2*"“), for some z;; € X, 1,7 = 1,..., 04. Here, we adopt the convention that if for ¢ € I, the ball
B(z;,r) is contained in Uj—q,_ ;B(z;;,2 ") for some J < 0g4, then z;; = z;y for j = J+1,...,04.
Furthermore, since the balls (B(z;, 7));c are disjoint, we can choose the balls (B(z;;, 2‘"*1))1-61’]-6{17”_,%}
in such a way that for fixed 41 # is € I, it holds that z;, ; # z;,; for j = 1,..., 4. Now, if ¢ € (0, 1], thanks
to (4.3.3) and the sub-additivity of the function z — 29, it holds almost surely that

Domy(Blam)< Y Y my(B(z27) T S 20O (0% om0 (00 1 (4.3.4)

iel j=1,..,04 2€ESn_1

where the implicit constant does not depend on n. Similarly, if ¢ € (1,2d/y?), thanks to (4.3.3) and the

convexity of the function z — 29 for ¢ > 1, using Jensen’s inequality, it holds almost surely that

YouyBlanr)T <ol Y Yy (B(z,27 ) S 2@ (079 (@ (019 (435

i€l j=1,..,04 2€Sn_1

where the implicit constant does not depend on n. Moreover, for every ball B(x;,r), we have that
B(z,27""1) C B(w;,r) for some z € X,, ;1. Therefore, if ¢ < 0, then thanks to (4.3.3) it holds almost surely
that

Doy (Bl@sm) < D ny(B(z,27)1 S 20 b (0Fe) < pm by (04 (4.3.6)

el ZEXp41

where the implicit constant does not depend on n. Finally, the conclusion follows by taking logs in (4.3.4),

(4-3-5), (4.3.6), and thanks to the arbitrariness of ¢ > 0. ]

Thanks to Corollary 4.2.14, Lemmas 4.3.5 and 4.3.6, we obtain that for ¢* < 2d/y? it holds almost surely that

0< d)ﬁy(o‘q) < duy(“q) < T:FLV(‘Xq) < d);:y((xq) ) (4-3-7)

which implies that dy, | (og) = T}, (etg) and T (¢) = $y, (g). For q? < 2d/v?, we observe that the range
of values of o« > 0 of the form o, is equal to the interval (oc_, & ), where

() e ()

Thanks to Corollary 4.2.14 and Lemma 4.3.6, we can easily observe that for o« ¢ («x_, ;) we have that
dy, () < T () < ¢ () = 0. Therefore, these results imply that for all « > 0, it holds almost surely
that

o) e (V) (v )]
0, otherwise ,

which coincides with (4.1.3).

To conclude the proof of Theorem 4.A we need to show the validity of (4.1.4). This is exactly the objective

of the subsequent lemma whose proof follows similar steps of those in [BJ10, Section 2.3].
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Lemma 4.3.7. Ify? < 2d, then for q € R it holds almost surely that

_Evlp,y (Q—)q ) lfq € (—OO,q,] )
T, (@) = §d— &y, (q) ifq€lg—a+],
—&u, (a1)e, ifq € [a4,00) ,

where ¢ = £v/2d/y.

Proof. From (4.3.7), we know that T, (¢) = ¢, (¢) for g € (¢—, g4 ). Thanks to the continuity of the convex
function T, , the above equality can be extended to the closed interval [q_, ¢ ]. Therefore, it remains to prove
that T, is derivable at ¢ and linear on [g,,00), and the same also for ¢_ and (—o0,¢_]. Thanks to the

equality T, (q) = ¢y, (¢) on the interval [g_, g1 ], we know that

(1) = 0, () = 220 () =) () - P

where T’uy (¢ ) (resp. 'r’lly (g1)) denotes the left-hand (resp. right-hand) derivative of Ty, at gy (resp. atq_).

Since the function Ty, is convex, we have that

Ty (@) = Ty, (g4) + Ty (€)@ — a4) = &y (a4)q,

and similarly T, (¢) > d)iLy (g-)g. For ¢ > ¢4, the reverse inequality can be obtained using the fact that
q+/q € (0,1] and the sub-additivity of the function 2 + 29+/9. Indeed, if we consider a countable family

(B(x;,7))icr of disjoint closed balls with radius r centred at z; € D, then

at

(memmﬂ <3y (Blair)™ .

i€l el

Hence, taking logs and by definition of T,,. , we have that

THV(Q+) N d)uy(Q-‘r)
q =

q=b, (q4)q .
q+ q+ o (44)

Ty, (@) <

Therefore, for all ¢ > ¢ it holds that T, (¢) = c[)’}ly (¢+)g, and the same exact computation yields also that
Ty, (q) = c[)’uy (q-)qforall g < q_. Since ¢, (q) = d — &, (q), forall ¢ € R, the result is proved. O

This concludes the proof of Theorem 4.A.

4.4 Multifractal analysis of MRW

Theorem 4.A gives a full characterisation of the singularity spectrum of GMC measures. A natural question
that may arise is whether we can use this result to perform the multifractal analysis of objects that are built by
means of these random measures. In particular, in this section, we investigate the multifractal behaviour of
the Multifractal Random Walk (MRW).
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4.4.1 Definition of the MRW

Let T > 0 and consider a log-correlated Gaussian field X on [0, T'| with covariance kernel of the from (4.2.1).
For y2 < 2, consider the GMC measure (1, on [0, T'] associated with X, as defined in Proposition 4.2.2. In

addition, for d > 1, let B be a Brownian motion on R¢ independent from the field X.

Remark 4.4.1. As the Brownian motion B is independent from the log-correlated Gaussian field X, it is
useful to decompose the underlying probability measure as follows

PeP.

When we write “almost surely”, we mean P ® [P-almost surely. If we need to specify that a property holds
almost surely with respect to the Brownian motion (resp. the field X), we write P-almost surely (resp. IP-almost

surely).

Definition 4.4.2. Fixy? < 2and d > 1. The d-dimensional MRW on [0, T'] associated with the field X is the
process (Zy,¢)¢c[o, ) defined by

Zoyt = By, ((0.4) - te[0,T]. (4.4.1)
The MRW has been originally introduced in [BDMo1] as a stochastic volatility model. Indeed, assuming that
the Brownian motion B is one-dimensional, the MRW is used for modelling the price fluctuations of financial
assets since it accounts for most of the stylised facts of financial time series. For example, it reproduces the
sudden jumps and the periods of intense activity usually observed in stock prices. We refer to [BKMo8] for a

short overview on this topic.

4.4.2 Study of the lower singularity spectrum

The main goal of this section is to prove Theorem 4.B. For & > 0, we define the set EM () as in (4.2.8), and

the sets U, (e), By, () as in (4.2.9). Then Theorem 4.B is an easy consequence of the following lemma.
Lemma 4.4.3. Ify? < 2, then for « > 0, it holds P-almost surely that

(i) By, (20) C By (o)

(ii) E7 (o) C U, (20) N By, (20).
Proof. Let (Zy ¢)icjo,1) be the d-dimensional MRW as defined in (4.4.1). Thanks to well-known properties

of Brownian motion, the following facts holds P-almost surely. Fix ¢ > 0, then there exists a finite constant
C' > 0 such that, for every ¢ € [0, 7] and r > 0 small enough, it holds that

1_
Zy v = Zy—r| = [By, (0,4)) — Buy (06— < Cry (B(t,1))>7° . (4.4.2)

Moreover, we also know that for each ¢ > 0 and ¢ € [0,T], there exists a decreasing sequence (7,,)neN

converging to 0 such that

1
= By, (0,t+ra)) = By (0—rap)| = 1y (B(t,70))2 7 (4.4.3)

Zy 41y = Loy t—r,
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Proof of (i). For « > 0, we fix t € E, (20). For every ¢ > 0, we know that for » > 0 small enough, it holds
that

r2ote < Wy (B(t,r)) < rle—e (4.4.4)

Consequently, thanks to (4.4.2) and the right-hand side of (4.4.4), we get that for > 0 small enough, it holds
that
2y pr = Ly pr| < C!»W(B(t,r))%_‘E < ora—o(3-¢)

On the other hand, thanks to (4.4.3) and the left-hand side of (4.4.4), there exists a decreasing sequence
(rn)nenN converging to 0 such that

1
Zytten = Toyaorn] = iy (Bl ra))bHe > 2GR gy e

Therefore, taking logs, by arbitrariness of € > 0, this implies that

108 | Zoy g — Zoo g
lim inf 2812t = Zyarl _
r—0 logr

which means that ¢ € E;, («), P-almost surely.

Proof of (ii). For o« > 0, we fix t € EZy (). Similarly as above, for each ¢ > 0, there exist decreasing

sequences (7, )nen, (7, )nen both converging to 0 such that
P S Byt = Zymra| < Oy(B(t,ra))3 ¢, VneN,
where the last inequality is given by (4.4.2), and
] X—E&

1
Tn > |ZY’t+TL - ZYJ*%' > H’Y(B(th;L))i—H ) VnelN,

where the last inequality is given by (4.4.3). By arbitrariness of ¢ > 0, these facts imply thatt € U, (20) N

By, (2«), P-almost surely. O
Finally, we show how the proof of Theorem 4.B follows immediately from Lemma 4.4.3.
Proof of Theorem 4.B. From item (i) of Lemma 4.4.3, for all & > 0, we have the inequality

dy, () > dy,, (200) |

almost surely. On the other hand, item (ii) of Lemma 4.4.3, Proposition 4.2.12 and Theorem 4.A imply that,
for all & > 0, it holds

dz., (&) < dimy, (guv (20) N B, (2oc)> <1, (200) = dy, (200)

almost surely. Since Theorem 4.A gives a full characterisation of the singularity spectrum d,,_ , this concludes
the proof. O
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4.5 Multifractal analysis of LBM

The main goal of this section is to study the multifractal behaviour of the Liouville Brownian motion (LBM).
Roughly speaking, the LBM can be defined as the canonical diffusion associated with the Liouville quantum

gravity metric tensor given by
Y (da?® + dy?)

where X is a GFF on a domain D C IR? and dz? + dy? is the Euclidean metric tensor. The LBM has been
introduced simultaneously in [Ber15, GRV16], and it can be built as a time changed planar Brownian motion
with respect to a GMC measure associated with the field X. We refer to the above mentioned references for

more details.

In what follows, generalise the construction of the LBM in dimension d > 2. Once this is done, we consider

the problem of studying the lower singularity spectrum of the d-dimensional LBM.

4.5.1 Definition of the LBM

For d > 2, consider a simply connected bounded domain D C IR? containing the ball B(0,1). Let B be a
d-dimensional Brownian motion started from the origin and let T its first exit time from D, i.e.,

t=inf{t>0: B, ¢D} . (4.5.1)
Moreover, consider a log-correlated Gaussian field X on D with covariance kernel of the form (4.2.1) and

independent from the Brownian motion B. Then the d-dimensional LBM on D can be formally defined by

def

Byt % By, 20,

where the clock process F, is given by
wr tAT 1.2 2
F,(t) £ / eYX(Ba) =3V EX(B:) ] gg t>0.
0

In the section, we adopt the same notation specified in Remark 4.4.1, i.e., we decompose the underlying
probability measure as P ® IP, with P (resp. IP) being the probability measure associated to the probability
space where B (resp. X) is defined.

To give rigorous sense to the definition of the LBM, it is sufficient to show the existence of the clock process
F,. Following [Ber15, GRV16], we proceed with a regularisation and limiting procedure. Let (X, )¢ be the
convolution approximation of the field X as defined in (4.2.2), then we have the following lemma.

Lemma 4.5.1. Ify? < 4, then P-almost surely, for all t > 0, the sequence
w [T 1.2 2
FY,S(ﬁ) é / eVXE(Bs)_i'Y IE[XE(BS) ]dS , £ > 0 ,
0

converges in IP-probability, as ¢ — 0, to a non-degenerate limit F, (t).

Proof. This fact is a standard result and it is an easy consequence of [Ber17, Theorem 1.1] (see also the last

part of Section 1.3.1). We provide the details for completeness. For ¢ > 0, let o} be the occupation measure
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between time 0 and time ¢ A T of the Brownian motion B, so that
Fy.(t) = / Y Xe@ =3V EX @ 5T (gy) | e >0.
]Rd

Then it is sufficient to prove that P-almost surely, for all ¢ > 0, the measure o} has dimension two, i.e., we
need to show that for « € (0, 2), it holds that

| o=yl et dn)of ) < .
X

Fix ¢t > 0 and let o; be the occupation measure of the (unstopped) Brownian motion B between time 0 and
time ¢, then it obviously holds that

/ & — 4|~ 0T (dx)oT(dy) < / & — 5% 0y(dz) oy (dy) -
R? x R4 Re xR

Therefore, taking expectation, it is enough to prove that for & € (0, 2), it holds that

t ot
E [/ |lx — y|°‘0‘t(dx)0‘t(dy)] =E [/ / |B, — B,J“drds} < 00 . (4.5.2)
R x R4 0 JoO

Using Fubini’s theorem, we have that

t
E{/ |:E—y_°‘(rt(dx)crt(dy)} :/ / E [|B, — B,|~*| drds
RY xRY 0 Jo
t gt .
=E[|Bl|_°‘]/ / |r — s|~2drds
0 Jo
t

< 2E [|By|™¢] / r2dr
0
which is clearly finite if o € (0, 2). Therefore, this implies that for fixed ¢ > 0, the measure o} has dimension
two, P-almost surely. To prove that the measure o} has dimension two for all ¢ > 0, P-almost surely, it is

sufficient to take a sequence (¢, )nen converging to infinity and noting that for 0 < s < ¢, it holds that

[ eyl einei@) < [ eyl i d)or(d)
R? x R4 R? x R4

The conclusion follows thanks to [Ber17, Theorem 1.1]. O

Definition 4.5.2. Fix y2 < 4 and d > 2. The d-dimensional LBM on D associated with the field X is the

stochastic process (By ;);>0 defined by

def

By = Bgigy, t20, 4-5.3)

where F, is defined as in Lemma 4.5.1.

Remark 4.5.3. We emphasise that when d > 3, Lemma 4.5.1 yields a construction of the LBM only for
Y2 < 4, and not for y? < 2d as for the case of GMC measures. Therefore, there exists a gap, for 4 < y? < 2d,
where a construction of the LBM does not follow from the general theory of GMC. This is due to the well-
known fact that the dimension of the occupation measure of the d-dimensional Brownian motion is at most
two, for all d > 2 (see e.g. [MP10, Chapter 4]). To the best of our knowledge, if d > 3, a construction of the
d-dimensional LBM for 4 < y2 < 2d has not be done yet.
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Remark 4.5.4. We highlight that, in the joint work [BG25] with Ewain Gwynne — corresponding to Chapter 6
of this thesis — we identified the “correct” exponent o« = x(y) that must be used in the definition of the clock
process F, of the LBM to ensure that the LBM satisfies a suitable conformal invariance. In particular, in
dimension d = 2, we have o = y, whereas in higher dimensions, « = «(y) becomes a nonlinear function of

v, with the notable property that a? < 4 for all y? < 2d.

Before proceeding, we introduce some notation. For y? < 4, we can define on the (random) interval [0, 7] the

measure V4, by setting
vy([s,t]) EF, (1) —Fy(s), s<tel0,1]. (4.5.4)

It may be worth emphasizing that an immediate consequence of Lemma 4.5.1 is that the measure v., can be

interpreted as the weak limit of the sequence of approximating measures (V- ¢ )¢>0, Where
Vyo(dt) £ X BO—3V BBy pde . £>0. 4.5.5)
Similarly, we can define on the interval [0, Fy (7)] the measure v, by letting

vy (s, t]) EFH) —Fy M (s), s<te[0,F (1), (4.5.6)

so that for all ¢t € [0, F, ()], we can write By, = By 10,4

Proposition 4.5.5. For y? < 4, the random function Fy, : [0,7] — R is almost surely continuous and strictly

increasing on the interval [0, T|.

Proof. The function F,, is continuous and strictly increasing as long as the measure v, has no atoms and it
has full support on the interval [0, T]. To verify that v, is almost surely atomless on [0, T], one needs to use the
power law behaviour of v., (see Proposition 4.5.6 below). We refer to [Ber15, Remark 3.5] for details. The
proof of the fact that v, has almost surely full support on [0, T] can be found in [GRV 16, Theorem 2.7]. To be
precise, in the above mentioned references the proofs are given in the planar case. However, they immediately

generalise to all dimensions and hence the details are omitted. 0

4.5.2 Study of the lower singularity spectrum

The main goal of this section is to prove Theorem 4.C. Since the LBM B, is a time changed Brownian motion,

-1
v

defined in (4.5.6), as in the case of the MRW. However, in this setting the situation is less trivial since we

the lower singularity spectrum QBV can be obtained through the singularity spectrum of the measure v

do not know the singularity spectrum of v}, ! at this point. Instead of working directly with vy 1. we start by
proving that the measure v, defined in (4.5.4), satisfies the multifractal formalism, and we find an explicit
formula for its singularity spectrum. Once this is done, we can move to the proof of Theorem 4.C which

consists in finding the relations between QBy, d,-1andd,, .
Y

4.5.2.1  Multifractal analysis of v,

The main goal of this section is to prove that the measure v, defined in (4.5.4) satisfies the multifractal
formalism. We will follow a strategy similar to that developed in Section 4.3. As we will see, the presence of

the Brownian motion creates some more technical difficulties, but the underlying ideas are the same.

We start by computing the power law spectrum of the measure v.,.
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d

Proposition 4.5.6. Let v? < 4 and q < 4/y*. Forr € (0,1], define the stopping time T = inf{t >0 :
By & B(0,+/T)}. Then there exists a finite constant C > 0 such that for all v € (0,1, it holds that

E® E[vy([0,7,4))7) < Crév @

where

ot 1 1
EN\/(Q)2 <1+4‘Y2)q_4‘y2q27 qEIR7

is the power law spectrum of v, .

Proof. Thanks to Kahane’s convexity inequality (see Lemma A.0.2), it is sufficient to prove the result only for
the d-dimensional exactly scale invariant field (X(z)),cre defined in [RV10a]. More precisely, for ¢ > 0, we
let (X (2)),cre be the approximation of X as defined in [BP24, Lemma 3.19]. Then, for A € (0, 1), we can

assume that
d
(X?\E O\x))xeB(O,l) = (Xs (33) + QA)zeB(O,l) ) (4.5.7)

where (2, is an independent centred Gaussian random variable with variance —logA (see [BP24, Corol-

lay 3.20]). Let 0 < € < 4/, then scaling time by a factor r and using (4.5.7), we get that

T 5
VT e'sz (BS)_%'YZIE[XE (Bs)2]d8

w0y = [

T 5/T
fr/ VT oYX (Br) - Y EIX L (B2 g
0

T _ -
gr/ YXe (VB ~ 3V E[X (V7B.)?] g
0
1.,2 2 % 53 14,2 D \2
4 reYSvET3Y E[Qﬁ]/ eYXe/ i (Bs) =3V BX, ) 7 (Bs)] 16 ,
0

where B is an independent Brownian motion and T is the first exit time of B from B(0,1). Now, raising to

the power ¢ < 4/v? and taking expectations, one can easily verify that

B q
(/T eYXE/\ﬁ(Es)§Y21E®E[Xe/ﬁ(és)2]ds> ]
0

Removing the approximation, i.e., taking the limit when ¢ — 0, gives us the desired result provided that the

E®E[NS (0,7 7)1 =r*YE®E

quantities v{ ([0, T, /;]) and vi/ﬁ([O, T])? are uniformly integrable in ¢ > 0, for ¢ < 4/v2. For ¢ < 0 this
fact is proved in the planar case in [GRV 16, Proposition 2.12]), but the proof generalises to higher dimensions.
For g € (0,4/v?) a proof of this fact can be found in Appendix 4.B. O

We now state the main result that allows us to prove that v., satisfies the multifractal formalism. We emphasise

that the below result is the analogue of Proposition 4.3.2, but for the measure v.,.

Proposition 4.5.7. Let y> < 4 and ¢* < 4/v?. For p,y-almost every t € [0,T], the measure -, satisfies

1 B(t 1 2
i OB (B (1 Ny
r—0 logr 2 2

almost surely.
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Proof. The case where the underlying field is a zero-boundary GFF on a bounded domain D C IR? has already
been addressed in [Jac18]. The proof follows similar lines to that of Proposition 4.3.2 in Appendix 4.A.
Therefore, we only highlight the main modifications required for the proof to hold in the more general setting

of a log-correlated Gaussian field X on a simply connected bounded domain D C R? with d > 2.

The main steps of the proof in [Jac18] rely on [Jac18, Lemmas 3.9 and 3.11]. We start by focusing on
[Jac18, Lemma 3.9]. The only significant modification required is in [Jac18, Equation (3.19)]. Specifically,
in that step, the author applies the domain Markov property of the GFF to bound the exponential moment
of the fluctuations of the circle average approximation. However, for a general log-correlated Gaussian field,
we can bypass the use of this property by instead employing Lemma 4.2.1 to control the fluctuations of the
convolution approximation. To be more precise, we briefly introduce some notation. Let B and B be two
independent d-dimensional Brownian motions starting from the origin, let F, = 0(Bs : s < t) be the natural

filtration associated with B up to time ¢ > 0, and define the following stopping time,

~ def

T=inf{s >0 : VB, + B, ¢ B(0,1/2)} Ainf{s >0 : B, ¢ B(0,1/2)} ,
where € (0, 1]. Then, letting Qit; = inf,cp(p,,r) Xyr() — X /7 (Bt) the following lower bound trivially
holds for s, ¢ € [0, T],

Xsﬁ(\/;gs + Bt) > (Xeﬁ(\/;-és + Bt) - Xﬁ(\/;gs + Bt)) + Qgt; + X\/F(Bt) .

Therefore, by plugging this estimate into the second line of [Jac18, Equation (3.19)], leveraging the fact that
in [Jac18, Equation (3.20)] the probability is conditioned on F;, and following the exact same reasoning as in
the proof of Proposition 4.A.1 below, we can obtain the same conclusion as [Jac18, Lemma 3.9] in our more

general setting.

Finally, the modifications required in the proof of [Jac18, Lemma 3.11] are analogous and therefore omitted.
O

We can now state the following proposition concerning the singularity spectrum of v..

Proposition 4.5.8. Ify? < 4, then the measure v, satisfies the multifractal formalism. More precisely, for
o« > 0 it holds that

2
1— 1 . 2 2
ST L o 0 I LT (CEE R CE I
0, otherwise ,
almost surely.
def

Proof. Given Propositions 4.5.6 and 4.5.7, and defining the structure function ¢ (¢) = 1 — &, (q), for all

q € IR, one can proceed similarly to Section 4.3 to prove this result. Therefore, the details are omitted. O

4.5.2.2 Conclusion of the proof

Now that we have found an explicit formula for the singularity spectrum of v,,, we can study the relations
between the various (lower) singularity spectra. For o > 0, we define the set E, () as in (4.2.8), the sets
U, (), By, («) as in (4.2.9), and similarly also for v}*. We start with the following lemma.

Lemma 4.5.9. Ify? < 4, then for « > 0, it holds P-almost surely that
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(i) By, (2x) € Ep (a);
(ii) Eg, (o) CU,-1(2a) mEv;l(za).

Proof. Since for all ¢ € [0, 1], it holds that By:= Bv;l( (0,4])> ONeE can use the same argument used in the
proof of Lemma 4.4.3 to prove this result. O

Thanks to Lemma 4.5.9, the problem has been reduced to the computation of the Hausdorff dimensions of
E,-i() and of U -1 () N B -1(2), for o > 0. We start with the following trivial lemma.
Lemma 4.5.10. Ify? < 4, then for o > 0, it holds almost surely that

(i) By-1 (o) = By (Ey, (ah));

(ii) U,-1(a) QEV;I(OC) =F U, («7)NBy, («1)).

=V

Proof. The proof follows thanks to the fact that random function F, is almost surely continuos and strictly
increasing on the interval [0, T] (see Proposition 4.5.5). O
The following lemma is concerned with the relation between d.,, and d_,-1.

Lemma 4.5.11. Ify? < 4, then for « > 0, it holds almost surely that dy-1 () = ady, (o™ 1).

Proof. Thanks to item (i) of Lemma 4.5.10, we know that for « > 0, it holds almost surely that Ev;l () =
Ey(Ey, («1)). Fix e > 0, and let ¢ € E,_(«™!), then we define 5, > 0 as follows

5, & sup{6 >0 [By(t+r)—F(t—r) <r* = vre (0, 5)} Al
We define the collection of sets (EY (1)) nen by letting
By () E{teB, (a!): 27" <8 <27} neN.

Then By, (") = UpenEY ('), andforallt € EY ('), itholds that |[Fy (t+7) —Fy (t—7)| < P e
for all » € (0,27™). Thanks to Proposition 4.5.5, we know that the random function F, is almost surely
continuous and strictly increasing. Hence, using the countable stability of the Hausdorff dimension and

Proposition 4.2.7, it holds almost surely that

dy-1 (o) = sup dimy (Fy (EY (ah))) < —— sup dimg(E7 (a7}) = ——dy, (a}) .

n€N 1— e nen 1— e

The reverse inequality can be obtained similarly. Indeed, if we fix ¢ > 0 and we let ¢ € E,v;l (), then we can
define 6; > 0 as follows

def

S =sup{d6>0: [F,'(t+r)—F, ' (t—r)[<r* 5, Vre(0,8)}Al.
Defining the collection of sets (Ez_1 (a))nen similarly as above, and proceeding in the same exact way, we
Y
obtain that it holds almost surely that

1
0x—¢€

dy, (a7h) <

The conclusion follows by arbitrariness of ¢ > 0. O
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We also need the following lemma which allows us to conclude the proof.

Lemma 4.5.12. If Y? < 4, then for « > 0 it holds almost surely that dimH(Qv;l(oc) N EV;1<(X)> <
aty ().

Proof. Thanks to item (ii) of Lemma 4.5.10 and to the definition of T7,_, it is sufficient to prove that for & > 0
it holds that
dimy (Fy (U, (') NBy, (1)) < g+ aty, (q) VgeR, (4.5.8)

almost surely. We will be brief here since this result can be proved using the same procedure used in the proof of
Proposition 4.2.12. We will only focus in the case ¢ > 0. Fix ¢ > Oandlet3, . = ¢+ (v, (@) +€)/(x~ ! —¢).
By definition, forevery t € U, | (') NBy, (™), there exists a decreasing sequence (74, )nen converging
to 0 such that

By (t+7en) —Fy(t —1e0)| = vy (B(t,140)) < rffn -, VnelN.

Fix & € (0, 1], then for each ¢ € va(oc’l) N By, (™), we choose n; such that r,,, € (0,8). For each
m € IN, we let

P, & {t €U, (@ )NBy, (@) : 27" <y, < 2—m+1} .
Proceeding as in the proof of Proposition 4.2.12, there exists a positive integer o1 such that for every m € N,
we can find oy disjoint subsets I, 1,. .., Fy, o, of I}, such that each F;, ; is at most countable, the balls

B(t,r,) with centres at t € F,,, ; are pairwise disjoint, and the collection of sets

(B @rmdier.,) 0 )

is a d-cover of F, (U, (') N By, (x')). Then, thanks to the definition of v, and to the fact that F, is

almost surely strictly increasing, we have that

meN

e (Fy (Uy, ()N By, () € 30 D0 D0 Byt ) = By (t = ren )

mEN j=1tEF,, ;

< Z i Z vy(B(t,rt’nt))qrt(;;(q)ﬂ)

mEN j=1tEF,,

S Z i Z Vy(_B(t’2*m+1))1127m(’cu(q)+5)7

meN j=1teF,, ;

where the implicit constant does not depend on m. Hence, the conclusion follows as in the proof of

Proposition 4.2.12. Similarly, we can prove inequality (4.5.8) for ¢ < 0. O
Finally, we see how we can put everything together in order to prove Theorem 4.C.

Proof of Theorem 4.C. We start by observing that almost surely it holds that QBy (0) = 0 since B, is almost
surely continuous. Thanks to item (i) of Lemma 4.5.9 and Lemma 4.5.11, for &« > 0, we have that

dg, (o) =2 d,-1(2) = 2ady, ((20)71)
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almost surely. On the other hand, item (ii) of Lemma 4.5.9, Lemma 4.5.12 and Proposition 4.5.8 imply that,
for all & > 0, it holds that

dp, () < dimye (U1 (200 0B, (200 ) < 208, (200 71) = 20cdy, (2071,

-1
v

almost surely. Since the singularity spectrum d, is known, this concludes the proof. O

4.A Proof of Proposition 4.3.2

The proof of Proposition 4.3.2 follows similar steps of the proof in [RV14a, Theorem 4.1]. However, our
proof accommodates general log-correlated Gaussian fields. Indeed, it is not enough to prove the result for an
exactly stochastically scale invariant field, and then deduce the result for all log-correlated fields, by means of
Kahane’s convexity inequality (see Lemma A.o0.2). This is due to the fact that in the proof we need to consider

moments of certain integrals of the field that involve indicator functions depending on the field itself.

Since the conclusion of Proposition 4.3.2 trivially holds for Yy = 0, we may assume 'y # 0. The proof is

essentially based on the following proposition and on a standard Borel-Cantelli argument.

Proposition 4.A.1. Let y? < 2d, ¢> < 2d/v? and define « = d + (1/2 — q)y>. For p > 0and E > 0, there
exist constants C, b, C', V' > 0 such that for r € (0, 1] small enough it holds that

E [ngy ({z €D, ¢ py(B(z,7)) > Er“*ﬁ})] <Crt, 4.A.1)

and

E [y ({z €Dy ¢ py(B(z,7)) < Er<tBh)] <t (4.A.2)

where D, = {x € D : dist(z,dD) < r}.

Proof. The proof can be found in Subsection 4.A.1. O

We are now ready to prove Proposition 4.3.2.

Proof of Proposition 4.3.2. Fix 3 > 0andlet « = d+ (1/2 — q)y?. Forn € N, we define the following sets
Ul Z{x €Dy : my(Bla,r)) <r* P vrelo,27m)},

and
L7 = {x €Dyn : py(Bla,r)) > r*tP vrelo,27")} ,

def

where we recall that D, = {z € D : dist(x,9D) < r}. We claim that for every ¢ > 0, there exists almost
surely a finite /N € IN such that

hay (U)) <es gy (1)) <

Thanks to Proposition 4.A.1 with E = 2~(*~B) and to Markov’s inequality, we know that there exist constants
C > 0 and b > 0 such that for » € (0, 1] small enough, it holds that

P (qu ({m €D, : n(B(x,r)) > 2—(0‘—6)7»«—[3}) > r%)
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r

o

IN

E [y ({r€Dr ¢y (Bl > 20081

wlor

IA

Cr

For n € N, taking r = 277, thanks to the Borel-Cantelli lemma, we get that the events

(i (12 € Do 5 1y (Bl 2) > (2771 F)) = 27)E))

neN

occur only finitely often almost surely. Therefore, for all ¢ > 0, there exists almost surely a finite N € IN such
that

oy | U {2 €Dav s iy (B, 27m) > 277 )% P < S (@) <.

n>N n>N

Let z € (U)Y), then there exists 7 € [0,27") such that ., (B(z,r)) > r*~B. Since there exists n > N
such that 27771 < r < 277 we get

Wy (B(2,27")) 2wy (Bx,r)) > r* P > (27771 * P,

which implies that

by (U)) Sty | U {z€ Do iy (B@,27) > 27771 P} ) <e.
n>N

A similar argument can be used to prove that for every ¢ > 0, there exists almost surely a finite N € IN such
that pgy ((L2)¢) < e. Therefore, introducing the sets

. R Bla,
Uy“szU;L:{xeD:hwgwaa—ﬁ},
nelN

. . 1 B(z,
L2 ={eeD : timaup 8 BE@0) gl
Y Y logr

neN r—0

since € > 0 is arbitrary and U. N szv are increasing sets, we obtain that
C
Hgy ((Lv n Uv) ) =0.

The conclusion then follows from the arbitrariness of 3 > 0. O

4.A.1 Proof of Proposition 4.A.1

The objective of this subsection is to prove Proposition 4.A.1. For simplicity, but without loss of generality,

we assume that D = (—1,1)%. The proof is based on Lemma 4.2.1 and on the following two lemmas.

Lemma 4.A.2. Fory? < 2d and ¢*> < 2d/v?, there exista € (0,1] and C > 0 such that

YXe@-3VEX @\ T
sup [E / 5 dx <C
£>0 (=1,1)4 (|| + e)av

Proof. The proof can be found in Subsection 4.A.2. O
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Lemma 4.A.3. Fory? < 2d and ¢* < 2d/v?, there exists C > 0 such that

YXe (@) 3VEX @7\
sup E / 3 dz <C.
£>0 [—1/2,1/2]¢ (Jz| +e)rv

Proof. The proof can be found in Subsection 4.A.2. 0

Proof of Proposition 4.A.1. We split the proof into two parts. We start by proving (4.A.1) and then we move
to the proof of (4.A.2). For simplicity, but without loss of generality, we consider the case £ = 1.

Proof of (4.A.1). Letr € (0,1] and 2 € D,., where we recall that we are assuming that D = (—1,1)%. Fix ¢,
¢’ > 0 so that ¢’ < re. Then by Girsanov’s theorem (see Lemma A.o0.1), we have that

1.2.2 2
E |1 TV X (@)= 307 Y E[X s (2)7]
{fB(w) Y Xre(w)— 3 V2E[Xpe (u)2]du>To<—[3}

- (/ eVXrg(u)-‘quQIE[Xm(u)XE/(9:)]—%Y21E[XN(U)2]du > rOé—B)
B(z,r)

VX ()= 3Y2EX e (w)?]
<P eV2K‘q|/ ¢ - du> B 4-A.3)
B(xz,r) (‘U*$| +7»-E)qY

where the last inequality is justified by the fact that, thanks to property (P2), for z, y € (—1, 1), there exists
K > 0 such that

—log(|lz —y|+re) = K < B[X;e(2)Xer(y)] < —log (|Jz —y| +7e) + K .

Now, let 27 = SUP,c B(z.r) X, (u) — X,.(x), then by changing variables, we see that the integral in (4.A.3) can

be upper bounded as follows

VX (W)= FYZE[X e (0)?]
/B(a:,r) (|u - :17| + 7»8)(11/2

Kpe () =Xp (1)) — V2 E[Xpe (u)?
gev(ﬂf-irxr(w))/ e e (73 (N 72y [2 )
B(z,r) (|U‘ - 1" + TE)qY

Xpe (rutz) =X, (rutz))— = 2E Xye (rus 2
:rd—QYzeV(Qf-&-Xr(x))/ Y Xre (ruta) =X, (rutz)) 22v Xpe (ruta) ]du
B(0,1) (Jul +€)av

Xy (rutaz) =X, (rutaz))+ 1y lo
< rtxe%szﬂ/(ﬂ%Xr(m))/ SR 2)) 2 gadu. (4.A.4)
B(0,1) (Jul + €)oY

Substituting the last expression of (4.A.4) back into (4.A.3), we obtain that

X ()= 2 ®> V2 E[X,/ (x)?
IE |:]l{fB< , eVer(“)*%VQJE[X'r'E (“)2]du>rc¢fﬁ}eqy e ( ) 34°Y ]E[ e ( ) ]} (4'A.5)

TUTI)— TUTIT 1,2
<P @Y2K(1/2+|q|)+v(Q§+Xr(x))/ ey e lrute)  (rurelzy loggdu > P
- B(0,1) (|u] + ¢)av®

<P (eyzK(1/2+lq|)+vQ,’f > T—%) +P (evx,‘(m) S r_g>

ey(XN(ru-{—x)—XT(ru—&-x))—i-%yz log € B
+P / du>r—3 | .
B(0,1)

(Juf + e)av*
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We note that all the three terms decay polynomially in r, for 7 € (0, 1] small enough, uniformly in z € D,
and ¢, ¢/ € (0,1]. Indeed, for the first term this follows from Lemma 4.2.1 and Markov’s inequality. For
the second term, this follows from the fact that X,.(x) is a centred Gaussian random variable with variance
E[X,(z)?] = —logr + O(1) (see [MP10, Lemma 12.9]). Finally, for the third term this follows from
property (P2), Kahane’s convexity inequality? (see Lemma A.0.2), Lemma 4.A.2, and Markov’s inequality
again. Therefore, for € (0, 1] small enough, integrating over = € D,. the expression in (4.A.5) and putting
everything together, we can see that there exist finite constants C', b > 0 such that for all ¢, ¢’ € (0, 1], it holds

that

1.2,.,2 2
E 1 TV X (@)= 3V EBX o (2)] g0 | < O
b, {IB(M) evxri(u)*%VZE[XTE(U)Q]du>T(x—B} =

Now, thanks to Proposition 4.2.2, we know that the sequence of measures (Kgy, e’ )¢’ (0,1] CONVErges to pgy in
probability in the topology of weak convergence of measures. Therefore, thanks to Portmanteau lemma and

Fatou’s lemma, we get that

E |:~/D ]l{fB(a; " ¥ Xre (W)= FYZEXre (2] gy S poa— B } Hqy (dl‘):|
r T

. avX (@)= 3V E[X,/ (2)]
< liminfIE / 1 VXpe (0= 3¥2EXpe (02 gy amplC T 2 eh dx
n— o0 D, fB(z.r) e u>r

)

for a sequence (&, ), N converging to zero. Therefore, since C' and b are independent of ¢/,, we have that

E |:/D ]l{fB( , eYX”(u)_éy2]}:[x”(“)2]du>r“—ﬁ}H‘IY(dl‘):l < C’I"b . (4.A.6)

Finally, using (4.A.6) and Fatou’s lemma again, we obtain that

E [/D ]1{uy<B<z,r>>>Mﬁ}uqy(dw)}

< lgggéflE {/D 1{IB(W) &Y Xren (0= 3Y2EXrey (2] gy pap } qu(dl‘)]

<crt,

for a sequence (¢,,),eN converging to zero. The conclusion follows since C' and b are independent also of €.

Proof of (4.A.2). We shall be brief here since the argument is similar to that used in the proof of (4.A.1). Let
r € (0,1] and z € D,,, where we recall that we are assuming that D = (—1,1)%. Fix ¢, ¢’ € (0, 1] so that

¢/ < re. Then by Girsanov’s theorem (see Lemma A.o.1) and property (P2), we have

X (@)= 3V E[X ./ (2)?]
E |1 . edYSe! 2 e
{fB@,T) erv'z(U)*%Vzﬂ‘«[xrs(U)z]du<rcx+[5}

YXpe (1) — 3Y2E[X e (u)?]
<P <eV2K‘1l/( ) ¢ ’ du < r“+f5> . 4.A7)
B(xz,r

(Ju — x| + re)av?

Now, let Q¥ = inf, ¢ p(z,r) Xr(u) — X, (), then by proceeding in the same way as in the proof of (4.A.1), we
can see that the right-hand side of (4.A.7) can be lower bounded as follows

VX (W)= FYZE[X e (0)?]
/B(:L’,r) (|u - ‘T| + rs)qv2

2More precisely, for a fixed z € Dy, one can readily verify that the covariance of the field (Xy¢ (ru + @) — Xy (ru + %)y B(0,1)
is comparable with that of the e-regularisation of the d-dimensional exactly scale invariant log-correlated Gaussian field.
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Xpe(rutz)—X . (rutz +1 2,
S P BV KRV OQF X, (2) / e ) R Y R (4.A.8)
B(0,1) (Jul + €)av

Substituting the last expression of (4.A.8) back into (4.A.7), we obtain that

1.2.,2 2
E |1 . eV X/ (2) = 54"V E[X s (2)7]
{IB(“) errz(U)—§Y2]E[er(u)2]du<ro<+[3}

<P (G—YQK(1/2+|q|>+vQ: < T%) LP (evxrm < T%)

ey(XN(ru+m)er(ru+z))+%y2 log & p 5
P <rs|.
(L, (ul + &) et

Thanks to Lemmas 4.2.1 and 4.A.3, the conclusion then follows as in the proof of (4.A.1). O

4.A.2 Proofs of Lemmas 4.A.2 and 4.A.3

We finish by proving Lemmas 4.A.2 and 4.A.3. We recall once again that, for simplicity, we are assuming that
D= (-1,1)%

Proof of Lemma 4.A.2. For ¢ > 0 and a € (0, 1], we define the quantity

oYX (@)~ 1V E[X (2)?] . ¢
.’E 9
[Lm (|z] + e)or?

and we need to prove that there exists @ € (0, 1] such that U can be uniformly bounded in ¢ > 0. We split

U*EE

€

the proof into two parts. In the first part we focus on ¢ € (—+v/2d/7, 0], while in the second part we focus on

q € (0,v2d/y).

Case g € (—/2d/vy,0]: Since |z| + & < Vd+ 1forallz € (—1,1)? and & > 0, we can write

Ue < (Vd+1)" B

a
(/ eYXs(w)—év%E[Xg(x)Q]dm) ‘| < C(\/E—‘r 1)—aqy2 7
(_171)d

where the existence of the constant C' > 0, independent of € > 0, follows from Jensen’s inequality.

Case g € (0,v2d/v): If ¢ € (1/2,1], then we have that

(/ e'YXz:(QC _éYZE[XE(m)2]dx>
(=1,1)4

where the existence of the constant C' > 0, independent of € € (1/2, 1], follows from Jensen’s inequality.
We now assume that ¢ € (0,1/2]. Then there exists a unique n € IN such that 27"~1 < ¢ < 27", For all
ke{0,1,...,n}, welet Q = (—2~% 27%)4 Then by sub-additivity of the function z — z for a € (0, 1],

we have that
oYXe (@) -3V EX ()2 \ ] nzl oYXe (@)= 3V EX ()] \“
dx + E / dzr
</ n (|I| + 8)[”2 ;;) Qr\Qr+1 (|CC| + s)qy2

eYXe (2 "2) = 5 ¥2E[X, (27 "2)?] “
dx
/(—1,1)d (|| + 2ne)av?

Us < 20°E < 2’

Ut <E

< ona(qy?—d)|g
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a
([ memind)]
Qr\Qr+1
/ VX (27Ma)~ 3VPE[X e (27 "0)?] gy
(,111)d
n-l —k 2 —k 2 ¢
</( 1,1)d R e ]d$> 1 . A9

4 gad Z o(k+1)a(qy*~d)|p
Now let k € {0,1,...,n}, then we want to estimate the following quantity

k=0
/ eyXE(Z’km)fﬁyzﬁ[xg(Qikz)z]dx .
(71’1)[1

Thanks to property (P2), for x, y € (—1,1), there exists K > 0 such that

n—1
+ Z 2(k+1)a<ZY2IE
k=0

< gnalay*~d)g

E

E[X. (27 %2)X, (27%y)] > —log (|x — y| + 2"¢) + log (2") — K,

and therefore, if we let Z and 2, be two real normal random variables independent from everything else
with variance 2K and log 2%, respectively, then

E[(Xe(27%2) + Z)(Xe (27%y) + 2)] 2 B[(Xore (2) + Qp-r) (Xore () + Qo)) -

Since the function z — z® for a € (0,1] is concave, thanks to Kahane’s convexity inequality (see
Lemma A.0.2), we have that

(/ eYXs(2_kfF)§Y2]E[Xe(2_k1)2]dx> ]
(71’1)(1

_ reK(ap </ ev<><e<2-m+z>;v%[(xaa-kmwzf]dﬂc) ]
(_171)d

E

a
< ey%K(l—a)lE </ eV(sze(x)-i-QQk)—éYzlE[(szE(x)-ﬁ-Qgk)qdm) ‘|
(_lal)d

(7171)d

_ ey‘ZaK(lfa)IE >eyaﬂ2_k7%ay2]E[Q§7k]} E

< Oey2aK(1fa)2%y2ka(a71)

3

where the existence of the constant C' > 0, independent of ¢ € (0, 1/2], follows from Jensen’s inequality.
Hence, going back to (4.A.9), letting

ef 1 1
Sq = (d + 51/2 - QYQ) a— 51/2@2 ) (4.A.10)

we obtain that
n
—ksq
U<y 27k,
k=0

where the implicit constant does not depend on n. It can be easily verified that for each y? < 2d and
q € (0,v2d/y) there exists @ € (0,1] such that sz > 0. In particular, this implies that UZ is uniformly
bounded in ¢ € [0, 1/2), which proves the result. O
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Proof of Lemma 4.A.3. For every € > 0, we define

VX (@) -3V EX @7\
UZ SR / ¢ L e
121200 (2] + €)Y

We need to prove that U ! can be uniformly bounded in ¢ > 0. We split the proof into two cases.

Case ¢ € [0,v/2d/y). In this case, since |z| + ¢ < y/d/2 + 1 forall x € [~1/2,1/2]? and € > 0, we can

write

e>0 e>0

-1
sup Ua_l <( /d/2 + 1)(11/2 sup E (/ eva(x)—§Y2lE[X5(x)2]d$> < C(Vd/2 + 1)(IY2 ,
(—1/2,1/2]¢

where the existence of the constant C' > 0, independent of ¢ > 0, follows from Proposition 4.2.3.

Case ¢ € (—v2d/v,0). In this case, we can simply proceed as follows

VX (@-IVEX (@2 \
U'<E / 3 dz ,
B(1/4,1/8) (Jz| +€)7v

and since |z| + ¢ > 1/8 forall x € B(1/4,1/8) and ¢ > 0, we can write

-1

supU7' < (1/8)"7" sup / eYXe (@) =3V EXe (2)%] g, <o1/8)" ",
£>0 £>0 B(1/4,1/8)

and also in this case the existence of the constant C' > 0, independent of ¢ > 0, follows from Proposition 4.2.3.

O

4.B  Finiteness of positive moments of v,

In this section, we adopt the same notation used in Section 4.5. The main goal is to prove that the moments of
order g € (0,4/ y2) of the measure v, defined in (4.5.4), are uniformly bounded. The techniques used in the
proof of this result are inspired from [BP24, Section 3]. Moreover, we mention that this result has been proved
in the planar case in [Ber15, Subsection 3.2], but the proof does not trivially generalise to all dimensions.
Before stating and proving the result, it may be worth recalling that the measure v, can be interpreted as the

weak limit of the sequence of approximated measures (Vy ¢ ). >0 defined in (4.5.5).

Proposition 4.B.1. Let y? < 4 and q € (0,4/v?). Then it holds that

q
supE® E K/T eYXe(Bs)élE[Xs(Bs)z]]dS> } <00,
>0 0

where we recall that T denotes the first exit time of B from D.
Proof. As in the proof of Proposition 4.5.6, thanks to Kahane’s convexity inequality (see Lemma A.0.2), we

can assume X to be the d-dimensional exactly scale invariant field. Moreover, without loss of generality,

we can consider ¢ > 1. In order to keep the notation not too cumbersome, we will give the proof only for
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q € (1,2A4/v?). Notice that this is not restrictive if y> € [2,4). The case in which y? < 2and q € [2,4/v?)
is discussed at the end.

For simplicity, we consider the case D = (0,1)¢. We fix ¢ > 0, then letting a = ¢ — 1 € (0,1), using
Fubini’s theorem, Girsanov’s theorem (see Lemma A.o.1), and the analogue of property (P2) for the exactly

scale invariant field X, we obtain that

q
-
0

T r T a
=E / E evXS(Bs)—%vzlE[Xc(Bs)z] </ eyxg(BT)—;yzm[xE(Bm]dT) }ds]
0 0

T
=E / E
0 L
T [ [T evXe(B)- 1V EXc(B,)?] “
<E E dr ds| . B.1
(VA (4850

If € € (1/2,1], then thanks to the concavity of the function x — x® for a € (0, 1), using Jensen’s inequality,

(/T evxe(B,.)+v21E[X£(BS)XE(BT)];YQE[XE(BT-)ﬂdr) } ds]
0

we have that

Xe(Br)— v E[X (B)? ¢ ¢
/T e¥Xe(Br) =3V BXc( 2) ]dr <20 {/T eyXE(Br)évzlE[xe(Bv-)Q]dr} —9av’ra
0 (|Br — Bs| + €)Y 0

E

Therefore, substituting this estimate into (4.B.1), we get that

T q

E®E K/ eVXf<Bs>—éYQTE[XJBs)Q]ds) ] <2 B[t < o0,
0

where the last inequality follows from the fact that T has exponentially decaying tail. We now assume that ¢ €

(0,1/2]. Then there exists a unique n € IN such that 27771 < ¢ < 27" Forx € R?and k € {0,1,...,n},

we let Q. () be the open box of side length 27%+1 centred at =, i.e., Q1 (z) = (—27%,27%)¢ + 2. Then by

sub-additivity of the function z — x* for a € (0, 1), we have that

T ¥Xe(B)-3vVEX. (B \ ¢
/ —dr
o (|B, — Bs| + €)Y

E

E T e‘YXz(BT)—%-Y2]E[XE(BT)2] ; ) u
<
- /0 (|B, — Bs| + €)¥* {B,€Q.(B,)}ar
n T GYXE(BT)_%’Y2IE[X£(BT)2] u
E 1 ]
+ ,; </0 (B =B+ o) (BreQoi(B\Qu(B) .
S QHQVQIE

T €YX£(BT)_%V21E[X5(B$] ’
/O (27|B, — Bg| + 27L5>V2 ]l{B"eQ"(BS)}dT
n 2 T 1.2 2 ¢
+22kay E [(/ eYXe(Br)— 5V E[Xe(Br) ]ﬂ{Brer—l(BS)}dr> }
k=1 0
. a
< 2nav21E |:</0 eyXE(BT)—;yzlE[Xs(Br)Q]]l{BTGQn(BS)}dT) :|

n T a
+szay21E K/O eng(B,«)éyQIE[Xg(Br)Q]ﬂ{BTEQkI(BS)}d’r> } . (4B.2)
k=1



Chapter 4. Multifractal analysis of Gaussian multiplicative chaos and applications 182

Now let k € {0,1,...,n}, then we want to estimate the following quantity

T a
. K/o ¥ (B iy B (B ]]l{BrEQk(Bs)}dT) } '

Using the translation and scaling invariance of the field X, Jensen’s inequality, and Fubini’s theorem, we can

proceed as follows

T a

_E K/T VX2 (B— B Bo)— 1y EIX. (27 (2 (Bo - B.) 4 B.)’)

a
O 1{2k(B,,,Bs)er(0)}dT) }

T a
—E {evaﬂﬂ—;vzam[ﬂﬁk] (/0 evxzkf(2’“(B7~—Bs>>—;vzns[xgke(2’“(BT—BS))z]ﬂ{zk(BT_BS)GQO(O)}dr> ]

T a
< 2R [/0 eYX2k£(2k(BTBS));YQIE[XQkE(Qk(BTBS))Z]]1{2k(Br—Bs)€Q0(0)}dT:|

1,22 1.2, T e
_ ok(3vai~ Ly )(/O ]I{Qk(BTBS)EQo(O)}dT) , (4.B.3)

where we recall that {2, denotes an independent centred Gaussian random variable with variance log(2").
Therefore, plugging estimate (4.B.3) into (4.B.2), we obtain that

* 6YX5(BT)_%V2]E[XE(BT)2] ¢ o 1,22, 1.2 T @
< k(zv“a®+5v7a) ‘
(/0 (B, — Bs| + ) dr) 1S ;;2 (/0 ]1{2k<BrBs>er<o>}dT> :

Hence, integrating the previous expression over s € [0, 7] and then taking expectation with respect to B,

E

recalling inequality (4.B.1), we have that

q
E®E K/T evxs(Bs)—;VQIE[XZ(BsV]dS) }
0
n F(Ly2a4 Ly2a) T T a
S 22 2 2 E /0 /(; ]1{2}"’(Br—Bs)EQ0(O)}dT ds| . (4B4)
k=0

We now estimate the expectation with respect to B on the right-hand side of the above expression. For all

k € {0,1,...,n}, applying Jensen’s inequality two times, we obtain that

T T a 1—a T T a
E[/ (/ ﬂ{szT—Bs)er(m}dT) dé’] <E{Ta/ / ]1{2k<BT—Bs>er(0)}de5} :
0 0 0 0

In particular, letting o« € (0,2), using Markov’s inequality, Cauchy—Schwarz’s inequality, and proceeding

similarly to the proof of Lemma 4.5.1, we have that

l—a T T
E|:Ta /O /0 ﬂ{zk(BrBaer(O)}drdS}

1—a T T
=> E [ﬂ{n/—ls«n}’f“/ / 1{2k<BT—Bs)er<o>}d’“dS}
nelN 0 0

‘e n prn
<Y neE ﬂ{ndﬁmn}/ / L2k (B,-B,)eQo(0)}drds
0 0

neN

gzn%“P(Qn_n%/ / P(|B, — B,| < 27" )drds
0 0

neN
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n
< 2_“(1"_1)E[|Bl|_2°‘]% Z 2nkTa+1P(T >n— 1)%/ r3dr,
nelN 0
and the latter series is obviously finite since we chose & € (0,2) and T has exponentially decaying tail.

Therefore, going back to (4.B.4), we have that

q n
E [(/T eyXE(BS)§y21E[X5(BS)2]dS> } < sza(%ﬁa%v"‘w) 7
0 k=0

where the implicit constant does not depend on n. To conclude it is sufficient to notice that for a < 4/vy? — 1,

there exists o« € (0,2) such that y?a/2 +v?/2 — « < 0.

We emphasise that, if y? < 2, we only showed the existence of moments of order g € (0,2). If ¢ € (0,4/v?),
it suffices to choose n € IN such that n < ¢ < n+1. Then, by applying Girsanov’s theorem n times in (4.B.1),
we obtain an expression similar to the last line of (4.B.1) except that we get an integral with n singularities.

This expression can be treated by reproducing the same argument as above and so the details are omitted. [
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Chapter 5

Scaling limits of planar maps under the
Smith embedding

Abstract. The Smith embedding of a finite planar map with two marked vertices, possibly with conductances on the
edges, is a way of representing the map as a tiling of a finite cylinder by rectangles. In this embedding, each edge of
the planar map corresponds to a rectangle, and each vertex corresponds to a horizontal segment. Given a sequence
of finite planar maps embedded in an infinite cylinder, such that the random walk on both the map and its planar
dual converges to Brownian motion modulo time change, we prove that the a priori embedding is close to an affine
transformation of the Smith embedding at large scales. By applying this result, we prove that the Smith embeddings
of mated-CRT maps with the sphere topology converge to y-LQG.

5.1 Introduction and main result

The main result of this chapter concerns the scaling limit of general (random) planar maps under the Smith
embedding. More precisely, we consider a sequence of finite planar maps, each of which comes with an
embedding into an infinite cylinder, referred to as the a priori embedding. Under the assumption that both
the sequence of maps and their duals satisfy an invariance principle, we show that the a priori embedding is
close to an affine transformation of the Smith embedding at large scales. We then apply this result to prove
the convergence of the Smith embeddings of mated-CRT maps to LQG. We refer the reader to Section 1.4 for
a brief introduction to LQG, planar maps, and their connection.

Throughout the chapter, we always write weighted planar map for a planar map with edge conductances.
Moreover, throughout the chapter, we allow all of our planar maps to have multiple edges and self-loops. In
order to state our main theorem, we need to introduce some notation. Given a planar graph G, we denote
the sets of vertices, edges, and faces of G by VG, £G, and FG, respectively. We consider a doubly marked
finite weighted planar map (G, ¢, vg, v1), where vg, v1 € VG are the two marked vertices, and ¢ = {c.}eceg
is a collection of positive unoriented weights called conductances. We assume that we are given a proper

embedding of the map in the infinite cylinder Co 2R /2nZ x R in the sense of the following definition.

Definition 5.1.1. An embedding of the quadruple (G, ¢, vg, v1) in the infinite cylinder Ca is said to be proper
if:

(a) the edges in £G are continuous and do not cross;
(b) the graph G is connected;

(c) the two marked vertices vy and v; are mapped to —oo and +o0, respectively.
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We observe that, if (G, ¢, vg, v1 ) is properly embedded in Coyr, then the set of unmarked vertices Vg is contained
in Copr; each edge in £G is a curve in Co,; that does not cross any other edge, except possibly at its endpoints;
and each face in F§ is a connected component in Ca,r of the complement of the embedded graph G. Since
the two marked vertices are mapped to oo, this implies that there exists an infinite face at each end of the
cylinder Co;. In what follows, we use the convention to identify each vertex in VG with its a priori embedding,
i.e., if z € VG then we view « as a point in Ca,;. Furthermore, for a set K C Caorr, we write

VGK)={zeVG:ze K}

~

We denote by (G, ¢) the dual weighted planar graph associated to (G, ¢), where the conductance ¢z of a dual
edgee €& Gis equal to the resistance of the corresponding primal edge e € £, i.e., we set ¢z £1 /ce. We

assume that (QA , €) is properly embedded in the infinite cylinder Co, in the sense of the following definition.

Definition 5.1.2. An embedding of the dual weighted planar graph (QA ,¢) associated to (G, ¢) in the infinite

cylinder Co; is said to be proper if:
(a) every vertex of Q\ is contained in a face of G;

(b) every edge e of G is crossed exactly at one point by a single edge € of G which joins the two faces

incident to e.

If an edge e € £G is oriented, the orientation of the corresponding dual edge € € £G can be obtained by

rotating e counter-clockwise. As for the primal graph, given a set K C Car, We write

VG(K) £ {ZeVG TeK]).

5.1.1  Smith embedding

We are now ready to provide a somewhat informal description of the Smith embedding of a given doubly
marked finite weighted planar map (G, ¢, vo,v1). The precise definition will be given in Section 5.2. As
mentioned earlier, the Smith embedding of a planar map was first introduced by Brooks, Smith, Stone, and

Tutte in [BSST40], and later generalised to infinite planar graphs by Benjamini and Schramm in [BSg6].

The Smith embedding of the quadruple (G, ¢, vg, v1) is constructed by means of a tiling by rectangles of a
finite cylinder C, = R/MZ x [0, 1], where 1 is a positive number which depends on (G, c). Each vertex
x € VG is represented by a horizontal line segment H,, each edge e € £G by a rectangle R, and each dual
vertex 7 € VG by a vertical line segment V3. In particular, since each edge e € £G corresponds to a rectangle
in the tiling, we need to specify four coordinates for each edge. This is done by means of the voltage function
b : VG — [0,1] and its discrete harmonic conjugate o : VG — R/nZ.

The function b is the unique function on VG which is discrete harmonic on VG \ {wvg,v1} (with respect to the
conductances ¢) with boundary conditions given by h(vg) = 0 and h(vy) = 1, i.e.,

h(x) = P, (X hits vy before vg), Va € VG,
where P, denotes the law of the (weighted) random walk X7 on (G, c) started from x. We refer to Subsec-
tion 5.2.3 for more details.

The function tv is the function on V§ that satisfies the discrete Cauchy—Riemann equation associated to b, i.e.,

it is the function on the set of dual vertices VG whose difference at the endpoints of each edge of Gis equal to
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the difference of b at the endpoints of the corresponding primal edge times its conductance. As we will see in
Subsection 5.2.4, the function tv is only defined modulo nZ and modulo an additive constant that can be fixed
by imposing that tv is equal to zero on a chosen dual vertex. In particular, the choice of the additive constant

of w fixes the rotation of the cylinder in which the tiling takes place.
Now, we can specify the various objects involved in the definition of the Smith embedding.

* Foreachedge e € £G, the rectangle R, corresponds to the rectangle on C,, such that the height coordinates
of the top and bottom sides are given by the values of § at the endpoints of e, and the width coordinates of
the left and right sides of R, are given by the values of tv at the endpoints of the corresponding dual edge

~

e.

* For each vertex z € VG, the horizontal segment H,, corresponds to the maximal horizontal segment which
lies on the boundaries of all the rectangles corresponding to the edges incident to z.

« For each dual vertex Z € VG, the vertical segment Vz corresponds to the maximal vertical segment which
is tangent with all rectangles corresponding to primal edges surrounding Z.

def def

We call the map S : £ UVG U VG — Cn such that S(e) = R,, S(z) = H,, and S(F) = V; the riling
map associated to the quadruple (G, ¢, v, v1). We refer to Figure 5.1 for a diagrammatic illustration of the
tiling map associated to a given quadruple (G, ¢, v, v1). We define the Smith embedding S associated to the

quadruple (G, ¢, vg, v1) as the function from VG to R/mZ x [0, 1] given by
S(z) £ mid(H,), Yz e Vg, (5.1.1)

where mid(H,,) corresponds to the middle point of the horizontal line segment H,'. We refer to Subsec-
tion 5.2.5 for precise definitions.

FiGure 5.1: Left: A doubly marked finite weighted planar graph (G, ¢, vo, v1), drawn in grey, properly
embedded in the infinite cylinder C2, with the two_ marked vertices vg and v drawn in black. Drawn in red
is the corresponding weighted dual planar graph (G, ¢), which is also properly embedded in C2~. Right: The
Smith diagram associated to (G, ¢, vo,v1) constructed via the tiling map S. The blue horizontal segment H,
corresponds to the vertex « € VG. The blue vertical segment Vz corresponds to the dual vertex T € VG. The
blue rectangle Re corresponds to the edge e € £G. In both the left and right figure, the two vertical lines with
an arrow are identified with each other.

IThis definition of the Smith embedding is somewhat arbitrary. Indeed, for each z € VG, one can define S (z) to be any arbitrary
point inside the horizontal segment H,.
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5.1.2 Main result

To state our main result, we consider a sequence of doubly marked finite weighted planar maps

{(gn’ cn’ Uga Ufl)}nélN’

and the sequence of associated weighted dual planar graphs {(Q\", ") }nen. The following assumptions are

made.

(H1) (Cylindrical embedding) For each n € IN, the quadruple (G, ¢™, vf}, v}") is properly embedded in the
infinite cylinder Cs,; in the sense of Definition 5.1.1. Furthermore, the associated weighted dual planar

graph (Q\", ¢") is also properly embedded in Co,; in the sense of Definition 5.1.2.

(H2) (Invariance principle on the primal graphs) For each n € IN, let (G'", ¢/™) be the lift of (G7, ¢™)
to the universal cover of Cy as specified in Subsection 5.2.2. View the embedded random walk on
(G, ctm), stopped when it traverses an unbounded edge, as a continuous curve in R? obtained by
piecewise linear interpolation at constant speed. For any K > 0 and for any z € R x [— K, K], the law
of the random walk on (G, ") started from the vertex 27 € VGT™ nearest to z weakly converges as
n — oo to the law of the Brownian motion on IR? started from z with respect to the local topology on
curves modulo time parameterisation induced by the metric (5.2.3), uniformly overall z € Rx [— K, K].

(H3) (Invariance principle on the dual graphs) For each n € IN, let (C?T’",ET’”) be the lift of (3”76”)
to the universal cover of Ca, as specified in Subsection 5.2.2. View the embedded random walk on
(QAT’", ¢"™) as a continuous curve in IR? obtained by piecewise linear interpolation at constant speed.
For any K > 0 and for any z € R x [~ K, K], the law of the random walk on (G, &) started from
the vertex 7 € VG nearest to z weakly converges as n — oo to the law of the Brownian motion on
IR? started from z with respect to the local topology on curves modulo time parameterisation induced

by the metric (5.2.3), uniformly over all z € R x [—-K, K].

Remark 5.1.3. It is natural to ask whether assumptions (H2) and (H3) are actually equivalent, i.e., if one
implies the other. We don’t have any strong reason to either believe or dismiss the equivalence of these two
assumptions. However, we emphasise that the local structure of the dual graph can differ significantly from the
primal one. For example, the Tutte embedding of a graph and its dual can look very different, particularly in
cases where one allows vertices of very high degree (which corresponds to having a very large face in the dual
graph). Therefore, without any restrictions on the sequences of planar maps, it might be possible to construct

examples where the walk and the dual walk behave very differently.

In what follows, given a point z € Capr, we write Re(x) € [0, 27) for its horizontal coordinate and Im(z) € R
for its height coordinate. Similarly, if © € C,,, then Re(z) € [0,n) denotes its horizontal coordinate and

Im(x) € [0, 1] denotes its height coordinate. We are now ready to state our main theorem.

Theorem 5.A. Consider a sequence {(G", c", v, v}) }nen of doubly marked finite weighted planar maps, and
let {(QA", ") }nen be the corresponding sequence of dual weighted planar graphs. Assume that assumptions
(H1), (H2), (H3) are satisfied. For each n € IN, let Sn 1 VG" = Cy,, denote the Smith embedding associated
with the quadruple (G",c", v}, v}) as specified in (5.1.1). There exist sequences {c%}nen, {02 }nen,
{b®}nen C R such that, if we define the affine transformation T,, : Cy,,, — Cax by

Re(T,z) = (27T Re(z) + b,“;) mod(2m) and Im(T,z) = ) Im(z) + bD, Vo ey,

Mn
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then, for all compact sets K C Cop, it holds that

lim sup  do T Sh(x ,x) =0,
n—)oozevgn(K) 7T( < ) )

where don denotes the Euclidean distance on the cylinder Cor.

FIGURE 5.2: Consider a planar map M with unit edge conductances and n edges, and a distinguished spanning
tree 7. Then (M, T) determines a quadrangulation G with n quadrilaterals obtained by replacing each edge
of M by a quadrilateral. Moreover, the path that “snakes” between 7 and its dual crosses the edges of G in
order. Shown here is the Smith diagram of an instance of G corresponding to a uniformly random (M, 7") pair
with two random points chosen as roots. Left: The squares in the figure are colored according to their order
with respect to the space-filling path that snakes between 7 and its dual, i.e., based on their position in the
cyclic ordering. Right: The squares in the figure are colored according to their Euclidean size. It is interesting
to compare the figure on the right with the square subdivisions associated to the y-LQG measure appearing,
e.g.,in [DS11, Figures 1, 2, 3]. The interested reader can find the Mathematica code used to generate the above
simulations in the GitHub repository [BGS23]. Additionally, the repository contains a PDF file with further
explanations on how these simulations were produced.

Theorem 5.A tells us that in order to say that the Smith embedding of (G, ¢™, vf}, v}) is close to a given
a priori embedding (up to translation and scaling), we only need to know a certain invariance principle for
random walk under the a priori embedding. This result is in some ways not surprising, since it is natural
to expect that if a simple random walk (and its dual) approximate Brownian motion, then discrete harmonic
functions (and their conjugate duals) should approximate continuum harmonic functions. However, showing
that this is actually true in the limit, and that the convergence is to the right continuum harmonic functions, will
require some new coupling tricks, which we hope may prove useful in other settings as well. More precisely,

the particular statement we obtain is far from obvious a priori, for two main reasons.
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* Our hypotheses only concern the macroscopic behaviour of the random walk on (G", ¢") in the bulk of
the cylinder. We do not need any hypotheses about how the random walk behaves when it gets close to
the marked vertices vg and v'. This may seem surprising at first glance since one could worry, e.g., that
the structure of (G™, ¢™) in small neighbourhoods of v} and v makes it much easier for random walk to
hit v than for it to hit 7', and so the height coordinate function h™ is close to zero on all of VG". What
allows us to get around this is the scaling and translation sequences {c },,en and {b0},en. We refer to

Subsection 5.4.1 for more details.

* The width coordinate tv™ is discrete harmonic but does not admit a simple direct description in terms of
the random walk on (G",¢"). For this reason, a fair amount of work is required to get from the invariance
principle for this random walk to a convergence statement for 1w". We refer to Subsection 5.4.2 for more

details.

We remark that the Smith embedding can be very far from the identity near the ends of the cylinder: what
is interesting, and perhaps surprising, is the generality in which we can show that the “bad behaviour” gets

“smoothed out” in the middle of the cylinder. This is apparent in the simulations presented in Figure 5.2.

As we will discuss in the next section, one application of Theorem 5.A is the convergence of the mated-CRT
map with the sphere topology to LQG under the Smith embedding. More generally, Theorem 5.A reduces the
problem of proving the convergence to LQG under the Smith embeddings for other types of random planar
maps to the problem of finding some a priori embeddings of the map and its dual under which the counting
measure on vertices converges to the LQG measure and the random walk on the map converges to Brownian

motion modulo time parametrisation.

5.1.3 Application to mated-CRT maps

Mated-CRT maps are a one-parameter family of random planar maps constructed and studied, e.g., in [GHS 19,
GMS19,DMS21,GMS21]. The mated-CRT maps are parameterised by a real parameter y € (0, 2) and are
in the universality class of y-LQG. In this chapter, we will be interested in mated-CRT maps with the sphere
topology. For each n € IN and y € (0,2), the n-mated-CRT map with the sphere topology is the random
planar triangulation G™ with vertex set given by

ef 1
g = ~Zn(0,1],

and an edge set defined by means of a condition involving a pair of linear Brownian motions. More precisely,

consider a two dimensional Brownian motion (L, R) with covariance matrix given by
mty?
Var(L;) = Var(R;) = |t], Cov(Ly, Ry) = —cos e t], (5.1.2)

and conditioned to stay in the first quadrant for one unit of time and end up at (0, 0), i.e., (L, R) is an excursion.

Then, two vertices x1, x2 € VG" are connected by an edge if and only if either

max{ inf Ly, inf Lt} < inf Ly, or
t€[z1—1/n,21] t€[za—1/n,x2] te€lzy,x0—1/n]

(5:1:3)

)
t€lz1—1/n,x1] t€lza—1/n,x2 z1,x2—1/n]

max{ inf R inf ]Rt} < : inf R;.
te
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The vertices in VG™ are connected by two edges if |x; — 23| # 1/n and both the conditions in (5.1.3) hold.
We observe that the condition for L in (5.1.3) is equivalent to the existence of a horizontal line segment
below the graph of L whose end points are of the form (¢, Ly, ) and (t2, Ly,) for t; € [x1 — 1/n, 2] and
to € [xo — 1/n, x2], and similarly for R. This allows us to give an equivalent, more geometric, version of the
definition of G™. In particular, this procedure assigns a natural planar map structure to the mated-CRT map

G"™, under which it is a triangulation. We refer to Figure 5.3 for a diagrammatic explanation of this procedure.

o A

17.n(0,1]

L

YINE

FiGURE 5.3: Left: A diagram showing the construction of the mated-CRT map with sphere topology and n = 8
vertices. To geometrically construct the mated-CRT map G", we draw the graphs of L and C' — R with a
chosen large constant C' > 0 to ensure that the graphs do not intersect. The region between the graphs is then
divided into vertical strips. Each strip corresponds to the vertex © € VG"™ which is the horizontal coordinate
of its rightmost point. Two vertices x1, x2 € VG" are connected by an edge if and only if their respective
vertical strips are connected by a horizontal line segment that is either below the graph of L or above the graph
of C' — R. For each pair of vertices for which the condition holds for L (resp. C — R), we have drawn the
lowest (resp. highest) segment which joins the corresponding vertical strips. We note that consecutive vertices
are always connected by an edge. Right: The graph G™ can be represented in the plane by connecting two
vertices z1, x2 € VG" with an arc below (resp. above) the real line if their vertical strips are connected by a
horizontal segment below (resp. above) the graph of L (resp. C' — R). Additionally, each pair of consecutive
vertices in VG" is connected by an edge. This representation gives G" a planar map structure under which it
is a triangulation. A similar illustration was shown in [GMS21].
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In [GMS21], Gwynne, Miller, and Sheffield proved that the Tutte embeddings of mated-CRT maps with the
disk topology converge to y-LQG. Thanks to our main theorem, we can prove an analogous result for the
Smith embeddings of mated-CRT maps with the sphere topology. More precisely, for each n € IN, pick two
marked vertices v, ] € VG"™2. Then, we can conformally map the sphere into the infinite cylinder Ca so

that the marked points are mapped to 00, and (G™, v, v}")? is properly embedded in Cay.

Theorem 5.B (Convergence of mated-CRT map). Fixy € (0,2) and let {(G", v, v}) }nen be the sequence
of doubly marked n-mated CRT map with the sphere topology embedded in Cor as specified above. There
exists a sequence of random affine transformations {T,, }pen from Cy, to Con of the form specified in the
statement of Theorem 5.A such that, if we let W,, be the push-forward with respect to the mapping z — T,z
of the counting measure on the set Sn(Vg”) scaled by 1/n, then we have the following convergences in

probability as n — oo.

(a) On each compact subset of Cor, the measure \,, weakly converges to the y-LQG measure associated to
a doubly marked unit area quantum sphere parameterised by Cor in such a way that its marked points
are at 00, as defined in [DMS21, Definition 4.21].

(b) On each compact subset of Cor, the image under the mapping z — T, z of the space-filling path on the
Smith embedded mated-CRT map on C,,, obtained from the left-right ordering of the vertices converges

2We refer to Section 5.5 for an explanation of how these two marked vertices are selected.
3Here, each edge in £G™ has unit conductance and so we do not specify the sequence of weights c as in the general case.
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uniformly with respect to the two-point compactification topology on the cylinder to space-filling SLE,;
on Con, with k = 16 /y2, parameterised by y-LQG mass.

(c) For z € Cagn, let 7} € VG" be the vertex nearest to z. The conditional law given G" of the image
under the mapping z — T, z of the simple random walk on the Smith-embedded mated-CRT map started
from S (x) and stopped when it hits one of the horizontal segments associated to the marked vertices
weakly converges to the law of Brownian motion on Cor started from z, modulo time parametrisation

and uniformly over all z in a compact subset of Cor.

To conclude, let us point out that item (a) of Theorem 5.B solves [ABL16, Question 1] for the case of

mated-CRT maps.

5.1.4 Outline

Most of the chapter is dedicated to proving Theorem 5.A, and it is organised as follows. In the first part of
Section 5.2, we provide some background material on weighted planar graphs and the theory of electrical
networks. We then move on to the precise construction of the tiling map and the definition of the Smith
embedding in Subsection 5.2.5. As mentioned earlier, this is achieved by introducing two harmonic maps:

one on the planar map itself and one on the associated dual planar map.

In Section 5.3, we establish and prove several properties of the Smith embedding. The most significant result
in this section is Lemma 5.3.17, which heuristically asserts that the conditional expected horizontal winding
of a Smith-embedded random walk, given the vertical coordinate, is zero. This property is crucial for proving
our main theorem. To prove this intermediate result, we rely on Lemma 5.3.14, which essentially states that
the conditional probability, given the vertical coordinate, that the Smith-embedded random walk hits a certain
horizontal line segment is proportional to the segment’s width. We note that a similar result, though without
conditioning on the vertical component, was previously obtained by Georgakopoulos [Geo16, Lemma 6.2] in

the context of infinite weighted planar graphs.

Section 5.4 forms the core of this chapter and contains the proof of Theorem 5.A, which is divided into two main
parts. In Subsection 5.4.1, we examine the height coordinate function, and in Subsection 5.4.2, we focus on the
width coordinate function. Specifically, the main result of Subsection 5.4.1 is Proposition 5.4.2, which roughly
states that the height coordinate of the a priori embedding is asymptotically close to an affine transformation
of the height coordinate of the Smith embedding. Similarly, the main result of Subsection 5.4.2 is Proposi-
tion 5.4.7, which states the analogous fact for the width coordinate. We refer to Subsections 5.4.1 and 5.4.2
for the proof outlines of the height and width coordinate results, respectively. Finally, in Subsection 5.4.3, we

show how to combine the results for the height coordinate and width coordinate to prove Theorem 5.A.

In Section 5.5, we provide a brief introduction to the relationship between mated-CRT maps and LQG. We
then prove in Subsection 5.5.2 that this family of random planar maps satisfies the assumptions of our main
result. Specifically, in Subsection 5.5.3, we apply our result to show that the scaling limit of mated-CRT maps

is Y-LQG, thereby proving Theorem 5.B.
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5.2 Background and setup

5.2.1 Basic definitions

We collect here some notation that will be used throughout the chapter.

5.2.1.1 Basic notation

We write IN for the set of positive integers and IN for the set of non-negative integers. Given n € IN and
j € No, welet [n] = {1,...,n}and [n]; = {j,...,n}, Furthermore, for n € N and j € Ny, we write [z,,]
to denote the collection of objects {1, ...,z } and [z,]; to denote the collection of objects {z;,...,z,}. If
a and b are two real numbers, we write a < b if there exists a constant C' > 0, independent of the values of a or
b and certain other parameters of interest, such that a < Cb, and we highlight the dependence of the implicit
constants when necessary. If a and b are two real numbers depending on a variable x, we write a = 0, (b) if
a/b tends to 0 as z — oo. We use the convention to identify IR? with C. In particular, given a point z € R?,

we write Re(x) (resp. Im(x)) for its horizontal (resp. vertical) coordinate.

5.2.1.2 Metric on curves modulo time parametrisation

For Ty, Ty € [0,00], let P : [0,T1] — R? and P : [0,75] — IR? be two continuous curves defined on
possibly different time intervals. We define

dMP (P, Py) Zinf sup |Pu(t) — Pa(d(1))], (5.2.1)
¢ tefo,11]

where the infimum is taken over all increasing homeomorphisms ¢ : [0,77] — [0, 72]. In case the intervals
[0, T3] and [0, T»] are not homeomorphic, we set d“MP(P;, Py) = co. It is known that d°™F induces a

complete metric on the set of curves viewed modulo time parametrisation (see [ABgg, Lemma 2.1]).

For curves defined for infinite time, it is convenient to have a local variant of the metric d™F. Assume that
Py : [0,00) = R?* and P, : [0,00) — IR? are two such curves. Then, for 7 > 0, let Ty - (resp. Tx,.) be the
first exit time of P; (resp. P») from the ball B(0, ) centred at 0 with radius r, or 0 if the curve starts outside
B(0,r). We define

dige” (P1, P2) déf/ e (1AM (Pilpory 1 Palios 1)) dr (5.2.2)
1

Remark 5.2.1. We observe that given a sequence { P, },en of continuous curves defined for infinite time,

CMP

then lim,, o d;;

(P, P) = 0, if and only if, for Lebesgue almost every r > 0, P, stopped at its first exit

time from B(0, ) converges to P stopped at its first exit time from B(0, ) with respect to the metric (5.2.1).

We also need to introduce a slightly different metric which is more natural when considering the universal
cover of the cylinder Cy (see Subsection 5.2.2). In this case, considering the same setting as above, for R > 0,
let S1,g (resp. Sz r) be the first exit time of Py (resp. P2) from R x [—R, R}, or 0 if the curve starts outside
R % [-R, R]. We define

Aoty (P, P2) ::/1 e (L AAMP (Piljg,5, o) Poli0,55 1)) AE. (5.2.3)
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5.2.1.3 Graph notation

Given a finite planar graph G, besides the notation related to G specified in the introduction, we need to
introduce some further nomenclature. In particular, in what follows, we use e € £G to denote both oriented
and unoriented edges. An oriented edge e € £G is oriented from its tail e~ to its head et. Furthermore,
given a vertex x € VG, we write VG (x) for the set of vertices y adjacent to z, i.e., such that there exists an
edge connecting x to y. For a vertex € VG, we denote by £G () the set of edges in £G incident to z. For a
fixed orientation of the edges in £G(x), we let EG¥(z) (resp. £GT(x)) be the set of edges in £G(x) with heads

(resp. tails) equal to z. Similar notation will also be used for the dual planar graph G.

Metric graph. We will need to consider the metric space associated to a planar graph G which can be
canonically built as follows. For each edge e € £G, we choose an arbitrary orientation of e and we let I. be
an isometric copy of the real unit interval [0, 1]. We define the metric space G associated with G to be the
quotient of Ueecggl. where we identify the endpoints of I, with the vertices e~ and e™, and we equip it with
the natural path metric d®. More precisely, for two points z, y lying on an edge of G, we define d®(x, %) to
be the Euclidean distance between x and y. For points z, y lying on different edges, we use the metric given
by the length of the shortest path between the two points, where distances are measured along the edges using
the Euclidean distance. We can also define the dual metric graph (ﬁ, and the associated metric dé, in a similar

way.

5.2.2 Universal cover

The concept of universal cover of a graph will play an important role in our analysis. If G is a graph embedded in
the infinite cylinder Co,, then there exists a canonical way to define its lift G to the universal covering space of
Car. More precisely, consider the universal cover (IR27 027) of Cax, Where the covering map ooy : R? — Copr
is defined by

Oan(t, ) = (e,2), V(t,2) € R%. (5.2.4)

Then, the lifted graph G can be constructed by taking every lift of every vertex and every edge of G in Cax
to the covering space IR2. We denote by VG and £GT the set of vertices and edges of the lifted graph G,
respectively. Moreover, we can also construct the lift of the dual graph QA to the universal covering space R?
in a similar way, and we denote it by G'. We adopt the following notational convention: if x € VG is a vertex,
then we denote by x € VG alift of x; if e € £G is an edge, then we denote by e € £GT alift of e; if T € VQA
is a dual vertex, then we denote by X € V,C'j T a lift of 7.

Moreover, if (G, ¢) is a finite weighted planar graph embedded in Ca,;, we can naturally assign to each lifted
edge e the conductance cf £ ¢., and we denote by (G, ct) the lifted weighted graph. By definition, the lifted
graph GT is periodic in the sense that if x1, x5 € VGT are two points in IR? such that Im(x;) = Im(x3) and
|Re(x1) — Re(x2)| € Ny, then 02,(x1) = 02-(x2). Finally, for a set K C R?, we write

VH(K) £ {xe Vg i xe K}, VGI(K)E{xeVg!: xeK).

Before proceeding, we recall the following simple result. An oriented path in G is a collection of oriented
edges e; - - - e, in £G such that ej' = ej_+1’ for all j € [n — 1]. Furthermore, if also efL =ej,thene;---e,

is called an oriented loop.
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FIGURE 5.4: Left: A doubly marked finite weighted planar graph (G, ¢, vo,v1), drawn in grey, properly
embedded in the infinite cylinder Ca, with the two marked vertices vo and v1 drawn in black. Middle: The
same doubly marked finite weighted planar graph as in the left figure together with its dual planar weighted
graph (G, ©), drawn in red, properly embedded in C2~. Right: A portion of the lifted weighted graph Gt ch,
drawn in grey, and the associated dual lifted graph (G, @"), drawn in red. In both the left and middle figure,
the two vertical lines with an arrow are identified with each other.

Lemma 5.2.2. Let ey - - - e,, be an oriented path in G. Let e, be a lift of e; to the lifted graph G1, then there

exists a unique path ey - - - e, in G' such that e; is a lift of e;, for all j € [n]s.

The main advantage of working in the universal cover of the cylinder is that we can keep track of the winding

of paths.

Definition 5.2.3. Let 0 < ¢; < t5, consider a path P : [t1,t3] — Cay, and let P : [t1,t5] — R? be a lift of P
to the universal cover. We define the winding of P by letting

windy, (P) = Re(P(tQ));ﬂRe(P(tl)).

We say that P winds around the cylinder if | winda,(P)| > 1. We say that P does a noncontractible loop
around the cylinder if there exist times ¢; < s; < sg < t5 such that P| [s1,52] winds around the cylinder and
P(Sl) = P(Sg).

5.2.3 Random walks and electrical networks

In this subsection, we briefly recall the main concepts in the theory of electrical networks and we refer to
[LP16,Nac20] for a complete introduction. Let (G, ¢, vg, v1) be a doubly marked finite weighted planar graph
properly embedded in the infinite cylinder Co,; in the sense of Definition 5.1.1 . The conductance of a vertex
x € VG is denoted by 7t(x) and it is defined to be the sum of the conductances of all the edges incident to z,
ie.,

m(z) = Z Ce, VaeVg.

e€€G(z)
Random walk. The random walk on (G, ¢) is the discrete time Markov chain X = {X,,},en, with state

space VG such that, for all n € INj,

Cay/T(T), Y€ VG(2),

]P(XnH =y| X, = x) =
0, otherwise.
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Given a vertex x € VG, we write P, and [E,, for the law and expectation of X started from x. Moreover,
we may write X* in order to emphasise that the random walk X is started from the vertex € VG. If the
conductance on every edge of the graph is equal to one, we call the random walk in this case simple random
walk. We note that we can define the the random walk X* on the lifted weighted planar graph (G, c!) in the

same way.

We emphasise that the random walk X* on the lifted weighted planar graph (G',c') can be canonically
“descended” via the covering map to arandom walk X * on the weighted planar graph (G, ¢), where £ = 02,(x)

is its starting point.

Estimate on the total variation distance. We now state and prove an elementary lemma for general weighted
planar graphs which allows to compare the total variation distance of the exit positions from a set for two

random walks started from two distinct points.

Lemma 5.2.4. Let (G, c) be a finite weighted planar graph and let W C VG. For x € VG, let X* be the
random walk on (G, ¢) started from x and let T,, be the first time that X* hits W. Then, for x, y € VG\ W, it
holds that

dmv (XfT , X;’y) < ]P(X:” |(0,x,] does not disconnect y from VV)7

where ATV denotes the total variation distance.

Proof. The proofis a variant of [GMS22, Lemma 3.12] with the difference that one should consider a weighted
spanning tree instead of a uniform spanning tree of the finite weighted planar graph (G, ¢). For the reader’s
convenience, we gather here a proof. The lemma is a consequence of Wilson’s algorithm. Consider the
weighted spanning tree T of the finite weighted planar graph (G, ¢), where all vertices of W are wired to a
single point. We recall that the weighted spanning tree 7 is chosen randomly from among all the spanning
trees with probability proportional to the product of the conductances along the edges of the tree. For x € VG,
let L* be the unique path in 7 from z to W. For a path P in G, write LE(P) for its chronological loop erasure.
By Wilson’s algorithm (see [LP16, Theorem 4.1]), we can generate the union L” U LY by using the following

procedure.
(a) Run X until time T, and generate the loop erasure LE(X"Y o ).
(b) Conditional on X¥[[g . ), run X until the first time T, that it hits either LE(XY|(o ) or W.
(¢) Set L* U LY = LE(X,|0.,) ULE(X"| (0 2,))-

Note that L, = LE(X"[,)) in the above procedure. Interchanging the roles of = and y in the above
procedure shows that L* and LE(X®|j «,]) have the same distribution. When constructing L* U LY as
described above, the points at which L* and LY hit W coincide if X hits LE(X¥|[,«,]) before reaching
W. In particular, this occurs when X*|(g -} disconnects y from W. Thus, there exists a coupling between
LE(X?|(0,x,]) and LE(XY[¢ «,]), Where the probability that these two loop erasures hit I¥" at the same point
is at least IP, (X |[o,r,] disconnects y from 1¥). Now, by observing that X7 corresponds to the point at which
LE(X?|o,x,)) first hit W, and similarly for y in place of , we obtain the desired result. O

Electrical network. There exists an extremely useful correspondence between random walks and Kirchhoff’s
theory of electric networks. Let (G, ¢, vg,v1) be as above and suppose that every edge e € £G is made of
conducting wires with conductance equals to c.. Connect a battery between v; and vy so that the voltage at
v1 is equal to one and the voltage at vg is equal to zero. Then certain currents will flow along the edges of

the graph establishing the voltage at each vertex x € VG \ {vg,v1}. An immediate consequence of physical
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laws is that the voltage function is harmonic on VG except at vy and v1. More formally, we have the following
definition.

Definition 5.2.5. The voltage function associated to the quadruple (G, ¢, vg, v1) is the unique function b :
VG — [0, 1] such that h(vg) = 0, h(vy) = 1, and

bh(z) = @ yegg:(m) Cwyh(y)v Va e VG \ {vg,v1}.

In view of the role that ) will play in the construction of the Smith embedding, we will also call § the height

coordinate function.

Given an edge e € £G, we say that e is harmonically oriented if h(et) > h(e™). In what follows, unless
otherwise specified, we always consider the harmonic orientation of the edges in £G. It is a remarkable fact
that the voltage function f admits a representation in terms of a random walk X on (G, ¢). More precisely, if

for all v € V@G, we define T, to be the first hitting time of v for X, then one can easily check that
h(x) = Py(Te, <To), Va€VG,

Moreover, since the voltage function § is harmonic on VG \ {vg, v }, if X is a random walk on (G, ¢) started
from = € VG and killed upon reaching the set {vg, v1}, then the process h(X*) is a martingale with respect
to the filtration generated by X*.

Remark 5.2.6. We note that we can canonically lift the voltage function b to the lifted weighted graph (GT, cf)
by setting b : VG — [0, 1] as follows

b (x) := h(o2r(x)), Vx € VG (5.2.5)

Remark 5.2.7. Note that we can naturally extend the definition of the voltage function to a function on the
metric graph G associated to G, i.e., we can define the function h : G — [0, 1]. This extension can be done by
linearly interpolating the values at the endpoints of every edge e € £G. More precisely, if x € G is a point

lying on the harmonically oriented edge e € £G, then we set
b(a) = (h(et) —ble™))d%(e™,x) +ble).

The flow induced by the voltage function. We finish this subsection by introducing the flow across oriented
edges induced by the voltage function . We denote this flow by Vh : £ — R and we define it as follows

Vh(e) = ce(h(et) —h(e7)), VeeEG.

The flow Vb satisfies the following well-known properties (see [Nacz2o0, Section 2.2]).

(a) (Antisymmetry) For every oriented edge e € £, it holds that
Vh(—e) = —=Vh(e),

where —e stands for the edge e endowed with opposite orientation.
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(b) (Kirchhoff’s node law) For all x € VG \ {vg, v1}, it holds that

> Vh(e) =0, (5.2.6)
e€EG(x)
where here the orientation of each e € £G(x) is fixed by letting e~ = .

(c) (Kirchhoff’s cycle law) For every directed cycle e; - - - ey, it holds that

n 1
> —Vh(ei) = 0. (527

i=1
We denote the strength of the flow V induced by b by setting

nE > Ve, (5.2.8)

e€£GT(vo)

where £GT(vg) denotes the set of harmonically oriented edges in £G with tails equal to vo. Furthermore,
thanks to the harmonicity of b, a simple computation yields that = 3¢5 (,,) Vb(e), where EGH(vy)

denotes the set of harmonically oriented edges in £G with heads equal to v;.

5.2.4 Discrete harmonic conjugate

Let (G, ¢, vg, v1) be adoubly marked finite weighted planar graph properly embedded in the infinite cylinder Cox
according to Definition 5.1.1, and let (é , €) be the associated weighted dual planar graph properly embedded
in Corr according to Definition 5.1.2. Moreover, let b : VG — [0, 1] be the voltage function associated with
(G, ¢, vp,v1) as defined in Definition 5.2.5. We want to define the discrete harmonic conjugate function of b,
i.e., the function tv defined on the set of dual vertices VG that satisfies the discrete Cauchy—Riemann equation.
More formally, for every directed edge e € £G and its corresponding oriented dual edge € € £ G, the function

to should satisfy the following identity
Vio(e) £ (w(et) —w(e)) =blet) —ble), (52.9)

where we recall that ¢z = 1/c,.

To precisely define the function tv specified above, it will be more convenient to work with the lifted weighted
graph (G', ¢!) and its dual (G, ). More precisely, we consider the lifted voltage function bt : VG — [0, 1].
We fix an arbitrary vertex X € VG on the lifted dual graph, and for every X € VG we consider a directed

path of lifted dual edges €; - - - €,, connecting X to X.

Remark 5.2.8. We emphasise that the lifted dual graph Ghis always connected and so we can find a path

connecting X to any X € VG

We define the function o : VG — R by setting

wf(%) =Y Vhi(e;), VxeVG (5.2.10)
j=1
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where e; € £ G' is the oriented primal edge associated to €;. We call the function o' defined in this way
the lifted discrete harmonic conjugate function associated to h with base vertex Xo. The following lemma

guarantees that ro' is actually well-defined.

Lemma 5.2.9. For all X € VG, the value 1ot (X) defined in (5.2.10) does not depend on the choice of the
directed path from X to X. Moreover, for any X1, Xo € VGt such that 097(X1) = 09:(X2), the following
relation holds .

' (%) —wf(X2)  Re(X1) — Re(Xo)

)

n 27

where we recall that 1 denotes the strength of the flow induced by Y as defined in (5.2.8).

Proof. For the first part of the lemma, the proof is similar to that of [BSg6, Lemma 3.2]. In particular, it is

sufficient to prove that for any oriented loop €; - - - €, in QA T, it holds that

n

Z(mT(’é;r) —wi(e;)) =0. (5.2.11)

Jj=1

The key observation in [BS96, Lemma 3.2] is that every oriented loop € - - - €, in G' can be written as the
disjoint union of simple closed loops and of paths of length two consisting of a single dual edge traversed in
both directions. Here, by a simple closed path we mean that éj # @/ for distinct j, k € [n] whenn > 2,
while when n = 2, we mean that €; # —es. Therefore, since (5.2.11) obviously holds if the path consists
of a single dual edge traversed in both directions, we can assume without loss of generality that €; - - - €,
is a simple counter-clockwise oriented closed loop. Let K C IR? be the bounded connected component of
R?\ €; - - - €,. Then, thanks to (5.2.9), it holds that

n

Z(mT(éj) - mT(é\;)) = vaf(ej) = Z Z Vhi(e), (5.2.12)

j=1 x€VGT(K) ecEGT(x)

where here the orientation of each edge e € £G'(x) is fixed by letting e~ = x. The second equality in (5.2.12)
follows from the following argument. Fix x € VG'(K) and consider y € VG (x). If y ¢ K, then xy = e;
for some j € [n], while if y € K then Vh(xy) cancels out with VhT (yx) thanks to the antisymmetry of VhT.
The term on the right-hand side of (5.2.12) is equal to zero thanks to the boundedness of K and Kirchhoft’s
node law (5.2.6).

Concerning the second part of the lemma, we can proceed as follows. Let X;, Xo € V@ be such that
027(X1) = 02.(X2), and let k € Z be such that k = (Re(X2) — Re(X1))/(27). Then we need to prove that
rf(Xz) — 0'(X1) = nk. In particular, thanks to the first part of the lemma, it is sufficient to consider an
arbitrary directed path €; - - -, in G' connecting X; to X, and show that Yo (wi(ef) —wi(e])) = nk.
We assume first that & = 1. We can choose the lifted dual edges [€,,] in such way that €; - - - €, is a simple
path oriented from left to right. Now, using an argument similar to the one used above, it is not difficult to see
that Z;’:l VhT(ej) =1, and so the conclusion follows in this case. Finally, the general case can be obtained
easily: we can just “glue” together, by eventually changing the orientation if k is negative, k copies of the path
used in the case k = 1. O

From the definition (5.2.10) of the function ', it follows that for every oriented edge e € £GT and for the
associated dual edge € € £ QAT, it holds that

Vol () £ el (' (") — w'(@7)) = hT(e™) — hi(e7),
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i.e., o' satisfies the discrete Cauchy-Riemann equation. Moreover, an immediate application of Kirchhoff’s
cycle law (5.2.7) implies that the function to' is harmonic on VGT. Thanks to Lemma 5.2.9, we can define the

discrete harmonic conjugate function of h as follows.

Definition 5.2.10. The discrete harmonic conjugate function of h with base vertex Ty € VG is the unique
function v : VG — IR/nZ such that (%) = 0 and

w(2) = (%) mod(n), V7 e VG,

where tof : VGT — R is the function defined in (5.2.10) with base vertex an arbitrary lift of Zo. In view of
the role that tv will play in the construction of the Smith embedding, we will also call to the width coordinate

function.

Remark 5.2.11. As for the case of the voltage function b, we can naturally extend the definition of tv to a
function from the dual metric graph G,ie,w:G — R /MZ. To be precise, if T € Gisa point on the edge
¢€ &G and w(e) > (¢-), then we set

(%) = (o(eh) —w(e))d% (@ ,2) +w(@).

5.2.5 Construction of the Smith embedding

Let (G, ¢, v, v1) be a doubly marked finite weighted planar graph properly embedded in the infinite cylinder
Cax according to Definition 5.1.1, and let (,C'7 ,€) be the associated weighted dual planar graph properly
embedded in Ca, according to Definition 5.1.2. The aim of this subsection is to precisely define the Smith
embedding of (G, c,vg,v1). As we have already explained in the introduction, the Smith embedding is built
in terms of a tiling of a finite cylinder with rectangles in which every edge e € £G corresponds to a rectangle
in the tiling, every vertex € VG corresponds to the maximal horizontal segment tangent with all rectangles
corresponding to the edges incident to x, and every dual vertex T € VG corresponds to the maximal vertical
segment tangent with all rectangles corresponding to primal edges surrounding z. The existence of such tiling
was first proven in [BSST40] and then successively extended in [BS96].

The main objects. To precisely define the Smith embedding, it will be more convenient to work with the
lifted weighted graph (G1, c') and its dual (QAT, ¢h). More precisely, we need to consider the lifted voltage
function b : VG! — [0,1] and its lifted discrete harmonic conjugate function ! : VGT — R. For every
edge e € £GT, consider its harmonic orientation and let € € £ G' be the corresponding oriented dual edge.

We define the intervals
¥ [wi@).wi@)], Ta¥[hi(e)b(eh).
Then, we define the rectangle R, associated to the edge e € £GT by letting
RedéerX/I\gCIRX [0, 1], Ve e EGT. (5.2.13)
Recalling the definition (5.2.10) of the lifted discrete harmonic conjugate function o', it holds that

wf(E”) —wi(@”) = ce(hl(e*) —pi(e7)).
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Therefore, the aspect ratio of the rectangle R, is equal to the conductance ¢, of the edge e € £G'. In particular,
this implies that if an edge e € £G' has unit conductance, then R, is a square. For a vertex x € VG, we

define the closed horizontal line segment Hy by setting

He2  |J Lex{p'x)}cRx[01], ¥xeVd, (5.2.14)
ecEGtil(x)

where £G T (x) denotes the set of harmonically oriented lifted edges with heads equal to x. Finally, for a dual
vertex X € VG, we define the closed vertical line segment Vg by letting

Vi | {w®}xTecRx[0,1], VxeVGH (5.2.15)
seEGH(R)

where SQATvi()Ac) denotes the set of harmonically oriented lifted dual edges with heads equal to X. Thanks
to the harmonicity of the lifted height coordinate function, we observe that in the definition of Hy, one can
replace £G1+(x) with £GT(z), and similarly for V.

Construction of the tiling. We recall that 11 denotes the strength of the flow induced by h as defined in
(5.2.8). We consider the cylinder

CT] = IR/T]Z X [07 1]»
where IR/nZ denotes the circle of length 1. We let (R x [0, 1], oy,) be the universal cover of C,;, where the
covering map oy, : R x [0,1] — Cy, is defined by

on(t, ) E (™M %), V(t,r) € Rx[0,1]. (5.2.16)

We are now ready to define the tiling map. Foreache € £G, x € VG, and T € V@, we define the following
objects

R. £ 0y (Re), H, = o, (Hy), Vi £ 0n(Vg), (5.2.17)
where e € £Gt, x € VG, and X € VG are lifts of e, z, and 7, respectively. An immediate consequence of
Lemma 5.2.9 is that R., H,, and V3 are well-defined, i.e., they do not depend on the particular choice of the

lifts e, x and X.
The following properties are well-known (see [BSg6, Theorem 3.1]).

(a) The collection of rectangles {Re }cceg constitutes a tiling of R/mZ x [0, 1], i.e., for each pair of distinct
edges ey, ex € £G, the interiors of the rectangles R, and R, are disjoint and UccggRe = R/MZ %[0, 1].

(b) For each two distinct edges e1, e2 € £G, the interiors of the vertical sides of the rectangles R, and R.,

have a non-trivial intersection only if e; and e, both lie in the boundary of some common face of G.

(c) Two rectangles intersect along their horizontal (resp. vertical) boundaries if and only if the corresponding

primal (resp. dual) edges share an endpoint.

We note that if e € £G is such that no current flows through it, i.e., h(e™) = h(e™), then the corresponding
rectangle R, is degenerate and consists only of a single point. We also remark that the existence of the
aforementioned tiling was proven by Benjamini and Schramm in [BSg6]. Originally, their proof was stated

specifically for the case of edges with unit conductance, however, it can be readily extended to our setting.
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Definition 5.2.12 (Tiling map). The tiling map associated to the quadruple (G, ¢, vg, v1) is the map
S:EGUVGUVG — R/MZ x [0,1]
such that
S(e):=R., Vec&G  S(x)%H, VzeVg  S&):=Vs VZeVq,

where R, H,, and V3 are as defined in (5.2.17). The image of the tiling map S is called the Smith diagram

associated to (G, ¢, vg,v1).

We refer to Figure 5.1 for an illustration of the Smith diagram associated to a given quadruple (G, ¢, vg, v1)

with unit conductances.

Remark 5.2.13. Since the height coordinate function h can be extended to the metric graph G, we can view
each rectangle R, of the tiling as being foliated into horizontal segments, one for each inner point of the
corresponding edge e € £G. Similarly, since the width coordinate function tv can be extended to the dual
metric graph G, we can also view each rectangle R, of the tiling as being foliated into vertical segments, one

for each inner point of the corresponding dual edge € € £ G.

It will be also convenient to introduce the lifted tiling map associated to (G, ¢, vg, v1) which is the map
St:egtuvgtuvgt - R x[0,1)

such that ST(x) £ H, for each x € VG', S'(e) := R, foreach e € £G1, and ST (X) := Vi foreach % € VG,
We emphasise that, since the collection { R, }.ceg forms a tiling of the cylinder R/mZ x [0, 1], the collection
of rectangles {Re }ocegt forms a periodic tiling of R x [0, 1] of period 1. We are now ready to precisely
define the Smith embedding.

Definition 5.2.14 (Smith embedding). The Smith embedding associated to the quadruple (G, ¢, vg, v1) is the
function S : VG — R/nZ x [0, 1] such that

S(z) = mid(H,), Yz e Vg,

where mid(H,,) denotes the middle point of the horizontal line segment S(x). Moreover, we define the lifted
Smith embedding St : VG! — R x [0, 1] as the map that assigns to each x € VG' the middle point of the

horizontal line segment ST(x).

We emphasise once again that the choice to define the Smith embedding by picking the middle point of each
horizontal line segment is rather arbitrary. Indeed, the main result of this chapter holds also if one chose an
arbitrary point inside each horizontal segment. Finally, for technical reasons, we also need to introduce the

following map.

Definition 5.2.15. We define the map ST#"? that assigns to each vertex x € VG the random variable

Strand(x) which is uniformly distributed on the horizontal line segment ST(x).
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5.3 Some properties of the Smith embedding

In this section, we collect some results that follow directly from the construction of the Smith embedding.
We fix throughout this section a doubly marked finite weighted planar graph (G, ¢, vo, v1) properly embedded
in the infinite cylinder Cy according to Definition 5.1.1, and we also consider the associated weighted dual
planar graph (é ,¢) properly embedded in Co, according to Definition 5.1.2. In what follows, we consider
the metric graph G associated to G, and we let b : G — [0, 1] be the extended height coordinate function as
specified in Remark 5.2.7. Furthermore, we also consider the dual metric graph G,andweletw : G — R /MZ

be the extended width coordinate function as specified in Remark 5.2.11.

5.3.1 Adding new vertices

In this subsection, we examine how declaring a finite number of interior points on certain edges of the graph
as vertices affects both the height coordinate function and the random walk on the graph. Notably, as proved
in Lemma 5.3.3 below, this process of adding new vertices does not alter the height coordinate function on
the set of original vertices. This technique proves to be useful, and we will employ it in the proof of our main
result (see, for instance, the setups for the proofs of Propositions 5.4.2 and 5.4.7 in Subsections 5.4.1 and 5.4.2,

respectively).
In order to make this precise, we start with the following definition.

Definition 5.3.1. Let W C G be a finite subset of the metric graph. We define the weighted planar graph
(G, ") associated to (G, ¢) and W as follows:

(a) The set of vertices VG’ is given by VG U W;

(b) If the interior of an edge e € £G contains n € IN points of W, then e is split into n + 1 new edges

[e7,+1) according to the points in the interior of e. The edge e remains unchanged otherwise.
(c) If the interior of an edge e € £G is split into [e;], , ;] new edges, for some n € IN, then we set

7 def Ce .
Cor = 7d“3(e/4’7 e"+)’ Vi€ [n+1].

i 0

The conductance of e remain unchanged otherwise.

~

The weighted dual graph (G, ) can be naturally constructed from (G, ¢).

Remark 5.3.2. Atthe level of the Smith diagram, adding new vertices to the interior of some edges of the graph
according to the procedure described above corresponds to horizontally dissecting the rectangles associated to
such edges. More precisely, let us assume for simplicity that only one point is added to the interior of an edge
e, and let ¢} and ¢/, be the new edges in which e is split into. Suppose that ¢}~ = e~ and 5" = e*. Let S’ be
the tiling map associated to new weighted graph. Then it is immediate to check that S(e) = S'(e) U S’(e}).
In particular the rectangles S’(e}) and S’(e}) have the same width of the rectangle S(e), and the height of
S'(e}) is proportional to d€(ey™, ey™), while that of S’(e}) is proportional to d€(e5 ™, e5™). We refer to

Figure 5.5 for a diagrammatic representation of this procedure.

Leth’ : VG — [0, 1] be the voltage function associated to the quadruple (G’, ¢/, v, v1). The following lemma

relates the function § with b’.

Lemma 5.3.3. For every x € VG, it holds that §(x) = b'(z).
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S'(€5)

S’ (er)

FIGURE 5.5: An edge e is split into two edges, €] and e5, with conductances Ce/, and Cet,» A8 specified in
Definition 5.3.1, by adding a new blue vertex. On the right, the corresponding original rectangle S(e) is split
into two rectangles S’ (e}) and S’(e3) such that S(e) = S’(e}) U S’(e5). Similarly, a dual edge is split into
two dual edges with suitable conductances by adding a new green dual vertex. On the right, the corresponding
original rectangle is then split into the union of two rectangles.

def

Proof. We denote by K = #{VG’ \ VG} the number of new vertices added to the graph G’. If K = 0, then
the result follows immediately. Let us now assume that X = 1 and suppose that the edge e € £G is split into
two new edges e} and e5 with conductances ¢/, , and c , as specified in Definition 5.3.1. Then, the desired
result follows immediately from the series law of electrical network (see [LP16, Section 2.3.1]). The general

case follows from a simple induction argument on K. 0

Lemma 5.3.4. For z € VG, let X'** be the random walk on (G', ¢) started from x. Let To = 0 and, for every
k € No, we define inductively Ty 41 = inf{j > T, : X;"T € VG\ {X2I}}). Then { Xl }ren has the same

distribution as the random walk on (G, c) started from x.

Proof. As in the proof of Lemma 5.3.3, let K = #{VG'\ VG}. If K = 0, then the result is obvious. Let
us now assume that K = 1 and let y € T be the vertex added to G’. We claim that the distribution of X7y
is equal to that of X7. If all the edges in £G(z) do not contain y, then the claim is obvious. Let us assume
that there exists an edge in £G(x) which contains y. Then, thanks to the series law of electrical network and

Kirchhoff’s node law, one can verify that

P, (X, =v) = 7:(36;), Vo e VG(x).

Therefore, thanks to the strong Markov property of X”*, we get that for all £ > 2, it holds that

Cow/mM(w), v € VG(w)

P, (X, =v|X,,  =w)= Yk > 2,
0, otherwise,
which proves the result if ' = 1. The general case follows from a simple induction argument on K. 0

Remark 5.3.5. Given a finite set Wc (ﬁ, following a similar procedure to the one described above, one can
also construct the weighted dual graph (,C'j’ , ') associated to (é ,c¢) and W. In particular, results similar to
the one stated above hold also for the respective dual counterparts. For example, if 1o’ : VG — R /NZ is
the width coordinate function associated to the new weighted graph, then t’ restricted to VG coincides with
the original width coordinate function. Moreover, adding new dual vertices to the interior of some dual edges
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corresponds to vertically dissecting the associated rectangles in the Smith diagram. We refer to Figure 5.5 for

a diagrammatic representation of this procedure.

5.3.2 Periodicity

We collect here some properties of the lifted Smith diagram that are due to its periodicity. We recall that the

f,rand

map S is defined in Definition 5.2.15.

Lemma 5.3.6. Let X1, X3 € VG be such that 62,(x1) = 02x(x2). Then, it holds almost surely that

Re(STrnd(xy)) — Re(ST™*(x;))  Re(x2) — Re(x1)

<1.
n 27 -

Proof. We observe that the proof of this result is an easy consequence of Lemma 5.2.9. However, it does
not follow immediately from Lemma 5.2.9 since the points ST#"d(x;) and ST**"d(x,) are points chosen
uniformly at random from the horizontal segments ST (x;) and ST(x5), respectively. We give here the details
for completeness.

Let £GTT(x;) = [e}] be the set of lifted harmonically oriented edges with tails equals to x; ordered in such

2

a way that @} - - €L, forms a path in G oriented from left to right. Define £G1(x,) = [e2] in a similar way.

Then, by construction of the map Strand ‘it holds that
Re($1™(x,)) € [ (@), 0 @51)],  Re(§M™(x2)) € [l (€27), wf (@]
Moreover, by Lemma 5.2.9, we have that
wi(e] ) — W@ ) = J- (Re(x1) ~ Re(xz)),  w(@}*) —wl(@2") = - (Re(x1) ~ Re(x2)),

and also
~ ~1,— ~2, ~2,—
[wfEy ™) —wiEe; )| = w@E:") —wi@El )| <n,

where the first equality is again due to Lemma 5.2.9, and the last inequality is due to the fact that, by
construction of the Smith diagram, every horizontal line segment has width at most . Therefore, putting

together all these facts, one can readily obtain the desired result. O

In order to state and prove the next lemma of this subsection, we need to introduce some notation. Let
a € (0,1), and assume that all points in the set h~!(a) are vertices in VG. We define the set of harmonically
oriented edges £G, and the corresponding set of dual edges £ éa as follows

EGa={e€&G : hle)=a<h(e)}, £G, & {e € £G : €is the dual of some e € £G, },
and we define the following sets of vertices
VG, & {x €VG : x =€ forsomee € 5ga}, Vé\a £ {f €VG : 7 =¢ forsomeec Eé\a},

i.e., VG, is nothing but h~!(a). Furthermore, we denote by 592, EQA,I, Vg:{, V?l the lifts to the universal

cover of the corresponding objects.

Now, we let X¢ be the vertex in V@l whose real coordinate is nearest to 0. We note that the set £G, is a cutset

and that the associated set of oriented dual edges £ éa admits an enumeration [€,,] such that € - - - €,, forms a
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counter-clockwise oriented noncontractible simple closed loop in the dual graph G. In particular, every edge
€, admits a lift €; such that €; - - - €,, forms a simple path oriented from left to right joining X§ to the shifted

vertex X3 + (0, 27) (see Lemma 5.2.2). We refer to Figure 5.6 for a diagrammatic representation.

Definition 5.3.7. Letting [€,,] be as specified above, we define the set of lifted dual vertices
Pl e e VG : x =8¢ forsomei € [n]}, (5.3.1)
and we also define the set of lifted vertices
Pl ={xe (") (a) : x=e; forsomei € [n]}, (5.3.2)

where [e,,] is the set of lifted edges associated to [€,,].

Remark 5.3.8. Consider the infinite strip S§,, = [Re(Xg), Re(X3) + 27) x R. We remark that in general the
set 73; is not fully contained in S§,.. We also observe that, thanks to the fact that £G,, is a cutset, it holds that

02n(P}) =~ (0).

We are now ready to state and prove the next lemma of this subsection. We refer to Figure 5.6 for a diagram

illustrating the various objects involved in the proof of Lemma 5.3.9.

H

‘ st
Bl \ \
: | @ la
/Pl . ' S'T,rand(x) '
: : wff (&) !
Re(X§) Re(X§) + 27 Wi (R i @) wf(x28) + 7

FIGURE 5.6: A diagram illustrating the proof of Lemma 5.3.9. Left: A portion of the lifted graph G' embedded
in IR?. The blue/green vertices are the vertices in the set P}, The green vertex X is a fixed vertex in P,. The
red dual vertices are the vertices in P,. The blue edges belong to the set EGJ, and the red dual edges belong to
the set £ Q\Z The leftmost red dual vertex corresponds to the vertex X§. The two red dual edges with an arrow
are the edges ¥ and €%. Right: A portion of the tiling of IR x [0, 1] constructed via the lifted tiling map S*.
The blue horizontal line corresponds to U__ 1S f(x). The vertical red segments correspond to S T(@7) and
St(@™). The green point corresponds to a possible realisation of ST474(x).

Lemma 5.3.9. Fix a € (0,1) and assume that all the points in h~1(a) are vertices in VG. Let X3 € V@; be
as specified above, then it holds that

0< (%) - <n, vxePl,
and also, it holds almost surely that
0 < Re(STrmd(x)) —nf(x%) <n, Vxe Pl

Proof. We start by proving the first part of the lemma. We consider the set of dual edges [€,,] such that
€ ---€, forms a simple path oriented from left to right joining X§ to the shifted vertex Xg + (0, 27), as
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specified before the lemma statement. Thanks to Lemma 5.2.9, we know that
> Vni@E) =n,
i=1

and each summand in the sum is non-negative. Now, let X € P}, then there exists a subpath &5 - - - &% of
€; - - - €, which connects X¢ to X. Therefore, we have that

' (%) — nf(%9) Z Vol (&
and the conclusion then follows thanks to the fact that

0<z:VmJr <ZVmT €;)=n.

We now prove the second part of the lemma. To this end, we fix x € PI, and we let EGT'T(x) = [eX] be the
set of lifted harmonically oriented edges with tails equal to x ordered in such a way that the corresponding
lifted dual edges €7 - - - € forms a path in G' oriented from left to right (see Figure 5.6). By construction of
the map STr22d_jt holds that

Re(sT(x)) € [wof(e"™), w' (& ™)].

Finally, since both €]"~ and €;; ** belong to ’P the conclusion follows thanks to the first part of the lemma. [

5.3.3 Hitting distribution of a horizontal line

Roughly speaking, the main goal of this subsection is to characterise the hitting distribution of a horizontal
line on the Smith diagram for the Smith embedded random walk. Before precisely stating the result, we need

to introduce some notation.

Definition 5.3.10. We define the map length : VG — [0,7) as the function that assigns to each vertex x € VG
the length of the horizontal segment S(z) associated to = by the Smith embedding, i.e., we let

length(z Z Vh(e Ve Vg,
ecEG(z)

where £G*(x) denotes the set of harmonically oriented edges in £G with heads equal to .

We recall that the difference of the width coordinate function between the endpoints of a dual edge is equal to
the gradient of the height coordinate of the corresponding primal edge. Moreover, thanks to the fact that the

height coordinate function is harmonic, it is plain to see that

length(x Z Vh(le), VzeVg,
ecEGT (x)

where £G7(z) denotes the set of harmonically oriented edges in £G with tails equal to . We can also naturally
extend the definition of the length function to the metric graph G. More precisely, given a point z € G \ VG,
if 2 lies in the interior of the edge ¢ € £G, then we set length(z) = Vh(e).
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Definition 5.3.11. Given a value a € (0, 1), we define on the set h~!(a) C G the measure 1, by letting

o (2) & leng:]ﬂ Ve b (a).

Since, by construction of the Smith diagram, it holds that > )length(x) =1, the measure p, is a

z€h~1(a
probability measure on the set h~1(a).

Remark 5.3.12. We emphasise that, thanks to Remark 5.3.8, one can also view ., as a probability measure

on the set P}, where we recall that P] is the set defined in (5.3.2).

We assume throughout the whole subsection that all the points in the set U,cygh ™1 (h(x)) are vertices in VG.
At the level of the Smith diagram, this means that for all x € V@, it holds that the set Uyeh—l(h(x))s(y) is
equal to the noncontractible closed loop R/MZ x {h(z)} C Cy,. We observe that, for any given finite weighted
planar graph, we can always canonically construct from it another finite weighted planar graph that satisfies
this assumption. Indeed, suppose that there exists a vertex x € VG such that b~ (h(z)) ¢ VG, then, using the
procedure described in Subsection 5.3.1, we can declare all the points in the finite* set h~1(h(x)) \ VG to be

vertices of the graph.

We fix a value a € (0,1) such that all the points in the set h~1(a) are vertices in VG, and we let X"« be
the random walk on (G, ¢) started from a point in h~!(a) sampled according to the probability measure 1.
Furthermore, we let

def

Po =0,  pp=inf{j > pn_1 : H(X;) #H(Xe, )}, VneN. (5:3:3)

Definition 5.3.13. Let X" and (p,,)nen, be as specified above. For N € IN, we say that a finite sequence

of height coordinates [an]o C (0, 1) is admissible for the random walk X" if ag = a and
Py, ({U(Xpn) = an}g:l) > 0.

We can now state the main result of this subsection.

Lemma 5.3.14. Let X" and (p,)nen, be as specified above. For N € N, let [an]o C (0,1) be an
admissible sequence of height coordinates for the random walk X"=. Then, for all i € [Ny, it holds that

Py, (Xp, = i [ {B(Xp,) = an}ny) = o, (2:), Vi € 57 (ar).

Intuitively, the proof of the above lemma goes as follows. If 7 = 1 and we only had the conditioning on the
event h(X,,) = aq, then the result would follow from a simple computation. However, since, in general,
i # 1, and since we are also conditioning on the events {h(X,, ) = a,}o 4 and {h(X,,) = a, }\_, ;, which
represent the height coordinates of the random walk for past and future times respectively, the proof of the
result is not immediate. However, the proof follows by a simple induction argument in which we show that we
can “forget” about the conditioning on past and future times. Roughly speaking, the reason why we can forget
about past times is due to the fact that the height component of the random walk is itself a Markov process,
while the reason why we can forget about future times is due to the harmonicity of the height coordinate

function. We now proceed with the proof of the lemma.

4Note that if h(x) = a and there is a “flat” edge whose endpoints both satisfy h = a, then the level set h~1(a) is infinite, since it
contains the entire continuum of points along that edge. For the remainder of the paper, whenever we apply the vertex-adding procedure,
we regard b as restricted to the metric graph G outside of any “flat” edges.
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Proof of Lemma 5.3.14. The proof involves three main steps.

Step 1: We begin by showing that P, (h(X,,) = a1 | Xo = z0) = Py, (h(X,,) = a1) forall zo € h~(a).
Since the height coordinate function is harmonic, the process h(X ) is a bounded martingale. In particular,

by the optional stopping theorem, we have that

IE@’O [b(Xpl)] = f)(ﬂ?o) = a.

By construction, the random walk can only reach two heights at time p;: height a; or height a; say. Therefore,
we can write the previous display as follows

a1Py, (h(Xp,) = a1 | Xo = z0) + a1 (1 — Py, (h(X,,) = a1 | Xo =20)) = a.

In particular, by rearranging the previous expression, we obtain that

a— a: e —
Py, (h(Xp,) =a1 | Xo =z0) = |7~1| = pa, Va0 € b7 (a),
a1 —a
from which the desired result follows since the right-hand side of the above expression does not depend on the
particular choice of 79 € h~!(a). Now, proceeding by induction, one can prove that for any i € [N]o and for

all zg € h=1(a),...,z; € h~1(a;), it holds that
Py, ({0(Xpir,) = aisntny [ {Xo, = 2i}jm0) = Pu, ({0(Xp.p) = aisntn=y [ H(Xp,) = as).

Step 2: Thanks to the previous step and Bayes’ rule, we have that P, (Xo = z¢ | h(Xp,) = a1) = pa(20),

for all z9 € h~!(a). In particular, using this fact, we will now prove that
Py, (X, =21 [ 5(Xp,) = a1) = pa, (21), Vi €bh™'(an).

To this end, without any loss of generality, we assume thata; > a. LetC, C h~!(a) be a connected component
of h=1(a). Let z1 € h~1(ay) be such that there exists at least one vertex in C, connected to it. It suffices to

show that )
Py, (Xp, =21, Xo € Co | h(Xp,) =a1) = = > Vh(e).

ecEGl(z1), e~ €Cq
Indeed, the desired result follows by summing over all connected components of h=1(a). Let V,, C h~1(a;)
(resp. Vz, € h~1(@1)) denote the set of vertices in h~1(a;) (resp. h~1(@1)) connected to at least one vertex
in C,. In particular, by assumption, we have 1 € V,, and VG(xo) C C, UV,, U V5, forall zy € C,. Then,

we have that

Py, (XP1 =1, Xo €Cq | b(Xm) = al) = Z Pz, (Xpl =1 | h(Xpl) = al)ua(«fo)

z0€Cq
1
= n Z Py, (Xp, = 21 | h(X,,) = a1) length(zo)
20€Ca
1
= Z r,, (Xp1 = xl) length(zy).
Pall 20€C,

Thanks to the Markov property of the random walk, the function C, > zg — P, (X,, = x1) coincides with
the restriction to C,, of the function g : C, UV,, U V5, — [0, 1] that is harmonic in C, with boundary values
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onV,, UVg, givenby g(z) =0forall z € (V,, UVz )\ {1} and g(z1) = 1. We note that

Z Z C:poz(g(xO) - g(Z)) = Z Z Ca:oz(g(mO) - 9(2))

20€Cq 2€VG(x0) 20€Ca 2€VG(20)N(Vay UVa, )
= > > Co:8(T0) = > cen
20€Ca 2€VG(x0)N(Va; UVa, ) ecEGH(z1),e"€C,

where the first equality holds because if xo, z € Cg, then the term c,,,(g(xo) — 9(z)) appears twice with
opposite signs, and the second equality follows directly from the boundary conditions. Now, observe that
since the function g is harmonic inside C,, the left-hand side of the first line in the above display is equal to 0.

Moreover, using the harmonicity of the function b, for all =g € C,, one can check that

length(zo) = |a1 — al Z Croz = Pala1 — al Z Croz -

2€VG(20)Va, 2€VG(20)N(Vay Uz, )

Therefore, combining the previous considerations, we obtain that

! Z g(xO) length(:EO) = |a1ni_a| Z Z Cmozg(x()) = l Z vh(e)a

Pan C, 20€Ca 2€VG(20)N(Va; UV, ) e€EGH(21), e~ €Cq

thus proving the claim.

Finally, proceeding again by induction, one can easily prove that, for all ¢ € [N], it holds that
Py, (Xm =x; | {h(Xp,) = a"}iL=1) = W, (zi), Vo, € hil(ai)

Step 3: For i € [N], we observe that a consequence of Step 1 is that the sequence of random variables
{ X, }i=o is conditionally independent from {h(X,,_,) N i given h(X,,) = a;. Therefore, the conditional
law of {X, }!_, given {h(X,,) = an}i,_, is the same as the conditional law given {h(X,,) = an}};.

Hence, this implies that

IPlla (Xp'i = T | {h(XPn) = an}ZZI) = ]I)Ha (Xpi = T4 | {h(Xpn) = an}izl)v VJUZ € bil(ai)v

and so the conclusion follows from Step 2. O

5.3.4 Expected horizontal winding

Roughly speaking, the main goal of this subsection is to establish that the average winding that the Smith-
embedded random walk does before hitting a given horizontal line on the Smith diagram is zero. Before

precisely stating the result, we need to introduce some notation.

Definition 5.3.15. Given the random walk X* on the lifted weighted graph (G, ¢') started from x € VGT,
we let
No>n+— Xz

be the discrete time process taking values in R x [0, 1] such that, for each n € INy, the conditional law of Xz,
given X*, is equal to the law of ST*#7d(XX), where we recall that ST*#" is defined in Definition 5.2.15. We
call the process X* the lifted Smith-embedded random walk associated to X*.
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It follows from the definition of X* that, at each time step n € INy, the location of the point Xﬁ is sampled
uniformly at random and independently of everything else from the horizontal line segment ST(XX). With a
slight abuse of notation, we also denote by X* the continuous time version {Xf}tzo, where the continuous

path is generated by piecewise linear interpolation at constant speed.
We assume also in this subsection that all the points in the set U, cpgh 1 (h(z)) are vertices in VG. Furthermore,
we fix a value a € (0, 1) such that all the points in the set h~!(a) are vertices in VG. We denote by

NOBnHX,‘ja

the random walk on the lifted weighted graph (G, c') started from a point in P sampled according to the
probability measure (1, (see Remark 5.3.12). Moreover, we denote by X*e the lifted Smith-embedded random

walk associated to X*« as specified above.

In complete analogy with the definition of winding of a path in the infinite cylinder C,, we have the following

definition of winding on the cylinder Cy,.

Definition 5.3.16. Let 0 < t; < to, consider a path P : [t1,t2] — Cyy, and let P : [t1,%2] — R X [0, 1] be its
lift to the covering space R x [0, 1]. Then, we define the winding of P as follows

—Re(P(t1))
- .

. Re(P(t
wind, (P) = (P(t2)) (5-3-4)
In what follows, with a slight abuse of notation, if P : [¢1,%2] — R x [0, 1] is alift of a path P : [t1,t2] — Cy.,

then we may write wind,, (P) to denote wind,, (P).

We are now ready to state the main result of this subsection. In what follows, given the random walk X" as

specified above, we let XHe = gg(XMa).

Lemma 5.3.17. Let X"+ and XHa be as defined above, and let (py,)nen, denote the sequence of stopping
times associated with X", as defined in (5.3.3). For N € N, let [an]o C (0, 1) be an admissible sequence
of height coordinates for the random walk X" as specified in Definition 5.3.13. Then, it holds that

By, [windy (X|jo,p0)) | {8(Xp,) =aa}o_ ] =0.

Heuristically speaking, the proof of the above lemma goes as follows. First, we observe that, by definition of

winding, it holds that

N-1
wind,, ( X| 0, pN] = Z wind,, ( X| pj’pjﬂ]).
=0

In particular, this implies that we can reduce the problem to studying the expected winding at each time step
of the random walk. Suppose for a moment that N = 1 in the lemma statement. Then we only need to prove
that the random walk started uniformly at random from height a and conditioned to hit height a; at its first
time step has zero expected winding. The reason why this is true is due to the fact that the randomisation
procedure that takes place inside each small segment ensures that the conditional hitting distribution of the
segment at height a; is also uniformly distributed. To extend the argument to the general case N € IN, we

just need to use Lemma 5.3.14.
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Proof of Lemma 5.3.17. We begin by identifying an equivalent condition under which the relation stated in
the lemma holds. To this end, we observe that, thanks to the Definition 5.3.16 of winding, it holds that

N-1
. 1 .
E,, [wind, ( 0.0n1) | {0(Xo,.) an}rjj 1 ;] E,,[R o]+1)_Re(ij) | {b(X,,) = an}nNzl]a
7=0
and so the claim follows if we prove that
N N )
Ey, [Re(Xp,, ) [ {0(Xp,) = an}, ] =By, [Re(Xo) [ {8(Xp,) =an},_,], Vie€[N -1

By Lemma 5.3.14, for all j € [N]o, the conditional law of X5 given {h(X}) = a, }3_, is equal to pig,. In
particular, this implies that for all j € [N]o, the conditional law of Re(oy (X5*)) given {h(X}2) = a, }N_,

is that of a uniform random variable on the interval [0,7). Hence, the desired result follows. O

5.4 Proof of the main result

The main goal of this section is to prove Theorem 5.A. We fix a sequence {(G™, ¢™, v, v]) }nen of doubly
marked finite weighted planar maps and we let {(g ™. ¢") }nen be the sequence of associated weighted dual

planar graphs. We assume throughout this section that such sequences satisfy hypotheses (H1), (H2), (H3).

Before moving to the proof of the main theorem, we prove a preliminary lemma. For each n € IN, we recall
that FG" denotes the set of faces of the graph G". The next lemma states that, thanks to the invariance
principle assumption on the sequence of weighted graphs, the maximal diameter of the faces in FG™ which

intersect a compact subset of Ca; is of order o, (1).

Lemma 5.4.1. Let R > 0, and, for any n € N, consider the set FG"(R) of faces in FG™ that intersect
R/2nZ x [—R, R). Then, for any ¢ > 0 and for any n > n(R, €) large enough, it holds that

diam(f) <e, VfeFG"(R).
The same result holds also for the sequence of dual graphs, i.e., with F Q\" in place of FG™.

Proof. Obviously, we can just prove the result for the sequence of primal graphs as the result for the sequence
of dual graphs can be proved in the same exact way. We proceed by contradiction by assuming that there
exists € > 0 such that, for any n € N, there exists a face f, € FG"(R) for which diam(f,) > ¢. We
notice that each set f,, NIR/2Z x [—2R,2R)] is compact and contains a path P, with diam(P,,) > ¢. By
compactness of the Hausdorff distance d", we can assume, by possibly taking a subsequential limit, that
lim,, oo d¥(P,, P) = 0 for some compact and connected set P C R/2nZ x [-2R,2R]. Now, choose a
rectangle Q such that P disconnects the left and right sides of Q, or the top and bottom sides of Q. For any
n > n(R, e, Q) large enough, also the path P,, disconnects the rectangle Q in the same way as P. Therefore,
for any x € R/2nZ x [—R, R], the random walk X™* on the weighted graph (G, ¢") started from x cannot
cross the rectangle Q from left to right, or from top to bottom. However, the Brownian motion B* on Ca
started from x has positive probability to do so. This is in contradiction with assumption (H2), and so the

desired result follows. O

We are now ready to start the proof of Theorem 5.A. We observe that this result admits a natural version

on the sequence of lifted weighted graphs. Indeed, in order to prove it, we will work in the setting of the
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universal cover. To be more precise, we will first study in Subsection 5.4.1 the sequence of lifted height
coordinate functions, and then, in Subsection 5.4.2, we will study the sequence of lifted width coordinate
functions. Once this is done, we will put everything together and we will conclude the proof of Theorem 5.A

in Subsection 5.4.3.

5.4.1 Height coordinate function

For each n € IN, consider the lifted height coordinate function
bl - VGh™ — [0, 1],

as defined in (5.2.5). The main goal of this subsection is to show that there exists an affine transformation of
the function b}, that is asymptotically close, uniformly on lifts of compact subsets of the infinite cylinder Coyr,
to the height coordinate function x — Im(x) in the a priori lifted embedded graph G, as n — oco. More
precisely, we have the following result.

Proposition 5.4.2. There exit two sequences {b9},en, {2 nen C R such that for all R > 1, § € (0,1),
and for any n > n(R, 8) large enough, it holds that

|ehpi (x) + 0% —Im(x)| <8, Vx e VGI(R x [-R,R]).

The proof of this proposition is given in Subsection 5.4.1.2. As we will see, the proof will follow easily thanks
to the harmonicity of the height coordinate function together with Lemma 5.4.3 below.

5.4.1.1 Setup of the proof

For each n € IN, consider the metric graph G™ associated to G, and let h” : G™ — [0, 1] be the extended

height coordinate function as specified in Remark 5.2.7. Given a value S € R, we define the set
Ve E {2z €@ : Im(z) = S},
and we let
at=sup{ac(0,1): b, (a)NVF #0}, a&=inf{aec (0,1) : b, (a)NVE #0}.  (54.1)
We fix throughout R > 1 and 6 € (0, 1) as in the proposition statement, and we let

R
R =—.
5

We consider the set

def

Whs 2 (Vi UV} U {0 @) Uby (a5} € G
For each n € IN, by possibly locally modifying the a priori embedding of the graph G™ in the infinite cylinder
Cor, we can assume without loss of generality that each edge in £G™ crosses the circles at height R’ and — R’

at most finitely many times. In particular, this implies that we can assume that the set W3 5 contains at most
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finitely many points, and therefore, by Lemma 5.3.3, we can assume, without any loss of generality, that VG"
contains all the points in W, 5.

In what follows, in order to lighten up notation, we adopt the following notational convention
Vs = V2, a=ap, a=a"p.

Furthermore, we denote by VST the lift to the universal cover of Vs, and we write VG (S) (resp. VG™(9)) as
a shorthand for VG (R x [—S, S]) (resp. VG (R/21Z x [—S, S])). We refer to Figure 5.7 for an illustration
of the sets involved in the proof of Proposition 5.4.2.
: : CR2
(bl)1@) e e o ‘@ e o R
T @ ® ® @ o ® ® @

Viee eeee oo o o 00 o0ee 00 0 o

FiGURE 5.7: A diagram illustrating the sets involved in the proof of Proposition 5.4.2. The shaded dark-grey
strip between heights R and —R contains all the vertices in the set VG"™(R). The shaded light-grey strip
between heights R’ and — R’ contains all the vertices in the set VG'™(R'). The blue vertices at the top (resp.
bottom) are the vertices in the set V;c, (resp. Vj r)- The green vertices at the top (resp. bottom) are the vertices
in the set (h},) " (@) (resp. (b)) ~!(a)). Note that, by definition of @, the set (h,) ™" (@) intersects Vg,, and
similarly, by definition of a, the set (h},) ™" (a) intersects V! R

Random walk notation. For x € VG (R’), we consider the continuous time random walk {X}”*};>0 on
the lifted weighted graph (GT", ') started from x € VGT'"(R'). We recall that the continuous path of
this random walk is generated by piecewise linear interpolation at constant speed. We consider the following

stopping times

def

ox Zinf{t >0 : XP* e VL uvi,), e Znf{t>0: X e (b)) @ u b))}, (54.2)

and we observe that, thanks to the definitions of @ and g, it holds that T, > oy, for all x € VGI"(R').
Looking at Figure 5.7, the stopping time ox accounts for the first time at which the random walk hits one of
the blue vertices, while the stopping time Tx accounts for the first time at which the random walk hits one of

the green vertices.

5.4.1.2 Proof of Proposition 5.4.2

We can now state a key lemma for the proof of Proposition 5.4.2. The proof of the below result is given in

Subsection 5.4.1.3.

Lemma 5.4.3. For any n > n(R, ) large enough, there exists a real number b}, = b/, (R, 5) such that

2R'Py (X7 € (bl) (@) — b, —Im(x)| <8, VxeVG"(R).
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Similarly, for any n. > n(R, 8) large enough, there exists a real number bl! = bl!(R, ) such that

|2R'Px (X7 € 0y (b, (a)) + ) +Im(x)| <5, Vxe VG (R).

Given Lemma 5.4.3, the proof of Proposition 5.4.2 follows by using the harmonicity of the height coordinate

function.

Proof of Proposition 5.4.2. We divide the proof in two steps.

Step 1. In this first step we show that, for fixed R > 1 and 6 € (0, 1), for any n > n(R,d) large enough,

we can find real numbers b2° and ¢?+® such that the conclusion of the proposition holds. To this end, let

R’ = R/S, fix x € VG (R) and let X™* be the random walk on (G, ¢!") started from x. Thanks to the

harmonicity of the height coordinate function b and to the optional stopping theorem, we have that
bl,(x) = aPx (X3, € (b],)7'(@)) +aPx(XZ, € (b]) 7 (a), ¥x € VGM(R).

Therefore, the problem has been reduced to proving that the probabilities appearing in the previous expressions
are approximately affine transformations of the height coordinate function in the a priori embedding. By
Lemma 5.4.3, for all n > n(R, d) large enough, there exist real numbers b, = b/, (R, §) and b, = b/!(R, )
for which, for all x € VG (R), it holds that

|2R'b],(x) — @(b), + Im(x)) + a(b), + Im(x)|
<a]2RPx (X7 € (b)) (@) — b, — Im(x)| + a|2R' P« (XZ_ € (b]) "' (a)) + b + Im(x)|
< 2RPL (XY, € ()7 (@) — b}, — Im(x)| + [2R'Px (X%, € (b}) "' (a)) + b)) + Im(x)|
<3.

Therefore, rearranging the terms in the above expression and letting

e e 2R pR:8 & abj, —ab;,
N " @ —

we find that, for any n > n(R, ) large enough, it holds that

|efhl (x) + b7° —Im(x)| <5, Vx € VG (R).

Step 2. In this second step, we show how we can define real sequences {b,, } ,en and {¢, }nen independent
of R, b such that the conclusion of the proposition holds. To this end, consider an increasing sequence
{Rk}ren C [1,00) and a decreasing sequence {8y }renw C (0, 1) such that Ry, — oo and 8, — 0, as k — oo.
Then, thanks to the previous step, we know that, for all k& € IN, there exists ny = ny (R, dx) € IN such that,

for all n > ny, there exist real numbers cf*"ék, bff‘“ék € IR such that
|epe-2rpl (%) + b —Im(x)| < 8k, Vx € VGI"(Ry).

Without any loss of generality, we can assume that the sequence {nj}ren is increasing. Then, for all
n € [0,n1) NIN, we let ¢! = 1,59 = 1, and forall k € N and n € [ng,, np41) NN, we set ¢} = clx:0,
b = bfx-Ok  Therefore, if we fix R > 1and § € (0,1), for all n. > n(R, 5) large enough, it holds that

|ehbl(x) +b), —Im(x)| <8, Vxe€VGM(R),
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which concludes the proof. O

5.4.1.3 Proof of Lemma 5.4.3

The main goal of this subsection is prove the key Lemma 5.4.3. Roughly speaking, the first estimate in
Lemma 5.4.3 states that, for n > n(R, §) large enough, the probability that the lifted random walk started
inside VG™(R) hits the set (b )~1(@) before hitting (h/,)~!(a) depends linearly on the height coordinate of
the starting point of the walk on the a priori embedding. In order to prove this result, we need to rule out the
possibility that the preimage of a horizontal line on the Smith embedding has large vertical fluctuations (see
Figure 5.7). To do so, we use the invariance principle assumption on the sequence of primal graphs, and more

precisely we will follow the following steps.

(a) We start by proving that the probability that the lifted random walk started inside VG '™ (R) hits the set
Vg, before hitting Vi s depends linearly on the height coordinate of the starting point of the walk on
the a priori embedding. This follows easily thanks to the invariance principle assumption and it is the

content of Lemma 5.4.4 below.

(b) We then prove that the probability that the random walk started from Vi - has probability of order 1/ R’
to hit (hf,)~!(a) before hitting (h},)~!(a). Once again, this is an easy consequence of the invariance

principle assumption, and it is the content of Lemma 5.4.5 below.

(c) Finally, roughly speaking, in order to conclude, we need to improve the bound on the probability
appearing in the previous step from order 1/R’ to order 0,,(1/R’). This is done by using Lemma 5.2.4
together with the invariance principle assumption. Indeed, as it will be more clear in the proof of
Lemma 5.4.3, it is sufficient to estimate the probability that a random walk started inside VG™(R) does
not disconnect Vi U V_g from Vi U V_ g, before hitting the latter set. In Lemma 5.4.6 below, we will
see that this probability is of order R’/ R, and this will be enough to conclude.

Before proceeding, we observe that, for all x € VQ‘L’"(R), it holds that
Py (X2, € 03:(h, ' (a)) =1 = P (X%, € (b)) '(@),

hence, from now on, we can just focus on the first estimate in the statement of Lemma 5.4.3.

We can now state and prove the technical lemmas mentioned above. We start with the following lemma where
we study the probability that the lifted random walk started inside VG (R) hits the set Vll;, before hitting
Vi,

Lemma 5.4.4. For any n > n(R,0) large enough, it holds that
2R'P, (X2 € V}) — R —Im(x)| <5, Vxe VG (R).

Proof. Forn € NN, fix a vertex x € VQT’”(R), consider a planar Brownian motion B* started from x, and
define the stopping time
opx =inf{t >0 : [Im(By)| = R'}.

Then, by assumption (H2), for any n > n(R, d) large enough, we have that

[Pu(X7, € 03 (Vi) — Px(Im(Bo, ) = B)| <
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Since Im(B¥) is just a linear Brownian motion started from Im(x), thanks to the gambler’s ruin formula, it

holds that R+ Im(x)
+ Im(x
H)X(Im(BO'B x) = RI) = Ta

from which the conclusion follows. ]

We can now move to the second lemma which gives an estimate for the probability that the random walk
started from V! ., hits (h)~! (@) before hitting (bf,) " (a).

Lemma 5.4.5. For any n > n(R,0) large enough, it holds that

where the implicit constant is independent of everything else.
Proof. We start by noticing that, for all x € V_T - it holds that
Py (X2 € (h])7!(@)) < Px(02x(X"|[0,r,) does not wind around the cylinder below height — '),

where we recall that o9, is defined in (5.2.4) and denotes the covering map of the infinite cylinder Co,. The
above inequality is due to the fact that, if 09,(X" [ «,]) Winds around the cylinder below height — R/, then,
by definition of a, it has to hit the set b, * (a). We can now exploit assumption (H2) and find the corresponding
upper bound for the Brownian motion. More precisely, let B* be a planar Brownian motion started from

X € Ggﬂl (V_g) and define the stopping time
Tpx = inf{t > 0 : Im(By) = —2R' or Im(B}) = R'}.
Then, for any n > n(R, §) large enough, we have that

Py (027 (X"[[0,r,]) does not wind around the cylinder below height — R’)

< 2Py (027 (Bljo,x 5 ,]) does not wind around the cylinder below height — R').

Therefore, to conclude, it is sufficient to find a uniform upper bound for the quantity on the right-hand side of

the above expression. This is done in Lemma 5.A.1 from which the conclusion follows. O

In order to prove Lemma 5.4.3, we also need the following lemma which provides an estimate for the probability
that a random walk started inside VG™(R) disconnects Vg U V_g from Vi U V_ g before hitting the latter

set.

Lemma 5.4.6. For any n > n(R, ) large enough, it holds that

Py (027 (X"|[0,0,]) does not disconnect Vg U V_g from Vy UV_pg1) < %, Vx € VG'"(R),
where the implicit constant is independent of everything else.
Proof. Forx € VGI™(R), let B* be a planar Brownian motion started from x, and define the stopping time

0px =inf{t >0 : |[Im(B})| = R'}.
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By assumption (H2), we know that for any n > n(R, §) large enough, it holds that

Py (027 (X"[0,0,.]) does not disconnect Vi U V_ g from Vg U V_g/)
< 2Py (027 (Bljo,05.,]) does not disconnect R/27Z x {—R, R} from R/Z x {—R', R'}).

Therefore, it is sufficient to find a uniform upper bound for the quantity on the right-hand side of the above
expression. This is the content of Lemma 5.A.2 from which the desired result follows. O

We are now ready to give a proof of Lemma 5.4.3. As we have already remarked, this will be a consequence

of the previous three lemmas and of Lemma 5.2.4.
Proof of Lemma 5.4.3. We start by defining the function i : VGT"(R') — R as follows
1l (x) = P (X € (b)) 7' (@) — Px (X5, € Vi), Vxe VG (R),
so that, we can write
Pu(X2, € (b))} (@) = Px(X], € V) +h(x).  Yxe Vg (R). (5.43)
We now observe that, thanks to Lemma 5.4.4, for any n > n(R, §) large enough, it holds that
2R'P (X2 € V}) — R —Im(x)| <5, Vxe VG (R). (5.4.4)

Therefore, it is sufficient to study the function f! appearing in (5.4.3). To this end, we consider the functions
fjl : VGh(R') — [0,1] and ﬂL : VG (R') — [0, 1] defined as follows

flo) S P (XD e Vi, X2 e (b)) @),  §(x) & PR(XE €V, X2, € (b)) ().

In particular, as one can easily check, it holds that

If.60] < Thx) + 1 (%), ¥x € VGIn(R),

and so, we can reduce the problem to the study of the functions ?IL and ﬂl We will only study the function fjl
as the function ﬂL can be treated similarly. Thanks to the strong Markov property of the random walk X"*,
we have that

fl(x) = Ex[lo(X2)], ¥x e VG (R)).

Therefore, for x, y € VG (R), it holds that
[FLx) = Fo )] < sup{[fL(v)] = v e VI b ™V (Xax, X0), (54.5)

where dTV denotes the total variation distance. Hence, it is sufficient to find an upper bound for the two terms
on the right-hand side of (5.4.5). We treat the two factors separately.

¢ In order to bound the first factor, we just need to bound uniformly on v € Vi s the probability that a
random walk on (G"", ¢f'") started from v hits (b )~ (@) before hitting (hf,)~!(a). This is exactly the
content of Lemma 5.4.5 from which we can deduce that, for all n > n(R, ) large enough, it holds that

sup{[it (V)| : veVi} S =,
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where the implicit constant is universal.

¢ In order to bound the second factor, we can use Lemma 5.2.4. More precisely, it is sufficient to estimate
the probability that o, (X"*|(9 ¢,1) disconnects Vg U V_g from Vg, U V_g/. This is exactly the content
of Lemma 5.4.6 which guarantees that, for all n > n(R, ) large enough and for all x € VGI"(R), it
holds that

R
Py (027 (X"[0,0,.]) does not disconnect Vi U V_ g from Vg UV_g/) < o

where the implicit constant is independent of everything else. Therefore, this fact together with Lemma 5.2.4
imply that

AV (XX XGY) € e Yxy €VGH(R).

T| =

Therefore, putting together the previous two bullet points and going back to (5.4.5), we get that for every
n > n(R, §) large enough, it holds that

= — R
i) -T )] S o Ty € VGI(R),

Furthermore, the same uniform bound can be also obtained for the function ﬂ;, but we omit the details since

the argument is similar. Summing up, we obtained that, for all n > n(R, §) large enough, it holds that

[0 -FW) S o5 ¥xy €VGH(R)

Hence, to conclude, we can simply proceed as follows. For every n > n(R, d) large enough, fix an arbitrary
vertex y € VG (R). Then, recalling that by definition R’ = R/§, it holds that

2R|if,(x) = LI £ 8, ¥x € VG (R).
Therefore, thanks to (5.4.3) and estimate (5.4.4), we find that, for any n > n(R, ) large enough, it holds that
2R'Px(X7, € (b)) "'(@) — b, —Im(x)| <8, VxeVG'"(R),

def

where b/, = 2R'fl (y) + R'. O

5.4.2 Width coordinate function

For each n € IN, consider the lifted width coordinate function
ro], : VGhn 5 R,

as defined in (5.2.10). The main goal of this subsection is to show that there exists an affine transformation of
the function to], that is asymptotically close, uniformly on lifts of compact subsets of the infinite cylinder Cox,
to the width coordinate function X ~ Re(X) in the a priori lifted embedded graph G, as n — co. More

precisely, we have the following result.
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Proposition 5.4.7. There exits a sequence {b¥ },en C R such that for all R > 1, § € (0,1), and for any
n > n(R,d) large enough, it holds that

2 N
nﬂmL@ LB —Re(X)| <5, VxeVG(Rx [-R,R)), (5.4.6)

where we recall that 1\,, denotes the strength of the flow induced by b, as defined in (5.2.8).

The proof of this proposition is given in Subsection 5.4.2.2. As we will see, the proof is based on Lemma 5.4.9
below and the following two facts: (a) the harmonicity of the lifted width coordinate function mL; (b) the

invariance principle assumption (H3) on the sequence of dual maps.

5.4.2.1 Setup of the proof

For each n € IN, consider the metric graphs G™ and G" associated to G™ and QA", respectively. Let
b, : G™ — [0, 1] be the extended height coordinate function as specified in Remark 5.2.7, and 1, : G" — R
be the extended width coordinate function as specified in Remark 5.2.11. Given a value S € R, we define the
set

Ve E{Feq"  Im@) =S}

Given a value a € (0, 1), we recall that the sets £G1, £G1, VGI, VG are all defined in Subsection 5.3.2. We

also recall that )’Zg’a denotes the vertex in VQ\ 7 whose real coordinate is nearest to 0, and we refer to (5.3.1)
and (5.3.2) for the definitions of the sets 73(1" and P}, respectively.

We fix throughout R > 1 and & € (0, 1) as in the proposition statement, and we let

R
R = —.
5

For each n € IN, we consider @, and a” , as defined in (5.4.1). Moreover, thanks to Proposition 5.4.2, for
any n > n(R, §) large enough, we can choose a value a;, such that the set b, ! (a'%,) is fully contained in the
infinite strip R x [—1, 1].

In what follows, in order to lighten up notation, we adopt the following notational convention
1755175, a=ap, a=a
Furthermore, we denote by 175T the lift to the universal cover of 175, and we write VG t:n(S) (resp. Vé"(S )) as

a shorthand for VG (R x [—S, S]) (resp. VG (R/2nZ x [—S, S])).

We also adopt the convention to fix the additive constant of the lifted width coordinate function o] by setting

on,a

it to zero on the point X,>". We observe that changing the base vertex of the lifted width coordinate function

has only the effect of changing the value of b)Y appearing in the statement of Proposition 5.4.7.

Similarly to what we discussed in the preceding subsection, by Lemma 5.3.3 and Remark 5.3.5, we can assume,

without loss of generality, that VG contains all the points in the set
bl.(@) Ub, ' (a) Ub, (a) C G",
and that VQA” contains all the points in the set

Ve UV_p41 C G™.
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This is allowed since, as in the case of the height coordinate function, by possibly locally modifying the a
priori embedding of the dual graph G" in Cor, we can assume that each edge in £ G" crosses the circles at
height R’ — 1 and —R’ 4 1 at most finitely many times. We refer to Figure 5.8 for an illustration of the sets

involved in the proof of Proposition 5.4.7.

0 o ir

FiGuRE 5.8: A diagram illustrating the sets involved in the proof of Proposition 5.4.7. The shaded dark-grey
strip between heights R and —R contains all the vertices in the set VG T"(ﬁ) The shaded light-grey strip
between heights R’ — 1 and —R’ 4 1 contains all the vertices in the set VG"™(R'). The red dual vertices
at the top (resp. bottom) are the vertices in the set ‘7;,;1 (resp. ‘7_T r/41)- Moving from top to bottom, the
blue vertices are the gual vertices in the sets vgg", vg;»", VQ;’"; the blue dual edges are the edges in the
sets EGI™, EGI™,EGH™; and finally the green vertices are the vertices in the sets (hl,) ™' (@), (bf)*(a),

(b1) ().

Remark 5.4.8. We observe that, by Proposition 5.4.2, for any ¢ € (0,1) and for any n > n(R, 9, ¢) large
enough, it holds that

(hjz)_l(a) CRx [R/ - EaR/ + 5]7 (b;)_l(g) CRx [—R/ — €, —R + E].

Furthermore, by definitions of £ G\é" & _C’//\;” and Lemma 5.4.1, we have that, for any ¢ € (0,1) and for any
n > n(R, 5, ) large enough, it holds that

EGI" CRx [R — ¢, R +¢], 5@;’”C]R>< [-R —¢,—R +¢].

These facts will be of key importance in the remaining part of this subsection and they will be used several

times.

Random walk notation. For X € VG!™ (R’ — 1), we consider the continuous time random walk {ﬁ?’i}tzg
on the lifted weighted dual graph ( G fn 2T started from X. We recall that the continuous path of this random
walk is generated by piecewise linear interpolation at constant speed. We consider the following stopping

times
ox Linf{t >0 : XP* eVl U Vi), m=inf{t>0: XX e vghtu Vé;n} (5-4.7)

As we will observe more precisely below, for n > n(R, §) large enough, thanks to Proposition 5.4.2, we have
that
V?g’nCRX[R/—:LR/—f—lL VQ\;’TLCRX[—R/—17—R/+1],
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and so, it holds that ¢ > 0%, forallX € VQAT’"(R’ — 1). Looking at Figure 5.8, the stopping time 05 accounts

for the first time at which the random walk hits one of the red dual vertices, while the stopping time T accounts

for the first time at which the random walk hits one of the blue dual vertices at the top or bottom of the figure.

In what follows, we also need to consider random walks on the sequence of primal lifted weighted graphs. To
be precise, let a be as specified in the introduction of this section (we recall that here, a is a shorthand for a%,)
and consider the probability measure (1, on the set P/" (see Remark 5.3.12). We let X"H« be the random
walk on the lifted weighted graph (G™, cf") started from a point in P} sampled according to p,. We
also consider the associated continuous time version {X;""};>( obtained by piecewise linear interpolation

at constant speed. We define the following stopping times
94 Zinf{t >0 : XM e (p]) @)}, O- =inf{t>0: X" € (h])(a)}. (5.4.8)
Furthermore, we will also need to consider the lifted Smith-embedded random walk {Xf’““ }i>0 associated

to X™*a defined in Subsection 5.3.4.

5.4.2.2 Proof of Proposition 5.4.7

We can now state a key lemma for the proof of Proposition 5.4.7. The proof of the below result is given in
Subsection 5.4.2.3.
Lemma 5.4.9. For any n > n(R,8) large enough, there exists a finite constant b,, € R such that

2m Nn

<1, VxeVGm™(R -1),

~

Eg

where the implicit constant is universal, and n,, denotes the strength of the flow induced by b,, as defined in
(5.2.8).

Given Lemma 5.4.9, the proof of Proposition 5.4.7 follows by using the harmonicity of the width coordinate

function and the invariance principle assumption (H3).

Proof of Proposition 5.4.7. ForX € VGt (R), let X% be the random walk on the lifted dual weighted graph
(@’", ¢hm) started from X. Moreover, let B¥ be a planar Brownian motion started from X, and define the
stopping time

Tpg Zinf{t >0 : [Im(BY)| = R'}. (5-4-9)

We divide the proof into several steps.

Step 1. In this first step, we show that, for any n > n(R, d) large enough, it holds that
|Ex[Re(X2)] — Re(%)| <3, (5.4.10)

where we recall that the stopping time Tx is defined in (5.4.7). As we will see below, this is an easy consequence
of assumption (H3). We start by observing that, thanks to well-known properties of Brownian motion, it holds
that

|Ex[Re(Bx, )] —Re(X)| =0, VxeVGh"(R).

Indeed, this follows from the fact that |Re(Bx,, ;)] — Re(X)| has exponentially decaying tails and from the

optional stopping theorem. As we observed in Remark 5.4.8, we have that, for any ¢ € (0,1) and for any
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n > n(R, 5, ¢) large enough, it holds that
EGIM CRx[R —¢, R +¢, EGI" CRx [-R —¢,—R + €.

Therefore, from this fact and assumption (H3), we can deduce that, for any n > n(R, ) large enough, it holds
that
|Ex[Re(Bx, ;)] — Ex[Re(X7)]| < 6.

%

More precisely, this fact can be obtained from assumption (H3) by arguing in the same exact way as in the

proof of Lemma 5.4.11 below.

Step 2. The main goal of this step is to prove that, for any n > n(R, §) large enough, it holds that
Ex[w] (X2 )] = wi (%), Ve VG (R). (5.4.11)

We start by recalling that the function t] : VGT™ — R is harmonic, and so the process tof (X™%) is a
discrete martingale with respect to the filtration generated by X% Therefore, if we prove that this martingale
is uniformly integrable, then the claim follows from the optional stopping theorem. To this end, it is sufficient
to prove that, for M € IN, the probability of the event |mIL()A(g§) — ! (X)| > MR’ decays exponentially
fast in M, uniformly in X € VQAT”"(R) and for all n > n(R, ) large enough. This fact can be obtained from
assumption (H3) by arguing in the same exact way as in the proof of Lemma 5.4.10 below. Hence, the desired

result follows.

Step 3. Consider the function i, : VGt (R’ — 1) — R defined as follows

Re(X2)  wf (X2 )+,

VR e VG (R —1
5 o , ¥Yxevght( ),

il.(%) = Ex

where b/, is the same constant appearing in the statement of Lemma 5.4.9. Now, recalling the definition (5.4.7)
of the stopping time o and that o; < T, thanks to the strong Markov property of the random walk, for all
%,y € VG (R), it holds that

iL®) — 1L3)] < sup{|FL(¥)] : ¥ € V(R — 1)} dTV (XX, X1T), (5.4.12)
where d™V denotes the total variation distance. Hence, it is sufficent to find an upper bound for the two terms

on the right-hand side of (5.4.12). We treat the two factors separately.

« In order to bound the first factor, we just need to bound uniformly on VG (R’ — 1) the quantity [f1,(v)|.
This is exactly the content of Lemma 5.4.9 from which we can deduce that, for all n > n(R,d) large
enough, it holds that

sup{|,,(¥)| : e VG (R - 1)} <1,

where the implicit constant is independent of everything else.

¢ In order to bound the second factor, we can use Lemma 5.2.4. Indeed, as we have already remarked, thanks

to Proposition 5.4.2 and to Lemma 5.4.1, for any n € IN large enough, it holds that
VGI" c Rx [R —1,R' +1], VG"CcRx|[-R —1,-R +1].

Therefore, it is sufficient to estimate the probability that Ggﬁ(fi’”’ﬁho’%]) disconnects KA/R uv_ gr from

Vr/—1 UV_pgr41. To this end, one can argue in the same exact way as in Lemma 5.4.6 in order to prove
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that, for any n > n(R, §) large enough and for all X € VG (R), it holds that

| =

]ljg(o‘zn(ﬁnho’ai]) does not disconnect Vi U V_g from Vg1 UV_pgi11) < =

5 =

where the implicit constant is independent of everything else. Therefore, this fact together with Lemma 5.2.4
imply that
T N,y R ~ ~ St n
dTV(Xaé , ajy) < L VX,y € VGI(R).
Therefore, putting together the two bullet points above, recalling that ' = R/, and going back to (5.4.12),
we find that, for any n > n(R, ) large enough, it holds that

where the implicit constant is independent of everything else.

Step 4. To conclude, for every n > n(R, d) large enough, fix an arbitrary vertex y € VG .7 (R). Then, thanks
to (5.4.10), (5.4.11), and (5.4.13), we have that for any n > n(R, ) large enough, it holds that

2 N
n—nmil(%) TR _Re(®)| <5, Ve VG(R),

n

where b%® = 27f1 (). Finally, in order to conclude, we need to remove the dependence of b%® from R and 5.

This can be easily done by arguing in the same exact way as in the second step of the proof of Proposition 5.4.2.
Therefore, the proof is concluded. O

5.4.2.3 Proof of Lemma 5.4.9

The proof of Lemma 5.4.9 is relatively long and it is based on several intermediate technical lemmas.

We recall that, for n € IN, the map Sl*ra“d, defined in Definition 5.2.15, assigns to each vertex x € VG the
random variable S}**"d(x), which is uniformly distributed on the horizontal segment S} (x). The proof of

Lemma 5.4.9 can be basically divided into four main steps.

(a) We start by considering the continuous time lifted random walk X™*«. In Lemma 5.4.10, we prove that,
for M € N, the conditional probability, given 9. < 9_, of the event | Re(X ") —Re(Xg"*)| > MR
decays exponentially in M. Using this result, we then prove in Lemma 5.4.11 that the conditional
expectation of Re(ng“) — Re(X( "), given 9 < 9_, is of order one. Both the proofs of Lem-
mas 5.4.10 and 5.4.11 are based on the invariance principle assumption on the sequence of primal

maps.

(b) We then consider the Smith-embedded random walk XM gssociated with X™He. In Lemma 5.4.12,
we prove that the conditional expectation of Re(ng“ ), given ¥ < 9_, is of order 1,,. This result is
basically a consequence of Lemma 5.3.17, which guarantees that the expected horizontal winding of

the Smith-embedded random walk is equal to zero.

. . 5 d .
(c) In Lemma 5.4.14, using the relation between the maps S,Tfa“ and mjl, together with the results proved
in the previous steps, we prove that there exists a finite constant b/, € R such that the values of the
width coordinate function in Pg’" plus ¥, is of order n,,. The key input to prove this result comes

from Lemma 5.4.13 in which we prove that the probability that the random walk X™ "« travels a large
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horizontal distance in a narrow horizontal tube decays exponentially fast. The proof of this fact follows

from the invariance principle assumption on the sequence of primal maps.

(d) Finally, in Lemma 5.4.15, we state the analogous dual result of Lemma 5.4.13. This fact and the

periodicity of the Smith diagram will allow us to deduce Lemma 5.4.9.

Let us emphasise that all the results explained above hold also with the role of 9, and 9_ interchanged. In
particular, the same result stated in point (c) holds with the set 73;’" replaced by 732".

We can now proceed to state and prove the technical lemmas mentioned above. We start with the following
lemma which states that, for M € IN, the conditional probability of the event | Re(ng“ ) —Re(Xg")| > MR/,
given ¥4 < ¥_, decays exponentially in M. Heuristically speaking, this is due to the fact that, after each time
that the random walk X"« travels horizontal distance R’, there exists a positive chance of hitting the set

(h1) "' (@).
Lemma 5.4.10. There exists a universal constant C > 0 such that, for any n > n(R, §) large enough, it holds

that
P, (|Re(Xf, ) —Re(Xp)| > MR [9, <) Sexp(~CM), VM eN.

where the implicit constant is independent of everything else. The same conclusion holds with the role of O

and B _ interchanged.
Proof. As observed in Remark 5.4.8, for any n > n(R, d) large enough, we can assume that

() 7H@ CRx[RL R +1], (b)) (a) CRx [-R'~1,-R], (b})7"(a) C Rx[-1,1]. (54.14)
Now, letting & & ¥4 AD9_ and M € IN, we can write

Py, (|Re(X}) — Re(Xf)| > MR)
Py, (94 <9-) '

Py, (|Re(Xj, ) —Re(Xp)| > MR [9, <9_) <

We note that, thanks to assumption (H2) and (5.4.14), for any n > n(R, §) large enough, the probability on the
denominator can be lower bounded by a constant independent of everything else. Therefore, we can just focus

on the probability appearing on the numerator. To this end, let py := 0, and for k£ € IN define inductively
Pri1 = inf{t > pp ¢ [Re(X}") — Re(XMHe)| > R'}.
Moreover, for k € IN, consider the event

AR = X0, o0 € Rx [Im(XRHe) — 3R/ Im(X M) + 3R] }.

We observe that, thanks to the strong Markov property of the random walk, the events {A} }ren, are
independent and identically distributed. Moreover, thanks to assumption (H2), to estimates (5.4.14), and to
well-known properties of Brownian motion, for any n € IN large enough, the event A happens with uniformly

positive probability p independent of everything else. Therefore, we have that

Py, (|Re(Xj,) — Re(X{)| > MR') <P, <ﬂ,4n> (1-p)™,

from which the desired result follows. Finally, the same argument also applies with the role of 3, and d_
interchanged. O
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In the next lemma, we use Lemma 5.4.10 to prove that the conditional expectation of Re(X ") —Re(Xg"*),

given 94 < d_, is of order one.

Lemma 5.4.11. For any n > n(R, ) large enough, it holds that
By, [Re(X5, ) — Re(Xg) [ 94 <d_][ S 1,
where the implicit constant is universal. The same result holds with the role of 9 and d_ interchanged.

Proof. The proof of this result is based on assumption (H2). More precisely, let B"+ be a planar Brownian
motion started from a point in ;" sampled according to the probability measure p,, and consider the

following stopping times

def

9p,+ Zinf{t >0 : Im(B}'") = R'}, 9p,— =inf{t >0 : Im(B}'*) = —R'}.

Since Re(B"=) and Im(B"=) are independent, and since the stopping times ¥+ and ¥ _ only depend on

Im(B%=), thanks to well-known properties of Brownian motion, we have that
IELla [Re(B‘gB,J — Re(Bo) | 8B7+ < '837_] =0. (5415)

Furthermore, as observed in Remark 5.4.8, for any ¢ € (0, 1) and for any n > n(R, 8, ¢) large enough, it holds
that
(b)) 7@ CRx [R. R +¢),  (b))7'(a) CRx [-R' —& —R.

In particular, this fact and Lemma 5.4.1 imply that the set (h] )~ (@) (resp. (h})"'(a)) converges in the
Hausdorff metric to the horizontal line R x {R'} (resp. R x {—R’}). Therefore, thanks to assumption (H2),

the following weak convergence of laws holds

lim Law(Re(XQf“) —Re(Xy") [ <d) = Law(Re(ng‘;Jr) —Re(B{*) | 9p,4+ <9p,-).

n—roo

Hence, thanks to Lemma 5.4.10 and Vitali’s convergence theorem, for any n > n(R, 0) large enough, it holds
that

|E,., [Re(X§, ) —Re(X{) | 9y <d_] — By, [Re(Bo, . ) —Re(Bo) [¥p4 <Vp ]| <1.  (54.16)

Hence, putting together (5.4.15) and (5.4.16), we obtain the desired result. Finally, the same argument also
applies with the role of & and 9 _ interchanged. O

In the next lemma, we see how we can use Lemma 5.3.17 to prove that that the conditional expectation of
Re(ng"), given ¥, < 9_, is of order n,,.

Lemma 5.4.12. For any n € N, it holds that
By, [Re(X5,) [0 <d_]| <,

and the same with the role of O and ¥ _ interchanged.
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Proof. Since we are assuming that the base vertex X" of the lifted width coordinate function rof belongs to

the set 73,1”, then, thanks to Lemma 5.3.9, it holds almost surely that
[Re(Sf(x))| <M, Vx € PI™

In particular, since the embedded random walk X™ "« is started from a point in the set 73:{’”, then it holds
almost surely that
‘ Re(ng Ha )

<Mn. (5.4.17)

Now, we would like to apply Lemma 5.3.17 in order to conclude. However, we note that we cannot directly
apply this result since, a priori, it does not hold that U,eygn b, 1 (h,(z)) € VG™. In order to overcome this
issue, we could consider the weighted graph associated to (G", c¢") and U,eygnh, 1 (b, (7)) as specified in
Definition 5.3.1. We could then apply Lemma 5.3.17 to the random walk on this new weighted graph and then
transfer the result to the original weighted graph by means of Lemma 5.3.4. In order to lighten up the proof,
we will assume directly that U,cygn b, 1 (hn(x)) = VG™. Since the stopping time 9 is almost surely finite,
we can proceed as follows

E, [windm (Xn|[o,a+]) |94 < 19—]

a

1

=—«——[ o wind n(xn D )]l 9 9_9,=N
P, (0, <90_) " NZ@N (0,04])H{d4+< +=N}
1 , -
“ P, <) > By, [windy, (X"|j0.0,]) | 9 > N,9; = N]P,, (9 > N, 8, = N).
Ha\PH > ¥/ NeN
(5.4.18)
In order to pass from the first second to the third line of the above expression, we used the fact that

E[|windy,,, (X”’”“|[07,9+])H < 00, (5.4.19)

and Fubini’s theorem. The reason why (5.4.19) holds is an immediate consequence of Lemmas 5.3.6 and 5.4.11.
In order to conclude, it is sufficient to prove that the expectation in each summand of the sum appearing in
(5.4.18) is equal to zero. To this end, fix N € IN and consider a sequence of admissible height coordinates
[an]o C (0, 1) for the random walk X™*e = gg,(X"™Ha), as specified in Definition 5.3.13, such that a,,, > a
for all m € [N]p and ay = @. Thanks, to Lemma 5.3.17 and recalling (5.3.3), we have that

IEua [Windnn(xn“O;PN]) ‘ {hn(Xgm) = am}%:l] =0,
uniformly over all such sequences of height coordinates. Hence, this is sufficient to conclude that
E,., [wind,, (X"|j0,5,)) | 9~ > N, 94 = N] =0. (5.4.20)

Therefore, the conclusion follows thanks to (5.4.17), and to the fact that (5.4.18) and (5.4.20) imply that
E,, [wind,, (X"|[073 .1) |94 <d_] = 0. Finally, we observe that the same argument also applies with the
role of ¥4 and d_ interchanged. O

In order to prove Lemma 5.4.9, we basically need to prove that the difference between the value of the width
coordinate in the set 73;" and in the set 73; '™ is of order n,,. This fact is the content of Lemma 5.4.14 below.

However, in order to prove this fact, we first need to prove that it is extremely unlikely for the random walk
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X™He to travel a large horizontal distance in a “narrow horizontal tube”. We refer to Figure 5.9 for a diagram

illustrating the various objects involved in the proof of Lemma 5.4.13.

Re(Xy™*) — 27 Re(%y™") Re(%y™") + 27 Re(Xy™") + 47

FIGURE 5.9: The vertices (h,) ™! (@) are drawn for simplicity as a continuous red/green path contained in the
infinite strip R X [R’ — ¢, R’ + ¢]. In particular, the green part of this path contains the vertices in the set 7?;’".
The blue vertex at the bottom of the figure is a vertex sampled from the set '™ according to the probability
measure {t,. The blue path represents a trajectory of the random walk X™*¢, and the blue point at the top-right
coincides with the hitting point X§'**. The blue point ng" at the top-left is the vertex in 1™ such that
ng(nga) = ng(ng“). Roungly speaking, Lemma 5.4.13 says that the event depicted in the figure is
extremely unlikely to happen. A consequence of this fact is that the conditional expectation of Re(ng‘l )s
given ¥4+ < 9_, is of order one.

Lemma 5.4.13. Fix e € (0,1), M € IN, and define the following event

AL E {35, €[0,94] : [Re(X]H) —Re(XIH7)

> M; [Im(X]He)

€[R —¢, R +¢], Vu e [s,1]}.
There exists a universal constant C > 0 such that, for any n > n(R, 8, €) large enough, it holds that
Py, (A3L |91 <9_) Sexp(~CM/e), VM €N,

where the implicit constant is independent of everything else. Furthermore, the same conclusion holds with

the role of 31 and B _ interchanged.

Proof. Fix ¢ € (0,1). We start by recalling that, as observed in Remark 5.4.8, for any n > n(R, §, €) large
enough, it holds that
(h)™L(@) c Rx [R — &, R + €. (5.4.21)

It is easy to see that, without any loss of generality, we can assume that VG" contains all the points in the set
{r€G" : Im(z) = R —¢}.

Therefore, we can define the stopping time pg := inf{t >0 : Im(X{"") = R’ — ¢}, and for k € Ng we

define inductively
P41 = inf{t > pj, : [Re(X]H?) —Re(XPHe)| > M}, prya Zinf{t > ppy1 ¢ Im(XPH) = R/ — ¢},
Moreover, for k € IN we consider the events

AN (okm1,08) = {Im(X™MHe |, 5,9) C[R — e, R +¢l},  Fi = {pr > Tz}
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Let K be the smallest & € IN such that F}, occurs. Then, we have that

(AXIJZ [ Dy <D <UAM€ Pi—1,0:) | O+ <19>
(5.4.22)
Z Zﬂ’ua (AR (pion, 3 [ 94 <9 ) Py, (K =k [ 94 <9-).
€N ¢

Thanks to the strong Markov property of the random walk, the events {Aﬁf8 (Pr—1, Pr) } ke are conditionally
independent and identically distributed given 3. < 9_. Now, thanks to assumption (H2) and well-known
properties of Brownian motion, it is possible to prove that there exists a universal constant C' > 0 such that
for any n € IN large enough it holds that

Py, (A3i%(po,p1) [ 94 < D) Sexp(—CM/e), (5.4.23)

where the implicit constant is independent of everything else. More precisely, in order to obtain the above
upper bound, it is sufficient to study the probability that the random walk travels horizontal distance M before
exiting an infinite horizontal band of height of order €. This can be done by proceeding similarly to the proof
of Lemma 5.4.10, and so we do not detail the argument here. Now, for & € IN, we consider the event

By (px—1,01) = {Im(X"He

pe_spel) C =R — LR +1]}.

For the same reason explained above, we have that the events {Bzf(pk_l, Pr) tken are conditionally in-
dependent and identically distributed given 3y < 9_. Also, using again assumption (H2) and a standard

gambler’s ruin estimate for Brownian motion, one can prove that

Py, (Bhi (po, p1) |94 <9_) S(M+1)71, (5.4.24)

where the implicit constant is independent of everything else. In particular, thanks to (5.4.21), for any k£ € IN,
it holds that

k—1
Py, (K=k[dp <) < ua<ﬂB”+ (Pi—1,P) | 94+ <9- )
i=1

= p07p1)|‘9+<8)
(M+1) -,

Therefore, putting together (5.4.22), (5.4.23) and (5.4.24), we obtain that there exists a universal constant
C > 0 such that

Py, (A45 [ 94 <9-) Sexp(—CM/e) > k(M +1)~*~1 Sexp(—CM/e).
kEN

Finally, we observe that the result with the role of 9+ and 9~ interchanged can be obtained in the same way.

Therefore, this concludes the proof. 0

We are now ready to prove that the difference between the value of the width coordinate in the set 732” and in

the set 73;" is of order n,,. We refer to Figure 5.10 for a diagram illustrating the various objects involved in
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the proof of Lemma 5.4.14.

H

1@ @ ja
SF]d(xl) Sl,rand(x2
T A‘n,E 1t/ T /an,a
g (Xg")  1wn(X) w5 (X5") + 1

FIGURE 5.10: A diagram illustrating Step 2 of the proof of Lemma 5.4.14. Left: A portion of the lifted graph
G"™ embedded in R?. The blue/green vertices are the vertices in 'Pg’". The blue edges are the edges in the
set EGI™. The red dual edges are the edges in the set £ GI™. The red dual vertices are the vertices in the
set ﬁ%" Consider the dual vertex X in 73%’", then the two red dual edges with an arrow are the edges €1,
@, associated to X. The blue edges with an arrow are the corresponding primal edges e1, 2. The two green
points are the endpoints of ey, ez in (h},)~!(@). Right: A portion of the tiling of R x [0, 1] constructed
via the lifted tiling map S;;. The blue horizontal line corresponds to Ueptn S} (x). The two green points
are possible realisations of S§""(x1) and S}""(x,). The vertical red segment with horizontal coordinate
1o}, (X) corresponds to S (X).

Lemma 5.4.14. For any n > n(R, 8) large enough, there exists a finite constant b), € R such that
w0l (%) + 0, | SNy YR EPIMUPI,
where the implicit constant is independent of everything else.
Proof. We start by letting 9 = ¥4+ A9_ and defining
b, £ E,, [Re(XD) — Re(X3)].

We observe that b/, is not of constant order in general. Indeed, this is due to the fact that Re(X{"*) can be
far from being of order one since the starting point of the random walk X"« is sampled from the set P-"
over which we do not have any a priori control. We will only prove the result in the case X € ﬁgn since the

result for X € 7?;” can be obtained similarly. In particular, we split the proof in two steps.

Step 1: In this first step, we claim that for any n > n(R, §) large enough, it holds almost surely that
[Re(Sf2d(x)) +8),| Snn,  Vx € PL,

where the implicit constant does not depend on anything else. To this end, we consider the vertex )NCZ;;““ € Pg’"
such that Ugﬂ(figf“) = GQﬂ(ng“ ). Now, applying Lemma 5.3.6, we see that
Re(Shrnd(Xgf*)) —Re(Xg ) Re(Xp!) — Re(Xj )
Mn 27

<1. (5.4.25)
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Therefore, rearranging the various terms in the previous inequality and then taking the conditional expectation
given 94 < d_, we get that

|y, [Re(SH"(X5,)) [ 94 < 9] +b),| S By, [Re(X5,) | 8, <]
+ M| By, [Re(X5, ) —Re(Xg) [ 94 < 9] (5.4.26)
+ 10 |b), + By, [Re(X5, ) — Re(Xp) | 91 < 9_]|.

Thanks to Lemmas 5.4.11 and 5.4.12, we have that the following inequalities hold for any n > n(R, §) large
enough

By, [Re(X3,) |04 <d_]| <nn, [Ey, [Re(X5, ) —Re(Xq) |94 <d_]| S L. (5.4.27)

Therefore, the claim follows if we prove that the term in the third line of (5.4.26) is of order one. More
precisely, thanks to the definition of b/

".» it is sufficient to prove that, for any n > n(R, §) large enough, it holds
that

|Ey., [Re(X3)] — Ey, [Re(X3+) (94 <d-]] S 1.
Since, for any n > n(R, d) large enough, IP,,, (¥4 < 9_) is of constant order, this is equivalent to prove that
[y, [Re(X3,) |95 <0 ]| + By, [Re(X5_) [9- < 9. S 1,

where the implicit constant must be independent of everything else. We note that this inequality follows easily
from Lemma 5.4.13 (see Figure 5.9). Hence, putting everything together and going back to (5.4.26), we obtain
that

By, [Re(SFmm4(X5 ) [ 04 < 0_] +b,] <,

where the implicit constant is independent of everything else. Therefore, the desired claim follows from the

previous inequality and from the fact that, thanks to Lemma 5.3.9, it holds almost surely that

[Re(S1(x,)) — Re(Sf™ (x2))| < 2, V1, % € PLT

Step 2: In this step, we will actually prove the result in the lemma statement. To this end, we fix X € 73%" and
we consider the dual edges €1, € € £ C//\ET" such that é\f =X =&, . Furthermore, we let e1, e2 € £ g;" be
the corresponding primal edges, and we let X1, X € VGT'" be the endpoints of e; and e in the set (b)) ~1(a)

(see Figure 5.10). At this point, we need to split the proof in two different cases:

 If X3 # xo, then, by construction of the Smith diagram, it holds almost surely that

], (%) € [Re(SH(x1)), (ST (x2))].

e If x; = X9, then it holds that
w! (X) € [min{Re(v) : v € §f (x1)}, max{Re(v) : v € S (x1)}],

where we recall that S} (x1) denotes the horizontal segment associated to x; by the lifted tiling map.

In both cases, if x1, x5 € 73;’", then the conclusion follows from the previous step. However, in general, it
could be that x; € Pg’” — (2m,0) or xo € Pg’” + (27,0). In both these cases, we cannot directly appeal to
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the previous step to conclude. Nevertheless, a simple application of Lemma 5.3.6 implies that the same result
of the first step holds also for the vertices in Pg’" — (2m, 0) and in Pg’" + (27, 0). Therefore, this concludes
the proof. O

Before proceeding with the proof of Lemma 5.4.9, we need to state a lemma which is the dual counterpart of

Lemma 5.4.13.

Lemma 5.4.15. Fixe € (0,1), X € VGI™(R' — 1), M € N, and define the following event

AV = {35t €077+ [Re(X}®) — Re(X1¥)| > M;

Im(X2¥)| € [R' — &, R +¢], Vue [s,1}.

There exists a universal constant C > 0 such that, for any n > n(R, 8, €) large enough, it holds that
Px(A}%) Sexp(-CM/e), VM €N,

where the implicit constant is independent of everything else.

Proof. The proof of this lemma can be done by employing a similar argument to that used in Lemma 5.4.13. [J

We are now ready to prove Lemma 5.4.9, which is now an immediate consequence of the results proved above.

Proof of Lemma 5.4.9. The proof basically consists of putting together some of the previous results. More

precisely, fix X € VG (R’ — 1) and let )2;11? e Py 73;" be such that ng(igf) = ng(ﬁ;l’?). Then,
by Lemma 5.2.9, we have that

Re(X2) 1w (X2)+b),

X

Re(X2) wf(XL)+b,
o Mo

- X

2 Mn

Therefore, the result follows thanks to Lemma 5.4.14 if we show that also |Ex [Re(f(%)” < 1. We note that
this fact is easily implied by Lemma 5.4.15, and so the proof is completed. O

5.4.3 Proof of Theorem 5.A

We are now ready to give a proof of the main theorem of this chapter. As we have already remarked, the proof
of this theorem is a consequence of Propositions 5.4.2 and 5.4.7.

Proof of Theorem 5.A. Fix R > 1,8 € (0, 1), and consider a point x € VG"'"(R). We divide the proof into

three main steps.

Step 1. By definition of the Smith embedding Sf, we have that Im(S] (x)) = b (x). Hence, from
Proposition 5.4.2, we know that there exist two real sequences {bY },,en and {c? },,en, independent of R and

d, such that, for n > n(R, §) large enough, it holds that

|cg Im(S] (x)) + b9 — Im(x)| < %, Vx € VGI" (R x [-R, R)).

Step 2. Let £GT"+(x) = [es] be the set of harmonically oriented edges in £GT" with heads equal to x

ordered in such a way that €; - - - €, forms a counter-clockwise oriented path in the lifted dual graph éT’”.
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Then, by construction of the Smith embedding S,TL, we have that
Re(S (%)) € [wf(er),wi(e))]. (5.4.28)

Therefore, letting {b! },,cn be the sequence in the statement of Proposition 5.4.7, we have that

2T Re(ST (%)) + B® — Re(x)

n

<

2 — Af 2m ; ~
o on (@) + by —Re(e; )‘ +[Re(€]) — Re(x)| + - [Re(S] (x)) — wf, (&1)].
The first term on the right-hand side of the above expression is bounded by &/ (5+/2) thanks to Proposition 5.4.7.
The second term is also bounded by 5/(5v/2) since Lemma 5.4.1 rules out the existence of macroscopic faces.

Concerning the third term, recalling (5.4.28), we have that
T Re($] (x)) — wh (@7)]

2m L — 2m L ~ . A,
<[ 2wl @)+ o~ Reter)| + | 2w ) + o~ Rel@])| + [Re(@) - Re(er )|
The first and second term on the right-hand side of the above expression are bounded by §/(5+/2), thanks
to Proposition 5.4.7. The third term is also bounded by &/(5v/2), for n > n(R,8) thanks, once again, to
Lemma 5.4.1. We remark that all the previous bounds obviously hold only for n > n(R, §) large enough.
Therefore, putting it all together, we obtain that, for all n > n(R, §) large enough, it holds that

2m

“—Re(S] (x)) + b® —Re(x)| <

5
< —, VxeVG'"™(R x [-R,R]).
" 7 (R x [ 1)

Step 3. For each n € IN, we define the affine transformation 7)f : R x [0, 1] — RR? by letting

e 2 ef
Re(T/x) = n e(x) +b° and Im(T]x) = ) Im(x) + bY, Vx e R x[0,1],

Therefore, the previous two steps yield that, for any n > n(R, ) large enough, it holds that
dre (7S] (x),x) <8, Vx e VGI(R x [-R, R)),

where dg: denotes the Euclidean distance in IR?. This is obviously equivalent to the desired result, and so the

proof is completed. 0

5.5 Application to mated-CRT maps

The main goal of this section is to prove Theorem 5.B. Roughly speaking, the plan is as follows. We will first
introduce an a priori embedding of mated-CRT maps which is “close” to LQG. We then prove that this a priori

embedding satisfies the assumptions of Theorem 5.A. Finally, we show how this allows to conclude.
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5.5.1 SLE/LQG description of mated-CRT maps

We now discuss an equivalent description of mated-CRT maps in terms of SLE/LQG, which comes from the
results of [DMS21]. These results imply that mated-CRT maps can be realised as cell configurations con-
structed from space-filling SLE,; curves parameterised by quantum mass with respect to a certain independent
LQG surface. We will not need many properties of the SLE/LQG objects involved, so we will not give detailed

definitions, but we will give precise references instead.

Liouville quantum gravity surfaces. For y € (0,2) and D C C, a doubly marked y-LQG surface is an
equivalence class of quadruples (D, h, 21, z2) where h is a random generalised function on D (which we will
always take to be an instance of some variant of the Gaussian free field), and z1, zo € D. Two such quadruples
(D, h, 21, 29) and (57 E, Z1, Z2) are declared to be equivalent if there exists a conformal map f : D — D such

that
Y

5 (5:5-1)

h=hof+Qlog|f| and f(Z) =z, f(%) =2, where Q:%—i—

For y € (0,2), it is well-known that one can construct a random measure, called the y-LQG area measure,
which is formally given by w, = e¥"d2z, where d?z denotes the Lebesgue measure on D. Since h is a
random generalised function, this definition does not make rigorous sense and one should proceed using a
standard regularisation and limiting procedure [DS11]. The y-LQG area measure satisfies a certain change of
coordinates formula. More precisely, given two equivalent doubly marked y-LQG surface (D, h, z1, 22) and
(D, h, 71, %), then it holds almost surely that w, (f(A4)) = 15 (A) for all Borel sets A C D,where f : D — D
is a conformal map such that (5.5.1) holds.

In this chapter, we are interested in two different kind of doubly marked y-LQG surfaces.

* The doubly marked quantum sphere (C, h, 0, 00), where h is a variant of the Gaussian free field precisely
defined in [DMS21, Definition 4.21]. For y € (0,2), it is well-known that one can associate with the
random generalised function h a random measure p, on C, the y-LQG measure, with i, (C) < oo (again,
we will not need the precise definition here). Typically, one considers a unit-area quantum sphere, which

means that we fix p, (C) = 1.

* The 0-quantum cone (C, h¢,0,00), where h® is a variant of the Gaussian free field precisely defined in
[DMS21, Definition 4.10]. Also in this case, for y € (0, 2), we can associate to h° the y-LQG measure

upne which has infinite total mass, but it is locally finite.

Schramm-Loewner evolution. We do not need to precisely define SLE,,, but rather it is sufficient to know
that whole-plane space-filling SLE,;, for x > 4, is a random space-filling curve & which travels from co to
oo in C. It is a variant of SLE, [Schoo] which was introduced in [MS17, DMS21]. Space-filling SLE,, for
Kk > 8 is a two-sided version of ordinary SLE,, (which is already space-filling), whereas space-filling SLE,,
for kK € (4,8) can be obtained from ordinary SLE, by iteratively filling in the “bubbles” which the path

disconnects from oco.

Construction of the a priori embedding. An important feature of the mated-CRT map is that it comes with
an a priori embedding into C described by SLE-decorated LQG. To explain this embedding, consider a doubly
marked quantum sphere (C, h, 0, c0) and, fory € (0, 2), consider the associated y-LQG measure ;. Sample
a space-filling SLE,; curve ¥ with x = 16/y?, independently from the random generalised function h, and

reparametrise ¥ so that

90)=0 and pp(¥([a,b]) =b—a, Va,beRwitha<b.
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Fory € (0,2) and n € IN, we define the n-structure graph G™ associated with the pair (h,9) as follows. The
vertex set of G" is given by
ef 1
VG" = —7n(0,1).
n

Two distinct vertices x1, 2 € VG™ are connected by one edge (resp. two edges) if and only if the intersection
of the corresponding cells 3([x1 — 1/n, z1]) and 9([z2 — 1/n, x2]) has one connected component which is
not a singleton (resp. two connected components which are not singletons). We refer to Figure 5.11 for a
diagrammatic construction of the SLE/LQG embedding of the mated-CRT map.

FiGure 5.11: Left: A space-filling SLE,; curve 9, for x > 8, divided into cells 8([z — 1/n, z]) for a collection
of x € VG". Each cell has p,-measure equal to 1/n. Middle: The same as in the left figure but with a
orange path showing the order in which cells are traversed by ¥. Right: In each cell we drawn a red point
corresponding to a vertex in VG". Two vertices are connected by a red edge if the corresponding cells intersect.
This illustrates how the SLE/LQG embedding of the n-mated CRT map with the sphere topology is built. A
similar figure has appeared in [GMS19].

When £ > 8, the intersection of cells 9([z; — 1/n,z1]) N d([x2 — 1/n, z2]) is always either empty or the
union of one or two non-singleton connected components. However, when £ € (4,8) it is possible that
W([z1 — 1/n,z1]) N ([x2 — 1/n, x2]) is a totally disconnected Cantor-like set, in which case 21 and x4 are

not joint by an edge in G" (see Figure 5.12).

FIGURE 5.12: A typical space-filling SLE, curve 9, for € (4, 8), divided into cells. The picture is slightly
misleading since the set of “pinch point” where the left and right boundaries of each cell meet is actually
uncountable. The black dots indicate the points where O starts and finishes filling each cell. Note that the grey
and green cells intersect at several points, but do not share a connected boundary arc so are not considered to
be adjacent. A similar figure has appeared in [GMS21].

The following result explains the connection between the pair (h,9) and the mated-CRT map G", and it is a
consequence of [DMS21, Theorems 1.9 and 8.18].

Proposition 5.5.1. The family of structure graphs {G"},en agrees in law with the family of n-mated-CRT
maps with the sphere topology defined in Subsection §.1.3.
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The previous proposition gives us an a priori embedding of the mated-CRT map in C by sending each x € VG"
to the point 3(z) € C. Furthermore, the graph G™ comes naturally with two marked vertices. Indeed, we can
let vy € VG (resp. vi € VG") to be the vertex corresponding to the cell containing 0 (resp. co). We also

emphasise that here all the edges in £G™ are assumed to have unit conductance.

Construction of the a priori embedding of the dual graph. The a priori SLE/LQG embedding of G" also
induces an a priori embedding into C of the associated planar dual graph G". Indeed, each vertex of G is
naturally identified with the set of points in C where three of the cells 9([z — 1/n, z]) meet’, for z € VG".
The set of edges of G™ can be identified with the boundary segments of the cells which connect these vertices.
To be precise, this is not an embedding when € (4, 8) since the edges can intersect (but not cross) each other
(see Figure 5.12). To deal with this case, we can very slightly perturb the edges so that they do not intersect
except at their endpoints. We refer to the proof of Proposition 5.5.4 for more details on how one can handle

this situation.

5.5.2 Mated-CRT maps satisfy the assumptions

In this subsection, we show that the a priori embedding of mated-CRT maps with the sphere topology satisfies
the assumptions of Theorem 5.A. In particular, we will show here that assumptions (H2) and (H3) are satisfied
in this specific case. We recall that, for each n € IN and y € (0, 2), the mated-CRT map G"™ comes with two

marked vertices v{ and v which correspond to the cell containing 0 and oo, respectively

Proposition 5.5.2 (Invariance principle on the mated-CRT map, [GMS21, Theorem 3.4]). For eachn € IN
andy € (0,2), let G" be the n-mated CRT map with the sphere topology embedded in C under the a priori
SLE/LQG embedding specified in Subsection 5.5.1. View the embedded random walk on G", stopped when it
hits V7, as a continuous curve in C obtained by piecewise linear interpolation at constant speed. For each
compact subset K C C and for any z € K, the conditional law given the pair (h,?d) of the random walk
on G" started from the vertex x? € VG" nearest to z weakly converges in probability as n — oo to the
law of the Brownian motion on C started from z with respect to the local topology on curves modulo time

parameterisation induced by the metric (5.2.2), uniformly over all z € K.

Remark 5.5.3. To be precise, in [GMS21, Theorem 3.4], the above theorem is stated for a mated-CRT map
built using a quantum sphere with only one marked point. However, the quantum sphere with two marked
points can be obtained from the quantum sphere with one marked point (C, h, o0) by first sampling a point
z € C uniformly from the y-LQG area measure 1, then applying a conformal map which sends z to 0 (see
[DMS21, Proposition A.13]). Therefore, since Brownian motion is conformally invariant, the statement in

[GMS21, Theorem 3.4] immediately implies Proposition 5.5.2 for the quantum sphere with two marked points.

The main purpose of this subsection is to prove that an analogous result holds also on the sequence of a priori
SLE/LQG embedding of the dual n-mated-CRT map with the sphere topology. More precisely, we want to

prove the following proposition.

Proposition 5.5.4 (Invariance principle on the dual mated-CRT map). For each n € N and y € (0,2), let
G™ be the dual planar graph associated to the n-mated-CRT map G™ with the sphere topology embedded in
C under the a priori embedding specified in Subsection 5.5.1. View the embedded random walk on é" as
a continuous curve in C obtained by piecewise linear interpolation at constant speed. For each compact
subset K C C and for any z € K, the conditional law given the pair (h,d) of the random walk on G" started

from the vertex T} € VG" nearest to z weakly converges as n — oo to the law of the Brownian motion on

SNote that there cannot be more than three cells meeting at a single point or we would have a face of degree greater than three.
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C started from z with respect to the local topology on curves modulo time parameterisation induced by the

metric (5.2.2), uniformly over all z € K.

5.5.2.1 Invariance principle on embedded lattices

In order to prove Proposition 5.5.4, we need to take a step back and state a general theorem from [GMS22]
which guarantees that the random walk on certain embedded lattices has Brownian motion as a scaling limit.
For the reader’s convenience, we recall here the main definitions needed and in what follows we adopt notation
similar to that of [GMS22].

Definition 5.5.5. An embedded lattice M is a graph embedded in C in such a way that each edge is a simple
curve with zero Lebesgue measure, the edges intersect only at their endpoints, and each compact subset of C
intersects at most finitely many edges of M. As usual, we write VM for the set of vertices of M, EM for the
set of edges of M, and F M for the set of faces of M.

Definition 5.5.6. For an embedded lattice M and x € V.M, we define the outradius of x by setting

Outrad(x) = diam U H|,
(HEFM : ccOH)

i.e., the diameter of the union of the faces with = on their boundaries. Here O H denotes the boundary of the
face H € FM.

For C > 0 and z € C, we write C(M — z) for the embedded lattice obtained by first translating everything
by the amount —z and then by scaling everything by the factor C. We are interested in random embedded

lattices that satisfy the following assumptions.

(I1) (Translation invariance modulo scaling) There exists a (possibly random and M-dependent) increas-
ing sequence of open sets U; C C, each of which is either a square or a disk, whose union is all of
C such that the following is true. Conditional on M and U}, let z; for j € IN be sampled uniformly
from the Lebesgue measure on U;. Then the shifted lattice M — z; converge in law to M modulo
scaling as j — oo, i.e., there exist random numbers C; > 0 (possibly depending on M and z;) such
that C; (M — z;) — M in law with respect to the metric specified in [GMS22, Equation (1.6)].°

(I2) (Ergodicity modulo scaling) Every real-valued measurable function F' = F(M) which is invariant
under translation and scaling, i.e., F'(C(M — z)) = F'(M) foreach z € C and C > 0, is almost surely

equal to a deterministic constant.

(I3) (Finite expectation) Let Hy € F M be the face of M containing o, then

E Z Outrad(z)? deg(z)

< 00,
Area(H)) >

zeVMNOHy

where, in this case, deg(z) denotes the number of edges incident to x.

Proposition 5.5.7 ((GMS22, Theorem 1.11]). Let M be an embedded lattice satisfying assumptions (11), (12),
(I3). For ¢ > 0, view the embedded random walk on e M as a continuous curve in C obtained by piecewise
linear interpolation at constant speed. For each compact subset K C C and for any z € K, the conditional

law given M of the random walk on e M started from the vertex T& € V(e M) nearest to z weakly converges

¢Several equivalent formulations of this condition are given in [GMS22, Definition 1.2].
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in probability as ¢ — 0 to the law of a Brownian motion on C, with some deterministic, non-degenerate
covariance matrix X, started from z with respect to the local topology on curves modulo time parameterisation

induced by the metric (5.2.2), uniformly over all z € K.

To be precise, the above theorem follows from the proof [GMS22, Theorem 1.11] (which gives the same
statement but without the uniform rate of convergence on compact subsets) by using [GM S22, Theorem 3.10]
in place of [GMS22, Theorem 1.16].

5.5.2.2 Proof of Proposition 5.5.4

The purpose of this subsection is to transfer the general result of Proposition 5.5.7 to the particular setting of
Proposition 5.5.4. In order to do this, we need to proceed in two steps. First, we verify that the hypothesis of
Proposition 5.5.7 are satisfied for a sequence of embedded lattices built through the 0-quantum cone. Then,
we transfer the result to the sequence of n-mated CRT maps with the sphere topology by means of an absolute

continuity argument.

Let (C, h¢,0,00) be a o-quantum cone as specified in Subsection 5.5.1. We now define a graph associated
with the o-quantum cone in a way which is exactly analogous to the SLE/LQG description of mated-CRT
maps with the sphere topology described in Section 5.5.1. Fory € (0, 2), let & be a whole-plane space-filling
SLE,, with x = 16 /2, sampled independently from h¢ and then parameterised by the y-LQG measure e
in such a way that 8(0) = 0. Let & be sampled uniformly from the unit interval [0, 1], independently from
everything else, and let

HE{(z—1,2]) : 2 € Z+E}.

The reason for considering times in Z + & instead just in Z is to avoid making the point 0 = 9(0) special.
This is needed in order to check the translation invariance modulo scaling hypothesis (I1). We view H as a
planar map whose vertex set is H itself. Two vertices H, H' € H are joined by one edge (resp. two edges) if
and only if H and H' intersect along one (resp. two) non-trivial connected boundary arc. (resp. arcs). For H,
H' € H,with H # H', we write H ~ H' if they are joined by at least one edge. Given aset A C C, we write

HA)E{HeH : HNA#D}

and moreover, for H € H, we write deg(H ) for the number of cells H' € H (counted with edge multiplicity)
such that H ~ H’'.

Proof of Proposition 5.5.4. For y € (0,2), define the cell configuration #H associated with a space-filling
SLE, on a 0-quantum cone as specified above. Let M be the embedded defined as follows.

* The vertex set of M consists of points « € C such that there exist three cells in # that meet at « and with

the property that the boundary of each of such cells has a connected subset that touches z;
¢ The edge set of M consists of the boundary segments of the cells which connect the vertices.

In other words, M is nothing but the planar dual of H. Moreover, by construction, M is an embedded lattice
in the sense of Definition 5.5.5, except that embedded edges are allowed to intersect but not cross, in the case
when y € (v/2,2). To deal with this case, we can consider a different embedding of M in which all the
vertices occupy the same position, but the edges are slightly perturbed so that they do not intersect except at
their endpoints. More precisely, for each edge with touching points in its interior, we can slightly perturb it

in such a way that the modification only depends on the position of the edge itself and on the positions of
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the adjacent faces. In particular, this perturbation can be carried out in a translation and scaling invariant
way. Therefore, since this procedure only depends on the local configuration of the lattice, if the starting cell
configuration is translation invariant modulo scaling, then also the perturbed lattice is translation invariant

modulo scaling.

We will now check that M satisfies assumptions (I1), (I2), and (I3). The translation invariance modulo scaling
assumption (I1) and the ergodicity modulo scaling assumption (I2) follows from the corresponding properties
for the associated cell configuration H as checked in [GMS21, Proposition 3.1]. Therefore, we can just focus
on proving the finite expectation assumption (I3). To this end, recalling that the cell Hy is the face of M
containing 0, we proceed as follows

I AR

rEVMNOHy {HEH : x€O0H }

diam(H )? diam(H,)?
<48 12 deg(Hyp).
- Z Area(Hy) * Area(Hy) eg(Ho)
{HeH:H~Hy}

Z diam(H )?
TEVMNOH, Area(Hy) ( )
5.5.2

In the first line of (5.5.2), we used the fact that each vertex of M has degree at most 3 and the inequality
(a+b+c)? <4(a®+ b% + c2). In the second line, we use that each cell H € H with H ~ Hj intersects Hy
along at most two disjoint connected boundary arcs (one on its left boundary and one on its right boundary),
so there exist at most 4 vertices of M in H N Hy. Now, we notice that the second quantity in the last line
of (5.5.2) has finite expectation thanks to [GMS21, Theorem 4.1]. Therefore, we can just focus our attention
to the sum appearing in the last line of (5.5.2). Basically, the fact that this sum has finite expectation follows
from the combination of several results in [GMS21] and [GMS22].

Let F = F(H) denote the sum appearing in the last line of (5.5.2). We will show that E[F] < co using an
ergodic theory result from [GMS22, Section 2.2]. Let {.Sk } ,cz be the bi-infinite sequence of origin-containing
squares of a uniform dyadic system independent from 7, as defined in [GMS22, Section 2.1]. We will not
need the precise definition of these sequence here, but rather we only need to know Sx_1 C S for each
k € Z and U72 | S;, = C. As shown in [GMS21, Proposition 3.1], the cell configuration H satisfies a suitable
translation invariance modulo scaling assumption, and so, we can apply [GMS22, Lemma 2.7] to H to find
that the following is true. If we let F, for z € C be defined in the same manner as F' but with the translated
cell configuration H — z in place of H, then it holds almost surely that

1
E[F] = lim ———— | F.dz.
=0 Rl s,

To bound the right-hand side of the above expression, we can proceed as follows

. . 1 diam(H )?
lim ——— F.dz= lim ———— / ———dz
k—oo Area(Sk) /g, k—oo Area(Sk) Jg, {Heﬂ;amHz} Area(H,)

1
<l —_— E E diam(H')2.
- l,isolip Area(Sy) u L iam(H')
€M(Sk) {H'€H: H'~H}

(5-53)

Since the maximal size of the cells in (S} ) is almost surely of strictly smaller order than the side length of
Sk as k — oo (see [GMS22, Lemma 2.9]), we find that almost surely for large enough k& € IN, each H' € H
with H' ~ H for some H € H(S}) is contained in H (S (1)), where Sy (1) is the square with the same center

as Sy, and three times the side length of Sj,. Therefore, the last line in (5.5.3) is almost surely bounded above
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by

2lim sup diam(H)? deg(H),

1
P A (s 2

HeH(Sk(1))

which is finite by [GMS22, Lemmas 2.8 and 2.10].

Therefore, summing up, we proved that the embedded lattice M satisfies assumptions (I1), (I2), (I3), ad
so, we can apply Proposition 5.5.7. Furthermore, we notice that, thanks to the rotational invariance of the
law of (h®,d), the limiting covariance matrix 3 is given by a positive scalar multiple of the identity matrix.
Hence, in order to conclude the proof of Proposition 5.5.4, we need to transfer the result to the setting of
mated-CRT maps with the sphere topology. This can be done by means of absolute continuity arguments as
in [GMS21, Subsection 3.3]. For the sake of brevity, we will not repeat such arguments here and we refer to
[GMS21]. O

5.5.3 Convergence to LQG

In this subsection, we see how the proof of Theorem 5.B is almost an immediate consequence of the results
proved above. More specifically, for n € IN and v € (0, 2), let (G", vy, v}') be the doubly marked n-mated-
CRT map with the sphere topology under the a priori SLE/LQG embedding as specified in Subsection 5.5.1.
We observe that there exists a conformal map from C to Ca sending oo +— 400 and 0 — —oo. This mapping
is unique up to horizontal translation and rotation. The horizontal translation can be fixed by specifying that
the volume of R/2ntZ X [0, c0) under the y-LQG measure L, induced by the embedding is precisely 1/2.
Furthermore, the rotation on IR/27tZ can be chosen uniformly at random. Therefore, using this conformal
map, we can define an embedding of (G”, v}, v]) into Car in such a way that vf and v} are mapped to —oco
and +oo, respectively. Using the same conformal map, we can also embedded the associated dual graph Gr

into Corr. This put us exactly in the setting of Theorem 5.A from which we can deduce the following result.

Proposition 5.5.8. Fixy € (0,2) and let {(G", v}, v]) }nenN be the sequence of doubly marked n-mated CRT
map with the sphere topology embedded in the infinite cylinder Con as specified above. For each n € IN,
let S, : VG — Can be the Smith embedding associated to (G", vy, vy as specified in Definition 5.2.14.
There exists a sequence of random affine transformations {T}, } nen from Cy, to Car of the form specified in
the statement of Theorem 5.A such that, for all compact sets K C Cap, the following convergence holds in
probability

lim sup dgﬂ(TnS'n(a:),x) =0,

N0 peygn(K)

where day denotes the Euclidean distance on the cylinder Caop.

Proof. By construction the sequence {(G™, v, v]") }nen and the associated sequence of dual graphs {é" tnen
satisfy almost surely assumption (H1). Moreover, Proposition 5.5.2 guarantees the convergence in probability
of the random walk on the sequence of primal graphs to Brownian motion and so assumption (H2) is satisfied.
Furthermore, Proposition 5.5.4 guarantees the convergence in probability of the random walk on the sequence
of dual graphs to Brownian motion and so also assumption (H3) is satisfied. Therefore, the desired result
follows from Theorem 5.A. O

Using the same procedure specified at the beginning of this subsection, we can also consider the parametrisation
of the unit-area quantum sphere by the infinite cylinder C2,,. Hence, with a slight abuse of notation, we let
(Com, h, —00, +00) be the unit-area quantum sphere parametrised by Cs,; and we denote by ,, the associated
v-LQG measure. We are now ready to prove Theorem 5.B.
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Proof of Theorem 5.B. The result on the measure convergence (a) follows from Proposition 5.5.8 and the
fact that 9 is parameterised by py-mass. The uniform convergence statement for curves (b) is also an
immediate consequence of Proposition 5.5.8. The claimed random walk convergence (c) follows from

Propositions 5.5.2 and 5.5.8. O

5.A Some standard estimates for planar Brownian motion

Throughout the whole appendix, B denotes a standard planar Brownian motion. For x € IR?, we use the
notation B to denote a planar Brownian motion started from x. We recall that o5, : R? — Cay is defined
in (5.2.4) and denotes the covering map of the infinite cylinder Co. In particular, if B* is a as above, then

02,(B%) is a Brownian motion on Ca, started from oo, (x).

Lemma 5.A.1. Fix R’ > 1. For x € R?, consider the following stopping times
TZinf{t > 0 : Im(BYX) = —2R or Im(BY) = R'}.

Then it holds that

1
Py (027(Blj0,x]) does not wind around the cylinder below height — R') < e Vx € R x {-R'},

where the implicit constant is independent of everything else.
Proof. Fixx € R x {—R'}. Let 0p := 0, and for k € N we define inductively
T Zinf{t > o) : In(BY) = —R' — 1}, 0p4 =inf{t > 1, : Im(BF) = —R'}.
Moreover, for k € INg consider the events
Ap = {|Re(By,) —Re(BY,)| > 1}, F. = {1, > 1}.

Let K be the smallest & € IN( such that F}, occurs. Then the probability that the event in the lemma statement
happens is less or equal to the probability that none of the events { A }c[x], happen. Thanks to the strong
Markov property of the Brownian motion, the events { Ax } e, are independent and identically distributed.
Moreover, thanks to well-known properties of Brownian motion, the event Ay happens with uniformly positive

probability p independent of R’ and x. Therefore, we obtain that

K k
Px (ﬂ‘“) - Z Px (ﬂz‘%) Py (K =Fk) = Z (1—p) Py (K =k) < %’
1=0 =0

keNg kENg

for all x € R x {R'}, where the implicit constant is independent of everything else, and the last inequality

follows from standard Brownian motion estimates. Hence, this concludes the proof. O
Lemma5.A.2. Fix R > 1, R > R. Forx € R x [-R, R, let T = inf{t > 0 : |Im(B¥)| = R'}, and define

the events

wt = {627-[(Bx‘[07~r]) does a loop around the cylinder between heights R and R’},
W= {Ggﬁ(Bth,T]) does a loop around the cylinder between heights — R and — R}.



Chapter 5. Scaling limits of planar maps under the Smith embedding 241

Then it holds that

R
P, (WFUW-) < Z VxERX[-R.E|

where the implicit constant is independent of everything else.

Proof. Fixx € R x [—R, R]. Itis sufficient to prove that P, (WW+) < R/R’, and the same with W~ in place
of W*. We will proceed similarly to the proof of the previous lemma. Let ¢ := inf{t > 0 : Im(B¥) = R}
and, for k € INy we define inductively

T Zinf{t > o), : Im(BY) = R+ 1}, o0y =inf{t > 15, : Im(B)) = R}.
Moreover, for £ € INg consider the events
A = {|Re(BX,) —Re(BX )| =1, Im(B%,) =Im(B%,)}, Fj, = {w >t}

Let K be the smallest k € IN| such that F}, occurs. Then the probability that the event W does not happen
is less or equal to the probability that none of the events { A }1c[x], happen. Thanks to the strong Markov
property of the Brownian motion, the events { Ay, }xen, are independent and identically distributed. Moreover,

since the event A, happens with uniformly positive probability p independent of R and x, we have that

K k
Py (W) < P (ﬂAz-) =2 Px (ﬂfh) PuK=k)= 3 (1-p)'Pu(K = k) < 7.
=0 =0

keNg k€No

for all x € R x [— R, R], where the implicit constant is independent of everything else, and the last inequality
follows from standard Brownian motion estimates. Proceeding in a similar way, one can also prove that
P, (W—) < R/R'. Therefore, the desired result follows from the fact that P, (W+ U W =) < P, (W) +
P, (W-). O
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Chapter 6

Liouville Brownian motion and quantum

cones in dimension d > 2

Abstract. For d > 2 and y € (0, v/2d), we study the Liouville Brownian motion associated with the whole-space
log-correlated Gaussian field in R?. We compute its spectral dimension, i.e., the short-time asymptotics of the heat
kernel along the diagonal, which, in contrast to the two-dimensional case, depends on both the coupling constant and
on the thickness of the starting point. Furthermore, for even dimensions d > 2, we show that the spherical average
of the whole-space log-correlated Gaussian field in IR? can be identified with the integral of a stationary Gaussian
Markov process of order (d — 2)/2. Exploiting this representation, we construct the higher-dimensional analogue
of the B-quantum cone field for § € [0, @), with Q@ = d/y + v/2. Lastly, for x = Q — m, we prove that
the law of the d-dimensional x-quantum cone field is invariant under shifts along the trajectories of the associated

Liouville Brownian motion.

6.1 Main results

The main objective of this chapter is to extend certain random geometric objects, previously defined in two
dimensions, to higher dimensions. Specifically, we first identify the spherical average process in any even
dimension. Next, we investigate the spectral dimension of the higher-dimensional Liouville Brownian motion
(LBM). Finally, we construct the quantum cone in an arbitrary even dimension and examine its interaction with

the corresponding LBM. For a brief, informal discussion of these results, we refer the reader to Section 1.5.5.

Throughout the rest of the chapter, we let h be a whole-space LGF modulo an additive constant defined on a
probability space (€2, F,P) (see Section 1.2 or Section 6.2.1 for details). We denote by h the whole-space
LGF h with the additive constant chosen such that its spherical average over the unit sphere centred at the origin
is zero. Additionally, we consider a d-dimensional Brownian motion (2, F, (By);>0, (Fi)i>0, (Pz)zcrd)s

which is independent of h.

6.1.1 Identification of the spherical average in arbitrary even dimension

As shown in Section 6.2.2 below, the spherical average process of the LGF h around a point z € R, denoted by
(hy(2))r>0, is well-defined modulo a global additive constant. Moreover, thanks to [LSSW 16, Section 11.1],
the process (h,(x))r>0 is differentiable ¢  times, where

def d—2

g B (6.1.1)



Chapter 6. Liouville Brownian motion and quantum cones in dimension d > 2 243

Therefore, we can define the following stochastic processes
S hee(w) —ha(x),  SeE (s, 8T vieR, (6.1.2)

where, for k € {1,...,cq}, the process (Sgk))teﬁg denotes the k-th derivative of S. We note that (S;)ier
is well-defined not just modulo an additive constant. It is well-known that in dimension d = 2, the process
(S¢)ter has the same law of a standard two-sided Brownian motion (see e.g. [BP24, Theorem 1.59]). In
our first result, for any arbitrary even' dimension d > 2, we identify the process (S¢):cr as the integral of a
stationary Gaussian Markov process of order ¢4. Before proceeding, we recall the following definitions.

Definition 6.1.1. Let p > 1 be an integer, and let (X;);cr be a real-valued, centred, stationary Gaussian
process such that, for all £ € [p — 1], the k-th derivative (Xt(k))tem exists. We say that (X;);cr is a stationary
Gaussian Markov process of order p if the IRP-valued process (Xt,Xt(l), . ,Xt(pfl))te]R is a stationary

Gaussian Markov process.

Definition 6.1.2. For p > 1 and (ai)f;ol C R, a p X p matrix A is the Frobenius companion matrix of the
polynomial p(A) = AP + a, 1 AP~ + - + a1\ + ay, if it is of the following form

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
A=
0 0 0 0 1
—ap —ar —a2 -* —Gap-2 —0p-1

We observe that, by construction, the characteristic polynomial of the Frobenius companion matrix is exactly
equal to p(+).

Theorem 6.A (Identification of the spherical average process). For d > 2 even and any x € R?, consider the
processes (S¢)icr and (S¢)ier as defined in (6.1.2). Then the multivariate process (Si)icr is a stationary
Gaussian Markov process and it is the unique stationary solution of the following c4-dimensional Langevin

equation,
dS; = AS,dt + bdB; , (6.1.3)

where (Bt):cr denotes a cq-dimensional two-sided Brownian motion, b is the ¢4-dimensional vector given by

b=(0,...,0,2%271(d/2))7, and A is the ¢4 x ¢4 Frobenius companion matrix of the polynomial
ca
p() =[] (A+(d—2k)).
k=1
Furthermore, the process (S¢)icr admits the following representation
law 0 2 2 d—4
St:(d—2)/ e“*(1—e S)T(BSth—BS)ds, VteR, (6.1.4)

—0o0

where (By)seR is a standard two-sided Brownian motion.

'"We refer to Remark 1.5.6 for an explanation of why some of the results in this chapter are restricted to even dimensions.
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We observe that for d > 2 even, the representation (6.1.4) of the spherical average process indicates that
(St)ter acts as a “smoothed-out” version of a two-sided Brownian motion (B;);cgr. Moreover, as expected,

increasing the dimension d enhances the smoothness of (S;):cr (see Figure 6.1).

Bt
— St(d=4)
— St(d=10)

FiGUrE 6.1: The blue (resp. green) curve represents a simulation of the process (S¢)+er in dimension d = 4
(resp. d = 10), generated according to the representation given in (6.1.4). The black curve corresponds to the
driving two-sided Brownian motion (B )tcR-

Remark 6.1.3. We emphasise that if d = 4, then (6.1.3) reduces to a one-dimensional SDE whose solution
is the stationary Ornstein—Uhlenbeck (OU) process introduced in [UO30]. For this reason, in the literature,
solutions to the SDE of the form (6.1.3) are usually called multivariate OU processes or also continuous time

autoregressive processes [VVIT22].

6.1.2 Spectral dimension of the LBM in arbitrary dimension

The construction of LBM in dimensions d > 2 closely follows the approach used for its construction in
dimension d = 2 [Ber15, GRV16], without introducing any significant conceptual difficulties. We also refer
the reader to [DSHKS24] for a similar construction of the LBM on d-dimensional compact manifolds. For

a € (0,2), we define the clock process (Fn,«(t))i>0 by

t
Fro(t) £ lim [ e¥/2e®<Bgs  vi>0. (6.1.5)

e—=0 Jo
The convergence of the limit in the right-hand side of the above display falls within the scope of the theory of
subcritical GMC measures, which guarantees that, for all z € R, the clock process is P, ® IP-almost surely

well-defined and non-trivial for all & € (0, 2) (see Section 6.4.1 for more details).

‘We then aim to define the LBM as

def
Bh,ot = BF;_L(t) , Vt>0.
As it is proved in Proposition 6.2.10 below, the measure uy,  satisfies the following coordinate transformation

rule,
wr d Y
thy (6(4)) = Bhop+Quoelor v (4) . Q= S tae (6.1.6)
for any conformal automorphism ¢ of R% and any Borel subset A C R%. In particular, we want the LBM to

be “compatible” with (6.1.6)2. Specifically, as in the two-dimensional setting [Ber15, Theorem 1.4], if ¢ is a

2The reason it is natural for the LBM to be compatible with the coordinate change formula (6.1.6) is that, as in the two-dimensional
setting, we can view (R?, h) and (R%, h o ¢ + Qlog |¢’|) as two different parameterisations of the same d-dimensional “manifold”.
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conformal automorphism of IR? that can be expressed as a composition of translations, dilations, and rotations,
then we require that

law def 75

_1 law = =y def
(¢ (Bh,oc,t))tzo = (Bhod+Qlogld’|,0,t)t>0 +  Bhod+Qlog|d/|,at — BF}:oldﬂrQlog\d)/l NOR (6.1.7)

with (Pt)tzo a Brownian motion on R% and Fh0¢>+Q10g\¢>|,fx the associated clock process with respect to
the field h o ¢ + Qlog|d’|. Thanks to the fact that in every dimension d > 2, Brownian motion exhibits
two-dimensional scaling, we will show in Proposition 6.4.2 that for (6.1.7) to hold, we need to impose that

20220 = ama@=aldm) Q- V@ 4. (6.1.8)

In particular, in dimension d = 2, we have o« = <y, whereas in higher dimensions, & becomes a non-linear

function of y. We also introduce the critical threshold &, = o(v/2d) given by
o ZV2d—V2d—14. (6.1.9)

We can now define the d-dimensional LBM associated to the whole-space LGF.

Definition 6.1.4. For d > 2 and Q > 2, the Liouville Brownian motion associated to the d-dimensional LGF
h is the process defined as follows

def

Buot = Bpiy  VE20,

where « is related to () as specified in (6.1.8), and Fy,  is the clock process introduced in (6.1.5).

We observe that, for all Q > 2, it holds that o« € (0, 2), ensuring that the clock process is both well-defined
and non-trivial. In particular, the regime Q > v/2d (equivalently, ¥ < v/2d) corresponds to the higher-
dimensional analogue of the subcritical phase of LQG. The case (Q = V/2d (equivalently, y = v/2d) represents
the higher-dimensional analogue of the critical phase. Meanwhile, the regime Q € (2, v/2d) corresponds to
the higher-dimensional analogue of the supercritical phase. In this latter regime, the coupling constant 7y is
complex. It is expected that no area measure exists, and the associated metric exhibits infinite spikes-similar
to the supercritical LQG metric in two dimensions. For further details, see [DGZ24, Problem 7.13] and
[DG23a,DG23b, BGS24].

To define the LBM as a Markov process, we need to establish that, IP-almost surely, the clock process Iy «
can be defined for all starting points = € IR? of the underlying Brownian motion. The placement of “IP-almost
surely” is critical here, as it presents challenges that differ fundamentally from constructing the process at a
single fixed point. This fact will be explored further in Sections 6.1.4 and 6.4. As we will discuss in more
detail in Section 6.1.4, in contrast to the two-dimensional case, the LBM can be constructed as a Markov
process for all Q > 2, i.e., also in the critical and supercritical phases. However, for Q € (2, \/ﬁ], the LBM

can only be defined for starting points outside a polar set of the d-dimensional Brownian motion.

In the subcritical phase, i.e., Q > V/2d, the transition semigroup (Pp, «,t):>0 associated with the LBM is
absolutely continuous with respect to the GMC measure Wy . More precisely, we have the following result

which is proved in Section 6.4.2.

Proposition 6.1.5. Let d > 2 and Q > v/2d. Then the Liouville semigroup (Pn,o.i)i>0 is IP-almost

surely absolutely continuous with respect to iy «, i.e., there exists a family of jointly measurable functions
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(P, ot (-, ))e>0, called the Liouville heat kernel (LHK), such that
Ph,txyt[f](x) = 4 f(y)ph,oc,t(xay)uh,oc(dy) ; Vf € Bb(]Rd71R)7 Ve lev Vi >0 )
R

where B;,(R%, R) denotes the collection of bounded Borel functions in R%.

Remark 6.1.6. We emphasise that, a priori, for any z € R? and ¢ > 0, we only know that pn o ¢(z,y) is
well-defined for py, «-almost every y € R?. This is due to the fact that Ph,«,t(T, ) is defined as the density

with respect to [y, o of the semigroup associated with By, « ; started from x.

For z € IR?, one would like to define the spectral dimension of the LBM at x € R? as follows,

21
On,«(7) = lim 210g ph,at (2, )

lim llog 1 (6.1.10)

However, at present, we lack any regularity results for the LHK in arbitrary dimension d > 2, which means
the limit on the right-hand side of (6.1.10) may not be well-defined. To address this issue, following [RV14b],
instead of treating the LHK on the diagonal as a function, we consider it as a measure on IR*, and we focus on
the mass of this measure in the neighbourhood of ¢ = 0. The key insight is that the mass at 0 of this measure
can be determined via the behaviour of its Laplace transform. In turn, the Laplace transforms of the LHK are
well-defined along the diagonal for all # € IR? and can be represented as functionals of the GMC along the
paths of Brownian bridges.

In order to make this rigorous, we need to introduce some notation. We use the convention that, for z, y € R
and t > 0, under P, , ;, the process (Bs)sco,¢ is a d-dimensional Brownian bridge of length ¢ from x to y°.

We also denote by p; (-, -) the heat kernel of the d-dimensional Brownian motion.

Definition 6.1.7. Let d > 2 and Q > v/2d. For z € R?, for Uh,«-almost every y € IR%, and for all x > 0, we
define the following quantity:

o0
Moy (2, ) = / tXe Py ot (2, y)dt (6.1.11)
0
Moreover, for z, y € R% and for all x > 0, we introduce the following quantity:

Mh,ox (7,Y) = / Equyt[(Faa(t)Xe Te®]p, (2, y)dt (6.1.12)
0

with the notational convention that my_«  (z, ) = Mp, «x ().

A key result for the computation of the spectral dimension is that, thanks to Lemma 6.4.16 below, we have

that, IP-almost surely,
I,ﬁh,(x,x(xa y) = mh,oc,x(:c,y) ’ Ve IRda Hh,«-a.€. Y S IRd ) (6113)

where we emphasise that the quantity on the right-hand side of the above expression is well-defined for all x,
y € IR%. We recall that our focus is on the behaviour of the quantity My, along the diagonal. However, as
noted above, My, « y (%, y) is only well-defined for all z € R and for Un,«-almost every y € R<. In [RV 14b],
this issue is addressed by showing that the mapping R? x R? 3 (z,y) + mp .y (2,9) is continuous along

3We emphasise that, IP-almost surely, the clock process F'y, « can be defined for all starting and end points x,y € R? and for any
lifespan ¢ > O of the underlying Brownian bridge (see Theorem 6.4.15 below).
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the diagonal for all x > 0. Consequently, thanks to (6.1.13), My« y (2, y) also admits a limit as y — « for all
x € IR% and for all x > 0.

In contrast to the two-dimensional case, in dimension d > 2, we expect that the quantity my, (2, y) does not
admit a limit as y — x for some x > 0 and = € IR%. Roughly speaking, this is due to the fact that as we will
see below, the quantity my, « () is infinite (resp. finite) for X € [0,%X) (resp. X > X), for some X depending
on the thickness of = (see Definition 6.1.9 below). Hence, since the set of thick points is dense, this implies
that in any neighbourhood of x, there is a dense set of points where mp,_« y(+) is infinite for some x > X. On
the other hand, in the two-dimensional setting, the continuity of the quantity my, «  (,y) along the diagonal

follows from the fact that its blow-up does not depend on the thickness of x.

The above consideration implies that we need an alternative approach to define my, « y (z,y) forall z,y € R%.
Given (6.1.13), a natural choice is to directly extend the definition of mp « y(x,y) to every z,y € R? by
setting it equal to mp « y (7, y) as defined in (6.1.12). Using this convention, we define the spectral dimension
of the LBM as follows.

Definition 6.1.8. Letd > 2, Q > \/ﬁ, and z € RY. If there exists X > 0 such that
My, o,y () = 00, foryx € [0,X) and Mh oy (T) < 00, forx >X, (6.1.14)
then the spectral dimension of By, « at © is n () = 2(X + 1). Alternatively, if it holds that
Mh o () =00, forx =0 and Mh &y (z) < 00, forx >0, (6.1.15)

then the spectral dimension of By, « at z is 0, « (z) = 2.

Instead of computing the spectral dimension of the LBM associated to h, we compute the spectral dimension
at the origin of the LBM associated to the field h — 3 log|-|*, for § € (—o0, Q). More precisely, we have the

following result.

Theorem 6.B (Spectral dimension). Letd > 2, Q > v/2d, and 3 € (—o0, Q). It holds PP-almost surely that

2(d — 2)

o 0(2/27_ B (6.1.16)

Oh—plogl,«(0) =2+

where we recall that « is related to Q) as specified in (6.1.8).

We observe that for d = 2, the spectral dimension is equal to 2, independently of the choice of o« and
B. Furthermore, in dimension d > 2, the spectral dimension dy_ g 1g).|,«(0) coincides with the underlying
dimension d when 3 = o/2. In the limit o« — O (which corresponds to the limit y — 0), it holds that
Oh—Blogl|,«(0) = dforall B € (o0, Q). Additionally, for a fixed dimension d and a fixed value Q) > V2d,

the spectral dimension is an increasing function of the parameter f3.

We now discuss the implications of Theorem 6.B for the spectral dimension of the LBM around the thick
points of h. To this end, we first recall the definition of thick points. For x € R, let (h.(z))c>0 denote the

spherical average approximation of the whole-space LGF around z, as introduced in Section 6.2.2 below.

Definition 6.1.9. For B > 0, a point z € R? is said to be B-thick if the following limit holds

h,(z) -

e—0 |loge|

4We refer to the beginning of Section 6.4.3 for an explanation of why the LBM associated with the field h — 3 log|-| can be constructed.
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We denote the set of 3-thick points of h by 7.

Thanks to [RV14a, Theorem 4.2], we know that the Hausdorff dimension of 7 is almost surely equal to
d— B2%/2, for B € [0, \/ﬁ} Moreover, when B > v/2d, it holds IP-almost surely that Tg = (. Furthermore,
for § € [0, \/ﬁ], the GMC measure [y, g > can be interpreted as the “uniform measure on 3-thick points” (see
[RV14a, Theorem 4.1]). Specifically, if  is a point sampled from this measure (restricted to some bounded
open set), then near z, the field h locally looks like h — {3 log|- — x|. Consequently, the behaviour of the field
h — plog|-| near the origin is similar to the behaviour of h near a “typical” 3-thick point. Therefore, thanks
to Theorem 6.B, we expect that if x € Tp, then dn «(z) = 2+ 2(d — 2)/(2 + «?/2 — «f). This fact is
formalised in the following remark.

Remark 6.1.10. A stronger version of Theorem 6.B would assert that IP-almost surely, for all B € [0, v/2d]
and for all z € Tg, it holds that 0 «(7) = 2 + 2(d — 2)/(2 + «?/2 — ). While we believe this result to

be true, proving such a stronger version would involve overcoming some technical difficulties.

6.1.3 Quantum cones in arbitrary even dimension

For d > 2 even, Q > v/2d, and B € (—o0, Q), the B-quantum cone is, roughly speaking, the limiting field
obtained by “zooming in” appropriately near the origin on a whole-space LGF with a (3-log singularity at the
origin. As for the two dimensional case, we will define the (3-quantum cone field by specifying, separately,
its averages on spheres centred at the origin, and what is left when we subtract these. The second of these
components will have exactly the same law as the corresponding projection of the whole-space LGF, i.e., it is

only the radial part which is different.

Consider the whole-space LGF h. For b > 0 a large constant, applying the coordinate change formula to the
field h — B log|-| + b, with respect to the conformal automorphism R? > = + e~*x, for some ¢t € R, we
obtain the field h*? given by

ht* Zh(e ) — Blogle | — Qt+1b. (6.1.17)

Now, recalling Theorem 6.A, the spherical average process (hif .(0)) ser admits the following representation
h'’(0) =Ssr +PBs—(Q—PB)t+b, VseR.

In particular, by taking s = 0 in the previous expression, we get that hﬁ’b(O) =S, — (@ — B)t + b. Since
B € (—o0,Q), the drift term is always negative and so in particular, for each b > 0, there exists IP-almost
surely a smallest 03, € IR such that h’"*(0) = 0, i.e.,

op Zinf{t e R : S; — (Q — B)t = —b} . (6.1.18)
For each b > 0, we define the recentred process (Sp, s)ser by letting
Sb,s £ Ssto, — Say VselR. (6.1.19)

The radial part of the 3-quantum cone field is constructed by combining the limit of the process (S s)scr as

b — oo with an additional drift component.

SHere, we are tacitly assuming that for § = +/2d, the measure py g corresponds to the critical GMC measure introduced in
[DRSV14a].
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Theorem 6.C (Construction of the radial part of the quantum cone). Let d > 2 be even, Q@ > +/2d, and
B € (—o00,Q). Foranyfixed T € R, the process (Sp,s)s>T as defined in (6.1.19) converges in total variation

distance to a process (Sco,s)s>T as b — oc.

In order to define the d-dimensional quantum cone, we need to observe that the homogeneous Sobolev space of
order d/2, denote by H 4 and introduced in Definition 6.2.1, can be written as the direct sum of two subspaces.
The first subspace is the closure of functions in S(IR?) that are radially symmetric about the origin, viewed
modulo constants, and is denoted by H 4 r,a. The second subspace consists of the closure of functions in S (]Rd)
that have mean zero on all spheres centred at the origin, and it is denoted by H 4 sph (see Lemma 6.2.5 for more
details).

Definition 6.1.11. Let d > 2 be even, y € (0, v2d) and € (—o0, Q). The d-dimensional 3-quantum cone
field h*

rad

on each sphere 9B(0,e~*) for s € R, and h{,, is a field independent of h{,, and that has the same law of the

rad

is given by the sum h* = h*

ra T h, where hY; is the function that is constant equal t0 Seo s + B

projection of the whole-space LGF onto Hg sph.

We emphasise that the above definition of the d-dimensional quantum cone field generalises the definition of
the two-dimensional quantum cone introduced in [DMS21, Definition 4.10]. In particular, in what follows,

for d = 2, we denote by h* the quantum cone field introduced in [DMS21, Definition 4.10].

We state the next result which identifies the d-dimensional (3-quantum cone field as a local limit of a whole-
space LGF with an additional p-log singularity at a fixed point of IR?. This result is a straightforward

consequence of our construction of the quantum cone field.

Theorem 6.D (Quantum cone as a local limit). Let d > 2 be even, Q > v/2d, and 5 € (—00, Q). Fort € R,
z € RY, and b > 0, consider the field ht? defined as

h'() £ h(e™" - +2) — Blogle ™| - Qt +b,

which is obtained by applying the coordinate change formula (6.1.6) to the field h — flog|- — z| + b with

respect to the conformal automorphism R? > x + e~tx + 2. Furthermore, let oy, be such that
def . t,b
op, =inf{¢t € R : hy"(0) =0} . (6.1.20)

Then, for any R > 0, the field h"b’b|B(07R) converges in total variation distance to h*|g(o,g) as b — oo.

Finally, we show that the law of the d-dimensional quantum cone h* is invariant in law modulo conformal
coordinate change under shifting along the trajectories of the LBM. Before proceeding, we first define the
LBM associated with the quantum cone field. Using the same notation as above, we recall that the process

(Bt)¢>0 is a d-dimensional Brownian motion independent of the quantum cone field h*.

Definition 6.1.12. For d > 2 even, Q > v2d, and B € (—o0, @), the d-dimensional Liouville Brownian
motion associated to the d-dimensional 3-quantum cone field h* is the process defined as follows

def

Bhroat = BF;ia(t) Vt>0,
where « is related to () as specified in (6.1.8), and F+ « is the clock process introduced in (6.1.5) but with h
replaced by h*.

We emphasise that the well-posedness and non-triviality of the clock process Fy+ o follows from the fact that
the clock process associated with the whole-space LGF h is well-defined, combined with the observation
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that h and h* can be coupled together so that h — h* is a continuous function (except at the origin). The
only non-trivial aspect is that, due to the log-singularity at the origin of the quantum cone field, there is a
possibility that By« « started from the origin might become “stuck”. This possibility, however, is ruled out at

the beginning of Section 6.5.4.
With Definition 6.1.12 in hand, we can state our last main result.

Theorem 6.E (Invariance under shifts along the LBM). Let d > 2 be even, Q > \/2d, and let « be related to
Q as specified in (6.1.8). Let h* be a d-dimensional o-quantum cone field and (Bn+ . t)tcr be a two-sided
LBM with respect to h* started from the origin at time 0. Then, for all t € IR, there exists a random R > 0
such that

(h*(Bhe,o,t + RB) + Qlog R, R (Bh,. — Bheat)) = (h*, Bpea) -

Theorem 6.E indicates that for LBM on an x-quantum cone, the environment as seen from the particle is
stationary, modulo spatial scaling. This property holds only for the specific value « = Q — /Q? — 4.
Consequently, it appears particularly natural to consider LBM starting from a point of thickness «, where,

according to Theorem 6.B, the spectral dimension equals (4d — 2a?) /(4 — o?).

We emphasise that, for d = 2, Theorem 6.E was known to experts but, to the best of our knowledge, had not

been written down before.

6.1.4 Outline and main differences with the two-dimensional case

After introducing the necessary background and preliminary material in Section 6.2, we proceed in Section 6.3
to prove Theorem 6.A, which concerns the identification of the spherical average process. To the best of our
knowledge, this characterisation is new. The proof relies on the expression for the covariance of the spherical
average of the LGF provided in [LSSW 16, Section 11.1], along with the observation that, in even dimensions
d > 2, the vector of derivatives (S;):cR, as defined in (6.1.2), is a stationary Gaussian process. From this fact,
we can infer that the multivariate process (S;);cr must satisfy a suitable Langevin equation of the form (6.1.3).
The precise identification of the coefficient matrix A and the diffusion vector b is achieved by comparing the

power spectrum of the first derivative (Sil))tem with that of solutions to SDEs of the form (6.1.3).

In Section 6.4, we present the construction of the d-dimensional LBM. First, we provide additional details on
the construction of the LBM starting from a fixed point and prove its conformal invariance. Then, we focus
on the construction of the LBM as a Markov process, building on the approach used for the two-dimensional
case with minor technical adjustments. We also highlight that in [DSHKS24], the authors construct the
higher-dimensional analogue of the LBM on a general d-dimensional manifold. One of the main differences
in our construction is the canonical identification of the appropriate exponent « € (0, 2) required for the LBM
to be conformally invariant in the sense of (6.1.7). Moreover, differently form [DSHKS24, Theorem 5.7], in
the subcritical regime, we are able to provide an identification of the additive functional F'y, « simultaneously

from all starting points and not only for almost every point of R%.

Furthermore, we identify a new phase transition in the higher-dimensional setting that does not arise when
d = 2. Indeed, as discussed in more detail in Section 6.4, to define the LBM as a proper Markov process, we
need to establish that, almost surely, the clock process F'y, « can be defined for all starting points x € R? of

the underlying Brownian motion. Roughly speaking, in dimension d > 2, this simultaneous convergence is
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possible if the measure py, « is regular enough to ensure that the mapping

B(0,R) >z +— |z — v un, o (dy)
B(0,R)
is a continuous function of z for all R > 0°. To analyse the continuity property of the above mapping, for
Q@ > 2 and B € [0,v2d], suppose that € B(0, R) is a 3-thick point of h. Then, by using the regularity

properties of the measure py, « (see Lemma 6.A.1), we have that

/ |J‘ . Z/|27d}1h,cx(dy) ~ Z efn(2+¢x2/27txf3) .
B(0,R) n€Np

Therefore, in order to guarantee the convergence of the integral on the left-hand side of the above display, we
need to require that
24 0%/2—af >0. (6.1.21)

* In the subcritical case, i.e., Q > v/2d, or equivalently « € (0, ), then condition (6.1.21) is satisfied for
all B € [0, v/2d]. Hence, we can define the LBM starting simultaneously from all points of IRY.

¢ In the critical case, i.e., @ = V2d, or equivalently « = «, the condition (6.1.21) is satisfied for all

B € [0,v2d).

* In the supercritical case, i.e., Q € (2,v2d), or equivalently & € (&, 2), the condition (6.1.21) is satisfied
only for § € [0, Q).

Recalling that the set of B-thick points 7 has Hausdorff dimension d — 2 /2, we note that for all B > 2,
the set 7 has Hausdorff dimension strictly less than d — 2. Consequently, by [MP10, Theorem 8.20], 73 is a
polar set for d-dimensional Brownian motion. Thus, the LBM will never hit points of thickness greater than
2 unless it is started from one of them. Therefore, for all ) > 2, once the LBM is started, it will never get
“stuck”.

In Section 6.4.3, we prove Theorem 6.B, which establishes the spectral dimension of the LBM for Q > v/2d.
Unlike the two-dimensional case, where the spectral dimension is everywhere equal to two, the higher-
dimensional case requires new techniques. A central component of the proof is Lemma 6.4.19, which studies
how the integer moments of the conditional law given the underlying field h of the clock process F, _g 1og.|,« (%)
scale as t — 0. Proving this lemma, detailed in Appendix 6.B, requires careful control of the GMC measure
of small balls centred near thick points of the LGF (see Lemma 6.A.4).

Finally, in Section 6.5, we prove Proposition 6.4.17 and construct the d-dimensional quantum cone. We recall
that in the two-dimensional case the construction of the quantum cone is straightforward and relies on the
fact that the spherical average process (St):cr is a two-sided Brownian motion. As a result, the fact that
the recentered process S ., defined in (6.1.19), has a limit as b — oo is essentially a consequence of the
strong Markov property of (S;):cr”. However, in even dimensions d > 2, the proof of Proposition 6.4.17 is
non-trivial and is divided into two parts. First, by using the representation (6.1.4) of the spherical average
process, we show that the collection of processes (S; .)p>0 is tight. Second, by leveraging the Markovianity
of the multivariate process (S, S¢):cr and a suitable mixing-type result, we prove that the limit as b — oo
of (Sp,.)s>0 exists with respect to the total variation distance. The section concludes with the proofs of
Theorems 6.D and 6.E.

SThis result is essentially a consequence of the theory of traces of Dirichlet forms developed in [CF12].
7See Remark 6.5.2 below for further details
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6.1.5 Some open problems
We conclude this section by listing some problems suggested by this work.

Scaling limit of random walk on Voronoi tessellations For d > 2, we recall that the Voronoi tessellations
of a locally finite set of points S C RRY, is the partition of IR? into cells (C,)ses such that every point in the
tile C, is closer to s than any other point s’ € S, i.e.,

Co={zeR : |z —s|<|r—5| Vs €S\ {s}}.

For a bounded domain D C R%, v € (0, \/ﬁ), and each n € IN, sample n points from the measure py, -
restricted to D and normalised to be a probability measure. These points are then taken as the centres of
the Voronoi cells. Two Voronoi cells are considered adjacent if they share a (d — 1)-dimensional facet. We
define a random walk on the adjacency graph of the Voronoi cells, with conductances given by a(z,y) =
Volg—1(Cz NCy)/|z — y|, where Vol;_, represents the (d — 1)-dimensional Lebesgue measure. In [BRG24,
Proposition 1.1 and Remark 1.2], it is shown that this random walk converges to a time-changed Brownian

motion.

Inspired by [BG22], where the authors showed that the random walk on mated-CRT maps converges in law
to the LBM with respect to the uniform topology, it would be interesting to establish a similar result in the

setting described above.

Problem 6.1.13. Prove that the scaling limit of random walk on adjacency graph of the Voronoi cells with
centres sampled from d-dimensional y-GMC and with conductances as specified above is given by the LBM

constructed with clock process Fy, «, with « related to y as specified in (6.1.8).

We emphasise that if the points in Voronoi tessellations are sampled according to the measure py, -, then we
expect the random walk to converge to the LBM constructed with clock process Fy, . One reason for this is
that we expect that the scaling limit of the random walk should satisfy the same coordinate change rule as the
measure Uy, when we scale space, since if we preserve the measure uy, -, then we also preserve the Voronoi

tessellations.

Scaling exponent inside the exponential of the LHK In [DZZ19], the authors studied the short-time
asymptotic of the LHK in dimension d = 2 associated with a Dirichlet GFF on [0, 1]2. They proved that, for

all z,y € [0, 1]2, it holds that

im log|log pn, (2, Y)] _ 1 ’
0 |log t| dy =1

where d, denotes the fractal dimension of y-LQG. This leads us to the following problem.

Problem 6.1.14. Obtain the correct scaling exponent inside the exponential of the LHK in arbitrary dimensions

d > 2. More precisely, for all z, y € R?, compute the following limit,

lim log|log pn, (2, Y)]
t—0 [log t|

Identification of the spherical average process for the quantum cone In Theorem 6.C, we established that
the family of processes (S,.)s>0 converges in total variation distance to a unique limiting process (Soo,s)scRr-
This limiting process is then used to define the radial part of the d-dimensional quantum cone. However, this
approach is not entirely satisfactory, as it relies on a limiting procedure.
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Problem 6.1.15. Provide an explicit representation of the process (Soo,s)seR-

Odd dimensions In this chapter, we provide a characterisation of the spherical average process of the whole-
space LGF and construct the d-dimensional quantum cone for even dimensions d > 2. In even dimensions, the
fractional Laplacian (fA)d/ 2 is a local operator. However, in odd dimensions, it ceases to be local, leading

to a series of complications. It would be interesting to extend our results to odd dimensions.

Problem 6.1.16. Provide a characterisation of the spherical average process of the whole-space LGF and/or

construct the d-dimensional quantum cone for odd dimensions d > 2.
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supported by the Doris Chen Mobility Award, and during the workshop “Two-Dimensional Random Geometry” at the
Institute for Mathematical and Statistical Innovation (IMSI) in Chicago in July 2024. We thank Martin Hairer and Ahmed

Bou-Rabee for helpful discussions.

6.2 Background and preliminaries

In this section, we gather some preliminary results and definitions. We begin by presenting the basic and
recurrent notation that will be used throughout the chapter. In Section 6.2.1, we rigorously define the whole-
space LGF, and in Section 6.2.2, we introduce its spherical average approximation. In Section 6.2.3, we
introduce the GMC measure and establish some of its main properties. Finally, in Section 6.2.4, we record
some results on multidimensional SDEs.

Basic and recurrent notation

We write N = {1,2,...} and Ng = {0,1,2,...}. Welet RT = (0,00), R~ = (—00,0), Rf = [0,0), and
R, = (—00,0]. Givenn € IN, we write [n] = {1,...,n} and [n]o = {0, 1,...,n}. For d > 2, we denote by
S9! the unit sphere centred at the origin in IR%, and by |$9~!| its (d — 1)-dimensional volume. We denote
by B(IR?) the collection of Borel subsets of R?. We let B(IR?, R) be the space of IR-valued Borel functions in
R?. For a, b € R, we write a < b (resp. a = b), if there exists a constant ¢ > 0, independent of the quantities

k
loc

of interest, such that a < ¢b (resp. a > ¢b). For k € INy, we write C’.(R) for the space of functions on RR that
are locally k-times continuously differentiable, equipped with the uniform local metric. We write dTV for the

total variation distance between two measures.

6.2.1 The whole-space log-correlated Gaussian field

For d > 2, we denote by S(IR?) the Schwartz space equipped with the usual topology. The space of tempered
distribution S’(IR?) is then defined to be the space of continuous linear functionals from S(IR?) to C. We

define the Fourier transform JF|[¢] and inverse Fourier transform F~1[¢] of a Schwartz function ¢ on R? by

b
(2m)4/2 Jga

1

(e de, F0) = o [

Flo](&) = d(E)e'ETdE

where the prefactor (27t)~%/2 is chosen so that that it makes the Fourier transform a unitary transformation
on the complex function space L?(IR%). As a shorthand, we will also write $ in place of F[¢d]. We define
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So(RY) C S(RY) to be the set of Schwartz functions ¢ such that ¢(0) = 0, or equivalently,
So(RY) = {q> e S(RY) : $(z)dr = o} .
R4

We equip Sy(IR?) with the topology inherited from S(IR?) and denote by Sj(IR?) its topological dual. We
note that each element of S(IR?) can be interpreted as an element of S)(IR?) by considering its equivalence

class modulo global additive constant.

Definition 6.2.1. The homogeneous Sobolev space of order d/2, denoted by H4, is the Hilbert space comple-
tion of the space of functions f € S(R?) C S}(RY) such that & — |£|4/2 (&) € L(IR?) with respect to the

following inner product®

(f.9)a = 2dl7Td/2Fd/2/ £ f )3(&)dE, (6.2.1)

We emphasise that if d > 2 is even, then the inner product (6.2.1) can be conveniently rewritten as follows

(fv g)d = (fa (_A)d/zg) = ((_A)d/va g) )

and in particular, if d = 2, then the above inner product coincides with the Dirichlet inner product.

Definition 6.2.2. Ford > 2, the whole-space LGF is arandom element & € S})(IR%), i.e., arandom distribution

modulo a global additive constant, whose law is centred Gaussian with the following covariance

B[ )(h )] == [ [ logle —ylb@bl)dzdy . Vb e SyRY.

Equivalently®, the whole-space LGF is the standard Gaussian on the Hilbert space Hg4, i.e.,
b= Z % fi | (6.2.2)

where «; are i.i.d. centred normal random variables and (f;)$2, is an orthonormal basis for the Hilbert space

H4. The sum converges P-almost surely in the space S} (IR?).
An important feature of the whole-space LGF is that it is conformally invariant in every dimension d > 2.

Lemma 6.2.3 ([DRSV 17, Proposition 1.2]). If ¢ is a conformal automorphism of R?, then the law of h o ¢
agrees with the law of h.

Remark 6.2.4. We recall that in dimension d > 2, Liouville’s theorem asserts that every conformal automor-
phism of R< can be expressed as a composition of translations, dilations, rotations and inversions, i.e., they
are Mobius transformations. This is in contrast with what happens in dimension d = 2, where by the Riemann
mapping theorem, all simply connected planar domains are conformally equivalent.

We conclude this section with the following decomposition result, which will play a fundamental role in

constructing the d-dimensional quantum cone.

Lemma 6.2.5 (Radial decomposition). For d > 2, let H4a(RY) be the subspace of H4 obtained as the
closure of functions in S(R?) which are radially symmetric about the origin, viewed modulo constants. Let

Ha spn be the subspace of Hq obtained as the closure of functions in S(R?) which have mean zero about all

8Here the choice of normalisation is such that the covariance kernel for the LGF is given by — log|z — y/| rather than a multiple of it.
9We refer to [DRSV 17, Proposition 1.1] for a proof of the equivalence of these two definitions.
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spheres centred at the origin. Then, it holds that
Hd = Hd,rad @ Hd,sph .

Proof. We start by checking the orthogonality condition. Let fq € S(IR?) be a function defined modulo
constants which is radially symmetric about the origin, and fion € S (R?) be a function which has mean zero
about all spheres centred at the origin. We verify that the inner product ( fra, fspn)a defined in (6.2.1) is equal
to zero. To this end, we note that for all & € $%~1 and r > 0, it holds that

Fraa(r®) = (2m) "% / fraa(@)e O dy = (27)% / faa(@)e T Tdy = Fi(rer),  (6.2.3)
R4 R4

where e; denotes the first unit vector. Moreover, for any r > 0, by letting ¢, : R? — IR be the radial function
defined as

br(z) = by () & / 02 o (9) |

Gd—1

thanks to Fubini’s theorem, it holds that

Gd—1

ﬁph(rﬁ)dc({)) = (2”)7% /qu ( fsph(x)ei(m)'xdx> do(9)

R4

=t [ fan)b, (2)da

/OOO s1,(s) (/g,d1 fsph(Sﬁ)dO‘(ﬁ)> ds

=0. (6.2.4)

ol

= (2m)~

Thus, by letting a(d) denote the prefactor in the definition (6.2.1) of the inner product (-, -)4, and by applying
(6.2.3) and (6.2.4), we obtain that:

(e Faha = ald) [ Jef* @) Fon 00t = atd) [ [ 71 far0) Fn(r0)rdo(o)

©623) o(d) /0°° r2d*1frad(7’€1) (/Sdl fsph(r{))d(y(ﬁ)> dr

(6:2.4) 0.

By definition of Hd,rad(le) and Hd,sph(]Rd), these two spaces are therefore orthogonal with respect to (-, -)4.

We now check the spanning condition. Consider a function f € S(R?) C S}(IR?) such that & > |£]|%/ 2f(£) €
L2(IR?). Let frq be the function which on a given sphere dB(0, 7) is given by the average of f on 9B(0, 7).
Let foh = f — fra- Then f = fraa + fiph, With fug € Hara(R?), and fon € Hapn(R?). Now,
if f € Hg, there exists a collection (f,)nen C S(RY) such that & |£]4/2F, (&) € L2(RY) for each
n € N, and f = lim,,_ f, with respect to the norm induced by the inner product (-,-)4. Moreover,
by orthogonality of Hgraa and Hqsph the sequences (fy raa)nen and (fy sph)nen are each Cauchy, and
lim, oo frad = frad € Hdyrad and limy, o0 frsph = foph € Ha,sph With respect to the norm induced by the
inner product (-, -)q. Therefore, f = fraq + fspn thus proving that Hg = H g raa © Ha,sph- O
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6.2.2 The spherical average

In this section, we introduce the spherical average process of the whole-space LGF. Most of the material
presented here is drawn from [LSSW 16, Section 11]. However, due to the significance of the spherical average

in this chapter, we provide a summary of the main concepts and results.

For a continuous function f : R? — R, we define its spherical average process around 2 € IR? as the function

(0,00) 3 1~ f(z) given by
def 1

= W i f(.’L' + TO‘)dO‘ .

fr(z)
A straightforward calculation shows that for all ¢ € C°(IR™) it holds that

/mﬁumwmh=—%T fay 2=y,
i STl A

This motivates the following definition.

Definition 6.2.6. For h the whole-space LGF and = € IR%, we define the spherical average around x modulo

a global additive constant h.(x) by letting

(h.(x), ) =

Sd_1|_1 (h,ZH (b(|2_$|)> , Vo ECSO(H{+)QSQ(R) .

|z — z|d-1

We observe that if ¢ € C2°(IR) N Sp(IR?), then the mapping 2 — ¢(|z — z|)/|z — 2|~ is in Sp(IR?) and
so the previous definition makes sense. In order to find the covariance kernel of the spherical average process,
we fix ¢, P € C°(IRT) N Sp(IR) and we observe that for 71, 7o € R?, it holds that

ot o 2

1 (|21 — 21 )W (l22 — 22|)
= “lsip /md /H{d log|z1 — 29| o — dz1dzy

21|91 25 — @|d1

:WWHP//(/ /1IM@HWMW%M+M®®WJWHW%MWW7
RJR \ Jsd-1 Jgd—1

from which we can deduce that, for all r;, o € RT,

EKM%%@W@%¢H=E%¢E

€] ].
Kry o (21, 22) o IE[hT1 (z1)hy (:EQ)] = S‘i_1|2/ / log|(z1 + rw) — (z2 + r20)|dodw .
Gd—1 Jgd—1
(6.2.5)
In particular, if = x; = x5 € R?, by a calculation based on spherical symmetries, we can further simplify

the above integrals and obtain that
" 2, .2 Ly d—2 4
Krirs(z,2) = —c(d) | log(ri +r3 — 2riracosd)(sind)” “dd, Vry,me € RT, (6.2.6)
0

where, for d > 2, the constant ¢(d) > 0 is given by

ar I'(d/2)
)= @Dy

We conclude this subsection with the following result regarding the regularity of the spherical average process.
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Proposition 6.2.7. Ford > 2evenandx € RY, there exists amodification of (h,-(x))»>o which is differentiable

cq times, where we recall (6.1.1). Moreover, the cq-th derivative is 6-Holder continuous for all § € (0,1/2).

Proof. For d > 2 even and z € RY, the fact that (h,.(z)),>0 is differentiable ¢, times is a consequence of
Theorem 6.A. We refer to [LSSW 16, Proposition 11.1] for a proof (based on Kolmogorov—Chentsov continuity
theorem) of the fact that that the c4-th derivative is 5-Holder continuous for all & € (0,1/2). O

Remark 6.2.8. We remark that for d > 2 odd and z € R?, it is expected that the spherical average process
(h(2))r>0 is differentiable (d — 3)/2 times.

We record here a straightforward result regarding the variance of the spherical average process, the proof of

which involves a simple computation based on (6.2.6).

Lemma 6.2.9. For any x € RY, it holds that

]E[(he—t(x) — hl(x))z] =|t| + QC(d)/

& (1 + e 2t — 9e~1tl cos D
lo
0

d—2
in 9 dd teR.
2 —2cos(d) ) (sin ) ’ vie

6.2.3 Some properties of GMC measures

In what follows, for a point 2 € R, we denote by (h(z))c0 the spherical average process of h around z,
i.e., he(z) = he(z) — h1(0). Fory € (0,v2d), we define the subcritical GMC measure associated to h by
letting

YQ
iy (dz) = lim0 Wh oy (dz) = lim0 g7 eVPe@yy (6.2.7)
£— £—r

where dx denotes the Lebesgue measure on IR%. It is well-known (see e.g. [Ber17, BP24]) that the limit on
the right-hand side of the above display converges in [P-probability in the space of non-negative locally finite

measures on IR? equipped with the topology of weak convergence.

As we observed in Lemma 6.2.3, the whole-space LGF is conformally invariant, and so it is natural to inquire
how this invariance property is reflected in the associated GMC measures. It turns out that these measures are
conformally covariant, i.e., their laws are related under conformal mappings by a correction term that accounts

for the domain’s inflation caused by the mapping.

Proposition 6.2.10 (Coordinate change formula for py, o). Ford > 2andvy € (0, v2d), consider a conformal
automorphism ¢ of R? which can be expressed as a composition of translations, dilations and rotations. Then,
it holds P-almost surely that

Hh,y (P(A)) = Hhogp+Qlog o]y (A) VAeBRY), (6.2.8)
where Q) is defined as in (6.1.6).

Proof. Let ¢ > 0 and consider the field h® = h(c-). Forany e > 0 and x € R?, we have the following
relation between the spherical averages: h¢(x) = h..(cz). For A € B(R?), we have that

Hney(A) = lim £V2/2/ eYPe@ dy = lim £Y2/2/ Yhee(e2) g — lim(5/C)Y2/267d/ eYhs @) gy
A A 5—0

e—0 e—=0 cA
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where in the last equality we set & = ce and we did the change of variables x — x/c. We note that the term
on the right-hand side of the above display equals c—d=v’/2 Hh,y(cA), and so we have that

Y Py (A) = tny (c4) = HhetQloge,y (A) = Hny(cA) .

The same argument also works if instead of just a scaling we have a composition of a scaling, rotation, and

translation. ]

6.2.4 Some results on multidimensional SDEs
In this section, we collect some standard results on SDEs that will play a key role in our analysis, especially
in Section 6.3 for the proof of Theorem 6.A.

For p > 1 and (a;)?~y C R, we let A be the Frobenius companion matrix of the polynomial p(\) =
AP + ap_l?\p_l + -+ a1A + ag as specified in Definition 6.1.2. Furthermore, for some b € IR, we consider
the p-dimensional vector b = (0,0,...,0, b)T. We are interested in p-dimensional Langevin equations of the
following form,

dX; = AX,dt + bdB, , (6.2.9)

where (B;):er denotes a p-dimensional two-sided Brownian motion and
Xy = (Xe, XV, XP2 XPENT

Remark 6.2.11. Roughly speaking, one should have in mind that (6.2.9) is the systems of first order SDEs
associated to the following p-th order SDE,

Xgp) + ap_1X1(5p71) + -4 angl) + aOXt = bE,t B

where (&;):cr is a white noise.

Lemma 6.2.12 ([KSg1, Theorem 5.6.7]). Consider the setting described above. If all the eigenvalues of
the matrix A are negative real numbers, then the SDE (6.2.9) admits a unique stationary Gaussian Markov

solution (X4)¢eRr-

Before stating the next result, we recall that the power spectrum of a stationary Gaussian process (X;);cR is
defined as the Fourier transform of its covariance kernel.

Lemma 6.2.13. Consider the setting described above and assume that all the eigenvalues of the matrix A are
negative real numbers. Let (X¢)ier be the unique stationary Gaussian Markov solution to the SDE (6.2.9).

Then, the power spectrum of the first component (X;)icr is given by

1 b
V2 32— ak (i) ak(—iw)*]

where a, = 1. Moreover, if we assume that (—\;;)?_. C IR~ are the distinct eigenvalues of the matrix A,
P k=1 8

K(w) = YweR,

then the process (X¢)ier admits the following representations

P t
Xt:bzck/ e ME=)gB,,  VteR,
k=1 oo
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where, for each k € [p], we set ¢, = (Il (A — Ap)) L
Proof. These facts are standard and we refer to [PPo2, Section 10.3] for a proof. O

We finish this section with a mixing-type result that will be used in the construction of the quantum cone in

Section 6.5. We consider the augmented (p + 1)-dimensional SDE of the following form,

0

_ -
d(Xe, Xy) ' = (0

1,0,...,0)\ — 0 -

( ) Xy, X,) Tdt + dB, , (X0, Xo)" =x, (6.2.10)
A b

where A and b are as specified above, (B;);>0 is a (p + 1)-dimensional Brownian motion, and x =

(T, 20,1, ..., Tp—1) € RPTL. In other words, (X;):>¢ is a solution to the Langevin equation (6.2.9) with

initial condition at time 0 given by (zg, 21, ..., 2p_1), and (X;)¢>0 is the integral of (X;);>¢ starting from Z.

Lemma 6.2.14. Consider the setting described above and assume that all the eigenvalues of the matrix A
are distinct and negative real numbers. For x = (T,20,21,...,Zp-1), ¥ = (Y Y0,---+Yp—1) € RPTL, let
(Xxts Xt )t>0 and (Xy 1, Xy t)t>0 be the solutions to the SDE (6.2.10) with initial conditions x and Yy,
respectively. Then, for any R > 0, it holds that

lim  sup A"V [(Xits Xt), Xy, Xyt)] =0

70 x,yeB(0,R)
Proof. Fix R > 0 and let x,y € B(0,R). To establish the result, we use Pinsker’s inequality [Tsyoo,
Lemma 2.5], which states that the total variation distance between two probability distributions is bounded

above by the square root of their Kullback—Leibler (KL) divergence. Specifically, we have that

— 1 — —
dTV [(Xx,h Xx,t)7 (Xy,ta Xy,t)] S \/2 dKL [(Xx,t7 Xxﬂﬁ) | I(Xy,t7 Xy,t)] . (6~2'1 1)

We observe that, for each t > 0, (Xx ¢, Xx.¢) and (nyt, X, ) are multivariate Gaussians with different means

but the same covariance matrix. This follows directly from the fact that

_ to_ B
(Xtr Xet) = ex + / A=) b dB, , ViE>0, (6.2.12)
0

where A and b denote the augmented drift matrix and diffusion vector in the SDE (6.2.10). Naturally, a similar
representation holds for (Xy ¢, Xy ¢):>0. Therefore, the KL divergence between the law of (Xx ¢, Xx.t)t>0

and the law of (X ;, Xy ¢)1>0 is simply given by'©

_ — 1 _
dKL [(Xx,t; Xx,t)”(Xy,t»Xy,t)] = i(mx,t - my,t)zt 1(Inx,t - myﬂf)—r ) (6213)

where here we set

def def

mx,t d:ﬁ ]E[(Xx,taxx,t)} ) my,t = E[(Xy,tvxy,t)] ) Et = COV((Xx,hXx,t)) .

10We observe that the matrix (E,XR Kz b,... ,Xp B) has full rank, and so, thanks to Kalman rank condition (see e.g. [Coro7,
Theorem 1.16]), the inverse of the covariance matrix ; is well-defined for all ¢ > 0.
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Thanks to (6.2.11), it suffices to prove that the right-hand side of (6.2.13) converges to zero as ¢ — oo. Using
the representation (6.2.12) and applying Itd’s isometry, we have that

— t _ —_
My = eAlx my ;= = y , Y, = / (eASb)(eASb)Tds .
0

For all t > 0, due to the block-upper triangular structure of the matrix A, we have that

_ T
eAt—<1 Jo(eAver) ds). (6.2.14)

0 eAt

Now, let D = diag(—A1,...,—A,) denote the diagonal matrix of the negative eigenvalues of A, and let V
represent the matrix of the corresponding eigenvectors. We then have that

=VePiv-! = g e~ vkv ,

where vy, and v,;l denote the k-th column of V and the k-th row of V1, respectively. Thus, each entry
of eA* can be expressed as a linear combination of the terms (e ~*+*)? %—1» Which, for brevity, we denote by
(e*)‘ktﬁ:l. In particular, this observation implies that each entry of the vector in the top-right position of
(6.2.14) is given by an O(1) term plus a term of the form (e _7"“‘),6, Furthermore, recalling that only the
last entry of b is non-zero, we deduce that

b = (O(1) + (M) ey M) T

Combining these considerations, we obtain the following two facts:

(P1) The difference in means my ; —my , is such that its first component consists of an O(1) term (depending

on R), while all remaining components converge to zero exponentially fast as ¢ — oo.

(P2) The covariance matrix ¥ is such that its top-left entry consists of an O(t) term plus terms that vanish

as ¢ — oo, while all the remaining entries consist of an O(1) term plus terms that vanish as ¢ — oco.

One can easily check that (P2) implies that the inverse >, ! has elements in its first row and first column that
decay to zero as 1/t as t — oo, while all other entries consist of O(1) terms. Combining these observations
with (P1), we conclude that the right-hand side of (6.2.13) converges to zero as ¢ — oo, thereby proving the

claim. O

6.3 Identification of the spherical average in arbitrary even dimension

In dimension d = 2, itis well known that for any = € R?, the process (h,—:(z) —h1(z)):cr has the distribution
of a standard two-sided Brownian motion. The aim of this section is to establish the characterisation of the

spherical average process in any arbitrary even dimension d > 2, as stated in Theorem 6.A.

Proof of Theorem 6.A. We start by verifying that the multivariate process (S;):cr defined in (6.1.4) is the
stationary solution to the cg-dimensional SDE of the form (6.1.3), with the matrix A and the vector b as
specified in the theorem’s statement. Since, the covariance kernel of the process (S;):cr is explicitly known,
thanks to Lemma 6.2.13, it suffices to check that the power spectrum of the first derivative process (Sgl))tem

coincides with that of the first component of the stationary solution of the aforementioned SDE.
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We begin by noting that

t s
E[SS,] =/ / E[S(VS(V]dvdu, VYt s€R.
0 Jo

Hence, to compute the covariance of the first derivative S(l), it suffices to take the second mixed derivative of
the covariance kernel of S, as specified in (6.2.6). Proceeding in this manner, we obtain that

(sin9)?24d9 , Vs, teR.

) ™ 1 — cosdcosh|t — s]
(¢, 5) & B[sVW] — d/
K (t, s) [St Ss ] c(d) o (cosd — cosh|t — s|)2

Since, the covariance kernel (Y : R x IR — R only depends on the distance |t — s|, with a slight abuse of
notation, we define the function (V) : R — IR by letting

. ™ 1 —cos?dcoshu
Kk £ e(d / T (sind)? %49 VueR.
() = e(d) o (cosd — coshu)? (sin9) ’ “

Our goal now is to compute the Fourier transform of (1. To this end, for ¥ € [0, 7t], we define the function

Py : R — R by letting
@ 1 —cosdcoshu

Po(u) = VueR.

(cos® — coshu)? ’

By applying the change of variable u — e and performing some elementary integral computations, we find
that

°® 1 —cosdcoshu i gy, 1 2ntw

1
)= NoY /_Oo (cos® — coshu)? V2 et — e—mw

and so it holds that

Bo(w (e@-w | ~O-mw)

)

KO (w) = e(d) /ﬂlAbﬁ(w)(sinﬁ)de{) _ L _cld2nw /n(e“’“)“’ + e~ (O=™®) (5in 9) 4249 |
0

/27_( eT[w — e—TIuJ 0

Furthermore, we have the following identity

" P-mw —(—T) W\ (o d—2 _ (d — 2)(d — 3) /7r P—-mw —(d—m) W\ (i d—4
/O (e te oy = S0 e te )(sin 9)4—4a9 |
(6.3.1)
and also . 2w — o)
d—m)w —(—mwy(q; 2 _ =\e —¢
A (e( 7-[) +e ( ) )(Sln{)) d19 = m . (632)

The identity (6.3.1) is derived using integration by parts, whereas (6.3.2) follows from some elementary

integral computations. Therefore, using (6.3.1) and (6.3.2), we find that

_ 1 29721(d/2)?
VITITLE (@2 + (d - 2k)2)

lgﬂ\)(w) , VwelR,

where we used the identity c(d)2mt(d — 2)! = 2972I'(d/2)2. Now, noting that we can write

f[ (w? + (d — 2k)?) = lH ((d — 2k) + iw) lH ((d—2k) — iw)] ,
k=1 k=1 k=1

thanks to Lemma 6.2.13, the multivariate process (S;);cr is a solution to the ¢4-dimensional SDE of the

form (6.1.3) where the coefficients (ay);?, of the matrix A are chosen in such a way that its eigenvalues are
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(—Ak)yL, where
def

A, =d—2k, VEk € [eq] ,
and the coefficient b = ¢(d)(d — 2)!7t. We introduce the function g : R — IR given by

d—4

g(s) E(d—2)e*(1—e*)7 , VseR.

Then, thanks again to Lemma 6.2.13, the process (S,El) )ter admits the following representation,

t

Cq t
sft) :2d/2_1F(d/2)ch/ e~ (d=2R)(t=5)g B, :/ g(s—t)dB,, VteR, (6.3.3)
k=1 >

— 00

where the second equality follows by recalling that ¢, = (]_[;d:1 (A — Ar))~! and a straightforward
computation. For ¢ > 0, by taking the integral on both sides of (6.3.3), we get that

t pu t gt 0
St = / / g(s — u)dBs du = / / g(s —u)dudBs = / 9(8)(Btts — Bs)ds
0 J— —oo Jmax(0,s) —o0

where the first equality follows from stochastic Fubini’s theorem, and the second equality follows from
stochastic integration by parts and rearrangements. The same expression can be derived for ¢ < 0, and so the

claim follows. O

6.4 The LBM in arbitrary dimension

In this section, we focus on the construction of the LBM and study its main properties. First, in Section 6.4.1,
we provide additional details on constructing the LBM starting from a fixed point, and we prove that if
« € (0,2) is chosen according to (6.1.8), then the LBM is compatible with the coordinate change rule
described in Proposition 6.2.10. Next, in Section 6.4.2, we construct the d-dimensional LBM for all ) > 2 as
a Markov process. To achieve this, we closely follow the procedure established in [GRV 16], which itself builds
upon [Bro7yo]. In particular, a key part of the construction involves potential analysis of the GMC measure
Ih,«- We then focus on the subcritical phase, i.e., Q) > \/ﬁ, where we identify the additive functional used
in the definition of the LBM and prove that its transition semigroup admits a density with respect to pp .

Finally, in Section 6.4.3, we prove Theorem 6.B, i.e., we compute the spectral dimension of the LBM.

We recall that (2, F, (By);>0, (Ft)i>0, (Pz)zere) is a d-dimensional Brownian motion, independent of the
whole-space LGF h defined on the probability space ({2, F,P). Furthermore, for ¢ > 0, we introduce the

following occupation measures

o) t
O'(A) = / H{BSEA}dS s O't(A) = / IL{BSEA}dS y VAe B(IRd), Vit > 0. (641)
0 0

In this section, we restrict our attention to the case d > 2, since the proofs of the corresponding two-
dimensional results can be found in [GRV 16, Ber15,RV14b]. Moreover, we assume throughout this section

that the parameters ¢ > 2 and « € (0, 2) satisfy the relation specified in (6.1.8).
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6.4.1 The LBM from a fixed point

As noted in the introduction, for a fixed point # € R% and Q > 2, the LBM (Bh,«,t)t>0, as defined
in Definition 6.1.4, is constructed by time-changing the standard d-dimensional Brownian motion (B;):>0
started from . In particular, constructing the LBM from a fixed point is a straightforward task that falls under

the framework of the theory of GMC measures.

Specifically, for all z € R%, we observe that the measure o; defined in (6.4.1) has P -almost surely effective
dimension 2 (regardless of the ambient dimension d > 2), i.e., 2 is the largest non-negative real number s such
that for all R > O and all ¢ > 0,

1

/B(O R)xB(0,R) [T —y|*~¢ oe(dr)on(dy) <o,

We refer to Lemma 4.5.1 for a proof of this fact. Therefore, for & € (0, 2), if we define the GMC measure

associated with with respect to o as

def . <2 xh,(z)
Vh,«(dx) = Shg}) e€re o(dx) . (6.4.2)

it is well-known (see [Ber17, BP24, GRV16]) that for all z € R, the limit in the above expression converges
P_-almost surely in P-probability with respect to the topology of weak convergence in the space of non-
negative, locally finite measures on IRZ. Hence, to rigorously construct the LBM starting from z, it suffices to
note that the measure vy,  is related to the clock process Fy, «, as defined in (6.1.5), through the following
relationship

Fh,«(t) = Vo« ([Bl:) , Vt>0,

where [B]; represents the trajectory of the Brownian motion up to time ¢.
In order to prove the conformal invariance of the LBM, we need the following auxiliary result.

Proposition 6.4.1 (Coordinate change formula for vy, «). Consider the same setting as in Proposition 6.2.10.
For Q > 2, let o € (0,2) be as specified in (6.1.8). Then, for all x € R?, it holds P, @ P-almost surely that

Vh,tx(q)(A)) = Vhod)+Qlog|d>’|,0c(A) ; VAe B(IRd) ) (643)

where Vo g 1Q log | ¢/, 1S the GMC measure associated with the field h o ¢ + Q log | ¢’

, defined with respect

to the occupation measure G of the d-dimensional Brownian motion (By)i>0 = (¢~ (B|¢/|2¢))t>0.

Proof. This proof is completely analogous to the proof of Proposition 6.2.10. However, we provide the details
in order to highlight where the relation (6.1.8) between () and « originates from.

For ¢ > 0, define the d-dimensional Brownian motion (B;);>0 = (¢! B.2;);>0, and let T be the associated
occupation measure as specified in (6.4.1). We observe that, for every d > 2, the measure G exhibits

two-dimensional scaling, i.e., for all Borel subsets A C R?, it holds P ,-almost surely that
G(A) = ¢ 20(cA) . (6.4.4)

Now, let Vi, o denote the GMC measure associated with the field h, defined with respect to the measure
def

G. Consider the field h® = h(c-). Forany ¢ > 0 and € R?, we have the following relation between the
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spherical averages: h¢(z) = h..(cx). Therefore, for any A € B(IR?), we have

Vhe,o(A) = lim 5“2/2/ e ™F(dz) = lim 5“2/2/ ePee (NG dx)
A A

e—0 e—0

€49 tim (6/0)“2/2072/ e s @ g (dr) |
5—0 cA

where, in the last equality, we set § = ce and performed the change of variables = — x/c. We note that the
term on the right-hand side of the above display equals 2%/ 2Vh,«(cA). Therefore, we conclude that

AT (A) = Vi a(cA) — Vhet Qloge.a(A) = Vi a(cA) .

where we used the fact that, for « = «(Q) as in (6.1.8), it holds that «@Q = 2 + «2/2. Finally, as for the
proof of Proposition 6.2.10, we observe that the same argument also works if instead of just a scaling we have

a composition of a scaling, rotation, and translation. 0

6.4.1.1 Conformal invariance of the LBM

We now have all the necessary elements to prove that if o € (0, 2) is chosen as specified in (6.1.8), then the

LBM is compatible with the coordinate change rule.

Proposition 6.4.2. Consider the same setting as in Proposition 6.2.10. For Q > 2, let « € (0,2) be as
specified in (6.1.8). Then, for all x € RY, it holds P, ® P-almost surely that

def &5

—1 DY EnY
(67 Bn.ct)) 50 = (Bhow+uoelar.t)izo  where  Brogrquoglorot = Bryi o s

where Fhod,JrQlogM,L « IS the clock process associated with the field h o & + Q log|d'|, defined with respect to

the d-dimensional Brownian motion (By)i>0 = (¢ (B)g|2¢))e>0-

Proof. For ¢ > 0, define the d-dimensional Brownian motion (B;);>0 = (¢~ 'Be2;)i>0 and let h® = h(c-).

Then, for all £ > 0, it holds that
-1 -1 o 5
C Bh7ﬁx7t =C BF;71a(t) = Bc,ngyl‘x(t) = BF;,lavc(t) y

where we set Fi, o.(t) £ Fp, o (c?t). Furthermore, for all ¢ > 0, thanks to Proposition 6.4.1, we observe that

(6.4.3) _ _ — =
Fh,cx,c(t) = Vh([B]CQt) é% VhC+Qlogc,oc(C 1[B]c2t) = VhC+Qlogc,oc([B]t) = FhC+Q10gc,oc(t) 5

where VheQloge,« iS the GMC measure associated with the field h® + @ logc, defined with respect to
the occupation measure of the Brownian motion (B;);>o introduced above. Finally, as for the proof of
Proposition 6.4.1, we observe that the same argument also works if instead of just a scaling we have a

composition of a scaling, rotation, and translation. O

Remark 6.4.3. The reason why, in Proposition 6.4.1, we only considered conformal automorphism of R?
which can be expressed as a composition of translations, dilations and rotations, instead of a general conformal
maps, is that the Brownian motion in dimension three and higher is not conformally invariant. Indeed, consider
the inversion map ¢(z) = z/|z|? and let (B;);>0 be a Brownian motion on IR? for d > 3. Then of course

(d(By))>0 cannot be expressed as a time-change of a Brownian motion.
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6.4.2 The LBM as a Markov process

In this section we construct the d-dimensional LBM as a diffusion process for all ) > 2. We begin by recalling

some definitions and results that will be useful in what follows.

Definition 6.4.4. A positive continuous additive functional (PCAF) (A;)¢>o is a F;-adapted continuous
functional with values in [0, 00] such that there exists a set A € F., and a polar set N C R? for the
d-dimensional Brownian motion for which P, (A) = 1, for all z € R? \ N, and

Aprs(w) = Ay(w) + Ag(w) 0 9y (w) YweA, Vs, t>0,
where (§);>¢ denotes the family of shift mappings on Q, i.e., Byys = By 0 9, for all s, ¢ > 0. Furthermore,

if N = (), then (A¢)¢>o is called a PCAF in the strict sense.

Definition 6.4.5. A Borel measure py on IR? is called the!! Revuz measure of a PCAF (A;);>o if for any
non-negative Borel function f : R? — [0, oo] it holds that

/ s
0

o1
R4 f(x) pA (dx) - }1—13‘(1) g R4 ECE

6.4.2.1 Potential theory of the GMC measure in arbitrary dimension d > 2

For each R > 0, we let Gr : B(0, R) x B(0, R) — R be the Green’s function of the Laplacian on the ball

B(0, R) with zero boundary conditions, i.e.,
— AGRr(z,") =8(x — ), Gr(z,-)aBo,r) =0 . (6.4.5)

Definition 6.4.6. The R-potential of a positive Borel measure p on R? is the function gr(p) : B(0, R) —
R U {o0} defined as follows

grlo](z) & / Grlz,y)p(dy), Vo e BOR). 6.4.6)
B(0,R)

Furthermore, the proper domain of gr(p) is the set Gr[p] C B(0, R) given by

Grlp] = {z € B(O,R) : ggrlp](z) < 0o} .

It is a standard fact in potential theory that B(0, R) \ Ggr|p] is a polar set for the d-dimensional Brownian
motion (see e.g. [Bro7o, page 247]).

In order to associate a PCAF to the measure uy o, we begin with the fact such a measure does not charge
polar sets. In what follows, for R > 0, we denote by i, «| B(0,Rr) the restriction of the measure py « to the
ball B(0, R).

Lemma 6.4.7 ((DSHKS24, Theorem 5.2]). Let d > 2, Q > 2, and R > 0. Then, P-almost surely, the

measure |, | B(0,Rr) does not charge polar sets of the d-dimensional Brownian motion.

Letting T denote the first time the Brownian motion (B;);>¢ exits the ball B(0, R), it follows from

Lemma 6.4.7 and [Bro7o, Proposition 3.2] that, for all ) > 2, we can associate to the measure up, «|p(0,r) @

"'The fact that the Revuz measure of a PCAF is unique follows from the general theory of symmetric Markov processes, see e.g.
[CF12, Theorem A.3.5].
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unique PCAF (Fy « r(t)):>0 such that the process

(gr[1n,al(Biatr) = 8R[Mh,«l(Bo) + Fhar(t)) g (6.4.7)

is a mean-zero martingale under P, for all x € Gg[uh, -

Lemma 6.4.8. Let d > 2, Q > \/2d, and R > 0. Then, it holds IP-almost surely that,

sup  gr[Mn,«l(z) < 00, (6.4.8)
z€B(0,R)

or in other words Grlpn,«] = B(0, R). Therefore, for Q > v2d, Fn « r is a PCAF in the strict sense.

Proof. Fixd > 2,Q > v/2d, and R > 0. By recalling that for any z, y € B(0, R), the quantity Gr(z,y) is
bounded by a multiple of |z — y|>~¢, it suffices to show that

sup / |z — y[* pn,a(dy) < 0o
2€B(0,R) J B(0,R)

By using Lemma 6.A.2, for any € B(0, R) and ¢ > 0, it holds that

|z — y* i, (dy) =
/B(O,R) n%o

<Y Dy (Bl V2R)

|z — y[*“tn,a(dy)

~/{y€B(O,R) tlz—y|le(e~(n+12R e~ "2R|}

n€lNg
< Z efn(2+oc2/27\/2doc7£)
~ Y
nelNg

where the random implicit constants depend only on R. The desired result follows since 2+ &2 /2 —v/2da > 0
for all @ > v/2d and by taking ¢ > 0 small enough. O

Remark 6.4.9. We expect that if Q € (2, v/2d], then the set B(0, R) \ G g[Wn,«] is IP-almost surely not empty.
Indeed, for B € [Q, v/2d), the set T N B(0, R) is P-almost surely non-empty, and if = € T N B(0, R), then
it should hold that gg[pn, «](x) = oo. To see this, we recall that the field h around a typical point z € Tg
locally looks like h — 3 log|- — z|. In particular, using Lemma 6.A.1 and following the same reasoning as in

the proof of Lemma 6.4.8, for any € > 0, we obtain that

— — 2 —
/ 2= Y g rogl—ala(dy) 2 Y e ETE/2mBar)
B(0,R) n€Np

and since by assumption 2 + &?/2 — B < 0, the sum on the right-hand side of the above display diverges.
We also emphasise that for any § € (2, \/ﬁ], the set of (3-thick points 7 has Hausdorff dimension equals to
d — ?%/2, which is strictly less than d — 2. Consequently, by [MP10, Theorem 8.20], 7 is a polar set for the
standard d-dimensional Brownian motion. Combining these observations, we expect that for @ € (2, \/ﬁ},

Fn,«,r is a PCAF not in the strict sense.

6.4.2.2 Identification of the PCAF in the subcritical regime

We now limit ourself to the subcritical regime, i.e., ) > v/2d, and we identify the PCAF F}, » r introduced
in (6.4.7). We emphasise that in [DSHKS24], the authors provide an identification of the PCAF for almost
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every choice of the starting point for all ) > 2.

To do so, we first need to introduce some notation. In what follows, recalling (6.2.2), we define h(n) & Z?:l o f

and we let h,, = h(n)y — h(n),1(0) where h(,) 1(0) denotes the spherical average of h(,,) over the unit sphere
centred at the origin. We define the function C : R? — R by letting

def

log C(x) = lim Efh¢(z)?] +loge, VzeR?, (6.4.9)
and, for o € (0,2), we introduce the measure Wy, o, () by letting
Hh,cx,(n)(dl’) — eoczh(m(x)—%“2E[h(7L)(x)2]+%Y2 log C(2) 1. (6.4.10)

It is a standard fact (see e.g. [BP24, Lemma 2.9]) that the measure Wy, o introduced in (6.2.7) is IP-almost
surely the weak limit for n — oo of the measure py, « (). In what follows, with a slight abuse of notation, we

denote by Uy o, (o0) the limiting measure iy «.

For R > 0, Q > v2d,and n € IN, we observe that the mapping B(0, R) > = = gr[tn,«,(n)](x) is P-almost
surely bounded and continuous. This follows easily since, for each n € IN, the measure py, « () is absolutely
continuous with respect to the Lebesgue measure. It is well-known (see e.g. [BK9g2, page 467]), that we can

associate to the measure [y «,(n) @ unique PCAF Fy, o (), r such that the process

(gR[Hh,cx,(n)}(Bt/\’tR) - gR[“’h,cx,(n)](BO) + Fh,oc,(n),R(t))tZO

is a mean-zero martingale under P, for all z € B(0, R). We also emphasise that, for n € IN, we have the
following explicit representation of the PCAF Fy, « (n), r>

tATR
Fh,cx,(n),R<t) = / 60(2}1(71)(35)7%(XQIE[h(n)(BS)2]+%OL2 log C(Bs)ds , V>0,

For any 2 € IR%, we denote by Hf,. o the shifted measure pf; (1) = pn,«(2 + -). We have the following result
which is the higher dimensional analogue of [GRV 16, Proposition 2.3].

Proposition 6.4.10. Let d > 2, Q > /2d, and R > 0. Then, it holds P-almost surely that:

(G1) As n — oo, it holds that supweB(O,R)|gR[uh7a’(n)](x) — gr[HMn,«)(x)] = 0.
(Gz2) The map B(0, R) > & — ggr[tn,«)(x) is continuous.

(G3) Forany zy € R%, as 2 — 2 it holds SUP,e (0, k) 18R [M, o) (T) — gR[1E ] ()] = 0.

Proof. We begin by proving (G1). The proof closely follows the argument presented in [GRV 16, Proposi-
tion 2.3]. It is included here for completeness and to show that the techniques of [GRV 16] do not heavily
depend on the ambient dimension d > 2. With a slight abuse of notation, we denote the limiting measure
Hh,« 8S Hh,«,(00). We consider a smooth function ® : RY — R such that 8(z) = 1 for |z| < 1 and 8(z) = 0

def

for || > 2. For & > 0, we then set 95 () = ¥(z/5) and 95 (x) = 1 — 95(z). Then, for any n € IN U {oc}, it
holds that

Gr(z,y)0s (T — ¥)Un,«,m)(dY) +/B( o Gr(z,y)Vs (T — y)Un,o,m)(dy) -
0,

gl o)) = [

B(0,R)

I(ny,s(2) T(n),5(2)
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We start by showing that the family of maps B(0, R) > = + I, s(x) converges uniformly to 0 as & — 0,

i.e., we need to verify that

tim s sup [ o P )i () =0
520 neNU{oo} z€(0,R) J B(0,R)

This holds since, by using Lemma 6.A.2, forn € N U {oo}, € B(0, R), and any ¢ > 0, it holds that

/ 1 — 412495 (2 — ). o) ()
B(0,R)

<
k>[log(R/
S Z e * Dy o oy (Bla, e *VR))
k> |log(R/(25))]
< Z 67k(2+012/27\/ﬁ017£)

k2 [log(R/(28))]

/ |2 — yI* o, () (dy)
(29))] {yeB(0,R): |$_y‘6(e*(k+1)R,e—kR]}

where the (random) implicit constants depend only on R. For all Q > v/2d the latter series converges to
0 as & — 0 by taking ¢ > 0 small enough. Therefore, to conclude, it suffices to show that for each fixed
5 > 0, the family T(n)} s converges uniformly on B(0, R) to T(oo)7 5 as n — oo. The fact that this convergence
holds pointwise is a direct consequence of the fact that the measure py, « (n) converges weakly to [y o as
n — oco. Hence, it suffices to show that the family (T(n) 5 )nen is relatively compact for the topology of uniform
convergence in B(0, R). This follows since for each 6 > 0, the mapping B(0, R) x B(0,R) > (z,y) —
Gr(x,y)94(x — y) is uniformly continuous in B(0, R) x B(0, R), the fact that sup,,cy Kh, «,(n) (B(0, R)) <

00, and Arzela—Ascoli theorem.

Finally, the proofs of (G2) and (G3) rely on similar ideas and are entirely analogous to the proofs of the

corresponding properties established in [GRV 16, Proposition 2.3]. Therefore, their proofs are omitted. O

Lemma 6.4.11. Ler d > 2, Q > v/2d, and R > 0. Then, it holds P-almost surely for all x € B(0, R) and

n > 0 that
lim P, <Sup|Fh,oc,(n),R(t) - Fh#X,R(t)‘ > Tl) =0.
Proof. This result is a consequence of (G1) in Proposition 6.4.10 and [BK92, Proposition 2.1]. O

We are finally ready to identify the PCAF of the LBM on the whole space and to state its main properties.
Theorem 6.4.12. Let d > 2 and QQ > \/2d. Then, P-almost surely, there exists a unique PCAF in the strict
sense (Fn,«(t))i>0 such that, for all R > 0,

Fh,«(t) = Fn,«r(t) , Vi<Tp.

Furthermore, the following properties hold P-almost surely:
(B1) The Revuz measure of F'y « IS Un, «-

(Bz2) Forall x € R, T > 0, andn > 0, the following limit holds

n—oo

lim P, <sup|Fh’(x’(n) (t) — Fn,«(t)] > T]) =0.
t<T
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(B3) Forall x € RY, it holds P ,-almost surely that the map [0,00) D t — Fy, «(t) is strictly increasing.
(B4) Forall x € RY, it holds P ,-almost surely that lim;_, o, Fi «(t) = c0.

(Bs) For each T > 0, and for any bounded continuous function F : C([0,T],R) — R, the mapping
R? > 2 — E,[Z (Fn.«(+))] is continous.

The proof of Theorem 6.4.12 relies, among other things, on the following standard coupling result for d-
dimensional Brownian motions which is a consequence of the strong-Markov property. Consider a Brownian
motion W independent of B and defined on the same probability space. We define the collection of stopping

times (T;)ieq1,...,.q} inductively by letting
o %int{t>0: BV =w}, wnf{t>v, B =wP}, vie{2,....d},

where B() and W (%) denote the i-th coordinate of B and W, respectively. Under, P, ,, the law of (B, W)
is that of two independent d-dimensional Brownian motions started from (z,y). We have the following
generalisation of [GRV 16, Lemma 2.9].

Lemma 6.4.13. Consider the situation described above. Under P, ,, the process B given by
W, Wiy fort <ty ,

BY WD, wDYy, forte (t1,71],

B, BT W) fort € (Tl
B",....B"), Joré>a,

is a d-dimensional Brownian motion started from y. Furthermore, for allm > 0, it holds that

lim sup P,y,(ta>n)=0, P,y(tg<o0)=1.

5=04 yeRe, lz—y|<5
Proof of Theorem 6.4.12. The proof of this result is similar to the proof of [GRV 16, Theorem 2.7]. Existence
and uniqueness of the PCAF are immediate consequences of the previous discussions. For (B1), we refer to
the proof of [GRV 16, Theorem 2.7] and references therein. For (B2), this is an immediate consequence of
Lemma 6.4.11 and the fact that we can take R large enough to make P(tr < T') arbitrarily small. Items (B3)
and (B35) can be proved in the exact same way as in [GRV 16, Theorem 2.7] by using Lemma 6.4.13.

It remains to prove (B4). In this case, the proof differs from [GRV 16] since in that paper, the authors leverage
on the exponential decay of correlation of the massive GFF. We note that it suffices to check that IP-almost
surely for a fixed z € IR?, it holds that P, (lim;_, Fh,«(t) = 00) = 1. To get the desired result, it is then
sufficient to apply Lemma 6.4.13. Therefore, we take z = 0 and our goal is to show that lim;_, o, Fi « (t) = 00,
IP ® Py-almost surely. To this end, thanks to (B3), it suffices to show that lim,, oo F «(Tp) = 00, P ® Pg-
almost surely. For all n € IN, by the scale invariance of the law of h modulo an additive constant, we have
that h” = h(n-) — h,,(0) = h. Consequently, by Proposition 6.4.1, it follows that

Fh,oc('tn) = Vh,oc([B]Tn) = n‘xQe“hn(O)‘Vh",zx(n_l[B]T,L) 5
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where we recall that the measure vy, « is defined in (6.4.2). For any ¢ > 0, using the fact that h,,(0) is a

centred Gaussian with variance of order log n (see Lemma 6.2.9), we have that
Z IP(no‘Qe“h“(o) < c) < 0,
nelN

and so, thanks to the Borel-Cantelli lemma, we have that

]P( lim n%@ehn(0) — oo) —1. (6.4.11)

n—00

Moreover, we note that for each n € IN, the law of Vi «(n~![B]., ) does not depend on n, and also, thanks
to (B3), for any ¢ > 0, there exists & > 0 such that P ® Po(vpn «(n71[Ble,) > 8) > 1 —¢, foralln € N.

In particular, thanks to the downward continuity of measures, we have that

P® P, (hm sup(Vin,« (R [Blx, ) > 6) > limsupP ® Po(vin o(n '[Blr,) >8) > 1—¢. (6.4.12)

n—00 n—0o0

Hence, thanks to (6.4.11) and (6.4.12) and by arbitrariness of ¢ > 0, we have that
P Po< lim Fp o(T,) = oo) -1,
n—oo
from which the desired result follows. O

We note that the continuity of Iy, « ensures that the LBM does not become trapped in certain regions of R
Additionally, the strict monotonicity of F'y,  guarantees that the LBM has no discontinuities, and since Iy, «
approaches infinity as ¢ — oo, the LBM has an infinite lifetime, i.e., it will never “reach infinity” in a finite

amount of time.

In what follows, we will also require the following strengthened version of the fact that the measure py, « is

the Revuz measure associated with the PCAF Fy, .

Lemma 6.4.14. Let d > 2 and QQ > \/2d. Then, IP-almost surely, for all x € R? and all Borel measurable
functions n : IRUJr — IR(T and f : R* — IR(J)r the following equality holds

E,

/0 Oon(t)f(Bt)th,a(t)] - / N / S e, ) ) 6.4.13)

where p.(-,-) denotes the heat kernel of the d-dimensional Brownian motion (see (6.4.18) below).

Proof. The result is proved for the two-dimensional case in [AK 16, Proposition 2.5]. Given the bound on
the potential of the measure py o provided in Lemma 6.4.8, the proof generalises verbatim to any arbitrary

dimensions d > 2. O

We conclude this section with the following result, which is analogous to Theorem 6.4.12, but with the
Brownian motion replaced by a Brownian bridge, and which will be useful for the study of the spectral
dimension. We recall that we use the convention that for x, y € R? and t > 0, under P, 4+, the process

(Bs)seo,4 is a d-dimensional Brownian bridge of length ¢ from x to y.

Theorem 6.4.15. Let d > 2 and Q > \/2d. Then, P-almost surely, for all x, y € R? and t > 0, the following
properties hold:
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(D1) The following limit holds

n—

1irr01O Poyt (SliﬁtﬂFh,a,(n)(s) — Fr.a(s)] > ﬂ) —0.

(Dz) It holds P ,, t-almost surely that the map [0,t] 5 s — Fn «(s) is strictly increasing and continuous.

(D3) For each bounded continuous function # : C([0,t]) — IR, the mapping R? x R? > (z,y) —

Ey.yt[F (Fn«(-))] is continous.

Proof. Asobservedin [RV 14b], the proof consists in reproducing the arguments of the proof of Theorem 6.4.12

with minor modifications. O

6.4.2.3 The Liouville Heat Kernel

From the construction of the LBM and from the general theory of time changes of Markov processes, we can
deduce some of its properties. First of all, ford > 2 and @ > v/2d, the LBM Bh, « is a diffusion process, i.e., a
continuous strong Markov process, and it is transient (see [CF12, Theorems A.2.12 and 6.2.3]). Furthermore,
thanks to [CF12, Theorem 6.2.1 (i)], the LBM is pp, «-symmetric, i.e., its transition semigroup (Pn « +)t>0
given by

Phatlfl(z) EE.[f(Buast)] .  VfeBRLR), Voe R

satisfies the following equality

/le Ph ot [f](2)g(2)tth, o (d) = /

- Ph,o.t[9](2) f(2) tn,« (d) Vf,geBRLR). (6.4.14)

We are now ready to prove Proposition 6.1.5 on the absolute continuity of the semigroup Py, » with respect to

the measure Uy, .

Proof of Proposition 6.1.5. We will not provide a detailed proof of this result since it is identical to the proof
of [GRV14, Theorem 2.5]. We observe that, since the semigroup Py,  is symmetric with respect to pp «, by
[CF12, Theorem 4.2.4], it suffices to prove that the resolvent of the LBM By,  is absolutely continuous with

respect to [p, «. We recall that the resolvent family (Rn, & A )A>0 associated to the LBM is defined as follows
Rh,an[f](z) = / e’MPh,a,t[f](x)dt , YVA>0, Vfe B(]Rd,]R) .
0

Therefore, it suffices to prove that P-almost surely, for all A € B(IR?) such that pp, «(A) = 0, it holds that
Rh,ar[la](z) = 0forall z € R? and A > 0. To this end, thanks to (6.4.14), we have that

N[ R[4l alde) = ina(4)
]Rd

Hence, if pn o (A) = 0, it follows that Ri o, A[14](z) = 0 for pp, -almost every = € RY. Since the measure
Wh,« has full support, this implies the existence of a dense subset of IR? on which the function Ri,on[L4] is
identically zero. Therefore, the conclusion holds if the mapping R? > 2 +— Ry «.A[1 4]() is continuous. By
following the proof of [GRV 14, Theorem 2.4], one can show that the resolvent operator Ry, «,» maps the set

of measurable bounded functions into the set of continuous bounded functions. More precisely, we observe
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that the proof of [GRV 14, Theoremz2.4] relies on Lemma 6.4.13 and the fact that, for any fixed R > 0, it holds
P-almost surely that

lim sup E,[Fn«(t)]=0.
t=0,eB(0,R)

It is easy to see that the uniform limit above holds in any dimension d > 2. Indeed, fix R > 0, take any

x € B(0,R), and let 6 € (0,1/2). Then, by Lemma 6.4.14, we can write

E.[Fn«(t)] = /

t t
[ et ds natin) + [ | peodsinatdn) . G4
B(z,t1/2-5) Jo B(x,t1/2-5)e Jo

We now proceed to show that both terms on the right-hand side of the above expression converge to 0 ast — 0,
uniformly for all z € B(0, R). Regarding the first term, by Lemma 6.B.2 and following the same approach as
in the proof of Proposition 6.4.10, we obtain IP-almost surely that for any ¢ > 0,

t
/ / p(@, y)dspn.o(dy) < / 1 — 312 ()
B(z,t1/2=%) J0O B(z,t1/2-8)

< Z efk(2+oc2/27\/ﬁocfa)

k>||logt[(1/2-3)]

)

and we note that, for all Q > v/2d, by choosing ¢ > 0 sufficiently small, the term on the right-hand side of
the above expression converges to 0 as t — 0. Hence, it remains to control the second term on the right-hand
side of (6.4.15). To this end, recalling the explicit expression of the heat kernel for the standard d-dimensional
Brownian motion and applying a change of variables, we obtain that for |z — y| > /278, there exists a

constant ¢ > 0 such that
t o° d s ‘1*9\2
/ ps(z,y)ds < |z —y|2_d/ 2 52 275 ds < t(1/270)(@d) et (6.4.16)
0 1%

Moreover, we have that

|z—y|?

7C|w—1 12 _t—28 —c
/ e i a(dy) < o i (B(2,2)) + / e L o (dy)
B(a,t1/2-8)e B(x,2)°

—25 2
Se™  no(B(,2) + td/d e g o (dy) - (6.4.17)
R

Therefore, combining (6.4.16) and (6.4.17), we have that

t
/ / P&, 9)dsiin o (dy)
B(z,t1/2=5)e Jo

< t1/2-9)2=d) <€Ct_%uh,cc(B($a 2)) + /d e”y'Quh,a(dy)> )
R

from which the claim follows since the expression on the right-hand side of the display converges to 0 as

t — 0, P-almost surely. O

6.4.3 Spectral dimension of the LBM

In this section, we prove Theorem 6.B, which concerns the spectral dimension of the LBM. In particular, we
focus only on the case d > 2 and refer to [RV 14b] for the proof of Theorem 6.B in the case d = 2.
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We begin by noting that for Q) > V2d and B € (—00, @), the results derived in the previous section remain
valid when h is replaced by the field h — 3 log|-|. For instance, one can easily check that the conclusion of
, i.e., that for all R > 0 it holds P-almost
surely that Sup,c (o, gy 8R[Hh—p log|-|,al () < oc. Indeed, in the proof of Lemma 6.4.8, it suffices to use

Lemma 6.4.8 remains valid when h is replaced by h — 3 log

Lemma 6.A.3 in place of Lemma 6.A.2 to obtain the desired result. Verifying that the remaining results still
hold with h replaced by h — {3 log|-| reduces to similar considerations. In particular, since we showed in the
previous section that the PCAF associated with uy, « is given by Fy, , it follows immediately from the Revuz
correspondence (see Definition 6.4.5) that the PCAF associated with the measure [y, _g 1o, 1S given by

Fr_g1og||,o-

To simplify the notation, for a fixed f € (—oo, @), we introduce the following field,

def

h=h-Blog||.

6.4.3.1 Some preliminary results and a formal scaling argument

We denote by p; (-, -) the heat kernel of the d-dimensional Brownian motion given by

def |z—y|?

pe(z,y) = (27tt)_ge_ 2 V>0, Va,y e R?. (6.4.18)

In what follows, we recall that for z, y € R%and ¢ > 0, under P 4.+, the process (Bs)se[oﬂf] is a d-dimensional

Brownian bridge of length ¢ from x to y. We begin with the following key lemma.

Lemma 6.4.16. Letd > 2, Q > V/2d, and € (—o0, Q). Then, P-almost surely, for all continuous functions
n: IR(T — lRar,for all x € RY, and for Wh,«-almost every y € RY, the following equality holds

/ NP (0 = i T Euyi[1(F5 ()] prey)dt
0 0

Proof. The proof is similar to the proof of [RV14b, Theorem 3.4] and is included here for completeness. Let
1 : Rt — R* be a continuous function, and let 2 € IR?. Then, thanks to Lemma 6.4.14 with h replaced by
the field h, for all continuous functions f : R? — R, it holds that

/le </Ooon(t)ph,a,t(x,y)dt> fW)ug o (dy) = /Oooﬂ(t)</md f(y)ph,cx,t(x,y)uh’“(dy)) dt

=E, /Ooon(t)f(Bh,oc,t)dt]

_E, / T n(Fg o (D) £ (B)dFs (1)
0

=E, /OOO E; n(Fg (1)) | G(Bt)}f(Bt)th,a(t)]

A h Eq .t M(Fg.o ()] pe(z, y)dt) F(y)ug.o(dy) ,

and so the claim follows. O
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We emphasise that, for x > 0, by choosing R™ > ¢ — n(t) < tXe~t in Lemma 6.4.16, we obtain precisely the
relation (6.1.13). We are now in a position to state the main result of this section, from which Theorem 6.B

follows directly.

Proposition 6.4.17. Let d > 2, Q > \/2d, B € (—o0, Q), and define

X =X(B) £ 5

S Tw aB (6.4.19)

Then, it holds P-almost surely that
mﬁ7a7x(0) =00, Vx €[0,%) and mR(X,X(O) < 0, Vx >X,

where we recall that my, I8 defined in (6.1.12).

Before proceeding with the rigorous proof of Proposition 6.4.17, we provide a formal scaling argument to
explain where the exponent X comes from. Recalling the definition (6.1.12) of my; wx (0), we note that, for all
X > 0, the mapping [0, 00) 3 u — uXe " is uniformly bounded by a constant ¢ = ¢(x). In particular, since
the heat kernel p;(0,0) is equal to a constant times ¢~%/2, which is integrable over the unbounded interval
(1,00), the part of the integral in mg, . (0) that determines the spectral dimension is the behaviour of the

following quantity,

1
| Boodl(Fr o 0)]pi(0.00at. (6420
0

By the scale invariance of the law of h modulo an additive constant, we have thathv? £ h(v/#-)—h vi(0) = h.
In particular, using the coordinate change formula for the measure vy, « (Proposition 6.4.1), we obtain that

FE,oc(t) = VH7oc([B]t) P-law ta(Q_B)/Q—FOt(l)Vh\/ZfﬁlogH,oc([B]l) s (6421)

Therefore, plugging (6.4.21) into (6.4.20) and using the fact that the law of t~'/2[B], does not depend on t,

we obtain that . .
/ Eo.0.t [(FH(X(t))X]pt(O, 0)dt ~ / XX(Q@—=B)/2—=d/2+0:(1) 1
0 ’ 0

Since «(Q — B) = 2 + «?/2 — «p, the integral on the right-hand side of the above expression converges
(resp. diverges) if x > X (resp. x € [0,X)). However, there are several reasons why this scaling argument is
not rigorous. For instance, while it is true that the law of the field hVv? does not depend on ¢, this is insufficient

for our purposes since we need statements that hold [P-almost surely, rather than just in distribution.

6.4.3.2 Computation of the spectral dimension

We now proceed with the rigorous proof of Proposition 6.4.17. The proof is divided into two parts: in

Lemma 6.4.18, we address the case X € [0,%), and in Lemma 6.4.20, we handle the case x > X.

Lemma 6.4.18. Let d > 2, Q > V2d, € (—00,Q), and let X be as defined in (6.4.19). Then, it holds
P-almost surely that

mﬁ,o@X(O) =00, VX € [077() .

Proof. Letd > 2,Q > v2d, p € (—0, @), and consider x € [0,%). We begin by observing that

/ Eo,o,t[(Fﬁ’cx(t))XefFR“(t)]Pt((),O)dt5/ Eo0.¢ [(Fpo )X Lir, _(1)y<1y]p:(0,0)dt .
0 0
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Next, for any ¢ > 0, we introduce the fields

WY £ h(vVi)—hz(0), B EhY'— Blog| .
Recall that h /(0) is centred Gaussian with variance of order |log V1| (Lemma 6.2.9), so it holds P-almost
surely that h ;(0)/[log Vt| = o0,(1) as t — 0. By applying the coordinate change formula for Fy,
(Proposition 6.4.1), it follows IP-almost surely that, for any sufficiently small ¢ € (0, 1) and for all ¢ € (0, ?),

E0,0,t [(Fiﬂx(t))X]I{Fgw‘x(t)Sl}]

_ —B)/2 xh (0
— 4oax(Q—B)/2 yaxh 5 )EO’O’l[(FEﬁ,a(l))Xﬂ{FF\/{ m(l)twfm/%“hﬁm)gl}}

> tX(2+cx2/2—ocf5)/2+Or,(1) Eo.0.1 [(FE\/Z a(l))xﬂ{Fgﬁ a(l)g1}] ,

Zy

where to get the inequality in the second line, we used that 3 < @ and the fact that «(Q — B) = 2+ o2 /2— «f.
Hence, it holds IP-almost surely that

oo t
/ EO,O,t[(Fﬁa(t))xe—Fm(t)]pt(o,O)dt5/ X2+ /2=ap)/2=d/240: (V) 7 gt (6.4.22)
0 ’ 0

We next observe that by the invariance of the law of h modulo an additive constant, the law of Z; does not
depend on t > 0. Moreover, for any ¢ € (0, 1), there exists s > 0 such that P(Z; > s.) > 1 — ¢2. Then, by
Markov’s inequality, for all r € (0, 1),

T 1 T
IP(/ ]l{zt<5£}dt > E’I") < */ IP(Zt < SS)dt <E€.
0 &r Jo

By downward continuity of measures, it follows that

W 1_ w 1—
I[’(limsup(/ ]l{zt>sg}dt2 E)) 21imsup1P</ ﬂ{z,>ss}dt2 5) >1—c¢.
n— 00 0 - n n—o0o 0 T n

Hence, with P-probability at least 1 — ¢, there are infinitely many n € IN such that

1

" 1—c¢
/ Liz,>s. ydt >
0

On that event, by choosing n € IN large enough so that 1/n < ¢, the right-hand side of (6.4.22) is bounded

below by
1 1
/" (X2 H+al 2-aB) 2-d/240 (D7 gy > ¢ / (el /2-aB)2=d/240 (Dt 00 asn — oo |
0 w
where we used the fact that —x(2 + «?/2 — «P)/2 +d/2 — 1 > 0 for all x € [0,%). O

Next, we address the case X > X. A crucial element in the proof of this case is the following result, which is

proved in Appendix 6.B.
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Lemma 6.4.19. Letd > 2, Q > v/2d, and B € (—00, Q). Then, it holds P-almost surely that for any n € N
and for all t € (0, 1],

Eo[(Fg o (D) Liip),cpogn2-s)y] S 11270+ /2maB)=el - ye 550, (6.4.23)

for some random implicit constant.

Lemma 6.4.20. Let d > 2, Q > V2d, € (—00,Q), and let X be as defined in (6.4.19). Then, it holds
P-almost surely that
mg  (0) < oo, Vx >X.

Proof. Letd > 2,Q > v2d, € (—o00, @), and consider x > . Since the function [0, 0) 3 u — uXe ™ is
uniformly bounded by a constant depending only on ¥, it holds that

/ Eo 0.t [(Fg o (t)%e 5] p(0,0)dt < / 240t < oo .
1 1

Therefore, we can restrict our attention to the following quantity

1
/ Eo 0.t [(Fg.o (£)%e 5] py(0,0)dt . (6.4.24)
0

By the time-reversal symmetry of the Brownian bridge, the fact that for all x > 0 and a, b > 0 it holds that
(a + b)X < aX + bX for some implicit constant depending only on X, and the monotonicity of the mapping
IR(T >t—Fg “(t), one obtains IP-almost surely that the term in (6.4.24) can be bounded above by a constant
multiple of thé following sum,

1 1
/ E070,t [(Fﬁ7a(t/2))X€_FR“(t/Q)]pt(O,O)dt + / E070,t [(Fﬁ7a(t/2))X€_FR°‘(t/Q)}pt(O,O)dt 5
0 0

where we note that the two terms in the above display are equal. Next, we recall that for any z, y € R? and

s € [0,¢), it holds that
/2
de,y,t| — t exp |I‘ - y|2 _ |B9 - y|2
ap, T t—s 2t 2t —s) |’

Therefore, invoking this absolute continuity result, we obtain that

1 1
/ Eo 0, [(Fg o (t/2)%e "5/ p,0,0)dt < / Eo [(Fg  (t/2))Xe "Ra(/2]¢7424t - (6.4.25)
0 0

For any & > 0, using again the fact that for each x > 0, the function R} > u +— uXe™* is uniformly bounded
by a constant depending only on X, we observe that the term on the right-hand side of (6.4.25) can be estimated

from above by a constant multiple of

1 1
/O Eo[(Fg o (t/2)X1 (5], ,cB0,0/2)2-5 ]t dt + /O Po([Blij2 € B(0, (t/2)"/*=®))t=4/2dt .
(6.4.26)
The second term in (6.4.20) is easily controlled since, by the reflection principle, for each & > 0 and some
c>0,

—26

Py ([Bltj2 € B(0, (t/2)1/276)) Se
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Hence, plugging this estimate into the second term in (6.4.26), we readily get that it is finite for any & > 0. For
the first term in (6.4.26), let n € IN be such that X € [n — 1,n). By concavity of the map R} > u — uX/™

and Jensen’s inequality,

n /n
Eo [(Fg o (t/2)*Lip), oc B0t/21/2-))) < EBol(Fg o (/2))" L5}, ucno,r2yrz-opy] - (64:27)
Invoking Lemma 6.4.19, for any ¢ > 0, we find IP-almost surely that

Bo [(Fg o (t/2)XLy(3, pcB0,(/21/2-0y] S X2 EF/2me®) el

In particular, for any X > % one has x(2 + «® — «f3)/2 — d/2 > —1. Hence, by choosing ¢, § > 0 small
enough (depending on X, «, 3), we obtain that also the first term in (6.4.26) is finite. Therefore, this concludes
the proof. O

Proof of Proposition 6.4.17. The proof follows directly by combining Lemma 6.4.18 with Lemma 6.4.20. [

6.5 Quantum cones in arbitrary even dimension

In this section, we prove the results related to the quantum cone. The proof of Theorem 6.C is divided
between Sections 6.5.1 and 6.5.2. In Section 6.5.1, we establish the tightness of the collection of processes
(Sb,-)b>0 defined in (6.1.19). Then, in Section 6.5.2, we prove the convergence in total variation distance. In
Section 6.5.3, we prove Theorem 6.D, and finally, Section 6.5.4 is dedicated to the proof of Theorem 6.E.

6.5.1 Tightness of the recentred process

Fix d > 2 even,y € (0,v2d), and B € (—o0, ), where we recall that () is defined as in (6.1.6) and satisfies
@ > Vv2d. Recalling that the collection of processes (Sp,.)p>0 is defined in (6.1.19), the main goal of this

section is to prove the following tightness result.

Proposition 6.5.1. For d > 2 even, the collection of processes (Sy,.)p>0 is tight in C;2.

(R) equipped with the

local uniform metric.

Remark 6.5.2. Indimension d = 2, the circle average process of the whole-plane GFF is a two-sided Brownian
motion. In this case, it follows from [DMS21, Proposition 4.13] that the collection of processes (Sp..)s>0
converges weakly as b — oo to a process (B, )icr, defined as follows. Let (B})i>0 be a standard Brownian
motion, and let (B});>0 be a Brownian motion conditioned to stay above the line ¢ — —(Q — B)t for all
t > 0. Then, we let

w | Bf, Yt>0,

Et = (6.5.1)
B?,, Vt<0.

The proof of Proposition 6.5.1 relies on the observation that the spherical average process can be viewed, in
a loose sense, as a smoothed version of a two-sided Brownian motion (see Theorem 6.A and Figure 6.1). In
particular, to prove Proposition 6.5.1, we first introduce a family of processes (gb’.)b>() for which we can prove
tightness by leveraging a suitable invariance in law. We then show that the tightness of (§b7.)b>0 implies the

tightness of (Sp..)p>0-
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We introduce here some notation that will be used throughout this section. Recalling the representation (6.1.4)
of the spherical average process, we introduce the function g : R — IR defined as

g(s) & (d—2)e*(1— €)= | VseR.

We define the process (gt)tem by letting

0
S, = / g(s) (Bs+t — Bs)ds , VieR, (6.5.2)

— 00

where (By)icr is defined as in (6.5.1). Furthermore, for i € [cg], let (§§“)tem denote the ¢-th derivative of

(gt)teIK A straightforward computation yields that

30 = (71)1/ 99 (s)Byyods | VteR, Vi€ [eq—1],
o . (6.5.3)
St = (1)1 gD (0) By + (=1) / 9D (s)Bayeds,  VtER.

— 00

For b > 0, we introduce the stopping times T, and 0, by letting
T Einf{t € R : By — (Q — )t = —b}, Gy =inf{t e R: S, —(Q—PB)t=-bl. (654

For each b > 0 and i € [c4], we also define recentred process (gb,t)tem and its 4-th derivative (gl(fz)tem by

letting

~ def &
St,t = S+t — S5, >

S\ ESY . VteR. 6.5.5)

The main reason why it is convenient to work with the process (Et)tem is that it is invariant under the following

random recentring

(Beyrt — Bz,) yex — (B1) g - (6.5.6)
The invariance in law (6.5.6) follows directly from the definition of the process (ét)t@R or from [DMS21,
Proposition 4.13]. Moreover, from the definition (6.5.2) of (gt)tem and from (6.5.3), it is readily seen that
(6.5.6) implies that

80, 80), = B - 50)

T+t Ty /teR —

teR Vi S [Cd]o 5 (657)

where here and in what follows, with a slight abuse of notation, we use the superscript (0) to denote the process
itself.

For b, ¢ > 0, we define the moduli of continuity wy,c, Wy, : [0,1] = Ry of (Sp.¢)re(—c,) and (gb,t)te[_w],
respectively, by letting

Cq Ca
wpe(®EDT sup (S-S, @he(8) E sup  [S)) - S)). (65.8)

’ ) )

i—0 Sit€[—ec], [t—s[<8 i—0 Sit€[—ec], [t—s|<8

Similarly, for ¢ > 0, we define the modulus of continuity .. : [0,1] — Ry of (gt)te[_c,c] by letting

Cd
@ (8) £ sup S5 — SO (6.5.9)

i—0 S\t€[—ec], [t—s[<8
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6.5.1.1 The collection (gb,.)b>0 is tight

We now proceed to show that the collection of processes (§6,~)b>0 is tight.

Lemma 6.5.3. For d > 2 even, the collection of processes (gb,- o0 is tight in ;2.

(R) equipped with the local

uniform metric.

The proof of Lemma 6.5.3 relies on the fact that, with high probability and uniformly for b > 0, T, and 0 are

close to each other.

Lemma 6.5.4. For b > 0 let 6, and Ty, as defined in (6.5.4). Then, it holds that

lim supIP(\Eb — :Eb‘ > }\) =0.
A—o00 b>0

Proof. For A > 0, we have the following trivial inclusion
{165 = T| > A} C{o, =T > A} U{T, — G > A},

and so we can focus on finding suitable upper bounds for the probabilities of the two events on the right-hand

side of the above display.

Step 1: We start by bounding the probability of the event {G;, — T, > A}. To this end, for any ¢ > 0, we note
that
{6, — T > A} C{IS%,,.. — Bz,,.| 2 c} U{Toic —T > A} . (6.5.10)

To+tc

To see why this is true, it is more convenient to consider the complement of the given relation and prove that the
intersection of the complements of the two events on the right-hand side is contained within the complement
of the event on the left-hand side. Indeed, noting that

ISt,.. = Bz,..|<¢ = b <Tpe,

Thtc Thtc

and combining this fact with the complement of the second event on the right-hand side of (6.5.10), we readily
obtain that it must hold that 6, — T, < A.

Hence, our task now is to bound the two probabilities appearing on the right-hand side of (6.5.10). By recalling

the definition (6.5.2) of (gt)tem, we can write

0

0
= |/ 9(s)(Bst7,,. — Bz, .)ds —/ g(s)Bsds| .

— 00

‘S’?b+c - B;Fb+c

Therefore, thanks to the triangle inequality, the union bound, and the invariance in law (6.5.6), we have that

) . (6.5.11)

Moreover, using the strong Markov property of the Brownian motion, we have that

>

o

0
P(|STL7+C - BTb+c‘ 2 C) 5 P(‘/ g(S)BSdS
—o00

Pl 20) =B gt (B (@) 2 =) <P 2 @B 5@V,
se|0,
(6.5.12)
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for some constant @ > 0. Therefore, choosing ¢ = ¢(A) = ﬁ, using the union bound, and estimates
(6.5.11), (6.5.12), we readily get that

lim sup]P((NYb — T > )\) =0.
A—00 b>0

Step 2: We now have to bound the probability of the event {T;, — 0, > A}. To this end, we note that, for any
¢ > 0, it holds that

-8 =2} { inf S, —(Q-B)t< b} U{T—Foc>A}. (6.5.13)

Also here, to see why this is true, it is more convenient to consider the complement of the given relation.
Indeed, noting that
inf S;—(Q@—-B)t>-b = 0p>Tpte,

t<Tp—c
and combining this fact with the complement of the second event on the right-hand side of (6.5.13), we readily

obtain that it must hold that T, — 0 < A.

Now, writing T as a shorthand for T,_., we note that the first event on the right-hand side of (6.5.13) is

contained in the following union of events

U { sup IS, — By| > (logn)? + c/2}
nelN te|

T—n,T—(n—1)]

Eq

U U {te[ inf (Et —(Q - B)t) < (logn)? — (b — C/Q)} _

neN T—n,T—(n—1)]

Eo

We now proceed to bound the probabilities of the events E; and Es. We start by noting that, for any n € IN,
it holds that

0

/O 9(8)(Bssirz — Bryy)ds —/ g(s)Bsds| .

— 00 — 00

sup Sy~ Bil=  sup
te[T—n,T—(n—1)] te[—n,—(n—1)]

By using the invariance in law (6.5.6), it holds that

0 0
/ 9(8)(Byyryz — Bryy)ds = / 9(8)(Bs+t — By)ds VteR.
Therefore, applying the triangle inequality and the union bound, we obtain that the probability of the event E;

is bounded from above, up to a finite multiplicative constant, by

Z IP< sup
te|

prd —n,~(n—1)]

0 ~ ~
/ 9() (B — By)ds

— 00

> (logn)2/2+c/4) <> eallogn)*+e) (6 5 1)
nelN

for some constant a > 0 and where the implicit constant is independent of everything else. The upper bound
on the right-hand side of (6.5.14) follows from the Gaussian tail bound.
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On the other hand, using once again the invariance in law (6.5.6) and recalling that T is a shorthand for 7 _,,
for any n € IN, we have that

(B:—(Q—PB)t) < (logn)® — (b—c/2) = inf ~ (B;—(Q—B)t) < (logn)® —c/2.

inf
te[T—n,T—(n—1)] te[—n,—(n—1)]

In particular, using the union bound, we obtain that the probability of the event Es is bounded from above, up

to a finite multiplicative constant, by
>op inf B <—(Q-P)(n—1)+(ogn)>—¢/2| S et (6.5.15)
neN tel=n,~(n-1)] nEN

for some constant a > 0 and where the implicit constant is independent of everything else. Also here, the

upper bound on the right-hand side of (6.5.15) follows from the Gaussian tail bound.

Furthermore, proceeding exactly as in (6.5.12), we have that
P(Tp — Tp—c = A) S e (Q=PA=)*/A (6.5.16)

for some constant ¢ > 0. Finally, the conclusion follows thanks to estimates (6.5.14), (6.5.15), and (6.5.16)
by choosing ¢ = ¢(A) = V/A. O

We are now ready to prove Lemma 6.5.3.

Proof of Lemma 6.5.3. By recalling the definitions in (6.5.8) and (6.5.9), and applying the Arzela—Ascoli
theorem, to prove the tightness of (Fvay,)b>0 in C;2(IR) equipped with the local uniform metric, it suffices to

verify that for all ¢ > 0 and any € > 0, it holds that

lim lim sup IP(@y,.(8) > ¢) = 0.

520 oo

To this end, we note that for ¢ > 0 and ¢ > ¢, on the event {[0}, — ¢, 03 + ¢] C [Ty — ¢, Tp + ]}, it holds that

Cdq Cd
Dy (8) = sup S -8 <y sup S§” — 50
i—0 5 t€[0p—c,Optc], [t—s[<8 i—0 S tE[T—CTp+], [t—5|<8
S RO S S0
= sup ISY),, Sy = sup S =S,
; stel—aa), t—s|<s et Tt ; ste[=z] |t—s|<5

where, in order to get the last equality, we used the invariance in law (6.5.7). Therefore, this fact implies that,
for any ¢ > 0,

P(@p,c(8) > ) <P(@z(8) > &) +P([6y — ¢, 0y + ] £ [T — & Ty + ) - (6.5.17)

The conclusion follows by first taking limsup,_, ., then lims_,o, and finally lim sup;_, . in the above ex-
pression. Indeed, since for any fixed ¢ > 0 it holds that lims_,o IP(wz(8) > €) = 0, it suffices to apply
Lemma 6.5.4 to obtain the desired result. O
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6.5.1.2 The collection (S; ), is tight

We now prove that tightness of (gb) >0 implies tightness of (S; .)p>0, from which Proposition 6.5.1 follows

directly. We start by proving that the stopping times 0, and 0, are close to each other.

Lemma 6.5.5. For b > 0 let 0, and 6y as defined in (6.1.18) and in (6.5.4), respectively. Then, it holds that

lim limsupP(|o, — G| > A) =0.

A—o0 b— 00

Proof. For A > 0, we have the following trivial inclusion
{loy =0y = A} S {op — G, 2 A} U {0y — 0, = A},

and so we can focus on finding suitable upper bounds for the probabilities of the two events on the right-hand
side of the above display. Throughout the proof we can assume that that the two-sided Brownian motion
(B¢)ter used in the construction of the spherical average process (S;):cr and the process (Et)t@R introduced

in (6.5.1) are coupled in such a way that B; = Et forall ¢ > 0.
We start by observing that, for all s € IR, one has that
0

S, — S, = / g(r —s)(B, — Er)dr - / g(r)(Br — By)dr .

— 00 — 0o

D

In particular, by using the exponential decay of g(s) as s — —oo0, it holds that

lim IP(sup|Ss ~S,+D| > 1) =0. (6.5.18)
t—o00 s>t
Furthermore, thanks to the tightness of (gb,-)b>0 proved in Proposition 6.5.3, for any ¢ > 0, it holds that

lim lim suplP(chbJrC —0p > 7\) =0 and lim limsup I[’(Eb — Op_e > 7\) =0. (6.5.19)

A—=00 phsoo A=00 oo

Step 1: We start by bounding the probability of the event {o;, — 0, > A}. To this end, by letting ¢ = |D| 4 1,

we note that

{Gb —0p > )\} - { sup |Ss — gs + D| > 1} @] {6b+c —0p > )\} . (6.5.20)
s>0y
To see why this is true, it is more convenient to consider the complement of the given relation. Indeed, we
note that
sup [S; =S, +D| <1 = S5, —S5,. <I|D[+1,

32’6‘5

from which we can deduce that

St — (@ = B)Tpie = —(b+¢) = Sg,.. —(Q—B)Tpe < —(b+¢)+[D|+1

= Sg,,. — (Q = B)0Opte < b,

or, in other words, that 0, < G31.. Combining this fact with the fact that we are on the complement of the

second event on the right-hand side of (6.5.20), we readily obtain that o, — &, < A. Therefore, the desired



Chapter 6. Liouville Brownian motion and quantum cones in dimension d > 2 283

result follows by observing that, thanks to (6.5.18) and (6.5.19), it holds that

1imsupIP<sup|Ss—§S+D > 1> =0 and lim limsupP(Gpic — 0, = A) =0,

b— o0 $>0y A=00 hyoo

where here we implicitly used the fact that 6;, — oo in probability as b — oo.

Step 2: We now focus on bounding the probability of the event {0, — 0, > A}. To this end, by letting
¢ = |D| + 1 and by fixing T' > 0, we note that

{6,—0, > A} C { i[I(l)fT](ss_(Q_B)5> < —b}u{supSs—§s+D| > I}U{Gb—’&b_c >A}. (6.5.21)
s€|0, s>T

Also here, to see why this is true, it is more convenient to consider the complement of the given relation. Indeed,
we note that by proceeding analogously to the previous step, one can easily verify that on the intersection of

the complement of first two events on the right-hand side of (6.5.21), it holds that

inf (SS — (Q — B)S) > —b — op > Eb_c .
t€[0,6p—c]

Combining this fact with the fact that we are on the complement of the third event on the right-hand side of

(6.5.21), we readily obtain that 6;, — 0, < A. Therefore, the desired result follows by observing that, thanks

to (6.5.18) and (6.5.19), it holds that

lim 1P<sup|SS —S, + D| > 1) =0 and lim limsuplP(a7 — Op_e > )\) =0,

T—o0 s>T A—=00  psoo

and from the fact that for any fixed 7" > 0,

b—oo

lim sup IP <S€i[réfT} (Ss = (Q—B)s) < —b) =0.
O

We are finally ready to prove tightness of of the collections of processes (Sp,.)s>0. i.€., to prove Proposi-

tion 6.5.1.

Proof of Proposition 6.5.1. The proof relies on similar ideas to those used in the proof of Lemma 6.5.3.
Indeed, by recalling the definitions in (6.5.8) and (6.5.9), and applying the Arzela—Ascoli theorem, to prove
the tightness of (Sp..)s>0 in Cj(R) equipped with the local uniform metric, it suffices to verify that for all

¢ > 0 and any € > 0, it holds that

lim lim sup IP(w;,(8) > ¢) = 0.

=0 poo

For i € [c4]o, we introduce the process (Dgi))tem defined as

. 0 . ~
D g/ 9D(8)(Boys — Bays)ds,  VtER.

— 00
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Proceeding similarly to the proof of Lemma 6.5.5, and by using the exponential decay of g()(s) as s — oo
for all ¢ € [cg)o, it is straightforward to check that, for any € > 0,

Cq
i (2) -
tll}lololl)(Z sup|D{"| > £> 0. (6.5.22)

i=0 52t

Now, for b > 0 and ¢ > ¢, on the following event

i—0 s>0p—c

Cd
; € ~ ~ ~
{Z sup [D{] < 4} N{lop —c,00+d C [0, — ¢, 0, + 7},

one has that

[ Ca

[ i ~(; ~ . £
UROEDY sup SRS sup 59— 80 4 £
i=0 S:t€[op—c,op+c], [t—s]| <8 20 sit€lon—c,op+d], |t—s|<8 2
3 SN - J0) _ g, &
= sup St =SV + 5 =) sup ISe7 = Sl + = -
T siteld, -85, 43, |t—s| <5 2 Tstel-aa, lt-sl<s ’ 2

In particular, this fact implies that
P(wp.c(8) > )
~ ; I3 ~ o~
< P(@p,5(8) > €/2) + IP(Z sup D] > 4) +P([6p — ¢, 05+ ] € [0y, — ¢, 05+ ]) .
i—0 s>0p—cC

(6.5.23)

The conclusion follows by first taking limsup,_, ., then lims_,o, and finally limsup;_, . in the above ex-
pression. Specifically, the vanishing of the first and third probabilities on the right-hand side of (6.5.23) is a
consequence of Lemma 6.5.3 and Lemma 6.5.5, respectively. The vanishing of the second probability on the
right-hand side of (6.5.23) follows from (6.5.22) and the fact that o, — oo in probability as b — oo. O

6.5.2 Convergence of the recentred process

The main goal of this section is to prove Theorem 6.C. To this end, we consider a process (R;):cr with the

same law of the spherical average process (S;):cr. For each b > 0, we introduce the following quantities
def . def
Pe :mf{tGIR . Rt—(Q— B)t:—b} y Rb,t:Rt+ph _Rph s VteR.

For b, b > 0, we also introduce the following stopping time
Pop =inf{t € R : Ry — (Q — B)t = —b} . (6.5.24)
Lemma 6.5.6. For any ¢ > 0, there exists u > 0 large enough such that for all b > 0, it holds that
dTV[(Rb,u+t)t20> (Sugt)ezo0] <e.

Proof. 1t suffices to show that there exists © > 0 large enough such that for all b > 0, the conditional law of
(Re,utt)t>0 given (Ry)i<p, is close in total variation distance to the law of (S,4+)¢>0. Since pp is a stopping

time for (R¢)+er, we have that the conditional law of (R ,1¢)¢>0 given (Ry):<p, dependsonly on (R, , Ry, ),
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where (R¢):cr denotes the vector of derivatives of (R;):cr up to order cg. Moreover, recalling that (R¢):er
has the same law of (S;);er, then thanks to Proposition 6.5.1, the collection (R, , Ry, )0 is tight in C;2 (R)

loc

equipped with the local uniform metric'?. The conclusion is then a consequence of Lemma 6.2.14. O
We are now ready to prove the desired convergence result.

Proof of Theorem 6.C. Fix T € IR. Thanks to Lemma 6.5.6, for v > 0 large enough, we can find a coupling
of (Ry)ter and (S¢)ier such that, for all b > 0, with probability at least 1 — ¢, it holds that

Ro,ut+t = Sutt 5 Vt>0. (6.5.25)

By choosing b > 0 sufficiently large (depending on u but not on b), it holds with probability at least 1 — ¢ that
Po,» = Op. Indeed, this follows since, by taking b large enough (depending on « but not on b), we can ensure
that there is not a time ¢ < w such that S; — (Q — )¢ = —b. Moreover, by the definition of py 3, it holds that

(6.5.25)
Sph,b - (Q - B)ph,b 5: Rh,pb,b - (Q - B)pb,b =-b.

In particular, this fact implies that if b > 0 is large enough (not depending on b), then with probability at least
1 — &, it holds that
Ro,ppott = Soptt,  VE>T.

Therefore, by noting that pg ;, + pp = Pp+6, We can use the previous identity to write

pr+b+t - pr+b = SUbth - SUb ) Vt>T.
This fact implies that the collection ((Sp ¢ )¢+>T)p>0 is Cauchy in total variation distance, and so the conclusion
follows. O
6.5.3 The quantum cone as a local limit

In this short section, we prove that the 3-quantum cone field can be identified as a local limit of a whole-space
LGF with an additional 3-log singularity.

Proof of Theorem 6.D. Consider the setting described in the theorem’s statement. For ¢t € IR, z € R?, and
b > 0, we have that

h!’.(0) =h, (o (2) +Bs— (Q—B)t+b, VseR.
Thus, by definition (6.1.20) of 0}, and recalling the definitions in (6.1.2) and (6.1.19), we obtain that
B (0) = hy—roy (2) +Bs— (Q—PB)op+b=h, vy (2) ~hoo, (2) +Bs =Sy +Bs, VseR.

Hence, thanks to Theorem 6.C, if we take the limit as b — oo in the previous display, we readily obtain that,
for any T € IR, the process (hgﬁ ’Sb(O))SzT converges in total variation distance to the process (Soc s + BS)s>T
as b — oo . The desired result follows since the shifting and rescaling procedure we performed do not affect
the law of the projection of h onto the subspace Hg sph. O

12We emphasise that this is the sole instance where the tightness of (Sy,.)s~0 (and consequently of (Rg,.)p>0) is used.
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6.5.4 Interaction between LBM and quantum cone

The main goal of this section is to prove Theorem 6.E, i.e., to prove that the law of the d-dimensional quantum

cone h* is invariant under shifting along the trajectories of the LBM.

For d > 2 (resp. d = 2) even, Q > v/2d, and p € (—00, @), let h* be the d-dimensional 3-quantum cone
field as specified in Definition 6.1.11 (resp. [DMS21, Definition 4.10]), and let By,» « be the associated LBM
as introduced in Definition 6.1.12. Before proceeding, we need to rule out that By, o does not stay “stuck”™ at
zero due to the (3-log singularity at the origin of h*. To confirm this fact, we note that the expected time for
B+, « to reach the boundary of the unit disk is given by Eq[vh« « (B(0, 1))]. Hence, it suffices to verify that it
holds IP-almost surely that Eg[vhp+«(B(0,1))] < co. To this end, we need the following intermediate result
related to the growth of the radial part of the quantum cone field.

Lemma 6.5.7. Ford > 2 even, Q > v/2d, and 3 € (—o0, Q), consider the collection of recentred processes
(Sb,-)v>0 defined in (6.1.19). Then, it holds that

lim limsuplP<sup|Sb,s3_3/4 > 1) =0,
t—o0 t

b—o00 s>

where we recall that the recentred process (S s)scr is defined in (6.1.19).

Proof. We focus on the case d > 2 even, as the case d = 2 is trivial. For ¢ > 0 and b > 0, we introduce the

following events,

Eip: = {Supsb,s — (Ssto, = Soy)| < 1}7 Eopt = {|op — G| < t}, Esp: = {[0p — T < t},

s>t

where we recall that oy is defined in (6.1.18), (gs)seﬂz is defined in (6.5.2), and T, and O, are defined in
(6.5.4). We claim that it suffices to estimate the probability of the event in the statement, restricted to the event
N3_,E; p.+. Indeed, by applying Lemma 6.5.4 and Lemma 6.5.5, and following reasoning similar to the proof

of (6.5.18), it follows that
3
lim limsup » P(Ej,,)=0.
Jim tmsup S R(E% )

We start by observing that, on the event E 5 ¢, it holds that
Sup|Sb7S| < sup|SS+Gb - Sﬁb| +1 )
s>t s>t

and so, we can focus our attention on the following event,

3
{sup|Ss+ab - S, PR/ 1, ﬂ Ei’b,t} .

s>t i=1

To this end, we begin by observing that, thanks to the triangle inequality,

Sup|ss+0'b - SUb‘ < Sup|ss+5b - SEb' + Sup|SS+Eb - SS+0'b| + |SEb - SUb‘ . (6526)
s>t s>t s>t

Next, we proceed to bound each of the three terms on the right-hand side of (6.5.26) individually.
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First term: By applying the triangle inequality, on the event E3; ;, we observe that the first term on the
right-hand side of (6.5.26) is bounded above by

sup|Syiz, — Sz, | +sup sup [Serurz, — Seiml+ sup [Supx, — Sl (6.5.27)
s>t s>t u€[—t,t] u€[—t,t]

We can analyse the three terms on the right-hand side of the above display separately. Beginning with the first

term, leveraging the invariance in law (6.5.7), we observe that

1P<sup|§s+¥b —§;b|s_3/4 > 1) < Z IP( sup S, >n3/4> = Z IP( sup  |Ss| > n3/4> .
s>t s€[

n=|t] s€n,n+1] n=|t| s€[n,n+1]

By first taking lim sup,_, ., and then lim;_,, in the above inequality, we deduce that the probability on the

left-hand side converges to zero. This conclusion follows directly from the Gaussian tail bound and the fact

that the function g, used in the definition (6.5.2) of the process (Ss)scRr, decays to zero exponentially fast as

5§ — —oo. The remaining two terms in (6.5.277) can be handled in a similar manner.

Second term: Proceeding similarly to the first term and applying the triangle inequality, on the event
Eq2 5t N Es3 3¢, we observe that the second term on the right-hand side of (6.5.26) is bounded above by

2sup sup ‘Ss-i-u-i-’?b - Ss+’?b| +sup sup sup |Ss+u+r+’?b - SS+u+’?b| :
s>t ue[—t,t] s>t ue[—t,t] re[—t,t]

Now, leveraging the invariance in law (6.5.7), we can control each term in the above display by following an
approach analogous to that used for the first term.

Third term: Proceeding similarly to the second term and applying the triangle inequality, on the event
Eo ¢ N E3 3 ¢, we observe that the third term on the right-hand side of (6.5.26) is bounded above by

2 sup |§u+;b — AS}J + sup sup \§u+r+;b — §u+%b| )
w€[—t,t] w€[—t,t] re[—t,t]

Once again, leveraging the invariance in law (6.5.7), we can control each term in the above display by
proceeding in a manner analogous to the first term. Hence, the conclusion follows. O

We now proceed to prove the following result which guarantees that IP-almost surely, the LBM By, o does not

stay stuck at the origin.

Lemma 6.5.8. Let d > 2 be even, Q > V2d, p € (—00,Q), and let h* denote the law of the d-dimensional

[-quantum cone. Then, it holds P-almost surely that,
Eo [Vhea(B(0,1))] < oo .

Proof. We focus on the case d > 2 even, as the case d = 2 can be treated analogously. Proceeding as in
Section 6.4 and recalling Defintion 6.1.11, we have that

[ e e alde) h:ad]
B(0,1)

/ |x|27deoch,*ad(w) Hhs*ph,tx(dx)
B(0,1)

E[Eo[Vhea(B(0,1))] [hfy] SE

=E

hl):dd‘|
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h:ad‘|

eTRHe/2mab) b St B [y o (B(0,1))]

E 2—deoch,*ad(9c)

M

a s ()

/B(O,ek)\B(O,e(kJrl))

b
Il

0

o

eF(d=2) goesup ey 4 1) (oot B B [Hh*h “(B(O, e_k))]
sph?

b
Il
=)

A
NE

x>
I
<)

where the last inequality follows from the coordinate change formula Proposition 6.2.10. Therefore, the
conclusion follows thanks to Lemma 6.5.7 and the fact that for all Q > v/2d and B € (—o0, @), it holds that
2+ a2/2 —af > 0. O

We can now focus on the proof of Theorem 6.E. We begin with the following proposition, which can be

regarded as an extended version of Theorem 6.D.

Proposition 6.5.9. Let d > 2 be even, Q > \/2d, and B € (—00,Q). Fort € R, z € R%, and b > 0, consider
the field h*? introduced in the statement of Theorem 6.D and let o, be as defined in (6.1.20). Furthermore, let
Bh—«log|-—2|,«, be a two-sided LBM associated to the field h — olog|- — z| started from z at time 0, and let
Bh+ «,. be a two-sided LBM associated to a d-dimensional o-quantum cone field h* started from the origin at

time 0. Then, as b — oo, it holds that
1
(hcb"ba e’ (Bhfoclog\-fz|,oc,e*“b~ - Z)) ﬂ> (h*, Bh*,oc,») ;

with respect to the product topology, where the first component converges in the space of distributions, and

the second component converges in C(R) equipped with the local uniform metric.

Proof. To simplify the notation, we assume, without loss of generality, that z = 0, and define h&€h-
def

oclog|-|. For b > 0, we define (B;)ier = (€° B, 20, )ter and consider the dilation ¢y, : RY — IR? given by
dp(x) = e %ba. Then, by arguing similarly to the proof of Proposition 6.4.2, it holds that

e Bi- = eGbBFila(e_“bt) = Bezchila(e—"‘bt) = BF%Ia.b(t) , Vte R s

h,x,e— bt
where we set F () = e"‘bFR“(e_QUbt). Furthermore, thanks to Proposition 6.4.1, for all ¢ € R, we

observe that

(6.4.3) _ -
Fr () = €V o ([Ble-20n) "= €™ Vi, w0 gy (€7 Ble-200) = Voot o ([Br)

def =

== Fh"b*b,(x(t) 5

where V0,0 o denotes the GMC with respect to the field h°v? along the trajectory of the Brownian motion

(B¢)ter. In particular, for any b > 0 and ¢ > 0, we showed that

£ Y def 75
Bhgb’b,ogt == BF_l

—  e%"B:
h”b*b,q(t)

h,o,e— bt — Bh“b"’,rx,t .
Now, for any 12 > 0, consider the stopping times Tr, 4 and T _ defined as

Tpe =inf{t>0: B, ¢ BO,R)}, 7Tg_=inf{t>0:B_,¢B(0,R)}
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By Theorem 6.D and Brownian scaling, for any fixed R > 0, the joint law ofh"b*b|3(0’3) and (Et)te[?ﬁ,,, Trot]
converges in total variation distance to the joint law of h*| (o r) and an independent two-sided Brownian
motion stopped at its exit times from B(0, R). Since, the LBM associated to h°»? (resp. h*), stopped at
its exit time from B(0, R), is a measurable function of ho»?| B(o,r) (resp. h*|p(o r)) and an independent

two-sided Brownian motion stopped at its exit times from B(0, R), the conclusion follows. O
We are finally ready to prove Theorem 6.E.

Proof of Theorem 6.E. Letd > 2beevenand Q > v/2d. Forha whole-space LGF, we consider the associated
two-sided LBM (Bp, «.¢)ter started from the origin at time 0. Moreover, let Ty, « 1 (resp. Th,«,—) be the first
positive (resp. negative) time that By, « . exits the ball B(0,1). Let U be a point sampled uniformly at random
from the interval [Th,«,—, Th,«,+]. For b > 0, we let

op = inf{s ER: he-s(Bnou)—Qs= —b} ,

and we consider the conformal automorphism ¢, (z) = e~ %>z + By, «,u. Thanks to [BP24, Corollary 3.17],
we know that if we condition on the Brownian motion modulo time change, then the conditional law of
h near By, «,u locally looks like a whole-space LGF plus an o-log singularity at By « u. Therefore, by
Proposition 6.5.9, we have the following joint convergence in law as b — oo,

(ho ¢y + Qlog|dy| + b, € (By,a.Ute—ob. — Bua,u)) Jaw, (h*, Bh.o) - (6.5.28)

We note that for any ¢ € R, the total variation distance between (h* By« «, U + e~*’t) and (h* By+ «, U)
tends to 0 as b — oo. This is a consequence of the fact that the conditional law of U given (h, B) is that of a
uniform random variable. Hence, by defining o} ; as follows

opt = inf{s € R : ho—:(By, o Upe—ott) — Qs = —b} ,

and by considering the conformal automorphism ¢, () = €~ & 4+ By,  yye-«by, We get that

law,

(h o] d)b,t + Q10g|d)§),t‘ + b, eGb’t (Bh,OC,U—‘re*o‘bt—O—e*“b* — Bh,cx,U—Q—e*"‘bt)) — (}1*7 Bh*ya) s (6529)

and this it sufficient to conclude. Indeed, the couple on the left side of (6.5.29) is obtained from the couple
on the left side of (6.5.28) by translating time for the LBM by ¢, translating space so that the position of the
LBM at time ¢ is mapped to the origin, and re-scaling to get the usual normalisation for the field. Hence, by
(6.5.28), the joint law of the left sides of (6.5.29) and (6.5.28) converges to the joint law of (h*, Bp« «) and
the field/process pair obtained by translating time by ¢, translating space by By~ « ¢, and re-scaling to get the
usual normalisation for the field. Therefore, the conclusion follows since by (6.5.29), the second field/process
pair has the same law as (h*, By« «). O

6.A Some basic estimates for GMC measures

In this appendix, we collect some basic estimates for GMC measures. We recall that for each y € (0, v2d),
the collection of regularised GMC measures (uhm(n))n@N is defined in (6.4.10). Furthermore, with a slight

abuse of notation, we denote by [y,  (o0) the limiting measure py, .
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Lemma 6.A.1. Letd > 2, v € (0,v/2d), B € (—00,Q), and x € R It holds P-almost surely for any
r € (0, 1] that

2 _ 2 _ _
T(d+y [2=By)+e SJ uh—[ﬂlog|~—x\,‘y (B(itﬂ")) 5 r(d+Y /2=By)-e 3 Ve>0 )
for some random implicit constants.

Proof. The proof of this result is standard and follows from a union bound over dyadic scales, and the

coordinate change formula (Proposition 6.2.10). 0

Lemma 6.A.2. Letd > 2, v € (0,v2d), and R > 0. It holds P-almost surely for any n € N U {oo}, all
x € B(0, R), and any r € (0, 1] that

Wiy, () (B(, 7)) S r(HY?/2=V20)—e - e 50
for some random implicit constant.

Proof. For d = 2, this fact is proved in [GRV 16, Theorem 2.2], and the proof easily generalises to any
dimension d > 2. O

Lemma 6.A.3. Let d > 2, v € (0,v2d), B € (—00,Q), and R > 0. It holds P-almost surely for all
x € B(0, R), and any r € (0, 1] that

2
Mh g rogly (Bla, 7)) S r@+Y* 2=V —e = ye s 0

Jfor some random implicit constant.

Proof. For 3 < 0 this is an immediate consequence of Lemma 6.A.2. We fix $ € (0, Q) and, for simplicity,

we take R = 1. Forn € IN, let ¥,, = 27"Z% 1 B(0, 1) be the lattice 2~"Z restricted to the ball B(0,1).

def

For k € IN, we define the annulus A3, = B(0,27%)\ B(0,2~(**1). By using the coordinate change formula
(Proposition 6.2.10), we have that for all n > 2, k € [n — 2]p, and any x € X,, N A, it holds that

M g,y (B(2,277)) = 27V Q@ Bevhae Oy gy (B2, 2877))
< 9= kY(Q—(BVV2d)) ;yh,—x (0) Lk (B(Zka:, Qk*n)) i

where, by the scale invariance of the law of h modulo additive constant, h*(-) = h(27%.) — hy—x (0) = h.
Moreover, the last inequality in the previous display follows from the fact that for all n > 2, k € [n — 2],
and any x € ¥,, N Ay, the ball B(2Fx,2¥~™) is at distance at most 1/4 from the origin, and so the -log
singularity can be bounded above by a finite constant. Then, for any ¢ > 0, by letting ¢ = (f V \/ﬁ) /Ys
which is strictly less than 2d/y2, we have that

— —n(d+vy?/2—(BVv2d)y— h,_; (0 2
P _max i gy (B, 27) 2 270200 vhans0) < grer?)

< Z 2("—1“)[11(‘14‘1/2/2_([5\/@)1/)}2—‘1"5/21]-3[uhk(B(Qkx72k—”))q]
2ES,,NA (6.A.1)
< Q(H*k)[fI(dJer/?*(ﬁV\/ﬂ)YHd]2*(1715/2]1;[Hhk (B(Qkac, Qk*n))q]

< 9(n=R)ld+q(d+y*/2=(BVV2d)Y) =&y (9)lg—nge/2 < 9g—nge/2 ,
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where we used Markov’s inequality, and the fact that thanks to [BP24, Theorem 3.26], the multifractal
spectrum of GMC measures Wy is given by &, (q) = (d +v%/2)q — v?¢?/2. Moreover, since hy«(0)
is centred Gaussian with variance of order k (see Lemma 6.2.9), the probability that e¥P2-+(0) > 97&/2 jg
summable over n > 2 and k € [n — 2]g. Therefore, combining this fact with the bound in (6.A.1), we obtain

that
n—2

Z Z P( Max — Hh—p log| | V(B(x7 2_n)) B 2_n(d+Y2/2_(vaw_s)) <00
T€X,NAL ’
n>2 k=0
Hence, thanks to Borel-Cantelli lemma, we get that IP-almost surely, for all n > 2 and k € [n — 2], it holds
that

2
max M plogl|y (B(z,27")) < 27ty /2=(Bvvady=e) (6.A.2)
zeX,NAL

for some random implicit constant. Thanks to Lemma 6.A.1, we also have that [P-almost surely, for alln € INj,
it holds that
Hh—g log|-|,y (B(07 2—n)> S 2_"(d+y2/2_([3\/\/ﬂ)y—5) , (6A3)

Therefore, the conclusion follows by combining (6.A.2) and (6.A.3) and to the fact that for any r € (0, 1], and
x € B(0,1), there exist n € N such that 2~ ("*1) < 7 < 27" and B(x,r) is contained in the union of a
finite numbers of balls of the form B(z,2™") with z € %,,. O

Lemma 6.A.4. Let d > 2 andy € (0,V/2d). It holds P-almost surely for any s € (0,1], any r € (0, s], and
all x € B(0, s) that

/ 2
ny (B(z, 7)) S's 2dy—ep(dty7/2=V2dy)—e Ve>0,
for some random implicit constant.

Proof. For k < n € Ny, by using the coordinate change formula (Proposition 6.2.10), we have that for all
x € B(0,27%), it holds that

Wy (B(z,27m)) = 27FYQevha—i O (B(2F 5, 25m)) |

where, by the scale invariance of the law of h modulo additive constant, h*(-) = h(27%.) — hy—x(0) = h.
def

We let 3., = 27"Z% N B(0,27%) be the lattice 27"Z¢ restricted to the ball B(0,27%). For any ¢ > 0, by
letting ¢ = v/2d /7y, we have that

IP( mgx llh,y(B(JC,Q_")) > 2—k(\/ﬁy—s)2—n(d+y2/2—\/ﬂy—s)’ eyhz,k(o) < 2(k+n)£/2>
TEXL n
< IP( mzr;lx T (B(2k.7:,2k_")) > 2(k—n)(d+y2/2—\/ﬁy)+(k+n)£/2)
TEX,n

(6.A.4)
< Z 9= (k+n)qe/29(n—k)(d+y?/2=V2dy)+(k+n)e/2[g [th (3(2%7 2k—n)) q]

xEZk.n
< 9-(k+n)ge /29(n—R)[d+a(d+y?/2-VEaY)~Ey (0)] — g~ (k+n)ae/2

where we used Markov’s inequality, and the fact that thanks to [BP24, Theorem 3.26], the multifractal

def

spectrum of GMC measures Wy, y is given by &, (q) = (d +v?%/2)q — y?*¢*/2. Moreover, since hy—« (0) is
centred Gaussian with variance of order k (see Lemma 6.2.9), the probability that Y2+ (0) > 9(k+n)e/2 jg
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summable over k& < n € INg. Therefore, combining this fact with the bound in (6.A.4), we get that

g g IP( max th(B(:B 2*")) > Q*k(\/de*E)27n(d+v2/27\/ﬁy75)) < oo,
T€ % ’ = 0
k=0 n=~k ’

Hence, thanks to Borel-Cantelli lemma, we get that IP-almost surely, for all £ < n € IN, it holds that

max iy (B(z,27")) § 27NVt /2mvadv=o

zEEkm ’

for some random implicit constant. This is sufficient to conclude since for any s € (0,1], » € (0, s, and

x € B(0, ), there exist k < n € Ny such that 2= k1) < 5 < 27k 2=(n+1) < < 2=(n+1) ‘and B(x,r) is
contained in the union of a finite numbers of balls of the form B(z,2") with z € X, . O

6.B Proof of Lemma 6.4.19

Throughout this appendix, we fix 3 € (—o0, @), and we define the field

def

h=h-Blog||.

For z1,...,7, € R*and 0 < 51 < ... < s, € R}, we denote by ps, s, (0,21,...,2,) the transition

probability density of the d-dimensional Brownian motion started from 0, i.e.,
Py(Bs, €dxi, ...Bs, €dxyp) =ps, .5, 0,21,...,25)dx1 - - dyy

Furthermore, for t > 0 and x € R? we define the function G;(z, -) : R? — R by letting
def t
Gi(z,y) = / ps(x,y)ds . (6.B.1)
0
Lemma 6.B.1. Ford > 2, Q > +v2d,n € N, t >0, and 6 > 0 it holds P-almost surely that

Eo [(F o ()" 151, cB0.01/2-0)3]

< / (Ge(0,21) - Go(@n1, 7)) i o (dn) -+ M o (d21) . (6.B.2)
(B((]Ytl/Qfﬁ))n !

where the implicit constant only depends on n.

Proof. By an immediate generalisation of Lemma 6.4.14, we observe that for all ¢ > 0, the left-hand side of

(6.B.2) is bounded above by a constant (only depending on n) times

t ot t
/ (/ / / pslwm(O,xl,...,xn)dsn~-~d51> Ui o (dzn) -+ g o (d2r)
(B(0,t1/2=8))n \JO s Sn—1

For 0 < s1 < ... < sy, we have that the following decomposition holds

Psi,....5n (0, T1y--- ,$n) = Ps; (07 $1)PS2751 (3717 5152) *Psp—sn_1 (wnfla mn) s
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and so, by performing the change of variables s; — s; — s;_1 for all j € [n], the desired result follows
readily. O

Thanks to Lemma 6.B.1, in order to prove Lemma 6.4.19, is suffices to estimate the quantity on the right-hand
of (6.B.2). We start with the following lemma.

Lemma 6.B.2. Fort > 0 and x € RY, consider the function Gy(x,-) : R? 5 R defined in (6.B.1). Then, it
holds that
Gi(w,y) Sly—=**,  VayeR’. (6.B.3)

Proof. Fort > 0and z, y € IR%, we have that

r(d/2 - 1)

|2—d
27d/2

gt(‘r’y) < goo(mvy) =

)

where the last equality in the above display follows from a simple computation (see e.g. [MP10, Theorem 3.33]).
O

Now, combining (6.B.2) with (6.B.3), it suffices to estimate and get the “right asymptotic” as ¢ — 0 of the
following quantity

/ |l’1|27d.../ |(En —{En,1|27duﬁ"x(dxn)...pﬁy‘x(d:ﬂl) .
B(O,tl/Q_E) B(07t1/2—6)

To this end, we start with the following lemma.

Lemma 6.B.3. Letd > 2, Q > v/2d, and B € (—o0, Q). It holds P-almost surely for any r € (0, 1] and all
x € B(0,r) that

‘SL‘ _ |2 d (dy) < T(2+‘X [2—xB)—e , Ve>0, (6.B.4)
B(0,r)

for some random implicit constant.

Proof. For 3 < 0 the result is a straightforward consequence of Lemma 6.A.1. Hence, we can focus on the
case B € (0,Q). In what follows, for z € R? and r > r; > 0, we write A(z,72,71) as a shorthand for the
annulus B(z,r2) \ B(z,r1). For r € (0,1], we fix a point 2z € B(0, ) and we split the ball B(0, ') into four

different regions as depicted in Figure 6.2.

Region 1: The first region consists in the blue ball B(0, ||/2). In this case, using Lemma 6.A.1, for any
¢ > 0 small enough, we have IP-almost surely that

Lo P o) S o o (BOLJal2)) S a4/ oB) e @he /)
B(0,|z]/2)

Region 2: The second region consists in the pink ball B(x, |z|/2). In this case, using the fact that all points
in this region are at distance at least |z|/2 from 0, and using Lemma 6.A .4, for any ¢ > 0 small enough, we
obtain IP-almost surely that

/ ol ) = 3 / & — > (dy)
B(xz,|z|/2) A(z,e=F|z|/2,e=(k+1) |z|/2)

S (€M) g o (Bla e M2l /2))

k=0
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FiGure 6.2: Subdivision of the ball B(0,r) into four different regions. The first region consists in the
blue ball B(0, |x|/2). The second region consists in the pink ball B(x,|x|/2). The third region consists
in the green set B(mid(0, z), 2|z|) \ B(0,|z|/2) \ B(z,|z|/2). The fourth region consists in the grey set
B(0,7) \ B(mid(0, x), 2|z|).

S JaPm ey e M Dy o (B(x, e ] /2))

k=0

2 /6 _ e _ 25 _

§|x|(2+oc /2—aB) aze k[(2+a?/2—V2do)—¢]
k=0

< |2/ 2maB) e < p(240%/2-aB)—

)

where here we used the fact that 2 + &2 /2 — v/2do > 0, for all Q > /2d.

Region 3: The third region consists in the green set B(mid(0, z), 2|z|) \ B(0,|z|/2) \ B(z,|z|/2). In this
case, using the fact that all points in this region are at distance at least |x|/2 from z, and using Lemma 6.A.1,
for any ¢ > 0 small enough, we have [P-almost surely that

[ = 9y o (dy) S |2 g o (B(O,2]2]))

5 ‘$|2—d|x‘(d+oc2/2—oc[3)—s

/B<mid(o,z>,2|z>\B<o,|m|/2>\B<m,m|/2)

< r(2+oc2/2—oc[5)—£ )

Region 4: The fourth region consists in the grey set B(0,r) \ B(mid(0,z),2|z|). In this case, using
Lemma 6.A.1, we get that, for any € > 0 small enough, it holds IP-almost surely that

—log(|zl/(2r))—1
N D S & — > (dy)
’ k=0 A(z,2ekpr,2e—(k+1)p)

—log(|=]/(2r))-1
< Z (e_kr)Q_duR(x(B(O, |z| + 2e*r))
k=0
—log(|z|/(2r))-1
S D R (o R
k=0
—log(|z|/(2r))-1
< Z (e—kr)Q—d(e—kr)(d+cx2/2—cx[3)—s
k=0
g T,(d+oc2/2—oc[3)—£

/B(O,r)\B(mid(O,x),2|m)

b
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where to get the penultimate inequality, we used the fact that |z| < e~*r for all k < —log(|x|/(27)) — 1, and
in the last inequality we used the fact that 2 + o /2 — «f > 0, for all B € (—o0, Q).

Therefore, the conclusion follows by the arbitrariness of = € B(0, r) and by combining the four bounds in the

different regions. O
We are now ready to prove Lemma 6.4.19.

Proof of Lemma 6.4.19. Letd > 2, @ > v2d, and B € (—00,Q). Foralln € N, ¢ > 0, 8 > 0, and
t € (0, 1], we have IP-almost surely that

Eo[(Fg o ()" L{(B),cB(0,01/2-5)}]

(6.B.2)

< / (Go(0,1) -+ Ga (Bn 1, 70) )4 o () -+ i o (1)
(B(O.11/2-5)

©B3) 2—d 2—d

S / |z1] / [Zn — Tn-1]"" Hg o (dn) - g o (d2r)
B(0,¢1/2-%) B(0,t1/2-%)

(6.B.5)

Thanks to Lemma 6.B.3, since x,,_ is sampled inside the ball B(0, tt/ 2’6), for any ¢ > 0, the inner most
integral in (6.B.5) can be bounded above IP-almost surely by

sup / [ — 2~ ug o (day) S (/27O FE 2B e
xEB(O’t1/2—6) B(O,t1/2*5)

for some random implicit constant. By applying the same techniques n — 1 more times to bound the remaining

integrals in (6.B.5), the desired conclusion follows. O
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Appendix A

Gaussian toolbox

We collect here some well-known results on Gaussian fields that are used throughout the thesis. In all the
subsequent lemmas, we let D C R? be a fixed domain. We begin with the well known Cameron—Martin
theorem [CM44].

Lemma A.o.1 (Girsanov’s theorem). Consider an almost surely continuous centred Gaussian field (X(x))zep
and a Gaussian random variable 7 which belongs to the L? closure of the vector space spanned by (X()) zep.
Let F : C(D) — R be a bounded measurable functional. Then the following equality holds

IE[€Z—%2]F (X())} = E[F(X(-) + E[X()Z])] .

We now state a fundamental tool in the study of GMC measures, which is Kahane’s convexity inequality.
Essentially, this is an inequality that allows to compare GMC measures associated with two different fields.
It can be stated as follows, and we refer to [BP24, Theorem 3.18] or [RV 14a, Theorem 2.1] for a proof and

additional references.

Lemma A.o.2 (Kahane’s convexity inequality). Consider two almost surely continuous centred Gaussian
fields (X(z))zep and (Y(2))zep satisfying

E[X(z)X(y)] <E[Y(2)Y(y)], Vz,yeD.

Let ¢ : RT™ — R be a convex function with at most polynomial growth at 0 and oo, and let f : D — [0, 00)
be a continuous function. Then, we have that

<p< / f(m>eX<x)—%E[X<w>21dx> <p< / f<x>eY(x>—éE[Y<w>2ldx>] .
D D

We have the following standard concentration inequality for Gaussian fields which is known as Borell-TIS

E <E

inequality. We refer to [ATo7, Theorem 2.1.1] for a proof.

Lemma A.0.3 (Borell-TIS inequality). Consider an almost surely continuous centred Gaussian field (X(x))zep.

Then it holds that
P <

forall t > 0, where 03 := sup, ., E[X(z)?].

sup X(z) — E
xeD

sup X(z)
zeD

_f«2
>t <2 2D,

We now state Fernique’s majorizing criterion, and we refer to [ATo7, Theorem 1.3.3] for a proof.
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Lemma A.o.4 (Fernique’s majorizing criterion). Consider an almost surely continuous centred Gaussian field

(X(2))zep. Consider the pseudometric on D defined as follows

dx(z,y) == VE[X(2) ~X()P],  VayeD.

Then there exists a universal constant C' such that for any probability measure ¢ on D,

E < C sup V—log o(Bx(z,r))dr,

zeD JO

sup X(z)
zeD

where Bx (z,7) = {y € D : dx(z,y) < r}.



298

Bibliography

[ABg9]

[ABL16]

[Aco14]

[AK16]

[Aruzo0]

[ATo7]

[Bargg]

[Baroo]

[BDMo1]

[Ber1is]

[Ber17]

[Berz23]

[BG22]

[BG25]

[BGS23]

[BGS24]

[BGS25]

[BH25a]

M. Aizenman and A. BurcHarD. Holder regularity and dimension bounds for random curves. Duke Math.
J. 99, no. 3, (1999), 419—453. doi:10.1215/S0012-7094-99-09914-3.

L. Appario-Berry and N. LEavirt. Random infinite squarings of rectangles. Ann. Inst. Henri Poincaré
Probab. Stat. 52, no. 2, (2016), 506—611. doi:10.1214/14-ATHP661.

J. Acosta. Tightness of the recentered maximum of log-correlated Gaussian fields. Electron. J. Probab. 19,
(2014), no. 9o, 25. doi:10.1214/EJP.v19-3170.

S. Anpres and N. Kajno. Continuity and estimates of the Liouville heat kernel with applications to
spectral dimensions. Probab. Theory Related Fields 166, no. 3-4, (2016), 713—752. doi:10.1007/
s00440-015-0670-4.

J. Aru. Gaussian multiplicative chaos through the lens of the 2D Gaussian free field. Markov Process.

Related Fields 26, no. 1, (2020), 17-56.

R.J. ApLer and J. E. TaYLOR. Random fields and geometry. Springer Monographs in Mathematics. Springer,
New York, 2007, xviii+448. doi:10.1007/978-0-387-48116-6.

J. BARRAL. Moments, continuité, et analyse multifractale des martingales de Mandelbrot. Probab. Theory
Related Fields 113, no. 4, (1999), 535—569. doi:10.1007/s004400050217.

J. BARRAL. Continuity of the multifractal spectrum of a random statistically self-similar measure. J. Theoret.
Probab. 13, no. 4, (2000), 1027-1060. doi:10.1023/A:1007866024819.

E. Bacry, J. DELOUR, and J. F. Muzy. Multifractal random walk. Phys. Rev. E 64, (2001), 026103.
doi:10.1103/PhysRevE.64.026103.

N. Berestycki. Diffusion in planar Liouville quantum gravity. Ann. Inst. Henri Poincaré Probab. Stat. 51,
no. 3, (2015), 947-964. doi:10.1214/14-ATHP605.

N. BErRESTYCKI. An elementary approach to Gaussian multiplicative chaos. Electron. Commun. Probab. 22,
(2017), Paper No. 27, 12. doi:10.1214/17-ECP58.

F. BErTACco. Multifractal analysis of Gaussian multiplicative chaos and applications. Electron. J. Probab.
28, (2023), Paper No. 2, 36. doi:10.1214/22-ejp893.

N. Berestycki and E. GwyNNE. Random walks on mated-CRT planar maps and Liouville Brownian motion.
Comm. Math. Phys. 395, no. 2, (2022), 773-857. doi:10.1007/s00220-022-04482-y.

F. Bertacco and E. GwynNE. Liouville Brownian motion and quantum cones in dimension d > 2. arXiv
preprint (2025). arXiv:2501.15936.

F. Bertacco, E. GwynNE, and S. SHEFFIELD. smith-embedding, 2023. https://github.com/

federico-bertacco/smith-embedding. GitHub repository.

M. BHaTIA, E. GWYNNE, and J. SunG. Area measures and branched polymers in supercritical Liouville

quantum gravity. arXiv preprint (2024). arXiv:2410.12693.

F. Bertacco, E. GwyNNE, and S. SHEFFIELD. Scaling limits of planar maps under the Smith embedding.
Ann. Probab. 53, no. 3, (2025), 1138-1196. doi:10.1214/24-A0P1731.

F. BErTACCO and M. HAIRer. How does the supercritical GMC converge? arXiv preprint (2025). arXiv:
2504.06956.


https://dx.doi.org/10.1215/S0012-7094-99-09914-3
https://dx.doi.org/10.1214/14-AIHP661
https://dx.doi.org/10.1214/EJP.v19-3170
https://dx.doi.org/10.1007/s00440-015-0670-4
https://dx.doi.org/10.1007/s00440-015-0670-4
https://dx.doi.org/10.1007/978-0-387-48116-6
https://dx.doi.org/10.1007/s004400050217
https://dx.doi.org/10.1023/A:1007866024819
https://dx.doi.org/10.1103/PhysRevE.64.026103
https://dx.doi.org/10.1214/14-AIHP605
https://dx.doi.org/10.1214/17-ECP58
https://dx.doi.org/10.1214/22-ejp893
https://dx.doi.org/10.1007/s00220-022-04482-y
https://arxiv.org/abs/2501.15936
https://github.com/federico-bertacco/smith-embedding
https://github.com/federico-bertacco/smith-embedding
https://arxiv.org/abs/2410.12693
https://dx.doi.org/10.1214/24-AOP1731
https://arxiv.org/abs/2504.06956
https://arxiv.org/abs/2504.06956

BIBLIOGRAPHY 299

[BH25b]

[BJ10]

[BK92]

[BKMoS]

[BL18]

[BMPg2]

[Bogo7]

[BP24]

[BRG24]

[Bro7o]

[BSo6]

[BSo9]

[BSST40]

[BWW18]

[Cerz22]

[CF12]

[CG20]

[CM44]

[Coro7]

[DDDF20a]

[DDDF20b]

F. BErTACcO and M. HaIrer. Uniqueness of supercritical Gaussian multiplicative chaos. arXiv preprint
(2025). arXiv:2504.07552.

J. BARRAL and X. JiN. Multifractal analysis of complex random cascades. Comm. Math. Phys. 297, no. 1,
(2010), 129-168. doi:10.1007/s00220-010-1030-y.

R. F. Bass and D. KHosHNEVIsAN. Local times on curves and uniform invariance principles. Probab. Theory
Related Fields 92, no. 4, (1992), 465-492. doi:10.1007/BF01274264.

E. Bacry, A. Kozuemyak, and J.-F. Muzy. Continuous cascade models for asset returns. J. Econom.
Dynam. Control 32, no. 1, (2008), 156—-199. doi:10.1016/j.jedc.2007.01.024.

M. Biskup and O. Louipbor. Full extremal process, cluster law and freezing for the two-dimensional discrete
Gaussian free field. Adv. Math. 330, (2018), 589—-687. doi:10.1016/j.aim.2018.02.018.

G. BrowN, G. MicHoN, and J. PEYrIERE. On the multifractal analysis of measures. J. Statist. Phys. 66, no.
3-4, (1992), 775—790. doi:10.1007/BF01055700.

V. I. BoGgacHEV. Measure theory. Vol. I, 1I. Springer-Verlag, Berlin, 2007, Vol. I: xviii+500 pp., Vol. II:
Xiv+575. doi:10.1007/978-3-540-34514-5.

N. Berestyckl and E. PoweLL. Gaussian free field and Liouville quantum gravity, 2024. arXiv:2404.
16642.

A. Bou-RaBEE and E. GwynNE. Random walk on sphere packings and delaunay triangulations in arbitrary

dimension. arXiv preprint (2024). arXiv:2405.11673.

G. A. BRosaMLER. Quadratic variation of potentials and harmonic functions. Trans. Amer. Math. Soc. 149,
(1970), 243—257. doi:10.2307/1995675.

I. Bensamint and O. ScHrRaMmM. Random walks and harmonic functions on infinite planar graphs using

square tilings. Ann. Probab. 24, no. 3, (1996), 1219—1238. doi:10.1214/aop/1065725179.

I. Bensamint and O. ScuramMm. KPZ in one dimensional random geometry of multiplicative cascades.
Comm. Math. Phys. 289, no. 2, (2009), 653-662. doi:10.1007/s00220-009-0752-1.

R. L. Brooks, C. A. B. SmitH, A. H. StonE, and W. T. Turte. The dissection of rectangles into squares.
Duke Math. J. 7, (1940), 312—340. doi:10.1215/S0012-7094-40-00718-9.

N. BErestycki, C. WEBB, and M. D. WonG. Random Hermitian matrices and Gaussian multiplicative chaos.
Probab. Theory Related Fields 172, no. 1-2, (2018), 103—189. doi:10.1007/s00440-017-0806-9.

B. CercLE. Liouville conformal field theory on even-dimensional spheres. J. Math. Phys. 63, no. 1, (2022),
Paper No. 012301, 25. doi:10.1063/5.0058389.

Z.-Q. CueN and M. FukusHIMA. Symmetric Markov processes, time change, and boundary theory, vol. 35
of London Mathematical Society Monographs Series. Princeton University Press, Princeton, NJ, 2012,
Xvi+479.

J. CarMESIN and A. GEorGgakopouULos. Every planar graph with the Liouville property is amenable. Random

Structures Algorithms §7, no. 3, (2020), 706—729. doi:10.1002/rsa.20936.

R. H. CameroN and W. T. MarTIN. Transformations of Wiener integrals under translations. Ann. of Math.
(2) 45, (1944), 386—396. doi:10.2307/1969276.

J.-M. Coron. Control and Nonlinearity, vol. 136 of Mathematical Surveys and Monographs. American

Mathematical Society, 2007.

J. DInG, J. DuBEpAT, A. DUuNLAP, and H. FaLcoNET. Tightness of Liouville first passage percolation for y €
(0,2). Publ. Math. Inst. Hautes Etudes Sci. 132, (2020), 353-403. doi:10.1007/510240-020-00121-1.

J. DinG, J. DuBEparT, A. DunLAP, and H. FaLconNEeT. Tightness of Liouville first passage percolation fory €
(0,2). Publ. Math. Inst. Hautes Etudes Sci. 132, (2020), 353—403. doi:10.1007/510240-020-00121- 1.


https://arxiv.org/abs/2504.07552
https://dx.doi.org/10.1007/s00220-010-1030-y
https://dx.doi.org/10.1007/BF01274264
https://dx.doi.org/10.1016/j.jedc.2007.01.024
https://dx.doi.org/10.1016/j.aim.2018.02.018
https://dx.doi.org/10.1007/BF01055700
https://dx.doi.org/10.1007/978-3-540-34514-5
https://arxiv.org/abs/2404.16642
https://arxiv.org/abs/2404.16642
https://arxiv.org/abs/2405.11673
https://dx.doi.org/10.2307/1995675
https://dx.doi.org/10.1214/aop/1065725179
https://dx.doi.org/10.1007/s00220-009-0752-1
https://dx.doi.org/10.1215/S0012-7094-40-00718-9
https://dx.doi.org/10.1007/s00440-017-0806-9
https://dx.doi.org/10.1063/5.0058389
https://dx.doi.org/10.1002/rsa.20936
https://dx.doi.org/10.2307/1969276
https://dx.doi.org/10.1007/s10240-020-00121-1
https://dx.doi.org/10.1007/s10240-020-00121-1

BIBLIOGRAPHY 300

[DDG23]

[DEGT20]

[DG23a]

[DG23b]

[DGZ24]

[DKRV16]

[DMS21]

[DRSV14a]

[DRSV14b]

[DRSV17]

[DRV12]

[DS11]

[DSHKS23]

[DSHKS24]

[DZZ19]

(Falg7]
[FFGS22]

[FH20]

[Geo16]

J. Ding, J. DuBépar, and E. GwynNE. Introduction to the Liouville quantum gravity metric. In ICM—
International Congress of Mathematicians. Vol. 6. Sections 12—14, 4212—4244. EMS Press, Berlin, [2023]

©2023.

J. DuBépat, H. FaLconer, E. GwynNE, J. Prerrer, and X. Sun. Weak LQG metrics and Liouville
first passage percolation. Probab. Theory Related Fields 178, no. 1-2, (2020), 369—436. doi:10.1007/
s00440-020-00979-6.

J. DinG and E. GwynnE. Tightness of supercritical Liouville first passage percolation. J. Eur. Math. Soc.
(JEMS) 25, no. 10, (2023), 3833—3911. doi:10.4171/jems/1273.

J. DinG and E. GwynnNE. Uniqueness of the critical and supercritical Liouville quantum gravity metrics.
Proc. Lond. Math. Soc. (3) 126, no. 1, (2023), 216-333. doi:10.1112/plms.12492.

J. DinG, E. GWYNNE, and Z. ZHuaNG. Tightness of exponential metrics for log-correlated Gaussian fields in

arbitrary dimension. arXiv preprint (2024). arXiv:2310.03996.

F. Davip, A. KupiaiNen, R. RHODES, and V. Varcas. Liouville quantum gravity on the Riemann sphere.
Comm. Math. Phys. 342, no. 3, (2016), 869—907. doi:10.1007/s00220-016-2572-4.

B. DUPLANTIER, J. MILLER, and S. SHEFFIELD. Liouville quantum gravity as a mating of trees. Astérisque ,

no. 427, (2021), viii+257. doi:10.24033/ast.

B. DUPLANTIER, R. RHODES, S. SHEFFIELD, and V. VaraGas. Critical Gaussian multiplicative chaos: conver-

gence of the derivative martingale. Ann. Probab. 42, no. 5, (2014), 1769-1808. doi:10.1214/13-A0P890.

B. DupLANTIER, R. RHODES, S. SHEFFIELD, and V. VarGas. Renormalization of critical Gaussian mul-
tiplicative chaos and KPZ relation. Comm. Math. Phys. 330, no. 1, (2014), 283—330. doi:10.1007/
s00220-014-2000-6.

B. DUPLANTIER, R. RHODES, S. SHEFFIELD, and V. VarGas. Log-correlated Gaussian fields: an overview. In
Geometry, analysis and probability, vol. 310 of Progr. Math., 191—216. Birkhauser/Springer, Cham, 2017.
doi:10.1007/978-3-319-49638-2\_9.

J. DucHoN, R. RoBerT, and V. Vargas. Forecasting volatility with the multifractal random walk model.
Math. Finance 22, no. 1, (2012), 83-108. doi:10.1111/j.1467-9965.2010.00458.x.

B. DupLANTIER and S. SHEFFIELD. Liouville quantum gravity and KPZ. Invent. Math. 185, no. 2, (2011),
333—393. doi:10.1007/s00222-010-0308-1.

L. DeLLo ScHiavo, R. HERRY, E. KoprER, and K.-T. STurM. Polyharmonic Fields and Liouville Quantum
Gravity Measures on Tori of Arbitrary Dimension: from Discrete to Continuous. arXiv preprint (2023).
arXiv:2302.02963.

L. DeELLO ScHiavo, R. HERRY, E. KopFEr, and K.-T. STurM. Conformally invariant random fields, Liouville
quantum gravity measures, and random Paneitz operators on Riemannian manifolds of even dimension. J.
Lond. Math. Soc. (2) 110, no. 5, (2024), Paper No. e70003. doi:10.1112/jlms.70003.

J. DiNg, O. Zerrount, and F. Zuanc. Heat kernel for Liouville Brownian motion and Liouville graph
distance. Comm. Math. Phys. 371, no. 2, (2019), 561—618. doi:10.1007/s00220-019-03467-8.

K. FALcONER. Techniques in fractal geometry. John Wiley & Sons, Ltd., Chichester, 1997, xviii+256.

M. Forpg, M. Fukasawa, S. GErHOLD, and B. SmitH. The Riemann-Liouville field and its GMC as H—o,
and skew flattening for the rough Bergomi model. Statist. Probab. Lett. 181, (2022), Paper No. 109265.
doi:10.1016/j.spl.2021.109265.

P. K. Friz and M. HAIRER. A course on rough paths. Universitext. Springer, Cham, second ed., [2020]
©2020, xvi+346. With an introduction to regularity structures. doi:10.1007/978-3-030-41556-3.

A. GeorgakorouLos. The boundary of a square tiling of a graph coincides with the Poisson boundary.
Invent. Math. 203, no. 3, (2016), 773-821. doi:10.1007/s00222-015-0601-0.


https://dx.doi.org/10.1007/s00440-020-00979-6
https://dx.doi.org/10.1007/s00440-020-00979-6
https://dx.doi.org/10.4171/jems/1273
https://dx.doi.org/10.1112/plms.12492
https://arxiv.org/abs/2310.03996
https://dx.doi.org/10.1007/s00220-016-2572-4
https://dx.doi.org/10.24033/ast
https://dx.doi.org/10.1214/13-AOP890
https://dx.doi.org/10.1007/s00220-014-2000-6
https://dx.doi.org/10.1007/s00220-014-2000-6
https://dx.doi.org/10.1007/978-3-319-49638-2%5C_9
https://dx.doi.org/10.1111/j.1467-9965.2010.00458.x
https://dx.doi.org/10.1007/s00222-010-0308-1
https://arxiv.org/abs/2302.02963
https://dx.doi.org/10.1112/jlms.70003
https://dx.doi.org/10.1007/s00220-019-03467-8
https://dx.doi.org/10.1016/j.spl.2021.109265
https://dx.doi.org/10.1007/978-3-030-41556-3
https://dx.doi.org/10.1007/s00222-015-0601-0

BIBLIOGRAPHY 301

[GHS19]

[GM20]

[GM21a]

[GM21b]

[GMS19]

[GMS20]

[GMS21]

[GMS22]

[GRV14]

[GRV16]

[HL15]

[HP17]

[HS23]

[Jac18]

[JSo3]

[IS17]

[JSW19]

[JSW20]

[Kah85]
[Kal17]

[KS91]

[Lac22]

E. GwynNE, N. HoLpEN, and X. Sun. A distance exponent for Liouville quantum gravity. Probab. Theory
Related Fields 173, no. 3-4, (2019), 931-997. doi:10.1007/s00440-018-0846-9.

E. GwynNE and J. MiLLer. Confluence of geodesics in Liouville quantum gravity for y € (0,2). Ann.
Probab. 48, no. 4, (2020), 1861—1901. doi:10.1214/19-A0P1409.

E. GwynnE and J. MiLLer. Conformal covariance of the Liouville quantum gravity metric for y € (0, 2).
Ann. Inst. Henri Poincaré Probab. Stat. 57, no. 2, (2021), 1016-1031. doi:10.1214/20-aihp1105.

E. GwynNE and J. MiLLEr. Existence and uniqueness of the Liouville quantum gravity metric fory € (0, 2).
Invent. Math. 223, no. 1, (2021), 213—333. doi:10.1007/s00222-020-00991-6.

E. GWYNNE, J. MILLER, and S. SHEFFIELD. Harmonic functions on mated-CRT maps. Electron. J. Probab.

24, (2019), Paper No. 58, 55. doi:10.1214/19-EJP325.

E. GWYNNE, J. MILLER, and S. SHEFFIELD. The Tutte embedding of the Poisson-Voronoi tessellation of
the Brownian disk converges to y/8/3-Liouville quantum gravity. Comm. Math. Phys. 374, no. 2, (2020),
735—784. doi:10.1007/s00220-019-03610-5.

E. GwyNNE, J. MILLER, and S. SHErFFIELD. The Tutte embedding of the mated-CRT map converges to

Liouville quantum gravity. Ann. Probab. 49, no. 4, (2021), 1677-1717. doi:10.1214/20-aop1487.

E. GWYNNE, J. MILLER, and S. SHEFFIELD. An invariance principle for ergodic scale-free random environ-
ments. Acta Math. 228, no. 2, (2022), 303—384. doi:10.4310/ACTA.2022.v228.n2.az2.

C. GarsaN, R. Ruobes, and V. VarGas. On the heat kernel and the Dirichlet form of Liouville Brownian

motion. Electron. J. Probab. 19, (2014), no. 96, 25. doi:10.1214/ejp.v19-2950.

C. GarBAN, R. RHODES, and V. VArGas. Liouville Brownian motion. Ann. Probab. 44, no. 4, (2016),
3076—3110. doi:10.1214/15-A0P1042.

E. HAusLer and H. LuscHGy. Stable convergence and stable limit theorems, vol. 74 of Probability Theory
and Stochastic Modelling. Springer, Cham, 2015, x+228. doi:10.1007/978-3-319-18329-9.

T. HutcHcrort and Y. Peres. Boundaries of planar graphs: a unified approach. Electron. J. Probab. 22,
(2017), Paper No. 100, 20. doi:10.1214/17-EJP116.

N. Horpen and X. Sun. Convergence of uniform triangulations under the Cardy embedding. Acta Math.

230, nO. 1, (2023), 93—203. doi:10.4310/acta.2023.v230.nl.az2.

H. Jackson. Liouville Brownian motion and thick points of the Gaussian free field. Ann. Inst. Henri Poincaré
Probab. Stat. 54, no. 1, (2018), 249—279. doi:10.1214/16-AIHP803.

J. Jacop and A. N. SHIRYAEV. Limit theorems for stochastic processes, vol. 288 of Grundlehren der math-
ematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin,
second ed., 2003, xx+661. doi:10.1007/978-3-662-05265-5.

J. JunniLa and E. Saksman. Uniqueness of critical Gaussian chaos. Electron. J. Probab. 22, (2017), Paper
No. 11, 31. doi:10.1214/17-EJP28.

J. JunniLa, E. Saksman, and C. WEBB. Decompositions of log-correlated fields with applications. Ann.
Appl. Probab. 29, no. 6, (2019), 3786—3820. doi:10.1214/19-AAP1492.

J.JUuNNILA, E. SAksMAN, and C. WEBB. Imaginary multiplicative chaos: moments, regularity and connections
to the Ising model. Ann. Appl. Probab. 30, no. 5, (2020), 2099—2164. doi:10.1214/19-AAP1553.

J.-P. KaHANE. Sur le chaos multiplicatif. Ann. Sci. Math. Québec 9, no. 2, (1985), 105—150.

O. KALLENBERG. Random measures, theory and applications, vol. 77 of Probability Theory and Stochastic
Modelling. Springer, Cham, 2017, xiii+694. doi:10.1007/978-3-319-41598-7.
I. Karatzas and S. E. SHREVE. Brownian motion and stochastic calculus, vol. 113 of Graduate Texts in Math-

ematics. Springer-Verlag, New York, second ed., 1991, xxiv+470. doi:10.1007/978-1-4612-0949-2.

H. Lacoin. Convergence in law for complex Gaussian multiplicative chaos in phase IlIl. Ann. Probab. 50,
no. 3, (2022), 950-983. doi:10.1214/21-aop1551.


https://dx.doi.org/10.1007/s00440-018-0846-9
https://dx.doi.org/10.1214/19-AOP1409
https://dx.doi.org/10.1214/20-aihp1105
https://dx.doi.org/10.1007/s00222-020-00991-6
https://dx.doi.org/10.1214/19-EJP325
https://dx.doi.org/10.1007/s00220-019-03610-5
https://dx.doi.org/10.1214/20-aop1487
https://dx.doi.org/10.4310/ACTA.2022.v228.n2.a2
https://dx.doi.org/10.1214/ejp.v19-2950
https://dx.doi.org/10.1214/15-AOP1042
https://dx.doi.org/10.1007/978-3-319-18329-9
https://dx.doi.org/10.1214/17-EJP116
https://dx.doi.org/10.4310/acta.2023.v230.n1.a2
https://dx.doi.org/10.1214/16-AIHP803
https://dx.doi.org/10.1007/978-3-662-05265-5
https://dx.doi.org/10.1214/17-EJP28
https://dx.doi.org/10.1214/19-AAP1492
https://dx.doi.org/10.1214/19-AAP1553
https://dx.doi.org/10.1007/978-3-319-41598-7
https://dx.doi.org/10.1007/978-1-4612-0949-2
https://dx.doi.org/10.1214/21-aop1551

BIBLIOGRAPHY 302

[Lac24]

[LG13]

[LNg9]

[LP16]

[LRV15]

[LSSW16]

[Madis]

[Man72]

[Man74a]

[Man74b]

[Mie13]

[MP10]

[MRV16]

[MS17]

[MS20]

[MS21a]

[MS21b]

[MS21c¢]

[Nacz2o0]

H. Lacoin. Critical Gaussian multiplicative chaos revisited. Ann. Inst. Henri Poincaré Probab. Stat. 60,
no. 4, (2024), 2328-2351. doi:10.1214/23-aihp1411.

J.-F. LE GALL. Uniqueness and universality of the Brownian map. Ann. Probab. 41, no. 4, (2013), 2880—2960.
doi:10.1214/12-A0P792.

K.-S. Lau and S.-M. Ncar. Multifractal measures and a weak separation condition. Adv. Math. 141, no. 1,
(1999), 45—96. doi:10.1006/aima.1998.1773.

R. Lyons and Y. Peres. Probability on trees and networks, vol. 42 of Cambridge Series in Statistical
and Probabilistic Mathematics. Cambridge University Press, New York, 2016, xv+699. doi:10.1017/
9781316672815.

H. Lacoin, R. RHODES, and V. Varcas. Complex Gaussian multiplicative chaos. Comm. Math. Phys. 337,
no. 2, (2015), 569—632. doi:10.1007/s00220-015-2362-4.

A. LopHIA, S. SHEFFIELD, X. SUN, and S. S. WaTtson. Fractional Gaussian fields: a survey. Probab. Surv.
13, (2016), 1—56. doi:10.1214/14-PS243.

T. MapauLe. Maximum of a log-correlated Gaussian field. Ann. Inst. Henri Poincaré Probab. Stat. 51,
no. 4, (2015), 1369-1431. doi:10.1214/14-ATHP633.

B. B. ManDpELBROT. Possible refinement of the lognormal hypothesis concerning the distribution of energy
dissipation in intermittent turbulence. In Statistical Models and Turbulence, 333—351. Springer Berlin
Heidelberg, 1972. doi:10.1007/3-540-05716-1_20.

B. ManDELBROT. Multiplications aléatoires itérées et distributions invariantes par moyenne pondérée aléa-

toire: quelques extensions. C. R. Acad. Sci. Paris Sér. A 278, (1974), 355—358.

B. B. ManDpELBROT. Intermittent turbulence in self-similar cascades: divergence of high moments and
dimension of the carrier. Journal of Fluid Mechanics 62, no. 2, (1974), 331—-358. doi:10.1017/
S0022112074000711.

G. MiermonT. The Brownian map is the scaling limit of uniform random plane quadrangulations. Acta
Math. 210, no. 2, (2013), 319—401. doi:10.1007/s11511-013-0096-8.

P. MorTERs and Y. PERES. Brownian motion, vol. 30 of Cambridge Series in Statistical and Probabilistic
Mathematics. Cambridge University Press, Cambridge, 2010, xii+403. doi:10.1017/CB09780511750489.

T. MaDpAULE, R. RHODES, and V. Vargas. Glassy phase and freezing of log-correlated Gaussian potentials.
Ann. Appl. Probab. 26, no. 2, (2016), 643—-690. doi:10.1214/14-AAP1071.

J.MILLER and S. SHEFFIELD. Imaginary geometry IV: interior rays, whole-plane reversibility, and space-filling
trees. Probab. Theory Related Fields 169, no. 3-4, (2017), 729-869. doi:10.1007/s00440-017-0780-2.

J. MiLLer and S. SHEFFIELD. Liouville quantum gravity and the Brownian map I: the QLE(8/3, 0) metric.
Invent. Math. 219, no. 1, (2020), 75-152. doi:10.1007/s00222-019-00905-1.

J. MILLER and S. SHEFFIELD. An axiomatic characterization of the Brownian map. J. Ec. polytech. Math. 8,
(2021), 609—731. doi:10.5802/jep. 15.

J. MILLER and S. SHEFFIELD. Liouville quantum gravity and the Brownian map II: Geodesics and continuity
of the embedding. Ann. Probab. 49, no. 6, (2021), 2732—2829. doi:10.1214/21-aop1506.

J. MiLLer and S. SHerriELD. Liouville quantum gravity and the Brownian map III: the conformal
structure is determined. Probab. Theory Related Fields 179, no. 3-4, (2021), 1183-1211. doi:
10.1007/s00440-021-01026-8.

A. Nacumias. Planar maps, random walks and circle packing, vol. 2243 of Lecture Notes in Math-
ematics. Springer, Cham, 2020, xii+118. Ecole d’été de probabilités de Saint-Flour XLVIII—2018,
Ecole d’Eté de Probabilités de Saint-Flour. [Saint-Flour Probability Summer School]. doi:10.1007/
978-3-030-27968-4.


https://dx.doi.org/10.1214/23-aihp1411
https://dx.doi.org/10.1214/12-AOP792
https://dx.doi.org/10.1006/aima.1998.1773
https://dx.doi.org/10.1017/9781316672815
https://dx.doi.org/10.1017/9781316672815
https://dx.doi.org/10.1007/s00220-015-2362-4
https://dx.doi.org/10.1214/14-PS243
https://dx.doi.org/10.1214/14-AIHP633
https://dx.doi.org/10.1007/3-540-05716-1_20
https://dx.doi.org/10.1017/S0022112074000711
https://dx.doi.org/10.1017/S0022112074000711
https://dx.doi.org/10.1007/s11511-013-0096-8
https://dx.doi.org/10.1017/CBO9780511750489
https://dx.doi.org/10.1214/14-AAP1071
https://dx.doi.org/10.1007/s00440-017-0780-2
https://dx.doi.org/10.1007/s00222-019-00905-1
https://dx.doi.org/10.5802/jep.15
https://dx.doi.org/10.1214/21-aop1506
https://dx.doi.org/10.1007/s00440-021-01026-8
https://dx.doi.org/10.1007/s00440-021-01026-8
https://dx.doi.org/10.1007/978-3-030-27968-4
https://dx.doi.org/10.1007/978-3-030-27968-4

BIBLIOGRAPHY 303

[NR18]

[Olsgs5]

[PF8s]

[Pol81]

[Pow18]

[Pow21]

[PPoz2]

[PT79]

[RAo5]

[RV1o0a]

[RV10b]

[RV11]

[RV14a]

[RV14b]

[Schoo]

[Sha16]

[She16]

[SW20]

[Tsyo9]

[UO30]

[VVIT22]

E. Neuman and M. RosenBauM. Fractional Brownian motion with zero Hurst parameter: a rough volatility
viewpoint. Electron. Commun. Probab. 23, (2018), Paper No. 61, 12. doi:10.1214/18-ECP158.

L. OLsen. A multifractal formalism. Adv. Math. 116, no. 1, (1995), 82—196. doi:10.1006/aima.1995.
1066.

G. Parist and U. FriscH. On the singularity structure of fully developed turbulence in turbulence and pre-
dictability in geophysical fluid dynamics and climate dynamics. Turbulence and Predictability of Geophysical
Flows and Climate Dynamics 88(19835).

A. M. PoLyakov. Quantum geometry of bosonic strings. Phys. Lett. B 103, no. 3, (1981), 207—210.
doi:10.1016/0370-2693(81)90743-7.

E. PowkeLL. Critical Gaussian chaos: convergence and uniqueness in the derivative normalisation. Electron.
J. Probab. 23, (2018), Paper No. 31, 26. doi:10.1214/18-EJP157.

E. PoweLL. Critical Gaussian multiplicative chaos: a review. Markov Process. Related Fields 27, no. 4,
(2021), 557-506.

A. Papouris and S. U. PiLLAL Probability, Random Variables and Stochastic Processes. McGraw-Hill, New
York, 4 ed., 2002.

L. D. Prrr and L. T. TrAN. Local sample path properties of Gaussian fields. Ann. Probab. 7, no. 3, (1979),
477-493-

A. RuzmaIkiNa and M. AizenMAaN. Characterization of invariant measures at the leading edge for competing

particle systems. Ann. Probab. 33, no. 1, (2005), 82—113. doi:10.1214/009117904000000865.

R. RuopEes and V. Varcas. Multidimensional multifractal random measures. Electron. J. Probab. 15,
(2010), no. 9, 241—258. doi:10.1214/EJP.v15-746.

R. RoBErT and V. Varcas. Gaussian multiplicative chaos revisited. Ann. Probab. 38, no. 2, (2010), 605-631.
doi:10.1214/09-A0P490.

R. RuobEes and V. Vargas. KPZ formula for log-infinitely divisible multifractal random measures. ESAIM
Probab. Stat. 15, (2011), 358—371. doi:10.1051/ps/2010007.

R. RHoDEs and V. VarGas. Gaussian multiplicative chaos and applications: a review. Probab. Surv. 11,
(2014), 315-392. doi:10.1214/13-PS218.

R. RHODES and V. Varcas. Spectral dimension of Liouville quantum gravity. Ann. Henri Poincaré 15,
no. 12, (2014), 2281—2298. doi:10.1007/s00023-013-0308-y.

O. ScaramM. Scaling limits of loop-erased random walks and uniform spanning trees. Israel J. Math. 118,
(2000), 221—288. doi:10.1007/BF02803524.

A. SHaMov. On Gaussian multiplicative chaos. J. Funct. Anal. 270, no. 9, (2016), 3224-3261. doi:
10.1016/j.jfa.2016.03.001.

S. SuerriELD. Conformal weldings of random surfaces: SLE and the quantum gravity zipper. Ann. Probab.
44, no. 5, (2016), 3474-3545. doi:10.1214/15-A0P1055.

E. Saksman and C. WEBB. The Riemann zeta function and Gaussian multiplicative chaos: statistics on the
critical line. Ann. Probab. 48, no. 6, (2020), 2680—2754. doi:10.1214/20-A0P1433.

A. B. TsyBakov. Introduction to Nonparametric Estimation. Springer Series in Statistics. Springer, New
York, 2009. doi:10.1007/b13794.

G. E. UnLenBEck and L. S. OrRNSTEIN. On the theory of the brownian motion. Physical Review 36, no. 5,
(1930), 823-841. doi:10.1103/physrev.36.823.

M. VouTiLAINEN, L. ViTAsAARI, P. ILMONEN, S. TorrEs, and C. Tupor. Vector-valued generalized Ornstein-
Uhlenbeck processes: properties and parameter estimation. Scand. J. Stat. 49, no. 3, (2022), 992—1022.
doi:10.1111/sjos.12552.


https://dx.doi.org/10.1214/18-ECP158
https://dx.doi.org/10.1006/aima.1995.1066
https://dx.doi.org/10.1006/aima.1995.1066
https://dx.doi.org/10.1016/0370-2693(81)90743-7
https://dx.doi.org/10.1214/18-EJP157
https://dx.doi.org/10.1214/009117904000000865
https://dx.doi.org/10.1214/EJP.v15-746
https://dx.doi.org/10.1214/09-AOP490
https://dx.doi.org/10.1051/ps/2010007
https://dx.doi.org/10.1214/13-PS218
https://dx.doi.org/10.1007/s00023-013-0308-y
https://dx.doi.org/10.1007/BF02803524
https://dx.doi.org/10.1016/j.jfa.2016.03.001
https://dx.doi.org/10.1016/j.jfa.2016.03.001
https://dx.doi.org/10.1214/15-AOP1055
https://dx.doi.org/10.1214/20-AOP1433
https://dx.doi.org/10.1007/b13794
https://dx.doi.org/10.1103/physrev.36.823
https://dx.doi.org/10.1111/sjos.12552

	Declaration of Authorship
	Copyright Declaration
	Abstract
	Introduction
	Multiplicative cascades
	Log-correlated Gaussian fields
	Regularisation of log-correlated Gaussian fields

	Gaussian multiplicative chaos
	Subcritical GMC
	Critical GMC
	Supercritical GMC

	Liouville quantum gravity
	Planar maps
	LQG as scaling limit of random planar maps

	Summary of main results
	How does the supercritical Gaussian multiplicative chaos converge?
	Uniqueness of supercritical Gaussian multiplicative chaos
	Multifractal analysis of Gaussian multiplicative chaos and applications
	Scaling limits of planar maps under the Smith embedding
	Liouville Brownian motion and quantum cones in dimension d>2


	How does the supercritical Gaussian multiplicative chaos converge?
	Introduction
	Main results
	Local structure of extremal points
	Stable convergence of supercritical GMC
	A measure-valued process
	Outline

	Background and preliminaries
	Basic and recurrent notation
	Topological preliminaries
	Some properties of *-scale invariant fields

	Local structure of extremal points
	Setup and statement of results
	Reduction to a Brownian motion
	Some technical lemmas
	Asymptotic formulas
	Corollaries and applications
	Tail estimates for near-maximal level sets

	Resampling property and independence from the threshold
	Some technical results
	A resampling property
	Independence from the choice of threshold

	The joint Laplace functional
	Setup and preliminary results
	Convergence of the small scales
	Convergence of the large scales
	Stable convergence

	Proof of Proposition 2.6.1
	Setup and main technical lemmas
	Proof of Lemma 2.7.2
	Proof of Lemma 2.7.4

	Brownian bridge above a curve
	Some preliminary results
	Brownian bridge above a positive curve
	Brownian bridge above a negative curve
	Entropic repulsion
	Random walk estimates

	Proof of Lemma 2.7.10

	Uniqueness of supercritical Gaussian multiplicative chaos
	Introduction and main results
	Definitions and assumptions
	Main results
	Outline

	Background and preliminaries
	Basic notation
	Topological preliminaries
	A decomposition result for log-correlated Gaussian fields

	Proof of main results
	Proof of Theorem 3.A
	Proof of Proposition 3.B

	The case of infinite-range correlations
	A collection of fields with finite-range correlations
	Removing the cutoff

	Moments of supercritical GMC

	Multifractal analysis of Gaussian multiplicative chaos and applications
	Introduction and main results
	GMC
	Multifractal analysis
	Main results
	Outline

	Preliminaries
	Log-correlated Gaussian fields
	Properties of GMC
	Hausdorff dimension
	Multifractal analysis of measures

	Multifractal analysis of GMC
	Multifractal analysis of MRW
	Definition of the MRW
	Study of the lower singularity spectrum

	Multifractal analysis of LBM
	Definition of the LBM
	Study of the lower singularity spectrum

	Proof of Proposition 4.3.2
	Proof of Proposition 4.A.1
	Proofs of Lemmas 4.A.2 and 4.A.3

	Finiteness of positive moments of nu_gamma

	Scaling limits of planar maps under the Smith embedding
	Introduction and main result
	Smith embedding
	Main result
	Application to mated-CRT maps
	Outline

	Background and setup
	Basic definitions
	Universal cover
	Random walks and electrical networks
	Discrete harmonic conjugate
	Construction of the Smith embedding

	Some properties of the Smith embedding
	Adding new vertices
	Periodicity
	Hitting distribution of a horizontal line
	Expected horizontal winding

	Proof of the main result
	Height coordinate function
	Width coordinate function
	Proof of Theorem 5.A

	Application to mated-CRT maps
	SLE/LQG description of mated-CRT maps
	Mated-CRT maps satisfy the assumptions
	Convergence to LQG

	Some standard estimates for planar Brownian motion

	Liouville Brownian motion and quantum cones in dimension d>2
	Main results
	Identification of the spherical average in arbitrary even dimension
	Spectral dimension of the LBM in arbitrary dimension
	Quantum cones in arbitrary even dimension
	Outline and main differences with the two-dimensional case
	Some open problems

	Background and preliminaries
	The whole-space log-correlated Gaussian field
	The spherical average
	Some properties of GMC measures
	Some results on multidimensional SDEs

	Identification of the spherical average in arbitrary even dimension
	The LBM in arbitrary dimension
	The LBM from a fixed point
	The LBM as a Markov process
	Spectral dimension of the LBM

	Quantum cones in arbitrary even dimension
	Tightness of the recentred process
	Convergence of the recentred process
	The quantum cone as a local limit
	Interaction between LBM and quantum cone

	Some basic estimates for GMC measures
	Proof of Lemma 6.4.19

	Gaussian toolbox

