
            

PAPER • OPEN ACCESS

Biochemical Szilard engines for memory-limited inference
To cite this article: Rory A Brittain et al 2019 New J. Phys. 21 063022

 

View the article online for updates and enhancements.

This content was downloaded from IP address 155.198.10.117 on 12/12/2019 at 11:24

https://doi.org/10.1088/1367-2630/ab2484


New J. Phys. 21 (2019) 063022 https://doi.org/10.1088/1367-2630/ab2484

PAPER

Biochemical Szilard engines for memory-limited inference

RoryABrittain1, Nick S Jones1 andThomas EOuldridge2

1 Department ofMathematics, Imperial College London, London, SW72AZ,United Kingdom
2 Imperial College Centre for Synthetic Biology andDepartment of Bioengineering, Imperial College London, London, SW72AZ,United

Kingdom

E-mail: t.ouldridge@imperial.ac.uk

Keywords: thermodynamics of information, biomolecular systems, statisticalmechanics,molecular computation

Abstract
By designing and leveraging an explicitmolecular realisation of ameasurement-and-feedback-
powered Szilard engine, we investigate the extraction of work from complex environments by
minimalmachines withfinite capacity formemory and decision-making. Living systems perform
inference to exploit complex structure, or correlations, in their environment, but the physical limits
and underlying cost/benefit trade-offs involved in doing so remain unclear. To probe these questions,
we consider aminimalmodel for a structured environment—a correlated sequence ofmolecules—
and exploremechanisms based on extended Szilard engines for extracting thework stored in these
non-equilibrium correlations.We consider systems limited to a single bit ofmemorymaking binary
‘choices’ at each step.We demonstrate that increasingly complex environments allow increasingly
sophisticated inference strategies to extractmore free energy than simpler alternatives, and argue that
optimal design of suchmachines should also consider the free energy reserves required to ensure
robustness against fluctuations due tomistakes.

1. Introduction

Living and human-made systems exploit out-of-equilibrium fuel supplies to do useful work. For example, if
glucose is present in the environment in higher than equilibrium concentrations relative to carbon dioxide and
water, bacteria can power themselves through respiration. Similarly, internal combustion engines use an out of
equilibrium concentration of their fuel, i.e. petrol, and are powered by the conversion of fuel and oxygen to
carbon dioxide andwater.

The amount of work that can be done using the fuel is bounded by the non-equilibrium free energy of the
fuel [1]. This free energy contains both energetic and entropic termsAs onewould expect, if the fuel contains
more energy, then, in general, the amount of work that can be done is higher.However, fuels are alsomore
useful if they are inwell-defined initial states, with limitedmicroscopic uncertainty. This uncertainty is
quantified by the entropy, which is why the entropy contributes to the free energy.

The idea of using high energy fuel is intuitive. If the fuel initially has greater energy than at equilibrium, then
that extra energy can be transferred to somewhere else to do useful work as the fuel equilibrates. It is less obvious
how to exploit low entropy fuel—nonetheless, entropy is an important component of the free energy stored in
biochemical fuelmolecules and cellularmembrane potentials. For example, the free energy released by
converting anATPmolecule to anADPmolecule in a cell is approximately 1.5 times the standard free energy
difference between anATP and anADPmolecule [2].

Spurred by a desire to understand the fundamental physics of computation and information processing,
there has been significant recent interest in the exploitation of purely entropic resources [3–9]. Data arrays are
physical systems, and the Shannon entropy of the data contributes to the overall physical entropy of the system.
The data array itself is therefore a potential resource, andmanipulating data has thermodynamic consequences
due to changes in the entropy of the data array [10]. A data array can have a simple statistical bias towards 1 or 0,
and several authors have discussed how such a bias, which implies a low entropy register,might be exploited to
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performwork [3, 4]. Amore subtle and equally fundamental possibility is exploiting structure acrossmultiple
bits in the array—its entropy can be low due to correlationswithin the data, rather than an overall bias at the level
of individual bits [5–9]. However, the principles of designing devices to optimally exploit correlations in general
settings remain unclear [9].

Although inspired by the physics of computation, the question of how to exploit correlations is also of
fundamental biological relevance. If organisms existed in a homogeneous non-equilibrium environment, there
would be no need to develop sophisticated information-processingmachinery to survive. However, from the
chemotaxis systemofE. coli to the brains of humans, complexmolecular and cellular networks have been
evolved to exploit the fact that the environment exhibits correlated fluctuations. These systems rely on the fact
that what is sensed at a certain point in space and time contains information about nearby points [8]: they have
evolved even though they are costly tomaintain, and despite the fact that the information obtained is limited by
features such as thememory and processing power available [11]. However, the fundamental trade-offs that
determine the sophistication of these systems are not fully explored.

In this paperwe take steps towards unifying these two perspectives on the exploitation of correlations.We
first present amolecular design for ameasurement-and-feedback device (a Szilard engine [12]) inwhich the
mechanics of the feedback is explicit within themolecular system.We then leverage this construct to propose
biomolecularmachines thatmake repeated binary choices about how to act based onmeasurements of their
environment (an array of ‘molecular bits’). Thesemachines use their single bit ofmemory to extract chemical
work from correlated arrays, demonstrating that it is possible to designminimal biophysical systems that exploit
minimal structured environments.

Nomemory at all is needed to extract all of the available work from an input consisting of an array of
uncorrelated subsystems, and simple schemeswith one-bitmemories can extract all of the stored free energy
fromMarkovian environments. If we increase the complexity of the environment further, bymaking it a hidden
Markov process, 100% efficiency becomes impossible with a single-bitmemory and some implicit inference of
the hidden state is required. In this setting, schemes that performbatch averaging to obtain a better estimate of
the hiddenMarkov state can becomemore efficient than themost direct approaches, at the expense of increased
biochemical complexity.We are thus able to construct aminimal thermodynamic setting inwhich increasingly
complex information-processingmachinery becomes advantageous in increasingly complex environments.

Wefirst, in section 2.1, give the relevant assumptions and underlying statisticalmechanics. Then, in
section 2.2, we discuss the previouswork on information-exploiting systems and introduce our ownmodel.
Numericalmethods are briefly discussed in section 2.3. In section 2.4we demonstrate howwork can be
extracted froma singlemolecule in a non-equilibrium state by our setup.Next, in section 3.1, we discuss how to
make a biochemical version of the Szilard engine, which forms the basis of ourmachines to extract work from
correlations. Subsequently wefind themaximumamount of work that a device with a persistentmemory can
extract from a series of correlated bits (section 3.2.1).We discuss a device based on the biomolecular Szilard
engine that reaches this limit and can extract all of thework available from aMarkovian input in section 3.2.2. In
sections 3.2.3 and 3.2.4, we discuss the limitations of thismachinewhen acting on an input produced by a
hiddenMarkovmodel.We propose a differentmachine, in section 3.2.5, that averages over a batch ofmultiple
inputmolecules that can extractmorework in some cases. Finally, in section 3.2.6, we discuss the robustness of
such devices tofluctuations in the input.

2.Materials andmethods

2.1. Non-equilibrium generalised free energies and information as a resource
In this paper, all physical systems are assumed to bewell-described by discretemacrostates ofmolecules in dilute
solution. Each of these states has an associated chemical free energy, and all systems are in contact with a single
heat bath at temperatureT [13].We are concernedwith small,fluctuating systems, so the state is characterised by
a randomvariableX. For any probability distribution over the states of the systemP(X=x)=p(x), there is an
expected chemical free energy

E X p x E x . 1
x
åá ñ =( ) ( ) ( ) ( )

Here,E(x) is the chemical free energy of themacrostate x, incorporating both the typical energy of x, and any
entropic contribution frommicroscopic variability within x [13, 14].We useE(x) because the chemical free
energy plays the same role formacrostates as the energy for fully-resolvedmicrostates. The distribution p(x)
implies an uncertainty in themacrostate x, quantified by the Shannon entropy (in nats):
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The generalised non-equilibrium free energy of the system is [15]

X E X k TH X . 3B = á ñ -( ) ( ) ( ) ( )

The generalised free energy isminimised by the equilibriumdistribution towhich the system eventually
converges.

Now consider a system consisting of two subsystems; the overall state of the system is the joint random
variable (X,Y)whereX andY are the randomvariables that describe the individual subsystems. If we assume that
the subsystems are not energetically coupled, so that it is possible towrite the energy of any joint state as the sum
of the energy of the states of the subsystems, then the free energy can bewritten [1]

X Y X Y X Y, ; , 4X Yjoint   = + +( ) ( ) ( ) ( ) ( )

where I(X;Y) is themutual information between the two randomvariables:

X Y p x y
p x y

p x p y
; , ln

,
. 5

x y,

 å=( ) ( ) ( )
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( )

Themutual information is a non-negativemeasure of howmuch knowledge of the state of one random variable
reduces uncertainty about the state of the other randomvariable [16]. Equation (4) shows that there is a real
contribution of information to the free energy of a physical system. Fundamentally, correlation between two
non-interacting subsystemsmeans that the uncertainty in the state of the joint system is lowwithout a
compensating reduction in the energy—work is therefore available.

In terms of the non-equilibrium free energy, the second law of thermodynamics states that the free energy of
an isolated systemZ can never increase [15]:

Z Z t Z t, , 0. 6   tD = + -( ) ( ) ( ) ( )

LetZ consist of two non-interacting subsystemsX andY, as in equation (4), and assume themutual information
between subsystems is zero at the time t. Then for any process between time t and t+τ that leavesX andYnon-
interacting in the final state,

Y X . 7Y X D -D( ) ( ) ( )
The reduction in the free energy ofX can be used to increase the free energy ofY by an amount up to the
magnitude of the change in free energy ofX. In this paperwewill refer to this increase of free energy ofY as ‘work’
being performed on the physical system,withwork being a shorthand for themore formal term ‘chemical work’
[14, 17]. Therefore, in a process that reduces the free energy of a subsystemX by XD awork ofW X -D can
be done on another subsystem.

2.2.Model systems
2.2.1. Priormodels
In this workwe considermachines designed to extract work froma non-equilibrium series of bits with both the
machines and the bits rendered as biomolecules. These devices exploit pre-existing informationwithin the input
via a series ofmeasurement and feedback operations implemented through a 1 bitmemory.We now summarise
prior work on theoretical constructs for the exploitation of information to put this study into context.

Underpinning our device is an exact and explicit biochemical formulation of the Szilard engine [12]. Szilard
used this thought experiment to argue against the possibility of an observer violating the second law by
measuring a system’s equilibrium fluctuations and subsequently using feedback to exploit them—a problem
originally considered by JamesClerkMaxwell [18] in the context of his infamous ‘Demon’. Szilard explained
that any exploitation required an ‘ominous coupling’ between themeasured system and the system that
performs the feedback—a correlation that persists beyond the physical decoupling of the two degrees of
freedom.He argued that such a ‘measurement’ cannot be performedwithout a ‘compensation’ that preserves
the second law. Equation (4) is amoremodern formulation of this argument: correlations between decoupled
degrees of freedom store free energy, and therefore producing themhas a thermodynamic cost. In his original
work, Szilard analysed explicitmechanisms for both themeasurement and exploitation separately, but he did
not analyse a full cycle ofmeasurement and feedback in a single system. Furthermore, he did not consider the
challenge of extractingwork froma series of correlated inputs.

Recent advances in non-equilibrium thermodynamics have prompted a resurgence of interest inMaxwell
Demons, Szilard Engines and related systems. One significant avenue of investigation has focused on bipartite
systems, in which two subsystems are physically coupled but undergo individual transitions. It has been shown
that the full second law of bipartite systems can be decomposed into individual second laws for each subsystem
[19–21]. These individual second laws contain an additional termdescribing how transitionswithin the
subsystems influence the information shared between them. If this termhas the right sign, it can allow the other
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contributions to the entropy production in one of the subsystems to be negative—an apparent violation of the
second law for an observer that is aware of only one subsystem. Esposito and collaborators have shown, through
experiment and theory, that this effect can be observed evenwhen the net energy transfer between the two
subsystems is zero [22, 23], describing such systems as ‘trueMaxwell Demons’. However, these devices don’t
demonstrate the kind of behaviour seen in Szilard’s Engine orMaxwell’s Demon in the sense of storing, then
subsequently exploiting, free energy within correlations between non-interacting systems.

Simultaneously, a secondmajor class of systems has arisen as a testbed for ideas about the thermodynamics
of information:machines designed to extract work froma non-equilibrium series of bits. The first detailed
analysis of such amachinewas performed byMandal and Jarzynski [3]. The authors considered a three state
device that couples to each bit in an input sequence for a period of time before beingmoved to the next bit. The
machine changes state stochastically and couples the changing of the state of the input bit to the raising and
lowering of amass in a gravitational field. Although the authors pointed out that correlationswithin the tape
could store free energy, their actual design could only exploit the overall bias of the input bits towards either 0 or
1. The device is powered by an increase in the entropy of its input, rather than a change in its energy, but the
fundamental principle is not dissimilar to a device that exploits the difference in pressure between two volumes
of ideal gases, which is also entropic in nature. The analogy is particularly vivid if one assigns a ‘0’ to gas particles
arriving from the left of a piston, and ‘1’ to particles arriving from the right.

Thismodel was extended to allow the device to step stochastically along its tape, and furnishedwith a
chemical realisation, by Barato and Seifert [4]. In neither case is information in the environment—in the sense of
structure induced by correlations—exploited, and there is no feedback from the state of the tape to the operation
of the device.

Horowitz et al discussed a device that interacts with a series of two-state systems via a process of
measurement and feedback [24]. The inputwas an equilibrium system, however, without correlations between
successive subsystems.Hence themechanismofmeasurement and feedback, whichwas not explicitly described
as an inherent part of the systemunder study,must necessarily consume at least asmuchwork as could be
extracted in the exploitation step. Diana et al considered the converse problem: usingmeasurement and
feedback to reduce thework required to set an array of bits to 0 [25]. Again, however, correlationswithin the tape
were not considered, and the feedbackmechanismwas implicit.

Boyd et al have sought to developmachines that extract work from ‘temporal’ correlations between
successive bits [5–7]. The authors consider, in a similar fashion to the previousmodels, amachinewith a number
of discrete states coupled to successive bits in a long string of inputs. Thesemachines are intended to extract
work from tapes that have no overall bias towards one state or the other, but contain correlations between the
state of bits. As has been highlighted by Stopnitzky et al, however, themachines in theseworkswere designed
without ‘reversibly embeddable’ dynamics—a necessity if themachines are to operate without external control,
as was assumed [9]. Stopnitzky et al did present systemswith reversibly embeddable dynamics that extract
positive work froma perfect sequence of alternating 1s and 0s, but the efficiencywas very low. The extraction of
work fromperfectly correlated systems has also been analysed in a quantummechanical setting [26].

A biochemicalmachine for exploiting correlated pairs ofmolecules was presented byMcGrath et al [8].
Although information between non-interactingmolecules is indeed exploited in this work, the nature of the
correlations—which aremuchmore simple than those in a string of bits encountered one after the other—allow
a particularly straightforward,memory-free approach. In effect, the pairs ofmolecules could be described as a
single four-state non-equilibrium system, and processed in isolation fromother pairs.

The lack of concrete physical rendering in some of thesemodels [3, 5–7, 9, 25, 26]makes themachines
mysterious and increases the scope for error, as discussed in [9]. If the inputs are simply described as an abstract
string of bits without any explanation of their physical instantiation, the low entropy of the data is therebymade
to seem like a new, and almost non-physical source of work.Measurement-and-feedback-driven devices in
which the feedbackmechanism is implicit can also ignore some of the costs of the process; down-play the
challenges of inducing feedback-driven behaviour inwhich one component first influences the evolution of the
other, and then vice versa. For those unfamiliar with the field, such an approach can providemisleading
intuition as to how themeasurementmust be stored, as wewill discuss.

2.2.2.Molecular implementation of ameasurement-and-feedbackmachine
Wenowpresent a general description of the devices considered in this work. Although our devices would be
challenging to engineer, operate in ideal limits, and are not directmodels of living systems, we nonetheless
render themachines, and the input bits, as biomolecules. All operations, including themeasurement and
feedback, are driven by a concretemolecularmechanisms that are explicitly part of the devices themselves. By
considering a concrete realisation, even in an idealised limit, we can explore the limits of what is
thermodynamically possible in a positive sense, rather than simply exploring the space of systems that are not
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forbidden by a particular aspect of the second law [14]. Furthermore, we demonstrate the true complexity of
systems required to instantiate efficientmeasurement-and-feedback systems like Szilard engines.

The schematic set-up of our devices is shown infigure 1. Themodel consists of an input, a reaction volume, a
series of chemical buffers, and amolecular ‘hook’ that can bind to the inputmolecules independently of their
state [27, 28]. The input is a series of small boxes each containing a single inputmolecule. Thismolecule can be in
one of two stronglymetastable states, X and X* so these inputmolecules represent a string of bits. This input is a
minimal analogue of afluctuating chemical environment, as experienced by single-celled organisms [29–32].

The rest of the system is ourmachine, aminimal analogue of an organism exploiting its environment. The
machine functions by transferringmolecules to and from its reaction volume via themolecular hook.Once in
the reaction volume, inputmolecules undergo reactions withmolecules that are internal to the system—for
example, amoleculeM encoding thememory. These reactions are coupled to large fuel buffers that collectively
allow themachine to store thework extracted from the environment, similar to [4, 8]. The buffers are the
molecular analogue of aweight in a gravitational field that can be lifted by the system [3, 5–7]. To perform this
role, the buffers should be sufficiently large that any reactions have a negligible effect on the probability
distribution of bathmacrostates [14]; in this limit, the buffer state is purely a deterministic concentration,
whereas the input and othermolecules within the reaction volume are represented through stochastic variables
describing thefluctuating chemicalmacrostate. Recent experimental work from Joesaar et alhas demonstrated
howmolecules encapsulatedwithin ‘proteinosome’ reaction volumes can be coupled to time-varying external
buffer conditions, with the buffermolecules able to diffuse in and out of the reaction volumes and participate in
reactionswith the encapsulated species, as we require [33].

Details of how amolecular hookmight operate are given in appendix A. Such amechanism can transfer
molecules to and from the reaction volumewith no net expenditure of work, provided that the hook is
controlled by a particular quasistatic protocol. The hook thus represents a work-freemechanism of ingesting
and excretingmolecules in a controlledmanner. An alternativemodel without ingestionwould have input
molecules attached to consecutive sites on a polymer tape [8]; themachinewould then interact with one ormore
of thesemolecules at any one time, based on proximity.

In this workwe shall assume that buffer concentrations aremanipulated by awell-defined protocol
[13, 27, 34, 35], as illustrated infigure 2. These protocols will not follow directly from the dynamics of degrees of
freedom explicitlymodelled—they are essentially externally imposed. Our system is then non-autonomous.We

Figure 1.General design ofmodel systems considered in this work.A series of inputmolecules each contained in a box (each one being an
analogue of Szilard’s box containing a gasmolecule); a reaction volume; a series of buffers (acting aswork reservoirs like theweight in
the conventional Szilard engine); and a hook. One inputmolecule ismoved from its box to the reaction volume by the hook. The
reaction volume is then connected to a series of buffers in succession containing different concentrations of fuelmolecules. These
buffers exchangemolecules with the reaction volume, driving the reaction in one direction or another. The net transfer of fuel to
buffers of high chemical potential corresponds to the extraction ofwork from the inputmolecule. Then the hookmoves the input
molecule from the reaction volume back to its original box, and the next inputmolecule can bemoved to the reaction volume. The
dashed line separates the input/environment from themachine. The control can operatemultiple replicas of the system
simultaneously.
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use externally applied protocols for two reasons. Firstly, because it allows us to designmechanisms inwhichfirst
measurement ofY byX, and then feedback to exploitY usingX, are performed sequentially, as in Szilard’s engine
(see section 3.1); and secondly, because driving forces can be increased in a quasistaticmanner (see section 2.4).
Both features are essential if we are tomaximise both the efficiency of the reactions, and the reliability of the
implemented information-processing strategy: quasistaticmanipulation allows us to push reactions
implementing each step of the process to 100% completion, efficiently.We can then focus purely on the
constraints onwork extraction that arise from the fact that the implementable information-processing strategies
are limited by the finite size of the device’smemory.

Crucially, however, although our systems require external protocols, the protocols themselves require no
decision-making intelligence; the same series ofmanipulations will be applied repeatedly, without feedback
from the state of the system. All ‘decisions’ and feedback strategiesmust bemade by themolecules that are
explicitly represented. By avoiding protocols that require external decision-making dependent on the state of the
system,we avoid implicit costs that have causedmuch of the confusion in the thermodynamics of computation,
since the original thought experiment ofMaxwell [36]. In principle, the protocols we invoke could be applied in
parallel to an arbitrarily large number of replicas (as shown infigure 1), rendering themarginal cost permachine
of the external protocol negligible. Indeed, this is the assumption usuallymadewithmacroscopic
thermodynamics. By contrast, if separate decisions had to bemade for each replica, the economy of scalewould
not exist. Although the use of external controlmakes the individual devices aweaker analogy for single,
autonomous organisms, the combined set-up ofmany devices and their controller is then an analogy for a single,
albeitmore complex, organism.Wenote in passing that the need for a quasistatic protocol to control the hook is
equivalent to the need for a quasistatic protocol to deterministically advance the tapewithwhich amachine
interacts, as has previously been assumed inmany bit-drivenmachines [3, 5–7, 9]—our physical instantiation
makes this need clearer.

2.3. Numerics
All devices studied in this work produce a deterministic output of extractedwork given a specific input sequence.
Numerical results presented in this work are therefore obtained either by exhaustive summation of short input
strings, or by sampling of long input strings by simulating the underlying generativemodel. The code and data to
produce thefigures in this paper can be found athttps://doi.org/10.5281/zenodo.1976932.

2.4. Example system and calculation: extractingwork fromabiased environment
We illustrate the operation and analysis of the set-up outlined in section 2.2.2 by demonstrating it in the simplest
possible context.We consider the reversible extraction of work from a low entropy input by increasing the free
energy of a chemical buffer. In this setting, the input array consists of inputmolecules each initially in the state
X*with 100%probability. The X and X* states of the inputmolecules have equal intrinsic free energy so in

Figure 2. Fuelmanipulation protocol to extractmaximal work for a known input state.The concentration of the fuelmolecules in the
reaction volume is set by connecting the reaction volumewith a chemical buffer. The concentrations can be gradually changed by
connecting the reaction volume to a series of buffers with a small change in concentration between adjacent buffers. In this case, no
reactions are initially possible since both fuel concentrations are zero. [F*] isfirst increased so that the presence of X* and the absence
of X is consistentwith the equilibrium implied by the imbalance in [F*]/[F ]. [F ] is then increased, allowing X* to convert to X in a
quasistaticmanner and extracting work from the process, asmolecules of F at low chemical potential are converted tomolecules of F*
at high chemical potential. Finally, both fuels are taken to zero concentration.
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equilibrium a single inputmolecule is equally likely to be in either state. Therefore, it is possible to extract awork
of kBT ln 2 per inputmolecule from the environment.

Each inputmolecule is transferred to and from the reaction volume by a hookwith no net work expenditure,
as outlined in appendix A.When the input is in the reaction volume, we extract work by increasing the free
energy of a bath of fuelmolecules F and F*with chemical potentials Fm and F*m . To do this we need a chemical

reaction

X F X F, 8* *+ + ( )

which couples the interconversion of X and X* to the interconversion of F and F*. The interconversion of X
and X*, or F and F*, is assumed to be infinitely slow except via this reaction. No othermolecules, such as those
representing amemory, are necessary in this simple context. The central idea is that an excess of X* can be used
to pump F into F* against a chemical potential difference, storingwork in the buffers just as traditional heat
engines store work by lifting aweight.We now consider the details of how this workmight be done.

It is possible to extract somework by connecting the X*molecule to a single bath of F and F*molecules with

a high concentration of F*, so that F*m > Fm . Both the input and the bath are individually out of equilibrium,

and tend to drive the reaction in equation (8) in opposite directions. In this case, the drive from the input is
stronger and the reaction in equation (8) proceeds from right to left, with the input doingwork on the bath. Over
time, the bias of the inputwill decrease until the driving force of both contributions cancel; although the bath
and the input are individually still out of equilibrium and store free energy, the input has reach a biaswhich is in
equilibriumwith driving force of the bath. At this point, the inputwill be in state X with probability 1/
(1+e Gb- D ) and in state X*with probability e Gb- D /(1+e Gb- D )whereβ=1/ (kBT), GD = Fm − F*m <0.

During this relaxation to equilibrium, 1/(1+e Gb- D )molecules of F are converted to F* on average. Therefore,
the free energy of the bath is changed by− GD /(1+e Gb- D )— this is thework extracted per inputmolecule.

Different choices of GD lead to different values of thework; however,− GD /(1+e Gb- D ) has amaximum
of≈0.28 kBT, which is less than kBT ln 2. This protocol has not extracted all of thework available; indeed the
inputmolecule has not even reached its equilibriumdistribution, so it is still a store of free energy. Thus the
inputmolecule could be put in contact with a second bathwith a lower concentration of F*molecules but still

with an excess of F* above the equilibrium concentration and somemorework could be extracted.
If the inputmolecule is connected to two successive baths with a non-infinitesimal difference in fuel

concentrations, then the inputmolecule undergoes a thermodynamically irreversible relaxation, with some
fraction of the free energy beingwasted.However, if we take this idea of connecting the inputmolecule to
successive baths with lowerΔG= Fm − F*m to the limit of a continuous change inΔGwe get a quasistatic

process with no irreversible relaxations to equilibrium: the system is at equilibriumwith the bath(s) at all points
in time. This protocol is achieved by connecting the reaction volume to a large number of baths in succession for
enough time to reach equilibriumwith each bath as shown infigure 2. There is only a small change in
concentration of fuelmolecules between successive baths. Therefore, in the limit of infinite baths and
infinitesimal changes in concentration the reaction volume experiences a quasistatic change in the
concentrations of the fuelmolecules.

The specific protocol of fuelmolecule concentrations, illustrated in figure 2, is as follows. Initially
[F ]=[F*]=0 so reaction (8) cannot occur. Then [F*] is slowly increased up to an appreciable value we name
f*. The reason the concentrationmust be increased slowly is so that fuelmolecules are not irreversibly
transferred between different buffers via the reaction volume. The reaction in equation (8) still cannot occur,
since only X* and F* are present. Then, F is slowly increased. Now reaction (8) can occur; although, initially, the
rate of converting X* to X ismuch slower than the reverse so the inputmolecule is still in state X*with high
probability. [F ] is increased to f, which is the concentration at which the free energy change in reaction (8) is
ΔG=0, so the X and X* states are equally likely.

To calculate the averagework extracted in this quasistatic process we consider the increase in free energy of
the F/F* baths. Let the probability of the inputmolecule occupying state X*, when equilibratedwith a buffer
with a chemical potential difference of GD , be p GD (X*). A change in chemical potential difference of GD −

δ GD to GD is then associatedwith a probability change of p GD (X*)− p G GdD - D (X*)≈
p

G

d X

d
G *

D
D ( )

δ GD . This

change is also equal to the number of F*molecules that are on average converted to F molecules when the
reaction volume is exposed to a newbuffer. Therefore, the free energy of the bath increases by

G
p

G

d X

d
G *

D
D

D ( )
δ GD on average.
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Taking the limit of infinitelymany baths, we integrate the total work done

W G
p

G
G

k T

d X

d
d

ln2,

9
G

0

B

ò= D
D

D

=
-¥

D
*( )

( )

wherewe integrate by parts and recall that p GD (X*)=e Gb- D /(1+e Gb- D ). The quasistatic protocol is
therefore able to recover all free energy stored in the initial low entropy state, kBT ln 2, as work. In performing
this calculation, we have ignored external costs associatedwith generating the quasistatic protocol, for reasons
outlined in section 2.2.2. The transfer ofmolecules between adjacent buffers,mediated by the reaction volume,
has a cost that tends to zero as the concentration difference between buffers tends to zero.With the basic
approach to set-up and analyse of ourmachines explained, we can discuss specificmeasurement and feedback
processes.

3. Results

3.1. A biochemical Szilard engine
Before analysing structured environments, wefirst present ameasurement-and-feedback device that acts on a
single binary input. This simpler setting allows us to illustrate the explicitmeasurement-and-feedback cycle that
will underlie all the devices in this work. In particular, we demonstrate amechanismbywhich the input isfirst
able to influence the state of amemory, and subsequently the influence is reversed so that the state of the
memory affects howwork is extracted from the input.

The biochemical Szilard engine consists of an inputmolecule, amemorymolecule, and chemical fuel buffers
that are used to supply or recover chemical work; to implement a single cycle, we do not require a series of
inputs, or amolecular hook. The inputmolecule is in one of two states: X or X*. For simplicity, we assume the
states have equivalent intrinsic free energy, and that the system is in equilibrium: themolecule is then found in
each statewith probability 1

2
. Thememorymolecule also has two states with equivalent intrinsic free energy, and

is initially in state M0 with probability
1

2
and in state M1with probability

1

2
.

To ‘measure’ the state of the inputmeans to set the state of thememory to M0 if the input is X or to M1 if the
input is X*: we correlate the states. This step follows the optimal copy protocol in [27] and can be done using the
chemical reactions

M X F M X F ,

M X F M X F , 10

0 1 1 1

0 2 1 2

*

* * *

+ + + +

+ + + +


 ( )

where F1, F1*, F2 and F2* are a fuelmolecules that are present in excess, and X and X* act as catalysts for the
transformation of M between its states. Interconversions other than via the catalytic reactions in equation (10)
are assumed to be so slow as to be negligible. The central idea is to drive the catalytic reactions in opposite
directions through fuel imbalances, so thatM can be set to M0 in the presence of X, and to M1 in the presence
of X*.

The selective catalysis in equation (10) is an approximation of the behaviour demonstrated by bi-functional
kinases in cell signalling networks [37], and can also be engineered fromnucleic acid networks (see appendix E
for details). The free energy changes of the reactions and the reaction rates can be controlled by the
concentrations of the fuelmolecules, as in the simple example in section 2.4.

It would be possible to set thememorymolecule M to the correct state by directly coupling to a buffer with
[F1]?[F1*] and [F2*]?[F2]. As in section 2.4, however, the associated process would be thermodynamically
irreversible, wasting the ability of the fuel buffer to do useful work.We therefore change the fuel concentrations
quasistatically, as illustrated infigure 3, gradually forcing thememory to the M0 statewhen in the presence of X,
and to the M1 state in the presence of X*.

Initially, [F1], [F1*], [F2] and [F2*] are all set to zero. The reactions in equation (10) therefore cannot occur.
Then, the concentrations are simultaneously increased at afixed ratio of [F1]/[F1*] and [F2]/[F2*] thatmaintain
an overall free energy change of zero for the reactions in equation (10). One of these interconversions
(determined bywhether there is an X or and X* present)nowoccurs at an appreciable rate, but forwards
reactions exactly balance reverse reactions so there is no overall change in the probability of observation of M0

and M1.
Next, [F1] and [F2*] are increasedwhile [F1*] and [F2] are kept constant. As a result, the first reaction in

equation (10) is pushed to the left and the second to the right. Consequently, if the input is X then thememory
molecule ismore likely to be M0 and if the input is X* thememorymolecule ismore likely to be M1. Eventually,
when [F1] and [F2*] have been increased so that [F1]?[F1*] and [F2*]?[F2], thememorymolecule M will be
perfectly correlatedwith the input X. Next, [F1], [F1*], [F2] and [F2*] are decreasedwhilemaintaining
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[F1]?[F1*] and [F2*]?[F2] until [F1*]=[F2]=0. Finally [F1] and [F2*] are decreased to zero. Now the
reactions in equation (10), again, cannot occur so thememorymolecule isfixed to be M0 if the input is X and M1

if the input is X*.
In this correlated state the entropy of the combined (X, M ) system is kB ln 2 because there are two equally

likely states: (X, M )= (X*, M1) or (X, M0). Prior tomeasurement the entropywas kB ln 4 because the four
combinations of X and M are equally likely. Thus the entropy of the systemhas decreased by kB ln 2 and so the
free energy of the systemhas increased by kBT ln 2.

The increase in free energy of (X, M ) is compensated by a decrease in the free energy of the buffers. This
decrease can be calculated as in section 2.4, exceptwith the limits on the integral reversed and considering two
equally likely possibilities: either the inputmolecule was X and the concentrations of F1 and F1* are changed due
to thefirst reaction in equation (10), or the inputmolecule was X* and the concentrations of F2 and F2* are
changed due to the section reaction in equation (10). The result is that the free energy change of the buffers is
−kBT ln 2, which exactly cancels the free energy increase of (X, M ), as it should because the process is
thermodynamically reversible (see appendix B.1 formore details on this calculation). This reduction in free
energy of the buffers is the ‘cost’ tomeasurement thatwas recognised by Szilard as the resolution to the
Maxwell’s demon paradox [12].

We now consider the feedback step. The device extracts chemical work from the correlated state by allowing
the inputmolecule to evolve in amanner that reflects the outcome of themeasurement. Themachine uses the
reactions

M X F M X F ,

M X F M X F , 11

0 3 0 3

1 4 1 4

* *

* *

+ + + +

+ + + +


 ( )

inwhich the F3*, F4*, F3 and F4 are further fuelmolecules. Now, M0 and M1 act as catalysts for the transformation
of X between its states; non-catalysed reactions are again assumed to be impossible. M and X must therefore be
mutual bifunctional catalysts, which can be effectively switched on and off bymodulating fuel concentrations.
This explicit rendering demonstrates the complexity necessary in aminimalmeasurement-and-feedback device
such as Szilard’s engine, in which thememory and inputmust reverse their roles as the determinants of the
dynamics. A design based onDNA strand displacement [38–40] is presented in appendix E.

As in themeasurement step, the reaction rates are slowlymanipulated by coupling to buffers with different
concentrations of fuelmolecules. Initially [F3]=[F3*]=[F4]=[F4*]=0, alongwith the fuels used in the
measurement process, and no reactions occur. Subsequently, [F3] and [F4*] are increased. At this point the
reactions in equation (11) do not occur since the right combination of fuels and substrates are not present.

Next, [F3*] and [F4] are increased until the free-energy change of reactions in equation (11) is zero. As a result,
the inputmolecule is slowly decorrelated from thememory, but thememory state determines which fuel buffer

Figure 3. Fuelmanipulation protocol for the biochemical implementation of the Szilard engine. In the first stage the concentrations of fuel
molecules are changed to set thememorymolecule to M0 if the inputmolecule is X and M1 if the inputmolecule is X*. In the second
stage work is extracted from the correlation between the inputmolecule and thememorymolecule. The ability to first use X to setM
via F1 and F2, and then coupleM to the exploitation of X using F3 and F4, is the key to implementing Szilard’s engine. In both stages, as
in figure 2, the fuels are initially set to zero so no reaction can happen. They are then increased tofinite values, butmaintaining a ratio
consistent with the equilibrium implied by the current state of theX andMmolecules (right hand column), so that no net reactions
happen. From this point, the concentrations of fuels are thenmanipulated to drive theX andMmolecules towards the desired state.
Finally, the fuel concentrations are set to zero again.
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the input couples to during this process. Finally, [F3], [F3*], [F4] and [F4*] are decreased to zerowhilemaintaining
a free-energy change of zero for the reactions in equation (11).

Aswith themeasurement, we can calculate the change in free energy of the inputmolecule andmeasurement
molecule system and the chemical work done by the chemical fuel buffers. This extraction step is essentially the
reverse of themeasurement step, so the free energy of the inputmolecule andmeasurementmolecule system
decreases by kBT ln 2while simultaneously the free energy of the buffers increases by kBT ln 2 (see appendix B.2
formore details on this calculation).

At the end of the cycle, both thememorymolecule and the input have been returned to unbiased and
statistically uncorrelated states. Chemical free energy has been transferred from the buffers 1 and 2, to buffers 3
and 4. The net chemical work extracted is then zero since the kBT ln 2 cost ofmeasurement balances thework
extracted. This is, of course, expected—extractingwork from the initially equilibrated input should be
impossible. However, this basic designwill underpin that of devices intended to exploit structured
environments, and recover net positive work.

Wenote, in passing, three instructive features of our explicitly-described biochemical Szilard engine. Firstly,
themeasurement and feedback reactions can be implemented sequentially by coupling to buffers offirst one,
then another, type of fuelmolecule. This ability to switch fromhaving the input set thememory, to having the
memorymodulate the evolution of the input, is the key feature of our setup that allows us to represent the full
cycle. Secondly, there is no need for an ‘erase’ step to reset thememory to a specific state [41].Whilst it would be
possible to include such a reset, it is not necessary, either for efficient operation or to preserve the second law of
thermodynamics. The second law is preserved simply by the ‘ominous’nature of the non-equilibrium
correlations originally identified by Szilard. Thirdly, themeasurement is simply the act of setting the engine into
the correct state to exploit the input (setting thememory to M0 or M1). There is no need for any other system,
intelligent or otherwise, to record or be aware of the outcome of themeasurement. In the context of the typical
one-particle-gas description of Szilard’s engine [12], themeasurement is simply the correlation of the pulley and
particle positions. Any additional recording of the particle position (for example in the brain of an intelligent
being) corresponds to a useless extra correlation ormeasurement, with associated costs thatmust be carefully
recovered at a later time to reach 100%efficiency.

3.2. Exploiting a series of correlated bits
Although the Szilard engine cannot extract useful work from its equilibrium input, it forms the basis of a device
for exploiting a series of identical biochemical bits labelledwith the index i, whose correlated states, described by
the randomvariables {Xi}, are generated by a stationary stochastic process. The randomvariableXi has the
possible outcomes of X or X*.We consider the series to be infinite in both directions. Aswith the Szilard engine
in section 3.1, both states of the input bits are assumed to be equally intrinsically stable, and separate bits do not
interact (they are in different boxes in the language offigure 1). The equilibriumdistribution of the inputs is,
then, for eachmolecule to be independently distributed uniformly between its two states.

Free energy is stored in the input array if either an initial bias towards X or X* is present, and/or correlations
exist betweenXi andXj for i¹j. Since designing a system to exploit an intrinsic bias is simple, and requires no
measurement or inference (see section 2.4), we focus exclusively on the case inwhich themarginalised
probability of each bit occupying either state is 1/2.

3.2.1. Bounds onwork extraction
The free energy per bit stored in such an array, and hence the available work per bit, is determined by the
difference between the equilibrium Shannon entropy per bit of ln 2 and the entropy rate h [5]

W k T hln 2 , 12available B= -( ) ( )

where

h
H X X X

n
lim

, , ,
. 13

n

n1 2=
¼

¥

( ) ( )

An array ofN bits has a state space of size 2N. For an arraywith arbitrary correlations, an operationmust be
‘globally integrated’ across allN bits to fully extractWavailable [42]. Even if a systemwere able to achieve this
integration by coupling to all bits in an array simultaneously, extracting the full available workwould be highly
non-trivial. In practice, the protocol would need to be tuned to the expected initial occupancy of each of the 2N

states to avoid losses.
The opposite limit to a device that is able to interact with the entire input at once is a device that interacts

with each bit separately and in an independentmanner. However, such a device can only extract the free energy
stored in the stateXi, Xix ( ), havingmarginalised over all other Xj i¹ . In our setting, Xix x

eq =( ) and thus no
work can be extracted. The correlations arewasted and a ‘modularity cost’ is incurred due to the fact that before
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thework extraction there ismutual information betweenXi and later input states, but after thework extraction
thatmutual information is zero [42].

Let us consider a simple extension to the independent-bit device that is interpretable and offers the potential
of extracting at least some of the storedworkwhilst retaining limited complexity.We stillmanipulate input bits
individually, but allow for amemory thatmaintains its state when the devicemoves to the next subsystem. This
memory permits some of the free energy stored in correlations between successive inputs to be exploited.We
nowderive a bound onwork extraction by thismethod.

Consider two adjacent input bits labelled i and i+1, and thememory system. The initial state of the ith bit is
the randomvariableXi.Xi can take two values: X or X*. During the interaction of thememory systemwith the
ith bit,Xi is bothmeasured and recorded in thememory as the stateMi, andwork is extracted from the ith bit as it
relaxes to a state Xi

final.We are now concernedwith thework that can subsequently be extracted from the
i+1th bit following the same procedure, given the correlations betweenMi andXi+1 induced by the
measurement.

Let X M,i ijoint 1 +( ) be the free energy of the joint system consisting of the i+1th bit and thememory
systemwhen in statesXi+1 andMi respectively. Before and after the coupling of the i+1th bit and thememory
system, there is no direct interaction between the two subsystems, and hence the free energy can bewritten as the
sumof individual contributions calculated usingmarginalised probabilities and an informational term arising
from the correlation betweenXi+1 andMi as in equation (4) [1]. Prior tomeasurement, we have

X M X M k T X M, ; . 14i i i i i ijoint 1 X 1 M B 1   = + ++ + +( ) ( ) ( ) ( ) ( )

After the interactionwindow,we have

F X M F X F M k TI X M, ; . 15i i i i i ijoint 1
final

1 X 1
final

M 1 B 1
final

1= + ++ + + + + +( ) ( ) ( ) ( ) ( )

Thework extracted by any process operating between these start and end points is bounded by

W X X M M

k T X M X M; ; . 16

i i i i

i i i i

X 1 X 1
final

M M 1

B 1 1
final

1

   

 

 - + -

+ -
+ + +

+ + +

( ) ( ) ( ) ( )
( ( ) ( )) ( )

If the process that produces the inputs is stationary and themeasurement protocol is the same each time, then
M Mi iM M 1 = +( ) ( ).Moreover, by design, XiX 1 X

eq =+( ) isminimal since themarginalised distribution of
Xi+1 is the equilibriumone. Invoking the positivity of themutual information [16], we see that the available
work ismaximal when Xi 1

final
+ also follows an equilibriumdistribution, and the extraction process fully

decorrelates the input from thememory ( X M; 0i i1
final

1 =+ +( ) ). Thus thework extracted per input bit is
bounded by

W k T X M; . 17i iB 1 +( ) ( )

A system that does notmake use of amemory, such as the setup for directly exploiting biased inputs discussed in
section 2.4, would therefore extract nowork.

The value of themutual information in equation (17) depends on the details of themeasurement process.
The state of thememory system,Mi, only depends on the state of the next input,Xi+1, through the previous
input state,Xi, so by the data processing inequality themaximumwork that can be extracted is

W k T X X

k T H X X

;

ln 2 . 18

i i

i i

single
max

B 1

B 1

=

= -
+

+

( )
( ( ∣ )) ( )

Thiswork is, of course, not greater than the available work in the input. The input is stationary so it is possible to
write the entropy rate as [16]

h H X X X Xlim , , , , 19
n

n n1 2 1= ¼
¥

-( ∣ ) ( )

and if we use the fact that the conditional entropy is not increasedwhen conditioning on additional variables
then

W k T H X X k T h Wln 2 ln 2 . 20i isingle
max

B 1 B available= - - =+( ( ∣ )) ( ) ( )

These results are a special case of the ‘modularity cost’ outlined in [42].
Single bitmemory devices are therefore constrained by the amount of information they carry forward to the

next bit in the chain. Note that carrying this information forward is not sufficient—itmust also be used
effectively during the interactionwindow.Onemight assume that there is an inherent trade-off between
updating thememory to be the best possible predictor of the next bit, and using thememory tomake the
extraction of work from the current bit as efficient as possible.Wewill now explore this potential trade-off, and
these bounds onwork extractionmore generally, in the context of two distinct devices in two different types of
environment.
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3.2.2. Exploiting aMarkovian input
Wefirst consider the case inwhich the binary input isMarkovian. That is, the probability distribution of the state
of each inputmolecule only depends on the state of the previousmolecule. Sincewe consider processes which
have no bias to either state 0 or 1, this process is a one parametermodel given by the probability of transitioning
state fromone input to the next. The entropy of a series of nMarkovian randomvariables is

H X X X H X X X X

H X H X X

, , , , , ,

, 21

n
i

n

i i

i

n

i i

1 2
1

1 2 1

1
2

1

å

å

¼ = ¼

= +

=
-

=
-

( ) ( ∣ )

( ) ( ∣ ) ( )

inwhichwe havefirst used the chain rule for conditional entropies [16] and second theMarkov property.
Therefore, from equation (12), the available work if theMarkov chain is stationary is

W k T H X Xln 2 . 22i iavailable
Markov

B 1= - +( ( ∣ )) ( )

Comparing equations (18) and (22), we see that themaximumwork for a single bitmemory is equal to the
full available work in aMarkovian environment: W Wsingle

max
available
Markov= .We nowoutline a device that extracts all of

this work, both achieving the requiredmeasurement accuracyH(Mi|Xi)=0 and using thismeasurement to
extract all ofWsingle

max for each bit.
Wefirst note that any update of thememory fromMi−1 toMimust occur before the ith bit is allowed to

evolve. Thermodynamically efficientmanipulation of the ith bit requires that any protocol is quasistatic, with
the X X* reactions reaching equilibriumwith respect to the control faster than the control is updated. Thus,
as soon as X X* transitions are allowed by the control, allmemory of the previous state is necessarily
forgotten, and subsequent updates of thememory using the initial value ofXi are impossible.

Atfirst glance itmight then seem impossible to extract all thework stored in this setting.Wemust apparently
pay to update thememory fromMi−1 toMi using inputXi to carry information forward, beforewe are able to use
thememory to exploitXi. The recent result of [43] does not preclude the possibility of extracting all the stored
work, but leaves open the possibility that a single additional ‘hidden’ statemight be required to circumvent this
apparent problem (see appendix C).

In fact, no additional states are required. The solution is to use the information carried forward from the
measurement of the previous input, X M;i i 1 -( ), tomake a lowwork-cost but faithfulmeasurement ofXi, (Mi)
and then to use thatmeasurement to extract kBT ln 2 of work from the relaxation of the ith bit exactly as in
Szilard’s engine, see section 3.1.Here, the lowwork cost ismeasured relative to the kBT ln 2 cost of a naïve
measurement performedwithout information carried forward from the previous bit.

An overview of this process is shown infigure 4. First the new input is copied to thememory. This copy is
done using the same chemical reactions as in themeasurement step of the biochemical Szilard engine in
section 3.1, repeated here for convenience

M X F M X F ,

M X F M X F . 23

0 1 1 1

0 2 1 2

*

* * *

+ + + +

+ + + +


 ( )

The only difference from section 3.1 is that now the initial state of input andmemory is different. It is still the
case that the inputmolecule andmemorymolecules are each, when treated in isolation, equally likely to be in
both of their states. Now, however, the states of the twomolecules are correlated since thememorymolecule has
been set using the state of the previous inputmolecule,Xi−1. A differentmeasurement protocol is therefore
needed tomake an optimal (reversible)measurement. Instead of starting from a chemical potential difference

G1D =0 for the fuels, wemust start with either F1or F1* in excess so that the equilibriumdistribution dictated
by this buffermatches the actual biased probability distribution of thememorymolecule given that the input

Figure 4. Schematic diagram of an efficientmeasurement and feedback process.Themachine receives an inputmolecule characterised by
the randomvariableXi and thememorymolecule is initially characterised by the randomvariableMi−1. Then, thememory variable is
set toMi, which is ameasurement ofXi. The stateMi−1 does not affect the stateMi but the fact thatMi−1 andXi are correlatedmeans
that themeasurement can be taken cheaply. Next the correlation betweenMi andXi is used to extract workwhen changing the state of
the ith inputmolecule fromXi to Xi

final, which is in an equilibriumdistribution. Then, that inputmolecule is returned to its box and
the next inputmolecule, with stateXi+1, ismoved to the reaction volume and the process can repeat.
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molecule is X. Similarly, either F2 or F2*must be in excess so that the equilibriumdistribution dictated by this
buffermatches the biased probability distribution of thememorymolecule given that the inputmolecule is X*.

The ideal protocol therefore proceeds as follows. Initially, as in the biochemical Szilard engine in section 3.1,
[F1], [F1*], [F2] and [F2*] are all set to zero so the reactions in equation (23) cannot occur. Then, the
concentrations are simultaneously increased at afixed ratio of [F1]/[F1*] and [F2]/[F2*] thatmaintains constant
free-energy changes for the reactions of equation (23), G1D = F1

m − F1
*m and G2D = F2

m − F2
*m , such that
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The reactions catalysed bywhichever of X or X* is present nowoccur at an appreciable rate, but forwards
reactions exactly balance reverse reactions so there is no overall change in the probability of observing of M1 and
M0. If there is no overall bias towards X or X* then G1D =− G2D = GoffsetD by symmetry.We have used the
term ‘ GoffsetD ’ because the chemical potential difference has been ‘offset’ from zero, which is what it would be if
the successive inputmolecules were uncorrelated.

The rest of the protocol is the same as for themeasurement step of the biochemical Szilard engine in
section 3.1.Next, [F1] and [F2*] are increasedwhile [F1*] and [F2] are kept constant until [F1]?[F1*] and
[F2*]?[F2]. Then, [F1], [F1*], [F2] and [F2*] are decreasedwhilemaintaining [F1]?[F1*] and [F2*]?[F2] until
[F1*]=[F2]=0. Finally [F1] and [F2*] are decreased to zero.Now the reactions in equation (23), again, cannot
occur so thememorymolecule isfixed to be M0 if the input is X and M1 if the input is X*.

Thework done by the chemical fuel baths tomake thismeasurement is oncemore calculated as in section 2.4
butwith different limits on the integral due to the different GoffsetD . As shown in appendixD.1, thework done is
exactly k TH M X k TH X Xi i i iB 1 B 1=- -( ∣ ) ( ∣ ), as expected from the change in entropy of the inputmolecule and
memorymolecule joint system.

Now that the state of thememorymolecule has been updated so thatMi perfectly reflectsXi, kBT ln 2work is
extracted in exactly the sameway as in the biochemical Szilard engine. Thus the net work extracted per input
molecule is

W k T H X X W Wln 2 , 25i i
Markov

B 1 single
max

available
Markov= - = =+( ( ∣ )) ( )

which is all the available work in a stationaryMarkovian input as in equation (22). Thismachine has 100%
efficiency and there is no irreversible dissipation.

It is therefore possible that amachinewith a two-statememory that is well-calibrated for thisMarkovian
environment—with the correct initial GoffsetD in chemical potentials to reflect the nearest-neighbour
correlations in theMarkov chain—can extract all of thework available. Such amachine faces no trade-offs
between exploiting andmeasuringXi; the exactmeasurement ofXi both carries themaximal information
forward, and enables its full exploitation. How amachinemight obtain the optimal offset parameter, either via
design or some formof evolution (to effectively infer the one parameter specifying theMarkov process), is
beyond the scope of this paper.We emphasise that calibration ofΔGoffset to the environment is not equivalent to
being tuned to the specificfluctuations of one realisation of the environment, but rather to the overall statistical
properties of thefluctuations. A poorly-chosen parameter would result in the ‘mismatch costs’ identified by
Kolchinsky andWolpert [44].

3.2.3. Exploiting a non-Markovian input
In aMarkovian environment, if amachinemeasures the state of an inputmolecule it knows everything it could
about the distribution of the next input. Amore complex environmentmight have correlations that are not
fully-described by those of adjacent inputs. In particular, wemight imagine an environment with a hidden state
Si that influences the probability ofXi; as the hidden state changes, the devicemoves between regions inwhich
the apparent environmental bias is different. Themachine’s challenge then becomes amore obvious inference
task: to infer the overall state of the environment, and to accordingly exploit the inputs.

Specifically, wewill consider a hidden state Siwith siä{0,1}.Whenmoving fromone inputmolecule to the
next the hidden state has a probability k of changing. Conditioned on the hidden state, each inputmolecule is an
independent Bernoulli random variable. The probability of an X*molecule isα if Si=0 and 1−α if Si=1.
Some example sequences produced by this process are shown infigure 5. Due to the overall symmetry of the
process,Xi=X andXi=X* are both equally likely havingmarginalised over all inputs j¹i. Thus, as in
section 3.2.2, no free energy is stored in the state of singlemolecules—only in the correlations between different
molecules. The available work that can be extracted per inputmolecule is plotted against the parameters k andα
infigure 6.Hidden states that either reliably persist (k 0 ) or switch (k 1 ), andwhich provide a predictable
output ( 0, 1a  ) lead to themost free energy stored in the environment.
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Given the history of the inputs {Xj<i}, the optimal statistical prediction of the next inputXi can bemade via
the forward algorithm [45]. Amachine capable of both iterating the forward algorithm at each step, and using
the previous value to optimally exploit the current input, would be able to extract the fullWavailable. However,
implementing the forward algorithm is impossible for ourmachinewith a single bit ofmemory that canmake
only a binary ‘decision’ during its feedback. For a hiddenMarkov process, the conditional probability
distribution of the next inputmolecule given the entire history of the input is different for all possible states of
the history. Equivalently, the process {Xi} cannot be described by a finite state ò-machine [46], and thus the
forward algorithm requires amemory that is a real number, and the exploitation stepwould need to have a
continuous dependence on this real number.

Figure 5. Samples of inputs produced by the hiddenMarkovmodel for various values of the parameters.When k is small, the hidden state
has a low probability of changing at each step so there are long strings inwhich the system is biased towards either X or X*.When k is
higher then the hidden state changesmore frequently, and the bias ismore short-lived.Whenα is high then the state of the input
molecule is strongly biased tomatch the hidden state, whereas whenα is smaller, there is a weaker correlation between the hidden
state and the state of the inputmolecule.

Figure 6.Available work permolecule for the hiddenMarkovmodel input.The availablework is calculated as a function of biasα and
persistence of the hidden state k by numerically evaluating equations (12) and (13) for n=20 and is given in units of kBT.
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Itmight be tempting to think that a simpler alternative to the forward algorithm, inwhich the two-state
memory variableMi is set based on both the current input variableXi and its previous valueMi−1, would give
better predictions by allowing themachine to take inmore historical information at each step. Such an approach
would represent a trade-off, with amaximal information carried forward X M;i i1 +( ) being obtained only at the
expense of an increased uncertaintyH(Xi|Mi) in the state of the current input after themeasurement.Whether
or not the reducedmeasurement cost could compensate for the reduction inwork obtained during the
extraction step ismoot, however, since such a strategy is impossible, at least in the quasistatic setting.One cannot
update thememory fromMi−1 toMi quasistatically, in away such that M M; 0i i 1 ¹-( ) , without access to
additional hiddenmemory states [43, 47]. All information on initial conditions is necessarily lost immediately
when a degree of freedom evolves under a quasistatic process. Thus in the quasistatic setting at least, our single
bitmemory cannot trade off the accuracy ofmeasurement of the current input and information carried forward.

3.2.4.Markovmachines in non-Markovian environments
With the above limitations inmind, wefirst ask howwell theMarkovmachines considered in section 3.2.2, that
are limited to interact with one bit at a time, and carry only one bit ofmemory forward, function in the non-
Markovian environment specified. For a perfectmeasurement of each bit, such that H X M 0i i =[ ∣ ] , the
expectedwork extracted permolecule for a quasistatically-operated device still follows from equation (18)

W k T H X Xln 2 , 26i isingle
max

B 1= - +( ( ∣ )) ( )

but nowW Wsingle
max

available< since there is additional information in long range correlations that is not taken into
account by the information between nearest neighbours. Therefore, themachine has efficiency

W W 1single
max

availableh = < and irreversibly generates entropy.
This efficiency, η, ofMarkovmachines acting on a hiddenMarkovmodel input is plotted infigure 7(a). In

making these plots, wefirst identify the optimalMarkovmachine offset parameter at eachα and k, and then
calculate the efficiency of that device—once again assuming that themachine’s parameters are optimised to the
statistical properties of its environment (perhaps through evolution). It is notable that theMarkovmachines
perform reasonably well in these environments, except when k 0 or 1, andα»0 or 1. In these
environments, the hidden state behaves predictably and so correlations are long-ranged, butXi fluctuates
considerably within the hidden state, effectively fooling theMarkovmachine that is only able to predictXi based
onXi−1.

The behaviour of theMarkovmachine can be related to that of the Kalmanfilter [48], an algorithm for
making real-time predictions of the state of a noisy dynamical systemwith noisymeasurements of the system’s
state. The relative weight put on previousmeasurements versus themost recent input is a parameter that can be
adjusted, and it is well known that high intrinsic noise implies that the currentmeasurement should beweighted
strongly, whereas highmeasurement noise calls for greater emphasis on the previousmeasurements. The
Markovmachine is effectively constrained to put all of its emphasis on themost recentmeasurement; it
therefore ismost efficient when the ‘intrinsic’noise of the hidden state is relatively high (k∼0.5 andα∼0,1),
andworsewhen the ‘measurement’noise of the inputs is relatively large (k∼0,1,α∼0.5).

3.2.5. Batch averagingmachines in non-Markovian environments
Wenow askwhether amore sophisticated strategy, still involving only a singlememorymolecule and a single
binary decision, can overcome this weakness of theMarkovmachine. If we consider the regionwhere k≈0,
then it is likely that a run ofmultiple inputmolecules will be produced by the same hidden state. Inspired by our
analogywith theKalman filter, we look for amechanismof somehow consideringmultiple inputmolecules to
providemore reliable information about the hidden state, allowingmore efficient work extraction. Indeed, in
the context of cellular sensing of the concentration of external ligands [11, 49], it has been observed that
averaging approaches can be beneficial when correlation times in the environment are long [50].

We therefore introduce the batchmachine, illustrated infigure 8, which is similar to theMarkovmachine
except that it interacts with (i.e. measures and exploits) a batch ofmultiplemolecules simultaneously, rather
than just one. AnN-batchmachine operates by: (a) transferringN inputs to the reaction volume; (b)performing
an operation to set amemory based on theseN inputs (for a lowwork cost because the state of the batch is
correlatedwith the state of thememory, which is set based on the state of the previous batch); (c) exploiting theN
inputs simultaneously using thememory; and (d) transferring theN inputs back to their array in a random
order. The net requiredwork cost of processes (a) and (d) is zero—see appendix A.

Wewillfirst consider a ‘binary’machine that, like theMarkovmachine, has only twomeasurement reactions
and twowork extraction reactions. Let Ji be the randomvariable representingwhether the number of X*
molecules in batch i is greater than half the batch-size,N/2 (Ji=1 if true, 0 otherwise). Themachine performs
measurement of batch i by setting thememorymolecule toMi=M0 if Ji=0, and toMi=M1 if Ji=1; we note
that other binarymeasurement choices are possible, but this simple one serves to illustrate the possibilities of a
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Figure 7.More complex inference strategies can be beneficial inmore complex environments. (a)The efficiency η of theMarkovmachine
when acting on an input produced by a hiddenMarkovmodel. The efficiency is lowwhen the hidden state switching probability k is
close to 0 or 1 butα, the bias implied by a given hidden state, is not close to 0 or 1 because there are long range correlations that are
masked by short-term fluctuations. The available work is calculated as in figure 6 andwe have an analytic expression for work
extracted by theMarkovmachine from equation (25). (b)The efficiency of the binary batchmachine. The efficiency is the same as the
Markovmachine except for the region close to k=0, where it shows enhancedwork extraction. Thework extracted by the binary
batchmachine is calculated by simulating the hiddenMarkovmodel for 10 000 000 steps and calculating thework extracted per
molecule for the binary batchmachinewithN from 1 to 25 and selecting the greatest work extracted. (c)The ratio between thework
extracted by the binary batchmachine and theMarkovmachine permolecule, clarifying the enhanced performance near to k=0. (d)
The batch size that gives the greatest expectedwork as a function of the input parameters. For k0.077 it is always optimal to interact
with onemolecule at a time; larger batches are favourable for k 0 and values ofα away from0, 0.5 and 1. It is always the case that
the optimumbatch size is odd.

Figure 8. Schematic of a batchmachine for exploitation of non-Markovian environments. The setup is similar to figure 1, sowe have
omitted the illustration of the control acting onmultiple systems simultaneously for clarity. The difference is that nowmultiple input
molecules aremoved from their boxes to the reaction volume by the hook. In thisfigurewe have illustrated the case ofN=3. The
inputmolecules can freely diffuse inside the reaction volume, so their order in the input is lost.
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more complex inference strategy. Themachine then exploits the imbalance of inputs in the sameway that the
Markovmachine exploits ameasuredXi=X orXi=X*, by allowing the inputs to relax to an unbiased
distributionwhilst transferring free energy to chemical buffers. ForN=1, the binary batchmachine is identical
to theMarkovmachine of section 3.2.2; forN>1 the initialmeasurement essentially performs an average over
N inputs to set itsmemory. In the limit N  ¥, the batchmachine interacts with allmolecules at once.
However, with only two possiblemeasurement states (and hence two possible work extraction strategies), this
limit is generally inefficient.

Themeasurement can be donewith the reactions
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whenN is even. There is anN/2 in one of the reactions in equation (28) and anN/2+1 in the other because for
evenN there is an arbitrary choice aswhether to assign the state where there areN/xmolecules of X* in the batch
to M0 or M1.We have chosen to assign the state withN/2 X*molecules to M0. Clearly, if there areNmolecules
of X and X* in total, then only one of these reactions in each of equations (27) and (28) can occur at once. As a
result, if the reactions are oncemore driven in opposite directions by fuel imbalances, an excess of X molecules
can be used set thememory to M0, and an excess of X* can be use to set thememory to M1.We immediately see
the price for amore complicated strategy—our reactions now require∼N/2molecules to act as combined
catalysts, rather than just a single inputmolecule (see appendix G for aDNA strand displacement design for
these reactions).

The protocol of changes to the fuelmolecule concentrations required formeasurement is very similar to that
of theMarkovmachine. Initially, [F1], [F1*], [F2] and [F2*] are all set to zero so the reactions in equations (27) and
(28) cannot occur. Then, the concentrations are simultaneously increased at afixed ratio of [F1]/[F1*] and
[F2]/[F2*] thatmaintain overall free energy changes for the reactions, G1D = F1
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*m and G2D = F2
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In exactly the sameway as in the biochemical Szilard engine and in theMarkovmachine, depending onwhether
there aremore X or X*molecules in the batch, one of themeasurement reactions can nowoccur at an
appreciable rate. The initial offsets G1D and G2D allow information between batches to be exploited, and are
exactly analogous to the constant offsets introduced in section 3.2.2. Like in theMarkovmachine, ifN is odd
then G1D =− G2D = GoffsetD by symmetry. IfN is even then G1D ¹− G2D becauseP(Ji=0)¹P(Ji=1).

Then, as in the previousmachines, [F1] and [F2*] are increasedwhile [F1*] and [F2] are kept constant until
[F1]?[F1*] and [F2*]?[F2]. Subsequently, [F1], [F1*], [F2] and [F2*] are decreasedwhilemaintaining
[F1]?[F1*] and [F2*]?[F2] until [F1*]=[F2]=0. Finally [F1] and [F2*] are decreased to zero. Now the
reactions in equations (27) and (28), again, cannot occur and thememorymolecule has been set to state M0 if the
batch containsmore X molecules that X* or equal number of X and X*molecules, and to state M1 if the batch
containsmore X*molecules than X.

The cost ofmaking themeasurement is calculated in exactly the sameway as for theMarkovmachine (see
appendix F.1), and gives

W H J J . 30i i
measure

1= - +( ∣ ) ( )

The negative sign represents negative work extraction.
Subsequently, work is extracted from the correlated state of themeasurementmolecule and the batch. The

binary batchmachine uses the same reactions as the biochemical Szilard engine and theMarkovmachine to
extract work; they are repeated here for convenience:
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However, the protocol ismodified, which is necessary because the state of thememorymolecule does not report
perfectly on the state of the inputs: any number ofmolecules in state X* greater thanN/2 correspond to Ji=1
and henceMi=M1, for example. Initially [F3]=[F3*]=[F4]=[F4*]=0, alongwith the fuels used in the
measurement process. Then, the concentrations are simultaneously increased at afixed ratio of [F3]/[F3*] and
[F4]/[F4*] thatmaintain an overall free energy changes for the reactions, G3D = F3
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where p0
ˆ is the probability that an inputmolecule in the batch is in the state X*, conditioned on Ji=0, and p1

ˆ is
the probability that an inputmolecule in the batch is in the state X* conditioned on Ji=1. It is clear that
[F3]>[F3*] (assuming that the F3 and F3*molecules have equal free energy) because p 1 20 <ˆ and [F4]<[F4*]
because p 1 21 >ˆ . On average, no chemical work is done at this stage. Similar to themeasurement, ifN is odd
then G3D =− G4D by symmetry. IfN is even then G3D ¹− G4D because p p10 1¹ -ˆ ˆ .

Work can then be extracted from the batch exactly as forN independentmolecules with a bias represented
by p0

ˆ and p1
ˆ . Therefore, [F3*] and [F4] are increased quasistatically until the free energy differences, G3D and

G4D , are zero. Then [F3], [F3*], [F4] and [F4*] are decreased to zerowhilemaintaining the same [F3]/[F3*] and
[F4]/[F4*] ratios.When [F3]=[F3*]=[F4]=[F4*]=0 again the reactions in equation (31) cannot occur. So,
finally, the batch reaches an unbiased equilibrium, and during this process the free energy of the buffers are
increased. Thework extracted in this step is simplyN times thework extracted fromone inputmolecule with a
bias of p0

ˆ if Ji=0 or p1
ˆ if the number of Ji=1. It is therefore
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Therefore, the net work extracted by the binary batchmachine fromone batch is
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Aswith theMarkovmachine, we can ask the question of how the optimal batchmachine (withN and the
free-energy offsets of the fuel baths optimally tuned to the environmental parameters k andα), would perform.
Note that since the binary batchmachinewithN=1 is aMarkovmachine, the optimal binary batchmachine
must perform at least as well as the optimalMarkovmachine.

The efficiency of the optimal binary batchmachine is plotted for different values ofα and k infigure 7(b),
showing apparently higher efficiency than the optimalMarkovmachine for some values of k andα as k 0 . To
make this comparison clearer, in figure 7(c)wehave plotted thework extracted by the binary batchmachine per
molecule divided by thework extracted by theMarkovmachine permolecule.We see that there are two regions
where the binary batchmachine extractsmorework. Also, infigure 7(d)wehave plotted the optimal batch size
for the binary batchmachine for the different values of the parameters. For k>0.08 the optimumbatch size is
always 1 so theMarkovmachine and the binary batchmachine are the same, but for smaller values of k larger
batches are frequently favoured. It is always the case that the optimumbatch size is odd, since the extraction
reactions of the binary batchmachine cannot extract work froma batchwith equal numbers of X and X*
molecules.

The binary batchmachine delivers, at least in part, on the prospect of improvingwork extraction from an
environment withmore complexity. It is unsurprising that a long hidden state life time, k 0 , is necessary for
this advantage to bemanifest: the averaging strategywill clearly fare poorly when the hidden state switches
rapidly.Whenα is close to 0 or 1 the state of the inputmolecule reflects the hidden statewith a high probability
so the string of inputmolecules is approximatelyMarkovian, preventing the batchmachine from finding a
competitive advantage. Themost subtle question, however, is why the binary batchmachine does not extract
morework than theMarkovmachinewhenα≈0.5 and k 0 . Naïvely, this regimewould seem to be ideal for
the batchmachine to extract work fromweak, but long-lived biases towards either X or X*. From the
perspective of the analogywithKalman filters, this regime should favour the approach that considers awide
range of inputs, rather than just themost recent. To understandwhy this intuition fails, we consider where the
thermodynamic losses occur during the operation of the binary batchmachine.

Several stages of the operation of the optimal binary batchmachine are thermodynamically irreversible,
resulting in efficiencies η<1. They include the point at which thememory is updatedwithout taking into
account correlations between non-neighbour batches; the point at which the batch ofN inputmolecules are
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mixedwithin the reaction volume (figure 8); and the point at which thework extraction begins using the
measurementmolecule. In thefirst process, amodularity cost is incurred. In the second,mixing causes the
positional orderwithin a batch to be lost, reducing our ability to extract work from the sequence ofmolecules
within the batch. All that remains is a non-equilibriumdistribution of the number ofmolecules in each state. In
the third process, this non-equilibriumdistribution relaxes further to a binomial distribution for the number of
X*with parameter p0

ˆ if Ji=0 or p1
ˆ if Ji=1, with nowork extracted on average during this relaxation, as shown

infigure 9(a).
We can imagine a putative ‘full batchmachine’ that could extract all of thework available from the

unordered batch, after the initialmixing andmeasurement. Such amachinewould require additional extraction
processes towhich thememory could couple in each state. The optimal batch size for this full batchmachine is
plotted infigure 9(b).We can see that for thismachine it is not the case that the optimal batch size is 1when
α≈0.5. The contour plot for thismachine ismore similar to expectations: as k 0 optimal batch size
increases for all valuesα.We have also plotted the ratio between thework extracted by the full batchmachine
and theMarkovmachine infigure 9(c), and see that the full batchmachine extractsmorework than theMarkov
machinewhen k is close to 0 andα≈0.5. Thus the reason that the binary batchmachine fails to provide an
improvement in the vicinity ofα=0.5 is at least in part because the free energywasted during the simple binary
work extractionmechanism is too large compared to the relatively low amounts of work available (as seen in
figure 6).

3.2.6. Robustness
Onaverage, all themachines can extract a positive amount of work from each inputmolecule or batch of input
molecules. However, in a single realisation of the input produced by the stochastic process it is possible for the

Figure 9. Inefficiency in the operation of the batchmachine arises from uncontrolled relaxations prior to work extraction. (a)Evolution of
the probability distribution of the number ofmolecules in the X* state during the operation of the batchmachine. These probabilities
can be calculated exactly from the probabilities of each possible output from the hiddenMarkovmodel of length 20. Initially, there is a
distribution produced by the hiddenMarkovmodel (in this casewith k=0.8 andα=0.01). Then, whether there aremore thanN/2
X*molecules in the batch ismeasured, which produces two possibilities with associated conditional probabilities. Next, prior to the
work extraction stage of the protocol, the reaction volume is put in contact with a buffer of fuelmolecules with chemical potential
differences as defined in equation (32), which has a ratio of fuelmolecule concentrations consistent with the expected number of X
and X*molecules. The batch of inputmolecules irreversibly relaxes to equilibriumwith the buffer, changing to a binomial
distribution of n (X*) from the post-measurement distribution.Nowork is extracted on average because both distributions have the
same average of n (X*). Finally, work is extracted by shifting the probability distribution to the equilibriumdistribution. A putative
‘full’ batchmachine that avoids the loss of this irreversible relaxation can out-perform the batchmachine, as shown in (b)–(d). (b)The
greatest expectedwork as a function of the input parameters for the full batchmachine does not have an optimumbatch size of 1 for
α≈0.5. The optimumNhas been found by numerically calculating thework extracted for the values ofNup toN=9 using the
equations in appendixH. (c)The ratio of thework extracted by the full batchmachine and thework extracted by theMarkovmachine.
In contrast to the binary batchmachine this full batchmachine can extractmorework than theMarkovmachinewhen k is close to 0
andα is close to 0.5. (d)The efficiency η of the full batchmachine.
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machines to extract a negative amount of work; i.e. lose free energy, since the prediction of the upcoming state is
only probabilistic even in the best case.

Thus, the total work extracted by anymachine is a biased randomwalk. If themachine is unlucky it can
receive afluctuation in the input and getmany negative steps with few positive steps. If we are imagining that the
machine needs to harvest enoughwork to power its decision-making, like a biological organism, a fluctuation in
its environment where it loses all of its stored free energy would be disastrous.We therefore also consider
fluctuations in thework extracted by themachines. If one protocol has a higher expectedwork extraction but a
larger variance itmight not be truly better.

The expectedworst-case energy-loss—the infimumof thework extracted—can be thought of as the starting
larder-size/fuel-reserves that such a reasoningmachine requires. It also gives aminimum timescale that any
machinewould need to run before it could create a replica that is also robust to environmental fluctuations. This
infimumof the total work extracted by themachines in a trajectory averaged overmany simulated trajectories is
plotted against the parameters of the input process infigure 10.When k≈0.5 orα≈0.5, thework that is
extracted by themachines is small so the size of the negative fluctuations are also small for bothmachines.
Comparing figures 10(a) and (b) shows that the binary batchmachine exhibits reduced fluctuations in the
regionswhere k is close to 0 andα is not close to 0, 0.5 or 1, where a batch size greater than 1 is favoured by the
averagework extracted. This fact is perhaps unsurprising, given that averaging overmany inputs is inherently
conservative.

Figure 10.The binary batchmachine ismore robust than theMarkovmachine in the regions inwhich it extracts more work. (a)Themean
infimumofwork of theMarkovmachine in a run of 100molecules averaged over 1000 trajectories. (b)Themean infimumofwork of
the binary batchmachine in a run of 100molecules averaged over 100 000 trajectories.We see that in the regionwhere the optimal
batch size is greater than 1 (shown infigure 7(d)) themagnitude of the negative fluctuations is decreased compared to theMarkov
machine.
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4.Discussion

Wehave considered the question of howminimalmolecular devicesmight be designed to exploit the free energy
stored in simple non-equilibrium environments. Having outlined a concrete design for a biomolecular Szilard
engine, we have shown how such a device can underliemachines for exploiting a correlated series ofmolecular
bits, expanding on previous work that has only considered environments with a very particular
structure [8, 9, 26].

Although our devices require externally-applied protocols to operate, all information-processing is
performed by degrees of freedom that are explicitly represented as biomolecules undergoing reactions in dilute
solution—there are no concealed degrees of freedom. As a result, the complexity of implementingminimal
systems that exhibit efficientmeasurement and feedback ismade clear, and ambiguities are eliminated. In
particular, we have outlined amolecularmechanism for implementing sequentialmeasurement and feedback in
an explicit setting, providing clarity not only to the extended correlation-exploiting devices, but also to our
representation of the canonical Szilard engine itself. The continuing debate surrounding such devices (see
references in [1, 13]) shows the importance of a concrete physical representation.

For an environment with no structure—without correlations between successively encounteredmolecular
bits—there is no need to process information and all of the available free energy can be extracted asworkwithout
use of amemory or any decisionmaking. For aMarkovian arraywith non-zero correlations between consecutive
bits, we show that a simple two-statememory that can select one of twowork extraction protocols can extract all
of the stored free energy in the environment. The two-statememory is sufficient to carry all of the available
information about the future of the environment forward, andwe have identified a protocol that is
simultaneously optimal for updating thememory according to the current input, and exploiting said input. For a
more complex environment, involving a hidden variable that can only be inferred by themachine through noisy
measurements, we argue that amachinewith afinitememory cannot extract all of the available free energy as
work.We demonstrate that in such a setting, amore complex strategy involving effectively averaging over a
batch ofmolecules can be advantageous if correlations are long-ranged, but noise is substantial. This is similar to
the result in [51] that amore complex predictivemodel is advantageous in amore complex environment, but, in
this paper, we give an explicit physicalmodel for how ourmachinesmeasure and exploit the environment. In
our design, the complexity of themechanism involved the ability to couple tomultiple inputs simultaneously;
we predict that alternatives (such as systemswith largermemories andmore possible decision)would also show
the potential for improved performance.

A real living systemmust not only extract enough resources from its environment on average, but also over
short intervals. In anyfluctuating environment, an unlucky sequence of eventsmight lead to starvation and
death.We probe this situation in ourminimal setting by considering the typical infimum (lowest point) of the
work extracted by our devices, which represents the typical scale of negative fluctuations.Wefind that themore
sophisticated inference strategy considered here also has smaller negative fluctuationswhen it is favourable on
average, suggesting that it truly can be advantageous. In aminimal living system, reduced negative fluctuations
would correspond to the need for a smaller reserve of energy, and the ability to produce viable offspringmore
quickly, since each offspringwould need to be providedwith the reserves to deal with typical negative
fluctuations for a large fraction to survive.

Theminimal devices we consider are clearly unnatural, and constitute only afirst step towards
understanding the physics of living or life-like systems thatmake simple decisions. A key feature of our design is
that only single copies of somemolecular species are present; it is an open question how to design optimal
systems inwhich the information-processing components, and indeed the inputs, fluctuatemorewidely.We do
note, however, thatmuch of themolecular decisionmakingwithin cells occurs at the level of transcription
factors binding toDNA—these transcription factor binding sites are present with a low and predictable copy
number. Futureworkwill focus on constructingminimalmodels inwhich the systems are autonomous,
requiring no external control, and power their own information-processing tasks by the free energy harvested. A
major challenge herewould be to implement reliable and efficientmeasurement and feedbackwithout an
externally imposed clock that allows sequential operation, as in this work.More realistic environments of
fluctuating chemical concentrations, rather than inputmolecules that arrive one-by-one, will need to be
considered. In such descriptions, it will be necessary to construct amore detailed kineticmodel of the underlying
elementary reactions thanwe present here. A deeper question is whetherwe can design concrete systems that
actually learn the statistics of their environment, evolving the parameters of their decisionmaking process
towards an optimal strategy, rather than having fixed, optimal parameters as in this work.

Despite the simplicity of our current approach, however, we believe that concrete lessons can be drawn for
the physics of living or life-like systemsmaking simple decisions. In our physicalmodel, successivelymore
complex, and potentially costly, information-processing architectures performbetter in successivelymore
complex environments.Wewould expect that the information-processing carried out by living organisms
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reflects a similar trade-off:more complex decision-making strategies aremoreworthwhile in environments that
exhibit statistical structure over time scales that are long compared to the decision-making time, and large
fluctuations thatmust not bemisinterpreted.We also expect that true evolved strategies will not optimise
exploitation of the environment on average in isolation; strategies should also be designed to hedge against the
risk of negative short-term fluctuations, to a degree that depends upon the cost of storing resources that
compensate for thesefluctuations.

5.Data availability

The code and data to produce thefigures in this paper can be found athttps://doi.org/10.5281/zenodo.
1976932.
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AppendixA. Themolecular hook

The inputmolecules can bemoved reversibly between their boxes and the reaction volume.Hooks to reversibly
movemolecules between different volumes have been previously discussed in the supplementarymaterial of
[28]. First the inputmoleculemust be attached to the hook. This can be done, for example, using the chemical
reactions

H X F H X F , H X F H X F , A1B 5 B 5 B 5 B 5+ + + + + +* * * *  ( )

whereHB is the hookwith nomolecule attached inside the inputmolecule box andHBX andHBX* are the hook
with an inputmolecule attached. The binding of the hook is insensitive to the state of the inputmolecule.

The X/X*molecule can be transferred to the reaction volume in the following steps. Initially,
[F5]=[F5*]=0. After the hook is introduced to the box [F5] is increased up to a value of f5. Then, [F5*] is
increased to a value f f

5 5
*  . Now the X/X*molecule is for certain attached to the hook.Next, the hook is

transferred from the input box to the reaction volume. This transfer can be done either chemically using a
conformational change in the hookmoleculemediated by another pair of fuelmolecules as in the equations:

H X F H X F , H X F H X F , A2B 6 RV 6 B 6 RV 6+ + + +* * * *  ( )

or, alternatively, by a purelymechanical quasistatic process.
Then, to release the inputmolecule from the hook inside the reaction volume the reverse of the protocol the

attach the inputmolecule is used. Initially [F5]=f5 and fF5 5
* *=[ ] with f f

5 5
*  . Then, [F5*] is decreased to

zero and, subsequently, [F5] is decreased to zero.Now the inputmolecule is for certain released from the hook
inside the reaction volume.

Subsequently, themeasurement and extraction protocols can be carried out. Afterwards, the inputmolecule,
which could have changed state, ismoved back to its box. This is done by attaching the inputmolecule to the
hook,moving the hook and detaching the inputmolecule from the hook in the exact reverse of the protocol to
transfer the inputmolecule to the reaction volume.

The free energy of the inputmolecule is the samewhether it is in the X or X* state. In general it is not the case
that the free energy of the inputmolecule when it is in its box, box , is the same as the free energy of the input
when it is in the reaction volume, reaction volume . Therefore, if the inputmolecule is transferred reversibly from
its box to the reaction volume then the controlmust have done awork of reaction volume box - on the input
molecule. If themolecule ismoved back to the box reversibly then this work is recovered.

Clearly, this principle can be extended tomovingmultiplemolecules into the reaction volume as required by
the batchmachines, and then back again to the reaction volumes. Again, thewhole process requires no network.
The initial transfer is not reversible for a structured environment, however, since the order ofmolecules is
randomisedwithin the reaction volumes.
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Appendix B.Work calculation for biochemical Szilard engine

B.1.Measurement
Themeasurement follows the optimal copy protocol in [27]. Initially, thememorymolecule is in states M0 and
M1with equal probability and the inputmolecule is independently in states X and X*with equal probability.
The state of the input ismeasured using the equations

M X F M X F , M X F M X F . B10 1 1 1 0 2 1 2+ + + + + + + +* * * *  ( )

The free energy difference G G ln1 F F 1
0 F

F1 1

1

1
* *

m mD = - = D + [ ]
[ ] , where G1D 0 depends on the intrinsic nature of

the F1 and F1*molecules and the reaction volume but not their concentrations, is quasistatically changed from0

to¥ and G G ln2 F 2 2
0 F

F2

2

2*
m mD = - = D +[ ]

[ ]
[ ] is quasistatically changed from0 to-¥.

Firstly, let us assume that the inputmolecule is in state X, which occurswith a probability of 1/2. In this case,
only thefirst reaction in equation (B1) can occur. At any point in the process there is a probability p(M1) that the
memorymolecule is in state M1. Any transition is associatedwith a corresponding change in the number of F1

and F1* in the buffer. If p (M1) changes by a small amount dp(M1) then dp(M1) F1* are converted into F1 on average
so an averagework of dp (M1) G1D is done on the buffer connected to the reaction volume. Therefore, in the full
process an average work is done on the buffers of

W t
p

t
G td

d M

d
. B2

t

t
1

1
i

f

ò= D
( ) ( ) ( )

Because the change in concentration of the fuels is quasistatic, at all times in the process thememory
molecule is in equilibriumwith the fuel buffer the reaction volume is connected to. Therefore

p M
e

1 e
, B3

G

G1

1

1
=

+

b

b

- D

- D
( ) ( )

where
k T

1

B
b = .

The fact that only dependence p(M1) has on time is through G1D means that equation (B2) can be converted
into an integral over G1D instead. Because the change is quasistatic the particular function of time that G1D is
does notmatter. Only the change in G1D matters. Therefore
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d
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0
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D
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¥ ( ) ( )

Now to get theworkwe simply have to use equation (B3) and evaluate the integral. It is convenient tofirst
integrate by parts to get

W p G G pM d M , B51 1 0
0

1 1ò= D - D¥
¥

[ ( ) ] ( ) ( )

and then exploit equation (B3) to get
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using l’Hôpital’s rule for the G1D  ¥ limit in thefirst line. A negative work corresponds to a decrease in free
energy of the buffers.

Alternatively, there is a probability of 1/2 that the inputmolecule is X* so only the second reaction in
equation (B1) can occur. In this case
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1 e
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m mD = - = D + [ ]
[ ] and thework done on the buffers is
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To evaluate the upper limit it is convenient to substitute in equation (B7)

W k T p p p p k TM ln M 1 M ln 1 M ln2. B9B 1 1 1 1 1 2
1

B= - - - - = -[ ( ) ( ) ( ( )) ( ( ))] ( )/

Each of these possibilities is equally likely so the expectedwork is

W k T ln 2. B10B= - ( )

B.2. Extraction
Now the system is either in state (X, M0) or (X*, M1).Work is extracted from this high free energy state using the
reactions

M X F M X F , M X F M X F . B110 3 0 3 1 4 1 4+ + + + + + + +* * * *  ( )

If the system is in state (X, M0) then only thefirst reaction in equation (B11) can occur. In this case the
probability of the inputmolecule being in the X* state is:
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This is exactly the same calculation as equation (B6). The sign is positive because the free energy of the fuel-
molecule buffers is now increased.

If the system is in state (X*, M1) then only the second reaction in equation (B11) can occur. In this case the
probability of the inputmolecule being in the X* state is:
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This is exactly the same calculation as equations (B8) and (B9).
Each of these possibilities is equally likely so the expectedwork is

W k T ln 2. B16B= ( )

Therefore, in ameasure-and-extract cycle the network done by the fuel-molecule buffers is zero.

AppendixC.Quasistatic embeddability ofMarkovmachine

Any transformation of a probability distribution over discrete states can be represented by a stochasticmatrix. A
quasistatic embedding is a non-homogeneous continuous timeMarkov chain that produces such a
transformationwith no entropy production [43]. It is not possible tofind such an embedding for all stochastic
matrices. For some stochasticmatrices the state-spacemust be extendedwith additional ‘hidden’ states before a
quasistatic embedding can be found.Owen et al [43] have found bounds on the number of hidden states
required.

We can apply the results of [43] to theMarkovmachine. The joint systemof the inputmolecule andmemory
molecule has four states.We order them (X M0, X M1, X*M0, X*M1). The transformation thatmeasures the
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state of the inputmolecule to the state of thememorymolecule and takes the inputmolecule to its equilibrium
distribution is then

P

1 2 1 2 0 0

0 0 1 2 1 2

1 2 1 2 0 0

0 0 1 2 1 2

. C1=

⎛

⎝

⎜⎜⎜⎜
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⎠

⎟⎟⎟⎟
( )

The determinant ofP is zero so, according to [43], the lower bound on the number of additional hidden states
required for a quasistatic embedding is zero.

The upper found on the number of hidden states required is r+(P)−1where r+(P) is the non-negative
rank ofP. For an n×n stochasticmatrix,M, the non-negative rank is the smallestm such thatM can bewritten
M=RSwhereR is a n×m stochasticmatrix and S is am×n stochasticmatrix.
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so the non-negative rank of thismatrix is two and the upper bound on the number of additional hidden states
required is one. In themain textwe see that the actual number of hidden states required is zero becausewe
construct the protocol explicitly.

AppendixD.Work calculation forMarkovmachine

D.1.Measurement
Themeasurement follows the optimal copy protocol in [27]. Instead of the input andmemorymolecules
initially being independent, as theywere for the Szilard engine, themolecules now start off correlated. The
reactions

M X F M X F , M X F M X F , D10 1 1 1 0 2 1 2+ + + + + + + +* * * *  ( )

are, again, used. If the input is X then only the first reaction in equation (D1) can occur. Now p M X1( ∣ ) is not 1/2,
it is set by the input process. To set thememorymolecule to M0 using the least work, G1 F F1 1
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Similarly, if the inputmolecule is X* then G G ln2 F F 2
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Thefirst case occurs with probability p (X) and the second occurswith probability p (X*) so the expected
work is
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The randomvariableMi is an exact copy ofXi so
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The input process is stationary soH[Xi]=H[Xi+1] so [16]
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H X X ln 2i i1 +[ ∣ ] so the fact that thememorymolecule and inputmolecule are initially correlatedmeans that
themeasurement requires less work to be done on the systemby the fuelmolecule buffers.

D.2. Extraction
The extraction process is exactly the same as for the biochemical Szilard engine. Therefore, thework done on the
fuelmolecule buffers is kBT ln 2, and so the net work per inputmolecule is

W k T H X Xln 2 . D9i iB 1= - +( [ ∣ ]) ( )

Appendix E.DNAdesign of biochemical Szilard engine andMarkovmachine

In this sectionwe present a domain level DNA-based design to implement themeasurement andwork
extraction reactions of the Biochemical Szilard engine andMarkovmachine usingDNA strand displacement.
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The design is shown infigure E1.Our designs leverage the general construction of [38]. The nature ofDNA
strand displacement reactionsmeans that additional auxiliary strands, labelled A1 toA12, are required.We
assume that these strands are always present in the reaction volume in excess.

Appendix F.Work calculation for binary batchmachine

F.1.Measurement
Themeasurement follows the optimal copy protocol in [27]. Themeasurement is done using the reactions
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Figure E1.Adomain level DNA-based design to implement themeasurement andwork extraction reactions of the Biochemical Szilard
engine.The arrowheads show the 3′ end of the strands. The label ‘a’ represents a sequence of bases (domain) and ‘a′’ represents the
complimentary sequence for any letter a.
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Let Ji be the random variable representing whether the number of X*molecules in batch i is greater thanN/2
(Ji=1 if true, 0 otherwise). Themeasurement process is exactly the same as for theMarkovmachine except that

the chemical potential differences, G G ln1 F F 1
0 F

F1 1

1

1
* *

m mD = - = D + [ ]
[ ] and G G2 F F 2

0
2 2

*m mD = - = D +

ln F

F
2

2*
[ ]
[ ] , are initially set to G1D = Goffset

1D and G2D = Goffset
2D such that

p JM 0
e

1 e
, F3i

G

G
1

offset
1

offset
1= =

+

b

b

- D

- D
( ∣ ) ( )

and

p JM 1
e

1 e
. F4i

G

G
1
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2

offset
2= =

+

b

b

- D

- D
( ∣ ) ( )

Therefore, thework done is

W k TH M J , F5i iB 1= - +[ ∣ ] ( )

and, similar to theMarkovmachine,Mi is an exact copy of Ji andH[Ji+1]=H[Ji] so

W k TH J J . F6i iB 1= - +[ ∣ ] ( )

F.2. Extraction
The extraction step uses the same reactions as the biochemical Szilard engine and theMarkovmachine:

M X F M X F , M X F M X F . F70 3 0 3 1 4 1 4+ + + + + + + +* * * *  ( )

However, the protocol of the chemical potential differencesmust be different. In the biochemical Szilard engine
andMarkovmachine, if thememorymolecule was in the state M0 then the inputmolecule would be
unambiguously in the state X. However, in the binary batchmachine if thememorymolecule is in the state M0

then there is a non-zero probability that some of the inputmolecules in the batch are in state X*.
The chemical potential differences, G G lnF F3 3

0 F

F3 3

3

3
m mD = - = D +*

*
[ ]
[ ]

and G F F4 4 4
m mD = - =*

G ln4
0 F

F
4

4
D + *

[ ]
[ ] , are started at G3D = Goffset

3D and G4D = Goffset
4D .We define the variables

p
e

1 e
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b
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ˆ ( )
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e

1 e
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^ =
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b

b

- D
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First, there is an irreversible relaxation in the batch from the initial input distribution, which depends on the
input stochastic process, to a binomial distribution over the number of X*molecules with amean of Np0

ˆ or
Np1

ˆ . If thememorymolecule is is M0, thework extracted in this relaxation is

W G Np X , F10relax offset
3

0 M
initial

0
*= D - á ñ( ˆ ) ( )

where X M
initial

0
*á ñ is the expected number of X* in the batch initially. If thememorymolecule is is M1, thework

extracted in this relaxation is

W G Np X , F11relax offset
4

1 M
initial

1
*= D - á ñ( ˆ ) ( )

where X M
initial

1
*á ñ is the expected number of X* in the batch initially. Then, G3D and G4D are quasistatically

changed to zero. If thememorymolecule is in state M0 thework that is done in this quasistatic step is
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Similarly, if thememorymolecule is in state M1 thework that is done in this quasistatic step is

W N p p p p
1

ln 2 ln 1 ln 1 . F13q 1 1 1 1b
= + + - -( ˆ ˆ ( ˆ ) ( ˆ )) ( )

Therefore, if thememorymolecule is in state M0 the total work that is done on the fuel buffers in the irreversible
relaxation and quasistatic steps is

N N p N p
1

ln 2 X ln 1 X ln 1 . F14M
initial

0 M
initial

00 0
* *

b
+ á ñ + - á ñ -( ˆ ( ) ( ˆ )) ( )

Thiswork ismaximised if p NX0 M
initial

0
*= á ñˆ . Similarly, if thememorymolecule is in state M1 thework is

maximised by setting p NX1 M
initial

1
*= á ñˆ . I.e. p0

ˆ is the probability that an inputmolecule in the batch is X* if
Ji=0 and p1

ˆ is the probability that an inputmolecule in the batch is X* if Ji=1. This choicemeans that initially
nowork is done on the fuelmolecule buffers during the irreversible relaxation because on average there is no net
change of number of X* in the batch.

Therefore, the expectedwork done in the extraction step is

W k TN p J p p p p

p J p p p p
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and the net work for themeasure and extract cycle is
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AppendixG.DNAdesign of batchmachinemeasurement

In this sectionwe present a domain level DNA-based design to implement themeasurement reactions of the
batchmachine usingDNA strand displacement. The design is shown infigureG1 for the case whenN=5.Our
designs leverage the general construction of [38]. This design is the same as themeasurement reactions for the
Biochemical Szilard engine andMarkovmachine except for that the gates are extended so that three X or X*
strandsmust bind for the reaction to occur. In principle, themechanism could be generalised to an arbitrary
number of inputs—although thismay prove challenging in practice. The nature ofDNA strand displacement
reactionsmeans that additional auxiliary strands, labelled A1 toA16, are required.We assume that these strands
are always present in the reaction volume in excess.
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AppendixH.Work calculation for full batchmachine

H.1.Measurement
Themeasurement is exactly the same as for the binary batchmachine so thework is

W k TH J J . H1i imeasure B 1= - +[ ∣ ] ( )

H.2. Extraction
In this sectionwewill not give an explicit chemical scheme to extract all of thework from anunordered batch of
inputmolecules.Wewill simply calculate the available work. In equilibrium the number of X*molecules in the
batch, n (X*), is described by a randomvariableBeq, which is distributed as

p B n
N

n N n
X

1

2 X X
. H2

N
eq *

* *
= =

-
( ( )) !

( )!( ( ))!
( )

If we define the free energy of each state of the unordered batch as

n k T p B nX ln X , H3B
eq* * = - =( ( )) ( ( )) ( )

then the equilibrium free energy is zero. Initially the number of X*molecules in the batch is described by a
randomvariableBinitial The free energy of the batch is initially

F B p n F n k T p n p nX X X ln X , H4
n

N

n

N

B
initial

X 0
in B

X 0
in inå å= +

=

* *

=

* *

* *

( ) ( ( )) ( ( )) ( ( )) ( ( )) ( )
( ) ( )

where pin(n(X*) p B n Xinitial= = *) ( ( )) is the initial distribution over the number of X* in the batch. Therefore,
using equation (4), the free energy of the joint systemof the batch and thememorymolecule is

B M B M k T B M, ; , H5joint
initial

B
initial

M B
initial   = + +( ) ( ) ( ) [ ] ( )

whereM is the state of thememorymolecule after the batch has beenmeasured. After thework extraction the
free energy of the joint systemof the batch and thememorymolecule is

B M B M k T B M, ; . H6eq eq
B

eq   = + +( ) ( ) ( ) [ ] ( )

As previouslymentioned, B 0eq =( ) . It is also the case that B M; 0eq =[ ] . Therefore, themaximumwork
that can be extracted is

W B M B M B k T B M B k TH M, , ; ,

H7
extract joint

initial
joint

eq
B

initial
B

initial
B

initial
B    = - = + = +( ) ( ) ( ) [ ] ( ) [ ]

( )

where the last line follows because knowing the state ofBinitial gives you exact knowledge of the state ofM so
H M B 0initial =[ ∣ ] . Therefore, incorporating (H1) and using the fact thatM is a perfectmeasurement of J ,i 1+ the

FigureG1.Adomain level DNA-based design to implement themeasurement reactions of the batchmachines.The arrowheads show the 3′
end of the strands. The label ‘a’ represents a sequence of bases (domain) and ‘a′’ represents the complimentary sequence for any letter
a. The extraction reactions are the same as for the biochemical Szilard engine.
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network extracted per batch is

W F B k TI J J; . H8i i
initial

B 1= + +( ) [ ] ( )
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